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PREFACE

The subject of this tract is the theory of the distribution of the
prime numbers in the series of natural numbers. ‘A chapter on
the ‘elementary’ theory has been included for its historical
interest and for the intrinsic interest of the methods employed,
but the major part of the book is devoted to the analytical
theory founded on the zeta-function of Riemann. The tract is
thus a companion to No. 26 of the series, ‘The zeta-function of
Riemann’ by Prof. E. C. Titchmarsh, published in 1930, but the
logical sequence of the two volumes is the reverse df the chrono-
logical order of publication. The part of the theory of the zeta-
function here required is what may be called the ‘classical’
theory, and comprises roughly those properties summarised by
Prof. Titchmarsh in his Introduction. This is expounded in
detail in the present volume, which is thus complete in itself
(apart from a few isolated references to Titchmarsh which do
not affect the understanding of the book as a whole); and the
relevant parts may serve as an introduction to the more profound
study of the zeta-function in the companion volume. The present
tract is not intended exclusively for specialists, for whom the
more comprehensive treatises of Landau, Handbuch der Lehre
von der Verterlung der Primzahlen and Vorlesungen iiber Zahlen-
theorie, are already available; it aims rather at making the
subject accessible to a wider circle of readers.

This volume like its companion has its origin in the Bohr-
Littlewood manuscript referred to by Prof. Titchmarsh in his
preface. This manuscript forms the basis of the present version,
but a complete revision was found desirable in order to bring
the work up-to-date and to take account of improvements of
technique introduced since the preparation of the original. In
the task of revision I derived much assistance from lecture notes
kindly placed at my disposal by Prof. Littlewood. My indebted-
ness to the two books of Landau already referred to will be too
obvious to readers of those works to need special emphasis here.
The proof-sheets have been read by Prof. H. Bohr and Prof. J. E.
Littlewood, the authols of the original manuscript, and also by
Prof. G. H. Hardy, Dr A. Zygmund, Mr R. M. Gabriel, and
Mr C. H. O’D. Alexander, and to these my thanks are due for a
number of corrections and improvements. To Prof. N. Wiener
I am indebted for some valuable comments on fhe concluding

sections of Chapter II.
A.E. L






THE DISTRIBUTION OF
PRIME NUMBERS .

INTRODUCTION

1. The positive intégers other than 1 may be divided into two
classes, prime numbers (such as 2,3, 5, 7) which do not admit of
resolution into smaller factors, and composite numbers (such as
4, 6, 8, 9) which do. The prime numbers derive their peculiar
importance from the ‘fundamental theorem of arithimetic’ that
a composite number can be expressed in one and only one way
as a product of prime factors. A problem which presents itself
at the very threshold of mathematics is the question of the dis-
tribution of the primes among the integers. Although the series
of prime numbers exhibits great irregularities of detail, the
general distribution is found to possess certain features of regu-
larity which can be formulated in precise terms and made the
subject of mathematical investigation.

We shall denote by = (x) the number of primes not exceeding «;
our problem then resolves itself into a study of the function = ().
If we examine a table of prime numbers, we observe at once that,
however extensive the table may be, the primes show no signs
of coming to an end altogether, though they do appear to be-
come on the average more widely spaced in the higher parts of
the table. These observations suggest two theorems which may
be taken as the starting-point of our subject. Stated in terms
of 7 (x), these are th¢ theorems that = (z) tends to infinity, and
m () to zero, as x tends to infinity.

2. The first theorem—that there exists an infinite number of
primes—was proved by Euclid (Elements, Book 9, Prop. 20).
In essentials his proof js as follows. Let P be a product of any
finite set of primes, and let @ = P+ 1. The integers P and @
can have no prime factor in common, since such a factor would
divide @) — P = 1, which is impossible. But @ (being greater than
1) must be divisible by some prime. Hence there exists at least
one prime distinct from those occurring in P. If there were only

IPN I



2 INTRODUCTLON

a finite number of primes altogether, we could take P to be the
product, of all primes, and a contradiction would result. The
argument really gives a little more. It shows that, if p, is the
nth prime (so that p, =2, p,=3, p,=5, ...), the integer
Qn=P1P;y-.. P, + 1 is divisible by some p,, with m > n, so that
Pni1 < Pp < @,; from which we may infer, by induction, that

(1) P < 2%

3. In 1737 Euler proved the existence of an infinity of primes
by a new method, which shows moreover that

(2) ‘ the series > ]»914 is divergent.
n=14{n
Euler’s work is based on the idea of using an identity in which
the primes appear on onc side but not on the other. Stated
formally his identity is

@) ZaPt=lA+ps+p 4. .)=I11-pT,
n=1 I D

where the products are over all primes p. Euler’s contribution
to the subject is of fundamental importance; for his identity,
which may be regarded as an analytical equivalent of the funda-
mental theorem of arithmetic, forms the basis of nearly all sub-
sequent work.

The theorems (1) and (2) resemble one another in that they
each add something (though in different ways) to the statement
that the number of primes is infinite.

4. The question of the diminishing frequency of primes was
the subject of much speculation before any definite results
emerged. The problem assumed a much more precise form with
the publication by Legendre in 1808 (after a less definite state-
ment in 1798) of a remarkable empirical formula for the approxi-
mate representation of = (x). Legendre asserted that, for large
values of z, 7 (x) is approximately equal to

x
) logz— B’

where logz is the natural (Napierian) logarithm of z and B a
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certain numerical constant'—a theorem described by Abel (in a
letter written in 1823) as the ‘most remarkable in the whole of
mathematics’. A similar, though not identical, formula was
proposed independently by Gauss. Gauss’s method, which con-
sisted in counting the primes in blocks of a thougand consecutive
integers, suggested the function 1/logx as an approximation to
the average density of distribution (‘number of primes per unit
interval’) in the neighbourhood of a large number z, and thus

(3)

as an approximation to w{z). Gauss’s observations ‘were com-
municated to Encke in 1849, and first published in 1863; but
they appear to have commenced as early as 1791 when Gauss
was fourteen years old.? In the interval the relevance of the
function (5) was recognised independently by other writers.? For
convenience of notation it is usual to replace this function by
the ‘logarithmic integral’

"1 x
liz= lim (J "+J )@“_,
n—>+0 \Jo 1++/ logu

from which it differs only by the constant li 2 = 1-04....

The precise degree of approximation claimed by Gauss and
Legendre for their empirical formulae outside the range of the
tables used in their construction is not made very explicit by
either author, but we may take it that they intended to imply
at any rate the ‘asymptotic equivalence’ of = (x) and the ap-
proximating function f(x), that is to say that = (z)/f(x) tends
to the limit 1 as « tends to infinity. The two theorems which thus
arise, corresponding*to the two forms of f(a), are easily shown
to be equivalent to one another and to the simpler relation

(6)

J2 g

ZT—(—S-Q —>1 as x—>c0;
dogx
but the distinction between (4) and (5), and the value of B in (4),

! Legendre 1a, 19; 1b, 394; 2, ii, 65. The references in heavy type are to the
bibliography at the end of the tract.

% Gauss 1, ii, 444-447; x,, 11.

3 Dirichlet, Werke, i, 372, footnote **; Chebyshev 1, 2; Hargreave 1, 2.

1-2



4 INTRODUCTION

become important if we enquire more closely into the order of
magnitude of the ‘error’ = (x) — f (). The proposition (6), which
is now known as the ‘prime number theorem’, is the central
theorem in the theory of the distribution of primes. The problem
of deciding its truth or falsehood engaged the attention of
mathematicians for abouta hundred years.

5. The first theoretical results connecting = (x) with x/logx
are due to Chebyshev. In 1848 he showed (among other things)
that, if the ratio on the left of (6) tends to a limit at all, the limit
must be 1; and in 1850 that this ratio lies between two positive
constants & and A for all sufficiently large values of z, so that
the function z/logx does at any rate represent the true order
of magnitude of = (x). These results constituted an advance of
the first importance, but (as Chebyshev himself was well aware)
they failed to establish the essential point, namely the existence
of lim = (x)/(z/log x). And, although the numerical bounds (a, 4)
obtained by Chebyshev were successively narrowed by later
writers (particularly Sylvester), it came to be recognised in due
course that the methods employed by these authors were not
likely to lead to a final solution of the problem.

6. The new ideas which were to supply the key to the solution
were introduced by Riemann in 1859, in a memoir which has
become famous, not only for its bearing on the theory of primes,
but also for its influence on the development of the general
theory of functions. Euler’s identity had been used by Euler
himself with a fixed value of s (s= 1), and by Chebyshev with
s as areal variable. Riemann now introduced the idea of treating
s as a complex variable and studying the series on the left of (3)
by the methods of the theory of analytic functions. This series
converges only in a restricted portion of the plane of the complex
variable 8, but defines by continuation a single-valued analytic
function regular at all finite points except for a simple pole at
s = 1. This function is called the ‘zeta-function of Riemann’,
after the notation { (s) adopted by its author.

Although Riemann is not primarily concerned with approxima-
tions to = (x), his analysis shows clearly that this function is
intimately bound up with the properties of {(s), and in par-
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ticular with the distribution of its zeros in the s-plane. Riemann
enunciated a number of important theorems concerning the zeta-
function, together with a remarkable identity connecting 7 (x)
with its zeros, but he gave in most cases only insufficient indica-
tions of proofs. The problems raised by Riemann’s memoir in-
spired in due course the fundamenta} researches of Hadamard
in the theory of integral functions, the results of which at last
removed some of the obstacles which for more than thirty years
had barred the way to rigorous proofs of Riemann’s theorems.
The proofs sketched by Riemann were completed (in essentials),
in part by Hadamard himself in 1893, and in part by von
Mangoldt in 1894.

7. The discoveries of Hadamard prepared the way for rapid
advances in the theory of the distribution of primes. The prime
number theorem was proved in 1896 by Hadamard himself and
by delaVallée Poussin,independently and almost simultaneously.
Of the two proofs Hadamard’s is the simpler, but de la Vallée
Poussin (in another paper published in 1899) studied in great
detail the question of closeness of approximation. His results
prove conclusively (what had been foreshadowed by Chebyshev)
that, for all sufficiently large values of z, = (z) is represented
more accurately by liz than by the function (4) (no matter
what value is assigned to the constant B), and that the most
favourable value qf B in (4) is 1. This conflicts with Legendre’s
original suggestion 1-08366 for B, but this value (based on tables
extending only as far as « = 400000) had long been recognised
as having little more than historical interest.

The theory can now be presented in a greatly simplified form,
and de la Vallée Poussin’s theorems can (if desired) be proved
without recourse to the theory of integral functions. This is due
almost entirely to the work of Landau. The results themselves
underwent no substantial change until 1921, when they were
improved by Littlewood; but Littlewood’s refinements lie much
deeper and the proofs involve very elaborate analysis.

8. The solution just outlined may be held to be ynsatisfactory
in that it introduces ideas very remote from the original problem,
and it is natural to ask for a proof of the prime number theorem
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not depending on the theory of functions of a complex variable.
To this, we must reply that at present no such proof is known.
We can indeed go further and say that it seems unlikely that a
genuinely ‘real variable’ proof will be discovered, at any rate so
long as the theory is founded on Euler’s identity. For every
known proof of the prime number theorem is based on a certain
property of the complex zeros of {(s), and this conversely is
a simple consequence of thé prime number theorem itself. It
seems clear therefore that this property must be used (explicitly
or implicitly) in any proof based on {(s), and it is not easy to
see how tlrigis to be done if we take actount only of real values of s.

9. There is one important respect in which the theory is still
very far from complete. Riemann conjectured (without any sug-
gestion of proof) that the complex zeros of {(s), which (as Rie-
mann proved) are confined to a certain infinite strip of the s-plane
and lie symmetrically about the central line of this strip, are all
situated on this central line. But this assertion, the now famous
‘Riemann hypothesis’, has never been proved or disproved,
though the available evidence, both theoretical and numerical,
seems to point in its favour. The truth of the Riemann hypothesis
would entail considerable improvements of the theorems of
de la Vallée Poussin and Littlewood on the order of magnitude of
7 (x) — liz, but the true order cannot be decided so long as the
truth of the hypothesis remains in doubt. |

10. The relationship between = (x) and li z is illustrated by the
table on the opposite page (p. 7). It will be noted at once that,
for each value of x shown, = (x) <liz. Until comparatively re-
cently this inequality was believed to hold generally, and there
were theoretical as well as numerical grounds for this belief; for
the relation between = (x) and {(s) associates = (x) not directly
with liz, but with a more complicated expression of which the

1 The last four entries lie outside the range of existing tables of primes, which
stop a little beyond 10 000 000. But = (x) has been calculated for these values of x
without actual enumeration of the primes; for an account of the method by which
this is done see G. B. Mathews, T'heory of Numbers, Part 1 (Cambridge; Deighton,
Bell and Co.; 18)2), 272-278. The values of liz are given to the nearest integer.
See J. Glaisher 1, 28-38; 2, 66-103; Lehmer 1, X1m-xvr; Phragmén 2, 199-200
(footnote).
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leading terms are liz — }liz}. It was proved, however, by Little-
wood (in 1914) that if we go far enough we shall eventually reach

x m(x) iz m(x)/lix
1 000 168 * 178 0-94...
10 000 : 1229 1 246 0-98...
50 000 5133 5167 0-993...
100 000 9 592 9 630 0-996...
500 000 41 538 41 606 0-9983...
1 000 000 78 498 78 628 0-9983... °
2 000 000 148 933 149 055 0-9991...
5000 000 3#8 513 348 638 0-9996...
10 000 000 664 579 664 918 0%9994...
20 000 000 1270 607 1270 905 0-9997...
90 000 000 5216 954 5217 810 0-99983...
100 000 000 5761 455 5762 209 0-99986...
1 000 000 000 50 847 478 50 849 235 ?-99996...

a value of x for which = (x)>liz, and that such values will
recur infinitely often. Littlewood’s theorem is a pure ‘existence
theorem’, and we still know no numerical value of x for which
m (x) > liz. Itis probable that the first such value lies far beyond
the range of the above table.

There is a similar phenomenon in connection with the dis-
tribution of the odd primes between the two arithmetical
progressions 4n + 1 and 4n + 3. If 7V (x) and =»®(z) denote re-
spectively the number of primes of these two forms which do
not exceed z, then 7V (z)/#® (x) tends to the limit 1 as « tends
to infinity. (This theorem is of the same ‘depth’ as the prime
number theorem, and its proof depends on the theory of functions
of a complex variable.) Thus, to a first appvoximation, the odd
primes are evenly distributed between the two progressions.
But the tables show a definite preponderance of primes of the
form 4n 4 3, and until 1914 all the available evidence pointed
to the conclusion that (except for a short range at the be-
ginning) 7V (z) < 7® (z).! But Littlewood’s method shows that
7D (x) > 7#® (x) for arbitrarily large values of x, though again it
provides no numerical solution of this inequality.

1 J. W. L. Glaisher 1. An earlier table by Scherk (Journal fiir Math., 10 (1833),
208) is very inaccurate.
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11. The present tract is devoted to a systematic study of the
asymptotic relations for 7 (x) discussed in outline in the foregoing
sections. The theory of the Riemann zeta-function will be de-
veloped only so far as it is required for applications to = ().
The more advanced theory of {(s) forms the subject of a com-
panion volume by E. C. Titchmarsh.!

There are many questions relating to the distribution of primes which
we are unable to discuss in this tract, either through lack of space or
because the problems are as yet unsolved. To the former category be-
longs the general theory of the distribution of the pritnes among the
various arithmetical progressions of given difference k, a theory asso-
ciated principally with the names of Dirichlet and do la Vallée Poussin.?
To the second category belong nearly all questions relating to the finer
structure of the series of primes. The prime number theorem shows that
the average interval p,_, — p, between (large) consecutive primes is about
log p,. but there may be wide deviations in either direction from this
average. Thereare strong indications on the one hand that the interval
reduces infinitely often to the value 2, so that therc cxists an infinity
of pairs of primes differing only by 2 (such as 17, 19 or 10006 427,
10 006 429); but this has not been proved. The opposite problem, that
of abnormally large values of p,,; —p,, is also unsolved, and such
indications as do exist are of a negative character. Thus, on the Riemann
hypothesis, we infer easily from the results of this tract that, if 9 is any

. . . 3
fixed number greater than }, the interval is never as large as p~ except
n

possibly in a finite number of instances, and it has been conjecturcd that
the stronger assertion with $ = }isalso true; but thomost that has actually
been proved is the corresponding statement with 9 > 1—(33000)~1.3

1 T in the bibliography at the end of this tract.

2 For an account of this theory (and for a full treatment of the subject as a
whole) we refer to the two well-known books of Landau (H and V in the biblio-
graphy).

3 For tho last result sce Hoheisel 1. For an account of the delicate problems
just referred to, and of r"elated problems, see V; BC, 806-810, and the references
there given; Hardy and Littlewood, 4, 5; Hardy and Littlewood, Proc. London
Math. Soc. (2), 2R (1928), 518 (footnote); Schnirelmann 1; Landau 10.



CHAPTER I
ELEMENTARY THEOREMS

1. In this chapter we confine ourselves to theorems which can
be proved without the use of the theory of functions of a complex
variable. The main results are superseded by those of later
chapters, but the elementary arguments are of great interest on
account of their simplicity and directness.

We denote primes generally by p, and the nth prime by p, .
We denote by 7 (x) the number of primes not exceeding x, where
x is a positive number (not necessarily integral). We shall use

the notations
Z f(n), X f(p), 11f(p), ete.
n<r D-r »

(with various modifications and extensions which will be ex-
plained by the context) to indicate sums or products over all
positive integers n, or all primes p, within the specified ranges;
in the third example, where no range is indicated, it is under-
stood that all primes are included. The order of the terms or
factors (when relevant) is that which correspounds to increasing
n or p. We adopt the general convention that an ‘empty’ sum
(i.e. a sum containing no terms) is to have the value 0, and an
‘empty’ product the value 1. As examples we have (for z > 0)
[x]=Z1, #(x) =21, [z]!= I mn,
n<x p<Lr n-r
where [u] denotes (for any real %) the ‘integral part’ of u (i.e.
the integer m defined by m < u <m + 1). We sometimes write

x [x]
2 for X.

n=1 n—1
We use the symbols O, o, and ~ (the sign of ‘asymptotic
equality’) in the senses which are now classical. Thus

f@)=0(@), f@)=o(), f(@)~x,
(as x—o00) mean respectively ‘|f(x)|/x is less than a constant
K (i.e. a number independent of z) for all sufficiently large z’,
‘f(x)x—>0as x—>o0’, and ‘f(x)/xr—>1 as x—>00’.
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The notations m | n and m } » mean ‘m divides »’ and ‘m does
not divjde n’ respectively.
2. Theorem 1. The series and product
1 I\
coozo (- )
» P

. . » p
are divergent.l

Write
1 I\1
S)y= X 7, Pa)=1I1(1-= x> 2).
L (@) p<r P (@) 1)<w< p) ( )
Since,

A —u) >0 —um) (1 —u)=14+a+... +um  (0<u<l),

we have P(x)> 11 <1+ +-—+ -+ lm)’
pET P 20 P

where m is aay positive integer. Now the product on the right,
when multiplied out, is equal to £ 1/n summed over a certain
set of positive integers n, and, if m is chosen so that 27+ > x,
this set will certainly include all integers from 1 to [x]. Hence
) P@)> 3 [x] 1 L j[z]+1 du
1 ’l’b
Since — log (1 —u)—u < Lu2/(1—u) for 0 <u <1 (from the
series for log (1 — %)), we have

-> logx.

—2 oo 1
leP @)= 80< 2 5 e < -~ b
Hence, by (1),
(2) S () > loglogz — 1.

The inequalities (1) and (2) evidently establish the theorem.

8. Theorem 1 &hows incidentally that the number of primes
is infinite, or that = (x) tends to infinity with . We next show
that = (z)/x tends to zero.

Theorem 2. 7 (x)=o0(x) as x— 0.
Denote by N, (x,%), where x> 0 and'% is a positive integer,
the number of positive integers » not exceeding » which are

divisible by % but not by any of the first » primes p,,...,p,,
N, (x, k) being simply the number of n < x divisible by k. Then,

1 Euler 1, Theorema 19; 2, § 279.
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by considering the integers » enumerated by N, , (r,%) and
dividing them into two classes according as p, t n or p, |n, we

I N @R =N, @)+ N, ()

provided that p, 1 &; for in this case n is divisible both by A and
by p, if and only if it is divisible by p,A. Expreqsmc N, in terms
of N, ; by means of this relation, we infer by induction that,
if A is not divisible by any of p,, ..., p,, then

N, (2,) = No (@, ) = Ny (2,91 + = Ny (@,p,0,)
1 )

where the summations are over all combinations of p,,...,p,,
taken one, two, ..., at a time. Taking = 1 and observing that
Ny (x,m) = [x/m], we deduce

3 N,x,l=x~2’:x]+2{x_]——....
3) (z,1) = [«] AR :
Now suppose 2 < £ <, and let r be defined by p, < £ < p,.q.

Then m(x) <74 N, (x, 1),

since any prime p is either one of p,, ..., p,, or a positive integer
not divisible by any of these. We substitute from (3) and omit
the square brackets. This involves an error less than 1 in each
term, and so a total error less than 27, the number of terms.
Hence
(@) <r4+2+x— DI . e <2841 1T (1 —~—1—>,
’ iPi ,pm, <t P

since r < 2" < 2¢. Taking ¢ to be a function of 2 such that £ oo
and 2¢+1/x - 0 as - 00, we infer, by Theorem 1, that = (z)/z — 0.
If we take £=clog, where 0<c< 1/log 2, and use (1), we
obtain the more precise result

x
7 (@) =0 (Iog log x) )

Euler stated that the pmmes are ‘infinitely fewer than the integers’,
but his argument does not prove the assertion in the precise sense of
Theorem 2.1

The underlying principle of the above method is that of the ‘sieve
of Eratosthenes’; the actual formula (3) is due to Legendre2 An

1 Euler 1, Theorema 7, Corollarium 3.
? Legendre 1a, 12-15; 1b, 412-414; 2, ii, 86-89
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elaborate refinement of the method has been evolved by Brun, whereby
the error arising from the omission of square brackets is greatly re-
duced.! With the aid of this refinement we can obtain the relation
7 (x) = O (x/logx), which will be proved (in a much simpler way) in § 5.
The merit of Brun’s method is that, while it does not profess to give
a final solution of, any problem, it is applicable, within its limits, to a
number of problems not amenable (at present) to the analytical methods
which are in general more powerful. It can be used to prove, for example,
that the number of primes in any interval of length @ >1 is less than
Azx/log x, where A is an absolute constant.? Another application is to
the proof of Schnirelmann’s thecorem that any positive integer n (~1)can
be expressed as a sum of not more than k primes, where k is some absolute
constant—an important contribution to the unsolved ‘Goldbach’s pro-
blem’ concerning the possibility of expressing any oven integer as a sum
of two primes.?

4. Chebyshev's functions § and . Itis convenient at this
point to intraduce Chebyshev’s auxiliary functions

D(x)= 2 logp, Yx)—= Z logp (x> 0),
p<r 7

pmr
where the second sum extends over every combination of a prime
p with a positive integer m for which p™ < x.
If we group together terms of ¢ (x) for which m has the same
value, we obtain

(4) P(@)= @)+ @)+ @)+ ...,

where the series on the right contains only a finite number of
non-zero terms, since 9 (y) = 0 when y < 2. If on the other hand
we group terms for which p has the same value (not exceeding ),
we obtain

- log x
@ =2 g eer

since the number of values of m associated with a given pis equal
to the number of positive integers m satisfying mlogp <logw,
and this is [log x/log p].

The behaviour of any one of the functions =, 9, ¢, for large z,
can be inferred from that of any other, in virtue of the following
theorem.

1 Brun 1; Rademacher 1.
2 Hardy and Littlewood 4, 69 (3).
3 Schnirelmann 1; Landau 10.



ELEMENTARY THEOREMS 13

Theorem 3. The three quotients
(6) m(@) %) @) i

z(logx)™’ =z ' x
have the same limits of indetermination when x — c0.
Let the upper limits (possibly + o) be A;, A,, A;, and the
lower limits X, , A,, Ay, respectively. By (4) and (5)
(@) <Y(x) < pgzi%logp = () log z,
whence A, < A;< A;. On the other hand, if 0 <a<1,2>1,
Y@)> I logp>{m(x)— m(x*)}log(z*); )
Tr<P<LT .
hence, since 7 (z%) < z%,
1 x
P (ﬂ%legf - 15015_ 9.
Keeping o fixed, let x—o00; since (log,c)/xl*"‘—>0‘, we deduce
that A, > «A,, whence A, > A, since « may be taken as near as
we please to 1. This combined with the previous inequalities
gives Ay = A;=-A;. And A may be replaced by A throughout
the argument.

A special consequence of Theorem 3 is that, if one of the
expressions (6) tends to a limit when z— o0, so do the others
and the limits are all equal. Thus the three relations

@)~ gy V@ ~E @,

the first of which is the ‘prime number theorem’, are equivalent.

It happens (as will appear more clearly in § 7) that, of the three
functions =, 9, ¢, the one which arises most naturally fromn the analytical
point of view is the one most remote from the origingl problem, namely .
For this reason it is usually most convenient to work in the first instance
with i, and to use Theorem 3 (or more precise relations corresponding to
the degree of approximation contemplated) to deduce results about .
This is a complication which secems inherent in the subject, and the
reader should familiarise himself at the outsct with the function ¢, which
is to be regarded as the fundamental one.

We note in passing a simple arithmetical interpretation of ¢ (x); it is,
for 2 >1, the logarithm of the lowest common multiple of all positive
integers not exceeding x.

5. The order of 7 (x). We now prove that 7 () is exactly
of order x/log x when z is large.
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Theorem 4. There exist positive constants a and A such that

m@) <A

(7) ¢ logz

x
logz <
Sfor all sufficiently large x.

Let A be the common upper limit, and A the common lower
limit, as x — 00, of the three expressions (6)

Consider the number

n+1)(n+2 2n

| yoOED @)
where 7 is a positive integer. This is an integer since it is a term
of the birfornial expansion of (1 + 1)2"; and it satisfies

(8) N <2< (2n+ 1) N,
since the expansion consists of 2n 4 1 positive terms of which
N is the greatest. Now N is divisible by all primes p in the
interval n <'p - 2n, and therefore by their product; for these
primes occur as factors in the numerator, but cannot divide any
factor in the denominator. It follows that

N> Il p.

nwp=n
This combined with the first of the inequalities (8) gives
2nlog2>logN > Z logp=9(2n)— %(n).

n<.p<2n
Putting n= 2! and summing from r = 1 to r = m, we deduce

9(2m) < E 2rlog 2 < 2m+l]og 2.
r=1

Hence, if © > 1 and m is the integer defined by 2m-1 < x < 2m,
P (x) <& (2m) < 2mHllog 2 < 4xlog 2,
whence A < 4log 2.
To obtain an inequality in the opposite sense we use the
familiar theorem that a prime p divides m! exactly

HReg

times.! Since N = (2n)!/(n!)?, it follows from this that

N= 11 p¥,
p<2n
! For the rth term m,=[m/p"] of this sum is the number of factors in the pro-
duct 1. 2.....m rvhich are divisible by p", and a factor which contains p exactly

7 times is counted just r times in the sum m, +m, +..., namely once for each of
the terms m,, my, ..., M.
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e [ e n (3

Each of the sums on the right may be stopped at the M ,th
term, where M, = [log (2n)/log p], since [y]= 0 when 0 <y < 1.

Hence My T ‘
S ((EE
r-1\LP P .
since [2y] — 2 [y] is always 0 or 1. But, by (5),
even — I pMp‘

p<L22n

Thus N |e#2m, whence, by the second of the inequaljties (8),
2nlog 2 —log (2n + 1) < log N << s (2n).
Hence, if 2 > 2 and n = [z], we have
J(x) > (2n)> (x— 2)log 2 — log (x + 1)
whence A > log 2.
The inequalities log2 <A< A<4log2 evidently imply the
result stated.

By a slight modification of the argument it is easy (o show that
log2-{ AL A< 2log2. But Chebyshevl, to whom Theorem 4 is due, had
a definite application in view—the proof of ‘ Bertrand’s postulate’ that,
if n > 6, there always exists a prime p satisfying Jn<p<n— 2—and
for this ho required the inequality A < 2A. This he secured by proving that

h<A<A<H,
EERLI
301

where h =log =0921..., H=%h=1-105....

Still narrower limits were obtained by subsequent writers?, but all
attempts to prove the prime number theorem (A=A =1) by these
methods were unsuccessful .? '

Theorem 2 is, of course, included in Theorem 4, and Theorem 1 also
is an easy deduction. For the inequality =(x)> ax/logx shows, first
that tho number of primes is infinite, and then that, for sufficiently
large n,

n = 7(p,) > ap,/l0g P, > p,¥;
thus ap, <nlogp, <2nlogn (n>n,),
and Xp,~! diverges by comparison with X (nlogn)=1

1 Chebyshev 8. .
? Sylvester 1, 2, 3; H, i, 87-95. See also Schur 1, 2; Breusch 1.
3 Cf. H, ii, 597-604.
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6. Euler's identity. We now introduce the fundamental
identity of the theoty of primes. This is a particular case of the
following theorem.!

Theorem 5. Let f(n) be a ‘multiplicative’ function of the
positive integra. variable n, i.e. one which is not identically 0 and
has the property that

(9) f(m) f(n) = f(mn)
whenever m and n are prime to one another. Then
10)  Ef0 =T )07 + )

provided that the series on the left is absolutely convergent, in which
case the product vs also absolutely convergent.

If f(n) is ‘completely multiplicative’, i.e. if (9) holds for all
m and n, co-prime or not, we can write

- . 1

(1) 2= )

We observe first that f(1) = 1; for f(n) f(1) = f(r) by (9), and
n may be chosen so that f(n)+0. Now consider the product

P(x):yl/lx{l+f(p)+f(p2)+...} (x> 2).

The number of factors is finite, and each is an absolutely con-
vergent series since X | f (n) | is convergent. Hence, by Cauchy’s
theorem on multiplication of series, we may ‘multiply out, and
arrange the terms of the formal product in any order as a simple
series, which will be absolutely convergent. By the multiplicative
property of f(n) and the fundamental theorem of arithmetic
that any n>1 can be expressed uniquely as a product of

prime factors, we obtain
P)=2f(n"),
where the summation is over all positive integers »’ having no
prime factor greater than z. Hence, if S is the sum of the series
on the left of (10),
Px)—S=-2Zf@»"),

1 Used (formally) in a number of special cases by Euler (1, Theorcma 8; 2,
Caput 15).
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where n’’ runs through all positive integers having at least one
prime factor greater than z. Since every n'’ must be greater
than z, it follows that

[P@) =S| =E[f")]< Z |[()].

When x - oo the expression on the right tends to 0, since X | f (n) |
is convergent; hence P (x)— S. This proves (10); the product is
absolutely convergent since

p%ﬁlf(p)—}-f(pz)—i—...l~‘<p§r{|f(p)[+!f(p2)l+“.}<n§2|f(n).l.
If (9) holds generally, then , .
L+f(p)+f(p)+ ... = 1+ f(p)+ (f(p)*+ 1“:}'(17),

the series being already known to be convergent; this gives (11).

7. Fundamental formulae. In Theorem 5 take f(n)==n8,
where s > 1. The conditions for (11) are satisfied and we obtain

(12) Zn““ nl—p - (s>1).

Supposing always that s> 1, we write

{(s)==2Xn"s.
1
Taking logarithms in (12) and expanding, we obtain
1
13 lo s—-Zlo 1—p8)= ,
(13) gl g X

where p runs through all primes and m through all positive
integers. By differentiation,

_Ue) _gplogp . logp.

Z(S) p 1=07° pom p™
This may be written as

{'(s) _ 5 A(n)
(1) RO

where A (n) is log p if n is a (positive) power of a prime p, and is
0 otherwise. These transformations are legitimate when s> 1,
since the double series have their terms positive, and the simple
series are uniformly convergent for s> 1+ 8, where § is any
fixed positive number.
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If x/t () is Chebyshev s function defined in § 4, we have
(15): @)= = logp= 3 A()
<

Thus ¢ () arises naturally out of the above formulae as the sum
of the first [z} coefficients ¢, in the expansion of — {'(s)/{(s)
as a ‘Dirichlet’s series’ X¢,n~%; or ¢ () is the ‘sum-function’ of
the coefficients of the ‘gencrating function’ (14). The function
similarly associated with log  (s) is

(16) l(x)= = -l—f_w(x)~i—%7r(x*)+}j7r(x*)+

pm .L‘

From (14) and (15) we can deduce

&(s) _ [“¢ (=) :
(17) o sjl Pide (s>1);
and from (13) and (16) that
(18) log{(s)zsfjg;g)dx (s>1).

The proofs depend on the following theorem, a convenient form
of the formula for ‘partial summation’ (Abel’s identity) which
will find numerous applications in the sequel.

Theorem A.! Let Ay, Ay, ... be a real sequence which increases
(tn the wide sense) and has the limit infinity, and let
Cx)= X ¢

AT

n?

where the c,, may be real or complex, and the notation indicates a
summation over the (finite) set of positive integers n for which
A, <. Then, of X > A and ¢ (x) has a continuous derivative, we
have

(19) £ ciph)=—[ C@ @det CX)$(X).
If, further, C (X) ¢ (X)—>0 as X — o0, then

o ()=~ | €@ ¢ @,

provided that either side is convergent.

1 Theorems which do not refer explicitly to primes, or to the special functions
associated with them, will be distinguished by letters instead of numbers.
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Denoting by S the left-hand side of (19), we have

CE$X) 5= 2 e, pX)-$M}= = ["o¢ @ds
An<X A <X JAn

X X
- J Z ¢, ¢ (x)de= J,\ C(x) ¢ (x)d,

A AnSZ
the desired result. The interchange of the order of summation
and integration presents no theoretical difficulty since only
finite ranges are involved; and the result is formally correct,
since the combined range of summation and integration ‘is
defined by A, <A, < < X.. This proves (19), and the second
formula follows on making X — oco. )

Note. We have assumed for simplicity that the suffixes in
), and ¢, run from 1 onwards. But it is sometimes convenient
to adopt a different starting-point (e.g. 0 or 2); it ¢s clear that
the formulae, suitably modified, are still valid.

Theoremm A may also be deduced directly from Abel’s identity.
Another proof is by partial integration in a Stieltjes integral; this is
perhaps the most fundamental point of view.

To deduce (17) (for example) from Theorem A, take
A,=n, c,=A(n), ¢(x)-:x3
and observe that, for fixed s >1,
C(X)¢(X)=¢(X)X*=0(X*log X)=0(1)
as X »>oo.

The above formulae are fundamental in all that follows. The
notations {(s), A (n), 1I (x), introduced in this section, will be
adhered to throughout. '

Theorem 1 evidently rests on the same principle as Euler’s identity,
and we may base the proof directly on this identity by making -1+ 0
in (12). Or we may simply take f(n) = 1/n in (10); for it is easily shown
that, when f(n) > 0, the copvergence of the product implies that of the
sories. A less obvious remark is that the formulae of § 5 are also connected

1 We use, in fact, the formula

s [Fh@a= [T s pe@ae

Ma<X o M oAy EX
where f,(x) is equal to 0 for < A, and to ¢, ¢’ (z) for x > A,.
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with Euler’s identity. In fact, the theorem on divisibility of factorials
which was used in the second part of the proof of Theorem 4 (and might
also have been used in the first part) is equivalent to

m m
(20) =11 plal B,
) p<m
or (on taking logarithms) to

mn 8 m L [m7,. -

¥ logn— ¥ [7 logp= = [P ]am)= = Ay

n=1 r<m LP n<m nyn,<m

and therefore asserts the equality of the sum of the first m coefficients

ory the left and right of the identity

L logn , Q(S) S A $ 1
v osn = = 3 Mox =,
n=¢ "’ £s) T s)” -4l - n=1 ™" p=179°

when the product on the right is expressed as a Dirichlet’s series X, n=*
The formal multiplication 1s legitimate when s>1, and the process of
‘equating coefticients’ is permissible for Dirichlet’s series as for power
series.! Thus (20) may be deduced from (14) and so from Euler’s identity.

8. We can now prove the theorem that, if = (x)/(x/log x) tends
to a limit when x—> oo, the limit must be 1. This will evidently
follow from

Theorem 6. We have
. X S x
when x—00.2

Write f(s)= — (' (8)/{(s), and let

Tm 2@ _ {A Tm (s— 1) f(s)— (A
Gim W0 = 0, T G l)f(s)~{x.
If A is not + 003, choose B> A. Then we have ¢ (z)/x < B

for all z > xy=z,(B), and we may choose z,> 1. We deduce,
by (17), that, for s> 1,

f(s)= Jllp )alyc<sj1 ¢( )dx—}—sj fsdx

x5+ o
SNRICEL A BT
so that (8—1)f(8)\8 (s—1)K + sB,

1 HR, Theorems 53 and 6.

2 Chebyshev %, 2, Theorem II (n = 1) (cf. H, i, 16).

3 We know of course from Theorem 4 that A is finite, but there is no need to use
this fact,
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where K = K (B, z,) = K (B). Making s— 1+ 0 we deduce that
A’ < B, and this, being true for every B> A, implies that A" <A.
And this inequality is trivial (with an obvious interpretation) if
Ais +co. We can prove similarly that A’ > A. Hence

(21) A<XN <A <A !
Now since z~¢ is a decreasing function of  (for ﬁxed s>1)

we have

@ dx dx

Jl x3<2 <1+J ey .
. 1 s
1.e. ;fl’ \€(8)<§—j’ 0 ®

hence (s—1){(s)—>1as s->1+ 0. And since (logz)/x® is a de-
creasing function of z for x > e (if s >1), we see in a similar way
that, when s > 1+ 0,

T SORP R R ERRTEY

[ ]
ns

1 (° 1
by the substitution a1 = e¥. Hence

(s—=1)f(s)=— ((:;11’)’);5 )( .

as s—>1+0, so that A== A’ = 1. This combined with (21) gives
A7 1 < A, which, by Theorem 3, is equivalent to the result stated.

Chebyshev went a good deal further in the same direction. His results
indicate that the most favourable valuc of B in Legendre’s formula
z/(loga -- B) is 1, and that the function lix (which he introduced in-
dependently of Gauss) is preferable, as an approxlmatlon to = (x), to
any rational function of  and log x. Stated preciscly, *his theorem on the
value of B, for example, is that, if the function B(x) defined by

(x) = T
mr) = logx — B(x)

tends to a limit when z— o, the limit must be 1.2 These results have
now been completed by the proof of the existence of the relevant limits.

They are easy deductions from the results of Chapter 111, § 12, pp. 65-66.

1 That is to say, K is a number depending in the first instance on B and z,,
and so ultimately only on B, since z, depends only on B; K is a ®onstant’ in the
sense that it is independent of the main variables x and s.

2 Chebyshev 1, 2, Theorem III; H, i, 140-150.
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9. We conclude this chapter with a number of interesting a%ymptotlc
formulae, due to Mertens, for sums and products involving prlmeb 1
The proofs depend on Chebyshev’s theorem 4 (z) = O (x) (which is equiva-
lent to the second inequality of Theorem 4), and on the fact, established
in the course of the proof of Theorem 6, that (s —1) {(s)>1ass—>1+0.

Theorem 7. When - ao

(22) 2 98P oot 0(1),
px P
(23) x Lotoglogz+ 40 (! )
. ez glog logx/’
: 1 e C
(24) . p]l (l»ﬁﬁ) logx

where B and C are constants, of which C is Euler’s constant.
By (20)

(25) * logm!= X ljm;]logp— [ :’A
pr<mlp n<m

By Stirling’s theorem, logm ! = mlogm -+ O (m) as m - o . The omission
of the square brackets on the right of (25) involves an error at most
#(m) =0 (m). Using these approximations and dividing through by m,
we obtain

> « A(n 1)

n<im

=logm + O (1),

and m may now bo replaced by a continuous variable x. This result is
equivalent to (22), since

v An) 5, log p L1 ) log p
by <3 = lo <z_~_.~_
wee M pea B } pee\p? T P BP= -1y

the last series being convergent.
Next, writing

A@)- T 8P v o Ba-x L_ sz,

pasz Pa PnCr pn<z Pn -—]’)ngz
we have, for x> 2, oo .
(u z
B(r)= T = [ du ,
) pn<xl°8 Pn u (log u)? fogx

by Theorem A. By (22), A(z)=logx + 7 (), where |7 (x)]is less than a
constant K for all x >2. Hence

z r(u)du r(x)
(=) f ulogu f u(logu)2+1+logx
(26) =loglogx + B + R (x),

1 Mertens 1; see also Hardy 2.
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where B is a certain constant, and
__l_/“’ r(w)du  r(x) {°° Kdu K 2K
E@1=1= |, iTogwr * Toge | </, w(ogup + logs = Toks’
for x> 2. This proves (23).

We shall now determine B by investigating in two ways the behaviour
of g(s) = Zp~s when s > 1+ 0. On the one hand we haVe, for s -1,

9(5) = Sbyp, =t = (s — 1) 7 B@)asa,
1 2

by Theorem A, since B (X)X %0 as X - . Substituting from (26)
we obtain

® loglogz ©°B © R(x) .
g(s)z(S—l)[z —g%T—dac-i-(s—l)/2 :;bdx+(3"]) \ ?—dfv
= Il+Ig+I3, *’

say. Since

R(z)=0(1/logx)=0(1),
we have | R (x)| < € for all z > 2y = 2, (¢) (> 2). Hence

xo
| I,] <(s—l)/ | R(z)| de + €< 2¢
2

for 1 <s<s;:=8(e, @) = 85(€); thus I,—~0 as s—>1+0. In I, and I,
we replace the lower limit of integration by 1; this involves an error
o(1). We then make the substitution 251 - e? in I,. We thus obtain

o0 ’l/
g(s):/ e‘ylogs' ldy+B-}-o(l)
0 _

(27) =—C-log(s—1)+ B+ o(1)
when s—1 + 0, where C is Tluler’s constant!, On the other hand, by (13),

log (s~ 1) +g.(s) = log (s = D {(a)} + = {log (1- )+ i
»

ps p3
1\ 1
28 ] }:{10 (1-——) x~}
(28) *,, g #) 5

as s—>1+4 0, since (s—1)f(s)->1 and the series on the right is uni-
formly convergent for s>1 (by comparison with £ p-2). Comparing
(27) and (28) we deduce .

B=C+2{1og<1——l—)+!}.
» P P

Substituting for B into (23) and transposing, we obtain
1 1 1 1
b -——E{lo ( _ )+~}=lo lo w+C+O< ------- )
p<eP p g\} P P g8
1 The formula
[c]
[ e Vlogydy=-C
Jo

may be obtained from Euler’s integral for I'(z) by diﬂerel.xtiating (under the
integral sign) and putting z=1,
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In the second sum on the left we may replace the infinite range of
summation by the finite range p <C x, with an error

o(28)-0(2) 00
p>zP” n>g M £
We thus obtain

- X lo (1- l) =loglogx + C + O (-1_.)
pez O\ P e logz)’

A Y (| ( .
o 1 (1=5) g o) = G {140 (g
which implies (24).
The relation (24) is important as showing that various ‘probability’
arguments.which have been put forward tentatively from time to time
lead to results which are certainly false.!

! Hardy and Littlewood 4, 32-37.



CHAPTER II
THE PRIME NUMBER THEOREM

1. The Riemann zeta-function.’ In this chapter our aim
is to prove the prime number theorem, and for this we must
study Riemann’s function

|

(1) JORSF o
as a function of the complex variable s. We shall confine our-
selves here to such properties as are required for the immediate
application, reserving for the next chapter the systematic theory
of the zeta-function.

We write §=o- 1,
and define ¢ generally, for x> 0, as exp(slogx), where logz
has its real determination. Then |n*|=n° and the scries (1)
is uniformly convergent (by Weierstrass’s test) for o> 1+,
where § is any fixed positive number. Hence {(s) is regular in
the half-plane o> 1, and its derivatives may be calculated by
term-by-term differentiation.

The formulae of Chapter I, § 7 (pp. 17-20) hold throughout
the half-plane ¢ > 1. For the formal transformations evidently
retain their validity, and for the theoretical justification it is
sufficient to observe that the various series are majorised by the
same series with o in place of s. The branch of log { (s) to be taken
in (13) and (18) is the onc which is real on the real axis. The

1 By Weicrstrass’s classical theorem on uniformly convorgent sequences, f, (s),
of regular functions. We shall have occasion to use also the analogous theorem

for fy(s), where X is a continuous variable. In the next section, for example, we

are concerned with
0 () . _ X (x)
f() =~, L & 1 ’1":;_‘\!‘_';100[\ (s) f(s) "‘fl 28+1 dr,

where (x) =x —[x]. In this and'similar cases tho regularity of fy (s) (for fixed X) in
the whole s-plane may be established by expanding the integrand in powers of s
and integrating term-by-term, or may be inferred from general theorems. Either
argument shows that the derivatives of f, (s) may be obtained by differentiation
under the integral sign; the same is therefore true, by Weiersaass’s theorem, of
f(s) in a domain of uniform convergence. We often (as here) have to apply the
theorems to a smaller domain than the one in which we are ultimately interested.
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function {(s) does not vanish in o> 1, since Euler’s product
(&) =T (1—p=9)1is convergent and no factor vanishes; thus
log £ (s) has no singularities in ¢ > 1.

2. Analytic continuation. So far { (8) is defined only in
the half-plane > 1, and we must consider the question of its
analytic continuation. For the present we content ourselves with
the following special result. '

Theorem 8. The function { (s), defined for o > 1 by (1), admits
of emalytic continuation over the half-plane o > 0, as a single-valued
function having as its only singularity in this half-plane a simple
pole with reésidue 1 at s-- 1.

By Theorem A (p. 18), with A, =7, ¢, = 1, ¢ (x) == 2=,
X
x ! =3J »[@]rdx-FLXf]

. n<x 1 1 @oHL Xs2
if X > 1. Writing [2] =2 — (), so that 0 < (z) < 1, we obtain
1 8 8 X (x 1 X
@ Z i e, et -
Since | 1/X#-1| = 1/X°-1and | (X)/X*| < 1/X°, we deduce, making
-0,
®) (0=, =" Da,
§—1 1 2ot

if o> 1. Since | (2)/2*+!| < 1/2°+1, the last integral is uniformly
convergent for o> §, where § is any fixed positive number, and
therefore represents a regular function of s in ¢ > 0 (p. 25, foot-
note). This proves the theorem, the equation (3) providing the
continuation of  (s) over the half-plane ¢ > 0.

3. Inany fixedshalf-plane o > 14 8 > 1, {(s)is bounded, since
| L(s)| <&(o) <L{(1+8). The formulae of § 2 can be made to
give important information about the order of magnitude of
| £(s)] in the neighbourhood of the line o = 1 and to the left of
it. We are primarily interested in points s = o+ ti with large
|t|, and we may confine ourselves to the upper half-plane ¢ > 0,
since £ (o + ti) and { (o — #i) are conjugate complex numbers, as
appears from equation (3).

Here and th all that follows we shall use the letter 4 (and
sometimes a), with or without distinguishing mark, to denote a
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positive absolute constant whose value we leave unspecified.
We shall denote by 4 («,B,...) a positive number depending
on the parameters «, 8, ... shown explicitly and on no others.
Finally we use the recognised extensions of the O-notation to
functions involving parameters; thus we say that f (o, ) = O (19),
uniformly in a stated range of o, as t >0, if |f(a, t)| < Kt°
forallt > #,and all o in the range, where K and ¢, are independent
of both ¢ and o.

Theorem 9. We have

(4) [L(s)| < Alogt (6>1,t>2),
(5) [ £ (s)]| < Alog?t (0>1,1>2),
(6) [L(s)| <A@)e-? (6>8,t>1),
if0<d<1.
By (2) and (3) we have, fore>0,t>1, X > 1
1 1 (X) (x)dar
@ C(s)——nz‘xﬁs @—__1')—)(3—1“L X SJ P
Hence
1 dx
[L@l< B ok ot yot Is1 [ o
1 1 0N 1
<n§xwixfr—l+fo+(l+;>xe’

since 8| <o+t Ifo>1,

1 1 L+t t
IC(S)I<n§ — 4 +X+X < (log X+ 1)+ 3+ %,

since ¢ > 1, X > 1. Taking X = ¢ we obtain (4).
If 0 >, where 0 <n <1, ,

1 1 t\ 1
[ (s |< Z ——+tX,,,1+<2+ )X,,

[Xl dx  X1-m Xl— . 3t
J, @+ Xn e s i

Taking X = ¢, as before, we deduce

_ 1 3
(8) |§(s)]<t1ﬂ<1‘_-;’+1+;)_> (o>n,t>1),
which implies (6).
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The inequality (5) may be deduced in a similar way from the
formula,resulting from the differentiation of (7). Or we may
argue as follows. Let s, g,+ t,¢ be any point in the region
a>1, t>2, and C a circle with centre s, and radius p<1.

.
Then . |§’(3)I:t 1 J‘ C(s)ds‘i(\{{l_l
0 brilo(s—s8)21  p’
where M is the maximum of | {(s)| on C. Now o> 0y—p>1—p
and 1 << 2¢; at all points s on C. Hence by (8)
- 1 3 10¢,P
M < (2t0)P< + 14 = ) < 7,
. P I—p P
since p<1-—"p <1, 2/ <2, Hence
[ L' (89) | < 10¢,°/p2.
Take p = 1/(logt, + 2). Then ¢, = ¢*'°%% < ¢, s0 that
. | ' (o) | = 10e (log £y + 2)2.

This implies (5) since s, is any point in o> 1, ¢ > 2.

The inequalities (4), (5), (6) make no claim to be the bost possible
of their kind, and a similar remark applies to other inequalitics involving
{(s) which will be obtained in the course of this tract. Further refine-
ments of the inequalities for £ (s) are of little importance in the theory
of primes, since they are lost in the passage from {(s) to the logarithm
or logarithmic derivative, the funetions which bear directly on the
theory of primes. But the problem of the true order of {(o+ /) as
a function of ¢ is one of the most important in the pure theory of (s).
Tt is also one of the most difficult, and its solution is very far from
complete.l

4. Zeros. In the application of {(s) to the theory of primes
it is natural to expect that zeros of {(s) will play an important
part, since these are singularities of the fundamental functions
log{(s) and — Z'(5)/{(s). Euler’s product {(s)= II(1— p—)-1
shows (as we remarked in § 1) that there are no zeros in the half-
plane o> 1, but it gives no direct information about points not
belonging to this domain. We must first establish the following
theorem.

Theorem 10. {(s) has no zeros on the line o = 1. Further
1

(9) )= O {(log t)},

uniformly for ¢ 1, as t-oo.
1 See T, Chapters I, V, VI.
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We base the proof on the elementary inequality
(10) 3+ 4cos 0+ cos26 >0, ’

which holds for all real 6, since the left-hand side is 2 (1 + cos 6)2.
By equation (13), p. 17, we have, for e > 1,

log | (o + t2) |~‘R 2. c,n 0t = iSS cnn*"cos('tlogn),

n=2

where ¢, is 1/m if n is the mth power of a prime, and 0 otherwise.
Hence!

log | 3 (o) £* (o + ti) { (o + 2t7) | o
= X¢,n? {3+ 4cos (tlogn) + cos (2 l(‘)g n)} >0
by (10), since ¢, > 0. Thus
(11) {(o—1) }*gafﬂllz (o + 265) | > 'EI (o> 1).

This shows that the point 1+t (¢ =2 0) cannot be a zero of
£(s). For, if it were, then, since {(s) is regular at the points
1+t and 14 2¢2, and has a simple pole (with residue 1) at the
point 1, the left-hand side would tend to a finite limit (viz.
|&(1+ ) |4 {(1+ 2t2)|), and the right-hand side to infinity,
when o — 1+ 0. This proves the first part of the theorem.

In proving the second part we may suppose 1 < o < 2, since

IUUﬁl:lH(L—p*H<IH1+pﬁﬂ<C®%<H%
when ¢ > 2. If 1 <0< 2,¢{> 2, then by (11)
(@=1P<{(0=1) (@) | L(o+t)[*|L(o+ 265) |
<AP. | L(o+ti) ]2 4,log (24),
by (4). Hence (since log (2t) < log ¢ = 2log t)

—1)t
(12) |Ca+n|/Au%”

(the inequality being trivial for o = 1). Now let 1 < 1 < 2. Then
ifl<o<n,t>2,

|G+t =L tti)|=|['C et ti)du | < AiJoget.(a—1)

1<0<K2,t>2)

1 (s) is the nth power, f(*) (s) the ath derivative, of f (s).
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by (5). Hence
v Lo+t [ | L+ )| — Ay (n—1) (logt)?
o A Ay~ 1) (log?
. Ay (logt)t 4
by (12). The last inequality holds also, in virtue of (12), for
N<o<2, t>2; it is therefore true for 1 <o<2, t>2. Now
choose n =7 (t) so that
(7) —'71)1 Y’ . 2

- A, (log )t~ 24, (n—1) (logt)?,

i.e. ) . ‘77 = 1 ‘i’ (2A3A4)—4 (log t)_g,

assuming ¢ large enough (say ¢ > ty) to ensure that n < 2. Then
| {0+ &) [ > Ay (n— 1) (logt)* = A; (logt)~7
for 1-.0<2,t>1t,. This proves (9) (with 4= 7).

The inequuli.ty (10) is only one cxample of an infinite number of

incqualitics of the type

Co+ € €080 - .o ¢, cosmb >0,
which might be used for the same purpose. The essential requirements
are that the coefticients ¢ should be positive and that ¢; > ¢,. Another
example is 5+ 8cos 8-+ 4cos20 +cos3b. : 0.

The proof which we have given (of the first part of Theorom 10)
is, in essentials, that of Hadamard.! A quite ditferent proof was given
by do la Vallée Poussin?; his proof is more elaboratc and demands a inuch
more profound knowledge of the properties of {(s).

5. Fundamental formula. Having established the requisite
properties of {(s) we now seek to deduce from them a pro-
perty of i (z). The fundamental relation [(17), p. 18] between
these two functions expresses f(s)= — {'(s)/{(s) in terms of
J (x). For our present purpose it is evidently desirable to have
a relation in the opposite sense—one expressing s (x) in terms
of f(s). The direct discussion of s (x) introduces, however, deli-
cate questions of convergence, and to avoid these we shall work
in the first instance with the function

£ T

(13) @)= [p@du~[ Y@ du= 3 @=m)A.

(The identity ¢f the last two expressions is a simple consequence

1 Hadamard 3. See also Mertens 2; H, i, 242-258.
2 De la Vallée Poussin 1.
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of Theorem A, p. 18.) The transition from i, (z) to ¢ (x) will
be found to be a comparatively simple matter. We shall first
prove the fundamental formula

fc+ool +1
W9 h@ =g [ e o) e oes,

where the path of integration is the straight line o = ¢. The proof
is based on

Theorem B. If k s a positive integer, ¢ > 0, y > 0, then

1 Jc+ooi ysds Y (y )

T R A ) k
20 Jowi S(8+ 1) i (84 k) lj!(l" ;) (W 1).

The integral is absolutely convergent, since the integrand has
modulus less than y¢ | £|~*~1 on the line of integratien, and £ > 0.
Denote by J the infinite integral and by J, the integral from
¢— Tv to ¢+ 1% (cach with the factor 1/277). We use Cauchy's
theorem of residues to replace the line of integration in J, by an
arc of the circle ¢ having its centre at s — 0 and passing through
the points s=c4 1. lfy>1, we use the arc C, which lies to
the left of the line o = ¢, assuming 7' so large that R> 2k, where
R is the radius of C. This gives

(15) Jo=8+J(C)),
where S is the sum of the residues of the integrand at its poles
§=0, —1, ..., —k, and J(C)) is the integral along C,. Now

on C; we have o <¢, and s0 | y*| = y” < y*, since y > 1; also
|s+n|>R—k>%iR (n=0,1, ..., k).
It follows that ’

k+1 k+1
1T(C)] <5 omR= Y 2y

¥
(Y Ry RE S Tk
Hence, by (15), JT—>S as T'—oo; thus J = S. But
§= 3 = (L
rmo (=177l (E—r)1 ™ ’

which proves the theorem when y >1. The proof is similar in
the case y <1, except that the right-hand arc C of C is used
and no poles are passed over.
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To deduce (14) we have, for > 0,

(@) _ " _ % Am) [eret (@/n)
e T (l 5—5>A(n)—n§l 727”:“]0—@{8(84"1)
if ¢> 0, by Theorem B. If ¢> 1, the order of summation and
integration may be interchanged since
crol A (n)(x/n e L Am) (¢ dt

%JC_MF s(s 1) d ; xCZ.—hCﬂJ—wCz_th
is finite.! Hence
\x/ll(x):;k},.‘l‘w‘%i ixs » }Uf (n)d

21 8

x

x n<r

e—wi S8+ 1) =y nt

5. sl Zz((:)) ) ds,

which is equivalent to (14).

If we integrbte by parts in (17), p. 18, we obtain
. 1 L (s) 4 ()
(16) S(H.l)( C(a)> ]0 ;\H dw (e>1)

(since ¢y (x) - 0 for @ < 2). Equations (14) and (16) may be regarded as
an instance of Mellin’s inversion formula; or by a change of variable they
may bo exhibited as a pair of reciprocal formulae of the type occurring
in the theory of ‘Fourier transforms’, and either may be deduced from
the other by general theorems. These formulac are special cases of general
formulae in the theory of Dirichlet’s series, valid under much wider
conditions.?

6. We are now in a position to obtain an asymptotic formula
for ¢, (x). This is the crucial step in the proof of the prime
number theorem.

Theorem 11. We have
. Py () ~2?

when x> c0.

! The inversion depends on the general principle (to which we shall constantly
appeal) that, if S, and T, denote summations or integrations with respect to the
variables mdlcatcd then STy f (2,y) = Ty S, ] ( v, ),

provided that one side is finmite when f is replaced by | f], and that appropriate
integrability conditions (always fulfilled in our applications) are satisfiecd when
integrals are involved. For the special case f>0 see de la Vallée Poussin’s Cours
d’ Analyse (4th or 5th ed.), ii, §§ 14, 17. The general case may be reduced to this by
the famihar devie of writing f= 1w+ vi, u=1u; - uy, |u|=2u, + uy, v="1v,~ v,
| v| = v, + v, and applying the special case to u,, u,, vy, v, separately.

2 HR, Theorems 13, 24, 29, 39, 40.
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Suppose throughout x> 1. By (14)
(17) (@) j g (s) w1 ds,
(¢)

a,z
where ¢ > 1, (¢) denotes the line o = ¢, and )
1 1 ' (s) d 1 3 1
70)= 35 ;(s"+‘r)-( r )= "2 5wy L@ -

By Theorems 8, 9, 10, g (s) isregularin ¢ > 1, except at s :- 1, and

lg(s)| <A;.[t|2.A,(log|t])?. A5 (log | ]) .
(18) <|t|-t (@>1, |t]>1,). o
Take e> 0, and let L= L(e) be N
the infinite broken line
Ly+ Ly + Ly+ Ly + Ly a+Ti 1+T:
shown in the figure, where 7' 17 (¢) RZ
is chosen so that
(19) Jw lg (14 t) | di <e,
and then o= o (7") = o (e )(0< a<1) L,
so that the rectangle a-1o-21, ’ ‘
— T -2t < T contains no zero of L(s). 0 o T

The first choice is possible by (18),
and the second because { (s) has no
zeros on the line o= 1 (by Theorem
10) and (as a regular function) at
most a finite number in the region
1o 1, =T<t<T. Applying
Cauchy’s theorem to (17), we obtain
(20)

o o-Ti! L, 1-Ti

say, the term } arising from the pole Fig. 1

at s =1 (at which point £’ (s)/{(s), as the logarithmic derivative
of a function having a pole of order 1, has a simple pole with
residue — 1). For by our choice of L the integrand is regular
between and on the lines (c) and L (except at s=1), and, if

1PN 3
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we first integrate round a closed contour bounded by portions
of (¢c) and L and by segments of the lines ¢= + U, where
U > Max (t,, T'), the integrals along the latter segments are

in absolute value
n

<(c—1) Max |g (o4 Ui)| 21 < (c—1) U 3ae2
1<o<e

by (18), and therefore tend to 0 when U —co; (18) shows also
that J is absolutely convergent.

Write J = Jy+ J, + J34- J4+ J5, where J, ..., J are the in-
tegrals along L, ..., Ly respcctlvely Since g (s ) x¢~1 takes con-
jugate values for conjugate values of s,

lJ1|=leILng(Ithi)x“dt <F|g(1+ti)|dt<e
T T
by (19). Also (since x> 1)
1 . | ' M
— 1 o171 :g_ / og—1 - .
[ o] = |yl = J g(o+ Tz do| ‘]lIJax dc\logx’
| S| << Ma-1. 27,

where M = M (T, «) = M () is the maximum of |g(s)| on the
finite segments L,, L;, L,. Hence, by (20),

[5)
[fhg) 1[___ | ey 2L 2T o

loge = al~©
for all x> xy=uy(e, T, 00, M)=xy(¢). This proves the desired
result, that  (x)/2?—> } as x—o0.

Our object in moving the line of integration to the left is, of course,
to make |@*~1| == x"! as small as possible on the new contour; but
limitations are imposed by the possibility of encountering singularities
of the integrand arising from zeros of {(s). There is an alternative proof
in which no part of the new line of integration lies to the left of the
line ¢ = 1. We have in fact, by (14) and Theorem B (with a change of
variable s = 8’ + 1),

Yy (x) 1 1\ 1 xs1 L’ (s) 1 1 _
Tt 6(1‘5)' :z';if<c);<§:1')(“;"’(s)‘s_1>d*’ pr) RAOEE

say, if x> 1, ¢>1. We move the path of integration to the left as
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before, but in this case we may take the line o =1 as the new path,
since & (s) is regular at s = 1. Hence

fﬁ,llf)_l(_lz_iw ;) bti
(21) 2 =5 (1 x) = 9| Bt ettar,

where ¢ =logx. Since " )
/ | A (1 4 ti) | dt
J—w ’

is convergent, it follows from a simple extension of the ‘Riemann-
Lebesgue thecorem’ in the theory of Fourier series that the integral on
the right of (21) tends to 0 when £— o . This proves the theorem.

7. We have now to deduce from Theorem 11 the corresponding
relation for s (2). The deduction is based on ’-

Theorem C. Letc,,c,, ... be a given sequence of numbers, and

let
ca
C)= X ¢,, O J Cw)du= % (x+n)c,.
n<r 0 n<xr

If c, >0 (n=1, 2, ...), and C;(x)~Ca" (as x->0), where C
and ¢ are positive constants, then C (x)~ Ceca®1.

(The identity of the two expressions for C,(z) is, again, a
consequence of Theorem A.)

Let 0 <o <1< B. Since ¢, > 0, C (u) is an increasing function
(in the wide sense); hence, for > 0,

Cw) gy | Cluydu= % (fﬁx o,
C)_ 1 1(Bx) 5, Oy (ﬂ”)
2 p (a0,

Let x — 00, keeping B fixed ; then,since (y)/yc—a» C when y - o0,
’O(x)< (vBc"'l *

lim B

By considering the interval (ax, 2) we prove similarly that
. C(x) 1 —af
lim o1 >01_a.

By taking « and B near enough to 1 we can make the two ex-
pressions on the right as near as we please to Cc (the derivative
of Cac for x=1). Hence .

lim'C (x)/2*~1 = lim C (x)/2*~1 = Ce.
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The inference from ‘C (x) ~ Ceaxt=1’ to *C, (x) ~ Cat’ is, of course, valid
(and almost trivial) without the rvstrictlon ¢, > 0. That the converse is
not true unconditionally may be scen from the examplec, = 1 + (— 1)®n.
For some general observations on Theorem C, sce § 10 below.

8. The prifne number theorem. The proof of the prime
number thcorem now corsists merely in assemblmg the results
of the preceding theorems.

Theorem 12. We have

- (@) ~
when & — 0.

By Theorem 11, 4, (x) ~ }2% Since A (n) > 0, it follows from
Theorem C that i (x) ~2. This, by Theorem 3, is equivalent to
() ~z/log .

x
logx

For the nta prime p, , Theorem 12 gives the following result.

Theorem 13. We have

Pp~n 10g n
when n->c0.

For, if y =- = (x), then, when 2 — o0,

(22) ylogz
x
so that logy + loglog 2 — log 2 0.
Hence log Y.,
log x
This combined with (22) gives
ylogy
x

whence the result follows on taking @ = p,,, since = (p,) = n

Conversely, Theorem 12 can be deduced from Theorem 13, so that
the two theorems are equivalent. For suppose Theorem 13 true,
and let n=n(z) be defined by p,<la-<p,.;. Then p,~nlogn and
Pupr~ (n+ L)log(n -+ 1)~ nlogn when w0, whence it follows that
x~nlogn, or x~ylogy, since y = m(x)=n. From this we deduce, as
above, that logz~logy, and thence that y~ z/logz.

9. The above proof of the prime number theorem is based
on the fact that {(s) has no zeros on the line o=1, and it is
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natural to ask whether the truth of the theorem depends essen-
tially on this property of [ (s). We shall show that this is so, by
proving that the property in question can be deduced at once
from the prime number theorem, if we take as known the proper-
ties of { (s) embodied in Theorem 3.

By equation (17), p. 18, we have, far o> 1, .
“Pe)—w 1 (s) 1
[ R RLL!

say; ¢(s) is regular in o> 0 except (possibly) for simple poles
at zeros of {(s). Now suppose the prime number theorem true,
i.c. () =2+ o(x). Then, given € > 0, we have | (¥f— x| <ex
for « = 2y =z, () (> 1). Hence, for o> 1,

6 (s) <J:0[l/j7(xx)2—:x'dx+_ Lao ;odx< K-}—O €

-1
where K - K (2,) = K (¢). Thus
[(e—1)p(o+t)| <K(o—1)+e<2e
for 1 < o < gy= 0, (¢, K) = 0, (¢). Hence, for any fixed ¢,
(c—=1)$(o+ t2)—>0
as o1+ 0. This shows that the point 1+ ¢z cannot be a zero
of {(s), for in that case (o —1)¢ (o + ¢) would tend to a limit
different from 0, namely the residue of ¢(s) at the simple pole
1+t

10. As we stated in the Introduction a ‘real variable’ proof of the
prime number theorem, that is to say a proof not involving explicitly
or implicitly tho notion of an analytic function of a complex variable, has
never been discovered, and we can now understand why this should be
s0. For the preceding discussion shows that the thcorem is inseparably
bound up with the behaviour of {(s) on the whole of the line o = 1.

The argument used in the proof of Theorem 6 will prove generally
that, if

a‘) C, 8] '
f(s)=§147{§, (s>1), C(x):n):xcn’

then e )
(23) ‘O(a)fr—>C" implies ‘(s —1)f(s)>C"

(when z— o and s— 1 + 0 respectively). If the converse of this were
true, the prime number theorem would follow at.once on taking
¢,=A(n). But the converse is false, and the discussion of § 9 helps us
to construct an example to show this. We have only to take an f(s)
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with properties rather like those of — ' (s8)/Z(s) but having singularties
at points of the line ¢ = 1 other than s =1, for example

. R s (1 R
(4 f(6) = L)+ 30— i)+ (o) - 5 LEcosflogn) S,
In this case (s—1)f(s)>1 when s—1+ 0. But, as f(s) has poles at
§=1+1, the argument of § 9 shows that C(z)/x cannot tend to 1
(nor therefore, by (23), to any limit at all) when # > o . And, indeed, it
is easily verified directly (e.g. by Theorem A) that

v _ X . _r
C(x)==x +\/2 cos<logx 4) + o ().

Our theorems and their mutual relationships arc best looked at from
the polnt of view of ‘ Abelian’ and ‘Tauberian’ theorems. The inference
from ‘¢’ () ~ Cex®1" to *Cy (x)~ Ca’ in § 7 (p. 36) is an Abelian theorem
—uan inference, of general validity, from the behaviour of a funetion to
that of an average; Theorem C, a ‘converse’ valid only in virtue of a
definite restriction on the function averaged, is a Tauberian theorem.
By using other Tauberian theorems instead of Theorem C, and working
with the appropriate auxiliary functions in place of Yy (), wo can give
to the above proof of the prime numbeor theorem a great variety of forms
without change of principle.?

Another example of an Abelian theorem is provided by (23), f(s) being
expressed as an average of (7 (z) by the formula analogous to (17), p- 18.
The converse of this is, however, not true even with the restriction
¢p <> 0, as the example (24) shows. There aro indeed Tauberian theorems
for Dirichlet’s series and power series with positive cocfficients (due to
Hardy and Littlewood), which may be adopted as a basis for a proof of
the prime number theorem. But these theorems have to be applied to
the auxiliary function A (n)z"(0--z- 1), whose behaviour is investi-
gated by complex variable methods?; applied directly to LA (n)n~* they
yield only a proof of tho relation

X A-(7—"-)~ logz,
n<r

already obtained in an clementary way in Chapter I (Theorem 7).

11. The investigations of this chapter establish a mutual relationship
between the prime number theorem and the theorem that {(s) has no
zeros on the line ¢ = 1. But we cannot infer from them the equivalence

! The proof given in the text is a slight modification of one due to Landau.
For other proofs see H, BC, and the references theré given.

* Hardy and Littlewood 1, 2 (127-134). This proof has now been placed on a
more elementary basis through the discovery by Karamata (1) of a simple proof
of the relevant Tauberian theorem. In principle Karamata’s proof is similar to
the proof of the fundamental thcorem of Wiener's gencral Tauberian theory
referred to in § 11, but the particular case happens to admit of special treatment
in a remarkably simple way (cf. Wiener 2 (51)).
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»

in any sense of these two propositions, since we have used in our proof
of the prime number theorem a subsidiary theorem on the order of
magnitude of {'(3)/{(s). This defect has been removed by N. Wiener,
who has succeeded in proving the prime number theorem without using
(in addition to Theorem 8) any property of {(s) beyond that of having
no zeros on the line ¢ =1. Wiener’s work on this subjtet is an applica-
tion of his general theory of Tauborian theorems.!
. .

12. The fact that the prine number theorem cannot at present be
proved by real variable methods has given rise to a convenient classi
fication of theorems according to their ‘depth’. We call a theoren
‘clementary’ or ‘transcendental’ according as it can or cannot be proyec
without the theory of functions of a complex variable; and two theorem
are called ‘equivalent’ if they can be derived from one, another b;
‘elementary’ methods.

One of the most striking instances of ‘cquivalent’ theorems arises out
of the cquation

A g 1 1 1 1 1 1 1 1 1 1

e T I I i B (R TRl T R VPSR Rk
given by Kuler in 1748.2 The terms are the reciproeals of the ‘square-
free’ numbers ¢ (positive integers containing no repeated primo factor)
preceded by the sign + or — according as ¢ has an even or an odd
number of prime factors; in modern notation the equation is equivalent
to Lp(n)/n =0, where p(n) is Mobius’s function. Euler’s purely formal
argument, which amounts cffectively to saying that the right-hand side is

(L= p™) - 12(1) = 1 - 0,
can be modified (by introducing a variable s and making s-~1 - 0)
and made to show that the series, if convergent, must have the sum 0.
But the convergence of the scries was first established by von Mangoldt
in 1897, and his proof was based on the detailed theory of { (s).3
Tt is now known that the convergence of this series is ‘equivalent’ to
the prime number theorem.* Thus Euler’s equation (25), if interpreted
as implying the convergence of the series on the right, is a ‘transcen-

! Wiener 1,2. Wiener's original discussion was based on a Tauberian theorem for
Lambert’s scries, of which the prime number theorem was already known to be
a comparatively simple consequence. This theorem and its relation to the theory
of numbers were first investigated by Hardy and Littlewood (3), but their proof
does not provide a proof of the prime number theorem, since it depends explicitly
on a theorem a little deeper than the prime number theorem itself. Wiener’s con-
tribution consisted in obtaining an independent proof of the Tauberian theorem
for Lambert’s series, the proof that the conditions of his general theorem are
satisfied 1n this case being based on the fact that £ (1 + &) + 0 for real £. Alterna-
tive proofs of the prime number theorem depending on Wiener’s theory but not
using Lambert’s scries were subsequently found by Ikehara (1) and by Wiener
himself (2). Py

2 Euler 2, § 227, Exemplum 1. 8 von Mangoldt 3; H, ii, 567-616.

4 Landau, 3.
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dental’ theorem It is interesting to note that, although the series is
the formal expansion of IT(1— p~1), it is an ‘elementary’ theorem that
the product of the first n factors of the infinite product tends to 0 as
n - o (Theorem 1), but a ‘transcendental’ theorem that the sum of the
first n terms of the series tends to a limit.
The distinction between ‘clementary’ and ‘transcendental’ is, of
course, relative to the existing state of knowledge, and is in any case
rather indefinite, sineo an ardument which malkes no explicit mention of
analytic functions may nevertheless involvo closely related ideas. Thus
Wiener’s theory referred to in § 11 enables us to deduce the prime number
theorem from the properties of ¢(s) without direct appeal to complex
variable theory. But Wiener’s work is based on the theory of Fourier
transforms, a theory of about the same degreo of sophistication as the
theory of functions of a complex variable, and not unrelated to it; and
for this reason Wiener himself does not regard his theory as strictly ‘ele-
mentary’ in the sense explained above.



CHAPTER III
FURTHER THEORY OF {(s). APPLICATIONS

1. In this chapter we shall develop t¢he theory of{(s) syste-
matically, and apply our results to the further study of i (x)
and = (z).

2. Analytic continuation and functional equation. Wge
resume the question of analytic continuation, and we now seek
to determine the whole domain of existence of { (s). Oae method
is to extend the domain step by step by repeated partial integra-
tions in the formula (3), p. 26, or, what is effectively equivalent,
by the application of the Euler-Maclaurin sum-formula. But
we prefer to adopt other methods, which have tht advantage
of leading naturally to an important functional relation con-
necting { (s) with { (1 — s).

Theorem 14. The function {(s), defined by {(s) = Zn~* when
o> 1, exists as a single-valued analytic function, having as its
only singularity in the finite part of the plane a simple pole at s = 1,
with residue 1.

Further, { (s) satisfies the functional equation

(1) {(1—s8)=2(2m)*cosimsT (s){(s).

o0

Since I'(s) = { yleVdy = n“/ s-lemnedy (0>0,n>0),
1o 0
we have, for o> 1,

w0 o © sl
J dx,

(2) T(s)L(s)=2T (s)n*= LJ wlemrde—|
1 1Jo c Joef—1
on inverting summation and integration, and summing the geo-
metric series. The inversion is legitimate (p. 32, footnote !), since

§:J°° | 25112 | dap — ir 2o-len2dg — 2T (o) =2 = T (o) { (o)
0 1J0 1

1
is finite.
Now consider the integral
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taken along the (infinite) contour C'= C, + C,+ C; in Fig. 2,
where ¢ < 27, and C,, C, lie along the lower and upper edges,
respectively, of a ‘cut’ in the z-plane along the negative real

.

Fig. 2

axis. We define 2%, for any s, as exp (slogz), where logz is con-
tinuous in the cut z-plane and real on the positive real axis.
Then, if '

z=reli (r=0, —w <0< ),
we have | 28| = eologr —10 — yo o0,

I (s) (if convergent) is independent of ¢, by Cauchy’s theorem,
and is thus a function of s only. It is convergent for all s, and
uniformly convergent in any fixed circle |s| < A, since

| sl Ta—leJJﬂ T.A—leA‘rr i

525 S il e mlatr s phal
on () and Cgif r>rj==1ry(A). Hence I(s)is regular in |s| <A
for any A, and is therefore an integral function. (See p. 25,
footnote; I(s) is reduced to integrals with respect to real
variables by equation (3) below.)

Putting z = re<™, ce¥, re™, on C,, C,, C, respectively, and
writing 1/(e=°— 1) = g (z), we obtain

2mi 1 (8) = — [wr*‘—le—s"ig(— r)dr

Je
+J" ct esOig (ceei)idg 4 Jw rs—1gsmi g(—7) dr,
or " ¢
(3) =I(s) = sin SWJ =lg (—r)dr+ C;J " esdig (ced) dp

-

= Il (s,0)+ Iz (s,¢),
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say. Since zg(z) is regular in |z|< 27, we have |29 (2 )I <4,
for | z| < m; hence, if ¢ < =,

(4) |Iz(s,c)|<-—J1r e“"f/lld(} <md,etimeo-1,

-

Now suppose o > 1. Then, by (4), I,(s,¢)—0 as c—>0 (s fixed).
Hence .

wl (8)=lim I, (s,¢) = sinstO r$=1g (— r)dr = sinsw I (s) { (s)
c—>0
by (2). Thus
(5) {(s)= L1 —s)I(s).

Since I(s) is an integral function, this equation, proved first
for ¢>1, defines {(s) as a meromorphic function whose poles
are at those of the points s=1, 2, 3, ... (the poles of I' (1 — s))
for which 1 (s)40. Now if s is an integer the integrand in I (s)
is a single-valued function of z, and I (s) is its residue at z = 0;
hence I (1) = —1, 1 (2)=1(3)=...=0. Thus the points s = 2, 3,...
are not poles of {(s) (as is otherwise obvious from the fact that
they lie in the half-plane o > 1). And, since

(=1 Z(s)=—T(2-s)I(s),
the point s~ 1 is a simple pole with residue — I'(1)/(1)=1.
This proves the first part of the theorem.

In proving the second part we shall suppose o< 0; this is
permissible by the theory of analytic continuation, since each
side of (1) is regular, except for poles, in the whole s-plane.
Consider

al(s)
sins7 I'(s)

251
Iv@)=4 L(N,e ER L
where C(N) is the closed contour shown in® Fig. 3, N being
a positive integer. On the outer circle we have

2= Red (—m<0m),
‘ 28—1

P! __;__i | < Ro-1glim 4, 1

— R1-1¢—10
| (4

! | 1/(e=# - 1)] is bounded in the region § (8) which remains when we remove
from the z-plane the interiors of circles of radius & ( <) with centres at s = 2nmi
(n =0, %1, £ 2, ...); for it has period 2, does not exceed efe — 1) for | | >1
(2=« + y1), and is continuous and therefore bounded for - 1 € 2<1, - #< y < =,
| 2] 296. And the circle | z | = R lies entirely in S (}=), for example,
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Hence the contribution to I (s) of this part of C' (V) is less than
R¢t74, in modulus, and therefore tends to 0 when N — oo,
since o < 0. It follows that

Iy(s)~>1(s) as N —>oo0.

R=@RN+)r

Fig. 3

Now by Cauchy’s theorem of residues

Iy(s)= E {(@nmi)s 1+ (— 2nai)—1}

n=1

N

= X (2nm)s-1 (etm6-Di 4 g—im(s-D7)
1

N N
=X (2nm)s~1.2co8 im (s — 1) = 2 (27)*1sin fms Tns-".
1 1
Hence
I(s)= lim Iy (s)=2(2m)*1sin }ms T ns1
N—o>» 1

= 2 (27)5Lsin {mws { (1 —s),
since ' R(l—s)=1—0o>1. .
This combined with (5) gives
(2

L le)= 2m)Bsin dws L (1 — 8)

sinws I' ()
which is equivalent to (1).

’

.
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3. The function £(s). We can put the functional equation
into a more symmetrical form by using familiar properties of
I (s).

Theorem 15. The function

(6) §(s)=4s(s—1)m T (§s){(s)

18 an integral function, and satisfies the functional equation
E(1-s)= & (s).

Further, & (s) is real on the lines t = 0 and o = }.

Also £(0)=£(1)= 1.
For the factor which multiplies  (s) in (1) is e
2(2m)ssiniw (1 —s).T(s)
(2 210 (L) (L + 1 38)
=3 T (L +1s) b
a8 (1s)
] —i(l—S)[‘( L — 1)’

so that the function $(s)= T (15)(s)
satisfies (1 — s) = (s). Now ¢ (s)isa meromorphic function whose
poles liesymmetrically about the points — §,since ¢ (1 — s) = ¢ (s).
But the only pole in ¢ > 0 is a simple one s at s — 1 (with residue

74T (})=1); hence the only poles in the whole s-plane are
simple ones at s = 0 and s = 1. Thus

£(s) =ds(s—1)¢(s)
is an integral function, and
EA—8)=3(1—8)(=s8)p(l—s)=1L(s—1)s¢(s) = £(s).
It is clear from (6), (5), (3), and the properties of I'(s) and of
the various elementary functions involved, that &(s) is real
when s is real, and that §(c+ 1) and & (o — t) are conjugate.!

Thus £ (3 + t) and (4 —t) are conjugate, and they are also
equal by the functional equation; they are therefore real.

Finally E@)==n BT (ds+1).(s—1)L(s),

! Alternatively, we may infer these results, in virtue of, a known general
theorem, from the fact that {(s) is a single-valued analytic function taking real
values on the stretch s> 1 of the real axis.
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S0 that E(l)=n} I‘( ).1=1; and ¢ (0) = ¢ (1) by the functional
equation.

Riemann wrote £(t) for the function which we denote by £(3 + ¢¢), and
treated ¢ as complex. The above notation is that adopted by Landau,
who writes E (¢) for Riemann’s ¢ (t). The functional equation asserts that
= (¢) is an even function of ¢.

4. The above is one of the two proofs given by Riemann. The other,
which gives dircctly the symmetrical form of the functional equation,
is based on the identity

“(7) ;E e-«n-vr:c 1 § e-—n’n/:x (x> 0),
—w \/x —

a special caso of linear transformation of a theta-function.!
There is another type of proof based on ¢ Poisson’s summation formula’

(8) E f(n) == io ” f(u) cos 2mnudu.
— —

Formally, this is the expansion, for z = 0, of the periodic function
2]
F(x)-= X f(n+2z)
—w

as a Fourier series X (a,cos2mnx + b, sin 2znx). Sufficient conditions
for its validity aro that f(x) and f’(x) should be continuous for all z,
except possibly for a finite number of values in the case of f’(x), and
that f(x) and |f’(z)| should be integrable over (— w0, »); for these
conditions imply that I’ (x) is continuous and of bounded variation in
0< a1, and Jordan’s criterion may be applied to F ().

The formula (8) may be used to prove (7), and this gives an indirect
application to {(s). But (8) may be applicd more directly in various
ways, of which the following is an example.? Let

L R T R R ORI - O

whero z_gis a~%if x>0 and 0 if 2 << 0. For o> 1,
0 ©Q
¢(s) -—" (n—=3)7°" = 2Zn~ "+ 2 (n +§)7"
1 0

9% 95((2n — 1)=54 (2n)~%) — 430"
1 1
=219 (5) — 4L (s) =4 (271 - 1) {(s).

Now ¢(s) is regular for ¢> — 1, since f(n,s)= O (n~?"2%), uniformly in
any bounded domain of s, as n— . Hence the equation
(9) L(s)=1(2°1=1)"1¢(s)

* Riemann 1; see also T, 43 (4), and the remark at the end of the last section.
For the history of *he functional equation see Landau 2.

2 Mordell 1; cf. also Hardy 1. For references to other proofs see BC, 759-763;
T 2, footnote.
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gives the analytic continuation of {(s) in the half-plane ¢> —1, as
a regular function oxcept possibly for poles at the points

8 =1+ 2nmniflog 2 (n=0,+1, +2,..).

If s is real, and — 1< s < 0, f () satisfies the conditions for (8), so that

(10) $(8) = E J (27n, 8) (—1<s<0),
where

TE9) = |t D 2yt g cos gudu.

The integrand in J(&,8) is O ("% when u—> o, and O(Iu—uol“‘;)
when w—> u,, for u,=0, %, — }; and these rolations hold uniformly for all
real ¢ and in any bounded domain of s. Hence J (¢, 8) is continuous in
sand ¢ for — 1< o< ] and all real ¢, and regular in the strip —1< o<1
for any fixed ¢& If ¢ +0and O0<s<1, we can split J(¢, ) into three
integrals corresponding to the three terms in {...}, these integrals being
convergent at infinity by the second mean valuo theorem, making the
substitutions » = v - §, v, v — } in these integrals, and rcumtmg into a
single integral, we obtain

J (¢, 8) = [fmr_\.{cosﬁ(v-% }) — 2cos¢v-f cosé(v— })}dv

= jd) vTScosév (2 costé — 2)dv
0

222(cos FE— 1) | €5 singns I (1 —s),

by a known formula for the gamma-function (easily deducible from
Euler’s integral by Cauchy’s theorem). The final equation for J(¢,s),
proved subject to ¢ +0, 0<s<1, is valid for -1l<o-z1 if £+0,
since each side is a regular function of s in this strip. And from the
continuity in ¢ we now deduce that J(0,s) -0 in this strip (as may
be verified directly). Substituting into (10) we obtain, for — 1< s< 0,

$(s)=—8(2m)*sinfas (1 —8) (1 + 3571 551 ...)
=8(2m)*tsinyms'(1 =) (2572 = 1) L (1 —8),
since 1 —s>1. Comparing with (9) we deduce
(11) $(8)=2(2m)*singms ' (1 —8) (1 —s).

Since {(s) is regular, except for poles, in o> — 1, the right-hand side
of (11) is regular, except §or poles, in ¢< 2. Thus (11) completes the
continuation of Z(s) over the whole plane (as a meromorphic function),
and is valid for general values of s; we obtain (1) on changing s to 1 —s.
Now we have seen, from (9), that ((s) is certainly regular in o>1
and in —~1<e<l. Hence by (11) it is regular ip ¢< 0 and in
0.2 o< 2, oxcept possnbly for'a pole at s -1 (arising from the factor
1'(1 — s)). These results together show that the point s =1 is the only
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possible pole of £ (s). With regard to this point we note first that ¢(0) =1
(from the definition), so that £(0) = — § by (9). Hence by (11)
(s—1)L(8) = —2(2n)* 1sin}ms T (2—8) (1 —s)>—2.1. 1.1 (1).(= %)=

as s— 1, so that the point 1 is in fact a sitnple pole with residue 1.

Formally Poisson’s formula transforms one side of (11) dircetly into
the other, but some device is necessary to meet the difficulty that Zn—*
and En*! have no common domain of convergence.

5. Zeros. Before examining in detail the question of the
existence of zeros of {(s) and £(s), we state some important
facts about the distribution of any zeros which may exist.

Theorem 16. (i) The zeros of £ (s) (if any exist) are all situated
in the strip 0 < o= 1, and lie symmetrically about the lines t=0

and o= 1.

(ii) The zeros of {(s) are identical (in position and order of
multiplicity) with those of £ (s), except that [ (s) has a simple zero
at each of the points s -~ —2, —4, — 6, ...

(iii) £ (s) has no zeros on the real axrs.

We have |
E(s)= (s—1)m T (ds+1){(s)=h(s){(5)
say. Now {(s) hasno zeros in ¢ > 1 (by Euler’s product), and the
same is true of % (s). Hence ¢ (s) has no zero in o > 1, and there-
fore none in o < 0, since £ (s) = £(1 —s). The zeros (if any) arc
symmetrical about the real axis, since £ (o + {i) are conjugates,
and about the point s = } since ¢ (s) = £(1 — s); they are there-
fore also symmetrical about the line ¢ = J. This proves (1).

The zeros of {(s) can differ from those of ¢ (s) only in so far
as h (s) has zeros or poles. The only zero of . (s) is at s -- 1, and
this is not a zero of either function; for it is a pole of {(s), and
¢(1)= 1 by Theorem 15. The poles of A (s) are simple ones at
§--—2 —4, —6, .... Since these are points at which £(s) is
regular and not zero, they must be simple zeros of {(s). This
proves (ii).

To prove (iii) it is sufficient, in virtue of (i) and (ii) and of the
relations ¢ (0)= ¢(1)=}, to show that {(s)F0 for 0 <s<1l.
Now

(1—=218)L(8)=(1—27%)+ (35— 479%) + ... (o> 0);
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for this equation is evidently true when ¢ > 1, and, since

dx | |s| A

| (2 — 1)~ — (2n)~| = | sJ LS @ 1o S @ 1pn
for 0 >3, |s| <A, where & and A are fixed positive numbers,
each side is regular in the half-plane ¢ > 0. When 0<s <1 the

equation gives (1 — 2128) {(s) > 0, or Z(s) < 0.

The strip 0 <o <21 is called the ‘critical strip’ and the line
o=} the ‘critical line’. The zeros —2, —4, —6, ... of {(s),
which are unimportant for most purposes, are called the tr1v1al
zeros’.

6. We have now to prove that £(s) actually has zeros, or in
other words that ¢ (s) has zeros other than the trivial ones. We
base our proof on the theory of integral functions. We shall
give an account of the relevant parts of this theory in the next
section, but we must first prove two theorems of general function-
theory, which will find further applications in the course of this
tract.

Theorem D. Suppose that f(z) is regular in the curcle
| z2—2o | <= R, and has n zeros (at least) in |z — 2y | << r (< R). Then,
fo(zo) 4: 0)

R\» M
12 ( <
) ) = e

where M s the maximum of |f(z)| on |z2—2,|~: R

Multiple zeros are (as always) counted according to their
order of multiplicity.

We may suppose z, = 0, since the general cdse reduces to this
by the substitution z=z,+2’. Suppose f(z) has zeros at the
points a,, ay, ..., @, in |z| < r (multiple zeros being allowed for
by repetition). Then

f&)=4G@) 11 _( ______ % ).

ve

where G, is the conjugate of a,, and ¢ (z) is regular in |[z| < R
On |z | = R each factor of II has modulus 1; hencg

|$C) | =|fe)| <M  (|z]=
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Since ¢ (z) is regular in |z|< R, it follows (by the maximum
modulus principle or by Cauchy’s inequalities) that | ¢ (0) | < M
Hence

_ nlal g\
FO) =10 1%l <ar( L),
which proves the theorem, since f(0) % 0.

Theorem D serves the same purpose, for many applications, as the
more precise Jensen’s formula, an identity from which the inequality (12)
is an casy deduction.

Theorem E. Suppose that, in |z —z,| < R,

oD

f(z) = %:Cn (z - 2"(])n

18 regular and satisfies the (algebraic) inequality

Rf(z) <
Then

(13) lenl <

YT n=1,2,3, ..).
And, in |z—zy| <r < R, we have
. .2
f@=FE) | = 57" AU =R G,

| f»
1f ng) (R E‘%m{U—mf(zo)} (v==1,2, ...).

We may suppose again z,= 0. Let
qﬁ(z):U»f(z):U—-co-%cnz":—-%bnz” (lz| < R),
1 0
and let C be the circle | z| =7 < R. Then

(14) b=, J ¢z(ji§iz- o j (P+iQ)e0id)  (n>0),

where ¢ (ref) = P (r,0) +iQ (r,0) = P + Q.

By considering the integral of the regular function ¢ (z)z7-1
round the same circle we obtain

n

0o_"" " y nbi >
0= o J_"(P-f-zQ)e do (n>1).
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Taking conjugates in this equation and combining with (14) we
deduce ‘

b= f " Pe0id)  (n>1).

—_—T

Now P=U—-Rf(z)>0 in |z|< R and in pa.rticular on C.
Hence, if n > 1, . :

|b, |r < 1 f" | Pe—n0i | dg = 1 J" Pdo = 2%Rb,,
(L — m)—n
by (14). Making r— R, we deduce .
(15) [b,| Rr< 28,  (n>1),

where B, =Rb,; this is equivalent to (13) since by= U — ¢, and
bn = cn (n >= 1)'

If |2] <<r < R we deduce from (15)

| & T\" 2°/3¢
| (2) —$(0)] = = >{2B°<R> =l

r
and, if v > 1,

|7 \§_°f n(n—1)...(n—v+1) 2P

S - () - g

These inequalities are equivalent to those stated for f(z), since

$(2)=U—f(2), Bo=U—-Rf(0).

Theorem Eis due, in various stages of refinement, to Hadamard, Borel,
and Carathéodory. In the form stated it is a ‘best possible’ theorem,
as may be seen by considering the function f(z) -- z/(1 + z), for which
Rf(z) < & throughout |z| < 1.

7. Integral functions. Let G'(z) be an integral function;
we suppose that G (z) is not a constant, and that G (0)+0.

If G () has an infinity of zeros, these can be arranged in a
sequence a,, @y, ds, ...«0 that

0<]a|<|ag|<..., |a,|>w0;
zeros with the same modulus may be arranged among themselves
in any order, and multiple zeros are allowed fox by repetition.
Consider the serits Z|a, |~* It is divergent for « = 0, and, if
4-2
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it is convergent for some real value of «, it is convergent for
every larger value, so that there exists (by a Dedekind section
argument) a unique 7 > 0 such that the scries is convergent for
a>7 and divergent for o« <7; for a=r it may converge or
diverge. The number = is called the exponent of convergence of
the sequence (| a, |). Let &+ 1 be the least tntegral value of o for
which the series is convergent; thus £ >0, and k<7 <k+1if
7 is not an integer, while if 7 is an integer 7 = £ or k + 1 according
as X |a, | is divergent or convergent. Then

(16) .C()—et® 1] {(1 - z)d'zﬁ% () ((f")k},
n an

where H (2) is an integral function, and the product is absolutely
convergent for all z (the exponent of e in the general factor to
be interpreted as 0if £ = 0). This is Weierstrass’sclassical theorem
on ‘primary factors’, which we take as known. We also assume,
as part of Weierstrass’s theory, the legitimacy of any formal
transformations of (16) which may be made in the sequel.

If G (2) has only a finite number of zeros (or none), we define
7=Fk=0. Then (16) is still valid, but II is now a finite product
(to be interpreted as 1 if there are no zeros).

If H (z) (unique except for additive multiples of 277) is a
polynomial, we shall denote its degree by A.

We now define the order of an integral function. Let M (r)
be the maximum of | G'(z) | on |z|=r; since G (z) is not a con-
stant, M (r) tends steadily to infinity with » (by the maximum
modulus principle and Liouville’s theorem). If the relation

(17) log M (r)= O (r8) as r—>o0

holds for some real value of 8, there exists a unique w > 0 such
that it holds for every 8> w but for no B <w; for B=w it may
or may not hold. The number w is called the order of G (z). (The
definition of w has, of course, no reference to zeros, and does not
presuppose, for example, the existence of the formula (16).)

We now establish a number of inequalities between =, &, w.
These are to be understood in the sense that the existence of
the smaller sidb is implied by that of the larger, which is pre-
supposed in each case. )
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Theorem F1. o < Max (r, h).
Further, (17) holds for B = Max (r, k), if ’

either (i) T<h,
or (ii) Z|a, | s a convergent infinite series.
We have, by (16), .
(18) G (2)= et 1 ¢ (f_) ,
where H (z) is a polynomial of degree %, and
F2 k
Q)= A-DHE,
If¢]<3, ’
‘ _gkn {k+2 I - . -
[P (L) =|e K+l ,F27 | <ol Attt ) = 2101 < gl201¥,
If|{|>%

[ (0)] < (L4 L] elsit+ s = (14 |g])edsP-*+ 2t nIglE
< (L4 | Z]) et DI < gl 21+ Iog (1D,

Hence, for all {,
(19) [0 < e 126> +log (1+1¢1)

where 9 is any number satisfying k£ << & <k + 1.

Choose 9> 0 and such that X|a, |~ (if an infinite series) is
convergent. Such a choice is always compatible with the con-
dition k<9 <k + 1, and & may be taken arbitrarily near to r;
for if ¥ |a, |~ is a convergent infinite series (so that 7> 0) we
may take 9 =7, while in all other cases k<7 <k-+1 and we
may take <% <k+ 1. Then, by (19), we have, denoting by
K,, K,, ... numbers depending only on & and on the function G,

[$@] et
and so, by (18),

IG(zl\\exp<[H ]-{—KE’zf)

n n {
M (r) < exp (K,r*+ Kyr?) (r>1)
(where K;= K, X |a,|~>). Hence
(20) log M (r)= O (") + O (r*) as r—>oc0,
so that w <Max (&, 9). Since & may be taken as«ear to r as we
please it follows that w < Max (k, 7).
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If r<h, we may take 9 <h, and we conclude from (20)
that (17) holds for'B=h=Max(h, 7). If X|a,|™" is a con-
vergent infinite series, we may take %=, and (17) holds for
B = Max (k, %) = Max (&, 7).

Theorem F 2. 7 < w.

We may suppose that G (z) has an ipfinity of zeros, since
otherwise 7=0< w. Apply Theorem D to G (z) with 2,= 0,
R=2r,,r=r,, wherer, = |a,|. Since the » zeros a,, a5, ..., a,
lie in |z | <7,, we obtain

o . My(2r,[) '
| G(0) |
It follows, by the definition of w, that, for any fixed positive e,
nlog 2 = O{(2r,)*+<}
when n - o0. “Hence, for all sufficiently large »,
n< ;rnw+2€’
_w-{—:;e
or rn—w—-SE <n m+'Ze.
Since (w + 3¢)/(w + 2¢) > 1, it follows that Xr,~®-3¢ is conver-

gent. Hence 7 < w + 3¢, and therefore < w, since ¢ may be
taken arbitrarily small.

Theorem F3. h < w.

The existence of w implies, by Theorem F 2, that of 7, and
therefore of Weierstrass’s product (16). We have to show that
H (z) is a polynomial of degree not exceeding [w]. We may
suppose G (0)=1, H (0)= 0, since h and w are not affected if
we multiply ¢ (2) by a constant (different from 0). Let

H(z)=3b,2".
1
Take a positive number R. Then

: 2y -
21 = 1— =),
(21) GE= T (1-7).Ga(a)
where Gy (2) is an integral function of z having no zeros in
|2] < R. Since, G5 (0)= G (0)=1 we can write

(22) Gr(2) = e,
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where g (2) is regular in |z | < R, and g5 (0) = 0. Let
g (@) =S¢z (2| <R).
1

On the circle | 2| = 2R we have .
2R
> g -
[C@I> T (G=1).16r6) | =] GaleH,
and therefore | Gz (2)| < M (2R).

Since Gy (2) is an integral function this holds, by the maximum
modulus principle, for |z| < 2R, and in particular for |z| < R.
Tt follows that L
Ry (2) = log | G (2) | < log M (2R) (lz] < R).

Hence by Theorem E (since g, (0) = 0),
3133%(2@ w=1,2, .0

Now comparing (21) and (22) with Weierstrass’s product (16),
we see that, for |z| < R

2 2 1/2\F

HE) 4+ Pyrz)+ {mg <1—an> TR 15(’ ) }zgR(z),

lan|=R an ~a’n

(23) le,®] <

where the logarithms have their principal values, and Pp(2) is
a polynomial of degree not higher than k. Differentiating v times,
dividing by v!, and putting z =0, we deduce

(24) b+t Loewm s,
Va,| >R a”

Now suppose v> w. Then, by Theorem F 2, v> 7> k. Hence

by (23) and (24) .

2log M (2R) 1 1

L T e

In this inequality let R—> oo, keeping v fixed. The first term on
the right tends to 0 because v> w, and the second because
(v being greater than 7) ) X|a,|™ is a convergent (or finite)
series. Since b, is independent of R, it follows that b, = 0; and

this is true for every v> w. Hence

(@)
H(z)= 2 b2,

v=1

which proves the* theorem.
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Theorem F 1 is duo to Borel, Theorems F 2 and F 3 to Hadamard?.
The above proof of Theprem F 3, which is much simpler than Hadamard’s
original proof, is due to T.andau.? Hadamard’s theory includes another
set of relations involving the coefficients in the Taylor expansion of G (¢),
but these do not concern us.

Combining Theorems F 1, ¥ 2, F3, we obtain the following
result, which sums up the theory of integral functions so far
as we shall require it.

Theorem F. We have
- w = Max (7, h),

the existence of either side implying that of the other.

Further if w> 0 and if the relation log M (r) = O (r) does not
hold, then = w, G (z) has an infinity of zeros, and X|a, | is
divergent.

The first part follows at once from the inequalities of Theorems
F1, F2, F3. To prove the second part we observe first that we
must have 7 = w, since 7 < w (= h) would imply log M (r) = O (r*)
by F1(i). Next, since 7= w > 0, G (z) must have an infinity of
zeros. Finally, convergence of the infinite series X | a, |~" would
imply log M (r) = O (r*) by F1(ii).

The numbers r and « are sometimes called respectivoly the ‘real

order’ and the ‘apparent order’ of G (z). The integer Max (k, &) is called
the ‘genus’ of G (z).

8. The zeros of £(s). We shall first investigate the behaviour
of the integral function £(s) for large |s|, and determine its
order w.

Theorem 17. If M (r) is the maximum of | £ (s)| on the circle

| 8| =7, then log M (r)~4rlogr

as r—o0.
We have
f( )=Lks(s—1)m¥ T (}s){(s).
Now |{(s)| <{(2) for ¢ > 2, and(byTheorem9 [L(s)| <Ay|t]|?
for o> 4, |t|>2, so that |{(s)| <d,|s|t for >4, |s|>3.
1 1. Borel, Legons sur les fonctions entiéres (Paris, Gauthier-Villars, 1900), 61.

2 Hadamard 1.
3 Landau 9; V, ii, 72-74.
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Applying Stirling’s Theorem1 to I' (3 s) we deduce that, for c>%,
|8]|=7r>3,
!f 8) I < elgslog 18|+ Asls| < eérloxzr+Aqr
sincelog }s=1log|s| —log 2+ iargs and |args| < }=. Fromthe
functional equation ¢ (s) = £(1 — s) we infer that
| g s | < e&ll—sl log |[1—s|+4,|1-es| < eérlogr—*—A,i

for o < 4, |s| =7r> 4. Combining these inequalities we obtain
M (r) < eMrlogr+dar  (p 4),
On the other hand, if r > 2,
M(r)>£@)>L.a¥ T (3r). 1> etrlogr—dir "
Thus we have, for > 4,
drlogr— A,r <log M (r) < irlogr+ As.r,
whence the theorem.
Theorem 18. £(s) has an infinity of zeros. If these are denoted
generally by p, the series Eglp |~ is convergent if a.> 1, divergent

iof @ < 1. Weierstrass’s product for & (s) is of the form

s

- 1=}

where by and b, are constants.

v A useful form to remember is
logU(z+ a)= (2 + a«— }logz— z+ Jlog2x + O(|2]|™),

uniformly in any fixed angle |argz| <m - 6 < 7 and any bounded range of «,
as |z]-ro0; the appropriate branches of the logarithms are, of course, those
which are real for real positive values of the variable. This is an easy deduction
from the special case o= 0, but it is convenient for applications to retain tho
parameter «. For the proof (with «= 0) sce, e.g., Bieberbach’s Lekrbuch der Funktion-
entheorie i, X1V,

We shall also require (though not in its complete form) the formula

1(2) 1 1
1(z) T18F T gt O(IZP)’

uniformly in | argz | = — §; this may be proved in a similar way (but rather more
simply) or deduced from the formula for log 1'(z) by means of the equation

_ s)
f 2172} (¢-2 dg-’

where f(z)=logI'(z) = (2 — })logz+ z ~ }log 2w and C is a citele with centre at
¢=z and radius | z | sins.
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Also

! 1 1
(25) 5 (@=b+3(, o)
o) F@=b-; 1 —ipasn+s(Eo4)),

where b= bI + 4logm.t

Since £(0)= 140 (Theorem 15), the theory of § 7 is imme-
diately apphcable to £ (s). By Theorem 17, £ (s) is of order 1, and
the relation log M (r) = O (r) does not hold. Hence, by Theorem F,
7=1,h=1o0r 0, (s) has an infinity of zeros, and = | p |-t summed
over ‘these. zeros is divergent. This proves the assertions about
2 |p|~* and Weierstrass’s product. Equation (25) is obtained by
logarithmic differentiation of the product, and (26) follows in
virtue of the relation

¢ £(@)=(-1)m ¥ (Fs+1)L(s)
It is, of course, a consequence of Weierstrass’s theory that the
infinite product and series are absolutely convergent for all s
(distinct from the p’s in the case of the series).

It can be shown that
(27) by~ Llog(dm)—1—}C =—0-023..., b—log(2m)—1—3C=0-549...,
where C is Euler’s constant?; but the actual values are not required for
our main applications.

9. We denote a typical zero of £(s), that is to say a typical
non-trivial zero of {(s), by

p= B+
We know from Theorem 16 that (for each p) 0 < <7 1, and from
Theorem 10 that 8 <1, so that, by the symmetry about o= },
0 < B<1. We shall now carry these results a stage further by
proving ‘

Theorem 19. There exists a positive absolute constant a such
that £ (s) has no zeros in the domain3

a [}
log ([t]+2)’
1 We have adopted a compact notation for logarithmic derivatives.
2 See T, 34.
3 It is, of course, the order of magnitude of a/log(|t| + 2) for large |¢| that is

important; but we write log (|¢] + 2) instead of log || in order to obtain a formula
valid for all t. This device is constantly employed in this kind of work.

o>1—
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The proof is based, like that of Theorem 10 (which we do not
need to assume), on the inequality

(28) 34+ 4cosf+ cos20> 0,
We start from (26), which we write as .
(20) FO)=g()+5 ),
where
_s( L 1 TS SRR Y
f(s)—2<s—_~;)+p> ge)~—b+ —+1p (st

Using the formula ¢’ (s)/{(s) = — ZA (»)n % in con]unctlon -with
(28), we obtain, for o> 1 and real ¢,

N s 'Y
( () + 45 (@ +ti)+ S (o + 2tz)> <0.

Hence, by (29), .
(30) R{3f(0) + 4f (o + ti) + f (o + 2ti)}
ZR{39(c) + 49 (c + ) + g (o + 2t5)} (o> 1).

Now choose (as is clearly possible) a positive number a; so
that {(s) has no zeros in the square |oc—1| < a,, |t| < a;, and
suppose in what follows that 1 <o <2 2, || > a,. Then, using the
asymptotic formula for I'V/T" (p. 57, footnote), we obtain

(31) R{3g(c)+4g(c+ti)+g(o+ 2t)} < " El + A;log (| t] + 2).
On the other hand we have, for s = o, o + 2, o + 211,

_sp( i DNos(o=B B B
mf(s)ﬁ};m<8—P+p)‘§<ls—P|2+|P12>>IS—-P00|2>O’

where py = B, +7,? is any selected zero; for o S1,and 0< <1
for each p. Hence

(82) R (o) +4f (o + 1) + (o + 200} > 4 - (o= ﬂo .
BO (t =)
By (32), (30), (31),

= R <t A+

for 1<o<2, |t|>a,;; and the restriction ¢ <& may now be
dropped (subject ‘possibly to an increase in the value of 4,),
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since the left-hand side is not greater than 4/(c — 8,) <4 if o> 2.
We deduce in particular, putting ¢{=1y, and dropping the
suffix 0,

(33) 4 3

g gy <Aloglly+2)  (e>1),

where p = B+ yi is any zéro with |y | > a,.

From (33) we deduce first that B < 1; for if B =1 the left-hand
side tends to infinity when ¢— 1+ 0. Hence, for any o> 1, we
can write o =1+ A(1— B), where A > 0; (33) then becomes

/. 3
< 2) A>0).
\-{-)\ /\> 13 Alog(|y|+ (A>0)
Since 4> 3, the expression in brackets on the left is positive
when A is large enough. Taking, for example, A= 4, we obtain

(223
] - s
P11y [+ 2)’
where a,=1/204,. This being true for every p with |y|>a,,
the theorem follows, in virtue of our choice of a,; we may take,

for example, a = Min (a,, @, log 2).

10. In making deductions from Theorem 19 we shall replace
the special function a/log(|¢|+ 2) by a general function satis-
fying stated conditions. We shall then be in a position to infer
at once the consequences of possible refinements of Theorem 19.
We first require a theorem on the order of magnitude of {'/¢.

Theorem 20. Suppose that { (s) has no zeros in the domain
o>1—n(|t]),

where 7 (t) 1s, for t > 0, a decreasing function, having a continuous
derivative v’ (1), and satisfying the following conditions :

(i) 0<n(t)<4,

.

(i) »'(t)—>0 as t— oo,

1
R0

Let o be a fixed number satisfying 0 <a <1, *

=0 (log?) as t— oo,
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Then

’

e

% (s)= O (log?| t|),

)

uniformly in the region
a>1—an(|t]),
when t—> + 0. .

We may suppose t>0. And we may confine ourselves to
the range 1 — an(t) <o <1+ an(t) of o; for, if > 1+ an(t), we
have, writing n =7 (¢), -

& An) _

n1+oTﬁ -

! A, -
-2 (1 =15 ..
C( +om)<w7,

since {'/{ has a simple pole at the point 1; and this is O (log?)
by (iii).
S,

r---
|

|
[
!
|
1
|
|

/ >& |
o=1-7( o=l-ant) o =1 a=1{ay{)
Fig. 4

Since {(s) is regular and not zero in the simply-connected
domain D defined by t> 0, 0 >1— 7 (¢), there is a branch Z (s)
of log { (s) regular in D and defined by

1

Z(s)=1logl(s)= mp"‘s

(p. 17, (13)) when g>1. We apply Theorem E to 2 (s) and to two
circles (see Fig. 4) having a common centre at g=1+aH+ T4



62  FURTHER THEORY OF [(s). APPLICATIONS
and passing through the points 1 —oH + Tiand 1 —§ (1 + o) H+ T
respectively, where' 7> 1 and 1l =7 (T); the radii of these
circles are
r=2H, R=all+3(1+a)H=25(1+3«)H.

When T js large enough these circles lie in D. For, since
R<2H<1 (by (i), T >1, and 7 () is a decreasing function,
this will certainly be so if the point
' 1-1(1+a)H+(T+ R)i-=o' +t1=¢
lies in D; and this condition, which is equivalent to ¢’ > 1 — 5 (t'),
is fulfilled for large 7', since
o —14n)=—-3A+a)H+29(T+ R)

— A+ ) +7(T)+ Ry'(r) (T<7<T+ R)

=30 =a)+ QA+ 3a)n (@)} H>0
for all T >1T,, by (ii). Hence, if T'> T, Z(s) is regular in
|s—so| < R. Also, by Theorem 9,

RZ (s) =log | {(s)| <log(4,tt) <logT (T'>1T,)
throughout |s—s,| < R, since o>} and T'—1<t<T+1 at
cach point s = o+ ti. Finally

_ 1 21 1
‘ERZ (80 l = l 7 80) l 2‘ mpm(1+o¢u) < Zﬁ;oﬁ—l < OL}I .
Hence by Theorem E, if T is large enough,
4(1
|Z’(s)[<( {logT RZ ( 30}< 4( +;ﬁ<lg]’+ l[)

throughout the c1rcle |8 —s8o| <. 'lhlﬁ- holds in particular on
the radius from s, to 1 — «ll + 7%, that is for
s=o+Ti, 1l—an(T)<o<l+an(T).
Since Z' = {'[{, and 1/H = O (log T) by (iii), the theorem follows.
11. Application to §(x) and 7 (x). We can now obtain

improved forms of the asymptotic relations for = (x) and the
associated functions. As in Chapter IT we begin with i, (2).

Theorem 21. Under the conditions of Theorem 20, we have
ltbl x) . _}yx2 +0 (x2e—aw(.v))
as x - o0, where w (x) 18 the minimum of 7 (t) logx -+ logt for t >
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The minimum w (z) exists for every x> 0, since 7 (¢) log x + log ¢
is continuous for ¢ > 1 and tends to infinity with ¢.

Suppose z > 1. Starting from the fundamental formula (14),
p- 31, and applying Cauchy’s theorem, we obtain,

x 1 [ a1t [
lp;-"- - =:- 27+'iJCs(s+ 1) 'Cg;(s)dsz i+
say, where C is the curve o=1—an(|t|); for in the region
bounded by €' and the line ¢ = ¢ the integrand is regular, except
at s=1, and is, by Theorem 20, uniformly .
O (t~2log?|t])=0(1),

when t— + oo (x fixed). In estimating J we may by .'symmetry
confine ourselves to ', the upper half of C. Using Theorem 20,
and denoting by K,, K,, ... positive numbers depending only
on the function » and the number «, we have, on Oy,
&t ds |

Z()<K10g (t+2), ‘di;l 7))+ 1| < K,,
whence
[Pemen@log? (b4 2) o g (P21 Dlog? (u 1)
[Tl < ] iyt 3J1 SALARY )
Hence, since n (v — 1) > (u) and 2> 1,
5[,'1 (ﬁ) J-oo e— 1 (u) 1og x—a log w log (?f.i—vl) d
| 3 1 u2—o

uza

< Koo DR g
1

the last integral being convergent since 2 — a > 1.

Theorem 22. With the conditions and notation of Theorems 20
and 21, we have

(34) () =2+ O (e treW)

(35) m(x)=liz+ O (ve-treW®),

We begin by noting some simple properties of w(z). Let
Xy > x,> 0 and let ¢, and ¢, be values of ¢ for which the minima
w (7,) and w (z,) are attained. Then

w () < 7 (t;) logz, + log ¢, <7 (t;)logx; + logt, = w (x,),
w (x,) <7 (8) log 2, + logt, .
= w (25) + 7 {t,) (log , — log 2,) < w (2,) + (log z; — log x,),
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so that w () and logx — w () are (strictly) increasing functions
of z for > 0. Since w(1)= 0 and log 1 — w (1) = 0, we infer in
particular that 0 < w (2) < logz for x> 1.

Now supposex > 2. Let k beafunction of zsatisfying0 <A < }z.
Since i is an increasing function,

(36) }LL o () du < o (x) < —J:fh{/,(u)du.

The outside expressions are
— 2 ——aw(ix)

“h

by Theorem 21, since 2x<x—h<x<x+h< 3z and w is an
increasing function. In the O-term we may replace w (§z) by
w (x); for, since log u — w (u) is an increasing function of «,

e~ X0 — (%x)—aea{logu—w(ix)} < (Ja)~>ex{log T-w (@)} = Qup—aw(@),
Hence, by (36) and (37),
Y(x)=2x+ O (h)+ O (h1ate xx),
Taking b = }xe-t*“™), we obtain (34).

We next deduce by partial summation the corresponding for-
mula for IT (x) (p. 18, (16)). We have first

M@= 3 A0 [ g

<zlogn  Jyulogtu " loga

2<n

by Theorem A (p. 18). Also

Jﬁ du _JI ,3‘@_“_4_ x 2
~ J5 ulog?u ' logx  log?2

by partial integration. Hence, by subtraction,

(38) II(2)—liz— L ‘ﬁu‘;‘ggudwﬂ?‘)—;i‘ 0 ().

Using (34) we deduce .
()~ liz=0( |

\ e—}aw(u)du) + 0 (xe—}&w(x)) + 0 (1)

The term O (1) on the right may be omitted since
(39) xe—txw@ > pe—txlogr = gl-ta > gt > 1,
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And the integral is

Jx du JJC du ze-tro@

2

el {logu—w @)y —_ < glo{log z—w(x)} == p—
l ut® o whe S 1—la’

since 1 — 4« > 0. Hence .
(40) Il (z) — liz = O (ze-prow@),
Finally : /
- M  (at™) logx
I (x) 7 (x m== 2 m (M [log 2])
(41) = 0 (@) + O (Mat)= O (a}), -

and (35) follows from (40), (41), and (39).

12. We now specialise the results of § 11 by means of
Theorem 19. Theorem 22 gives

Theorem 23. When x— o0, ¢

(42) P(x)=2z+ O(xe—a»\/(lo«rx))
(43) 7 (x)=liz + O (ze=-avlor2)),
where a 18 a positive absolute constant.
For by Theorem 19 we can choose the 7 () of §§10 and 11 so

that 7 (¢) = a,/(logt) for {> 2, if a, is suitably chosen. Then, if
x> 1, we have, using the fact that « + v > 24/(uv) for u, v> 0,

2 v(alogz)  (6>2)

1 (2)logx (1<t<?2),

the first relation being an equality if log¢ = +/(a,log). Hence
w (x) = 24/(a,log ) for all sufficiently large z. Taking o=} in
Theorem 22 we deduce Theorem 23 with a = 14/a,.

av(logz) ;

7 (t)log x 4 logt > {

The function ¢ increases more rapidly than any positive power
of log « but less rapidly than any positive power of x. Thus (43) implies
that

(44) w(x)—hw -+ O(]ogAx>
for any fixed positive A, but does not allow us to infer that the error
termn is O (173), where § > 0.
It is easily proved, by partial integration, that
Lz 1l (k— 1)z 2
liz= log2 + logiz Tt logk z 0 (logk“x) ’
IPN 5
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where k is any fixed positive integer. Using this in (44), and taking
A =4, k = 3, we obtain, after a little reduction,

(@) - log2x log z T (log“ a:\)
where B is any constant. From these results it is clear that Legendre’s
function z/(logx — B) will give the best approximation to = (x) for large z
if wo take B'=1, and that e¢ven then this function is not so good an
approximation as liz. (Cf. Chapter I, § 8, p. 21.)

=(1-B) +(2 = B%) 35—

=z
logx — B

13. The results of §§ 9 and 12 are due to de la Vallée Poussin; the
above method of deducing Theorem 23 from Theorem 19 is due to
Thandau.! Landau has given a proof of Theorem 19 (and so of "Theorem
23) not depending on the theory of integral functions, or indeed on the
existence of {(s) in the whole plane.?

De la Vallée Poussin gave a numerical value for the constant « in
(43), and this was improved by Landau. But there is no object in re-
producing these values, since it is now known that the function 4/(log x)
is itself capable of improvement. This advance is due to Littlewood.
He has gone beyond Theorem 19 and shown that {(s) has no zeros in a
domain of the form

log log (J¢] + 3)
tlog([e] 1 3)
This theorem lies very deep, and for the proof we must refer to Titeh-
marsh’s tract.? But we can easily obtain the resulting refinement of
Theorem 23. For we can chooso the 7 (¢) of §§ 10 and 11 so that

ax-1—a

) )o;_,logt .
() = a " logt - for ¢>-3.

Then, if log ¢ = +/(logz) and x is so large that ¢~ 3, we have
] 2 (a,logzloglogt)t == (2a,log r loglog )} (t>¢)
[1; &)loga = ;aﬂloga)*loglog (12t ¢).

Hence w (z) > (2azlogxloglogx)* for all sufticiently large . ThusTheorem
22 gives

7 (t)logx + logt >

Theorem 24. When x -,
(@) = 1O (wemavlog IO oR 7)
m(x) = lia + O (we—¢/log rloglogz),
where a 13 a positive absolute constant.
"These are the best known results of their kind.4

1 De la Vallée Poussin 2; H, i, 318-333.

2 V,ii, 9-28; T, 14-17 (Thcorem 8).

3 T, 20-23 (Theorem 13); V, ii, 31-44. For the original statement see Littlewood 2
(§ 4). Landau’s method shows to such advantage here that Littlewood’s proof has
never been publishéd.

4 BC, 789, footnote 1'9; V, ii, 3-8, 44-47.
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14. The Riemann hypothesis. Riemann conjectured that
the non-trivial zeros of { (s) all lie on the line o = 4, but this has
never been proved or disproved. The evidence for the truth of
the ‘Riemann hypothesis’ (as this assertion is now called), and its
relation to the general theory of {(s), are discussed in the com-
panion tract on the zeta-function, to which we refer the reader
for further information.! It falls within the scope of this tract,
however, to examine the bearing of the hypothesis on the problem
of the distribution of primes. We can see at once that the
asymptotic relations of the present chapter admit of sub-
stantial improvement if the hypothesis is true.” For in this
case we can take the 7 () of §§10 and 11 to be }, and, taking
o=1—¢€ (0 <e<1), we obtain errors O (2}+3€) in the formula for
J, (x) and O (zi+1€) in the formulae for ¢ (x) and 7 (x). But these
results can be improved still further. In the first place the index
which we should expect in the latter formulae, corresponding
to the } in the former, is not  but 4, and the increasc results
merely from the imperfections of the method; moreover, the
factors i€ and at< can be replaced by powers of logz. While
these defects can, to some extent, be removed by appropriate
modification of the arguments of this chapter, it is preferable
to use a different method. Thisis based on the ‘explicit formulae’
which form the main subject of the next chapter.

LT, Chapters I1I and V. Nee also Siegel 1.



CHAPTER 1V
EXPLICIT FORMULAE

1. In this chapter we propose to discuss a curious type of
exact representation, by infinite series, of functions associated
with ¢ (). These ‘explicit formulae’ are very remarkable and
ipteresting in themselves, and have important applications, some
of which will be dealt with at the end of the chapter.

Our arguments will involve applications of Cauchy’s theorem
in which a line of integration is moved across the critical strip,
and we must first obtain more precise information about the
distribution of the imaginary parts of the complex zeros of {(s).

2. Density of zeros. We denote by N (7)., where 7' > 0,
the number (necessarily finite) of zeros of {(s) in the rectangle
0-0:71,0-7¢< T, that is, by Theorem 16, the number of zeros
p= B+ ytof {(s), or of £(s), for which 0 <y < T

Theorem 25. When T — oo,

T T T ,
N(T)= 277_10g2ﬂ_— 9T O (log 7).

Suppose that 7' > 3, and (for the present) that 7" is not equal
to any y. Then £ (s) has 2N(T') zeros inside the rectangle whose
vertices are 2+ 7% and — 1+ 7%, and none on its boundary.
Hence, by a theorem of Cauchy (the ‘principle of the argument’),

4mN(T) = [arg £(s)]e,

where [arg £ (s)]; «denotes the increase in argé(s) when s de-
scribes the perimeter C' of this rectangle in the positive sense.
Now  farg£(s)lo = [arg 4s (s — Do + [arg ¢ (9)]o,

where ¢ (s) = 7~# T (}s){(s). The first term on the right is 4,
and, since ¢ (s) takes equal values at points s and 1 — s and conju-
gate valuesat points o -+ ¢, the second term is clearly 4 [arg ¢(s)],,
where L is the broken line made up of the segment L, from 2 to
2 + T'i followed by the segment L, from 2 + 7% to } + 7. Hence

(1) #N(T)=m+ [argm—¥], + [arg T (33)], + [arg { (5)]..-
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We have first
[arg 4], = [— L tlogn], = —%Tlogw.
Next (see p. 57, footnote, with z= } T%, a = })
[arg T (35)], = [3og I (4s)], = 3log I'(} + § 76) — Jlog T (1)
=3{(— 1 + 3 T9)log (3 T%)*— 3 T + Ylog 2w} + O (T
= 3_,Tlog(}T)—§§w—{T+0(T 1)
when T —o0. Sul')stituting into (1), we obtain

‘ TT T 7 1 1
2) N(T)::2ﬁlog27}——2T-r+8+7—r[arg2_j(s)],,+0(T>.-

Now let m be the number (necessarily finite, as will appear)
of distinct points s’ of L (excluding end-points) at which®R{ (s) = 0
Then

(3) [arg {(s)], < (m+ 1) m;
for, when s describes one of the m + 1 pieces into which L is
divided by the points ', arg {(s) cannot vary by more than =
since R (s) does not change sign. Now no point s’ can lic on
L, since

. i | 1 odu 1
S DA ~S1 =3 0~ — —_ —_—
4) RE(2+ )1 %4n2/1 02 L T

o

Thus m is the number of distinct points o of the interval } <o < 2
at which R{(o+ 1) =0, and this is the number of distinct
zeros of the function g (s) = }{{ (s + 1) + { (s — T")} on the seg-
ment § < s < 2 of the Ieal axis; for g (¢) =R (o + T%) for real o,
since { (o + T't) are conjugate. Since g(s) is regular, except at
8=1-t T, m is therefore finite, and we obtain an upper bound
for m by applying Theorem D (p. 49) to g (sf and to the circles
|s—2] <%, |s—2|<3}. Since T'> 3, g (s)is regular in the larger
circle and satisfies

190 | <34y (|14 T+ | 6= T | < A, (T+ 2

by Theorem 9, since o> }and 1< |t+ T| <2+ T at all points
8 = o + 1 of the circle. Alsog(2)==R{(2+ T)> } by (4). Hence,
by Theorem D,

() = < (@ T,>3).
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Thus m < 4,log T for T > T,. Substituting into (2) and (3) we
deduce

" T T

N(T)——wlg2 T‘\A slog T

2m|

for T> T, prov1ded that T is not equal to a y. But this re-

striction is now irrelevant, as may be seen by replacing T' by

a larger value 7" (distinct from the y’s) and making 7" - T + 0.
We note some consequences of Theorem 25 which will be

useful in applications.

Theore{n 25a. If h s a fixed positive number, then
when T —> 0. N(T+h)—N(T)=0(ogT)

For, writing P (t) = (t/2m)log (t/2m) — (t/2m),
we have .
P(T+h)— P(T)=hP' (T + %h) (0<9 <),
and the result follows from Theorem 25, since
P’ (t) = (1/2m)log (¢/2m).

Theorem 25b. We h(we
S o 0@egT), T L-0 (!9‘5 T)

0<y<TY y>1Y i
as T —o0.

The summations extend over all p whose imaginary parts y
lie within the specified ranges, due allowance being made for
multiplicity. Denoting the sums by S and S’ respectively, we
have

()

S< T s,, S< S s

. m=0 m=[T]
where s,, and s, are £1/y and Z1/y? summed over the range
m<y<m+1. Ifm 1, the number of terms in s, or s, is

N(m+1)—N(m)=v,,

say, and Sm < Vp/m, s, <v,/m? By Theqrem 25a,v,, = O (log m)
as m—>o0; hence when 7' o,

=0+ 0(): 1°gm) 0 (log?T),

= 0(8 )= 0(%").

Ill )

’
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Theorem 25c. If the p= B+ yt with y> 0 are arm'nged m
a sequence p, = B, + v, 1 so that y, ., >y, , then

lpnl|~v - 2mm as m—> 0. -
n n 10

gn
For, since N (y, —1)<n < N (y,+1) and .
20N (y 1) ~ (7 = D) Iog (v, 1) ~ 7, log .
we have first 27n ~v, logy, , whence logn ~logy, , and
Yn~2mn[logy, ~2mn[logn.
And y, <|p,| <y,+1.

Theorem 25, which embodies one of the most important properties
of {(s), was stated by Riemann, but first proved by von Mangoldt.?
The difficult step is, of course, the estimation of [arg {(s)]. The above
proof is due to Backlund.? Unlike von Mangoldt’s proof it docs not
depend on Theorem 18, and it thus provides an alternative proof of the
existence of an infinity of complex zeros. The information obtained in
this way about the density of distribution of the zeros is more precise
than that contained in Theorem 18; for we now see (from 'Theorem 25 c¢)
that X | p |~ (log|p|)™ is convergent for « > 2, divergent for o < 2.

It should be observed that Theorem 25a, which suftices for many
applications, is essentially simpler than Theorem 25. 1t may be proved
at once by applying Theoremn D directly to {(s) and to two circles
with centre at ¢ + 7'i and passing through the points § 4 (7 - 2h)¢ and
3 -+ (T + h)< respectively, where ¢=c (k) is a sufficiently large positive
number, and using the symmetry about o= }.

3. We next obtain an inequality for | {’/{| on a certain set
of lines crossing the critical strip and avoiding the zeros of £ (s).

Theorem 26. There exists a sequence of numbers T, T3, vees
such that

m<T,<m+1 (m=2,3,...)
and .

o
We have by Theorem 18, (26),

<Alog*t -(—-1<o<2,t=T,).

Coep L 1 Ua LIS
t©)=b= mdpGet D4 E( o ) =g+ 20)
say, where X (s) stands for the infinite series. Let 8= o+ ti,

1 Riemann 1; won Mangoldt 1, 2, 4; H, i, 368-378.
¢ Backlund 1, 2. For further developments see T, 58-61, 87-93, 96.
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)

80=2+n where —1<¢<2, > 2, and ¢t is not equal to a y.
Let §, be the distance of ¢ from the nearest y, and let

: 8= 8 (t) = Min (3,, 1).
Then for every p = B+ yi

|s—p 2> (t—y)2> 182+ L (t—y)2>

[sa—p|2= (2= B)2+ (t—y)2>

since 0 < 8<:1. Hence

8L+ (t =),
+

1
14 - '}’)27

i B |y So—S
|§(s) Z ()| §(s—p)<so—p>'
3 6 !

BT A P S

On the other hand

2— 1 1
M)~ (1 o ) > S e
since 0 < B <1, |8y —p|2< 4+ (t—y)2. Hence
[Z(s)— 2= so)|< ‘RE( < 8]2 (80) |-
Thus
’ %5 ¢
C(S)—g(é?) =|Z(3)I<S‘I>-‘(30[““S C(SO) g(So)|-

Applying the asymptotic formula for I''/T" (p. 57, footnote) to
g(s) and g (s,), and noting that |’ (sy)/{(sy)| < T A (n)n~2, we
deduce.
%) S o)<
Now let m be any integer greater than 1, and »,, the number
of p for which m<y<m+1, so that v,,= N (m+ 1)— N (m).
Then, if we divide the interval (m, m + 1) into v, +- 1 equal parts,
one subinterval at least will contain no y in its interior; take
T,, to be the mid-point of such an interval. Then, if t=7",,, we
have >{2(v,,+1)}71, and the theorem follows from (5), since (by
Theorem 25a) v,, < A,logm < 4,logt.

1
S ‘logt.

We shall require also the following theorem, which is more
elementary.
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Theorem 27. In the region obtained by removing fr;)m the

half-plane o < — 1 the intertors of a set of circles of radius } with
centres at s= —2, — 4, — 6, ..., i.e. in the region defined by .-
asi——l,]s—n])% n=—2, -4, -8, ...),
we have
) <Alog(|s|+1).
I

Changing s to 1 — s in the functional equation and differen-
tiating logarithmically, we obtain

T (8) log 27 + Ymcot s — 11: (1—s)— CC, (1'-s).

Now, when s is in the region R defined above, we have 1 — ¢ > 2,

so that
IC (1—s) <x/® .

“

(v '
(1= 8) <Ay log (1 - 5) [ < Aylog (|| + 1),
I |

Further (see p. 43, footnote)

R m
1 1 — -
| 4ot yms| = o Fomsi _ 11

<43
in R. Combining these inequalities we obtain the desired result.

4. Explicit formula for ,(x). We proceed to the dis-
cussion of explicit formulae, and we begin as usual with ¢, (x).

Theorem 28. Ifx>1, then
P 1 z;' & xzl-2r
- (0
e A R AR ToL R POy
Consider the integral

1 ot
1 ==5 [ i) ¢ %
taken in the positive sense round the rectangle C' = C (m) whose
vertices are 24 7,,¢, —2m—1+ T,,¢, where m is an integer
greater than 1 and the 7, are the numbers of Theorem 26. Let
I, (m) be the integral along the side (2 — 7',,¢, 2 +4&",,1) and I, (m)
the integral along the remainder of C.
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N ow, when m -0, I, (m) >, (z) by the fundamental formula
(14), p. 31. In I, (m )We have, by Theorems 26 and 27,

C(s)t<A log?|s| < A,log?m,

since|s|<2m+1—l—T <3m+ 2;also|s|>m,|s+1|>m,and
| 28+1| = 2°+1 < 28 since 2 > 1. Hence

a3, 4,log?m , log2m,
| Iy (m) | < 2;2%2&—— (4m+ 6+ 27T,) < Aga® -%L— ,

S0 that I, (m)—> 0 as m—o0. It follows that

(6) I(m)—>y;(x) as m—>o0.
But by Cauchy’s theorem of residues

2 p+1 z'
Im)=" — S —.
=, lyi<Tmp(p+1) @

m x—2r+1
Ty (-1 - R o g )
for the poles of the integrand are at the points 1, 0, —1 and the
zeros (p and — 2r) of {(s), and a zero of order n of {(s) gives
rise to a simple pole with residue n of {’(s)/{(s), and a pole
of order n to a simple pole with residue — n. Making m—> o0
and comparing with (6) we obtain the theorem. The two infinite
series are absolutely convergent, since the general terms are less
in modulus than x2/y? and 1/r2 respectively. The second series
may, of course, be summed in finite terms, but this is unimportant.

A generalised form of Theorem 28 was the basis of de la Vallée
Poussin’s proof of the prime number theorem.! He proved the formula
by substituting for — {’(s)/{(s) from equation (26), p. 58, and in-
tegrating term-by-term—a procedure not difficult to justify. But this
method is not available for the more delicate problem to be discussed
in the following scctions.

5. The explicit formula for i, (x) is based ultimately on the
special case k=1 of Theorem B (p. 31). The general form of
this theorem leads to an explicit formula for

@)= gy B @A) = o [ g @,

1 De la Vallée Poussin 1.
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the kth repeated integral (from 0 to ) of i (x). The function
¢ (2) itself may be regarded as corresponding formally to k = 0,
but this case presents theoretical difficulties, because the.de-
nominator s (s + 1) ... (s + k), which secures absolute convergence
of the integral in Theorem B when &> 0, reduces to the single
factor s when k=0. We must first prove an analogue of
Theorem B for k= 0. -

Theorem G. Ifc>0,y> 0, then

0 1),
(7) ! °+°°"?f“’d—Jl (yfl)
g;ijc_ms §=114 (y=1),

1 (y>1),

where, in the case y = 1, the integral is to be interpreted as a ‘ Cauchy
principal value’, that is to say as the limit of

1 c+ 1% ?/
(8) 2mi Lau ) ds, ¢
when T — co.

Moreover, if Iy)y=1@wT)+A@,T),

where I (y) and I (y, T') denote the integrals (7) and (8) respectively,
then, for T > 0,

C

Y
"MT'UOWI (y+1),
c

(9) [A(y, T)| <
7 (y=1),
(10) |A@y,T)| < y° (always).
Suppose first ¥ > 1. By Cauchy’s theorem
-1—. J ysds =1
21 [ 8 ’

the integral being taken in the positive sense round the rectangle
whose vertices are ¢ — Ui, ¢+ Vi, — X + Vi, — X — Ui, where
U>0,V>0, X>0. Let X0, keeping U and V fixed. Then
the integral along the side (— X + Vi, — X — Uq) tends to 0; for
the path is of fixed length U+ V and |y*/s| <y=—~/X < 1/X on
the path, since y > 1, X > 0. Hence
5 ~J’c+myjd3_l—- ]___jc U g_sd8+ 1 Jc+Vi ysd
T Je—-Ui 8 . 2 o-Ui S 2771‘ —0+Vi 8

=1-J(-0)+J(V),
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say; J (— U) and J (V) are absolutely convergent, and
- LYy Y Y

I T(=0)]< 2;7J_w Uda_27rUlogy’ [T < 2aV1iogy’
since y° == ¢”loe¥ and logy > 0. These results establish both (7)
and (9) in this case. The case y <1 is treated similarly, except
that we use a rectangle lying to the right of the line o = c.

For the case y =1 we have
1 J””dﬁ 1 JT a1 {T o=t g 1 JTAC_‘”_
2m _pec+ti 2m)_pc2+827 @)y 212’
since’ the real and imaginary parts of the integrand are re-
spectively an even and an odd function of ¢. Hence
1 jc+7'id3 1, 1 ““) cdt {c/wT,

2mi Cmlp e 2 !

3,

e-1i 8 2w

e—1Ti S 2 ! v

the first inequality being obtained by replacing the denominator
c?+ 12 by t%, and the second by replacing the lower limit 7' by 0.
This establishes (7), (9), (10), when y = 1.

It remains to prove (10) when y+ 1. Let I be the arc of the
circle |s|= (¢®+ T?)} = R lying to the left or right of the line
o=c according as y>1 or y < 1. Then, by Cauchy’s theorem

and (7), .
?/S
27Ti J’l‘ :S: ds

It is easy to show that, for U:~ 0, V > 0,

1 fe+Vids 1 ilo V+ 2¢
i) g8 2 27 BUTTaT
where 7' = Min (U, V), so that the integral (7) is not convergent in the
ordinary sense when y - 1.

c
< —1 y'.27'rR:~y".

1A, T)| = 5

(11) (13 <D),

6. Explicit formula for i,(x). Theorem G will be found
to lead to an explicit formula, not for i (x) itself, but for the
function

b, () = z/'(x_+0)_+2—_l/;_(_x— 0)_ v A (n),
n<r
where X' indicates that, when z is an integer, the term corre-
sponding to n = x is to have the factor {; ¢, (x) differs from ¥ (z)
only when z isea prime power p™, the difference then being

+logp.
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Theorem 29. If x> 1, then

p I : 1
12 x:x-zi—mo—kb(LM),
(12) Po () =D C() 2 10g x2

where X means the limit of
P

(13) S@T)= £ ¥
: IyisT P
when T - co.
Further, if .
(14) 2%:&@%+R@TL
P
then, for x> 1, T > 3,
23 /log?T 1
4 j( gT + T}f) (x+p™),
(15) |R(x,T)| < .
x® log*T m
a @ et (& =p™),

2% log?T
(16) | B, T)| <A~ ~p~

where & = £ (x) is the distance of x from the nearest prime power p™.

+Alogx  (always),

Suppose 7' > 3 and let 7" be the 7', of Theorem 26 next greater
than 7. Let ¢ be an odd integer greater than 7', and consider

T@= g | T(=5 @) ds= [ f0)as
=J1+J2(q) + J3(9) + J4(9),
say, where the integral is taken in the positive sense round the
rectangle with vertices 2+ 7"¢, —q+ 7"¢, and J,, J,, J;, Jy
are the contributions of the four sides taken in order starting
with the side (2 — 7"i, 2+ 7"7). In J; we substitute from the
equation — {'(s)/{(s) =Z A (n)n~* and integrate term-by-term

(as is clearly permissible by uniform convergence); this gives, in
the notation of Theorem G, with ¢ = 2,



78 EXPLICIT FORMULAE

say, by (7) and the definition of ,(z). On the three remaining
sides of C' we have, by Theorems 26 and 27,

_aC 0 _ log?3|s| ,
lf(s)l\l_slAllog |s] <34, 305 z

2 2
an < 3A1——~———~x°<A21»9g71,—T
since 3|s|> 37> 9> e? and (log?u)/u is a decreasing function
for u> 2. Hence | J4(q) | < K, 22 (where K, depends only on
T), so that, since x> 1, J5(q)— 0 as g—o0. Thus

. 1 ' '
lim J (q) = o (@) — X j {flo+ T")~f (o— T"i)}do

q—>% 27T

(18) — (@) — X
say. The integral Y is absolutely convergent by (17) (since
v>1), and

R}

x°,

4, log T slogz . 4 log?T a?
(19) | ¥|<Z208 = J_we owrdo = Ay 5"
On the other hand by the theory of residues
. xr x~2r
lim J(g)—2— = 2502 &
q-lfg @)= < p ¢ 0= r=1 — 27

Comparing with (18) and summing the infinite series, we obtain,
using the notation (13),

o (¥) =2 — 8 (x, T") — C'(O)" %10g<1~%2>+x+ Y

(20)  —w—S@T)- Zc’(O)— Hlog (1~ )+ P,

where
(21) P=X+Y+{8@T)—S@T)=X+Y+Z,
say. Since 7'< T' < T + 2, we have

log T

}T T

(22) | Z|<2(N(T)-

by Theorem 25 a.
We have now to estimate

23 "X=¥ L A
(23) X §AvnAg,T) Zu,,
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say. By Theorem G, (9), since ¢ = 2,

2 A -+
@) Jul <A i < 500 2 e,

for, if v = Min (2/n, n/x), then 0 <v <1 and
1-v |n—z|
1+v' n+x

Let v=v(x) be the integer defined by v—}<x<v+}. If
|n—x|> Lz, then
n+x | 2r | 2z

=11 ol 5. -
|n—2| ‘+n—x! H|n——x|<0

;log L—log{l—(l—v}>l—v.>

If |[n—2a| < iz but n#v, we can write % =v + r, where 7 is an
integer satisfying

O<r=|n—v|<|n—z|+|v—r|<2|n—a]|
Hence, by (23) and (24), :
_at gy logn_ | @ log(iz)ja
IX_uvIV‘ 7TT <’IL I132|‘>1(E nz 5— 21,51 (%’.’L‘) 7}_‘"‘)
12 % logn log? (2z) 22
(25) T<r w4 x ><A6T'
By (21), (25), (19), (22),
_ log?T' a2 log7T
| P—u,|- A6T+A — loch+ e ¥
_ 4 log®T
(26) <Ay~ (logx +‘”2>'

It remains to consider u,. Suppose first that z is not a pm.
Then if v is a p™, we have by (24), since v+ 2 < 2v + } < 3v,

% 3A (v) 1 .’17:2
lu, | < T v 'I_V'_"“‘xl <4 TE

since | v — & | = £ by the definition of ¢; and the inequality is true
also if v is not a p™ since u, = 0 in this case. If z is a p™, then

lu, | = ug| = | A(x)A(1,T")| < logz. T'<A9T

by Theorem G, (9). And in any case, by Theorem G, (10),
»
| %, | < (logv) (z/v)® <log (x +}). (§)2 < 4,y loga.
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Combining these results with (26), and noting that
logx=—log{l'— (1—a7t)}>1-2a7, 1>1—271,

we ‘see that P satisfies inequalities similar to (15) and (16).

This proves the theorem. For the inequalities corresponding to

(15), taken in conjunction with (20), show first of all that, for

any fixed z>1, S(z, 7'} tends to a limit S(z) as 7' o0, and

that S (z)= S (x, T) — P; and we then conclude from (14) that

R (x,T)= — P, so that the desired inequalities for R (x, 7") follow

from those established for P,

The incqualities (15) and (16) are of course susceptible of improvement.
The order in & can evidently be reduced by replacing the line ¢ — 2 in
the proof by a line lying further to the left. And there is an alternative
troatment of the horizontal parts of the contour which reduces the order
in T by a factor log T.! But the forms given are sufficient for our
applications.

© . s

7. The ‘explicit formula’ (12) suggests that there are con-
nections between the numbers p* (the discontinuities of i, (x))
and the numbers p. But no relationship essentially more explicit
than (12) has ever been established between these two sets of
numbers.

The inequalities for the ‘remainder’ R (2, T') give interesting informa-
tion about the behaviour of the series Xaf/p. Write, as in Theorem 25 ¢,
Pn — ﬁn + '}’n’l: (n — 1,2 .. Yn41 P Yn > 0), and let Pp — ﬁn ~ Yn i. Write
v, (@) = @Pnfp, (n =+ 1, £ 2, ...), and consider the series

O &)
(27) S {v, (@) + v_, (@)} = X 2Rv, (x).
1 1
If Sy (x) is the sum of the first N terms, and S (x) = lin S(x, T), then
1L—>w

2x

ISA(CL')“ S(x) [< IS\(@) "S(T"YA\)E + IR (x,'y.\)] ~ ;y:\'*_ ‘ B (w, 'V.\)l,

where vy is the number of p=: g4 yi with y = y,. Since vy = O (logyy)
by Theorem 25«, it follows at once from (15) that (27) is convergent
(to surn S (z)) for all x> 1, and uniformly convergent in any closed
interval lying within this range and containing no prime power. The
convergence cannot be uniform in an interval containing a prime power,
since i, (x), and therefore S (), is discontinuous at the points x = p™.
The series is, however, ‘boundedly convergent’ in any fixed interval
1< a< 2<% b, as may be seen from (16). When x < 1, the 1casoning of § 6
breaks down, but we can infer the convergence properties of (27) for

1V, ii, 108-120; Landau 4. For a deccper result, on the assumption of the
Riemann hypothesis, see Littlewood 2 (§ 8), 8.
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0 <z <1 from those for > 1 by observing that p’ = 1 —  describes with
p the non-trivial zeros of {(s) and that

?_"JFx’f.ji:li",klé (0<z<l); L

p Poiotep Y

the conclusion is that (27) is convergent for 0 < <1, the points p=—m
playing a similar role to the points p™. The explicit formula (12) is, of
course, no longer valid, but by treating the integral .

2 (w)a

by the methods of §6 we obtain the explicit formula
- An) 1 ‘\E:L‘f’_: L4
n<2i/r " log‘L_ C+ =, glogl_w (0<x.<l),
where C is Buler’s constant. The series (27) may be shown to exhibit a
‘Gibbs phenomenon’ in the neighbourhood of the points p*». For & == 1,
(27)is (absolutely) convergent, but neither explicit formula holds, and the
series cannot be boundedly convergent near « =1 (on either side) owing
to the presence of the terms — }log(1 --2~!) and —}log{(1 + x)/(1 — z)}

in the explicit formulae. .
The behaviour of the separate scries
00 @
,‘I‘.vn (@), }i?v_n(w)

can be investigated by using in the argument of § 6 a rectangle
(2-U0", 2+V', —q+ Vi, —q—U")
with U’ # V’, and applying the corresponding extension of Theorem G.
1t is found that the series are uniformly convergent in any closed
interval lying in x> 0 and containing none of the points 1, p*m, but are
not convergent at these points.!
We may note a close analogy with the familiar formula
oo 2 0 2mwnxe
R R e e ]
1 n#+0

n i 2mns

which may be regarded as an explicit formula for the function
[zl = 3 ([ + O] + [x - 0]) = ;’ 1 (z>0),

and may indecd be proved by similar (though naturslly simpler) methods
with the aid of the generating function

l
Sy = S (0> 0).
- 1
Riemann’s fundamental memoir centred round an explicit formula
analogous to (12) for the function II,(x) = § {II (z + 0) + II (x — 0)} (in
our notation). His formula (after correction of a numerical error and
with a change of notation) is

I, () = 1ix—zlixp+/“’- du
P

S————1log2 (x>1),
2 (W2 —1)ulogu g‘ (@>1)

1 Landau §; Cramér 1, 2; T, 61-63.
IPN I3
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where lixP = lierlor® and

. utvi  e2 .
lie® - —dz (w=u+vi,vZ0)!
. N

This and the formula for y,(x) were first proved rigorously by von
Mangoldt.? .

8. Applications. As a first application we shall show how
the explicit formula for i (x) (Theorem 28) may be employed in
the proof of the prime number theorem. We have

h@ gy @t oYy —vweo())
x2 "P( +1)}0 -2 U(‘I;)'}'O z)’
say, when x->00. Now the series U (x) is uniformly convergent
over the range x> 1, since

Pl xf-1 xﬁ 1]
plpt )| [plpt )| y2 Ty
and Xy-2is cpnvergent. Hence, when w—>oo,

p—1
lim U (x) = Zlim Y0 0,
P plpt1) &
since | 2p~1| = 28~1 and B < 1 in cach term by Theorem 10. Thus
Jy(x)/x2->1, whence the prime number theorem follows by
Theorem C (p. 35) as before.

(S

The formula (28) may also be used in conjunction with Theorems 19
and 25a to prove the more precise relations of Theorem 23. This is, in
essentials, the method adopted by de la Vallée Poussin.?

For our further applications we introduce a number © defined

as follows:
O is the upper bound of the real parts of the zeros of {(s)

Clearly © - 1, since there are no zerosin o > 1. And from the
existence of the non-trivial zeros p and their symmetry about
the line o= 1 we infer that ® > }. Thus }--© 1, and this is
the most that is known about ©; but ©®=1{ if (and only if)
the Riemann hypothesis is true. We now prove the following

U If i e* is defined for real w as § 1im (li ¥+ + li e¥=??), it is casily verified that
v—>0

this agrees with the definition of liz given on p. 3. Our definition of li ¥ makes

this function continuous on the stretch w < 0 of the real axis, and differs from the

current definition, which makes it continuous on the stretch w > 0. Our lie® is

Mympt(»tlcally ¢®/w,when w — oo in any fixed angle § Cargw <27 — §(0 <3< m).

2 yon Mangoldt 2; H, i, 333-368 (see also 516-532); Cramér 1.
3 De la Vallée Poussin 2.
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theorem, which is worthless if ® = 1, but supersedes the‘ results
of Chapter IIT if ® < 1. .

Theorem 30. We have

(29) Py (x) =}2% + O (x°+7),
(30) P(x) =2+ 0 (2°lag*z),
(31) m(x) =liz+ O (x®logx).
The relation (29) is an immediate consequence of (28); for
|U @) | =< P 52 gt @1
s ¥: e PP t ’

since Zy~2is convergent.

To prove (30) we use Theorem 29, taking 7" = a2 (x > 2) in (16).
This gives
o (2) =2 — S (x,22) — R(x,22) + O (1) = v — S (x,2) + O (log?z).

p®
Now |8 a2)| 22 = ’; - O (2® log?x)
O<y<u?
by Theorem 25 b. Since s () — i (x) - O (log x) the result follows.
Finally (31) is deduced by partial summation. Using (30) in

conjunction with equations (38) and (41) on pp. 64-65, we obtain

7 (x)—lix=0 < jx u"’“ldu) + O (x®log ) + O (xt) = O (x° log x),

since © > {.
There is an alternative method which leads to (30) in a less direct
bhut more elementary way, since it depends on Theorem 28 instead of
Theorem 29.1 Let kb be a function of 2 such that 1< A < }a for large x.
Then by Theorem 28
(@4 it aptt® ¢

aoy @ Lh)—dy(x) o (@Rt abTh 1
@32) M e =R T oy T OO (m)’

Denoting tho general term of the series on the right by w, we have

|| < EEPOT 20T 4ot
pl==" y*h y*h

’

since (x + h)OH < (32)0T1 < (3)2wot! < 3x0*1; also

)
(x + h)®< 2z .

M

| w, | lfihumu|< !

wl =L

Pk ) e el
A

1 Holmgren 1; Landau 6, 5-10.

6-2



834 EXPLICIT FORMULAE
Hence

Zw < 8x0 Z Min ( , 1 = 80 P 1 + 820 ¥ .
A 2
*h O<y<z/h?Y y>zlh?Y h

x

-O(xolog ,)+O( %I—ngz> = 0 (x®log?x)
by Theorem 25 b (since 2 < x/h:~ 2). Now (cf. p. 64) () lies between
the two exprbssions on the left of (32); hence
Y(x) =2+ O(h)+ O (x9log?z).
Taking, for example, A = 1, we deduce (30).

We can obtain the less precise relation ¢ (x) =z + O (x®+¢) (for any
tixed positive €) more directly by a modification of the method of
Chapter llI using the line o= 0 + Le as path of integration. 1f we work
with ¢, (), we must usc a dlffercncmg argument before estimating the
1nt0grul along o= 0 4 }e. If we work directly with ('), we take a finite
rango of integration (— 7',7') and make 7' a function of z, as in the first
of the above proofs of (30).

If the Riemann hypothesis is true, Theorem 30 gives

Yoy =z + O(@tlogix), = (x)=liz+ O(atloga).

Theso results, obtained by von Koch! in 1901, are the best known of
their kind on the Riemann hypothesis.

9. The equation (30) connects the order of magnitude of
Y (x) — x (for large x) with the number ©, but only in a one-sided
way. Now it is easy to establish a relationship in the opposite
sense, and we are thus able to conclude that (within certain
limits of accuracy) the order of i (x) — « is completely deter-
mined by ©. As a measure of the order of  (x) — x we introduce
a number ®’ defined as follows:

@’ s the lower bound of the numbers o for which

(33) g (x) — x= 0 (x%).

We then have

Theorem 31. O’ = 0.

For in the first place ®’ < ® by (30). On the other hand, by
equation (17), p. 18, we have

! 8 x

(34) —%(s)—é—j=sjl ‘/‘(xs),-l-dx
in the first instance for o > 1. Now, if 8 is any fixed positive
number, we have, by the definition of ®’,

PO 4T <A@ (0> 042,31,

1 von Koch 1.
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L4 .
so that the integral on the right of (34) is uniformly convergent
for 0> @' + 23 and so represents a regular function in the half-
plane o> ©'. It follows from (34) that {(s) cannot have a.zero
in o> @', orin other words that ® < @’. This completes the proof.

Of the two inequalities ®’ < © and © <L ©’ the latter is, of course, the
more elementary. The proof is similar in pminciple to the afgument used
(in Chapter 1I, § 9, pp. 36-37) to show that the prime number theorem
implies that {(s) has no zeros on the line o= 1, but is simpler in detail.

It follows from Theorem 31 and the definition of ® that (33)
cannot hold for any « < ®. Since ® > } we conclude that (33)
is certainly false if « < }; and more than this can be asserted if
the Riemann hypothesis is false (i.e. if © > }). Thus we see that
the complex zeros of {(s) impose a definite limitation on the
degree of accuracy with which 4 (x) can be represented by z,
or w(x) by liz. The further development of this observation
leads to some very remarkable results which will be discussed
in detail in the next chapter.



CHAPTER V
IRREGULARITIES OF DISTRIBUTION

1. Up to the present we have been concerned for the most part
with the investigation of superior limits to the order of magni-
tude of the differences = (x) — liz, etc., thatisto say with theorems
which imply a certain degree of regularity in the distribution of
primes. Our object in this chapter is to obtain results in the
opposite sense. These will enable us to decide the question of
the general validity of the inequality = () < liz referred to in
the Introduction, and it was indeed this problem which gave
rise to the deeper theorems of the present chapter.

Our theorems are most conveniently stated in the ‘Q-notation’,
which forms a natural complement to the classical O- and
o-notations. We write f(@)—Q (@)

(as & —00) if there exists a positive number ¢ independent of z
such that |f(x)| > cx for arbitrarily large values of z; thus ‘Q’
is the negation of ‘o’. If f(x) is a real function, we write

f@)=Q, ()
if f (x) > cx for arbitrarily large x, and
J(@)=Q_(2)

if f(x) < — cx for arbitrarily large x. Thus ‘Q’ is equivalent (for
a real f) to ‘either 1, or _’. We shall use the symbol ‘Q.’ to
denote ‘both Q_ and _’. Thus

wsina = Qy(x), x+asine=Q(x),

but we cannot replace (2 in the second relation by Q, . The special
function « on the right is used merely by way of illustration;
it may of course be replaced by other positive functions.

The Q-notation was introduced by Hardy and Littlewood; we have
replaced their Qp and Q7 by Q, and Q_.}

The type of t‘{leorem at which we are aiming is illustrated by

1 Hardy and Littlewood 2, 138, ‘
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the remark at the end of the last chapter § 9), which may now
be expressed by saying that
ble)— 2= Q@) -

for every a < ©, and so certainly for every « < &=

ltisimportant, however to investigate not only the magnitude
of the differences i (z) — «, etc., but also their sign, and our first
object is to replace Q in the relation just written by Q.. For
this purpose we require some results in the theory of Dirichlet’s
series and integrals, of which we give a br;ef account in the next
section. .

2. Dirichlet's series and integrals. The theory (in its
simplest form) deals with series and integrals of the type

(1) 50n (:Jc(x)dx

L’ s o
where ¢ () is supposed bounded and integrable (in the sense of
Riemann) over any finite interval 1 -2z -2 X, and s=o+ # is
a complex variable. The following results are classical.

I. IfaDirichlet’sseries (orintegral) convergesfors = 8; = oy + b1,
it converges for every s = o - ti with o > o, and indeed uniformly
in any fixed angle of the type

|arg(s—s;) | Ca<im

LI. If a Dirichlet’s series (or integral) is convergent for some,
but not for all, values of s, there exists a unique real number o,
such that the series (or integral) is convergent for all s in the half-
plane ¢ > o, but for no s in the half-plane o < a,.

DEerINITIONS. The number o is called the abscissa of convergence,
the line ¢ — o, the line of convergence, and the half-plane o> o,
the half-plane of convergence, of the Dirichlet’s series (or integral).
(In the extreme cases of convergence for all, or for no, values
of s we may write oy == — 00, OT g == -+ 90.)

1il. A Dirichlet’s series (or integral) represents in its half-plane
of convergence a regular function of s whose successive derivatives
are obtained by d'ifferentiation term-by-term (or ender the integral
sign).
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Of these results 1 is easily proved by partial summation (or
integration), II then follows by a Dedekind section argument,
and.JII is deduced from I on the basis of Weierstrass’s theorems
(p- 25, footnote).?

There is some analogy between Dirichlet’s series Xc,n~* and
power series Xc,z"; and indeed cach type of series may be
regarded as a special case of the generalised Dirichlet’s series

o0

(2) Zc e~ (AL <Ay <..., A, —>00)

1f we make the substltutlon z=e~¢ in the power series. But the
analogy breaks down at a number of important points. For
example, the line of convergence of a Dirichlet’s series (which
corresponds to the circle of convergence of a power series) bears
no necessary relation to the singularities of the analytic function
S (s) defined (on the basis of 11T) by the series. This is illustrated
by the series 1 — 2%+ 3-$— ... which has o, = 0 but represents
the function (1 — 2-¢) { (s) which has no singularities in the finite
part of the plane. There is, however, one important special case
in which ¢, is determined by the singularities of f(s).

Theorem H. If c, (or c(x)), supposed real, is of constant
sign for all sufficiently large n (or x), then the real point s = o
of the line of convergence of the Dirichlet’s series (or integral) (1)
18 @ singularity of the function f(s) represented by the series (or
inlegral).

In case the analytic function f(s) is many-valued the sin-

gularity contemplated is one directly associated with the single-
valued branch represented by (1).

Suppose the thedrem false. Then there exist a domain D con-
taining both the half-plane o> o, and the point s = g,, and a
function f(s) regular in D and identical with (1) in o> o,. Take
an a> oy, and choose R so that the domain | s — « | < R contains
the point s = o4 but is itself contained in D (so that B > a — o).
Then, since f(s) is regular in D,

f(s)=§(s_f;{;*)7ff<n)( %(“n'. )" f® («) (]s—a|<R).

1 For details see HR, 3-5.
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[ ]
Take for definiteness the integral, and suppose (as we may) that
¢ (x) > 0 for > x,. Then, since a> o,

.

(= 1 o) = | ) 22 ()" gy [ Fo@)(logm)" 5 v

T

1
if X > x,. Hence, for real s satisfying « — R <s < «,

flo> £ Yo oy, (¥ gl o (z) (log)"

da
0 n! 1 x® ’

1 0 n! x

the last series being uniformly convergent for 1<z < X since
the general term does not exceed K (Rlog X)"/n! in absolute
value, where K is the upper bound of |c(z)z—*|in 1 << X.
Summing the series under the integral sign, we deduce
f(s)> L\ cygf) ele—8)log g — {1‘\ 9:(;) dux.

Since the integral on the right is an increasing function of X
(for X > 2,), it follows that the Dirichlet’s integral is convergent
at all points s of the segment « — R < s < «. But this is im-
possible, since this segment extends to the left of the line o = g,.

Theorem H is due to Landau. The corresponding theorem for power
series had been proved by Pringshcim, but his proof is not applicable
to Dirichlet’s series.1

We may note in passing that this theorem may be used to prove that
¢ (s) has no zeros on the line o = 1.2 We start from the identity

() (s +yi)L(s—yi) R|Cp|?
) Z(2s) o % nt

(o >1),

where y Z 0, C,, = X @, the last sum being over all (positive) divisors

din .
d of n; this identity (which is a special case of one due to Ramanujan)
may be proved by applying Euler’s identity (Theorem 5) to the series
on the right. Lot o, be the abscissa of convergence of this series. Then
0 <1, and (3) is valid (by analytic continuation®if oy<1) for ¢> o,
the left-hand side f(s) being of necessity regular in this half-plane.
Since | C,|2> 0, it follows from Theorem H that (f being single-valued)
0, is determined as the singularity of f(s) on the real axis lying furthest
to tho right. If {(s) had a zero at 1+ y: (and therefore another at
1— i) this would give o, = — 1, which is easily seen, in various ways,
to be impossible; for example, (3) would then give f(3)>|C,|?=1,
whereas in fact f () = 0.

! Landau 1. See also Landau, Darstellung und Begrindung einiger neuerer
Ergebnisse der Funktiopentheorie, 2nd ed. (Berlin, Springer, 1929), 14,
2 Ingham 1.
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3. We now apply the results of § 2 to the proof of

Theorem 32. If & is any fixed positive number, then

4 P (x) — & =Qy (x°77),

(5) Il (z) —liz = Q4 (x®-?%).

O denotes as before the upper bound of the real parts of the
zeros of {(s). '

We must prove (4) and (5) separately, as we cannot deduce
(5) from (4) by partial summation. We give the proof of (5);
that of (4) is similar but easier.

Let, 0 < 2 <. For real s > 1 we have

sflw I;s(x) dx =log{(s)

+1

by equation (18), p. 18; also
o 1§ ] 0 [ 1 { oo -y
SJ llx(lx:[—lli +J dx lle+J g~dy (1 —e)
s—1 Y

. &'t 2|, e 2*logx e
lie 1 dy Jl e | J'oo e~V
== - - e — ——d? -—»»~d’[
e’ +Js—-1 Yy i s—1 Y J+ 1 Y 4

= —log(s—1)+g(s),
where ¢ (s) is an integral function; and

© po 1
fl =g

Combining these results, we obtain

(6) fwc(x)dhf(s) (s>1),

. 1
where
POAYNEN P RN, — e
c(x)= E@L«;‘Lf- (x>e), 1 (xl d (I1<x<e),

(7) f(8)=§log{(s—1)((8)}_‘810(_0((5).

Let o, be the abscissa of convergence of the Dirichlet’s integral
in (6). Then the integral represents a single-valued branch of f(s)
regular in o> o,. Now it is clear from (7) that no such branch
could exist if the half-plane o > o, contained any zeros of {(s).
Hence we must have o, > ©. On the other hand f(s) has no
singularities onthe stretch s>« of the real axis, (s— 1) (s)
being regular and different from zero along this stretch. In
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particular, since o, > © > «, the point s = o, is not a singularity
of f(s). It follows from Theorem H that-we cannot have, for
example, ¢ (x) <0 for all sufficiently large x. Hence c(x)~> 0,
that is IT (x) — liz > x*, for arbitrarily large x. And we can prove
similarly that II (x) — liz < — 2 for arbitrarily large 2. Since
may be any number satisfying 0 < « < 0, this proves (5).

Tt will be noted that’ the argument depends essentially on the fact
that {(s) has no zeros on the positive real axis, a property which is not
usually important.

Since ¢ (r) — & = ([x]) = [x] + O (1), (4) is equivalent to .

g(n)—n-Qpn®?) -
when n— « by integral values. This implies in particular that, if W (n)
is the number of changes of sign in the scquence,
(-1, 4(2)-2, ..., y(n)—n,

then W(n)—>« as n —». Pdlya has obtained the more precise result
Wn)_c

lm 22T U

n—>w logn = =
where ¢ is defined as follows. If {(s) has zeros O + yi on the line ¢ =0,
then ¢ is the least positivo y corresponding to these zeros; otherwise

¢ — + ».! The proof is based on a refinement of Theorem H.

4. Since O >} it follows from (4) that ¢ (x) —x = Qi(w*'a)- By a
refinement of the argument we can prove

Theorem 33. ¢ (x) —a —Q 4 (r}).
If >} this (and more) follows from (4) since we can choose 8 so
that @ — 8> 1. We therefore suppose ® = }. We have, for o>- 1,

(®) / :°9;?§--)dx ~f(®)

J(x) —x + ext IC’ 1 c .
whero  c¢(x) ="~ e f(s) 5t (8) — o -+ soy
¢ being a positive constant. Suppose, if possible, that ¢(x)> 0 for all
x> X (>1). Then, since f(s) has a singularity at g — } but at no point
on the real axis to the right of this, it follows from Theorem H that
gy = § (o, being the abscissa of convergence of the integral in (8)), so

that (8) is valid for o> 1.2 Hence, for >3,
X X
Fartil< [} o] g R e

< 2/" '—c(m)ldx+f(a) ~K (o),
1 x*

1 Pélya 1.

2 Theorem H, which is not used again in the proof, may be dispensed with if
desired. For the conyergence for o > 4 (= 0) of the integrag in (8) is secured (in-
dependently of any assumption about the sign of ¢ (z)) by Theorem 30.
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¢
where K is independent of o and t. Take t=1y,, where } + y;4 is the
zero with least positive 5, multiply both sides by ¢ — }, and let ¢ — } + 0;

this gives a m
MY

[§+ Yﬂl
where m,; is the order of multiplicity of the zero } + v,7. Now c is at
our disposal; choose it so that 0 < ¢ < m,/| } + y,i|. Then the supposition
that ¢ (x)>> 0 for x> X leads. to a contradiction, so that we must have

c¢(x) < 0 for arbitrarily large z; and a similar resalt holds for the function
¢(x) ={~ ¥(x) ko +cet}/z. Since ¢ may he taken as near as we pleaso
to m,/| § 4+ 4| we conclude that, when = — o,

) ¥ (x) d»(z)

— -2
~lim - T > 8, lnn
x

<ec,

T d,

where 8, - my/| § + v,7].

Theorems 32 and 33 are due to K. Schmidt. Less precise results
pointing in the saine direction had been obtained earlier by Phragmén.!
It is worth while to note that we cannot expect to make further progress
by these methods. For the same arguments applied to the formula (16)
on p. 32 wili show that

Yo (w) — $a* = Qg (a¥),

and we know on the other hand froimn Theorem 30 that, if ©® =1,
d (@) — Ja? = O (2?).

5. If we write

P()=m(x)-lix, Q)=1II(x)—lix, R(x)==y¢()—x,

we see from Theorem 32 that @ (x) and R (x) change sign in-
finitely often as x increases to infinity. But the problem of P (x)
is more complicated, since = (x) is less directly connected with
{ (s) than are II (x) and 4 (x). Writing M -= [log z/log 2], we have
A W(xllm) xrt

Q)= P@)= 2 "0 < jnh) £ 000~
so that ”‘;
(9) P(x)-_—logcg&:<—1+Q(x)lﬁf+o(l)).

Now the term —1 on the right indicates that negative values
of P (r) may be expected to preponderate, but whether P (x)
is always negative, as suggested by numerical tables, cannot be
decided on the basis of the results so far obtained. If @ >},
then, by Theorem 32,

(10) 1:"?1 {i’x(;z:) = = 00, hm Q (x) E_g_f{" + 0,

! Phragmén 1, 2; Schmidt 1. For another proof of Theorem 33 see Littlewood 4.
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L]

when #->00, and the second result combined with (9) shows
that P (x) changes sign infinitely often. But the argument fails
if =11 o

In order to decide the question of the variations of sign of
P (x) we shall prove a further set of theorems which will show
that the relations (10) are true whether the Riemann hypothesis
is true or false. These theorems are much more difficult, and it
will be convenient to indicate in outline the general idea of the
argument before gomg into detall Starting from the explicit
formula for i, (z) (Theorem 29) and assuming the Rlemcmn
hypothesis (as we may) we replace the denominafors p =4 + yi
in Xa?[p by yi (as we may with a sufficient approximation), and
the series itself therefore by

ot 3 sin (ylog ) _ oxt 3 %m_w(b.lﬁgﬁ).
y>0 Y n 1 Y o .
Now the last series (without the factor 2a!) is, formally,
— 3¢ (¢log ), where

(11) G@)=Gotty—-x° ",
1

and we wish to show that, when ¢ 0,
(12) lim X@ (t3) = + oo, lim 3@ (t7) = —

We begin by investigating G (s) for o> 0. The series defining
G (s) is absolutely and uniformly convergent in any fixed half-
plane o > 3§ > 0 since

1 1 1

R R T A

and X1/(y,2) is convergent; thus @ (s) is regular in o> 0. We
first show, by means of a theorem of Dirichlet on Diophantine
approximation, that there exist points s-= ¢+ # with small
positive ¢ and large positive ¢ at which JG(s) is large and
positive, and other points at which J@ (s) is large and negative.

e~ e

1 By the method of § 4 we could show that
og :t my
lim Q (= = -
¢@ T lhe il
and this would suffice ,to show tha,t P (x) changes sign infilitely often if 8, were
greater than 1. But actually 8, is about 0-07. (See T, 4547.)



94 IRREGULARITIES OF DISTRIBUTION

But thése points, though ‘near’ the line ¢ = 0, are not sufficiently
near to enable us to make trivial deductions about the be-
havipur of 3G (s) on this line, and to make the transition we
use a theorem of general function-theory due to Phragmén and
Lindelof. When we come to details, we find that we have to use
one of the inequalities for the ‘remainder’ R (x, T') in Theorem 29;
also we do not actually define ¢ (s) on the line ¢ - 0.

6. We begin by proving the general theorems of Dirichlet and
Phragmén-Lindelof referred to in the preceding section.

Theorem J. Let 0, 0,, ..., Oy be N real numbers, and q @
positive integer. Then in every interval of the form
Tt lTgN (r>0)
there exists @ number t such that each of the products
' t0,, th,, ..., 0y
differs from an integer by less than 1/q.

We use (merely for convenience) the language of N-dimensional
geometry. Consider the ‘unit cube’ in N dimensions, i.e. the set
of ‘points’ {x,, x,, ..., xy} defined by

0y <1, ..., 0-Tay<l,

and subdivide it into ¢¥ small cubes by ‘planes’ parallel to the
coordinate planes, a typical small cube being defined by
m- 1 ™ 2 Rl P
(1 \\.xl/\q, vee gy q \‘xN ~ q,
where n,, n,, ..., ny are positive integers not greater than q.
Let 7 be a positive number, and consider the points

P, ={(rr0,), (r70,), ..., (rr0y)} (r=0,1,2,..),

where () == w — [u]. Each P, lies in the unit cube and therefore in
some small cube. Since there are only ¢V small cubes, one at least
must contain more than one of the ¢¥ + 1 points P,, Py, ..., P,«.
Suppose P, and P, (0<s <7< ¢") lie in the same small cube.
Then

| (r70,)— (s70,) | <1/gq (n=1,2,..., N),

ie. |hr8, —k, | <1/q (n=1,2,...,N),
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»
where k= r— s and k, = [rr0,] — [s76,]. Since 1 <h<q¢¥‘and k,,
is an integer, the number ¢ = Ar fulfils our requirements.

. .
We observe that ¢ may be taken to be an integral multiple of ry-but
this is irrclevant to the application.

Theorem K. Let D be the domain of the s-plan; defined by
t>ty, 01(t)<0<..’/2(t)’ .
where g, (t) and g, (t) are continuous functions satisfying
ay << gy (8) <92 (F) S (t > 1),

a, and o, being constants. Suppose that f(s) 18 regular in I) and
continuous in D' (the region consisting of D and its boundary),
and that it satisfies throughout D' an inequality of the type

(13) [f(s)] < Kee', where 0 <c< T _
Ky — Xy

(K and c being constants). Then, if the inequality

(14) lfe)| = C
(C a constant) holds at all points on the boundary of D, it must hold
at all points inside D.

We may suppose o, = — §m, ay ==}, since this can be secured
by the linear transformation s = {s —} (x; + ay)}/(ag — @;); in
this case 0 < ¢ < 1.

Suppose, if possible, that (14) is true for all boundary points
but false for at least one interior point s*-=o* 4 t*7; 0 that
[f(s*)| = C+ 28, where 8 > 0. Consider the function

b (s) = f(s) e,
where ¢ < b <1 and ¢ is a positive number chosen so small that
(15) | é(s*)| > C+ 3.

This is clearly possible (e depending, of course, on s*). In D' we
have, since 0 <b<1land — }7 <o<iwm,

M(s) I — |f(8) l e—€cosbocosh bl If(s) l e—Yecos jbm edt lf(s) | .
Hence | ¢ (s)| < C on the boundary of D, and
|4 (8) | < Kexp (e — }ecos %bn.ez‘)
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inside. Since }ecos $b7 > 0 and b > c, the expression. on the right
tends to 0 when t—oc0. Hence we can find a 7' > t* so that this
expression is less than 'C 4+ 8 when ¢t= 7. It follows that, if D,
is the (bounded) domain defined by t,<t< T, g, (t) < 0 < g, (t),
then |4 (s)]<UC+ 8 on the whole of the boundary of Dj.
Hence, by the maximum modulus principle (¢ being regular
in D, and continuous in D;’), |$(s)| < C+ 8 at all points
inside D,. But this contradicts (15) since, by our choice of 7,
s* lies in Dy. ‘

Theorem K belongs to a fairly wide class of theorems with conclusions
of the'form f is either bounded or of very high order’. It asserts that,
if |f(8)] satisfics the inequality (14) on the houndary of D, then it cither
satisfies the same inequality inside or is of sufficiently high order to

violate any inequality of the type (13). That the latter alternative is in
fact possible may be seen from the example

f(8)=¢%5%, =0, ¢ (t)=o0y=—4m @ (t)=ay=14}m,

for in this case |f(s)]=c¥7h! 5o that |f(s)| e on the boundary
of D but satisfies no inequality of the type (13) throughout the interior.
As, however, a similar inequality with ¢ = n/(ay—a;) =1 does hold, the
example shows also that the theorem cannot be substantially improved
by a relaxation of the condition (13).

Subject to the necessity for some general restriction, such as (13), on
the order of magnitude of the function, Theorem K may be regarded as
an extension of the maximum modulus principle to a certain class of
unbounded domains.

7. We shall now set out in a series of lemmas the relevant
properties of the function

D p—Yn$S -8
Ge)=2 " =327 (6>0)
1 Yn >0 VY
introduced in § 5.

Lemma 1. 7o every positive € corresponds a positive o, = o (€)
such that, if 0 <o <oy, Ty >0, the interval

(16) Toy< T < Tyetlor+e
contarns a number T = T (e, o, T'y) with the property that
0 perty
|Glo+ti+Ti)—G(o+ti)|<e

for all real values of t. ‘
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We have,’for ¢ > 0, ¢, T real, .

| G o+ ti+ Ti)— Q (o + 1) |

—yOo—yYli—}yTi (p—4yTt __ pdyTi): yo
== (e ¢ )':[<2z_~_..|_S}_‘l§‘7T|
7>0 Y ] y>0 Y
e—'ya NW) 1 , :
<2x Oy ST oy L o5
y>U Y n=1 Yn

say, where U >3 and N (U) denotes as usual the number of
zeros with 0 <y < U. Since e* > z-for > 0, we have

- 1 A,log U
< Y)ZU oy? <

by Theorem 25 b. Next, taking a positive integer q and applying
Theorem J to the numbers 6, =1y, /27 [n=1, 2, ..., N(U)], we
see that there exists a 7" in the interval .

(17) Ty<T < Tyg"W
such that

Ty, 1 _
9 =k, +¢,, |¢n|<q, [n=1, 2, .., N(U)],

the &, being integers. 1f 7' is so chosen, we have

NW) | g N(U) 2
= x lsinmby | M [mb,| moy 1 A,log?U
n=1 Yn 1 Yn 9 o<y<UY q
by Theorem 2505, and therefore
A, . logU log2U
| G (0 -+ ti + Ti) — G (o + t3) | <A3< ang + Agé—)
for ¢ > 0 and all real ¢. In this take
64,
Ty

€

B 1
U-——;logc—’, q= [Blog J-f-l B =

assuming that 0 <o < o,, where o,= o0, (¢) is chosen so small
that 3 < U < (1/0)? for 0 < 0 <a,. Then

| G (o +ti+ Ti)— G(o+ti) | < 4, @lfz,gg((ll//?) + zlﬁ)ggz(ll//aa)D

IPN 7
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Also, since N (U)= O (UlogU) by Theorem 25, we have

o (B 1 1 1\1+e
N(@U)logg< N <~~0— log E) log (Blog2c~r+ 1) < (E)
if 0<o<o,="0,(B,€e)=0; () <o,. Thus (17) implies (16) if
0 <o < 0y, ,and the lemma is proved.

Lemma 2. Ifs=c+ti=re (r>0, = }mw<0<in), then

36 (5)= — 5 log> + 0 (1),

when. r—>0 (0 fixed).

We have
(18) G(s)= .sj C (x)e*=dx (o> 0),
"1
where " Cx)= Z -1~
O<y<zx Y

This follows from Theorem A (p. 18), with A, =1y, ¢,=1/y,,
¢ (x)=e2, since C(X)esX=O0{N(X)e*}=0(1) as X—>o0.
Now, for > y,,

c@=|" N0 gy V)

(again by Theorem A); whence by Theorem 25
27w C'(x) = % (logz)*+ Blogz +0 (1)

as x—>00, where B is a real constant. Substituting into (18) we
deduce that

(19) 2nG(8)=3%1,+ BI,+ R,

where I, = 8jm (log z)ke-sdx k=1, 2),
Y1

—0X [8[
IRI<I8lJyer dx<A(r cost‘)

Let I, be I, with the lower limit y, replaced by 0. Then

f (log z)ke~szdx

<|8IJ |logz [*dx = 4.
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Now, by the substitution sx = ¥ and an apphcatlon of Cauchy 8
theorem,

Ik'=J‘co (Iogg)ke‘l’dy j (log +logJ> e~ vdy. B

Expanding (...)* and integrating term-by-term we see that I,/
is a polynomial of degree k in log1/s whose leading term is
(log 1/s). Substituting these results into (19) we obtain

2 G (s) = (log ) + B'log: +0(1)

as r—> 0, B’ being a real constant. Since | |
1 1 . 1 .
logs = log; — 6i=log -+ log cos § — 6z,

it follows that, when r— 0,

2n 30/ (s) = — log } — B8+ 0(1) =~ flog + O (1)

Lemma 3. If 0<c<}, then for every sufficiently small
positive o, 1.e. for 0 < o < oy=0,(c), there exist a t' =1t'(c,0) and
at'=t"(c,o) such that

t' >elo, QG (o+t'?) > + cloglogt’,
t">e', JG (o +t"1) < — cloglogt”.

Let0 < e < 1 ,and chooseo, = o, (¢)inaccordance with Lemma 1.
Taking T, = ¢t we infer from the lemma that for each ¢
in 0 < o < o, there exists a 7', = T', (¢) such that

(20) e(l/a)l-r€< T0<62(1/0)1+€,
) |G(o+ti+iT,)~G(o+t)|<e  (all realt).

Now by Lemma 2, with =4 {7 (1l —¢), we have [since
s=o(l+itan@)]

T 3G (ot Moi)~F(1-e)log]  (o—>+0),
where A = tan {}7 (1 — €)}. Hence, for 0 <o < o0,=0,(e),

22) 336 (0.4 Aoi) > } (1~ 2¢)log .
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Taking't = + Ao in (21) and combining with (22) we obta,m

F 3G (04 Aot + Tgi)> 11— 2s)log&— e>31(1— 3e)logé
for 0 < o < 05 =5 0y (e).
Now it is.clear from (20) that, if 0 < ¢ <o, = 04 (¢),
Ao < £ Ao+ T, < el
Writing ¢'=T,—X and "=T,+ Xo, we-deduce that, if

0 <o <oy=Min(o,,0,,3), then t'> X7, ¢" > elo, and

';‘sa(a+t'{)>gf(1_3e)1og(l_’> loglog !> 0,

1-—-
(l+2)

with similar inequalities for -- }G (o + ¢"7). This proves the
lemma; for, since ¢ < }, we can choose € = €(¢) so that the co-
efficient of loglogt’ is greater than c.

Lelr).llla 4. If () < g <3 1, Ihen/
(Y' A I(l ——+ l .

Let U = ¢/o > e. Then we have, using Theorem 250,
.1 : logU
Gs)|< % ° X -4 X —,<Alog?U+ 4 ,
} | y>0 Y 0<y<U'}’ «,>U07 & 2 oU

whence the result, since oU = e, log U = log (1/o) -+ 1.

8. We can now state and prove our main theorems.

Theorem 34. We have

x,i:(x) — x=Q, (ztlogloglogx)
when x — 0.

We shall prove in fact that when x— o

(23) Lim @ =Ty (@) - <_1

atloglogloga ™ *° lim 2, log log lbg'x N

If the Riemann hypothesisis false (® > 1) these results (and more)
follow from Théorem 32. We therefore suppose the Riemann
hypothesis true (® = 1) in what follows.
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By Theorem 29 (16), p. 77, we have .
=z 5 P U0 gl ! .
‘;’0 (x) = Mé‘T 12_ + ‘)’1: C (0) 2 log (1 xz) - R (xr flj),
where
27 .
|.R(x,T)|<A1<x21—O—gT£+10gx) (x>2, T>3).

In particular (since (log?u)/u decreases for u > e?)

. 2 2
R@x,T)| <A x21~9g£+lo x) < Aylog?x (x>e, T'>2?).
1 22 g . g o

Now

BT I Y
bisr Yl picr vl gice (b yi)yi) T yi<e 2y
since Xy~% is convergent. Hence
4yt
p)y—a=— ¥ ¥ LR (T y
byl=r Y
—_gp x Sin0logd), p o o,
0<y<T Y
where | By (2, T)| < A,at (x=e, T>2?).
Putting x = ¢/, and writing
p(x p(ef) —et — _ y sinyt
H(1)= Zx* 7 T Sr(t)= 0<%\<1' y

we deduce that
(24) | H@)—Sp(t)| <34, (t>1, T >e%).
This implies in particular that
(25) | Sy (6) = 8y, (1) | < 44 (t>1, T2 Ty>e¥).
Now let G (s)= G (o+ti) be the function discussed in § 7.
Then, for ¢ > 0, .
JG(c+t)— 8, ()= X {:—ei’smyl 3 g-vo SNV

0<y<T Y vy>T Y
=2 — 22’

say. Since 0 <1 — e * < u for > 0, we have

|1Zpl< = YI-N(T)o<A4,T.

0<ygT Y
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Also by Theorem A (p. 18), with ‘ '
A=Y Cu=(Siny,t)ly, (ya>T), ¢=0 (y,<T), (u)=e
we il'&.VG

12, | = ‘ f :be‘“"{Su (1) — Sy (1) du| < f : oo A, du < A,
by (25), if t > 1, T > e, Thus .

|3Q (o + ti) — S, (t) | < AsTho + A, (t=1, T > e¥).

Combining with (24), taking 7' = e, and restricting the rang
of ¢, we obtain |

(26) |H(t)—IQ(o+t)| < Ag (t>1,0<o<e®).
Now suppose the first of the inequalities (23) false. Then

__ H()
. lim - =~ <13
tgﬁ loglogt 1
hence we can find @ and ¢,, such that 0 <a < }, ¢, > 3, and
(27) H(t)<aloglogt (t>1,).
Choose b and ¢ so that @ < b < ¢ < }; in what follows the number
tg, t3, ... depend on a, b, ¢, and are supposed chosen so that
5, <t <tz3<.... By (26) and (27)
(28) JG (o + i) <aloglogt+ Ag< bloglogt

(t>ty, 0<o<e¥).
We now apply Theorem K to the function
e—ia (S)/b
f(8)= "W

(where log s has its principal value) and the region D’ defined by
t>1,, e¥<o<1. On the curve o=e¥ (¢>1t,), which bounds
the region on the left, we have by (28)

3G (8)/b loglog ¢
e
1 9| :
On the remaining part of the boundary f(s) is bounded since
| G(s)| < G(o) <‘G (e~%:). Hence
(29) |fe)|<C

~|logs| < Togt ~ L
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on the whole boundary, where C = C (t,, b) = C (a,b). Further

|f(s) i < OlelG(s)I/b < C'lecz"

throughout D’, by Lemma 4, since log 1/o < 3t Thus the con-
ditions'of Theorem K are satisfied, and (29) must therefore hold

throughout D’. It follows that *
3G — | f(s)logs| < C|logs| (t>t,, e¥<o<]1)
< 2Clogt : (t>t, e¥<a<]).
Hence . .

YG(s) <blog (2Clogt) <cloglogt (t>t, e ¥<o<l).
This and (28) together give
(30) 3G (o + ti) <cloglogt (t>t, 0<o<1).

But, since 0 <c <}, this is impossible; for when o is small
enough the point o+ ¢t of Lemma 3 lies in the region ¢>{,,
0 < o<1, and violates (30). This contradiction establishes the
first of the relations (23), and the second is deduced in a similar
way from the other half of Lemma 3.

9. We have now to deduce from Theorem 34 the corre-
sponding results for IT (z) and 7 (x). The deduction is not entirely
trivial, as we are dealing with one-sided inequalities.

Theorem 35. When x—> o0,

. at

(31) I(z)—liz=Q, <lag—ilogloglog.x),
4

(32) m(x)—liz=Q, <k)_9fgx log log log x) .

Suppose first © = }. Writing (as in § 5)
7@ —liz=P(), 1(@@)-lie=Q@), (@) —z=R(@),
we have, by equation (38), p. 64,

) _R@, [ R
V@) =logz ], ulogta

du+ O (1).
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Hence by partial integration

(33) Q@) = @) "Ry () g1 (gzg) B+ O (D)

log = xlog x ulog?u

where El(x)'——J R(u )du =y (x) — %= O (x?)

by Theorem 30 (with ® = 1). It follows that, if 2 > 2,

! 3 ac

@)~ ogo | iagas |, 41 | ogea) |20+ 4
'A ¥ z  du Ayt « ut du
log 2y T4 L utlog?u ~ logix 4J.2 log2u ul
A at at du at
log PR log?x L ut =5 Togiu

if &> x,, since ut/log2u ultimately increases and tends to in-
finity. We infer that

(34 QW _  R@
at (logx)~tlogloglogax atlogloglogx

1
=0 <loga: légloglogx) =o(l),
so that the two quotients on the left have the same limits of
indetermination when x — c0. Thus (31) follows from Theorem 34
if ® = 4. And if © > } it follows from Theorem 32 (5). In either
case (32) follows from (31), since
]
_ — Lo (ah ! ~o(,*
II(x) — 7 (x)= 37 (x}) + O (xtlogx) O<logx)'

Theorems 34 and 35 are due to Littlewood.! The idea of applying
the theory of Diophantine approximation to questions of this kind
originates with H. Bohr, who has made numerous applications of the
first importance to the general theory of Dirichlet’s scries.? The property
of ¢ (¢ + ti) embodied in Lemma 1 is a kind of ‘approximate periodicity’
(with respect to ¢), and it is a somewhat analogous property which forms
the basis of the theory of ¢almost periodic functions’ initiated by Bohr.

10. Theorems 34 and 35 evidently solve the problem which
gave rise to them—the problem of the sign of P (x) = (x) — lix.
The relation (32) shows that P (z), like @ () and R (), changes

1 Littlewood 1; Hardy and Littlewood 5.
2 See T, Chapters I and IV.
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sign inﬁmtely often as x increases to infinity. But it is intéresting
to examine the matter a little more closely from the numerleal

point of view. By (23) and (34) -

atlogloglogax ™ *-
Hence, if 0 <e <1, we have by (9) *
P(.vc)>l —143(1—¢€)logloglogx — €}

for arbitrarily large x. Now, although the right-hand side is
certainly positive when x is large enough, it #emains negative
at any rate over the range! 10:<a <7107, Thus, if the above
results represent anything approaching the ultimate truth, it is
not surprising -that no value of x for which P (z)> 0 should
present itself within the limits of existing tablcq How far we
must in fact go before reaching such a value‘is not known;
the theoretical reasoning provides no numerical solution of the
inequality P (z)> 0.

Considerable importance was attached formerly to afunction suggested
by Riemann as an approximation to =(r). Tf we ‘invert’ the formula
II(z) = = (%) + S = (x}) + ... by a theorem of Mobius?, we obtain

m(@) = 1L(x) — § IN@d) — F 1 (@) = LIT () + 31T (2%) — ...,

the coefticients bclng the terms of the scries (25) on p. 39; and Rie
mann’s function is obtained by replacing each IT by li. This functior
represents = (x) with astonishing accuracy for all values of x for whicl.
w () has been caleulated?, hut we now see that its superiority over tho
function lix is illusory. For the terms --4liz? —3liat — ..., which
contribute only O (xt/logx), have no influence on formulac of the type
of (32); and for special values of @ (as large as we please) the one approxi-
mation will deviate as widely as the other from the true value.

The above remarks relate only to individual values of z. But the
inequality = (z) <liz and Riecmann’s formula acquire some significance
when considered from the point of view of averages, at any rate if the
Riemann hypothesis is true. Thus (assuming the Riemann hypothesis
in what follows) we have by Theorem 28, for all sufficiently large «,

f R(u)du

<at3 +A<1

(35) 6% 3

1
AVICER|
1 See Hardy’s Orders of Infinity (Cambridge Tracts in Mnth and Math, Physics,
No. 12), Appendix I1I, Table 1.

2 H, ii, 5§79-580, 3 Lehmer 1, xm1-xvr1; J. Glaisher 2, 8488,
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(the numerical incquality being an easy deduction from (25) and (2_7),
p- 58); and a corresponding inequality for @ (x) may be deduced. Using
this in (9), we can show thet

Cer

me(u)du<0 (2> =),

so that P (z) is ¢ nogatlve on the average’. And we can see in the same
way that the function liz — iz} is ‘on the average’ a better approxi-
mation than liz to = (2); but no importance can he attached to the later
terms in Riemann’s formula even by repeated averaging.

We see from (35) that the oscillations of R (x) corresponding to the
factor logloglogz in Theorem 34 are smoothed out by the process of
averaging. We may add that this must be due to the sparse distribution
of abnormally largl values of | B (x) |, and not merely to the cancelling
of positive and negative contributions. For Cramér! has shown that
(on the Riemann hypothesis)

- ("v du = 0 (’E)
0 u o
V"}lencc, by Sc]lW(“er’S inequa]ity,

%/:]R(u)[du= 0 (2}).

The true orders of magnitude of P (), @ (x) and R (x) are not
known, even on the Riemann hypothesis. The gap between the
results of Theorem 30 on the one hand and those of Theorems 34
and 35 on the other represents one of the most important un-
solved problems in the subject.

11. We conclude with some remarks on the distribution of the odd
primes between the two arithmetical progressions 4n + 1 and 4n + 3.2
We shall denote by #™(x)(r =1, 3) the number of primes of the form
4n + r net exceeding x.

The analytical discussion of the problem is based on the function
L (8) defined (in the first instance for o > 0) by the series

L(s) = x(N)

where x(n)=0,1,0, —1, accordmg as n=0,1, 2, 3(mod. 4). Since
x (n)/n? is ¢completely multiplicative’ (p. 16), we have

-1
L(s)=H<1-"-({?2> (o> 1).
P P
The function L (s) has properties very similar to those of {(s), with the

1 Cramér 8. See also Cramér 4, 5; BC, 791-792; V, ii, 151-156.

2 For an account of the general theory of which this is a special case (pnmes in
arithmetical progressxons of difference k) see H, i, 391-535; ii, 99-719: V, i, 79-96;
ii, 347,
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important difference that L (s) is regular at all finite points, including
thé point s = 1. The functions analogous to = () and Il (x) are
. m
(36) w(wx)= B x(p)=m0@) — @), @ x= 5 X0
pP<x pm<y M
By the use of the function L(s) we can prove (i} by ‘clementary’
methods (see p. 39) that there exists an infinity of primes of each of the
forms 4n + 1 and 4n + 3, and that T1/p diwerges if ‘taken’ over either of
these sets of primes; and (ii) by ¢ transcendental’ methods that
) .

37 : T @) .

(37) 71(3)(36)—>1usx >
Theorem (i) depends on the fact that L(1)+ 01, and Theorem (ii) on
the fact that L (s) has no zeros on the line o= 1. Ry using the, deeper
properties of L (s) we can prove (after Littlewood) that

2D(z) — 7@ (2) = O (xe—c¢~/17)~§5'10§lﬁéz);

and, if the analogue of the Riemann hypothesis is true for L(s), sti]l‘

more precise results may be obtained.
Since x (p?) — + 1 for every odd p, we deduce from (86) that
ot
(2, x) = 7 (e x) = §m(@}) + O (@t loga) ~ o
so that 2t 7 loga
m( )= oo <_ 1-+11(a, X)‘;{‘ + o(l)> .

Now, since II (, x) (as the function ‘naturally’ associated with log L (s))
may be expected to have its values fairly evenly distributed on either
side of 0, this suggests that the values of = (x, x) = 7V (x) — =3 (x) will
be predominantly negative. And (as stated in the Introduction)
empirical cvidence points in the same direction, and indeed suggests
that =W (x) < #®(x) for all sufficiently large x. It can be proved, how-
ever, by the methods of §§ 7--9, that
I (x, X)IQ%;E = Q. (logloglogz),

x
from whichwe conclude that, in fact, =’ (x) — =¥ (z) changes signinfinitely
often as x increases to infinity. But, if tho anafogue of the Riemann
hypothesis is true, there are various senses in which the primes of the
form 4n + 3 are ‘on the average’ more numerous than those of the form
4n + 1.2

1 The relation L (1) + 0 is, of course, trivial in the special case under discussion
(k =4). But the corresponding relations in the general case, though still
<elementary’, constitute one of the main difficulties of the problem. The existence
of an infinity of primes in each of the arithmetical progressions 4n +1 and
4n + 3 can be proved by a modification of Euclid’s method (pp. 1-2), the case
4n +1 being the more difficult. The same method is apglicable to some other
special values of k, bt has not been cxtended to the general case.

2 Cf. Hardy and Littlewood 2, 141-151; Landau 6, 7.
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