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PREFACE

THis book is intended as an introduction to Modern Operational
Calculus based upon the Laplace transform. It is written for
post-graduate engineers and technologists. Nevertheless the
purely mathematical part may be useful to advanced under-
graduates in mathematics. The subject has attracted much
attention during the past three decades, owing largely to its
relevance to Heaviside’s operational method. The Laplace
transform of a function as defined by (1) § 1-11, is identical with
what Heaviside called its operational form. The L.T. method
of solving ordinary and partial linear differential equations is of
comparatively recent date. Being logical and unambiguous, it
is preferable to that of Heaviside, which may now be laid to
rest in all its glory—such is the march of scientific progress!

A number of theorems or rules are established in Chapter 11,
the proofs usually being more complete than those given origin-
ally. Theorems 6, 6a, 9, and 14* are new. In Chapters III-VI
the various theorems are used (a) to solve ordinary and partial
linear differential equations, (b) to evaluate difficult integrals,
(¢) to obtain mathematical relationships and expansions, (d) to
derive L.T.S. of various functions. Inclusion of a modern
treatment of periodic impulses of finite and infinitesimal dura-
tion based upon complex integration seemed desirable. Accord-
ingly Chapter VII is devoted to this subject, and it is a résumé
of work I did during 1936-8. It is not intended for those un-
acquainted with complex integration, but it may prove an in-
centive to the study of this important branch of mathematics.
The reader is advised to commence at Chapter I. No mathe-
matical text is intended to be read from cover to cover like a
novel. Accordingly the sections marked * may be omitted in
a first reading, and reference made to them from time to time
as the necessity arises.

* This theorem, discovered in 1940, was published in the Mathematical

" Gazette 30, 85, 1946.
v



vi PREFACE

Some remarks on the ever-controversial topic of rigour may
be appropriate. The text is perhaps more rigorous than is
usual in a work on technical mathematics, and in this respect
the technical reader is asked to consider carefully the following
remarks, which are based on my own experience.

Engineers set a high standard of mechanical accuracy in
limit gauges and jigs tised for precision work and mass produc-
tion methods. By manufacturing parts accurate to 10—¢ inch,
or even less, any individual spare, of the thousands turned out,
will fit immediately into the intricate machine of which it is a
component. High accuracy in machining eliminates trial and
error, so a perfect fit is assured a priori. This being so, it is
reasonable to ask engineers and technologists to accept a similar
situation where mathematics is concerned. For the accuracy
of the engineer is analogous to the rigour of the mathematician.
Moreover, in this book the validity of operations like inverting
the order of integration in a repeated integral, differentiation
under the integral sign, term by term differentiation and inte-
gration of infinite series, are checked as they occur. In other
words, the ‘mathematical limit gauge’ is used to test the
analysis at various stages, so that ultimately the answer is cor-
rect without reliance upon flukes. Appendices are given so
that the reader will know which ‘ mathematical limit gauges’
are needed, when and how they should be applied.

In some technical mathematics the lack of reasonable rigour
introduces uncertainty in the analysis. This, the inadequate
time allotted at college, and the way in which the subject has
been expounded, is largely responsible for the scepticism of
engineers and engineering faculties. In the specifications and
working drawings of a machine, dimensions, limits, materials,
and processes of manufacture must be stated unambiguously,
so that any engineer in, say, the antipodes, may understand the
designer’s intentions exactly. Why should this principle not
apply in technical mathematics?

The examples in §§ 8-1-8-6 should be regarded as an integral part
of the book. They contain important formulae and additional
theorems, the proofs of which would have taken up too much
space for inclusion in the text. Bessel functions [reference 11]
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have been used freely, since they occur so often in modern
applied and technical mathematics. In fact the solutions of
a large proportion of problems therein may be expressed in
terms of exponential and Bessel functions. The reader is ex-
pected to have an elementary knowledge of the latter, e.g.
Chapters I, I, and the early part of VII in reference [11].*

Mr. H. V. Lowry kindly read the manuscript, and I am
much indebted to him for his valuable suggestions.

Lox~poN, January, 1941. N. W. M.

THE lapse of some seven years, between writing the MS. and
its publication, is due entirely to war and immediate post-war
conditions, which have caused such an upheaval in the printing
trade. The war has emphasised, however, the necessity for
enhanced facilities for the study of Technical Mathematics.
There is no ¢ chair ’ of Technical Mathematics at any University
in Great Britain. The time is ripe for distinct departments of
Pure, Applied, and Technical Mathematics. The Professor of
Technical Mathematics would have to be trained in both
mathematics and technical matters, while works experience and
the ability to impart knowledge would be essential.

It is appropriate to refer to the discussion on Technical
Mathematics at the Mathematical Association in April 1945.1
In general, those who lecture to undergraduate and post-
graduate engineers expressed the view that in future this sub-
ject must play a much more important part in the curriculum
than it has done hitherto. The ultimate purpose is to enable
engineers and technologists to acquire a sound but broad know-
ledge of mathematics and its application to technical matters.
Difficult mathematical problems requiring an intensive know-
ledge of certain branches of the subject should be handed over
to specialists.

It may not be out of place to quote from the proposal I made
at the above discussion, namely, ‘...a report on ‘ The
Teaching of Mathematics to Engineers ”’ be drawn up by repre-

* Throughout the text the numbers in [ ] indicate the references
onp. 212.

t Mathematical Gazette, 29, 145, 1945.
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sentatives of the Mathematical Association and members of the
leading Engineering Institutions. ...’

Prof. T. A. A. Broadbent and Mr. A. L. Meyers have read and
criticised the proofs in detail. Mr. Meyers generously under-
took the laborious task of checking the whole of the analysis
and the examples in §8. I have great pleasure in recording
my appreciation of their help which has been invaluable.

N. W. M.
Lonpon, May, 1947.
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SYMBOLS

R (v) signifies the real part of v : p and v are usually unrestricted
numbers, i.e. they may be real, imaginary or complex : if
real they are generally non-integral: m, » are usually
positive integers : » may take any integral value including
zero, which it is convenient to regard as a positive integer.

f(t)=¢ (p) signifies that ¢(p) is the Laplace transform of f(¢),
t being real = 0.

f (=, t) signifies a function of x and ¢, e.g. e-2"/¢, x3%-1/2,

é(p; hy, h,) signifies a function of p, Ay, h, (see § 1-11).

f(t)~e—*[t signifies that the r.h.s. is an asymptotic formula for
Jf(t) when ¢ is large enough.

| # | signifies the modulus of z, always real and positive.

2 | f,(2) | signifies that the moduli of all functions in the series

r=0
are to be summed.

The range ¢ > h signifies all values from t=4h to t = + o , h>> 0.

h,<t<h signifies all values in any closed interval of ¢, and
tncludes the end points &y, k. A closed interval is finite.

h, <t <h signifies all values in an open interval or range of ¢,
excluding the end points &,, h.

f(t) is continuous in A, < t<Ch, signifies that the function is con-
tinuous for all values of ¢ in the closed interval (&, k) : the
continuity in a finite interval implies that f(¢) is bounded.

t 70 signifies that ¢ may not have the value zero.

p—+0 and p-—>— 0 signify that p approaches zero from (a)
the positive side, (b) the negative side.

~ signifies ‘ approximately equal to ’.

ft)=et\0<t<<h

=0 }t<0, t>h
range t=(0, ) but excluding the end points; and is zero
for all <0 and ¢>A, being undefined at t=0, A.

Heavy type, L, R, C, G, signifies inductance, resistance, etc.,

of unit length of cable.

} signifies that f(¢) is equal to ef in the

xi



xii SYMBOLS

When ¢ is near to or approaches some limiting value, the
notation f(¢)=O () means that [f(!)|<K#, K being an
absolute positive constant independent of variables or para-
meters.

f(t)=0O(1) means that the function is bounded. When
t>+oo, (B+a22=0(t); t(e~t+1)=0(); /(1 +2)=0(1)
with bound unity. When ¢t—0, (2+a2)=0(1); sin ¢=0 (¢).

The symbols for the various mathematical functions in the text
are used in reference 13, where the functions are defined.
This reference work contains an extensive list of Laplace
transforms for functions which occur in pure, applied and
technical mathematics.



FOREWORD

Tai1s is addressed to the technical reader whose mathematical
training covers a more restricted field than that of the pure
mathematician. The technical reader’s experience is often
limited to continuous functions. Herein it is necessary to
consider functions which may be either continuous or finitely
discontinuous. Differentiable functions must be continuous,*
whereas integrable functions can be either continuous, or
finitely and (in some cases) infinitely discontinuous. Apart
from discontinuities, functions must be single valued to avoid
ambiguity. 1If y2=z, y= +2'2 (unless =0), and the positive
branch is usually chosen. It must be appreciated that infinity
18 not a number, but a limit which exceeds any number we
care to name, however large it may be. For the sake of
brevity, ‘infinity ’ (w0 ) is used frequently in such a way as to
appear to be a number, e.g. the upper limit in an integral.
The appropriate viewpoint is that the value of the integral is
required as the upper limit— oo.

In enunciating a theorem, the conditions for its validity
must be stated fully. Otherwise the theorem might be used in
cases where it did not hold. Sometimes a theorem may hold
under less stringent conditions than those given in the proof.
If stated as mere formalities, the theorems in Chapter II
become brief and simple. Bereft of the conditions for their
validity, they are analytically incomplete and cannot be used
with confidence. Omission of logical steps in analysis is just as
serious a defect as absence of credits in a cash account. The
answer to a problem is essential, but its correctness is imperative,

* j.e. differentiable for all finite values of the independent variable.
There are, however, certain continuous functions (not contemplated
herein) which are not differentiable. Throughout the text a continuous
function means one which is differentiable.

X111



xiv FOREWORD

a condition which can be satisfied only by analysis in the appro-
priate detail. By perseverance in the early stages of the text,
and frequent consultation of the appropriate appendices, the
reader will find that the proper mental attitude is soon ac-
quired. ;



I
THE LAPLACE TRANSFORM

I-11. Definition. Consider the infinite integral

p_‘je‘"‘f(t)dt:qS(p), TP ¢ §

p being a suitable parameter, either real or complex, while
f() is a single-valued * function integrable in every finite in-
terval of ¢. ¢ is real and >0. This integral was introduced
into mathematical analysis by Laplace about the year 1812.
¢ (p), the function obtained by evaluating the integral, we
define to be the Laplace Transform of f(¢). If ¢(p) is
given, f(¢) is said to be its interpretation in terms of the
real variable . When the range of integration in (1) is
t=(0, +w ), $is a function of p alone. Iftherangeist=/(hy,h,),
0<<h, <h,y, ¢ is a function of p, », and h,. We then write

he
p Le—mf(t)dt=¢(p s By By, v eneenn(2)

the r.h.s. being defined as the L.T. of f(¢) for the interval
t=(h,, k). Integral (2) may be written in the form (1), for if
F@)=f(@t) T when 0<Ch, <t <<h,,
=0 } t<<hy, t>h,,

then pre—mF(t)dt=¢(p; By Ba). v ereerenenne (3)
0

Integral (1) is a particular case of (2) with A;=0 and
hy—+ o . When pisreal and >0,} (1), (2) may be interpreted

* The question of f(¢) being continuous is discussed later. Integra-
bility of f(¢) in t=(0, A) implies that of e—7dif(t), a point to be
remembered in connection with enunciation of the theorems which
follow, e.g. §1-21.

1 Using Heaviside’s unit function (Appendix I), this may also be
written in the form F (t)=f(t) [H(t - &) — H (¢t - hy)]. Fig. 20 illustrates
the case where f(t) =13, h; =0, hy=h.

$p >0 implies the reality of p, but since p is sometimes complex,
this distinetive wording is generally used.
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geometrically as the areas of the exponentially damped
function p f(t) between the limits ¢ = (0, + « ), t =(A,, h,), respec-
tively.

The Laplace transform of a function, as defined by (1), is
usually identical with what Heaviside called its operational form,*
and the latter nomenclature is used the more generally. By
way of variation, some writers refer to ¢ (p) as the image of the
original function f(t). The most rational terminology seems to
be that where ¢ (p) is regarded as the Laplace transform or L.T.
of f(£). The name Laplace must be appended, since there are
other systems, where Fourier, Gauss, Hankel, Hilbert, Mellin,
and Stieltjes transforms exist. Herein as elsewhere [12, 13],
we shall employ the symbol =, namely, a heavy « lying on its
side. Thus to signify that ¢ (p) is the L.T. of f(t) we write

FO)=¢() }T on(d)
or d(p)=f(?)
the closed end of the symbol pointing to the L.T. This is a

very convenient and terse notation, the symbol being formed
by a single stroke of the pen.

I-12. Example. Find the L.T. of #, if v=u+dv and
R(y)=u> -1.
From (1) §1-11

¢(p)=pre—mtvdt, o)
0

=T(LAV)P, evrneereeeeereereeeenn(2)
or L A ) P (- )

by [12, p. 75]. Integral (1) diverges at the lower limit, unless
R(v)> -1, so when R(v)<{ -1 the function has no L.T.

* The Laplace transform was defined originally without the external
p, and in certain cases this is expedient (see § 2-144). Moreover,
(1) may be regarded as the p-multiplied L.T. There are several points
in its favour : (a) identity with Heaviside’s operational forms, (b) the
dimensional equivalence of f(t) and ¢(p) [see § 2-182], (c) the L.T. of a
constant A is itself, and not A/p. Formulae on pp. 208-211, and in the
references on p. 212 are p-multiplied L.T.S.

1 This notation refers to the L.T. for the interval ¢=(0, ). For the
interval ¢ = (h,, hy), see (2) § 1-11.
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1:13. Integral equation for f(t). In this case the unknown
quantity f(t) occurs under the integral sign. Thus if ¢(p) is
known, but f(t) is unknown, (1) § 1-11 is an integral equation
for f(t). Additional examples will be found in §2-244;
Chapters III, IV ; 1-5, § 8-5.

If pIZe*"‘f(t)dt:I‘(l FD, erereerrerenn (1)

then by §1-12, f(t)=# is a solution, provided R(v)> -1 to
ensure convergence.

I-14. Uniqueness. We now ask if the solution given in § 1-13
is unique, i.e. is it the only solution. In reference [9] Lerch
showed that if f(f) is continuous in ¢>0, it is determined
uniquely by ¢ (p). Now # is continuous in >0, if v is real >0,
or if R(v)>0, so with this proviso it is a unique solution of
(1) §1-13. Continuity, however, imposes an unnecessary re-
striction, since f(t) is determined uniquely by ¢ (p) in the case of
certain finitely discontinuous integrable functions, and certain
infinitely discontinuous functions. Before considering these
functions in relation to (1) §1-11, we shall introduce some
definitions.

1-15. Discontinuous functions. A function may be discon-
tinuous in several ways :

1°, Finitely discontinuous as in Figs. 13-17, 20-22, 25,
27-29 at the positions of the thin vertical lines. These are
known as ordinary or simple discontinuities. The functions
illustrated in Figs. 21 d, e, 22, 25 b may be regarded as periodic
piecewise * continuous functions. They are integrable over a
finite range (0, t), and expressible in Fourier series by using
the established procedure.

2°. Infinitely discontinuous like ¢—%, ¢-1/2 or log? at =0,
where each function has an ‘ infinity .

* A ‘ piecewise ' continuous function is continuous in stretches, de-
void of infinities, and integrable in any finite range of ¢. It may —o
with ¢, e.g. the * staircase * function of Fig. 25a. A thin vertical line at
a discontinuity is conventional, and is not part of the graph. Near a
discontinuity a function is considered as ¢ approaches from either side.
In Fig. 13, f(t)=0 as t— - 0, f(t)=E, as t—~+ 0: att=0 it is undefined.

B M.0.C.
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3°. Oscillatorily discontinuous like sin (1/¢) at the origin. As
t—+ 0, the function oscillates with constant amplitude, but the
rate of oscillation —> , i.e. the interval between consecutive
zeros —0.

So far as L.T.S. are concerned, we shall confine our attention
to the type of function in 1°, and those in 2° which fall in
the category illustrated below. When

-1<v<0, or -1<R(¥)<O0,

¢ has an infinity at the origin. Nevertheless integral (1)
§ 1-13 converges, and # is a unique solution thereof. Other
examples are log ¢ and the Bessel functions Y (¢), K,(¢), illus-
trated in Figs. 2, 3. As explained in § 1-211, convergence of
(1) § 1-11 at the origin depends upon the ‘ order of infinity ’
of f(t) as t— + 0 being less than unity. This condition is satis-
fied by log ¢, Y,(t), K,(t), all of which are O (logt) when ¢ is
small and positive. Since

h
I logtdt=h(logh-1), (A>0), .........euin(l)
0

the integrals

h h h
I e-tlog ¢ dt, Ie"”‘ Y, () d, jewKo(t)dt, (p>0), ...(2)
(1] 0 0

converge by comparison.

Most of the functions considered herein exist when ¢ <0, but
from the L.T. viewpoint, we consider the range ¢>0 only. If
f(2) is the function, then for L.T. purposes we define as follows :

F)=fOH®), cvrvereeeeeereeineaennnn(3)

where H(t) is Heaviside’s unit or step function treated in
Appendix I. This definition is equivalent to
F@y=f()1t>0
—0 t<0(4)
For conyenience, however, we shall usually take f(¢) to signify
F(t) as so defined. Since f(t) =0 when ¢ <0, if f(0) =0, there is
no discontinuity at the origin, e.g. Fig. 20. But if f(0)5£0,
e.g. cos t, J,(t), which have the value unity at =0, a finite dis-
continuity occurs (see Fig. 2 for J,(t)).
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*]-16. Lerch’s theorem. For the benefit of those acquainted
with the complex variable, we enunciate the theorem for (a)
continuous, (b) discontinuous functions.

(@) £, (1) = 1 (p) and f,(t) = 44 (p). £y 1), fs (¢) being continuous
in 20, also if ¢,(p)=d¢,(p) at all points of the half p-plane
where ¢,, ¢, are analytic (regular or holomorphic),* then
fi®)=f,(t) in 0. This means that a continuous function is
determined uniquely by its L.T.

(b) If f,(¢) and f,(¢) are integrable functions in >0, but have
discontinuities,t and if ¢,(p)=¢,(p) at all points of the half
p-plane where ¢,, ¢, are analytic (regular or holomorphic), then
for t>0, f,(t) =f,(¢) + g (t), where g(¢) is a null function.

¢
By definition I g(t)dt=0, so we may write
0

J': £ dt EL') falndt,

in place of f,=f,+¢g. Null functions do not occur in technical
applications, so they need not be considered here. For addi-
tional information the reader may consult reference 17.

I:17. Boundedness and Continuity. The continuous func-
tion of Fig. la is defined by

f()=sin t | 0t <27,
=0 for all other ¢.

f(t) has an upper bound + 1 at ¢ =}, and.a lower bound -1 at
t=3#. Moreover, it is bounded in the closed interval 0<{t< 2w,
and also in the infinite range ¢>>0. If M is a real constant >1,
then in the range t>0, M>|f()|. The finitely discon-
tinuous function of Fig. 20 has upper and lower bounds 42 and
zero, respectively, and in £2>>0 M>f(¢) if M >h% Accordingly
we define a bounded function in the following way : f(¢) is
bounded in 0<{¢<Ch or in £2>0, as the case may be, if there is a
positive constant M such that M> | f(t)|. A bounded function

* See Fig 4a and 1°, Appendix IV, condition (a).

1 Since we have assumed the existence of ¢, and ¢,, the type of dis-
continuity need not be defined.
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fet)
(a)

fee

©_N-/]
\/27r

o

F16. 1 (a).—Graph of the bounded continuous function

ft)y=sin¢ } 0<t<2n
=0 for all other ¢.
The function is zero in 27<t< + ©, and in — ® < ¢< 0.
(b).—Graph of the finitely discontinuous function obtained by differ-
entiating (a), namely,
f(t)=cost } 0<t<2n
=0 t<0,t>2n.

is not necessarily continuous in a given closed interval. For
instance in Fig. 20, F (t) is continuous in 0<{¢<Ch,, by <h, but
discontinuous in 0<t<<h,, h;>h. If, however, f(t) is con-
tinuous in a closed interval, it is bounded therein, but is not
necessarily bounded in £>0, e.g. ¢, t3, et. As illustrated in
Figs. 1, 21, a continuous function may have a discontinuous
derivative. The derivative can be considered as ¢ approaches
the discontinuity from either side, e.g. in Fig. 20 as t—(h - 0),
F' (t)~3h2, while as t—(k +0), ¥ (t)->0; but at t=h there is no
derivative.

The functions depicted in Fig. 21 a, b, ¢, are bounded. (a),
(¢) have upper bound a, lower bound zero, while those of (b) are
+a. J,y(t) in Fig. 2 is bounded, as also are the periodic piece-
wise continuous functions in Figs. 22, 256b. These six functions
are all O(1) in ¢>0. The finitely discontinuous function of
Fig. 25a is unbounded at infinity. The functions ¢-172, log ¢,
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Y,(¢), Ko(t)—see Figs. 2, 3—have infinities at the origin, whilst
tan ¢ has them at ¢ =(2n + 1) 7/2.

10
Jo(t)

Joft)
Yo(t)

- \></

l to—cast—+0
! ! | 1 L 1 1 L
1-0 2-0 30 4-0 5-0 6-0 7-0 8-0
Values of t

Fi6. 2.—Graphs of the Bessel functions of the first and second kinds
of zero order, Jy(t), Yo(¢). When ¢ is small and positive, J,(£)=21 - }¢?;

Yo(t):g(y +1log 4t); when t-> +0, Jo(t)>1, Y,(t)=O (logt)and - - .
m™
y=0-5772 ... is Euler’s constant.
When ¢ is large enough
Jo(t)~ (2/nt) 2 cos (¢ - }n), Yo(t)~(2/nt)/2sin (t - m).
Jy(t) is alternating, bounded and continuous in t>0. Y,(t) is alter-

nating, bounded, and continuous in £>0; it is discontinuous and
unbounded at ¢t=0.

1:18. Lemmas.

1°. If e-mif(t) is bounded in t>0, then e-?'f(t)—0 as
t— + oo, p real >p,.

Proof. |e-Ptf(t)| =| e (P—p)[e-Dotf(t)]| < Me-(p=2)t . (1)
where M>=|e-mtf(t)|. Since M is constant, the r.h.s. of
(1)-0 as t— + o, if p real>p,.

2°. If e-#tf(¢) is bounded in ¢>0, then e-?t# f(t)—0 as
{—+ o, v real, finite, >0; p real>p,.

Proof. e-?tpf(t)=e—(2-mtp [e-rotf(¢)]

KMe-(?-2)tpr—50 a8 t—>+ ®© , ......... (2)
since e* tends to infinity faster than any power of x.
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Examples.

1°. sint, cost, Jo(t), are bounded in £>0, so e~2if(t) is
bounded in this range if p,=0. Hence e-?!f(t)—>0 as t— + o if
>0.

2°. The Bessel function /,(t) of Fig. 3 is bounded in 0<{t<h,
80 e~ (¢) is bounded in this interval. For ¢ large enough,
I,(t)~et/~2xt, so in the infinite range ¢>>h, e~#tI,(t) is bounded
if po=1. Hence e—7I,(t)->0 as t—+ o if p>1. Owing to
the factor £-1/2, this also holds if p=1.

1:2l. Convergence of (1)§1:1l. This integral must con-
verge, which implies the existence of

ke
lim I -2t f(§)dt, hy—> +0, hy—>+ o0 .
h.

1

Since e=?¢, p real and >0, is a monotonic * decreasing function
in t>0, for convergence of (1) §1-11 it is sufficient but

not essential that J f(t)dt should converge. This is illus-
0

trated in (8) § 8:2 where p=0. In certain cases the integral

diverges although (1) § 1-11 converges, e.g. f(¢)=#, R(v)> -1;

f()=e, p real>a>0. Moreover the above condition is
usually too narrow, so we take a broader viewpoint.

Theorem. If e-»!f(t) is bounded in ¢>> 0,1 then I e Ptf(t)dt
0

is absolutely and uniformly convergent with respect to p in the
interval p, <p<p,, p, real>p,, or in the range p>p,.

Proof. By hypothesis, | e~»if(t) | <M, independent of ¢.
If p=p,>po, then

| (0 |= | emtfy(g)] | e-trmson |
SMe=@mwt (1)

independent of p. Since p,> p,, it follows that

r Me @ttt oo 2)
0

* See footnote to 1° § 4, Appendix III, for definition : see also Fig. 4.
t See footnote on p. 1 regarding integrability.
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converges. Hence by the ‘M’ test in 1° § 7, Appendix III,

j e~?tf(t) dt has the properties stated above. If p is complex,
0

the theorem holds provided R (p)> R (p,).

e~7tf(t) may have ordinary discontinuities as in § 1-17. An
examination of the functions in the list or in reference 13, shows
that when convergent, the convergence is usually absolute and
uniform for p>p,>0. It should be noted that the converse
of the theorem is not necessarily true, as will be seen later in
§ 1-211 examples 1°, 2°, 3°, where the functions are unbounded
as t—+0. :

*]-211. Extension of Theorem in § 1-2l. There is a class of
function, unbounded at the origin, for which the integral (1)
§ 1-11 is absolutely and uniformly convergent. If —1<<v <0, the

function # has an infinity at =0, but I e ?dt=I"(1+v)/p*tt.
0

We can consider the convergence with reference to the ¢ order
of the infinity ’ (O.L.) at the origin. For u>0, as 2~ + « the
O.I. of z#isu. Let x=1/¢, then as t—>+0, x—> + oo and the O.L.
of ##is —v. Now for convergence, v> -1 or —v<l, so the
0.1. must be less than unity. Consequently the scope of the
theorem may be extended as follows : If e~#tf(¢) is bounded in
£>0, or is bounded in ¢>t,, any ¢,>0, and has an infinity

of order <1 at the origin, then I e-?*f(t) dt is absolutely and
0

uniformly convergent, p>p,>0. In some cases it may be
more convenient to specify the O.L. of f'(t). ‘Since dt-/dt= —¢-2,
the O.1. must be << 2.

Examples.

1°. The Bessel function Y,(¢) is bounded and continuous in

2
¢>1,,t, > 0 (see Fig. 2). Whentissmall,Y(f)~ 7;log t=0 (logt),

and therefore — — © ast—+0. Now d(log?)/dt=t-1,soits O.I.
at t=0 is unity, i.e. logt does not approach - as quickly
as — 1/t -

Hence r e-?tY o (t)dt is absolutely and uniformly convergent in
0
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h
P>Pe>0. Sincej log ¢t dt converges (see § 1-15) the above is
0

valid for p>0. The value of the Y,(f) integral is
~[(2/m)Np*+1]log (p +~p*+1)

from the list.
1-0} ;f 450
0-8} 440
o6l 30
Ko(t) In(t)
oa} J 20
02| 410
| 1 L 1 1 1
o 10 20 40 50 60

30

Values of t

F1e¢. 3.—CGraphs of the modified Bessel functions of the first
and second kinds of zero order, I,(¢), K,(¢). When ¢ is small and
positive, I,(t) =~ 1+ }t?; K,(t)~ - (y+log §t); when t— +0, I,(t)—>1,
K,(t)=0O[log (t)]> as ¢t—>+0. When ¢ is large enough
I (t)~et[(2mt)1/2, K,(t)~(mw/2t)/%-t. I,(t) is a positive monotonic in-
creasing function, continuous in >0, unbounded at + . K,(t) isa
positive monotonic decreasing function, continuous in ¢>¢,, ¢,>0; it
is discontinuous and unbounded at ¢=0.

2°, The Bessel function K, () is bounded and continuous in
t>t,, t,>0 (see Fig. 3). When ¢ is small K(t)~ - log ¢, so by

the same reasoning as above, I e ?* K, (t)dt is absolutely and
0

uniformly convergent for p>>0. The value of the integral is

:/p+—110g (p+~p2-1).

3°. e~wtlog tis bounded in ¢ >¢,, t,>0, if p,>0, and it has an
infinity of order <1ast—+0. Hence j e~?'log t dt is absolutely
0

and uniformly convergent in p>0; alsoin p > 0, from above.
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4°. The Bessel function J,(f) of unrestricted order v is de-
fined for all ¢ by
B w v (3ty+er
J,,(t)_r:‘:;( 1) ATwirsl) cerervenennenenn(1)
When v real > — 1, this series is convergent for ¢ finite > 0, so

J,(t) is bounded in any finite range excluding the origin. When
t is large enough and > %

J,(t)~~2[mt cos (t -} — Jvm), cerriiiiiin (2)
which is bounded in ¢{>h and — 0 as t—+w. Hence if
vreal > —1, J,(t) is bounded in £ >t¢,, t,>0. This is true also
when v is complex and R(v)> - 1. If R(v)>0, J,(¢) is bounded
int>0.

When -1<v<0, or —1<R(v)<0, the first term of (1),
namely, (3t)’/I’(v+1), has an infinity of order <1, as t—+0.
Hence it follows from the extended version of §1-21 that

j e~?J,(t)d¢ is absolutely and uniformly convergent in p>0,
0

if R(v)> —~1. See also 2° § 8, Appendix III.

*1-212. Continuity of function represented by Laplace
integral. By (1)§ 1-11 the integral below (2) § 1-21, has the
value ¢ (p)/p=®P(p). Since the integral is u.c. in p, <<p<p, or
in p>p,, according to § 6, Appendix III, @ (p) is a continuous
function of p in this range, although f(f) may have ordinary
discontinuities, e.g. see Figs. 20, 22, 25b. For the Morse dot
function depicted in Fig. 22,

Io e 2 f(t)dt=a/p(1+e ), wovvrerereennn(1)

p real >0. Now f(t) is a periodic piecewise continuous func-
tion, but as illustrated in Fig. 4 the r.h.s. of (1) is monotonic
and continuous in p>>0. The Fourier expansion of f(t) is given
at (7) § 7-15, and comprises an infinite number of continuous
functions. Their sum represents f(¢) for all ¢, excepting those
values where discontinuities occur, i.e. t=nh. According to
Lerch’s theorem § 1-16, the only solution of (1) as an integral
equation for f(¢) is the Morse dot function, which is expressed
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analytically (except at t=nh) by the Fourier expansion, being
integrable over the range (0, ¢).

{

to+wast-+0 07

406
,=1/p(1+e)

405

04 04
é,

0-3 -40-3

é,
0-2 -~402
b, =+p/(p*+1)k
01 !

|
0 0 20 30 40 50 - 60 70 80
Vatues of p

Fia. 4.—Graphs of the functions
D, =p/(p*+1)*2, and ®,=1/p(1+e?).

&, is monotonic increasing up to its maximum (upper bound) of 2/3y/3
at p=1/4/2, and monotonic decreasing thereafter. It is positive,
bounded, and continuous in »p >0. &, is monotonic decreasing, positive,
bounded, and continuous in p >0, being discontinuous and unbounded
at p=0.

1-213. The value of p for convergence of (1) § I-1l. If
p=u+1, 4 and v being real, it often happens that w must
be > 0 for convergence. There are some cases, however, where
convergence is obtained with p imaginary, i.e. #=0 as in 9,
10, § 8-2. In general, if the integral converges, #>0 and the
value of p lies in the half plane on the right of the imaginary
axis V'OV (Fig. 4a). Thus we may write p =re®, — r<<0<im,
with r=| p|=vu?+v2 > 0. This region may be regarded as
the half p-plane of convergence for the integral (if convergent).
Two cases where the integral converges when R(p)=u<0 are
given below.
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\
2 ":4 1
p-plane § {8 p=utiv= 26
S N/
¢ 1
: Y
) 0 u_, U Real axis
(o) Values of u
2
3 5 4
g
£
(=23
g v/

Fia. 4 (a).—Illustrating the p-plane when p=wu +iv. The part to the
right of the imaginary axis V'OV is the half p-plane of convergence.
In quadrants 1, 4, w=R(p) >0; in cuadrants 2, 3, u=R(p)<0.

1°. Suppose p is real and f(t)=e~8!, then if p,= -8,
e~»if(t)=1. Thus by the theorem in § 1-21

-]

j:e'”‘f(t)dt:j e=(PE8dE (1)

0
converges if p> — 8, and it has the value 1/(p +8).
2°. Let p=u+1v and f(t)=¢ 8¢, then if
R(py) =uo= — 8, | e=™'f(¢) | =|e~**| =1.

Hence by § 1-21 if R(p)> - 8, the integral converges. Alter-
natively, :

[Clewrmimja <[ e-wrordt=1/@+8), @)
0 0

provided u> - 8.

In both 1° and 2°, if R(p)> - 8 it is evident that e-?!f(t)—0
as f—> + %,

Generally the precise value of p need not be specified, but in

certain operations it is essential that J. e~*?!f(¢)dt should con-
0

verge when p=0. This is treated in § 1-22. With some func-
tions, the integral (1) § 111 is divergent for all p finite >0.
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Such functions do not have L.T.S. For example ¢~!cos¢ is in-
finitely discontinuous at the origin due to the first term in the
expansion, namely, ¢t-*. By § 1-12 this function has no L.T.,
since v=-1. To effect simplicity some of the results in
Chapter II are based on p real, finite and >0.

*]-22, Evaluation of J f(t)dt. If this integral converges,
0

then by 3° § 7, Appendix III, r e~ 7Y (t)dt converges uniformly
0

with respect to p in the closed interval 0<p<p, for every real
finite value of p,>0. In accordance with 1° § 6, Appendix III,

the integral is equal to ¢(p)/p for every value of p in the
interval. Hence

p—>+0J0

J.wf(t)dt= lim r e~ ?f(t)dt = lim [¢(p)/p], a constant. ...(1)
0 p—>+0

Uniform convergence of the integral also means that ¢(p)/p
is continuous in the interval 0<{p<(p,, i.e. for all values of p
therein. It must not be inferred, however, that continuity of
¢ (p)/p implies uniform convergence of the integral. For instance
as p— + 0, ¢ (p)/p may be continuous while the integral diverges.
If f(¢)=sint, cost?, the function alternates* with constant
amplitude as t—+ o, so in accordance with §§ 1, 2, Appendix
III, the integral diverges, since it does not tend to a definite
limat.

* An alternating function is one which oscillates, having positive
and negative values and, therefore, real zeros at intervals which
need not be equal. sini, cost are alternating periodic functions
of constant amplitude. J,(f) is a damped alternating function : it
does not repeat itself exactly at a given interval, and is, therefore,
non-periodic. An oscillatory function may be (1) positive, (2) nega-

tive, (3) alternating, e.g. (1 +cost), — (1+sin¢), sin £. A continuous

alternating or a continuous oscillatory function is represented by an
gar+1 © ( %t)lf

r o — — e,
1) @+’ Jo(?) ‘rfo( 1) (r1)?

An alternating series does not necessarily represent an alternating or

f
even an oscillatory function, e.g. e-t= 2 (=175 this function being
=0

0
alternating series, e.g. sint= % (-
r=0

monotonic decreasing as ¢ increases. Replacmg t"/r! by its square, yields
the series for J,(2¢t), which is an alternating function.
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*1-23. Example. Evaluate r Jo(t)dt.
0
From the list of L.T.S. on p. 209, we find that

re—f"Jo(t)dtzl/Jp2+l. o)

0

In 2° § 8, Appendix III, the integral to be evaluated is shown
to converge. Writing p =0 in (1), it follows by § 1-22 that

j ToOdE=1, eeereeeereeceerrrrenn(2)
0

which is a well-known result of importance in technical applica-

tions. The function ¢(p)/p=1/Jp?+1 is monotonic* and
bounded in the infinite range p real >0, having the value unity
when p =0, and zero when p—+ o .

By aid of 2° § 8, Appendix III, the reader will easily show that
I J,(¢)dt=1, provided R(v)> —1. If for simplicity we take v
0

real, finite, and > -1, J,(f) is a damped alternating function,
being alternately positive and negative [see ref. 11, Figs. 2, 5].

Thus I J,(f)dt may be interpreted as the net area between
0

J,(t) and the axis of ¢ from ¢=0 to +ow . It has the value
unity for all values of v real > —1; a remarkable result.

*1-231. A divergent case. When ¢(p)/p is continuous in
the closed interval 0<p<(p, or in the infinite range p=>0,
[#(p)/Plp—+o has a definite value, but it must not be presumed

that I f(#)dt is convergent. For example, if
]

F(t) =T o ()2 P2/(P?+ 12 = (D), wevverrrecrrennnen (1)
then p/(p®+ 1)32 is continuous and bounded in p>>0.f It has
the value zero when p =0 and + o , and attains a maximum of

0
2/3./3 when p=1/2 (see Fig. 4). Nevertheless I tJo(f)dt is
divergent, as we shall now demonstrate. 0
* See footnote to 1° § 4, Appendix III, for definition.
t If & (p) =p/(p*+ 1)*72, it is a two-valued function, since
@ =pt(p*+ 1)
The positive value of @ is chosen here.
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By reference [11 (33), p. 47], '

! o
[Len ar=[z 0]

=), e (2)
and when [ is large enough we may write [11, No.13,p.158].
W (1)~ ~N2l[m cos (1—3m). coveeeeerennneenenn(8)

Thus as l->+ w0, (3) does not tend to a definite limit, but
oscillates over an infinite range, so the integral diverges.
Hence (1) § 1-22 cannot be applied in the case of tJ,(¢),

since J e~?ttJ,(t)dt, p—~+0, is divergent. This integral is
0

uniformly convergent in the interval p,<<p<p,, ps>0, p, as
large as we please. It, therefore, has the value p/(p?+1)3/2 in
this range of p, but is not uniformly convergent as p—+0,
although p/(p?+1)3/2 is continuous in p>0.

131, Function of avt:—b? t>b>0. In certain technical
problems involving wave motion, e.g. the theory of compres-
sional shock waves § 4-18, of uniform transmission lines, § 4-311,
and that of exponential loud-speaker horns [12], the variable
has this form, b having the same dimension as ¢. If ¢ represents
time, then b =x/c, where x represents distance and c¢ the velocity
of propagation of the wave motion. The form of the variable
a~/t2 —b? indicates that a disturbance at the origin =0, takes
a time ¢, =/c to reach a point distant x therefrom. With a real
and >0, the variable av/#2 — b2 becomes imaginary when ¢ <b.
Accordingly we shall define the Laplace transform of the
function f(av/#* — b?) to be that of

F(t)=f(avt2-b?)) when t>b, "

=0 } . t<b (see Fig. 15). " )

Thus we have

pj P (A —b)dt=¢(P) rrrrrrenen. @)t

or flavez—b2) =4 (p). . ceneenn(8)
* Alternatively we may write F (¢) =f(aV#* - b%) H (t b), by Appendix
I
1 As in § 1-21 this mtegral is a. and u.c. in p; <P <P,, P, > P and in
P> Po. if e=Pet f(uN 't2 — b?) is bounded in ¢ > b.
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1-32. Evaluation of r f(avE2—b%)dt. If the integral in (2)
b
§ 1-31 converges uniformly as p— +0, then

r faviz = b?)dt= lim [¢(p)/p], a constant. ......... (1)
b p—+0

By 3° § 7, Appendix III, it is sufficient that the integral itself is
convergent for (1) to hold. The remarks following (1) § 1-22
apply here also.

1-41. Operations on integral (1)§ 1:1l. This integral is
amenable to mathematical manipulation in a variety of ways
which are comparatively simple. By using the operations of
partial integration, differentiation or integration under the
integral sign with respect to p, and cognate operations, either
separately or in combination, a number of rules or theorems
can be established. Their application frequently effects a
marked simplification in the solution of problems in pure,
applied, and technical mathematics. This is exemplified in
later chapters.

Before passing on to establish the many theorems of the
(so-called) operational calculus, we refer the reader to the
Appendices, where a brief résumé on convergence is given. As
this subject is of vital importance herein, not only the Ap-
pendices, but also the references associated therewith should
be studied. To economise space, the majority of proofs of the
convergence of various integrals and series throughout the text
are left to the reader as suitable exercises. By dealing with
these whenever they occur, a convergence ‘technique’ will
soon be acquired. In fact it will be found indispensable.
Inversion of the order of integration in infinite repeated
integrals is also a subject of major importance, which may need
practice and perseverance to master. The brief treatment in
Appendix III should be supplemented by that in references [3,
4, 6,17, 16].



II

THEOREMS OR RULES OF THE
OPERATIONAL CALCULUS

2:-1l. Theorem |I. If f(t)=¢(p),* then f(at)=>¢(p/a), a real
and >0.

Proof. Since f(t)=¢(p), integral (1) §1-11 converges for
P real >p,.

Writing p/a for p therein, if p/a>p,, we have

(p/a) I:e“"‘/“ FOB=S@[A). oo, (1)
Let t=ra, then

p'[:e“'" F(@r)dr = (D)a). wevorrerereerennn. 2)
Hence replacing = by ¢, we obtain
p j: et (@) A= (D)@, +rrrrrrrerrrereene. (3)
or F@) Db (D)a). ceoveereeereereenes @)

2:12. Theorem 2.—The shift theorem.

If F(t)=f(¢t-%) (when t>A>0 then F () =e-?'d (p).

Proof. In (1) § 1-11 write f(t — &) for f(t), thereby shifting the
origin to the point t=h. Since negative values of (t-%) are
excluded, the lower limit is now ¢=A. Thus (1) § 1-11 becomes

pre—m FE-Rydt=p re~r<v+h> F) Aty o, (1)
h 0

* Unless stated otherwise, this relationship and, therefore, the con-
vergence of (1) §1-11, and the oxistence of ¢(p), is implied in all
theorems. Also we shall sometimes tacitly assume that & (p)=4¢(p)/p
is either differentiable or integrable n times, as the case may be, e.g.
§ 2-17, 2-21. ¢t is always real and positive. Fairly broad conditions
for convergence are given in §§ 1-21, 1-211.

18
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witht=7+h. Replacing = in the second integral by ¢, we have

' pr et (i — B) di=pe—o» re—w FO) dt=e2 (D), ..o (2)
h 0

or Ft)=f(t-h)H(E-h)=e (D). ccvvverreerenn.. 3)

Graphs illustrating formula (3) will be found in Figs. 15, 16, 19,
28, 29, while H (t) is treated in Appendix 1.

2:121. Example. Ifcost=p?/ (p2+1), Jo(t)=p/vp?+1, what
are the L.T.S. of cos(t - %) and J,(t — k), 0<h<<t?

By (3) § 2:12  cos(t—h)2e*p2/(p2+ 1), werrerrrrrnnnnnnnnn. 1)’
and Jot—h)=e?p/NpP+ 1. oo (2)

So far as L.T.S. are concerned, these functions, presumed
to be zero when f{<h, are finitely discontinuous at t=h, as
illustrated in Figs. 28, 29.

*2-122. An apparent anomaly. Attention is directed to the

following point : Suppose the L.T. of f(avtt —b?)+c, where
¢ is a constant, is ¢ (p). Then we have

P re‘”‘ flavtz —b2)dt
b

=Pj:e*”‘ [f(a,\/t2 —b?) +cldt —p_lje-"‘c ds, ...... (1)
=P(P) — el it e (2)
Thus if
F@VEE =) +c2P(D), wvvvvrnernriaranannn. (3)
then flaNtr —b2) = ¢(p) —ce?. ............... 4

To avoid this apparent anomaly, (3) may be written in its ortho-
dox form, namely,

[f(@avtz —b2) +c]H(t—0) 2P (D), wvvreerrennnnnns (5)
from which the relationship
flavtz-b2) H(t-b) = (p) —ce® ........ (6)
follows by § 2-12.

(o] M.0.C
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*2-123 Example. Formulae (3)-(6) in § 2122 may be illus-
trated by aid of the modified Bessel function of the first kind of
unit order. From the list we have

t I, (avt? = b?)

VP _ -
ab T dt=[e e, L., (1)

.. I, (aJtz VTl
giving 1+ bj Jir"_ tebtVP—a' ... (2)

where unity on the l.h.s. actually represents H ( — b) [=e~??].

2:13. Theorem 3. et f(t):ﬁ;q&(p—a), where @ may have
any finite real or complex value.

Proof. Writing e*t f(t) for f(t) in (1) § 1-11, with R (p — a) >p,,*
we get

pj:e-(”-“)‘f(t)dtz (%a) [(p -a) I:e-(”-“)‘f(t)dt], weer(1)
s0 eat f(t): —d(p-a). ... e e—— (2)

2:131. Example. Find the L.T.S. of e-%¢sin wt and e~%* cos wt.
From the list we obtain

8in Wl = wP/(P?+ @?). ceviriiiii (1)
Using (2) § 2-13 we get
et gin wi= (P w(p+a)
e~% sin wt (p+a) Praftet) (2)
=wp/l(p+a)+w?]. «ocoiiiiiininn (3)
From the list we obtain cos wt=>p?% (p?+ w?). ...............(4)
Using (2) § 2-13 we get
—a P (p+a)?
e—9t cos wt=(p+a) [(p+a)”+w2:| ............ (5)
=p(p+a)/[(p+a)+w?]. ........(6)

* See § 1-21.
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2:-14. Theorem 4.—The differentiation theorem. If
e-mtf(r)(¢) is bounded and continuous in ¢2>0 for r =0, 1, 2, ... n,

then with p real >p,
dn n—1
Gl )= pb(p) = Z p=rf(0)
r=0
Proof. By (1) §1-11
#(0)=-[ s0aer.
Integrating by parts, by §§ 118, 1-21, we obtain

¢(p)= —[e""f(t)]: + I: e~?f' (Dl .........

~ f(0) +j: -

Rearranging (3) gives

pI:e-”‘f'(t)dtzp[¢(p)—f(0)],
80 @) =2p[¢@)=Ff0)] e

From (5) it follows that

fA ) = p{pld (») - f(0)]-f (0)},
=p*$(p) - p%(0) - pf’(0).

Ultimately we find that

£ O =p ) ~:§p”"'f"’(0). .

If f»(0)=0, for r=0, 1, 2, ... n - 1,
fW@)=p" @),
and in particular f @t)y=pé(p). .
When the variable is aJ/t? - b2, see 22 § 8-3.

(1)

e (3)*

(4)
..(5)

)
eerenr(10)

* Since e—Pd f(*)(¢) is bounded in £ >0, by § 1-18 e~Pt f(") () >0 as t—~ + o0 ,
and the term corresponding to the upper limit in the second member of

(2) is zero.

The theorem is true if f(¢) is finitely discontinuous at the origin, e.g.

J(@)y=H(¢) cos t.

t For a differentiable (continuous) function of 2 and ¢, say 8(x ; ¢),

a n net n-—r
i 0@ t)=p $@;p)= Zp 2@ 0],

When n=1, 5} 0(x, t)=p[é(z, p) - 6(, 0)].
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2:141. Remarks relating to (5) and (10) §2:14. Without
knowing the function f(), we may desire to determine whether
the L.T. of f’(t) is given by (5) or by (10). If the L.T. is ex-
pansible in an absolutely convergent series in descending (nega-
tive) powers of p (see § 2-18), and the order of its denominator
in p exceeds that of its numerator, then f(0) =0 and (10) holds.
For, each term in the expansion is of the type p~=#/I"(1 +v),
R(v)>0, so all terms vanish with ¢&. If the first term is a con-
stant, f(0) has this value, a finite discontinuity occurs at the
origin, and the L.T. of f'(¢) is given by (5).

*2:142. Remarks on continuity. It is usual to stipulate
conditions sufficient for the validity of a theorem. But in cer-
tain cases one or more of the conditions may be relaxed,

e.g. if f(t) =t'2, f’ (t)= Nmp although f’ (f)=3t-1/2 is infinitely dis-
continuous at the origin. By (3) § 1-12 J.weﬂ"t-lf2 dt converges
(uniformly) to the value Vajpin p,<p <p1(,) if poreal >0. The
integral corresponding to f®)(t), namely, — }I:e*”‘t—*‘/’dt di-

verges due to the infinite discontinuity at the origin, whose
order (3/2) exceeds unity. Thus when f(t) =¢#'/2, the theorem is
invalid if »>1. In general, if f(f)=t-¢t", 0<g <1, ¢ real, m a
positive integer, the integrals corresponding to f()(¢) for r=0,
1, 2,..m are convergent, whereas that corresponding to
fm+)(t) is divergent.*
2-143. Example. Given that

(@) cost=p%(p*+1); (b) Jo(t)=p/vp®+1,
find the L.T.S. of sia ¢ and J(¢).

d e Y
(@) By (5) § 2-14 7 cos ¢ =sin {= p2+1+p, ceeenennd(1)
since cos(0) =1, so sint=p/(p?+1). ..evveennnnn(2)
By (10) § 224 Zisint:cost:p.p/(p’+l)

=p(P2+1),eeeenenenne(B)
since sin (0) =\.
* Reference should be made to the remarks on convergence in
§§ 1-21, 1-211.
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(b) By (5) § 2:14, since J,(0)=1,

J, ()= —%Jo(t)= -72%:1- Dy e (4)
80 Ji(t)=p[Np +1 - pl/NPE+1, e (5)
=p/NDP 1 (p+NPPH1), ceernnne (6)

when the numerator and denominator of (5) are each multiplied
by (Vp?+1+p).

*2:144. Modification of (8) § 2:14. The following modifica-
tion is expedient in the application of this type of formula to
the solution of ordinary linear differential equations with
variable coefficients, as in Chapter VI. We shall write

@ (p)= j eI dh, evnereererererreann(l)
and JEO=P(D),* eeeeeeviieiireiieeee e enn(2)

where (1) is the original way of defining the Laplace transform.
Then we readily find that if the conditions in § 2-14 are satisfied,

n—=1
f‘"’(t)ﬂp"d)(p)—f‘lp"-'-lfm(()). rerrereenn(8)
2:15. Theorem 5.—The integration theorem.

[ n
[ I d{l f(r)=p~"¢ (p),if the n-fold integral is convergent  and
1]

t T r :
lime“f‘j {[I dv-] f(q-)}d-r—>0 ast—>+o forr=0,1,2 ...n-1.
0 0

Proof. Let Fy(z) =r F(r)dr=g, (p), then by (5) § 2:14,
(1]

F®)=fE)=p[¢1(D) = F1(0)], vveeeerrerreeeennn(1)
or FO DD LD, cvvvenreereeerereere e (2)

* The new sign - is used here to avoid ambiguity.

1 This is certainly true if f(¢) is continuous or piecewise continuous
in the range of integration. It is also true if f(¢) =, - 1<»<0, whwh
is unbounded at the origin (see § 2-142).
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t
provided lim e-?'F, () =lim e-"I f(r)dr—>0 as t—>+ o * (see
§2:14). 0
Since f(t)=¢(p), it follows from (2) that

¢l(p)=¢(p)/p=-":f(‘r)d‘r. PN )

By repeated application of the above procedure, we find
ultimately that if

F,,(t):[".:d'r "EE)) e (4)
then F,#)=p"p(P), «ceevvreeeeneerenvnnnn(B)
provided that lim e-#tF () () =1im e""r{uf d-r]r f(-r)} dr—0

] ]

as {—>+ow for r=0, 1, 2, ...n-1. This is certainly true if

r { } dr converges ; a sufficient but not necessary condition.
0
*2.151. Theorem 5a.—Function of avt?—b? t>b>0. If
f(@VEE-b?)=¢(p), then -
[[[a] fad=trmprdt0),
b -

provided the n-fold integral exists and

lim ¢! I: {Hb df]’} F(aVT B dr—0 as b+ o |

forr=0,1,2,...n-1.
The proof is left as an exercise for the reader.

2:152. Example. Given that sin?¢=2/(p?+4), find the L.T.
of (t -} sin 2¢).

t t
Now Isin”dt:%j (1-cos26)déi=1(t—}sin 2t), ....... (1)
0’ 1]

* This is certainly true if ‘: f(7)dr converges, a sufficient but not neces-

sary condition, e.g. for f(¢) =t", e%(p >a), sin ¢, cos ¢ this integral diverges,
but the condition given in the proof is satisfied.
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¢
and e-"I sin?¢dt—0 as t— + w0 , 80 by (3) § 2:15,
[}
t—}sin 2=4/p(p?+4). oo (2)

*2:16. Theorem 6. If r f(#)dt is convergent, then
0

[ 10 @t= 1im @)p1- 4 @p, >0
P
Proof. If ¢ is any constant
pr e~?cdt=c,80 c@c.* ....oiiinn(1)
(|

By (1) § 1-22 convergence of the integral implies that

) f(@)dt= lim [¢(p)/p]=a constant.
0 p—>+0

Hence using (3) § 2-15, we have

j:f(t)dt—j: f(t)dt:vj:f(t)dt CBD)Ps eerereerenn(2)

= [, fo@= tim B @)1~ @)p. ...

If f(t) takes the form g(t)/t, then with g(t)=cos t, J,(t), the
integral J’ﬂo g(t)dt/t diverges at the origin due to the integrand
being inﬁt;litely discontinuous. However, r converges for

t
t>0, and the L.T. can be found using § 2-23.

*2.161. Example. Find the L.T. of r Jo(t)dt, given that
Jo(t)y=p/Vp +1. ‘
By (3) § 2:16

’r Jo@dit=1 -1 NpP+1=(Vp2+1-1)Vp*+1, ...... (1)
t

since by § 1-23 the integral with lower limit =0 converges to
the value unity.
* In orthodox form this would be written cH (¢)=c. If the external

p were dropped from (1), then in the symbolism of § 2-144, c¢H (¢) =c¢/p,
i.e. the L.T. of a constant would be & function of p.
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*2:162. Theorem éa.—Function of (avt?-b?), t>b>0.

If f(avt? - b?)>¢(p) and J.: f(aNtt —b?dt is convergent,

then [ f(a B dtme lim [4(0)/p)- 40V
Proof. By §1-32, since the integral is convergent, we have
r F@NEZB)dE= lm [$@)/P], woereerreeene (1)
b p—>+0
80

[ " HaVE= B ds —f FaNE—bhdt
Jb

=p [ e—w[r f@VE=Bdt|dt - $@)p, - onr(2)
b B
by § 2-151, the last member being the L.T. of the second.

Hence ff(ax/t_f—_bz)dt=e-”" l—igrlo [é(p)/p] - (®)/p. ......(3)

*2:163. Example. Find the L.T. ofj J (a2 —b?)dt, given
that
Jo(a~/t2—b2)=pe"bﬁ“’/Jp2+az, t>b>0.
By (3) § 2:162
e—b(p+a) o—bNPP+a

2 _ bt =
L Jo(aNE— 5% ds il
provided the integral converges when the lower limit is &.
Using procedure similar to that in 2° § 8, Appendix III, the
reader will readily confirm that this condition is satisfied.

2:17. Theorem 7. If e~»!f(t) is bounded in {>0, then with
p real >p,,

tnft)=(- 1)"10 [sb(p)/p]*
Proof. By'(1) §1-11
I:e—wf(t)dt=¢(p)/p. SRS 1

* See footnote to §2-11,
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Differentiating under the integral sign with respect to p, we
obtain

® g—pt __9a
J-oe Od= -2 @l e (2)

This procedure is valid since by § 1-21, the Lh.s. of (2) is uni-
formly convergent with respect to p in p,<p<ps, P> Do
Hence

tf(t)=—p;1~)[¢(p)/p]. e ereeree e seennn(3)

By repeating the above procedure, we ultimately find that
when p>p,,

” —-pitn —( — n_q_n_
Ioe CHOde= (=1 L@ o)

80 tft)=(-1)"p d%; [f(2)/P], ovevrernenn (5)

since by § 1-:21 the Lh.s. of (4) is u.c. for n>1.

*2:171. Modification of (3) § 2:17. Using (1) § 2-144, if the
condition in § 2-17 is fulfilled, we find that

tmf(t)—..(_l)md‘;':'"[d>(p)]. M20). v (1)
Applying this to (3) § 2-144, with f®)(¢) for f(¢) leads to
o " f(0)=tmfoo e

m n—1
(-1 D k[ )= T prrigo()], >m) @)
dp r=0

m

o(-1)m El%?" [P (P)]  (MSR) eevereeeeeeeeeeeeene e (3)

provided the conditions in § 2-14 are satisfied. These formulae
are needed for the solution of differential equations with vari-
able coefficients in Chapter VI.

2:172. Example. Find the L.T. of (a) ¢ sinh ¢, (b) £ e?¢, given
that sinh t=>p/(p?-1), and e**=p/(p —a), a real.
(a) By (3) § 2-17

t sinh t= —p&%[l/(pz— 1)]=2p% (p%— 1)% ove. (1)

(b) test= —p%[l/(p —a)]=p/(P-a) .cceeeeeeiii(2)
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Alternatively by (2) § 2:13

at _z'_)._l_= _ap

e 't=(p—a Y Pl =) eiiiiiiininnnn(3)
Note that e-#tsinh¢ is bounded in >0 if p,>1, whilst

te—(»-9) jg bounded if p,>a.

*2-18. Theorem 8.—The Addition theorem.
If f,(t)=¢,(p), then Z f,(t) =% ¢,(p). When m is finite
r=0 r=0
the theorem is obvious, but when m is infinite we must have

pr et 3 f,()dt=p T I e2f,()di= £ $,(p). ...(1)
0 r=0 r=070 r=0

If 2’ f+(t) is absolutely and uniformly convergent in £>0,

r=0
(1) holds if p real >0. For pI e~?tdt is convergent and the
0

general result in reference 3, § 1764, is applicable. In certain
cases, e.g. in finding the L.T. of a function defined by a power
series, this result is not sufficiently general. By applying
§ 176B, reference 3, we can show, however, that (1) is valid
under the following conditions (see § 15, Appendix III):

(@) 2‘ f+(t) converges uniformly in some closed interval
r=0

0<t<<h, h>0, and
() either the integral

|» IL [e72t] Z 1frE) [y ooy (2)
or the series

1| Er|e—w| LFo) |ty v (3)
r=0J0

converges.* - For instance if f,(f)=¢"/r!, it is shown in 4° § 6,
Appendix II, that the series is not u.c. throughout the range ¢ >0.

*In (2), (3) p is an unrestricted number. If p=w + v,
e~Pt = ¢-4t(cos vt ~ ¢ sin vt),
8o |e~?t|=¢-%, Conditions (a), (b), are sufficient for the validity of
(1) § 2-18, but cases occur where the necessary conditions are less

stringent. Certain non-u.c. series may be integrated term by term
[see § 1-75, reference 16].



THEOREMS OR RULES 29

It is, however, u.c. in every finife interval 0<{¢t<{h. Hence if
p is real and >0, (1) holds if the integral

pf e Z1£,0) | dt=p[ e-o-tdt oo (8)
0 r=0 0

is convergent, i.e. if p>1. But if f,(t)=(-1)7%/r!, (1) does
not hold, as we shall see in § 2-183, since neither (2) nor (3) is
satisfied.

*2:181. Example. Find the L.T. of sin¢ by expansion and
term by term integration.

By (1) § 1-11
a0 2r+1
: —pt ot —_ —pt -1y —_—
smt=pIo e-? smtdt—pjo » 2( 1) (2 +1)' t, ...(1)
which has the form considered in § 2-18, with
fr@)=(=1)re2r+1/(2r +1)!

This series converges absolutely and uniformly in every finite
interval 0<{t<Ch (see § 6, Appendix II). Thus

pre—m z |f,(t)|dt=p[ ¢~ inh ¢ dt
0 r=0 0

_P J-w e~Pt(et—et)dt, ........ (2)
2Jo

and this integral converges if p is real and >1. Hence if p>1,

© 0 t2
1 —~1) -t — — 1) /p2r+y ..
mnt:p'i( 1) IO e-? @r +1)'dt 0(‘ 1)r/p¥+1, ...(3)
80 SINIDP/(PPH1). coiiiiiii (4)
It may be remarked that if p real >0

pr e~?*sint dt =p/(p?+1),
0
but for validity of the above analysis we must have |p| > 1.

2-182. Dimensional equivalence of f(t) and ¢ (p). Ifina
physical application of integral (1) § 1-11, ¢ has a certain dimen-
sion, that of p is to be regarded as the reciprocal of the dimen-
sion of . When ¢ represents time, p represents ¢~ so the index
pt is dimensionless, as also is pdt. Consequently if f(f) and
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#(p) are expansible, the conditions in § 2-18 being satisfied,*
there is term by term correspondence, and the dimensions of
such terms must be identical, e.g.

z‘ 1y {2r+l © (_ l)r 1

1-‘0(— ) (2r+1)!=r=ow . ..................( )
Dimensional equivalence is sometimes useful for rough-check-
ing a L.T. Suppose the L.T. of a function has been found
otherwise than by expansion, and a rough dimensional check is
needed. Let f(t) and ¢(#) be expanded giving, say,

by b, b
Qg+ a2 +att+ ...+ l-|- 2 (2
(1} 1 2 P p ps ( )

Then if the constants a,, b, are dimensionless, the dimensions
on the r.h.s. of (2) are erroneous, and it should read

bo+£—§+£§+ PPN 1

*2-183. A divergent case. Find the L.T. of e~*.
Expanding the exponential, we have
AN A
e~t'= 1—t2+§—|—3,+ =¢(p), ................. (1)
which is an absolutely and uniformly convergent series in every
closed interval of . Taking the L.T. term by term, we have

2! 4! 6!
d(p)=1- l‘pz W—él—p‘ﬁ- R 3]
which diverges. Thus (3) § 2-18 is not satisfied. Also for (2)

§ 2:18 we have pj e+ dt which diverges, >0 so (2) cannot
0

be the L.T. of e-*. It is the asymptotic expansion [12, p. 298]
of

pJ:/Z Ty . (p/2)J: e~ do/v (P4 +v
=j'°°e—vdv/J1+(4v/p=). ceeeeereeenen(3)
0

* This usually means that : (a) f(¢) is expansible in & series of ascend-
ing (positive) powers of ¢ which converges in every finite interval
0<t<h; (b) ¢(p) is expansible in an absolutely convergent series of
inverse (negative) powers of p with p real >0, or R(p)>0. Since
Sf(at)=¢(p/a), if a has the inverse dimension of ¢, both sides are dimen-
sionless.
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By (1) § 1-11 the L.T. we seek is

pr e-7t-* df = pes'/e r T (4)
0 0

0

=pev’/4j e Y, creerereereerrerens(B)
/2
where y =(t +p/2), so 3

e-":i;—rpe”'/‘erfc(pﬂ). S ()

From the identity of the first integral in (3) and the second in

(6), we see that (2) is the asymptotic expansion of the r.h.s.
of (6).

2:19. Theorem 9.—The Impulse theorem. Let f(¢; ¢) be a
function having the following properties : (a) it is positive and
continuous when 0<{¢<{e*; (b) it is zero when ¢ >¢ and t<0;

(c) J:f(t; €)dt=1. Then if f(t; e)=>d(p; €), $(»; €)—>p as
e—0.

Proof. By (2) §1:11, we have

b5 0= [[eF65 Oy o W
=p j:f(t; e)dt—pJ:(l —e=?)f(t; €)dt, ....... (2)
=P —pr(l —e~?) f(t; €)db. werrrriiiinninnienn (3)

0

Now if p is real and >0, as ¢ increases from.0 to ¢, (1 —e~?¥)
increases from 0 to (1 —e-?¢). But f(f; €)>0, so the integral
in (3) gives,

ogr(l —e~o)f(t; )dt<(1 —e"”‘)r F(t; dt=(1-e). ...(4)
0 0
Since (1 -e~?)->+0 as e—>+0, so also does the first integral

in (4), and, therefore, that in (3). Hence as e—>+0

or J(t; €)=p, approximately, ................c....(6)

* This simple property is used for clarity. The theorem can be
proved if f(¢; ¢) changes sign and is finitely discontinuous in 0 <Z<e.
When ¢=0, f(¢; ¢) is infinitely discontinuous.



32 MODERN OPERATIONAL CALCULTUS

when ¢ is small. By virtue of property (c), with e=0, f() has
infinite amplitude but infinitesimal duration. In practical
problems e cannot be zero, but it may be small enough for the
use of (6) to give an adequate approximation.

The integral in (c) is defined to be the impulse due to the
force f(t ; «), and it is represented by the shaded area in Fig. 5a.

A
f(te) ) (b)
=force f(to)
L
o k—e Time o Time

F16. 5 (a).—Arbitrary form of impulsive force of duration t=¢. The
shaded area represents the strength of tho ¢ impulse ’, being unity for all
values of e.

(b).—Impulsive force of infinite amplitude but unit strength.

We shall use I(f) to denote the limit as ¢->+0 of f(t; )
defined above. Thus

est10f(t; =I{E®)DP, ceereeeriiiiii (7)
signifies an impulsive force (mechanical, electrical, etc.) of
infinite amplitude and unit strength which occurs at ¢t=0. If
the impulse occurs at ¢ =~h, by § 2-12 we have

It —h)yDe "D, oo, (8)

When an impulsive force of this type is applied to a system,
the energy is transferred thereto instantaneously. In a dis-
sipative system, initially quiescent, the acquired energy com-
mences to decay immediately after the occurrence of the im-
pulse. Illustrations of the use of the impulsive function will
be found in §§ 2:191, 2-251, 7-17 et seq., 15-19, § 8-4, 9-13 § 8-5,
and in Appendix VI.

Dimension of 1 (t). Since I (t)=p, it follows by § 2-182 that
both I (¢) and p have dimension ¢-1. In a physical problem it is
essential to use the appropriate dimensions for an impulse, so

we now take r fi(t; e)dt=A. 1If f, has the dimensions of force,
0
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those of A are force x time. Moreover, we write
AT@) AP, oo (9)

A having the dimensions of the a,pphed force (electrical,
mechanical, etc.) multiplied by time. AI(t) represents the
tmpulsive force of infinite amplitude, and A the strength of
the impulse.

*2:191. Example. Evaluate rl(t—-h)g(t)dt, B3>0, if the
0

function g(t) is single-valued and continuous at t=A.

I(t—-h) is not a function in the ordinary sense. It is
defined in a similar way to I(¢) in § 2-19 except that (¢t -4) is
written for ¢, the limits in the mtegral now being & and (h +¢).
Thus

h- € €
I f(t—h;e)dtzl:'[f(r;e)dr. (1)
h 0
Then with 7 for (£ - A)
Izr F-h; e)g(t)dtzr frs gl +h)dr, oo (2)
0 —-h
:j;f(‘r; e gr+h)dr .......... (3)

since f(r; €) is zero when 7>¢ or <0, A>>0, so the range of in-
tegration r = (0, €) lies within (-4, + o ). But

Ef(f; €)g(r+h)dr
=g(h)j;f (r; e)dr +j;f(f s gl +h)—gh)]dr, ...... (4)
+J:f(-r; lgir+h)—gR)ldr. «oooiviiiiiins (5)

Suppose 7 is the greatest value of | g(r +4) —g (k) | in the range
0<{r<{e. Since g(t) is continuous, 7 is finite and —0 with e.
Now f(r; €)>0, so we have

0<J:f('r; €) |9(7+h)‘9(h)|d7<nf;f(r; e)dr=1y, ...(6)
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and, therefore, the integral on the r.h.s. of (5)->0 with e. Con-
sequently

I:I(t—h)g(t)dtzg(h), s (T)%

this being the value of g(f) at the point where the impulse
occurs. Since (¢ -A) is zero except at ¢=h, the limits of in-
tegration may be written (h—¢,) and (h+e,), €0, €;—>0.
Formula (7) is applied in 15, 17, 18, 19 § 84, and in Appen-
dix VI.

*2:192. Interpretation of p¥ when R(v)>l. In §2:19 it
is shown that under certain conditions p» may be interpreted as
I(t), the impulsive function of infinite amplitude but unit
strength. So far as the Laplace transform is concerned, a
satisfactory interpretation of p*, R(v)>1 does not seem to have
been found. This being so, we ask whether a transform
expansible in ascending powers of p can be interpreted term
by term? The answer is No! An example will serve to
demonstrate the point in question. From the list we obtain

e—llt/‘\/t=~/% 6_2‘/1’. ...'...............-.....(1)

The expansion of both members of (1) is absolutely convergent,
but except for the first, there is no term by term correspond-
ence.t Thus

Veg-1/2_g-1/2 _g-sjp L0177
e-1itg =t -1 +-—2r~—3!—+..., .......... (2)
3/2 2
and (np)”%'”‘“‘:wllz[pm—2p +4€' ——85—+...]. veeenn(3)

The L.T. of t-1/2 is (mwp)'/2, i.e. the first term on the r.h.s. of
(3), but by § 1-12, the remainder of the terms in (2) do not have

* This result may also be obtained—but less rigorously—by applying
the product theorem § 2-24. Since the impulse exists at ¢=4 only, we
may write I(¢—h)=I(h-t). With g(t)= ¢ (p), I1(t)=$s(p)=p, We get
$1da/p=(P)=g(¢). Hence by (5) § 2-24

) h
SO I(h- A)g(z\)dA:EoI(h— A)g(A)dAr=g(h),

where h is written for . Another procedure is given in § 2-25.

1 The expansions in (2), (3) do not comply with the footnote to
§ 2:182, since (2) is in negative and (3) in positive powers, which is the
wrong way round.
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Laplace transforms, since their indices are all <-1. The
second term in (3) may be interpreted as — 271/2] (¢), but those
which follow are uninterpretable, because they are not L.T.S.
as defined by (1) § 1-11.

The difficulty experienced here can be surmounted by re-
course to complex integration using the contour on the left of
Fig. 18. This, however, is beyond the scope of the text, but
can be treated by aid of reference 12.

2:193. Remarks on inverting the order of integration. In
most theorems which follow, the proofs depend mainly upon in-
version of the order of integration of infinite repeated integrals.

Sufficient conditions to be satisfied are set out in C,, C,,
§9 Appendix III. In some cases the conditions may be too
narrow, broader ones being permissible.

2:2l. Theorem I0. fgi):prqi%p—)dp. (p>0).
4
Proof. By definition (1) § 1-11

j:e—mf(t)dt=¢(p)/p, oo eeeeren(1)

V[ emrtpyae |ap= rtﬁ_(@d N ¢
so pLer f()]p p) % &)
If the order of integration on the L.h.s. of (2) may be inverted,

R () I”¢@)
Pt df = E2dp, e (3
p_[oe ; U=p) o ()
fO__ (°¢@)
80 t=p'fp~—§——dp ............(4:)

The conditions for the changed order of integration in (2) are
given in § 9C;, Appendix III.
Corollary. Applying (3) § 2-15 to (4), we get

f@ (D)
.[:’ T dt=J.p T dp, ....................... (5)

t
provided that lim e-”‘j f(r)dr—0, and §9C;, Appendix III,
0

t—>+4o
is satisfied.
n M.O0.C.
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2:211. Example. Find the L.T. of sin #/z.
From the list and (4) § 2-21

sint_ I ap
¢ » PEH1

=p [l —tan=1p], woorrrenen. (1)

=ptan-1(1/p). .coeviiiiininnns (2)

By § 9C,, Appendix III, or (3), (6) 2° § 10, Appendix III, the

order of integration in (2) § 2-21 is invertible. Theorem 10 is

inapplicable to functions like sint/t, cos¢, J,(¢), owing to

the infinite discontinuity at the origin in each case. It is
applicable to J,(¢), R (v)>0, since C, is satisfied.

2212. Example. Find the L.T. of J sint gy,

By (4), (5) §2-21 and (2) §2-211, or by (3) §2-15 and (2)
§ 2-211

IE—“—"—tdt Stan-1(1/p), +oveveevrverveneenn(1)
0

since lim e-’"r sin 7 dr—0, j sin7 dr being oscillatory but
t—>+to 0 0
bounded as t— + o« .

2:22. Theorem |1.—The infinite integral theorem.
r 1) dt =r $(p) dp =a constant.
o ! o P

Proof. Taking the lower limit of the p integrals in (2) § 2-21
as zero, we get

_‘.: U: e ?'f(2) dt] dp =I: "—S%i) dp. oo (1)

If the order of integration may be inverted, the above result
follows on evaluating the p integral on the l.h.s. The condi-

tions for the changed order of integration in (1) are given in
§ 9C,, Appendix III.

2221. Example. Evaluate j sint g,
By § 2-22 and the list,

sin ¢ dp
Io T dt= j-o Fﬁ 9 tesesersceseiieiiirianeiaane (l)
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provided the order of integration in (1) § 2-22 is invertible.
This is shown to be permissible in 2° § 10, Appendix III.

Unless complex integration is used, direct evaluation of the
integral on the Lh.s. of (1) is a protracted process. Although
the foregoing procedure is delightfully terse and simple, it does
not represent the complete picture, since proof of the inversion
must be included. Cases like this, where the answer is known
already, must be viewed in proper perspective!

2:222, Example. Evaluate r 7 3i(t) dt.

0

By § 2-22 and the list

" Ja(t) dt:r dp s e, (1)
o 1 o Vp2+l(p+~Np2+1)®
LI ERY I S SN
o (ppree [ff(p+~/§271‘)8]o
S /3, ettt (3)
since § 9C;, Appendix 1II, is satisfied.

2-23. Theorem 12. Iw[(ti) dt=IP¢% dp, t>0.
t 0

Proof. Multiplying both sides of (3) §2-11 by da/a and
integrating from a=1 to + o, we get

pf: U: e*”‘f(at)dt]%z:f ¢(p/a)(%a. (1)

Writing x =at, p/a=y, and assuming that the order of integra-
tion on the L.h.s. is invertible, we obtain

pI: e-m[fig’i) dx] dt:j:%i’) Y, ceeeeeeenann(2)
or f"f%t—) dt=K¢T(f))dp. .............. (3)*

The conditions for the changed order of integration in (1) are
given in § 9C,, Appendix III.

* If (5) § 2-21 and theorem 11 are applicable (3) follows immediately.
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2:231. Example. Find the L.T.S. of

(@) sit) = _J‘ sma:
() ci(t)= - I B2 1w, t>0.
¢
(@) By (3) § 2-23 and the list, we have
. ? dp =
si(t)= - PPl —tan=lp, v (1)
=tan-1(1/p) =37 ceereriiiiiiieen(2)
(0) In like manner
. D pdp . P
ci(f)= — st —%[log(p2+l)]o s rereninnnne(8)
=10g (1/VPPH 1) woviiiiiiiiieiii e, (4)

In both (a), (b), inversion of the order of integration in (1)
§ 2-23 is permissible, since conditions § 9 C,, Appendix III are
satisfied.

2:24. Theorem 13.—The product theorem. If e-#tf (¢),
e~wtf,(t) are bounded in >0, then

N AP AN WACYAP LY

where f, (t)=¢, (p) and f,(t) = s (p)-
Proof. By § 1-21 the integrals

p[ emfiw)dn=g:(), and p[ e=nf0)iv = u(p)

are absolutely and uniformly convergent in p>p,>0. Ab-
solute convergence implies that the integral of the product is
equal to the product of the integrals. Thus

o[ [ ererf @b dudv=alp, oo (@)
0Jo

the integration being taken over the quadrant where >0,
v>0, as shown in Fig. 6a. Substituting v=¢t- A, v=2A in (2)
leads to

pf:]:e-”fla—A)fz(»dmt:qsm/p, eeeereen(3)
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v Field of » t=2
integration
v
(@) (b)
)
u’ Ol u U
v’ 0 t

Fi¢. 6 (a), (b).—Diagrams illustrating field of integration used in
deriving the ¢ product theorem ’.

the integration being over the region between the ¢ axis and the
straight line £= A in the (¢, A) plane as shown in Fig. 6b. Now
(3) may be written in the form

» j: e j; £ - NENAA | dt=gdalp, oo (4)

from which it follows that

[: F16= NN AASEalP orerrerrvrne. (5)

By symmetry it is obvious that

j: FL ot = N AADGbafDe orvroorrerereern, (6)

The criterion is absolute convergence of the integrals in (1).
This is ensured by boundedness of e~tf, (), e~tf, (¢).

The theorem also holds under the extended conditions given
in § 1-211, provided that the order of infinity of f, (t)f,(t)<<1
as t—+0. Since the integrals in (5), (6) arc zero when =0,
then if g (t) = ¢,4,/p, it follows that g (0)=0.

2:241. Theorem I3a. When the variable in § 2-24 takes the
form a2 — b? in one of the functions, we have

j:fl(t—A)f,(aJ)\”—b’)d)\=¢l¢2/p, verereeeennennn(1)

with f,(f)=¢,(p), and f,(avi2—b2)=>¢y(p). Formula (1) is
used in § 4-332. '
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2-242. Example. Show that

f Jo(A) Ty (t = NdA=J,(t) - cos t.
0

Both J(t) and J,(t) are bounded in £>>0, so the conditions

for the validity of § 2-24 are satisfied. From the list,
Jo@)DPINDPTFL =61, wevrreereiaeieieiiniinirineieeneeeeeeenenn(1)

and J,(t)=p/VpP+1(p+~pt+1) p(Jp2+ 1 p)/s/p2 +1,
when the numerator and denominator are each multiplied by
(Vp*+1-p).
Thus Ji(t)2(P—pYND + 1) =g weenrrriiieaaanns (2)
Hence by (5) § 2-24, (1) and (2) above,

1 p pz
IOJO(A)Jl(t—A)dA=JZm - o= ot —eost, .3

as a consequence of Lerch’s theorem § 1-16, both functions on
the r.h.s. being continuous in ¢>0.

2-243. Differentiation of (5), (6) § 2-24. If f,(¢) and f,(?)
are continuous in the range of integration, then by aid of (1),
§ 124, Appendix III, we get

%Efl(’\)fz(t— X)X =f, (£) f2(0) +rof1()x)f2’ (- NdA= iy, ...(1)

=HORO+ [ fie-DE WA=y @)

the latter integral being obtained by writing ¢t — A==p in the
r.h.s. of (1) and then changing u for A. Also

L = DML OKO+ [ 1 - NN, -.(3)
0 0 !

=HOLO +[ [ Nfat- Ddr= gy (8

The identity of the results (1)—(4) should be noted, i.e. the
derivative of the L.h.s. of (5) § 2:24 or of (6) § 2:24 may be
expressed in four different ways.

It may be remarked that in common with (5), (6) § 2-24, (1)
§ 2:241 and all the integrals on the r.h.s. of (1)—(4) above, repre-
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sent functions which are zero at the origir, .g. (3) §2-242,
31 § 8-4.
*2-244. Example. Solve the Poisson integral equation

10=1,0) <[ FOf (e~ Hax

for f(¢), where f,(t), f;(t) are known functions having L.T.S.
Take f(t)= ¢ (p), i.e. we assume f(t) to have a L.T., f, (¢)=¢, (),
f2(t)=>¢y(p). Then by § 2-24 we have the transform equation

B=GrEPBa/D, weererrerriimirrrrerrireenana(1)
50 ] =P/ PFda). creererrirmrrrrerirrnnena(2)

Thus pIo e P (B)dE=pd/(PF ha)y «vvverviriiiiiiniiinnn(8)

and f(¢) is found if this integral equation can be solved. In
certain cases the solution can be obtained by aid of the list.
If this fails, the simplest procedure is to apply the Mellin
theorem in Appendix IV, provided that the requisite conditions
are satisfied. Then

f(@) =§1%_‘-:: e*' (2)dz/[2F 2 (2) ] cvveevvneeennn(4)

f(t) and f,(¢) must fulfil the conditions for validity of § 2-24,
either as stated there or in its extended form (see end of § 2-24).
1t may be remarked that if 4, B, C' are constants, the equation

¢
Af() -_—Bfl(t);i:CL FO At =2) @A, e, (5)
may be solved for f(t) by the above procedure.-

*2:245. lllustration of equation in § 2:244. Let
fit)=cost, fo(t)=4J,(t),

then Gr=p(P2+1), i (1)
and $2=P —PUND +1, i (2)
by (2) § 2:242. Substituting in (2) § 2-244, with the upper sign
we obtain
6= (_v?’“.._) AP 3)
pi+1/ p

=PINDEFHL, crreeienenien e (4)
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so by the list F@Y=Jo(). cveererivrmiiinnniieeannienninnene(B)

Consequently Jo(t)=cos t+r Jo(N) T (E = A)dA, ......... (6)
0

which is merely (3) § 2-242.

*2:246. Example. Solve Abel’s integral equation :

f(t)=£ FAVINE =P, cevrrerereeressee (1)

where f(t) is known but f;(f) unknown ; f(0)=0, 0<v<1.
Take f(t)=¢, fi(t)=¢y, fo(t) =t7=T (1 -v)pr=¢,.
Then by (86), § 2-24,

$=¢10a/ D=L (1 =V)P L, ceeririiiieeeees (2)

1

0 hi=¢I -0 = Fr [M{%gi)}] ()

Since f(0)=0, f'(t)=>pé by (10) §2-14. Thus using the
relationship I'(v)I'(1 —v)=m/sinvm, and applying (6) §2-24
to (3), we obtain the well-known solution :

fi)= f; FAYE=A AN e (4)

(4) is the inversion of (1).

Abel’s equation dates back to 1823 (see Fuwvres), and its
solution was the first instance of the inversion of a definite
integral—an epoch-making step. The problem in which it
arose may be stated as follows: A mass m, starting from rest
at 0, moves down a frictionless chute mounted in a vertical
plane. If the time taken to fall a vertical distance A below O
is f(h), a given function of A, find the curve of the chute. In
solving this problem, Abel obtained (1) in the form -

_1 "f1 (2) dz
f=7 J’o g T— 5)

Here v=1/2. If f(h) is a constant, the curve is, of course, &
cycloid.

sin vrr

™

It may be remarked that (1) is a particular case of (5), § 2-244,
with 4 =0, B= -1, £C=1,
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*2:25. Theorem 14. If
f(t)=¢(p) and £ (z, 1) =4, (p)h(p)e~= @,

then [ ¢, 0f(@do = 4, (2)4lh(p)], where $,(p), h(p) sre

continuous functions of p, independent of z, R[h(p)] = pe>0,
z real and >0.

Proof. Writing A (p) for p in (1) § 1-11, we get
¢[h(p)]=k(p)j:e—m»>f(t)dt. eereernresneen(1)

Since f(¢) = ¢ (p), r e~?if(t)dt converges for R(p)=p,, so (1)
0
converges if R[h(p)]>=p,>0. Multiplying both sides of (1)
by ¢, (p) and replacing ¢ by x leads to

¢1(p)¢[h(p)]=j: $1(P)h(D)e—= P (z)dw. .........(2)

By hypothesis
pr 2@, ) dt =y (BYR(P)e= 1D v (3)

0

Substituting from (3) into (2) gives

$:(p)$[2(p)] =pjo e—mHo £z, ¢) f(x)dx] dt, ...... (4)
provided that the order of integration may be inverted. Then

j:;r(x, OF (@) Az G, (D)B[A(B)]. e ereernrenren(B)

Sufficient conditions for the changed order of.integra,tion are
either

C,. (a) f(z)is continuous in >0 ;

(b) €(w, t) is continuous in £>>0, and in >0 ;

(¢) re-"‘{-‘ (=, O)f (®)dz is u.c. in $2>0, so r.’f (%, 0)f (x)dx
0 0

is convergent ;
(d) either
re-"‘ dtrf(x, 0f@)dz or rf(x)dxre-"‘f(x, Hdt

0 0 0 0

is absolutely convergent ;
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or U, (a), (b)asin C,;
(c) As in (c) at Cy, but in the range 0t <Ch ;

] 't
(@) Iof(x)dxjoe-mf(x, 7)dr is u.c. in £>0.

When £ (z, t) takes the form ¢ (¢ - x) or ¢(x, ¢ — x), the r.h.s. of
(3) contains the factor e-?+e.g. if h(p)=p, and the lower limit
in (4) is #>0. Since x<t¢, the upper limit in (5) is now ¢.
Conditions for the inverted order of integration are, by §94,
Appendix II1:

C;. (@) f(z) is continuous in 0o <t ;

() €(t—x) or &(x, t - x) is continuous in 0<Ce<t;

(¢) J. -t {g g& tx x)} Sf(x)dt is u.c. with respect to x in

0L <t.

*2:251. Particular cases of § 2:25.
1°. When ¢, (p) =1, (5) § 2:25 degenerates to

‘:f(x, 0F @) dzh[AD)]. werverreserrn(1)

2°. When A(p) =p, (1) takes the form
.:f(t——x)f(x)dx=¢(p), ..................... (2)
80 ‘.:g(t-—w)f(x)dwzf(t), PR )|

if f(x) is single-valued and continuous at x=t. Thus by
(7) §2-191

E@-a)=T(t-2), wvrvvreirneiieernnnnnn(4)
the impulsive function I(f) at x=¢t. This result’ can also be
obtained from (3) § 2-25 for

pj.”e"”‘f(t—x)dt=pe‘”, veenne(B)
0

so by (8) § 2-19, we obtain (4).

3°. Writing ¢, (p)/p for ¢, (p) and h(p)=p in (3) § 2-25 leads
to £(t-x)=e22d,(p), so £(t)=¢,(p). Substituting in (5)
§ 2:25 gives

I:’f(t~x)f(x)dx=¢1¢/p, RN ()
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the upper limit being ¢, since  <¢. Thus the product theorem
§ 2-24 is a particular case of § 2-25. The latter is used to derive
formulae of the type on p. 12, reference 13. After perusing
§§ 2-252, 2-253, these formulae should be obtained by the
reader as an exercise.

*2-252. Example. Show that
[ ol2da = @ da= o/ + DL+ ]

In (5) §2-25 take A(p)=(p*+1)/p, ¢.(p)=p/(p*+1), and
(3) § 2-25 gives

pre“”‘f (@, ydt =e—=(p1ip) (1)

50 E(x, ) =Jo[2NT(E —2)], eereerean (2)
t>x,* by the list and (3) § 2:12. Hence by (5) § 2:25 we obtain
[ 2= 2 @) dzm o/ IS+ D )

In (2) £(x, t) has the form ¢(x, t - x), and condition (b) in C, is
satisfied. Hence for (3) to be true, f(x) must be such that con-
ditions (a), (c) are satisfied also.

If (p?-1) is written for (p2+1) in (3) R(p)>1, and (a),
(¢) in Cg are satisfied, then

folowx (t-2)lf (@) de=[p/(p2 - 1)]$[(p2 - 1)/p]. -..(4)
*2:253. Example. Show that
1(@intso ) [ o=, (xS () =R ()
0
In (3) § 2:25 let ¢,(p)=p™/2 and h(p)=p'2. Then

£(x, t)ymptotDe—ar'™ (1)
and from the list we obtain N
£(, t) =e~=AtHe, (x/v2t)[(24P 1+ 7). ...l (2)

Whence by (5) § 2:25 the above result follows immediately,
provided that one of the sets of conditions C,, C,, is satisfied.
This depends upon f(x). He,(u) is Hermite’s polynomial, of
order n [13].

* Since (1) has the factor e-?%,
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If n=0, we have the particular case

(1/~/;i)re~w’/49°(x)dx=¢(pllz). e e eeen(8)
0
*2-254. Example. Show that
j L(@F=a) (@) dr= s (V= ).
In (3) § 2-25 let ¢, (p) =p/(p? - az), and h(p)=~p*-at

P NP, (]

Then £z, )= N e—INY (1)
and from the list we find that

£, t)=Io(aVEE—22). wevverneneeenienenenni(2)

Hence by (5) § 2-25, if the appropriate conditions for inverting
the order of integration are satisfied, it follows that

o )¢(~/p —a?), e (3)

the upper limit being ¢, since ¢t>z. The application of this
theorem to the cable problem in § 4-321 shortens the analytical
work and enables the result to be expressed concisely.

If for @ we write i@, we obtain the theorem

KJo(aJtz—x“)f(x)dw::pzj:_azcﬁ(Jpz+a,2), ......... (4)

provided the requisite conditions are satisfied.

j Iy(aVB= ) f(@)dw=;

*2-31. Approximations.

1°. Suppose f(¢) can be represented by an infinite series such
that

f(t)= g:)artr“: 2 al'(v+r+1)p-—r, R()>-1,
r= r=0

there being term by term correspondence. When ¢ is small
enough, but positive, we may write

fO)=a = al’(v+1)p=,
provided the remaining terms on the r.h.s. above can be ne-
glected. This condition is satisfied if p is made large enough.
Then the major part of the integral (1) § 1-11 is obtained in the
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neighbourhood of the origin. Thus by making.p large, and
interpreting the L.T., the form of f() can be ascertained when
t is small.

Example. What is the form of (a) the Bessel function J(¢),
(b) Struve’s function H,(¢) [11] in the vicinity of the origin.
(a) Jo)op/NPE+151 88 P>+ 00, cevrerrrreenennn (1)
80 Jo()>Last—>+0. .ooviriiviiiriniiniininn(2)

Here we may let p—+ o, since J,y(f)—>a constant. For a
closer approximation we take

PINDE+T=1/[1 + (1/p?) ]2 =1 = (1/2p2), eeeeennnen (3)
=1-12/22 i (4)
if p is large enough.
2 1+v/pr+1
®) Hy(f)=—e log( P ) .............. (5)
aNpi4l. p
so when p is large
~2 _l_ig)_? ~
¢(p)__ﬂ_log( » —wlog (I+1/p)=~2/mp. «ccuvenn. (6)
Hence when ¢ is small and positive
Ho()) =2/ coveeeereeeeeeeeneenn(T)

In this case if p— + o, Hy(t)—0, which is the value at the
origin. For graph of H,(¢) see Fig. 13, reference 11.
2°. Sometimes f(t) may be represented by
Za.t+logt 2 b,tr,
r=0 r=0 .
e.g. the Bessel functions Yy (t) and K(¢). Thensince log¢— - o«
as t— +0, the dominant term will have log ¢ as a factor, and p
can be finite, but large enough for the bulk of the Laplace
integral to be contributed when ¢ is small.
Example. What is the form of (a) Y,(¢), (b) ker ¢, kei ¢ when ¢
is small >0 ?

Y ()> - —E— log(p + YpTET) (8)
(a) of adpi 11108 p ) eeerens
so when p is large

BO) =210 2. oo (9)
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Interpreting this by aid of the list, we obtain

Y, () ~ g 108 (3) + 7]y ervvrrveeerrrernee (10)*

when ¢ is small and positive. Hence as {—>+0, Y (t)—> - .

T
()] kert+ikeit=:/pf;_ilog (E—%/]: 1.), ......... (11)
8o when | p | is large
¢ (p) = log(2p/Ji)=log 2 +log p — } logt. .........(12)
Interpreting this by aid of the list we obtain
ker t+¢ kei t ~ —[log (3¢)+y] — 7, ceeenneniis (13)

when ¢ is small and positive. Separating real and imaginary
parts gives
kert ~ —[log (3t) +y]—>+ o ast—>+0, ......... (14)*
and keit ~ — }m, the value when £=0. ................ (15)
Closer approximations can be obtained by expanding in
inverse powers of p as in 1° (a).

* »=0-5772... which is negligible compared with |log(4¢)| when
t<10-4, -



III

SOLUTION OF ORDINARY LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

3:-11. Example illustrating procedure.

2,
Solve il—ltgnta?y:e““, ORI §
when the initial conditions correspond to quiescence, i.e.
y=y'=0at t=0, and b= 0.

If (1) is multiplied throughout by pe-?* and integrated with
respect to ¢ from 0 to + o ,* each term in the modified equation
is the L.T. of that in the original. In this way the differential
equation is transformed into an algebraic one. Taking
y=f(t), we apply § 2-14 with f(0) =f'(0)=0. Thus by (9) § 2-14,

(1)2+a2)¢::pr e~ PGt —pn/(p+b), .cooveinn. (2)

provided e=mty, e-»ty’ and e-?'y’" are bounded and continuous
in 20,1 p real > p,, whilst (p +b) > 0 to ensure convergence of
the integral. From the transform equation (2) we obtain

S=p/(p+b)(P?+a?). ..........cocieiini i i(3)
Then by (1) § 1-11 we have for y, the integral equation

p_‘t e Plydt=p/(p+b)(p*+a?). ................ (4)

Its solution is obtained by resolving ¢/p =1/(p +b) (p* +a?) into
partial fractions { and interpreting each of them in terms of ¢,

* This procedure for solving linear differential equations, as shown
in this Chapter, was first used in reference 1, and is known as the
pe-Pt method.

1 This can be checked after the solution has been found. As stated
in the footnote to (3) § 2:14, y and, therefore, y’, ¥’ may be finitely
discontinuous a¢ t=0. It is convenient to regard (p!+a?)¢ =p/(p +b)
as the transform equation.

1 See footnote to § 3-131.

49
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by aid of the list of forms. Thus we find that

=1 P pb_ P
¢_(a”+b”)[p+b+p2+a,2 p’+a2]’ ............ (5)

b .
80 e*"‘+(—lsmat—- cosat]- RN ()}

1
V=@+o%)
If (6) is substituted into (1), the equation is satisfied. Also
¥ =0, y’ =0 when t=0, so the initial conditions are reproduced,
whilst e—#ty, e-rty’ and e-?ty” are bounded and continuous
in 20, p,=>0. Hence (6) is a solution of (1). By Lerch’s
theorem in §§ 1-14, 1-16, this solution, continuous in the range
t>0, is unique.
The above procedure may be epitomised as follows :
(@) In (1) write ¢ for y, p for d/dt, and replace the r.h.s. by its
L.T.
(b) Solve the resulting transform equation for ¢, thereby
obtaining (3) ;
(¢) Resolve ¢/p into partial fractions ;
(d) Interpret each partial fraction, in the expression for ¢, by
aid of the list. This may be regareded as the partial-
fraction-cum-list method.

3-12. Non-zero initial conditions in § 3-11. We now intro-
duce initial conditions concomitant with an acoustical, elec-
trical, or other system, symbolised by (1) § 3-11, in action at
t=0. Then y(0)=y, and ¥'(0)=¥;, ¥, Y, being non-zero.
Applying (7) § 2-14 to the Lh.s. of (1) § 3-11 leads to

d
{f{ +aty=>p* - Py, —py, +a%p.

Replacing e~ by its L.T., the transform equation is

(p?+a?)d — p2yo— 2y, =p/(P+b), «evvriiiii (1)
80
(T ptn e P PYo . PYr
qS_pL e ydt*(p+b)(p2+a2)+(p2+a2)+(p2+a2) --(2)

This integral equation may be split up into the following
component parts :
(@) the first member on the r.h.s. which, after interpretation,
is the complete solution for quiescence initially ;
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(b) the second member on the r.h.s. which, after interpreta-
tion, is that part of the solution due to the initial dis-
placement y, ;

(c) the third member on the r.h.s. which, after interpretation,
is that part of the solution due to the initial rate of
change of displacement y,.

These three components are independent, but may be super-
imposed by virtue of equation (1) § 3-11 being linear. The
above analysis has the advantage not only of incorporating the
initial conditions prior to solution, but also of displaying the
influence of each condition separately, after interpretation in
terms of {. By aid of the list, (2) yields the continuous function

Y

——er ""+bsmat cos at +yocosat+ sinat. ...(3
y= (a2+b2)

The reader should confirm that (3) satisfies (1) §3-11 and
the initial conditions ; also that e—?ty, e-?%’ and e-»ty" are
bounded and continuous in £>>0. Consequently by Lerch’s
theorem §§ 1-14, 1-16, the solution (3) is unique.

Equation (1) § 3-11 can also be solved when the r.h.s. is zero,*
provided that the initial conditions are incorporated in the
transform equation. We then obtain

(P2H02)D =P+ DY, vevvrrrrerrriniiniiiiiiiei i (4)
50 ¢= p};f :ﬁ ppj{laz b
Since y =y,, ¥’ =y, when =0, it follows that :
(i) the terms not containing y, must vanish at =0,
(ii) the first derivatives of the terms not containing y,
must vanish at ¢=0.

=y, cos at += sm at. ...... (5)

3:-13. Ordinary linear D.E. of order n, with constant
coefficients. The equation to be solved is
a @ﬂz a2 + .o tay=£() (1)
0o ggn T gyt Ty y eereneneeenne
the L.T. of £(¢) being assumed to exist. If (1) were the sym-
bolical representation of a dynamical, electrical, or other
* This corresponds to the behaviour of any physical system repre-

sented by (1) § 3:11 after the driving force has been removed. Since
y=+0, it follows that either one or both of y,, ¥, is not zero.

B M.O.C.
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system, £(¢) would represent the driving force or its equivalent.
The initial conditions are symbolised by

Y(0)=Yo ¥ (0)=ys, ... y»1(0) =y _;.

As in § 3-11, for quiescence initially, we replace each term
in (1) by its L.T. using (9) § 2:14. If y(t)=¢(p), since
Yo=Y1= . Yn_1 =0, we obtain

(aop"+a1p”"1+...+a,,)¢=pjo e~PEM)dt =y ... (2)
Writing ¢, for the polynomial in p, we obtain the transform
equation

=d1/Pay i (8)
80 pjo e PY(B)dE = /o evrrriiiiiiiiiinn (4)

This integral equation is solved for y by expressing ¢,/pd,*
in partial fractions and using the list of transforms, or as shown
in § 3-19.

3:131. Non-zero initial conditions. Here we apply (8)
§ 2:14, so to the Lh.s. of (2) § 3-13 we must add the contributions
arising from the X' terms corresponding to those on the Lh.s.
of (1) §3-13. Commencing with thc term in a,, we have the
contributions :

ay: — ao[py” -1 +p2yn_2 s TR + p"yo]
a,: - al[ PYn—o +p2y”_3 R T TTTTTTTTT TR +p” _lyo]
a,:  —ayf PYn-s+DPYn_gt ... +p""2y,] (1)
aﬂ_l .. . . . . . . - an—lpy()'

The sum of these polynomials .may be written in the form
n-—-1 n—2
-{ao o A R
r =

=0

+... +a,,_1pyo}= ~ds(D). -..een o i(2)

* See footnote to § 3-131.
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We shall call ¢,(p) the L.T. of the initial conditions function.
When it is incorporated in (2) §3-13, we get the transform

equation
P = +ds, i (3)
or pr ~rty(t)dt=¢ = (ﬁ’ ¢3 .................. (4)
0 ¢>2
which leads to the integral equation for ¥ (¢), namely,
N _$ b
e~ Pty(t = ORI (]
L y (O ¢2 P¢z )

#,/p$, is now resolved into partial fractions * and the resulting
expression for ¢,/¢, interpreted using the list of forms. This
gives the complete solution of (1) § 3-13 when the system is
quiescent initially. Treating ¢;/pé, in like manner yields that
part of the solution of (1) §3:13 arising from the initial con-
ditions. Since the equation is a linear one, its two parts are
independent but additive, i.e. that part of the solution arising
from the initial conditions is unaffected by the form of ¢(¢).
The contribution due to each condition may be segregated by
selecting the appropriate column of terms in (1). Thus the
L.T. of the contribution due to y™»-"(0)=y, _, is

Ynr z p_mP™[Po (D). ceeeeiiiiiiiiiiiniann, (6)

m=1

This is now to be interpreted in terms of ¢, to obtain the desired
result. A proof that the above procedure yields the correct
results is given in Appendix V.

*3.132. Solution of (1) §3:13 if y™ (t)=y,, when t=t,.
Let t =7 +1,, then

dn dn—l
@ "+a1d n‘l/+ @Y =ET+t) coereniinninn, (1)

and if t=t, y™,(!)=y,. Thus replacing each term on the
Lhs. of (1) by its L.T., now defined as ¢=p re—”'yd-r, and
0

* It is preferable to resolve ¢,/p¢; rather than ¢,/¢, into partial frac-
tions, each of which is multiplied by p before interpreting by the list.
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adding the L.T. of the initial conditions function to the r.h.s.,
we get

(@pp™ +a,p™ 1t + ... +a,,)¢=pjo e~ P E (T +ig)dr + g vnnnnn(2)
Taking pr e~7é(r+t)dr=¢,, ¢, as in §3-13, and ¢, as in
0
§ 3-131 gives
$1, ¢
P47 4 @

Thus by shifting the origin, (4) § 3-131 is obtained, except that
¢, is replaced by ¢,. After the r.h.s. of (3) has been inter-
preted in terms of 7, we write 7= (¢ —,).

3-14. Array for ¢;(p). The polynomial for ¢4(p) is easily
written down by using the 2'term in (8) § 2-14. Alternatively it
may be expressed in the compact form of an array as follows :

pn pn—l pn—z . p

Yo (@ a, @ . Gpy
¥, |0 a, a; . .Qp_g

¢s(p)= Y2 10 0 Qg -..Qn_3 (1)
Yn_110 0 0 ce. g

Multiply each a by the corresponding y on its left, and then by
the p immediately above. ¢,(p) is the sum of all such terms.
Thus for an equation of the second order with 3’ =y,, and
Y=y, at t=0, we find that
2
$s(p)= Yo {‘(‘)o al} =Yo%P? + Yoty + Y100) Py «oveee (2)
Y1 Qo

which is a useful formula to remember.

3:15. Practical procedure in solving (1) § 3:13.

1°. Obtain ¢, (p) the L.T. of £(t) either by integration or from
the list :

2°. Write p for d/dt on the Lh.s. thereby getting ¢,(p):
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3°. Form ¢,(p) the L.T. of the initial conditions function
using either the 2’ term in (8) § 2-14, or (1) § 3-14:*

4°. Apply (4) § 3-131, resolve (¢,/pés) + (¢3/pp;) into partial
fractions and use the list to interpret the resulting expressions

for ¢,/b,, Ps/ds ; or apply the method of § 3-19. A proof that
the procedure in §§ 3-13 et seq. gives the correct result will be
found in Appendix V. By Lerch’s theorem in §§ 1-14, 1-16 the
solution is unique.

3:16. Example. Solve

2,
%&g +a?y=A coswt, wHa;

1°.y=y' =0at t=0; 2° y=y, y =y,att=0.
1°. Adopting the procedure in § 3-15, we have ¢;=0, so the
transform equa?ion is
(p?+a?)d=Ap?/(p?+w?), «ccrvivrineininn(l)
or y(t)=¢(p) =Ap*/(p* + ) (p* +a?)
4 L S @)
_(a2_w2) p2+w2 p2+a2- . teesss ree e
From the list we find that
y=A (cos wt — cos at)/(a® — w?). .c.orieiniannnn 3)

2°. By (2) § 314 with ay=1, a,=0, the L.T. of the initial
conditions function is

D3 (P) =YoDZ+ YDy ooeveeniiineiniinne(4)
so using (4) § 3-131, we obtain ‘

___dp? Yob* 4P 5
y(t)=¢(p)= (P® + ) (P + w?) + (p? +a?) + (p* +a?) SRS ()

#n terms of ¢, we find from the list that

A .
Y :—2—:;_2) [cos wt — cos at] + ¥y, cos at + (y,/a) sin at. ...(6)

(a
The reader should check that (3), (6) satisfy the differential
equation and the respective initial conditions.

* As an alternative to 2° and 3°, each term on the L.h.s. may be re-
placed by its L.T. using (8) § 2-14.
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3:17. Example. Solve the equation in 1° § 3-16 if a = w.

Then Y(t)=2 () =Ap¥(P*+ @w?)? «iviriiiiiiiniiins (1)
80 from the list, we find that the solution in terms of ¢ is

y=;—4(;t SNl ceereviniiniiieen(2)

The factor ¢ is due to the repeated factor (p®+ w?)-!in (1), and
the solution is non-periodic; y >+ as t->+ o .

2,
*3:171. Example. Solve %g+a2y_—.sin wt, if y=yo ¥ =y,

when t =1, w#a.
First we evaluate (see § 3:132)

- 0
q51=1o“~ P 8N W (T +E)dT, vovviviiiiiiiniii (1)
0
a0
:pj e~ 7" [cos wt, sin wr +8in wi, cos wr] dr,
0

__wp cos wty  p?sin wi, @)
=it PRl

Then by (3) § 3:132 and (2) § 3-14, with ay=1, a,=0,

YoP? | YiP
pi4a? p*+al

b= 7T wz)i)’ ) [w cos wiy + p sin wty] +

In terms of 7, we find from the list that

(3)

1 sin wr sinar
y(‘l' + to) —-(a—z_—‘;,z) [w COS8 wto

a
+8in wty (cos wr — cos a/r)] +yoco8ar + ¥, smar .(4)
Writing r=¢ - ¢,, (4) becomes
1 l: sin w(t—t,) sina(t—1t,)
y(t) = @) w cos wto{ " a
+8in wty{cos w(t —t,) — cos a(t — to)}]
ina(t—t¢
+ypoosa(t-ty) +y, 22T )
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3-18. Example illustrating equation with integral on Lh.s.
A potential difference E =H-4 is applied to the series com-
bination of inductance L and capacitance
C (see Fig. 7), by closing the switch S at

t=0. As t—>—0 there is no current in ¢
the circuit, but C has a charge ¢,. What L
is the current at any time £>0 ?
The differential equation for the current S
in the circuit is Fic. 7.—Schematic
diagram of simple non-
Ldl Q " dissipative oscillatory
Zli-'”ém ¢, «oeeveeeei(l)  electrical circuit.

where @ is the charge on the capacitance at any time ¢{>0.
This is the sum of the initial charge @, and that acquired in the
interval 0 to . Thus (1) may be expressed in the form

ar 1 Q* ., .
Lgt‘+5~lr:)ldt+“é =He 0 n(2)

There are two methods of solution.

Method 1. The integral in (2) being zero when ¢=0 yields no
initial conditions term, while that associated with LdI/dt is
also zero, since I(0)=0 by hypothesis. Writing p for d/dt,

p-1 for rdt (see § 2-15), and replacing the r.h.s. of (2) by its
0

L.T., we obtain the transform equation
1 Ep @
L)oo QL
(o + ;) b= % -2, 3
where I =¢.
Substituting w?=1/LC, and rearranging terms, (3) becomes

(#,o/L)p? wszo__

¢=(p e YR Sl e SRR (- 3
From the list, the interpretation of (4) is
_ (BJL) . . —qe-at] — i
I= @+ oY) [w sin wt +a cos wt —ae—%] — wQ, sin wt. ...(5)

* The ‘sense’ of the initial charge governs the sign of this term.
We ghall assume it to be positive.
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Method 2. Since I __a_lQ the circuital equation (1) may be

written
Q. 9
Lo
Using the initial conditions @ =@,

=B ovieieeieesanana(6)

(—iQmI =0 at t=0, in (7)

§ 2-14, writing p for d/dt, taking Q=¢1, and replacing the r.h.s.
by its transform, we obtain

(Lp2+ )g{;, ———+ Lp2Qy, «ovvvvnvevinininiiinnnn(7)
___(BJL)p Qop®
or ¢1_(p+a)(p2+w2)+ Griad) (8)
By (5) § 2-14, with @ for f(t), we have
1=% bl - QO =Py~ Q. e 0)
so by (8), (9) ByL)p
(&, p?
I= p[(p+a) o+ @ (p2+w2-1)], ......... (10)

which is identical with (4), as we should expect. @ may also
be found by interpreting (8), and differentiating @ (f) with
respect to . The reader should verify that (5) satisfies (1) and
the initial conditions.

Mechanical analogue. A mass m, on a frictionless horizontal
plane, is attached to one end of a massless helical spring of stiff-
ness s, whose other end is fixed, the axis being horizontal. As
t—> -0 the spring is compressed by an amount z,, the corre-
sponding force being z,/c, where the compliance ¢=1/s. An
axial force Fye—¢tis applied to m at =0, so the appropriate
differential equation is

r dt+—-— €70 i (11)
dz x_ .
or mw-{-E:I’oe ¢ ........................(12)

Equations (11) and (12) correspond to (2), (6) respectively, so m
is analogous to L, c=1/s to C, v to I, = to @, and F, to £, where
v, x are axial velocity and displacement.
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3:181. Electrical network symbolism. The potential differ-
ences across an inductance L, capacitance C, and resistance B

, oj Idt, RI,

whilst the e.m.f. induced by virtue of mutual inductance M
between two coils is M dI/dt. If I=¢, the corresponding
L.T.S. are pL¢, ¢/pC, Rp, pM¢, so that pL, 1/pC, R, pM may
be regarded as the transform impedances. Their reciprocals
are the transform admittances.

3:182. Example illustrating § 3-181. 1f a p.d. K =E,cos wi
is applied at t - 0 to the circuit of Fig. 8, what is the current I at
any time t>0? X is a constant, and the

due to a varying current I are, respectively, LdI/dt

circuit is quiescent initially. R
The transform admittance of R is 1/R,
and that of C is pC. Thus the total
transform admittance is
1 .
— S AT 1 F1u. 8.—Schematic
R+p C=1/Z(p), (1) diagram of simple

where Z(p) is the transform impedance. ©lectrical network.

If I=¢, E=¢,, then since current =p.d./impedance, from pre-
ceding sections it follows that

b Tt (2 o) \
qS Z(p) (p2+w25 R+p0 e ereeeeereeererecnraneans (2)
B Cw?p

) p*
= (Ho/R) (—]‘[;gjr'zz—)"FEoCP “WS .
By the list we obtain
1 == (liy/R) cos wt+ B CI(t) - ECow sin wt. .........(4)
The first term on the r.h.s. of (4) represents the current through
R, the second represents a current impulse of strength X,C, but
of infinite amplitude, due to C acting momentarily as a short
circuit, i.e. C is charged instantaneously, whilst the third gives
the steady alternating current through C.
If C were replaced by an inductance L, we should have

1 1
I/Z(p):”'_*_*z’ S0

¢"(Eop (;z L)—(E"/R

2_* wZ)

. (3)

p - 2)+(E0/L)(p2_* )) ( )
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and by the list

I=(l,/R) cos wt+ (Ey/wL) sin wt. ...............(6)
The first term on the r.h.s. of (6) represents the current in R,
and the second term that in L.

*3:19. Application of product theorem to find solution
of (1) §3:13 for initial quiescence.
1°. By (4) § 3-131 we have to solve the integral equation

Yo () D bs/Bas wevererreerrreearnr, (1)
where £(t)=>¢,. If x(t)=p/é,. then by § 2-24
y,,(t)zr XV E(E = )dA :j‘ R (E= NENAA v en(2)
0 0

2°. If {(t)=1/¢,, then by § 2-242

d dr
y,,(t):&—t.[o{(A)f(t—-A)dA:EtIOC(t—A)g(A)dA. ()

Using (1)-(4) § 2-243, the integrals in (3) may be expressed in
an alternative form.

When ¢, =11in (1), {(¢)=H () and y,(¢)={(¢). Hence when
the solution (t) for the Heaviside unit function is known, that
for any function £(t), which has a L.T., is found from (3).

*3-191. As a matter of interest we shall apply (5) § 2-14 to
(2) § 3-19 to obtain an alternative form of (3) § 3-19. Since
L(t)=1/¢s, by (5) § 2-14

U ()2P/dg~DPLO). wevreeeereaereeennn(1)
Now x (t)=p/¢s, so by (1)
X@O) =L @)+ LO)VL(®),  woreverearaarnrennns @)

where I (t) is the impulsive function of § 2:19. Applying (2) to
(2) §3-19, we get

1=, [+ LOTEE- N,

:{(0)£(t)+f0§’(/\)§(t—)\)dA, .................. (3)

by (7) § 2191, provided {(¢) and £(t) are continuous. Formula
(8) is identical in form with (2) § 2-243.
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3-2l. Simultaneous ordinary linear differential equations
of the first order with constant coefficients.
Let the equations for solution be

d dz

a,od?t!.;.alzi-;-aw:fl(t), ..................... (1)
dx d

bo%y; + b g+b2x Ea(E)y e ()

where x, y, &,, &, are functions of ¢, and the initial conditions are
r=x, Y=y, at t=0. Kach term in (1), (2) is replaced by
its L.T. using (5) §2-14. Taking z(t)=4¢,(p), y({t)=¢(p),
£,(t)=>¢y(p), and &, (t) = ¢, (p), we obtain the transform equations:

W PPy + (@D +A3)P =Py D (Ao + A Tp)s evvrennnnnn (3)

(bop +bs) o + bipd—at P (beTo+b1Yo). -vvviennnnn (4)
By solving (3), (4) as simultaneous algebraic equations, ¢, and

¢ are obtained in terms of p and the other quantities. Let the
transform solutions so found be

do= z,bo ) PPN €3
and . = (D). e (6)

The ultimate solutions are the interpretations of ¢, and ¢ in
terms of £. They may be obtained (1) by reducing i, and ¢ to
partial fractions and using the list, (2) by the method used in
§ 3-19 (the product theorem), or (3) by the Mellin inversion
theorem (see AppendixIV). Variousconditionsregarding conver-
gence, etc., stipulatedin §§2-14, 3-11, are assumed to be satisfied.

3-:211. Example. Referring to Fig. 9, a p.d. K=EH (t)—see
Fig. 13—is applied to the primary circuit of an air-cored trans-
former. If the system is quiescent L
initially, what is the current I,
when ¢>0?

Let I, =¢,, I,>¢,, then equating
the transforms of the p.d.s. in each
circuit to zero *

(B, +pLy)é, +pM¢2 —Ey=0, (1) Fig. 9.—Schematic dia-

gram of simple electrical air-
and (R, +pLy)dy+pMe, =0. (2) cored transformer network.

*If f(2) represents a p.d. or an e.m.f., by Kirchhoff’s law 2 f,(t) =
round any closed circuit. Hence

”’.\o e ’",fl fr(t)dt:rf‘l $¢(p)=0.
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Substituting for ¢, from (2) into (1), we get

[(By +pLy) (Ry+pLy) — p?M2] o= — pMEryeeeereeevenrenn(3)
80 dy= —pcEy/(p®*+ap +D), ...... (4)

where a= (%+Il—f§)/(l -k?), b= (ILeﬁ:)/(l - k2),

c=h{(1 - k) VL,Ly, k=M|VL,L,.
Now (4) may be written

b= —cEyp/[(p+3a):-(1a®-b)], ..coveennnn. (5)
so by the list and § 2-13
—}at
I= =B b oty oo eee e (6)

where o« = v/}a% — b, }a?>b. The negative sign indicates reversal
of phase due to e.m. induction. The current attains a
maximum value and sinks asymptotically to zero.

Solution when the p.d. 1s B =f,(t)=¢,(p). (5) now takes the
form

da= —cpdo/[(p+3a):—(3a2=b)] ccoovvnnirnniii. (7
= —C.Phgy e (8)

—%a
where  $=p/[(p +3a) - (Ja*—b)] =9—“—' sinh af.
Hence by § 2:243
cd .
I,= —;ﬁﬁfo(t—h)e—*“"smha)\dh, .............. 9)

cd

= _; %j:’fo()\)e““(’””sinh oc(t - )\)dA. ......(10)



IV

SOLUTION OF PARTIAL LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

4:11. The method of solution is similar to that used in Chapter

III, and is exemplified in the elementary case treated below.
Solve the equation
0% 199

—a";z‘_'% '52— ) Q.-onlo..oo-lnooublto.oo-l.(l)
subject to the initial condition :
0(x, t)=0, a constant, t—0, >0, ie. O< <+ ® ;
and the boundary conditions :

(@) 6(x,t)=0, a constant, -»+ w0, t>0, ie. 0<t<+0;

(b) O(x, t)=0, a constant, x—0, £ >0, i.e. 0< t<+ o,
The above equation occurs in a number of technical applica-
tions, such as the diffusion of heat in a homogeneous bar of
uniform cross-section whose lateral surface is thermally in-
sulated, diffusion of water vapour through walls, and trans-
mission of electrical energy in a uniform submarine telegraph
cable whose inductance and leakance are negligible. In heat
diffusion and electrical transmission, 6(x, ¢) represents, respec-
tively, temperature difference and potential difference between
a fixed datum and a point distant « from the origin at time ¢.
k is the coefficient of diffusion in heat problems=thermal
conductivity/(density x specific heat).

In the case of a bar, the above boundary conditions assert
that prior to =0 the whole is at a temperature §,. At ¢t=0,
the temperature at the free end # =0 is raised to 6, and main-
tained at that value as ¢ increases.

To solve (1), we commence by replacing each member by its

o0

L.T., taking ¢(z, p) =pj e~?t0(z, t)dt. Using the second
0

formula in the footnote to (8) §2-14, 3t-€=p(¢—00), so the

transform equation for (1) is

pr -“( )dt p,f %‘:9. ceeerereneeens(2)

63
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We now assume that the order of differentiation and integra-
tion in (2) may be inverted, i.e.

pI o w(a;e)d—paa:j 0740 (x,1) dt = d¢ eren(3)

The validity of this step depends upon the nature of the
function 8(z, t) and will be investigated later. By (2) and (3),
the transform equation may be written

d’¢ pd _ pb,
p 7l e e R € 3
In this way a pa,rtia.l differential equation may be transformed
into an ordinary differential equation. The formal solution of
(4) is .
d=Ae~2Volk f BeoNolk 1§ ... .......ueunr.n(B)
where A and B are arbitrary constants, or functions of p, which

depend upon the boundary conditions. Since

¢=p I: e~Pth(x, B)dE, ooovvniiiiiiinininnnnn(8)

we have (a) $=0,, x>, t>0; (b) $=0,, 2=0, t>0.
Applying (a) to (5) leads to B =0, since ¢ and 6 must both be
finite, whilst (b) entails 4 =(8, - 6,). Hence
¢=00+(01—0o)e*“"/”_/’°=pj e Pt 0 (x, t)dt, ....oevun.n (7)
0
so this has to be solved as an integral equation for 6(z, t). By
aid of the list we find the solution to be
8 (x, t) =0, + (6, - 8,) erfe (z/2vkt). ...cceeevne...(8)
The graphs of erf u and erfc u are given in Fig. 10.

Fra. 10.—Graphs illustrating the forms of the monotonic functions
erfu, erfcu=1-erfu for u>0. erf(-u)= —erfu, erfc(-u)=1+erfu,
80 erfe () +-erfc u=2 or 2 erf u.



PARTIAL LINEAR DIFFERENTIAL EQUATIONS 65

4-111. Proof that (8) § 4-11 is the appropriate solution of
(H§4ll.

It is not possible to prove that in general the procedure for
solving P.D.E., used in §4-11, leads to the correct result.
Accordingly each solution must be verified independently.
The verification is divisible into four parts :

1°. To show that (8) § 4-11 satisfies the D.E. (1) § 4-11;
2°, o ’ ” ,,  initial condition(s) ;
3°. ) ’ v »»  boundary ,,
4°. To show that e-m!f, e»!9f/dx, and e-7!920/0x* are
bounded and continuous in {230, >0, p,>0.
For the sake of completeness, the validity of the inverted order

of differentiation and integration in (3) § 4-11 may be investi-
gated.

o —erfeu=— [ e-v
1°. Let v=erfc u—J"ju eV dY, oiiviiiniinnienn(1)
where u::x/2~/lc7. Then
ov ov ou 2 1 —
T2 I L p-atlakt. T . _ p—at/dkt
o e g ST [Nkt .....(2)
and
o 1
T ek
wr ogm (Rt (3)
Also

GO_9% 9% _ _ 2 —atiakt( _ 1/243/2
TR TR RS e LA

=ae~ 2R3/, i (4)
Hence by (3) and (4)
o 1dv
555 - -IE -ﬁ =0, .......................... (5)

80 (8) § 4-11 satisfies (1) § 4-11.
2°. We take the initial condition in the form lim 8 (z, t) -6, as
t—+0 for any fixed positive value of . This is satisfied by
(8) §4:11 when x>0, since erfc z/2v/kt—0 ast— + 0 (see Fig. 10).
3°. Taking the first boundary condition, erfc u—0as u— + o
for any fixed ¢>0, so =60, as required. For the second
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boundary condition lim 6(x, t)—8,, z— +0, for any fixed >0,
since erfc u—1, so this condition is satisfied also.

4°, Finally, e-#!0 in (8) § 4-11 is bounded and continuous in
t=>0, x>0, p,=>0, whilst e-7t(90/0x) and e~(d%0/dx?) are b.
and c. in £>=0, x>0, p,>0 (see (2) above and § 4-213).

4:112. Proof that (3) § 4-1l is valid. By (8) § 411 and
(3) §4-111
1 020 x

Bty 3= 2 B2, (D)
so by the list
@1_1_0:)101: o—t (g;%) A )
Also by (3), (7) §4-11
(?%bo_)pai;ﬁ =99 (x, t)dt:%e—m/?f/?. e enn(3)

Since (2), (3) are identical it follows that inversion of the
order of differentiation and integration in (3) § 4-11 is permis-
sible. This completes the proof that (8) § 4-11 is a solution of
(1) § 4-11 which satisfies the given initial and boundary condi-

tions. By virtue of Lerch’s theorem in §§1-14, 1-16, it is
unique.

4:12. Procedure in § 4-1l. This may be epitomised in the
following way : In (1) § 4-11 substitute ¢ for 6, p for 9/9¢, and
add the initial conditions function using the X2 term in (8)
§ 2-14. Alternatively, replace each member of (1) § 411 by its
L.T. using the formula in the footnote to §2-14. Solve this
transform equation (which is an ordinary differential equation
in z) formally for ¢, and insert the boundary conditiaons, thereby
ascertaining the arbitrary constants. ¢ is a function of (p, x)
which is now interpreted in terms of ¢ by aid of the list.. The
interpretation 8 (x, t) is the solution of the integral equation

pj':e—wo(x, DA =¢(D, @) errrrererererreernn(1)

In some problems the interpretation may present consider-
able difficulty. It often happens, however, that the solution
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of (1) is given by the complex integral part of the Mellin inver-
sion theorem, as stated in Appendix IV (see also reference 12).
Having obtained a solution, its appropriateness should be
checked using the procedure in §§ 4-111, 4-112.

*4-13. Initial condition in (1) § 4:-11 an arbitrary function
of x. The temperature distribution in a very long thermally
insulated homogeneous metal bar of uniform cross-section is
maintained at §=0,-* by an external agency until ¢{=0.
When t>0, the end =0 is kept at 6,, whilst heat diffuses down
the bar due to: () the supply at temperature 6, (b) the
redistribution following relaxation of the control at ¢=0.
Assuming that the bar is long enough for the effect of reflection
from the far end, at a point sufficiently remote therefrom, to
be negligible,* what is the temperature distribution along the
bar at any time ¢>0 ?
We have to solve (1) § 411 for

1° the initial condition O(z, t) =0, t—0, x>0 ;
2° the boundary condition 6 (z, t) — 0, x~>+ 0, >0}
3° the boundary condition 6(z, t) =6,, a constant, z—0, {>>0.

Proceeding as in § 4-11 and making the necessary assump-
tion respecting inversion of the order of differentiation and
integration of the integrals, we obtain the transform equation

re_ v (1)
dxz k IC 9 teessecsccceccscsenenae

of which the solution is

10006 ax

¢=Ae~=Nvlk L BeaNvlk 1 gt (@)

Inserting the first boundary condition in (2) leads to B =0, since
¢ and 0 must tend to zero as x—+ o« . For the second bound-
ary condition ¢ =46, at x=0, we get
_Ba%k
~ gty e (3)

* For a short bar the influence of reflection is important and cannot be
neglected at intermediate points. In a mathematical sense, a very long
bar may be taken as — + .

F M.0.C.
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Substituting for 4 and B into (2) gives
—2Np/k
P e
=0,| e~ -c ) reeeerneereenens 4
L] R Ry @
where c=a?. By aid of the list and (4) § 2:11, we find that

6=0, l:erfc (/2N kt) + ea'*t

% {e—aw - le-averfc (x;jick-tat) —e%er (x;j]f:t)} (6)

Validity checking similar to that in §§ 4-111, 4-112 is left as a
suitable exercise for the reader.

*4-14, Example. Solve oy Y ia _8__1! b2a subject to quies-
ox%  ox ot’

cence initially, and to the boundary conditions: (1) y—0 when

x>+ o, (2) a—_yl a constant, when #=0. a, b are real
and >0.

Hitherto we have confined our attention to P.L.D.E. having
only the second derivative on the Lh.s. In the present instance
the first derivative in z is included also, and this results in a
somewhat complicated solution involving error function
integrals.

To obtain the transform equation we write y(z, t)=¢(z, p)
which gives

2
Eisz‘@- DDA =0. oo, (1)
The formal solution of (1) is
d=deM®+ Beh®, ...iiiiiiiiiiiiiiann, 2)

where A, A, are the roots of A2+aA-b2p=0. Thus

Vb= taay@ e s= i By@ N, )

with c2=a?/4b%. Since 4b%p >0, it follows that A, <0, A,> 0.
Now y =0 and, therefore, $ =0 when 2= + 0, so with 2,>0,
B must be zero. Also

a
(gg)z_(,:[mlem],,o:m,. e eeenn(4)
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By hypothesis

0
pJ. C"I’iydt:(ﬁ, ................... LRTTRTH (5)
0

so if differentiation of y, with respect to x, under the integral
sign is permissible, we have

o aI e"”ydt:p“l e~ v (é—’g) 7 2N (6)
0 ox

0

9z L oz
The validity of this step can be checked later. Since

o0 ay
pI e-?tdt=1 and (__) =1,, a constant,
0 ox =0

from (6) it follows that

- ?;'/) - (9_%’)
yl_(&x oo \ag) e (7)
Thus by (4) and (7),
A=y A1 i (8)
Substituting for A, B in (2) leads to the transform solution
P=Y1M%[ A}, it (9)
so we have now to solve the integral equation
pj e~Ply(x, dt =y, eMo[A. .o, (10)
0
By (6) and (10) above
0 ay>
il B =Y,MT e,
pL e-? (aw dt =y,e (11)
with A, = - 1[a +2b(p +¢?)2]. From the list we find that
g—gzgyl (e—s=erfc u+erfec v), coouuunveennnnnnnn. (12)
where uwl _bFat
v~ 2bJt

When =0 and a./t/2b =1, (12) reduces to

(_gg/) =1y, [erfe (- 1) +erfc ()] =gy ..onvonnn(13)

X/ z=0
(see caption to Fig. 10) so the boundary condition is satisfied.
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*4-15. Evaluation of y in (12) § 4-14.
We have

?/=%?/1{re°“erfcudw-l-rerfcvdx}+x(t), ......... (1)
0 0

where x(t) is a function of ¢, independent of z.
1°. Consider the first integral in (1). By definition

rfou=—-| e 2
e cu::/-;L e dr, veviiiiiiinninn(2)
derfcu b L
SO "7‘;“"— == '_’";r._._.t.e e Sessesesssassrseve ven oot(3)
Then
¢ l 'z
I e~erfcudr= —~I erfcud(e9%), .cooiiiiiiiniiiiininin (4)
0 alo
= —l[e"“”erfc u]x+1re-'”° (d erfo u) de, ..coounenn. 5)
a o @Jy dx
= -le-““erfcu+-l~erfc(-l)-———é«re-“‘"'dx (6)
P a ads ) SN

Since - (ax +u?) = — (b%x + at)?2/4b% = — v, the integral on the
r.h.s. of (6) may be written
b e 2 J‘” I | _
aJﬂtre dz= =adn), e dv—a[erfcl erfev]. ......(7)
Hence by (6), (7)
re—”erfcudw= —é[e‘“erfcu—erfcv~2erfl]. ..... (8)
0
2°. Consider the second integral in (1). Here

rrfd fzr(df)d ©
erfevdr=|ze -\ z|5-erfev)dz, .........
, vder=|x rcv]0 . \dz ‘ )
-xerfcv+:/—ij. re="dx. iieiereinnnnnn (10)
ky
Writing k£ =5/2./t, we have
1 l
~o! ~ot 2) — Eal 7 T
J:e xdx—2kzje d(v?) kroe de, ....cooun. (11)
2;02 (e —e~ "’)—ﬂl[erfcl erfc v], ...... (12)
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by (7). Hence by (10) and (12)

jerfcvdx a:erfcv+ (erfov erfe 1) +5—— (e~ —e~*"). (13)
0

IcJ (

From (1), (8), (13) we ﬁnd that

y:l (1+ at) £ _ﬂ“’_er_fg;u_g z —v?
X0 { ¥+, ) erfev 5 e }

+ 3y, [c—zerfl —%:erfcl+§J£e“'] +x(t), ...(14)

where x(t) is a function independent of z.
For large values of w, erfc w~e~*"/w/m [reference 12, p. 82],
so when £ = + o , the expression in { } vanishes. Since the first
boundary condition necessitates y->0, z— + oo , it follows that

x@®==3y 1 e (15)
Hence in terms of ¢, the solution of (1) § 4-14 is

1 at e~%*erfcu 2 .
Zl=%y1{( +x+b2)erfcv __a___ZN/ e "} ...(16)

We have already shown that (16) satisfies both of the boundary
conditions. When #—+0, so also does (16), and the initial
state of quiescence is satisfied. It is left to the reader to show
that (16) satisfies (1) § 4-14, and that differentiation under the
integral sign at (6) § 4-14 is valid.

4-16. Plane Sound Waves in a Viscous Medium. A rigid
disk vibrates at one end of a uniform frictionless cylindrical tube
of equal radius. The tube is either sufficiently long or ter-
minated by an acoustical impedance to make reflection at the
far end negligible, i.e. the transmission is unidirectional. The
differential equation for sinusoidal sound waves of very small
amplitude is 2 5 5
2 2
L S S
where £(z, t) :partlcle displacement at a distance x from the
disk at time ¢,
po=density of undisturbed air,
¢ =velocity of sound,
4 pw?

r=3 “—%f, p=coefficient of viscosity,w = 2w frequency.
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Solve (1) subject to quiescence initially, and the boundary
condition ¢=§;sin wt at =0, this being the displacement of
the disk.

To deal with this problem rigorously, the third member of
(1) should be replaced by +%§ud3x/0x20t, because the former
pertains solely after the steady state has been attained. How-
ever, the analysis would then be very complicated, and the
physical aspect would be masked. Moreover, to effect simplifi-
cation, we shall use (1) and obtain an interesting approxima-
tion. The third term in (1) is analogous to the second term in
the telegraph equation [12, (7), p. 208], G=0.

The analysis can be simplified by taking ¢{=§£e%t at £=0
and finally selecting the imaginary part. Write a=1/c?
b =r/p,c® =4pw?/3p,c?, then with

£(z, 1)=4(2, p),
the transform equation for quiescence initially is

gz_;i_(apz +bp)¢=0. ........................(2)

Let ap*+bp=a[(p+B)*—B2]=A%, where B=0b/2a, and (2)
becomes

Pé_ rog
T N=0, i (3)
80 d=Ae L Bt .. .cocoiiiiiiiiininnnni.(4)

Unidirectional transmission entails absence of the B term, so
with ¢ =¢eftat x=0, p=£p/(p — tw) = A, which leads to

2 Vo B p
£(x, t)=¢=z-)—§-_%)e N (B)
4-17. Interpretation of (5)§4-16. By § 2:13 with a = —tw
e—wtf(x, t)=§oe_§ Jm_)r_?.
Interpreting (1) by the list, we obtain
e~ (x, t) =-§., [e "z(HMH (t - z_v)

I, (BN —a?/c?) dt].

Ny

................. 1)

t
+..BEJ‘ e—(ﬂ'H'w)t
¢ z/e
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Omitting H (t — z/c), the presence of which is tacitly understood,
the particle displacement at any point z at time ¢ is the imagi-
nary part of

Bz
£z 1) =y ewt-eior e 4
+etwtﬁr e- (p+iw)tlw ] ......(3)

V2 —2?/c?
When ¢ is large, the value of the integral is sensibly that with ¢
infinite. Using (2) § 1-31, and the list, and writing (8 + iw) for
P, gives
Eaf-“” e—(B-Hw)tI (BVEE = 2?c? —xz/cz)
¢ Jae

Vit —z?/c?
L YOI SO &)
I 5)
or I:e_i'i (Errili =@ e_% B e ...(6)

if w>>B. Reducing still further and multiplying by e#* yields

eiwt] ~e 7[ tw{t——(l+ﬂ'/2m’)} e“"(‘—x/")]. ceeeeeeane(T)

Inserting the value of et from (7) into (3) leads to
L2 i {12 (4820t

e, Ot e Lo PN, o d8)
when ¢ is large enough. Taking the imaginary part, the particle
displacement at x, ¢ [for f = §, sin wt at  =0], approximates to

E(m, )=t " sin l:w{ -=(1 +ﬁ’/2w2)}] ...(9)

Compared with sound transmission in a loss-free medium,* the
effect of viscosity is to
(a) introduce the attenuation factor e-f=/c;
(b) reduce the phase velocity in the ratio
(148?20 = (1 - §%/20%)/1.

*In this case r=0 so $=0 and {(x, t)=§&,8in w(t-x/c), i.e. the
attenuation is zero and the phase velocity equal to ¢ the velocity of
sound, independent of w.
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Thus the amplitude of the sound waves is attenuated ex-
ponentially with increasing distance x, while the phase
velocity is reduced by an amount B2c/2w?=2u%k?/9p,%, where
k=w/c=2m|wave length. The necessary check tests are left
for the reader as exercises.

4:18. Compressional shock waves [ref. 2]. A very long
uniform rigid channel of rectangular cross-section, as illustrated
in Fig. 11, contains liquid to a depth . At ¢=0 a rigid vertical

Uy when t> Y
N ° 7]secTion aT
£R A 7 AB
=N 1 ' v
3N 7 |
tNo 7 %
sNTA= == __'2 ? — 7=
N—h_——§ —LIQUID — iy .- i
N——1 o | /:*—1—- p— 7
ULl ///////(/////z
fe—— Y ———

Fia. 11.

flat plate at the end y=0 commences to move with constant
horizontal velocity v, Neglecting losses, determine the
velocity potential and excess pressure at any point of the liquid
when t>0. Assume the motion to be such that squares and
higher powers of the velocity components can be disregarded.
This problem is equivalent to that where water with a free
surface impinges on a flat vertical wall.

Let ¢ =velocity potential at any point z, y, z in the liquid ; *
p=density of liquid ;
c=velocity of compressional waves ;
P1=p0¢/0t =excess pressure at z, y, 2 ;
u, =horizontal component of velocity at z, y, 2 ;
u, =vertical component of velocity at z, ¥, 2.

* ¢ is the standard symbol for v.p. and will not be used for the L.T. in
this example. p, is used for excess pressure to avoid confusion with
the transform variable p. §§ 4-18-4-191 were added to the MS. in 1942.
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Then by definition,
Uy = —0/0Y, vrevvrririniinninninnnenann(1)
Up=— 002, evrvvrrirniriniiiinnnninn(2)

The v.p. at z, y, z must satisfy
1°. The wave equation, namely,
2 v 10 o)
T T aE g
at all points of the liquid ;
2°. the initial conditions, which correspond to quiescence ;
3°. the boundary conditions. These are

constant velocity of end
plate, bottom of channel
stationary, excess pres-
! sure at free surface, zero.

(@) u,= — 0¢/0y =v,, when y:O]
(b) w,= —04/02=0, when z=h
(¢) pr= pop/ot=0, when z:O‘

For given values of y, z, the v.p. is constant for all « over the
section, so 0¢/0x=0. Hence the equation to be solved subject
to the foregoing conditions is

o 0% _10%

ay2 + az2 _6_2 —a—té-' ® siesesssssssetssasense ...(4)

4-19. Solution of (4) § 4:18. If we assume that

95(.1/, 2, t): ZSinq—;;Tz fr(?/, t)’

the third boundary condition is satisfied, as also is the second,
provided r is an odd positive integer. Then with f, (y, t) =, (¥, p),
by (4) § 4-18 with r, =mr/2h, the transform equation is

‘Z‘/’; N 1)

provided that term by term differentiation of ¢ with respect
to y, 2 is valid.

Assuming unidirectional propagation, the formal solution of
(1) for ¢, is

Vv
P 2)
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where 4, is a function of p. Thus

Y VpTar
$,>A4, smq;ﬁhe e y ereseinenseneen (3)

Ui
and $=Zd, sin e I (4)

To determine 4,, we have by boundary condition (a) 3°
§ 4-18,

a./,) 1 preprp SO
- (—a-?-/ o= ZEA,.s/p +O0ry? 8N =g, e (5)
provided differentiation under the integral sign in
j e~ Pi(y, 2, t)dt
yle
is valid. Assuming this to hold, we obtain

Z A, Np?+cir?sin 1;—% E Vg cererrereereeeeees (6)

Multiplying both sides of (6) by sin »7522?, n an odd positive

integer, and integrating with respect to z from 0 to 4, all terms
on the Lh.s. vanish except when n=r. Thus

h h
4, 0sm —%dz @—Tc——z%é;:—zj.osin %f-dz, ............ (7)
80 A, =4evg/mrNpE eyt e n(8)
Substituting from (8) into (4), we obtain ‘
“Uvpion

Tz e

so by aid of the list we find that the v.p. at any point
x,y,2is

devy 1 .
$(¥, 2, t)=—;—2; sin —- eeer(9)

4cv . mrz —
¢=—"-3 m%—};j Jo(cr N2 —y2c)dt. ........ (10)
yle
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The pressure corresponding to (10) is
a¢ 4pcv, 2_ in ™%
Pot™ = %%
where a =cr,. It is left to the reader to verify that

1. (10) satisfies (4) § 4-18, the initial, and the boundary con-
ditions ;

Joavtz —y¥c?), ........ (11)

2. Term by term differentiation of ¢ with respect to y, 2, in
(5) and in (10) is valid (see § 7, Appendix II);
3. Term by term correspondence in (9), (10) is valid ;

4. (10) may be differentiated term by term ;
02

00 ¢
i -pt t
5. ayzj e Pip(y, z, t)di= L/ e-? 7 250t;

2
6. aai;ﬁr e~ (y, 2, t)dt_j - p,a ¢dt

For additional parts of the analysus and graphs of the wave
form, reference should be made to [2].

4:191. The function J,(avt> - y?/ct). The time taken for a
disturbance to travel from the origin to a point distant y there-
from, with velocity c, ist, =y/c. Thus in our problem the above
function does not exist when ¢<y/c. Moreover, in a strict

sense, it should be written J,(av2 —y2/c®) H (t - y/c) [see foot-
note to (1) § 1-31].  Now Jo(av/t? — y?/c?) = J,(atv'1 - y?/c?#?), so
if yis fixed, ~/1 — y?/c¥® <1 for t > y/c, and -1 as t—>+ o . Thus
for any value of y the graph of this function lags—so to speak—
in point of time behind that of J(at). The first zero of J(at)

occurs when ¢t~ 2-405/a, whilst that of J,(avt? - y?/c?) occurs

2 2
when v/ — y¥jc? =~ 2:405 or =~ J 405 +%> 24050, A

similar argument pertains to all the zeros. When t is large
enough compared with y/c, /t? - y2/c? ~ ¢, and the graphs of the
two functions are almost coincident. The reader should plot
Jo(t) and Jy(Ni2 —y?/c?) for y=100, 1000, 10,000, c=4000,
using the same coordinate axes for both graphs. Tabular
values of J,(t) are given in [11].
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4-21. Simultaneous partial linear D.E. with constant
coefficients. Fig. 12a is a schematic representation of a
uniform electrical transmission line or a loaded submarine
telegraph cable having resistance R, inductance L, capacitance

fe— OF
Lox Rdx Ldx Rdx Lax Rdx
— WA
To Transmitter s To Raceiver
- 3L L
Cox &bx Cox a
¥

Fig. 12a.—Schematic diagram of electrical meshes equivalent to a
uniform transmission line or a uniformly loaded submarine cable.
Starting with a length 3z, this is considered to — +0 as the line —
uniformity, i.e. becomes meshless.

Z=Lp + R, the transform of the series impedance of unit length ;
Y =Cp + G, the transform of the shunt admittance of unit length ;

1/Gdzx is the resistance across the capacitance Cox ; Gox is its admit-
tance ;

oE = - ZI, ox, the p.d. across SP, I, being the current at P, and Zox
the series impedance ;

oI = - YE oz, the current in PQ, K, being the p.d. across PQ, and
Y ox the shunt admittance.

C, and leakance G, all assumed constant and reckoned per unit
length (1 nautical mile of 6087 ft. in submarine cables). At any
time >0, E and I represent the potential difference between a
point distant  from a convenient origin (see Fig. 12b) and earth,
and the current at x, respectively. Then at x the p.d. across
the length dx between S and Pis — 0F =[Lox](dI/at) +[Rox]1,
80

ol ol 0
_%_LEZ—FRI:(LEE-I—R) 1, B

the negative sign indicating that E decreases as x increases.
The current in P@), by virtue of the capacitance and leakance of
a length oz, is — 01 =[C 0x](9L/dt) +[G ox]H, so

ol oF 0
—a—m—c—a—i‘i-GE:(C—a*i'}'G) E. ..(2)

We consider first the so-called unloaded submarine telegraph
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cable, where L and G may be neglected. Then from (1), (2)
we have

_ﬁzkl’ PPN (- )
ol oL
and “%“C—ﬁ' PPN - )

We shall take quiescent conditions initially, so that
E=0,t<0, 0<2;
I=0,t<0,0<2;
and assume the cable to be very long. Asin § 4-13, if the length
is finite but great enough, the influence of the energy reflected
from the far end upon £ and I at an intermediate point 2 can
be disregarded when z is sufficiently remote from that end,
assumed to be open.* The transform equations corresponding

to (3), (4) are by (8) § 2-14, (since the X term is zero in virtue
of quiescence initially) ;

de _
;i—x-i-RqS—O, ..............................(5)
dé _
and dx+Cp<p_0, RN ()

where K (z, t)=p(x, p), I(z, t)=¢(x, p).t As in §411 we
assume K and I to be functions such that the order of differenti-
ation and integration may be inverted, i.e.

R
do=Pag) ¢ Edt=p ] et (Gt e )
ALY R

and Go=P op), ¢TI =p ) e gy ) Al e (8)

The validity of (7), (8) may be checked when E and I have
been determined. Differentiating (5) with respect to z, and
substituting the value of d¢/dx from (6) therein, we get

d2

d—x"-;-mpzo, e enn(9)
with A2=pCR. If at time =0 a battery of voltage E, is
applied between the cable at x=0 and earth, as illustrated

* Tnsulated from earth.

+ For brevity we shall frequently write H, I, or E,, I, to signify
functions of (z, ).
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schematically in Fig. 12b, electrical energy will be propagated
along the cable towards the far end, there being (by hypothesis)

Senddiny x=0 Cable or Transmission line of great length
en n |
. Jar end insulated
Transmitler \' switeh Jrom earth
= Battery of
= Voitage Eg
Earth

F1a. 12b. Schematic diagram of uniform electrical transmlsslon line or
submarine cable of great length, the far end being ¢ open’, i.e. insulated
from earth.

negligible reflection effect at . The corresponding boundary
condifions are

(@) E—~0, x>0, t>>0;

(b) £=H, (a constant), x=0, t>0, (see Fig. 13). This

Potential ' g
difference t;o

t=o Time

X=0

Fia. 13.—Diagram illustrating form of p.d. apphed to sending end of
submarine cable.

notation signifies that a p.d. %, is applied at =0 when =0,
and maintained indefinitely.
The formal solution of (9) is

p=Ae*+ Be?®, ... (10)
or ¢g=A4A,sinh Ax + B, cosh )\x ................ (11)
whichever is the better suited to the boundary conditions.

By virtue of the first boundary condition, it follows.that B=0.
For the second boundary condition, since ¢ =p r e~ Pl dt,
where K =FE, a constant, at =0, we have ¢ =2170. Thus
A =1E,, and since B=0, (10) becomes

p=Eere=Re-NPeR . .. ......(12)
By (5) and (12), we obtain
=Ml 2R =E,/(pC/R)e~2N?eR . .........(13)
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Formulae (12), (13) are, respectively, the transform solutions
of equations (3), (4) for £, and I,. We have now to interpret
these formulae in terms of ¢.

4-211. Interpretation of ¢ and ¢ in §4-2l. From the list,
we have for (12) § 4-21

¢ =B~ "VPRa | orfe 3 J(CRI)=Hy; oovonnnn. (1)
and for (13) § 4-21

¢=E,J(pC/R)e~*N?R = /(C/mtR)e-FCRME =T . ....(2)
Following the procedure given in §§ 4-111, 4-112, the reader
will have no difficulty in proving that (1), (2) satisfy
1° Equations (3), (4) § 421,
2° The initial conditions,
3° The boundary conditions,
4° That e-» {E (. )
I(z, 1)
>0, py>0.
We now investigate the validity of the changed order of dif-
ferentiation and integration in (7), (8) § 4-21.

4-212. Validity of (7), (8) § 421. By (1) § 4-211.

} is bounded and continuous in >0,

M%L e-mEdt=an—axe~M?= —Epape-Ver, ... (L
where a=CR. Also
pf e (2 )dt;_on/a/wp_“ emmimat Mg, ... (2

= —EpNapeNov, ..., 3
by the list. In virtue of the identity of (1), (3), the changec
order in (7) § 421 is valid. By (2) § 4211

pa IO e?1 dt =Eo/pCIR 2 e=Ner= — B,Cpe== ..(4
Also

pI e” ”'( )dt———JC/wRaxpr —pt-ad/atg=3/2 gy, .. (5

=~ ECpe=Va2, ... cccverrinrrenaraiaaneens (6
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provided >0, so (8) § 421 is valid under this condition. As
z—+0 in (5), the integral does not converge uniformly, and
when =0 it diverges at the origin ¢=0. Hence although E
and [ in (1), (2) § 4-211 satisfy (4) § 4-21 for 2 >0, the transform
equation

—pI e- P‘( I)dt—CpI -7t (aE) TR )

is not true for =0, since [01/9x],—o has no L.T. This case is
akin to thatin § 1-231, where ¢ (p) /p =p/(p? + 1)3/2is continuous,
but the integral diverges when p=0. In the above instance,

d(p)/p=ke -avap g continuous at & = 0, but integral (5) diverges.

4-213. The function (2) § 4-211. When =0, this takes the
form ¢-1/2, so the current into the sending end of the cable is
infinite in a mathematical sense. In practice the input current
is limited by auxiliary apparatus associated with the trans-
mitter. When >0, I, has a maximum value of
V2/m (Il,/R)e-1122-1 at t = 142CR.
The current starts from zero at £ = 0 with zero rate of rise, owing
t

to the cable being charged through its own resistance. j I.dt
0

gives the quantity of electricity supplied by the battery.
Taking €=3-5x10-7 farad, R=2:5 ohms in (2) § 4-211, the
reader should plot I, and ¢ for =1, and 2 =1000 nautical
miles.

4-31. Solution of (1), (2) §4-2]1 when G and L are not
negligible. The equations (1), (2), § 421 symbolise the so-
called uniformly loaded cable or transmission line where induc-
tance plays the major role in reducing signal distortion. With
an unloaded cable (L negligible), considerable signal distortion
occurs at ordinary speeds of signalling, and correction devices
are needed at the receiving end to obtain legible characters.
In a loaded cable, the central copper conductor is ‘ loaded ’ or
wrapped with a spiral of thin tape or wire, having a high initial
magnetic permeability,* of the order 4000. By this means the

* If B is flux density and H magnetising force, the initial permeability

is p= lim B/H.
H->+0



PARTIAL LINEAR DIFFERENTIAL EQUATIONS 83

inductance per unit length may be increased some 40 to 60
times that of an unloaded cable,* and for a given character
legibility at the receiver, the speed of signalling may be in-
creased several fold.

To solve equations (1), (2) § 4-21, we proceed as shown in that
section.

The respective transform equations are

o + Z¢ =0, i e, (1)
dé -
and 'El':i + Y(p =0, tiiii e (2)
where Z =(Lp+R), the L.T. of the series impedance per unit
length of line,

Y =(Cp + G), the L.T. of the shunt admittance per unit
length of line,
(see Ilig. 12a). Using quiescent conditions initially, we obtain
ultimately the formal solution given at (10) § 4-21, except that
now A=(Lp+R)(Cp+G). Thus if »=1/JLC, R/L=2a,
G/C =2b, we get A =v-1V(p + 2a) (p + 2b).

The same boundary conditions as before lead to the results

) —N @ +2a)p+2b)

. [ ooV 2D
an ¢- 0~/ / “/W (4)

As will be evident in §4-311, it is preferable .to leave (4) as
shown, and not cancel out ~/p+ 2b.

The exponential index in (3), (4). In (7), (8) § 4-21, ¢ repre-
gents time, so p has dimension ¢-! for the index to be dimen-
sionless. The parameters a, b, have the same dimension as p.

Thus «(p +2a)(p + 2b) has dimension ¢-!. Since z represents
length and the index is to be dimensionless, it follows that

*In § 421 we put L=0 as an analytical expedient, so that theoreti-
cally the velocity is infinite. The actual value of L gives v=1/VLC
of the order 3 x 104 nautical miles per second or 6 x 10° em. p.s., i.e.
one-fifth the velocity of light. In a long unloaded cable the received
current would not alter materially if L were zero.

a M.O0.C.
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v=1/J/LC has dimensions It-* and, therefore, represents a
velocity. Typical values for a loaded cable are L =10-1 henry,
C =4x10-7 farad per nautical mile. The corresponding
velocity of propagation is approximately 5000 nautical miles
per second or 10° cm. per sec. This is roughly one-sixth the
actual* velocity in an unloaded cable, and one-thirtieth that
of light.

The finite velocity of propagation means that the current
reaches a point distant 2 from the sending end at a time
t,=x/v after the transmitting key at that end is closed. Hence
in the integrals corresponding to (7), (8) § 4-21 the lower limit
must be z/v and not zero, but the boundary conditions are
unaltered. Moreover, the functions representing K and I will
take a form where the origin is moved to the point ¢, =«/v ; and
so far as our problem is concerned, they are both zero prior to
that instant.

4-311. Interpretation of (4) § 4-31 in terms of t. If we put
(@ +b)=a and (@ —b)=p, then
A=v-W(p+2a)(p+2b)=v-W(p+a)—B? ....... (1)
80 (4) § 4:31 becomes . B
(p + 2b)e=@ioN (v +arf - 9
T (2)

Consider the first term on the r.h.s. of (2), and write

~ (@)W (D+aP—B
e~*tf(x, t) gﬁ——v—p—- e
V(p+a)?-pe
Then by § 2-13,
pe‘(ﬂ”)‘\/?’—ﬂ.
flx, t)= __\/F

t>z[v, from the list. Hence by (2)-(4) the interﬁretation of
the first term in (2) is
I, (2, 1) =ECJL e~ (BYEE —*[tR). ............(B)

By § 2:151 the interpretation of the second term in (2) is
2b times the integral of (5) taken between the limits 2/v and &.

¢=E0JE/T-

.(3)

=1 (BVEE - 22[v?), coueeenenni(4)

*i.e. when L+0.
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Hence the current at any point distant  from the sending end
of the line is, for t>z/v,

I(z, t)=E~CJL [e-«tlo(ﬂJtz —x2/v?)
+2b fm e—=tI(B/t2 - xZ/vz)dt] RN ()

At the sending end =0, and when ¢ =0 the current rises pre-
cipitately to the value E,/(C/L), as illustrated in Fig. 14.

Head of
signal ourrent

lo=E ’VC;L
eme p 4811, x=0 Asymptote
L e b e e e ——— ? Sttt
ljo VGR
t=o Time
X=0

Fie. 14.—Current at sending end of uniform transmission line or
loaded cable when C/L >G/R, i.e. R/L >G/C.

Comparing this with the result in § 4-211 we see that the effect
of inductance is to limit the initial input current to the line.
The quantity ./(L/C) is termed the input impedance of the
line, and dimensionally it represents a resistance. Using the
numerical data in § 4-31, its value is 500 ohms.

Formula (6) is valid for t=x/v, when we get

I,=EoJ(C/L)e 2%/, .covoririrrnrenrenn(7)

since I,(0)=1. The physical interpretation of (7) is that the
current travels down the line at velocity »=1/,/(LC), with a
vertical wave front, which is attenuated exponentially en route.
The wave front is vertical since by hypothesis L, R, C, and G
are constant. The signal which travels down the line may be
considered at x=0 to have a frequency spectrum extending
from zero to infinity. The higher frequencies are essential to
ensure a steep wave front. In practice L decreases while R
increases with rise in frequency, and the wave front, say 3000
nautical miles from the sending end, is far from being vertical,
although it is much steeper than that in an unloaded cable with
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L~0. The front (signal head) is vertical at =0, but steadily
tilts backwards * due to reduction in the higher frequencies with
increase in 2, as shown by the broken curve in Fig. 16.

In Fig. 14 the current into the line at =0 is shown to decrease
asymptotically to the value E,/(G/R). This occurs when
R/L>G/C, as is the case in practice. But if G/C>R/L the
current increases asymptotically to the above value. The final
current 1 is due entirely to leakage through the insulation, and
its value may be found from (6) in the following way. When
t is large enough and much greater than x/v, the asymptotic
formula for the Bessel function can be used, so with
u=J(t* - x*v?),

To(Bu)~ef/N2mBU. woeeeeeeaeraennennnnn(8)
Now —at+pPu is easily shown to be negative, so making ¢
infinite in (6) leads to

I(z, t)=E./(C/L). 2br/ eI, (Bu)dt, ............(9)

=Eo/(C/L) . 2be~(=N"—F] /g2 _ B2
by the list =Eo/(C/L)/(bJa)e=2@mNab ... (10)
=HyJ(G/R)e—aVoR, .. SO (11)
When z =0 and {— + o , the total leakage current of the line is
I(0, ® )—>Eg/(G/R). w..vvvurreernnn...(12)

By using formula (11) § 13-41 in reference [12], it can be shown
that for an open-ended (insulated) uniform line of length I,

1(0, » )=E,G/R tanh IVGR. ...............(13)
When IJ/GR is large enough,
tanh IVGR~1, ...cooovivniiinneennnne (14)

and (12) above is reproduced. _

4-312. The function y=I1,(8vt2-x?/v?). From a purely
mathematical viewpoint, this function exists for all values of
BVt? — x2/v?, whether real or complex. When B, ¢, /v are real,
the range of Bv/{? — x2/v? is from +ic to 0, and from 0 to + o,

* On a time basis.
4 In a long line open (insulated from earth) at the far end. See re-
marks below (4) § 4:21.
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according as ¢ < or>z/v. In our problem the variable is real,
and the function commences at t=z/v. It is finitely discon-
tinuous there and 7,(0)=1. Consequently it ought to be
expressed in the form

y=I,(BVE2 — [ ) H (t — %[V), evvereereeennnn. (1)
where H (¢t —x/v) is Heaviside’s unit function with its origin at
the point ¢ =x/v. Then in (1) y=0 for ¢t <x/v, is discontinuous
att=x/v,and y=1I,(BV® — 2*/v?) whent>z/v. Thisappliesalso
to the first term on the r.h.s. of (4) §4-314, so it should read
e~*/vH (t —z/v). The relationship between y and ¢ is portrayed
in Fig. 15, the value of ¢, being arbitrary. Using the numerical

To+oast—++»

=L (BNE2#o®) H(t-xfu)
LBNER?) Xr<t<w

1,(0)=1

Y

(o}

r_ t1 = x/U — Time
Fic. 15.—CGraph of the Bessel function
y=I,(BVE — z*o?) } t>wfv

=0 t<zfv.

It is finitely discontinuous at ¢, - /v, but positive, monotonic increasing
and continuous in ¢ >z/v. .
data in §§ 4-31, 4-313 and tabular values of I,(x), the reader
should plot (1) for various values of z, e.g. 0, 1000, 2000, 3000
nautical miles.

Differentiation of y=1I,(Bu), where u=~1? —x2/v?. Since y is
discontinuous at ¢t =z/v, it is indeterminate and cannot be dif-
ferentiated there. But the function is continuous as t— +z/v, so
its first derivative may be found as a limiting case. (See Fig. 15
where the derivative is represented by the slope of the curve).

Then
dy _dl(Bu) d(Bu)_pBt

2I(Bu
@ dpn) b e PU=Fgy

e (2)
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Now as ¢t—>+az/v, Bu and I,(Bu)>+0, but I,(Bu)/Bu—1/2.
[ref. 11]. Hence

lim %:B"xﬂv. PR (- ) |

t—+afv

4-313. Discussion of (6) § 4-311. We have already considered
the relationship between I, and ¢ at the origin x =0 (see Fig. 14).
As z increases, the head of the signal is attenuated exponenti-
ally, by virtue of the factor e~=*/*, and in a given transmission
line, the shape of the ensuing part (or tail of the signal) depends
upon x. The size of the head steadily shrinks compared with
that of the tail, until the point z=2v/B is reached (8>0).
Thereafter the current-time relationship takes the form of the
solid curve in Fig. 16, and the size of the tail exceeds that
of the signal head. The current increases asymptotically to

the value E,/G/Re~*V6R, When R/L=G/C, B=0 and the
current-time curve at all points of the line (which are far enough
from the open end for reflection therefrom to be negligible),* has
the same shape as the p.d.-time curve at the sending end, i.e. at
any point z it has the form H (¢ —z/v). Moreover, if 1/LC is
constant, so also is the velocity of propagation, but the signals
are now distortionless due to the influence of the large leakance
G in preventing the size of the tail from exceeding that of the
head.t The attenuation of the signals is so great, however, that
the distortionless condition cannot be used in practice with the
materials of construction now available. For the cable cited
in §4-31, Gis 10-8 mho, R is 1-8 ohm per nautical mile, so
R/L =18, whilst G/C=1/40. Thus in the attenuation index,
namely, «=3[(R/L)+(G/C)], G/C can be neglected in com-
parison with R/L. But if G were increased 720-fold to obtain
the distortionless criterion, « would be almost doubled. If
e~lv were 2x10-3 at a certain point of the line, with
G =10-8 mho, it would be 4 x 10-® with a 720-fold value of G.
Thus the distortionless condition would entail a 500-fold reduc-
tion in signal head, which is impracticable.
* See footnote on p. 67.

+ Current leaks from the central conductor through the insulation to
earth. The leakage current decreases exponentially along the line:
see (11) § 4-311. G may be regarded as the insulation conductance.
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We shall now consider the preceding statements from an
analytical standpoint. To obtain a rising current (solid curve
of Fig. 16), the slope of the curve as t—+x/v must be > 0.
Differentiating (6) § 4-311, we get

dl, I(Bu
—p=Ke= [Bt—(g——) (- 2b)Io(Bu)] s everenneene(1)
Asymptote
R P Ly oA AP
T
3
© ENGIR ¢+ VOB
 Head =EoqNCTL 6 7" 1
;f% t,=xy, Time

Fr¢. 16.-—Form of current in uniform transmission line if = >2v/g,
when the p.d. at the sending end has the form E,H (¢) as in Fig. 13.

where K=EJC/L, u=vi* -2%v?, (« - 2b) =B.

. (dl Bz )
22 = Ke—exlvg [ 22
Then lu_na_p ( it ) Ke B (2v . (2)

t—>-f »

and for [, to increase with increase in ¢, (2) must be >0. Hence

Z>20/B, ceiiiiiiiiiiiiii e (3)
with >0, i.e. RIL>G/C. If G=0, (3) gives

x>‘—1—“—/———(L/C), B (-3
R

which means that « must exceed four times the ratio of the
input impedance to the resistance per unit length of the line.
In the case treated above, x>1111 nautical miles. When
Bx/2v <1, (2) is negative, the current decreases with increase
in time for a fixed z, so the signal head is larger than the tail.

If in (1) we take R/L=G/C, i.e. =0, dI,/dt is zero for all
values of £ > /v and, therefore, the signal * is transmitted down
the line without distortion of form, i.e. there is no change in
type. Alternatively writing B=0 in (6) §4:311, 2b=a and

* Of form H () at the transmitter.
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I,=E,/(C/L)e—==/", Thus the current at a given z is constant
for t > /v, and has the form H (¢ — z/v). The general case where
the p.d. at the transmitter has the form £(t), is treated in
§ 4-332.

Remarks on G. In practice G has a dual interpretation.
(1) The effective leakance with sinusoidal current. This arises
through * dielectric hysteresis ’ (the current being not quite in
phase quadrature with the applied p.d.), and it is approximately
proportional to the frequency w/2=. (2) The ¢ conductance
or reciprocal of the * dielectric resistance ” (the latter being
p.d./current) at a specified time after the application of a
constant unidirectional p.d. Owing to ““ absorption ”, the con-
duction current decreases asymptotically with increase in time
to a limiting value, presumably the true ionic current. The
value G=10-% mho per nautical mile in [11, p. 112] is for a
guttapercha dielectric at a frequency of 33 c.p.s. A value of
G of this order would probably apply to the signal head (wave
front) in the transient case, but for the “ tail ”” of the transient,
a value corresponding to the dielectric resistance is required,
e.g. G=10"% mho per nautical mile for guttapercha. TFor a
synthetic dielectric, e.g. polythene, G would be much smaller
than 10-%. In modern cable telegraphy it would not be advan-
tageous to increase G, since distortion is easily overcome by
aid of correcting networks associated with the valve amplifiers
at the receiving end of the cable.

4-314. Interpretation of (3) § 4-31 in terms of t. From (2)
§ 1-31, (3), and (4) § 4-311, we have

[ emsttemtyipy @ - arporyas

z[v -
=e—(x/v)v{(p+a)“—ﬂ’)/J{(p +a)2- B2 ....(l)

Since the resulting integral converges uniformly (see §§ 12,

13, Appendix III for other conditions necessary) we may dif-
ferentiate both sides of (1) with respect to . Thus we obtain

—wsa)el) . BE( o _pt| e LB (8 — 22[0?)}
e (+«>(/)+0L/”e [e N ]dt

=e~@W ipFap—py (2)
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Interpreting the Lh.s. of (2) using §§ 2-122, and 2-151, leads
to the result

t BN ey
e-uw/v_,_ﬂ_:fj e_ugl_l(fu)dt=e v'*/(i”' )2—g2
z/v

where it is to be understood that the first member should
strictly be written e—*</*H (¢ —x/v). Hence by (3) § 4-31 and
(3) above, the p.d. at any point  when ¢t>z/v, is

.y —ax|v _B;r‘r -M{l.(_.ﬁ_?f_)
H, L’o[e e P dt]. ............ (4)

This formula is illustrated graphically in Fig. 17.

gl oo Aumtets
é TAIL JL
g Eo%!_l;l‘t::-‘ L (Ve gt
& e Ve

t=o0 t=x/, Time

F1c. 17.—Illustrating relationship between p.d. and time in uniform
transmission line or loaded submarine cable at a point distant = from
the transmitter.

4-32. Proof that (6) § 4-311 and (4) § 4314 are the appro-
priate solutions of (1), (2) § 4-21. In this case proof that the
differential equations are satisfied entails some heavy algebra
involving Bessel functions, and need not be given here. The
same remark applies to verification of the validity of the in-
verted order of integration in the integrals corresponding to
(7), (8) §4-21.* For the initial conditions, owing to the
ordinary discontinuities in X, I, we let {——0. Then since
(4) §4-314 and (6) §4-311 are zero prior to =0, E=1=0 for
all 2>>0. Also if ¢t — (z/v) -0, B,=I,=0 at any . For the
boundary conditions, from (4) §4-314 (a) K->0, z— o0,
0<t<w, () E=E, =0, t>0. Thus both the initial and
the boundary conditions are satisfied. Also E, and I, are
bounded and continuous in ¢ >z/v, £ >>0; so also are e~»tf,,
e~mt[, for p, real > 0.

* In the present case the lower limit in each integral is x/v.
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*4.321. Loaded cable with series condenser Cs at sending
end. In Fig. 12b imagine Cs to be connected between the
battery and the cable. Then, with quiescent initial conditions,
the p.d. applied between x =0 and earth is £ less the p.d. across
Cs. If I(0,t)= ¢,(p) is the current into the cable at =0, the
p.d. across Cs is

1 ]
c—,;LI(O, £)dt D $o/pCh ovvreereevenrnennenn(l)

Thus the p.d. applied between the cable and earth is

E(0, )= (B —do/DCs);y cevvvvrievennnininnnn(2)
this being one boundary condition. The second b.c. is that
E(x, t)>0,2—>00,>0. ccoovvvrinninnnnnnnan. (3)

The L.T. of the current at any point distant x from the sending
end of the cable is given by (13) §4-21, provided we write

(Lp +R) for R, A=+ LCV(p +a)? - B2, and (B, - ¢o/pCs) for K,

Then we get
b =(Hy—bo/pCs) Ae2*[(Lp +R). cevireeininnnnn, (4)

Putting A/(Lp + R)=1/Z., where Z. is known’ as the character-
istic or surge impedance of the cable, and letting x =0, (4) be-

comes
¢0:(E0—¢0/p03)/Zc, --..-.......-.....-.....(5)
80 bo=Eo/(Zc+1[pCs). ovvviviiiirinnnninni . i(B)

Substituting for ¢, from (6) into (4) leads to the L.T. of the
expression for the current, namely,

b= Hoe ) (Zo+1/pCs). weoverrrevereerserenne(7)
Since A=+/(Lp +R)(Cp + G), we obtain
Zo="L|CV(p + 2a) (p + 2b)

in the notation of §§ 4-31, 4-311. Inserting this in (7), and

multiplying the numerator and denominator by VC/L(p +2b),
yields

¢_ EOJETE(p+2b)e_Az (8)
V(p+2a)(p+2b) +p(p +2b)/p
where p=1/C,~/L/C. Since vL/C has the same dimensions as
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a resistance, p has the dimension ¢! like 1/CR in e-t/CR,
Using (1) § 4-311 in (8) gives

(p+26)e @ T

Jip+aP-B+p(p+2b)p
To simplify the analysis which follows, we shall assume that G

is negligible (see § 4-313). Then b=0, and a=a=8, so (9)
may be written

I(z, t)>¢=ENC/L

(9)

EN v
I(x,t) e pVtar=a

ENCIL J(pray—ai+p

e (10)

Applying the theorem e*!f(t) = ( P ) é(p —a) to (10) leads to

e“‘I(x, t) pe '

x, t (11
J@ =5 JeiL = s+ p) ()
with s =+/p? —a?
*4-322. Interpretation of (11) § 4-321. We may write
pe " PP"“'_’s .

fla )= i p) e nn(1)
From the list

Io(aJtz—x2sz)=pe_Bx/s, e (2)

so we have now to interpret the third member of (1). Using w
for ¢ pro tem., the list gives e**=p/(p + p), and on applying the
shift theorem we obtain

z,

pePle—tit) = ppe ”p/(p +p) e (3)

If to (3) we apply (3) § 2-254, the third member of (1) is repro-
duced. Consequently in (3) § 2-254

fw)=pee®=2I9) (4)
so it follows that

t N -z
pe’”"’j e—*e] (avt? —w)dwDppe ° [$(8+p)y oreeennn (5)
x/v
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the lower limit being z/v, since the current is zero for ¢ < z/v.
Hence from (11) § 4-321, (1), (2), and (5) above, we find that

I(z, t)=EoJé7te-a'[I avi? - 22[v?)

—pe"“/"r ev], (anNt? - wz)dw] ceee(6)

zlv

To find I (x, ) when Cs is short-circuited (before the battery is
connected), we put Cs=ow . Then p=0, and from (6) we get

I(z, t) =ECLe-I (aNt? — 22 v?). .............. (1)
Moreover, the second member on the r.h.s. of (6) represents the
reduction in current caused by Cs. The requisite checking akin
to that in § 4-32 is left to the reader.

*4-323. The solution when G 0. Using the numerical data
in §4-313 we get =9, b=0-0125, so «=9-0125 and B =8-9875.
Thus «~ B, and this enables an adequate approximate solution
to be found, the accuracy of which increases the smaller is
t>x/v. Applying the theorem above (11) §4-321 to (9) § 4-321,

with « for a, and using (2b oc); ~ B, s, —~p* - B2, we obtain

ext] (, 1) (p : /[s]+p(p B)/(p=)] .venn(l)

EWC/L
pe *"
st —BIp {l +2b/(p — )} .eeni(2)
Taking a~ 8, (2) may be written
fla,t) =T—-){1 +2b/(p — «)}. RPN - )

Apart from the external multiplier, the interpretation of the
first term on the r.h.s. of (3) is given by (6) § 4-322, if « (or B) is
written for a. The interpretation of the second term in (3) may
be obtained from that of the first by applying the product
theorem. It is left for the reader to derive the result

I(z,t)=E,JC/L {e'“‘l o(BV12 — 22 /1?)

e —at+pw/vr e—#v] (B —w?)dw
z/v
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+2b‘r e‘“"[‘IO(BJyz—xz/v"’)
/v
(] ——
—pe”’”j e*’”IO(BJm-—wz)dw]dp.}. ceenn(4)
z/v

When Cs=wo (the analytical equivalent of a short-circuited
condenser), p=0, and (4) reduces to (6) §4-311, except that
now o ~ B. Moreover the sum of the two members of (4),
having p as a factor, represents the reduction in current caused
by the condenser.

*4-33. Boundary conditions as functions of t. Referring to
(10) §4-21, let the boundary conditions for a very long line
be (@) E—0, x >0, t>0; (b) E=§,(t), x=0,t>0. That Bis
zero follows immediately from (a). For (b) we have

¢2=pjo e~ E (1) dt, cevereeeeraenernnnn(1)

or E2(O)DBa (D). crvrrreeeeeerireneen(2)
Using this in (10) § 4-21, with B=0, yields

¢:¢ze_}m, .............................. (3)

so that in (12) § 4-21 K, is replaced by the L.T. of £;(t), the
applied p.d.
*4-331. Suppose that the boundary conditions for a limited
length of line ! are as follows :

(@) B =§&(t)=61(p), z=1,1>0;

() By=§&(H)=¢a(p), =0, t>0.
Then substituting (a) and (b) in (11) § 4.21 leads to

A, sinh A+ B, coshA=¢;, ........oeennenn. (1)

Bl :¢2. -..................(2)

Solving (1), (2) the arbitrary constants are obtained as functions
of p, namely,

A, =(¢, —pycosh Al)/sinh Al, ................. (3)

Bi=¢g weriiiiiiiiiiinii, ...(4)
The results in § 4-33 and the present section hold for the genera.l

value of A, namely, ./{(Lp + R)(Cp +G)}.
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*4-332. Example. A potential difference represented by
£,(t) is applied at =0, t =0 to a very long loaded cable initially
quiescent. Determine the p.d. and current at any point
distant « from the transmitter. [See Fig. 12b where the p.d. due
to the battery is now replaced by £,(¢).]

1°. The p.d. By (3) § 4-33, with &,(¢)=>d,(p),

(P=¢ge_)‘w, .........................-....(1)

A being given in §4-331. We apply the product theorem
§ 2241 with

pe“'\@ —at 2 2 (092
¢1=T=ve T (BVEE — 22/02), .oveeeeennenn(2)
thereby obtaining
t e
vj &x(t—ple=y (BVp? — a2 fv?)du=>dpee[A. ... 3)
zhv

Thus differentiating both sides of (3) with respect to = (the
validity of such procedure depending upon the function &,(t)),
we find that

By=e~1v&y(t - x[v)

+'—‘? r e~y (t— ﬁ V=) o, .(8)
/v 2/’02

t>=z/v, by § 13, Appendix III. Ex is the p.d. between the line
and earth at any point distant 2 from the transmitter.
2°. The current. Writing ¢, for E, in (4) § 4-31, we obtain
the L.T. of the current, namely,
I,=¢=J/(C/L)(p+2b)dse22[vA. ................(B)
By (3) the second term on the r.h.s. of (5) yields

t —_—
Obe—tefo A 2bj £yt — eI, (BpE — 20D di. .....(6)
) z/v
Using 22§ 8-3, withr=0,n=1, b=x/v, f(0) =0, and assuming

that differenfiation under the integral sign is permissible, we
have for the first term on the r.h.s. of (5)

%_"’m & (t — p) eI (BVu? — 22 0?) dpu = phee2/v). ......(7)
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The L.h.s. of (7) is
t I, (Bw
etyt-ai)+ [ tate-me] pu 1o ) |, .0

where w=x/u?-22/v2. Adding the r.h.s. of (6) to (8), re-
membering that (2b-a«)= —pB, and incorporating the factor
J(C/L) from (5), the current at any point distant z from the
transmitter is given by

L= J(E/L) {e-e £, afo)
w8 ae-peree[ B 1igu)]aul ..o

t>x/v. For the distortionless line 8 =0, so (4) degenerates to

E,=e- =&t —a/v), «ooovvviiniiinnnnnnn, (10)
and (9) degenerates to
I,=J(C/L)e2=vE,(t —2[v). ccvvvvinnnnnnnn(11)

Thus the p.d. and current at any point of the line are in step
and identical in form with the applied p.d. They bear a
constant ratio to each other, namely, ./(L/C), which is the
characteristic or surge impedance of the line. Both £ and I
are attenuated exponentially en route, and lag behind the p.d.
at =0 by a time ¢, =x/v.

*4-34. Initial conditions as arbitrary functions of x.
Suppose that when ¢— — 0, the distribution of p.d. and current
in the transmission line of §4-21 are, respectively, E=1{(x),
I=yx(x), 0z <], I being the length of the line which may have
any value. '

Applying (5) § 2-14 to (1), (2) § 4-21, the corresponding trans-
form equations are :

do _
az + Z¢ —pLx, ........................... (l)
g{é +Yp=pCL cevreriiiiiniiiininiinnn (2)

- a ] .
ot L/uf‘(t _I")fa(ﬂ*/y,“ — a?v?)dy

=fute=ot) AV |+ e ) 5 (i d

z[v
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Assuming that the relationship corresponding to (8) §4-21
holds, we differentiate (2) with respect to x and substitute
from (1) for dp/dx, thereby obtaining

Z:S =AM =g(P, T), crrrrrrnriniiiiniinnien (3)

whete X' =YZ, and g(p, 2)=p <c a6 _ LYX) :
The complementary function of (3) is
do=A4A, e+ B, e =4 sinh Az + B cosh Au. ......... (4)

The particular integral of (3) may be found by the Boole
standard operational procedure as follows :

1 1 1 1
¢’=1”)2——’3\”2 g (p, w)zéj\ l:]j_——,\ —m]g(p, Z)y veeeees(B)

1 r }
AL ~Au X d — p—AT AU , d ) e 6
2A{e e g (p, u)du —e j:e g(p, u)du (6)

A>0.
The complete solution of (3) is the sum of (4) and (6), i.e.
d=¢e+dp oreinn. P (7)
By (2) we have
1dé pC{L
YT Y PPN )

Thus from (4), (6), and (7)
—tp—Y [4 cosh Az + B sinh )\x]+ ! dgb’ pCé(x) ()

Using the boundary conditions of § 4-331 in (9), i.e. p=¢,,

z=1,1>0; py=¢,, =0, >0, we obtain two equations for the
determination of 4 and B, namely, .

—¢1_v(A cosh XL+ Bsinh )+ (%) €40, .10

~b=y Y(?;) B Tc(O). crereeennesiennnenenens(11)

Having found 4 and B from (10), (11) the transform solutions
(8), (7) for ¢ and ¢ are completely determined. The final
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step is the interpretation of ¢, ¢ in terms of ¢, and it may be
necessary to apply the Mellin inversion theorem in Appendix IV.

*4-35. Particular integral of (3) § 4-34. This is given at (6)
§ 4:34, and may be expressed in the alternative form

¢p=2_l)‘{r[el\(z—u).._e-A(w—-u)]g(p’ u)du} ) eeeeeienns 1)

*X smh Al —u)g(p, w)dw. .ovvverininnnnnnnn, (2)

The result (2) may also be obtained using the product theorem
§2:24. In (3) § 43¢ write g for d/ds, $(@)=4(q), 9(2)=4: (),

and we get *
,/,:(qu )\2) ¢1q(q). e nn(3)

Applying § 2-24 gives (2) immediately.

4-36. An analogous problem. The electrical transmission
line has been treated at some length, since it is of practical im-
portance and mathematical interest. Owing to simplification
of the conditions, the solution is not exact in a physical sense.
The problem of the transmission of longitudinal (sound) waves
in a uniform homogeneous straight rod is analogous, except for
lateral expansion and contraction, to that of the transmission
line with G =0.
* 4 and g are functions of p and . The L.T. is with respect to x.

t The actual conditions are complicated. An exact solution would
necessitate the solution of Maxwell’s equations using the appropriate
boundary conditions, taking into account end effects, proximity of the
earth, radiation, etc.

H M.O0.C.
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EVALUATION OF INTEGRALS AND ESTABLISHMENT
OF MATHEMATICAL RELATIONSHIPS

5:1l. The theorems in Chapter II, and the list of forms, can
be used to great advantage in evaluating certain types of finite
and infinite integrals. They are also beneficial in obtaining
expansions and mathematical relationships between different
functions. Integrals may be evaluated by employing one of
the following procedures :

(1) Application of § 1-22;

(2) ) » § 2:22, the infinite integral theorem ;
3) ’ . § 2-24, the product theorem ;
4) ' ,» formula obtained using § 2:25 ;

(6) Introduction of a variable parameter upon which the
L.T. is based. As in other chapters, the analysis depends in
part upon Lerch’s theorem §§ 1-14, 1-16.

*5:12. Example illustrating application of § 1-22.
Evaluate I =r cos at dt/./t, a real and >0.
0

By 2° (b) §5, Appendix III, the integral converges, and,
therefore, the following integral converges also :

r e~?t cos at dt/Jt:JFgr e~vtJ_g(at)dt, .coeueee.oe. (1)
. Jo 0

=7a2(p + VP T BV NPT, ... (2)
from the list.. Applying § 1-22

I=ma/2 lin:o(p +Np? +a)tVp?+at=vna/2, ........ (3)
P

since by 2° § 8, Appendix III, the second integral in (1) con-
verges uniformly with respect to » in any interval 0 <p <p,.
100
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*5-13. Example illustrating application of § 2:22.
Evaluate

I Jo(asinh 6) tanh 0 df, a real >0.
0
Writing cosh §=¢, sinh #=+2 -1, tanh8df=dt/t in the
integral, we get
I=j Jo(@VE 1) dtft. .ooueeneenenneennenni(B)
1
Using 25 § 8-3,

I:.[: %@‘ip :I: LR YN/ RN (:)

Substituting p =a sinh ¢ in the second integral in (6) gives
I:j €80 gy = Ky (@), vrrrerrrreerserrens(T)
0

by reference 11, p. 165. Hence if C, § 9, Appendix III is
satisfied,

r Jy(a sinh 6) tanh 040 =Ky (@). +.vrerereee. 8)
0
Now (a) f(t)=J,(av? - 1), and this is continuous in ¢>1;
(b) r et Jo(avt? — 1)dt/t is u.c. in 0 Pp<p,;
1

(c) r e~?tJ (a2 —1)dp is u.c. in 1<t<h, and in t>1,
since tl(ie integrand is continuous therein ; *

(@) rJ o(av/t2 — 1)dt/t exists, since the integrand is continuous
in 1<t1< h, also

_“:I-ljigaﬁ/ttz——l—)—'dt ~ j: J2/ma | cos (a2 -1 - }n) | —g%

when % is large enough, and this is < J 1—?{—1]' dt/t312 =2,/2/N mah,
h

so the integral is convergent. Hence the conditions for in-
verting the order of integration are satisfied.

* See § 1:21.
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5-141. Examples illustrating application of product
theorem § 2:24.

The Beta function, due to Euler, is defined by

B, v):I:x“‘l(l —xPrdx, i (1)

and it is desired to evaluate the integral in terms of known
functions. Now t*!=I'(u)/p*-1=¢,, 1=l (v)/p*1=¢, the
integrals of type (1) §1-11 being absolutely convergent if
R(u)>0, R(»)>0, R(p)>0, so the conditions for validity of
§ 2-24 are satisfied. Thus

$1$o/p =T (W) I () /p* =T (@) ()t + =Y (p+v). ...(2)
By § 2-24 the r.h.s. of (2) is equal to

r i (R s/ U (- )
0
Writing ¢=1 in (2), (3) we obtain
! L) I'(v)
(1 —x)y1 = =D (U, V), crerieennn. 4
onu (1-xy-tdx T(utv) (1, v), (4)

B (p)>0, R(v)>0.
By substituting z=sin?8 and writing ,u.+ 1/2, v+1/2 for
p and v, respectively, in (4), we get the well-known formula

L " ) _Tp+1/2)I'(v+1/2)
Io sin?0 cos 0 df = T(atvil) ° (5)
=3B(u+3 v+3), e (6)

Bp)>-% B(v)> -
5-142. Evaluate I=f T (N, (= NdA.
0

By 4°§ 1-211, I e~?tJ, (t)dt is absolutely convergent if R (u)> -1,
0 v

R(v)> ~1, 50 § 2-24is valid in the present case. Now
pb
Ju(t S ——————:, .............. 1
where b—~/p2+l—p, also
2b/(1 +b2) =2b/2(p® + 1 — pVp?+1)
=2b/26Mp2 + 1 =1/NP?+1. ccocevrvnneennn(2)
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Applying § 2-24, we have

I b+ [(p? + 1) = 2pbe+ b 3

= diba/p =pb+(p?+1) = Jpia1 TR (3)
2pb“+"+1 ©

DI L N (

\/p2+l r=0( ) ( )

provided |b| <1, i.e. p>0. Interpreting (4) by means of
(1), and using Lerch’s theorem §§ 1-14, 1-16 we find that

r TN, (t - A)d)\:r Jo(E - N, ()dA
0 0

=2 2 (= )Yz (@) oo (5)*
The conditions in § 2-18 are satisfied, so term by term inter-
pretation in (4) and (5) is valid.
t
5.143. Evaluate I-_—j J,(\) sin (¢ — \dA.
0

By 4° § 1-211, J‘we-f"J,(t)dt is absolutely convergent if
R(¥)> -1, and by 0§ 1-21, since sint is bounded in >0,
on e~rtsin t dt is absolutely convergent. Thus the conditions
ft())r the validity of § 2-24 are satisfied. Then if B(v)> -1

J,(0)=2pb? NP AT =y, e, (1)
and Sint=p/(P2+1) =y verinririniiiiniiiennen. 2)
b being defined in § 5-142.

Applying § 2-24, we have ’
4pbv+2 1

I=¢.bo/p=plb|(p* + l)szﬁ‘i e 3)
4pb+? =
2 (-1 1B, it 4
~/p2+1ro( rir+ b @
if |b|<1,ie. p>0. Hence by (1) § 5142
I=4 Z (=17 (+ D) sgraah orvveevssess (5)

* Writing p.=0, v=1 and using (3) § 2:242, we obtain the well-known
o0
expansion cos ¢=J,(t) + 2 Z'l (= 1), (¢), [see reference 11, p. 43].
o
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the conditions for the term by term interpretation in (4), (5)
being satisfied.

*5.144, Alternative form of (5) §5:143 when v=2m, an
even positive integer. We have

2m 2m+1 — 2m 41
23D L LD WYy SR AL sl

p (PP (pP41)R PP+l
Now
_.______2mpb2m+l— — m 2mp —_ m 1( 2b ) 2m+1
p2+1 _( l) ~/p’+l[( 1) + 1+562 b +], ...(2)
_ m 2mp [ 2B o J1+ (= 1)ym+1pem
=(-1) N l+b2+2b{ T ] (3)
»* P
=(-1)"2m —— +
(= PP+l Jpril
2p
b2 — bt 4 ...+ (= 1)mHib2m) | (4
s (-1 |, .. (4)
since ' —2b%(1+b%) = —b/~/p2+1= - 1+p/Np*+1.

Hence from (1) and (4)

Pa pH2m +1 —
¢:: =(1fz+ Ty (2m~/p2+ 1 +;)) +r1.hs. of (4). ........ (5)

Interpreting both sides of (5), we obtain for m >0,
r Jam (A) 8in (£ = A)dA=2J g, .1 (£)* + (— 1)"2m[cos t — J 4(t)
0

+2J,(t) — ... + (= 1)1 2J,,. (1)),
“A. e eee v veseensees(6)
In like manner it can be shown that if m > 0 '

r Jam(A) o8 (t — A)dA =1t g,y (£) + (= 1) +12m [sin ¢ — 2J, (¢)
0 »

+2J5(t) = oo+ (- 1)"'2J,,,,_1(t)],
=B, ceeeeiee e ()

* The L.T. of this term is found by applying the r.h.s. of (3) § 2:17 to
the L.T. for J;,,1(t) in the form at § 5-142.
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The reader will now have no difficulty in demonstrating that

rJ,,,,(A) sin AdA=Bsint—A4 cost, ....evvunrenn. (8)
0

and f Jam(A) cos AdA =Asint+Bceost. .............(9)
0

When v=0in (5) § 5-143 and m =0 in (6), we obtain the known
relationship [11]
tJl(t)=4 20( - 1)’(7’—!— 1)J2T+2(t)' ..-............(10)
r=
By giving v and m in the above formulae the values 1, 2, 3, ...,
a series of identities can be written down. By evaluating the

Lh.s. of (7) as an infinite series of Bessel functions, another set
of identities may be obtained.

*5-145. Show that
L

I=I J,(a sin 0)I,(a cos §) tan*+10 df
0

__The-p) (o)
= ST+ +1] (2) J,(a), a real >0 [ref. 5].

Write a =2,/¢, cos 6 =~ AJt, which gives
sin 0=v(t = A)ft, tan =~ (- A)/A, d6= —dX2JA(¢-]).
These substitutions lead to
b ——
I =%I (E= AT, (@VEZR) . A-CHIL, 27N, .ee.(1)
0

80 in the symbolism of § 2-2¢ .

[iO) =87, (21), fo() =t-C+L,(21).
Following the procedure in 4° §1-211 it may be demonstrated
that

r e~?if, (t)dt is absolutely convergent if B (u)> -1,
0
and that
r e—»tf,(t)dt is absolutely convergent if B (v —u)>0,
0

ie. R(v)>R(u).
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With these restrictions on u and v, we may apply §2-24.
Then from the list

BT (2 DD 1P =y, rvrrererreererrrens(2)
and
$-a+H] (2, /2)
I'iiw-

= R gl B[ - )i v 15 1pl= (3
e 9= e
By (2), (3)
2l =¢,4s/p

_Ti(v-m)]

T TE+1) piee-1n B [{(v-p); v+1; 1/p]. ...(4)
Applying the formula

Fi(e; B; y)=eFi[(B-«); B; -]
(4) may be written

o7 T30~ M)]

i P pA [ +p)+1; v+1; —1/p]. ...(5)
From the list
teJ, (2./t)
e
—[%%—)iup‘*‘”"“’lﬂ[%(wmﬂ; v+1; -1/p], ...(6)
8o by (5) and (6) we find that
_ Ty —p)]t
I—- W:’,(th}, .................... (7)
I'iv-p)] (a\
21,[%(””)“]( ) B AC) RTRT (8)

Rw)>R(w)> -1

*5:151. Examples illustrating application of formulae
obtained using § 2-25.

For a rigorous application of this complicated theorem, it is
necessary, with a given f(#), to prove 1°, that integral (1)
§ 2:25 converges ; 2°, that the inverted order of integration in
(4) §2-25 is permissible. These proofs are often long, and
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may necessitate reference to analysis in other works. Here we
shall give purely formal illustrations of theorem 14. We may
remark, however, that if integrals (1), (5) § 2-25 converge, the
results are usually correct.

Application of I: T, (Ve f (@) dz=p $(1/p).

(a) Take f(x)=sin z, then ¢ (p) =p/(p?+1), so

pd(1/p)=p?/(p?+1)e=cost. ...ocoeevrrrnnnnnn(l)
Hence r Jo(2Vat) sin 2 dr =08t .eereeeereenennenn(2)
0

The convergence of this integral is examined in 5° § 5, Appen-
dix IIT.

(0) Take f(x) =e—"zx", then ¢(p)=n!p/(p +1)**, .cce..n.. (3)
n being a positive integer. Now
pd(1/p)=nlpr+(p+1)*lenle-tL, (), ............ (4)

by the list. Hence
j Jo(2Nat)e~r xndx =nle L, (L), «ovuererennenn. (5)
0

L,(¢) being the Laguerre polynomial of order = [13]. The
reader should investigate the convergence of this integral.

*5:152. Example.

We apply the theorem —L_jw e~ Mf(x)dx=¢(p'”2) in two
cases. Vato
(a) Take f(x)=sinh z, then ¢ (p) =p/(p?- 1), so
S (p ) =pR/(p-1)=eterf 2. ................. (1)
from the list. Hence if £>>0,

a0 —
I e~2l4t ginh x da =vnt et erf 1112, ...............(2)
0

(b) Take f(x)=Dbei’z, then bei (0) =0, and
B O ey
PO ey
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80

_p(WpP+l-p)i2 P/J2
= e Vel dp e O
B YN OO 7
Hence if t>0,
r e~ /4t bei'w de=Nnt[2 J,(t)=sint. ............(5)
0

*5:153. Application of
€[ 1 @UxDFEx~ dx=p> b (Ifp), RM)>-1.

Take f(x)=e-92J,(x)2*, a real >0, then

_2 Te+dp
PO G v

and
- 2 I'ev+i)
P24 (1/p) ~/7r[p2+(1v+a§o)l2)]“*”3’ TP PP PPN ¢ §
Now ’
PP+ (1+ap)lP=p2(@®+1)+2ap+1, .oocoiiiiiiiiiiiiiiiin (2)
2 2 1
=(a®+ 1)[102‘*'“2‘?1 + (a;—i 1) + @+ 1)2] » +(3)
2 1
=[(p+ 5% 1) R E 1] R p— 4)

Substituting from (4) into (1), and interpreting in terms of ¢
by aid of the formula above (1) and (4) § 2:11, we obtain

2r(v+}) P N
v [(p +a,2(:— 1)2 + (a‘t‘i_ l)z]v“/z w I)VH/z

e—-at/(a‘+1) tv

=@y D@+ . (6)

Hence

—at/(a®+
r e=92J ,, (2Vt) ], (x) dox = ("ﬁT)iﬁJ ,[t/(a2+1)],......(6)
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RB(v)>-1,0r
oot /(a*+1)
j e~ J,, (2t/x) J, (x)dx = @ 2+1)1/2J , [83/(@®+1)]). ....(7)

Writing p for a, b for ¢, and ¢ for z, it follows from (7) that

I (2b0)7, (1) =fi—— T, [0 (p2+1)], wevevene (8)
Vpr+1l
R(v)> -1, breal >0.

*5:154. Example. As a second illustration of the application
of the theorem in § 5-153, we write v for v and take

f(x)=e-22aPJ (2,/x).

Then from the list
P, (2/2)Dp e P, i 1
R(v)> -1. Applying § 2-13 to (1), with a > 0, we obtain
f(2) =eo5a0] (2 ) = pe /040 (p @Y+, ov....n(2)
S0 P ¢ (1/p) =pe—?/@a+D)/(pa + 1)+1, ..eninenn. (3)
.—e-l/a b 1/a®*(p+1/a)
=@ praayn O @
=e-U+Dlag 3] (2 /tl@), ...ccuuune.. (5)

by aid of the list and §2-13. Hence by §5-153, (2) and (5) above,
we have

a r e=92J,(2Vxt) J, (2x) da =e-@+DIs] (2 jt/a), ......(B)
0

with R(v) > -1 for convergence at the lower limit (see 2° § 8,
Appendix IIT). Substituting p for a, ¢ for z, and a for ¢ in (6) we
obtain

J,(2Vat)J,(2./t) =e-@+)p] (2 /a/p), ...occreenni(T)

R(v)> -1. Writing 2,/ =v, da =vdv/2, and ¢? for ¢ in (6) leads
to

0
aj e=2'0 ] (vt) J (v)vdv=2e~(F+VIa] (2t/a), ........ (8)
0

R(v) > -1, which is Weber’s second exponential integral.
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5-161. Example illustrating introduction of variable para-
meter.

00
Evaluate I= I J, (x) dac/xr—++1,
0

Let #=2Vat, a real >0, then dz=+a/t df, and the integral
assumes the form

20 —u+ighG-w] =I: J,(2Vat)dt o+, ... (1)
Multiplying both sides of (1) by a¥, we get
gr-wtigrin] :j: T, () A, . (2)
Takinga=1/p, we find from the list that
| utlgr-t] = p— I: e~trtnldt, L (3)
=TAu)p¥=, i (4)

provided R (u)>0, R(v—%)> -1, and the order of integration,
in the repeated integral for the L.T. of (2), is invertible.* The
inversion can be proved valid, so interpreting the r.h.s. of (4) in
terms of a leads to the result

I (3u)ar—

v—ptlogy—tn — 20777
Qu-ntlgy—tu] To—dug1) e (5)
- I'(3)
or I= g gy e (®

This is known as Weber’s integral.

* Multiplying the r.h.s. of (2) by ae-?% and integrating with respect
to a from 0 to+ o, we get

w-pHgr-tu] g ﬂ: e-v8 [ (: at”. J,(W;t) dt /t}(v—u+2)] da.

Using § 9B, Appendix III, it may be shown that the order of integra-
tion is invertible, so the foregoing may be written

P-mtigr-iu] = g ﬂ: the-1 gy (: =93 ()], (2Vat) da,

-]
=P'"So e~t/Ptu-1dt as in (3).
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5:162. Example. Evaluate I=I tsin at dt/(1 +12), areal >0.
0

Taking a=1/p and replacing sin at by its L.T., we get

tsin at © t2p dt
L St L T ()

provided that the order of integration in the repeated integral
corresponding to the r.h.s. of (1) may be inverted. This step

can be proved valid,* so we resolve (1) into partial fractions
thereby obtaining

I=(pzp_1) I: (tzjfpz_tzil)dt’ e ereeeen(2)
=(§zl’:_l>[gp-g], e nnn(3)
=%w£_—i=§we—“. PR (-3

Hence Io tlﬂr ttht 3mETO (5)

5-21. Expansion of — Ei (- t)=f e ™ dx/x, 0<t<e.
From the list we find that T
-Ei(-t)=log(p+1)=logp(1+1/p)=logp+log(l+1/p), ..
=]ng+l_.}_+_]."__
p 2p* 3p®
the series being absolutely convergent if | p|>. 1, a condition

which can be satisfied. Interpreting (2) term by term by aid
of the list, we get

t2 3

—Ei(-t)=~-y-logt+t— 3 aitg g e (3)

=-y-logt- (-—l)rt’/r rloiin(4)

* Using analysis akin to that in 3° § 10, Appendix III.
t The L.T. of - Ei(~-¢) is found by applying theorem 12, § 2-23.

Then since e~t = p/(p + 1), we have ‘:} e~ defr= gz dp/(p+1)=log(p+1).



112 MODERN OPERATIONAL CALCULUS

The series in (4) is uniformly convergent in any finite interval
0<{t<h, so the conditions in § 2-18 are satisfied, and term by
term correspondence is valid.

*5:22. Expansion of J,(2a./t)},(2b/t) in terms of Bessel
functions.
From the list

J,(2a./t) J,(2b./t) 2 e~ [ (2ab/p), ............(1)
R(v)> -1, a and b real>0. Now
e~(a’+b’)/r[y(2ab/p)_—:e—(a’+b’)/1ﬂ 5 (ab/p)wzr/,,.!p(,, +r+1), ...(2)

whilst vz, (2c,,/t)=c" “e=IP, iiieiieeeennnnn(8)
Interpreting the r.h.s. of (2) term by term using (‘3), we obtain

a?b?t J, .0 [2VE (a% +52)]
I, (2a48)J, (2b“/t)* ( 2+b") rICw+r+1) ° (4)
the term by term correspondence being valid, since the con-
ditions in § 2-18 are satisfied. Writing }a for both a, b, and
¢t for /t in (4), we find that

Com( at ', (aty2)
Jrat)=Z (2J2) o P RS (5)

*5-23. Expansion of pe~V#'+#//p? 1 a? in terms of K, (bp).
From the list

(2 - b2 (2b)"+1/2r(l‘+1)K

Jr pu—llz
t>b,breal, R(u)>-4. Now

J, (aNt2 —b2) = ( 1)r
so it follows from (1) that

13 (BD), v, 1)

( %a)v+2r (tz ba)lv+r
T (2)

J, (a2 —b?)
1 = rav+21‘bi(v+l)+r1"(%v +r+1)
= in rfo (- I (v +7+1)(2p)+r-1h Kisra @), @)

R(v)> -1. The series in (2) is absolutely and uniformly
convergent in b<{¢<Ch, whilst series (3) converges absolutely,
thereby satisfying (a), (b) in § 2-18. Furthermore

Jo(@VB —b?) o pe P e [ Jpi L ad, ..un.nn...n(4)
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so by Lerch’s theorem §§ 1-14, 1-16, if v=0 in (3), we obtain the
expansion

~bVpiia? w 2rpr+1/2
pe® 1 , atrbr+
m=;1—/—2,§0 ( - ]) WK*_,., (pb). ......... (5)

*5-24. Expansion of J,(u) in terms of Laguerre poly-
nomials.

From the list, when a is real and > 0, R(v) > -1,

panL,y (t)JLF(l"iﬁl) (1= 1/P), v, (1)
, o G/"L,,"(t) ea—alp boa —
80 tnfol“(u+n+1)= > <= (tja)esd, (2N at), ......... (2)
or J,(2Nat) =e-a(at) f arL,’(t)

Z Ty o ®)
Writing ¢ =1 and ¢ = }u? gives, with BR(v)> -1,

5 Le(w)

=e-1(1ly) 2 -——”—4——~ csesescsssascecs
Jv(u) € (2u) n=0F(V+n+l) (4)

The analysis is valid, since the conditions in § 2-18 are satisfied.
This should be confirmed by the reader.

*5-25. Expansion of cos(t-}x) in terms of Laguerre
polynomials.

From the list and (4) § 2-11

Lyn(20) (1= 2/p)2. covveeveeeeervernennn(1)
By (2) § 2-13 and (1) above

—t - P (P-1\*"_ P g
e=tLy, (2¢) p+l(p+l) _p“,e ) eerreeeens (2)
where B=(p-1)/(p+1). Thus
et 2 (-1 Lyn (@)= Ly (1= oot ), (D)
_. b 1 \_p(+])
‘p+1(1+ﬁ2)‘2(p2+1)’ ........ (4)

provided | 8| <1 for convergence. Interpreting the r.h.s. of
(4), we get

4(cos ¢ +sin t)=2(p2:8+ 1)+ 2(p£0+ ' R ()|
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Hence by (3) and (5)

008 (£ — Jmr) =/Ze~t 50(- 1)7Lign (26), weveveeenn(6)
n=
the conditions in § 2-18 being satisfied.

*5-26. Expansion of sint in terms of Weber’s parabolic

cylinder function.
From the list
e“Dz,,+l(~/§i)=~/;/§ 2n+1)!(1/p - 1)*/2%0! Jp, ...... (1)
80 ~/2e*"£0(— 1)» @t 1),D2”+1(~/2t)
=7Jp é’o(- 1 Qp = 1)n) e (2)
=r/pel-trzedmttd 5 (2 /t) ooveennenen. (3)
=esin 2,/f. «.c.ooiiiiiinn, 4)
Writing ¢ for 2,/¢ in (2) and (4), we have the relationship
eif- lnfo(— 1)» (2n+ @n il Dy, 1 (t[J2)=sint, ......... (5)

the term by term correspondence conditions in § 2-18 being
satisfied.

*5-27. A formula of Poisson [ref. 10].
We commence with the long established formula

@
wcoth u=1+2u? 2 1/(u?+an?). ...............(1)
n=1
Substituting v ==/p in (1), we get
a0
mJp coth m/p=1+2 2 p/(p+n?), wceerviniinins (2)
n=1
)
1422 e i (3)
n=1

from the list. The r.h.s. of (3) converges absolutely and uni-
formly in ¢, <t <t if £,>0.

-u
Also coth u -—Z te

—=(1+e ) (1-e~2)-1, ..........(4)

142 Z e oo (B)

n=1
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provided R(u)>0. Thus

m/p coth m/p:w,,/p[l +2 z e‘z""\/f’], IR ()}
n=1

eVat|l+2 2 e-"""/‘], vereernenna(7)
n=1

the term by term correspondence in (6), (7) being valid, since
the conditionsin § 2-18 are satisfied. Hence by Lerch’s theorem
§§ 1-14, 1-16, (3) and (7) are identical, so

-] . 2]
142 B e-tiaiafi[142 5 o], ()®

n=1 n=1
t being real and >0. The result holds for R (t)>0 also, if ¢ is
complex.
*In Math. and Phys. papers, Vol. 2, Article 72, Kelvin gave the
more general formula
020' e~ @ty [1 +2 z‘ e ™" cos Zmnae
= -0 n=1 2

See also Heaviside, Electrical Papers, Vol. 1, p. 88.



VI

DERIVATION OF LAPLACE TRANSFORMS OF
VARIOUS FUNCTIONS

6:1l1. In the course of mathematical analysis during the
past century or more, many infinite integrals akin to (1) § 1-11
have been evaluated without any regard to their being Laplace
transforms. The infinite integral is a standard type employed
in integrating various functions.

The L.T. of a function is not always obtained by direct in-
tegration of (1) § 1-11. It is frequently expedient to employ
various artifices to simplify the analysis. Sometimes an
approach via the complex integral part of the Mellin inversion
theorem (Appendix IV) may be preferable. When the L.T. of
a function has been found, other L.T.S. can be derived from
it by aid of the theorems in Chapter II. In what follows,
we shall illustrate several methods of obtaining L.T.S. For
additional information respecting the derivation of various
L.T.S., the references on p. 212 marked * and those in [13]
may be consulted.

6:12. Example. Find the L.T. of #logt, R(v)> -1.
By § 112, we have

pre-vttvdtzra FV)P, correrreenererenne(1)
0 .

R(v)> - 1. Theintegral may be differentiated under the sign
with respect to v, since the resulting integral converges uni-
formly with respect thereto (see § 12B, Appendix III), so

pr e~?'t log tdt:I1 (L+v) L(1+v) lng- v (2)F
0 V4 P
Thus v log t=1115:—v) [$(1+v)~log p], ....... (3)

t By § 1:211 the integral is absolutely and uniformly convergent if
R(v)> - 1.

116
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where «/1=I"/I"=% log I'(1 +v). When v=0, we have the par-

d
ticular case, with y= -4 (1)=0-5772 ...,
logt=> —y—logp, «ooovvvrviniiiennnnn. (4)
or log (1t)>y+logp. ccovvivvviinniiiiiiinnnan(B)

Differentiating (2) with respect to v, and writing
[¥(1+v)-log p]=x, gives
4 r e~?'t log? tdt
0
_TA+n)y (1+)
pv
with B(v)> —-1. Since
$p=I"[T" and §'(1+4v)={(2,v)*

+£—,[1"(1 +v) =I'(1+v)log p], ...(6)

(6) leads to
¢ log? t/I"(1 +v)
={[¢ (1 +v) - log pI* + L (2, v}/p* =[x* + L (2, I[P ..(7)
In particular if v=0, (7) gives

log?t=(log p+y)2 +72/6, wvvniiiviniinn o (8)
with 72/6 ={(2, 0) =0,.
Differentiating (6) with respect to v, we find that

¢ log®/I'(1 +v)=[x* + {(2, v){2x - log p} - 2{(3, v)]/p’, ..-(9)
R() > -1. In particular with »=0,

2
log3t= - (logp+y)3—%(2y+3 log p) - 205, ...... (10)
where 20, =2{(3, 0)~n3/12-89718 ....
6-13. Example. Find the L.T. of sinh~!¢.

Now d%asinh—1 t=1/J1+22, and from the list

P I: e~ dt/JW:’;—Q[Ho(p) - Y.,(p)]. veeenenn(1)
Hence by (4) § 2:156

Sinh_lt=%ﬂ[Ho(p) - Yo(_p)]. o teesesssccscase (2)
* See [13] for definition of the Zeta function {(v, ¢).
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6-14. Example. Find the L.T.S. of (a) erf /¢, (b) J,(¢).

of yt=—e [ et 1
(a) € Jt_j;’jo e X .......................( )
By §;124, Appendix;III,

d et

2 f t—_—*::. v essssecesvssssncssstnnee 2

By (3) § 1-12
L Lz e
Nt T
Applying (2) § 2-13 to (3), we obtain

Do v enn(3)

e“/~/7—r—t=1—)%~/ﬁ-i=p/~/f—)-+_l. ORI (-3
Hence by (3) § 2:15
j Lot dtjNmt=erf Jt1/ND+ 1. oreeeeerenne. (5)
0

This result may also be obtained by expanding e=#* in (1),
integrating term by term and substituting the L.T.S.

®)  Jod) =§0( 1) B/, e (6)
80 Jo(t)=pI: o7t [éo( S 1P GO |t ()

It can be shown that the series in (6) is uniformly convergent in
the range t>>0 (see § 6, Appendix II), so by § 2-18

Jo(t)=p fo(- 1)r r [e=2t(42)2/(r))2] dt, ......... (8)
r= 0
- R ) »o 1y1:3.5...2r-1
= 2 U ggngs =1+ B = (0)
ZPINPEHF L. it e e e e e 00 (10)

The reader should confirm that conditions (@), (b) § 218 are
satisfied. We may also write

Jo(it)zlo(t)=’f.; G¥/(r!2=p/Np - 1. ..........(11)
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6:15. Example. Obtain the L.T.S. of
/2 ber, /t and #/2 bei, \/t, R(v)> - 1.
From the list
v, (2Vat) s’ 2e=01Pp | ..o (1)
For a write }¢3, and we get
1v/2gildp  o(i/Ap)+E mi

g (132t = © eeerreeaeeaees 2
=y ="y @)
Thus #/2(ber, \/t +¢ bei, /t)
1 1 3 .. 1 3
::W cos (@+va>+zsm (@+ZW)]’ ........ (3)

provided the infinite integral of type (1) § 1-11 corresponding
to (2) converges (see 5 § 8-2). This is easily proved to be true
if R(v)> -1, so separating real and imaginary parts in (3)—
assuming v real and p real >0—we obtain

1 1 3
P2 ber, Jt> - - cos (——+_wr) ) eeereeseneines 4
v (219)” dp 4 @
1 3
y [2 —
and /2 bei, ,,/t=(2 F sm( +4v7r). .............. %)
In the particular case when v=0, we get
ber (/t=>cos (1/4p), «.vvvviviiiiiiaeiinnnni (6)
bei Jt=sin (1/4p). wevevviniviiinnenennnnnnn(7)

Expanding the r.h.s. of (6) and interpreting term by term, we
have
(/4p)* _ & (= 1) (3
(27‘) '- =r£)-§—2r—ﬁ-§7)—!]"z— . ......-..(8)
Term by term correspondence in (8) is valid, since the series
in p is absolutely convergent, whilst that in ¢ is uniformly con-
vergent in any finite interval 0<{t<(A (see § 2-18). Consequently
the r.h.s. of (8) is the expansion of ber ./t. Changing /¢ to ¢
gives

L_%
= — 1)
cos i r;o( )

ber t— = 1) (3e)4/[(2r) 102 . eeenann(9)
In like manner it may be established that

bei t~ w ( =1)r(3nr+2[(2r+ DI ...l (10)
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*6-16. Example. Given that
Jo (@2 —b?) = pe~t¥P+a/pt 1 a2, a and b real >0,
obtain the L.T.S. of
Ji(avt2 —b%)/NV1E = b2, and Vi — b2 J, (i - b?).
By definition (2) § 1-31 and the given L.T.

P r e~?tJ (a2 — b2)dt =pe‘WPT“’/~/p*+a§. ........ (1)
b

Differentiation under the integral sign with respect to b is per-
missible, since the resulting integral is uniformly convergent
(see §§ 12, 13, Appendix III), so we have

2 [R—
» j R (““’t bzbz) ¢=£(e—w-e—b~/w’+a’), ........ @)

=J, @V -b?)JiE-be. ......(3)

Differentiating (1) under the integral sign with respect to a.
leads to the result

»| 1, eI B, (a5 di
pae—wp’w'
(p®+a?)
=V -b2J, (aViE = b?). ................. (5)

Dividing (2) throughout by p and differentiating the r.h.s.
with respect thereto, by (4), (5) § 2:17 we get

J (a~/t2 b2) p[ pe"’*’"”f“’J .......... (6)

N Vp?+a?
The term pe=® in (2) a,nd (6) is the L.T. of I (¢ - ), the impulsive
function of unit strength which occurs at ¢=b (see §2:19). In
each case it is neutralised by an equal but opposite term in the
expansion of the second function in brackets, since neither of
the Bessel functions in (3) and (6) is impulsive. The reader
should prove the validity of all three differentiations under the
integral sign.

(b +1/Vp?+a?), ......... (4)
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*6-21. Derivation of L.T. from the functional differential
equation.

The L.T. can be derived from the differential equation for the
function f(t), although this is not necessarily the most direct
and facile mode of approach. In fact in certain cases it may be
cumbersome and protracted, e.g. that illustrated in § 6-23 et
seq. Nevertheless we shall exemplify the technique, as it may
be a useful alternative sometimes. In effect it constitutes a
method of solving ordinary linear differential equations with
variable coefficients.

The equation to be solved will usually have coefficients ex-

pressible as polynomials in terms of the independent variable.
Let it take the form

d y dn 1 _
()dtn g1(2)- Jet Y e gy =0, e (1)

where g¢,(t) is a polynomial in . As in Chapters III and IV,
we replace cach term in (1) by its transform. With the above
equation, having variable coefficients, it is preferable to omit p
outside the integral sign in (1) § 1-11, and as in § 2-144 to define
the transform thus :

yt)=D(p)= I e Py (@) dt. coviiiiiiiiiis (2)

Formulae (3) § 2-144 and (1)—(3) § 2-171 are needed to construct
from (1) what may be regarded as its transform equation.

*6-22. Example. Derive the L.T.S. of sin ¢ and cos ¢ from the
differential equation for the circular functions.
The requisite cquation and its formal solution are, respec-
tively,
d*y
de?

Employing (3) § 2-144 with y ()= P (p), we have

+y=0; y=Asint+B cost. cereneenane(1)

d ,

&iz’apzqs-pym)—y (0). everererrernrreeenn(2)
Hence by (1) and (2), the appropriate transform equation is

P2D —py(0) =y’ (0) + D=0. .eoecvrrrerereennna(3)
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Now when y=sin ¢, y(0)=0 and y’(0)=cos(0)=1, so (3) re-
duces to

PP+ D)D=1, covereeeeeeeeeeeerieeeeen(4)
or D=1/(P2+1), coverrrrrrreiinerninnnns (8)
giving sin t=>¢ () =pP=p/(P?+1). ceccevvirrnne (6)

When y=cos ¢, y(0)=1, y’(0)= —sin (0)=0, so (3) yields
P2+1)DP=D, cevrvrvvinniiniiiniininnnnnn(7)
or cos tpDP=p2/(P2+1). cecevvrririnniinnnnnnnn, (8)
This analysis should be compared with the procedure in § 2-181.

By altering the sign of the first y in (1) above, the L.T.S. of
sinh ¢ and cosh ¢ can be obtained.

*6-23. Example. Obtain the L.T. of Z,(¢), the modified Bessel
function of the first kind of order v, from the appropriate dif-
ferential equation.

The equation in question is [see 11, (1), p. 102]

2 2
dy  ldy _ (1 +3’_> G=0. coreererrererrenenn(1)

et dt 2 _
If v is non-integral, two lmearly independent solutions are
I ( 1 t):l:v+2r 2
:‘:V(t) r=0 m) -------------------- ( )

while an alternative second solution is

SO =L (O] erereerereeerennn(3)

When v=n, an integer, /_,(t) is not an independent solution,
since I,=1_,. The second solution is then K, (t), the limit of
(3) as v—>n.

First we write (1) so that all the coefficients involve positive
integral powers of £, thereby obtaining

1
K, ()= sizﬂ v

124
s +t——-(t2+v2)y 0. covvreerereerenenn(4)

By aid of (3) § 2:144 and (1), (3) § 2-171, the transform terms of
(4) are found to be,

,; g__,paq;n 4D 42D, oo, (5)
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dy ,
t Ei - —p(p b ¢, ...................... (6)
—ty--d" s seseeseeesesnsinnenaes (7)
—viy=- - 129, (8)

the dashes signifying differentiation with respect to p. Adding
together the r.h. sides of (5)-(8) and equating to zero, we
obtain the transform equation

P*-1)D" +3pP' +(1 —v?)D=0. .......ce.....(9)

*6-231. Solution of (9) § 6-23.
Let @=xz/u, where z is a twice differentiable function of
p, and u=+p2—1. Then

A9 _1ldx_ TP _ dr_ap ‘ (1)
] P Pl I it S EERUTIRII R
gP(b 1d* 2pdx dx AP 3p™ @)

dp?  wdp® w?®dp uS! u? I e

Substituting from (1) and (2) into (9) §6-23, leads to the
equation
(p? - 1)dp +p§;—v2x 0 eeeeeeeeeeaenenn(3)
Now write p =cosh w, and
de 1 dv dw 1 d coshw de =,
dp sinhw dw’ dp? sinh?wdw? sinh3w dw "~
Substituting from (4) into (3), gives the elementary equation

d’l,l—‘2 —vr :0, ............................. (5)
of which the formal solution is
Z=Ae?+Be ", iiiiiiiiiiniiinn o (6)

Since w =cosh-'p=log(p +vp? - 1), and &= x/Jp -1, (6) be-
comes

_A(p+pi-1y B
@ - T TR TR (7)
so ¢(p)=pP(p)
Ap B . (8)

"I i@tip- 1) Vo 1(padpo1)

where 4 and B are arbitrary constants.
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*6-232. Determination of B in (8) § 6-231. .

The series for I_,(¢) in (2), § 6:23, may be derived from that
for I,(t) by writing —v forv. Apart from A, B, the two linearly
independent solutions in (8), § 6-231, are mutually derivable
by the same change. When ¢ is small, if we let p—>+ o asin
1° § 2-31, the second member of (8), § 6-231, yields

B2p)"=B(MPIT(14+7), ceeeieeeereeeeanaenns (1)

by (3), § 112, provided R(v)> —1. If B=1, the r.h.s. of (1)
is the first term in the expansion of I,(f). Hence we infer that

L) =p/Np = 1(p+Vp2P=1), e )
provided R(v)> - 1. The A member in (8) § 6-231 may be
treated in a similar way.

Although I,(t)=1_,(t), » a positive non-zero integer, owing
to the above restriction, 7 _, () has no L.T. A similar remark
applies to

Jn@®=(-1"J4(2).

*6-24. The L.T. of K, (t), a second solution of (1) § 6-23.
By (3) § 6-23 and (2) § 6-232, we have )
P 1 1
K, ()= - | . .1
0= 23“1"‘"' ~/p~1 (p+pr-1)~ p+~/p2—1)v:| M

n (2) § 6-232, R(v)> — 1, so the first bracketed member in (1)
holds for R(v) <1 only. Consequently the range for the com-
plete formula is ~1<R(v)<l. When v=0, (1) assumes the
indeterminate form 0/0. Writing (1) as

T 1 P e
K'(t)=-2T/;%j Cimom [ +YPE -1y = (p+Vp 1), ...(2)

and differentiating the numerator and denominator indepen-

dently with respect to v, we obtain

P 1 S S
2/p? -1 " cos W[(p+Jp2_ 1ylog(p+~p*-1)

+(p+~p2-1)~log (p+ x/})?:'l)]. «..(3)
Substituting v=0 in (3) gives

Ko(t)=7éi—__—‘ilog(p+~/p2—l). ................. (4)
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This result may also be obtained by aid of the relationship

*6:25. The L.T. of I, (t) obtained by the Mellin inversion
theorem.

A standard contour integral is [reference 12, p. 86, z and ¢
being interchanged]

L(t) =%%, fi ettt +l . n
which holds for all values of v and t. If R(v)> ~1, we may
write
I,(t)=§§).v‘r—' ile“"’“dz/z'“. e en(2)
2m e—in
The contours for (1) and (2) are illustrated in Fig. 18. Sub-
stituting z +12/4z = {t, or z= + (L +~V{® - 1), we have
dzjz=dlN -1
Z plane Y 1

Toc+ie
e~ C—>

fow\ ﬂ
XN/ X

< 0!

Y’ |

Toc—iw

Fic. 18.—The contours ¢+ iz, and —w, 04, - o, which are, re-
spectively, Br,, Br, of referenco 12.

[ref. 12, pp. 86. 87, 315]. Consequently (2) takes the form

I,(t)=§1170.r+me“d£/~/cz— LZ+VETTY, woevreenenn, 3)

c—in

so by the Mellin theorem, Appendix IV, ‘
I,(t)=¢(p)=p/J;)?—T(p+Jp2— IV, eveeereenennena(4)
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This analysis is briefer and neater than that given in §§ 6-23—
6-232 ; a not uncommon occurrence where complex integration
is concerned.

As exercises, the reader should reproduce some (or all!) of the
L.T.S. in the list. Occasionally it will be expedient to obtain
results by aid of the Mellin theorem. In the expansion of a
L.T. obtained from an integral like (3), in all terms of the form
p*, R(v)<l. Otherwise the corresponding contour integrals
would diverge, e.g. there is no integral of type (3) correspond-
ing to ¢(p)=p. The Mellin theorem is not applicable when
R(v) =1 [see ref. 12, p. 159 and Appendix VII].

*6-31. Solution of differential equation with variable co-
efficients by inversion. The procedure in §§ 6-22-6-232 pro-
vides a means of solving linear equations by direct application
of the L.T. We shall now show how to solve an equation by
an inversion process using the L.T. Let the equation be

d*w dw
2 _ —_

(uw +1)d 3 3udu Fw=0. ceoviiiiiiininnnn(1)
Writing p for u, @ for w, we obtain the transform type of
equation

(P2+1) D +3pD + P =0....neeeveeenrnnn(2)
Next we get the equation in ¢, of which (2) is the L.T. version.
By (5)-(8) § 6-23 we find that the equation is

2y +ty’ +t%y =0, or y”+—tl—y'+y=0. RN )
Then by reference [11, (34), p. 7]
Yy=AJg@t)+BY (), oovrvririiniiniininnnnn(4)

where 4, B are arbitrary constants. From the list, the trans-
form version of (4) is, absorbing the factor — 2/= into B,

4 B —_
O=¢[p=—Fr—t ——— P2
$/p Tl Jpiid log,(p +vVp?+1). .e.....u(5)
Hence restoring the original variables, the solution of (1) is
4 B
W=z + log, (u+~u2+1). ............(6)

Vur+l Juril
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*6-41. The type of function represented by ¢ (p). Many
of the functions in the list and in reference 13 are mono-
tonic for p real.* The L.T. of a monotonic function f(f) must
itself be monotonic. The L.T. of an alternating function may,
however, be monotonic, e.g. sin t=p/(p?+ 1), J,(t)=p/Np? + 1.
This occurs, since in both cases e~?%f(¢) is an alternating func-
tion such that any positive area between it and the ¢ axis is

greater than the succeeding negative area. Thus X positive
areas > 2 negative areas. The same holds for f(f) =e®* sin ¢,
estJy(t), where a is real > 0, p > a. If ¢(p) is an alternating
function, it follows that f(t) alternates also, e.g.
t-1/2 sin +/2¢ sinh ~/2¢ = v7p sin 1/p ; ber 2,/t=cos 1/p.
Since f(at)=¢(p/a), if the latter has an exponential factor of

the type e=®V?, e~a/?_etc., and integral (1)§ 1-11 converges when
a is imaginary or complex, then ¢(p/a) will be an alternating
function. For instance

t12 e Mt PP e (D

Now (1) § 111 converges when f(¢) =t-1/2¢~9"/t and a?=t, so

with a = +.,/i=--l—~(l +1), p real > 0, (1) gives

J2
-1 g=illtm ape-HONDIZ L (2)
Separating real and imaginary parts, we get
t-112 cos (1/4t) N mpe VP2 cos Np[2, oveverennne (3)
t-12 sin (1/4t) = mpe~ NP2 sin Jj)_/;é. .............. (4)

Another example is given in § 6:15. In (3), (4) the interval
between consecutive zeros of f(¢) and of ¢(p) increases with
increase in ¢ and p, respectively. Neither function is periodic,
since it does not repeat itself exactly at a constant interval.

*In terms of a complex variable, ¢(p) is an analytic (regular or
holomorphic) function of p in that part of the p-plane on the right of

the contour ¢ 4-40 . See Figs. 4a, 18, and Appendix IV. Singularities
are treated in [12].

T A function of this type which is monotonic increasing to a maximum,

and monotonic decreasing thereafter, might be regarded as ° piecewise
monotonic’,
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As a matter of interest, the reader should plot the functions
on both sides of (3), (4). '

Functions involving e*v¢, es/t may yield an exponential factor
when the Laplace integral is written in a form suitable for
evaluation. Thus with ¢=v2//p,

a0

a0
pjo TP Yt = 22V IpRI | VIOt G, .....(5)

=NTPEIE e (6)
which gives the factor e~2v?,



*VII

LAPLACE TRANSFORM FOR A FINITE INTERVAL:
IMPULSES

7-11. Example. Find the L.T. of sin wt for the interval
t=mm/w to nrjw, n>m, both being positive integers.

In this case the L.T. is found without the aid of special
formulae deduced in § 7-12. Referring to Fig. 19, the function

This part supprassed This part suppressed

AN ANWAWAWA JA
o] \/ \V V VUV V \VARV/
«—— M/, ___,,_2_&@ Values of t

(@

D ﬂﬂ/w

ANANWAWA
o V V UV V Values of ¢
< (n-m)m, ———— ®)

F16. 19.—(b).—The bounded, continuous function
ft)=0 ]_O$t$?n1r/w, Tfstsao
w
=8in wt J mnjw <t <najw, n>m,

must be suppressed from ¢=0 to mn/w, and from t=nnjw to
+w. Moving the origin to ¢t =mn/w, the L.T. of sin wt from
this point to + oo is, by § 2:12 and the list,
$(p; mmjw, o )=temloup/(p?+ w?), ..ceoennnn(l)
according as m is even or odd. Likewise the L.T. from nw/w
to + oo is
d(p; nmjw, ©)=ke P up/(p?+ w?), oeunneen(2)
according as n is even or odd. The L.T. from t=mnjw to
nn/w is the difference between (1) and (2), namely,
$(@; mmjw, nmjw)= twp (el - emmrmle)[(p? + w?), ...(3)
according as m, n are both even or both odd. If m is even but
7 is odd, we have

d(p; mmjw, nmjw)=wp (emPTIe + e~nPmie) [(p? + w?). .....(4)
129
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7:12. General formulae. If f(¢) is continuous in the finite
interval b, <t <hy,*h, >0, we define the L.T. for the interval
to be

he
$(p; by, Fo) =p_“hle—“f(t)dt. evereeneeeeneene(1)
Integrating (1) by parts once, and inserting the limits, leads to

provided f’(f) is continuous in A, <t<h,. Repeating the
process of partial integration, if f(¢) and its first n derivatives
are continuoust in kA, <t < hy, b, >0, we find that

é(@; by, hy)= jé‘:p—"[e-""!f ) (hy) — e~Phaf(r) (hy)]

hy
- j’ e (B L. oo (3)
hy

When h,— + o, (3) is true if e=#¢f()(¢) is bounded and con-
tinuous in ¢>h,, for r=0, 1, 2,...n, p>p,>0. We get

n—1 0
B3 by 0)=e Z porfo ) pmn [ et @t ... (8)
r= h
If h=0, (4) becomes ’

0 n—1 0
¢(p)=pj erf(t)di= Zp"f(’)(0)+p""+1j ePtfm) () dt. ....(5)
0 r=0 0

From this it follows that when p—>+w, ¢(p)—f(0), ie.
lim ¢ (p) =£(0), provided the preceding conditions are satisfied.
p—>+®

Taking A, =0 and h,=h>0, in (3), gives
n—1
$(p; 0, )= 2 p~[f")(0) - e~ f")(h)]
r=0
+p—n+1j =P ({)dh, .........(6)

* See, for instance, Fig. 20, where f(¢)=¢? is continuous in 0 <t <h.
. F@)=) 0<t<h . . .

If the function defined by _ 0} t< 0, 25h } is repeated indefinitely
with period h, finite discontinuities occur at ¢=nh,n being a positive
integer. At amny point # within the interval t=0 to A, continuity
implies that F (¢, -0), F(t,), F(f,+0) exist and are equal. In the
present instance f(f), but not F(¢), must be continuous at the end
points ¢=0, h; so f(0-0), f(0), f(0+0) must exist and be equal,
likewise f(k — 0), f(h), f(h+0).

+ Continuity of f®)(¢) implies that of f)(¢), =0, 1, 2, ... n - 1,
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Since ¢ (p; 0, k) =¢ (p; 0, 0 ) —$(p; k, ), from (4), (5) we obtain
-1 0
$(0;0, b) = (p) - e—m"zo PO (h) - p-»+1I P M (g)dt. ...(7)
r= h
Writing f®)(t) = ¢, (p), (4) may be expressed in' the form
n—1
$a(D; by o )=p"$(p; h, © )—e"’"rﬁ)p”“’f‘”(h)- seeen(8)
From (6)
n—1
$a(0; 0, h)=p"$(p; 0, ) - rfoP”"[f ®(0) —e=22f")(R)]. (9)
Adding (8), (9) we reproduce (8) § 2-14, namely,

n~1
¢,,(p)=p"¢(p)—rfop"-’f(')(O). S 0 1))
7:13. Example. Obtain the L.T. of F (t) =t* 0t <h, k finite,
=0 [t<0, t>h.

Now t3 and its first derivative 3f2 are continuous in the interval
0<t<<h,s0 by (7) § 7-12 and (3) § 1-12, we have

3! 3h% 6R\ 3!(=
30, B)=— —e Pt (h3+——+——> ———1[ e-rtdt, ...(1
¢(p ) ps P pz pg A ( )
3! 3h2 6h
Thus Fit)=—(1 —e» —e"’"(h’+~——+—~) ) ereceecens 2

and when A— + oo , this degenerates to

F@)=f@t)=d(p)=3!/p3 «.coevrrvrviiereen(3)
The function F(t)=13] 0t <h,
0}t< 0, t>h
to represent an impulsive force* whose magnitude and duration
are finite, is depicted in Fig. 20. It is finitely discontinuous at
t=h. The strength of the impulse, as distinguished from the
tmpulsive force, is defined to be

}, which may be considered

i.e. the shaded area in Fig. 20.

* That is to say in a practical application where F'(¢) is the functional
form of a force applied to a system.
b3 M.0.0.
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F(t)
_l]1=ta
/ To + N
0_‘__ h —> Time t

y = ~¢3 (image of y, from

\ t=h to+eoin time axis)

o

\
]

F1a. 20.—The bounded function
F(t)=1t } 0si<h
=0 ) t<0, t>h

It is continuous in ¢>0, except at the finite discontinuity t=h. In
t< 0 and ¢ >h it is zero.

F(t) may be regarded as the sum of two.functions, namely,
Yy, =13, 0<t<oo, and y,= — 13, h<<t<w. Moreover, the third
and fourth members of (1) represent the L.T. of y,, i.e.

=B\ h<i<ow _-h(a 3h2 6k _{5_)
Y= 0}t<h }: e? h+p+p2+p3. ...... (8)

7-14. Periodic impulses of finite duration: Fourier ex-
pansions.

When an impulse of the type contemplated in §7-13 is
repeated indefinitely (see Fig. 21a), the corresponding function
of ¢t can be expressed as a Fourier expansion, provided certain
conditions are satisfied [3, 4, 16]. Throughout the interval
t=0 to h, the function (@) must be single valued except at its
discontinuities where it is finite;* (b) the discontinuities,
maxima, and minima must be limited in number. Let the L.T.
of the zeroth period from ¢t =0 to A be ¢(0, h)—omitting p for

* See 1°§ 1:15. These are in effect the conditions specified in 1829 by
Dirichlet (a pupil of Fourier) for the expansion of a function in a Fourier

geries. Less stringent conditions are sufficient [4], but those given
above are suitable herein.
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f a repeated to + (@)
¥
0 h h h Time axis
Zeroth period
f a repeated to + = (b)
¥
0 a Time axis
te— h — h
je—— Zeroth period ———>
(c)
Fe) a /:peatcd to+w
Ole—p hy Time axis
le——— Zeroth period ——>

Fia. 21 (a).—-TIllustrating a positive periodic function.
(b).—Tllustrating an alternating periodic function.
(c).—1llustrating a positive periodic function.

These functions are bounded, and continuous in ¢ > 0.

brevity—then that of the nth period is e~"?*¢ (0, h). Assuming
the necessary conditions to be satisfied, by (1) § 712 we have

) h L)
$(0, 0 )=¢(0, h) Z emrh= [pjoe—mf(t)dt] Zemmh (1)

For the series to converge we must have [ e~"?*| < 1, and since
we postulate R (p)>0, this condition is fulfilled. Thus

$(0, ) =9 (0, W)(1-e-) =| p j:e—mfa) at)[(-em). @)

Then the Fourier expansion of the repeated (periodic) function
is the interpretation of (2) in terms of ¢ for the range ¢>0.
Since the period of the function is 4, so also is that of the series.
Hence the series will have the same sets of values for the
intervals (-h, 0), (-2h, —h), ... as for the interval (0, h).
Consequently the series repeats the function when ¢ <O0.
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We may write (2) in the form of an integral equation for
y(t), thus

pj: ety (B)dt=¢ (0, h)/(1 ~ e=21), v.eveve...n(3)

y(t) being the Fourier expansion. The simplest method of

solving (3) is to use the Mellin inversion theorem (see Appendix
IV). If the conditions for its validity are satisfied, we have

L (ot . $(z; 0, h)dz

= 2t . veend(4

YO8m), 0 e e *

The singularities of the integrand are all poles, the factor

1/(1 ~e~**) contributing an infinite number of them. In

evaluating an integral of this type, where the poles extend to

infinity on either side of the imaginary axis, it is necessary to

show that the value of the integral taken round a semicircle of

radius 7,, on the left of ¢ +-i0 tends to zero as r,—>o . (See
below (7) in § 7-16.)

7-141. Alternate impuises reversed. The zeroth period
now extends from t=0 to 24 (see Fig. 215). The L.T. from

fm[\ N B Nt ™

o \I \| 2h \I 3h Time axis
’ repeated to +
T \ h (2h+hy) (©

) \I (h+h,) \J Time axis

Fia. 21 (d), (¢).—Periodic piecewise continuous functions representing,
respectively, the first derivatives of Figs. 21 (a), (¢). They are bounded
int=0.

t=0tohisd(0,h), t tfromit=hto 2his —¢(0, h)e** so
$(0, 28) = (0, B)[1 =], c.oerrrernnnni(1)
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Therefore by (2) § 7-14
$(0, 0 ) =¢(0, B)[1 - e=?*]/(1 — e~2st),
=¢(0, h)/[(L+e72). ioocoiiiniinniininnnann(3)

7-142. Impulse followed by quiescent interval. If the
impulse from ¢=0 to 4 is followed by a quiescent interval &,
(see Fig. 21c), the L.T. of the zeroth period is ¢(0, k+4,),
and that of the periodic impulse becomes by (2) § 7-14,

$(0, 00 )=¢(0, h+hy)/[1—e-2®+m]. ............. )
When alternate impulses of this type are reversed, we have ‘
$(0, 0 )=¢(0, h+hy)/[L+e-p®m]. .. ... 2)

the period being 2(h+4,). In the above cases and in § 7-141,

the Fourier expansion is obtained by evaluating an integral of
the type (4) § 7-14.

7-15. Example. Find the Fourier expansion of a semi-
infinite sequence of dots in the Morse telegraph code (see
Fig. 22). This may be regarded as the ‘ Morse dot function ’.

)
h >e h > a repeated to+
i .
o le— Zeroth ] Time t
period

Fic. 22.--The Morse dot function. It is positive, and periodic piece-
wise continuous in ¢>0. Finite discontinuities occur at t=nh, n a
positive integer.

In the interval ¢t=(0, h) the function is aH (t), while in
t=:(0, 2h) it is a[H (t) - H (t — k)], being zero in h <t < 2h.

Now aH (f)=a } ........................ (1)
and aH(t-h)=ae-»)’
so for the zeroth period ¢ = (0, 24), we have

alH () - H(t-h)]|=a(l —e=")=¢(0, 2R)..ccerrene. 2)

Accordingly by (1) § 7-142
$(0, 0 )=a/(l+e ). coieviiiiiiiininninnnnna(3)
Applying (4) § 7-14 to (3) gives
a ([eti®

f(t)zé}—i,“ ettdzfz(l+e~"). crererrennnend(4)

c—1%
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It may be shown that integral (4) taken round a large semi-
circle of radius 7,, on the left of ¢ +i00 (Fig. 18), which meets this
contour between the mth and (m + 1)th poles, tends to zero as
rm—>w (see remarks below (7) § 7:16). Then the Fourier ex-
pansion of the Morse dot function is obtained by summing the
residues at all the poles of the integrand in (4). The poles occur
at2=0,2h=(2n+1)m, n= — o to o .* Hence by the theorem
of residues [12, p. 45], we obtain

ot _
f=5+a sl | (5)
el T e
l dz —eh=2n+1)mi
1 ext
-a-a Z’ [ ] .................... 6
~2 nm—o LZHE ™ ) on 1y (8)

—a 1 2 2“.:; sin (2n+l)1rt/h]

2 T n=0 2n+1
The term }a represents the mean value of the dot function. By
applying Dirichlet’s test [3, pp. 59, 60, 127 ; 4, p. 152] it can be
shown that the infinite series in (7) is uniformly convergent in
the intervals 0 <t <h; h<t<2h; etc., where for convenience
we have used an open interval. In these intervals the series
represents a continuous function. For the first interval this
function is + }, and for the second it is —§. Thus

o ot
2 5 sin (2n + 1) wt/h _ +_1_

-2 1 = +g 0<t<<h, cevevnnnnn. (8)
2 % sin (2n+ )mtjh
and w2 T omrl T Rt 9)

The series is ordinarily convergent at the points ¢ =0, A, 2h, ...
where it has the value zero. The dot function is discontinuous
at these points, and is not represented by (7) thereat.

7-16. Example. An electrical generator of resistance R is con-
nected in series with a capacitance C, as shown schematically
in Fig. 23. The p.d. developed by the generator is given by
E=E,|sinwt| If C is uncharged and the switch closed at
t=0, £ =0, what is the current at any subsequent time?

* The so-called point at infinity (| z| infinite), is & limit point for the
poles. [16]. .
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The differential equation for the circuit is

4
RI+%I Td=B,[$in wt], veereerreerneen(1)
0

I being the current, which is a function of {. The transform
equation corresponding to (1) is by § 3-18

d(R+1/pC)=Ep,=E,|sinwt|, ...ccc.ce......(2)
since the system is quiescent in-

itially. The generator wave form | |
is the ‘ rectified ’ version* of sin wt, c
i.e. the first half period is re- R

peated indefinitely. The L.T. of
sin wt is wp/(p?+ w?), whilst that .
E=E,|sin wt|

of the same function commencing
at t=mn/w is, by § 2-12,

e~"Plogyp /(P + w?). s
The sum of these functions is me_. 23'1“— Sc}‘".mt:tic diagram
the L.T. of the first semi-period :ances];?ris,-t’r%ls nee-eapacy
of sin wt. Thus

__wp —aple
(0, 7T/w)~————————-(p2+w2)(l+e J0) e (3)
and by (2) § 7-14
’ _wp  [l4eml
¢,_(p2+w2)(l_e_mw). e eene(4)

Substituting from (4) into (2), we obtain

,._ Eow0p2 (1 + e-ﬂ)/w)
¢*(P2+w2)(pC’R+1) jpuper7) KERRRIREC)

Since (5) satisfies the conditions necessary for applying the
Mellin theorem (Appendix IV), we have

Iw%/R)wJ'c+i00 ezt(l +e»7rz/w)zdz (6)
T2m Jeiw (Pt @) (z+a)(l —emEle) T

where a =1/CR. The singularities of the integrand are poles at
2= —a, 2=2wni, n=— o to «, excluding zero by virtue of z

in the numerator. Owing to the factor (1 +e—%/@), there are no

* In an olectrical sense, the p.d. being unidirectional but pulsating.
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poles due to (22 +w?). Omitting Fw/R, the contribution from
the pole 2= —a, is

—aeot (1 +esmlo

(w=+a2)(1-ea"/w)' UONORURUVRRRRPON | )
In order to evaluate (6) along the path ¢ + ¢ , when there is an
infinite number of simple poles, we take a large semicircle of
radius 7,, on the left of ¢ 40, which meets it in two points
between the mth and (m+1)th poles on either side of the
imaginary axis. Then if we imagine m and r, to = , it can
be shown that the contribution to the integral from the semi-
circle—+0. Thus the contribution from c¢d4iew is the sum
of the residues at the poles. Hence by the theorem of
residues [ref. 12] the contribution from the poles at z=2wni,
n=—ow to o ,* excluding n=0, is

- etz(1 +e—mlw)
,f.w" — T — "l v (8)F
L(z +w )(z+a)(§(1—e mEfw)

z2=2wni

w @® eziz(l +6""z/“’)

—_— 4

=2 F [aroeraes ,w]z=m ......... JRURTRUR ©)

2 @® e2wonti 4 me _ e—2wnii 4,mq
7a=1Lw?(l — 4n?)(a + 2wni) w?(l —4n?)(a - 2wni)l’
_85 ( n ) [a sin 2wnt — 2wn cos 2wnt
T =1 \4n? -1 a? + 4w?n? ’
_8CR 2°.'°, ( n ) sin (2wnt — tan-1 20nCR)

4n?-1 V(1 +4w*n?C?R?)
Adding (7), (12) and inserting the external factor wZ,/R from
(8), the circuital current is given by

0 1 - -1

I=EwC [§ 5 ( n ) sin (2wnt — tan—! 20nCR)

T n=1 \4n? - 1 V(1 + 4?n?C?R?)

¢~t/CR(] 4 n/wCR)
"~ (1+w?C?R?) (1 — enlwCR) 1

The modulus of each term of the series in (12), (13) << K/(4n2? - 1),

* See footnote to § 7-15.
+ The dash on 2 implies omission of n=0.

...(10)

ceeeereeneen(11)

............... (12)

T n=l

..(13)
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where K is a constant independent of . Now K 1 /(4n?-1) is
n=1

convergent, since 1 /n? is convergent. Hence by the M test
=l

in 2° § 6, Appendix II, the series is absolutely and uniformly
convergent for all ¢, and represents a function continuous in
t>0. This series is the Fourier expansion of the current wave
after the transient has died away (in a practical sense). The
transient is represented by the second term (with exponentials)
in (13). Due to the presence of C, the current is ultimately
alternating in character, there being no unidirectional com-
ponent.

7-17. Repeated impulses of infinite amplitude. If an im-
pulse of the type considered in § 2-19, where AI(t)=>Ap, is
repeated at interval 2 (see Fig. 24a), then by (2) § 7-14 the
LT. is

d=Ap/(L —e P ). cocvvriviniririnnnnnennn(1)
70 +
‘h “’ 1’ 1
Zeroth
period —> repeated to +
(o] Time t
To+
P S,
1 4
Zeroth period
——> rgpeated to + o -
Ofe h Time t
e —
To=c

F1c. 24 (a).—Illustrating an impulsive force of infinite amplitude, but
finite strength, repeated at interval A.

(b).—As at (a) but alternate impulses reversed.

If alternate impulses are reversed (Fig. 24b), the L.T. of the
zeroth period ¢=0 to 2h, is by (1) § 7-141,

$(0; 2h)=Ap(l—eP*), ccouerrniinninnennnn(2)
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— Ape-7* being the L.T- of the reversed impulse at £=h. Thus
by (3) § 7-141,

=AP/(L+eT¥). ovooveeereecreeeeenn(3)

Neither (1) nor (3) can be interpreted as a Fourier expansion,
because the contour integrals corresponding to (4) § 7-14
diverge. When, however, either of these L.T.S. is used on the
r.h.s. of a transform equation like (2), § 3-11, and the Lh.s.
has one or more terms of the type p*, n>1, the ¢ so obtained
is interpretable as a Fourier expansion, since the corre-
sponding contour integral is convergent.

7-18. Example. A heavy mass m rests on a frictionless hori-
zontal plane. Commencing at {=0, a series of unidirectional
blows each of strength 4 is imparted to m at interval A, by
means of a hammer. What is v the velocity of m at any time
t>07

The differential equation of motion is

d
m E’t-’zgl @), ovens rereravenssesiesienn 1)

where £, (t) represents the sequence of impulsive blows. By
(10) § 2-14 and (1) § 7-17, the transform equation for (1) is

mpd=Ap[(1 —e=P), c.cvrviiiriiininnnnn(2)

where v(t)=>¢, and A represents the strength of the impulse
of infinite amplitude. Thus

=(A/M)[(L =), crrrriiriiriiiiiiiiiien e, (3)
and by (4) § 7-14
v—(é_/ln_) o+

=% o etdz/z(l —eh), coviiiiiiiiiiiiiinn, (4)
wmlem+{gel EImEmI

on evaluating at the poles of the integrand in (4) [12, pp. 48-50].
Formula (5) represents the ‘staircase’ function which is depicted
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in Fig. 26a. This will be understood more readily by consider-
ing the expansion of (3), namely,

¢=g(l+e~""+e—”"+...) ..................... (6)

> repeated to +

—h—{ .7
rd

4
rd

le—h —{ _~

A ¢ (@
| . Nu,= Atjmh
7
Azm . re
(o] Time t
(b)
A~ \[\N\i i
v Mean value = A/2m
Ol«h _" ' Time t

Fia. 25 (a).—The * staircase ’ function, which is piecewise continuous,
being finitely discontinuous at ¢ =nh, n a positive integer, but unbounded
at infinity.

(b).—The bounded ‘saw-tooth’ function which is periodic piecewise
continuous in £>0.

Term by term interpretation yields
v(t):;.i—[H(t)+H(t—h)+H(t-2h)+...] ........... (7)

The first term is the unit function with amplitude 4/m ; the
second is identical but commences at =~k ; and so on. The
superimposition of the unit functions results in an unending
staircase. The equation of the straight line through the lower
corners of the stairs is

i.e. the first term in (5). Removing that portion of the stairs
above this line and plotting it as shown in Fig. 25b, we obtain a
saw-tooth wave form, whose Fourier expansion is given by the
part (4/m) { }in (5). Applying Dirichlet’s test [3, 4] it can
be shown that the series isu.c. in 0 <t<h; h<t<2h; etc. In
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these intervals the series represents the continuous functions

(l - E) ; (-33 - %) ; ete., respectively. Thus

2 h 2
1 3 sin 2mnt/h (1 t)
"n=1_.__.;1’..._._ 37 % O<t<h, ............. (9)
3
:(E"Z)’ Bt <2y oo, (10)

and so on.

At t=0, k, 2h, ... the series is ordinarily convergent and has
the value zero, but the function is discontinuous. A4/2m is the
mean value of the saw-tooth wave.

7-19. Example. An electrical impulse generator of resistance
R is applied to the quiescent circuit of Fig. 26 ast— —0. If the
impulses, of the type in § 7-17, are
always positive and occur at interval
h, each having strength 4 (whose
dimensions are voltage x time), find
c an expression for I,, the current in
= inductance L.

1

P

E I, The p.d. acros;s PQ is
t
E-RlzLﬂl:lj Idt, ...(1)
Q dt C 0’
Fic. 26.—Schomatic dia- whilst I=I,+1; ....ccceenii(2)

gram of electrical circuit with ~ The transform equations corre-
impulse generator of resis-

tance R. sponding to (1), (2) are, by §3-181
and (1) §7-17,

Ap b2 .

i‘—e_‘;;,—R¢ Lp¢1—-1; ................... (3)

P PN )

where I=¢,I,=¢,,and I,=>¢,. Solving (3), (4)takinga=1/CR,
b=1/LC, b>a?/4 (for an oscillatory circuit), we obtain
(4/LCR)p
B T ap LB (L) e (6)
8o by Appendix IV
(A/LOR) o+ et dz (8)
27t Join (R2+az+b)(1—e-h)" T
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Since the integrand has ‘simple ’ poles only, the condition for
validity of the theorem of residues is satisfied (see below (7)
§ 7-16) and its application leads to

-
A | edotsin kt—edetD gin k(t+h) 1

5L ~LOR ‘ k(1 + eak — 2elar cog kh) bh

sin (277'nt/h +tan—! M)
ton X Zrnah (7)
n=1 [(0h® — 4n®n?)? + 4m2n2a2h?]1? | °°
where k=+b—-a2/4. The first member on the r.h.s. of (7) re-
presents the transient which dies away rapidly. The term
A/Rh represents the constant unidirectional current which in-
creases with decrease in % and vice versa. This and the third
member represents the Fourier expansion of the current in L,
when ¢ is large enough for the transient to be neglected. The
Fourier expansion for the alternating current in L is given by
the infinite series alone. By applying the M test as in § 7-16, it
can be shown that the series is absolutely and uniformly con-
vergent for all . Hence the current is a continuous function
of t in the range ¢t >>0. There is a sinusoidal current having the
frequency of repetition of the impulses, namely, 1/k. It is
accompanied by an infinite series of harmonics whose fre-
quencies are integral multiples of 1/A (n=2, 3, 4, ...). More-
over, all frequencies are independent of the circuit constants.
The amplitudes and phases of the currents are dependent,
however, upon a=1/CR and b=1/LC. The amplitude of the
harmonic of frequency 2n/h is a maximum when

(1= [ + 42 (L) R))/4m™n2 L. ...c.oeneeen(8)

If alternate impulses are reversed, the zeroth period being
t=(0, 2h), the current in I is

1= A [e"*“‘ sin kt +e-tel-Mgin k(¢ +h)
1" LCR k(1 + o + 2¢le* cos kh)
® sin {(2n + 1) wt/h + tan=1[bh2 — (2n + 1)272]/[(2n + 1) wah]}

2 2 {[bh? — (2n + 1)2a® 2 + (2n + 1)PnPa?hi}i e

(9)
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In this case there is no unidirectional current, while all the
harmonics are odd multiples of the repetition frequency,
namely, 1/2h. The amplitude of the harmonic of frequency
(27 +1)/2h is a maximum when ~

O =[h®+(2n + 1)2n2(L/R)2)/(2n + 1)2x2L. ..........(10)

The reader should verify all the results in this section as an
exercise.



FOREWORD

THE appendices which follow are intended for readers who
may be unacquainted with (a¢) Heaviside’s unit function,
(b) various definitions and theorems pertaining to infinite
series and infinite integrals. They should be helpful to the
technologist in particular, since his College curriculum is
usually conspicuous for its lack of these mathematical essentials.
To economise in space, proofs of the theorems are omitted, but
will be found in references [3, 4, 6, 7, 8, 16]. The subject
matter of these appendices is important in dealing with the
Laplace transform and its applications.

Many of the infinite series and infinite integrals encountered
in solving practical problems fulfil the necessary conditions for,
(a) term by term differentiation and integration, (b) differentia-
tion and integration under the integral sign, (c) inversion of the
order of integration in a repeated infinite integral. This is
doubtless due to the physical nature of the problems solved.
A potential difference applied to one end of a long unloaded
submarine telegraph cable, causes a current to flow in the
cable. If a convergent series can be found to represent the
p-d. at any point of the cable, it appears extrémely likely that
term by term differentiation of this series will lead to a formula
for the current. This is merely intuition, and not mathematical
proof. As stated in [ref. 8, p. 130] intuition in mathematics
is sometimes false. If a costly design is based upon intuitive
reasoning, the results may on occasion be disastrous. Accord-
ingly it is inadvisable to trust to luck and make tacit assump-
tions regarding series and integrals. The appendices which
follow will enable the reader to ascertain whether or not
the necessary conditions for validity of various operations

mentioned above are satisfied. Moreover, it will be possible
145
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to deal with the analysis mathematically and, therefore, logic-
ally, whilst intuition may serve as a guide.

It may be remarked that the conditions stipulated for con-
vergence of series and integrals are usually sufficient. There
are, however, cases where a condition may not be necessary.
Instances are given in footnotes.



APPENDIX I
HEAVISIDE’S UNIT FUNCTION H (¢)

This is illustrated graphically in Fig. 27a. It is zero when
¢t <0, unity when ¢>0, but finitely discontinuous at ¢ =0, where
it has no definite value. If a function f(¢) is multiplied by
H (t), the part from t= - to -0 is suppressed, whilst that
from t= +0 to + o is retained. Thus

costH(t):cost}0<t<+oo , i.e. t>0,

=0 - <t<0, ie.t<O0. ......... (1)
H(t)=1
T 2 > [0+
1
v (a)
t=o Time t

H (t-h)= P

T >0+
] (b)
O‘ A Time t

Fig. 27 (a) (b).—Illustrating Heaviside’s unit function with origin at
(@) t=0, (b) t=h, where it is finitely discontinuous and has no definite
value. The thin vertical line (conventional) is not part of the graph.

When the origin of H(t) is moved to the point t=h (real),
we write :
H(it-h)=1\h<t<+w, ie. t>h,
:0} —w<t<h, ie.t<h wcorrerren )

This is illustrated in Fig. 27b. Application to the Bessel
function of the first kind of order zero gives

=0 E<<h. veriiiiniirinninnn. (3)
Here J,(t) is obliterated from - to (h—-0). If we write
Jo(t—h)H(t- h), the origin is moved to ¢=A for both functions,

and the Bessel function commences at t{=h with the value
L 147 M.O.C.
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Jo(0)=1. These two cases are illustrated in Figs. 28a and
28b, whilst cos (¢ - h) H (t - h) is depicted in Fig. 29.*

A AN Jo(t) H(t=h) @)
, be— h -‘-\-\——» Y\wntinued to+

’ o AN J t axis
4 . ~
L

(b)
&, (t-h) H(t~!l)=e'php/4/p’+ 1

< h /\cont!nued to+eo
o \/ t axis
F1a. 28 (¢).—The Bessel function
P h
Jo(t)H(t-h)>——= - -PLT, (¢)dt,
R E-m= g [

which is finitely discontinuous at ¢=4.
().—The B.F. Jy(t - h) H (t - h) = e~Php Np® + 1, finitely discontinuous

att=h.
Cos(t-h)H(t-h)
! - e—ph pg/(pz +1) repeated to +
<~ A h+m/y h+ 3/

(o) t axis

~

Frg. 29.—The circular function cos (t-h)H (¢ - h)=e-Ptp?/(p? + 1),
which is finitely discontinuous at ¢t=h.

By virtue of the discontinuity at ¢=0, H(t) cannot be dif-
ferentiated there, although a number of writers on technical
mathematics have made well-meaning attempts to do so. In
applications the procedure employed frequently leads to correct
results, but even mathematics is not free from flukes.

It may be remarked that H(f)=1, and that H (¢t - h)=e-vh,

* Additional examples will be found in reference 12, pp. 154, 155.



APPENDIX II
CONVERGENCE OF INFINITE SERIES

I. Let wuo(t), u,(t), ... un(t), ..., be functions of the real
variable ¢, e.g. u,(t)=t"/(2n)! Suppose that for any finite
value of n we can represent the function S(t) by a sum of (n + 1)
terms of the form

S () =uo(t) +uy (0) +us(8) + .. +up_1 () +By(f), ... (1)
=8 () + By(E)eeveveeneeereeeersesees e eee v nn(2)

Then if the infinite series 5 U, (t) converges to S(t), R,(¢) is
m=0

called the remainder after n terms. The necessary and suffi-
cient condition* for convergence of the infinite series to S(¢) is
evidently that

Hm B, (6) > 0. o n(8)

n—>wo

Alternatively, given any positive number ¢, however small, we
must be able to find a positive integer N such that

[ Ru(f) | < € veeererereneeeeeeverieneena(4)

whenever n>N. The integer N (made definite by being
chosen as small as possible) will usually depend upon ¢ as well
as upon e.

2. A series which does not converge is said to diverge. It
may diverge definitely to + o or to — o, or it may oscillate
over a finitef or an infinite range. For instance the well-
known geometric series

Sit)=2 t”—1+t+t2 P L, (1)
n=0

* A condition may sometimes be sufficient but not necessary to ensure
convergence, and vice versa.

1 A series which oscillates over a finite range (constant or variable) is
sometimes considered to be merely oscillatory and not divergent. It is
certainly not convergent, since it does not tend to a definite limit as
n-—>ow,

149
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converges to the value 1/(1-t), provided that-1<t<l.
When t=1, 8,(f)=n—>wo and, therefore, the infinite series
diverges to +w . Butif {= -1, the terms are alternately +1
and -1, and the infinite series oscillates between 0 and 1.

, 3. The series Z’ U (t) is said to be absolutely convergent if
Z' | U, (8) | is convergent i.e. when all the terms are made

posmve For example if t>0 the series
3

CIRETR
is absolutely convergent, since it converges when all its terms

S)=1-t+5 =€~ evereerenens(l)

-] o
are made positive. If 2 |u,(?)|is convergent, then X u,(f) .
n=0 n=0

is certainly convergent. The proof is left to the reader.

4, Particular convergence tests.

[
1°. A series of positive terms X' u,,
n=0

converges if lim ” % >1,
n—0 Wn4q

but diverges if lim — <1,

n—o Wn 41

L]
2°. A series of positive terms 2 u,
n=0

converges if lim ( - 1) >1,

n—>0

Un .

but diverges if lim n ( Yo _ l) <1
n+1

n—-wo
3°. When u,, is positive, the series 20( - 1)"u,, converges
ne

if (a) Up=>Up 41,

and (b) u,—>0as n—>o .
Thus a series of decreasing terms, alternately + and —, which
tend to zero as a limit, is convergent. It should be observed
that the three tests above are applicable whether or not u,, is a
function of ¢.
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Examples. 1°. Show that the series for sinh ¢ converges for

all finite ¢. When ¢ =0, the convergence is obvious, so we take
t£0. Now

inh =t A gan+1 .
o +3 +5| +m+ viey veeeeennes 1)
u, gt (2n+3)! (2r+2)(2n+3)
0 T arDl e 2 > erenr(2)

as n—>w , and consequently the series converges for all finite ¢.
2°. Discuss convergence of the hypergeometric series

oFile, B; ys t)=1+ oc:?t o:(a;l)(i(f:—)l)t? ey wee(1)

when t=1. Here
u,*  (n+1)(n+y)
Unyy (R+a)(n+B)
g0 test 1° § 4 fails. But

>l asn—>00, ceiiiiiiininns (2)

Uy _mi(y—a-B+1)+n(y-ap)
n(m_l)_ e o SN 3)
:(Y”“‘ﬁ"'l)*‘(}"“ﬁ)/’l (4)
T G Bljn v afint
~y-—a-B+lasn-—>w. USR ())

Hence when ¢=1, the series converges 1f y—o— B +1>1,
or y>oa+f. Whent<l,

Un[Uny=[(n+1)(n+7y)/(n+a)(n+B)t]>1 whenn—w,

so the series converges unconditionally.

6. Uniform Convergence. 1°. If the series u,(t) + %, () + ...
converges in the closedt interval &, <t <{h to the sum S(t), we
may write

NI MR 7 () TN § §)
where §,,(t) is the sum of the first » terms, and R, () the re-

* For convenience the (n + 2)th term has been taken for u,,.

+ In some cases uniform convergence may apply to the infinite range
t=>0, while for convenience in §§7-15, 7-18 an open interval has been
used. It is then to be understood that the convergence ceases to be
uniform when the variable is arbitrarily near to each end of the
interval.
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mainder after » terms. We saw in § 1 above that we can assign
a positive number ¢, however small, and then choose a positive
integer N, such that | R, (¢) | < e, whenever n >N. The integer
N usually depends upon ¢ as well as upon . But if we can
choose N independent of t, we say that the series is uniformly
convergent. When this is so, the function S(¢) and the series

§ %, (t) have the same definite value at each point of the closed
n=0

interval A, <t < b, including the end points &,, k, and the func-
tion is continuous throughout the interval. In fact the sum of

@

a uniformly convergent series of continuous functions 2 u,(t),
n=0

is a continuous function [reference 16, p. 7]. The point to be

emphasised is that a u.c. series always represents a continuous
function. But we must not fall into the error of supposing the
converse to be true. A c.f. may in certain cases be represented
by a non-uniformly convergent series [ref. 16, p. 12].
a0
Example. The series 2 te—"t converges in any finite interval
n=0
0<t<{h. When t=0, the series is zero for all values of n, so
8,(0)=8(0)=0, this being the value to which the series con-
verges. If >0, we may write

8,(t)=t(l+e~t+e-2t+ ... +e--Dt)=¢(1 —e=nt)/(1 —e~t). ...(2)
When #—+o and £>0, e~"t—0, so we have the function

S(¢)=t/(1 —e?). errerenneieennenn(3)
For¢small, (1 —e-*)~1-1+t=¢,sothatast—0, S(t)—-»l * Thus
at the origin the series is zero, but the function is unity, so a
discontinuity occurs. Moreover, owing to its being non-
uniformly convergent as t— + 0, the series does not represent the
function there. It represents the function for ¢t >¢,,¢,>0. The
- convergence may be examined as follows :

R,()=8(t) - 8, (t)=te—t/(1 — e~ e, ....cov.n..n(4)

if ¢ is small. 'When = is large but finite, R, () depends upon ¢.
If we select e arbitrarily small, we cannot make e-"*<e in
the neighbourhood of #=0, unless N is a function of ¢, e.g.

* Strictly S(¢) has no value at ¢=0, but we have used the *limit.’
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n>N = —logeft. Thus the series % tent although convergent

n=0
in 0<C¢ < b, does not converge uniformly if ¢ is arbitrarily near to
zero. It isu.c., however, in any closed interval 4, <t <k, h,>0.
This may be proved by aid of 2°.
©
2°. ‘M’ test for uniform convergence. The series X u,(t) is
n=0

absolutely and uniformly convergent in the closed interval
h,<t<h, if a convergent series of positive constant terms

[

2 M, (independent of ¢) can be found such that | u,(t) | < M
n=0
Jor every value of ¢ in the interval.

2 3

3°. Example. The exponential series 1 —¢ +%—' - %T"' .. =et

is absolutely and uniformly convergent in any closed interval
hy<t<h. For if H be the greater of |k,| and |A|, we
have 0<|t| <H for all ¢ in the interval, so |t*/n!| < H"/n!
If we write M, =H"/n!, the series of positive constant terms
2 M, is convergent, since M /M, ,=(n+1)/H—>+ o with n.
n=0

Hence the exponential series is absolutely and uniformly con-
vergent in any closed interval.

4°. Example of non-uniform convergence. The series

T+t+ v TR e + . +E+R (t)=et
21" 3! n! "

isu.c.in b, <<¢<h,but not in therange t=>0. Here t"/n!<R, (t),*
and for u.c. if € is fixed, we must have t*/n! <R, (t) <e for all
t>0, when n> some positive number N. For this inequality
to be satisfied, we must take IV large enough to make N!>t¥/e,
80 N depends upon ¢ when the latter is arbitrarily large. Hence
the exponential series is not u.c. as £+ . In like manner
it can be shown that the series for e~* is not u.c. as {—>- .
Additional tests for u.c. will be found in references [3, 4].

* Provided ¢ is large enough for a given », since
i i t 12

[
B0= 2 aani milar 1 wr D@ -] andn+1
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7. Differentiation of Infinite Series Term by Term.

@®
If S(t) = 2 u,(t), converges in a<<x<<b, or in 2 >0,
n=0

then & ()= Z u,’ (&),

n=0

i.e. the derivative of the sum is equal to the sum of the deri
vatives, provided that in the above ranges of ,

(i) 35 u,’ (t) is uniformly convergent,
n=0

(ii) each w,’ () is continuous.



APPENDIX TIII
CONVERGENCE OF INFINITE INTEGRALS

h
l. 1°. Definition. Assume that the integralJ- f(t)dt exists* for
h

every finite value of A>h,. This usually implies that f(¢) is
either continuous, piecewise continuous, or has an infinite dis-
continuity of order <1 (see § 1-211)in A, <t <<h. Ash—>+®
this integral may

(a) tend to a finite limit,

®) , two,

e . -

(d) oscillate over a finite range,

(e) ' ,»» an infinite range.

00
In case (@) we say that j f(t)dt is convergent, and we write

h

rf(t)dtz lim r' FO @ ooerererereerser (1)
ha h—>+w Jpy

In all other cases we say that the Lh.s. of (1) is divergent, and
the integrals do not ‘ exist . Throughout this Appendix, ex-
cept in §2, we shall assume that all integrals exist in any
finite range A,<{t<Ch,, which includes the lower limit. The
various tests refer to convergence as the upper limit A—> + oo .
Cases where the integrand has an infinity at the origin are
treated in § 1-211, and in § 2 below.

* An integral may be considered to ‘exist ’ when its value—which
may be zero—is finite and definite. 2° (d) is an example of a finite,
indefinite integral. If k,=0 and f(f)=¢-3/%, an infinite discontinuity
of order 3/2 occurs at the origin, and for all % in h >h,, the value of the
integral — + o as h, > + 0, 80 it does not exist. If, however, f(¢)=¢-2/2
the O.I. at the origin is 1/2, and the integral exists for all finite A. It
- + o with A, A divergent integral does not exist.

186



156 MODERN OPERATIONAL CALCULUS
2°. Examples.

0 rh
(@) j di/ir= lim | dtfi2=1;
1 h—>+o J1
ch
(b) lim | tdt =+o;
h—>+o Jo
oh
(c) lim | (1-¢)dt=-w;
h—+0o J o
oh
(@) cos t dt =sin b,
Jo

0
but sin A does not tend to a limit as A—>+ w0, soJ. cos t dt
0
oscillates finitely, i.e. it is bounded and indefinite ;

A
(e) I tcostdt=hsinh+cosh-1,
0

which oscillates over an infinite range as A— + o, being un-
bounded and indefinite.

2. Improper integral ; Principal value. If|f(¢)| >+ as
h h
t—>h,+0, lim0 f@)dt may exist. It is written | f(t)dt,
e—>+0Jp,4e hy
and is termed an improper integral. For instance the three
integrals in 1°-3° § 1-211 fall in this category. All the inte-
grands have infinities at the origin.
If | f(t) | >+ o ast—t,, where h; <?¢, <h, then

tim [ fde+ m [T fyde

«—>+0J p, a—>+0J¢+¢
may exist, and it is written " f(@t)dt. When ¢, ¢,—+0 in-
dependently, neither limit mayh;xist. Nevertheless
lim U: f(t)dt +j:+€ £(t) dt] ;.
may exist. It is known as Cauchy’s principal value of N f(o)ade,

h
and is usually symbolised by PI f@)dt. rdt/(t —1)is a case
h, 0

2
in point. Its value is not [log(t- 1)] , for this would be
0
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-log (- 1)= — =, which is impossible, since the integrand is
real in the range t=(0, 2). We have

U dt/(t-1)+j att-1)|

Y s SR

= hm {log (—€)-log (-1)+log l—loge} ,

¢—>+0

80 P.‘.2 datf(t - —hm (log e+log 1 -loge)=0. A rough graph

of 1/(t-1) for the ra.nge t=(0, 2) will make this result clear.
The graph is anti-symmetrical about the asymptote at =1, so
the areas between the curves and the ¢ axis are equal but of
opposite sign.

3. General test for convergence of infinite integral.
o0
1°. The integral I g(?)dt is said to converge if, after choosing
h

1
a positive number ¢, however small, A > &, * can be found such that

[ owa

where I may have any finite value > kb, or may —- + o . If the
integral

<€ e (1)

rlg(t)ldt e (2)
ky

converges, then j g(?)dt is said to converge absolutely. If
h

(2) converges, so also does the latter integral, but the converse
is not necessarily true.

00
2°. Using the test in 1°, show that j e~tdt is convergent.
0

h

(@) I e~-tdt exists and has the value 1-e-* however
0 large % (finite) ;
!

(b) “ e~tdt|=e P —e e eiiiiieiiie e (1)
A

Choose any positive real quantity ¢, however small, e.g. 1029,
Then e¢—* < e if k is large enough but finite. Hence the original

* As stated in § 1, the integral is assumed to exist in any finite
range h, <t <h,;.
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integral converges. Integral (1) represents the area A between
e~t and the ¢ axis over the range t=h tol. Thus in effect, the
condition for convergence is that A must be finite as I->+ o0 .

00
3°. Using 1° show that I t-112dt is divergent.
0

h
(@) J. t-12dt exists for all finite 2>0 and has the value
o 2/h.

w)jﬂdna
h

Choose any positive real €, e.g. 10-3. Then however large A
may be, I may be chosen > A so that 2(I1/2 - h1/2) > ¢. Hence
the integral diverges. As I >+ o, so also does the area A4
between ¢-1/2 and the ¢ axis from & to I.

It should be noticed that although » may be as large as we
please, provided it is finite, ! may exceed % by any number we
please. For instance, if 2 were 102°,  might be 105 or - + oo .

=2(I2 = BU2). e (1)

4. Particular tests for convergence of infinite integrals.
The general test in § 3 is sometimes inconvenient to apply, so
two particular tests are given below. They.enable convergence
to be investigated without evaluating the integrals. In this
respect it may be remarked that although an integral may be
evaluable, this does not in itself constitute a formal proof of
convergence. Additional tests will be found in § 7 of this
Appendix.

1°. If (@) r f(t)dt converges,
hy

(b) g(¢)is a bounded monotonic function* in the range
¢ 2 hl,

* A function which either steadily increases (monotonic increasing or
m..) or decreases (m.d.) to a limiting value without oscillation.
A(1-e-?) and erf¢ [Fig. 10] are positive and m.i. to the respective
limits 4 and unity, as¢—> + . A4(1+e-?!) and erfe ¢ [Fig. 10] are posi-
tive and monotonic decreasing to the respective limits 4 and zero, as
t—+ oo, Further examples will be found in Figs. 3, 4, 14, 15, 16, 17.
A function of the type t"e-t satisfies (b) in 1°, 2°, since it is bounded at
its maximum value n"e~" at t=n, and is m.d. when ¢t >n. If p=u+1v,
e~Pt=¢-U(cos v - i8inv). e¥ cosv and e~%sin v are damped alternat-
ing functions which — 0 as t— + . The envelope e-%! is monotonic
decreasing, but the function e-?¢ is not monotonic. A function is some-
times said to be monotonic if its derivative does not change sign.
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then r f()g (t)dt is convergent.
h

h
2°, If (a) I f(@)dt oscillates between finite limits, i.e. it is
)
bounded, as A— + w0,

(b) g(¢) is a bounded monotonic function in ¢>h,
which >0 as t—+ o0,

then r f()g(t)dt is convergent.
My

0 h
In 1°, 2° I g (t)dt need not be convergent, e.g. I dtft=logh,
hl 1

which -+ with % Nevertheless if (a) is satisfied the
theorems are valid. In (@) 2°, the integral must oscillate
between finite upper and lower limits. For instance if

h
f(@)=1+cost, then I f(t)dt=(h +sin ) whose graph is sinh
0

superimposed on a straight line, through the origin, at 45° to
the A4 axis. Although sin’ oscillates between finite limits,
the limits of (2 +sin A) >+ o with %, so the theorem is invalid
here.

The term ‘ bounded ’ is introduced to ensure that g(¢) has no
infinity in the range of integration. There are cases, however,
when the integral converges provided the order of infinity of

0
g () is less than unity (see § 1-211). For instance I sin ¢ dt/t’ is

0
convergent for 0 <»v <2 (see footnote to 4°§ 7). When 0 <v<1

there is no infinity, but when 1 <v< 2 there is an infinity of
order<1 at the origin. If v=2, the O.I. is unity and the
integral diverges.

5. Examples. 1°. Show that I sin § tanh ¢ d¢ is convergent.

By 2° § 4, r sin ¢ dt/t is convergent, since I sin ¢ dt oscillates
1 1

between the finite limits +1+cosl as A—>+ oo, whilst in the
range {>1, 1/t is a bounded monotonic decreasing function
which -0 as {—>+ o . Also tanh ¢ is a monotonic increasing
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function with upper bound unity. Hence by 1° § 4—with
f(@)=sint/t and g(¢)=tanh #—the original integral is con-
vergent.

00
2°. Discuss the convergence of J. costdtfte, q real; (a) g>1;
1

() 0<g<l; (¢) ¢g=0; (d) ¢<O.

dtgrat—lf:l/(q-l), ...... 1)

provided ¢>1, so the original integral is absolutely convergent.

cos ¢
ta

0
(@) |eost| < 1, soj
1

1

h
®) j cos ¢ d# oscillates finitely as h—+ o , whilst if 0 <g<1,
1

t—% is monotonic decreasing and — 0 as t—>+ oo . Hence by
2° § 4 the original integral converges. (c) If g=0, we get

h
j costdt which oscillates finitely as %>+ o0, whilst (d) if
1
g <0 the range of oscillation >+ o as A—>+ow. Thus the
integral diverges if ¢<0.
3°. Show that j [Ho(at) — Y (at)] cos bt.dt is convergent, a
0

real >0, b real >0.

Divide the range of integration into a finite part ¢ =(0, ) and
an infinite part t=(h, + 0 ). Since H,(at) is a bounded damped

h

alternating function [see ref. 11, Fig. 13], J‘ H,(at) cos bt dt
0

exists. When af is small, Y (at)=0*(log at), so if &, is

h
small, j Y,(at) cos bt dt converges by comparison with
0

hy
j O (log at)dt=Ol[h,(log ah, - 1)] which is bounded. Since
0

Y, (at) is a bounded damped alternating function when at > &,,
h,>0, it follows that the original integral exists in#hy finite
range t=(0, &). For large values of ¢, we may use the asymp-
totic formula [ref. 11, p. 71]

Hy(at) - Yq(at)~ (2/mat) — O(1/t3). ....cuvuvrenn (1)
* See p. xii for meaning of this symbol.
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Thus for the infinite range £=(h, + o ), we have

f: [H(at) ~ Y (at)] cos bt dt

2 OSbtdt j (cosbt)dt (2)

A

By 2° § 4 both integrals on the r.h.s. of (2) are convergent.
Hence the original integral is convergent.

. Under what conditions doesj etivtf(t)dt converge? Since

et =cos wt + ¢ sin wi, by 2° § 4 the integral converges if f(z)
is bounded and monotonic in £>0. Sometimes convergence
occurs if f(t) is a damped oscillatory function, e.g. J,(t),
J¢?(t), the former being an alternating and the latter a positive
d.of. When ¢ is large enough‘J,(t)~ ~/2/nt cos (t - }n), so it is

possible by applying 2° § 4 to prove thatj {cos wt} Jo(t)dt and

I {:ﬁ Wt} J2(t)dt converge, with A>3>0. In the first case we
A

k
must have w41, and in the second wz£2. Sincej exist, it
0

follows that r are convergent. The reader should verify this
0

as an exercise.

5°. Show that the integral in (2)§ 5-151 is convergent, t real > 0.

Obviously the integral exists in the finite range 2 =(0, A),
so we shall consider the range x=(k, +® ). When 4 is large
enough, the asymptotic formula for the Bessel function may be
used, so with ¢ =2./¢

r Jo(ayz) sin z/dx
h
~ J = j: 008(anz - ) 8in 2 A2, oo (1)

1 0
= I?ZJ‘ (cos a/z +sin a/z) sin x dxfz*s. .......... (2)
h
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Writing z =32, we have dx =2y dy, and (2) becomes

2
I=—— 1/2(cos ay +sin ay) sin ¥2dy. ..coceeeeeeea(3
N Vhy (cos ay y) sin y*dy (3)

Now sin y2 cos ay
=3 [sin (y* +ay) +sin (y* - ay)]
= [sin {(y + 32)* — 0% +sin {(y - 3a)* ~ }a3}], .-o..0.(4)
and sin y?sin ay
=14 [cos {(y — }a)? - }a?} - cos {(y + }a)? — 1a%}]. ......(5)
Let (y+3a)?-}a?=v, then 2(y+ja)dy=dv, so
dy=dv/2v, where v,=+v+1a?; also y'2=+v, - ia.
Taking (y-1a)?-}a?=u gives dy=du/2u,, where ; ..... (6)
u=vu+3ia®; also y'2=vu,+ia. When y=h,
v=(Vh+3a)?-}a?=k, and u=(Vh-1la)?-}a2=I.
Substituting from (4)—(6) into (3), we obtain

2~/m[r (v, — Ja)'” (sin v - cos v)dv
(w4t
+J.j ——="— (sin u +cos u)du] v eeeneen(T)

Uy
The non-circular functions in the integrands are bounded in
v>k, u>1, monotonic and — 0 as v and u—>+ . Thus by
2° § 4 it follows that the integrals converge. Hence the original
integral does likewise. When £, [ are adequately large

I~ 1 J"” sin v
(2w, (v +2)t

N (8)

6. Uniform convergence of infinite integral.
0
1°. The integral j f(z, t)dt is said to converge* uniformly
hy
for all values of x in the closed interval a<<x<b, if

(@) after choosing a positive number e, however small, a
positive number 7 can be found such that

I j: F(=, dt

<€) terneriniereninniensenan (1)

where l>ﬁ>n, and
(b) n is tndependent of z in the interval, i.e. it is the same for

»
* In accordance with the statement in § 1, we assume S A to exist.
1
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all values of z# in the interval. The number » depends, of
course, upon e, i.e. n=n/(e).

When evaluated, r f(z, t)dt is a function of x and A, say,
h
9@, b). If ‘
(¢) f(x, t) is a continuous or a piecewise continuous function
of x in the interval a <<x<b, and
(d) the integral is uniformly convergent in the interval, then the

function g (x, ;) is a continuous function of z in the interval,
and represents the value of the integral for all « therein. The

point to be emphasised is that uniform convergence of the integral
tmplies continuity of the function it represents. The converse,
however, is not necessarily true (see §§1-211, 1-22, 1-23, 1°
§ 8 this Appendix). Uniform convergence is usually considered
in a closed interval with respect to the variable therein—z in
the above case—but not with respect to the variable of in-
tegration—t¢ in the above case. The infinite range x>0, is
sometimes employed.

0
2°. Using the test in 1°, show that j' e~?tdt is u.c. in any
finite real interval po<<p<<p,;, po>0. °°

h
(a) j e~?tdt has the value (1 —e~?*)/p, for all finite A>0;
0

(b) IL e~Pdt=(e? —e~?)/p <e~"?[p.

Choose any real positive number e, however small. Then
whatever the value of p in the above interval, e-*?/p can be
made less than ¢ by making % large enough and greater than
some positive number n, itself dependent on e¢. Hence the
integral converges uniformly with respect to p in the interval
Do <P <P, Po>0, and the function it represents (1/p) is
continuous for all p in this interval. Introducing numerical
values, let e =10-%, p,=10-1° then we must have e~"?/p,<Ce
or et>1/pee. Taking logarithms to the base 10, the condition
becomes

h > 1og4(1/pa€)/Po 10810, *
50 h>logy, 109/10-10 x 0-4343 ... = 6 x 10'1/0-4343.

* Taking logarithms to the base e, k> — (log p,+log €)/py, and h is
finite if p, and e are finite.

M M.O.C.
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The requisite condition would certainly be satisfied for all
2o>10-10 if h>n=1-5 x 1012, and although large, this number
is finite.

7. Particular tests for uniform convergence of infinite
integral.

1°. The ‘ M’ test. If
(@) in the interval a <z <b, | f(x, t)| < M (t), where M (t)
is a positive function independent of x,*

("0
(b) | M(t)dt converges,
then f(z, t)dt is absolutely and uniformly convergent for
b allzin a <z <b.
2°. If
wd

(@) | g¢(?)dt converges,

Jh

(b) for every value of z in a <z <b, the function f(z, ?)
is bounded, monotonic decreasing, and positive
(¢ variable and > &), {

o .
then I f(, t)g(t)dt converges uniformly with respect to z,
b for all z in the closed interval a <z <b.

] 00
3°. By 2°it follows that if j. J(t)dtis convergent, j e~rtf(¢)dt
0 0

is uniformly convergent in the interval 0<p < p, for every real
finite value of p,., When p is complex, the integral is uni-
formly convergent if R (p)> 0 [see ref. 6, pp. 111-2, conditions

II]. A simpler theorem states that if jw e~?tf(t)dt converges for
0

P =Py, it converges uniformly for all values of p=u+4v in the
finite part of the p plane where > u,. In other wordsit isu.c.
for all values of p in a closed area where R (p —p,)> 0.

h
4. If (a),j g (t)dt oscillates between finite limits as A— + o0 ,
hy

* The theorem is true also if f(w, t) < M(¢) in the range z >0.

1 f(z, t) may be constant for an assigned value of z, e.g. =%t =1, when
2 =0, or like fe-* it may be monotonic increasing to its maximum value
(xe)-! at t=1/x, after which it is monotonic decreasing to zero as t— + .
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(6) f(x,t) is m.d.* and positive for every z in a<<ae<b
(¢ variable > h,),

(¢) f(z, t)— 0 uniformly with respect to every z in
a<r<bast->+w,

L]
then f(z, t)g(t)dt converges uniformly with respect to z,
M for all z in a<<x<<b.

o ot
8. Examples. 1°. Show that I sin f df converges uniformly

a® +?
with respect to « in any finite in(iaerval thereof.
Using 1° § 7 we have f(x, t) =sin «t/(a? +2), and
|sinat) L
at+12| " (a? +1?)
throughout any finite interval of variation of . Also
hodt 1

A
=] tanci ta | 2
VIR a[tan /a,_o—wr/ a

as h->+ o, so this integral converges. Hence the original
integral is absolutely and uniformly convergent. It can also be
proved u.c. by 4°§ 7. This is left as an exercise for the reader.

00
2°. Show that j e~?tJ (1)dt is wuniformly convergent if
0

preal =0, R(v)> -1.
Using 2°§ 7, we take g (¢) =/, (t), and we have to demonstrate

that the integral j ,(t)dt converges. We write this integral in
the form i

L J,(t)dt:I:.Iv(t)dt+j: Tt ool

h being large but finite. The first integral on the r.h.s. has a
definite finite value only if R(v)> —1. For [ref. 11, p. 158]

J,(t) = I,((%l )+terms involving higher powers of ¢, ....(2)
* See footnote to 1° (b) § 4. In some cases f(x, ¢) may have an infinite
discontinuity. For instance g z sin at dtft’ = nxa*~! cosec (-) / 2r'(v),

which holds for 0<v< 2, When 1<»< 2, the factor 1/ introduces an
infinity at ¢ = 0, but its order being (v — 1) is less than unity (see § 1-211).
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so the above restriction is needed to secure convergence at
t=0. In the second integral on the r.h.s. of (1), we use the
asymptotic formula [11, p. 158],

J,(t) ~J(2[mt) cos (¢ —4m — tvm) + L(2). ..oevniininn(3)

where {(t) =0 (t-3/2),* when ¢ is large enough. Since

r {(t)dt=r O (=)t vorereereerrerenn(d)
h h

is convergent, we need consider the integral
J(2/7) j cos (t— 4w — vm)dt/t}? ...l (3)
h

only. By 2°§4 this converges, so the integral on the Lh.s. of
(1) is convergent. If p real>0, f(p, t)=e—?! is m.d. positive
and <1 for £>0; for p=0 it is constant (see footnote to (b)

2°§ 7). Hence by 2°§ 7, the integral "- e~?tJ, (8)dt is uniformly
0
convergent if p real > 0 and R (v)> - 1.

9. Theorems.—Changing the order of integration.
A. One upper limit b finite, the other h infinite.
If (a) f(z, t)T is a continuous function of z in the interval

a <z <b, and of ¢ in the interval A, <t <A, no matter
how large 7 may be,

0
(b)I f(z, t)dt converges uniformly with respect to z in
hy

the interval a <z <b,

then j: dt r Fl, e =f’ x| I: IO Y] — (1)

By virtue of uniform convergence in (b) the integral there
represents a continuous function of z, and is, consequently, in-
tegrable over the range @ <{x <{b. Thus conditions (a), (b) imply

* See p. xii for explanation of this symbol.
tf(=, t) can always be integrated with respect to z, if it is continuous
in a finite range of integration. A similar remark applies in regard to ¢.

When the range is infinite, continuity in itself is insufficient to secure
convergence.
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tha the r.h.s. of (1) exists.  Also, since f(x, ¢) is continuous

b
in x, it follows that the finite integral j f(z, t)dx represents a
a

continuous function of ¢, and can, therefore, be integrated

over the finite range A, <<t <h. Moreover, the theorem states
) b

that limj dtj f(z, t)dx exists as a definite finite quantity,
a

h—>+w hy
-]

b
and is equal to _‘- dxj Sz, t)dt.
a hy

Upper limits in both integrals infinite. It is difficult to specify
general conditions to be satisfied here. In theorems B, C, the
conditions are sufficient, but not always necessary. When the
integrals are evaluable both before and after inversion, with
identical results, no formal proof is usually needed. For a
detailed discussion of the subject, the reader may consult the
references in [4, p. 211].

B. Both wpper limits finite.
If (a) f(x,t) is a positive continuous function of 2 in

a<<x<bh, and of ¢ in A, <t<h, no matter how
large b and k may be,

(o0 rb b 0
o [ @l f, t)dxzj dxj F@ O oo re(1)
Jh Ja a h
for all values of b>a,
rh (00 0 h
© | at| fe tde :j dxj F@ 0@ oo, )
Jhy Ja 3 hy
for all values of A>h,,
then ? at| f(z, t)dx :I dx r f@, t)dt, oooooniien e, (3)
Jhy Ja a hy

provided that one of these expressions has a meaning. Let

h 0
lim‘[ dtJ' f(z, t)ydx have a definite finite value. Then (3)
h a

h—>o J by

* Let s: f(x, t)dt=g(z), then by u.c. this function is continuous.
1

b
Hence the finite integral gag(x)dx, i.e. the r.h.s. of (1), exists.

+ This function must fulfil certain conditions for tho Lh.s of (1) to
converge.
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b
agserts that lim dwr f(z, t)dt has a definite finite value, and
a hy

b—>00

that these two values are equal.

C. Both upper limits infinite.

If (a) f(x, t) is a continuous function of z in a <x<b, and of
tin b, <t<h, no matter how large b and » may be,

(b) | f(,t)dx converges uniformly with respect to ¢ in
“% the arbitrary closed interval k, <t<(h,,

ro0
(¢) | f(=, t)dt converges uniformly with respect to z in
"M the arbitrary closed interval a <z <b,,
*00

(d) | dz| f(x, 7)dr converges uniformly with respect to
Ja hy
t in the infinite interval ¢>h,,

then dxj J(z, t)dt; I dtj- f(z, t)dx converge, and are
va h] hl a
equal.

C,. Sufficient conditions for the changed order of integration in
§§ 2-21, 2-22. These may be deduced from C above.

If (a) f(¢) is continuous in =0 ;

0
(0) | e?f(t)dt is u.c. as a function of p in the arbitrary *
"M peal interval p, < p<p,;
o0
(¢) | e*f(t)dpis u.c. as a function of ¢ in the arbitrary *
“P1 interval b, <t<h,;

@) | f@at rne‘l" dp is u.c. as a function of p in the
Jhy 1
infinite range py,=p; ; T

then dpj e""f(t)dt.—_--[ f(t)d,:j e-vtdp
Ym hy hy n

-_-r et LDy (1)
B t

* This means that p or ¢ may have any real finite value compatible
with (b) or (c) being satisfied, respectively.
+ p, may have any real finite value compatible with (d) being satisfied.
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Since (7 evif (1) di < et |fi (tt) | ,
A 41

. [ [ f(#)] o .
if e~ 7t Sra dt converges, then by 1°, § 7, it follows
I

el Dy
that f@) dtI e~?tdp is u.c. as a function of p in p,>p,.
by 7

Hence instead of condition (), we may use the less general but
more easily applied condition, that

(d) I e"l‘u(it—)—l dt converges.
0

C,. Sufficient conditions for the changed order of integration in
§ 223,

If (a) f(at) is continuous in >0, and in a>1;

f© flat) . . . .
(b) e~pt — dt is u.c. as a function of @ in 1<a<h;
Jo

[ _fat) . ; :
(c) | e —a——da is u.c. as a function of t in 0<t<<h
1
(" da

(d) ——.r e f(ar)dris u.c. in >0 ;
Ji1 @ Jo

then *da r e~?tf (at)dt =‘r° e~Ptdt j”@ da. ............ 1)
aJo 0 1 a

Y1
10. Examples. 1°. Show that

0 0 0 0 ’
I dpj e~?tsintdt=\| sintdt| e-*'dp, p,>0, h,>0.
7 hy hy n

We apply § 9, Theorem C, and,
(@) e~?*sint is a continuous function of p in »p>0, and
of tin t>0;

()] r e~?t sin tdp:e-’-‘lm;—t, and converges uniformly
N

to this value for all ¢ in A, <t<Chy; also it is
u.c. in this interval when the lower limit in the
integral is 0 ;
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—phy
() | e?tsintds —Z—? : (psin h, +cos h,), and converges

uniformly to this value in p,<p <p,, p,>0;
(@) I dp'r e~? gin T dr
2 h

r (pdf- KT e psint+eost)]
b4

and the convergence of this integral is inde-
pendent of ¢ in ¢>>0. Hence the two repeated
integrals converge and are equal, i.e. the order
of integration in either may be inverted. The
case where p,=h,=0 is treated in 2°,

2°. Prove that

0 00 o0
j sintdtj e—ptdp=rdpj ¢-2* sin ¢ dt.
0 1] 0 0
By theorem § 94
0 4 4 00
j sintdtj e-P‘dpzj dpj e~?igintdt, ......... (1)
0 8 8 0

since (@) e-?!sin ¢ is a continuous function of pin d<p<L4,
and of £in £>0;

() I e~Pisin t dt is u.c. with respect to p in < p<<4, §>0.
0

Consequently it is sufficient for our purpose to demonstrate that

lim smtdt_‘. e~ ? dp=lim S—m—t(l e~ dt =0, ....(2)
8—>+0 8—>+0
. sin ¢
and lim I smtdtj e~?tdp= lim I ——e~dtdi=0. .....(3)
4>+ 44—+ Y0 t

By 2°, § 4, if >0, the individual integrals in
_j L (4)

converge. Suppose the value of the first is K, then that of the
second will be Ke—® 0 <h,<<h. Hence
I=K(1=em)50 .oocvevervrnnn ceeenr(5)

*K =e~Ph(p sin hy + cos ).
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as 6—+0. Also

j ?.lf_f(l —u)dt_aj smt[l —-~+ ]dt—>0, ...... (6)
0
as 8—+0.
Further j s1nt "‘dt<j e*‘“dt:l—»o
0o t 4

as 4—>+ w. Hence (1) is true if 0 and 4—~+ «, i.e. the
order of integration in the repeated integral may be inverted.

0 0
3°. Evaluate p| dx| e-vt-="1atxt-12d¢t by inverting the order
0 0 y
of integration. and justify this step.
We have
pj e-Pig-1/2 dtj e~ ity dy

0 0

_2pJ. e~ ”‘t”zdtj e~= 1t d (x2/48), ...... (1)

=2pj e PR A=V 7[D, e 2)
0

by the list. To justify the changed order of integration, we
proceed thus :

(@) f(x, t)=e—?i=+"I3tgt-1/2 ig a positive continuous function
of z in the range >0, and of ¢ in £2>0. Thus condition (a) in
§ 9B is satisfied.

(b) For condition (b) § 9B to hold, (b) § 94 must be satisfied ;

a0
so we have to prove that .[ e~?i-2*Migi-12ds converges uni-
0

formly with respect to 2 in the range x>0. When
=0 and--+ w0, g(x, t) =xt-12¢-2"14t =0 for all £>>0.

For the range 0 <z <o, g(x, t) is a maximum when x=+/2¢,

and has the value ~2/e. Thus if p is real and >0, in the
range x>0, we have

| e-pt-altgt-1/2| < N2le. et .oocennnnnnn (3)

Now J@Tej e-?tdt converges to the value v2/ep?, so by 1°§7
0
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the original integral converges uniformly in x>0, and, there-
fore, represents a continuous function of  in this range.

(¢) For condition (c¢) § 9B to hold, condition (b) § 94 must
be satisfied, so we have to prove that the integral

o0
j e—pt—zt/aty §-1/2 dg
0

converges uniformly with respect to ¢ in the infinite range >0,
when p is real and >0.

To investigate the convergence we apply (1) § 6 making
l>+ow. Then

—>00
2t1/2e-3"r e~ 14t g (2/4t)
z=h

= fl/2¢~pt [e—xe/«u]x_m %L;f,—.itm, ...... (4]
<2e-?t1/2/(h?/48) =8e P32 [h2, .......... (5)
If we select a real positive number e, say 10-29, by taking A
large enough, but finite, 8t3/2¢-?t/h2<e for all ¢ in ¢>>0. For
t=0 we take the integrand as its limit zero as ¢t—-+0. Hence
the original integral is u.c. in the range t>>0. Since all condi-
tions for the changed order of integration are fulfilled, (1) is
valid and (2) is the value of the repeated integral.

I11. Integration under the integral sign. This operation is
equivalent to changing the order of integration, so the conditions
in § 9 are sufficient but not always necessary [see ref. 3, 16].

12. Theorems.—Differentiation under the integral sign.
A. Both limits in the integral finite.
If (a) f(x, t) is a continuous function of z in a <z <b, and
oftin b, <t <h,

3f( A ; is a continuous function of z in a <z < b, and

oftln hy <t<h,

(c) b, and % are either constants, or functions of
x (a <2< b) with continuous differential coefficients,
then

h
a—awj;..f(w’ fdt =f (@, h)%-f(x, hl)dh‘ j' s, ‘)dt (1)

)
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When A, h, are constants, the first and second members on the
r.h.s. of (1) vanish.

B. Upper limit of integral infinite.
If (a) f(x, t) is a continuous function of z in a<Cx <b, and of
tin hlgt <k, no matter how large » may be,

1s a continuous function of z in e <x<b, and

of ¢ in b, <t<h, no matter how large » may be,

(c) L g‘ﬁ%—t) dt converges uniformly with respect to z, in
a <Lz <b,
(d) I f(z, t)dt converges in a<<x<h,
hy

(e) h, is either constant or a function of z (a<{x<b)
having a continuous differential coefficient, then

o[~ © 3f (, dh,
'é—xjhlf(x, t)dt:jh‘—.j;(a%ﬁdt —f(x’ hl)% . --.......(l)

When £, is constant the last member of (1) vanishes.
13. Examples. 1°. Evalua,tej e-2t], (av/t? — b?) dt//t? - b® by
b

differentiating I e~?tI (av/i? —b%)dt under the integral sign
b

pe—b\/p’—a’
with respect to b, given that I,(av/t? — b b2)=T .

a2
Using (1) § 12B, with b instead of x, we have

.[h, af(abb D g —r ert 'a“Io(aJtT:Tz)dt

B re (o (aViE %) 9(avit-b?) di,
RPN b

- r o-21, (&~ B%) ab dij/FE b
b

- abj: P Uiy Y TNy S A @)
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since I, (u)=1,(u). Also with h,=b,

d(b)_
bdb
since 1,(0)=1. Hence by (2), (3), and (1) § 12B, we obtain

£, hl)% ={e-2tI,(avt® — b?)},_ e, ....... (3)

2 r et (aEE 5 dt

abl,
© ¢=9t] | (an/t? - b?)
= —abI ——1—_—:_.—'—:———dt“ —pb' e (4
b Vit b2 ‘ @
Now  I— j”e—wzo(wrs:‘iﬁ)dt:e—w&'—?/@z‘;;z, ....... (5)
o
al _  _vi—a '
SO %——e . ..(b)
Consequently by (4) and (6) we obtain the result
© _ Il(a\/tz—bz) . 1 _pV g -
Ib e pt—yt_—é:;_.——brdt—%(e P —€ bp). ......... (7)

The reader should justify the foregoing procedure as an exercise.
2°. Given thatj e~? sin xt dt ==x/(p? +2?), p real and > 0,
0

evaluate the integralj e~?'t cos xt dt, by differentiating under
0

the integral sign and justify this procedure. Here

(@) f(x, t)=e~?t gin x¢, and this is a continuous function of
z and ¢ in the respective ranges a<<x <b, 0<{t <h, no matter
how large ~ may be, p real > 0;

() -a—[(a%t—) =e~? cos at, and this is a continuous function of

z and ¢ in the respective ranges a <{a<<b, 0<Ii<<h, no matter
how large h may be, p real > 0;

(¢) I ﬂgx’—t—) dtzj e Pt cos zt dt, and we have to examine
0 0

whether or.not this integral converges uniformly with respect to
2 in any finite range thereof. Using 1° §7 we see that

| e~?tt cos xt | << e—?'t, for any finite value of z, and j e Pt dt
0

converges to the value 1/p? (by (1) § 1-12). Hence by 1° § 7
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the integral in question converges uniformly with respect to x
in a<<z<b;
(d) the original integral converges in e <{x<b, p real > 0.
Accordingly by § 12B

L ® 0 d .
55.[0 e~?tgin xt dtﬁj‘o e~? —a;(sm xt)dt:%[x/(p +x%)], ...(1)

S0 I e~Pit cos xt dt = (p? — %) /(P2 +22)2. ....coiein i i(2)
0

Since the integral is u.c. in @ <« <(b, the function on the r.h.s.
of (2) is continuous in this range of z, i.e. for any p real > 0,
it is a continuous function of z.

14. Example where (c) § 12B is not satisfied. The integral
r sin at ‘fitz%n, x> 0 is well known (see §2:221). Differenti-

Jo
ating under the integral sign with respect to x, we have

r 9 (ﬁlt—g)dt:jm oS b db, vovvrnrinniinnnns (1)

0 0% 0
but this operation is invalid, since the second member of (1) is
oscillatory, instead of being uniformly convergent.

I5. Theorem.—Integration of infinite series over an
infinite range, term by term.

o)
If (@) 2 f,(t)is a uniformly convergent series* of continuous
n=0

functions in the infinite range t > b, ;

(b) r | g(2) | dt is convergent,
2

then rg(t)L Zf,,(t)Jdt-__ z I GOFa O dEe wverrrrerr(1)
hy n=0 n=0Jp,
Alternatively if

(¢) 2 fn(t) is a uniformly convergent series of continuous
n=0

functions in the finite interval A, <t <A,

* There are non-uniformly convergent series which may be integrated
term by term [see reference 16, § 1-75].
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(d) g(t) is a continuous function for all finite ¢ > A,

(e) either the integral j: | g() ] { Zw'o | fnl®)] }dt, ........ (2)
or the series )030 r fg@®)) | fa)]dt, oovrevrnneen i i(8)
n—=0vhy

converges, then (1) is valid. This is exemplified in §§ 2-18,
2-181.



* APPENDIX IV

PARTICULAR CASE OF THE MELLIN INVERSION
THEOREM

There are in reality two theorems as follows :

1. If ¢(p):pr°e~p7(t)dt, £ 168l > 0, wooveorveerrenn(1)
0
- (o
then f(t)=—2—1l—r—ir . eHP (2)d2[2, oviiniinniin el (2)F
provided

(a) All singularities of ¢(z)/z are on the left of ¢ +iw,
c>0;

© | $(c+1iy)
(b)j | "c+iy

-0 i

dy converges, but this restriction may be

waived when the highest power in the expansion
of $(2)isz, R(v)<1;

(¢) | $(2)/z] =0 uniformly with respect to phase z as
|2]| > o in the range —}m <phasez <i}n. In-
tegral (2) is then zero when ¢ <0.

¢+-400
2°. If f@ :?1,7—5 i etp(2)dzfz, coooiiiiiiininnni, (2a)
then d(p)=p r e~?f(t)dt, ...... cvrnenenenen (1)
0
provided

(@) f(t) is continuous or piecewise continuous,  real > 0;

* See Fig. 18 for the contour ¢4 400 ,also [12]. Strictly ¢4 40 should
be written ¢4 iy, y—> o, i.e. integral (2) is the limit as y—»ow . Although
this theorem bears Mellin’s name, it was given originally by Poisson in
a memoir read before the Academy of Sciences, Paris, in 1815. Mellin
gave a rigorous discussion of it in 1896, the form treated being that in
[12, pp. 302-5]). For additional historical information see T. J. I'a
Bromwich, Proc. Lond. Math. Soc., 15, 401, 1916 ; and H. Bateman,
Bull. Amer. Math. Soc., 48, 510, 1942.

177
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() B(p)> 0, but in some cases may be <0 ;

(c) integral (1a) is absolutely convergent.
When ¢ is replaced by av/t?* - b2, a, ¢, b real, ¢ b, condition 1 (c)
becomes : | e®¢(2)/z| — 0, ete.; in (2a), ¢ real > b; whilst in

integrals (1), (1a) the lower limit is 5. A complete proof of the
theorem is given in reference 12, Appendix IV.



* APPENDIX V

PROOF THAT L.T. METHOD GIVES CORRECT SOLU-
TION OF ORDINARY LINEAR DIFFERENTIAL
EQUATIONS WITH CONSTANT COEFFICIENTS

The transform solution of (1) § 3-13 given at (4) §3-131 is

¢1 ¢3 (.p) (1 )
Y (p) ¢ ()
where y,=>d¢,/¢, is the solution for zero initial conditions, and
Y. >s/d, is that part of the solution for the prescribed initial
conditions. ¢, is usually a rational function* such that the
degree of the denominator of ¢,/pd, exceeds that of the
numerator by at least (»+1).f Then the singularities of
&,/2¢, are all poles in the finite part of the z plane, and the
contour ¢ £t may be replaced by a finite circle enclosing
them. By the Mellin inversion theorem

y,(t)zé—:r—;jcez%l £ N 3

Since (2) and its first #» derivatives are uniformly convergent in
any closed interval 0 <{t < h, differentiation under the integral
sign with respect to ¢ is permissible, so

By ™M () + a1y, " () + - + 25 (0)

Y(&)=y,() +y. ()=

.__l_ e*'d, dz n el i -

_ML e R 0
1

= | e S E(E) oo ererenn (4
o |, et delz= 0, @

The closed contour C is equivalent to ¢ +¢ow , if ¢, is a rational
function whose degree < 0. It follows that the appropriate
function y,(¢) is obtained by interpreting ¢,/d,.

*A rational function is one whose numerator and denominator are
both polynomials. A constant is regarded as a polynomial.

tn is the order of the differential equation, and when p is large
é1/pds= O (1/p™+1). Since t" = (n+ 1)1/p™, it follows that y,, vanishes
with 2.

N 179 M.0.C.
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By (1), (2) §3-131, ¢, is a polynomial of degree equal to or
less than that of ¢,, so applying the Mellin inversion theorem
to the last member of (1), we have

Ye (t) = "2‘;-.;: IO ezt¢3 dZ/z¢2, ...................... (5)

where C is equivalent to ¢ +¢ow .
As in (2), (5) may be differentiated under the integral sign, so

1
ay. ™ (@) +ay V@) + ... ey (f)= 577@',“0 e*'pgdz[z. ...(6)

¢; has no constant term, so the integral corresponding to each
term of the polynomial vanishes. Hence if the initial condi-
tions are satisfied, y,.(f) is the initial conditions function of
(1) § 8:13, i.e. if ¥, (0)+y,(0)=y,, for r=0, 1, 2, ...n - 1.
By (2) .

Y, (0) = 5 [IC ez’ dz/z¢21=0 s erresreerieenes (7)
since all the integrals concerned are uniformly convergent in
0<{¢t <A, and, therefore, represent y, ") (¢) at t=0. Now (n—1)
is the greatest value of r, so 27¢,/2¢, =0 (1/22),* and by refer-
ence 12 § 4-61 et seq., when ¢ is small (7) may be written

m—1

yp(r)(t)_N_J__j e*tdzfem = 't_'l')"r s ceeereriaeaanes (8)

where m is an integer > 2. Whence y,@(0) =0.
By (5)

5O(0) =5 Uo etz dz/z¢2]t=o= o j by dafapy, (0

since all the integrals concerned are uniformly convergent in
0 <t < h, and, therefore, represent y,(t) at t=0.
By ald of (1), (2) § 3-131, ¢/, may be expressed as follows :

$s/pa = _752 {3/0 (b2 = an) +1l(P2/2) —an_; — (an/2)]
+ Yol ($2/2%) — An_z — (@n_1/2) = (@n/28)] + ... }, ...(10)
=Yo+— % + + ot Z::ll al‘s{(yoan Y101+ Yasln gt ...)

+ (1/2) [418n + Ysn_y + -]+ oo 1o oen(11)

* By hypothesis the degree of ¢, never exceeds zero, whilst that of
¢y i8 0.
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When (11) is substituted in (9), the integrals corresponding to
all terms except y,/2" vanish, so y,(0)=y,. Hence we have
shown that

Y, (0)+y,D(0) =¥, cverrinniininninnnnn(12)
for r=0, 1, 2, ... n — 1, which completes the proof.

An exceptional case. The above analysis is based upon
arbitrary initial conditions. If, however, £(¢)=I(t), the im-
pulsive function of unit strength in § 2-19, ¢, =p, so

2"y [2y =0 (277)
for r=n -1, and (7) gives
¥, (0) =a constant.

Accordingly when a system symbolised by (1) §3-13 is sub-
jected to unit impulse, a ‘ forced ’ initial condition is introduced
by virtue of the (n —1)th derivative of y,. This can, alter-
natively, be regarded as a condition at ¢ = + 0. It is due to the
whole energy of the impulse being transferred instantancously
to the impulsed system. At ¢= + 0, therefore, the initial con-
dition is expressed by y,™V(0)+y,_,. It may be preferable
to consider y,, ¥, -.. ¥.—; to represent the initial conditions as
t—> — 0, whilst at t=0, y,»1(0) represents a response of the
system due to the impulse. See example 27 § 8-5, where
n-1=1.
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SOLUTION OF D.E. FOR IMPULSIVE FUNCTION
I(t) WHEN THAT FOR UNIT FUNCTION IS KNOWN

For quiescent initial conditions, and a force represented by
H (t), applied at t=0, suppose that the solution of the differ-
ential equation for a given system is

FBDE®D). creeeeereeeeeivieeeeeeeeen(1)
Then by (5) § 2-14, assuming the conditions there to be satisfied,
T ®)=206B) = DFO). weevireeinreerieennn(2)

Since I (£)=p, (2) can be written
A @) +1@)f(0)]=AD (D), +veeeeeeeerneaan(B)

so the Lh.s. of (3) is the solution corresponding to AI(¢). The
constant 4 is introduced for dimensional purposes, as explained
in § 2:19. Terms in the original solution. corresponding to non-
zero initial conditions are independent of the applied force.
They must be added to the Lh.s. of (3) to obtain the complete
solution.

Variable ax't* ~b*=au. In this case the modified version of
(3) is

4 [% flan) +1 (¢~ b)f(au) b] = APBD); eerreerens (4)

where ¢(p) is defined at (2) §1-31. As before, terms arising
from the initial conditions are to be added to the Lh.s. of (4) to
obtain the complete solution (see 22, § 8:3).

Applying (4) to (6) § 4-311 (see (1) § 4-313), with E,=1 we
have

' %f(ﬁu)=J(C/L)Be-f [t ﬂfl‘) —-Io(ﬁu)], ......... (5)
where u =12 —a2/v?, Also
ft(g,ii/l;’)=~/(C/L)e"‘”’”. N ()

182
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Hence by (4), (5), (6), when the p.d. applied to a quiescent
transmission line at =0, when t=0, is AI(t), the current at
any point x is

1,=A4J(C/L) {e‘“/"I (¢ —afo) + o ﬁ%@ - Io(Bu)]} (D)

This result may be obtained from (9) § 4-332 also, by writing
AI(t) for &,(t), and using (7) § 2-191. The value of the integral
in (9) § 4-332 with AI (¢t —u) substituted for &,(¢ — ) is found
on replacing u by ¢ and removing the integral sign. The first
term of (7), namely, 4./(C/L)e~=</*I(t —x[v) represents a cur-
rent impulse at the point z at time ¢ =z/v. This is followed by
a ‘ tail ’ represented by the remaining terms of (7). It is due
to dissipation of the energy, supplied instantaneously at
t=0, at a finite rate when £>0. The current sinks to zero
asymptotically.



EXAMPLES *

8:1. Boundedness, convergence of series, differentiation under
the integral sign.

1. Show that (a) e~otf(t) is bounded in ¢>=0 when f(t)=¢",
sinh ¢, cosh ¢, t» cosh ¢, if pyreal >1 (p, real > 0 for ¢*), n a positive
integer ;

(b) trdy(t), trlogt, t»Y,(t) are bounded in 0<t<h, but not
int=0;
(c) t"Ky(t) is bounded in t=0;
(d) e-Potgxt is bounded in >0 ; if « real > 0, p,=>=log «.
See captions to Figs. 2, 3.

2. Draw the graphs of and define the derivatives of the functions
in Figs. 20, 25b.

3. Demonstrate that f(t) =1/¢ is bounded in the range ¢>:h, h>0,
but not in £>0.

4. Show that cos (1/x) has a finite oscillatory discontinuity at the
origin.

5. Show that 1cos (1/z) has an infinite oscillatory discontinuity
at the origin.

6. What is the order of infinity of J_,,(t) at the origin? [1/2.]

7. What is the order of infinity (a) ¢t~ sin ¢, 1<v<<2; (b) 1/sin ¢
at the origin? [(a) v-1, (b) 1.]

8. Show that if f(t) is monotonic and positive, J'w ePif(t)dt

represents a monotonic positive function in that range of p for
which the integral is uniformly convergent.

9. Without evaluating the Laplace integral, show that the L.T. of
sint is monotonic in the range p real > 0 ; also show that Jy(it) is
a positive monotonic increasing function which — + o0 with ¢.

10. The L.T. of a monotonic positive function cannot be alter-
nating. Show that although H,(t) and Y, (¢) are both alternating,
their difference Hy(t) — Y, (¢) is a monotonic positive function in the
range >0, unbounded at the origin.

11. Show that sintci(t) —costsi(f) is a monotonic positive
function in the range 0. [See Example 10.]

* Additional technical problems (with answers) soluble by the L.T.
method will be found in reference 12.

184
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12. Prove that the following series are uniformly convergent in
any closed interval of ¢, b, <t<<h:

@ e = o8 0 1o - £y
@© ( t) n42r @® (1t)n+2r .
© 7.0 = £ -0 @ L= 2

H 2‘0 1 (]t)n+2r+l
@ RO = 2N i3 rmer 32
n a positive mteger >0.

13. Prove that each series in Example 12 may be differentiated
term by term over the interval ¢ = (0, &).

14. Prove that each series in Example 12 may be integrated term
by term over the interval ¢ = (0, k).

15. Show that the following series are absolutely and uniformly
convergent in any closed interval of ¢ or w, as the case may be :

._._J' _ 22 24 o ] _ .

(@) 2\/t/11[1 (33 T3590 ~f° wt, wreal>0;
41”3/2f ’U2 'L’G ] .
O s M5 ts oLt VTR

(©) Zw/(3n)!

n=1
o]
16. Demonstrate that the series 2 ( —1)%e~""%, g real, is u.c. in
n-1
any closed interval if £>>0, and oscillatory when ¢=0. Is term by
term differentiation with respect to ¢ permissible? [Yes! if £>0.]
17. Investigate the convergence of the series in (35), (42) § 84 ;
(29), (30), (32), (33), (35)-(37) §8:5; (2), (3) § 8-6.

< . 3 15 17
18. Show that the series erft=(2//n) [t ~i13 tars "3t ]
is absolutely and uniformly convergent in any closed interval of ¢.
19. Prove that term by term differentiation and integration of the
series in Example 18 is valid, and state the corresponding interval
of t.

20. Show that the series Jy(vi%+2bt) = ):( 1)rJ, (¢)br/r! is

absolutely and uniformly convergent in anv ﬁmte intervals of ¢
and b.

21. Prove that the following integrals may be differentiated under
the integral sign with respect to p and b :

(@) r -ot ], (bt)dt; (b) J e~?tsinh bt dt; (c) re“”'Jo(aJtz—b’)dt-
b
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State the six results obtained.

l:(a) - J:o e=?itJ, (bt)dt = — p/(p® +b2)3,
- J: e~?ttJ, (bt)dt = — b/(p?® +b?)%2;
®) - J: e~»tt sinh bt dt = — 2bp/(p® - b2)2,

r e~?t¢ cosh bt dt = (p? + b2)/(p? -
0

() - J':e—th,, (BB dt

= —pe P (b +1)/VpE +a)/(p? +a¥),

© a,~/t2 b2 R S
Jpen T e e |

22. Prove that integral (1) § 6-12 may be differentiated under the
integral sign with respect to p and ».

23. Demonstrate the validity of differentiating ro e~Ptsin bt dt
A under the integral sign with respect to p. Thence Sh(;)W that
J: e~P'% sin bt dt =2pb/(p? + 62‘)2.
24. The asymptotic form of a certain function is
g(b, t)~r e~stu sin bv'u du.
’ Jwbe-bat 1 p2
g (7 +6):

[Use the L.T. of sin b,/u, and differentiate the corresponding infinite
integral under the sign with respect to p, i.e. use (3) §2-17.]

Show when ¢ is large, b real > 0, that ¢ (b, t) ~

8-2. Convergence and evaluation of integrals, mvertmg the
order of integration.

1. Show that I e~Ptf(t)dt is absolutely and uniformly convergent
0

in p,<p<p, p, real >0, when f(t)=sint, cost, cos®t, " sin®¢,
tr cos3t, sin™t, cos™ ¢, tnJ(t), Jo*(t), J,(t), J,»(t), R(v)> -1, J ()¢,
R(»)>0, trlogt, tlog"t, R(v)> -1, n>=1, Jy(t)/t*, R(v)<1.

2. In Example 1 if a~/t* —B? is written for ¢ in f() and b for 0 in
the lower limit, prove that all the integrals are absolutely and uni-
formly convergent,
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3. Demonstrate that r e~?if(t)dt is uniformly convergent with

0
respect to p in p>1 if f(¢)=sinh ¢, coshf, and in p real >a if
f@#)=1,(at), R(v)> -1.

4. Verify that

00
(@) J- e~2*4 cos x dz is uniformly convergent with respect to
0 ¢ in the interval b, <t <h, A, >0 ;

(b) r ett sin ¢t dt is divergent ;
0

() Jw sin /¢ sin ¢ dt is divergent ; plot sin /¢ sin ¢, t = (0, 8x) ;
0

0
(d) I sinay"dy is u.c. with respect to a (real) in A, <a<Ch,
0 hy>0,n>2. The integrand is alternating but not
periodic, since the interval between consecutive zeros
decreases with increase in y. Plot sin y”, n =2, 4.

(e) Using the footnote on p. 165, show that the value of the
integral in (d) above is #/2at/®nI'(1 —1/n) cos (7/2n).
[Write ay™ =t.]

(f) Show that the integral (2) § 5-151 is uniformly convergent
with respect to ¢ in A, <<t<<h, h;>>0. [See 5°§5,
Appendix III, respecting (c), (f).]

[+ 9]
5. Prove that I e~Plvi] (132112)dt converges uniformly with
0

respect to p in the range p real >0, if R(v)> —1. The latter
restriction is essential for convergence at the lower limit. [See
§1-21 and 2° § 8, Appendix III.]

6. Determine the conditions for convergence of [ e~?tJ (at)dt,

Jo
p and a being complex. [R(p+1ia)>0, R(p —ia)>0 at the upper
limit, R (v)> —1 at the lower limit. Sce § 1-21 and 2° § 8, Appendix
III. The first two conditions, which pertain to the upper limit, may
be obtained by using the asymptotic form of the Bessel function.
This includes a factor of the type cos[(x +1ty)t — ], expressible in
terms of exponentials.]

7. Show thatrg(t)dt is divergent when g(f) =tmJ , (¢); J,2(1);

0
tmJ,2(t); m integral =1, n integral >0; |J,(¢)|, R(»)>-1;
sin Jt; Yo(Jt); Holt) [use Ho(t)~Y0(t)+% when ¢ is large];

Jo(t) sint; Jo(t) cost; eriwtl (t); sin 1/t; Jo(1/t); [in two latter
cases use lower limit 1]. Explain why each integral is divergent.
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8. Evaluate J': F(t)dt when f(t) = (@) J,(t), Rp)> ~1;
() J,(at), R(»)>-1; (¢) J,)/t, BR(»)>0; (d)t-22sin ¢,
(&) Ko(t); (f) Ky(at), —1<RB(v)<l; (g) tKy(at); () LK, (t);
(5) Jo(aVBE=b%); (k) J(aNE—0%)/NEE—B2; () ¢, (aN/E2—b2) /2 —b2;

(m )(Hb) J,(@VE-B?), -1<R@)<l.

In (a)-(2) inclusive A,=0, whilst in (j)~(m) k,=b. [(a)]};
(®) la; () 1p; (@) Vnf2; (9)}m; (f) m/2a cos Lvmr; (g) 1a?;
(B) i7; () e/a; (k) (1 -e?)/ab; (l l/a; (m)e=*®/a]. Taking
a=1,v=-1/2in (b) show that C(t)——J_: '[ cos z dz/ Jr—>}, when
t—>+w. In (b ) if v=1/2,

S(t) —'75— ‘sin dx/Jx—} when t— + o , so lim C(f) =1lim S(¢).
9. Confirm the following results :

@ .OJ(t)fcosat}dt—jl/Jl a?, 0<a<l:

(*00

(b) . extot K (t)dt = (37 11 sinh~1a)/V1 +a?;
jcosat] f 7/2N1 +a?
| sin at f 1 smh—1 a/JT a2’

@ [ vaa—a t2{°°s “"}dt (mafew) Iy (aw)
Jo

(0
(c) Ko ®)

{z(l)z ZZ } ,areal> 0.

[Write + i@ or +iw for pin the appropriate Laplace
integral, prove that it is convergent, use the list, equate
real and imaginary parts in (@) (c), (d).]

10. Confirm the following results : ]
(@) w02"+1r sin wtJ,, (w,t)dt =sin (2n sin~1 a)/V1 - a2, 0<a<1;
0
' _l)n/J&‘é I(a+~a?-1)2, a>1;
(b) w20t r coswtJ y, (wt)dt =cos(2n sm"la)/~/1 -a?,0<a<l;
c
0

=0, a>1;
© cos wi 0,
(©) wcL Yo(wct){sin wt}dt {2sm_la/" i 0ot
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® cos wt] 1/VI-a?,
@ . [ Ho(es t){s n tf {2 cosh"l(l/a)/n-Jl
e) “’“L Lo (wd) {:ﬁf wl } e j2 sinh=t (Lja)/myT+at o .
where a =w/w,, 7 a posmve integer.
(f) Show that

2,O<¢7L<l

’

w2t r ekl ], (wt)dt =Ty (cos 6) iU, (cos 8) ]/cos 6,
0

with cos 0 =v/1-0a2, w,>w. T,,, Us,are Tchebychev’s
functions of the first and second kinds of order 2n.

[Prove that j e~ itf(w t)dt converges if

w,#w and f(wl) =J,, (wt), ete. ;
write 1w for p in formulae in the list.]
11. Justify the inverted order of integration in (a) §5-161;
(b) § 5-162.
12. Verify that
r e Cdt r U PR A0 1) g =r
0 0

L
e~k gy j o—t-uplett gy,
0

0

13. Evaluate the ¢ integral on the r.h.s. of Example 12, make a
suitable change of symbols and obtain the result

0
14. Prove that
0 0 @
r e—ctt dtj e P dy = [ dxj e~(@*2+eDt dt = 7 [2ac.
0 0 Jo 0

15. Establish the validity of the inverted order of integration in
the following case :

el [ tsinat U S e
p[ e [ i |dmr S, esm

and show that the value of the repeated integral is mp/2(p +1).
16. Prove that

© sin xt ]
pJ.o ep [jo z(1 +x2)d @

e— t
=p , x_—-———(l +a'2)_[ Ptginxt db =m/2(p +1).
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8:3. Derivation of theorems. Establish the theorems given

below ; specify all the essential conditions, and enunciate each
theorem formally as in Chapter II.

w b

L

o

et I: flr)dr=

a'f(bt)= (p ~log a) $ (P _lbog “> ’
f(t~log a) =a"’¢(p)

rap?t 2+
d

(6 djdey1(0) = - 1)"(p - 3p) $@), where

(v52) o) = ”d[d o).
(@) tnf'(t) = (—1)";096‘"’
(b) commencing with §2-13, show that tf(f) = —p %(9—5—(22) .
- $(p)
t="f(t) = LAY o4 n-
@ f)=p [ j: 2 aps
(b) f(___t.___?_)_—_,p Iw e—ap¢

Ga) CEIN pf) I awr,

f[tdt =0, forr=0,1,2, ..n-1.
¢
[ e jtft)(dt) = (-1 (G22) (o)
B) S f1(0) =41 (D), folt) =ba(P),
thenrfl(th(t)dt/wj b1 ()fa(p) dp/p.
0 0

[Commence with jw e~?if, (t)dt = ¢, (p)/p, multiply both sides by f,(p)
0
and integrate with respect to p from 0 to + o0 .]

9. j SE-Nf OB @)p.
- p
10. £(t) ~a j af-Nir-L g ().

t e —_—
11. IOJO(Jtz—xz)f(x)dx=1—om¢(~/p2+l). [Use §2-25.]
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12. ’0 I,(WE=2)f(2)de "13% S(VpEZ1). [Use §2:25.]

13. ':Jt/_xJ,(2Jt§)f(x)dx=¢(1/p). [Use §2:25.]

14 [° t=f (x) d = ¢ (log p). [Use §2:25 and take ¢, =1/log p,
“Jo Pz +1) log p h(p) =log p.]
15. Show that if e~Pdf (¢), e—2tf’ (t) are bounded and continuous in

£>0, then I: Jo@N@)f (@) dz = (1/p) —f (0).

16. tst': oW, (27 f () de = p'b (1/p), R(v)> 1. [Use§2-25.]
17. If f, (t) = ¢ (p) and f,(t) =f,(p), then

:'%(ﬁ)g—;—; = j: ePif, (t)dt.

1. [M] [ rose-na]F= [ subadnip®
19. In §2-24 take f,(t)=¢,(p), f2(t)=I(t)=p, and we obtain
Lfl()\)l(t ~A)dA=IOf1(t _N TN = (0)
Discuss the validity of this result.
20. If f1(8) = b1 (D), f2(8) = 2(D), f5(t) = b3(P),
J.: J‘:fl ADf2aA) fat = Ay = A)dA, dDy = Grhodps /P, 1> A1+,

21. Establish the theorems in 4-8 above if ¢ is replaced by
a~/tt ~ bt

22. If f(av/i2—b2) = ¢ (p)

ad—;—,f =p"¢(p) -e~®? "é’l T [;{;f (a~/ t?——bz)]m
23. ::@dt:]:’oé%—)dp w=JEZB, t>b.
24, '”f—(-‘;—’i)dt:j:%}’i)dp

Jt

(00 dt_ 0 d—_‘p
2. "t -] s

26. Deduce (a) theorem (1) § 2:243 from § 2-25, (b) theorem 8b
above by aid of § 2:25.
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27. Show that

[[er0a-18 @) -o@ne-16'0) -0 0P .10,
and state the requisite conditions.

28. If f(x; €)= (p; ¢
suppose that f(x; €)—f(x) and ¢(p; €)—¢(p) when e—0.
Under what conditions does the relationship f(z)=¢(p)
hold?

29. Commencing with tf(f) = —pdi[qj( )], apply §§2-21, 2-23 to

show that f(t)dt:l}p (p)] , and tha,tj f@ydt= [q)(p)] tate
the conditions for the validity of these results.

30. Under what conditions is I f@ B ——-J. ¢ (p)dp? [Commence
0 0

a0

WithI ( p)dp=J'co [p r e Pif (t)dt:| dp, and invert the order of
0 0 0

integration.]

8+4. Laplace transforms, application of theorems.
1. Obtain the L.T.S. of the following functions :
(@) e~2tsin? bt ; (b) e~% cos? bt ; (c) e~**ginh? bt ;
(d) et cosh? bt ; (e) et erft.
9 T P [(p+a)2+2b“].
(@ 2pipraprar+ans ) (2Bt

) (p+a)2—2b2]
p+a/L(p+a)-4b21"

() 2b°p/(p +a)[(p +a)* -4%];  (d)

© ( ) e+t exfo § (p +a)]

2. Use L.T.S. to verify the following recurrence formulae :
(@) Jy'())=—-J1(); ®) 2J,) ()=, 1) =Jpia ()5
() ¢,/ ) =wJ, (1) =tJ,n(0);  (d) tL,"(t)=t], 4 () —vL,(1);
(e) 2vI,(t) =t{L,1(t) - 1,41 (%)].
3. Using the recurrence formula K,'(t) = - K, (f), show that K, (¢)
has no L.T., i.e. prove that Iw e~PtK, (t)dt is divergent.

4. Given that Io(«#—b%) =pe-V#»*-1/J/p2_1, find the L.T. of
I,(N& = 200). [pe—b @+V*-11/p 1),
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5. Show that o
— 2.-q3
¢ 1= R 31_0.“._7
[Use the L.T. of I,(a~/t* —b%) and apply 22, § 8-3.]

6. Prove that

b r Jala) g, +aItht—§a2b(t —b)
» U » U

= \/pg +-zi§e—b'v Pp3+ad _.pe—bﬁ”

- pe~ by,

where u =+/12 ~ b2, [Commence with
J:o e—pt J_lf:_uz dt =a}[; (e-P ~ e—b\/i,zﬁf)’

differentiate both sides with respect to b after proving the validity
of this procedure, and use the recurrence formula

e =" g w).

—~bs R
7. Interpret pe_ [1 + (p/a) - (s/a)], where s =~/p2 a2,
[I (au) +(t —b) - 1y (aw) (au) : use Example 5] .

8. Show that if f t) is a monotonic increasing function and —4,

a constant, as t— + oo, the area between the curve y=f(t) and its

asymptote in the range t=(0, + o) is lim [4 —¢(p)]/p, provided
p—>+0

r e~Pt[A - f(£)] dt converges uniformly as p— +0.
0

9. In Example 8, if ¢ (0) = 4, show that the area is given by - ¢’ (0),
ie.lim [4 - ¢(p)]/p= —¢'(0). [Expand using Maclaurin’s theorem].
p—>+0 .

10. In Example 8, if ¢ is replaced by a~/t? — b2, the area over the
range t =(b, +o ) is expressed by lim [Ae=2? - (p)]/p.
p—>+0

11. Prove that the centre of gravity of the area in Example 8 is
distant hm [ (1/p) +¢'/(A - ¢)] from the axis of f(¢). If ¢(0)=4,
show th&t the distance in question is —¢'’ (0)/24'(0).

12. Prove that k2, the square of the radius of gyration of the area
in Example 8 about the axis of f(¢), is

Jim {(2/p%) +((24/p) - ¢"1/(4 - 4)}-
13. In Example 12, if ¢(0) =4, then k2=4¢""(0)/3¢'(0).



194 MODERN OPERATIONAL CALCULUS
14. Verify that j ' T [2VZ G =) v de =}t sint.
0

t -

15. Show that jo Jo(NEE=2?) I (x)dz=Jy(t), I(z) being an im-
pulsive function as in § 2-19.

16. Show that

(@) '[t Jo(NE—a)xdax =tJ,(t);
[}
(®) if j: pud (@) da/N pEa+1 =eVs,
then j : To(@) Tt/ dz =y (2/8), £>0,preal > 0.

17. Show that r evtg() () di=1, if g(0) =1.
0
18. Show that I T (NETR) Iz ~b)da = J o (VE = BR).
0
19. Show that (a) r e~ ] (x - h)dx =e~2*4t, >0, t>0;
O .

() _[: Io[2~/x (t—z)]xdx=7]tginhi. [Apply §2-251].

20. If the area between w cos wt and the ¢ axis from 0 to 7/2w is
constant, show that as w— + w0, the L.T. — p.

21. Show that
(@) J: e—etldigl/2 dxj: J1(2Nzy) cosyy-12dy =N/at (1 —et).

[See 16, § 8:3 and (3) § 2-253.]

(b) Using the formula in Example 20, § 8:3, establish the
relationship

H‘zﬂ 11~z —yp-Lde dy =T(e) () T)/T(o+p+v),
R (o), R(pn), and R(v) > 0.

22. If in Example 21 (a) Jy(y) replaces cos y, show that the result
is &7t erf /t.

a0
23. Verify that .'.o e~*'/4¢ cosh x dix =/t et, t>0.
24. Show that if (m —n)> -2,
r e-o14¢ e, (1/x/38) 2 dix = 24/ mm L340 T [} (m — m) 4 1].
0
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25. Prove that r e~ 2'4t U : beily dy] dx =~2at8 (t).
0 0

26. Prove that r g—t/4t Ut ber y dy] dz =2xtC t).
0 0
27. Show that
J‘: 4] (an) J, (buu du = @ VAL (ab[2%), 10,

n —\)n—-1
28. Show that Utd)\] f()\)=]"(-(‘-n--_7‘-)1-)T FOVd\, n>1. State any
restrictions on f(¢). ° °
29. Establish the following results and verify each step in so
doing :
® cos &t
@ ), T2

© 2 . sin at _ e
(c) .[o sinte?dxfer =i, (d)j T dr=3in(l —-e);

dax = met; 1)) Iw e~ dp =1 ~/1_rﬁ ;

-]
(¢) J.o cos xt da//x =~/m/2t given that I dy/(1 +y4) ==/22.
0
30. Verify the following results :
o0
(@) | e-tsinboJ (¢)dt=sech 6 ;
Jo

oo 20
(b) e~ tsinhe Y () df = ——;sechﬁ;
0

(‘0 N 20
(©) e~tsinho g (1), (@) (t)dt =| 1F — sech §;
JO

(d) N e~tsinho,J (1) dt =e—f sech 0, R(v)>-1;
Jo
(¢) J'w e~ tsinh0 gip ¢ d¢ =sech? 6 ;
0
f) [ e—tsinhd ¢og ¢ dt = tanh 6 sech 6, all for @ real > 0.
Jo

[Put sinh 8 =p and use the list.]

31. Confirm the following results and justify the implied changes
in the order of integration :

(@) j:Jo(t—A)J,,(A)dz\=sint; ®) I:Jo(t——)\) sin AdA =47, (1) ;

© J': Jot =N, N dAA=J, E)v, R(»)>0;

) M,0.0.



196 MODERN OPERATIONAL CALCULUS
d) : LMW I,(t -\ dA=cosht - I,(f);

© .:I,,(t—-/\)I.,(A)dz\ssinht;

) [ sWoE-Nar=4¢-sin0);

@) ':Io(t ~2) sinh A dX=¢I, (t) ;

) ..:Io(t—)\)I,(A)dz\/z\:l,,(t)/v, R)>0;
(4) : sinh A sinh (¢ - A)dA = }/7/2 J' : 1L, (t)dt

& | J_,NJ, (¢ -A)dr=sint, -1<R()<l;
Jo

@ [ 7, 007,¢-NaA=J,,, @), R(w> -1, R@)>0,
Jo p+v#0;

(m) [ 2, Q)¢ =2, (6 ~2)da
JO

=T(p+1/2) T +1/2) 12T Lo (6) [N2 T (p+v +1),
R(I")> —%s R(v)> '_%s l"'+v+%¢0;
(n) I: Jy(t =N Jig(N)dA = Jig () +1m Y, (¢), where

Tig(t) = f J, (@) dae.

In each case, except (a), (e), (j), the result can be represented
by a second integral which should be written down by the reader.
Note that in each case the function on the r.h.s. is zero at the origin,
since both the limits of integration are then zero [see end of § 2-24].
Since Jy(0) =1, (1 +v) %0 in (I).

32. Interpret each term of (5) § 7-12 and obtain the Maclaurin

expansion of f(t). Apply (5), (6) § 2-24 to the integral term and
obtain the remainder

R, =r £ @ =NA1d)(n 1)1
1]
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33. Commencing with f(¢ — k) and proceeding as in § 7-12, obtain
the Taylor’s series with remainder

R, =J"f<n>(z —h-Ntd)(n-1)! =I'f<n>()\ —B) (= NrdN(n - 1)!
0 [\
[Phil. Mag., 26, 695, 1938.]

34. Show that if m and » are positive integers, or if (m +n) is a
positive integer,

[ 7m0 a0 [ Ton ) Tamtt -0
0 0

= (=1 [sin £ 24,0 =Ty () 4+ (= 1 gy 0]
[See procedure in § 5-144 :

_ mt2n _ 2p b2m+2n+1~  Jymin P
¢1¢2/p—pb2 +2 /(p2+l)_~/p2+ - (1+b2) “( l) * +l~/P2+_1
2b 2b
><{_(T»r?“)+(1+b2) (= ”W“bzmm]} b=t +1- ”’]

35. (a) Taking
p/(p?+1)= (p/~/p2+l )2b/(1+b%), with b= JpE+1 - p,

show that sint=2 Z' (=1)"J gy (t).
r=0
(b) Taking 2pb = (1 - b2), show that
cost=J,(t) +2 :‘3 (=1)rd, (2).
r=1

36. Verify the following results by aid of § 2:22 :

(@) .: |Jo(t) — cos t]dt/t =log, 2

() ': e~9t gin bt dt/t =tan—1b/a, a>=0,b>0;

(¢) .: (et —e~=) dt/t =log, , zreal > 0;

d) '0 [e=0% — J, (bx)] dx/z =log, (b/2a), a>0, b>0;
@ | aler) - (@) dsfz=logu @t a,6>0;
hH :: (cos xt, — cos xt,) dx/x =log, (,4/t,), 8y, £, 70,

Note that none of the integrands has an infinity at the
origin, a point readily verified by expansion.
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37. Verify that

ﬁ To@VT=RI A =et £ (- 12mianHey, , (J20)(20 + 1)
38. Show that j’ Lo (6 - N)dN.yA = Hegnn (J1)-
[

30. Show that (@) € cos 2 = 3 (—1)"2nHe,, (t/2)/(2n)!

n=0
(b) et cosh 2 =”2§'02"He,,, (t/2)/(2n)!
Compare 42(a).
40. Show that
(@  esin2 = I (~1)n2nHRHe, | (t/2)/(2n +1)!

n=0
(b) e-lsinh 2t = T 2nHRHe,, | (12)/(2n +1)!
n=0

41. Consider the convergence of the four series in 39, 40, and
verify that the conditions in § 2-18 are satisﬁed

42, Confirm that (z) cosh (2Jt) —e*‘+1 23' (2 ), o Dy (N28) 5
2!
(b) ~/~ +erth \/‘”t nZ'o @)1 Dy (2./8);

™ © 2n
© % et b = £ TN D@

43. Obtain the expansions of the following functions from their
LTS.:
@ J10);  ®) I,(); (o) sint; (d) cosh?t;
(e) ber22./t+bei22,/t; (f) erf 1/2,/t.
44, Given that K,(2./t) —log VT I (2./t) =¢M/? log p, show that
Ky(@2Jt) = - [y +log ~/tI,,(2Jt)]+ z Z 5 ,)2 Q(r+1),
where Q(r +1)=1 +;+§+ ;=z[:(r+l)+y.
45. Given that

J,(t)= ).'.'( Dr@ey+2r/ri My +7+1)

=p/NP+1(p+NPP+1), R()> -1,
by dxﬂ'erentla.tmg w1th respect to v show that

2 l v+2r 1

= ~2plog (p+Jp +1)/mNp2 +1(p +Np2+1), R(¥)=O0.
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46. Using the relationship ;—21_[-3% J, (t)] = Y,(2), obtain the result
y=0
_2 > (302 (r+1)
Yot) == log (1) Ta(0) - 5 (-1yr GEEEED)
= —2plog (p+~p?+1)/n/p?+1.

47. In 46 when r =0, the first term in the expansion is —§(1) =y
Euler’s constant. Show that

7o) =2 [ty +1og (037 - Z (- BEED]),

This should be compared with the formula in 44 when ¢ is written
for 2,/t on both sides thereof. Also obtain the expansion for K(2)
using the relation [g; I,,(t)‘\ = - K,(t).

0

y=

48. In 43-47 confirm that the conditions in § 2-18 for term by
term interpretation are satisfied.

49. Prove that if f(t) has a Maclaurin expansion, ¢(p)—f(0) as
p—>+o0. Test this, using functions from the list.

50. Explain why the lemma in 49 is inapplicable to functions like
log &, Y, (t), Ky(t), but holds for ¢, v non-integral and > 0.

8:5. Integral, ordinary differential, and partial differential
equations.

1. Solve the integral equations :

@ 10 -a[ fOde=1;  (®) fO)=eosht-[ AL~
0 0
© £ =f,(6) +r Q) sin (¢ - A)dA, whero f, (1) is given;
0
@ $0O =0+ [ f0een
@ $O =10+ [ f0@s () [ OFE-NBr=sinbe.
[@ e ® o(®); © 1o+ [
Q) 0+ [ fied; dJ"AtA)dA- f) L)
@ £+ [ fods @ g dhe-Na; 0.

Substitute the L.T. of each side of the equation.-l

o2 M.,0.C.
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2. Solve for y(t) the equations:

t(r ¢
@ yrar [ [y@m@nr=1; ® j+ef yir-a
oJo 0
[(@) cos wt; (b) sinat. Substitute the L.T. of each side.]

3. Solve: 24(p)+p r $(p)dp =0.

[¢— Aym ENT hev's erfe (3p), A a constant. Interpret in terms
of t, solve and find the L. T]

4. Solve :
[P gy e ot
(a) $(p) pL p dp=a*; (b)y+a3ondt~1.

[(a) $=a{l - pe?Fi(p)} ;

®) 5%;5 {e‘“‘ +elat <~/§ sin i;}_ at — cos :/égat)}] .

5. Solve: ¢ +wip J.m r ¢ (al;p)2 =a2.
[¢ =a?{1 — wp[sin wp c1(wp) - cos wp si(wp)]}; use Example
(6(a)) § 8-3, interpret in terms of ¢, salve and find the L.T.]
6. Solve the following ordinary D.E. :
(@) y+4y+3y=0; d) 4 +4y +3y=et;
(¢) m§+ry+sy=0; (@) ¥ +2y+y=sint,

the initial conditions being y =y,, ¥’ =y, at t=0. Verify that each
solution satisfies the corresponding equation and the initial con-
ditions.

7. Solve :
(@) D*x—x=B; (b) D% +9D% +29D%x +39Dx + 182z =B,
subject to quiescence at ¢t =0, D =d/dt.

[(“) x=3B(cosht+cost-2);
e-t e~2t -3 11 \
®) == B{s 3i T*’é""s‘(”?)]]'

8. If 2 =z, at t=0, what is ¢4(p) the L.T. of the initial con-
ditions function for the equation

(DA+10D°% +35D2 +50D +24)x =B ?

[ =xo(p* +10p% + 3592 + 50p) + x, (p® + 10p? + 36p)
+ %y (p? +10p) +23p.]
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9. Solve the equations in Example 7 if B is replaced by I(t) the
impulsive function of unit strength.

P -3t p
[(a) 2x =sinh t —sin ¢; () x=—1——e‘2‘+%(t+3)]

10. Solve (1) § 3-11 if e~?* is replaced by I (t). [yz-—(—l - 1.

11. Solve (1) §3-11 if e~ is replaced by I(f), and the initial
conditions are

Y=Yo ¥ =y, at t=0. [ =Su;

12. Solve the problem in §3-18 if the applied p.d. were AI(¢).

[{=(A/L) cos wt — w@y sin wt, w?=1/LC.
A has dimensions p.d. x time].

13. Solve D3y +y =1(t), subject to quiescence initially.
[y =}{e~t + et (Y3 sin /3t/2 — cos +/3t/2)}].
14. Solve D% —a2y =e~%, with y=y,, ¥y’ =y, at t =0, V% =a?
[y =1/(b% - a? {e— bt +é sinh at - cosh at} + %, cosh at +glsinh at] .

at sin at:I
cos at +y, .

15. Solve 14if b2 =a?. Ly yl + §—2> sinh at + y, cosh at - te“'”/Qa]

16. A p.d. E is applied at t-O to an inductance L having resist-
ance R, initially quiescent. If & =FE; a constant, show that the
current at any time ¢ >0 is I =(Ey/R)(1 —e~Ri/L). If E =Eyf(1),

where f(t) = ¢ (p), show that I =(E,/L) J‘ e~RALE(t - A)dA.

17. A p.d. K is applied at ¢t =0 to a capacitance C in series with a
resistance R, the circuit being quiescent initially. What is the
current when ¢ >0, if £=E, a constant? |I=(K,/R)et/CR. At
t=0 the uncharged capacitance behaves as a short circuit, and the
current rises precipitately to the value Zy/R. Thereafter the capaci-
tance is charged according to the law e~t/CR],

18. In Example 17 if K =f(t) show that
1 (¢
RI=f(t)-~5 | e MORf(t -A)dA.
10 -5 [ e orre-»

19. Confirm that a capacitance (' in series with inductance L,
each being shunted by resistance R, behaves as a pure resistance
whatever the form of applied p.d., provided CR?=

20. An inductance L of resistance R, is connected in parallel with
a capacitance C in serics with a resistance R,. Show that the com-
bination behaves as a pure resistance to all forms of applied p.d.,
provided R, =R,=R, and CR?=L.
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2]1. Investigate the case in Example 19, where the inductance has
inherent resistance R,.

22. Solve the simultaneous linear D.E. :

@y d2£ =Ae " sin wit dx +b¢ =0, subject to quiescence initially.

@ e > dt

[§= Ao { 1 ke e~ogin (wt+0)) '
b(@®+w?) (a-b)?+w? wJa2+w2J(a_b)2+w2}’

0, =tan! w(2a - b)/(ab —a? + w?) ;
t b(1 —e-vt
x=-4do {(a2 +w?) "(a( b)2+c32
+ b[sin (6, +6,) — et sin (wit + 0 +8,)] \
w(a? +w?)V (@ -b)? +
23. A coil having inductance L is coupled electromagnetically to
a similar coil shunted by a capacitance C, the mutual inductance

being M. The system is quiescent, and at =0 a constant p.d.
E, is applied to the first coil. What is the current I, through C

when ¢t > 0? )
2= - T ( ) sin at,

where k = M/L, the coefficient of coupling, and w = 1/(vLCNT - Icz)].

0, =tan-! w/a] .

24a. Solve the problem in §3-211 if R,=R,, L =L, k=1.
- £y -Rt/zL:I
[12 = — ﬁ e .

24b. Solve §3-211 under the conditions in Fxample 24a, but with
E =E,sin ot.

| - B2 {e-mg(er + 0

Jﬁz = €08 (wt — tan—1(B/w) } , with /3=R/2L] .

25. The equations for an electron moving in a plane parallel to
that of the paper, between two large flat parallel plates perpendicular
thereto and separated by a distance 4 are :

d* edx d x edz

map=Be-H g map=H g
where m =mass of electron, ¢ =charge of electron, E =electric field
strength between plates in 2 direction, H =magnetic field strength in
y direction, ¢ =velocity of light, x, z horizontal and vertical co-
ordinates in plane of paper. Take quiescent initial conditions,
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assume the electron to start from the lower plate and determine its.
trajectory when constant E and I are applied at ¢ =0.

[x=A (wt -sin wt), 2=A(1 —cos wt), 4=Ec/wH, w=He/mc.

, z are the co-ordinates of a cycloid generated by a point on a circle
of radius Ec/wH rolling on the lower plate with angular velocity w.
If » > 2Ecm/H? the electron fails to reach the upper plate. md2z/ds?,
md?z/dt? are the accelerational forces in the z and x directions; Eeis

the force in the z direction due to the electric field, whilst H ¢ @z

cdt’
H ga:: are the forces in the z, x directions due to the respective

4 edz edx
currents -, - —
26. A heavy disk, having moment of inertia I about its axis, is
suspended centrally by a vertical wire rigidly fixed at its upper end.
The inertia of the wire may be neglected in comparison with its
torque stiffness ~ per radian. The system is quiescent, and at £ =0
a torque 7'=T¢(1 —e~2) is applied which causes the disk to turn.
What is the angular velocity and displacement at any time ¢ > 0?

T e~ot 1. ]
0= “_2__{ S 4% sin (bt —tan-1b/a) } ;
[ Tlase \Jazp  pon (G -tanTbla)g

__aly a + 1 -¢at
INa? 502 L b2/a2 102 ava?+b?

- blz cos (bt — tan—1 (b/a))} , b= V’;ﬁ:l .

27. A rigid loud speaker diaphragm (conical shell) of effective
mass m, has an elastic centering device of axial stiffness s, and
negligible inertia. The resistance due to frictional loss and sound
radiation is 7, per unit axial velocity. The diaphragm is at rest in
its equilibrium position, and at t =0 a force A1 (¢) is applied centrally
and axially. What is the axial velocity whent>0? Take s>7,%/4m,
for an oscillatory system.

Aet

wm,

by virtue of the motion of the electron.]

ST ]
m, 4m2l’
At t =0 the axial acceleration is infinite momentarily ; at ¢ = +0 the

diaphragm commences to move with a velocity A/m,. This is the
‘forced’ initial condition mentioned in Appendix VI. As {— +0

the acceleration is (dv/dt);_, 0= —Ar,/m,z] .

v

. r
(w cos wt ~a sin wt), a=4 =, w=\/
me

28. An electrical relay has a resistance of 5 ohms and an induct-
ance of 0-15 henry. It is connected in series with a resistance of
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3 ohms and a battery of 100 volts. A current of 4 amperes through
the winding actuates a contact which short-circuits the 3 ohm
resistance. After connecting the battery, what time elapses before
the current reaches 0-95 of its final value?

29. Solve the linear partial D.E. %éz =CR aa 7 subject to the
initial condition Z (z, ) =0, ¢t - -0, 0<<w </, and the boundary con-
ditions (a) £ (0,1) =0, 0<<t<, (b) E (z,t) = E’0 a constant, z =1, {>>0.
Here E is the p.d. in an unloaded cable at a point distant = from the
far end (z=0), which is connected to earth. A battery of voltage
E, is applied at £=0 between x =/ and earth.

o .
n==1

nm

30. The current at any point of the cable in Example 29 is given by
I, _LloE . Prove that the series for I, is absolutely and uniformly

R ox
convergent if £>0, and hence show that for 0 <<z <!,

I,=(E Ry [ (142 3_'?1( — 1)m e~ UBCR oo (nﬂx/z)} .

31. Verify that (1), (2) § 421 may be combined to give the P.D.E.

aa——;g = LC ol — +(CR+LG) £ +GRE, and obtain the transform
equation (fl 5 — A% =0, with A= (Lp + R)(Cp +G).

32. Apply (8) § 527 to 30 when x =1, and show that
1,= ENC/mR {1 122 e—”‘l’c"/t} .

n=1

[Write 2/I2)CR for ¢ on both sides of (8) § 5:27.]

33. A spherical copper ball of radius @ =5 cm. is at a uniform
temperature of 6,=15°C. At t{=0 it is plunged into water at
6,=35°C. Assuming the water to be in circulation and its tem-
perature drop negligible, what is the temperature at any radius r<a
when t >0? The D.E. for heat diffusion in a sphere is

azo+2ao 196 _ 0
@ ror kot

[9 =(6,—8,) {1 +2n§1( - 1)%-*»%/«*%4“_)} +e,,] :

34. Plot a curve showing the relationship between central tem-
perature and time in Example 33, if the diffusivity

k=113 cm.2 sec.” L.
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35. Solve PRl =0, subject to the initial condition
0(z,t)=20°C., t—-0, 0<z<l,
and the boundary conditions
(a) Oz, t)= -10°C.,z=0,t>0; (b) O(z,t)=20°C., x=I,t>0.

[0=20°—30° {’—‘li‘ +2 5 (=1)re-ntmitlettgin [nﬁ(l-z)/z]/nﬂ}].

n=1

36. In Example 35, 0(z, t) is the temperature at time ¢ of any
point, in a homogeneous rectangula.r slab,* distant = from the plane
face at 20° C. The parallel face is at —10°C. as in the case of a
refrigerator. To maintain the lower temperature, heat must be

extracted at a rate q—-—g per unit area, R being the thermal

resistance per unit area per unit length of slab in the direction of
heat flow. Show that the series in Example 35 is absolutely and
uniformly convergent if >0, and that when z =0, >0,

30 60 3 e, 1/c =k the diffusivity.
TR

37. The partlal D.E. for radial heat diffusion in a long circular

0% 106 1406
cylinder of radius « and length I (I>>a) is E R =0. where

0(r, t) is the temperature at radius r and time ¢, k being the diffusivity.
Solve this equation subject to the initial condition

O(r,t)y=0, t—> -0, 0<r<a,
and the boundary conditions
(a) O(r, t)=0, a constant at r=a, ¢>0;
(b) O(r, t) finite at r=0, ¢>0.
J (anr/an
andy (2g)

where «, is the nth positive zero of J (u)] .

[0 ofl 22e-« wttjar /o

8-6. Discontinuous functions, Fouriere xpansions.
" f)=tr] 0<t<h
1. Prove that the L.T. of —0 [ t<0,t>h
é(p; 0, h) = — PR [A" + nh"—1p72
+n(n-1)A"2p=2+ ... +nlp~"]+nlp=".

is

* The edges of the slab are thermally insulated, the heat loss there-
from being negligible. Alternatively, the slab is large enough for loss
from the edges to be too small to affect the temperature distribution over
8 proportionately large central section.
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2. Show that the L.T. of a semicircle of radius @, commencing
at t=0 and repeated indefinitely, is f(t) =nae-9?1I, (ap)/(1 —e~27).
What is the corresponding Fourier expansion?

[f(t) =a {}ﬂ + 20','0 (-1)» Jy (nm) cos (m-rt/a,)] .
n=1 n j
This series converges uniformly as t— +0, also f(0) =0, so

Irm ):( 1>"“J‘ff"’]

3. A voltage pulse of rectangular form, having unit amplitude,
duration A, is repeated at interval A>>h,. Show that the corre-
sponding Fourier expansion is

27n hl) . nhy
(h/h) + Z‘ 708" (t—-2~ sin —==.
[The form is akin to that in Flg 22 but the duration of the pulse is
small compared with the interval between consecutive pulses].

4. A function representing a radio-telegraph wave-form consists
of n cycles of sin wt commencing at ¢=0, followed by an equal
quiescent interval. What is the L.T. if the function is repeated
indefinitely? [wp/(p?+ w?) (1 + e~ 2nmplw)],

LJ

5. What is the Fourier expansion corresponding to the function in
Example 4?

6. Find the L.T. and the Fourier expansion corresponding to the
following continuous wave-form. Show that the series is absolutely
and uniformly convergent.

AV AV AN AVAVA VAN A
°°2h 2 Y an Vo Vo Vo Vg lime Axis

l:¢(p) 1{% Le_,,,,] '-2fo|:1 - wcosé::i;);rt/h]]

n=0

7. Derive the L.T. and the Fourier expansion for the following
continuous wave-form. Show that the series is absolutely and
uniformly convergent.

To+on

f /
2 < 9n % o 2h 54 o1 Time Axis

sin (250) %
Lﬁ(p JoTy -2 f(‘)=‘“f°2( ) —Gmiie ]
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8. Find the L.T. of the maritime distress signal * SOS’ in Morse
code as illustrated in the diagram. What is the L.T. if the signal
is repeated indefinitely? § is represented by 3 dots, and O by three
dashes, a dash being three times as long as a dot.

, S
33h

9. A note at the top of a pianoforte is repeated at equal time
intervals A in a room acoustically dead. The sound lasts for a
time A,<h during each interval, the damper being effective for a
time (A -h,). If overtones are negligible and the sound-wave has
the form e—*¢ cos wt for an isolated note, what is the L.T. and the
Fourier expansion corresponding to the repcated note?

10. A p.d. corresponding to the letter S in the Morse code (see
Example 8) is applied at =0 to a very long quiescent unloaded
cable open at its far end. Find the p.d. and current at any point =,
after each dot has been sent. The signal commences at ¢, and
terminates at ¢, in the diagram of Example 8, i.e. the p.d.=0 for
A and t>t,. The pd. from ¢= to to (t,+h) is E,. For con-
venience we take #, as 0.

[E, = Ey{erfe (K//t) H (t) —crfe (K/NE—h)H (t - h)}, h<<t<2h;
E,=E, + Ey{erfc (K/Nt—2h) H (t - 2h) — erfc (K//t —3h) H (t - 3h)},

Sh<t<<4h;

Ey=E, + Ey{erfc (K/Nt —4h) H (t - 4h)
—erfc (K/vi—~bh) H (t - 5h)}, bh<<t<w, K =1xv/CR.
The formulac for the current are obtained on replacing
ertc (K[t =nh) by /[C/xR (t —nh)]e- FCR/At=nA)],
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The following abbreviations are used: y = (£2 - %)!/2; r =(p? +a?)1/2,
R=p+(p?+a?)?; s=(p?-a?)? S=p+(p?-a?)'?; t>0, b>0,
both real. For simplicity we shall take a to be real. In many cases

it may have either sign, e.g. in circular and exponential functions.
R(p) >0 usually.

1. t=T(v+1)/p R)> -1
2. (62 - B2) = (2b)*+12 (v + 1) K, | (bp)[='/2p* 112, ¢ b,
: R)= -1
3. (1 +83)12=fap[Ho(p) - Yo(p)] ‘
4. e~ =p/(p +a)
4a. 1-e%=a/(p+a)
5. e~otty = I'(v + 1)p/(p +a)'+! Rp)> -1
6. e—a%4tg-1/2 (.”p)llze—apm
7. sin at = pa/{ p? +a?)
Ta. (t/2a) sin at = p¥/(p? + a?)?
8. t~1 sin at = p tan—1 (a/p)
9. t-12 gin ¢ = (w/2)VV2p/(p? + DM2[p + (p? + 1)1
10. sin? ¢ = 2/(p? +4)
11. t-1sin?t=}plog (1 +4/p?
12. cos at = p?/(p? +a?)
12a. sin a,/t = ja/=/p e-a*/t»
13. et gin bt = pb/[(p +a)? + b?]
14. e=% cos bt =p(p +a)/[(p +a)? +b?]
14a. 3“172 [e-“‘ + e*“‘<J3 sin % at — cos 3/; at>:‘ ::p/(p". +a?)
15. sinh at = pa/(p* - a?)
16. cosh at = p*/(p? - a?)
17. . sinht ¢ = Ja[Hy(p) - Yo(p)]
17a. logt= ~y-logp
18. —-EBi(-t)=log (p+1) (see § 5:21)
19. si(t)= —tan~lp (see § 2-231)
20. ci(t)= -} log (p?+1) (see §2-231)

208
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21.
22,
23.
24,
25.
26.
26a.
217.

28.

29.

30.
31.
32.
33.

34.

37.
38.

39,

40.

41.
42.

43.

44,

8(t) =[(p* +1)12 - p]'3/2(p* +1)V/* (see 8, §8-2)
Ct)=[(p*+1)"2 + p]%/2(p* +1)2 (see 8,§8:2)
tan—1 ¢ =sin p ci(p) - cos p si(p)
erf t = ei?* (1 —erf 1p)
erf $12 = 1/(p+ 1)1/2
erfc (a/2t112) = ¢~ov'"®
a 12 4-32g g-2*at =2, J7p =2V,
et erf t1/2 = pli2/(p 1)

5 [e“"’ erfc <b—2—t~12,?) +eo® erfe b 2: 12/?)] e=blptatyn

e 520 et 2] 1)

—qle-bp'? /( p- az)

Jo(at) = plr (see 12a, §8-1)

J,,( ) =a’p/rR® (see 45, §84) R(v)> -1

t-3J,(at) =a’p[vR¥ , R(y)>0

v |2 (at)1 2] = atvp—re—o/p R(v)> -1

oy Llp+iv+l) o . . .

e, (201/2) =W:’ Fiu+iv+1lv+1;5-1/p);

Rp+lv)y>-1

J,(2atl/?) J, (2b8112) = e~ (@*+0))in [ (2ab/p) Rwy)> -1

eI, () = QAP 4 Dpl(p )t + 111

R(p)> -}

e—a‘ti"J,,(Zt“z) =pe'1/(‘”+“)/(p +a)v+l R(v)> -1

Jo(ay) =pe®fr A t>b

r Jolay)dt =e~r[r t>b

e-blp+a) g—br 1~b
Jo(ay)dt:*“a“"“ p >

tJo(ay) = p2e~r(b+1/r)/r? t>b

abJ(ay)/y = p(e?* —e~*) t>b

tJ1(ay)ly = (p/a)[e°” -z—;e""] t>b

~h\
(522)" J(ay) = arpe-vrirRe t>b, R(6)> -1
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45.
46.
47.

48.
49,
50.

51.

52.
53.

54.

55.

56.
57.

58.
59.
60.
61.
62.

63.
64.
65.

66a.

MODERN OPERATIONAL CALCULUS
Y, (at) = —-2p log (R/a)/=r (see 46, 47, §8-4)
tY,(at) = (2p/mr®)[1 - (p/r) log (B/a)]
Y, (at) = p[(a/R)® cos vir — (R/a)")/r sin vrr

-1<Rw)<1

Iat)=pls . . + (see 12b, §8-1)

1,(at) =ap[sS” R()> -1

i1, (281 %) > ave*/7[p E(p)>-1

I'(p+iv+1

tul, (2612) =p_2,£‘+'i%)%*w}1 Fip+iv+l;v+1;-1/p);

R(p+)>-1

Iy(ay) = pe-bs/s .

abl, (ay)/y = p (e~ —e??) -
b Yy

e-"cH(t—b)wa" ot 11(09) 4,
> y
= e—bip+c)—a®]t? s

Ky(at) = (pfs) log (Sfa)
K, (at) = 7pl(S/a)? - (@/8)")2s sin vr

tK,(at) = (p/s®)[(p/s) log (S/a) - 1]

tK, (at) = (p/s*)[(p/a) - (a/s) log (S/a)]
ber ¢ =p[(p* +1)12 + p*J2/[2(p* + 1) /2
bei ¢ = p[(p* +1)1/2 — p?J' 2/[2(p* + 1) 12

~1<R() <1

ber,22t1/2 + beij,2211/2 = I, (2/p) R(p)> -1

H, (at) = (2p/nr) log <%Z) (see 12e, §8-1N

i~H (ia) = Ly(af) = (2p/ms) sin (a/p)

He, ()= (nlfp") £ (~1y (7)o
m=3n, neven; m=4%(n-1), nodd
t-12He,, (t1/2) = (2n) W mp (1/p - 1)7/27n!

66. t-Hnie-alttfle (a/\/2t) = 2ingli2ph(ntl) g—apti

67.
68.

Hegpyy (112) = (20 +1)! (m/p) 2 (1 /p — 1)n/2n+1120)
L, t)=(1- I/P)"
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69.
70.

71.

72.
73.

74.

e~ Ly () = p™H(p + 1)
PLY () =C(n+v+1)(1-1/p)*/nlpr  R(@)>-1
n=0 in (65)~(70)

© 9yl |
nfo m D2n+1 (2t1/2) = 1-,1/2/2 (p + 1)1/2

279!
-1/ 2
n== 0(2 )'

et Doy 1 (20)12 = (m/2)12(20 + 1) (1/p — 1)"/27n!p/2
n=0

Dy, (2012) = jmt2(p + 1)1/

elﬂ't 1/2 2 (—5_' D,, (20)1/2 = gl/? (7 p)1/2

For additional L.T. see reference [13]
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INDEX

Abel’s integral equation, 42
absorption, in guttapercha dielectric, 90
addition theorem, 28
admittance, transform, 59
per unit length of electrical transmission line, 83
air-cored electrical transformer, 61
alternating function, definition of, 14 (footnote)
anomaly, apparent in L.T. notation, 19
Appendix I (Heaviside’s unit function), 147
II (Convergence of infinite series), 149
I1I (Convergence of infinite integrals), 155
IV (Mellin inversion theorem), 177
V (Proof that L.T. method gives correct results for ordinary
linear D.E. with constant coefficients), 179
VI (Solution of D.E. for I (t) when that for H () is known), 182
approximations, 46-48
argument (82 - 52)12, 16, 17, 20, 24, 26, 39
array for ¢,(p), 54 !
asymptotic expansion, 30
attenuation, of sound wave, 73
submarine cable or transmission line, 85, 88

ber, bei, functions, 107, 108, 119

Bessel functions, graphs of, 7, 10
modified, I, (t), K,(t), equation for, 122

Beta function, 102

boundary conditions, 63, 67, 68, 72, 75, 80
as functions of ¢, 95-97

boundedness, 5, 184

cable, unloaded submarine telegraph, of finite length, 204 (ex. 29, 30,
32)
very long, 79-82
loaded submarine telegraph, very long, 82-99
centre of gravity, application of L.T., 193 (ex. 11)
changing order of integration in infinite repeated integral, 166-172
characteristic or surge impedance of loaded submarine cable or
transmission line, 92
closed interval, definition of, xi
complex integration, v, 35, 125, 134-142
condenser in series with loaded submarine cable, 92-95
continuity of function, 3, 5, 11, 22
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continuous functions, xiii, 15
contour for Mellin complex integral, 125 (Fig. 18)
convergence, half p-plane of, 12, 13 (Fig. 4a)
value of p for, 12
of infinite integrals 155-162
absolute, 157
uniform, 162
of infinite series, 149
absolute, 150
uniform, 151
M test, 153

differentiation theorem, 21"

term by term, conditions for, 154

under integral sign, conditions for, 172
diffusion of heat, 63, 64, 67, 205 (cx. 33, 36, 37)
dimensional equivalence of f(t) and ¢ (p), 29
dimension of I (t), 32
discontinuous functions, definitions, 3, 4
divergent integral, definition, 155

series, definition, 149
dot, Morse, 135

Ei( —t), definition of, 111 !
electrical circuits, 57-62, 201 (ex. 16-20), 202 (ex. 21-24)
network symbolism, 59 ’
relay, 203 (ex. 28)
transformer network, 61
transmission line, 78
electron, motion between parallel plates, 202 (ex. 25)
equation with integral on Lh.s., 57
equivalence, dimensional, of f(¢) and ¢ (p), 29
erf u, erfc u, graphs of, 64 (Fig. 10)
application of, 64, 69-71
erf u, integral for, 118
series for, 185 (ex. 18)
Euler’s constant y =0-5772. . ., 7, 48
evaluation of integrals, 100-111
existence of integral, meaning of, 155 (footnote)

force, impulsive, definition of, 32
Fourier expansions by Mellin theorem, 132-144, 205-207
function, analytic, regular or holomorphic, 5

ber, bei, 107, 108, 119

Bessel, graphs of, 7, 10

continuous and differentiable, xiii

discontinuous, definition of, 3, 4

Heaviside’s unit or step, 147
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function, impulse, 32
Morse dot, 135
piecewise continuous, definition of, 3 (footnote)
saw-tooth, 141
staircase, 141
type represented by ¢ (p), 127

G, leakance of cable, remarks on, 90
general formulae for L.T. of function over finite interval, 130

H, (t), Struve’s function of zero order, 47, 185 (ex. 12¢)
head of signal in submarine telegraph cable, 85, 86, 88
heat diffusion, long uniform bar, 63-68

radial in long cylinder, 205 (ex. 37)

rectangular slab, 205 (ex. 36)

sphere, 204 (ex. 33)
Heaviside’s unit or step function, definition of, 147
Hermite’s polynomial, 45

I (t), modified Bessel function of first kind, of zero order, graph of, 10
definition of, 185 (ex. 12b)
I, (t), dlfferentlal equation for, 122
recurrence formulae for, 192 (ex. ?
1, (¢), definition, 185 (ex. 12d)
impedance, transform, 59
impulse, definition of, 32, 131
generator, 142
theorem, 31
infinite integral theorem, 36
series, convergence of, 149
infinity, meaning of, xiii
initial conditions, arbitrary functions of z, 67, 97
function, L.T. of, 49, 50, 52, 63, 67, 68, 72, 75, 79
integral, Cauchy’s principal value of, 156
contour, 125, 135-142
divergent, definition of, 155
equation, 3, 49-53, 199 (ex. 1-b)
existence, meaning of, 155 (footnote)
improper, 156
oscillatory, 154, 155
integration of infinite series term by term, conditions for, 175
theorem, 23
under integral sign, conditions for, 172
interpretation of L.T., 1
p’, R(v)>1, 34
inversion of definite integral, Abel’s, 42
order of integration in repeated infinite integral, 35, 166-172
solution of ordinary D.E. by, 126
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Jo(t), Bessel function of first kind of zero order, graph of, 7
definition of, 14 (footnote), 185 (ex. 12a)
J . (t), definition of, 185 (ex. 12¢)
J,(t), definition of, 198 (ex. 45)
recurrence formulae for, 192 (ex. 2)

K, (t), modified Bessel function of second kind of zero order, graph
of, 7
definition of; 198 (ex. 44)
K, (t), differential equation for, 122
ker, kei functions, 47, 48
Kirchhoff’s law, 61 (footnote)

Laguerre polynomial, 107, 113, 114
Laplace transform, definition of, 1
derivation of, 116
for finite interval, 129
of initial conditions’ function, 52, 53
list of, 81, 208-211
original version, 2 (footnote), 23, 27
p-multiplied type, 2 (footnote)
leakance G, remarks on, 90
lemmas respecting e -#of (¢), 7
Lerch’s theorem, 3, 5 b
linear D.E., solution of ordinary, 49-55
partial, 63-99
loaded submarine cable, 82
with series sending condenser, 92-95
loud speaker diaphragm, motion of, 203 (ex. 27)

Maclaurin expansion, by L.T. procedure, 196 (cx. 32)
mechanical analogue of electrical circuit, 58
Mellin inversion theorem, conditions for validity, 177
historical note, 177 (footnote)
monotonic function, definition of, 158 (footnote)
Morse code, 206 (ex. 8), 207 (ex. 10)
dot function, 135

nautical mile, definition in submarine telegraphy, 78 (an ordinary
n.m. is 6080 ft.)

non-periodic solution of D.E., 56

non-zero initial conditions for ordinary D.E., 52

O, meaning of, xii

operational form, meaning of, 2

order of infinity, definition of, 9

ordinary linear D.E. with constant coefficients, solution of, 49-55
variable coefficients, solution of, 121, 126
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oscillation of heavy disk, 203 (ex. 26)
oscillatory circuit, electrical, 57
oscillatory series, 149, 150

partial D.E., solution of, 63-99
fractions, 49, 50
periodic impulses, 132
phase velocity of sound in uniform tube, 73
& (p), type of function represented by, 127
piecewise continuous function, definition of, 3 (footnote)
Poisson’s integral equation, 41
pole, 134, 136-138, 140, 143
polynomial, 52, 121, 180
p-plane, 13
practical procedure in solving ordinary D.E., 54
partial D.E., 66
principal value (Cauchy) of infinite integral, 156
product theorem, 38
proof that L.T. method gives correct solution of ordinary D.E., 179
P, the parameter, 1

radius of gyration, application of L.T., 193 (ex. 12, 13)
rational function, definition of, 179 (Yootnote)
recurrence formulae for J,(t), Z,(¢), 192 (ex. 2)
refrigerator, heat extraction from, 205 (ex. 36)
residues, theorem of, application of, 136, 138, 143
roots of J(u) =0, 205 (ex. 37) [see ref. 11 for values]
R (v), definition of, xi

saw-tooth function, 141
series condenser, loaded submarine cable, 92-95
series, divergent, definition of, 149
impedance per unit length of electrical transmission line, 83
term by term differentiation, conditions for, 154
term by term integration, conditions for, 175
shift theorem, 18
shock waves, compressional, in liquid, 74-77
shunt admittance per unit length of electrical transmission line, 83
simultaneous ordinary D.E., 61
partial, D.E., 78
solution of ordinary D.E. with constant cocfficient, 49
variable coefficient, 121, 126
solution of partial D.E., 63
sound waves, plane, in viscous medium, 71-74
staircase function, 141
Struve’s function, H, (), definition, 185 (ex. 12e)
submarine telegraph cable, theory, 78
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symbolism for electrical networks, 59
symbols, meaning of certain, xi

tail of signal in submarine telegraph cable, 85, 88-91
Taylor’s theorem obtained by L.T. procedure, 197 (ex. 33)
telegraph equation, Heaviside’s, 204 (ex. 31)
term by term differentiation of infinite series, conditions for, 154
integration of infinite series, conditions for, 175
thermal conductivity, definition of, 63
transform equation, 49, 79, 83
solution, 81
transmission line, electrical, 78
analogue, 99
with series condenser, 92-95
type of function represented by ¢ (p), 127

uniform convergence, of infinite integrals, 162
of infinite series, 151

uniqueness of solution of integral equation, 3

unloaded submarine telegraph cable theory, 78

variable coefficients, solution of ordinary D.E. having, 121, 126
velocity, phase, of sound in unjform tube, 73

potential in fluid, 74

of propagation in submarine cable, 83 (footnote), 84

wave front, in loaded submarine cabfe, effect of variation in L and R,
85, 86
vertical, in loaded submarine cable, 85
Weber’s integral, 110
parabolic eylinder function, 114
second exponential integral, 109, 198 (ex. 42)

Y, (t), Bessel function of second kind of zero order, graph of, 7
definition of, 199 (ex. 46, 47)

zeros of J(n), 205 (ex. 37) [see ref. 11 for values]
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