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PREFACE

The volume herewith presented contains theses concerning
the calculus of variations submitted during the years 1931 and
1932 to the Department of llathematics of the University of Chicago,
Tt is a companion of the volume published two years ago containing
theses in the same field submitted during 1930. The dissertations
in both volumes were written under the direction of Professors
G.A. Bliss and L.M. Graves, Of the papers here presented the
one by Bliss and Hestenes, entitled "sufficient conditions for a
problem of Mayer in the calculus of variations," 1s not a disser-
tation. It has been included because of its intimate relationship
with the immediately following thesis by Hestenes, and because
its formulation was influenced in important particulars by ldeas
developed by Hestenes in his thesis work. The dissertation by
Porter was submitted for the master's degree, and the others for
the doctor's degree.,

The preparation and publication of theses are topics of
recurring interest in university circles upon which it is unlikely
that complete agreement will ever be reached. To the writers of
this preface it seems that the form of publication exemplified
in this book has at the present time many advantages. It is a

permanent but relatively inexpensive record, convenient for those

-V~



vi. PREFACE

of us who have been most interested in the development of the
subjects studlied, as we hope 1t may be for others, If adopted
widely it might relieve our journals of some of the congestion
which has made their financial problems a source of continuous
embarassment in the past.

The proper editing of a thesils for publication in a mathe-
matical journal implies an intimacy of cooperation on the part of
the faculty adviser which is likely to obscure the nature of the
contribution made by the author himself and result in a paper
written in the compressed mathematical style often adopted for
journal publication., Neither of these results seems to us desir=-
able., The first significant episode in the career of a scholar
1s the execution and publication of his first independently con-
ceived research, to which he is impelled by his own studies and
the inquiries in his own mind which they arouse, A doctoral
dissertation is rarely such a publication, but 1t should be as,
close an approximation to one as possible. For this reason we
feel that the candidate for the Ph, D. degree should be given as
much freedom in his writing as 1is consistent with mathematical
accuracy and clearness of style, even if the result is more verbose
than could reasonably be approved by editors for publication in a
journal,

When a number of students and faculty members are engaged
in mathematical investigation it is inevitable that the subjects
of researches pegun at various times, and often delayed in execu-

tion, should show a considerable divergence of interest., An



PREFACE vii,

explanation of the origins of the subjects of the various following
theses would involve a historical sketch of the studies during
several years past of the group interested in the calculus of vari-
ations at the University of Chicago. A remark may not be out of
place, however, concerning four theses of a critical historical
character which have been included, those of Sanger and the master's
thesis by Porter in the present volume, and the theses of Huke
and Duren in the volume which preceded. The reasons for our
interest in these dissertations are numerous. All mathematical
research should be accompanied if possible by a careful aﬁd exten-
sive analysis of the literature. Such studies can only be made

by specialists, and their results are frequently lost since there
is no available medium of publication, Ve hope that over a period
of years these and other similar theses may ccnstitute an lncreas-
ingly valuable contribution to the history of the calculus of
variations. But most of all we value these analyses for their
suggestiveness for further researches, and for the confidence
which they give us in our orientatlons of present studies. Ve

have had before us the example of Dickson's "History of the theory

i

of numbers," whose influence in this respect has been remarkable.

The University of Chicago G. A. BLISS

November, 1932. L. M. GRAVES
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INTRODUCTION

Solutions of the simple integral problem of the
calculus of variations are allowed for which y‘' has a
finite number of ordinary discontinuities, ocalled cor-
ners.* Weierstrass and Erdmann have shown that at a cor-
ner of a solution y=y(x) the quantities i’y. and

f-y'f (where £ is the integrand funotion) are con-

v
tinuous.** For the doudble integral problem in parametrio
form Kobb has obtained corresponding edge conditions.™**
The purpose of this paper is to obtain conditions
for the multiple integral problem analogous to the corner
conditions for the simple integral problem or the edge
conditions for the double integral problem. The integral

to be minimized is

I =f£(x,y,p)dx

where x 18 n-partite, y is m-partite, and

* L. M. Graves, Discontinuous solutions in the
caloculus of variations, Bulletin of the American iathema-
tiocal Soclety, XXXVI (1930), pp. 831-846.

** Weierstrass, Werke, VII, pp. 109, 250; Erdmann,
Uber unstetige Loaun%en in der Variationsrechnung, Journal
fur Mathematik, LXXXII (1876), pp. 21-30.

*** G. Kobb, Sur les maxima et les minima des inte-

rales doubles, Aota Mathematica, (a) XVI (1892), p. 65,
b) XVII (1893), p. 321.

(5) 1



2 1NTRODUCTION (6)

:b=(h.‘.i)=(%§i>.

Corresponding to an edge for the double integral problem
we have an (n-l)-manifold, E', on which some of the par-
tial derivatives Pij are discontinuous. We derive m4n
oconditions which the minimizing funoctions y(x) must sat-
isfy on E'.

In part 1 the statement of the problem of the cal-
culus of variations for multiple integrals is set down, a
fundamental lemma is proved, and the lLagrange differential
equation is derived. in part LI, the m¢n conditions, a-
nalogous to edge conditions, are derived. The argument is
based on the fundamental lemma of part I. The method used
in this part 1s one suggested by rrofessor G. A. Bliss.
Parts 1II and 1V deal similarly with the isoperimetrio
problem. In part V, the integrand function £ 4is allowed
to have finite discontinuities on a finite number of
(m4n-1)-manifolds in the XY-space. The results of part 1I
lead immediately to conditions on the minimizing functions
y(x) along the manifolds of intersection of y(x) with
the manifolds of discontinuity of £. Bliss and HMason*

* Go A. Bliss and l:. Llason, A problem in the calcu-
lus of v.riations 1in which the integrand is discontinuous,
Transactions of the American llathematiocal Society, VII
(1906), ppe 325-36.
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treat this problem for the simple integral case. ln parts
V1l and VII a second method is used to derive the edge con-
ditions of part II. The method and argument used in these
two parts were suggested to me by Professor L. M. Graves.
In part VI a speoial case of the Mason fundamental lemma

is proved for multiple integrals.® Part VI1 uses this lem-

ma. to derive the edge conditions.

* M, Msson, Bewele eines Lemmas der Variationsrech-
nung, liathematische Annalen, LXI (1906), ppe. 450-2.



I. THE LAGRANGE DIFFERENTIAL EQUATLON

l. Notations; admissible manifolds. In this paper

X will be n-partite and y will be m-partite. S will
denote a bounded, closed, connected region of the X-space.
Let M be the boundary of S. We shall denote by L a
bounded (n-1l)-manifold in XY-space whose projection on

X ie M. The partial derivatives <DJ'J/3A) will be denot-
ed by Pij' Here and in the following sections the index
i will take the values 1 to n and the index J the
values 1 to m. Let W be a region of the XYP-space.
It will be convenient sometimes to let p denote the ma-
trix of partial derivatives pij‘

Except in parts VI and V1l, a repeated index will
denote a summatione.

We first define a simple regular n-manifold y=
y(x), with boundary L, to be one such that, M, the projec-
tion of L, is ocut by a line parallel to an axis in a fin-
ite number of points and segments, yi(x) is single valued
and continuous in S, p 4s continuous in the interior of
S, and the 1imit, over S, of p 1s continuous on M.

A regular n-manifold y=y(x) is defined as one,
such that 'y{x) 1s continuous in S, and such that it con-
sists of a finite number of cells which are simple regular

4 (8)



(9) FUNDAMENTAY, LEMMA 5

manifolds.
We take for an admissible manifold one whioh is

regular and has its elements in W,

2. Statement of the problem of the caloulus of
variations for multiple integrals. Our problem of the ocal-

oculus of variations is to find among all admissible mani-
folds

y= y(x), x in 8,
whioh pass through L, one which minimizes the n-tuple

integral

(1) I=fs £(x,y,pldx

where, in W, £ has as many continuous partial deriva-

tives as desired.

3. Fundamental lemma. It is desirable and no
more diffioult to state and prove a lemma whioh is slight-
ly more general than the strict extension of the one usual-
ly stated for the simple integral problem.

FUNDALENTAL LEMMA., If N(x) is continuous in S

exoept on s finite number of (n-l)-manifolds and

/ N 0 dyx =0
S

for all I(x) such that I is continuous in &, IX




6 THE LAGRANGE DIFFERENTIAL EQUATION (10)

is continuous in S, gnd I=O on the boundary of S,

then N(x)= 0 in S exoept on the manifolds of discontin-

ulty of N. If N(x) has only ordinary discontinuities

then u(x)= 0 4in S.

We make the usual indirect proof. Suppose there
exists an X, in S, not on one of the manifolds of discon~
tinuity, such that I(x)# 0. Since there are only a finite
number of manifolds of discontinuity it follows that N(x)
is continuous in the neighborhood of xX,. Therefore there
exists a sphere Ve in S with radius /° and center Xq
in which N(x)# 0. Let 1
, [/’1‘ -modi(x_-zo)J in F ,
< 2] outsiae / )

f(x)=

where

mod (2-%) = (2: (x,;’x:.o)l).li:

This 1(7‘) setisfies the three properties in the hypothe-

sis of the lemma. However
f N @) f(%) dx =/ N(l)[f‘— madlfx‘xo)]aolz $o
S r

which is a contradiotion. It is evident that if N(x) is
allowed to have only ordinary discontinuities then Il(x) =0
in S.
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4. The Lagrange differential equation. Let
t2) N : y=y(x), x in 3,

be a minimizing manifold for our problem.

THEOREM. On every part of /& where . (x) has

continuous gegond derivatives we have

p) - -
(2) D X ‘f:"m f}‘h =0

For the proof let r be & sphere in S such
that on the corresponding part of ne yk(x) has ocon-
tinuous second derivatives. Let j(z) be defined such that
I is single valued and continuocus in 3, 3’ = o in

S -7 , and j; is ocontinuous in and on the bound-
ary of /' . The family of manifolds

Y= h0 s drk,d=bon™e
(4) =y (%,0)

Yo = Yo O +a 3(x)
are admissible for a suffiociently small. Substituting
(4) in (1) we get

I () =fsf(z,9,}5>¢x ,

and™®

(5) Ilco) ;L (f,ﬂz +f#.‘k11‘) dx =o .

* Goursat-Hedrick, liathematical Analysis,I,pp.l92-4
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Making use of

7x (hd) =h 3 w1 %54,

R

we have

L EA T =/; -Di;‘_(f,,mi) dz —/FI 2 ’cm‘“

Therefore (5) reduces to

L (o) = jr' j(f‘ﬂ‘ ’gifh&)“uzo'
Applying the fundamental lemma we obtain

- 2 —o.
'f?lﬁ oK fl’ea =°



II. ANALOGUE OF THE EDGE CONDITIONS

5. Edges. Since the minimizing manifold (1) is
admissible it consists of a finite number of cells in each
of which the partial derivatives p exist and are contin-
uwous. Let E' be an (n-l)-manifold whioh is a common
boundary of two of the cells. On E' some of the partial
derivatives p1J may be discontinuous. E' is then the
analogue of a corner in the simple integral problem or of
an edge in the double integral problem. In order that we
can make use of equation (3) in the followlng work we re-
quire that y(x) have continuous second derivatives on
each side of E'. We also shall oconfine ourselves to that
part of E' whose projeection E on X oan be represented

by the egquations

(6) xy = fi(nl,--—-,un_l), u in U,

with € of class C''', and Z:Lf==1 vwhere A= (-1)1-1
times the determinant of the matrix obtained by deleting

the 1i-th column of the matrix

Euu,r i Enu,

-—— = = =~ oo L

) m - my ——

gtu.,‘_, ’ g nUn-y

(13) 9
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We proceed to find necessary conditions on the
minimizing funotions (1) at points of E'. These conditions

are the so-called "Edge Conditions".

6« The normal goordinate system. Introduce near

E a uv-coordinate system determined by the equations

(7) Xy = ?Uu)«va u,vin B: uin U, v, v & ¥

i° 1 a

where v 1s one-partite and vlL.O and vy 2 0 are suf-
ficiently small in absolute value that there exist unigue

funotions
= Up (X ymmmmy X)), v VIR =, X))

of class C'' satisfying equations (7). This is possible*
gince for x on E we have (ul""'un-l'V)=

(u,,--=,u, ;,0) and the functional determinant of (7)

fu v AL - faw* VAnu Fu s F’““
E,u,‘_""U'A;un-‘,"‘_ b ?n.tln.,* VA’““"-I f.u,.-,,‘w?nu.._,

Ad o An ol AL -, A

:‘:ZA‘:::::L #O.

* Geo A. Bliss, Princeton Colloquium Lectures.
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I have used B +to denote a region in the UV-space and
also the corresponding region in the X-~space.

I have called this system normal because for n=
2,3 , v measures along the normal.

Since Vv 1s negative on one side and positive on
the other wside of E , we shall, for oconvenlience, take it
as negative in C;, sand positive in C, where Cy («= 1,8)
are the two ocells in S for which E 1is a part of the
common boundary. Hereafter « will take only the values

1,2 and will never be used as a summation index,

7. Family of variation manifolds. In this seotion

a family of variation manifolds 1s construoted correspond-
ing to the edge E'.
Let

(8) vy = ¥Yix), x in B,

with 9U(x) of oclass C'', be an arbitrary manifold pass-
ing through E'. The transform of (8) by (7) is denoted

by
(8') y=¢{uv), uv in B,

Denote the portions of the minimizing manifold
yix) corresponding to the regions 01 and 02 by yl(x)
and yz(x), respectively, and let their transforms by (7)
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be denoted dy

) y=Y(u,v), w in U, wy<£v<£O,
(9
y=Yg(u,v), u in U, O=£v £ v,.

The notation y, and Y, are used here for the sets of
funections y,, and Y;, respectively. We exténd the
range of definltion of y, and Y so0 that they are de-
fined and of class C' in B by defining

Yy (u,v) = Yl(u'°)+ylv (u,0)v, uwinU, O&v<v,,
Yp(u,v) = ¥Yy(u,0)+¥, (u,0)v, uin T, V£ v <0,

.Next define an arbitrary one~parameter family of

manifolds in B by the eguation
(10) v=a f(u)

where I 18 of class C' and %= © on the boundary
of U. The corresponding family of manifolds on

y = (p(u,v)
is given by the equations

vza L(un),

(11)
¥y = ¢lu,a L(u)).

Now construot on B +two one-parameter families of
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manifolds
Yix = Wyu(x,0) =

(12)

aQ !(u) vi L'[%V(u,6V)— y,.“,-(“"’"yow*'[w y“(u,v)_al(u)(p_,(u,v;].
Vu - af(“)

J=1,~~~,m , x=1,28, u,v in B,

These families have the following properties: the
manifolds (12) pass through the manifolds (11) for corre-
sponding values of the parameter; the funotions u)_),((i.tl)
reduce to Y;y for wu on the boundary of U or for
v=v, ; the funotions ;4 (X,a) are continuous in B
and at least of class C' in ocells of B; for a=0,

Wi (X, a) reduces to Yjx o
For the family of variation manifolds let

y=y(x) in S-B,
(13) = Tix,a)

¥y = «xix,a) 1in B,,,
where B,, 18 defined to be that part of B bounded by
¥=Vy , the boundary of U, and v=a {(u). The funotions
defined by (13) are continuous in S, of oclass C' in cells,
pass through the manifold L, and for corresponding values

of the parameter a pass through the manifolds (11l). PFor
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a=0, (13) reduces to the minimizing manifold (2).

8. The first variation. Computing the value of

I for the funotions (13) we obtain
I() = H *f £(x,G,,B)dx +f £(x,9,,p)dx,
BNL Baa.

where H 4s independent of a and By, are defined above.
It is notioced that the parameter a enters into both the
integrand and the limits of integration. The method of find-
ing 1'(0) 1in such a oase 1s suggested in a paper of
Simmons?¥ Separate the second and third integrals of I(a)
into two parts such that the first part has the parameter

a on1'y in the integrande. Next transform the seoond part

by (7) into uv-coordinates.** This gives

J@) =-H + ja, f ‘dx 4-/'3‘ fra(z
+/U[ “Ul' 18l 4 da ’f‘,[‘mfrw dv du,

*H., A, Simmons, First and second variations of a
double integral for the case of variable limits, Transao-
tioga of the American llathematical Society, XXVIII (1926),
Pe R35.

** J. Pierpont, Theory of Functions of a Real Var-
iable, I, pe. 552.
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where A is defined on page 10, By 1s the part of O«

in B, and the supersoripts 1,2 indicate the arguments

of f. 1t is easy now to see that

(14) I'(0) =f Jﬁ/‘ dx ,,/B f;/ida
3, ]
+/u/°°fa/‘/A/ do du -/U/",g/‘/aumm

t [ reaf 2w - [ pef) du

= fo L4 e RS [ sof[4a-[ geof [ 4,

where

o« S
(16) ]ﬁ/ = -’[y ©Wia + f, w,',‘d/

J €3
Using

5‘3—‘. (f,,““’.ia.) = f;’“ Wy x,a + Wia 7%& fP,,j

(14) reduces to

(16) . Il 2
(o) = -
1= [ ol 4 o] nthy-gf ) 4
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“fo e By ] 47+ [ B (o) [ 4
+/(; j(u)f/ldu. -/‘;_f(u)f/z du .

The first two integrals in (16) vanish by equation (3)
gince y(x) i a minimizing function. We shall tranaform
the third and fourth integrals.* The integral

./3‘, B‘?;Z “ “‘)Ja.)/ d?’
n
Z//Z {[f;.“ Dja 1:=Z(-:) ’[6{_‘ w“]x:'- z"’} dx, --dx ., dx, dx,
o - ¢ LR 7]

where “11) » zf’; are the values of x4 where a line par-

allel to the xi-a.xis enters and leaves respectively the
region By . By the definition of (DK we notice that

Wy a is zero on the boundary of By except for
points on E. We need then to consider only the zg_) »
z‘i"g that are on E, We now transform by

(7) x, = flu)+va, , u,v in B.

*E. Picard, Traite 4'Analyse, 3-rd Ed., 1, pPp.165-6
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We first show that 4; 1is positive for x1=z;°.r2) and neg-
ative for x; = zﬁf « We have supposed on page 11 that v
18 negative for points inside C, and therefore in B.
Therefore <y, is positive for x;= zf’é) and negative for
X, = zﬁ’ where we think of (7) as solved for u,v in
terms of x. Next take the derivatives of (7) with respeot

to x4y and set v=0. This gives

o= Ftd.,ullc.'*_"__"' F,u"_,uh-lx,,-rl/}é A,
e e e e s e e m e a =y
£ = Ftu, “11‘-+"‘"+€£un,,“n-, x +V5, Aiy
e e e e e e e e f m e m mmm—y
o = -

ﬁ"“: U, 5+ + Evul.,,_,u’n—/ x. + Vx, A»n 5

where the left hand slde is zero except for the i-th equa-
tion. Solving this set for Vx, Wwe get
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18
fnu,a"“igvun_,’o
e ey ey -
| PR Bown,s 2
e mm gy e, -

SN LCIEL LN UL BV

Fra s b > A TLA
e ey —mm o
giu,,“‘"‘»‘?;u_,,_,’/‘i
ey e m i — =y - —
Fru, » - - -~ v B, s An

A; has the same sign as Uy, .

is positive at the points x, = zfa"

and negative at the points x-= zfi) .« We have A4;# O
(o)

o)
o for which Zgy = 239 .

We see that in E,

This proves that Ai

except for those values of

Transforming by (7) we therefore have*

S & (h o) 4 =
Z;/:f; {[ff"“wuf‘ﬁ]xl‘:z{:)—[f“ uo,‘:],: . Zf‘,"} dx,-dx dxe, -

* cf, Pierpont, loc. cit.
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_Z/—/Z [[f,l«)m], 20 1A - [4., wm] o [Adfus-daa,
=i‘;/::/; [[ﬂ“. “)"“];"ﬁzf:’Ai *[f&‘. “Jla];‘. =2 A.']du.--lu.,_,

= [; alh A)f 4

Similarly

/ & (4, i) [ /“’»a(f A)[ e,

the negative sign being due to the faot that v 1s posi-
tive for points in Bg. Substituting these expressions in
(16) we obtain

17 ') :-./U wja(fhj AL)/'la -‘L wm(Fh.Ai)/aJu
+ 2 da = [ g pf* d

= Jy Lenlh, n) + Jf]] da.
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The value of Wjq computed from equation (12) for

v=0, a=0 1is

w“q/%,:?, = I(u) { @y (es0) - y.juv-("'°)] + flu) {———y"“ (“:)_%("‘a?.

Since y = ¢(u,v) passes through L', ¢ln,0)= 7Y, (u,0).
It is oconvenient to introduce Y,(x) 4in place of ¢slu,v)

and p,, A, 1in place of Y;, . This gives
w“‘“"/ﬁ.xo = f(u) { tp-“lkAa. - ﬁt.‘; Ac.} .
V=0

Putting this value of Wsa in (17) we have finally

(18) I’ (o) =fU S [ (Ve A=, At)(f,,,ﬁJ A,‘)+f]:(.'¢«.

9. PEdge conditions. Since y(x) 4is a minimizing
function I'(0)= 0 and we apply the fundamental lemma of

page 6 to get
(19) [(wu.AL—kJ.AL)(f,,ﬁ_A*)+f]1'=o on E.

The funotions lﬂl (x) are arbitrary but the quantities
Yiz, ere mot. Since y =y (x) passes through E', ve

have

‘J’J(F‘“)) = ‘PJ(FM) y 4=h-mTHmo
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Differentiating partially with respect to u, we get

(20) /Zj F“‘l =%1¢F;‘Ux y, L= h=mely sl -sm

If for each J and each k #@ we multiply the equations
of (20) by the cofaotors of F«M_g in A, and add, we
obtain

'f’u Ay - /:u‘ Ay = %X“Aﬂ‘ WJX,;Aﬁ )

or, solved for A, ‘I’;z& s

(21) A, Vix, = K, As - byi Ay + oy Ay s A2 0umvtom,

d3 L~-m,
Evidently (21) holds also for k=04 . Multiplying equation
2
(19) by A, sand making use of (21) and Z A=, we get

i I
for (3 = 1,----,n. BSince Y, s j=1,~=e=,m are arbi-

trary provided A‘,# 0, we obtain the edge conditions

' fkfu A* /‘ - foAJ‘Ia p IR

and hence, whether Ap#- 0 or not,

1 f A/s%_ /’,,J)[%A&,‘z {Aphl;’j{&‘iAﬁ’a,ﬁ:l,--'“.
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{t should be noticed that these m+n edge condi-

tions are not independent. From (8l) we have

(a) kB, Ay - f= A/ /’.-‘Aﬂ“tiu Ai’a

whether the manifold Y} is a minimizing manifold or

note By (19) and (20) we ocan write

(v) f‘Ai/’uJ[,, Aﬁr=f’A‘/6~£a.Aﬂ/&‘

hi b
Using (a), (b) and the m edge oconditioms I, we obtain
the n oonditions 1I. Therefore there are only m+1
independent edge conditions. Although Kobb* obtained
three edge oconditions in the doudble integral problem, only

two of them are independent.

10. Summary. Let y=y(x) bYe a minimizing mani-
fold for the n-tuple integral

‘Lt(x,y.p)dxo p=(pgy) = ('31‘

We suppose that S oan be divided into cells in each of
whioch the partial derivatives p exist and are continuous.
Let R' be an (n-1l)-manifold which is a part of the common
boundary between two of the cells 01 and 02. On BE'

then some of the partial derivatives p’_.1 may be discon-

* Loo. oilt.
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tinuous. We assume that on eaoch side of E', y(x) has ocon-
tinuous second derivatives and that E, the projesotion of

B' on X, ocan be represented by the equations
= F((ul,---,nnJ). w in U,

with f of olass C''' and Y Af:l where A, = (-1)1-1
times the determinant of the matrix obtained by deleting
the 4i-th column from the matrix

;Ill, | Fnu.,

-—- ) -~ )

i Rt

-= 2

glll,,_, 2 TT T f"“‘»1-1

We have proved that at points on E' the following m+n

necessary oonditions on the funetions yJ must hold.

\ 3
1 #“AL/ :Jg’“A‘/ R

S Theebf A fAp A e



IIT. ISOPERIMETRIC PROBLEM; THE LAGRANGE MULTIPLIER RULE

The method used in the second part of this paper
can be modified slightly so as to apply to the isoperimetric
problem. We shall keep the same notations that we have

used before.

11. Statement of the isoperimetric prodblem. The
isoperimetric problem for multiple integrals is to find
among all admissible manifolds

y=y(x), =x 4in 8,
which pass through L and whioh make

J= fss(x.mp)uﬂ. ,
where J, is a constant, one which minimizes the n-~tuple

integral

I= [Sf‘xtY0P’dx‘

It is assumed that f and g both have, in W, as many

oontinuous derivatives as desired.

12, 2Yhe Lagrange multiplier rule. The method
that Bliss used in the isoperimetric problem for simple
24 (28)
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integrals is used here in the study of the multiple inte-
gral problem.*

Let
(23) Y - vy=y(x), x 4in 8,

be a minimizing manifold for our problem.

We first prove the following lemma.

LEMMA. The deteryminant

L( fy."/oj + fh.‘AJZi)dx > -/S.‘(.‘Fy‘t.‘ +f”£“ t“r‘) 6(1

(24)

fs (314‘.‘4* * ?p,_j Aix )dx, fs(ﬂmf;* ?'P“t° x)dx

must vanish for eovery set of funotions sa(x), ¢t(x), zthat

are single yalued and gontinucus in S8, vanish on the
boundary of S, and are of olass C' in ocells of S.

The proof is the one that Bliss* gave for simple
integrals. Suppose 8(x), t(x) are funotions for which
the determinant is different from zero. We form the fami-
1y of manifolds

(25) vy= yj(x) +aaj(x) +btJ(x) Eyj(x,a,b), J=1,~--,m,

* Bliss, Lectures.



26 1SOPERIMETRIC PROBLEM; 'fHE LAGRANGE MULTIPLIER RULB (30)

which are admissible for a,b suffioiently small, and con-

sider the eguations

"

1(a,b) Li(x,;’r.’i)dx: " )+z ,
(26)

J(a,b)

)

fB‘x-Y-P)dI= L
&)

where L( N?7) 4a the value of 1 for the minimizing mane
ifold (23). Equations (26) have the solution (a,b,z)=
(0,0,0) at which the value of the determinant

SR

CAE N
is the determinant of the lemma whieh we have assumed dif-
ferent from zero. Therefore the equations (26) have the
golution a=al(z), b=Db(z) of class C' such that
a(0)=0, ©Db(0)= 0. “his means that for =<0 the funotions
a(z), b(z) give manifolds of the family (25) for whioh

J=3 and I CI(¥Tl ). Since YU is a minimizing manifold

the lemma is true.

By the use of this lemma we derive a Lagrange mul-
tiplier rule.

THEOREM I. There exist constants ( 2, ,1,) #(0,0)
such that on every part of ¢ ¥here y.(x) hae contin-
uous seoond derivatives we have
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B) - -
(27) S‘X"l ‘ﬂll"’..* ‘Ay&—o ;-}a:""‘a"’":

where R =Af+4:$

1f both elements of the second column of the determ-
inant (24) are zero for every t(x) then certainly both
elements are zero for every t(x) with tj(x)'i 0, J+k,
J=1,--~-,m. Then by sections 3 and 4 of part II, (27)
is true for every pair ( R,, A,). Consider then the case
where there exists a t(x) for whioch not both of these

elements are zero. Select ( A,,A,)+# (0,0} such that

/21‘/5(.‘@“{:’ +fh.i t,-,‘)ix +/?1-{S (gg)t,’ t 9P t_.,‘)c(l:t).

Sinoe the determinant (24) vanishes we have

A [ Sy Axddix + A [[(gy A3+ Gy Ar) o

(28)
:’/S‘ ('glld" AJ +'2L',‘J/5-‘\1,_)6(1 =0

for every s8(x). Since (28) is true for every s(x), it
18 true for every s8(x) with sjl;)E 0, J#+k, }J=1,--,m.
Therefore (27) is true.

THEOREM 1f. 1f the integral
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fs(‘}%tj * 9p tix ) dx

does not yanish for every t(x), then A,# 0o and there
is but one set of the form ( A, ,4:)=(1,2) satisfying

equation (28).

1t is evident from equation (28) that A, #0 .
If there exist two sets (1,,2("), (1,2“’) satisfying equation

(28) then
(X2 [ (45 + gy pen )

for every s(x), which is impossible by the nypothesis of

the theorem.



1v. ANALOGUE OF THE EDGE COONDITIONS FOR
THE ISOPERIMETRIC PROBLEM

13, RBdges. As in part L1 let E' be the (n-1)-
manifold whioh corresponds to an edge in the double inte-
gral problem. The projection E of E' on X 18 given

by the equations
x; = f(u), u in U,

with £ of olass C''* and Y A§=1 where 4; is defin-

ed in seotion 6. Let
y: = WJ(X, » J=1,-~-,m ,

with (Y (x) of olass C'', be an arbitrary manifold through
E'e Its transform by

(7) xy = ﬁ(u)+—v A, , u,v in B,
is denoted by

y = ¢lu,v) , u,v in B.

14. Variation manifolds. In this section we pro-

(33) 29
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ceed to oconstruct a family of variation manifolds which
are admissible.

Let
(29) v=a $(u),

with % of olasa C® and £=0 on the boundary of U,
be an arbitrary one-parameter family of manifolds in B.

There is a corresponding family on y = ¢{(u,v) given by

v=a f(u)
(30)
¥y = Plu,a L(u)).
As in part 1I, we define functions
W, ()=
(31) ,
a i), [@y(wev)-Y,  (wor)is+ Y, o (@ - a §w) @, (u,v)
Vi - af(w

We get a two-parameter family of admissible manifolds by

letting

y=y(x)+Db t(x) , 1in 8-B,
(32) = ¥J(x,a,b),
y = Wlx,a)+b t(x), 4in Buq

where By, is defined to be the part of B bounded by
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v=v, , the boundary of U, and v=a Z(u), and t(x) 1a
single valued and continuous in S, vanishes on the bound-
ary of S, and is of olass C' in cells of S. The mani-
folds (32) are continuous in S, of olass C' in ocells,
pass through L, and for b=0 and corresponding values
of the parameter a pass through the manifolds (30). PFor
a=0, b=0, (32) reduces to y=y(x) 1in 8.

16. Yariations of I gnd J. Conaider the two
equations

Ty = [ fg Bdx +f, f(0g.F )
o (G R e = T(M) + 2,
T = [ g F)dx + [, g, F)dx

4—‘/1_;10k g(x,g},]i—)olx =4, -
By the methods of part II, we find

14 (0,0) :/ (f‘j Wia "'Jcp u)““id)/ dx
(33) o ' "

+/131 (}m Wia + f’?x Dia x, ) dx */u f(u)f/:d,q,
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and a similar expression for J‘(0,0). The values of Ib
and Jb are given by

Ib(c,o) =L (_fy‘t" ‘O'fé‘. t‘l‘)dx 2
Goy = [ (g6 + gty )dx .

The determinant

Ip v Iy
(34) Ja v I :zg
must vanish for every X.(u), t(x) with X of claes C'
and j:o on the boundary of U, and t(x) oontinuous in
S, t=0 on the boundary of 8, and of clasa C' in cells
of 8. The proof is the same as in seotion 12.
We shall, at first, assume that not both elements

of the seoond ocolumn are zero for every t(x). Therefore

A'Ib ‘*llJb:os

where the R, , A, &re defined on page 27. 3Since the de-

terminant (34) vanishes we have
(35a) A, I, + Ay da =@

for every f(u) « If both elements of the second? column
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of (34) are zero for every t(x), let

t(x) = Wu(x,0) 4in B«
= 0 in S - B.

This t(x) has the properties specified on page 25.

Therefore
(356D) A, L, +A,d, = A da+ 2, =0
From (33), (36a), and (36b) we get

(j‘y, W, +ﬂ u)ax )/slx-r/ («& u)m +J§ u)mxy1x

'

(36)

+fu f(u).ﬂ[a(a. =0

for every J(«), where _4 = A, f+,1‘_?.

We now make use of
Sz (Hp, @) = Ay Piax, + Da s 4,

to ohange (36) into the form

(37) /131 ""41(41,‘3;‘ /dx +/ Q(J{ -A ) ot x

* G, ox. (J‘ "“)/'d# +/ X, ('A/’ / b+
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L I(u)_ﬂ(/ld.d —Lj(u)ﬁ/aduzo.

16. Analogue of the edge gonditions. We notioce
that the left hand side of equation (37) is the same as the

expression for I'(0) 1in equation (16) except that f 1is
replaced by A=A, f+A.g . The derivation of the edge
oonditions from (37) is then the same as that in part II.

We have therefore the m+n edge conditions:

I IRL,, A;_ /‘ = 'p,'f’“ Aé‘a, d= ===, m ,

.3

11 ,&Aﬁ—/;“}lPUA".: J{A/,—ﬁ

a
B AP@JA‘;} s Az



V. CONDITIONS ON THE MINIMIZING FUNCTIONS ALONG A
MANIFOLD OF DISCONTINUITY OF THE INTEGRAND FUNCTION

17. Introduction. 1In the study of the ocaloulus
of variations problem of minimizing the integral

/f(x,y,p)dx y X= (xlp“":xn)' ¥ = (ylp".ym)o Pz(pij),
S

it 18 usually assumed that the integrand funoction £ 1is
continuous in its m+n+mn arguments. In this part of
the paper we shall allow the integrand function to have
finite discontinuities on a finite number of (m+n - 1)~
manifolds in the XY-space. Conditions on the minimizing

manifold
(38) e s y=y(x) , =x 1in 3,

are determined at the (n-l)-manifolds of interseotion of

(38) with the manifolds of discontinuity.*

* Simple integrals with discontinuous integrands
have been studied dy: G. A. Bliss and M, Mason, A problem
in the caloulus of variations in which the integrand is
discontinuous, Transactions of the Ameriocan Mathematioal
Sooiety, VII 21906), PpPe 326-36; E, J. Miles, Some proper-
ties of space curves minimiziag a definite 1n£egral with
discontinuous integrand, Bulletin of the Ameriocan Mathema-
tical Sooiety, XX (1913}, pp. 11-19; C. F. Roos, A general

(39) 35
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18. Statement of the problem. Let Q denote a
bounded oclosed conneoted region of the XY-space whose pro-

jeotion om X is S. Let
(39) B''s y,:.9,(!1,-—.xn,tl,-~,tm_1), j=1,e-,m ,

with y of olass C'', be an (m+n - 1l)-manifold along
whioh the integrand funoction may have finite discontinuities
in its m+n+mn arguments x,y,p. The manifold E'' gep-
arates Q 1into two regions Ql N Qz. We assume that in
Ql and Qa the integrand funotion is continuous and has
as many continuous partial derivatives as desired.

The problem of the ocalculus of variations here is

to find among all admissible manifolds
y=y(x) , x 4in 8,

which pass through L and whioch out E'' in a finite
number of (mn-1)-manifolds, the one that minimizes the sum

of the two integrals

problem of minimizing an integral with discontinuous inte-
grand, Transactions of the Ameriocan Mathematical Society,

Xxx1 1929), pp. 58-70; E. H. Clarke, On the minimum of &

sum of a definite integral and a funotion of a point, Dis-
gsertation, Chiocago, 1922,
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\ff(x,y,p)dx . .ff(x,y,p)dx .
(T Q,

Let B' be an (n-1l)-manifold of intersection of
E'®' with the minimizing manifold (38). We assume, that on
each side of E' , y(x) has continuous seoond derivatives.
We confine our discussion to that part of E' whose projeo-

tion E on X o¢an be represented by the equations
x = ﬁ(ul,-~,un_l) , u in U,

with F of olass C''' and ZA>=1 where A, is defin-

ed in seoction 5.*
19. Edge conditions. Let
(40) t.=t.(x) , r=1,---,m-1,

be funotions of class C'', arbitrary except that the man-

ifolad
(41) y=¥(x,t(x)) = Yix)

passes through E'. A normal coordinate system is set up

near E as was done in section 6, and a family of varlation

* It is only for sonvenisnce of notation that we
have considered only one manifold E''. The argument holds
for any finite number since we vary y(x) only in the
neighborhood of E'.
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manifolds is defined as in section 7. The argument of seo-
tion 8 is the same. We have then equation (19) in the

form
(42) ( ‘\I/_.¥L A‘-_ —[’L.{AL)(:‘:&'A&) +-{/a =0

That is, the minimizing funotions y(x) must satisfy (42)
along E',
Computing Yixe from (40) and (41), we get
3 . Y g -t - e f -
(43) Yix. = faox:. * \}Jtntl‘xi, LA S

Putting in the values of /,,, from (43), (42) takes the

form

(44) [(%hf- ?mt,ln)/\( ‘/’LJA"}{{I;
If we write (44) in the form .
(45) [( 1?“:4 Ly YA - (ks ‘?m)/‘i}l{)%u A,,} f L’zo

we have again an expression of the form (19) with ¢/,

replaced by (thn tny ) o0 /., replaced ‘by(P“— v, n) .
Since (41) passes through E', we have

YAF,E(F) = Y, (8), d=1,-—» .

Differentiating partially with respect to wugy we obtain

A,J +f /;2 o.

J
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'!({-l'h F"ua! + thn tnx; F‘. l.ll: hi.. ?Luﬂ 5 L=t,-=m-t, 3=1,--,m

whioh ocan be written as

(e ( gjt,,_ t”'xa) Fc uj: ('Lf Jn)ﬁ_u} , Rzl sa-m,

and finsally as
A(’<5at,, nxL) ("u Jlg)Ap U’a %JX)A
(47)

corresponding to equation (21)e By the argument on page

21 we then have
( {'}J tn z‘:Il}(ﬁ,)( :FP,.'JAL) +
(48)

f A(J '(/Dm‘” gjx,,)(f',‘i/’\z)}fo,ﬁ:l,«;n

corresponding to equation (22). We write (48) in the form

(49) tﬂtp{ qitn_( f,,“.Ac)} +

{,cA,,-(rpj-ga,)(f A),’[ 2,0,

a
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Since the functions tﬁ-x,, y T=1l,~=,m-1 , are
arbitrary, we have

T 1Zit,,_ f&, A,: /‘2 %tﬂ ff’._, A,,-ll- nel,--,m-t g

i

A=

4

FAn = (b ~ix,)

1

)f;z'Ac {a y P=lm7oM e

J4

These m+n - 1 oconditions are the conditions that our

minimising funotions yF(x) must satisfy on the edge E'.



VI, MASON FUNDAMENTAL LEMMA

In the study of the simple integral problem two
foyms of the fundamental lemma are used.* The fundamental
lemma of part I corresponds to one of these forms. Mason
has proved a lemma for double integrals corresponding to
the other form.*™ ln this part of the paper we extend a
gpecial case of the Mason lemma to multiple integrals. Our
hypotheses are slightly less restrictive., The proof is es-
sentially the one that Mason used. In part VII edge condi-
tions are derived by the use of this lemma.

The argument used in parts VI and VII was suggested

to me by Dr. L. M. Graves.

* A. Huke, An historical and oritical study of the
fundamental lemma of the caloulus of variations, Disserta-
tion, Chiocage, 1930,

**M, Mason, Beweis eines Lemmas der Variationreoh-
nung, Mathematisohe Annalen, LXI (1906), pp. 450-2. Cf.
also T. Kubota, Beweis der fundamentalen Hilfassatze in der
Variationsrechnung, ‘ohoku Mathematiocal Journal, 1X (1916]),
pe 191; A, Haar, Uber die Variation der Doppelintegrale,
Journal fur Mathematik, CXLIX (1919}, p. 1; and J. Sohauder,
Uber die Umkehrung eines Satzes aus Aer Variationsrechnung,
Acta Litterarum ac Scientiarum, Szeged, 1V (1928), pp. 38-50.

(45) 41
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20. Mason fundamental lemma. We adopt the nota-
tions and the definition of admissible manifolds of seotion

1. We shall also use the following notations.

A funotion gq(x) 18 said to be of class D on 3
1f q 18 single valued and continuous in the interior of
cells Sk of S, and the 1imit, over Sk, of q 18 contin-
uous over the boundaries of S,, where the boundaries of Sy
are ocut by a line parallel to an axis in a finite number of
points and segments.

A funotion 3(¥) 1 sald to be of olass Z on S
1f,.f is single valued and continuous on 8, the partial
derivatives jl;,"-xgy s Ly ,—=-, Ly distinet, ¥=1,--
--,n, are of olass D in (x1l,x1a,--,x17)-apaoe where on
the manifolds of discontinuity the derivatives may be one
sided.

In parts VI and VII, summation will be denoted by a
summation sign and not by a repeated index.

FUNDAMENTAL LEMMA. If N(x) is of olase D om

R: 8y £ x4 £, , 1=1,~-=-,n,

b, by
/—/ N Ly, - ox, dx,—-dxn
a (19

yanishes for every Z(x) of olass Z suoh that 5 =0

on the boundary of R, then there exist n funotions
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O TE R TP R Y

having only finite discontinuities on a finite number of

(n-2)-manifolds in the (xl,---,xi_l,xi*l,—--%)—s ace,
such that

"
(50) N(x) = Z___(ﬂ on R.
[

Also if the H(x) 4is of olass 2 then the (/) are of

olass Z 4in the (xl,---,11_1,11*1,---,xn)-sgg_oe.
We notice first that for a funotion

Po(xy y===,Xg_74Xg,7+-==1%y), the integral

b, bn
] ~- CP( jx’—-x" JZ,-'alln:
z,

ay,

/b:/b‘_
a ‘-(l

' i-1

U birl bn b,.
/ "/ (p‘ !;-."Xa-u’xu»n"Xn] 0(1’ —-dxc-:‘lll.fl”"dx'l=ox
An a.

(L S

since f=o0 on the dboundary of R.
We define
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T(x) = 00+
Z -n*? > ‘ (Xn-az)--(Xg4-7,) o
5 (bp-ag)-(by-ay) P

where

X, An
O = f -- Ndz --dx, ,
Q' a".

anda O, --.7, indicates that the upper limits X, ,- Xy

have been replaced by br-""brﬁ , respectively. This f(x)
4

satisfies the hypotheses of the lemma. We compute

jxl - x)-; = N +
hLn
)" ' ] [ " o
b,-a,)--(b.-a x -~dx
"741_'.4--4",}< 7= n) ¢ 1;,) 4 Yy,

Define

b,
Cpé (1,)",1.;.., Xiwiy "> ln) = L'J:’E / /VAX" +
[3 e d‘

."l_,__ " E,bn ,
Zﬂ_;"(') (bo-acXby-a,)-- (b, @ )f[ / Ndx:dx, —-dz
TLTTe-¢

Ts
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We have then
fe ./fol-—znd_x =A(N-Zw‘)fx,--xndx=
fR (N-Z@) dx=o0.

Therefore

)

N(x) = Z @ in R.
=

The properties of the (pi , stated in the lemma, follow

from their definition.



VII. EDGE CONDITIONS OBTAINED BY THE USE OF
THE MASON LEMMA

21. Edge gonditions I. Llet
(61) y=yi(x) , x 4n 8,

be a minimizing manifold for our problem.

A8 in seotion 5 we let E' be an edge of our mani-
fold (61) and E 1its projeotion on X. We again require
that y(x) have continnous seoond derivatives on each side
of BE'. In the equations
(6) x, = ﬁ_(ul.--...u.n_l)
of E, instead of reqQuiring F} to be of class C''', 6 we
require only that fa be of olass D'. Let

L
R: ai 3 x1 £ bi

be a rectangular region enelosing a part of E. We obtain
edge conditions on the y(x) along the corresponding part
of E's
We define a family of variation manifolds by
46 (50)
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y = yix) in 8 - R,

(62) yjzyj(x), j#k, in R, J(x,a)

1

V= Vp(x)+aZ(x) in R,

where f 18 of class 2 on R and f‘—“O on the bound-
ary and outside of R.
Putting (52) in the integral

ff(x,y,p)dx
S

we get
I(a)= f:t(x,?,i)dx
S
and
(5_3) II(O) 2‘/;2 (f‘(ﬁ; +f}:&fx‘)dx =0,

For oconvenience we define the functions

X Xon
M = a,_“/a f odx--dx, ,

" ‘7&
lr I“ »4
P:/-_-/ I/“"‘/’Xn
“ Qa, a, ., a«."-:-Q _)‘,; dl,“d%,_-,dllbf""dx" ,esh-,m,

n ‘_ﬁ
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The function M 18 of class Z and ri is of class 2
in the (11,--,x1_1.xl+1.--.In)-spaoo. Also P, 48 of
olass 2 1in the (xl,--—,xn)-npaoe near the edge by the
hypothesis of the continuity of the seocond derivatives of

y(x) near the edge. Using
( Mx,——ln_, !)x” = Ml,'—ln l + M?’-l"'xn-/ gxn
we get

by 5
An Mx,-—zn Z‘(%nz“/‘annMX."‘Xn-i fxndlnl

sinoce Y=o on the boundary of R. Continuing in this

manner we get in the next step

b"l-l bh b b
M. . =/ n-i/ n
‘[l"_. An X -~ Xpn ;dxh-;dxh an ., Mx’_—y_"‘l fxnxn_.a(l,.clx"..,
-1

and finally

Sy Maza L dn = €0 M Bnox,, dx.

In a similar manner we obtain
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b be.-a by, an
o 2 -“/1 CX;m Xy Xewi™™ xv‘ {x:. dll'"dxc‘/ "[th“_ ‘(x”l

[l au/ n

5 b

ac-,

Rl n

Therefore we can write (53) in the form
- n _
1'(0) = j@"l’ (M = Pym Ppe == = B )0, ., ax=0.

By the fundamental lemma of seotion 20 we have

Hnn

Hn

where (¢; Aaoces not contain the variable x,; . It should

be noticed that N(x) is of olass Z near the edge BRB.

Letting

X,
(68) \/L (1) = —rlf/a‘- _{yk dx;_ —fe s (=4--,n P

we get (54) in the form

z, Kios fXipi Xy o
Z—- ‘ﬁ _:A \/a —_/ \/L dr‘—-dxi—ldzurl__é{lﬂ :Z__ (pLo
3 4 Al (39 <

(% 4

Let functions Qi be defined by



60 EDGE CONDITIONS BY THE MASON LEMMA (54)

f :/xn\/ dz;--dxy — Pn,

Q= fa ’f'_fa""'[‘:'_/a Ve dx,-dx,, dx,,,~dxg

g -1 C#il n

QvaE/x' * \/ndx,—-dxn,-}: @: -

We have then
Hn

(66) Z Q;
I3

The partial derivatives

o] on R.

n

X" —_—
Q, 7" Xy, =f V dxn - @, o Xy = Fu 9
a"
(67)

Xxn
Q" 71"1‘_,1,,,“17._,:/; \/L 9():)1 s %L' st =°l)-‘l "-l,
n

are oontinuous asross the edge E except at a point on a

line parallel to the xn-axis having a segment in common

with E or some other part of the boundaries of the cells

Bk of S. The rectangle R ocan be taken sufficiently

small about the point O, of B, in consideration suoch that
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a line parallel to any xi-axia. which does not include
the point O 1in a segment in ocommom with E, will not
have a segment in common with E or any othexr part of the
boundaries of Sk in R. If a line parallel to the x -
axis has a segment in common with E <then An= 0O along
this segment, by the argument in section 8 of part II.
Since Ai#-o for some 1 we can .modify the proof from
here on for those points of E. We assume then that the
61 are continuous aoross the edge E. Thevefore %u‘(ﬁ)
has the same value on both sides of E for i=1,--,n-1 ,

K=1,--,n-1. We have then, except at edges of E,

_ _ '
(68) Z:_'x, E/ulﬁ—““"' ?’U("_, F"_,%—f— VA ?nu_( /a‘—O

for = 1,--,n-1. PFrom (68) we obtain

— { /
(59) An ?1; /a = A"V"./a , (=1, -n-t.

¢

Since either

(8

X,
A fy& d X,

is continuous across the edge E or Ai= O we have

X‘
Ac‘é‘. _f;‘*dzl/‘;:o

and therefore, from (66), (67), and (59)
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‘
A’l QL' I/“ln-l/ = Aif/,‘*/al s €= h-=,m-1,

2

Al so

Qn X, -~ Xy /

/.
4,

]
&/"
Prom (56)

A"‘l Zt_ Ql z.__xn‘.‘:o.

Therefore we have the m edge conditions

HM

H”"n
(60) ; A, f/,‘q l/‘zz; A”;* /J'&:/,-‘.m.

Since the number of edges of E 418 finite we still have
the result (60) at these points by the continuity of

ZAif in the ocells Sk of 8.
I3 P“

22, Othexr edge conditions. In this seotion we ob-
tain other edge conditions by a change of our problem into

parametric form. Let
Xy = Xy yemm, b)), i=1,~-n.
Then

¥(x) = y(x(t)) = F(t) ,
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and
iktftzykxi‘itﬂ » k=1,~-,m, pg=1,--,n.
Suppose
A = / X tﬂ/¢ o.
Then
A &
Pir=Vex, = —¢

where A*,-_ is the determinant obtained from A

replacing the i-th row by _y_kt e« Our integral I
3
takes the form

I =L flxyd)ade, a=(p,)

= /s F(tx, y.¢,2)det,

where q = (xitp

form as before except that y 1is (m+ n)-partite.

fore, by (60), we can write

wn o en o
; /-;,_.,, Aﬂ/ - Z F‘?:,, A/a/ ‘L:/,-—,n’
(1) ’:
; /;;;m A_ﬂ/ = Z/; F;ﬂ Z\r’ a,r“‘tﬂ,—;m.

53

by
then

b

) and r-= (ikt ), whioh is of the same
a

There-
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The A, 1s defined in the same manner as the A,, where E
is given by the equations
= Ep(nlt---luh_l)l f=1,~=,n.
Now let =x,= t, « Then
A=t A, =As s Yae, = ax,

The partial derivatives /?,_.A become
¢

A--ﬁ*f

)
oo = Fae, = f 22 sa) 4 2(45)
Y& YA e

ar‘tl, a XL[

24 O\ v
T WAL S Ll Shis &

& ¥ R x“p I Xee,
¥utting in the values
A=1 ﬂ;&p,g_j}_&" =0, ,a_{.\_‘f_’_"zlb LY EC,
axt,tp J X(_ch ) xi_t,: LA

A“Y=/: ’ *——‘()Aﬁy =“‘frp /3& ) /375‘.)

TR 0 Xc' tp

we get
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/;;ﬂ - —Z /’ka,%“ )

(¢c#P).

Similarly
2pa~ “faa

Substituting these values in (61) we obtain the m+n

edge oonditions
“n

. Z f/ikAL/':Zfl"L&A"/l’j‘:/’"’m

¢

and
L " . o W 2
I fA,a —é: 'é’&; f/D‘ﬁA" ’ = J{A/’ —é /ﬂJAZf/;hA‘/ , B4 N,

These are the conditions that we found in part 11.
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INTRODUCTION

The following pages are devoted to a discussion of cere
tain special cases of a problem of Lagrange in the caleulus of
variations for double integrals; more specifically, to the
establishment of an analogue of the famous Euler-Lagrange mul-
tiplier rule. For simpler integrals, the problem of Lagrange
1s that of finding in a presoribed class of ares y; = yl(x)
(x, ¢ x¢x5; 4 =1,2,,.4,n) which Join the two fixed points
(x,,7,), (x5,y,) and satisfy a system of differential equa-
tions  Fu(X,¥ seeesYpsTiseses¥y) =0 (w=1,2,...,m one

which minimizes the integral

X
I =f .f(x,y‘,... ,yn,y",... ,y;l)dx.

Xy
According to the multiplier rule, discovered independently by
Euler and Lagrange, there exist a constant )«o and m funotions
Ao(x) such that along an arc which furnishes a solution for
the above problem the equations (d/d.x)Fy{ - F‘y1 = 0 hold for
the function F = A f + Aufe s

An analogous problem for double integrals would be: to

minimize the integral
I =f; f(x,y.z*,... 2ZnsPyseee sDprlysecse ,qn)dxdy
A
in a class of surfaces zy = zy(x,y) Ex,y) in A} 1 = 1,2,...,n] ’

all of which pass through the same closed curve above the

(67) 1
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boundary of the region A and which satisfy the system of par-
tial differentlal equations ﬂ,(x,y,zi,pi,ql) = 0, m in number,
where 1t 1s understood that p, = (3/3x)zy, qy = (3/dy)z. It
18 characteristic of the incompleteness existing in the calcu-
lus of variations for double integrals that the multipller
rule for a problem of such generallty has not yet been estab-
lished. Apparently the only discussion in the literature of a
problem of Lagrange for double integrals is that to be found
in a paper by Gross?, who treated the case of a surface in the
space of (x,y,z‘,z.)-pointe, defined over a square B of the

(x,y)-plane, which minimizes the integral

1= J‘J‘f(prvzlyzg’plop.:QI'Q.)dxdy
B

in a olass of surfaces zy; = z3(x,y) defined in B, having the
same boundary as the minimizing surface, and satlsfying the
equation #(x,y,zl,z',px,p.) = 0. Gross was able, under cer-
tain hypotheses, to prove the existence of a function A(x,y)
such that along the minimizing surface the Lagrange partial
differential equations in - (a/bx)Fp1 - (A/by)Fq1 = 0 holgd,
where F = f + Ag.

In the first chapter below, the case considered by Gross
will be re-examined and a much simpler proof of the multipller
rule made for 1t under restrictions less severe than those im-

posed by him. The procedure will consist essentially in the

! W, Gross, Das lsoperimetrische Problem bei Doppelinte-
grale, Monatshefte fir Mathematik und Physik, XXVII(1916),
pages 114-120,
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derivation of an auxiliary minimum pfoblem, a problem of
Lagrange for simple integrals, which can be treated by known
methods. A modification of this method will be found success-
ful, in the second chapter, in the discussion of a somewhat
more general problem, for which the equation of condition has
the form #(x,y,zl,z',pl,p,,q.) = 0. However, a proof for tne
most general type of equation ¢(x,y,zx,z’,p1,p.,qx,q.) =0, in

which all four derivatives appear, is still lacking.



CHAPTER I
THE MULTIPLIER RULE FOR THE CASE
STUDIED BY GROSS

1. Formulation of the problem. Consider a surface
(1.1) zy = 2,(x,y) (L = 1,2)

defined in and on the boundary of a region B of the (x,y)-plane.
In this chapter the multiplier rule will be proved for a sur-

face (1.1) which furnishes a minimum for the integral
(1.2) I =Ji[‘f(x)yyzlpz.nptnp.)ql:Q.)dXdy
B
in a class of surfaces
(1.3) 2, = z,(x,y) [:(X,y) inB; 1 = 1,2]

all of which pass through the same closed curve as does the
surface (1l.1) above the boundary of B and which satisfy the

equation
(1.4) %(x’y'zxﬂzglpllp.) = 0,

In the integrand of I and in the function g it 1s understood
that for Py, qy are to be substituted respectively the deriv-
atives z,.(x,y), ziy(x.Y)-

The region B is to consist of all points (x,y) which
satisfy the conditions: y, €y < Y¥,, X,(y) € x sx,(y); the
functions x,(y) (1 = 1,2) are continuous together with their

4 (70)



(71) FORMULATION OF THE PROBLEM 5

derivatives on the interval Y,¥o and have xl(y) < x4,(y) for
every y of the interval.
y
i xg(¥)

x, (y)

We proceed under the following hypotheses:

(a) the functions Zi(x,y) defining the minimizing sur-
face are of class C" in B?Y;

(b) there is a reglon R of elements (x’y’zi’pi’qi) to
which all the elements [x,y,;l(x,y),Zix(x,y),zly(x,yﬂ having
(x,y) in B are interior and in which the functions f and g are
defined and of class C" at least;

(¢) at no point of the minimizing surface do both ¢p
1

and ¢p vanish simultaneously.

-]

It follows from (c¢) that there exists a function
%‘(x,y,zt,zn,p‘,p.), defined and of class C" in R, such that

the determinant
¢p ¢D

bY 2

(1.5)
Yo Yp

1 2

1 After Bolza, a function is sald to be of class dm in
its region of definition if 1its partial derivatives of all
orders up to and including the nth exist and are continuous in
the region. .
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is never zero along the minimizing surface, For example, the
function %ﬁ; ﬁplp‘ - ﬁpapl in which the arguments of the ¢p1
belong to the minimizing surface makes the determinant (1.5)
always different from zero because of hypothesis (c). Since
however Wfdoes not have the stated properties of differentia-
billty, we may secure the desired function ¥ by replacing the
¢p1 in y'by polynomials P,(x,y) which approximate in the region
B uniformly to the ¢p1 8o closely that the determinant (1.5),
calculated for the function ¥y = P,p, - P,p,, remalns different
from zero for (x,y) in B2,

Admigsible surfaces may be defined as surfaces given in

the form (1.3) for which the functions zi(x,y) are of class C’
in B and all of whose elements (x,y,zl,pi,qi) lie interior to
R and satisfy the equation (l.4). A sharper formulation, then,
of the minimum properties of the surface under consideration
18 that this surface (1l.1) gives to the integral (l.2) a value
smaller than that furnished by any other admissible surface
which passes through the same closed curve over the boundary
of the region B,

We shall adopt the conventions of the tensor analysis,
in which it 1s understood that an index s has always the same
range (8 = 1,24...,n)} when the index appears twice in the
same term, that term i1s to be regarded as a sum Ior values of
8 extending from 1 to n., The indices i,J,k in the following
are always to have the ranges (1,),k = 1,2) while the index m

: 1 E. W. Hobson, The Theory of Functions of a Real Var-
iable, II(2nd ed., 1926), page 232.
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has the range (m = 1,2,3).

2, The equation of variation. Suppose 2y = zy(X,y,¢€)
is a one-parameter family of admissible surfaces which for
€ = O contains the minimizing surface (1l.1) ; we shall suppose
that the functions zl(x,y,c) are of class G’ for values (x,y,€)
having (x,y) in B and [elsufficlently small, When the functlons
zi(x,y,e) are substituted in equation (1.4) and the resulting
identity 1s differentliated with reepect to € it 1s seen that

the derivatives gl(x,y) = ziéx,y,o) satisfy the equation

(201) g + S =0

¢21 1 ﬂpi ix ’
in which the derivatives of ¢ have arguments belonging to the
surface (1l.1). Equation (2.1) 1s the so-called eguation of

variation along the minimizing surface.

A set of admissible variations along the minimizing sur-

face conslsts of two functions Ci(x,y) which with §1x(x,y) are
of class O’ in B and satisfy the equation (2,1). Each palr of
admissible ;ariatlons Ql(x,y) along the surface (1.1) defines
a function f(x,y) of class C' 1in B:

(2.2) Py = ¥y By v Yy Bie

The arguments in the derivatives of %—1n equation (2.2) are a=-
gain those belonging to the minimizing surface. Conversely,
each function p(x,y) of class ¢’ in B defines uniguely by means
of equations (2.1) and (2.2) a pair of admissible variations

,(x,y) with the initlal velues &, [x,(y),y] = O on the interval

YaYase
Let now Cmi(x,y) be three palrs of admissible variations
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along the surface (1l.l1), with gmi[?x(y)'XJ = O on the interval

Y,Vgae Consider the equatlons

¢(X1Y:zltp1) = 0,

(2.3)
Y (x,5,24,p1) = v(x,5) + € pn(x,¥),

where the functions Pm are defined from the variations gmi by
equation (2.2), and r(x,y) ::y?Ex,y,Zi(x,y),Zix(x,yﬂ . Equations
(2.3) are ordinary differential equations of the first order
in the functions Zy and their x-derivatives py and contain the
parameters y and €0 The functional determinant of the left
sldes of (2.3) as to the Py 1s (1.5), which does not vanish at
any point of the surface (1l.1), and for €; = 0 (m = 1,2,3) the
functions z, = Zl(x,y) are a solution of (2.3). According to
the existence theorems .for differential equations, then, the
equations (2.3) have a unique solution Zy = zi(x,y,em) having

the initial values
(2.4) 24 [x(¥) »yy €] = 21[x,(9) 4y ],

which reduces to the solution Zi(x,y) when the € all vanish.
The functions zi(x,y,em) and thelr derivatives z,,(x,y, €, are
of class C' for values of their arguments in a sufflclently
small neighborhood of the sets (x,y,(m) satisfying the condi-
tions: (x,y) in B, €; = O, The functions zle(x,y,o) satisfy
equations (2.1) and (2.2) written with the functions P> 88
one readily sees upon substituting the functions zl(x,y,em) in
equations (2.3), differentiating the resulting identities with

respect to €, and setting the €, all equal to zero; from (2.4)
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one sees that the functions ziem(x,y,o) satisfy also the ini-
tial conditions zlcm[:x‘_(y) ,y,O] =0 (y, sy « ¥g)s therefore
zlgm(x,y,o) = gmi(x,y) , since the latter are the unigue solu-

tions of (2,1) and (2.,2) vanishing at x = x,(y).

THEOREM. If §m1(le) are three palrs of admlssible
variations along 2y = Zy(x,y), vanishing at x = _)_cx(_z) , there

exists a three-parameter family of admissible surfaces

N
1

= El(x’y’(m) which contains the minimizing surface for

€n = O and has the functions gm(x,l) ag ite variations with

regpect to €,. The functions z3(x,y,€,) and their derivatives
244 Bre of class gl for values of (x.llcm) in the neighborhood
of the sets gatisfying the conditions: (x,y) in B, gm = 0, and

satisfy the conditions : z,[x (y),y,€;] = Z,[x,(¥),y].

3. An guxiliary minimum problem. The theorem of the
preceding section 1s still true if for the parameters €q Ve in-
troduce functions em(y) of class c' on the interval y,y,, on
account of the fact that the equation (1.4) contains the deriv-
atives Py and nbt the derivatives dy - The family of admlssible
surfaces constructed with the aid of these functions em(y),

wnen substituted in the integral I, gives to 1t the form

Vg ,
(3'1) I = 5(yremn€m)dyj
¥i
where we have put
x (y) ,
(3.2) &(y,€n, €n) = £(X,¥,21,215,21y +2y¢ €p) d%.

x,(y)
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Then, by virtue of (2,4) and the discussion on page 8, the fam-

11y zi(x,y,em) satisfies the conditlons

23 [, (9 v, (¥ = 2[5, (D) y] (3, ¥ €V
Zi[x'ya.’em(ya-)] = 23(x,y,) [x:.(y:.) sx sxa(y,_)] ’
2y [X,¥e, (5a)] = Z3(x,¥0)  [%,(35) € x €x,(5,)]

If the functions €,(y) are so chosen that in addition

2y [%(9) ¥, uly)] = 23[x,(9)5y] (¥, « ¥ ¢ v,)

then each surface of the family will coincide with the minimiz-
ing surface (1l.1l) on the boundary of B. Since for €a(y) =0
the famlly reduces to the minimizing surface, the following
statement 1s Justifiled.

The functions €, ,(y) = 0 furnish a minimum for the inte-

gral y
s ’
I= S(V)Gmnem)dy
Vi
1
in the class of sets of functions ¢, (y) of class ¢ on the
' small

interval y,y, having all their elements (y,€,,€;) in a
enough neighborhood of the gets (v,0,Q) with ¥ on the interval
Y.¥s &nd satisfying the conditions

(3.2) €nly) = €ply,) =0,
(3.4)  zy[x (0 vy eny)] = 23[9 Wy] (¥, € ¥ <¥,)-

The auxiliary minimum problem so derived is a problem
of Lagrange for simple integrals in (y,em)-space, with equa-~
tions of condition (3.4) which do not contain the derivatives
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e;. If the minimizing set Gm(y) = Q for this problem is non-

singular - i.e,, if the matrix

San [xa (1) 'Y]"

has rank two at every point of the interval y,y, - then it 1is

(3.5) Zi(m[x.(Y) ry’oj

well~-known* that there exist multipliers ﬂi(y) of class C’ on

the interval ¥,¥5 » such that the equations
.6 4 - =
(3.6) (a/ay)@er - Ge = O,
formed for the function
(3.7) @& = B(y’(m'ﬂ:ﬂ) +/41(Y){21EXE(Y) r.Y:‘m] - Zi[xg(.Y) ’YJ}’
hold along € (y) = O.

4, The multiplier rule for normal minimizing surfaces.

The minimizing surface z; = Z,(x,y) will be said to be normal
if along it there exist two pairs of admissible variations

§ki(x,y) vanlshing at x = x,(y), for which the determinant

cxx[ia(y)'i] §1‘[x2(y),i]

(4.1)
T X0 0y]  Bau[ (¥ 4]

never vanishes on the interval y,y,.
Suppose then that the minimizing surface 1s normal. If
the two palrs of variations §k1 which satisfy the above condl-

tion and any third pair Cai(x,y) which also vanish at x = x (y)

* see G. A. Bliss, The Problem of Lagrange in the Calcu-
lus of Variations, American Journal of Mathematlics, XLII(1930),
pages T03-5.
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are employed in constructing the family zi(x,y,em), then the
matrix (3.5) has surely rank two at every polnt of y,y, and

’
there exist multipliers pl(y) of class C on the interval such

that along em(y} = 0 the equations (3.6) hold., These have the

form
x,(y)
(d/dy) fqlgmidx
x,(y)
(4.2) xq(¥)
= Sy (a9 03] + (legml + fplgmix + fqismiy)dx'

x,(y)

the arguments in the derivatives of f belonging to the surface
(1.1). The multipllers p,(y), which apparently depend upon
the cholce of the varlations 531(x,y), are in fact completely
determined by the first two of equations (4.2), since the de=-
terminant (4.1) is not zero. Hence the equation (4.2) must
hold when the ;ml(x,y) are replaced by an arbitrary palr of
admissible variations gi(x,y) which vanish at x = x,(y).

Let Rl(x,y) be two arbitrary functions of class CI in
B. Then if p(x,y) is determined from the variations ci(x,y)

by equation (2.2), we have

xg(¥) xg(y)
(a/ay) Fqlgidx - (Fg,51 + Fplslx + Fg,81y) 8%
(
x,(y) x,(y) x(¥)
=)*1§1[x.(Y)9i] - Aanx.

x, (¥)
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where we have put F = £ 4+ A d + A Y. When the second term on
the left of the last equation has been subjected to an inte-
gration by parts, it follows from the rule for differentiation
under the integral sign and from §1[xx(y),j] £ 0 that

xg(y)
[Fqi(dx/dy) - Fpl ‘/‘1] §1_
xg(y) xg(¥)
- [in - (b/ax)Fpl - (é/ay)Fqi]Cidx = - )‘F ax,
x,(y) x,(y)

the notation which follows the first term indicating that in it
one must put x = xg5(y).
If the functions Al(x,y) are chosen as solutions of the

ordinary linear differentlal equations
(4.3) Fa, = (A/Bx)Fpi - (6/)y)Fqi =0

with the initial conditions
xqe(y)
(4.4) Fpl + My - Fql(dx/dy) =0,

which are linear in the functions )1, 1t follows that

(4.5) ff Agpdxdy =0
B

for arbitrary functions /:(x,y) of class ¢’ in B. Hence A (x,y)
1s 1dentically zero in B, For if A, is different from zero at
some point (xo,yo) of B, because of 1ts continuity it will re-
main different from zero in a §-neighborhood of that point. It
would then be possible to find a function F(x,y) which within
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(xo,yok has the same slgn as A, (x,y) and vanishes outside this
neighborhood., For this function P(x,y) however the integral

(4.5) 1s not zero.

THEOREM., If z; = Zl(x,x) 1s a normal surface of class

== =

g" which furnishes a minimum for the integral

f}‘ f(x,y,2 1,p1,q1) dxdy

in the clasg of surfaces z; = z4(X,y) of class g' having the

-
i}

same boundary gurve as z, = gi(x,x) over the boundary of B and

satisfying the equation égx,x,zl*gl) =0, and if along the sur-
face z; = Z3(x,y) the derivatives é , é never vanish g&ggl-

taneously, then there exists a function xg .y) of class C in

B such that the equations

4, - (d/9 - =

(4.6) F N (3/ x)Fpl («)/ay)Fqi 0,

formed for the function F = £ + Ad, hold along 2y = Z;(X.¥).

5. Unigueness of the multiplier for normal minimizing
gurfaces, The following theorem is readily established.

THEOREM. 1f the minimizing surface z, = Z;(x,y) "is nor-

mal, the equations (4.6), formed for the function F = A L + Ad,

can hold along it for no pair of multipliers A,, A(x,y) having

Ao = 0, except the trivial pair which has also A(x,y)

Suppose that the equations

(5.1) Ay, = QWO

are satisfied along the normal minimizing surface 2y = zl(x,y).
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If the equations (5.1) are multiplied by the functions Skl(x,y)
which satisfy the equatlion (2,1) and have their determinant

(4,1) different from zero, 1t is seen that (b/éx)(X¢p1§K1) zZ0
and that therefore for x = xg,(y) the functions A¢p1;k1 vanish

on the interval y, yg. It follows from the fact that (4,1) 1s
not zero that k¢p1 = 0 for x = x,(y) and therefore A[?.(y),i]s 0.

But A(x,y) 1s a solution of
({9, - 08, )05, o+ [hay = P o

- (B "+ By, (/01 = 0

and hence A(x,y) = O.

THEOREM., The multlplier A(x,y) for the normal minimlz-
ing surface of the theorem on page 14 is unigue,

For if A (x,y), Ag(x,y) are two multipllers assoclated
with the surface z; = z4(x,y), the equations (4.6), formed for
the function F = (i, = A,) 4, must hold along z, = Zl(x,y); but

by the preceding theorem this 1s imposslble unless Ax = A..



CHAPTER II
A MORE GENERAL PROBLEM

6. Formulation. Th® methods of the preceding sectlons
are applicable also to problems of a more general type. Again
let the surface z, = Zi(x,y) be of class C” in B and suppose
it gives a minimum to the integral I in the class of admissible
surfaces which pass through the same closed curve as the sure
face (1.1) above the boundary of B - where now a surface is
admissible 1if

(a) 1t 1s defined by functlons z, = z,(x,y) of class
¢’ 1in B;

(b) all its elements (x,y,zi,zlx,ziy) are interior to
the region R in which f and ¢ are of class C” and to which the
elements of the minimizing surface are all interior;

(c) all its elements satisfy the partial differentlal

equation

(6.1) ¢(x’y'zatzg'px’pg'qg) = 0.

In equation (6.1) appear all the first derivatives of
the functions zi(x,y) except Zyye We replace the assumption
(c) of the first section by a less symmetrical one; namely,
that ¢p1 and ﬂq. are both different from zero on the surface
zy = 24(X,y). The assumption ¢q. # 0 implies that the case

here considered 1s not that treated in the preceding chapter,

16 (82)



(83) THE EQUATIONS OF VARIATION 17

7. The equations of variation. 1If 2z (x,y) 1s replaced

in equation (6.1) by Z4(x,y) + €(y) Z(x,y), e(y) and 5a(x,y)
being arbitrary functions of thelr arguments, then z, can be

determined from the equations

B(x,¥1200 2o +€55 2340 Zax + €Say Loy + ‘qu + €8,) =0,
(7.1)
2, [x () sy ene] = 2, [x, (0 0] s
where €' 1s the derivative of €(y). If in these equations €, ¢
are regarded for the present as constant parameters, the sol-
ution will be a function zl(x,y,<,€) whose variations with
respect to € and €, ;; = z,.(x,y,0,0) and §‘k= z, (%,¥,0,0)

satisfy the equations

(7.2 ﬁzxcx + ¢z.§| + ¢px§1x + ﬁp.gnx + #q.gny =0,
» »*

(7.3) ﬁzigx + ¢p1§1x + ﬁqﬁgnz 0,

where as before the arguments in the derivatives of g in these
equations belong to the surface (1.1). Every function !.(x,y)
of class c'lin B determines uniquely a palr of functions §x, §:
which with §1x, §‘: are of class C in B and which are solu-
tions of the equations (7.2) and (7.3) respectively with the

initial conditions
%,
(T.4) §,[xx(y) .y] = Q[xl(y) .y] =0 (¥, €Y €¥,)-

For use in the sequel, it should be noted that if for some y

on the interval y,y,,5(x,¥,) = &x,y,) 20, then the func-
* x

tions 5, (x,y.), 8§, (x,¥,) 4 §1y(x,y°) also vanish identically.
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For from 5 (x,y,) =0 it follows that S.x(X,¥,) =0, and then

the equation (7.2) reduces to
y
°
ﬂzxsx + "P}xx =0,

of which the only solution with initial value zero 1s gl(x,yo)
jdentically zero. Similarly from (7.3) one finds ';:(x,yo) = 0.
Differentiating (7.3) with respect to y and observing that
§1x'(x,y°) = 0 since C:(x,yo) = 0, one derives the equation

Yo

* »
¢Zx§1y + ¢ﬁ1§1yx = O.

*
From (7.4) one sees that the solutlion g (x,y of this equa-
1y Yo

tion must satisfy the initial conditlion

* * » ’
gxy [x‘_(yo) ,yo] = (a/ay) g:. [x‘_(yo) 'yo] = gx.x[x:.(yo) ’yo:l x’_(yo) =0
from which it follows that §1;(x,yo) = 0.

THEOREM. If %p.(X.y) are three arbitrary functions of

clasgs g" in B for which

(7.5)  Zma[xa(9)0y] = Sma[xal®)uy) =0 (3, €y <¥a)s

then there exlsts a pair of functions

'
z, = zx(x,y,(m,fm),
Zg = ZB(X'Y»‘m) = zg(x'Y) + ‘mgmg(xyy))

containing arbitrary constants €., g,;l, and satisfying the equa-

tions (7.l) with the initial conditions

zx[xl(y) »Y s €ms Gml] = Zt[xl(y) ,y].
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The famlly contains the minimizing surface 2, = Z,(x,y) for the

values (x,x,em,g;) satisfying the conditions

(x,y) in B, €, = €, = 0.

In a neilghborhood of these values (x,y,cn,ié) the function
’ ’
z,(X,y,¢€,,€ ) and 1ts derivative z, are of class ¢ . Further-

"
Vi - -
more the variations me = Excm’ me = E;e& are those which are

determined uniquely by the equations (7,2), (7.3) and the ini-

tial conditions (7.4) when the functions § . (xX,y) are given.

iIf €. g; are replaced by functions € (y) of class gl'gg Y, Y,

and their derivatives ¢, = d€,/dy, then the surface

N
1}

N zl[x9Y9‘m(Y)|‘n:(Y):| »

(7.6)
z, = 2, [X.y.em(y)]

st1l1l satisfies the equation g = 0 and is admissible.

The statements made in this theorem follow from a con-
slderation of the differential equation (7.11) in which the LIS
€$ and y are parameters, Since ¢px # 0 along the minimizing
surface, the existence theorems for differential equations as-
sure the existence of a function z, of the kind described; the
equations § . = Zrey ;m‘ = %y follow from substitution of
the functions zx(x,y,cm,c;), z'(x,y,cm) in the equation (7.1)
and differentiation with respect to €0 cg, since le, Cm: are
the unique solutlions of the equations (7.2), (7.3) respectively
which for each m have the initial values (7.4). The truth of
the last statement of the theorem is evident if one examlines

the form of eqguation (T7.1).
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8. A speclal case of the multiplier rule for simple
integrals, If the functions (m(y) of the theorem of section 7

are chosen to satisfy the equations
(8.1) €(y,) = €(y) = e (y,) = €(y,) =0,
(8.2) Zx[x.(Y) tY9€m'€u;] - Z’_[x.(Y) 9y:| =0,

the surfaces of the family (7.6) will coincide with the mini-
mizing surface above the entire boundary of B. Because the
famlly reduces to the surface (1,1) for Cm(y) = 0, the follow-
ing statement is justified!

If the surface z; = Z,(x,y) minimizes the integral I,

then the functions Sm(l) Z 0 must give to the integral

Ya
(8.3) J = f E(Y:‘mycm)d}'r
Yy
where *
xa(¥)
(8.4) g = f[x,y,zl(x,y,(m, (r;\) ,ZQ(XRI)fm) az,_x:zgxrzlynzgy dx,
x, (y)

of sets of functions & (y) of class g"gg Y,Yg for which the

sets (y.€ ,€ ) are near to (y,0,0) and which satisfy the end-
conditions (8,1) and the equations (8,2).

The auxiliary minimum preclien <o derived 1s again a
problem of Lagrange for silmple integvel-, It differs, however,
from the type of problem usually consldered in that not only
the functilons em(y) but their derivatives eé(y) as well are

subjected to conditions at the ends of the interval VAR INAE S
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However, the reduction of this problem to the classical type is
eagily carried out and will occupy us in the present section.
Replace the 6; by new variables Mo Then the auxlllary

minimum problem derived above is equivalent to that of minimiz-
ing the integral

Ya

J = &y, €q Py Oy

Ya
in the class of functions cm(y), 7m(y) of class CI on y,y, and
satlsfying the conditions €, (y,) = €u(y,) = 7m(Y1) = 7nlys) =0

and the equations

Z,_[x,,(Y) ny'Gmsvm] - Zl[x.(Y) AYJ =0,
(8.5) s
€m = ¥m = O

This is an instance of a problem with "mixed” equations of cone
dition, since the firast of equations (8.5) does not contain the
derivatives e; or 7&. The set € (y) = % (y) =0 1s a solution
of the problem, and it is known! that if one of the fourth or-

der determinants of the matrix
n * x| Xg(¥)

gl.l gﬂl. g31. gxx glli. gﬁl

(8.6)

of the derivatives of the first equation (8.5) with respect to

' .
€m0 7m and of the last three with respect to €0 7o is never

1 Bolza, Vorlesungen uber Variationsrechnung, page 580.
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zero, then there exist multipliers A,, m(y), v (y) of class ¢’
on ¥,V, and not all zero, suoch that the equations

(d/dJ)Gﬂ:‘ - G(n 0.

(8.7)
0

hold along € (y) = y,(y) = 0, where

G = Ag&(Y) €T +;«{zt [%e(9) o3 €qu ) = 2,0 (1) .ﬂ}+ vgles = 7g)e

For tm(y) = 7m(y) £ 0, the equations (8.7) are equivalent to

(d/dy){)os‘;n(y.o 0 + uta[ra(v) 7]}
(8.8)
= A,8ey(¥,0,0) +;4§m[x.(y) .y].
which are precisely the equations one would arrive at in cale

oulating
(d/dy)ﬂt'm(y,0.0) - G.-m(y.oao) =0

for the funotion
G(yseqsen) = A 8(Y,ep,€p) +ﬂ{z‘[x,(y) .y.em.z,'n] - zx[x.(y) .y]}.

9. The multiplier rule for normal mipimizing surfages.

In the problem under consideration we shall call an admissible
surface pormsl in case there exlst two functions & ,(x,y) of
olass 0" vanishing for x = x,(y) and x = x,(y) and such that
for the functions §1x(x.y). 31: (x,y) assoclated with them one
of the values gi:[x.(y),y] is always different from zero on
the interval Y g while the determinant
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(9.1) ;1:[x.(Y) 0Y:l (a/ay) gl: [x.(Y) ’YJ - gi,.[x.(Y) oy]

never vanishes on the interval y,y,.

Suppose then that the minimizing surface Zy = zi(x,y)
is normal. Then according to Bolza there exist multiplilers X°.
F(y) for which equations (8.8) hold, These equations, when

written in the form

PR ENT IR +,u{(d/dy) Sas (ke (9) 03] = Sgu [mat®) .y]}

(9.3)
x (y)
= A (tzlt;m + rp1§m1x + fq1§my)dx
x, (¥)
x, (¥)

- (a/an | g B e g Bul e £ By v £ Ep)ax),

x, (y)

may be regarded as three linear equationas having a non-trivial
solution “o ’ ’A(y) ,,A'(y) ’ w:..th the oonstant A, different from
zero. If /\° were zero, the fact that the determinant (9.1) 1s
not zero on y,ye would imply that )A(y) 2 0 and then equations
(8.7) would show that also the v (y) = 0, in contradiotion with
the multiplier rule for simple integrals referred to in the
footnote on page 21, The solution of the auxiliary minimum
problem is therefore normal®, and the multipliers Ao, /ﬁ(y) may
be taken in the form 1, )A(y) , in whieh form they are unique.

1 gee Bliss, loo. cit., page 688,
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Since the first two equatlions (9.3) suffice to determine
the functiona/4,,4'complete1y in view of the fact that the de-
terminant (9.1) 1is not zero, it follows that equation (9.3) 1is

*
sti11l true when the functions ;ma’ §mx. §m‘ are replaced by an
arbitrary function § (x,y) of class ¢”, vanishing at x = x_(¥)
and x = x,(y), and its associated functions § (x,y), ; (x,y).
Let A(x,y) be an arbitrary funetion of class ¢’ in B.

As s consequence of equatlons (7.2) and (7.3) one has

MR 1) Y] +p {(d/dy) 8 xg () o3] = 3, [xal® y]}

xa(¥)
= (Pz1§1 + Fplglx + Fqlljiy) ax

x,(¥)
x4 (¥)
” * »*
- (a/ay) (Fy 8, + FpBux + thgly + Fg Ba)ax,
x (y)

where F = £ + Ag., When the terms on the right are integrated
by parts and the conditions 5, [x,(y),y] = 8 [x.(y) ,y] =0 and

(7.4) are recalled, one has

}"gi".(y) nYJ +/'( {(d/dy) C‘*[x_(y) ,Y] - gx[xl(y) 'yji
(9.4)

oY) xg(y)
=Fp,5s S [Ly83 + (/a9 (Fy 8 Jlex
x,(¥)

xg(y) aly)
L T s g ]

x,(y)

- (a/ayWF, 8]
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where we have put Ly = in - (a/ax)Fpi - ()/ay)pq . Let A(x,y)
1

be chosen as a solutlion of the ordinary differential equation

(9.5) Fz,_ - (a/ax)pr - (3/ay)th =0
with the initial condition

xq4(y) )
(9.6) [,4 C B, - Fql(dx/dy)] - 0;

both these equations are linear, (9.6) in A, and (9.5) in A and
3A/dx. Then the equation (9.4), which when L, =0 can be write

ten in the form

o ()
xa(y)
kg, | " - (4/dy) {K[x.(y) ,y] §:Ec,(y) .y_-f}+ L5, dx
x,(y)
oY) -
* % x | Xs\Y
- caiy [qu(&yr- )+ gt%il"q’]dx + (g %g) =0,
x,(y)
where we have put K = M+ Fp:. - E‘ql(dx/dy) , becomes
xq(y) xg(y)
| * »
L,5g0x ~ % [Fql(&y -8)+ 8 % qu]dx
z,(y) x,(y) "
x (y
(9.7) N (Fq‘%zb " 2o,

which must hold for every function g,‘(x,y) of clasg C" in B and
vanishing at x = x,(y) and x = x,(y). In particular, then, e-
quation (9.7) must hold for such functions §.(x,y) which with
their derivatives §,y vanish for y = y, and y = y, identically
in x, When the left, member of equation (9.7) 1is integrated
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with respect to y from y, to the second term is seen to
1 y.’

vanish, in accordance with the discussion on pages 17 and 18,

SS‘ L.;.dxdy =0

B

Therefore the integral

”"
for arbitrary funetlons §.(x,y) of class ¢ whiech vanish on
the boundary of B and whose derivatlves 5“, vanish for y, and
Yge It follows from an argument similar to that employed on

page 13 that L, = O.

THEOREM. Let z, = Z,(X,y) be a normal surface of class

”
C along which nelther jp nor éq vanishes; Aif.the surface
[ s —_— =

furnishes a minimum for the integral I in the oslass of surfaces

2y = 23(x,y) of class g' which have all their elements interior

to the region R, have the same boundary curve ags z; = _z_i(x,x)
over the boundary of B, and satisfy the equation

"(XQYtz;lzg 2Py 9Py »dg) = O,

hen there exists s multiplier A(x.y) of class &' in B such
that the equations

(9.8) le - (.‘o/ax)ls'p1 - (3/3y)Fq1 -0,

formed for the function F = f + Ag, hold along z; = Z;(X.¥).

10. Unlqueness of the multiplier for normal minimizing
surfaces. The following theorem is readily established:

THEOREM. Along a normal minimizing surface th equations
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(9.8) can hold for no function P = Ad unless A(x,y) = Q.
Suppose that along the minimizing surface the equations

A, - QAW ) =0,
1 Py
(10.1) N s/a%) (2 A

#z. -~ (3/9x)( ¢p.) - (3/3n)( ﬂqy) =0
are satisfied. Since the minimizing surface is normal, there
exist functions Sy, for whose assoclated functions Sy,, gk:
the determinant (9.1) does not vanish. From equations (10.1)

and the equations of variation it follows that

()/)x)('\¢pigkl) + (3/6y)(l¢q.5k,) =0,
- ,\,ﬂq.sk, = (a/ax)(x,{p"sk’:).‘
so that
(a/t‘X)[Mpi‘;m - (3/3y) (.Mpl‘sk’;)] = 0.
Therefore
» * x (y)
(10.2) Ap (Spyy = Ces) +8,, 02/ (_’U‘p‘) 7 o

If now A(x,y) # O there exists a value y_  on y,y, for

which A[k.(yo),yo] # 0, and hence from (10.2) the determinant

(10.3) Sriy - Ska iy

vanishes at x = x,(yo), Y = Yo But

Br (ka3 03] = (/) Bea ka9 13 = Bcax (xa(¥) 1] (axg/an)

[}

(a/ay) Sn [ra(3) »y] + M[xa(w) 23] St [xatw) o3

1]

where M(x,y) = (4, /#v ) (dx/dy) ; this follows from eguation
1 “a
(7.3) and the fact that §k.[xa(y),i] = 0, Therefore the

s
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determinant (10.3) 18 equal to the determinant (9,1) at least

for x = x‘(y). But the latter determinant 1s never zero on

the interval y Jar

THEOREM, The multiplier associated with the normal min-

imizing surface 2z, = 2;(x,y) by the theorem of section 9 18

unigue.
The proof of this corollary of the preceding theorem 1s

exactly like that given on page 15,
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INTRODUCTION

In his paper on Discontinuous Solutions in Space

Problems of the Caloulus of Variations Graves! gives a new

formula tion of the Jacobi-Caratheodory condition for minimiz-
ing curves with corners which uses no special assumptions,
other than that the function (), does not vanish at the
corners, His method is applicable to minimizing curves in any
number of dimensions and greatly simplifies the discussion
while leaving no exceptions uncared for.

The purpose of this paper is to extend his method to
the hiayer condition far the so-called discontinuous solutions
of the Lagrange problem in the calculus of variations. This
has been done by means of the secmd variation and a new
definition of conjugate point in terms of solutions of the
goneralized accessary equations for the discontinuous problem.
No additional assumptions have been necessary, other than that
the function fl, does not vanish at the corners of the
minimizing arc. It is also shown that no minimizing curve can
have a cusp at whion (L, does not vanish. Finally it is shown
that the general solution of the kuler-Lagrange equations oan
be used in determining the conjugate points.

1, American Journal of Mathematics, vol. 52(1920) p.l.

(99) 1
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1., STATEMENT OF THE PROBLEM,

A fow often repeated indices will have, throughout the

papsr the following ranges:
1,=1,e0e,n 3
Ay = Llyess,m < n=1 3}
h =1,c..,20=2,

Prime marks will indiocate derivatives with reapeot to the inde-
pendent variable t, while subscripts will indiocate partial
derivatives., It will be convenient to use (y,y') for
(Y peeesy "oy  *yeeesy"') and ocorresponding abbreviations for
octher similar expressions where no loss in slearness is caused
thereby. We shall make use of the well~known summation
convention of tensor analysis, except that it will not de
necessary to distinguish between contravariant and covariant
indices. A5 an example of owr notation we have to deal with
the norm y*‘'y+ '(=éy"‘ t2) of a veotor (= F % ,vee ¥ )e
We shall also find it comvenient to say that a function y(t)
is of olass D* on an interval (t,,T) if it is continuous on the
interval and if the interval can be divided into a finite
number of sab-intervals on eaoh of whioh the funotion has a
continuous derivative whioh has a finite limit at each end of
the sub-interval, A function y(t) will be said to be of oclass
D on an interval if the interval can be divided into a finite
number of sub-intervals on each of which the function is
continuous and approaches finite limits at the ends,

With the aid of these conventions the problem of
Lagrange in the calculus of variations may be stated as that
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of finding among the aros, y<= y<(t), (to4«t<7T), which join
two given points y,,Y, and satisfy a system of differential
equations of the form

(1:1) Flywy') =0,
one whioch minimizes the integral
T
(1:2) I = /t(y.y')at.
to

By defining an admissible aro as an aro, y<= y~(t),
{(t,<t<T), whose funotions y“(t) are of oclass D' on (%,,T)
and satisfy the equations (1:1), our problem may be stated
more explicitly as that of finding among the olass of all
admissible ares whioch join two given points y, ,Y one whioh
minimizes the integral (1:8). It is important to recall that
if the yi' are the ‘derivatives of the funotions y*defining an
admissible are then y<'y<' never venishes along the arc.

As we prooceed with the analysis of this problem we
shall use the following additional hypotheses and definiti ons:?

(a) The funoctions y*(t) defining a minimizing aro Eo
are admissible,

{b) In a neighborhood A& of the valuss (y,y') defining
the aro £, the funotions £, @ have the following properties:
They are oontinuous and have continuous partial derivatives up
to and inocluding those of the fourth order in all their
arguments. Such funotions are usually said to be of elass C,

They are positively homogeneowus of the firat degree in y'.

2. Bliss,G.A., The problem 9_&% in the caloulus of
variations, American Jouwr ) hematios, Vol.BB(1930)

Do
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That is,
2y ky') = XE(yoy')
G Uyky') = k@ (y,y')y k > 0,
(e¢) At every element (y,y') of B, the m xn dimensional
matrix
(1:3) “‘P; “
has rank m.
If a one-parameter family of admissible aros
vi= y*(%,p)
containing a particular admissible arc E, for b =0, 1is given,
the funetions 1n*(t) = y, (t,b.) are called variations of the

family along fo.
the equations of variation for the arc &, are defined

by the formula
. v I a _
(1:4) P inun) = ey + NPy =0,
o, d
where the arguments of the coefficients Py q’y*' are the
funetions y~(t), y*'(t) belonging to Lo,
A set of functions q‘(t) of class D' satisfying equa-

tions (1:4) is ocalled an admissible set of variations.

2. LHE ZULER-LAGRANGE MULTIPLIER RULES.
If we let
— 40 @ o
Fly,y'bs M) =Nt + X5 P,
then the multiplier rule may be stated as follows:
+HEOREM 2:1. ror every minimizing arc E, there exists

3. mshleman,Jjoel bavid, The Lagrange problem in parametric
form in the calculus Of varlations, typed dissertation,
Chicago ,I922,pp.7 -9,
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ion

t
Fyir =/Fy;d.t + C*
te

nold along Ege
COROLLARY 2:1. THE EULER-IAGRANGE EQUATIONS. On every

sub-arc between corpers of a minimizing arc Eo, the differential

equations

t2:1) SrFyir = Fyu F=0

must be satisfied.

COROLLARY 2:2. ''HE CORNER CONDITION. At every corner

of a minimizing are i, the condition

(2:2) r‘yi-(y.y”. X*Y) :FyA'(Yly'~' N
must be satisfied. Here and throughout ihe paper a small +

or - sign written as a superscript signifiee that the function
thus designated is evaluated on the forward or backward side
of the corner respectively.

COROLLARY 2:%, 41HE DIFFERENTIABILIYY CONDITION., iear

every point t = t, where the minimizing arc E, is of class C!

and at which the determinant

" .
Fy; Tyot (Py:.v y*!
(2:3) R= | Qyss 0 0
y)v 0 0

is different from zero the functions y~(t) defining &£, are of

class C'Y and the multipliers X'(t) are of class ¢" , at

least.
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3. EQUIVALENCE OF THE HYPOTHESES F, = O AND R * 0.

The determinant that naturally arises when we seek to
solve the Buler-Lagrange equations for their highest deriva-
tives is the determinant

Fyiryir Py
@y 0 .
Howsver when the problem is in parametric form D = 0, due to
the homogeneity conditions assumed for the functions f, @* .
The usual hypothesis in this case is to assume D of rank
n+m-l, and we have the following theorems:

THEOREM 3:1. If A" is the cofactor of the slement im
the rth row and st® column of the determinant D,
(r,8,=1ye0eon+m)}, then there exists a function F, such that

A° = p'F,pS, where p‘=y+* and p¥=0, (¥=n+l,cce,n+mle
This theorem? is a consequence of the identities
y- Fyi = F,
(3:1) V@G = 9°,
y*'Fy;cy.jv = 0,
which are easily derived from the homogeneity oconditions
assumed for the functions £, (p‘ .
THEOREM 2:2. If D is of rank n+m-1l along an
admissible are Eo, the determinant R in (2:3) is 4ifferent from
zero everywhere along the admissidle arc E,, and conversely.

4. Bliss and Mason, The properties of curves in space which
minimize & definite integral, Irans. Amer. Math, 500,
80

vol. 9(190€87T p. iss, A note on s etric
Matrices, Annals of Mathematios, vVol. ISTI‘JIX ?5) De43.
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If we expand R by the last row and column and make use

of theorem 3:1 it reduces to

R = ~(yity<*)'F,
which is readily seem to be different from zero along E, under
the hypothesis assumed.

With theses theorems before us we see that if we take
for owr fundamental hypothesis that D i1s of rank n+m-l it
follows at once that F, # O and R # O. Hence we can use any
one of the three hypotheses that is most convenient in the
disoussions that follow.

4, THE EXTREMALS.
An admissible arc and set of multipliers
yE=yAME), A, XM=, (%, % t<8,),
i8 ocalled an extremal if it has continuous derivatives y+'(t),
y*"(%), J*(t) on the interval (t,,t;) and if it satisfies
the Euler-Lagrange equations (2:1).

In order to obtain an imbedding theorem that will be
useful in the sequel we reduce the system of differential
equations (2:1) to a canonical form by means of the following
device. We select the arc length as parameter and consider the

system of equations
SrFyar= Fyi +ugtr =0,
(4:1) ‘E‘E(Pd= 0,
4 (ytrysr-l) = 0,

and initial condi tions
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o
@ (y(t,), y*(t,)) =0,
v (toly*rit,) = 1.
If we multiply the first n equations of (4:1) by y+' respect-

(4:2)

ively and add we find, by méilc‘ing use of the identities (3:1)
and initial conditims (4:2) that w = 0 is the only value of u
satisfying equations (4:1) and (4:2). Hence the system of
equations (4:1) together with the initial conditions (4:2) is
entirely equivalent to the system of equations (2:1) plus the
equation y~‘y+* = 1. Also the system of equations (4:1) is
linear in the variables y°", AA', u, and the determinant of
their coefficients is R, iience near an extremal w,o, along w.hich
R = 0 these egquations can be solved for yJ", A”?', u and they
are readily seem to be egquivalent to the system

(4:3) u=0, Sv”&-:y“. ﬁ{éG‘(y.y'.M. gé(:l{“(y.y'.)\)

in so called canonical farme wo this latter system of equa-

5 and obtain

tions we may apply the imbedding theorem of Lolza
the followling theorem.
JHEOREM 4:1. 1If y*(t), A%(t), (to<t=%,) isa

solution of equations (4:3), and if T be some special value of

t in the interval (t,,t,) making
. N . At o «
vy (Tt)=3%, ,yT)=%, , A (t)= 4L,

then for every system of values (¥,%',4) sufi‘iciently near to

those of (y,y',A) there exists a solution

5., Vorlesungen uber variationsrechnumg, p.179.
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TUo= P58, R0,
(4:4) = P55, 2 ),
A= S g, 1),
of equations (4:3) throughout the interval (t,,%,). ZThe

solution is of class C" and lies wholly within ZR For
= §; , B'= _§:’ , £*= 2% , the solution (4:4) reduces identi.
sally to y*(t), y*'(t), A*(t), on the interval (t,,t,).

In order to go from the system of equations (4:3) back
to the system (2:1) we find that m of our constants are
determined in satisfying the conditions @*(y(t,),y'(t,)) = 0,
sinece the matrix (1:3) has rank m. ¥Yhat this solution in
reality only depends upon 2n-2 arbitrary constants instead of

2n, 18 a consequence of the problem being in parametric form.

5., EXTREMALOIDS, NORMAL EXTREMALOIDS AND CONSTRUCTION OF
FAMILIES OF EXTREMALOIDS.

An edmissible aro and set of multipliers

yr=yilt), AT, X=A*(t), (t,4t2T),
is called an extremaloid if the functians y+(t) are continuous
and satisfy the differential equations (2:1) as well as the
equatians (2:2) at the corners. ishe functions A* (t) are
continuous except possibly at the corners,

An extremaloid is said to be normal if there exists
for it a set of 2n admissible variations for which the deter-
minant

N (ts)
(5:1) n** () (k=1,...,2n)

is different from zero. It is normsl on a sub-interval
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t5,,8) of (%,,T) if there exists a set of 2n admissible
variations for which the determinant (5:1) is not zero when t,
and T are replaced by §,, and §, respectively. Concerning
normal extremaloids we have the following useful theorem.
THEOREM 5:1., A necessary and sufficient condition

that an extremaloid be normal is that there exists for it no

set of multipliers A°, (%) with A°=0. For sush a normal
extremsloid multipliers in the form A°= 1, M (t) always

exist and in this form they are uniqus.

This has been proved by Bliss® for extremals in non-
perametric form. However tha proof he gives is valid for
extremaloids in parametric form when we change his x to t.

We wish next to construct a family of extremaloids
containing a given extremaloid. Suppose that E, is an
extremaloid joining two points y,, aud Y, having cornsrs at
TFyeeeesIpe and suppose that R3¢ 0 along E, including both
sides of the corners. Let

¥4 = prlt,b), M=A¥(t,0],
be & family of extremals ocontaining the first extremal arec E,,,
of B, for b =D,y t,% ¥ £ ;. Let p*~ and p*+ represent the
direction cosines of the tangents of E, at the corner 1 and
for omvenience suppose P *(ty,b,) = p*~. Let M**and M-
be the value of the multipliers of E, at the corner y;, so
that A*(t1,b,) = M. The equations

6+ The problem %}_& the calculus of variations,
can Jour, o; ematlos, vol, 5&(1930) p. GOB.
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Fyas(p(t,0),q,M] - Fyir[W(t,0),9°(t,b),Alt,b]] — o,
(5:2) ¢" (s, ) = 0,
Q“‘IJ -1=0,
have the initial solutiom b = by, t = ty, ¢* = p*+, M¥ =%,
The functional determinant of equations (5:2) with respeot to
qQ, M and t, is
oy e [Fp- 5]
A = 9T o ¢ypT
2p* 0 o R
since E, satisfies the Euler-Lagrange equations (2:1). If we
expand this determinant by the last row and column, making use
of theorem 3:1 and the identities (3:1) we find that the
determinant reduces to -2F;" () ;where
QO =" Fyi - p*Fyie
Hence if we make the additional assumption that {)l.#0 we have
DN #0 and equatians (5:2) have unique solutions t = t(b),
= g*(bJ, M* = M*(Db), baving b,t,q snd M in sufficlently
restricted neighborhoods of b,,t;,p* and MY respectively, and
these solutions are of class C" at least. Application of the
imbedding theorem 4:1 to the extremal arc E,, , adjacent to

E,, shows that through each point y* = y*(t(b},b} there passes

o\
a unigue extremal arec in the admissible directions

y** = q*(b) with multipliers M* = A*(t(b),b), provided b is
suffioiently close to b,. This leads to thse following theorem.

THEOREM 5:2. If the functionm N eis different from

method (with proper choice of the parametor t on each sub-arc)
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a family y* = y*(%,b), )= X (t,b) of extremaloids defined for
t, -~ 34t ¢ 1+8 ocontaining the original extremaloid £o for

b=1bo, t, £ t £ T, The functions y*,y~*,y~", X are of class

C"™ in all their arguments except at corners.

Suppose y* = y+(t,b), X'= N (t,b) is a 2n-2 parame ter
family of extremaloids construsted by the method given above,
Later when we come to the determination of the con jugate

points we shall be interested in the determinant

2P (t,b) DWA(t,D) 0
2t Dt
(5:3) @ = . .
Dgg‘(tg,b) 0 D}{‘(to,b)
bk ot ’

both as to its zeros and its sign. In studying the determinant
@, it is convenient to have the corners on all the extrema-
loids of the family occur for the same values of the parameter
t. 1his can be brought about by a transfoarmation’ of the form
t = £(%,b) where £ is continuous in all its arguments, f and f'
are of class C' between corners and f£f' > 0, Such a transform-
ation multiplies the determinant ® by £'(3)£'(t,) and hence
cannot affect the sign nor the zeros of @ . \When the corners
on all the extremaloids of the family occur for the same
values of the parameter t, the partial derivatives of the
functions \p;‘ with respect to the parameters " are con-

timious functions of t.

7. Graves, L.M., Discontinuous solutions in space problem of
the caloulus of varlations, Amerlcan Journal of Tathematios,
vole. D2(1930), Ds 7.
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6., A RELATION BETWEEN iHE FUNCTIONS € AND
oy AND A FURTHER nECESSARY CONDITION.

The Weierstrass necessary condition for a minimum8
states that if Eo is an extremaloid which is normal on every
sub~-interval, then the Weierstrass function

Eat 3o n) = T [Bpaam T A - Frily,yt, A 2 0
for every (y,y*»A)] on E, and every y* satisfying (p‘(y,i') = 0.
If t) defines a corner of K, and y~'(ty) = Py T(EY) = pit,
then (y,p s A"} and (y,p*, A*] are each elements of E, at the
point t = ty and (y,p*) and (y,p”) satisfy the equations (l:1).
Hence at the point t = ty we have two admissible sets
(yop~»2*p A7) and (y,p+tp-, ')+ linking use of the corner
equations (2:2) we find

(6:1) E(ylp~lp+0)\-) = Qd(YQP*)(X‘Q‘)\uH') = 0.
And in the same manner we have
16:2) E(ysDTHyP~sA*T) = O

Suppose we selest the are length as the parameter
along the extremaloid £, and let (y,y', N define that branch
of E, preceding a corner defined for the parameter value sy.
At the same time let ¥+*(8) be a set of functions which
satisfy the equations q)‘*(y,ir") = 0 and have F+*(syk] = p*+.

If we substitute these functions in the Weierstrass function,
differentiate with respect to s, set s = 8), and make use of
the identities (3:1), FY'."A“ = (Pn;;. and the cornsr equations

{2:2),we find

8. Eshleman, Dissertation, pe. 1l2.
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4o €T 3 AL = FPGarlypt) (X7 -XT)
+ P TER TP AT) = PRI TiAT)
By differentiating the equations (p“(y,i') = 0 with respect to
s anl setting 8 = 8y we arrive at the equations
Py (Tt IT = = QYT It

Placing these in the above we find
(6:3) 5 E(F7p A7) = N

Suppose now we let the functions (y,y',A] define that
branch of E, just past the corner defined by 8 = 8y, while at
the seme time let F+'(s) satisfy the equations (pd(y,ﬁ') =0
and having i"'(sk) = p;" « Then if we repeat the above process
we find that
(6:4) 4 &y T TN = — (oe

From the Weierstrass condition and the equations (6:1),
(6:2), (6:3) and (6:4) we readily obtain the following theorems.

THEOREM 6:1. If Eo is an extremaloid along whioh

€20, then N, % 0 at the corners of E,.

THEOREM 6:2. If E_, is an admissible arc normal on

every sub-interval and minimizes the integral I then ﬂoé_o

at the corners of E,.

7. [HE EXTENSION OF THE ACCESSORY
EQUATIONS AND PROPERTIES OF THEIR SOLUTIONS.
If the extremaloid E, minimizes the integral I then

the secand variationg

9, Bliss, The problem of range in the caloulus of variations
American Journal of Nathematics, vol, B2 (1930)%
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-
J(n) ::/Zu(t.r].q')dt
to

is greater than or egqual to zera for all admissible variations
r\i(t) such that r\'b(to) = rl;('l') = 0, where the quadratic form w
is defined by the equation

2l tynen') = q‘rfl’ iy + ZV]iqi'F igir + NPT Tyl ve
Here and in the remaining sections it is to be understood that
the arguments of F are the functions y+{t), A*(t) defining the
extremaloid E,, and it is assumed throughout that E, is an

extremaloid normal on every sub-interval, that R 3+ 0 along B,,

and that (),7#0 at the cornsrs.

Since admissible variations r‘;(t) must be of olass D'
on (t,,T) and satisfy the differential equations
(7:1) @"(r\.r\') = tp“y;r]; + (de;'rr' = 0,
it is elear that the properties of the second variation
suggest a minimum problem in tr,-spe.oe of the same type as the
original Lagrange Imroblem in ty-space. Hence to the secomd
variation we can apply the necessary conditions of section 2
which are valid even though the integrand funoctiom is discon=-
tinuous in t. If we let
(7:2) N = wr
then the multiplier rule for the minimum problem in tl’,—spaoo
may be stated as follows

THEOREM 7:1. For every minimizing are '\"‘ = q‘(t).

(t, 4t £ 1), giving %o the second variation J its minimum

funoti ms 4*(t) of class D such that the equations
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1] ) "
(7:3) hn~t =/['), «dt + C*, Q =0
LAY

hold along the minimizing arc.

It is to be noted that since equations (7:1) are linear
in r]i ,q;' they are their own equations of variations for the
problem in tn -space. Hense when E, 13 a normal extremaloid
for the original problem, every extremaloid for the problem in
trl-space will be normal and by theorem (5:1) we are Jjustified
in taking 4°= 1 in equations (7:2).

The equations (7:3) are to be looked upon as the

extension of the accessory _equations for the case of discon~

tinuous solutions. 1Ihey are equivalent to the differential

equeations
., . o
(7:4) ad't-ﬂvr =ﬂr\"’ ¢ =0,

holding between corners of E, and rl;. and the corner equations
(7:5) Qgibt™onen = o i) = Qa8 ey topct.
LEMMA 7:1. Every set of functions of the form

q‘:py*', ,u"‘:,oz\“' is a solution of equations (7:3) provided
is a function of t of c¢lass D' on (t,,T) and

PSS a functvion of T of class on \t, and

Plty) = 4000,y =/.>(tp) = 0, where %;,...,t,, define the corner

points on E,.
In order to prove this lemma we note that

Qiel topy T opy" + P e pA ) = pI Eyiags 4 P " Fpiagse
(7:6) +p‘y5'Fy,'.vy;- +ﬂx‘Q‘ykv
= pge(Fyie) = pFya,

on acoount of the homogeneity of I and the Euler-Lagrange
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equations (2:1). Similarly
QB PT oy + PIT apA") =YY o+ pTIFL 05y
(7:7) + 0V "Fyager v ,o}\""q)“r
:p%—{(Fy;) 4-,O'FyA = —g—t—-(/oFy;).
Hence we have
S QL Bapy 3™ + PV pAT) = QL Bapy  opY 2ty pAT )
The second set of equations (7:4) are also seen to be satisfied

for we have

@ﬂ(t v "o ptyt)s y;- o ot .+ tyat o*
1PY W fY = q)y*"'p (Pyll r (PyAv

=p4L(0%) + @ = O,
since the functions y~(t) defining E, are admissible. Hence
the complete set of equations (7:4) is satisfied for these
valuss, Moreover the corner equations (7:5) are satisfied
since © 1s zero at the corner points of &, and ' disappears
from the final form of {lws in (7:6).

We shall say that a solution (n(t),m(t)) of equa-
tions (7:4) is orthogonal on an interval (By.1etx) in ocase
the functions rl;(t) are of class C' and satisfy the equation
gt qi' = 0, where the functions y*'(t) are those belonging %o
E,, and the functions ™ are continuous on the interval.
Using the assumption that R 3£ 0 along Eo 1t is easily proved
that for every orthogonal solution the functions q‘ are of

10
class C", and the funotions ™ are of olass C' .

10, Bliss, Jacobi's condition for problems of the caloulus of
variations In Tame tric form, .irens. Amer. Kath, coc.
Vol. 17010167 DPp. 195-206.
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LEMMA 7:2. Let (t],,u) be an orthogonal solution of

equetions (7:4) such that

ntlc) = nir(r) = w%(x) = 0
for some value t in the interval (ty_j,tyx). hen
N*it) = prit) = wtt)l =0

The proof of this lemma as given by Eshlema.nn

needs
but a slight modification due to our difference in defining
orthogonality.

LEMMA 7:3. 1o each solution (n,ul of equations (7:4]

having rl* of class G' and u* gcontinuous there corresponds a

unique orthogonal solution of the form (N =-Py',u=-pA'), where

P is a function of t of class C' having a presoribed value at

a single point.
That rl;; r]; ~PY*", A2zt - pXAt, 18 a solution of

equations (7:4) is at once obvious from lemma 7:1 . The
condition for orthogonality gives
y“'q;' = FATQAT=plyAtpytt) = gATYAT-PIYA YAt =Py ATYAT = 0,
This 18 a linear di fferential equation of the first order in P
hence 0 is uniquely determined by prescoribing its value at a
single point,
LEMMA 7:4. If (n.u) 18 a solution of equations (7:3)

having
(t) = sy*"(v), n*'(r) = ¥y*"(T) + 8 v T,

(V:B)r]‘
() = p=t (7)),

11, Dissertation, p. 21.
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at & single point T, then Nhi=,y*' and u®=,0)' on the
whole interval (t,,T), where /o.t_s_ a funoction of class L' and

vanishes at the parameter values tl"“'tp' defining corners

of Eo.

Consider an interval containing T on whioch the q'*
are of class C', and the u* are continuous. Consider the
assooclated orthogonal solution
(7:9) Mo = 0" =RT*" s o=t p)2,
having 0 (T)= ¥ « By lemma (7:3) this orthogonal solution is
uniquely determined. then

ns(T) = qlt) - ¥3*'(T) = 0,
The condition of orthogonality at the point T gives
0 = y*(T) [ni(T)-p" (T) 34" (T) ~sy4 ™ (T)
=y Ty 0§ - prizi] .
Hense, § = p'(T).
Using this valus of 0 '(T) we find
niT) = pir)=by* () -ayr ()
=3y*"(T) + §y*' (T)-§y>' (T)-¥3*"(T) = O.
Considering u3(T), We have from (7:9) and (7:8)
alT) = (T)=plTIN'(T) = O,
Hence we have
q‘;(‘t) = ni'(T) =g (T) = 0.
This is the hypothesis of lemma 7:2 and it follows at once that
qf;(t) = 0, u%(t) = 0 on the interval on whioh r]i is of olass
C* and .u* is oontinuous.

Next, let T be a point of discontinuity of n*’

different from tl....,tp. the parameter values defining the
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corners of E,. We consider the corner equations (7:5) at this

point and find

I+

+. e o
"[" = Fydyl-lq-' + Fyily.ilr)' "’/u’“'@y;"
ﬂ'l“ = FY';Y;'qJ + Fylvyélrl“- ""/“'d- (P“y:u'
from which we see at once that the corner equati cns reduse to
Fyingorl p™=ni )+ @ la® —ut) =0,
We have given that (q »yut) 18 a solution of equations (7:3),
hence @“(r\ »n') = 0, at both sides of the corners and we
have
¢ s oL —
Py + Qyarg't =0,
o« ol M=
Q yAf\ + ¢y4l’|’] ! = 0.,
Subtracting the latter from ths former we have
(pdy;.( r]"* -rl"") = 0.
Thi s leads to the system of equati ons
Fy;ry:,r( I’\“‘H' - r"l" )+ (pqy; At - u*") = 0,
Pripre - im0 = o,
which is linear in the variables (q““’ - f];‘" ) o uET ™)
and the determinant of their coefficients is D, Such a system
of equations is known to have the solution (y',0) which is not

identically zero, and as D has rank B+ m - 1 we conclude at

once that

/u"“' ’/u"‘—:o

T T = wi
Hence we have on the forward side of the corner
i) = polr) = ¥yriicd,
) = gl o+ ki)
IyA™(T) + L3+ Xly*r(T),

1]
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A T) = (X)) = AY(T).

Thus the hypothesis of the lemma holds on the opposite side of
the corner and we may apply that part of the lemma which has
already been proved. Thus the solution (q wu) has the form
(py',nA") on the adjacent interval on which n* is of class C°*,
and ¥ is ocontinuous.

Finally, suppose the hypothesis of the lemma holds at
T = tf corresponding to one side of one of the corners on E,.
Considering the corner equations (7:5) at this point and mak~
ing use of the Euler-Lagrange equations and the identities
(3:1) we find

ﬂ; = Fgivgsyyi '™ + Fyavgse [3y*"~ Syé"]a—x)\"‘"q)",‘;.
= ¥ 4 (Fyi) = ¥Fg;,
it = Bfaugadyd '™+ Baags o' s @

Hence the corner equations (7:5) yield
(7:10) $Fpi-Fyangs T - FLLe Y T - AYa = O,
If we multiply equations (7:10) by y+'+ and add we find

0 = YyA'™Fys —y*"F iiyion™* - gy F gyt

_/Mctvyk M?dy*“

Sy EL - XyJ"F;J

= -y L,
Since by hypothesis N,#0 we have ¥=0. Placing this

value in equations (7:10) we have

F;).ly:: vf\é'* "‘/“-‘“.(P‘y’jv = 0.
Again from d)“: O we have p';_', rr'* + (P";J .q‘"’ = 0o which
reduces to Q’;'“rr'"* = 0, since ¥:=0.

Henoce we have the system of equations
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r;l'y-i'rr“‘ + ,u"*@";;, 0,

‘P"y’é . ,].m- =0,
whioch is linesar in the variables rr“* s M¥¥, and their determi-
nant of ocefficients is D. ABs we argued before we find
M =0, rl-i'* = ky*', and we have thet the hypothesis of our

lemma holds on the opposite side of the corner.

8., DEFINITION OF CONJUGATE POINT AND
THE EXTENSION OF THE MAYER CONDITION.

A point y is defined to be conjugate to a point yo on
an extremaloid E, in case it corresponds to a parameter value
T # t, 8uch that there exist constants £,¥,§, and an admissible
solution (y yu) of the acoessory equations (7:3) with the
properties

1) (r\,,u.) is not of the form (/)y'.,ox);

2)  Enlt,) =0, and enf(r) = ¥y (T) + Sy (T

3) & +¥+§, aTe not all zero and 3§ 3 O;
where y+'(r=) and y>'(t*) refer to the left and right hand
derivatives of y*(t) at the point t = T, respectively. The
special ocase where y and § may both be taken as zero is the
only case that is of interest for a minimizing arc without
corners. In ocase £ = O it is obvious since y*'y*T # O that
¥8 >0 and T is at a corner which is a cusp on E,.

THEOREM 8:1., EXTENSION OF THE MAYER CONDITION. If E,

is an admissible aro, normal on every sub-interval, Jjoining the

two points y, and Y and minimizing the integral J, and it

R#0 on E, and N,#0 at the corners on Kpp then there can

be no point y conjugate to yo on E, between y, and Y,
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COROLLARY. A minimiging are can contain no cusp.

The hypotheses imply that E, is an extremaloid whose
extremal arcs are each of class C". Moreover (1, £ O at the
corners by seotion 6., Suppose t =T defines a point y that
is conjugate to y, and lies between y, and Y, and let (r]./u)
be a solution of the accessory equations defining the conjugate
point y. Let
. Y=en oy, Wsed ~=pR*  on (t, 4 t£T)
(e:1) = py*e, =pNt  on (T &£ t41),
where the function A vanishes at to.tl.....tp,T. exocept at
% =T where p(rt-l=¥ , plr+)=§ . If we assume that p 18 of
olass D' on (t,,T) and on (T,T) then {* is an admissible
variation as it is continuous at t = T by the second part of
property 2), and §* satisfies equations ¢ = 0 sinoe r"‘ does
by hypothesis and lemma 7:1 gives py~' as a solution, Ihe
functims S"' also vanish at t, and T and with Y satisfy the
acoessary equatians (7:3) on the intervals (t,,r) and (T,T).
However, (¥ ,u} cannot satiasfy the accessory equations (7:3)
on the whole interval (t,,T) since by lemma (7:4) if
&€ * 0,(§ ,u) bhas the form (/oy'.,o)\') only on part of the
interval, and if £= 0 then ¥§ > O, and the paramester value
T oorresponds to a corner at whioh/o does not vanish,
GConsequsntly J(g) cannot be a minimum. We proceed to show that
J(¥) £ O and hence E, cannot minimize tha integral I if E,
contains a point y conjJugate to y, as assumed.

We wish to consider the integral
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T
J(y) =/zw(g,;')at.
to
Since the egquations @‘: 0 are satisfied we can replace ouwr

integrand funotion 2w by 20Q) and we have
T

J(g) =/2(\.(§,§',u)dt.
to

Let us consider the integral on an interval (tk_l.tk) that does
not contain T . If we make use of the well-known property of
quadratioc forms
= gl‘.(\.x‘. + §“ﬁ_§x. +uwt Ny,
equations (7:4), and the equations Ny« = ¢‘= 0, we find
tx

/znat /( -'ﬂs.. * §§Tnlu)at

"xq “.
§"'ﬂ5u(g.g 'u)\ .
Since §‘A vanishes at t, and T and since Q;z. is continuous we

have

T R Lo T~
J3) =l.,m“ = FOpdsisa |0
Making use of the definitions (8:1) and equations (7:6) we
find
I8Y = (e ﬂ:};,(r‘.r\' w)-ffq;.(py'./:yhp'y'.,o)\')]
- 5"‘(f.\-.c(,ny'.,oy" + Py N)
= g [C ﬂ..\w(rl o' o) - !Fy] - §‘F"
As we have noted above 5;‘ is continuous at the point ¢t =T &

Hence in the value of J(}) above we replace the first §* by
its valus on the right of T and the second by its value on the
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left and we have
) = Sy"*‘(& i ony? .,u)-xlgx-) - (eq' - ¥3* " )3FG.
. + . - .
= a5y lnslnen' ol - w674 "*FG vy 1= F3)
- £8n'*Fyi,
si nce ﬁ.,\;. is continuous on the solution (q,u). Making use of
the identity
T (a i (enT ) = 72 (Bglgin 4y Bliegain't
RN LU IS o vy~ yirty~'1
' + /“_u-@‘;;,)
= By 4t tyhr @y, =
we find
+ 4 A - A N
J(§) = e8F ' - #8 (y*"WFyi-y*"” y:)- ed3Fpin" =¥6 N1,
Hence, J(g) =0 if y 18 not at a point which is a corner of

Eo, and J(¢) = ¥81,20 1f y 18 at a corner of E,.

9, DETERMINATION OF THE CONJUGATE POINTS.
Associated with a set of 2n+2 solutions (r\". h) of the

accessory equations (7:3) 1s an important determinant

Olt,ta) = t\::(t) b A 80| N 0
n (to) 0 v '{t,) '
and a matrix
,".). yar 0
M= qih‘ yin yfu
Mdh xu 0 "

We shall proceed to develop the relations between & , and M,
a8 well as their relation to the points conjugate to yo and the
family of extremloids discussed in section 5.

LEMMA 9:1. IL (nh,u")_are 2n-2 solutions of the eaua-
tiops (7:3) such that columns of the watrix M are linearly
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independent at one point t=T , then the columns of M are

linearly independent for each valus of t on (t,,T) and every

solution (n,u) of equations (7:3) is expressible in the form
r‘i = ‘h‘,‘ih ,,_/_,y)\" /ua( = ‘h/“dk“’ﬁ/\.“

where the A" are constants and o is a function of t of class

D' vanishing at the parameter valuss tl....,tp corresponding to
osorners on E,.

Assume that the columns of i are linearly dependent for
t=T. Then there exists a set of constants A",r,S, not all
zero satisfying the equatims

v gy =0,

A“q“" + 3y*" 4 Byir =0,

Auth ) =0,
Moreover the constants AM are not all zero for if that were the
case we would have ¥ = b = 0 also. U[he solution

,]; = Ahr\kk . & = ahuh
of equations (7:3) has

ne) = - yyie(rl,

"

,]'. (t) = ~¥y:"(c) -Sy*'(7),

M) = - gxrit)e
Henoé by lemma 7:4, (rl.,«) bas the farm (py°® ,o»\') on the whole
interval (t,,T) and thus the columns of M are linearly depend-
ent throughout (t,,T). Hence if the columns of M are linearly
independent for one value of t they must be linearly independ-
ent throughout (t4,T).

To oomplete the proof of the lemma, let (q ,,«.) be any

solution of equations (7:3). Then at an arbitrary point t=7T
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of (to,T) the equations
nho= ANy sy,
t9:1) y\l'zl"l']"“‘ + ¥yt + Sy,
mt o= FLPLLEICIN
are oonstants sinee (n,n'), (q"‘.nh‘). (y'oy"), (O,y') all
satisfy the equatiens q‘: 0 whose matrix of coefficients has
rank m by hypothesis. Hence the equations (9:1) have a uniqus
solution A" ,¥,§ . Then
s;___ q; - ‘\'\'\;k. Q-Lz_./“x ‘Ah/«_«(h
is a solution of equations (7:3) having
5 (T) =y~"lT),
€ (T) = s3im(T) + dyir(T),
V() = s,
and consequently (§,V) has the form (,oy'./)}\'] on the whole

]

interval (t,,I} by lemma 7:4.

LEMMA 9:2. If (nh,u") is a system of 2n-2 solutions
of the equations (7:3]} of olass D' om (to,T) sush that the
matrix M has renk 2n, then the points y conjugate to y, on the

extremaloi& E, correspond to the parameter values ¢ = T + §,

at which @®(t,t,) vanishea or changes sign.

We first show that ® either vanishes or changes sign
at a conjugate point. Suppose T defines a point y conjugate to
Yo+ Then by seotion 8 there exists a solution (nh .,u) of equa~
tions (7:3) with the properties:

1) (q.,u.) i8 not of the form (Py*, pA'le.

2) enplto) = 03 enlT) = gy*t(x) + Sy~ (Tv).

B) € ,%,6, aTe not all zero and ¥§ % O.
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Since the columns of M are linearly independent (l] owl 1is
exyressible in the form
r\;‘= ‘hrlu. + Py T, /“1._._‘1\/«'4‘\ +/o,\'('

where the constants A" are not all zero and o vanishes at the
parameter valuses tl.....tp defining eorners of E,. Hence we
have the system of linear equationms

A" h(T) + epyit(T)~ ¥yATlT)- Syrr(TY) = 0,

RN te) + £pyA (L) =0,
Consider first the case ¥3 = 0, in which we have e£# O, Then
obviously &(t,t,) = 0 far t =T ,T ort% In case 3§ >0 we
may suppose that y i8 at a corner, since otherwise the solution

(nyu) oculd be modified to make y§=0. Then p(T) = O and we

must have
nHhiT) [s 3% "(x-) + §x»r(x*1) o |_
n;\u(to) o yrr(t,) ’

from which we see that ® ohanges sign for t =T,

We next show that if @ vanishes or changes sign we
have a conjugate point. Supposs @ (T,t,) = O. Then the
equations

A"phee) + gyh(T) =0,

AMyihit) +d yAt(t,) = O,
have solutions L",'(,S, not all zero. Moreover not all the AP
are zero for it that were the ocase ¥ and § would also have to
vanish since not all the y+' are zero., Let

e R L e L

where pltol=J 2plT)=pPp )= sevey= pitp) =0 Then
r‘;(to) = 0, rf(r) = - ¥y*'(T) and (neul i3 not of the form
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(f’y"/’)") since not all the constants A are zero. Consequent-

ly v defines a point y conjugate to y,. ouppose now that @

changes sign without vanishing at t = T, “Then

3@ (T wt)+ §®(T*,t) = 0, where ¥8 > 0. Hence the squations
L) o+ ow [y s Sy )
Bnihit,) + 8,341 (t,) =o,

have solutions A",z{‘, s‘. not all zero. The constant ¥, is not

\

0,

zero since if that were the case the determinant @ would
vanish at T. If the constants AN are all zero we have
sy t(t-) + Syit(ct) = o,
and the solution of the aocessory equations ocourring in the
definition of a conjugate point can be taken arbitrarily, as
we can take &= O in that case. If the constants A" are not
all zero we let
N= Mk pyit,  uds A%¢k+ PR

where 0(t,) =0, , p(T)= P(t1) = 4eeey=p (tp) = 0. Them
(r),/u.) is a sdlution of the accessory equations not of the form
(Py'ypAN') baving n'(t,) = 0, n (T) =~ 874 (T ) =48y~ (T*),
where >35> 0. Hence T defines a point y that is conjugate
to yo This completes the proof of the lemma.

Suppose we have a one-parameter family of extremaloids

v+ = y*(t,b), Nz )% (t,b),

containing the extremaloids E, for b = b,, and with all the
corners occurring at the fixed parameter values tl.....tp.
If the functions (y,A) are substituted in the Euler-Lagrange
equations (2:1) and the corner conditions (2:2) these become

identities in t and b. If we differentfate these identities
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with respeot to b and set b = b, we obtain

%F(Fy;uy;rri + Fyi'yi vr")' + Fy; v)‘q/a“) = Fy:.y:,rl'i + F ’;YJ"'IJ'

+ Fy;,)e/u“ s
o A L Y R,
?y'.'] + Qy,vql = 0,
F;;.y‘;r‘-‘ + F;;-y;, |r'5“ + P, 'X‘/“d_ = ;;.y.,‘r,\’ + Fy",;.yg rqiu-

¥ Byaopust,

where r}-i = y";- (tybe); r'.i' = T‘)'(t,bo); = )\'(b(t,b,). These
equations are seen to be the same as equations (7:4) and corner
conditions (7:5). Hence (r' ,/u) is a solution of the accessory
equations, From the 2n-2 parameter family of extremaloids

v = yp*lt,d), M= A t,D)
discussed in section 6 we obtain in this manner a set of 2n-2
solutions of the accessory equations,

Th= i), MR = Al t,0),
which make the columns of the matrix M linearly independent.
To see this we make use of the general solution

YA = wAlt, 5,8 ,48)

Xo= 18,5, .0)

of equations (4:3) considered in section 4,

i

(9:2)

it

Consider the columns of the matrix of derivatives of

yr,y-', X, with respeot to §’.‘,3'*',Q“,

% ¥ Yo
(9:3) ySA" ygg; Y
/\}(.; )\‘g\i \ /\“xﬁ

At the initial value (r.g.,.g; s o) the matrix (9:3) becomes

the identity matrix as ocan readily be verified by differentiat-
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ing equations (9:2) at the point t =T, At the initial value
(€54 8,’) the matrix (1:3) is assumed to have rank m. Henoce
the equations q)‘1l (€9 8,") = O can be solved for m of the Pir
in terms of the remaining n-m §i', and the ¥.. Call these
2n-m initial values v. lNot all the nem g:' in v can be zero
on account of the homogeneity of the functions (P"‘ and the
consequent homogeneity of the solutions. In the matrix of
derivatives (9:23) we can omit the rows and columns for the
m §i' determined by the equations @“(§,,§') = 0. 'The
remaining matrix is still the identity matrix if t=T. Now
two columns of this matrix can be replaced by the last two
columns of M without destroying the linear independence of the
columns. ‘That is, if x{' #+ 0 we replace the columns
corresponding to derivatives with respect to §: and g’g'
respectively. ‘hus we have shown the existenee of one minor of
M of order 2n that does not vanish at t =T and conseguently
the columns of M are linearly independent throughout (to.,T) by
lemma 9:1, As explained in the closing paragraph of section
5 the sign and the zeros of the determinant (5:3) are un~
affected by the transformation necessary to make the corners
appear at fixed parameter valuses. Lemma 9:2 combined with
these facts yields the following theorem.

THEOREM. Let y* = w*(t,b), u*=A%(%,b) be the equa-
tions of the general 2n-2 parameter family of extremaloids

in which the extremaloid £, is conteined far b = b,., <trhen the

points y conjugate to y, on &, correspond to the values of the

parameter t # t, for which the determinant
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INTRODUCTION

The economic problem under consideration is that of
determining the rate of production at which a monopolist
should operate his business to furnish a maximum profit. In
§1 three sets of assumptions under which he may operate will
be considered and the corresponding economic problems stated.
In all three cascs it is assumed that the rate of production
and selling price are functions of the time. In the first
monopoly problem the producer fixes the price curve arbi~
trarily after which the demand curve is determined by a de-
mand law of the Evans type {(1-1) in which the rate of demand
depends upon the price and the rate of change of price with
respect to the time.l In the second monopoly problem the
producer fixes the offer curve arbitrarily after which the
price curve is determined by a price law of type (1-.5) in
which the price is a function of the total amount which the
market has absorbed since a given time, the offer, and the
rate of change of oftrer. The third monopoly problem is a
specialization of the second, the only change teing that the

price is a function of offer and rate of change of offer only.

1g. c. Evans, lMathematical Introduction to Econonics
(New York, 1930), p. 36.

(135) 1
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In all three cases the cost function (1.2) is assumed to be
a function of the rate of production and the time.

The first and third problems are special cases of the
problem in the calculus of variations of maximizing an inte-
gral of type f f(x,y,y')dx in a class of arcs y=y(x) such that
y(x) and y' (x) may have an arbitrary finite number of finite
discontinuities. The maximizing arc is to join two given ver-
tical lines in the xy-plane. The possible discontinuities in
y(x) come from the assumption that a discontinuity may be in-
troduced into the price function or rate of production func-
tion at any time.

This calculus of variations problem is considered in
§2. It is found that there exists no solution unless the
two differential equations fy(x,y,y‘)ﬂfyix,y,y')=0 have a
solution in common. Analogues of the Weierstrass and Legendre
necessary conditions and a set of conditions which insure a
weak relative maximum are derived. The results of this prob-
lem are applied in § 3 to a special case of the first mono-
poly problem. This problem differs from one treated by Bvans
only in the introduction of the assumption which allows dis-
continuities in the price and production curves.1 It is found
for this special case that no price curve maximizing the pro-

fit exists unless the demand function is indepenuent of the

libid., p. 143.
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rate of change of price. If this is true a maximizing arc
may exist. If so, the maximizing function is continuous and
is a constant. TFurthermore, it makes the integral an abso-
lute maximum. These results are also established for a
8lightly more general type of demand function. Analogous
results are found for the third monopoly problem.

The second monopoly problem is a special case of the
pmMmofmmmmmanmmyuofmew”ffuww,whx
in a class of continuous arcs y=y(x) such that y (x) and y"(x)
may have an arbitrary finite number of finite discontinuities.
The arcs of this class are also required to join a fixed point
to a given vertical line. This calculus of variations problem
is generalized slightly by replacing the given vertical line
by a general curve of class C"®. It is treated in §§4-7.
Again it is found that a maximizing arc must satisfy two dif-
ferential equations which ordinarily have no solution in com-
mon. This condition and a transversality condition are de-
rived in § 4. Analogues of the Weierstrass and Leizendre neces-
sary conditions are obtained in §5. Several analogues of the
Jacobi condition are obtained and compared in §6. Two of
these conditions are expressible in terms of envelope theo-~
rems based on a one-parameter family of %extrewals" in the
xy-plane. In 87 the necessary conditions of §§4-6 are streng-
thened to give a set of conditions which insure a strong rela~-

tive maximum. The conclusions which can be obtained by apply-
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ing the mathematical theory of §§4-6 to the second monopoly
problem are for the most part quite analogous to those obtain-
ed in §3 when the third monopoly problem was studied. A foma-
al examnple of the problem of §4 for which a maximum does

exist is given in §8. It is not possible to use the second
monopoly problem for an illustration since it does not satisfy
the sufficient conditions of §7.

The results obtained for the first monopoly problem
secen to indicate that one or more of the following possibili-
ties exist; the rate of change of price with respect to the
time should not enter into the demand function, the forms of
the cost and demand functions used in the present formulation
of the problem are not suitable, or the comparison price
curves should not be allowed to have actual discontinuities.
Of these possibvle objections to the present form of the prob-
lem it seems easier to sustain the second than either of the
others. This suggests that further investigution of this
problem should either search for wore satisfactory cost and
demand functions or else reformulate the problem so that it
falls under a different mathematical theory. Similar remarks
apply also to the second and third monopoly problems.

1. The monopoly problems. Throughout the discussion
of the monopoly problems the independent variable t will rep-
resent the time. The three functions p(t), u(t), y(t) will

represent the price per unit, the rate of production, and the
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rate of demand, respectively. It is assumed that the interval
of time from t, to t, can be divided into a finite number of
intervals such that p(t) is of clasa C' in each of thesec in-
tervals, and both the right and left limits of p(t) and p'(t)
exist for every value of t in the closed interval (t,,t,). The
functions u(t) and y(t) possess the same properties.

In the first monopoly problem the producer fixes the
price p(t) and produces the amount which he can sell at this
price, that is, u(t) = y(t). It is assumed that the rate of
demand y(t) depends upon the price, the rate of change of
price p', and the time. This is expressed by the demand equa-
tion
(1-1) y = y(p,p',t).

The cost per unit time Q(t) of maintaining a rate of production
u(t) is given as a function of u and t.

(1-2) a(t) = Qu(t),t]

It is true in general that at a time t at which the price func-
tion is discontinucus the subsequent values of the rate of de-
mand will depend not only upon the new value of the price but
also upon the change of price, that is, y will be a function of
the discontinuity. A similar phenomenon is true for the func-
tion Q when u has a discontinuity. Also the rate of demand may
depend upon the history of the price in other ways than the one
Just mentioned. Hence the following theory is valid only for

those provlems in which these effccts are negligible when com=-
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pared with those which have been introduced in equations (1-1)
and (1-2).

Under these assumptions the gross income and the pro-
fit per unit time at the time t are p(t)y(t) = p(t)u(t) and
p(t)u(t) - q(t), respectively, and the total value of the pro-
fits in the time interval from tl to t, is given by the inte-
grall
(1-3) m = ftTl(pu-Q)dt.

The producer may not wish to maximize this total value of his
profit. He may wisﬁ to maximize the total value of the profit
for the interval (t,,tl) after it has been discounted to a
time T. The value p(t)u(t) - Q(t) of the profit per unit time
at time t when discounted to time T is (pu-Q)E(T,t) where
E(T,t) = exp[- g}(t)dq is a discount (or intereat) factor.
The function §(t) is the force of interest, or rate of increase
of an invested sum S divided by 3.2 Under this assumption it
is the integral .

(1-4) T = .g‘(pu-Q)E(T,t)dt

which the producer wishe; to maximize. The time T may be a
time at which the producer wishes to reorganize his business.

If t, represents "now" and he wishes to maximize the present

lsee Evans, loc. cit., p. 144.

2g3ee H. Hotelling, A general mathematical theory of
depreciation, Journal of the American Statistical Assoctiation
(September, 1925), p. 342.
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value of his profit then T = t,. If §(t) = 0, the integral
(1-4) becomes the integral (1+3). Hence (1.3) is a special
cagse of (1.4).

In the second monopoly problem the producer fixes his
rate of production u(t) and offers his entire production on
the open market. It is assumed that the price depends upon
the offer u, the rate of change of offer u', the time t, and
the totalanount that has been offered since the time t,, that
is, &Tudt. This is expressed by the price eguationl
(1+5) p= p({:udt,u,u',t).

The cost function (1.2) which was used before is used here also
with the same assumptions involved. It is further assumed that
the changes in price caused by the discontinuities of u are
negligible when compared with those effects which have been
introduced in the function (1+5). As before the producer wish-
es to maximize the integral (1-4).

The third monopoly problem is a specialization of the
second. Suppose all the assumptions made in the second prob-
lem hold except that the price equation takes the form
(1-6) p = plu,u',t),
that is, the price does not depend upon the amount that has

been offered since time t,.

lror a price function of this type in a monopoly prob-
lem of another kind sece H. Hotelling, The economics of exhaust~
ible resources, The Journal of Political Economy, XXXIX (1931),
pp. 152, 153.



8 INTRODUCTION (142)

The first and third problems require the same mathe-
matical analysis. This analysis will be made in §2 and ap~
plied to these cases in § 3. The second monopoly problem

requires a different analysis which will be made in §§4-8.



SOLUTIONS WHICH ARE ACTUALLY DISCONTINUOUS

IN THE PROBLEM WITH FIRST DERIVATIVES

2. Necessary conditions and sufficient conditiong for

a maximum. Statement of the problem. Consider a class of ad-

missible arcs of the form

(2-1) vy = y(x), (x, = x sx,),

each of which joins the line x = X, to the line x = x,. We
wish to find in this class of arcs one which maximizes the

integral
X
I = [ fx,y,y )ax.
1

It is assumed that there is a region R of scts of values

(x,¥,¥') in which the function f(x,y,y') and all of its par-
tial derivatives of the first two orders are continuous. A
set (x,y,y') which is interior to R will be called an admis-

sible set. An admissible function y(x) is one which possesses

the properties, (a) y(x) and its derivative y'(x) are each
continuous except possibly for a finite number of values of x,
(b) for every value of x in the interval of definition the
right and left hand limits of y(x) and y'(x) exist, (c) the
sets [x,y(x),y'(xﬂ belonging to the function are all admis-
gible. Wherever it is convenient the right and left hand

(143) 9
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limits of y(x) and y'(x) will be denoted by y,(x), yi(x)
and y_(x), y'(x), respectively. The element [x,y(x),y'(xﬂ
shall be interpreted to mean either [x,y_(x),yl(x)] or
[x.y+(x),y;(xﬂ . An arc y & y(x) defined by an admissible

function will be called an admissible arc. It will be

noticed that the integral I has a well-defined value over
every admissible arc. A function y(x) which has properties

(a) and (b) will be called an admissible variation.

Analogues of the Weierstrass, Euler, and Legendre

necessary conditions. Suppose the equation

B,y y = y(x), (x, = x =x,),

defines a portion of a maximizing arc, and the equation

Cyqr ¢ vy = ¥(x), (x, = x =x,),

defines any admissible arc in the interval (xs,xq). Let x.

be any value between x, and x, and designate the points which

q
it defines on the arcs an and C,, by 5 and §', respectively.

Since the path Cy5A + Esq constitutes an admissible arc, the

integral
Xg "'
I(C3,5. +B,) = f f(x,Y, Y )dx */ f(x,y,y"')dx
X Xg

must be less than or equal to I(Esq) for every value of xg
between X, and X4 Hence the derivative dI/dx5 must not be
pceitive when x, = x

e
‘g';]é—s‘,xj— X3 . f[xa,Y(x,),Y' (x,)] -f [xB,y(xs),y'(xj)]éo.

This gives the condition
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Since the arc Cy 4+ may be any admissible arc this inequality
must hold for an arbitrary admissible set [xJ,Y(x3),Y'(x3ﬂ .

ANALOGUE OF THE WEIERSTRASS NECESSARY CONDITION., At
every element (x,y,y') of a maximizing arc E,l the condition
(2+2) f(x,Y,¥Y'") - f(x,y,y') =0

must hold for every admissible set (x,Y,Y!') #(x,y,¥y').

Thls condition implies that for every value of x the
pair of values (y,y') associated with the maximizing arc fur-
nish a maximum for f(x,y,y') as compared with any other values
(Y,Y') such that (x,Y,Y') is an admissible set. This implies,
as a result of the continulty properties of f, that at every
element (x,y,y') of a maximizing arc E,, the conditions
(2+3) £, (x,y,5") = £,0x,y,5') = 0

(2¢4) f (x,y,y')=0, f;yix,y,y')—fvy(x,y,y‘)fy,w(x,y,y');io,

Yy
fyy(x,y,y') =o0,
must be satisfied. The pair of equationa (2¢3) 1s the ana-
logue of the Euler equation and the system of inequalities
(2°4) 1s the analogue of the Legendre condition. Since ordi-
narily there will be no solution common to the two equations
(2¢3) 1t 1s true that in general among the admissible arcs
(2+1) which join the 1line x = x, to the line x = x, none gives
the integral I a maximum value., If such a maximizing arc Enz
does exist it 1s defined by equations (2¢3) and satisfies con-
ditions (2¢2) and (2+4). Equations (2+3) are sufficilent to

make the first variation of the integral I, defined in the
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usual we.y,1 vanish. Hence no further necessary conditions can
be found by requiring the first variation to vanish.

At a place on a maximizing arc B,, where either y or
y' is discontinuous there are two elements (x,y_,y') and
(x,y+,y;) each associated with the same value of x. It fol~

lows from the Weierstrass condition that f(x,y_,y!) =
f(x’y.;.’.V-'p)-
ANALOGUE OF THE CORNER CONDITION., At every element of

2 maximizing arc the equation
f(x,y-,y1) = £{x,y,,vy})

must be satisfied.

Sufficient conditions. Let E,, be an arc of class C'

which satisfies equations (8.3). For an element (x,v,y') on
E,, at which the inequalities (2:4) hold in the strengthened
form, that is, without the equality sign, the inequality (2-2)
also holde in the strengthened form for values (Y,Y') near
(y,y'). Hence, if the inequalities (2-4) hold in the strength-
ened form for every elemeut (x,y,y') of E, there exists a
region R' of sets (x,Y,¥') near the elements (x,¥,¥') of E
such that the inequality f(x,Y,Y') - f(x,y,y') < O holds for

every set (x,Y,Y') in R' which is not an element of E Then

”n

if the equation y = Y(x),x, = X =Xx,, represents an admissible

arc &1l of whose elements [x,Y(x),Y'(xﬂ are in R', but which

lgee Bolza, Vorlesungen Yiver Variationsrechnung
(Leipzig, 1909), p. 21.
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is not identical with E,l, it follows that
X,
I(C,l) - I(E,z_) = f [f(x,Y,Y') - f(x,:hY')] dx < 0.
x

If y or y' have finite disceontinuities this incquality liolds

if every set [Y(x),Y'(xﬂ is sufficiently close to the set

[y(x),y‘(xﬂ of E,, defined by the same value of x.
SUFFICIENT CONDITIONS FOR A WEAK RELATIVE LAXIMUM.

Let E,l be an admissible arc which satisfies the equations
2
"y 5 SRS SNPIR. S
Y'Yy yy vyyvyywy
at every element (x,y,y') on it; then the inequality

fy(stsy') = fyl(x’y!y') = 0 and has f <0, f 0

1(c,, ) <1I(®,,) holds for every admissible arc C,, which does

not coincide with E‘z, and which is such that every set

[Y(x),Y‘(xi] belonging to it lies sufficiently near the set

Ezﬁf),y'(xi] of E,, defined by the same value of x.

3. An application to the first and third monoypoly
problems. A special éaee of the first monopoly problem is
characterized by demand and cost equations, (1-1) and (1-2),
which take the forms
(3-1) y=ap + bp' + ¢,

(3-2) Q=Ad+ Bu +¢C,

respectively, where a,b,c,A,B,C are constanbs.l In this case

the integral (1-4) is

lsee Evans, loc. cit., p. 143.

See C. F. Roos, A mathematical theory of depreciation
and replacement, American Journal of Mathematics, Vol. L(19%28)
for an extension of this problem.
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t!
(3-3) ™ = [ £(t,p,p")at
! a
where £(t,p,p') = [60 1"+ 8,, PD* + 8,0 + 8,p + a,p' + d|E(T,t),
k3
8o * a(l'aA)9 8y = b(l-2a.A). a, = -b A,

a,= c-2acA - aB, a,= -b(B+2cA), d = -(Ac + Bc + C).

The function f(t,p,p') is continuous with continuous
partial derivatives of all orders for every set (t,p,p').
Hence the maximizing of the integral (3-3) in the class of arcs,

p = p(t), (t, =t =¢t),

which are admissible in the sense of 82 and join the line
t =1, to the line t = t,, becomes a special case of the prob-
lem of 8 2. The equations (2¢3) of the maximizing arc become
(3-4) £ = [2a,p" + a,p + 8] BE(T,t) =0
(3-5) fp, = [a,, p' + 28,,p + a,] E(T,t) = 0.
Since the factor E(T,t) is greater than zero for every value t
it may be divided irom these eguations. It follows from the
analogue (2+4) of the Legendre condition that along an arc
which furnishes a maximurm the inequalities f,

r
ES
fop = fppfppe = (a5, = 43,,8,)E(T,t) = 0 hold. These inequali-

»® 28,E(T,t) = o0,

ties imply &, € 0, &, - 48,8, € 0. In terms of the coeffi-
cients of the functions (3-1) and (3-2) the second of these
inequalities is é;,— 48, &, = v = 0. Theretore, there exists
no arc which will maximize the integral (3-3) unless b = 0.
This implies a, = a, = a,= 0 and equations(3-4) and (3+5) re-
duce to R8,,p + 8, = 0. If 8,,<0, the equation of the maxi-

mizing arc is
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(3-6) P = - gﬁ::ﬂ

If f satisfies the above conditions it may be written
£(t,p) = [BooT*+ 8,0 + 4] E(T,t). It is evident that the
value (3-6) gives this function an absolute maximum in p,
that is, £(t,P) - £(t,p) < O for every t, and every
P #p= -a,/28,. If the arc (3°6) ias designated by E,, and
the equation p = P(t) represents any other admissible arc C,,

which joins t = t, to t = t,, it follows that
tl
1(C,,) - 1(m,,) = f{f [e,p(t)] - f[t,p]} dt < 0.
t,

Hence the arc (3+6) furnishes en absolute maximum in the
class of admissible arca joining t = t, to t = t,.

The foregoing results hold for demand equations
more zeneral than (3-1) when the cost function (3+2) is used.
suppose
(3.7) y = ap + bP(p') + ¢
where P(p') is of class C' for all values of p', P*(y') has
no zeros, and P(0) = 0.1 In this case the inequalities
(2+4) imply fop = £, Gy = (& - 48,8, )B' (p')E(T,t) =
b P (p') E(T,t) 0. Hence b = O and the proof used before
proves that the arc (3‘6) furnishes an absolute meaximum.

Therefore, for & business operated under the demand

and cost functions (3-1) and (3-2) with b # 0, there exists

lgee IEvans, loc. cit., p. 42.



16 THE PROBLEM VITH FIRST DERIVATIVES (150)

no price function p(t) which will maximize the profit integral
I in the class of all possible price functions if these com-
rarison price [unctions are free to have actual discontinui-
ties at any finite nwaber of places. [his, of course, does
not mean that the mathematical analysis forbids the use of the
derivative p' in the deunend equation in this problen. It mere-
ly mexns that if p* is to be introduced into the demand eyua-
tion the form (3+1) is not suitable. lurthermore the _eneral-
ization (37) is unsuitavle. <Jherc cre forms of the functions
(1.1) and (1-2) which lead to an integral (1+4) which has p*
in the integrand and satisfies the sufficient conditions of
§2. To detcrmine which of these forms has any sisnificance
in the economic problem is a major problem in itself.

In the third monopoly problem the integrand function
of the profit integral 7 is

f(t,u,ut) = [up(u,u',t) - Q,(u,t)]E(T,t).

The maximizing arc u = u(t) nust satisfy the equations

]
n

up,{u,u’, t)E(T,t) = 0

u = [up, + p—Q.u]E(T,t)

The first of these equations implies u

(3-8)

i

0.

[
1

(]

0 or p,f{u,u’,t) = 0.

Consider the cese in which u =0 is not a sclution of the

{

problem. ‘Then, if the problem has a solution, pu&u,u',t) = 0.
If the price equation takes the form
(3.9) p = au + bu(u') + ¢

vhere U(u') is of class C' for all values of u', U'(u') has no
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zeros, and a,b,c are constants, we have
Pu = BU'(u')™= o.
This equation is impossible unless b = 0. Hence the price
function (3-9) is unsatisfactory in the third monopoly prob-
lem in the same sense that the demand function (3-7) is un-
satisfactory in the first problem. The price function (3-9)
is of interest since a special case of it,
p = au ¥ bu' 4+ o,
is analogous to the demand function (3°1).
If u is not identically zero, then at every element
(t,u,u') on the maximizing arc at which the condition
fuw ® Puw UB(T,t) < 0
holds, this condition, together with the equation py = 0, im-
plies that the value u' maximizes the function p among the
sets (t,u,U') where U' is arbitrary near u'. This follows
from the condition that along an admissible arc for this
problem u & 0. This conclusion holds for all forms of the

price function (1-6).



SOLUTIONS WITH CORNERS IN THE PROBLEM
WITH SECOND DERIVATIVIS

4. First necessary conditions. If in the second

monopoly problem of §1 the transformation x = t, y =‘£tudt
is made the problem becomes a special case of the probl;m of
finding in a class of admissible arcs of the form

(4-1) vy = y(x)

which join a given point 1, (x,,y.), to a given curve N, one

which maximizes the integral

X
I= fxl:(x,y,y‘,y")dx,
where x, is the abscisse of the point of intersection of the
curve y = y(x) and M. It is assumed that there is a region R
of sets of values (x,y,y',¥") in which the function
£f(x,y,y',y") and all of its partial derivatives of the first
four orders are continuous. A set (x,y,y',y") interior to R
will be called an admissible set. A function y(x) will be
called admissible if (a) y(x) is continuous, (b) y'(x) and
y"(x) are continuous except possibly for a finite number of
values of x, (c¢) for every value of x in the interval of de-
finition the right and left hand limits of y'(x) and y"(x)
exist, (d) the sets [},y(x),y'(x),y"(xﬂ belonging to the
function are all admissible. Right and left hand limits of
(152)
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the derivatives y'(x),y"(x) will be denoted by y}(x),y% (x)
and y'(x),y"(x), respectively. The element [x,y(x),y'(x),y”(xi
shall be interpreted to mean either [x,y(x),yl(x).YE(xﬂ or
[x,y(x),y;(x),yg(xﬂ. An admissible arc is an arc y = y(x)

defined by an admissible function. An adrissible variation

q(x) is a function which has properties (a), (b), (c).
Suppose
E, y = y(x), (x, = » =sx,),
is a maximizing arc for the problem under consideration. Let
q(x) be an admissible variation. Then 1if the parameter @ is
small the arc
(4-2) y = y(x,a) = y(x) + an(x)
is admissible. Let the curve N be represented by the equations
N: x = ¢(a), y = ¥(a)
where ¢ (0) = x,, ¥(0) = y(x,) = y,, $°(0) +¥7(0) # 0, and ¢,
¥ are of class C" near d= 0. If the arc E,, is not tangent
to N at the point 2 then the value of 4 which defines the
point of intersection of the arc (4*2) and N can be obtained
by solving the equation
y[#(a)] + an[d(a)] = ¢ (a).

The function d(a) defined by this equation is of class C" near

a® O.1 Consequently the equation may be differentiated twice

1a. a. Bliss, Princeton Colloquium Lectures (New York,
1913), pp. 8, 11.
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with respect to a, giving the equations

(4-3) ¥ (x ) $°(0) 4(0) # M(x,) = $10) a0,

(4+4)  y*(x,)$710) dT0)+ 37 (x,)¢" (0) d0)4y* (x,) $'(0)ett (0) +
29 (x,)4 (0)a' (0) = ¢*(0) a'(0)# ¢'(0)a*(0)

for a * O.

If q(x,) = O then as a varies near zero equation (4+2)
representa a one-parameter family of admissible comparison
arcs and the integral I taken over one of these arcs has a
velue which depends upon at

$La(a)]

(4-5) 1(a) = f[X.y(x,a),y'(x.a),y"(x.a)] dx.
X

)
3ince ty hypothesis I(0) is & meximum it follows that I'(0)=0

for any admissible variation rl(x) having 'I(x,) = 0. The

first variation I*(C) has the form

Xg
I'(0) = f[fyvl + fy,"’ + fy., 7'£’dx
x'

‘
+ 1 [, y0 vt (x,), 3 (x,)] 7 (0) d(0)
where the arguments of fy, fy:, fy,. are the elements (x,y,y*,y")

of E,. Define M(x) by the equation
X X X
M(x)= f[fy [x,y(x),y' (x).y'(x)] dx"-/fy.EC.y(X),y'(x),Y"(X)} ax
X, X, %

1
* Ty By (=), vt (x), 94 ()]
If r"(x) is contintious except possibly for x = Xy the first

variation can be transformed by an integration by parts into
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the form .
x, X, X
I'(0) = q(xl)l);*ydx + P,' (XI)[‘]x-fy'dx - [/; fydxx]

(4-6) - ['li(xz,)-’[i(x,?]'[.(x;y,dx - fxx]:rydx’J

Xy
+ fM(x)q"dx + f[xvy,.,y'(xl),y“(x,,)] 43'(0)4'(0) .
X,

In studying this expression the admissible variation
q(x) may have any further restrictions placed upon it that
we find helpful. If for instance N(x,) = N*(x,) = N(x,) =

N'(x,) = 0 and " is continuous for all values of x then
x‘

(a-7) 10(0) = [ M(x)npax
‘.

The term f[xz,yi,y'(xl),y‘(xai]¢'(o)4'(o) drops out of the
first variation in this case as a result of equation (4+3)

and the assumption that E,, and N are not tangent at the
point 2. A necessary condition for our problem is that the
expression (4¢7) should vanish for every choice of the admis-
sible variation q(x) which is of class C*, and such that
M(x,) = n'(x,) = N(x,) = ' (x,) = 0. It is known that if the
expression (4°7) vanishes for all n's of this kind which
satisfy the additional condition that n" is continuous then
the function M(x) ts necegsarily of the form

(4~ 8) M(x) = ¢, (x-x,) + c,
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where ¢, and e, are constants.l Furthermore if + 3 expres-

2
sion is substituted for M(x) in the integral (4 7) it is clear
that that integral vanishes even if the condition that 7" be
continuous is removed.

Suppose next that n vanishes together with its first
derivative for x = x, and x = x, and that %' is continuous
except for a value x = x, between x, and x,- In this case, if
equation (4°8) is satisfied, the first variation (4°6) takes

the form

Iv(0) = - [vl',(x,)-»,'_(xﬂ].[fy.. (x,)= olx,= x,) - c,_]
Xz
+ fv," [c, (x-x,) + c,J dx = - [»ﬁ(x,)- V(i(x,)] fyn(x3)'
x'

Here fyn(x’) = fy,, [x,,y(xa),y' (x,),y‘(x,)] where etther of the
sets [y_'(xs).yi'.(x,)] , Ey;(x,),y';(x,):’ can be used for
[y'(x,),y"(x,)] since it follows from equation (4°8) that fy,,
is a continuous fugction of x along the arc E,, . The vanish-~
ing of I*(0) in this last form implies that fy"(x,) = 0.

Since for gny value of X3 between x, and X, there will be an
admissidble variation r,(x) in the class of n's under consider-
ation which will have a discontinuous derivative at X it
follows that fy" = 0 at every element (x,y,y',y") of E,,_.z

Our results so far may be stated as the

lgee E. Zermelo, Mathematische Annalen, Vol. LVIII
(1904), p. 558.

23ee Hadamard, Lecons sur le Calcul dea Variations
(Paris, 1910), pp. 145, 146.
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ILEMMA. JYor every arc E,z which furnishes a maximum

for the integral I there exists a constant ¢ such that the

equations
X X X
(4-9) f fodx-dx - ff 4dx = c(x~-x,)
y b4 !
X, X, X'
(4-10) fY” =0

are satisfied identically along K , .

An immediate corollary of this lemma is that the equa-

tions

X
ff dx - f ,= ¢
X, Y Y
f, - f,r® 0
y y'
must be satisfied identically along every portion of E,l which

(4-11)

&1

is of class C™. If we define corner to mean a point on a
curve where either the firat or second derivative of the rep-~
resenting function is discontinuoug, we can obtain the follow-
ing condition from the first of equations (4+11).

FIRST CORNER CONDITION. At a corner (x,y) of a maxi-

mizing arec the condition

fylx,y,52,52) = fydx, 5,50, ¥v})
must hold.
Ordinarily there will be no arc which satisfies both
of equations (4+9) and (4+10). Hence ordinarily there will
be no maximizing arc for the integral X in the class of arce

under consideration. However an example will be exhibited
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for which a maximizing arc does exist among the admissible arcs.
If E,, satisfies equation (4-9) and (4:10) the first

variation (4+6) takes the form

1t(0) = {[L;lydx-c]-[‘f’(O)-y'(xz) $0)] + £0x,) $0) ' (0).
In this equatihn 7(xz) has been replaced by its value obtained
from equation (4:3) and f(x,) = f[xl,y;,y'(xl),y”(xzﬂ . As a
consequence of equation (4¢3) the quantity «'(0) cannot vanish
if n(x,) # 0. Hence the first factor of I'(0) in this last
form must vanish. This gives, with the use of the first of
equations (4.11), the equation
(4-12) [f(xl) -y (xl)fy.(xz)] $r(o) + fy.(xl)*}"(o) = 0.
If this equation is satisfied the arc N is said to cut the arc

B transversally at the point 8. The conditions which have

[F3

been obtained by requiring the first variaticn to vanish may
be sunmarized as follows.

THEOREM. In general none of the admisaible arcs (4-1)

gives the integral I a value at least as great as that given

by any other admissible arc. If such a maximizing arc B,

exists then the equations (4+9) and (4-10) are satisfied

identically along it. Turthermore E,L must satisfy tue trans-

versality condition (4-12).

By choosing 4 as independent parameter in place of a
in the study of the integral (4:5) the transversality condi-
tion (4.12) can be obtained in the case where E:z and N are

tanzent at the point 2.
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5. The analogues of the Weierstrass and Legendre

necessary conditions. An arc of class C™ which satisfies

the two differential equations

(5-1) £, (3, ) = G- fu(x,y, ¥, 37) = 0
(5-2) fyn (xy,5%,5%) = 0

will be called an extremal. An arc of class C™ which satis-
ties equation (5-2) will be called a semi-extremal. By the
theorem of § 4 every portion of a maximizing arc which is of
class C"™ must be an extremal.

Consider a one-parameter family of admissible arcs
B : y = y(x,p), [x,(p) = x §x4(b)],
which includes for the parameter value b = 0 a portion
Eyyt ¥ = y(x,0) = y(x), [x,(0) = x, £ x=x, = xq(Oﬂ,
of an extremal arc E, . Let the functions x,(b), xq(b),
v(x,v), y'(x,b), y"(x,b) be continuous with continuous first
partial derivatives near b = 0. They define the curves
Ci x = x,(b), y = y[x;(v),0] = y,(v),

Ds x = x,(b), ¥y = y[x,(0),0] = y,(b).

"

The differentials along these curves and the slope of the
corresponding curve E_ at the same point are related bLy the
equations

dy, v {x,(0), 0] ax, + y [x,(b),v]dp,

ayy = ¥ [x,(0),0)axy + y,[x,(b),0]av.

n

(5+3)

The differential of the integral

: X4l .

1(g,) = fm)f[x,y(x,m.y- (x,b),y" (x,0)] dx
3
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taken over the arc Eb is

X, (b) Xg(H)
dI(Eb)'—'f(x,b)dx' + { [fy(x,b)yb+fy.(x,b)y£-ffy,.(x,b)yg] dxfab
X, (b) X,(b)

where f(x,b) = fl%,y(x,b), y*(x,b), y‘(x,bﬂ and fy(x,b),
fy,(x,b), fyu(x,b) are defined similarly. By hypothesis E,,
is an extremal. Hence

f(xO) f(x,)=0,

dx
yu (x,0) = 0,

and the differential of the integral taken at an is

X

f[ybd fy + yb y,}dx db

X

9
dI(E, )=f(x,y,y" .y")dx’ + {
x3

X,

X
'q
= [f(x,y,y’,y")dx + fy.(x,y,y',y")ybdb] .
X3

By the use of equations (5-5) this becomes
q
(5-4) di(B,,)= [f(X.y,y',y‘)dx + flx,y, vt y") Ay - y'dx)]3

where the differentials dx, dy belong to the curves C and D
and the elements (x,y,y"',y") belong to E,, at the points de-
fined by X, and Xy respectively.

Let 3 and 4 be points on a maximizing arc Ell defined

by Xy and X4 such that x, < x, and let there be no corners

4q

on E Suppose the curve

34°
C: vy = ¥(x)
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is an arbitrary curve of class C" which passea through the
point 3. Join the points [x,, Y(xsﬂ of this curve to the
point 4 by a family of admissible arcs

v = ylx,x;), (xs = x =x,),
containing E,, for x5 = x, and having y(x,x;),y"(x,x,),
y‘(x,xs) continuous with continuous partial derivatives of
the first order. One such family is

Y(x,) - y(xg)

= (xq -x ).

y(x,x;) = y(x) + X

This family, which includes E,; for the paraemeter value x,=x,,
is of the type used in deriving the formula (5:4). In this
case the curve D degenerates into the point 4. Hence

dx4 = dy4 = 0 and an application of the formula (5.4) gives
(5-5) dI(E,,)=-[f(x,y,y*,y*)dx + fy,(x,y,y',y")(dY-y‘dx)]3.
Consider the value of I taken along the path C,;+ Eg,. This
must not be greater than I(an) for any value of x,. Hence

the differential of
X

(5 X
I(C,s+Bs4)= ff(x,Y,Y',Y')dx+ff4[x,y(x,x5),y'(x,xs),y'(x,xs)] dx
Xy Xs
must not be positive when x4 = x,. Using formula (5<5) we
find this differential to be
fEx,,y,,Y'(x3),Y‘(x3_]dx - f[x,,y3,y‘(x3),y"(x,i]dx
- Y'[X,,y,.y'(xs).y“(x,)] faxy - y’dx]

where y; = y(x3).
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ANALOGUE OF THE WEIERSTRASS NECESSARY CONDITION. At

every element (x,y,y',y") of a maximizing arc E,, the condition
E(x,y, vy YsY")=f (x,y, YY" )£ (x,y, ¥} y*) (Y =y" )£, (x, ¥, ¥}¥") = O
must hold for every admissible set (x,y,Y',Y") # (x,y,y',y").

In particular, if Y'=y' the condition f(x,y,y"Y")-f(x,y,y!y")=0

must hold for every admispgible set (x,y,y',Y") # (x,y,¥y',y").

The proof given is not valid for an element(x,y,y',y")
at a corner point 3, but, since it holds at every point pre-
ceding 3, continuity considerations imply that it holds for the
corner elements. Another corner condition can now be obtained.
The first corner condition implies that

E(X, v, y5 %, y% v ) B <E(x, 7,y ¥ ,yL vt )
at every point (x,y) of a maximizing arc. Since this E- funec-
tion cannot be positive there follows the

SRCOND CORNER CONDITION. At 8 cormer (x,y) of a maxi-

mizing arc the condition

£(x,y,¥5,¥8) = y2f(x, ¥, yiy2)
= x5y ¥y ) - v 00y yy Ly
must hold.
Since the maximizing arc satisfies fy"= 0 a Taylor's
expansion gives the equation
E(x,y,y",y", Y, ¥%) =

2
Lvy )t + (YP=y* ) (P =y ) gy + %‘-(Y“-y“)

fyuyn

are

Y'y

along E,, where the arguments of f . ., f

y'y yly"’ fYIIY"
[xy,y+ 0(Y'-y'),y"+6(¥*-y*)], 0 <0 < 1. It follows from
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the Weierstrass necessary condition that this quadratic form
in Y*-y* and Y"-y" must not be greater than zero for any set
of values (x,y,y',y",Y',Y¥") for which (x,y,y',y") is on E,
and (x,y,Y',Y") is admissible.
ANALOGUE OF THE LEGENDRE NECESSARY CONDITION. At every

element (x,y,y',y") of & maximizing arc the conditions

ES
50, foyu

fyuyn = ¥y - fy.yufynyu = 0, fo =0

Yy

must be satisfied.

6. Analogues of the Jacobi condition. The second

variation of the integral I is defined to be the second deriv-
ative I"(0) of the integral (4-5) taken at a = 0. The second

variation of I taken over an extremal E,, is
Xy X,
10(0) = [ 2f(x.n. qrq®)ax + 2fryq + £, " 41 (0)ar(0)
xl

o g v 47 a0+ o (0)ar(0),
where
2LL0x Y, 0 1% )BTy " 422,y nt Ty 07 42T T Ty 1TRE
and the arguments of £ and its partial derivatives are the
elements [x,y(x),y‘(x),y“(x)] of the extremal E,,. If the
curve N cuts E,, transversally but is not tangent to E,,, and

tf the values of d'(0) and 4*(0) given by equations (4°3) and

(4*4) are used the second variation takes the form

Xl
1 (0) = fxzmx.q,n-.».-nx + A pt(xy),
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where A is o constant defined by the equatioa

X=X,
. [21‘,4;0 fg_i e f(y"¢'3-¢"‘”4"‘r) d=0

\kl_yv(‘,t + w,l_yv4,|j!‘ (‘P'-yt¢t)3

A necessary condition for our problem is that the maxi-
mum of the second variation in the class of admissible varia-
tions q(x), which are of class C' and satisfy the end condi-
tion q(x,) = 0, must not be greater than zero. For the study
of this meximum it is assumed that the arc E,, is of class c'v
end that the inequality fyuyu (x,¥,y'»y") # 0 holds along E,, .
This problem is similar to the problem of maximizing the origi-
nal integral I in the class of arcs y = y(x) which are of class
C* and have y* continuous except at a finite number of places.
The same kind of analysis that led to equation (4-8) yields the
result that for every maximizing arc % = M(x) in the present

class of arcs there exist constants c, and c, such that the

equation

X X X
fxf]_,'dx - [fl,l.dx + ﬂ,',.= c,(x - x,) +¢,

xl
is satisfied identically along the arc. It follows from this
equation that every portion of s maximizing arc N = ﬂ(x)

v
which is of class C' must satisfy the equationl

d a =
(6'1) ﬂ" - a‘]‘(’ﬂ.’i + 'd—x;‘ny'u— 09

1This equation holds also when A = O and in this case
is well known. See Hademard, Calcul des Variations, § 124.
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and at a point on a maximizing arc where q' is discontinuous

the corner conditions

n.,»,_: fY"Y" (Y‘: - V)”_ ) s 0
(6-2)
+
TONT ’g‘in'l"l-z‘fY"Y"(":"":')'(g_x'fy"v')('1’ -t =0

must be satisfied. Since f w ¥ O along R,l a cansequence

y*y
of these equations is that at every point an a maximizing arc
where »' is continuous the derivatives n* and n" must also be
continuous.

If in finding the maximum of the second variation the
restriction that q' be continuous is removed the problem can
be treated by the same kind of analysis that was used in §4
for the original problem. Results which are analogous ta
equations (4-11), (4-12), and the first cormer condition are

obtained and may be stated as follows. Between corners1 of a

maximizing arc ¥ =)?(x) equations (6+1) and
(6+3) _ﬂ_,l,,= £y "+ fy.yl.qw fyuyn =0
must be satisfied. At & corner the condition
+
(6°4) _ﬂ,,.l_ = fytyu(\": - ’l‘_ ) ¥ fylyl("!l- -').- ) * 0

must hold and at the second end-point the transversality

§ IThe word “corner" is used here in the same mense as
in 4.
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condition

(6-5) Noplxaontxd s (=) qm(x,)] + Ayix,) = 0
is necessary. Equations (6+3) and (6-4) imply that
oy - v *
fY‘Y" fy,y, fy"y" = 0 at any place where either n* or n* is
discontinuous.

The necessary conditions derived above which a func-
tion v,(x) nust satiefy if it maximizes the second variation
may be summarized as follows: between corners the maximizing
function v,(x) must satisfy equations (6:3) and

d

(6-6) Ny iy = 0.
At the second end-point the transversality condition (6-5) is
necessary. The condition fy..yu # 0 along E,, implies that n*
and %" are continuous wherever n' is continuous. The in-

2 %
equality [fy,y,. - fy'y’fy"y" # O implies that »' and "
are continuous at Xy

If the function q(x) is of class C" in tr= interval

xqﬁ x % x4, the following equation holds.

Xs Xs
£2ﬂdx =£ [ﬂ,,n + fl,',')' + .n..,..')" dx
q

(67 ) Xs Xs Xg
=f'7[ﬂ.] - g—x—fl.,.]dx +[ q»ﬂ.,,. ax v[vlfl.,,]x4
X, X,

w
If VI(x) is o1l class C a further transformation can be made.
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X5 Xg a
£42n dx =£Yl[ﬂ,1 -g_x'ﬂyil +%x—._ﬂy'u dx
(6-8) !
Xg x
+ [V](n,l‘- —g—'-x— Q..‘n )]x + [yl'_()..'u]xj
q

FIRST ANALOGUE OF THE JACOBI CONDITION.

If E,l is an
v
extremal of class C‘ with

yryn ¥ O glong it, and if u(x),

v
not identically zero, is a solution of class C' of equation

(G-l) with either of the sets of properties

(a) u(x,) = u(x,) = [u'ﬂy]..(x,u,u',u")]x' =

u' (x3) =0

or

(v) u(x')=u(x3)=[u'ﬂ,,,.(x,u,u',u")]x'z L(),'.,(x,u,u',u")])(3= 0,

2 X3
[fynyu - fyny: fyuyu # O,

where x, < Xy < X, then Elz cannot furnish a maximun for the
intecral I.

If these hypotheses hold excerpt that X,

= x, the
arc B

12 cannot furnish a maximum unless u satisfies the equa-~

tion ﬂ,],,(x,u,u',u“) = 0 and the end condition

ﬂv)'[xz’u(xl)lu.(xl))u“(xl)] + Au(xl) = 0.

If such a tunction u(x) exists the arc composed of

n = u(x) in the interval X, 2= x=x,and »=0in
X, =

= X = X, gives the expression I"(0) the value zero as is

easily shown by cquation (6-8). However if x, < X, and u has
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the properties (a) this arc cannot furnish a maximum for
I*(0) since, if it did, equations (6-2) imply that n® and n"™
must be continuous for x = x;. Hence u(x) satisfies the end
condition [u(x,),u’(x,),u"(x,),u"(x,)] = [0,0,0,0]. But tne
only solution of equation (6-1) which satisfies these initial
conditions is u = 0 which is contrary to hypothesis. Also
if x, < x, and u has the properties (b) the composite arc
cannot give I"(0) & maximum value. For, if it did, equations
(6-3) and (6-4) applied at x = x,, together with the inequal-
tty [fhoyn = fyryr Tyuy > 4 0 imply that u’(x,) = u*(x,)=0.
As bvefore it follows that u"‘(xa) is zero and hence u = 0
which is contrary to hypothesis. The last statement of the
condition follows from equations (6-3) and (6-5).

A similar proof establishes the

SECOND ANALOGUE OF THE JACOBI CONDITION. Suppose E,,

is an extremal of class ¢" which has fy“y“ # 0 along it and

is not tangent to N at the point 2, and u(x), not identically

zero, is a solution of class C'' of equation (6-1) with

either of the sets of properties

(a) u(xa)ﬂ[u(ﬂ.}m %Qv“* Au)]xl= [u'Q,,:.]Xl: u'(x,)=0

or
(0) uxg)m[u( Q= & O pan)] = [ur2,0] qu-|x°= o,

2 X3
[y = 2y £y 70,
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where x, < X, < x, and the arguments of _Q,,, and _O.,,,, in

properties (a) and (b) are the sets (x,u,u',u"). Then E ,

cannot furnish a maximum for the integral I. If these hypo-

theses hold except that x, = x, the arc E,, cannot furnish a

maximum unless u satisfies the equation ﬂ,l,.(x,u,u',u“) = 0

X
and the end condition [N, + Au]™* = o.

The formula (6+7) is the basis for the
THIRD ANALOGUE OF THE JACOBI CONDITION. Suppose B,

is an extremal with f # 0 along it, and suppose u(x), not

yryn
identically zero, is a solution of class C™ of equation (6+3)

2 Xy
such f-l:&t u(x,) » u(x,) = o, [fy'y" - fyy Fyayu $ 0,
3 d
and fx. u[ﬂ,' -a—iﬂ.',J dx Z 0 for x, < x, < x, where the

arguments of _().,, and _Q_,, in this integral are the sets

(x,u,u’,u). Then E, cannot furnish a maximum for the inte-

gral I. If these hypotheses hold except that x, » x the arc

2

E,2 cannot furnish a maximum unless u satisfies the equation

[lq(x,u,u',u“) - %; flql(x.u,u',u‘) = 0.

If such a function u(x) exists the arc composed of
M= u(x) in the interval x, = x = x, and 7= G0 in x, % x = x,
gives the integral I"(0) a value greater than or equal to zero.
However, if x; < x, this arc cannot furnish a maximum for 1" (0)
since if it did ~juations (6-3) and (6-4) imply that u’(x,)=0.
But the only solution of eguation (6°*3) having the initial
values [u(xa),u'(xa)] = [0,0] 'is u = 0 which is contrary to

hypothesis. The last statement of the condition follows from
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the fact that a maximizing function q(x) of the expression
1*(0) must satisfy equation (6-6).

The value x4 where u(x) vanishes in the third analogue
has an interesting geometric interpretation in case every
semi-extremal is also an thremal. This hypothesis is quite
regstrictive but an example will be given in which it is satis-
fied. Consider a two-parameter family y = y(x,a,b) of semi-
extremals which includes E,, for (a,b) = (0,0). Since fy"
has continuous partial derivatives of the first three orders,
the functions y(x,a,b),y!'(x,a,b),y*(x,a,b),y"(x,a,b) are
continuous with continuous partial derivatives.l If the
function y(x,a,b) is substituted in equation (5-2) an identity
in x,a,b is obtained. Differentiation of this identity with

respect to a and b respectively gives the equations

_(),]u(xyya’yc—; ,}"5 ) L fy"y" yg + fy'y" ya + fy“y ya = 0!
(6-9)

_Q.,'u(xnyb)y;: .)y; ) = fyuyu y': + fy‘y" yt'! ¥ fy"y yb = O\

for a = b = U. In these equations the arguments of the second
partial derivatives of f are the elements belonginzg to E,,

while the argwaents of ¥,,V3 »¥8 »¥,,¥} »¥? are (x,0,0).

Hence the functions za(x.0,0), yb(x,0,0) are solutions of

l3ee Bliss, Princeton Collo¢uium Lectures, pp. 9-11,
95-98. The above statement is an immediate corollary of the
theorems given by Bliss.
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equation (6-3). It will be shown that, as a result of the

non-vanishing of f cn B,, , the family y(x,a,b) can be so

YUy
chosen that the determinant
Ya(x,0,0) yp(x,0,0)
(6.10) a » Vo b sV
ya'(xso»o) yb(X,O,'O)

is different from zero atl x = x,. Therefore the first row

l
of this determinant is a fundamental system of solutions of
the linear homogeneous differential equation (6-3), and since
in this equation the coefficient quyu of y§ or yl does not
vanish in x, = x = x, then the determinant (G~10) doer not

2
vanish in x, . Hence any solution of class C% of

13

x =X,
equation (6«3) can be written in the form

u(x) = ¢, y,(x,0,0) *+ c,y,(x,0,0).
By the Sturm separation theorem any two solutione u,(x) and
u,(x) of equation (6-3) which vanish for the same value of x

are linearly dependent and have the same zeroa.s The function

yA(x’O,O) yb(X.O,O)
a(x,x,) =

¥alx,,0,0) ¥, (x,,0,0)
is a solution of equation (6-3) which vanishes for x = X

Hence it has the same zeros as the function u(x) of the third

analogue. l'urthermore, since the function y(x,a,b) is also a

lgee §7, p. 46.
2Bolza, Variationsrechnung, p. 67.
3Bscher, Methodes de Sturm (Paris, 1917), p. 46.
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solution of equation (5-1) for every pair of values (a,b)

it follows that ya(x,o,o),yb(x,o,o) are also solutions of
equation (6+6). This is proved by differentiation of equa-
tion (5-1) with respect to & and b. Hence in this case the
condition j;'x’u( ﬂ.l- -g;-ﬂ,],)dx Z 0 is always satisfied
since the integrand function is identically zero. The zeres
of the function A(x,x,) different from x, define the points

on E,, where it touches the envelope1

of the one-parameter
family of semi-extremals which pass through the point 1. A
point at which E,, touches the envelope of this family of

semi-extremals will be called a conjugate point of the point 1

on E,,. We have proved as a corollary of the third analogue
the
FOURTH ANALOGUE OF THE JACOBI CONDITION. If every

semi-extremal is also an extremal, and if E,, is an extremal,

with fy" # 0 along it, which maximizes the integral I the

yo
point 1 can have no conjugate point interior to E,, at which
kN
£y = £y £ouya # 0.
y'y fY y fY y °

We shall later need the fact that if every semi-
extremal is also an extremal, and if fyuyu # 0 along E,,

‘ - £, funynis different from zero

y'y! Y'Y Ty'y
for every element on E,, or else it is identically zero along

then the function f

E,,. To prove this let y ® y(x,a,b) be a two-parameter family

1B1iss, Calculus of Variations (1925), p. 149.
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of extremals which includes E,, for (a,b) = (0,0). The

equations
Tynye va(x,0,0) # fy.y.y3(x,0,0) + fyuy ya(x,0,0) = 0
(6-11) £,,u¥5(x,0,0) + fyy. y3 (x,0,0) + fyyy,(x,0,0) -
d—[f. ¥ (x,0,0)4f .. ¥% {x,0,0)+f,. ¥, (x,0 o)]:o
axliy'ynya %% y'y' Ya %% y'y YatX: Y

hold identically in x where the arguments of the partial deriv-
atives of f are the elements [x,y(x),y'(x),y‘(x)] belonging to
E,, . These equations are derived from equations (5-1) and
(5-2) in the same way that equations(6+9) are tound. If the
functions y% (x,0,0) and y% (x,0,0) are eliminated from egua-
tions (6-11) an equation of the form

B(x) y2(x,0,0) + C(x) y,(x,0,0) =0
is obtained. In a similar way we get the equation

B(x) y¢(x,0,0) + C(x) yb(x,0,0) = 0.
It has been remarked that the function y(x,a,b) can be chosen

so the determinant (6°10) does not vanish in the interval

i

X, £ X <x,. Xt follows that B(x) Cc(x) = 0. Tne function

1

B(x) can be written in either of the forms

’

B(x) = f....f (2, utEuis,) = Foou(E £ Y = £ E

x yryEyrys (BEyyutfyog ) = £lya(Eyyattynya) = Lyn fyoy.
= fy,,y..L(x) - (fy.yu + fouyn YL(x)

where L(x) = f. - f,..fyuys. The function C(x) is

y'y” Yy yty
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= yr Syrynfyny = fyoyu fyo £y ..+f',,..
. o= Eyu 4f,...f -f£,,).
TyaynTyny (Eyogu + Eriyom Tyuy ) # Loyl Tyry)
The equation B(x) = 0 implies
£ fo.uf = L(x) = cel™4
Y'Y" d yryn yuyu - x c
where p(x) = flllf._i_i; Since fy"y" ¥ 0 in the interval
yry

X, € X € X,, the function L(x) is thus defined as a function
wairch either does not vanish on th. interval x, = x = x, or
else is identically zero on this interval.

The proof of the fifth analogue of the Jacobi condi-
tion is analogous to the proof of the third.

FIFTH ANALOGUE OF THE JACOBI CONDITION. Suppose E,,

is an extremal which has fy"y" # 0 along it and is not tangent

to N at the point 2, and u(x), not identically zero, is a so-

lution of class C™ of equation (6+3) such that u(x,) = o,

X
S X > d
(£ e = oy fyaya]™ # 0, fxu(ﬂ,l- & N,)ax zo, where
3

%
X, < X, < X,, and either (a)u(x,) = 0 or (b) [{1l..+ Au| *= o,
' 3 2 —_— 2 —— A

where the arguments of ()_,l and ﬂ,', are the sets (x,u,u',u").

-

Then 3I,, cannot furnish a maximum for the integral I. If these

hypotheses hold except that x, = x; the arc E,, cannot furnish

& maximum unless u satisfies the differential equation

d _
ﬂ,l-a;ﬂ,‘, = 0.
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If in this fifth condition the hypothesis that every
gemi-extremal is also an extremal is added, a new condition
is obtained in the same way that the fourth was obtained from
the third. This is actually two necessary conditions on the
maximizing arc because of the alternate hypotheses (a) and
(b). However in this case the condition with property (v)
is stronger than that with property (a). ior, let u, and u,
be two solutions of class C™ of equation (6-3), neither of
which is identically zerc. Assume u, (x,) = u,(x,) =

flw.[xl,ul(xl),ui (xz).u:(xl)] + Aul(xl) = 0. The functicns
u, and u, are linearly independent, since if c,u, *+ c,u, = 0,
then c,u, (x,) = 0. If u,(x,) = 0 and [f;'W'- fwy,fynyn X2 4 o,

the equations

X
n..'u(x’uz ,u{,u:)| ’.fyuyn (Xl)u: (xl)*fy'y"(xl)uz. (xl) = Q

Lflﬂxx,uz,u{,u: )+Auz]x‘= fYY"(xl)u: (xl)+fwy,(xz)u;(x2)=0

imply that u) (xl) = 0; whence u, = 0, contrary to hypothesis.
Since u, and u, are linearly independent Sturm's separation
theorem implies that u, vanishes for a value of Xx between x,
and x,. If every semi-extremal is an extremal then the funce-
2
tion fYY“ - fyy,f,"yn

identically zero according as it is not zero or is zero at

taken along E,, is non-vanishing or

X * X,. If it is identically zero the fifth condition cannot

apply. Hence the sixth condition is not weakened if property
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(a) is removed from it.

In order to state this condition geometrically consi-
der a one-parameter family of semi-extremals of which E,, is a
member, and a curve N which cuts each member of the family
transversally. A point where E,, touches the envelope of this

family of semi-extremals will be called a focal point of the

curve N on B, .
SIXTH ANALOGUE OF THE JACOBI CONDITION. Suppose every

semi-extremal is also an extremal, and E,, is an extremal, with

fV"Y" # 0 along it, which is not tanzent to the curve N at the

point 2. Then if E,, maximizes the integral I, the curve X can

have no focal point interior to E, at which £ # 0,

Yy fy._y.fy..y..
We first show that, if every semi-extremal is an ex-

tremal, the value x, of the fifth condition is independent of
the particular solution of equation (6~3) which is used to de-
fine it. It has been proved that under the assumptions of the

sixth condition the inequality [fj.. - f 1 # 0 for x,

yry' Tynyn

between x, and x, implies [f;.y.. - * # 0. Let u,

x
V'Y'fY"Y"]
and u,, neither of which is identically zero, be two solutions
of class C" of equation (6-3) which satisfy the equations
[Q, . » eau] =2 ur : % =

n' x,u; ,ul,u! u = £y -&fy,y.ui +(fy,,+A)uJ =0, i=1,2.
By hypothesis

X X
€ ulx 0 yup,up )| ety.yeul 4fpup 4nu] =0, 1= 1,2,
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These four equations imply that the two linear homogeneous

equations

(x,) & +£,.,.(x,) ¢, + (fyy.(x,) +A)7, =0

£y vy
(6-12)

fpuyn (x) 4, * Lulx,) L, * 10, (%) L, =0

in the three variables (Z,, Z,, £,) have the two solutions
[u*(x,),u’(x,),u, (x,)] and [uy (x,),ul (x,),u,(x,)]. However
the rank of the matrix of these equations is 2. Hence there
cannot be two linearly independent solutions and the two solu-
tions are proportional. Choose k so that u, (x,) = ku,(x,).
The value k is uniquely defined aince u,(x,) = 0O and equations
(6+12) would imply u' (x,) = O and so u, = 0, contrary to
hypothesis. There follows the equation u}(x,) = ku} (x,) and
so u, - ku, is a solution of equation (6-3) which vanishes
with i*a firet derivative at x = x,. Hence u,(x) = ku,(x)
and the zeros of u, and u, are the same.

Next let y = y(x,a) be a one-parameter family of ex-
tremals which includes E,, for a = 0 and such that each mem-

ber is cut transversally by the curve N, that is, the equation
(6-13) {z - y'[¥(a),a] ry,}¢‘(a) + 1y ¢'(a) = 0,

where the arguments of £ and f are the sets

v
{d(a),y[Pp(a),2], y'[$(a),a], y*[¢(d).a]}, becomes an identity

in & when a is replaced by the function of & which is defined
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by the system

(6-14) yl¢(a),a] = ¥ (a), a(o) = o.

There exists a unique solution of this kind for values of a
near 0 if E,, and N are not tangent at their point of inter-
section. If the two identities (6-13) and (6-14) are differ-
entiated with respect to a, a taken equal to zero, and the
quantity a'(0) eliminated between the two equationa there
results the equation

(6:15) Q. [ ¥a (x5:0)073 (x,,0), 5% (x,,0)]+ Ay, (x,,0)=0.
Since y,(x,0) is a solution of equations (6-3) and (6.6) and
satisfies equation (6+15) the fifth condition prescribes that
ya(x,O) must have no zeros in the interval x, < X < x,. But
thie is equivalent to saying that the envelope of the family
y = y(x,a) must not touch E,, at an interior point.

The fourth analogue of the Jacobi condition now becomes
superfluous since if an arc E,, satisfies the sixth analogue
it necessarily satisfies the fourth. To prove this we first
notice that, when every semi-extremal is an extremal, a func-
tion u(x) which is effective in the fifth condition cannot
vanish at x = x,, since, if it did, equations (6-12) would
imply u'(x,) = O and hence u = 0, contrary to hypothesis.
Therefore if E,, satisfies the sixth condition there can exist
no such function which has a zero in the interval x,<X=Xx,.
Then it follows from Sturm®s separation theorem that any solu-

tion of equation (6°3) which vanishes at x ® x, cannot have a



(179) FIELDS OF SEMI-EXTREMALS 45

zero in the interval x, < x = x,. Hence the sixth condition
implies the fourth condition in the strengthened form that
allows the arc E.z to have no point, including the point 2,
conjugate to the point 1. Iurthermore in case there exists a
two-parameter family of extremals it is the sixth analogue of
the Jacobi condition which is useful in building a set of suf-
ficient conditions as will be seen in §7.

7. Sufficient conditions. If every semi-extremal is

also an extremal conditions can be given which are sufficient
to insure that E,, makes the integral I a maximum. By a

field of semi-extremals will be meant a region of the xy-plane

associated with a one-parameter family y = y(x,a) of scmi-
extremals which simply covers it. The parameter value which
gives the semi-extremal passing through the point (x,y) is
d(x,y). The slope function is p(x,y) = y‘[x,d(x,y)] and
there is also associated with the tield the function

r(x,y) = y*[x,a(x,y)].

if f +# 0 along E,, equation (5+2) can be solved

yeyr
for y",

(7-1) y" = G(x,y,y'),

and 1if fy" has continuous partial decrivatives of the first n
orders so has G(x,y,y'). Hence solutions of equation (7-1)

which are of class C™ are semi-extremals. As for solutions

of equation (7-1) it is known that through every element

(x,,y,,y; ) in a neighborhood R' of E,, there passes a unique
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solution y = y(x,X,,¥4,7} ) and that y(x,x,,¥;,¥% ),
YU (x,X,,Y5s¥3 ), and y*(x,x,,¥,,¥% ) are continuous and have
continuous partial derivatives of the first n orders.1 Hence
if E,, is a semi-extremal there exists a family of semi-
extremals which includes E,, as a member. If R' is properly
restricted, each of these solutions has an element corres-
ponding to x, ¥ x,. The generrl solution then takes the form
¥y = y(x,¥,,v% )
which is a two-parameter family including EB,, for the para-
meter values y, = y(x,), y% = y'(x,). The equations ex-
pressing the fac* that the above solution passes through
(x,,¥,,v% ) are ¥, = y(x,,¥,,v8 )» ¥% = y'(x,,y,,¥3 ). It

follows from these equations that
vy, (x,s¥5,5}) yy;(x, 1Yy ¥y ) 1 0
y'ya(x”y,,y;) y;,; (x,,¥5,5% ) o 1

For convenience replace the parameter y, Ly @&, and y; by b,
and let (0,0) be the parameter values which give E,, .

An argument parallel to one used by Bliss now proves

the2

LEMMA. Every semi-extremal arc E,, having fyuyu 0

along it, and containing no point conjugate to 1, is interior

1Bliaa, Princeton Colloquium Lectures, pp. 95-98.
2Bliss, Calculus of Variations, pp. 155, 156.
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to a field F of which it is itself a semi-extremal arc.

Assume that the arc E,, satisfies the hypotheses of
the lemma and that every semi-extremal is also an extremal.
Hence by the lemma a field F can be formed in which each of
the semi-extremals is an extremal, and this field of extremals
will imbed E,, . In such a field the differential of the in-
tegral I taken along any portion E,, of any of the extremals
of the field such that E,, joins & curve C to a curve D can
be found by & simple extension of the development of $ 5, The
expression for the differential is (5-4). Let 5 and 6 be the
points on C and D respectively which are given by b = b,. Then
if both sides of (5-4) are integrated from b = 0 to b = by we
obtain
(7+2) I(B,,) - I(B,,) = I*(D,, ) - I*(C,s)

in which
I*=f{f[x,y.p(x,y).r(x,y)] ax + (dy-pdx)f,.IX.y.p(X.y).r(x.y)]} .

In equation (7-2) if the curve D and the points 3,4,5,6 are
fixed then everything is fixed except the path Cyy. It fol-

lows that the integral I* is independent of the path in the

field F.
SUFFICIENT CONDITIONS FOR A STRONG RELATIVE MAXIMUM,

Suppose that every semi-extremal is also an extremal, and that

E.1 is an admissible arc having the properties

a) it is an extremal having f +< 0 at every element

yuy
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(an9Y'9yn) of E”_ >
b) it is cut transversally by N in a point which is

not a singular point of N,

c) it contains no focal point of N,

2
a) £ty - y.Y.f\,..y,] # 0 on it at the point 2,

e) the inequality f(x,y,y',y*)-f(x,¥y,p,T)-

(y'-p)fyix,y,p,r) < 0 holds for every admissible element

(x,¥,y",¥*) ¢ (x,y,p,r) where (x,y,p,T) are near the elements

QE_E.I-

Then I(E,, ) is greater than I(C,,) for every arc C,, distinct

from E’1 which joins the point 1 to the curve N and all of

whose poihts (x,y) lie sufficiently near E,, .

In proving this theorem we first consider conditions
under which a one-parameter family of extremals cut trans-
versally by N and containing E,, can be constructed. Suppose
¥ is represented by the equations x = ¢(a), y » ¢(a). By the
previous theory of this section it follows that there exists
a two-parameter family of extremals y = y(x,a,b), which con-
tains E,, for parameter values (a,b) = (0,0), and having
(7-3) ¥, (x,,0,0) ¥, (x,,0,0) s o.

v3(x,,0,0) y#(x,,0,0)
The equations
£[$(a),¥ (), p, 1)¢' () [t (@) -p ¢' ()] £.[¢ (), ¥ (), p, 7] = 0

(7-4)

v[é(a),a,b)=¥(a), y'[¢(a),a,b)= p, y*"[$(a),a,b] = T



(183) SUFFICIENT CONDITIONS 49

are satisfied for « = 0 by the values

(7-5) (a,b,p,r) = (0,0,p,,7,)

of E,, at the point 2. If these equations can be solved for
a,b,p,r a8 functions of a4 for values of « near 0 and such
that for 4 = 0 they assume the values (7-5) we will have a
one-parameter family of extremals each of which is cut trans-
versally by N. The functional determinant of equations (7-4)

with respect to a,b,p,r at the point 2 given by 4 = 0 is

0 ¥a (x,,0,0) vy (x,,0,0) vy (x,,0,0)
0 ¥, (x,,0,0) ¥ (x,,0,0) ¥y} (x,,0,0)
[¥* (0)=p, ¢* (0)] £y 0 -1 0
[¥*(0)-p, ¢* (0)] £yryu o 0 -1
B TR EPIC N PP ARG P il
Yo Yo Yp Yp

where the arguments of fTY' and fy.w,are (xl,yi,p,,rl), and
tre erguments of y,,y3,y% are (x,,0,0). If the equations
(6-9) are solved for y4(x,,0,0) and y2(x,,0,0) and these

values used in the above determinant it hecomes
2
(7-6) [¥'(0)~p, ¢/ (0)] =] ~£0y. + YY" |
Yy v,
vy b Vb

This expression does not vanish if, (&) the point 2 is not =&

singular point on N, (b) f # 0 at the point 2,
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oy = fyog T # 0 at 2. TFor if ¢'=- p, ¢’ = 0 it fol-

(e) £y yu Yy tytye
lows from the first of equations (7.4) and the condition (b)
that ¢'(0) = 0. But ¢'(0) = ¢'(0) - p, ¢'(0) = O implies that
¢'(0) = ¥'(0) = 0 at the point 2 which contradicts condi-
tion (a). Condition (c) implies that the second factor of
(7.6) does not vanish and the last factor is different from
zero because of the inequality (7-3).

Hence equations (7+4) can be solved for functions
a(da), b(a), p(a), r(a) which become O,,0,p,,r, for d= O.
These functions are continuous and have continuous first
derivatives near 4 = 0., Thus each member of the one-parameter
family of extremals y = y(x,4) = y[x,a(a),b(«)] is cut trans-
versally by N. Since the equation y[$(a), 4] = ¥(«) is an
identity in a it may be differentiated with respect to «,
giving yu(x,,0) = ¢'(0) - p,¢'(C). This is not zero since it
is the first factor of (7.6). If E,, contains no focal point
of N, y, remains different from zero along E,, . Hence E,,
belongs to a field of extremals each member of which is cut
transversally by N.

The integral I* is independent of the path in this
field and as a result of equation (4+12) equals zero when

taken along N. Hence

I(C g )-I(E,,) = I(C 4 )-T*(B,,) = I(C 4 )~I*"(C,4)-T%(1y,)

= ];x‘ £ Gy, ) -2 Gy y, 0, 0) - (37 =0)1 L (x, ¥, b, r)} ax.

The sufficiency theorem follows immediately.
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8. An example of the problem of §4 for which & maxi-

mum exists. The second monopoly problem of §1 which sug-
gested the theory of §§4-7 can now be analyzed. The conclu-
sions which were reached at the close of § 3 when we were
consideringz the third monopoly problem can be easily Jeneral-
ized to fit the present problem. Since this is so and since
we have no forms of the price and cost functions, (1-5) and
(1-2), which have been shovn to have special economic sig-
nificance, we will examine instead another integral which
satisfies the sufficient conditions of §7.

If the function f(x,y,y',y") is defined by the equation,
2f = ally“tfza“ Yy tea, v 428, Y yta, Y 428, yyUia, v da

where the coefficients aU,(i,j = 0,1,2), a,, and a are con=
stants, and if the maximum of the integral I = f:‘ 2f dx is
sought in the class of admissible arcs (in the sénee of §4)
for which y(x,) = 0 we have an example of the problem of §4.
Conditions on the coefficients of f will be sought which will
insure that the integral I has a maximunm in this class of arcs.
Hypotheses a) and d) of the sufficiency theorem and

the analogue of the Legendre condition imply

(8-1) a,, < 0, a

2
22 w< 0, a - a,8,, < 0.

2

The differential equations of the maximizing arc are

(8+2) fy“ =a,y" +a,y +a8,y=0
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(8.3) %:'Ef‘/'- fY = allym + (a'll - aol)y. T A Y

If y" and y" are eliminated from these two equations a third
equation

2 2 2 2 _
(8-4) azu(aia’auazz)y'*(az:aoz+aozazl‘au&oxazl'aooazz)y =0

is obtained which the maximizing arc must satisfy. If every
solution of equation (8-2) is to be a solution of equation
(8+3) then equation (8:4) rmust be an identity in y and y'.

This with the help of conditions (8:1) implies

(8-5) a,, =0 200 = By (Bo, = 8,)/ 8, -

The form of the ~eneral solution of equation (8‘2) depends

upon the value a,,. Agssume

(8-6) 8., = O.

Then the peneral solution of equation (8+2) is
(8-7) vy=c e +c,e™m”

where m = J-aox;alz. The constants c, and ¢, are chosen to
satisfy the end and transversality conditions.
yi(x,) = ¢, &m0+ c,e™N =0

(8-8)

f(x,)= cle,m + a,)e™ 4+ c,(~an + a,)e" ™ a,/2 =0
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If

mx, -m X

e e !

(8-9)
(a,m + a,)e"™ (~a,m + a,, ye X2

= -2a,m cosh m(x,- x,) - Za, sinh m(x, - x,) # 0

these equations have a unique solution for ¢, e:nd Cye

To obtain the focal points solve the second ol equa-
tions (8-8) for one of ¢,, ¢, in terms of the other. Silnce
a,m # O the coefficients aym + a, and -aum + a, cannot both
vanish and this solution is always possible. Assumec

-a,m + a, ¥ 0, then

Hence every member of the fawily

~ +a 2mx, -~mx a m(x, - x)
8-10 =v(x,c )=c|eM*+Znl¥%0 2mx; o 2 gMUX,
( ) y=y(x,¢, )=c, a2 Slam-a,, )

is cut transversally by the line x = x,. The abscissas of
the points in which the maximrizing arc touches the envelope
of this one-parameter family of extremals are the zerosof the

function

mx o, a,m + &, olmx, e~mx

1

e <]

yc'(x,c,) a,m - 6,5
(8-11)

2e™*2 cosh m(x, -x) [a

mn+a, tanh n(x, -x)] .
a“m - a':o n 10 2 ]

The fraction here cannot vanish. Any zeros the function may
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have are zeros of the function
a, m + a,, tanh m(x, - x).
Iif a,, =0 this function is negative for all values of x = X,.

If a,, > 0 and tanh m(x,-x,) < -a&,, m/a, the function is non-

1o
zero for all values of x on the intervel (x,,x,). These are
necessary and sufficient conditions that the function (8-11)
be non-vanishing in the interval x, £ x = x,. They also imply
that the determinant (8:9) is not zero.

For every element (x,y,p,r) of the field of extremals

which is cut transversally by the line x = x, the equation
2[f(X:Y.Y',Y") - f(x.y,P,!‘) - (Y"p)fY:(XQY’p’r)]

2 2

a’zz(y. -r) + a,(y" - o)

holds, where the element (x,y,y',y‘) is any admissible element.
The only one of the sufficient conditions which remain
to be verified is f(x,) # 0. The constant & is not involved
in the constants ¢, c,, m and is independent of the other co-
efficients of f. Hence in general f(xl) is not zero. Xurther-
more it is possible to simply cover the entire portion of the

plane between x = x, and x = x, with the family of extremals

(8-10).
THEOREM. If a,, < 0, &, < O, a,, >0, a,, =0,
a -
ao°=__‘_(_ﬂ-__a'£L)_, £(x,) # 0, and if either a, = 0 or

tanh L/ o (x -x )]< 3£L_.then the arc. (8:7) with the

' 22
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parameter values (c,,c,) which satisfy equations (8-8) fur-

nishes a maximum for the integral I among all admissible arcs

which join the point (x,,0) to the line x = x,.
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INTRODUCTION

The purpose of this dissertation is to show the
relations existing between the theory of functions of lines
end the caloulus of variationa, and to trace the historical
development of these relationships. 1In order to do this it
has been found necessary to study first the various defini-
tions of the differentials of a function of a line, and
second, the applications of such differentiasls to the problems
of the calculus of variations. In the following pages the
terms "function of & line" and “functional™ will be used
interohengeebly.

In 1887 the first precise definition of a functional
was mede by Volterra, Between 1887 and 1890 several papers
by Volterra on this subject sppeared in the Rendicontl del
Linocei. From then until esbout 1913 1little progress was made.
The renaissance of the theory of functions of lines may be
. Bald to begin with the publication in 1913 of two books by
Volterra; one on functionB of lines and the other on integral
equations. About the same time there appeared some srticles
by Fréchet on differentisls of functions and functionals,

which also stimulated interest in the field. Since then

(195) -1 -
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many articles have appeared on various phagses of the subject,
In this paper only those articles which deal with the
derivetives or differentisls of functionals, or phases of the
theory of functionals which may be applied to problems of the
calculus of variations, are considered,

In the first chapter the definition of a functional
a8 oonceived by Volterra, together with the study of the deriv-
atives and differentials of a functional as deduced by him
are presented. A8 Volterra was the first person to consider
such 1deas, his work is first discussed. The oriticisms of
his derivatives and differentials by Hadamard end Bliss,
showing that they must be modified in order toc be applicable
to problems such es those of the calculus of variations, are
also considered. Fischer has extended the definition of a
derivative of a functional as given by Volterres so thst it
is applicable to the problems of the caloculus of varietions,
He also generalized these ideas for functions of surfaces.
The toplcs indicated above are in essence, the content of
the first chapter,

The second chapter deals primarily with the concep-
tion of differentiamls of functionals es given by Fréchet,
torother with the modifications of his definitions which
were made by Le Stourgeon, and with theorems concerning the
representation of linear functionals by means of Stieltjes
integrals. The definitions of the difrerentisls of a funoc-
tional as proposed by Fréchet appear to be inconvenien% in

the theory of the calculus of variations. Le Stourgeon has
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modified Fréchet's definitions in such a manner that they
are applicable to this thepry. According to Fréchet's de-
finition the first differential of a functional is a linear
functional, and can therefore be represented as a Stieltjes
integrel. A brief discussion of such representations of
linear snd bilinear functionals, in particular of the Riesz
theorem, is also made in this chapter, as such representa-
tions are useful in the applications of the theory of func-
tionals to the calculus of variations,

A 8tudy of the applications of the theory of function-
als to the problems of the calculus of variations 18 the theme
of chepter three. The more or less unsuccessful attempts to
relate the two fields, such as were mesde by Hedamard and
Volterra are first consldered. The first systematic study
of the proplcm of minimizing a functional was made by Le
Stourgeon., Her work end its applications to the sirple prob-
lem of the calculus of variations are treated in some detail.
The work of Fischer onh the same problem is alsc preuented,
Fischer further studied the problem of minimizing a functlion
of a surface, & generalization of the problem of minimizing
a double integral. The problem of Lagrenge has heen treanted
from the standpoint of functions of lines, by Hahn and others,
end a scection is devoted to such trestments. 7The Hamilton~
Jecobl theory for double integrals and ite relutions to the
theory of functions of lines are alsc included in this chap-
ters The relations of the theory of functionals to the

theory of the calculus of variations as expounded by Tonelll
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and hie followers are likewlse briefly considered,

The theory of the calculus of variations is not usually
thought of as a chapter in the theory of functionals, The
functionels of the caloculus of variations are relatively so
special that meny of their most important properties do not
hold for functionaels in genersl. It is probebly for this
reason thnt the contributions of the genersl theory to the
theory of the calculus of veriations are so few in number,

The purpose of this peper is to meke a survey of the relation-
ships hitherto developed between the general and the more
special theories, with the hope thet further results of in-~

terest in this domein may be secured in the near future,



CHAPTIR I

VOLUIRRA's DERIVARIVIE OF £ FJUCLIVLAL

Introduction. It is seldom that in any mathemetical
field one cen point to & certein erticle and say that with
this article the study of thet paerticuler field begins. For
tho case of the theory of functions of lines, however, the
theory may be seid to begin quite definitely with an article
by Volterra written in 1887 [ 2, P 9?] *, Previous writers
had studied functions which depended on other functions, as
for example Koenigs in his work on functionel equaticns
[1. Pe Se 3] , but they did not consider functions which
depended on all the values of gnother function, and they
consequently did not have need to define a functional of
the most genersl type.

In this first chapter of the present peper tho work
of Volterre, with ite criticisms and generalizetions by
others, is presented.

1. The Volterra derivative. Volterra [ 2, p. 97]

Qefined s function of a line, or functional, a&s & variable
F whose value weas determined when all the values of a func=-
tion y(x) defined on a certein interval ab were glven, send

denoted his functional by the symbol

F=FILy ‘f?”‘

¥ The symbol L 2, p. 97 ] moans reference < oI the bibllogra=-
phy at the end of the text, page 97, Other gymbols of this
type should be similerly interpreted.

(199) 5
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o)

If tho functicnal depended glsc ol ¢ varinrble t, it was ex-

pressed by ithe ncteticn

Similarly, functicnals winich depended on n funeticns end m

varisbles were represented in the form
i b
F-Fllye, 5 ® v 20
a, a,

For such e functiun of a line T l[y(x)]‘ Voltervra
deiined & derivetive at a point % = §. [2, p. 97; 5, p. 141;
17, o. 24; 18, p. 12; 48, p. 25] « IPor the definition of the
derivoative the Twictionel F is assumed to heve ccuntinuity cf
order ncro, that ig, Lor every €)>0 it is true that there
exists a § such that when |n}x)'( $ on ab, Lhen

|FILye0 + ] -Fllyeo]]

which the functionel depends are ssgsumed to be continuous cn

<€ . The fuacticns y(x) on

the interval eb. On a gsubinterval h of 2b contlaiaing the
point § let y(x) heve a continuous v
increment Wl(x) such that ,Yl(x) | <t ,
The curve y = y(x) so mcdified will

be represented by the equation

v = y(x) + Yl (x) whosge graph is shown « h—>

in the figure. 1In order to define a

X

derivative, the followins further o a § €
relations are supposed to be satisfied. TMiee 1

I. The variaticns 1‘ of the ordinates are lcss in
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absolute value than € , and fcr the corresponding lncrement

of F, represented by A F, the inequality

M

af

—

£h

2

is presupposed where M is & constant.

II. If the deformation of the curve y = y(x) on the
interval h is slweys on the srme side of the curve, that is,
obtained by either increasing or decreasing rll the ordinsates,
and 1f o represents the area hotween the origiusl and the
varied curve, then Volterra assumes that the 1limit

Lm o F

ghzo O
existg. This 1linit is a function of the curve y = y(x) end
the point § 1nto which the interval h shrinks, and will be
denoted by Fﬂ,[ﬂ(g}.g]"

IIT. With respect to all functions y(x) and ell
abscissae § the ratio AF)Qr tends uniformly towards its
limit.

IV. The functicnal F][j(ixj]| is continuous with
respect to y(x) end §. . "

The quentity F"I[:j (x), 511 1s then called the
derivetive of the functional F ' [y(x)]l taken at the point
x=5.

One should note that the derivaetive sc definecd is

applicable only toc functionals which heve ccentinulty of order
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zero. fThe sssumption III, that the limit of AF)ﬂr is
uniformly epproached as € and h tend toward zerc is a very
strong one.

The problems of the calculus of variations are prob-
lems in the theory of functions of lines for which F has the

form

FICy el =7 o yoo, ') do.

These funotionals obviously do not in general have continuity
of order zero, and therefore do not always have derivatives
in the sense described above. The derivative as defined above,
is teken &t the particuler pcint on the arc y(x) corresponding
t0 X = § e For the problems of the calculus ¢f varietions
it turns out that a diffarential defined along y(x) over the
whole interval a <« x £ b has greater applicability.

2. The Volterrs differentisl. The differential of

a functional, as contrasted to its derivative, was defined
by Volterre ['2, Pe 101] and shown to be expressible in

terms of the derivative in the forxrm

(2.1) SP=fF"|[3(”,§]|53(SNS'

In his first paper on functions of lines [ 2, PP 100-2]
Volterra gives a proof of this formula which is not sltogether
satisfactory. In his leter works [ 17, p. 25; 18, p. 22;

38, D 23] he obtains the formula for the differential by
analogy with the case for a function of 2 reel variebdle,

In that cese, 1f P is8 a funotion of n real variabdles ¥y and
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if S vy is the differential of yi, the differential cf P 1is

e linear expxession with suitable properties of the form
SF=FF's
:Z,: i Y

where the symbols Ei' designate sinply the coefficicnte of
the differentials § ¥y withcut any reference to their intore
pretations as derivatives. 1In the case of functiocns of
lines one has an analogous formula (2.1), the summaticn sign
being replaced by an integral. This method of attack provides
the definition of a differential without the preliminary
definition of a derivative.

In his first paper [ 2, P. 97] on the derivative of
& functional Volterra assumed that the ratio AF/¢h (see
page 7) was bounded. In & second article [ 3, P 141] he
considered cases when this ratioc hed other particular proper-
ties. 1In one of them he showed thet if the varistion Wl
of y(x) was less then £ on the interval h, and at the point

§ the relation

holds, then the differential of P still has the form

SF = FIlyo, tinee de.

Another cese which he discussed [.5, Pe 145] was one

for which the functicne y(x) and their verlations Yl had
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continucus derivaetives up to and including thcse of order m.
Let y be given a variaticn \1 on the interval h containing
the point § , and let W Dbe so chosen thet YLYﬁ~~~th}

are in ebsolute value less than € and respectively equal to
/%,/Q, “+, [, @t the point § . Purthermore it is presup-
posed that the ratios /ﬂ/g tend towards a set of constants

ki as ¢ and h approech zerc. For every such approsch to
zerc 1t is alsc assumed that et the point § the ratio AF/e

has the 1limit

where the coefficients ap have well determined finite values,
Under these circumstances Volterra shows that the differential

of F has the form
- = p
sk =fa F I[E(x),t]lvl(t)dt +2 ).

In order to prove this, let us define & functicnal G by means

of the relaticn

(2.2) G\[3<*)]\=F'|[jm]|-§ @,y ).

Prom this definition it follows with the help of the proof
first mentioned in this section that G has a differential in
the form

SGch'l[gcx), 3] dt,
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and it may be, easily proved that

¢ [ vtx),t]] =r |[ym,e]] .
Thus, teking the differential of both sides of eyustion (2,2)
and solving for S F, 1t is clear thut
SF=8G+ g a.?g\df(s)
:fr‘|(\3(x),r]mmu rE o (3).
Such an expression for the differentiel is interesting, but
does nct appecer to be appliceble to many particular problems.
Volterra defines second derivatives of functionesls by
a method similer to the one used in deducing first deriveatives.
The first derivative is defined at & point 3| , and there-

after the seccnd derivetive at & point 5; , and the latter

may be expressed in the form
" (2
FrI0ye, 5,.8,00 -

Under syiteble hypotheses this expression is proved to be
symmetric in ;, and  §, [2, p. 102; 17, p. 26] « Volterra
elso shows that for F|[ y(x) + zrt]l the derivstive with

respect to &€ at &£ = O is expressible in thc form

(4)- L1y, g,

end in an analogous menner the second derivetive may be

represented in the form

2 14 '
(55 )o - T(S'MS'L FrILye, 505,050 45,
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These expressions correspond to the first and second differ-
entials used in the theory of the calculus of varistions.

3. The eriticism of the derivative by Bliss. The

Volterra derivative as defined on page 7 has been shown not
to be applicable to problems of the caloulus of variations.
As such examples constitute an important sub-~field of the
theory cof functicnals, it 1s desirable that there be a theory
suited to such applications. Bliss [ 23, D 175} hae given
examples from the calculus of varistions for whioh the Vol-
terre derivative does not exist.

One example for which the derivative does not exist,
because the integral is not continuocus ¢
in the Volterra sense, is the length

integral
F = J¢J|+'3' da .

In the figure, ac + ob is the length o

of each of the broken lines connecting &

end b, which consist of the slanting Mg. 2,

sides of the triangles with bases on &b and equel eltitudes,

In each neighborhood of ab there is one cf these psths, all

of the same length, and one readily sees by medns of these

variaticns of the straight line ab that the length integrsl

has not continuity of order zero as presupposed by Volterra.
Ancther example is given where the limits AF/_

and A‘)Qh, (see page 7) are not well defined as reguired

by Volterra. Oonsider asn intesral of the form
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*
(3.1) F =£§[x,3m,\j’(x)]d4.

where the function £ is supposed to be continuous and to

have econtinuous first and second derivetives in a neighborhood
R of the values x,y,y') belonging to the curve y = y(x),

(a £ x «b)e IT YL (x) 18 the variation of y, the corres=~
ponding inorement AF of the integral (3.1) may bo expressed

in the form

¢
AF :L{f(x,3+q,3'+rl') -f(x}l\s)g')} dy.

:fj{")l*BYll} du.,

(3.2)

where

i
A =£ {‘x (x,H wvt,}j’*ev[') de,

B :J:‘"‘g'(x’:jwvl' \‘1%97{')&9,"
end where Vl is continuous and hes continuous first and
second derivatives excopt perhaps at a finite nunber of points
on the interval ab., The values (x,y ﬂrl,y' n'l‘) for
8 <£x <Db are assumed to be in Re After an integration by
parts, usual in the calculus of varisticns, and an appli-

cation of the mean value theorem the expression (3.2) becomes
(3.3) AF=f‘(H—“B de = [A-981 -. [
' @ ﬂ)y( —[ n]“" m"l.d*’

where x' 18 & sultably chosen point on the interval of length

h containing the point S at which the Volterra deriveotive
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was taken. If the variation Q' (x) has the form

N = IR g) - (n0),

corresponding to a clrcular arc on the interval

3—% LX£§ +%§,

where it is not identically zero, as shown in figure 3, then

one sees thet

(2 . .
o =fa~rl'd.¢ :n‘(g_smewe), N Sﬁ’//;f\sb;!}
(3.4)
Ju

Eh=an®Sim 8 (1-Co00)

When ¢ 1is allowed to

approach zero while T remains Pg. 3.

constant, the above relations imply that h and © both approech

zero and
F— —A- )
g0 %"[‘3 H‘Cs‘*%fsn%]x:s >
aF 9 p_df. .
tio Eh 3[f3 flii;‘; +%‘t3‘3%]x=3.

At a point 3 where fy'y' is not zerc either one of the last

two linits may be made to teke on en arbitrarily essigned

value by properly chocsing r. Hence here the condition that

the above two ratlos are unlquely defined or bounded is not

satisfied.

For a general vuriation Tl satisfying restrictions
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of the typs imposed in the last paregraph it follows from
(3.3) end (3.4) that

‘A?FE = D;'{{"g-{:j"_pﬂll! YAyt
"'lf ﬁﬁyede—q”f{:v. .eda] >

where the arguments of £ and i1its derivatives are

(x,y + Grl.y' + O%’') end x' is the intermediate value be-
tween 5 - % and S +g% mentioned on the preceding page.
If this limit is to exist and have the value

Lo oF o ,
ghxo O ['(\3 ﬁ{:g’]xzs

>

it is evident that the conditions

’V[(X),u, M’(x)lu, | “w|et, (a,éxﬁfr)

should alsoc be imposed on Wl « If it is elso further pre=-

supposged that

|1CB-£[‘J,|<M) [fggleM, oyy|M, (rexet)

where M 18 & fixed quantity, then one is assured that the

ratic AF /¢ is bounded since
Fl-]aF].| = F
'%E'_’é___, |gh'él%‘,éM+M%*M%'

Bliss alsc shows whaet properties possessed by an

integral of the form
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¢
Flyl=f fooyoyl - y™) du,
o

will insure that it has a derivetive in the Volterra sense
epproached with order r. A more detailed study of this work
was undertaeken by Fischer, and will be considered in Section
7

From the considerations above, it is seen that the
Volterra derivetive has tc be modified in order to be appli-
cable to thc prcblems of the calculus of variations, and the
type of modification is indicated in the preceding paragraphs.

4. Yolterra's work on the three-space problem. 1In

a series of articles Volterra developed a theory of func~
tionels [ 2, p. 97; 3, p. 141; 4, p. 153] and applied his
idea of a functionsl derivative to various examples, such as
functionals in three-space [ 5, p. 225; 6, p. 274, ordi-
nary monogenic functions [ 7, p. 281; 8, p. 107; 9, p. 196;
13, p. 253] ., monogenic functions in higher dimensional
spaces [ 10, p. 158; 11, p. 291; 12, p. 599 ] , end the Hamil-
ton-Jacobl theory of the caleulus of variations for multiple
integrels [ 14, p. 127] . 1In his texts [ 17, p. 77; 18, p.
29; 38, p. 41] he presents the theory of functions of lines
as preliminary to & study of integrel and integro-differen-~
tial equations. For some of the problems of the calculus of
veriations it has been shovn that the Volterre derivative
will not always exist. However, Volterra's applications to
the calculus of varistions, and to the theory of maxima

end minima of more general functionals than those which
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ocour in the czloculus of veriations heve been very sugges-

tive.
In particular, for the space case [ 5, Pe 225] for

which a curve L 1s defined by the equations

.

X=x%(s), Y=Y, Z=2(5),
end & neighboring curve Ll by the equations
X=X/(s), 13:3.(3), = 2 (3)
the variations of the curve L ere the quantities
$x = X,(s) - x(5), 53 SY-YE), Sz () 2.

Volterra assuned that the differential of a funotionel F|[LJ|

had the form

Y F:I(Px‘Sx FRySy+RS)de.

This is & direct extension of the differential of a func-
tional depending on one independent variable.

Volterra [6, P 274] &8l80 considers the differen-
tial of & functionel in three spece for certain special
ceses. In each instance a formula for the differential 1is
deduced. ¥or example, if o 3 ¥ are the direction cosines

of the taengent tc the curve L, then it turns ocut that the

’ ‘
relation «F, +3 P}j’ +¥F, =0,
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is satisfied, and the quantities Fx', Fy', Fz' may be

expressed in the form

F2¥B-8C, FE-aC-¥A, F/:@R-«B.

The differential may then be represented by the expressicn
(4.1) SP:f{n(ﬂSE—)’Sﬁ){-B(XSx—uSiﬁ) +Clusy-Asx)}ds.
L

Prange, in his dissertetion [ 30, pe. 41] calls the
quantities A, B, G, which occur in equetion (4.1l) the deri-
vatives of the functionel F with respect to the cocrdinate
planes. He makes use of them in the Hamilton-Jacobi theory
for double integrels, Such applications will be considered
in a later section.

Febri | 16, p. 432] has genoralized the idess of

Volterre to functionels of the type
PPy Gt ol

where the Xy are n independent variebles ranging over a
domein C. The first varliation of such a functionsl is found

in the form

e LR N CTONRRRT S [P

where F'I L Fl[}j"“]]"F"[‘j]'
T g e =0
.;; Tld”'td‘d”n.
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Wl being the customary variation of y different from gzexo
on the portion Gy of 0. PFabri also considered funotionals
in three-space, and deduced representations of special funo-
tionals and tggir differentials in forms similar to those
obtalned by Volterrs.

The work of Volterra and Fabri for the three-space
problem is exceedingly suggestive of possible applications
of the theory of functionals, Their results, however, need
gimplification and adaptation,

5, Hadamerd's criticism. A oriticism of the Vol-

terra derivative of a function of & line L in three-dimen-
gionel space was also made by Hadamard [-16, Pe 40]

He noted without proof for a function of the form

L ul‘ X z, clt dr
PII =L 00y, 2 JEL, Ay,
that under certein cireumstances the expression for the dif-

ferential .

gPrfL(F;'SH— Fy Sy +FS2)ds,

(5.1)

e8 given by Volterrae [ 5, p. 227] was not valid unless one
added to it terms of the form

P §x +P}! SBFP,_ Sz +P3.Sn’+2.§1'+--- .

8imilarly it was seen that the differential of the deriva-

tive Fx' could not be represented in the form (B.1l), as it
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depended on the quantities y' end z' as well as x,y,%.

Hedemard noted thet the differentiel of Volterra
was a distributive funoticn as defined by Pincherle, an
edditive function as defined by Bourlet, or & linear func~
tion in SX, 83 N $2% eoccording to his own definition,
He alsc showed that many of the properties of the Volterra
derivative for the functional P may be obteined by consid-
ering the values of the functionsl F taken elong a two-par-
emeter family of curves L, depending on the parameters A
end )L + The identity

2P
A FpIN’

is then satisfisd, Haedemard states that from this formule
alone many of the relations involving the inversion of vari-
ous differentiations of a functional may be obtained,

Hadamard's criticism was the first to be made of the
Volterra differential. He showed that suoh differentiels
do not necessarily exist for all typec of functionals, and
indicated the types of functionale for which they were
epplicable, He did not c:rry through the details of the
suggestions which he made.

6., Other hypotheses for the existence of the Yol~

terra derivative, Other hypotheses for the existence of the

Volterra derivative of a function of a line have been given
by Evans, His purpose wes to weaken the continuity propere
ties required for the funoctional P lfy(x)]‘ , and also for
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its argument y(x), in order that the derivative should exist.

One set of hypotheses given by Evans [28, Pe 587]
consists of the following three assumptions:

I. T‘ha funotion y(x) lies between two functions G(x)
and H(x) such that G(x) < H(x) on the interval ab, and
P|[y]| is well defined and continuous for every continuous
function y(x) in that region.

II., On the interval h, within the interval ab, let
y(x) teke on a continuous variation Yl(x) , vanisiing a8t
the ends of h, of one sign, and such that |yl(x)‘< £ in
the interior of h, Let the corresponding increment of F be

denoted by AF , and for convenlence, write

a :g{rvkcbw.

It is presupposed that the ratio 1564r approeches a

fixed limit F' a8 £ and h tend towards zero, provided that
the interval alweys contains the point g at which the
derivative is to be taken.

III. The ratio A% approaches its limit uni-
formly with respect to sll the functicns y(x) described above
end all points S on the interval ab.

If these conditions are fulfilled Evens shows thet
the derivative of a functional will surely exist. These
essumptions are similar to those made by Volterra, the
differences heing in condition I and the fact that the
derivative is not assumed to be continuous. Evens gives two

other sets of hypotheses which assure the existoenoce of the
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Volterra derivative,

Daniell [;55, P. 414] deduced & criterion for the
linear property of the Volterra differentiasl. He consldered
only continuous- functions y(x) and defined the differentisl
by the relation

Dyn) = i 4 {FlLy+el- Pl

In place of Volterra's four conditicns he made the following
two assumpticns:
I. P I[y]' satisfies a Cauchy-Lipschitz condition,

which states that there is & number M such thet

|FIEgIl- FILgd| £ M- a0 -y 0ol

II. The differentiel I)(jwn)exists for all con-
tinuous Wl , end all continucus yl in the neighborhood of y.

Under these conditions Daniell shows that the differ-
entisl I)(S’q) i8 & linesr functional.

These articles by Evens and Daniell are of interest
because they show that the hypotheses Volterra made for the
existence of the derivative and the differential of a func-
tional are unnecessarily stringent.

7. The generalized Volterra derivative of Fisoher,

It has beon shown thet the derivative of & functionel as
ccneelved by Volterra frequently ueeds modification in
order to be applicesble to the problems of the celculus of

variations. The purvose of Fischer was to extend the
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Volterra derivative in such a way that 1t may bé utilized
in the theory of the problem of Lagrange in the calculus of
variations.

Figcher [ 19, p. 375] defined a derivetive of a
function of a line L(C), relative to s specially defined
class of curves K in the plane and a set of pointssﬂ-‘;sm
on the interval xlxz. In order to define the set of curves

K, oonsider & set of differentiel equations
’ 1 .
(7.1) Z, = 3‘.(x,3,5,z,,...,zm) (i=1,--.m),

end the initisl conditions zi(xl) = 244, the range of x
being from xl to X, . When a function y = y(x) is given, the
sbove equations determine uniquely m functions, zi(x). A
curve of the class K which i8 to be considered, i8 Tepre-

sented by an eauation
(7.2) C: Y=y .

“11 curves of the class join two given points (xl,yl) and
(xz,yg) in the xy-plane. A curve belongs to the class, 1if
when substituted with its derivatives in equations (7.1),
the resulting functions zi(x) satisfy not only the pre-
scribed initial conditions at Xy but alsoc take on speci-
fied values zi(xz) = z12 at the other end pocint X, .

A property of the curve C which will be found to be
useful in the applications of I'ischer's generalized dorivea-

tive is that of ncrmality. A curve C is said tc be nornel

if there are no scluticns %‘l of the cquaticns
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7 YR
. J . -
>\L(K)+ 2%: AJ“)—O'

whioch are also solutions of the equation

a,_d‘ ‘J'}:.O
Fing-g0eip)
except the solution A; = O, The arguments y(x), y'(x),

mi(x) of the derivatives of g in these equations are those

belonging to C.
In order to define, after the menner of Volterra, a

derivative of the functional L(C) et & value x = § and
relative to the set of values §”~‘-. 5,“ it is necessary
to compare the velue of the functional L(C) on C with its
value taken slong & neighboring curve of the class K,

defined by an equation

y = Yo + Sﬂ(x),

where S:S must be properly chosen in order that this curve
will belong to the set K. Fischer [ 19, p. 579:] has devised
& method for constructing these functions S y(x). Suppose
thet n}x) 18 a continuous function with continuous first

end second derivatives such that the conditicns

nwfzs,  nwles,  |yo|ss,

Yt(x') = Yl(x;) =0,

are satisfied, A curve C ¢ defined by the equation

(7.3)
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m
C.: Y=y F O+ 3 e,

will belong to the class of curves K if the functlons ﬂ)U)

are properly chosen. When the set of points 5‘_ is arbi-

trarily chbsen, one mey determine the 7[¢ (x) as funotions

which have the same continuity properties as n}x),

which are identicelly zero everywhere exocept on intervals
§i-E £ X< g +E where they are of constant sign, and

which are such that the curve C, 1s in K.

Irn defining the derivative of a function of e line
mentioned in the last paragraph, the points §: e&are ocon-
sidered as fixed., The varietion Q(x) is chosen identi-
oally zero everywhere except on an interval g-z £x£:3f£
where § 18 a fixed point, and also gatisfies the hypoth-
eges indicated above. If L(C) 1s a function of a line such
that the limit

| 3 L(c) L) _ L'(C, € 5. 5 m)

€0

exists uniquely, where ¢ 18 defined by the equation

o fs*vl(x)ob;

then that limit is called by Fisoher the generalized Vol-
terre derivative of the functional L(C) at the paint §
relative to the set of points 5,,-~-) §, end the cless of
curves XK. The derivative as defined above is said to be
approached with order two becauee of the restriction

l'l"(")l ¢ § 4imposed aduve.
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In order to define a derivative which will be ap-
prosched with order r, the inequalities (7.3) ere replaced
by
M s, ‘tm S, y("‘)(x) < §,

(7.4)
end 1t is assumed that y(x) has continuous derivatives up
to and including those of order r. A discussion similar to
the one given on the preceding pages will 8ti111 hold, and
will agein imply the existence of & derivative.

This extended derivative 1s defined for curves
having at least continuous first and second derivatives,
and not for all continuous curves. In ocrder tc get a more
widely applicable derivetive Fischer proved another theorem.
In addition to the preceding hypotheses it 1s presupposed
that there is a neighborhood of C such that if %‘ s C°

ere in that neighborhood then the inequallty

o/

L(C:)"L(Cl) _ L’(C')g\ <€
a

is slways satisfied.
The comperison curves for this case have &n equation

of the form

Cf‘: 5: 3(X)+Yl(x,d)+iil(xjx),
where the fuaction W[(Xﬁt) is given in amdvance and the
funotions v}, - > nﬂt are determined as before as functions

of x and the parameter « . It is also assumed that the
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functions *b'ﬂ:"'"’ﬂ(” approech zero uniformly witha
aend that the funotion n(x,m) has et & =« O a derivative
N« (%0)  with respect to o which is continucus in x
and approgched uniformly with respect to x. Under these
conditions the functions Vli(x,a) may be determined with
properties similer to those imposed in the preceding pera=
grephs and such that the curve 054_ belongs to the class
Ke
If these assumptions are fulfilled, then the 1limit

Lo L(C)-L(C)

g£=0 o

is unique, and can be proved to have the form

L L(cL)-L@©)

£=o0 ol

Prl
:j L,(C.*)Y(« (x,0) dx .

In particulsr, if Yl(kd) is an admissible variation, that

is if tue curve

Cat Y= g0 e,

belonge to the set K, then L(C_ ) is a uniquely determined
function of « @and its differential 2t o = 0 has the

[alL(c,,)]
d a <

form

=0

]
= i L(C,x) Ny (x,0)dp .

(7.5)
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This theorem on the generslized Volterra derivative
18 of a type applicable in the caloulus of varistions,
More conditions than Voelterras used are imposed on the curves
under consideration, but the results obtained are more use-
ful than those of Volterres in the applications.

8. Pischer's derivetive of a funotion of a surfsace.

Pisoher has defined a derivative of a function of & surface
in the Volterra manner, extending the ideas descoribed in the
1ast section to functions of surfaces in three-space., He
also defined e derivative of a function of a surfece rela-
tive to a special oclass of surfaces K. These theories will
be considered in this seoction.
mThe derivetive of a function of a surface L(S) is

defined in sn article in the American Journal of Mathematics
[20, Pe 289] « The surfaces to be considered are repre-

sented by equations of the form
5-‘ Z.:Z(X,B),

S: E:=% (x,4) + YD,
and sre defined over a region R of the xy-plane. The func-
tionas s(x,y) and Yl (x,y) are continuouns and have continu-
ous derivatives up to and including those of order r.

The funotion YL vanishes for all values of x and y out-
gide & region interior to R defined by the inequalities
XKo=& CX KX +E | Y ~EC Yy e In this region Wl‘ has a
constent sign. The absolute values of the partial deriva-

tives of TL (x,y) up to and including those of order r are
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supposed to be everywhere less than ¢ . The derivative
of a function of a surface L(S) at the point x .y, is then
defined to be the limit

. L‘(S;x,,g,) e L(S)-L(S)
€=0 r

i1if the 1imit exists, where

o - f::ij“’*i(x.g)aju.

o Yo
Such & derivative 1s seid to be approeched with order r be-
csuse of the restriotions above placed upon 7[ and its
derivatives,

If 1t 18 slso sessumed that the derivative L'(8,X,,¥q)
is continuous with order r in its arguments S,xo.yo and 1s
epproached uniformly with order r for all (xg,yo) in R eand
aurfaces 8 in a neighborhood of en initiel one, then a for-
mula maey be deduced for the derivative with respeot to ol
of the functional L(S ) on a one-parameter family of sur-
faces S, , « being the perameter of the family, The famlly

of surfaces 8, may be defined by an equation
S, Z :Z(x,3)+ w(x,xj,x),

where w(x,y,« ) has the same continulty properties as z(x,y)
and the derivatives of w with respeot to x and y venish on
the boundary of R and approach zero uniformly in x end y

when o approaches zerc. It is also presupposed that
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w(x,¥, o ) hes a derivative with respect to o such that
wo (x,y,0) exists, is continuous, and aspproached uniformly
for all (x,y) in R. If the functional L(S) end the surfaces

S satisfy the assumptions stated ebove, then it turns ocut

ol
that the deriv-tive of L(3, ) with respect to the parameter

o 1s given by the relation

(8.1) o - . x, .0
——— . L (s; K)W«(x3 )d/t.obvj

This work of Fischer's on the derivative of & funoc-
tion of & surface is an extonsion to functicns of surfaces
in three-space of Volterre's 1ldeas on derivatives of func-
tions of lines, as indicated in the first two sections of
this chapter. The epplications of this derivative to probleous
of minimizing functionals will be considered in Section 18,

Fischer [ 20, p. 297] elso defined a derivative of
e function of a surface relative to & class of surfeces XK.
In doing so he considered m functionals Mi(S) which are
ccntinuous and whose derivatives Mi'(S,x,y) are continuous
and gpproached uniformly with order r in & neighborhood of
the surface S. It 1s also presupposed that there are some

points such thet the inequality
4
My (5;%..yv)
(1=l om

is sotisfied. A surface Sl is said to belong to the set ¥
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if it satisfies the releastion
M; (%) -M;(5) =0 (§=120- ™),

I£ & surface belongs to the set X, there is no

essurance that a neighboring surface S,
S,0 EEE(Y E (Y,

will belong to the set. However, Plscher shows in a manner
similar to that used for the plane case (see page d5)

that Lf m points (xi.yi) are properly chosen, then m funo-
tions ﬂj(x,s) heving properties similer to those of Qﬁx&p

may be deterxr:ined such that the surfece
. m
Swi ZFEOY 4 Y42 (),

belongs to the set K.

Por this redtricted class of surfasces Fischer defines

his derivative as the limit

L (S5 %o %01 ) = i L(S,) =L S)
a-

£E=o0

where ¢~ has the value indiceted on pege 29 . This 1limit
is celled the derivative of the functicnel L(S) et the
point (xo,yo) relative tc the set of surfeccs X and the

points (xi,yi). The functions M, eppear in the value ol

1
the derivative L'(S). For example, L' may be written in

the form



32 THE VOLTERRA DERIVATIVE (226)

‘ _ ™ -L .
L (Smugenvy) = oy [OLLE 7 LD - (s..) (_t}

5
%

(8.2)

=0

=L (S xy.) + b L'(S;xuy) &m S,

where 0 is defined by the relation

wof ey

The limit OI//G‘ may be evaluated in terms of the functicns
M. Since Sm belongs to the set K, it follows that the
equations

Mjwm)-Mj6),q

a

are satisfied, and hence 88 € =and ¢ approech zero it is

evident that
(8.3) My(Sixoy) + 2 My (S;xiy.) L % -0

If these ejuations are solved for the desired ratios and
the results substituted in equation (8.2), it can be shown
[20, Pe 501] that the derivative L'(S) may be written in

the form

(8.4) LII(SZ xo':'o’xngi) = Ll(sixo-3°)+ i )‘K M;(sa xo-sa);

where the A x depond only upcn the derivatives of I and

Mi on the surfece S at the points (xk,yk).

These resultis ere a generalization of these obtained
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by Fischer for the enalogous plane case, and are especially
applicable to the problem of minimizing a functional whose
arguments sre subjected to certain restrictions. The appli-
cations of such derivetives to the problem of Lagrange in
the caleculus of variations will be discussed later.

In anothexr article Pischer [ 31, p. 259 ] oonsidered
surfaces with exceptional points or curves. The type of

hypotheses used in the preceding papers cn the suriaces

Z = Z(!,y).
z = z(x,y) + Vl (x,¥5),
z = 2 (x,5) + W (X,¥,0 )

S:
SE
8,

end the functionels L(S) are asdopted, except that there is
an exceptional puint (xo,yo) or an exceptional curve.
Fischer's notations and arguments are lacking in clearness,
The following paragraphs give the hypotheces and results of
his paper with modificetions which seem necessary in orderxr
to hermonize them with the text of his proofs.

The first type of exceptionel point (x4, Yo) which

he considers is one at which the limit

Qum. L‘(St)"L‘(S) _
gzo — o =9

(8.5)

holds for every Yl (x,y) dependent upon o , and such that
the ratio M (x,y)/o is bounded for all points (x,y) in
R and all velues of of near o = 0, and furthermore such

thet the limit
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Do 1 2N o)

£z0 * dxt a(\j:‘ ’
exists. Eiécher does not describe explicitly the dependence
of VL (x,y) upon o0 , or of o wupon € but it sppeers in
his proofs that n 18 glways a function YL(X,ﬁ,M) whose
absolute value approaches zerc uniformly with o for ell
points (x,y) in Re The inequality l‘L(X.B)ILE can be
attained by making ol approach zero., His limits as €
approaches zero should perheps therefore be interpreted to
be limits as o approaches zero. For en exceptional point
(x ,yo) of the type described above, it is shown that the
form of the derivative &as given by the expression (8.1) is
unchanged.

A second type of exceptionsl point (xo,yo) is one

for which there exists a set of constants 2y such that the
relation

Lo, L(S;) L(s) Z . L,W_L o 3 S

(8+6) €0 Y,jzo ° €=0 3xt ayd

holds. Por such points, by a method similar tc that used

by Volterre (see page 10 ) Pischer shows that the derivative
of L(S(i) with respect to o for ol = O may be expressed
in the form

au )] L'(5;%.4) wa (X0
(8.7 «ff Y () e dy

t 5 ey 9w, (xoy0)

»3- aX" 33‘
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In order to prove the above formula it is assumed that the
relation (8.6) holds at the point (X5,¥5)e A new function
T(s) is defined by the expression

CLOLG) -5 ey ety
ty=e axt Sy

This function T(S) will satisfy equation (8.5) and have a
derivetive in the form given by the expression (8.1l). The
derivatives T'(3S,x,y) and L(S;x,y) are equsl excaept at the
exceptional points. fhe combinaetion of these results gives
the derivative (8.7) for L(S).

Fischer obtains a second derivetive for funotionals

of a surfece with an exceptional point (x ) of the

0'Yo
second kind described above in the form

) ]l s i

(8.8)

X, o -0)
+ a, . (x,, ___L(.LL__W (%\.,
léZo IJ) dx™ o ‘i‘!o /
+ LS5 %0,y W (6, ,0)) dic, day,
the aij being constants whenever the point (xo.yo) ie fixed,
For functions of surfaces with exceptional curves

Fischer [-31, p. 262 ] obteins similer forms for the deriva=-
tive of & functional L(S). Two caces are considered, the

first being for those curves along which & ocertain limit

b, L(S)-L(5) —

£€=0 [ ’
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holds uniformly in e neighborhood of the given surfaoce.
For such curves the form of the derivative as given by the
expression (8.1) 1is ur'zohanged.

The second type of exceptional ocurve is one for
which there exists a set of n continuous functions aj(a)
such that elong the curve

Rowe L(S)-LESY _ § 1 [F5. (s dM(5.0
£=o € - Z &L_E“A(s)‘%:r-)—aﬁ,

]:0

where the varietion Vl_ (s,n) is expressed in terms of the
arc length 8 and the normel distance to the curve. By a
proof similar to the analogous case for surfaces which have

exceptional points of the second kind Fischer shows that

d L (5.)

d o Lf fL L'(S""»‘j') w, (%.y,0) dx dy

~ At :
+ Z.,[ ay(s) %J‘%’;_AA
3:0

I1f the functionel L(S) depends on a surfece repre-

(8+9)

sented in paremetric form by the equatlions
X = x(u,v), vy = y(u,v), z2 = z(u,v),

Fischer [52, Pe 125] defined the derivative of the func-
tional to be

L'(S w) = l;;; LG M53) (51: LGs) |

where a =i‘ u~Ji;‘v"“;'(_(u.,v) H (wv) A J.-l,

-€ Jy ¢
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end where H du dv is the element of surface area., The
customery hypotheses on the surfaces and funotionals under
consideration are understood to be fulfilled.

, Mscher moulded his definitions and theorems sc that
they might be applicable to problems of the calculus of var-
iations, and used them to deduce some necessary conditions
for a minimun of a functional in general. These applications
will be considered in a lster section,

9. Definitions of the derivative of a functional

by Pascael and Daniele. Other definitions of the derivative
of a functional in the manner of Volterra have been made by
Pasosl end Daniele. Daniele [ 24, p. 319; 25, p. 496 |
considered the derivatives and differentials of a functional
P whose argument y(x) depended on enother function y'(g) R
and a value x of the independcnt varisble. He shows in the

manner of Volterra that if
4 !
F=Fllyod]  y-ylor .«

the derivative of F is expressible in the form

, L,
F ‘[yz(g)'x]‘ :i P |[3(x,z)]|5'|[V(5),z,x]|d:.

The functions under consideration are assumed to be contin-
uwous, end the derivatives F' end y' are teken in the Vol-
terra sense, Analogous formulae are deduced when either

P involves higher derivetives of y, or y involves those of

}U . The whcle procedure is akin to the ordinary process
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of differentiation of a funotion of a function,.

Pascal [ 21, p. 40; 22, p. 68; 29, p. 318 ] defined
the various derivatives of & functional in a menner slightly
differont from that of Volterra. The functionals he con-

siders depend on a curve y = y(x), end & varieble t,
(9.1) P=F([3],t),

where the range of x is 8 £ ¥ ¢ b, and the range of t 1is
st 8,

Pascal distinguishes two types of functicns of lines,
the first of which is a functional, (9.1l), independent of t
which hes a well determined veslue for all curves in a certain
region of the xy-plane. Such & functional is called & point
function of a line. The second type of functionel, depending
upon t as well as y(x), 1s called a line functiocn of a line.
The functional F given by equation (9.1l) is a point function
cf a line when t is kept fixed, end is a line function of a
line when its velue for 211 vslues of t are under consider-
ation,

In order to determine the derivative of a point
function of a line, Pascal first fixes the variable t in
equation (9.1). His method of procedure is like that which
Volterra used, (see page b )o On varying the function y(x)
in a neighborhood of a fixed abscissa xl, a change A F of
F is obtained. If the area between the originasl curve
y = y(x) and the corresponding altered curve is denoted by

o , the 1imiti of the ratio ZXF/K as the erea g ap-
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proaches zero in the manner specified by Volterre, 1s called
the partisl derivative of the point function of a line with

respect to the point x , and is denoted by F'

>F/ 1 \ y(?rl) oF
33(1,) . This is Volterra's derivative ith a differ-
ent notation.

The partial derivative of a line function of a line
with respect to a curve y = y(x) and a particuler ordinate
y(x,) is denoted by the symbol O[F]//D[B(XJ] . It is
defined to be the limit of the ratio of the increment of
ares of the curve defined by P in the tF-pleane, to the in~
erement G of area, near the ordinate xl of the curve de~
fined oy y(x) in the xy-plene, s 4 approaches zero in the
way described in the definition of Volterra's derivative.
The value of this derivative 18 given by the formula

o) (C
(9.2) a[j(x.)] -LF (l.)([jj)t)at,

where F&(xl) is the pertial derivative of the function
P( [y) ,t) thought of es e pcint function of a line as de-
fined above for a fixed t. MThis Pascal derivative is inde-
pendent of the type of variation, subject to Volterra's
restrictions, chosen for y. Deaniele hes commented upcn this
definition of a derivative, and his comments will be descri-~
bed in following paragrephs.

pPascel also deduces a formula for the totel derivative

¢’ e line function of a line F( [y(x)] ,t), with respect to

y(x). Suppose the function y(x) is given an increment A:j
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for each x. Then the functional F is changed intc ® 4+ A P,
The derivative cf F with respect to y, 1f 1t exists, is

fom, j;ﬂarax
f oy

as the denominator saspproaches zero, with the understanding

defined to be

>

that the mode vf apprcach of A 3 to zero is specified in
advance. Pascal maekes this specifioation by assigning

Ay =y(x,€ ) - y(x), where y(x,0) = y(x), and takes the
1limit as € +tends towards zero. 1In contrast with Pascal's
definition of the partial derivative of a point function of
e line, the variation of y(x) extends over the entire range
of x, not being restricted to the neighborhood of a fixed
point, and the value of the derivative depends in general
upon the special mode chosen for A y to approach zerc.

The value of the limit so defined, if it exists, is
designeted by &[F']/A,[B] . Pasoal shows that it may be
represented in the form

iy, [are
(9.3) d'[‘31 €= of[ 2y
(I d¢

In securing this result, he uses Volterra's formula for

i
Pg(x)([‘J(l)]t)g-g-J#dt.

the 1limit of the ratio Ap/e as ¢ epproaches zerc. It
should be noted that the formula (9.3) depends upon the mode
of representation of y as a function of the parameter &

Daniele [27. Do 102] has shown that if the fune-



(235) PA3SCAL'S AND DANIELE'S DERIVATIVES 41

tionel F(y,t) doces not contain the varieble t, then form-

ulee (9.2) and (9.3) reduce to

(3
’ o 23 dx
- -l f P )
(8 u)Fgu), (B-«) J_ Fyo 3E '
= S
[T,
. QE
respectively. Thus, the partisl and totel derivatives of
Pascal for this special case are equal to the corresponding
derivatives of Volterra multiplied by a constant.
For the total derivstive, Daniele [ 27, p. 106 ]
showed that as y(x) does not depend upon t, formule (9.3)

may be expressed in the form

Arrl faﬂf oo dt d [LMQ[F]ELM

ay] se
d—[j] Eﬂi dy Lfb‘il.dm
o 2E . o W&

If it is presupposed that OY /95 has a fixed sign for
at x%< b, it follows that

dlr) _ (.) r]
aryl Syl Jaox,

wher'e %, is a suitably selected mean value on the interval
eb. This formule can be considered as a mean value relation
for the Pascal derivatives. It shows that Pascal's total
derivative is slways equel to the value of Pascal's partial
derivative of a line function of & line at a sultebly chosen
value X, on the interval ab., PFor the special case when

P [y] ,t) dces not contain t explicitly, the last formula
and (9.2) show that
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dlrl .y g
1——[;,‘ = (6 )Pj(x,)([‘j]),

80 that Pascel's totel derivative is in this case egusl to
n mean value of Volterra's derivative of F multiplied by
the constent (@ - o(.) .

10. Miscelleneous papers conserning Volterra's

derivative of a functional. The topics discussed in this

section are the work of Daniele on solving certein functional
equations, Mendelbrojt's study of a type of functional deri-
vative, and the results of a number of erticles on the expan-
gions of functionals in series, analogous to Teylor's series,

Deniele [ 26 | considered functionale of the type

(10.1) fo = H[Y’(?Z),"”,

where £ is defined as & function of P on the interval

0 £ § £ x, and of the variable x. He also thought of
this equation as defining "’ e8 a function ()0\[@ (g)’x]l

end studied not only the relations between £ and § , but
elso those existing between the derivatives of f with respect
to (p end (p with respect to f£f. He developed this anelysis

first for the particular functionals

Foo=poo+ 800y oy dy,
X

Foo- s papay,

end later considered briefly its extension for functionels

(10.2)

of more general types. For functionals given by the first

of equations (10.2), it follows that (‘J mey be expressed
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in the form

P ) =fo +fo(x,1) fr)de,

where F(x,2) is the resolvent kernel of & (x,y). Hence

one finds that

£ Iy ep ol = & oy,
¢, = ICecy), x, qdl = F (xn),

Daniele then states the prineiple of reciprocity

E (0 +F (x,4) - -£x§ (x2)F(z.t)d 2

= _Llp(x‘z)ﬁ(z,t)&il

well known in integral equation theory, with the aid of
which he then shows that

/ ’ X, ,
{"(r*‘{} = —£ f.f(x,y,)(“._(z)})d.z.

An immediate consequence of this relation is that the deriv-
atl?es pé and ?é are permutable in the scnse ol Vol-
terra's first type of permutability [ 17, p. 133] .

Daniele then shows that such idees of reciprocity and
permutability cun be extended to more gencrel functionsls of
the type (10.1), in particular to those which have & variation

in the form
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oo [ 1| (910l SpCpdnsoco Sy

where a(x) is a function independent of (P
tandelbrojt [ 37, p. 151 ] defined a derivative of
order o of a functicnal f(x), o« being any resl number, by

means cf the relations

D, f &) = f,
” B | X -t - o« { O
D feo= e J;i(pz) fa)yde  (=<0),

D $m~ T“:’D f’f(x) (o< f-uou.:f)_

X

Let us for convenience dencte the functional derivative
D:‘ f(x), & function of the two veriables ¥ and o , Dby

f{x, oo Yo With the help of this notation, an integral
! B ”" (v\)
(10.3) I_ = F‘[l.ﬁ(*))c(x))mt("),"u (x)]d-’!-
[
of the calculus cf veristions mey be written in the form

(10.4) I=£,F\[X,£ (X,oc)“o\m, (oeasT),

Mandelbrojt then shows that the variation SI cf the

fanetional (10.4) may be represented by the equetion

ST =[50 f oo D £I[0F 0,0, 51] ds} de,
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where the integrand F“j is the Volterre derivative of B
with respect to £ at the point S for the velue o . An
analogue of the Euler-Lagrange equation of the celoulus of
veriations for the problem of minimizing the integral (10.3)
is then obtained for the problem of minimizing the functional
(10.4) by setting

FI0G0f oo, 5| <0

A study of the properties and sclutions of equations of this
type has not been made as yet, but Mendelbrojt states that
he will discuss this question in a later note.

Various generalizetions of Teylor's series have been
made with the help of the idea of the Volterra derivative,
Volterra gives for a functionel F [y ] having derivetives up
to end including those of order n the expansion [ 17, p. 28;
38, p. 26]

Flym = Flyl

toat o,
tl "‘fmfF [y o8I (8- (50 ds, - dls,
b L5 LTy S S50 e g ds

where O € @ < 1, and the F(l) are successive Volterra deri-
vatives. This formule is anslogous to Taylor's series with

a remainder term. Similar expansions for enelytic funotionals
have been made by Kakeya [ 33, p. 341; 34, p. 177 ]

Levy [ 36, »p. 102] .



CHAPTER II
THE FRECHET DIFFERENTIAL OF A FUNCTIONAL

Introduction., In 1909 P, Riesz showed that a linear
functional with suitable continuity properties could always
be represented as & Stieltjes integral. About the same time
a new conception of the differential of a functional was
introduced by Fréchet. According to his definition, the
differentisl was & linear functional, and could therefore,
by the Riesz theorem, be represented as a Stieltjes integral.

In this chapter the thecry of the representation of
linear and bilinear functionals as Stieltjes integrals is
considered as a basis for the introduction of the Fréchet
type of differential. The work of Préchet and Geteaux on
the definitions of the differentials of a functional, to-
gether with the modificetion of these definitions by Le
Stourgeon in her study of the problem of minimizing a func-
tional, are the topics treated in this chapter.

11. The Riesz theorem. F. Riesz [39, p. 974] 1in
the Comptes Rendus first showed thst a linear functionsl F(y),
having continulty of order zero, ocould always be represented
es a Stieltjes integral in the form

{4
Fay =£ Y ().

(11.1)

A more detalled proof was published in the Annales Scienti-
fiques de L'Fcole Normale Superieure [41, P. 35] « Later
Riesz [47. Pe 2] proved the same theorem under slightly
different hypotheses, using a modularity property insteed of
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the continuity of the linear functional previously required.

Bliss, in his unpudblished lecture notes of courses
on functicns of lines in 1916 end 1920 at the University of
Chicago, proved this thecrem by methods simllar to those
which Riesz used. L. M. Graves, in his course on the same
subject in 1929 generalized the integrel used to that of
Lebesgue-Stieltjes; extended the class of functicns y, for
which P is defined to the Borel measurable class; and proved
certein relations existing between such generalized repre-
sentations.

One of the most concise end satisfactory published
proofs of the theorem of Riesz was made by Hahn (:55, P 535].
Since the functional Hehn used is defined only for coutinuous
functions y, his theorem is not as generel as those whioh
Riesz end Graves proved, but it is ample for most of the
applications one desires to make in the caloulus of varietions,

Another proof of the theorem is given in Levy'.
text [ 36, pPe 55] , but follows closely the method originally
used by Riesz, Hildebrandt [»51, Pe 185] , in an article on
integrals related toc those of Lebesgue, states the Riesz
theorem, and gives some of the consequences of it as soen
from the Stieltjea integral standpoint.

12, Extensions of the Riesz theorwm. The Rlesz
theorem, thet a linear functional may be represented as a
Stieltjes integral, has been extendeu in two directlons, one
of which ig for funoctionals F which depend on several func-

tions yi(x), the other being for the case when y is a func-
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tion of n independent variablea Xy

Por this latter case, Fischer [:49, p. 640; 50, pe. 5{]
and Fréohet [ 40, p. 241] have shown that & linear function-
al F [y(xl, cee, xn)] , where y 18 a continuous function,
mey be represented in the form

P‘[‘j(x." - *n)],=_£ o oxa) doa (%4,

(12.1)

where T is the region in which the functions y(x) are defined
and where o 18 a function of limited variation, suitably
defined in n-dimensionel space, the integral being teken in
the sense of Stieltjes. This is a generalizstion of the
Riesz theorem to n dimensions.

For a linear funotional F [_yi(x)] which depends on
n independent functions yi(x), Hehn [55, Pe 537] hes shown
thaet F [yi(x)] may be represented as a sum of Stieltjes
integreals
P[js“’] = 2 fb‘ja(.‘x) dee; (5)
(12.2) 1= e
The sum of integrals appears because the linear functional

P i8 oxpressible in the form

F B3] = F L0010 F [oryeos o]
-4 P[°~°"“’°:3n]-
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The <; which ocour in the expression (12,2) are of limited
variation. Haehn also proves that under suitable conditions
r [yi(x)] oan be expressed as the sum

F[}L(ﬂ] :g f:'ja(i)ﬁiﬁ) dg,

where the functions ﬁ.; ere integrable in the sense of
Lebesgue.

The representetion of a b’linear functional B [f,g] .
linear in eacoh of the variables f and g separately and with
suitable continulty properties, was cohsidered by Fréchet

[48, Pe 215] e If the functions f and g are continuous and
well defined over the region a <« x< a', b« y <« b', then

the functionel is expressible in any one of the forms

Bl.4]- f:f wd, J;‘ig(\_q) & < (x,y),

BOgl= £ g9 dy S b0 & Ay,

1

B[f.j] =f‘j;u£(n) gy d, dy ¥ (xy).

a

The functions «,A3, ¥ which Préchet used are defined over
the same region es f and g, are not zero for x = a', or

¥y = b', and are reguler and of bounded variaetion with re-
spect to one or both of their arguments. The 1dee of a
bilineaxr functional occurs in the study of the second differx-

ential of a functional, as we shall see presently.
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Wong[ 57, p. 34| has extended the Stieltjes inte-
gral representation of bilinear functionals to the case
when the functions f end g depend upon more than one inde-
pendent veriesble. He obtained for bilinear functionals
results similar to those deduced by Fischer and Fréchet for
linear functionals. Thus, for a funoctionel Bljf\x),g(y)]
where X = (xl, cee, xn), y o= y(y1,9'0, ¥n) Wong shows that

B may be represented in any one of the forms
—B[F.j] :fT f ) d-(m) j; j(‘j) &(“) o(.(x,l")

: J; Foo gop dpum « 0y,

BIg)=f 59 da [ fmrdeq B0y

:j; Gep Food 8 x.y),

where R, S, T are suitably chosen regions, & and A3
gsatisfy certain restrictions regarding their veristion, and
the integrals are talten in the sense of Stieltjes,

The theory of the representaticn of linear and bi-
linear funotionels as Stileltjes integrals will be useful in
the application of the theory of functionals to the calculus
of variletions,

13. The Frdchet differentials. In this section

the notions of FPrdchet on differentials of functions and func-
tionals will be considered. In his first article [:42. P.
585] Fréochet points out that the differentiasl, at a parti-
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cular point, of a funotion of several variables 1s a linear
function of the increments of the arguments of the funotion,
and that it differs from the increment of the original func-
tion by a quentity which approaches zerc with the modulus of
the increments of the arguments. In this article he considers
only the case of a function of a resl variasble, but states
that similar relations exist for functionals.

In a later article [ 44, pe. 155] Fréohet applies
this idea to functionels, The funoctionals F(y) which he
considers are defined over a field of continuous functions
y(x) on the interval ab. are continuous in this field, and
such that F(yn(x)) approaches F(y) es yn(x) converges uni-
formly to y(x)e If & functional so defined is to have a
differentiel at the argument y, then according to the defin-
ition of Préchet, there will exist a linear functional (),

such that the relation
Fysr =Fp+Lp+eMm,

1s satisfied; where € +tends towards zero with the maximum
of the absoclute value of n - M(VL )¢ The linear funoctional
L so defined is seild to be the differential of the funotion
F(y)e Similerly, if the functionsl P depends on several
arguments y,z,e+e¢,w and has properties analogous to those
described above for the ocase of a sBingle one, then the
linear functional L will have as its arguments the incre-
ments of all the variables, and again mey be defined to be

the differential of the functional.
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It 18 interesting to aompare the differentisl of
Fréchet with that of Volterre (see Seotions 1, 2). Vol=
terra defines first his derivative of a functional at a
point, end then proceeds to derive an expression for the
differential of the functional by analogy with the case of
a function of a reasl varieble., Fréohet, on the other hand,
defines his differentiesl directly without using the defini-
tion of a derivative, Both of these two authors presuppose
continuity of order zero for the functional I, whioh is
more than is possessed by the functionels of the calculus of
variations,

After defining the first differential of a functional,
Préchet considers the problem of representing it as a Stiel-
tjes integral by means of the Riess theorem [ 44, Do 145] .
AS his differential is a linear functionsl, it may be seo
expressed., Severeal different representations are given,
depending on the nature of the functional L and the type of
discontinuities of the function of limited variation occurring
in the differential.

Fréohet defines e second differentisl of a functionsl
in the form of a bilinear functional [ 48, p. 252] e It is
assumed that P(y) hes & first differential L(y;fq ) corres-
ponding to an inorement n_ of y(x). Préchet further pre-
supposes that L(y;'l ) has & differential B with respect to
the argument y for a new increment y o This new func-
tional B(y;rL ' ) is e bilinear functional in 1 and L
and is called the second differentiasl of Fe It might have
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been defined directly from the original funotional P dy

means of the relation

By n) = i F g+ o) -Flyran) -F (g M)+ )

=
en expressiocn which is obviously symmetrioc in its two argu-
ments n N YL + A bilinear funoctional may be represented
as an iterated Stieltjes integral (see page 49 ). It is
readily seen that highex differentisls of a functional may
be defined in a similar menner. In a later paper ( 66, Do
293] . Fréohet considers definitions of differentiels of
functionals in general analysis,

14. Le Stourgeon's modificeticn of the Fréchet

differentisl. A definition of & differential of a funotlon-
al, following the ideas of Fréohet, but designed especially

to be applicable to the problems of the caloculus of variations
was made by Le Stourgeon [>53, P. 357] » As oontinulty of

an order higher than zero is required for such problems, the
definition of e differential of a functionsl must necessarily
bhe newly phrased.

Le Stourgeon oonsidered en aroc y, = yc(x) which 1is
continuous and has continuous first derivatives on the inter-
val ab, and a functional F(y) which is defined for functions
vy in a neighborhood of order one of y,. The variation n
of y ie assumed to have the same continuity propertics as
Y. The functional F(y) is then sald to have a differential

at y, 1f there exists a linear functional L(vl ) with con-
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tinuity of order one (see page 6) such that for all arcs

I * 11 in & neighborhood of T, the relation

Ply =P+ L+ M ey,

holds where M(YL ) 18 the maximum absolute value of 71

and nf on the intervel sb and E(ﬂ) i8 & quantity vanish-
ing with M(Yl )¢ Under these conditions the linear func-
tional L is defined to be the differential of F, and may be
represented by the Riesz theorem as the sum of two Stieltjes

integreals
¢ 2
L.(V() {[ YL(X)oLd(X) +f vL’(x)cLﬂ x),

where the functions o (x), /3 (x) are of limited varistion
on the interval ab.

Le Stourgeon defined second differentials of a func-
tional in e similar menner. The functional F(y) is seid to
have a second differentiel at y, if there exists & linear
functional L, end & bilinear functional B( % N ) having

continulty of order sne cn the interval ab and such that

Fly+) = F (y) + LR+ BOLW +M'(yL) £(n),

for every arc Vo + Yl of the type previously described.
As before, M(Tl ) represents the maximum absolute value of
71 end ‘Q' on the interval eb, and ¢ (n} is a quantity
which vanishes with Lﬂ‘q )e The velue of the bilinear
functional B(qJ N ) when n-= WL is called the second
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differential of the functional F., The functionsl B( wn )

may be expressed in the form

L4
B (V(ﬂl) =£ j; {’L(x) TL' (3) c{_,‘ r(x,$)+y\'(x) yll(}) d‘l,%’(x,ﬁ)
+ 7(“”((?5) &,3 ‘k”("'?*‘ Yl.l ) m«(,‘) d,‘% n (x,})} )

where the funotions p,q',q",r are of limited veriation with
rospect to the two variables of integration, x and y.

The work of Lie Stourgeon stands in the same relation
to the work of Frdohet as did Fischer's to Volterra's work.
The purpose of both Le Stourgeon and Fischer wes to extend
definitions of differentials so that they would be spplicable
to the problems of the caleulus of variations. Both authors
deduced from thelr definitions of differentials necessary
conditions for the existence of & minimum of a functional,
which are of a type applicable to the problems of the calcu-
lus of variaticns.

15. Other definitions of differentiasls similar to

those of Freohet. The work of Gateaux and Levy on function-

als, together with a definition of a differential of a
funotional by Bliss will be considered in this scction.

Gatesux studied the problem of representing & funo-
tional as the limit of a sequence of other functionals each
of which is expressible as a sum of integrals [ 43, pe. 646;
45, p. 310; 46, p. 405; 54, p. 9] « These sums8 are analogous
to polynomials in a finite number of variables, so that

Gateaux's theorem is an analogue of the theorem of Weler-



56 THE ¥RuCiisy DIFFEREICIAL (250)

strass concerning the approximetion of & runction of
xl,"',xn by & polynomial in these variables. Gateaux c¢ch-
tained expressions [for functionals F | [y(x)] l with con-

tinuity of order zero in the form

FI[‘j(")JI : I&:«: {KM.+ 'fj‘m '.[MKM'(X.."W"») PRV CIOL PREL T

where

i

Qn(x) B(x) ‘.1_ |3(K)\!= ~m,
o~ 1_ :‘cx) oo,
ey ;& n(xYé -,

end the functlons K, . are properly chosen coatinuous fune-

tions. I sacther paper [52, Pe 72] he deduced formulas by
meens of which continnous functions of & denumerablc infinity
of variables KyoXg,t® could be approximated by polynomials
in n of thece variables, obtaining better epproximations es
n approached infinity.

The problem of determining the veriation of a fune -
tionel was also considered by Gateaux [52. p. 82; 54, p. 11]
Levy, after Gateaux's death [ 36, P 51] formulated another
definition of the variation, or differentiasl of a functicnel,
following Gatesux's mode of atteck. If, for example, F(y)
is a resl continuous functlonal of & real continuous function
y(x), O £« x £ 1, then the first variation of F(y) is de=-

fined by Geteaux to be
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SFow [Pl

if this quentity exists, where VL is a function with the
same properites as y. This variation S P is & functional
of y and WL , and iy linear in WL « If $§ F hes a first
variation S°F Cu,*t,q?) with respect to y, then P(y) is
said to have a second variation, which will be linear in

\1, as well as Wl, . If one takos \1, = \'L = N 1t follows
that S‘F’(-g)vbYl) is given by the expression

SF )= [ moyexpl, o

which 1s homogeneous of the seccond order in Yl « Ina
similear menner tho a-th variutica SHF'('S,W1> 18 a homogo-
neous quantity of degree n in Yl , and,is given by an
analogous formula,

The two articles [52, p. 70; 54, p. 1] which were
published after Geoteesux's denth are incomplete indetall,
but arc very suggestive., Levy's definjtion [ 36, p. 51]
malkes the differentisl of & functionel appear after the
manner oF Fréchet, as s quantity which is howmogeneous of
degree one in the increments of the arguments of the func-
tional, and wnich differs from the chunge of tho functional
by a quentity which approaches zero with the modulus of the
increnent of the argument. The homogeneity condition re-
places the linearity property reyuired by Préchet, Higher

differenticls could be defined in en analogous menner,
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This conception of a differential of a functional has not
been fully developed.

Levy in his text on Functionel Analysis [ 36, De 56}
discusses the generality of the definitions of a differential
of.a functional which were given by variocus authors. He
shows that the definitlion of Gateaux has greater generality
than that of Fréchet, and that each of them is more general
than the definition of Volterre.

Another definition of a differentisl of a functional
was given by Blisse in his course on Functions of Lines in
1916, The functional F(y) is seid to have a first differ-~
ential for a fixed Yo if there exists & lineur funotionel

L(y, { ), Yineer in { , such thet waen £ =y -y,
F‘(\J)_P(\jo) = L(‘j,C))

for every y in e sufficlently small nelghborhood of y,. The
differentisl of P(y) et y = y, 1s defined to be the expression
L(ygs & ) -for aerbitrary £ .+ A funotional F(y) is similarly
said to have a second differential if there exists a funotional
B(y, § , £,) bilinear in { ana &, , such that when

4 bt €| =y 'yo

Fop=Fy)+ L(y..€)+B(y.£.¢)

The functional B(yo, {, L) for arbitrary [ 1is called the
second differential of F(y). Differentiels of higher order

gould be defined similarly., The expressions so obtained for

F(y) are analogous tc those obtained for an ordinary function
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of several real varisbles by applying Taylor's formula with

integral form of the remainder term.



CHAPTER III
LPPLICATIONS OF FUNCTIONALS TO0 THX CALCULUS
OF VARIATIONS

Introduction, The progress which hes been made 1in
the appliceation of the thecry of functionals to genersliza-
tions of the problems of the calculus of varietions is only
noderete., Volterra [17, P 48] found, for the problem of
minimizing a functional, en enalcgue of the RBuler equation,
which for special functionals led to integrsl or integro-
differential equations. Hadamard [59, P 281] devotes an
interesting and suggestive chapter of his Leccns sur le Celoul
des Variations tc functions c¢f lines and their differentisls,
but he does not develop any theory of mexima and minima of
functionals in general. The Same mey be said of the short
appendix on the cslculus of Tuncticnels in Vivanti's Elementi
del Calcolo delle Varlazioni, PFischer and Le Stourgeon made
serious efforts to bridge the gap between the two fields,
Hahn studied in some detail the problem of Lagrange from the
functional standpoint and found an analogue of the Lagrange
multiplier rule. Lemson has shown the existence c¢f solutions
of functional equations which have an aspplication to this
problem, and his theorems have been greatly generelized by
Hildebrendt and Graves.

Tonelli studied the integrels of problems of the
calcuwlus of veristiocns in the plane from the functional stend-
point and shows the importence of the notion of semi-contin-
uity of a functicnel in the proof of the existence of a
mininizing curve.

60 (254)
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These are the topics considered in this chapter,
except that at the end of the chapter a section on the appli-
caticns of functicns of lines to the Hamilton-Jaocobl theory
is included, in which the work of Volterra, Fréchet, and Prange
is mentloned.

16. A first group of attempts to correlate the theory

of functionels and the calgulus of variations. A number of

writers have tried to connect the theory of functionals and
the theory of the calculus of variations, but most of them
did no more than to f£ind a first differentiel and to say that
e necessary condition for a functionel to have & minimum 1is
thet this first differentisl vanish.

Volterra, in his texts on Functions of Lines [jlv, Pe
50 ] and Integral Equations [ 8. ®- 23] , deducos the first
veriastion of & functicnal (see page 9), sets it equal to zero
and calls the result a first necessary condition for a mini-

mum. For the particuler case when

F [j] ifrf [xy ] dy +f& JJ]: (111)3(1)3(1)A4,l1'

his first verlation has the form

b ¢
SF= f Sf(:)dqu {Wj(x) +j' [{E(x,z) t+ F(Z'x)]}j(")‘l‘},
end in order to meke & P vanish, he sets

15
Yoo +\5; LFom + £z 0]y Ay o
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The problem of finding the extremals for this exsmple there-
fore lends tc the scluticn cf an integrsl equation. For
other special forma of the functicnal F, the problem of find-
ing the extremels lends tc Integro-differential equsations,
After arriving at these integral and integro-differential
equetions, Volterra, in these books, drops the study cf the
calculus of variastions and devotes hinself toc the solution of
these equaticns,

Hadamard [59, Pe 281] in his treatise on the calculus
of verlations devotes a chapter to functions of lines, He
develops a differential S F after the manner of Volterra,

(see page 9), and speaks of its properties, but he does not
actually apply his results to problems of maxime end minima
of functionals.

Levy, [36, D 80] in his text on Functional Analysis
states that a functionsl F will heve & minimum if & F = O,
and  S°F (q:n) >0 , where § F, §'F are differentials in
the sense of Fréchet (see page 50). This is an obvious
extension to functicnals of the theory of maxima and minima
from ordinaery calculus. He does not pursue the matter further.

An attempt tc epply the theory of functionals to the
calculus cf varisticns was slso made by Vivanti [74, Pe. 255] .
He defined a derivetive of a functional F = v{ f(x,y,y")dx
in the Volterra manner, and ecxpressed its first varietion in
the customary form (sce page 9)e With these prcliminaries,

he states that an absolute minimum will exist if for all
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points of a field, snd for all values of x the first varia-

tion venishes, if P_, ,?> O, and if the intecgral tc be mini-

1]
mized is lower semiiozntinuous. His anslysis of the situation
is very brief, and appears in his text as an appendix, indi-
cating & phase of the subject which needs further develcpment.

17. The work of Le Stourgeon. The first person to
make a systematic study of the relstion of the Préchet differ-
ential to the problems of the caloulus of verictions was Le
Stourgeon [ 53, Pe. 357] e Her inspiration waes probably ob-
tained from a course on FPunctions of Lines given by Professor
Bliss st the Universitj/of Chicesgo in 1916. However, her
article is the first in which such idess appeared in print.

The definitions of & first and second differentirl of
a functional as given by Le Stourgeon sppear in Section 14,
The functional F(y) is said to have & minimum at Yo in the
class of functions Y if there exists a neighborhood of order
one of y, in which Pl(y) 2 F(yo) for every arc y of the class
Y. With this conception of & minimum, Le Stourgeon wus able
to deduce certein necessary conditions for the exictence cf
the minimum of e functional.

A necessary condition for & functional to hove a min-
imum is that the first differential of the functicnel vanish.
For a functional F(y), Le Stourgeon (see page 54) cbtains a

differential L( Yl )} in the form

t !
(17.1) L(Yl) :f vl(x)d.uc(X) +J' n’(u)d,ﬁ(x),
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where YL i8 the variation cf y(x), and the functions ol (x)
end B (x) were defined in Section 14, Thus, a necessary
condition thet the functional F(y) have e minimum for y = y,
in the class of ercs y joining the end points of Ve is that
the differential L(YL ), the expression (17.1), shall vanish
for every funetion yl (x) which is continuous and has contin-

uous first derivatives on ab and such that
Yl(a) = \'l({-) =0

The first differential of & functionsl, (17.1l), is
expressed af the sum of two integrala, A necessary condition
deduced from the vanishing of this sum of integrals stetes
thet 1f F(y) is to have & maximum or minimum, then the funce
tions o (x) and B (x) occurring in the expression (17.,1)
for the differential L(Yl ) must satlefy a relation of the
form

X
ﬂ(x)—f w()dy = fx+ L,
a

(17.2)

everywhere on the interveal &b, where k and 1 are constants,
If the maximum or minimum is to hold with respect to the values
of F(y) for all arcs y(x) of the type described, in a neigh=~

berhood of yo(x), then the additional conditions

/31(0») z ot (@+0) - (o),

(17.3)
B ()= «(t+o) - (¥),

must be sutisfied. Thesc lattor conditions for the problems
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of the cslculus of variations lead to trensversality oconditions
at the ends of the interval ab.

In ordinery caslculus & further necessary condition for
a function to have a minimum is that its second differential
be grester than or equal to zero. The enalogous oondition
for functicnals is that the bilinear functional B( Yl,'l )
(see page 54) must satisfy the relation

(17.4) B (Y[YD 20,

for every Yl of the type previcusly described in the state-
ment of the first necessary condition.
Por the problems of the calculus of veriations the

functional F(y) has the form

+
(17.5) P(\j) :LQ(X,B,\“')M.

If the functions o (x), } (x) are defined by the relations

o (x):f:fju, B (x) :J:‘fj, dn

the first variestion as given by evustion (17.1) becomes

SIG e by o,

This fcorm is e femiliar one in the theory of the cesloulus of
veriations. The necessary ccndition given by equation (17.2),

for this case, when differentisted with respedt to x reduces t«

‘Cii' 'LXFJM = K,
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which when agaein differentisted lesds to the well-known

£t

J odx Y

The condition (17.3) for this case implies that

Euler equation

r =0,

fy1(a) = ty,(b) = 0.

This is a transversality condition., Thus one sees that the
necessary conditions, deduced from the first variation, for
a functional to have a minimum reduce to well-known restric-
tions on the minimizing arc in the case of the classical
theory of the calculus of variations.

If one attempts to get second order conditions by
minimizing the second differential, s has been done by Bliss
in the theory of the celculus of variations [76, Pe. 165] , 8
further study of the second variation must be made. For this

purpose the second differential may be expressed in the form

ot
1B (Yl.Yl) :j; J; [7{(1) Yl(\'j)i,:s f(x'ﬂ)
(17.6)
+AN@ WOy § e e n (),
where, corresponding to the notation oh page 55

q -% [a'(x,9) + am(=x,30] &

For this funectional B( n,Yl }, the first veriaticn may be

represented by
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&
(17.7) lf {Q(x)dur(x)+€'()<)du’.(x)},
@

’
where Q , Q are the increments of Yl and Yl' respectively,

and

+
w (x) =J; [ dy pay)+ Y['()é)&:! %(1,3)])

w, (x) = jg [wl(\j) d!l ¥ y) +YLI(5) &,3 r (xnj)).

TIf one applies to the expression (17.7) for B( YllYl ) the
condition given by (17.2), it is evident that the equetion

(17.8) L(Yl,x):ur, af‘wou - fex+ 4,

must be satisfled by ell variations Yl which minimize the
second variation in s class of functions 'Q (x) heving
Yl(a) = M (v) =0.

A conditiocn on the character of the solutions of
equation (17.8) needs to be imposed in order to make sure
that the functional B('nﬂWl ) is greeter then or equrl to
zerc. This conditicn states that no sclution 71 of equation
(17.8) cen exist which vanishes at x = a and at a point S
botween a and b, but which is not identically zero on the
intervel a S , and which furtherm:re is such thet 7173)1:0.
This i8 an analogue of the Jecobl conditicn for classical
problems of the calculus of variaticns.

For tne perticuler functicnals cf the calculus of

varietions given by the expression (17.5), when one defines
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in

p(x,y) = f” 2, 4x for a £
a.

v X,
= (* £ __dy for x £ y £ b,
Lt

end q and r by similar expressions, it follows thet equation

(17.,8) becomes
I, [y o= o Py epldy
+ YL'(xJ) [4:‘3'3' - (x—j)fm'(vj)]xbj} = kx+d

If this expression is differentieted twice, the resulting

equation
"ol d [, _
Mgy - Fy T+ &0 by =,

is the Jacobl equation of the calculus of variations. The
necessary conditions expressed in terms of its solutions sre
consequences of statements in the last paragraph.

Thus, from & purely functicnel standpoint one is able
to deduce necessary conditions for the existence of & minimum
of & functional, which when applied to the particular func-
tionals of the calculus of variations lead to some of the
classioal necessary conditions. Le Stourgeon's work 1s the
first systematic attempt to deduce second order necessary
conditions for & minimum of a functional with the help of
Fréohet's second differential.

18. The work of Fischer. Fischer [;19' p. 383; 20,

P. 289; 31, p. 259] made some generalizations of Volterra's

derivative of a function of a curve, which were discussed
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in Seotions 7 end 8. He s&lso applicd his results to the pro-
blem of minimizing functionals, especielly those of the cal-
culus of varistions,

In order that a functionel L have a minimum it is
necessary that its firut derivative vanish identicslly elong
the minimizing curve [ 19, p. 289] « If the generelized Vol=-
terra derivative of Fischer is used, and the minimum is sought
within a restricted claas of curves K, as described on page
23, this condition implies that

i‘}‘_(_c;‘)_] :J"’LI(C,X)YIOL(X,D)CL/,:O,
oL =0

(18.1) Aot X

where the gquantities involved were discussed on page 26. AB

Yl is an asrbitrary function, this implies that
(1842) L'(C,x) = 0.

In the case of the calculus of verlations, L(C) may

be & definite integral of the form
¢

(1843) L(C) = Lf £(x,y,y',24,2"; )dx,
o

where C is an arc y = y(x), (x, 2 x £ xz) of a class K (see
page 23)e The class K is the totality of 211l ercs C such that
the functions zi(x) determined by the differential equations

zi' - Si(xbyry' -zi)r

and the initial conditions zi(xl) = Z4q9, have prescribed end

values zi(xz) = Zype The proof is made on the assumption that
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the curve C 18 & normel curve (see page 23). If a function F

is defined by the relation
F=f el x (2-9),
1

and the set of points gi described on page 24 chosen once
and for all, it may be shown that the Volterra derivative, as

described on page 26 has the value
(18.4) L'(C.S):[p;,(‘ﬂj»‘él»‘.-lﬁ)—P.a"(""‘;v '.luln)]x:%'

where according to Fisoher the functions A ; arc determined

as solutions cf the equations

] ’ D9, B "
F;]—Fli = ~>\a_§ az] Al+ sz ‘rz =0,

|

(18.5)

whose constants of integration are determined by the relation

FQ'F;"“%,:

S 0% _ A (2% =o.
[t TS - o]

Thus, e first neceasary condition that the integral (18.3)

(18,6)

have a minimum 1s that the expression (18.4) vanish identically.
This expression has the same form as the Euler equation for

the Lagrange problem of the calculus of variations. fThe
derivative (18.4) is not uniquely determined since it depends
on the arguments gi as well as on C and x. However, the
constants of integration occurring in the functicns ).i(x)

are uniquely determined by equations (1846) [ 19, p. 394] .
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Therefore it follows that there is &t most one set of constants
which make the expressicn (18.4) identically vanish, which
implies that the derivative (18.4) is independent of the
erguments §; . Other methods of determining the constants of
integration would lead tc similar results,

A definition of the derivative of a function of & sur-
faoe was formulated by Pisoher [ 20, p. 291] and was discussed
in Section 8, A necessary condition for a funotion of a sur-
face to have a minimum is thet 1ts first derivative vanish,

If the derivative is expressed in the form (8.1) on page 30
it follows that this condition implies that

L' (S,x,y) = 0.
In particuler, if L is the double integral

L(S) = jf f£(x,y,z,p,q)dy dx,
R

where p and g are the partial derivatives of z with respect
to x and y, PFischer shows that the equation L' = 0 18 equiva-

lent to the Legrenge equation

URNLL T

X B‘J

Fischer alsc defined the derivative of a function of
a surface relalive to & set ¢f gurfaces X [j20, P 300] o AB
was shown on page 31 the additional functions M whioch charec-
terize these surfsces, do not essentially chenge the form of

the definition of the derivative, but do assist in its evalu-
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etion in particular cases. This type of derivetive occurs in
the theory of the calculus of variations in the study of the
Lagrange problem.

The particular problem to which Fischer epplies his
theory is that of minimizing the double integrsl L(S) above,

in a class of surfaces S subject to the conditions that

M) =[] Gityrppdydecmg (etoem)

For this particular problem the derivetive of L(S) with respect
to the restricted set of surfaces (see equation 8.4) is given

by the equation

L:(S;X,U,x],g,):
LJ'M" ap% ;_Z’* [0 - 2L =

dX oY

and a firct necessary condition for e minimum is that the right
hand side of the last equation shall be equal to zero. The
functions %d ; for this case may be determined by the method
indicated on page 32.

Por functions of surfeces which have exoceptional points
or curves, Fischer [:31. Pe 260') deduced derivatives in the
forms (8,7) and (8,9) of Section 8. 1In order that such func-
tionels have & minimum, it is necessary that L'(S8,x,y)} vanish
and elso that

aij = 0,

~

for the case of exceptionel points, where the ay; are the
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quantities defined on pege 34. For the csse of evceptional

curves, he obtained the auxiliary conditions

b
5 [ S e

with the help of formula (8.9) on pige 56

Fischer [51, De uoz] cbtains en enalogue of the
Jacobi ccnditicn of the celceculus of varistions for the prob-
lem of minimizing ¢ faunctiocn cf o gsuriace with an exceptional
point of the seccnd kind (see page 34) from e study of its
second derivetive., The second derivautive is given in the
form of equrtion (8.8) on page 35. If L(S) is ¢ double inte-

gral ond its seccnd derilvative L"(S,xo,yo.x.y) venlshes, the

second vari:sticn, as gilven on page 35 becomes

[, JS T e 2 o yode i

vy=
The eneloguce of the Jecobl conditicn ic obtained by sclting
the inteerand of the sbove cupression euuel to zero. A
detailed study cf the gsoluticns of the resulting ccuution has
not becn made.

19. fThe theory of functionels nand the problem of

Lagrenge. A few suthors hoeve cpplied the thecry or fuuctions
of lines toc ;eneralizetions co. the Lesrenge problem.  Their
neia result hoes veea to obtain fcr miaimum prcblems iuvelviag
funecticnels ¢n gnalcoyue cf the Lecrange rmultiplier rule.

Hahn [55, Pe 558] has given the oot cci:plete dis-

cussicn of sueh problems. He cengiders o set ol r operalcers
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Wolgoud)  (per miieloom)

which have & unigue real velue on sach arc
(19.1) ¥y = vy(x) (8% x £Db, 1 =1,°",7),

of a suitebly selected class. Further, he considers m other

operators
(y, 0, &%) ( Sl )
b, >

which depend &lso on t on the intervsl tl < t < tz. Hie
problem is to find in & class of arcs (19.1l) which satisfy the

relations

W (go0t)=0,  (p=2 )

§)¢ (yoatt) =0 (t|gtf’c,;)*=',"'nm).
one which will minimize the functional Wl'

In order to deduce properties of a minimizing arec
y1°-(x),a°,b°, he considers variables y; and perameters a and

b definsed by the relations

(19.2) « M
a=a"+ Z EI“L“’[C] . “(r:{ro"' Z Egﬂ"+[C])
[ ] ’ [

Y

where [g¢) 1s & quantity tending towards zero With[ﬁf* SR
For such values of yi,a,b, the functicnals wi and §#are

supposed to be expressible in forms
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—_— — ° ° K
Wp = Wp (i a5 6)+ 36y Vo (g e Be) + e,

L
3, (yet¥) = &, (o) + 2 6T, Cloen P t) rLe],
where both the functions \;( n,%,B ) end 17),_ (11,«,/3)}) are
linear and continuous with respect to YU.\Lf,d'/S,
Purthermore he assumes thet for every system of k gets

of the quantities

A
ny(”,q1>ﬁL> (l:t' ‘l
with suitable centinuity properties which satisfy the equations

(19.3) &Uﬂ (., B, ) =0 & f:?;a-,)iﬂ,"vm),

there exists e solution y(x),a,b of the form (19.2) which

satisfles the equations
E)L (‘A:O':Q’,{) = §)* (13",0_',%",‘}?) ({'5{ “¥, 5 el ,m).

Under these hypotheses a necessary condition for "1

to have a minimum is thet the determinant

1V o) (preh )

venish whenever the arguments ﬂg,d”,ﬁ%of \.l',Q satisfy the
system of equatlons (19.3)-

An immediate consequence of this statement is thut
there exist r numbors 81""'gr which are noct all zcro, Guch

that the cxpressior

(19.4) V(8= /gi, 9p Vo (1., 8),



76 APPLICATIONS OF FUNCTIONALS (270)

vanishes for 8ll continucus differentiable sclutions of

equation (19.3)

1f Qf;qf“ (v = 1,*¢*,n) ere two sets of functions

whioch with oc"‘/g') «"* g** satisfy the relations
* * #* * %

P, (T2t t)= X, (87 ),
then on acocount of the linearity of the functionals ﬂE»

T, 0T g g7 k) =0
Henoe,)lt-qiﬂxt—«"f/gi.ﬁ'* satisfy equation (19.3), end
therefore the equation

V-0 « < g2 p) -0

Ueing the linearity property of V, one finds thet

V (il p®) =V ("< 3")

Thus one sees that any two sets of values of Tl,q,,e which

give to the functionals ﬂz)kequal values, likewise give the

function V( Yl,i’ﬂ? ) equal values. If one defines
Y;(t} = &‘)"(Yl,c{'ﬁ,%))

it follows that V( ﬂ;“.ﬁ ) depends only on m functions ¥, (t)

and therefore

o.5) V(= p)=U (¥, ¥)  (mer-on)

The further essumptions ere made thet to each § >0

there 18 a {>o such that for each set of functions Yoult)
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which are continuous on the interval tl £t £ t2 and less in
absolute value thean g , there is at leest one set of functions
Vlv (x) with continucus derivatives on a°,b° which with two

numbers o, /3 gatisfy the relations

¥, 8¥) =¥ (e, m),
(19.6) i
<$, \,9 <8 -

oL

<, <5,

Y[L (€3]

'Yl.,(")

It mey now be shown that the function U defined by
equation (19.5) 1s a linear continuous functional, which may
therefore be expressed by a generalizetion of the Riesz

theorem (see page 48) in the form

wo oot
Ty, ¥.) - ,g‘ft ¥, ) d 6, (),

where the m functions G/‘L are of limited variation, and the
integral is teken in the sense of Stieltjes. The negntive

sign in front of the integral is chosen for convenience. On
substituting for U its velue from equeticns (19.5) and (19.4),
and for‘Y;(t) the expression (19.6), one is lod to the follow=-
ing esnalogue of the Lagrange multiplier rule. If the aro
v;%(x) on the interval 2°,b° 1s toc furnish a minimum for the
problem steted at the begimnning of the section, 1t 18 necessary

that there exist r numbers 811" 181 nct all zero, and m

functions of limited variation H’Jt) such that the reclation

S t,m
P{: jfv':(q,d,ﬁ)+L‘ 'Z Q)L(Yl‘o(.,ﬁ't)(i H() o,
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holds fer all numbers «,@ and functions 11 which are con-
tinuous and have continuous first deriveotives on a®b®, This
is the analogue of the Lagrange multiplier rule for a minimum
problem involving functionals of the type described above.
Hahn treats the Meyer problem with variable endpoints as form-
ulated by Bliss [69, Pe 305] es a special case, deducing the
multiplier rule and end conditions which are given in Bliss'
memoir., He alsoc displeys the special form his functioneals W%
must have in order that his general problem msy reduce to the
problem formulated by Bolze [65. Pe 450] « The problem of
Lagrange and the so-called isoperimetric problems of the
calculus of varistions are speciel cases of these.

Fischer [19, p. 392; 20, p. 289 ] in his studies of
the generalized Volterre derivative has deduced certeln results
for the Lagrange problem. His results are obtained from a
oonsideration of the derivatives of functionals with respect
to a restricted set of curves, and have been mentioned in
the last dection.

Lemeon [ 70, p. 243 ] studied the solutions of e
partioular type of functionel equation, and showed that the
differential equations of the Lagrange problem are eguivalent
to a single functionsl equation of the type he considered.
Thus, from a study of the solutions of e general functional
equation he is able to show the existence of a soclution of
the system of differential equations cccurring in the problem
of Lagrange.

The particular functional equation which Lamson



(273) THE LAGRANGE PROBLEM 79
ognsidered is
(19,7) ¢ [yir] = z(m),

where p 18 & variable with a range P of & very generasl type.

He showed that this equation for y has & unique solution

¥y = Y(z,p) which is real single-velued on & sultably restrio-
ted range of z, and is continucus as & functionsl of z. PFor

the Lagrenge problem one is expected to minimize the integral

L
ff(x,yi,yi!)dx (1L = 1,---'11)J

Qe
subject to the side conditions
lﬂ(xoyivyi') -0 (o = 1,"‘,111),
and the end conditions
yi(a) -h =0, yy(p) - k1 = O
To the equations ?a, = 0 there may be adjoined the equations

(19.8) Pn(x,yi,yi') - ar(x) (r = mal,*** n),

where zy = 0, for r « m, Lemson shows that the equation (19,8)
and the end conditions at x = & are equivalent to the single

equation

This equation has the form (19.7) where p denotes a peir (i,x),
and the range P is the totality of such sets for 1L = 1,2,¢¢¢,n,
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e £ x £ b, From the general theory of such equations, one
sees that the above equation has a unique soclution with
properties of the type previcusly described,

Graves and Hildebrandt [ 79, p. 127; 80, p. 514]
studied implicit functions and differentiasl equations in
General Analysis. Their reeults apply to equations of the
form G(x,y) = O where x end y are points of abstract spaces
of the type discussed by Fréchet, and thelr conclusions are
therefore applicable to a very great variety of special csases
inocluding those of Lamson,

20, [The relation of the Tonelll methed to functions

of lines. In 1923 Tonelll published & treatise [72] on the
calculus of variations in the preface of which he states that
he will consider the theory from the stendpcint of functions
of lines., His purpose is to develop the theory of the cal-
culus of variations with the aid of the idea of semi-contin-
ulty. Tonelli's ideas were fir:-t presented in e series of
articles [60, P. 229; 61, p. 297; 62, p. 448; 63, p. H554;
64, p. 132; 66, p. 49; 67, p. 28; 68, p. 233; 71, p. 167]
which furnish & portion of the material of his Fondementl

di Calcolo delle Variazioni.

The classical theory of the calculus of variations
was developed with a great deal of aid from the theory of
differential ecuations. Tonelli's aim is to replace existence
theorems for differential equations by existence theorems for
minimizing curves of integrals. Thus, a theory of the rela-

tions of an integral to a class of curves is developed, a
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theory of functicns of lines. Throughout his work the concept
of the semiecontinuity cf a functicnal is regsrded as a fund-
emental ones.

The first volume of Tonelli's text is divided into
thrce parts, in the first of whioch is presented & theory of
sets of curves. In this section occur theorems which insure
the existence in & olass of curves of e limiting curve. The
second part desls primarily with integrals in parametric form,
such as occur in problems of the calculus of variations in the
plane, Necessary and sufficient conditions are hore developed
which will insure that such an integrel will have lower semi-
continuity. 1In the third portiocn of this volume non-parame-
tric integrals arc cocnsidercd and results ere obtalned similar
to those deduced for paremetric integrels. This is the
preliminary matcrial which i8 necessary for a study of the
calculus of veariations from this functional viewpcint,

In order to describe setisfactorily the results of
Tonelli it is necessary to give some of his dcefiniticns

[77, p. 514],

1) If for the parametric integrel
(20.1)  1(0) = Iy = [ F (x(4),7(t), % (8),3" (t))at
the function Fl defined by the relatione

F - -x'%p,,

cixr = V'EF P - -x'y'F;;  F

x'y?! NANA

is greater then or equal to zero for (x,y) In a region A,

end x'? 4+ y'2 £ 0, then the intcpral Iy is celled positively
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quesi-regular,.

2) An ordinary curve is one which is rectifiable,
end lies entirely in a region A where the integrand of I has
suitable continuity properties,

3) A class of ordinary curves K is said to be complete
1f every rectifiable accumulation curve of the set is in the
set,

Using these definitions, Tonelll derives conditions
which insure that an integral of the form (20.1) shall be semi-
sontinuous, emong which is the following!

If an integral 1, (20.1) 1s positively quasi-regular
for all ordinary curves of bounded length of a class X, then
I, is lower semi-continuous [ 72, v. 1, p. 292] .,

The second volume of Tonelli's treatise deals with
the theory of the calculus of veriations. He discusses the
parametric, ordinary and isoperimetric problems in the plane.
For each of these he shows first under what conditions a
curve will exist which will give to the integral under cone
slderstion an absolute maximum or minimum value. He then
discusses the properties of such curves, arriving st among
other consequences, the four classical nccessary conditions
of the calculus of varietions. The main emphasis, however,
geems to be placed on the existence theorems which are deduced
for a great veriety of problems with the aid of the notion of
semi-gcontinuity. One of the principal existence theorems is
given in the following paragraphs,.

Theorem. If the integral IC i1s positively quasi-
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regular, and if for a complete class K of ordinary curves all
contained in s bounded portion of a region A, it is possidble
to determine a function ® () , defined and continuous for
all real values of o« , and always non-negative snd non-

decreasing, such thet for all curves C of the class X
L<®(I),

where I is the length of the curve C, then there exists a
curve in X which will give to the integreal IC its absolute
minimum value [72, V. 2, D 5] .

It will be of interest in indicating Tonelli's method,
t0o outlines the proof of the last theorem. Let{ﬂ&}n - 1,2,%c°
be & sequence of scts of cordinary curves of K, such that for

each On
I%gt+%,

i being the greectest lower bound of the values of IC in K,

which we will assume to be finite. Then 1t follows that
(20.2) Loe (T )e (ivs)e B(arn)

whioh implies that the curves under consideration ere of
bounded lengthe. From the theory of such sets of curves it is
known that the set {On} has a rectifiable accumulation curve

o] which can be proved to lie in the region A, and whose

0'
length L, satisfies the restriction (20.2), and which belongs
to the clase K.

The function IC is lower semi-continuous, as it
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satisfies the condition given on page 82, Therefore, for
every € >0 there exists a L such thet for any curve C,

which 1lies in a /0 neighborhood of 0y the inequality
]-_c°< Icn+E (L"';LL{—E'
holds. Hence one concludes that
I;Bé e

and therefore Icoéz i. However, CO was shown to belong to

the set K, end hence Icoz. i. Therefore, ICc = 1, which
implies that C, is a rectifiable curve giving to the integrel.
its absolute minimum value.

Tonelli likewise deduces theorems which insure the
existence of & minimizing curve for non-parametric integrals
and the integrals of the so-called isoperimetric problem. The
hypotheses he uses can generally be divided into two parts,
the first of which insures the necessary semi-continuity of
the integral Ic; the second specifying the region under con-
sideration, and the properties of the curves in that region.
One important consequence of these existence theorems is that
they imply the existence of solutions of some of the differen-
tiasl equations utilized in the older theory of the calculus
of variations,

In the classical trestment of the calculus of veriations,
a group of necessary conditions for a minimum is derived.
These are alsc obtained by Tonelli, the difference being that

they are cccassionally rephrased, in order that the concept
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of semi-continuity and the modern theories of integration may
be utilized.

The last part of the second volume of Tonelli's teoxt
is devoted to & study of the problems of relative maxima and
minime within a restricted cless of curves. The ususl criterias
which insure the minimizing property of a curve are dseduced
for the parametric, ordinary and isoperimetric problems,
essentially the same as those deduced in the classical theory.
Many of the results obtained for such problems of relative
maxima end minima are casily derivable from those obtained in
the first part of this volume by sultably restricting the
class of curves among which the extremum is sought.

Since the publication of the Tonelli treantise a few
authors have generalized or extended the idcas which Tonelli
introduced, among them being Roussel [78, P 395] , Hehn

{76, p. 437] , Downing [82] , end Mo Shene [83] . Their
work has been 1argel§ for problems in the plane. Whether
these methods of Tonelli arc applicable to problems of a more
general type such as the Lagrange problem remains to be seen,

21. The Hamilton-Jaccbi theory for multiple integrels,

The Hamilton-Jacobi theory for multiple integrels, as so far
developed involves in an essentiel manner the theory of func-
tionals. For double or multiple integrals the enalogue of the
Hamilton-Jacobi partial differential equation is & functional
equation. The relations between such equationg and thc prob-
lems of the calculus of variations are at the present time

only imperfectly developed. In this scction & sketch is
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given of the results of Vclterra, Fréchet, and Prange.

Volterra [14. Pe 127] waa the first person to study
the Hamilton-Jacobl theory for multiple integrsls from &
functional standpcint, He considered the problem of minimizing
the doublo integrsel

(21.2) I =‘J\J‘F‘(uiv>x““"x‘m§;n)du. J.»-_
where

g_ = d.(x".»xk).

" d.(w,v)

The first variation of the integral (21l.1l) is found to be

= F (3
SIT-Jf(23F s5u+ 8 28 5u)duds,
whioch must be equal to zeroc when the integral (21.1) takes on
a minimum value. On integreting by parts, and sssuming that
Sx,-_ vanishes on the boundary of the region over whioh the

integration is performed, one finds that on & minimizing

surface
F
.B_F:-—i &‘(T:K)KK) (i—|1~~~n)
(21.2) Xy  Kal .___i____—_o =h4, ).
. d (w,v)
Por oconvenience put
dF .

(e1.3) "a—g‘:; = P =0
and

(21.4) H"P +ZT’1‘.KS‘W .



(281) THE HAMILTON-JACOBI THEORY 87

Prom the relaticns (21.,2) and (21,3) it follows that

X d»gfuu‘k)= aF

K=t d(u,v) -3 &

on solving squetions (21.3) for S ix end substituting these

values in equetion (21.4), H becomes & funoction of the form
B = H(W,v,%1,°** X, Pyy) e
Prom equation (21.4) the relations

3H _ _aF dH y:
axy, X dfix vk ?

(21.5)

follow, which with the help of the above notation meay be

expressed as

d (%) _ 3H $ AlPar®)  oH

(21.6) dwy) S ket d(ww) ok,

This form of the equations i1s perfeotly analogous to the cen-

onical ferm given for the equations of dynamics by Hamilton,

end is called by Volterra the canonioel system for this problem,
Volterra elso shows that 1f one is given a system of

differential equations of the form (21.6), an integral of the

caloulus of variations will exist whose extremals are deter-

mined by these equations. Such an integrel 1is

J=ff (Tp. e ) g 0

Volterra then studies in some detail the case when

there sare three dependent varisbles Xy o XgsXge Por this situ-
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ation he derives & number of theorems, two of the prinpgipal
ones being stzated here without proof. In these theorems it
is gsesumed that H does not depend explicitly on u &nd v, end
thet W is a function of & line depending on the curves in
Xy XpXz-8pace which correspond to the boundary of the region
of integration in the uv-plane, The quantities 912>§(nqu)
are functional derivatives of a type similar to those wused
by Prange which are described more in detail later in this
section.

Theorem I. If the integrals of the differential

equaticns

d(xl‘x'() - QH A(ftl()xk) - BH =
dwy) 2 do er b2,

are known, 1t is pcseible to determine a function W of & line
in x1x2x3~space of the first degree whioh satisfies the

relasticn

H( AW OW dW

X XX =
a(x,)xz) > (%, X ‘) (x,.X,) » ARy )4’&. o,

where h i8 a constant, and the derivetives of the function W
are substituted for the quantities Py in H.

Theorem II. Let W be a funotion of a line of the
first degree, depending on a curve in a three-dimensional

gpace with coordinctes Xy ,Xp, Xz and saetisfying the relation

dW dW
H( B(X,, 3) B(XI,X,)) a(x“x=)) X,;Xa,x’>: P\.,
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where h is a constant. Let alsc PyzePz10 Ppp be defined by

the eyuations

OW - W . Y - ]
9 (x4,%,) P 3060 b S (x,.%,) ¢

If on substituting these values in the equetions

d (x: x.) - D H
d (w,v) afm

it turns out that they are compatible, then these values also

)

setisfy the equations

3(Puo¥y) _ . M,
K 3 (u,v) dX

This last theorem implies the existence of an extremal
surfece for the original problem bcceuse of the relations
existing between the so-called csnonidéal equations and the
equaticns for the extremels of the integral.

Fréchet [58, p. 187] extended Volterra's work to the
casce when cne has r independent variables. He deduced results
analogous to Volterra's for an integrel of the form

I:ff“'j‘f(xn.."‘;Xn“-"";"r. OXnei éx“)o\* de |

X, X

where Xy,°°*,Xy 8re the independent varisbles, LIS PRAARE S

the dependent ones, and the partial derivatives oX,,, 5% -
T

ere expressible in the form

DX,k D(X,, X XX X0 D (%, 5%)

N D( Wy, w) D (w,,-1,w,)
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Prenge [30] likewise discussed the Hemilton-Jacobi
theory for multiple integrals. He showed, as in Section 4,
thet the differential of a fumctionel S (L], where L is a

gpace curve, is expressible in the form
SS[LI=f (5,5%+5y8y*S,82)d,

where d.o 1s the arc length along L. Prange states [ 30,
P 40] that 1f the ocurve L is displaced along itself then

SX% + 53%4—3}%:0,

which mey be shown to be egquivalent tc the fact that 8 [L]
is by hypothesis independent of the parametric representetion

of L. The veotor (8 S.) 1s therefore perpendicular to

xSy
the curve L, and its components may be expressed as the deter-

minants of a matrix of the form

do de -A,Tr— .
531 : Sex s 5‘3

The quantities 8 S are called by Volterra [e, Pe 27@

yz'szx' xy

and Prange [50, P 41] the functional derivatives of S with
respect to the coordinate planes. These quantities are not
uniquely determined, for they would satisfy the same relations
1f an arbitrary multiple of dx/da‘ ,dy/dtr ,dz/d0 were added

to each of them respectively. In terms of them it follows that

Ss may be represented in the form
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(21.7) gsz.j %;h, %E %;_ de,
g S!x' S::’

The double integral

jff(x.y.Z.p.q)dx ay,
S

where p = dz/dx, q = dz/dy, is a function depending on the
surface S bounded by a space curve L. If a fixed, simply
alosed curve in space LO. is given, Prenge states that through
Lo and a neighboring curve L a unique extremal suriace E of
the integral may be passed. Thus, the integral I taken on
such a surface depends on ithe two curves L, and L, &nd can

be considered as a function of the variable curve L. PFor

such a funoctional it may be shown [50, Pe 44] thet

SX 85; Sl
(21.8) ST - j dy d= Ao,
d,

P (id do
-f
+

fpo £ el ¥y
where p:q:~1 is the direction of the normel toc the extremel
surface K at & point of L. After comparing this expression
with the expression (21.7), Prange states that by comparison
of equations (2l.7) end (21.8) he is justified in setting

(21.9 I -2 S -
) ye = Tp* ax = Tgr I =PI, +af, -1

If one introcduces the canonicsl variables
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(21.10) M= fp, k = fq,

which imply on solving for p and q that

(21.11) dz . p = P(x,y,z,T ,k), 4y - q = Q(x,y,z, ,k),
kv 4 ax

and if one defines

(21.12) H(xX,y,2,T ,k) = pfp + qfq - P P=DP,q=20Q

then according to Prange the snalogue of the Hemilton-Jacobi

partiel differentiel equaticn is the functional equaticn

(21,13) Ipy = H(x.y.Z.Iyz.sz).

which is & oonsequence of equation (21,9). The problem is to
find a functionel I, satisfying equation (21.,13), and whose

functionel derivntives I satisfy the relations

XY’Iyz’sz
(21.9) and (21.12), If such a functionel is found, equstions
(21,11) would determine a set of extremel surfaces,

Carastheodory [73, p. 78; 81, p. 193] alsoc considered
the problem of finding cenonical equetions for the extremals
of problems in multiple integrals of the culculus of varistions.
He did not, however, explicitly use the idea of a function of
a surfece.

The problem of finding solutions of a set of functional
canonical equations such as (21,11) and (21.1l2), end the pro-~
perties of such solutions, such as the transversality config-
uraticns and the determination of fields have not been fully
developeds The studies ‘which have been made in this domain
are very suggestive. There remain in this field meny interest-

ing questions which have not been completely answered.
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SUFFICIENT CONDITIONS FOR A PROBLEM OF MAYER
IN THE CALCULUS OF VARIATIONSI

1. Introduction. The general problem of Mayer with
variable end-points as proposed by Blissg [V, P. 505]2 is that

of finding in a class of arcs
(1:1) ¥y = v1(x) (x1 £ xS xp; 1 =1, ¢++, n)

satisfying a system of differential equations and end-condi-

tions

i

)
-

.

.

.
-

8

ﬁ(x: ¥y, ¥') =0 (« < n),
Y [x2s y(xa), xs, y(xe)] =0 (p=1, «-s, pS2n+ 1)

one which minimizes a function of the form

g[x2, y(x1), xe, v(xa)] .

Bliss has shown that this problem is equivalent to a problem
1
of Bolza [V, P. 306} in the sense that each can be transformed

into one of the other type. For the problem of Bolza the func

tion to be minimized is

X
I= g[xl’ Y(xx), Xe, Y(XB)] + 5 ’ f(x: T y')dxn
X2

11t 1s expected that this paper will appear in the
Transactions of the American Mathematical Soclety, vol. 35.

2The numbers in the square brackets refer to the
bibliography at the end of the text.
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and 1t i1s clear at once that the problem of Mayer is a prob-
lem of Bolze having f = O.
Sufficient conditions for the problem of Bolza have
been established by Morse [XI, p. 528] and Bliss [XII, p. 271].
However the hypotheses which they make, in particular that
of normality on every sub-interval, imply that the function
f is not identically zero, and the sets of sufficient
conditions established by them are therefore not applicable
to the problem of Mayer without further modification. 1In
view of this fact it 1s the purpose of the authors of the
present paper to establish a set of sufficient conditions
for the problem of Mayer with variable end-points. This will
be done in two parts, the first of which 1s the paper here
presented,dealing only with the speclal case in which the
number of end-conditions ¥$L= 0 1s exactly 2n + 1. By
methods similar to those used by Bliss for the problem of
Bolza [XII, pP. 261 - 274] the results obtained will be
extended to the general case 1n a second paper by Hestenes,
The problem considered here 1s an obvious generalilza-
tion of the classical problem of Mayer and reduces to the
latter when the expression to be minimized is the function

g = yi1(xe) and the end-conditions 'Y?L= O are the conditions

X, - &, = Yi(xx) - ﬁi. = Xg = g = YJ(In) - ﬁjt =0
(1 =1, eee, m; § =2, e¢e, n),

the &K 's and,@ 's being constants, Sufficiency theorems for
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the classical problem have been established by Egorov [II,

p. 376], Kneser [I, p. 250; VIII, p. 290], and Larew [VTII,

Pe. 65], who use in each case an n-dimensional fle¢ld defined
in the (n + l)-dimensional spuce of points (x, yi, **+, y,)
by an (n - l)-parameter family of extremals passing through

a fixed point. Such a fleld does not seem to be applicable
to the problem considered here, but one can use instead a
field of n + 1 dimensions defined by an n-parsameter family of
extremals in (x, yi, +--, yn)-space. The construction and
use of such a field are important features of this paper. An
(n + 1)=-dimensional field of this sort is applicable to the
more special classical problem of Mayer also, and a funda-
mental sufficiency theorem for this cuse can be established
in this way with greater euse and fewer recztrictions thon
have hitherto been required,

2. Preliminary remarks. In the followin;; pnyes 1t

is assumed that the various indices have the following ranjes

unless otherwise explicitly specified:

i, k=1, 2, e+, n ; o, =1, 2, *°+, m < n;
’ > b ’ ’ ’
pr = 1, 2, **+, 2n + 1; r =1, 2, ese, n = f;

S=1, 2’ cee, 2n - 1.

The tensor analysis summation convention is used freely
throughout, We make the following hypotheses concerning a
particular arc Eyz whose minimizing properties nre to be

studied:
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(a) The functions y4(x) defining Eiez are continuous
on the interval x3;xz, and this interval can be subdivided
into a finite number of parts on each of which these functions
have continuous derivatives,

(b) The functions Qu,have continuous partial deri-
vatives of the first three orders in a neighborhood R of
the values (x, y, y') on Eje, and at each element (x, y,.y')
in R the matrix “ (Pd_s:(“has rank m.

(c) The functions g, Y@ have continuous partial deri-
vatives of the first two orders in a neighborhood of the end-

values (X1, y41, X=, YJi=) Oof Eis in which the determinant

8x, 8y, Exe Byie
%5“ \t;”‘ -ylf; Yia

(2:1)
2
is different from zero.

An admissible set (x, y, y') 1s a set interior to R
and satisfying the equations ¢, = O. An arc (1:1) having
the continuity properties described in (a) is called admissible
if all of its elements (x, y, y') are admissible. The defini-
tions of equations of variation and of admissible variations
used in the following pages are those of Bliss [V, p. 307; IX,
Pe. 677]. The problem of Mayer here proposed can now be more
precisely stuted as that of finding in the class of admissible
arcs satisfying the end-conditions -Y? = 0 one which minimizes

the function.g.
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I, THE FIPST NFCESTRY COUDITION. For every ninimizing

arc Eig for the problem 2£ Mayer as here proposed there oxist

constants ¢y and a function F® A_(x) ‘?a such that the equa-

tlions
X
(2:2) Fy,1 = Jh Py A% + ey, 4>d =0

are satisfled at each point of Eyz. Thp multipliers 7\1(;()

corners of Eye and 4o not vanish similt:: eously nt any point
of Eiz.

To prove this theorem one needs only to cobine the
methods used by Bliss for the corresponding theorems in the
problems of Mayer [V, p. 311] and Lagrange [IX, p. 683]. It
i1s also an immedlate corollary of a theorem estahlished by
Morse and Myers for the problem of Bolza [X, P. 945].

THEORFM 2:1, If the funchions 7\0‘.(;() are a sct of

multipliers with which an admissi?_)_]_,ﬁ arc Ejpe satisfies the

equ-tions (2:2), then for every set of admissible vnriatlons

gi, g;, Tl i(x) along Eyz the functions M i(x) sntisty the
eguations

x"

2:3 F =0
( ) yi' T{ i X1
for every interval x'x".
This result 1s readily provable by multiplying the

equations of variation
4

¢u3;‘1.‘ + ¢«13{'1Li =0
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by the multipliers A, (x), adding, and applying the usual
integration by parts with the help of equations (2:2).

An admissible arc Ei g is sald to be normal relative

to the end-conditions \//P = 0 if there exist for it 2n + 1
sets of admissible variations 5’ 5 gr R VL‘r (x) such that
' 2 ¢

the determinant | *I’/,( ’S'“', Y[“)I is different from zero, where

\I,I;(g ’Yl) = (yf:x, + yil'yfoy-u) §| + y?yi.'lu
+ (Y;D":. * yiz'wf’yu) g:\ * y/{’y;ivlla.’
the functions y43, yj' occurring explicitly and in the deril-
vatives of yff, being those belonging to Eigs. The arc E;g

is normal on the sub-interval x'x" if there exist for it

s s s
2n - 1 sets of admissible variations g. » ga ) 711 (x)
such that the matrix

45 (xt)

n 15(1") ’

has rank 2n - 1, On account of the relation (2:3) this 1is

(2:4) ,

the highest rank attainable for a matrix with columns of this
sort belonging to an arc that satisfies the equations (2:2)
with a set of multipliers Zd(x). For convenience an arc
that 1s normal relative to the end-conditions Y$° = 0 will
be designated simply as normal.

THEOREM 2:2, An admissible arc Eie that gatisfies the

necessary condition T 1s normal if and only if there exist for

1t no set of multipliers xi(x), not vanishing simyltaneously 5
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with which it satisfies equations (2:2) and for which the

determinant
4] F x (o] -
(2:5) y (x1) Fy (xe)
Vo vV 1 , ., 1
px. T duTry, Yoy Yext My, o

vanishes on Eie. If E;e 18 normal the constant X, defined

below can be taken equal to unity, its multipliers ‘p (x)
——— — —_— o

being then unique.

To prove the theorem we first notice that the arc Eig
18 normal if and only if there exist for it no set of constants
and multipliers %,, KP' A (x) having Zo = O but not vanishing

simultaneously, with which it satisfies the relations (2:2) and

Tolgy, + yil'gYil) + Zpl Yo, * vi1' Yoy = © ’

(2:6) Fogyyy * e Yo 4., , = Fyyt(xad,
L

ZO(BXE MREE: gyiE) * 1/0( Y/C”‘z." Y12 \/;’311) =0 ’

logyiz + ?P y%ﬁil = -Fyi'(xe)-

This criterlion for normality is readily established by the
same methods as those used by Bliss for the case wher E;g is
an extremal [V, p. 311]. If for a set of multipliers 7\a(x)
belonging to E s the determinant (2:5) vanishes, then there
is a set Zo, ZP' ¢ Ay(x) having X, = O and satisfying the
equations (2:6). Hence E;z could not be normal. On the
other hand if the determinant (2:5) is different from zero

for every set of multipliers j\a}x) with which E;e satisfies
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equations (2:2), then there can be no set Zo, Xp , Mg (x)
with Yo = O satisfying the equations (2:6). Consequently in
this case Eie is normal. The last statement in the theorem
i1s readily established by the methods used by Bliss for the
case when E;g 1s an extremal [V, P 311].

THEOREM 2:3., If an admissible arc E;e is normal on

x'x" and satisfies the equations (2:2) with a set of multi-

pliers AN.(x), then these multipliers are unique on the

interval x'x" except for a constant factor.

This is a result of the relation (2:3) which implies
that the constants Fyi.(x'), Fyi‘(x") are unique except for
a constant factor since it 1is possible to select a matrix
(2:4) having rank 2n - 1 on x'x". The multipliers belonging
to Eig on the interval x'x" are then also unique except for
a constant factor since they are completely determined when
the set of values Pyi.(xi) is specified [IX, p. 680].

3. The family of extremals. An extremal is an admis-

sible arc with a set of multipliers not vanlshing simultaneously,

¥y = vyi(x), Aa= A (x) (x1 € x € xe),

which have continuous derivatives y;'(x), yi"(x), 7\; (x)

and satisfy the Euler-Lagrange equatlons

(3:1) (3/ax)ry \ =By, =0, $, = o.

Such an extremal is non-singular if the determinant
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[y

R = Fyytyyt ¢ﬂg'
¢uy; 0

is different from zcro along it. Along a non-singular extre-

mal E;z the equations
(3:2) Fyil(x) Y, ¥ A ) = Z4, ¢¢(x’ Y, ¥') =0

can be solved for the variables yy', A in a neipghborhood
of the values (x, y, z) on the arc Eyz. The solution has the

form
(3:3) yi' = Pi(xr v, z), Q\OL: AOL (x, vy, 2)

and nas continuous partial derlvatives of the flrst two orders
since the first members of equations (3:2) huve such deriva-
tives. The system of equations (3:1) is now equivalent to

the system
(3:4) dy,/dx = Py(x, y, z), dzy/dx = Fyi[x, y, P(x,y,2), A (x,y,z].

The functions F, Py, A, satisfy the homogeneity

relations

F(x, v, ¥', kA) = kF(x, y, ¥y', A ),

1

(3:5) Pi(x, y, kz)
Au(x: vy, kz)

Pi(x) YI Z)D
kA, (x,7,2) (k # 0).

The first of these relations is a consequence of the defini-

tinsn of F, The last two follow from the fact that the two

sets
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[x: vy, kz, P(x,y,2z), kA(x:Y:Z)] »
[z, v, kz, P(x,7,k2), A (x,7,kz)]

satisfy equations (3:2) and must be identical since the solu-
tiongigf these equations are unique whw X y,2 ans given.

Through every element (Xo, ¥o, Zo) in a neighborhood
of the set of values (x, y, z) on the extremal E,a there passes

a unique solution
(3:6) ¥y = ¥1(x, Xo, Yo, 20), 2y = z4(x, Xo, Yo, Zo)

of equations (3:4) for which the functions ¥4, ¥Vix» %1, Zix
have continuous partial derivatives of the first two orders
since the second members of equations (3:4) have such deriva=-
tives. The functions y4(xX, Xo, Yo, Zo0), kzi(x, Xo, Yo, 2Z0)
are solutions of equations (3:4), on account of the homogene-
ity properties (3:5), and have the initial values (x, y, z) =
(X0, Yo, Kzo). Since the solutions with these initial values
are unique it follows that

(3:7) yi(xp X0, Yo, kzo) = Yi(x, Xo, Yo, Zo),

zl(x, Xo0, Yo, Kzo) kzj_(x) Xo, Yo, Zo)e

Since each curve (3:6) has an initial set at x = Xjo We lose
none of them if we replace xo by the fixed value Xio. Further-
more, not all the constants z;, are zero at the initlal ele-
ment of E,z. We may therefore renumber the solutions (3:6)

so that zp, is different from zero. On account of the homo-
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genelty relations (3:7) it follows that the initial elements
(X310, Yo, Zo0), (X210, Yo, kKZo) determine the same curves Y1 =
yi(x, X105, Yo, Zo0)e Hence we lose none of theso curves if
we assign to zp, the fixed value of z, belonging to E a at
the point 1., Let us for convenience rename the constants
Y10, Yeo, ***, Vpos 210, ***, 21.1,0 and call them c¢,, cg,

-es, Cg,,_7 respectively. The family (3:6) then takes the

form
(3:8) vi = vilx, e, 2y = z4(x, ).
The equations
cy = ¥i(xX10, ¢), Cn+pr = 2Zp(xao, ¢}, Zno = Zn(Xioe, ¢)

express the fact that the solutions (3:8) pass through the

initial element

(X, Y1, ***, ¥ns» 21, °°°, Zpn-1, zZn) = (X100, C1, ***, Cny Cn4ls

cee, Con s Zno)
and from them we find by differentiation that the determinant

Yy (o]
(3:9) 1lcg

z z
ilcg i
takes the value zj, at x = Xjo. When we substitute the func-

tions (3:8) in equations (3:3) a set of functions xac(x, c)

is determined, and we have the final result:
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THEOREM 3:1. Every non-singular extremal arc Ejaz 1

a

member of a (2n - 1)-parameter family of extremals

(3:10) ¥4 = vilx, ¢), Ag= Aplx, ¢) (xS x £ xe)

for special values (xi, Xz, ¢) = (Xi0, X20, Co)s The functions

Tis Tixs 245 Zixs K‘* have continuous first and second partial

derivatives in a neighborhood 2£ the values (x, c¢) definins

Eyz, and for the special values (Xxjo, Co) the determinant (3:9)

is dAifferent from zero.

4. The second variation for a normal extremal. Consider

8 normal extremal arc E;z with ends satisfying the conditions
yﬁ = 0, Let E. , g; » M 1(x) be a set of admissible
variations along E,z satisfyling the equatlions ‘@%( g . Q )

=,0, It can be shown that there is a one-parameter family of

admissible arcs
(4:1) 'yi = Yi(X, b): X]_(b) é x g Xa(b)

satisfying the end-conditions ycp = 0, containing E,z for

b = 0, and having g' , gl » n_i(x) as its variations along
Eie [IX, p. 695]. The functions x;(b), xe(b), vy(x, b),
yib(x, b) are continuous in a neighborhood of the values (x,b)
defining E 2, and their derivatives X1p? X1bb’ Xops Xobbs Yixs
Yixbb’ Yibdb have the same property except possibly at the
values of x defining the corners of the arc 7} = n_i(x)

(x1 ¢ x £ xa) in xY) -space.

When the equations
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g(b) = g[xa(b), F(xa(b), b), xa(b), y(xa(®), B) ],
0 = ¥, [xa(b), y(xa(b), b), xa(d), y(xa(d), ®) ],
o= ¢, [x, v(x, v), F¥(x, v)]

are multiplied by constants and multipliers X,, ZP , Ay l(x),
where Xo, Z,o are to be determined later and the functions
. ’
Aqlx) are the multipliers belonging to Eyg, it is found by

suitable additions that

6[x1(®), ¥(xi(b), B), xa(d), y(xa(b), )],
F[xn y(x, b), y'(x, b), A (x) ] ’

it

Zog(d)
[o}

L}

where G = Yeg + XP'Y$ . By differentiating these equations

for b it follows further that

Zog'(b) = (G, + ¥747"0y, )%y, + Gy, Tap(xa)
+ (GX- + Yiz'cyiz)xgb + Gyigyib(xl)n

0 = Fyiyib + Fyi'yib' »

and a second differentiation gives for b = 0O

b=0
Zog"(0) = (Gx, + ¥41'0y ) %1pp * Gyn‘dabb""l oo
(4:2) + (Gg, + y12'0Y12)x2bb + Gyizyibb(xg) l
+ Q( §' » Y\ (X;), Ea, Y\ (xﬂ)]n
b=0 '
(4:3) 0 = Fyiyibb + Fy:'lyibb' ‘ + 2w(x, "l » 7‘ )D

where Q 1s a quadratic form in the variations g‘ » M 1(x1),

ga.’ q 34(xs) of the family (4:1) along E s and

(4:4) zw(x"’l"l') = Fviyk'h'lx* 2Fy1yk"h'l;<* .Fyi'yk"l;'l.:-
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When equation (4:3) is integrated from x, to xs, it is found
with the help of the Euler-Lagrange equations (3:1) that

X

Xn
(4:5) 0= Fy 17ibb ‘9‘! 20)(1, n» "L' )ax,
i X1

Frem o WM () of sackion 8, amd
aBince Eig 18 normal,we can determine the constants Zo, Z,,

X:.

to satisfy equations (2:6) with Zo = 1. Hence by adding
equations (4:2) and (4:5) it follows that the second varia-

tion Is along E;a can be expressed in the form

Ie = g"(0) = [ §,, M(x), §, 7 (xa)]
2 ’
+Jx1 w(x > Yl )ax,

and this expression must be 2 0 for every set of admissible

(4:6)

variations g‘ , §;' N 4(x) along Eis satisfying the condi-
tions ‘I/P (g,Q)=O.

Since E;r is normal the relation (2:3; and Theorem 2:2
imply that every set of admissible variations g‘ , §1, N 4 (x)
along Eias satlisfying the conditions "P,, = 0 also satisfies
the equations ¥, =Y ,(xy) = §, = T, (xa) = 0. Hence in
the expression (4:6) the value of the quadratic form Q is

always zero, and we have the following theorem:

THEOREM 4:1. Along & normal extremal arc Eg with

ends satisfying the conditions y?; = 0 the second variation

is always expressible in the form

Xs
Ia = -fx; 2w (x, YL, TL‘)dx

for all sdmissible variations § , g » ‘fl 1(x) satisfying
' LY
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the equations {C‘ = 0, where 2 w is the guadratic form (4:4)
If 8(Exe) is to be a minimum for the problem of Mayer as hers

proposed, then this second variation must be 2 0 for every

set of admissible variations Y 4(x) satisfying the relations

(4:7) M y(xa) = M ,(xa) =0,

Since the functions 'Q 1(x) satisfy the differential

equations of variation
¢ 1
(4:8) §¢_(x:"]_ » M) = ¢u3;_rh * ¢m31 =0

it 1s clear that the properties of the second variatlion sugpest
a2 minimum problem which 1s a problem of Lagranpge [cf. VI, p. 16]

namely, that of minimizing Ia in the class of aros

(4:9) My = M ,(x) (x1 S x £ xa)

satisfying equations (4:8) and passing through the fixed points
(xy, 0), (xa, 0) in X7 ~space as indicated by equations (4:7).
One readily verifies that this problem 1is abnormal since, as
was seen in Section 2, the rank of the matrix (2:4) ocannot
exceed 2n - 1 on Biye. However, by a suitable modification of
the end-conditions the problem can be made normal, For this
purpose we replace the condition that the arc (4:9) passes
through the fixed pointa‘(xl, 0), (xa, O0) in xvl-upace by the

conditions

(4:10) xy = o, = Yl 1(11) = Xg - @, = le(xn) =0
(X =1, ***, n; L #0p),
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where p 1s chosen so that Fy 1(%2) # 0. The two sets of end-

conditions are equivalent sigce the relation (2:3) implies

that 71 p(xg) = 0 whenever the conditlons (4:10) are satisfied.
To prove that the new accessory problem just described

1s normal we use the fact that sincé Eig is normal there 1is

s determinent of the form lwaP( §°, M%) | which is different

from zero on Eyg. The matrix of this determinant 1s the

product of two matrices, the first of which is formed by

deleting the first row of the matrix (2:5) and has rank 2n + 1,

and the second of which 1s a matrix having 2n + 1 columns of

the form
o L '
(4:11) g. ,‘1:‘(*')» g;.ql('l.)'

This second matrix must also have rank 2n + 1 if the original
determinant 1s to be different from zero, and the determinant
formed from this second matrix by leaving out the row of
elements QE’ (xg) must be different from zero,as one readily
gees with the help of the relation (2:3). This last deter-
minant i1s however one of the form whose non-vanishing insures
the normality of the accessory problem with end-conditions
(4:10).,

The Euler-Lagrange equations for the xq.-problem are

the equations

(4:12) (d/d.x).Q..,Ul - Opo=0, B (xq .7 =0,
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where ) (x, Yl » vl',’,l.) = "-ow + Ma Qm' These equations

are known as the accessory equations for the oririnal linyer

problem,
THEOREM 4:2. If the functlons p, =1, )‘u.(x) ure a

set g£ multipliers with which an admissible arc (4:9) for the

xrl-problem satisfies equatlons (4:12), then every sct of

functions p, =1, P4 (x) having this property is of the torn

Lo =1, La (x) = pa (x) + k A (x), where the functions

'Ad-(x) are the multipliers for Eie and k 1s an arbitrary
constant.
w,oru,.

This follows because 1f p, =1, po (x) are a,set of
multipliers for the arc (4:9), then the diffcrences L, (x) =
/‘Lu (x) must be multipliers for the original problem and hence
be of the form p (x) - Mye(x) =k Aglx), since Eie is
normal. This proves the theorem [cf. VI, p. 19].

An admissible arc (4:9) having associated with it a
set of multipliers pm,, ’.L“(x) with which it satisfies

equations {4:12) will also satisfy the transversulity conditior

for the accessory problem just described if it sutisfles the
relatiaon ﬂ'lf: (xg) = O [D(, p. 693]. Since Eie is normal and
pr|(Xg) # 0 1t follows that a solution 1 4(x), L, = 1,

Pou = Mal(x) + k Ay (x) of equations (4:12) satisfies tHe
transversallty condition ﬂ,‘. (xg) = O for:'suitably selected
velue of the constant k. f

Let -us now assume that E;g 13 also non-gingular., Then

the determinant R is different from zero along kaie, and the
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equations

ﬂ”l‘:(x'rl :VI':}L)":(;_ » éa(x,YL,:YL‘)'—‘O

with /LD = 1 can be solved for the varilables TL{ » /Lu « The

solution has the form

Wemlnn 50 fem Ml b 50,

and the accessory equations (4:12) with o= 1 are now equi-

valent to the equations

dz,/dx
ag./ax

Hi(x: )2 ’ {‘ ))

(4:13)
[111 [x,n » H(x,m , §), M(x,m » )]

which are linear and homogeneous in the variables Q¢ s §o .
They have the solution ) = 0, §; = z3(x), where z,(x) are
the values of the derivatives Fyi, along Eys, since the corres-
ponding values ﬂi =0, M= A 4 reduce the first equations
(4:12) to the Euler-Lagrange equations (3:1). It is known
that for equations (4:13) a set of 2n - 1 solutions ujg, Vig?

whose determinant

u 0]
(4:14) is

Vig zy
is different from zero for one value of x, has that determin-
ant different from zero for all values of x, Furthermore every

solution ( n. - CL ) of equations (4:13) 1is expressible in the

form



(317) THE CONDITION OF MAYXR 19
(4:15) 7-1 = cglyg, <§1 = ogVyg + kzy,

where Cq» k are constants [IV, pPp. 153 - 4]. One readily
verifies that the columns of the determinant (3:9) are a set
of solutions of equations (4:13) like those in the columns
of (4:14) [IX, p. 726].

As an immediate consequence of the relation (4:15)
it follows that there is one and only one solution ( 1 » g_)

. 8

of equations (4:12) taking prescribed values Ylio , (}o at a
given value xo. In particular the only solution taking the
values V) , = = g 4o = 0 8t x = Xo 1s the solution M, = §1
= 0. Furthermore, since E,g 18 normal the only solution
having Y| 4 = 0 on XiXe is the solution qvi =0, § " kzy(x).
The same 1s true on a sub-interval .x'x" provided E,s 18
normal on this sub-interval.

5. The necessary condition of Mayer. A value Xz # x3

is said to define a point 3 conjugate to 1 on Eje if there
exists a solution Y[, = uy(x), }Lo =1, /&L=/q*(x) of
equations (4:12) whose functions ui(x) satisfy the relations
ui(xl) = ui(xs) = 0 but are not all identically zero on XiXs.
IV. THE NECESSARY CONDITION OF MAYER. Eg Eiz 1s a

normal non-singular minimizing extremal arc then between the

points 1 and 2 on Eig there can be no point 3 conjugate to 1

defined by a value x such that E;e 1s normal on the interval

3
XSXg.
If there were a solution 'q.i =u(x), Mo =1, Ho=

fh(x) of equations (4:12) whose functions ui(x) vanish at
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x, and Xq but are not all identically zero on X1Xq, then for

the functions ‘f( l(:-c), o, f‘a(x) defined by the equations

1]
n

/od(x) on XX,

(5:1) Nyx) = uylx),  Mo=1, Pulx)
1’

Nilx) =0 s FPo= IA“(X)

the second variation Is would take the value zero [D(, Pe '726].

(o) on xsxa

L

It follows that the arc
(5:2) 7(1= yli(x) (x1 £ x Z xe)

would be a minimizing arc for the x‘l-problem since E;g 1s
to be a solution of the original problem, Hence there would
be associated with the arc (5:2) a function {1 = W + Pa§a
with which it would satisfy the accessory equations (4:12),
the transversality condition .ﬂ_,ll (xg) = 0, and the condi-
tion that the derivatives () Q‘L(x'; are continuous on the

interval x;Xxg. If E;g is normal on the interval x,xz then, as

3
was seen above, the most general multipliers possible for the
functions "l 1(x) would have the forms Mo =1, M=

4 Aa(x) on the interval XXz, and on account of the transver-
sality condition Q TP(XB) = O the constant d would be zero
since prv(xg) ;4 0. Hence at x = xs the corner condition would
require

[*s

n |(x3-0)= ‘-prktl(x, u, ut) + ,»L«(f) = 04

M1

It follows that there would exist for the arc (5:2) a set of

oy !
yl

multipliers /-‘- o =1, /“a,(x) such that at x = X4 the functions

(1 = ﬂw«Liv(x, u, u', p) vanish as well as Ml L T Yy
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cally which is not the case, and the theorem is therefore

established [cf. VI, p. 18].

6. The determination of conjugate points. Consider a

non-singular, normal extremal arc E,g that is normal on every
subinterval X1Xze
THEOREM 6:1. Let ujyg, Vjg be 2n - 1 solutions of

equations (4:13) whose determinant (4:14) is different from

zero at x = x3. A volue Xz # x, determines a point 3 conjugate

to 1 on Ezeg if and only if the matrix

i |

uis(xx)

(6:1) '

has rank < 2n - 1.

This theorem is a simple extension of a theorem iven
by Larew and can be proved by the same methods [VI, P. 20].

If now we select 2n - 1 solutions uyg, Vig of equations
(4:13), as in Theorem 6:1, and such that at x = Xj the func-

tions uis(x) have the values

upp(xa) = 0,  ugpoaee(xa) = 8 4 (§44 = lfoi ik#zko),

then it 1is clear that the matrix (6:1) for this set has rank
2n - 1 1f and only if the matrix || uy,(xz) || has rank n - 1,
with this in mind we can prove the following theorem:

THEOREM 6:2. Let usy, Vi be n solutions of equations

(4:13) which at x = x, satdsfy the relations
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Wn(xy) = 0, [vinp(xi) 2z4(x1)] #0, up(xi) = z4(x1),

Vin(xl) = 0.

A value xz # x; determines a point 3 conjugate to 1 on Eiz 1f

and only if D(xz) = 0, where D(x) = [uy(x)].

The theorem follows at once from our previous consider-
ations if we show that D(X3X vanishes 1f and only if the
matrix || ujn(xz) || has rank < n - 1. If now D(xz) = O,
then there exist constants aj, not all zero, such that
“1k(x5)ak = 0, On account of the relation (2:3) for the
functions 7 i(x) B uik(x)ak and the values of ujyy at x = x;

it follows that
0 = z,(x3) uyplxzlay = z3(x1) wyp(xaday = z3(x1) zy(x1)an.

Hence a, = 0, and the matrix || ujn(xz) || has rank < n -~ 1.
The converse is immediate, and the theorem is established.

7. Mayer fiellds and a fundamental sufficiency theorem.

The importance of the introduction of the notion of an (n + 1)-
dimensional field in the space of points (x, yi, <++, y,) for
the problems of Mayer will be seen from the following consider—
ations,

DEFINITION OF A MAYNR FIELD. A Mayer field for the
problem considered 1in this paper is a region ¥ in Xy-space
containing only interior points and having associated with it
a set of functions py(x, y), }w‘(x, v) with the following

properties:
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(a) they have continuous first partial derivatlves in
8 ;
(b) the sets [x, y, p(x,y)] defined by the points (x, y)
in F are all admissible;

(¢c) the integral
Ix = ‘J‘ {F(x:y,’p’ Addx + (dyi - pid-x)l“yii(x,y,p,k)}

formed with these functions 1is independent of the path in E} .
This definition of a fileld 1s preclsely the one given
by Bliss for the problem of Lagrange except for the form of
the function F [IX, Pe. 730]. It should be noted that for
the problem of Mayer here discussed the function F(x, y, p,ﬁAf
vanishes identically in F , which is not in general true for
the problems of Lagrange. Bliss has shown that the solutions
yi(x) of the equations dyi/dx = py(x, ¥y) are extremals with
multipliers 7\a(x, y(x)), called extremals of the field,
It 1s clear that the value of I% 1s zero along every extremal
of the field.

THEOREM 7:1. If Eie 1s a normal extremal arc of a

field & with ends satisfying the conditions y% = 0, then

there is a neighborhood N of the ends of Eias 1in (x171X2y2)~

space such that for every admissible arc Cazg in & with ends

in N satisfying the conditions y% = 0 the formula

x
8(Cs4) - &(E20) = (1/A0) [ * mle,y,0007),
x3

(7:1)
A(x,y), Y'Jd-x
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holds, where 7\ 1is a suitably chosen positive constant,

E(x,y,0, A L¥') = F(x,7,y', A) - F(x,y,p, A) -
(y4' = py) Fya(xy,0, N),

snd the avguments yi(x), yi'(x) occurring in the integrand

sre those belonging 32_034.

As a first step in the proof consider the equations

g(x1, Y1, Xz, y2) = ¢, V} (x1, y1, %2, y=) = O.

By hyrothesis they are satisfied by the set [xl, Yi, Xg, Ve,
g(Elg)] belonging to Eiz. Since the determinant (2:1) is
different from zero these equations have solutions of the

form

(7:2) x31 = x1(g), vy11 = ¥11(8), =xe = x=(g), 7Vi0 = vi2(g)

which have continuous second derivatives in a neighborhood of
the value g = g(Ei12). Furthermore, in a sufficiently small
neighborhodd N of the ends of E,z the only solutions are
those defined by equations (7:2). These equations define two
arcs A, B through the ends of E;=.

The equations

1
xogx1 + Z/o V/er = - pi Fyil(x: Y, P, A ) ‘ »
Iosyil’f x,p Fyi'(x’ Y, Py A )ll »

Xgﬂl|=
I2

’

fosxe + x/: \/f/,xa = Py Fyil(x: Y, Py A)
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2
I°8y12 + 1,0 y5°3£a= - Fyil(x: ¥s P A) »

where the varlables x3, yi;, Xe, Y40 are replaced by the right
members of equatlons (7:2), determine continuous functions
Zo(g), Xo(g). When they are multiplied by the differentials
dx,, dyil’ dxz, 4y, belonging to the arcs A, B and added it
is found that

2
7:3 dg =-F_ ,(dy; = pyd .
(7:3) Zo dg Yi'( ¥y = pydx) L

In order to compare the values of g for the arcs E;g and 034
this last equation may be integrated from g = g(E ) to g =
g(054). By then applying the first law of the mean to the

left member an equation of the form
(7:4) No[B(C5,) = 8(Eza)] = Ix(Ay5) - Ix(By,)

is obtained, where A is a sultebly selected mean value of
the function Zo(g) on Eia, Since E e is normalAZo =1 on Eia,
according to the agreement made In Sectlion 2. Consequently
the neighborhood N can be chosen so small that Zo(g) > O and
hence 7\0 > 0 in N, Furthermore, since I# is independent of

the path in & it is clear that

(7:5) TIs(A;z) = Iu(Byy) = Iw(Ear) ~ I(Czy) = ~ Ix(Caxy),
the last equality being valid since I# vanishes identically
along the extremal E,s of the field., The theorem now follows
at once from equations (7:4) and (7:5) since, as 1s easily

seen, the value of - I%(034)/ A, 1s equal to the value of the
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second member of equation (7:1).

It 1s now possible to prove the following important

theorem:
THEORLM 7:2, A HUIDLCILNTAL SURFICILNCY THRORRM, Let

a normal extremal nrc Tyas be an extremal of a fileld F .

Suppose that the ends of E,s satisfy the conditions Vf‘ =0

and thut there is a neighborhood N of these ends in (x1yi3

XaVig)=space such that no other extremal of the ficld has

ends in N satisfying the equations y//‘3 = 0., If st each

point of & the condition
E [x, ¥, P(x,7), AN (x,¥), ¥'] >0

holds for every admissible set (x, ¥y, ¥v') # (x, ¥y, p), then

the neighborhood N can be so restricted that the inequality

g(c3q4) > 8(Eaa) 1s true for every admissible arc Omz, in &F

with ends in N satisfying the conditions yl"o = 0 and not
identical with E,a.

To prove thls restrict N so as to be effective as in
Theorem 7:1. It follows at once from Theorem 7:1 that the
inequality g(Gzq) 2 g(Eia) 1s necessarily satisfied by every
admissihle urc 034 in ¥ with ends in N satisfying the con-
ditions V;, = O, The equality sign is appropriate only when
the E-function vanishes along 034, that is, only when y3' = py
at each point of 034. But in that case 034 would be an
extremal of the field and would coincide with E g since Eig
is the only extremal of the field with ends in N satisfying
the conditions Y;, = 0,
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8+ An auxiliary theorem, A normal extremal arc Iiia

is sald to satisfy the Clebsch condition 11T’ if at each

element (x, ¥y, y', A ) on it the inequality

Fyi.yk' mm >0

holds for every set ( TT s °°°%, TT ) # (0, ¢+¢+, 0) which is
a solution of the equations 4g3'7T3— O, The arc E;a satisfies

the Mayer condition Iv if there 1s no point 3 conjugate to

1 on Ejyg between 1 and 2 or at 2,

In this section we propose to construct n solutions
Ugyps Vi of equ::j:zﬁw}4 :113) wh?%?hizzfrminant U3 (x) | 18
different from zero on x;xsc To do this we consider a normal
extremal arc EIP that is normal on every sub-interval XXy
and satisfies the conditions III’, IV just desoribed. From
the condition III’ we conclude that E g 1s non-singular
[1x, p. 7385).

LEMMA 8:1., There is an interval x; < x S xi + h on

which there is no point 3 conjugate to 1 on Eaia.

This lemma is readily proved by the methods used by
‘Bliss to establish the corresponding theorem for the problem
of Lagrange [IX, pp. 737 = 740], Bliss makes the stronger
assumption that Eyp is normal on every sub-interval x'x", a
restriction which 1s useful if we wish to show thnt there
are no pairs of cénjugate points whutsoever on E,a defined
<

by values x!'x" on an interval x, § X = X3 + h, It can
v »

however, be replaced by the weaker hypothesls that E,a is
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normal on every sub-interval X1Xz if we wish to consider only
the points 3 conjugate to 1 on E;gs.

For every palr of solutions (Qi ,» $:), (uy, vyq) of
equations (4:13) it is known that the expression M 1V - w 5
is a constant. If this constant is zero, then the two solu-

tions are called conjugate solutions of equations (4:13). A

set of n mutually conjugate solutions of equations (4:13)

is sald to form a conjugate system of solutions,

Consider now the system of solutions uyy, Vi) of equa-
tions (4:13) defined in Theorem 6:2, One readily verifies
that this aystem forms a conjugate system if the functions
V43 (x) are modified so that they satisfy the relation
21(11)'V1k(11) = 0., This can be done by adding to the solu-
tion uyj, Vy) suitable multiples of the solution 7L¢ =0,

{i = zi(x). Furthermore, since Eye satlisfies the condition
1v’ 1t follows from Theorem 6:2 and Lemma 8:1 that the deter-
minant |uyy(x)| is different from zero on the interval x; < x
S xa. When the matrices || uyy [I, || vqy || ere multiplied
on the right by the inverse of the matrix || uy)(xs) || & new
conjugate system »lln » gix is formed which takes the values

Stn' 13&: at x = xa, where Sin equals O or 1 according as
1#kori=kand B, =B .. Itis clear that the deter-
minant | Y] 1k(x)I is also different from zero on the interval
b SRS 4 f Xxs. Hence the n-parameter family of solutions of

equations (4:13)

(8:1) 71 1 = )zikak, { 1 = g 1kak (xy é x é Xg)
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simply covers a region & of points (x, Yl' , ", 71,1) whose
x-coordinates lie on the interval x; < x § Xg. Each arc of
this family intersects the hyperplane x = Xg in points whose
’l-coordinates are the parameters a; defining the arc. Further-
more, on the hyperplane x = Xga the Hilbert integral Ig# for

the x'rl-problem defined by the family (8:1) takes the form

Ie# = fz $4an: =f 2B e da; = fd(B 1%®18))
and hence is independent of the path. It follows that the
family (8:1) defines a field & [IX, p. 733], and the
following lemma 18 established:

LEMMA 8:2. If Vl“( R ci.n is a conjugate system of

solutions taking at x = xe the values Six , Bix just defined,

then the determinant ])'I 11((x)l is different from zero on the

interval x; < X 5 Xg. Furthermore the n-paraneter farily

(8:1) of solutions of the accessory equations defines a Mayer

field over a region 3 of points (x, TI.I , *=*, N, ) whose x-

coordinates lie on the interval x; < X § Xz e
LEMMA 8:3., For every extremal [7” for the x7 -

problem joining points (x,Yl ) = (X:S’ 0) snd (x,Yl ) = (Xe, 2),

with x3 é Xog < xe) the relation

v

(8:2) Ial f'” )y - B 1k®1%k = ©

holds where

Ie =f Zw(x,vz ,YZ')dJc.
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T
3 A

A
Conslder first the case when‘x5 > X3. According to
Lemma 8:2 the Hilbert integral Ie# for the integral Ig is
independent of the path in & . Hence

(8:3) Ig#( r‘,.‘ ) = I'*(ASZ) + In*(L24)
‘ = 2B. ad = B 8,8 .
,fL24 w T ad0y, 1%%1%%

Since r‘m is admissible 1t follows that

(8:4) Ta( My ) =~ Tax( Ny, ) = j Eq dx,
3
where En 1s the Welerstrass E-function formed for the func-

tion 2L ., By the fuse of Taylor'!s expansion one readily
verifies that the condition III’ on Eye implies that Enq 2 O
along l"“ « Hence from equations (8:3) and (8:4) 1t is clear
that the inequality (8:2) is true whenever Xg > X1. If now
Xz = Xa then f',.‘ is an extremal of the field and by direct
integration it is found that Ig( r',,. )= B 16518 * Hence
the lemma 1s established.

The following theorem gives us the result described
at the beglnning of this section,

THFEOREM 8:1. Let Uiy, Vik be a conjugate system of

solutions of equations (4:13) having nt x = xa the initial
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velues SL«’ Hyp = Bix ~ 8.« » where 8.« » B, Are the

vealues described above, For such a system the determinant

IUik(x)l is different from zero on the whole interval x; s

x S xs and Hyy = Hye.

In the first place |Ujp(xa)| = 1. If now [Ugp(x)]
vanishes for a value xz (Xi s Xz < Xa), then there exist
constants 8y, not all zero, such that Uik(xs)ak = 0. The

equatlons

Ty = Uyl o $ 4= Vit

define an arc r'H as In Lemma 8:3. By direct integration

it is found that for this arc
Tal r'" )y - B 1xB818) = (Bix - Si,)aiak -B 1848y = -8483 <O,

This contradicts the result obtained in Lemma 8:3. Hence
]Uik(x3)| is different from zero on the whole interval XiXxa
as was to be proved.

9, The construction of & field. 1In order to construct
a fleld we need the following theorem:

THEOREM 9:1, Suppose that an n-parameter family of

extremals

(9:1) vy = Y1(x: 1, °*°°*y a-n); 7\‘= 7‘«1(2" a1, **°*, Qn)

is intersected by an n-dimensional manifold
(9:2) x = x3(81, *e°, e'n)ﬁ PEREER A} Ex.(a;,--',an), al:""an)]

and simply covers a region F of xy-space containing only
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interior points. If the parameter values of the extremal

through the point (x, y) are denoted by ai(x, y), then the

region 3 is a field with slope-functions and multipliers

(9:3)  py(x, ¥) = yag b6 ale,y], AL(xy) = Alx, atx,y)]

provided that the integral Ix is independent of the path on

the n-dimensional manifold (9:2).

This theorem has been established by Bliss for the
problem of Lagrange [IX, P. 735]. The proof is the same for
the problem considered here.

THKOREM 9:2. If a normal extremal arc Eie is normal

on every sub-interval x,x; and satisfies the conditions III’,

along Eiz. Furthermore E,z 1s an extremal arc of a field ¥

simply covered by the family.

To prove this let W(a,, *++, 8,) be a function of the

form
(9:4) W(a) = zypay + (1/2)Hy(8g - yio)(ay - Yyo),

where the constants yjo, Zjp are the values of the functlons
v4(x), z4(x) defining Eie at X = Xe, and the Hj) are the
numbers belonging to the conjugate system Uyy, Vi defined
in Theorem 8:1. When in equations (3:6) the set (Xo, YVig»
24,) 1s replaced by the set (xe, a4, Wai)’ an n-parameter

family of extremals
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¥y = ¥i(x, xe, 8, Wa) = y4(x, a),

n
]

z4(x, X2, a, Wg) z4(x, a)

1s defined and contains L;p for the special values 8y = Yyo.
The multipliers ?\l(x, a) associnted with this family are
determined by equatlons (3:3), Furthermore, since each
extremal (9:5) defined by parameter values ay has on it the
element (xz, ay, Way), 1t follows that yiak = six, ziak =
Waiak = Hyyx at X = xg, Hence from Theorem 8:1 we conclude
that the determinant Iyiakl is different from zero along
each extremal of the family (9:5). This fanily, therefore,
simply covers a neighborhood F of Eiz. Moreover, on the

hyperplane x = xz the Hilbert integral I% can be expressed

in the form

Ix = nyindyi = f Wo, day = j aw

and hence is independent of the path. Theorem 9:1 now justi-
fies the theorem that was to be proved.

THFOREM 9:3. Let a normal extremal arc Fip be a member

of an n-parameter family of extremals (9:1) whose determinant

’yiakl 1s different from zero along Ezaz. If the ends of Eie

satisfy the conditions }66 = 0, then there is a neighborhood

N of these ends ig(xlyilxayiﬁrspace such that Eje 1s the

only extremal of the family with ends in N satisfying the

conditions y% = 0,
To prove this let Kip be a member of the family (9:1)

for the special parameter values (Xjo0, Xzo0, 20). DBy hypothesis
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these values satlsfy the equations
‘/,fo(xl, Xg, &) = V/fo [xl: y(x1,8), Xa, y(pra)] = 0.

The theorem now follows at once from iwmnlicit function theor-

ems if we can show that the matrix

‘ [
(9:6) “ Y,rox, + Yu y/’“)fn y’;‘"af 3“\/;8'.& Y;S:’NH i'“'-t(x') M y;’:li:di"o(‘“) ”

has rank n + 2 on Eyg. To do this suppose that it had rank
less than n + 2. Then there would exist constants b,;, bg,

Cis not all zero such that the relations

(Vf,x‘ + Yil'yﬁy“)bz + ( Yox, * Yig'\/;,yu)bz + Vfou“yiak(xl)ck
+ y;;yi: yiak(x’a)ck = 0,

Fyi:(h)yiak(xx)/ck - Fyi.(xg)yiak(xa)ck =0

would hold on E;z. The last equation is precisely the relation
(2:3) for the admissible variations 11 = yiakck' On account
of the normality of Ej;g the determinant (2:5) is different

from zero on Eyg. Hence we would have
by = bg = yiak(xlo, ao)eoy = Yiak(xso, ao)e, = O,

But this is impossible since the determinant Iyiakl is differ-
ent from zero slong Eig. The matrix (9:6) therefore has rank
n + 2 on E;g, and the theorem is established,

10, Sufficient conditions for relative minima, The

condition I is defined in Section 2; the Clebsch condition

III’ and the Mayer condition IV? in Section 8., A normal
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minimizing arc E,g is sald to satisfy the Welerstrass condi=-
tion ILy’ if at each element (x, ¥, ¥', A ) in a neighborhood

JU of those belonging to Eie the inequality
E(x, v, ¥', A , ¥') >0

holds for every admissible element (x, y, Y') # (x, ¥, ¥').
THEOREM 10:1, SUFFICIENT CONDITIONS FOR A STRONG

RELATIVE MINIMUM. Let Eie be an admissible arc without

corners and with ends satisfying the conditions yr,, = 0, If

Eie 3_5 normal relative to the end-conditions y/;) =0, 1s

normal on every sub-interval X1Xgz of xixs, and satisfies the

conditions I, II??" III’, IV’, then there are neighborhoods F

of E:g in xy-space and N of the ends of Eie in (X171Xeya)=

space such that the ineguality g(Cz4) > g(Eie) holds for

every admissible arc Gz, in & with ends in N satisfying

the conditions ‘0/;, = O and not 1dentical with Eig.
To prove this theorem we first notice that the condi-
tion I and the normality of E;s imply a unique set of multi-
pliers ?\d (x) and constants cy with which E;e satisfles equa=-
tion (2:2) and for which Yo = 1, as agreed upon in Theorem
2:2, The condition III’ implies further that E;e 13 non=-
singular and hence must be a single extremal arc since it
has no corners [IX, Pe '735]. ‘ According to Theorem 9:2 we
now see that E;z 1s an extremal of a field 5 with slope
functionsand multipliers py(x, ¥y), é\d(x, y). It follows

that if the fleld & 1s teken sufficiently small, the values
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X, ¥s P(x, 7)), Aglx, y) belonging to it will 1lie in so
small a neighborhood of the sets (x, y, y', A ) belonging to

Eye that the condition IIg{ will imply the inequality

E(x, ¥, p(x,y), A(x,y), y') >0

for every admissible set (x, .y, y') = (x, ¥y, p) in F .
Theorem 9:3 and the fundamental sufficiency theorem 7:2 now
justify the theorem that was to be proved.

Bliss [IX, 736 - 7] has shown that if an extremal arc
E,z satisfies the condition III’ and is an extremsl of a
flield & with slope functions and multipliers py(x, y),

Ay (x, y), then the inequality
E[x, v, p(x,¥), A (x,5), y'] >0

holds for every admissible set (x, y, y') # (x, ¥y, p) in a
neighborhood ‘B of the sets (x, y, y') on' Eiz. Hence by
arguments like those in the preceding paragraph the following
theorem is justified:

THROREM 10:2. SUFFICIENT CONDITIONS FOR A WEAK RRLA-
TIVE MININMUM, 13 an admi§sib1e arc E;g satisfies gli the con-

ditions of the preceding theorem except the condition II,{,

then there are neighborhoods 3 of the sets (x, ¥y, ¥y') on Eae

and N of the end-values (X, ¥i1, Xz, V=) of Eie such that the

inequality 3(034) > g(E1e) 1s true for every admissible arc

Cz4 whose elements (x, ¥y, ¥y') are all in ‘R, whose ends are

in N and satisfy the conditions y; = 0, and which 1is not




(335) SUFFICIENT CONDITIONS 37

identical with E;».

Suppose now that the functions 'Y; are continuous
at every palr of distinct or coincicdent points in a neighbor-
hood of those belonging to kyg. Bliss has shown that if the
ends of E;pz are the only palr of distinct or coincident points
9 inq tha conditions ¥y =0
on Eig, then for every neighborhood N of the ends of E,e in
(Xx1Y1Xsye)=8pace there is a neighborhood &F of FEie in xy=-
space such that every pair of points (xi, yi1), (xs, ye) in F
satisfying the conditions \e; = 0 are also in N [XII, pP. 267].
Hence by suitably restricting the neighborhood F of E,e
in Theorem 10:1 we have the following corollary:

COROLLARY 10:1. Let E;e be an admissible arc satis-

fying the conditions described in Theorem 10:1. If further

the ends of E,g are the only pair of distinct or coincident

points on Eiz satisfying the conditions \ﬁo = 0, then there

is a neighborhood F of Eie in xy-space such that the inequal-

1ty g(Cz4) > 8(E12) holds for every admissible,arc Cg4 in ¥

with ends satisfying the conditions y} = 0 and not identi-

cal with E;e.

A similar corollary can be stated for weak relstive

minima,
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SUFFICIENT CONDITIONS FOR THE GENERAL PROBLEM OF MAYER
WITH VARIABLE END-POINTS!

1. Introduction. The problem of the calculus of varia-
tions to be consldered here 1s the general problem of Mayer with
variable end-points as proposed by Bliss (V, 305)2 and recently
studied for a particular case in a joint paper by Bliss and
Hestenes (XVI, 1-39), As was remarked in the latter paper the
general problem of Mayer is equivalent to the problem of Boleza,
but the sets of sufficlent conditions which have been given by
Morse and Bliss for the problem of Bolza are not applicable to
the problem of Mayer without further modification., 1In view of
this fact it 1s the purpose of the present paper to establish a
set of sufficient conditions for the general problem of Mayer with
varieble end-points. The proofs here given are equally applicable
to the problem of Bolza considered as a problem of Mayer,

The procedure used 1s similar to that used by Bliss for
the problem of Bolza (XII)., We first derive in Section 4 a
necessary condition analogous to that deduced by Bliss for the
prob;em of Bolza, In Section 5 we construct an auxiliary problem
of Mayer of the type discussed by Bliss and Hestenes. Their
results are then applied in Sections 6 and 8 to the general prob-

lem by methods closely related to those of Mayer (XIII) and

11t 1s expected that this paper will eppear in the
Transactions of the American Mathematical Soclety, vol. 35.

2The Roman_numerals refer to the bibliographies at the
ends of the present and preceding papers, The Arabic numerals
refer to pages,
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Hehn (XIV, 127-136).

2, Statement of the problem. In the following pages the
notation and the terminology used by Bliss and Hestenes for a
particular problem of Mayer will be used throughout (XVI, 3, 4,
8). In addition it will be understood that the indices p , v

have the ranges
piVm 1, ess, p < 2+ 1,

The general problem of Mayer is then that of minimizing a funotion

g(xa, ¥(x1), %a, ¥(xa)] 1n a class of arcs

(2:1) ¥y = y3(x) (x3 & x S xa)

which satisfy the differential equations and end-conditions

1)‘(1, Y, ¥') =0, '\P"‘[x:h y(x1), Xa, Y(xl)] = 0,

As before the arcs (2:1) and the functions ¢ , 8, Y will be
assumed to have the continuity properties (a), (b), (o) (XVI, 4)
in a neighborhood of a particular arc Eo whose minimizing proper-
ties are to be studied, the determinant (2:1) appearing in (o)
being now interpreted as a (2n + 2)x(p + 1) dimensional matrix of
rank p + 1,

For the general problem of Mayer the first necessary cone
dition as given by Bliss and Hestenes (XVI, 6) is modified as
follows, and is readily established by the methods which they
suggest, The theorem has also been established by Morse and
Myers (X, 245).

I. THE FIRST NECESSARY CONDITION. Every minimizing arc

Ee for the problem of Mayer with variable end-points must satisfy,
besides the conditions (XVI, 5)



(345) STATEMENT OF THE PROBLEM 3
x
(2:2) Fyi' - Ll Pyj_ dx + S4» Pd.- o,

the further relation
"R 2

(2:3) (F = "i Fy1|)dx + Fyi'dwi 1 + %o dg = 0
for every set of differentials dx,, dyy;, dxa, dyso satisfying
the equations dv"_ = Q, Ao being a suitably chosen constant,

An admissible arc E¢ is saild to be normal relative to the
end-conditions W = 0 1f there exist for it p sets of admissible

v v v v ¥,

variations Y, E¥, N (x) such that the detemlnant"@'r_(f,'l)'
is different from zero (XVI, 6), For convenience an arc that is
normal relative to the end-conditions ‘vf" = 0 will be designated
simply as normal,

THEOREM 2:1. An admissible arc that does not satisfy

the necessary condition I 1s normal,

This follows at once because an admissible arc E, satise

fies the necessary condition I if and only if every determinant
of the form

GGoNT)
P AGAY)

(ﬂ".l' a.n,p-"l)

vanishes, where g.' > g: » vl';(x) are p + 1 sets of admissible
variations for Ee, and the function G is obtained from g in the
same manner as '\IJ"‘ is obtained from Vf“ (v, 309).

THEOREM 2:2, An admissible arc Ee that satisfles the

necessary condition I is normal if and only if there exist for

i1t no set of multipliers 9, (x), not vanishing simultaneously,

with whioch 1t satisfies equations (2:2) and for which all (p + 1)=

rowed determinants of the matrix
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- Yil'Fyi'(X;) Fyiv(xx) 712'Fy1'(x') - yit(xn)
V’*“- V"'ﬁu Max, V’“‘“

(2:4)

vanish, If Ee is normal the constant A, San be chosen to be

unity, the multipliers A (x) with which E, satisfies the condi=

tions (2:2) and (2:3) being then unique,

This theorem is an obvious generalization of a theorem
given by Bliss and Hestenes and can be proved by the same methods
(XVI, 6=7)s A similar theorem has been established by Bolza
(I1I, 441).

3. Theorems on extremals., It is known that in the probe

lems of Mayer a non-singular extremal arc can be imbedded in a

(2n - 1)-parameter family of extremals (XVI, 12)

(3:1) 7y = yylx, ea,y eoey 0p ), Ay= Aglx, ey evey e )

(%1 $ xS xa)e

Further properties of this family are given in the following
theorem:
THEOREM 3:1, Let Ee be a member of the (2n - 1)-parameter

famlly of extremals (3:1) for parameter values (X160, Xg0, Co)e

If the matrix

Yj_cs(xlp 0)
(3:2)
yio (xl5 O)
8
has rank 2n - 1 on E,, then there is a neighborhood N of the ends

of Ee in (X2y1Xayn)=5pace such that the end-values of every extre=

mal of the family (3:1) with ends in N satisfy & relation

W(xi1, Y1, Xs, ys) = O, Conversely, every pair of points (xi, ¥i),

(xa, ¥o) in N satisfying the condition W = O can be joined by an
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extremal E 2£ the family (3:1), and Ez taking N sufficiently

small the parameters (xi, Xs, c¢) belonging to E will lie in a

preassigned ¢ -neighborhood of those belonging to Ee. The func-

tion W has continuous partial derivatives of the first two orders

in N.
The theorem can be proved as follows. Select 2n constants
8y, by such that the determinant
Vic (x1, ©) ay
8
(3:3)
yic (x.ﬁ c) bi
s

ia different from zero on Es, Consider now the equations

V41 = ¥4(x1, c) + Way,
(3:4) il i i

yiz = yi(x.' c) + Wbi'
These equations are satisfled by the set (Xis, Y10, Xae, Yae, Ce,
W = 0) belonging to Ee. Furthermore the functional determinant
with respect to the variables Sy W is the determinant (3:3) and

i1s therefore different from zero on Ee. It follows that equations

(3:4) have a unique solution
(3:5) cg = cs(xx. Y1, Xa, Ya), W= W(x1, 1, Xe, Je)

in a neighborhood N of the end-values (Xjie, Y10, Xaso, Ya2o) be-
longing to Eo. The right members of equations (3:5) have continu-
ous first and second derivatives in N since the right and left
members of equetions (3:4) have such derivatives. If now the end=-
values of an extremsl are in N, then these end-values must satisfy
the relation W(xi, ¥i, Xa, ¥e) = O since the solutions of equa-
tions (3:4) are unique, Furthermore every set of values

(X1, Y1, Xs, Fe) in N satisfying the relation W = O are the end-
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values of an extremal E with paraemeter values [x;, Xa3,
o(x1, Y1, Xe, y.)], and by taking N sufficiently small these
parameter values will 1lie in a preassigned € =neighborhood of
those belonging to Ee. Hence the theorem is proved.,

It 18 now possible to give an interesting geometric inter-
pretation of normality.

THEOREM 3:2., A non~-singular extremal arc E,, whose

matrix (3:2) has rank 2n - 1, is normal if and only if in the
spece of points (xi, ¥i, Xs, ¥e) the extremal manifold W = 0 and

the terminal manifold Iﬂ* = 0 are not tangent to each other at

the point (xio, ¥F1e, Xse, Yao) defining the end-values of Ee.

To prove this it is sufficient, as is readily seen, to
show that the derivatives le, wyil’ Wxgs inz are proportional
to the elements of the first row of the matrix (2:4)., These deri-
vatives have this property because the relation Fyi"h = constant
along extremals (XVI, 5) with 7\& = V4e degimplies that the differ-
8
entials dx,, dyil' dxg, dyiz, d°,: dW belonging to equations
(3:4) satisfy the relation
( rax) 2 2
F dy, - y,'dx = P Y de +h AW = h aw
7 R 1 vy'iie sy
where h = biFyi,(x.) - aiFyi,(xx). If h = 0 on E¢ then on account
of the relation F q- = constant, the determinant (3:3) would
L PR

vanish on Es which is not the case. Hence h ¥ 0 on E, and

. -
gy Py dxa) = bWy, y, (%) = bWy
(3:6) \
= Vip'Fyyr(xe)= Dy, Fyyr{ze) = By,

as was to be proved,
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4. The necessary condition of Mayer. The necessary

condition of Mayer for the problem of Bolza, as stated by Bliss
{XI1I, 266), 1s also valid for the problem of Mayer considered
here.l In order to derive this condition we suppose that Lo is

a normal non=-singular minimizing arc without corners and hence, an
extremal arc., If ’51, Sg, "Li(x) 13 a set of admissible varia-
tions for Eo which satisfy the conditions \Irr(g »M) = 0, then Eo
is a member of a one-parameter family of admissible arcs with
ends satisfying the conditions \/f# = 0 and having § i, £, M 4(x)
as its variations along Eo (IX, 695). For such a family the sec-
ond varlation of the function g to be minimized 1is expressible

along E¢ in the form
' 2 2
Ie = (Fp + 7y Fyi)g +2Fy1Q1§ 1+2(Q+1,‘Q,‘)

+ Jxa 2w (x ')ax
X1 )rerl_

where Q, Q,_Lare quadratic forms in § 1, Yli(xl), S'a, ni(xg)

(4:1)

whose coefficients are the second derivatives of the functions g,

’Vﬁ, respectively, and

- 1 1 ]
2u.)(x,wl,\l-) = Fyiykqiqk + zpyiyk'yliylk + Fyi'yk'nl Ylk .

This form for Iz 1s readlly obtained by the methods used by Bllss
and Hestenes (XVI, 12-14). Let us consider variations satisfying
the eguations ‘I”A( S ,YL) = 0 along Eo, and of the speclal form
S). = dxy, § 2 = dxe, "[i = Syi"= yicsdcs, where the functions
yi(x, c) are those defining the (2n - 1l)-parameter family (3:1) of

extremals to which E, belongs, For such variations the seconu

1 The proof 1s somewhat different from that given by Bliss
for the problem of Bolza. He has called my attention to the fact
that the argument which he used 1s inadequate in the case when
the ends of E are conjugate, and has suggested the modifications
indicated here.,
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variation (4:1) can also be expressed in the form
25 = il ' 2
a%g = (Fp + 71 Fyi)dx + 2Fy15 7, dx +

(4:2)
+8y, 0

2
Yl"c(x,Sy,Sy', SA) 1+2(Q+1,LQ,,.)

given by Bliss (XII, 266), where § A, = 7\“0 de  and
)

0 (X,VI,YL';,*) =w (X)Yl 1‘1.') + ,1"‘(¢oujtTlL+ ¢dﬂ:_7[‘).

Since Eo is a minimizing arc the expression (4:1) must be z 0 for
all sets of admissible variations E 1, E 2, ﬂ'i(x) which satisfy
the conditions ipr} g,Yl) = 0. In particular it must be 2 O for
variations § , = ax,, S e = dxe, Yli = § y; of the special type
considered above satisfying the conditions dy;; ﬂ;r(dx,g y) = 0.
We have therefore the following result:

IV, THE NECESSARY CONDITION OF MAYER. For a normal non-

singular minimizing arc E, without corners the quadratic form

4:2) must satisfy the condition dZ2g 2 0 for all sets (dx,, dxg
J the lor all sets s s

dcs) # (0,0,0) which satisfy the equations d y%_= 0. Furthermore

between the end-points 1 and 2 on o there can be no point 3

conjugate to 1 defined by a value Xz such that Eo is normal on

the interval xzxz.

The last statement 1s the condition IV for problems of
Mayer having 2n + 1 end-conditions (XVI, 19), valid here for E,
since o must also be a minimizing arc for such a problem, as
will be seen in the next section,

5. An auxiliary problem of Mayer. In order to construct

a problem of Mayer of the type described in the last paragraph
we suppose that Eo, is a minimizing arc for the general problem

of Mayer considered here, Its end values (Xio, Y10, X20, ¥20)
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satisfy the conditions yﬂt =0 ( H =1, ¢e¢, P). Adjoin to the
functions Vﬁ‘ » 2n + 1 - p functions LA (X1, Y1, X2, ya)

(T = p+ 1, eee, 2n + 1) possessing continuous first and second
partial derivatives in a neighborhood of the values (xie, ¥io,

Xae, ¥so), Vvanishing at these values, and having the determinant

8xa 511 Exa 8712
(5:1) v Vv,
P* -y{fj u .V? X3 FYia

different from zero on Eo. The new set of end-conditions y; = 0
(p =1, ¢++, 2n + 1) defines an auxiliary problem of Mayer of
the type discussed by Bliss and Hestenes. It is clear that Ee 1s
also a minimizing arc for this auxiliary problem,

THEOREM 5:1. Let Eo be an admissible arc that is normal

on the interval x;oxge and satisfies the necessary condition 1.

If Eo is normal relative to the end-conditions 16‘ =0 (m=1,
(p =1, eee, 2n + 1) just defined.
To prove this theorem we recall that the matrix (2:4) has

rank p + 1 since Eo is normal relative to the end-conditions

VI" = 0, Purthermore since Eo, satisfies the transversality cone
dition (2:3), it follows that on Eo, the derivatives 8y, gyil'
gx‘ gyiz are expressible as a linear combination of the rows of
the matrix (2:4), the multiplier of the first row being different
from zero., The rank of the matrix (2:4) formed for the new end-
conditions ‘y;, = 0 1s therefore unaltered when the elements of
the first row are replaced by the derivatives gxl, gyil' Bxg?
gyiz. The matrix thus formed is the matrix of the determinant
(5:1) and has rank 2n + 2, Hence according to Theorem 2:2, Eo is
also normal relative to the end-conditions \g, = 0, and the
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theorem 1s established,
6. A fundemental sufficiency theorem. With the help of

the auxiliary problem just constructed we can prove the following
theorem:
THEOREM 6:1, A FUNDAMENTAL SUFFICIENCY THEOREM. Let E,

be an extremal arc with the following properties:

(A) Eo satisfies the sufficient conditions for a proper

strong relative minimum with respect to admissible arcs C satis-

fying the end-conditions -y,;’ (C) = 0 of the auxiliary problem of

Mayer defined in Section 5,

(B) There is a neighborhood M of the ends of Eo in
(x2y1Xaye)-space such that the inequality g(E) > g(E;) holds for

every extremal E of the family (3:1) with ends in M satisfying

the conditions % (E) = 0 and not identical with E,,

Then there exist neighborhoods 4 of Eo in xy-space and N

of the ends of Ees in (x1y1Xaye)-space such that the inequality

g(C) > g(E) holds for every admissible arc C in F with ends in N

satisfying the conditions -w"_ (C) = O and not identical with E,,
The proof is based on the following two lemmas, the proofs
of which will be given in the next section,
LEMMA 6:1. (Modification of Hahn's Theorem (XIV, 129)).

The property SA) for Ee implies the existence of neighborhoods ¥

of Ee¢ in xy-space and M of the ends of Ee in (X,71Xe¥e)=space
such that for every extremal E of the family (3:1) with ends in

M the inequality g(C) > g(E) holds for every admissible arc C in
J with ends in M satisfying the conditions VY, (c) = ¥ (E)
and not identical with E,

LEMMA 6:2, The property (A) for Eo implies that every

neighborhood M of the end-values of Ee has assoclated with it 8
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second nelghborhood N of these end-values such that for every

admissible arc C with ends in N there is an extremal E of the

family (3:1) with ends in M satisfying the conditions v, (c) =
Y, (E).

With the help of these lemmas the proof of Theorem 6:1 is
as follows, Select first neighborhoods % of E; and M of the ends
of Eo¢ effective as in Lemma 6:1 and as in (B), Select a second
neighborhood N of che ends of Eg related to M as in Lemma 6:2,
Consider now an admissible arc C in % with ends in N satisfying
the conditions Vﬁs = Q, According to Lemma 6:2 there is an
extremal E of the family (3:1) with ends in M satisfying the
conditions 1%# (E) =0, yq (E) = 'VQ(C), where the functions

Yy, sare those adjolned to the functions \ﬂ‘ to form the auxili-
ary Mayer problem defined in Section 5, From Lemma 6:1 it follows
that g(C) 2 g(E), and from the property (B) we have g(E) 2 g(Eof.
Hence g(C) 2 g(Eo), the equality being valid only in case C
coincides with Ee as was to be proved,

7. Proofs of two lemmas, In order to prove Lemma 6:1 we
use the result obtained by Bliss and Hestenes (XVI, 32-33) which
states that the property (A) for Ee¢ given in Theorem 6:1 implies
the existence of a function W(a; eee 8,) such that the n-parameter

family of extremals
(7:1) Iy = yi(x’ Xgo, 8, W‘), zy = zi(x, Xgo, &, W.) (xa Sx S Xs)

contains Ee for parameter values (Xis, Xszo, 8¢) and has the deter-
minant |7iak| different from zero along Ee. Furthermore each
extremal E of the family (7:1) has on it the element (x, y, z) =
(xg0, &, Wa)' where the a, are the parameter values defining E,

If now we select n -~ 1 functions Wn(ay, <e», .n) having continuous



12 HESTENES: GENERAL PROBLEM OF MAYER (354)

first and second partial derivatives.and such that the determinant
|wai Wra1| 1s different from zero for the values &y = aj,, then

the (2n - l)-parameter family of extremals

¥y = ¥4(x, xeo, 8, Wy + W, ) = y5(x, &, b),

(i) zy = z4(x, Xao, 8, Wy + bW, ) = 24(x, a, b)
(x1 § x 5 xa)

contains E, for parameter values (Xio, Xgo, 80, b = 0), Moreover

every extremal E of this family has on it the element

(x, Ty zi) = (xeo, 84, Wai + brwrai)' where the parameter values

ap, by are those defining E. The equations expressing this fact

are the equations

ai = Yj_(xao, a, b), + brwrai = Zi(Xgo, e, b)‘

w
8y

and by differentiation it is found that the determinant

Via, Tiv, 0

Z1a, Z1v,, z1
is different from zero for the values (x, a, b) = (xgo, e, 0).
Hence the family (7:2) is one of the type (3:1), its multipliers
A lx, a, D) being found in the usual menner (xvI, 8-12),

Since the determinant | yiak | belonging to the family

(7:1) is different from zero on Eog, the determinant |y1ak(x,a,b)l
belonging to the family (7:2) has the same property. Hence the

system of equations
(7:3) ¥y = ¥4(x, 8, b)
has a unique solution

ay = ay(x, y, b)
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in a neighborhood £ of the values (x, y, b) belonging to Eo,
The functions ai(x, ¥, b) are continuous and possess continuous
derivatives of the first two orders in the domain O , If now

we let

Fi(X, ¥, b) = Yu[xn a(x, y, b), b] ,

(7:4)
A‘(xn ¥, b)= 7\,‘[11 a(x, y, b), b],

then according to the condition IIT: implied by the property (A)
on Eo, the domain £ can be 80 restricted that at each element

(x, y, b) in D the inequality
E(x, ¥, p(x, 7, b), A (x, 7, b), ¥'] >0

holds for every admissible set (x, y, y') # (x, y, p), where

E(x, ¥, P, A » ¥') 18 the Welerstrass E-function (XVI, 24, 35),
Purthermore on the hyperplane x = xgo in xy-space the Hilbert
integral I# is independent of the path (XVI, 33 of, XII, 269)
when the parameters br are fixed, It follows that for each set

b, the region J of points (x, y), whose elements (x, y, b) are
all in O , forms a field with slope functions and multipliers
defined by equations (7:4) (XVI, 31l=32), We have a family of

such fislds depending upon the n - 1 parameters br. In each field
the Welerstrass Ee«function is > O unless yi' = pye. Hence acoording
to a theorem proved by Bliss and Hestenes (XVI, 26) there is a
neighborhood M c¢f the end-values of Ee such that every extremal

E with ends in M and belonging to one of these fields furnishes

a proper strong relative minimum for the functiown g in the class
of admissible arcs C in J whose ends are in M and satisfy the
conditions 'y? (c) = V; (E).
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Lemma 6:1 will now be established completely if we show
that the neighborhood M of the ends of E, can be restriocted so
that every extremal E of the family (7:2) with ends in M 1s a
member of one of the fields just desoribed, To do this we select
a constant h so that the set [x, ¥y, ay{x, ¥, b), b] with elements
(x, ¥, b) in O 1is the only solution of equations (7:3) satis-
£ying the relation

(7:5) ni(x, ¥, b) -h s 8y s ﬂi(xa ¥y, b) + h,

This can always be done since the solution a4(x, y, D) of equa=-
tions (7:3) is isolated. We now select a constant € such that

the inequalities
I"i - ‘1°| < h/e, I"io - a(x, v, b)! < n/2

hold aslong every extremal E of the family (7:2) with parameter
values (X1, Xa, &, b) in an € =neighborhood of those belonging
to Eo. The relation (7:5) now holds for every set of values

(x, y, &, b) on E. It follows that a4 = ay(x, y, b), and hence

E is an extremal of one of the fields just described, This com-
pletes the proof of Lemma 6:1 since according to Theorem 3:1 the
neighborhood M of the ends of Ee can be so restriocted that every
extremal E of the family (7:2) with ends in M has parameter values
(x1, Xa, &, b) in the € =neighborhood just defined,

In order to prove Lemma 6:2 consider first the equations

(7:6) W(xi, Ya, Xe, ¥s) = 0, 1‘)}(1;, T2y Xa, Vo) = By

where W is the funoction defined in Theorem 3:1, As was seen in
Section 3, the funotional determinant of these equations is dif-

ferent from zero on Es, Furthermore equations (7:6) are satise
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fied by the set (X1, Yi, Xa, ¥s, m) = (X30, ¥10, Xno, ¥mo, O)
belonging to Eo. Hence there is a constant h > O such that equa=-

tions (7:6) have a unique solution

(7:7)  =xu = xa(m), ¥g; = ¥y3(m), xa = xa(m), 7Ty = yyp(m)

for all values me satisfying the relations Imfl <h, If his
sufficiently small, then according to Theorem 3:1 every pair of
points (x3, ¥1), (xs, ¥a) can be joined by an extremal of the
family (3:1). Furthermore it is oclear that, if necessary, the
constant h can be further restriocted so that every set of values
(X1, Y1» Xs, ¥a) defined by equations (7:7) with lmfl < his in
a preassigned neighborhood M of the end-values of Eo. If now we
select a second neighborhood N of the end-values of Eo s0 that
every set of values (Xi, Yi, Xs, ¥a) in N satisfies the relation
|~¥% (x1, Y1, Xs, Ya)| < h, then every admissible arc C with ends
in N determines a set of values m,= \e;(c) satisfying the rela-
tion Imfl < h, and these in turn determine an extremal arc E
with ends in M satiafying the conditions y;(E) - y;(c). This
proves Lemma 6:2.

8., Sufficient oonditions for relative minima, The

necessary ocondition I is given in Section 2. The symbols IIT{,
III’ will be used to denote the strengthened conditions of Weler-
astrass and Clebsch as defined by Bliss and Hestenes (XVI, 34-35),
The symbol IV’ will be used to denote the condition IV of Section
4 strengthened so as to exclude the equality sign, With these
definitions agreed upon we can state the following theorem:
THEOREM 8:1. SUFFICIENT CONDITIONS FOR A STRONG RELA=-

TIVE MININUM. Let Eo be an admissible arg without corners and

with end-points determined by values Xio, Xso &nd satisfying the
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conditions 3“; = 0, If Eo is normal relative to the end-conditions

= 0, is normal on every sub-interval x;oxz of Xj;oXso, and
> = pd 3 2% aac

satisfies the conditions I, II;} III’, IV’, then there exist neigh-

borhoods ¥ of Eo in xy-space and N of the ends of Eo in (x171X0¥e)~

space such that the inequality g(C) > g(Eo) holds for every admissi-

ble arc C in E; with ends in N satisfying the conditions ww}}c) =0

and not identical with E,.

The theorem will be established if we can show that the
hypotheses of the theorem imply those of Theorem 6:1., It 1is easily
seen from Theorem 5:1 and from the sufficiency conditions given
by Bliss and Hestenes for the case p = 2n + 1 (XVI, 35) that Eo 1is
an extremal arc having the property (A) of Theorem 6:1 provided
that we can show that the condition IV’ implies that the ends of
Eo are not conjugate to each other, If the ends of E, were conju-
gate then the constants dc, in the expressions s ¥y = Yicsd°s
could be selected, not all zero, so that the differentials § vy
would all vanish at the ends of Eo. If we should take these con-
stants dos together with the values dx, = dxg = O, then the condi-
dy,= 0 would be satisfied and the expression (4:1) for d®g would
vanish, which would contradict the condition IV’, Hence Eo has

property (A) of Theorem 6:1,
To prove that E, has the property (B) of Theorem 6:1, we

first note that the conditions I, III’ imply the existence of a
family of extremals (3:1) containing E, for parameter values

(x10, Xm0, °so)’ From oconditions I, IV’ it follows that dg = O,
d% > 0 for every set of differentials (dx,, dxs, deg) # (0,0,0)
whioh satiafy the conditions d\ﬁ;= 0. But these are the condi-

tions which insure that g(xi, xs, o4) > g(Xi10, Xao, Cg,) for all
sets (xy, xa, og) # (x1, Xa, 0go) satisfying the equations

yﬁﬁxl, X, Og) = O and lying in a sufficiently small € -neigh-
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borhood of (Xjyo, Xgo, cso)' Furthermore since the ends of E, are
not conjugate the matrix (3°2) has rank 2n - 1 (XVI, 21), and
according to Theorem 3:1 there 1s a neighborhood M of the ends of
Eo such that every extremal with ends in M has parameter values
(x1, xa, °s) in the € -neighborhood described above., It follows
that g(x1, Y1, Xe, ¥&) > 8(X10, Y10, Xs0, Yeo) for every extremal
E with ends in M satisfying the conditions Y?L(E) = 0 and not
identical with Eo,. Hence E, has the property (B) and the theorem
is éstablished.

In a similar manner sufficient conditions for a weak
relative minimum for the general problem of Mayer with variable
end-points can be established. The argument is like that of Bliss
and Hestenes(XVI, 36) with the help of simple modifications of
Theorem 6:1 and Lemma 6:1 above, The Theorem 10:2 of Bliss and
Hestenes remains valid here if we replace the phrase "preceding
theorem" by "Theorem 8:1" and the equations \“p = 0by ¥,= 0.
Similarly Corollary 10:1 of the paper by Bliss and Hestenes 1is

still eftective if we replace "Theorem 10:1" by "Theorem 8:1"

and .Vjo by V;,/-
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THE PROBLZENM OF BOLZA AND ITS
ACCESSORY BOUNLDLRY VALUE PROBLEM

INTRODUCTION

The problem of Lagrange with variable end points and in
a generalized form has beon formulated by Bclza.l He considered

the problem of minimizing an expressicn cf the form
. J Xa ,)J
X, , Yo (Xe), X2, Yo(X2)d 4[ (X490, 4: x, =1, -,
glx. 4 o] ] FCXginy (< n)

with respect to certaln arcs which satisfy a set of finite &nd
differentlel equations and alsc certaln general end conditions.
Bliss® lightened Bolza's hypotheses and put the prcblem in a
form in which the integral does nct appear. In this way his
problem is most symmetrical and forms a direct generslization
of the classicel problem of layer. Moreed recently oonsidecred
the problem of Bolze and gave fcr the first time a set of
gufficient conditicns for it. The ccnditicns meke use of the
cheracteristic numbers of a bcundary velue problem wnich arises
from minimizing the second varisticn fcr the general problem.
He attacked this problem by means of the theory of what he

called & fundamental quadratic form.

1 ﬁber den "Anormelen Fell" beim Legrangeschen und
Maycrschen Problem mit gemischten Bedingungen und varieblen
Tndpunkten. lathematlsche Analon. Vol. 7§ T1913). p. 420.

2 The prcblem of Mayer with vurieble end pcints.
Transactions of the American MethemctIcal society. ol. 19
(1918), pp. 305 - 314,

3 o X
vufficlent conditicns in the prcblem cf Legrenge with
varieble end polnts. Americen JOUrnsal 05 Methematics. Vcl. 53

I3 Bo- P17 =546,
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In this dissertation, as suggested by Professcr Bliss,
we heve discusced this bocundaer; velue problem upurcly frcmia the
theory of differential equaticns.l By & simple chenge of nota-
ticn we are uble tc aveid the uncn-tangeoney ccndition imposed
by lMorse and at the vcme time put the problem in its nmost
symmetrical form. By firct proving various properties of the
characteristic nuwbers and functicns we have arrived ot en
impcrtant exzpensicn thecrem which enebles us tc show that a
necessery ¢nd sufficient ccnditicn fcr the seccend veristion to
be elways pccitive (or non-negative) is that the characteristice
nwabers ghould be all pcsitive (or non-negative). We have also
attached a minimizing precperty to each of the cherecteristic
nunbers and functions which corirceponds to the cemplete problem
of lorse. For the simplest plane problem a similar proof hes
been given by Hilbert2 as an epplication of the thecry of
linesr integral equaticns with symmetric lternels. 1In our case
tho exvansion theorem is elsc deducible® from the theory cf e
syctem ¢f linear integral equctions with symmetric kernels but
the methed which we have adcpted is mere direcct and elementary.

By the ordinary differentiation method, a generelization

cf Hehn's lemma, and the condition for the sccond veriaticn to

1 In this connection the procedurcs of Bliss in the

paper "A boundary vaelue prcblem fcr g system of crdinery linecr
differcntTal equatIons gi The first order® Transactions oF the
Imericen Mothémeticel sociely. Vol. 28 [1926).pp.561 ~ 584
have been of much sssistance.

2 Grundzige einer allgemeinen "hecrie der linearen
Integrelclelchungen, I91Z, P. éa. Alsc Lovitt, "Iineer Integral
egua%{cns,“ IGE%, P. 1968

3 See Lemma 8.1 (below) and the remsrk following its
proof,
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be always posltive, a new sufficlency theorem has been glven
for the problem of Bolza independent of Morse and without the
‘non-tangency condition, Instead of assuming the minimizing
arc E12 to be normal on every sublnterval of X1Xo relative to
the Euler-Lagrange equations, we assume that it 1s normal only
on every subinterval ESEST Both of these normality conditions
require the Integrand function f to be not identically zero,

In this respect the problem of Bolza may be regarded as comple-
tely solved but for the problem of Bllss a somewhat different
kind of normality condition must be needed,

Findlly by considering various boundary value aystems
in connection with thelr correeponding minimizing problems we
have deduced some rather general oscillation and comparison
theorems which are involved wlth the theory of conjugate and
focal points, Our results include those of lorse in the paper
already cited and in one of his earlier paners.l The proofs
are also quite independent and seem to be easier, A funda-~
mental 1emma2 which leads to the construction of a field
surrounding an extremal which 1s only normal on every sub-
interval or on every subinterval X Xz also comes out as an

application of a more general comparison theorem,

1. A generalization of the Sturm separation and compani-
son theorems in n-space, Mathematlsche Annalen. Vol, 103 (1930,

pp. 52-69,

2 See Theorem 142 (below)., A proof has been given
by Bllss 1in class lectures, Spring quarter, 1931, Another by
Morse, "Sufficlent conditions in the problem of Lagrange with
fixed end points,” Annals of lathematics, Vol, 32 (19317,
po. 574, 576,




CHAPTER I,
THE PROBLEMS AND SOME OF THEIK NECESSARY CONDITIONS,

1, The problem of Bolza and its multiplier rule, By

definition let an admigsible arc be an arc
(1-1) Yo=Y.00, (X eXEXa; £=0, 0, )

of class D' 1lying in an open region X of the (x,y,y')-space

and satiefying a set of differential equations

(1:2) %(x%gb=ﬁ(mfnj”=o, (o=1, " m<n)

where y,'

indicates the derivatlive of vy with respect to x,
The problem of Bolza 1s then the following

Problem 1, To find in the class of arcs y3 = y;(x),
admissible according to the above definition and satisfying a

set of end conditions
1
(1+3) *ﬁ‘(x,y)=\ﬁ4(x,,yu,,xz,yn):o, (p=t o peznsz)
one which minimizes an expression of the form
Xa 'd X1 ’
. = ( , X = 1901, X1, fia 1 40 i
(1-4) I j{x,wilﬁx;g;) F(xugan X § )4}(/f(x; Ye)dx.

As usual we concentrate attention on a particular
admissible arc Ey, with equations of the form (1.1) and satis-
fying the end conditions (1.3), We investigate what properties

1t must have in order to be a minimizing arc, The analysis 1is

1 The notations y11 and y,- represent the values of
y1 at x3 and xp respectlively., In %ﬁe sequel similar notations
will be used for other functions, like Nar s Iz s 0tC,

-4 - (368)
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based upon the following hypotheses:

(a) The functions @ and f are of class C"' for
values of their arguments in the region ﬂ while the functions
¢

The
projection of J@f;

and g need only be of class c" for X1» Y410 X25 Y3 1n the

(b) The m by n matrixff9?%’" is of rank m at every
point of E12;

(¢) The p by 2n - 2 matrx | ﬁx,,‘f)%,,‘ﬁu,,‘f}’,lyﬂ | has
rank p for end values of E12'

Here and in the following pages literal subscripts,
following the indices of functlons and elsewhere, like yi',
Y11s Y4p in (b) and (c), will be frequently used to inaicate
partial derivatives,

We shall now glve some definitions and the multiplier

rule theorem without proof, Let

(1-5) 7;29‘;[;9{?) ) ( X((B) 2 X & X08))

be a one-parameter family of admissible arce contalning E12
for b = 0 and of class C' 1n b near b = 0, By differentiating
the equations 9L[x, y(x,b), y'(x,b)] = 0 with respect to b
and then putting b = 0, we shall have the so-called eguations

of variation along E,, for the functions 7

/ 1
\1.6) D) = Jagi (4 Fag. M =0,

where ﬂ; denctes ylb(x,o) and the arguments in the partial
derivatives of 9L are those belonging to Ejp. If the family

(1°5) also eatisfies the end conditions (1°3) for every b near

1 Throughout this paper a repetition of subscripts will
indicate sum as in tensor analysis, e,g. ‘%(3575:%4’7'*““%”7".
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b = 0, then by differentiating the equations ‘b, [=(0), y(»)] =0

with respect to b and setting b = O, we shall have

(1n 4,

where f,

(% 7) = (/""*\b‘aw?f')?, ”'\ﬁ‘gu /o + %xz*\’}%,):z)fz + \l}/‘Jd Na=0.

= %93,(0), g, = Xpp(0) end the arguments in the

partial derivatives of ‘5w are those belonging to the ends of

Byge These are called the equetions of variation slong E12

for the functions Qp,.

A set of admissible varistions along Eqp 18 by defini-

tion a set £, , %, Nc(x) in which ¥, , &, are srbitrary

constants
equations

normal if
g.v' 2: !
(1+8)

This kind
Y = 0.
following

is called

and Wc(x) form a solution of class D' of the
of variation (1<6). The arc E;, will be called
there exist for it p sets of admissible vasriations

W(x), (» =1, +++, p) such that
Bl (e

of normality is normality relative tc the conditions
Laeter on in the sufficiency proof we shall need the

kind of stronger normality condition. The arc E12

absolutely normel on a subintervel XzXg of XXy if

there exist for it 2n sets of admissible variations qf’(x),

(T =1,

(1+9)

eee  2n) such thet

[ o, | 0, (i=lomi T=heo2n),

The adverb "absolutely™ is introduced here for the first time.

Its use seems to be justified because, if E;, is absolutely

normal on

‘a certain interval, it will be normal on the same

interval relative to any conditions.
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1
Theorem 1+1, For every minimizing arc Ey, of Problem 1,

(1-10) Forg, gy 2 =Af + Mo

such that the equations

X
(1.11) E/»’ =£ @JH Ce
'

are satiefied at every point of ©,o. The constant Ao and the

are continuous except possibly at values of x defining corners

of E12~ Furthermore there exlst constants de such that ),

and 4, are pot all zero and the end values of

the so-called transversality conditions

—Ff)‘/)*JJ/IFJE(XI)*)o?)('+4/A\ﬁ_‘){l:0 ,
F(xs) ";"/1 @:(’3)*)0?)‘2 '*094 %Xz.: o0,
‘F;: ()‘I)f'/\‘,yy“fc}‘ ‘f}(ﬁ,‘o ’

Fé,; (X2) *)o(?(;;n‘ﬁ}f/jﬁu 0,

(1.12)

where F(x;) represents the value of F at x = X3 and F(x,),

Fyl'(xl)' F (xg) have similar meanings. For a normal minimi-

yi!
zing arc El?' the constant M\, cannot be zero, and the multi-

nliers and constants taken in the form )o =1, ‘)d(x) and Cy

1 This theorem 1s a consequence of the methods used by
Blise in "The problem of Lagrange in the calculus of variations"
American Journal of Mathematics, Vol, 52 (1930), p. 692 and
in "The problem of Mayer" 1loc. cit,, p. 309 . An expllcit
proof has been glven by Morse and Myers, The problems of
Lagrange and lMayer with variable end-points, Proceedings of
the American Academy of Arts and Sclences, Vol, 66 (1931),

p. 245,
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dJL are unigue.
Corcllary 1. At every point of E1z- not s corner, the

Euler-Lagrenge equations

{1.13) “44=0, (r//Jx)gu_, = FJ«'

must be sstisfied.

Corollary 2. At every cormer of 512 the corner condi-

tions
(1:14) Ful > g ytx-o, ax-o ] =F [ X/, §1x+03, Aix+0>]

must be satisfied.

Corollexry 3. _lNear every point of 512 which is not &

corner and at which

Foge Yy A=

Lo
d:l,---m)
Fauga o ’

1s different from zero, the arc Bjp is of class C™ and the

multipliers J» (%) are of cless C'.

An admissible arc ¥y o= yi(x) with a set of multipliers
Do M (x) 18 celled an extromal, if y4(x) are of class C"
and My (x) sre of class C' and if further they satisfy the
k1ler-Lagrenge equations (1¢13), A minimizing arc or an
extremel is called non-singular if the determinant in (1+15)
is different from zero at every point of it., If E12 is a non-
singular minimizing arc for Problem 1 and has no corners, then
by Corocllary 3 it must be sn extremal. In order to avoid
repetition of statements in the following disoussions we add
to the hypotheses (a), (b), (o) already mede the assumption:

(d) E, is a normal non-singular extremal arc satis=-
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fying the end ccnditions %y,- 0 and the transversality cocndi-
tions (1.12).

2. [The geoond variation for B, and its accessory
problem., Since E12 is & normel extremal arc satisfying the
conditions ﬂ)& = 0, 1t follows thaet, for every set of aduissible
veriations %, , £, , q; (x) satisfying the conditions iﬂff.q)
= O, there existsl & one-parameter feanmily of admissible srcs
of the form (1+5), satisfying the conditions %},= 0, contain-
ing E12 for b = 0, of cless C™ in b near b = O, and having

£|, £, ,’7;(x) as its veriations slong E

12"
femily is substituted in the ezprossion for I in (1-4), we

When this

shall have a function I(b). If we take X, = 1 in theorem 1-1,
the first varietion along El2 for this family 4is rcedily veri-

fied to be
1,05 = () 70| F°°

X1
(2.1) = G{g’,r{)+F(m§',-}-‘(x,>$,+/;l(@; 7;+1-}57,’)alx,

where G( £,1 ) is given by (1+7) with ‘¥, replaced by g, and
‘)4-

%y, X, Tofer to the ends of Ej,. The value of I,(%.,m) 18
easily seen to be zero by means of the equations (1le.1l) and
the transverselity conditions (1.12).

With the help of (1°11), (1¢12) and some complicated

but not difficult computations, we can elsoc verify that the

second variation along E12 for the above mentioned family hes
the form®

#=0 X ,
(2+2) I,({,y)={d‘/d¢')1(¢){ —23(?,7)+fh2a)/x,7,q)dx,

1 See Bliss, The problem of Legrange, loc.cit. pp. 694
- 6956,
2 Morse, Sufficient conditions in the problem of
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where Xy, % still belong to the ends of E12' The function
2q(§,7 ) is & quadratic form in £, , §, , i, M With
goefficients uniquely determined by E12' We shall not need
the explicit form of gqf f,q ) end hence will not give it here.
The function ztd(x,q »N" ) 1is glven by

(243) 2w ) =P et 2Qua e+ R e, (< h=1oom)

in which Pik’ Qi Ryy denote respectively the partial deri-

vatives F . with arguments belonging to E o

v’ Ty Tyt
We notice that Pik and Ry are gymmetric matrices.

If By, is a minimizing arc, we must have Iz(f‘,v )y 20
for every set of admissible variations £, , £, , M. (x)
satisfying the conditions ¥, (5,7 ) = O. Hence the following

eocessory problem naturally suggoests 1tself, namely, to

minimize the expression 12(§ 1 ) with respect to all parameters
£, ., &, and functions Wi (%) of olass D' on %1%y and satis-

fying the conditions
X2 N
(204) éﬁ“"]‘n():o' %({}1):0, J;’(f,%ff,+ﬂu’(.;)dal=l .

This problem is rather unsymmetrical due to the pres-
ence of f‘ N fx , and will cause scme trouble in its dis-
cussion unless certain restrictive conditions are introduced.
However, by & simple change of notation, we can put it into
a more olegant and simpler form and without any loss of
generality. We shall enlarge the ranges of i, k¥ and & so
that 1, k = 1, ***, n + 2; &X a1, ese, m + 2, Instead of

f., £, we write qnﬁ, Mnea respectively, and define

Lagrange with variable end points, loc. cit., p. 521.
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Pe= Qua=Rue=0 for i ork >n

(2-5) ,
B (LM Nns for S =02

With these egreements and obvious changes in writing 9(§,1M)
and Ij,(f,’l) , we see the} the above problom is included in the
following Problem 2, in which, however, we still keep on
writing 1, k =1, ***, n; & =1, ***, m. This is & matter of
convenience because m and n are erbitrary integers exocept

m < n. Moreover by means of the hypotheses (&), (b), (o), (4)
mede in g 1 one rosdily verifies that the hypotheses (& ), -+,
(€) to be made below are satisfled by the accessory problem
for El?. after change of notetion.

Problem 2. To minimize an expression J(q ) of the form

T = ﬁglqnﬁiwlx.q.r]‘)da{ , where
(246) 19 =A.~¢V’uﬂa.+23;"]u’741+C;q,']u'lcz ,
2w = P a2 Qe h+ RiaiMa. (iR=1--um)

with reapect to all functions V,:, (x) of class D' on a fixed

interval x,%, &nd satisfying the conditions

%
&, xN M) = Y q!*e,u Ne=o, NO >=L‘ Nenedx=l,

(&7 T )= Qi+ G ia = 0 (o=l oman; =l o ps20),

The hypotheses to be mande on this problem are as follows:

(o) The coeffioients of 2¢(M) and q%(7)-are ell
gonatants. The coefficients of 2w and P, are functions of x
of class C' on X Xpe The matrices Agy, Cyps Pyye Rik are all
symmetric.

(f) The m by n matrix | %uill hae renk m at every
point of X %50

(¥Y) The p by 2n matrix lqr;,gfen hes rank p.
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(§) There exist p sets of admissible arcs rl;" (x),

(Y =1, ¢ee, p), 1.0., solutions of:cless D' of the eguuations

F,(x, M) = 0, such that
(2:8) | 3.0 | #o, Cpovmtiop)
A(G ) The determinant

Rc‘& S?{P 4'«,1%—‘-1, R4

(2+9 R=
) .4 o (ot,{%=l,~um)

with 97.-[, - (fpg , s different from zero at every point of % x,.
7his problem hes the same form as Problem 1 except the
condition Ii( )?) = 1. However we know thet it can be put
exactly in the form of Problem 1 by intrcduciang ancther new
veriable. By means of the hypothesis (&), one cen readily
prove that every admiseible asrc for this proulem 1s ucrmal.

The following theorem is then oasily deducible frcm Theorem 1lel.

Theorem 2+1., For every minimizing sre [, of Problem

2 there exists & set of constants ¢, ci. dﬁ and a function

(2-10) Qexnmhv) = W+ %) B,

such that the equations

x
(2-11) OT‘ =J;,(Q,l“6".;)dx+ C.

ere sgtisfied at every point of [, and the trunsversslity

conditions

(2412) —_()7,‘(;:.)* Dy +duay; =0, _Q,Ig(xq) +_f,1“+c!}( Cc=0,

where in(xl) and ﬁ,l/‘(xa) denote the values of _[)1, et x; and

Xp regpectively, ere satisfied by the ends cf I—:z o 4Whe fTunec-
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tions Y, (x) are ccentinucus o X Xg gxcept pccsibly 1t velues

of x defiaing corners c¢f [, « Purtiernore the set c¢f constents

and nultipliers ¢, Cyo d)~ and Wy (x) cre aalque.
Corcllaries like thesce to Theorew 1+l can be imuedicte-
1y written dcm. In particular, if [Ma 18 e« nini:izing cre

withcut ccrners, the eyuaticns
(2:13) S0y =e, (didx) y =0y-67;

nust be satisfied £t every point of [7, .

3, The bcundary value problem snd its cancnicel form.

The boundary velue problem associated with Preblem 2 1s to

Tind for what valucs ¢f & the equations (2:13) can have a
non-identically venishing solution n;(x), Y« (%), which
tcgether with some censtents djh will setlsfy the transversality
conditions (2+12) end the cnd ccnditicns iﬂ“‘ 0. But, both
tiLecretically end prectically, it is found moro convenient to
tronsferm (2+13) tc a cancnicel fcrm and eliminete d,. from

(2.12). ¥or this purpose we intrcduce the new varisbles
’
(3+1) Z. =Q7(=Q4.7]4+Q;A']4+Va?ua .

3ince tuhe determinant R in (2+9) is everywhere different from
Zero on X Xy, We can alweys sclve the eguations
Q=Q&T+Rm¢+hﬁt.

B= R touti=0

for the functions 12 and Yo o If we let

(3+2)

- M H. CR=1, 0
(5+3) 7= | & Ha k=t
Hyg K‘f d,ll,-l:"':m/
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with My, Eup symmetric and Hcp = Hp; , denote thé reciprocsl
of R, the solution will be

{==(MyQag+Hs:Ba)nat Maly |
popal?)

c,f,l=/,~~,w)
Vg = — (H,} Q‘}'H(,(p GF‘) VI“I’ Hdﬂ{d, , (

(Bed) wpet,

end hence O'I" Pik r"' + Qik v," + Vg Oi will be given by

Q?‘ = (‘P.L"Qv‘ MJ] Q‘/(‘&.:}Hpjepﬁ’edi"‘gl Qﬁ/[ ‘6,(.; de 9[54)7%

(e8] +(QyMu+6uHa) g, (wjitd=t, - m; dp=lert),

From these relations it follows that (2¢13) is equivalent to
the system

7;’=L.~4']‘+ Mals |
(3:6) Zf:— Niﬁ']a‘L.Q;Z;Q-G’[.: )

where Lij 1s the coefficient of 74, in the first equation of
(3+4) and Ny is the coefficlent of ’)‘, in (3+5), From the
definitions of My 30 le. the symmetric property of Pik' Rik'
and the hypothesis that (Yl 1s everywhere of rank m on x;X,,
we can easily verify the following essentiel property of (3+6).
P,) Both the matrices Iy, | 20d | Nyy | &xe symmetric

and the former has rank n - m at every point of x;x,.

Next write the transversality conditions (2+12) in the
form
- ,;,+A-47¢,+8u74‘+§‘
Jis+ B{;?&.*C‘d']ﬁ“ﬁ

% =0, (ﬁ,ﬁsl,-w,n,
37 .
( ) 9“=0 s f(:l;"';ﬁ/)
Since the p by 2n-dimensional matrix | 8., C ]| 48 by hypothesis
of rank p, there exist exactly 2n - p linearly independent sets
of oonstants (byy, dpy), (r = psl, -+, 2n), each of which is
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orthogonal to every row of Iaﬁ" e I« Multiplying (3.7)
successively by these sets of constants, we shall obtrin 2n - p
linearly independent conditions free from QF" Adjcining gb* =0
to these conditions, we have the following system of 2n linearly
independent conditions on the end velues of ¥; end e

S D) = Qualfer = 0-Foy + G it 0:(a=0, =, A
(3-8) Sﬁ(1'§’ =0./“7;,—-4;h.§;, +G,. "’,,-1 +dm(u:o ) (-A=,‘u/,-»~ ,2na)

where §,L = 0 is another way of writing ;/L- 0 and
(3+9) %=4,,4A~4+du B C= wh 5&.*‘41&&'& .

Hereafter we shall write the conditions (3+8) as Sf(q,§)- o,
( p= 1, *++, 2n). TProm the definition of (byy, d4,;), the
expressions (3+9), and the symmetric property of Ajx, Cyys We
have the following essentiel property of Sp = O.

Pp) The rows of lap:, or,,ﬂ and "bf' , df"” are mutually

conjugate, i.e.
(3+10) Qpi e +C, cde; =a/nu.£ o+ Coido. (p.t=1, --,2n).
P e i 3 f

The equations (3+6) and the conditions (3-8) ccnstitute
a canonical form of our boundary value problem with the proper-
tles Py) and Pz). In the following section we shall show that
these are the only essential properties of the problem. Before
leaving this section we shall state the following lemma which
is easlly deducible from the above transfcrmation and will be
useful in the sequel,

Lemma 3°1. C,) For every solution (0, ) of the

————

conditions Sr(q,g)- 0, there exist constants dj~ such that

(301%) TP+ LT[ =0
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is en identity in (¥), where q(q,]) is the polarized form of
13(7) wvith respect to (ﬁ'). 02) For every sclution (7 »Z )
of the counditicus Srlq.f) = 0, we have

(312) Zg(qHZJ?Ll%o .

03) For cvery two scluticns (q ,{ ) and ( ﬁ,f ) of the conditicns

Sf(7'§) = 0, we huve
- = 2
(3415) (§~"1¢'(~7~')}.:° )

Thelr procfs are irmedivte. For Cl) siuply seys thet,
whenever (q ,0 ) satisfics the conditions Sﬁ = 0, there uust
be constonts dJL which together with. ( 7,{ ) setisfy the
conditicns (3+7). (3°12) is obtained from (3+11) by letting
(ﬁ ) = (1) end noting thet ¥u (7 ) = O. (3°13) is obtained
by subtrecting (3¢11) and its esnalogue.

4. Yhe equivalence of the bounucry velue problem and

2 ninimizing problem. In the preceding section we have shown

that Prcblem 2 lesds to a boundary value problem consisting of
(3+6), (3*8) and having properties Pl), Pa). In this section

we wish tc show thet, conversely, any such boundary value problem

is the problem arising from e minimizing problem of the same

form gs Problem 2.

Mret let

%JTC)=aﬁ7u'eﬁ(u+c.7m+dﬁCz=°' (f=h‘”‘2¢)

be aay 2n lincurl) aindependent ccnditions having the conjugeate
property P,). Let the rank of 0bf" df‘” be 21 - p, (0 € p < 2n)
By replucing the ccnditicns SP = 0 by their lineuxr ccnbinstiocns,

e wey suppose that they heve beon rceduced to a form in which
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b}“; = due = 0, (p=1, *++, p; 1 =1, «+-, n), ond tlc ustrices
“af,.; . crill ad llbf; , dp. I, «lter certaia same pernututiocn of

cclwmms, will beeccue

e Yy

Oay Yus

0 o] Y-, .
(4+1) ! a"d- ” Bav SAS) ’ (Qs =ptl, 2,:/)

respectively, where SM i1s the Krcnecker § . It cen be soen
without difficulty thet the metricec 1. (4+1) will otill heve
the eenjust te property PB)‘ Ve then define 1:)‘ (n) =0 as the
first p conditions Sf(n ,5 ) = 0, end prove it there exists
a quedretic ferm 2q( '1) in 7, » Nea with coastant coefficlento

A, 2B,, C

ik ik* ik
= 0 are the result of eliminueting djw frow the conditions

such thet the last 2n - p cceuditions S, ( (9 )

v o

Cor=Aalat Ballan rdaty
(4.2)
= 31.:74..*C‘& T #dy Gy

A1l we have to show 1s thet tle geaerul sclution (;, , "Z.:z cf

t.c eguaticus

(4+3) 'ﬁ/u:[il-dll&z“‘=a/m2/7»l+c/\,l.y{..2 ) (A=ptl, - n2n)

is ¢f the form (4.2) with Ajy = Apy end Cik a Cki‘ Tc¢ do tlis,
let Ve and zp denote ruspectively the sets ( Nt s vl,,) end

( Z;, ,~-5.2) permuted exsctly in the sume way end so thet, when
we do the scme permmtation with the columns of llaf‘; ’ °f»’| and
"br* . df‘ |l , they will beccue respectiveoly tho motrices in (4.1).

Wfith these notaticns the cqucticns (4+3) then become

) FAV;V""S;szs:dMJV’Uwyo ) ( vEL o p ).

AS=pAL, -, 20

Lettiig G/LS = Yps -0(gv|5/w and remeunbering that (S;s is the
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¥renecker § , we sec that the general solution of (4+4) in ff»
and z, 1s

;/~= 0-5{v+°/5/aé’s‘*cvo(yt ) (/M,V=l»“"z/")
(£5) 2/;"‘0(/0/""64558 + 0 s A =pal, o2y

with erbitrary coasteats ¢, o This 1s evident because (4+5)
with ¢, = 0 is . particular solution of (4-4) by retual cubsti-
t:%icu wnd ewch row of ﬂq}v,{;gﬂ is crtus_cral to every row cf
Il [%,W, 8as I by the conjugute property cf ithe .etrices in (4e1).
Tle letter preperty elso suows that €, = €54, + The equctions
(42) then fcllow frow (4e5) by return tc cur criginel nctrtion
gince the symmetry of the metrix fcrned by the ccelliclceuts

ol

Vy » g in (4¢5) implies that cf the corresponding metrix
10 (4e8).

Next considcer tho aifferential oquetions (3+6). Ve are
peiag to show thet, givea eny functicns Lk and Miy» Nyjo heving
the property Pl), there exist a guudratic form Qw(x,q,r[')
in Mo, 01{ with coefficieats Pyy, 2Qyy, Ry end e set of
differential equeticns @y M.H) = g&;q{+-&¢ M: = O cuch that
the treusformations in g 3 will lead to equations (3+6) with
the given funeticns Ljy, My, Mgy 88 ccefficlents., To this
effect we proceed &s follows: Since Iy s everywhere of

renk n - m on X.X there existl m sets of functions Hdk ’

172’
(x =1, *++, m), having any required continuilty prcperties,
such that l”ik is overywhere of rank n on X;X5. Let Hc(g -
Hok

HP“' and Kc,!5 = KP“ y (6,8 =1, «+o, m) be any arbitrary func-

ticns. I say tho symmetric detcrminant

1 See Bliss, The problem of Mayer, loc.cit. p. 312. The
theorem given there is a lgﬂIe diTTferent from the sbove stete-
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Mia n*’ (g£=u~-,m)
Hd" '<4{1 d,/',=1,~--,m

18 everywhere different from zero on x and the cofactor of

1*2
eny element K“ﬁ is everywhere zero, Iandeed let x have eiy
Pixed velue and, for the sake of ccnvenience, let the deter-
minant of order n - m in the upper left Lend ccrrner of ,”1k
be different from zerc at x. Divide the clements of R~} into

blocks as indicated by the fcllowing diegram
n-m m

o | 1 IV e

o i
v || »
By subtracting suiteble linerr ccubinaticns of the first n - m

rows end cclwms cf R™L from its roneining rows and colwms
respectively, it can be brought ebcout thet the elements in the
blocke ITI tc VI all reduce to zero. Let the bleccks VII end VIII
become VII' and VIII'. By our chcice of the functicns I, ,
neither of the determinants | VII'| and |VIII'| can be zcro. It
then follows thet R~1 1s different from zero et x. If we

do the analogous prccess with the cofector cf any olercat Kuﬁ ’
we shell errive et dlocks VII™ and VIII" of dimeacicng m - 1

by m end m by m - 1 respectively, ond the ccfector 1 cecn tu
be zero at x., Consequently the reciprccel R of R'l oxicly
everywhere on X %, and is of the fcv.. given in (£°9). llow let
Ryy ond Y, be elements of this reciprocil R &s tney ctend in

(2+9) and define

au='%&Lm.,Qu=—Rakm, RQ=N&‘Q¢Q&~

ment but essentielly the ccmes
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We see thet Rik and Pik are both symmetric metrices. By taking
these functions Py;, 2Qqy, Ry end @ , @« as the coefficients
in zco(x.q,nﬂ and gp(x,q,qﬂ respectively and substituting
them in the fermules of g 3, it will ccme out that the coeffi-
clents Lik’ Mik' Hik have exactly the glven values,

5. An anslogue of the Jacobl condition in terms of

characteristic numbers. Write the equations (3¢6) and the

boundary conditicns (3°8) together in the system

»'/:L-‘ 4—+M5&( ’ d,gﬂ)-";
(5.1) y{, "1 4 Sf(?lc):o ’ ( __’ ;:/)'
Z; =N;ﬁ‘7a-‘—&:[/r6']a , f=tlo

Any velue of 6 , for which (5+1) has & continuous snd non-iden-
tically venishing solution in Ne o Z., , 1s called a charascter-

istic number, and the solution & cheracteristic solution., With

these definiticns we have the following

Lommg 5¢1. The normelity condition (&) in Problem 2 is

& necessary and sufficient condition for the system (5.1) to

have no cheracteristic solution with q;(x) all identically

_Z_G_I‘_(l 2‘1_ xlxz.

It is necessary. For if the determinant in (2.8) is
zero foxr every p sets of sdmissible arcs of Problem 2, then
there exist constants dJLL not all zero such that qfkgbu (ﬁ Yy =0
for every admissible arc ﬁv of Problem 2. On the other hand
we cen alweys select n - m functiocns igff,n,qf), (r = m+l, oeo,
n) of the same form as P,(x,7.7') end n contiruous nultipliers

vy (x), (¥ =1, **+, n) such thatl

1 Bliss, The problem of Mager loce.cit. p. 312, 4whe
problem of Lugrnﬂge, 1cc.cit., p. .' ’
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X
]{/}b‘#o and g,%-=f yqua’x-rC;
X
are satisfied at every point of X%, for arbitrarily chesen
constents Cye Letting ;l_ﬁ be any admissible arc of Problem 2

and &, (x,m,n) = Toh , We then have

X3 X2 _
[ ntndx=| (4007 )ds = G

By this and the fact that dJA ('YI) = O we have

Jm dx = (-, +d, 3T + (U9 [ G

which holds for every admissible urc Y{b of Problem 2, On

chocsing ¢, = the usual well-known ergunent then shows

17 G
that the coefficients of YT;':. are all zerc and the multipliers

V,, all venish identically on x Xpe This being so let ¥V, be

1
the remeining mulsipliers thus determined, m;o , and _O.(x,q,
M5v) be defined by (2.10) with these sriuments. It then
follows easily thet Yl,; =0 , [y:_(),,( form a continuous sclution
of (5e¢1) with Z;w =0y = dfa/“;, ~lin = dfc/w nol «11 zerc.

_I_E is sufficient. Buppose that (5-1) hes &« charcctor-
istic solution % , 4 with M. , and consequently iy é& ,
all identically zerc on XX Since (5¢1) is & homcgencous
system, the end velues e &-—L cannot be all zero. By means

of tnis foct snd the formula (3+11) it fcllows th:t there exist

constents d)_,_ nct ell zero such that
5+2) =
( du Eu () 447 ] =0

is en identity in ﬁal , ;]—;z . liow let ﬁb be an cdmigsille arc
for pProblem 2. By the trensfcrmaticns in § 3, VI—._ is ¢ contin-

ucus s8clution cf

(53) n: =L.-471¢+M;a4:4
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with some functicns Z; . By multiplying (5+3) by {} , the
second set of the differential equeticns in (5+1) by ﬁb ,
adding the results, and integreting from X to Xo, it follows
that M. |7 = 0. This and (5°2) show thet d, Fu(7]) = O for
every admissible arc ﬁ} of Problem 2. Since %F are not all
zerc, this can hold only if the determinant in (28) is zero
for every p sets of edmissible arcs of Problem 2, contradictory
to hypothesis.

$ince the ncrmelity condition (&8 ) in Problem 2 is
agsumed throughout this paper, the sbove lemme shows that we
cen always norm the functions q;(x) of a characteristic solu-
tion ¢f (5+1) so that they satisfy the norming condition
10 4l ) =1 in (2+7)., Such a solution will be called & normed
soluticn. Many other properties of the system (5+1) follow
from its properties Pl), Pz) and the preceding lemma. In the
fcllowing chapter we shall meke & comprehensive study of this
gysiem and in Chapter III we shall see that & ocomplete solution
of il leesds tc a ccumplete solution cf Problem 2. In the remain-
der of this scction we shell derive snother lemma which will
be useful later ond from which an enalogue of the Jacobi
conditicn follows immediately.

Mor convenlence let us say that a function f(x) is of
cless D on x zl

172
discentinuities; i.e. it 18 ccntinucus on X Xg OT the interval

if it has at most a finite member of ordinary

%%, can be divided into seversl subintervals such that it is

This definition will be used throughout the sequel.
Tt 1s new beeuuse in Belza's Vorlesungen iher Variesticns-
cechnung, pe 63, oaly functions cf class (p = 1) have been
aellincd.
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continuous on each of them, Having this definition let qL be
any admissible arc of Problem 2, £)(x,1,n’v) be defined by

(2+10) with any multipliers )Yy of class D, and C::I)q:, We
see that the functlons C; are also of class D and the trans-

formations in g 3 will lead to
(5e4)  MizlaNetMiale »  (5:5)  Oy=Nawa-Lasla .

Conversely any solution 1:, L; of (5+4) with ¥: continuous
and Z} of class D determines an admissible arc for Problem 2,
Consequently we may regard the totality of such solutlons as
the totality of admissible arcs for Problem 2, If the given
admiseible arc ], 1s of class D" and the multipliers are taken
to be of class C' or D' at pleasurs, then the functions 4}

are of clase D' except possibly having a finlte number of

ordinary discontinuities, Hence M. , J. will be a solution

(5:6) 1=LanarMiale ,
* 4

7! = New e L Ta -
with some functions gy of class D, With these facta we have
the following

Lemma 5.2, C;
[o]

) of
Problem 2, the value of the expression J(q ) An (26) 1ie

X2
(547) 'J(q)=2g(q>+L(qua’]w“m{.{4)‘*"~

For any admigsible arc 70,;
(2

Cp) If the functlons 1., ZN are & continuous solution of (5:6)

corresponding to functions g3 of class D, then

Py X2
(5:8) 'J'(q):?ﬂ(qHZ;'];"+L9o']adx-

03) If the preceding golution q;, [; also satisfies the boun-




24 PROBLEMS AND NECESSARY CONDITIONS (388)

dary conditions Sr(rz,{):o in (5-1), then
X
(5-9) j(q)=J; g dx.

C,) If the functions q;, J; are a normed characteristic solu-

tion of (5+1), then
X2
. =6| nndx=¢,

(5+10) T =6] 1N

Thelr proofs are irmmediate. Becsuse we hsave

X2 X2

T =290p +L'2Q dx=29(m+ |(07‘7f;4b7:7v+ﬂy“l{()dx.

the relation (5+7) then follows from this by writing Z} for

C)# ,

and noting that de =P, = 0. If M s J; form & continuous

substituting the values of qf and 127; from (5+4), (5°5),

solution of (5°6), then (65°8) follows from (5¢7) by multiplying
the first line of (5°6) by [, , the second by M. » edding the
rosults, and integrating from Xq to xp. (6+9) follows from
(6+8) and (3+12). Finally (5+10) follows from (5+9).

The following corollary gives an analogue of the Jacobi
condition.

gorcllary. If B, 18 a normel non-singular minimizing

boundary value problem cen have no negative charascteristic

nunbers.



CHAPIER II.

A STUDY OF WHE BOUNDARY VALUX SYSTENM.

With the properties Pl) and Pa) of the system (5-1), we
can show that it is self-adjoint bdut, in general, not definitely
self-adjoint according to the definition of Bliss,1 unless the
determinant ]Mik] is everywhere different from zero on xqxp and
hence m = O, However most of the theorems as given by Bliss
for definitely self-adjoint systems, with some modificeticns,
can be proved for this system by essentially the same process.
In the following seotion we shall first give a few lemmas which
are easily deducible from the calculus of variations property
of the system, and thus make our whole argument independent of
any previous knowledge of the theory of self-adjoint systems.
It is also to be noted that, as & consequence of the hypotheses
in pProblem 2, the coefficients Lik’ Mygr Ny in (6+1) are all
of class C'. But throughout the following discussions only the

property of continuity is involved.

6. Preliminaery lemmas. Let qf(z,o‘), C?(x.6 ),
(T =1, **+, 2n) be 2n linearly independent solutions® of the
differential equations in (5+1) and D( g ) denote the determinant

(6+1) D) =] sp(n539) |

First it is obvious that any solution of (5+1) must be a linear

combination V(;=C¢"]§' v :=Ccl:°  of the functions ']&t-(f

1 gee Bliss, A boundary value problem, loc.cit.,
pPp. 568 =~ 569,

2 211 solutiocns are assumed to be continucus unless
otherwise mentioned,
(389) - 25 -
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with constent coefficients o satisfying the conditions

T T c »Cy _
(6+2) Sp(n-5)=Spleen’, el ) = CeSp(n5 %) =0,

end the nuwnber of linearly independent aclutions of (5-1) is

exactly the number of linearly independent solutions in ¢ of

T
these conditions. If D(6) £ O, the constents o, must evidently
be 8ll zero. If D(6 ) is of renk 2n - r, there exist r and

only r linearly independent solutions in ¢ Next, on using

c L]
the notations

(6+3) i:=31r-"tt), flgl"'ﬁ'!n('lt) ; (T=1, - 2n)

the constants o together with some constants d/u are also

determined by the system of equations

c. ) 4+ duo =0,
,‘-_Q/A(q ) Ve (4] ‘:=’,_,.,n/

< .
Calq5T) + dn G =0 Taean

This is true because this system requires the functions C{V'f ,
C¢Cf to satisfy the end conditions Jflq) = 0 and the trans-
versallity conditions (3+7) which ere equivelent to the boundary
conditions Sr('),f) = 0. Purthermors since the matrix || 8y uill
is assumed to have rank p, the system (6+4) can have no non-
vanishing solution with o, all zerc. Hence, if D(C) is of

rank 2n - r, the determinant

};‘(’l‘) 0 e
(6'5) A(d)'-: 3;’_;:. %; ) (JA.:',“‘,,V )
LR AR L=l ,2n

for the seme velue of ¢ , must be of rank p + 2n - r, and
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conversely. This proves

Lemna 61, Corresponding 1o a number & , if D(6 ) 18

different frcm zero, the system (6+1) has no cherscteristioc

solution. If D(6 ) is of renk 2n - r, the system has r gnd
only r lineerly independent golutions. Moreover, if the deter-

minent D(6 ) is of rank 2n - r, the determinent A(s) is of

rank p + 2n - r, and conversely. “heir zeros therefcre give

the characteristic numbers of the system es defined in g b.

Both the determinants D( 6 ) and A(6) may be called

characteristic determinants of (5¢1l). Since the right members

of the alfferentiasl equations in (5+1) are anslytic in & 1in
the whole complex & =-plane, it follows that the sclutions
y]f'(;c,o‘) ’ Z‘;CL!,G) a8 well es the above deteruinants ere also

analytic in 6 in the same region. Henco all cf them cen be

expanded as permanently convergent power serics in g . Next
we nave the following

Leuma 6°2. Let g, and Ei be any sets of functions of

cless D, and 1; ,; and ﬁ‘b . fb be respectively continuous

solutions ¢f the differentisl equaticne in the folloving

systems

r'f=L;‘,r]4,+M;a{4, , ﬁ;,=l—‘&7h*”:k&, ’
(626) 4 =Nafe-lfe-g:, (61 T'- Nt = L (0-3.,
Sr(q:{):o , Sr(ﬁ"?)zo .

We have first the fcormula

(6+8) .j:;(ﬁ;g;-ﬂiga)dx=(f:1¢-§c§,)}: .

If tHhe above solutions also ssti@ly the boundiry ccrditions

SP = 0, then
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X2 _ _

(6+9) L (.9:-1.3:)dx =0 .
'

Its proof follows from the fact that My and Ny are
symmetric metrices. Mor multiplying the differential eguations
in (6+6) by 'zf » =M. . those in (6°7) by -I; , M: » edding the
results, integreting from xq to Xo» and remembering the above
fact, we have the formula (6+8) as desired. If the boundery
conditions Sf = 0 are glsc setisfied, then (6¢9) follows from
(6+8) and (313).

Heving the above two lemmas we can prove the following

Lemme 6°3. For any coatinuous functions 8y the system

(646) can have continuous gsolutions if and only if the condition

X1
(6+10) L ﬁ.g;d:mo

is satisfied for the functions ﬁ; of every continuocus sclution

of (6+7) with gy = O.

The necessity of the wndition follows from (6+9) with
Eiz 0. To prove its sufficiency, let qf, (f be a particular
golution of the differential equations in (6+6) and qf, 4:‘.
(T =1, »++, 2n) be 2n lincarly independent solutions of the
same equations with 8y = 0. The general sclution of the differ-
entiel equations in (6<6) is then of the form Ne = qf + chf’,
.= e +Q0§f' with arbitrary constants c; . By the notations
in (6+3), (6+4) and the ssme argument as used there, this
solution will be a sclution of the system (6+6) itself, if end
cnly if the constants c o together with scme constants d)k
gatisfy the ccnditions

() +dho =-B)
(6+11) C@(ﬂ?f‘z.:) + d/ua)«. =-(95-1:),
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< T — ° o
C9aatl) +dp G == (9t ) -

All we need to show is that (0°<11) actuelly huas a

solution in Ce s ?ﬂ if the ccuditions (6+10) are satisfied. 7o

do this, let the natrix formed by the coocfficients of ¢ , dj‘,

in (6¢11) have rank p + 2n - r. By Lemma 61, the system (6e7)

with Ei-.— 0 has exactly r linearly independent solutions i’]’t",
v

Zﬂ , (v a1, **+, r), By (3°11), for euch cf these sclutions,

there exists & set of constants 'd'/f such thot

— — =Y 1
(612) dj‘ }ﬂ(u)-fﬂ(’],u)‘f;- u;" =0

-V

is an identity in u,;, uyp,. The r sets of coustents (Hj" v
ﬁ.;‘; ), ( ¥ =1, **+, r) are linearly indepondent. For cthoer-
wise, therc would exist constents XV , uct 01l zero, such that
y —
XV a‘f = 1):’] 2
—_— _
require I., ?;;. == 1, J;2 == 0, which is evidently impossible

v -y
ol

= ¥, N2 = O. The identities (6°12) would then

because ZVF"“’ , L ~;—~_v constitute a non-vanishing solution

of the homogeneous system (6+7) with 'g'iz 0. Having proved tiis,
we glve a fized value to v , multiply equations (6+11) with

H'; , ﬁ;.v , V—I“V respectively, and add the results. The
cocefficlients of the d)L in the resulting equation sre clerrly

all zero. The coefficients cf ¢, and the right member »1th

sign changed are rcspectively the quantities
- — T -y |1 —-v o =V 0 o~y
30+ AT+ IR [ and  dlg.0on+ a0 5, |, -

NP 1 - T {1 —
But we have Z;1’,;v,,= §‘VV];‘, by (6+8) with gy = g = 0, end
z;:r];"ﬁ = I'N2|7 by (6-8) with §; = O and the condition (6+10).

Consequently the above quantities become respectively

A ALSTTTM PRt N LE A A S L A AT A H
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which are all zero by the identity (6¢12), Thils shows that

each of the r linearly independent sets of constants (E}L, ﬁ; »
ﬁﬁ ), which 1s orthogonal to the coefficlente of ¢, and Qﬁ in
(6+11), 18 also orthogonal to its right member, Since the matrix
formed by the coefficients of Ce %» in (6+11) ia assumed to
have rank p + 2n - r, it follows that (6+11) actually has a

solution in o , QP' a8 was to be proved,

T. Properties of the characteristic numbers and functions.
In this sectlion we shall study the properties of the character-
lstlc numbers and functions of the system (5°¢1) in order to
reach the ilmportant expansion theorem of the next mection, First
of all we remark that all our preceding lemmas remain true if
the coefficlent Njy in (5:1) is replaced by Ny - cé}k y ¢ being
any constant and SEQ_being the Kronecker § , because the only
property of Nyj * which we have made use of 1s Njy = Nyy. For

brevity we shall use the notation
c
(7.1) N,:‘,'-:N;‘,‘CSJQ .

Theorem 7+1, All roots of the gharact;ristic determinant

D(6 ) of the system (5+1) are real and the linearly independent

characterigtic solutions corresponding to each root may be

chosen real,
Let 6 be a root of D(6 ) and N » §i be a character-

lstlc solution of (5¢1) corresponding to it, Since the coeffi-
cients occurring in (5°1) are all real, if & were not real,
its conjugate imaginary & would be a root of D(6 ) and the
conjugate imaginaries ﬁ}, f; of q;, 4. would be a character-
istic solution corresponding to & , By (6.9) with gL =6 Ne »

€ =M, we would have
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6-5) " Tdx=o0
6-)[ 1.7 :
-

Hence the V]; would be 8ll identicelly zero on x Xp» contradic-

1
tory to Lemmsa 5°1. Therefore & must be rcal. Since & 1is
real, the roal snd imeginery parts of Ni s ;; are both solutions
of (6+1). The characteristic solutions corresponding to each
root 6 may then be chosen real as dessribed in the theorem,

Theorem 7+*2. The index of eaoh characterigtic number

Go , Leo., the number of linearly independent solutions corres-
ponding to it, is equael to the multiplicity of (, @8 & root
of D(o ).

Suppose that D(d) = | 5,0[ n%(x,6), §x,6)) J has rank

2n - r at a particular value g, . By replacing the solutions
r]{‘(x,m y §5(x,6) by sultably selected linear combinations of
them with constent coefficients, it may be brought about that

at 6 = 6, the expressions SP(*]'CI fc'). (T,=1, **+, r) all
vanish, while the matrix of elements SP{rf’i 7)), (Tym x4, oo, 2n
hes rank 2n - r. All derivatives of D(¢& ) of order less then r
will then clearly venish et 6 = 6, , and the r-th will have

the velue
D™a = [ o005, 55), Sp0 £

where the subsoript ¢ indicotes derivatives. If thie expression

venished, there would be a lincar combination
< <y T ‘Fz
PI‘:"«‘-‘C&JII:G-Q‘C,(I?L y ‘{,} =c,<| {CJ*CCQ,CL

for which ell the numbers SF(';,{) would venish at ¢@ = 6, « The
constants c,c’ cculd not be &ll zero beceuse the rank of the

lest 2n - # columns of DI¥) (G ) is 2n - r. The functions
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— - 1T,
M. = cx, Vlf' Y ;£| would therefore not ell vanish

jdenticelly., For 6 = §, they would satisfy the system
p—y} - >
0. =L NetMals »

] N s =0,
Z, =N£‘u’a'l—&;ﬁ , o

(7-2)

where Nii is given by (7.1), and the differential equations

ﬁ;'o"—' LMVTM*M&I:E&G ,

(7+3) — ¢ _ —

g;o’sz’{éo“L&u‘(&a"F ’
> T

The set of funotions VT, a cm?f‘ v o= 0,0 ? would satisfy

the differentiel equations in (7-2), and, with the help of (73),

1t follows readily that the functions N s 5. themselves would

for & = 6, be sclutions of the non-hcmogeneous system

i =Lulet Mt (e

(7+4) g _
5= N,-G;:’]lé.' Luifa=Ts s

Sf,{q,g):o.

By applying (6+9) to the systems (7¢2) and (7+4), we wculd have

X _
L, ., dx =0
Hence 7]..; would be all identically zero on XXp in contradiction
with Temus 5el. Therefore the derivetive D()( 6, ) is different
frem zerc snd O, has its multiplicity equal to its index.
The fcllowing corollary is immedicte.

Corollery. [ihe cheracteristic determinant D& ) is not

identically zexc in & .

Theorem 7+3. If a set of functions hy be continuous on

the interval XXy and satisfy the ccndition

X,
(7+5) f z.n.-ﬁ;dho
X
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with the functions VN of every characteristic solution cf the

system (5+1), then it satisfies the same condition with the

functicns ﬂa of every continucus sclution cf the system (6+6)

corresponding to functions g4 of cless D.

For let h, be any functions satisfying the hypothesis

1
of the theorem. According to Lemme 6°3 the non-homogeneocus
gystem
)‘]{:‘. L;Q']&*Mué;&, ’
S (rI,Z)=0 ,
(7-6) f

e VA A

where N{i is given by (7¢1), has sclutions for every velue of

g . VWhen

D(6‘)=’ Sf,[v"zx,m, ({11,6)]’ 30 ,

there ig s unigue solution and one verifies rescdily thet it

consicts of the functions

N e 1 5 5 ’

(%,6 )"‘"' L (X,6)
5 { D(5)S(q§)5(q()

DO s,0187) $pt5
where q:’ , Z;bo are & particuler sclution c¢f the differentiel
equations in (7-6).

Neer & root Oo of multiplicity r of D(6 ) the functions
q¢t¢,6), y 4.(%,0) are still well defined end analytic in ¢ .
For in the first place one can edd constent multiples of the
lest 2n colwms of the sbove determinents to their first col-
wms in such & way thet the resulting functions qf , 7°
setigfy tho conditions SP(qﬁzo) =0at 6 =6 o This is
possible because e soluticn of (7+6) alwuys exicts. 1In the

second place, since by the preccding thecrem D d) = ISk(qﬂgt)’
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hes renk 2n - r et O = ¢, , one can therefore replace r of
the rows of the ebove determinants by r linear combinetions of
thelr last 2n rows which venish et 6 = g, » It is then clear
thet these determinsnts have the same factor ( 6 =6, )¥ as
D(6 ), end hence that the functions N (9, 7. (x%,6) ere
analytic near 6, &as well as noar velues of ¢ for which
D(6) # 0.

The functions n;(x,5) , 5:(%6) ere therefore repre-
sentuble by permanently convergent power serips in & of the

form

(7e7)  Melx6)=NaolX) 46N+ [o006) = T (X F 605, (x)4

By substituting these series in (7+6) and comparing the coeffi-
clents of ¢ , it is found that the coefficlents 7&» . {9‘ R
satisfy the systems

Mo = Leupt Mk Zap

;] Sf('])"{f)—’o; (j‘-‘oJ I,i,"").
ARNE S

(7+8)

in which it is egreed that ﬂ;,q = hi’ With the help of these
systems snd the relation (6°9), it follows thet

X2 f"\ d
L’ '{.;,a"]:,v—.dﬂ=x");v’]c,f-a x, (f,v:a,l,z,---).

The well-known Schwarz inequelity
2

X2 Xy XL
e d#} < | Nepalipdx | hooon. ,dx
[ o o ) o o 4% epepo
together with the last equstions shows thet the constents

X2 X1
W, =L']:,--']-‘,~vd": V‘§4=j;' NioNepdx (/:o, L2,000)

have the prcperties
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(7.9) w,

X2
Gor = oA s Ty T 2T, (povmonn

Tuet
The series

(7+10) W46 W +0 W+, W, + 0 W, + G Wyt oo

the first of which is found by integreting the expression q;,qb
found from (77), both converge for every value of ¢ . Hence

o must be zero. For otherwise it would follow from the in-
equalities (7.9) that wzjb £ 0 for ~very p and W%F_z Wo(Wé/W0f~.
The second series in (7+10) wduld not converge for ¢ =
(wo/wa)l/z, which is e contradiction. From the equality Wo = o,

1t follows, however, that the functions nca all vanish identi-

cally on x Now let n; . §; be any continuous sclution of

1%
(696) corresponding to functions 8 of clags D. By epplying
(6+9) tc the system (6+6) eand the system (7.8) with subseript

M= N, we have
JXI i doc‘=fn ;0 gidx =0
xl 7’# v %‘ y'b

a8 wes to be proved.

Gorollary. When & number ¢, 4i8 not & characteristic

number of (b6¢1), the unique soluticn of (76) with 0 = 0,
and corresponding to funotions hy satisfying the hypothesis of

the theorem is a set of functions »n; , 4. in which N ere all
28T On X Xp.
Ite proof is immediste. For, when @, 1is not a cheracter-
istic number of (6e1), the solution ¢ , Z. of (7+6) with
6 = 0, 18 ovidently unique and, for functions hi as described
in the corollary, it is given by (7+7) with & = 6, . But

in the above proof we have shown that W, = 0 and hence, by the
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inequalities (7.9), WZJA/ = 0 for every p . Gonsequently the

functions qcc N Yl;. , s+ o are gll identically zero on XqXge

Theorem 7+4, The linearly independent cherscteristic

solutions of the system (5+1) are denumcrably infinite in number.

These solutions with their corresponding cherecteristic numbers

may be represented by the symbols Vv s Ziv s Gv,y (V=l, 2,

3, ***). The functions y,;,, may further be chosen orthonormal

in the sense that
" (S,.=1, §.,=0i
(711) J;‘ ').:r'l.'.vd(:S/V ) Opp =15 /«v’o 'f/‘*y)'

For let ¢ have any fixed value which is not & charec-
toristic number of (5¢1) and consider the system (7+¢6) with o
equal to this fixed value. It is evident that, for each set
of functions {;T' , ( T =1, eee, t) of class C', there exist
continuocus functions 7]3’, h:’ which togethexr with 2,'.;1: satisfy
the differential equaticns in (7¢6). Let the functions 4}0
be chosen soc that the t sets of furctions My [: are linearly
independent. This is possible because not all the coefficients

Uy &Te identically zero on X1Xge For eny constants ¢ the

0
linear combination Y. = trf’ » Ji= o ;’f is a sclution of
the same differential equations with hi =c. hf. If (5e1)

had only & finite number of linearly independent characteristic
solutions, then, for a sufficiently large value of t, constents
o, not all zero could be chosen so that hy would satisfy the
hypothesis in Theorem 7«3 and the functions r'; . g‘

. would

satisfy the boundsry conditions Sf(q,{) = O, By the corollary

- T
to thet theorem, the functions 1. end hence Mik;k =0, My 0y
would be all identically zero on XXp in contradiction with our

T
choice of the functions ;;, « Therefore the linesrly independent
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characteristic solutions of (5¢1) must be infinite in number
end the infinity is denumerablse, because the roots of the
permanently convergent power series D(6 ), which is not iden-
tically zero by the corollary to Theorem 7.2, must be denumer-
able and the index of each root is finite by Lemma 6el.

. Finally Lemma 5°¢1 shows that the integrels in (7-11)
for u =y are 8ll different from zero, and the relation (6°¢9)
shows that those integrals for qﬁﬁ ,n;y corresponding to

charecteristic numbers Q}L / 6, are all zero because that

relation gives
X2
(6p~6v )J;‘ NopMsvdx =0 .

The functions QQL may therefore be chosen orthonormel as
described in the theorem by a process which is well known in
the theory of integral equations,

8. The Green's metrix and an expansion theorem. 1In

this section we shall assume that O = O is not a characteristic

number of (5¢1), i.e., the system

N =Loana+ Male

Se(n.{)=0
;L'=N.-4')k~‘—,u(b o

(8e1)
18 incompatible. If D = 'SH”E(‘)’ denctes the characteristic
determinant of (8¢1l), we have D / 0. Let t be any vaelue of the
intervel xq%,, end uix(t, x), vix(t, x), (Y =1, *e+, n) ben
sets of discontinuous solutions cf the differential equations
in (8¢1) depending upon t in the following wey: On the inter-
val (:1 %) all the functions uii, vix are taken identically
equal to zero; on the intervsl (txz) they are taken to be

continuows solutions of the above differential equations with
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initial velues uii(t, t+0) = 0, vix(t, t+0) = &ét , where 511
is the Kronecker & . Kor each value of t end Y sclve the
equaticns

~s, (v ecy 080751 =0

f
for the constents c¢ﬂ(t). This is possible because D £ O.

these constents define
(8+2) @G, .(* ,():-u.l(t X)+C.,(6)NTCx) F.t x):-v?(o: x)+C () (1,“
/Cl: > ¢ td 4% q» b }‘: ) L g v

It 1s then cvident that, for ecch velue ¢f t end ¥, the function

GXL and in have the properties

F!;(,é,é-a)-ad(é,ho) =&,
& G0 = Lia G0+ Mig Ba(e,0),
2 B (60 = Nia G (60) - Ly Biea(60)
S‘o[G(hX), F(t,l)J =0 ,

(83)

Further these functions are readily seen to be bounded in (t, x),
hecause the functions Gii are everywhere continuous and the
functions F11 can have ordinary discontinuities only when t = x
end ¥ = 1. These functions form a part of the so-called

Green's metrix for the system (B8¢1) and would be sets of
chargeteristic solutions of the systom Lf it were not for the
discontinuities of Fii‘ With these functions, we have the
following

Lomng 8¢1. If q; e be & continuous solution of

the system (6¢6) corresponding to functions gy of class D, the

functions n; axe given by

Xa
(8ed) V];(") =J;'G«’(7‘Jf)?l(e)dt'.
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Por fron the systems (6+6), (8¢3) snd the same multi-
plying and adding process &s used in the proof of Lemma 6°%,

we see that

(88) % [Gﬁ(t,m[,.m—5..(t.x>q.-m] == Gy tHX)4: (0«

By integrating first from % to t - 0, next from t + 0 to x,,

edding the results, and noting that (3+13) gives
X=Xy
[ Gt -Rueonm], =
a8 £ consequence of Sf(q,§§ = Sp (G, F) = 0, we shall heve

% b n—rl )d

The formule (8°4) then follows from this by & change of notation.
Remark. The above lemme shows the connection hetween

our boundary veluc system and the theory of integral equutions.

Indeed by defining n further sets of functions Kxi(t, x),

Hii(t’ x) setisfying the conditions

K}; (tJt‘o)"&i(t;t*O) = é}; s
& K}c“'““-m Kpg (65)+ Mig Hyg (950,
H}.:(f,() = N;{’g&(f,i)-L&d Hj{,,(t,ﬁ))
Sp (K&, H6 0] =0,

(8+6) »
Ax

end having no disccntinuities other then those expressly exhi-

bited, we can prove that, correspcnding to functions £y(2),

gi(x) of olees D, every continuous solution Mo s ;} of the

system
’]: = L;Q_"ﬁ* MG‘.C‘_ "fi. ,

, Splm:3)=0,
Femagebaluger C

(8+7)
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is given by
X
— . t)
q;(xv—fx' [-F 0 fy )+ Gog (181 g0l Jdr,

e Loo=["T "’zx""*’fﬂ*)‘Kfl(""(?ﬂ“’Jd*’

and the converse is also true., The coefficients of fx(t), gxtt)

in (8+8) give the complete Green's matrix for the system (8e7)

and have the properties

(8¢9) Fyot)+ Kpel£0 =0, G#x,t):@i(f,i) , Hyg(xs£)=H (60,

which ere easily proved by integrating relations analcgous to
(8¢5), The direct part of the above theorem is then proved in
the ssme way as we proved Lemme 8¢1l. The converse pert is
proved by differentiation under sign cf integration and using
the discontinuity properties and the relaticns (8+9). Since
we have no need of this theorem, the details of the proof will
be omitted. We simply note that the propertics (8+9) of the
Green's matrix are similar to those of the matrix formed by
the coefficients in (8+7).

Theorem 8¢1., For every continuocus solution "; . ;.

v

of the system (6¢6) corresponding Yo functions gy of cleve D,

the series

(8+10 u.(x):ozo' ,@ L (X)) where ¢ :sz (t) (eYdt
* ) d y=1 Gy y]w ’ v "'7’“ 3‘ ’

converge absolutely-uniformly on x,%, and represent the functions

qg(x) on that intervel. The functions q;v(x) are the ortho-

normalized characteristic functions of (5-1) as described in

Theorem 7¢4 and S, 8&re the correspcnding characteristic numbers.

By applying (6+9) to the systems (6¢6) and (5+1) we see
that the series (8¢10) gan be written es
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Xz
(8.11) m;(x)-—-yf;dﬂ,;vu) , where dv=fxlr,4v(tsq&(t)dt,

By applying (8.4) to the functions V};vﬁ) , the seriles (8,10)

can also be written as
o0 X2

(8,12) U, () =§_:‘Cw9;vm, where A)w(x):f G,/{x,t)vlmdt.
= A

With this form of the series we can‘proceed to show their
absolutely=uniform convergence. First for any positive integer

r the inequality
X1 N X
J;. [ go-= M ®)[ -2, N CIE 2
implies the Begsel inequallty
N, X2
v%. c, éL‘ g-,mgc(t)dt,

o
which shows the convergence of E:Ct . Next let
V=i

X2
8,(x) =L fp (0B 71V(t)df,

where hl(x,t) are some functions bounded in (x,t) and integrable
in t for each value of x between x, and X,. Given any fixed va-

lue of X and two positive lntegers r and s, conslider the sum
ntA
S e 0,00 =S¢, 800 - C 6.0,
vew £or

where the index p ranges over those numbers for which cfef(x)
1g positive and T over those for which ctet(x) 1s negative,

By the well-known Schwarz inequallty we readily have
Xz
= Cp0p(00 =] Ryx0(=Cp q,f,m}dt

< [_];:(Tkj(i,ﬁ)‘e}(i,f)dt]’/z[ s C;]'/i

Since hz(x,t) 1s bounded in (x,t) and éf C, 18 convergent,
=1

this inequality shows that for a sufficiently large value of r
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the sum 3° ofe (x) can be made less than any assigned quantity

for all valuearof s and x, A simlilar conclusion holds for the
other sum -3 c 6 (x). The series é; ¢, 0,(x) is therefors
absolutely-uniformly convergent on x3xXxs, As the functlons
Gix(x,t), for each value of 1, have the properties of hj(x,t),
1t follows that each of the serles (8:12) converges absolutely-
uniformly on XjXo.

To show that u,(x) equals Q;(x) we turn to the form
(8+11) of the serles, By the uniform convergence of these serles
we see that the differences Ni-wy are all continuous functions

of x, and by termwlse integration we see that they sabisfy the

condition
Xo
J;‘ (Me-we)Nevdx =0

for every value of y, and hence the same condltion with q;y
replaced by uy. By Theorem 7«3 they also satisfy the same cond-

ition with 4;V replaced by q; . Consequently we have
Xy
[ (e (qi-airdx=o

This shows that V?&(x) - uy(x) are all identically zero on Xixp

as was to be shown,



CHAPTER III.
SUFPICIENT COUDITIONS FOR A MINIMUM.

9. Two suxiliary lemmes. In the next section we wish
to make an epplication of the expansion theorem obtained in
g B8 to the solution of Problem 2. That theorem requires the
funotions 1, , f; to be a continuous solution of the system
(6¢6) oorresponding to funotions 8y of class D. Consequently
the functions ;.; must be of class D' and the boundaxry conditions
Sp(:3) = 0 must be satisfied. But an admissible arc Ne for
Problem 2 is only a solution of the equations

(91) q{:Lm’]L+H;aZ¢

corresponding to funetions Z; which may have discontin ities
and are not necessarily differentiable. The boundary conditions
Sf“}‘;) = 0 alaoc are not necessarily satisfied, if we only
know that VI; satisfy the end oonditions IJ«('I) = 0. In order
to meet these diffioculties, we have to appeal to the following
Lemma 9+2 of which Lemma 9¢1 is & preliminerxy,

Lemma 901, Let x3x, be suy subinterval of x,X,. Let

[:o be eny functions of x gontinuous on xxx,, end Neo the

gorresponding golution of (9+1) with initial values Neo (x5) = O.

Moreover let Zﬁl' (x - 35)(x - x,) 54(2), (Y =1, *vs, n),

where 3.9 denote any funotions of cless C' on x,x,, and y]‘l

be the corresponding solutions of (9+1) with initial values

Y,%(xs) = 0. We gen always determine the functions zyy BO that

the matrices | 1;}(14)" end | 760(14), ylﬁl,(xé)" have the same
renk for ell choices of (;o
(407) - 43 -
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For firat selecting any n fundamental sclutions of the
equations (9+1) with {; all identically zero and then solving
(9°1) in its general form by the method of veriation of pera-

meters, we see that Vlcolx,l) are given by equations of the form
*y

(9+2) V‘co("«)=J; FalOfg0dx
3

where fik sre some functions independent of (40 « Likewise,
1f ;’; = (x - 25)(x - x,)8;(x), where 5, denote any fu.ctions
of class C' on XXy and V]; be the corresponding solution of

(9¢1) with initial velues 'r]; (x3) = 0, we must have

Xy
(9’3) y];(‘“) zLi(x-xsyfx-Xq) ;‘(X) zhfi)di.

Let Vl.to(!4), where « ranges over certain of the numbers 1 to
n, be & maximum subset of ?];o(x4) such thet Vlao(x4) satisfy
no linear relation with oconstant coefficients independent of
{ho « I say the numbers ’lu(’a.)v like Yyo(xy), elso camnot
satisfy a lineer relation with constant coefficients independent
of zy. For if there were such & reletion O“Vl"‘ (34) = 0 with

oy not all zero, we would have by (9°+3)
Xy

(9+4) J(x-x,)(x-xu)(‘dfa(t)&*(x)dx=o
x3

for ell functions zk(x) of class C' on .1314. If the coefficients
in (9+1) are of oless C', the funotions 6,24 (x) are also of
olass C', By teking zy(x) equal tc these functions, the

relation (9+4) would require all these funotions to be identicelly
26Y0 on Xzx4. If the coefficients in (9°1l) are only continuous
80 that the funotions o, f,4(x) ere continuocus but not necessarily
of olass C', we can teke zy(x) = 8x(x, € ) to be any functione

of olass C', depending upon a small number € , and approaching
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cy L 4(x) uniformly on xsX; 8s € approaches zero, The same
relation (9+4) would stlll require all the functions o, f,¢(x)
to be ldentically zero on XzX,, By (9+2) the relation o, v“,o(xh)
= 0 would then be true independent of {ao , which 18 a contra-
diction, The truth of our lemma then follows immediately,
Lemma 92, Let 7T, JTis2 be any given constants, Let
e (x), Z. (x) be any solution of (9:1) with 7,-,(x) continuous

on x,x, and &; (x) of class D, Corresponding to any given and

sufficlently small positive number € , let each value Xx,, for

which some functlons Z;, (x) are discontinuous, be covered by

an interval Iye of length 2€ and with x, as its middle point.
Then there exist & positive constant K independent of € and a
solution _Vi‘u (x, € ), f; (x, € ) of (9¢1) depending upon ¢

guch that

1) W;(x, € ) are of class C' on xyX, and ;Tt(x, € )

are of clasg D';

2) Milxg, €)= Melxg), Mo lxg, €)= Nilxa),
?;(xl, € ) = TCu s Z,; (x5, €)= Tha
B)Iﬁa(x, €) = ']L(x)l < K€ on X Xy;
|‘~§;(x, £ ) - {;(x)l < X on xx,and < K€ on xx,

with the small intervals X, deleted,

First consider any subinterval X3%y of X1x%p for which
all the functions {L (x) are continuous, Let T3, .4 be
any given constants, By the theory of the approximation of
functions, we can determine a positive constant G independent
of € , and functions {;o(x, € ) depending upon € , satisfying

the inequalities

(9°5) | 70, €] <G on (%) and < € on (x+€, x4-€),
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and making the resulting functions J:(x) + .o (x, €) of

class C' on XXy and having JT.; , /U4 88 end values, Let
Nie(x,€ ) denote the solution of (9.1) corresponding to Jie(x,e€ )
and with initial values ﬂ;o(xj,e ) = 0, Let Mi(x), §iglx)

be the n sets of solutions of (9.1) as determined in the
preceding lemma, By that lemma we can, for each value of €

solve the equations

(9.6) NeolXe, €) + Edg(€) Ny (Xe) =0

for the conatants d1(6 ). Moreover by prescribing, Af necessary,
fixed values for some of the constants dl(e )» it can be brought
about that for each value of € there 1s only one solution,

It then follows that for each value of € the functions

o (X €) = o)+ Neo(x, €04 €dg(e)N,x),

(9:7) T (0O 2[00+ Lo (x, )+ edy(e) g (x)

are all of class C' on XgX, and form a solution of (9.1) on

the same interval and satisfy the end conditions
ﬁ;(x;,ehjc(x;), m(x“,enq;(x@), Tilx3, ©)=Ty, f;(xl,,e):itw.

Next by the same reasoning as in deriving (9+2) we have
X
q;,lr,6)=j Fa )t d, (X;6X € X,)
*3

where f,), are some functions independent of ;}o and are bounded
in (x,t), This and (9¢5) show that the functions vaa(x,e ) all
approach zero with € uniformly on X3X) . Hence (9.6) shows that
the constants dz(e ) have finite bounds as € tends to zero, By
(9¢5), (9.7) and these results it follows readlly that there

exists a positive constant K independent of ¢ such that
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Ivl";(i,E)-q.;tﬂlu(e on (X;X4)

I_C—e("'e)'(“’”' <K on (%) and <Keé on (X3t€,%€),

The lemma then fcllows immediately by applying the above
method tc esch subinterval for which all the functions ;.; (x)
ere continuoug and choosing the arbitrery velues like Ji;z , Ty ,
see go thet Z. (%, € ) are continuocus on X X0
10. A complete solution of Problem 2. By means of the

expension theorem and Lemma 9¢2 we can now prove the following

Theorem 10+1. If there is no smallest one among the

charecteristic numbers 6; of the system (5°1), the expression

J(N) in Problem 2 has no minimum. If ¢, is the smellest one

of these numbers, then the minimum of J(Yl ) is equel to ¢,

and s set of linearly independent minimizing arcs is given by

the orthonormelized cheracteristic functions V,.-,(x) of (5°1)

corresponding to o’o a8 desoribed in Theorem 7+4.

It is sufficient to show that the minimum of J(q ) 18
equal to 6, , if it exzists., The rest of the thecrem ie
justified by the formula (5+10). PFor convenience we shall let
6, equal G, of the numbers 6 and consider first the ocase

6y £ 0 for every ¥ . Let Y. be an admissible arc for Problem

2 and satisfy the end and ncrming conditions
x2 d
(10-1) If(v,)=o s N(q)=L' NiNedx =1 .

We Imow that )¢ together with some functions J; of cless D

on x form & solution of (9+1). By referring to (3+8), (3+9)

x
172
and noting that %‘(11'3) = 0 is ancther way of writing I, (n)
= 0, 1t follows that we can find solutions f,;. , ?,;1 of the

equations Sr(q,?) = 0. Let JT,, 72 be one of the sclutions,
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€ be any given small positive number, and ﬁl (zx, € ), ?}(!. €)
be constructed as in Lemma 9¢2 with 7Ty , T0a &8 the end values
of i (x,€ ). By differentisting 7. (x, € ) with respect to
%, we see that ﬁ;(x, € ), fc(x, € ) form & continuous solution
of the system (6°6) ocorresponding to some functions Ei(x' € )
of class D. We can therefore apply the formulas (8¢10), (8¢11)
of the expansicn theorem and obtain

T = £ (che/e) iv . where
(102) C.(e ):Lfl-g':; 'I;vdi -6, }:lﬁ} q‘;vd"
Sinecs these series all converge absclutely-uniformly on X1Xp,

we heve by multiplication and termwise integration

X 2O, C,(€)Cy(E) 20 )
ey J = LSO e F G

Since ﬁ}(x, € ) approaches ": (x) uniformly on %, %, 88 €

approaches zero and since na (x) satisfy the norming condition

in (10+1), the relatfon (10°*3) on passing to limit gives
E 20 V=1 5v

X
(10+4) ;=L NeNedx = L= G© o

From the inequalities given in Lemme 9+2 and the expressgions

(6e7) to . (5+9), it is alsoc evident that
— X _
j(q)=é‘—=37(q)=€f—;,£‘ 7 midx.

By substituting ﬁ} from (10+2) and termwise integration, we

have

0] G
(10°5) 7[7)"4-01‘.3 VS_‘—{‘—V—" =L ot 5_,

This relation and (10+4) give



(413) SOLUTION OF THI ACCESSORY PROBLEMNM 49

(10+6) 7(»p~o’,=L_§:° G s 620

€=0 yai 6';'

as was toc be proved.
If §, = O for some v , let ¢ be any smell constent

and consider the prcblem of minimizing
— X1 ’ ’.7
Top= 29+ [(Rﬁfc&‘)ch‘_atﬁé?;ﬂ;qu Q;Q'l."lﬁ]dx
Xy

with respect to the same functions as before. By referring to
the transformations in g 3, we see that the boundary value
problem for this new problem consists of the system (5+1) with
Nik replaced by HNyp + o 6}@ « The new charscteristic numbers
ere evidently the numbers ¢, + ¢. By suitably choosing o it
can be brought about that no one of them 1s zero. The relation
(10+6) then becomes J(n ) + o =~ ( 6) +¢c) = 0 which completes
the proof.

The following corollary is immediate.

Corollary. A necessery and sufficilent condition for the

second variation-lz(i',q ) £for Ey, %o be slways positive (ox

non-negative) with respect to all edmissible varistiocns %, ,

Za , q;(x), not ell identically zerc and satisfying the
conditions QQ‘LZ.Q) = 0, 18 that the characteristic numbers
/

of its accessory boundary value problem be all positive (or

non-negative).
We shall now derive a oriterion for the system (5e1)

to heve a least characteristic number. Problem 2 will be seaid

to satisfy the Clebsch necessary condition, if at every point

of x,X, Wwe have R,, TC; 74 2 O for gll constants (7v) £ (0)
and such that SL;Jt; = O, Undexr this condition we shall have

(107) M da 20
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at every point of x;x, and for sll functions {;‘ » For, since
the determinent R in (2+9) is different from zerc on X1Xp, We

can solve the equations
RiaTa+ f?c{; =0, uaTa=0

for the functions T4 and )p + From the definition of M, in
(3+3), it is then easily verified thet My, 7 Ta = Rikjm;7tﬁb
from which (10e7) follows immedistely.

Theorem 10+2. The Clebsch necessary condition for

Problem 2 is both necessary end sufficient for the system (5°1)

to heve & leust characteristic number.

The nccessity of the condition follows at once from
Theorem 10¢1 and the fact that it is necessary for Problem Z
to have a minimum. To prove its sufficiency, we proceed as
follows: In the theory of quadratic forms, it is well Xnown
thet eny quadratic form &%y Ty will be > ey Xy, if c is a
sufficiently large and negative nwmber. For the signs of the
chain of principsl minors of the determinant 851 = C O
beginning from the upper left hand corner, depend upon those cf
- Q, 02. - 05, s*e, 1f the absclute value of ¢ is sufficiently
large. Hence, for o sufficiently lerge and negative, these
signs are all positive end the form (ayy -~ ¢ §i )x4xy 18
positive definite, From this theorem it follows that there
oexists & aonstant ¢ such that Bq(q ) 18 always > of Ve +
N:xMiz ) and hence J(q ) 18 elways grecater than or equal to

X ,
Tip= c(q;.r];.+qnqm+J;‘zw(x.q.q ydx ,

Let h(x) be any suitable function which tekes the value - 1 at

x) and + 1 at x,. The expression 3(7 ) can alsoc be written as



(415) SOLUTION OF THE ACCESSORY PROBLEM 51

X1 , xa _ - , e
T =L[c L)+ 2wt )] ax ’L‘( RN 2 Qe Rialina)dx,,

where rik' q are some functions having the properties of P

ik
Qe By the trensformations by whioh we arrived at (6¢7) we

ik’

see that, for an admissible are V. , Z. of Problem 2, the

value of '.T{vl ) is given by
X2 _
i(q) =J; ( N;Q_’?-‘"ﬁ.*”&(;?ﬁ)dx)

where Nik are some functions having the same properties as Nik'

Letting 1 be any constant and n; be normed, we shall have
X2
T -1 =L [(NM‘lgié)ﬂ:74+ﬁiﬁrgra]dx-

This expression together with the above theorem on quadratic
forms and the inequelity (10+7) shows that U(q ) will be elways
> ¥ provided the latter is teken sufficiently large and negative.
Hence, & fortiori, J(q ) will have & lower bound and our theorem
follows immediately from the formula (65+10).

From the above two theorems we can easlly deduce the
following theorem which gives a meening to esch of the charecter-
istioc numbers of (5¢1) and is importent for the development in
Chapter IV.

. Theorem 10+3. _Let the Clebsch necessary condition be

satisfied. Let the totslity of cheracteristic numbers of (6+1)

be arranged in the order ¢, < 6, < 3% = (each number
being counted with & multiplicity equel to its index), and v;v y

5, be the corresponding orthonormelized characteristic solutions

Cf (5+1) as described in Theoxem 7.4. Let (H,) dencte the

totality of arcs ﬂ‘ , admissible for Problem 2 and satisfying

the conditions (10-1). Let (Hy) for ¥ > 1 denote the subclass
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of (Hl) which satisfics the additiocnal conditions

xz = « -
(10-8) J;‘ ']u"lcsd":o N (s=l, Se-1),

The minimum of the expression J(% ) in Problem 2 with respect

to 6k » end a set of lincerly independent minimizing ercs is

given by the charecteristic functions n‘“ which are in the

class (Hi) and with characteristic numbers ¢, equal to 6k .

Its proof 1s immediete. Kor let Yi be zn erc of the
class (Hf)' By (108) and (10+2) we have L cg(€) = 0 for
EmO
8 =1, *v°, Y-1. The relations (10+4) and (10+5) then give
the desired result

g ¢ )
j(yl)_oj =el.:a¢3‘zo€i'(5y’§l) 20.

1l. Sufficient conditions for .Problem 1. In this

gection we shall deduce & set of sufficient conditions for
Problem 1 as formulated in g 1. In thet section we have let
E12 denote the particuler admissible arc whose minimizing
property 1s to be studied. ior the purpose of distinguishing
and convenience, we shall now let E denocte this particular are
end (%q, ST 52) - (31, i1 X, 512) represent its end
pcints. "he notstion B will denote eny extremal arc with end
puints (xl. Vi Ep ¥g) in some neighborhcod (?1, T, ?2, ?2)8
and I(E) the value of I given in (1°4) evaluated for E. Simile
I(C) will denote the value of I evaluated for any admissible
arc C. The ¢rc ¥ will be seid to satisfy the Weiersirass
sufficient condition if the funetion

(%4, 5,’y;’)‘) =F(x,(7,yf>) -F(x,g,gf))-(m’—;!)7;;(:(,3,;1 N,
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where F is defined by (1¢10) with X, = 1, is positive for every
get of elements (x, y, ¥', ¥', X ) for which the set (x, y, y',2 )
is in & neighborhood of similar sets belonging to ® end (x, y, Y")
£ (%, ¥, y') is sdmissidle. The sufficlency theorcm is then

as follows:

Thecrem 11¢1., Far a non-singular extremal arc E of

Problem 1 to afford a proper strong reletive minimum, it is

gufficient that 1) its end pointe satisfy the ccnditions \PJ,, a 0

but no other psir of points on it does so, 2) its end pcints

setisfy the trensversality conditions (1l.12), 3) it is sbsolutely

normel on every subinterval xlx5 (aocording Yo the definition

on page 6), 4) it satisfies the Veierstrass gsufficient condition,

and 5) the characteristic numbers of 1ts sccessory boundury
velue problem gre all positive.

In order to prove the thecrem we first give the following
preliminary fects. Let (e, b) stand for the set (ai, bi) end
84 = !yi.. Since ® is e non-siiguler extremal, it is well known

that there existst a 2n-paremeter family of extremals
g =fe(x,0,4)

(11+1) de}u(x,a,l) . (a,f) insome neijhbor’mod (a.)e ,
M= at)

which contains E for (e, b) = (&, B). The functicns yy, ¥y
Zys Zygs Do are gll of class C" in & neighkborhced of the velues

(x, &, b) belonging to E and satisfying the conditicns

(11+2) @ = Yi (i,at) t,=2u%i,a,¢) .

1 Bliss, The problem of Lagrenge, loc.cit., pp. 685 =

G874
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Having had these facts we then base our proof cf the
theorem upon the following three lemmas which hold under the
hypotheses of the theorem.

Lemma 1llel. There exist two positive numbers ¢ and

& (¢ €) such that if the subsoript € in (11.1) is teken equal

%o this € , then through every peir of points (xl, Vis Fp, y2)

in the neighborhood ('il 'il, '1?2, ?2)5. there passses e unigue

in The nelghbornocd ' &

extremal arc E of the family (1l¢l), The parameters a; (X1, ¥1,»
X2, Yz) and bl(xlt T1» X2, ya), determining this extremal, aro

functions of clsss C" in thelr arguments end approsch ’Ei and

b, respectively as § tends to zero.
Its proof follows immedistely from the usuel implicit

function theorem if we notice that the equations

Ju=ge(x,a8), Yor =Y (%2, @, t)

have the initiel scluticn (%, '57'1, Xp, Jo, 8, B) and the deter-

minent

A 3.:“‘(2:Z'Z)/ gofé(‘x-llalg)
,:q(;x,-a—/f), s (;J;E; Z)
Stk

is different from zero. The justification of A #£ 0 is slso
evident under the conditions 3) and 5) of the theorem., For
from the fact that (1ll+1l) gives & 2n-parameter femily of

extremals satisfying the conditions (11¢2) and ocnteining B
for (e, b) = (&, B), it follows that the 2n sets of functions

Jiag(x. @, ¥, Z;ag(x,a, ) and it (2, 0D, 24 (%, 8)

form 2n linearly independent solutions of the accesscry ogua-

tions set up for T and hence any linear combineticn of them
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with constant coefficlents not all zero is & non-identically
venishing sclution of the same equations. If A were zero,
there would be such & linear combination, say i (x), £, (x),
with Y); (x) 81l venishing at Xy and X dut not all identically
Zerc on X Xge By taking f. = fg = 0 with the funotione ’).-, (x)
to form & set of admissibdle varlations and by arguments similer
to the proof of Lemme 52, we would have 12( £.7M ) = 0, which
is in contrediotion with the corollaxy to Theorem 10°1.

Lemme 11+2. If € 1is glven by Lemms 11°1 gnd § is
taken sufficiently small, then I(E) > I(E) for every extremal

exc E of the femily (1lel), distinet from B, with end points

in (%;, F;, Tp, Fp)¢ » and setisfying the conditions ‘% = O.
For convenlenoe we shall use the notation ug, (8 =1,
ees, 2n42) for the set (zy, Vi1, Xp, Vig)e By Lemma 1le1 the
function I(R) for extremsl ercs a8 desoribed in the leuma may
be regarded ss & function I(u ) of the variebles ug defined in
a neighborhood of \'is end subject to the conditions ‘b,, = 0. Tet
Do = 1, d/,, be the set of constants occcurring in the transver-
sallity conditions (1+12), I (u) denote the sum I(u) + d)~‘/)4, (u),
and 8_, . 5“, \—E«.s represent the partisl derivatives 3‘., , Q%Suc ’
\b“‘S' (8, t =1, ***, 2n+2) eveluated at uy = Uge With the
help of (1+11l) and (1°*12) it is easy to verify that 3; - 0
for every value of 8. Next let v, be 2n + 2 new variables. I?f
we can show that Jst VgV > O for all sets (v) £ (0) and
satisfying the conditions \?/*5 vg = 0, then, by the theory of
ordinary mexime and minima, it will follow thet I(u) > I(T)
for all sets (u) sufficiently near but distinet from (W) and
satisfying the conditions \ba.(u) = 0,

In order to show that Jg¢ vgVy > O for all sets (v)
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as mentioned above, we proceed as follows: Let Vg be any such
set. Since the metrix |l *’3 {| 18 assumed to be of rank p £ 2n + 2
we may, for eonvenience, let the determinant "Fv' y (v =1,
ves  p) be different from zerc. If p = 2n + 2, Problem 1 is a
problem with fixed end points, in which case we do not need

the present lemma. If p < 2n + 2, we let ur(e) - eV, + E&,

(r = psl, s+, 2n4+2) end consider the equations \

(11.3) [u,, U, Uy, <) Uanaa (@] =0,

Since they have the initial soluticn (uy, °°°, up, 6) = (El, ves
ﬁi. 0) end the determineant | q;v‘ is different from zero,

there exists a solution ug(e), (s =1, °°°, 2n+2) of olass C"

in a neighborhood of e = O and reducing to Uy for e = 0. By
differentiating (1l+3) with respect to e, putting e = 0, end
noting that Vg is a given solution of q;svs = 0, it follows
that uee(o) = Vge By Lemme 11+l it also follows that for each

gufficiently small velue of e there is & unique extremal arc E
(11°4) Yo e—.gd[x, a@, 4] , dl(x,€) =), [x a@), )]

of the family (11e1l) with ug(e) es end values. As e varies,
these ares & form a one-paramoter family of extremals, satis-
fying the conditions %3~ = O and ccntaining B for e = O. The
funation I[u(e)] = I(E) L8 therefore identical with the function

Jlu®) = J[ue] +duful we)] -
From this end the fact thet i& =0, use(O) = Vg, WO have
(11+6) ——I(U«(e’]f ——S[u( >]’ 'Jse"s"c

On the other hend, by referring to (2+2), we see that the
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expression (1lleu) is also equal to I Z +1 ), where f, . f, ,
ﬂ;(x) are the veriations of the femily (11l+4). Since (v) £ (0),
the set i, R ?z . ﬂ(,(x) cannot be all identically zero. Thers-
fore jﬂt VoV > 0 by the condltion 5) of the theorem and the
corcllary to Theorem 1l0°1l.

Lemms 11°3. If € is given by Lemma 111 gnd & is
taken sufficlently small, there will exist & neighborhood F g;

® such that every extremal arc E of the family (11l¢1l) with end
velues in (Ei, 5&, ;2’ 52)& lies in F end has the property
thet 1(C) > I(B) for every edmissible egxoc C in F Joining the

ends of E but distinct from E.

With the conditions 3) and 5) in the theorem we can
showl that there exists & conjugate gysgtem of solutions ﬂ;&(x),
ﬁa(x) of the acocessory equations set up for T such thet the
determinant ‘ﬂ;k(x)l is everywhere different from zero on X;¥,.

Let ey, bi’ oy be any 3n parsmeters and

a1e6)  Y=Fnatb o), =7, (x40, M=Nyxat.c)

be the results of replecing ai by 8y + Op n;k(il) and bi by
bi + Oy ;ﬁk(;i) in equations (11°1). A8 & consequence of (1lle2),
the functions Yi' Zy will satisfy the conditions

arn  VFk.ete) zatrw, Z, (%,ad.¢)=b+Chfia(5))

By means of these conditions and the fact thet (11.6) with fixed
(e, b) = (&, B) eand variable (c) defines an n-parameter family
of extremals conteining E for (o) = (0), we see that the deri-
vatives Yio (x, &, B, 0), Z1c (x, €, B, 0) are exactly the

k k

1 35ce Theorem 14:2 below.
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functions V];&(x), &a,,(x). The equations y, = Y,(x, &, b, o)
therefore have the initial sclution (&, b, ) = (8, ¥, 0),

(x, y) on E, and the determinant IYiok' is everywhere different
from zero for this initial solution, By the extended implicit
function theorem there exist two positive numbers T and ¢~
such that for every (e, b) in (¥, )  and (x, y) in (E). these
equetions have & unique solution oi(x, ¥, &, b), whose functions
are of class C", less than 6 1in sbsclute value, and approach
zexro with T . Because of the unigueness of this solution it
is also evident that, when (x, y) varies on an extremal E
situated in (E)_ end determined by (1l-1l) with (e, b) in (&, B),
the functions 01(1.‘ ¥, &, b) have to be identicslly zerc. On
acoount of the condition 4) in the theorem we can take T
sufficiently small so thet, when By and Ia are defined by the

equations
(11+8) m(x,y,a'g,=Y£r[1’_¢,¢,ax,(y,a,b] , [,,(x,l,a,{)yld(x,a,t,c'(z,j,u,lﬂ,

the Welerstrsss function & (x, ¥, p, ¥y', ¥) will be positive
for ell (s, b) in (&, B)_ , (x, y) in (E)_ and ell edmissible
sets (x, ¥, v') £ (x, ¥, P)e

No.w suppose that a particw.ar T effective in the above
argument hes been taken. By Lemma 1l+l we can teke & suffi-
clently small so thet every extremal arc B of the femily (1lel)
with end vslues in (Xy, ¥, '52, 3’2‘,)& has its paremeter values
in (T, ‘B')c end E itself 1ies in (E). . To fix the idess, let
en effective § be taken end Eo be any such extremal with aio'
{io as its perameter values. It is then evident that the n-

parameter family of extremals

(11'9) 7‘:=%(X. d,'é.'C) ’ 3" =Z‘-’(I, R, “lc) ’ )c( HAD‘[{,G',{,,C)
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cbtained from (11¢6) by teking (a, b) = (a,, by) and subject
to the conditions Jo; | < 6 , Will simply cover the region (inc,
to which E° is interior, and include B, for (o) = (0)s Moreover
the derivatives‘Yiok(x, 85 Do 0), ziok(x' a,, by, 0) will
form a conjugate system of sclutions of the accessory equations
set up for K,, because by (11+7) they take on the values vtk(ii),
%k(ii) et x = ii. The family (11*9) therefore forms e Mayer
field surrounding E, with slope functions end multipliers given
by (11+8) with (s, b) = (&g, ﬁo). 8ince the corresponding
Welerstrass function is everywhere positive in this field, the
usual fundemental sufficiency theorem® then gives the lemma
with (E)c a8 the nelghboerhood PF.

With the above three lemmas we can easily complete the
proof of the theorem as follows: Suppose that a number s
and a neighborhood F of B effective in those lemmas have been
ochosen. We first show that there exists a neighborhood /T
of B such that every psir of pecints lying in YU and satisfying
the conditions 4)~ = 0 will be in the nelghborhood (¥}, ¥y, ¥s,
iaxs. Because if this were not true, then for every positive
integer q there would exist a peir of polnts, situated in
‘E)l/q' satisfying the conditions 4)~ = 0, but not in (X, ¥y,
Eé. 52)8. These pairs of points would have & pair of asccumulation
points, 1lying on B, satisfying the conditions %ﬁ,- 0 but
distinct from the pair (X, ?i, g, ?2), in contradiction with
the condition 1) of the thecrem. The existence cf JU is there-
fore proved. Next let XU be taken interior to F end C be any
edrnissible arc for Prcblem 1, lying in YU end satisfying the

1 Bliss, The problem of Legrsnge, loc.oit., pp. 731 -
732,
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oonditions ¥y = O, Becsuse the ends of C are in (%, ¥, X,
‘572)8, the above lemmes then show that through the ends of C
there pesses an extremal E ¢f the family (1le¢l) lying in F and
such thot I{C) 2 I(E) 2 I(E). The equaelity I(C) = I(E) can
hold only when C coincides with ®. Therefore I(C) > I(E) when-

aver C is distinet from ¥ as was to be proved.



CIIAPTER IV.
OSCILLATICN AND COLPARISON THEOREMS.

In this chapter we shall go back to the differential
equations in (6+1). By considering certain speciel solutions
of these equaticns in ccnnection with thelr correspounding
inimizing problems, we shall be able to doduce scme rather
general oscillation and compsrison thecorems wulch especially
throw light on the theory of conjugate and focel points. The
proofs are chiefly besed upon Theorem 10+3 and ccnsequently the
Clebsch necessary condition stated on page 50 18 assumed to be
gatisfied throughout this chapter,

12, Conjugate solutions and focel points. For any two

solutions n; s 50 end ;ﬂ,, Z} of the differentisl equations
in (5¢1) ccrresponding to a fixed value of & , the same multi-
plying and adding process as used in the procf of Lemma 6+2 will

show that
(a/dx) T -7 4:) =0 and hence 4.7 -7.5: = conslant,

If this constent is zero, the twc scluticns are cald tc be

mutuslly coajusete according to von Escherich. A conjugcte

systen of solutions is & system in which eny two eclutions are
mtuelly conjugate. The mexinum number of linearly independent
solutions in such e system is evidently n. Accordingly, we
shall call & ccnjugate system consisting ¢f n lineerly indepen-
dent scluticns e conjugete base and the set of all their linear

corbinaticne with constent coefficients a conjugste Lfemily. jAny

cenjugute base mey obvicusly be replaced by a new bage cenulstiing
(425) - 61 -
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of n linearly independent lineer ccmbinetions of the cld bease
without changing the conjugate property or the family determined

by the base. Now consider a conjugete bese
Z z
(1241) N6, {i(x, 6), (=1, n)

with constant initial velues qf (2,6 ) = by, Zf (29,6 ) =
aIi' The rows °f’laiiu und[(bzi“ must therefore be mutually
conjugate. Ve shall denote the rank Of"in" by n -p, (0Z
p<n)e Ifp)> 0, we assume thet the base (1l2¢1) has been
changed so that b,; = 0, (}L =1, eeo, p; L m 1, eee n), If

M
for a pair of velues G, and Xz (xl < Xz 5 xz) the determinant

(12-2) A(x,6) =] qf(x,o’)'

is zero, some members of the family detecrmined by (12¢1) must

be solutions cf the system

Ni=LianetMals URSEL A RS
I =Nwe- Lacfe-60 My =0,

(12+3)

for O = 05 « The focal points cf the family are usueally
defined in connection with these scluticns. But befcre giving
a formal definition of such points, it 1ls desiretle to first
pcint out the connection of the system (12¢3) with a minimizing
prcbleoms In fact by the ccnjugste property Of"aii" ’I!bii Il
and the ebove arreoenent on their velues, the ergument in g 4
shows that there exists a quadfhtic form Aik'nhqﬂ.such that

(12+3) is the systenm earising from the problem of minimizing
X3 ,
(1244) 3;3(q)=21(m+x‘2w(1,7,q)dx » where 2901 =AM

wit). respect tc all functions 11;(x) of cless D' on xyxz and
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satisfying the conditions

, x
P V=G i+ 8 =0, Nl =L.3mn.dx=l ,

(12¢5) ;j'(’l)‘:aj"‘:q‘.":a N 75320 ,

in which the conditions i}(q) = 0 are ancther way of writing
%F(Q,K) = 0 and the number of them is p, (0 £ p € n), If for
a fixed value of Xz the system (12¢3) has no cheracteristio
gsoluticn with ﬂ; (x) ell identiocally zerc on x1Xz, 1t is said
to be normel on thet interval. In the following discussion we

shall assume thet it is normel on every subinterval XyXz. If

p = 0, this normality condition is always satisfied as is seen
by & consideration of the conditions §[(7,()- O+ When p > O,
Lemma 5¢1 shows that this is still true provided a hypothesis
corresponding to the hypothesis (§ ) in Problem 2 is slweys
satisfied,

A focal point of xll relative to the conjugate family
determined by (12+1) or toc the system (12+3) or to the corres-
ronding minimizing problem and corresponding to a number &,
mey then be defined as & polnt xg, if it exists, for which
(12+3) with 6 = O, hes et least one characteristic solution.
The nwaber of linearly independent charecteristic sclutions is
defined as the index of the corresponding focal point. When
the conditions %1(7,4) = 0 become W“' 0, the foeal points are

called conjugate points. The usual definition of focal pcints

are those corresponding to O, = O.
Since a solution of (12¢3) must be a linesr combination

of the functions in (12¢1) with constant coefficients ey satis~

1 we use this phrase for convenience. Strictly spesk-
ing the focal point thus defined is a focal point of the end-
menifold at Xq for the minimizing problem.
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fying the conditions oy 75(:5, ¢ ) = 0 and the number of linearly
independent solutions o0f (12e3) is exactly the number of linearly
independent solutions in 01 of these conditions, it follows

that, fcr a peir of vflues x, end ¢, for which A (15. 6, )

3

hes renk n - r, (0O < r < n), the number &, is & characteristic

nunber of (12¢3) of index r and the point Xy is a focsl point
of %y corresponding to G and is of the same index x. For

the generel system (65°1) the index of a characteristic number
is 2 1 and € 2n. In the present case it cannot exceed n,

An exemination of the proof of Theorem 7+2 will shcw that the
index of G, is equal to its multiplicity e&s a root of

z&(xz. Go) = 0 88 is the case with the determinant P( ¢ ) involved
there. When the form My, Z.ls 18 definite, we can easily show
that this index i1s alsc equal to the multiplicity of Xz 88 8
root of ék(xa.ﬁ}) = 0. But when “m&ku is singular, this is
not necessarily true as can be shown by example,

Now think of ¢ a8 a function of xz defined by the
equation A (xz, 6" } = Os With the Glebsch necessary condition
and the normselity condition on the system (12+3) as mentioned
above, 1t follows from our preceding thecrems that for each
velue of xz the roots of A (13, G ) = 0 are all resl, denumer-
ably infinite in number, and have a least one, PFor convenience
in the following discussions we shall count a root of index
r as r roots and arrenge the totality of these roots end their
corresponding orthonormelized characteristic solutions in the

sequence
(12.6) {o‘,(m, q!{xlxs),Z}V(ﬂxs)} with 0,(x3) £ 6 (Xz)& o=+,

It 1s easy to seé that a knowledge of the variatione of the
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numbers G, (xz) will lead to & knowledge of the distribution

and number of focal points of x, corresponding tc different

1
values of 6§ .

13, Two fundamental cscillation theorems. We first

prove the following

Lemma 13<1. The numbers ), (Xz) in (126) all become

positively infinite 8e =5 tends to xq.

First let the quedratic form Zq(q ) in (12+4) be iden-
tically zerc., Let ¢ be any given number snd Uy vix, (Y = 1,
eese, n) be n sets of solutions of the equations

U =Lk +MaVe ,

13°1
( ) V‘:’-.:Nuuk—l__l‘;\/h—cu«b

()

with initiel values uii(xl) - 81 » Viy(x1) = 0 so that they
ere mutually conjugate in pairs. 3ince |uix(x)| $0at x -z,
there ie an interval Xy, Xp ¢+ h for which it is everywhere
different from zero. Let xz be chosen so that xz - xy £ he I
say O, (xz) will be 2 o. Indeed let ¢ , ¥, . De the set
o, (xz), V,E"(:Ixz), 2";(') (x[x3) given in (12°6) end solve the
equetions )?; - “1;(“1 for the functions ax on xq¥z. By (13°1)

and the notetions
4 ’
(1342} Vb}a}:v,; , “»;e%-‘-Ua , Va4 =V, ,
one can readlly verify that yl; , v, satisfy the equetions

V’: :Lckqﬁ—f M;&_V"#UL ’

(13°3) -
L/ - Nm'?k"[-lu" v+ 7o -en. .

Multiplying these equetions respectively by Z,- , -Yl.: , thcse
in (12+3) respectively by -V, , }7,', , adding the results, and
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integrating from xq to Xz, W shell have
' ]
(13+4) O’—C=Za’[a’3+fx (5T Ve )dx.
]

By the conjugate property of uyy, vif we have uikvix - uif’ik
identically on X Xz Hence by the definition of ar and (13-2)

NV = (Uig @R (Vg dp) = (Ue &g Y(ViaBg) = vi U -

The differential equations in (12¢3) and (13°3) also give U=
Myl Z,;— V4 ). The relation (13+4) therefore becomes

' X3
o-c= 4';, 7‘;’3 ‘*fx'M;‘,([;—VJ){tﬁ.'V‘,)dX

which is > 0, because Z;Y].‘; = 0 by & relation analogous- to
(3+12) end the assumption 2q(n )= O, and the integrend is 2 0
by (10e7).

If 2q(9 ) = &gy Vl;.”]&. # 0, the reasoning in the proof
of Theorem 10¢2 shows that zq(l? ) will be 2 h Nelhr for e
sufficiently large and negative number h, The expression 315(’1 )
in (12¢4) will then be greater then or equal to

- . X3 , o) , ,
(13+5) _J:z('l )= ﬁ'q""' ,3 +Ll_z w(x:’(,'] )dx 31:' ["ﬁ('liﬂ&) +2wW (XN )J aAx

for ell functions B (x) satisfying the conditions ¥;3 = O.
Since the last integrand in (13+5) 18 ancther function 2W(%,1.R’)
of the same form se 2w(X,",N’) and with the seme coefficients
Rix» the ebove proof shows that the numbers Ev (’5) of the
system arising from minimizing 713(71 ) all become infinite as
Xz tends to x5 The genersl truth of our lemma then follows
immedietely.

Theorem 13+1. Each of the numbers ¢, (x3) in (12:6)
varies continuously with xz end properly incresses from ¢, (xp)
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to infinity as x, decreases from X, 10 x;.

In order to prove the continuity of the numbers o;(xs)
we notice that A (x, 6 ) is continuocus in (x, ¢ ) and analytio
in 6 . At a particuler fixed value Xz, let r end only r of
the numbers 6;(13) be equal to 6} . 1n the complex 6 -plane
_there exists a cirole with &, &s center and within which
A (xs. ¢ ) 18 everywhere different from zero except at o = 62 .
Letting € be any positive number less then the radius of this
circle and ¢, be the cirecle with O, as center and € as
radius, we show that there exists & positive number & such
that, whenever x lies within both the intervals (xl, Xp5) and
(x3-8§, xz+§ ), the equation A (x, 6" ) = 0 has exactly r roots
lying within ¢, and consequently within the intervel ( o,-¢€ ,
6,4€ ) 1In faot since A (x, 0 ) 18 continuoue in (x, ¢ )
for x near xz end ¢ on C and is everywhere different from
zero for x = x5 and ¢ on C, , there exists a § > 0 such
that, whenever x lies within both the intervals (xl, xa) and
(33-8". xz+8), the fungtion A (x, 6 ) is evarywhere different
from zero along C, . As is well known in the theory of funec-
tions of a complex variable, for x in the region Just mentioned,
the number of roots of the equation A (x, ¢ ) = 0 lying within

C is equal to the value of the contour integral

€
J (x) =(l/2xi )JC [A, (x,O’)/A(x,G)] dy
¢

where the subscript ¢ indicates partiel derivative. For such
values of x the integrel oJ (x) is obviously continuous in x

and has to be a positive integer or zero. fTherefore § (x) =
d (%5) = r as was to be proved.

For the remeining part of the theorem we show that
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o’v (x4) < 5y (xz) for eny two numbers x, and x, such that % <
X< Xy < Xpe First let Y).: , K; be & set of functions identi-
cal with the functions Vﬁ’(:ﬂxs), Zf.f} (%1X3) given in (12.6)

on the interval X% and all zerc on XpXye For these functions

3
Ni we have J,,(n ) = Jizln) = 0 (xz)e But since Z; have
discontinuitics at Xz, the functions e cannot minimize J14
end hence O (x4) < @, (xz). Next suppose thet &, (xy) < 6y (x5)
holde for Y < Y. Let y)f‘ R zf‘ , (X mil, sse, Y41) be sets
of funotions identicel with the functions Vlf‘{xjxs), Z:‘ (x)xs)
given in (12¢6) on the interval 1,1, and ell zero on XzZye Let
Y,;, = oo,vl': . Z; = Oy ;‘:‘ be any linear combination of them
with constant coefficients ¢, . These constants cen always be
chosen so that ¥ satisfy the norming conditicns N14('I ) =

B
le(r] ) = qy0, =1 end are orthogonal to the functions r]& (xlx4),
(f =1, *++, ¥) glven by (12¢6) with x5 = x,. Since the func-
ticns Y?;, R Z; are ildentically zeroc on TzX, and are on X X5 8

continucus solution of the system (12¢3) with 67; replaced by
L+t «
9,; =‘%‘ Co 60((7‘3)7;, (7“7(3) »

a relation enalogous to (5¢9) and the condition oycy = 1 will
glve

X3 L4 .
Jiu(=Ts( =J; GiNedX = Co O (%3) & G )

Theorem 103 then shows that th' (=) < 6’1.” (x3). The
equality sign cen hold only when Ne 2,';, form & cheracteristic
solution of the system (12+3) with i3 replaced by ?];q. But
since V].; , &5¢  8ll vanish at X4, they cennot be such & solutlon.
Consequently we must have @ g4 (14) < 6’1“ (xz). This

induetion and Lemma 13+l complete the proof of the theorem,
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The following two corollaries are immediate by plotting
the curves 6 = 0, (xz), (11 < Xz £ Xp) and cutting them by
horizontal lines 6 = constant,

Gorollery 1. Corresponding to & number ¢, the number

of foosl points of x; which are < x, 1s equel to the number

of the numbers Gy (%) which are given by (12+6) with x3 = X
and sre < G, « The corollary is still true with the inequality

gign < throughout replaced by < . (It is Dbeing understood

thet each focal point is gounted with a multiplicity equal to

its index).
Qorollsry 2. If o > 6" , then the » -th foosl point
of x; gorresponding to 6", if it exists, must be preceded by

the ¥V ~-th focal point of x4 gorresponding to s, (the crder of
focel points being counted from left to right).

When the conditions SI(V;,Z) = 0 in (12+3) Dbecome K.y
= 0, the sbove theorem and its corollaries remain true with
focal points replaced by conjugate points provided the corres-
poending system is still normal on every subinterval XX 1t

we meke the stronger assumption thet the system

14
'?a‘-’[—;&",k'*Mal-;& ’ c3='?w=o» (,(‘gxs‘z_x,fsx,)

06 ‘
(18:6) Il =Nigla-Lac5e -6 »

is normal on every subinterval XX, then we have the following
stronger thecrem whose proof is practicilly the same a8 those
of Lemma 13+1 and Theorem 13+1.

Theorem 13°2., 1f 6, (x5, x4) with G, (x5, 24) £

o’g_ (xs, 34) £ s ropresent the totality of characteristic
numbers of the system (13+6), then each of the numbers 6y (23,%4)

varies continuously with Xz, Xy and properly incrocases as the
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interval XX, shrinks, Moreover all of them begome positively

infinite s the interval shrinks to & point.

Corollary. Corresponding to a number g, the number of

S —— — —— ———

I3 1%

o t— ——— —

¥ 6, &ccording as the word "between™ is used in its striet

or brosder sense. Moreover, when O, remains fized end xgx

varies, each conjugate point of Xz, 80 long as 1t remains between

X, and X, in the strioct sense, varies continucusly with Xy

end advances or regresses with it.

The first sentence of the corollary is obvious. As to
the second & little justificetion is required. To do this let
us understand temporarily the conjugate points of a given
point as its conjugate points correspcnding to @ . This being
80, let xz have an initiel position t such thet its V -th right

conjugate point ¥ exists and i1s to the left of Xpe As in the

S

€
<]

A

X, vt t T Xa
figure draw a part of the curve & = JV (t, x) and let it
meet the line ¢ = &, at a point A. The projeation of A on
the xz-axis ts of course T. Let B be any point on the line ¢ =
0, and be near and to the right of A, Draw the vertical line
BE' to meet the curve at & point C, Let € Ybe the length of

BC. By the continuity end monotonicity of the numbers
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6y (%3, 24), 1t fullows that there exists a point t' such that

whenever & point t™ 48 > ¢ and < %' we must have

0< o,(tiEN-0,(t, F) < €.

This shows that the curve G = ¢, (t", X ) must meet the
segment BC end therefore the segment AB at some interior points;
1.6, the Y -th right conjugate point T™ of t" exists and is

> T and < T'. A8 B may be chosen arbitrarily near A, this
completes the proof for the ebove situation. The proof for
other cases 18 the sams,

l4. First comparison theorems. We begin by studying

the effect of en increase or decrcase of the quadratic form
2q{q ) on the numbers 6y(13) and conseguently on the focal
points of x;. At the seme time we allow a change of the end

conditions 95»- 0. To make the statement clear we let
— - X3 , - —
(14+1) j‘lglq)-;ﬁ_g(qnj):zw(x,q,q)dx, where 23(4):,4%;7“%' s
)

and compere the problem of minimizing Jla(q ) in (12¢4) under
the econditions (12°*5) with the problem of minimizing le(q )

under the conditions
(1402) P xn1=0, Ngtp=l, L p=2eifan=0, Niz=0-
The boundery velue system for the latter problem

Ni=LanatMade > 505 =Z T ba=o,
;ﬁl=Ni&.7ﬁ—L"i;£'67i , Nay=0 ,

(14+3)

differa from (l2+°3) only in the conditions Si = 0. We shall
assume that this system is also normal on every subinterval

XX and analogously to (12+6) let
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- =y TV o = -
(14.4) 0,(%3), 7; (XI1%3) , f; (k"{;)j with Gy (X3) £ Gy (1) < - -0

be the totality of ite characteristic numbers and the corres-
ponding orthonormalized characteristic solutlons,
Theorem l4.1, Let t be the number of the conditions

o —— —————ms e  smb——

i,c = O which are linearly independent of If/‘,= 0, and r be the

number oy conditions which have to be adjoined to by, o

e R e A e

311 £:, = 0 in order to form n linearly independent conditions.

Cy) If o 1 ) 2 9(n ) with respect to all sets of conastants U
not all zero and gatisfying the conditions %u,‘: Z. =0, then
Gyselxs) 2 Gy (x3) for all values of x, and V. Cp) If the
strengthened condition q(n ) > g(# ) holds under the above

restrictions, then not only G y.t!(X3) = &, (x3) but also
gurely G, es (X5) > O, (x) for all yalues of x; and v .

We shall prove Cp) only because the proof of C;) 1is
similar and easler, First we select r sets of constants d‘n .
(¥ =1,%++,r) such that a,; ;, = bziz}‘ = ’6112"5" 0 have no solu-
tion except ;,_-, = 0, For any fixed value of x3 and Y , let

No= CalliOxI), §, = Gl (x1%) (A= vt ban)

be a linear combination of the functions in (12.6), Constants
c, can always be chosen so that Z‘; satisfy the conditions
dye Z,, = 0 while "];,_ satlsfy the conditions N‘13( 7 ) = ¢ =1,
i@ = 0 and are, if » > 1, orthogonal to the functions
m"(xlx;) , [3 = 1,°**, ¥ -1 ) in (1l4°4), 8ince the functions
Ne » Z; form a solutlion of the system (12°3) with @7
replaced by

v+EtA

o
35 = Cué.,.(an;(xIXa) s
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we heve by a formulae like (5+9) and the relstion o oy = 1

yvibir o

X3
I;U‘)=L g;'?;dx: Cai 6ulx3) £ 0/y+e+~(—"3) .

o=t

This and the hypothesis in C,) give 315“] ) £ 6 (35) 1n
which the equality sign holds only when ng| are all zero.
Hence, according to theorem 103, &, (x5) < Sy rten (X3)
unless the end values Y;, are all zeroc and v, , 7, are a
cheracteristic solution of (14+3). But V¥ , Z. cennot be
such a solution as i1s seen by & consideration of the conditions
Sﬂ(ﬂ.{) = 'S;(n,l;) = 0 and d; Z,, = 0. The inequality is
thus established.
In terms of fooal ppints we have the followlng
Corollary. Under the hypothesis in cl) and correspondin

tc & number g, , the ( ¥ + t)-th focal point of x; relative

to (12.3), if it exists, is not on the left of the »-th

focel point of x; relative te (14+3). Under the hypothesis

in Co) and ccrrespending to ¢, , the (Vv + t + r)-th focal
in Up) and corresponding 1o o, ne loecaz
point of X1 relative to (12+3), if 1t exists, must follow the

v ~th focel point of =, relative %o (14-3).
A8 an epplicetiocn of this corcllsry we sesily deduce
the following theorem which wes used in the proof c¢f Lemmas 1le3.

Theorem l4+24 Let (D) reprusent the differentisl egua-

tions in (14¢3) with (¢ = O. Assume thet (D) is ncrmel on

every subintervel X%z and there is no conjugete pcint of Xq

relative to (D) on ¥y < X § Xg. Then there exists & conjugate
system of sclutions Q} ' Zf’ » (¥ =1, *++, n) of (D) such
thet the determinant lq}(x)' is evorywhere different from

2ero on %1 £ x £ X,

Let 7}1 s gil s, (Y =1, ¢oe, n) be any n sets of
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" independent solutions of (D) with initiel velues V_l;z(xl) - 0
so that they form a conjugate system of sclutions. By means of
the hypothesis in the theorem it follows that l;iuz (x)] A0
on %y < X < Xge We may therefore suppose that these solutions
heve been normed so that ?]'f‘ (x5) = &if Z;L(xz) = - By
where &;} is the Kronecker § and g1y is some constant. By
the conjugete property of the system we must have 311 = 8y1e

¢

v

Now let , Z,’;e be n sets of solutions of (D) with end

L L
values n¢ (xp) = 8y o 41 (%) = = &y - gyys Evidenmtly
these solutions alsc form a conjugete system. I say the deter-
minant l Y)!’(x)' is everywhere different from zeroc on x; < X<

Xge Indeed let
X3
—J-az(,l):21(q>+fx3aw(x,q,n')dx, 2&"’(’“—‘-(&‘_*’3;6)7&7&1,
T p =2§(n)+L:§wcx.q,q')dx . 230 = Gl

and oconsider the problems of minimizing Jzp and '332 with respect
to all functions Y].-,(x) of class D' on X,X,, (x] < x5 < xp) end
setisfying the conditions &y (x, M ,N' ) = 0, g n) =1,
Y[‘-_g- 0. No condition is put at xg. Their boundaxry velue
problems are therefore normel on every sublnterval XyEge We
can easily verify that Y’f' . ‘7&2 and ﬁvl , f,;l satisfy the
respective boundary conditions at xp. By the relation 'qf— (x)‘
£0on %y < x < xp, We Bee thet the first focel point of x,
relative to the problem of minimizing 352 and corresponding to
6 = 0 is at T+ By the corollary to Theorem 14:1 with x,, Xz
in place of x, Xz end t = r = O, we see that the first focsal
point of g relative to the problem of minimizing .132 and
corresponding to ¢ = O cannot be on the interval x4 £ x< Xye

Since l‘]g’ (12)1 = 1, the non-venishing of !Vlf' (x)‘ on %7 £ X
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4 ‘xz is therefore proved.

Next we shall make & change in the integrand funotion
2w(x,v[,q’ ) es well es in the quadratic form Eq(q) and the
end conditions If' = 0 but hold the differential conditions
P4 (24,0’ ) = 0 unchanged. To be more speoifioc let us ocom-
pare the problem of minimizing '115('1 ) in (12+4) under the
conditicns (12+6) with the problem of minimizing another similar
expressicn 3;..3“[ ) under the oconditions

(14+5) F, (o) =0, Nalp=1, §E°('n=7llc’?n=°* Nss=0.

We supsose that all the fundemental hypotheses corresponding
to those satisfied by the f£irst problem are satisfied by the
gecond. The boundary velue system for the second problem mey
differ from (12+3) both in the coeffiolente I‘ik' Miys Ny and
in the conditions Sy = O By snalogy With (12:6) let G, (x3)
with {?; (xg) & ofj, (xg) £ *** be the oharacterletic numbers
for the new system. We ‘have the follcwiny theorem whose proof
18 similar to that of Theorem 14+l and may be omitted.

Theorem 14.3. Let t be the number of the conditions
~

.= O whigh are linesrly independent of Iy—" 0., If, on
every subinterval x,xz, We heve Jyz(n ) > a1 ) for all
funotions q:.(x) satisfying the gonditions (12¢5) and (14+6),
then @, (x3) > G, (xz) for all velues of xj and ¥ »

Gorollary., Under the hypothesie in the theorem and
corresponding to & number o, , the ( V + t)-th focel point of
x4 relative to the problem of minimizing J13' if it exists,

must follow the V-th focel point of x; relative o the problem
of minimizing Jqze.



76 OSCILLATION AND COIPARISON THEORENS (440)

16. Further compsrison theorems. In thls section we

shall deduce scme compearison theorems which are different in
character from those of the preceding section. We begin by

ccmpering the genersl system (5¢1) with the special system

’rz{:[ﬂ.‘_y)l-ﬁMt&Z&, ’ Y’JI':V'G’-‘—‘O .
5= Nt L e

(15°1)

Note thst this is the system arising from minimizing J°{v! ) =
f:.’Zw(x, n,n’ )dx with respect to all functions setisfying
the conditicns G (x,n.,M" )} =0, N(n) <1, Ve ="s2 = 0.
If we assume that this system is normel on XX, then we have
the following

Theorem 16+1. C;) The number of characteristic numbers

of the gystem (5e1) less then s number &, lies between Y and

Y +2n - p inclusive, where ¥ is the number of characteristic

nuabers < ¢, of the system (15+1) and p is the number of the
end conditions ¥, (n) = O in Problem 2 or, what is the squiva-
lent thing, 2n - p is the renk of the matrix formed by the

coofficients of {;,, ;2 in the boundary oonditions SP = 0

of (5+1). Cz) The preceding statement is still “true with < g

replaced by < 6,
In order to prove Cl) let o0, £6,< -+ - & 6‘& be all

the characteristic numbers of (Bel) which are < ¢, &nd

(15.2) YI?(“)) :&d(x) 2 (d:l,---,ﬂ)

be the corresponding orthonormel charscteristic solutions of
(6e1)s Sinmilarly let 6, %63 $ -'- - €8y be all the charac-

teristic numbers of (15+1 which are < ¢, end

(15+3) ﬁ;"m, (x), [-,_:---
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be the corresponding orthonormel cheracteristle solutions of
(15°1). The notations Ogy &nd Ggey will denote the first
characteristic numbers of (5¢1) end (15°1) respedtively which
are 2> 0y .

First we prove that h ¥ X + 2n - p. For, any linear
combination V[.; = Co Yl'f; R (,; =0y Zf with constant coefficients
oy of the functions in (15¢2) is a soclution of the system (‘B'l)

with d’lt replaced by
4 o
(15+4) Ji=Z, CaGa (X1 ;

end since the boundary oonditions Sf = 0 in (6¢1) imply the
end conditions l_). (r() = 0, it amounts to 2n - p conditions on
Ne = 0u l1°;( to require the conditions Y; = "]i2 = O. Conse-
quently, if h> Y + 2n - p, constants ¢, could bo devermined
8o that v, would getisfy the ccnditions N(rl) = 0,04 = 1,

M = Moa s O end would be orthogonal to the functions ﬁ;ﬁ in
(15+3). For these functions VI;, , Theorem 10+3 would require
the expression J°(n) to be 2 Gy, » But (58), (15+4) end

the conditicn cycy = 1 would give
X R 4 -
.Jo(rp =L‘g; YI.‘,dX =o§ Cx Ou < 6:[" -

This ocontradiotion shows thet h ¥ ¥ + 2n - p.

Next we prove that h € Y. For any linear cumbinetion
Mo = a, Fl;(a , ;o= APE;(’ with constent coefficients dg
cf the functions in (15¢3) is & soluticn of the system (15-1)
with O’Vl:, replaced by

- L  _ -
(15+5) 3; =T"-:-l d{, 6p e ().

If h < Y, constents d.‘3 could be chcsen 80 thet ﬁ_i would setisfy
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the condition (17 ) = dpdﬂ = 1 and would bo orthogonel to the
functions Q? in (16+2)s For thesq.funotions ﬁ} , Theorem
10¢3 would require the expression J(v ) in Problem 2 tc be

> 6y - But (5°8), (isos) snd the condition dde = 1 weuld give

- X _ 4 2 —
I BT E A G <6<

This oontraciction shows that h 4 Y.
The proof of Cg) is exoctly the seme by supposing that
6, $Gad- K64 6, <G, 800 5, &GS e S01£6,<Gpyye
The following corollary is immediate by sultably applying
Cq) or Cz) of the thocrem to two numbers &' anda 67 .

Serellery 1. 4Whe nwmber of charscteristic numbers of

(6+1) on ey finite intervel ( g'y»6"), open or closed or serii-

closed at pleesure, differs from the corresponding number of

(16+1) by et most 2n =~ p.

In terms of ccnjugute pcints the sLove theorem and
Corollary 1 to Thecrem 13°*1 gives the following corcllary,
provided (15¢1) is elso normal on every subinterval'xlxs.

Corollery 2. 4Lhe number of charecteristic numbers

of (5+1) 1lies between ¥ ond ¥ + 2n - p inclusive, vhere ¥ is

the numbor of conjugate points of xy which are < =, and corres-

ponding to ¢, end p has the same mesning os in the theorem.
The gorollery is still true with the inequelity sign < through-

out replecod by < .
ext we heave the following

‘heorem 152, cl) ‘hen the beundery conditions in the

system (5°1) chango frem Sp = 0 %o §% = 0, the numbor of
cherretorigtic numbers < or $ & number 6, cen chaenge by

&b mest tiw groester of the twe numbers 2n - p gnd 2n - P, where
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p has ihe same meaning as in fJheorem 151 and P is the number
correspending to p for the conditions §P = 0. C,) If the

rank cf the metrix of the coefficients of Spo =0, §} =0 is

4n - r, then the above change of number umust also be < 2n - r,

The stctement Cl) is a corollary of the preceding theorem
The proof of Cz) is made by arguments similer tc these used in
the preceding proof and henco will be cunitted.

Wnen we apply the above thecrem tc two syctems of the
form (12¢3) which differ only in the ccnditions “r = 0 and
interpret the results in terms of focel points we heave the
following corollary which is a gencralization of the well-known

Sturm's separaticn theorem.

Cerollary. Corresponding to & fixed nwaver ¢, , Llhe

number of focal points of x cn & given interval (xl < X £ xs)

or (xl < XL xs) relative tc twe conjugete fauilies cou differ

by at most n. If the two families hove r liaserrly indepondent

members in ccumen, ihe difference is ot wost u - r.
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INTRODUCTION

The necessary condition of Jacobi, which limits the range
within which an extremal surface may give a double integral a

minimum was treated by Kobb (5)l in 1892 for the parametric inte=

gral

I= ff@ (x, ¥, 2, Xy Tur 2y Xys Ty zv)du dv,

At best Kobb's method 1is complicated and, in the present state of
the theory of partial differential equations, does not lend itself
to a proof of Jacobi'!s condition for the more general problems
considered in this paper, Sommerfeld (6), extending a method due
to Schwarz for simple integrals, in 1899 proved Jacobi's condition

for the non-parametric integral

(1) 1= [fex, v, z, p, Q)ax ay.

More recently several papers have appeared (7 to 15) which treat

the condition for the latter integral and for the integpal

(2) I= fff(x, Yy, 2, P, q, r, 8, t)dx dy

with and without the respective isoperimetric conditions

(1) K = ffg(xp ¥, 2, P, q)dx ady = ,1'
and
(21) K = ffg(x, ¥, %2, P, @, T, 8, t)dx dy = L.

For the integral (1) an interesting advance has been made

1 Numbers in parentheses refer to bibliography on page 24
(449) -l-
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by Haar (15), who, in pursuing the consequences of his well-known
fundamental 1l-mma, hae succeeded in replacing the second order
partial differential eauations of Lagrange and of Jacobl by two
systems of first order equations, thus dispensing with the custo~
mary hypothesis that the extremal surface be of class C"., Note-
worthy results have also been attained by Lichtenstein (11, 12)
and Picone (13) who state Jacobi's condition 1n terms of character-
istic numbers of a boundary value problem, reminiscent of Hilbert's
treatment of Jacobi's condition for simple integrals, A somewhat
analogous statement of Jacobli!s condition 1is given by Simmons (14)
for the integral (1) with variable boundary.

But Jacobi's condition for the more general problems in-
volving multiple integrals appears to have received hitherto little
or no attention, In this paper we prove the analogues of Jacobi's

condition for both the non-parametric integral
n
(3) I =fS f(xlr"';xni Fys**sVys ayl/axlp"'y aymﬂ&n)dxl-"dxn
and the parametric integral
n
(4) I =IS F(yl’ M) ym;ayl/aul) cey aym/au-n)dul'°'dun;

the boundaries being fixed, Incidentally several lemmas are
proved which aid in analyzing the multiple integral problem,
The method here employed is one that originated with

Blissl

and which, because of 1ts elegance, has been applied by
him and hls pupils to various problems involving simple integrals
and by Kubota (9) to the double integral (2) with and without

the side condition (2'), One of the chief points of interest of

1 Bliss, Jacobi's Conditions for Problems of the Calculus
of Variations in Parametric Form, Transactlons of the American
Mathematical Society, vol., 17, (19I8), p. 195,
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this paper is the simplicity attending the application of this
method to the general parametric problem (4). Attempts to treat
this problem by the methods of authors cited in preceding para-
graphs lead to great complications if not, indeed, to insurmounte
able difficulties,

The statement of Jacobi's condition given in parts I and
II is couched 1n terms of a solution of the Jacobl equations
whose first partial derivatives are not all 1dentically zero
along the manifold on which the solution vanishes, For simple
special cases lt is well known that a soiution of an elliptic
partial differential equation (such as the Jacobi equation for
our problem) which venishes together with its first partial deri=
vatives on the boundary of a region, vanishes identically on the
interior of the region, In part III is given an outline of the
method of proof for the last named result and a survey of the
literature relating thereto for the general case of a single
linear homogeneous elliptic equation of the second order inn
independent variables, Reference 1s also made to extensions of
portions of thils theory to certain special cases of systems of

equations,



PART I
THE ANALOGUE OF JACOBI'S CONDITION FOR THE
NON-PARAMETRIC PROBLEM

1. Notations and definitions, The symbols t, x, y will

stand for polnts in the spaces T, X, ¥, of n - 1, n, and m dim-
ensions respectively. Repeated subscripts will indicate summa-

tions, the ranges being

Y =1,2, ¢, n - 1; X, @ =1, 2, ese, n;
1, k=1, 2, eee, m,

The matrix ||p‘;.‘ II', where pT =ayi/ax°‘ will be represented by p,
end a set of equations such as x = &by, *v0, thy), X=1, 2,
*se, n will be represented by the single equation x = g(t),
Further, the symbols S, M, L, W, have the meanings:

S a bounded connected open point set in n-dimensional

space;

M

the boundary of S; M 1s assumed to have zero n-dimen-
sional Jordan content;

L 2 a bounded (n -~ l)=dimensional manifold in XY-space
whose projection on X-space is M, the correspondence between the
points of L and M being one-to-one;

W = a region of the XYP-space,

Definition I. A simple regular n-dimensional manifold
¥ = y(x) with boundary L is one such that the functions y = y(x)
are of class C! in S + M and such that for each point x of M the

point (x, y(x)) is in L,

-4 (452)
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Definition II, A regular n-manifold y = y(x) is one such
that

a, It consists of a finite nlimber of fragments each of
which 1s a simple regular manifold,

b. The functions y = y(x) are continuous and single-
valued in- S,

Definition III. An admissible manifold i1s one which is
regular and has its elements interior to the region W,

2. The Lagrange equations and the edge conditions, For

multiple integrals in the calculus of variations we have the

Problem: To find in a given class of admissible manifolds
¥y = y(x), (x in 8),

which pass through the boundary manifold L, one which minimizes

the m-tuple integral

(2:1) I= J‘S f(x, y, plax

where £ 1s of class C"' in the region W,
If for this problem zaﬁfis a minimizing manifold y = y(x),
there follows thel

THEOREM I, On every part g{'_m where the functions

yi(x) have continuous second derivatives, we have

3f§ /ox, - = 0, =

fyi 1 ﬁ?.

Definition IV. A solution y = y(x) of the above problem
will be said to be of class D" if the functions y = y(x) define
a regular n-dimensional manifold in the interior of each cell of

which they possess continuous second partial derivatives, while

1 Powell, Edge Conditlons for Multiple Integrals, Chilcago
Dissertation, 1931,
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at some points on the common boundary of two cells some of the
first partial derivatives are discontinuous.

Let E!' be an (n- l)-dimensional manifold which is a com=-
mon boundary of two of the cells onﬂ%Z. Consider a part R of E!
whose projection E on X=-space 1ls cut by a parallel to an axis
in at most a finite number of points and segments and which can

be represented by the equations
x = g(t), (t in T),

where the functions g are of class C' and ijof #0 for t in T,

( )o(-l 3(813"‘.‘%(_1»5&4.1:‘";8,1)
(2:2) Az (=1 ¢
¢ a(tl’...’tn-l)

For what we have called & solution of class D", the following
necessary conditions must be satisfied,l

THREOREM II. If y = y(x) define a minimizing manifold of

class D", then at points of R the expressions f3‘ A  must be

continuous, that 1s,

=4 1 L3 2
S W o W LR (1= 1,000,m),

the vertical bars indicating that the limiting velues of the

functions f? A are obtained by approaching a point of R first

from one side of R and then from the other side,

3. The second variation and the Jacobi equations. If

¥ = y(x) minimize

I= J; f(x, y, plax

we find, as usual, by considering a one-parameter family of ad-

1 1b1d. pp. 46 £,
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missible manifolds
¥y = y(x) +e&7x(x), 7 =20onM,

that the relations I'(0) = 0 and I"(0) 2 O must hold, Here (o),

the second variation, equals

l/;a"a’(x: 7, q)dx

where 2!), is a quadratic form in the arguments 27 = (OZ s %)
and ] =0%/9%, . The coefficlents of this form are the second
derivatives of f with respect to its arguments y, p.

Definition V., An (n - 1)-dimersional manifold W will be
said to be a Green's manifold 1f it is closed and bounds a portion

¥ of n-dimensional X-space such that the formula holds

f;Z(’b lf__‘/axm)dx = - J;_l P cos (n, xu_)dM,

where the P are of class C' in T + M and the cos (n, Xoc ) 8re
the direction cosines of the inner normal of W,

We find this definition convenient because the degree of
generality of the boundary manifold W 4in the various extensions
of Green's Theorem depends unon the value of n, Thus for n = 2
one may not merely dispense with the customary restriction that
M be met by & line parallel to an axls in only a finite number
of points and segments, but may assume M to be eny simply closed
rectifiable curve,l A somewhat snalogous theorem holds for

n=32 aAn(n - l)-dimensional manifold will surely be a Green's

1 Grosz, Monatshefte fur Mathematik und Physik, vol, 27
(1816), p. 70,

2 Lichtenstein, Archiv der Mathematik und Physik, 1918,
p. 31, For Green's Theorem in n-dimensions, see Brouwer, Proceed=-
ings of Amsterdam Academy, 1919; Franklin, Annals of Mathematics,
1923, p. 213; Glraud, Annales Ecole Norm.,, 1926, p. 1.
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manifold if the region that it bounds can be broken up into a
finite number of sub-regions, each of which 1s bounded by a mani-
fold of spherical type that 1s met by a line parallel to an axis
in only a finite number of points and segments,

If the minimizing manifold y = y(x) and the admissible
variations 9 (x) are of class C" and the boundary M is a Green's
manifold, we may transform the second variation as follows, By
Euler's Theorem on homogeneous functions

2L =»Q,,?C'r;‘.+._(2,‘:‘9;¢ ) _(f:‘ Eﬂa?
Also
a_(__..e_c) ﬂ“ oc_,_ 2.0
9 X e,

s0 that Green's Theorem enables us to write

([, — 2 ) - .(l“m) Jax
s"’?"(ﬂ,& 5% )o(x

since the 72'5 vanish on M,

I"(0)

The m equations

q, -2k

ax“ =‘O (i = 1,2’0-0."1)

(3
are the analogues of the Jacobi equations for problems involving
only simple integrals, It 1s evident that they are of the second
order and linear and homogeneous in the 71'8 and their first and
second derivatives, The symmetry possessed by the system is

more apparent when it is written in the form

D+ A Do + Y, =0
(3:1) o o o 0

‘:krnpz-k ‘o ‘ﬁ—‘csvnvﬁZQvf*-\*én =0
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Here A:k is the operator

~
Ap D=y (@ xR xg), 8

o of
and the¥ 's are linear functions of the 7 's and their first
partial derivatives, We proceed to examine this system more close=-
ly, assuming, as always, that the functions y = y(x) minimize
(2:1),

Definition VI. By Legendre's condition in the stronger
form 1s meant that along the extremizing manifold the quadratic

form

. 6.1 k
(3:2) f‘;'k hlnk

is different from zero for all matrices h é of rank one, that is,

for all non-zero sets of collinear m-dimensional vectors

hql' coe, h;ﬂ‘n %‘vl' vee, cavm (X = 1, ee., n)'

being positive for a minimum and negative for a maximum,

LEMMA I. Legendre's condition in the stronger form is

equivalent to the condition that along the extremizing manifold

the quadratic form

. = 6
(3:3) By1V e where Byy = f:k g*cﬁ

be definite for every non-zero set ¢y, ***, c,.

Let v4 be any non-zero vector and c, any non-zero set of

constants, Substituting h‘i = ¢V, in (3:3), we obtain
@, 1, k 8 - 1
e ntn - iy %Sk = ByuiVie  Bik = fix &g

a definite form,

1 For the necessity of Legendre's condition see (1,2,3,4).
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Note that By, 1is precisely what we obtain if in the
aifferential operator [\, we replace (’aa'/ax@ xﬁ) by q,0ge
Therefore, the discriminant of (3:3) is the characteristic form
of the system (3:1). Moreover, since (3:3) is a definite form,
its discriminant, and therefore the characteristic form of (3:1),
are different from zero for all non-zero sets ¢_. Thet 1s, the

determinant
Ifoi‘g cu‘a@l #0 for (cl’ svsy cp) # (0, v, 0);

so that, by analogy with the theory of the single second order

partial differentilal equation

(3:4) (x)(’azu/axf xﬁ) + b (x)(9 u/axo() + e(x)u + df{x) = 0

o.q@
we might characterize the system (3:1) as elliptic 1n the region
S, When m = 1, this system reduces to an elliptic equation of
the form (3:4) with d(x) = O,

4. The analogue of Jacobil's condition., In this section

we shall prove the
THEOREM IIT,

ngotheses:
1, The functions y = y(x) define a minimizing manifold

of class C" on which Legendre's condition in the stronger form

1s satisfied.
2, ¥ is sny (n - 1)-dimensional Green's manifold

bounding a domain ¥ such that § is in the domain of integration

S of X-space and the point set S - (5 + W) consists of a finite

number of sets of type S.

Conclusion:

There cannot exist a solution u of the system of Jacobi
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equations which is of class C" on § + N, vanishes on ¥ and is

such that the first partial derivatives are not all zero at 8

point P of W in s.

To prove the theorem, suppose a solution u such as described
existed with, say, 9 ul/axn # 0, at the point P, Then we know
that the portion E of ¥ in the neighborhood of P can be represented
by the equation x, = xn(xl, LA LN xn_l) where x 1s a single-
valued function of 1ts arguments of class C", It will be assumed
that near P, E 1s met by a line parallel to an axis in only a
finite number of points and segments, If this conditioh is not
satisfied, it 1is easy to show that in every neighborhood of P a
point can be found in whose neighborhood E is met by a line
parallel to an axis in only a finite number of points and segments,
For the sake of complete symmetry, the equations defining E will

he taken in parametric form

x=g(t), (tinm), JSaRFo,

the functions g being of class C' and A_ belng given by (2:2),

Since the functions y = y(x) minimize (2:1) we must have
>
(4:1) "(0) = fzﬂ(x,n , Q)dx = 0,
S

This fact suggests e new problem of the calculus of variations,
namely that of minimizing the integral (4:1) in the class of
admissible manifolds 29 =77 (x), But it is clear from (3:1) that

the functions

uonZ% + W

3
I

(4:2)
0 elsewhere

give to I"(0) its minimum value zero. Moreover, these functions
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constitute a solution of class D" for the problem of minimizing

I"(0) and hence must satisfy near P the edge conditions

Q:(Ad/"—‘ Q‘,’:AJZ (=1, »oe, m),

Tt is evident from (4:2) that the right members of these equations

vanish, leaving

X
(4:3) i)q‘(x, u, w)Aul1 = 0 on E, (k =1, ***, m),
where w% = (2 ukjaxx). In addition to (4:3) we have at P the
equations
3 = = W \g =
(4:4) du, = Wy dx_ = w gl dt = 0.

Since the differentials dt, are arbitrary, (4:4) yields the equa-

tions
w?gI‘_:O (Y::'l, o.-,n-]_).

From this we conclude that w:‘ = ;LLAq5 and (4:3) gives at P

AQEAEZ 05w = fof Ak Ag=0-
But this contradicts the first hypothesis because the n vectors
ﬁf s %% uﬁf constitute a non-zero set of collinear vectors,
Thus we conclude that the admissible set of functions (4:2) does
not give I"(0) 1ts minimum value, and that, therefore I"(0) can

be made negative, which, of course, precludes a minimum for I.



PART II
THE ANALOGUE OF JACOBI'S CONDITION FOR THE
PARAMETRIC PROBLEM

5. Homogeneity conditions and edge conditions, The

notations and definitions of Section 1 will be used in this part
of our paper, with the exception that the independent variables
xq will be replaced here by the independent parametric variables
U It 1s assumed that ths number m of variables ¥4 1s greater
than the number n of parameters L)

We consider the integral

(5:1) I= J; F(y, p)du,

where F 1s of class C" in W, A necessary and sufficient condi-
tion for the invariance of this integral under change of parameters
is that F be expressible as a function §(y, J) of the y's and
of the Jacoblans J of the y's with respect to the u's, @ being
positively homogeneous of degree one in the J1s,1 Consequences

of this condition are the identities

it

F‘;‘pf F forX = @ ,

0 "0(7‘9.

]

From these follow the further identities

FE =0 tor =y ,g=v,

(5:2) 1
=0 " °<7!V:$7!)/l

1 Grosz, Monatshefte fur Mathematik und Physik, vol, 27
(1916), p. 70,

(461) 13-
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P for =y #
k F] 8 )/ 2

SR XAy, g =Y

#8 oy

(5:2)

In the following paragraphs we are to consider the problem
of finding among all admissible manifolds y = y(u), u in S, which
pass through L, one which minimizes the n-tuple integral (5:1),
The edge conditlions for this problem are as stated in Theorem II,
u replacing x,.

Proceeding exactly as in Section 3, we obtain, if the

functions y = y(u) are to minimize (5:1),

I'(0) = 0
X
(o) = 4 ZQ(U., 27 q)du = 4 ??Lm)(’—-g{z;:)d%.}.o,

2;(1 being a quadratic form in the arguments 07 3 d? = gzz‘

w

o
Here the Jacobl equations are the m equatlons
o3
. 0 2L _ S
(5:3) ”, —_ au'o( _0) (1 1, ,M) e

This system 1s of the second order and linear and homogeneous in
the o 's and their first and second derlvatives. However, by
virtue of the identities (5:2), the equations are not independent.

6., The Legendre quadratic form. Before proceeding to

the proof of Jacobl's condition, two lemmas are proved for the
purpose of throwing more light upon the first hypothesis of
Theorem IV of the following section, which may be regerded as an
analogue of Legendre's condition in the stronger form,

Denote by V(p) the linear vector space determined by the

n m-dimensional vectors

pal e ‘:’ X = l’ *ce, n,

Each point of the manifold y = y(u) has assoclated with it such
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a space, namely the tangent manifold at that point,

LEMMA IT. The quadratic form

(6:1) F‘;(keho(ihg

vanishes for every set of n collinear vectors (h 1,...,h ’;‘c),
—_— _— =4

(x=1, ***, n) in Vip).
The form, of course, vanishes for a set of zero vectors,
= 4 -
Let a4 = ¢ Py be any vector a in V(p). Then cga1 represents the
i-th component of the @’ -th vector of an arbitrary set of vectors
collinear with a, the sets ¢ and € being non-null, TLet, further,

i X, , (3, be any fixed values of i, o, 6 in the respective

1’
ranges of the latter, We show that the expression

6:2 #06n tap oy ey Ly &
( ) ilk «, Q' 1]_1( (J)I h(x,

vanishes for h é = Eo‘ai, and that therefore (6:1) also vanishes,

Under the substitution h é= -C—Bal = 'cbcocp? , (6:2) becomes

(6:3) n lig

qlel (=4 + h 11— 60‘;0 X
o, °8F 11k %Pk S Co MLk Py

1k
i3 = 413 = e
Since ho"ce' h a, co(’ K, we see by reference to the identities

(5:2) that the expression (6:3) vanishes for X, = @)‘ and becomes

' 6: 81 Xy =
K(c@F‘;‘1 S FiL T CoFiL T CgFTL ) =0

for o, 7 @)c

LEMMA III. If the quadratic form

. ¢, 1k
(6:4) F"i‘k hqhe

vanishes for a non-zero set of collinear vectors orthogonal to

Vip).
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Let 'é'ebi represent the 1-th component of the @ =-th vector
of a set of collinear vectors not in V(p) for which (6:4) vanishes,
There exists a vector a in V(p) and a vector & orthogonal to V(p)

such that
a=Db+ a,
Then the form vanishes for the set

Eei = Ee(b + 9.).

l1.%% =3 Y .
Place hu =8y = co(b1 + Cu8qe Then (6:4) becomes
: @ (s = o V(5 =
(6:85) My (3 bl + Tay ) (Tgby + Tga,)
. -

- 783 3 3
=y g CgPPi * qu < g Pifi * Fir % %% % * Fik %% %1%k

The first and fourth sums vanish by hypothesis and Lemma II,
Replacing in the second sum 8 by c«p;( and setting 1, o« , €=
1,, o, , Q’, we form expressions analogous to (6:2) and (6:3) and
thus show that this also vanishes, But the second and third

sums are clearly equal., Therefore the expression (6:5) vanishes,

7. The analogue of Jacobi's condition,

Definition VIII, A solution v of the Jacobl equations
(5:3) 1s called a normal solution if it satisfies identically

the relations
O
(7:1) vypy =0

on the manifold J0C,

We shall have occasion to use the derivatives of (7:1),
(7:2) TT‘? pi‘ + linear terms in vy = 0

whers Trf= 2vi/9u€
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THEOREM IV. Jacobi's Condition,

Hypothesés:
1. 007 is & minimizing manifold of class G" on which

the Legendre quadratic form

1, k
afnn

e

is different from zero for all non-zero sets of collinear vectors

orthogonal to V(p).
2, ¥ is any (n - 1)-dimensional Green's manifold

bounding a domain T such that § is in the domain of integration

S of U-space and the point set S - (¥ + W) consists of a finite

number gt_‘ sets of type S.

3, There exists a normal solution v of (5:3) which

vanishes on M, 1is of class C" on § + ¥, and is such that the

Conclusion:

The manifold mdoes not yield a minimum for the

integral I,
As in Section 4 it can be shown easily that the portion

E of W in the neighborhood of P can be represented by equations

of the form
w=g(t), (tinT), ZAi;‘ o,

where the g are of class C! and Ao(is given by (2:2), Moreover,
without restricting ourselves we may assume that in a neighborhood
of P, E is met by a line parallel to en axis in at most a finlte
number of points and segments, We argue, as before, that ir

3y = y(u) furnish a minimum, we must have I"(0) 2 0, and that,
since the admissible functions
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)

von3 + ¥

0 elsewhera

(7:3) K

give to I"(0) 1ts minimum value zero, they must constitute a solu-

tion of class D" for the problem of minimizing the integral
(7:4) J = 1"(0) = f 2Q(u, 7% , a)adu.
S
Hence, the edge conditions
X 1
(7:5) Qk(u, v, TT)Ao(l =0onE, (k=1,°°,m)
must be satisfied. Also along E we have
= x = Y- =
dv1 =TT, dud le gddt_)‘ o,
which imply the equations
X Y~
(7:6) T 9= 0, (Y= 1, ses, n - 1),
From the latter it follows that
(7:7) 77“‘=/LLA°L.
Since v = 0 on E, (7:5) yilelds at P the equation

o ST U Y
_()_k(u, v, T)T = 0= Fp T 175

Concerning the n m-dimensional vectors 775*, we observe that at P
they are not all zero by hypothesis 3; they are collinear by
equations (7:7); and they are orthogonal to V(p) by (7:2). We
conclude, therefore, that the functions (7:3), which cause the
second variation to vanish do not minimize it, and that consequent.
1y there exists an admissible set of variations for which I"(0)

< 0.



PART III
A FURTHER RESULT

For the simple integral
Xg
I= [ £f(x, y, z, ¥', 2')ax

X1
Jacobit's condition may be stated as follows: If E g is a minimige
ing arc having no corners and such that along it fy'yifZ'z' -
(fy.z.)2 is different from zero, and if Xg is a point between X3
and %o, then there can exlist no solution of Jacobits equations
which vanishes at X, and at X and which 1s not identically zero

butween x, and X5 For the double integral

1= J:I; £(x, v, 2z, p, q)dx ay,

the followlng analogous statement is found in the literature:

If Legendre's condition in the stronger form holds along a mini-
mizing surface of class C", then there can exist no solution u
of Jacobi's equation of class C" which vanishes along a Green's
curve M in S, and which 1s not identically zero in the domain §
bounded by W, These statements are somewhat more i1lluminating
than our Theorem III because they do not postulate the non-vani-~
shing of a derivative at the conjugate point Xy Or at a point of
the curve ¥, 1In the case of the simple integral this elegance of
form of statement is readily accounted for by the fact that if a
solution together with 1ts derivatives did vanish at Xz it would
vanish identically on the interval (x,, xa) by virtue of the
Cauchy existence theorem for s system of non-analytic ordinary
differential equations. But the method used to obtain the

(467) -19-
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corresponding result for the double integral involves an altogether
different set of ideas and has not yet been sufficiently developed
to yield an analogous result for the problems considered in this
paper,

We recall briefly the latter method for a well-known casel,

To the equation
% o2 + v
(1) L(u) = 9 W@dx2 + 2u/dve + a@ufPx) + bRVAY) + cu = q
adjoin the equation
M(v) = a“v/ax'n’ + 39272 -B(av)Px - d(ov) Ay + cv = 0,

Then it follows readily that

jfg[vL(u) - uM(v)]dx dy = -j;x{v(au/an) - u@Pv/An) +
(a cos(nx) + b cos(ny))uvfds,

If a, b, ¢ are of class C" in § + W, then cor-esponding to e
point ( § , 77 ) of T the adjoint equation admits an elementary

solution of the form

v=TU(x, y;§ ,% )logr +V(x, y; § ,% ),
r (x-§)2 4 (7 -%)2,

U and V being of class C" and U(§ ,%;5,%) = - 1, A consequence
of the existence of this elementary solution is the important
formula for the value of a solution u of equation (1) at a point

of §,

1 Picard, Equations aux derivees partielles, p, 192 ff,

Webster-Szego, Partielle Differentialgleichungen, p, 292,

Goursat, Cours d'Analyse III, pp. 230 ff,
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) amru” =——fm{vgﬁ- —ug—lrf +(a. cos(nx)-ﬂ-bcas(n‘y)uzr As
-—-Jt/ﬂ Irjrcijtctyf,

where J v/n and 9 v/g; are taken along the interior normal of ¥

(2

and cos (nx) and cos (ny) are the direction cosines of the latter.
‘It is seen that the method consists of three steps:

(1) an epprooriate definitlon of the adjoint in order to secure

a generalization of Green's formuls; (2) the proof of the existence

of an elementary solution; (3) the derivation by means of the

elementary solution of a formula which yields the value of a

solution at a point of ¥ in terms of its values and those of its

partial derivatives (first partial derivatives for an equation

of the second order) on the boundary ¥. An important fourth

step 18 the determination of Green's function; that is, an ele=-

mentary solution thet vanishes on the boundary, or satisfies some

other boundary condition suggested by the problem in hand, This

does not concern us here.

Consider the general second order equation

2
= AU | Q2L = =
(3) FW) = > aot@agax(,\\ ;Ib«axd +cu f, 5 2w

@ =/
and its adjoint

a n
i 9 %,2%g } :a %o
Q= x=1
From the identities

ra & Faev) _ aé.i;éra_ﬂ)—— 2_ "-(z—rdd@p)

beoxgr, T L axa%g g% dFN 2%,

e e 2 - g

the further identity

vF(u)—uG(V) = Zf: 328;
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follows, where

a = a — ZL va >+u-u-bq

Setting

mecos(ns), 3 ZW—- AT (Y 32),
S § e

we find, by Green's theorem,
L} FeuGEhs ~—[ i ¥ L] i,

The equation (3) is elliptic in ¥ + W if at each point of the
region the form _;_ aq,ga; a’{; is positive definite, For convenience

take Ia | = 1. The existence of an elementary solution of this

equationewas proved by Hademard (18) for the analytic case, and
by Levi (19) under the assumption that the a"‘? are of class C"'
and the tgx, ¢, £ of class C', Levl reduces the problem to the
solution of an integral equation of Fredholm type, But his dis-
cussion at this point is quite brief, Some of the desired detalls
are to be found in Sternberg (22) and Gevrey (32), For n > 2 an

elementary solution is given under the form

R+
o] Y Pt b5 | tW R ),

where E ea‘cr* is the form adjoint to E 0"'0“ and W(P, TT )
1s such that in the neighborhood of the point Tl'” ’

w(p,Tr )| < consty/ |PTT™3,  fow(p, T Vox, | < const/lP‘ITIn-z;

’

while for n = 2 a logarithmic expression forms the principal
part, The existence of such solutions for the adjoint equation
mekes possible the derivation (32, p. 9) of the fundamental for=-

mala for the value of a solution u of equation (3),
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s{n - 2)W(TT) = -‘[M l:v(au/BT) - u@v/AT) + Luv|a¥W -

(4) ‘/; vf a%,

s being the surface of the unit hypersphers,

For the problem of minimizing the intepral
. n
(5) I =f £(x,, **% X4y ¥, Py, *e+, D Jdxy cee dx,,

where p, = By/Bxa, we have the single Jacobi equation

a — —
3030, 3= 3%

This equation is linear and homogeneous in u and its first and
second partial derivatives and 1s-of the form F(u) = 0, Moreover
it 1s self-adjoint and in view of Legendre's condltion in the
stronger form it 1is elliptic in § + M, Hence, under such condi-
tions as validate formula (4) we may for the problem (5) announce
Jacobi's condition in the form suggested at the bepginning of this
section,

The -extension of the method outlined above to elliptic
systems of equations offers difficulties with respect to eaoh of
the three steps, particularly the second step, Levi used hils
method to prove the existence of an elementary solution of a non-
analytic elliptic system in two independent variables, while

Cioranesco (33) gives methods of adjunction for the system

e = div (grad u ) + ? grad u + “@ 6) €x’ {X= 1,%%e,n),

and, assuming the existence of elementary solutions, derives
formulas analogous to (4), The extension of this important method
to the general elliptic system with an arbitrary number of inde=-

pendent variables 1s still an open problem,
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A HISTORY OF THE CLASSICAL
ISOPERIMETRIC PROBLEM

Introduction. The famous old Isoperimetric Problem

of the ancients was that of finding a simply closed curve

of given length which incloses the largest area. Another

problem closely related to this problem ie that of finding

among all curves wiich inclose a given area that one which

has the shortest perimeter. It is easy to prove that the

solution to either of the two problems leads logically to

the solution of the other. The first problem may be stated

analytically as that of finding an arc with equations in
parametric form
x=x(t), y=y(t), t =t&t,
which satisfies the conditions
x(t,) = x(ty) , y(t,) = y(ty) ,
but does not otherwise intersect itself, which gives the

length integral

[V

(479) -1-
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a fixed value 1, and maximizes the area integral

ta
//:L/é (x v - yx') Lt

The solution is a circle. The general problem of the calcu-
lus of variations for which one integral is to be given a
fixed value while another is to be made a maximum or minimum
is called after this one an isoperimetric problem. Any probe
lem where a fixed length is involved while an integral of any
kind is to be made a maximum or minimum is called an isoperi-
metric problem. In this paper only the first two problems
which are formulated above will be discussed.

The earliest attempted solution of the problem which
has been preserved for us was that of Zenodorus. His solu-
tion was the one generally given for the problem until the
time of Steiner. Steiner gave a very elegant and simple proof
of a condition necessary for a solution but did not give a
sufficiency proof. The first complete proof that the asolu-
tion of the problem is a circle was given by Weierstrass. The
earliest writers who attempted to solve the problem used a
geometric method. Later complete theories have been given by
the method of the calculus of variations, by the geometric
me thod, and more recently by means of }ourier Series.

The discussion of the history of the Isoperimetric
Problem is divided below into four sections. In Section I

the origin of the problem and the proofs to the beginning of
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the nineteenth century are discussed. In Section 2 the de-
velopment of the geometric proofs is traced from the begin-
ning of the nineteenth century to the present. The greater
part of Section 2 is concerned with the development of the
theory of Steiner, and of the theory of parallel curves which
was first applied to ths solution of the Isoperimetric Prob-
lem by Minkowski. Section 3 consists of an outline of the
proofs of the Isoperimetric Property of a circle which have
been given by means of Fourier Series. In Section 4 solu-
tions which have been given by means of the calculus of var-
iations are discussed. The greater part of Section 4 is a
discussion of the application of the theory of Weierstrass
to the Isoperimetric Problem.

The Bibliography which follows Section 4 is also di-
vided into four groups to correspond to the four sections
described in the preceding paragraph. References which merely
mention the Isoperimetric Problem are not included.

The numbers in the text inclosed in parentheses and
following an author's name, refer to the dates of birth and
death of the author. The numbers inclosed in square brackets

refer to the Bibliography.
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1. Origin of the problem and early theories. The

origin of the problem has been attributed to the Greeks but
it is not known who among them was the firast to state the
problem or attempt a solution. The mathematical historians
Montucla [4] and Cantor [5} quote a statement of Diogenes
Laertius (third century) regarding Pythagoras (5809=-5007 B.C.)
which has been interpreted to mean that Pythagoras knew the
maximum property of the circle. The statement of Pythagorus
is, however, not at all convincing aé it merely asserts that
of all plane figures the circle is the most beautiful.

The following remark [9) appears in the De Caelo of
Aristotle (384-322 B.C.): "Now of lines which return upon
themselves the line which bounds the circle is the shortest."
Aristotle does not give any further explanation of the sen-
tence and his subject is a philosophical rather than a math-
ematical one.

Archimedes (287-212 B.C.) may have been the first to
attempt a mathematical solution of the problem. Simplicius
who lived about the sixth century A.D. mentions a proof [ié]
of Archimedes and Zenodorus. However, Proclus (410-485)
says El.ﬂ that later mathematicians arrived at a solution
partly from the works of ™nlid (450-374 B.C.) and partly
from those of Archimedes. The mathematical historian Libri
Eﬂ gives a list of books found in the Cosmography of

Maurolytus (1494-1575) and one called the isoperimetric
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Figures appears under the name of Archimedes. Isaac Barrow
(1630-1677) in his preface [éé] to the Book of Lemmas makes
the following commert in a note on the margin of his books
"These men attribute to him (Archimedes) a Yook which is the
Isoperimetry of Zenodorus, fragments of statics, and other
works."

It is not clear whether the references of the last
paragraph are to a work of Archimedes which has been lost or
to the later collection of articles called the Book of Lemmas
to which the name of Archimedes has by some critics thought
to have been erroneously appended. Zenodorus in one of his
proofs [}6 Hultsch ed., vol. 3, p. 1195] used a theorem which
he says was & theorem of Archimedes. This is evidence for a
conclusion that Zenodorus was acquainted with the work of
Archimedes, and that he would have mentioned the fact if
Archimedes had arrived at a solution of the Isoperimetric
Problem.

A statement Elca of the historian Polybius (201-120
B.C.) suggests that he may have known the maximum property of
the circle. He says that most people judge the size of cities
simply from their circumference and that when one tells them
that a city or camp with a circumference of forty stades may
be twice as large as one with a circumference of one hundred
stades the statement seems astounding to them. He adds that

the trouble is that we have forgotten our lessons in geometry.
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The Greeks in general did not have a clear understand-
ing regarding the relation of perimeter to area. Polybius
adds to the above remark that not only ordinary men but also
statesmen and military men judged the size of a camp by mea~
suring the circumference. Proclus mentions [}3 certain mem-
bers of communistic societieas who cheated their fellow members
by giving them plots of land of larger perimeter but smaller
area than the plots which they took for themselves. He says
also that the theorem that all triangles formed on the same
or equal bases, and always between the same two parallel
lines are equal in area was regarded by the Greeks as para-
doxical because the perimeter could be made as large as one
pleased.

Zenodorus who lived probadbly during the period from 200
B.C. to 90 A.D. wrote a treatise on figures of equal perimeter.
This work has been lost but has been partly preserved in the
works 5.5.16] of Theon of Alexandria and Pappus who were con-
temporaries and probably lived during the fourth century A.D.
Christopher Clavius (1537-1612) refers [}f] to the works of
Theon and Pappus as the sources from which he took the proofs
which he gives regarding isoperimetric figures. Recently dis-
cussiona of the theorems of Zenodorus have been given by
Heath [7] and Chisini [8] but both works follow that of Pappus.
The theorems of Zenodorus that are of intereat for our problem

ares
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Theorem I. Among all polygons of equal number of

sides and equal perimeters, the re aAr po on is eatest
in area.

Theorem IXI. The cirale is greater in area than any

regular polygon which has an squal perimeter,

The proof of Theorém I depends on two lemmas.

Lemma I. Among all triangles having the same base
and the same sum of sides, the isosceles triangle is greatest
in area.

Lemma IX. When two isosceles triangles are not simi-
lar to each other, if we construct on the same bases two
triangles that are similar to each other, and such that the
sum of the perimeters of the similar triangles is equal to
that of the two original triangles, then the sum of the areas
of the similar triangles is greater than the sum of the areas
of the non-gimilar triangles.

The proof of Theorem I according to Zenodorus is as
followst Suppose AB and BC are
unequal. Construct AF equal to
CF and such that the sum of AF
and CF is equal to the sum of
AB and BC. Then by Lemma I, the
triangle A¥C is greater than the

[3 ]

triangle ABC. Therefore the &rea
of the new figure is greater than the area of the original
one, which is contrary to the hypothesis that the given figure
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be a maximum. Therefore the maximum polygon must be equi-
lateral.

Now suppose the angle
B is greater than the angle D,
while the polygon is equilat-
eral. Construct isosceles tri-
angles AFC and EGC similar to
each other and such that the

sum of their perimeters is equal

to the sum of the perimeters of
ABC and EDC. Then by the use of Lemma II we know that the
gum of the areas of the triangles A¥C and EGC is greater than
the sum of the areas of the triangles ABC and EDC. Therefore
we have a new polygon of equal perimeter but greater area
than the original one which is contrary to the hypothesis
that the original polygon is a maximum polygon. By repeating
the argument for other paira of angles we finally conclude
that the maximum polygon must be equiangular. Therefore the
maximum polygon must be regular.

Zenodorus used the following demonstration as a proof

of Theorem II. Let C be a circle

of perimeter p, and P be a regular N .
polygon of equal perimeter. Let ( \ e
P' be a polygon circumscribing C J
and aimilar to P. Let a and a' >

be the apothems of P and P', and
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notice that a' is the radius of

the circle. Since the polygons

are similar we know that a/a' e

is equal to p/p'. But p' is

greater than the perimeter p

of the circle, therefore a'

is greater than a. The area

of C is, by the use of a theorem proved by Archimedes, equal
to one-half the area of a rectangle the length of which is
the perimeter and the width the radius of C, or a'p/2, and
the area of P is ap/2. Therefore the area of C is greater
than the area of P.

The two theorems when completely proved justify the
conclusion that a circle of any given perimeter incloses a
larger area than any polygon which has an equal perimeter.
But in Theorem I it is assumed that among all polygons of a
given perimeter there is one that is a maximum and this
statement requires a proof. In addition we need for a com-
plete proof of the Isoperimetric Theorem a discusaion of the
case when the figure which we are comparing with the circle
is not a polygon.

Kepler (1571-1630) states the theorem [_ia] and refers
the reader to the proof of Pappus. Galileo (1564~-1642) gives
an argument [ié] which is essentially the proof of Zenodorus.

James Bernoulli (1654-3705) mentions the problem |?g



10 ORIGIN AND EARLY THEORIES (488)

and says that the solution is a circle but adds the atatement
needs to be proved. On the same page he proposed to mathema-
ticians a more general problem, His problem is as followss

Among all curves HEFN z

of equal length and having a

common base BN, to find one 3 P N
such that for a correspond- \L—/
ing curve B3ZN whose ordinate [

PZ is any function of the

ordinate PF or of the arc EF, the area BZNB shall be a maxi-

Bum.

If we choose PZ equal to FF then the solution is two
equal arcs of a circle. The solution will be a complete cir-
cle if we further choose the sum of the lengths of the two
curves to be ﬁ'—tmea the length of BN.

The numerous attempts to solve the problem of Bernoulli
and others similar to it led to the development of a new method
for solving such problems. This new method Euler called the
calculus of variations. All the early writers on the ocalculus
of variations were concerned only with proving the conditions
necessary for a solution. As a result the early proofs of
the maximum property of the circle by the new method as well
as the older geometric method were not complete.

Euler (1707-1783) developed a theory which is called
the rule of Euler and applied it E2éj to proving that if a
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ocurve of given length incloses & maximuws area it is necessary
that the curve be a circle. Riecati (1707-1775) has written
& dissertation [?é] in which hs discusses the maximum proper-
ty of the circle in a manner similar to that of Zenodorus
which has beaen given in a preceding paragreph of this section.
T. Simpson (1710~1761) gave a discussion [2.'_?_] of the problem
similar to that of Euler. He also gave & geometric demon-
stration [29] of the problem which is essentially the one
given by Zenodorus. Other geometric proofs @3.3(-_)] much the
same as that of Simpson have been given by Legendre (1752~
1833) and P. Elvius (1710-1749). 8. L*Huiler (1750-1840)
proved I:Z'a that if & ocurve which has a given length incloses
& maximum area it is necessary that the radius of curvature
be constant.

2. Geomet roofs of isoperimetric property of

the circle. The early attempta to prove the Isoperimetric
Theorem by means of gecmetry lacked gemerality since only
polygons were used as comparison curves. During the beginning
of the nineteenth century an attempt wes made to give a mare
general type of proof. The geometric proofs attempted from
the beginmning of the nineteenth century to the present can be
roughly divided into two groups. The firmt group is largely
aynthetic and is closely associated with the work of Steiner
(1796-1863), The second group is analytic and is concerned

with proving an auxiliary theorem from which the Isoperimetric
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Theorem follows at once. This suxiliary theorem says that
for any closed curve the square of the perimeter minus 417
times the inclosed area is greater than or equal to zero and
the equality sign is valid only when the curve is a circle.

An attempt to prove that the area of a circle is larg-
er than that of any closed curve of equal perimeter appeared
in 1813 in an article Bé] by an unknown author. The writer
agsumes that among all plane figures inclosing equal areas
there is one that has the smallest perimeter. He then proves
that this figure of smallest perimeter must be a circle. He
argues that if one denies that it is a circle then some other
figure must have this property. In that case he shows that a
new figure can be constructed having equal area but smaller
perimeter than the original one. But such a construction
contradicts the hypothesis that the original figure possesses
the smallest perimeter possible. Therefore, among all curves
of equal area the circle has the shortest perimeter. Now
suppose that there is a figure S having an equal perimeter
and a larger area than a given circle C'. Make a circle C
equal in area to S. The perimeter of C will be less than
the perimeter of S by the preceding theorem. The area of C'
will be larger than the area of C and therefore larger than
the area of S which is contrary to hypothesis.

Steiner gave five different proofs E’::;J of the maxi-

mum property of the circle. His theorems include the analo-
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gous proposition that among all figures having equal areas a
circle has the shortest perimeter. He states that each of
these propositions implies the other as indicated for one of
them in the last paragraph above, and therefore proves only
one of them in any particular discusseion. The proofs are
general enough to include all closed curves having a given
perimeter, but are in each case based on one of the following
postulates which are not proved:

(1) Among all closed curves having a given perimeter
there is at least one whose area is equal to or greater than
the area of any of the others.

(2) Among all closed curves of given area there is at
least one whose perimeter is less than or equal to the peri-
meter of any of the others.

Steiner comments on the first postulate as followst
"It is clear that there is an infinity of figures which have
equal perimeters but which have different form and area. One
observes that the area can be made as small as one pleases
but not as large as one pleases, since all the figures may
be inclosed in a circle whose radius is equal to oné¢ half the
perime ter of the given figures and whose center is one point
of the circumference of one of the figures. It must be that
among these there is a maximum figure or several maximum
figures, that is several figures which have equal perimeter

but a larger area than any other figure not in the group.™
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Theorem. Among &ll curves of equal perimeter the

circle incloses the maximum area.

Let EFGH be a maximum
figure. One can find a line
AB that divides the perimeter

into two equal parts. There-
fore, the ares is divided into

two eQqual parts because if not
one can replace the smaller
half by one equal to the larger
and thus increase the area of the original figure without
changing the perimeter which is contrary to hypothesis. If
the figure is not symmetric with respect to AB, replace one
half of the figure by a figure symmetric to the other half,
and since the area and perimeter are unchanged the figure is
still one of the maximmm figures. XNow choose any point D on
a semiperimeter. From it draw a perpendicular to AB and ex-
tend this perpendicular to meet the perimeter again st C,

and draw the quadrilateral ACED. The angles of the quadri-
lateral at C and D are right angles, because if not one can
transform the figure so as to make them right angles while
keeping the parts between the quadrilateral ACED and the peri-
meter fixed, thns increasing the area without changing the
perimeter which ies contrary to hypothesis. Since D is an

arbitrary point the figure must be a circle.
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Since the other proofs are quite similar to the above,
only a brief summary of the two proofs most discussed by writ-
ers following Steiner will be given. These are his second and
fifth proofe. The mecond method introduces a quadrilateral
drawn through any four points of the perimeter and the use of
the fact that the maximum polygon of given perimeter is one
that is inscribed in a circle in order to prove that for any
figure other than a circle the area can be inoreased when the
perimeter is kept fixed. The fifth method shows that a maxi-
mum figure must be symmetric to an arbitrary axis and there-
fore must be a circle. A

Rdler attempted to make & proof [?E] by desocribing
8 geometric conatruction for making & regular polygon of at
most 2"'1 sides from an irregular polygon of n sides. The
constructed polygon has a smaller perimeter than the given
polygon and a surface area at least equal to the surface area
of the given polygon. He also proves that a circle has a
large’* surface area than any regular polygon which has an
equal perimeter. These two theorems are combined into a
proof of the maximum property of the circle as compared to
polygons. To take care of the case when the figure is not
8 polygom the method of Steiner is used to increase the area
while the perimeter remains constant. A polygon whose peri-
meter is equal to the perimeter of the original figure and
which has also an equal area is inscribed in the increased
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figure. The theory regarding polygons is then applied to
complete the proof.

Sturm (1841-1919) gave a discussion [35] of the maxi-
mum property of the circle. His proof of the condition
necessary for a maximum is the same as that of Steiner. He
has also simplified the construction of Edler described above.

Witting (1861-) proved [39] that any figure, such
that if a line divides its perimeter into two equal parts,
its area is also divided into two equal paets, is a figure
with a center point. He completes the proof of the Isoperi-
metric Theorem by showing that a maximum figure must have such
properties and therefore a center point and finally that all
diameters are equal. His vroof is open to the same objection
as that of Steiner.

Padoa (1873-) haa given am excellent review Ig@] of
the first two proofs of Steiner.

Caratheodory (1873-) and Study (1862-1930) have writ-
ten a joint paper El]] in which each gives a separate proof.
They modify the method of Steiner so as to make a direct in-
stead of an indirect proof. The change of method is made in
order to avoid the necessity of making the assumption that a
maximum exists.

An outline of the proof of Caratheodory is as followss
The plane is divided into halves by a line g, and from a point

A on this line an arbitrary curve of length /7 is constructed
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8o that its end point is also on g. A modification of the
method of Steiner is used to construct an infinite series of
auxiliary curves all of length 7T and having a common begin-
ning point A, but whose end pointas are a seriea of points
on g. Since these end points are at most a distance 7T from
A, it is possible to select a subset which has one and only
one limit point W . The aress ‘inclosed between the curves
and the line g are denoted by
I, I,, Iy =emee-- Ipy ===-
and the method of construction shows that no one is smaller in
area than the one preceding. Since the areas of these curves
have an upper bound and are increasing they must converge to &,
limit, and Caratheodory proves that these curves have as a
limiting curve the semicircle drawn through A and « . Since
the lengths of the curves remain equal to 1, the circle must
have a radius equal to one. Finally if I, denotes the area
inclosed between the first arbitrarily selected curve and the
line g, then
I, = I, = /2,

and the equality sign can hold only when I, is a semicircle,
which proves that a semicircle of length TT incloses a larger
area with g than any other curve of equal length.

Study makes use of the symmetric method of Steiner.
He starts with a polygon which has a perimeter 27Tin length

and shows how to construct a new convex polygon that has n



18 GROMETRIC PROOFS (496)

axes of symmetry. For the new polygon the perimeter remains
constant and the area is not less tham the original one. As
n increases there fs produced a series of polygons that ap-
proach as & limit & circle whose radius r is to be determined.
Since the perimeters of the polygons remain equal to 27T and
are either equal to or greater thar the perimeter of the
limiting circle, it follows that r = 1, Furthermore the
areas of the polygons must approach the area ﬂr‘“, and hence
the area of the originally given polygon must dbe 7T, 1f

the equality sign holds, all the polygons of the series must
be equal in area. But in that case it is pointed out that
the method of construction leads to a contradioction. It fol-
lows that a circle of perimeter 2T has a larger area than any
polygon of equal perimeter.

E. De Leber has given three proofs E?J based again
on the postulate that there is a maximum figure ameng all
those figures having a given perimeter.

Bieberbach (1886-) has given a proof of the theorem B‘j
that smong all domeina that are plane, finit.e, and have a givel
diameter the circle has the largest aresa, where he means by
diameter the maximum distance between any two points of the
border.

Minkowski (1864-1909) developed a theory [36] regard-
ing pairs of parallel ovals that reduces to the Isoperimetric

Theorem for a special case. Thia work is the beginning of
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the second group of proofs mentioned in the first paragraph
of this section. He defines an eval by means of & function
H(u,v) which appears in the inequality,
ux + vy = H(u,v).
The totality of such inequalities for all possible values of
u and v defines a domain of points x,y which is called an
eval. The area of an oval is
1/2/"”3(1{ + {7‘_911)19
where K is defined as lelo-t Draw a unit circle about the
center of gravity of the oval and consider this center of
gravity as the origin of the asystem of coordinates. For asome
point «, S on the perimeter of the unit circle write «=Cos 4,
8= 8in6. Chooss the point on the boundary of the oval where
the outer normal has the direction « » p and write
H(x,p) = H(cos 6, sing) = H.
Suppose that we have two such ovals defined by H, and
H, and construct a third such that H= (1-t)H, + tHe. If we
denote the area of this third oval by P then
Fa(1-t)® +2(1-t)td + t'Fy
where P and ¥, are the areas of the first two ovals and X is
given by the equation, a7
X = Vafnn. (Hy + .5_‘2!.;)&9- 1/:!@(3, + %-)de.
This quantity M is an invariant with respect to all parallel
translations. Minkowski calls X the mixed area of the two

curves. It is proved that
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(1) ¥ -757%, 20
and that the equality sign is valid only when the two ovals
are similar (homothetic ). If the second oval is chosen as
a unit circle, H, becomes the integer one and the expression
for M shows that 2M is the perimeter of the first oval., If
the perimeter and area of the first oval are denoted by L and
F then (1) gives

L1 - 4TTF 4 0

and the equality sign is valid only when the first oval is a
circle. It is easily verified that this last sentence is a
statement of the isoperimetric property of the circle.

The theory of parallel curves has been discussed by
several writers. Crone (1877-) has an article E&'ﬂ on this
subject that appeared about one year after the work of
Minkowski. Blaschke (1885-) gave a discussion Elg of the
theory of Minkowski in an article that appeared in 1914. He
discussed first the ¢ase when two quadrilaterals take the
place of the ovals of Minkowski. The theory is then extend-
ed to polygons and finally to any closed curves. A paper [Eé]
written by Frobenius (1849-1917) was published in 1915 and
another [Eé] by Liebmann (1874-) in 1919. The last two papers
use the theory of quadratic forms to prove the isoperimetric
property. If the area F(t) of any curve of a family is ex~
pressed in terms of the area F and the perimeter L of an

arbitrary curve, for example by a formula
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F(t) =F + tL +mt”,

then F(t) can be made negative for real values of t only when
the discriminant of the quadratic form is greater than zero.
The motive is then to show that for any closed curve that is
not a circle a value of t exists for which ¥(t) is negative
and therefore the discriminant is greater than zero. The
greater part of Liebmann's paper is concerned with proving
this last statement. Bonnesen (1873-) has given an account
of the theory of the mixed area of two ovals in his book [&::ﬂ
published in 1929. Blaschke gave a proof [55] of the Iso-
perimetric Theorem in his Differential Geometry. His proof
is similar to that of Crone and Frobenius, and is notable for
its simplicity. It depends on a theorem as follows:

Theorem. There exists between the area F and the
perimeter L of a circle the relation

15 - 4TIF = 0
and for every other plane curve the relation is
" - 4TT¥ v o.

Let C be an oval with the clockwise direction pre-
scribed on it, and let Cp be the outer parallel curve at a
distance p with the tangents to Cp parallel in the same sense
to the tangents of C. Cp is evidently an oval. Let C' be a
unit circle. Let a triangle of tangents to C be denoted.by

D whose area contains C. Let Dp and D' be the corresponding
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triangles of parallel tangents
for Cp and C'. ILet t be the

length of & line measured in ~
& positive sense along a tan- ‘

gent from & point of coutact )é;.
on C to the intersegtion of v
this tangent with & side of ‘
D. Let tp and t' be the cor-
responding lengths for para-
llel tangents to Cp and C'. Let
¢ ve the angle between the tan-
gont and & fixed direction. Let A
d, dp, and 4* be the areas of D, }
DP’ and D'. Tet ¥, Fp, and F'
be the areas of C, Cp, snd C°'.
Let r be the radius of the inscribed circle to the triangle
D. Then we have the following relations, n
tp($) = +(4) + per(§) » Bp = ap - 1/zj:1 th ade
(1) Fp=(p+ ) ar - 1/2[: (t+2er)2ad.
The area of the parallel curve may be expressed by the equation
(2) »p =F + L + Y@
where L denotes the perimatar of C. This can be seen as £ol-
lows: Consider the small trapezoid inclosed by the ars length
ds of C, the two lengths measured along the normals te C
through the ends of ds, and the arc of the outer curve inter=
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cepted by these lengiths. The area of each of these small
figures is
p(ds + 1/2 pd o)
and therefore by taking the sum of them one sees that
Fp - F = /p(dli 1/2 p dd) = pL + P
¥or p = 0,Fp is positive by equation (R) and for P + r = 0 ia
less than or equal to zero by equation (1). Therefors the
roots of Fp = 0 are real and it follows that
T - ynFr o

If the equality sign holds FP must not change in sign.
It is positive for p = o, therefore if one sets p =y in (1)
the integral must vanish and the ratic t/t' equal to r is come
stant. Therefore one can vary one side of the triangle of
tangents and r will remain unchanged. It followa that alX
circumscribed triangles to the oval C have am insoribed circle
such that the diameters of all the circles are equal. A figure
such that all its diameters are equal must be & circle. The
final remark of the author is that the proof is valid only when
the perimeter of the figure contains no corners or straight
lines.

Lebesgue (1875-) wrote a paper [43] in 1914 in which
he shows that the Isoperimetric Problem may be stated in & new
way. His statement of the problem is as follows: PFind a
domain for which the ratio I?/T. the square of the perimeter
to the area, shall be the smallest possible.



24 GEOMETRIC PROOFS (502)

Blaschke has given a proof of the Isoperimetric Theo-
rem by means of a method which is different from that describ-
ed above. He has written two articles in which the same
method is used. His paper @5] of 1915 is a brief account
of a proof which is given more in detail in his book El'ﬂ
which was published in 1916. It is proved that if one has a
closed, continuous, rectifiable, plane curve of length L and
area ¥ one can construct a polygon such that if /\ is its
perimeter and ¢ its area then it is true that

[L-Alce, |FP-Q| « ¢
where € is an arbitrary quantity, and it also follows that
Aoy vo
Now suppose that
I: ~ Y TF ¢ o
then one can construct a polygon such that
N -4 o
which is contrary to the results of a previous proof and there-
fore one must have
15 —yrrf zo
The method of Steimer may now be used to show that the equality
sign holds only for a circle.

Bonnesen has written a number of articles EO,SI,SQ
on the Isoperimetric Problem but he has given the essentials
of all this material in a book [63]. He begins the discussion
with the remark that it is sufficient to prove the Isoperimetric
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Theorem for convex curves because it is easy to sse that a
ourve which is not convex can not furnish & maximum. He calls
the expression LF/&TT - F the "Isoperimetric Deficit" of a
curve. He states that the formulas
L, =L +8Tt , F, =F +Lt+ TTt"
can be easlily derived for the case of two parallel polygons,
and for the general case it is sufficient to pass to the limit.
He proves that
1*/aTr - F 3 ( 7/8)(R-t)

for a convex curve, where R and r are the radii of the circum-
scribed and inscribed circles of the curve. Bernstein (1878-)
in 1905 worked out a number of inequalities for curves on &
sphere. One of the relations which he obtained for the casze
of a plane is the inequality of Bonnesen which has been writ-
ten above except that the constant factor TI/4 is replaced by
1/8(1 + 21T)1. Bonnesen refers to this inequality of
Bernstein and says that it was the first inequality of this
type to be derived.

A brief outline of the proof of Bonnesen is as follows:
Consider the quadratic form

F+Lt+ Tt

Its discriminant is precisely the deficit of the ocurve when one
divides out the factor 47. The defiocit is greater than or
equal to zero when the roots of the quadratic form are real.

The form is positive for t = 0, If there exist values of ¢
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for which the form is less than or equal to zero then the
roots are real. If there exists a value of t for which

Lt -F - mt- = 0,
then the negative of this value of ¢t will make

F+Lt+ mt” &0,
The proof is complete when it is proved that

Lt ~F - 7t %0
for t equal to r or R, the radii of the inscribed and cirocume-
scribed circles to the convex figure.

Bonnesen proves the last statement in the preceding
paragraph when the figure is a convex polygon as follows:
Insoribe a oircle in the polygon touching two sides, and if
the sides are parallel this is the largest circle that can be
inscribed, but if not one can always draw the circle to touch
three sides. Draw tangents to the circle at the three points
where it tduches the polygon. These tangents will form a tri-
angle. Move each side of the polygon parallel to a fixed
direction, say parallel to the bisectors of the angles of
the triangle or parallel to any two parallel sides of the
polygon until each side of
the polygon is tangent to
the circle. If X is the
length of a aide of the
polygon, H its distance

from the center of the ciroles,
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and r the radius of the circle then one has
1.
S[vaHa - (H- ®Ma] = (Era - £ iaH) =T

F- raHa, L =2&
and therefore
(1) *L -F = 7™

and the equality sign is valid only when the figure is & cir-
cle. But (1) can be written in the form

(2) L/am -5 3 1T(r/2n -1)~
When a similar process is carried out for a circumscribed
circle another inequality is produced, namely,

(3) L/un -F 3 IT(R - Lyan)™>
The 1nequalitiea (2) and (3) may be combined into the inequal-
ity

(4) i/ym =% 2 0fg(r -r)"
The XIsoperimetric Theorem can be easily deduced from this re-
sult.

Bonnesen says that the method c¢can be applied to any
convex curve by moving all tangents and all straight lines of
the perimeter parallel to a fixed direction as in the case of
the polygon. He has given a second proof l:t‘):g by means of a
symme tric method. He has also modified the symmetric method
of Steiner. 1In each case he arrives at the result (4) given

in the preceding paragraph.
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3. Proofs by means of Fourier Series. The proof of

the Isoperimetric Theorem by means of Fourier Series depends
on a theorem which Hurwitz (1859-1919) called the fundamental
theorem. This theorem is as follows: If

F(u) ~a0/2 + Q‘Z(aKCos k u+a', sin k u)
and ‘

H(u) ~bo/2 + ;f(bKCos ku+ by sin k u)
then

2n oo

1/q/( F(u)H(u)d u = a,b,/2 0'5;(anpu +a' bYy)
where t;e aign ~~ is to be reed equivalent to, and means that
the right hand side of the first two equivalences represent
the usual trigonometric development of the functions except
that nothing is implied as to the convergence of the series
or its equality with the function on the left. The equivalent
sign may be replaced by the equality sign when the function
defining the series has suitable continuity properties.

Let x = x(8) , y=y(8) , 0= 8 =1L be the equations
of a simply closed, continuous, rectifiable curve where s is
the length of arc and L is the le..gth of the perimeter. It is
known that a function which is continuous, periodic, and has a
derivative which is continuous except at a finite number of
finite discontinuities, may be expressed by a Fourier Series
which converges uniformly and absolutely. Let us suppose
that the functions for x and y which define the curve possess

these propert‘es. Then if we substitute for s the parameter u
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given by the equation u = 275/L. x and y may be expressed as
followss
o0
x = 8,/2 + g (akCos k u + a', sin k u),
y=1,/2 + S (v.Cos ku+ bt sin k u).
[
The derivatives with respect to u are:
o0
dx/du —~ z'k(a'K Cos kX u - aysin ku ),
dy/du — k(v «Co8 k u = b 4 sin k u).
1
When the variable 8 in the equation (dx/ds)™ + (dy/du)" = I
is replaced by u the equation becomes
(ax/aw)? + (ay/au)* = (n/2m)™
The integration of this equation gives
2 2 L b 2
(dx/du)”+ (dy/du) fdu = 2 (L/217) = L /217T.
0
The application of the fundamental theorem described above to
this last equation gives
o = 1.
2 £ - 2
(1) H‘E',k(a“ +al +b, +b% ) =L /217
The area inclosed uy the curve may be represented by the equa-
tion
EA/4
F = (xdy/du)du.
[~
But again on account of the fundamental theorem this reduces to
oD
(2) F= TT2 Xaby - aj by.
It follows from (1) and (2) that
o . 9 2.
1?/20 <28 = TTS [(ka,=b% ) #(kal + b) + (k*=1) (B4b% ﬂ,
)
and since the right hand side of this equation is never negea-
tive it must be true that

L' - YymmF 2 0
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One observes that the equality sign is valid only when
) +b, =0, 8 ~b, =0, a= al%= baby=0 (k= 2,3,4-=--).

But then the series for x and y reduce to

x = 80/2 + a, Cos u + a', sin.u,

Yy =1%/2 -8a,Cou+a, sinu
which are the parametric equations of a circle. Therefore for
all simply closed, rectifiable, plane curves whose equations
x = x(8) , y =3(s) bave the properties described at the begin-
ning of this paragraph it is true that

I - HnE 2o

and the equality sign is valid only when the ourve is & circle.
The Isoperimetric Theorem follows easily from this inequality.

The first proof [66] of the Isoperimetric Theorem which
made use of the Four.er Series was given by Hurwitz. Lebesgue
haa also given a proof Ei] similar to that given by Hurwitz.
Each of thease proofs is preceded by a detailed discussion of
the theory of the Fourier Series. The application of the
theory to the proof of the Isoperimetric Theorem is in each
case the same except for a few details. The type of curves
to which the proofs apply is determined by the development of
the theory of the Fourier Series. Hirschler has written a
thesis Bé] in which the area of a regular closed curve is
compared with that of & circle by means of the Fourier Series.
He defines a regular curve as follows: A regular curve is

continuous, consists of & finite number of arcs which do not
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intersect themselves, and each arc possesses & continuously
turning tangent at every interior point and end point. He
applies the fundamental theorem which is stated in thes first
paragraph of this section to the symmetric formula for the
area

A=1/2 m(w' - yx') a8,
and uses the integral oi“ the relation

(ax/as)* + (dy/as)® =1

to compute the area of a circle which has a perimeter equal to
the perimeter of the regular curve in terms of the Fourier Con-
stants of x(s) and y(s). He proves that the difference between
the area of a circle of given perimeter and the area of & regu-
lar curve which has an equal perimeter is & positive quantity
unless the regular curve is itself a circle. The proof is
again preceded by & development of the Fourier Series. A good
outline E.')E;j of the proof of Hurwitz is given by Blaschke in
his Vorlesungen Gber Differential Geometrie.

4. Proofs by means of the calculus of variationg. A
statement was made in Section 1 that the early proofs of the
Isoperimetric Theorem which applied the calculus of variations
were concerned only with the necessary condition for a maximum.
This statement continues to be true for all such proofs which
were published before the work of Weierstrass (1815-1897) was
known. Many of the writers discussed & modification of our
problem which we will call Problem I, and of which our problem
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is a special case.
Problem I. To find among all curves which have & given
length and join two fixed points on & straight line that one

which incloses with the line a maximum area.

A first necessary condition that a simply closed,
regular curve of given length gnclose a maximum area, if such
a curve exists, may be derived from the theory of Problem X by
assuning that the two points on the line coincide. A first
necessary condition on a solution of Problem I is that the
maximizing curve shall satisfy the first necessary conditions
that the integral

) [ Dy -m) e ATy Jas
have a maximum ;alue where A is a suitably selected constant.
If we write H for the integrand of the integral, these condi-
tions are that the derivatives Hy , H‘y', be continuous on
the maximizing arc and that the differential equations of Euler
must be satisfied. The conditions that Hy, and }{y', are cone-
tinuous imply that the maximizing arc has no corners. The dif-
ferential equations of HEuler are
Hy - &He =3 = AA(X/Vx™ 4% ) = o,

Hy- £Hy = -x' = AK(Y//XH 9%) = o,
When they are integrated we find
¥ = o 2 AT ) X A S g
(x-a) + (y-b) = N\'.

Therefore the solution must be an arc of a circle. It is clear

(2)
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that the method is the same when the two points on the line
coincide.

Proofs arriving essentially at the result above have
been given by Bordoni (1789-1860) [53] , Dienger (1818-1894) [63] ,
Jellett (1817-1888) [60], Moigno-hindelof [6i], and Lund-
strom E&'ﬂ , and more recently by Thome (1841-1910) EGQ , and
Hadamard (1865-) [70].

VWeierstrass was the first to make & complete proof by
the method of the calculus of variations that the area inclos-
ed by a circle is larger than that inclosed by any other regu-
lar closed curve of equal length. His proof also precedes the
other complete proofe by other methods. Unfortunately he did
not publish his work. The record of it was preserved however,
by means of the lecture notes of his students. The seventh
volume of his collected works [?%] based on several collections
of these notes, was published in 1927.

Schwarz (1843-1921) used a method [E{] similar to the
method of Weierstrass to show that among all closed curves
which inclose a given area the circle has the shortest peri-
meter. It was pointed out in Section 2 that the Isoperimetric
Theorem follows from this result.

Kneser (1862-1930) has a discussion of the Isoperi-
metric Theorem in his book [55 on the calculus of variations.
He develops both the necessary and the sufficient conditions

for & maximum faor Problem XI. In the second edition of his book
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he deduces the Isoperimetric Theorem from ths solution for
Problem I. His argument is as follows: Consider & closed
curve consisting of a finite number of regular parts, and
let the length of the curve be 1, Find two points P, , Py
which divide the perimeter into two equal parts and join
these pointe with a atraight line. Because of the solution
to Problem I, the points may be joined by arcs of circles
each of length 1/3 in a manner auch that the area inclosed
by the two arcs is greater than the area inclosed by the
original curve. It remains to be proved that a circle which
has a circumference equal to 1 incloses a larger area than
the area inclosed by the two arcs of circles the sum of
whose lengths is 1, and which join the two points P, , P, .
Kneser does this by proving that a semicircle which has a
length 1/2 incloses a larger area 2/
with fts chord than any .other arc

of length 1/2 incloses with the

same chord. To prove this consi-

der an arbitrary arc of a circle

which has length 1/2 and join the

ends of this arc by & line. Draw

the radii of the arc at the two

ends, Call the central angle be-

tween these two radii O and denote

the area between the arc and its chord by F. Then the area F
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may be expressed by the equation

F = 0/2(45) = (#8)" sin 0/2 cos o/2 = (2=8in 8
Take the derivative of ¥ with respect to 0, setethis deriva-
tive equal to zero, and divide out the constant factor 11/8.
This gives

~0"~ 0%co8 0 2 6 8in 0 5 -2 6 cos 20/28 ¢+ 4 0 sin 0/2 cos 0/2
e“ 94

= 4/0 cos 6/2(sin 6/2 - 6/2 cos 0/1) = 0,

This has only one solution 77 between O and 277 and this solu-
tion gives a maximum. But when the central angle is equal

to TT the figure is a semicircle. Therefore a semicircle in-
closes with its chord a larger area than any other arc of
equal length. It follows that a circle constructed from two
such semicircles possesses a perimeter equal to the sum of the
lengths of the two arcs joining the two points on the original
curve and an area greater than the area included between the
two aracsa.

Hancock (1867-) gave & discussion of the theory of
Weierstrass in a book on the calculus of variations which was
published in 1904. He gave a proof [6'2 of both the neces-
sary and sufficient conditions for a closed curve to inclose
8 maximum area.

Bolza (1857-) has given an excellent discussion [693
of Problem I. His derivation of the firat necessary condition

is different from that given in the third paragraph of this
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section. He reduces the differential equations of Euler to
the equivalent form

H‘?'- H%x + H,(x' y't -yt x'*) 20,

5 o= M5 e)°

and therefore the differential equation reduces to

/p= (xt y'* -y )/ )x + ¥ = 1.

This shows that )\ is different from zero and that the curve

where

sought must be an arc of a circle.
The sufficiency proof of Bolza for Problem I is as
followss Draw a circular arc Cy of length 21 through the
points P, , Pa. Near this draw an arbitrary, admissible curve
C' of the same length through the same two points. Let Py be a
point on the extension of Co and suppose that it is not a point
of C'. Choose an arbitrary point Py on C'. Then Py is differ-
ent from Py, and the sum Z 3 of the length of the arcs P, P, plus
P, P, is larger than the distance PyP;. There can be drawn only
one arc of a circle C4 through P, and P, which has a length
equal to Z3 and which is de’scribed in
a positive sense. Bolza has shown in
a previous paragraph that a congruence
of space extremals through P, may be

defined by the equations

X=Xy ® =2 ACos(Tﬂ()sin]";y-yo = -2\ein (T+K)sin T, Z = -2XT;
where T, A ,K are limited to the domain,

0LTeTT , 04£K<c2W , A\ 2 0.
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This congruence makes a space field S which on account of the

inequality

Z37f (x = %) 4 (3 = 30)* >0
fills up a definite part of space and C' lies wholly in this
field. The E-Function of Weierstrass for this problem is
E(x ¥,5 By 953 Py » O 3 A3) = A3[1 - cos(ey = 05)]
where ) 31is negative and cos(eg - 85 ) i8 not zero along the
whole curve C', since we suppose that C' is different from C,.
The points conjugate to Po may be expressed by the zero values
of a certain determinant. This determinant for this problem
may be reduced to
2
ATy, Kqy A\3) = 8 As sin T,(sin T, - T, Cos Ty ).
It is clear that the determinant is not equal to zero whem
0 £ TyeTl , A< 0.

Therefore it follows {rom the theory of Weierstrass that the
integral (I) along the arc of the circle Co is greater than
the same integral along any other curve C' which is admissible
and different from C, This says that the solution to Problem X
is an arc of a circle.

Bolza does not extend the method so that it applies to
a complete circle but states that such an extension can be made.

After one has found the conditions necessary that a
curve inclose a larger area than any other curve of equal
length the proof may be made complete by proving that these

conditions, or a modification of them, are sufficient to insure
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8 maximumn, or one may use a second method which consists in
proving that there exists a curve of given length which in-
closes 8 maximum area. Tonelli (1885-) has used the second
me thod EIB] in proving the Isoperimetric Theorem.

Bonnesen devotes a chapter in his book Elsj to the
proof of the Isoperimetric Theorem. He uses polar tangential
coordinates and the method of Weierstrass. He states his re-
sults as follows: Let E be a circle of radius r, (T) the
complete ensemble of triangles and pairs of parallel lines
circumsoribed to E. Let C be the ensemble of convex curves
which may be inscribed in one of the figures T. Between the-
perimeter L and the area F of any one of these curves C one
has the inequality

L -F % Mr-
and the equality sign is valid only when C is & circle. This
agrees with his result which has been described in Section 2.

Another problem closely related to the Isoperimetric
Theorem is the problem which has been éalled the problem of
Dido. It may be stated as follows:t To find among all curves
of given length which join two points on an arbitrary curve
one which incloses with the arbitrary curve a maximum area. If
the arbitrary curve is a straight line and the points are fixed
it reduces to Problem I, but if the end points are variable it
reduces to & new problem. It is known that if the end points

are variable the maximum curve must intersect the arbitrary
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curve at right angles. If the arbitrary curve is a straight
line the maximum curve is a semicircle. It is easy to deduce
the Isoperimetric Theorem from this result. Kneser has made
an extensive study Esa of the problem for the case of vari-
able end points. Merrill (1887-) has also written a paper [73
on the variable end point case., There is also a paper by G.
Weyl [73 in which sufficient conditions for a more general
problem of the calculus of variations are applied to the prob-

lem of Dido.
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