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PREFACE

This is a mathematical textbook rather than a compendium of computa-
tional rules. It is hoped that the material included will provide a useful
background for those seeking to devise and evaluate routines for numerical
computation.

The general topics considered are the solution of finite systems of
equations, linear and nonlinear, and the approximate representation of
functions. Conspicuously omitted are functional equations of all types.
The justification for this omission lies first in the background presupposed
on the part of the reader. Second, there are good books, in print and in
preparation, on differential and on integral equations. But ultimately,
the numerical ““solution” of a functional equation consists of a finite table
of numbers, whether these be a set of functional values, or the first n coeffi-
cients of an expansion in terms of known functions. Hence, eventually
the problem must be reduced to that of determining a finite set of numbers
and of representing functions thereby, and at this stage the topics in this
book become relevant.

The endeavor has been to keep the discussion within the reach of
one who has had a course in caleulus, though some elementary notions
of the probability theory are utilized in the allusions to statistical assess-
ments of errors, and in the brief outline of the Monte Carlo method. The
book is an expansion of lecture notes for a course given in Oak Ridge for
the University of Tennessee during the spring and summer quarters of
1950.

The material was assembled with high-speed digital computation
always in mind, though many techniques appropriate only to ‘“hand”
computation are discussed. By a curious and amusing paradox, the
advent of high-speed machinery has lent popularity to the two innovations
from the field of statistics referred to above. How otherwise the con-
tinued use of these machines will transform the computer’s art remains to
be scen. But this much can surely be said, that their effective use
demands a more profound understanding of the mathematics of the
problem, and a more detailed acquaintance with the potential sources of
error, than is ever required by a computation whose development can be
watched, step by step, as it proceeds. It is for this reason that a text-
book on the mathematics of computation seems in order.

Help and encouragement have come from too many to permit listing
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all by name. But it is a pleasure to thank, in particular, J. A. Cooley,
C. C. Hurd, D. A. Flanders, J. W. Givens, A. de la Garza, and members of
the Mathematics Panel of Oak Ridge National Laboratory. And for the
painstaking preparation of the copy, thanks go to Iris Tropp, Gwen
Wicker, and above all, to Mae Gill.

A. S. Householder
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CHAPTER 1

THE ART OF COMPUTATION

1. The Art of Computation

We are concerned here with mathematical principles that are some-
times of assistance in the design of computational routines. It is hardly
necessary to remark that the advent of high-speed sequenced computing
machinery is revolutionizing the art and that it is much more difficult to
explain to a machine how a problem is to be done than to explain to most
human beings. Or that the process that is easiest for the human being to
carry out is not necessarily the one that is easiest or quickest for the
machine. Not only that, but a process may be admirably well adapted
to one machine and very poorly adapted to another. Consequently, the
robot master has very few tried and true rules at his disposal, and is
forced to go back to first principles to construct such rules as scem to
conform best to the idiosyncrasy of his particular robot.

If a computation requires more than a very few operations, there are
usually many different possible routines for achieving the same end
result. Even so simple a computation as ab/c can be done (ab)/c, (a/c)b,
or a(b/c), not to mention the possibility of reversing the order of the
factors in the multiplication. Mathematically these are all equivalent;
computationally they are not (cf. §1.2 and §1.4). Various, and some-
times conflicting, criteria must be applied in the final selection of a par-
ticular routine. If the routine must be given to someone else, or to a
computing machine, it is desirable to have a routine in which the steps
are easily laid out, and this is a serious and important consideration
in the use of sequenced computing machines. Naturally one would
like the routine to be as short as possible, to be self-checking as far as
possible, to give results that are at least as accurate as may be required.
And with reference to the last point, one would like the routine to be
such that it is possible to assert with confidence (better yet, with cer-
tainty) and in advance that the results will be as accurate as may be
desired, or if an advance assessment is out of the question, as it often is,
one would hope that it can be made at least upon completion of the
computation.

1.1, Errors and Blunders. The number 0.33, when expressing the

result of the division 1 =+ 3, is correctly obtained even though it deviates
1



2 PRINCIPLES OF NUMERICAL ANALYSIS

by 1 per cent from the true quotient. The number 0.334, when express-
ing the result of the same division, deviates by only 0.2 per cent from the
true quotient, and yet is incorrectly obtained. The deviation of 0.33
from the true quotient will be called an error. If the division is to be
carried out to three places but not more, then 0.333 is the best representa-
tion possible and the replacement of the final ‘3"’ by a final “4” will be
called a blunder.

Blunders result from fallibility, errors from finitude. Blunders will
not be considered here to any extent. There are fairly obvious ways to
guard against them, and their effect, when they occur, can be gross,
insignificant, or anywhere in between. Generally the sources of error
other than blunders will leave a limited range of uncertainty, and gen-
erally this can be reduced, if necessary, by additional labor. It is impor-
tant to be able to estimate the extent of the range of uncertainty.

Four sources of error are distinguished by von Neumann and Goldstine,
and while occasionally the errors of one type or another may be negligible
or absent, gencrally they arc present. These sources are the following:

1. Mathematical formulations are seldom exactly descriptive of any
real situation, but only of more or less idealized models. Perfect gases
and material points do not exist.

2. Most mathematical formulations contain parameters, such as
lengths, times, masses, temperatures, etc., whose values can be had only
from measurement. Such measurements may be accurate to within 1,
0.1, or 0.01 per cent, or better, but however small the limit of error, it is
not zero.

3. Many mathematical equations have solutions that can be con-
structed only in the sense that an infinite process can be described whose
limit is the solution in question. By definition the infinite process can-
not be completed, so one must stop with some term in the sequence,
accepting this as the adequate approximation to the required solution.
This results in a type of error called the truncation error.

4. The decimal representation of a number is made by writing a
sequence of digits to the left, and one to the right, of an origin which is
marked by the decimal point. The digits to the left of the decimal are
finite in number and are understood to represent coefficients of increasing
powers of 10 beginning with the zeroth; those to the right are possibly
infinite in number, and represent coefficients of decreasing powers of 10.
In digital computation only a finite number of these digits can be taken
account of. The error due to dropping the others is called the round-off
error.

In decimal representation 10 is called the base of the representation.
Many modern computing machines operate in the binary system, using
the base 2 instead of the base 10. Every digit in the two sequences is



THE ART OF COMPUTATION 3

either 0 or 1, and the point which marks the origin is called the binary
point, rather than the decimal point. Desk computing machines which
use the base 8 are on the market, since conversion between the bases 2
and 8 is very simple. Colloquial languages carry the vestiges of the use
of other bases, e.g., 12, 20, 60, and in principle, any base could be used.

Clearly one does not evaluate the error arising from any one of these
sources, for if he did, it would no longer be a source of error. Generally
it cannot be evaluated. In particular cases it can be evaluated but not
represented (e.g., in the division 1 + 3 carried out to a preassigned
number of places). But one does hope to set bounds for the errors and
to ascertain that the errors will not exceed these bounds.

The computor is not responsible for sources 1 and 2. He is not
concerned with formulating or assessing a physical law nor with making
physical measurements. Nevertheless, the range of uncertainty to
which they give rise will, on the one hand, create a limit below which the
range of uncertainty of the results of a computation cannot come, and
on the other hand, provide a range of tolerance below which it does not
need to come.

With .the above classification of sources, we present a classification
of errors as such. This is to some extent artificial, since errors arising
from the various sources interact in a complex fashion and result in a
single error which is no simple sum of elementary errors. Nevertheless,
thanks to a most fortunate circumstance, it is generally possible to
estimate an over-all range of uncertainty as though it were such a simple
sum (§1.2). Hence we will distinguish propagated error, generated
error, and residual error.

At the outset of any computation the data may contain errors of
measurement, round-off errors due to the finite representation in some base
of numbers like 14, or even numbers requiring a finite but large number
of places for exact representation. These initial errors carry through the
computation and lead to an uncertainty at every step. It isimportant to
know how these initial errors are propagated through the computation
and to what extent they render the results uncertain.

In addition to this, at every step, or nearly every step, new errors
may arise as a result of round-off, these combine with the errors already
propagated, and the total is propagated through what computations
remain. Finally, when the computation is terminated, a truncation
error may remain and further enlarge the region of uncertainty. Roughly
the extent to which errors are propagated and the uncertainty due to
residual error depend upon the mathematical formulation of the compu-
tational procedure, while the generation is more dependent upon the
detailed ordering of the computational steps.

Any computation, however elaborate, consists of a finite number of
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elementary operations carried out in some sequence. The elementary
operations are usually additions and subtractions, multiplications and
divisions, comparisons, possibly table look-ups, and the like. An unam-
biguous description of the sequence in which the operations are performed
or to be performed, with a specification of the data upon which each
is to operate, constitutes a routine. If multiplication and division are
elementary operations, there are six possible routines for computing
ab/c. Hence a routine is by no means defined when a mathematical
formula, or sequence of them, is written down.

A routine of any complexity breaks up naturally into parts or sub-
routines. A subroutine may have for its purpose the computation of an
intermediate quantity, of no interest in itself but serving as a datum or
operand for one or more subsequent subroutines. Thus, in order to
calculate ab/c, one must first calculate ab, or a/c, or b/c. Or a subroutine
may operate upon intermediate results to produce a final result.

Suppose a subroutine is intended to compute a function f(z, y, . . .)
for given values of its arguments. If f is a rational function or a poly-
nomial, there need be no residual error in the computation, but only
propagated and generated errors. If f is not a rational function, some
rational approximation must be devised. One type of rational approxi-
mation is a Taylor series. If a Taylor series is used, only a finite number
of terms will be computed. The residual error in the computation is the
sum of all neglected terms. Hence the residual error is fixed by the
mathematical formulation of the problem, together with the specification
of the number of terms to be used in the computation. But an error
may be generated and propagated in each computed term.

Another type of approximation, e.g., in solving an equation by New-
ton’s method, is the following: From an initial approximation f, one
defines a sequence of approximations by a relation fiy1 = ¢(f;), where ¢
is some function which can be evaluated. If the mathematical sequence
converges, one may take as a criterion for terminating the sequence the
condition that successive terms shall differ by less than some assigned
quantity. Clearly the assigned quantity must not be smaller than the
smallest quantity representable by the machine, and normally it will be
some integral multiple of this. It will have to depend upon the error
generated by the routine for evaluating ¢. The residual error is the
difference between the f; which one accepts and the true value of f, and
it is limited by the quantity used in the criterion which is, in turn, limited
by the precision of the machine operations. For illustration, a routine
for computing square roots will be considered in §1.5.

1.2. Composition of Error. Let z* y*, . . . designate numbers which
might occur as data or as results of a particular computation. That is
to say, z* has a form
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(1.2.1) ¥ = (@B + 2B+ - - -+ 8B,

where @ is the base, usually 2 or 10, X\ is a positive integer, and ¢ any
integer, possibly zero. It may be that X is fixed throughout the course
of the computation, or it may vary, but in any case it is limited by prac-
tical considerations. Such a number will be called a representation.
It may be that z* is obtained by ‘‘rounding off ’ a number whose true
value is z (for example, x = 14, z* = 0.33), or that z* is the result of
measuring physically a quantity whose true value is z, or that z* is the
result of a computation intended to give an approximation to the quan-
tity =x.

Suppose one is interested in performing an operation w upon a pair
of numbers x and y. That is to say, rwy may represent a product of z
and y, a quotient of x by y, the yth power of z, . . . . In the numerical
computation, however, one has only z* and y* upon which to operate,
not x and y (or at least these are the quantities upon which one does, in
fact, operate). Not only this, but often one does not even perform the
strict operation w, but rather a pseudo operation w*, which yields a
rounded-off product, quotient, power, etc. Hence, instead of obtaining
the desired result zwy, one obtains a result x*w*y*.

The error in the result is therefore

(1.2.2) zwy — z*e*y* = (zwy — z*wy*) + (*wy* — z*w*y*).

Since z* and y* are numbers, the operation w can be applied to them, and
z*wy* is well defined, except for special cases as when w represents
division and y* = 0. But the expression in the first parentheses on the
right represents propagated error, and that in the second parentheses
represents generated error, or round-off. Hence the total error in the
result is the sum of the error propagated by the operation and that gen-
erated by the operation.

It may happen that the two errors are opposite in sign, though often
the sign is not known, but only the magnitude. In any case,

C(1.23)  |rwy — z*e*y¥| < |rwy — oy + |[zFey* — z*e*y*|,

and one can say at least that the total error does not exceed the sum of
the two errors.

That propagated and generated errors depend upon the details of the
routine, such as the value of A for any representation, and even the order
in which certain operations are carried out, is easily seen. Thus, to con-
sider only round-off, if ¢ is some operation, it may be that mathematically

(x*wy*) ¢2* = z*w(y*¢z*).
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That is, the two operations may be associative mathematically. Never-
theless,
(e*oy*) 6" — (@*0*y")$*2* = [(@*ay™)9e* — (@%u*y*)9z"]

+ [@*o*y*) ¢2* — (z*w*y*)¢*2*],
whereas
T*o(y*ez*) — r¥w*(y*o*2*) = [r*w(y*¢2*) — 2*w(y*¢*2*)]

+ [2¥o(y*¢*2*) — z*w*(y*o*2*)].
Thus the errors generated by performing the operations in the two pos-
sible ways have different expressions, and cannot be assumed equal

without proof.
1.3. Propagated Error and Significant Figures. Let

(1.3.1) x =zx*+ ¢ y=y*+n9 ...,

and consider the problem of evaluating the function f(z, y, . . .). If the
function can be expanded in Taylor’s series, then
(13.2) f=,y,...)—f&*y* .. )=+ + -

' + L5(&%. + 280fey + 0% + - - )+ - - -,

where the partial derivatives are to be evaluated at «*, y* . . .. This
represents the error in f arising from errors in the arguments, 7.e., the
propagated error. Generally one expects the errors & %, . . . to be

‘““small”’ so that the terms of second and higher power can be neglected.
If so, then the propagated error Af satisfies, approximately,

(1.3.3) Af] < LEfel + nfl + - - -

This is strictly true when f is a simple sum:
f=fxxtyx -~

Hence the error in a sum does not exceed the sum of the errors in the

terms.
One can, by direct differentiation, write down any number of special

relations (1.3.3) based upon the assumption that the errors in the argu-
ments are small. Nevertheless, for the detailed analysis one must go to

the individual elementary operations.
Consider the case of the product and quotient. For the first we have

zy — z*y* = ¥ + y*& + &

It is sometimes convenient to consider the relative error, which is the ratio
of the error to the magnitude. Hence

(1.3.4) yoryt by
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Usually one says that the relative error in a product is the sum of the
relative errors in the factors, and this is approximately true if these rela-
tive errors are both small, but only then.
For the quotient
T x*  y*n — x¥E
A )

and the relative error is

x/y —x*/y* _ E/x* — a/y*
*y* L+ a/y*

If the relative error n/y* is negligible, then the relative error in the
quotient does not exceed in magnitude the sum of the magnitudes of the
relative errors in the terms. Nevertheless, if /y* < 0 and not numeri-
cally small, the conclusion does not follow.

If z* given by (1.2.1), represents a number whose true value is z,
and if

(1.3.6) jz* — 2| < /2,

the digits x;, . . . , 2\ may be said to be reliable or significant. If z; = 0,
then z* is said to contain \ significant figures. However, if the inequality
(1.3.6) is not known to hold, the last digit, x,, is ‘“‘in doubt.” When a
number such as z* is written in its usual form as a sequence of digits with
a decimal point, it is usually understood that all digits are significant,
from the first non-null digit to the last digit written, unless limits of error
are specified. Some textbooks give various rules of thumb for deter-
mining the number of significant digits in computed quantities, and the
implication is sometimes left that nonsignificant digits should be dropped
before making subsequent computations with these numbers, or at least
that nothing is to be gained by retaining the doubtful digits. But this is
clearly not the case, since dropping these digits generally enlarges the
region of uncertainty.

1.4. Generated Error. In many of the newer automatic computing
machines, the ‘“built-in”’ arithmetic operations are designed to yield
correct results only when the operands as well as the results are numbers
of a form (1.2.1), where A is fixed, and ¢ = 0. Such a number von Neu-
mann and Goldstine call a ‘‘digital number.” Any digital number is
therefore less than unity.

Given two digital numbers a* and b*, the machine will correctly form
the sum only if

(1.3.5)

la* + b*| < 1,
and will correctly form the difference if
la* — b*| < 1.
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But if the one condition or the other holds, the machine will correctly

form the sum or difference, as the case may be, and no round-off is

generated. Hence if a* + b* or a* — b* is digital, a* 4 b* or a* — b*

can be formed, and formed correctly, without generating any new error.
If a* and b* are digital, then necessarily

la*b*| < 1.

However, the true product a*b* is a number of 2\ places. If the machine
holds only A places, it will not form the true product a*b*, but a pseudo
product. It can be represented a* X b*. It may be that the machine
merely drops off the last A places from a*b*. Or it may be that the
machine first forms a*b* 4 8~*/2 and then drops the last N\ places. In
the latter event the pseudo product satisfies

(1.4.1) la*b* — a* X b*| < e = /2,

where ¢ is introduced to simplify notation. Let us assume that (1.4.1)
holds.

For division, the quotient a*/b* will usually require infinitely many
places for its true representation, even though a* and b* are both digital.
The machine, however, can retain only the first A, and it may compute the
first A places of a*/b* and drop the rest, or it may compute the first A
places of a*/b* + /2. In the latter event, the retained N places
represent the pseudo quotient a* + b*, which satisfies

(1.4.2) la*/b* — a* + b*| < e
Given a series of n products a}b¥ to be added together, we have
(1.4.3) |Za¥ X b¥ — Za*b¥| < ne.

However, instead of recording each product as a digital number and add-
ing the results, it may be possible for the machine to retain and accumu-
late the true products of a* and b*, rounding off the sum as a digital
number. This pseudo operation may be designated =*a}b¥, and for this
we have

(1.4.4) | Z*a¥b} — Za¥b}| < e.
While
(1.4.5) a* X b* = b* X a*,

equalities in terms of arithmetic operations do not always hold strictly
when these are replaced by pseudo operations, as was already shown in
general. In particular,

|(a* + b*) X ¢* — (a* X c* + b* X ¢¥)| < 3¢,
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since each pseudo multiplication could give rise to an error . However,
the two quantities being compared can differ only by a digit in the last
place, which is to say by an integral multiple of 2¢. Consequently we
can improve this by saying that
(1.4.6) |(a* + b*) X ¢* — (a* X ¢* + b* X ¢*)| < 2e.
In order to examine the effect of grouping in a continued product, we
note that
a* X (b* X ¢*) — a*b*c* = [a* X (b* X ¢*) — a*(b* X ¢*)]
+ [a*(b* X c*) — a*b*c¥]
so that
la* X (b* X ¢*) — a*b*c*| < (1 4 |a*|)e < 2e.
If we now interchange a and ¢ and add results, we have
ja* X (b* X ¢*) — (a* X b¥) X ¢*| < (2 + |a*| + |e*])e.
But if a* = ¢* = 1, the left-hand side is zero, and otherwise the left-hand
side is less than 4e. But it must be an integral multiple of 2¢, so that
(1.4.7) la* X (b* X ¢*) — (a* X b*) X ¢*| < 2e.
The two pseudo products either agree or differ by one in the last place.
Finally consider
(a* =+ b*) X b* — a* = [(a* + b*) X b* — (a* + b*)b¥]
+ (a* + b* — a*/b*)b*.
Since this is less than (1 4+ |b*|)e, it is actually less than 2¢, and since it is
an integral multiple of 2¢, it vanishes. Hence
(1.4.8) (@* + b*) X b* = a*.
However
(a* X b*) = b* — a* = [(a* X b*) + b* — (a* X b*)/b¥]
+ [(a* X b*) — a*b*]/b*,
so that
(1.4.9) [(a* X b*) + b* — a* < (1 4 |b*| Ve

If |b*| is small, |b*|~! will be large, and the error can be large. However,
bear in mind that this comparison is made for pseudo operations in which
the rounded-off product is used. If the machine retains the complete
product to use as the dividend, the error will not arise.

More generally, and in the same way, we have

(1.4.10) |(a* + b*) X ¢* — (a*/b*)c*| < (1 + |c*|)e,

while
(1.4.11) |(a* X b*) + ¢* — a*b*/c*| < (1 + [e¢*| Ve
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Interchange of a* and ¢* in (1.4.10) gives
|(c* + b*) X a* — (c*/b¥)a*| < (1 4+ |a*|)e,
so that by addition
|(a* + b*) X ¢* — (¢* + b*) X a* < (2 + |a*]| + |c*])e.

But the left member vanishes when |a*| = |c*| = 1, and otherwise the
right member is less than 4e. Hence in any event

(1.4.12) l(a* + b*) X ¢* — (¢* + b*) X a*| < 2e.

1.6. Complete Error Analyses. It was shown above that the magni-
tude of the error in the result of any subroutine cannot exceed the sum
of the magnitudes of the propagated, generated, and residual errors.
In particular instances a routine can be devised such that the error due
to one of two sources necessarily is of one sign and that due to the other
is of the opposite sign. In such a situation the resultant error cannot
exceed the larger of the two individual errors. But to devise a routine
having this property, or even to discover that a given routine has it, may
take a disproportionate amount of time and not be worth the effort.
Generally one must assume that the errors can build up, and attempt to
devise a routine that will keep all errors as small as possible. And in any
event one must somehow balance the time to be spent on an analysis
against the time required for the computation and the allowed tolerances.

Some computations are of such frequent occurrence that it may be
worth while devoting considerable time and effort to the design of an
optimal routine and a precise error analysis for that routine. We give an
example or two.

Consider a binary computing machine with A magnitude digits and one
sign digit, representing only numbers of magnitude less than unity. This
machine will compute a (2)\)-digit product and accept a (2\)-digit divi-
dend, but the digital pseudo products and pseudo quotients will be
supposed to satisfy, in general,

0<ab—aXb<2™
0<a/b—a—+b<27

the latter relation presupposing the division to be possible.

We require an optimal routine and precise error analysis for 1/a, using
Newton’s method. This means that the number a whose square root is
required is a digital number, 0 < a < 1, and the routine is to yield a
digital number x for which the maximal (z — 4/a) is to be as small as we
can make it. Indeed if the routine is properly constructed, then there
should be some half-open interval of length 2= which contains both

va and z. '
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By Newton’s method one takes some positive z; < 1 and forms
(1.5.1) T ig= 1 — (z} — a/x})/2,

and the sequence can be shown to approach 4/a as a limit. Moreover, if
one takes r; = 1, then surely '

(1.5.2) x> vVa

when 7 = 0, and one can show inductively that this relation holds for
every 7. In fact, one verifies directly that

iy — a = (& — a/a)¥/s. |
Nevertheless, the sequence one actually forms in the machine is not
strictly defined by (1.5.1), but instead by
(]53) Tiy1 = X — (x; — a + xi) <+ 2.

(All numbers will be digital numbers, and the asterisk can be omitted.)
There is no a priori assurance that the numbers x; will satisfy (1.5.2), and
this point must be investigated.

We first show that, if ¥ and z are any two digital numbers satisfying

(1.5.4) ' —a+2)+2>@W—-—a+y +2>0,
then
(1.5.5) 2>y > V.

The second inequality in (1.5.4) is equivalent to

(y_a+y)+2_>_2—k’
y—a+y > 2
y 224+ a+y>27+aly > aly,

whence y? > a, which proves the second inequality in (1.5.5). By the
first inequality in (1.5.4),

(z—a+2)+2>2@W—a+y) =24+ 2
But
(z—a+2)/22@E—a=+2 =2
(y—a+y) +22@H—a+y)/2—27

since in forming the pseudo quotient by 2 (which is a single shift to the
right) the error is either 0 or 2>-1. Hence

(2—a+2)/22 (@ —a+y)/2+277,
z—a-+z2y—a-+y—+ 27\
Again,
a-+2z2—alz> —27,
a+y—a/y<o,
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whence
z—a/z>y — aly.

But the function f(¢) = z — a/z is properly monotonically increasing.
Hence f(z) > f(y) implies the first inequality in (1.5.5).
This implies, in particular, that, if

(x,———a—:—x,-)+2=x,——x.-+1>0,

then z; > 4/a. If it should happen that

(1.5.6) (x; —a +xz) +2<0,
then clearly we should take x; and not z;;; as z. On the other hand, if
(1.5.7) (x.-_1 — a = :v,-_l) +~ 22> Z—R,

we shall take at least one more step in the iteration.
Suppose the equality holds in (1.5.7). Then .

T, = Ti—1 — 2—)‘,
(:v,-_l —a =+ x,-..;)/2 > (x,-_l — a + x,-_l) +2 = 2“)‘,

whence
i1 — aQ =« X Z 2M1,
Hence
Tig 2@+ g+ 27 > afz g + 27
x> a/xi .,
x> a/x;

z, + 27 > a/x,,
T, — a/r; > —27N,

This holds a fortiori if the inequality holds in (1.5.7). Hence in all cases

r— a/x > —27,
(x + 2-——X—-l)2 > a + 2——2)\——2,
(1.5.8) z > (a + 272-2)¥ — 21

This gives a lower bound for the computed value.
Next suppose
(x¢; —a +x) +2<0.
Then
x.-—-a+x,-§2“*,
n<a+z;+2*<a/x; + 27N
Hence in all cases

z <a/x+ 27
(x — 2°V1)2 < g 4 2702
(1.5.9) z < (a + 2722k 4 271,

Inequalities (1..5.8) and (1.5.9) define a half-open interval of length 2
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and center (a + 2-2-2)¥% upon which z must lie. These inequalities can
be written

(1.5.10) (2 — 272 )% < a < (22 + 2722)%.

In the worst case, whena = 0,z = 2, and the erroris 2=*. In all other
cases the error is less. The case a = 0, x = 27 could arise in machine
computation when a is an intermediate result, obtained from previous
computation.

If a itself can be in error by an amount «, then by §1.3 the propagated
error is approximately a/(2 4/a), when a # 0. Hence the total error
cannot exceed 2 4+ a/(2 v/a), when a #= 0. If a represents the maxi-
mum possible difference between a + 2-2*~% and the true value for a, then
the maximum error can be written as 2=*~! + a/(2x).

This case is especially favorable because of the fact that round-off
errors do not build up in the course of the computation. At each step
the best available approximation is used as the basis for obtaining a
better one, and one continues to get improvement until a stage is reached
at which the error inherent in a single step is as great as the truncation
error. |

By way of comparison, consider a computation based upon Taylor’s
series, where the round-off can accumulate. We require the evaluation
of both sin z and cos z, for |z| < /4 < 1, to be followed by a check
based upon the identity sin?x + cos?x = 1. Clearly the computed values
of sin x and cos x will not necessarily satisfy the identity strictly. How
close can we get to the true values of sin x and cos x, and how closely can
we expect our approximations to satisfy the identity?

We shall, in fact, describe a routine for computing s, an approximation
to sin z, and ¢, an approximation to 1 — cos z. Let w;, = z, a digital
number, and

W, = (Z/N)Wa_y,
w = (x + n) X wk_,.

For these operations it is assumed that
la*b* — a* X b¥ < 249,

The terms w, are the terms which appear in the expansions, while w} are
the terms we actually obtain in the computation. For this machine
A = 39, and the machine accepts a (2)\)-digit dividend so that divisions
z + n are performed by dividing (27z) by (27n). Let

€n = 2—40Iwn - w:l.

Then

wp — wa = [(z + n) X Wi, — (z + nwi]+ [z +n) — (@/n)w]_,

+ (x/n) (w:_1 — Wp_1).
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The division steps satisfy
0Lz/n—2+n<2%¥n—1)/n.
Also
lwil < 1/nl.

Hence

& <14+ 2(n—1)/n!4+ e._1/n.
The residual error is less than the first neglected term, and for n > 15,
|w,| < 274 = 271, Hence on solving recursively and adding the
generated errors (the €’s) and the residual errors, we have

lc — (1 — cos x)| < 1.197 X 2%,

|s — sin x| < 1.140 X 2%,
For the check let

cosx=1—c+eg sinx = s+ €,

where € and ¢ are bounded by the right members of the above inequalities.
Then
2¢c — ¢* — 8 = 2ecosx + 2¢ sinx — € — €2

Hence
|2¢ — ¢ — §* < 2€/(cos z + sin |z]) + 2(e — ¢) cos x
< 2¢ V2 + 2(e — €)
< 1.669 X 2736,
Hence
2 —¢cXc—sXs| < |2 —ct—8+|cXc—cY+|sXs— s
< 2%,

Thus in applying the check, we compute a quantity which should vanish
if there were no errors due to truncation or round-off, but on the basis of
this analysis we can say only that the computed value must be less than
2735, If a larger value occurs, it must be due to blunders.

This analysis shows only that the quantity computed for the check
cannot be so great as 273 in magnitude. It does not show that quantities
as great as 15 - 27% could, in fact, occur, nor even quantities as great as
238, Hence a more detailed analysis, which pays attention to the pos-
sible signs of the errors at each step, might yield a somewhat smaller
bound.

1.6. Statistical Estimates of Error. The discussion in §1.3 shows what
is intuitively obvious to begin with: that given » numbers, each of which
can be in error by as much as ¢, their sum can be in error by as much as
ne. However, the occurrence of this greatest possible error will be
extremely infrequent in practice. Even assuming that the error in each
term is maximal, which is improbable in itself, the probability is only 2—»
that the maximal error of ne would occur in the sum, since that would
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require that the individual errors all be of the same sign. If one can
assert of each term z in the sum that its error can have any value between
0 and ¢, say with uniform probability, then the probability of occurrence
of the maximal error ne becomes much smaller than 2—=.

As with sums, so with any other computation or sequence of computa-
tions, the probability of occurrence of a maximal error may be extremely
small. It is reasonable to inquire, therefore, as to the probability that
the accumulated error in a given computation will exceed some assigned
limit. A probabilistic approach is the more clearly indicated if one con-
siders the fact that limits of error in measured quantities can seldom be
assigned with certainty. At best one can assign a probability to the
assertion that the error of measurement does not exceed some given
amount.

In principle a statistical estimate of errors can be made by going
through the same steps as in a strict estimate, except that at each step one
requires a distribution of errors in the data and seeks a distribution,
rather than strict limits, for the errors in the result. Unfortunately,
besides the fact that the computation of these distributions is intrinsically
difficult, questions of statistical independence are especially troublesome.
Consequently we mention this approach only in passing and point out
that there is a growing literature on the subject, a few titles of which are
listed among the references.

1.7. Bibliographic Notes. The subject of errors is given at least
casual discussion in most standard texts, either as a separate topic or in
connection with particular computations. Most papers in the periodicals
deal with errors in particular computations. The four sources of error
are distinguished, digital numbers defined, and the error formulas of §1.4
are given in von Neumann and Goldstine (1947), where the major topic
is errors in matrix computations. Turing (1948) also discusses matrix
operations in some detail. Rademacher (1947) and Harrison (1951)
discuss errors in the numerical solution of differential equations, but these
papers are also of more general interest. Dwyer (1951) discusses errors
at length.

On statistical assessments Inman (1950) discusses the problem in
general, Rademacher (1947) makes applications to differential equations,
while Huskey (1949) finds a failure which is explained by Hartree.
Goldstine and von Neumann (1951) give statistical estimates in matrix
computations.

Papers yet to be published by Goldstine, Murray and von Neumann,
and J. W. Givens, each concerned with the problem of finding proper
values of matrices, will contain elaborate error analyses. It seems safe
to predict that an increasing number of detailed analyses of specific
routines, such as the ones given here for the square root and the circular
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functions, will be issued for limited distribution by groups operating high-
speed computing machines.

On the operation of automatic digital computers see Berkeley (1949),
Wilks, Wheeler and Gill (1951), Engineering Research Associates (1950),
and the (Harvard) Computation Laboratory (1946, 1949). In addition
to these references, which are listed in the bibliography, there are numer-
ous reports and memoranda issued by organizations which build or
operate particular machines: IBM Corporation, MIT, Harvard Com-
putation Laboratory, University of Illinois, NBS, Institute for Advanced
Study, and a number of others. A section of the periodical MTAC is
devoted to electronic computers. And finally, abstracts or complete
papers presented at meetings of the Association for Computing Machinery

are obtainable.



CHAPTER 2

MATRICES AND LINEAR EQUATIONS

2. Matrices and Linear Equations

The numerical solution of an integral equation, of a partial differential
equation, or of an ordinary differential equation with two-point boundary
conditions is generally obtained by solving an approximating linear
algebraic system. Moreover in order to solve a nonlinear problem, one
may replace it by a sequence of linear systems providing progressively
improved approximations. For these reasons, and because of the theo-
retical simplicity, we start with linear systems of equations. For study-
ing linear systems of equations a geometric terminology, with the compact
symbolism of vectors and matrices, is extremely useful. A résumé of the
basic principles is therefore included.

2.01. Vectors and Coordinate Systems. Any n vectorse,, . . ., e, are
said to be linearly dependent in case any of them can be expressed as a
linear combination of the others. A more symmetric statement of the
same property is that there are scalars a;, . . . , an not all zero satisfying

e+ ¢+ ae, = 0.

The equivalence of the two statements is made clear by considering that,
if a; # 0, then we could solve for e; in terms of the other vectors. Asan
example, two vectors are linearly dependent in case they are parallel, or
if one is the null vector.

A vector space is n-dimensional in case there are n linearly independent
vectors in the space, but any n 4+ 1 vectors are linearly dependent. Let
e, . . . , e, belinearly independent, and let x be any vector in the space.
These n + 1 vectors are linearly dependent. Hence we can find scalars
g, E, ..., &, notall zero, such that

Fx+ gert - - -+ Hew = 0.

But certainly, then, ¢ = 0, since if we had ¢ = 0, the relation would
express the linear dependence of the set of e’s, whereas they are taken to
be linearly independent. We can therefore solve for x and write

(2.01.1) x = z te:.
17
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is called a matrix, and the column (2.01.7) a (numerical) vector, and we
designate these E and z, respectively. The rule, then, is the rule for
multiplying a matrix by a vector,

(2.01.8) z' = Ex,
where z’ is the column of the £
Besides the vectors e; and f;, let g, . . . , g, represent also a set of
linearly independent vectors in the same space, and let
f; = zgkdw-
k
Then

e; = ijfji = 2 E grPrj€i.
- i

Hence if F represents the matrix of the ¢y;,

11 P
F = (¢kj) =1. ... ... .. :
¢n1 e d)nn

and if P represents the matrix

J J
2019) P =(Joue) = oo |
-
z Pnjej1 z Pnj€in
J J

we shall say that P is the product of the matrices F and E:
(2.01.10) P = FE,

with (2.01.9) giving the rule for multiplication. This is consistent with
the rule for multiplying a matrix by a vector. Note that the product
EF is, in general, not the same as the product FE.
In the particular case when
g: = €,
then

dr; = Y,

and it must then be true that
z¢k:’6ﬁ = 0Ok,
7

where 0;; is the Kronecker delta, defined by

= 0 when k ¢,
(20L.11) % = 1 when k = i,
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In this event the matrix P has the simple form
1 0 0

(2.01.12) g é (1’
and is called the identity matrix I. Since, in that case,
I = FE,
one says that the matrices F and E are reciprocals:
F = E1
This is one case in which the order of multiplication is immaterial:

I = EE-! = E7'E.

The matrices introduced so far have been square matrices, but matrices
may also be rectangular, and in particular the veetors z and =’ discussed
above may be regarded as matrices of n rows and one column each. We
may also have a matrix of one row and n columns. Such a matrix would
be called a row vector, while the vectors z and z’ are column vectors.

We can extend the notational scheme by writing

(2.01.13) e= (e, e - - en),

and treating e formally as though it were a (numerical) row vector,
which enables us to write (2.01.3) in abbreviated form

(2.01.14) e = fE.
Then, also,
f =gF,
whence, by formal substitution,
e = gFE.
This is consistent with previous results, where we found that
e =gP
with
P =FE.

2.02. Linear Transformations. A transformation of vectors (as dis-
tinguished from a change of coordinates) is a natural generalization of the
notion of a function. A transformation of vectors is a rule which, to
every vector of the space under consideration, associates a unique vector
in the space, and this vector is called its transform. The transformation
is linear if to the sum of two vectors corresponds the sum of the trans-
forms and to a scalar multiple of a vector corresponds the same scalar
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multiple of the transform. In many contexts, especially in discussions of
quantum mechanics, it is customary to speak of the transformation
as being an operation performed by an operator upon the vector and
yielding the transformed vector (the result of the transformation).

An equivalent definition, and the one which will be used here, is the
following: If T'(x) designates the transform of x, then the transformation
is linear in case

T'(x) = Z£T(e)),
when x is given by (2.01.1). Inaccordance with the abbreviated notation
this can be written

(2.02.1) T(x) = T(e)x.
Since each T'(e;) is in the space of the e;, it can be expressed

T(e,) = Ee,-r,-,-,
or in abbreviated form,

(2.02.2) T(e) = eT,
where 7' is the matrix

(2.02.3) T = (1).
But from (2.02.1)

(2.02.4) T(x) = eTx.

Hence Tz is the numerical vector representing 7T'(x) in the coordinate
system of the e;, and the matrix T represents the transformation (more
strictly, the operator) in that same coordinate system. :

In a different coordinate system, however, x, T'(x), and the trans-
formation itself are otherwise represented. In fact, if

X = ez,
and
e = {E,
then
x = fExr = fo/,

so that, as we have already seen, 2’ = Ex represents x in the coordinate

system f. Now
T(x) = eTz = fETx,

and
x = E 2.
Hence
T(x) = fETE 'x'.
Hence

ETE-!

(2.02.5) /i
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is the matrix which represents the transformation in the coordinate
system f, since this is the matrix which, when applied to the numerical
vector ' (which represents x in that system), will yield the numerical
vector representing 7T'(x) in that system.

2.03. Determinants- and Outer Products. An outer product of two
vectors a and b is a new type of geometric entity, defined to have the
following properties:

(12) ¢ [ar b] = _[b) 3.];
(29) [«a, b] = ofa, b];
(32) [a, b] + [a, c] = [a, b + c].

It can be pictured as a two-dimensional vector, whose magnitude, taken
positively or negatively, is the area of the parallelogram determined by
the vectors in the product. It follows immediately from (1) that
[a, a] = 0.
Hence
[a, b] = [a, b] + ola, a] = [a, b] + [a, aa] = [a, b + «al.

Hence for any scalars « and g,
[a, b] = [a, b + «a] = [a + b, b].

If e;, e, are any linearly independent vectors in the space of a and b,
then

(2.03.1) [a, ] = |a Dbl|[e,, eq],
where
(2.03.2) |a bl = alﬂ-)_ — azﬁl

is called the determinant of the numerical vectors a and b. The evalua-
tion is immediate:

[a; b] = [a’ B.e1 + ﬁ2e2] = Bl[a; el] + :32[a7 62]
= Bi[aie1 + aze., €] + Bilaier + azes, e;)
= Biasfes, €1] + Beailel, e
= (1B — asB)[ey, €.

The determinant is a number, and its relation to the outer product is
similar to that of the coordinates to a vector.

It is a simple geometric exercise to show that (3;) holds in the paral-
lelogram interpretation when a, b, and ¢ are all in the same 2 space.
When they are not, the relation serves to specify the rule of composition.

For outer products of n vectors the defining relations are sufficiently
typified by the case n = 3:

(13) [a; br C] = —[aa C, b] = —[C, b, a] =y
(25) [aa; b, c] = a[a’ b, C];
(33) [a; b, c] + [a, b,d] = [a, b, c + d].
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From these we deduce that

a,a,¢c] = - -+ =0;
a, b,c] = [a+ Bb,b,c] =[a,bc+ aal = - - ;

and if e,, e,, e; are linearly independent vectors in the space of a, b, and
¢, then

(2.03.3) [a,b,c] = |a b cl|le,, e €3],
where |a b ¢| is called the determinant of the numerical vectors a, b,

and ¢, and its value will now be obtained. Note first that, if

a’ = ae; + a2€2, b’ = Bie; + B2€.,
then
[ay b, e3] = [a,y b’y 33] = (a162 - a261>[el, €., e:;].

In fact, the identical steps that led to (2.03.1) and (2.03.2) will, if applied
to the second member of this last equality, yield the third member.
Now by an obvious modification we obtain

[a, b, e‘z] = (0361 — alﬁii)[el, €2, 33],
and again
[a, b, ;] = (283 — asB:)[ey, €., €3]

By putting these together we obtain

(2.03.4) |a b C| = 71(0&2[33 - a:sﬁz) + 72(113[31 - leﬁ:s)
+ ‘7:5(0152 — agB).

When we write the determinant explicitly in the form

ar B1 71
|a b ¢l =|ar B2 vl
o B:; Y3

we see that in the expansion of the determinant in terms of the 4’s, the
coefficient of each v; is, except for sign, that second-order determinant
that remains after deleting the row and column containing v;. The sign
is that power of —1 whose exponent is obtained by adding together the
number of the row and column. Thus «, is in the second row, third
column, and the sign is (—1)2*3. The coefficient of v; with its proper
sign is called the cofactor of y;. By interchanging rows and columns and
going through the same process, we find

Ia b Cl = a1A1 + azAz + a3A3
= B1B1 + B:B: + B3B3
= y1iI'1 + vaI'2 + 73T,
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where the capital letters signify cofactors formed by the samerule. Itis
also true that, for example,

0= Ia b (l,l = a11‘1 + agrz + a31"3,

and, in general, when the elements of any column are multiplied by the
cofactors of some other column and the products summed, the sum
vanishes.

Finally, we have the expansions

Ia b C‘ = a;A1 + BB + il
= ayd. + B:B2 + DI
= OtaA:; + 5333 + ’Ysra-

These are the expansions we should get if we were to rewrite the deter-
minant, writing the rows of the original as columns of the new one, and
these equations say in effect that this exchange of rows for columns leaves
the value of the determinant unaltered. It is quite_clear that such an
exchange leaves the value of a second-order determinant unaltered.
Hence it is clear that in the expansion of either third-order determinant,
the original or the transposed, the coefficient of any element is the same.
The theorem follows because, when the determinant is expressed as an
explicit function of its elements, each term contains as a factor one and
only one element from each row and one and only one element from each
column.

The recursive extension to successively higher dimensions can be made
by following the same pattern, and the formulas need not be written
explicitly. For each extension the expansion is made first along a par-
ticular column, and one observes that it is equally possible to expand
along any row.

For determinants of order 4 or greater another type of expansion is
possible, called the Laplace expansion. To describe this it is convenient
to introduce the symbolism

If, now,

...................

d = 8,e; 4 5.2 4 833 + d4e4,
then we can see that

[a, b, €35, €] = |1 Bofley, e, €5, €4,
and
[el) €2, C, d] = '73 64][31; €., €3, e4]'
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Hence we shall find that in the expansion of [a b ¢ d| there will
appear terms which make up the product |ai B||vs 84. But if we
interchange e; and e;, say, we shall find that there are also terms making
up the product —|a; Bs|lyz 84, and there is no term common to the
two products. When all possible interchanges are made that yield
distinct products, we find

la b ¢ d| = |ar Bof|vs 64 — |ar Bsl|ve 84 + a1 Bally: 83
+ |laz Bsl|vr 84 — |az Ballvr 83| 4+ Jas Bdlvr 82l

To determine the sign in each case we note, for example, that in the
expansion |az B4||y1 682 would appear as the coefficient of [e;, e, €1, €3],
but that this is equal to [e;, e,, e;, €4, whence the sign is plus.

Note finally that the determinant of the product of two matrices is the
product of the determinants. In fact, if

e =fk, f=gF,

then
e = gI'E.
But on the one hand,
ey, . .., e = |E|lfy, ..., £
= IEIIFHgly A ’gn]’
and on the other hand,
ley, . . ., e = |FE[gy . . ., &l
Hence
[FE| = |F||E|.

2.04. Length and Orthogonality. Geometrically the scalar product
xy of the vectors x and y is equal to the product of their lengths into
the cosine of the angle between them, or the product of the length of one
vector by the projection of the other upon it. It is clear geometrically
that the projection of a broken line upon a given line is the sum of the
projections of the separate segments and is equal also to the projection
of the single segment which joins the two ends of the broken line. Hence,
if x is given by (2.01.1), its projection upon y is the sum of the projections
of the segments £.e; upony. Hence

xy = (2¢e)y.
But by the same rule, if
y = Znje,
then
Xy = xznjeif

and therefore

(2.04.1) xy = TZEmsee;.
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Now the scalar products
(2.04.2) Yii = €.€; = vji

are known once the vectors e; are themselves known. Hence the scalar
product of any two vectors can be calculated from (2.04.1).

If each column of a matrix M is written as a row, the order remaining
the same, the resulting matrix is known as the transpose of the original
and is designated MT. In particular, if  is the column vector of the &;
27 is the row vector of the £. With this understanding, if G is the matrix

(2.04.3) G = (v:) = eTe,
this is said to define the metric in the space, and Eq. (2.04.1) becomes
(2.04.4) xy = 2'Gy = y'Gz.

The matrix G is equal to its own transpose and is said to be symmetric.
When the metric G is known and fixed throughout the discussion, one
often uses the notation

(2.04.5) (z, y) = (y, 2) = 2'Gy.

An often-used type of coordinate system is one in which each reference
vector e, is of unit length and orthogonal to all the others. In this case

G =1, xy = 2y = y'x.

With reference to the coordinate system f given by (2.01.14), the
metric is defined by
H = {'f.
Now
G = e'e = K'f'fE,

(2.04.6) G = I'HE.

This relates the metrics for the two coordinate systems.
If both e and f are unit-orthogonal systems, then

G=H-=1
and hence
I = KETE.
In this case
E" = E!

and the matrix F is said to be orthogonal.

When (@ is not the identity matrix, then in the process of evaluating a
scalar product of two vectors x and y, given x and y, one must form either
Gz or Gy. Since if one knows the vector

(2.04.7) ' =Gz
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one can always find x by solving the equations, knowing 2’ is (in principle)
equivalent to knowing . Hence 2’ is also a representation of x, but of
a different kind from z. It is customary to speak of z’ as giving the
covariant representation or as being a covariant vector, and of « as giving
the contravariant representation or as being a contravariant vector. If
y’ is the covariant representation of y, then

xy =x'y =2y = y'2’ = y'x.

In case x and y are the same vector, the scalar product is the square of
the length:
xx = |x|? = 2"Gu.

Since any numerical vector x represents some geometric vector x, it
follows that always
z'Gx > 0,

and the equality can hold only when z is the null vector, x = 0. By
virtue of this property of the matrix G, it is said to be positive definite.
The vectors e; can always be referred to a unit-orthogonal system f, and
in this case (2.04.6) becomes

G = LK,

since H is then the identity. It will be shown in §2.201 that any positive
definite matrix can be expressed as a product of a matrix by its transpose.
Hence any positive definite matrix represents a metric in some coordinate
system.

There are always several geometric settings, any one of which could
give rise to a given set of linear algebraic equations. Hence given the
equations, we are at liberty to associate any geometric picture that seems
convenient. This will be done from time to time in the presentation
of the various methods for solving linear systems. The geometric
vectors e, f, etc., seldom if ever need to be introduced explicitly. Given
a numerical vector z, it is sufficient to know that, given a coordinate
system e, the numerical vector = defines a geometric vector x by the
relation

X = ex.

Hence we shall often speak of = as though it were itself a geometric vector,
and we shall refer to it simply as a vector, without qualification.

2.05. Rank and Nullity; Adjoint and Reciprocal Matrices. The outer
product of two vectors has been interpreted geometrically as representing
an oriented parallelogram; the outer product of r vectors represents an
oriented parallelepiped of r dimensions. We shall take it as geometrically
evident that the outer product of r vectors can vanish if and only if the
vectors lie in a space of dimension less than r, or in other words, if they
are linearly dependent.
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A matrix is said to have rank r in case it has r linearly independent
columns, but every r 4+ 1 columns are linearly dependent. Hence every
column is expressible as a linear combination of these r columns. The
outer product of the vectors represented by these r columns must be
non-null, so that at least one submatrix formed from these r columns must
have a nonvanishing determinant. On the other hand, no submatrix of
order » + 1 can have a nonvanishing determinant. Hence a matrix is
of rank r if and only if the largest submatrix with nonvanishing deter-
minant is of order ». By applying the above argument to the transpose
of the matrix, everything that has been said of the columns applies
equally to the rows.

A square matrix of order n and rank r is said to have nullity n — r.
If we suppose the coordinate vectors e to be a unitary orthogonal system,
the homogeneous equations

ATz =0
are satisfied by any vector z orthogonal to all the coluimnns of A. Butif 4
has rank r, its columns determine an r-dimensional subspace of the
n-dimensional vector space, and there is an (n — r)-dimensional subspace
orthogonal to it. Hence the equations have n — r linearly independent
solutions.

A matrix is nonsingular in case its determinant is nonzero. If

(2.05.1) X = 2ta; = ax
and the vectors a; are linearly independent, then
Eilay, @z, . . ., 8] = [f1ay, 8, . . ., &)
= [f1a1 + Eaa2 + - - -+ Enan, 82, . . ., 84
= [X, a . .. ,an].
Hence if
a=e¢eA,

these equations give
(2052) £1|a1 a ... a,.l = ISB as ... a,,l

when we drop the outer product of the e;. Since the vectors a; are linearly
independent, the matrix A is nonsingular, and hence

(2.05.3) =t az ... adflar az ... al

and, in general, each £; is the quotient by |A| of the determinant obtained
from |A| when z replaces a;, This is Cramer’s rule.
If we write

(2.05.4) A = (ay),
and if A;; is the cofactor of a;; in |4], the matrix
(2.05.5) o adj (4) = (A4j;)
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of the cofactors is called the adjoint of A. The expansion rules illustrated
in §2.03 for a determinant of order 3 can be expressed

(2.05.6) A adj (4) = adj (4)4 = |A|I;

the product of a matrix by its adjoint in either order is a matrix with 0
everywhere except along the principal diagonal, and there every element
has the value |A|.

Now let
(2.05.7) o't = A;/|Al.
Then
(ef) = [A|~! adj (4),
(aij) (@) = I,
so that
(2.05.8) A~ = |A[7! adj (A).

This gives the explicit representation of the elements of the inverse
matrix.

2.051. Projection operators. l.et a represent a set of m < n linearly
independent vectors, and

(2.051.1) a = eA.

These vectors form a basis for a subspace of m dimensions. If ee = I,
then
ala = ATA

defines the metric for that subspace. The matrix is nonsingular, since
otherwise a non-null vector x would exist satisfying ATAxz = 0, and hence
zTATAxz = 0, and the non-null geometric vector az would have length
zero, which is impossible.

Hence the symmetric matrix

(2.051.2) P = A(ATA)" AT
exists, and is said to be idempotent since
P? = A(ATA)7'ATA(ATA)'AT = A(ATA)"'AT = P.
If x = ex is any vector, then
ePxr = eA(ATA)'ATx = a(ATA) 1Az

is a vector in the space of a. Ify = ay = eAy is any vector in the space
of a, then
eP(Ay) = eA(ATA)"1AT(Ay) = edy =y.

Hence if x represents any vector, Pz represents a vector in the space of A,
and if x = Ay represents a vector in the space of A, then Px represents
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the same vector. Thus the matrix P projects any vector into a particular
subspace and leaves unchanged any vector already in that subspace. It
is therefore called a projection operator.

The projection is, indeed, an orthogonal projection. For given any
z, the projection is- Pz, and the residual is £ — Pzx. But since P is
symmetric, the projection and the residual have the scalar product

2'’P(I — P)x = 2"(P — Pz = 0,

since P is idempotent.

Any symmetric idempotent matrix P is a projection operator. For
if P has rank m, we can find a matrix A of m linearly independent columns
such that every column of P is a linear combination of columns of A.
Hence, for some matrix B we can write

P = AB".
We have only to show that
B = A(ATA)L
Since P is idempotent,

P = P? = ABTABT = AB".

Since the columns of A are linearly independent, BTABT = BT, The
rank of P = ABT cannot exceed the rank of BT; hence BT has rank at least
m, and having only m rows, the rank is exactly m. Hence

B'A =1 = A'B.
Since P is symmetric,

ABT = BAT,
AB'A = BA'A,
A = BA'A.

This is the desired result.
For an arbitrary metric, eTe = @, the orthogonal projection is repre-
sented by a matrix

(2.051.3) P = A(ATGA)-'AG,

where the columns of A are contravariant vectors.
2.06. Cayley-Hamzlton Theorem; Canonical Form of a Matrixz. If with
any vector  we associate its successive transforms

(2.06.1) z, = Tx (t=0,1,2,...),
at most n vectors of the sequence xo, 1, 2, . . . will be linearly inde-
pendent. Hence for some r < n there exist scalars vo, ¥1, . . . , v, DOt

all null such that
(2.06.2) (vl + 1T+ -+ + 4Tz = 0.
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The matrix
(2.06.3) VW) =yl +7T+ - + 7T
is a polynomial in T, and since

¥(T)z = 0,

z is said to lie in the null space of ¥(7'). If both x and y are in the null
space of Y(T"), then ax 4+ By is also in this null space for any scalars « and
B. The null space consists of the null vector only, unless ¢(T) is a
singular matrix. If it is nonsingular, we shall say it has no null space,
disregarding the trivial case of the null vector alone.

If ¢(T) and ¢(T) are polynomials in T, and if there is a non-null vector
z which lies in the null space of each, then the scalar polynomials ¢(A)
and ¥(\) have a common divisor which is not constant. For if they do
not, then by a classical theorem in algebra (proved below in §3.06), there
exist polynomials f(A) and g(\) such that

(2.06.4) JA) (N + gMy¥(A) =1
identically. But then

(2.06.5) | f(T)o(T) + g(T)w(T) =1,
and hence

(2.06.6) J(T)o(T)x + g(T)W(T)x = =.

But since z lies in the null spaces of both ¢ and ¢, the left member of this
identity vanishes, and hence x is a null vector, contrary to supposition.

Next to a constant, whose null space is the null vector alone, the
simplest type of polynomial is linear. Hence consider a polynomial
T — M. 1t has a null space if and only if its determinant vanishes:

(2.06.7) |T — A| = 0.
This determinant, when expanded, is a polynomial in A of degree n,
(2.06.8) ¢&(A\) = |T — M| = (=N)*+ vi(=N)"1 4+ - -+ + v,

called the characteristic function of 7. Equation (2.06.7) is called the
characteristic equation of 7. One verifies easily that

(2.06.9) 1= Zri = HT), v =|T|,

where {(T) is called the trace of T and is equal to the sum of the diagonal
elements.

Any X satisfying (2.06.7) is called a proper value of T. If X\ is any
proper value, there is at least one vector in the null space of T — A,
and any vector in the null space of T — A is called a proper vector
associated with the proper value A. If XA is not a proper value, T — A
has no null space.
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For any proper value )\, any vector in the null space of T — AI is also
in the null space of (T — A)" for any positive integer r, but the converse
is not true. A vector in the null space of (T — \I) for any positive
integer r is a principal vector. If z is in the null space of (T — AI)"
but not in the null space of (T — AI)™, it is called a principal vector of

grade 7.
The characteristic function ¢()\) has the remarkable property that
(2.06.10) o(T) = 0.

This is the Cayley-Hamilton theorem, which can be stated otherwise by
saying that the null space of ¢(T) is the entire space. This might be
expected from the fact, shown above, that the null spaces of two poly-
nomials in T have a non-null vector in common only if they have a
common divisor. A proof of the Cayley-Hamilton theorem is as follows
Since

¢(T) — 6N = [(=T)» — (=N] + 7l(=T)"t = (=N)1]
+ -+ 'Yn—l(—T-I")\I)’

therefore this difference is equal to a polynomial in 7' multiplied by
T — A, and hence is said to be divisible by T — N. Also, by Eq.
(2.05.6), -
(T — A\I) adj (T — N) = ¢(N)1.

Hence ¢(M\)I is also divisible by T — M. It follows, then, that ¢(T) is
divisible by T — AI. However, ¢(T) is independent of A and must
therefore vanish.

If F is any nonsingular matrix, then the matrices T and

(2.06.11) T" = F'TF

are said to be similar. They represent the same transformation but in
different coordinate systems. Since ‘ o

F-Y (T — \)F =T’ — A,

they have the same characteristic function and hence the same proper
values. One proves inductively that for any positive integer r

T’ = F\T'F,
and hence that

(2.06.12) v(T') = FWY(T)F

for any polynomial .

It is reasonable to expect that a given transformation might be more
simply represented in some coordinate systems than in others, and this
will now be shown. Note first that the theorem expressed by (2.06.4)
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can be generalized as follows: If there is no nonconstant factor common to

all polynomials ¢:(A), ¢2(A), . . . , ém(7), then there exist polynomials
fi(A), f20), . . ., fa(M) such that
(2.06.13) fiN)e1(N) + - - - + faN) (M) =1

identically. The proof is inductive and sufficiently indicated by taking
m = 3. It may be that ¢, and ¢; have a common factor d;2(\), but if so,
it is prime to ¢;. By applying (2.06.4) to ¢ = ¢1/d12 and Y = ¢3/d1s,
and then multiplying, we have for some g, and g,

g1¢1 + gad2 = dy.
Also for some g and h,

gdy2 + hes = 1.
Hence

99191 + gg:02 + hos = 1
Now let the characteristic function ¢(A\) be factored completely:

d(A) = A — A)™A — X)™ - -+ (A — Ap)™m,
where

nmt+net N =,
and the \; are all different. Clearly the polynomials
HN) = (= N0

satisfy the conditions of the theorem. Hence with suitable polynomials
fi, (2.06.13) can be satisfied, and hence

fiT)eu(T) + - - - + fu(T)éu(T) = I
Hence for any vector «
[iT) (T + « + » + fu(T) (T = 2.
But ¢,(T)z, and hence also f;(T)¢;(T)z, is a principal vector since
(T = ND)™¢(T) = &(T) = 0.

Hence any vector is expressible as a sum of principal vectors.

Moreover, the representation of x as a sum of principal vectors is
unique. For if not, the difference of distinct representations would
express the null vector as a sum of principal vectors in the form

y1+y:+ - +ym =0,

where y; is a principal vector associated with A;, and at least one y; is
non-null. Suppose y; # 0. Then

(M +y2+ - +ym) =0.
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But since ¢;(7T") contains every factor (A — \,)™ except (A — Ap)™, it
follows that

1 (T)(y2+ -+ - + ym) = 0.
Hence *
$1(T)y, = 0.
But
& (T — >‘II)ﬂlyl = 07

whereas (A — A;)™ and ¢1(\) have no common factor. Hence y, = 0,
contrary to supposition.
Now for a new coordinate system choose a matrix

(2.06.14) F = (FF,---Fp)

in which the columns of F, form a coordinate system for the null space of
(T — M\I)™, the columns of F; form a coordinate system for the null space
of (T — NI)™, . . . . Ifxzisany vector in the null space of (T — NI)™,
8o also 1s T’z since

(T — \i)™Tx = T(T — ND)™z = 0.

Hence any column of 7F; is expressible as a linear combination of columns
of F;, and therefore

(2.06.15) TF = FT’

where 7"’ has the form

T, 0 O
/ O T2 0

2.06.1 T =
(2.06.16) 0 0 T;

ooooooooooo

But F must be nonsingular, whence
(2.06.17) F'TF =T,

and except for the trivial case m = 1, a partial simplification has been
effected. We proceed next to specialize the choice of the columns within
any F,.

These are all principal vectors, and there is some »; < n; such that
every vector in the space of F;is of grade »; or less. First select a maximal
linearly independent set of proper vectors in the space of F; (correspond-
ing to the proper value \;). Adjoin to these a maximal linearly independ-

ent set of (principal) vectors of grade 2, . . . , and finally complete
F; by adjoining vectors of maximal grade »;. Thus F; has the form
F,’ = (Fn, F-,;z, « o . ,Fiy‘),

where all columns of F; are linearly independent and where every column
of F;; is a principal vector of grade j.
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Now the columns of F;,, are of grade »;, while those of
(T — NI)Fs,
are of grade v, — 1. Furthermore, the columns of
(T — \J)Fs,,, Fs,,

are linearly independent. If this were not the case, there would exist
equal linear combinations (T — M)z of the columns of the first sub-
matrix and y of the columns of the second:

(2.06.18) (T — Nz = y.

But then
(T — \D)rx = (T — )\,-I)”"“‘y =0

since all columns of F; are of grade < »;. But then y is of grade »; — 1.
Hence y, which is by definition a linear combination of columns of
F;,,, is also a linear combination of the remaining columns of F;, and this
is another way of saying that the columns of F; are linearly dependent.
Since this is not the case, y = 0. Hence by (2.06.18) x is a proper
vector, and hience both a linear combination of columns of F;; and of F;,,.
Hence z = 0.
The argument may be continued to show that the columns of

(2.06.19) (T — N Fy,, . . ., (T — NI)Fy,, Fiyj)

are linearly independent. If there are more columns in F;; than in
(T — \I)*'F,,,, we adjoin additional ones to form a new matrix Fy
and continue to form a new matrix F; of which the matrix (2.06.19) is a
submatrix. We then show that the columns of

((T - x’L'I)w—217‘ilh,'—17 o e ey Fiv.-—l, Fiy.-)
are linearly independent. Proceeding as before, we obtain finally a
matrix F; such that (T — NI)F,,, is a submatrix of F;,,—,, . . . , and

(T — NI)F ;s is a submatrix of F;;.
Finally, the columns of F; are rearranged as follows: For f;, take any
column of F,,,. Let
fio = (T — NI)fa,
fis = (T — NI)fs,
fiie = (T — ND)f i1
Then
0= (T - )‘iI)fivn

and every vector of the sequence is a vector in F;. If there are other
columns in F;,, take one of them as f;,.;1 and proceed as before. When
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all columns of F;,, are exhausted, pass next to a column (if any) from
F;,,.-1 which does not appear in one of the above chains; then pass to
F s, rg—2y -

By so forming and rearranging the matrices F; which make up F, we
obtain a matrix F whose columns are grouped into sequences such that,
when the double subscripts of the f’s are replaced by single subscripts
from 1 to n, we have either

Tf; = Nifi + fin

or else
Tf; = Nif;
for some \;, Hence
TF = FT’,
where now 7" has the form
" 0 O .
O T, O
2.06.2 T = 2
(2.06.20) 0o 0 T

and each T} is eit er a scalar \; or else has the form

(2.06.21) T) = M + I,
000
_[1 00
(2.06.22) L={, 1 ¢

The matrix I, is called the auxiliary unit matrix, and has units along the
first subdiagonal and elsewhere has zeros. Note that

I, =12

has units along the second subdiagonal, and if I, is of order », then I} = 0.
Every column of F is a principal vector of T. We could apply the
above theorem to 7 and in the process obtain a matrix G every column of
which is a principal vector of T7. If f is a principal vector of T cor-
responding to the proper value A, and if ¢ is a principal vector of 77
corresponding to the proper value u = A, then g and f satisfy

(2.06.23) g'Tf = gf = 0.

The proof can be made inductively. Suppose first that g and f are proper
vectors. Then

gTT = ”gT; Tf = Rf ’

g'Tf = ug'f = N\g'f.

so that
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Since N # pu, this proves the relation for that case. Next suppose g is
a proper vector but f of grade 2. Hence

(T — NI)f = f1#0,

but
(T — A)f, = 0.
Hence f, is a proper vector. Now
g'fr =

as was just shown. Hence

g'Tf = N,
whereas

g'Tf = ug'f,

and again, since A # u, the relation is proved. By continuing one proves
the relation for proper vectors g and f of any grade.

If T is symmetric, 7T = T, then any principal vector of T7 is also
a principal vector of T. But for a symmetric matrix we now show
that all principal vectors are proper vectors, and in the normalized form
(2.06.20) of T all matrices T" are scalars.

This is clearly the case when the proper values are all distinct. In
that case, in fact, every proper vector is orthogonal to every other proper
vector, whence F'F is a diagonal matrix, and by choosing every vector f
to be of unit length, one has even

(2.06.24) FIF =1

so that F is an orthogonal matrix. Suppose the proper values of T are
not all distinct. One can, nevertheless, vary the elements of T slightly
so that the matrix T' + é7T is still symmetric and has all proper values
distinct. Then F + 6F is an orthogonal matrix. As the elements of
T + 6T vary continuously while the matrix remains symmetric, the
columns f 4+ &f of F 4 6F also vary continuously but remain mutually
orthogonal and can be held at unit length. Hence these properties
remain while 67 vanishes. Hence for any symmetric matrix T there
exists an orthogonal matrix F such that

(2.06.25) F'TF = A,

where A is a diagonal matrix whose elements are the proper values of T'.

2.07. Analytic Functions of a Maltrix; Convergence. The relation
- (2.06.12), valid for any polynomial, is easily extended. Consider first
any of the matrices T" of (2.06.20), neglecting the trivial case when T% is a
scalar. Any power can be written

(2.07.1) T, = NI 4 rA\iUy + <’2') N2y 4 e e,
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and if T is of order », there are at most » terms for any integer r. If
I\i] < 1, then for any fixed s

lim (’) A~ = 0.
. r— o \§

Hence in this case as r becomes infinite, T";" approaches the null matrix, in
the sense that every one of its elements approaches zero. If for every
proper value \; of T it is true that [\;| < 1, then also T"" approaches the
null vector as r becomes infinite. Since F' and F-! are fixed, this is true
also of F-'T"'F, and hence of T". Hence if every proper value of 7 has
‘modulus less than unity, then 7" — 0 as r becomes infinite. This con-
dition is necessary as well as sufficient.
Now consider any function ¥(\) analytic at the origin:

YA = Yo+ YN + LgYIUAT - - -

If \; lies within the circle of convergence of ¢()\), then-since any derivative
of ¥ is analytic within the same circle, we may write formally

(2.07.2) Y(T7) = ol + Yo\l + In) + Loy N2 + 200+ 1) + - - -
=y + ¢ )+ By" NI+ - - -,

where at most » terms are non-null. Hence for a matrix of the form of T
the analytic function ¢(7T%) is defined by this relation. But then if every
A lies within the circle of convergence, we may take ’

v(TY) 0 C
(2.07.3) o) = o wry ...\
and then we may further take
(2.07.4) Y(T) = Fy(T')F-1.

Hence if ¢(\) is any function that is analytic in a circle about the origin
which contains all proper values of T in its interior, then ¢(T') is defined
and, in fact, is given by the convergent power series

(2.07.5) WT) = Yol + T + B0 T + - -

2.08. Measures of Magnitude. Most iterative processes with matrices
are equivalent to successive multiplications of a matrix by another matrix
or by a vector, and hence involve the formation of successively higher
powers of the first matrix. The success of the process depends upon the
successive powers approaching the null matrix. An adequate criterion
for this is given in terms of the proper values of the matrix, but the calcu-
lation of proper values is generally a most laborious procedure. Hence
other criteria that can be more readily applied are much to be desired.
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For this purpose certain measures of magnitude of a vector or matrix
are now introduced, and some relations among them developed. These
measures are of use also as an aid in assessing the several types of error
that enter any numerical computation.

For any matrix A we define the bound b(A), the norm N(A4), and the
maximum M (A), and for a vector x we define the bound b(x) and the
norm N(x). It turns out that a natural definition of & maximum M (x)
for a vector z is identical with N(z).

Taking first the vector £ whose elements are £;, we define

b(z) = max |&],

N(z) = [Z§]* = [aT]"

Thus b(z) is the magnitude of the numerically largest element, while N (x)
is the ordinary geometric length defined by the metric 1.
We define b(A) and N(A) analogously:

b(A) = max laf.fl)
iJ

(2.08.1)

(2.08.2)
N(4) = [Zal]
Clearly
(2.08.3) b(AT) = b(A), N(AT) = N(A).
If we use the notion of a trace of a matrix
(2.08.4) tr (A) = Zau,
then an equivalent expression for N(4) is
(2.08.5) N(A) = [tr (ATA)]* = [tr (AA")]%.
If a; are the column vectors of A, and a; the row vectors, then
(2.08.6) N*(A) = ZN%*(a;) = ZN¥a)),

where the exponent applies to the functional value
N*(A) = [N(A)).
Hence if a; = = and all other a; = 0,
N(A) = N(x).

A useful inequality is the Schwartz inequality which states that for
any vectors x and y

(2.08.7) l2Ty| = |y"2| < N(@)N(y).

Geometrically this means that a scalar product of two vectors does not
exceed the product of the lengths of the vectors (in fact it is this product
multiplied by the cosine of the included angle). This generalizes immedi-
ately to matrices

(2.08.8) N(AB) < N(A)N(B).
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Another useful inequality is the triangular inequality
(2.08.9) N(z + y) < N(z) + N(y),

which says that one side of a triangle does not exceed the sum of the other
two, and which also generalizes immediately

(2.08.10) N(A + B) < N(A) + N(B).
Also we have

(2.08.11) b(A + B) < b(A) + b(B).
But

(2.08.12) l2Ty| < nb(x)b(y),

since in £y there are n terms each of which could have the maximum value
b(x)b(y). Hence for matrices

(2.08.13) b(AB) < nb(A)b(B). y

If in (2.08.8) we take

b, = z, by =by =+ =b, =0,

then we have
(2.08.14) N(Az) < N(A)N(z).

We now introduce the third measure:
(2.08.15) M(A) = max N(Az)/N(z) = max |zTAy|/[N (z)N (y)],
or equivalently ’ ™

(2.08.16) M(A) = max N(Azx) = max 1|zTAy|.
N@) =1 N@z) =N(y) =1

It is obvious that (2.08.15) and (2.08.16) are equivalent. We show now
that the two parts of (2.08.15) or of (2.08.16) are equivalent. Take M(A)
as defined by the first equality, and designate, for the moment, the last
member by M’(A). We wish to show that

M(A) = M'(A).
First we have
lxTAy| < N(z)N(Ay)

by the Schwartz inequality (2.08.7). But
N(Ay) < M(A)N(y)
by definition of M(A). Hence for any z and y

|xTAy| < M(A)N(x)N(y),
|xTAy|/[N(x)N (y)] < M(A).
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Hence the maximum of the left member cannot exceed the right member,
so that
M'(A) < M(A).

Now to prove that
M(A) < M'(4),
we take
x = Ay
and obtain
|2TAy| = |yTATAy| = N*(4y).

Hence when z is so defined
zTAyl _  N*4y) _ N(4y)
N@)N(y) NAyYN@Ey N’
and this quantity has M (A) for its maximum. Hence M’(A) cannot be
less than M (4), and the theorem is proved.

Since
2TAy = y"ATz,
it follows from the second definition of M (A) that
(2.08.17) M(A") = M(A).
Also
(2.08.18) M(A+ B) < M(A) + M(B),
(2.08.19) M(AB) < M(A)M(B).

To prove the first of these, we have
N(Az + Bz) < N(Az) + N(Bz) < [M(A) + M(B)]N (x),

the first inequality being a consequence of the triangular inequality
applied to the vectors Az and Bz, and the second following from the
definition of the maximum. Since, therefore,

N[((A + B)z]/N(z) < M(A) + M(B)

for all vectors z # 0, the maximum value of the left member cannot
exceed the right.
For the second inequality we have

N[A(Bz)] < M(A)N(Bz) < M(A)M(B)N (),

both inequalities being consequences of the definition of the maximum.
If we divide again by N(z), the conclusion follows as before.

We now establish the following relations among the functions N, b, and
M of the same matrix:

(2.08.20) b(A) < M(A) < N(4) < nb(4),
(2.08.21) N(A) < n¥M(A).
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To prove the first, we use the second definition of M in (2.08.16). If we
take

then

x’Ay = yj.
Any choice of unit vectors for z and y will give a number z"Ay which
cannot exceed the maximum. Hence

|| < M(4),
and since this holds for any 7 and j, it follows that

b(A) < M(A).
Next, since by (2.08.14)
N(Az)/N(x) < N(4),

the maximum value of the left member cannot exceed N(A), and this
maximum is M (A) by definition. Hence -

M(A) < N(A).
To show that
N(A) < nb(4),

we go to the definition and write
N2(A) = Za? < n%2(A),

i —

since b%(A) is the greatest of the n? terms in the sum. When we take the
square root, we have the desired result.
Before proving (2.08.21), we prove first a more general result:

N(AB) < N(A)M(B),
(2.08.22) N(AB) < M(A)N(B).

If the columns of B are b;, then the columns of AB are Ab;. By (2.08.6)
applied to the matrices B and AB,

N?*(AB) = ZN*(Ab;) £ M?*(A)ZN%(b;) = M*(A)N*B).

We get the second relation on taking square roots. The first follows after
taking transposes from (2.08.3) and (2.08.17). Now (2.08.21) is an
immediate consequence of the second of (2.08.22) when we take B = I,

since
N({) = n*.

Of the three functions b, N, and M, the first is obtainable for any given
matrix by inspection, and the second by direct computation. The third,
however, is only obtainable in general from rather elaborate computa-
tions, though it generally yields the best estimates of error.
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A few additional properties of these functions will be useful. First
we have

(2.08.23) M(ATA) = M2(A).

In view of (2.08.17) and (2.08.19), we know that the left member cannot
exceed the right. On the other hand

N2?(Az) = 2TATAx < N(x)N(ATAz) < M(ATA)N*(z),

the first inequality being a consequence of the Schwartz inequality
(2.08.7), while the second follows from the definition of M. Hence the
right member of (2.08.23) cannot exceed the left, and the equality there-
fore follows.

An orthogonal matrix X is one whose transpose is its inverse:

XX = XX"=1

Multiplication by an orthogonal matrix does not affect the norm of a
vector:
N(Xz) = 27X Xz = "Iz = 2'x = N¥(x).

Hence for any matrix A4 if X is orthogonal,
(2.08.24) | N(AX) = N(4), M(AX) = M(A).

By (2.06.25), for any symmetric matrix B there exists an orthogonal
matrix X such that

(2.08.25) X'BX = A

is a diagonal matrix. The columns of X are the proper vectors of the
matrix, and the diagonal elements of A the proper values. If

B=A4,

then B is non-negative, and these proper values are all non-negative.
We may suppose that they are arranged in order of decreasing magnitude,

(2.08.26) A2 N2> s 2N 20,
the last equality holding only when A is singular. Clearly

M (A) = eIAely
and furthermore

M(B) = M(A).
Hence
(2.08.27) M(A) = M5,
Also

(2.08.28) N3(4) = 2\,
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To see this, we observe that by definition the proper values \; of a
matrix B satisfy the algebraic equation

IB— | =0

and that the trace tr (B) is the sum of the proper values, while by

definition
N2(A) = tr (ATA) = tr (B).

These relations provide an alternative proof for (2.08.21) and the second
inequality in (2.08.20).
By analogy with M, we define

(2.08.29) m(A) = min N(Az)/N (z).

Then i

(2.08.30) m(A) = NN

Also if A is nonsingular, -

(2.08.31) M(A—Y) = A% m(A~Y) = ATH.

Hence for a nonsingular matrix

(2.08.32) M(A-Y)ym(A) = 1.

These relations arise from the fact that, if B is nonsingular,
X'B—'X = A},

which is a special case of the relation
(2.08.33) X'B"X = A,

where r is any integer, positive or negative.

We conclude this discussion by noting that, if #’ is the vector whose
elements are |£| and if 1, is the vector each of whose elements is unity,
then from (2.08.7) it follows that

(2.08.34) 3|&| < n¥N(z),
where = has the elements &. This follows from the fact that
N(1,) = n*,

2.1. Iterative Methods. Generally speaking, an iterative method for
solving an equation or set of equations is a rule for operating upon an
approximate solution z, in order to obtain an improved solution z,,,,
and such that the sequence {z,} so defined has the solution z as its limit.
This is to be contrasted with a direct method which prescribes only a
finite sequence of operations whose completion yields an exact solution.
Since the exact operations must generally be replaced by pseudo opera-
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tions, in which round-off errors enter, the exact solution is seldom attain-
able in practice, and one may wish to improve the result actually obtained
by one or more iterations. Also since the ‘‘approximation’ z, with
which one may start an iteration does not necessarily need to be close,
it is sometimes advantageous to omit the direct method altogether, start
with an arbitrary z,, perhaps z, = 0, and iterate until the approach is
sufficiently close.

2.11. Some Geometric Considerations. A large class of iterative meth-
ods are based upon the following simple geometric notion: Take any
vector b and a sequence of vectors {u,}, and define the sequence {b,} by

b = bo,
bp—1 = bp + Ay,

where the scalar A\, is chosen so that b, is orthogonal to w,. Then if the
vectors u, ‘“‘fill out’’ some n space, the vectors b, approach as a limit a
vector that is orthogonal to this n space. Without attempting a more
precise definition of what is meant by ‘“filling out,” we can see that it
must imply the following: If the vectors e; represent any set of reference
vectors for this n space, then however far out we may go in the sequence
{up}, it must always be possible to find vectors u, = eu, with a non-
vanishing projection on any e; and, in fact, with components that have
some fixed positive lower bound. A possible choice for the vectors u,
would be the reference vectors e; taken in order and then repeated.
If e; is the arithmetic vector associated with the geometric vector e;,
we have then

(2.11.1)

uyn+i = ei,

where v is any integer. It is easily verified that the vector e; has 1 in
the 7th place and 0 in every other position.

The vectors e; are entirely subject to our choice, and we may choose
any convenient positive definite matrix H to represent the metric. Then
the orthogonal projection upon wu, is represented by w,(uJHu,) 'ulH
(cf. §2.051), whence

(2.11.2) Ap = ulHb, ,/ulHu,.
Now we write
(2.11.3) Az =y

as the equations to be solved. Let z, represent any approximation to the
solution z. If

(2.11.4) As, =1, =y — Ax,,

then either s, or r, can be taken as representing the deviation of the
approximation from the true solution. Hence either s, or r, may be
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taken as b,. We consider separately the case when A is itself positive
definite and that when A is not itself positive definite.
2.111. The matriz A is positive definite. Let

rp = bp.
Then
Yy — Az, = by, = bp1 — NUp =y — Azy 1 — Ny,

Henceé by comparing first and last members in the equality

Aa:,, = Ax,,_l + k,,u,,,
Tp = Tp1 + ApA U,
Therefore we take

U, = Av,
and obtain
(2.111.1) Tp = Tp—1 + Aplp.
Now

Ap = uLHb,_1/ulHu,
= vI,AHb,,_l/vI,AHAv,,.

Consequently it is natural to take

H = A",
which gives
(2.111.2) Ap = vlrp_1/v]Av,.
Alternatively we may take
8p = bp.

Then
y — Az, = Ab, = A(bp1 — NUp) =y — Az 1 — NAu,.
Hence
Az, = Axp1 + NpAu,,

or
(2.111.3) Ty, = Tp_1 + NpUp.
But

Ap = urHbp_1/ujHu,.
If we take

H=A,

we have
(2.111.4) Ap = ulr,_1/ulAu,.

Equations (2.111.3) and (2.111.4) are identical with (2.111.1) and
(2.111.2) except for the replacement of v, by u,.
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In geometric terms, since A is taken to represent the metric, our
equation (2.11.3) requires the contravariant representation x of a vector
whose covariant representation y is known. We begin with an approxi-
mate representation x,. Then

To=y—AiL'o=A($—xo)
is the covariant representation of the error x — x,, and
)\1%1 = {u}ro/uIAul}ul

is the contravariant representation of the orthogonal component of r,
in the direction of u;. When this vector is added to z,, the new residual
I, = X — X; is thus a leg of a right triangle of which r, is the hypotenuse.
Hence we have a better approximation provided only u; and r, were not
orthogonal.

Any rule for selecting the u, (or equivalently the »,) at each step
defines a particular iterative process. There are three in common use:

1. The method of steepest descent prescribes that we take

Up = Tp—1.

To understand the reason for this selection, we note first that, since A is
positive definite, by hypothesis, there exists therefore a matrix C for which

A = C"C.
The equations

Az =y
are therefore equivalent to the equations

Cr = 2,
where

CTz = y.

Define the function
g(x) = (Cx — 2)"(Cr — 2)
= 2TCCx — 227C"z + 22
= xTAx — 22Ty + 2'2.

This funection is a sum of squares which has a minimum of zero for
r=C"1z2=AY.

The function g(x) is a function of the n variables &, . .., &. Its
partial derivatives with respect to these variables are the coordinates

of the gradient vector
gz = 2(A:c - y)’

and the gradient at the point z,_; is —2r,_;. Hence the function g(x)
evaluated at the point z,_; is undergoing its most rapid variation in the
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direction r,._1, and if we think of our problem as one of minimizing g(z) by
proceeding in successive steps, it is natural to take each step in the direc-
tion of most rapid decrease. If we define

() = S + M),

we shall find that ¢, as a function of the single variable A\, takes on its
minimum value at A = A, given by (2.111.4).
2. The method of Seidel takes

up = uy”.*.i = ef.

From (2.111.3) we see that z, differs from z,_; only in the 7th element.
Furthermore, since b, and e; are to be orthogonal, this means that the ¢th
element of r, = As, must equal zero, which means that the 7th equation is
satisfied exactly. Hence the ¢th element of z, is chosen so that the 7th
equation will be satisfied when all other elements are the same as for
Tp-1. While we may expect that this process will require more steps
than does the method of steepest descent, the simplicity of each step is a
great advantage, especially in using automatic machinery.

3. The method of relaxzation always takes u, to be some e;, but the
selection is made only at the time. Since the choice u, = e¢; has the effect
of eliminating the 7th component of r,, one chooses to eliminate the largest
residual. However this is not necessarily the best choice. The effective-
ness of the correction is measured by the magnitude of the correcting
vector A\ u,, and this magnitude is

ulAs, 1{ulAu,}=%.

Now when u, = e; then ulAs, , is the ith component of the residual
751, but this is divided by the length of e; which has the value of 4/a.
Hence one should examine the quotients of the residual components
divided by the corresponding 4/a;; and eliminate the largest quotient.

This method clearly converges more rapidly than the Seidel method,
which projects upon the same vectors but in a fixed sequence. Therefore
for ““hand’’ calculations it is to be preferred. For automatic machinery,
however, the fixed sequence is almost certainly to be preferred.

2.112. The matrix A 18 mot mecessarily positive definite. This case
can always be reduced to the preceding if we multiply throughout by AT.
However, this extra matrix multiplication is to be avoided if possible.
With regard to the equations

Az =y,

we may adopt either of two obvious geometric interpretations.
The simplest interpretation is that we wish to change the vector
coordinates, as in Eq. (2.01.8), where y, taking the place of z/, is known,
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and A, taking the place of E, is known. In the symbols used here,
therefore, the columns of A are the numerical vectors which represent the
e; in the system f, and the column vector y represents x in the same system.
The vector y is to be expressed as a linear combination of the columns
of A, which is another way of saying that the vector x, whose representa-
tion is known in the f system, is to be resolved along the vectors e;.

The other interpretation comes from regarding each of the n equations
as the equation of a hyperplane in n space. If a; represents the zth row
vector in 4, then the 7th equation is

ax = N

and this equation is satisfied by any vector z leading from the origin of the
point-coordinate system to a point in the hyperplane. If we divide
through this equation by N(a;), the length of a;, we obtain

[a;/N(a)]z = 7:/N(a)),

and since the vector multiplying z is a unit vector, the equation says that
the projection of x upon the direction of a; is of length 5,/N(a;), and hence
the same for all points in the plane. Consequently the vector a; is
orthogonal to the plane, and the distance of the plane from the origin is
"'7~"/N(ai)-

In case we think of the underlying coordinate system e as nonorthogo-
nal, the vectors a; are taken to be covariant representations of the
normals, and the vector x as the contravariant representation of the
vector x drawn to the common intersection of the n planes.

These two geometric interpretations suggest different iterative schemes.
We begin with the hyperplane interpretation.

2.1121. The Equations Represent a System of Hyperplanes. If v is
any column vector, then

(2.1121.1) vTAz = vTy
is also the equation of a hyperplane passing through the point x. The

normal, written as a column vector, is Av. If z, is any approximation
to z, and s, and r, are defined as before,

(2.1121.2) As, =r, =y — Az, = A(x — z,),
then we may take
(2.1121.3) by =8 =2 — 2, = A7 r,,

and project upon the vector #,.; = A%,.;. This amounts to writing
Az, = y — Ab,

so that as b, vanishes, z, approaches z. The basic sequence as defined
by (2.11.1) and (2.11.4) takes the form
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(2.1121-4) bp—l = bp + )\,,ATU,,,
(2.1121.5) Ap = 0Irp_1/TAATY,,

if the identity matrix is taken to define the metric. But then (2.1121.4)
gives

(2.1121.6) ZTp = Tp_1 + N ATv,.

By ‘analogy with the method of steepest descent as described for the
positive definite case, we may define the non-negative function

g(x) = (Az — y)"(Az — y)

and find that at x,_, its gradient lies in the direction A'r,_;, whence the
choice
Vp = Tp—1

is optimal from the point of view of most rapid minimization of f(x).
If we take

vp = vrn-i—i = e‘i,

then, as appears from (2.1121.4), we are projecting the vectors b, in
rotation upon the normals to the basic hyperplanes of the system. In
this event z, is caused to lie in the 7th hyperplane so that the 7th equation
is satisfied, though in general all components of z, will differ from those
of 2,_;. The numerator in A\, is simply the 7th residual, 7.e., the sth
element of r,_;, while the denominator is the sum of squares of the 7th
row of A.

Hence if we follow the lead of the method of relaxation, we would
choose v, to be that e¢; that would provide the maximal correction

)\pA T6j.

Hence to make the optimal choice, we should divide each residual by the
square root of the sum of the squares of the corresponding row of A, and
select the largest quotient. Presumably all these square roots will be
used repeatedly and should be calculated in advance.

2.1122. The Equations Represent a Resolution of the Vector y along
the Column Vectors of A. If x, is any set of trial multipliers,

r, =y — Az,

represents the deviation of the vector Az, from the required vector y-
Take

by = 7y,
and let
u, = Av,
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represent any linear combination of the columns of A. Then Eqgs.
(2.11.1) and (2.11.4) give

y — Azpy =y — Azp + MAv,

or

(2.1122.1) Tp = Tp_1 + NpVp,

with

(2.1122.2) Ny = v]ATr, 1/v]ATAv,,.

The method of steepest descent would take
Up = ATTP—ly

a choice that complicates the denominator in A, excessively. In taking
v, = ¢; for some 7, we alter only one element of z,_; in obtaining z,, but
no element of r, is made to vanish, so no one of the equations is necessar-
ily satisfied exactly. To find the optimal e; according to the principle
of the method of relaxation, we observe that we wish to maximize the
vector
ApUp = NpAv,
or
)\,,Ae,-.

However, the numerators of the possible A, have the form
8;! ATTP_1

which is a complete scalar product of the 7th column of A with the residual
vector r,—;. Taking this scalar product represents the greater portion
of the labor involved in the complete projection, so that one would
probably always take the vectors e; in strict rotation.

2.113. Some generalizations. The methods described in §2.111 con-
sisted in taking each residual s,y = ¢ — z,_; from the true solution z,
projecting orthogonally upon a vector u,, and adding the projection to
rp,—1 to obtain an improved approximation z,. The new residual s,
was orthogonal to the projection on u, Clearly if the projection is
made on a linear space of two or more dimensions, the projection, .e., the
correction, will be at least as large as the projection on any single direction
in this space. Hence it is to be expected that the rate of convergence
of the process would be more rapid if, instead of projecting each time
upon a single vector u,, we were to project upon a linear space of two or
more dimensions. Such a space may be represented by a matrix U,

such that any vector in the space is a linear combination of columns of
U,.
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The problem is now the following: Given any matrix U,, we wish to
project the residual s,_; orthogonally upon the space U, (that is, the
space of linear combinations of its columns). The projection will be
taken as a correction to be added to z,—; to yield the improved approxi-
mation z,. The orthogonal projection is represented by the matrix
Uy,(UyAU,)'UJA, and we find now that

(2.113.1) T, = Tp1 + Up(U;AUL) ' UTrp.
The scalar ), is for present purposes to be replaced by the vector
(UJAU,)"'UJrp-.

Its expression is the same as for A\, except that the matrix U, replaces
the vector u,, and it is to be noted that the reciprocal matrix enters as a
premultiplier. While the method does provide a larger correction, in
general this advantage is offset by the necessity for calculating an inverse
matrix whose order is equal to the dimensionality of the subspace upon
which the projection is being made. Nevertheless in special cases this
inversion may prove to be fairly simple.

If the columns of the matrix U, are unit vectors e;, then the matrix
UTAU, is a principal submatrix of the matrix A. If, say, we take U,
to be the two-column matrix (e;, e;), then

T — (2 2T SN » 77}

UeAUs = (ajs aii)'

The correction is made so as to eliminate both the 7th and the jth elements
of r, by appropriate selection of the 7th and jth elements of z,. Hence
the 7th and jth equations are solved simultaneously for these elements in
terms of the current approximations to the other elements. This is to
be contrasted with the method of §2.111 where the 7th and jth equations
are solved at different times and not simultaneously.

The iterations for the case when A is not a symmetric matrix can be
generalized in like manner. When we interpret the equations as repre-
senting a system of hyperplanes and project upon a space determined by
normals to these hyperplanes, we obtain

(2.113.2) Tp = Tp—1+ ATV (VIAATV,) "V rp,

where V, is an arbitrary matrix of linearly independent columns. When
we interpret the equations as requiring the resolution of the vector y
along the column vectors of A, we get

(2.113.3) xp = xp—l + Vp(V;ATAVp)_IV;ATrp_l.

2.12. Some Analytic Considerations. The iterative methods so far
discussed have been suggested by geometry. Analytical considerations
suggest several others.
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2.121. Cesari’s method. In the Seidel iteration z, differs from x, only
in the first element, which is so chosen that the first equation is satisfied
exactly. Next z; differs from z, only in the second element, which is so
chosen that the second equation is satisfied exactly. In the nth step,
z, differs from z,_; only in the nth element, which is chosen to satisfy
the nth equation exactly. Next z,,; is obtained from z, by readjusting
the first element to satisfy the first equation, and this begins a new cycle.

Let us write A = A, + A,, where in A, all diagonal and subdiagonal
elements are the same as those in 4, while all supradiagonal elements are
zero: \

_ ’ ’ =a,—,~wheni2j,

A1 = (o), %i = 0 when 1 < j;

_ , = 0 when 7 > j,
(), i = o when i < j.

(2.121.1)

Then we verify easily that
ATpryn = Y — ATpn.

Since the vectors z,.4; for 0 < 7 < n need not enter explicitly, we may
modify the notation by writing simply z, for what had been designated
Z,n, and the iteration is written

(2.1212) A;x,,“ =Yy — Azx,, A= A1 + Az.

We know that this iteration converges when A is positive definite
and A; and A, are given by (2.121.1). However (2.121.2) formally
defines an iterative process whether or not A is positive definite, and
whether or not A; and A, satisfy (2.121.1). It is required only that A4,
be nonsingular. Since (2.121.2) is equivalent to

= A7y — As,1),
and x satisfies
T = A7y — A2),

it follows that the residuals s, = * — x, satisfy
= —A'l'lAzsp_.1 = (—A'l'lAz)pSQ.

Hence for the sequence (2.121.2) to converge for an arbitrary y, it is
necessary and sufficient that the proper values of the matrix —A7T!A,
should all be of modulus < 1. The characteristic equation for this
matrix can be written

(2.121.3) AA; + Ao =

A sufficient condition for convergence is that

(2.121.4) M(47%4,) < 1,
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and hence, a fortiori, it is sufficient that
(2.121.5) N(A7'4,) < 1,

the latter criterion being one that is fairly readily applied.
Cesari’s derivation of the same sequence is interesting. Let

(21216) ‘ A1 + A2 = ‘YA,

where, v is any scalar and A, is nonsingular. Let the vector z(r) as a
function of the scalar u be defined by

(2.121.7) (A1 + pA)z(p) = vy + (0 — 1)Aw,
with v an arbitrary vector. Then

z(1) = =x.
Let

x(p) = xo + pag + pi2g /214 - - -
Then on substituting into (2.121.7) and grouping terms, one obtains

0= (Alxo - vY + sz) + M(Azxo + Alx{, — sz) + uz(Azx(,, + 111336’/2')
+ pd (Al /20 + A /3) 4 - - -
If
Zy = T+ 25+ o+ 2P/p)
then
Alxo = Yy — sz,
Axprr = vy — Ay (» 2 1),

and we have again the recursion (2.121.2).

When A, is a diagonal matrix whose diagonal is the same as that of
vA, we have a method discussed by von Mises and Geiringer. Since for
such a choice of 4, the diagonal elements of 4, are all zeros, and since A,
is a diagonal matrix, the diagonal elements of A7!A, are also all zeros.
It is no restriction to suppose that A, = I and that ¥ = 1, for we may
replace the original system by the equivalent one,

vATIAz = yATlY.

Then (2.121.5) yields one of the criteria given by von Mises and Geiringer
which they state in the form
z af < 1.

i)
3,2
We obtain another of their criteria,

2 loiil £ @ <1,
i
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by noting that, if o{® are the elements of s,, then |¢{PtV| < z |os]| + |o®],

: J 1

whence the criterion implies that Z|o{*+¥| < aZ|s{).
Now suppose A is positive definite and write

(2.121.8) v(I + B) = A.
Thus we take A, = I, A, = B for (2.121.2). Since
M — A =~y — DI - B],

it follows that for each proper value \; of A there is a proper value
(\. — v)/y of B, and convergence of the process requires therefore
that every \; < 2y. If v is so chosen, and if the proper values of A are
arranged in order of magnitude,

M2 N2 0 2N,
then the proper values of B, in the same order, are
AM/y — 1L N/y—1, ..., Ny — 1,

and at least \,/y — 1 is negative. If v is taken too near to \,;/2, then
M/v — 1 will be close to 1, and convergence will be slow; if v is taken
too large, N\,/y — 1 will be close to —1, and convergence again slow.
The optimal choice is

(2.121.9) v = (A4 2)/2,
for then

(2.121.10) N/y — 1= —Qs/v — 1) = (\i — M)/ + M),

the extreme proper values being equal in magnitude.
We may now ask, with Cesari, whether by any choice of a polynomial
f(\), with F(\) = Af(A), the system

F(A)z = f(A)y,

equivalent to the original, yields a more rapidly convergent sequence.

The proper values of F(A) are p; = F(\;). If u’ and u’’ are thelargest
and smallest of the u;, we wish to choose F(\) sothat (u' — u”’)/(u" + ')
is as small as possible, as we see by (2.121.10). Hence we wish to choose
F(\) to be positive over the range (A1, N\.), and with the least possible
variation.

The simplest case is that of a quadratic function F, and the optimal
choice is then

F=Ma—=1)), a=Q1+2\)/2

Ordinarily one does not know the proper values in advance, though one
might wish to estimate the two extreme ones required (e.g., see Bargmann,
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Montgomery, and von Neumann), or these might be required for other

purposes.
2.122. The method of Hotelling and Bodewig." The iterations so far

considered have begun with an arbitrary initial approximation z, (which
might be z, = 0). “~Suppose, now, that by some process of operating
upon y in the system

(2.122.1) Az =y,

perhaps by means of one of the direct methods of solution to be described
below, one obtains a ‘“solution” x, which, however, is inexact because
it is infected by round-off. The operations performed upon the vector y
are equivalent to the multiplication by an approximate inverse C:

(2.122.2) zy = Cy.

Then by (2.11.4) the unknown residual s, satisfies the same system as
does z, except that r, replaces y, and hence we might expect that Cr, is
also an approximation to s,. Hence we might suppose that

Ty = Xy + CTo = C(2I — AC)y

is a closer approximation to z than is z,. Otherwise stated, it would
appear that, if Cy is an approximation to A~!, then

Cl = 00(2[ - ACo)

is a better one.
If Cy is an approximation to A—!, then AC, is an approximation to /.

Let
(2.122.3) B,=1—- AC,, Cps1 = C,(I + B,).
Then
Bypywv=1- ACpy =1 - AC,(I + B,) = B2,

and therefore
(2.122.4) B, = B?.
Hence if M(Bo) < 1, then M(B,;:) < M(B,), and if N(By) < 1, then
N(B,;1) < N(B,), and in fact,
(2.122.5) M(B,) < [M(Bo)]*,  N(B,) < [N(BJ)]”.

If A is positive definite, then we can always transform the equations
if necessary and secure that M(A) < 1. Then all proper values u of

I — A satisfy 0 < p < 1 so that M(I — A) < 1. In this case we may
take
Co = I, Bo =] — A,
whence
B, = (I — A)%,

and convergence is assured.
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To return to the general case, if C, is any approximate inverse, so that
M(B,) is small, we have

A7'=Co(I — Bo) ' =CoIl + Bo+ B} + - - ),
and the series converges. It is easily verified that

(I + Bo)(I + BY) = I + Bo+ B} + B},
(I+Bo(I+B)UI +BY) =I+Bo+ - - - +Bj,

oooooooooooooooooooooooooooooo

Hence A—! is expressible as the infinite product
(2.122.6) A7t = Co(I + Bo)(I + B})(I + BY)

In applying this scheme, one retains the successively squared powers of
B, adding I after a squaring, and multiplying by the previously obtained
approximation. The identical argument carries through if we take

By =1 — CoA,
and obtain

(2.1227)  A~'= - - - (I + BT + BT + ByCo.

This scheme is given by Hotelling and by Bodewig.

In solving a system of equations, it may be preferable to operate
directly on the vector y and the successive remainders, as was originally
suggested. In this case the matrix C may not be given explicitly. Let

‘Uo=xo=Cy, ro=y—Axo=By,
2.122.8
( ) Vp+1 = Crp, Fp+1 = Tp — Avyy1 = Bry,.
Then
(2.122.9) Tp=vo+v14 * 0+,

rp =y — Az, = By,

The procedure is to compute v,,; from the last remainder r,, and then
compute the next remainder r,,;.

2.13. Some Estimates of Error. The fact that an iterative process con-
verges to a given limit does not of itself imply that the sequence obtained
by a particular digital computation will approach this limit. If the
machine operates with o significant figures in the base 8, we are by no
means sure of ¢ significant figures in the result. At some stage the
round-off errors introduced in the process being used will be of such
magnitude that continuation of the process is unprofitable. However
another, perhaps more slowly convergent, process might permit further
improvement. In any case it is important to be able to estimate both
the residual errors and the generated errors. In presenting these
estimates, it will be supposed that the equations to be solved are them-
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selves exact. The extent to which an error in the original coefficients
affects the solution will be discussed in a later section.

2.131. Residual errors. We first consider residual or truncation errors
neglecting any effects of round-off. If M(H) < 1, then from the identity

(I—-—H)y'=I1+HU-H)!
=I+HI+H+H*+ - - )
it follows that
’ M[I - H)1 <1+ MH)M[I — H)™].
Hence

(2.131.1) M[(I — H)'1<L1/[1 — M(H)].

Thus in certain cases a bound for the maximum value of a reciprocal can
be obtained from the matrix itself. From the same identity, since
N{I) < n¥%if N(H) < 1, then

(2.131.2) NI — H)] < n¥%/[1 — N(H)]
and if nb(H) < 1, then
(2.131.3) bl(I — H)™'] < 1/[1 — nb(H)].

The last two inequalities are generally less sharp but more easily applied.
Now consider the sequences C, and B, defined by (2.122.3). Since

A7l = Co(I - Bo)—l,
if we set H = B,, then

(2.131.4) M(A-Y) < M(Co)/[1 — M(BJ)],

provided the denominator is positive. To establish the analogous
inequalities using N and b, we note that

A—1=Co+CoBo+CoBg+ T,
whence

(2.131.5) N(A~") < N(Co) + N(Co)N(Bo) + N(C))N*Bo) + - - -
; = N(Co)/[1 — N(By)],
an

(2.131.6) b(4A™Y) < b(Co) + nb(Co)b(Bo) + nb(Co)b?*(Bo) + + - -
= b(Co)/[1 — nb(Bv)],

again provided the denominators are positive.
Now from (2.122.4) and (2.122.3) we can deduce that

C, = A~ — BY),
or

(2.131.7) ' A-' — C, = A-'BP.
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Hence given the hypotheses on M (B,), N(B,), or nb(By), as the case may
be, we have

M(A™! — Cp) < M(A™)M?Z(B,),
whence by (2.131.4)
(2.131.8) M(A- — C,) £ M(Co)M*(Bo)/[1 — M(By)],
and analogously

(2.131.9)  N(A™' = C,) < N(Co))N*(Bo)/[1 — N(Bo)),
(2.131.10)  b(A~! — Cp) < n¥b(Co)b*(Bo)/[1 — nb(B)].

We can write (2.131.7) in the form

A1 — (C, = Co(I — By)'B?.
If
xp, = Cpy, Sp = T — Ty,
then
sp = Co(I — By) 'B¥y.

Hence we have, for example,
N(sp) < M(Co)M*(Bo)N(y)/[1 — M(Bo)].

If e; is the ¢th unit vector, €s, is the 7th element in s,. Hence we may
write, with de la Garza,

(2.131.11) lels,| < N(eICo) M?(Bo)N(y)/[1 — M(By)],
(2.131.12) lels,| < N(elCo)N?”(Bo)N(y)/[1 — N(By)).

For the Seidel iteration we have

A=A+ A,
A-' = (I — H)7'A7Y, H = —A7'A,.

Let
C,=U+H+H*+ --- 4+ HYHYATL
Then
A-' — C, = H?(I — H)'A{},
and

(2.131.13) M(A~* - C,) < M*(H)M(ATY)/[1 — M(H)),
(2.131.14) N(A' - C,) < N?(H)N(ATY)/[1 — M(H)],
(2.131.15)  b(A~! — Cp) < netbr(H)b(ATY)/[1 — nb(H)].

If we take zo = 0 in the Seidel iteration, then z, = Cy, and the devia-
tionisz — z, = (A~! — C,)y. In general, however, for an arbitrary z,
if r, = y — Ax,, then

Tp = A1H”A'1"1To,
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and

N(rp) < M(A)M(AT)M?(H)N (ro).

Since
Tpr1 — Tp = HPATYY,
z —x, = (I — H)"Hr ATy,

then

8p =% — Zp = (I — H) Y xps1 — 2p).
Hence
(2.131.16) N(sp) < N(@py1 — 2p)/[1 — M(H)]

< N(@pt1 — 2,)/[1 — N(H)].

Also

8 = (I — H)7'H(zy — 2p1),
(2.131.17) N(sp) < M(H)N(zp, — 2p1)/[1 — M(H)]
< N(H)N(z, — zp-1)/[1 — N(H)].

These inequalities provide estimates of the error in terms of the magnitude
of a particular correction.

2.132. Generated errors. If A is symmetric, let 4 and u be the numeri-
cally smallest proper value and an associated proper vector, respectively.
If 2o is any approximation to x = A~ly, then Azy = y — 7o while

Alxg + u) =y — ro + pu.

Hence if u is very small, a large component in z, along © would appear in
ro as only a small component in the same direction. Another way of
saying this is to say that a putative solution x, might yield a residual r,
that would be regarded as negligibly small even when z, has a large
erroneous component along u.

In general, for any matrix if x, and z, are two putative solutions, then

Ty — T2 = A7 ry — 1),

(2.132.1) N, — z;) < Ny — r)M(A-Y) = N(r, — Tl)/m(A)y

and if m(A) is small, then a large difference z; — x; could result in only a
small r, — 7, possibly less than the maximum round-off error. In fact,
if € is the limit of the round-off error, then ¢/m(A) represents the limit of
detectable accuracy in the solution.

There is no a priori assurance, however, that any particular method of
solution will give a result that is even that close. We therefore consider
this question for some of the iterative methods described above. It will
be assumed, for definiteness, that the operations are fixed-point with
maximal round-off ¢, all numbers being scaled to magnitude less than
unity, and that in the multiplication of vectors and matrices it is possible
to accumulate complete products and round off the sum. If each product
is rounded, then generally in the estimates given below the factor ¢ must
be multiplied by =, the order of the matrix.
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In any iterative process which utilizes one approximation to obtain one
that is theoretically closer, the given approximation actually utilized in
the computation, however it may have been obtained, is digital. To the
digital approximation one applies certain pseudo operations to obtain
another digital approximation. Two partially distinct questions arise:
Given a digital approximation and a particular method of iteration, can
we be sure that the next iteration will give improvement? Given two
digital approximations, however obtained, when can we be sure that one
is better than the other? These are questions relating to both the
generated and the residual errors, since for iterative methods they merge
together.

Basic to the discussion is the fact that, when a product Az, say, of a
digital matrix by a digital vector, is rounded off by rounding only the
accumulated sums and not the separate products of the element, then the
resulting digital vector, which will be designated (Ax,)*, satisfies

b[Azy — (Azo)*] < ¢
N[Azo — (Axo)*] < ne.

An additional factor n would appear if each product of elements were
rounded. Likewise, for the multiplication of two digital matrices the
digital product satisfies

(2.132.3)

(2.132.2)

b[AC — (AC)*] < ¢
N[AC — (AC)*] < ne.

2.1321. The Seidel Process. We consider only a positive definite
matrix A. The process is based upon the fact that the vector £ which
satisfies the equations is the vector x which minimizes the function
2 (Az — 2y) = —xT(y + ).

Hence it maximizes z"(y + r). Hence, given two approximate solutions
zo and z;, we shall say that z, is a better approximation than z, provided

(2.1321.1) xi(y + 1) > z{(y + ro),

and if the two quantities are equal, the two approximations are equally
good. However for making the test in a particular instance, there will be
available only the vectors

7': =y — (4z,)*, p=01.
By (2.132.2),
N(r, — r:) = N[(dz,)* — Ax,] < n¥e,
and therefore
|x;(7'p - r:)l < N(xp)N(r, — 7':) < nKGN(xp)-
Also
zp(y + rp) = zL(y + r5) + x)(rp, — 1), -
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Hence

xl(y + ro) — Iy + 1) = 2y + ) — Iy + ) + x{(ro — r7)
- xI(rl - 7"1"),

and (2.1321.1) will certainly be satisfied if
(2.1321.2) zl(y + rf) — 2i(y + r5) > n¥eN(xo) + N(z1)].
Since we can also say that

20y — )] < mb(e)b(r, — 1%) < neblay),
therefore (2.1321.1) is also implied by
(2.1321.3)  =z{(y + ) — 2y + r5) > ne[b(xo) + b(xy)].

This requirement is somewhat more stringent.

Now consider a particular approximation z, and the digital approxima-
tion that would be obtained from z, following a single projection. Can
we be assured that the digital result of making the projection will be a
better approximation than z,? If the projection is-made on e;, we wish

to know whether

(o + N*e)T{y + [y — A(zo + N*e)]} > zi(y + 7o),
where
A* = GIT: - 4.

We suppose every a;; = 1. This does not violate the requirement that all
stored quantities be in magnitude less than unity since the «;; need not
be stored explicitly in this case. Hence

N = elrf, A = elro.
The above inequality reduces to
2MNEN > AF

For A* > 0, this is equivalent to

NS> 2(0% =),
and for A* < 0 it is equivalent to

A*¥ < 2(0*% — ).
Since [\* — A| < ¢, either condition is assured by
(2.1321.4) N¥| = |elrE| > 2e.

If [N¥*| < 2¢, then A* = e]rf = 0, and no change is made in zo;if |A\¥| = 2,
then at least the modified vector is not worse than x,. Hence in spite of
the round-off, no step in the process can yield a poorer approximation,
and in general any step will yield a better one until ultimately some
ry = 0.
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2.1322. Iteration with an Approximate Inverse. Next consider an
arbitrary nonsingular matrix A with a given approximate inverse C and a
given approximation zo tox = A-ly. Elements of the inverse will be out
of range if the elements of A are digital. Hence C must be stored in the
form B8~7C, where v is some positive integer, and the elements of this
matrix will be assumed digital. Also v will be supposed large enough so
that all prescribed operations yield numbers in range. We suppose y
scaled so that 2 and any approximation are in range. Hence z, is sup-

posed digital.
As a measure of magnitude of a vector r, we use b(r), and associate with
it a measure of magnitude of a matrix A, denoted ¢(A), and defined by

c(4) = mgxz s,
1 ].
One verifies easily that for any two matrices A and B

c(AB) < ¢(A)c(B),
c(A + B) < ¢(4) + ¢(B).

If we form a matrix having any vector r in the first column and zero else-
where, and apply the first of these inequalities, we conclude that

b(Ar) < c(A)b(r).
Moreover
c(4) = m:a;)é b(Ar)/b(r),

though this property will not be required.
If zo and z; are any two digital approximations to x, we ask first under
what conditions we can be assured that b(r;) < b(ro). Since we calculate

7‘;; =Y — (Axp)*) P = 1’ 27
we can be assured of the relation only when
b(r¥) + b(ry — r¥) < b(rd) — b(ro — r¥).

But each element of r} can be in error by an amount e (if individual
products are rounded, it is ne), whence the condition is

b(r¥) < b(rf) — 2e.

When the equality holds, then at worst b(ry) = b(ro).

Now suppose we have the approximation x, and wish to decide whether
to attempt to improve the approximation by forming zo + Cr,. Are we
assured of obtaining a better approximation? Actually we form a
digital vector
R Ty = 2o + BY(B~Cr)*,
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and the question is whether this is a better approximation than z,. We
have identically

(2.1322.1) ry =1y — r¥ + B*ry + (B — B*)r}
+ BYA[BCry — (B~7Crg)*],
where
B=1-AC, B*=p"{gI — [A(C)]*}.

Hence an improvement is assured if b(ro) exceeds the b function of the
right member of (2.1322.1), and this is certainly true when b(ry) —
b(ro — ry) exceeds the same quantity. Hence the condition is

(2.1322.2) b(r¥) > {2b(ro — r§) + Bc(A)D[BCr¥ — (B~Cr¥)*]}/
[1 — ¢(B*) — ¢(B — B¥)).

In this relation ¢(A), ¢(B*), and b(r¥) can be evaluated directly while the
other quantities are limited by the computational routine.

By the contemplated routine of rounding off the accumulation of
products, each element of (3—7Cr§)* can differ from g—"Cr§ by as much

as ¢, whence
b[g="Cry — (BCr)*] < e

As for B*, each element in [A(8~7C)]* can be in error by ¢, and n terms
contribute to the C function. Hence

c(B — B*) < nep.
The condition required is therefore
(2.1322.3) b(ry) > €2 4+ Brc(A)]/[1 — neBY — ¢(B*)].

The dominant term in the numerator is probably 87¢(A).

A slight modification of the routine can improve the situation by
‘““damping out’’ the term 87¢(4). Since r§ is presumably small, it should
be possible to scale it up by a factor 8%, forming (8—*Cry)*. If this is
done, one has

blg*-Cry — (8Cr)*) <

and in place of (2.1322.3),
(2.1322.4) b(rg) > €[2 + B %c(A)]/[1 — neBr — c(B*)].

On consecutive iterations as the residual diminishes, § can be increased,
possibly even until the term 87%c(A) becomes negligible. In the denomi-
nator, ¢(B*) can be reduced, if desired, by iterating to improve the
approximate inverse. But the term ne8” is not at our disposal.

By a further modification of the routine, the factor $~% can be brought
before the entire numerator. If the products required in forming Az,
can be accumulated before rounding, the accumulation can also be sub-
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tracted from y and the result multiplied by g° before rounding. This
gives
b(ro — rf) < B P%.

If this is done, the condition

(2.1322.5)  b(ry) > 67%2 + Bc(A)]/[1 — neBr — c(B*)]

is sufficient to ensure improvement. Since the stored quantities are
elements of Bir¥, the elements of 7¥ can be made actually less than the
maximal round-off.

2.2. Direct Methods. A direct method for solving an equation or
system of equations is any finite sequence of arithmetic operations that
will result in an exact solution. Since the operations one actually per-
forms are generally pseudo operations, the direct methods do not gen-
erally in practice yield exact results. Nevertheless, the results may be as
accurate as one requires, or it may be advantageous to apply first a
direct method after which the solution may be improved by the applica-
tion of one of the iterative methods.

Certainly all (correct) direct methods are equivalent in the sense that
they all yield in principle the same exact solution (when the matrix is
nonsingular and the solution unique). Nevertheless the methods differ
in the total number of operations (additions and subtractions, multipli-
cations, divisions, recordings) that they require and in the order in which
these take place. As a consequence they differ also as to the opportuni-
ties for making blunders and as to the magnitude of the generated error.

Most direct methods involve obtaining, at one stage or another, a
system of equations of such a type that one equation contains only one
unknown, a second equation contains only this unknown and one other, a
third only these and one other, etc. The procedure for solving such a
system is quite obvious. The matrix of such a system is said to be
triangular (or semidiagonal), since either every element below the prin-
cipal diagonal, or else every element above the principal diagonal, has
the value zero. A matrix of the first of these types is upper triangular;
one of the second is lower triangular. If it happens, in addition, that
every diagonal element is equal to 1, then the matrix is unit upper tri-
angular or unit lower triangular, as the case may be. We shall say that
a matrix M is of triangular type, upper or lower, if it can be partitioned
into one of the two forms

(M Mu) ___(Mu 0 )

(2.2.1) M = ( 0 M) M My M)

where M, and M, are both square matrices, as is M itself. We shall
consider such matrices briefly.
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2.201. Maitrices of triangular type. If M is of upper triangular type,
then M7 is of lower triangular type. Hence it is sufficient to consider
just one of these types. One verifies directly that, if M and N are both
of upper triangular type when similarly partitioned (z.e., corresponding
submatrices have the same dimensions), then the product M N is of upper
triangular type when similarly partitioned. If, further, M; and M, are
nonsingular, then M~! exists, and is of upper triangular type when simi-
larly partitioned. In fact,

-1 _ (M —MiMeMg]
(2.201.1) M- = ( 0 Ml )
Hence if M, is upper triangular and M, a scalar, then M itself is upper
triangular and not merely of upper triangular type. In this case (2.201.1)
provides a stepwise procedure for inverting a triangular matrix, if M,
is a scalar while M, is a matrix which has been inverted.

If a matrix A is partitioned as

(2.201.2) A —(A” A”)
| | - A Age

with A;; nonsingular, then A can be expressed in many ways as the
product of matrices of triangular type in the form

(2 201 3) (A 11 A12) _ (Nll 0 ) (Mll M12)
. ) A21 A22 B N21 N22 O M22

In fact, for an arbitrary nonsingular Ni; (of the dimensions of A.,),
M1, M2, and N2, are uniquely determined independently of A.; and of
the selection of Nj2 and Ms.. For one verifies directly that

(220].4) M11 = NﬂlAn, M12 = Nl_llA 12, N21 = AglAﬁlNu,
while N2, and M., are restricted only by the relation
NoMoy = Agg — A21Aﬁ1A12-

This being the case, we can give an inductive algorithm for a factoriza-
tion of A into the product of a unit lower triangular matrix L and an
upper triangular matrix W. That such a factorization exists and is
unique when 4 is of second order and A,; # 0 follows from the above by
taking Ni; =Nq2 = 1. For purposes of the induction suppose that Ny,
above was unit lower triangular and M, upper triangular. Then M,
and N2, are uniquely determined by (2.201.4). We change the notation
and partition further, writing

All Al? Als Lll 0 0 W11 W12 W13
(22015) A21 Azg A23 = L21 L22 0 0 W22 W23 ’
A31 A 32 A 3 31 L82 La 0 0 Ws
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where Liy = Nu, Wi = My, Ay is the same as above, but the sub-
matrices previously designated A, A», and A, are now further par-
titioned, as are the matrices Nj; and M;;. When the necessary inverses
exist, these last matrices or their own submatrices are determined
uniquely by Eqgs. (2.201.4) which now have the form

Wie = LﬁlAw, Wi = LﬁlA 13,
L21 = A21W1—11, L31 = A31W1_11.

Four conditions remain to be satisfied. Of these, three give

Wae = L'z'gl(An - L21W12),
(2.201.6) Was = L3} (Aes — LaiW3),
L = (Aaz - L31W12)W§‘21.

Hence W2, Was, and Lj;. can be determined uniquely from A and from the
portions of L and W already determined, provided only that Az; — Lo Wi
is nonsingular, and independently of the choice of the matrices Lj; and
Wss. The last condition merely specifies the product Lj;;W3;. Hence
for the inductive algorithm take L;» = 1 and determine the scalar W,
and the vectors W3 and L3;. Now the matrices

(Ln 0 ) (Wu Ww)
L21 L22 , 0 W22
are unit lower and upper triangular matrices, respectively, to be desig-
nated L;; and Wy, for the next steps. The process fails if at some stage
Wi, = 0. If A is nonsingular, it is always possible to rearrange rows and
columns and continue.

By applying the process to AT, we note that we could equally well make
W a unit upper triangular matrix and L lower triangular, and again the
factorization is unique.

When A is symmetric and L is unit lower triangular, let D? represent
the diagonal matrix of elements of the principal diagonal of W. Then

D2W = LT,
and the factorization can be written
A = LD2LT,
If we write
LD = K,
then
A = KK'.

If A is not positive definite, then D? will have negative elements, and
hence D will have pure imaginary elements. However this presents no
real computational difficulty.
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We conclude this section by noting that, if B is an arbitrary matrix
of m < n linearly independent columns, there exists a unique unit upper
triangular matrix V of order m such that the columns of

(2.201.7) R = BV

-

are mutually orthogonal with respect to the matrix G. This is to say
that the matrix

(2.201.8) R'GR = D

is a diagonal matrix. To make the proof inductive, and exhibit the
algorithm, suppose this has been accomplished for the matrix B with
m < n, and suppose that the vector b is independent of the columns of
B. We wish then to select vectors r and v so that

(2.201.9) (B, b) = (R, r) ((‘)/ 1’)
and
r"GR = 0.
These conditions are satisfied by taking
(2.201.10) v = D~'R'GH, r=0b — Rv.

Geometrically, this process amounts to resolving b into a component in
the space of the columns of B (or of R) and a component orthogonal to
this space, the latter component becoming the vector r.

Most of the classical direct methods for solving systems of linear
equations can now be deduced almost immediately.

2.21. Methods of Elimination. In elementary algebra one learns to
solve a system of equations by ‘‘the method of elimination by addition
and subtraction.” In this method an equation is selected in which the
coefficient of the first unknown ¢; is non-null, and one adds an appropri-
ate multiple of this equation to each of the others in turn so that £
is eliminated from these equations. The resulting n — 1 equations,
together with the one used for the elimination, constitute a new system
equivalent to the first system, and the n — 1 equations contain only the
n — 1 unknowns &, ..., &. The same process applied to these
yields n — 2 equations containing only the n — 2 unknowns &;, . . . , &,.
Eventually one obtains a single equation in £, alone. The final solution
is now obtained by ‘‘back substitution,” in which the value of £, obtained
from the last equation is substituted into the preceding which can then
be solved for £,_,, these are then substituted into the one before, etc.
Thus the elimination phase followed by the back-substitution phase
yields the final solution.

In the elimination phase, the operation of eliminating each of the
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unknowns is equivalent to the operation of multiplying the system by a
particular unit lower triangular matrix—a matrix, in fact, whose off-
diagonal non-null elements are all in the same column. The product of
all these unit lower triangular matrices is again a unit lower triangular
matrix, and hence the entire process of elimination (as opposed to that
of back substitution) is equivalent to that of multiplying the system by a
suitably chosen unit lower triangular matrix. Since the matrix of the
resulting system is clearly upper triangular, these considerations consti-
tute another proof of the possibility of factorizing A into a unit lower
triangular matrix and an upper triangular matrix.
For the system
Az =y,

after eliminating any one of the variables, the effect to that point is that
of having selected a unit lower triangular matrix of the form

;)
Ly Ia

where L, is itself unit lower triangular, in such a way that A is factored

' Ay A12) (Lu 0 ) (Wn Wu)
o 1. = = y
(2.21.1) 4 (A a1 A Loy 12/ \0 M,

with Wy, upper triangular but M, not. Hence
(2.21.2) My = Ay — AnA7lAq.
The original system has at this stage been replaced by the system

(2.21.3) ((I)V . AWZ:) (i:) = (::)

where

Ly 0 1) _ y1> _
aa (B 0 ) (=) = (%) -

The matrices L1, and Lg; are not themselves written down. The partial
system
Mz, = 2,

represents those equations from which further elimination remains to be
done, and this can be treated independently of the other equations of the
system, which fact explains why it is unnecessary to obtain the L matrices
explicitly.

If the upper left-hand element of M., vanishes, this cannot be used
in the next step of the elimination, and it is not advantageous to use it
when it is small. Hence rows or columns, or both, in Ms; must be
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rearranged to bring to this position an element that is sufficiently large.
Corresponding changes must be made in the notation.

Crout’s method differs in that the L matrices are written down explic-
itly at each stage while M,; is not. It utilizes the inductive algorithm
given in (2.201.6) where, as we have seen, each successive column of L
and row of W can be obtained from those previously computed together
with the corresponding row and column of A. In order to compute the
vector.z as one goes along, one writes the augmented matrix (4, y).
Then the partitioning of (2.201.5) is extended to the following:

An A A
(2-21-5) Ay Ag Ags Y2

Az Agg A3 Ys

Ly 0 O Wu Wi Wi 2z
=\|Las Ls2 O 0 We Wi 2
L31 L32 L33 0 0 Was 23

and supposing Ly, Lai, Lai, Wi, Wi, Wis, 21 already determined, Lo,
is prescribed (in practice Lys = 1), and L3, Wss, Wy, 2, are to be deter-
mined at this step. Equations (2.201.6) give Lj;, Wjs, and We;, while 2z,
is given by

(2.21.6) 29 = L'2"21(y2 - 112121).

While in practice one takes Lss = 1, this equation and Egs. (2.201.6)
are perfectly general. Since neither Ls;, W33 nor 2z; occurs in any of
these relations, one can, with Crout, write the two matrices L — I and
(W, 2) in the same rectangular array, filling out in sequence the first
row, the first column, the second row, the second column, etc. When
this array is filled out, the elements along and to the right of the principal
diagonal are the coefficients and the constants in the triangular equations
Wx = 2.

In case one has two or more sets of equations with the same matrix A,
then the vectors ¥ and z may be replaced by the matrices Y and Z in
(2.21.5) and (2.21.6). Alternatively one may solve one of these systems,
after which, with L and W already known, the elements of any other
column z in Z are obtained sequentially from the corresponding column y
in Y by using (2.21.6), remembering that at the start there is no partial
vector 2; 80 that one has simply ¢, = 51. In particular, if a single system
is solved by this method, and a result z, is obtained which is only approxi-
mate because of round-off errors, we have seen that the error vector
x — xo satisfies a system with the same matrix 4, so that (2.21.6) can be
applied with y — Az, replacing .

Another modification of the method of elimination is that of Jordan.
It is clear that, after £, has been eliminated from equations 2, . . . | n,
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and while the new second equation is being used to eliminate §; from
equations 3, . . . , n, this can also be used to eliminate £, from the first
equation. Next the third equation can be used to eliminate £; from what
are now equations 1 and 2, as well as from equations 4, . . . , n. By
proceeding thus, one obtains an equivalent system of the form Dz = w,
where D is diagonal. This amounts to multiplying the original system
Az = y sequentially by matrices each of which differs from the identity
only in a single column. However this column will have non-null ele-
ments both above and below the diagonal.

Crout’s method provides a routine for triangular factorization which
minimizes the number of recordings and also the space required for the
recordings. This is very desirable, whether the computations are by
automatic machinery or not. For machine computation it has the dis-
advantage of requiring products such as L3;; W1z involving elements from a
column of L and from a row of W. Jordan’s method permits a similar
economy of recording without requiring operations upon columns.

To see this we note first that, if J is a matrix satisfying

J(Ay I) = (Iy J))

then certainly J = A—-1. In words, if it is possible to find a sequence of
row operations which, when performed upon the matrix (4, I), reduces
it to a matrix (I, J), then J is the required inverse of A. Jordan’s method
forms (I, J) stepwise from (A, I) by multiplying on the left by matrices
of the form I + J;, where J; differs from the null matrix in the 7th column
only. The process will be complicated somewhat in *‘positioning for
size,”’ but we neglect this here and assume that the process can be carried
out in natural order from the first column to the last. Then the sequence
starts with the operation

(I +J)4,1I) = (44 K))
and continues with
(I + J2>(A1; Kl) = (A2) K'b’)’
and generally |
(I + Ji)(A'i—l, Ki——l) = (Az', K;).

We now observe that in A; the first 7 columns are the same as those of I,
and in K; the last n — 7 columns are the same as those of I. Thus one
needs to record only the first 7 columns of K; and the last n — 7 columns
of A;. The 7th column of J; is to be selected so that the ith column
of the product (I 4+ J;)A:_: is equal to e;, and need not be recorded.
Instead one records the 7th column of I + J;, which becomes the ith
column of K;. If the ¢th column of 4;; is a1, . . . , as, and the ¢th
column of I + J;is ¢1, . . . , én, then ¢; = o7, and ¢; = —a;/au.
Hence in forming the composite matrix of nontrivial columns of A;
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and of K;, one first forms the ith row from the ¢th row of the previous
composite. For this one divides every element but the 7zth (which is
a;) by «;, recording the quotient, and in the 7th place records o;!. To
obtain the jth row (7 # 7), one increases each element except the ith by
—a; times the corresponding element in the new ¢th row. In the ith
place one records ¢; = —aj/a; = 0 — a;/a;.

Clearly if one operates in this fashion upon the matrix (4, I, y), then
one comes out with (I, A~!, ). Thus in using automatic machinery if
n(n + 1) places are reserved in the memory for (4, z), then these places
are to be filled first by the matrix (4, y) arranged by rows. Each multi-
plication by an I + J; requires first an operation upon the elements of
the 7th row, followed by an operation upon the elements of the old jth
and the new 7th row.

2.22. Methods of Orthogonalization. Let

(2.22.1) A =RV, R'R = D?

where V is unit upper triangular and D? is diagonal. We have seen in
§2.201 that such matrices exist. The general metric G of §2.201 is here
taken to be I. The matrices ¥V and R can be computed sequentially by
applying Eqgs. (2.201.9) and (2.201.10) with appropriate modification of
notation. Then the equations Ax = y can be written RVx = y so that

D*Vz = Ry, and
(2.22.2) z = V-1D-*RYy.

Since D is diagonal and V unit upper triangular, their inversion is straight-

forward. This is Schmidt’s method.
In the least-squares problem one has a matrix B, with m < n rows,
and a vector y, and one seeks a vector x of m elements such that

Bx =y +d, d'B = 0.

Geometrically the vector y is to be projected orthogonally upon the space
of the columns of B, and the components x of the projection are required.

Since
B'Bx = BTy,

these equations yield the required z. If, however,

B=RV, RR=D

then
dR =0,
whence
D2Vz = Ry,
and

x = V-'D2RTy.
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The orthogonalization process can therefore be applied directly to the
matrix B, and B'B is not required explicitly.
To return to the system Az = y, we may equally well write

(2.22.3) A =US, SST = D?,
where U is unit lower triangular. Let w satisfy
r = STw.

Then the equations can be written

USS'w = UDw =y
so that
w = DUy,
and therefore

(2.22.4) z = S'D U Yy.

In this method the rows of S are orthogonal combinations of the rows
of A, and since z7 = w'S, the vector z7 is expressed as a linear combina~
tion of these orthogonal row vectors.

If A is positive definite, we could attempt to use A, or possibly A~1, as
the metric to obtain an orthogonalized set of vectors along which z
might be resolved easily, and in fact from §2.201 we can form matrices

R and V such that
I =RV, RTAR = D?

so that if
z = Rw,
then
| RTARw = RTy,
w = D—*RTy,
z = RD2RTy.

Indeed, R = V—1, and it is therefore unit upper triangular. Hence the
relation RTAR = D?is equivalent to A = VTD?V, which is the triangular
resolution already obtained but arrived at in a different way.

An orthogonalization process of somewhat different type has been
devised by Stiefel and Hestenes, independently. The process leads to a
fairly simple iteration, which, however, terminates in n steps to yield
the exact solution apart from round-off. Since the n steps yield progres-
sively better approximations to the true solution, the process can be
continued beyond n steps for reduction of the round-off error.

The first step, as applied to a positive definite matrix A, is the same
as in the method of steepest descent, in that one starts with an arbitrary
initial approximation zo and improves it by adding a multiple of the
residual 7o. Thereafter, however, instead of adding to each z; a multiple
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of r;, one adds a vector so chosen that r;;,, is orthogonal, with respect to
the metric I, to all preceding r;. If this can be accomplished, then for
some m < n, r, = 0, and hence Az, = y. For if all the vectors ry, 74,
. « . , a1 are non-null, then being mutually orthogonal they are linearly
independent, and only the null vector is orthogonal to all of them.

Geometrically the method has other points of interest. We have
already noted that the solution x of the equations Az = y minimizes the
function

(2.22.5) 2f(x) = xTAzx — 227y.
In fact it represents the common center of the hyperdimensional ellipsoids
(2.22.6) f(x) = const.

This fact provides the usual approach to the method of steepest descent.
Also at zy the function f(x) is varying most rapidly in the direction of
ro, which is the gradient at z, of the function —f(x). Hence one takes

Zy = Zo + agro,

where a9 minimizes the function f(xy + ar¢) of the single variable c.
It can be shown that the point z, is the mid-point of the chord through
Zo in the direction 7 of that particular ellipsoid f(x) = f(x,) which passes
through z,. It is easy to write the equation of the diametral plane which
bisects all chords in the direction 7. This is a diametral plane of the
ellipsoid f(x) = f(x;) through z,, as well as a diametral plane of '

flx) = f(o),

and it intersects the original ellipsoids in hyperdimensional ellipsoids
whose dimensionality is one less than that of the original ellipsoids.
Stiefel and Hestenes now improve the approximation z; by adjoining
a vector in the direction of the gradient to the lower dimensional ellipsoid,
which is the orthogonal projection upon the diametral plane of the
gradient r; to the n-dimensional ellipsoid. One proceeds then to get
ellipsoids of progressively lower dimensionality until one finally reaches
the center itself.

The success of the method depends upon a theorem (Lanczos) which
will have application also in other connections. Beginning with a
vector ro, suppose one seeks to orthogonalize the vectors ro, Ar,, A2r,

. . . by selecting a set of vectors ro, 71, 72, . . . in such a way that r;, is
a linear combination of the vectors ro, A7, . . . , A'ro, and r;;, is orthog-
onal to ro, 1, . . . , ;. At most n such vectors will be non-null, and

we have already shown how any set of linearly independent vectors can
be orthogonalized. We can then express r;.1 as a linear combination of
the vectors ro, r1, . . . , r; and of Ar;:

Tip1 = P#l.oro + pivrarr+ ¢ 0 0 A piyrirs + Pu‘lr,-.



MATRICES AND LINEAR EQUATIONS 75

For 7 = 0 the statement is trivial, for it merely says that r, is a linear

combination of ro and Ar,. Suppose that all vectors ro, 71, . . . , r; are
non-null and that the statement holds for them.- Then p; % 0, since
otherwise the mutually orthogonal vectors 7y, . . ., 71 would be
linearly dependent. Since r; is a linear combination of 7o, Ary, . . .
A 1ry, therefore Ar; is a linear combination of Arg, A%ry, . . ., A'r,.
Hence 7., is expressed as a linear combination of ro, Aro, . . . , A'ro.

The theorem in question states that
Piy1,0 = Pir1,1 = ° = pipri—g = 0.

For suppose the resolution made. Then since p; # 0, each Ar; is a
linear combination of 7y, r1, . . ., 741 Hence Ar, is orthogonal to
every r; for j > 7 4+ 1. Hence

PAr, =0, |j—i > L.

Hence Ar; is a linear combination of only r,_;, r;, and 741, which proves
the theorem.
After simplifying the notation, we can therefore set

(2227) Tiy1 = “Y,;(Ti - ﬂi_ﬂ'{_l - a,—Ar;).

We would like to arrange it so that these vectors r; are residuals y — Ax;.
Then we require that

Yy — AIU,;+1 = -y,-[y —_ Ax,; —_ B,,_1(y —_ Ax,-_l) -_— aiAr,-].

If we impose the condition that

(2.22.8) vi(l — Biny) = 1,
then we can achieve this by taking
(2.22.9) Tir1 = vi(r; — Bic1®iz1 + aury).
For ¢ = 0 we have
(2.22.10) AR Z‘;if“'
Let
(2.22.11) pi = 1Ty, o; = rIArT..
When we apply the orthogonality criterion, we find first
(2.22.12) & = pi/as.
Also

pitr1 = — QY L Ar,
so that by reducing subscripts
(2.22.13) rTAri_y = —pi/(ei1vi1).
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Hence, since
0 = Bi1pim1 + ar] Ar,
therefore

(2-22-14) B = a.'pi/ (ai—lpi—l')’i—l)-

Hence, beginning with a0, and 4o = 1, we can find r,, then a;, B, v1, and
hence 7, and 80 on sequentially.
From (2.22.7) we can write

Tiyr — Ts = ‘Y.'[ﬁi—l(?‘i — rio1) — aiAry,
Tiy1 — X5 = 7&[3&-1(27" - xf-l) + ae";].

Therefore

(2.22.15) Tip1 = Ti + Nz,

and hence

(2.22.16) rap1 = Ty — NAz,,

(2.22.17) Ziv1 = Tiy1 + Mz,

where

(2.22.18) A= aeys, B = YirBihi/Aip = piya/ps

It can be shown inductively that

(2.22.19) 21Az; = 0, T # 7.
To begin with, from

20 = Ty,

ry =179 — )\oAZo,

21 = 1+ pozo,
we have

214z, = 2]Ar1 + weziAze
and
rir = —\orldz,.

Hence, elimination of rJ4z, gives with (2.22.11)
zEAzl = —P1/)\o + Koo o,

and this is seen to vanish from (2.22.18), (2.22.14), and (2.22.12). Now
suppose (2.22.19) verified for all j < 7+ < k. From (2.22.16) we have

: r]Az; = 0, i<t —153>1+41,
(22220) pPiy1 = —)\:r,T_,_,Az,-,
' pi = )\,’TIAZ;'.
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Hence, from (2.22.17) with ¢ = k we have the required relation verified
whenti=k+ landj <k — 1.
Again, from (2.22.17) with ¢ = k

2lAziy1 = 2JATrpr + mzlAz.

But from (2.22.17) with ¢ = k — 1 and from (2.22.20)

(2.22.21) 21Az, = 2JAri = pi/Nx,
whence, again with (2.22.20),
21 Azry1r = —prs1/ M + moe/N = 0.

This completes the proof of (2.22.19).

If we set
(2.22.22) 7, = 2JAz;,
then from (2.22.16) and (2.22.17) we can calculate sequentially 2z, = 7,
No, T1, Mo, 21, N1, T2, M1, 22, . . . from the formulas
(2.22.23) i = pi/Ts, pi = pit1/pi

These equations are obtained by making use of (2.22.20) and (2.22.21).
From these it is clear that
A >0, pi > 0.

Hence, from (2.22.18) 4; > 0 and 8; > 0. Hence
1>8>0.

We can now relate the method to the minimizing problem. The
ellipsoid

f(z) = f(zo)

passes through the point zo; as X varies, the points zo + Au lie on the
secant through z, in the direction u, and this secant intersects the ellipsoid
for A\ = 0 and again for

A=\ = 2uTry/u"Au.

To see this we have only to solve the equation f(xo + Au) = f(x,) for A.
If we take u = ro, then A’ = 2\,. Hence z,; is the mid-point of the chord
in the direction r.

Now the plane rJA(x — z;) = 0 passes through z; and also through
the point x = A~'y, for by direct substitution the left member of this
equation becomes rlr; which vanishes because of orthogonality. This
plane is a diametral plane of the ellipsoid f(x) = f(z.); it intersects this
latter ellipsoid in an ellipsoid of lower dimensionality. Instead of choos-
ing z, to lie on the gradient to f(x) = f(x,), as is done by the method of
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steepest descent, the method of Hestenes and Stiefel now takes z to lie
on the orthogonal projection of the gradient in this hyperplane, or, what
amounts to the same, along the gradient to the section of the ellipsoid
which lies in the hyperplane. At the next step a diametral space of
dimension n — 2 is formed, and z; is taken in the gradient to the section
of the ellipsoid f(z) = f(z2) by this (n — 2) space. Ultimately a diame-
tral line is obtained, and z, is the center itself. With the formulas
already given these statements can be proved in detail, but the proof will
be omitted here.

2.23. Escalator Methods. Various schemes have been proposed for
utilizing a known solution of a subsystem as a step in solving the complete
system. Let A be partitioned into submatrices,

Ay Am)
2.23.1 = ’
( 3 ) A (A21 A22
and suppose the inverse A7l is given or has been previously obtained. If
Cu Cl2>
2.23.2 1l=(C= ’
(2.23.2) A =C (Cn C
then

Ill 012)
AC = ( )
021 122
where the I; and the 0;; are the identity and null matrices of dimensions
that correspond to the partitioning. Hence if we multiply out, we obtain

AnCu + A12021 = 111,
A1Cis + A1sCos = 012,
AaCi + A5Coy = 021,
A2Chy + A22022 = Iss.

(2.23.3)

™"~ tollowing sclution of the system can be verified:

Cos = (Ags — AniAf A1)
Ci = —AﬁlAmsz,

Ca —022A21A1"11,

Cu = Aﬁl(ln — 4,.Cy).

(2.23.4)

If A, is a scalar, A2 a column vector, and A a row vector, then C,,
is a scalar, C;; a column vector, and C»; a row vector, and the inverse
required for Cj; is trivial. The matrices are to be obtained in the order
given, and it is to be noted that the product A4 occurs three times,
and can be calculated at the outset. If A is symmetric, then

CZ] = CI2.
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In any event the matrix C»; is of lower dimension than C, and the required
inversion more easily performed. It is therefore feasible to invert in
sequence the matrices

o o aj; Q12 013
11 12
(au), v Q21 Q22 23 )y -+ ¢

Q21 Q22
a31 Q32 Q33

each matrix in the sequence taking the place of the A1 in the inversion of
the next.

In the following section it will be shown how from a known inverse
A~! one can find the inverse of a matrix A’ which differs from A4 in only
a single element or in one or more rows and columns. It is clearly pos-
sible to start from any matrix whose inverse is known, say the identity I,
and by modifying a row or a column at a time, obtain finally the inverse
required. However, these formulas have importance for their own sake,
and will be considered independently.

2.24. Imverting Modified Matrices. The following formulas can be
verified directly:

(2.24.1) (A 4+ USVT)t = A"t — A-WUS(S + SVTA-1US)"'SVTAY,
(2.242) (A4 USWH)1= A1 — AWUS + VIA'U)"'WWTAY,

provided the indicated inverses exist and the dimensions are properly
matched. Thus A and S are square matrices, U and V rectangular. In
particular, if U and V are column vectors u and », and if the scalar S = 1,
then

(224.3) A4+ w)'=A4"1— (A" W)EAY)/(1 + vTA ).

If w = e;, then the 7th row of wv' is »7, and every other row is null;
if v = e;, then the ¢th column of wv" is u, and every other column is null;
if u = oe;, where o is some scalar, and v = ¢;, then the element in the
1th row and jth column of uv" is ¢, and every other element is zero.” sk
the last instance, ¥TA~'u is 0(a~1);;, where (a™1);; is the indicated ei ... ...
of A=1. We have then the interesting corollary that the matrix A + T
becomes singular when ¢ = —1/(a™1);.

2.25. Matrices with Complex Elements. If the coefficients of a system
of linear equations are complex, then the matrix can be written in the
form A 4 ¢B, where A and B have only real elements. In general we
may expect the solution to have complex elements. Hence the equations
can be written in the form

(A 4+ ¢B)(x + 1y) = ¢ + d,
where the vectors z, y, ¢, and d are allreal. However, this is equivalent to

(Az — By) + ¢(Ay + Bx) = ¢ + 4d,
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and since the real parts and the pure imaginary parts must be separately
equal, this is equivalent to the real system of order 2n:

Axr — By = ¢,
Bzr + Ay = d,

: G DE)-E)

Thus the complex system of order 7 is equivalent to a real system of order
2n, since these steps can be reversed. The complex matrix A + ¢B is
singular if and only if the system with ¢ + id = 0 has a nontrivial
solution, and this occurs if and only if the real matrix of order 2n is
singular.

A complex matrix is called Hermitian in case A is symmetric and B
skew-symmetric, .e., in case

AT=4, B = —B.

~

or

-

But then the real matrix of order 2n can be written

G %)
B A/

and it is symmetric. Hence the complex matrix is Hermitian if and only
if the corresponding real matrix is symmetric. A Hermitian matrix is
positive definite if and only if for every non-null complex vector z + 2y
it is true that

(7 — iy (A + iB)(x + 1y) > 0.

This implies that the quantity isreal. But if we evaluate the quantity on
the left, we obtain

xT(Az — By) + y"(Bx + Ay) + i[z"(Bx + Ay) — y"(Ax — By)].

Since A is symmetric and B skew-symmetric, the quantity within brackets
vanishes, and the quantity in question is certainly real whenever the
matrix is Hermitian. As for the rest, we have
T T _ 1 .n(4 —B\(=
x(Ax—By)+y(B-’v+Ay)-—(:v,y)(B A)(y)-
If this is positive for every choice of xz and y, then the real matrix of order
2n is positive definite. Hence a Hermitian matrix of order n is positive
definite if and only if the corresponding real matrix of order 2n is positive
definite.
Throughout the discussion of methods of inverting matrices and solving
systems of equations, we have tacitly assumed that all quantities were
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real, though in fact many of the processes were equally applicable to the
complex case when appropriate changes are made in the wording. How-
ever, rather than complicate the exposition, we have preferred to treat
only the real case and reduce the complex case to the real.

2.3. Some Comparative Evaluations. For either inverting a matrix
or for solving a system of equations, there is no single method that is
clearly best for all matrices or all systems. Some matrices may have
many null elements, especially those which result from the finite difference
approximation to a differential equation. Analysis of the system may
show that a method that would be highly inefficient in general would work
admirably well for the particular case. On the other hand, if one has
many systems to solve, all differing among themselves, it may be more
efficient to use the same scheme for all of them than it would be to analyze
each system as it arises before deciding upon how to proceed. This is
especially true if one is using automatic computing machinery for which
the arrangement of the program is a major task.

When computing machinery is used, the method must be adapted to
the machine. Generally speaking, the number of multiplications and
divisions and the number of recordings of intermediate results together
provide a rough over-all estimate of the efficiency of a computational
scheme. It is possible to estimate these numbers as functions of n, the
order of the system, but the functions may be discontinuous. That is to
say, if n is small enough so that all quantities, initial, intermediate, and
final, can be retained in the internal memory of the machine, the func-
tions will be of one form. But if n is so large that the auxiliary storage
must be utilized, then transfers must be made between the internal
memory and the external, and additional operations may be required.
In fact, it may be necessary to use an entirely different computational
scheme.

2.31. Operational Counts. The possible occurrence of null elements
will be ignored. With this understanding we consider the number of
operations required in the application of some of the methods discus=ec
above. . ”

2.311. The method of Seidel and the method of relaxation. The equa-
tions can be written in scalar form

aiifi = ni — S‘ ai;&j,
.
J #*1
£ = ni/aw — 2 (etij/ i) &j.
i i

The n(n + 1)/2 divisions #;/a;; and a;;/a; (for a symmetric matrix)
can always be done in advance. Thereafter each correction of a single
¢ requires » — 1 multiplications and a single recording provided the
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products can be accumulated. For a complete Seidel cycle this is
n(n — 1) products and n recordings. The number of cycles required,
however, depends upon the system, the starting values, and the required
accuracy.

2.312. The method of steepest descent. One requires at each step the
product Az,—;, or n? products, the n? products Ar,, the n products
rI(Arp), the n products rlr,, the quotient r]r,/r1Ar, = \,, and the n
products A5, a8 well as the various sums and differences. Counting
multiplications and divisions as equivalent, this is 2n? 4+ 2n + 1 product
operations at each step. This is somewhat more than two complete
Seidel cycles performed on a prepared system in which the indicated
quotients have been taken in advance. As for recordings, one requires
at least the n elements r,, the n elements Ar,, the products rIr, and
rIAr,, the quotient A\, and the n elements x,, or altogether 3n + 3
quantities, as compared with n for a complete Seidel cycle.

2.313. The Stiefel-Hestenes method. The general step requires n?
products for Az; and n? for Ar;, n for rlr; and » more for r1Ar;, and indi-
vidual products and quotients for «; and B;. In principle the iteration
terminates in n steps with something over 2n3 product operations. Each
additional projection for reducing round-off requires something over
2n? product operations. In recordings, each step requires at least the
n elements of x;, the n elements of r;, the n elements of Ar;, and a few
scalars. This is something over 3n recordings per step or 3n? for a com-
plete cycle. In addition r,_; must be carried over from the previous
step.

2.314. The Crout factorization. One is to write

(4,y) = LW, 2),

where L is unit lower triangular and W upper triangular, then solve the
triangular system

Wz = 2.

Consider Eqs. (2.201.6) supposing Wy, and Ly, to be of order 7, W, a
scalar, and I.;» = 1. Then W2, requires ¢ products, as does each element
in W3, making t¢(n — 7) products. Each of the n — 7 — 1 elements of
L3; requi-es ¢ products in L3; W12 and the quotient of the result by Wo,,
making (¢ 4+ 1)(n — ¢ — 1) product operations. Finally, from Eq.
(2.21.6) o .e requires ¢ products for z,, Thisisn(2: + 1) — 2¢2 —¢ — 1
product operations in all. Summing fromz =0to? =n — 1, we get a
total of n(n? — 1)/3 products to be formed. Solving the triangular
system requires a quotient for £,, a product and a quotient for £,,, . . . ,
or altogether n(n 4+ 1)/2 product operations. Altogether we have a
total of n(2n 4+ 1)(n + 1)/6 product operations, or something over n3/3.
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The recordings required are the triangular matrices L and W and the
vectors z and z, or n? 4 2n quantities altogether.

To iterate the process in order to reduce round-off, formation of
ro =y — Axo requires n? products; L~'r, requires n(n — 1)/2 (all
multiplications, no divisions since L is unit lower triangular); and
W=L~'ry requires n(n 4+ 1)/2, or altogether 2n? products and at least
3n recordings. These give the corrections to z,, so that an additional n
recordings of x, itself are required. If the matrix is symmetric, the
operations are reduced by nearly one-half.

2.315. Orthogonalization. In forming RV = A, RTR = D? as in §2.22,
suppose ¢ columns of A have been orthogonalized. As in (2.201.9)
and (2.201.10), 7 elements of the next column of » are to be found, each
requiring » products and a division. Then the next column of R requires
n(n + ¢) products, and n more are required for the next element of
D?. Hence to orthogonalize the columns of A requires a total of

ndn® +n — 1)/2,

or approximately 2n® products. Beyond this one requires R'y with n?
products; n more products in multiplying this by D-2%; and n(n — 1)/2
more in solving the triangular system Vi = D—2RTy. Altogether it
amounts to 2n%(n + 1) products. For recordings we require at least the
n? elements of R; n(n — 1)/2 elements of V; n elements of D2?; and n
elements each of Ry, of D—2R'y, and of x. This makes n(3n + 7)/2
recordings.

2.316. Inverting a modified matriz. In Eq. (2.24.3),if u = ¢;, and A—!
is given, then the inversion of A + w™ requires n? multiplications for
vTA~'; n quotients of 1 4 »TA~u into the vector ¥TA~! (or into A—);
n? products for multiplying the column vector by the row vector. Hence
there are 2n? 4+ n product operations for modifying the inverse when a
single column of the matrix A is modified. If one builds up the inverse
by modifying a column at a time, then in the worst case n2(2n + 1)
products are required. However, if one starts with the identity, then
in the first step, since

I4+w)=1I—w/(1+ v, o

s ¢

only n quotients are needed and no other products. The new inverse
differs from I in only the 7th row, so that many zeros remain if » is la)i‘ge.
If the programing takes advantage of the presence of the zerodythe num-
ber of products is reduced considerably.

Once the inverse is taken, if a set of equations are to be solved, an
additional n? products are needed.

2.4. Bibliographic Notes. Most of the methods described here are
old, and have been independently discovered several times. A series of
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papers by Bodewig (1947, 1947-1948) compares various methods, includ-
ing some not described here, with operational counts and other points of
comparisons, and it contains a list of sources. Forsythe (1952) has
compiled an extengive bibliography with a classification of methods. A
set of mimeographed notes (anonymous) was distributed by the Institute
for Numerical Analysis, and interpreted several of the standard iterative
methods as methods of successive projection, much as is done here. This
includes the iterative resolution of y along the columns of A, which is
attributed to C. B. Tompkins. The same method had been given by
A. de la Garza in a personal communication to the author in 1949.

Large systems of linear inequalities have important military and
economic applications. Agmon (1951) has developed a method of
relaxation for such systems, which reduces to the ordinary method of
relaxation when the inequalities become equations.

Conditions for convergence of iterations are given by von Mises and
Pollaczek-Geiringer (1929), Stein (1951b, 1952), Collatz (1950), Reich
(1949), Ivanov (1939), and Plunkett (1950).

On the orthogonalizations of residuals see Lanczos (1950, 1951). For
other discussions of the method of Lanczos, Stiefel, and Hestenes see
Hestenes and Stein (1951), Stiefel (1952), Hestenes and Stiefel (1952).

Crout (1941) pointed out the possibility of economizing on the record-
ings in the triangular factorization. The author is indebted to James
Alexander and Jean Hall for pointing out the possibility of a similar
economy in recording in the use of Jordan’s method. Turing (1948)
discusses round-off primarily with reference to these two methods and
refers to the former as the ‘“‘unsymmetric Choleski method.” The
formulas apply to the assessment of an inverse already obtained. On
the other hand, von Neumann and Goldstine (1947) obtain a priori
estimates, but in terms of largest and smallest proper values. They
assume the method of elimination to be applied to the system with posi-
tive definite matrix A or to the system which has been premultiplied by
AT to make the matrix positive definite. See also Bargmann, Mont-
gomery, and von Neumann (1946).

Dwyer (1951) devotes some little space to a discussion of errors and
gives detailed computational layouts. Hotelling (1943) deals with a
variety of topics, including errors and techniques. Lonseth (1947)
gives the essential formulas for propagated error.

Sherman and Morrison (1949, 1950), Woodbury (1950), and Bartlett
(1951) give formulas for the inverse of a modified matrix, and Sherman
applies these to inversion in general.

A number of detailed techniques appear in current publications by the
International Business Machines Corporation, especially in the reports
of the several Endicott symposia.



MATRICES AND LINEAR EQUATIONS 85

In the older literature, reference should be made especially to Aitken
(1932b, 1936-1937a).

An interesting and valuable discussion of measures of magnitude is
given by Fadeeva (1950, in Benster’s translation). In particular Fa-
deeva suggests the association of the measures designated here as ¢(A)
and b(z).

The use of Chebyshev polynomials for accelerating convergence is
described by Grossman (1950) and Gavurin (1950).

On general theory the literature is abundant. Muir (1906, 1911, 1920,
1923) is almost inexhaustible on special identities and special forms, and
many of the results are summarized in Muir and Metzler (1930). Frazer,
Duncan, and Collar (1946) emphasize computational methods. Mac-
Duffee (1943) is especially good on the normal forms and the character-
istic equation.



CHAPTER 3

NONLINEAR EQUATIONS AND SYSTEMS

3. Nonlinear Equations and Systems

In the present chapter matrices and vectors will occur only incidentally.
Consequently the convention followed in the last chapter of representing
scalars only by Greek letters will be dropped here. The objective of this
chapter is to develop methods for the numerical approximation to the
solutions of nonlinear equations and systems of equations. With systems
of nonlinear equations, the procedure is generally fo obtain a sequence
of systems of linear equations whose solutions converge to the required
values, or else a sequence of equations in a single unknown.

A major objective in the classical theory of equations is the expression
in closed form of the solutions of an equation and the determination of
conditions under which such expressions exist. Aside from the fact
that only a limited class of equations satisfy these conditions, the closed
expressions themselves are generally quite unmanageable computa-
tionally. Thus it is easy to write the formula for the real solution of
z® = 9, but if one needs the solution numerically to very many decimals,
it is most easily obtained by solving the equation numerically by one
of the methods which will be described. Nevertheless, certain principles
from the theory of equations will be required, and we begin by develop-
ing them.

To begin with, we shall be concerned with an algebraic equation, which
is one that can be written

(3.0.1) P(x) =0,
where
(3.0.2) Px) = apxz* + awz» 1+ + + + + apaz + an,,

a polynomial of degree n. Ordinarily we shall suppose that a, = 0, since
otherwise the polynomial or the equation would be of some lower degree.
This being the case, we can always, if we wish, write

(3.0.3) p(x) = ag'P(x) = 2" + awz* ' + -« * *© + an
and the equation
(3.0.4) p(x) =0

is equivalent to the original one.
86
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3.01. The Remainder Theorem; the Symmetric Functions. A basic
theorem is the remainder theorem, which states that, if the polynomial
P(z) is divided by & — r, where r is any number, then the remainder is
the number P(r). Thus suppose

(3.01.1) -P(x) = (x — rQ(x) + R,

where Q(z) is the quotient of degree n — 1, and R is the constant remain-
der. This is an identity, valid for all values of z. Hence in particular
it is valid for £ = r, which leads to

(3.01.2) P(r) = R.

A corollary is the factor theorem, which states that, if r is a zero of the
polynomial P(x), that is, a root of Eq. (3.0.1), then z — r divides P(x)
exactly. Conversely, if £ — r divides P(x), then r is a zero of P(x).
For by (3.01.2) if r is a zero of P(x), then B = 0, and by (3.01.1) the
division by  — r is exact. The converse is obvious.

The fundamental theorem of algebra states that every algebraic equa-
tion has a root. The proof is a bit long and will not be given here. But
it follows from that and the factor theorem that an algebraic equation
of degree n has exactly » roots (which, however, are not necessarily
distinct). For by the fundamental theorem (3.0.1) has a root, which
we may call ;. By the factor theorem we can write

P(x) = (x — 71)Qi(x).

But @; = 0 is an algebraic equation of degree n — 1; it has a root, say
x2, and hence

Qi(r) = (x — 25)Qs(x).
Qn1(x) = (x — 2,)Qn,

where Q. is linear and Q, a constant. But then

Eventually we get

(3°01°3) P(x) = (x - 271)(27 - -’02) vt (x - xn)Qm

and not only x; but also 3, . . . , z, are roots of P = 0. But there can
be no others. For if x,,; were different from z,, . . . , z,, and also a
root of P = 0, then it would be true that

0 = P(®n41) = (Tar1 — 1) * * * (Tnt1 — Tn)@n.

But if Zpy1 — 2 #0forz=1,...,n, then @, = 0 and P = 0 iden-
tically. Hence there are exactly n roots, and the theorem is proved. As
a partial restatement we can say that, if a polynomial of degree not
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greater than n is known to vanish for n + 1 distinct values of x, then this
polynomial vanishes identically.

Now consider the factorization (3.01.3). If we multiply out on the
right, the polynomial we obtain must be precisely the polynomial P.
But the coefficient of z* on the right is Q., so therefore Q, = a,. By
examining the other coefficients in turn, we find

¢ a = ’—aoE:‘U{,

)

as = Qo 2 Xixj,
(3.01.4) i<
az = —AQy 2 XX,
1<) <k
A, = (—‘1)"(10(171:172 © o .

n
h
time. These sums are called the elementary symmetric functions of the
roots. They are symmetric because interchanging any pair of the roots
leaves the value of the function unchanged. It is a theorem that any
rational symmetric function is expressible as a rational function of the
elementary symmetric functions. The general theorem will not be
required here, but special cases will appear. Consequently we introduce
the notation ¢, for the elementary symmetric function of degree h:

Thus (—1)*as/a is the sum of the ( ) products of the r’s taken h at a

(3015) a, = (—l)haoo‘h = QAoGh.
Of particular importance will be the sums of powers:
(3.01.6) &=z%

1

where h is any integer, positive, negative, or zero. For h = 0 we have
8o = n. Expressions for these in terms of the elementary symmetric
functions will be given later.

We conclude this section by noting that

(3.01.7) 2"P(1/x) = @ux® + Tp_yx™ 1+ - - - + ao
= ao(l — 2z))(1 — 2x5) - - - (1 — zz2,).
Hence the equation
(3.01.8) ax*+ - +a,=0
has the n roots 27!, . . . , 271, provided every z; % 0. We call it the

reciprocal equation. Then
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Op—1 = —0Qn z :v;.l,
s

(3.01-9) An_s = Qn 2 x;—lx;.-l’

oooooooooooo

3.02. The Derivative Equations. The derivative equations are those
formed from the derivatives of P:

P'(x) = 0,
(3.02.1) P"(z) = 0,

ooooooo

If P is a real polynomial, 7.e., if all its coefficients are real, then the real
roots of the derivative equations have important relations to the real
roots of the original.

If we set £+ = z + r, where r is any real number, forming P(z + r),
expand each power of z 4+ r, and collect like powers of z, the result is a
polynomial in z of degree n. If in this polynomial we now replace z by
z — r but without expanding powers of x — r, we obtain an expression
of the form -

P@) =ca+ caa(@ — 1) + Casa(® — )2+ -+ - + colz — 1),

where the ¢’s are the constant coefficients of the several powers of z in
P(z 4+ r), and in particular, ¢co = ao. This is an identity which therefore
holds when we differentiate on both sides and continues to hold when we
give to z any fixed value. In particular if we set x = r, we find (as in the
proof of the remainder theorem) that

P(r) = ¢,
and if we first differentiate 7 times and then set z = 7,

P®(r) = tleas.
Hence

(3.02.2) P(x) = P(r) + (x — n)P'(r) + (x — r)?2P"(r)/2' + - - -
+ (@ — r)"P™(r)/n!.
This is Taylor’s series for polynomials.

If P(r) = 0 but P'(r) # 0, then x — r is a factor of P(x), but (x — r)?
is not. Hence r is a simple root of P = 0. But if P(r) = P'(r) = 0,
then r is at least a double root. Hence a root of P = 0 is a multiple root
if and only if it is also a root of P’ = 0. In fact, r is a root of multiplicity
m if and only if

0 =P(r) =P(r) = -+ =Pm=D(r) 5 Pm(y),
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In that case (3.02.2) becomes

P(z) = (z — r)"P™(r)/m! +

Moreover, r is a root of multiplicity m — 1 of P’ = 0, of multiplicity
m—20ofP’'=0,....

If P is a real polynomial, then between consecutive real roots of P = 0
there is an odd number of roots of P’ = 0. In particular, there is at least
one. This is Rolle’s theorem. For suppose z; is a root of multiplicity
m,, 2 of multiplicity m,. Then we can write

P(z) = (z — z)™(z — 22)"Q(),

where @ does not vanish at x; or x; or anywhere between. Since @ is a
polynomial, it must retain the same sign throughout the interval. Now

P'(x) = (2 — z)™ 7z — z2)™ Yq(2),

where '
g(x) = mi(x — 22)Q + mo(x — 21)Q + (x — z1)(x — x2)Q’.
Hence

q(xy) = mi(xr1 — 22)Q(x1),

q(x2) = ma(x2 — 21)Q(%2).

But m,Q(x,) and m.Q(x;) have the same sign, whereas
Ty — X = ""(272 — Il?l).

Hence ¢(x,) and ¢(x:) have opposite signs, and ¢(z) must vanish an odd
number of times between z; and z,. Hence the same is true of P’'(x).

If we differentiate the factored form (3.01.3) of P(x), we obtain for P’
a sum of products of n — 1 factors each. In fact, each product can be
written as P(x)/(x — x;) for some ¢. Hence

(3.02.3) P'(x) = P(x) ) (x — =),

or

(3.02.4) P'@)/P@) = ) (z — )7 = p'(a)/p(a).

But for z sufficiently large

(z—z) =42+l P4 - - -
and
Sz —z) l=nx 4 sx i+ st -0
Since
p(x) = " — o™ 1 + 0'237"_2 — s s e
p'(x) = nxm! — (n — Do 2+ (n — 2)6233"“3 + -
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Hence if we multiply p(z) by Z(x — z;)~! and equate the coefficients to
those of p’(x), we get the relations

81 — oy = 0,
89 — 8101 + 20’2 = O,
S3 — 890 + 8109 — 30’3 = 0,
(3.02.5) e e
$n — 8n01 + ¢ - + (—1)"ne. = 0,
Sntp — Snyp—101 + e + (‘-1)"8p0'n = (.

These are Newton’s identities, expressing recursively the sums of powers
of the roots as polynomials in the elementary symmetric functions, and
hence as rational functions of the coefficients. If one applies the same
relations to the reciprocal equation (3.01.8), one obtains the sums of the
powers with negative exponents.

If we set

(3.02.6) Q@) =10 —2z2) =1 — 012+ 222 — -+ - + ga2",

and expand

(3.02.7) 1/Q(z) =Tl —zz) =14 Sz + Sez2+ - - -,

the coeﬁicienté S, of this expansion are symmetric functions of the roots:

Si=z1+ x4 - - - + 2z,
(3.02.8) S2 = x%+x1x2+ LI
83 = a3 + alz, + vwgws + - - -,

the so-called ‘‘ complete’”” symmetric functions. Since

1 —01z4+022— -+ )A 4+ Siz+ 8224+ - - ) =1,
on comparing coefficients, one obtains
Sl — 0] = 0,

S:z - 0’181 + g2 = 0,
Sa - 0'1S2 + 0'251 — 03 = 0,

(3.02.9)

Of the three sets of symmetric functions, each set can be expressed in
terms of the others by means of these equations.

3.03. Vandermonde Determinants. It is easy to write in determinantal
form an equation having specified roots. To illustrate for the casen = 3,
if 21, x2, and z; are all distinct, the equation

1 1 1 1

(3.03.1) 2 ool o

3 3 3 3
xd x 2}
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has these and only these roots. The determinant, therefore, whose
expansion is a cubic polynomial in z is equal to some constant times
(x — z1)(x — z9)(x — x;3) by application of the factor theorem. If we
were to regard z; as the variable instead of z, and apply the factor theorem
again, it appears that (rs — z2) and (zr; — z,) are also factors of the
expansion of the determinant. Likewise, regarding z. as the variable,
(xz — z1) appears as an additional factor. Hence the determinant is
equal to the product (z; — z3) (23 — z1) (X2 — 21) (X — z3) (x — z2) (T — 1),
possibly multiplied by some factor as yet undetermined. However, the
determinant is a cubic polynomial in x, and so has no other factors con-
taining z; it is also a cubic in z;, and so can have no other factors contain-
ing z3; nor by the same rule can it have other factors containing x; or .
Hence any factor not yet found is a constant, independent of = or any
of the z;. But the expansion of the determinant contains the term z.z2z?
once from the principal diagonal, and the expansion of the product
contains this product also. Hence there is no other factor, and

1 1 1 1

LT BT = (2 — 22) (@ — 2) (12 — 2) (2 — 2a) (@ — z2) (2 — 7).
3 zi 2} «x
r} x3 3 2?

The coefficient of z2 is

1 1 1
Ty xy 3| = (xz3 — x2)(x3 — 1) (22 — 2)).
x} x; =}

Such a determinant is called an alternant, or an elementary Vandermonde
determinant. The negative of the coefficient of z2 is

1 1 1 1 1 1
Xy o X3| =011 T2 T3]
3 x3 a3 z? % al

Again, the coefficient of z is

1 1 1 1 1 1
¥ x2 xi| =o03|® T2 T3,
r} x} x} x} xf 23

and the negative of the constant term is

ry X2 X3 1 1 1
x? z2} x| =o03|T1 T2 %3
3 .3 .3 2 2 2
I*1 Ty I3 Ty Ty T3
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The equation whose roots are z;, 2 = z, and z; # x, is

1 0 1 1
1 2z oz | .
x? 2z, x} x?
23 322 3 o8

For if we call the determinant P(x), then P(x;) = P’(z;) = 0, and
P(zs) = 0. Likewise the equation whose roots are z;, z; = x; and
X3 = T 18

1 0 o0 1
22 2 1 2
xz3 3x2 3z, 28

These representations are easily generalized, but the notation becomes
cumbersome.

3.04. Synthetic Division. We consider now some further useful conse-
quences of the remainder theorem. First we observe that P(r), which
is the remainder after dividing P(x) by x — r, is most readily evaluated by
evaluating sequentially .

- aor + ai,
(aoT + a))r + Qaz,
[(aer + a1)r + asr + as,

ooooooooooooooo

with P(r) obtained as the final step. This process can be systematized
by writing the system

ap a; as . .. (179 ,1‘
bor byr ... bu_r
bo by b ... R

where by = ao, and in general every number along the bottom row is the
sum of the two above it. The r is written in the upper right-hand box

merely as a convenient reminder.
Having written this, we now observe that the b’s are the coefficients

of the quotient
Q@) = bor™ '+ bix" 2+ -+ + + bai.

One way to see this is to note that, when in ordinary long division we
divide P(x) by z — r, the b, is exactly the remainder we get after dividing
aex + a by x — r, the b, is the remainder after dividing acz? 4+ a,x + a,,
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and so on sequentially. We have written above merely a scheme for
evaluating these remainders in sequence.

If the coefficients of the equation P(z) = 0 are all integers, it is possible
to obtain all its rational roots by inspection and a few synthetic divisions.
This is a help even when the rational roots are of no interest for them-
selves, since for every known rational root the degree of the equation
can be lowered by one. If we examine the scheme for synthetic division,
we can see that, if r is an integer and the a’s are all integers, then the b’s
are all integers. If r is a root, then R = 0, so that a, = —b,_,». Hence
r is a factor of a@,. Thus if the equation has any integral root, the root is
a divisor of the constant term. More generally, if P(x) = 0 is a poly-
nomial equation with integral coefficients, and if p/q¢ is a rational root in
lowest terms, then p is a divisor of the constant term, and ¢ is a divisor
of the leading coefficient.

For suppose r is a fraction p/q in lowest terms. If byr is a fraction, say
with denominator s, then b; is a mixed number whose fractional term
has the denominator s. But s cannot divide p since p/q is in lowest
terms. Hence b,r is certainly fractional. By continuing to the end, we
conclude that p/q cannot be a root if ¢ does not divide ao. If we apply
the argument to the reciprocal equation (3.01.8), we conclude that p
must divide a,. Since there are only a finite number of possible choices
for p and ¢, these can be examined one by one.

In some of the numerical methods of evaluating roots of polynomial
equations, and for other purposes too, one often starts with a polynomial
P(x), replaces x by z + r, and wishes to evaluate the coefficients of the
polynomial P(z + r) as in §3.02. For example, r might be a close
approximation to a desired root of P(x) = 0, and we wish to replace the
equation by one in z for which the desired root z is as small as possible.
This is done in both Horner’s method and in Newton’s method, which will
be described later.

As in deriving (3.02.2), we write

Px) =clz—r"+clez—r)r14+ - +eaalz —1) + ¢y

where ¢, = P(r), so that ¢, is the remainder after dividing P(zx) by x — 7.
Again if we write

P(@) = (z — r)Q(z) + cn
= (& = nles(e = )" 4+ 2 0 4 cana] + cy

it is clear further that ¢,—; is the remainder after dividing the quotient
by  —r, . ... Hence we extend our synthetic division scheme as
follows:
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Gy A1 ... Gunog Qn-1 Qn Ir
bor bn_sr bu_or ba._r

bo by ... bps ba_i| Cn
or bl,_.r bl _,r

b:) bil « o e b;_z ' Cn—1
(£ A

by b} . Crn—g

At each division we cut off the final remainder and repeat the syn-
thetic division with the preceding coefficients. This is sometimes
called reducing the roots of the equation, since every root z; of the equa-
tion P(z + r) = 0 is r less than a corresponding root x; of P(x) = 0.

In solving equations by Newton’s or Horner’s method, it is first
necessary to localize the roots roughly, and the first step in this is to
obtain upper and lower bounds for all the real roots. If in the process
of reducing the roots by a positive r the b’s and the ¢ of any line are all
positive, as well as all the ¢’s previously calculated, then necessarily
all succeeding b’s and ¢’s will be positive. Hence the transformed equa-
tion will have only positive coefficients and hence can have no positive
real roots. Hence the original equation can have no real roots exceeding
r. Hence any positive number r is an upper bound to the real roots of an
algebraic equation if in any line of the scheme for reducing the roots by r
all numbers are positive along with the ¢’s already calculated.

3.05. Sturm Functions; Isolation of Roots. The condition just given is
sufficient for assuring us that r is an upper bound to the roots of P = 0,
but it is not necessary. In particular if all coefficients of P are positive,
the equation can have no positive roots. This again is a sufficient but
not a necessary condition. A condition that is both necessary and
sufficient will be derived in this section. In fact, we shall be able to
tell exactly how many real roots lie in any interval. However, since 1t
is somewhat laborious, some other weaker, but simpler, criteria will be
given first.

Suppose r is an m~fold root so that

P(z) = (z — r)"P™()/m! + -+ -,

Since P™(r) £ 0, there is some interval (r — ¢ r -+ € sufficiently
small so that P™ (x) is non-null throughout the interval, and PV (x),
. . . ,P'(x), P(x) are non-null except at ». Suppose P™(r) > 0. Then
P—D(zx) is increasing throughout the interval, and so it must be nega-
tive at r — ¢, positive at » + e. Hence P~ (z) is decreasing, and hence
positive, at r — ¢; increasing, and hence again positive, at » + e¢. By
extending the argument, it appears that the signs at r — e and at 7 + ¢
can be tabulated as follows:
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... Pm—® Pm-n Pm-1 Pm
r—e ... - + — -+
r+e ... + + + +
If P (r) < 0, then every sign is reversed. If we count the variations
in sign in the two sequences, we find that at » — e there are m variations,
for P and P’ have opposite signs and present one variation, P’ and P
have opposite signs and present another, . . . . On the other hand, at
r + e all signs are alike, and there are no variations. Hence the sequence
P, P, P"” ..., P"™ loses m variations in sign as one passes over an
m-fold root of P = 0 in the direction of increasing z.

Next, suppose r is an m-fold root of P®» = 0 but not a root of P*~1 = 0
(and it may or may not be a root of P = 0). Then P®+™ remains non-
null and of fixed sign, say > 0, throughout some interval (r — ¢, 7 + ¢),
and from P® to P+ m variations in sign are lost. However, we must
consider the possible variations P®#-V  P®  for the sign of P® may
change, whereas that of P*=? does not. But if m is even, the sign of
P® does not change, so from P*~D to P®+m there is still a loss of just m
variations. If m is odd, P® does change, so that from P®-D to P®h+m
there is a loss of either m 4+ 1 or of only m — 1 variations. In either
event it is a non-negative even number.

By considering every point » on an interval (a, b), at which P or any
of its derivatives may vanish, we conclude that, if V, and V; are the
numbers of variations in sign at a and b, respectively, displayed by the
sequence P, P’, P”, . . . , then V, — V; exceeds by a non-negative even
integer the number of roots of P = 0 on the interval.

This is Budan’s theorem. In particular, ¥V, = 0, while

P™(0) = mla,_mn.

Hence the number of variations in sign in the coefficients is V,, and this
exceeds by a non-negative even integer the number of positive real roots.
This is Descartes’s rule of signs. In counting the variations, vanishing
derivatives are ignored.

This is sometimes sufficient to give all the necessary information.
Thus if there is a single variation or none, there will be one root or none;
if an odd number, there is at least one.

Exact information, however, is always given by Sturm’s theorem. In
the following sequence set

Py =P, P,=PF

for uniformity. Divide Py by P; and denote the remainder with its
sign changed by P;. Divide P, by P; and denote that remainder with
its sign changed by P3, . . . . The polynomials Py, Py, P, . . . are of
progressively lower degree, and the sequence must therefore terminate:
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Py = Q1P1 - Pz,
= Q2P2 - P3,
(3.05.1) e
Pm—2 = Qm—-le—l — Pm’
Pm—l = Qum-

(It is understood that any constant 0 divides any polynomial exactly.)

Now P,, is the highest common factor of Py and P,. For by the last
equation, P,, divides P,_;; by the one before, since P,, divides both itself
and P,._;, it divides Pm_z, by the one before that, it divides also Pn_s,

. Conversely, if p is any polynomial which divides both P, and P;,
1t therefore divides P, by the first equation; by the second, it divides
P;, . . . , and by the next to last, it divides P,,. Thus the statement is
established.

It follows that, if P = 0 has any multiple roots, they are roots of
P, = 0, and all roots of P,, = 0 are multiple roots of P = 0. Hence
we can find all multiple roots by solving an equation of degree lower than
the original, remove them from P, and continue with an equation of
degree < n whose roots are all simple.

We now suppose this to have been done in advance, that P = 0 has
only simple roots, and that therefore P, is a constant ¢ 0. Then con-
sider the variations in sign presented by the sequence P;. Suppose
Pir) =0, where 0 <7 < m. Then P;,(r) £ 0. For if

Pir) = Pia(r) = 0,
then P; and P;,; have a common divisor x — r. Since
(3.05.2) P,y = QiP; — P4y,

it follows that P,_; has also x — r as a divisor, and by continuing, we
conclude that also P; and P, have the divisor £ — r. But then 7 is
a multiple root of P = 0, whereas there are no multiple roots. Hence if
P,(r) = 0, then P;.1(r) # 0 and also P,_4(r) # 0.

Cortsider again (3.05.2). At z =r, P,y = —P;;;. Hence P;_; and
P;,, have opposite signs at r and also throughout some small interval
(r — ¢ r+ ¢. Hence whatever the signs of P; at r — e and r 4 ¢, these
three polynomials present the same number of variations at r — ¢ as at
r + e

Now suppose Po(r) = 0. Then Py(r) # 0, and Pi(r) keeps a fixed
sign in some interval (r — ¢, r + ¢). If P, > 0 on this interval, then
Po(r - é) <0 <Po(7‘ ~+ 6), while if P, < 0, Po(?’ — e) >0> Po(?‘"l' e).
In either case P, and P; present one variation at 7 — ¢ and none at r + .

Hence if V, and V), are now the numbers of variationsin sign ataand b
of the sequence Po, Py, Py, . . . ,Pm,then Vo > Viifa < b,and Vo — V3
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is exactly equal to the number of roots of P = 0 on the interval from
a tob.

We have proved the theorem only for the case that all roots are simple
roots. By modifying the argument slightly, it can be shown that it is
true also when there are multiple roots, provided each multiple root is
counted only once and not with its multiplicity. This is in contrast
to Budan’s theorem where a root of multiplicity m was to be counted
m times.

In the practical application of Sturm’s theorem, if for any ¢ < m, P;
can be recognized to have no real zeros, then it is unnecessary to continue.
Moreover, the sequence can be modified to

CoP0=Q1P1—P2,
01P1=Q21)2"P3;

where ¢y, ¢;, . . . are positive constants. Thus if the coefficients of P
are integers, one can keep all coefficients of all the P; integers and,
moreover, remove any common numerical factors that may appear. A
convenient algorithm is the following: Let bo, b1, bs, . . . represent the
coefficients of P, after removal of any common factor, and write the table

Qo Ay a2 Qg
bo b1 bz b3
! ’ 14 ’
g € Cy C
where

ap a
' p+1
Cp =

bo bp+1} p—“‘-—O,l,....

Obtain, next, the sequence
Co C1 C2 C3

from the sequences b and ¢’ by
bo bp+1

/ (4
Co Cpt1

.

Cp =

Then these are the coefficients of Ps.

3.06. The Highest Common Factor. It is now easy to prove a theorem
utilized in §2.06. Let P, and P, be any two polynomials with highest
common factor D. There exist polynomials ¢o and ¢; such that

(3061) ) PoQo + P1Q1 = D

Suppose the degree of P, is not greater than that of Po. In deriving
relations (3.05.1), we were supposing that P, = Py, but this supposition
18 not at all necessary for those relations. The assumption was used
only in the proof of Sturm’s theorem. Hence for our arbitrary poly-
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nomials we can form the successive quotients and remainders (this is
called the Euclidean algorithm) and obtain finally their highest common
factor P, = D. Write these in the form

P, = @Q,P, — P,,
_Q2P2+P3= _Ply
QsPa + P4

S
. O

m—-2 Qm—-le--l + P = O

and regard them as equations in the unknowns Py, P3, . . . , Pn, the
coefficients @ being supposed known. The matrix of coefficients is unit
lower triangular and has determinant 1. Hence P, is itself expressible
as a determinant, in which P; and P, occur linearly, in the last column
only. Hence the expansion of the determinant has indeed the form of the
left number of (3.06.1), where go and ¢, are polynomials, expressible in
terms of the @’s.

3.07. Power Series and Analytic Functions. A few basic theorems on
series, and in particular on power series, will be stated here for future
reference. Proofs, when not given, can be found in most calculus texts.
Consider first a series of any type

(3.07.1) bo+ by + b+ - - -
where the b; are real or complex numbers. Let
(3.07.2) Sn =bo+bi+ - - 4+ ba

represent the sum of the first n 4+ 1 terms. The series (3.07.1) converges
to the limit s, provided lim s, = s, that is, provided for any positive ¢

n— o

there exists an N such that |s, — s| < ¢ whenever n > N. A theorem
of Cauchy states that the series (3.07.1) converges if and only if

lm |Spyp — 8a| =0
for every positive integer p. In particular 8,41 — 8, = by, SO that the
theorem implies, with p = 1, that the individual terms in the series
approach zero in absolute value.

If a new series is formed by dropping any finite number of terms from
the original, or by introducing any finite number of terms into the original,
the two series converge or diverge together.

The series is said to converge absolutely in case the series

[bo| + |b1] + |bo] + -

of moduli converges. If the series converges absolutely, then it converges
since

Ibn+l + bn+2 + - +- bn+p| S lbn+1| + ¢t + lbn+p|-
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If a series is absolutely convergent, its terms can be rearranged or asso-
ciated in any fashion without affecting the fact of convergence or the limit
to which it converges. This is not true of series which do not converge
absolutely. Also if for every n it is true that |b,| < |ba|, then the series

by + by + b+ -

converges if (3.07.1) converges, and it converges absolutely if (3.07.1)
converges absolutely. We shall say then that the series (3.07.1) domi-
nates the other.

Since

l+z+2*+ - +an=(1—2)/(1 — 2)

identically, it follows that the geometric series, obtained by setting
b; = vy, converges absolutely for any v and for any z satisfying |z| < 1.
In fact, for this series

(1 —2)"' — 8 = 2"*(1 — 2)7,

and when |z| < 1, this has the limit zero.
If for a real positive 8 < 1 it is true that lim |b,.,,|/|b.] = B, then

(3.07.1) converges absolutely. For select any positive ¢ <1 — B.
Then there is an N such that forn > N

[bnt1l/[ba] < B + .
Hence for any p
batsl/ba| < (B + €)7.

Hence the series
[bal + |basi] + = =+ = |ba|(1 + |baga|/|bn] + |bnsel/[ba]l + - - )

converges since it is dominated by the terms of the geometric series.

Hence (3.07.1) converges absolutely.
On the other hand, if for a real positive 8 > 1 it is true that

Hm [bn1|/|ba| = B,

n— «
then the series diverges.
If for some positive 8 < 1it is true that lim |b.|¥* = B, then the series

n— o«

converges absolutely, but if 8 > 1, it diverges.

Any convergent series has a term of maximum modulus. For since
the sequence of terms b, has the limit zero, for any e there is a term by
such that all subsequent terms are less than e in modulus. Choose € less
than the modulus of some term in the series. Among the N + 1 terms
bo, . . . , bw, there is one whose modulus is not exceeded by that of any
other of these terms, nor is it exceeded by the modulus of any b, for
n > N. Hence this is a term of maximum modulus.
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When the terms b; of the series (3.07.1) are functions of z, the limit,
when it exists, is also a function of z, and we may write

(3.07.3) f(@) = bo(x) + bi(zx) + ba(z) + - - - .

The series converges at z to the limit f(z) in case for any e there exists an
N such that |f(x) — sn(z)] < ¢ whenever n > N. Clearly N depends
upon ¢, and the smaller one requires e to be, the larger N must be made.
In general N will depend also on z. But if for every x in some region the
series converges, and if, moreover, for every ¢ there is an N independent
of x in that region, then the series is said to be uniformly convergent in
the region.

If every bi(x) is continuous, and the series is uniformly convergent in
some region, then f(x) is continuous in that region. To show that f(x) is
continuous at o in that region, one must show that for any positive e
there is a & such that |f(z) — f(z¢)| < ¢ whenever |z — x| < 6. Any
finite sum s,(x) is continuous, whence there exists a § such that |s,(r) —
8a(z0)| < €¢/3 whenever |z — 29| < 6. Let N be chosen so that |f(x) —
8.(x)| < €/3 for all z in the region whenever n > N. Hence °

|f(x) — f(z0)] _<_ l$a(x) — sa(xo)| + [f(x) — $u(2)| + [f(@0) — 8a(20)| < e.
In case
(3.07.4) fx) = a0+ a1z + asz® + - - -,

and the series converges for any z,, then the series converges absolutely
and uniformly for all z satisfying |z| < |zo|. For the series f(x,) has a
maximal term. Let this be y. Hence for every 7

(3.07.5) laxi| < 7.
But if [x| < |zo|, then since

lax?| < v/,
the geometric series v Z|x/xo|* converges and dominates the series for f(x).
Also any N that is effective for the series (3.07.4) when x = z,1s a fortiori
effective when |z| < |zo|, whence the series is uniformly convergent for
lz| < |zo|. Since every term is a continuous function of z, therefore f(z)
is a continuous function of z.

If the series (3.07.4) diverges for any x = x,, then it diverges for all z
of greater moduli. For if |z,] > |z, and the series converged at z,, then
by the theorem just proved the series would converge at xo, contrary to
hypothesis. Hence if the series converges for any x # 0, it either con-
verges for all z, or else there is some circle about the origin such that the
series converges throughout the interior and diverges at every point out-
side the circle. The behavior at points on the circle can only be deter-
mined by further study. This circle is the circle of convergence of the

power series.
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From (3.07.5) it follows that, if the series (3.07.4) converges for x = x,,
then for every ¢

(3.07.6) lai| < v/|x),

where v is the modulus of the term of maximum modulus.
We have seen that f(x) defined by (3.07.4) is continuous throughout its
circle of convergence. It is also differentiable throughout the same

circle, and
(3.07.7) f'(x) = ay + 2a:x + 3asz? + + - -

To prove this, let » = |z| < R, where R is the radius of the circle of con-
vergence; let o; = |a;|; and let

F(r) = a0+ awr + agr? + - - - .

If0 < 6§ < R — r, then the series F(r) and also the series F(r + 8) both
converge. Hence the series

U F(r + 6) — F(r)] = a1 + as(2r + 8) + as(3r? +3r6 + 8% + - - -
converges. If |h| < 3§,
= f(x + h) — f(x)] = a1 + a:(2x + h) + a3(32®> + 3zh + A% + - - -,

and this last series is dominated by the previous one. Hence as a series
in functions of & for a fixed x the latter series converges uniformly and
hence defines a continuous function of A. But for A = 0 we have the
series (3.07.7).

Thus a function defined by a power series (3.07.4) is continuous and
differentiable throughout its circle of convergence, and the series (3.07.7)
for its derivative converges in the same circle. But the same can there-
fore be said of f’, so that f’’ exists, as does f”/, . . . , and for each the
series converges in the same circle. The function f is said to be analytic
in the circle within which its power series converges. Since

f™(0) = nla,,
the series can be written in the form
(3.07.8) f(x) = f(0) + =f'(0) +=%"(0)/2!' + - - -,

and this is its Maclaurin expansion. By a change of origin one can also
write the more general Taylor expansion

3.07.9) f(z) = f(r) + (= — )f'(r) + (@ — )¥"(r)/21 + - - -

already given for the polynomials.
The series

(3.07.10) F(x) = Qo + alxz/z + a2x3/3 + « o o

formed by integrating each term from 0 to = has a radius of convergence
at least as large as that of f. Forif x # 0, the series z~'F(z) is dominated
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by f(x). However, since f = F’, the radius of convergence of F can be
no greater than that of f, as we have seen.
If f(x) is an analytic function, the equation

(3.07.11) fx) =0

will be said to have a root r of multiplicity m in case (x — r)~"f(x) is
analytic at 7 but (x — r)~"1f(x) isnot. But from the expansion (3.07.9)
it appears that this will be so if and only if

0=70r) =f(r)=""- =00 # fm(r).
Hence, in that case
f@) = (@ = D@ /ml 4 - -
In particular, the equation

f@)/f' (=) =0

will have only simple roots, if any.
Budan’s theorem holds in the case of an analytic function provided,
for some k, f® (x) keeps the same sign throughout the interval from a to b.
3.08. Kdinig’s Theorem. Consider any function

(3.08.1) ' f(z) = a0+ arz + as2® + - - -

for which the expansion converges in some circle about the origin. Sup-
pose that within this circle f(z) has one and only one zero «, which is
simple. Let g(2) be analytic throughout the circle and g(a) # 0. Then
the expansion

(3.08.2) g/f = h(z) = ho + hiz + h2®+ - - -

converges for all |2| < |«|, while the expansion

(3.083) (a —2)h(z) =F(@) =ko+ kiz+ koz?+ <+ F+kz" 4 + ¢ »
converges throughout the circle. Then for |z| < |

(3.08.4) (a—2)(ho+hiz+ - ) =ko+ kg4 ¢+

so that

aho = ko,
(3.08.5) ThtahTh
—h,1 + ah, = k,.
On multiplying these equations by 1, o, o?, . . . and adding, one obtains
ath, = ko + kia+ - - + k,a”.
Let

(3.086) F,(2)=ko+kiz+ -+ + k2 =F(k) — R,.1(2).
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Then

(3.08.7) hy, = a7 F,(a) = a " Y[F(a) — R,1(a)],
and
(3.08.8) hy/hyy1 = aF () /F,11(a).

However, F is analytic at a, and the series (3.08.3) converges for z = a.
Let p’ be the radius of convergence of this series and let p satisfy |a| <
p < p'. Then the series converges for z = p. If v is the modulus of the
term of maximum modulus of the series F(p), then

k.| < v/p".

By (3.08.8)
a — hy/hy+1 = k,+1a”+2/F,,+1(a).

Hence

(3.08.9) la - hV/hH-lI < I"laH—l/PH-l‘;

where u is some positive quantity depending upon the value of v, «, and
F(a). Since |a/p| < 1, this proves that

lim hy/hy+1 =

and shows, moreover, that the convergence is geometric with a ratio

|/ pl.

Konig’s theorem has an important extension to the case in which f(z)
has exactly n simple zeros within some circle about the origin. The
extended theorem and its proof are sufficiently well illustrated by the case
n = 2, and this will now be given. Let the zeros be a; and a2, and sup-
pose that within some small circle about the origin f(z) has these and no
other zeros. Take g and h as before but with g(a;) # 0 and g(az) 7 0.
Let

(3.08.10) P(2) = bo(1 — 2/a))(1 — z/as) = bo + b1z + bs2?,
and now take
(3.08.11) P(2)h(z) =F(2) = ko + kiz + ko2 + - - - .
Then F(2) is analytic throughout the circle. We set

(bo + b1z + b2 (ho + iz + - - ) =ko+ ke + - - -

so that
boho = kOr
b1ho + boh1 = kl,
bzho + blhl + bohz = kz,
(30812) bohy + bihgy 4 bohs = ka,
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If we multiply these equations by 1, a;, a?, . . . , a?, and add, we obtain

(a7 %o + atby)h,—1 + alboh, = F,(ax),
where F,(z) is defined as in (3.08.6). Likewise

(atbo + aftb1)h, + aitboh,t1 = Fopa(ai),
and
(artbo + a*21)hyir + a2+2bohyys = Fopa(a).

These equations hold for ¢ = 1 or ¢ = 2. Multiply the first of these
equations through by o?, and the second by ;. The equations then show
that the determinant

hy_l h,. afF,(a.;)
h, hv+1 az’FH—l(af) = O,
hv+1 hv+2 Fv+2(a1')

since they express the linear dependence of the three columns.

Now if p’ is the radius of convergence of (3.08.11), p satisfies |as| < p <
p’ for 7 = 1 and 2, and v is the modulus of the term of maximum modulus
of the series F(p), then

IRyi1(ai)| < vlart1/p (1 + |ai/p| + - - )
= vlaz*1/p"*!/(1 — |e/pl).

If |a2| > |a1|, then
|Bysa(e)| < vlagtl/port]/(1 — |as/pl),

|Ryra(a)| < vlagtl/p*+ /(1 — |as/pl),
IR, y3(ai)| < vlag*tt/p"*Y /(1 — |az/pl).

Let @ = a; in case |F(a;)| > |F(a,)|, otherwise a = «;, and set

M = ~v/[|F()|(1 — |as/pl)],

and, a fortiori,

p = |as/pl.
Then if the equation
‘hv hy-—l 2?
(3.08.13) hyyp hy, 2z | =0
hvra hyyr 1

is expanded to the form

where the coefficients represent the cofactors of the powers of z in the
determinant (3.08.13), then each of these coefficients differs by a factor
of less than Mu*+! from the coefficients of a quadratic

c2?+ciz+co=0
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satisfied by a; and a;. Hence in the limit for large » the quadratic

(3.08.13) is satisfied by the two roots a; and a; of smallest modulus of

f = 0, if such exist within the circle of convergence of the expansion of f.
In the general case of n roots the equations of the sequence are

h, h,—1 . .. h,,__n+1 2"
n—1
(3.08.14) Pt B e FT
hp+n hv+n—-—1 hv+1 1

3.1. The Graeffe Process. We turn now to methods for solving a sin-
gle equation in a single unknown. We have seen that one can express the
sum s, of the pth powers of the roots of an algebraic equation as a rational
function of the coefficients of the equation by relations (3.02.5). But
we can write

sp = 1L + a3/af + aB/xt + - ).

Hence if there should be one root that is larger than all the others, say z;,
then for a sufficiently large p all fractions within the parentheses should
become negligible, and we would have approximately

8p = %,

and in particular

lim sl/? = x,.

p—
Hence if a feasible method could be found for computing s, for sufficiently
large p, we could take the pth root of this and obtain thereby an evalua-
tion of the largest root (in case there is such) of the equation.

The Graeffe process does this, and somewhat more. If we write the

equation in the form

(3.1.1) ax™ + asx®* 2+ ax™*+ - = —aix*! — aqzxnd
—_— aax“'—'s — e e
and square both sides, we obtain

+ 20,0804 4 - - -
or

ajr®™ + (2a0a; — a})z’% 4 (2a0a4 — 20103 + a)x?"t 4 - - - = 0.
Since only even powers of x occur here, this can be written

(3.1.2) aly™ + (2a0a2 — ad)y™ ! + (2a004 — 20105 + a2)y™?
+ - =0,
where

y =z



NONLINEAR EQUATIONS AND SYSTEMS 107

Hence we obtain a new equation whose roots are the squares of the roots
of the original equation. If we repeat, we obtain an equation whose roots
are the fourth powers, another repetition gives one with the eighth
powers, etc. After p such operations we obtain an equation whose roots
are the 27th powers of the roots of the original:

(3-1.3) a(()p’x?p) + agp)x'("p-)'l T R — 0‘

At any stage if we write the coefficients in sequence
(
a® aP aP aP aP ...,

then to get the new sequence a®*+V we take the product of a{® by the
coefficient symmetrically placed with respect to a{” and double, subtract
the double product of a{” by its symmetric mate, . . . , ending with
+a®’. Now if the roots are x;, then

3.14) afac = —Zz;, aP/aP = —Za?, ..., aP/aP = —ZaP.

If the roots are all distinct, and z; has a modulus larger than that of any
other root, then eventually

(3.1.5) , —aP/afP = z¥.
Now it is also true that
o /af = z (@)™,
(3,9)
so that by a similar argument we can take eventually

a/afP = (z122)",
a(2p)/a(1p? = _xgpa

(3.1.6)

if the modulus of z, exceeds that of every other root except for ;. Again

aP/aP = —(x17273)%,
ap/ap = —a¥;

3.1.7)

If the equation has only simple real roots, all relations (3.1.7) are valid
for sufficiently large p. The signs of the roots are undetermined, but
these can be obtained by substitution or in other ways. But if P(x) is
real, and the equation has complex roots, these occur in complex conjugate
pairs with equal moduli, and there may be any number of unequal roots,
all having the same modulus. For example, all n roots of

2 —1=0

have unit modulus, and the method fails.
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If there is one pair of complex roots whose moduli exceed the moduli of

all others,
21| = |@o| = o > |24 (z > 2),

then in polar form
x; = p exp 10,
T2 = p €Xp (—7'0)7
so that for m = 27
T = p™ exp mub,
xy = p™ exp (—mab),
and
T + 27 = 2p™ cos mé.

Hence for larger values of p, cos mé will fluctuate in value and even in
sign, causing a{®/a{® to do likewise. However, in a{?/a{® the dominant
term will be

T = pPm,

If we can be sure that we stop where cos m#8 is not too small, then z7 + 27
will dominate the other terms in a{?’/a{’, and we can obtain both p and
6, but with the quadrant of 6 undecided.

This indeterminacy can be resolved if we apply the root-squaring
process to the equation

Ply+h) =0

as well as to the original equation, where h is a small fixed number (using
the method of §3.04 to obtain the coefficients of y). Each root y; of this
equation is related to a root of the original equation by

yi=x;~—h,

and if h is small enough, the moduli of y; and y, will also exceed the
moduli of all the other roots. If

o = |yl = |yal,

then our roots z; and z; lie in the complex plane where the circle of radius
p about the origin intersects the circle of radius ¢ about the point A units
to the right of the origin (or —h units to the left if h is negative). This
determines 6 uniquely. In case there are other roots z; with the same
modulus, the corresponding roots y; will have different moduli, and this
difficulty is thereby removed.

3.11. Lehmer’s Algorithm. The technique of investigating the roots
y: of P(y + h) = 0, along with the roots z; of P(x) = 0, has the dis-
advantage of requiring two applications of the Graeffe process in addition
to the special computations involved in the determination of the coeffi-
cients of y. Moreover in selecting h, one should be careful to make it



NONLINEAR EQUATIONS AND SYSTEMS 109

small enough so that, if roots z; and r; are such that |z;| > |z;|, then also
|wi — h| > |z; — Al

Brodetsky and Smeal therefore make the natural proposal that h should
be ““infinitesimal,”” and Lehmer has developed an effective algorithm.

The original Graeffe process can be described in slightly different terms
by saying that we start with a polynomial P(x) and obtain from it a
polynomial P;(x) whose zeros are the squares of those of P; from P, we
obtain P;(x) whose zeros are the squares of those of P, and hence the
fourth powers of those of P, . . . . On setting Py = P for uniformity,
one verifies that

(B.11.1) Pur(x) = Po(vD)Py(— V), »=0,1,2,....
In fact
Po(z) = adl(z — ), _
Pi(z) = aI(\/z — z)(— VZ — 2) = Po(\/2)Po(— VT)
= agII(-—x + 13,2),
and the general statement follows by a simple induction.
If we write
Qo(z) = adl(z — z: — h), _ -
Qi(2) = afll(Vz — 2 — B)(— vz — & — h) = Qu(v/Z)Qo(— Vz)
= afll[—= + (z:; + )%,

and continue the same procedure with

Qp+1(x) = Qp(\/z)Qp("‘ ‘\/5),
then we find inductively that @,(x) is a polynomial whose zeros are the n

quantities
(z, + B)™ = 2 + mha?1 4 - - - | m = 27,

where the terms omitted contain h? and higher powers of A.
Lehmer’s algorithm is obtained by setting

(3.11.2)  ¢o(x, h) = (x — h)~"Po(x — h)
= a0+ a(w — B)~ + 4ol — B)EF - - -

and defining recursively

(3.11.3) ¢51(Z, B) = ¢p(VZ, B)dp(— V/Z, h).
Then

(3.11.4) Qp(z) = (b — z)"¢p(x, h).
Also

$o(x, h) = ¢o(z, 0) — hef(z, 0) + - -
=ao+axt+ax i+ 0 +hbat+ b+ - - )
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where
&) = 9¢/dx = —3¢/oh,
and
b, =(r—Dary, 7=238,....

By direct calculation from (3.11.3) if
(3.11.5)  ¢pu(x, b) = af*? + aPtVr~! + aPtVax=2 4 - - -
. + 201 (bP+VL! 4 bPHUL2 4 . - Y)
..I_ s,

we obtain the recursion

r—1
apt? = (=1yaP +2 Y (~Drapap, r=01,...,
ve=0

(3.11.6)
b+

2r—1
z (—1>va£p)b§¥)_” r=12 ..
v=0

-

If ao = 1, as we may suppose, then a{® = 1 for every p. From
(3.11.4), Q, and (—=x)"¢, differ only by terms containing the factor A?".
Hence the coefficient of x—!in ¢, is the sum of the zeros. But the zeros

are of the form
(x; + h)™ = 2™ 4+ mha?—t 4 - - - .
Hence

(3.11.7)

a(lp) = —Zx;",
bP = — 2L

But if there is a root of largest modulus x;, then for p sufficiently large it
follows that

(3.11.8) £, = aP/bP,

approximately. Thus we obtain the solution directly without the need
for a root extraction. Again if

|| > |ao| > - - -,

then
aP = z7ry,
(3.11.9) bP = zr=1z7-1(zy + ),
whence
(3.11.10) ze = 1/(bP/aP — bP/aiP).

In like manner if
lza] > lzo| > |zal > - ¢ -,
then

(3.11.11) 23 = 1/(bP/aP — bP/aP).
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There are many special cases that can occur, and effort will be made,
not to enumerate them all, but only to suggest how they can be treated.
If x, is a root of multiplicity k and

22| > |Trga| = - - -,
then
ap = —kay,
b = —kayt,

so that (3.11.8) still holds. Moreover,

(—1)kaip = 2t™,
(—1)*bP = kghm—1
(~1)**iag, = atnap,,
(— DR, = aimapr! + kafmlap, .

Hence
Try1 = 1/(17;3;31/‘15:-’;31 — bP/aP).

Analogous relations can be worked out for a multiple root of intermediate

modulus.
The most important case of unequal roots of equal modulus occurs for
a real polynomial with complex roots. Suppose, for example,

|271| = lle > |xs] > - - -
Then if P(z) is real, and z; ## *2x,, we can write
x, = pexp (16), =z = pexp (—10),
xT = p™ exp (mif), g = p™ exp (—mi6).
Since

exp (£20) = cos 6 * ¢ sin 6,

a{® will contain the term —2p™ cos mé# which will oscillate in value with
increasing p and m but will dominate the other terms whenever m# is not
too far from an integral multiple of 7. When this is the case, we may say

a{P? = —2p™ cos mb,
b{P = —2pm™ ! cos (m — 1)6.
Also
aP = p’",

bP = 2p?™1 cos 6.
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Since p is real and positive, thisis obtainable from a{?’ by a root extraction,
and then @ can be found from b{ or, in fact, from b{ or a{”. In any
event there is no ambiguity since the two possible quadrants for 6 corre-
spond to the two roots z; and z..

3.12. Transcendental Equations. If one sets z = z~!, an equation
equivalent to P = 0 is the equation

(3.12.1) f(z) = ao + a1z + as2? 4+ - =0

in z. Each formula referring to the application of the Graeffe process in
either the original form or that given by Lehmer remains valid if each
z root z; is replaced by z;!, the reciprocal of a z root of (3.12.1). But
when this is done, they are applicable also to the case when f is analytic
and not necessarily a polynomial. That is to say, if among the roots of
(3.12.1) which lie within the circle of convergence there is a root z, whose
modulus is less than that of all the others, then

(3.12.2) lim aP/a{p = —2¥,

' and -]
which corresponds to (3.1.5), and
(3.12.3) lim b{P/aP = z,,

p—> ®

which corresponds to (3.11.8). Polya’s demonstration of the formulas
such as (3.12.2) will now be sketched briefly.

Suppose that the series f(z) converges inside a circle of radius p’ at least
and that the equation has exactly n roots, 21, 25, . . . , 2., of moduli less
than p’. Choose p and designate the roots so that

l21] < 2o £ - - - < za| < p <P

It is no restriction to suppose that ap = 1. For any positive integer m,
let
w = exp (2ri/m) = cos (2x/m) + ¢ sin (2r/m).

Thus w is a complex mth root of unity, and one can verify that the other
complex roots are w? . . ., o™ ! and that

1+w+w2-*_ ce s ™! = 0.
This done, one can verify that the product
(3.124) f@)f(we) + + - f@™2) =1+ Qume™ + g™ + - - -

contains only powers of z». The Graeffe process takes advantage of this
in the special case when m is some power of 2. The theorem states that

(3.12.5) lim 272D - - - 2Pagm = (—1)"

m—> «
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If we w'rite
f=@—2)(@—2) (2 — 23)9(2),
8.126) fi/ff=(@@—2) '+ -+ (@ —2) '+ bi+ bz 4+ -
where
¢'/¢=b1+bzz+ o,

then the series ¢’/¢ has a radius of convergence at least p’. Hence for
some +y

(3.12.7) ba| < |7l
On integrating (3.12.6) from 0 to z and taking the antilogarithm,
(8.12.8) f(2) = (1 — 2/z1) -+ - (1 — 2/2.) exp (b1z + b22%/2

+ b3z8/3 + - .),

(3.12.9) f(Z)f(wZ) <o f(w’"—lz) = (1 —_— zm/z"l'l) o o o
(1 —2m/z2)(1 + Bime™ + - - ),

where

1 4+ Byimz™ + Byn2®™ + -+ + = exp (bne™ + b2nmz?™/2 + b3nz®™/3
+ .- ).

~ To express the coefficients B, in terms of the b,m, consider the related
problem

14+ Aw+ Ay’ + - - - =exp (e + azy®/2+ - - ).
By differentiating both sides with respect to y, we get
Ai+ 24+ - =(artay+ - - )A+ 4w+ A?+ - - 0).
Hence on multiplying and comparing coefficients, we obtain the recursion
A1 = ag,

24, = a1A1 + ay,

345 = ands + a2l + a3,
Hence

Bl,m = bm,
2B2,m = mel,m + b2m,

3B3.m = me2.m + b2mBl.m + b3m,

It follows immediately from the first of these relations and (3.12.7) that
|B1.m| < 'Y'P_ml)

and if ¥ > 1, as we may require, one can show inductively that

|Bpml < v7lpm?m.
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Now from (3.12.4) and (3.12.9)

(3.12.10) 1 4+ ayime™ + Ao m2?™ 4+ - -
= [1 — 2m Iz 4+ -+ ( 1)"2""‘z"’” o . e z;‘m](l + Bl’mzm + .- )

Hence, by comparing coefficients of 2™,
Z?Z’zn o o o z’:an'm = (—1)” + (—1)”_131,"‘ EZ:"’ + (_1)n—2B2m 2z z"'z’"

1<)

+-..+Bﬂ'mzm..-Z.

*3

But
|Br.m 227 < nylz./p|™,

n
Bum Y, ) < (1) wlen/on,

1<J

oooooooooooooooooo

For fixed n, as m increases, the first term vanishes as |2./p|™, the second
as |z./p|*™, . . . . Hence

(3.12.11) 2mer - 2w = (—1)" 4 0(|2a/p|™).

This is the required theorem.

3.2. Bernoulli’s Method. The Graeffe process has the decided advan-
tage that the exponents m = 27 themselves build up exponentially.
Hence if one is fortunate enough to have the roots reasonably well
separated in the original equation, he may hope that only a relatively
small number of root squarings will be required. It has the further
advantage that, in principle at least, it yields simultaneously all the
roots of an algebraic equation and all roots within a circle of analyticity
when the equation is transcendental. Hence, once the squaring has been
carried sufficiently far, all solutions are obtainable by simple division or,
at worst, by root extraction.

The methods now to be described do not converge nearly so fast; they
give only one root, or at most a few roots, at a time; and in some cases
they require some previous knowledge of the approximate locations of the
roots to be determined. Nevertheless, they all have one striking advan-
tage. FErrors, once made, do not propagate but tend to die out. If
there were no round-off error, they would die out completely. A gross
error might cause the process to converge to some root other than the
one intended, however. But the self-correcting tendency suggests that a
method of this type might be useful at least for improving approximate
solutions obtained by, say, Graeffe’s method, but with insufficient
accuracy.

Let the equation

(3.2.1) fG) =ar+az+ax?+ =0
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have a single root « interior to some circle about the origin throughout
which f(2) is analytic. Then if g(z) is analytic throughout the same
circle, and g(a) # 0, it follows from Koénig’s theorem that h./h.,11— a,
where

(3.2.2) 9/f = ho + haz + hy2? + - - -
Now if

(3.2.3) g(2) =go+ giz + g2+ - - -,
we can set

gotgiz+ -+ =(@+taz+ Yot hezt )
and compare coefficients to obtain the recursion

aoho = Go,

aohy + artho = ¢,
(3.2.4) aohs + aih: + azho = g,

so that, if ao # 0, the h, can be obtained in sequence.
In the case of an algebraic equation

Plx) =axx*+axx™ 1+ - -+ 4+ a0 =0,

,\2) = 2"P(27?) is also a polynomial, and the root « is the reciprocal of
some root z; of P = 0. If g is taken to be some polynomial of degree
less than n, then for » > n

(3.2.5) aoh, + ath,_1+ - - - + ah,—, = 0.

However, instead of first making a nearly arbitrary selection of g(z), one
can just as well select ho, Ay, . . . , hn_1 arbitrarily and apply only
Eq. (3.2.5). One never needs to know the function g explicitly. It
might happen, by chance, that the selection of hy, . . . , h,—; defines by
(3.2.4) a polynomial g which vanishes at «, but if so, the sequence h,/h,,
may converge to some other root.

Bernoulli’s method, properly speaking, is the method just described
for an algebraic equation, though the usual derivation is somewhat differ-
ent. If the roots z; of the algebraic equation P = 0 are all distinct, then
for any choice of ko, . . . , hn—1, the n equations

Zux? = h, p=0...,n—1

can be solved for the u;, since the determinant |z?| is a Vandermonde
which vanishes only when two or more of the z; are equal. If now
hny hat1, . . . are determined by (3.2.5), then

zu;x: = h)
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for every ». But if x,, say, is the largest root, and u, # 0, then

hy, = 23(ur + ux}/2; + - - 1),

and for » sufficiently large, h, = wuz}, and hence h,/h,4; = 27! = a.

To return to the general case where f may or may not be a polynomial,
there may not be a circle about the origin containing only a single root.
It may be, instead, that there are two conjugate complex roots a; and as,
for which therefore |ai| = |az|, and which, however, lie within some
circle which contains no other root. If so, we can apply the extension
of Konig’s theorem, computing the h, as before, but forming a quadratic
equation (3.08.13), for » sufficiently large, whose roots will be a; and
a; approximately. More generally, if there are » distinct roots with
equal moduli, (3.08.14) can be applied. However, it may be preferable to
set 2 = y + u for some fixed u, and apply the method to the resulting
equation in y.

If there is some circle about the origin which contains only the root a;,
a somewhat larger one which contains only «; and a3, a still larger one

containing only ay, az, and a3 . . . , then in principle one can obtain
all roots ay, as, a3, . . . without a change of origin. Thus having found
ay, we can apply the extension of Konig’s theorem, and on setting
hr hv—l
(3.2.6) H® = har b |
obtain
HP/H®, — aia,.
Again if
hv hy—l hr—2
(3.2.7) H® = |hyr h,  hy_1)
hv+2 hv—i-l hr
then

HP/H®, — ajonas.

Aitken has given a convenient recursion for calculating the determi-
nants H® of successively higher order. The formula is

(3.2.8) HPVHpPY = HP* — H® H®,, p=12 ...,
where for uniformity we set
H® =1, HY = h,.

For p = 1 the equation merely gives the expansion of the determinant
(3.2.6). The proof is sufficiently well illustrated for p = 2 and is based
upon a classical determinantal identity. The sixth-order determinants
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are equal, since the second is obtainable from the first by subtracting the
fourth, fifth, and sixth rows, respectively, from the first, second, and third.
But the second one vanishes, since in the Laplace expansion by third-order
minors every term contains a determinant with a column of zeros. The
Laplace expansion of the first along the first three rows has six nonvanish-
ing terms, but these are equal in pairs. When the three distinct terms
are written out, one obtains

h, b1 hy2| |hymx 0 1 hy—x bz O| [By hyy 1
hy+1 h, hy-—l * h,, 0 0 - hy h,__l 0 * hy+l h,. 0
hyve hyy1 hy hyvs 1 0 hytr h, 1| |hvye hyyr O
by hy—o 1| |hy hyyt O

+|h, hy—y O|-|hyys h, O0|=0.
hvir by O] |hiye hipr 1

On simplifying and rearranging, we obtain (3.2.8) for p = 2. The gen-
eral case requires the expansion of a vanishing determinant of order
2p + 2 formed in a similar manner.

Aitken first proposed his 8% process, described below, as a device for
accelerating the convergence of the sequence H»’/H®,. If the sequence

uO, ul’ u2’ . . .

converges geometrically to the limit u, that is to say, if for some k,
|k| < 1, it is true that

u, — u = k"(uo — u),
then for any »
Uy—1
u’

Uy

/(uv—l - 2“» + uv-{-l) = U.
Uy41 )

The proof can be based upon the further property that, if

W =u+ o, w, = u, + w,

the same identity holds when the quantities are primed. In fact, by
direct substitution one finds that, when each term in the sequence is
increased by w, the entire quantity on the left is increased by w. We can
therefore take w = —wu and consider the sequence whose limit is O.
But by direct substitution, then, the determinant is seen to vanish,
which proves the assertion. In §3.08 it was shown that each sequence
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u, = HP/H®, for fixed p converges geometrically (in the limit). Hence
we may expect that the derived sequence

Uy—1 Uy

Uy—y — 2 U
u, u,+1 /( y—1 uv+ v+1)

) —
u,’ =

would converge more rapidly than the original one. This is Aitken’s §?
process. A second derived sequence, u{?, can be formed from the ("
just as the u‘? was formed from the u,. It is to be noted that in forming
a term in a derived sequence one can neglect all digits on the left that
are common to the three terms being used. This is because of the prop-
erty that in increasing each term by w the result is increased by w.

We conclude this section with a brief mention of an expansion due to
Whittaker. In (3.2.4) we are free to take go = ao, g1 = g2 = + - - = 0.
If the first v + 1 of these equations are regarded as » + 1 linear equations
in the » + 1 unknowns hq, hy, . . . , h,, the solution for 4, can be written
down in determinantal form (cf. §3.32 below). Hence the ratio h,/h,,;
can be expressed as the ratio of two determinants. Moreover, one can
write

a = ho/h1 + (h1/h2 — ho/hl) + (h2/h3 - hl/h2) + -,

and therefore a can be written as the limit of an infinite series involving
quotients of determinants. A slight transformation yields

a = ho/h1 + (h? — hohs)/hihs + (2 — hihs)/hshs + - - -,

and the numerators in these fractions are second-order determinants
whose elements are themselves determinants. One can now apply an
identity of the same type as the one used to demonstrate (3.2.8) and
obtain Whittaker’s expansion:

3 | @203
o alas % 102
(3.2.9) a= —— — - -
ax a1a2 a1Q2 a1a203
1
aoay aoQy Qo102
anaz

3.3. Functional Iteration. If ¥(x) has no pole which coincides with a
root of

3.3.1) fx) =0,
and if
(3.3.2) ¢(2) =z — Y(@)f(2),

then any root of (3.3.1) satisfies also
(3.3.3) z = ¢(x).
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In particular if Y(z) is analytic and non-null throughout some neighbor-
hood of a root a of (3.3.1), then « is the only root of (3.3.3) in that
neighborhood of a. This suggests the possibility of so choosing ¢ that
the sequence

(3.3.4) Tip1 = ¢(xz)

converges to a, provided the initial point z, is sufficiently close to a.
In fact if the sequence (3.3.4) converges at all, it must converge to a solu-
tion of (3.3.3), since clearly the sequences z; and ¢(x,) have the same
limit. Consider first the conditions upon ¢ that will ensure the conver-
gence of (3.3.4).

Define the p neighborhood N (xo, p) of 2, by

(3.3.5) N(zo, p):|x — zo| < p.

That is, the p neighborhood of z, is the set of all points x within a distance
of p from zo. Now if for some positive k¥ < 1 and some p it is true that

(3.3.6) lp(z") — o(z"")| < k for ' and =’ in N (e, p),

and if z, itself is in N(e, p), then every x; in the sequence (3.3.4) is in
N(«, p), and the sequence converges to a. For

Tip1 — a = o(x;) — ¢(a),
so that
i1 — a = |¢(x) — ¢(a)| < klzi — o < |z — al,

and inductively every z; lies in N(a, p). Also
(3.3.7) |z — o < kil — <

by an induction that can be carried out once we know that every z; lies
in N(a, p). Since k < 1, therefore, the distance |r;, — a| decreases

geometrically at least.
Now suppose that for some z, and p and a positive k < 1 we have

(3.3.8) |6(z") — ¢(@”)| <k for 2, 2" in N(zo, p),

the condition holding in a p neighborhood of z,, while at x, we have

(3.3.9) lzo — @(wo)| < (1 — k)p.

We do not now presuppose the existence of a solution. Instead we show
that the sequence defined by (3.3.4) has a limit a which lies in N (z,, p)
and which satisfies our equation. Hence the conditions (3.3.8) and
(3.3.9) are together sufficient to assure us of the existence of a solution
and that it is obtainable as the limit of our sequence.

We show first that every term in the sequence lies in N(zo, p). We are
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assured by (3.3.9) that z; = ¢(x0) does, since this is equivalent to saying
that
|zo — 21| < (1 — k)p < p.

If also x4, 3, . . . , z; all lie in N (=, p), then since
|Ziv1 — 2] = |¢() — d(@i1)| < klzi — 24,
and by induction

lxs'+1 - xil < kilﬁh - xol < k"(l - k)P,
therefore

|Tiv1 — @] L i1 — 2l +l2i — 2id| + ¢+« - + |21 — 20
<@+ A D0 =B = (L= k) <

Hence the series

|x0l+|$1-—xo|+|x2—x1|+

-

converges, and hence the series
o+ (T1 — o) + (T2 —11) + * -+ -

converges absolutely. But the partial sums of the last series are the z..
Hence the sequence (3.3.4) converges, and the limit therefore satisfies
(3.3.3).

If ¢ is analytic in some neighborhood of a root «, as will be assumed
throughout, and if

(3.3.10) |¢'(a)| < 1,
then for any & which satisfies
[¢’(a)] <k <1

there exists a p sufficiently small so that (3.3.6) will be satisfied. Hence
(3.3.10) is sufficient to ensure the existence of some neighborhood of «,
though possibly small, within which (3.3.4) converges. However, it
appears from (3.3.7) that the convergence is more rapid for smaller k,
and hence for smaller |¢'(a)|. Hence it would be advantageous, if pos-
sible, to make ¢'(a) = 0. When this is the case, we shall say that the
sequence (3.3.4) has second-order convergence or, more briefly, that the
iteration (defined by) ¢(x) is a second-order iteration. More generally,
if :
(3.3.11) ¢'(a) = ¢"(a) = + + - = ¢™D(a) =0,

the iteration will be said to be of order m at least, and of order m exactly
if ™ (a) # 0. While one can write in general the expansion

(33.12) ¢(@) —a= (z — a)¢'(a) + (z — @)2¢""(2)/2! + - - -,
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(since ¢ is supposed analytic), when the iteration is of order m, one can
write

(3.3.13) () —a= (& — a)"p™(a)/m! + - - - .
In this case
Tipn — a = (z; — &)"¢™(a)/m! + - - - .

3.31. Some Special Cases. Some classical methods of successive
approximation are methods of functional iteration as here understood.
Horner’s method is not, and since it has little to recommend it in any
case, it will not be described here.

3.311. First-order tterations. Best known of these is the regula fals:.
This applies to real roots of real equations, algebraic or not. If f(2’) and
f(z'") have opposite signs,

ze = [z'f(2") — a"f(x")]/[f(z") — f(a")]
lies between 2’ and z”/. The chord from the point 2/, f(z") to 2", f(z"’)
intersects the = axis at x, as one verifies easily. It is no restriction to
suppose that f(z2)f(x’) > 0, since otherwise we can reverse the designa-
tions of ' and /. We now let z, play the role of z”’ and repeat, or we
let 2’ = z, and regard this as the first step in the iteration. Hence we
are taking

(3.311.1) ¢(z) = [2'f(z) — =f(x")]/[f(z) — f@')].
The derivative ¢’(a) is seen to be
¢'(@) = [f@') + (a — 2")f"()]/f(z").

In case f has continuous first and second derivatives near «, then the
Taylor expansion gives

@) = fla) + (&' — a)f'(a) + L5(=" — )" (z"),

where now z’’ is some point on the interval (o, ). Hence

f@) + (@ — 2)f'(a) = 25(&" — )" ("),
¢'(a) = J5(z" — a)’f"(z")/f(").

Hence for 2’ sufficiently close to «, ¢’(«) will be small, and there will exist
an interval about a over which

|¢’(x)] < k < 1.

Hence once we find an initial =’ close enough to «, the subsequent itera-
tion will converge to the solution. The choice (3.311.1) of ¢ is equivalent
to the choice

and therefore

v = (z— 2)/[f(z) — f(z)]
in (3.3.2), as we verify directly.
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Geometrically this method amounts to drawing a series of chords
all passing through the point 2/, f(x"). The sth chord passes also through
T;_y, f(z.—1). Instead we might take a series of parallel chords. For
this

¥y =m,
where m is the constant slope. Then

¢(x) =z — mf(z),
and

¢'(x) = 1 — mf'(2).

If f’(x) has fixed sign throughout some neighborhood of the solution, we
choose m to have the same sign and, in fact, such that throughout the

interval
2 > mf'(x) > 0.

3.312. Second-order iterations. 1If we take

(3.312.1) ¢(z) =z — f(z)/f (x),
which is to say
(3.312.2) Y(x) = 1/f'(2),
we obtain the well-known Newton’s method. The derivative is
(3.312.3) ¢'(x) =1 — [f"(=) — f@)f"(@)]/f*(=x),
whence
¢'(a) = 0.
If « is not a multiple root,
f'(e) # 0,
and for any positive k there is a neighborhood of a throughout which
¢’ (@) < k.

The requirement often made that at the initial approximation z, we
should have

f(@o)f"" (o) > 0
is not strictly necessary.

Newton’s method applies to transcendental as well as to algebraic
equations, and to complex roots as well as to real. However if the equa-
tion is real, then the complex roots occur in conjugate pairs, and the
iteration cannot converge to a complex root unless x, is itself complex.
But if z, is complex, and sufficiently close to a complex root, the iteration
will converge to that root.

For algebraic equations, as each of the first two or three «, is obtained, it
is customary to diminish the roots by z; by the process described in §3.04.
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Or rather, one first diminishes by x,; then one obtains z; — x, and
diminishes the roots of the last equation by this amount; then obtains
z; — x; and diminishes by this amount, etc. Since

f@i+w) = f(x;) +uf'@x) + - - -,

one has always that z;,.1 — z; is the negative quotient of the constant
term by the coefficient of the linear term. Hence one calculates f(z;) and
f’(x;) in the process of diminishing the roots at each stage.

However, f(x;) decreases as one proceeds. When f(x;)/f'(x;) becomes
sufficiently small, one can write

u = —[f(xs) + vy (z)/2! 4+ - - 1/f' (=),

which is exact. When u is small, the terms in u2?, 43, . . . become small
correction terms, and subsequent improvements in the value of u can be
made quite rapidly by resubstituting corrected values.

When Newton’s method is applied to the equation

z? — N =0,
the result is a standard method for extracting roots in which one uses
¢(z) = (z + N/x)/2.

3.32. Iterations of Higher Order: Koinig’s Theorem. If one applies
Newton’s method to any product ¢(z)f(x) to obtain a particular zero « of
f(z), one always obtains an iteration of second order at least, provided
only ¢(a) is neither zero nor infinite. Hence one might expect that by
proper choice of ¢ it should be possible to obtain an iteration of third
order or even higher. This is true; one can in fact obtain an iteration of
any desired order, and various schemes have been devised for the purpose.
Some of these will now be described. However, one must expect that
an iteration of higher order is apt to require more laborious computations.
The optimal compromise between simplicity of algorithm and rapidity
of convergence will depend in large measure upon the nature of the avail-
able computing facilities.

Consider first Konig’s theorem. In the expansion

h(z) = g/f = ho + hiz + ho2® + - - -,
we have Taylor’s expansion about the origin in which
h, = h(0)/rl.

If we move the origin to some point z, we can restate the theorem in an
apparently more general form, as follows:
If in some circle about x the equation

3.32.1) f@@) =0
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has only a single root «, which is simple; if f(z) and g(z) are analytic
throughout this circle, and g(a)  0; and if we define

(3.32.2) P,(z) = r[g(x)/f(x)]"/[g(x)/f()]?®,
then ‘
(3.32.3) lim P,(z) = a — =z.

For P,(r) is simply the ratio of the coefficients of the Taylor expansion of
h(z) about the point z.
This being true, then at least for r sufficiently large it is to be expected
that
la =z — P,(z)| < |a — al,

and hence £ 4 P, should then define a convergent iteration of some order.
It turns out that the iteration is convergent for any r and in fact is of
order r + 1. -

In proof, we write the expansions

h(2) = ho(z) + (2 — 2)hi(z) + (2 — z)%he(z) + - - -

and
F() =kox) + (z — 2)ki(x) + - - - + (2 — 2)k(x) + Rrpa(z, z).

Then
P.(z) = hr_1()/he(x)
= (e — 2)[F(a) — Ri(e, 2)]/[F(a) — Rryi(e, 2],
and
a—z— P, = (a — )%k, (2)/[F(a) — Ryp1(e, 2)].

Since « — x — P.(x) has the factor (« — z)"t, all derivatives of
a — 2z — P,

and hence of z + P,(x), from the first to the rth will vanish at z = «.
By definition, therefore, x + P.(x) defines an iteration of order r + 1
at least. Note that with ¢ =1, P, = —f/f’, which yields Newton’s
method.

For the functions A,(x) required in forming any P,(x), one can obtain
them by differentiation, as indicated in the theorem, or by solving a
recursion like that of (3.2.4). However, now the a, and g, are functions
of z, coefficients in the expansions

f(2) = ao(x) + (z — 2)as(z) + « - -,
g(z) = go(x) —+ (z — x)gl(x) 4+ .-

In the statement of Whittaker’s expansion (§3.2), reference was made
to the fact that the %, could be expressed by means of determinants.
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This is equally true for the h,(z), and even for the P,(x). For this it is
convenient to suppose that any desired function g has been divided into f
in advance, and f now designates the quotient. The expansion is now

(3.32.4) 1/f(z) = ho(x) + (z — 2)hi(x) + (2 — 2)%ho(x) + - - -,

so that
he(z) = [1/f(x)]/r],

and
P.(x) = h,_i(x)/h.(x).
Let
Ao = 1, Al = al(x),
a, ao 0
(3.32.5) a =B M
a, Ay_1 Ar_2
Then
(3.32.6) he = (—)"Aay™ 1,
and
(3.32.7) ‘ P, = —a¢A,_1/A,.
This is equivalent to saying that an iteration
(3.32.8) ¢, =z + P,
of order » + 1 is given by ¢, satisfying
¢ —x ao O
—1 a, Qo C e
(3.32.9) 0 as a ... =0.
O ar Gy
As an example, let
f=a™— N.
Then
ap =™ — N, a; = mx™ a; = m(m — am2/2,
We have for third-order iteration
¢ =1 — aoa/ Zl Z:,

which becomes after simplification
¢ = z[(m — 1)z™ 4 (m + 1)N]/[(m + 1)z™ + (m — 1)N].
This defines Bailey’s iteration for root extraction. For square roots

¢ = z(z* + 3N)/(3z% 4+ N).
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3.33. Iterations of Higher Order: Aitken’s 82 Process. Consider any
sequence ;, satisfying the iteration ¢(z), with the limit . The sequence

(3.33.1) w = x; — B

for any fixed 8 has the limit « — 8 and satisfies the iteration
(3.33.2) Y(u) = o(u + B) — B,

since,

Tiv1 = Uir1 + B = ¢(x:) = o(w; + B).

In particular if 8 = @, the sequence & = x; — a represents the deviations
of the approximations z; from the limit o, and this sequence is defined by
the initial deviation §,, together with the iteration

(3.33.3) w(f) = ¢(§+ a) — a
If the iteration ¢ is of order r, then
(3.33.4) W(§) = @l + apafti 4+ - L

Now let ¢y(x) and é(z(x) represent any two iterations of the same
order and not necessarily distinct. With these can be associated the
iterations w(y (&) and wey(£) satisfied by the deviations. The function

_ {ro o ()] — ¢y ()P (7))
(3:33.5) ) = (x — oy(®) — d»(®) + oo ()]}

also defines an iteration. This is invariant in the sense that, if one makes
the substitution (3.33.1), forms the Y1y and ¢ as in (3.33.2), defines
¥(u) as in (3.33.5) with ¥ (1), ¥(2, and u replacing ¢y, ¢z, and z, then
¥(u) = ®&(u + B) — B. This can be verified by direct substitution.

Now it"can be shown that, if the iterations ¢ and ¢z are of order 7,
then the iteration ® is of order greater than r, provided only

(3.33.6) (¢ () — [di(e) — 1] 0.

In fact if » = 1, and this condition (3.33.6) is satisfied, then ® is of order
2 at least, and if » > 1, then & is of order 2r — 1, and condition (3.33.6)

is necessarily satisfied.
Because of the invariance, it is sufficient to consider

_ {Ewmylwe ()] — way(§we(§))
) = (£ — 0(§) — w@() + omlea®I}

where the sequences of deviations satisfy

ww(§) =Pt 4+ - - -,
we(§) =Pt + - - -

Then |
wlen(®)] = a®@@F + - - )y 4 - .-
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Hence if r > 1, the term of lowest degree in the numerator is the second
term which is of degree 2r, while the term of lowest degree in the denomi-
nator is the term ¢, itself of degree 1. Hence an expansion of the fraction
in powers of £ will begin with a term of degree 2r — 1, and this exceeds
r when r > 1.

If » = 1, then to form the numerator we have

toy[we ()] = aPa® g + - - -,
wm(Hww@(é) = aPaPE 4+ - - -,

whence on subtraction the terms in £2 drop out, and the term of lowest
degree in £ is of degree 3. For the denominator we have

£ — o) — wx(f) + wwmlwe (8]
= (1 — a(ll) —_ a&Z) + a(ll)ag?))g + e s+ e
=1 —a®)(l —a@P)E+ -« - - .
But

a(11) = ¢21)(a), a(12’ = d’:'z)(a);

so that, if (3.33.6) is satisfied, the expansion of the denominator begins
with a term in the first power of £. Hence the expansion of the fraction
begins with a term of degree 2 at least, and the iteration is therefore of
order 2 at least.

Thus given two iterations of the same order, one can always form an
iteration of higher order. But it was nowhere required that ¢, and ¢(s)
be distinct, so that from any single iteration one can form an iteration of
higher order. More than this, an iteration & of order r > 1 always
converges in some neighborhood about «, whereas an iteration ¢ of order 1
need not converge and will not unless |¢'(a)] < 1, as we have seen.
Hence from any function ¢, analytic in the neighborhood of « and satisfy-
ing ¢(a) = a, one can form an iteration which converges to « whether
that defined by ¢ converges or not.

In ordinary practical application it is not desirable to form & explicitly.
Instead, one can proceed as follows: One forms

z1 = ¢(z0), T2 = ¢(21)
in the usual manner. However, for x; one takes not ¢(z,) but ®&(x,) by
T3 = (ox2 — 23) /(X0 — 221 + z2).
In terms of the difference operator A, defined by

Az; = Tip1 — T,
A%y = Axi — AT = Tipo — 2244 + 24,

this can be written
z3 = 29 — (Az0)2/A%,,
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and more generally one can take
T3+ = Zsy — (Axs,)?/A%s,.

This form brings out the fact that in practical computation any sequence
of digits on the left that is identical for z3,, 3,+1, and 3,2 can be ignored,
since it drops out in forming the differences and is restored in subtracting

from z;,.
Just as the iteration & was of order higher than ¢, so one can form from

& an iteration of still higher order. Thus having computed
s = ®(x), zg = ®(x3),
instead of computing ¢(xe), one could now form
r7 = (xoxe — z3)/(xo — 23 + ).

In principle, iterations of arbitrarily high order can be built up by pro-
ceeding in this manner.

3.34. Iterations of Higher Order: Schrider’s Method.- The oldest method
of obtaining iterations of arbitrary order seems to be that given by
Schréder. Consider any simple root « of

(3.34.1) f(x) = 0.

In the neighborhood of a we can set

(3.34.2) y = f(z)

and let

(3.34.3) x = h(y),

where

(3.34.4) z = hf@)], vy =[],
identically. Hence

(3.34.5) a = h(0).

If we expand

X = k(Y)
in powers of (Y — y), regarding 2 and y as fixed, we have
X=z4+ —yphy) + F —y)hy) + - - -,
where
(3.34.6) he(y) = R (y)/rl.
Hence
(334.7) a=z—yh(y) + * * * + (—9)h(y) + (=) Roa(y).
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Now the h, are functions of y, but y is a function of z by (3.34.2), so that
we may write

(3.34.8) be(z) = h[f(x)],
with
(3.34.9) by = 1/f', b, = bl_/(f).

Then (3.34.7) can be written

834.10) a=2z—fo.+ - 4+ (=)b, + (=) ™R 1(f)
identically. If we define ¢, by

(3.34.11) a = ¢:(x) + (—f)B.a(f),

then we see that ¢, provides an iteration of order r 4 1, since its rth
derivative must vanish with f. Again ¢, yields Newton’s method.
The quantities b;(x) required for the iteration

(3.34.12) $(x) =z —fby+ - - + (—f)bs

can be formed by successive differentiation as in (3.34.9), where the prime
denotes differentiation with respect to x. It is also possible to write a
system of recursion relations which can be used in case the successive
derivatives of f(x) are known or easily evaluated. If these are known,
we can write the expansion of ¥ = f(X) in powers of (X — z):

Y —y=aX—2)Fa(X -2+ a(X —x)34 - -+,

where ai(x) = f@(z)/7!l. If this is substituted into the expansion of
X — z given above, we obtain

X —z= b1[a1(X - x) + az(X - $)2 + aa(X — :l?)3 + - ]
+ befa} (X — 2)% + 2a10:(X — ) 4+ - - ]+ bylad(X — 2)2 4 - - ]

after replacing the h.(y) by b.(z), as in (3.34.8). Now the two sides must.
be equal identically so that
a1b1 = 1,
asz + azb1 = 0,
a?bs + 2a1a2b2 + a3b1 = 0,

(3.34.13)

This is the required recursion for expressing the b;(z) in terms of the a,(z),
and hence of the derivatives of f.

3.35. Iterations of Higher Order: Polynomials. Three distinct methods
have been given for forming iterations of higher order. The & process
presupposes that some iteration is known and deduces from it an iteration
of higher order. The methods of Schréder and of Richmond start with
the equation f = 0 and form directly an iteration of any prescribed order,
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provided only that the root « is a simple root and that f is analytic, or at
least possesses derivatives of sufficiently high order, in the neighborhood
of a. Clearly if g(a) # 0 and is analytic in the same neighborhood, one
could apply either method to the equation F = 0, where F = fg or where
F = f/g. Thus there are a great many ways of forming an iteration of
any order, and doubtless many different iterations. In special cases it
might be desirable to impose upon the iterations special conditions other
than the order of convergence. In particular if f is a polynomial, one
might ask that ¢ be a polynomial. This would be desirable in case
one is using a computing machine for which division is inconvenient; or
in operations with matrices, where direct inversion is to be avoided; or,
as Rademacher and Schoenberg have shown, in operations with Laurent’s
series, where direct inversion is impossible.

We ask now whether, when f is a polynomial, one can find a function ¢
such that, when Schroder’s method is applied to the equation

(3.35.1) F=f/g=0, )

an iteration ¢, will be a polynomial. Taking first ¢;, we wish to choose ¢
so that
(f/9)/(f/9)" = of,

where p is a polynomial. This requires that
pf" — p(g'/9)f = 1.

But if f = 0 has only simple roots, one can always find polynomials p and
q such that

(3.35.2) of —qf =1
by the theorem of §3.06. Hence if g satisfies
(3.35.3) g/9 = 4/p,

the requirement is satisfied for ¢,.
Now suppose that the process yields

(3354) ¢r =2 —fpl +f2p2/2' -+ (—f)rpr/r!) Pr =D

and that all p;, and hence all ¢;, are polynomials for 7« < . To obtain
¢.+1 we must add to this a term

(=N™*"prr/(r + 1) = (=F)™*'Bpy,,

where the B’s are obtained from F as were the b’s from f in (3.34.9).
Hence
B, = grpr/ 7".,
and
B,y = (gpn)'/(r + DIF.
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After minor manipulations and applications of (3.35.2) and (3.35.3), this
gives '
B.1 = g+ (pp; + rgp) /(r + 1)!
and therefore
Fr+'B,y1 = fi(pp; + rgp.)/(r + DL
Hence

(3.35.5) Dri1 = PP, + TqD;

is a polynomial, and this recursion, together with (3.35.4), defines poly-
nomial iterations of all orders. Note that g itself is not required explicitly,
but only p and gq.

For illustration let

f=1— z"a, fl'= — na"la.
Then
(—z/n)(—na*'a) + (1 — z"a) = 1.
Hence
p=—z/n, q=—1,
g'/g = n/z,

and a possible choice is ¢ = 2.

We can now evaluate the p; recursively and obtain a polynomial
iteration of any order for the nth root. But in this case it is easy to
verify that

a=z(1 — f)y~in,

On referring back to the argument used in §3.34 to derive Schroder’s
iterations in general, we may conclude that the first r terms in the
expansion in powers of f must provide an iteration of order r, and this
is certainly a polynomial. Direct verification shows it to be the same as
is given by (3.35.4) and (3.35.5).

For the case n = 1, the iteration of order r is

(3.35.6) ¢=z(1+/+7/+ -+,
and for r = 2 this becomes on expanding f
¢ = x(2 — ax).

For the case when a and z are matrices, this defines the Hotelling-
Bodewig iteration for inverting a matrix.

On introducing the subject of functional iteration, it was shown
that the iteration would converge to « when z, is any point in the com-
plex plane within a circle about a throughout which a certain Lipschitz
condition is satisfied. This condition is sufficient but by no means neces-
sary. In particular, suppose « is real and ¢ is a polynomial. The curve
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y = ¢ intersects the line ¥y = z at * = y = «, and if the iteration is of
order 2 or greater, then at this point the curve has a horizontal tangent.
Suppose the curve intersects the line also at some point o’ < a but
nowhere between o’ and . Then if o’ < z¢y < «, the sequence converges,
whereas the Lipschitz condition holds only in the vicinity of «. Like-
wise if the curve intersects the line at o’/ > o but nowhere between « and
a'’, then the sequence converges when a < z9 < o’’. For zy < o’ and
for z¢ > o', the sequence either diverges or converges to some other
limit. Thus for the iteration z(1 + f + f?) to a~!, the curve and line
intersect at ¢ = 0, a~!, and 2a~!, and the sequence converges to a~! if
and only if 0 < 2o < 2a~!. For the iteration z(1 + f), the curve inter-
sects the line only at x = 0 and a~!, while ¢(2a=!) = 0. This sequence
converges under the same conditions, as does any iteration (3.35.6).

3.4. Systems of Equations. All methods so far described have been
methods for dealing with a single equation in a single unknown. For
solving a system of equations one would like to follow the Gaussian pro-
cedure in systems of linear equations, eliminating one variable from each
of n — 1 of the equations, another from each of n — 2 of these, and so on
until there is left a single equation in a single unknown. This of course
is quite impossible ordinarily. Nevertheless, it is possible to reduce the
problem to that of solving an infinite sequence of single equations. For
each equation of the sequence any of the methods described above can be
applied. The reduction to an infinite sequence can be accomplished by
the method of steepest descent.

On the other hand, one can attempt to reduce the problem to that
of solving an infinite sequence of sets of linear equations. This type of
reduction is accomplished by an appropriate generalization of the method
of functional iteration. These two methods will now be described. Only
the case of real functions of real variables will be considered in this
section.

3.41. The Method of Steepest Descent. The method of steepest descent
applies specifically to the location of the maximum or minimum of a
function of n real variables. However if we have to solve a set of n
equations in n variables

(3.41.1) ¥ =0,
the function
(3.41.2) ¢ = Sy

takes on the minimum value ¢ = 0 at all points satisfying (3.41.1).
More generally if a;; are elements of a positive definite matrix, the
function

(3.41.3) ¢* = ZZiai;
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also takes on the minimum value ¢* = 0 at the same points. There are
thus many ways in which the problem of solving a set of equations can be
replaced by a problem in minimization. We therefore consider the prob-
lem of minimizing the function ¢(¢,, £, . . . , &), or briefly ¢(x), where
z is the vector whose components are the £. The partial derivatives

Py, = a¢/a£1

are components of a vector which we shall designate as ¢, and take to
be a column vector. Thisis known as the gradient of ¢, often denoted by
grad ¢ or V¢, and its direction at any point z is normal to that surface

(3.41.4) ¢ = const

which passes through the point x.

In the neighborhood of the point £ which minimizes ¢, the surfaces
(3.41.4) are closed if, as we suppose, ¢ is continuous, since if we take the
constant sufficiently close to the minimum value, then along any ray
through the point z the function ¢ can only increase, and at some point
along the ray the function will first take on the value of the assigned
constant. _

Now suppose that x, represents some initial estimate to the required z,
close enough to it so that the surface

(3.41.5) é(x) = ¢(z0)

is closed, and that the point z lies in the region enclosed by the surface.
Then choose an arbitrary vector u, subject only to the requirement that
at xo

(3.41.6) wT ¢z (x0) # 0.

This means that the direction u is not tangent to the surface (3.41.5) at
zo. It therefore cuts through the surface and so intersects surfaces at
which ¢ has smaller (as well as larger) values than at . Determine

(3.41.7) T1 = To — AU

as that point on the line through z, in the direction of u at which ¢ takes
on its least value. Thus we minimize the function

(3.41.8) é1(\) = ¢(z0 — \u)

of the single variable A\. If the line in question should happen to pass
through the required point z, then we shall have solved our problem, but
in general this will not happen. However, 2, will be on a surface

(3.41.9) ¢(z) = ¢(z1)
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at which ¢(z) has a value smaller than it has at z,. The equation for
locating z, is obtained by equating to zero the derivative of ¢1(\):

(3.41.10) wlp-(xo — Au) = 0.

This is not satisfied by A = 0 because of condition (3.41.6). Equation
(3.41.10) states that at the point x, the line through z, in the direction u
is tangent to the surface (3.41.9), and this is geometrically evident. At
z,, choose a new direction %, not tangent to the surface, and proceed
sequentially.

In this way is obtained a monotonically decreasing sequence ¢(x;)
that is bounded below by the minimum value ¢(x). The sequence there-
fore has a limit at some point z,. If ¢.(r,) = 0, then z, minimizes ¢,
and necessarily z, = z if x, is close enough to x so that ¢ has a minimum
at one point only within the closed surface (3.41.5). But if ¢.(z.) #= 0,
then we can find a direction uw not tangent to the surface through z,
and so proceed farther. But then no limit would have been reached, and
hence the limit z, = z.

In the method of steepest descent, strictly so-called, one chooses
always u = ¢,. Since ¢, is the direction of most rapid variation of ¢,
this choice may be expected to lead to convergence after the fewest steps.
However, each step is fairly cumbersome. As with linear systems, it is
much simpler to take for each u one of the reference vectors e;, either in
rotation as in the Seidel process, or selected by some other criterion. It
is in keeping with the method of relaxation to examine the components of
¢ and select the largest. If this is the sth, then one takes u = ¢;, and
Eq. (3.41.10) reduces to

(34111) (I)g‘(xo - )\6,‘) = 0,

which amounts to solving the ¢th equation for the ¢th variable as a func-
tion of current estimates of the other variables.

Equation (3.41.11) in A will ordinarily be nonlinear, and one of the
methods of successive approximation described above for an equation
in one variable will generally have to be applied. Newton’s method, for
example, gives

(3.41.12) N = ¢r(x0)/ de,ei(0)

as the first approximation to N\. This will not necessarily reduce ¢;, to
zero, but it should reduce the magnitude of the vector ¢,. If so, it is
sufficient to take ] = xo — N'e; and look for the largest component of ¢,
at this point.

One should note carefully that the equations ¢; = 0 being solved
explicitly by this method are not in general the same as Eqs. (3.41.1),
but they are satisfied by any solution z of (3.41.1). The new equations
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may be more complicated than the original. If Eqs. (3.41.1) themselves
arise from a minimizing (or a maximizing) problem, then they can be
used as they are, without forming the function ¢ by (3.41.2).

3.42. Functional Iteration. Newton’s method generalizes directly to
systems of equations. Consider first the general functional iteration
in n variables. Let g(x) stand for the vector whose elements are v;(%,, &,
.+ .+, &). Thus ¢ is a function of the vector z. Suppose for some
constant vector a it is true that

(3.42.1) g(a) = a,
and consider the sequence defined by some z, and
(3.42.2) Tiv1 = g(x;).

Under what circumstances will this sequence of vectors converge to the
vector a?

A sufficient condition for this can be given by means of a Lipschitz
condition. If, as in Chap. 2, we let b(v) represent the magnitude of the
numerically greatest element in the vector », then the sequence (3.42.2)
converges to the vector a, provided that for some £ < 1 and for some p
it is true that-

(3.42.3) blg(x’) — g(=')] < kb(z' — z'")
for every z’ and z’ satisfying
bz’ — a) < p, b(z" — a) < p,

if also b(zo — @) < p. The proof is made exactly as in the one-dimen-
sional case if one uses the maximum absolute value whenever the absolute
value was used before.

Again, if for some £ < 1 the same condition (3.42.3) holds whenever
z’ and z’’ satisfy

b(x' — xo) < p, bz’ — xo) < p,
and if also
blg(zo) — zo] < (1 — k)p,

then we can conclude that the sequence (3.42.2) has a limit, which we may
call a, that
bla — xo) < p,

and that a satisfies (3.42.1). Hence under these circumstances we are
assured that a solution exists.
Now consider the system of n equations in n variables

(3.42.4) ¢i(z) = 0,

where x represents the vector of elements £;. If each function ¢; is
analytic in the neighborhood of some point zo, then
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(3.42.5) ¢i(x) = di(xo) + Z(& — £0.5)00i(x0)/0E;

+ YB2ZZ(& — o) (& — Eox)0%¢i(w0)/0E; 0k - - - .
If Eqs. (3.42.4) have a solution z sufficiently close to z,, that is, for which
b(x — zo) is sufficiently small, we might expect that by solving the
equations

0 = ¢i(x0) + Z(£1.; — §0.5)9¢i(x0)/0¢;

for the quantities £;; we would obtain an approximation to the £; that
is better than the &, If fis the vector whose elements are the ¢;, and
if we introduce the matrix

(3.42.6) fo(x0) = [3¢i(x0)/E]],

which is the Jacobian matrix of the functions ¢; evaluated at z,, these
equations have the form

(3.42.7) fo(zo)x1 = fa(z0)To — f(z0), -

and if f.(xo) is nonsingular, then they have the solution

(3.42.8) x1 = To — f71(o)f(0),

which is the direct generalization of the iteration given by Newton’s
method.

The iteration does converge, and it is not necessary that derivatives
of all orders of the ¢; should exist. However if n is at all large, the
repeated evaluation of the inverse matrix f;! or the repeated solution of
linear systems of the type (3.42.7) is certainly undesirable. Conse-
quently a somewhat more general theorem will be proved.

Suppose all functions ¢; have continuous first partial derivatives
in the region of n space being considered, and suppose moreover that this
region is convex. If ¢ is any one of these functions, and ¢, is the row
vector of its first partial derivatives, then for any z’ and z’’ in the region

delz’ + 6(x" — x)]/d8 = ¢z’ + 0(z" — z")](z" — ).

Hence
Jo ¢de' + 0" — a0 = 2)d0 = o) — 9(@").

Written for all the functions, this identity becomes
(3.42.9) f&=") = f(z') + L e + 6z — ))& — z')dé.
For brevity write

(3.42.10) F(z', z'") = ﬁ) ‘e + 6@z — 27)de.
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Then
F(@', 2’) = f.(z').

If F(xo, o) is nonsingular, then F(z’, 2") will remain nonsingular for z’
and 2’/ in a sufficiently small neighborhood of z,. Define the vector

(3.42.11) g(x) = x — 71 (zo)f ().
Then s
g(xo) — @0 = —f7Y(w0)f (o),
g(z") — g(=') = (@" — 2') — f71(=z0)f(=") — f(a")]
= (2" — 2') — f;Y (@)F (&', 2")(z" — )
= [I — F~(zo, xo)F (', z')](x" — 2').

and

For 2’ = 2’" = x,, the matrix within the brackets vanishes. For p not
too large it will be true that for some k < 1

bl — F~Y (o, zo)F (2', 2')] < k/n,
when b(z’ — z¢) < p and b(z"’ — zy) < p. Then

blg(z"") — g(=")] < kb(z" — ).
Also
blg(zo) — wo] < nb[f71(x0)]b[S(x0)].

Hence the iteration will converge if z, is close enough to the solution z
so that
nb[f71(xo)b[f(z0)] < (1 — k)p.

This shows that, if the functions ¢;(z) have continuous first partial
derivatives in the neighborhood of a solution z, and if the Jacobian
f» 18 nonsingular in the neighborhood of this solution, then the iteration
(3.42.11) converges whenever z, is chosen sufficiently close to z. It is
true a fortiori that the Newtonian iteration defined by

(3.42.12) g(z) =z — fF1(2)f(z)

also converges.

Unfortunately, the practical question as to the convergence of the
computations modeled on this method is left undecided in general, and
round-off errors may make any degree of accuracy impossible. Even in
the case n = 1, the error in the calculation of z;,, from z; depends upon
the errors present in the computation of f and of f., and the accuracy
with which these can be calculated depends entirely upon the nature of
the functions. If the errorsin the calculation of f and f, can be estimated,
then one can estimate the error in the quotient f/f, or in thes olution
~1f. 'This is the error in the correction z;.; — z;, and when it becomes
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large by comparison with the computed correction, the further applica-
tions of the iteration are of no value.

3.6. Complex Roots and Methods of Factorization. For a single vari-
able, Newton’s method and its generalizations apply equally to the
determination of real and of complex roots. Also by appropriate applica-
tion Graeffe’s method and Bernoulli’s method will yield complex roots.
However, they are somewhat inconvenient, and a number of special
methods have been devised for finding the real and imaginary parts of
complex solutions. .

Any analytic function f(z) of a complex variable z = x 4 7y can always
be written in the form

(3.5.1) fx + 1) = u(z, y) + w(z, ),

where u and v are real functions of the real variables # and y. In par-
ticular if f is a polynomial, one can write Taylor’s series

3.52) [l + iy) = fz) + iyf @) — " (@)/2! — iy f @[3+ - - -,

whence
u(z, y) = f(x) — y¥"(2)/2! + yfe(x) /4! — - - -,
v(x, y) = ylf'(x) — ¥ (x)/3!+ - - ],

so that u and v/y are functions of x and y2.
Any solution z of

(3.5.3) flx) =0
must be in the form z = z + 4y, where x and y are real and satisfy
(3.5.4) u(z, y) = v(z, y) = 0.

These are real equations in the real variables  and y, and can be treated
by either of the methods described in §3.4.

In the case of a polynomial f, it is possible to eliminate y, obtaining a
single equation in x to be solved for real roots only. By substitution one
can obtain the equations in the associated y’s. For brevity write

u=ao+ ay’+ -+ amy™ =0,
yv=at+ay + 0+ ampy™ = 0.

Multiply the first equation by a,, the second by a,, subtract, and divide
through by y%. The resulting equation is of degree m — 1 in y2. If
asms1 # 0, multiply the first equation by asm1, the second by asn,, and
subtract. This gives a second equation of degree m — 1 in 2, and these
two can be treated as were the original two. Eventually there results an
equation of degree 0 in y%. If asmi1 = 0, continue with the equation
resulting from the.first elimination along with y~% = 0.

For applying Newton’s method or one of its generalizations to the

([l
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original equation, one can also separate ¢ into its real and imaginary
parts, writing

(3.5.5) o(z + 1) = ¥(z, y) + iw(z, y).

By a slight modification of the sequence z;,; = ¢(z;), one can write

ZTiv1 = yY(x;, vi), Yir1 = o(Tipy, Yi).

When f(2) is a real polynomial, all complex roots occur in conjugate
pairs, and the roots of a conjugate pair satisfy a real quadratic equation.
Hence a real polynomial f(z) can be completely factored into real quad-
ratic and linear factors. If the coefficients of a real quadratic factor of
f(2) are known, it is then a simple matter to find its zeros, whether they
may be real or complex.

Let
(3.5.6) d(z) =22+ az + .
If z; satisfies
2} = —azj — b,

i.e., if 2z; 18 a zero of d(z), then z; satisfies also

2} = —a(—az; — b) — bg;

= (a2 - b)z,- + ab,

and in general any positive integral power of 2; is expressible as a linear
function of z; whose coefficients are polynomials in a and b. Hence also
f(2;) 1s so expressible:

[(z;) = ri(a, b)z; + ro(a, b).
If d(2) is not a perfect square, 1t has a zero z; # z; and
f(ze) = ri(a, b)zi + ro(a, D).
If z; and 2, are zeros also of f(z) (whether complex or notk then
f(z) = f(z) = 0,
and for z; and 2z, distinct this implies that
(3.5.7) ri(a, b) = ro(a, b) = 0.

Here are two equations in the two unknowns a and b which must be
satisfied by the coefficients of a quadratic factor d(z) of f(z).

The polynomials 7o and r; in @ and b could be determined equally
well in a slightly different manner. Dropping the subscript on the 2,
if z is any zero of d(z), we can say that

2t = —azvl — b2,
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Hence if f(z) is of degree n, this substitution reduces it to a polynomial
of degree n — 1 in the zeros of d(z), and the coefficients of the poly-
nomial are themselves polynomials in a and b. Likewise

-1 - -2 —3
21l = —azn bzn—3,

and by continuing sequentially in this way, f(2) is again reduced to the
form

(3.5.8) f(2) = ri(a, b)z + ro(a, b),

valid for any z satisfying d(z) = 0. But now one can see easily that
this is precisely the process for forming the remainder after division of
f(2) by d(2). Hence for all z it is true that

(3.5.9) f(z) = (2% + az + b)Q.(2) + zri(a, b) + ro(a, b),

where Q;(2) is the quotient. Hence if a and b satisfy (3.5.7), the division
is exact. Hence the conditions (3.5.7) are sufﬁclent as well as neces-
sary, for d(z) to divide f(2).

For the solution of Eqs. (3.5.7) Hitchcock gives an iteration which is,
in fact, an application of Newton’s method. If one now divides Q,(z)
by d(z), then f(2) can be written

(8.5.10) f(2) = (2> + az + b)?Q(2) + (2* + az + b)q(z; a, b) 4+ r(2; a, b),

where
q(2; a, b) = 2q:1(a, b) + qo(a, b),
(3.5.11) r(z; a, b) = zr1(a, b) + rola, b),

and ¢(z; a, b) is the remainder after the second division.
Let 2z represent either zero of d(z). Then from dlfferentlatmg (3.5.10)
with respect to a and to b, since f is itself independent of a and b, it

follows that
q + 9r/da,

+ ar/ab.

L

In detail these equations are

22q1 + 2qo + 20r1/da + Ire/da = 0,
2q1 + qo + 20r,/9b + 9r¢/0b = 0.
These equations must hold for any zero z of d(2). Hence the first can
be written

2(0r1/da 4+ qo — agqi) + (dro/da — bq,) = 0,

and the second
2(9r1/3b + q1) + (97¢/3b 4+ q0) = 0.

If d(z) is not a perfect square, then the coefficients of z and the terms free
of z must vanish separately. Hence
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ori/da = ag1 — qo,  9re/da = by,

(3512) arl/ab = —qi, aro/ab = —{(o.

These are the partial derivatives required for the application of Newton’s
method to the solution of (3.5.7), and they are obtained by two divisions
of f(2) by (22 + az + b).

Hence if a, and b, represent approximations to the coefficients a and b
of an exact division d(z), then improved approximations a1, bat1 can
be obtained by solving

(aaQ1 — QO)(aa+1 - aa) - Q1(ba+1 — b)) = —1y
3.5.13 !
( ) baql(aa+1 - aa) - q0(ba+1 - ba) = —7y,

where qo, ¢1, 70, 71 are the quantities obtained after division of f(z) twice
by 22 + @.z + b.. When the process is carried out in this way, the
general forms of the polynomials 7o and r; in a and b are not obtained.
Instead their numerical values and those of their partial derivatives are
obtained by the divisions which use the current numerical approximations
a, and b,.

This method can be generalized to yield a factor of arbitrary degree.
If one writes down formally a factorization of f(z) into factors with
unknown coefficients, then by expressing that f(z) is to equal identically
the product of these factors one obtains a set of equations relating the
unknown coefficients. Let the unknown coefficients be represented as
ay, a2, . . . , ay taken in any order, and let the conditions be written

Vi=y2= .. =yy=0,

where each ¥ is a polynomial in the a’s. If with each y; one can associ-
ate an a; in such a way that ¢; = 0 is easily solved for a; as a function
of the other a’s, one can use this fact to define formally an iterative
scheme for evaluating the coefficients in the factorization, and many
different such schemes have been proposed. Generally, however, the
question of convergence is left open.

3.6. Bibliographic Notes. The author is indebted to Professor
Schwerdtfeger for numerous references on iterative methods for both
linear and nonlinear equations, as well as for a copy of some lecture notes.
And at this point reference may be made to Blaskett and Schwerdtfeger
(1945) on the Schroder iterations.

Konig (1884) published the theorem that is now classic in the theory
of functions. Hadamard (1892) elaborated this and related notions, with
reference to the location and characterization of singular points of analytic
functions, and made application to the evaluation of zeros. A more
recent discussion is that of Golomb (1943). Aitken (1926, 1931, 1936—
1937b) discusses extensively the use of Bernoulli’s method and the &2
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process. Whittaker and Robinson (1940, and other editions) discuss
Bernoulli’s method and Whittaker’s method.

The general convergence theorem for functional iteration is given by
Hildebrandt and Graves (1927; see also Graves, 1946). Numerous
special methods for solving equations of all types, like Picard’s method
for differential equations, are methods of functional iteration. Hamilton
(1946) gives a number of special convergence theorems and (1950) gives
an analytic derivation of the algorithm derived geometrically by Rich-
mond (1944) and previously obtained by Critchfield and Beck (1935).
Schréder (1870), Runge (1885), and others had given similar algorithms
for algebraic equations.

If one defines the functions ¢; by z; = ¢(x;—1) = ¢;(x;—;), these func-
tions are of a class called ‘“‘permutable’” or ‘“commutative,” on which
there is an extensive literature. If z is a real or complex number, or
a point in a general space, and satisfies £ = ¢(), then z is said to be a
‘““fixed point’’ of the transformation ¢, and comes into consideration in
the topological literature.

Collatz (1950), Wenzl (1952), and others have described iterations
converging to a power of a root. On questions relating to errors and
rates of convergence, see Ostrowski (1936, 1937, 1938) and Bodewig
(1949).

The iteration for quadratic factors of a polynomial was given by
Hitchcock (1938, 1939, 1944); generalizations are given by Lin (1941,
1943), Luke and Ufford (1951), Friedman (1949), where the factors are of
arbitrary degree. There are many ways by which to define an iteration,
but the treatment of convergence becomes more difficult when both
factors are higher than quadratic.

As it applies to algebraic equations, Graeffe’s method is frequently
treated both in the textbooks and in the periodicals, and several references
are given in the bibliography. The differential technique was given by
Brodetsky and Smeal (1924) and was applied to transcendental equations
by Lehmer (1945). For an elegant treatment of convergence in the
general case see Polya (1915), and for a treatment of error see Ostrowski
(1940).

Most of the basic principles in the theory of equations cited here
are to be found in standard textbooks, but for properties of the Vander-
monde determinants and identities relating the several types of sym-
metric functions see Muir’s ¢ Theory.”



CHAPTER 4

THE PROPER VALUES AND VECTORS OF A MATRIX

4. The Proper Values and Vectors of a Matrix

The characteristic function of a matrix A was defined in Chap. 2 as the
polynomial

(4.0.1) o) =|A —N|=(—D"MA\" 4+ a1+ - -« + ayp)

obtained by expanding the determinant of the matrix A — A. The
characteristic equation is the equation ¢ = 0, and its roots are the proper
values of the matrix. For any proper value A\, the matrix A — A is
singular, whence the equation

(4.0.2) Az = \z

has at least one nontrivial solution x, and any solution is a proper vector
associated with the proper value A. Of fundamental importance to the
study of proper values and vectors is the Cayley-Hamilton theorem,
which states that

(4.0.3) $(4) =0

identically. In words, any matrix satisfies its own characteristic equa-
tion. Inspecial cases a matrix A may satisfy an equation of lower degree,
say

(4.0.4) ¢\ = 0.

Equation (4.0.4) of the lowest degree satisfied by A is called the minimal
equation, and the polynomial ¥(\), the minimal function. The minimal
function ¢(\) divides ¢(A), and on the other hand every proper value
is a root of the minimal equation.

To show that ¥(\) divides ¢(N), let

o(\) = gy () + r(N),

where ¢(\) and r(\) are polynomials, and r(\) is of lower degree than
Y(A). Since ¢(4) = 0, and ¢(4) = 0, it follows that r(A) = 0, and this
can be true only if 7(A\) = 0. The same argument can be used to show
that ¢(\) divides any polynomial w(\) for which w(4) = 0.

143
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Before showing that all proper values satisfy (4.0.4), we show that, if
h(A\) is the highest common divisor of the elements of adj (A — N), then

(4.0.5) d(N) = h(AN)Y(N).
We know that
(4.0.6) (A — ) adj (A — N\I) = ¢(N)1.

If PE\) is defined by
adj (A — AI) = h(M)P()),

then P(\) is a matrix whose elements are polynomials in A\, and these
polynomials in A have no nonconstant common divisor. Now (4.0.6)

becomes

RN (A — N)P(\) = o(N) 1.
But A — A and P()\) are matrices whose elements are polynomials in .
Hence .

(4.0.7) (A — ADPQ\) = m(VI,

where m(A\) = ¢(\)/h(\) is a polynomial.

When A replaces N\ in (4.0.7), the left member vanishes. Hence
m(A) = 0, and therefore y(\) divides m(\). It remains to prove that
m(\) divides ¢(A\). We can find a polynomial matrix Q(\) and a constant

matrix Qo such that
YT = (4 — A\DHQN) + Qo

identically by expanding and equating coefficients of like powers of \.
But since ¢(4A) = 0, it follows, on replacing A by A, that @, = 0. Hence

YOI = (A — ADQ(N).
Since ¥(\) divides m(\), we can write

m(A) = k)¢,
whence by (4.0.7)

m\I = kYN = k) (A — A)HQ(N).
By comparing this with (4.0.7) we conclude that
EMQM) = P(N).

Hence every element of P(\) is divisible by the polynomial k(A). Hence
k() is a constant, and therefore m(A\) and ¢(A) differ at most by a con-
stant multiplier. If we now take the determinants of the two sides of
(4.0.7), we have

oM)IPMN)| = [mN)]",

whence every linear factor of ¢(A) must be also a factor of Y().
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If z is any vector, then since ¢(4) = 0, it is certainly true that
v(A)x = 0.

For a given vector x = 0 let Ah(A) be a polynomial for which it is also
true that h(A)z = 0. Then if d(\) is the highest common divisor of
h(N) and ¢¥(A), it is true that d(A)z = 0. In fact, one can find poly-
nomials p(A) and ¢(\) such that

pMY(N) + gMRM) = d(N),

P(A)Y(A) + q(A)h(A) = d(4),

and the conclusion follows on multiplying this identity into . There is
therefore a polynomial of lowest degree A(\) for which h(A)x = 0. This
must divide ¢()\), since otherwise the highest common divisor d()\) is of
still lower degree than A(\), contrary to the hypothesis.

If \; is any proper value, then

¥:(\) = ¥(N)/(N = N

is a polynomial, since, as was shown above, every proper value satisfies
¢ = 0. Since ¢ is the polynomial of lowest degree for which ¢(4) = 0,
it follows that ¥;(A) # 0, whence for some z it is true that ¢;(A)x # 0.
But

whence

¥(4) = (4 — MDy(4),
(4 — MDi(A)z = 0,

and therefore ¥;(A)x is a proper vector corresponding to the proper value
Ni. That is to say, any non-null linear combination of the columns of

¥:(4) is a proper vector.
Let A; be a v-fold root of ¥ = 0, and now let

(4.0.8) ¥:(A) = ¥(A)/(A — N

Then (A — \)” and ¢;(A) are relatively prime, whence for some poly-
nomials p(A\) and g(\)

P — X) + g\ = 1,
identically. Hence
p(4)(A — M) + q(A)i(4) = L.
Let y # 0 be a proper vector corresponding to A;, Then
(4.0.9) vi(A)g(A)y = y.

Hence y is a linear combination of the columns of y;(4). If z is a.ny'
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linear combination of these columns, then the last nonvanishing vector
in the sequence

<0 2,
21 (A - X;I)Zo,
zo = (A — NIz,

(4.0.10)

is € proper vector associated with A;, and all vectors of the sequence are
principal vectors.

Among the schemes for finding the proper values of a matrix, some lead
directly to the characteristic function ¢, to the minimal function ¢, or to
some divisor w(A) of the minimal function. When this function is
equated to zero, the resulting equation is then to be solved by any con-
venient method. The scheme for finding the polynomial ¢, ¢, or w, as
the case may be, may or may not have associated with it a scheme for
finding the proper vectors. If the scheme provides only some w, and
not necessarily ¢ or ¢, it may be necessary to reapply the scheme in order
to obtain the remaining proper values.

Other schemes are iterative in character, depending upon the repeated
multiplication of a matrix by a vector. A scheme of this type ordinarily
leads to a sequence of vectors having a proper vector as its limit and to a
sequence of scalars whose limit is the associated proper value. Before
describing these methods in detail, we shall introduce a few further
preliminaries.

4.01. Bounds for the Proper Values of a Matriz. Since a nonsymmetric
matrix may have complex proper values, and hence complex proper
vectors, it is necessary to give further consideration to complex matrices.
The natural generalization of a symmetric real matrix is a Hermitian
complex matrix. The matrix A is Hermitian in case it is equal to its own
conjugate transpose, t.e., to the matrix obtained when every element is
replaced by its complex conjugate, and the resulting matrix is then trans-
posed. Let a bar represent the conjugate (as is customary), and an
asterisk represent the conjugate transpose. Then the matrix A is
Hermitian in case

(4.01.1) A* = A7 = A.

If A is Hermitian, and z is any vector, real or complex, then 2*Ax is a
real number. For if we take its complex conjugate, we have Z*4AZ%; but
this is a scalar and is equal to its own transpose ZTATE*T = z*A *x**,
However z** = z, and the theorem is proved. Hence we can define a
positive definite Hermitian matrix as a Hermitian matrix for which
z*Ax > 0 whenever z # 0, and a non-negative semidefinite matrix as
one for which z*Axz > 0 for every . Only a singular matrix can be
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semidefinite without being definite. Clearly a Hermitian matrix all of
whose elements are real is a symmetric matrix.

Analogous to a real orthogonal matrix, 7.e., a matrix V such that
VIV = I = VVT7, is a unitary matrix U, which is one such that

(4.01.2) U*U =1 = UU*

A unitary matrix with real elements is orthogonal.

The proper values of a Hermitian matrix are all real, since if Az = Az,
then x*Ax = Ar*z, and both 2*Ax and z*z are rcal numbers. Also, if
complex vectors £ and y are said to be orthogonal when z*y = y*zx = 0,
then proper vectors associated with distinct proper values of a Hermitian
matrix are orthogonal. For if

Az = Mz, Ay LY,
then

y*Ax = \y*z, x¥Ay = px*y.
But

y*Ax = z*Ay, y*x = x*y,

whence if N 5 u, this implies that z*y = 0.
If A is Hermitian, there exists a unitary matrix U such that

(4.01.3) U*AU = A,

where A is a diagonal matrix whose elements are the proper values of A,
and where the columns of U are the proper vectors of A. This corre-
sponds to the case of the real symmetric matrix, and the argument can
be made by paraphrasing that given in the real case.

If A is any matrix, Hermitian or not, any scalar of the form z*Az/x*x
for x 0 is said to lie in the field of values of A. Any proper value of A
lies in its field of values. For if Ax = Az, then x*Ax = Az*x.

If A is any matrix, then A*A4 is Hermitian and semidefinite; it is
also positive definite if A is nonsingular, for then Az % 0 whenever z 5 0,
and hence z*A*Ax = (Ax)*(Ax) > 0. If the proper values of A*A are
p:>p2 > - -+ 2 p2 >0, and \is any proper value of 4, then

(4.01.4) p2 > A > ok,
For if Az = Az, then 2*A* = Xz*, and hence
T*A*Azx = N\z*z.

Hence X\ is in the field of values of A*A. But if « is any number in
the field of values of A*A, then for some a with a*a = 1 it is true that
a*A*Aa = a. If

U*A*AU = P?,
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where P? ig the diagonal matrix whose elements are the p? and if a = Ub,

then
a = b*U*A*AUb = b*P% = 288,

all products B:8; are real and positive, and hence « is a weighted mean of
the p?. Hence a cannot exceed the greatest nor be exceeded by the least
of the p?: ‘

| pt > a > pl.

Since A\ is such am a, the relation (4.01.4) now follows.

If \ is a proper value of A with multiplicity v, then X 4 u is a proper
value of A 4 ul with multiplicity ». For this reason, the following
classical theorem can provide information as to the limits of the proper
values of a matrix: If for every 2

(4.01.5) 2|ai| > z |evisl,
c

then the matrix A is nonsingular.
If the matrix were singular, then the equation Az = 0 would have a

nontrivial solution. Among the elements of z, let & be an element of
greatest modulus, |&| > |&| for all j. Then

| Y et < ) leallsl < 16l Y laul < [l
i J i ]

J#i J i

But
Za,‘jfj = 0, aiski = — 2 aijks,
74
whence

|owsil [ £:] = l z aii&j

7

Hence we have a contradiction, and the theorem is proved.

In some cases the theorem remains valid even when some, but not all,
of the inequalities in (4.01.5) become equalities. Suppose, for example,
that

(401.6) ol > Y lawl, 2l 2 Y laol, P> 1.
j=2 J

Then if £; has the same significance as before, there is at least one §; for
which |&| < |&|. For "

ol < )l

J=2 .
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whence on applying the hypothesis it is clear that, for some j, |&]| > |£&|,
and the §’s are therefore not all equal in modulus. Now

lesllg < Y lasle,

J#e

but this is inconsistent with (4.01.6) unless a;; = 0 for every k such that
|&| < |&|. If this is so, and if there are v values of j such that |§]| = |&],
then there are n — v values of k£ for which a; = 0. But also by the
same argument a;; = O for each such k and every j for which |§| = |&.
By performing a suitable permutation on the rows of A and the same
permutation on the columns, we can assume that

v+ 1,n—v+2, ...,n,

o j=mn-—
ok =0, k=12 ...,

The matrix is then in the form

P Q
(4.01.7) A= (0 R),

where P and R are square matrices. Hence if the matrix is not one which
can be given the form (4.01.7) by any permutation of rows, accompanied
by the same permutation of columns, then the conditions

(4.01.8) 2]l > z |aij
-

with a proper inequality for at least one value of 7 are sufficient to ensure
the nonsingularity of the matrix.

Obviously the above argument can be applied to AT.

Now let

(4.01.9) Pi= ) lasl, Q=) la.

J#4 7 .
If we apply the above results to the matrix A — AI, it is clear that, if A is
a proper value, A — A becoming singular, then either

(40110) ’ |k - a,-il = Pi

for every ¢, or else for some ¢ it is true that |\ — ;| < P;. In either
event it is true that the proper value lies within or on the boundary of at
least one of the n circles in the complex plane defined by (4.01.10). On
applying the same argument to AT, we conclude that every proper value
lies within or on the boundary of at least one of the n circles defined by

(4.01.11) N = ail = Q..
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4.1. Iterative Methods. These methods provide for the direct manipu-
lation of the matrix itself or of some matrix simply related to it, without
necessitating the explicit development of the characteristic or other
polynomial. We hegin with the relatively simple case of a Hermitian
matrix.

4.11. The Matrizx A Is Hermitian. If the proper vectors u; of a
Hermitian matrix were all known, these could be normalized to unit
length u*u; = 1, and they would form the columns of the unitary matrix
U such that

(4.11.1) U*AU = A, U*U =1,

where A is the diagonal matrix of proper values. We may assume the
u; to be so ordered that

(4.11.2) MDA > -

> An.
If z is any vector and y satisfies

z = Uy, y = U*sz,
then
z*r = y*U*Uy = y*y.

Hence the field of values of A and that of A are identical, and if « is in
this field of values, then

)\12&2)\,,.

If p(\) is any polynomial in A, the matrix p(4) has the same proper
vectors as A itself, and its proper values are p()\;). In particular, the
matrix A? is necessarily non-negative, definite or semidefinite. More-
over, for u sufficiently large, A + w! is positive definite. It is therefore
no essential restriction to assume, when convenient, that A is positive
definite or is at least semidefinite.

In §2.06 the trace tr (4), which is the sum of the diagonal elements,
was shown to be equal to the coefficient of A»~! in the characteristic equa-
tion, except possibly for the sign, and to be equal to the sum of the proper
values,

tr (A) = Z\;.

More generally, if p(\) is any polynomial, then from (4.11.1) it follows
that

(4.11.3) tr [p(4)] = Zp(\).
Moreover, if v is any integer, and A is nonsingular,

(4.11.4) tr (A=) = ZA
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The norm N(A) of a real matrix A, symmetric or not, was defined to be
the square root of the sum of the squares of the elements. Equivalently,
this is the square root of the trace of ATA. For a complex matrix,
Hermitian or not, it can be defined by

(4.11.5) N2(4) = tr (A*A).

As so defined, tr (A*A) is a positive real number, and for N(A) the posi-
tive root is to be taken. Hence if A is Hermitian,

N%(A) = tr (A% = tr (A?) = Z\%&

Now N2(A) is the sum of the squares of the moduli of all elements of A.
Obviously this is equal to the sum of the squares of the diagonal elements
of A if and only if A is a diagonal matrix. Hence

Ta? < N2(A),

33—

and the equality holds only when A is diagonal. Now the unitary trans-
form V*AV of A, where V is any unitary matrix, has the same norm as
does A, whereas in general the sum of the squares of the diagonal ele-
ments is not the same. Hence among all unitary transforms of a Her-
mitian matrix A, the transform (4.11.1) maximizes the sum of the squares
of the diagonal elements or minimizes the sum of the squares of the
moduli of the off-diagonal elements.

4.111. The largest and smallest proper values. If A is non-negative
semidefinite, then for » > 0

A L tr (AY) = 2N < ndg,

(4.111.1) A < [tr (A7) < Ant,

But as v increases, n'/* — 1. Hence

(4.111.2) [t tr (47)]7 < M < [tr (47)]v,
and

(4.111.3) ll_’ni [n= tr (AY)]V = irri [tr (A%)]Y? = A4

The two sequences obtained from the successive powers A” of A approach
A1 from above and from below. The most effective application of this
algorithm is made by successively squaring the matrix 4 and forming

A, A2 A4 AR L L

with » taking on the values 2. The degree of convergence is measured
by the ratio n'/*:1 or by n?™.
If x = Uy is any vector, then

(4.111.4) Az = UNU*z = UNy = Zudin..
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IfAN>N2>20fore=2,3,...,n,orif \; > Az and A\; > |\,|, then

since
Ax = )\'1'[?14171 + (A2/A)"uame + - - - + (>\n/>‘l)vunﬂn];

as v increases all terms but the first within the brackets approach zero,
and in the limit,

(4111.5) . A'x — )\;171?14,

provided only 5, # 0. That is to say, as » increases, the vector A’z
approaches a vector in the direction of the first proper vector u;,. It is
necessary only to normalize to obtain u, itself.
If 5 =0 = n,;, the same argument shows that A’z approaches a
vector in the direction of u,, provided A\, exceeds N3, . . . , A, numerically.
To square a matrix of order n requires n® multiplications, whereas to
multiply a matrix by a vector requires only n% If

(4.111.6) , = A"z = Az,_,, ]

then for large » it appears from (4.111.5) that z,.1 = \z,. Hence,
although if v = 27, » increases rapidly with p, it may be more advan-
tageous to form the sequence z, directly as in (4.111.6) than to square
the matrix several times and then multiply by xz. Moreover, a blunder
made in computing z, will be corrected in the course of subsequent
multiplications by A. The two methods are related essentially as are
Graeffe’s and Bernoulli’s methods for solving ordinary equations. It
might be pointed out further that, if by a rare chance it should happen
that ;. = 0, nevertheless round-off will introduce a component along
w1 in the x,, and this component will build up eventually, though perhaps
slowly.
Let

(4.111.7) ap = ¥,y = Yry,,.
Then «, is independent of », and in particular
a, = 2¥*Arx = y*Ary = ZAPpa;.
Hence, if 51 # 0,
Opr1 = SN < M ZNPpadis = Ao,

(4.111.8) opt1/ap < Ay,
and
(4.111.9) i1/ ety — A1

Thus a,1/a, approaches \; from below.
Since in the limit x,,; = A\z,, the ratio of any element of z,., to the
corresponding elément of z, provides also an estimate of \;, when » is
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sufficiently large. The agreement among these n ratios is an indication
of the nearness to the limit.

As » increases, the elements of z, and of A” become large if A\, > 1, or
small if \; < 1. Hence in actual computation it is convenient to modify
the sequence of z, or the sequence of A” by introducing factors «, to hold
the quantities within range. Thus one could compute the series

—_— ’
Ty = kAT,

where each x, may be selected according to convenience. For succes-
sively squaring the matrix, Bargmann, Montgomery, and von Neumann
propose the sequence
By = pA/tr (A),
Byi1 = pB}/tr (By),

where p is a scalar slightly less than unity. For p = 1, all quantities
would be not greater than unity in principle, though this might fail as a
result of round-off. By a suitable choice of p, one can be sure of staying
within the range from —1 to +1 even with round-off.

If u >\, then A’ = ul — A is Hermitian, positive definite, and has
the greatest proper value N} = p — \.. Hence no special discussion is
needed for finding the smallest proper value.

4.112. Accelerating convergence. Of the schemes for accelerating con-
vergence, the simplest is Aitken’s 62 process, described in Chap. 3. This
can be applied to the sequence a,;1/a, for finding \;, to the sequence of
ratios of corresponding elements of z,,: and z,, and to the sequence z, for
the proper vector.

In the sequence z,, the rapidity of the approach to the limit depends
upon the smallness of all ratios \;/A; for ¢ > 1. Any matrix A’ which
reduces the greatest of these ratios will provide more rapid convergence.
One of the simplest choices might be A% or A% This would mean taking
one or two matrix products, requiring n® multiplications each, and follow-
ing this with a sequence of products of a matrix by a vector, requiring n?
multiplications each. Having obtained, say, the vector z;,, one could
then obtain Az;, = x3,4; to find A\; without a root extraction.

Another possibility is to replace A by

A=A+ ul,
and hence the proper values \; by
)\: = )\1' + Ky

where p is judiciously selected.
Assuming, as always, the ordering (4.11.2), and for present purposes
that the strict inequality N\; > A2 holds, the best choice of x will be that
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for which the greatest of the ratios [N/A{], ¢ > 1, is least. But the
greatest of these is either |A;/Aj| or [N,/A{| or both. The optimal p is
therefore that for which these ratios are equal, since a different selection
of u would increase one of these ratios even though it decreases the other.

Hence the optimal u is
p=—QA2+ N)/2.

To make the strictly optimal choice, one must know A, and A\, exactly, but
enough information may be at hand to permit a good choice.

The iteration of the linear polynomial A 4+ ul and of the very special
quadratic polynomial A2 in place of A is sometimes advantageous. The
question arises then whether A2, or even an A% + ul, for some u is
necessarily the best quadratic polynomial, and more generally what is
the best polynomial of any given degree. It turns out that the best
polynomial is given by the Chebyshev polynomial of the prescribed
degree (cf. §5.12). .

If a A and a A" are known such that \; > N > X > - - - >\, >\,
then it is no restriction to suppose that \’ = —\”” = 1. For if this is not
the case, one can replace 4 by A" = (\" — N")7[24 — (\" 4+ N')I].
Hence assume this to have been done, and assume further that a 6 is
known such that

(4.112.1) M>>I A> - > > —1.
Then let
(4.112.2) Tw(X) = cos [m arc cos 7],

Sm(A) = Twu(N)/Tm(8).

Then S,.(8) = 1, and S,,(A\1) > 1. On the other hand, for any \ satisfy-
ing 1 > A > —1 and in particular for A = \;, ¢ > 1, it is true that
|S»(N)| < 1. Indeed, the argument developed in §5.12 can be modified
to show that, of all polynomials ¢(A\) of degree m satisfying ¢(8) = 1,
S»(\) is that polynomial whose maximal absolute value on the interval
from —1 to 41 is least. Hence among all polynomials of degree m
that might be used for the iteration, S,.(A4) is the best choice that can
be made on the basis of the information contained in the hypothesis. In
other words, in the sequence

x:) = X, x:'+1 = Sn(A)z),

the components along us, . . . , u, damp out as rapidly as one can make
them by applying a polynomial matrixin A of degreem. As a final check,
and to nullify the effect of any accumulated round-off, one may take any
z, a8 zo and apply the matrix A itself one or more times.

The notion of using a Chebyshev polynomial may be carried a step
further. The vector ) is the result of » applications of the polynomial
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Sm(A) of degree m and hence is the result of applying a polynomial

[Sm(A)]” of degree mv. Clearly the direct application of the polynomial

Sn» would give better results. '
Hence, let us return to the original sequence

xo’ xl, x2, e o o xl’-
This is the sequence
x, Az, A%, ..., Az,

Instead of accepting z, itself, for some v, as giving the best approximation
for the direction of u,, one could ask for a linear combination of all » + 1
vectors that will give as good an approximation as possible. With the
same hypothesis (4.112.1), the best available linear combination is

¥ = oo+ o1z + - - + 0.2,

where
Sy()\) =go+oN+ - + a,\.

Again all elements of Az’ should be in the approximate ratio \; to cor-
responding elements of z’, which fact serves both as a check and as a
means of obtaining \; directly without the extraction of a root.

4.113. Intermediate proper values. Already attention has been drawn
to the resemblance between the iterative methods for finding proper
values and the methods of Graeffe and of Bernoulli for solving equations.
Indeed, Aitken bases his discussion of the method of Bernoulli for alge-
braic equations upon the iteration of a matrix for which the given equa-
tion is the characteristic equation. In principle both methods, Graeffe’s
and Bernoulli’s, yield all the roots of an algebraic equation.

In §4.21 a particular direct method will be described for finding the
coefficients of the characteristic equation. That method does not itself
yield the roots of this equation. However, if the method is applied to
A’ for any », then one obtains the equation whose roots are the \:.
Hence if v is sufficiently large, the coefficients of the equation are approxi-
mately equal to N}, NJA3, NJAZNS, . . ., if the N’s are numbered in order
of decreasing magnitude. If the matrix is Hermitian, then all roots are
real. For the treatment of multiple roots, reference is to be made to the
discussion of Graeffe’s method in Chap. 3. Unfortunately this method
does not yield the associated proper vectors.

For obtaining proper vectors as well as proper values, suppose A\; > Ay1.
Take any u such that 0 < X\; — p < g — Nj1. Then the numerically
smallest proper value of A — pl isN\; — p.  Also (\; — p)?is the smallest
proper value of the positive definite matrix (4 — pI)2. Hence the
problem of evaluating the proper value \; and its associated proper vector
is reduced to that of evaluating the smallest proper value of the positive
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definite matrix (A — ul)?, and this in turn can be reduced to that of
finding the largest proper value of a related matrix, as described in §4.112.
If \i — u>u— Ny1 > 0, then (A\iy1 — p)? is the smallest proper value
of (A — ul)2.

If 4 is any number on the interval from A; to A, but sufficiently far
from either A\; or A\,, then (A — ulI)? will have (\; — u)? as its smallest
proper value for somez = 2, . . . ,n — 1. Hence any proper value and
vector can be obtained independently of all others and so that no errors
present in one will affect the others.

A more common procedure for obtaining the intermediate proper values
is to obtain them in sequence, making each depend upon the larger values
already found and the vectors associated with them. The vectors u;
are mutually orthogonal and of unit length, which means in the complex

case that
u:-"uj = 5,‘,‘.

‘I'H'e case of a real symmetric matrix A with real proper vectors u; is a
Fcial case. If the trial vector x has no component in the direction of

' and if A > |\| for¢ = 3,4, . . ., n, then z, approaches u, in direc-
tion, and a,.1/a,, as well as the ratio of any element of z,.; to the cor-
responding element of z,, approaches X.. But if u, is known, and z’ is

any vector, then
(4.113.1) r =2 — uuie

is orthogonal to ;. In fact, this is merely the vector which remains
when the orthogonal projection of 2’ upon the unit vector u, is subtracted
from 2. Hence when u; has been found, a new sequence z, can be
determined beginning with a vector x orthogonal to ;. All vectors z,
will be orthogonal to u;, except when round-off introduces spurious com-
ponents along u;, but these can be removed from time to time by apply-
ing (4.113.1). Hence X\; and u; can be obtained from this sequence of
vectors, just as were A; and u; before.

In general, for evaluating any \; and u;, where \; exceeds in absolute
value every proper value not already found, one begins with a vector «
from which has been subtracted the orthogonal projection upon the sub-
space determined by those proper vectors already found.

Another method for finding the intermediate proper values and their
associated vectors is to replace the matrix A by another having \,, A3,

. « 5 An, but not Ay, as proper values. The matrix

A1 = A - )slulu’l"
is Hermitian, and if ¢ # 1, then

Ay = Au; — MuuTu; = Aug = A,
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whereas
A1U1 = )\1u1 _ )\1’“1 = 0.

Hence A, has the proper values 0, associated with the proper vector u;,
and \,, 7 > 1, associated with the proper vector u;. Thus A, satisfies the
requirements. It is useful to note that |

A2 = A? — Nuuf,
and hence inductively

(4.113.2) Ay = A7 — Nuul.

Thus if the powers of A have been formed in the process of arriving at \,
and u;, to form the same powers of A, it is necessary only to subtract a
scalar multiple of the singular matrix w,uf.

When \; and u, are found, one can form

Az = A1 — )\2u2u§

and proceed to find A\; and wus;.

In this method the matrices A;, Az, . . . are all of order n, with 0
as a multiple proper value replacing each of the proper values already
found. It is -possible, however, to reduce the order of the matrices.
Thus when X\, and u, are found, let 4} be any unit vector orthogonal to u,;

uy any unit vector orthogonal to both %, and w}; . . . ; and finally )
one of the two unit vectors orthogonal to ui, u, . . . , w,_;. Then the
matrix

U, = (ul, u,2’ s ,u:;)

is unitary, and one verifies that

} * _ >\l 0
(4.113.3) (]1/1 Ul - (O A1>’

where now A, is of order n — 1 and Hermitian. The matrix UFA U, has
the same proper values as A; hence the proper values of A, are A;, As,
. , An. Let v be any proper vector of A;:

A11) = AV.

)()=G) =€)

Then

Hence

and U, <g> is a proper vector of A. Hence if the largest proper value of

A, and its associated proper vector are found, the corresponding proper
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vector of A can be found directly. The next step is to replace 4, by a
matrix of the form
(xz 0 )
0 Ay
where A, is of order n — 2.
A simple construction of the matrix U, is given by Feller and Forsythe.
Write u; in the form

(4.113.4) wy = (:’v)

where w is a vector of n — 1 elements and w a scalar. Then it is possible
to choose u so that

(4.113.5) U1=<°° —w? >

w I — pww*

is unitary. For this we must have

w —w

% - *
I'=U.Ur = (w I — uww*) (—w I — izww*)’

and hence by direct calculation
(4.113.6) p=(1—a)/(1 — aw).

Hence when \; and u, are found, the transformation (4.113.3), where the
unitary matrix U, is defined by (4.113.5), (4.113.4), and (4.113.6),
replaces A by a Hermitian matrix A, of lower order, whose proper values
are the same as those of A which are not yet known, and whose proper
vectors v; yield those of A by the simple relation

(4.113.7) w = U, <0>.

U;

4.114. Equal and mearly equal roots. Suppose A; = A2 > A3. Then
associated with \; is a two-dimensional set of proper vectors, and any two
mutually orthogonal unit vectors in this set can be taken as u; and wu,.
Given any starting vector z, let u, be the direction of its projection on
this set. Then x can be written in the form

T = MU + N3Us + -+ NnUn,
while
z, = A’ = n\ur + naNjus + 0 0 0 AUy,

and for » sufficiently large
x, = m)\;ul.

If z is any other vector, then

7 = i + wllzs + ¢ 0t wally,
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where in general w; % 0. Hence for large »
2, = A"z = (w1u1 + wzuz)ki.

Both vectors, z and z, will be effective in yielding A;, but in general
distinct vectors will lead to distinct proper vectors associated with the
same proper value. However, a third vector w will yield a w, for large »
such that z,, z,, and w, are linearly dependent.

On the other hand, if A, is a triple root, three starting vectors will
lead to the same \; but to three independent proper vectors, while four
starting vectors would approach a set of four linearly dependent vectors.

If Ay and A; are nearly, but not exactly, equal, then with each will be
associated a unique proper vector. Consider two starting vectors z and
z. For v sufficiently large, we shall have approximately

T, = MmAUL + 72M5Us,
2y = wl)\{ul + wz)\'é’U,2.

Let

o, = 23T, B, = 2¢z,.
Then
(4.114.1) a, = NimA] + 7amaA},

,3,. = (.-01(.01)\; + &)20)2)\'2'.

Then the two matrices

ay N Ay By A A

aypr NFLONGFL DA B AMFDONGH
Qyt2 )‘;+2 Ast? Bore NFE N2
are both singular, and hence X\, and A\, must satisfy the equation
l a B,

(4.114.2) = 0.

A Ayl ﬂv+1
A? Ayt 2 ﬂv+2

The method can be extended to the case when three or more of the proper
values are nearly equal. ‘

When the powers A’ are formed explicitly, there are already at hand
the vectors z, of n distinct sequences since the 7th column of A is Ave;.
The ¢th diagonal element of A’ is the a, for the starting vector e;.

If the matrices A” of the sequence approach rank 1, then all columns
approach the proper vector associated with the single largest proper value.
If they approach rank 2, then the two largest proper values are equal or
nearly so. Pick out any two diagonal elements and consider their values
in consecutive matrices of the series. Let these be a, and 8, in A?, a,,
and 8,41 in A**.. From (4.114.1), the matrix

(a, B, )_(x; A )(ﬁm auwl),
a1 Bt ISSREED SRV AN PY PRENZIYAR
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Hence if the determinant of this matrix vanishes for large », then Ay = ..
If it does not vanish, the roots are nearly equal, by comparison with the
other proper values, but not exactly equal, and they can be found by
solving Eqs. (4.114.2).

4.115. Rotational reduction to diagonal form. A second-order Hermitian
matrix has the form

_ (B Be*®

(4.115.1) B = (Be""* . ) 8 >0,
and its characteristic equation is

(4.115.2) p? — (B4 B)u + BB — 82 = 0.

The discriminant of this quadratic is
(Bl - 62)2 + 462’

and since all the 8’s are real, this can vanish only in case 8; — 8: = 8 = 0.
Hence the only second-order Hermitian matrices with coincident proper
values are scalar matrices, which are necessarily diagonal.

In complex 2 space, a unitary vector can be written in the form

) — (e"."" cos 0).
e**z 81n 0
Assume 8 > 0, and let u; and p2 < 1 be the two roots of (4.115.2). Then
if v is a proper vector associated with u,,
(B1 — pr)e“r cos 6 + Bei®ted sin § = 0.
This can be satisfied by taking
w1 =0+ ¢/2, w=ow— ¢/2
with w arbitrary, and
(4.115.3) tan 6 = (u1 — B1)/B8 = B/(u1 — B2).

The second expression is obtained by using the second row of B, and the
two expressions are equivalent since (4.115.2) can be written

(b = B1)(w — B2) = B~

Because of this relation, either root u; must exceed both 8, and 8, or be
exceeded by both. But since the sum of the roots is

p1+ pe = B1 + B

it follows that the larger root u; must exceed both, and the smaller root u,
must be exceeded by both. Hence

tan 6 > 0,
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and 6 can be taken to lie in the first quadrant. Hence 6 is uniquely
determined. By applying a standard trigonometric identity, one obtains

(4.115.4) tan 20 = 28/(8: — B2),

an expression which does not involve u.
The proper vector »; associated with u, can now be written

e’ cos 6
(4.115.5) vy = (e—iw o e)’
where ¢ is defined by (4.115.1) and 6 by (4.115.4) with the additional
convention that 0 < 6 < .
If one uses (4.115.4) and then applies trigonometric identities to find
the functions of 6, then from (4.115.3) and the expression for the sum
of the roots it follows that

(4.115.6) p1 = B1 + B tan 0, pe = B2 — B tan 6.
Since v, 1s orthogonal to v;, it is easy to obtain
—e'*/2sin 6
4.1157) vy = ( 2 o 0>,

so that the unitary matrix V which diagonalizes B to M is

ei%/2 cos 0 —e/2g8in 0
(4.115.8) V= (e—i¢/2 sin § e~%/2cos @ ),

where
(4.115.9) V*BV = M.

One verifies directly that the sums of squares of the diagonal elements of
B and M are related by

ut+ w3 = 61 + B + 26%

Now suppose B represents any principal minor of A. For simplicity
let this be the minor taken from the first two rows and columns of A.

The matrix
V 0
“=(OI>
is easily seen to be unitary. If we write A in the form
B B* )
4 = (Bl B/

M V*B;“)_
B,V Bu

then
A, = UAU, = (
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Hence in the transform A, of A by the unitary matrix U, the sum of the
squares of the diagonal elements is increased by 28%. The same would
hold if B were any principal minor with non-null off-diagonal elements
a;; and aj;, except that the matrix U must be formed by placing the
elements of V in the sth and jth rows and columns.

The sum of the squares of the diagonal elements of 4 is maximal among
all the unitary transforms of A for the diagonal matrix A. Hence an
infinite sequence of transforms A4, of A, each produced from the preceding
by a plane rotation as just described, and chosen to nullify a pair of
off-diagonal elements of greatest magnitude, will approach A as a limit,
and the infinite product of unitary matrices U, will approach the matrix
U of proper vectors. The ordering of the proper values down the main
diagonal of A is taken care of by the convention that u; must be the larger
of the two proper values of each B, provided the rows and columns in B
are ordered as they are in A.

4.12. The Matrix A Is Arbitrary. If the proper values of the non-
symmetric real matrix or the non-Hermitian complex matrix 4 are all
distinct, then there exists a nonsingular matrix W such that

(4.12.1) W-1AW = A,

and A is again a diagonal matrix of the proper values of A. In this case,
the matrix W is not orthogonal or unitary. Nevertheless, it is still true

that
(4.12.2) A? = WAWY,

where v is any integer if A is nonsingular or any non-negative integer when
A is singular. Moreover,

(4.12.3) p(4) = Wp(A)W—,
where p(\) is any polynomial. Hence let + = Wy be any vector. Then
Az = WAy = ZwNin;.

If there is a single proper value of largest modulus, let this be A\;. Then
just as in the Hermitian case for large »

(4.12.4) z, = A’z = Nmw,,

provided only ; = 0.

For a non-Hermitian matrix, there are two sets of proper vectors, a set
of row vectors and a set of column vectors. Corresponding to any proper
value \; there is a column vector w; and a row vector w? such that

(4.12.5) Aw; = Nw;, wid = N,

The w' are in fact the rows of W—1, as the w; are the columns of W, or may



THE PROPER VALUES AND VECTORS OF A MATRIX 163

be taken so when properly normalized. Letu = »W-!be any row vector.
Then
ud’ = yA'W-1 = I\ put,

if the ¢; are the elements of v. Hence, again, for sufficiently large »
(4.12.6) u, = ud’ = N wl,

provided ¢, # 0. Itisnot necessary that w; and w! be of unit length, but
for these to be a column of W and a row of W—1, respectively, it is neces-
sary that

w1w1 = 1.

For sufficiently large v, consecutive vectors in the sequence z, and
also consecutive vectors in the sequence u, are approximately linearly
dependent. Hence the ratio of any two corresponding components can
be used to provide an approximation to \;, and the agreement among
these ratios provides evidence as to the nearness to the limit. The &2
process can be applied to accelerate the convergence to all limits, A;, wy,
and w!,

Suppose now that A\; and A, are equal in modulus, but exceed in modulus
all other proper values. Then in the limit

T, = Nmwi + Ajnawe,

(4.12.7) w, = N ¢! + Njpaw?,

Consider the sequence of scalars
(4.12.8) Q, = UL, = U,L.
For large » this becomes
a, = No1m1 + ANydane.
Then in the limit the matrix
a, A Ay

Qyy1 )\ni+1 )\;-H
Qyy2 >‘i+2 >\;+2

is singular. If either u or z is replaced by a different vector, another
sequence of scalars 8, can be defined, and by a familiar argument X\; and A,
must satisfy the quadratic equation

1 Ay Bv
N a1 Bt
A a2 Buge

(4.12.9) = 0.

The o’s and the §’s can indeed be individual components in the z’s or in
the w's. The extension to a larger number of proper values of equal
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modulus is direct, and applies, moreover, also to the case of moduli that
are nearly equal.

In case A\; = Az, the coefficients in the quadratic (4.12.9) all vanish.
This case will be considered later.

Suppose the proper value A; of greatest modulus and 1ts associated
vectors w; and w! have been found. Suppose A, exceeds all other proper
values in modulus. Its proper vector w, is orthogonal to w!, and w? is
orthogbnal to w;. Hence one can proceed as above but with starting
vectors z, orthogonal to w!, and u, orthogonal to w;:

wlzx = uw; = 0.
Or, one can replace the matrix 4 by
A1 = A - )\lwlwl,

whose proper values are 0, Ao, A3, . . . , An.

Turning now to the case of multiple values, it may or may not be
possible to diagonalize the matrix when such occur. If A\; = A, # \; for
1 > 2, and if two independent proper vectors exist associated with A,
then in general a starting vector z will have some component which is a
linear combination of these vectors. The iteration can proceed and will
yield A\; and some linear combination of w; and w,. Likewise a starting
vector u will yield A; and some linear combination of w! and w?. A differ-
ent starting vector x will yield a different linear combination of w; and
w,, and a different starting vector u a different linear combination of w!
and w?. When powers A* of the matrix are computed explicitly, then
one has the effect of iterating simultaneously upon n distinct column
vectors, the columns of A4, and upon n distinct row vectors, the rows of A.
In the limit if corresponding columns (or rows) in consecutive powers A”
are linearly independent, then the largest proper values are equal, or
nearly equal, in modulus. But if these are linearly dependent, whereas
the matrix A” has rank > 1, then the largest proper value is a multiple
root.

However, in the case of a multiple proper value, it can happen that
the number of linearly independent proper vectors associated with this
proper value is less than the multiplicity. If so, then the matrix cannot
be diagonalized. The general form was discussed in §2.06, and is shown
in (2.06.20), (2.06.21), and (2.06.22).

It is clear that among the iterates A’z of any vector x only a finite
number can be linearly independent. There will be some m < n such
that for » > m, A’z is expressible as a linear combination of z, Az, . . .,
Am'z. Hence all iterates lie in some subspace of dimension m < n.
In this subspace there is at most one (in general there will be exactly one)
proper vector associated with each distinct proper value. The fact can
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be deduced from the discussion in §2.06, but will be brought out more
clearly in §4.23. Furthermore, associated with each A; there is a principal
vector of highest grade in the subspace, say u{* of grade n;, the vectors
ugm—l) —_ (A —_— )\J)usm),
us‘ni—2) — (A —_— Ai1)2u£m‘) — (A —_— )\‘,I)ugm—l)’

ooooooooooooooooooooooooo

are of progressively lower grade, and lie also in the subspace, and in par-
ticular (Y is the unique proper vector in the subspace.
Consider the effect of the iteration upon these principal vectors. If
we write
U, = (u:-”ui-z’ Ce i),

then one verifies that

where

.........

the matrix A; being of order n;. Ilence

AU; = AUA; = UA? = U\ + 1H)?,
and in general
A"U,‘ = U,’()\il + 11)".

The auxiliary unit matrix I, vanishes in the n,th and higher powers.
Associated with each distinet \; will be a particular matrix U; of
principal vectors, and x can be expressed as a sum

r = EU,-x("),

where z® is a vector of as many elements as there are columns in U,.

Hence
Avx = ZU;()\,‘I + Il)"x"".

If there is a proper value \; of modulus exceeding all other |\;|, then
in the limit
z, = Az = U\ T + I,)7z™,
Since
()\1[ + Il)"l — nl)\1(>\1[ + Il)”‘_l + (7;1) )\f()\ll + Il)ﬂx—2 + - -
+ )\'I“I = [()\1[ + 1)) — )\1[]"l = I'lu = (),

it follows that in the limit any 1 + n, consecutive vectors in the sequence
Az will be linearly dependent, and in fact the coefficients expressing the
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dependence relation are the coefficients of the powers of A in the expan-
sion of (\ — X;)™. This fact provides a means for computing A,.
Given )y, it is possible to form the combinations

Ahxv = Ty41 — >\lxu,
A2r, = ZTyyp2 — 2MTy1 + Mz,
We find
Ahx, = U1[)\1I + I, — )\11]()\1[ + Il)'x
U1I1()\1I + Il)"x,

and more generally
A{xx,, = UlII()uI + Il) ve.

But since I7'= 0, therefore Az, = 0. Moreover, I}*—! differs from the
null matrix only in the last element of the first row. Hence in the product
U,I™! only one column is non-null, and this is the proper vector u®.
Hence Af—'z, is equal to u(V except for a nonessential scalar multiplier.
Thus even in this case, it is possible to obtain from the iteration both the
largest proper value and an associated proper vector.

4.2. Direct Methods. By a direct method will be meant a method for
obtaining explicitly the characteristic function, the minimal function, or
some divisor, possibly coupled with a method for obtaining any proper
vector in a finite number of steps, given the associated proper value. The
method to be used in evaluating the zeros of the function is left open.

Naturally one such method would be direct expansion of the determi-
nant |[A — AI| to obtain the characteristic function. This done, and the
equation solved, one could proceed to solve the several sets of homogene-
ous equations (4 — M)z = 0, where \ takes on each of the proper values.
Such a naive method might be satisfactory for simple matrices of order 2
or 3, but for larger matrices the labor would quickly become astronomical.

In discussing iterative methods, it was convenient to consider sepa-
rately Hermitian and non-Hermitian matrices. This was primarily
because of the fact that for Hermitian matrices the proper values are
known to be real, though a further point in favor of the Hermitian matrix
is the fact that it can always be diagonalized. For the application of
direct methods, however, the occurrence of complex proper values intro-
duces no difficulty in principle, though naturally they complicate the
task of solving the equation once it is obtained. Intrinsic difficulties
arise in the use of direct methods only with the occurrence of multiple
proper values. Fortunately, however, one begins in the same way
regardless of whether multiplicities are present or not. If present, the
fact reveals itself as one proceeds. If a given direct method applies at
all to non-Hermitian matrices, then its application to any diagonalizable
matrix can be discussed about as easily as can the application to the
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special case of a Hermitian matrix. Consequently, each method or
class of methods will be described for whatever cases it may cover,
Hermitian or not, before passing on to another.

One ingenious and simple method that has been used to find the
characteristic equation may be mentioned at the outset. This is to
evaluate the determinant ¢(A\) = |A — M| for each of n 4+ 1 selected
values of A\, and then write the interpolation polynomial of degree n
which they determine. This might be advantageous when the matrix is
small, and values of A could be found for which the evaluation is especially
simple. However, it provides no assistance for the computation of the
proper vectors.

4.21. Symmetric Functions of the Roots. If we write

(4.21.1) fQA) = (—)"d(\) = A — Yy A" yaA 24 - - o 4 (=) Py,

then the coefficients v, are the ‘“‘elementary’’ symmetric polynomials in
the proper values. That is to say, v is the sum of the products & at a
time of the \;. In particular

(4.21.2) yi = I\ = tr (4).

Newton’s identities (3.02.5) express the sums of the powers s; as poly-
nomials in these elementary polynomials, where the 4; here take the
places of the o; in (3.02.5). But

81 = 71 = tr (4),
S 2)\3 = tr (Az),

and in general
(4.21.3) sn = SN = tr (4%).

Hence by taking powers of A up to and including the nth, one can com-
pute the sums of powers of the \;, and thence by applying Newton’s
identities find the v,. Hence to find the s, by this method requires
(n — 1) matrix products; each matrix product requires n® multiplications;
hence altogether to find the coefficients in (4.21.1) requires approxi-
mately n* multiplications.

To improve the algorithm and obtain further information, consider

(4.21.4) CQ) = adj A\ — A) = CA*! — CA2 4 CAm—3 — - -
:t Cn—l.

Then

(4.21.5) CO)N — A) = (—1)¢(\)].

On expanding and comparing coefficients of X\ on the two sides of this
equation, one finds
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Co =1,
Cl + COA = 7117
C.+ C.4 = ’YzI,

(4.21.6)

Conor + Ch2A = "Yn-lI,
Cn_lA = 'YnI-

Now 7, is given by (4.21.2). Hence C; can be found from the second of
(4.21.8). On multiplying this by A and taking the trace of both sides,
one finds in view of (4.21.3)

tr (C1A) + 83 = 7:18:.
Comparison with the second of (3.02.5) shows that
2y, = tr (C1A).

Hence v: can be found and therefore, by the third equation, C;. In
general )

(4217) C}. = 'Y}.I - ‘Yh—lA + ‘Yh—2A2 _ :t Ah.

On multiplying by A4, taking the trace, and comparing with (3.02.5), one
finds that

3

(4.21.8) hyr = tr (Ci1A).
Hence the coefficients 4, and the matrices C can be obtained in the:
sequence Co = I, v, C1, v¥2, Cs, . . . , ¥a. The final equation in (4.21.6)

serves as a check. Note that, since each Cj is a polynomial in A4, it is
commutative with A:

AC, = CiA.
As a byproduct of this computation, one obtains the determinant
|Al = Un,y
the adjoint
adj A = Cn_-l,
and the inverse
Al = Cn—l/'Yn-

If C(\) # 0, then any non-null column of C(\;) is a proper column
vector, and any non-null row of C()\;) is a proper row vector associated
with \;, since by (4.21.5) and the commutativity of the Cj and A we have

COYNI — A) = N — A)C(N) = fA)T = 0.

But if \; is a simple root, then necessarily C(\;) # 0, and there is at
least one non-null column and at least one non-null row. For suppose
C(\;) = 0. By differentiating (4.21.5) and setting A = \;, one obtains

WI — A)C' () = (=)' (M),
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and on taking determinants of both sides,
(=DmoM)[C"N)| = [(=1)"¢’ )]

But ¢(\;) = 0, whereas ¢'(\;) 0, and we have therefore reached a
contradiction. Hence the method yields at least those proper row and
column vectors that are associated with simple proper values.

In forming the matrices Cy, C3, . . . , Cn—y, each requires n3 multipli-
cations, making n3(n — 2) in all for forming the characteristic function.
Given a \;, to form C(\;) one can form

Cohsi, (Cohi + CDN, (CA2 4+ C\i + Co)N,y - . .,

which requires n%(n — 2) multiplications for each A;, and hence again
nd(n — 2) multiplications when the \; are all distinct. Altogether this is
2n3(n — 2) multiplications. However, if one forms only a single row
and a single column, and these are non-null, this can be reduced to a total
of n?(n? — 4). '

Suppose next that \; is a double root, but not a triple root. It may
still happen that C(\;) £ 0. If so, then again any non-null column is a
proper column vector, and any non-null row a proper row vector. Since
by differentiation of (4.21.5)

(4.21.9) CO) 4+ (M — A)C'Q) = (—1D)r¢’ W],
and since }; is a double root, therefore
NI — AC'(N) = —C(\) # 0,
and certainly therefore C'(\;) % 0. However,
(WM — A)CN) + (M — A)C'(N) = (=1)"¢' MM — A),
and therefore
(4.21.10) I — A)2C'(\) = 0.

Hence there is at least one non-null column z and at least one non-null
row u of C’()\;), and

u()\J - A)2 = O, ()\‘I - A)zx = 0,
whereas

Thus u and z are principal vectors of grade 2 associated with \;.
Suppose, on the other hand, that C(A\;) = 0. Then by (4.21.9) it
follows that

(4.21.11) I — AC'(\) =0,
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since \; is a double root. Then any non-null column of C’()\;), if there is
such, is a proper column vector, and any non-null row a proper row vector.
We can show that C’(\;) has rank 2.

We know from Chap. 2 that a double root has associated at most two
proper vectors. Hence (M — A) has rank n — 2 at least. But
0=CM\) =adj (\I — A) so that (\;J/ — A) has rank n — 2 at most.
Hence in this case (\,/ — A) hasrankn — 2exactly. Hence by (4.21.11)
C’(\) has rank 2 at most. Let B be a constant matrix of maximal rank
such that

C'\)B = 0.

Since C’(\;) has rank 2 at most, B has rank n — 2 at least. If we differ-
entiate (4.21.9), set A = \;, and multiply by B, we obtain

NI — A)C"\)B = (—1)"¢”’(\)B.

The rank of the right member of this equation is the same as the rank of
B, since ¢”’(\:) # 0, and this cannot exceed the rank of any matrix factor
on the left. But (\,/ — A) has rank n — 2, whence the rank of B cannot
exceed n — 2. Hence B has rank n — 2 exactly, and therefore C’(\;) has
rank 2 exactly.

Thus when X; is a double root (and not a triple root), either C(\;) # 0,
in which case there exists a non-null column of C(\;) and a non-null
column of C’()\,), the first being a proper, and the second a principal,
column vector associated with A;; or else C(\;) = 0, in which case C’'(\;)
has rank 2 and any two linearly independent columns are proper vectors.
Corresponding statements can be made for the rows.

The argument can be extended to the case of a root of arbitrary
multiplicity.

4.22. Methods of Enlargement. Suppose A,—; is a principal minor of
A, say that taken from the first n — 1 rows and columns of A, and let

A,y a._
(4.22.1) A=A, = ( 1 1).

ayn_y Un—1

Then

_ )\In—l - An—-l —Qdpn-1 .
(4.22.2) Mo — Ay = ( Ca T a,,_1>
Let
and

(4.224)  B.(\) =adj A\, — 4,) = (F":l(%) ’:Z;'_‘f?%)'
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Here the prime does not denote differentiation, but is merely a dis-
tinguishing mark. Note in particular that

Gn—1(N) = My — Anl.

Now ¢._1(A) is of degree m — 1 in \. However, each element of
fn—1(\) and each element of f,_,()) is of degree n — 2 at most. Hence if

we note that
(Lo — A.) (f"—l(”) = 0. 0Ven
. . ¢’n—1(>‘)
or in more detail
(>\In-—1 - An-—l)fn—l(k) - an—l¢n—1()\) =0
4.22.5 ’
(4.22.5) i faa) + A — ) ) = En(N),

it follows that, when ¢,_:(\) is known, all coefficient vectors of f,_;(\)
can be obtained by comparing coefficients, and hence ¢.(\) can be formed
from the last equation. In fact

kfn—-l()\) = An—lfn-——l()\) + an—ld’n——l()\),

so that beginning with the coefficient of A»~2 in f,_;(\), which is simply
a.-1, the vector coefficients can be obtained in sequence.

If one first forms ¢:1(A\) = A — @11, one can then by this scheme form
fi(x) and hence ¢(N); then f:(\), and hence ¢3(\), . . ., eventually
obtaining ¢.(\).

Given ¢,_1(A\), the product A,._if»—1(\) requires (n — 1)® multiplica-
tions; an_1¢.—1(\) requires (n — 1)?; a),_,fn_1(A) requires (n — 1)2; and
an_10n-1(\) requires n — 1. Altogether this is n?(n — 1). When they
are summed over all values from 2 to n, we have a total of

n(n? — 1)(3n + 2)/12

multiplications, or approximately n4/4. The advantage over the other
method lies in the fact that not the entire adjoint but only one column
of it has been computed.

However, this also accounts for a major disadvantage, when proper
vectors as well as proper values are needed. If for any A; the vector
fa—1(N) and the scalar ¢,—1(\;) do not both vanish, then a proper vector

associated with A; is
(f n—-lo‘i) )
¢n-1()\i)

Undoubtedly this covers the majority of cases that arise in actual practice.
But this column alone is insufficient for obtaining all the proper and
principal vectors when \; is a multiple root, and moreover no general
method has been provided for the theoretically possible case of a simple
root A for which this column (but not the entire adjoint) vanishes.
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The proper row vectors can be obtained in the ‘‘usual’” case by using
equations corresponding to (4.22.5) to compute f,_,(A), and hence
n—1 ().

The ‘“escalator method” also proceeds to matrices of progressively
higher order, but it réquires the actual solution of the characteristic equa-
tion at each stage. Consider only the case of a symmetric matrix, for
which moreover all proper values are distinct. Thus suppose for the
symmetric matrix A all proper values and all proper vectors are known:

(4.22.6) AU = UA.

If A is bordered by a column vector and its transpose to form a symmetric
matrix of next higher order, we wish to solve the system

G (3 000)

Hence

Ay + an = Ny,
(4.22.8) a'y + am = M.
Let
(4.22.9) y = Uw.
Then

AUw + an = A\Uw,
UAw + an = \Uw,

(4.22.10) Aw + UTan = M,
w= (A — A)~UTan.

Since 7 can be taken as an arbitrary scale factor, (4.22.9) and (4.22.10)
determine the proper vector once the proper value A is known. How-
ever, from the second equation (4.22.8) it follows that

a'Uw = (A — )y,

and, on substituting (4.22.10),

(4.22.11) a'lUAI — A)~U'a =\ — o

This equation in scalar form can be written

(4.22.12) =(@u)?/(A — \) = \ — a,

and its roots are the proper values of the bordered matrix. If the \; are
arranged on the A axis in the order \;y > X2 > -+ - > \,, then as A

varies from — « to \,, the left member decreases from 0 to — «; as
A varies from XA, to N\,_;, the left member decreases from 4 to — «;

. ;a8 \ varies from \; to + «, the left member decreases from + « to
0. The right member increases linearly throughout. Hence (4.22.12)



THE PROPER VALUES AND VECTORS OF A MATRIX Lo

has exactly one root A < \,; exactly one root A between each pair of
consecutive \;; and exactly one root A > \;. With the roots thus iso-
lated, Newton’s method is readily applied for evaluating them.
4.23. Finate Iterations. If by is an arbitrary non-null vector, then in
the sequence
bo, b1 = Ab,, by = Ab,, . . .

at most n of the vectors are linearly independent. Suppose the first
m < n of the vectors are linearly independent, but the first m + 1 are
linearly dependent. Then b, is expressible as a linear combination of the
other m, and hence for some scalars g; it is true that

’

(4.23.1) bm — Bibm—1 + Bobm—z — + + + £ Bmbo = 0.
Hence
(4.23.2) (A" — B1A™ ' + BoA™2 — - -+ % Bul)bo = 0,
which is to say that
(4.23.3) p(A)by = 0,
where _
(4.23.4) PAN) =N —BA™ 14 - - -+ B,
If
dA) =N+ N1+ - - -+,

is the highest common divisor of p(A) and ¢()), then d(A)by = 0. That
is to say

(A” + 8,41+ - -+ + 8,)bo = 0,
or
bv + 51bv—1 + v + 5ybo = 0.
But the vectors bo, by, . . . , bm—1are linearly independent, whence » = m

and d = p. Hence p(\) divides the minimal function ¥(A) and hence
also the characteristic function ¢(\). In particular if m = n, then
p(A) = (—1)"¢(A\). When this is true, therefore, one can form the
characteristic equation by first performing the n iterations Ab; and then
by solving a system of n linear equations. When this is not so, one can
at least obtain a divisor of the characteristic function by performing a
smaller number of iterations and by solving a system of lower order.
However, in addition one must test at each step the independence of the
vectors already found, as long as the number is below n 4 1.

A great improvement is provided by Lanczos’s ‘“method of minimized
iterations.” Let by and ¢ be arbitrary nonorthogonal non-null vectors.
In case A is symmetric, take by = ¢o; if A is Hermitian, take bo = ¢o and
in the following discussion replace the transpose by the conjugate trans-
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pose. In other cases bo and ¢y may or may not be the same. Form b,
as a linear combination of by and Ab,, orthogonal to ¢y; and ¢, as a linear
combination of ¢y and A¥¢y, orthogonal to by. Thus

by = Abe — agbo,
where
0= Czbl == CBAbo - Oloczbo;
and .
CI = CEA - 6005)
where
0 = clbo = cjAbg — doclbo.
But then

Qg = 50 = CEAbo/C{)bo.

Next, choose b; as a linear combination of by, b;, and Ab,, orthogonal to
both ¢o and c;; and ¢; as a linear combination of ¢, ¢,, and AT¢,, orthogonal
to both by and b;,. Then .

by = Aby — a1b1 — Bobo
where
0 = clbs = c}Ab; — Bochbo,
0 = Clb2 = CIAb1 - alc{bl.
Hence
ar = cJAby/clby, Bo = c}Ab;/clb.

But from the relations already derived,

ctAby = clby = clAb,.
Hence
Bo = chl/c{)bor
and if
c; = ciA — aic] — Bocl,
then it follows that
0= Cgbo = C;bl.

The step breaks down in case c}b, = 0, since this is the denominator in
a;. But this means that

0 = cldb, = cJA(A — aol)b,

and when ag is replaced by its value, this is, apart from the factor (cJbo)~1,
equal to the determinant of the matrix product

65)@ Abo)
cr A 0 0/

Hence this can vanish only if the pair by, Ab, or else the pair co, ATcy is
linearly dependent. Suppose for the present that this is not the case.
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We now show that a; and B, can be chosen so that
bs = Ab; — asb; — Biby
is orthogonal to all three vectors ¢y, c¢;, and ¢, and so that
= ATc; — azc; — Bicy

is orthogonal to bo, b, and b,, provided only that the vectors be, Ab,,
A%, and also the vectors co, ATco, AT’co, are linearly independent triples.
First we note that

CgAbz = (C.{ + aoCDbz = O,

C;Abo = C;(b1 + aobo) = 0,

so that c¢; is orthogonal to by, and b; to ¢o, independently of a; and 8.
Next
clAby = (¢} + aic] + Boch)bs = clbs = clADb,.
Hence
cibs = Czbz — Biciby,

whence ¢, and b; are orthogonal if

: B = C;bz/clbl-

But in this event
Cgbl = C;bz - Blc{bl =

Finally,

C;b;; = C;Abz - azc;bg,

ciby = cjAbs — aclby,

and both vanish provided
Qg = C;Abz/cgbz.

This is always possible if ¢; and b; are not orthogonal. But the matrix

product
cl cibo ciAby clA%,
ctA | (bo Abe A%o) = |clAbe clA%y c}A%,
ciA? el A% cJA%e clA*b

has a determinant which by successive reductions of rows and columns
yields

Czbo CBA bo CBA 2b0
CgAbo CBA?‘bo CEA 3bo
CBA %bo CEA %bo CI,A %o

Since we have assumed (cibo)(cIb;) # 0, it follows that cib, = 0 if and
only if either the triple ¢co, ATco, AT’co or else the triple by, Abo, A%by 18

linearly dependent.

cibo  clbo clbo
ciby clby  clby
cibe  clb:  cibs

= (cgbo) (c1b1) (c3b2).

—
—
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We can proceed inductively, forming
bit1 = (A — ai)bi — Bimibiy,

(4.23.5) Civ1 = (AT — a))ci — Bi—1Ciy,
where
(4236) a; = CJAb;/CIb,', ﬂ,'_1 = chi/CI—lbi—ly

until possibly at some stage c¢; and b, are orthogonal. When ¢; and b; are
not orthogonal, then b,,; is orthogonal to every vector co, ¢1, . . . , ¢
and c¢;;; is orthogonal to every vector bo, by, . . . , b

Necessarily, there is a smallest m < n for which ¢l b, = 0, since if
the vectors ¢y, €1, . . ., €n—1 are all linearly independent, then only
b, = 0 is orthogonal to them all, and this vector is orthogonal to c.,
whatever ¢, may be. Suppose the relation holds for some m < n. Then
either the set by, Aby, . . . , A™bg or else the set co, ATco, . . . , (AT)™co
is linearly dependent. For definiteness suppose it to be the former. The
set from which A™b, is omitted is linearly independent, for if it were not,
the m selected would not be the smallest possible. Hence A™b, is

expressible as a linear combination of the m vectors by, . . . , A™ ..
Hence Ab,.— is some linear combination of the vectors bo, by, . . . , bm—1:
Abm—l = P'm——lbm—l + I-‘m—2bm—-2 + e + IJ-ObOo
Hence
bm = Abm—l - am—lbm-—l - Bm—2bm—2 '
= (Nm—l - am—l)bm—-l + (I-"m_2 - Bm—2)bm—-2 + ﬂm-—-3bm—3 + e + #obo-
But then

0= Czbm = #ocgbo,
O = CIbm = #ICIbl’

O = c;rn_lbm = (ﬂm——l - am—l)c;rn_lbm-—l-

By hypothesis all the vector products on the right are non-null, and
therefore
O=po=pp1= """ = ptm1— an,

whence b,, = 0 and
(4.23.7) 0 = (A - a,,,__ll)b,,._l - ﬁm_zbm_z.

Thus if the vectors by, Aby, . . . , A™bo are linearly dependent, then
(4.23.7) holds; correspondingly if the iterates of co by AT are linearly
dependent, then it follows that

(4238) 0= (AT - a,,._ll)c,,._l — Bm—2Cm—2.

Hence the recursion (4.23.5) and (4.23.6) can be continued until for some
t = m either (4.23.7) or else (4.23.8) holds.
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Consider now the sequence of polynomials

Po(A) = 1,
p1iA) = (A — ag)po(N),
(4.23.9) P2(A) = (A — a1)pi(N) — Bopo(N),

ooooooooooooooooooo

Pir1i(A) = N — a)pi(N) — Bicipi—a(N),

where the o’s and B’s are defined by (4.23.6). One verifies inductively
that

(4.23.10) p:(A)by = b;, p:(ANco = c..

Hence either p,.(A)bo = 0, or else pn(AT)co = 0. In either case p.(N) is
a divisor of the minimal function ¥()), its coefficients are provided with-
out the necessity for solving a system of equations, and moreover the test
for dependence of the successive sets of iterates of by and of ¢, is performed
automatically in the course of the computation.

Suppose now that the proper values are all distinct. Then if W is the
matrix of proper vectors,

(4.23.11) W—1AW = A,
and A is diagonal. Also

If only one of b, and ¢, vanishes while the other does not, one can by
a different choice of by (if b, = 0) or of ¢o (if ¢» = 0) obtain a longer
sequence. Hence suppose that b, = ¢n = 0. Moreover p»(\) has only
simple zeros:

(4.23.13) P = pmA) = A = AD)AA = Ag) * * + (A — Aw).
Then
(4.23.14) A) = p(N)/(X — N\)

is a polynomial, and there is no nonconstant factor common to all the
¢;. Hence by a theorem in §2.06 there exist polynomials f;(A) such that

Ef;(x)q.-()\) = 1.
Hence

(4.23.15) 2f,(A)q1(A) = I = Efi(AT)q,'(AT),
and therefore
(423.16) Ef,‘(A)q,'(A)bo = bo, Zf;(AT)q,'(AT)Co = Co.
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Also, since polynomials in A (or those in AT) are commutative with one
another,

Zfi(A)qi(A)b; = b,  Zfi(ANqi(AT)¢; = c;.
But ‘

(A — NI)fi(A)gi(A)b; = fi(A)p(A)b; = 0.

Hence f;(A)q:(A)b; is a proper vector of A associated with the proper value
\;, so that each b; is expressed as a linear combination of proper vectors.
Again, if the first of (4.23.16) is solved for any proper vector

fi(A)qi(A)b,,

it is expressed as a linear combination of vectors by, Abo, A%y, . . . , and
these in turn are expressible as linear combinations of the b;. Hence
each proper vector appearing in the first of (4.23.16) is expressible as a
linear combination of the b;. ILikewise each proper vector appearing
in the second of (4.23.16) is expressible as a linear combination of the
¢;. Let u; represent the proper vectors of A, »; the proper vectors of AT,
which appear in (4.23.16). Then

(42317) bo = Zu,-, Co = 2,

Since the u; and v; are proper vectors, therefore
by = pi(A)bo = ) piAus = ) piN)us,

(4.23.18)
G = PJ(AT)CO = zpj(AT)”i = EPj()\i)vi-

Hence if we let

poA1) ... Pmaa(My)
(4.23.19) P=|- -+, ,

PoAn) ... Pmo1(Am)

B = (bO L bm—l); C = (CO o cm—l);
(12320) U — (ul I um)’ V — (vl . vm),
then (4.23.18) can be written
(4.23.21) B = UP, C = VP.
But
VU = D,

where D is a diagonal matrix. Hence
VB = DP, C'U = P'D.

But we already know that the u’s can be expressed in terms of the b’s, and
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the v’s in terms of the ¢’s:

U = BH, VT = K'C".
Moreover,
C'B =A
is also a diagonal matrix. Hence

C'U = AH, V'B = K'a,
H = A-'C'U = A-'P'D, K" = V'BA-! = DPA-Y,

(4.23.22) U = BA-'P'D, V' = DPA-I(CT.

The diagonal matrix D is determined only by scale factors in the vectors
uw; and v; and these can be chosen as convenient. Thus the m proper
vectors of A which appear in (4.23.17) can be expressed as linear combina-
tions of the b;, and the m proper vectors of AT (or proper row vectors of A)
can be expressed as linear combinations of the ¢; (or of the c).

When m < n, in general this will be because ¢(\) has multiple zeros.
Suppose still that p..(\) has only simple zeros and take a b orthogonal to
all the ¢;, Then Abj is also orthogonal to all the ¢;, since

cJAby = (A7¢;)Th,,

and AT¢; is itself a linear combination of the ¢’s. Likewise if ¢} is orthog-
onal to all the b’s of the original sequence, so also will ATcj be orthogonal
to all the b’s of this sequence. Hence one can develop sequences b’ and ¢,
and these vectors will be independent of those hitherto found. They
will yield new proper vectors associated with the multiple roots. More-
over, the new sequences will in general have fewer than m members each.
If they have fewer than n — m members, a third pair of sequences must
be started with b) orthogonal to all previous ¢’s, and ¢ orthogonal to all
previous b’s. Since each such sequence will contain at least one member,
the initial vector of the sequence, the process will eventually terminate
and yield all proper vectors.

If, instead of imposing the orthogonality requirement upon b} and cj,
one required only that by = bo and ¢ # co, then in general new sequences
of m terms each will result, proper vectors associated with simple roots
will be found over again, but a new proper vector for A and one for AT will
be found associated with each multiple root. This course might be
preferred in order to avoid the computation of the orthogonal starting
vectors.

When the zeros of p..(\) are not all distinct, it is still possible to obtain
the proper vectors in much the same way. A resolution such as (4.23.16)
can be employed to show that bo and ¢, are expressible as sums of principal
vectors. Here ¢;(\) is the quotient of p(A) by the highest power of
(A = N) it contains as a factor. - Each principal vector which appears in
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(4.23.16) is expressible as a linear combination of the b; (or of the ¢;).
Also, if z; is the principal vector of A associated with \;, then (4 — \.JI)z;,
(A — Ni)%x;, . . . can each be expressed as a linear combination of the b;.
But every vector of this sequence is a principal vector or vanishes, and
one is a proper vector. Hence associated with each zero of p.()\) there
is a proper vector of A which is a linear combination of the b’s and a
proper vector of AT which is a linear combination of the ¢’s. Let u; be

the proper vector of A associated with A\;, Then

u; = zw,'jbj.
J

Hence
clui = wiclb;.
But
¢; = pi(AT)co,
whence -
(4.23.23) ciui = egpi(A)ui = cquipi(\),

since u; is a proper vector. Hence

(4.23.24) wij = cyusp;i(\;)/clbs,
and therefore
U = Czuiz pi(A:)b;/c]b;.
-

But cju; is a scale factor which can be chosen arbitrarily. Thus if in
(4.23.19) the matrix P is taken to be rectangular, one row for each \;, and
the matrices U and V contain only the proper vectors, then (4.23.22)
holds also in this more general case. Again if m < n, one can select
vectors b}, orthogonal to every ¢;, and ¢ orthogonal to every b;, and form
new sequences to provide any proper vectors not already found.

4.24. The Triple-diagonal Form for a Symmetric Matriz. In the
method outlined in the last section, consider again for the moment the
case m = n. Let

B = (bo b1 c ot bn._.1), C = (Co ci * Cn..l).

Then from the defining relations we have C'B as a diagonal matrix D
whose diagonal elements are

(4.24.1) So = clbo =0, . .., 081 =cl buy 0.

Hence
C'B = D,
B-1 = D-(CT, C-! = DB,
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Also we found that
clAb; = aiclb; = b,
CIAb,'_l = CI__IAb; = CIb,' = 5,',
CIAb; = 0, |t —j] > 1.

Hence the product CTAB is a matrix for which the only non-null elements
lie along, just above or just below, the main diagonal:

aoao 81 0 O

61 a161 62 0
(4.24.2) C'AB =| | ds  a2dy 3

Hence

1
(4243)  BUAB=D"'C'AB=|, |

..........

since by (4.23.6) we know that 8;_; = 8:;/6;—1. One should expect that
after reducing the matrix to this form a considerable step has been taken

toward complete diagonalization.
In case A is symmetric, if ¢o = by, then C = B, and every & > 0.
Hence D% is a real diagonal matrix. If we set

U = BD—*,

then U is an orthogonal matrix, and

ag Bt 0 ...
(4244) S = UTAU = ﬂo% (23] [‘3'1}"3 N B
For the case of a symmetric matrix, we now consider another method of

obtaining the triple-diagonal form (4.24.4).
Before doing so, however, consider the characteristic function. Let

p0(>‘) = 17
Pl()\) =\ — Qo, .
— — 4
@245) ) = M52 TP T (= @m0 = BV,
AN — ap —ﬁ’o}‘é 0
Ps()\) = ".30% N —ay —B1% = ()\ - az)p2(>\) - 512)1()\);
0 —'61% A — a2

oooooooooooooooooooooooooooooooooooo

Thus the polynomials p;(\) are the expansions of the determinants of the
first principal minors of the matrix A\l — 8. Note that pi+1(A) and pi(N)
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cannot have a common factor, for if they did, this factor would be con-
tained also in p;—1(A), hence also in p;—2(X), . . . , hence also in po(¥),
which is absurd. Also at any p for which p;(p) = 0, pi+1(p) and pi—1(p)
have opposite signs, since each 8; > 0.

We can show that between any consecutive zeros of p;(\) there is a
zero of pir1(N), and further that p;;1(A) has a zero to the left, and one
to the right, of all those of p;(\). Hence between any two consecutive
zeros of pir1(\) there is exactly one zero of p;(\). Since pi(ag) = 0, and
since pa(ao) < 0, while ps(+ ) = + o, the statement is certainly true
for 2 = 1. Suppose it demonstrated for ps, ps, . . . , piy1 and consider
pi+2. Let p; and p; be consecutive zeros of p.+1(N\). Then

Pira(p1) = —Bipi(p1),  Piya(p2) = —Bipi(p2).

The hypothesis implies that p., ps, . . . , pi+1 can have only simple zeros
and that p; has one and only one zero between the consecutive zeros p; and
p2 of piy1; hence pi(p;) and pi(p:) have opposite signs,” and hence piy2(p1)
and pi;2(p2) have opposite signs. Therefore p;;2 has an odd number of
zeros between p; and p..

Next suppose p is the greatest zero of p;y1. Then piy2(p) = —B:pi(p).
But p; has no zero exceeding p, and pi(») = +«. Hence p;(p) > 0,
and therefore pi;2(p) < 0. Hence pi;2(p) has an odd number of zeros
exceeding p. But pi;2 is of degree ¢ + 2. The hypothesis of the induc-
tion implies that p;;1 has 7 + 1 real and distinct zeros; these divide the
real \ axis into 7 segments and two rays extending to + « and to — «,
respectively. We have shown that each segment and one of the rays
each has on it an odd number of zeros of p;;2. Hence each can contain
only one, and the remaining zero lies on the other ray.

Thus the polynomials p;(\) have all the properties required of a Sturm
sequence, as in §3.05, though they are not formed in the same way.
Hence by counting the number of variations in sign exhibited by the
sequence p;(\) at each of two values of X and by taking the difference, one
has the exact number of proper values of the matrix A contained on the
interval between these values.

Now return to the symmetric matrix A and consider, ab initio, the
problem of reducing it to a triple-diagonal form. Suppose A is 3 X 3.
Then if a;2 # 0, one can find an orthogonal matrix of the form

1 0 O
(4.24.6) U={0 ¢ -3}
0 s c

where ¢ and s are the sine and cosine of some angle, such that in the trans-
formed matrix

A' m UAU
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the elements aj; = of; = 0. In fact, one finds
(4.24.7) oj; = o}y, = cauz — Sais,
and hence one has only to choose
(4.24.8) kK = a3/ ans, c = (14 x?) %, s = ck,
which can always be done if a;; 0. It turns out then that
oy = dfyy = Caiz + sa1z = apa/c,
so that as a result of the transformation
|| > |axs| > 0.

For an arbitrary symmetric matrix A, let it be partitioned

All A12
4.24.9 =
( ) A (An Azz)’
where A, is of order 3. Suppose a1z # 0. Let
U 0
(4.24.10) | V = (O I)’

where U is the orthogonal matrix of order 3 defined by (4.24.6) and
(4.24.8). Then V is orthogonal, and

U'AuU UTAlg)'
A21U A22

Hence the matrix V transforms the symmetric matrix A, arbitrary except
that ai2 # 0, into a matrix A’ in which o}; = 0. Moreover, the trans-
formation leaves unaffected all elements in the first row of A;;, and in the
first column of A.;, as well as the entire submatrix A ..

Now if in A’ the element o}, 0, one can interchange the third and
fourth columns and the third and fourth rows, apply a similar trans-
formation, interchange again, if desired, and obtain a matrix A’/ in which

(4.24.11) VIAV = <

[ | Y T Y )
0‘13—“31—“14—0‘41—0-

By continuing in this fashion, all elements but the first two in the first
row and all elements but the first two in the first column can be caused to
vanish.

Having achieved this, one can now operate with the submatrix of order
n — 1 obtained after leaving out the first row and the first column of the
matrix. Eventually, therefore, one obtains the required triple-diagonal
form. When the characteristic equation is solved, the proper vectors
associated with each proper value are obtained by a direct solution of the
homogeneous equations.
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If it should happen that any 8; = 0 on the off diagonals, then it is
sufficient to consider separately the characteristic equation and proper
vectors of the submatrix above and to the left of the vanishing 8; and of
that below and to the right.

4.3. Bibliographic Notes. A good development of the topics outlined
in §4.0 can be found in MacDuffee (1943). Of the many papers on bounds
see especially Taussky (1949), Brauer (1946, 1947, 1948), Parker (1951),
Ostrowski (1952), and Price (1951).

Papers by Aitken (1931, 1936-1937b) are classic. A more recent gen-
eral discussion of iterative methods is by Semendiaev (1950). Barg-
mann, Montgomery, and von Neumann (1946) discuss the use of the
trace of powers of A and consider in particular the prevention of ¢ over-
flow” in spite of round-off. The use of polynomials to accelerate
convergence was proposed by Flanders and Shortley (1950). On the
use of transformations and orthogonalization for successive proper values
see Hotelling (1943) and Feller and Forsythe (1951). Kohn (1949)
describes without proof an iteration which converges to an arbitrary
(but random) proper value.

Aitken uses the A operator for obtaining successive proper values.
On equal and nearly equal roots see Rosser, Lanczos, Hestenes, and Karush
(1951). Rotational diagonalization, for which equality or near equality
is no difficulty, was used by Kelley (1935), but is in fact much older.
The method was discussed by Goldstine in August, 1951, at a symposium
at the Institute for Numerical Analysis and is to be published with
detailed error analysis in a paper by Goldstine, Murray, and von Neumann.

The method of §4.21 is due to Frame (1949, and an unpublished paper).
It was also published by Fettis (1950), but without detail or considera-
tion of multiple roots. The recursion defined by (4.22.5) was given by
Bryan (1950). On the escalator method, see Morris and Head (1942),
and for a more general (brief) treatment, Vinograde (1951). Lanczos
(1951a and 1951b) gave the method of minimized iteration. The triple-
diagonal form with a valuable treatment of error is discussed by Givens
(1951 and a forthcoming memorandum).

That the polynomials p;(x) form a Sturm sequence is a classical result
(see Browne, 1930).

A method for the simultaneous improvement of approximation to all
proper values is given by Jahn (1948) and Collar (1948).



CHAPTER 5

INTERPOLATION

6. Interpolation

This book falls naturally into two parts: one part dealing with the
solution of equations and systems of equations, the other part dealing
with the approximate representation of functions. We come now to the
second part.

It may be that a function or its integral or its derivative is not easily
evaluated; or that one knows nothing but a limited number of its func-
tional values, and perhaps these only approximately. In either case one
may require an approximate representation in some form that is readily
evaluated or integrated or otherwise manipulated. If one knows only
certain functional values, which, however, are presumed exact, the
approximate representation may be required to assume the same func-
tional values corresponding to the given values of the argument. The
problem is then one of interpolation. If the given functional values
cannot be taken as exact, then a somewhat simpler representation will be
accepted, and one which is not required to take the same, but only
approximately the same, functional values. This is smoothing or curve
fitting. Even a function that is easy to evaluate may not be easy to
integrate. For approximate quadrature, therefore, the usual method
is to obtain an approximate representation in terms of functions that
are easily integrated.

In general, the method is to select from some class of simple functions
¢(z) a limited number, ¢o(z), ¢1(x), . . . , ¢a(x), and attempt to approxi-
mate the required function f(z) by a linear combination of these functions.
Thus we wish to find constants v; such that the function

(5.0.1) ®(z) = 7090(2) + 7161(%) + - * © + V()

is in some sense a reasonable approximation to f(x). If we agree to use
n + 1 functions ¢, then we have n 4+ 1 constants vy at our disposal, and
we can impose n + 1 conditions for their determination. In interpola-
tion the conditions imposed are that f(z) and ®(x) shall be equal at each
of n + 1 distinct values z; of the abscissas. Thus we require that

(5.0.2) f(x) = &(x:) t=01...,n).
185
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The points z; on the axis of abscissas will be called the fundamental
points. A particularly simple choice of functions ¢:(xz) for most compu-
tational purposes is

so that ®(r) is a polynomial of degree n.
Another possibility is torequire that (5.0.2) shallhold for: =0, . . . ,r,
while forj =r 4 1, . . . , n we require that

(5.0.3) f'(x;) = &' (x;).

In this event all the x; must be distinct, but they may coincide with some
of the z;. We could equally well require that higher derivatives of f and
& shall be equal for certain values of z, provided that altogether we have
exactly n 4+ 1 independent and consistent conditions imposed on the v’s.
Still other types of conditions may be used, and some will be discussed
later.

To return to (5.0.2), if we write

(5.0.4) v = f(x)
for brevity, then Eqgs. (5.0.2) can be written
(5.0.5) Yi = Zv:0i(x)).

If the determinant
(5.0.6) A = |¢i(z;)] # 0,

then these equations have a unique solution which can be written down
on applying Cramer’s rule. It is clear that (5.0.6) will not be satisfied
if any two of the z; are the same, since then two rows of the determinant
would be identical.

Equations (5.0.1) and (5.0.5) can be regarded as » 4+ 2 homogeneous
equations in the n 4+ 2 quantities —1, 4o, ¥1, . . . , ¥». Hence their
determinant must vanish:

do(xo) @1(x0) . .. ¢alTo) Yo

¢o(r1) 1(x1) . .. @al1) Y1
(5.0.7) | = 0.

do(xx) d1(Ta) ... Pa(xn) Yn

¢o(r) (@) ... ¢u(x) B(x)

This can be regarded as an equation in ®(x). If we expand this determi-
nant by elements of the last row, the last term will be A®(x), and every
other term will be equal to some ¢;(x) multiplied by its cofactor, which is
a constant. Hence when we solve for $(z), we shall have ®(x) expressed
as a linear combination of the functions ¢;(z) in just the form (5.0.1), as
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required. Also if we set £ = z; in (5.0.7) and subtract row 7 4+ 1 from
the last row, we get
A(®(z:) — y:) = 0,

which shows that ®(x;) = y;, and the values of ® at the points x; agree
with those of f(z). We can write the solution of (5.0.7) in the form

¢o(®o) d1(x0) . .. Hu(@0) Yo
(5.0.8) AP(z) = — bo(@) @) . . . G Un .
bo(z) (@) ... ¢ax) O

If we expand the determinant on the right of (5.0.8) by elements of the
last row, and divide by A, we obtain the form (5.0.1). Also we note that,
if we expand along the last column and divide by A, we obtain a form

(6.0.9) ®(z) = ZyAi(x),

where each A;(z) is itself a particular linear combination of the ¢;(x) with
coefficients depending only upon the z.. Hence for a particular set of
fundamental points the A; can be calculated once and used for any f(x).
This would be useful, for example, if interpolations are to be made for
each of several different functions, all of which are tabulated for the same
values .

Equation (5.0.9) exhibits an important property of interpolating func-
tions: their linearity. Thus, to make explicit the fact that & is the
interpolating function for f(x), let us designate it ®(f; ) and write
(5.0.9) in the form

(5.0.10) &(f; ) = Zf(x:)Ai(x).
By the same rule, if ¢ is any other function, its interpolating function is
®(g; #) = Zg(z:)Ai(z).

But then if A and p are any constants, and h(z) = Af(z) + ug(x), it
follows that

(56.0.11) ®(h; ) = Z\f(2:) + pg(x:)]Ai(z)

AB(f; ) + ud(g; x).

It is understood that the basic functions ¢; and the fundamental points a;
are fixed throughout.
We may note further that, since by (5.0.7) ®(¢;; ) = ¢;, therefore

i

n

(6012)  ¢@) = ) H@IAE  (G=01,...,n).

1=0
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Suppose we require now that at z, the derivatives of ® and f shall be
equal:
f'(@a) =y = &' (x2).
Then 2z, may or may not coincide with one of the other ;. We modify
(5.0.7) in the next to the last line and write

. do(zo) ¢1(xo) . . . @a(®0) Yo
(5.0.13) G@) B ... S w| =
0@ @@ ... @) (@)

Again the function ®(x) which satisfies this equation is a linear combina-
tion of the functions ¢:(x) which takes on the prescribed values y; for
j=0,1,...,n— 1. Since (5.0.13) is an identity, we can differenti-
ate, and only the last line is affected, all other elements being constant.
Hence we see that &’ takes on the prescribed value at x,. If we require
the derivatives of ® and f to be equal for any other z;, we replace also
that row of (5.0.13) by a row of derivatives, and again the equation
defines the required function ®. This procedure can be used for deriva-
tives of any order where the solution (5.0.8) is modified only by replacing
appropriate rows in the two determinants by rows of derivatives of the
order required. The form (5.0.1) still holds, and the form (5.0.9) is
modified only by the replacement of certain y; by the value of the deriva- .
tive. The linearity property is unaffected.

5.01. Some Expressions for the Remainder. The determinant

do(x) ... ()
(5.01.1) W(x) = |- vvvvvnnn.
oM (x) ... o™ (x)

is known as the Wronskian. If this remains different from zero every-
where on the interval of interpolation (a, b), one can define the linear
operator L,,; by the relation

bo(z) W €) ¢(z)
G012 Luolo@l = W) ™ iy iy
qbé,"’“)(x) s, (n+1)(x) ¢(n+1)(x)

= ¢"tD + 16" + - - - + A9,
and the linear differential equation of order n 4 1
(5.01.3) Loi¢] =0

is satisfied by each ¢:(z). Moreover every solution of (5.01.3) is expres-
sible as a linear combination of the ¢;.
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In general, for v < n one can similarly define the linear operator L,,,
and the differential equation of order » 4 1

(5.01.4) Loal¢] = 0

is satisfied by ¢o, ¢1, . . . , ¢, and every solution of (5.01.4) is expressible
as a linear combination with constant coefficients of these ¢’s.

An equivalent definition of the operators L,,; can be obtained as
follows: Define the differential operator

(5.01.5) D = d/dz,

and select by so that

(5.01.6) (D — bo)do(x) = 0, bo(x) = ¢5(x)/bo(z).
Then

(5.01.7) Ly[¢] = (D — bo)¢,

since the two differential equations L[¢] = 0 and (D — bg)¢ = 0 are
both satisfied by ¢o. Again let b, satisfy

(5.01.8) (D — b1))(D — bo)¢1 =0, by = (@] — bod1)’/ (9] — body).
Hence

(5.01.9)  Ly¢] = (D — b1)(D — bo)¢ = (D — bi)Li[¢(=)].
Proceeding sequentially, we define by, bs, . . . , ba so that

(5.01.10) Luwilgl = (D —b2) - - - (D — b)é = (D — ba) L[]

A generalization of Rolle’s theorem can now be stated: If the functions
bi(x) are all analytic on the interval (a, b), and if ¢(x) is analytic, and
vanishes n 4+ 2 times, counting multiplicities, then L, ;[¢] vanishes at
least once on the interval.

First consider any two consecutive zeros of ¢, and define

¥(z) = ¢(x) exp :—- /: bo(z) de.
Then

V(@) = Lilglexp | — [7bo(a) da |

Then ¢ and ¢ vanish together, as do ¢’ and Li[¢]. By Rolle’s theorem
V' vanishes at least once between consecutive zeros of ¢. By a simple
extension of the argument, Lj[¢] vanishes at least once between consecu-
tive zeros of L,[¢]. Eventually we conclude that L,.,[¢] vanishes at
least once between consecutive zeros of L.[¢], and hence at least once
on the interval.
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Define the function

do(8) én(3)
(BOLID 9@, &) = WO | yony ... gon(e | = 20O 8@
¢o(x) c e Ga(T)

Then as a function of z, g(x, s) satisfies (5.01.3), and
|z-s 0, 1=0,1,...,n—1,

(5.01.12) d'g(z, s)/dx! =1, i{=n

Hence one can verify directly that

(5.01.13) y@) = ) adi+ [ g, H(s)ds
satisfies the nonhomogeneous equation

(5.01.14) Lyl = ¢

for any constants a;.

Any solutions ¥;(x) of (5.01.3) with the nonvanishing Wronskian could
replace the ¢; in (5.01.11), and the same g¢(z,s) would result. This can
be verified directly by writing

¢ = Zaiy;

and substituting into (5.01.11), in which case the determinant |a;j|
appears as a factor which cancels out. Otherwise one can observe that
the initial conditions (5.01.12) define the solution g¢(x,s) of (5.01.3)
uniquely. In particular the A;(x) are linear combinations of the ¢, and
hence satisfy (5.01.3), together with the conditions

(5.01.15) Ai(z;) = &y

If the A; replace the ¢; in (5.01.11), one can write

(5.01.16) g(z,s) = ZTi(s)Ai(z).
Note that

(5.01.17) g(z;,8) = ZTi(8)Ai(x;) = Ty(s),

whence one can write
(5.01.18) g(z,8) = ZA(x)g(x;,s).
From (5.01.12) and (5.01.16) we verify that

(5.01.19) y= Y BA) + ) M) [ Tew(9d
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satisfies (5.01.14) with y(z;) = 8;. In particular

(5.01.20) h(z) = EA,-(x) [ " Ti(s)ds
satisfies
(5.01.21) Lalh] =1,  h(z) = 0.

With h(z) defined by (5.01.20) or (5.01.21), we can obtain Petersson’s
form for the remainder

(5.01.22) R(x) = f(x) — &(x) = f(z) — Zy:Ai(x),

i.e., the error made in representing f(x) by ®(x). The function R(z)
vanishes at the n 4+ 1 points z;. For any 2’ # x;, we can choose C so that

fx") — ®(2’) — Ch(z’) = 0.

It is clear that A(z’) = 0, since otherwise h(x), which vanishes at every
z;, would have at least » + 2 zeros, whence L,.i[h] would vanish at
least once, contrary to (5.01.21). When C is chosen so that

| f@) — () — Ch(z)
vanishes at 2/, that function has n + 2 zeros, whence
Lnyi[f(x) — ®(x) — Ch(z)] = Lanilf(x)] — C

vanishes at least once. Hence for some ¢ on (a,b), C = L..1[f(§)]
Hence

R(z') = Lanlf(£)]h().
Hence if we drop the prime, we have
(5.01.23) f(x) = Zydi(z) + Loyl f(H]h(2),

where ¢ is some point on the interval, and h(z) satisfies (5.01.20) and
(5.01.21).
Since certainly f(x) satisfies

(5.01.24) Loyl = Lnyalf],
we can apply (5.01.19) and assert that

(5.01.25)  f@@) = ) A@) {gs + [ DLl f(5)]ds}
= 2(@) + ), M@ [ Tus)Lunlf()]ds.

This can also be written

(5.01.26)  f(@) = #() + ) @) [ (oo Luial f(5))ds

because of (5.01.17).
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. x x &Ti . .
Since / = / ~ / , the remainder K can be written
Zi a a

(5:0127) R@ = [ 9@o)Lanlf®))ds = ) Az) [ Td8)Lurl (6)lds

after applying (5.01.16) to the first integral. The formula remains
equally valid, however, when the end point b of the interval of interpola-
tion replaces the end point a in the limits of integration. When this
replacement is made and the two equivalent expressions for R(z) are
combined, one obtains the more symmetric form,

R() = [ K@8)Luilf(s)lds,
2K (x,8) = g(x,s) sgn (x — s8) — ZA;(x)I(s) sgn (z; — ),
where sgn u is the signum function whose value is +1 when the argument
is positive and —1 when the argument is negative. Although this func-
tion is discontinuous where the argument vanishes; nevertheless the
kernel K(z,s) remains continuous, since g(x,s) vanishes at s = z, and
I';(s) = g(x;, s) vanishes at s = z;.

It is possible to generalize this development to cases where certain con-
ditions y; = ®(x;) are replaced by conditions of the form f*(z,) = ™ (x,),
which require the equality of derivatives of f and the approximating
function &, rather than equality of their functional values. As one
special case, consider the requirements that at some point «

[ a) = ) (a), a=01...,n

This gives the Taylor expansion when the functions are polynomials.
Let the functions y,(z) be chosen so that

Lymlp(@)] =0, (@) =¢j(a) = + - - =y V() =0, ¥)(a) = 1.
In (5.01.13) replace a by «, the ¢; by the equivalent set ;, and let
¥(8) = Lnni[f(9)].

Hence f(x) can be represented in the form

1) = Boba(z) + Bar@ + - - -+ Bba@ + [ 9@ Luralf(5)1ds,

(5.01.28)

provided the §8’s are properly selected. On setting r = «, we find
Bo = f(a).
Next, apply the operator L, and again set £ = « to obtain
B1 = Li[f(a)].

Proceeding thus we finally arrive at Petersson’s generalized Taylor’s
expansion
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(5.01.29) f(z) = f(a)¥o(®) + Lilf(a)Wi(x) 4+ - + - + Lal[f(@)¥n(x)
+ [ 0 9)Laralf(s)1ds.

6.1. Polynomial Interpolation. Consider now the case of polynomial
interpolation. Equation (5.0.1) becomes

(5.1.1) Plz) =co+cix+ cox?+ - - - + caz™

The determinant A is the Vandermonde determinant,

(5.1.2) A= |+ = n (x; — =),

1>]

1 xn 3 . . x:

which vanishes if and only if any two of the z; coincide. Equation (5.0.8)
takes the form

1 =z, x xy Yo
VS R AP

(5.1.3) P(x) = —A 1 oza 22 ... 2 gl
1 »  2? z* 0

which coincides with (5.1.1) if we expand along the last row, but has the
form

(5.1.4) P(x) = Zy;Li(x)

when we expand along the last column. The L; are themselves poly-
nomials with coefficients which depend only upon the z;. These poly-
nomials are

(5.1.5) Lix) =[] [z — =)/ (z: — x))].
ji
They can be obtained by direct expansion of the determinant, or we can
verify that they satisfy the necessary conditions if we note that
(5.1.6) Li(z;) = &

with §;; the Kronecker 6. From this it follows that with L.(z) defined by
(5.1.5) and P(x) by (5.1.4) we have P(x;) = y..
We can write L;(z) in another form if we define

(5.1.7) w(z) =z — z),

for then

(5.1.8) w'(z) = z [1 @ — =),
7 1#]

(5.1.9) o (z;) =[] (& — ).

g .11
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Hence

(5.1.10) Li(z) = w(@)/[(x — 2)o' (2],
and therefore

(5.1.11) P®) = w(@) ) /i@ — =)o’ @],
or , ‘

(5.1.12) P@) = o(@) ) f®)/l@ — =)o’ @),

The form (5.1.4) with any of the equivalent representations of the
Li(z) is the Lagrange interpolation formula.

If f(x) is itself a polynomial of degree not greater than n, then f(x)
and P(x) are identical. Hence the L;(z) satisfy the n + 1 identities

(5.1.13) xi = ZxiLl(x) (G=0...,n).

This is the identity (5.0.12) for the case ¢; = .

The explicit forms for the L;(x) become rather complicated when
derivatives of P and f are to be equated at some of the points z;, but in
any particular case they can be formed from the determinantal expression.
However, an important special case arises when both conditions P = f
and P’ = f’ are to be imposed at every z;. For this case we have Her-
mite’s interpolation formula for the polynomial H(x) of degree 2n + 1
satisfying

(5.1.14) H(x;) = f(xs), H'(x;) = f'(x:) (t=0,1,...,n).
We can surely express this in the form
(5.1.15) H(z) = Zyhi(z) 4 Zy.Hi(x)

with suitable polynomials k;(x) and H;(x), each of degree 2n + 1 or less.
Instead of writing down the appropriate determinant (5.0.13) and expand-
ing, it is easier to proceed indirectly. If in (5.1.15) we set £ = z; and
apply (5.1.14), it follows that

fx) = Zf(@)hi(z;) + Zf' () Hi(xy).

This relation must hold whatever may be the values of f(x;) and of f’(x;).
Thus, we may have f(z;) = 1 while f(x;) = 0 for every 7 # j, and while
f'(z;) = 0 for all <. This implies that h;j(x;) = 1. On the other hand,
if, for some particular k = j, f(zx) = 1 while f(x;) = 0 for 7 > k, and
f'(x;) = 0 for all 7, then we find that hi(z;) = 0 for k £ j. Setting some
f'(zx) = 1 while all other f'(z;) = 0 and all f(z;) = 0 shows that every
H,-(:c,,) = 0. '
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This argument, with an analogous one applied to

(5.1.16) H'(z) = Zy:hi(z) + Zy:H(x),
shows that the polynomials k;(z) and H(z) must satisfy

hi(z;) = &, Hy(z;) =0,

5.1.17 ’ ,
(5.1.17) M) =0,  Hiz) = by

We ask now whether with appropriately chosen linear polynomials
vi(x) and w;(x) the polynomials h; and H; may have the form
(5.1.18) h(z) = vi(x)Li(x), Hi(x) = wi(x)L3(x).

These are, indeed, of the necessary degree 2n + 1. From (5.1.6) all
conditions are satisfied for h;(z;) and H,(x;) with j % ¢. Before examin-
ing the case for j = ¢, note that, since by (5.1.10)

w(®) = o' (z:) (@ — 2;)Li(7),
therefore
w'(z) = o' (@)[Li(x) + (x — x;)Li(x)],
w’(z) = o' (z)[2Li(x) + (x — )L} (x)].

Hence o' (x;) = 20’ (x;)L}(x:) or 2L(z;) = o'’ (x;)/w’'(x;). Now
hi(x;) = vi(2)Li(x;) = vi(xs)

by (5.1.6). Hence, by (5.1.17) v,(z;) = 1. Also, by differentiating
(5.1.18)
hi(x) = vi(x)Li(x) + 2v:(z)Li(x)L;(x),

so that, at z;, 0 = v(z;) + o'’ (2:)/w’(x:), and since v; is linear,

(5.1.19) () =1 — (& — x)w"" () /o’ (x5).

Next 0 = H;(x;) = w;(zx;)L*(x;) so that wi(z;) = 0. Also
Hi(x) = w(z)Li(z) + 2wi(z)Li(x)Li(x)

so that 1 = wi(x;). Hence

(5.1.20) wi(x) = — ;.

Hermite’s formula is therefore

(5.1.21) H(z) = Z[ywi(z) + yiwi(z)ILi(z),

with v; and w; defined by (5.1.19) and (5.1.20).
Identities analogous to (5.1.13) hold for the h; and H;. In particular

for H(x) = 1 we have

(5.1.22) 1 = Zv(x)Li().
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5.11. The Remainder Term. While the polynomial P(z) is determined
to be equal to f(z) at each of n + 1 distinct values of z, in general P = f
at all other values. Some expressions for the remainder

. R(@@) = fz) — ¢(2)

were derived in §5.01. A simpler derivation of one of these for the case
of polynomial interpolation will be given now. Practically this provides
only an upper bound for the error in terms of an upper bound for the
derivative of order n 4+ 1 of f(x) on an interval which contains all the z;.
Even though we cannot, or do not wish to, evaluate f or any of its deriva-
tives exactly, we may be able to set limits to the possible values of any
of these derivatives, and in this case the error estimates will be helpful.

Let z,.: be the point at which the error is to be evaluated. Define
the function g(z) by

Lo o ot f) |
L Zapr 23y - 2t S(@ne) = 9(@).
1 =z x? ..z f(7)

Then

g(@o) = g(x1) = -+ = g(Zay1) = 0.

By Rolle’s theorem, therefore, g’(x) must vanish at least once in each
of the n + 1 intervals between consecutive values of the z;. If we let z}
designate the points at which g’ vanishes, then again by Rolle’s theorem
g’ (x) must vanish at least once in each interval between consecutive
values z!. Continuing thus, we conclude finally that g»+V(z) vanishes
at least once at a point ¢ which lies somewhere on the interval between
the greatest and the least of the ;. Hence for this ¢ we have

1 x P 7 f(xo)
1 Zpp1 ... 27% f@nr1) | 0.
00 .o (m4 1)1 feED(E)

This is exact, though we know nothing about ¢ except the fact that it lies
somewhere on the interval named. If we expand along the last row, we
get

oooooooooooo

1l Zppr ... 0]

and if we solve this equation for f(z.,1) and drop the subscript, we get

(5.11.1) f@) = P(z) + f*+(§w(@)/(n + 1)),
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where w is the polynomial defined in (5.1.7). Hence the second term on
the right represents the amount by which P(z) deviates from f(z). This
corresponds to (5.01.23).

Now although we would not know the value of £, which is in any case a
function of z, nevertheless we may know an upper bound for f®»+? on the
entire interval. Let us call this M,,;. Then for any x on the interval
containing all the z; we have

(5.11.2) |IRB(2)| £ Maupi|w(@)]/(n + DL

The right member of this inequality vanishes for x = z;, as it should.
Between successive z;, |w(r)| rises to a relative maximum. With uniform
spacing of the z; the maxima are highest near the ends of the interval, for
ifzg <z < -+ <z, then at one end the factor |x — x,| is large, and
at the other |z — z,| is large. Hence in this case the approximation is
best for values of x near the middle of the range. For values of = out-
side the range, the inequality (5.11.2) is still valid, provided we under-
stand M, to represent a bound for f*+D in the entire interval including
also z. But outside the range, w(z) itself becomes increasingly large, and
this accounts for the high uncertainty of extrapolation.

5.12. Chebyshev Polynomzials and Optimum-interval Interpolation. In
the inequality (5.11.2) the factor M., depends upon the particular func-
tion f(x) but not upon the distribution within the interval of interpolation
of the values z; which determine the P(z). On the other hand, w(x)
depends only upon the distribution of the z; and not at all upon the
function. Ordinarily, in short calculations one has available a set of
tabulated values of f(x) and must accept them as they are given. But
when a table is being prepared, the location of the z; can be chosen at
will, and some choices might be better than others.

All that we know about the variation with z of the error in the interpo-
lation is contained in the polynomial w(x). The bounds of the error are
least exact at those points z where |w(z)| is greatest. Hence it is natural
to prefer a selection of points x; on the interval which reduces as far as
possible the greatest maximum of |w(x)|. It is plausible to suppose that,
since the relative maxima ordinarily vary in height from one to the next,
a choice of the x; that reduces the highest maximum will probably raise
some of the others. Hence we might anticipate that the minimal maxi-
mum will be had, if at all, only in a case where all maxima are equal.
And a succession of equal maxima suggests a trigonometric sine or
cosine.

Introduce a change of scale and origin so that the interval over which
the interpolations are to be made is the interval from —1 to +1. By a
well-known trigonometric identity, cos nd is expressible as a polynomial
in cos @ of degree n. This is trivial forn = 0 and n = 1, while forn = 2,
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cos 20 = 2 cos? § — 1. Suppose it verified that
(5.12.1) cos r = P.(cos 0)
is a polynomial of degree r forr = 0,1, . . . , n. Then
cos (ﬁ 4+ 1)6 4+ cos (n — 1)8 = 2 cos né cos 0

by a formula from elementary trigonometry, whence
(5.12.2) P,.1 = 2P,P, — P._,
is a polynomial of degree n 4+ 1 in cos 6. Hence if

x = cos 0, 0 = cos™!z, 0< 6L m,

then P,(z) is a polynomial in z of degree n, and since Py = 1, P, = z, it
follows from (5.12.2) that the coefficient of z" in P, is 2"~!. Hence each
polynomial

(5.12.3) To=1,

T. = 2" cos (n cos™! x) (n2>1),

has leading coefficient 1, and since all its zeros lie on the interval, it is a
possible w(z). We can prove that no polynomial R, (x) exists with degree
n and leading coefficient 1 whose maximum absolute values are all
numerically less than those of 7T.(x).

Since T.(z) = 2" cos nd, therefore T,.(x) has the relative maxima and
minima of + 2" for

01':.7.7"/"’ (j=0;1’-"7n)’
and hence for

r; = cos (jr/n).

Now if R, is of degree n with leading coefficient 1, and has no maximum
or minimum numerically greater than those of 7,, then

Tw(xp) — Ra(xp) 20,  Ta(z}) — Ra(z)) <0, .. .,

since the maximum of 7T, at x; cannot be less than the value of B, at z,
the minimum of 7, at z] cannot exceed the value of R, at zi, . . .
Hence the polynomial T, — R, must vanish at least n times on the
interval. But T, — R, is of degree only n — 1, and therefore

T. — R, =0.

. The application of this theorem is that, if one chooses the » 4 1 values
z; to be the zeros of the polynomial T,.;, making this the w of (5.11.2),
then the greatest possible error of interpolation anywhere on the interval
is 2*M,,1/(n + 1)! for any function whatever whose derivative of
order n 4+ 1 does not exceed M,,; on the interval. Any other choice of
fundamental points would replace the factor 2= by a larger one.
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The polynomials defined by (5.12.3) are known as the Chebyshev
polynomials. Their zeros are easily found, for they vanish when

ng =2+ /2 (=01 ...,n—1),
and hence when
(5.12.4) z; = cos [(27 + 1)x/(2n)].

In these formulas it is understood that the range of interpolation has been
transformed to the interval from —1 to +1.

Function tables may contain hundreds or thousands of entries, and
for any particular interpolation one would expect to use only a few con-
secutive ones. When the table is to be printed in a book, ordinarily the
abscissas z; are uniformly spaced. When tabular entries are required
for automatic computation, it is important to reduce to a minimum the
number of entries to be recorded. The use of the Chebyshev points
z; may then be appropriate.

Suppose that we are willing to use an interpolation polynomial of
degree n at most and that an error of magnitude e can be tolerated. The
entire range of the variable is to be broken up into subintervals within
each of which at most n + 1 Chebyshev points z; are to be selected at
which to evaluate the entries f(z;) for the tabulation. The entries f(x;)
on one of these subintervals will be used to determine the interpolation
polynomial for that interval. We would like to use as few of these sub-
intervals as possible, and hence we would like to make each subinterval
as long as it can be made without allowing the interpolation error to
exceed €, or the degree of the polynomial to exceed n. In some circum-
stances an optimal solution is possible.

We consider here the problem of making a particular interval as
long as possible. When the end points a and b are known, then the
transformation

z=[b—au+ b+ a)l/2
u=2r—>b—a)/d—a),

transforms the interval (a, b) in the variable z to the interval (—1, 1)
in the variable u. If

(5.12.5)

¢(u) = H (u — ui):
0

where u; is given by substituting z; in (5.12.5), then
w(x) = 2771(b — a)"*¢(u),

as is verified directly.
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In view of (5.11.1), the condition that the error shall nowhere exceed e

is that
|f D (Hw(@)| < (n + 1)le.

Suppose |f™*+V(z)| is monotonically decreasing. Then this inequality is

surely satisfied if
|f®*+0(@)|M < (n + 1)l

where M represents the maximum of |w(x)| on the interval (a, b). If
N is the maximum of |¢(u)| on the interval (—1, 1), this is equivalent to

(b — a)**t'N|f+V(a)| < (n + 1) 127+,

Hence for a fixed a the longest admissible interval b — a would be that
for which the equality holds:

(b — a)n+l — (n + 1)!2"+1€N_1|f("+1)(a)|—1.

If the Chebyshev points are used, ¢(u) = Tny1(u), then N = 2-" and
therefore

(5.12.6) b =a+ 4[(n + 1)12-1f+D(g) |1 VintD,

When |f®+D(z)| is monotonically increasing, a and b can be interchanged.

If |f™+D(x)| remains monotonic over the entire range of the tabulation,
the range can be divided into optimal intervals by starting at one end
and working toward the other; if it has a single maximum, one can start
with this and work toward the two ends. Other cases will require
special treatment.

5.13. Attken’s Method of Interpolation. We turn now to computational
procedures. Calculation of the L;(x) directly from (5.1.5) or (5.1.10)
involves considerable labor if the degree is higher than one or two.
Tables of the L, are available for equally spaced z;. If these are not at
hand, or if the z; are not equally spaced, then Aitken’s method of compu-
tation is almost ideally simple.

We first obtain a generalization of the formula (5.1.3). Let P; stand
for P(x;); let P;; stand for the linear interpolation polynomial determined
by (x;, ¥:;) and (x;, y;); let Pij stand for the quadratic interpolation
polynomial determined by (x:, ¥:), (z;, ¥;), and (zx, ¥&); . . . ; and let
Py ... stand for P itself. Asfor P;, we can regard it as the interpolation
polynomial of zero degree determined by (z, ¥:).

Note that

P.'j = Pj{

and that in general for any P;;... permuting the subscripts leaves the
polynomial unchanged. Note also that

(513.1) P,'j. .. (x,) = Y.
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The generalization of (5.1.3) is that for any m, if M stands for the set of

subscripts m + 1, m + 2, . . . , n, then

1z 7 Pox
(5.13.2) 1 zm ... am Po = (.

1 =z zm P
If in place of the P;y, we were to write P;, this equation would define the
interpolation polynomial of degree m determined by (zo, %o), . . . ,
(Tmy Ym)-

In proof we observe first that the polynomial P defined by (5.13.2)
is of degree n at most, since in the expansion of the determinant z™ will
multiply each of the interpolation polynomials P;y, which are of degree
n — m, and there are no terms of higher degree. Next we observe that,
if in the determinant we set x = z; for + < m, then P must take the
value assumed by P;y, and this by (5.13.1) is y;. This is true because
all other elements of the last row are then identical with corresponding
elements of the row z + 1. Finally, if in the determinant we set z = z;
for j > m, then every P;y becomes equal to y;, making all elements but
the last in the last column equal to y; times the corresponding elements
in the first column. Hence the determinant can vanish only if also P
has the value y;. Hence the P defined by (5.13.2) isin fact the polynomial
P of (5.1.3), and the theorem is proved.

Aitken applies this principle in the following way: In application of
(5.1.3) with n = 1, we have

1 o Yo
I} P Py=—|1 & Y1,

1 = 0

and hence
— P
(5.13.3) Py = z _ z: P: /(xl — ).
Likewise |
IRk 2! P, _

(513.4) P12 = z — Z, P2 /(xz 371).

From the theorem then we can say that

r — Zo P01
T — T2 P,

/(372 — o).

In like manner we can form P;,;, and then

/(:vs — o).

(5.13.5) Pore =

r — X P2

(513.6) P0123 = z — xz P123




202 PRINCIPLES OF NUMERICAL ANALYSIS

In a specific calculation z is a specific number, and the sequential com-
putations yield the numerical values assumed by the various polynomials
at that particular x. When different polynomials agree to a sufficient
number of significant figures, one terminates the process.

In applying these formulas, one can choose at will the particular poly-
nomials P;;... to be evaluated, bearing in mind only that, when a pair
P;;... and Py;... are used to evaluate P,;..., they must agree in all
subséripts but one, while the unlike subscripts ¢ and k¥ determine the
z; and z; which are to appear explicitly. Aitken proposes a sequence and
tabulation as follows:

Py o — X
P1 Po1 Ty — %
Py Py Pops T2 — X
P3 Pos Poiz Poiss I3 — T

Py Py Py Poi2e Poraza x4 —

However, the best approximation can be expected at any stage when the
abscissa z lies roughly in the middle of the interval containing the par-
ticular fundamental abscissas being utilized. Consequently it is advan-
tageous in using this scheme to order the abscissas so that either . . .
<zy<z2 <2<z <2 <23 < " -, orelse the reverse order holds.

5.14. Divided Differences. Aitken’s method is disadvantageous when
a number of interpolations must be carried out over the same range.
An alternative to the computation of the Lagrange polynomials L;(x) is
the use of divided differences in the construction of Newton’s interpolation
formula.

The polynomial

(6.14.1) P(x) = a0+ ( — 2o)a1 + (x — xo)(x — x)az + - -
+ @ -2 —21) * (T — Tpoy)aa

is of degree n and assumes the values f(x;) at z;, provided

f(xo) = a,
(5142) f(xl) = Qo + (x1 - xo)al,
flxs) = ao 4+ (x2 — zo)a1 + (x2 — zo)(z2 — z1)ay,

oooooooooooooooooooooooooooo

and the coefficients a; can be determined recursively from these relations.
From these relations it is apparent that for any function f(z) the poly-
nomial Poy;...,(z) as defined in the last section is

Pora...m(@) = a0+ (x —20)ar + - - - + (& — %) * * * (T — Trme1)Cum,

where the coefficients are the same as the first m + 1 coefficients in P(z).
Finally, since a, is the coefficient of z* in (5.14.1), this must be equal
to the coefficient ¢, of z” in (5.1.1). Hence a, = ¢, is expressible as the
quotient of two determinants, where the denominator is the Vandermonde
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of order » + 1, and the numerator is the same except that the elements
a7 are replaced by f(z;). Hence a,, is expressible as the quotient of two
similar determinants of order m + 1. Thus, for the given function f
each coefficient a,, in (5.14.1) is a function of the m + 1 variables x,,

Zy, . . ., Tm. This function is called a divided difference of order m
and is written
(5.14.3)
1 x zr=t f(xo) Zo i
f(xo, 1, . . . ’xm) e i I R
1 z, =l f(xm) | |1 Zm xm

For the particular case when f = z7 for r < m this vanishes for any set of
fundamental points, while for r = m

f(xo, 21, . . ., 20) = 1.

Hence the divided difference of order m for any polynomial of degree m
is a constant, and for any polynomial of degree less than m it vanishes.
The notation [zo, 21, . . . , Zx] is often found in the literature in place
of f(xo, 1, . . . , zn), but this fails to place in evidence the function
whose divided difference is being written.
Now consider the expansions

Por = f(wo) + (x — x0)f(wo, 21),
Poy = f(x0) + (x — z0)f(0, 22),
Porz = f(xo) + (x — 20)f (0, 71) + (x — z0) (@ — 21)f(20, 1, Z2).

By a formula analogous to (5.13.5), however, it is also true that

/(372 — ).

By equating the coefficients of x? in the two expressions for Py;2(x), one
obtains the identity

f(@o, 21, 22) = [f(wo, x2) — f(o, 21)]/ (X2 — 21).

Since the divided difference is symmetric in all variables, it follows also
that

r — I Pm(a:)
x — xy Poo(x)

f(xo, 21, T2) = [f(x1, T2) — fl20, 21)]/ (T2 — X0)
= [f(wo, m2) — f(21, 22))/ (X0 — 71).

By (5.13.6) one finds likewise that
f(xo, X1, T2, x3) = [f(@o, 21, Z2) — f(21, X3, 23)]/ (X0 — 73),
and in general

(5.14.4) f(xo. Ty, Toy « D) = [f(xo, 22, . . ') - f(xl, T2y « -« )]/(xo - 271),
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where the omitted variables are the same in all three places. This being
the case, one can form divided differences of progressively higher order
according to the scheme:

xo  f(xo)
f(xos xl)
z1 f(z1) f(@o, 1, x2)
) f(xl, .’L‘z) f(xo, Z1y T, 333)
(5.14.5) T2 f(xz) f(xl, T2, s)

f(w2, x3)
xs f(xs) )

where each f is equal to the difference of the two on its left, divided by
the difference of the z’s on the diagonals with it. _

Another expression for the divided difference which can be obtained
directly from (5.14.3) is of some theoretical interest. The coefficient of
f(z;) on the right of this identity is the quotient of two Vandermonde
determinants. When the common factors are canceled out, we are left
with

(5.146)  f(zo, 21, . . . , Tm) = i [f(x,-)/ [l @ — ) ]
i=0 i

This brings out again the fact that the divided difference of any order is
symmetric in all the arguments x; which appear in it.
5.141. Integral form of the remainder. Consider the function

¢(t) = fl(1 — B)zo + tz1]
for fixed zo and z;. This satisfies

¢'(t) = (1 — z)f [(1 — Dm0 + tm4],
¢(0) = f(xo),  &(1) = f(x1).

Hence integration of ¢(¢) and division by (z;, — x,) gives

(5.141.1) (o, 1) = ﬁ) Y = Dzo + tri]de.
Now consider

é(ty, t2) = fl(1 — t)zo + (81 — to)z1 + tazm),
&, (L1, L) = (x1 — zo)f'[(1 — t)xo + (81 — t2)z1 + ta24),
ity (81, t2) = (1 — o) (X2 — z))f"'[(1 — t)xo + (81 — ta)x1 + taxs).
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Then

[ I = ) + (0 = )31 + taaldts = (21 — 20)!
(xz - x1)"'1 ﬁ)h ¢>t,t,(t1, t2)dt2 = (xl - xo)—l(xz - xl)—1[¢¢,(t1, tl)
- ¢tx(t1) O)] = (3’72 - xl)_l{f'[(l - tl)xo + t1$2] - f’[(l - tl)xo + tlxl]}-
But if we now apply the original result (5.141.1), we find

ﬁ)l Otl‘f”[(1 — t)xo + (tl — b)x1 + t2$2]dt2 dt,
= (T2 — 21)7f (2o, 2) — f(0, 21)],

whereas the right member of this is by (5.14.4) equal to f(zo, 71, Z3).
Hence

(5.141.2)  f(=mo, 21, 22) = ﬁ)l Otlf”[(l — t)To + (& — t)x1 + taxo]di dl,,

and by a simple induction we have in general

(5.141.3) f(zo, 1, - . . , Za) = ﬁ) ' /0 L 7 L = )
+ (b — )z + - - - F taxa]dts - - - diL

In the special case when z, = z,, the relation (5.141.1) gives

f(xo, o) = f'(0).

Again when zy = z; = z,, it follows from (5.141.2) that
J(@o, T, o) = ["(0)/2,

and generally for m 4 1 equal arguments

(5.141.4) f(xo, 2o, . . . , Xa) = f™(x0)/ml

Hence if the function and its derivatives up to and including the mth are
known at some point z,, and the derivatives of the interpolation poly-
nomial are required to equal those of the function, the table of divided
differences is formed by writing f(zo) m + 1 times, f'(zo) m times, f’(z,)/2!
m — 1 times, . . . , and constructing the rest of the table as before.

In general, whether or not there are repeated arguments, the identity

f(@o, ) = [f(x) — f(0)]/(x — o)
is valid for any z, including in the limit £ = x,, and it can be written
(5.141.5) fx) = f(xo) + ( — z0)f(wo, ).

Again
f(xo, 21, 2) = [f(20, ) — f(@0, 21)]/ (T — 1),
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and the identity can be written
F(@o, ) = f(zo, 1) + (x — 21)f(z0, 21, ).
When this is substituted into (5.141.5), the result is
(5.141.6) f(z) = f(@) + (& — 20)f(®o, 1) + (@ — 20) (& — T)f(®o, T3, 7).
In general,

(5:1417) f(x) = f(zo) + (& — 20)f(ze, 22) + - - -
+ @ —x)(x — 1) -+ (& — xa))f(@0, 21, . . ., Ts)
+ (x —xo)(x—2x1) * - (® — xW)f(Xo, 21, . . ., Ty, X).

If f were a polynomial of degree n or less, the last divided difference would
vanish identically. For an arbitrary f, the last term represents the error
made in replacing f by its interpolation polynomial of degree n as given
by the preceding terms. On introducing (5.141.3), we can write

f(x) = P(x) + R(x),
(5.141.8) R(z) = () ﬁ) : L L ﬁ) “ o [a: + to(xo — )

+ it;(x; — i) ]dto e dt,
1

where P(z) is the interpolation polynomial of degree n, and R(x) is the
remainder. The expression previously obtained for the remainder R(x)
involved the indeterminate quantity known only to lie somewhere on the
interval containing o, 1, . . . , Z, and z. Note that in case all the
fundamental points =z, . . ., Z, coincide the expression (5.141.7)
becomes a Taylor expansion, and (5.141.8) is a well-known formula for
the remainder.

5.15. Operational Deriwvation of Equal-interval Formulas. Naturally
the Lagrangean formulas for interpolation can be specialized to the case
of equally spaced abscissas z;. However, a great many special forms
exist, and most of these are readily derived directly by the use of an
operational scheme.

Suppose that the entire tabulation is made at points . . . z_,, z_,,
Zo, T1, T2, . . . and that

Tiy1 =2+ h
for every integer 2. Then
T = Xy ‘+' th

for every ¢. The interval width h is assumed fixed throughout. On
making the change of variable

(5.15.1) " x = x¢+ uh, u = (x — xo)/h,
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the function f(x) becomes a function of u:

(5.15.2) f(xo + uh) = g(u),

for which the interval width is unity.

We now define a set of operators with respect to the interval h. For
any function f(z), the displacement operator E, the forward-difference
operator A, the backward-difference operator v, and the central-difference
operator § are defined as follows:

E;Ea? = f%x + h),
Af(z) = f(@ + h) — (@),
(5.15.3) Vi(z) = f(z) — fz — h),
5(z) = f(& + h/2) — f — h/2).

Since it is natural to require that

E*f(x) = E[Ef(x)] = Ef(x + k) = f(zx + 2h),
and in general
(5.15.4) juf(x) = f(x + uh)

for any integér u, we may indeed go a step further and accept (5.15.4)
for all real u, integral or not. With this understanding we can write the
following formal relations between pairs of operators:

A=FE—1=FEV.

(5.15.5) § = AE-% = VEY% = E% — E-%,

In principle any of the four operators can be expressed in terms of any
other, but the expressions are not all simple. Thus A is the ‘‘negative”
root of the quadratic

A? — 8°A — 82 = 0,
and V is the ‘““positive’”’ root of

V24 6%V — 62 = 0.

In addition to the operators, we define also the factorials

(5.156) u” =wu(u—1) - - (u—r-+1)

=@ —x)(z —21) -+ - (T — z0)/h"
and the generalized binomial coefficient
(5.157) U = u")/r!.

Since Au(z) = 1, we find for these quantities

(5.15.8) Auln = ru""", Auipy = Ug-1).
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Now if u is a positive integer, since E = 1 + A, it follows that

(5.15.9) E* =14 umd + u@d? + unpad® + - - -,

and the series terminates after v + 1 terms. If these equivalent oper-
ators are applied to fo = f(z,), we have

(5.15.10) f(x) = fo + uwAfo + u@Ao + unldio+ - - -,

where z is given by (5.15.1). If u is not a positive integer, the series
does not terminate. But the polynomial in £ which results from replac-
ing u by its expression in terms of x on the right of

(5.15.11) P@) = fo+ umAfo+ * * * + umA™o

is a polynomial of degree n in z, and for7 = 0, 1, . . . , n it is true that
P(xz;) = f(x;). Hence P(zx) defined by (5.15.11) is the interpolation poly-
nomial determined at the points zo, . . . , .. Thisis Newton’s formula
for forward interpolation. In terms of x itis .

(5.15.12) P(x) = fo+ 2

(. —xo) -+ - (T — Tus) ,,,
T 0 n!h® ~ anfo.

Note that the fundamental points which determine this polynomlal are
the points whose abscissas are zo, 21, 23, . . . , Za.

Newton’s formula for backward interpolation is obtained by expand-
ing E* in powers of V:

(5.15.13) E* = (1 + V)—“ =1+ UV -+ (u + 1)(2)V2 + (u + 2)(3)V3

On dropping terms of degree higher than n, one has

(5.15.14) P(z) = fo + uyVfo + (u + 1)(Vo +
+ (v 4+ n — 1)mV7o
s xg!(}:fz_ z-1) Vo4 = -

+ (x - xo) . ;l!'h"(x — x-—n+1) ano.

=f0

For this the fundamental points are the points whose abscissas are z_,,
Tont1, . - . , To1, To. 1f these were the same as the points entering in
(5.15.12), but with different designations, then the two polynomials
(5.15.12) and (5.15.14) would be identical except in form. They would
also be identical if f were itself a polyncmial of degree n, whether or not
the points were the same. In that case Atlf and V*+if would vanish,
and both polynhomials P(x) would be identical with f.

There are many different forms in which the interpolation polynomial
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of degree n can be written, and these can be obtained, one from the others,
by neglecting differences of order n + 1 and higher, and then by renaming
the points. One simple scheme is based upon the “lozenge diagram.”
In the array

uA%f,

(u + e

Ap+ lfq
ur+1 ’

UrAPf 041

where parentheses are omitted from subscripts of u, the sum of the terms
in the upper row is equal to the sum of the terms in the lower row:

urAPfg + (U + 1) 187% Y = wAPf oy + U APFY
The identity follows directly from the relation

ur<Apfq+1 - Apr) = [(u -+ 1)r+1 — ur+1]A”'qu,

which is easily verified. Consequently in the array

T~ 22'}13]' 2 :
(u + )7~ 2), i
/ (v +2). AY_, .
f—!\ (uw + I)I}Af_l/ (u + 1)2} ~~—~ Eu i?;s}Asf_z\ .
I g T S ey,
Jo T }Af _— U Tt ])8}A3f~l ’ ‘
— 1,07 Us
f, / (u \(u'ai, 1) }A’fo /
—~ (u — I)I}Afl/
/ (u - 2)1
I: :

the sum of any two terms connected by a dash pointing down to the right
is equal to the sum of the two terms connected by the dash just below.
Now if we start with f, and proceed diagonally downward, summing the
first n + 1 terms, we obtain the right member of (5.15.11). But the sum
of any other sequence of terms obtained by proceeding to the right and
ending with A"f, will have, according to the theorem, identically the
same value. Hence we obtain different expressions for the same interpo-
lation polynomial. By ending on A"f; for ¢ % 0, we obtain an interpola-
tion polynomial based upon a different set of fundamental points.

It has been remarked already that with uniform spacing the interpola-
tion is most accurate for points near the middle of the range. For compu-
tational purposes it is convenient if the coefficients are small. Both
conditions are satisfied if one designates as z, the fundamental point
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closest to the point x to be interpolated and if the series contains only
terms as close as possible to the horizontal line through fo. The two
Newton-Gauss formulas result:

(5.15.15) P(SU) = fo -+ u1Afo + uzAzf_q + (u + 1)3A3f._.1
+ (u 4+ DAY+ (u + 2)sA% o+ -« -
and
(5.15.16) P(x) = fo + wiAf_1 + (u + 1):A%_1 + (u + 1)3;4%f_,
+ (u 4+ 2)A¥ 2+ (u + 2)s0% s+ - - -
the first following the lower, the second the upper broken line through fo-

These last formulas are more neatly expressed by central differences.
In this notation the same lozenge diagram appears as follows:

\(u +231}5f..g§
fot /(u + 1), ~(u + 2)2}6?‘.1 .
\(u+1>1}6_ At \(u+2'),}8,f y
/ux \(u+1)z . /(u+1)3 \(u+2)‘ .
Jo u o (u + 1) }””
\u‘ .' }6}'% 2 S~ (u + Da}ﬁ’f},ﬁ / :(
fl /(u - l)l \(uz ) }52fl /ua
\(’u-l)n /u-lz
fa -~ :

The two formulas (5.15.15) and (5.15.16) appear in these notations:

(5.15.17) P(x) = fo + u1dfss + u28%0 + (u + 1)38%fs + (u + 1)48%f
+ o s e

and

(5.15.18) P(x) = fo + uidf—ys + (u + 1)26%0 + (u + 1)36%_y
+ (u + 2)84 o+ - - - .

These two formulas can be combined to give a single more symmetric
formula, if we introduce the ‘‘ central mean’’ operator u defined by

(5.15.19) 2u = E% 4+ E-%,
If we add the two formulas and divide by 2, the result is

(5.15.20) P(z) = [1 + upd + u26%/2! + u(u? — 1?)us3/3!
+ ur(u? — 12)84/4! + u(u? — 12)(u? — 2)uds/5! + - - “If.

If between two differences of odd order in the table one writes their mean,
the coefficients for the above formula all lie on the same horizontal line.
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A great many other special formulas can be derived, but for these
reference must be made to the copious literature on interpolation.

5.151. The remainder in equal-interval interpolation. All interpolation
formulas that can be obtained from the lozenge diagram by following any
broken-line path to a particular difference 6*f, are identical except in the
arrangement of the terms. Hence they all have the same remainder term.
If n = 2p is an even number, the remainder is

(5.151.1)  Rppr = h~tlu(u? — 1%) - - - (u? — pH)f"*+0(8)/(n + 1),
where £ is a point on the smallest interval containing z, x_,, _,41, . . . ,
Zo, . . . ,Zp. If possible, for |u| < 1 aformula which endsin a difference

6"fo, 6"f_1, or 6*f1 should be used, rather than one ending in some other
o"f;, though this will not be possible when, for example, the tabulation
begins with v = 0. The same expression (5.151.1) for the remainder
holds for (5.15.20) if the series is terminated on a difference §22f, of even
order.

If 0 < u <1, a formula (5.15.17) which ends on a difference of odd
order is most symmetric with respect to that point. If n = 2p — 1, then
in this case

C huur —19) - - [t — (p — DY(u — p)f(E)
(5.151.2) Rpyi = ] :

To obtain an upper limit for the truncation error from R, directly,
one must have an upper limit for f*+V over the interval containing the x;,
and this is not necessarily easy to obtain. However, it may be known
that each of certain consecutive derivatives retains a fixed sign over the
interval, and these signs may be known. In this event, Steffenson’s
‘““error test’’ can be applied. This rests upon the simple observation
that in any series

S=U+ U+ ** F+ U+ Rapy,

where R, is the error due to dropping terms beginning with %, if it is
known that R..: and R, have opposite signs, then since

Rn+1 = Uny1 + Rn+2,
it follows that
|Rat1| < [tntal

and the error is less than the first neglected term in absolute value.

6.2. Trigonometric and Exponential Interpolation. Given any set of
constants o; and B;, among the possible choices of basic functions ¢:(x)
for interpolation would be

¢,($) = sin (a.-a: + ﬁ,)
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or
¢i(x) = exp (ax + Bi).

The general methods described at the beginning of this chapter apply, but
not much more ean be said when the constants o; and 8; are completely
arbitrary and unrelated. Most often, however, the o; will be in arithmetic
progression, in which case certain special simplifications are possible.

If, possibly after changing scale, one can set

ak=k,

then for exponential interpolation one has

(5.2.1) ®(x) = Zyie*s.
However, if

z = €%,
then

-

d(x) = Zvt = ¥(2),

and the exponential interpolation is the same as polynomial interpolation
with a transformation on the independent variable.
Another exponential form is

(6.2.2) ®(x) = vo+ 716" + v + Yy2€¥* + v+ - - -
+ yae™ + Y-ne ™",

Given now the 2n + 1 points, 2o, Z1, . . . , T2, let

0,2n
(5.2.3) Eiz) =[] {exp [(z — 2;)/2] — exp [—(z — =;)/2]},
i
(524) e,-(x) = E1(x)/E'.(x‘)
Then
ei(x;) = bij
whence
2n
(5.2.5) o(z) = zy,-e,-(:v)
9
satisfies
®(xr;) = y:
and expands into a polynomial of the form (5.2.2).
In the form -

(5.2.6) ®(x) = vo+ vie® + ve" + - 0+ Ya€T o y_peT

if v+ and v are conjugate complex quantities, then (5.2.6) can be written
in the form *
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5.27) ®(x) =ar+ a1cosx+ azcos2x + - - + a, cos nx
+ Bi1sinz + B2 8in 2z + - - - + B, sin nx.

Analogous to the functions E;(x) and e;(x) are the functions

0,2n
(5.2.8) S.(x) = n sin [(:v - x,)/2],
7>
(529) s.-(x) = Sg(x)/S,(x,)
Then
2n
(5.2.10) ®(x) = ) ysi(x).
)

6.3. Bibliographic Notes. The literature on interpolation, methods
of approximate representation, and numerical quadrature is vast, and
only a few elementary general principles are given here. On operational
methods see Whittaker and Robinson, Steffenson (1927), Aitken (1929),
MecClintock (1895), Herget (1948), Jordan (1947), and the encyclopedias,
both French and German.

The usual expression for the remainder in polynomial interpolation
is (5.11.2); its generalization (5.01.23) is given by Petersson (1949).
Steffenson (1927) gives (5.141.8). The form (5.01.25) for polynomials
was given by Peano (1914; see also Mansion, 1914); Kowalewski (1932)
gave this and (5.01.28), still for polynomials only. The more general
form (5.01.25) for arbitrary interpolating functions was given by Sard
(1948a) and Milne (1948b). See also Curry (1951a). These will
reappear in the following two chapters. Attention is called to subsequent
papers by Sard and collaborators.

The discussion of optimal-interval interpolation is based on Harrison
(1949).

The designation ‘‘Chebyshev polynomials’”’ is sometimes applied to
any set of orthogonal polynomials. The term ‘ Chebyshev polynomial”
is sometimes applied to that polynomial of degree n which among all
polynomials of that degree most closely approximates the function under
consideration, where the measure of departure is the maximum absolute
difference between the polynomial and the function. This is not neces-
sarily the interpolating polynomial which agrees with the function at the
Chebyshev points (5.12.4), since in (5.11.1) it is not shown that ¢ neces-
sarily maximizes f(*+" at the same time that x maximizes w = T,. No
simple algorithm is available in general for constructing the closest poly-
nomial approximation to a given function.

One might suppose that by increasing the degree of the interpolating
polynomial one would necessarily improve the approximation to any
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given continuous function, at least when the fundamental abscissas are
always uniformly spaced. However, this is not so. For discussion of
these and related problems see Bernstein (1926), Ahiezer (1948), de la
Vallée Poussin (1952), Fejér (1934), Jackson (1930), and Feldheim (1939).

Most treatments of interpolation discuss also the subject of ‘‘inverse
interpolation,’” which is the evaluation of the independent variable at the
point where the function takes on a prescribed value, not tabulated. An
obvious possibility is to interchange the roles of the dependent and
independent variables and interpolate in the ordinary manner. Other-
wise one can equate the interpolating polynomial to the prescribed
value and solve the resulting algebraic equation. In this connection see
Kincaid (1948b).

Most standard texts discuss divided differences. See Aitken (1932)
for the method called by his name and Neville (1934) for a similar method.

Tables of differences, ordinary or divided, are useful for detecting errors
in computed tables of functions. See Miller (1950).



CHAPTER 6

MORE GENERAL METHODS OF APPROXIMATION

6. More General Methods of Approximation
In selecting a particular linear combination
(6.0.1) - ®(x) = Zvi¢i(x)

of functions ¢;(r) to perform an interpolation, the aim is naturally to
determine a combination & which approximates the given function f at
whatever point or points the function fis to be evaluated. In the method
of interpolation, so-called, certain values y; = f(x:) of f, and possibly
certain values y{” = f®(z;), must be known already, or directly obtain-
able. Then the coefficients v; are determined by the requirement that
each y; = ®(z;) and that each y{” = & (x;). However, this is only one
of many possible schemes for determining the +;.

An expansion in powers of x — xo by Taylor’s series up to and including
the term in (x — z,)" differs in appearance from interpolation, but can
be made a special case in which the conditions for determining the
coefficients are that

(6.0.2) &M () = fM(xy), r=0,...,n

Petersson’s generalized expansion which satisfies conditions (6.0.2) but
replaces polynomials by a more general set of functions ¢;(z) was given
in §5.01. The well-known expansions in Fourier or other orthogonal
series, with only a finite number of terms retained, illustrate other meth-
ods of obtaining approximate representations that are useful for some
purposes.

In this chapter will be treated only certain fairly immediate extensions
of the methods of interpolation.

6.1. Finite Linear Methods. In the expansion of a function as a
series of orthogonal functions, the coefficients are determined by integra-
tion. The methods to be described here require summation rather than
integration, and hence are called finite.

When the given quantities y; are not exactly, but only approximately,
equal to the f(z;), it is not necessarily worth while to require that the ®(x;)
be exactly equal to the y;. If there aren 4 1 quantities y;, approximately
equal to f at n + 1 distinct points x;, it may be saving in time, and quite

215
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adequate, to find some linear combination (6.0.1) of m +1 <n 41
functions ¢,, in such a way that the resulting ®(x;) will be as nearly as
possible equal to the y;, without however expecting strict equality at
least at all of the points. This is especially the case when the y; result
from experimental measurements or result from computations in which
the round-off is not negligible. But if strict equality can no longer be
asked for, some other criterion must be found that will yield a system of
only m 4+ 1 equations in the m 4+ 1 unknowns but that will in some sense
treat all n 4+ 1 of the points alike.

Let the index r run from 0 to m, to distinguish from ¢, j, . . . which
run from 0 ton > m. We seek

(6.1.1) o(z) = Zv,¢:(7) = f(z) — R(2),

where R does not necessarily vanish even at the z;. The criterion will
be given in the following form: Choose m + 1 functions ¢,.(x) so that
the matrix of the y.(z;) has rank m + 1, and then determine the v, so
that the m + 1 conditions

(6.1.2) 2 V(@) R(z;) = 0

are satisfied. If the matrix of the ¢.(x;) also has rank m + 1, then
Eqgs. (6.1.2) define the +4; uniquely. Moreover, in the special case
m = n, & becomes the ordinary interpolating function. '

Let d, ¢, y, f+, and p,, respectively, represent the vectors whose elements
are R(z;), vr, ¥i, ¢r(x;), and ¢,(z;); let F and P represent the matrices
whose columns are the vectors f, and p,, respectively. It is required to
satisfy the equations

(6.1.3) Fc=y+d,
(6.1.4) P'd = 0.

Thus y is to be resolved into two components, one in the space of F and
the other orthogonal to the space of P. On combining these two equa-
tions one obtains

(6.1.5) P'Fc = Ply.

If each matrix P and F has rank m + 1 < n + 1, then the matrix PTF
is nonsingular, and there is a unique solution y of (6.1.5). Given a
system of functions y,(x), the problem reduces to the multiplication of
the matrices and solution of the linear system (6.1.5), and this is a
problem already discussed at length in Chap. 2.

However, it may happen that at the outset one does not know how
many functions ¢, one should use to obtain an adequate representation in
the sense that the vector d has been made sufficiently small. This vector
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represents the amount by which the function & fails to agree even with
the given values y; of f. It is geometrically evident that, if the system
(6.1.5) of order m 4+ 1 has been solved, and then also a new system of
order m + 2 obtained by adjoining a new function ¢,,;, the new residual
vector d cannot be greater than the old one, and in general will actually
be less. Moreover, if » 4+ 1 functions are included, d will vanish since
we are back to the case of interpolation. One would like, if possible, to
start with a single function ¢, and adjoin sequentially 1, ¢z, . . .,
stopping only after the vector d has been made sufficiently small. It is
possible to do this without having to solve a new system each time by
forming a pair of biorthogonal systems of vectors.

The method can be developed by showing that unit triangular matrices
U and V can be found such that for the two matrices |

(6.1.6) T =FV—, S = PUY,
the matrix product
(6.1.7) ST =D

is a diagonal matrix. This is a generalization of the theorem shown at

the end of §2.201.

The theorem is trivial when P and F have but a single column each.
An inductive proof can be given, which also exhibits the algorithm by
assuming relations (6.1.6) and (6.1.7) and showing that, given vectors f,
independent of the columns of F, and p, independent of the columns of
P, it is possible to find vectors u, v, ¢, s, and a scalar §, satisfying

mo(y ) =@,

(6.1.9 sa(d Y)-en,
s o= (2 9)

The last relation gives 6 as

(6.1.9) STt =&
and requires that
(6.1.10) ST = 0, St = 0.

The first two require that
(6.1.11) Tv + t = f, Su+ s = p.

Hence when the first of (6.1.11) is multiplied on the left by ST and the
second by T7, s and ¢ are eliminated, and equations in v alone and in »
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alone result. Because of (6.1.7), and because D is diagonal and hence
symmetric, v and u are given by

(6.1.12) v = D-1STf, u = DT,

provided only that no diagonal element in D is zero. After v and u are
found from (6.1.12), ¢ and s are obtained from (6.1.11), and é from (6.1.9).
This establishes the induction and provides an algorithm for finding the
matrices S, T, U, V, and D.

Now observe that the columns of T are linear combinations of those of
F, and the columns of S are linear combinations of those of P. Equiva-
lent to (6.1.3) and (6.1.4) are the equations

TVe=y+d  S'd=0.

Instead of solving for ¢, one solves for

(6.1.13) b="Vec .
by the simple relation
(6.1.14) b = D'S8Ty.

To return to the induction, suppose that b is given and that the effect of
adjoining a new function ¢, and hence a new vector f, is to be investi-
gated. Vectors s and ¢ are found by the method already described.
The vector b is then unaffected except by the adjunction of an additional
element

(6.1.15) B = 6~ lsTy.
The equation

(6.1.16) Th =y +d
becomes

b\ _ ’
(T,t>(3>—y+d,

where d’ is the new residual, or on expanding and applying (6.1.16),
d+ 8 =d.

The vector d is orthogonal to all columns of 7T'; d’ is orthogonal to all
columns of the enlarged matrix (T, ¢); in particular d’ and Bt are orthog-
onal. Hence

(6.1.17) d'd = g4t + d''d'.

Thus the adjunction of the new function ¢ reduces the squared length
. of the residual d by the amount g%t.
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Once it is decided how many functions ¢ are to be included in &, one
can go to (6.1.13) and solve for ¢. Alternatively, one can form the func-
tions 7.(x) corresponding to the columns ¢, of T. Thus let 7(z) represent
the row vector whose elements are the first m + 1 functions 7¢(z), . . . ,
m(2) ; let ¢(z) represent the row vector whose elements are ¢o(z), . . . ,
¢m(x). Then

(6.1.18) () = ¢(x) V-1
Then ®(x) is given in either of the two ways:
(6.1.19) ®(x) = r(x)b = ¢(x)c.

The matrix ¥V and the functions 7(z) are entirely independent of the
function to be approximated, and depend only upon the functions ¢, and
¥» and upon the points 2;. Hence if the same basic functions and basic
points are to be used in the representation of more than one function
f(x), it is advantageous to find the 7(z) and the matrices T, S, V, U once
and for all.

6.101. An expression for the remainder. 'The solution ¢ of Eqgs. (6.1.5)
can be written

' ¢ = (P'F)~'PTy,

and hence the function ® as
(6.101.1) &(z) = ¢(z)(PTF)~'PTy.

If for the elements y; of the vector y one substitutes the values ¢,(z;)
of any ¢,, the result is

(6.101.2) ¢r(x) = ¢(x)(PF)~'PTf,,

since the quantities ¢.(z;) are the elements of the column f, of the mat-
rix F. Thus (6.101.1) expresses ®(x) as a linear combination of the values
y;j of f(x) the coefficients of which are certain functions ®;(x):

(6.101.3) ®(x) = E%(xm
and (6.101.2) implies that ’

(6.101.4) ¢r(z) = zq’j(x) ér(z5),
identically. ’

The Petersson expansion for @ = a can be written

(6.1015) &) = Yerde(®) + [ g, Lmsalf(5)1ds,

when the special functions denoted in §5.01 as ¢, are replaced by linear
combinations of the ¢,. Moreover,



220 PRINCIPLES OF NUMERICAL ANALYSIS
Yi = zard’r(xj) + L ' g(xj, 8)Lmpr[f(s))ds.

Now multiply this equation by ®;(z), sum over j, and subtract from
(6.101.5). Because of (6.101.4), the result is

(6.101.6) R(z) = / * 9(2, 8)Lmi[f(s)]ds
" =Y &(@) [ g(as, 9 Lnulf(5))ds.

If, as in §5.01, we write L - L " - L :;, we obtain on applying
(6.101.4)

(6.101.7) R@) = ) @) [ 9@, )Lnalf(s)lds

similar to (5.01.26). For the symmetric form given in (5.01.28), we
can again write (6.101.6) with the limit b instead of @ and obtain

R@) = [ K, 9)Lnnlf(s)lds
(6.101.8)

2K(z, s) = g(z, ) sgn (x — 5) — Z&;(x)g(z), 5) sgn (z; — ).

6.11. Least-square Curve Fitting. The residual vector d always vanishes
when m = n, provided at each step the columns of F, as well as those of
P, are kept linearly independent. Moreover, the vector ¢ is then inde-
pendent of the choice of the functions ¢, given only the linear independ-
ence of the sets of functional values. But for any given m < n, the
vectors ¢ and d and the length of d will depend upon the selection of the
functions ¢. Thus, for example, one could choose functions ¢ each of
which vanishes at all but m + 1 of the points 2;. This would give the
interpolating function ®(x) which passes through these m + 1 points
and would take no account of the other points.

It is natural to ask that for whatever m < n one might fix upon the
vector ¢ be chosen so that the vector d is as small as possible. In all cases
the vector y is resolved into two components one of which lies in the
space of F and d being the other component. Then the shortest length
possible for d is the length of the perpendicular from the point y to the
space of F. Hence the component Fe¢ of y in the space of F is to be chosen
as the orthogonal projection of y upon this space. This is effected by
making ¥, = ¢,, and hence by taking the matrix P to be the same as F.
All equations in §6.1 can be specialized immediately to this case. It
may be remarked in passing that in many cases there are good statistical
grounds for minimizing the length (or the squared length) of d, but these
will not be developed here.
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Often experimental conditions may be such that certain values of
the y; may be less reliable than others. If so, greatest ‘“weight’’ should
be given to the measurements of highest reliability. This can be effected
by associating a diagonal matrix W of order n + 1, with positive non-
null diagonal elements, in which the magnitude of each diagonal element,
say the jth, measures the degree of reliability attached to the value of the
measurement 3;. The matrix W is then used as a metric for the space,
and the orthogonality and lengths of the vectors are taken with reference
to this metric. This can be achieved by setting

P =WF
in §6.1.
6.111. Least-square fitting of polynomsals. A special simplification is
possible when the function & is to be a polynomial, and

(6.111.1) d-(x) = 2"

Let X be the diagonal matrix whose diagonal elements are the abscissas
z;, Then

(6.111.2) fo = Xfo.

The argument used in proving Lanczos’s theorem (§2.22) can be applied
here to show that each column ¢, of the matrix T is expressible as a
linear combination of Xt,, t,, and ¢,_;. In fact,

to = f0,
(61]13) L = (X - aoﬁgl)to,
for = (X — bVt — 8,608y, 72> 1,
where
(6.111.4) a = TWXt,.

From ¢y = fo one calculates ao and d,, thence ¢;, a1, and é,, and so on,
sequentially. The functions 7.(z) are orthogonal on the set of points
z; and are given by

To(x) = 1,
(6.111.5) 1i(x) = (x — aodg)ro(2),
71(&) = (@ — 677, (x) — 8,672 7 _1(2), r>1.

6.12. Finite Fourter Expansions. Let the abscissas xo, 1, . . . , ZTn—1
be uniformly spaced. After making a linear change of variable, we can
assume that

(6.12.1) xr = k/n,
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and the function f(z) is to be considered only on the range 0 < z < 1,
or is supposed periodic of period 1. Make a further change of variable by

(6.12.2) w = exp (2wix), i =+/—1
Then

(6.12.3) wr = exp (2wik/n),

and

(6.12.4) wh = exp (2rijk/n) = .

The function f(z) becomes a function of w, F(w), and the interpolating
polynomial in w gives a representation of f(x) of the form

f(x) = Bo + B1exp (2miz) + B; exp (4mix) + - - -
+ B._1 exp [2(n — 1)wiz] 4+ R(x).

If f(x) is real, then either each term is real or else itS conjugate complex
also occurs, if it is understood that

(6.12.5) exp (2kwiz) = cos (2kwx) + 7 sin (2kxzx).

Suppose n = pm is some integral multiple of m, and consider a repre-
sentation

(6.12.6) f(z) = Bo + B1exp (2wipzr) + * * + + Bu[2(m — 1)mipa]
+ R(x)

or
(6.12.7)  F(w) = Bo+ Biw? + * * + + Bror?™ D + P(w).

If (6.12.3) is taken as valid for all integral values of k, positive and
negative, which amounts to so defining the wi for k negative, or exceeding
n — 1, then (6.12.4) is valid for all integral values of j and k. Hence

n ——

1 n—1 n—1
7, —Ph — pG—h) k
z wplwg P = z wp T = z WpG—h:
k=0

k= k=0
Any w; satisfies w® = 1, but if £ > 0, then w; % 1. But since
" —1=(w—1D'+o24+ - +w4+1),

it follows that for k > 0

o't w24 - o+ 1=0.
Hence

n—1 . 3
) joph o M i =h

k=0
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Hence the functions w?’ and w—?* are biorthogonal on the set w: in the
sense of §6.1. Then if the functions w?’ are taken as the 7;, and w=?" as
the a5 of §6.1, the coefficients 8 are given by

(6.12o9) Bj = n‘-l z ykw'l:f’j.
k
If 25 # m, then
Bm—j = ) Yrwz?™? = ) yrop’,
z 2

or
B; = n1 z yi[cos (2rpik/m) — ¢ sin (2xpjk/n)],
%
Bm_; = n! z yi[cos (2xpgk/n) + ¢ sin (2rpjk/n)].
k
Hence, if
A; = n! 2 yi cos (2rpik/n),
(6.12.10) u
B; = n! z yr sin (2rpjk/n),
k
then
Br = Ar — iBy,
Bm—i = A + By,
and

Brw?P® 4+ Bn_rwP* = 24, cos (2rpkx) + 2B, sin (2wpkz).

Hence if m is odd, the representation (6.12.6) can be written

(m—1)/2
(6.12.11) f(z) = Ao + 2 z Ay cos (2rpkz)
k=1
(m—1)/2
+ 2 2 B, sin (2rpkz) + R(2),
k=1

with the A’s and B’s given by (6.2.10). In case m is even, B,z = 0,
while A,,,2 = 0if n is even, and A,/ = 1/n if n is odd.

6.2. Chebyshev Expansions. It was shown in the last chapter that if
T. is the Chebyshev polynomial of degree n, then T, is that polynomial
of degree n and leading coefficient unity whose maximum departure from 0
on the interval from —1 to 41 is least. This property was used there to
obtain a particular set of points of interpolation that was optimal in the
sense there described. The property may, however, be utilized in a
different way to obtain an approximate representation of f(z). If f(x)
is expanded in a series of polynomials T, and if the coefficients of these
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polynomials in the expansion do not themselves increase too rapidly,
then the fact that each polynomial is small over the entire interval
suggests that a small number of terms in the expansion might provide
an approximation that is uniformly good over the entire interval. This
is in contrast to a Taylor series expansion which requires more terms the
farther one goes from the center of the expansion.

The analysis is simplified somewhat by introducing the functions

(6.2.1) Cn.(x) = 2 cos néb, r = 2 cos 0.
Then
Co(x) = 1, Ci(z) = =, Co(x) =22 -2, ...

and in general C,(z) is a polynomial in x of leading coefficient 1. We
consider the representation of the function f(z) on the range from —2 to
+2 and seek an expansion

(6.2.2) fx) = a0 + a1Ci(x) + asCo(x) + - - -,

or equivalently
(6.2.3) (2 cos 6) = ag + 2 z an €OS 10,
1

with 0 ranging from 0 to . Since
2 cos n@ cos mf = cos (n + m)8 + cos (n — m)é,

1t follows that

(6.2.4) 2 ff cos n6 cos mb df = 0 for n 7 m,
0 T forn = m,

and hence formally

(6.2.5) a, = w1 ﬁ; f(2 cos ) cos né dé

= (/2 [°, 1) [Cala)/v/3 = 2.

Equations (6.2.4) express the orthogonality of the functions cos né
and cos mf, n ¥ m, on the interval from 0 to =. Equivalently, C,(x)
and Cn(z), n % m, are orthogonal with respect to the weight function
(4 — z%)~% on the interval from —2 to 4-2.

Any power z" of x is expressible as a linear combination of C, and
polynomials of lower order:

2* = Cp(x) + nCr_o(x) + (g’) Coau(x) + - - - .
If we expand |

7(z) = F(0) + 2/(0) + MaH"(0) + - - -
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and substitute into the integrals (6.2.5), we obtain

B f(n) (0) f(n+2) (0) f(n+4) (0)
628) == tiGro T am T o

The first term alone on the right is the coefficient of z» in the Taylor
expansion. If this coefficient and a, are comparable, the expansion in
Chebyshev polynomials, carried to a given number of terms, may be
expected to give a representation of the function that is uniformly good
for all |z| < 2;for2 > |x| > 1it is better than the same number of terms
of the Taylor series, though the representation will be less good than the
Taylor series for |z| < 1.

6.3. Bibliographic Notes. The remainder formulas given here are
additional special cases of the general remainder formulas of Sard and
Milne.

There is an extensive literature on methods of curve fitting, and only
a few titles are given in the bibliography. Deming (1938) extends the
method of least squares to cases where the parameters occur nonlinearly
by employing a method of successive linearization. Remainder formulas
in such a situation are not available. A ‘‘method of moments,” common
in the literature, leads to functions ¢, which are different from ¢,. For
the infinite case, reference is to be made to the literature on Fourier
series, orthogonal series in general, and the problem of moments.

On the representation by Chebyshev polynomials see Lanczos (1938),
Miller (1945), and Olds (1950). Nonlinear methods include the use of
continued fractions (and reciprocal differences, described in the books on
interpolation).

On methods of smoothing data subject to error see Schoenberg (1946,
1952), papers by Sard, and Lanczos (1952).

+oe




CHAPTER 7

NUMERICAL INTEGRATION AND DIFFERENTIATION

7. Numerical Integration and Differentiation

A function ®(x) obtained by any of the methods outlined in the last
two chapters, to the extent that it represents the function f(r) it is
intended to approximate, may replace f in any numerical operations
required. Thus where a derivative or an integral of f(x) is required, one
may differentiate or integrate ®(x). Unfortunately for finding the
derivative, though ®(r) might agree closely with f(z) in value, even over
the entire interval, it can nevertheless happen that the slopes might be
radically different. With integration, however, the situation is more
fortunate, for clearly if on the interval from a to b the deviation R(x)
of ® from f nowhere exceeds ¢ in absolute value, then the error in the
integral cannot exceed e¢(a — b); and since ordinarily R(z) will change
signs at least once, one can expect the error to be much less than this.

7.1. The Quadrature Problem in General. With the m 4 1 functions
¢.(x), consider in addition a fixed function w(z) and the integrals

(7.1.1) [ * 6@ w(z)dz = g,

Suppose that values
(7.1.2) ?/i == f(x'-)

are known at n + 1 points z;, We seek coefficients A;, independent
of the values of y;, so that in the expression

(7.1.3) Lb f@)w(x)dx = z \Ny; + R

the remainder R vanishes whenever f is equal to any of the ¢,. Hence
(7.1.4) pe = Y Nidn(z).

Here are m 4+ 1 equations for determining the n 4 1 required coeffi-
cients \;. If the equations are consistent, they can be satisfied whenever
n 2> m, and if n > m, it is possible to impose n — m further conditions on
theA;. Ifn < m, the equations can be satisfied if and only if the points z;

226
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are 80 placed that the matrices (u,, ¢.(x;)) and (¢.(z;)) have the same
rank.
Consider again Petersson’s expansion

f@) = 3, @ + [ 9, OLnislf(9)ds
v = ) ad@) + [~ gy Lnilf(5)ds.

Assuming the multipliers \; to have been found, multiply the first equa-
tion here by w(z) and integrate from a to b; the second by A; and sum,
subtracting the result from the integral just obtained. By (7.1.3),
(7.1.1), and (7.1.4), this gives

R = ["w@ [ g6 )lnali@sds — Y N [* gl 9 Lnlf(s)lds.
A similar expansion written for £ = b gives in the same way
B=~ [ w@ [ 9@ Lnulf©ldsds + ) N [ 9wy 9Lnilf(s)lds.
Hence by addition of the two expressions
R = [ M©Lnlf(s))ds
2M(s) = [’ w@)g(x, s) sgn (v — )z — ) Ag(w, o) sgn (& — o).

(7.1.5)

(7.1.6)

The function M(s) is continuous since the discontinuity in the signum
function occurs only where g vanishes.

As examples, let m=n=1, a=2y=0, and b =z, = 1. Let
wx) =1, ¢o(x) =1, and ¢1(x) =2. Then gz, s) =z — s, and
N=A =14 Then M(s) = s(s —1)/2. This gives the common
trapezoidal rule with remainder:

@1 [ @ds = o+ /2 — [T sl = f"(9)ds/2.

Next, let w(x) = €2, ¢po(x) = 1, and ¢1(z) = z. Again g(z, s) =z — s.
However,

M= (e2—1— a)/a? AL = (e — e* 4 1)/a?
Then M(s) = [e** — (e* — 1)s — 1]/a?, and
(7.1.8) ﬁ) 'f(@)ew= dz = [yo(e* — 1 — @) + yi(ae® — e= + 1)]/a?
+ ﬁ,‘ [ — (e* — 1)8 — 1]f"(s)ds/a.

If w(z) =1, do(x) = 1, and ¢1(z) = €=, then g(z, s) = (e** — 1)/a,
M= (e — 1)7la Y (ae* — e* 4+ 1), and Ay = (e* — 1) la (e — 1 — a).
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Then M(s) = (e — 1)~ 1o~ ![s(e* — 1) — e*(1 — e*)]. Hence

(7.1.9) L 'f@)dz = (6= — D'a[yo(ae® — e + 1) + ya(e* — 1 — a)]

+ (er = Dot [ sl = 1) — e=(1 — e=)][f"(s) — af (9)lds.
Finally, let w(z) = 1, ¢o(x) = e**, and ¢:1(x) = ze**. Then

o= (er—a—1D/at, A= (a—14 /a2
and g(z, s) = (x — 8)e*@®®, Then
M(s) = {14 [(1 — en)s — 1]e==} /a2,

Hence
(7110) [ f@de = [yale” — & = 1) + pale = 1 + e))/a

+ [, {1410 = e)s — e} [[7(s) — 2af(s) + e*f(s)]ds/a

When these formulas are applied repeatedly to intervals from ¢ — 1 to ¢,
fort=1,2 ..., n, then formulas (7.1.7), (7.1.9), and (7.1.10) give,
neglecting remainders,

[ f@dz = (vo/2 + nf % + 4a/2)

g=]
n—1

= (e* — D7 yolae* — e+ 1) + yale — 1 — )] + ) ws
1=1
= a[yo(e* — a — 1) + yi(a — 1 + )]

n—1
+ a—2(ea? — g—o/2)? Yi.
)
Equations (7.1.8) and (7.1.10) are identical if in the former f(r)e** is
replaced by f(z).
In (6.101.3) and (6.101.4), the &;(x) are linear combinations with
constant coefficients of the ¢.(x). On multiplying (6.101.4) by w(x) and
integrating, one finds

b= ) $i2) [ w(@)8i(z)ds,

and the integral on the right is expressible as a linear combination of the
pr. Thus the choice

(7.1.11) A = / * w(z)®i(z)dz

satisfies (7.1.4) and determines the A; uniquely. Hence in case n = m,
'to use (7.1.4) to determine the \; for the expression (7.1.3) is equivalent
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to approximating the integral of fw by the integral of ®w, where ® is the
interpolating function; when n > m, one can always determine the \; by
(7.1.4), together with suitable further conditions so that the sum on the
right of (7.1.3), ignoring R, is the approximation given by integrating
w with a function & determined by one of the methods of §6.1.

In case n < m, it may be possible to choose the points z; at which the
evaluations f(x;) are to be made so that the matrices (¢.(x:), u.) and
(¢r(x;)) have the same rank. In this event Eq. (7.1.4) is consistent and
has solutions A;; moreover, if the rank is n + 1, the solutions \; are

unique.
Consider the polynomial case with
(7.1.12) or() = z".

If the points z; are all distinct, then the matrix (¢,(x;)) has rank n + 1
for m > n. Hence Eq. (7.1.4) will be consistent if every square sub-
matrix of (z7, u,) of order n + 2issingular. Thisimplies that any matrix
of the form

1 1 1 e
Zo T Tn Mri1
rnt+l x?+l x;:+ 1 Brinil

must be singular, and therefore the matrix

1 1 A | Mo M1 M2
To X A /7 M1 Mo K3
rgt! x¥+1 x:-*—l Bnyl Mny2 HMnid

must have rank n + 1. In particular if m = 2n + 1, and the z; are
taken to satisfy the equation

1 Ko M1 oo Mn
(7.1.13) oo =0,
gl Mnyl HMng2 o o o M2ng1

then if these z; are all distinct, the system (7.1.4) is consistent, and defines
a set of coefficients uniquely.
With the z; as determined by (7.1.13), let

(7.1.14) wux) =O(x — 2) = 2™ + w2+ *  * + Wnyn.

Then w,(z) is equal to the determinant in (7.1.13) except for a constant
factor. Hence

(7-1-15) Bni144 + Wn, 0k n44 4+ - + Wi = 0.
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But by (7.1.1), (7.1.13), and (7.1.14), this implies that

(7.1.16) / * don()w@)de =0, i=0,1,...,n

Hence if p(z) is any polynomial of degree < n,

Lb (@) wn () w(x)dr = 0.

In particular if we consider the sequence of polynomials wo, w1, . . . , wa,
it follows from this equation that

(7.1.17) Lb wm(Z)wa(2)w(x)dx = 0, n # m.

The polynomials w,(z) are therefore said to be orthogonal on the interval
(a, b) with respect to the weight function w(x). The derivation of
Lanczos’s theorem can be paraphrased to show that by defining formally
w1 = 1, .

w_.1(27) =1 ,
(7118) wo(x) =T — aoﬁ;,'l,

wr(®) = (x — b7 Nwr_1(x) — 8,671 w,_2(2), r21,

where

Q, = /; ° zw?  (x)w(r)d,

7.1.19
(7.1.19) 5 = [ > ol (@) w(z)da.

Hence to obtain the polynomial w,(x), one can calculate recursively the
w(z), r < n, instead of expanding the determinant (7.1.13). -

In this situation both the z; and the \; were left completely arbitrary
and determined so as to take account of a maximal set of the ¢.. Another
possible procedure would be to restrict the x; and \; by a limited number
of conditions, and then impose as many of the conditions (7.1.4) as
possible. As an example of this, it is sometimes desirable to select the
z; 8o that the A; are all equal:

A=A =+ =X\

There are then to be determined the n + 2 quantitieszo, . . . , z, and A,
and therefore in general » 4+ 2 conditions (7.1.4) can be imposed. For
polynomials ¢, these have the form

A = po/(n + 1),
2z = (n + 1)p1/po,

2zl = (n + 1Dpatr/po.

Hence the sums of the powers up to the (n 4+ 1)st are known. From
these the elementary symmetric functions of the z; can be formed by
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-means of Egs. (3.02.5), and hence the equation of degree n 4+ 1 of which
the z; are the roots. Unfortunately the roots z; do not necessarily
always fall within the range of the integration, and when they do not, the
method is unusable.

7.2. Numerical Differentiation. Equation (6.101.7) can be written

(7.2.1) J@) = 2@ + ) @) [ g 9LU©)]ds
Hence ’
F@ = ¥@ + ) @) [ o6, LU + ) @), DLI@]
But T ’
Y 8@, ) = ) ) &(2)¢.(z)g.(9)
J ior

- z :(x)g:(s) = g(z, 9),

and
g(x, z) = 0.
Hence

(7.2.2) J'@) = @) + ) #(@) [ gl ILIfE)s.
Again ’
Y @@ &) = ) @)gs) = dg(x, 5)/0x,
J r

and

ag(x, s)/ox

lx-o ~ 0,

so that
(723) @) =2"@) + ) G [ gl HLUE)s.

Similar relations hold for f®, » < n.
For polynomial interpolation in terms of divided differences the
equation

(7.2.4) f(z) = f(xo) + (@ — xo)f(x0, 1) + ( — o) (x — 21)f (w0, 1, T2)
+ cccF @ =20 (@ — Za1)f (@, 21, . . ., Tn)

+ (@ —20) ¢ (& — 2)f(@o, T1, . . ., Ty, T)
is exact, the last term representing an expression for the remainder. Let

T =@ —x0) * ** (@ — x).
Then

(7.2.5) f'(x) = f(z0, 1) + x1)f(@o, 71, T3) + - - -
+ x'(n—l)f(x% ¢ e ’xﬂ) + R’7
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where
(7.2.6) R' = xi,,f(xo, 21, . . . , ZTn, ) + Tmf(To, 21, . . . , T, T, ).

When z = z;, (ny =.0, and the second term drops out of the remainder.
Continuing, one finds

(7.2.7) f"(x) = 2f(xo, 21, T2) + x5 f (20, 21, T3, Tg) + -« -

> =+ xf:t—l)f(xo; c e ey 27,;) + R”)
(7.2.8) R" = a2 f(xo, 1, . . . , Zn, ) + 22, f(To, 1, . . . , ZTn, T, )
+ a:<,,)f(xo, Ty « « « , Tny X, X, x)

All divided differences which occur in these remainders can be expressed
in integral form as in §5.141.

7.3. Operational Methods. For polynomial interpolation with equally
spaced fundamental points, formulas for numerical differentiation and
integration can be derived by operational methods. The Taylor expan-
sion of an analytic function can be written in the form

J(@o + uh) = f(zo) + uhf'(xo) + wh’f"(x0)/2V + - - .
Hence by introducing the differential operators
(7.3.1) D = d/dx, 6 = hD

and recalling the definitions of the displacement and difference operators,.
we can write formally

E* =1 4 uhD + w*h?D?*/21 4+ - - - = %,
and therefore set
(7.3.2) E=14+A=(1-V)"'=¢,
whence
(7.3.3) 6 =logE =log (1 +A) = —log (1 —V).
Hence
(7.3.4) =A— A?/2 + A¥3 — AY/4 + - - -

=V+V/2+V/3+VY4+ - -,

These expansions can be used to obtain the derivative at any point z, in
terms of forward or backward differences. To obtain f'(z) = f'(x¢ + wuh),
write

(7.3.5) E*0 = (1+ A)*log (1 + A) = A 4+ (2u — 1)A?/2
+ (Bu? — 6u + 2)A%/6 + ¢ - -

-or the corresponding expression in terms of V.
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For the derivative in terms of central differences, we have

0 = E¥ — E~% = ¢%? — ¢~%2 = 2 ginh (0/2),
= (E% 4 E~%)/2 = (e%* + ¢~%?)/2 = cosh (6/2).

From this it follows that formally

dé/df = u = (1 + 8§%2/4)%,
and therefore

(73.6) 6= [ (1+r/4)Hdr

12.63 12.32.55
=0=3r T Era T

This formula gives the value of f'(xo) in terms of the values of f at
points ... To obtain f’(x,) in terms of values of f at points z_,, proceed
as follows:

It can be verified directly that 6/u satisfies the differential equation

(7.3.7) (1 + 82/4)d(8/u)/dd + (8/4)(8/n) =

Also 6/p is an odd function of §. Hence assume the expansion
0/u = 6 + a3zd® + asd® + azd” + - - -,

substitute into the differential equation, and equate coefficients of like
powers of 6. By this means one finds that

(7.3.8) 0=u[6 Loy @5 B0y ]

To continue to higher derivatives, we have next that

d(62) /ds = 20d8/ds = 20/u.

Hence
=2L[T——13-|—(2)2T ']dr,
or
(7.3.9) g2 = 2 [21! 4' 5 4 (2')2 (3 )2 5 4 - ]

- It ¢an now be shown inductively that
(1 + 82/4)d(6%+/p)/ds + (8/4)(67+!/u) = (2v + 1)6%
d(6%")/dé = 2v6%—1/u.

From this one can proceed sequentially to find 63/u, 64, 65/u, . . . .
Some estimate of the error can be had by noting the magnitude of
the first neglected term. It is possible to obtain an exact expression for

and
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the error in any particular case by a method that will be used for numer-
ical integration, now to be described.

Ordinarily in numerical integrations the integral is to be evaluated
between two of the interpolation points, say z; and z;. At any rate it is
no restriction to assume that the lower limit is such a point. Let F(x)
be any function satisfying

(7.3.10) DF (x) = f(x).

One wishes to evaluate (E* — E?)F(x,) where 7 is an integer. If ¢ = 0,
we have

(7.3.11) [ :“”‘" f(@)dz = (E* — 1)F(x0)
= (uf + u20?/2 4+ u363/3! 4+ - - )F(x0)
= uh(l + u8/2 + u202/3! + - - -)f(xo).

If the powers of 6 are replaced by their expansions in terms of any of the
difference operators up to whatever power may be desired, the result is a
formula for numerical integration. If one so desires, he can replace all
difference operators retained in the formula by their expressions in terms
of the displacement operator E, so obtaining a formula directly in terms
of the f(x;).

7.31. The Trapezoidal Rule. Next to a Riemann sum this is the
simplest rule of all. It is given in (7.1.7), but will now be derived "
operationally. In (7.3.11) set u = 1; we carry the expansion to the first
power only of the difference operator, and to this degree of approximation
6 = A. Hence (7.3.11) gives

(73L1) [ f(z)dz = h(1 + A/2)f(z0) = h(l + B)f(z0)/2
= h(yo + y1)/2.
To evaluate the remainder one can proceed as follows: The formulas
(7.31.2) e =1+ 6+ 6 A‘ re(=10 gy
= 140+ 350° + 356 [ %ot dr

are exact and can be verified directly by integrating by parts. If e is
replaced by E, and ¢/ — 1 by A, one has by the second of these

AF(zo) = h (1 + 156 + 156° ' B* dr)f(o)
and by the first therefore

AF(2q) = h [1 + 147 — 1407 ﬁ) ‘(1 = DB dr]f(:vo).
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Thus the integral operator provides the desired remainder. This can be
transformed

he* [ (1 — DB dif(ze) = B [ (1 — D)f"[zo + (1~ T)hldr
= [ @1 = 0@ — zo)f"()dv
by introducing the new variable of integration
v =20+ (1 — 1)h = x, — 7h.

Hence we obtain finally the trapezoidal rule with remainder

(731.3) [ f@)dz = Ysh(yo + y1) — 34 / " (31 — )0 — z0)f"(v)do.

By the law of the mean, since
(@ = )0 — zdv = (21 — 20)%/6 = 1*/6,
we can write
(7314) [ f@ds = 35h(yo + ¥) — HohY(®, @< E<a

Upper and lower limits for the true value of the integral can be had by
introducing minimum and maximum values of f”/. If f”’(x) does not
change sign on the interval, the law of the mean can be invoked again to
give
: (1 — v)(v — xo)dv = (21 — &) (&€ — x0) L:'f”(v)dv
= (71 — § (& — z0)(y1 — ¥0)-

Since the quadratic factor cannot exceed h%/4, it follows that, when f*/
does not change sign, then for some positive ¢ < 1 it is true that

(7.315) [T f@)ds = Ysh(yo + 1) — Heh* (Wi — vo).

7.32. The Maclaurin Quadrature Formula. The identities (7.31.2) are
special cases of the more general form
(7.32.1) e =14 ub+ - - - + um™/m!
-+ (um+10m+l/m!) /(-)1 rme(1—nub g

On setting « = 1 and u = —1, subtracting, and applying to F(z,), one

obtains

(7.32.2) f " fw)dz

= 2h [f(:vo) + gf”(zo) + 0+ (z—ﬁh%mfﬂ'”(zo)] + R,
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where

h2m-+2 1

2’"“{f‘2"'+‘>[xo+(1 — 7)h] — jam+V[ze — (1 — 7)h]}dr

(2m+ 1)'/ (h_v)2m+l[f(2m+l)(xo+v> f(2"‘+1)($o—v)]dv

This is-the Maclaurin quadrature formula. For m = 0,
(7.324) [ f@)dz = 2hiao) + [ (h = 0 (20 + 0) — f'@0 — )ldb.

The integral on the right expresses the difference between the area under
the curve and that under the tangent to the curve at the point (o, ¥o).
7.33. Simpson’s Rule. When m =1, the formulas (7.32.2) and

(7.32.3) in operational form are
E — B~ = 20 + 346° + (0/6) [ #*(B' — E-0—)dr,

with operators applied to F(z,). One factor 6 on the right applied to
F(x,) replaces it by Af(xo). Consider the term 62. Since

2+ 62 =2cosh 8§ = e 4 ¢*
by (7.3.5), we can apply (7.32.1) to obtain

8 = 0* + 150° [ r(E' — E-4=n)dr.
Hence
(7.33.1) E — E-! = 260 + 14662 — 140 [ 2(1 — 7) (B — E-U-)dr
= 140(E + 4+ E7)
= 1go* [ (1 — ) (B — B-0)dr.

This gives Simpson’s rule with remainder when applied in the usual way
to F(xzo). After changing the variable of integration on the right, one has

(7.33.2) [ f(@)dz = Y4h(y-1 + 450 + y1)
= 3% [, (h = )%l (@0 + 0) = £ (20 — )]s,

It is customary to point out that, whereas Simpson’s rule utilizes only
second differences, §2, and should therefore have a vanishing remainder
when f is a quadratic polynomial, the remainder vanishes in fact even
when f is a cubic polynomial. This follows from the fact that for a
cubic polynomial f the third derivative is constant, and the integrand
therefore vanishes in the remainder term.
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In case "’ is monotonic (but not necessarily constant), the integrands
which occur on the right in (7.33.2) and in (7.32.3) for m = 1 are both
positive or both negative. However, one integral appears as an addi-
tive, and one as a subtractive, term. Hence in case f’/ is monotonic, of
the two approximations h(y_; + 4yo + v1)/3 and 2h(yo + h%y /6), one
is an overestimate and one an underestimate of the integral which appears
on the left.

Another “enclosure”’ theorem can be obtained when f’”/ is monotonic,
a theorem, that is, which provides an upper and a lower bound to the true
value of the integral. When f’” is monotonic, then the difference between
the derivatives which appears in the integral on the right of (7.33.2) is
bounded by 0 and f"/(x;) — f""’(x—;). Hence for some positive ¢ < 1,

[ = o)l o + 0) = (@0 — 0)ldo = eyl — ) [[" (b = ) do
= (U’ — yIDhY/12.

Hence

(7.333) [ f@)de = 35h(y—1 + dyo + y1) — (WY — 91)/72.

The bounds are obtained by setting e equal to 0 and 1.

7.34. Newton’s Three-eighths Rule. To obtain a formula using third
differences requires the expansion of ¢’ to the fourth power of 6. In
order to gain the advantages of symmetry in the expressions, consider the
evaluation of (E* — E-%)F(x,) in terms of E*%f(x,) and E*¥f(x),
assuming the fundamental abscissas to be z.3; and x4y, Write

2 = 1+ 340+ %0 + S + Ry
=1+ 340 + 266° + 2 60® + 27{256* + 36Ry/

and the corresponding expansions of e¢~%%? with remainders R_s3; and
R_3;/. We find then that

(7.34.1) €32 — ¢=302 = E% — F-% = 36(1 + 3460° + Rs’ + R_s,").

The expression 1 + 36%/8 is required in terms of u, u3, and remainders.
For this we have

E% 4 E-% = 8u® — 6u = 2 + 96%/4 + Ry, + R_s,
and
E¥ + E-% = 2u = 2 + 02/4 + Ry, + R_y,
Hence
(7.34.2) 1+ 3460% = u® — Lg(Rss + RB_35) — 38(Rys + R_y).

The required formula is obtained by combining (7.34.1) and (7.34.2).
Write this result:

(7.343) [ f@)dz = 3h@y-3 + 3y-u + vy + v30) + R,
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where R is obtained by combining the various remainder terms which
appear above. Consider the terms in 6R3; and 6Rs’. When either of
these operators is applied to F(z,), they yield integrals with respect to =
between the limits O gnd 1 of a polynomial in + multiplied by

f¥[xo + 3h(1 — 7)/2].
By introducing a new variable of integration
v = o+ 3h(1 - T)/z,

the integrals are taken from z, to xs;. After a little algebraic manipula-
tion, when the coefficient is included, they combine to give the integral

Ya [ (@3 — 0)*(@0 — ().

A similar manipulation of 0R_;3; and 6R_3; gives

You [ oy = 0)* @ = O O)ab,

Zo

a result that can be written down immediately from symmetry.
There remain the terms in 6R,; and 6R_j . For the first of these
introduce the variable of integration

v =z + h(1 — 7)/2,

the integral being taken then from z, to 3. The result is

~3eh [ 2y — )" ().

The same integral from z_y; to z, results from the term in 6R_,;. These
three integrals can be rearranged to give finally

(7344) B = 3gu { [7¥ (o = 0)¥(z0 = )" (@)
+ [ [@o = 0)* = Helf"@)dv + [ (234 — 0)%(m0 — )" @)do}-
— 3% 1%

Equations (7.34.3) and (7.34.4) together give Newton’s three-eighths rule
with remainder.

The remainder just given is identical in form with that which one
would obtain by using (7.1.6), and the polynomials in » which multiply
f*(v) in the several integrands define the function M (») which appears
in (7.1.6). More generally, the operational method is merely a device
that may be applied for calculating a quadrature formula and remainder
in the special case when the intervals are equal, the base functions are
polynomials, and w(x) = 1, whereas the method of §7.1 can be applied
in general.



NUMERICAL INTEGRATION AND DIFFERENTIATION 239

It may be noted that M (v) is of fixed sign throughout the interval of
integration in (7.34.4), and hence the law of the mean can be applied as
in the previous cases.

7.35. Open Formulas. The trapezoidal rule, Simpson’s rule, and the
three-eighths rule are said to be of closed type, since the integration
extends from the first to the last of the fundamental abscissas. A formula
of open type is one which extends beyond. Such a formula is less exact
but is often required, in particular in most methods of solving ordinary
differential equations. In the most common methods for doing this, the
dependent variable y is evaluated sequentially at successive points
Ti, Tiy1, Tivz, - . - . When y; has been evaluated, then one proceeds
to evaluate y;,,, first approximately by an open integration of y’, there-
after by successive approximations by closed integrations, each closed
integration employing the currently available approximation to yi,,.
Under quite general conditions this process converges.

There are many possible formulas of open type, just as there are
many of closed type. The three of the latter type which have already
been given by no means exhaust the list. Of open formulas we shall give
only one, which Milne uses in conjunction with Simpson’s rule as the
closed formula, for solving a differential equation. The formula in ques-
tion gives the integral of y = f(z) from 2_, to x4, in terms of the three
middle ordinates y_1, o, and y;. Hence it is a quadratic formula.

In (7.32.1) form = 3, set v = 2 and v = —2 and subtract:

E* — B = %403 + 26* + 26° [ (20— — E-0n)dr |
Again in (7.32.1) form = 1, set ¥ = 2 and ¥ = —2 and add:
E+ E'=2+4 6%+ 1468 Ll (Bt — E-0)dr,

The left member of this equation is 62 + 2; on eliminating the 62 from
the first and applying the operator to F(x,) as usual, we have

f(z)dz = 44h(3 + 28 + R,

where
R = 44k {- ﬁ) LRy — Th) — f (s 4+ TR))dr
+ 2 ﬁ) LR (p — 20h) — f (s 2Th)]d1'}.

After a change of the variables of integration this can be written
(7.35.1) R = 14 / " (22 — )Y (0)do

+36 [0 = 20l — 2)* — S )y
(v — 22" @)do + 36 [ (@0 — 0)[(@1 — ) — SRS (1)dv.

b |

+% |
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This is the remainder R in the required formula
(7.35.2) 7 f@)ds = $6h@2y— — vo + 2) + R.

7.36. The Euler-Maclaurin Summation Formula. If the polynomials
¥(r) satisfy

(7.36.1) Yolr) = 1, AyY,i1(r)/dr = \br("'):

then repeated integration by parts yields the formula

n

(7.362) ¢ —1 = Y. OW(1) — (O] + 0 [* gulr)et0 dr.

y=]

If ¢ is replaced by E, and the operators applied to f(x,), one has an
“expansion’’ of f(xo + h) in powers of A, in which however the coefficients
involve derivatives evaluated at both z, and zo 4+ h. -Thus the generali-
zation of Taylor’s expansion of Hummel and Seebeck comes from choosing

¥nim = (1 — 7)*/(n + m)!.

In general, it is easily verified that for any set of polynomials satisfying
(7.36.1) if we write

(7.36.3) v,(r) = aer’/v! + ar /(v — D!+ - -+ +a,,
then each a; is the same for any ¢, with » > 7. Let
(7.36.4) a; = B;/il.

Then

vW,(r) = Bor” + (;) By + (;) Bym—2+ - - - + B,

This can be written symbolically in the form
(7.36.5) v,(r) = (B + 7)"/»!

if we understand that in the expansion B' is to be replaced by B;. If we
now require that

(7.36.6) By, =1, (B+ 1)’ = B, y > 1,
then we have a recursion that defines the B;, and hence the ¥.(7), uniquely,

and (7.36.1) takes a particularly simple form:

(7.36.7) ¢ — 1 = 14601 + E) — 2 B,A6"/v! + 6+ ﬁ) LU (r) ey,

=2
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When this is applied to F(z,), the result expresses the integral of f(x) from
Zo to z; in terms of f and its derivatives evaluated at z, and z;:

(7.36.8) [ f@)dz = Ygh(yo + y1) — ) B — y§=)/v! + R,

v=2

and R can be evaluated by applying the integral operator in (7.36.7).
If corresponding expansions are written for the integral from z; to z.,

«  Tm—1 t0 ., and the results added, then the derivatives drop out
everywhere except at zo and z,:

(7.36.9) [ f@dz = h(yo/2 + Y1+ + Ynot + Y/2)
- ) By — yg=)/v! + R.

ye=2

This is the Euler-Maclaurin summation formula, and it is often used for
approximating the value of a sum Zy; = Zf(z;) in case the function f(x)
is readily integrated.

The constants B, are the Bernoulli numbers, and the polynomials
(B + 1)’ the Bernoulli polynomials. It turns out that

B2y+1 = 0, v > 0.

For if n is allowed to approach infinity in (7.36.7), the expansion becomes

e — 1 = 14001 + &%) — (e — 1) z B,6"/v!.

ye=2

Considering 6 a real number, we can write

N 8e® + 1) _ 6(e"* + e @ 0
14 ) Bo/v! = S —T) = 3 — oo = g oth g

ym2

Since the right member of this identity is an even function of 6, only
even powers can appear on the left, and this proves the assertion.

7.4. Bibliographic Notes. The developments in Eqs. (7.2.4) and
following and in (7.3.6) and following are based on Steffenson (1927).
An interesting and suggestive development of quadrature formulas based
on polynomial interpolation is to be found in Kowalewski (1932).

The selection of points so as to minimize the number of points leads
to the Gaussian quadrature formulas, and that for equalizing the coeffi-
cients leads to the Chebyshev formulas. See Sard (1948b, 1949a, and
1949b) for other criteria for a ‘‘good’’ formula and (1951) for extension
to more than one variable. The introductory treatment here follows
Kneschke (1949a and 1949b) in the main.



CHAPTER 8

THE MONTE CARLO METHOD

8. The Monte Carlo Method

In §1.6, it was pointed out that in many, if not most, computations
the occurrence of the maximum possible error may be extremely improb-
able and that it may be sufficient for practical purposes to be able to say
that the probability is p that the error in the result will exceed some
quantity 8, where p is small, perhaps one-tenth or one-hundredth of
1 per cent, and 6 is within the limits of tolerance. It may well happen
that computational labor of astronomical proportions would be required
for a result which is certain to be in error less than 4, if indeed such a
result is attainable at all, whereas with only moderate labor the probabil-
ity of an error greater than § can be made extremely small. Thus
though the computation is strictly deterministic, it may be both possible
and advantageous to employ nondeterministic, 7.e., statistical, methods
to appraise the result.

The result of the computation is therefore treated as an estimate
rather than a true approximation. Actually physical measurements are
often of this sort. A physical measurement may be the average of many
measurements, all differing from one another though taken under condi-
tions as nearly identical as it is possible to make them. Along with the
mean, the experimenter will then compute the probable error, which is
not the maximum error that could have been made, since that is poorly
defined or entirely undefined. Instead, the probable error is the error
which one expects will be exceeded half the time. In more precise
terms this means that, if one follows the practice of asserting with respect
to any given measured quantity that the mean of the measurements does
not differ from the true value by more than the probable error, then he
may expect to be wrong in the case of about half the quantities under
consideration. But the point of primary interest here is the fact that,
if the maximal error of measurement is not defined, then neither can
the maximal propagated error be specified for any computation which
makes use of these measurements as data.

This being granted, it is reasonable to consider the feasibility of using

nondeterministic methods for the computations themselves. This would
242
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mean obtaining an estimate of the desired quantity by means of some
random sampling process, rather than obtaining an approximation by a
rigorous computation. This is known as the Monte Carlo method. In a
few situations it is the only feasible method known for ‘‘solving’’ the
problem, though it is by no means a general method. A few examples
will be given to explain and illustrate it, but any reasonably complete
treatment would have to make rather extensive use of the theory of
probability.

8.1. Numerical Integration. Consider first the problem of evaluating
a multiple integral,

(8.1.1) ® = [p(x)dv.
The variable x is taken to represent a vector in the space of the coordi-
nates &1, . . . , & (where we could have n = 1, in particular); dv repre-

sents an element of volume in the n-dimensional space; and the integral
is to be taken between fixed and finite limits. The assumption of finite-
ness for the range of integration is no restriction in itself, since this can
always be achieved by a transformation of variables if necessary. How-
ever, it is assumed that ¢ is everywhere finite and bounded in this region.
Hence the integral represents a hypervolume in the space of n + 1
dimensions with coordinates &1, . . . , &, n; therefore we can introduce
scale factors and translations and assume that in the region

(8.1.2) 0 < ¢ <1
and that the integration extends over the region
(8.1.3) 0L 1.

It follows that, if points were drawn at random from the entire unit
(n + 1)-dimensional hypercube with uniform probability, then the
probability is ® that any particular one of the randomly selected points
has a coordinate 5 satisfying

(8.1.4) 1 < ¢(x),

if ¢ = (&, ..., &) represents the other n coordinates of this point.
Hence if one made random drawings of a large number of points &, testing
inequality (8.1.4) each time a drawing is made, and if the inequality is
satisfied for N’ of these points, then N’/N provides an estimate of &.

This is the essential idea underlying the Monte Carlo method of
numerical integration. However, in any digital computation one cannot
draw arbitrary points from the cube, but only points whose coordinates
have a digital representation.

Suppose it has been determined that for representing the coordinate
& in the base 8 it is sufficient to use o; places and that the computation of
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¢(z) will then be accurate tor places. Suppose, further, one has available
some process for drawing digits 0, 1, . . . , 8 — 1 at random with equal
probability. One therefore makes o, + 02+ - * * + o, + 7 drawings.
The first ¢, digits i order provide the representation of the coordinate &;;
the next o, provide the representation of the coordinate &, . . . ; the
last r provide the representation of the coordinate 5. With these repre-
sentations one tests the inequality (8.1.4) to decide whether the selected
point in (n 4+ 1) space lies inside or outside the volume. There is a
question whether the equality sign should be allowed in (8.1.4), or only
the strict inequality. If the equalities do not arise in sufficient numbers
to make a significant difference, then it is immaterial whether these points
are counted as inside or outside or are neglected altogether. If they make
a significant contribution, the decision must be based upon a considera-
tion of the routine for computing ¢.

If one could really make random selections from all points (&, . . . ,
£a, 1) in the unit hypercube, rather than from those points only whose
coordinates are digital numbers, and could obtain the strict mathematical
value of ¢(z) for any point, one would be repeating the occurrences of an
event with two possible outcomes: “success” and ‘‘failure’’ with prob-
abilities ® and 1 — . By standard statistical formulas one can deter-
mine the probability that in N trials the number of actual successes N,
will differ from N® by more than any given amount.

But since only points z are drawn for which the §; are digital, one is
at best not estimating the volume &, but a slightly different volume &’,
and the statistical formula gives the probability of deviations from N&’,
rather than from N®. The nature of the volume &’ is best illustrated
for the case n = 2.

Each of the o; digits of ¢; can have any one of 8 possible values. Hence
there are 8°:+7s possible points . Associated with each z is a computed
¢*(z), defined by the computational routine. This is a digital number
with 7 places. For each z let n” represent a quantity differing from ¢*(z)
by not more than 8—7/2, and whose exact value depends upon the error
¢*(x) — ¢(x) and upon the rule for including or excluding the equality
in (8.1.4). Then &' is equal to 8~ times the sum of the quantities »’
for all possible 2. Hence the quantity ®’ being estimated is essentially
that approximation to ® that would be obtained by employing a Riemann
sum of 8*+7: terms for the integral.

The total error in the entire computation is therefore

(8.1.5) $® — Ny/N = (® - ) + (¥ — N,/N).

The second parentheses is the so-called sampling error, which is the
deviation of the.estimate from the quantity being estimated. In the
assertion that the probability is p that this error does not exceed 4, if ¢
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is regarded as a function of N for fixed p, then & is inversely proportional
to the square root of N. Thus to cut é in one-half one must quadruple
the size N of the sample.

The first parentheses, & — &', represents the usual computational
error, generated and residual. There is no initial error, since each ¢*(x)
is to be computed for exactly that z that has been drawn by the random
process. For a given ¢, the error ¢ — ¢* generated in computing any
¢*(x) depends upon the values of the o;. Increasing these, which is to
say, employing more places in the computation, will decrease the gener-
ated error, though at the expense of the additional labor involved in
carrying along the extra places. But increasing the ¢; will also decrease
the residual error, which is the deviation of the Riemann sum from the
true value ® of the integral. And the decrease in residual error comes
about without the need for actually computing additional terms in the
sum. Thusif the function ¢ is quite irregular, so that many subdivisions
of the range of integration would be required to make the residual error
sufficiently small, the direct computation of the Riemann sum might
require a prohibitively large number of terms, hence ¢ computed for a
prohibitively large number of z’s, whereas in Monte Carlo computations
the fineness of the subdivision has no effect whatever upon the number
of values of = for which ¢ must be computed. This may be extremely
important when the space is of high dimensionality. Thus, if n = 6,
and each o; = 10, the Riemann sum contains 10® terms; if o; = 20, it
contains 20° terms.

There are known techniques for making Monte Carlo estimates of an
element of an inverse matrix, and solutions of certain functional equa-
tions, but it is not clear that the method is useful unless variables occur
which are to be integrated out in the solution that is required.

It should be mentioned in passing that (8.1.4) can be replaced by any
relation equivalent to it. Thus if ¢ is a square root, the relation 3? < ¢?
is equivalent and more easily examined.

8.2. Random Sequences. To employ the Monte Carlo method one
must be able somehow to obtain random sequences of digits, or at least
sequences which resemble random sequences in all essential aspects.
What constitutes an adequate ‘“resemblance’ is not altogether clear, but
at least the digits used must be in roughly equal proportions, and no
digit may show a marked tendency to follow any other particular digit.
Printed tables of randomly selected decimal digits are available, and the
Rand Corporation has prepared punched-card tables of random decimal
digits.

For high-speed machines neither printed tables nor punched cards
are suitable sources. If one selects a 2»-digit number for » sufficiently
large (say, 5 or more) squares, extracts the middle 2» digits, and repeats,
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one is bound eventually to return again to the original number. Thus the
process is cyelic. If the cycle is sufficiently long, then the extracted
digits form a sequence that resembles a random sequence, and the opera-
tion is easily programed for a computing machine. Similar processes are
multiplying by a fixed multiplier and extracting middle digits; and
squaring and reducing modulo some prime.

8.3. Bibliographic Notes. The Monte Carlo method achieved its
first popularity among the atomic-energy laboratories, following some
successes in its use by von Neumann and Ulam. For general discus-
sions see Metropolis and Ulam (1949) and proceedings of the Monte
Carlo Symposium edited by Householder, Forsythe, and Germond (1951).
More recently a series of papers and reports have come out from the
Institute for Numerical Analysis: Kac and Donsker (1950), Kac (1951),
Wasow (1950, 1951a, and 1951b), Fortet (1952a and 1952b), Curtiss
(1952), Forsythe and Liebler (1950, 1951), and Cutkosky (1951). See
also the proceedings of the several Endicott symposia, and the Quarterly
Progress Reports of the National Applied Mathematics Laboratories of
the National Bureau of Standards.

For problems other than numerical quadrature, the method has been
used for matrix inversion, for solving functional equations of various
types, but more especially for problems associated with physical processes
that are essentially stochastic in character. In this last connection see
the proceedings of the Monte Carlo Symposium, and also Nelson (1949)
and Kahn (1949, 1950). On integral equations, which specialize directly
to linear algebraic systems, see Albert (1951-1952) and Nygaard (1952),
in addition to references already mentioned. It is this author’s opinion
that the method has proved and will prove most useful for the intrinsically
stochastic physical problems.
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PROBLEMS

CHAPTER 1

1. Suppose that a, b, ¢, and z are digital numbers and that |[axz + b| < |¢|]. Assume
a machine forming pseudoproducts and pseudoquotients with maximum error e.
For calculating

y = (az + b)/c

(@) If |a| < |c| and |b] < |¢|, what routine is optimal, and what is the error?
(b) If |a] > |e| and |z| > |c|, what error may occur?
2. If

n
y= ) aw, o <27 ja <27
0

a; and z digital, describe a routine producing only digital intermediate quantities and
obtain limits for the final error.

3. A table of values of f(z) is to be prepared at equally spaced values of z with
values of Af given to facilitate interpolation. Should one give

Aff = f*(xip1) — [*(z:)
or

A = [f(xip1) — f(x:)]*?

That is, should one give the rounded difference of the f’s or the difference of the
rounded f’s?
4. Find the error in the evaluation of

2-1(2-1 4 2-%) ¥

if the computation makes use of the routine described above for square roots.
6. Obtain formulas for the errors Ay and relative errors Ay/Azr due to errors Az for

(a) y = sin z,
(b) y = tan z,
(¢) y = sec z,
(d) y = exp (az),
(e) y = log =z.

6. Obtain a formula for the error Az in the solution of the quadratic equation
ax? + bxr + ¢ = 0 if the coeflicients may be in error by amounts Aa, Ab, Ac.
7. If f = 1 — z?/a, the iteration

Tipr = zi[l + f(x:)/2]

converges to the square root of a. Devise a routine based upon this iteration, assum-
ing a machine with the same characteristics as described in §1.5, and analyze the
€rrors,

203
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CHAPTER 2

1. Solve in four distinct ways, using at least one direct and at least one iterative
method:
3.2z — 2.0y + 3.9z = 13.0,
2.1z 4+ 5.1y — 2.9z = 8.6,
5.9z 4+ 3.0y + 2.2z = 6.9.

2. If a, b, ¢, and d are arbitrary vectors in a plane, show that
[b, cl(a, d] + [c, a][b, d] + [a, bl[c, d] = 0,

and write the corresponding determinantal identity.
8. Ifa, ..., eare vectors in 3 space, show that

[b, c, e][a, d, e] + [c, a, e][b, d, e] + [a, b, e][c, d, e] = 0.
4. Ifa,, ..., a,are linearly independent, then the vectors a‘ satisfying
a‘-a; = &;
are said to form a set reciprocal to the initial one. Show that

[a1, @3 @3, ad:[e;, ez €5, e = [e;, e es; eg:[al, a? a’ af
= [a;, &, as, ai:[e;, e, e; af

and write the corresponding determinantal identities.

6. If the e; form an arbitrary set of (linearly independent) reference vectors, let
e’ represent the reciprocal set. Show that, if G is the matrix of e; - e;,.then G~! is the
matrix of e’ - e/, Also if a’ is the covariant representation of a in the system e;, then
it is the contravariant representation in the system e, and conversely.

6. With the system of equations Az = y of Prob. 1, form the equivalent system
ATAz = ATy. Solve using (i) Seidel iterations, (i{) relaxations, (i77) triangular
factorizations, and (7v) the method of Stiefel and Hestenes.

7. Suppose it required to evaluate a'z, where a is a known vector and z satisfies
Az = y. Show that in the factorization of the bordered matrix

Ay
—a 0

where L’ is unit lower triangular and W’ upper triangular, a'z is the element in the
lower right-hand corner of W’.

8. In the process of making a triangular factorization of a matrix A, certain quanti-
ties may vanish and necessitate a reordering of rows or columns, or both, in order to
proceed. Show that the process will go through without such rearrangements if and
only if all the following determinants are non-null:

. LIWI’

@)y o122 o133
o)1 A2
all,a a,aﬂ a2 a2, « . ..
21 22
gy Q32 Q33
CHAPTER 3

1. If f(z) is of degree r < n, and

9@ =[] @ — 2
0
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has no repeated factors, then

1 1 1 1

Zo e o0 Xn Zo + .. &n
{@ - ® o o o e o 8 o o e o o o : .........
g(z) zp! e ozt z ... zh

f(xo) L. f(xn)

T — o T — Tn

2. From Eqgs. (3.02.9) express S; as a determinant in the o; and o; as a determinant
in the S;.

8. Obtain equations similar to (3.02.5) and (3.02.9) relating the S; and the s;.
From these obtain determinantal expressions for members of each set in terms of those
of the others.

4. If the z; are distinct, show that

1 1 1 1 1 1
Ty T2 Za|:|T1 Ty Zs| =1 + T2+ T3,
3 2} 2| |z} 2l 2}
1 1 1 1 1 1
Zf Zg z';’ X1 X2 T3] = Taolg + T3% + Z1X2.
Ty ¥ x| |y oz 7
Generalize for z1, 22, . . . , Zn.

5. Evaluate = as the smallest root of z=!sin x = 0 by applying (z) Bernoulli’s
method and (¢7) Graeffe’s method, either to the equation itself or to a suitable trans-
form. :

6. Accelerate the convergence of the Bernoulli sequence for the preceding problem
by applying the 82 process.

7. Form a third-order iteration for z3 +z — 1 = 0.

8. Form a second-order polynomial iteration for the same equation.

CHAPTER 4

1. Find the characteristic equation of the matrix

3 1 2 4
71 0 1
21 2 3/
4 1 2 2

2. Evaluate the largest proper value (s) of the above matrix by iteration.

8. Apply Lanczos’s method (§4.23) to obtain the proper values and proper vectors
of the same matrix.

4. Diagonalize by the method of §4.115

2
3
2
1

LN =0

1
2 2
1 3
0 2
8. Obtain the triple-diagonal form (§4.24) of this matrix.

8. The largest proper value of a certain matrix A of order n is to be evaluated by
iteration. Though the sequence (A?)iz will give more rapid convergence than the
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sequence A'z, the formation of A2 requires n3 preliminary multiplications. Assuming
p iterations of A would be required, for what minimal value of p would it be more
efficient first to obtain A2?

CHAPTER §
1. If g(x) is of degree n — 1 or less, show that
Zg(zi)/w'(2:) = 0.

2. Show that Txt/w'(zs) = 1.
8. Show that Triw’ (2:) [’ (x5) = n(n + 1).
4. For any integer » > 0 show that

(v + 1)L%(x:) = 0@ (2;) /0’ (x5).
6. For z = cos ¢ the functions
U._:(x) = 2! sin ne csc ¢

are called Chebyshev polynomials of the second kind. Shew that they are poly-
nomials, obtain a recursion, and determine their zeros.

6. The values of f(z;) and their differences are to be tabulated, with the z; equally
spaced, but an erroneous value f(z,) + € is entered in place of f(x;). Show the effect
of this error on the values of the successive differences.

7. The trigonometric functions are known exactly for certain values of the argu-
ment: 0°, +30° +45° . ... Other values of the sine are to be obtained from these
by interpolation. Use an error formula to ascertain how many figures are rcliable
if the interpolating polynomial is quadratic; if it is cubic.

8. Using the Chebyshev points, form the cubic interpolation polynomial for interpo-
lating values of the sine over one quadrant.

CHAPTER 6

1. Taking z; = ¢, use the method of §6.111 to construct the polynomials r.(z),
r=20,1, ..., 6, orthogonal on the points —3, —2, . . ., 43, with W = I.

2. Experimentally measured values y; of f(x;) are given at points z; = 7. Values
f'(z:) of the derivative are desired. A standard method is based upon finding the
polynomial of some degree giving the best least-squares fit and differentiating. The
result depends upon the number of points used and upon the degree of the polynomial.
As an example, obtain formulas for f/(0) in terms of y_3, y_s, . . . , ¥s.

3. An approximation of the form (6.0.1) to f(z) is required giving the best least-
squares fit to the data, subject to the restriction that the vector c of the coefficients v,
is constrained to satisfy

Bc =2
exactly (neglecting rounding errors). Show that, with the auxiliary vector w, c is
determined by the system

F'Fc + B'w = FTy,
Bc = =.

4. Obtain the expansion (6.2.2) for

f(x) = cos (2 + z)»/8.
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6. Find the best linear polynomial and the best quadratic polynomial, in the sense
of least squares, for fitting the data

z 0 2 6 10 15 18 21
y 140 130 107 80 50 29 1.0

and find the residuals for each.
6. If f(x) is odd with the period 2x, find the approximating trigonometric function
given
z 0 /6 n/3 =/2 2x/3 57/6 =
y 0 25 4 45 4 25 0.

7. If zu = log (1 + z), then e#» = 1 4+ 2. Consider this as an equation in u for
fixed z. Then the equation

f@)=0+z—e*)/z=0

can be solved for u by the method of §3.2, yielding a sequence of rational fractions in
z approximating log (1 4+ z). Obtain the fifth term in this sequence. For what
values of z does the sequence converge?

CHAPTER 7
1. Apply the Euler-Maclaurin formula (§7.36) to show that, if p is a positive integer,

1 4+ 272 4+ . - . +n?=nl’+1/(p+1)
/2t E Bip(p = 1) - - - (p — v + 2)nr7" "1 /0l
v=2

2. Give a direct derivation of the recursion defined by Eqs. (7.1.18) and (7.1.19).

8. Forb = —a =1, w(x) = 1, calculate w,, w1, ws, w3, and the \'s associated with
cach,

4. Do likewise with a = 0, b = ©, and w(z) = ¢~=.

6. If x; = x0 +2h, 7 = =3, —2, .. ., 43, obtain a formula of the form

Lf:f(-’v)dz = Nofo + No(f—2 + f2) + Na(f—s + b3) + R,

with R vanishing for polynomials up to a degree as high as possible, and find R in
general.

6. By the method outlined in §7.3, obtain explicit expansions in terms of central
differences for derivatives up to the fifth of f(z) at x = z,.

7. Let

I(h) = L ® fe)de — B

represent the result of applying a numerical quadrature formula based on equally
spaced abscissas (e.g., Simpson’s rule) to the evaluation of the integral of a particular
function f(z) between fixed limits. Show that I is an even function of A, expressible
in the form

Ih) = Io+ IiA? + Ih4 + - - -,

where I, is the exact value of the integral. Hence derive a formula for an improved
approximation to I,, given I(h) and I(h/2).
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1
8. Obtain L (1 + z)*dz numerically using Gauss’s method with a polynomial

of third degree, and compare the result with the true value.
9. Use Simpson’s rule with four subintervals to evaluate

3
/2 dz/log x.

CHAPTER 8

1. Obtain a Monte Carlo estimate of the value of the integral in Prob. 8, Chap.7.
(Note that y > (1 + z)* is equivalent to 2 > 1 + z.)



INDEX

Agmon, Shmuel, 84
Ahiezer, N. 1., 214
Aitken, A. C., 85, 155, 184, 214
on Bernoulli’s method, 116-118, 141
Aitken’s &% process, 117-118, 126-128,
141, 153
Aitken’s method of interpolation, 202
Albert, G. E., 246
Alexander, James, 84
Alternant, 92
Analytic function, 99-103
of matrix, 37-38
Approximation, finite linear methods of,
215-223
general methods of, 215-225
iterative, 4, 10-13
series, 4, 13-14
Association for Computing Machinery,
16
Auxiliary unit matrix, 36

Backward differences, 207, 232

Backward interpolation, 208

Bailey’s iteration for root extraction, 125

Bargmann, V., 55, 84, 153, 184

Bartlett, M. S., 84

Base of representation, 2-3, 5

Beck, John, Jr., 142

Benster, Curtis D., 85

Berkeley, Edmund C., 16

Bernoulli numbers, 241

Bernoulli polynomials, 241

Bernoulli’s method, 114-117, 141, 152,
1556

for complex roots, 138

Bernstein, Serge, 214

Binomial coefficient, generalized, 207

Blaskett, D. R., 141

Blunders, 1-2, 152

Bodewig, E., 84, 142

Bodewig’s iteration for matrix inversion,
56-567, 131

Bound of matrix, 39-42

Bounds for proper values of matrix,
146-149, 184

Brauer, Alfred, 184

Brodetsky, S., 109, 142

Browne, E. T., 184

Bryan, Joseph G., 184

Budan’s theorem, 96, 103

Canonical form of a matrix, 30-37

Cayley-Hamilton theorem, 30-32, 143

Central differences, 207

Central mean operator, 210

Cesari’s method, 53-55

Characteristic equation of matrix, 31, 53,
143

Characteristic function of matrix, 31,
143, 166, 181

Chebyshev expansions, 223-225

Chgbyshev points, 199-200, 213

ebyshev polynomials, 197-200, 213,
223-225
applied to matrix inversion, 85, 154

Chebyshev quadrature formulas, 241

Choleski’s method, 84

Cofactor, 23

Collar, A. R, 85, 184

Collatz, L., 84, 142

Commutative functions, 142

Complex roots, 108-114, 116-117, 138~
141

Computation Laboratory, Harvard Uni-
versity, 16

Computers, automatic, 1, 2, 16

Coordinate systems, 17-20

Coordinates of vector, 18

Cramer’s rule, 28

Critchfield, Charles L., 142

Crout, Prescott D., 70, 84

Crout’s method, 70-71, 82-83

Curry, Haskell B., 213

Curtiss, J. H., 246

269



270

Curve fitting, 185, 225
least-square, 72, 220-221, 225
Cutkosky, R. E., 246

Deming, W. Edwards, 225

Derivative equations, 89-91

Descartes’s rule of signs, 96

Determinants, 22-25

Differentiation, numerical, 226, 231-233

Digital numbers, 7-10, 15, 60-65

Direct methods, for linear equations,
65-79, 82-83

for proper values and vectors, 166—-184

Displacement operator, 207, 232

Divided differences, 202-206, 214, 231-
232

Donsker, M. D., 246

Duncan, W. J., 85

Dwyer, Paul S., 15, 84

Elements of vector, 18
Elimination, methods of, 68-72
Enclosure theorems, 237
Engineering Research Associates, 16
Enlargement methods for proper values,
170-173
Equations, linear, 17-85
direct methods for, 65-79, 82--83
escalator method for, 78-89
‘iterative methods for, 38, 44-65,
81-82
nonlinear, 86-143
factorization methods for, 138
multiple roots of, 89-90, 97, 103
rational roots of, 94
systems of, 132-138
transcendental, 112-118
Errors, composition of, 4-6
of formulation, 2
generated, 3-10, 6065, 245
initial, 3 LY
of measurement, 2
propagated, 3, 5-7, 13, 242
relative, 6-7
residual, 3, 4, 14, 58-60, 245
round-off, 2, 3, 5-6, 8-15, 184
sampling, 244
sources of, 2-3, 15
statistical estimates of, 14-15, 242-243
truncation, 2-4, 13, 15, 58-60

PRINCIPLES OF NUMERICAL ANALYSIS

Escalator method, for linear equations,
78-79
for proper values and vectors, 172, 184
Euler-Maclaurin summation formula,
240-241
Exponential interpolation, 211-213

Factor theorem, 87
Factorials, 207
Factorization methods for
equations, 138
Faddeeva, V. H., 85
Fejér, Leopold, 214
Feldheim, Ervin, 214
Feller, William, 158, 184
Fettis, Henry E., 184
Field of values of matrix, 147, 150
Finite iterations for proper values and
vectors, 173-180
Fixed point of transformation, 142
Flanders, D. A., 184
Forsythe, George, 84, 158, 184, 246
Fortet, R., 246
Forward-difference operator, 207, 232
Forward interpolation, 208
Fourier expansions, 215
finite, 221-223
Frame, J. S., 184
Frazer, R. A., 85
Friedman, Bernard, 142
Functional iteration, systems of equa-
tions, 135-138
Functions, analytic, 99-103, 141
commutative, 142
of matrix, 37-38
minimization of, 132-135
permutable, 142
symmetric, 87-89, 91
of proper values, 167-170

nonlinear

Garza, A. de la, 59, 84

Gaussian quadrature formulas, 241
Gavurin, N. K., 85

Geiringer, Hilda, 54, 84

Generated errors, 3-10, 60-65, 245
Germond, H. H., 246

Gill, Stanley, 16

Givens, J. W., 15, 184

Goldstine, H. H., 2, 7, 15, 84, 184
Golomb, Michael, 141



INDEX

Gradient, 47, 78, 133

Graeffe’s method, 106-114,
152, 155

Graves, L. M., 142

Grossman, D. P., 85

138, 142,

Hadamard, J., 141

Hall, Jean, 84

Hamilton, Hugh J., 142

Harrison, Joseph O., Jr., 15, 213

Hartree, D. R., 15

Harvard University Computation Labo-
ratory, 16

Head, J. W, 184

Herget, Paul, 213
ge/rrg:ite’s interpolation formula, 194--195

Hestenes, Magnus R., 84, 184

Highest common factor, 97-99

Hildebrandt, T. H., 142

Hitchcock, Frank L., 140-142

Horner’s method, 94, 95, 121

Hotelling, Harold, 56, 84, 184

Hotelling and Bodewig, method of, 56-57

Hotelling’s iteration for matrix inversion,
56-57, 131

Householder, A. S., 246

HHummel, P. M., 240

Huskey, Harry D., 15

Inman, S., 15
Institute for Advanced Study, 16
Institute for Numerical Analysis, 84,
184, 246
Integration, numerical, 226-241, 243-245
International Business Machines Cor-
poration, 16, 84
Interpolation, 185-213, 215, 217
Aitken’s method of, 202
backward, 208
equal-interval formulas, 206-211
exponential, 211-213
forward, 208
inverse, 214
polynomial, 193-211
trigonometric, 211-213
Isolation of roots of equation, 95-98
Iteration, accelerating convergence of,
55, 117-118, 153-155, 184
first-order, 121-122
functional, 118-132, 135-138

‘/kmczos, Cornelius, 84, 184, 225
a

271

Iteration, higher-order, 123-132
polynomial, 129-132
second-order, 122-123

Iterative methods, for linear systems,

38, 44-65, 81-82
for proper values and vectors, 146,
150-166
Ivanov, V. K., 84

Jackson, Dunham, 214
Jahn, H. A, 184

Jordan, Charles, 213
Jordan’s method, 70-72, 84

Kac, Mark, 246
Kahn, Herman, 246
Karush, Wm., 184
Kelley, T. L., 184
Kincaid, W. M., 214
Kneschke, A., 241
Kohn, Walter, 184
Konig’s theorem,
123-125, 141
Kowalewski, Gerhard, 213

103-106, 115, 116,

Lagrange interpolation formula, 194, 206
Lagrange polynomials, 202

nczos’s method of minimized itera-
tions, 173-180

Lanczgs’s theorem, 74, 230
M expansion, 24, 117
ast-square ‘curve fitting, 72, 220-221,

225
Lehmer, D, H., 109
Lehmer’s algorithm, 108-112, 142
Length, 25-27
Liebler, Richard A., 246
Lin, Shih-nge, 142
Linear dependence, 17, 27
Linear equations (see liquations, linear)
Linear independence, 17
Lonseth, A. T., 84
Lozenge diagram, 209-210
Luke, Y. L., 142

McClintock, Emory, 213
MacDuffee, C. C., 85, 184



272

Maclaurin quadrature formula, 235-237
Magnitude of matrix, measures of, 38-44
Mansion, P., 213
Massachusetts Institute of Technology,
16
Matrix, adjoint, 27-29, 167-171
auxiliary unit, 36
bound of, 39-42
bounds of proper values, 146-149, 184
canonical form of, 30-37
characteristic equation of, 31, 53, 143
characteristic function of, 31, 143, 166,
181
Chebyshev polynomial applied to in-
version of, 85, 154
complex, 79-81, 146-149
field of values of, 147, 150
functions of, 37-38
Hermitian, 80, 146
Hotelling’s iteration for inversion of,
56-57, 131
idempotent, 29-30
maximum of, 39-44
minimal equation of, 143
minimal function of, 143, 166
modified, 79, 83
norm of, 39-44, 151
null space of, 31
nullity of, 27-28
orthogonal, 26, 37, 43—44, 147
positive, 27, 43, 45-48, 61-62
proper values of, 150-162, 166
rank of, 27-28
reciprocal of, 27-29
semidefinite, 146
semidiagonal, 65-67
symmetric, 26, 60, 146
diagonal form for, 37
triple-diagonal form for, 180184
transpose of, 26
triangular, 65-67
unitary, 147, 151
Matrix product, 19, 25
Maximum of matrix, 39-44
Metric, 26
Metropolis, Nicholas, 246
Metzler, W. H., 85
Miller J. C. P., 214, 225
Milne, W. E,, 213, 225
Minimal equation of matrix, 143
Minimal function of matrix, 143, 166
Minimization of function, 132-135

PRINCIPLES OF NUMERICAL ANALYSIS

Minimized iterations, method of, 173-
180, 184

Mises, Richard von, 54, 84

Moments, method of, 225

Monte Carlo method, 242-246

Montgomery, D., 56, 84, 153, 184

Morris, Joseph, 184

Morrison, W. J., 84

Muir, Sir Thomas, 85, 142

Multiple roots, 89-90, 97, 103

Murray, Francis J., 15, 184

National Applied Mathematics Labora-
tories, 246
National Bureau of Standards, 16
Nelson, M. L., 246
Neumann, John von, 2, 7, 15, 56, 84,
153, 184, 246°
Neville, E. H., 214
Newton-Gauss formulas, 210
Newton’s identities, 91, 167
Newton’s interpolation formulas, 202, 208
Newton’s method, 4, 94, 95, 124, 129
for complex roots, 138, 140
for square roots, 10-13, 123
for systems of equations, 242
for transcendental equations, 122
Newton’s three-eighths rule, 237-239
Nonlinear equations (see Equations,
nonlinear)
Norm of matrix, 39-44, 151
Null space of matrix, 31
Nullity of matrix, 27-28

vg)énerical differentiation, 226, 231-233
u

merical integration, 226-241, 243-245
Nygaard, Kristen, 246

Olds, C. D., 225

Open quadrature formulas, 239

Operational methods, 206-211, 213, 232-
241

Optimum-interval
200, 213

Orthogonality, 25-27

Orthogonalization, methods of, 72-78, 83

Ostrowski, Alexander, 142, 184

Outer products, 22-25, 28

interpolation, 197-

Parker, W. V., 184
Peano, G., 213



INDEX

Permutable functions, 142

Petersson, Hans, 213

Petersson’s expansion, 192-193, 215, 219,

227

Petersson’s form of remainder, 191

Picard’s method, 142

Plunkett, R., 84

Polya, G., 112, 142

Polynomial interpolation, 193-211

Polynomial iterations, 129-132

Power series, 99

Price, G. B,, 184

Principal vector, 32-37, 146, 166
orthogonality relations, 36-37

Projections, 29-30, 45-52, 72-78

Propagated errors, 3, 5-7, 13, 242

Proper value, 31-37
bhounds for, 146-149, 184
enlargement methods for, 170--173
escalator method for, 172, 184
finite iterations for, 173-180
iterative methods for, 146, 150-166
methods of computation, 143-184

Proper vector, 31
escalator method for, 172, 184
finite iterations for, 173-180
iterative methods for, 146, 150-166
methods of computation, 143-184

Pseudo operations, 5, 8-10

Quadrature, 185, 226--231

Rademacher, Hans A., 15, 130
RAND Corporation, 245
Random sequence, 245-246
Rank of matrix, 27-28
Reciprocal of matrix, 27-29
Regula falst, 121-122
Reich, Edgar, 84
Relative errors, 6-7
Relaxation, method of, 48, 50, 51, 81
Remainder, 213, 219, 225
in interpolation, 188-193
in numerical differentiation, 231-232
in numerical quadrature, 226-228, 235-
241
Petersson’s form of, 191
in polynomial interpolation, 196-197,
204206, 211, 213
Remainder theorem, 87

273

Residual errors, 3, 4, 14, 58-60, 245
Richmond, H. W,, 142
Robinson, G., 142, 213
Rolle’s theorem, 90, 196

Petersson’s generalization of, 189
Rosser, J. B, 184
Rotational reduction to diagonal form,

160-162, 184

Round-off errors, 2, 3, 5-6, 8-15, 184
Routines, 1, 4, 5, 10
Runge, Carl, 142

Sard, Arthur, 213, 225, 241
Scalar product, 25-27
Schmidt’s method, 72
Schoenberg, 1. J., 130, 225
Schréder’s method, 128-131, 141
Schwartz inequality, 39
Schwerdtfeger, Hans, 141
Seebeck, C. L., 240
Seidel, method of, 48, 53, 59, 134

errors in, 61-62

operational count for, 81-82
Semendiaev, K. A., 184
Sherman, Jack, 84
Shortley, George, 184
Significant figures, 7
Simpson’s rule, 236-237, 239
Singular point of analytic function, 141
Smeal, G., 109, 142
Smoothing, 185, 225
Steepest descent, method of, 47-48, 50,

51, 82

for nonlinear systems, 132-135
Steffenson, J. F., 213, 241
Steffenson’s error test, 211
Steifel, Eduard, 84
Steifel and Hestenes, method of, 73-78
Stein, Marvin, 84
Sturm functions, 95-98, 182, 184
Sturn’s theorem, 9698
Subroutines, 4
Symmetric functions, 87-89, 91

of proper values, 167-170

Synthetic division, 93-95

Taussky, Olga, 184

Taylor’s expansion, Petersson’s generali-
zation of, 192-193

Tompkins, C. B., 84



274 PRINCIPLES OF NUMERICAL ANALYSIS

Trace, of matrix, 31, 39, 44, 150

of powers of matrix, 151, 184
Transcendental equations, 112-118
Transformation, 20-22, 32-37

fixed point of, 142
Transpose of matrix, 26
Trapezoidal rule, 227, 234-235, 239
Triangular inequality, 40
Trigonometric interpolation, 211-213
Triple-diagonal form, 180-184
Truncation errors, 2-4, 13, 15, 58-60
Turing, A. M., 15, 84

Ufford, Dolores, 142
Ulam, S., 246
University of Illinois, 16

Vallée Poussin, Ch. de la, 214
Vandermonde determinants, 91-93, 142,
193, 204
Vector, covariant and contravariant, 27
geometric, 17-20
numerical, 18
Vinograde, Bernard, 184

Wasow, Wolfgang, 246

Wenzl, F., 142

Wheeler, David J., 16
Whittaker, E. T., 118, 142, 213
Whittaker’s expansion, 118, 142
Wilks, Maurice V., 16
Woodbury, Max, 84
Wronskian, 188



























	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif
	00000262.tif
	00000263.tif
	00000264.tif
	00000265.tif
	00000266.tif
	00000267.tif
	00000268.tif
	00000269.tif
	00000270.tif
	00000271.tif
	00000272.tif
	00000273.tif
	00000274.tif
	00000275.tif
	00000276.tif
	00000277.tif
	00000278.tif
	00000279.tif
	00000280.tif
	00000281.tif
	00000282.tif
	00000283.tif
	00000284.tif
	00000285.tif
	00000286.tif
	00000287.tif
	00000288.tif
	00000289.tif
	00000290.tif
	00000291.tif
	00000292.tif
	00000293.tif
	00000294.tif
	00000295.tif
	00000296.tif
	00000297.tif
	00000298.tif
	00000299.tif
	00000300.tif
	00000301.tif

