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PREFACE

Since the theory of continuous groups of transformations was inaugu-
rated by S. Lie and F. Engel, the groups of motions in Riemannian
spaces were studied by L. Bianchi, G. Fubini, W. Killing, G. Ricci
and others.

On the other hand, the idea of spaces with a linear connexion was
introduced by E. Cartan, J. A. Schouten and H. Weyl and the affine
and projective motions in these spaces were first considered by L. P.
Eisenhart and M. S. Knebelman.

In 1931, W. Slebodzinski introduced a new differential operator,
later called by D. van Dantzig that of Lie derivation, which can be
applied to scalars, vectors, tensors and affine connexions and which
proved to be a powerful instrument in the study of groups of auto-
morphisms. Using this operator, D. van Dantzig showed that his #-
dimensional projective space described by # 4+ 1 homogeneous curvi-
linear coordinates can be regarded as an (n 4 1)-dimensional space
with a linear connexion which admits a one-parameter group of affine
motions. He applied also the idea of Lie derivation to physics.

Since then the deformations of curves, subspaces and spaces themselves
as well as groups of motions, affine motions, projective motions and
conformal motions were extensively studied by L. Berwald, E. Cartan,
N. Coburn, E. T. Davies, P. Dienes, A. Duschek, L. P. Eisenhart, F. A.
Ficken, H. A. Hayden, V. Hlavaty, E. R. van Kampen, M. S. Knebel-
man, T. Levi-Civita, J. Levine, W. Mayer, A. J. McConnel, A. D. Michal,
H. P. Robertson, S. Sasaki, J. A. Schouten, J. L. Synge, A. H. Taub,
H. C. Wang, the present author and others.

The Lie derivatives of general geometric objects were studied by A.
Nijenhuis, Y. Tashiro and the present author.

It is now a well-known fact that, if an #-dimensional space admits
a group of motions, affine motions, projective motions or conformal
motions of the maximum order {n(n+1), n2+n, n*+2n or §(n+1)(n+2)
respectively, the space is of constant curvature, affinely flat, projectively
Euclidean or conformally Euclidean.

In 1947, 1. P. Egorov began the study of spaces which have a non-
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vanishing curvature tensor and which admit a group of automorphisms
of the maximum order. Investigations in this direction were carried out
by Y. Mut6, G. Vranceanu, H. C. Wang and the present author.

Chapters I—VII of the present book are devoted to the above-
mentioned publications.

The automorphisms in Finsler spaces, Cartan spaces, general affine
and projective spaces of geodesics and general affine and projective
spaces of k-spreads were studied also very extensively by the use of
Lie derivatives by R. S. Clark, E. T. Davies, H. Hiramatu, Y. Katsu-
rada, M. S. Knebelman, D. D. Kosambi, B. Laptev, Gy. Soés, B. Su,
K. Takano, H. C. Wang, the present author and others. Chapter VIII
contains the theory of Lie derivatives and its applications in these spaces.

Chapter IX is devoted to the study of global properties of the groups
of motions in a compact orientable Riemannian space. The method
used in this Chapter is due to S. Bochner and A. Lichnerowicz.

The last Chapter is devoted to a brief exposition on the almost complex
spaces and to some problems which can be dealt with by the use of Lie
derivatives.

There is a tendency of developing the theory of Lie derivatives from
the point of view of the theory of fibre bundles. But such an investigation
has just been started and it seems to the author that it is still premature
to give an exposition of the results already obtained. We only refer to
the recent papers by R. S. Palais, N. H. Kuiper and the present author.

The bibliography at the end of the book contains only the papers
and books quoted in the text and those of which the author may suppose
that they are of interest for the readers.

The author wishes to express here his hearty thanks to Prof. J. A.
Schouten who read the manuscript and gave many valuable suggestions.
The author wishes to thank also the editors of Bibliotheca Mathematica,
Prof. D. van Dantzig, Prof. J. de Groot and Prof. N. G. de Bruijn for
their most agreeable collaboration.

The author appreciates very much the kind help from his Dutch
friends at the Mathematical Centre and the University of Amsterdam.
Miss P. Brouwer looked through the manuscript and improved the
English of the text. The author’s sincere thanks go to all of them.

Amsterdam, April 14, 1955 KENTARO YANO
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CHAPTER 1
INTRODUCTION

§ 1. Motions in a Riemannian space.

Consider an #-dimensional Riemannian space V,! of class C®?2
covered by a set of neighbourhoods with coordinates & and endowed
with the fundamental quadratic differential form

(1.1) ds? = g, (8)dEdE" 3 4

where the Greek indices %, A, &, v, ... run over the range 1, 2, ..., .
We write (x) to denote the system of coordinates &£*.
In the V, referred to (x), we consider a point transformation

(1.2) T: ' = f(); Det (3, #0

of class C®® which establishes a one-to-one correspondence between the
points of a region R and those of some other region 'R, where ¢, stands
for the partial derivation 9/0&*.

During this point transformation, a point &* in R is carried to a point
‘& in ‘R and a point & 4+ d&* in R to a point ‘& + d'€* in 'R.

1In principle, we follow, throughout the book, the standard notations which
appear in the recent book by ScHOUTEN [8]. The number in parentheses refers to
the Bibliography at the end of the book.

2 A function is said to be of class CT in some region if it is continuous and has
continuous derivatives with respect to the coordinates up to the order r at each
point of the region, and it is said to be of class C® if it is analytic. A space is said
to be of class CT (C®) if it can be covered by a set of coordinate neighbourhoods
in such a way that the transformation of coordinates in an overlapping domain is
represented by functions of class C* (C®) in that domain.

3 We adopt the summation convention: If an index appears twice in a term once
as a subscript and once as superscript, summation has to be effected on the range
of the index.

4 The g,,(§) means the value of g,, at the point & whose coordinates with respect
to (x) are &. The f*(&¥) in (1.2) denotes » functions of coordinates &".

5 A point transformation is said to be of class C* (C®) if the functions defining
it are of class CT (C®).



2 INTRODUCTION CH.1I

If the distance d’s between two displaced points ‘¢* and '&* + d'¢*
is always equal to the distance between the two original points & and
& 4 d&*, the point transformation (1.2) is called a motion! or an 7so-
metry in the V.

Now in order to formulate the condition for (1.2) to be a motion in a
V., we proceed as follows:

The point transformation T carries a point & in R to a point 'é* in 'R
and consequently the point transformation 7-! inverse to T carries
the point ‘#* in 'R to the point & in R. With this inverse point trans-
formation 7-1: 't — &, we can associate a coordinate transformation
() = () such that the transform in R of a point in ‘R by T-! has the
same coordinates with respect to (x') as the original point in ‘R had
with respect to (x). This coordinate transformation is given by the
equation

(1.3) & = g2
that is
(1.4) & = f(&).

This process (x) — (x') is called the dragging along of the coordinate
system (x) by the point transformation 7™-1: ‘4 — & and (x') is called
the coordinate system dragged along by T-1.

By this dragging along of (x) the d@’#* at ‘&* becomes d&* at & and
we have

(1.5) A = d'g,
Now the distance d's between ‘&* and '&* - d’€* is given by
(1.6) d's® = g, (6)d'& d'&

and the distance ds between £* and &* 4 d&* is given by (1.1). But in
the coordinate system (x'), (1.1) can be written as

(1.7) C oo ds? = g,..(6)dE" A&
o

where

(1:8) Brcll) = A3 008) %

1‘ﬁz)llowing this definition, the reflexion is a motion.

* Cf. SCHOUTEN (8], p. 102. This is written more elaborately & —= 8%’t* where
8% is the general Kronecker delta. In all cases where no ambiguity can arise, we
drop the symbol 8% for the sake of shortness.

2 4}y % ad 4% and 4% %% o %, 4% 3 g g,
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Thus comparing (1.6) with (1.7) and taking account of (1.5), we have
(1.9) T Bl = gneld)

for a motion in the V.

Now the field g,,(€) is given at each point & of the space and conse-
quently we have the field g, ('6) at ‘¢ in 'R. Starting from this field
& ("€) at ‘&, we form a new field g, (£) at £ in R in the following way:

We define a new field ‘g, (§) at & in R as a field whose components
‘gr(€) with respect to (x') at each point £ in R are equal to the g, (§)
at the corresponding point ‘£ in ‘R, that is,

(1.10) "G (€) & &)
Since

'glu(é) = Aal;‘"g)\’x'(é))
we have from (1.4) and (1.10),
(1.11) "Bl&) = (@rf°)(0,/*)8ap('€)-

This process gy, — ‘g, is called the dragging along of the field g,, by
the point transformation 7! and the field ‘g,, is called the field dragged
along. We say also that the point transformation 7! has deformed the
tensor g,, into ‘g, and we call ‘g,, the deformed tensor of g, by T-1.

Now comparing (1.9) with (1.10) we have

(1.12) ‘Gn () = Erwe(8)
with respect to (x’) and
(1.13) ‘el8) = &rel$)

with respect to (x) for a motion in V,. Hence we have

THEOREM 1.1. In order that (1.2) be a motion in a V ,, it is necessary
and sufficient that the transformation ‘& — & do not deform the fundamental
tensor of the V.

We call ‘g, — g the Lie difference of g,, with respect to (1.2). The
Lie difference of g,, is a tensor of the same type as g,,, because it is the
difference of two tensors of this type. In order that (1.2) be a motion
in a V,, it is necessary and sufficient that the Lie difference of the
fundamental tensor of V, with respect to (1.2) vanish.

We now consider the case in which the point transformation (1.2)
is an infinitesimal one

(1.14) & = & 4 vidi,
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where v* is a contravariant vector field and 4¢ is an infinitesimal. For
the coordinate transformation (1.4) we have

(1.15) &= &) = & + v*dl,
from which
(1.16) O = 8 + 0, v*dt

up to infinitesimals of the first order with respect to'd¢. In the following
we shall always neglect quantities of an order higher than the first with
respect to df. Of course the equalities (1.14) and (1.16) should be written
with the use of the sign * ! because they are only valid for special co-
ordinate systems. But we may accept as a general rule that * will be
dropped in cases where no ambiguity can arise.

Substituting (1.16) in (1.11), we find

'glx = (8;\, + alvadt)(si + axvp dt)(gop + vuaugopdt)t
from which
(117) ’glx = B + (vll- aughc + gpx a)‘.up + gAp ax vp)dt'
Thus we have

THEOREM 1.2. In order that (1.14) be a motion in a V ,, it is necessary
and sufficient that

(1'18) vuau.gkx + gpxalvp + glpaxvp = 0.
We call
(119) £glxdt ‘-l—_e—‘ 'g).u — & 2

= (vu au. & + 8on a). v + &re ax vp)dt

1 The sign * is used to emphasize the fact that an equation is only valid or
that its validity is only asserted for the coordinate system or coordinate systems
occuring explicitly in the formula itself. Cf. ScuouTEN [8], p. 2.

2 In the coordinate system (x’) which only differs infinitesimally from (x), this
equation can be written as

£g}"u' dt = ’g)"u‘(E) - g)\'u‘(‘s) = gxx('s) - g}"x‘(f)'
v
But as js stated below, [ g,, is a tensor and consequently
v
o £ &y dt = AV% [ gy dt = [ g3, dt + (term of higher order),
v v v

from which
L 0t == £3('8) — By (8)-
v

This is the usual definition of the Lie derivative. See Yano [13].
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the Lie differential of g,, with respect to (1.14) or with respect to the
vector field v* and £ g,, the Lie derivative! of g,,.

The Lie differential of g,, is a tensor of the same type as g,,. Thus
the Lie derivative of g,, is also a tensor of the same type.
In fact, using the relations

Vl'-gh = augh - gpn{upl} - g)\p{;fu} =0,23
o g, (5

we can write the Lie derivative of g, in the form

(1.20) J§ B =2Vt |, X, B

which shows explicitly the tensor character of ,(,‘ S
Thus we have

THEOREM 1.3. In order that (1.14) be a motion in a V, it is necessary
and sufficient that the Lie derivative of g, with respect to (1.14) vanish:

(1.22) L& =2V, ==0.

The equation (1.22) is called after Killing ¢ and a vector field satis-
fying a Killing equation is called a Killing vector.
Myers and Steenrod 7 proved

THEOREM 1.4. Ay closed group of motions in a V , of class C* (r = 2)
is a Lie group of motions.

1 The name ‘‘Lie derivative” was introduced by vaN DanrtzIG [2, 3].
? We use the notations 3@ and V,® to denote the covariant differential and the
covariant derivative of @ respectively. Cf. ScHouTEN (8], p. 124.

3The {J} denotes the Christoffel symbol: {M}ddig“’(a“gh+a;‘g“p——8pgu;‘).

Cf. ScHouTEN [8], p. 132.

4 The round brackets denote the symmetric part, e.g. 2Vv,, = Vo, + V,0,,
while the square brackets denote the alternating part, e.g. I't,y; = #(Ih — I%,).
Cf. SCHOUTEN [8], p. 14.

5 In the following we distinguish the contravariant, covariant and mixed com-
ponents of a tensor by the position of the indices, the same kernel being used in all
cases. Cf. SCHOUTEN [8], p. 44.

8 KiLLinG [1].

?” MYERs and STEENROD [1].
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§ 2. Affine motions in a space with a linear connexion.

We consider in this section #-dimensional space L, ! provided with
a linear connexion I'};(£). In an L, the parallelism between a vector
u* at a point £ and a vector #* 4+ du* at a point & 4 d&* is defined by

(2.1) du* 2 du* + T% W dE* = 0.

When we effect a point transformation (1.2), the differentials d&* at &*
are transformed into the differentials

o
25

(2.2) a'g* = ag’

at ‘& Now if we make the condition that the vector #* at & is trans-
formed from &* to '&* in the same way as the linear elements d&* at &,
then the corresponding vector at ‘£ is

m 0
(2.3) u*('é) = a;

- 1”(8).

When a point transformation (1.2) transforms any pair of parallel
vectors into a pair of parallel vectors, (1.2) is called an affine motion 2
inan L,.

For an affine motion, we must have

(2.4) Su*(') L du('€) + o (&) (E)d'e = 0.

Now we introduce the coordinate transformation &% = ‘&*. Then
with respect to (k') dragged along by T-1: ‘¢ — &, the equation (2.1)
can be written as

(2:5) S 9 du¥ (8) + T (E)¥ (§)dE* = O,
where

@8) W (8) = A5 )

and

27) % (8) = (A8} TH() + 8, A} A%,

and (2.3) can now be written as
(2.8) w*('€) = u*(£).

1 An n-dimensional space with a linear connexion is called an L,,. Cf. SCHOUTEN
8], p. 125.
? An affine motion was first defined by SLEBoDZINSKI [2].
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From this we see that #*('£) is exactly the field value at '#* of the field
u* dragged along by & — &'
Hence, from (2.4) and (2.5), we have
29 Ti('8) = T (8)
as the necessary and sufficient condition for an affine motion in an L,.
We now define a new linear connexion 'T’;,(é) in R as a linear connexion

whose components 'T%,.(£) with respect to (x') are equal to the I'%('€)
at the corresponding point ‘¢ in ‘R, that is

(2.10) "Tha(€) 2 Th('8)
with respect to ().
Since
A T (8) = ARY 'Tia®) + 0,4,
we have, from & = f“(£) and (2.10),
(2.11) @) T5(E) = @)@ ITE(E) + 0,5,

This process T, — ‘T is called the dragging along of the linear
connexion I}, by the point transformation ‘4 — & and ‘T, is called the
linear connexion dragged along. We say also that the point transformation
has deformed the linear connexion IY, into T}, and we call ‘T}, the
deformed linear connexion of T,.

Now comparing (2.9) with (2.10), we find

(2.12) 'Tin(8) = Ty (€)
with respect to (x’) and
(2.13) "Tha(8) = Tia(8)

with respect to (x) for an affine motion in an L,. Hence we have

THEOREM 2.1. In order that (1.2) be an affine motion in an L, 1t is
necessary and sufficient that the transformation ‘& —§& do not deform
the linear connexion of L,.

We call 'T%, — I, the Lie difference of T, with respect to (1.2).
The Lie difference of T'%, is the difference of two linear connexions and
consequently it is a mixed tensor of contravariant valence 1 and co-
variant valence 2. In order that (1.2) be an affine motion in an L, it is
necessary and sufficient that the Lie difference of the linear connexion
with respect to (1.2) vanish.

We next consider the case in which the point transformation (1.2)
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becomes an infinitesimal one (1.14). Substituting (1.16) in (2.11), we find

(38 + 8, 0P dt) T, = (8 + 8,07 d0)(35 + ,0°d0)(T%, + 0", T%, ) + 2,3, 0°dl,

from which

(2.14) T =T 4 [0, 0, v* 4 v 0, T, — I, 8, v* + I, 0, v° + T, 9, v°]ds.
Thus we have

THEOREM 2.2. In order that (1.14) be an affine motion in an L,, it is
necessary and sufficient that

(2.15) 0,8 v* 4 v 9, — I, 0,v* + I 9,0° + I, 0,9° = 0.
We call
(2.16) él‘;dt Lt — It
= (0,0,v* + v" 0,y — I'8y0,v* + T 0,v° + T, 0,0°)dt

the Lie differential of I';, with respect to (1.14) or with respect to the
vector v* and LT, the Lie derivative of T,.
v

The Lie differential and the Lie derivative of Ty, are mixed tensors
of contravariant valence 1 and of covariant valence 2.
In fact putting

(2.17) IV 4 2S00 = 0% + T 0,

we can write the Lic derivative of [, in the form

(2.18) AT = Vil + Roorv”

which shows explicitly its tensor character. In these formulae S;* and
R, are respectively the torsion tensor and the curvature tensor of
the space:

(2.19) Spr &
(2.20) R, x det 20, Tip + 2T T
Thus we have

THEOREM 2.3. In order that (1.14) be an affine motion in an L,
it is necessary and sufficient that the Lie derivative of Ty, with respect
to (1.14) vanish:

(2.21) £Th = Vo + R0 =0,

! The remark made in the footnote 2 of p.4 on [ g, is also valid for £ I',.
v v
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When the linear connexion I, is symmetric the space L, is called an
A,.! In an 4, the linear connexion determines geodesics by means of
the equation

daze*

ag* _dE" .
ds?

%
(2.22) + i Fra e 0,
and this equation also determines on each geodesic an affine parameter
s but for an affine transformation with constant coefficients.

Conversely when a system of geodesics and affine parameters on
them are given by (2.22), a linear connexion is uniquely determined by
the coefficients T;.

Thus it is evident that an affine motion in an 4, carries a geodesic
into a geodesic and does not change the affine parameter on it but for
an affine transformation with constant coefficients. Conversely a point
transformation which carries every geodesic into a geodesic and leaves
invariant the affine parameter on it but for an affine transformation
with constant coefficients is an affine motion in the A4,. Thus we have

THEOREM 2.4. In order that a point transformation (1.2) in an A,
change every geodesic into a geodesic and every affine parameter into an
affine parameter, it is mecessary and sufficient that (1.2) be an affine
motion in the A,.%

In an 4,, the Lie derivative £ T}, of I'};, can be written as
v

(2.29) £ T = V00 + R

Nomizu ? proved

THEOREM 2.5. The group of affine motions in a complete L, of class
C*™ is a Lie group.

§ 3. Lie derivatives of scalars, vectors and tensors.

In the preceding sections, we have seen some examples of Lie deri-
vatives. In the present section, we define systematically Lie derivatives
of scalars, vectors and tensors.

1 Cf. ScHOUTEN [8], p. 126.

2 Some authors call an affine motion in an 4, an affine collineation.

3 Nomizvu [1]. An L, is said to be complete if every geodesic can be extended for
any large value of the affine parameter on it.
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Take a scalar field p(£) in an #-dimensional space X, and consider
an infinitesimal point transformation

(3.1 T: '8 = & + vt

The dragging along (x) — (x’) of the coordinate system (x) by the
infinitesimal point transformation 7-1: ‘£ — £ inverse to T is given by
(3.2) & = £ + vt

We define a new scalar field ‘p(£) at & as a scalar field whose compo-
nents with respect to (x') at each point & is equal to p('¢) at the corre-
sponding point ‘§, that is,

(3.3) () £ (%)
with respect to (x'). But since 'p and p are both scalar fields, the equation
(3.3) is valid also with respect to ().

The process p(&) — ‘p(§) is the dragging along of the scalar field by
T-1:'t —E and ’'p(§) is the scalar field dragged along.

From (3.3) we have

(3.4) "p(é) = p() + v*9,pd.
We call
(3.5) £pdi L p(E) — p(8)
= v 0, pdt
the Lie differential of the scalar field p with respect to (3.1), and
(3.6) £p =107

the Lie derivative of p. We call 'p = p + £ pdt the deformed scalar of p.

Take next a contravariant vector field #*(§) in X,.

We define a new contravariant vector field ‘»*(§) at & as a field whose
components ‘u* (£) with respect to (x’) at & are equal to the #*('¢) at the
corresponding point ‘&, that is,

3.7) ‘we (&) X ur('€)
with respect to (x’). Since
"u (&) = A% 'u* (§),
we have from (3.2) and (3.7)
‘(&) = (8 — 0, v*dt)(u*(&) + v*0,u°dr),
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from which

(3.8 "16*(&) = w*(§) + ("0, 1" — u*0,v*)dt.
We call

(3.9) Lt dt 4 g<(£) — u*(&)

= (M0, u* — "0, v*)dl

the Lie differential of the contravariant vector field #* with respect
o (3.1) and

(3.10) Lo = v* 8,0 — u*9, v*

v

the Lie derivative of u*. We call "u* = 1* + ,{,‘ w*dt the deformed contra-
variant vector of u*.
The Lie differential £ #*dt is a contravariant vector because it is the

v
difference between two contravariant vectors. Thus the Lie derivative

Luw* is also a contravariant vector.
v

In fact, when X, is provided with a linear connexion (3.10) can be
written also as (cf. 2.17)

(3.11) Lw = 'V, 0" — o),

v

which shows explicitly the vector character of [ u*.

v

The Lie derivative of a contravariant vector with respect to an infini-
tesimal transformation can be defined whenever the field value of the
contravariant vector at the transformed point is defined. We give an
important cxample.

When a curve is given by its parametric expression £*(z), the tangent
K

752— is defined at each point £*(z) on the curve. By an infinitesimal

point transformation &* — ‘€% = & 4 v*(£)dt, the curve £*(2) is trans-
23

d
formed into the curve '£*(2) and the tangent ~d—i—— at £%(z) into the tangent
a'e
dz
transformation. g
To find the Lie derivative of 7

at '£%(2) provided that the parameter z is not changed by the

we proceed as follows. We define
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’ 23
a new contravariant vector ( )at £ as a vector whose components
’ EX

’ d %’
( jz ) with respect to (x') at & are equal to the e at the corre-

sponding point ‘£, that is,
:( deu' )d_ef d'f“ . dé-x'
dz ] dz  dz

(3.12)

with respect to (x’). Since
(%)== (%)
22 ) —4x [
( dz *\ dz

(de ) &

)= bR

we find

T 4 T dz
from which
A&

£ dz=o

v

or

(3.13) ' £de* =0,

because z is supposed to be invariant during the point transformation.

Take next a covariant vector ficld w, (&) in X,. We define a new co-
variant vector field ‘w, (%) at £ as a field whose components ‘w,.(£) with
respect to (x') at & are equal to w,(’f) at the corresponding point '¢,
that is,

(3.14) “wy(§) % 1y ('€)
with respect to (x'). We call
(3.15) Lwydt °% 'wy (£) — wy(§)

= ("0, w, + w, 0, v")dt

the Lie differential of the covariant vector field w, with respect to (3.1)
and call

(3.16) ’ 'é‘w). = vuauwx + wuaxvu

the Lie derivative of w,. £ w, is a covariant vector and ‘w, = w, + Lw,dt
v v

is called the deformed covariant vector of w,.
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Van Dantzig ! showed that the equations of motion of a dynamical
system, found by variation of fdA = f$,d&* can be written in a very
simple form £ p, = 0. The equations of motions are

v

(3.17) dp, — 8dAJ3E* = 0.

But, following Euler’s condition, the p, are homogeneous of degree
zero in the d§*. Hence

0dA[08" = (2, p,)dE",

and consequently, the equation of motion (3.17) is equivalent with

(3.18) 2d§l‘- a[l‘-ﬁll = 0.
Now, if we put
P = d&dA,
we have
(3.19) pvt =1,
from which
(3.20) (@207 + $,0,v* = 0.
Thus (3.18) can be written as
(3.21) LD =10, P + 0" = 0.2

If the X, is provided with a linear connexion (3.16) can be written as

(3.22) £wA = vu vy. W, + wu. 'Ui“,

which also shows the vector character of £w,.

v
Quite similarly the Lie differential and the Lie derivative of a general
tensor, for instance, P’f’f‘JL are defined by

(3.23) ’§ P‘.‘.“u dt = ’P‘.‘.*u —_ P’.‘.’u,
where

(3.24) PN (E) 2 PA(8)

1 vaN DanrtziGc [4].
2 Van Dantzig showed also a beautiful application of the Lie derivatives in
thermo-hydrodynamics of perfectly perfect fluids. See vaAN DANTzIG [5].
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and consequently
P2 (E) = AL A} A PN (&)
== (8% — 0, v*dt) (3} — 9,0 dt) X
X (8, + 0, v dt)(P% (&) + v*0, P dt),
that is,
(3.25) 'P% (&) = P2, (&) + (v, P, — P, 0,v* — P*%,0,v* + P 0, v°)dt.
Thus the Lie derivative of a tensor P**, with respect to (3.1) is given by

(3.26) é"Pﬁ“ = vvavP?‘u - P‘?’.‘ua‘,v“ - H?uaovA + Pﬁ‘oauvp'

or

(3.27) £P2, =V, P%, — Py — PO} + Pup

which shows the tensor character of the Lie derivative.
Finally the Lie derivative of a general tensor density, for example,
P, of weight w can be found to be

(3.28) é: ‘13""“ =1"0, P*, — B0V — B 0,0 + P9, 0° + wP¥, 9,0,

or

(3.29) ’§ s'BK;‘M = ) vVv S’Bﬂu - S‘B?%‘u 'i);‘ - SB’.‘?" vZ‘ + S’B?"\p v;f + w"Bﬂu v;p’

which shows that é‘ P, is a tensor density of the same type as P,.

From (3.29) it follows that the following rules, hold for the application
of the Lie derivation to quantities: !
1. The Lie derivative of a sum of quantities of the same kind is equal
to the sum of the Lie derivatives of the summands.
2. The Lie derivative of a contraction is equal to the contraction of
the Lie derivative.
3. For a product or a transvection of two quantities ® and ¥, the rule
of Leibniz

LOY = (LO)Y + O(LY)
holds.

1 By quantities we mean here scalars, vectors, tensors and tensor densities.
Cf. ScHOUTEN [8], p. 6.
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§ 4. The Lie derivative of a linear connexion.
When we consider in an L, an infinitesimal point transformation

(4.1) B — &% | u*dt,

the deform of a contravariant vector #* is defined by
(4.2) ‘6% (£) W 4*(§)

and that of the linear conncxion T, by

(4.3) Ty (8) * Th(8)

If we now denote by & the covariant differential with respect to
o and by ‘8 the covariant differential with respect to ‘I, we have

u(E) = d'w(§) + Tiin(E)w (§)ag”
= du*('8) + D% ('&)ur('E)d'&*
= du*('€).
On the other hand, for the deform of 3#*, we have
"(Bux'(£)) = du(‘¢).
From these two equations, we have,
(4.4) Yu = '(3u¥)
holding with respect to every coordinate system and consequently

(4.5) 'B(w* + Lurdt) = du* + L3u*dt

with respect to (x). Thus we have

THEOREM 4.1. The covariant differential of the deform of a contra-
variant vector with respect to the deformed linear connexion is equal to the
deform of the covariant differential of the vector with respect to the original
linear connexion.

Since
Y(u* + Lwrdl) = d(w* + Lurdt) + (T% + L Tod) (W + Lo dt)de*
v = du* 4 82,‘ w*dt + (£ I‘:A)u;dé" di, ”
we have from (4.5) " ”

(4.6) £ — BLw = (£ Tp)utdge,
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Taking account of (3.13), we have from (4.6)

(4.7) é’ vV, w — V“,gu" = ({;I‘l’h wh.

Formula (4.7) can be generalized for a covariant vector w, and for a
general tensor P, as follows:

(4.8) évu w, — Vué,’wA = — (,é' L),

(4.9) éVvMu - Vvé‘P’.'?‘“ = (é P:p)P??u + ({I‘cp)P’-‘?u - (€ PS“)P’.'{‘,-

From these equations we have

THEOREM 4.2.2 In order that (4.1) be an affine motion in an L,, it is
necessary and sufficient that the covariant differentiation and the Lie
derivation with respect to (4.1) be commutative.

Now since the deformed linear connexion is given by
(4.10) T = [ + L Tdt,

it follows immediately that

o St = S+ LSt

It is also evident that the deformed curvature tensor is given by

(4.12) Ry = R’ + £ Rypdt.

In fact substituting (4.10) into
'Ry = 20’ Typ + 2'Ti T
we find

(413) 'Ry = Ry + (MATH — VWL T + 25,0 £ T5)de. 4

! This equation can be deduced also by a direct calculation without using (3.13).
? W. SLEBODZINSKI [I, 2].

3E. T. Davigs [1].

4 PALATINI [1].
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On the other hand, by virtue of the Ricci identity !:
2V, Vo = Ry v — RyP v — 25,°V, u*
and of the second Bianchi identity 2:

e e D n
VlvaJA - ZS[vp Ru-lol

we find
VoL — Vo £T5 + 25,7 LT
= 1V, Ry — Ry¥ v + Ry v? + Ry vl + R vf
or
(4.14) VoL T — Vuk T + 25,7 £ T = £ R

The equations (4.13) and (4.14) prove (4.12) 3.

1 ScHOUTEN [8], p. 139.
2 SCHOUTEN [8] p. 146.
3 Davies [1].



CHAPTER 11
LIE DERIVATIVES OF GENERAL GEOMETRIC OBJECTS

§ 1. Geometric objects.

Consider an #n-dimensional space X, of class C*. An objcct which has
the following properties is called a geometric object of class p (< #).1

(i) In each coordinate system (x), it has a well determined set of
N components Q*(£), where capital Greek indices A, X, II run over the
range 1,2, ..., N.

(i) When we cffect a coordinate transformation
(1.1) F=EL &, .., ),
the new components Q*'(£) of the object with respect to the new coordinate
system (x) can be rcpresented as well determined functions of class
1 — p of the old components Q*(£), of the old coordinates &, of the
functions f* and of their s-th partial derivatives (1 = s << p =< «), that
is, the new components QA'(&) of the object can be represented by equa-
tions of the form

(1.2) QN = FMQZ, &, 5 0 ..., 8,0,/
where
Dy [0 0, 00

For the sake of simplicity we sometimes denote the right-hand side
of (1.2) by FA(Q, &, &").

(iii) The functions IFA(€, &, &) have the group properties, that is,
they satisfy the following relations:
(a) FMF(Q, &, 8,8, 8) =F\Q, &, &),
(b) FAMF(Q, &, &), &, &) = Q0N

Combining these two we have

(c) FAQ, &, &) = QA

(1.3)

1 Cf. ScHouTEN and HAANTJES [2]; GoraB [1]; NijeENHuUIs [2], Ch. 1, § 6, p. 26;
TasHIRO [1, 2], YaNo and TasHIrO [1].

18
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When the functions FA(Q, &, &) contain only QF and the partial
derivatives of the functions f* with respect to & but not & and f*, the
geometric object is said to be differential.

When the functions FA(Q, &, £”) are of the form

(1.4) FMQ, &, &) = FA(&, &)QF,
the geomectric object is said to be linear homogeneous and when the
functions FA(Q, &, &) are of the form
(1.5) FMQ, &, &) = FAE, £)QF + GA&, &),
the geometric object is said to be linear.

A tensor is a differential linear homogeneous object and a linear
connexion is a differential linear object.

When the components W' (I'=1,2, ..., M) of a geometric object
are functions of another geometric object QA:

(1.6) Yy yt(Q)

and the functional forms of W' (Q) do not depend on the choice of coor-
dinate systems, U™ is said to be a function of the geometric object QA.

§ 2. The Lie derivative of a geometric object.

Suppose that there is given a field of a geometric object Q*(£) with the
transformation law Q% - - [/A(Q, &, &) in X', and consider an infinitesimal
point transformation

(2.1) 8= B vt
We define a new ficld of a geometric object ‘Q" of the same type as QY

as a field whose components ‘Q*(£) at & with respect to the coordinate
system

(2.2) & s B vl
are cqual to the QA(’€) at the corresponding point ‘&, that is
(2.3) QY(&) Q).

Because "QA is an object of the same type as Q' we have for the
relation between ‘Q7(&) and 'QA(&)

(2.4) QON(E) == FAQ(E), &, &).
Now the Lie differential £ Q7dt and the Lie derivative £ Q* of the

1 GoraB |1]; NijeNnnuis (2] p. 37.
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geometric object Q* with respect to (2.1) are defined by
(2.5) £ OMs — "QME) — QA(E).

From (2.3) and (2.4), we have
(2.6) QA ('E) = FA(Q(#), &, &).
On the other hand, from
P(E) = & + v,

we find
a;‘f" == 8’{ + alvxdt,

ah)‘lf‘ = a;\’;‘l ‘Uu dt,
Oryoo g = 0r,...0, V48,

and consequently, substituting these equations in (2.6) and neglecting
all differentials of higher order in d¢, we find

27) QM) + P9, QM dt = 'QAE) + Z7_, FAM(Q, £)3,  v*di,
e (s)

where
Opg U 2 0%, Tl N
FohQ, ¢ & ———] : FoMQ, ¢ 2[———] ,
o7 )= 5P s

[ 1. denoting the evaluation of the expression in parentheses at
f‘= E‘K‘ azf‘ = 8;, ahhf‘ == o, ooy a;‘,__'_;‘lf“ == 0.
Thus from (2.5) and (2.7), we obtain

2.9) LOM =1°3,Q0 — B2 Frob(Q, £)3, v~

It is to be noticed that the functions FA@4(Q, £) depend only on the
QA and the & If the object is differential, then FA@A — 0 and the Fi»4
depend only on the Q2.

Now consider a general coordinate transformation (x) — (x’), then the
components ‘Q* are transformed into

QY = FA('Q, &, &)
and the Q* into
Q¥ = FAQ, &, &),
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from which we have

(2.10) LON =~ _ronf

This equation gives the transformation law of the Lie derivative

£ QA during a coordinate transformation (x) — (x’). Since the partial
v

derivatives 8FA/6Q™ contain in general Q*, the Lie derivative of a
general geometric object is not necessarily a geometric object.

The Lie derivative of a geometric object is a geometric object if and
only if the partial derivatives 9F*/0Q™ do not contain QA, that is, if
and only if the FA(Q, &, &) have the form

(2.11) FAQ, &, &) = F\(&, £)QT + GAE, &).
Thus we have

THEOREM 2.1. In order that the Lie derivative of a geometric object
be again a geometric object, it is necessary and sufficient that the geometric
object be linear.

If QA is a linear geometric object whose transformation law is given
by (2.11), then the Lie derivative of Q? is given by

(212) L0 =1°3,00 — X7, (Fod(O)0 + GloNE)a,, v,
where

s oFA oGA
2.13)  FeeE) | X :| , G E) = [-—— el B
( ) 2( ) a(a;‘m fx) . ( ) a(a}‘m /x) N

Similarly if @ is a linear homogencous geometric object whose trans-
formation law is

(2.14) DN = FR(&, £)0%,
then we have
(2.15) £ DA = P9, N — I, FLUR(E)D% 3, v".

From (2.12) and (2.15), we find
(2.16) £QN L 0% = L0 L Lor

This formula is valid also when the Q* and ®* are both linear homo-
geneous and have the same transformation law.
If the Q* and WA are both linear geometric objects having the same
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transformation law, we see from (2.12) that
(2.17) L£(Qr — A = LQr — LA

If the product of two geometric objects Q and ® is again a geometric
object (this happens, for example, if two geometric objects are both
linear homogeneous), then

Q) = 'Q'® = (Q + £Qdt)(.D + £ Ddt)
= QO + (£Q)®dt + Q(£ D)dt,

from which

(2.18) £(Q-0) = (L0 + QL D).

v v

§ 3. Miscellaneous examples of Lie derivatives.

In Ch. I we saw already some examples of Lie derivatives of geometric
objects. In this section we shall give some other examples.

We take an arbitrary field Q*(&) of a geometric object whose trans-
formation law under a coordinate transformation (x) — (x’) is

@3.1) QA = FAQF, &, &).
Then the law of transformation of 8,Q* is given by
(3.2) 8,Q" = FMNQOY, 0, OF, ¢, &),

where the functions F2 arc obtained from F* by partial differentiation
with respect to &. Thus 9,Q* are not components of a geometric object
but (QF, 9,QF) are components of a geometric object whose transfor-
mation law is given by (3.1) and (3.2). Since we have
(3 3) { 'QA — FA(QE(':E), Ev', 5\0),

' 9,/Q* = FMQE('®), 0,Q5(%), &, &

we can see that
(3.4) £ (QA, 0, Q) = (,§ QA aué'QA).

v

On the other hand, (3.3) can be written as
QA = FAQE(E), &, &,
{'(3u Q") = FQ"('4), 9,Q%(¢), &, &
and consequently we have
(3.6) £(Q40,Q% = (£Q* £0,Q%).

v

(3.5)



§3 MISCELLANEOUS EXAMPLES OF LIE DERIVATIVES 23

Comparing (3.4) and (3.6), we have !

(3.7) £08,Q" =09, L QM

Applying this formula, we can easily prove that 2
(3.8) £ O Wyy..0 0= a[u;C Wh,...2,]
(39) £ all. mu.x,...x, —_ au-£ mu.xg...x,,

where w*?» is a p-vector and w**» a p-vector density.
We introduce now an anholonomic coordinate system (k)2 defined
h
by the fields ¢* and e,; 4,4,7, ... = 1,2, ...,n, and denote by A%
3

and A} the intermediate components of the unit tensor:
h

i h
(3.10) Axdelg gt X <, Aldethg * o,
h )

The object of anholonomity is given by 4

(3.11) Q) det 423, A}

Then from (3.10), (3.16) and (3.28) of Ch. I, we find
(3.12) AMNL w*) = v &, u® — o’ (0,0 — 20°QL),
(3]3) ‘4}l‘(£ w)t) = IUJ ale + Wh (al vh - va (2.:;),
(3-14) A:;'ff(;é (»Bﬂu) =" O ‘Bm) - SB{‘.‘;'(ak " — ZUlQ:t)

— P00 — 20° Q) + B(0,v" - 20°Qj)
+ w B0, 0" — 20 Q)

respectively, where #*, w; and B",; are respectively components of u*,
w, and P with respect to the anholonomic coordinate system (k)
and where 9; = Aj0,.

From these equations we obtain the following formulas for the Lie

1 N1jENRUIS [2], p. 25; SCHOUTEN [8] p. 105,.
2 ScHOUTEN (8], p. 110.

3 ScHOUTEN [8] p. 99.

4 ScHOUTEN [8] p. 100.
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derivatives in anholonomic coordinate systems. !

(3.15) Lot =vou* — u(opt— 2°Q}),

(3.16) £ w; == v 0;w; + w,(0;v" — 20/ QY),

(3.17) £ B = v" 0, P — BP0 0" — 20' Q) — B (00 — 2°Q}))

+ PO vF — 20°QF) + w P, (3, 0* — 20°QF)
and

(3.18) £ A;‘ == v’a’ A? -_ A;"a;\vk + Aﬁ(a‘ vh - 2le?l) = 0,
(3.19) LA} =v'0,A} + AMB v — Al(3;v" — 20' Q") = 0.

Using (3.7) and (3.19), we find

(3.20) £Q)=0.
Applying the formula (3.15), we easily get
(3.21) L * — 200
ii
from which
(3.22) £ e X — 200 4%,
i

where £ denotes the Lie derivative with respect to ¢*.
i i
§ 4. Some general formulas.

In this section we shall consider a linear geometric object QA, that is,
a geometric object whose transformation law is given by

(4.1) QN = FA(&, )01 + GA (&, &).

Since Q* is a geometric object, the functions F4(£, &) and GA(£, &)
appearing in formula (4.1) must satisfy the relations

FR(&, &")FE(&, &) = Fi(&, &),

2 {Fﬁ(f”', EGU(E, &) 4+ GAE, &) = GA (&, &)

and

(4.3) Fy(&, &) =3, GME, &) =0.
We consider two infinitesimal point transformations

(4.4) I&x —_ Ex + z;u(s)dt, lléu — IEu + g“('é)du.

1 N1jenNHUIS [2] p. 106; ScHOUTEN (8] p. 110.
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For the coordinate transformations
(4.5) & =84 11)"(5")dt. & =8+ ;}"(5"')du
we have
(4.6) F}(&, &F(&, &)
= [8% + Z7 o (F3f1 0y, ¥+ v"a o(Fi1 @ k¥ v°)du)dt

e

+ 3133, o F5ii(@, v %) Crcn v )d'¢2J

X [Sill + s ~0 F:ml)é am.) 'll)p dt +' 'ilfzzt -0 Fz(":(‘)g (a}‘(g) 1)0' ( X(s) vp)dlZ]

=8 + X}, 1940, v" dt + 27 o Fxo3e,, ,v" du

+ ';Z:t—-o Fﬁ(”:mg(al(" i)c) (a

v°)dt?

%(3)
1

+ 204 o FRi Fo5(@y,, :")(3“(., 11)") + 275 111" O5(Fy3 0y, g")]dld“

+ 12‘2‘ =0 1"}‘("“"’1\ (alm 2°) (8,‘“, v°)d s
2 2
where
wn e [TR], peege] I
8,“’ ¢ 3 alm ax(., f p)

On the other hand, on taking account of
o= 111“(£)dt + ;}“(f)du + 111° 0, z“dtdu,
we find
(48)  Fg(&, &)
=88 + =P, Fxol[9

A(s)

Pl 4B, % du B, (070, )dtdu]
2

+ 437, o Fhoxod (2, o' v°dt + 8y, v° du)(9,,, v*dt + 9, v° du)
1 2

(2)
2

= SA + z o F"“’Aa v" dt + =2, Fzmg am‘) Zn au
+ 12000 Fo5 3@, )( o V)

+ (Bl Fy930,, (v °3ov") + Z3i-0 Fg 530y, )( o v")]dldu

K(s)

+ %z. w0 F"“'“""g(a o)( m.,'” )du2

A
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Consequently, on comparing (4.6) and (4.8), we find
2£t=0 FM)A Fma)l'l a’\m )(8N vo) + Z ovoa (FxmAa )
2

(2) P I %@

(4.9)

= 37 o Fyog 2 010 ¥) + 23 F“"“"’A(ax(., )i -
Thus, if we put
(4.10) (F, o) 237 o0y,
' {F 'U v}A et zl t=0 F’\(ﬂ:(ﬂﬁ( m )(a)t(.) )

we obtain

(4.11) {F, o}y {F, v}y + v’ o.{F, v}L - {F, v"a v},_ + {F, 2, v}v

Similarly we have

(4.12)  FA(&, sv")c;n(gv &) + GAME, &)
— [SII\I + = (1:"(:)A F) 'U" + v°9 ( § LY )dt)du
1

e II"%q pIIx“

+3 2: o Irz;(nzu)ll\1 (@ ’l)°) (8u(.) v°)du?] X

(t)
2

X (220 G50, 1 dt + L5740 Gy (@, 7) B, ¥)E

Wy ey
+ Z7 o (GrmA 8,‘(" »® 4 v ° 8, (Grre, ;}")dl)du

+ 3250 GZ‘,“’:"'A( Mot )( in ¥ o°)dae?

=37, Gn,, Pl + (;;(-»A Byl

+ 32200 GRA By, "f’) (W fp)dtz

4 (B2, o FAwd Gx (g, m;}")(am" !1)") + 2P, v"a (G Xl Ores ))dldu

+ %.z:hocg«n:uu\ ( )( e 1)")du2

and
(4.13) GA &, E"")
= 27 o G [0, v°dt + 8,m wdu + 0, (v° 0, v“)dtdu]
1

+ 4 20 GHA @y, ol ' By 1) By 7 + Dy, 1)
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=27, G:"'A O ‘f" at + Z7_, G;‘"'A O 1;" du

+ 10 GGy ) 0o, P

(s)

+ [Z meAa ('U aavp) + E:t_—o Gﬁ“’:"'A(a;‘
2

(2)
2
+ 3Z0: 0 Gopet (%riy 0°) (O, P) 42,

where

A
(4.14) G — oc

On compa.rmg (4.12) and (4 13) we obtain
' o FMHA (;umll(aA ? v°) (0 v°) + X2, voa (meAa %)

*(s) x(.)

4.15
(4.19) =224 GLra,,, (072 v")—}—):”, ‘,(,N»*(-)A(a 7)oy )
1

Thus if we put

“(u)

(G, v, o} 1 Grmad(@, )3, )
2 1 2 1

%(a)

(G, o} 2T X2, Gt g
(4.16) {

we obtain

(4.17) {F, v}m(:, }” 'v“ 84G, v}* = {G,v* 3, v} + {G, v, v}*.
2 1 2 2 1
We now consider 7 infinitesimal point transformations
(4.18) & = & + ()dt (@b, .. =1,2,...,7).

Then, for two vectors v* and v*, formula (4.11) gives
b ¢

{F, v¥5{F, v}T — {F, v} {F, v}if — v*O,{F, v}& + v°0,{F, v}

(4.19) c b b c c b b 1:

= — {F,v°0,v — 1", v}
c b b c

and (4.17) gives
{F, }8{G, v}"' — {F, v}4{G, v}" — +* 0,{G, v}A + *9,{G, oA
b b ¢ c ] b c

4.20 °
(4.20) = —{G,*9,v — v, v}
c b b c

The Lie derivatives of a linear geometric object Q* with respect to v*

A
o (;:;m:ml\ = I: G ] X
aumf (almf )3( X(s) fp) &

v°) (0, i}")]dtdu

b
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are given by
£O* =10, Q" — [{F, v} Q" + {G, v}*],
b 1 b b

where £ represents the Lie derivatives with respect to v*.
b b
Since £ Q" is a linear homogencous geometric object which has the
b

transformation law
LY = Fy(&, &)L Q"

b b
we obtain

(4.21) é;,bg ot =
(0,30, + #3,0,0% — @, {F, )07
— (F, o142, 0% — 346, o}
— {F, v} 1;" 0, QT — {F, 1;}%’ - Q% 4 {G, 1;}11].

Consequently on taking account of (4.19) and (4.20), we obtain from
equation (4.21)

(422)  (£L)OM (L — ££)0
= €)%, Q% — {F, Loy Q" — {G, £},

= L OA,
cd
where
(4.23) V= Lv = — Lv* = 1°0, v — P70, v".
cd cbd b e c b b c

Thus we have

THEOREM 4.1. Let £ f = v*0,f be r infinitesimal operators and let
QA be N components ofba linetzr geometric object. Then (£ £)QM is equal
to the Lie derivative of Q™ with respect to the vector ,{:’ 7:". o b

If £f a,b,¢c,... = i, é, .. .,;' are r infinitesimal operators of an
r-para':'neter group G, of transformations, then we have

(4.24) KL = cakf
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or
(4.25) Lv* = cgv*

cbd ]

where ¢%, are the structural constants of the group G,. Consequently
we can state

THEOREM 4.2. If L] are r infinitesimal operators of an r-parameter
b

group G, of transformations, then we have the formula
(4.26) £ Jb(,')QA = cHh LON
c a

for any linear geometric object Q7.



CHAPTER III

GROUPS OF TRANSFORMATIONS LEAVING A GEOMETRIC
OBJECT INVARIANT

§ 1. Projective and conformal motions.
Lct us first consider an 4, with a symmetric lincar connexion T%,.
The geodesics of the space arc given by

azgx de* dg ag
. - T o = a(f) - .
(1.1) ap Ty a0 g
When a point transformation
(1.2) & = (&)

transforms the system of geodesics into the same system, (1.2) is called
a projective motion in A,. The neccssary and sufficient condition that
(1.2) be a projective motion in 4, is that the Lie difference of I}, with
respect to (1.2) has the form!

(1.3) Ty — Ty = Aipy + A3b,,

where p, is a covariant vector.
When (1.2) is an infinitesimal transformation:

(1.4) B = & 4 v4(&)dt,

the condition is

(1.5) ;§Fﬁx = Aipy + AP,

Thus we have

THEOREM 1.1. A necessary and sufficient condition that (1.4) be a
projective motion in an A , is that the Lie derivative of Ty, has the form (1.5).

1 The necessary-and sufficient condition that two linear connexions ‘T, and Iy,
give the same systern of geodesics is that ‘T, = T, + Ajpy + A¥p, for a certain
covariant vector p,. Cf. Schouten [8], p. 156; p. 287.

30
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From (1.5), we have
(1.6) é‘I‘ﬁp = (n + 1)p,.

Eliminating p, from (1.5) and (1.6) we find

»
(1.7) LT =0,
where
pﬂx def T 1 ®TP 13 a)
(1.8) [ 9 Ty — ey (43T, + 435T3)

arc the well-known projective parameters introduced by T. Y. Thomas. !

b4
If we write out LT}, explicitly, we get

P ? p P ?
(1:9) £l = 08,00 + v, I — TRd,o + Tha,v° + [La v

1 RS Y + 430,0,)

Conversely, if (1.7) holds, it can easily be proved that the Lic deriva-
tive £1%, of I';, has the form (1.5).

Thus we have

TuroreM 1.2. A necessary and sufficient condition that (1.4) be a

»
projective motion in an A, is that the Lic derivative of T, vanish.

Let us next consider a V', with the fundamental tensor g,,. When a
point transformation (1.2) does not change the angle between two direc-
tions at a point, (1.2) is called a conformal motion in the V. The nccessary
and sufficient condition that (1.2) be a conformal motion in a V, is
that the Lie difference of g,, with respect to (1.2) be proportional to

gm: ©
(1.10) "B — B = 208

where ¢ is a scalar.

1T, Y. THomas [3]; cf. ScHouTEN [8], p. 300.
2 SCHOUTEN [8] p. 304.
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When (1.2) is infinitesimal, the condition is

(1.11) §gu = 208

Thus we have

THEOREM 1.3. A mnecessary and sufficient condition that (1.4) be a
conformal motion in a V , is that the Lie derivative of gy, be a multiple of g,,,.

From (1.11) we find

(1.12) §971*' =2¢; g% Det(g,).
Eliminating ¢ from (1.11) and (1.12), we obtain

(1.13) ’§®’“‘ =0,

where

(114 G 2 ™

If we write out £ ©,, explicitly, we get
2
(1.15) £@M = ‘Uuau ®AX + @pxa;"l)p + @Apax‘l)p - 7 @Auapvp.

Conversely, if (1.13) holds, then it can easily be scen that the Lie
derivative [g,, of g,, is proportional to g, . Thus we have

THEOREM 1.4. A mnecessary and sufficient condition that (1.4) be a
conformal motion in a V, is that the Lie derivative of ®,, vanish.?

Kobayashi 3 proved

THEOREM 1.5. The group of affine, projective or conformal motions
in a space is a Lie group.

§ 2. Invariance group of a geometric object. *
Let us consider a geometric object Q*(£) in an X, of class C® and an

1 ScHOUTEN (8], p. 315.
.4 Bh@projective and conformal motions will be studied in detail in Ch. v1 and vir,
& KasavasHr [2, 3).

4 N1jENHUIS [2]; TAsHIRO [1].
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r-parameter group G, of transformations:

(2.1) IE)( ::fﬂ(el’ 52; co ey sx; nlp .n2’ sy Y)r)'
If the group has the property
(2.2) QY - QM =0,

we call G, an tnvariance group of the geometric object QY. Groups of
motions in V', of affine motions in L,, of projective motions in 4,, or

P
of 17, of [y

n

of conformal motions in V', are invariance groups of g,
or of @,, respectively.

We now suppose that the space admits an infinitesimal point trans-
formation (1.4) for which the Lie derivative of a /linear differential
geometric object Q* vanishes:

(2.3) LON =48, QN — (F, o}y Q¥ — (G, v} =0,

®?

We know on the one hand that if the transformation law of QA is
given by

(2.4) QY = F\(E, &)Q" + GM&, &),
then that of £QA is given by

(2.5) LON = P\, &) £ QW

Thus we sce that the equation

(2.6) Lo =0

has a mcaning which does not depend on the choice of coordinate systems.
We know on the other hand that if a contravariant vector field v*(&)

is given, we can choose a coordinate system (x) in a suitable neighbour-

hood of a regular point ! of v* such that, 2 in this neighbourhood,

(2.7) v = ¢,
1

In this coordinate system, thc infinitesimal point transformation
(2.8) = E 4 edt
1

1 By a regular point, we mean a point at which v* # 0.
2 GOURSAT [1] p. 117; cf. ScHouTEN [8] p. 83.
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generates a finite point transformation

(2.9) = Bt g%,
1

For (2.8), the equation (2.6) becomes

(2.10) LON = 0,00 =0,

which means that the components Q* of the geomet%ic object are inde-
pendent of the variable &1 Consequently for the finite point trans-
formation (2.9), we have

(2.11) QN = FAMQE('¢), &, &) = QA
because Q(’€) = Q*(¢) and
FAQF, ¢, &) = FMQE, &, &) = Q4

the object being linear differential.
This can also be derived in the following way. Because of

,CQA = OIQA,
v
we have

2
(2.12) 'QA=e'éQA=QA+t£QA+—;|—-£2QA+

in the case where Q" is of class C®. The equation (2.12) shows that (2.6)
implies (2.11). Gathering these results we can state

THEOREM 2.1. If a space admits an infinitesimal point transformation
with respect to which the Lie derivative of a linear differential geometric
object vanishes, then it admits also a one-parameter invariance group of
this geometric object.

THEOREM 2.2. In order that a space admit a one-parameter invariance
group of a linear differential geometric object, it is necessary and sufficient
that there exist a coordinate system with respect to which the components of
the geomelric object are independent of one of the coordinates.

Suppose that 7 contravariant vectors v*; a,b,c,... =1,2,...,T,
a

define 7 one-parameter invariance groups of a same lincar differential
geometric object Q*, then we have

(2.13) L£ON =v3,Q" — {F, o} Q" — (G, v}* =0,
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from which

(2.14) 2 £Q* = (c®v*)9, Q" — {F, c* v} Q" — {G, c*v}* = 0,

c® being 7 constants. Thus we have

THEOREM 2.3. If each of r contravariant vectors generales a one-para-
meter invariance group of a same lincar differential geometric object, then
a linear combination of these contravariant vectors with constant coefficients
generates also a one-parameter invariance group of the same geometric object.

THEOREM 2.4. If each of r infinitesimal operators of an r-parameter
group of transformations generates a one-parameter invariance group of a
same linear differential geometric object, then all the transformations of
the r-parameter group leave invariant the geometric object, that is, the group
is an invariance grouwp of the geometric object.

Moreover, according to Theorem 4.1 of Ch. II, we get
THEOREM 2.5. If each of r vectors v* defines a one-parameter invariance
a

group of the same linear differential geometric object, then each of the vectors
Lv* defines also a one-parameter invariance group of this geometric object.
cb

Suppose that each of 7 linearly indcpendent ! vectors v* defines a one-

a
parameter invariance group of the same linear differential geometric
object. If any vector v* which defines a onc-parameter invariance group
of this geometric object is a linear combination of v* with constant

a
coefficients, then the set of vectors v* is said to be complete.

a
Now if 7 vectors v* form a complete set of vectors defining » one-
[

parameter invariance groups of the same linear differential geometric
object, then since the £v* are also vectors defining an invariance group,
we must have b

(2.15) Lv = cg v

where the cj, are constants. The equation (2.15) shows that the [f =
a

1 This means: whenever equations ¢%* = 0 (¢® = constants) hold, then ¢ = 0
(cf. ScHouTEN [8], p. 203). a
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v*3,f are 7 infinitesimal operators of an 7-parameter group.! Thus we

a
have
THEOREM 2.6. If 7 veclors v* form a complete set of vectors defining
a

7 one-parameler invariance groups of the same linear differential geometric
object, then the [f = v*d,f are v infinitesimal operalors of an r-parameter

a a
invariance group of the object.

§ 3. A group as invariance group of a geometric object.

We shall consider in this scction the following problem. Given an
r-parameter group of transformations in an »-dimensional space, does
there exist a lincar geometric object Q* with a given manner of trans-
formation such that the given group is an invariance group of the object ?
In other words, if » vectors v* define an 7-parameter group of transfor-

a
mations and if Q" are components of a linear geometric object whose
transformation law is

(3.1) QY =: F(&, &) 4 GA&, &),

is the system of partial differential equations

(3.2) LQ =08, QN — (F, o} Q" — (G, v}* =0
integrable?

First of all we notice that the functions {F, v}lI and {G,v}" satisfy
(4.19) and (4.20) of Ch. II, from which

(3.3) {F, v¥§iF, g}il —{F, :)}’z‘lfF ) vy
— a.{F, g}?: + v 8,{F, 1:}4 = — cp{F, g}é,

(3.4) {F, v} HG, ”}n {F, "’}mG ”}"

— 1°0,{G, v}* 4 1*4,{G, v}* = — ¢4,(G, v}?,
c b b c a
because of the relations
(3.5) v* 0, i:“ — :)" 0,v" = ¢, v~.

2 This is the second fundamental theorem of Lie. Cf. EISENHART [4], p. 54;
ScHOUTEN [8], p. 206ff.
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We shall first consider the case in which the rank of v* in a certain
neighbourhood is equal to » < n. ¢

In this case, we can take a coordinate system (x) with respect to which
the components of the vectors v* satisfy the following conditions!:

a

(3.6) Det(v*) #0, ¥ =0; a,b,c=1,2,...,T1,

a
B,y=1,2 ..., &q8=7r+1,...,n

In such a coordinate system the equation (3.2) takes the form

(3.7 LN =1079,Q" — {F, v} Q" — (G, v}* =0,
and consequently if we define the functions ©2(Q, &) by
(3.8) 1" ONQ, &) LT{F, v} Q" + (G, vj*,

we get from (3.7)

(3.9 LOr = [0, 0" — 0MNQ, &) =0

or

(3.10) 9, Q" = OMQ, &).

We shall examine the intcgrability conditions of this system of partial
differential equations. From (3.8) we get

(3.11) 'i’ﬂ o0 = {F, 7:}11\1
and consequently
POfto 0F = (F, i (F, ol 0¥ + (F, }G, )"
from which
1:*1;"[@1',‘ 205" — Offo 0"
= ({7, Wl o) — (F, sph(F, i

+{F, il v} — {F, 9} {G, o}

1 Cf. EISENHART (5], p. 74.
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Because of the equations (3.3) and (3.4), the above equation becomes
(3.12) vh:a[@y ;08 — 0'2,,03]
= [ch{F, v} + v" o {F, v}y — v' o {F, v}ylQ"
a b [ [ b
+ [€o{G, v}* + v" 2 {G, v}* — v' 8, {G, v}*].
a b ¢ c b
Also from (3.8) we find ’
(v 0,v")0p + v"vP8, 0 = (v' o {F, v}y Q" + v7a,{G, v}*,
] b c b [ b c b

from which

(v o, 0" — v70,v7)0f + v vPe, Of — 3, 02

R o = [0, {F, vhiy — v o, {F, o}y Q"

+ [0, {G, v}* — v’ o {G, v}"]
or ’ b b c
(3.13) v"*[0,0F — 2,04
o — — 8008 + [0, F, ) — 972, (7, oph)0"
+ W76, B — 172, {G, 1))

because of (3.5). Comparing the two equations (3.12) and (3.13) and
taking account of (3.8), we find

v oY [0 0, 0F — O30 08 4 8,08 — 8,041 =0,
c b

from which
(3.14) Olon 0 + 2,08 = 0]'a,, 08 + 2,02
by virtue of Det(v*) # 0. The equation (3.14) means that the system

(3.10) of partial differential equations is completely integrable. Thus we
have

THEOREM 3.1. If there is given an r-parameter group of transformations
in a space of n(= r) dimensions such that the rank of v* in a nesghbourhood
a

1s 7, the group can be regarded as an invariance group of a linear geometric
object.
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We next consider the case in which the group is intransitive and the
rank ¢ of v* in a neighbourhood is less than 7.
e

In this case, we can take a coordinate system (x) with respect to which
the components of the vectors v* satisfy the following relations: !

(3.15) Det(v:“) #0, v°=0, v*= (&)

u
a,bc=12...,n
., k=12 ...,qsuv,w=q+1,...,n,
WAN®YV=1I1,2...,h,
oBy=12....,¢;E080=q4+1,...,m
In such a coordinate system, the equation (3.2) takes the form

(a) é:QA = 1,).“60‘9" — (F, 1;}‘,‘19" —{G, 1’)‘}A =0,

3.16
B 1) L0 = o, 0 — (7, hof 0% — (G, eho =
u h h h
If we define the functions @2(Q, &) and EA(Q, &) by
(3.17) 2 OMQ, £ U (F, 0} QU 1 (G, v}A
h h h
and

(3.18)  E(Q, &) L ou[{F, ”}n Q' + (G, ”}A]
— {F, <Pu"" N — (G, ‘PZZ}A

respectively, we can write (3.16) in the form

(a) £ON = v*[2,08 — OF (2, )] =

(19 b) LN = @ﬁ;héﬂ“ EL(Q & =0.

These equations are equivalent to
(3.20) 2,0 = 0L (Q,8), EAQ & =0.

We shall examine the integrability conditions of this mixed system
of partial differential cquations.

1 Cf. E1seNHART [5], p. 74.
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From (3.17) we find
o, 0f = {F, v}y
1) i

and consequently

v"v"()"d"(){, = {F, v}A {F, v}z QF + {F, 'u} {G v}II

from which
(3.21) P[0, 0f — O 0, 04]
“ = [F O {F, ) — (E, O {F,
+ {F, v} ¢, v}" {F, g}’ﬁ{G, ?}"-

Because of the equations (3.3) and (3.4), the equation (3.21) becomes

(3.22) 1;"1:" (06,04 — 050, 04]

= [h{F, 0 + AT, ghuld + 070, (F, i — 070, {F, 0}00°
1 J J 1
G+ 6 eholt + 72,{G, 9" — 07, (G, o).
J J i

Also from (3.17) we find

(v o,v*)0f + v*v"d 0 = vYa AF, 'v}ll Qn + v"a (G, v},

PR
from which
(v70,v* — 072, 0" O} + v¥ o0, 0F — 8,0
A n = [vY0,(F, v}’l‘[ - v*a L (F, v}t
) )
+ [ oG, v} — vYa.,{G, v},
) : : ’

or

(3.23) 1;* v¥2, O;} — 9,02]

= - c,iv Q) — c,,qau v 0N + [v*&Y{F v '1\1 — 1)”6 AF, v} Qu

v*& AG, v}A — v*a {G v}A}
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Comparing (3.22) and (3.23) and taking account of (3.17) and (3.18),
we obtain

(3.24) z;n‘;ﬁ[@;f 0705 — 0§19,,00 + 2,08 — 8,0%] + ¢ EY = 0.

The equation (3.24) shows that, if we take account of E4(Q, &) =0,
then we have

(3.25) 07010 + 0,05 = 0! 0,02 + 5,02,
From (3.18) we get
o B4 = oull, 'U} — {F, 9. 7;}?1
and consequently
(3.26) :’“@E o EL = ¢u{F, ""}u{F ”}31 Q% + ¢ufF, '”} G, v}n
— {F, ?u’;}n{F: Q¥ — {F, ‘Pu”}mG 7’}11
Also from (3.18) we obtain
(3.27) v*o, B = (v"0, PulF, f}ﬁ o + (G, g}"J
+ pul(*8,4F, 1’}‘1‘1)9“ + v*8,{G, f}AJ
1 :
— ("0,F, SLURIOT — 15,06, Lo}
Adding (3.26) and (3.27) and taking account of (3.3) and (3.4), we find
(3.28) v“[(f)i‘ o B + 9,57
== gu[{F, '”}?I{I' "’}n -+ ” *o L, U}L — cudl, ”}‘ — cndl, ’Puv 2100¥
+ pul{F, ?}H{G’ Z’ P+ 2 *0,(G, "f}\ — culG, '”5 — e{G, %7’}/\]
— [{F, O(E, Lol + phu o, {F, 0}t + clF, o} + CLF, pbolI0®
— UF oG, @u ol + 9uv*0,(G, )" + (G, 9} + (G, 90}
' ' )

+ 02, 9{F, BHQ™ + (G, 0},
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On the other hand, putting ¢ =4, b = %, x = « in (3.5), we find
(3.29) v*(awpu vt = m%.‘v + <Pucm<p.,v + C.Mv + Cmtp.,

Thus from (3.28), we obtain
(3.30) v70,'9,E} + 9,E}] = (F, v}‘r‘x EY + olenED + ¢l BS.

The cquation (3.30) shows that if we take account of EA = 0 we have
(3.31) Olo ES + 9,BL = 0.

The cquations (3.25) and (3.31) show that the mixed system (3.21)
of partial differential equations is completely integrable. We thus have

TuroREM 3.2. Let there be given an r-parameter iniransitive group of
transformations in a space of n dimensions such that the rank q of v* in a

a
certain neighbourhood is less than r. We choose a coordinate system with
respect to which the vectors v* have the components (3.15). If the equations

a
EA(Q, &) = 0 are consistent in Q at a point of the space, then we can
find a linear geometric object Q™ of the given kind which has the given group
as invariance group.

We consider finally the case in which the group is multiply transitive,
that is, g = n < r. The above discussions are valid also in this case if
the indices take the values

i, k=12, ...,n; u,v=n+1,...,n;

«,By=1I2...,n,
and we have

THEOREM 3.3. If there is given an r-parameter multiply transitive
group of transformations in a space of n dimensions and if EHQ, &) =0
are consistent in Q7 at a point of the space, then we can find a linear geo-
metric object of the given kind which has the given group as invariance group.

§ 4. Generalizations of the preceding theorems. !

Let us consider an »-parameter group of transformations gencrated by

r infinitesimal operators £f = v*9,f in a space of # dimensions. Then
a a

1 YanNo and Tasniro [1].
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for any linear geometric object Q* we have the formula

(4.1) (£;§)QA == ¢ L QN
If the transformation law of Q" is given by (2.4) then that of £O* = @
is given by (2.5). Substituting ,5&2“ (DA in (4.1), we find ¢ a
(4.2) LON — LN = ¢2 0N,
¢ b b ¢ a

If 7 linear homogencous gecometric objects ®* satisfy (4.2) we say that

a
they from a complete system with respect to the given 7-parameter group.
We shall consider in this scction the following problem. If v* are 7

a
vectors defining an 7-paramecter group of transformations in a space of
n dimensions and if ®* are » lincar homogeneous geometric objects of

the same type forming a complete system with respect to the given
group, is the system of partial differential equations

(4.3) LON = 049, Q0 — (F, )4 Q" — (G, v}* = &N

integrable?

We shall first consider the case in which the rank of * in a certain
a

neighbourhood is equal to » < #. In this case we can choose a coordinate
system with respect to which the components of the vectors v* satisfy

a
(3.6). In such a coordinate system the equations (4.3) take the form
L£OA = 179,Q7 — {F, v} Q" — {G, v}* = ",

consequently if we define the functions ®X((), ®, &) by

(4.4) P OMQ, ©, §) 1 (F, o} QT + (G, v}* + DA,
we get ’ ’ ’ ’
(4.5) LON — M = [0, O* — BXQ, D, &)] =
or a a a

(4.6) 9,0 = 0XQ, , &).

By the same method as was used in § 3, we can prove
(47) ONo, 08 + (2,07 (0505 + 2,05

= 0o, 08 + (a{,cb")(a“ 0% + 3,058; of = T
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This equation means that the system (4.6) of partial differential
cquations is completely integrable. Thus we have

TurorEM 4.1. If 7 linear homogeneous geometric objects ®* of the
a

same type form a complete system with respect to an r-parameter group of
transformations in a space of n dimensions and the group is such that the rank
of v in a neighbourhood is v = n, then the system of partial differential

equatzons LOA = (I)A for a linear geometric object Q™ is completely inte-
grable. ¢

We shall next consider the case in which the group is intransitive and
the rank ¢ of v* in a neighbourhood is less than ». In this case, we can

take a coordinate system with respect to which the components of v*

satisfy (3.15). In such a coordinate system, the equations (4.3) take
the form

(a) £LQ* = v*0,Q* — {F, v}A QT — (G, v} = oA
h h h

h

(b) LQA = <921;“3GQA — {F, %1;}’1‘1&2" — (G, @22}" = ot

If we define the functions ©2(Q, @, &) and E4(Q, @, &) by
(4.9) vONQ, @, L {F, { Q" + (G, o} + 0A
h h
and
(4.100 ENQ, ©, &) ¥ oL[{F, v};‘lsz“ + {G, v}A]
- {1' (puv}/l\IQ” - ll(;’ CP)':U}A — ot
h

respectively, we can write (4.9) in the form
(a) LON — O = v*[0,Q" — ONQ, D, §)] =0,
(4.11) " oo
(b) L0 — B = QUL — 0N + EN(Q, @, ) = .
“ u h

These cquations are cquivalent to
(4.12) 9,0 = OMNQ, @, &), EXNQ, ©, &) = 0.
By the same 'method as was used in § 3, we can prove

v P[0 0,08 + (2,0™) (0} 0F) + 2,04
i i a

— 030,00 — (9,0")(2},02) — 3,05] + ¢, ES =0,
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which shows that if we take account of E% = 0, we have
(4.13) 0o, 08 + (aY?")( W9 + 6,03
= 030,08 + (9,0")(85,02) + 4,02,
We can also prove that ’
(4.14) 00,19, 8y + (2,0")(¢1E.) + 2,80
:

_ YA =11 h v mA v o\
- {Fr vJIl‘:‘u + Cpuchi‘nv + cm‘:‘a-r
i

which shows that if we take account of EY = 0, we have

(4.15) 0, 0, 8y + (0,9")(01 EY) + 0,8y =
The equations (4.13) and (4.15) show that the mixed system (4.12)
of partial differential equations is completely integrable. We thus have

THEOREM 4.2. If r linear homogenecous geometric objects d of the
a

same type form a complete system with respecl to an inlransitive r-pavameter
group of transformations in a space of n dimensions, if the rank g of v*
a

defining the group is less than r and if the equations ENQ, ®, &) = 0 are
consistent in QO at a point of the space, then the mixed system of partial
differential equations LQ* = ®° is completely integrable.
a a
Similarly we have
TureoreM 4.3. If r linear homogeneous geometric objects ®* of the

same type form a complete system with respect to a multiply transitive
r-parameter group of transformations in a space of n dimensions and if
the equations E5(S2, @, &) = 0 are consistent in QP at a point of the space,
then the mixed system of partial differential equations L‘Q" A is com-
pletely integrable. "

§ 5. Some applications.

We shall state in this section some applications of the thcorems
proved in the preceding sections. But for the sake of simplicity, we shall
state them only for the case in which the rank of v* is cqual to 7 = =.

a

TueOREM 5.1.  Consider an n-dimensional space with a linear homo-
geneous geometric object Q™ and suppose that the field admits an r-para-
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meler group of transformations such that the rank of v* in a neighbourhood
is v << n and that ¢

(5.1) LON = 007,

where p are r scalars. Then we can find a scalar p such that the group is
a

an invariance group of the geometric object pQA.

On substituting (5.1) in the identities

(5.2) LLAN — LLOY= 5, LQON,
cb b ec a

we find

(5.3) £§ — ;bép = €% P,

which shows that the 7 scalars p form a complete system with respect to
the given group. N

To prove the theorem we have now only to show that there exists a
scalar p such that

é(PQA) =0
or
(5.4) ,§log p=—r.

a

But since the p form a complete system with respect to the group,
a

according to Theorem 4.1 this system of partial differential equations
is completely integrable. The thcorem is thus proved.

THEOREM §5.2. Consider an n-dimensional space with a linear geometric
object Q7 and suppose that the space admits an r-parameter group of trans-

formations such that the rank of v* in a neighbourhood is r < n and that
a

(5.5) LOA = @A,

where ®* are r linear homogeneous geometric objects. Then we can always

a
find a linear homogeneous geometric object ® such that the group is an
invariance group of the geometric object Q” 4 @A,

On substituting (5.5) into (5.2), we find
(5.6) LON — LOA = 40N
cbd be a
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which shows that the functions ®* form a complete system with respect
to the given group. N

To prove the theorem, we have only to show the existence of a geome-
tric object ®* such that

LQr + @*) = 0.

a

But this equation can be written as

(5.7) LOA = — @A,

and since the functions ®* form a complete system with respect to the

group, according to Theorem 4.1, the system (5.7) is completely integrable.
Thus the theorem is proved.



CHAPTER IV
GROUPS OF MOTIONS IN V,°

§ 1. Groups of motions.
Consider an z#-dimensional Riemannian space V7, with the fundamental
quadratic differential form

(1.1) ds® == g, dEdE~.
In order that an infinitesimal point transformation
(1.2) &= &+ v (§)dt

be a motion in the V,, it is necessary and sufficient that the Lic derivative
of g,, with respect to (1.2) vanish:

(1.3) L& =2V, = 0.
Now take a geodesic &%(s) in the V', and consider the inner product
£X
of a Killing vector o, and a unit tangent ; to the geodesic. Then
ds

along the geodesic we have

5 d&“) ag de
(1.4) - (v,- =Vavy - =0,

ds
which shows that the inner product is constant along the gcodesic.
Conversely, if the inner product is constant along any geodesic, then

we have (1.4) for any d&*/ds and consequently we have (1.3). Thus we
have

ds

THEOREM 1.1.1  In order that a vector field v*(£) define an infinitesimal
motion in a V,, it ts necessary and sufficient that the inner product of v*
and a unit tangent to an arbitrary geodesic be constant along this geodesic.

In order that, pv* define a motion always if v* defines a motion, it is
necessary and sufficient that

VA(va) + Vu(PvA) = O,

1 Cf. EISENHART [4), p. 212; K. YANo [13], p. 30. This book will be referred to
as G. T.

48
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or
(Vao)y, + (Vip)vn =0,

from which we conclude V,p =0 and consequently p = constant.

Thus we have

THEOREM 1.2.1 Two infinitesimal motions cannot have the same
trajectories. ®

Now since the tensor g,, is a linear homogeneous differential geometric
object, according to Theorems 2.1 and 2.2 of Ch. 111, we have respectively

THEOREM 1.3.3 If a V, admils an infinitesimal motion, it admils
also a one-parameter group of motions gemerated by this infinitestmal
motion.

THEOREM 1.4.* In order that a V, admit a one-parameter group of
motions 1t is necessary and sufficient that there exist a coordinate system
in which the components of the fundamental tensor are independent of one
of the coordinates.

If we choose a coordinate system ® in which v* = &, the Killing
equation bccomes

£gkx = S“ au.g}m + 2g7oc = O,

from which

THEOREM 1.5. ¢ In order that a V, admit a one-parameter group of
motions, 1t 1s necessary and sufficient that there exist a coorvdinate system
with respect to which the components of the fundamental tensor are homo-
geneous functions of degree -2 of the coordinates.

1 Cf. E1seNuART [4], p. 210; G. T. p. 31.

2 The trajectores of an infinitesimal transformation ‘& = & .| v*d¢ are the
dg¥
curves defined by - :;T = v*(§).

3 Cf. EISENHART [4], p. 209; G. T,, p. 31. S. Kobayashi proved that in a complcte
V., this thcorem is globally true.
4 Cf. E1sENHART [4], p. 209; G.T., p. 31.
5 Such a coordinate system is obtained in the following way. Take a coordinatc
system (x) in which v* = %, If we effect a coordinate transformation of the form
1

o= L 8,
we have
v = (0, &%)e* = &*.
1
¢Cf. G.T., p. 31.
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Morcover from Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 11, we have
respectively

THEOREM 1.6.1 If each of r vectors generates a one-parameter group of
motions in a V,, then a linear combination of these vectors with constant

coefficients generates also a ome-parameter group of motions.

THEOREM 1.7.2 If each of r infinitesimal operators of an r-parameter
group generates a one-parameter group of motions in a V ,, then the group
contains only motions.

THEOREM 1.8.3 If each of r vectors v* defines a ome-parameter group
a

of motions in a V ,, then the vector Lv* defines also a one-parameter group
of motions. ¢b
THEOREM 1.9.4 If v infinitestmal operators ,{,‘f form a complete system

of r one-parameter groups of motions, then the opemtors £f are generators
of an r-parameter group of motions.

§ 2. Groups of translations.

If the trajectorics of a motion are geodesics, the motion is called a
translation. In order that (1.2) be a translation, it is necessary and
sufficient that

(2.1) £t = 2Vp0,, =0, Vo, = av,.

On transvecting the second equation of (2.1) with * ,we find
PV, 0, = av*v,,

from which, using the first equation of (2.1), we get « = 0. Consequently,
transvecting the first equation of (2.1) with »*, we find

:livx ('vJL 'U)\) =

from which it follows that v*», = constant.

Conversely, if a vector v* satisfying v*», = constant defines a motion,
transvecting the first equation of (2.1) with ©*, we find the second equa-
tion with « = 0. Thus we have

1 Cf. E1sENHART [4], p. 210; G. T, p. 31.
3 Cf. E1SENHART [4], p. 210; G. T., p. 31.
3 Cf. E1sENHART [4], p. 216; G. T,, p. 33.
4 Cf. EISENHART [4], p. 216; G. T., p. 33.
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THEOREM 2.1.1 In order that (1.2) be a translation in a V ,, 1t is neces-
sary and sufficient that Lg,, = O and g, v'"v* = constant. In this case
v

every point is moved over the same distance.
Now according to Theorems 1.1 and 2.1, we have

THEOREM 2.2. In order that a vector field of constant length define an
infinitesimal translation, it is necessary and sufficient that along every
geodesic it make the same angle with the tangent.

If we take a coordinate system with respect to which v* = ¢*, we have
from Theorem 2.1 1

(2.2) 0,8, =0, g;; = constant.

It is evident that if (2.2) holds in some coordinate system, the group
of transformations

Iéx — Eu + et
1

is that of translations. Thus Theorem 1.3 is true also for the group of
translations, and corresponding to 1.4, we have

THEOREM 2.3. In order that a V, admit a one-parameter group of
translations it is necessary and sufficient that there exists a coordinate system
with respect to which the components g,, of the fundamental tensor are
independent of &' and g,, is a constant. ?

Also Theorems 1.6 and 1.7 are truc for translations as can be proved
easily.

§ 3. Motions and affine motions.
The following theorem is geometrically cvident.

THEOREM 3.1.3 A motion in a V, is an affine motion.

1 Cf. E1sENHART [4], p. 212; G. T,, p. 32.
2 Such a space has been used to construct a 5-dimensional unified ficld theory
of gravitation and electromagnetism. The ds? of such a space is of the form

dst = (dE' + 81,48)" + (Bop — K1 R1a) 7S, 0,0 =2,3,4,5.

In this equation, g,, is identified with the electromagnetic potential and
€qp — 81081 With the gravitational potential. See for example KaLuza [1], KLEIN
[1], Yano [3].

3 Cf. E1sENHART [4], p. 210; G. T., p. 34.
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To prove this, we apply the formula (4.9) of Ch. 1 to the fundamental
tensor g,,.:

£(Vu.g7m) - Vu.(é:glx) = - (é:{:}‘})gpx - (é.{upu})g}\p’

v

from which
(3']) £{uuk} = %gup[vu £g7\p + V)\£gu.p - Vp £gu.7\-|'
This equation shows that [g, = 0 implies £{}%} = 0.1

The following theorem is also geometrically evident.

THEOREM 3.2.2 For a motion in a V , the Lie derivatives of the cur-
vature tensor and its successive covariant derivatives vanish.

We prove this by applying the formula (4.14) of Ci1. 1 to the Christoffel
symbol:

(3.2) Vo £{5d — VW LG5} = LK
where K is the curvature tensor of V,. Thus for a motion we have
(3.3) LK, =0.

v

On the other hand since a motion is an affinc motion, the covariant
derivation and the Lie derivation are commutative. Thus from (3.3)
we obtain

(34 AVoBos® =0, V0, Vo Ky =0, -

§ 4. Some theorems on projectively or conformally related spaces

Consider two Riemannian spaces ¥V, and 'V, which are in geodesic
correspondence. Then denoting the Christoffel symbols of them by
{s3} and {3} respectively, we have

o} = {5} + 4iby + 43,

But since V, and 'V, are both Riemannian, the vector p, should be a
gradient. * Thus putting p, = 39, log §, we get
(4.1) {5} = {5} + 3459, log ¢ 4 3459, log ¢.

We now assume that the ¥V, admits a motion with symbol £f. Then

v

1 Under some global conditions £{%} = O implies £g,, = 0. See Ch. 1x.
v v

® Cf. EISENHART [4], p. 213; G. T,, p. 37.
3 SCHOUTEN [8], p. 292.



§ 4 THEOREMS ON PROJECTIVELY OR CONFORMALLY RELATED SPACES 53

we have
£g)‘u = V). Uy + Vx Uy = alvu + o,v — 2{)&}”9 =0.

Consequently on utilising (4.1) we have
£ = v, + v — 2['{({} — 3459, log ¢ — 3438, log ]v,
= ¢71[o($v.) + odv) — 2'{{}év,)

Thus denoting by ‘g,, the fundamental tensor of 'V, and by '/£f the
symbol defined by ¢v, in 'V,, we have

Lo = 7V L 80
Thus we have
THEOREM 4.1.1 If two Riemannian spaces V, and 'V , are in geodesic

correspondence and if V,, admits a group of motions, 'V, also admits a group
of motions.

Consider a ¥V, which admits an r-parameter group G, of motions such
that the rank of v* is in a certain neighbourhood equal to » < #n. Then

we have [g, = 0. In order that a space 'V, conformal to V, admit

the same group G, as a group of motions, it is necessary and sufficient
that there exist a function p? such that £(p g,,) = 0 or £p = 0. But
on the other hand

%Q¥=%£ﬁ

and consequently £p = 0 admits # — 7 independent solutions. Thus
we have

THEOREM 4.22 If a V, admits a G, of motions such thal the rank of
v* in a neighbourhood is equal to v <2 n, then there exist n — v Vs, corre-
a

sponding to n -~ r independent solutions of Lp? = 0, which are conformal

«

to the given V, and admit the samme group as a group of motions.

As an application of Theorem 5.1 of Ch. 111, we have

THEOREM 4.3. If a V, admits a G, of conformal motions such that
the rank of v na nezghbourhood is 7 -5 n, then there exists a 'V, which

is conformal to V, and which admits the G, as a group of motions.

1 KNEBELMAN [5].
2 KNEBELMAN [4].
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Using this theorem we can prove the following theorem which genera-
lizes a theorem of J. Levine. !

THEOREM 4.4.2 In order that a G, in X, such that the rank of v* in a

neighbourhood is equal to v <, n, can be regarded as a group of motions
in a C,,3 it is necessary and sufficient that the group be a subgroup of a
group of conformal transformations.

The nccessity is evident. Conversely, if the group is a subgroup of a
group of conformal transformations, it is a group of conformal motions
in a C,. Conscquently according to Thcorem 4.3, there exists a V,
which is conformal to C, and is itself a C, which admits the group as
a group of motions,

§ 5. A theorem of Knebelman,. *

If a V, admits an 7-parameter group G, of affine motions and if
£Lf = v*d,f denotes r linearly independent infinitesimal operators of

the group, then we have (£L£)f = ¢, £f and
cb a

(5.1) L) =o.

We ask for a necessary and sufficient condition that the group of
affinc motions contain a subgroup of motions.

In order that this be the case, it is necessary that there exist » con-
stants ¢, which are not all zero, and such that [f = c“£/ is a motion.

But this means that ¢® )é,'g,\x = 0 and this is only p0551b1e if the g-rank 5
of £g,m is <7.

Convcrsely if the a-rank s of Lg, is <7, therc are r — s linearly

a
independent solutions ¢3(¢"); #,v,w,...=1,2,...,r —s, of the
equations

(5.2) ¢‘;(é“);§gn = 0.

1 LEVINE [2, 3|.

2 YaNo and Tasnrro [1].

3 C,, stands for a conformally Euclidean space, cf. ScHOUTEN [8], p. 305ff.

? KNEBELMAN [7]; cf. G. T,, p. 43.

& The a-rank of the fg,, is the rank of the matrix £g;, where a denotes the rows
a a

and Ax denotes the columns. Cf. ScHoUTEN [8], p. 20.
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By covariant differentiation we get
(5’3) (Vu.¢:)§g7\x + ¢: Vp. £g7m. =0.

But on the other hand, since £f arc operators of a group of affine
rotions, (5.1) holds and consequgntly according to the formula
AVutr) — Vulhen) = — (£laDew — (£l
which is a special case of (4.9) of Chapter I, we find

(5'4) Vu(églx) =0,

and consequently from (5.3)
(55) (Vu.¢:) £glx = 0.

But since the ¢, are # — s linearly independent solutions of ¢*£g, = 0,

we have V é3 = Aj, ¢y, where the A}, are functions of & The integra-
bility conditions of thesc equations are

(5.6) VA% — VA% + AL AL, — A%, AY, = 0.

viiue v

Now if there exist » — s functions f*“(£) such that the transvections

(5.7) ¢t = [*(&)$u(®)
are constants, the group of affine motions contains a subgroup of motions.
In order that the ¢® in (5.7) be constants, the functions f*(£) should
satisfy the equations

0= (V,./")u + 1(V.$u),

0= (Vuf* + Al F)dus
from which
(5.8) V. f*+ AL =0.

But the integrability conditions of (5.8) are exactly given by (5.6).
Thus we have proved the existence of functions f*(£) such that the c¢®
given by (5.7) are constants. This proves:

THEOREM 5.1. In order that a G, of affine motions in a V, contains
a subgroup of motions, it is necessary and sufficient that the a-rank of
L8, be less than r.
a
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§ 6. Integrability conditions of Killing’s equation. !
The integrability conditions of Killing’s equation

(61) £g).u = V)\vx + val =0
P

can be deduced from it, considering first the equation

(6.2) £} =V Vav* + K ,¥v" =0 -

and ncxt the mixed system of partial differential equations

{v)\u + Vo = 0 (v)\n = v)'.pgpz)

(6.3) : . :
VA ‘l)x = v)\u, Vu ‘U)‘“ = — ;"‘-AM 7)“.

We know that the cquations (6.1) and (6.2) or the equations (6.3)
have for integrability conditions

(6.4) LK, X =0, LV,K, =0, £V,V, K,

Wy " W1 V|

=0, ..

Thus we have by a theorem 2 on partial differential equations

THEOREM 6.1. In order that a V, admit a group of motions, it is
necessary and sufficient that there exist a positive integer N such that the
first N sets of equations

Ao =0, LK =0, LV, K. =0, ...
v v v

are compatible in v* and v;* and that the v* and v,* satisfying these equations
satisfy the (N + 1)st set of equations.

When there exist In(n 4- 1) — r linearly independent equations in the
first N sets except the first, the space admits a G, of motions.

We shall examine the case in which the conditions
(6.5) LR =1V K — K 2V, v+ K ¥V 0P +
’ K2V, + K, *V,1° =0
are identically satisfied by arbitrary », and V,v* such that

V;‘vu + vax = O.

1 Cf. EISENHART [4], p. 214; ScHOUTEN [8], p. 350; G. T., p. 34.
2 See for example, EiseNHART [4], p. 1; T. Y. THomas [3]; VEBLEN [1], p. 73.
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The equation (6.5) can be written as
¥V K — KX V0, + Koo Vo ?° + KV, v° + K

vppx

V,*=0
from which
PV, Koy — (Kogs? A5 — Kigi? A7 — Ko A3 + Kigs? A5)V,0, = 0.
Since here +* and Vv, — V,, arc arbitrary, we get
VoK e =
and
K345 — Kp L AT — Ky P AL + K2 AR
= K P A7 — Kp,nAS — K0 AL + K2 AL,
from which

THEOREM 6.2.1 In order that a V, admit a group of motions of the
maximum order In(n -+ 1), it is necessary and sufficient that V, be an S,.2

§ 7. A group as group of motions.

We shall consider in this section some applications of the Theorems
3.1, 3.2 and 3.3 of Ch. III.
We consider first a G, in an X, and suppose that the rank of v* in a

a
neighbourhood is equal to </ #. In this case we can choose a coordinate

system in which

Det (v*) £ 0, v* =0, «B,y=1,2...,7;
a a
Enl=r+41,...,n

In this coordinate system Killing’s equations take the form

(7'1) £glx = vaaaglu + gaualvm + g)\xaxvz =

a

Thus, defining the functions ©,, (g, &) by
(72) v @ao.u(g! E) ‘E_-t - gaua). v — 8 aw. 'U“,

we get from (7.1)
£g}‘x = va[aag)\x - (;)alx(gl 5)} =0,

1 E1SENHART [4)], p. 215; ScHouTEN [8], p. 350; G. T., p. 36.
2 S, stands for a Riemannian space of constant curvature. Cf .SciouTeN [8],
p. 148.
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from which
(73) aaglu = G)alu(g’ 5)
On using the method of § 3 of Ch. 111, we find
aeﬂ)« a® A%
(7.4) 0y, - %, + 0, Opy. = Op,, ag* + 90 ﬂu.

Morcover, as is casily to be seen from (7.2), the functions 0, satisfy
the relations

(7.5) V" Oppg = — Bran) V" — o) KV
a

Thus, if the initial conditions of g,, satisfy g, = O, then the solu-
tions of (7.3), satisfy also g, = 0.

Thus the equations (7.3) are completely integrable and the solutions
&w(&) are determined by in(n 4 1) initial values of g, (&), which, in
the case of » < #, can be arbitrary functions of &7+1, ..., &" Thus
we have

TuroreM 7.1.1 A G, in X, such that the rank of v* in a neighbourhood

a
is v < m can be regarded as a group of motions in V, whose fundamental
tensor contains in(n + 1) arbitrary functions for r < n and in(n + 1)
constants for r = n.

We next consider a G, in X, and suppose that the rank of ¢* in a

neighbourhood is ¢ < 7. In this case we can choose a coordinate system
in which

(7.5) Det (v*) #0, v* =0, v* = @' v*
i i u i
By ...=1,2,...,7r; &EnC=r+4+1,...,n
LR ...=1,2,...,q; wvw=q+1,...,1
Then Killing’s equations take the form

£g7m. = z:uaaglu + gcmak?a + g}\aax‘l:a = 0'

i

(7'7) t £),% £\,
£glx = <Pu§g).x + gau(al ?u)"i + g)\a(ax ?u)zi‘ =0,

1 EISENHART [4], p. 218; G. T, p. 44.
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and consequently defining the functions O, (g, &) and E,,(g, &) by

(7.8) U Oune (8 €) X — £t — 1V,
i i

and

(7'9) Eu?\x(g’ ’5) (}e_f (ga:x al (Pft + g).z ax ?:‘).{)a

respectively, the equations (7.7) give
£g7‘x = ?a[aaglu - szu(gr E)] = 0:

(7.10) , _
£g7\x = <Pu £g)\x + ‘=‘u)‘x(g) 5) = O’

from which

(7'1 1) 6ag)m = Ga}.x(g’ E)’ Eulx(g’ 5) = 0.

On_using the method of § 3 of Ch. 111, we can prove that, if we take
account of the second equations of (7.11), we have

00, 00
(7.12) ®Yvu 2 B + o Qa)\x Gﬂvu. P) R + 33®Y7\r.
gvy. L
and
a'—'qu
(7.13) O ag +0,8,,, =0.
Moreover, we have from (7.8)
(7'14) 1')4 ea[lul = - g[am] a)‘vm - g[Aa]axv

Thus if the equations E,; (g, £§) = 0 are compatible in g,, such that
2, = g, and det (g,) #0 at a fixed point of the space, the mixed
system of partial differential equations (7.11) is completely intcgrable
and the solutions g, (£) are determined by the initial values of g, satis-
fying E,,, (g, &) = 0, gy = 0. But since E,,(g, £) do not contain the

g these Y(n — g)(n — g 4+ 1) components of g,, can be taken as con-
stants. Thus we have

THEOREM 7.2.1 Consider an intransitive G, in an X, such that the
rank of v* in a neighbourhood is q < r. If, tn a coordinate system where
a

1 EISENHART [4], p. 221; G. T., p. 45.
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(7.5) is valid, the equations E,, (g, &) = 0, gu,q = O are compatible for
&, Such that det (g,,) # O at a fixed point of the space, then the group can
be regarded as a group of motions in a V , whose fundamental tensor depends
on at least }(n — q)(n — q + 1) arbitrary constants.

We consider finally a multiply transitive G, in an X,. Then the rank
of v* in a neighbourhood is n < 7. If we put

a

Det (v*) #0, v* = ¢, v*

a u a

a,bc=12 ...,n;u=n+1,...,r1,
according to the preceding arguments, we have

THEOREM 7.3.1 If, for a multiply transitive G, in an X, the equations
B8 & =0, gy =0 are compatible in g, such that Det (g),) #+ O
at a fixed point of the space, then the group can be regarded as a group of
motions in a V.

§ 8. A theorem of Wang.

Consider a V', with positive definite fundamental tensor and suppose
that the V, admits a G, of motions

(8.1) = ELE, Lt ).
Take a point P(&*) in the space and consider all the motions of G, which
0

fix this point. The set of such motions form a subgroup G(P) of G,. If
we denote the equations of motions belonging to this subgroup by

8.2) Ty: '8 = I¥EY, 8% ..., 8% 8L L0 8T,
then we have

(8.3) &= h(&; %)
0 0
for any ¢. It is well-known that 2 the subgroup G(/?) dependsonzy >~ 7 —
parameters if » > n. It is called the group of stability or the isotropy
group of the V., at P.
Now to each motion 7, there corresponds a linear homogencous

! EISENHART [4], p. 221.
2 E1SENHART [4], p. 65.
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transformation Tc at & given by
0

(8.4) Ty: '8 = kY(Q)ag,
where

(%) & 3Ah"(£; 0.

Consider now two transformations ]t: and Tc of G(P), then their
product is given by

from which

are = h’;(;;) hﬁ(%)d&“.

This equation shows that if 1 ¢ belongs to T,: and 7' ¢ belongs to Tv then
3
Tt;Tz: belongs to T t:Tc Consequently all the T,: form a lmear group

G~(P) and the correspondence from 7. to ’I§ is a homomorphism. We
shall now consider the kernel of this homomorphism. Suppose that T
corresponds to the identity of 5(P). Geometrically this means that each
direction @&* issuing from the point P is invariant by 7. Since 7', changes
a geodesic into a geodesic and does not change any direction issuing
from P, T, does not change any geodesic issuing from P. On the other
hand, since T is a motion which leaves invariant the point P, T, must
leave invariant all the points on the geodesics issuing from the point P.
'Ehus T is the identity of G(P). Consequently the two groups G(P) and
G(P) are isomorphic. I'urthermore, since the correspondence is continuous,
they are isomorphic in the sense of the theory of topological groups.
Thus &(P) depends on 7, (= 7 — n) parameters if G(P) does.
Now since Ty is a motion, we must have

G (§)AE e = g, (£)dE dk
and consequently

gm(f)@(C)hﬁ(C)df" ag = f,’m(g)dt,tl ag

at the point P(&). Thus the group 5(P) is a subgroup of the rotation
0

group in the tangent Euclidean space at I°.
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Suppose that the V, admits a G, of motions with » > in(n — 1) 4 1
parameters. Then the group G(P) depends on

rox? —n> 3n— 1)(n—2)

paramcters.
But on the other hand we have the following thcorem of Montgomery
and Samelson 1,

THEOREM 8.1. In a Euclidean space of n(-£ 4) dimensions there is
no proper subgroup of the rotation group of an order greater than 4(n — 1)
(n — 2).

Thus if » # 4, we must have

(8.5) 7o = n(n — 1),

and the group G(P) coincides with the rotation group.

Consequently the group G(P) contains a motion which changes any
direction at P into any direction at P, the point P being arbitrary.

Take now two points I°, and P, in V, in such a way that they are
sufficiently near to cach other to be joined by a geodesic. We consider
the midpoint M of the geodesic segment P,P,. Then in the group of
stability G(M) at M, there exists a motion which changes the direction
of the tangent to the geodesic at M into the opposite dircction. Since
this motion changes a geodesic into a geodesic and does not change the
length of a geodesic, it carrics the point P, into the point P,.

If there are two points 4 and B at a finite distance in V,, we join
A and B by an arbitrary curve and take a series of points P, P,, ..., Py
on the curve in such a way that 4 and P,, P, and P,, ..., P, and B
can respectively be joined by geodesics. We denote by My, M, ..., M
the midpoints of the geodesic segments A P,, I’,P,, ..., I’yB respectively.
Then applying appropriate motions belonging to G(M,), G(M,), ...,
G(M ) successively we can carry A into B by a product of motions of G,.
Since 4 and B arc two arbitrary points in V,, this shows that G, is transi-
tive and consequently that

r=1ry+n=13inn+1).

Thus according to Theorem 6.2, we have the following theorem due
to Wang: 2

1 MONTGOMERY and SAMELsON [1].
2 Wana [1].
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THEOREM 8.2. Ifa V, for n> 2, n # 4 admits a G, of motions of
order greater than in(n — 1) + 1, then the V, is an S,

The same argument gives

THEOREM 8.3.1 InaV, for n + 4, there does not exist a G, of motions
such that

mn+1)>r>3n(r—1) + 1.

§ 9. Two theorems of Egorov.

In 1903, G. Fubini 2 proved

THEOREM 9.1. AV, n > 2, cannot admit a complete group of motions
of order n(n + 1) — 1.

Generalizing this result, I. . Egorov 3 has proved in 1949 the two
following theorems.

THEOREM 9.2. The maximum order of the complete group of motions
in those V,’s which are not Einstein spaces is in(n — 1) + 1.

In fact, if the operator [f is that of a motion, we have
v

LK, =¥V, K, + K,V,0* + K, V,° =0

or
(9.1) LK, ="V K, + (A K}? 4+ ASK?)V,v, = 0.

Since Vv, must satisfy Vv, =0, we can write (9.1) also in the form
(9.2) LK, =1V K, + 2t To"V, v, =0,4
where
(9.3 T,0™ = 440 K3,

We now consider a matrix by letting the two lower indices denote the
rows and the two upper indices the columns. The rank of this matrix
is what is called the pA-rank (or a,a,-rank) of 7,™. 3
1Yano [19].
2 FusiINt [1].
3 Ecorov [4].
4 Herc we have introduced a new kind of indices «,, «, also running from 1 to »
for which we assume that «; # «; for i # 7 and that the summation convention
does not hold. So summation over these indices must always be denoted by a
sign X.

8 Cf. ScHouTEN [8], p. 20.
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If the space admits a complete

g0y :
0tg0y o, group of motions of order greater
pA than 4n(n — 1) + 1, the pA-rank
- . .a,a‘ b h
may | — 2K 0 of T,,#* must be less than
% * K in(n + 1) — .
mn—1+1]=n—1.
(r,s =3, ..., 1) [ém ) ]

We consider the (» — 1)-rowed
determinant formed by the above
elements of this matrix. Since this determinant vanishes we have
(9.4) K =0.

On taking account of (9.4), we next consider the (# — 1)-rowed
determinant formed by the following elements:

..... @,
..... 0
..... 0

o 0 0 o ... K:.‘;" — Ko::"

Since all such determinants vanish, the number of the differences
K;* — K, which are not zero is at most #» — 2, from which

(9.5) K!=K}= ... =K
The equations (9.4) and (9.5) give

L1
(9.6) K} =—K4}

which shows that the space is an Einstein space.

Thus the order of the complete group of motions in a V, which is
not an Einstein space is at most }n(n — 1)+ 1.

On the other hand a V, with the metric ds? = ()2 4 do® where ds?
is the fundamental form of an S, ; with non-vanishing curvature and
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with coordinates 2, ..., &*, is not an Einstein space and it obviously
admits a group of motions of order }n(n — 1) 4+ 1. This proves Theo-
rem 9.2,

THEOREM 9.3.1 The order of the complete group of motions in a V
which is not an S, is at most In(n — 1) + 2.

n

In fact, if the operator £f is that of a motion, we have
v

(9.7) LK o = "V, K, + Xl n e Vy, U, =0,

o, - o1,

where

(9.8) T;I;}'\xarxz — 2( A‘['a, K}'o'\‘;a.] _ At[l.m’ K;)-\vrx.] — A&"’ K\;;;.xm + AL'x, K;,;).\“'])'

We now consider a matrix by letting denote vpx the rows and oa,
the columns. The rank of this matrix is what is called the vpax-rank
(or a,u,-rank) of 7, »™.

If the space admits a complete
group of motions of order greater

than {n(n — 1) + 2, the rank of x,%,
this matrix must be less than p%y ®403
VAR
n(n + 1) — I P
o0y | 2K, o 0
1 _— _ — — e
LG(n 1) —} 2—1 i 2 *y Koy, %y * SfﬁKazuyx:s
We consider the (12 — 2)-rowed
determinant formed by the cle- (b4 =45, ....m)
ments of this matrix in the table.
Since the determinant vanishes,
we have
(9.9) Kpun® = 0.

On taking account of (9.9) we next consider the following submatrix

1 For n + 4, this is a special case of Theorem 8.2 of Wang. For # = 4,
Inm 4+ 1) =10, yn(n +1)- 1=-9, dnm—1) 42 =8

so that it is a consequence of Theorem 9.1 of Fubini. But we shall give the proof
of this theorem to illustrate Iigorov’s method.
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with # — 1 rows and # — 1 columns:

oxy0g
oy ag Koy Kqg *y%g
vuhx
EREEY 7% 4

ayotgoy oty [ Ko o K g 0 0 0

* e e
0y Oglalty K agagny K aydgag 0

* * S R
0y 0Ly 00Xy Kazﬂuax K‘w‘laa 0

* * * v c e e
00y, Rp0ty 3 wK [ Y720

(v, w =35, 6, , 1)

Since the rank of this matrix is less than #» — 2, if K, . were not
zero, two of the differences

K '@a_K - ‘= K-

gy g azopxy xpxq%y g0 2

ay K ce R e K ca

2713 0400 O,
2%4%1 4%1%2

should be zero. But the sum of the first and the third is equal to the
sccond, so all three vanish. Then using

Kiioi® F Kool + Koo = 0,

agmoy gy
we have
Ko = Kearns® = Kagagey® = 0.
This proves that
(9.10) K> = 0.
The equations (9.9) and (9.10) show that
9.11) K, =0 for x #v,p, A

On the other hand, it is known thatlan 4,,# > 2,isa D, (= projective
Euclidean space) if and only if the equation (9.11) holds for every co-
ordinate system at every point. Since the V,isa D,, V,is an S,. 2
This proves Theorem 9.3.

1 ScHOUTEN [8], p. 290.
2 ScHOUTEN [8], p. 294.
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§10. V,’s admitting a group G, of motions of order r =
Inn—1) 4+ 1.2
Let £f = v*9,f denote 7 infinitesimal operators of G, and be ¢ the

a
rank of v* in a certain neighbourhood. Then we have # > ¢ and the

group of stability G(P) at a point P(£) is of order r — g = }n(n — 1) +
+1—4q.
If » > ¢ then we have

r—g>mn—1)+1—n=4%n—1)(n—2)

and consequently for # 7 4 we can conclude from Theorem 8.1 that

G(P) coincides with the rotation group. Thus, as is to be seen from
the proof of Theorem 8.2, the group G, is transitive and consequently
we should have » = ¢, which is a contradiction.

This proves that #» = ¢, hence:

THEOREM 10.1. If a V,, n # 4, admits a group of motions of order
In(n — 1) + 1, then the group is transitive.

Since G, is transitive, the group of stability G(I”) and conscquently
G(P) is of order

r—un=3inn—1)+1—n=4n— 1)(n—2).

On the other hand, we have a theorem of D. Montgomery and H.
Samelson 2:

THEOREM 10.2. In a Euclidean R,, n + 4, n #8, a subgroup of
order }(n — 1)(n — 2) of the rotation group leaves invariant one and only
one direction.

In the following we shall assume that » + 4, n # 8.

Following Theorem 10.2, 5(P) leaves invariant one and only one
direction at P. We denote this direction by #(P). Now take two arbitrary
points P and Q in V. Since the group is transitive, there exists a motion
T which carries P into Q. If we denote by 7'(Q) an arbitrary motion
which leaves invariant Q, then the motion T-1T(Q)T leaves invariant P.

1Yano [19].
2 MoNTGOMERY and SaMELsON [1].
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Consequently on applying this motion to u(P) we get
T'T(Q)Tu(P) = u(P),

from which
T(Q)Tw(P) = Tu(P),

which shows that T#%(P’) is invariant for any motion which leaves in-
variant Q. Hence .

THEOREM 10.3. IfaV, n + 4,n+8 admits a G, of order r = in(n — 1)
+ 1 there exists a ficld of divections such that the direction u(P) at P is
carried into u(Q) at Q by any motion of the group which carries P into Q.

Consider now a geodesic which passes through a point P and which is
tangent to the direction #(P). Since the group of stability G(P) at P
leaves invariant I and #(P), it leaves invariant not only this geodesic
but also all the points on the geodesic. Thus, if we take a point Q different
from I’ on the geodesic, then G(P) leaves invariant Q.

Consider next an orthogonal frame e*(?) at P whose first axis ¢*(P)
1

is taken along #(P) and displace this frame parallelly from P to Q along
the geodesic. Then we obtain an orthogonal frame ¢*(Q) at Q whose first

axis is tangent to the geodesic. Now, if we apply a motion T of G(P),
we get

Te(P) “'(P),  Tex(@) 1 eX(Q).
Since the parallel displacement is preserved by a motion, by displacing
'e*(I’) from P to Q along the geodesic, we obtain ‘¢*(Q). Thus the mutual

position between ¢*(P) and ‘¢*(P) and that between ¢4(Q) and 'e*(Q)
i

arc exactly the same. This shows that G(P) at P acts, at (, as a group
of motions which leaves invariant Q and is of order }(n — 1)(n» — 2).
Thus we can conclude G(P) = G(Q).

Since the group G(Q) fixes the tangent to the geodesic and the direction
1#(Q) at the same time, the tangent must coincide with the direction 2(Q)
and consequently we can say that the geodesic is a streamline! of the
ficld .

1The streamlines of a vector field 1*(&) are the curves defined by the differential
equations
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Since there is one and only one streamline passing through a point,
these streamlines depend on # — 1 parameters and they are trans-
formed one into the other by a motion of G,. Thus we have

TueoreM 10.4. Ifa V,, n # 4, n £ 8, adwmils a group G, of motions of
order v = In(n — 1) 4 1, there exists a family of geodesics such that
there is one and only one geodesic of the family passing through each point
and a geodesic passing through a point I’ is transformed into a geodesic
passing through a point Q by a motion of G, which carries I into Q.

With any point & of V,, there is now associated a direction 0*(&).
0 [}

We attach to & a unit orthogonal frame ¢*(£) in such a way that the first
0 k0
axis ¢*(£) is in the direction #*(&), and we consider all the frames obtain-
10 0

able from ¢*(£) by applying to it all the motions of G,. Such a family of
h 0

frames is said to be adapted to the group of motions under consideration.

The frames e*; A, 1, j, .. = 1,2, ..., n, thus attached to the different
h
points of the space depend on (n(n — 1) 4 1 parameters, the first #

of which are the coordinates & of the origin and the other §(n—1)(n—2)
are parameters 7* (e=1,2, ..., 3(» — 1)(# —2)) which fix the di-
rection of the vectors e, ¢, ..., e*. Thus the ¢* are functions of the
& and the 7™ 23 § "

Now for a variation of coordinates, we havel

(10.1) de* = JA*e,
h
where
h
(10.2) AM e (& n)dEs == (d&)".
Since g, ¢*e* =3, we have from (10.1)
v h
(10.3) ds? = g, dEdE* = X A" A" = X (d&)" (do".
h h

The cequation (10.1) represents the relative position of d& and €.
h
Since this relative position is preserved by any motion of the group, the
Pfaffian forms .{* are invariant for any motion of the group G,.

LScnovien (8], p 172
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For a variation of coordinates and parameters, we have
de* = d&*9,¢* + dn*o,e*; 0, = 9,0m"
h h h

If ¢* + de* is displaced parallelly from & + d&* to &%, we get ¢* + d¢*
h h h h

at &, where
(10.4) Se* 3ot de* 4 {%)e dev.

h h h

From (10.4), we {ind!
(10.5) 3¢t = I't¢*,
i h
where
h
(10.6) I} = e[de* + {1)e dev)
i i

are Pfaffian forms with respect to £ and »*. The equation (10.5) repre-

sents the Riemannian connexion with respect to the frames ¢*. Because
h

of the same reason as for (10.1), the I'} are invariant for any motion of
the group.
Since 3(g,£'¢*) = 0, we have from (10.5)
ih

(10.7) I+ T =o.

As we see from (10.2) the A* are linear homogeneous with respect
to d&*. On the other hand, since the vector ¢* has the definite direction

1
w*(§) at each point &%, it does not depend on the parameters v*. conse-
quently we see from (10.6) that T} are also linear homogeneous with
respect to d&*. Thus putting

(10.8) I} = A&, m)dg,
we obtain from (10.2) and (10.8)

(10.9) I} = ctAs,
where

(10.10) o = l,"'t_a"

are functions of & and %

! ScHOUTEN |8}, p. 177. The forms 4* and I'* were denoted by «* and o} re-
spectively in E. CARTAN’s papers [6, 7, 9, 10, 11].
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The Pfaffian forms I't and A* are invariant for any motion T of the
group. If we denote by ‘c} the transform of ¢! by T, we have

(10.11) It ='ctA
From (10.9) and (10.11), we find
(‘c} — At = 0.

But the A* are # linear independent Pfaffian forms and consequently

we have
‘ch = ¢}

Since c* are functions of & and %% this equation shows that ¢} are
constants.

To find the values of these constants we apply a method of E. Cartan.?

At two points & and & + d&* we consider the frames ¢*(£) and e*(&-+d%)

hk hk

both adapted to the given group of motions. We effect to ¢*(£§) and
b

e*(& + d&) the same infinitesimal rotation around the first axes. This

h

rotation can be represented by the formulas

p :u(g) - iu(g) + kydte (&),
10.12 ' i
h i

h

using the same infinitesimal constants kjd¢ which satisfy

(10.13) B4+ Rr=0
and
(10.14) B=—k=0

Now the figure composed of ¢*(¢) and ‘¢*(£) is congruent to that com-
posed of e"(é‘ + d§) and ’e*(é‘ f}- d§) in :he sense that there exists a
motion wh1ch carries e"(é‘ mto e *(& + d) and at the same time e (&)
into 'e“(é + d&). This motlon can be represented analytically by A* and

r} w1th respect to the frame ¢*. But during the orthogonal transformation
h

1E. CarTaAN [6, 11], Ch. x11, X111,
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of the frames which carries ¢*(£) into ‘¢*(£), the components 4* and I'}
receive the variations A A

(10.15) AA® = — krdtA:, AT} = — RydtD) + Tikldt.
" On the other hand we have from (10.9)
(10.16) AT} = clAA".
On substituting (10.15) in (10.16) and using (10.9)," we find
(kic; — cik)A* =0,
from which
(10.17) Bhel —ctkl=0
because the A* are lincarly independent.

First of all, putting 2 = 1 in (10.9) and taking account of [} = 0,
we obtain

(10.18) ¢ = 0.
Next putting ¢ = 1 in (10.17) and taking account of 4} = — k} = 0,
we find
kel =0,
which should be satisfied for any &} satisfying A} = — k), = 0 and
k* + k%, = 0. Thus we get
(10.19) ¢t =0,

Thus the cquation (10.17) becomes
(10.20) kic; —ciky =0

where 7,8, ¢, 1,v= 2,3, ...,n. This equation can be written also in
the form

(10.21) (dhey — ¢y 8} )ky =20
and should be satisfied by any %), satisfying %, 4- &, == 0, from which
(@hcr — cu8) — (Bner — cidy) = 0.
On contracting this equation with respect to » and v, we find
(10.22) (n — 2)(c} + c) = ci8}.

Since the cases # = 3 and # = 4 are exceptional, we shall hereafter
assume # > 4, n #+ 8.
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Taking the antisymmetric part of (10.22), we find
(n —3)(ct —¢,) =0
from which ¢} = ¢! and consequently from (10.22)

I u
Cy = 7’,‘:—1 033,.

Thus the matrix ¢* has the form

0O 0 O 0
0 ¢ ... O
(10.23) (cf) =10 0 ¢ ... O
0O 0 O c,

thus, on account of (10.9)
(10.24) Il =cdr".
Thus from the equations of structure!
[44*) = [A'T}),
we get
[@d4'] =0,
which shows that the form is exact:
(10.25) At = df(&).
Thus there exists a family of hypersurfaces f(&) = constants along
which
Al =0 or
a&* = A2:"' 4+ ... 4- Ane-.

n

Since the vectors ¢, ..., ¢* are always tangent to once of these hyper-
2 n
surfaces, we can see that these hypersurfaces admit groups of motions

of the maximum order. Consequently these hypersurfaces regarded as
V,..'s arc all S, _’s.

It is clear that the orthogonal trajectories of these hypersurfaces are
the geodesics that appeared in Theorem 10.4.

1 ScHOUTEN [8], p. 177, (10.27) with $* = 0.
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Since there is always a motion of the transitive group G, which trans-
forms a given orthogonal trajectory into another given trajectory, it
follows that there also must be always such a motion transforming a
given hypersurface of the kind considered into another given hypersur-
face of the same kind. Consequently the hypersurfaces are all of the
same constant curvature.

Now we distinguish two cases (I) ¢ = 0 and (II) ¢ # 0.

In case I, ¢ = 0, we have from (10.24) I'] = 0 and consequently

(10.26) 8¢ = 0,
1

which shows that ¢* is a covariant constant vector field. Since the normals
1

to theh ypersurfaces f(§) = constant are parallel, the hypersurfaces are
all geodesic.
In case II, ¢ £0, we have from (10.24)
1

(10.27) Ar=—Tj

and consequently

1 1
df* = Ale* + ATe* = Ale* + —T'je* = Ale* 4+ — 3¢,
1 1 1

r c 1 c 1

from which

(10.28) i+ 5 (— %e“): Ale,
1

1
which shows that

ag 4+ 3 (-——Le")= 0
c1

along onc of the hypersurfaces f(£) = constant, and this means that

the vector ¢* is concurrent ! along the hypersurfaces. But because ¢* is
1 1
in the direction of the normal, the hypersurfaces are umbilical and of

constart mean curvature, their orthogonal trajectories being geodesic
Ricci curves. Thus we have

THEOREM 10.5. IfaV,, n <4, n #8 admits a group G, of motions of
order yn(n — 1) + 1, then either (I) there exists a family of oo geodesic

1 YaAno [6].
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hypersurfaces whose orthogonal trajectories are geodesics, the hypersurfaces
being S, _|'s of the same constant curvature, or (II) there exists a family
of oot umbilical hypersurfaces of constant mean curvature whose orthogonal
trajectories are geodesic Ricci curves, the hypersurfaces being S, _'s of
the same constant curvature. In both cases, the group leaves invariant the
family of hypersurfaces and that of their orthogonal trajectories.

Of course geodesic hypersurfaces are special cases of umbilical hyper-
surfaces. But case I and case II in which hypersurfaces are umbilical
but not geodcsic are, as we shall see, essentially different. So we shall
study these two cases scparately.

§ 11. Case I.

Since the space admits a covariant constant vector field, according to
a well-known theorem! there exists a coordinate system with respect
to which the ds? of the space takes the form

(11.1)  ds? = (dEY? + g, (E)dEdE%; £,0, 8, 0,9 = 2,3, ...,

the form g,,(&%)4&%dE° being the fundamental form of an S, _,.
Conversely, if there exists a coordinate system with respect to which
the fundamental form of the space takes the form (11.1), g,(&)d&"dEs
being the fundamental form of an S, _,, it is clear that we have case I
and that the space admits a group G, of motions of order r =

nn —1) + 1:
(11.2) =84 t, & =, a),

where ‘£ = f(&°, a) represents the complete group of motions of order
jn(n — 1) in an S,_;. Thus we have

THEOREM 11.1. In order that case I in Theorem 10.8 occurs, it is
necessary and sufficient that there exist a coordinate system with respect
to which the ds? of the space takes the form (11.1), g, (£%)dE"AES being the
fundamental form of an S, _,.

With respect to this coordinate system, the metric tensors have the

form
(o g #=(0 pa)

1YaNo [6].
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Consequently, calculating the Christoffel symbol of the V,, we find

(11.3) Er="t&hE =0 B} =0

where {£} denotes the Christoffel symbol of an S, ; with g,(¢) as
metric tensor.
For the components K ;* of the curvature tensor of V,, we get

(11.4) Kt ="Ky% Kzt =0; Ki*=0; Ki;*=0,
where ‘K. '% denote the components of the curvature tensor of S,_,

belonging to "{5}.
But for an S,_; we know that

R 'K .
(11.9) Kot = (n— )(n—2) A58y — AtLon)s
‘K being constant. Consequently we have for the Ricci tensor
'K
(] 1.6) Kt'n = A/}-l—.:___lh gc.n; Kl‘n = 0, K]l = 0,

and for the scalar curvature
(11.7) K ="K.
Thus if we put

1
(11.8) Ly — K+ 3 1) Kg,,
we find
IK IK
Ly — Ly = — - gt Ly =0,
11 2(71« . ]) on 2(71« . 1) gtn In
(11.9) 'K ’K
]‘.1:— — N L.,a:: —_ A ) 14 ———0 L - ,
P2 —) : 2n—1) &1 ¢

and for the conformal curvature tensor, we get

et T ow 1 . -
(11.10) Cvukm'y:f I\vuk + w—2 (“lth\ - Aﬁva + vagm\ - Lu'gvx) =0.

2
Consequently since we assumed 2 > 4, the V, is a C,.1
Conversely, if we assume that the space is conformally Euclidean and

1 ScHOUTEN [8], p. 306. The C,, denotes a conformally Euchidean 17,.
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admits a covariant constant vector field, then there exists a coordinate
system with respect to which

ds? = (d&Y)?2 + g,o(£%)dEndES
and
(111 5 =" Ko® = 'Kg:

the other components of {4}, K,:;;* and K, being zero.

From these cquations we find
IK IK

I‘ = — ) Lv = — ’Kv T T »

7 2m—1) & @t 2(n — 1) fen

'K 'K .

L'= - —— -, Lf=—'Kf+- -~ Ag,

L2 =) ¢ + 2 —1) °

5 K., = 'K, K=K,

en »

(11.12)

the other components of L, and L,* being zcro.
First, from

C,.otl= n—2 (Ley+ Li'ge) =0,

150

we find

'K
K., = — - .
n no-— 1 g\a"l’
and conscquently
'K . 'K

L, = — ——— — LB = — = _.
e 2(n — 1y b 2n — 1)

Next from

A

1 . . .
C = K@Cn; + Py (A Ltn Aél‘:pn + Lv’gtn - LCQg'M) =0,

we find
'K

’ ‘.52 o AE ’
4 (;_1)(’1_2)( » 8%n

- Aggqm)’

which shows that thé hypersurfaces & = constant are S,_;’s with the
same constant curvature. Thus we have

THEOREM 11.2. In order that case I in Theorem 10.8 occur, it is
necessary and sufficient that the space be conformally Euclidean and admit
a covariant constant vector field.
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I. Adati and the present author! have shown that in order that a
V. be subprojective space of Kagan 2 it is necessary and sufficient that
the space be conformally Euclidean and admit a concircular vector
field. Thus according to Theorem 11.2, the space under consideration
is a subprojective space of Kagan.

We can also give another geometrical characterization.

First there exists a covariant constant vector field »*:

(11.13) V, 4, = O.

It may be assumed that #* is a unit vector.
Since #, is a gradient, we can put u, = 9,f.
IFrom (11.13) we find

(11.14) Ko = 0.

The sectional curvature 3 determined by a plane containing #* and a
unit vector v* orthogonal to »* at a point of the V, is given by

— K " v  ut v*,

Since the V, admits a transitive group of motions which transform
the field »* into itself and every vector orthogonal to #* into a vector
with the same property, the sectional curvature is a constant. But from
(11.14) we get

(11.15) — Ko 00" v =0

for any v*, which shows that this sectional curvature is always zero.
On the other hand, the hypersurfaces

(11.16) f(§) = constant

are geodesic and of the same constant curvature. Consequently, repre-
senting onc of them by its parametric cquations

(11.17) & = B*(n?); B;%fo,&;

abc,d=12,...,n—1,

1 Yano and ApaTr [1].

2 RacHEVsKY [1].

3 Two vectors at a point determine a 2-plane. The Gaussian curvature at the
point of the two-dimensional subspace described by the geodesics passing through
the point and being tangent to the 2-plane is called the sectional curvature at the
point determined by the 2-plane.
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we have the equations of Gauss?

(11.18) 'Kane = Bigs Ky
where

(11.19) 'Kina = "R('8aa"8cr — "Bea'8ar)
and

(11.20) "Cor X B g,

The ‘% in (11.19) could be different for each of the hypersurfaces
(11.16). But, since 'k represents the sectional curvature determined
by any 2-plane orthogonal to #*, and because the space admits a transi-
tive group of motions which leaves invariant the field «*, ‘% should be
constant.

Now on putting

b def 1 ba 3
Bl = g g).xBa»
we obtain

(11.21) BB} = A% — w*u,, '8 BBy = gy, —

el

On transvecting both members of (11.18) with B??% we obtain

wTop
L ’ ’ ’ dcba
k( 8aa 8cvo — gca gdb)Bmmp

= (4}, — w'u,)(AY — wru)(d; — wru,)(dy — wu)K,,,

from which

(1 1‘22) Kvu).u = 'k[(guvgu.l - guu.gv}.)
- (u‘vgul - up.gv)‘)ux + (uvgux - uu.gvx)u).J‘

Conversely, suppose that the curvature tensor of V, has the form
(11.22) where 'k is now some constant and where », = 9,f is some co-
variant constant vector field. Then the hypersurfaces f(£) = const. are
geodesic and their orthogonal trajectories are also geodesic.

Representing one of these hypersurfaces by (11.17), from (11.18)
and (11.22), we find (11.19). (11.19) shows that all hypersurfaces are
S,-1’s with the same constant curvature. Hence

THEOREM 11.3. In order that case I in Theorem 10.8 occur, it is
necessary and sufficient that the curvature tensor of the space be of the form

1 SCHOUTEN [8], p. 242.



80 GROUPS OF MOTIONS IN V CH. IV

(11.22), where 'k is constant and where u, is a covariant constant unit
vector field.

From the equation (11.22), we get
(11.23) VK% =0,

which shows that the V', under considcration is symmetric in the sense
of E. Cartan.!

§ 12. Case II.

In this case, the normals to the hypersurfaces are Ricci directions.
Thus on account of a well-known theorem 2 the space admits what we
call a concircular transformation, and consequently there exists a coordi-
nate system with respect to which

(12.1) ds? = (d&Y)2 + f(EV)f,e (658" dEF

g AE"AES = f(EV)f,(£°)dE" dE® being the fundamental form of an S,
with constant curvature. When the function f(£1) is a constant, the case
reduces to case I, so we assume hercafter that f(£1) is not a constant.

On calculating the Christoffel symbols of V,, we obtain, for the non-
vanishing components of {3},

f |
/ 8enr {:&1} = {151;} =+3} f‘AEx &)= {é, >
where f' = df/d&' and '{%} are Christoffel symbols formed with g,
= [(£Y)/,£(£°) or, what is the same here, with f(£°).

Now calculating the curvature tensor of V,, we get, for the non-
vanishing components of K%,

(122) {5} =—1

.K...]_ . el f” f’2

ely — T Klgn = + % 7 i—g' 8on
/ /

. .E_— .-.E__ f” /,2 E

(123) K@ll - - Kl@l - % r i_— Aw’
f f?

I{E— K E—’K"'E /’2 Ag Ag
otn — T Pren T Petm T _f;( o8t — tgqm)'

where 'K_.-* is the curvature tensor formed with Ere-

1 CARTAN (1, 2, 6, 8, 11], Cf. ScHOUTEN (8], p. 163, p. 370.
2 Yano [4].
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From (12.3), we get, for the non-vanishing components of K

vidx?
@11,1 (i‘ 7‘ - fz )g,,,,,,

2

(12.4) /
KwC'nE = 'Ktptni - i"f? (8o 8en — 8zt 8on)-

From the first equation of (12.4) we see that the sectional curvature
determined by two mutually orthogonal unit vectors #* with ! =1,
u* = 0 and v* with 1 = 0, is

--(5-15%)
(125 — Raaorr = — (113 17),

/ I
and this does not depend on v*. Since there is always a motion of the
transitive group which transforms the field #* into itself and every
vector orthogonal to it into a vector with the same property, it follows
that this scctional curvature is a constant.

From the second equation of (12.4) we sce that the sectional curvature
determined by two mutually orthogonal unit vectors v* with »! =0
and w* with w! = 0 is

'3
- Kﬂnivthvnwz = - (’K‘vaq’w‘v’"wi +1 szﬁ)‘

Since this must be independent of the choice of v* and w*, we must
have

(12.6) Kong = "*(€oz8tn — Etzon)
and consequently
’ 12

(12.7) -_ K“ﬂv"w:‘v"wa = k —_ i—f—f .

Since the group is transitive, this scalar must also be constant.

The equation (12.6) shows that the hypersurfaces §! = constant are
S,—1's. But we know that these must be all of the same constant cur-
vature. Thus 'k is also constant. Hence f'2j4f2 is a constant

(12.8) _ 113 =R,

k being different from zero, from which by integration
(12.9) f = a2,

where 42 is an arbitrary positive constant.
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On the other hand, we have

8en = F(EFral€9),
&} = 5Octne + 04ty — Oofe),
and consequently
Koo = Pz,

where F,;;* is the curvature tensor formed from f,,{£°). Consequently
we have

(12.10) "Korns = HEVF gne-
Thus from (12.6) and (12.7) we obtain

(12,11) Fcpz;y,g = F(fq;gf:q - /CEfqm)

where

(12.12) F = (&Y'

is a constant. Here I* and ‘% are constants and f(£!) is not a constant,
consequently we must have

'‘k=0, F=0
from which
(12.13) 'Kgene =0, Fpe = 0.
Substituting (12.9) and the first equation of (12.13) into (12.4) we
obtain, for the non-vanishing components of K,,,,
Komn =+ F8en  Kormg = — F(8ee8tn — Bezlon)-

Hence

(12‘14) Kvu.Ax = - kz(gvxgul - gu.ngv}‘)'

Thus the space is of ncgative constant curvature.
In fact, by (12.9) and the second equation of (12.13), the fundamental
form of V, can be written as

(12.15) ds? = (d£Y)2 4 a?e®S[(dg?)2 + ... + (d&™)?],

which is a well-known fundamental form of an S, of negative constant
curvature.

Conversely, if the V', is an S, of negative constant curvature, then
there exists a coordinate system with respect to which the fundamental
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form takes the form (12.15). If we put

ae’® = L
ku

then (12.15) becomes

(12.16) g5z — \B)* + (@) + ... + (dE")?
k22

Thus we can sec that the space admits a group of motions of order
in(n — 1) + 1 given by

(12.17) U= au, '&" = a(aE" + b")

where ‘" = al&* + b" represents a general motion in a Euclidean R, .
Thus we have

TurorREM 12.1. In order that case II in Theorem 10.8 occur it is
necessary and sufficient that the space be of negative constant curvature.

Since an S, cannot admit a parallel vector field, case I is not a special

casc of II.
Gathering the results obtained in the last three sections, we can statc

THEOREM 12.2. InorderthataV,,n <<4,n # 8,fad¢m't a group of motions
of order in(n — 1) + 1, 1t is necessary and sufficient that the space be
a product of a straight line and an S, _, (this is equivalent to the fact that
the space is a C,, and admits a parallel vector field) or that the space be an
S, of negative constant curvature.

In this theorem, the cases # = 3, #» = 4 and # = 8 are exccptional.
E. Cartan! has studicd the case # = 3 in detail and he obtained

THEOREM 12.3. A simply connected complete V admitting a G, of
motions is homeomorphic to one of the following spaces.

(1) a Euclidean space.

(2) a product space of a straight line and a sphere.

(3) a spherical space.

The case #n = 4 was our exceptional case. But S. Ishihara 2 has studied
this case and obtained

1 CARTAN [6], p. 305.
2 IsHIHARA [1].
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THEOREM 12.4. A simply connected complete V, admitting a transitive
group of motions is homeomorphic to one of the following spaces:

(1)
)
©)
(4)
(5
(6)

a FEuclidean space of four dimensions.

a sphere of four dimensions.

a complex projective space of two complex dimensions.

a product space of two spheres of two dimensions.

a product space of a straight line and a sphere of three dimensions.
a product space of a Euclidean plane and a sphere of two dimensions.

THEOREM 12.5. In a V, there exists no group of motions of order 9.
If a V, admits a group of motions of order 8, then the group is transitive
and the space is a Kdhlerian manifold whose holomorphic sectional cur-
vature is constant.



CHAPTER V
GROUPS OF AFFINE MOTIONS

§ 1. Groups of affine motions.
Consider an L, with a linear connexion IT;,. Since the linear connexion

%

%» 1S a linear differential geometric object, Theorems 2.1 and 2.2 of
Ch. 111 give

TeEOREM 1.1. If an L, admits an infinitesimal affine motion, it
admits also a G, of affine motions generated by the infinitesimal one.

THEOREM 1.2. In order that an L, admit a G, of affine motions,
1t s necessary and sufficient that theve exist a coordinate system with respect
to which the components I, of the linear connexion are independent of
one of the coordinales.

To study the projective differential geometry inaugurated by O. Ve-
blen?, J. H. C. Whitchead 2 considered an A4,,, whose linear connection
satisfies

(1.1) I, = A*

w?

0, =0,
(AN®...=012...,n).
According to Theorem 1.2, this 4, admits a G; of affine motions.
In tact, if we put
v 2of gx,
- 0
(1.1) can be written as

(1.2) V, ¢ = A%, V,V,v* + Rj;*v" = 0.

Thus the 4 ,,, considered by J. H. C. Whitehead can be characterized
as an 4 ,,, which admits a concurrent vector ficld and an affine motion.
The authors of the School of Princeton consider in such a space tensors

1 VEBLEN [1, 2].
2 WHITEHEAD [1].
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or tensor densities whose components are of the form

pl.d.\u = eNE'fi.o.\u(él, ey E”))

from which
(1.3) £y, =Np?,.

This means that they consider the quantities whose Lie derivatives
are proportional to the quantities themselves.

If we choose a coordinate system with respect to which v* = &,
the cquation LT}, = O takes the form

(1.4) Ll =80, + Iy =0,
hence

THEOREM 1.3. In order that an L, admit a G, of affine motions,
1t is necessary and sufficient that there exist a coordinate system with respect
to which the T}, (£) are homogeneous functions of degree — 1 of the coordinates.

To study projective differential geometry, DD. van Dantzig considered !
an L, , whose components of the linear connexion are homogeneous
functions of degree — 1 of the coordinates &; »=0,1,...,n. Ac-
cording to Theorem 1.3, this L, ,, admits a G, of affine motions.? The
authors of the School of Delft 3 consider in such a space the tensors or
tensor densities whose components are homogeneous functions of degree 7.
Thus

(1.5) LPsyer V™ =[r — s+t 4 (n+ Lwlp, .. 2"

for a tensor of weight w. This means they also consider those quantities
whose Lie derivatives are proportional to the quantities themseclves.
The number » — s + ¢ 4 (#» 4+ 1)w was called the excess.

Since a linear connexion is a lincar differential geometric object,
Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 111 hold for a group of affine motions.

§ 2. Groups of affine motions in a space with absolute paral-
lelism, 4

An L, is said to possess absolute parallelism or teleparallelism if for

1van Dantzic [1].

2 vaN DaNTzIG [2, 3].

3 ScHouTEN and HaaNTjEs [1].
* ROBERTSON [1].
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any points P and Q of the space the parallel displacement of any quantity

from P to Q along a curve joining P and Q gives a result at Q which does

not depend on the choice of the curve. In such a space we fix a point &
0

and consider » linearly independent contravariant vectors ¢*(¢) at this
point, (@, b,¢, ... =1,2,...,n). ¢ 0
Since the parallel displacement does not depend on the curve, on

displacing the vectors ¢*(&) from 5" to an arbitrary point £ of the space
a 0

along any curve joining & and 5“ we get fields of vectors e"(&) and for
these ficlds holds 0
(2.1) Ve %9, e + Thet =0,

from which

a a

(2.2) T = — 69,6 = €9, ¢,
a a

a

where the ¢, are defined by ¢, & = ;.
b

It is well-known that if an L, admits absolute parallelism, then
R,;* = 0 and conversely, if R,,* =0, then the L, admits absolute
parallelism, the S.;* being not necessarily zero.

If an L, with absolute parallelism admits an infinitesimal affine
motion & - & 4 v*dt, then from Vu & =0, ,(,'F,’;A = 0 and

£Vue) — Vu(£e) = (LT )

v

we obtain
V.(£e*) =0,

which shows that the vectors £e* arc also absolutely parallel and conse-
quently that ve

(2.2) £ ¢ = c,, ¢y = constants.

Thus we havel

THEOREM 2.1. In order that an L, with absolute parallelism admit
an infinitesimal affine motion, it is necessary and sufficient that the Lie

1G. T, p. 18.
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derivatives of n linearly independent absolutely parallel contravariant vectors
be linear combinations of these vectors with comstant coefficients.

If all the constants cj are zero, that is, if

(2.3) Let =0,
va
the affine motion is said to be particular. .
If we choose a coordinate system with respect to which v* = &}, the
conditions for a particular and a general affine motion become
0,¢* =0 and 9,¢* = c; ¢*
a b

[
respectively, from which

(2.4) e = (& ..., & and :z" = uy (E1)f*(&2, ..., &™)

respectively, where u;(&!) are functions of &! satisfying
(2.5) 0, u5(€7) = cyug(é)
and consequently also satisfying
(2.6) (81 + 8) = ug(éuy(t). *
Conversely when the e have the property (2.4), the space evidently

admlts a one-parameter group of affine motions given by & — & + e“dt
Thus we have

THEOREM 2.2, In order that an L, with absolute parallelism admit a
G, of particular affine motions, it is necessary and sufficient that there exist a
coordinate system with respect to which all the components of the absolutely
pavrallel contravariant vectors are independent of one of these variables.

THEOREM 2.3. In order that an L, with absolute parallelism admit
a G, of general affine motions, it is necessary and sufficient that there exist
a coordinate system with respect to which the components of the absolutely
parallel contravariant vectors have the form e = uy(EY)f (&2, ..., &),
with uy(&Y) satisfying (2.5) or (2.6). b ¢

An A, with absolute parallclism is an E,. In E, we can take a recti-
linear coordinate system (x). Then fe* = 0 gives v* = const, and conse-

vao

1 voNn NEUMANN [1]; WYL [3], p. 25.
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quently this means that the particular affine motion is a translation.
In E,, fe* = che* gives v* = ¢j&* + p* and this means that the general
op A

affine motion is a general affine transformation.

§ 3. Infinitesimal transformations which carry affine conics into
affine conics.

It is evident that in an A4, an infinitesimal affine motion carries an
arbitrary affine conic?

33" ag

k——=0 (k= constant
ds? + ds ( )
into an affine conic and transforms every affine parameter into an
affine parameter.

Conversely we assume that an infinitesimal transformation &¢— &*
+ v*dt carries an arbitrary affine conic into an affine conic and the affine
parameter on it into an affine parameter on the deformed affine
conic.

First we get from fd&* =0

ag* ag  Lds

62 T T E &

where we have dropped v from £ for the sake of simplicity.
Secondly, from the formula °

Lo — 3 Lu = (LT%)de u?,

3.1)

we get
dn* ag* 3(Lu*) ¢ Lds

O ey B p . SAW) o1 46s
(3.3) £ ds (£T5) as + ds ds ds

Thus putting #* = d&*/ds in (3.3), we get

32&* e @&+ de 32& Lds a& d  [Lds
e N R A S A
Putting then #»* = §2£%/ds? in (3.3), we find
g 3 ag de* dg

338>
35) &g = AT 5 T

3 33 Lds 32 d Lds ag* dzugds
ds®  ds ds® ds ds ds ds® ds

+ (VLTH) s ds ds

1 Yano and TAkANO [1]; cf. ScHOUTEN [8], p. 299
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But because the transformation transforms every affine parameter
into an affine parameter, we must have

(3.6) 's = (1 4 adt)s + bdt; a, b = constants.
From this it follows that
£ds
(3.7) = a

and that the equations (3.2) and (3.5) become

as as
8 - a2
(3.8) £ 2 “ s
and
dagx dg* 3251
(3:9) PR O e e
. dg dg dg 3
MR U S A Rl
respectively.

On the other hand, under the transformation (3.6) of s, % is trans-
formed as follows:

1
o= k= (] —
g b = (1 — 2adi)k

hence
(3.10) Lk = — 2ak.
Thus, from (3.8), (3.9) and (3.10), we obtain

33* asg*
(3.11) ,6(78-5— + k& di )

L a8 3% L dEe der ag
= 3hT) 5 g+ (MATW 5 55 o

o3& dé"‘)
‘3“(dss tEo)

Thus, in order that every affine conic be transformed into an affine
conic and the affine parameter on it into an affine parameter on the
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deformed conic, the equation

agt 3¢ & dg g
x\ > 2 ™) - e — . 2 —
(&L ds ds? + (VAT ds ds ds 0
- dg 2x
must be satisfied for every value of I and — R and consequently

it is necessary that LT7, = 0. Thus we have

THEOREM 3.1.1 In order that an infinitesimal transformation transform
every affine conic of an A, into an affine conic and the affine parameters
on 1t into affine parameters on the deformed comic, it is necessary and
sufficient that the transformation be an affine motion.

§ 4. Some theorems on affine and projective motions.

We consider an A4, which admits a G, of affine motions with the

infinitesimal operators £f = v*9,f such that the rank of »* in a ncigh-
a a a

bourhood is 7 < #. Then we have
(4.1) LI = 0.

In order that an ‘4, projectively related to the 4,, admit the G,
as a group of affine motions, it is necessary and sufficient that there
exist a covariant vector field p, such that

AT + 245 + prd)) =0

a

or
(4.1) £p=o.

But according to Theorem 3.1 of Ch. 111, this system of partial differential
equations is completely integrable, hence

THEOREM 4.1.2 If an A, admits a G, of affine motions with the in-
finitesimal operators Lf = v*8,f such that the rank of v* in a neighbourhood
a a a

is v < n, there exists always an 'A, which is (not trivially) projectively
related to A, and which admits the same G, as a group of affine motions.

1 Yano and Takano [1]; G. T, p. 16.
2 KNEBELMAN [3]; YANo and Imar [1].



92 GROUPS OF AFFINE MOTIONS CH.V

We next consider an 4, which admits a G, of projective motions such
that the rank of v* in a neighbourhood is » < #. Then we have
a

(42 £ = P A5 + prAs

In order that an ‘4, projectively related to the 4,, admit the same G,
as a group of affine motions, it is necessary and syfficient that there
exist a covariant vector field $, such that

AT + pudy + prdy) = O
or
(4-3) ;§1’A = - fz-

On the other hand, substituting (4.2) in the identity (L£LT},) = ¢ LT
we get °® ¢

;q’x - ;bgfx = Co f}.x

c

which shows that 7 covariant vectors p, form a complete system with
respect to G,. Thus (4.3) is completely integrable and we have

THEOREM 4.2.1 When an A, adwmits a G, of projective motions such
that the rank of v* is v < n, there exists an 'A, which is (not trivially)

projectively related to A, and which admits the same G, as a group of affine
motions.

From this we obtain

THEOREM 4.3.2 In order that a G, in an X, such that the rank of
v* is 7 =5 n, can be regarded as a group of affine motions in a D, it is

a
necessary and sufficient that the G, be a subgroup of the ordinary projective
group.

The necessity is evident. Conversely, if the group G, is a subgroup
of the ordinary projective group, it is a group of projective motions
in a D,. Consequently according to Theorem 4.2, there exists an 4,
which is projectively related to D,, and is itself a D, and admits G,
as a group of affine motions. Thus Theorem 4.3 is proved.

1 KNEBELMAN [3].
2 Yano and TasHIrO [1].



§5 INTEGRABILITY CONDITIONS OF LT%, =0 93
v

§ 5. Integrability conditions of ,gr;;l =
We consider the integrability condltlons of ,(,‘P" = 0, which can
be written as
Vv = o — 25 %o, 1
5.1 i
Vot = — R "0
From (4.13) and (4.14) of Ch. 1, we have
(5.2) LS =0, LR,;*=0

respectively. Then applying the formula (4.9) of Chapter I to S,;*
and R,,*, we obtain

(5.3) LV, S5, =0, LV, R,,*=0
v v
respectively. Repeating the same process, we have
AVup 5" =0, Vo0 Roia® = 0,
(5:4) £V s Sia* = 0, Voo R = 0,

Thus we have

THEOREM 5.1.2 In order that an L, admit a group of affine motions,
it s necessary and sufficient that there exist a positive integer N such that
the first N sets of equations (5.2), (5.3) and (5.4) are compatible in v* and
v;* and that all their solutions satisfy the (N + 1)st set of equations. If
there exist n® + n — r linearly independent equations in the first N sets,
then the space admits an r-parameter complete group of affine motions.

For an L, with absolute parallelism, we have R,;* = 0, if we replace
(5.2), (5.3) and (5.4) by

(5.5) éS,’A" =0, ,§V‘,S"L§‘“ =0, £Vm15u'a =0,

Theorem 5.1 holds.
We now consider an 4, for which V R, ;* = 0, (Cartan’s symmetric

1 Cf. ScHOUTEN [8], p. 346.
2 KNEBELMAN [2]; G. T,, p. 19.
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space). Then the Ricci identity
(5.6) 0=V, V,R,;*— V, V. R ,*
= Ry Rys® — R P R — Regy PRy
Rm.,)L R,

shows that, if we take v,* = f*R,;;*, then £R,;;* = 0 is satisfied iden-
tically, v* being arbitrary. Thus we have ° .

Turorem 5.2.1 An A, for which V R, ;* =0 admils a transitive
group of affine motions.

On the other hand, A. Nijenhuis 2 proved that the generators of the
holonomy group of an L, span the ¥-domain of the curvature tensor
R,.* and its covariant derivative. Thus the generators of the holonomy
group of an A, with V R;;;* = O span the }-domain of the curvature
tensor Ry,,". Smcc the generators of the isotropy group span the %-
domain of the set v,* = V,v*, we have

a a

THEOREM 5.2.% In an A, for which V R,,;* = 0 the isotropy group
contains the holonomy group.

We now consider the conditions of complete integrability of £17, =: 0,

that is, those of (5.1). In order that we have complete integrability, the
equations

£S5 = vV, S5 — SaPu* + Sp*vf 4 S =0

and
LRi* = PV, R* — RisPu)* + Rops*u,® + Rigi*v,? + Ri*u;? = 0
v

should be satisfied identically for any »* and »,*, from which we can
casily deduce S;;* = 0 and R;;;* = 0.
In this case, the group has its maximum order #2 + #». Thus we have

THEOREM 5.3.4 In order that an L, admit a G, of affine motions of
the maximum ovder n® + n, it is necessary and sufficient that the L, be an
E,, 5 the group being a general affine group.

LCARTAN [6, 8, 11].

2 NijENHuls [2], Ch. 11, § 13.

3 SCHOUTEN (8], p. 363.

¢ EISENHART [4], p. 234; G. T,, p. 20.

5 k£, stands for an ordinary affine space.
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In an L, with absolute parallelism, a particular affine motion
& — & + v*di satisfies the equation
Let ="V, ¢t — etv* =0,

va a a

from which, because of V, e =0,

(5.7) v* = 0.

n

Thus the conditions of complete integrability of the equations ,ge"
or of »,* =0 are that

£Sisx = vV, 8,50 =0

are identically satisficd for any ¢, from which it follows that V,S;;* = 0.
Thus we have

THEOREM 5.4.1 In order that an L, with absolute parallelism admit
a group of particular affine motions of the maximum order n, it is necessary
and sufficient that the covariant derivative of the torsion temsor vanish.

In this case, the differential equations »;* = O admit solutions »*
whose initial values can be arbitrarily assigned. Thus when an L, with
absolute parallelism admits a group of particular affine motions of
the maximum order %, the group is simply transitive.

§ 6. An L, with absolute parallelism which admits a simply
transitive group of particular affine motions. 2

We consider an L, with absolute parallelism and denote # linearly

independent absolutely parallel vectors by ¢* and the components of

|- b i
the linear connexion of the space by I'y,. Then we have V, e = 0, from
which

[

(6.1) o= — eld e = + e“d el,
I b
(6.2) Sy det Ft‘m = + f" 01,6,
+
(6.3) R, = 0.
1G. T., p. 20.

2 SCHOUTEN |[8], p. 185.



96 GROUPS OF AFFINE MOTIONS CH:V

We assume that the space admits a simply transitive group of particular
affine motions, then according to Theorem 5.4, we have

4k
(6.4) V,Sux=0.
Thus if we put
-+ a ] cb
(6.5) cly et — 25;‘;"@‘?‘*@; S = — lche, 66,
4 ‘ a

4
the cj, are scalars and V, ¢y, = 0, which shows that the ¢;, are constant-s.
Thus from (6.2) and (6.5), we get

a c b
(6.6) oy = — ¥ae.on
and
(6.7) 9, e — ¢"9,¢e* = cg ",
c b b c a

which shows that » vectors ¢* gencrate a simply transitive group.
b

Conversely, if n vectors ¢* generate a simply transitive group, then we
b

have (6.6) and (6.7), and we can easily sece that (6.4) holds. Thus ac-
cording to Theorem 5.4, the space admits a simply transitive group
of particular affine motions. Thus we have

THEOREM 6.1. In order that an L, with absolute parallelism admit
a simply tramsitive group of particular affine motions, it is necessary and
sufficient that n absolutely parallel vectors gemerate a simply tramsitive

group.
We assume again that the space admits a simply transitive group of

particular affine motions and denote by ¢* (4, B,C =1, 2, ..., n) n vectors
B . . .
which generate the group. Then we have
(6.8) Lo e, e — 49,6t =0,
Bb B b b B

which can also be written as
b

B
(6.9) . exaue)‘ = 8“3;‘8“.

B b

This shows that with respect to the linear connexion

- +
(6' 10) F:,A ‘}—f:t P‘;u:
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the vectors ¢* are absolutely parallel, from which
B

(6.1 1) R‘;u].u = 0.

Conversely, we assume that the linear connexion I—‘b defined by
+.

(6.10) from a linear connexion I}, of an L, with absolute parallelism,

is of zero curvature. Then denoting by ¢* and ¢* # linearly indcpendent
b B+ -
vector fields absolutely parallel with respect to I, and I'%, respect-

ively, we have
+
(6.12) O = €96, T =¢60,¢

and consequently
B
‘0,6 = €‘0ze,,
b B

from which

(6.13) Let =9, — e, = 0.
By B b vooB
+
This equation shows that the space with affine connexion 1%, admits

a simply transitive group of particular affine motions. Thus we have

I
THEOREM 6.2. In order that an L, with absolute parallelism 17,
adinit a simply transitive group of particular affine motions, it is necessary

- 4
and sufficient that the linear connexion I'y, = T}, be of zero curvature.

Again we suppose that an L, with absolute parallclism admits a
simply transitive group of particular affine motions, then we have the

second equation of (6.5). Denoting by e¢* the vectors generating the
B
simply transitive group of particular affine motions, we have

(6.14) 0,6 — ¢, = cipye,
¢c B B C .
from which
(6 15) g--x def I—wu = — 1.4 :,:' g et
: who = tled] T 2cnu7t"

«

Thus from the second equation of (6.5), (6.15) and

+ —
(6.16) S';Au = - sl;}.\x)
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we obtain
cb CB
(6.17) Che,66 = — ciye, 6"
a A

+ -—
Now the linear connexion I'j;(I,) defines an absolute parallelism in
the L, and consequently, if we give n vectors ¢*(&) (¢*(£)) at a fixed
b 0 B O

point & of the space, then the vectors ¢*(§) (¢*(£)) at every point of the
(1] b B

space are automatically determined. Now for convenience we choose

the vectors e and e in such a way that e *(&) = ¢*(£). Then from
0 B 0

(6.17) we havc at thc point (&)
0

(6.18) Cor X — 868337 cgp,

which also holds at all points of the space.
The space discussed in this paragraph is exactly a group space.!
The group generated by e*(e*) is called the first (the second) parameter

group. v B
From
(6.19) Le#=0, Le&=0,
o b B
we have

THEOREM 6.3. The veclors defining the first (the second) parameter
group are transformed into themselves by the second (the first) parameter

group.

§ 7. Semi-simple group space.
We consider a group space and adopt the notations used in the preced-
ing paragraph. If we put

(7.1) P:A = qu-M'
we get

+ 4 - +
(7.2) O =T + Sui”» O = O — S

The linear connexions given by I‘.w I, and T, are called respectively
(+)-connexion, (0)-connexion and (—)-connexion of the space.?

1 EISENHART [4], p. 198; ScHouTEN [8], IV.
2 CARTAN [3]; CARTAN and ScHOUTEN [1]; EISENHART [4].
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+
On substituting the first equation of (7.2) in R,;* = 0, we obtain
oo+ oo+ + o+
(7.3) Ry = 250° 5,5 + SpaP S + 53PS,
where R,;;* is the curvature tensor of I'),. From R|.;}=0 and (7.3)

we obtain
+ o+
(7.4) Sid Syye¥ = 0.
This equation can also be obtained from the Jacobi identity satisfied
by the structural constants:
Cfdc C:]G = 0.

From (7.3) and (7.4), we get
o+
(7.5) Ry = 5,,° Sia™.

‘_
For the covariant derivative of the torsion tensor S;;* with respect
to I'%,, we have
+ Fo F Bl ! l | +
V,Suk =V, 805% — Suuf S — Spa®See™ — 5P S0
from which, because of (7.4),

(7.6) V, 5% =0.
Thus from (7.5), we get

(7.7 V, Ry = 0.

because of (7.6). Thus we have

THEOREM 7.1.1 Every group space is a symmetric A, with respect

£ its (0)-connexion.

We now suppose that the space is a semi-simple group space. According
to E. Cartan, 2 in order that the group be semi-simple, it is necessary
and sufficient that the rank of the matrix

(7.8) 8o = cgcc:d
be n. Thus putting

c b
(79) AR FYNN

1 SCHOUTEN (8], p. 191.
2 CarTAN [3].
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we can give a Riemannian metric
(7.10) ds? = g, de*dg

to the space. The equation (7.8) can also be written as

+
(7.11) g = 45,2 555"
Now from (7.5) we obtain by contraction
P+
(7.12) Ry = S0 S5™
from which, because of (7.11),
(7.13) R, = 18-
Morcover from (7.7) and (7.13), we have
(7.14) V,R, = {V,80 =0,

which shows that the I', are the Christoffel symbols {3} formed with
g, Thus we have

THEOREM 7.2.1 For a semi-simple group space, the (0)-connexion
ts Riemannian and the space is Einsteinian.

From
- C B A
SpX = — egpe,a¢, L= Le =0,
i bB b
we obtain
- F
(7.15) £S5, =0 and consequently £S;;* = 0.
b b
IFrom (7.11) and (7.15), we obtain
(7.16) L8 =0.
b
On the other hand
(7.17) g,de“i“ = g
c

are constants. The equations (7.16) and (7.17) show that the infinitesimal
transformations of the first parameter group are translations. Since a
similar result holds for the second parameter group, we have

1 CArTAN and ScHOUTEN [1]; EISENHART [4], p. 206.
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THEOREM 7.3.1 The infinitesimal transformations of the first and of
the second parameter group of a semi-simple group space are translations.

§ 8. A group as group of affine motions.
We apply now Theorems 3.1, 3.2 and 3.3 of Ch. 11 to the case of
the group of affine motions.

We consider a G, in an X, and we suppose first that the rank of »*
[

in the neighbourhood under consideration is » < »#. In this case we
choose a coordinate system with respect to which we have (3.6) of Ch. 111.
Then the equations £I%, = 0 become
a

B.1) LT =28,87" +¥5,Th — [Ha,7* + Tha,° + [ 5% =0

and consequently, defining the functions @,5,(1", £ by
(8.2) O 5(I, & & — 9,0, 4+ T,0,v* — I'59,v° — 1%, 8,°,
a a a a a

we obtain

(8‘3) £F:A = va[am F:}\ - @aﬁl(r’ E)J!
from which

(8.4) 9, Iy == O (T, &).

As was shown in § 3 of Ch. 111, we can prove that the system of partial
differential equations (8.4) is completely integrable and that the solutions
I (£) are determined by the initial values of I'j, at a point (&), which

0

in the case # < #, can be arbitrary functions of the variables £ and,
in the case » = #, arbitrary constants. Thus we have

THEOREM 8.1.2 A G,inan X, such that the rank of v* in the neighbowr-
b

-

hood under consideration is v -~ n can be vegarded as a group of affine
motions in an L, whose components of the affine connexion contain n®
arbitrary functions or constants.

We next consider a G, in an X, such that the rank of * in the ncigh-
b

bourhood under consideration is ¢ -<#, »n. In this case we choose a
coordinate system with respect to which we have (3.15) of Ch. m1.

1 CArTAN and ScHOUTEN [1]; EISENHART (4], p. 213.
2G. T, p. 26.
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Then the equations ,(,‘I‘ﬁA = 0 become
,{;Fu,‘:aaxv +v”‘8I‘“——I“’av+ av + If0v* =0,
i

(8.5) (&L= <P..;J€F,a + (3,.3;%)? + (@ u%)(axf) + (2292 (2,7)

i

—T .‘h(@p?f,)?“ + 1‘2;(3&?})?“ + Thn(2290) ) *

Thus, if we define the functions ©,%,([, £) and E, (T, &) by
(8.6) ?“ (T, &) 4t — 3&:}" + 40,7 — T59,v* — T d,0"
J J J

and
8.7) B a8 = (%f)wi):)" + (3;.<PL)(3A:)“) + (%@L)(au’:")

— T50, 907" + T2, 907" + Thu(@9u)0%,
? L] .

we obtain

£Fux = v“[@a L — O,n(T, 8] =0,

(8.8) _
£Fu) = (Pu£r‘:)\ + '='u:2\(l—" E) =0,

from which
(8.9) 9, = 9,u(1, 8), B (T, §) =0.

Using the method of § 3 of Ch. 111, we can prove that if E,};(T', §) = 0
is compatible at some point of the space, then the mixed system (8.9)
is completely integrable and the solutions I7,(&) arc determined by
their initial values at this point which satisfy E,% (T, € = 0. Thus we
have

THEOREM 8.2.1 Constder a G, in an X, such that the rank of v* in
b

the neighbourhood under comsideration is q < v, n. If, in a coordinate
system with respect to which (3.15) of Ch. 11 is valid, the equations
BT, &) = 0 are compatible in T, at some point of the space, then the
group can be regarded as a group of affine motions in an L.

We finally consider a multiply transitive G, in an X,. Then the rank

1G. T, p. 27.
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of v* in a neighbourhood under consideration is # < r. Thus, if we put
b

(8.10)  det (v*) #£0, v*= @iv*; a,b,c=12,...,n,
b
* * w,v,w=n-+4+1,...,r,
we can state

THEOREM 8.3. If, for a multiply transitive G, in X ,, the equations
By, &) = 0 are compatible at a fixed point of the space, the group can be
regarded as a group of affine motions in an L,

We now consider analogous problems for groups of particular affine
motions in a space with absolute parallelism.
We first consider a G, in X, such that the rank of 2* in a neighbourhood

b
is 7 22 m. In this case, if we choose a coordinate system such that (3.6)

of Ch. 11 is valid, the cquations Le*=0 (4,B,C, ... :==1,2,...,n)
become o
(8.11) Let =09, — e, v =0.

a .l a A A [

Consequently, defining the functions 0, %(e, &) by

(8.12) v*0,% (e, &) = 9, v",
a A a
we have
(8.13) Lt == v*(0,¢ — 0,%(e &),

a .1 a A
from which
(8.14) 0,¢* = 0,%(c, &).
.1

As is shown in § 3 of Ch. 111, we can prove that (8.14) is completely

integrable, and that the solutions ¢*(&) are determined by the initial
A
values at a point (&), which, in the case » < %, can be arbitrary functions
0

of the variables & and in the case » = », arbitrary constants. Thus we
have

THEOREM 8.4, A G,inan X, such that the rank of v* in a nesghbourhood

is ¥ < n can be regarded as a group of particular affine motions in an
L, with absolute parallelism and the components of the absolutely parallel
vectors can contain n® arbitrary functions when v < n, and n® arbitrary
constants when r = n.
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We consider next an intransitive G, in an X, and suppose that the
rank of v* in a neighbourhood is ¢ < 7, #. In this case we can choose a

coordinate system such that (3.15) of Ch. 111 holds. Then the equations
£ ¢ = 0 become
aA

Let=v9,e — e'o,v =0,
t A i A A i

L& = oy, Lot — é(0,9.)v = 0.
u A i A i

(8.15)

Thus, if we define the functions ©,%(e, &) and E,% (e, &) by

(8.16) v*0,%(e, &) = ¢*9,v"
t A t
and
(8.17) Euile, &) = — €49, 000",
A t

respectively, we have

(8.18) Let = v*o,e* — 0.%(e, £)] =0,
1 4 i A

and

(8.19) Let = ol Lot + BN &) =0,
u .1 A

from which

(8.20) 0, = 0.%(e, &), E (e, &) = 0.
A

Using the method of § 3 of Ch. 111, we can prove that if the equations
E,%(e, &) = 0 arc compatible at a point of the space, then (8.20) is
completely integrable. Thus we have

TueoreM 8.5.1 Consider an intransitive G, in an X, such that the
rank of v* in a neighbourhood is ¢ < r, n. If, in a coordinate system with

respect to which (3.15) of Ch. 111 holds, the equations E,%(e, &) = O are
compatible at a point, then the group can be regarded as a group of particular
affine motions in an L, with absolute parallelism.

We finally consider a multiply transitive G, in an X,. Then the rank

of v* is » < ». Thus (8.10) is valid, and we have

1G. T, p. 29.
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THEOREM 8.6. If, for a multiply transitive G, in an X ,, the equations
E.4(e, &) = 0 are compatible in ¢ at a point of the space, the group can

4
be regarded as a group of particular affine motions in an L, with absolute
parallelism.

§ 9. Groups of affine motions in an L, or an 4,.

Let an L, with a linear connexion I}, admit an infinitesimal affine
motion & — & + v*di. Then LT7, = 0. But if we put

0
(9.1) L= Thay S =

then the equations £T%, = 0 arc equivalent to

(1]
(9.2) L% =0, £S;*=0.

Thus the integrability conditions of [T%; == 0 are

0
LS =0, LR, =0,
0 0 0
0 0 0
£VV2V1 S(;J'\x =0, £szm R\;ﬁlu =0,
L ...
0 0

where V, denotes the covariant differentiation with respect to [, and
0 0

R,* the curvature tensor bclonging to I,.
As we know, the space admits a complete G, of affine motions, if
and only if there exists an integer N such that the first N sets of ecqua-
0

tions (9.3) are compatible in v* and V,v* = »,* and arc equivalent to a
sct of #2 4+ n — 7 linearly independent cquations and that all v* and
v,* satisfying the first NV sets satisfy also the (N 4 1)st set of cquations.
In this case, the rank of the matrix formed by the coefficients of »*
and »;* in the first N sets is equal to #® 4-n — 7.
We now consider the equations

0
LSy = 1"V S5% — Sufv + Spv,° + S50, = 0.
v
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0
In these equations, the coefficients of v° are V,S;;* and those of ;° are

(9.4) T3k S AL SGx + A§S. — A5Sye.

We consider the &-rank of 7;%.°.
First we shall prove

LemMA 1. If the 8-rank of T is less than n, then the components of the
torsion tensor of the form Sa‘,a,;,:l (o0 #oayofj ~A4;4, 7,k ...=1,2,...,n)
are all zero.

In fact, if we consider the n-rowed determinant formed by the com-
ponentsof 7" (upperdiagram), then
its value is (— S, _,*1)". The §-rank

o3y
of T is less than # and conse-

P % quently we have

o e
n ’ 95  Sigm=0.

«, e LEMMA 2. If the C-rank of T
gy — 8, S0 is less than n, then the components
of the torsion tensor of the form

G,i=12...,n) Sagai are all zero.

In fact, taking account of
Lemma 1, we consider an n-rowed
determinant formed by the com-
\ b ponents of T (lower diagram):
G % %y Since the 8-rank of 7 is less
\ %3 %o than #, we have
(9.6) Sat=0.

212
oKy Sa .ay * ™
oL
X% i From the lemmas 1 and 2, we
o, o §7g: -m have
0‘.011 8 g0ty

LeEmmA 3. If the &-rank of T
(r,s=2,...,m) 1s less than n, then the torsion
tensor vanishes identically.

We now suppose that the torsion
tensor does not vanish identically and we denote by 7 the order of the
complete group of affine motions admitted by the space. Then the #-rank
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of T is n* + n — r. Thus from Lemma 3, we have
n4+n—rz=n

that is

(9.7) 7 = i

On the other hand, we can casily verify that a space with an asym-
metric linear connexion I, for which

l‘}nT:an='-':‘ ::in:‘:a—b
9.8) T, = 1% = ... =" =a+b
', = 2a,

with @ and b non zero constants, the other IVs being zero, admits a
group of affine motions whose #? infinitesimal operators are

(9.9 of, £0,f. (e=1,2,...,n-—1)
For the curvature tensor R;;* holds in this case
(9.10) Ris' =Ryt = ... =R, j;;" " = (a—b?

and the other components of R, ;* not related to these are zero.
Thus the curvature tensor of the space is zero or not zero according

as a = b or a ¥ b. This proves a theorem of Egorov.?!

THEOREM 9.1. The maximum order of a complete group of affinc
motions in an L, (A A,) is equal to ne.

When the space is an 4,, that is, when the torsion tensor vanishes,
we cannot apply the above arguments.

If an A, admits an infinitesimal affine motion & — & 4 v*dt, we
have él‘;,\ = 0 and the integrability conditions are given by

(9.11) LR, =0, LV, R;,* =0, ...

In order that the space admit a complete G, of affine motions, it is
necessary and sufficient that there exist a positive integer N such that
the first N sets of the equations (9.11) arc algebraically compatible in v*
and V,v* and equivalent to a set of #? 4 # — 7 linearly independent
equations and that all »* and V,»* satisfying the first NV sets satisfy

1 Egorov [3].
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the (N + 1)st set. We shall
x p % consider the equations
o
A ! ,ng-‘;i* = 1"V, R;;*
a( SjR Rvu)‘pv v + ROM’\ v
00, 0Lall “4"3“2
47a7e + RW)\“V“U
(’l, 1= 1: 2; ) n) + RV‘I;&;“VAUG = 0.

In these equations, the
coefficients of v” are VR,
and those of V_ +° are

2 % «, (9.12)  Typ5%.° = ASR:5*
vp.; % ® + Af Ry + ASR,;,
——— — A%R,;;°.

oL
“1“20‘: 2Rala,a1 0 First we prove

g . SR: - LemmA 1. If the B-rank
%0, aymanr of T is less than n, then

(r,s=2,3,...,n)

(913) Ry, =0,
(o -/ g, o3, oy)

In fact, we consider the

n-rowed determinant formed by the components of T (upper diagram).
Since the 8-rank of T is less than »#, we have (9.13). It should be noticed
that the indices ay, a3, ®y different from «, may be equal.

LemMA 2. If the S-rank of T is less than n, then

(9.14)

R. C kg

®) %%

In fact, taking account of Lemma 1, we consider the n-rowed deter-
minant formed by the components of T (lower diagram).
Since the ¢-rank of T is less than #, we have (9.14).

LEMMA 3. .If the %-rank of T is less than n, then

(9.15)

R. . .fxs(R. L 2 —

*3A%3 Ag%a%y

oy

In fact, taking account of the lemmas 1 and 2, we consider the #-
rowed determinant formed with the following components of T':
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\ J
o
% c 1 a3 al o,
2 -2 -4
3 3 &% 2
VA
oL,
3 R .og R - O 0 o
a3“2a1 [ 2171 2 gAoxy
oL,
3 * R, . 0 0
X3 X%
“3“2“-3 3%2%3
“s * * R . antg O
Ag0lyOly xgxx3y
og * * * S'R . ag
Qg
aaaaaa 3%2%g3
(r,s =45, ...,n).

Since the rank of T is less than #, we have (9.15)
LEMMA 4. If the S-rank of T is less than n, then
(9‘16) Ieﬂ'g"ll&:l( ;1’;013 + Ra:,a,;rxl - Rf;qaga:; ) = 0.

In fact, taking account of the lemmas 1 and 2, we consider the n-
rowed determinant formed by the following components of T

N P
pu ®y a3 &y a,
x ol oy A o3
VLA
“ | R am+ R, Ry, 0 0 0
“3“2“3 alu lqﬂ Ay yxza 1 A3 A
*1 * R, . :m 0 0
%%y
G0y Oy
oy * * . .
- 2. 2%2 Rﬂ‘zaﬂs 0
1%2%3
(51 * * * 3R, :*
%ala 2%1! 8
(r,s=4,5, , M),
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Since the ?-rank of T is less than #, we have (9.16).
We now assume that the -rank of T is less than #. Then multiplying
(9.16) by R, , .2 and using (9 15), we get

(R, )2 R, % =0,

(P12 ) aaagas

a¢:¢a

that is
Ryt Rigoyi2s = 0.
Substituting this in (9.16) we find
Riian (Ropagag' + Regapar’) = 0,
from which, interchanging «, and a,

R;",f;l;!:l( (;léadg + Ra,aaal ) = 0'

Adding these two equations and using R, .t = 0, we find

= Ragg)® — Rogarog?)® — Rogayey)? = 0,
from which it follows that
(9.17) Ry = Riogoa® = Roapar = 0.
Conscquently, from (9.15) we find
(9.18) Ryages = 0.
Hence

LeMMA 5. If the vank of T is less than n, all the components of the
curvature tensor vanish.

We now assume that the curvature tensor does not vanish identically
and we denote by 7 the order of the complete group of affine motions
admitted by the space. Then the §-rank of 7T is #n2 + n — 7. Thus from
Lemma 5, we have

nr4n—r=n
that is
(9.19) r = ni
On the other hand, we can easily verify that a space with a symmetric

linecar connexion i for which

(9.20) I'l,=TI%,=... =TI}, =3I, =a; a=constant # 0,
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the other I"s not related to these being zero, admits an #2-parameter
group of affine motions generated by

(9.21) Py &Py (=12, ...,n—1).
For the curvature tensor holds in this case
(9.22) Ri'=Ryt= ... =R, .;;," ' =2,

and the other components of R;,;* not related to these are zero.
Thus we have a theorem of Egorov. !

THEOREM 9.2. The maximum order of a complete group of affine
motions in an A,, n = 4, with non zevo curvature is n2.

§ 10. L,’s admitting an n?-parameter complete group of motions.

We consider in this paragraph an L, (with non-vanishing torsion)
which admits the group G, of affinc motions. In this case 77,;%,° defined
by (9.4) should have the 8-rank #. We shall prove two lemmas:

LeMMA 1. Under the above-mentioned assumplions, we have
(10.1) Syait == 0.

g 2% 2
In fact, we consider the (# + 1)-rowed determinant formed by the
following components of 7':

P
oy %y % %y
X G
*y * *y )
wA
al . S. 3y 3 0 O o
agxy
050ty
*1 * — S, m 0 0
A%
xq&Kg
L * * — Sa.; &:1 0
0,0ty s
o, * rQ. -ay
4 » * - 80 Sd3’13
g0ty
(r,s=3,4,...,m)

Since the rank of T is #, we have (10.1).

1 Ecorov [1].
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LEMMA 2. Under the same assumptions as in Lemma 1, we have

(10.2) Sea? = Ssaat
In fact, taking account of Lemma 1, we consider the (n 4 1)-rowed
determinant formed with the following components of T':

\ 0
N c %y % &3 . xy
% oy o3 %y L)
@A
o
! Saa 0 0 0
oty 201
o3
* .. ua —_— . . al
o, Sari® — Sigi: 0 0
(51
* * coeay BT 2
00ty S“zﬁl S“zas 0
% % * * 81‘ 5 -ay
g0y L And- 7% 71
(r,s=23,4,...,n.

Since the rank of T is #, we have

AL 3 . o DI 2 —_
‘Sazall (Sagall - Sagfza s) =0,
from which, interchanging «, and as,
P2 Y 2 DY 3 —
Saaaaa(sazasa - Sazall) = 0.

Adding these two equations, we obtain
(S o __ S -¢3)2 — O,

d‘g&l Qgltg
or

Sﬂ‘lz&: '= Séa';:a’
which proves Lemma 2. Lemmas 1 and 2 show that the torsion tensor

has the form

(10.3) Sk = Sy, 4%,

and this means that the linear conncxion is semi-symmetric.? Thus
we have a theorem of Egorov. 2

! FRIEDMANN and SCHOUTEN [1]; ScHOUTEN [8], p. 126.
3 EGorov [5).
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THEOREM 10.1. If an L,, n = 4, with non-vanishing torsion admits
a complete G5 of affine motions, the connexion is semi-symmetric. (n = 4)

REMARK. The theorem does not hold for n = 3. As an example
take Ly with
(10.3) Ma=—Th=1,
the other I's being zero. This L; admits the 3%-parameter group of
affine motions generated by
(10.4) Py, Pa, P, E'81 + Ea, E'D1 + £33, £%81, £, £281, E2Ps,
but its connexion is not semi-symmetric.

The theorem does not hold for # = 2 either. This has been examined
by J. Levine.! As an example we take L, with
(10.5) Th=—Th=1,

the other I''s being zero. This L, admits the 22-parameter group of affine
motions generated by

(10-6) ?l’ Pz: £1p2r fzpl’

but its connexion is not semi-symmetric.

§11. A,’s which admit a group of affine motions leaving in-
variant a symmetric covariant tensor of valence 2.

We prove the following theorem of Egorov. 2

THEOREM 11.1. Let an A, admit a group of affine motions which
leaves invariant a symmetric covariant tensor H,, of valence 2 and of rank
m. Then we have:

1°. The order v of the group satisfies the inequality
(11.1) r=n?+n—nm-+ dmim— 1).

2°. If the equality in (11.1) holds, the group is transitive.

Proof of 1°. If & — & 4+ v*dt is an affine motion, we have

(11.2) LH,, =V, H, + H,V,»" + H, V,0" = 0.

The coefficients of V v” in (11.2) are
(11.3) Tyt = ALH,, + ASH .

Since H,,, is symmetric and of rank m, we can choose, at an arbitrary

! LEVINE [4].
? Kgorov 7].
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point of the space, a coordinate system with respect to which, at this
point,
(11.4) H,, * 3, H, (not summed for })
H, 7O0fora=1,2,...,m H =0forn=m+41,...,n
Then we have at this point
(11.5) TP % (383, + 8838,,)H, (not summed. for o).

Thus to find the ?-rank of 7" we have only to consider the matrix ‘T
for which pA indicates rows and 2 columns and for which
T :Typf =N 6= m A< m.

Now the only non zero elements of ‘T in the columns ? are those in
the rows po or op. Thus the rank of ‘T and consequently the °-rank
of T is equal to the number of the rows

. G, P20, 0= M
11.6 pG; P

and

(11.7) 6p;, 6 = p, 6 < M.

The number of (11.6) is (# — m)m and that of (11.7) is im(m + 1).
Consequently, the rank of T is
(n —mym 4 Imm 4 1) = nm — {m(m — 1),
and we have
r<nt+n—[nm— mm—1)] =n+n—mn+ Imm — 1).
Proof of 2°. If the equality in (11.1) holds, then the integrability con-
ditions of LT%, are equivalent to

(11.8) TPV v°= 0.

Thus the initial values of v* can be chosen arbitrarily and consequently
the group is transitive.

§ 12. A,’'s which admit a group of affine motions leaving inva-
riant an alternating covariant tensor of valence 2.

We prove the following theorem of Egorov.?
TureoreM 12.1. Let an A, admit a group of affine motions which

leaves invariant an alternating covariant tensor S,, of valence 2 and of
rank 2k. Then we have:

1 Ecorov [7].
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1°. The order r of the group satisfies the inequality
(12.1) r<n®— (n—Fk)2k— 1)+ 2k
2°. If the space is projectively Euclidean and S, = R, then
r<n®— (n—k)(2k—1).
3°. If the equality holds in 1° or in 2°, the group is transitive.

Proor or 1°. If & — & 4 v*dt is an affine motion, we have

(12.2) LS =1"V,S 4+ SV, v® 4 S, Vav® = 0.
The coefficients of V,v” in these equations are
(12.3) Upo® = AL S + A8S,,,.

Since the S, is alternating and of rank 2%, we can choose, at an

arbitrary point of the space, a coordinate system with respect to which,
at that point,

(12.4) Ssaga—1 = — Sza_124 (@=1,2,...,k)

the other S’s being zero.
We now consider the following matrix formed by components of U:

z ) R P 4 e u x
2 1 4 3 . 2k 2k—1
puA
il 3iSs 0 0 0 0 0
2 0 3¥S., 0 0 0 0
q3 0 0 37S4s 0 0 0
s4 0 0 0 3755, 0 0
v, 2k—1 0 0 0 0 ... 3S,i2k1 0
y, 2k 0 0 0 0 e 0 3y Sok_1.2k

2=Z4,1=n; 3SRk iISn, 4<pqgan; S5r,s<n;

.......

2ksuv=sn 2k+1<%x9 < n
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The rank of this matrix is
m—=1)+(m—2)+...4 (n — 2k) = 2kn — k(2k + 1)
=n+ (n—k)(2k — 1) — 2%,
and consequently
r<m4+n—[n+ (n—k)(2k—1) —2k]=n‘-‘——(n’—k)(2k— 1) 4+ 2%.

Proor oF 2°. Since the space is projectively Euclidean, we can
choose a coordinate system with respect to which

(12.5) T = p. 4% + p A4
We then fix a point (£) in the space and effect a linear transformation
0

in such a way that the tensor S, %f R, takes the form (12.4) at the
point (£). Since a linear transformation of coordinates does not change
[\}

the form (12.5), we have, in this special coordinate system, at (&), (12.5)
and o

(12.6) R[Qa,ﬂd—l] = - R[Qa—l.ﬂd] # 0; a = 1, 2, .« oy k,

the other Rj,,; being all zero.
Since (12.6) holds at (&), it holds also in a neighbourhood containing
0

the point (£). From this fact we shall prove that at least one of the
0

expressions Ry, o4 Riga.24-1 aNd Ry, 5, , is different from zero.
From (12.5), we have

(12'7) Ru.)\ = - "’au.p}\ + alpu. + ("‘ - l)pu.pli
from which it follows

(12.8) R(po.) =—(n— 1)[3(“15;) - puﬁﬂ'
(12.9) Ry = — (n + 1), 5

Now if all expressions Ry, . Risa9e-1n and Ry, 9,1 WeTE Zero,
we should have

(12.10) , 93P20 = Paabiras

(12.11) Ryg.25-1 = Rigaga—1) = — (# 4 1)94P24 1
(12.12) Oi2aP20-1) = PaaP2a-1s

(12.13) 930-1P20-1 = P2a-1P20-1-
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From (12.11) and (12.12), we find

1

(12.14) 62a?2a-—1 = Pzai’za—l - T—{_——l 2a.2a~1

1
(12. 15) O20-1P26 = P2aP2a-1t+ ;—_*_‘1* Rza.za—l-
Substituting(12.13) and (12.14) in

3(21: aﬂa—ljpza——l =0

and taking account of the other equations, we find

(12.16) Paa-1 = 3930-1(108 R34 24-1)-
Similarly
(12.17) P20 = 1224(108 [Ryq-1,24))-

From (12.16) and (12.17), we have

a(zaf’za—l] = 0.
Substituting this in (12.11), we obtain

R[za.za—-u =0,

which is in contradiction to (12.6). Hence it is proved that at least
one of the expressions Ry, 24, Ri2q.20-1 3Nd Ry, 2., is different from

Zero.

Now if & — & 4 v*df is an affine motion of the space, we have

LR, = 0, from which

v v

We have seen that if the rank of R, is m # 0, then R, and Ry,

are both not identically zero. We put

(12.19) ,§RM, = 1"V, Ry + Tp5.° V0"
(12.20) ,§R[m = 1"V Ry + Ui V0%
where

(12.21) Tyo® = Ay Ry + ARy

(12.22) U‘ll;p = A:.R[Ul] + AiR[ud]'
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Putting R,,, = S,,, we consider a matrix constructed in the following
way. If Ry, 1,541 + O, we add, to the matrix considered in the proof of 19,
other rows and columns containing the components Ty, ;.94 1.2a—1>"
and Ty 0. 1.2a-12" of T If Rzq.9,-1 # 0, we add rows and columns
containing the components Ty, 1 90”1202 " and Ty} 501,241 - Finally,
if Ry,9, /0, we add rows and columns containing the components

. 22 2a—1
[2a 2a, 2a and 12a 2a -1, 2a

The rank of the matrix thus formed is » + (n — k)(28 — 1) and
consequently we have

rimt4+n—[n+m—R2k—1)]=n—(n—~k2k—1),

which proves the second part of the theorem.
The third part can be proved by the same argument as was used in
the proof of the sccond part of Theorem 11.1.

§ 13. Groups of affine motions in an A, of order greater than
72 —n + 5.
Let H, be the lincar homogeneous group in » variables x*:

(13.1) = a%*, Det (a¥) # 0.

Then cach element of H, can be regarded as a non-singular rcal matrix
(4}). To denote various subgroups of H,, we shall usc the following
notations throughout:

H} (@): Det (a¥) > 0,
P,  (@): Det(a)=1,
K (a%): @ = ad%, a: positive number,
L (@): a3 =1, af =0, Det (a) =1,
L (a%): =1, a} =0, Det (a}) =
(13.2) M (@): a;> 0, af =0, Det (af) =
M (&): a4 >0, a, =0, Det (af) =
e(tht 0 0 0

0 et 0 R 0
I(d) 0 0 ot 0

0 0 0 ebt
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where b is a real constant and ¢ runs over all real numbers. The groups L
and M leave the direction ™ = 8} invariant and the groups L and M’ lecave
invariant the hyperplane x! = 0. The orders of these groups are given by

group{ H, H} P, K L r M M I
(13.3) | — - U
order | n2 %% #n2—1 1 ni—n—1 n2—n—1 n2—n n2—n 1

H. C. Wang and the present author ! proved

THeOREM 13.1. Each closed and connected subgroup of H, of order
greater than or equal to m* — 2n + 5 s, but for a coordinale transfor-
mation, one of the groups: H}, P,, KxL, KxL', KxM, KxM',
IbyxL,I)xL', L, L.

If an A, admits a group of affine motions G of order » and if we take
a point in 4, and consider all the transformations of the group which
leave this point invariant, then such transformations form a subgroup
G(P), called the isotropic subgroup at P. This subgroup consists of the
transformations

(13.4) Ty & =m0
such that
(13.5) EK = hx(E’ C))

0 0

where & are coordinates of the point P and ¢ denotes the parameters.
(]

To each transformation T, in G(P), there corresponds a linear trans-
formation
(13.6) o(Ty): d'& = o,h*(¢, Y)as
0
of the tangent space at the point P. By a method analogous to that
used in § 8 of Ch. 1v, we can prove that this linear representation © of

G(P) is an isomorphism in the sense of topological groups.
Now consider the matrix ¢* (a,b,¢ = 1,2, ..., n) of the components

of a basis of the infinitesimal group of G and denote by ¢ the maximum
rank of this matrix.

1'Wang and Yano [1]
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A point is called an ordinary point if, at this point, the matrix assumes
the maximum rank ¢, and is called a singular point if otherwise.

Let an A4, admit a group G of affine motions of order greater than or
equal to n2 — »n + 5. We confine ourselves to an open domain containing
only ordinary points. Let G(P) denote the isotropic subgroup at P.
Then cvidently the order of G(P) = the order of t(G(P)) = n2 — 2n + 5.
Thus by Theorem 13.1, the connected component of the identity 5(P)
of 7(G(P)) must, but for a coordinate transformation, be one of the
groups: HY, P, KXL, KXL', KxM, KxM', I(b)xL, I(})xL', L, L'

1°. The case in which 5(P) is conjugate X to HY or P,.

In these two cases, the group G is transitive. Because, if G is not
transitive, there would be an invariant subspace passing through P,
and consequently 5(P) would lcave invariant a proper linear subspace
of the tangent space at the point P, which is impossible.

1) Case é(P) = H}. In this case, G is of order #2 4 #. Thus by Theo-
rem 5.3, in order that (~;(P) = H}, it is necessary and sufficient that the
space be locally an E,.

2) Case &(P) = P,. In this case, since the group E(P) is of order
n? — 1 and the group G is transitive, we know that the order of G is
n? 4+ n — 1. Since 6(P) = P,, V,v* must satisfy

(13.7) Vot =0

and the integrability conditions of LT}, = 0:
(13.8) LR, =0, LV, R;:*=0, ....

must be satisfied identically by any v* and V,v* satisfying (13.7). Thus
comparing £R,:;;* = 0 with (13.7), we see that there must exist functions
F,..* such that

VR % — Ry PV, 0" 4+ Rii*V,v° 4 Ry *V, 0% 4+ R, ¥V, 0°

= — F;;*V,0°
become identities in v* and V,v*. Thus we must have
(13.9) ' V,Ry;* =0,
(13.10)  R;;P A5 — Ryi¥AS — Ry AS — Ry 0 AR = Fo % AL,

1 This means ‘‘equal to but for a coordinate transformation’’.
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By contraction with respect to p and ¢, we find from (13.10)

2
For=— - Ry

and by contraction with respect to x and o, we get
2
(13.11)  nR,;° — R, 45 + Ry A5 + (R, — R, )Af = — —h-R\;‘;A"’

where R, = R;;*. Contracting again in (13.11) with respect to p and v,
we find R,, = 0 for #» > 2. Thus we have, from (13.11), R;;;* =0.
2°. Thecaseinwhich E(P) 1s conjugateto KX LK X L', KXMor KxM'.

In these cases, the group G is transitive. We shall prove this by the
method of contradiction.

We first suppose that E(P) is conjugate to K X L or K X M and that the
group G is intransitive. Then the invariant subspace passing through P
should be one-dimensional, because the linear space tangent to this
subspace at P is left invariant by K X L or K x M which fixes one and
only one direction. Thus the rank of V,7* is equal to 1 at P, and conse-
quently, is equal to 1 at every point of the domain under consideration.
It follows that, through every point of this domain, there passes one
and only one invariant curve.

Now take an invariant curve passing through a point Q which is not
on the invariant curve passing through P and which is in the domain
under consideration, and consider all the geodesics joining P to the
points on the invariant curve passing through Q. These geodesics con-
stitute a two-dimensional surface.

This surface is left invariant by the isotropic subgroup G(P). Con-
sequently, the corresponding linear group 5(P) must lcave invariant the
two-dimensional plane tangent to this surface at P which contradicts
our assumption. -

We next suppose that G(P) = KX L' or K xM' and that the group G
is intransitive. The invariant subspace passing through P should be
(» — 1)-dimensional, because the linear space tangent to this subspace
at P is left invariant by K X L' or K x M’ which fixes one and only one
hyperplane.

Thus the rank of the matrix V,v* is equal to » — 1 at P, and conse-
quently, is equal to » — 1 at every point under consideration. It follows
that, through every point of the domain, there passes one and only one
invariant hypersurface.



122 GROUPS OF AFFINE MOTIONS CH.V

Now consider a geodesic through P which intersects these invariant
hypersurfaces, then the points of the intersection can be transformed
by an affine motion corresponding to an element of K into one another
(except, of course, the point P), which is a contradiction.

Thus, in thesc cases, the group G is transitive, and consequently,
two isotropic groups at any two ordinary points in the domain under
consideration are conjugate to each other. )

The groups KX L, KX L', KX M, K X M'arerespectivelyof ordern® —n,
n2 —mn, n2 —n -+ 1, n* —n -4 1 and the group G is transitive. Hence
the group G is respectively of order #2, »n?, n? 4 1, n% + 1.

Now, at the point I’ of the domain, we choose the normal coordinates !

~

& whose origin is I?, then, since the linear isotropy group G(P) contains
the K as a subgroup, the space admits a one-parameter group of affine
motions

(13.12) B = gt

In this coordinate system, the vector v* defining an infinitesimal
transformation of this onc-parameter group is given by v* = &*. Thus
the integrability condition LR;;;* = 0 becomes

v

(13.13) £°0, Ry + 2R = 0,

which shows that the R;;;* arc homogenecous functions of degrec — 2
of the &

But we know that the components of the curvature tensor are well
defined at the origin of the normal coordinate system. Thus the compo-
nents of the curvature tensor must vanish at P and consequently at any
point of the domain.

Thus, in these cases, the space is locally affinely Euclidean.

3°. The case in which 6(P) is conjugate to I(b) X L or L.

In these cases, the group G is transitive. This can be proved by the
same argument as the one used at the beginning of 2°.

Since the group is transitive, the isotropic groups at any two points
of the domain under consideration are conjugate to each other. On
the other hand, the isotropic group G(Q) at an arbitrary point Q leaves
invariant one and only one direction, which we denote by #(Q). Thus,
at every point Q of the domain under consideration, there is associated
a direction #(Q).

1 ScHOUTEN (8], p. 155.
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Consider a geodesic which passes through a point @ and is tangent
to U(Q), then since the isotropic group G(Q) is an affine motion, it leaves
this geodesic invariant. We take a point R different from Q on this
geodesic and consider the transformations of G(Q) which leaves invariant
this point R. The lincar represcntations of these transformations form
the group L.

Now, we consider an affine frame at Q whose first axis is in the di-
rection #(Q) and we transport it parallelly along the geodesic to the
point R. Then we have at R an affine frame whose first axis is tangent
to the geodesic. The parallelism of vectors along a curve is preserved by
an affine motion and hence the transformation of G(Q) fixing the point
R gives the same effect on the affine frame at R as on that at Q. This
shows that the subgroup of G(Q) leaving invariant R coincides with
the subgroup of G(R) leaving Q invariant. The subgroup of G(R) fixing Q
fixes the tangent to the geodesic and #(R), and consequently, the
tangent must coincide with #(R), which shows that the geodesic is a
streamline of the field of directions u.

Now, since the isotropic groups I(d) Xx L and L are respectively of
order n2 — # and #2 — # — 1 and the group is transitive, the group G
is respectively of order »? and n% — 1.

Now since the group G of affine motions is transitive, we denote by
T a transformation of G which carries a point Q into a point R. Then
by the same method as in § 10 of Ch. 1v, we can prove

Tu(Q) = u(R)

and that #(Q) is a parallel field of directions.
If we denote this field of directions by #*(£), then we have

(13.14) Lu* = aw*
and
(13.15) V,u* = p, 1,

where 4 is a certain scalar and p, a certain covariant vector field. From
(13.15), we find

(13.16) Ry *wt = p,, 00,
where

(13.17) Po = 20, Py
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We first supposc that G~(P) I(b) x L. Then the equations £RM =0
must be satisfied by any v* and V,v* satisfying

(13.18) (r+ nb)é‘u = (1 4 b)u*V, 2,
We see that the conditions

(13.19) Lw ="V, v — 'V, v =0

and

(13.20) V,o* =0

taken together are stronger than (13.18). Hence any v* and V,v* satis—
fying (13.19) and (13.20) must satisfy (13.18) and hence satisfy ;(,'Rm =0.

Since the group is that of affine motions, the covariant dlfferentlatlon
and the Lic derivation are commutative and consequently, from (13.15)
and (13.19), we find £p, = 0. But the group G(P’) does not leave invariant

v

a hyperplane and consequently we must have p, = 0. Consequently
we have

(13.21) V,w* =0 and R,;*u* = 0.

Thus the integrability condition £Rm = 0 must be satisfied by any
v* and V,v* satisfying

(13.22) wWV,v* =0 and V,7° = 0,

and consequently there must exist functions F,;;* and G,;;*, such that
(13.23) VR, =

and

(13.24)  Ry;PA* — Ry;* A8 — Ry;* A% — Ry * A3

o

= Fm'“Ag -+ G;,;i‘f‘,u"

After some calculation, we can deduce from (13.24) R;;* = 0.

The case G(P) = L is characterized by (13.19) and (13.20) and conse-
quently the above discussion shows that when é(P) = L, the space is
also locally affinely Euclidean.

4°. The case in which 5(P) is conjugate to I(b) X L' or L’ and the G 1is
transitive.
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Since the group G is transitive, two isotropic groups at any two
ordinary points in the domain under consideration are conjugate to
one another.

On the other hand, the isotropic group G(Q) at an ordinary point Q
fixes one and only one hyperplane which we denote by »(Q). Thus with
every point Q of the domain, there is associated a hyperplane »(Q).

The isotropic groups I(b) X L’ and L’ are respectively of order n? — »
and #? — n — 1 and the group G is transitive, hence the group G is
respectively of order #? and n® — 1.

By exactly the same method as in § 10 of Ch. 1v, we can prove that

Tw(Q) = w(R),

where T is an arbitrary affine motion carrying a point Q into a point R.
Furthermore, if we represent this hyperplane by a covariant vector
w,(£), then we can prove that

(13.25) Lw, = aw,,

(13.26) V,u, = pw,w,,
where a and p are scalars. From (13.26) we find
(13.27) — Rii*w, = P03,
where

(13.28) P = 20, P,y

We first suppose that G(P) = I(b) X L'. Then the equations ,(,‘Rm
= 0 must be satisfied by any v* and V,v* satisfying

(13.29) (1 + nb) Lw, = (1 4 b) w, V,v°

We see that the conditions

(13.30) Lw, = vpw,w, —w,V,v* =0 and Vo =0

taken together are stronger than (13.29). Hence any v* and V,v* satis-
fying (13.30) must satisfy also (13.29) and hence satisfy LR,;;* = 0.
v

Since the group is that of affinc motions, the covariant differentiation
and the Lie derivation are commutative and consequently, from (13.26)
and the first equation of (13.30), we find £p = 0, which shows, since

v

the group G is transitive, that the p is a constant.
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Thus the integrability condition £R,;;* =0 must be satisfied by
any v* and V,»* satisfying (11.30) and conscquently there must exist
functions F,;;* and G,;;* such that

(13.3) VoRoi* = — pw,Goi"w,,
(13.32)  Ry;Pds = Ro*AS — Ri*Af — Ry* A3 = Fi* A8
+ Gy *w,
From (13.32) we can conclude, after some calculation, that
(13.33) Ry = k(w, A% — w, A%)w,

where £ is a constant.
Thus £R;;;* = 0 becomes
v

(13.34) ;§Rv];i“ = 2aR,;;* =0

where a is given by Lw, = aw,.
When | 4 b # O there cxists an operator £ such that @ # 0, and
thus we have R;;*=0. When 14 6 =0 then Lw, =0 and thus

LR, =0 is satisfied by all the infinitesimal transformations £ of
v v

the group G. -

5° The case in which G(P) is conjugate to I(b) XL’ or L' and G is in-
transitive.

Let us consider the invariant subspacc through P. All the points
in this invariant subspace are equivalent under the group and conse-
quently isotropic groups at points of this invariant subspace are conjugate
to each other. Thus the invariant subgroup must be (# — 1)-dimensional,
because the plane tangent to this invariant subspace at a point must
be left invariant by the linear isotropic group I(b) X L’ or L’ at this point
which fixes one and only onc hyperplane.

Take a point Q not in this invariant subspace. If the isotropic group
at Q is one of the groups hitherto examined except I(b)x L’ and L’,
then the group G must be transitive. Thus the isotropic group at Q
must be also I(b) X L' or L'.

Consequently, passing through every ordinary point on the domain
under consideration, there exists an (#» — 1)-dimensional invariant
subspace whose tangent hyperplane is left invariant by the isotropic
group at the point of contact. We denote this hyperplane at Q by »(Q).
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The isotropic groups I(b) x L' and L’ are respectively of order n2 — »
and #* — n — 1, and the invariant subspaces are (# — 1)-dimensional.
Hence the group G is of order #2 — 1 and #% — 2 respectively.

Thus, if we denote by f(x) = constant the family of invariant sub-
spaces and if we put

(13.35) swy, = 9,f,
then, using the so-called adapted frames, we can prove that
(13.36) V, (sw,) = 2p, (swy)),

where $, is a certain covariant vector.
On the other hand, we know that

£=0, Llw) =0, £V,(ow)=0

and consequently, from (13.36), we find £p, = 0. But the hyperplane

represented by w, is the only one left invariant by the isotropic group
and consequently we must have p, = }hw,, where 4 is a certain function
of f.

Thus substituting this in (13.36), we get

(13.37) V, (sw) = h(sw,)(sw,),
from which

(13.38) R,Xw, =

We first suppose that G(P) = I(b) X L'. Then the equations fR,* =0
must be satisfied by any v* and V,v* satisfying i

(13.39) (1 4+ nd) Lw, = (1 4 b)w, V2.

We see that the conditions
(13.40) Lf = v’sw, =0, Lw, ="V, w, + »,V,0* =0, V,2* =0
taken together are stronger than (13.39). Hence any v* and V,v* satis-
fying (13.40) must satisfy (13.39) and consequently also satisfy LR, ;* = 0.
v
The equations £(sw,) = 0 and Lw, = 0 show that £s = 0 and conse-
v v v

quently that s is a function of f. Thus, from (13.35), we see that we can
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suppose s = 1. Thus the equation fw, = O can be written as
(13.41) Lw, =w,V,v* =0
v

by virtue of (13.37) and the first equation of (13.40).
Thus the integrability condition ,(,‘Rw = 0 must be satisfied by any
v* and V,v* satisfying

(13.42) Lf =1v"w, =0, é‘wx = w,V,o* =0, va“ =0,
and consequently there must exist functions E,;* F,;* and G;;*°
such that
(13.43) VoRy* = w, E 5%,
(13.44)  R;;PA% — Ryi*AS — Ry *Af — R, A%
= Fyi AL + Gy,

From (13.44) we can conclude that the curvature tensor R;;;* must
be of the form

(13.45) Ry = k(w, A% — w, A})w,.
But since we have £R = 0and ;6”’1 = 0, we find from this £k =0,

which shows that % is a certain functlon of f. Thus the equatlons £Rm
= 0, become

LR, = 2aR,;* = 0,
v

where a is given by £wl = aw,. When 1 + b +# 0O, there exists an ,g
such that @ .~ 0 and thus R,z =0. When 1 + b =0, then ,gwl _0
and thus £R;;;* = 0 is satisfied by all the infinitesimal transformatlons
L of the guroup G.

The case 5(1’) = L' is characterized by (13.40) and consequently

the above discussion shows that if G(P) = L’, the group has also the
curvature tensor of the form (13.45).
Gathering all results, we obtain

THEOREM 13.2. If an A, admits a group G of affine motions of ovder
greater than n* — n -+ 5, then we have for the linear isotropic group G(P)
at a point P, the order of G(P), the group of affine motions, the order of G,
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and the structure of A,, only the following:

isotropic dimension group of affine order of
group G(P) of G(P)

H,

Hy

p,
KxL
KxL'
KxM
KxM'
I(l)xL
L

I(b)x L’

n2
»
n2—1
n2—mn
n2—n
n2—n-1
n2—n-+41
n2—n
n:—n—1

n2—mn

n2—n—1 1

motions G

transitive
»»
2
”»”
»
»
»”
)

transitive

% . .o, .
intransitive

transitive

intransitive

G
ni4-n
ni4n—1
nﬂ
n24-1
2
n2—1

n2

nz2—1

nz—2

structure of 4,

»
»»
»

”»”

(i) 1460, R;;;*=0,
(ii) 1+-b6=0,
V,w,=pw,w,,
R, *=k(w A —w, A})w,,
P, k: constants
(i) 1480, R,;:*=0,
(i) 14-5=0,
V0, =pw,w, (0,=0,/)
R, *=k(w A5 —w, A)w,,
$, k: functions of f.

V, o, =pw,w,,
R, *=k(w,4;—w, AY)w,,
P, k: constants.
Vo =pw, @, (0,=5)
R, =k(w A —w, A})w,,

p, k: functions of f.



CHAPTER VI
GROUPS OF PROJECTIVE MOTIbNS

§ 1. Groups of projective motions.
An infinitecsimal projective motion & — & + v*d¢ in an A, is cha-
racterized by

(1.1) £l = 2p,. 43
or
F4 4 det 2
(1.2) é‘l‘ﬁ)\ = 0; I, <¢ Fﬁ;\ -—ﬂ—l-A}‘u_Pg)p.

P
Since the projective connexion IY, is a linear differential geometric
object, according to Theorems 2.1 and 2.2 of Ch. 111, we have

THEOREM 1.1. If an A, admils an infinitesimal projective motion,
it admits also a one-parameter group of projective motions generated by
this infinitesimal one

THEOREM 1.2. In order that an A, admit a one-parameter group of
projective motions, il is necessary and sufficient that theve exist a coordinate

»
system with respect to which the components Ty, of the projective connexion
are independent of one of the coordinates.

P
When the components I}, are independent of £, the components I},
have the form

(1.3) o= FalE, ..., &) + 2405,

where the p, are functions of &7, ..., &".
Conversely, if the components I, of the linear connexion have the

130
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P
form (1.3), then the components I, of the projective connexion are
independent of the variable &’. Thus

THEOREM 1.3.1 In order that an A, admit a one-parameter group of
projective motions, it is necessary and sufficient that there exist a coordinate
system with respect to which the components U5, of the linear commexion
have the form (1.3).

When we choose a coordinatc system with respect to which v* = &,

then the equations £I‘ , = 0 give
14 14 b 4
AT =88, + T =0,
v

from which we have

THEOREM 1.4.%2 In order that an A, admit a one-parameter group of
projective motions, it is necessary and sufficient that there exist a coordinate
system with respect to which the components of the projective connexion
are homogeneous functions of degree — 1 of the coordinates.

?

Furthermore, since the projective connexion I, is a linear diffcrential
geometric object, Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 11 hold for pro-
jective motions.

§ 2. Transformations carrying projective conics into projective
conics.

We now ask for the condition that an infinitesimal transformation
& — & 4 v*dt transforms any projective conic 3 into a projective conic
and projective paramcters on them into projective parameters.

A projective conic and a projective parameter t on it are defined by the
differential equations

d2gm df"
“{’ }+ e Py g =0

33g*

2.1) "
—ds_é'+ (2¢, s} + a]—a'= 0,

1 YaNo and TomonaGga [1]; G. T., p. 64.
31G. T, p. 65.
3 Yano and Takano [1].
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where
dg* ag
oftp, —
(22) =S s
1
(2.3) Pu;‘(_l?(.‘:f AT (nRM + Rlu-)

and where {¢, s} denotes the Schwarzian derivative of ¢ with respect to s.
We calculate first of all the Lie derivative of the left-hand members
of (2.1). After some calculation, we get

ORI P P I L ) |

=—3[ &, s}+——+ uztf: iil ’gds — (2, + 3a) 4 ’5‘“
et #lem
DS

25 £ vetd+a ‘”]

S9gx Lds 2 4

- v £ e 2 %
W, de dge ag B 4 Lds e d  [ds
+ (W4l )"d.s B ds S e ds ds " ds de s
de* L, dee ag
+ — (£I ) a5 ds

Hence, in order that the infinitesimal transformation & — & -+ v*dt
transform every projective conic into a projective conic and a projective
parameter on it into a projective paramecter on the deformed conic, it
is necessary that the equations

LA B i i8]
(26) — 2 st +al 5 =0~ 2@ a5 s LW o
széu df)‘ ag dg+ d;.-l _

(£P|JJ~ d 2 -+ (£I vu)PaZ jé;" ds -'dT‘ e

1 We dropped v in [.
v
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v

and
32 a8 de de+ de
2. 3 —— —— 4 (VL) - —— ——
(27) (£T) ds® ds + (AT -5 ds ds
8 d  [Lds 3 ag @ fLds  d& ", )d&" ag 0
ds* ds ds ds dst ds ds Wids ds
N - K dg"
be identically satisfied for any vector S and A Thus, from (2.7),
we must have 5 S
(2.8) £l = pu45 + hrdy,

that is, & — & + v*d¢ is an infinitesimal projective motion.
Since the converse is evident, we have

THEOREM 2.1. In order that an infinitesimal transformation carry
every projective comic into a projective conic and a projective parameter
on it into a projective parameter on its deform, it is necessary and sufficient
that the transformation be a projective motion.

§ 3. Integrability conditions of ,(,‘I‘:A = 2p, A%,

We consider the integrability condltxons of ,(,T » = 2p, A%, Substi-
tuting this in

(3.1 LR =2V LT,
we find
(3.2) £Rmu = ZA?VV“ ﬁl + 2V[vp“J AZ’

from which, by contraction,

(3.3) ,§P‘,‘A =V, h.
Thus we are led to consider a system of partial differential equations

P I it M

V"-p;' == UGVGPM + Po;“v'la + Pwvi"

with 72 4 2n unknown functions v*, v;* and 2,.
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First, substituting (3.3) in (3.2), we find

(3.5) LP;x =0,
where
(3.6) ) = def R, + 24, Py, — 2P, A%

is Weyl’s projective curvature tensor.!
Next we substitute £I‘ = 2p, A3, in the equatlon

AV Pip — VokPu = — (£T5)Pa — (LTW)P,

which is obtained by applying the formula (4.9) of Ch. 1 to P,,. Then
we obtain

évvpu). = Vvvupl - 2pqu}\ - pquA - pAPu.w

from which

(3.7) APus = — Piibw
where

(3.8) P, ¥ 2V, P,..

We substitute L1, = 2p,43, and (3.5) in the equation
v

£Vm vp}. - Vm£PvuAu

= (éFZp)Pvu}.p - (é:anv)PpuAK - (£Fz vp). (£l m)s) w.l.‘:K

v

which is obtained by applying the formula (4.9) of Ch. 1 to P;;;*. Then
we get

(3.9 ,ﬂngP,;@* = — 2p,P;;*
We next substitute LT, = 2p,4}) and (3.7) in the equations

£VaPus = Vo kPya = — (£T0)Pon — (£T0) Py — (£Te) Puo

1'WEvYL [1], E1sENHART [3], T. Y. THomas [3], ScHOUTEN [8], p. 289.
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which are also obtained by applying the formula (4.9) of Ch. 1 to the
tensor P,,. Then we obtain

(3100 £VoPys = = (£Pup) Py’ — (Vu Pii®)p,
- 3Pupvu). - Pmu).Pv - Pwn?\?u - Pvuwp)\‘
This procedure can be continued as far as we wish. Thus we have

THEOREM 3.1. In order that A, admit a group of projective motions,
it is necessary and sufficient that the equations (3.5), (3.7), (3.9), (3.10)
and all equations of this kind obtained by further differentiations be alge-
braically compatible with respect to v*, V,v* and p,. If there are exactly
n® + 2n — r linearly independent equations among them, then the space
admits an r-parameter complete group of projective motions.

In order that the equations (3.4) be completely integrable, it is necessary
and sufficient that the equations

(B.11)  LPy;* = 1V Py* — PPV v + Pyis*Vv° + Poy*V, 0°

) + PVt =0
and
(3.12) LP,, ="V, P, + P, V,0° 4+ P,,V,0v° + P, V,0°

’ = — Py,
be identically satisfied by any v*, V,v* and p,. Hence we have
(3.13) P,;*=0, P,,=0,
which shows that the space is a D,. Thus we have

THEOREM 3.2. In order that an A, admit a group of projective motions
of the maximum order n® + 2n, it is necessary and sufficient that the A,
be a D,

§ 4. A group as group of projective motions.

We apply now Theorems 3.1, 3.2 and 3.3 of Ch. 111 to the case of
groups of projective motions.

We consider an G, in a X, and we first suppose that the rank of v*
b

in a neighbourhood is » < #. We choose a coordinate system with respect
to which we have (3.2) of Ch. 11. Then the equations, which determine
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?
a projective connexion I%,, are

» » » b 4 ?
(4.1) LI% = 8,8,0" + v*9,T% — I%8,v* + 5o, 0P + Trgdyof
a a a a a
2
— L A5 00" =0
n+1
P »
(4.2) Pﬁ‘}‘] = 0, Pap = 0,
b 4
and consequently, defining the functions @, (T, &) by

P

4
(4.3) 205 (I, & &t — 8,8,v° + F;;Aapv* — Pglauv‘* — T%0,0°
a a a a a

2
+ ;__?l A 9,\)8 1/
we obtain
p
(4.4) Ll = -u"‘[a 1‘“ — OGM( £&]1=0
from which
F4
(4.5) 9,y = OaM(I‘ &), I‘{‘m =0, F
By the same method as in § 3 of Ch. 111, we can prove
..a 20 *
(46) @)B-rc s + 85001;;}. = Oa.zp pau}‘ + 9 GﬁUJ\
ar‘go ore,

P
Moreover, we can easily sec that the O, (T, &) satisfy the equations

VO = anz] aa”
(4.7) ¢
v *® ° = I" o, v™

aup «p Ilv
The equations (4.6) and (4.7) show that the mixed system of partial
differential equations (4.5) is completely integrable. Hence we have

THEOREM S5.1. A G,inan X, such that the rank of v* in a neighbourhood
b

is v < n can be regarded as a group of projective motions in an A, whose
components of projective connexion can contain in*(n 4+ 1) — n arbitrary
functions or constants.

We next consider a G, in an X, such that the rank of v* in a neigh-
b .
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bourhood is ¢ < 7, n. We choose a coordinate system with respect to
which (3.9) of Ch. 111 holds. »

Then the equations, which determine a projective connexion 17,, are

[ ? ? ? P ?
,‘gr‘;l =9, 8,\1‘;" - z:“ a, I‘ﬁ;. — 59, 1')" + I'n @, z‘r“ -+ 1‘;&1?‘*
k3

2

— A 3 d
Py N
b4 b4
48 ;§F:x = <an€: ‘ﬁz + (3;;3}\@::)?“ + 2(3(u<p",,[)(3;\)'li")
(48) L
— T, <PL)7"“ + I‘Zx(au%)f“ + 1’“«(3A<Pu)v
2 i o H o
YRS (u{ a)\) a?u) + (a)\)?u)(aav ) + (aIMCPul)(al)v )} =0
n + 1 i :
»
Fﬁm =0, I =
If we put

» 14 P »
VO (T, §) 8 — 8,80 + T 8,0 — I‘:,‘au't:“ — I‘:aa)"z‘)“
L L]

2
+ - P — A ama

»
Eaa(T, &) &1 (9,9, <Pi)f_’“ + 2(24, @) (2 v")

F (3‘,@“)'1) + F (auCPu)” +P (a).?;)?a

2
i A5 (202,90 + (9391 (3 ) + (910 Pup) (24 V%),
$ i i

we can write (4.8) in the form

»

P »
£T% = v(o.T5 — 05T, ] = 0,

' £1"‘ = %£I"‘ + -m(l‘, §) =0,

Pﬁm =0, F:.o =0
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or

? »
o,I™, = 0.5(T, &),
(49) at pA au)‘( E)

» ] »
Egal, 8 =0, Ityy=0, I, =0

By the same method as that used in § 3 of Ch. 111, we can prove that,
taking account of the last three equations of (4.9), we have

20 200"
Oy - 5 4 30,5 = 0.5, — 2 1 5,0y%,

are, aore,
o= _

08— L 9, B =0, 0,5 =0 02 =0,
are,

which shows that the mixed system (4.9) is completely integrable. Thus
we have

THEOREM 4.2. Consider a G, in an X, such that the rank of v* in a

b
neighbourhood is q < r,n. If, in the neighbourhood such that (3.9) of

b4 b4 »
Ch. 11 holds, the equations E (T, &) =0, T, =0, T, =0 are com-
4

patible in I, then the group can be regarded as a group of projective
motions tn an A,.

A similar theorem holds for a multiply transitive group.

§ 5. The maximum order of a group of projevtice motions in
an 4, with non vanishing projective curvature.

I. P. Egorov ! and G. Vranceanu 2 have proved the following important

THEOREM S5.1. If an A, admits a group of projective motions of order
greater than n* — 2n + S, then the A, is a P,. An A, admitting a group
of projective motions of order n* — 2n + S exists for any n and the group
is transitive in this case.

We shall prove this theorem. We know that the integrability conditions

1 EGoRrov [6).
2 VRANCEANU [3, 4].
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of the equations LT, = 2p, 43 are
u

AP =0, £Pyp = — Pys*p

(1) {EVePuit == 2PN + ALPLCD,
- P(.uu}‘xpv - Pw:)}.xpu. vum p)\!

We consider the first equations of (5.1):
(5.2) LP;* = vV Po* — PPV v* 4 Po*V
+ P\;(;A"‘Vuv + Py .V, 0° = 0.

In these equations the coefficients of »° are given by V P, * =0
and those of V,1° by

(53) S N pdat APP % + AOPW)‘ + APP A:P‘“‘AD_

vu.a

It should be noticed that the equations (5.2) do not contain 4,.
We next consider the third equation of (5.1):

(5.4) :§VmP§ﬁix + 29, Py — AG Py’ b, + Ponpy
+ PPy + Poa b =0.
In this equation the coefficients of p, are given by
(5.5) Ui 21 248 Poii* + Syinkel-

Thus denoting by T the matrix formed by the coefficients of V »°
and p, in the equations (5.2) and (5.4), we have

59 r(39).

where S consists of #? columns and U of # columns.

In order to prove the first part of Theorem 5.1, we have only to prove
that if the rank of the matrix T is less than 4n — 5§ [= (n® 4 2n) —
(n® — 2n + 5)], all the components of the projective curvature tensor
P, * vanish.

We make a frequent use of the relations

P(;"‘)i“ =0, P[vuﬁ‘ =0, P,;‘;j"‘ = 0.
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We shall prove a series of lemmas.
LeMMA 1. If the rank of T is less than 4n — 5, then

(5.7) Pt = 0.

We pick up the following (3# — 5)-rowed square submatrix from S:

\\ p
x\ 5 o, o, «, og oy
oy oy oy oLy «
VA !
— —_— -\—— -
7 _ Si P .oy * * * *
Ayg0ly gy
% 0 5?P; = * * *
O gally Gs“a“a
o
1 0 0 — 8P, * *
0L g0lg0ly “3“2“!
|
0 0 0 ) S *
aaa_zaa 3*a%g
]
0 0 0 0 — P, n
OLgOoOly xgxgds

and the following n-rowed square submatrix from U':

% op o3 %y 1
WVUA

51

I 4Pas¢,¢’ 0 0 0
oy .

P 3P¢ma’ 0 0
% * * ?

0qOtg0alty BePrgin 0
m] * * * P. CIRY- 7%

Oy Xgglly %t

2<4,7<n; 3ZhkISn; 4<p g
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Since the rank of T is less than 4n — 5, we conclude (5.7).
LEMMA 2. If the vank of T is less than 4n — 5, then
(5.8) Pisias? = 0.

Suppose that the P . were not zero. Since P,, . = 0, there exists
a subindex 2" = 3 such that Piiiar? 7 Papayy - We denote the sub-
indices satisfying this inequality by &’ and /' and the other subindices
satisfying the equality P, . = P,;.;ﬂ“‘ by @ and b = 2. The number
of the subindices such as ¢ and & is denoted by A. Then we have

(5.9) 1 <A<<n—2

Now, taking account of Lemma 1, we form the following squarc
submatrix of S:

\

NP
x o) - 2% oz [~ 2% ak:
o o oy o
VA
__SGP. - Qg % * *
Ohpy 0y b & aqxyay
% 0 3P, .m * .
Apdy Xy
g0 y0Ly
al‘ a \ -7 .. .ag *
rn 0 0 BBL(Paee —Piger)
oy b ak’ e e
0 0 0 8 8 (P a.,alrxl —P ooty
aralal

The number of rows of this square matrix is
A+ —1—=NFAm—1 =N+ An— 1 —N)=(2 + 1)(n — 1)— 2%
Since
(A + 1)(r — 1) — 22% =2 3n — §,

the number of rows of this square matrix is greater than or equal to
3n — S.
Taking account of Lemma 1, we form the following n-rowed squarc
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submatrix of U: 0
o« o o
% k 2 1
WVUA
Og k
2%;P, * *
00009001 Oy haoagy
og
0 2P *
OO0ty Oy “"‘1“1
g
0 0 4P;
0 OOy 0y o
Ik Ign

Since the rank of the submatrix of T containing the last two matricesis
greater than 3n — 5 4 n = 4n — 5, this is a contradiction. Hence we must
have (5.8).

LemmA 3. If the rank of T is less than 4n — 5, then
(5.9 Pt = 0.

Taking account of Lemmas 1 and 2, we form the following (4n — 9)-
rowed square submatrix of S:

(4
G oy g g oy «, «, «, %
® al aa a4 “-2 aﬂ aa a'4 al
vuA B
o Ce
04030y _Pa‘a”a:‘ 0 0 Y 0 0 0 0
a . .
azfzzoc; aqaaaa a4+ Py a‘m,ua 0 0 0 0 0
@ .. R
“2“3“: ¥ * P TPy 0 Y 0 0 0
a .
“Aaaa:; * * * Pﬂv"ada +P, a;a,a, 0 0 0
oy * %* * * p- 0 0 0
Xq%3%, 8 a‘asa,
21 * * * * * 'p: 0 0
Oqyp ’ 3 a‘aaa,
&y * * * * * * 8' p- 0
*gX3og M
oy * * * * * * * 8 ‘P
GqXgky M
2Si’iS”; ssf'sSn.
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and also the following #-rowed square submatrix of U:

e
o o [+ oL o
% 2 3 4 r 1
WVHA
o
1 M S S o 0 0 0 0
aa a4 az az ¢4a3a 2 G4ﬁga3
o
1 * co s P 0 0 0
OLolly0lglly alﬂzﬂa “4“3“2
o
1 » * a4 P 0 0
0Ly0Lg0la0ly Gz“aac “4“3“2
*
* . . 8P, O
Ap0ly 03k, a‘“’“’
% * * * *x  p-om
% 0y 0ghy u%a%e
S£r, s<mn.

Since the number of rows of the smallest squarc submatrix of T
containing the last two submatrices is

m—9) +n=@4n—5 4+ (n—4) = 4 — 35,
we must have

Pd.4a.3;:l( 1;40-13(:, + Pd‘dgaa )( (;4;3013 + Pa,a:,a‘ ) = o’
from which

P a;.a.n:,a: 2( a.o;aag ) + P a‘a,as agasa‘ ] == 0

2P )3 = — P P ap

g% '14“3“: Q3agRy %“40‘3 .
The last equation shows
P 0.‘40.‘30.!: t= P&a""a‘;‘: t= Pézéc;: *
But the sum of these three is zero, from which we get (5.9).
LEMMA 4. If the vank of T is less than 4n — S, then

(5.10) P =0.
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exa were not zero. We denote by k and / the sub-

Suppose that P,
indices satisfying

P. . .aa=P. . sag

agxaXy ® X%y

and 3 < %, ! < », and by p and ¢ the subindices satisfying

P. . .¢3=P. . ey

agogy apiatty

and 4 < p, ¢ < n.
We consider the following submatrices of S and U respectively:

e
x o o, 9% *%, Ky
2 o o -2
V!LA \ 1 1 2 2
» %* %* %*
ogoay 8 P“s“’“l
S|: o3 0 sk’ Pa . “ﬂa * *
“3“2“1’ 3%g%]
o3 ?
*
s 0 0 8Pm
3%a”1
o
2 0 0 0 3P
00,00e00 k%3]
k', U # 3.

P

\x\ 5 %y Oy %
o, o o

vy.)\ \ a 1

Xy r§E(p: - - C
P Ot gally 8¢ 81 (Passs " — Payise,” * *
%y pk .. RN
o0ty 0 8 3 (P G,ng: —P ¢k¢g¢:k) *
%3 0 0 P: -t

Ggxa%y
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N e

x \© %3 %y
oy oo
vuh \
og .
“3“242 asalag + Pagagal 0
g ..
0Lyt 8y 0 “8“!“1 + P“s“x“a
P
% c %
o
A
a]_ _ P - -ag
030y Ky “ant
e
\ 22} %
% c
oo 1]
VA
as <. oe0g *
gty Oylalty
alc k . oy
0Ol 0 8 ( a;,agal + P, azalak P oty xgay )
e
% % L2} a3 %,
wWVRA
g ..
3P¢3¢3¢18 O 0 0
0Ly Otg g0y
o3
* P2
3P°‘a°‘s¢| 0 0
OlgOlydolty
%2 * * DY
- P“a“lh Y
GgXgKolly
o3 * * r
* 8 P, ¢a¢a°‘1
0 Otg0all,
4<r,s<n
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Now if we denote the number of indices % such that P, . .t = P, ‘=,

by 2, then it is clear that 1 < A < n — 2. We first assume 4 < # and
consider

I. Thecase 1 <A <n— 2

Then the order of the square matrix

S, * * »
0 S, * *
0O 0 S; *
0 0 o0 U

is
2 —2)— 11+ [2An—2—2N+1]1+2+n>4n — 5.1
Since the rank of T is less than 4n — 5, we should have
Pigaar® + Pogagag® =0
from which
Py’ = — Pagagar® # 0.

Then the determinant

cocoWw
co W »
oL x »

U,
is of order
2 —2)—1+[2\n—2—N+1]+1+n=4n—5

and does not vanish, which is a contradiction. We next consider
II. The case A = »n — 2.
The order of the matrix

y * %* *
Sy

0 S; * =
0 0 S, *
0 0 0 U,

is
2k —2)—11+24+[1+n—2)]+n=4n—4> 4n — 5.

1Note that 2A(n — 2 — ) — (# — 3) = (n — 3 — A)(2A — 1) + A > O.
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Consequently, we should have either

(5.11) Py + Pogay® =0
or
(5.12) Pt + Prgpat*— Pt = 0.
If (5.11) were valid, then we should have
Piras’ = — Pogagar® # 0

but then the determinant

S, * * = |

0 54 * *

0 o0 S, *

0 0 0 U
is of order

20 —2)—1]14+14+[1+n—2)]+n=4n—35

and does not vanish, which is a contradiction.
Thus we should have (5.12), from which

Zia3 Popagey® + Zikma Pojagey* — (0 — 2)P; o .10 = 0,
— Prawn' — Pajagar® — Puma, —(—2)P . =0,
(5.13) 1P e — Pagyag® = 0.
On the other hand, we have from (5.12)
Picnar® T Poyagas® — Pajagar = 0,
(5.14) 2P nrs® = Pogay® — Pagagr” = 0-
Substituting
(5.15) P = — (n = 2)P 50"
n (5.14), we find
nPWW,‘l — Pa;ma’ =0

which shows that P
we get

(5.16) aP. % — P - -0 =0,

Lo L] axgoy

¢s¢1¢a

3 # 0, Thus repeating the whole argument,
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From (5.13) and (5.16) we find

Pal'xaa: 1= 0'
Thus, from (5.15) we obtain
P a,rxgal = o

which is a contradiction. Thus Lemma 4 is proved for 4 < n.
When # =- 3, we have 4n — 5 = 7. We consider the following sub-
matrix of S:

P
" G o3 &g o o
%y ) ) L2
v
.
3 ) A + P * * *
Otgta0ty ) agag 3ogay
S‘ .
Se:
“2 0 P ..o * *
agagay
Olgda0ly
o
3 0 0 P % *
2
aa%“l Qalal.
iy 0 0 0 P+ P
ala2a1 3%2%]1 1%2%3

Since the rank of 7 is less than 7, the determinant
S¢ O
* U

should vanish, and consequently
G‘sﬂlzal (Pasagd.‘ + pulagaa ) = 0

Similarly we have

Pias Pagaas® t Pagaras®) = 0.

Adding these two, we find
. (Pa.y;,al ) + (Paadldg ) + (Pal_aaa:a)z = o’

from which

P. B .¢3=P.. .as=P.. .a,—__O.

agagay agoyog 30903

Thus Lemma 4 is proved for n = 3.
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LeMMA 5. If the rank of T is less than 4n — 5, then
(5.17) P =0.

This follows from Lemma 4 and

P...aa_l_P..a:'___P.aa

Q30pay xg%X) A3 a’ﬂaléﬁ
From Lemmas 1, 2, 3, 4 and 5, we have

LimMmA 6. If the rank of T is less than 4n — 5, then
(5.18) p;*=0.

This last Lemma proves the first part of Theorem 5.1.
To prove the other part of Theorem 5.1, we give the following example.
An A, with

Féa = I‘;a = &,
the other T, being zero, or with

P ?

ng = Péa = &

?
the other I', being zero, admits an (#? — 2n -+ 5)-parameter group of
projective motions generated by

Du Dr EPr E%pr, Py — 88y, Epy + 28%py,
£ps — 3(E)pr %P5 + £'P1 %P1 Eba EPu 7P

Calculating the projective curvature tensor of this 4,, we find
Pyt #0,

which shows that the 4, is not a P,

If the order of a group of projective motions is #* — 2n 4 5, then,
as the above proof shows, the rank of the matrix T is equal to 4n — 5,
and consequently we can give the initial values of v* arbitrarily. Thus
the group is transitive.

Thus the theorem is completely proved.

§ 6. An 4, admitting a complete group of affine motions of order
greater than »2 — n 4 1.

We prove the following
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THEOREM 6.1.1 Let an A,, n = 4, admit a group of affine motions of
order 7.
1° If r>n2—n 41
(@) the A, is a P,,
(b) the Ricci tensor R, has the form R,, = ew,w,, where ¢ = 4 1
and w, == d,w,
(c) the vector w, satisfies

(6.1 V,u, = ow,w,,

where ¢ s a function of w.
2°. If (a), (b) and (c) in 1° hold, the curvature tensor of the space has
the form

(6.2) [IR* = c(w,A% — w,A¥)w,; ¢ = constant.

If w, = 0, the space is affinely Euclidean and r = n* + n.
If w, # 0 and o = constant, then r = n® and the group is transitive.
If w), 5 0 and o # constant, then r = n® — | and the group is in-
transitive.

3°. The conditions (a), (b), (c) in 1° are equivalent to the following which
constitute a completely integrable system of partial differential equa-

tions.

(x) In a suitable coordinate system, we have

(B) auﬁ). = pu.pl - n—1 wu.w)d

(Y) au.wl = G(w)wuw}\ + wu.p}‘ + w)\pu'
Proor.

1°. (a) Since a group of affine motions is a group of projective motions,
by Theorem 5.1, we have (a).
(b) If we denote by £f = v*¢,f an infinitesimal affine motion, then
v

we have LR, =0, from which [R,, =0, thus, denoting by 2% the
rank of R:m, we have, by 2° of :’I‘heorem 12.1 of Ch. v,
nw—n+1<r=nt—(n—~k2—1),
from which
(k — 1)[2(n — k) 4- 2k — 1] < O.

1 Ecorov [7].
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Since # = 2k, this inequality holds if and only if 2 = 0. This proves
that the R, is symmetric.
We have LR, =0 for a symmetric R,,. Consequently, denoting by
v

m the rank of the matrix R, and applying Theorem 11.1 of Ch. v, we
find

nw—n+1<rnt+n—nm-+ jmim—1),
from which
[(n—m)+ (n—1)](m —2) <O.
Since # = m, this inequality holds if and only if # = 0 or 1. Thus
R, =eww,;, =+ 1.
From this equation and £RM =0, we find £w1 = 0 and consequently
£V w, = 0. Applying again 2° of Theorem 12 1 of Ch. v to V, w,, we

get V@, =0, that is, w, = 6Aw which proves (b).
(c) Substituting R, = ew,w, in the identity V|, R,; = 0 which holds
for a projectively Euclidcan space, we find w[qu]w;‘ =0, from which

V, w0, = ow,w,.
Since ;(,'Vuwl =0, £wl = 0, we find from the above equation £o =0,
from wh1ch £Vlr: == 0 and consequently £wluVMa = 0. Thus applymg

° of Theorem 12.1 of Ch. v to w;,V, 0, we fmd w,V, 6 = 0, from which
¢ = o(w). This proves (c).
2°. The space is projectively Euclidean and the Ricci tensor is
symmetric, and consequently the curvature tensor has the form

2

rae R — o
Rvu.)t - 7 — 1 [vRu.]k'

Substituting R, = ew,w, in this equation, we find
R;;:* = c(w,A* — w,A¥w,, ¢ = constant.

Thus, if w, =0, then R;;;* = 0 and, as is well-known, » = n2 4 n.
If w, # 0, then by (a), the integrability conditions of LT, =0 are
v

given by LR, =0, LV,R, =0, .... But by (b) and (c), these are
equivalent to Lw, =0, Lo =0, LV,w, =0, LV,6 =0,
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Now suppose that ¢ = constant, then these conditions are equivalent
to Lw, = 0. Consequently we have 7 2 #2.

v
On the other hand, the rank of R, is 1. Consequently, by Theorem 11.1
of Ch. v, we have 7 < 72, from which » = #n%. Moreover by 3° of Theorem
12.1 of Ch. v, the group is transitive.
Suppose next that ¢ 7 constant, then we have Lo = 0, and conse-
quently the group is intransitive. v
Since we have

dw d?c do
Vo = £ (G m) = o (Gwm, + 5 Lo,

Y dw ‘5
d2c
dw? do
= Kt gy A
dw

the integrability conditions of £I'%, = 0 are given by Lw, =0 and
Lo =0. ° i

If £w, =0 and Lo = 0 are not independent, then by 3° of Theorem

12.1 of Ch. v, the group becomes transitive, which is a contradiction.
Thus Lw, = 0 and Lo = 0 arc independent and we have r = n? — 1.

v

3°. We assume (a), (b) and (c) of 1°. Since the space is projectively
Euclidean and the Ricci tensor is symmetric, we have («). From («),
we obtain

RuA = - (n - l)(au.ﬁ)\ - ﬁup)\)'

Substituting R, = ew,w, in this equation, we find

au.pk = Pupl -

— W, W
n—1 **

which proves (B).
Moreover, from

V,w, = o(w)w,w,,
we find
auwk = c(w)wuwl + wuﬁ)\ + wkpu.

which proves (y).
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It is easily to be seen that («), (), (y) are equivalent to (a), (b), (c).
The fact that (8) and (y) form a completely integrable system of

partial differential equations is verified by a straightforward calculation.
I. P. Egorov! proved also

THEOREM 6.2.

(1) An A,, not equi-affine, with maximal mobility, admits a transitive
complete group of affine motions exactly of order n* — n + 1. Such a
space is necessarily projectively Euclidean.

(2) A projectively Euclidean A, for which the rank of the skew-symmetric
part of the Ricci tensor is 2k, admits a transitive group of affine motions
exactly of order v = n®* — (n — k)(2k — 1).

(3) There are no A,’s, admitting a complete transitive group of affine
motions of ovder v, with n* —n + 1 <7 < n

(4) The maximum order for an intransitive group of affine motions of
an A, is exactly n® — 1.

(5) There are no A,’s admitting an intransitive group of affine motions
of order r, with n®2 —n + 1 <r <n®— 1.

Y. Mutd 2 proved, by a method quite different from that of Egorov,
the following theorems.

THEOREM 6.3. An A, with non-vanishing curvature temsor admits a
complete group of affine motions of the maximum order if and only if the
equations

(6.4) R,;* = e(w,AY — w,AYw,, V,w, = aw,w,, ¢ = £ 1, a = const.

are satisfied. Then the order is n2, and we can find a coordinale system
with respect to which the components of the linear connexion are

.I‘?m=—-s£“‘, Mpp=—a, theother I =0; «a=1,2,...,2— 1,

and the finite equations of the group are given by

’ o . pe B8 x ,C1En Ra coEn
(6.5) {5 gé" + Q%™ + R¥e
'5":5".{—5
or
rge . pe B o ReEN) G
6.6) {5“ 5&° + (0" + R*EMe
Er=¢"+S

1 Ecorov (7, 9].
2 MuT6 [3, 4].
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according as the roots c, and c, of the quadratic equation (§)2 + aé — e =0
satisfy ¢, # ¢y 0Or ¢; = €3 = C.

THEOREM 6.4.1 In order that a projectively Euclidean ® A, with non-
vanishing curvature tensor admit a complete group of affine motions G,
of order r < n® — n, it is necessary and sufficient that the curvature tensor
belong to one of the following three types T,, T, and T, and the vectors
appearing in the expressions of the curvature tensors satisfy the associated
equations. Such linear connexions and groups actually exist.

The curvature tensors,

(6.7) Ty: Ry =e(w, 4 — w, 4wy, e = £ 1, w, #0.
(6.8) Ty: Ry = e(w, 4} — w, AY)w,
+ A;‘(wuxl — wyx,) — Al’:(wvxl —_ w,‘xu)
— 2(w,x, — w,%,)A3,
e = 4 |; w, and x, are linearly independent.
(6.9) T,: R, * = el(wvAl’: —_ quﬁ)w,\ + ez(va: — qu;‘)xA,
€, € = £ |; w, and x, are linearly independent.

The associated equations

1;:
(6.10) Voo, = aw,w,; « = a(w), v, = dw.
T,:
6.11) {Vuwl = 0(2ew, v, — w, %, + w,%,)
Vot = v, % + O(ew, %, — %, %,)

(612) Vu.yA - V}\yu. = ee(yuw)\ - y}.wu.)

— 2%, — %Y, — (@, % — »,%,); 02 = — L.
Ty:
(6.13) Vuwk = — slezyux» Vux)\ — yux)"
(6.14) Vo — Ny, = e(x, w0, — x0,).

1 MuTt6 [3, 4].
32 For #» > 5, we have

r>n —nz>nt—2n+4 5.

Consequently, according to Theorem 5.1, we do not need this assumption.
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The groups
Ty:
(6.15) Lw, =0, La = 0.

If « is a constant, then » = #? and the group is transitive.
If « is not a constant, then » = #®> — 1 and the group is intransitive.

T,:
(6.16) Lw, =0, £x, = Bw,; B: a scalar.
r =n? — n + 1 and the group is transitive.
Ty:
(6.17) Lw, = — g,6,0%,, Lx, = Bw,; B: a scalar.

r =n? —n + 1 and the group is transitive.
Using his own method, Y. Mut6?! studied also the 4, which admits
a group G, of affine motions of order » < n? — 2n.

§7. An L, admitting an n*-parameter of affine motions.

In § 10 of Ch. v, we have found that if an L, admits an n2-parameter
group of affine motions, the connexion is semi-symmetric:

We denote by A, the space with symmetric linear connexion I,
and prove

THEOREM 7.1.2 If an L, with a semi-symmetric linear conmexion
admits an ni-parameter group of affine motions, then
1°. (a) the A, is a P,
(b) the Ricci tensor R, of A, has the form

(7.2) R, = ¢S, S, ¢ = constant,
(c) the vector S, satisfies
V, S\ = eS, S, ‘c = constant

2°. The above three conditions (a), (b), (c) are equivalent to the following

1 MuTd [5].
2 Ecorov [8].
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equations:

() Loy = 4ips + 43D,

(p) auﬁk = ﬁuﬁ?\ + CSu. SA’

() 8,5y = "S5, Sy + S, pr + Saby-

The last two constitute a completely integrable system of partial differential
equations, and comsequently, there exists actually a-space satisfying all
the conditions stated in 1°.

Proor.
1°. Denoting by £f = v*0,f an infinitcsimal operator of the group,
v

we have LT}, = 0, from which
£ 16‘}) == 0, £S)‘ = O.

Thus the group is an n?-parameter group of affine motions in the space
A, and consequently we have (a).
On the other hand, we know that

R, = ew,w,, Lw, =0, V,w, = cw,w,.
v
Thus, applying Theorem 12.1 of Ch. v to the tensor S;w,;, we find
Si@y = 0, from which w, = aS, and Lfa = 0. But the group is transitive

and consequently a« = constant. Thus we have (b) and (c).
2°. The (a) follows from the (a). The (B) follows from (b) and

Ry =—(n— 1)@, — pup)-

The (y) follows from (c) and (a).
The last statement can be proved by a straightforward calculation.



CHAPTER VII
GROUPS OF CONFORMAL MOTIONS

§ 1. Groups of conformal motions.
An infinitesimal conformal motion & — & - v*d? is characterized by

(1.1) L8 = 248,
v
or by
1
(1.2) £6,=0 G,%g "g.: g=|Det(g,)l

If two vectors v* and pv} give conformal motions, we have

V(u"’A) = ‘i’gm\; V(u(va)) = P8ux

from which

(Vie)vy == (9 — eh)8urs
and consequently we find V, p = 0, hence p = constant. Thus we have

THEOREM 1.1.1  Two different infinitesimal conformal motions cannot
have the same streamlines.

The conformal fundamental tensor density 64,, is a lincar differential
geometric object. Thus, according to Theorems 2.1 and 2.2 of Ch. 11,
we have

THEOREM 1.2.2 If a V., admits an infinitesimal conformal motion, it
admits also a one-parameter group of conformal motions gencrated by this
infinitesimal conformal motion.

THEOREM 1.3.3 In order that a V, admit a one-parameter group of
conformal motions, it is necessary and sufficient that there exist a coordinate
system with respect to which the components ®&,, of the conformal funda-
mental tensor density are independent of one of the coordinates.

1,23G, T, p. 51.

157
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If the @,, is independent of &1, then g,, has the form
(1'3) glx = a’(gv)fku(gzl “ ey E”)-

Conversely, if g,, has the form (1.3), we can easily see that &,, is
independent of £'. Thus

THEOREM 1.4.1 In order that a V, admit a one-parameter group of
conformal motions, it is necessary and sufficient that there exist a coordinate
system with respect to which the fundamental tensor g,, has the form (1.3).

If we choose a coordinate system with respect to which & = v*, then
£@7\x = Euau. @Au = 0'
v
from which we get

THEOREM 1.5.2 In order that a V, admil a one-parameter group of
conformal motions, it is necessary and sufficient that there exist a coordinate
system with respect to which the components of the conformal fundamental
tensor density are homogeneous functions of degree zero of the coordinates.

Since the conformal tensor density ,, is a linear differential geometric
object, Theorems 2.3, 2.4, 2.5 and 2.6 of Ch. 111 also hold for conformal
motions.

§ 2. Transformations carrying conformal circles into conformal
circles.
A conformal circle 3 is defined as a curve which satisfies the differential
equations

3 g ( a2 32 1 3 df")
2.1) wuxdf - L
(2.1)  opede! F s 8w e e n—2 " ds ds
1 ag
— —-Ly*-—=0,

+ n—2 " ds

where
1

(2:2) L & — Ky + 5= Ke

2(n — 1)

It is evident that a conformal motion carries every conformal circle
into a conformal circle.

1,3G. T, p. 51.
3YANo [1], ScHOUTEN [8], p. 331.
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Conversely we assume that an infinitesimal transformation &*—>£&*--v*dt
carries every conformal circle into a conformal circle. Calculating L,
we find ! v

2 dg
dst ds

g dg+ dg 328 d Ld
+ (V£ _a 3 L A

Lt = — 3u* —J%? + 3(£{5)

s ds ds ds® ds ds
2 ) o B gt S S B
B ey
TRy SO Y S

ds n—2 * ds ds '
from which, taking account of #* = 0,
32 8% de+ dg
) R — T — T
gul(£u) ds2 3g‘ra(£{u)‘}) d82 ds ds
320 dp de dg
ds¢ ds ds ds

82T 8%° de* dg ag s ag
— - — |1 - —_
3g1'c d52 ds? 2(Vv £gu}\) ds dS dS + (£gu}‘) dSz dS

+ 8o (Vv £{Jl})

1 |, o dp 1 8 dg* dgt ag
t oA g G Ty e ) e T s s

If an infinitesimal transformation &* — & 4 v*d¢ carries every con-

. . . S de .

formal circle into a conformal circle, g, (£u* PEETS must vanish

23 2% 825!‘-
for an arbitrary unit vector -—— and a vector — - satisfying g, — ;-
ae ds ds? ds?
= 0. Consequently, considering the coefficients of the term of the

s

32>

highest degree with respect to FrE we can conclude
L8 = 248,

1'Yano and TomoNnaga [1].
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Thus we have

THEOREM 2.1.1  In order that an infinitesimal transformation in a V
carry every comformal circle into a conformal circle, it is necessary and
sufficient that the transformation be a conformal motion.

§ 3. Integrability conditions of [g,, = 2¢g,,.

We now consider the integrability conditions of
(3.1) £gl»d == 2V(u‘1);‘) == 2¢gu)‘-
v

Substituting (3.1) in (cf. p. 52)
£} = ¥V £tre + L — VoLl
we find ’ ’ )
3-2) A5} = Aid + 434, — g

where ¢, = a,¢.
Substituting (3.2) into

{;K vul ¥ = 2V[v £ {u.’]‘l}’

we obtain
(3.3) Jé:KJ.b'.“ = — 245V — 2(V, )8
By contraction with respect to x and v, it follows from (3.3) that
(3.4) éKul = — (n —2)V, ¢, — g, V.4
Transvecting (3.4) with g** we find
g LK, = — 2(n — 1)V, ¢4,

from which
(3.5) LK = — 29K — 2(n — 1)V, ¢°.

v

From (3.5), we get

. 1
V4 = — prE— (K + 24K].

! Yano and Tomogana [1]; G. T., p. 50.
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Substituting this in (3.4), we find

1
@) Al =V,
from which
2
(3.7) {f_."é LLi+ -7 L =V

Substituting (3.6) and (3.7) in (3.3), we find
(3.8) £Cis* =0

where the C;;* is the conformal curvature tensor.
From (3.6) and the formula

2V1v Vp.]¢7. B I<vulx¢u!
it follows

2 LRSS
(3.9) iy V,v(éLqu) = — K 3%,

On the other hand, we have

§VvLu)\ - Vvé;]‘u}\ = - £{vu.} I‘ £ WA }

v

- 2¢v Lu.l - 2[’v(u. ¢7\) _*— 2gv(u. L).)x(bn'
from which

(310) Vlv £Luj). = £(V[v[y.1/) _] ( 1 vI‘u.JA }_ L[;ugm)\)¢u‘
The equations (3.9) and (3.10) give
(3°l I) £(“vu7\ = (vwx¢x’
v
where
def 2 V I
(3.12) Cvu)\ = n '___'2 v iruine

To find further integrability conditions, we substitute (3.2) and (3.8)
in the identity (cf. p. 16)

= (;”E{Jp})cdui" - (,§{‘§v})(C‘;,;,;* - (é{ﬁu})cééi" - (é{gx})c\;,;;“,
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hen we obtain
3.13) LV, Con* = —2¢,Con” + A5C,5°4,
— Conby — Con*dy — Coui’ b — Coned™
+ ¢p(g(w pr‘ + {s'mu,(.v‘:ﬂ\K + gm)\(‘v;;(.;u)'
We next substitute (3.2) and (3.11) in the identity
£Vw Cvu)\ - Vm £Cvu). = - (£{£v})(‘pu). - (/{;{wpu})(‘va}. - (J(:{of).})(‘vup’

hen we find
314) ;é:vm( A — T no— 2 (él‘wp)( vu.lp - ¢pV¢o(1vu.)‘p - 3¢w( vuA
- Cmu)‘(ﬁv - ("V(-J7n4)l.l. - (‘vum(ﬁh
+ ¢p(gmv (‘Flﬂ\ _i' gwu.(‘vpl + gm'l.(‘vy.p)'
We can continue this process as for as we wish. All equations contain
nly ¢, ¢,, v* and V,v*.
The above discussion shows the following. In order that a V', admit

n infinitesimal conformal motion & - &* 4 v*df, it is nccessary and
ifficient that the mixed system of partial differential cquations

Vi) = Py
V, v =1o,%
Vu.z,‘/.u = - Kvu)\xvv + 2Aluu.¢);) - ¢xgul'
V;.Sb = ¢;‘:

1
{ Vudr = -~ 2 [*VoLyp -+ Lgv,® + Lyp2,®!

3.15) 1

n —

ith (n + 1) unknowns ¢, ¢,, v*, v,* admit solutions.
The integrability conditions of (3.15) are given by (3.8), (3.11), (3.13),
$.14) and the equations obtained in the same way. Thus we have

THeOREM 3.1.1 Inorder that a 'V, admit a group of conformal motions,
is mecessary and sufficient that the equations v, = ¢g,, and (3.8),
L11), (3.13), . .. be algcbraically consistent with respect to ¢, ¢, v* and v,*.
‘ there are, among the equations (3.8), (3.11), (3.13), ..., exactly s equa-

1G. T, p. 85.
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v

tions which arc linearly independent among themselves and of Vg = P

then the space admits a §(n + 1)(n + 2) — s parameler group of conformal
motions.

In order that a ¥, admit a group of conformal motions of the maximum
order 4(n + 1)(n |- 2), it is necessary and sufficient that the equations

£(“;‘;}-‘x:_vnvn(‘vu)\x PV 'U _}_( xvvvn_i_ vmuv D +( . KV)\UGIO,

aph

and

L0 = 0V Cop & Cop Tt + Co 0,0 - €y V07 = — Cp*d,
be identically satisfied by any ¢, ¢, ,v* and V,¢* such that

Vaty = ..
From the arbitrariness of the ¢, and v*, we find
V,Co -=0 and C;;* =0.

In this case, the equation £C,, = — C,;*¢, =0 can be written as
(3.14) (A§C o + ASC, | ASC,, g™V 2 = 0.

The equation (3.14) is of the form
(3.15) L,V . =0,
where
(3.16) E g S (A5 Cop + AL Co + 40,087

Since the equation (3.15) can also be written as
(3.17) E,,f Vv, + E,,7V, v, =0,

in order that (3.15) be satisflicd for any Ve satisfving V, o, = ¢g,
we must have

(ﬁlzvuhpr(‘s’p: —IL Evu).ptv'pz":t - O
for any V v, from which it follows that

(318) E VitA gp-. = O; E‘m;‘iprl =- 0.

Writing out these equations, we get

ASC 5 + ALC o + A5C,,, =0
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and
(A\[;p(‘auh 1 Aéf(“val + A[Ap(‘vuo)gﬂc =0,
and consequently C,, = 0. Thus we have

THEOREM 3.2.1  In order that a V ,, n = 3, admit a group of conformal
molions of the maximum order L(n + 1)(n + 2), it is necessary and suffi-
cient that the V, be a C,.

§ 4. A group as group of conformal motions.

We apply now Theorems 3.1, 3.2 and 3.3 of Ch. 111 to the case of
conformal motions. We consider a (;, in an X, and denote the vectors
generating the group by v*. We first consider the casc in which the rank

b

of v in a neighbourhood is » ~. n. We choose a coordinate system with

respect to which we have (3.2) of Ch. 111. Then the equations £(§5m =0,
G = 0, and Det(®,,) = 1 become

2
(41) £6’lx = vaamajlu + G’ama}\va + @jlaaxvm - n— @}Axaav“ = 0,
a a a a a

(4.2) 6’[1}(] == O, Det(@j)‘x) == 1

and consequently, defining the functions 0, (®, &) by
2
(4.3) VOp, = — ¢, 00" — ¢, 8, 0™ + ™ ®,,.0,v%

we obtain

(4.4) LG, = v*0, &, — 0,,(8, 8] =0,
a a

from which
(45) aa Gj)\x == ('Dakx(oj' 6)1 Q5[7&)(] = 0’ Det(glx) =1
By the same method as was used in § 3 of Ch. 111, we can prove

a@ﬁlx aOle

+- @ ®Y7\K

1Sasakr [1]; Tavs [1]; G. T, P. 56.
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and also

2
V'O = — g™ — G 80" + - B, 8,0%,
a a a n a

(4.7)

-1
‘U“ @j;\x (.")fl)\x == O,

The equations (4.6) and (4.7) show that the mixed system (4.5) is
completely integrable. Thus we have

TueoreM 4.1. A G, in an X, for which the rank of v* in a neighbour-
b

hood is v < n can be regarded as a group of conformal motions in a 'V,
whose fundamental tensor density can contain In(n - 1) — 1 arbitrary
constants.

We next consider a G, in an X, for which the rank of v* in a neighbour-

b
hood is ¢ < 7, n. We choose a coordinate system with respect to which

(3.9) of Ch. 11 holds. Then we get

( 2
£8y =170, + B, 0" + &,,0,0" — n Grotuv® =0,
i [} : i ?

£®)\x = <P:4 £@Ax + (Bau(a)‘@:.l)va + @Aa(aucpi)va

4.8) |
2 &, (0, 93)* =0
— - - * =0,
n 2\ Co P .
(S[;\u] = 0, Det(@)‘x) = 1.
If we put
2
(49) ?ue)alx d‘i‘! - (s’a.xal?:a - wlaaxva + _n @kuaa'l:a’
- def 1),,0 AP 3 2 1 \,%
(410) Sune = wuu(a)\cpu)“: + Gjh(axq’u)e - _;’: @Ax(aaqsu)? ’

we can write (4.8) in the form
é:@’)m. = 7"“[30‘ i — O (@, £)] = 0,
’“6@“ = ¢}, ’é:@"“ + Epu(®, &) =0,
Gy = 0, Det(®,,) =1
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or .
{ 2B = O(, £),
Eu).u((st E) = OJ (”[)\xj = 0’ Det(®lx) = L.

By the same method as was used in § 3 of Ch. 111, we can prove

(4.11)

00 00
B A
0709 3@0: + ayemx = @de 6@0: + aﬂ G)Ylw
o=
o = u_).u_+ 0,85, =0,
o,

% {2 2% 2 a
v Oups = — (B[auja)-? — G, 0" + e Gjr) 0 v
T i

-1
> (le@a}‘x =0

which shows that the mixed system (4.11) is completely integrable.
Thus we have

TueorEM 4.2. Consider a G, in an X, for which the rank of v* in a

b
neighbourhood is q < r, n. If, in a neighbourhood such that (3.9) of Ch. 111
holds, the equations E,, (¢, &) =0, @,,=0 and Dect(§,) =1 are
compatible at a point of the space, then the group can be regarded as a group
of conformal motions in a V.

A similar theorem holds for a multiply transitive group.

§ 5. Homothetic motions. !
Consider an infinitesimal transformation '&* = & + v*df in a V.

If the square of the distance ds? = g,,(£)d&*d&* between & and &* 4 d&*
and the square of the distance d’s? = g,,('¢)d'¢*d’e* between '&* and
‘& 4 d'8* have always the same constant ratio, that is, if

(5.1 £8,0 = 2cg,,, ¢ = constant,

then the infinitesimal transformation is called a homothetic motion.
From (5.1) and the formula

62 ) = 1TVt + Ykt — Vaktul

1Snanks [1]; Yano [15].
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we find £{}} =0. Thus a homothetic motion is an affine motion.
v

Conversely, if a conformal motion is an affine motion, then we have
L8 = 24g,, and é‘{ﬁx} =0, from which we conclude ¢ = constant.

Thus we have

THEOREM 5.1. In order that a transformation in a V, be homothetic,
it is mecessary and sufficient that the transformation be conformal and
affine at the same time.

More gencrally, if a conformal motion is a projective motion, we have
£ = 298, and L5} = Aip, + 43P,

From these equations and (5.2), it follows that ¢ = constant and
$, = 0. Thus we have

TureoREM 5.2. In order that a transformation in a V, be homothetic,
it is mecessary and sufficient that the transforination be conformal and
projective at the same time.

Applying the formula (4.9) of Ch. 1 to the fundamental tensor g,
we obtain

£vay)\ - Vv £gu.) = - (£{v‘:‘.})gp)« - (£{vp7.})gupl
from which, for an affine motion,

(5.3) V£ = 0.

If the metric of V, is not decomposable, we obtain?, from (5.3),
L8 = 2¢8, ¢ = constant.

Thus we have

THEOREM 5.3. In a V, whose metric is not decomposable, an affine
motion is homothetic.

When the constant c is zero, a homothetic motion reduces to a motion.
We call a proper homothetic motion a homothetic motion for which
¢ # 0 and c the homothetic constant.

Now if we consider an infinitesimal proper homothetic motion
& — £ 4 v*dt whose streamlines are geodesics, we have fg,, = 2V,

v

1T. Y. THoMAS [1, 2]; SCHOUTEN [8], p. 286.
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== 2cg,, and v*V, v, = av,, wherc « is a scalar. Transvecting the latter
equation with #*, we obtain ¢ = a by virtue of the former. Transvecting
next the former equation with #*, we find cv, = Vu(-.}vxv“), which shows
that v, is a gradient vector. Thus V,», is symmetric in p and 2, and
consequently

(5.4) V.o = g

that is, the v* is a concurrent vector field.! Since the converse is evident,
we have

THEOREM 5.4. In order that a V, admit an infinitesimal proper
homothetic motion whose streamlines are geodesics, it is necessary and
sufficient that the V, admit a concurrent vector field.

In order that a V,, admit a concurrent vector field, it is necessary and
sufficient that there cxist a coordinate system with respect to which
the linear element takes the form

(55) ds® = (d&')? + (§7)2f., (87, ..., &n)dEtdeT
mC=23...,n).
Thus we have

THEOREM S5.5. In order that a V, admit an infinitesimal proper
homothetic motion whose streamlines are geodesics, it is necessary and
sufficient that there exist a coordinate system with respect to which the
linear element of V, takes the form (5.5).

In order that an infinitesimal transformation be a projective (con-
formal) motion in a V,, it is necessary and sufficicnt that the transfor-
mation carry every geodesic (conformal circle) into a geodesic (conformal
circle). Thus from Theorem 5.2 we have

THEOREM 5.6. In order that an infinitesimal transformation be homo-
thetic, it is necessary and sufficient that the transformation carry every
geodesic into a geodesic and every conformal circle into a conformal circle.

If we take a coordinate system with respect to which v* = ¢*, then
the equation g, = 2cg,, gives 9g,,/06’ = 2cg,,, from which
r

(5-6) 8 =V fal, ..., E").

1Yano [6].
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Conversely, if there exists a coordinate system with respect to which
the fundamental tensor takes the form (5.6), then the space admits a
one-parameter group of homothetic motions gencrated by ‘&%= &*
+ e*dt. Thus we have

1

TuroreM 5.7. If a V, admits an infinitesisnal homothetic motion,
then the V, adwmits also a one-parameter group of homothetic motions
generated by the infinitesimal homothetic motion.

THEOREM 5.8. In order that a V, admit a one-parameter group of
homothetic motions with the homothetic constant c, it is necessary and
sufficient that there exist a coordinate system with respect fo which the
fundamental tensor takes the form (5.6).

If we take a coordinate system with respect to which v* = &, then
the equation [g,, = 2cg,, becomes £'0.,g,, = 2(c — 1)g,,, from which
we see that the g, are homogeneous functions of degree 2(c — 1) with

espect to & Thus we have

THEOREM 5.8. In order that a V, admit a one-parameter group of
homothetic motions with homothetic constant c, 1t is necessary and sufficient
that there exist a coordinate system with respect to which the components
of the fundamental tensor are homogeneous functions of degree 2(c — 1)
of the coordinates.

Using (5.1), we can easily verify that Theorems 2.3 and 2.4 of Ch. 1
are also valid for a group of homothetic motions.
If £f are generators of 7 one-parameter groups of transformations,
b

then we have
(£;§)gw\ = égu.a-
If £f are generators of 7 one-parameter groups of homothetic motions,
b

then we have (££)g, = 0 and consequently [g,, = 0. Thus we have
cb cb

THEOREM 5.9. If Lf are generalors of r one-parameter groups of
b

homothetic motions, then Lf are those of a one-parameter group of motions.
cb

If Lf are r generators of an r-parameter group of transformations,
b
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then we have
(£;§)gux = Cg £6’u3.:

where ¢4, are the structural constants of the group. For an r-parameter
group of homothetic motions, we have (££)gul = 0 and ,(,‘g“;‘ = 20,8,
and consequently c;,c, = 0. Thus we have °

TuroreM 5.10. If Lf are r generators of an r-parameter group of
b

homothetic motions with homothetic constants c,, then there exist the relations
coc, = O between the structural constants c&, and the homothetic constants c,.

Since c¢fy,¢, = 0 means that the first derived group is of order <7 — 1,
combining Theorems 5.9 and 5.10, we get

TuroreM S5.11. The first derived group of a group of homothetic
motions in a V, is a group of motions of order < r — 1.

Moreover we have
TuroreM 5.12. If [f are generators of the complete set of r one-para-
b

meter groups of homothetic motions, they are generators of an r-parameter
group G, of homothetic motions. Moreover G, must contain a complete set
of one-parameter groups of motions, consequently, G, contains a complete
group of motions.

§ 6. Homothetic motions in conformally related spaces.

Let a V, admit an »-parameter group G, of homothetic motions whose
generators are £f = v*9,f : Lg,1 = 2¢.g,,. In order that a 'V, conformal
a a a

to V, admit G, as a group of homothetic motions with the same homo-

thetic constants c,, it is necessary and sufficient that there exist a function

e such that £(p%,,) = 2¢,p%g, from which Lo? = 0. Now if we assume
a a

that the rank of v* is » < », then the equations £p? = 0 are completely
b a

integrable and admit #» — » functionally independent solutions. Thus
we have

THEOREM 6.1. If a V, admits an r-parameter group G, of homothetic
motions such that the rank of the generators v* is r < m, then there exist
b

spaces which are (not trivially) conformal to V, and which admit G, as a
group of homothetic wnotions with the same homothetic constants.
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Let again a V, admit an r-parameter group G, of homothetic motions:
L8, = 2¢,8, In order that a 'V, conformal to V', admit G, as a group

of motions, it is necessary and sufficient that there exist a function p
such that )(:(ngM) = 0, from which £ log p = — ¢,. If we assume that

the rank of v is7 < n, then the equatlons ,(,' log p = — ¢, are completely

intcgrable by virtue of (,C,(:) log p = ¢5, £ log p and cge, = 0. Thus
we have

THEOREM 6.2. If a V, admits an r-parameter group G, of homothetic
motions such that the rank of the generators v* is v < n, then there exists
b

a 'V, which is conformal to V , and which admits G, as a group of motions.

§ 7. Subgroups of homothetic motions contained in a group of
conformal motions or in a group of affine motions.

Let a V, admit an r-parameter group (G, of conformal motions:

L8 = 24,80, . being 7 scalars. In order that the group G, contain

a subgroup of homothetic motions, it is necessary and sufficient that
there exist constants c¢® not all zero such that c%$, = constant. By
successive covariant differentiations of this equation, we get ¢,V,é, =0,
Vi ®« =0, .... If we denote by «;, @y, ... the a-ranks of the sets
Vida: Vada Vap,@us ... respectively, then we have oy <oy <....
Since the equations ¢*V,¢, =0, ¢*V,, ¢, =0, .... admit a set of solu-
tions which are not all zero, we must have «; < oy <X ... < 7. On the
other hand, we can easily prove that, if a, = «,,,, then a,,; = @ .
Thus the ranks of the matrices must satisfy

(7.1) G SOy < s DRy =0y = ... =85 <7

Conversely, if the ranks «,;, a,, ... satisfy the relation (7.1), then we
can find scts of linearly independent solutions f%(¢) (4,B,C, ... =
1,2, ...,s) which are not all zero and such that

(7-2) fﬁVﬂSa =0, f‘:tvlg)‘ﬂsa =0,..., /:l VA,---11¢4 = 0.

Differentiating these equations covariantly and taking account of
the fact that the ranks satisfy (7.1), we find that V,f% are also solutions
of (7.2). Thus there must exist a set of functions P{i(¢) such that

VAfB =P BfA
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The integrability conditions of this equation are
(7.3) VPl — VPl + Py Py — PPy = 0.

These equations show that there exists a set of functions A4(&) such
that A<f% = constants. In fact, the equations V,(h4f%) =0 give
V,h4 + PjL.h" =0, which arc completely integrable because of (7.3).
Thus putting ¢* = hA4f%, we obtain ¢*V,¢, == 0 and consequently c’¢, =
constant. Thus we have ’

THEOREM 7.1.  In order that an r-parameter group of conformal motions
in a V, contain a subgroup of homothetic motions, it is mecessary and
sufficient thal the a-ranks oy, oy, ... of the sels Vydy; Vaba, Vi das -
satisfy the velation (7.1).

Let a V,, admit an 7-parameter group G, of affine motions: [{%} = 0.
a

In order that the group G, contain a subgroup of homothetic motions,
it is necessary and sufficient that there exist constants ¢® not all zero
and ¢ such that c“,ggu,\ = 2¢g,5. Thus the pA-rank of the set £gu,‘, g

must be less than » 4 1.
Conversely, if the uA-rank s of the set ,{:gul, g isless thanz 4 1, then we

can find » + 1 — s linearly mdcpendent solutions f7(£), f.(&) of c"{,'g“A
= 2cg,, such that

(7.4) /Z(f)égw\ = 2f1(6)8u
(L, M,N=1,2,...,v+ 1 —5).

Differentiating (7.4) covariantly, we obtain
(VofL)Lgn + FLVy £ = 2(Vofr)g
from which

(Vofe)hgn = 2V.fr)gw

because of V,[g, = 0. Thus V,f7, V,/, are also solutions of (7.4) and
consequently there exist functions PX, such that

Vofse = Plyfi, Vofar = Piyfe
The integrability conditions of these equations are

(7°5) v Pv\I m‘ll + va P P oM = 0.
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This equation shows that therc exists a st of functions 4%(&) such that
hLf; = constants, A%f, == constant. Thus we have

THEOREM 7.2. In order that an r-parameter group of affine motions
in a V, contain a subgroup of homothetic motions, it is necessary and
sufficient that the uh-rank of the set [g,. g, be less than r + 1.

a

§ 8. Integrability conditions of g, = 2cg,,.
From the equation ’

§gﬂ = 2V, v, = 2cg,,
we obtain
1
(81) v(uk) == ll_ grav'mgu}d Uu.l (l(_f Vu.v).'

The fact that the ¢ is a constant can be expressed by V,[g, == 0,
or by v
J5:{;3} =V, V,v* 4 K ;*v" == 0,
from which
(8.2) Vov* %, Vo o0% s s — Koo,

Thus we have a mixed system of the partial differential equations
(8.1) and (8.2). Since the integrability conditions of this mixed system are

(8.3) ,gAuA =0, {VAK,;*=0, ....

we have

THEOREM 8.1.  In order that a V , admit a group of homothetic motions,
it is necessary and sufficient that there exist a positive integer N such that
the first N sets of equations in (8.1) and (8.3) are algebraically comsistent
in v and v* and all v* and v* satisfying these equations satisfy the
(N + 1)st set of equations.

The complete integrability condition of thec mixed system is that
LK, * =0 be identically satisfied by any »* and »;* satisfying (8.1),
a

the number of v* and »,* which can be given arbitrarily being n? 4 n

— [ 4+ 1) — 1] = dn(n + 1) + 1.
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From this we have
K
Ko3* = —— ——— (47 — 4384

nn — 1)

and consequently, from LK, * =0 and [g,, = 2cg,,, we find
LK, 5" = 2K, = 0.

Thus we have

THEOREM 8.2. In order that a V , admit a group of homothetic motions
of the maximum order yn(n + 1) + 1, it is necessary and sufficient that
the V, be Euclidean.

If £f = v*8,f is a generator of a one-parameter group of homothetic

motions, then we have [g,, = 2cg,, and LK, ;;* = 0 and consequently
LK, =0. v v
v 1

Thus, if the V, is an Einstein space (or an S,), i.e., if K, = — Kg,,,
K being a constant, then we have i

1 1
K,—=—Kfg, — -Kecg, —=O.
3§ [N n égu} n cgu).

Thus if K # 0, then ¢ = 0 and consequently we have

THEOREM 8.3. If an Einstein space (or an S,) with non-vanishing
curvature scalar admits a homothetic motion, it is a motion. Consequently
an Einstein space (or an S,) with non-vanishing curvature scalar cannot
admit a proper homothetic motion.

§ 9. A group as group of homothetic motions.

We apply now Theorems 3.1, 3.2 and 3.3 of Ch. 11 to the case of
homothetic motions. We consider a ¢, in an X, and we suppose that there
exist 7 constants ¢, not all zero such that cg¢, = 0, ¢, being structural
constants of the G,. Denoting by v* r vectors gencrating the group,

b

we {irst consider the case in which the rank of v* in a neighbourhood
b

is » =t n. We choose a coordinate system with respect to which we have
(3.2) of Ch. u1. Then the equations, which determine the g,,, are

(9.1) Lew = i)“ Bun T Ean0u V™ + 80OV = 20,8,
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and
(9.2) 8wy = 0.
We define the functions 0,,(g, §) by
(9.3) Z“Gaﬂ(g, £) &t — gﬂaul)“ - gma,\g“ + 26,8,

then we obtain

(9:4) £ — 28 = V[%8 — Opur(8, §)] = 0,
from which
(9.5) 0,8 = @m(g, &), 8wy = 0.
By the same method as was used in § 3 of Ch. 111, we can prove
00 0.,
(9-6) Oyop “gé&l‘ + 0y Og = Opop = + %O
ap op
and
(9-7) P00y = — 8" — Bum AV + 2By

The equations (9.6) and (9.7) show that the mixed system (9.5) is
completely integrable. Thus we have

THEOREM 9.1. A G, in an X, such that the rank of v* in a neighbour-
b

hood is v < m and that there exist v constants c, not all zero satisfying
CerCq = 0, can be regarded as a group of homothetic motions with homothetic
constants c, in a V, whose fundamenlal tensor can contain in(n + 1)
arbitrary functions of n — r variables.

We next consider a G, in an X, for which the rank of v* in a neighbour-
b

hood is ¢ < 7, n. We choose a coordinate system with respect to which
(3.9) of Ch. 111 holds. Then the equations, which determine the g,,, are
(9-8) £ = V0.8 + B %V + Bua&r V" = 2,8

1 1
(9'9) £gul = ‘Pi é:gu.l + gal(ay. Cpi)?z + gu.a.(a}\ ?:&)7‘)’ = 2cugu}‘r

(9.10) gy = O.
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Thus, if we put
(9.11) “O 4l a8,V — 8,80 + 26,8,
t I

o
(9.12) EW®MA%%W+wM%mf+%%%—%MW
we can write (9.8), (9.9) and (9.10) in the form

é‘l{uz — 2,8, = ?a[aagm - 0,,( 8] =0,

»g&’ux — 2,8, = ?i(égux — 2¢,8,) + Eun(g, §) =0,

8 = 0
from which
{ Oalin = (8, €),
Eun® &) =0, gy =0

By the same method as was used in § 3 of Ch. 111, we can prove

(9.13)

o, " b 8,y = 6 i 2 12,0
Yop dg, Bur 7 YBop 4 agap B~ yurr
P
@a“p' a - + 3 I—JMM = O
1)“ Our) = — L au”" = L& + 26,80,
1 i

which shows that the mixed system (9.13) is completely integrable.
Thus we have

Tueorem 9.2. Consider a G, in an X, such that the rank of v* in a
b

neighbourhood is q < r,n and that there exist r constants c, salisfying
CerCq = 0. If, in a neighbourhood such that (3.9) of Ch. 1 holds, the equa-
tions B, (g, &) = 0, gy =0, Det(g,) 4 0 are compatible at a point of
the space, then the group can be regarded as a group of homothetic motions
mal,

A similar theorem holds for a multiply transitive group.



CHAPTER VIII
GROUPS OFF TRANSFORMATIONS IN GENERALIZED SPACES

§ 1. Finsler spaces.

Let us consider an #-dimensional space of class C* (» = 3) in which
is given a function L(&*, &) of 2x independent variables & and &,
positively homogeneous of degree one with respect to the variables &*:

(1.1) L(&, &) = 0; L(&, p&) = |p| L(&*, &),

and in which the length of an arc & = &*(¢), ¢, < ¢ < ¢, is defined as
(1.2) s = f :“ L&), &@)dt; & = dev/dt.
1

Such a space is called a Finsler space! and the function L(&*, &) its
fundamental function.
A coordinate transformation in a Finsler space is of the form

(1.3) &= (g), & = A¥¢E-

The fundamental function L(&, £) is assumed to be invariant under
coordinate transformations.

Putting
(1.4) F(&, & % 4L2(¢, &),
(1.5) & 28,8, F (&, £); 2,4 oo,

we see that g,, is a symmetric covariant tensor and that
(1.6) L2(g, &) = g, (&, &) & &~

We assume that g, has the rank # and we use g,, and its inverse g**
for the lowering and the raising of indices. The g,, and g™ are called
the fundamental tensors of the Finsler space.

1 FINSLER [1]; E. CArRTAN [10].

177
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Now we put!

(1.7) {a) 2 100,800 + 9840 — %8
(1.8) [ def .'.{ sy 8,

(1.9) Prdet g,

(1.10) Cone 1 30,80, = 18, 8,6, F (£, &)

and

(1.11) Ui M5 — Coo TS — G* T -+ Cp, Tog™.

The following relations can casily be verified:

(1.12) 1", =0, Cppe = Coney
(1.13) Coed == 0, € 8 =0, & =0,
(1.14) I & = I & = 1%,

(1.15) ™ 8 o T8 = 2™,

Under a coordinate transformation (1.3), the I'*, T}, C,, and [3,
have respectively the following transformation laws:

(1.16) I e AX T ] Au( AL
(1.17) TE = AT 4 A¥ (@, A3)E,
(1.18) Curee = A5 Cune

and

(1.19) T = A (A% T 4 b, A%).

Hence the €y, is a covariant tensor and the T, is a linear connexion.
The covariant differential of a contravariant vector field v*(&, &) is
defined by

(1.20) Sv* 4f dy* - (T d&* + (1,';\"85“)1)7\
where
(1.21) &« def géx 4 Trag

1In E. CartAN [10], the I, I'f and l“'b‘ introduced here are denoted by G*, G¥
and I‘:,‘“ respectively. Cf. BerwaLDp [1], SYyNGE [1], TavLor [1].
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and the covariant derivatives arc given by
(1.22) V, ¢ 2 g, 0% — I8 9,0% + %0
(1.23) Vo &8 o + Cxot
For the covariant derivatives of the direction element &, we find

(1.24) V, =0, V, & = A*

we

We can easily verify that the linear connexion introduced lere is
metric:

(1.25) V.o.=0, Vg, =0.

§ 2. The Lie derivative of the fundamental tensor.
Consider a point transformation

@ £ = 1)

in a Finsler space. By this point transformation, the direction element
2 undergoes the transformation

(2.2) & = (o, ),

Combining (2.1) and (2.2), we call it an extended point transformation.
We introduce now a coordinate transformation

(2.3) £ = H(E), & = (098

and define a new tensor ficld which has the components
(2.4) "B ) 2T g (6,79
with respect to the coordinate system (x) and the components

(2.5) ‘Bulls &) = (Of)0uf)800(€ '

with respect to the coordinate system (x). We call this tensor the deformed
tensor of the original tensor g, under the extended point transformation
(‘& '&) — (& &) and ‘g, (&, &) — g, (&, &) the Lie difference of the tensor
under the extended point transformation (2.1).

In the case in which (2.1) is an infinitesimal extended point trans-
formation:

(2.6) ‘o= v (E)dt, B =+ (0098 dL,
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we find

(27) ‘B = B T (£80J4L,

where ’

(2.8) églx = 170,85 + (5°3a”°)épgxx + 8o + £150,0°

is called the Lie derivative of the fundamental tensor with respect to
the infinitesimal extended point transformation (2.6). Since (f£g,)d?

is the difference of two tensors, Lg,, is also a tensor. In fact, we can
put {g, in the following tensorial form
(2'9) £g)\u = 2V(Avx) + (Ev Vvvu)CuJ\x‘
The Lie derivative of a general tensor, say T;* is constructed in the
same way:
(2.10)  LT;5% = vV, Ti5* 4 (0° Vo)V, T
v
— TPV, v* + T5*V, 0P 4 T,V 0P,
From (2.9) we can casily derive the formula
(2‘11) (£§)glu=£b:g)\w a, b,0= 1) 21 ceo, I

where £ denotes Lie derivative with respect to the vector »* and £
b b cb

the Lie derivative with respect to the vector

(2.12) Lot = — [v*
cb be
If the v* generatc an r-parameter group of transformations, we have
b
(2.13) Lv* = cgv*
cb a

and consequently the equation (2.11) becomes
(2.14) (££)8n = Cor e
(4 a

§ 3. Motions in a Finsler space.
When the extended point transformation (2.3) does not change the
fundamental function L(%, £) of a Finsler space, that is, when we have

(3.1) L& '8 = L(£, &),
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we call this extended point transformation a motion in a Finsler space.
Differentiating

(3.2 F(& '8 =F( §)
twice with respect to &, we find
(3.3) @) (@178 ('E, "E) = & (&, §).

Because of the homogeneity property of the function IF(§, £), the
cquations (3.2) and (3.3) are equivalent. Comparing (2.5) with (3.3),
we obtain

TuroreM 3.1. In order that (2.1) be a motion in a Finsler space,
it is necessary and sufficient that the point transformation do not deform
the fundamenlal tensor.

Consequently, from (2.7) we get

THEOREM 3.2. In order that an infinitesimal extended point trans-
formmation (2.6) be a motion in a Finsler space, it is necessary and sufficient
that the Lie derivative of the fundamental tensor with respect to the trans-
formation vanish.

The equation

is called the equation of Killing in a Finsler spacc.

Making use of (2.8), (2.11) and (2.14), we can prove theorems corre-
sponding to Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 of Ch. 111 and Theorem
1.5 of Ch. 1v.

The motions in a Finsler space have been studied by Davies,! Knebel-
man 2, B. Laptev, 2 Nakae, ¢ Sods, 8 Su ® and Wang 7 and the groups
of homothetic transformations in a Finsler space by Hiramatu. 8

Davies ® and Sul?have studied the motions in a so-called Cartan space. !

! Davies |5].

2 KNEBELMANN [2].

3 B3. LaptEV [1, 2].

4 NAkaE [1].

5 So6s [1].

¢ Su [4].

7 Wane [1].

8 HiramaTU [3, 4].

? Davies 8, 11, 12].

1 8y [8].
11 E. CARTAN [9].
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§ 4. Finsler spaces with completely integrable equations of
Killing.

We may try to discuss the motions in a Finsler space following the
arguments used in Ch. 1v, but because of the fact that all the compo-
nents of geometric objects appearing in a Finsler space are not only
functions of the coordinates & but also of the direction element &%, the
cquations which express the integrability conditions of the equations
of Killing are so complicated that it is almost impossible to discuss them
in a way analogous to that followed in Ch. 1v.

Now by quite another method H. C. Wang ! succeeded in determining
the Finsler space with completely integrable equations of Killing. Wang
proved

TueoreM 4.1. If an n-dimensional Finsler space, n # 4, admits a
group G, of motions depending on r > In(n — 1) -+ 1 essential parameters,
the space is a Riemannian space of constant curvature.

Here follows the proof. Let a Finsler space admit a group G, of motions

(4.1) B s HE ) = EY, L R Y, L)
depending on 7 essential parameters y!, ..., n". With (4.1), we associate
(4.2) = (6 )8]

The equations (4.1) and (4.2) define again an r-parameter group. We
take an arbitrary point P(£*) in the space and we consider all the motions
0

leaving invariant the point P. These form the isotropy subgroup G(P)
at P:

(4.3) Ty: 8= R Q) =M, ..., &% ¢, ..., L)
with the property & = A4*(&; ¥). The isotropy subgroup G(P) dcpends
0 1]

on ry 2 r — n essential parameters if r = 7. To each motion T, of G(P),
corresponds a lincar transformation

(44) Ty 8 = [ E; 8.

We know that all the f‘z form a linear group (;(P) and that the two groups
G(P) and G(P) are isomorphic in the sense of topological groups. Thus the
group G(P) has the same order 7, = 7 — n as G(P).

1'Wane [1].
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Now since the group G, is a group of motions in a Finsler space,
we have

La('g, '8 = L&, &).

Putting '&* = & = & and substituting (4.4) in this equation, we find
0

(4.5) L&, hx &) = L2(&*, &),
where ’ ’
N (R 4R
If we put ’
(4.6) L&) 4 L2, &9,

0
then the cequation (4.5) becomes
LA &) = L)

and this shows that the function L2(£*) is an absolute invariant of the
linear group G(P). Thus we obtain

LemMA 1. If a Finsler space admits an r-parameter group G, of

motions, the function L2(£*) -= L2(&*, &) 4s left invariant by a linear
~ 0
isotropy group G(P) at P(&*) of order ry - r — n.
0

~

Now we shall show that, but for a change of basis, the group G(P)
consists of orthogonal transformations only. To prove this we need the
following lemmas:

LuMMA 2. The set K of vectors & at & satisfying the equations
0

(4.6) L2(84) = ¢?; ¢® = constant > O,
s bounded.

Let us denote by N(£) the “norm” VE!_, && of the vector & and
let us consider the values of L2(£) as & varies on the hypersphere S
defined by N(£) = 1. Since L%(§) > 0 on S, we have

(4.7) 0 < e < L2(§), ¢S,

where ¢ is a positive constant.
Let now & be any vector satisfying (4.5), then we have, from the
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homogencity property of L2(&),
&
2 — [2(8) = Ne(&L2(- >.-).
(4.8) ¢ — L2(f) = N2(§)L ( - (s'))
Since the vector &/N(§)e S, (4.7) and (4.8) imply
N =<
e

Hence K is bounded and Lemma 2 is proved.

LemMMA 3. If a suitable basis is chosen, all linear transformations
leaving L2(£) tnvariant are orthogonal.

Let H be the sct of motions %% leaving L%(£) invariant, i.e.
(4.9) L2 &) = L¥(&).

Since L2(&) == 0 if and only if all & vanish, no matrix of H can be singular.
I'rom this we can easily verify that H forms a group.

Now we shall prove that H is compact. For this purpose, we put in
the equation (4.9), for each A, & == 1 whenever x = A and & = 0 other-
wise. Then we obtain

LR RS, ... kY = L%, ...,0,1,0,...,0).

It follows from Lemma 2 that A}, 43, ..., h} are bounded. As A is
arbitrary, H is bounded as well. Moreover the set H is defined by (4.9)
in which all functions involved arc continuous, so that H is a closed
set in the space of all n-rowed square matrices. Hence the boundedness
implies the compactness.

By a well-known thcorem of Weyl!, H leaves invariant a positive
definite quadratic form #(&), and we can choose a suitable basis such that

u(d) = Tp_, &8

Hence the matrices 4% are orthogonal and Lemma 3 is proved.

Now with the aid of the above lemmas, we can prove Theorem 4.1
without difficulty. In fact, if a Finsler space admits a group G, of
motions depending on 7 > }n(n — 1) 4+ 1 parameters, then by Lemma
1 the function L2() is left invariant by a linear isotropy group a(P) of
the order

ro=r—n>in—1)(n—2).

1'WevL [1].
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Lemma 3 tells us that 5(P) is a subgroup of the orthogonal group
O(n). As there is no proper subgroup of O(#n) of an order greater than
I(n — 1)(n — 2) for n 5+ 4,1 we conclude that G~(P) coincides with O(n).
Thus the function L2%(¢) is a scalar invariant of the orthogonal group and
therefore the L2(£) takes the form

L2(§) = h(u).

From the homogeneity property of L%(§), we have h(his) = Mi(u),
which implies A(#) = cu, ¢ being independent of &. Thus
L2(E) = L2(§, &) = c(§) Y, &8
0 0

Since the £* are arbitrary and
0

5,868, &) = 16,6,0,L%¢, §) = 0,
0 0
the metric tensor g, depends only on the position. Thus the space is
Riemannian. Hence by Theorem 8.2 of Ch. 1v, we can conclude that the
space is of constant curvature.

§ 5. General affine spaces of geodesics.?

Consider an #-dimensional space in which a system of curves called
geodesics (or paths) is given by a system of ordinary differential cquations
agx e & . e B
(5.1) —E-{-F(E”)—O,E =2
where I'™(&, £) are functions of the 2% independent variables & and &%,
homogeneous of degree 2 with respect to & and ¢ is a scalar parameter
determined up to an affine transformation. Such a space is called a
general affine space of geodesics (or paths) and its geometry the general

affine geometry of geodesics (or paths).
We assume that the left-hand side of (5.1) is a contravariant vector.
Then under a coordinate transformation

(5.2) =), & =AY
the functions I'™(&, &) are transformed into

(5.3) I = A¥T* — (9,4%)& &,

1 MONTGOMERY and SAMELSON [1].
2 DoucgLas [1].



186 GROUPS OF TRANSFORMATIONS IN GENERALIZED SPACES CH. VIII

From (5.2) we find by partial differentiation with respect to &,

(5-4) ¥ = AN TY — A0, 47)8,
where
(5.5) Iy def 15,1, Tydef 15, T™
Irom (5.4), by partial differentiation with respect to &, we obtain
(5.6) I, = AXW,T% — A0, AF
or
(5'7) ‘;."N = :’(‘4:'Al' F:"A + au,'A;\"))
where
(5.8) o e, Ty, Iy dda Iy

Hence the T%, (&, ) arc components of a symmetric linear connexion.
A

By the homogeneity property of I'™(¢, &), we get

(5.9 Mo = I & = Ty
and
(5.10) I 8 = Tyt = T

Thus the equation of the geodesics can be written as
a2g ag dg

5.11 Sndh IR |t
(5-11) d2 + dt  dt

= 0.
We now define the covariant differential of & by
34U g% . T, den
or by
(5.12) & det géx 4 Tedew,
and the covariant differential of a contravariant vector v* by
(5.13) Sv* 4! dy* + T, d&* ot

The covariant derivatives of the contravariant vector field v* are
then given by

(5.14) V, 8o v* — 99 v* 4 97,

(5.15) V, v* et 8, v".
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For the covariant derivatives of the vector &, we obtain

(5.16) V& =0, V& = A%

Now as generalizations of Ricci identitics, we find
(5.17) (V,V, — V,V,)0* = R;;;*0* — Ry;° &V, 0%,
(5.18) (V,V, — V, V)" = T;;%0,

(5.19) (V,V, — V,V)o* =0,
where

(5.20) R‘;‘b‘\" def (o, F“M — I“‘:é)p l‘b) — (¢')yL " — I“‘; 9, ™)
+ F:p r‘f& - P:o 3?\
and

(5.21) Ty 4 o, 1%, = 18,8, 8,T

A =

are curvature tensors of the space. The Bianchi identities for the curva-
turc tensors take the form
(5.22) Ry5x =0,

(5.23) Vie Ry + R,‘;‘,I;,"é” T;umx = 0.

Furthermore, we have the following identities:

(5.24) VR =2V, Ty

(5.25) Vo T = Vio Tt
From (5.24), we get

(5.26) VieRyi* =0,

from which

(5.27) Vio Vo = 0,

where

(5.28) VR, = — (R, — R,,)

(5.29) R, 'R,
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§ 6. Lie derivatives in a general affine space of geodesics.
Consider an extended point transformation

(6.1) = @), B = (3

in a general affinc space of geodesics.
We introduce a coordinate transformation

(6:2) Po= = PO, & == ()8
and define a new linear conncxion which has thc components
(6-3) T (& &) 2T ('8, '§)

with respect to the coordinate system (x'). The components 'I%(&, &
of the new linear connexion with respect to the coordinate system (x)
are given by

(6.4) (8,"8) (@ 8T8, 75) = (0, '€V Th(é, &) — 9,8/,

Now we call 'T%(¢, &) the deformed lincar connexion of the original
linear connexion I'%(&, ) under the transformation ('€, &%) — (&, &)
and

T &) — Tl &)
the Lie difference. The Lie differcnce of a linear connexion is a mixed

tensor of the valence three.
When (6.1) is an infinitesimal transformation

(6.5) = gL o, = ()8,
we find

(6.6) T = I + L4,

where

(6.7) é:l“:l = 0,0,v* 4+ v"9, I, + éV(a,,up)a, | KoY
— T, v* + I'h9,v° + T 0,0°
is the Lie derivative of the linear connexion I, with respect to the

infinitesimal transformation (6.5). We can put £ I in the following
tensorial form

(6.8) £T% = V,V,v* + R0 + Ty * 8V, 0"
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We mention here some important formulae which contain the Lic
derivatives and which will be useful later on.

(69)  Luw=v*o,u* + (& 690“)8.“1"‘ — uP3,v"
) =V, u* + (§°va“)Vuu" — uPV,v*,
(6.10)  Lw, = 1", w0, + (S“apv“)éuwx + ,8,0°
’ = *V, @, + (V, 9%V, + w,V,0°,
6.11) LT =049, T;* + (809,048, T5* — T5°9,v* + T;*8,0°
= 'V, T + (Y, 04V, T;* — T;°V, 0% + T;*V,0,

where #*, w, and T,* are respectively a contravariant vector, a covariant
vector and a mixed tensor.
If we apply the operator £ to &, we find
v

(6.12) L& =0,

Moreover, applying the operators £V, —V, ,(,' and ,(,'V u,{: to an
arbitrary tensor Ty*, we find v ’

(6.13) (£ — VL) T3* = (LT 13° — (LT)T3* — (L15)EV, T3%,

L]

and
(6.14) (évu - vﬁuému =0
respectively. On the other hand, we have
(6.15) Vw§1".§,\ - Vu£Fv). = £Rvul + (£F o) S T o™ — (éf‘io)é"TM
(6.16) V‘,,(,‘I‘;‘LA = LT,
v v
If for » vectors 1;", a,bc ... =12 ..., the Lie derivative with

respect to v* is denoted by £, we can easily verify
b b
(6.17) (£E)T = £

where £ denotes the Lie derivative with respect to the vector

cb
Lot = — Lo~
cbd be
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If » vectors generate an r-parameter group, we have fv* = cc,,v
b
and (6.17) bccomes ¢

(6.18) (£§) w = C‘:msll"’éx

4

§ 7. Affine motions in a general affine space of geodesics. !
When the point transformation (6.1) transforms cvery geodesic into
a geodesic and the affine parameter on it into an affine parameter on
the deformed geodesic, we call the transformation an affine motion m
a general affine space of geodesics.
The condition for the extended point transformation (6.1) to be an
affine motion is given by

(7.1) e, '8) = (9, "8)I™(§, §) — (9,8,'67) 88
which is cquivalent to
(7.2) (0,"E) (@ EN%('8,78) = (08T, §) — 8,88

Thus comparing (6.4) with (7.2), we can state

TueoreM 7.1, In order that (6.1) be an affine motion in a general
affine space of geodesics, it is necessary and sufficient that the point trans-
formation do not deform the lincar connexion.

Consequently, from (6.6) we obtain

TuroreM 7.2, In order that the infinitesimal extended point trans-
formation (6.5) be an affine motion in a general affine space of geodesics,
it is necessary and sufficient that the Lie derivative of the linear connexion
with respect to the extended point transformation vanish.

Using the formula (6.13), we can state a theorem corresponding to
Theorem 4.2 of Ch. 1.
Making usc of the expression (6.7) for the Lic derivative £17%, of the
v
linecar connexion and of the formulae (6.17) and (6.18), we can prove
theorems corresponding to Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 of Ch. 111

and to Theorem 1.3 of Ch. v.

§ 8. Integrability conditions of the equations ,é,‘l‘::A =

We now consider the integrability conditions of the equations
(8.1) £ —VV;‘v —I—RMU-I—? “tpvv—o

v

1 KNEBELMANN (2, 4].
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v

Since the v* are functions of the & only, we get
va“ =0
hence, taking account of (5.18), we find
V. V\v* =T, %",
From these equations we get

@) Va*=1w% (i) V=0,
8.2) (i) V,0.0 = — R0 — To*en.Y,
(iv) V¢ = T,,;*0",

which constitute a system of partial differential equations with unknown
functions v* and v;*. We shall study the integrability conditions of
this system.

First we can casily verify that the integrability conditions which are
obtained by substituting (8.2, 1) and (8.2, ii) in (5.17), (5.18) and (5.19)
are automatically satisficd becausc of (8.2, iii), (8.2, iv), the Bianchi
identity (5.22) and the symmetry of 7', ;* in the threc lower indices.

Consequently we have only to consider the integrability conditions
which arc obtained by substituting (8.2, iii) and (8.2, iv) into
(8.3) (V,V, =V, V )u5* = R; . v5® — R;nfv.* — Ri.f E'“ﬁpv;‘“,

[T
(8.4) (Vo V, — V,V)u* = Too*
(8.5) (V,V, — V.V )0,* == 0.

v};P — ’1“‘;‘-‘3‘97}‘;!'
But the equation which is obtained from (8.3) is equivalent to the
cquation obtained from (6.15) by putting £T17, == O:
v
(8.6) LR;;* = 0.

Similarly the equation which is obtained from (8.4) is equivalent to
the equation obtained from (6.16) by putting £T%; == O:
v

(8.7) £LT,:*=0.
v
Thus the integrability conditions of the system (8.21) are given by

(8.6), (8.7) and the equations which are obtained from (8.6) and (8.7)
by successive covariant differentiations with respect to & and &%, the
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terms V,v;* and Vuv,'_” being eliminated by the use of (8.2, iii) and (8.2, iv).
We first consider the equations obtained from (8.6) by successive
covariant differentiations. From (8.6) we obtain

Vo(LR;5%) = 0, Vo(£R;%) = O.
But from (5.24), we get
Vo(LR;5Y = £(VuRs") = 2£(V, Tipes®) == 2Vi(£T e,

which shows that @w(,ng'h*) = 0 is automatically satisfied, if the

equations obtained from (8.7) by successive covariant differentiations
are satisfied.
We next consider

Vo, Vo (LR;5¥) = 0, V.V, (LRy:%) = O.

v

But from (5.18) applied to [R;;;*, we find
Vo Vo (LR ) = Vo Vo (LR + Trig*(ERu°)

— TP (ER) — Tran® (ER™) — Trin® (£Ry),

which shows that Vﬁ V(£R,;:*) = 0 is automatically satisfied if the
equations R, ;* = 0 and the equations obtained from (8.7) by successive

covariant differentiations are satisfied.

Repeating this process, we sce that, as integrability conditions obtained
from (8.6) by successive covariant differentiations, we have only to
consider the equations

(8.8) V,,,,...,,,,(.,l(éR;@") =0, r=12...

which can also be written as

(8.9) £(Vm,...w,m1R&;i”) =0, r=12, ...

v

We now consider the equations which are obtained from (8.7) by
successive covariant differentiations. But the equation (5.18) applied
to LT,.:* shows that the conditions obtained from (8.7) by applying

first the covariant differentiations with respect to £ and next the co-



§8 INTEGRABILITY CONDITIONS OF THE EQUATIONS LT, =0 193
v

variant differentiations with respect to &* are equivalent to the conditions
obtained from (8.7) by applying the covariant differentiations in the
reverse way.

Thus we shall consider first the conditions obtained from (8.7) by
applying only the covariant differentiations with respect to £*:

(8.10) ﬁm.---uzm(éT;‘;x“) =0, s=1,2,...
But by virtue of the homogeneity property of T,;* with respect

to the &, the s-th equation of (8.10) contains the preceding equations
and consequently the equation (8.10) can be written as

(8.11) Vm,...mgm,(/gT;.;x“) = 0.
or
(8.12) £ Ve, ... oq0, Taa™) = 0.

v
From (8.12), by successive covariant differentiation with respect to
£, we obtain

(8°13) £(V7:¢--~ngnlvm,---maml Tvu}‘x) =0, t=12,..

v

Gathering these results, we obtain

TuroreM 8.1. In order that a general affine space of geodesics admit
a group of affine motions, it is necessary and sufficient that, for a certain
value of s, there exist a positive integer N such that the first N sets of the
equations
£V, ..o Byn) =0

v

L Ve, ngmy Veop v ogeoy Logn ) = 0; r,t=0,1,2, ...

v

(8.14)

be algebraically consistent in v* and v,* and that all their solutions satisfy
the (N + 1)st set of the equations. If there exist n? + n — r linearly in-
dependent equations in the first N sets, then the space admits an r-parameter
complete group of affine motions.

If the system (8.2) of partial differential equations is completely
integrable, then

(8.15)  LR;;* = v*V Ryi* — (82V,09)V, Ry* — Ry® V,v*
+ R,3*V,v° + Ry %V, 0P 4 R *V,0° = 0
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and
(8.16) LTy = vV, Ty — (EV,0)V, Tyii* — Toii? Vv

) + T3 ¥V, 0P + To5*V, 0P 4 T,..* V0P = 0
must be satisfied identically for any v* and V, v* and hence we must have
(8.17) R;* =0, T,5* = 0.

The cquation T,;* = O shows that I'%, does not depend on &* and the
equation R;;;* = 0 shows that the space is locally an E,. Thus we have

THEOREM 8.2. In order that a general affine space of geodesics admit
a group of affine motions of the maximum order n* 4 n, it is necessary
and sufficient that the geodesics be given by the equations of the form

azg- s+ dg .

(8.19) TR =

and the space be locally an E .

§ 9. General projective spaces of geodesics. !
The equations of geodesics
&

dt

9.1) L g =0

can be written also in the form

. [ d& . [ dé&®
L0 . 214 _— K e W —
9.2) “(d¢+r) g(dt.u‘)_o.

The equation (9.2) is a tensorial equation and does not change its
form under an arbitrary transformation of the paramecter ¢{. Next to
(9.2) we consider another equation of geodesics

[ dé ) . <ds"" )
go ) — @[ 2 e ) =
9.3) £ ( T (=4 T 0,

and we ask for the necessary and sufficient condition that the equations
(9.2) and (9.3) define the same system of geodesics.
From (9.2) and (9.3), we find

;_'-m(rr\x _ Fu) _ éx(opm _ l-\w) =0

1 BerwALD [3]; Doucras [1]; KNEBELMAN [2, 4]; YANoO [5).
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or

(9.4) (AT — A3 T*)& =0,
where

(9.5) T* &t >

are components of a contravariant vector, and are homogeneous functions
of degree two with respect to &~

Differentiating (9.4) with respect to &, contracting with respect to «
and taking account of the homogeneity property of T we find

(9.6) T = pé,
where
1 .
def ___~ _ o)
(9.7 p W o1

is a homogeneous scalar function of degree one with respect to &,
From (9.5) and (9.6) we obtain

(9.8) T™ = I™ + p&,

from which, by partial diffcrentiation with respect to &,
(99) T =T + 245 + sl + P,
where

(9.10) h XV, 2, P & vuvkﬁ

Conversely, if two lincar connexions are related by an cquation of
the form (9.8) or (9.9), the equations (9.2) and (9.3) definc the same
system of geodesics. Thus we obtain

THEOREM 9.1. Two linear connexions 'I'y, and T, give the same
system of geodesics if and only if they are related by an equation of the
form (9.9).

The equation (9.9) gives the so-called projective change of the linear
connexion I,. The study of the properties of geodesics which are in-
variant under a projective change of 1%, is called the general projective
geometry of geodesics.

It is known that the projective geometry of geodesics can be studied
as a theory of the spacc of elements (¢, &) with normal projective con-
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nexion, whose family of geodesics is given by (9.1). The components
1, C,, and IT} of this normal projective connexion with respect to
a semi-natural frame of reference are given by!

. 1
I, &I €°C, — w1 (nN . + Ny,

(9.11) w 1o 1
Cpdet —— 5T, =— - —5T%,
T a4l BT gy e

‘Hu dct r‘z}‘_ Cu-?\éu
where
(9.12)  Ny* % (g, 1%, — T E"ép %) — (9, 1% — II;,,E"é %,
+ I, 1S, — 11 TS,

(9.13) Ny NP

The 1l and II}, are homogeneous functions of degree zero and the
C,, arc homogeneous functions of degree — 1 with respect to &. Tt is
casily verified that the €, are components of a tensor and the 113, are
components of a linear connexion. Hence the N,;* and N, are homo-
geneous functions of degree zero with respect to & and are components
of tensors.

If we define the covariant derivatives of a tensor, say 73* by
V,T5*=09,T;* — 11§ SF o I3 + I, T5° — TS, T,%,

(9.14) { . . ho
V,T;*=9,T;%

then by straightforward calculation, we can prove the following formulae:

(9.15) V8 =0, V& = A,

(9.16) (V,V, — V,V)T5* = Nypo*T5° — NyaP T;* — NP £V, T;%,
(9.17)  (V,V, — V,V)T5* = U *T5° — UssPTo* — Uyi? &V, 5%,
(9.18) Vio Nowp* + Niino? €2 Ug i = 0,

(9.19) Vo Nos® = 2V Uiy — 2U o € Ui,

1YanNo [5]. Since
Ny =Ry — £V,Cp,
VR — Ry) = (0 + 1)V, C,,
the equation (7.13) in Yano [5] coincides with the first equation of (9.11).
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where

(9.20) Ui 8 5 T1%,

are homogeneous functions of degree — 1 with respect to & and are
components of a tensor.
The curvature tensors of the projective connexion are given by

(9.21) P "V, M, — V, M, + N;;;?&C,,

(9.22) Oy & Vv My, —V,Cy+ U;p8C,,

(9.23)  P*tNu* 4 AXM,, — AXM, — (M,, — M, ) A%
(924) Qi UG* — €4y — Cady,

where

0.25) My %I, — I8, Cy = — — - (N, + Ny)

n2 — 1

is a tensor. The P, P,;;* and M, are homogeneous functions of degree
zero and the Q,,; and Q,;;* are homogeneous functions of degrece — 1
with respect to &~

Using the relations

(926)  Cp=Cy Cu& =0, 8,115 = 2C,,, U;5*& =0,

we can easily verify that the projective curvature tensors satisfy the
relations

Quaf’ =0, Qp&" = 0, Oy = Q.
(9.27) Psf=0, Pi?=0, P,,.-°=0, Q;,,°=0, 0, =0,
Owe® =0
We remark here that the tensor Q,;;* can be written also in the form
Ce 1 .o
9.28) 0uit = 10,8 =+ G|

which shows that the Q,;;* is symmetric in the three lower indices.
Under a projective change (9.9) of I, the functions II,, C,, and IT};
are transformed into 'Il,, 'C, and ‘IT}, respectively following the
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formulae:

My = M + 0,00 — I, — Dyt
(9.29) Cn = Coa + du

T = M + 9,45 + 545

and consequently the projective curvature tensors P,,,, Q,,, P,;* and
Q,;* are transformed as follows:

! A — Pvu)\ - P\;;;Jixpu’
(930) leuA = Qvu.)\ - Q\;;;}'.uﬁx’
Pii = P Q™ = Qui™

We derive here some formulae which are useful in the discussions
which follow. From (9.23), we have

(931)  V, Pys* =V Nyi* + AV, M, — AV M,
— (V,M,, — V M, )AL
Substituting (9.19), (9.22) and (9.24), we find
(9:32) Wa P = Y Qi + 450 0n — Qupn A3

Contracting this equation with respect to x and v and taking account
of (9.27), we obtain
1
(9'33) Qvu}\ == T Vp Qvu}\p!

n— 1
from which we sec that
(9-34) QvuJ. = Q(vn)
and consequently from (9.32)
(9.35) IV, P = Vi, 010n” + 4500
If we contract this equation with respect to » and w, then we find '
(9.36) WV, P;;° = 0.

We next substitute (9.23) and (9.24) in (9.18) and take account of
Quin*€ = 0. Then we obtain

(9'37) V[mP \;z;.])‘\x + AE‘@P A + P, [mvu]A;f +P [l;n'llt':péao«;h;]iu =0
by virtue of (9.21).
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Contracting this equation with respect to x and A and taking account
of (9.27), we find

(9.38) P =0
and consequently (9.37) becomes
(9-39) ViaPop® + 4G Py + P’ 0gp = 0.
If we contract this equatin wih respect to x and , then we obtain
(9.40) V,Pyis® + (n — 2)P, 5 + 2P ;1.° 8 Qoo™ = O.

If, by a suitable projective change, we can transform the equations
of geodesics into the equations of geodesics in an E,, we say that the
general projective space of geodesics is projectively Euclidean.

A necessary condition for a general projective space to be projectively
Euclidean is that

(9.41) P, ;" =0, Qy*=0.

Conversely, if (9.41) holds then, as we can see from (9.28), by a sui-
table projective change the functions I, become independent of the
direction element £, and

CU)~ = 0,
1
My ===~ = (1R + Ry,).

Hence P;;;* coincides with the projective curvature tensor of Weyl.
Thus, for n > 2, P;;;* = 0 implies that the space is projectively Eucli-
dean. Hence

THEOREM 9.1. In order that an n-dimensional general projective space
of geodesics, n > 2, be projectively Euclidean, it is necessary and sufficient
that P,;* =0 and Q,;* = 0.

§ 10. Projective motions in a general projective space of geo-
desics.

If a system of equations (9.1) is given, we can construct the functions
I = 49,6, and the normal projective connexion II,, C, and II};
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in such a way that the system of geodesics of the projective connexion
coincides with the given system of curves given by (9.1).
If we consider an extended point transformation

(10.1) B = e, B = (B9,

we get the deformed linear connexion ‘T, and from this we can construct
the deformed normal projective connexion.

If the original normal projective connexion and the deformed one
are the same, that is, if there exist functions #, such that we have (9.29),
we call the transformation a projective motion. Since, for a normal
projective connexion, the first and the second equation of (9.29) follow
from the third, we have

THEOREM 10.1. In order that an extended point transformation (10.1)
be a projective motion in a general projective space of geodesics, it is necessary
and sufficient that

(10.2) Ty = I, + p, A% + p A4

Considering an infinitesimal extended point transformation
(10.3) B= 4 v()dt, &= &+ (v,
we get

THEOREM 10.2. In order that (10.3) be a projective motion, it is necessary
and sufficient that the Lic derivative LIT% of IT%, have the form

(10.4) LIl = p, 45 + p A
If we eliminate the p, from (10.4), we find
1
(10.5) £H “=0; Hw\ = II%, — oy 1—(1'1 oAx + TI§, 4%).
Conversely, if we have (10.5), then [TII¥, must have the form (10.4).

Hence

THEOREM 10.3. In order that (10.3) be a projective motion, it is necessary

?
and sufficient that the Lie derivative of 1T, vanish.

The formulae on Lie derivatives (6.13), (6.14), (6.15) (6.16), (6.17)
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and (6.18) become in the present case

(10.6)  (£V. — VAT = (LIE) 157 — (LTR) T — (;véﬂﬁo)é“Vp I,

v

(10.7) £V, — VOT3* =0,
(10.8) V, LI, — V, LI = LNy3* + (L) Ugi — (L) Ugi™,
(10.9) V, LI = LU,5%,
(10.10) (,g,bg)m = ,§H,’fw
(10.11) (LA = co LT
respectively.
From (10.10) and (10.11), we find
? V4
(10.12) (,(,'é)ﬂ;‘d: ,ébH" ,
F4 ?
(10.13) (£,§)H“ = cg L1T%,.
[ a

Making use of these equations, we can prove Theorems corresponding
to Theorems 2.1, 2.2, 2.3, 2.4, 2.5, 2.6 of Ch. 111 and to Theorem 1.3
of Ch. v.

§ 11. Integrability conditions of L1}, = p, A} 4 $,4}.
In this section, we examine the conditions that
(1L1) LI =V, V0" + U328V, 0" + Nys*o® = p, A% + p A%
v
admits solutions v* and p,, the v* being functions of & only and the p,

being homogeneous functions of degree zero with respect to &*.
Substituting (11.1) in (10.8), we find

(11.2)  LNG* + A3V — ALV — (Vip, — Vup)) A3
+ (Usi* — U8, =0,
from which, by contraction with respect to » and v,

(11.3) V,pr = LM, + Cp P,
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Substituting (11.1) in (10.9), we get
(11.4) LU — Vupu A5 — VA =0
v
from which, by contraction with respect to x and A

(11.5) Vo= £(

Thus we are led to consider the following system of partial differential
cquations

() Vio*=w* (i) V,o*=0,

(il) V,u* = — U;*8v," — Nyi*v' + p, A% + p A%,
(iv) \v WU = UprP,

(V) u.pl £AIuA + (Ul" pp’ (Vl) V.u.Pl = écu)\’

(11.6) |

with the unknown functions v*, v;* and $,. If the system admits the
solutions v*, v;* and $,, the v* do not contain &, and the p, are homo-
genecous funtions of degree zero of £*, because

S“Vupk = S“L‘Cux = ££“Cu3~ =0.

Morcover (11.6, vi) shows that there cxists a homogeneous function
p of degree one of £* such that

(11.7) by = Vip.

Substituting (11.3) in (11.2) and (11.5) in (11.4), we find
(11.8) LP;;*=0
and
(11.9) ,§Q\;‘;,;“ =0
respectively.

Substituting (11.3) and (11.5) in the Ricci formula

(vvvu. - Vu.vv)p}‘ = - vulxpu - Uvu.o éoﬁppl’

we find

(1110) V, LM, — (V,C)ép, — $,Cop — Y, £Cun
= - \;u.ixpx vp.o é°£cpl
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v

On the other hand, applying the formula (10.6) to C,,, we get
£Y,Co — Y, £Co = — (LTE)Co — (LTH)C, — (LTE)EV,Cp,
from which

(1 L1 ]) Vu£CV7\ = £Vu-cv)- + pucvl + vauA + Cuvi’)‘ + (-Vucvl)éppp‘

Taking account of VVC = VHCVA and (11.4), we obtain from (11.10)
and (11.11),

(11.12) £Qua + Qui"pe = 0.
Applying the formula (10.6) to the tensor M, we obtain
,§V‘,MM — V\,é‘MM = — (,é:]lﬁu)MpA — (é‘ﬂﬁl)Mup — (,é'l]fj,,)é"VpMM
from which
£V My — Vb + (MCED, + Cab LM,

= - vau)‘ - pqu)\ - vau)\ - P)\A[uv - (VvMu}\)'s.ppp‘

Taking the alternating part of this equation with respect to v and p,
we find

LMy — VM) + NP &V,
= - vu}.xﬁx - (VvMuA - Vu.Mv)\ + Vva.). - Vu.Cv)\)E.ppp
+ (£Mu.p)cv7\ép - (£Mvp)cu.)\$p

or

LMy — V, M) + (LNg)E°Cop 4 Ny €° £Ca
= — P b, — 2(‘.7(VM wn — VG + U[;;Jépéa Ca)E P,
+£(Nvuop + 2ArvMu.]o + 2M[vu]Ag)£°CpA

or

(11.13) £Pyp + boin P = 0,
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by virtue of
0= Qpu* = Upup* + 45Cn = 0,
&#C, =0 and LP;;*=0.

Thus the integrability conditions of the system (11.6) are given by
(11.8), (11.9), (11.12), (11.13) and the equations obtained from these by

successive covariant differentiations and by eliminations of V,v*, V,v*,

V5%, \Y W% Vopy and Vupl by the use of (11.6).

Iiirst we show that the conditions (11.12) and (11.13) are consequences
f (11.8), (11.9) and their successive covariant derivatives.

Applying the oprator £ to (9.33), we get

T A A
On the other hand, applying the formulac (10.6) to Q,.*, we obtain
£V, 053 — Vo £05is® = (ETIEN0;7 — (611205550
— (£T5)00" — (£T15)Qus* — (LTI )EV, 0,5
= (n — 1)Qusp

by virtue of \Y o Qoin® = \Y vQora® =
From the above two equations, we find

(14 L0t Qs pe = — - Vul0is?

n

which shows that (11.12) is obtained from (11.9) and its covariant
derivaties.
Next, applying the operator £ to (9.40), we find

AVePya® + (0 — 2 £Pys + 2P ") Qo™ + 2P1"8 (£ Qai™) = ©.
On the other hand, applying the formula (10.6) to P,;;*, we obtain

£V, P — Vo P = (1 — 29Pyi*p, — (V, PP,
= (n — 2)Py;5*p,
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v

by virtue of (9.36). From these two equations, we get
v £PW-7K + (n - 2)£Pvu.l + 2(£P1[v|o Qp[u.

+ 2P1[v|a s (éoplu]l-) + (n’ - Z)Pvu.lupx =0

or

(11.15)  (n — 2)[L Py + Pypi*p,]
= — V. LP,;° — 2(LP1.")E Qoran” — 2Pssa? E(£ 00 un™) = O,

which shows that the condition (11.13) is obtained from (11.8), (11.9)
and their covariant derivatives.

Thus, as integrability conditions of (11.6), we have only to consider
(11.8), (11.9) and their successive covariant derivatives.

We first consider the successive covariant derivatives of (11.8) and
we show that the equation

(11.16) VméPh" =0

obtained from (11.8) by covariant differentiation with respect to &
does not give a new condition. Indeed, applying the operator £ to (9.35),
we find

(11.17) LV Py = 2LV,010" + 247 L0 uup-
v v v
On the other hand, applying the formula (10.6) to Q" we get
AV, 005" — Y £Qus" = (£11 o) Qour” — (£115m)09‘;i"

— (£115,)005 — (£UR)00* — (T Y, 005"
= 43005 P — Py Qi — P Qi — Pulini™ — Pali™
— (Vu Qi€ Py
from which
(11.18) £V0 Qo™ = Voo £Qiii” + AL Qiitiai Por
From (11.17) and (11.18), we obtain
(11.19) Vo £Pyis* = 2V, 0" + 245(L0huin + Qi)
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which shows that (11.16) is obtained from (11.9), (11.12) and the co-
variant derivative of (11.9). Thus (11.16) is obtained from (11.8), (11.9)
and their covariant derivatives.
From (11.8), we get
V(dl (£PV[;)'\u) = O'

v
We can show by a similar method that the covariant derivative of this
cquation with respect to & does not give a new condition. Thus from
the above equation, we get

Vg (EPsin*) = 0.

We can show that the covariant derivative of this equation with
respect to £ does not give a new condition.
Repeating this process, we obtain

(11.20) Ve, .. ooy £Pon™ =0, r=12, ....

We next consider the successive covariant derivatives of (11.9). The
cquation (9.17) shows that the conditions obtained from (11.9) applying
first the covariant differentiation with respect to £* and next the covariant
differentiation with respect to £ and the conditions obtained from
(11.9) applying the covariant differentiations in the reverse way are
equivalent.

Thus we consider first the conditions obtained from (11.9) applying
successively only the covariant differentiation with respect to £:

(11.21) Vo .. ogey (05 = 0 s=1,2....

But by virtuc of the homogeneity property of Q,;;* with respect to £,
any equation of (11.21) contains the preceding equations, and conse-
quently, the equation (11.21) can be written as

(11.22) Vmwm(ég;m =0. (for some s fixed)

Thus the conditions obtained from (11.9) by successive covariant dif-
ferentiations are

(11.23) Vs Vou o Quis® = 0. £=1,2,...

Hence we obtain
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THEOREM 11.1. In order that a general projective space of geodesics
admit a group of projective motions, it is necessary and sufficient that,
for a certain value of s, there exist a positive integer N such that the first
N sets of the equations

Vm,...m,w1£P\;;b.Lu =0,

(11.24) .
V"‘".ﬂzﬂle.."wa‘nléQv.‘;ix= 0, r,t=0, ],2, cee

in which the derivatives of v*, v;* and p, are eliminated by the use of (11.6),
be algebraically consistent in v*, v;* and p, and that all their solutions
satisfy the (N + 1)st set of equations.

If there exist n*> + 2n — v linearly independent equations in the first
N sets, the space admits an r-parameter complete group of projective motions.

If (11.6) is completely integrable, then (11.8) and (11.9) must be
identities in v*, v;* and p, and consequently we must have P;;* =0
and Q,;;* = 0. Hence we obtain

THEOREM 11.2. In order that an n-dimensional general projective
space of geodesics admit a group of projective motions of the maximumn
order n® + 2n, it is necessary and sufficient that the space be projectively
Euclidean.

§ 12. Affine spaces of k-spreads.®

Consider an n-dimensional space in which a system of k-dimensional
subspaces & = &(x*), h, 4,7, ... = 1,2, ..., k, is given by a completely
integrable system of partial differential equations

(12'1) aJE?-\L F;ll(éi S) =0, éf=a¢§“, 3.23/6")'»

where the functions I'%(&, £) are symmetric in j and ¢ and form a so-
called homogeneous function system? of £ with respect to the lower
indices. This mcans that they satisfy the generalized Euler relations:

(12.2) AT = 3Ty + 8T, & = o/}
We assume that the left-hand of (12.1) transforms like a contravariant

vector with respect to the upper index x under the coordinate transfor-

1 DoucLas [2].
2 DouaLas [2].
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mation

(12.3) o= ), & = AL E

and like a covarant tensor with respect to the lower indices j and i
under the affine parameter transformation

(12.4) 7" = Ay " 4 B,

where A and B* are constants and det(A}) # O
Now, under the coordinate transformation (12.3), the functions

1% (&, &) are transformed into

(12.5) 1 = AXT; — (0,408,

from which

(12.6) BLT% o AT - (k4 1) AL, AF)E,
(12.7) Pl % - AL B — k(k + 1)A%%(0,47).

The last equation shows that the functions

1
12. I'* def l‘v
(12.8) . ke | 1) (u('-

have the transformation law

(12.9) o= AXBLTY — AR (0,.13)
or
(12.10) I =2 AX(ARLTY 48, 4%).

Thus the 1%, defined by (12.8) are components of a lincar connexion.
Because of the homogencity property (12.2) of %, we have

(12.11) = &8
and conscquently, the equations of k-spreads are also written as
(12.12) 0,8 + I8 =0, & =a
We define the covariant differential of £ by
(12.13) 38 = d&t + I'hde &
and the covariant differential of a contravariant vector v* by

(12.14) 3 = dv* + [ dg o,
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Then the covariant derivatives of v* are given by

(1215) Vot = 2,0 — T3, &80+ T,
(1216) S0 = ahon

For the covariant derivatives of &, we have

(12.17) V& =0, VI8 = AlAY,

wee

Now, as generalizations of the Ricci identities, we find

(12.18) (V,V, — V,V)0* = Ryo* — R, P& Viv%,
(12.19) (VEV, — V, Vhoe = TE e,
(12.20) (VEVZ — VL VE)o* == 0,

where

(1221)  R,* = (0,T% — T8 &81%) — (6,1% — T, &84
+ I = P T

(12.22) Thsx == 35 1%,

are curvature tensors of the space of k-spreads. The Bianchi identities
for the curvature tensors take the form

(12.23) Ry =0,
(12.24) Vie Ry + Rigua? &1 Th 05 = 0.

Moreover, we have the following identities

(12.25) Vo Ry = 2V, Thos* — 2T 4P € Thun™s
(12.26) VE T = VET L
From (12.25) we have
(12.27) , Via Rop* =0,
from which
(12.28) ViV, =0O.

The Lie derivatives in an affine space of k-spreads with respect to
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an infinitesimal extended point transformation
(12.29) = g4 H(E)dE, T8 = B (8,096 dt

are defined in exactly the same way as was used in § 6.
The Lie derivatives of a contravariant vector #*, a covariant vector
w, and a mixed tensor T;* are respectively given by

(12.30) Lu* ="V, u* + (& va")\‘/'; w* — 1PV, v*,
(12'31) £w7 - ﬂuvuu’l. + (éevpvu)v..:;u’)\ + w°V;_v",
(1232)  L1,% - #9155 4 (EVVLT* — T,°V,0 + T4V, 08,

We verify casily that
(12.33) L& = 0.

v

As to the Lie derivative of the linear connexion we find

(12.34)  L17,

P v 1% Svge St
o GO F 0 T S(@,07) 8 T,
”

— IR, v + Ihe,v° + I, &, °
and

(12.35) é:l‘:,\ VA YU R, 0" 1‘,“;“:‘,’\-91"'.
We can also verify the following identities:
(12.36) (éT’u — Vu,g)’l‘,\“ - (4!‘,‘1“)'1' e — (£I“‘ X (£l"m :‘,’V’ T,%,
(12.37) ({V’; -V T =0,
(12.38) V(L5 — Vu£1%) = £Rea + (£15)6 T
(£Fua $T.57%

(12.39) VULTR) = £33,
(12.40) (LLTH = £,

(12.41) (,§,§) w = Cap LT
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The last equation holds if v* generate an r-parameter group with
structural constants cg,. b

Now, if the extended point transformation (12.29) changes every
k-spread into a k-spread and every sct of affine parameters on a A-
spread into a set of affine parameters of the deformed &-spread, then the
transformation is called an affine motion in the affine space of k-spreads.

As in § 6, we can state

THEOREM 12.1. In order that (12.29) be an affine motion in an affine
space of k-spreads, it is necessary and sufficient that the Lie derivative of
the linear connexion with respect to (12.29) vanish.

The remarks following Theorem 7.2 hold also for affine motions in an
affine space of k-spreads. !
Examining the integrability conditions of £T7%, = 0, we get a theorem
v

corresponding to Theorem 8.1, the cquation (8.14) being replaced by
£(Vm, wWaty I"vyj.u) - 0;

(12.42)
LVn o Vi BT 0 — 0,

Wy m,ml

A theorem corresponding to Theorem 8.2 is also vahd, if we replace
(8.18) by

POY P ) coEh
e2E 3 &

& ck
12.43 - -+ I%(8 --0
(12.43) oy TTHE

§ 13. Projective spaces of k-spreads.

Let us consider an n-dimensional space of k-spreads referred to a
coordinate system (x), the k-spreads being given by a completely inte-
grable system of partial differential equations

(13.1) 9,8 +T%(& € =0, & =0,

If the functions I'%(&, £) are such that (13.1) is completely integrable,
then a system of &- spre'ld.s is uniquely determined. But, when a system
of k-spreads is given, a system of the functions I'%4(4, £) is not uniquely
determined. J Douglas 2 has shown that if ‘I'4(&, &) and I%(&, &) give
the same system of k-spreads, then they should be related by the equa-

1 Theorem 4.2 of Ch. 1 in an affine space of k-spreads was proved by Su (3]
2 DougLAs [2].
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tions of the form

(13.2) TS =T + &b
and consequently ‘I, and T, by
(13.9) Tia =T + .45 + pady + pianéi
where
1 ..
. , - _____a} J h.

The equations (13.2) and (13.3) give the so-called projective change
of I}, and I';, respectively. The study of the properties of the spaces of
k-spreads which are invariant under a projective change of T, is called
the projective geometry of k-spreads.

It is known! that the projective geometry of A-spreads is equivalent
to the theory of the space of elements (£, &) with a normal projective
connexion whose family of k-dimensional geodesic subspaces is given
by (13.1). The components I1,, Cl, and I1%; of this normal projective
connexion referred to a semi-natural frame of reference are given by

1
Hu7- = szsf:(l - n-'-’___. l_ (mvu)' T A';u)'
(13.5) C Lo 1 & e
. 1 = ——---C L R s
BTl R ol e
1%, = I g P : Is, + e
=T [l o G+ 8T | ¢
where
(13.6) N,;»*= (e, 113 — I[,,,,s, ol — (9, 15, — Hme‘,”;H
I TIE, — 10, 108,
(13.7) Ny = N;,5

The II,, and II}; are homogencous functions of dcgree zero and (""
is a homogeneous functlon system with respect to &%. It is easily verified
that the C,, are components of a tensor and that the I1%, are components
of a linear connexion.

1 YaNo and HiraMmaTU [2].
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We define the covariant derivatives of a tensor, say T)*, by
V. T1,*=0,T*— ll’,,;‘,’“", I+ I, T5° — S, T,
V,‘LT;_ *=a, 15"

(13.8) {

The curvature tensors of the normal projective connexion are given by

(13.9) P, XN, My — VM, + N PG,

(13.10) v &t \"' My, — ¥V, Ch+ Uleéech,

(13.11) P, ’““’R G AM, — A M, — (M, — M)A,
(13.12) Qi 3! Uvu,' — A% — Cu Ay,

where

(13.13) M, %1, — I8, &C: — 1-_-—1- (nN + N
and

(13.14) U, ’“'"n 1,

are both tensors.

Theorem 9.1 holds also in a projective space of k-spreads.

The projective motions in a projective space of k-spreads are defined
in exactly the same way as used in § 10, and all the theorems in § 10
hold also in a projective space of k-spreads. The discussions on the
integrability conditions of ,C I, = p, A% + p,A45 can also be carried

out as in § 11 and Theorems 1 1.1 and 11.2 hold also in a projective space
of k-spreads provided that the equations (11.24) are replaced by!

Vm,. m,(ul(£Pvu}\ + ZQ[vuJAx'S Pp) - ’

Y A0 =0 =012,

Tg-- TR w, . Glgldy

(13.15)

1 Yano and HiraMATU [3].



CHAPTER IX

LIE DERIVATIVES IN A COMPACT ORIENTABLE
RIEMANNIAN SPACE

§ 1. Theorem of Green.

Let us consider an #-dimensional space of class C™ (» = 1) which is
covered by a system of coordinate neighbourhoods (x). If, from any
covering of the space by a set of coordinate neighbourhoods we can choose
a covering by a set of finitc numbers of coordinate neighbourhoods, the
space is said to be compact. 1f we can find a covering of the space by
a set of coordinate neighbourhoods such that, in the overlapping domain
of any two coordinate neighbourhoods U with (x) and U’ with (»'), we
have always
(1.1) A - - det(4¥) > 0,
the space is said to be orientable.

In this chapter, we consider an n-dimensional compact orientable
Riemannianspace of class C3 with positive definite metric ds = g,  (£)d&*d&~.

We state first the following theorem of Green:

Tueorem 1.1.Y In a compact orientable V ,, we have

(1.2) V,o*dt == 0,

Va

for an arbitrary vector field v*, where
(1.3) dr Vg delds® | dgm > 0
is the volume element of the space.

Take a scalar f and consider
(1.4) Af 4t gPV T f.
Since this is also written as
(1.5) Af =V, (" Vi),

! For the proof, see for instance BocHNER [1]; YANO and BocHNER [l1].

214
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applying Theorem 1.1, we get

TueoREM 1.2. In a compact orientable V ,, we have
1. Afdw = 0.

Now consider the square of f and apply the operator A to it, then we
obtain

(1.7) A2 = 2f{Af + 2¢N(V, /) (V4.
and conscequently applying Theorem 1.2 to f3, we obtain
(18) [, 1A+ g2V ez =o.

Hence, if we have Af = 0 everywhere in the V,, then as we see from
Theorem 1.2, we must have Af = 0. Substituting this in (1.8), we find

gV, H(Va) =0,
from which
V)‘f = O,

that is, f must be a constant. Thus we have

THEOREM 1.3. If, in a compact orientable V,, we have Af > O every-
where, then Af = 0 and f 1s a constant.

§ 2. Harmonic tensors.

For an arbitrary alternating tensor field w, .. , , the rotation and the
divergence are respectively defined by !

{Rot w: (p+ 1)V, g

2.1
@1 Div w: Vuw“"v-l el

If w is an alternating tensor of valence p, Rot w is alternating and
of valence p + 1 and Div w is also alternating and of valence p — 1.

For two alternating tensors # and v of the same valence p, we define
the global inner product (x,v) by

1

(2.2) (, v) = fl, i, 5,V M

Since the metric is positive definite, we have always (#, #) = 0, and
the equality holds if and only if #,, ., =0.

1 ScHOUTEN (8], p. 83.
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Now take two alternating tensors Uy, ..o of valence p and Ve

of valence p 4+ 1 and consider the vector
Whyeeehh
Uy V0T,

Applying Theorem 1.1 to this vector, we obtain

0= [, Vi, Myds

Dp oo e A
- f Vit oo Mad f sty (Tt

that is
(2.3) (Rot u, v) + (p + 1)(1, Divv) = 0.
An alternating tensor w;, ., is called a harmonic tensor if it satisfies
(2.4) Rotw =0, Divwe = 0.
It is evident that, for a harmonic tensor w, we have
(2.5) Aw %! Div Rot w -+ Rot Divw = 0.

Conversely, take an alternating tensor W, .0 which satisfies (2.5).
Putting % === w, v === Rotw in (2.3), we obtain

(2.6) (Rot w, Rot @) + (p + 1)(w, Div Rot w) = 0.
Putting next # = Divw, v = w in (2.3), we get
(2.7) (Rot Div w, w) + p(Div w, Divw) = 0.
From (2.6) and (2.7), we find
0 = (w, Div Rot w + Rot Div w)
1

= — ?’ T (Rot w, Rot w) — p(Div w, Div w),

from which
Rotw = 0, Divw = 0.

THEOREM 2.1.1 In order that an alternating tensor W,.. maV,

be harmonic, it is necessary and sufficient that

Aw = Div Rot w 4+ Rot Divw = 0.

1

! pE RHAM and Kobalra [1].
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By a straightforward calculation, we find?
(2'8) Aw}w""l = gvuv" Vﬂwkn'“)\x - K[i:wlplip-l"'lﬂ
- "}(P - I)K[):,A.,._lopwlapll,,_z...Al]-

Now suppose that an alternating tensor wj .. ., is harmonic and is

equal to a rotation of another alternating tensor u,, .., :

w = Rot .
Then we have, by the definition of a harmonic tensor,

Rot Rot # = 0, Div Rot # = 0.

Putting v = Rot # in (2.3), we have
(Rot 7, Rot u) + p(u, Div Rot #) = 0,

from which
Rot # = 0.
Thus we have
THEOREM 2.2. A harmonic lensor which s the rotation of an alternating

lensor is identically zero.

§ 3. Lie derivative of a harmonic tensor.

Suppose that the V, admits a one-parameter group ot motions gene-
rated by an infinitesimal transformation

(3.1) B = 8 4 v¥(E)dt,
then we have £g,, = 0 and the operators V, and £ are commutative.
v v

Suppose furthermore that there exists in the ¥, a harmonic tensor
Wy, .0 then we have

V[uw;,...zl] =0, g"“V,,wM,_l...;, =0,
from which

which show that the Lie derivative fw, .., of a harmonic tensor w,_ ...,
p » 1 » 1

1 SCHOUTEN [6] p. 109. (1)
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is also harmonic. But on the other hand we have
£w7-r--7‘1 = vuvuwln'“lt + wlﬂw-t---hv"nvu +..o+ w%""tzlllevu
v
=MV, @, o+ e Vi 00)
Wy, gy V2,0 + o Wi, ..oagn Vo o

=9 V[A,(”“ @iuppy ...xl]) )

+

that is,

_ m
£w;‘,...ll = Rot v wu;\’_l "')‘l.
v

Thus according to Theorem 2.2, we have
£w;‘p_“ll = 0.
v

THEOREM 3.1.1  If a compact orientable V, admits an infinitesimal
motion, the Lie derivative of a harmonic tensor with respect to this motion
vanishes identically.

Suppose that w, is a harmonic vector and v* is a Killing vector, then,
by the above theorem, we have

0= Lw, ="V, w, + w»,V,o*
== MV ,w, + w,V,o*
= V,(w,v"),
from which we get

THEOREM 3.2.2 In a compact orientable V ,, the inner product of a
harmonic vector and a Killing vector is constant.

§ 4. Motions in a compact orientable V.

Take an arbitrary vector field v* and calculate the divergence of
AVATE

V, (@ Var¥) = (Vo) (Vav*) + 'V, Vot
= (V, ) (V,o*) + AV, V,o* + Kb v%)
= (VM(V,v,) + PV, o* + K, v v%,

t Yano [18]; Yano and BocHNER [1].
2 BoCHNER [4]; YANO and BocHNER [1].
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where V* = g¥*V,. On the other hand, calculate the divergence of v"V,*;
i@V, ) = (V,0H)(V,7%) + vV, V, 0%
From these two equations, we get
V(0 Vyv*) — U (@*V, v¥) = (VY (V,0,) — (V") (Va?) + K o*oh
Since
f V) — BV, 04)]dx = O,
we have
(4.1) f L (P (V) — (Vu9)(%o) + Kpov'lds = 0.
Now suppose that a vector ficld v* generates a one-parameter group

of motions in a V,, then we have

£es = Vv, + V0, =0, V;o* =0.

Substituting these equations in (4.1), we find
Sy [(V*)(V, 1) — K v*9¥]dr = 0.

Thus, if the Ricci tensor K, is ncgative semi-definite everywhere
in the V,, we must have

V, 0, =0, K, 1" =0,

that is, the vector v* must be a covariant constant ficld.
If the Ricci tensor K, is negative definite everywhere in the V,, we
must have v* = 0. Thus we have

THEOREM 4.1.1 In a compact orientable V, whose Ricci tensor 1is
negative semi-definite, vector a generating a one-parameter group of motions
is a covariant constant field. In a V, whose Ricci tensor is megative
definite, there does not exist a continuous group of motions.

Suppose that a ¥, with K, = 0 admits a transitive group of motions,
then by Theorem 4.1 all the vectors generating the transitive group of
motions are covariant constant. This means that the V, admits more
than #» linearly independent covariant constant vector fields. Thus the
V, is locally Euclidean.

1 BoCHNER [2]; YANO and BOCHNER [11.
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THEOREM 4.2.1 A compact orientable V, with K, = 0 admitting a
transitive group of motions s locally Euclidean.

Suppose next that a vector v* generates a one-parameter group of
conformal motions, then we have

£8w. = Vo + Vay, = 24g,,, V, 2" = né.

Substituting these equations in (4.1), we find
Sr [(V*)(V,0) + n(n — 2)¢2 — K v*M)dr = 0.
Thus, if the Ricci tensor K, is negative semi-definite, we must have
V,u,=0, ¢ =0, K,,v*v* =0,

that is the vector field v, must be covariant constant.
If the Ricci tensor K, is ncgative definite, we must have v* = 0.
Thus we have

Turorem 4.3.2 In a compact orientable V, whose Ricci tensor is
negative semi-definite, a vector genevating a one-parameter group of con-
formal motions is a covariant constant field. In a compact orientable V
whose Ricci tensor is negative definite, there does not exist a one-parameter
group of conformal motions.

Now consider an arbitrary vector field v* and form

1A (v, v") = 1g*V, V(v v") = v,8V, V0% + (V404 (V,v3).

Since
.f;, A(v,v9)dt = 0,
we get
(4.2) f VY0 (V40)(V, ) lds = 0.

Adding the equations (4.1) and (4.2), we obtain
@3 [ mE T+ K
+ 2(V*M) (Vi 05) — (V,0*)(VyY)])dr = 0.

Now suppose that a vector v* generates a one-parameter group of

1 LICHNEROWICZ [1].
2 Yano [18]; Yano and BocHNER [1].
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motions in a V,, then from

,ngM =V, 0+ Vv, =0,

£03) = VW + Kiv =0,
we find
(4.4) gV, Vav* + K*v* = 0, V, o = 0.

Conversely, suppose that a vector field v* in a V, satisfics (4.4). Then
substituting (4.4) in (4.3), we find

f . (V40) (Vs = 0,

from which
£gul == 2V(u_U;\) == O,

that is, the vector v* generates a one-paramecter group of motions.
Thus we have

THEOREM 4.4.1 In order that a vector v* generate a one-parameter
group of motions in a compact orvientable V ,, it is necessary and sufficient
that v* satisfy (4.4).

§ 5. Affine motions in a compact orientable V.

Suppose that a V, admits a one-parameter group of affinc motions
generated by a vector field v*:

(S.1) L35 = Vv + K %" = 0,
from which

(5.2) g2V, Vvt + K%' = 0,
and

(5.3) VMVA'UA = 0.

From (5.3), we see that V,»* is a constant. But we have on the other
hand

J‘ V,2dr = 0,
Va

1YaNo [18]; YaNo and BocHNER [1].
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which shows that
(5.4) V,v* = 0.

Thus from the cquations (5.2) and (5.4), we obtain, on account of
Theorem 4.4,

TueoreMm 5.1.1 A one-parameter group of a//me motions in a compact

orientable V , is a group of motions.

§ 6. Symmetric V.

A V,, symmetric in the sense of Cartan 2 is characterized by the
equation

(6]) VmK\;u..'lx =
From this equation, we get

2V, Y, Kz =0,

wl
and consequently, for a symmetric space, we have
(62)  Hogon™ " Ko Koy — Ko Ko
— K P Ko — Koy P K, o¥ = 0.
On the other hand, we have from (6.1)

(6.3) VK, = 0.

Thus, for a symmetric V,, we have (6.2) and (6.3). We shall prove the
converse of this:

THEOREM 6.1.% A compact orientable V, satisfying (6.2) and (6.3)
ts symnetric in the sense of E. Cartan.

Using the identities
Kvu.lx = Kluvu’
=0,

V [3) K Vi ]Ax
V.V, K = Hy

rwvy.)\ ’

1 Yano [18]; YaNo and BocuNEeRr [1].
2 CARTAN [1, 2, 6, 8, 11].
3 LiciNerowiIcz [1].
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we get a general formula
(64)  3A(K,o K™
= 4(VuVaK)K™™ + 2H 5, K™ + (VK

TIVARLL ViAx

) (Ve Khx)
Consequently, if we assume (6.2) and (6.3), we have
3O (K K™™) = (Vi Ky (VO K),
which is positive definite. Thus by Theorem 1.3, we conclude

VK, =0,

vpAx

which proves Theorem 6.1.

§ 7. Isotropy groups and holonomy groups.
We know that a symmetric V', admits a transitive group G of motions

and that the lincar isotropy group G (P) at a point P contains the homo-
geneous holonomy group o(P) at P of the space as a subgroup.
Conversely, we assume that an irreducible V', ! admits a transitive

group G of motions and that the lincar isotropy group G(P) at P contains
the homogencous holonomy group o(P) at P of the space as a subgroup
for every point of the space.

Denoting by £ the infinitesimal operator corresponding to one of the

generators of the group 6(1’), we obtain

(7.1) LK, = — K;PV o'+ K 3 *V,0° + K57V, 0°
+ K,;,,*Vy1* = 0.

But we assumed that (~;(P) contains ¢(P) and the ¥-domain of K;*
is contained in the ¥-domain of V,2* formed from all generators v* of

the group 6(1’). Thus from (7.1) we get

(7.2 Higis = O.
On the other hand, from (7.1), we find
(7.3) LK, =0.
v

But we have assumed that o(P) is irreducible and consequently E(P)

1 When the holonomy group ¢ of a V,, is irreducible, the space V, is said to be
irreducible.
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is also irreducible. Thus we get from (7.3)

K

K, = n Eur
from which
(7.4) V,K,, = 0.
The equations (6.4), (7.2) and (7.4) show that’
(7.5) FA (K K%)= (Y K ) (V2 K™),

The group ¢ of motions is transitive and consequently from

£ ( vu.).uK vu-lx) = o;

a
we can conclude that

K., K" — constant

viaAx
hence
(7.6) A (K, K™™) = 0.

From (7.5) and (7.6) we get
(7.7) VoK =0
which proves the following theorem.

THEOREM 7.1.Y If an irreducible V, (not necessarily compact and
orientable) admits a transitive group of motions whose linear isotropy group

at any point contains the homogeneous holonomy group at that point, the V ,
is symmetric in the sense of E. Cartan.

1 Nomizu [4, 6).



CHAPTER X
LIE DERIVATIVES IN AN ALMOST COMPLEX SPACE

§ 1. Almost complex spaces.
Consider a 2n-dimensional real space X,, covered by a set of neighbour-

hoods with real coordinates (0% C*); », A @, ... ==1,2,...,n The
complex numbers
(l.l) Euz.nx+icx’ éi:nx__l‘z;u

P WA

can be regarded as complex coordinates of a point in the .X,, whose real
coordinates are (v*, £¥). If it is possible to choose a sct of coordinate
neighbourhoods in such a way that, in the domain of intersection of
two coordinate ncighbourhoods U(n*, §¥) and U(n*, §*), we have

. . = o o
(12) & = @, & = (@, det (1) £0
where f* are complex conjugate functions of /%, we say that the space
admits a complex analytic structure or simply a complex structure and we
call such a space an n-dimensional complex space. Since (1.2) can be
written as

(1.3) 7 =g ), =7,

and since the functions g and #* are real analytic, a complex space is
of class C®. If we write (1.2) as

(1.4) &= (&),
o, By ... =1,2,. n,1,2,...,%,

then the Jacobian A of the transformation is given by

w3 s = aee( L) ar(T) o

wherc the bar denotes the complex conjugate. Thus the Jacobian of

225
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(1.3) is also positive and consequently a complex space is orientable.
A mixed tensor of valence 2, is defined as a geometric object which

has (2n)? components T;* in every complex coordinate system (&%, £,
and whose transformation law under a coordinate transformation (1.4) is
(1.6) Ty¥ = ARY T ™

In a complex space, there exists a mixed tensor field ;* which has the
numerical components

(1.7) Fi* = 448, F;*=0, F;*=0, F;* = — i8
in all complex coordinate systems and which satisfies
(1.8) FPF* = — A%
In such a space, the differential equations
(L9 () HAg — iF;2dE® =0, (b) }(AS + iF;)de® = 0

are both completely integrable. In fact, (a) admits the solutions & =

const. and (b) admits the solution & = const.
When, in a 2xn-dimensional real space X,, of class C"(r = 2), there is
given a mixed tensor field I;*; 4, 4,7, ... = 1,2, ..., 2n, satisfying

(1.10) F'F;* = — A™

we say that the space admits an almost complex structure and we call
such a space an almost complex space.! In such a space, we can choose
at cach point 2# linearly independent vectors
eh, F;%e', et F*e', ..., et F;*e.
1 1 2 2 n n
Since the corresponding orientation of the space depends only on the
tensor F;", an almost complex structure determines a unique orientation
of the space.
If there cxists a complex coordinate system with respect to which
the tensor I;* has the components (1.7), then, in a domain in which
two such coordinate systems &* and &* are valid, we have

0 , ob
e e O

(1.11) e B = g

1 EHRESMANN [2].
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from which it follows that & are functions of £ only and £ are functions

of & only. Thus the space is a complex space. In this case, we say that
the almost complex structure is ¢nduced by a complex structure.

If an almost complex structure F, " is induced by a complex structure,
then, in a complex coordinate system, we have

Nyg® 2 2F 10 Fyft — 9y F.") = O.
Since N,* is a tensor, we have!
(1.12) N;* = 2F;'@F,! — 8,F;") =0

with respect to an arbitrary coordinate system (A).
Conversely, suppose that an almost complex structure F;* of class C®
satisfies (1.12). Then the differential equations

(1.13) (a) B = (b) CME =0
are both completely intcgrable, where
(1.14) Bt J(AF —iFY), CHtY(AD 4 iF;Y),
and consequently
(1.15) AM = B}  C*, F,* =4(B} — Ch.
Indecd, the integrability conditions of (a) and (b) are identically

satisfied :

(1.16)

H

{(a) CiCka Bl = §(N;;* — iN,, 'Fi") =
(b) BiB{o,Cyy = §(N,;" + iN ;' Fi*)

Denoting the solutions of (1.13a) and (1.13b) by & = &(£') = const.
and & = E’?(E’) = const. respectively, we get
ogh on & 35‘ o o0&

= — iF;"

(117 e T e o P

which shows that F;* has the components (1.7) with respect to the

1 The tensor N,‘“" was found by NijeNHU1s [ 1] for a more gencral case. We call
N;;* defined here the Nijenhuis tensor of F *. Cf. ScnouTn [8], p. 248. It is also
called the torsion tensor but we prefer to use this expression for the tensor

S,i* = I}, of the connexion I‘;“.
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coordinate system (£, &). Thas we have !

TueoreM 1.1, If an almost complex structure F;* of class C* (r = 2)
is induced by a complex structure, we have N;;* == 0. Conversely, if an
almost complex structure F;* of class C* satisfies N;;* = 0, then it is
induced by a complex structure.

The Nijenhuis tensor satisfies the following identities:
(1.18) Ng'=0, N,;*=0,
(1.19) N;*F;'= — N;;'"F* = — N,}'F;' 2
a) Nj* + F;'F;*N,* =0,
(1.20)
b) Nj*— F;'F;*N;;* = 0.

An almost complex structure which need not be ot class C* is called
a pseudo-complex structure if N;;* = 0. A space with a pseudo-complex
structure is called a psendo-complex space.

§ 2. Linear connexions in an almost complex space.
It is always possible to introduce in an almost complex manifold a

%*
lincar connexion I'), such that V,7;* = 0. If I'? is an arbitrary symmetric
connexion and

*
@1 T,* ) — 1)

o
we have
n ok A Lr.h
—_ e hl . ~em .. .
0= V}Ti - V:IP; + ij I'i - [n Fl )

from which

*
IV, FNF? = — AT — 3T F,"F = — L (AP AY + F;"FNT;,k

2

The operators

(22) ‘
0T}t (AT AL + F"F}?)

! EckMANN and FROLICHER [1]; CaLaBr and SpeNceR [1]; Yano [22].
2 EckMANN [1, 2].
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are idempotent but not reversible and from this it follows that there are
more solutions and that

*
(2.3) Tj," = — }(V, F{)F*
is onc of them. A tensor is called pure (hybrid) in two indices if it is

*
annihilated by transvection of O(0) on these indices. So N;;* is pure
in j, i and hybrid in X

To this solution every term can be added that is made zero by the
* * %*
operator O, for instance, + }(V,FF;)F;* — }(V,F;"F;'. Then we get
the solution

% %*
(2.4) T,"=— YV, F)F* — LV, F;F,' 1

On the other hand, the Nijenhuis tensor N,;* can be written also in
the form

(2-5) N).:'h = ZI:L}l(V[l;F{}h - V:JFih)
+ 2(S;* — FUF RSt + FPFMSi* — FUAFPSH),

where V, denotes the covariant differentiation with respect to an arbi-
trary linear connexion I'%, and S;;* its torsion tensor.
Thus, if the space is pseudo-complex and if we introduce a linear

connexion such that V,I"g’l = 0, then the torsion tensor satisfies
(26) Syt —F'FESpM 4 FUFLASEE — FUUFP SR =0,

Conversely, if we can introduce, in an almost complex space, a linear
connexion such that V,F;* = 0 and (2.6) holds, then the space is pseudo-
complex. Thus we have 2

THEOREM 2.1. In order that an almost complex space be a pscudo-
complex space, it is necessary and sufficient that we can introduce in it a
linear connexion such that V,FF;* = 0 and that (2.6) holds.

Furthermore, if the space is pseudo-complex, we can introduce a

1 EckMANN [1]; FROLICHER [1].
2 Yano and Moar [2].
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symmetric linear connexion such that V,F;* =0, because the linear

*
connexion ' = ', + Tj;* given by (2.4) satisfies
(2.7) S;i*=—3N;"=0.

Conversely, if we can introduce, in an almost complex space, a sym-
metric linear connexion such that V,F;* =0, then N;* =0, and the
space is pseudo-complex. Thus we get!

TueEorREM 2.2. In order that an almost complex space be a pseudo-
complex space, it is mecessary and sufficient that we can introduce in it
a symmetric linear connexion such that V,F;* = 0.

§ 3. Almost complex metric spaces.

If an almost (pscudo-) complex space has a positive definite Rieman-
nian metric ds? = g, d&d& which satisfis

(3.1 F'F* g =g

then the space is called an almost (pseudo-) Hermitian space. In this
casc the tensor F, ' F;'g,, is antisymmetric in 7 and 4. Note that F;*
is pure but that F,, and g,, are hybrid. A. Lichnerowicz 2 has proved

THEOREM 3.1. In an almost complex space, it is always possible
to define a Hermitian metric.

In fact, let a,, be a tensor which defines a positive definite Riemannian
metric in an almost complex space and let

3.2) i X Y(ay + F;'F.*ay),

(g5 is the hybrid part of a,,), then g,, defines another positive definite
Riemannian metric and satisfies (3.1).

The equation (3.1) and the antisymmetry of the tensor F,, show that
the transformation v*» — F;*v* changes a vector »* into a vector ortho-
gonal to it and does not change its length.

1 EckMANN [1]; Hopge [1]; PATTERSON [1].
2 LiICHNEROWICZ [2, 5).
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Moreover we can easily see that
(3-3) Fm- def 33[1 F:h]

are components of an antisymmetric tensor.

If an almost (pseudo-) Hermitian space satisfies F;;, = 0, the space
is called an almost (pseudo-) Kdhlerian space. It can be proved that
the bivector F,, is harmonic in an almost Kihlerian space. !

The relations between these spaces may be seen in the diagram:

Almost complex  Almost Hermitian  Almost Kéhlerian
structure structure structure
Xy, of classC™\ g, with 0, =0
with F'Fy'gu=gu
F’F;*=—A}
N;*=0 N;*=0 N;*=0
’
Pscudo-complex ~ Pseudo-Hermitian __ Pseudo-Kihlerian
structure structure § structure
Yy =w ryr=w Yy =
Complex structure --—— Hermitian structure - — - Kéhlerian structure

0
In an almost Hermitian space, we denote by V, the covariant differenti-

0
ation with respect to the Christoffel symbols {}\}. If V,F,, vanishes, then
the tensors N;;* and F,,, vanish too, and consequently the space is
pseudo-Kihlerian.
Conversely, since the Nijenhuis tensor can be written also in the form

0
(3.4) N, = — 2(F;'Fou — F;'V,F,),

[}
V,F,, vanishes if the tensors N;;* and F,;, vanish. Thus we obtain

THEOREM 3.2.2 In order that an almost Hermitian space be pseudo-

0
Kdhlerian, it is necessary and sufficient that V,F,, vanish.

1 ScHouTEN and YANoO [3].
2 ECKMANN [2]; YaNo [22]; YanNo and Moar [1].
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In an almost Hermitian space, the four following connexions occur
in literature:

1 0
(3.5) n* 1‘5‘: = (i} — UV, F)F™,

0 [}
(3.6) (N2 Tj = {3} — ¥ V P+ ViFy + Vi F ) F™,
0

(37) (III) 2 J( = {Jl} ]’ Vi il V’lFJl - V Fu) ’

(3.8 (IV)? l"' = {i} — V; a+ V Fy)F
0

+ $F(VaFi)g* — N,
All these four connexions satisfy
(3.9) V,F,,=0.

A geometrical characterization for cach of these connexions has been
given by Schouten and Yano. % In the following, we put

(3.10) Uy, =)+ T

With respect to the first connexion, we have

1
(3'11) V)gth =0,

1

(3.12) T\ = INp; — $Fu'Fop.

In the Hermitian case, this connexion reduces to the connexion of
Lichnerowicz. 8
With respect to the second connexion, we have

2

(3'13) T)a'h = h.n %F lFthl
2
Thus in a pseudo-Hermitian space, we have T,,, = — }F;'F,,, and

! LicHENROWICZ [5].
3YaANo [23].

3 ScHouTEN and Yano [1].
4 ScHouTEN and Yano [1].
8 LicHNEROWICZ [5].
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consequently
2

(3.14) V,g. = 0.
In a Hermitian space, this connexion reduces to the connexion found
by Schouten and van Dantzig ! and used by Chern ? and Liebermann. 3
With respect to the third connexion, we have
3
e ~ 1 k1~
(315) ‘luh = ’.]:'Nuh + _‘}’.I‘JmFt Fh I'mlk'
3
Thus in a pseudo-Hermitian space, we have 1,,, = \F,"F,'F,*F ...
and consequently

3

(3.16) Y, = 0.

With respect to the fourth connexion, we have

4 4

(3]7) V)g:h = Ox le:zh = O
and
(3.18) S;*=0mS,."
(319) N.n = 8071:"‘51111 .

The equation (3.18) expresses that S,;* is purc in j, 7. This means
geometrically that there exist infinitesimal parallelognms in every E
that is invariant for the linear transformation F,*, 4

§ 4. The curvature in a pseudo-Kihlerian space.

In a pscudo-Kihlerian space, we have

(4.1) %Jg,,, =0, %;Fm =0.
Applying the Ricci formula to FF,” we get

(4.2) Kii'Fi* = Ki;i"F,",

(4.3) I<k;.11:;;l = Kk;thf '

(4'4) Kkuh = Ak:mlF rh or O Kk)ml = 0.

Hence K,,,, is hybrid in the first two and in the last two indices.

1 ScHOUTEN and vaN DaNTtziG [1]. Cf. ScHouTEN [8], p. 397.
2 CHERN [1].

3 LIEBERMANN [1].

4 ScHOUTEN and Yano [1].
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Transvecting (4.2) with g”, we find
Ki'Fi* = K" F™ = }(Kjini" — Kiin )™,

from which
(4.5) Ki'Fi*= — K " F™.

Thus

Ki'Fy + K;'F,, = 0,

from which
(4.6) Kj' = — K,'F;"F,
(4.7) K, =K, ,F;"F;" or OT.K,, = 0.
Hence K, is hybrid.

Using these relations, we can prove

THrorEM 4.1.1 If a pseudo-Kdhlerian space is of constant curvature,
then it is of zero curvature.

THEOREM 4.2.2 If a pseudo-Kdhlerian space is conformally Euclidean,
it is of zero curvature.

THEOREM 4.3.3 A projective correspondence between two pseudo-
Kdhlerian spaces is necessarily affine.

THEOREM 4.4.4 A conformal correspondence between two pseudo-
Kdhlerian spaces is necessarily a trivial one.

THEOREM 4.5.% A necessary and sufficient condition that a 2n-dimen-
stonal pseudo-Hermitian space be conformal to a pseudo-Kdhlerian space
1s that, for 2n > 4,

1 .
(4-8) Cuhq—o-tFﬂh - 2_("‘____-1‘)— (F::Fh + Fth'J + FMFi) =0

and for 2n = 4
(4.9) C“ (_i-t_‘:f 2@[,1:‘] = 0,
where F; = F,, F*,

1 BOCHNER [3].

2 Yano and Moar [2].

3 BocHNER [3]; WESTLAKE [1]; YANo [20].

4 WESTLAKE [2].
5 WESTLAKE [2]; YANO [21].
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Now we put

(4.10) Hki (-l'ét Kkh'hF'h = — thlF”.
We see that H,, is zero if and only if K,; = 0 and that
(4.11) F®»H,, = — 2K.
Moreover from the Bianchi identity, we have
0
(4.12) V['Hk” = 0.
On the other hand, we have
0 0
(4.13) gV, H,, = g™V (2K, ;™) = 2V, K, 'F,"™
0
= (V.K)F;™
Thus

THEOREM 4.6. The tensor H,; is harmonic if and only if K — const,
and it is effective (that is, I *H,, = 0) if and only if K = 0.

Applying a theorem of Hodge,! we get from this

THEOREM 4.7. If, in a compact pseudo-Kihlerian space, K;, 0,
K = 0, then the second Betti number B, = 2.

THEOREM 4.8. If, in a compact pseudo-Kdihlerian space, K, # 0,

1
K = const. #0 and B, =1, then K, = —E;-Kg,,-.

§ 5. Pseudo-analytic vectors.

In a pseudo-Kihlerian space, we call a field », whose covariant deri-
vative is pure

0 0 *x 0
(5.1) F;'V,v, — F;'V,u, = 0 or 0;;V,w, =0
a covariant pseudo-analytic vector field. 2 From (5.1), we can deduce
o0
(5.2) gV, Vv, — K;lv, = 0.

! HopeE [1, 3].

*In a Kahlerian space, the equations (5.1) can be written as 9zv = 0, J,vx = 0
with respect to a complex coordinate system. Hence v,(v5) are complex analytic
functions of z#(z%).
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This is a necessary and sufficient condition that a vector field v, in a
compact orientable Riemannian space be harmonic.?

Conversely, if v, is harmonic, then we have (5.2), from which

(U 1]

(5.3) g*V,V,F 'y, — K. *F;'v, =0
by virtue of F,*K,'= K,*F,'. From this, it follows that F,", is
also harmonic.

Thus, from

0 1] 0

0
V,v, = V,u; and V,(F;'v,) — V,(F;'v)) =0,
we get (5.1). Thus

THEOREM 5.1, In order that a wvector field in a compact psendo-
Kdhlerian space be covariant pseudo-analytic, it is necessary and sufficient
that the vector be harmonic.

Thus applying a theorem of Bochner, 2 we obtain

Tueorem 5.2.  If the Ricci curvature of a compact pseudo-Kdihlerian
space is positive definite, there does not exist a covariant pseudo-analytic
vector field.

In a pseudo-Kihlerian space, we call a vector field »* whose covariant
derivative is pure

0 0 % 0
(54)  LF;*= — F;'V,0* + F;*V,0' = 0 or 0'2V,2* =0
v

4 contravariant pseudo-analytic veclor field. From {5.4) we sce that if
v* is contravariant pscudo-analytic, then F;"™* is also contravariant
pseudo-analytic. Moreover, if #* and v* arc both contravariant pseudo-
analytic, then denoting the Lie derivations with respect to #* and v*
by £ and £ respectively, we have

% v

LF;» =0 and LF;* =0,

from which (££)F;* =0, where (££) denotes the Lie derivation with

v u

respect to the vector fu*. Thus the vector £v* is also contravariant
v %

pseudo-analytic. Thus we have

! pE RHAM and Kobaira [1]; Yano and BocHNER [1].
2 BocHNER [2]; YaNo and BocHNER [1].
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Tueorem 5.3. If u* and v* are both contravariant pseudo-analytic
vector fields in a pseudo-Kdhlerian space, then

-h “h ~.h .h
F;"w, F;"v, Lur, Lur, LF"u', LF;"u
v Fv v kv

are all contravariant pseudo-analytic vector ficlds.
In an almost complex space, we have the following identity:!

(5.5) Lur + FMLF ! + F* fut — LF M == NP w o,
0 v Fov Fov

from which

THEOREM 5.4.  In order that an almnst complex space be pseudo-complex,
it is necessary and sufficient that the left-hand side of (5.5) vanish for any
vectors u" and vt

Now, from (5.4), we obtain
(5.6) gV, V,o* + K;*vi =0,

from which we get the following theorems which hold in a compact
pseudo-Kihlerian space.
First, from Theorem 4.4 of Ch. 1x and the equation (5.6), we get

TueoreM 5.5. A contravariant pseudo-analytic vector field v* satis-
fying Vot = 0 is a Killing vector.
IFor a contravariant pscudo-analytic vector field »*, we have
A(w, ") := 2[v,g*V,V,o* + (V,V,)(V*o")]
= 2[— K, v'v* 4+ (V,v,)(V*oh)].
Thus, from Thcorem 1.3 of Ch. 1X, we obtain 2

THEOREM 5.6. If a compact pseudo-Kdihlerian space has a negative
definite Ricci tensor, theve does not exist a contravariant pseudo-analytic
vector field other than the zero vector.

If a vector »* is contravariant pseudo-analytic, then F;™* is also
pseudo-analytic. Hence, if a contravariant pseudo-analytic vector »*
satisfies /7**V,9, = 0, then according to Theorem 5.5., FF;*»* is a Killing
vector. Thus

1 EckMANN [1, 2]; FrRoLICHER [1].
* BocHNER [2]; YANO and BocHNER [1]
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THEOREM 5.7. If a contravariant pseudo-analytic vector v* satisfies
Fi*W, = 0, then F;™' is a Killing vector.

If a contravariant pseudo-analytic vector »* satisfies g*Vw, =0
and F**V,y, = 0, then according to Theorems 5.5 and 5.7, v* and F;*
arc¢ both Killing vectors. Hence

v‘vh + thi == 0,
F;'Vyu, + F;'V,0, =0,
from which
— F;'V,v*» — F;*V,v* = 0.
Comparing this equation with (5.4), we conclude V,»* = 0. Hence

THEOREM 5.8. If a contravariant pseudo-analytic vector field o*
satisfies g*Vu, =0 and F**Vu, = 0, it is a covariant constant field.

If a vector is at the same time covariant and contravariant pseudo-
analytic, then the vector is harmonic and the equations (5.1) and (5.4)
can respectively be written as

F;'Vv9, — F;'V,9;, =0
F;'V,v, + F;'V,v;, = 0,
from which V; = 0. Thus

THEOREM 5.9. If a vector is at the same time covariant and contra-
variant pseudo-analytic, then it is covariant constant.

§ 6. Pseudo-Kihlerian spaces of constant holomorphic curvature.
We call a sectional curvature

K Fi™u*u F; byt uh

B, W g utut

6.1) k= —

determined by two orthogonal vectors #* and F;*u* the holomorphic
sectional curvature with respect to the vector #*. If the holomorphic
sectional curvature is always constant with respect to any vector at
every point of the space, then we call the space a space of constant
holomorphic curvature. !

1 BocHNER [3]; HAWLEY [1]; ScHOUTEN and vaN DanTziG [2]; YAaNo and Moar
1, 2].
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Now, if this is the case, then (6.1) or
K F;"Folutw uPuh = — kgoig,, 4% u?uh
should be satisfied for any #*, from which we obtain
Kpunl'd"F;! + Ky F;"F)' + Ko F3" F
= — R(€es8on + €1n8an T Ealin):

by virtue of the symmetry of K,,,,F;"F,' with respect to ¢, j and
to p, h. Multiplying the above equation by F ?F;” and contracting,
we find

K — Kjn — KoqunFi'F;' = — R(F 3 F — F, F oy + g1.800)-

Taking the antisymmetric part of this equation with respect to %
and 7 and taking account of

.q l - q .1
Kmthlc FJ - Alql’lFJ Fk
_ > ~oq i
- (I\unh - Kllah)l'k FJ
. ” -l
- Aqthk 1‘) - - Kk)lh’

we obtain
2Kkuh - K)akh + Kkuh + Kkuh
= - k[ZFkJFlh + (gkl.g)h - gugkh) - (Fquh - I:le)h)]

or
k .
(6.2) K= % [(gxn&sr — &n&r) + (Fua Ly, — FpIy,) — 2F, F ).

It is casily to be seen from the Bianchi identity that, if the curvature
tensor has the form (6.2), the scalar curvature % is an absolute constant.
Hence we have proved!

THEOREM 6.1. If a pseudo-Kdihlerian space has a constant holomorphic
sectional curvature at every point, then the curvature tensor of the space is
of the form (6.2), where k is a constant.

Using the formula (6.2), we can easily prove!l
THEOREM 6.2. In a pseudo-Kdihlerian space of comstant holomorphic

curvature, the general sectional curvature K determined by two orthogonal

1 Yano and Moat [1, 2].
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unit vectors u* and v* is given by
k
(6.3) K = ) (1 4+ 3a?

where a ! I ,v'ub is the cosine of the angle between two umits vectors
F; ™' and u* and consequently a® < 1. Thus

J ,
(6.4) %gng for & > 0,
J

We now assume that, when there is given a holomorphic plane element,
that is, a planc clement determined by the vectors #* and F, by at a
point of the space, we can always draw a 2-dimensional totally geodesic
surface passing through this point and being tangent to the given holo-
morphic plane clement. If this is the case, we say that the space satisfies
the axiom of holomorphic planes.

If we represent such a surface by the parametric equation

(6.5) &b = Eh(n%) a,bc,d=1,2,

then the fact that the surface is totally geodesic is represented by the
equation

(6.6) 8,8y + Bu{l} — Bilay =0,

where By = 8,&" and where {3} is the Christoffel symbol formed with
the fundamental tensor ‘g,, ' B’ig,, of the surface.
The integrability conditions of (6.6) are

(6'7) Bchl.)I{knh = B:: Ich.'I;a:

where 'K, ® is the curvature tensor of the surface.
If we put
B} = u*, B = F;"w,

equation (6.7) must be satisfied by any unit vector #*. Thus we must have

F,"urwu' K, ;:» = au® + BF }u?,
(68) {F s Jj »

.m -1 «oh b
St FUut K a® = e ++ uF b u?,
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From the first equation of (6.8), we obtain
(F,"K ;i — ag,AY — Bg,, FiMurw ur = 0,
from which
F" Koy + F;" Ko + FimK gt
= a(gy Al + g As + £.04]) + BEuFi* + g, F* + 8.F).
Transvecting this with F,®, we obtain
— K" + FmFP Ko™ + K
= a(Fy A7 + g, Fi* + Fi A7) + B(F, F;* — g, 41 + Fu F}1),
from which, taking the alternating part with respect to % and j and
using the relation
FmE K — FimF K " = — K,
we find
— 4Kt = a(2F,, AY + g, Fi* — g1 F,* + Fp, A} — F A}
+ BRF F* — g, Ak + g A} + Fio F;* — FuF b,

Contracting this equation with respect to 4 and ¢, we find « =0,
and consequertly we obtain

I<k.ll'l = —Z' [(gjrAI’: - gk:A:‘) + (I::ubkll - FleJh) - 21’1:11'!")]»
which shows that the space is of constant holomorphic curvature. Thus

we have proved?!

THEOREM 6.3. If a pseudo-Kihlerian space admits the axiom of holo-
morphic planes, then the space is of constant holomorphic curvature.

If a pseudo-Kihlerian space admits a group of motions which carry
any two vectors #* and F;*u* at a point P to any two vectors ‘u* and
'F;™u at any point ‘P, then we say that the space admits a holomorphic
free mobility.

If we denote by

(6.9) B = &+ VME)de

1YaNo and Moat [1, 2].
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an infinitesimal transformation of the group, then the fact that thisis a
motion is represented by

(6'10) £g:i = V,'U‘ + Vtvi = 0*

and the fact that this carries a pair of vectors #* and F;*u! into a pair
of vectors ‘u* and ‘F;"u* is represented by

(6.11) LF* = — F;'V,0* + F;*V,0 =0,

From (6.10) we get
(6.12) L) = V,V,or + Ktk =0,

and the integrability conditions of these differential equations are given by
(6.13)  LKi5i" = v'V, K" — K, 'Vior + K, "Vo!
T
+ Kiii*V,9' + Kiii"V,0' = 0.

Now, at a fixed point P of the space, we consider two arbitrary holo-
morphic plane elements, then by hypothesis there exists always a motion
which fixes this point and carries one of these holomorphic plane ele-
ments into the other. Since the point P is arbitrary, the space must be
of constant holomorphic curvature and consequently the curvature
tensor of the space has the form

k .
[(g;.AZ - gkiA;l) + (FJiFI.ch - Fk.I'a"h) - ZF,”F,"].

Kt = s

3

Conversely, if the curvature tensor of the space has the above form,
then it is easily to be seen that the integrability condition £K;;* =0
v

is always satisfied by any v* for which £g,, = 0 and £F;* =0, and that

the differential equations (6.12) have solutions. But equation (6.12)
is equivalent to

Vk(égzt) = 0’

and consequently, if the equation £g,; = 0 is satisfied by some initial

values of v* and V*, then it is satisfied by any solutions belonging to
them.
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On the other hand, if v* satisfies (6.12), then we have
V,(£F") = V(— F{'V,o* + F{*V,2))
’ = — F;'V,V,v* + F;*V,V, v}
= (Fi'Kii" — Fi" Ko
=0,
and consequently, if the equation £F;* =0 is satisfied by some initial

values of v* and V", then it is satisfied by any solutions belonging
to them. Thus the space admits the holomorphic frec mobility, and we
have!

THEOREM 6.4. The necessary and sufficient condition that a pseudo-
Kdhlerian space admit a holomorphic free mobility is that the space be of
constant holomorphic curvature.

1 Yano and Moar [1, 2].
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APPENDIX !

§ 1. Groups of motions.

In § 10 of Chapter IV, we have studied an n#-dimensional Rieman-
nian manifold ¥V, which admits a group G, of motions of the order
r = in(n — 1) 4 1. But, the cases # = 3, » = 4 and » == 8 were excep-
tional cases in our results.

The V3 with G, was studied by E. Cartan [11] and G. 1. Kruckovi¢ [1].

The case # = 4 was studied by S. Ishihara [1] as was mentioned in
the text.

The case » = 4 was also studied by I. P>. Egorov [10]. He proved the
following two theorems:

TrreoreM 1.1. There exist two and only two diffcrent Riemannian
spaces of four dimensions which are wmaximally mobile and are of non
constant curvature and for which the line clement is defined by the formula
1) asee EFZYY B Sy )iy —yilyi iy —ydy)

' ' (e + X y)2

e=%1)

The group Gy of motions is compact for e = + 1 and non-compact for
e= — 1.

1f we put

2l = yl + ,;yz' 22 = ya + ,iyd,
then we have
(1.2)  ds? = e 2"[e(dz1dZ! + dz2d7?) + (22dz* — z'd2?) (2*dz' — 2'dz?)]
where
e? = zZ1z1 | 2232 | ¢,

THEOREM 1.2. Maximally mobile V, ’s of non constant curvature are
real vepresentations of the space of point-line couples of a complex projective
plane in which the points and lines are harmonic with respect to the Hermitian

quadric
2171 4 2232 e = 0.

1 Added Oct. 31st 1956.
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The case # = 4 was also studied by G. Vranceanu [6], and the case
n =35 by C. Teleman [1].

C. Teleman [2] has proved

THEOREM 1.3, Every subgroup of the complete group of rotations in n
variables is a motion group of a space V,_, of constant positive curvature
which keeps two or more complementary systems of Pfaff invariant.

TurorReM 1.4. A group G, of rotations in n variables, real and irre-
ducible, with v < in(n — 1) parameters, has at most p* parameters if
n=2p or n=2p -+ 1. Hence the space Vy,(\) of Vranceanu are those
trreducible Riemannian V,, 's of variable curvature which has a motion
group of the maximum number of paramcters p* + 2p.

AV, ,(N) of Vranceanu is defined as a Riemannian V,, with a transitive
group of motions and the group

Xow .20 Xoy 1201 1+ Xosorn Xowr2r — Xowgr (X, = 2,0, — 2,0/f)
as group of stability.

THroreEM 1.5. Such a V,,(N) can be realized as a non homogencous
mantfold on the spheres Sy, ,, in a euclidean E,, ,.

THEOREM 1.6, The stability group G . of these V,, admits a particular
transformation X3 4 Xoy + ... + Xop_1.0, and is the largest orthogonal
group of this property. The V,, has thus the maximum group of motions
among the spaces of which the group of stability has this particular transfor-
mation.

THEOREM 1.7.  The group G . is closed and is composed of this particular
transformation and a simple G . ,. Hence the group G,,, . ts simple and is
closed.

THEOREM 1.8. The Vy,(N) has the metric

(@8 + ... 4 (@8 (S8 4w

u u?
w=1+ K[>+ ... + (&M
w = EIdE: — EREL L ... 4 Err-lggee _ gavggee-l

(& = constant).

(1.3) ds? =

H

As it was mentioned in the text, I. P. Egorov proved that a Riemannian
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V., which is not an Einstein space has a maximum group of motions of
in(n — 1) 4+ 1 parameters and that this maximum is reached.
G. Vranceanu [7] proved

THEOREM 1.9. If the V, is not conformally Euclidean this maximum
is 3(n — 1) (n — 2) + 3 and this maximum is reached. Moreover if the
Einstein V ,, ts not of constant curvature, the maximum is y(n—1) (n—2)4-5,
reached for n = 4 and n = 6 but not reached for n - 7.

M. Obata [1] obtained the following theorem in which the case # == 8
is not exceptional.

THEOREM 1.10. If an n-dimensional connccted Riemannian manifold
M for n 23, n#4 adwmits a group G, of wmotions of the order v,
inn — 1) <r<inn-+ 1), then G, is of the order tn(n — 1) + 1 and
M is one of the followings:

as a Riemannian manifold as a topological space
ST xS, E, x S, ., if it is simply connccted,
ST xS, E,or S, xXE,,
S? E,or S X I, ,
S E,

where

S n-dimenstonal Riemannian manifold of posilive constant curvature,
n

S : n-dimensional Riemannian manifold of negative constant curvature,
S n-dimensional locally flat Riemannian manifold,

E ,: n-dimensional Euclidean space,

S,: n-dimensional sphere.

H. Wakakuwa [1] studied a similar problem.

In a Riemannian V, with constant rotation cocfficients, there exists

a real simply transitive group of motions G, and conversely. GG. Vranceanu
[10] proved the following

THEOREM 1.11. A necessary condition that the Ricci tensor be positive
definite is that G, coincides with its derived group G,,.

Let M be a Riemannian manifold and let A(M) and I(M) the group
of all affinc motions and the group of all isometrics of M onto itself
respectively. We denote by A,(M) and Iy(M) the connected components
of the identity in A(M) and I(M) respectively.
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In §5 of Chapter IX, we have proved the

THEOREM 1.12. In a compact Riemannian manifold M an infinite-
simal affine motion is an isometry. Therefore Ay(M) coincides with I(M).

There appeared recently several generalizations of this theorem.
S. Kobayashi [4] proved the

TuroreM 1.13. If M is an irreducible and complete Riemannian
manifold, then A(M) is equal to I(M), except the case M is the 1-dimensional
Euclidean space.

J. Hano [1] proved the following two theorcms:

TuroreM 1.14. Let M be a simply connected complete Riemannian
manifold and M = My X M, X ... X M, be the de Rham decomposition
of M. Then the group Ay(M) is isomorphic to the direct product A (M)
X do(My) X ... X Ao(M,) and the group I(M) is isomorphic to the
direct product I (My) X ITo(M;) X ... X I(M,).

THEOREM 1.15. Let M be a complete Riemannian manifold. If the
length of an infinitesimal affine motion v* is bounded on M, then v* is a
Killing vector field.

S. Ishihara and M. Obata [3] also obtained theorems similar to the
above three theorems.

§ 2. Groups of affine motions.

An n-dimensional manifold with a linear connexion is said to have the
property A (or 4’), if it is possible to find an affine motion ¢ satisfying
the following conditions:

a) ¢ leaves some point P of the manifold fixed.
b) The tangent space T'(P) at P has a base {X,, X,, ..., X,} such that
for some real numbers p,

eX; = p,X; (I <7 <X n) (not summed)

c) posoer LA 1 j£ R (1 <4, j, k1 < n)
or
<) et E 1 if 4 £ (1 4,7,k 1< ).

S. Ishihara and M. Obata [1] proved the following



§2 GROUPS OF AFFINE MOTIONS 267

THEOREM 2.1. Let M be a manifold with a linear connexion admitting
a transitive group of affine motions.
1) If M has the property A, the curvature tensor vanishes identically.
2) If M has the property A’, the torsion tensor vanishes identically.
3) If M adwmits a group of affine motions of the order greater than n?,
then M has the property A and A" and the group is transitive, so that M
is locally Euclidean.

In the text, we studied an 4, which is not locally Euclidean and admits
a group of affine motions of the maximum order #%. G. Vranceanu [12]
studied the global propertics of such spaces. D. Dumitrus [1] and
S. Petrescu [1] studied such A, ’s and 4, ’s in a great detail.

Y. Muté [7] studied n-dimensional projectively Euclidean spaces D,
which admit a group G, of affine motions of order r = »n* —n + 1
and he obtained the following theorems:

THEOREM 2.2. A necessary and sufficient condition that a projectively
Euclidean space D, (n = 3) with asymmetric Ricci tensor admit a group
G, of affine motions of order r = n®* — n -+ 1 is that the conncxion para-
meters Iy, satisly

= — P A% — Pl

P = ab§®, py= —abf', py=p,= ... =p, =0
with
abl=—1,a=+41
in a sustable coordinate system. If the space is real, we can put a = — 1,
b= —1.

THEOREM 2.3. A necessary and sufficient condition that a projectively
Euclidean space D, (n = 3) with symmetric Ricci tensor which is non
positive admit a complete group G, of affine motions of orderr = n* — n + 1
is that the connexion parameters I';, satisfy

m=— (Vp) Ay — (Vap) Ay, p=Elog (818 — 1)
in a suitable coordinate system. If the space is real, we should have
£z —1>0.

THEOREM 2.4, A necessary and sufficient condition that a projectively
Euclidean D, (n = 3) with symmetric Ricci tensor which is non negative
admit a complete group G, of affine motions of order r = n* —n + 1 is
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that the connexion parameters 1, satisfy
w=— (V,p) Ay — (V,p)4;,  p=}log{l + (£ + (£)%
in a suitable coordinate system.

THEOREM 2.5. A necessary and sufficient condition that a projectively
Euclidean D, (n = 3) with symmetric Ricci tensor which is indefinite
admit a complete group G, of affine motions of order r =n* —n + 1
1S that the connexion parameters 1, satisfy

= — (V445 — (Vip)A%  p=}log (1 — &8
in a suitable coordinate system. If the space s real, we should have
1 —££>0.

THEOREM 2.6. Consider a space A, (n = 5) with a symmetric linear
connexion or a projectively Euclidean D, (n = 3), a necessary and suf-
ficient condition that the space admit a complete group G, of affine motions
of order r = n* — n + 1 is that the space be one of the spaces mentioned in
Theorems 2.2, 2.3, 2.4, 2.5.

Y. Mut6 [6,9] studied also n-dimensional spaces 4, with symmetric
linear connexion admitting a group G, of affine motions of order
r > n* — 2n and obtained the following interesting thcorems.

THEOREM 2.7. If an A, (n = 7) admits a group G, of affine motions
of order v > n® — 2n, then its curvature tensor R,,;;* is of the form

(2.1 R,¥ = B, A* — AU, + A% U, 4 (U, — U,) 4%
or

(22) Ry = (V

v

U

w— VoU) (U 4% 4 V3,09 — AU, + 45U,
+ (U,, — U, )43,
The vectors A* and C* and the vectors U, and V, in (2.2) are linearly
independent respectively.

THEOREM 2.8. If an A, (n = 8) admits a group G, of affine motions
of order r > n? — 2n, then its curvature tensor is of the form (2.1).

THEOREM 2.9. If an A, (n = 7) has the curvature tensor of the form
(2.2) then the order of the group of affine motions admitted satisfies

r < n?®— 3n <+ 8.
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THEOREM 2.10. A mnecessary and sufficient condition that an A,
(n = 7) with the curvature tensor of the form (2.1) admit a group G, of
affine motions of order v > n® — 2n is that the curvature tensor be of the
forin

Ry, *=(V,U,— V,U)U,A* — 43U, + 43U, 4- (U,, — U,)4%
or
Ry ~=[(Q P, — Q. P)P, + (P,R, — P, R)Q,
1-2(R,Q, — R, Q)R — (O, P, — O, P)R,]A*
— APy, A AL Py -+ (P, — P )AL
TueoreM 2.11. 4 necessary and sufficient condition that an A,
(n = 7) with non vanishing projective curvature tensor admit a group G,

of affine motions of order v = : n* — 2n 4 5 is that the curvature tensor
be of the form

Ievu.lx = (Vv Uvu- - VU- l]v) Uv). Ax,
where A%, U,, V, are covariantly constant.

Y. Muto [ 10] studied also an 4, admitting a groﬁp G, of affine motions
of order » > n* — pn and obtained the

THEOREM 2.12. A necessary condition that an A, (n = 4) admil a
group G, of affine motions of order v >- n* — p'n where p' < L(n — 2)
is that the curvature tensor be of the form

]evu.'/.x = A:(]u.). - A:.lfvl + (lrvu. - l]u.v)‘ll.i + BE:::.');A:‘)
Ao+ B (P p)

for some tensors and vectors Uy, By, A% (a=1,2,..., p).
§ 3. Groups of projective motions.

We assume that an infinitesimal projective motion defined by »*
leaves invariant the covariant derivative of the projective curvature
tensor

£Vm P\;ulx = O.

Then, by virtue of V,P,;® = — (n —2)P,,,, we have from (3.7) and
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(3.9) of Chapter VI,
(n — )PP p, =0
and consequently, for » > 2,
p,°p, =0.
Thus on transvecting $* to (3.9) of Chapter VI, -we find
— 2p°p, P =0.
From this equation we have (K. Yano and T. Nagano [1])

TueoreM 3.1. If a V, (n > 2) admils an infinitesimal non-affine
projective motion which leaves tnvariant the covariant derivative of Weyl’s
projective curvature tensor, then the space is projectively Euclidean and
therefore of conmstant curvature.

TuroreM 3.2. If a V, (n > 2) which is not of constant curvature
adwmits an infinitesimal projective motion which leaves invariant the covariant
derivative of Weyl's projective curvature tensor, then the projective motion
is necessarily an affine motion.

If the covariant derivative of Weyl's projective curvature tensor
vanishes: VP, :* =0, then the condition LV, P;;*= 0 is always

v

satisfied. Since this is the case for a symmetric space, we have

TueoreM 3.3. If a symmetric V, (n > 2) admits an infinitesimal
non-affine projective motion, then the space is mecessarily of constant
curvature.

THEOREM 3.4. If a symmetric V, (n > 2) which is not of constant
curvature admits an infinitesimal projective motion, then the projective
motion is necessarily an affine motion.

In the text, we have proved that in a compact orientable V,, an
infinitesimal affine motion is necessarily an isometry. But, here we do
not have to assume the orientability of the manifold. (See, B. Kostant
(1]).

Combining the above theorem and this fact, we have

THEOREM 3.5. If a compact symmetric V, (n > 2) which is not of
constant curvature adwmits an infinitesimal projective motion, then the
projective motion s necessarily an isometry.
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We now assume that the V, is an Einstein space with non vanishing
scalar curvature and it admits an infinitesimal projective motion defined
by v*. We then have, from LP,, =V, 9,,

v

kL8 = Vubs
by virtue of

K
P, = kg RO
- Bou n(n — 1)

~#£0
Writing out the equation kfg,, = V,,, we find

k(V, v, + Vy0,) ==V, p,
from which
V,w, + V,w, =0
where

1
2k

W, = U —

2%

Thus the vector w, is a Killing vector and consequently
b = 2k(v, — wy)
defines an infinitesimal projective motion. Thus we have

THEOREM 3.6.  If an Einstein space with non vanishing scalar curvature
admits an infinitesimal projective motion v*, that is, if we have
L{5) = pu A% + P A%, then the vector v* is decomposed into
v

1
* = ¥ . X‘
v 0"+ o P

where w* is a Killing veclor and p* is a gradient vector defining an infini-
lesimnal projective motion.

Since V,P,, =0 for an Einstein space, from
(3']) £vap.7. = Vvvy.pl - 2pv1)ul - ﬁu.l)vl - plpv;u

we have

VvvupA = k(zpvgu.l + pu.gv). + ?Agvu.)!
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from which

(3-2) — Kb = k(py8un — Pubn)-
Now transvecting g** to (3.1), we find
V, (V) = 2(n + Dkp,.
Since p, is a gradient vector, putting p, = V. p we find, from the
above equation,
V,[g*V, Vap — 2(n + 1)kp] =0,

from which

g2V, Vap — 2(n -+ N)kp = — 2(n + 1)kp,
or

(3.3) g2V, Va(p — po) = 2(n +- k(p — po),

where p, is a constant.
On the other hand, from the theorem of Green

[, e*W0ms = [ (V% + g0 (VDo = O,

which is valid for a function f in a compact orientable space, we see
that if a function f satisfies g**V,V,/ = af wherc a > 0, then / is a constant.
Thus if 2 > 0, that is, if X < 0, then from (3.3), we have

p — po = constant,

that is, ¢ is a constaut and consequently p, = 0. This means, following
Theorem 5.1 of Chapter IX that the infinitesimal projective motion
defined by v* is an isometry. But in a compact Einstein space with nega-
tive scalar curvature, therc does not exist an isometry other than the
identity. Thus we have

THEOREM 3.7. In a compact Einstein space with mnegative scalar
curvature, there does not exist an infinitesimal projective motion.

Now, equation (3.2) shows that the restricted homogeneous holonomy
group of an Einstein space which has non vanishing scalar curvature
and which admits in infinitesimal non-affine projective motion is the
special orthogonal group SO(n). Since the restricted homogeneous

holonomy group of a Kihler space cannot be the special orthogonal
group, we have
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THEOREM 3.8. A Kdhler-Einstein space with non vanishing scalar
curvature cannot admit an infinitesimal non-affine projective motion.

Thus if a Kihler-Einstein space with non-vanishing scalar curvature
admits an infinitesimal projective motion, the projective motion is
necessarily an affine motion. Thus we have

THEOREM 3.9. If a compact Kihler-Einstein space with non vanishing
scalar curvature admits an infinitesimal projective motion, the projective
motion ts necessarily an isomeltry.

Since an isometry in a compact Kihler space leaves invariant the com-
plex structure, we have

THEOREM 3.10. In a compact Kihler-Einstein space with non vanishing
scalar curvature the largest connected group of projective motions leaves
tnvariant the complex structure.

S. Ishihara [4] studied groups of projective motions in a space with
a projective connexion and obtained the following theorems.

THEOREM 3.11. Let M be an n-dimensional manifold with a projective
connexion and G an effective and connected group of projective motions in M.
Suppose moreover that dim G = n* + 5 and n = 3. Then M is projectively
Euclidean and dim G = n®>+ 2n, #n2 4+ n or n®+n—1 for n = 6;
dimG = n2 4 2n or w2 4-n for n =>5; dim G = n? -- 2n for n = 4, 3.

THEOREM 3.12. Let G be an effective group of projective motions in a
manifold M with a projective connexion. If the given invariant projective
connexion has non trivial torsion, then dim G < n2, where n = dim M.
There exists moreover an n-dimensional manifold with a projective con-
nexion having non-trivial torsion which admits an n*-dimensional group
of projective motions.

THEOREM 3.13. Let M be an n-dimensional connected manifold with a
projective connexion and G a connected and effective group of projective
motions of M such that &im G = n? + 2n. Then G s transitive on M and
M s projectively Euclidean. Furthermore, the simply connected covering
manifold of M is homeomorphic to a sphere S, of n dimensions. If moreover
n is even, M is homeomorphic to S,, or to a real projective space of n dimen-
stons.

THEOREM 3.14. Let G be an effective group of projective motions of
an n-dimensional manifold M with an affine connexion having no torsion.
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Suppose moreover that diim G = n? + 5. Then M is projectively Euclidean
and dmG=n2+2n, n®+n or n® +n —1 for n =2 6; dim G = n?
+2n0r n2+n for n =95 dim G = n% 4 2n for n = 4,3.

If ¢ is a transformation of a manifold M with a linear connexion
which carries any torse-forming vector field along an arbitrary curve C
into a torse-forming vector field along the image ¢(C) of C by ¢, then
¢ is called a quasi-projective motion of M. If there.exist two covariant
vector fields p, and ¢, such that

Ta = T4+ pu 43+ pd}
is projectively Euclidean, then I'j is said to be quasi-projcctively
Euclidean.

THEOREM 3.15. Let G be an effective group of quasi-projective motions
of an n-dimensional manifold M with a linear connexion. Suppose moreover
that Aim G = n®* + 5. Then M is quasi-projectively Euclidean and dim
G=n*4+2n n2+nor n2+un—1forn=6; dim G=n2-+ 2n or
n2 4 n for n =5; dim G = n? + 2n for n = 4,3.

THEOREM 3.16. Let G be an effective group of quasi-projective motions
of an n-dimensional manifold M with a linear connexion. If the torsion
tensor S;3* of the linear connexion does not satisfy the equation

(n — 1)S,* = S,.P A% — S;P A

then dim G < »2.

§ 4. Groups of conformal motions.

We assume that an infinitesimal conformal motion leaves invariant
the covariant derivative of the conformal curvature tensor

(4.1) £V, Coit = 0,

By virtue of V,C,;* = — (n — 3)C
of Chapter VII,

we have, from (3.11) and (3.13)

VULA?

(n — 3)Cois*hp =0
and consequently for » > 3

Co’é, = 0.
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Thus, transvecting ¢ to (3.13) of Chapter VII, we obtain

(4.2) — 2¢°¢,C,*=0.
From this equation, we have

THEOREM 4.1. Ifa V, (n > 3) admits an infinitesimal non-homothetic
conformal motion which leaves invariant the covariant derivative of Weyl's
conformal curvature tensor, then the space is conformally Euclidean.

THEOREM 4.2. If a V, (n > 3) which is not conformally Euclidean
admils an infinitesimal conformal motion which leaves invariant the
covariant derivative of Weyl’'s conformal curvature tensor, then the conformal
transformation is necessarily homothetic.

If the covariant derivative of Weyl's conformal curvature tensor
vanishes: V,C;;*=0, then the condition LV, C . *=0 is always
v

satisfied. Since this is the casc for a symmetric space, we have

THEOREM 4.3.1 If a symmetric space V, (n > 3) admils an infini-
tesimal non-homothetic conformal motion, then the space is conformally
Euclidean.

THEOREM 4.4. If a symmetric V, (n > 3) which is not conformally
Euclidean admits an infinitesimal conformal wmotion, then the conformal
motion is necessarily homothetic.

If we stand on a global point of view, the theorem corresponding to
Theorem 4.3 is a corollary to the more general theorem:

THEOREM 4.5. If a homogeneous Riemannian space V, (n > 3)
admits a mon-isometric conformal motion, then the space is conformally
Eudlidean.

Theorems 4.3 and 4.4 can be slightly improved in the following way.
Consider the Lie derivative of the scalar C** C,,, with respect to
v* which defines a conformal motion, then we have

£ (CWJ‘K Cvu.).x) = - 2¢Cvulx CvuJ\x‘

If the space is locally homogeneous (or symmetric), then C*** C,,,
is a constant and consequently £(C**C,,,,) = 0. Thus we have
v

1 T. Sumitomo [1].
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THEOREM 4.18. If M is complete and is not conformally Euclidean,
then the associated function of amy conformal motion can take the value
unity or an arbitrary value near the unity.

THEOREM 4.19. If M is compact orientable, then the associated function
of any conformal motion takes the value unity.

In Chapter IX of the text, we have proved the integral formulas
(4.3 f , g2V, Vv — K;*)o, + H(V*o* — VAo*) (V, 9, — Vy9,)
+ (Vu.vu) (Vlvl)]dc = o:
(4.4) f L [V, Vav* + K;*tMo, + }(V*0* + V*o¥) (V, v, + V')
— (V2% (V,¥M))do = 0,

which are valid for a vector field in a compact orientable V,,.
Using exactly the same method, we can prove the integral formula:

-2
(4.5) f [(g"‘A V, Vav* + K;*v* + n—n— V“V,"uk) v,

Vn
2 2
+ g(V“v" + VAo* —. - g v, v") (Vu v, + Vav, — L v, v")] de =0,

from which we have
THEOREM 4.20. A mnecessary and sufficient condition for v* in V,, to be
a conformal Killing vector is that

—2
(4.6) g2V, Vyv* + Kj*oh + —”—-n—_ vV, o = 0.

(A. Lichnerowicz [7], I. Sato [1]).
An infinitesimal transformation v* satisfying

L5} = 4% + 6,45 — g
is called a conformal collineation. From the above theorem we obtain

THEOREM 4.21. An infinitesimal conformal collineation is a conformal
motion.

Now, for a conformal motion, we have
1 £L
n—2 ur

V,Vad =
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from which
1
MY Vop= —
¢V Vb = — o (K + 2K9)
Thus if K is a constant, then we have
K
AN TR

This equation shows that if K < 0, then ¢ = 0, and the conformal
motion is an isometry. If K = 0, then ¢ = constant and the conformal
motion is homothetic. But in a compact space, a homothetic motion
is an isometry. Thus we have

THEOREM 4.22. If a compact V, with K = constant < 0 admits an
infinitesimal conformal motion, it is an isometry.

§ 5. Groups of transformations in generalized spaces.

In § 8 of Chapter VIII, we have proved: In order that a general affine
space of geodesics admit a group of affine motions of the maximum
order #? + =, it is necessary and sufficient that the geodesics be given
by the equations of the form

g g dg
g TR e =0

and the space be locally an E,.
Using the method of Y. Muto, Tanjiro Okubo [1] proved

THEOREM 5.1. If an n-dimensional generalized space of geodesics
admits a group G, of affine motions of order r

n2 4 n=r>nd n > 2,
then the space is locally an ordinary E,.

THEOREM 5.2. If an n-dimensional generalized space of geodesics
admits a group G, of affine motions of order r

n=r>n—n-+1, n=17,
then the space is locally an ordinary E,.

THEOREM 5.3. For n = 7, the space admitting a group G, of affine
motions of order r

r=n:—mn-+41
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really exists; ils example being furnished by the projectively Euclidean
space with the conmnexion parameters

T% = A%V,p + A1V, + &V, V,p,
where

p = (8"

§ 6. Groups of transformations in almost complex spaces.

We have defined a covariant pseudo-analytic vector ficld in a pscudo-
Kihlerian space as a vector field v* satisfying
(6.1 F;*V,v, — F;*V,v,=0

and a contravariant pseudo-analytic vector field as a vector field v*
satisfying

(6.2) LF® = F M, 0% — F;%V,p» = 0.

v

In a compact pseudo-Kihlerian space, we can prove the following
integral formula (K. Yano [26])

©3) [, "V, V.0" — Ki*oY,
+ YFPViv, — F* Vo) (F;°V,0, — F;*,v,)]do = 0,

(6.4) f BRCAAZIED N
+ LFPV, vt — F;*Vo?) (F;°V,v, — F%V,0,)]ds = 0.

From (6.3) we easily see that a necessary and sufficient condition for
a vector field »* in a compact pseudo-Kihlerian space to be covariant
pseudo-analytic is that »* be harmonic.

From (6.4), we have

THEOREM 6.1. A mnecessary and sufficient condition for a vector field

v* in a compact pseudo-Kdhlerian space to be contravariant pseudo-analytic
is that

(6.5) g¢V,V,v* + K;*v' = 0.

Let a vector field v» be given in an #-dimensional Riemannian space
V. and consider a geodesic &* = &*s) in V,. The condition that the
infinitesimal transformation &* — &* -+ v*(£)dt transforms the geodesic
£*(s) into a geodesic and preserves affine character of the arc lengths s

[
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is given by

d&’ ]
(6.6) (V,V,o* + K;j;;"v%) ae e =0
ds ds
If we take a point £ and a unit vector /4* at &”, the geodesic passing
through &* and being tangent to A" is uniquely determined and we
can consider the vector

(6.7) uh = (V,V,o* + K; ;" v") I

appearing in the left hand member of (6.6). We shall call (6.7) the geodesic
deviation vector of the unit vector 4% at the point &* with respect to v,

Now consider # mutually orthogonal unit vectors Af,, (¢ = 1,2, ..., n)
and geodesic deviation vectors u’, of Al with respect to o*. Thus

for the mean of u,,, we have

I AA L
% U TR

C . . . .
which is independent of the choise of Af,. We shal call - - X o, the
n

mean geodesic deviation vector with respect to % Thus from Theorem
6.1 we have

THEOREM 6.2. A mnecessary and sufficient condition for a vector field
v* in a compact pseudo-Kdihlerian space to be contravariant pseudo-analytic
is that the mean geodesic deviation vector with respect to v* vanish.

Since the tensor ), in a pseudo-Kihlerian space is harmonic, we have

THEOREM 6.3. If a compact pseudo-Kdihlerian space admits a one-
parameter group of motions, it preserves the pseudo-complex structure of
the space.

Conversely if a compact pseudo-Kihlerian space admits an infinitesimal
transformation &*-» &* + v*dt which preserves the pseudo-complex
structure of the space and also the volume element, then we have

g Vv,Vor + K =0, V,v0==0
and consequently the transformation is an isometry. Thus we have

THEOREM 6.4. If an infinitesimal transformation preserves the pseudo-
complex structure of a compact pseudo-Kdihlerian space and also the volume
element, then the transformation is an isometry.
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We now consider an equation of the form

Af %t g1V V, f =M (A = constant < 0)
in a compact pseudo-Kéihlerian space, from which

A %t gV, Vil — Kitfu = M (Fa = Val),
from which

Av, = gV, V0, — K% v, = M,
where

Up = F?hfa'
Substituting this equation into
[, 1@V, 9.0% + Koo, + 490"+ V40 (W, + Vo)
— (V%) (V,09]do = O

and taking account of V,v* = 0, we find
fy [(2K,, 4+ Ag,,)v?v* + }(Vivt 4+ Vi) (V,0, + V,v,)]de = O,

from which

THEOREM 6.5. If, in a compact pseudo-Kdihlerian space, the form
(2K,; + Ag;,)v'v* is positive definite, then the equation Af = A\ has no
solution other than zero.

THEOREM 6.6. If, in a compact pseudo-Kdihler-Einstein space with
K
K >0, — 4+ 7> 0, then the equation Af = N\ has no solution other
n
than zero. Conmsequently if the equation Af = Mf admits a solution other
than zero, then

K K
— +2A<0, that is, A < ——.
n n

THEOREM 6.7. If, in a compact pseudo-Kihler-Einstein space with
K . .
K >0, the equation Af = — — f admits a solution other than zero, then
v, = F?%,[,1s a Killing vector.
Now suppose that a general compact pseudo-Kihlerian space admits a
Killing vector v*, then we have

Vi(F?v,) — Vy(F?v,) =0, V,(F#v,) = F#*V,v,
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by virtue of LF;, = 0, from which

THEOREM 6.8. In a compact pseudo-Kdihlerian space which does not
admit a parallel vector field, F*V, # 0 for a Killing vector field v*.

Because if F#*Vp, =0, then F?y, is harmonic and consequently
so is v, too. Thus v* being at the same time a Killing vector and a harmonic
vector, it is a parallel vector field, a fact which contradicts the hypothesis.

Now consider a compact pseudo-Kihler-Einstein space with K > 0
and suppose that the space admits a Killing vector field »*, then

faet ” - Fr V0, £0,
On the other hand, using V,V,v* + K;;;*v* = 0, we find
oty f_y (-”—F-hv v )— F%v
2 == Y3l — Vi K tYh ) — .i%

and consequently
fi=Flv, v;=— F fo

from which
K
(6.8) g V,V,f=— o f.

Thus we have

THEOREM 6.9. If a compact pseudo-Kdihler-Einstein space with K > 0
admits a Killing vector field v, then the equation (6.8) admits a solution

other than zevo given by f = —Z—F"'V,v‘ and vice versa.

Suppose that a compact pseudo-Kihler-Einstein space with K >0
admits two Killing vectors »* and w” to which correspond f and g respec-
tively, then we have

K
FiV,[v, w); = FiV, fw, = £(F"V,w‘ = ;‘76
_ K
T om

K
vV = — —Ff, Vg

= — 2 FHT, (Vg



284 APPENDIX

Thus if we define [f, g] by

[}, 81 = — F'"(V,f) (Vi8),
we have

THEOREM 6.10. If a compact pscudo-Kdhler-Einstein space with K > 0
admits two Killing vectors v* and w"* to which correspond f and g respec-
tively, then [v, w]* and [f, g] correspond to each other.

A necessary and sufficient condition for »* to ‘be a contravariant
pseudo-analytic vector field in a compact pseudo-Kihler-Einstein
space is that

K
gV, V.o 4+ —— o = 0.
2n
IFrom this equation, we can easily deduce

K
g”V: V,(V“v“) + "'* (Va‘l)a) =0
1
and
K
g“VJ Vs‘ Vh(vava) + ?n— V,,(Va-u“) == Q.
The last equation shows that the vector V,(V,v?) is a contravariant

analytic vector field.
Put

(6.9) PP = vh - VAV, 09,
K
then p* is a contravariant pseudo-analytic vector field. Moreover we
have
L A R AN ATE

and consequently, p* is a Killing vector.
Thus if we put

. n
P = FP [ 2 VT,
then g* is also contravariant pseudo-analytic and

thh = 0,

and consequently ¢* is also a Killing vector.
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From (6.9), we have
vt = pr 4 Flge,
where p* and ¢* are both Killing vectors.

Such a decomposition of a contravariant pseudo-analytic vector is
unique. Because if we have

vt ="ph + Flg", vt =pr 4 Fly,
then
(‘" — ") + F(q" — ¢) =0,
from which
F*V,('qn — ¢n) = 0.

Thus ‘q, = ¢q, and consequently ‘p* = p*. Thus we have

THEOREM 6.11. In a compact pseudo-Kdhler-Iinstein space, any
contravariant pseudo-analytic vector field v* is uniquely decomposed in the
form

ot = ?h _+_ F‘-lhqu,
where p* and q* are both Killing vector fields. (Y. Matsushima [1]).

A transformation ¢ of a pscudo-Hermitian manifold M is called a
Hermitian automorphism if ¢ preserves both of F,, and F;".
S. Ishihara [2,3] proved the following theorems:

THEOREM 6.12. Let G be a group of Hermitian automorphisms of
a 2n-dimensional pseudo-Hermitian space M. Then G is transitive on
M for n = 2, if the group G is of dimension r = n* -+ 2. In case n = 3
and n + 4, there exists no group of Hermitian automorphisms of dimension
v such that

n4+2n—1>r>n+ 2.

THEOREM 6.13. Let G/H be a homogeneous pscudo-Hermitian space
of 2n-dimensions and dim G = n® + 2n. Then G/H is a homogeneous
pseudo-Kdhlerian space with constant holomorphic sectional curvature K.
When K > 0 and G[H is simply connected, G is isomorphic locally to Lhe
unimodular unitary group in n + 1 complex variables and G/H is homeo-
morphic to P(C,n). When K < 0, G s locally isomorphic to the identity
component in the group of all linear transformations in # 4 1 variables
(21, 29y -+« .5 244q) leaving invariant the form 2.2, + ... + 2,2, — Z, 11701
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and G|H is homeomorphic to E,,. When K = 0, G is isomorphic to the
group of all unitary motions in a unitary space of n complex dimensions
and G/H is homeomorphic to E,,.

THEOREM 6.14. Let G/H be a homogeneous pseudo-Hermitian space
of 2n dimensions and dimG =n®+2n—1(n>1). If n #3, G/H
is flat and homeomorphic to E,, and the group G is isomorphic to the sub-
group of the group of all unitary motions in a unitary space of n complex
dimensions whose rotation part is the unimodular unitary group. If n = 3,
G/H 1is flat or of positive constant curvature.

In case n = 3 and G|H is flat, the conclusion is the same as in the general
case. In case n = 3 and G|H is of positive constant curvature, G/H 1is
homeomorphic to a sphere of dimension 6 and the group is isomorphic to
a compact exceptional simple group of type (G).

T. Fukami and S. Ishihara [1] proved following two theorcms:

THEOREM 6.15. The almost Hermitian structure on Sg is invariant
under the group G of all automorphisms of Cayley numbers. Conversely,
the group of all isometries leaving invariant the almost Hermitian structure
on Sy is isomorphic to G.

THEOREM 6.16. On the homogeneous almost Hermitian space Sq = G/H
there exists one and only one invariant connexion T'!, defined by

F:lt = {.:ll} - _'}(VaF;h)F;ar

for which g, and F;* are covariant constant. The covariant derivative of
its torsion and curvature temsor fields are both zero, but its torsion field
itself does mot vanish at every point of S,.

A. Lichnerowicz [4] proved

THEOREM 6.17. In an drreducible pseudo-Kdihlerian space with
K, # 0, every real infinitesimal motion is an automorphism.

J. A. Schouten and K. Yano [4] proved

THEOREM 6.18. In an irreducible pseudo-Kdihlerian space Vo, with
n odd every real infinitesimal motion is an automorphism.

Let M be a manifold of dimension 2m with the almost complex struc-
ture F. We denote by H(P), I’ ¢ M, the homogeneous holonomy group
of M with respect to a natural connexion, that is, an affine connexion
with respect to which F is covariant constant. 4(M) denotes the group

1)



§6 GROUPS OF TRANSFORMATIONS IN ALMOST COMPLEX SPACES 287

of all affine motions of M onto itself and 4,(M) denotes the connected
component of the identity of A(M). We assume that H(P) is irreducible
in the real number field. Then H(P) is a subgroup of the real represcn-
tation CL(m, R) of the complex lincar group.

M. Obata [2] proved the following theorcms.

THEOREM 6.19. If m is odd or if m is even m = 2] and H(P) is not
a subgroup of QL(l, R), then A (M) preserves the almost complex structure.

THEOREM 6.20. If A(M) does not preserve the almost complex structure,
then m == 21 and H (D) is a subgroup of QL(l, R) and there exists a homomor-
phism of A(M) into SO(3).

THEOREM 6.21. In an irreducible pseudo-Kdihlerian manifold M of
dimension 2m, if m is odd or if m is even m = 2! and H(P) is not a sub-
group of the real representation of the unitary symplectic group, then A (M)
preserves the almost complex structure.

THEOREM 6.22. In an irreducible pseudo-Kdahlerian manifold of dimen-
ston 2m if m is odd or if m is even m -= 2l and the Ricci curvature tensor
does not vanish, then A (M) preserves the almost complex structure; especially
the largest connected group of isometries preserves the almost complex
structure.

THEOREM 6.23. In an irreducible complex manifold of dimension 2m,
if m is odd or if wm is even m = 2! and the homogeneous holonomy group
1s not a subgroup of QL(l, R), an infinitesimal affine transformation is
always complex analytic.

THEOREM 6.24. In an irreducible Kdhlerian manifold of dimension
2m, if m 1s odd or if m is even and the Ricci curvature tensor does not vanish,
an infinitesimal affine transformation is always complex analytic.

S. Kobayashi and K. Nomizu [1] studied a similar problem.
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