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PREFACE

While working on this essay I have otten felt like a com-
poser who writes a rhapsody on old folk tunes. The main
theme has been clear to me from the beginning; it is noth-
ing but the folk tune of all economists, that a firm should
so plan its production that the discounted marginal cost
of its output is equal to the discounted marginal revenue
and every productive service is employed until its discount-
ed marginal value productivity cquals its discounted mar-
ginal cost. My contribution, therefore, is not one of melody
but of arrangement, (mathematical) orchestration and
variation. In the first part of the essay the familiar theme
is gradually built up against the sunplest sctting: a single
firm produces a single commodlty in a single “closed”
time period; not until the fourth chapter,is the theme
developed in full. The fifth and sixth chapters are varia-
tions upon the preceding motif: but the setting is less re-
stricted; more variables are allowed to play. Even when
I discuss “joint” production and “capitalistic”’ or, as I
have preferred to call it, “poly-periodic” production, the
analysis ends upon the same well-known melody.

Although economists have long recognized the main re-
lationships of the theory of production, these relation-
ships have not been co-ordinated in a single body of theory
— except in such works as those of Frisch and Schneider
— but have been scattered in isolated fragments through-
out cost theory, capital and interest theory and the theory
of distribution. To bring together and co-ordinate in
one consistent scheme the different relationships of the
theory of production has been the main purpose of this
essay. I have tried particularly to emphasize the bearing
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of the capital and interest theory on the cost and revenue
calculations of a single firm’s production. But while my
main purpose has been the co-ordination of relationships
already known, I have also tried to develop the old rela-
tionships in new directions. So, for instance, I have dis-
cussed the technical and cost relations of joint production
and the effects of variable service prices on the cost prob-
lems of production to a fuller extent than has previously
been done. The parallel treatment of the theories of “joint”
and “poly-periodic’’ production is, perhaps, my most orig-
inal contribution.

In its first form the essay was written at the Univer-
sity of Chicago during the years 1935 and 1936, where
at the end of the latter year it was submitted asa disserta-
tion for the doctorate. Since that date it has been revised
with regard to style and expression, some parts have been
shortened or left out and other parts extended, but in its
main contents it remains unchanged.

Because I have been working on problems which have
for many years been discussed by economists, I have had
a vast literature at my disposal. My indebtedness to this
literature for ideas and stimulus is much greater than scat-
tered and specific references can possibly indicate. In a
selected bibliography I have tried to indicate the books
and articles which have influenced me most. I should
mention particularly the works of Frisch, Myrdal, Schnei-
der and Wicksell.

For kindly criticism and valuable comments during the
actual process of writing I am greatly indebted to Dr.
Tord Palander at the University of Stockholm and to my
former professors and fellow students at the University
of Chicago: especially the late Professor Henry Schultz,
Professors F. H. Knight, J. Viner and T. Yntema, who
served as supervisers of my work for the doctorate;
and to Messrs. B. Caplan and A. Hart. My sincere thanks
are also due to Mrs. Helen Lee Smith, who courageously
tried to teach me a most difficult thing, English grammar;
to the University College of Commerce, Stockholm, and to
the Rockefeller Foundation, New York, whose generous
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aid in the form of fellowships has made this study pos-
sible.

I have been enabled to publish the essay by a grant
from the Royal Academy of Science, Stockholm.

University College of Commerce

Stockholm. June, 1939.

Sune Carlson.
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CHAPTER I.

THE BUSINESS FIRM AND THE PRODUCTION
PROCESS.

It is the purpose of the present essay to give a summary
of the pure theory of production in its application to the
productive activity of the single firm. We shall examine
the forces which determine the firm’s production and in-
vestigate the relationships between costs and revenues
and outputs to which these forces give rise. But, before
we start our study, we shall state the main assumptions
on which the analysis will rest, and classify the problems
which we are going to consider.

SoME FUNDAMENTAL DEFINITIONS.

1. Production. — Among the varied phenomena which
are included under the heading of economic activity, we
may distinguish two different types of activity and classify
them separately: production and exchange. To production
we may attribute all the processes of combining and co-
ordinating materials and forces in the creation of some
valuable good or service. The goods and services which
we classify as the oufput of the production processes are
thus thought of as aggregates or sums of physical materi-
als and forces. These materials and forces we shall call
the productive services or the input of the processes. The
terms input and output, however, can only be referred to
in connection with a particular productive activity, since
a good or a service which is an input or productive service
in one case, may be an output in another.

The inputs and outputs of a productive process we
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shall conceive as #ime flows of determinable physical quan-
tities. They may be hours of labour or of machine service,
or tons of steel or copper per year. The production process
represents the transformation of input flows into output
flows. Besides flows of inputs and outputs, it will some-
times be convenicnt to speak of stocks of goods which are
the sources of input flows or are the results of output
flows. In its analytical interpretation this concept of a
stock is obtained as the sum (integral) of output or input
flows during a certain time period. When speaking of in-
puts the term productive service will always be used to
signify the time flow concept, and the term productive re-
source to signify the stock concept.

This conception of production as a physical co-ordina-
tion of productive services and as a determinable physical
time flow of inputs and outputs may in some cases be
difficult to apply to actual production phenomena. Some
services, like advertising and management, or the services
of a patent right, are hard to conceive in quantitative terms
either as inputs or as outputs. We may, nevertheless,
assume that the individual producer must have at least
some idea of their quantitative magnitude.

2. Business firm. — The individuals in charge of pro-
duction we shall call entrepreneurs; and a single productive
enterprise which is managed by an entrepreneur, such as
a bakery or a steel plant, a technical unit. The technical
unit may also represent an cconomic unit: the unit over
which the entreprenecur has financial control and for which
he calculates his total income and investment. Often sev-
eral technical units arc combined in one economic unit,
as when the entrepreneur has financial control over sev-
eral technical units. An economic unit which serves as a
unit of financial control we shall refer to as a business
firm. By definition, the technical unit can never extend
beyond the business firm.

3. Exchange. — Under the second type of economic
activity, the exchange process, we shall include all changes
in the conditions of personal ownership that take place in
connection with productive activity. With the exception
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of capital borrowing and lending, which may be regarded
as particular kinds of exchange, the word exchange refers
to determinable flows or stocks of goods or services. As
has already been pointed out with reference to productive
inputs or outputs, a quantitative estimate of such time
flows may often cause difficulties, but it may safely be
assumed that some cstimation takes place in the minds
of the trading individuals. Usually goods and services are
not exchanged against one another but against one partic-
ular good, moncey, which also serves as a valution standard.
The quantitative exchange relation between a time flow, or
stock of goods or services measured in physical terms, and
money is the price of the good or service. Objects which in
a competitive market and under identical conditions (with
regard to place, time, conditions of sale and payment etc.)
have the same price, represent the same good or service.!

The exchange value or money value of a stock or time
flow of a good or service is the product of the physical
quantity of the stock or flow and its price. With reference
to a production activity, the money value of the input
during a certain time period may be considered as the cost
of production of the activity and the money value of the
output as the production revenue. Both production costs
and production revenues are thus expressed as a sum of
money per period of time.

4. Capital funds. — In order to carry on the production
activity the business firm needs capital funds. With ref-
erence to their origin these funds may be divided into
two scparate classes: the capital funds which the firm ob-
tains by borrowing from outsiders — the borrowed funds
— and the funds which are owned by the firm itself — its

1 A few comments may be needed as regards this definition. We
may notice that a good can never be defined by its technical characteris-
tics alone, since these characteristics are always found to vary between
any two individual objects if only the inspection is close enough. For
the purpose of a price or production analysis (for a utility analysis the
case may be different) two classes of objects may be said to constitute
the same good if units of them are indifferent to the producers and the
consumers; that is, if they are covered by the same supply and demand
functions. For an extensive discussion of these problems the reader
is referred to J. Drewnowiski. ‘“The classification of Commodities and
the Problem of Competition and Monopoly”, Studja Ekonomiczne 11
(Cracow, 1935), pp. 4I—55.
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own funds. The firm may use its capital in three different
ways: it may invest it (1) in productive resources (inclu-
sive of “good will”), “goods in process” or finished pro-
ducts in the firm’s own productive activity, which may be
referred to under a collective name as the firm’s invest-
ment in own production, or (2) in claims on other business
firms, for example in the form of bonds or stocks, which
may be called outside investments, or (3) it may place the
funds in ZJiquid assets, such as cash money or bank de-
posits. In many cases, however, it may be difficult to draw
a line between these different investment categories: in-
vestments in subsidiary companies or trade credits may
be both investments in the firm’s own production and
outside investments, certain bank deposits both outside
investments and liquid assets ctc.

MoNO- AND PoLY-PERIODIC PRODUCTION.

1. Mono-periodic production. — Throughout the first
five chapters of our essay we shall assume that a business
firm’s production activity is so arranged that the produc-
tion, the input and output, of one time period is entirely
separated from the production of the preceding and sub-
sequent periods. We shall assume that the firm is inter-
ested in the activity of only one period at a time, and that
this activity is dctermined exclusively by the conditions
prevailing in that period and is independent of any other
conditions. The production of such a closed or “self-
contained”” period we shall refer to as mono-periodic pro-
duction.

In our study of the mono-periodic production we shall
make the following assumptions: (a) The production activ-
ity starts at a given date and ends at another given date
when the output of the production is sold on the market;
the time interval between these two dates represents the
period under consideration. (b) The business firm buys
all productive services necessary for the production of the
period on the first day of the period and also pays for the
services on that date. The firm’s capital funds will con-
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sequently be invested in its production during the whole
time period; that is, they will first be returned in liquid
form on the last day of the period. (c) The remuneration
for the use of capital funds, i. e. interest payments on the
firm’s borrowed funds and dividends on the firm’s own
capital, is to be paid at the end of the period. This assump-
tion would probably correspond to actual business prac-
tice, if we could find examples of the simple type of mono-
periodic production here postulated. (d) With regard to
the output of the mono-periodic production we shall at
first assume that the firm produces one single commodity.*
Having examined the production problems under these
simplifying assumptions, we shall proceed to the case of
joint production; that is, to the case when several commo-
dities are simultaneously produced.

2. Poly-periodic production. — In actual production,
however, the different time periods are seldom closed or
“self-contained” but are inter-related with onc another.
Through the existence of durable productive resources,
through stocks of “goods in process” and through the in-
terdependence of the price system as between different
dates, the production activity in one period is related to
the activities of preceding and subsequent periods. A
production which in this way is governed not by the con-
ditions of one closed period but by the conditions pre-
vailing in a series of periods is often referred to as capital-
istic production, but in order that the particular time re-
lations shall be more strongly emphazied, it will here be
called a poly-periodic production.

THE PRODUCTION DETERMINING IFORCES AND THE PRro-
DUCTION PROBLEMS.

The forces which influence the entrepreneur in his de-
cisions on what to produce and what methods of produc-

1 Since the time period is assumed to be constant, our mono-periodic
production differs but slightly from the type of “time-less” production
generally discussed in economic literature. But even if the time
element in itself is of little importance for the phenomena considered,
it is practical to relate the different concepts and relationships to a de-
finite time period from the outset.
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tion to use may be classified, with reference to their origin,
in four different groups: (1) the demand conditions for
finished goods and services existing on the market; (2)
the technical knowledge of different combinations possible
in producing these goods and services from available pro-
ductive services; (3) the supply conditions of productive
services, and (4) the supply conditions of capital funds.
A few comments on the nature of these different forces may
be sufficient at this point.

1. The demand for finished goods and services. — The
demand conditions for finished goods and services inform
the entrepreneur about the products that can be sold on
the market. To the individual business firm the demand
for its output appears as a series of possible price-quantity
combinations, whose extent and character depend on the
firm’s market position. If there are many producers of the
same product, the price may appear unique from the single
firm’s point of view, and the demand for the product at
this price will seem infinitely great. If the firm is in a
more favourable market position, not only is there a whole
series of possible price-quantity combinations but this
series may be influenced by the firm through advertising
and other kinds of sales promotion. The demand condi-
tions in such a case must therefore be defined in relation
to a definite market and definite sales methods. Since
the production process requires time and the firm’s pro-
duction has to be planned in advance, it is actually not
the demand itself, as it appears on the market, but the
entrepreneur’s anticipation of this demand at the date
of planning, that represents the production determining
force.!

2. Technical knowledge. — If the demand conditions
indicate to the entrepreneur what goods may be expected

1 We are concerned here only with the forces and relationships which
influence the entrepreneur in the planning of the firm’s production;
i. e. with the forces and relationships which the entrepreneur expects
to prevail in the future, not with the forces and relationships actually
existing at a given time. Our production analysis is an ex ante and not
an ex post analysis. See G. Myrdal, “Der Gleichgewichtsbegriff als In-
strument der geldtheoretischen Analyse”, in F. Hayek (ed.), Beitrdge
zur Geldtheorie (Vienna, 1933) p. 394.
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to sell on the market, technical knowledge informs him
how these goods may be produced. If production is de-
fined as a quantitative process of combining certain given
productive services, it is the knowledge of these different
possible combinations that we call technical knowledge.
Since the entrepreneur has to plan the firm’s production
in advance, it is the entrepreneur’s knowledge of the tech-
nical conditions as they exist at the date of planning that
is important. Unforeseen changes in the technical pro-
cesses taking place after the planning date are without
effect on the firm’s production.

3. The supply of productive services. — The supply
of productive services, like the demand for finished pro-
ducts, appears to the individual firm as a series of price-
quantity combinations. In the case where the firm’s de-
mand for a productive service is negligible in comparison
with the total demand for the factor, the price is constant
and an infinitely great quantity can be obtained at that
price. On the other hand, when the firm’s demand re-
presents a considerable part of the total demand for a
service, a larger quantity of the service can often be ob-
tained only at an increasing price. As in the case of de-
mand conditions for the firm’s output, it is not the service
supply actually prevailing at any particular date, but the
entrepreneur’s anticipation of this service supply that re-
presents the production determining factor.

4. The supply of capital funds. — The supply of capital
funds for a particular production activity is determined
by two sets of circumstances, those regulating the total
supply of capital to the business firm, and those regulating
the investment of funds in other activities. The firm’s
total capital, we should remember, is equal to the sum
of its own capital funds and its borrowed funds. We shall
assume that at any given date the firm’s own funds are
fixed in amount, and that the total capital can be in-
creased only by an increase in its borrowed funds. The price
of such an increasc is the rate of interest. With given
anticipations with regard to the capital supply, the capital
applied to a particular productive activity will be deter-

2390412,
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mined by the rate of return the firm expects from the
activity and the expected rate of return from outside in-
vestments.,

5. The production problems of the business firm. — Our
task in the following chapters is to examine how the dif-
ferent production determining forces here outlined in-
fluence the management of the firm’s productive activity.
The goal of this activity, it may be assumed, is to obtain
a maximum net return on the firm’s capital. By consid-
ering the production determining forces, first separately,
and then together, we shall proceed with our study in
three different steps, and distinguish between three sepa-
rate types of production problems: (1) The fechnical prob-
lems of production which correspond to the technical
knowledge, are concerned with the quantitative relations
between input of productive services and output of pro-
ducts, measured in physical units. (2) The cost problems
of production, which assume the technical relationships
between input and output as given, deal with the relations
between the costs of different inputs and the quantity
of output measured in physical terms. The cost problems
are related to three classes of production determining
forces: the technical knowledge, the supply of productive
services, and the supply of capital funds. (3) Finally, the
maximization problems of production, by which we mean
the maximization of the net return, pertain to the cost
problems in their relation to the problems of demand and
revenue. These problems are concerned with how all
four of the production determining forces in combination
determine the firm’s production.

With this review of our definitions and assumptions
and classification of the production determining forces
and the problems of production, we may proceed to our
main analysis. In the next three chapters we shall be
concerned with what we have defined as simple mono-
periodic production. Chapter II will be devoted to tech-
nical problems, chapter III to cost problems, and chapter
IV to maximization problems under this form of production.
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In chapter V we shall examine the case of joint produc-
tion, but still under mono-periodic assumptions. We
shall not take up the more difficult problems of poly-
periodic production until chapter VI, the final chapter of
our essay.



CHAPTER II.
INPUT AND OUTPUT.

The technical problems of production are concerned with
the quantitative relationship between input of productive
services and output of products measured in physical terms.
They deal with the production determining forces which
we have classified under the heading of “technical know-
ledge”. Viewed by themselves, the technical problems of
production are problems in engineering rather than in
economics. They present data for, but are not themselves
a part of the purely economic analysis of production. The
purpose of the present chapter is, therefore, not so much
to examine the technical relationships between input and
output in all their details — that we leave for the engi-
neers — as to present these relationships in a form useful
for a later economic analysis. The chapter contains but
little that is not common knowledge to the student of
modern production theory.

THE TecuNICAL UNIT.

1. The technical unit. — The unit for which the entrepre-
neur calculates his profit and investments; that is, the unit
of financial control, we have called the business firm. This
unit is not necessarily the same as the unit for which the
entreprencur calculates the costs of production. The cost
calculations of a business firm may generally be simplified
by considering separately the diffcrent parts of the firm:
that is, by making separate cost calculations for the plants
or departments, here termed technical units. If we con-
sider the case of a sawmill’s production, for example, it may
be convenient to consider the sawing process as one techni-
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cal unit, the planing as another, the power production as
still a third, and to calculate the production costs accord-
ingly. The technical relationship between service input and
product output may then be determined for each of these
units separately.? Our present study will be concerned with
the inputs and outputs of one such technical unit.

2. Output and input. — In this and the two following
chapters we shall be concerned with a mono-periodic pro-
duction: we shall assume that the production of the tech-
nical unit takes place inside a closed time period, and is
determined exclusively by the conditions prevailing in
that period. We shall further assume that the output of
the technical unit, which by assumption is sold at the end
of the period, consists of a single commodity; that is, we
shall assume a case of simple mono-periodic production.

1 If we symbolize the different technical units by rectangles, and the
inputs and outputs by arrows to and from the rectangles, the sawmill’s
production may be pictured:

JInlpultls

Technical unit:
Powey Production |

6 u t|p ut
' lnplutis
Technical unit;
Sawing
l Ou t}p ut
Inlpults) '
Technical unit:

Planing

Out ip ut

The output of Power Production is an input of Sawing and Planing;
the output of Sawing is another input of Planing.

If we disregard the problem of allocation of certain joint costs to the
different technical units, the cost calculations and the profit maximiza-
tion become considerably simpler when the firm’s production is divided
into such units, than if the calculations were carried through with the
business firm as a single unit; that is, if only the (“external”) relationships
between the services actually bought and the product actually sold on
the market were considered. Such a division of the firm’s production
in calculation units is generally made in the practical cost accounting.
Compare, for example, the accounting system of the packing mdustry as
described by G. i, Putnam. “Joint Cost in the Packing Industry Jour-
nal of Political Economy» XXIX (1921) pp. 293—303.
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As regards the productive services which constitute the
input to the technical unit during the period we shall only
consider the services which are limited in supply. When a
productive service is abundant and costs nothing, it does
not enter into the business firm’s calculations, even though
it may be essential to the firm’s production. In practice
it would be most difficult for a firm to cnumerate the neces-
sary services which are freely obtainable. It is only when
a productive service becomes sufficiently limited to be
priced, that its importance is noticed.

The definition of a unit for measurement of service input
and product output must be made with regard to the
practicability of calculation in each particular case. The
service and product units used by the business firm in its
cost and profit calculations need in no way be identical
with the market units of the services or products. The input
of fuel in a certain productive process may, for instance,
be figured in calories in its relationship to the output of
the process; while on the market it is bought and sold
by different units. Where two or more productive services
are always combined in the same proportion, the combina-
tion of the services may be treated as a unit of input. In
every case the input units and the output units should be
of measurable character.

THE PropucTtioN FUNCTION.

1. Fixed and variable productive services. — Our task is
now to examine the relationship between the quantity of
input bought at the beginning of the production period and
the quantity of output turned out by the process at the
period’s end. Among the productive services that constitute
the input, we shall distinguish two different kinds: the ser-
vices that vary and the services that do not vary with the
amount of product produced. The former we shall refer
to as the wvariable productive services, the latter as the
fixed services or merely as the plant. Examples of variable
productive services are raw materials and “direct labor”’;
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examples of fixed services are certain machine services or
the services of a factory building.

The variability or constancy of a productive service may
be technical in nature: the input of coal or iron to a process,
for instance, may be technically variable, while the input of a
certain machine service is technically fixed. It is, however,
not the technical variability in itself, but the fixed or vari-
able cost of the service that is important in this connection.
Some productive services may be technically variable and
still represent fixed costs. For example: a firm contracts
to buy a certain amount of electric current: the input of
this current is regulated at the will of the entrepreneur,
but the cost of the current is fixed by the contract. Other
services may be technically fixed, but represent variable
costs. This type of service is illustrated by shoe machines
or statistical tabulation machines that are paid for not by
the month or year but by the amount of work done. It is
the effect on the firm’s costs and not the technical charac-
teristics that determine whether a productive service should
be classified as variable or fixed.

In practice a sharp dividing line seldom exists between
the variable and fixed productive services. The fixed
services are generally fixed when the output varies only
within certain limits. When the output increases beyond
that limit, some services, for example the services of a
factory building, may still be fixed; but others, for example
machine services, must be increased.r Still it is convenient
to distinguish between the two groups, and to examine
the effect of the variable productive services on output

! Speaking about production costs J. M. Clark [The Economics of
Overhead Costs, (Chicago, 1923) p. 229] observes: “Instead of merely saying
that a certain part of the expenses are »constant,» care should always
be taken to say that a certain part of the expenses are unaffected by
such-and-such a change in volume of business.” B. Ohlin distinguishes
between three classes of costs: (1) fixed costs which remain constant
inside very wide ranges of output; (2) continuously variable costs which
vary with all changes in output, and (3) intermittently variable costs
which vary discontinuously as soon as the output passes certain limits.
(See “Omkostnadsanalys och Prispolitik”, Mimeographed lectures, Stock-
holm, 1934, pp. 13—18.) In order to make our analysis the simplest
possible we have brought together both the services that correspond to
Ohlin’s “fixed costs” and the services that correspond to his ‘“inter-
mittently variable costs” under the heading of fixed services or plant.
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separately from the effect caused by changes in the
plant.

Throughout the mono-periodic analysis we have assumed
that all productive services, that is, both the variable ser-
vices and the plant, are bought at the beginning of the time
period, and that none of them lasts for more than one pe-
riod’s activity. The distinction between durable and non-
durable productive resources is therefore of no concern
here. It may be postponed to the study of poly-periodic
production.

2. The production function. — When we now proceed
to our study of the technical production problem we
shall examine the relationship between the variable pro-
ductive services and the output under the assumption
that the plant remains constant; that is, that there exists
a given equipment of factory building, machine services,
“contracted’” services, etc. This relationship we may
most conveniently express in mathematical form, writing
the amount of output as a function of the different
variable services. If we denote the quantity of output
by x, and the quantities of the variable productive
services, # in number, by v, .... v,, we write:

”n?

(1) X=@0, «-.., 0,).

This in our production function. The production function,
it must be remembered, is defined in relation to a given
plant; that is certain fixed services.

A given amount of output may frequently be produced
from a number of different service combinations. It may
also be true that the same combination of productive
services gives varied amounts of output, depending upon
how efficiently the productive services are organized.
The output of an automobile factory, for instance, may
vary for different organizations of the same workers and
tools on the assembly line. If we want the production func-
tion to give only one value for the output from a given
service combination, the function must be so defined that
it expresses the maximum product obtainable from the
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combination at the existing state of technical knowledge.
Therefore, the purely technical maximization problem may
be said to be solved by the very definition of our production
function.2

This definition of the production function implies that
the technical organization of the productive services may
vary when the service combinations and output vary.
The optimum organization is seldom the same for different
amounts of output. If, in an automobile factory, the
output is to be a hundred cars a week, the optimum or-
ganisation of tools and workers is quite different from
what it would be for a thousand cars. A change in the
technical organization of the productive services which ac-
companies a change in the output must not, of course,
be confused with a change in the technical knowledge.
A change in the former is a reversible process; a change
in the latter is not. When, after a change, a group of pro-
ductive services revert to their initial combination, the
optimal technical organization and the optimal output from
the combination will be the same as before the first change
took place, provided the technical knowledge is constant.

1 Cf. F. Y. Edgeworth, “The Laws of Increasing and Diminishing Re-
turns,” Papers Relating to Political Economy (London, 1925), I, p. 69:
“In this presumption it is taken for granted that the entrepreneur applies
his outlay to the best of his ability in order to obtain the greatest possible
profit.”

¢ To this technical maximization problem belongs, under our present
assumptions, the question of how the different productive services should
be timed in relation to one another. The “time-table of production”,
we assume is determined only by technical considerations. But this
holds true only for mono-periodic production, where all the productive
services are assumed to be bought at the same time. In poly-periodic
production, where the productive services are bought at different dates,
we shall find that the interest rate and the relative service prices of the
different dates enter as determining factors.

We shall notice, however, that even under our mono-periodic assump-
tions there exists at least one “time problem’ of production that is
economic in nature: namely, whether to increase the input under conditions
of an unchanged working day, or to increase the number of working hours
per day. Into this problem we shall not enter here, but assume that the
number of hours per working day is fixed. For a discussion of this question
the reader is referred to A. Smithies, “The Austrian Theory of Capital in
Relation to Partial Equilibrium Theory”’, Quarterly Journal of Economics,
L (1935/36) pp. 126 ff. and E. Schneider, “Arbeitszeit und Produktion”,
Archw fiiv math. Wirtschafts- und Sozialforschung, 1 (1935) pp. 23 {f. and

pp. 137 ff.
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For every service combination there exists one and only
one optimal organization and only one maximum output.
A change in technical knowledge, on the other hand,
implies that the optimal organization and the maximum
output from the same service combination have changed.:

Before we proceed with our analysis of the production
function we shall introduce two analytical concepts which
will greatly facilitate our study. The first of these concepts
is the marginal productivity and the second the function
coefficient.

3. Marginal productivity. — The partial derivative of the
production function with respect to a productive service v,

0x

avk - (p-(/k

we shall refer to as the marginal productivity of v, and the
differential product dx,,, which is obtained from an infini-

tesimal increment of v, while the other productive services
remain constant

dx(vg.) = (pwk dvk

we shall call the marginal product of the increment dv,. If
this increment is equal to unity the marginal product
and the marginal productivity of the service are evidently
the same.

It is clear that any infinitesimal variation of the pro-
ductive services may be thought of as an aggregate of
individual service variations. Consequently the change
in output produced by any arbitrary but infinitesimal ser-
vice variation, can be written as the sum of the marginal
products of the individual services

(2) dx =@, v, + ...+ @, dv,*

t A definition of “constant technical knowledge” is exceedingly diffi-
cult to give in any actual production process since the maximal technical
organizations for the whole range of possible service combinations are
seldom known in advance but have to be found out by practical experi-
ence.

* For a more rigorous mathematical proof of this relationship the reader
is referred to the textbooks on calculus. See e. g. F. S. Woods, 4dvanced
Calculus (Boston, 1934), p. 78.
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4. The function coefficient and proportional return. — As
the quantity of output does or does not vary in proportion
to a proportional change in all the productive services the
production in question will be said to yield a constant or
variable proportional return. As a scale of measure of the
proportional return we shall introduce the concept of
function coefficient.r 1f the productive services obtain a
proportional increment dv, = mv,, dv, = mv, .... etc.
which causes the output to vary by an amount dx, the
function coefficient ¢ expresses the relationship between
the relative variations of output and productive services

dx dv, dx.
E=- —= —Im
X v, X
k=1,....,n

The change in output dx caused by the proportional incre-
ment of the services is expressed by

dx = @, mvy + ...+ @, mo,

and when exm is substituted for dx this gives us the im-
portant relationship

(3) xa:(pfflv1+""+(pv,lv7;'

That is, when the service variations are proportional the
quantity of output multiplied by the function coefficient
is always equal to the sum of the quantities of the
productive services multiplied by their respective mar-
ginal productivities. In the case of constant proportion-
al return the change in output caused by a proportional
service variation is by definition

dx — mx

from which it follows that the function coefficient is unity
and that equation (3) may be written

! The same concept is referred to by Johnson as the “elasticity of
production”, by Frisch as “passus koefficient” and by Schneider as
“Ergiebigkeitsgrad”. Cf. W. E. Johnson, “The Pure Theory of Utility
Curves’’, Economic Journal, XXIII (1913), p. 507, R. Frisch, “Tekniske
og okonomiske Produktivitetslover”, mimeographed lectures, University
of Oslo, § 637, and E. Schneider, Theorie der Produktion, Wien, 1934, p. Io.
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(3a) ¥=g¢, 0+t ...+ @, 0,

After the introduction of these concepts and relationships
we shall proceed with our study of the production function.

GRAPHIC REPRESENTATION OF PRODUCTION.

1. The production diagram. — If we assume a produc-
tion with only two variable services, the production
function

X = @ (v, 0,)

may be represented by a surface in a three dimensional
diagram. An example of such a production surface is given
in fig. 1. The inputs of

Oo”?’i“' L?R/u; the services are plotted on
c the base axes v, and o,
and the vertical axis «x
LIy gives the maximum out-
7 " put corresponding to the
DA —1--78 combinations of services
£ foquant " the base plane. Thus
7% 9 the surface OACD repre-
sents the locus of the out-
0 A Inputofv,

puts of all possible service
Fig. 1. combinations. When one

of the services is kept con-

stant, e. g. v, at the quantity 04, the output is shown
to increase with the amount of the other service along
the curve AC. The rate of change of this curve, that
is, the partial rate of change of the output with respect
to service v,, is the graphic representation of the mar-
ginal productivity of v, for a value of v, equal to 04.

! For a further discussion of this relationship and its implication in
the theory of distribution the reader is referred to the works of Wicksteed,
Wicksell, Johnson, Hicks and others. Compare in particular P. H.
Wicksteed, The Co-ordination of the Laws of Distribution, (London, 1894),
Knut Wicksell, Lectures on Political Economy (Engl. transl. New York,
1934) Vol. I pp. 124 ff. and “Den ’kritiska punkten’ i lagen for jordbrukets
aftagande produktivitet”’, Ekonomisk Tidskrift XVIII (1916) pp. 285—92,
W. E. Johnson, “The Pure Theory of Utility Curves”, op. cit. pp. 506 ff.
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Correspondingly the slope of the curve DC represents the
marginal productivity of »; when v, is equal to OD.
Such a graphic illustration of the production function is
possible of course only in the case of two variable services.
However, since most of the relationships governing the
production process are the same irrespective of the number
of productive services, or, since in the case of several ser-
vices one may proceed to study the production relations
taking only two services at a time, the graphic analysis
will have a much wider applicability to the technical
problems of production than might at first be thought.
2. The isoquants, — Although there exists only one
maximum output for every combination of variable ser-
vices, a given output may nput
be obtained from a series ofv,
of different service com-
binations. In fig. 1, for

example, the output %, is "-,__ g
produced by all combina- N e e x3
tions along the curve 4D, e

Such a curve combining T

all services which yield
the same output is gener-
ally called a production 0 Input of v,
indifference curve or an Fig. 2.

isoquant. Tor every out-

put we may draw one isoquant, and one isoquant — but
only one — may be passed through every service com-
bination on the v, — v, plane. Conscquently no isoquants
can intersect one another; they constitute concentric curves
at different distances from the point of origin. Further,
since a larger output requires a larger input of variable
services than a smaller output, an isoquant which repre-
sents a larger output must always lie farther away from
the point of origin than an isoquant representing a smaller
output. Thus in fig. 2 the output x; is larger than the
output x, and this output in its turn is larger than x,.
Through the establishment of such a system of isoquants
we may dispense with the more cumbersome three dimen-
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sional production diagram in fig. 1 and illustrate the varia-
tion in output caused by different changes in the inputs of
the services by movements relative to the different iso-
quants. Thus an increase in output is represented by a
movement from a lower to a higher isoquant, a constant
output by a change along a given isoquant and a decrease
by a shift from a higher isoquant to a lower.

The equation of the isoquant system is obtained directly
from the production function

X, =@, ....,0,)

where x, represents the constant output of each particular
isoquant, or from the differential of this function

O=¢,dv + ...+ @, dv,

In the case of only two variable services illustrated in
fig. 2, for example, we have

0= wyldvl + ¢, dv,
or
dv, _ Po,

dv, ?..
which gives us the slope of the isoquant at any particular
point equal to the relationship between the marginal pro-
ductivities of the services with a minus sign. The change
in the slope of the isoquants as one service is increased
while the other service remains constant is given by the
second derivatives

_{?__ (dv2) —_ g?fg q)wl:/‘ - ?z/, (Pwlwg
3’01 dvl (py:

and o
i (dv_z) N A
v, \dv, P,

and the change in the slope along a given isoquant by the
derivative
dw, 0 (dv, 3 [dv,\ dv,
dv,’ _551(351) 0_1)2(?171) dv,

dv,

2 2

—_ (pmv] Pa, + 2 Porvy Poy Poy — Py, Po,
3
P,




21

Thus there is an intimate relationship between the proper-
ties of the isoquant pattern and the properties of the mar-
ginal productivities. Before we proceed with our study
of these relationships it will, however, be desirable to re-
consider the question of the proportional service variations
and their influence on the output.

3. The proportional service variations and the properties
of the function coefficient. — A production has been said to
yield a constant or variable proportional return according
as the quantity of output does or does not vary in proportion
to a proportional service variation. At first one may think
that constant proportional return should be prevalent in
all productions, since it seems rather natural that the out-
put should be doubled, trebled, and so on when the input
of all the services is increased twice, three times etc. But
there are two phenomena generally occurring in actual
production which prevent this from happening. The first
one which we have already observed is that a proportional
service variation can very seldom be extended to include
all the productive services. There exist in almost every
line of production some services — the plant or the fixed
services — which the business firm cannot vary at will or
at least not vary continuously. The second phenomenon
which gives rise to variable proportional return is the
fact, also noticed above, that the maximal technical or-
ganization of the productive services usually varies with
a variation of the input. An increased input of the produc-
tive services commonly permits a more efficient organi-
zation, at least on the purely technical side of production;
a more extensive division and specialization of labour, for
instance, may be possible. On the side of business mana-
gement, however, the tendency may be reversed, particu-
larly with larger service inputs. The leadership and control
of the business firm and its commercial relations frequently
become increasingly difficult when the size of the firm has
passed a certain limit.

1 The existence of variable proportional returns may thus be attributed
to the fact that it is not always possible to divide the productive services
in the most efficient way. If the services were fully divisible, not only
would the fixed services be non-existent, but the technical organization
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If we consider the combined influence of these circum-
stances on the relationship between the proportional
service variations and the output in a hypothetical produc-
tion, we may illustrate this relationship graphically as
in fig. 3. Starting out from a particular combination of the
variable services (v, v, fig. 3B), we let these services
increase proportionally while the fixed services remain
constant:

U, = mv,’
Uy == MU,

where m increases gradually. During the first part of this
service increase, the output is assumed to increase more

A B
Output Input £=0
of x of vy \,
_ .\
Decreasing ™
£ return \_
- |
\ e« \'\
Increasin
re+urn3\ ¥
E)l \' \
V') \
m Mm m 0 Input of v
E>1 £« £=0

Fig. 3.

than proportionally to the services (see fig. 3A); that is,
the function coefficient is assumed to be greater than unity
and the proportional return to be increasing. Better ex-
ploitation of the fixed services and better organization of
the productive services will have an accelerating effect
on the output. After a particular input (mev,’, myw,) is
reached, however, the relative limitation of the fixed
services and the increasing difficulties of the business

would also be just as efficient for small inputs as for large. Compare Joan
Robinson, The Economics of Imperfect Competition (London, 1934), p.
335, n. 1: “The increase in efficiency which arises from the fact that
'practice makes perfect’ is itself a result of the indivisibility of the units
of the factors. If labour could be finally divided, like sand, each grain of
labour could be occupied constantly at a single task and could acquire
the maximum amount of practice.”
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management will begin to retard the incrcase of the
output. The function coefficient will fall below unity and
the proportional return will decrease. At a certain later
input (m,v,, m,vy) finally, the output will cease to in-
crease and the function coefficient and the proportional
return will be zero. An increase of the variable services
beyond this limit will not increasc the output as long as
the fixed services remain constant, nor will it decrease the
output since the services will always be organized in such
a way that the maximum output is obtained.

Just as we have related the output to a proportional
service variation through the combination (v, vy), we
may relate the output to a proportional service variation
through any given service combination with a similar result.
Thus, on every straight line passing from the point of origin
we shall have points at which the function cocfficient
changes from greater than unity to less than unity, and
from positive values to zero. By combining these points
by curves we may divide the diagram into areas of in-
creasing, decreasing and zero proportional return (see fig.
3B). We must keep in mind, however, that the nature of
the proportional return and the properties of the function
coefficient are technical data to be determined in the
particular case from practical experience, and that the
pattern which we have here described is to be regarded
as an example only.

4. Three types of isoquant patterns. — After this excur-
sion into the proportional service variations and their influ-
ence on output let us return to our study of the isoquants.
Here also we shall be dealing with relationships which in
actual production are a part of the technical data. Our
task therefore is not to enumerate and describe all the
different types of isoquant patterns which may actually
be found, but merely to illustrate a few very simple rela-
tions which are of particular theoretical interest.!

* An interesting attempt to construct isoquants empirically by use of
statistical data from chocolate production has been made by Ragnar
Frisch [“The Principle of Substitution. An Ixample of its Application
in the Chocolate Industry,” Nordisk Tidskrift for Teknisk Okonomi, 1
(1935), pp. 12—27].

3—390412
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We shall first consider a production in which by tech-
nical necessity the variable services are always combined
in certain proportions. When the output is given, the
minimum input of every individual service required is also
given and it is impossible to substitute one service for an-
other.! As an example let us take the production of a
chemical compound where two raw materials (the variable
services v; and v,, fig. 4) enter into the process in constant
proportions (illustrated
by the straight line 04).2
Since an increase in out-
put by assumption re-
N quires a proportional in-
: crease of both of the
variable services, an ad-
dition in the input of
only one of the services

0 Input of v, to a combination on 04
will have no cffect on
the output, that is, the

marginal productivity of the service in question will be
zerod The isoquants passing through different points of
0A must consequently consist of straight lines parallel
to the axes and at right angles to one another. But it
is of course only the service combinations on OA which
will be of any interest to the entrepreneur, since these
combinations represent the minimum inputs for every
possible output. On O0A the relationship between input
and output is determined by the properties of the function
coefficient discussed in the preceding section.

Input, H
of Pvz

Fig. 4.

1 This is the case well known from Walras and Cassel of fixed “coeffi-
cients of production”.

¢ In theory this cxample may be regarded as a varicty of a more
general case in which the variable services are combined in given but not
necessarily constant proportions (i. e. when OA is any type of curve).
It would probably be difficult, however, to find examples of productions
where the service combinations for different outputs arc technically
given but the proportions between the services varying.

» Since the quantity of output is thus limited by the amount of the
variable service kept constant, Frisch refers to this service as a limitation
service (“Linige Punkte ciner Preistheorie mit Boden und Arbeit als
Produktionstaktoren,” Zeuschrift [ur Nationalokonomie, 11T (1932), p.
04 and “Tekniske og vkonomiske Produktivitetslover’” op. cut.).
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As a second case let us examine a production where the
technical relations between inputs and output are of the
reverse character to those just considered; a production in
which the variable services are perfectly substitutable for
one another. A given output is then obtained not from
a technically given minimum combination of the services
but from a whole series of combinations so constituted that
a unit change in one of the services requires a constant
and opposite change in
another service. Takeas
example a production in
which adult labour is
perfectly substitutable
for juvenile labour. Since
the substitutability is
perfect the relationship
between the marginal Wt
productivities of the ser- 0 Input of v,
vices must be the same. Fig. 5.

The isoquants conse-

quently have a constant slope and are straight lines
parallel to onc another, as is indicated in fig. 5. The
marginal productivity of one of the services as related to
an increase in that individual service will be determined
by the properties of the function cocflicient; it will be
increasing, constant or decreasing according as the function
coefficient is greater than, equal to, or smaller than unity.
But when the marginal productivity of one of the services
changes, the marginal productivity of the other service will
change in an equal porportion, leaving the relation between
the two always the same.

In an actual production we shall probably find most of
the variable services to be neither technically given nor
perfectly substitutable. The relationship between the ser-

Input| ™.,
O‘FPVZ *

! Using the same notation as before, we have
Tovon _ Tovy gpq Toame . Fram
To, Vo Loy T

irom which it follows that all the second derivatives on page 20 will be
zero.
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vices and the output is generally much more complicated.
In agriculture, for example, it is found that the same
amount of wheat may be obtained from different combina-
tions of land, cultivation, fertilizer and grain or in a
metallurgical refining process the same quantity of metal
may be extracted at different combinations of smelting
temperature and ore quantities, but the substitutability
between the services is seldom perfect and does not exist
o for all service combina-

L’;P‘i‘; A tions. A constant in-
ol A crease in smelting tem-

. .2B.  peraturemaycompensate
L only inside very narrow
s i limits for a unit diminu-
RS A . tion of ore,and vice versa.
If the output is to remain
constant a continuous
0 Input of v| decrease in ore quantity

Fig. 6. will probably require an

: ever increasing rise in

temperature until another limit is reached where a further
rise will no longer affect the output. In their simplest
form these relationships may be illustrated as in fig. 6.
Between the limits set by the border lines 04 and OB the
two services v, and v, are substitutable but not completely
so. A gradual diminution of one of the services requires a
continuously increasing addition to the other service. Thus,
a movement towards the border line OB will decrease the
marginal productivity of », and increase the marginal
productivity of w,, and a movement towards the border
line 04 will have the opposite effect. Above OA and
below OB the marginal productivities of v, and v, respec-
tively are zero and the isoquants are conscquently straight
lines parallel to the axes just as in the case of technically
fixed service combinations. In the area between the two
border lines, on the other hand, where the two services

1 Cf. H.R. Tolley, J.D. Black and M. J. B. Ezekiel, “‘Input as Related
to Output”, U. S. Dept. of Agriculture, Bull. No. 1277 (1924) and J.
Warming, Landbrugets Grense-Kalkulationer (Copenhagen, 1933).
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are substitutable, the marginal productivities of both ser-
vices will be positive, and it is only between combinations
inside this area that the entrepreneur’s choice will stand.

A comparison between the three isoquant patterns here
described makes it clear that the first two should be re-
garded mercly as special varieties of the third. The case
of technically given combinations in fig. 4 is obtained if
the two border lines in fig. 6 gradually approach each other
till they finally coincide, and the case of perfectly inter-
changeable services in fig. 5, if the border lines depart
from each othcr and become identical with the axes at
the same time as the isoquants get flatter and flatter.
The pattern in fig. 6 is the most general of the three and
it is to this pattern that we shall refer when in the fol-
lowing we wish to illustrate our findings with respect to
a system of isoquants.

5. The isoclines. — If for any particular combination of
variable scrvices we indicate the marginal productivities
of the services with ar- .. ) .
rows in the direction of é?p\;‘; A
the axes, we may char- PR e "~ lsocline
acterize all the marginal ' LA
productivities by a single
resultant of these arrows
(see fig. 7). The slope of
the resultant cxpresses
the proportion between \
the marginal producti- 0 Input of v,
vitics. In the isoquant
pattern of the type just
discussed this slope of the resultant will be positive for all
service combinations inside the two border lines 04 and
OB, horizontal for all combinations on the line 04, and
vertical for all combinations on OB. Frisch refers to
this slope as the productivity divection of the service com-
bination, and to curves, like 04 and OB, which combine
all the service combinations with the same productivity
direction as ¢soclines.! As we shall find in the next chapter,

1 Op:?§ 633.

Fig. 7.
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the variations of the productive services along the different
isoclines are of great importance for the output adjustments
of the firm. On their way through the diagram the isoclines
will pass areas of increasing and decreasing proportional
return, as indicated in the figure, but these returns are
defined, we must remember, not with regard to the varia-
tions along the isoclines but to the proportional service
variations, which do not necessarily have to be the same.!
In fact, the isocline and the proportional service variations
are gencrally the same only in the case of constant pro-
portional return.

With this discussion of the isoclines we conclude our
study of the purely technical relationships of production.
We should notice that all thesc relationships have been de-
fined to a given plant or a given set of fixed productive ser-
vices. For changed values of the fixed services we should
have other production functions and other relationships
between input and output. The nature of these relation-
ships will, however, be of the same character as is here
described.

! It should be noticed that the isoclines may be constructed graphic-
ally as soon as the system of isoquants is given. The productivity direction
of a service combination stands at right angles to the tangent of the
isoquant passing through the combination. Thus if we combine the service
combinations at which the isoquants have the same slope we get the system
of isoclines. The geometrical proof of this relationship is simple and is
omitted here. We observe only that the productivity direction represents
the gradient and the isoquant the contour line of the production function,
and that the gradient always takes a direction which is normal to the
contour linc (cf. F. S. Woods, Advanced Calculus, op. cit. pp. 74—77)-



CHAPTER IIL

COSTS OF PRODUCTION.

In the last chapter we were concerned with the purely
physical relations between input and output. We shall now
cxamine the price aspects of these relations. As before,
we shall consider only the productive services and the
prices of these services; we shall disregard the existence
of interest costs. Since under our present mono-periodic
assumptions the interest costs are always proportional to
the costs of the productive services, the interest costs have
but little effect on the various relationships considered in
the present chapter. We shall therefore postpone the ex-
amination of the interest costs till the beginning of the next
chapter. Before we begin our cost analysis, we shall say a
few words about the supply conditions of the productive
services.

Tue SurrLy oF PRODUCTIVE SERVICES.

We have assumed in our mono-periodic production that
the business firm buys the productive scrvices necessary
for its production at the time when the productive activity
commences. It is the anticipated supply conditions on the
market at this date that influence the entrepreneur in his
cost calculations. We shall assume that the service prices
are quoted per physical unit of the services, and not, as
they somectimes are in actual industry, in relation to the
amount of output produced (e. g. piece-work).!

1 We may notice that if all the productive services were paid in rela-
tion to the output produced, the purely technical relationships between
input and output would be of no direct relevance to the cost problems
of production. It is because some productive services — in our analysis
all the services — are paid per unit of service, that the cost analysis has
to be based on a knowledge of the technical relationships.
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1. The price functions. — When the firm buys only a
small part of the total quantity of a productive service that
is marketed, the price of this service will generally be inde-
pendent of the amount bought. The price will appear as a
constant in the firm’s cost calculations. When the firm
buys a larger part of the prevailing supply, the price gen-
erally varies with the service quantity bought. In this
case we may say that the price of the service is a function
of the quantity. Thus, if v, is the amount of the service
purchased by the firm, and g, its price, we may write

0 = @ (v2)-

We shall assume that there exists no “price discrimination”
on the buying market; that is, that the firm has no possi-
bility of buying one part of the service quantity at a lower
price and another part at a higher price. The price, g,,
is the anticipated average price per unit of the service and
the price which the entrepreneur actually expects to pay.
We shall start with the assumption that the price function
is continuous and single-valued.* Often, however, the price
does not in practice vary continuously with the amount
of the service bought, but in an irregular fashion. Electric
current or freight service, for instance, may sometimes be
bought in small quantities at one price, and in large quan-
tities at a different price. In addition to our analysis of
continuous price changes, we shall therefore have to con-
sider the effects of such irregular price variations.

2. Price flexibility. — When a service price is a continu-
ous function of the quantity bought, the rate of change of
the price, expressed in absolute terms, is obtained as the
derivative of the price function

aq, _dq, ('”5)

dv, dv,

This derivative may be positive or negative, according as
the service price increases or decreases with the amount

! We shall also assume that the price of one service depends on the
quantity of that service only, and is independent of the quantities of the
other services; that is, we shall disregard the possible existence of a joint
price rclation between the different services.
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purchased. Examples of services with increasing supply
prices may be found in “unskilled labor” or in raw materials.
Examples of services with decreasing supply prices are
services which are produced under conditions of decreasing
costs. In addition to the derivative of the price function
which expresses the rate of price change in absolute terms
we shall introduce the concept of price flextbility as a measure
of the relative rate of price variation

_dg dv,_dg, v

@ v dv g

The inverse value of this price flexibility we recognize
as the “elasticity of supply”, a concept often used in
the Anglo-Saxon literature of the subject. When the price
increases with the service quantity bought the price flexi-
bility is positive; when the price decreases, the price flexi-
bility is negative. In other words, the price flexibility has
the sign of the derivative of the price function. The ab-
solute value of the price flexibility is determined by the
properties of the price function. Theoretically it may have
any value greater than minus one.2

TuHE EXPANSION PATH.

In the present part of our study we are assuming through-
out that the business firm purchases on the market all the

1 See H. L. Moore, Synthetic Economics (New York, 1929), p. 38.

2 When the price is a decreasing function of the service quantity, it
is most unlikely that the price {lexibility is less than minus unity,
i. e. that the service supply is “inelastic”. If the price flexibility is less
than minus one, the seller of the productive service will receive less
revenue from a greater quantity than from a smaller. Using the same
symbols as before we may express the rate of change in the revenue as

4(94s) dg,
LA Vv, % =gq.(1 2
do,  ~ Wt g, =%t h)
and this quantity is negative when 44 is less than minus unity.

If the price is falling because the seller of the service operates his
production under conditions of “internal economies”, there can be no
competition on the selling market, and an individual seller can never,
of course, be expected to increase his sale if he will thereby receive a smaller
revenue. On the other hand, if the price is falling because of “external
economies’ of production, it seems unlikely that these economies can be
great enough to produce a price flexibility less than minus unity.
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different productive services used in its production. The
money outlays for these purchases represent the firm’s
costs of production. The production costs are thus dircctly
related to the inputs of the productive services; and through
the technical relationships between input and output, they
arc rclated to the quantity of output produced. On the
basis of our previous discussion of the technical relation-
ships and of the supply conditions of the productive ser-
vices we shall now cxamine these different cost relations.

1. The marginal unit costs and the cost-productivity ratios.
We observed in the preceding chapter that a certain
output can generally be produced from a number of diffe-
rent service combinations — from all the combinations
on a given isoquant. Since the prices of these combina-
tions can seldom be expected to be the same, there will
usually exist a whole series of possible costs related to every
output. The first object of the entreprencur’s cost calcula-
tions, therefore, is to find the service combinations which
have the lowest costs; not until this is done can he deter-
mine his total costs for different levels of output.

If we want to examine the properties of the minimum cost
combinations for a certain output, we need only consider
the costs of the variable services. The plant or the fixed
services, we have assumed, are constant for the range of
outputs under consideration, and the costs of these services
are also constant. Consequently they do not affect the
choice of minimum cost combinations. We may arrive at
the minimum cost for a given output through a process
of gradual substitution betwecen the different variable
services. At the substitution margin a unit increase in the
input of a service (v,) will have a certain cost which we
shall call its marginal unit cost (c,). The addition in the
quantity of output caused by a unit increase of the indi-
vidual service we have earlier defined as the marginal

! In most business firms it is this latter problem that is generally
handled by the cost accountants, while the calculations of the minimum
cost combinations are left to the production manager. It is probably
the division of these tasks and their allotment to differcnt persons which
is the reason why the questions of minimum cost combinations have
been given so little attention in cost accounting literature.
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productivity of the service (qp,, &)' The relationship between
the marginal unit cost of the productive service and its
marginal productivity gives us the rate of change of the
costs of production as related to a unit increment of a single
service. This relationship we shall define as the cost-
productivity ratio of the service

Cp
.rck =

Po,

Now it is evident that the substitution of one service for
another service along a particular isoquant will take place
as long as the cost-productivity ratio of the former service
is smaller than the cost-productivity ratio of the latter.
Or expressed in a different way, as long as the marginal
productivity of a service in relation to other services is
relatively larger than its marginal unit cost, it is profitable
to substitute this service for other productive services.
In the case of only two services, », and v,, for example,
v, will be substituted for v, as long as

(I.).?_'.‘ > c_l

(p?ﬁz 02
and vice versa. The minimum cost combination for a given
output is thus obtained when the marginal unit costs of
the different productive services are proportional to the

marginal productivities of the services; that is, when the
cost-productivity ratios of the different scrvices are cqual.

CLivenaiCu=, 1 ..l
Ch =..... = C

xTn

(1) .
This is a necessary but not a sufficient condition for cost
minimum.

2. The isocosts and the expansion path. — In the case of
a production which uses only two variable productive
services we may illustrate graphically the minimum cost
conditions for a given output. On a diagram similar to that
used in the preceding chapter, we combine with curves,
isocosts, all service combinations that have the same costs.
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Thus we obtain a new system of curves as indicated in
fig. 8. Since the costs for the fixed services are the same for
all service combinations, the isocosts may be defined in
relation to the costs of the variable services only.

If now for a particular output we vary the productive
services along the given isoquant, the minimum cost com-
bination is cvidently reached at the point where the iso-
quant is tangent to the “lowest possible” isocost. The
first of these two conditions, that the isoquant shall be
tangent to an isocost, we may express by a general cqua-
tion; the second condition, that when there are several
tangent points between an isoquant and the system of
isocosts the lowest isocost yields the minimum cost, must be
examined in every particular case. The tangent of an
isoquant, according to our earlier analysis, is cqual to the
relationship between the marginal productivities of the
two services

d'Ug . ¢7/,
dv, P )

The tangent of an isocost is obtained from the condition
that the costs are constant. Its properties will depend on
) the price conditions of

Input ;lsgqucm‘ the productive services.
orvz PN If we combine the
N N exgﬁnsm points of minimum cost
NET Y for different outputs we
obtain a curve which
will indicate the most
\ favourable input adjust-
ment for every adjust-
ment in the output (see
fig. 8). Following Frisch,
Fig. 8. we shall call this curve

the expansion path.r For

any output of product the firm will always try to sub-
stitute the different productive services along the isoquant

t Frisch, “Tekniske og ekonomiske Produktivitetslover”, op. cif.
§ 675.

\ ‘isocost

0 Input of v,
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until the expansion path is reached, and for any variation
in output it will try to adjust the input along the expan-
sion path.! For any point on the expansion path the
conditions stated in equation (1) hold true.

We shall now examine the properties of the expansion
path as related to the different supply conditions of the
productive services examined above. We shall start with
the simplest case: when the service prices are given as fixed
to the firm. When this task is finished, we shall proceed
to the case of continuously variable service prices and,
finally, we shall examine the effect on the expansion path
of irregular price changes. For each case we shall consider
the two conditions of cost minimum: 1) that the isoquant
and the isocost must always be tangent to each other;
2) that the tangent point must lie on the “lowest possible”
isocost. "

3. The expansion path in the case of fixed service prices.
In a production using only two substitutional services,
v, and v,, whose prices are fixed, we write the equation for
the isocost

¢:v1 + qv, = constant.

where as before, the ¢’s and the ¢’s stand for the prices
and the quantities of the services. By differentiation of
this equation we get the tangent of the isocost equal to

dva_ ¢
dv, s

That is, the isocosts are straight and parallel lines with a
negative slope equal to the relationship between the given
service prices. On the expansion path, therefore, where
the slopes of the isoquants and the isocosts are equal, we

1 Cf. Edgeworth, “The Laws of Increasing and Diminishing Returns”,
op. cit. p. 77: “The property of plural factors which has been pointed out,
that in starting from any point (system of factors) there is a choice of
directions, is connected with the property that in moving from any
initial point to the position of maximum, there is a choice of paths.
By the purely mathematical economist the free path would be conceived
as movement in that dircction by which the greatest increment of profit
is continually obtained, the line of preference (perpendicular to the line
of indifference).”
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have the well-known condition that the marginal produc-
tivities of the productive services are proportional to the
service prices, which in this case are the same as the mar-
ginal unit costs

P I,
(pvg e

For a production using # variable services we have the
more general relationship

(ra) Poy Pay e P, = h I,

which can be directly obtained from equation (1) by a sub-
stitution of the service prices for the marginal unit costs.

Since the isocosts are straight lines, the number of tangent
points between an isoquant and the system of isocosts
will depend exclusively on the shape of the isoquant. If
this is assumed to be a continuous curve without points of
inflection as in fig. 6 and fig. 8, there will be only one point
of tangency and only one service combination of costs
which are minimum for a given output. From the hypo-
thesis that the service prices remain constant irrespective
of the input, it follows that the marginal productivities
must remain in constant relation throughout the expansion
path. We have, however, defined a curve which connects
service combinations of constant marginal productivity
relation as an isocline. The expansion path is therefore
the isocline for which the relationship between the marginal
productivities is equal to the relationship between the ser-
vice prices.

The range of isoclines that can possibly be used as ex-
pansion paths must evidently lic inside or on the border-
line of the arca inside which the marginal productivities
of all the services are positive. But it is only when its
price is zero that a productive service will be utilized to
such an extent that its marginal productivity becomes zero.

4. The expansion path in the case of continuously variable
service prices. — For the sake of simplicity let us also in
this case consider a production with only two variable ser-
vices. The price of one of these services, ¢,, we shall again
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assume as fixed, while the price of the other, ¢,, is a con-
tinuous function of the service quantity,

2 = G2 (va)-
The equation for the isocost is the same as before

¢, + ¢.v, = constant;

but when we differentiate this equation we must treat the
service price, ¢,, as a variable
qldvl + %dvz + vzd(h = 0.

Consequently we get a new expression for the tangent of
the isoquant

dvzz_ @
d 1q,
o q> + 7)2[ 1
dv,

T e— ql .
72 (X + 4)

where 4, is the price flexibility of the service v,. The
marginal unit cost of the service v, is once more equal
to its price, but the marginal unit cost of v, is equal to
the price of this service multiplied by one plus the price
flexibility.

Since the tangent of the isocost will vary with one of
the service prices, the isocosts will no longer be straight

lines but concentric curves which are concave or convex to
. o e v, . .
the axes according as the second derivative ZiJ is negative
v,

or positive. We therefore have to examine the nature of
this derivative. Irom the cquation of the isocost tangent
we obtain

d dv,

G- 92 (T + 4o)
dv, duv,

d,
dv,® [g2 (T + A))°
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where ¢, is the marginal unit cost of the service v,

€2 =gz (I + )

and

PR (S

(g2 (x + 45)]2

But since we may expect 4, always to be greater than
minus one, £ must be a positive quantity,’ and we have
only to determine the derivative of the marginal unit
cost. This derivative we write

dc, d
L= l
dv, dvgliq2 (r+ 2)]
dgs d*q,
=2 B .
dv, o dvg?

The isoquant pattern, consequently, will depend on the
first and the second derivatives of the price function.

Input
of Pvz b

0 Input of v,
Fig. 9.

When the price, ¢,, is an increasing function of the ser-
vice quantity, we generally expect the price to increase
at an increasing rate; i. e. we expect both the first and
the second derivatives of the price function to be positive.
Under such conditions the derivative of the marginal
unit cost must be positive; the second isocost derivative
d2v,

0,2
to the axes (see a—a, fig. 9) If, as before, we assume the

, negative; and the isocosts must be curves concave

! Compare p. 31, above.
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isoquants always to be convex, there can exist only one
tangent point between the isocost and the system of iso-
quants; i. e. the minimum cost combinations are uniquely
determined. When, on the other hand, the service price is
a decreasing function of the amount bought, we generally
expect the price to fall at a decreasing rate; i. e. we expect
the second derivative to be positive. In such a casc the
derivative of the marginal unit cost may be cither positive
or negative, depending on the relative values of the price
derivatives; that is, the relationship betwecn the rate
of change in the actual unit price on the one hand, and
the change in the amount of savings on the total purchase
on the other. When it is positive, the situation is similar
to the one just examined; when it is negative, the second

. .. d?, . .- .
isocost derivative d_; is positive, and the isocosts are curves
Uy

convex to the axes (see b—b, fig. 9). Becausc of this
convexity there may exist a range of tangent points be-
tween the isocosts and the isoquants having the expansion
path undetermined inside certain limits.

From the equation for the isocost tangent we obtain the
condition of the expansion path

(pvg 9z (I + }'2)
Like the isocosts, the expansion path will depend on the
variation in the marginal unit cost of the service that has
a changing price. This cost, we have found, may be ex-
pected to increase when the service price is increasing, but
it may either increase or decrease in the casc of a falling
service price. Consequently, if we compare the present
situation with that when the prices were fixed for both the
services, we find that the constant price service will be
more and more substituted for the other service, v,, when
this service increases in price. The expansion path will
pass from higher to lower isoclines on its way through the
diagram (path A, fig. 9). When, on the other hand, the
service, v,, decreases in price, this service may be substituted
for the constant price service and the expansion path may

4—390412
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pass from lower to higher isoclines (path B, fig. 9); but the
reverse is also possible. If the price function is of such a
character that the marginal unit cost of the service in-
creases in spite of the fact that the unit price is falling,
we get the rather paradoxical situation where a service
with constant price is substituted for another service
whose price is falling. The reason is, of course, that it is
the relative marginal unit costs and not the relative prices
taken by themselves that determine the service substi-
tution.

If the prices of both the services change with their
inputs, or if in a production many different services, each
one with its separate price function, are used, the character
of the expansion path will depend on the relationships
between these price functions.

(1b) @, ... =q@+i):....: tg, (T4 4,)
5. The mﬂuence on the expansion path of irvegular price
changes. — The influence of irregular price changes on

the pattern of the isocosts

},';Pv“z* N and on the expansion path
N \ may be illustrated by a

N \ ¥\ A simple example. As be-

\ N ANV \ Isocline B fore, let us consider a two-

y Q’Q 5 (\ ¢ Isocline A service production. The
TGS 2:’;\\\\ price of one of the services,
/\tbt\\\ﬁf ¢1, we shall assume is fixed

4 NN irrespective of the quanti-

0 Input of v| ty bought, while the price

of the other service, g,
remains constant only
until the input v,” is reached. When the firm purchases
more than this quantity the price is lowered from g,
to ¢)''. The effect of this price change is illustrated in
fig. 10. For inputs of v, both smaller and larger than v,’
the isocosts will be straight lines, but at this particular
input there will be a break in the lines. Because of
the price fall the whole system of isocosts will have a

Fig. 10.

1 Cf. Schneider, Theorie der Produktion, op. cit. pp. 58—59.
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rightward shift and the slope of the individual lines
will be steeper. The isoquants, which are assumed to be
of the same simple character as in the preceding case, will
have tangent points with the lower part of the isocost
system for all outputs less than #,, and with the upper part
of the system for outputs greater than x,. For outputs
between x; and #, the individual isoquants will be tangential
to the isocost system at two points. Inside this range,
therefore, the minimum cost combinations must be deter-
mined by our second criterium of the expansion path:
the tangent point must lic on the “lowest possible’” isocost.
In the case illustrated these tangent points are found on
the lower part of the isocost system until the output x,
is reached, and on the upper part for outputs equal to and
greater than x,. The expansion path will consequently at
first coincide with the isocline A, fig. 10

Vo _ 0
Po, T
and later with the isocline B, fig. 10
Vo _ G
Poy, 4 .

At the shifting point, the output x,, there exist two diffe-
rent service combinations of equal minimum cost: one
utilizing the service v, inside its lower, the other inside its
higher price range. Such a situation is, however, far from
general; in the case of a more substantial price change the
lowest cost combinations may be found on the upper part
of the isocost system already at the output x,.

THE RELATIONSHIP BETWEEN Co0sTS AND OQUTPUT.

After this discussion of the minimum cost combinations
we may proceed to an examination of the relationship
between costs and output. Assuming the expansion path
as given, we want to study the interdependence of the firm’s
costs and its output of finished products. To facilitate our
study we shall distinguish between several different classes
of costs which we shall first define.
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1. Classification of the costs. — In our technical analysis
we have distinguished between fixed and variable produc-
tive services. We have observed that the fixed services or
the plant remained the same when the output varied within
certain given limits, and that it was the existence of these
services that was one of the causes of a variable proportional
return. Like other productive services the fixed services
are assumed to be bought at the beginning of the produc-
tion period, and to be fully used up at the period’s end.
The money outlays for these purchases, consequently, are
a part of the production cost, a cost that is fixed as long
as the output remains within the limits of the plant. This
cost, which is characteristically referred to by Schmalen-
bach as a preparedness cost of production (“Produk-
tionsbereitschaftskosten’)!, we shall name simply the fixed
cost of the output (C,).

The money outlays for the variable productive services
used in production of a particular output we shall similarly
classify as the variable cost of the output (C,). The variable
cost is obtained as the sum of the variable services measured
in physical units, multiplied by their respective prices.
When a physical unit of a service is composed of a fixed
proportion of different services,? its unit price is calculated
from the different price functions of these services. The
sum of the fixed and the variable cost is evidently equal
to the total cost of production (C,) during the period in
question.

In addition to these cost classes we shall use the concepts
of average and marginal costs. The average variable cost
(C4y) is equal to the variable cost divided by the quantity
of output, and the average total cost (C,,) is equal to the
total cost divided by the same quantity. The marginal cost
(C,,) we shall define as the addition to the total cost caused
by a unit increase of the output. Since the fixed cost, by
definition, is constant, the marginal cost is obtained by
differentiation either of the total cost or of the variable cost

! E, Schmalenbach, Der Kontenrahmen (Leipzig, 1927) p. 3I.
* Compare p. 12, above.
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O = =

From the definitions of the marginal cost, the average
variable cost and the average total cost, it follows: (1) that
the marginal cost will be less than the average variable cost
and the average total cost respectively, until these costs
have rcached their respective minimum points; (z) that at
these minimum points the marginal cost and the average
variable or the average total cost will be equal; and (3) that
after the minimum points are passed the marginal cost will
exceed the average variable cost and average total cost
respectively.! In the following we shall primarily be con-
cerned with the three cost classes: the marginal, the average
variable and the variable costs. When these costs are
known for different outputs, and the fixed cost is given,
the total and the average total costs are easily obtained.

Similarly to the price flexibility which measured the
relative variation of the price of a productive service,
we may form the concept of cost flexibility as a measure-
ment of the relative change of the different classes of costs
here introduced. The cost flexibility, consequently, we

1 The average variable cost reaches its minimum point when its first
derivative is equal to zero and its second derivative is positive. That is,
when

ac, c
¥ — —
ac 4y _ T ax v Y
dx x?
or
ac, C,
T w
and when
@Cyy dCy
A = — < 0.
ax® axt x
- . . . dac, ac,
Thus, at the minimum point of C 4 this cost is cqual to P and I
x x
is increasing. Similarly, at the minimum point of the average total cost,
ac ac
this cost is equal to _d—y , and 'J_V is increasing. For a fuller discussion
% x

of these relationships and their geometrical representation see, for
example, Amoroso, “La curva statica di offerta”, Giornale degli
Economisti, LXX, 1930, pp. 5 f., H. Stackelberg, Grundlagen einer
veinen Kostentheorie (Vienna, 1932) pp. 25 {f. and Robinson, Economics
of Imperfect Competition, pp. 26—43.
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define as the relative cost variation divided by the relative
variation of output.!

aCc dx dC «x

2(‘:‘ —_— = e — .

dx x dx C
It can easily be shown that the flexibility of the average
variable cost is always equal to the flexibility of the variable
cost minus one.

2. The relationship between costs and output when the
service prices are fixed. — Let us now examine how these
different classes of costs are affected by changes in the
quantity of output, and start out with the assumption
that the service prices are fixed. The variable cost, evi-
dently, is equal to the sum of the quantities of the services
multiplicd by their respective prices

Cy= 2q,v;
k=1,.... n
and the marginal cost is equal to the derivative of this sum
ac, Xq,dv,
dx  dx

But under the conditions assumed, the price of a service,
q,, represents the marginal unit cost of this service, and
this cost is equal to the cost-productivity ratio of the service
multiplied by its marginal productivity

Qk = .rcklpwk 2

Since the cost-productivity ratios of the different services
on the expansion path are the same, we can write the mar-
ginal cost

dCy_  ZTudv,

dx dx

1 The same rclation is referred to by Schneider as the “cost elasticity”

(Theorie der Produktion, pp. 34—35). Since the term elasticity generally
signifies the relationship between the relative change of a quantity and
the relative change of a price, we have here avoided the term, and instead
have used the term flexibility, which refers to the reverse relationship.
Moore and Schultz refer to the same relationship under the name of
“relative cost”. [Cf. Moore, Synthetic Economics, p. 77 and H. Schultz,

Statistical Laws of Demand and Supply (Chicago, 1928) p. 124.]
2 See p. 33, above.
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or, since the sum of the marginal products, X P, AV, is
equal to dx,

(2) Copp= = ... = ¢

xn

That is, on the cxpansion path the marginal cost of output
and the cost-productivity ratios of the different services
are equal. This relationship holds true, as we shall see, irre-
spective of whether the service prices are fixed or variable.

In the special case when the services are always varied in
the same proportions, that is, when the expansion path is
a straight line starting from the point of origin, the average
variable, the variable and the marginal costs stand in a
simple relation to one another. If in the expression for
the average variable cost

C 2q,0;

A=
X

E—=1,.... n
we make a substitution similar to the above, we get

C Zq)z/kvk
Ay = Cp —- .
e

But when the services are varied in the same proportions,
the sum of the quantities of the productive services, each
one multiplied by its marginal productivity, is equal to the
quantity of output multiplied by the function coefficient.?
Introducing this relationship into our formula we get

(3)

CAV= xck "€

:CM'S,

That is, on the expansion path the average variable cost is
equal to the marginal cost multiplied by the function coeffi-
cient. It therefore follows that the variable cost must be
equal to the product of the marginal cost, the function
coefficient and the quantity of output

(4) Cpr=0Cyre-x.

! Compare p. 17, above.
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Thus, as long as the services are changed in the same pro-
portions and the service prices are constant, the cost deve-
lopment on the expansion path is determined solely by the
character of the production function. When the function
cocfficient is greater than unity the average variable cost
will excecd, when less than unity fall short of, the marginal
cost. Not only the absolute values of the different cost
classes are detcrmined by the properties of the function
cocfficient, but also the flexibilitics of the costs.! The
flexibility of the variable cost is thus equal to the inverse
value of the function coefficient

ac, « 1
Ao, =— 2. | =-—
dx C, ¢
the flexibility of the average variable cost is equal to this
quantity minus one

I

c =
AV e

A —1

and the flexibility of the marginal cost equal to the flexi-

bility of the average variable cost minus the flexibility
of the function cocfficient itself

Ao=t—1— 12

A ACAV_ e

Car ™

where

&
™R

If. as in our earlier analysis,*> we assume that the function
coefficient gencrally decreases with increasing input, the
flexibility of the function coefficient will be negative and
decreasing. From this assumed knowledge of the properties
of the function coefficient, consequently, we may deduce the
relationship between the different costs and the output,
as is indicated in table I, and fig. 11. If, instead, we assume
that the production yields constant proportional return,
and that, therefore, the function coefficient is unity all

* Cf. Frisch, op. cit. § 677.
? Sce chapter II, pp. 22—=23.
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Table I.
Technical Marginal cost Variable cost Averag:osvtanable
region | o
& 2 ~
heyy Car iy Ccv Acap| Cav
at first decreasing | < 1 | increasing ~ 0 | decreasing
when but at a
Ae ]'CAV decreasing
increasing <o rate
propor- |. .= - - -
tional when reaches < 1 |increasing: | < o |decreasing
return e = A minimum oint of
< & = AC p .
e >1 o AV} value inflection
when increasing | < I |increasing <2 0 |decreasing
he < Acyy at an
o increasing
rate
constant >0 increasing 1 | increasing o | reaches
propor- and equal at an minimum
tional to increasing value
return Cav rate
=1
decreasing >0 increasing | > 1 |increasing > o |increasing
propor- and at an
tional > Cav increasing
return rate
£

along the expansion path — and it is mostly in this case
that we actually find proportional scrvice variations —

the flexibilities of the
marginal and average
variable costs will be
zero, and these costs will
be equal and constant
for every output pro-
duced.

Also when we leave
the assumption of pro-
portional service varia-
tions and assume that
the services are varied
along isoclines of more

Costs Cy
CM
/CAv
/
//
Output of x
£>1 E<|

Fig. 11.
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or less irregular shape, the different cost relations will be
governed solely by the properties of the production func-
tion. The conncction between the cost aspects and the
technical aspects of production can, however, no longer
be stated in the same simple mathematical terms, even
if the general character of the cost pattern is similar to
that already described.

3. The relationship between costs and output in the case of
continuously variable service prices. — If we changeourpostu-
late and assume that the service prices are functions of the
quantitics of the services bought, we shall still have the
marginal cost of output equal to the cost-productivity
ratios of the different services.! But the relationship
between the marginal and the variable costs is more com-
plex than in the case of fixed service prices. If, again, we
assume that the productive services are changed in equal
proportions, although the assumption is in this case even
less realistic than in the preceding one, we write the variable
cost

Cp=2q,v, =2, (1 + A) v, — 2q, v, .

The first of these sums becomes equal to the product of the
marginal cost, the function coefficient and the quantity of
output

2 (x4 A) v, =C, 6052

but we have also an additional sum in our equation. Let us
denote this sum by 4
A=2q,v,4,.

! Differentiating the variable cost we have
aCy d(Jgquvp)
ax T ax
g+ A) dv,
=
where A4 as before denotes the price flexibility of the service v,. But
under the conditions assumed
0 (14 4y) = ¢ = 2k Toy
which when substituted in the cxpression above, gives us
Cpr= 6y = ... = ,C,

2 The proof is similar to that of equation (4), above.
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The sign of A obviously depends on the sign of the price
flexibilities: A is positive when the service prices are in-
creasing, and negative when the service prices are decreasing.
Introducing this 4 into our equation for the variable cost
we get

(42) Cp=Chyex—A1

and from this relationship we obtain the average variable
cost as
(3a) CA,,—_—CM'B——g.

The relationships between the different types of costs no
longer depend on the technical conditions only, that is,
on the function coefficient, but on the combined effect of
these conditions and the supply conditions of the productive
services which determine the properties of the factor A.
When the service prices are fixed and the price flexibilities
are consequently zero, A vanishes from our equations, and
we obtain the same relationships as in equations (3) and
(4) above.

The flexibilities of the different classes of costs are also
determined by the same sets of conditions: the technical
conditions characterized by the function coefficient, and the
supply conditions of productive services characterized by
the factor A. Thus, the flexibility of the variable cost
becomes

C e’
and the flexibility of the average variable cost

A —I—_ 1.1

Cav™ C,e

all under the explicit assumptlon of proportional service
variations. If the service prices are increasing functions
of the quantities bought, and A is thus positive, the flexi-

! The {flexibility of the marginal cost will depend on the derivative
of A with respect to #, which in its turn is determined by the properties
of the price flexibilities. But we shall not enter into these relationships
here.
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bilities of the variable and average variable costs become
relatively greater than they would be if the service prices
were fixed, and the average variable cost reaches its
minimum point at a rela-
tively ecarliecr stage (see
curves C,/and C )/, fig. 12).
If, on the other hand, the
service prices are decreas-
ing functions of the service
quantities, the two cost
flexibilities are relatively
smaller than in the casc of
fixed service prices, and the
Qufpuf of x minimum average variable

Costs

A
E;fef" £l cost is rcached at a rcla-
Fir. 12 tively later stage! (scc cur-

ves C,” and C,,”", fig. 12).
These main characteristics of the cost curves in the case
of continuously variable service prices and the general
relationship between these cost curves and the cost curves
when the service prices are fixed, will remain fundamentally
the same, also when we leave the assumption of proportional
scrvice variations. But instead of definite and simple
formulas of the different costs and cost flexibilities we get
mathematical functions of a more general type.
4. The relationship between costs and output when the
productive services have irregular price changes. — For the

! The average variable cost is at a minimum when its flexibility is
zero. In the case of constant service prices this condition is fulfilled when

1
S — I =0
&
or when
&=1.
In the present case the minimum cost condition is fulfilled when
r, A

— — 1 =0

c T e,

or when
A
& =1 ——
+ C

Therefore, when -/ is positive ¢ is greater, and when A is negative ¢ is
smaller, than unity.
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study of the relationship between costs and output when
the productive services have irregular price changes let
us return to the simple example described on pages 40 and
41 above and illustrated in fig. 0. We assumed there a
production in which only two variable services are used,
v, and v,. The price of v, is fixed at ¢;; the price of v, remains
at the level ¢," until the quantity v,” of the service is bought.
When this quantity or more is taken the price is lowered
to ¢,”". This price change, it will be remembered, produces
at the output x, a sudden shift of the expansion path
from a “lower” to a “higher” isocline. The relationship
between costs and output on the expansion path is conse-
quently equal to the relationship between costs and output
on the lower isocline (A, fig. 10) till the output reaches the
quantity x,, and from that
point on is equal to the "
same relationship on the COS's / c\,'
higher isocline (B, fig. 10). " Lw
We have illustrated
these relationships be-
tween costs and output
on the two isoclines and
on the expansion path in
fig. 13. If we observe the
lower isocline we find that
the three costs C,/, C )/
and C,/ develop in a
regular fashion till the Fig. 13.
output x, is reached. At
this point all three cost curves show a sudden shift down-
wards. After the shift they again develop regularly. On
the upper isocline (the costs C,”, C,,/” and C,/") we find
the same phenomena, except that the shift here occurs
at the lower output x,. The costs on the higher isocline
exceed at the beginning the costs on the lower isocline.
The shift at x; decreases the marginal cost C,,/" below C,,".
The variable and average variable costs, C},/" and C_,,”,
however, fall short of C,’ and C,,/ only for outputs greater
than x,. On the expansion path the variable and average

C,'

T

X, X, X3 Output of x
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variable costs are uninterruptedly increasing, but their
flexibilities show a discontinuous change at the output #,,
where also the marginal cost has a sudden shift. In the
case of a more substantial price change, however, not only
the marginal but also the variable and average variable

Costs

~

L~ "_1

—_——

Cr
Cv

. ~Car
—~- -C

F“““—'—'CAF

Output of x

costs may have abrupt
changes, which would
then occur at the out-
put x,.

5. The total and
the average total costs.
Having  established
the relationship be-
tween variable cost
and output, we get
the total cost of pro-
duction, C,, merely
by an addition of the
fixed cost, C,. Simil-
arly, the average total

cost C 4, is obtained
as the sum of the
average fixed cost C,, — the fixed cost divided by the
quantity of output — and the average variable cost. A
graphic illustration of the relationship between these
different cost classes and the marginal cost is given in
fig. 14. These relationships are familiar to all students of
economics and deserve but few comments here.! We may
merely repeat that the marginal cost, which is influenced
by changes in the variable cost only, intersects the average
variable cost as well as the average total cost in their
respective minimum points.2 The minimum point of the
average total cost is consequently reached at a later stage
of output expansion than the minimum point of the aver-
age variable cost.

Fig. 14.

! For an extensive analysis of these relationships, see Stackelberg,
Kostentheorie, op. cit. pp. 20—36 and 94—g9.
i See p. 43, above, n. 1.



CHAPTER IV.

THE RATE OF RETURN AND THE MAXIMIZA-
TION PROBLEM.

The aim of the business firm’s activity, we have assumed,
is to maximize the net return on its capital; and it will
manage its production accordingly. Our task is to examine
the different forces influencing the entrepreneur in his
production management and to discover the principles
on which those forces operate. It will be remembered
that we have classified the forces in four different groups,
of which two, the technical conditions of production and
the supply of productive services, have already been the
subject of our attention. The remaining two, the demand
for the firm’s output and the supply of capital funds, will
be examined in the present chapter. At first we shall
study these forces separately, and later relate them to the
other production determining forces, and discuss the maxi-
mization problem in full.

TaE DEMAND FOR THE FIirM’'sS OUTPUT.

I. Demand expectations. — The demand for the firm’s
output may be represented analogously to the supply of
a productive service by a series of price-quantity combina-
tions. For every quantity of output the firm offers on the
market there is a corresponding definite price; and for
every price the firm charges, a definite quantity of the out-
put will be demanded. The magnitudes of these prices and
quantities are determined by a number of circumstances
such as the tastes and incomes of the buyers, the compe-
tition from other producers and the sales organization of
the business firm. At any particular moment when all
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these conditions may be assumed as given data, the rela-
tionship between the quantity sold and the price obtained
is uniquely determined.

But it is not the actual demand for the firm’s output
at the end of the time period that determines the produc-
tion process. The firm’s production requires time and must
be planned in advance. It is, therefore, the entrepreneur’s
anticipation of the future demand at the time when the
production plans are made that is important. How these
anticipations are formed does not interest us here; it is
certain, however, that market experience from earlier
periods and knowledge of general business conditions and
competitive conditions in the firm’s particular field are
important factors. Here we need only assume that the
entrepreneur has a definite pattern of response to his
various indefinite demand expectations.?

We may simplify our analysis of the demand by assuming
that the time required for the sale of the firm’s output is
negligible. Let us say that the output is sold on the very
last day of the time period. This assumption enables us to
disregard all the problems of sales and price relations be-
tween different dates in time. Such questions as the effect
of the firm’s present output or price on the future actions
of other producers or on the future behaviour of the buyers
arc thus eliminated. They will be taken up for examination
in our study of the poly-periodic production.

2. The demand function. — The quantitative relationship
between anticipated outputs and anticipated prices may
be illustrated graphically. In fig. 15 and fig. 16 the abscissae
of the diagrams represent the quantity of output and the
ordinates the price. We shall disregard the possibility of
a price discrimination on the selling market, and assume

1 Cf. J. M. Keynes, The General Theory of Employment, Interest and
Money (New York, 1936) p. 24, n. 3¢ “An entrepreneur, who has to reach
a practical decision as to his scale of production, does not, of course,
entertain a single undoubting expectation of what the sale-proceeds of a
given output will be, but several hypothetical expectations held with
varying degrees of probability and definiteness. By his expectation of
procecds I mean, thercfore, that expectation of proceeds which, if it
werc held with certainty, would lead to the same behaviour as does the
bundle of vague and more various possibilities which actually makes up
his state of expectation when he reaches his decision.”
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that the price represents the price which the firm expects
actually to get for its product.?

The use of a simple curve (a demand curve) to express
the relationship between the anticipated prices and quan-
tities implies that the firm bases its calculations on the
assumption of a definite price for every quantity of output
to be sold. It may be
true that the entrepre- Revenue
neur actually anticipates and price
only one price, or, what
is more plausible, that
he anticipates a series
of possible prices for a
given output, but that
he selects and evaluates
one price as the most .
probable or expected. B
The calculation process Fig. 15.
through which the entre-
preneur reaches his price estimates does not interest us at
the moment; we only assume that for every output there
exists one and only one price anticipation.2

As the demand curves are drawn in fig. 15 and fig. 16,
there is but one output which corresponds to every price
and one price which corresponds to every output. An
increase in sales is always followed by a decline in price.
This simple relationship, which may be observed generally
in practical life, permits us to express one of the two
variables, price and quantity, as a unique and single-
valued function of the other. We may choose either the
price or the quantity as the independent variable. That
is, the result will be the same if the firm fixes its output

Output of x

! For an analysis of price discrimination problems the reader must be
referred to other sources, for example Joan Robinson, Economics of
Imperfect Competition op. cit., Ch. 15.

? For a discussion of the relationship betwecn the single-valued anti-
cipations and the more vague price expectations of the firm, compare
G. Myrdal, Prisbildningsproblemet och févinderligheten (Uppsala, 1927)
chapters VI—X, J. R. Hicks, “The Theory of Uncertainty and Profit”,
Economica, 1931, pp. 170—89, and A. Hart, “Anticipations, Business
Planning and the Cycle”, Unpublished doctor’s thesis, Dcpartment of
Economics, University of Chicago, 1936, Chapter IV.
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at a certain quantity and lets the market determine the
price, or if it fixes the price and lets the market determine
the quantity. In the following treatment we shall choose to
express the commodity price (p) as a function of the output
(). We, therefore, write our demand function

p=p (%)

3. Total revenue and marginal revenue. — The expected
price at a certain output represents also the expected
average revenue to the firm at that output. On analogy
with our ecarlier development of different cost concepts,
we may now develop the concepts of total and marginal
revenue from the concept of average revenue. The fotal
revenue of output (F,, fig. 15) is, then, the product of
the unit price and the quantity of output sold. In the case
of the demand curves here assumed, the total revenue can
be cxpressed as a unique and single value function of the
output.

E,=x-p=x-p (x).

The marginal revenue of output expresses the increase in
the total revenue produced by a unit increment in the
quantity sold. Its mathematical formulation is obtained
by differentiation of the equation above:

E, = 75+x 75

If we introduce the concept of price flexibility, which has
already been defined as the quotient of the relative price
and the relative quantity changes,
_dp  dx _dp x
px dx p

the marginal revenue may be written

- Ey= P(I—i—d?;) (T4 2.

! We shall assume this demand function as a given datum for our
analysis, and disrcgard the possibility that the firm may influence the
price or the quantity sold by different means of sales promotion.
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That is, the increase of the total revenue caused by a unit
increment of the output is equal to the price multiplied
by one plus the price flexibility.

In accordance with our assumption of a negatively
sloping demand curve the price flexibility must be a nega-
tive number. A possible exception to this condition exists
in the case where the firm can sell unlimited quantities at
a constant price (i. e. where the demand curve is horizontal),
when the price flexibility is zero and the marginal revenue
is equal to the price. Under other circumstances the
marginal revenue is less than the pricc. When the price
flexibility is greater than minus one, the marginal revenuc
is positive; when it is smaller than minus one, the marginal
revenue is negative. The relationship between price flexi-
bility and marginal revenue is shown in the first two
columns of table II.

Table I1.
N
ﬂcf(irll)‘izfily Marginallxrevcnue Total r;lvemle
? "M 7

o

positive constant,
equal to

increasing propor-
tional to output

? .
—1 positive, decreasing | increasing but at
P2 Ey -1 a decreasing rate
—1 | zero | constant
=1 | negative l decreasing

4. The price flexibility. — Let us now study the properties
of the price flexibility for two characteristic demand
functions. In the most simple case, fig. 15, where the
price gradually falls to zero and the demand curve has no
points of inflection, the price flexibility will continuously
decrease with increasing outputs. Up to the point when
it reaches minus one, the marginal revenue is positive,
although decreasing, and the total rcvenue increases. At
a price flexibility of minus unity, the marginal revenue is
zero and the total revenue constant; it has reached its
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maximum and only maximum value. For further increases
in the output, the price flexibility declines below minus
one, the marginal revenue is negative and the total revenue
decreasing. (See table II.)

Often, however, the demand curve may show a less regular
appearance and have one or several points of inflection
(see curve p, fig. 16). The demand conditions may, for
instance, be such that a large group of new buyers appears
or new kinds of demand develop as soon as the price has

reached a certain low
Revenue level. When such is
and price B D the case the price
N T\ flexibility may have
Er consecutive decreases
and increases; and
Al the same holds true
SN for the marginal re-
IS~ venue. The total re-
’ - venue may have
. Output of x points of constancy
Ep at several different
Fig. 16. outputs, some of
which are maximum
and others minimum points (see fig. 16). Of the different
regions of the demand curve which we may distinguish
in this case, only those, of course, for which the price
flexibility is greater than minus one and the marginal
revenue positive are of interest to the entrepreneur. Since
the cost of production of an output increment is always
positive, the firm has no reason to extend its output to
such an extent that the revenue from the increment
becomes ncgative. In fig. 16, for example, it is only
those parts of the different revenue curves which lie be-
tween A and B, and C and D that have significance for
the maximization problem of the firm.

THE SupprLy OF CAPITAL FUNDS.

1. Outside investments and borrowed funds. — To be
able to purchase productive services at the beginning of
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the production activity and to finance the activity until
remuneration for its output is obtained, the business firm
must have command over capital funds. There are two
possible sources of supply for these funds: the firm’s
privately owned funds and its borrowed funds. From our
assumption that one period’s activity is always fully liqui-
dated before the following period’s activity commences,
it follows that all the firm’s capital is in liquid form at the
beginning of the period and is thus available to finance
new production.

Assume that the total amount of a firm’s own funds
is fixed at any particular date in time. The amount
of capital invested in a certain activity is nevertheless
variable, and will depend on the rate of return from that
activity as comparcd with the rate of intcrest obtainable
from other kinds of investments. The capital funds in-
vested outside the particular production under considera-
tion may be classified as outside investments, I. When the
outside investments increase in amount, the rate of interest
obtainable may ecither remain constant or decrcase, de-
pending upon the relative value of the firm’s investments
to the total value of the investments on the capital market.
Let us here assume that the interest rate decreases with an
increase in the investments and vice versa; in other words,
let us assume that additional investments of the firm have
to seek less and less remunerative employment. We shall
express the relationship between the rate of interest, ¢, and
the amount of outside investments by a function.

i =i ().

and assume that this function is unique and single valued.

While at any particular time the firm’s own funds may
be assumed as fixed in quantity, its borrowed funds, L, can
be varied through increased or decreased borrowing. The
interest rate paid for this borrowing may be constant
irrespective of the amount borrowed, be constant inside
some definite limits, or may vary more or less continuously.
Let us assume that the interest rate increases continuously
with the amount of the borrowed funds and, as before,
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let us express the relationship between the rate of interest,
7, and the amount of borrowed funds by a function

i =1 (L)

which we also assume is unique and single valued. But
while the derivative of the investment function above is
assumed to be negative, the derivative of this function is
positive. As in the case of the prices in our earlier supply
and demand functions, the intcrest rates in these functions
may be regarded as average rates received on the total
amount of outside investments or paid on the total amount
of borrowed funds. Again we shall disregard the problem
of price (interest) discrimination.

2. The marginal rate of interest. — Although the average
rates of interest on the total amount of outside investments
or of borrowed funds are significant for the entrepreneur’s
calculations, it is cven more important for him to know
the intcrest rates obtained on the last increment of the
firm’s investments, or paid on the last increment of borrow-
ing. Thesc latter rates we shall call the marginal rates of
wntevest, 1,. If L is the total amount of borrowing and &
is the average rate of interest paid during a unit time period,
the total interest cost of the same period is 7 L, and the
increase of this cost caused by an infinitesimal increment
in the amount borrowed, dL, is d (i L). It is this increase
cxpressed as a rate on the increment dL which constitutes
the marginal rate of interest during the unit period

_d(iL)

=L
=i(r+ 4)

* The assumption here made of a continuously varying interest rate
with regard both to the firm’s borrowed funds and its outside investments
is much more realistic than, for instance, the assumption of a continuously
varying service price. In practical life there cxist so many different possi-
bilities for a firm to finance successive increments of production, or to
invest successive increments of capital that the changes in the interest
rate paid or obtained will in most cases be fairly gradual. The assumption
that there exists no price discrimination as regards borrowing and out-
side investment, on the other hand, corresponds far less to the conditions
generally prevailing in actual business life.
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where 4, is the flexibility of the interest rate
i L
aL 1
In the case of outside investments we have a similar

expression for the marginal rate of interest, but then, of
course, the interest flexibility

is derived from the average investment rate and not from
the borrowing rate. In both cases it follows that when the
average rate of interest is constant and consequently the
interest flexibility is zero, the marginal and the average
rates of interest are the same. Under other circumstances,
the marginal rate is assumed to exceed the average rate
when the firm borrows, and to fall short of the average
rate when the firm invests capital funds.

THE RATE OF RETURN AND THE MAXIMIZATION PROBLEM.

1. The net veturn and the rate of return. — The net return
of the firm’s activity during a certain period we obtain by
subtracting the minimum costs (the costs on the expansion
path) of the period from the total revenue obtained. The
minimum costs arc composed of the total costs of the pro-
ductive services engaged in production, called simply the
total costs in our earlier analysis, and of the total interest
costs when borrowed funds are employed. The total revenue
is composed of the total revenue of output and of the total
interest revenue, if any, obtained from outside investments.
The rate of return on the firm’s capital is obtained by ex-
pressing the net rcturn as a rate on the firm’s own funds
during the period in question.

Let us at first assume that the firm engages borrowed
funds in its activity, but that no outside investments
occur. Certain investment opportunities, of course, always
exist outside the activity in question, but these investment

! In Fisher’s terminology “the rate of return over cost”, cf. Irving
Fisher, Theory of Interest (New York, 1930), pp. 155 ff.
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opportunities are potential only and are not actually used.
Under these assumptions the total revenue becomes equal
to the total revenue of output, E, in our earlier notations,
and the total cost equal to the total cost of the productive
scrvices on the expansion path, C,, plus the interest cost.
If, as before, we denote the total amount of borrowing
by L and the average interest rate paid during the unit
period by ¢, these interest costs equal ¢ L. The net return,
R, conscquently becomes

(1) R=E;—(C,+¢L).

Since we are dealing with simple interest, the rate of re-
turn, 7, may be cxpressed as a simple rate on the firm'’s
own funds, K, during the unit period

R _E,—(C,+11)
K K '

It is the maximization of this rate of return which is the
goal of the firm’s activity. But from our assumption that
the firm’s own funds are fixed in amount at the time when
the production activity commences and that the investment
period is also a fixed quantity, it follows that when the rate
of return on the firm’s capital is maximum, the net return
and the value of the firm’s capital at the end of the invest-
ment period are also maximum. In other words, the maxi-
mization of any one of these three magnitudes automatically
includes the maximization of the others.

2. The marginal veturn and marginal rate of veturn. —
In addition to these concepts of net return and rate of
return on the firm’s own funds, which are both related to
the firm’s total productive activity, we shall introduce two
different concepts related to a marginal increment of pro-
duction. The first of these concepts, the marginal return,
may be defined as the difference between the increase in the
firm’s total revenue and the increase in its total cost,
exclusive of interest costs, caused by a unit increment in the
output.

These increments we have carlier classified as the margi-
nal revenuc of output, E,, and the marginal cost of pro-

(2) 7 ==
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duction, C,, respectively. The marginal return, R,,, we
therefore write

(3) Ryy=Ey—Cy-

The second concept, the marginal rate of return, represents
the marginal return expressed as a rate on the increment
in productive investment required for the unit increase in
the output, during the period in question.! From our initial
assumption that only the productive services have to be
paid at the beginning of the production period, while the
interest costs are not paid until the revenue of output is
received, it follows that this increase in productive invest-
ment must be equal to the marginal cost of production.
The marginal rate of return, 7,,, expressed as a simple rate
of increase in the productive investment during the unit
period consequently becomes

E,—C,

M

(4) Ym =

3. The maximization problem. — In order to determine
the output which yields a maximum rate of return on the
firm’s own capital, a maximum net return and a maximum
value of the capital at the end of the period, we merely
have to differentiate the rate of return, as written in equa-
tion (2), with respect to the output. When this derivative
is zero, that is, when changes in output no longer produce
additional net returns, and when the second derivative
is negative, the maximum rate of return from the produc-
tion in question is reached. The necessary maximum con-
dition we thercfore write
dE, dC, d(L) dL\ _ o

dr 1
( dx dx  dL dx

ix K
The first and the second expression inside the parentheses
we recognize as the marginal revenue and the marginal

d(iL)

cost respectively. The derivative —L is, by definition,

! Compare Fisher’s “marginal rate of return over cost”. Ibid.
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the same as the marginal rate of interest, and d{” , according
X

to our present assumptions, is equal to the marginal cost
of production. With the firm’s own funds as constant, we
may consequently write the first maximum condition

Ey—Cy—Cyiy=o.

This can be expressed in two different forms:

E,‘y,,ﬁ-,c;ﬂv[ =
C, M
or
(5) Var =1y
and
(5a) E,,=C,(1+ Ty)-

In order to receive a maximum rate of return on its own
capital the firm will expend its production to a point where
the marginal rate of return equals the marginal rate of
interest; or, which amounts to the same thing, to a point
where the marginal revenue of output equals the marginal
cost, inclusive of interest cost. As long, therefore, as a
change in the output may be expected to produce a greater
increase in the total revenue than in the total cost, the
change will be made. In a mono-periodic production which
under unchanged external conditions repeats itself in a
series of periods, consequently, the firm may reach the
most profitable output step by step, even if the entrepre-
neur cannot anticipate the full extent of the demand and
the cost curves.!

The sufficient maximum condition which is obtained when
the second derivative of the rate of return with respect to
output is negative

v dE, d [dCT

Ix (1 + zM)jl <o

dx 7i_x_2_dx

! Under “unchanged external conditions” we include the condition
that the time elapsing or the steps chosen for the firm’s output adjustment
will have no effect on the different demand and cost curves.
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is fulfilled when the marginal cost, inclusive of interest
cost, increases morc rapidly with respect to output
than the marginal revenue. That is, when the marginal
cost curve intersects the marginal revenue curve from
below.

4. The influence of outside investments. — It is easily
seen that the conditions for a maximum rate of return here
developed hold true also in the case when a firm does not
employ borrowed funds, but instead engages part of its
own capital in outside investments. An increasc in current
production is in such a case financed by a transfer of funds
from the outside investments, and the most profitable
output is reached when the marginal interest rate on these
investments is equal to the marginal rate of return. In the
more complex situation when the firm engages both in
borrowing and in lending, the maximum conditions require
a simultaneous equality of all the three marginal rates:
the marginal interest rate of borrowing and of outside
investment and the marginal rate of rcturn.

The existence of actual or potential outside investments
has its bearing on the maximum conditions also in another
way. In order that the firm shall start a production activity
it is, of course, nccessary that the maximum rate of return
expected shall exceed or at least be equal to the interest
rate the firm can obtain if it invests all its capital in outside
investments. This condition is independent of those carlier
stated. Because of the existence of fixed costs, of different
kinds of irregularitics in the marginal costs and the marginal
revenues of production, it may in some cases be possible for
the average rate of return to fall short of the average in-
terest rate in spite of the equality between the marginal
rates. If, as before, the firm’s own funds are denoted by K,
the interest rate obtained if these funds are all invested in
outside investments may be written

i, =1 (K).

Taken all together, the conditions for a maximum rate of
return on the firm’s own funds therefore become
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r >

o0
Yo =1y
azr

S~ <o.
dx?

5. Single and multiple maximum points. — Let us now
examine these maximum conditions with reference to the
cost and revenue curves earlicr discussed. (@) If we have
a negatively sloping curve for the marginal revenue, as in
fig. 15, and the marginal cost curve, for example the curve
C,,1in fig. 11 or 12,! intersects this curve in the region where
the marginal cost is increasing, the intersection point of the
two curves represents a maximum point, and the only
maximum point existing. In order that the firm shall
engage in production, the rate of return at this point must
be equal to or exceed the interest rate on potential outside
investments. (b) If, instead, the marginal revenue curve
has several points of inflection, as in fig. 16, or the marginal
cost curve is discontinuous because of sudden changes in
the interest rate or in the service prices (fig. 13, chapter
I1I), the two curves may have several points of intersection.
Of these points only those are maximum points at which
the cost curve passes the revenue curve from below; where
it passes the revenue curve from above, the rate of returnis a
minimum. Of the different maximum points, that one is
chosen which yields the absolute maximum rate of return,
and it is that rate which must exceed or equal the rate of
interest on potential outside investments. Since the entre-
preneur, however, is often unable to anticipate the firm’s
cost and revenue curves to their full extent, there isa certain
tendency for the firm to remain at any maximum point

! The cost curves in chapter III, it will be remembered, include only
the costs of the productive services. But under the conditions here assu-
med, the introduction of interest costs does not change the general char-
acter of the curves. As long as we assume that the rate of interest is
cither constant or else a continuous function of the amount borrowed,
the interest costs will increase continuously with the output, and may
merely be added to the costs of the productive services. If, on the other
hand, we assume that the rate of interest makes sudden shifts, these shifts
will also appear in the interest costs, and will cause irregular changes in
the cost curves.
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reached, although a greater rate of return could be obtained
by a drastic change in its production plans. The risk in-
volved in a cost decrease depending on a major change of
the scale and methods of production, or with a price cut
sufficient to create a large new demand, often seems too
great to the entrepreneur in comparison with the possible
increase in the rate of return. In other cases it may be the
traditional price policy of the firm that is the decisive factor
in the choice of maximum point. In the Swedish publishing
business, for instance, there are some firms that specialize
in low priced books which are printed in large editions,
while some other firms as a general rule charge high prices
and thereby limit their editions.

THE MaxiMuM CONDITIONS AND THE PRODUCTION DETER-
MINING FORCES.

With the examination of the maximum conditions of the
rate of return, our analysis of the mono-periodic production
process has come to an end. From given technical conditions
and given supply conditions of the productive services we
have determined what we have called the expansion path
of the firm’s production, and from these conditions in
combination with given demand conditions for the firm’s
output and given supply conditions of capital funds we
have found what particular output on the expansion path
the firm will produce. Before we proceed with our study
let us summarize and co-ordinate the main results of this
analysis.

1. Summary of the maximum conditions. — According
to our cost analysis in chapter III, the minimum cost for
a certain output — the cost on the expansion path — is
obtained when the cost-productivity ratios of the productive
services are equal to each other, and equal to the marginal
cost of output [equation (2)]

L1 =,0=....,0,= CM.

This equality was actually shown to hold true with regard
to the service costs only, but under our present assumptions
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it will also hold if interest costs are included. The interest
costs represent merely a proportional increase in the diffe-
rent elements concerned.

The marginal revenue of the firm is defined as the increase
in the total revenue produced by a unit increment of output

Ey=179(+ A,s)

and we have observed that when the rate of return is maxi-
mum the marginal revenue cquals the marginal cost of
production, inclusive of interest cost. Hence we have as a
maximum condition for the rate of return that the marginal
revenue must be equal to the cost-productivity ratios of
the different productive services inclusive of interest costs.
Since these latter are by definition equal to the marginal
unit costs of the services divided by the respective marginal
productivities, we may write

A ;
(T:— ) (1472,)=.... -——>~—»—;———~ (T424).

From this equality it follows that

p(r+2,) =

g+ a) =P A

I—|—¢M
q2(1+12)=75(1+“(p“

I—f—z,,,

14+ 2 )
(In (I + An) = p"(’_u(f .

I+ 1y

The quantities on the left sides of these equations we re-
cognize as the marginal unit costs of the productive services
and the quantities on the right sides as the marginal value
productivities of the services discounted back to the date of
cost payment. We may therefore write as a corollary to
our maximization conditions, already ecstablished, that in
order to obtain a maximum rate of rcturn on its own capital
the firm will employ each productive service until its mar-
ginal unit cost is equal to the marginal value productivity
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of the service discounted back to the date of cost payment.
In the case of capital funds the marginal unit cost is sub-
stituted by the marginal rate of interest, and the marginal
value productivity by the marginal rate of return

Yoy = ¥y

When these conditions are fulfilled no change in the scale or
in the methods of production will increase the rate of return.

2. The effect of changes in the production determining
forces. — Using what Schumpeter calls the “principle of
variation”,? we shall now examine the effect of isolated
changes in the production determining forces upon the
firm’s production and rate of return. We may notice that
while the volume of production and the use of the different
productive services are governed by the relationship be-
tween the marginal revenue and the marginal costs, the
rate of return is governed by the relationship between the
total revenue and the total cost. In order to determine
the influence of a certain change on the volume of produc-
tion and the employment of the different services we there-
forc have to examine its cffect on the marginal cost or
the marginal revenue; and in order to determine the in-
fluence on the rate of return we have to cxamine its effect
on the total revenue and the total cost. We shall start with

(a) the techwical conditions of production.

An increase in the technical efficiency of a variable
productive service means an increase in its marginal pro-
ductivity and a decrcase in its cost-productivity ratio.
But on the cxpansion path the cost-productivity ratios of
the different services must be equal. If the efficiency of

! We may notice the difference between the corollary here stated and
the conditions determining the expansion path examined on page 33.
As long as we were concerncd only with the choice of productive services,
i. e. with the methods of production, the necessary requirements were
limited to the proportionality between the marginal (technical) product-
ivitics and the marginal unit costs, but they said nothing about the
equality between these different elements. Not until we consider how
much to produce with given technical mecthods does the condition
of an equality between the discounted value productivities and the mar-
ginal unit costs come in.

2 Joseph Schumpeter, Das Wesen und der Hauptinhalt dev theovetischen
Nationalokonomie (Leipzig, 1908), pp. 441 ff.
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one service increases, this service will therefore be substi-
tuted for other services until the equality of the cost-
productivity ratios is re-established. An increased efficiency
of a variable service will also mean a decrease in the mar-
ginal and total costs, an increase in the volume of produc-
tion and in the rate of return. A decrease in the efficiency
of a variable service will have the opposite effect. When it
is a fixed service that has increased or decreased in efficiency
the result will be very much the same. A more efficient
plant will cause the output of the variable services to rise,
which for a given volume of production means a lower
total cost and an increased rate of return. It will also —
at least for a certain range of outputs — cause the mar-
ginal productivity of the variable services to increase.
Since this increase may vary in extent as between different
services, certain adjustments of the expansion path may
follow also here, but not necessarily.!

(b) The supply conditions of the productive services.

When we analyze the effect on the firm’s production of
changing supply conditions of the productive services, we
must again distinguish between fixed and variable services.
If it is a fixed productive service that changes in price
this change will result in altered total costs and a corres-
ponding change in the rate of return, but it will have no
effect on the marginal costs, the expansion path chosen or
the quantity of output. Changing supply conditions of a va-
riable service will influence the marginal cost of the service
and the marginal and total costs of output. It will thus
have an effect both on the methods and volume of produc-
tion and on the rate of return, but these effects may be
different in magnitude and direction. We may distinguish
between three possible kinds of changes. Firstly, if the
change in the service supply means merely a “shift” up-

1 We have here assumed that the fixed services always remain constant
in absolutely given quantities. If, on the other hand, the fixed services
can be obtained in certain standard sizes, the increased efficiency may
cause the firm to use a smaller size than before. The main result of the
change would then be a fall in the fixed costs, while the marginal produc-

tivities of the variable services and the marginal costs of production might
be unchanged or even decreased and increased respectively.
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wards or downwards of the supply curve of the variable
service without a change in the slope of the curve, the
marginal unit cost of the service will increase or decrease
by an amount exactly corresponding to the increase or
decrease of the service price.! The supply change will
therefore influence the service substitution, the volume
of production and the rate of return to an equal degree.
When the service price is increased the marginal unit
cost of the service is increased and this will cause a partial
substitution of the service by other now relatively cheaper
services.? It will also have a decreasing effect on the volume
of production, the amount of borrowing and the rate of
return. When the service price is decreased, the cffects
will be reversed.

If, on the other hand, the change in the service supply
includes also an increase or a decreasc of the slope of the
supply curve of a variable service, the marginal unit cost
of the service will increase or decrease relatively more than
the service price, and the service substitution and the
volume of production will be relatively more affected than
the rate of return.

If, finally, the supply change is of such a character that
small amounts of the service can be bought cheaper than
before, while large amounts are more expensive, the price
of the service quantity originally bought may have declined
while at the same time the marginal unit cost of the service
has increased. We have here a change which will influence

1 If originally the marginal unit cost of the service was

dq &

and the service price changes by an amount -Jg,, while the slope of the

d
supply curve dik remains the same, the marginal cost of the service
v
&
becomes

aq
o = (qk +Agy + %f”k) =y + Ay

2 To measure the degree of this substitution, Robinson and Hicks have
introduced the concept of “elasticity of substitution”. A discussion of this
concept is outside the bounds of the present cssay, and the reader must be
referred to Robinson, op. cit., pp. 256—=257, and ]J. R. Hicks, Theory
of Wages (London, 1932), p. 244.

6—390412
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the service substitution and the volume of production in
one direction and the rate of return in another. Since the
marginal unit cost of the service is increased, the service
will be partially substituted by other services and the
volume of production will be decreased. On the other hand,
since the service price has decreased, the total cost will
decrease and the rate of return increase.!

(c) The demand conditions of the firm’s output.

A change in the demand of the firm’s output will influence
the marginal and the total revenues, and through these
revenues it will have an effect on the volume of production
and the rate of return. But as in the case of a change in
the service supply, these effects may be of different magni-
tude or in different directions. Again we may distinguish
between three different cases. Tirst, if the change in the
demand means a shift of the demand curve without a
change of its slope, the marginal revenue will change by
an amount that corresponds to the price change, and the
effect of the demand change on the volume of production
and the rate of return will be similar. A shift upwards of
the demand curve will produce an increased marginal
revenue and an increased volume of production. It will
also increase the rate of return. A shift downwards of
the demand curve will have the opposite effects.

If, on the other hand, the change of the demand curve
includes also an increase or decrease of the slope of the
demand curve (measured positively), the marginal revenue
will increase or decrease relatively more than the price,
and the demand change will have a correspondingly greater
effect on the volume of production than on the rate of re-
turn. Finally, when the change of the demand means that
a small quantity of output can be sold at a higher price
than before, while large quantities have fallen in price,
we have a situation where the price of the output quantity
originally sold may have risen, while simultaneously the
marginal revenue has declined. Such a change will therefore
have a tendency to decrease the volume of production while

! For an example of this case, see Robinson, op. cit. pp. 222—223.
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at the same time the rate of return increases. The reverse
effect is obtained when it is the larger outputs that have
risen and the small outputs that have fallen in price.

(d) The supply conditions of capital funds.

A change in the supply conditions of the capital funds
will have the same effect on the marginal and total costs,
on the volume of production and on the rate of return as a
change in the supply conditions of the productive services.
A shift upwards of the supply curve, for example, will mean
an increased average and marginal interest rate, a decrease
in the volume of production and the rate of return, and
when the shift of the curve is associated with an increase
of the slope of the curve, the marginal rate of interest
and the volume of production will be altercd relatively
more than the average interest rate and the rate of return.
A shift downwards of the curve will have the reverse effects.
Unlike the case of a change of the service supply, a change
in the supply of capital funds will not under our present
mono-periodic assumptions directly effect the substitution
relations between the different productive services.

We have here limited our examination to isolated changes
of the production determining forces. In practice, the
changes of these forces are generally more complex, a change
in one frequently being associated with changes in the other
forces. Falling service prices or a falling interest rate during
the depression period of a business cycle, for example, are
generally combined also with a fall in the demand for
the firm’s output. Or increased competition from other
producers may be associated with an increase in the tech-
nical efficiency of production. We need only refer to the
conditions generally described as “external” economies or
diseconomies of production.! But with the elementary
analysis here developed, we are able also to examine the
effects of these more complex changes.

! These relationships between the technical conditions and the cost
conditions of the individual firm on one hand, and the “Industry’ as a
whole on the other, are most clearly examined by Viner and Pigou.
Cf. J. Viner, “Cost Curves and Supply Curves”, Zeitschrift frir National-
Gkonomie, I1I (1931), pp. 38—42, and A. C. Pigou, “An Analysis of Supply”’
Economic [ournal, XXXVIII (1928), pp. 238—57.



CHAPTER V.
JOINT PRODUCTION AND JOINT COSTS.

So far our analysis has dealt with the most simple type
of production activity. By a series of assumptions the ana-
lysis has been restricted to a single technical unit, a single
“self-contained” time period and a single homogeneous
product. We shall now try to widen the scope of our study.
In the present chapter we shall leave the assumption
of a single product and consider joint production; in a
following chapter, we shall similarly abandon the assump-
tion of a single time period.

Two TypeEs oF JoiNT PRoODUCTION.

1. The setting of our problems. — The setting for our
problems will be largely the same in the present as in the
preceding chapters. We shall be dealing with a firm
planning the production of a certain closed period; and,
again, the unit of planning will be the technical unit.
The firm will once more be assumed to borrow the capital
funds and buy the productive services necessary for its
activity at the beginning of the period, and to sell its
output at the period’s end. But here we shall assume
that the output no longer consists of a single or homo-
geneous product but is composed of a series of different
commodities. We shall, in other words, have joint produc-
tion, in a wide scnse of the term.!

! For a similar use of the term joint production compare F. W.
Taussig, Principles of Economics (3rd ed. New York, 1927), vol. ii,
P- 395: “When any large plant is used for diverse products, the case is
so far one of production at joint cost.”

Production will here be classified as joint, or not joint, solely with
reference to its effect on the production problems of the individual firm.
For other than a production analysis, another basis of classification might
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Our task is to examine in how far the relationships which
we have already established between input and output
and between costs, revenues, and output, can be applied
also to the casc of joint production. To do this, we shall
compare the various production problems of joint and
simple production. We shall facilitate thec comparison by
distinguishing two different types of joint production
and discuss them separately: (a) joint production with
technically fixed proportions of the different products,
and (b) joint production with variable proportions of the
different products. We shall start with type (a).

2. Joint production with techwically fixed proportions
of the products. — From the point of view of production
policy joint production with a fixed proportion of the
products presents to the business firm largely the same
problems as does the production of a single product. Since
the different products are by technical necessity always
produced in constant proportions, the constant combina-
tion of the products may for purposes of calculation be
defined as the unit of output to which the production
function and the cost functions may be related. As far
as the technical and the cost relations are concerned,
there is, therefore, no difference between an analysis of
joint production with fixed proportions and an analysis
of simple production. In both cases the different rela-
tions may be expressed simply as functions of a single
homogencous output quantity.! The demand conditions
of the output and the maximization problem of produc-
tion may be similarly treated. In the casc of joint pro-
duction we must distinguish between the demand condi-
tions of the,different products, it is true, but once these
demand conditions are given we may calculate the price
of the combined output unit and the total and marginal

have been more appropriate. Professor Pigou, in a general discussion
on railway rates, for example, defines joint production with reference
to its effect on a general price equilibrium. [“Railway Rates and Joint
Cost”, Quarterly Journal of Ecomomics, XXVII (1913), p. 535 and pp.
690—93. Compare also Economics of Welfare (2nd ed., London, 1924),
. 267.

P 1 C7f Marco Fanno, Contributio alla teoria dell’offerta a costi congiunti
(Rome, 1914) pp. 27—28, n. 2.
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revenues at different levels of output.! With known
relationships between cost and output and between revenue
and output, the maximum rate of recturn may be determined
in the same way as in the case of simple production.?
In the purc theory of production, therefore, joint pro-
duction with fixed product proportions becomes merely
a special case of simple production, and can be covered
by the same kind of analysis. This similarity between
the two types of production does not necessarily imply,
however, that they are also similar in other respects; -
for example, their individual effects on a general price
equilibrium arc quite different.

3. Joint production with techmically variable proportions
of the products. — It is when we come to the case of joint
production with variable proportions between the products
that the recal differences between joint production and simple
production first appear, and it is this production type
that in the following we shall designate by the term joint
production. When the proportions between the different
products varics with different outputs, there is no longer
a homogceneous output unit to which the productivities,
costs, and revenues of the different services can be re-
lated. Nor is it possible to relate these magnitudes separ-
ately to the different products and to calculate their in-
dividual costs and revenues, since a change in one of the
products will generally influence the technical, the cost
and the demand relations of the others. This interrclation-
ship between the different products is the characteristic
feature of joint production, and will be the subject of the
following analysis.

t Cf. Marshall, Principles of Economics (8th. cd. London, 1920) pp.
388—89, n. 3 and Tanno, op. cit., p. 28.

2 1t should be noticed that although one or several of the joint products,
because of the fixed production velations, may be produced in such quantities
that, if fully sold, their expected marginal revenues would become nega-
tive, the sale of these products will cease at a point where their expected
total revenues become maximum, and the excess quantities will be wasted.
As an cxample one may mention the gold mines of Boliden in Sweden,
which besides gold and copper yield arsenic to such an extent that it
exceeds the entire world’s consumption. The wasting of this arsenic has,
in fact, become one of the more serious problems of the company. [Cf.
The Mineral Industry 1936 (New York, 1937) pp. 41—42.]
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JoiNT PrODUCTION AND JOINT COSTS, AN ELEMENT-
ARY CASE.

In order to illustratc the particular features of joint
production, we shall examine a production activity of the
simplest kind: a firm which in its production uses only
two kinds of services, a fixed scrvice, for example a plant
of a certain type, and a variable service. As in the previous
case, the variable service may be composed of different
clements, such as labour and raw materials, but if such is
the case, these elements may be assumed to be combined
in a constant proportion which may be treated as the single
homogeneous service unit. The output of the process con-
sists of two different products which are produced jointly
and which are both sold on the market at the end of the
period. Our task is to study the technical and the cost
rclations of this prototype of joint production.

1. The relationship between input and output. — Let us
start with the relationship between input and output.
The input consists of the plant, which is constant, and the
variable scrvice, which changes with the amount of output
produced; the output consists of the two commodities
jointly produced. As in the casc of simple production,
the output of onc of the products will depend on the quan-
tity of input of the variable service, but, in this joint pro-
duction, it will further depend on the output of the other
product. Thus, if we denote the service quantity by v,
and the quantities of the two products by x and y, we
may write x as a function of v and y

(I a') X = Q) ('1), y)
and y as a function of y and x
(1b) Yy =gy @ %)

These functions are our production functions of x and y.

The partial derivative, with respect to v, of one of the
products, such as #, gives us the marginal productivity
of the service with respect to that product, assuming
the quantity of the other product, y, to be constant.
Since the plant is regarded as fixed, we may assume that



78

after a certain input is reached, this marginal productivity
of the wvariable service will decline till it finally be-
comes zero. Beyond this point an increase in the input
of the variable scrvice will have no effect on the output
as long as the fixed service remains unchanged. The
partial derivative of one of the products, for example x,
with respect to the other product y, expresses the technical
substitution relation between the two products at a given
input of ». In the present case of only two independent
variables the value of this derivative is the inversc of the
partial derivative of y with respect to x, and is negative.
That is, an incrcased quantity of onc of the products may
be produced from a given service quantity only if the out-
put of the other product decreases.

Since we have a single variable service, it follows that
as soon as the quantities of the two products to be produced
are given, the minimum amount of the service necessary
for their production is also given. We can then write

(x¢) v=1yp (% ).

This service function is related to the two production
functions in such a way that if the values of y or x are
the same in the different functions, the partial derivatives
of v with respect to x and y respectively, which we shall
refer to as the marginal coefficients of production, are the
inverse magnitudes of the marginal productivities of v
with respect to ¥ and y.* An examination of the properties
of the cocfficients of production will reveal some of the
fundamental characteristics of joint production.

The marginal coefficients of production express the rate
of change of the variable service with respect to each of
the two separate products. It is assumed that these rates
of change vary with the quantitics of the products produced
in such a way that when x increases while y is constant,
or when y increases while x is constant, the marginal

v v
production coefficients i and 5} also increase, at least

1 Cf. Pareto, Manuel, op. cit., p. 607, and J. Schumpeter, “Zur Frage
der Grenzproduktivitat”, Schmollers Jahvbuch, LI (1927), pp. 676—677.
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after a certain minimum quantity of output has been
produced. That is, beyond a minimum output the second
0% 0% ..
> and P become positive. But the
marginal coefficients of production of one product may also
vary with a change in the output of the other product,
and it is this variation which represents the peculiar
characteristics of joint production. In analysing the
nature of this variation we shall distinguish between the
following possible cases: (a) when an increase of one pro-
duct causes the marginal coefficient of production of the
other product to decrease, that is, when the mixed deri-
%
vative 3% iy is negative, we shall say that the two products
are techmnically complementary; (b) when an incrcase in one
product causes the marginal coefficient of production of
the other product to increase, that is, when the derivative
%
@}Ty is positive, we shall say that the products are tech-
nically competing; and (c) when an increase in one product
does not influence the marginal coefficient of production
0%
of the other product, that is, when the derivative x y
is zero, we shall say that the products arc fechnically inde-
pendent. We thus have the following classification of joint
production with reference to the nature of the mixed
derivative of v:

partial derivatives

k)
5970&< 0 . . . . technically complementary products
" technicall ti duct
ﬂxﬂy>0 . . . . technically competing products
i hnically independent products.:
3x(’)y"—0 . . . . technically independent products.
1 Since \;e have written the production functions in the form
¥ = Pz (v, ¥)
and
Y =P (v, %)

the technical interrelation between the products can be expressed only
in relation to the marginal coefficients of production, and not to the
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If we now observe certain products such as gas and
coke, or cotton and cotton sced, which are commonly
referred to as products of joint production, it will be seen
that they generally belong to the class here defined as tech-
nically complementary products, and that they are prob-
ably technically complementary for all ranges of output.!
More commonly, however, we shall find that two products,
jointly produced, which may be classified as technically
complementary at certain outputs may, on the other hand,
be technically independent or even technically competing
at other outputs. When, for example, rails and construction
steel are jointly produced by the same plant, these products
may be technically complementary as long as the plant
is working at a low capacity, while they become technically
independent or technically competing as soon as higher

marginal productivities. The marginal productivity of » with respect to

x is defined at a constant value of y. In order to express the relationship

between a change in y and the marginal productivity with respect to x,
2

g
we should nced the derivative W . But this derivative does not exist,

since the variable v neccssarily must change for an increase of y, when »
is constant.

We may notice the similarity between our production theory and the
general theory of utility. In the classical formulation of the utility
theory two products, » and y, are classified as complementary, competing

2
or independent, as the derivative b—xaLy of their total utility, ¢, is positive,

negative or zero. [Cf. e. g. Pareto, Manuel, op. cit. pp. 252 {f, Edgeworth,
“The Pure Theory of Monopoly”, Papers Relating to Political Economy,
vol. I (London, 1925) pp. 116—17 and Amoroso, Lezioni, op. cil. pp.
92 {f.] The three relationships in our technical classification are the re-
verse of these because the input of v corresponds to the “disutility”
instead of to the utility of the products.

The classical concepts of complementary, competing and independent
products, which assume that the utility of different products can be meas-
ured in absolute terms, have, however, lately been re-cxamined and re-
vised on the ground that such a measurement cannot be made. [Cf.
J. R. Hicks and R. G. D. Allen, “A Reconsideration of the Theory of
Value”, Econmomica, New Series, I (1934) pp. 52—76 and 196—219.]
An analogous revision of the concepts of complementary, competing and
independent products in the theory of production might be made, but is
not necessary since in the production theory we deal with physically
measurable quantities.

1 For examples of complementary (“joint”) and competing (“rival”)
products in the chemical industry, see T. J. Kreps, “Joint Cost in the
Chemical Industry”, Q. J. E. XLIV (1929/30) p. 458: “Thus, for
example, in the clectrolytic soda and chlorine industry, caustic soda and
chlorine are joint products. But liquid chlorine and bleaching solution
are rival products.”
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outputs are rcached. In other words, though it is possible
under certain conditions to classify two products as tech-
nically complementary in a general sense, there are other
conditions under which the technical interdependcnce of
the products may vary in nature from time to time or
from one plant to another.

2. The relationship between costs and output. — In how
far, then, does this technical interdependence between the
products influcnce the rclationship between costs and
output? In thinking of the firm’s cost we shall, as before,
distinguish between the fixed cost, C,, which is constant,
and the variable cost, C,, which varies when the output
varies. The sum of the fixed cost and the variable cost
is the total cost, C,; and the total cost of the joint output
of the two products is less than the sum of the total costs
would be if the two products were produced separatcly.
There would be no inducement for joint production were
this not true.

We arc by assumption dealing with a production which
uscs only one single variable service. The cost of this
service represents the variable cost of output. If, as
before, we denote the amount of the service used by v,
and denote its price by ¢, we may write the variable cost
as equal to ¢ times v. Since this ¢ is either a constant
or a function of v, and since v, in its turn, is a function
of the quantitics of the products x and y [equation (1 c)],
the variable cost, and the total cost, which is the sum of
the variable cost and the fixed cost, also become functions
of x and y. Thus we may write

CT=C(x, y):qv—I—Cﬁ

At this point wec may notice an important difference
between the present case and the casc of simple produc-
tion. When only one product was produced, we could
divide the variable and total costs by the quantity of out-
put and obtain the average variable and the average
total costs. In the present case, where we have two
products of entirely different kind and the variable and
total costs of product x are inseparable from the costs of
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product y, such average costs do not exist. Only at the
production margin can we speak of separate costs for the
two products — their marginal costs.! These marginal
costs we obtain as before by a differentiation of the cost
function. Thus, if we assume the price of the productive
service to be constant, we have the marginal cost of x
and y

c ac, av ic iC, v
1y = gy =gy A0C S, = =45,
The behaviour of the marginal costs is determined by the
C, ”C,
second partial derivatives GT,JI and T?;;’ and by the mixed
. 0Cy : o
derivative ——. When the scrvice price is a constant
dx dy

the first two of these derivatives become

”>C, 0% *C 7%

oS =gqg . and — =g

gt — 9o dyr — Loy

which are both assumed to be positive after a certain
minimum output has been reached. The mixed derivative

C, )
axdy — Loxay
may bc either negative, zero, or positive, depending on

2

0]
the nature of the derivative 5}7);/' But this last derivative
02y

ix iy constituted the basis for our classification of joint

production. We therefore have the following relations
with reference to this classification:

*C,
5555;< 0 . ... technically complementary products,

1 If this fundamental characteristic of joint production were perfectly
clear to all contributors to cost accounting literature, most of the futile
discussion about how general costs shall be allocated to different products
would vanish, and one would instead concentrate on the really important
problem of the behaviour of the marginal costs.
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”C, . .

% 3y >0 . ... technically competing products, and
ey technically independent product
0x(7y=0 . . . . technically independent products.

In other words, an increase in the output of one of the
products will decrease, increase or leave unchanged the
marginal cost of the other product, when the two products
are respectively technically complementary, competing,
or independent. The reverse relationship also holds true:
that is, when an increase in the output of one of the pro-
ducts decreases, increases, or leaves unchanged the marginal
cost of the other product, it follows that the two products
must be respectively technically complementary, compet-
ing, or independent.

We must notice, however, that the general validity
of these relations depends on the assumption of a con-
stant service price. Should the price of the variable service
vary with the quantity of the service used, we may have a
situation where the effect of the technical interdependence
of the products on the costs is offset by the change of the
service price. If, for example, the service price increases
with the quantity of the scrvice, it may very well happen

2
that ;}% becomes positive although the two products
are technically complementary; or, conversely, that the
two products are technically complementary in spite of
02

C
the fact that the derivative 0xd—; is positive.r We must

therefore distinguish between the effects on the costs
of a variation in the prices of a productive service and in
the technical interdependence between the products; only
the latter cffect is of interest at the present.

1 If ¢ is a function of v, we have
TCr_ (o4 0%) 4o 2000de dodoiy
dxdy T 0xdy 9+ vg)t szbyqv Ydx 0y dv?
an expression which may be positive, zero, or negative when the deriva-
9% d
tive xoy is negative, but the derivative ZZ is positive.
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OUTLINE OF A GENERAL THEORY OF JOINT PRODUCTION,

Before we proceed to a discussion of the demand con-
ditions or the maximization problems of joint production,
let us try to extend our analysis to a more general case.
We shall still assume that our firm produces only two
products, but we shall abandon the assumption of a single
variable productive service. Our task is to show how such
a change in our assumptions influences the relationships
and classifications of joint production already established.

1. The relationship between input and output. — If we
start with the technical problem of production, we notice
that the output of the two products will now depend upon
the inputs of a series of variable services rather than upon
onc alone. If these different inputs arc denoted by

v, . ..., U,, we have the production functions of x and y
(2 a) X =@u @, - . 0, )

and
(2 b) V=@, - - . v, %)

These functions are of the same gencral character as in
the previous case. Hence, if they are differentiated parti-
ally with respect to the different services, we get the mar-
ginal productivities for the two products; while, if the
former function ¢, is differentiated partially with respect
to y, or if the latter function ¢, is differentiated partially
with respect to x, we get the technical substitution relation
between the products at a given input of the productive
services. These different derivatives, we may assume,
have the same properties as in the case discussed above;
that is
Ox ox dy dy

D e e e T >0, o, L
dv,’ > v, T dvy’

>0

*y

dv,
and, when the service quantitics are the same in the two
functions,
Jx 1
0}; = ()V < 0.
ix
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The total differential of x, when y is constant (and there-
fore treated as a parameter), and the total differential
of y when x is constant, we write

=224 4
(3a) =g, dv +.0 0 F i, v, (v = constant)
and
dy dy
(3b) dy=dv,+.. ..+ dv, (x= constant).
v, dv,,

From this it follows that when the output of one of the
products is constant, the increment produced in the other
product by an infinitesimal change of the variable ser-
vices is equal to the sum of the marginal products of the
services. A similar relation was observed earlier in the case
of simple production.t

It is when we arrive at the problem of classification
that the present, general case first becomes fundamentally
different from the clementary case earlier considered. In
the earlier case we could express the input of the single
variable service as a function of the two products x and y
exclusively. This function gave us the two marginal

12

coefficients of production and the mixed derivative 02%3/

1 It should be noticed that if we fix the proportion of the two pro-
ducts in a certain ratio #/y = a, the quantity, 2, of such a fixed product
combination produced, may be written

2=9 vy, ... V).

With respect to this z we therefore have the same technical relations
as with respect to a single output, namely

0z 9z
dz = Ov,dv‘+ .. '+bv,; dv,,
and
0z 9z
s-z:a;j;vl +....+£lvﬂ

where € is the function coefficient defined as before (compare p. 17
above). But we must notice that the function coefficient here refers
to a given ratio a of the two products, and that it varies when a varies.
Where formerly we could illustrate the variations of the function coeffi-
cient on a two-dimensional diagram in a two-service case, we should now
need three dimensions for the same purpose (the third axis representing
the ratio a of the two products).
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It was with reference to the properties of this derivative
that we made our classification of joint production. In
the present case, on the other hand, we have a series of
different services which can be substituted for one another.
The input of one service will, therefore, depend no longer
only upon the quantities of the two products, but will
depend also upon the quantities of the other services.
Using the same symbols as before, we may write the input
of the service v, as a function

(2¢) V=9, (% ¥, Viy - v o o, Vp\y Vpyry o v - 0 U,)

and we shall have » such functions, one for every service.
But since we have # productive services, we must also

have # different coefficients of production for every
2

(1440
product, and #» mixed derivatives 0’9&7}/ instead of one as

in the previous case. If we still want to base our pro-
duction classification on the properties of the derivatives

()2
0%(%, we can do so only on one of two assumtions: esther
that the properties of the derivatives are all of the same
kind, that is, that the output of one of the products always
influences the different coefficients of production of the
other service in the same way, which probably seldom
happens; or that the properties of the derivatives can be
compared with one another and averaged, that is, that we
can compare and weigh the influence of an output change
on the different coefficients of production. Such a com-
parison or weighing requires, however, that the different
services are expressed in the same unit, and the only unit
common to all the services is their cost. In order to
find a measure of the technical interdependence of the
products when several variable services are employed, and
to obtain a general criterion for our classification of joint
production we must, therefore, go to the relationship be-
tween costs and output.

2. The expansion paths of joint production. — Proceeding
to the cost problems of production, we meet another differ-
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ence between the present general case of joint production
and the elementary case considered above. When several
variable scrvices are employed in a production there
exist a number of possible service combinations and of
possible costs for every output. We must therefore
first find the combinations of lowest cost for the different
outputs, or, to express the same thing in a more familiar
way, find the expansion paths for the two products. This
problem did not, of course, exist when only one variable
service was employed. As in the casc of simple production,
the lowest cost combinations may be arrived at through
a process of gradual substitution betwecn the different
services. At the substitution margin a service v, has a
marginal unit cost

G =i (T + 244)

where ¢, is the price and }, is the price flexibility of
the service, and a marginal productivity with respect to
each one of the products

ox dy

5& and 5;};

The relationship between the marginal unit cost and the
marginal productivity we again define as the cost-produc-
tivity vatio of the service, but in this case we have two
cost-productivity ratios for every service

7: (T + 4) q: (T + A)
=T and ¢, = iy
v, dv,

On analogy to the case of simple production, the minimum
cost of a given output is reached when the marginal unit
costs of the different services are proportional to the mar-
ginal productivities of the services with respect to each
one of the products, i. e. when the cost-productivity ratios
of the differ-services with respect to each one of the products
are equal.

7—390412
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N A X N
0x ox
(4) :_(3—1)15;”
Iy Oy
=(’3—v1""”b~v;
or
L=,0=....=,, and = 6=....=7.,

Should the marginal productivity of a service with respect
to any one of the products be larger in relation to its mar-
ginal unit cost than the marginal productivities of the other
services in relation to their marginal unit costs, it would
obviously be profitable to substitute this service for the
other services, and vice versa. The expansion paths of a
joint output are thus determincd by exactly the same
relations as determine the expansion path of a single pro-
duct. The difference is that with a joint output there are,
for every service, two cost-productivity ratios whose rela-
tive magnitudes are still to be determined.

3. The relationships between costs and output. — With the
expansion paths as given, the relationship between costs
and output becomes in the main the same as in the case
of a single variable service. The variable cost will depend
on the inputs of the variable services along the expansion
path, which in their turn will depend on the quantities
of the two products produced. Again, we may write the
variable cost and the total cost, which is the sum of the
variable cost and the fixed cost (C,), as functions of x
and y. Using the same symbols as before we have

Cr=Cx 9) =2, + Cp
k=1,.... n!

* It should be noticed that if we fix the proportions between the two
products in a given ratio x/y = a which is produced in the quantity z,
the relationship between the costs and the output z becomes exactly
the same as the relationship between the costs and a single product
as discussed in chapter III. Thus, when the service prices are constant
and the expansion path is a straight line starting from the point of
origin we may, for example, write the average variable cost of z equal
to the function coefficient times the marginal cost of 2z

Cyp=c¢- iz
where the function coefficient relates to the chosen ratio a of the two
products. Cf. above p. 85 note 1.
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If we differentiate the wvariable cost with respect to
x and y, we obtain the marginal costs of the two products,
and, as in the case of simple production, we find that these
marginal costs are on the expansion path equal to the cost-
productivity ratios of the productive services with respect
to x and y.

ac

—0;=x01=_t62=. . .= ,C,
(5) and

e )

ﬁ—y=fcl=162:' cee=,0,0

As in the elementary case earlier discussed the marginal
cost of product x, for example, may be assumed to vary
with the quantity of the product produced, and generally
in such a way that when the other product y is constant
and x increases, the marginal cost of x first decreases or
remains constant and later increases. That is, we may

1 The marginal cost of the product » expresses the relationship be-
tween infinitesimal increments of the costs and of the product, when
the other product y remains constant. If the costs are given by the

function
C=1f(vy, . ... v,)
and the quantity of # by the function
¥ =9 (O, « -« v 5 U, )

where ¥ is to be regarded as a parameter, we get the increment of the
costs

oC aC
dC:b’advl—{-. .. .+Eavn
and the increment of the product
27 dx
dx =6;1‘dvl+ R .—I—ﬁ"‘dvn.
oC .. oC
But 5;); =q {1+ 4), @g =q, (1 + 4;) etc., and on the expansion path
we have
ox ox
a1+ h) =205, 6@ +h) =05, et
where ¢, = .6, = ... .= ,c, Substituting these relationships in the
two differentials above, we get
dC
v = 201 = 28 = oo . O

A similar proof may be given for the marginal cost of y.
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assume the second cost derivative Fy first to be negative

or zero and later to be positive. The same relations hold
true for the other product.?

But the marginal cost of x may also vary with a change

2

in the other product y, that is, the mixed derivative ;xi_y
may be either greater or less than zero, and for either
of two reasons: (1) because the prices of the services change
with the inputs; or (2) because the products are technically
interdependent. The first of these possibilities may be
of great practical importance — it is often the expected
economiecs of large-scale buying that represent the main
inducement to joint production — but this is not a problem
that is relevant at the moment. Let us instead con-
sider the question of technical interdependence. In the
elementary case given above we observed that when two
products were technically complementary, compcting or
independent, an increment of one of the products respec-
tively decreased, increased or left unchanged the marginal
cost of the other. When the service prices were constant,
these relationships could also be reversed; that is, from
the fact that the marginal cost of one of the products
decreased, increased or remained constant with an increase
of the other product, it followed that the two pro-
ducts were respectively technically complementary, com-
peting or independent. In the present general case where
several variable services are employed, and where it is
impossible to measure the technical interdependence of
the products in purely technical terms, we must start
out from the relationships between cost and output. On

1 An interesting attempt to determinc statistically the cost function
and the marginal costs of two joint products, freight service and passenger
service, of certain American railroads is made by W. L. Crum [Cf. “The
Statistical Allocation of Joint Costs”, Journal of The American Statistical
Association, XXI (1926), pp. 9—24.] With reference to the results of a
multiple correlation between the expenses per mile as the dependent
variable and the ton-miles per mile and passenger-miles per mile as the
independent variables, Crum concludes “that an increase of one ton-
mile in freight traffic density increases the expenses per mile by .33 cents,
and an increase of one passenger-mile in passenger traffic density increases
the expenses by 1.8 cents ...”
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analogy to the “reversed” relationships of the previous
case we therefore define two products as technically com-
plementary, competing, or independent when, the service
prices being constant, the marginal cost of one of the
products decreases, increases or remains unchanged with
an increase of the product, that is, as the mixed derivative

2
%—%; is negative, positive or zero.! But the actual pro-
pertics of this derivative, which may be different for dif-
ferent plants or for different levels of output at the same
plant, can, of course, only be known from practical experi-
ence in the particular case.

4. The demand conditions of joint production. — In the
present chapter we have been trying to examine the partic-
ular features of the different production determining forces
which apply to the case of joint production but which did
not appear when the firm produced only one single com-
modity. Thus far our study has been concerned solely with
the technical aspects and the cost aspects of production.
Still to be examined arc the supply conditions of capital
funds and the demand conditions for the firm’s output.
With regard to the first of these conditions: the supply
of capital, we notice immediately that it must be the same
irrespective of whether a single product or a joint output
is produced. The amount of privately owned funds which
exists at the beginning of the pecriod, or the conditions
under which the firm can borrow outside funds, are inde-
pendent of whether the firm employs its capital in a
simple or in a joint production. What was said earlier
with regard to the capital supply must, therefore, be as-
sumed to hold also in the present case.

! For a similar classification of joint production, where, however,
the condition of constant service prices is not definitely stated, compare
Edgeworth, “The Pure Theory of Monopoly”, Papers, op. cit., vol. 1, p.
127: “In symbols let x and y be the respective quantities produced and
¢ (¥,9) the expenses, or, more generally, the pecuniary measure of the
real cost of the productions of x and y together; we have then case (a)

d%y
if x 2}7 is positive; if it is negative, case (b).

These relations may be designed by the terms (a) rival production,
(b) complementary production.” See also his “Laws of Increasing and
Diminishing Returns”, Papers, op. cit., vol. 1, pp. 86—87.
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The same similarity between simple and joint produc-
tion cannot be observed when we pass to the conditions
of demand. In the case of simple production we have a
single product and a single anticipated price which we
have assumed is determined exclusively by the quantity
of the product sold. In joint production we have two
different products, each with its own anticipated price; but
more than that, the separate demands for the two products
may be so interrelated that the price of one product de-
pends not only, as before, upon the quantity in which it
is produced, but also upon the quantity of the other pro-
duct. Because of this possible interrclation between two
distinct demands, we must now write the product prices,
p. and p,, as functions of two variables, x and y, instead
of one, at least in the general case.

pe=10. % Y)
i’y = Py (x) y)

These are the demand functions of joint production.
We shall assume, for the properties of these functions, that
the price of a product always varies inversely with its
quantity; that is, we shall assume the price derivatives
d d
;}% and (% always to be negative. The effect of a change
in the quantity of one product upon the price of the other
product, on the other hand, may vary from case to case:

. 0, op, : .
the derivatives by and o may be either positive or ne-
gative. Irrespective of whether these derivatives are posi-
tive or negative, however, they may always be expected
to be of the same sign, because if an increase in the com-
modity x has an increasing or decreasing effect on the price
of y, it seems quite certain that an increase in the com-
modity y will also have an increasing or decreasing effect
on the price of x. As examples of products from the same
plant which have increasing effects on each other’s prices
we may mention gasoline and lubricating oil for automobile
consumption. Examples of products which instead have
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decreasing effects on each other’s prices may be found
in different varieties of the same “commodity’” such as
black and brown shoes, or roadster and sedan automobiles.

If we write the product prices as functions of the outputs
¥ and y we may also write the total revenue, which is
equal to the sum of the two outputs multiplied by their
respective prices, as a function of x and y.

Er=px+py=E; (@ ).
From this function we get the marginal revenues
Bu, =g =betwy, + vy

and

oE, ap., ap,
EMJ’:T:)} = X (7y —i—py "I—y‘@.

Thus it follows that the marginal revenue from one of
the products is generally determined not only by the
increase in revenue from that product itself, as when
only one product is sold, but also by the change in the
revenue from the other product. This latter change may be
positive or negative as the products have increasing or de-
creasing effects on each other’s prices. It is only when
the demands for the two products are independent of

0p..
each other, that is, when the derivatives i and —-Z are

dy dx
zero, that the marginal revenue of one product is dcter-
mined exclusively by its own sale, and we are able to write

Ey,=p.(xt +2,) and Ey=p,(1+4,)

where the 1’s, as before, denote the simple price flexi-
bilities of the products.

The relationship between the marginal revenues and
the outputs is most clearly characterized by the proper-
PE, 0E, PE,

i Ty and Gxdy The
first two of these derivatives, we may assume, are generally

ties of the second derivatives
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negative. If the output of one of the products increases
while the output of the other product remains constant,

the total revenue will increase, but probably only at a
2
decreasing rate. The derivative axdy’ on the other hand,

which we may write

PE 0p, . | P,

dxdy= oy T Faxay T Yaxiy T 4

Py

may be positive, negative or zero, depending on the signs
of these different price derivatives. When for a large range
of output the two products consistently have increasing
or decreasing effects on each other’s prices — that is, when

0p.
for a large range of output the price derivatives % and
7

Ef are consistently positive or negative — it scems likely

2

that the derivative iy will also be positive or negative.

For in this casc we may assume either that the mixed

2 2,

price derivatives —— = and - are of the samec sign as

dx dy 0y 0x
. . apv aﬁy .
the derivatives }); and 9x OO when they are of opposite
sign, that their effect is negligible, since the derivatives

3p. >*p,
o and -
0*x dy d*y ox
derivatives. When, however, the two products have an
increasing or decreasing effect on each other’s prices within
a narrow range of output only, it may be possible that the
3 83
P, and - by
0*x 0y 0>y 0x
derivatives and that the same will consequently be the
2

E
case with the derivative % v %dy" The final determination of

these different price relations, which are often of great
relevance to the firm’s price and sales policy — for example,

probably have the same sign as the first

derivatives are of opposite sign to the first
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in the selection of suitable “loss leaders” — can, however,
not be made on a priori ground but only from actual
experience. Here we shall only refer to the derivative
*E
dxdy’
competing or independent in demand, as this derivative is
positive, negative or zero, that is, as an increase in the
sale of one of the products increases, decreases or leaves
unchanged the marginal revenue of the other product.
The complementarity of demand of two or several products
represents another inducement for the firm to enter into
joint production of several commodities.

and we shall classify two products as complementary,

THE RATE OF RETURN AND THE MAXIMUM CONDITIONS.

After this review of the different production determining
forces and their influence on the costs and revenues of a
joint output, we are ready to attack the maximization
problem. We are faced with a firm which in a certain
period produces two joint products. At the beginning of
the period the firm starts out with a given amount of
capital, which, together with borrowed funds, it invests
in the production of the two products. The purpose of
the investment is to maximize the rate of return on the
firm’s capital.

1. The rate of veturn and the marginal vate of veturn. —
As in the case of simple production, we see the net return
of the firm’s activity as the difference between the total
revenue and the total cost, inclusive of interest cost. If,
as before, we write the interest cost 7L, where ¢ is the
intercst rate and L the amount borrowed, we get the net
return

(6) R=E,— (C,+4 L)
The rate of return, 7, is obtained if we express the net
return as a rate on the firm’s capital, K, during the period

0 _R_E,—(C,+il)
7 "TK~ K '
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So far, the maximization problem of joint production is
no different from the maximization problem of simple
production. The first difference comes when we introduce
the concepts of marginal return and marginal rate of re-
turn. The marginal return we have earlier defined as the
difference between the marginal revenue of a product
and its marginal cost exclusive of interest cost; the marginal
rate of return is merely the marginal return expressed as a
rate on the marginal increment of investment, which is
equal to the marginal cost of the product. We now have two
products, each one with its marginal revenue and marginal
cost. Consequently we have also two marginal returns,
one for each product,

RM_r = E/III - CMI
(8) and

Rll[), = EM}, - CMJ,

and two marginal rates of return

E M, CMX
I 2 [,z = —C, [
Al_r
(9) and
V4 M, = EM)’ '—_A_Cﬁ .
7 C/l[ 'y

2. The maximum conditions. — We have earlier observed
that the total revenue and the total cost of a joint output
are exclusively determined by the separate quantities of
the two products produced, and that thcy can both be
written as functions of x and y. From this it follows that
the rate of return, which depends on the difference between
the total revenue and the total cost, is also determined
exclusively by the quantities of the products, and may
be written as a function

r=r(x,9).

Our task is to determine the maximum of this function.
From the calculus we know! that a function of two variables

1 See e. g. F. S. Woods, Advanced Calculus, op. cit. p. 117.
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has a maximum when

o d o
(7.75_0 an ay.—_.'O,

the necessary conditions, and when

0r d 0y
g O an 3")’,i<0’

the sufficient conditions. There is also another necessary
condition
o | 0% I
| <Zmaa
dx dy dx2 0y?

but in the case of cost and revenue functions this condition
can always be assumed to hold true.

Let us start with the partial derivative of » with respect
to the product x, which we write

d(iL)

L is equal to the marginal rate of interest, 7,,!

But

JdL ) aC
and % to the marginal cost e We therefore get

o OE, C, ,
0= i g (TR =0

and similarly the partial derivative of » with respect to y

If we introduce the notations E,, and C, for the mar-
ginal revenues and the marginal costs, we get

Ey, =Cy, (1+14)

1 Cf. chapter IV, p. 6o.
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(o) and
EMJ, = CMJ, (T + 24),

or when we write the same relationships in another way

E, —Cy )
T T Ny, =y
and
EM_,, —Cy )
T T Ty, =y
C o, y

which give us the equality
(1o a) Yar, =T, = Tayr.

On perfect analogy with the case of simple production we
thus see that in order to receive a maximum rate of
return on its capital, the firm will expand its production of
each one of the joint products till their marginal revenues
become equal to their marginal cost, inclusive of interest
cost,! or, which is the same thing, till for both products
the marginal rate of return becomes equal to the marginal
rate of interest.2 We may notice, however, that the mar-

t Cf. Marshall, Principles, op. cit., p. 854: “If in equilibrium #’ oxen
annually are supplied and sold at a price ¥’ = @(x"); and each ox yields
m units of beef: and if breeders find that by modifying the breeding and
feeding of oxen they can increase their meat-yiclding properties to the
extent of 4m units of beef (the hides and other joint products being,
on the balance, unaltered), and that the extra expense of doing this is

1, ’
4y’, then :,%:‘l represents the marginal supply price of beef: if this price

were less than the selling price, it would be to the interest of the breeders
to make the change.”

* The nature of this maximum condition may be made clear by a
graphical illustration. In the adjoining diagram, whose axes represent
the quantities, x and y, of the two
. roducts, and in which, therefore,
Quantityl. differont’ pormts. signify different
ofy "} > S ;
M LN product combinations, we combine
R (a) by one set of curves, the isore-
X g . venues, all product combinations
. \\ 150~ which yield the same revenue; and
. X'\ fevenué (p) by another set of curves, the
Nl NN product isocosts, all product com-
R binations which have the same
NEAN }; e\ costs, inclusive of interest costs.
0 Quantity of x The two sets of curves intersect
each other in an infinite number
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ginal revenue of a product includes here not only the
revenue increase of the product itself but also the change
in the revenue of the other product.
The sufficient conditions for a maximum rate of return
we obtain by a sccond differentiation of equation (7):
o PE  d[dC .
a;=w—a;[5; (x+ W] =0
of points. (Cf. Stackelberg, Kostentheorie, op. cit., pp. 62 ff.) The isore-
venues are defined by the equation
E (x, y) = constant
and the product isocosts by the cquation
C (¥, y) = constant.

The tangents of the two sets of curves may consequently be written for
the isorevenues

oE

dy o o

[d:;il(l:‘) a AE

oy

and for the product isocosts -
LA _ax )
dx](0) oC .

f);, (1 + %)

In the case of perfect competition when the prices of the products are
constant, the isorevenues become straight lines with a negative slope
equal to the relationship between the given prices.

In order to maximize the rate of return, the firm will substitute the
two products along an isorevenue till the lowest cost is reached, a sub-
stitution analogous to the substitution which the firm makes between
the productive services in order to reach the expansion path of produc-
tion. In fact, we may speak even here of an expansion path. The location
of this path will depend on the relative variation of the two sets of curves.
If the isorevenues are more concave to the axes than the isocosts, a given
isorevenue will pass lower and lower isocosts the nearer we come to the
axes, and the minimum cost for a given revenue combination will be ob-
tained when only one product is produced. If, on the other hand, the
isorevenues are less concave than the isocosts, as in the figure, a given
isorevenue will intersect higher isocosts near the axes than in the middle
of the diagram. The minimum cost combinations are then obtained on
a path where the isorevenues are tangent to the “lowest possible’ isocosts,
that is, where

0E 3C. |
5_37(1‘*"114)
3EoC,

by oyt im)

and the most profitable point on the path is reached when the mar-
ginal revenues of the two products become equal to their respective mar-
ginal costs, inclusive of interest cost.
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and

v FE d[oC )

=i iy <o
As in the case of simple production, these conditions are
fulfilled when the marginal costs of the products, inclusive
of interest costs, increase more rapidly than the marginal
revenues.

In addition to these different conditions it is given, as
before, that the maximum rate of return, thus deter-
mined, must cxceed or at least be equal to the rate of
interest which the firm would obtain if it invested its
funds outside the present activity.

3. The maximum conditions and the production deter-
mining forces. — Before we end our discussion of joint
production, let us try to coordinate the results thus far
obtained. We have observed that the minimum cost of
a certain product combination is reached when the cost-
productivity ratios of the productive services with respect
to the two products are equal between themselves and
cqual to the marginal costs [equations (4) and (5)]. These
equalitics hold truec whether interest costs are considered
or not. We have further observed that when the rate of
return is maximum, the marginal revenue of cach one of
the products is equal to the corresponding marginal cost,
inclusive of interest cost [equation (10)]. From these rela-
tionships it follows that for a maximum rate of return
the respective marginal revenues must be equal to the cost-
productivity ratios of the productive services with respect
to the two products, inclusive of interest costs. That is,

IE;, q (14 4) . 2. (1 +4,) -
e
v, av,
and
E; q (14 4) . g, (1+4,) .
@T____ 1 6}7—(1_}—%): = ay—(r—i—zM)

6171 dv
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or, if the equations are written in another form

a(+ D) = G T 1 i, Gy o,
1 0E,0x I 0E.,.6y
G (T + ) = g = =T%i, dy oo,
1 JE, ox 1 J0E,dy
g, (1 + 4,) = e 2

I+ZM(7’\7 31} I—l—zMayﬁv

In these latter equations the first terms indicate the
marginal unit costs of the services, and the remaining
two the present valuc of the marginal value productivities
of the services with respect to the two products. As in
the case of simple production we therefore get the corollary
to the maximum conditions that in order to get a maximum
rate of return, the firm will employ each productive service
until its marginal unit cost is equal to the present value
of its marginal value productivity with respect to each
one of the products, and it will employ capital funds until
the marginal rate of return becomes equal to the marginal
rate of interest. This condition holds true for any number
of services and any number of products, and with the
productive resources allocated in this way, no further gain
can be obtained either by a substitution between the
different products or by a substitution between the dif-
ferent services.!

With these maximum conditions once established, it is
an easy task, at least in theory, to trace the cffect of
changes in the different production determining forces
on the volume of production and the rate of return. As

1 Compare the example of a building activity given by Marshall
in his mathematical note XIV, (Principles, op. cit., p. 848): “Thus he
(the entrepreneur) will have distributed his resources between various
uses in such a way that he would gain nothing by diverting any part
of any agent of production — labour, raw material, the use of capital
— nor his own labour and enterprise from one class of building to another:
also he would gain nothing by substituting one agent for another in any
branch of his enterprise, nor indeed by any increase or diminution of
his use of any agent.”
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in the case of simple production we find that increased
technical efficiency, decreased service prices, a decreased
rate of interest and increased demand will all have a general
increasing effect on the rate of return and, in so far as they
affect the marginal costs and the marginal revenues, also
on the volume of production. If, instead, the technical effi-
ciency is lowered, the service prices or the rate of interest
have gone up or the demand is diminished, the gencral
effects will be the opposite. But, in contrast to simple
production, we now have a joint output of two products,
and the particular effect of the changes on these products
may be different. If, for example, the increased demand
refers to only one of the products, this product will increase
in output, but, depending on the technical and demand
relations between the products, the output of the other
may remain constant or even decrease.! Other changes,
such as changing service prices or a changing interest
rate, may merely affect the two products in different
degrees.

L Cf. Kreps, op. cit., p. 442: “In the intermediate processes of the dye-
stuffs industry, for example, there is a regular variation of processes
with the ups and downs of business. In periods of rising prices,
interactions are speeded up, with the penalty of increasing waste, but
the reward of extra profits, due to getting the product on the market as
quickly as possible. In periods of low prices attention is given to yields
and to by-products.”



CHAPTER VI

INTRODUCTION TO THE POLY-PERIODIC
PRODUCTION THEORY.

Throughout the preceding pages, in the chapters both
on simple and on joint production, we have been concerned
with a production so arranged that one period’s activ-
ity was entirely separate from the activities of preceding
and subsequent periods. The inputs and outputs, the costs
and revenues of one period were assumed to be dctermined
exclusively by the conditions prevailing in that period, and
to bear no relation to future and past inputs and outputs
or costs and revenues. We had, in other words, what
we have called a mono-periodic production. The assump-
tions on which our discussion was based were, however,
highly artificial. In actual production the activity at any
given time is generally closely interrelated both with the
past and the future. The inputs or costs of one period
are connected not only with the output or revenuc of that
period but with a serics of future outputs or revenue;
and, conversely, the output or revenue of one period is the
result of the inputs and costs of a series of previous periods.
In our earlier terminology, then, actual production is not
mono- but poly-periodic.

THE NATURE oF PorLy-PERIODIC PRODUCTION.

1. Imitial assumptions. — The purpose of the present
chapter is not to give a fully developed poly-periodic pro-
duction theory, but merely to point out and discuss some
features and problems which are characteristic of poly-

8—390412
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periodic production and which have therefore not been
discussed before. To make our task simpler, let us select
for our analysis a production process which is as similar
as possible to the types of production with which we are
already familiar. Let us again consider a single firm which
buys and pays for its productive resources at the beginning
of the periods and sells the output of each period at the
period’s end. The output consists only of one single com-
modity. As before, the production activity is financed
partly from the firm’s own capital and partly from borro-
wed funds, and the interest charges on these funds are paid
at the end of every period. So far, the setting of our poly-
periodic problems is exactly the same as for the earlier
mono-periodic analysis. But here we shall assume that the
productive process is so arranged that the input and cost
of one period are related to the output and revenue not
only of that period but also of the nearest following period,
and that consequently the output and revenue of the
latter period are the result of the input and cost both of
its own and the ncarest preceding period. This simple
alteration in our assumptions will be sufficient in order
to illustrate most of the features characteristic of the poly-
periodic production.

2. Durable and non-durable resources. — In our mono-
periodic analysis we assumed that productive resour-
ces bought at the beginning of a period yielded services
for that period only. In fact, we never spoke of productive
resources as such, but only of the service performed by the
resources, and it was these services that constituted the
input of the production process. We treated the services
both as units of purchase and as units of input. When
we now abandon the assumption of a single self-contained
period and consider a production activity which is planned
for two consecutive periods at a time, it will be con-
venient to specak of the productive resource as different
from the services of the resource. Productive resources
which yield services for more than one period will be re-
ferred to as durable resources,; while resources of the mono-
periodic type, i. e. resources whose services last for one
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period only, will be classified as non-durable.* The exist-
ence of durable resources represents one of the charac-
teristic features of poly-periodic production.

This distinction between durable and non-durable re-
sources must not, of course, be confounded with the dis-
tinction between fixed and variable services. A productive
service has been classified as fixed or variable, we re-
member, depending upon whether the cost of the service
varies or remains unchanged with a variation in the quan-
tity produced. The services of non-durable resources, we
found, can belong to either class. Certain kinds of labour
or raw-materials we definitely regard as variable services;
while other kinds of labour, such as the work of foremen
and executives, can best be classified as fixed services.
Also the durable resources yield services which may be
either variable or fixed. When a firm procures a patent
right or a factory building which lasts throughout a series
of periods, the costs of the patent or the factory may gen-
erally be regarded as fairly independent of the partic-
ular outputs in the different periods, and the services of
these resources arc consequently regarded as fixed. On
the other hand, when the firm buys or contracts to buy
a large quantity of raw materials which last for the produc-
tion of several periods, and which, therefore, represents a
durable resource, the cost of these raw materials will stand
in a definite rclationship to each one of the consecutive
outputs and the services of the resource will be a variable
service. Often these sharp distinctions are, of course, dif-
ficult to apply in any particular case.2 Such activitics as
repair and upkeep of machinery, which affect the produc-

1 While we distinguish between durable and non-durable resources
with reference to their future services, we are not interested in the past.
Whether a production resource, for example, is obtained direct from
nature or is “produced’” makes no difference in the entrepreneur’s calcu-
lations.

2 Compare the accounting literature on depreciation: e. g. H. Gross-
man, Die Abschreibung als Kostenfaktor, (Berlin, 1925) pp. 30 ff.; E.
Schmalenbach, “Uber Abschreibungen’, Zeitschrift fiir handelswissen-
schaftliche Forschung, XXIIT (1929), 193—=212; Ibid. Grundlagen der
Selbstkostenvechnung und Preispolitik. (Leipzig, 1930), pp. 154 ff. and
J. B. Canning, “A Certain Erratic Tendency in Accountants’ Income
Procedure”, Econometrica (1933) pp. 52—62.
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tion of several periods, are partly determined by the volume
of output and partly by other factors, such as the age of
the machines.! As in our earlier study we shall, however,
disregard these practical difficulties and assume that a
distinction between the different classes of services can be
made.

3. The technical interdependence and the production
function. — Lect us return to the simple case of poly-
periodic production carlicr described. We have assumed a
production activity so constituted that the input of one
period is related to the output both to that period and
the period next following. The output of the latter period,
conversely, is the result of the input of its own and the
nearest preceding period. Thus, if we use the following
notations

¢, and ¢, .... for the two periods,
%, and xy . ... for the products which are finished and
sold at the end of these periods, and

Uy - e 9, and
Uy, - - - Vp, fOT the inputs of variable services during
the respective periods,

we have assumed that together with certain fixed services,
the variable services v, , . . . ., v;, in the first period produce
a joint output of product x; and intermediate products
whlch in the sccond period together with the variable

1A reference to Keynes’ concept of “user cost’” may be of interest
at this point. This concept he defines as follows (The General Theory
of Employment, Intevest and Money, op. cit. pp. 66—67): “An cntrepre-
neur’s user cost is by definition equal to

4,+ (G —B)—G,

where A, is the amount of our entrepreneur’s purchases from other en-
trepreneurs, G the actual value of his capital equipment at the end of the
period, and G' the value it might have had at the end of the perlod if
he had reframed from using it and had spent the optimum sum B’ on
its maintenence” ..... “If industry is completely integrated or if the
entrepreneur has bought nothing from outside, so that 4, =o0, the user
cost is simply the equxvalent of the current disinvestment involved in
using the equipment .....

It is this latter element (G’— B'Y —G of the user cost that corres-
ponds to the variable part of the services of the durable resources, re-
ferred to above, and which therefore represents a variable cost of the
period’s output.
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services ¥y, . ..., vy, and certain fixed services produce
product x;; (see fig. 17). The fixed and variable services
may have their origin cither from durable or non-durable
resources.! So far, as in the first period we have a joint
production of one product that is sold in that period and
other intermediate products, later to be used in the pro-

Fixed and
variable
services

Inter- Fixed and
—{mediate variable
products ] |services

Fig. 17.

duction process, the present case of poly-periodic produc-
tion shows a certain resemblance to the case of joint mono-
periodic production, except that the finished products
now have different selling dates. We may, indeed, define
poly-periodic production as joint production in time, al-
though this joint production in actual life is generally of
a very complex character.

As has alrcady been pointed out, we may expect that
the variable services in every period can to some extent

1 Cf. A. Smithies, “The Austrian Theory of Capital in Relation to
Partial Equilibrium Theory,” Quarterly Journal of Economics, L (1935/36),
p. 129: “... .. if durable instruments are used, it is their services per
unit of time that appear as factors of production in the production func-

tion.”
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be substituted for one another. But since in the present
case the output in one period is related to inputs of two
consecutive periods, we may expect to find a substitution
relation also between services of different dates. This service
substitution may sometimes be limited by a certain tech-
nical rigidity, so that particular amounts of some services,
such as “raw materials”, must always be applied in the
earlier period, while particular amounts of other services
are applied only in the later period; but it is frequently,
and perhaps generally, possible to substitute certain ser-
vices of one period for services of another. This temporal
substitution introduces a new problem into our analysis.
Under mono-periodic production, where all the productive
services were of the same purchasc date, the question of
when to apply the different services to the production
process was determined only by technical considerations;
under poly-periodic production, this same problem is fur-
ther complicated by the relative prices in the different
periods and by the interest costs. Where before there was
a “technical time-table of production” predetermined for
our analysis, we are now faced with an unknown to be
solved.!

Granting all our simplifying assumptions, it follows that,
if the input of fixed services is given, the output of one
period depends both upon the input of variable services
and upon the output of the other period. On analogy with
the casc of joint mono-periodic production, we may there-
fore write the products x; and x;; as functions

(18) % = @iy Wi e Vi Vpp - Vi %1)
and
(xb) xy = @) (I W TEEEER S L

The partial derivatives of these functions give us, also
here, the marginal productivities of the services with res-

1 Compare the discussions of “speeds of turnover” and “delay periods”
of the productive factors by Leontief and Smithies. (W. Leontief, “In-
terest on Capital and Distribution: A problem in the theory of marginal
productivity,” Quarterly Journal of Economics, XLIX (1934/35) p. I51,
and Smithies, op. c¢it., pp. 124 ff.)
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pect to the two products' and the substitution relation
between these products.2 There are other similarities be-
tween our present poly-periodic and joint mono-periodic
productions. For instance, we may notice again that an
infinitesimal increase of the variable services produces an
increase of x;, when x;; is constant, or of x;;, when x, is
constant, which is equal to the sum of the marginal pro-
ducts of the services in respect to x; and x; respectively

(2a) dx =551*dv11—}- ot %-dvnn (%, = constant)

and

(2b)  dxy =g%1dvh+ eevo+o—dvy, (x;=constant).
The difference is that in poly-periodic production the
marginal products relate to services of two different dates.
As in the case of joint production, the technical relation-
ships between x; and x;; may be complementary, competing
or independent, but this relationship can be mecasured
only in terms of marginal costs.

Tue PoLvy-PERIODIC EXPANSION PATH.

In mono-period production we distinguished between two
classes of production costs: the costs of productive services
and the interest costs. But, since all productive services
entering into a product were bought at the same date,
the interest costs were simply proportional to the service
costs and had but little influence on the cost relations of
production. The expansion path, for example, was de-
termined solely by the service costs, irrespective of the
height of the rate of interest. Under poly-periodic assump-
tions the situation is quite different. Since here the pro-

1 Compare J. R. Hicks, “Wages and Interest: The Dynamic Problem,”
Economic Journal, XLV (1935), p. 461, n. 1: “.... the labour of any
period has as many marginal products as there are periods under con-
sideration, for it will be possible, by employing extra labour at any par-
ticular date, to increase output at any other period we choose.”

3 Compare Hart, op. cit. pp. 43 ff.
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ductive services for a given output are assumed to be
bought at different dates, not only the service prices but
also the interest costs will affect the expansion path
chosen.

1. The price interdependence. — As long as we were
considering a single self-contained time period, we could
assume that the prices paid for productive services were
determined exclusively by the amounts of the services
bought at a particular time. The same held true with
regard to the interest rate and the amount of borrowed or
invested capital funds. Under our present assumptions,
on the other hand, we must consider the service prices
and the interest rate of one period as determined by
earlier and later purchases, borrowing or investments as
well.

This price interdependence between the diffcrent pe-
riods depends partly on the existence of durable resources
and partly on the actions of the sellers. An increased pur-
chase of a service and a higher price in an early period
may, for instance, attract a certain supply of the service
which otherwise would not have appeared until later pe-
riods, and by so doing cause a rise in future prices. Or, if
the sellers assume that the increased demand of the firm
is permanent, the cffect may be reversed. Attracted by
higher wages in the first periods, ncw labourers may move
to the locality, to rcmain there even if the firm’s labour
demand slackens later. Similarly, a decrcased purchasc
and a lower price for a service in an early period may post-
pone the marketing of a part of the supply to later periods,
thereby causing lower future prices, or a decrease in pur-
chases may permanently diminish the service supply and
so cause future prices to go up. In an analogous way, the
firm’s demand for a service in a later period, if announced
in advance or anticipated by the sellers of the service,
may influence the service prices also in an earlier period.

With reference to the interest rate the price interdepen-
dence between the different periods is still more complex.
The rate of interest that the firm in a certain period has
to pay for its borrowed funds, or gets on its outside in-
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vestments, is influenced not only by the amounts of bor-
rowing and investment in that and neighbouring periods,
but also by the length of time over which the borrowing
or investment is made and by the securities given. A firm
may, for example, obtain a lower interest rate if it bor-
rows on short terms, or if it invests the funds in a partic-
ular way, for instance in factory buildings instcad of in
office machinery. In our present analysis, which after
all is only the outline of a poly-periodic production theory,
we shall, however, disregard all these complexities, and
simply assume that the interest rate both for borrowing
and lending in every particular period is determined solely
by the amounts borrowed or invested in that period. By
making such an assumption we shall pass over many
interesting details of the poly-periodic theory in order that
the main rclationships which we must consider may gain
in lucidity.

2. The expansion path. — What influence has now
this price interdependence on the determination of the
poly-periodic expansion path? For the sake of convenience
let us approach the problem as it appears at the beginning
of the first period, that is, at the time when the whole
process is planned. The prices of a certain service, v, in
the two periods we write

Qe =G (Vizo Pup) A0 Qup =G (V1 Vii)-

Ii, at the substitution margin, the service in the first period
is changed by one unit, this change will affect the cost
of the scrvice not only in that but also in the second pe-
riod, and vice versa. In order to find the marginal unit
cost of the service we have, therefore, to consider the ef-
fect of the change on the total cost of the service in both
periods, inclusive of interest cost. This total cost we write

I
C,,k = qu Vi T —— Jue Vi

I+

where ¢; is the average interest rate of the first period.
The partial derivatives of this cost with respect to v, and
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vy, give us the marginal unit costs of the service in the
two periods

0Co, { 091k]+ I 0911

Cojp = 7 = Vi 7 — T v
714 v, 9% 173 vy, I 4y, 114 vy,
and
oty O X[ M
e vy, uavuk I+ i/lf[ T IM vy

where 4, represents the marginal rate of interest which,
according to our assumptions, is determined in the same
way as in our earlier mono-periodic analysis. The cost-
productivity ratios which represent the quotient between
the marginal unit costs of the services and their marginal
productivities with respect to the different products, we
consequently write

dC., 0Co, 0Co,
dv,, vy, 00,5,
x(Cop = -(;Z , 1oy = jx‘u‘ ) oy = 7()}6[7
o oy vy
and
dCo,
oy
1l = '(7}67‘ .
dvpy,

On analogy with the case of joint mono-periodic pro-
duction, the minimum cost combination for a given out-
put is obtained when the marginal unit costs of the differ-
ent services are proportional to the marginal productiv-
ities of the services with respect to each one of the con-
secutive products, or, which amounts to the same thing,
when the cost-productivity ratios with respect to every
product are equal

0Cay 0Cy, 0% C0x Oxy 0x
...... = Goy — 9oy, o,

......
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(3) or
0C,jl dC,, 8C,,1 dCo,
dvy, vy, dvy, vy,
— =, ,=-_-- and = =7,
0%, 0% 0%y 0%y
(?'UII (/)vllﬂ avlt if'l)un

But, as in the case of joint production described above,
the relative magnitudes of the cost productivity ratios
are still to be determined.

If we assume that there is no price interdependence
between the periods, the cost-productivity ratios become

916 (T + Age) _ T g, (T Ay,
T,
dvy, dvy,

and

g (td) _f qm (I A
st R
vy, 0vyy,

where the A’s are the simple price flexibilities of the ser-
vices in the respective periods. It thus becomes clear that
when productive services which enter into the same pro-
duct are bought in the same period, these services will be
substituted for one another until their marginal produc-
tivities with respect to that product become proportional
to the service prices multiplied by one plus the price flex-
ibilities, a condition which fully conforms to the earlier
mono-periodic conditions. It is also clear that when a
durable resource yields variable services which in con-
secutive periods enter into the production of the same
product, these services will be so distributed between the

* Since for different producers, even if they are working in the same
locality,

(1) the age and efficiency of the “fixed’” technical equipment,

(2) the supply conditions of productive services, and

(3) the supply conditions of capital funds are generally different, it
follows that the expansion paths chosen are also different. So, for ex-
ample, Myrdal observes that the service combinations selected by a
firm which borrows funds are generally different from those selected by

a firm which invests only its own capital. (Cf. Prisbildningsproblemet
och férinderligheten, op. cit., p. 219.)



114

periods that their marginal productivities are the same.
Thus, if v, and v,;, are the services of a durable resource,
bought at the beginning of the first period, these services
will be substituted for one another until

ox;  0x; dxy 0%y

STTo=7,— and = .

0vy, vy, 0oy vy,

This relation assumes, however, that there exists no
cost for the upkeep or storage of the resources. On the
other hand, if a productive service which has enterced into
the production of the same product throughout two pe-
riods is bought successively in both periods, it will be so
distributed between the periods that its marginal produc-
tivity in the earlier period exceeds its marginal produc-
tivity in the later period by an amount which corres-
ponds to the interest costs. If, for example, the service
v, has the same price in both periods, it will be employed
in such a way that

0%, 0%y

0014 an .
=, =1 1t.

0%, %y +
dv 11

TFurthermore, if a durable resource yields services which
enter into the production of a serics of consecutive out-
puts, the distribution of thesc services over the different
periods will also be influenced by the interest costs. Thus,
if all other production determining forces remain un-
changed, a fall in the intercst cost will stimulate a slower
and a rise in the interest cost a more rapid exhaustion
of the durable resource.!

Costs, REVENUES AND OUTPUT.

1. Joint costs in time. — The interdependence be-
tween different periods which is characteristic of poly-

1 These conclusions, we may observe, are in full harmony with the
Wicksellean theory of capital. [Cf. Knut Wicksell, Uber Wert, Kapital
und Rente (Jena, 18903) pp. 95 ff. and Lectures on Political Economy,
(Engl. transl., New York, 1934), vol. i, pp. 172 ff.]
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periodic production may be found also in the relation-
ship between costs and output. The causes of this tempo-
ral cost interdependence are already familiar. We have
assumed a production activity so arranged that the input
of productive services in one period and consequently
also the cost of these services are related to the output
of two different periods. Furthermore, the price interde-
pendence existing between different dates causes the cost
of the productive services bought in one period to be in-
fluenced by service purchases in other periods, and finally,
the existence of durable productive resources, which, al-
though bought in one period, yield their services also in
other periods, gives rise to costs which are related to several
outputs. Because of these interrclating clements there is
no possibility of allocating the poly-periodic costs to the
different products except at the substitution margin. As
in the case of mono-periodic joint production, we must
writc the total cost of the production activity, C, which
here also includes interest costs, as a function of the two
outputs x, and x;

C=C (%, %p).

Since in the present case the products are of different
selling dates, we may speak of joint costs in time?

The partial derivatives of the cost function with respect
to the two consecutive products give us the marginal
cost of the products which are equal to the cost-produc-
tivity ratios of the different services with respect to the
two products?

! It is interesting to notice that the first example of joint produc-
tion which, as far as I know, was ever given in economic litcrature
represents a case of “joint production in time”. I refer to Longfield’s
passage about crop rotation. Compare Lectures on Political Economy
(Dublin, 1834), p. 246: “The business of farming is . . .. still more com-
plicated. This complexity arises from the necessity of rotation of crops.
. ... As an illustration, let us consider what would be the effects of the
general introduction of turnip husbandry into a country where it was
previously unknown. The first effect would be to diminish the cost of
production of sheep — the animal fed on that root — and of wheat, as
the crop next in rotation ....”

‘The proof of this proposition, which is similar to the proof given
in Chapter V, p. 89 n. 1, is here omitted.



116

aC

52‘:‘1 = xlc"I, =.... =20,
(4) ‘ and

aC

3—;‘1‘1 = .rHCz/Il = ... =ayCop, .

The properties of the marginal costs are determined by
9:C a=C
the second derivatives ~— and ——. and the mixed deriv-
0x,2 0%
C

ative —,—
0%0%,;
more, a criterion for the technical interdependence be-
tween the products. Thus, when the service prices are
constant, a positive, negative, or zero value of the deriv-

. 2C
ative 2,07,
respectively, technically complementary, competing or in-
dependent.

Before we leave the discussion of the poly-periodic costs
a few words should be said with regard to the cost of the
durable resources. By definition, the durable resources
yield services over a series of consccutive periods. At
first we shall assume that the number of these periods
is given, that is, that raw materials are always bought
to meet the needs of a fixed number of periods, that ma-
chines are built to last a given time etc. The cost of the
durable resources consequently represents a joint cost for
the output of a given number of periods. If the services
yielded by the resources are fixed services, such as the
services of a patent right; or of a machine which quickly
becomes obsoletc or for which the “wecar and tear” de-
pends on its age only and not on the amount of use it has
given,! this joint cost will be independent of the quantities
of output produced. There will exist no problem of how
to distribute the services as between the different periods,

! We may notice that the effects of obsolecence and “wear and tear”
on the firm’s costs are identical, except that the effect of “wear and tear”
is generally easier to calculate.

, and in the latter derivative we find, once

indicates that the products x; and x;; are,
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and no possibility of allocating the cost over the different
outputs, not even at the production margin. On the other
hand, if the services of the durable resources are variable
services, such as the services of raw materials bought for
a series of subsequent periods, the cost of the resources
will depend on the amount of the services rendered, and
thus also on the output produced in the different periods.
Even then, however, the costs of the resources cannot be
distributed over the different outputs, except at the pro-
duction margin.

If we abandon the assumption of a fixed durability and
assume that the productive resources can be bought to
last for a variable number of periods, we find a definite
relationship between the cost of the resources and their
durability. Thus, if a resource is bought to last a longer
time than before, its initial cost and its cost for repair
and upkeep will increase, but generally to a lesser degree
than its durability. The lower initial cost, mcasured per
output period, will, however, at least partially be balanced
by higher interest costs. Other things being cqual, there-
fore, the choice of the most profitable durability and dates
of replacements of the durable productive resources will
depend on the interest ratcs anticipated in the different
periods.t

2. The interdependence of demand and the production
revenue. — As before, we shall assume that the entre-
preneur has a definite expectation pattern with regard
to the demand of the firm’s output in the different periods.
But, whereas in our mono-periodic analysis we assumed the
pattern to be so constituted that the anticipated price in
one period was determined by the output of that period
only, we must now consider a price interdependence of
the outputs in different periods similar to the price inter-
dependence of the productive services earlier discussed.
An increased output of an earlier period and a correspond-

! Compare G. Akerman, Realkapital und Kapitalzins, vols. I and 11
(Stockholm, 1923 and 1924), and K. Wicksell, Realkapital och kapital-
ranta, Ekonomisk Tidskrift, XXV (1923) pp. 145—18c, Engl. transl.
Lectures, op. cit., vol. I pp. 258—299. See also E. Schneider, “Das Zeit-
moment in der Theorie der Produktion,” Jahrbiicher fiir Nationalikono-
mie und Statistik, Band 143 (1936), pp. 45—67.
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ingly lower price, for example, may attract some demand
which otherwise would have appeared only in later periods,
or it may “spoil the market” in these periods, and there-
by have a decreasing effect on future demand. Or the
increased output and decrecased price may cause new
types of demand to develop which will carry over to some
extent if the price is raised in the future, or, cause com-
petitors to leave the market permanently. Examples of
the latter situation may be found in railroads which by
offering low rates during certain years build up a per-
manent demand for freight service. Correspondingly, an in-
crcased output and decreased price for a later period
announced in advance or anticipated by the buyers may
have an increasing or decreasing effect on the demand
also of earlier periods.

Also with respect to the demand conditions the poly-
periodic production conscquently shows many similar-
ities to mono-periodic joint production. Because of the
interdependence of demand betwecn different periods, in
the particular case here assumed the prices of the two
consecutive products, $; and p,,, become functions of two
variables, x; and x,

P = P (%1, ¥y) and Py = Py (%5, xy)
and the same holds true of the total revenue, E,
E = E (xl, x“).

The partial derivatives of the revenue function with re-
spect to the two products, once more, give us the margi-
nal rcvenues of the products. To these relationships we
shall return later.

THE PoLY-PERIODIC MAXIMIZATION PROBLEM.

The interdependence between different time periods
which is the specific feature of the poly-periodic produc-
tion affects also the maximization problem. The result
of a present period’s production is related to the activities
of past periods through durable productive resources and
intermediate products which exist at the beginning of the
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period, and to the activitics of future periods because
these activities are partly the outcome of present inputs
and costs. We shall first consider the influence of durable
resources and intermediate products.

1. The valuation of the firm’s investments. — In the
simple case of poly-periodic production under considera-
tion, let us assume that the firm’s own capital is exclu-
sively invested in durable productive resources inherited
from a previous period. At the beginning of period ¢,
consequently, the firm has no liquid funds, and the pur-
chases of productive services in the period have to be
financed through outside borrowing. This assumption
will greatly simplify our argument without affecting its
main result. Let us, for the time being, also assume that
the rates of interest for borrowing and for lending are
equal to each other and constant inside every separate
period, an assumption which we shall modify later.

The value of the firm’s investments in durable resour-
ces at the beginning of period £, can be determined in either
of two different ways: by a consideration of the selling
prices of the resources at that date, or of their anticipated
future nct returns if used in the firm’s production. The
value obtained by the first method we shall refer to as the
vealization value, K, the value obtained by the second
method as the use value, K, of the investments.? If the
durable resources consist of relatively standardized pro-
ducts which have a general market, these two values will
tend to be equal. Otherwise the use value of the resource
will generally exceed the realization value. Should the
realization value be the higher, the firm would sell its
productive resources and cease to continue its produc-
tion.

If the revenues anticipated at the end of the two periods
are denoted by E; and E,;, the anticipated outlays for
productive services at the beginning of the periods by
C, and Cy, and the interest rates by ¢; and 7, the use

t This concept of use value must not be confused with Keynes’ con-
cept of “user cost”, which is something entirely different. See above
p. 106 n. 1.

9—300412
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value of the firm’s investments at the beginning of period
¢, becomes

EI EII CII

K=—+ — = —C—— =
B Ko=) T agi v O T @)
The first two terms in this sum represent the discounted
value of the total revenue
E =E (%, %)
and the last two terms the discounted value of the total
costs

C=Cx, x)

at the beginning of the period. Thus the use value of the
firm’s investments in durable resources at a given date
is equal to the difference between the discounted total
revenue and discounted total costs at that date.

2. The net return and the rate of return. —- Let us now
shift our attention to the end of period {;,, and examine
the factors which determine the net return of the first
period. The net return of a period we have defined as the
difference between the total revenue and the total costs
for the period, inclusive of interest costs on borrowed
funds. In the present case, however, the costs of period
¢, are related not only to the revenue of £, as in mono-
periodic production, but also to the costs and revenue of
the second period. The discounted values of these ele-
ments must be included in the net return. Furthermore,
while in the mono-periodic case the firm’s capital funds
were subtracted from the revenue as a part of the costs
of productive services, these funds now represent durable
resources, and are, therefore, not included in the costs
of the period. To get a correct value of the net return
in the period the realization value of the durable resour-
ces must be entered as a minus item in the calculations.
Using the same symbols as before, we therefore write the
net return of period ¢

E )
(6) R, =E, + (I +U¢-”) —C(t+14)—Ci— K,
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where K, represents the realization value of the durable
resources. If we express the net return thus obtained as
a ratc on the realization value of the firm’s investments
we get the rate of return in the pcriod

A comparison between equations (5) and (6) shows that
the net rcturn of period ¢, may be written

(6a) R =K,1+i)—K,.

Since the realization valuc of the firm’s investments is
externally dctermined, it thereforc follows that under
our present assumptions of constant interest rates which
are equal for borrowing and lending, the maximum condi-
tions must be the same irrespective of whether we maxi-
mize the rate of return, the net return or the use value of
the firm’s investments. We may choose anyone of the
three.

In the determination of the net return we have referred
to the firm’s investments in durable resources at their
realization value because this valuec represents a pre-de-
termined quantity. If in equation (6a) we instead intro-
duce the use value of the investments, the net return
simply becomes equal to the intercst on the use valuc in
the period

R, = K,1,.

The net return here merely signifies the appreciation of
the firm’s capital during the period due to the fact that
future returns of the capital have come ncarer. This is
the idea which underlies Lindahl’s concept of “income as
interest”.!

1 Cf. E. Lindahl, “The Concept of Income”, Economic Essays in
Honour of Gustav Cassel, (London, 1933), p. 400: Interest as income . ..
“may be taken as referring to the continuous appreciation of capital
goods owing to the time-factor, that is to say, the current interest on
the capital value which the goods represent.” ... .. “Capital value must
again be the starting point for the estimation of income as interest, that
is to say, as the appreciation which arises when the discounted future
services come nearer and nearer — an increase in value which for a
given period forward can be regarded as the product of the capital value
and the rate of interest applying to the period.”
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3. The maximum conditions. — To determine the most
profitable production we have to differentiate the net re-
turn, the rate of return or the use value of the firm’s in-
vestments partially with respect to the two consecutive
outputs, and set these partial derivatives equal to zero.
If we choose the use value of the investments as given
in equation (5), we get

K, 1 [05 1 aE,l] iC, 1 9Cy_

bx, (T 4 1y) Hx? -

- 0
dx;  (141) dx,

%, (1+1)
and

K, I [r’lEX I i}En] ac, 1 JC,

‘79‘1; (v{—‘lj’n—) 9777‘711

0%y - (I >+ o) bxn

dxy  (1+1y)

The first two terms in these equations represent the
discounted values of the marginal revenues and the last
two terms the discounted values of the marginal costs
at the beginning of the first period. Again, we therefore
have as a maximum condition that the marginal reve-
nues must be equal to the marginal costs

dE  aC JE  dC

T—=_7" and T = =

dxy 0% dxy  0xy
although, in the present case, it is the properly discounted
values of these elements that must be equal. Further-
more, since the marginal costs of the two consecutive

products are equal to the cost-productivity ratios of the
different services with respect to the products, we have

ic, 4Cs, ac, iCo,
?Pll:__,:%:?@. and .?.vi:..,:{’vnnziE__
BT T e e o
doy, vy, dvy, 1y,

or, if we writc the equations in another way,
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aC, JE 9dx, JE ox,
dvy, Cix dvy, dxy doy
aC,, OE dx; IE dx,

7(’)1},2 - dx; ' dvy, oxy, dvy,

aC,, 0E  dx;  0E dxy

dvyy, dx;  doy, 0%y 0oy,

The elements on the left side in these latter cquations in-
dicate the marginal unit costs of the productive services
at the beginning of the first period, and thc clements on
the right side the marginal value productivitics of the
services with respect to the successive products discounted
back to the same date. As in the case of joint mono-
periodic production we therefore have as a corollary to
the maximum conditions that, in order to get a maximum
use value on the firm’s investments, a maximum net re-
turn or a maximum rate of return, the firm will employ
each productive service until its marginal unit cost is equal
to its discounted marginal value productivity with respect
to each product. This condition holds true for the ser-
vices of both durable and non-durable resources, and for
all types of production, irrespective of whether the tech-
nical and price interdependence between the periods is
simple or complex, or of whether the outputs of the diffe-
rent periods are composed of one or several commodities.

Changes in the production determining forces will gen-
erally have the same effect on a poly-periodic production
as on a joint mono-periodic production of the type carlier
discussed. An increase in the product prices, for example,
or a decrease in the prices of the variable services or the
interest rates will cause the scale of production to expand
and the rate of return to rise. But there are other pheno-
mena which are peculiar to the poly-periodic production.
With some of these, such as the technical interdependence
and the price interdependence between the different pe-
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riods, we are already familiar. We have, for instance,
also observed that a change in the interest rate influences
not only the volume of production, as in the mono-periodic
case, but also the selection of durable productive resour-
ces and the choice of service combinations. An increased
interest rate stimulates a substitution of services of later
periods for services of carlier periods, and a diminution
of the durability of the durable resources. A decreased
interest rate has the opposite cffect.

Another characteristic feature of the poly-periodic re-
lationships is that a given change in the production de-
termining forces will have a different effect on the scale
and methods of production depending on when the change
takes place. While, for example, an anticipated temporary
change in the demand for finished products or in the
supply of productive services in the second period will
influence the selection of durable resources and the pro-
duction of intermediate products in the preceding period
also, a corresponding change of the demand or service supp-
ly in the first period will have no such effect. So long as
there exist old durable resources, such as buildings and
machinery, the net return is influenced to a rather limited
degree by changes in the methods and volume of produc-
tion. More important changes require a rcnewal of the
durable productive resources, a process which can often
take place only step by step over a long period of time,
and which therefore has to be planned in advance.

4. The influence of variable interest vates. — The max-
imum conditions so far developed rest on the assumption
of a constant interest rate in every separate period. If
we leave this assumption and again regard the interest
rates as functions of the amounts of borrowing and invest-
ment, the results of our analysis will be slightly changed.
With a series of different borrowing and investment
opportunities at his disposal, the entrepreneur will shift
his capital in such a way that the marginal rates of inter-

! For a discussion of these more “dynamic” production relations
compare Myrdal, Prisbildningsproblemet och foranderligheten, op. cit.
Ch. V, and E. Lindahl, ““Prisbildningsproblemets upplaggning ur kapi-
talteoretisk synpunkt”, Ekonomisk Tidskrift, XXXI (1929), pp. 31—38I.
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est on borrowing and lending in every period become the
same, and expand his current production until the mar-
ginal revenue and marginal costs, discounted with the
marginal interest rates, are equal. Thus, the maximum
conditions are the same as in the case of constant interest
rates, except that here it is the marginal rates of interest
that enter into the calculations. But this similarity holds
true with regard to the marginal relationships only. Al-
though the marginal interest rates must be the same on
borrowing and lending, the average rates are generally
different both between various borrowing and invest-
ment opportunities and as compared with the entrepre-
neur’s own preference scale of future incomes. Whether
under these conditions such concepts as net revenue [equa-
tion (6)] and use value of the firm’s investments [equation
(5)] have any definite meaning seems highly questionable.
Its actual determination would, at least, be extrcmely
difficult.

SOME FURTHER PROBLEMS OF THE PURE THEORY or Pro-
DUCTION.

With these observations about the influence on the
poly-periodic production of wvariable intcrest rates our
study has come to an end. But beforc we conclude the
essay let us once more repeat the general assumptions on
which the analysis has been based. At the same time, we
may also point out some further problems of the pure theo-
ry of production which still await solution. Throughout the
essay we have been concerned with the production of the
single business firm, and we have analysed the different
production problems from the viewpoint of the individual
firm. Such conditions as those determining the supply
of productive services and capital funds or the demand
of the firm’s output, we have simply assumed as given,
and we have disregarded the possibility for the firm to
influence these conditions by means of sales promotion
or similar activities. We have further assumed that
there exists no price discrimination whatsoever, and no
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price interdependence between different dates with re-
gard to capital funds.

A modification of the analysis to include the problems
of price discrimination need not raise any serious theoret-
ical difficulties, and the same probably holds true also
for the problems of temporal interdependence with respect
to the interest rates. The whole question of variable in-
terest rates and their influence on the poly-periodic pro-
duction requires, however, a much more thorough anal-
ysis than the introductory observations made here.

Another task is to relate the present theory of the in-
dividual firm to the theories of monopolistic or imperfect
competition, and to examine the mutual interdependence
between the productive activity of the firm and the dif-
ferent market conditions. The relationship between sales
promotion and demand for finished products has recently
been discussed in the literature, but so far the analysis
has primarily been made under mono-periodic assump-
tions. A more extensive examination of such problems
as how the existence of durable productive resources af-
fects the sales promotion policy of the firm during the dif-
ferent phases of the business cycle, or how the sales pro-
motion in one period affects the demand of the firm’s
output in other periods still remains to be undertaken. And
there are many other poly-periodic problems both with re-
gard to the firm’s selling activity and its bidding in the ser-
vice and capital markets which ought to be discussed. De-
spite the facts that the analysis rests on such simplifying
assumptions and that so many interesting and important
relationships have necessarily been omitted from con-
sideration, this study represents, I hope, a frame-work
for the pure thecory of production which further resear-
ches will modify and fill out but not substantially change.
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