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PREFACE - \

THE present work is based on Sectureg which the author is
accustomed to give at Yale University on advanced calculus and
the theory of functions of real variables. It falls in two volumes,
and the following remarks apply only to the first.

The student of mathematics, on entering the graduate school of
American universities, often has no inconsiderable knowledge of
the methods and processes of the calculus. He knows how to
differentiat and integrate complicated expressions, to evaluate
ind: ninate forms, to find maxima and minima, to differentiate
a definite integral w " respect to a parameter, etc. But no em-
phasis has been placea on the conditions under which these pro-
cesses are valid. Great is his surprise to learn that they do not
always lead to correct results. Numerous simple examples, how-
ever, readily convince him that such is nevertheless the case.

The problem therefore arises to examine more carefully the
conditions under which the theorems and processes of the calculus
are correct, and to extend as far as possible or useful the limits of
their applicability.

In doing this it soon becomes manifest that the style of reason-
ing which the student has heretofore employed must be abandpned.
Examples of curves without tangents, of curves completely filling
areas, and other strange configurations so familiar to the analyst
of to-day, make it clear that the rough and ready reasoning which
rests on geometric intuition must give way to a finer and more
delicate analysis. It is necessary for him to learn to think in the
€, 8 forms of Cauchy and Weierstrass.

We have here the beginnings of the theory of functions of real
variables, and the twofold problem just sketched characterizes
sufficiently well the subject-matter and form of treatment of the
present volume.

’ N
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iv PREFACE

To obtain a foundation, the author has begun by developing th
real number system after the manner of Cantor and Dedekina
postulating the theory of positive integers. To obtain sufficien
generality, he has employed from the start the more simple prop
erties of point aggregates. No attempt, however, has been made
to state every theorem with all possible generality. The author
has allowed himself a wide liberty in this respect. Some theorems
are stated under very broad conditions, while others are enunciated
under extremely narrow ones. Some of these latter will be taken
up later on.

Two features of this volume may be mentioned here. In the
first place, the Euclidean form of exposition has been adopted.
Each theorem with its appropriate conditions is stated and then
proved. Without doubt this makes the book less attractive to
read, but on the other hand it increases its usefulness as a book of
reference. One is thus often saved the labor of running through
a complicated piece of reasoning to pick up sundry conditions
which have been introduced, sometimes without any explicit
mention, in the course of the demonstration.

Secondly, numerous examples of incorrect forms of reasoning
currently found in standard works on the calculus have been
scattered through the earlier part of the volume. It is the
author’s experience that nothing stimulates the student’s critical
sense so powerfully as to ask him to detect the flaws in a piece of
reasoning which at an earlier stage of his training he considered
correct.

A few new terms and symbols have been introduced, but only
after long deliberation. It is hoped that their employment suffi-
ciently facilitates the reasoning, and the enunciation of certain
theorems, to justify their introduction. It may be well to note
here the author’s use of the word “any ” in the sense of any one
at pleasure, and not in the sense of some one. The words *each,”
“every,” ‘“some,” ‘“any,” are often used in an indiscriminate
manner, and to this is due a part of the difficulty the beginner
experiences in modern rigorous analysis.

No attempt has been made to attribute the various results here
given to their respective authors. That has been rendered un-
necessary by the very full bibliographies of the Encyclopddie der
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*fathematischen Wissenschaften. The author feels it his pleasant
t}uty, however, to acknowledge his large indebtedness to the writ-
ags of Jordan, Stolz, and Vallée-Poussin. He hopes, however,
that it will be found that he has not used them servilely, but in an
individual and independent manner.

Finally, he wishes to express his hearty thanks to his friend
Professor M. B. Porter, and to his former pupil Dr. E. L.. Dodd,
for the unflagging interest they have shown during the composi-
tion of this volume and for their many and valuable suggestions.

JAMES PIERPONT.
New HAveN, CoNN., August, 1905.

1 oTE

A list of some of the mathematical terms and symbols employed in this
work will be found at the end of the volume.
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FUNCTION THEORY OF REAL
VARTABLES

CHAPTER 7T
RATIONAL NUMBERS
Historical Introduction

1. The reader is familiar with the classification of real numbers
into rational and irrational numbers. The rational numbers are
svhdivided into integers and fractions. ,

Besides the real numbers there is another class of number:
cprrently employed in modern analysis, viz. complex or imaginary
numbers. In this work we shall deal almost exclusively with
real numbers.

Historically, the first numbers to be considered were the posi-

¢ integers 1, 2, 3, 4,5, 6, . . . (&

We shall denote this system of numbers by J.

It is not our intention to develop the theory of these numbers:
wstead, we shall merely call attention to some of their funda-
memal properties.* o

Iu the first place, we observe that the elements of & are er-
ranged in a certain fixed order; that is, if a, b are.two different
rumbers, then one of them, say a, precedes the other b.

»xpress by saying that a is less than b, or that 6 is greate
[n symbols a<h, b>a.

* For an extended treatment of this subject we refer to the excellent wo
md J A. Gmeiner, Theoretische Arithmetik, Leipzig, 1900.

1



2 RATIONAL NUMBERS

We say the system & is ordered. Furthermore, if a=25, b=c,
then a=c. Also if a=3 and b>¢, then a>e¢. Also if a>8,
b>e, then a>e.  Secondly, we observe that the system 3 is
infinite; after each element a follows another element, and so on
without end.

On tae elements of 3 we perform four operations, viz. addition,
subt’action, multiplication, and division. They are called the
Jour rational operations. Of these operations, two may be re-
garded as direct, viz. addition and multiplication. The other two
are their inverses, viz. subtraction, the inverse of addition; and
division the i}, jerse of multinlieation.

The formal laws governing addition are: the associative law,
expressed by the formula

a+(+ec)y=(a+b)+ec;
and the commutative law, expressed by
a+b=>b+a.

As regards the position of a + & in the system 3, relative to a or

b, we have
]
Al

We have also the relation

a+b>aorb

a+b>a +0, if a>a'.

The formal laws governing multiplication are the three fol-
lowing :

The associative law, expressed by
a-be=ab-e.
The distributive law, expressed by
(a+bd)e=ac+ be, a(b+¢) = ab + ac.
amutative law, expressed by
ab = ba.
the relation, with respect to order,

ab>a'b if a>a'.
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Another important property is this:
1f ac = be, then a=0>o.

The result of subtracting & from a is defined to be the number
z in 3, satisfying the relation

a="b+z.

But when a Z b, no such number exists in J.
Similarly, the result of dividing a by & is defined to be the
number z in &, satisfying the relation

a=bz.

If, however, a is not a multiple of 4, no such number exists in .

Thus when we limit ourselves to the number system &, the two
operations of subtraction and division cannot always be per-
formed. In order that they may be, we enlarge our number
system by introducing new elements, viz. fractions and negative
numbers.

The introduction of fractions into arithmetic was comparatively
easy; on the contrary, the negative numbers caused a great deal
of trouble. For a time negative numbers were called absurd or
fictitious. That the product of two of these fictitious numbers,
—a and —¥, could give a real number, +ab, was long a stumbling
block for many good minds.

The introduction of irrational numbers, 7.e. numbers like .

V2, V5, 7=28.14159.., e=2.T182...,

never excited much comment. In actual calculations one used
approximate rational values, and it was perfectly natural to sub-
ject them to the same laws as rational numbers. It is true that
the Greeks of the time of LKuclid were perfectly aware of the
difficulties which beset a rigorous theory of incommensurable
magnitudes ; witness the fifth and tenth book of LKuclid’s Ele-
ments. But these subtle speculations found little attention during
the Renaissance of mathematics in the seventeenth and eighteenth
centuries. The contemporaries and successors of Newton and
Leibnitz were too much absorbed in developing and applying the
infinitesimal calculus to think much about its foundations.
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At the close of the eighteenth and the beginning of the nine-
teenth centuries a change of attitude is observed. Gauss, La-
grange, Cauchy, and Abel called for a return to the rigor of the
ancient Greek geometers. Certain paradoxes and even results
obviously false had been obtained by methods in good repute. It
became evident that the foundations of the calculus required a
critical revision.

Abel in a letter to Hansteen in 1826 writes: * «“I mean to
devote all my strength to spread light in the immense obscurity
which prevails to-day in analysis. It is so devoid of all plan and
system that one may well be astonished that so many occupy
themselves with it, — what is*worse, it is absolutely devoid of
rigor. In the higher analysis there exist very few propositions
which have been demonstrated with complete rigor. Every-
where one observes the unfortunate habit of generalizing, without
demonstration, from special cases; it is indeed marvelous that
such methods lead so rarely to so-called paradoxes.”

In another place he writes:$ *“I believe you could show me
but few theorems in infinite series to whose demonstration I could
not urge well-founded objections. The binomial theorem itself
has never been rigorously demonstrated. . . . Taylor’s expan-
sion, the foundation of the whole calculus, has not fared
better.”

The critical movement inaugurated by the above-mentioned
mathematicians found its greatest exponent in Weierstrass. It
is no doubt largely due to his teachings that we may boast to-day
that the great structure of modern analysis is built on the securest
foundations known; that its methods have attained, if not sur-
passed, the justly famed rigor of the ancient Greek geometers.
The saying of D’Alembert, * Allez en avant, la foi vous viendra,”
has lost its force. To-day, it is not faith that is required, but a
little patience and maturity of mind.

As Weierstrass has shown, it is necessary, in order to place
analysis on a satisfactory basis, to go to the very root of the
matter and create a theory of irrational numbers with the same
care and rigor as contemplated by Euclid, in his theory of incom-
mensurable magnitudes, only on a fer grander scale. It is too

* Abel, GBuvres, 2° ed., Vol. 2, p. 263. t Abel, l.c., p. 257.
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early to make the reader see the necessity of this step, but it will
appear over and over again in the course of this work.

PFractions

2. Before taking up the theory of irrational numbers, we wish
to develop in some detail the modern theory of fractions and
negative numbers. We shall rest our treatment of these numbers
on the properties of the positive integers &, which we therefore
suppose given. One of these properties, on account of its impor-
tance, deserves especial mention, viz.:

If the product ab is divisible by ¢, and if a and ¢ are relatively
prime, then b is divisible by c.

3. Let us begin with the positive fractions. As we saw, divi-
sion of a by b, where a, b gre two numbers in &, is not possible
unless « is a multiple of . Our object is therefore to form a new
system of numbers, call it §, formed of the numbers of & and cer-
tain other numbers, in which division shall be always possible.

We start by forming all possible pairs of numbers in §. These
pairs we represent by the notation

a=(a, a'), B=(b, b) -

In any one of these pairs, as « =(a, a'), we call a the first con-
stituent and o' the second constituent of «.

The system § consists of the totality of these pairs &, 8, -+

The elements of § we have represented by the symbol (a, a').
Any other symbol would do. The customary ones are a/b and
a:b.

We have purposely avoided these symbols, so familiar to the
reader, in order that his attention shall be more closely fixed on
the logical processes employed.

4. The objects of §F have as yet no properties ; we proceed to
assign them one arithmetic property after anJsther, taking care
that no property shall contradict preceding ones. We begin by
setting { in relation to . We say : (a, @’) shall be a number ¢,
in &, when a=a'c. Thus, any element of § whose first constituent
8 a multiple of its second, is an element of 3, i.e. a positive integer.
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From this follows that every number a of & lies in §. For,
(a, 1) lies in §.  On the other hand

(a, 1) =a.
Hence a lies in .
5. We define next the terms, equal, greater than, less than.
Let a=(a,a"), B=(b1b").
We say : a%,@ according as ad’ % a'b.
We observe that to decide the equality or inequality of two

elements in §, the operations required are on the elements of .

6. We deduce now some of the consequences of the above defi-
nition of equality and inequality. In the first place, suppose «, 8
both lie in & ; 7.e. let

a= (aa', a')=a, B= (b0, 0") =",
by 4. Now, according to the definition in 5,
| 2o
according as
aa'd’ % a'bb’
that is, according as
b.

NIV

a

Thus, when « considered as a number of &, equals 8 considered
as a number of &, the two are equal, considered as numbers in ,
and conversely.

t 7. If a=r, B=r, then a=2S.
For, let a=(a,a), B=(b,0"), y=(c ).
Since a=rv, ac' =a'e, by 5.
Since B=r, be'=b'c.
Multiply 1) by &/, and 2) by o' and subtract.
Then able = a'be'.

coab=a'b. coe=p,
by 5.
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8. The two numbers (ma, ma') and (a, a) are equal.

This follows at once from the definition in 5. From this fact
we conclude: We can multiply the first and second constituent of a
number without changing its value.

Conversely:

If the first and second constituents of a number have a common
Jactor, it can be removed without changing the value of the number.

9. Let a, o' be relative prime. For a=(a, a') and B8=(b, ")
to be equal, it i8 necessary and sufficient that
b=ta, b' =ta'. a
Obviously if 1) holds, «= 8. The condition 1) is thus sufficient.
1t is necessary. For, from a= B, we have
ab, = a,b-‘ ay (2

We apply now the property mentioned in 2. Since a'® is
divisible by a, by virtue of 2); and since,a, a' are relative prime,
b must be divisible by a. Say

! b = ta. (3
Similarly, since ab' is divisible by o', and a, a' are relative prime,
4" must be divisible by a'. Say
b'=sa'. 4
Putting 3), 4) in 2), we get s=*t.
Hence 3), 4) give now 1).

10. Our next step is to define the four rational operations on
the elements of §.
We begin by defining the two direct operations.

Let a=(a, a"), B=(b, 0").
We define addition by the equation,
a+B=(ab +a'b, a'd); a

d multiplication, by
af = (ab, a'd"). @
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It can be shown that the operations just defined enjoy the same
properties as those of ordinary fractions. Without stopping to
show this in detail, we demonstrate a few of these properties, by
way of illustration.

11. Let e, B lie in §; and say

a=(ad, a)=a, B=(bb,d")=0.
Then « + B, as defined in 10, 1), should give a + & ; and «B, as

defined in 10, 2), should give ab.
This is indeed so. For

a+ B=(aa’’ +a'bd', a'¥'), by 10, 1)
=(a+85, 1), by 8

=a+b, by4.
Similarly,
o . B=_aa'bd!, a'd"), by 10, 2)

= (ab, 1), by 8

= ab, by 4.
12. From ay= By, follows a= B.
For, let y=(e, ¢'); we have:

ay =(a, a")(e, ¢') = (ac, a'c"), by 10, 2)
By =(d, 8" (e, ¢") = (be, b'c").
Since by hypothesis ay= By, we have
acd'e’ = a'c'be, by 5.
. ab'=a'd.

S A= B, by 5.

13. We establish now the following relations:
1) e+ B>a.
2) If B>1, then a+B>a+1.
3) If a+B=a+1q, then B=¢.
4) If a>8 and B>, then a>v.
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To prove 1): .
a+B=C(a, )+ (b, b')=(ad' +a'b, a'd'), by 10, 1).
But a'(ab' + a'b)y>aa'd'.
soa+B>a by 5.
To prove 2):
a+ B=(ab' +a'b, a'd")
= (ab'¢’ + a'bc', a'b'c’), by 8. “

Similarly,
o+ y=(ac' +a'c, d'¢")

=(ab'c' +a'b'e, a'b'c"). (6]

By hypothesis 8>#; hence, by 5,
be' > ¥'e. (6
Comparing 4), 5), we see the second constituents are equal,
while the first constituent in 4) is greater than the first constituent

in 5), by virtue of 6). From this follows, by 5, that ¢+ 8>e«+1,
which is 2).

To prove 3):

Suppose the contrary ; then since 8=+r, either B3>« or B<y.
If B>¢, then ¢4+ B> a4y, by 2). (7
If B<¢, then e+ v >ea+ B, by 2). (8
But both 7), 8) contradict the hypothesis that «+ 8= a+ 1.
To prove 4):

Since a> B, ab' > a'b. (¢
Since B>, be' > ble. o

From 9), 10) we have
abb'c' >a'bb'c;
whence ac' >a'e.

Hence, by 5,
o>y,
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14. As an illustration of the demonstration for the formal laws
governing addition and multiplication, let us show that the dis-
tributive law holds in §. We wish to prove that

1) a(B+v)=aB + ay.

Now B+vy=(bc"+b"c b'c), by 10, 1).
a(B+y)=C(a, a') - (b’ +b'e, b'c")

2) = (abc' + ab’e, a'b'c"), by 10, 2).

Also

aB = (ab, a'b'); ay=(ac, a'c").
e a4+ ey =(aa'be’ + aa'b'e, a'?'c")

3) =(abc' + ab'e, a'b'c"), by 8.

The comparison of 2), 3) gives 1).

15. We turn now to the inverse operations, subtraction and
division; considering first division.

We define the quotient of « by 8 to be the element or elements,
&, if any exist, of § which satisfy the relation

o= RE. ¢!
Set £ = (z, 2'). Since & must satisfy 1), we have
(a, a')y= (b, b")(z, ') = (bz, b'z").
The first and third members give, by 5,

ab'z' = a'bz, 2
which z, z' must satisfy.
A solution of 2) is obviously

z=ab, ' =a'b.

E=(ab, a'b)

is a solution of 1). This is the only solution of 1). For, sup-
pose 7 is a solution. Then by definition

o= B?;. (3
BE = Bn,
E=n.

Thus,

Then 1), 3) give, by 7,
which gives, by 12,
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16. The quotient of @« by B, we shall now represent by «/8.
All the numbers of § may be regarded as quotients of numbers
in §. For, let e=(a, @’) be any number of §. It evidently
satisfies the equation a=a'z,
which, as we have just seen, admits only one root, viz. the quotient
of a by o'

Hence a=(a,a')=a/a.

Thus the elements or numbers in § are ordinary positive frac-

tions.
Ve

17. We have now this result. In the system §, division is
always possible and unique. In the old system &, this is not
true; the division of @ by & being only possible when a is a
multiple of 5. We see, then, that, on properly enlarging our
number system by introducing new elements, we obtain a system
& which has this advantage over , that the quotient of any two
numbers in § exists and is unique.

18. We treat now subtraction.
We define the result of subtracting 8 from « to be the element
or elements, call them £, in , which satisfy the relation

=B+ ¢!
If B = «, there exists no number £ in § which satisfies 1). For,
if8=a B+ E=a+E>a by13,1).
If 8> a, B+ E>a+ & by 13, 2).
Also o+ > e by 13, 1).

B+ E>a by 13, 4).

Thus when 8 «, B8 + £ > «, and hence 8 + £ # a.
Suppose then, that 8 < «. Then

ab’ > a'b. ¢
From 1), we have, setting & = (z, 2') ;
(@ a') = (B, 1)+ (2 )
= (bz' + ¥z, b'2"), by 10, 1).
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Hence by 5, observing 2),
a'b'z = ' (ab’ — a'd). ¢
A solution of 38) is evidently

z=ab —a'b, ' =a'b,
Hence
E=(ab —a'b, a'd’)
is a solution of 1). .
This is the only solution; for if 5 is a solution, we have, by

definition,

@=f+1. G
The comparison of 1), 4) gives
B+E=B+n
Hence, by 13, 3),
E=n.

19. We have thus this result: In the system {, the subtraction
of B from e is possible and unigue, when & > B; when a = B, it is
impossible. That is, there is no number £ in § which satisfies 18,
1). When subtraction is possible, we represent the result of sub-
tracting 8 from « by « — 8.

Negative Numbers

20. In the system of positive fractions @, subtraction is only
possible when the minuend is greater than the subtrahend. To
remove this restriction, we propose to form a new number system
R, which contains all the numbers of §; and in which subtraction
of a greater from a less shall be possible. Since the method of
forming R is identical with that employed for §, we shall be more
brief now. The numbers in § we now denote by a, d,¢, . . .,
while the Greek letters «, 8, 4, . . . shall denote numbers in the
new system K.

21. 1. We begin by taking the elements of § in pairs, to form
new objects, which we denote by the new symbol {a, b}. The
totality of all such pairs forms the system R.

Next, we place R in relation to §. Leta = ja, b}. In case
a > b, we say « shall be the number a — b, which obviously lies in
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& Thus every number in § lies in B. For, let a be any number

in &, and let & be any other number in §. Then
fa+bbi=((@+b)—-b=a;
that is, a lies in R.
2. We next order the system R. We say

fa, '} Z {5, b4,
according as
a+ b’% a +b.

8. Addition is defined by the relation

a+,3=ga,a'f-l-fb,b’f=§a+b»a'+b’§-

Multiplication is defined by
a-B = {ab + a't!, ab’ + a'b}.
4. As a consequence of 1), we have
fa,d'} = fa + b, a' + b},
where b is any number in .

In words, 4) states:

a

@

3

4

We can add the same number b to both constituents of « = {a, a'}
without changing the value of «; and if a, a' are both > b, we can

subtract b from both constituents, without altering the value of «.

5. It is easy now to prove results analogous to those in 6, 7,11,
14; in particular the associative, commutative, and distributive

laws.

22. According to our definition of equality, all the elements
of R whose first and second constituents are the same, ¢.e. all

elements of the type
fa, af,
are equal. We set
{a, a} =0,
and call this number zero.
Then, if in «= {a, a'},
a>ad, a>0;

if a’ >a, e <.
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Numbers in B which are >0, are called positive ; those < 0, are
called nmegative. The number 0 is neither positive nor negative.
From this, it follows that the positive numbers of B are simply
the numbers of ; while 0 and all negative numbers do not lie

in §.
23. 1. We observe that

a+0=0=0+e, a
¢ 0=0=0"ec (2
To prove 1).
Let a=f{a,a'}, 0= {b, b}.
Then e+ 0={a+b, a' +5b} by 21, 3;

= {a, o'}, by 21, 4;

= .

To prove 2).
a-0={ab+ a'b, ab+ a'b}

=0, by 22.
2. We also note the relations
0+0=0, 0:-0=0.
24. We can prove now easily the Rule of signs. The product of

two positive or two negative numbers is positive. The product of a
positive and a negative number is negative.

Let a={a, a'}, B=1{b, b}.
1°. o, B>0, then «B>0.
For here a>a, b>¥, by 22.

coef={ab+a'b, ab' + a'b} = {b(a—a')+ a'd!, ab'}, by 21, 4
={b(a—a'), b'(a—a'){, by 21, 4
>0, since b(a—a’) >b'(a—a').

2°,  B<0, then aB>0.

Here a'>a, &' >05, by 22.
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oo ef=1{ab+a'(¥' —b), ab'}, by 21, 4;
={a'(6' —b), a(d' —b){, by 21, 4;
>0, since a'(6' —b) >a(d' —b).
3°. >0, B<0, then aB<0.
Here a>a', b >b.
wef={ab+a' (b —b), ab'}
={a'(t' —b), a(d' —b)}
<0, since a'(d'—b) <a(d'—b).

25. The product of any two numbers in R vanishes when, and
only when, one of the factors is zero.

Let «, 8 be any two numbers in R.

We saw in 23 that

when either « or 8=0.

Conversely, if eB=0, either « or 8=0.

For, if neither « nor 8= 0, these numbers are either positive or
negative. Their product is therefore either positive or negative
by 24, and hence not zero. This is a contradiction.

26. Let us consider the following important formule, viz.:
1) If B>, then a+B>a+v.
2) From «+ B=a+ 1, follows B=1.
3) If «a#0 and «B = ay, then B=4.
To prove 1):
e+ B=1fa+b a +b' by 21,38;

=fa+b+c, a +0 +c'}, by 21, 4. 4
Similarly,
at+y=fa+c,a +ct={a+b+e a+b+ci. b
Since 8 > v,

b+¢ >b'+e¢ by 21, 2.
atb+d>at+ b +e 6
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If we now apply the definition for greater than given in 21, 2
to « + B and « + v, the relatiops 4),5),6) show that e + 8> a + 1.

To prove 2):

Suppose the contrary, ¢.e. suppose 8>y or 8 <+.
Ifﬁ>% a+ﬁ>a+7’ byl)-

If v>8, a+vy>a+pB by ).

Thus in both cases, « + 8+ « + vy, which is contrary to hypothe-
sis. Hence B=4¢.

To prove 3):
From «B = ay we have

(B —y)=0.
Applying 25, we have 8=14.

27. We turn now to subtraction. This we define as in §, viz.:
the result of subtracting 8 from e is the element or elements &, of

R, which satisfy e=B+E. a
This equation gives, setting £ = {z, 2'{,
fa, a'{ = {b, b'} + {z, '} = {b+ =, b' 4+ 2'}, by 21, 8.

Hence by 21, 2,
a+b+2'=a +b+2.

This equation is evidently satisfied by
z=a+b, 2'=a'+0b.

Hence E={atV, a+bi @

is a solution of 1).
This is the only solution. For, let 5 be a solution. Then by

definition, a=B+1. @
The comparison of 1), 3) gives
B+E=B+n

Hence by 26, 2), E=n



NEGATIVE NUMBERS : 17

28. We have thus this result: in the system R subtraction is
always possible and unique. The result of subtracting 8 from e,
we represent by « — 8; it is a number in B. Then any number
e ={a, a'} in R, is the result of subtracting «' from a, or

ao=a—a'
For, a={a+b, b{, by 21, 4.
Smnlal‘ly, a' = {a' + b» b; .
Hence

a—a'={a+bd b} —{a'+0d, b}
={a+2b, a'+ 25}, by 27, 2)
= {a, a'}, by 21, 4.

29. 1. Let a={a, a'{ be any number of R.

The number {a', a} is called minus «, and we write

fa', af = — a.

Then
Also,

—(—a)=—{a, al={a, d'}=a.
a+(—a)=fu, '} +{a! a}
={a+a,a+al{=0
=a—

If & is positive, —« is negative; and conversely, if « is nega-
tive, —a is positive.
2. The number —a« may be defined as the number £, such that
o+ E =0.

For, £ = — « satisfies this equation; and, as we saw in 27, this
equation admits but one solution. This shows that the numbers
in R, # 0, may be grouped in pairs, such that their sum is zero.

3. If —a=—2, then «= 3.
For, multiplying both sides of —a«=— 8 by —1, we get a= 2.

4. Every number «, of R, different from zero, can be written

in the form
a=a, or a=—ad,

where a is a number in §.
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For if « > 0, we already know by 22 that « is a number in §.
If « <0, then —a is positive, so that — a« = «, a number in §.
Multiplying this equation by —1, we get

o= —"a.

30. 1. We treat now division.

We say: the result of dividing « by B is the number or num-
bers &, of R, such that
o= EB. 1

Suppose B+ 0; then there is one and only one number £; i.e. in
this case, division 18 possible and unique.

There can be at most one. For, if 5 satisfies 1), we should have

=178 2
Comparing 1), 2), we have
EB =1B;
whence by 26, 3),
E=n.

To show that there is always one solution of 1), we have the
following cases.

Let e, 8>0; then e« = a, B=25, by 29, 4; and 1) becomes

a = Eb. ‘ 3

But by 15 the solution of 3) is
E=(a,b)=0a/b.
Let ¢, 8<0; then
a=—a, B=-—10 by29 4.
Then 1) becomes
—a=—1b§;
or by 29, 3,

a = bE.
Hence as before,

f = a/b.
Let >0, 8<0; then « =a, B8 =—25, and 1) becomes

= — bE. (4
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Set — E=n; then 4) gives

a= b‘l).

Hence, n=a/b
and

E=—a/b.
If a<0, and 8> 0, we get again

E=—a)b
Finally, let « = 0; then 1) becomes

0 = BE.
Hence by 25,

£=0.

2. We consider now the case that 8 = 0.

The equation 1) admits now no solution, unless «=0 also.
For, when 8= 0, 8 =0, whatever £ may be.

If now « = 0, the equation 1) is satisfied for every number § in
R. We have thus this result: When the divisor 8 zero, division
18 either impossible or entirely indeterminate.

For this reason, division by zero is excluded in moders mgithe-
matics. The admission of division by zero by the oli.f% ¥ithe-
maticians, Euler for example, has caused untold confrzlen.” We
shall see it is entirely superfluous.

.

Some Properties of the System R

31. The system R, which we have just formed, is made up of
the totality of positive and negative integers and fractions, and
also zero. It is called the system of rational numbers ; ary element
in it being called a rational number. The elementary arithmetical
properties of these numbers having been established, there is no
further occasion to employ the special notations (a, ) and. {a, b};
we shall, instead, employ the customary ones. Furthermore, we
shall represent for the rest of this chapter the numbers in R
indifferently by Greek and Latin letters a, b, ¢, «- @, 8, s, «--

For the sake of completeness we now proceed to deduce a few
properties of R, although the reader is probably familiar with them.
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32. The system R is invariant with respect to the four rational
operations.

This simply means that the addition, subtraction, multiplica-
tion, and division of any two elements of R, division by 0 of
course excluded, always leads to an element in R.

We saw this is not true for the systems & and §.

33. 1. The system R i3 dense.

This term, taken from the theory of aggregates, which we shall
take up later, simply means that between any two numbers a, b
in R, exists a third and hence an infinity of numbers.

For, let

and say a>b.

Then
d= alb2 - a2b1
is an integer > 1.
Let ¢ be a positive integer. By taking it large enough, we can

make
ed>mn,

where v is an arbitrarily large positive integer.
Let A be any integer, such that

eayh, < h<eab,.

h_
eb,b,

Then

lies between a, b and represents at least » numbers.

2. The system  ts not dense. For, if we take a=n and b=n+1,
no element of & lies between a and .

From this results a remarkable difference between J and R.
After any element n of § follows a certain next element, viz. » + 1.
Not so in R. If a is any number of R, there exists no nezt num-
ber to a. For, if b were that number, there would lie no number
of R between a and 6. But since R is dense, there lie an infinity
of numbers of R between a, 5.
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34. 1. The system R is an Archimedian system. That is, there
is no positive number @ in R so small but that some multiple of
a, say na, is greater than any prescribed positive number 4 of R.

For, let

Let us choose » so large that

n>agb.
Then

na="45%%0 5 45>,
R ay
2. Let a be an arbitrarily large number of R; there exists a posi-
tive integer n, such that a/n < b, where b 18 arbitrarily small.

For, by 1, there exists a positive n, such that

nb>a.

Hence
a/n<b.

35. Let us lay off the numbers of B on a right line L, just as is
done in analytic geometry.

<D

Q O U P

Thus, having chosen an arbitrary point O as origin, and an arbi-
trary segment OU as the unit of length, to the positive number
p in R, corresponds the point P on L to the right of O, and at a
distance p from 0. To the negative number — p, corresponds the
point @, lying to the left of O, and such that 0@ =p. To zero
corresponds the origin O.

Let a, b, ¢, -+ be numbers of R, to which correspond the points
A, B, 0, -+ on L. If a<b, the point B lies to the right of 4;
if a<b<e¢, the point B lies between A and C.

The point A, corresponding to the number a, is called the
representation or image of a.

The points gorresponding to the numbers in B we call rational
points.

Then, since R is dense, the aggregate %A formed of the totality
of rational points is also dense. That is, if P, @ be any two points
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of 9, there lie an infinity of points between P, @ which belong

to .

Furthermore, if P be any point of o, there is no next point to P.
This representation of the numbers of B by points on a right
line is of great assistance to us in our reasoning, as we shall see.

Some Inequalities

36. We have seen in 29, 4 that every number a+ 0 in R, may

be written
a= + Ay,

where a, is a positive number.
The numerical or absolute value of a is ag, and is denoted by

|al.
We have thus,
|a| = a,.
We also set
[0|=0.
For example :
|—4l=4; |+%I=%;

18 —17|=|7—8|=4.

37. 1. We have now the following fundamental relations:
la]=|—al;
la—b|=|b—al;
o+ b|<lal+[b];

la+8[=|lal—=[8];

|ab|=1al-|3]3
al _|a|
F|=i50 b+0.

‘They are readily proved. For example, consider 3).

@
@
3
4
(@)

(6

There are various cases, according as a, b are positive, negative,

or zero. We treat one specimen case.
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Let a>0, <0, Let b=—b, b,>0.

Then ’ at+b=a—-b, a—b=a+b,

Ifa>by |a+b|=|a —b)|=a—b,<a+b,=|a|+]|b|

Ifa<by, |a+bl=|a—b)|=by—a<a+b,=|a|+]|b|
= b|=la+by|=a-+b,=a|+ o]

Which establishes 8) for this case. The other cases are treated
similarly.

v 2. By repeated applications of 3), 5) we get

la, tag+ - ta,|<|a)|+ - +|ay]; 7
Ial'a2"'“1:11=|a1”a2|'"]aml‘ (8
3. Let A>0, and |a|<A. 9

Then from 9) follows
—A<a<Ad; (10

and conversely from 10) follows 9).

“38. 1. An important relation is the following :

Let la—bl<A, |b—c|<B. ¢!
Then |a—c|< A+ B. @
For, from 1) we have, by 37, 3,
—A<a—-0b<A4; .f"
—B<b—c<B. )

Adding,
. —(A+B)<a—c< A+ B,
which gives 2).

2. A special but common case of the above is when A=B; then
la—ec|<2A4. 3

We shall say that 2) or 3) is obtained from 1) by adding.

39. It will be useful to bear in mind the geometric interpreta-

tion or image of certain inequalities which recur constantly in the
following.
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Let a be an arbitrary rational number.

a-b a a+h
b T

On either side of the point a let us mark off points a — b, a + b,
at a distance b from a. The rational numbers # whose images
fall in the interval a — b, a + b, evidently satisfy the relation

a—-b<z<a+b;

or what is the same,
—b<z—a<hb.

That is, z satisfies the inequality
|z —al<b. a

Conversely, the images of the rational numbers z which satisfy
1) lie in the interval a — b, a + &.
Similarly, the images of the rational numbers z which satisfy

0<z—a<b,
lie in the interval a, a 4+ b; while those corresponding‘to

0<a—2z2<b
lie in a — b, a.

Rational Limits

40. In the next chapter we shall have a good deal to say of
infinite sequences and their limits. We proceed to define them
as far as rational numbers are concerned.

Let A be a set of rational numbers such that :

1°. It is determined whether a given number belongs to A4
or not.

2°. There is a first number a,, of the set, a second number a,;
and in general, after each a, follows a certain number a,,.

The set A is then called an infinite sequence or simply a sequence,
and is denoted by

A=a,, a; - or by A=/{a,}.
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EXAMPLES
41. 1. If we take a, = n,
A=1,2,8,...={n}
is a sequence.
2. If we take a, = }l , We get a sequence
=1, 11 .={11.
4=1 3 5-={3}
3. If a, = 1, we get a sequence
A=1,1,1,1,...={1}%
4. Let A consist of the rational numbers lying in the interval 0, 1, arranged in

order of magnitude.

This set A is not a sequence. For, although it is perfectly determined what
numbers belong to 4, and although there is a first element @, = 0, there i8 no second
element, no third element, etc.,, by 33, 2. Thus, while condition 1° is satisfied,
condition 2° is not.

42. 1. We define now the term limst.

Let ! be a fixed rational number. We say: [ is the limit of the
sequence A = {a,}, when for each positive rational number ¢, small
at pleasure, there exists an index m, such that

|l —a,|<e a
for every n>m.
In symbols we write .
l=lima,;

we also use the shorter forms
l=lima,, or a,=I,

when no confusion can arise.

We shall also employ at times the symbol

l=1lim a,.
A

When [ is the limit of A, we say A is a convergent sequence,

and that @, converges to [ as a limit.

2. Notation. We shall find it extremely convenient to employ
the following abbreviation :

e>0, m, |l—a,|<e n>m (2

to mean that, for each positive rational e there exists an index m,
such that |l — a,| < e for every n>m.

The reader should therefore repeat the italics often enough to
himself to be able to read the line of symbols 2) without hesitation.
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8. The reader should observe that from 2) we can conclude
also that for each positive M there exists an m/, such that

[1— a,.l<]%, n>m'.

If, therefore, {a,} has the rational limit /, we can write

i, n>m. 3

We have, of course, changed the notation slightly in 3) by
dropping the accent of m’.

e>0, m, |[l—a,|<

43. The graphical interpretation of this definition will prove
most helpful in our subsequent reasoning.

e, D

0 7

Let us lay off the points on our axis, corresponding to the num-
bers a,, also the point corresponding to I. On either side of [ lay
off the points I — ¢, [ + e. These determine an interval, marked
heavy in the figure, which we shall call the e-interval.

If now [ is the limit of the sequence A, there must exist for
each little e-interval, an index m, such that the images of all the
numbers a,,,), @,,.5 --- fall within the e-interval. See 89.

In general, as e is taken smaller and smaller, the index m
increases. The definition, however, only requires that for each
given e there exists some corresponding m such that 42, 1) holds
for every n greater than this m.

44. Another useful graphical interpretation of the definition of
a limit is the following.

V) AR
o,iiig it



RATIONAL LIMITS ' 27

We take two axes z, y as in analytic geometry. On the z-axis
mark off points 1, 2, 3, --- at equal distances apart. Lay off
the numbers a;, @y @5 - as ordinates on lines through the
points 1, 2, 8, - parallel to the y-axis. (See Fig.) These
points we may consider as the images of the numbers ,. On
either side of the line y = I, draw parallel lines at a distance e
from it. We get then a band, shaded in the figure, which we
shall call the e-band. .

Then, if 7 is the limit of A, there exists for each e an index m,
such that the images of all the numbers a,.), ami -+ fali
within the corresponding e-band.

45. EXAMPLES
1. . 1
1. A={1V; lima,=1liml =0
. {n}’ im a 1mn
2. A={1_1}; lim(l-—l)—_—l.
n n
3. A=1,—3 +4 — b - an= (= 1)1 lim gu =0,
n

The reader will find it helpful to construct the graphs, ex-
?&d in 43, 44, for each of these sequences.
7 46. 1If it is known of two rational numbers p, g, that |p —q| <,
however small € >0 may be taken, then p=q.

For, if p+g¢q, say p>gq, then p — ¢ is a definite positive

rational number; call it d. Then [p — ¢| is not < d, and this
contradicts the hypothesis. Hence p = g.

47. A rational sequence A=1{a,} cannot have two rational limits I,1'.
For, since a, =, we have by definition,

e>0, my, |l—a,|<e n>m,. @a
Also, since a, =1', we have

e>0, my, [I'—a,|<e n>my ¢
Let m >my, my; then from 1), 2) follows

e>0, m, |l—a,|<e n>m. (3

>0, m, |I'—a,'<¢ n>m. - (4
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The inequalities 3), 4), holding now for the same m, we can add
them, and get, by 38, 3),

[I=V]<2e. 6
But since e is small at pleasure, so is 2e. The inequality 5)
gives, by 46, 1=1

48. If the rational sequence {a,} has a rational limit I, there exists

an index m, such that
b<a,<e; n>m, 1

where b 18 any rational number <1, and ¢ any rational number > 1.
For, since a, =1,
€e>0, m, |[l—a,|<e. n>m.
Sl—e<a, <+ e (2
Since ¢ is arbitrarily small, we can take it so small that
l—e>b, l+e<e.
Then 2) gives 1).
49. Let the two sequences ja,}, {b,} have the rational limits a, b
respectively. Then
lim(a,+b,)=a+b; lim(a,—8,) =a—b.
For, |(a +8) — (a, +b,) | =(a—a,) + (b —b,)|

<la—a,|+[b—b,| a
by 37, 3).
Since a, = a, we have
e>0, m', la—a,|<e/2. n>m. @
Since 4, = b, we have
e>0, m'', |b—2b,|<e/2. n>m'. 3

By choosing m so large that m >m/, m'/, we can suppose 2), 8)
hold for the same m.*

* When a>b, a>c, a>de
we shall often set more shortly a>b,c dee
Similarly a0, b£0, c#0

may be written more shortly a, h ¢ 00
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Then 1) becomes, using 2), 3),
|(a+b) — (a, +b,.)|< 2 =e na>m.

This states that
lim (a, +5,) =a + 5.

Similarly, we prove the other half of our theorem.

50. If the two sequences {a,}, {b,} have the rational limits a, b
respectively, then

lim a,b, = ab. ¢!
For,
d,=ab—ab,=a(b—1>5,)+b,(a—a,).
v da| Sal|b— b, +(0,] |@ — a,], (2
by 37, 3), 5).
Since b, =5, we have, by 48,
|b.| < B. n>m'
Also, by 42, 3,
b—b,)<— n>m'
I 2|a | .

Since a, =a, we have, by 42, 3,

n>m'"

Evidently by taking m large enough, we can use the same m in
these three inequalities.

Then they give in 2)

|dy| < |a|s—+ B+ =5 =

2|| 2B~ 2"

=€,

DOIm

oim

which proves 1).

51. Let the two sequences {a,}, {b,}, have the rational limits a, b.
respectively. Let b and b,+0.

Then

a

c. 1
b, & (
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For,
4= T_ ab, —ba, _ (ab, — ab) + (ab — a,b)
b b, 0o, 12/
_a,—b)
. +° b,,
o |y < 25—, 4+ 2=l @

Since 3+0, |6|>0. Let B be a rational number, such that
0< B<|b|.
Then, by 48, there exists an m, such that

|, | > B. n>m. ¢
Also, by 42, 3,

e>0, m, ]b—b,,|<€—wg- n>m. (4
2la|
e>0, m, [a—a,,|<€-_{—;- n>m. G

By taking m large enough, we can use the same m in these
inequalities. Putting 3) in 2), we get

1< ol gp — b, + 2=

+ % =¢ by 4), 5),
which proves 1).



CHAPTER II
IRRATIONAL NUMBERS
Insufficiency of R

52. Although the system of rational numbers R is dense, and
80 apparently complete, it is easy to show that it is quite insufficient
for the needs of even elementary mathematics.

Consider, for example, the length 8 of the diagonal of a unit
square. This length is defined by the equation

2=2. a

We can show there is no number in R which satisfies 1). For,
suppose

where a, b are two positive integers, which we can take without
loss of generality, relatively prime.

Then 1) gives .
a?= 252,

Let p be any prime factor of . It is then a divisor of a3 and
so of . Thus a and & are both divisible by p. They are thus
not relatively prime, unless p = 1.

Thus b=1; and & is an integer. But obviously there is no
integer whose square is 2.

53. 1. A similar reasoning shows that
Va

does not lie in R, unless a is the nth power of a rational number.
31
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The numbers
e=2.71828-.., o =3.14159...

can be shown to be irrational; the numbers
logz, e sinz, tanz

are in general not rational.

2. Let us show that I=1log 5,
the base being 10, does not lie in R.
If I were rational, we should have
1=2

b

where a, b are integers.

Then a
106=5. ... 102= 5%, (1

Obviously ! cannot be negative; we can thus suppose a, b > 0.

Now any integral positive power of 10 is an integer ending in
0; while any integral positive power of 5 ends in 5.

Thus 1) requires that a number ending in 0 should equal a
number ending in 5, which is absurd. Hence [ is not rational.

Cantor’s Theory

54. 1. The preceding remarks show clearly the necessity of
forming a more comprehensive system of numbers than B. How
this may be done in various ways has been shown by Weierstrass,
Cantor, Dedekind, Hilbert, and others.

We adduce now certain considerations which lead up to Cantor’s
theory.

We have seen no rational number exists which satisfies the

equation
=2, Q!

It is, however, possible to determine an infinite sequence of

rational numbers
apy Ayy Agy *°° 4

h th
such that lim 3= 2.
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The method we now give for finding such a sequence 4 has no
practical value; it has, however, theoretical importance.
For a,, we take the greatest integer, such that

a?<2.
In the present case, a; =1.
From the numbers

&G+ iy G+ Py a+ (2

we take for a; the number whose square is <2, while the next
number of 2) gives a square > 2.
Suppose

o
a2=a1+T6-

a2 <2< (ay+ {5)%

Then

From the numbers

1 2 9
(l2+1—02, 2+1027 R a2+'1_6§v (3

we take for a; the number whose square is <2, while the next
number of 3) gives a square > 2.

Suppose
ag = a, 4+ 102-
Then 1\2
a32<2<<a3 102)

We may proceed in this way without end, and get thus an
infinite sequence of rational numbers,

al;
o
a,=a1+i(1);
as=(12+—]£01 ]+ + 02’
= % g 4+ 5y % %
=%+ 7 =%t 15t 10a 1087

LT WS G Gn-1,
R = R TR T R A T

. . . . .
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By actual calculation we find the numbers

. ap,  ay Ay a,
are respectively

1, 1.4, 1.41, 1.414, 1.4142, -

2. We show now that
lim q,2=2.

1 2
a,.2<2<(an+ )

For, from.

1071
we have
1 \2
0<2—a? <(a +1 ~_—) — a2
‘ |2——a"2‘<10n i+102(n N’

Obviously now, for each rational e >0, we can find an m, such
that

3 1
W + 102(/1.-—1)' <e.
Then
|2 — a2 <e. n>m.
Hence
lim a,2= 2.

55. 1. The method given in 54 for forming the sequence a,,
ay, ag, -+ admits a simple graphical interpretation.

;a;=l.4l
o a
0] 1 1415 2 L

We first divide the indefinite right line L into unit segments;
a, is end point of one of these segments. In the present case
a;=1.

We next divide the segment 1, 2 into 10 equal parts; a, is the
end point of one of these segments. In the present case a, =1.4.

We next divide the segment 1.4, 1.5 into 10 equal parts; ag is
the end point of one of these segments. In this way, we continue
subdividing each successive little interval or segment into 10
smaller parts, without end.
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We observe that each little segment is contained in the im-
mediately preceding one, and therefore in all preceding ones.
Also, that the lengths of these segments form a sequence

;0 L1 1
107 1027 109

whose limit is zero.

56. 1. The method of 54 may be used to find an infinite sequence
of rational numbers
a, ay a,
which more and more nearly satisfy the equation

107 =5,
which defines log 5.
We find :

a;=0, a,=.6, a;=.69, a,=.698,

2. The same method may evidently be applied to any problem
which defines an drrational number. In each case it leads to a
sequence of rational numbers

Ay Qg Agy oo A

such that

1°. Each number q, satisfies more nearly than the preceding
ones the conditions of the problem.

2°. For each positive rational e, arbitrarily small, there exists
an index m, such that

lan - avl <e

for.every n, v >m.

57. Regular Sequences. 1. It is this second property of the
sequences 4, that Cantor seizes on to construct the elements of
his number system. We lay down now the following definitions.

Any infinite sequence of rational numbers

Ayy Aoy QAgy ***

which ha~ property 2° in 56 is called regular.
As in 42, 2, we shall indicate this property by the abbreviated

notation :
e>0, m, |a,—a,|<e nv>m. a
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2. Every regular sequence defines a number, which we represent

by the symbol
a=(ay, a, ag ).

The totality of such numbers forms a number system, called the
system of real numbers.

We shall denote it by R, which may be read German R.

For the convenience of the reader, we shall denote in this chap-
ter the new numbers, ¢.e. the numbers in &R, by the Greek letters
o, B, v, ---; while the Latin letters a, 8, ¢, :-- denote numbers

in the old system R.
To see if a given sequence is regular, we must see if the in-
equalities 1) are satisfied. For this reason we shall speak of these

inequalities as the e,m test.

3. The ¢m test is equivalent to the following:
e>0, m |a,—a,|<e n>m (2

The difference between 1), 2) being that in |a,—a,|, only one

index, n, varies.
For, when 1) holds, 2) is satisfied. For we pass from 1) to 2)
by setting v = m in 1).
Conversely, if 2) holds, 1) 18 satisfied.
For, since € in 2) is small at pleasure,
let us take
[
e< é
Then 2) gives
|a,,—-a,,,{<%- n > m.

Also

a

[a,—a,,,|<§- v>m.

Adding the inequalities, we get, by 38, 3),

la, —a,|<o, n,v>m,
which is 1).
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4. We observe finally that we may replace », v >m in 1) by
n,v>m.

For, if lay — a,|< e, e
for every n, vS m, it is true for every n, »v>m. Conversely, if 3)

is true for every m, v >m, it is true for every n,vSm+ 1. We
would therefore in 1) replace m by m + 1.

58. EXAMPLES
1. That the sequences 4, defined in 54, are regular, is readily shown. We have
= %y Y1,
ME=Gt Tt o

o o, 1
a, = —= coe fhed Zond 28
v ay + 10+ + 1001

For simplicity, suppose » >n;

cg=tm g Gt o By o
then Gy = On = 107 + 107+1 et 10:—1 < 10n-1’ a

a8 the considerations of 55 show.
If we choose m so large that

1
Tomai <e
then, by 1),
a, —a,<e. n, v > m.

The e,m test is therefore satistied.
2. Consider the sequence

111 1

1 ) 2 b 3 , 4 ,
Here

1 ,1]=1,1
- = +=|Z-+-. 2
lan = a,| niv<n+p (
If we take now
m > ’2—7
€
then
1.1 1 1
ﬁ+;<ﬁ+ﬁ' ny, ¥>m,

Hence 2) gives

|a,.—~a,,|<§+%=e.
3. Consider the sequence

,1,1,1,1, ..

Here a”_av=1__1=0’

and this sequence evidently satisfies the e,m test, and is therefore regular.
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4. Consider 1, -1, 1, —1, ...

Here |@n — a,] =0 or 2.

Lvidently no m exists, such that

|an —a,|<e. n, v>m.
The sequence is thus not regular.
6. Consider 1,2 8,4, -

Here Ia,.—a,,l:[n—vl,

and the e,m test is obviously not satisfied. The sequence is therefore not regular.

59. For any regular sequence of rational numbers a,, a, -+ there
exists a positive number M, such that

la,| < M. n=1,2,3, .- a
For, the sequence being regular,
e>0, m |a,—a,|<e n>m.
Hence a, —e<a,<a,+e. 2

Let M be taken g.;rea.tcr than any of the m 4 2 numbers.
Ia’l” laZI o Ia"l|’ ]am_€17 [am+€|'

Then 2) proves 1).

60. The elements of R have as yet no arithmetic properties;
these we proceed now to assign, employing the method already
used in the systems § and £.

Our first step is to place R in relation to R.

Let - a=(ay, a, )
be an element of ®§. If there exists a rational number &, such that
lim a, = a,
we say o« =a.

61. 1. Every number a of R lies in R.
For, consider the sequence,

a+1l,a+% a+4,
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This sequence is regular, since
11

A, —aq,=———+
n v n v

The number a=(+1,a+3 a+4 )

therefore lies in R.
On the other hand, «,=a.

Hence a=a.

2. Let ay, a,, --- be any sequence of rational numbers, having 0
as limit; then
0 =(“1* “2’ ...),

In particular, 0=C1,4 14 )
=(=1, =} —} )
=(19 - %v %» - i‘v )
=(0, 0, 0, ---).
62. 1. We define now the terms equal, greater than, less than.
The object of this is simply to arrange or order the elements of R.

Let
a=(ay ag )y B=(by by ).

«=[, when lim(a, —8,)=0; a

We say

or, what is the same thing, when
e>0, m, |a,—b,|<e. n>m. (2

2. We say « >8 when there exists a positive rational number
7 and an index m, such that

a,—b,>r. n>m. 3

We say similarly, e <, if
by—a,>r, n>m. 4
or a,—b, <—r. o

8. Numbers of ® which are >0 are called positive; those <0
are negative.
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63. It can be shown that from this definition of equality and
inequality the usual properties of these terms can be deduced.

For example,
If =B, B=ry, then a=+.

a=(ay, ay )
ﬁ:(bl, 62, )

y=(ep Cg +++)s

For, setting

we have
Ay, — Cp = (an - bn)+(bn - 0,,)".—'-'0,
since
a,—b,=0, b, —ec,=0,
by hypothesis.

64. If a=(ay, ay --)=(a/, a,, ---), we say (a;, a, ---) and
(a,' a4, ) are different representations of the same number .
Every number « in R admits an infinity of representations.

In fact, there are obviously an infinity of rational sequences

: - 21 2 Zp
having zero as limit.

Then (a,+ 2y, ay + 25 )

represent an infinity of representations of «.

65. 1. We wish to apply the definition of 62 to the case that
one of the members, say B, is a rational number &.

Let =5,
For B =15, we can take the representation

B=>b=(b,b, ). a
Then 62, 1) requires that
lim (a,—86)=0;
whence lim a,=2b.

Thus the definitions of 60 and 62 are in accord for this case.
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2. Let a>b.
Since b, = b by 1), the relation 62, 3) becomes here

a,—b>r, n>m. (2
Let a<b.
Then

b—a,>r, n>m. (3

or
a, —b<—r. 4

8. If = (ay, ay, +++)>0, there exists an index m, and two positive
rational numbers A, B, such that

A<a,<B; n>m. o
and conversely.

For, set b =0, then 2) gives,l replacing » by 4,
a,>A4>0. n>m. (6
On the other hand, 59 gives
|a,| =a,< B. n>m. 7
From 6) and T), we have 5). The second half of the theorem

is obvious, by 2.

4. Similarly, we have
If a=(ay, am --)<O0, there exists an index m, and two negative
rational numbers — A, — B, such that

—A<a,<—B; n>m.
and conversely.
5. From 3 and 4 we have
If «=(ay, ag )0, there exists an index m, and two positive
numbers A, B, such that

A<|a,|<B; n>m.

6. In any number «= (a;, a, ++)+0, the constituents a, finally
have one sign.

This follows at once from 3 and 4.
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66. 1. Let a=(ay, ay ).
Ir a,Sa, n>m. a
Then eSa. 2

For, suppose «<a. Then, by 65, 2, there exists an >0, and
an m, such that

a—a,>r. n>m.
Hence
a>a,+r>a,;
and therefore
a,<a,

which contradicts 1). Hence 2) holds.

2. Similarly, we show:
. Let a=(ay, ay, ++).
If a,2Za, n>m,

then a<a.

67. 1. If from the sequence
ay, Ay ag a
which defines the number «, we pick out a sequence
Ay Ay Wy (@]
where 1, <1, <ig+; then also
a=(ay, Ay ).
The sequence 2) is regular. For, since 1) is regular,

e>0, m, |a,—a,|<e n,v>m.
But then N
la, —a,|<e 7,8 <K te>m.

Hence 2) is regular, and defines a number 8.
We show now «= 3. Since 2) contains only a part of 1),

nLwSn, n=1,2, 38, -
Since 1) is regular,
|a,—a, |<e. n>m.

Hence, by 62, 1, a=4.
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2. As corollary we have :

The number « = (a,, ay +++) is not altered, tf we remove from or
add to the numbers in the parenthesis, a finite number of rational
numbers.

3. We have also :

If in o= (a,, (2% -"), B = (bp bm "')
a,=b, n>m;
then a=p.

68. 1. If a=(ay, ay +--) # 0, there cannot be an infinite number
of constituents a, = 0.
For, say

a,sa,=a,=-=0.

Then, by 67, 1,
a:(atl’ @, ...).
But
(@, @y ) = (0, 0, --) =0.

Hence « = 0, which is a contradiction.

2. If «%0, we can choose a representation (a,, a,, +++), tn which
all the a, + 0.

For, let a=(a/, aj, ) a
be any representation of «. By 1, it contains but a finite number
of zero. If we leave these zeros out of 1), we do not change the
value of «, by 67, 2; and get thereby a representation of «, none
of whose constituents are zero.

69. 1. Having ordered the elements of R, we proceed to define
the rational operations upon them.

Addition.

Let @ = (ay ay )y B= (b by )

be two elements of iR, different or not; then

«+ B =(a,+ by, ay+ by, +++). Q
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To justify this definition of addition, we show first that

. al + bl! a2 + b29 b (2
is a regular sequence.
Since a,, a,, -+ is a regular sequence, we have

€e>0, m, |a,—a,|<e/2, n,v>m. (3
Since b;, b,, -+ is regular, we have

€e<0, m, |b,—b,|<€/2, n,v>m. 4
Evidently we can take m so large that 3), 4) hold for the

same m.
Now

|(an + bn) - (av + b,)l: I(an_av) + (bn - b,)l
<|a, — a,|+|b, —b,|, by 87, 8);
€ €
= 4+ —a=¢, by 3), 4).
<gtg=ebyd)d
Thus 2) is regular, and defines a number.
2. We show next that, if «, 8 are rational numbers, say o= a,
B =1b; then a+ B, as defined by 1), is a + &.
Since « is a rational number a,
lim a, = a, by 60.
Similarly,

limé&,=5.
But . . .
lim (a,+ b,) =lima, +lim b, = a + b, by 49.
Thus by 60,

Hence by 1),

(a;+by ag+ by -)=a+ b
a+,8=a+b.
70. 1. If B>, then a+B8>a+ 1.

Let 4 = (¢, ¢y +++). Since 8> ¢, there exists, by 62, 2, a positive
rational number 7, such that

b,>c,+r. n>m.
Hence, adding a,,
a,+b,>a,+c,+r.

s (a,+ b)) —(a, +e) >

Hence, by 62, 2, et+B>aty.
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2. From 1, we conclude, as in 26, that
If e+ B=a+ry, then B=1.

71. 1. Subtraction.

This is the inverse of addition; we define it as we did in § and
R, viz.: The result of subtracting 8 from e is the number or num-
bers &, in R, which satisfy

o= /3 + E. (1

There i3 at most one number E.
For, suppose =R+ 2
Then 1), 2) give, by 63,

B+E=B+n.
Hence, by 70, 2, n = £.
To show that 1) admits one solution, we prove just as in 69, 1,
that
a,— by, ag—by -
is a regular sequence, and thus defines a number
E=(a,— by, ag—by ).
If we put this value of £ in 1), the equation is satisfied.
For, B+E= (b, by )+ (a;—by, ag— by, -++)
= (b +a;— by, by+ a;— by, ), by 69, 1)
= (ay, ag, +*) =0

2. Thus subtraction is always possible in &R, and is unique.
The result of subtracting 8 from « we represent by ¢ — 8; we

have then w— B=(a,— by, ay— by ).

3. We represent 0 — a by — a.

Evidently, —a=(—ay —ay —ag ).

We observe that at+ (—a)=0;
et (—B)=a—B;

—(—a)=ua.
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72. 1. If «1is positive, — « 18 negative; and if « i8 negative, — a
18 positive.
For, if @ = (ay, a,, --+) >0, we have, by 65, 3,

a,>A>0. n>m.

Now
—a=(—a, —a, ), by 71, 3.

Hence, by 1),
—a,<—A<0. n>m.
Hence, by 65, 4,
—a< 0,

which proves the first part of the theorem. The second part is
proved similarly.

2. Al the numbers of R =0 are of the form a or — «, where a 18
a positive number.
Let 8 be a number +=0. We need to consider only the case

that 3 is negative.

By 7.5, B=—(~B);

and by 1), — B is positive.

73. 1. Multiplication.
The product of @ by 8 we define by

aB = (ab;, axby ). a

We have to show that
ayhyy aghy, - ¢
is a regular sequence.
Let € be a positive rational number, small at pleasure.
Then, by 69, there exists a positive M, such that,

la,|, |0,]< M. n>m. 3

Also, since the sequences {a,{, {0, are regular, we can suppose
m in 3) is taken so large that

lan_avl’ Ibn—bvl Ny, V2>m. (4

€
<
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Now, d,=a,b, — avbv = an(bn - bv) + bv(an - av)'
d,| Za,| b, — b, + b, @, — a,|, by 37,

<M. 5_37 +M2—;7, by 3) and 4).

0
o

o |da] <6
and 2) is regular.
2. If «, B are rational, say «=a, B8=25, we show that «8 as
defined in 1) is ab.
For, since « and B are rational,
lim a, = a, lim &, = 4, by 60.
But then, by 50,

lim a,b, =1lim a, lim b, = ab,

which states that «8 = ab.

74. 1. The formal laws for addition and multiplication are
readily proved. We illustrate this by establishing the associative
law of multiplication.

We wish to show that

- By=af-y. ¢!

We have, by 73, 1), ‘

By = (biey byegy ++-).

Hence
@ By=(ay ag - )(biey byeyy ++*)
o =(ay, - bieyy ay - byeyy ++0). (2
Similarly,
afd -y =(ab; e, azd,-cy ). 3

Since multiplication is associative in R, the two numbers repre-
sented by 2), 38) are identical, which proves 1).

2. As a consequence of the associative law, we have, m, n being

positive integers,
aman = am+n,

which expresses the addition theorem for integral positive exponents.
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75. 1. The properties of products, relating to greater than, less
than, are readily established for numbers in R.
If a> B, and vy >0, then ay> By.
For, since «> B, we have, by 62, 2,
a,—b,>r>0. n>m.

Since y >0, there exists a positive rational number ¢, by 65, 8,
such that
¢, >cC. n>m.
By taking m sufficiently large, we may take the same m in both
these inequalities.
They give

Then, by 62, 2,

a,c, —b,c,>cr>0.

oy > By,
2. From 1 follows:
If «>B>0,
then "> B n positive integer.

3. From 2 we conclude:
If @, B3>0, and "= 8", n being a positive integer, then

o= B.
4. If0<a<1, then a*<a.
For, from

a<l],

we have

o < o,
Also

o3 < o,
Hence

ad < o,
Hence, in general,

at < e,

76. 1. Rule of signs: The product of two positive or two negative
numbers in R i8 positive. The product of a positive and a negative
number i8 negative. .
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Let a>0, 8>0; then «¢8>0.
By 65, 8, there exist two positive numbers A, B, and an index

m, such that
a,> A, b,>B. n>m.

Hence
ab,>AB>0.

Thus
aB = (ad,, ab, +++) >0, by 66.
Let «>0, B<0; then «B < 0.
For, by 65, 3, 4,
a,> A, b,<— B. n>m.
. ab,<—AB<O.
a3 <0.

In a precisely similar manner, we can treat the other cases.

Thus, by 66,

77. 1. The product of any two numbers in R vanishes when, and
only when, one of the factors is zero.

In the product o3, suppose a =0; then «S8=0.

Then
a=(0,0,0,-), B=(b, by ).

“afB=(0:5,0:b,)=(0,0,)=0.
Conversely, if «8 =0, either « or B8=0.
This is proved, as in 25.
2. If a0, and aB = ay, then B =1.
Proof same as that for 26, 3).

78. 1. Division.

The quotient of « by @ is the number or numbers §, in R, which
satisfy
o= BE‘ (1

There are two cases, according as 8= 0, or #0.
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Case I; B+0.
Since B %0, we may suppose, by 68, 2, that in
B =(by by +),

all 8, 0. To find a solution of 1), consider the sequence

1t is regular. For,
d a, _ ‘_l_x: _ (,l,'!(l" —:‘dvb]y au(bv — bn) — bn(av - a’n)

A N S b,
enee 18, = b+ Bl
dnv <Ian v ni n av—d"[.
L s 176,
Y 09
la,| < M. n > m.
By 65, 5, we have
A<|b,|<B. n>m.

3

4
@)

By taking m sufficiently large we may suppose it to have the

same value in 4), 5).
Then 4), 5) gives in 3),

Mbv_bn +Bay—an
ldn‘y|< | |“12 I I.

(6

Since the sequences {a,}, {b,{ are regular, we may now suppose

m taken so large that also

2 2
]ay——a,,|<f—,‘%, ]by—b,,|<§e‘;1—n,- N, ¥ > M.

Then 6) gives e e
ldn.vl<é+§=e'

Since 2) is regular, it defines a number

=(% % )
e=(5) 3

E=(by, by oo ﬁ,ﬁ,...)
B E ( D72 )(bl b2
=(a, aq **) = &, by T3, 1),

Since

¢ satisfies 1).

That this is the only solution of 1) follows as in 80, 1, from 77, 2



CANTOR’'S THEORY 51

Case IT; B=0.

We can reason precisely as we did in 30, 2. Hence, when the
divisor 8= 0, division is either impossible or entirely indetermi-
nate. For this reason division by 0 is excluded.

2. We have thus this result: in the system 9, division is always
possible and unique, except when the divisor is 0, when division is
not permissible.

3. The result of dividing « by 8, we represent by «/8 and have

therefore
[ (‘11. 0 )
B 619 b27
1=(1$ 19 1’ "')9
1

=<l 1 )
,8 bl, bzw

This is called the reciprocal of 8.

Since

79. 1. The system R is now completely defined ; its elements
have been ordered, and the four rational operations upon them
have been defined. As a perfect analogy exists between the sys-
tems R and R, we are justified in calling the elements of R num-
bers. In the future, when speaking of numbers, without further
predicate, we shall mean the numbers m R. As already stated,
they are called real numbers.

2. In the e,;m test, given in 57, we were obliged at that stage
to take e rational. This is now quite unnecessary, and we shall
therefore, in the future, suppose € is any positive number in R,
small at pleasure.

80. 1. We have shown in 61 that R contains all the numbers
of R; but we have not shown that it contains other numbers.
To this end, we show that there is a number « which satisfies

22=2, ¢!

This is easily done. For in 54 we determined a rational

sequence a=1, a,=14, a;=141, ... 72
such that

lim a2 = 2. (3



52 IRRATIONAL NUMBERS

The sequence 2) is regular by 58, 1.
Hence
. . «=(ay, dag ‘)
is a number in R.

But, by 73, 1), a=(al al ).

Hence 3) shows, by 60, that
=2,
Hence « is a solution of 1).
2. As we saw in 52 that « is not rational, we have shown there
is at least one number in R not in R.
But the reasoning we have just applied to V2 applies equally

to Va, when this latter is not rational. There are thus an infinity
of numbers in R not in R.

Some Properties of R

81. If «> 0, there are an infinity of positive rational numbers
< a, and also an infinity of rational numbers > a.

If « is rational, the theorem is obviously true by 33.

Let

Then, by 65, 3,

a=(a, a; ).

0<A<a,<B. n>m. 1
But from 4> A,
we have, by 66, 1, N ;— A

Since there are an infinity of rational numbers between 0 and
the positive rational number A4, the first half of the theorem is
established.

Using the other part of the inequality 1), we prove similarly
the rest of the theorem.

82. Between «, B, lie an infinity of rational numbers.

For, let @ < 8; then, by 81, there exist positive rational num-
bers A, B, d, such that

A<a, B>B, d<B—a.
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Let D=B_4A;
we can, by 34, 2, determine the positive integer n so great that
D.a.
n

Then, at least one of the numbers

D D D
A+-;;, A+27@’ oee A+(n—-1);

falls between « and 8.

83. 1. The system R is Archimedian; i.e. for each pair of posi-
tive numbers a < B there exists a positive integer m, such that na> 8.

For, by 81, there exist positive rational numbers
a<ao, b > ,3 .

Since the system R is Archimedian [34, 1], there exists an
integer m, such that

But

na >b.

na>na, and b > g.
Hence ne> B,
2. For any pair of positive numbers « < 3 there exists a positive
n such that
'8<
— o,
. n
Proof, as in 34, 2.

84. Between « and B, a < B, lie an infinity of trrational numbers.

That irrational numbers exist, we have shown in 80.

Let ¢ be an irrational number, r a rational number, and = a posi-
tive integer.

) ,
Then J==, k=i+r
n

are irrational.

For, if 5 were rational, t=nj is rational. This is a contradiction.

Similarly, if & were rational, /=% — is rational, which is a
contradiction.
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This established, suppose first that « is rational and positive.
Let ¢ be any positive irrational number.
Then, by 83, 2, we can take n so large that

‘e B— e
n
But then
e<a+ i<
n
and at+l

is irrational.
Suppose now that « is irrational and positive.
By 81, there exists a positive rational number r, such that

O0<r<B—ou.
Then
a<ae4r<fB;
and a+r

is irrational.
The cases when «, 8 are one or both negative are now easily
treated.

85. The system R is dense, i.e. between any two numbers of R
lie an infinity of numbers.

This follows at once from 82 or 84.

Numerical Values and Inequalities

86. We have seen, 72, 2, that any number a0 can be written
o=t o,

where «, is a positive number.
We define now, as in 36, the numerical or absolute value of « is
+ &y, and denote it by
|a.
Then by definition
|| = .
We set also
|0|=0.
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87. 1. We have now the following fundamental relations :

le|=|— a;
< t\‘\*\ e B]=18—al;
v) o\ AW Jex B Z el +18];

Q\ L% =
RANEN |« t 8] S|a| - |8lls
v q/(Q\ ’% |eB| = |e| - |Bl;
" LY ’
b77’6 1% B0
b B8~ |8’ ’

|al:ta2 R = am‘-<— |“11 + + [uml;

oy« g ey =[] - [ag] oo g

2. From
] < 4,
Sollows
—A<a<d;
and conversely.
3. From le—B|<A, |B—y|<B,
Sollows
le—y|<A+ B;
or if A= B,
|a—y|<2A.

133

¢!
(¢
¢
(¢!
(G
(6

I
8

4. As the demonstration of these relations is exactly the same

as in 37, 38, we do not need to repeat it.

5. If we know of two numbers e, B, that |« — 8| < e however small

€>0 18 taken; then

a=B.

The demonstration is the same as in 46.

88. If a=(ay, ay ), then
el = Clagh |ag) ).
Since the sequence Ay Agy +oe
defines a number, it is regular.

Hence
e>0,m, |a,—al<e n, v>m.
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From this we conclude that the sequence

: |y [ag]s - a
is regular.
For, by 87, 4),
R I D gl <l - )
Hence 1) defines a number.

Set

B=C(la]: [ag, ).
To show that B =|e|.
First suppose a = 0.

Then lim g, =0
Hence lim |a,|= 0.
Therefore B=0, and B=|a|.

Suppose «=0. Then, by 65, 6, the constituents a, of « are of
one sign, for n>m.

If «>0, a, =|a,|. n>m.
Hence /3=(|a1]’ lazlv hEY lam|7 i1y Appg2y "')
=« =|al, by 67, 8.
If <0, a,=—|a,|. n>m.
Hence B=(lalia R} [aml, = 1y — Ay ”')
= “(—lal Jy oo —'Iaml’ A1y T2y ***)
=—a, by 67, 3
=|al.

89. In the following articles we give certain equalities and
inequalities which are often useful.

1 ]
. —_— —
Let 0 <a< 1 H t]5e71. 1 a> ] 0y (

1

>1+a. @
l1—a
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To prove 1), let us suppose the contrary, viz.:

1
14+«

Zl—a
Clearing of fractions,
1<1—e? or a2<0,
which is a contradiction.

Similarly, we may prove 2).

90. 1. Let ey, gy -+, @,>0 and P,,=(14 ¢))(1 + &y)---(1 4+ a,,).
Then P,>14(ey+4a,). m>1
Po>1+ (a4t )+ (egag + ajag+ oo 4 @y y2,). m>2.
In fact,
Py=Q+a)(A+a)=1+(a;+ a)+ ey > 1+ (e, + ) ;
Py=Py(1 +ap)=1+ (e + @, + ag) + 10y + a5 + @gey + 01050,
> 1+ (g + oy + ag) + gy + @y + ag0y
>1 4+ () + ay+ ).
In this way we can continue.
2. Similarly, we can prove:
Let 0< oy, gy v ¢, <1, and
@n=>0—a)(1—ag)--(1 —e,).
Then @n,>1—(o; 4+ a,). m>1,
<1 —(og 4+ p) + (g + @ oy + oo+, _je,). m>2.

91. The demonstration of the following identities is obvious:

1 =1l4+a4+od4...4 a1 4 o a
11—« 1—«
at+e_a, Be—ad
== 2
B+5 B BB+ (
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92. Let |8, |8;|<8, and B+ 0; let

_atd,
B+ 8,

Let €0 be small at pleasure ; we can take 8>0 so small that

p==+o. lo|<e.

™R

For, by 91, 2, 5.8 8.0

T BB

o) < 3l +1BD | py 87,
Bl 118] -8

1B —8>0.
l(tl, lBl<”w
|8, |B|—8>h.  h>0.

Hence

saking & so small that

Let

Then 2) gives
29
1< T
Hence, if we take

5 <,

we have 1). g

93. Let «, o, - a, be n arbitrary numbers.
Let By-+Bus vyvn> 0.

I
4 L<t4, %, .. Sheq,
_Bl B, B,
‘hen et
L<NB T T e g,
'YIBI+ +7an
For, from
1>, %n > L,
Bl T BT
we have

71% > BI'YIL’ oo Yty > Bn'YnL'

Adding, _
V1% + o Yl > L(Byyy+ -+ + Bav¥n)s

Q

(2

which gives the first half of 1). The rest of 1) follows similarly.
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94. 1. Let «>BS0; and n>1, a positive integer.
Then n(a— BB L — B < n(a— B)arl. a
For, by direct multiplication, we verify
@ — = (e = B) (@l + @I L W IP Y. (2
In the second parenthesis, replace @ by 8. Then, since a > g,
@ — B >(e— BB+ B + - n terms),

or @ — B> n(e— BB,
which is a part of 1).
If in 2) we replace B by «, we get the other half of 1).

2. Inl),sete=1+86,8>0, B=1, we get
(14 8">1 4 né.
If weset e=1, B=1-—24, 1) gives

A=8">1—nd.
We have thus

(A +a)">1+ne, a=0and S —1, n positive integer. (3

3. We observe that 1) can be written
@ > BB+ n(e—B)], 4
B> e—n(e—B)] ¢

95. Let «; -+ @, be any » numbers.

A - a+ -+ e,
" n
is called their arithmetic mean.
Let o, -+ a, be positive, and P, = a, - a, -+ a,.
Then P, < A,", unless the «’s are all equal, when P, = A"
If ey=0y=+=a, A,=e, and P,=a,"
Hence P,=A,7.

Suppose now the «’s are not all equal.
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Let n=2.
We have a4 @\ oy — e\ 2
=[BT G _ ([ —¢ "1+“2>.
“1"‘2(2) <2><<2
Hence Py< A2
Let n=2m,

Since the «’s are not all equal, at least two of them, say «;, ay

are unequal.

Then L+ @p\?
al% < (g -; & ) 1)
and 2
iz (555
Hence 2 2
ala2u3a4 < (ﬂ%gﬂ) (‘EL%.&) .

On the other hand, applying our theorem to

o tay agta,
2’ 2
e A R GELELE oa)’.
g2 T2 1
Hence 1) and 2) give P<Ap

In the same way, we may continue for any power of 2.

Let 2" '<n<?2m Set u=2" 2" —n=w.
We have, by the preceding case,

ayog e, < (
Set here
Then 3) gives

since a1+“,+a”+vAn_nAn+VAn_EJ_42——A

n ® /4
Dividing in 4) by A3, we get
P, < A3

a

(2

3

4
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96. From algebra we have the Binomial Theorem,

N qh n-1 n-n an—? n-n—1.n—2 an=?
@@+ By =artnwif 4 2Ly 2o n = L= g

o Loagrt 4 nagrt 4 B, (1
where n is a positive integer.
The binomial coefficients

nn—1.2—2...m— m+1

1.2

we denote by
We have obviously,

)+ (2 0)=("2)

If we set e=B=11in 1), we get

2~=1+(11L)+<72L)+"'+(nf1>+(:)'

If we set =1, B=—1in 1), we get

o=t )+ )

It is often convenient to set

n
(6)=1
(7’;>= 0, if m>n.

Limats

and

97. We extend now the terms sequence, regular sequence, limit,
etc., to numbers in R. This is done at once; for the definitions
given in 40, 42, and 57 may be extended to R, by mmply replacing
the term rational number by number in R.
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For example, the sequence of numbers in &
gy Oy O3y - (1

is regular when, for each positive e (not necessarily a rational
number now) there exists an index m, such that

[e, — a,|<é

for every pair of indices n, v >m.
Or in abbrewviated form, when
e>0, m, |a,—ea,|<e. n,v>m. (€]
This definition, we see, is perfectly analogous to that given in
57, 1 for regular rational sequences. KEvidently the reasoning of

57, 3, 4, can be applied to the sequence 1). Thus the e,m test
given in 2 may also be stated in the form:

e>0, m, |a,—e,|<e n>m. ¢
Similarly, X is the limit of the sequence

Oy gy 0Ly *
when
e>0, my |A—e,|<e n>m. “

As before, we write

A=lim e, or A=Ilima,.

n=ow

We say also «, converges to A or approaches X as limit.
This may be indicated by the notation

a,,=7t.

98. Let lim ¢, = a and lim B, = B.

Then lim (¢, £8,) =« + 8; a
lim e,8, = «f. (¢
If 39 Bp Bgs oo *0, we have also
B, (

The demonstration is precisely similar to those of 49, 50, 51;
and thus does'not need to be repeated here. . .
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99. We prove now the important theorem :
Let « = (ay, ay, +++), the a’s rational ; then lim a, = a.
We must show that
e>0, m, |la—a,|<e n>m. ¢!

- Since the sequence
_ a;, a, dag <
is regular, we have

>0, m, |a,—a,|<o, n,v>m. ¢
Now we can write, by 60,
@, = (Qpy By Ay ***).
Hence, by 71, supposing n to be fixed for the moment,

a_'a’n:(al_"am Ay — Ay Az — Ay, ).
By 88,
l“— (l,,‘ = (\al_ an‘w Iaz_ nla "')-
Hence, by 2) and 66, 2,

e —a,| <o

Thus if we take o <€, we have 1).

100. If a sequence A=ay ap

has a limit X, A i3 regular.
For, by definition,
e>0, m |N—a,|<e/2, n>m.

N —a,|<e/2, v>m.
Adding, by 87, 3,

la, — a,| <€ m v>m.
Hence A is regular, by 97.
101. 1. Conversely, if A =a,, ay, -+ 18 a regular sequence, there
exists one, and only one, number o, such that
lim &, = a. ¢!

To show that 4 cannot have two limits, we need only to repeat
the reasoning of 47.
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We show now A has a limit.

Let 81, 82, 88’ ees (2

be a sequence of positive numbers whose limit is 0. We choose
the &’s now, such that

an=“n+8m n=1a 2’ oo (3
are rational. This is evidently possible by 82. The sequence
ay, Ay dg -+ “
is regular.
For, a,—a,=a,—a,+ (8,—95,). (G
Since A is regular,
>0, m, [a,,—a,,|<—§, ny ¥ >m. G

Since, by 100, the sequence 2) is regular,
[8, —8,|<e/2. Ny v>M. (7

In the inequalities 6), 7), we may take m the same. Then ),

62 7) give |aa— a,| < |e — &, +|8,— 8,

€ €

Hence 4) is regular.

We set a=(a, a, ).
Then, by 97,

lima, = e.

But, by 3),
Hence, by 98,

o, =a, — Sn'
lim ¢, =lim @, — lim §,
=a—0
= o.

2. As a result of 1 and 100, we have:

In order that a sequence ay, ag, -+ has a limit, it is necessary and
sufficient that it 8 regular.
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102. Let A =« ay, --- be a sequence. Let us pick out of 4 a

sequence
B= a“, a"’ .oe

where ¢; <, <ty . We call B a partial sequence of A.

EXAMPLES
1 A=1, %, %, i, i..
D=1, 2—1—5 _13, g%'
Here B, C, D are partial sequences of A.
2. A=1, % 1, .;. 1, i -
B=111,.
o} b b

B and C are partial sequences of 4.

103. 1. Among the symbols given in 42, to indicate the limit of

a sequence
q A = al’ az’ “oe

one was
lim a,.
A

Analogously, we shall denote the limit of a partial sequence
B=uq, &,

llll] a,'-

2. We have then, obviously :
If A is regular, so 18 every partial sequence B; and

lim a, = lim a,,.
4 B
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3. From this, we conclude at once:

The sequence A cannot be regular, of it contains two partial
sequences B, C, such that

lima,#1lim o,
B ¢

4. The sequence A cannot be regular, if it contains a partial
sequence B which is not regular.

5. It is sometimes a difficult matter to show that a sequence A4
is or is not regular. The theorems 3, 4 enable us often to show
with ease that A is not regular.

Thus, in Ex. 2, 102,

limeg, =1, lima,=0.
B ¢

Hence 4 is not regular.
6. Unless the contrary is stated, it is to be understood that

lim e,

has reference to the whole sequence A.

104. 1. From 98, we conclude the following theorems, which
are often useful:

If lim (a, + B,) = o, and lim «, = « : then lim B, exists and equals
+toFa

2. If lime,B,=m, and limea, =a+0; then lim B, exists and
equals  [a.

3. If lim

%n

3 =p, and lim B8, = B; then lim a, exists and equals Bp.

4. If lim & = p+0, and lime, = «; then lim B, exists and equals
a/p. "
The demonstration of these theorems we illustrate by proving 1.
We have Bo==x(a, £ 8,) F @
Applying 98, 1),
lim B8, =+lim (e, +B,) Flime,=+0c Fa.
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105. 1. Letlima, = a; let B, y be two numbers, such that B<a<r.
Then
B<a,<y. n>m.

The demonstration is the same as in 48.
2. Letlime, =a, and ¢, <a. Let B be any number <ea.

Then B<a,<a. n>m.

106. 1. Let limea,=«; tf A<, <p for n>m; then
A<a< .

For, suppose & > u. Let 8 be chosen so that

p<B<a.

Then, by 105, 1, «, > . n>m.

Hence ' o, > fhy
which is a contradiction.

2. If @, <A <R,
and if lime,=1limB,=u;
then A= pu.

For, by 1, p<A, uSAA

Hence p=A.

107. If o, < By < Yo a
and lime, =limy,=A;
then lim B, =A.

For, subtracting «, in 1), we get

0<B,— < Yp— (2
Now lim (y, — «)=limy, —lime,=A—-A=0. (3
But 3) states that €>0, m, y,— a,<e. n>m.
Then, by 2), B, — e, <e
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This relation states that
lim (B8, — ¢,)=0.
As lim &, =\, we have, by 104, 1,
 limB, =\

108. 1. A sequence A = «, &, -, whose elements satisfy the
relations 0 <o n=12

is called an tnereasing sequence.

If

a">an+l, n= 1, 2, b

it is a decreasing sequence.
If it is either one or the other, but we do not care to specify
which, we may call it a univariant sequence.
If, on the other hand,
an‘<~an+l1 n= 17 2» i
A is said to be a monotone increasing sequence.
If

€S 0y N= 1,2, -

it is a monotone decreasing sequence.

If A is either one or the other, but we do not care to specify
which, we may call A a monotone sequence.

Univariant sequences are special cases of monotone sequences.

2. If there exists a fixed positive number &, such that
|“n!SGs n= 1» 2, oo

A is said to be limzted, otherwise unlimated.

109. A limited monotone sequence is regular.

For clearness, let 4=« a, -+ be an increasing monotone

sequence, and let
a, <@ n=1,2 ¢!

To snow that A is regular, we must show that

e>0, m, 0<a,—a,<e, n>m. (2
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Since A is monotone increasing,
0<a,—a,

To show the rest of 2), take m, at pleasure. Either there exists
an infinite sequence of indices
my<my<my <. @
such that

am. — 0y, S € &y — G, S € o0 (4

or there does not.
Suppose such a sequence 3) exists. Then, however small € has
been taken, we can take the integer p so large that

pet+a, > G. ®
Adding the first p inequalities 4), we get

By = O S PE-
Hence, by 5),

which contradicts 1).
We thus conclude that there exist but a finite number of indices
my, such that 4) holds. Thus we can take m so large that

amp > G’

«, — &, <€ n>m,

which proves the other half of 2).

110. 1. A limited increasing sequence of great importance is
a4y = (1 L a

To show that 1) is increasing, ¢.e. that
A > Ay_yy 2
we employ the relation 94, §), viz.:
B> e a—n(a—B)]. ¢

1
n

Set

’

a=1+——1——, B=1+
n—1

in 8); we get 2) at once, for n S 2.



70 IRRATIONAL NUMBERS

To show that 1) is limited, we set

a=1+—1—, B=1 n=m+1,
2m
in 3); we get
1 1\ . .
1>§(1+ﬁ), m=1,2, -
or squaring,

) 1 2m
4> (1 + 5 ) :
el m
Thus Ay, < 4. S
But, by 2)» Aoy < Aoy | (5

As all positive integers are of the form

2m or 2m—1,

4) and 5) give a,< 4. n=1,2,

2. Since the sequence 1) is limited and monotone, it has a limit

by 109. We set
e=1im<1 +«]—)n. n=1,2, 3, -
n

n=ow

As the reader already knows, e = 2.71828 ..., and is the base of
the Napierian system of logarithms.

111. 1. Let A=, ay, -+ be a regular sequence, whose limit is w.
In A exist partial monotone sequences B ; and for each such sequence,

lim a, = a.
B

Then are two cases: 1° & —a, n>m has one sign, when not
zero; 2° a— «, may have both signs, however large m is taken.

Case I. To fix the ideas, suppose
a—a,S0. n>m. ¢
In this relation, it may hapben that for some m' >m

=/

o—a,=0. nSm'.
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In this case,
B= Oy Gy

] y a’ coe
is a sequence required in the theorem.
Let us suppose now that there are in 1) an infinite number of

indices n,, such that
a—a, >0.
Let v, be one of the indices n,; then
a, <o
1
Let B, lie between these, so that
a, < Bi<e.

Then, by 105, 1, and 103, 2, there are an infinity of elements L
lying between 8; and «. Let «, be one of these, so that

B < @, <a
Let B, lie between @, and «; then for some index v; we have
B, < , <a.
In this way we find an increasing sequence
B= avp ay,' ay,? oo
which is a partial sequence.
Then, by 1039 2’ .
lim &, =a.
fn=aw

The number of sequences B of this type is obviously unlimited.

Case II. Since there are an unlimited number of indices for
which

o—a,>0, (2

let us denote those values of n for which 2) holds, by n,, n,, ng, -+
Then the partial sequence of 4,

I — .ee
A —anl’ un,’
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belongs to Case I. Hence in A’ lie an infinity of sequences of the
type B.

2. The demonstration of 1 shows:

If, in the regular sequence A =a,, &y, -, the a, do not finally
become all equal, there exists in A an infinity of partial univariant
sequences B which have all the same limit as A.

The Measurement of Rectilinear Segments. Distance

112. In 39, 43, 44, we have made use of the graphical representa-
tion of the numbers in R, by points of a right line. We wish now
to extend the considerations to numbers in . With this end in
view, we proceed to develop the theory of measurement of recti-
linear segments and the associated notion of distance.

113. 1. Let AB, (D be two rectilinear segments. We say AB
is greater than CD, when, if superimposed, A B contains ('D as a
part; while CD is said to be less than AB. 1f, when superimposed,
AB and CD coincide, we say AB and CD are equal.

2. We assume, with Archimedes, that if the segment AB is laid
off a sufficient number of times on the line L, we can obtain a

4 A z

A B

segment CD’ greater than any given segment CD. And conversely,
that it is possible to divide a segment C'D into a sufficient number

[+ E D
i 1 L

4 B

of equal parts, so that one of them, as CE, is less than any given
segment AB.
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114. 1. Let 8= AB be a segment we wish to measure ; and let
U= CD be a segment which we take as a unit of comparison.
If we can divide § into ! equal segments, equal to U, i.e. if

§=1.T,
we say ! is the measure of §, or ! is the length of S.

2. If it is impossible to do this, it may happen that n segments
§ are equal to m segments U ; i.e.

n-S=m-U.
We say then, that

l=

SIS

is the measure or length of §.

3. In both cases we say § is commensurable with U.
The segment AB being commensurable, we say its length ! ex-
presses the distance of A from B, or B from A. We write

I=Dist (4, B),

or more shortly .
l=AB.

115. We show now that the number /, just determined, is unique.
This is evident when 7 is an integer. We suppose, therefore, that
nS=mU, a
and nS=m,U. 2
Multiplying these equations respectively by n,, n, we get
S =nmU, nnS=nmU.
* uymU=nmU.
" nygm = nmy,
or )
m_r.
n

Thus, the two equations 1), 2) lead to the same value of 1.
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116. 1. Let s
="
n

be the measure of S.

Then nS=mU. a v

Let us divide U into n equal parts, and call 7 one of them.
Then WV =0

This in 1) gives N —

Hence SemV.

This shows that by taking a new unit V, whose length is 1/n of
the old unit, the length of & can be expressed as an integer.

2. The above considerations also give us a new way for defining
the length of §. In fact, suppose it possible to divide U into s
equal parts V, such that

S=rV. ¢
Then
1=". @3
8
For, sV=U;

hence, multiplying 2) by 8, we get
sS=rsV=rU;
so that the length { of § is indeed given by 3).

117. Let = AB, T= B(C be two segments whose lengths

are respectively y B
l = (_l m = (—"- ; ¢
X d
B c

-

a, b, ¢, d being positive integers
If we put them end to end, we get a segment W= A whose

length, we show, is n=1+m.

By definition we have
08 =al, dT=cU.
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Multiplying these equations respectively by d, b, and adding, we
t
ge bd.S+bd. T=adlU+beU=(ad + be)U. a

But bd - S+bd-T=0bd-W. 2

Hence 1), 2) give
bdW=(ad + be) U.
Hence

118. 1. We turn now to the measurement of segments which
are ncommensurable with the segment chosen as unit. An
example of such segments is the diagonal of a square, the side
being taken as unit.

A A, B B z
— A; By

To measure AB, we begin by marking off points on the right
line L, at a unit distance apart, starting with 4. By the axiom
of Archimedes, 113, 2, B will fall between two consecutive points
of this set, say between A,, B,.

Let
¢ 1, = Dist (4, 4,).

On the segment A;B; we mark off points at the distance 1/n
apart, where = is an arbitrary positive integer.

Then B will fall between two of these points which are con-
secutive, say between A,, B,.

Let
¢ I, = Dist (4, 4,).

We may continue in this way, subdividing each interval 4,,, B,,
into n equal parts, without end. The point B will never fall on
the end point of one of these intervals, for then AB would be
commensurable. The sequence of rational numbers

Ly Dy Uy o . a

so determined is monotone increasing, and limited. In fact, all
its elements are <, + 1. Thus, by 109, the sequence 1) is regu-
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lar, and so defines a number ». We say \ is the measure or lengt)
of AB, and we write as before

A= Dist (4, B)= 4, B.
2. If we had taken the numbers
!/ = Dist(4, B), k=12 -

where B, denotes the right-hand end of the interval in which B
talls, instead of the numbers !, we would have gota monotone
decreasing limited sequence
A KR KR
whose limit A/ =2,
For, 10— = 1

x 3 “e-1°
n
whose limit is 0.

119. We have defined the length A of AB by a process which
subdivides each interval 4,, B, into n equal parts. The question
at once arises : would this process lead to the same number A, if
we had divided each interval into m instead of n equal parts?

We prove the following general result: Let us modify the above
process so as to divide the first interval into n, equal parts, the
second interval into n, equal parts, etc. ~This system of sub-
division leads to a sequence which we denote by

ll" lz,’ l3" (1
where lm, = Dist (A’ Am,)‘

The limit of 1) being A/, we show it exists and A=\

For, each point 4, will fall in a certain interval 4 _, B, of the
old system of subdivision, where ¢, is the lowest index for which
this is true.

Then " nist (44, ) S Dist (4, 4,7) < Dist (4B,).
But, by 118, 2,
" lim Dist (4, 4,,) = lim Dist (4, B,) =\

Hence, by 107, lim Dist (4, 4,)) =\
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120. The process explained in 118, 119 is obviously applicable
to the case when AB is commensurable. The only difference is
that after a certain number of steps the point B may fall on one
of the end points of the little segments 4,,, B,. In this case the
corresponding sequence

Ly Ly oo By Ly Ly o

would have all its elements the same after a certain one.

121. We have now two methods for measuring a commensurable
segment; viz. those given in 114 and 120.
Let I be the length of AB as given by 114; and A its length,
according to 120. We show
l=A.
Since AB is, by hypothesis, commensurable, we have, by 117,
preserving the notation already employed,

l=Dist (44,,) + Dist (4, B)

< Dist (44,,) + Dist (4,,B,,)- ¢!
As 1
Dist (A,B,) = Tt
we have, from 1), 1
O < l— lm < 1’
n
where = Dist (4, 4,).

Passing to the limit, we have, since
lim ,, =, lim -1 =0,
n"
l=A.
122. 1. Let AC, CB be any two segments; we show that
Dist (AB) = Dist (A C) + Dist (CB).
This is a generalization of 117.

A 4 L

Bm Bm

We begin by supposing that one of the segments, AC, is com-
mensurable, while the other, OB, is not. Then AB is not com-
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mensurable. In our process of subdivision, suppose that after the
mth step, B falls in the segment B, B,’. Then AC and CB,, are
commensurable. Hence, by 117,

Dist (4 8,,) = Dist (4C') + Dist (CB,,).
In the limit, we get
Dist (A B) = Dist (A(C') + Dist (CB).

2. We pass now to the general case.
After the mth subdivision,

A C B

let O fall between C, and C,'. Then AC, is commensurable.
Hence, by 1,
Dist (AB) = Dist (A C,) + Dist (C,,B).

Passing to the limit, we have

Dist (AB) = Dist (AC) + Dist (CB).

Correspondence between R and the Points of a Right Line

123. 1. On the indefinite right line L mark a point O as origin.
Let P be any point on L, and let

A= Dist (0, P).

If P lies to the right of 0, we associate with P the number + \;
if P lies to the left of O, we associate with it —A. With the
origin we associate the number 0. Thus to any point on I
corresponds a number in R, and to different points correspond
different numbers.

2. We ask now conversely : does there exist for each A in R,

a point P such that l)“ = Dist (0, P)?

For all rational numbers this is true by virtue of the axiom of
Archimedes, 113, 2.

Whether it is true for every number in R, cannot be demon-
strated. We therefore assume with Dedekind and Cantor that
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!

there shall exist one and only one point P which shall lie to the
right of 0, if A >0, and to the left of O, if A <0, and such that

|A| = Dist (0, P).

This we shall call the €antor-Dedekind ariom or the axiom of con-
tinuity of the right line. As we proceed, it will be made evident
that many apparently simple geometric ideas are extremely subtle
and complex. One of the most elusive of these is the notion of
continuity. To say the right line is continuous because it has no
breaks or gaps, is simply to replace one undefined word by anotBer.

3. We have now established a one to one correspondence between
the numbers of R and the points on L. We may consider the
points as images or representations of these numbers.

124. 1. The correspondence which we have just defined is a
generalization of that given in 35 for &£. The considerations of
39, 43, 44 can now be extended to R without any further com-
ment. ‘The graphical interpretation of sequences and their limits
which we thus obtain will illuminate greatly the section on limits,
97-111. We recommend the student to go over the demonstra-
tions which we gave there, employing graphical representations
as an aid to the reasoning. Indeed, some of the theorems, when
interpreted geometrically, seem almost self-evident.

2. Consider, for example, the theorem of 107.
We have there three sequences, 4 = {e,}, B = {8,}, C= {y,}.

The relation
a?l S B" S 'Yn

states that the point B, lies in the interval I, = (e, v,).

Since now both end points of I, converge to the point A,
evidently any point in I,, as B, must also converge to the
point A.

125. As another example, consider the theorem of 109.

T'o fix the ideas, let 4= {«,} be a monotone increasing sequence.
The reiints in the figure represent a;, «y, -~ We have drawn a
cur; through them, as the eye seizes more easily the law of
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increase or decrease of a sequence when such a curve is drawn.
The reader will observe that since the sequence is monotone, this
curve can have segments parallel to the axis X. As A is limited,
all the points of 4 lie be- ¢
tween a certain line @,
and a line & drawn
through the first point e,
of the sequence. To see
now that 4 must have a a A
limit, let us suppose the E
line G moved parallel to
itself toward X. Evi- 23 46
dently there is a line # below which G cannot move without
getting below points of A, and which the points of 4 approach
as an asymptote.
If A is the distance of F from X, evidently

-4
"X

X

lim e, =A.

126. As a final example of the helpfulness of graphical repre-
sentation, let us consider the theorem of 111.

The two cases we
congidered there are
represented in Figs. 1
and 2. The heavy o
curves represent the
law of increase and
decrease of the sequence
A. The points «, a,,
..« lie on these curves, \ . ‘
but are not indicated. \_/ D
The straight lines 4
represent the limit « of
A. The light curve
in Fig. 1 indicates an
increasing sequence which one could pick out of A.

By the aid of such a representation the theorem becomes lmost
self-evident.

Fia. 1.

F1a. 2.
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127. 1. Let A={e,}, B={B,}, C={v,}.

Let A be monotone increasing, and C' monotone decreasing.
Let '
an S uBn _<_ 77»’ (1

and lim (y, — «,)=0. 2

Then A, B, C are regular, and have the same limit .
Also
an S X ._<_ 'Yn‘ (3

Graphically, the theorem is obviously true.
The points «,, ¢, determine a set of intervals

Iﬂ = (aﬂ’ 'Yn)s

such that each I, lies in the preceding I,_,, and hence in all pre-
ceding intervals.

By 2) the lengths of these intervals converge to 0. Geometri-
cally, it is evident that the end points «,, v, of these intervals con-
verge to the same limiting point A, and that any sequence of points
8., where B, is any point in I, must also converge to A.

Avrithmetically, the demonstration is as follows:

By hypothesis,

Gl o< ag
V1=V 28 “
From 1),
Op X Yne

Hence, by 4),
@, < vy n=1, 2, -

Thus A is limited. Similarly, C is limited.
Thus A and C are regular, by 109.

Let
lim &, = A. ()

Then 2) and §) give, by 104, 1,
lim o, = A,

Then, by 107,
lim B, =A.
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2. The preceding theorem may be put in geometrical language,
and gives:

Let I, =(«, v,) be a sequence of intervals n=1, 2, 3, --. Let
I, lie in I,_,, and let the lengths of these intervals converge to 0. Let
B, be any point in 1, (including end points). Then the sequence
§8.1 is regular, and all such sequences have the same limit A. The
point X lies in every 1.

3. The reader should avoid the following error:

Let {e,}, {8,} be two sequences, such that
lim (a,— B,)=0. . (6

Then lim e, lim B, exist and are equal.
That this conclusion is false is shown by the following example :

1
o =(= 1"+ 2 By=(= D"

Here neither limit exists, although 6) is satisfied.

Dedekind’s Partitions

128. We proceed now to establish the notion of partition,*
introduced by Dedekind, to found his theory of irrational numbers.

Let @ be any number of #; we can use it to throw all numbers
of R into two classes 4, B. 1n 4 we put all numbers <ea; in B
all numbers >a«. The number « we may put in 4 or B. This
division of the numbers of R into two classes we call a partition,
and say, « generates a partition (4, B). Geometrically, the point
« may be used to throw all points of a right line into two classes.
In class A we put all points to the left of «; in B all points to
the right of «. The point « we put in either 4 or B at pleasure.

Ezample.

Let ¢ =Vv2. In A putall numbers <V2;-in B put the numbers S V2.
This partition may also be generated as follows: in 4 put all numbers whose
square is < 2; in B all numbers whose square S 2.

* The German term is ScAnitt.
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129. 1. More generally, we shall say that any separation of the
numbers of N into two classes A, B, such that

1° Any number of 4 is < any number in B,

2° Any number of Bis > any number in 4,
constitutes a partition (4, B).

2. The condition 2° is really redundant, as it follows at once
from 1°.

In fact, suppose 2° did not follow from 1°; i.e. suppose there
were a number 8 in B, Z some number « in A. Then there is
an « in A which is not < any number in B, for « is not <g.
This is a contradiction.

3. Two partitions (A4, B) and (C, D) are the same or equal
only when 4 and ¢ contain the same set of numbers; or only
when B and D contain the same numbers, excepting possibly the
end numbers.

130. 1. We consider now this question: suppose a law given
which throws all numbers into two classes A, B, such that every
number in 4 is less than any number in B, and every number in
B is greater than any number in 4. Is there a number A in R
which will generate this partition (4, B)? We show there is.

To this end we construct two sequences

S=0, 0y g

T—_—Bp :82» Bg» te

S being monotone increasing, and 7' monotone decreasing, as
follows :

Let «, be any number at pleasure in 4, and B, a number in B.

Their arithmetic mean
o+ B8
2
lies between «;, 8.

If it lies in A, we set
Oy = %(ul + 31)9 Bz = B]_;
if it lies in B, we set

ay =y, By=3(e + 8y).
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We build now the arithmetic mean of ay, By and reason with
this as before. Continuing this process indefinitely, we get the
sequences & and 7.

By 127, 2, the sequences S, 7 have a common limit, which we
call A

Let A generate the partition (4', B').

We show that 4, By=(4', B),

by showing 1° that every number in A’ lies in 4; and 2° that
every number of A lies in A’

1°. Let «' #X. be any number of A’. By 105, 2 there are an
infinity of numbers «, lying between ¢ and X. But «, is in 4, by
hypothesis. Hence «’' <«, is in 4.

2°. Let « be any number of 4. 'We have to show that a S .
Suppose the contrary, A < «.

i

Then c—w—A>0.
We can take n so great that
B—w=Pitce a

On the other hand, by supposition,

a, <A< a< B,
Hence
IBn -, >« — A=¢
which contradicts 1). .

2. We have thus this theorem :

Every partition can be generated by a number in R.

131. 1. A partition (A, B) cannot be generated by two different
numbers A and u.

To fix the ideas, let A < p.

In the partition (C, D) generated by u, C contains all numbers
< u. It therefore contains numbers >, and hence numbers not
in 4. Hence (4, B), (C, D) are different.

2. Since each number generates one partition, and each partition
is generated by one number, we can establish a uniform or one to
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of all possible ‘partitions.

In fact, to the number « shall correspond the partition (4, B),
that « generates. To the partition (¥, G') shall correspond the
number A, which will generate (F, G).

one correspong:ce between the numbers of i and the aggregate

Infinite Limats
132. Let A = «;, a,, -+ be an unlimited sequence [108,2]. The
following cases may occur:

1°. For each positive number G, arbitrarily large, there exists an
m, such that «, > @, for every n>m. In symbols

@G>0, m o«,>G, n>mn.
We say the limit of 4 is plus tnfinity ; and write

lime,=+w, lime,=+0, o =+0wo.

n=wo

Such sequences are 1,2 8 -

1!, 21, 31, -
2°. For each negative number G, arbitrarily large, there exists
an m, such that «, < &, for every n Sm. In symbols
d<0, m <G, nSm.
We say the limit of A is minus infinity ; and write

lime,=—o, lima,=—ow, a,

Such a sequence is
—10, -—100, —1000,
In both these cases, we say the limit is definitely or determinately
infinite.
3°. The elements «, do not finally all have one sign, but still
lim|e,| = + .
We say the limit of 4 is indefinitely or indeterminately infinite.
Such a sequence is
1. -2, +8, -4, +5, -
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133. 1. Case 3 is of little importance. We shall therefore in
the future, when using the terms the limit is infinite, or certain
variables become infinite, always mean definitely infinite, unless the
contrary is expressly stated.

The symbol + w0 is frequently written without the + sign.

The symbol + oo means that the limit is either 4+ or — oo,
and one does not care to specify which.

The limits defined in the previous sections are called, in contra-
distinction, finite limits.

The symbols + w0, — o0 are not numbers; .. they do not lie
in R. They are introduced to express shortly certain modes of
variation which occur constantly in our reasonings.

2. Finally, we wish to state, once for all, that the terms, the {imit
exists, the limit 48 A, ete., or an equation as

lime, = A,

always refer to finite limits, unless the supplementary phrase, * finite
or tnfintte,” I8 inserted.

134. A sequence cannot have both a finite and an infinite Limit.

For, if A = {«,{ has a finite limit, the numbers ¢, lie between
two fixed numbers, by 105, 1. It is thus limited. It cannot
therefore have an infinite limit.

135. Let A= {a,}{, and let B be any partial sequence of A. If

lim «, = + oo,
A

then lim &, = + oo.
B
The demonstration is obvious.

136. If the limit of a sequence A= {a,} 18 tndefinitely infinite,
its positive and negative terms each form sequences whose limits are
respectively + oo and — oo.

For, let B = {B,} be the sequence fprmed of the positive terms
of 4; and. (= {v,} the sequence formed of the negative terms.

By hypothesis,
@G>0, m, |a|>@q, nSm.
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But then, for a sufficiently large m’,

Bn> G9 Y < — G, n_>_m’.

Hence
lim B, =+ %, limry,=— oo,
137. Let lime,=«¢, limB,=+w;
then 1. lim(e, +B8,)==%%, lim ;’1 =0.
2. If a0, lim «,8, = + . ’
8. If a0, - 250, and lim B, =03
then lim % = 4+ 0.

The demonstration is obvious.

138. L(’t t!l, ll.z, “8’ A Bp ,829 Bs’ cee

be two sequences.

Let B, S a,. n=1, 2, «
If lim «, = 4 oo,
then lim B, = + 0.

For, by hypothesis,
>0, m, «,>G, n>m.

Since B S oy
we have, a fortiori,

Bn> G
lim B, =+ oo.

Hence

139. Let A= «,, a,, -+ be a monotone increasing sequence.

B=ua, o, a, 4y <ty <igee
be a partial sequence of A.

If lim a, = + o0, then lim a, = + oo.
B 4 .

81

Let



88 IRRATIONAL NUMBERS
For, by hypothesis,
@>0, m e >@G. n>m.

But since A is monotone increasing,

%> . r >,
Hence > G,
and lim a, = + .
140. Let my, m,, -+ be a sequence of integers whose limit s
Then . ,
lim o™ =0, if 0<a<1.
= 1, ’I;f o= 1-
=+4ow, if a>1.

For, let «>1.
We set

Then, by 94, 3),

a=1+3. 8>0.

a,=(148)"™>8,

where B.=1+mgs.

We apply now 138.

Since lim B, = + o0,

we have, from 4), lim e, =+

Let 0 <a<1.
We set
_1
P=y
Then
p>1.
Also
o = .
p n
As by 8),

lim p™ = + o,
we have, by 137,

which proves 1).
The truth of 2) is obvious.

lim a™ = 0,

+o0.
a
(2
(3

4
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141. We consider now a few examples involving ¢nfinite limits.
Ezample 1.

1 1
—1 —_ =1, XY
o, +2+3+ o n=1, 2,
Hero lim @, = +co. a
FOI‘,let “=2m_1 m=1,2,--
Then
1,1 1,1, 1,1 1.1 1
- <- —) (st )
Cu +2+d +: +b+7+ +J+ +15
< : 1 )
2m— __1
Each parenthesis is >%-
For,
1. 11,1 1
§+3>1+1——2—»
1. 1.1, 1 1, 1,1 1 1
7tztz+= S 4 z=1,ete.
4+5+6+7 8+8+8+8 2ec
Thus
@, Sm,
2
As

lim m =+,

we have, by 138,

lim @, = +oo.

But {e,} is a partial sequence of the increasing sequence {e,}.
Hence, by 139, we have 1).

142. Ezample 2.

1 1 1 1
a"—;+a+1+u+2+.”+a+n’
where a0, —1, —2, —38, ...
Then lim o, = +400. a
Let >0,

Then there is a positive integer m, such that

m—-1<a<m.
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Then

1 1
I =0,1, 2, .-
a+p>m+p p
Hence a>1+ 1 N 1 _g
" m4 1 m4n ™

But, by 135, 141,

Hence, by 138,
Let « <0.
Then there exists a positive integer m, such that

lim B, = 4 oo

lim «, = + .

O<aet+m<]1.
Hence
S T S !
= wimtaxmi1 T Vet ottty
Then, by 141 and 138,
lim vy, = 4.

But {v,} is a partial sequence of {a,}. Ilence we have again 1),
by 139.

143. Ezample 3.

0 __m(u+l) -(rz+n),
" ,3(5+]) ~(B+n)
where 8+0, — 1, —

1°. «>pB, 8>0. ,et,'o‘zu—ﬂ.

Then .
H “,3:-:2=1 m' m=0,1, -+ n.
ence
Q"=(1+%X B+1> < i)
>1+¢3</8 31 )

by 90, 1. Hence, by 142,

lim@Q, =
2°, ¢e>8, B<O.

If « is a negative integer or 0, @, finally becomes and remains 0.
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Hence limQ,=0. a=0,—1, —2,
Otherwise, let the positive integer m be taken so large that

B+ m>0.
Then
Q=a(u+l)-~(a+m-—1) . (a-l.-m)'--(u-}-E:RS
TBBHD - Bm—1) B+m)(BAn) T

The first factor R is a constant. In S, set

o =oa4+m, B=B4+m n—m=n'.
Then

S — u’(u’r:‘}— ID) - _((l' + n’)_
BB AH) (B )
As o >8>0, 8, falls under case 1°.
Hence

lim @, = + oo,
the sign being that of R.

3. a<B. Ifae=0,—-1, -2, .-, evidently @,=0.

bt _BB+1)(B+n), « not zero or a

nT T T T

a(e+1)--(a+n) negatie integer.

Then P, falls under cases 1° or 2°.

But 0. —1—
'P'l
Hence lim @, =0.
4°, a=08+0, —1, -2, -.-. Here @,=1.
Hence lim @, = 1.

Different Systems for Expressing Numbers

144. 1. Let a be a positive integer, and m any integer >1.
Then we can give a the form
a=am"+ a,_m" 1+ -+ a,, a
where
0<a.<m-1, k=0,1,2, .

and » is a positive integer.
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The number m is called the dase of the system. The base
being given, the numbers a, @, - a, completely define the
number a, and 1) may be written more shortly

A=y, 1 Ay
When m =10, we have the decimal system. For example, we

write 3.-1044+1-1034+7-1024+7-10+9
more shortly 31779.

When m is used as base, the numbers a are said to be expressed
in an m-adic system.

2. Let 0<a<1. With «is associated a point on a right line L,
whose distance from the origin of reference is . To measure this
distance, let us divide the unit interval into m equal parts, each of
these parts into m equal parts, and so on. Then, as shown in
118, 120,

a={l I ly b, @
where
L=2,
m
a a a
b=l b= ¢

ST T T m m2+m3’

The numbers 4, 1,, --- are completely determined when the num-
bers a,, a,, -+- are given. Thus « is determined when these latter
numbers are given, and instead of representing « by the system
of equations 2), 3), we may employ the shorter notation

0= .q0y0g ***
For example, let « =} and m = 10.
Here a,=3, a,=8, az=38, -~
Hence = .3333 -

which is the familiar decimal representation of }.
If we take m =5, we get the representation

3= 1313131 ...
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3. Thus every positive number can be written in the form
Ay _y oo gy bybgbg oot
where the a’s and 8’s are S0 and Zm — 1.

4. Certain numbers admit a double representation, in an m-adic
system ; viz. those numbers in which the &’s, after a certain stage,
all equal 0 or all equal m — 1. In this case we have

€= Ay o @y - byby e B, 0000 . (4
a=a, - ny-b - (by—1)(m—=1)(m—1) - (G
For example, when m = 10,
23.5650000 ---
and 23.5649999 ...

represent the same number. In the future we shall suppose that
all such numbers are represented by the form 4), which we shall
call the normal form.

5. Numbers of the type
A,y Ay ble «.b 000 ...

all digits after &, being 0, are usually written more shortly, by
omitting these zeros. Such numbers are said to admit a finite
representation.

145. The expression of a positive number N in normal form in an
m-adic system i3 unigue.

1°. Let N be an integer. We show first that
mr*>ag+ am + - 4 a,_m a

This is obviously true for n=1. We apply now the method
of complete induction. Supposing 1) is true for n = s, we show it
is true for n =8+ 1. Let, then,

m>ag+ aym + oo 4 a,_mL
Then, since both numbers on the left and right are integers,
m'—(ap+ aym + - + e mHS 1.

Hence SN =
m* — (ag+ o0 + @ mDMSm.
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Subtracting an integer =0, 1, ... m — 1, from both sides,
m* — (b + agm + aym?® + .. + a,_m*)>0.
Hence, changing the notation slightly,
m* > a) + a/'m 4 ... + a,'m?, ¢

if the o’ are Zm—1.
This established, let

M=a,+ am+ aym?+ ... + a,m’,
N="by+ bym+bym? + ... + bm?,

where a, 0, b,# 0.

Then 1) shows that if »Zs, then MZ N.

Hence, if M is to equal N, it is necessary that »=s.

If » = s, then 1) shows that M2 N, according as a,.zb,.. Thus,
if M= N, it is necessary that «, =bh. In this way we may con-
tinue, and so show that when M= N,

a,=b, k=01, ...r

2° Let 0<N<1.
Suppose N=.aja,a,_a,
P=.ajay---0,_sb,.-

where a,%b,. T'o fix the ideas, let a,>8,. Then N> P.

For, N= (_"_‘.1. bt . ) “% _ N LN
> m mrwl + 7;1‘, - 1 + 2

Since P is written in the normal form, there exists an 8 r,
such that

by<m—1.
Then
_ b, b+1_
P<N1+;',',i'+ + _;zT_NlJ"‘P"
But since a,>b,, N,> P,
Hence N+ Ny> N, + Py,

and a fortiort, N>P



CHAPTER III
EXPONENTIALS AND LOGARITHMS
Rational Eaxponents

146. Having developed now the number system R with suffi-
cient detail, we shall in this and the subsequent chapters represent
numbers in § indifferently by Greek and Latin letters.

147. Up to the present we have defined the symbol
a* a

only for positive integral values of the exponent u. We proceed
to define it for any value of u, supposing a>0. We begin with
rational values. The numbers 1) are then called roots or radicals.

148. 1. Let a>0, and let n be a positive integer. There exists
one and only one positive number satisfying

2" = a. a

Let (B, () be a partition such that B contains all posmve
numbers 4 such that 3 < a.

Let p be the number which generates (B, (), 130, 2. By 130,
1, we can pick out of B a monotone increasing sequence §{b,} and
out of (' a monotone decreasing sequence {e¢,} such that

lim b, = lim ¢,, = p.

As b, <a<cp,
we have, by 106, 2,
lim b7, = a.

']
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As, by 98, lim 8, = p*,
m=w
we have
pt=a. . (2
Hence p satisfies 1).
There is but one positive solution of 1). For if
ot = a, (3
we have, from 2), 3),
Pn = o"
Hence, by 75, 3,
p=o.
2. We write 1
p="Va=am

3. When n is odd, 1) has only one solution in R, viz., z =% a.
When » is even, it has two and only two solutions in R, viz.,

Va, =Y.

149. 1. From the preceding we have readily:
Let a<0. Then

" =a
has no solution if n i3 even, and if n i8 odd, it has one and only one
solution, viz., —/ — a.

For brevity we often write, when n is odd and ¢ <0,

Va for —¥—a.
When, however, @ >0 the radical ¥/a shall always be a positive

number.

2. The equation z"=0 admits one and only ome solution, viz.,
z=0,1n R. We write g
V0 =0"=0.

150. 1. If m, n are positive integers, and a >0, then

(@ = (@ a

Set 1
p=a"
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Then n
pr=a,
and 1
1 pr=(a)"; (2
also c
a™ — an —_ (Pm)n. (3
The equation 3) shows that p™ is the positive solution of
z"=a™.
Hence, by definition, 1
o = (@Y “
Comparing 2) and 4), we have 1).

2. We write 1 1 m
(an)m . (am)n =a”.

We have now the definition of
a*, a>0

for positive rational exponents.

151. Let w be a positive rational number. We define the symbol
a™* by the relation

a Mt = —-
aP«
We also set 0
a® =1,

152. Let r, s be rational numbers, and a >0. Then
araa = a7'+s_ (1

This equation expresses the addition theorem for rational ex-
ponents. It is a generalization of 74, 2.
To fix the ideas, suppose r, 8 >0. Let

-

n n
where I, m, n are positive integers.
Let

Let

p=a"; then p"=ad' 2

oc=a'; then g"=a™ ¢
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Multiplying 2), 3), we get
(po)" = a'*m.
This shows that p - o is the positive root of
" =a'tm,

Hence +m

pr=a’”. “
But 2), 3) also give
po=a’a’. o
Comparing 4), 5), we get 1), since

[+m_
n -

r—+4 8.

153. Let u be a rational number, and a > 0.

ly ()
Then >0,

m ce
Forlet p=">0; m, n positive integers.
n
We have, by 148, 1
a*>0.
Hence m .
a*=a"-a" - a">0. m factors.

If u<0,let p=—wp,v>0.
Then
a}‘ P— ]'_’
a¥
and as a* >0, so is a* > 0.
If w=0, we have ¢* =1, by 151.

154. Let p be a positive fraction and a>0. Then

21.

a % 1 according as a z

Let p= ﬁ; m, n positive integers.

1
If a>1, then a">1.
For, suppose the contrary, .e. let

1
n

arZ1.

Al
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Raising to the nth powers, by 75, 2,
a<1,

which is a contradiction. Hence

1

Ifa>1, a>1.

Hence a">1, by 75, 2.

The other cases are similarly treated.

1

99

155. Let n be a positive integer and a >0. Then « "z/a according

as a g 1.
Let a <1 and suppose 1
a”Za.
Then, by 75, 2,
aza".
But when a <1,
ar < a,

by 75, 4. This contradicts 1).
1

Thus, when a< 1, a®>>a.
The other cases are easily treated now.

156. 1. Let a>0 and let p be a positive fraction.

a*>b>0,
then 1
a>b*,
For, let p = n. m, n positive integers.
n
From m
a™>b
follows, by 75, 2,
am™ > hm,

Suppose now 1) were not true, ¢.e. suppose

n
azZb™.

Then
ami ”,

which contradicts 2).

If

a

1

(2
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2. Let a>0 and let p be a negative fraction.

IF a>b>0,
1
then a<b*,
We can set p=—», v>0.
T'hen a"=l-
al’

This reduces 2 to 1.

157. Let p <v be two rational numbers ; let a > 0.

Then ,
a*Sa” according as aZ 1.

We can set
l" = 7—. V= :3,
t’ t
where 7, 8, ¢ are integers and ¢ > 0.
To fix the ideas, let a > 1, and u, v>0.
Suppose for this case, 1) were not true, ¢.e. that
at < at.
Then
a” 3 o, by 75, 2,
which is absurd, since r < s.

Thus 1) is true for this case. In the same way we may treat the

other case.

158. Let p be a rational number, and let a,>0,n=1, 2, -,

If lima, =1,

then limat = 1.
To fix the ideas, let
r .

=3 positive integers.
)
If a, <1, a,<a,°<1;
1
if an>19 1 <a,<a,

a
(@

1
by 154, 155. Thus in either case a,° lies between 1 and a,. Ap-

plying 107, we have, using 1),

lima,*=1.
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Since r 11 1
a,t=a,'a,’a,’, r factors.
we have, by 98,

r
lima,'=lima4=1.

The other cases are now easily treated.

159. Let p be a rational number; let

lim a, = « >0, a, > 0.
Then

For,

him a¥ = a*, a
o= w(‘%)“. @

But, by hypothesis,

lim®=1, by 98.

If we apply now 158 to 2), we get 1).

Irrational Eaxponents

160. Let R=r, ry - be a sequence of rational numbers whose

limit 18 0. Then, tf a >0,
lim g™ =1. 1

We show: e>0, m, |1—am|<e n>m, @
which is the same as 1).

Let a>1, r,>0; then, by 154,

a™>1.

Since »,> 0 and as small as we please, » being sufficiently large,

we can take m so large that

1
—>9, n>m,
Tn

however large the positive integer g be chosen.

But, by 94, 3), (A +e9>1+ge
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We can also take g so large that

14+ ge>a.
Then (1+e)>a. @3
On the other hand, by 157,
(147> (140 (4

Hence 3) and 4) give

1
A+e)™>a. n>m.

This gives, by 156, 1),
14+e>a™

Hence 2) holds in this case.
Let a<1, r,>0. Weset

a=1;
b b
then b1
By the preceding case
n<1+¢
Hence
1 1
™ — . 1 — €,
b1+ T
by 89, 1). This gives
1—am<e.

Hence 2) holds in this case.

Let r,<0. This case reduces to the case that », >0, by observ-

ing that i
= (1)
a

We consider now the case that the r, do not all have one sign.
We divide R into three sequences, Ry, R,, B_. In the first, we
throw all »,=0; in the second all »,>0; in the third all r,<0.
Should any of these sequences contain only a finite number of
elements, it can be neglected. For we have only to consider a
partial sequence of R, obtained by omitting the terms of B up to
a certain one.
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Consider B,. We have seen there exists in it an index m' such
that 2) holds for every n>m'.

Similarly in R_, there exists an index m'’ such that 2) holds
for every n>m'’.

Consider finally R,. Asr,=0, 2) holds for every n of R,.

Thus if m be taken >m/, m'/, 2) holds for every n>m in R.

161. Let A =ay, ay -+ be a regular sequence of rational numbers,
and let b>0. Then

bal, b“z, vee (1
18 regular.
We have to show:
e>0, m, |b™"— b <, n>m. (2
Set
d, = b — b = hm(borm — 1). 3

Since A is regular, we have
6>0, m, |a,—a,|<8b  n>m.
But if & is taken small enough, by 160,
[pom — 1| <, “

where 7 >0 is arbitrarily small.
Since A is regular, there exist, by 65, 5, two rational numbers,
, R, such that

¢ sueh T Q<a,<R. n=1,2, .. 6
Then 3) gives, by 4) and 5),

|d,| < b%n, if B>1;

. (6
<b%, if b<1, by 15T7.
If 5>1, we take n=f;¢;
if d<1, we take 17:1%"

Then in either case 2) holds.
The case that b =1 requires no demonstration.
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162. Let ay, ay - and a, a, - be two sequences of rational
numbers having the same limit. Then, of b >0,

lim 4% = lim §°», ¢!
By 161, both limits in 1) exist.
Let d, = b — b = bn(1 — =), 2

We have only to show that

limd,=0. ¢
But
lim (a, — a,)=0.
Hence, by 160,
lim (1 — §%»%) =0, 4

Hence, 2),.4) give 3).

163. We are now in the position to define irrational exponents.

Let
w=(ry 1y )

be a representation of . We say
a* = lim a™. 1
By 161, the limit on the right of 1) exists; by 162, it is the

same whatever representation of u is taken.

164. 1. Let 7y, 7y -+ be a sequence of rational numbers having a
rational limit r. Then, if >0,

lim 8™ = 8" a
In fact, the sequence
vy vy g 5 ro=r, n=1,2 ..
has » as limit.
By 162, lim 4" = lim &%, (2
But

lim 4" = lim &7 = &',
This in 2) gives 1).
2. The object of 1 is to show that the definition of a* given in
163 does not conflict with that given in 150, 151, in case u is
rational.
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165. 1. Let p be an arbitrary number, and r, 8, two rational
numbers, such that r <u<s8. Then for b>0,

b 2 b 2 b, according as b 1. a
For, let
. B = (ml’ Ma, ...),
the m’s being rational.

Then, by 105, 1,
r<m,<s. n>v.

Hence, by 157,
br<bmn < b, if b>1.

Then passing to the limit, by 106, 1,
b<be<b. (2

Here the equality sign must be suppressed. For, let ' be
another rational number such that

r<r <u.
Then, as in 2),
b < b~ (¢
But
b < b, 4
by 157. From 3), 4) we have '
br < b~

Thus the equality sign in 2) must be suppressed.

The truth of 1), when b <1, follows in a similar manner.

2. As a corollary of 1, we have:

Let a>0; then a" vanishes for no value of p.

In fact, the relation 1 shows that a* always lies between two
positive numbers, by 1563.

166. 1. The properties given in the preceding articles for
rational exponents hold for irrational exponents also. We illus-
trate the demonstration in a few cases.

Let A<, and b>0. Then
B*S ¥, according as b2 1. ¢!
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To fix the ideas, suppose >1. Let r be a rational number,
such that

AL r<p.
Then, by 165,

< b < be,
Hence

b < b~,
2. As corollary we have:
If b>1, we conclude from

»Z b,

that
=,
A Z s

whereas, if 0 <b<1, we conclude that

<
A S M
3. In1) let A=0. Since
1)0 = 1
we have:
Let u>0, and 6>0; then
w> : >
b z 1, according as b = 1.
a1
167. b = i b>0.
For, let
a=(aa, ***).
Then

—a=(—a; —a, ), by T1, 8.

Since, by 151,
b“'n P l
b’
we have
1 1

b=limbd = =,
m lim b Be

since &2+ 0, by 165, 2.
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168. If a>0,

atar = arte,

This is the addition theorem for any exponents, and is a generali-
zation of 152.

Let
A=limA,, p=1limpy,.
Then
a* = lim a*, a* = lim a»,
Hence

ara* = lim a* lim a** = lim a*ra#»
=lim a*ten, by 152,

= a?*u,

169. Let Ay, Ny, -+ be a sequence whose limit is + oo,

If a>0,
+ oo, 7:f ’¢>]7

1 AIl =
lim a { 0, if a<l.

or, let a > 1.
Let I, be the greatest integer in A,
Since limA, =+ o, lim , = + oo.

Then, by 140,

lim a» = + 0.

As
arn'S aln,
lim a*» = + o0,
by 138.
Let a< 1.
Set b=%. Then 6>1.

The demonstration follows now at once.

170. Let a,, a,, -+ be a sequence of positive numbers whose limit
s 1.
Then

lima}*=1.
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Let », 8 be rational numbers, such that

r<i<s.
Then, by 166, 1,
a‘nr _<_ (l,,'\ .<_ ans’ an Z 1 ; (1
a,’ < a)<a,, a, <1. (2

Let us apply now 107. Since, by 158,

lima,”=lima,*=1,
we have, from 1), 2),
lim g, =1.

171. Let ay, ay, - be a sequence of positive numbers whose limat
8a>0. Then

lim g} = . a
Since, by 170,
limZr =1,
o

1) follows from 2) at once.

172. Let Ay, Ny, -+ be a sequence whose limit is .. If a> 0,

lim a*r» = a. ¢!
For, let
rlv rg» "ty 819 321 *

be two sequences of rational numbers whose limits are A, and such

that
<A\, < 8, n=1,2, ...

To fix the ideas, let a >1; then, by 166,
a'n < arn < a'n, (2
By 162,

lim a™ = lim a’».

The application of 107 to 2) gives 1).
The case that @ Z 1 is now readily treated.
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Logarithms

173. Let a,5>0, and b+1. The equation
b*=a a
has one, and only one, solution.

To fix the ideas, let >1. We form a partition (C, D) in which
C contains all numbers ¢, such that

b<a;
while D contains all numbers d, such that
> a.

This separation of the numbers of R into the classes C, D is

indeed a partition. For every number of C'is < any number of D.
In fact, from 4
be < b7,

follows, by 166, 2, e<d.

Let £ be tha = ..inber which generates (€, D); let

0, <e,< -
dy>dy>
be the monotone sequences of 130, whose common limit is .
Then b a @
For, by 171, Tim b = lim btn = Be. 3
On the other hand, bon < o < bin, (4
From 3), 4) we have, by 106, 2,
' lim 6% = a. (6]

From 3), 5) we have 2).
The equation 2) shows that £ is a solution 1). Let » be also a
solution, so that
b1 = a. (6
From 2), 6) we have
bé = B,
Hence, from 166, 2,
E=n.



110 EXPONENTIALS ANJ.> LOGARITHMS

174. 1. As we have just seen, th¢? €quation

b = a, a>0; § °>0and #1,

admits one, and only one, solutio- ™ This uniquely determined
number &, we call the logarithm of % the base being b; and write

E = logb a,

or when we do not care to indicat © the base,
£E= log a.

2. We shall suppose, once for’ L, that the base & is #1; also
that the numbers whose logarithn We arc considering are > 0.

3. From p
P log u=1log ¥
ollows

Uu="u.

The demonstration is obvious.

175. log ab =log a + log &.

This is the addition theorem of logarithms.
Let the base be ¢. If

e=loga, B=1logbd,

then
ct=a, =0
Multiplying, we have
¢cP = ¢**P = ab.
From the equation
¢*+P = qb,

we have
log ab =« + B =log a + log &.

176. By using the properties of exponentials we may deduce in
a similar manner all the ordinary properties of logarithms. As
this presents nothing of interest, we pass on. We note, however,
the following important relation.

Let a >0, and b be the base of our logarithms. Then

at = rloga, ¢!
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For, by definition,

bloga# = at.
But

' log a* = p log a.
This in 2) gives 1).

177. Let a,, a, -+ be a sequence whose limit 78 1.

lim log a,, = 0.

To fix the ideas, let &, the base of our logarithms, be >1.

Let >0, then, by 166, 3,

be>1.
Hence 1
d=1—-=->0.
be
Since lima, =1,
we have

which gives 1-8<a,<1+38.

From 3) we have 1
1-6= 5
This in 4) gives 1
>
On the other hand,
8 = %__‘:__1_ < b¢ — 1’
by 3), 2).
This gives 14 8<be
Then 6) and 4) give @ <Be

From 5), 7) we have finally
b <a,<be.
This may be written, by 176, 1),

be < blogan < be,
Hence, by 166, 2,

—e<loga,<e, n>m,

which is another form of 1).

§>0, m, —8<a,—1<8, n>m;

111
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I
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178. Let lima,=«>0. Then

lim log a, = log a. a,>0.

For,

an

an = * —

o

Hence a
log a, = log a + log _&f.

As

. a
lim ch= 1,

we need only to apply 177 to 2) to get 1).

179. Let a,a, --- be a sequence whose limit 18 + oo .

+ o if b>1,
0 o<l

Let b>1. Let m, be an integer, such that

lim log,a, = {

bmns anS bm”+l_
Then, by 176,
log a, >m,.
But
lim m, = 4 oo,
since lim a, = + oo.

Hence, by 138, using 1),
lim log @, = + o0.

The case that 6 <1 follows at once now.

Some Theorems on Limits

Then

¢!

(2

¢!

180. Let A = ay, a,. -+ be any sequence, such however that its limit
18 too when it i3 not limited; let B="5,, b, ---be an increasing

sequence whose limit i3 + . If

1 = lim %1 = %

n+l n

18 finite or infinite, then

lim % =1,
n

a
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Proof. 1°. 1 finite.
Set

Apyp) — Ay
e

Quip—a
R ALl oy
n+l1 — Yn nt+p — Yn
From 1) we have:

8>0, m, |[l—¢q.,]<8 nSm.
Hence

l-d<yq, <I+39,

l—8<9m+l <l+8’

1= 8< @uipa <l+0.
To these inequalities apply 93, setting the ¢’s equal 1

Then
l—8<9m,p<l+8$
or
q:n,p_8<l<q"1,p+8' (3
If A is limited ;
limg, ,=0,
p=0

since, by hypothesis, b, = + .
In 3, pass to the limit p = o0

; we get

—-8<i<i.
Hence

1=0.
But on the supposition that A4 is limited,

lim %2 = 0,
Thus 2) holds in this case.

n

If A is not limited ;

8> 0 being small at pleasure, and m fixed, we have, by 92,

1_&
8>0, po 1 ar=1+8; |4]|<8 p>py (4
i ‘
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am+p(1 - aam )
m+p
b,w<1 _0t

m >
bna+p

Qm,p=l+8" !8’|<8

Now G p =

Also, by 3),

From 5) we get, using 4), 6),
bm+r’ (l+ 8/)(1 + 81)

m+p

=1+18 +0& +39,¢.

Hence
Tty 18 48 + 8,8,
m+p
and
I RLUERER)
m+p
<8(|l| +2),
supposing 8§ < 1.
If now we take .
<5 T
2+
T) gives 2). o
2°. linfinite. To fix the ideas, suppose ! = + oo.
Then
9>0, my ¢,>y. n>m.
Hence

Gms 9m+l9 qm+p—l>g‘

Applying 93, we get
. 9m,p>9: pP= 1’ 2, .
This shows that
lima, = + ».

Then 5) shows that, taking 7 such that 0 <9< 1,

Im,p = ~~”‘ﬂ(1 +9); |9 [<m p>py

by 92. Hence
Amip _ Qmp g
bm+p 1449 >

(6

"
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If we take
g>(1 + 77) G’

where @ is arbitrarily large, we have

%1'>G. n>m+p.

This proves 2) for this case.
181. Let ay, ay -~ be a sequence whose limit, finite or infinite, is

o Then

llm “_al + az _:; —————+ U =

o,
Let
A, =a;+ -+ a,
Then
a = An_An-l .
"Tn—(n-1)
Heuce, by 180,
hm ill’ = .
n
182. Let a,, ay - be a sequence whose terms are positive, and
whose limit, finite or infinite, is «>0.
Then ' o
lim Vayay--a, = a. ¢!

1°. « finite. Consider the auxiliary sequence

log a, log a,, ---; base>1.

By 178,
lim log a,, = log «. ¢
By 181 and 2),
lim %(log a,+---+loga,)=log a. (3
But
1(log a, +--+log a,) =logVaa, -a, “
n

From 3), 4) we have 1).

2°. a infinite. To fix the ideas, let « = + 0.

B
y 179, lim log @, = + .
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By 181,
lim logVa,a, - a, = a = + .
Thus
lim Va, - a, =+ oo.

Ience 1) is true in this case.

183. Let a,, a,, --- be a sequence of positive numbers.

Let a
lim - = as0; finite or infinite.

n—1

Then

For,

Apply now 182.

184. Let a,, a,, -+ be a sequence whose limit is 0.

Let by, by, - be a decreasing sequence whose limit is 0.

Let

hma-—:%«- =1; finite or infinite.

Then

. a,
hmz:l =1 a

1°. [ finite. As in 180, we have

f‘-’&_ﬂ_z( 5ip=12" m>m'. (2
m+p

€e>0, m/, 7

,m._.

Since by 92,

lim %~ %mip _ Pm,
== bm — Ym+p bm
we have
Ay — Ay a,| e
“Po |jr g <8 PP €
Adding 2), 8), we get
a,, ,
7’; ll<e; >m
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2°. linfinite. Let 1=+ co.
Then

a,, — ami-g

G>O, 'm’, qm”’:—b—-——b— >G;p=1,2’...

m+p

But for sufficiently large p,

9m.p=%+81? |8, <8, by 92.

m

Hence
%’1 >E—-8=y.
Hence "
Ynsgs  m>wl.

m

and g is large at pleasure, since G is. /

185. EXAMPLES
1. limlogn _ o
= n
For,
]0gn~l0g(n—l)_lo n_.
n—(n—1) a1
2. llmﬂ:+®.
N=qw0 n
For,
en — en—1 1\ .
=l —-=)=
n—(n-1) ( e) o
3 lim /p =1.
For,
P
n—1
4 E{‘/m =+4 0.
For,
nl =n=+4®

m>ml.
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CHAPTER 1V

THE ELEMENTARY FUNCTIONS. NOTION OF A FUNCTION
IN GENERAL

FUNCTIONS OF ONE VARIABLE

Definitions

186. The functions of elementary mathematics are the following :

Integral rational functions. Exponential functions.
Rational functions. Inverse circular functions.
Algebraic functions. Logarithmic functions.
Circular functions.

The reader is already familiar with the simpler properties of
these functions, which we may call the elementary functions. We
wish, however, to restate some of them for the sake of clearness.

187. In applied mathematics we deal with a great variety of
quantities, as length, area, mass, time, energy, electromotive force,
entropy, etc. In a given problem some of these quantities vary,
others are fixed or constant.

The measures of these quantities are numbers.

In certain parts of pure mathematics we study the relations
between certain sets of numbers without reference to any physical
or geometrical quantities they may measure. In either case we
find it convenient to employ certain letters or symbols to which
we assign one or more numbers, or as we say, numerical values.

A symbol which has only one value in a given problem is a
constant. . '

A symbol which takes on more than one value, in general an
infinity of values, is a variable.

118
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188. The set of values a variable takes on is called the domain
of the variable.

It is often convenient to represent the values of a variable by
points on a right line called the axis of the variable, as explained
in 123. The domain of a variable may embrace all the numbers in
R, or, as is more often the case, only a part of these numbers. Very
frequently the domain is, speaking geometrically, an interval; <.e.
the variable z takes on all values satisfying the relation

a<z<b.
Such an interval we shall represent by the symbol
(a, b).

Frequently one or both the end points a, b are excluded.
Then we use the symbols

(a*, b) for a<z<b;
(a,b%) for a<z<b;
(a*, b%) for a<z<b.

Similarly, .
(a, + ») includes all :cia;

(— o, @) includes all x‘z’a;
(— 0, + ) includes all z in R.

A point of the interval (a, b) which is not an end point is within
the interval.

189. Let z be a variable, whose domain call D. Let a law be
given which assigns for each value of z in D one or more values
toy. Wesay y s a function of x, and write

y=f(@), or y=¢(z), ete.

If y has only one value assigned to it for each value of # in D,
we say y is a one-valued function, otherwise y is many-valued.
The variable z is called the independent variable or argument; y is
called the dependent variable.
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‘We must note, however, that y may be a constant.

The domain of the independent variable z which enters in the
law defining a function f(z) is also called the domain of definition
of the function.

The above very general definition of a function is due to
Dirichlet.

190. The reader is already familiar with the graphical repre-
sentation of a function, by the aid of two recta‘hr axes.

Let
y=f(2) T ¢
be a given function whose domain of defini- e
tion call D. i
The graphical representation of D is a set 5 —

of points on the z-axis.

Let a be a value of z to which corresponds
the value & of y. The point P in the figure
whose coordinates are a, b represents the value of the function
for z =a.

As z runs over the values of its domain D, the point P runs
over a set of points, which we call the graph of f(z).

191. 1. Another representation of a function is the following :
We take two axes as in the
figure; one for z, one for y. = 2 —
In this representation, the
graph of f(z) is a set of points y 0 R
on the y-axis.

2. The reader will observe this important difference between
the two modes of representation just given. In the first we know
for each point P of the graph the corresponding values of both z
and y. In the second mode of representation, we do not know
in general the value of z corresponding to a point P of the
graph, and conversely. In spite of this deficiency, we shall find
that this second representation is extremely useful. This is
especially the case when we come to consider functions of =
variables.
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192. Ex. 1. Let D be given by v
| M—
0<z<li; E
. . . :
while y is given by |
y=a 0 i
The graph of y in the first mode Fie. 1.
of representation is the arc of the
parabola given in Fig. 1. The do- 0o 2 1
main of definition D is the segment
(0, 1) on the z-axis, drawn heavy in o 1

the figure.
In the second mode of representa-
tion the graph of y is the segment marked heavy on the y-axis

(Fig. 2).

193. Ex. 2. Asin Ex. 1, let

Fia. 2.

y=2a%

Let, however, the domain of definition D embrace only the

values of
z=1, 4, 4 %, -

In the first representation the graph of y
is a set of points lying on the arc of the
parabola of Ex. 1.

In the second representation it is the set
°of points 14 b e AT
on the y-axis.

In both modes of representation, the representation of D is the

set of points i
Ligbb o SO i

[ N

-l

on the z-axis. [ g0 1

Integral Rational Functions
194. These functions are of the type
Yy=ay+ a;x + a2z + - + a,z™, a

where the a’s are constants, and m is a positive integer or 0.
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Such functions are called polynomials in algebra.
The number m is called the degree of the polynomial y.
When m =1, we have
Y= a+ a;z. (2

The graph of 2) is a straight line. For this reason an integral
rational function of the first degree is called linear.
When m = 0 or when a, =0 in 2), we have

¥ = a, a constant. 3

We still say » is a function of z. In fact, 3) states that for
each value of z, the corresponding value of y is a,.

The graph of 3) is a line parallel to the z-axis. Since the
equation 1) assigns to y a value for each value of z, the domain of
definition of y embraces all numbers of R.  Speaking geometrically,
as we often shall in the future, it includes all the points of the
z-axis.

Since 1) assigns only one value to y for each value of z, y is a
one-valued function.

185. In algebra we learn that if a polynomial
P,=ay+ ax+ - az" a
vanishes for z = «, we can write
P=(z—a)P,_,,

where P, _, is a polynomial of degree m —1. We learn also in
algebra that a polynomial of degree m cannot vanish more than m
times, without being identically 0, in which case all the coefficients
in 1) are 0.
Should 1) vanish for

T=0, Ay oo Oy ¢

we have
P,= (T — “l)(z - az) (= ).

The numbers 2) are called roots or zeros of P,,.
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Rational Functions

196. The quotient of two integral rational functions of z is
called a rational function.
Their general type is given by

G+ a4+ -+ az”
Y = — 1
Y by+ b + - +ba"’ (

where the a's and &'s are constants and m, n are positive integers
or 0.

The expression 1) involves division by zero for those values of
z for which the denominator vanishes. The domain of definition
D of a rational function includes therefore all points on the z-axis
except the zeros of the denominator. These zeros we shall call
the poles of . Since 1) ussigns only one value to y for each point
of D, a rational function of z is one-valued.

The degree of y is the greater of the two integers m, n; suppos-
ing, of course, that a,, 6, 0.

When y is of the first degree, it is called linear. The type of a
linear rational function is, therefore,

_ Gy +ax

y_bo-i— blx‘

The rational function includes the integral rational function as
a special case.

In fact, let the numerator be divisible by the denominator, then
1) reduces to a polynomial. This takes place in particular when
the denominator reduces to a constant.

Algebraic Functions

197. We say y is an algebraic function of z when it satisfies an
equation of the type

y" + Rly"“ + ng"—z + e Rn—l?/ + Rn = 0? (1

where n is a positive integer, and the R’s are rational functions
of z.
The degree of y is n.
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Let us give to z a definite value z=a. If a is a pole of any of
the R’s, the equation 1) has no meaning for this point, and it does
_not lie in the domain of definition of y.
~ Suppose  is not a pole of any of the R’s.
Then each R, takes on a constant value, say 4,, and 1) goes

over into v+ Alyn—l 4 4 An-l.'/ +4,=0, (2

an equation with constant coefficients of degree n.

Equation 2) may have no real roots. In this case a does not
belong to the domain of definition of y. On the other hand, 2)
cannot have more than n real roots for z = a.

These considerations show that y is at most an n-valued function
whose domain of definition embraces all or only a part of the z-axis.

If we clear of fractions in 1), we may write it

Py +Py'+ -+ P, \y+ P,=0, (3

where now the coefficients of y are polynomials in z. Evidently
either 1) or 3) may be used as definition of an algebraic function.

198. The algebraic functions include the rational functions as

a special case.
For, if n =1, the equation 1) of 197 takes on the form

or y=—R,.

But — R, is any rational function.

199. An expression which can be formed from z and certain
constants by the four rational operations and the extraction of
roots, each repeated a finite number of times, is called an ezplicit
algebraic function.

Such a function is

b Y a+tbd o1 ———
=a—2 4+ + +Va + bz. 1
Y o \/b+\/c+dx3 1-2 ¢

Obviously 1) can be obtained from

z, a b, ¢, d
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by the aid of the five operations, addition, subtraction, multiplica-
tion, division, and the extraction of roots, each repeated only a
finite number of times.

It is known that every explicit algebraic function y satisfies
an equation of the type 197, 1). Hence every explicit algebraic
function is an algebraic function, by 197.

The converse is, however, not true; every algebraic function y
cannot be brought into the form of an explicit algebraic function.

This is due to the fact that equations of degree n >4 cannot, in
general, be solved by the extraction of roots, or, as we say, do not
admit of an algebraic solution.

200. All functions which are not algebraic functions are called
transcendental functions.

The terms algelraic and transcendental may also be applied to
the numbers of R.

Any number ¢ which satisfies an equation of the type

" + alxn—l + (127)""—2 4 e a,_ & + a, = 0’ (1

where n is a positive integer, and the a’s are rational numbers, is
called an algebraic number.  All other numbers of ® are transcen-
dental numbers.

When n=1, the equation 1) defines a rational number; the
rational numbers are special cases of algebraic numbers.

Circular Functions

201. As the reader already knows, the circular functions may
be defined as the lengths of certain lines
connected with a circle of unit radius.

Thus, in the figure

sinz= CF, cosz= OF, tanxz= AB,

etc. We have shown in Chapter II how the
rectilinear segments AB, CE, etc., are meas-
ured. It has not yet been shown, however,
how to measure arcs of a circle, 7.e. how to
each arc as AC, a number z may be attached, as its measure.
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This will be given later. No inconvenience can arise if we assume
here a knowledge of this theory inasmuch as the reader is perfectly
conversant with its results, which are all we need for the present.

Arcs measured in the direction of the arrow are positive; those
measured in the opposite direction are negative.

If we suppose the point €' to move around the circle in a positive
direction starting from a fixed point A as point of reference, it has
described an arc whose measure is 2 ar,

= 3.14159265 --.

when it reaches A again. If it still continues moving around the
circle, it has described an arc =4 7 when it reaches A for the
second time. On reaching A for the third time the arc described
is 6, etc. Thus to each positive number in § corresponds an
arc; also, conversely, to each arc measured in the direction of the
arrow corresponds a positive number in 9R.

With arcs measured in the negative direction are associated the
negative numbers of R, and conversely.

202. From this mode of defining the circular functions we con-
clude at once the following properties :

The domain of definition of sin 2, cos 2 embraces all the numbers
of R.

The domain of definition of tan z embraces all numbers of R
except

%+ mr, a

where m=0, £+ 1, +2, -...

In fact, for these arcs, the secant OB is parallel to the tangent
line A B, and therefore cuts off no segment on it. Thus for these
values of the argument z, tan z is not defined.

Similarly, sec z is not defined for these same values 1); while
cosec z is not defined for

z = mm. m=0, +1, £2, - 2

From similar triangles we have for gll 2, except these singular
values in 1) or 2),

sin z 1 1
tanzr=——, seCx= ——, COSEC T = ———.
Cos Z Ccos T sinz
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We observe that these relations involve division by 0, for the
singular values 1) or 2).

From the above definition of the circular functions we see that
they are one-valued functions of z.

203. The graphs of the three principal functions sinz, cosaz,
tan z, are given below.

Yl Y
13 - , .3r _m 3
2 \r 2 i z \af-w 2 L
T I T T T T
sinz cos z
y

ol

=]

(52
3

4 4 4
€
74 5

tan
204. The next most important property of the circular function
is their periodicity.
In general we define thus:

Let o be a constant 0.

Let f(z) be a one-valued function
whose domain of definition D is such that, if z is any point of D,
so is

z +mw, m=+1 +£2, -
If

fz + ) = f(2) a
for every z in D, we say f(z) is periodic, and admits the period o.
If  is a period of f(x), so is mw.
m =t 1, + 2, o0
For,
f@+20) =f[(z+ ) + 0] = f(z + o) = f(2),

hence 2w is a period. Similarly, 3w, 4 @, -+ are periods.
On the other hand,

f(z— o) = f((z - @) + 0) = f(2).
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Hence f(z) admits the period —w, and so —2w, —3 w, etc.

If all the periods that f(z) admits are multiples of a certain
period @, this is the primitive period of f(z), or the period of f(z).

From trigonometry we have:

The period of sinz, cosx, i8 27 the period of tanx is .

205. 1. If f(x), g(x) admit the period w, then
f(@) £ g(2), a
Fap@, T, g0, ¢

admit also the period w.

For example, let
h(z) = f(@) + 9(2).
We have

h(z + ) = f(z + ) + g(z + 0) = f(2) + g(2) = k().
2. If the period of f(z) 18 w, the period of f(ax) zs —. Here a

i8 any number = 0.

For, let 9(2) = f(az),

and let T be any period of g(z).

Then
gz + 7)=g(z),

Sf(a(z + 7)) = flaz).
This gives, setting

or

ar =1,
St +ar) = f(2).
Thus ar is a period of f(2); and therefore

ar = mo. m an integer.
Hence
o
T=m —. 3
2 (

As ; is obviously a period of g(z), it is the period of g(z), by 3).
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8. Suppose in 1, that o, instead of being any period of f and g,
is the period of these functions. It is important to note that we
cannot infer that thercfore w is the period of the functions in 1), 2).

Ex. 1. Let
x. 1. Le J(x) =sinz, g(x)=4sinzcos?z.
The period of these functions is 2 .

Yet the period of
h(x) = g(x) — f(x) =8in3z

is 2—"~
3

Ex. 2. Let
f(x) =sinx, g(x)=cosuzx.

h(e) =f(x)g(x) =4sin2z.
The period of f and ¢ is 2 = ; the period of A is .

Then

Ex. 3. Let f(x), g(x), be as in Ex. 2. Let

J(x)
h(z) == -+ =tanz.
@ g(x)
The period of & is again .

Ex. 4. Let
* ¢ JS(z) = sin?x, g(x) = cos?x.

The period of f, g is .
But
h(@) =f(®) +9(@) =1,

which has no primitive period.

206. From the periodicity of the circular functions we can
prove that

The circular functions are transcendental.

Consider, for example,
Yy =sinz.

If this is algebraic, let it satisfy the irreducible equation
¥+ RB(@y" " + - + Ra(z) =0. ¢
Replace here z by « + 2mar, m an integer.
If we set Bz + 2mm) = Tu(),
1) gives, since y is unaltered,

y"+ Ti(@y" " + - + Tu(2) = 0. ¢
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As y satisfies both 1) and 2), it satisfies their difference
(Rl - Y'I)y"_‘l + -+ (Rn - 7'//) =0.

Thus y satisfies an equation of degree <mn, which is not an
identity. As we assumed 1) is irreducible, this is a contradiction.

207. Another important property of the circular function is
their addition theorem, which is expressed in the formule

sin (z + y) =sin z cos y + cos z sin y,
cos (x+ y) =cosz cos y — sin z sin g,

tan x 4 tan y
1 — tan x tan y’

tan (r+y) =
ete.

208. 1. Let f(z) be a one-valued function whose domain of
definition, D, is such that if = is any point of D, so is —z.

Let J(—2) =f(2),
for every z in D. We say, then, that f(z) is an even function.
If
S(—2)=—Sf(2),
we say f(z) is an odd function.
Obviously,

The functions sin z, tan x are odd, while cos x is even.

2. Letting O, 0y, O, represent odd functions, and E, E,, F, even
Junctions, we have:

For example:

02(—$)= 0(—27):]: 01(—$)=— ox 01= ——(Oj: 01)= - 0.2.
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The Exponential Functions

209. Let a>0 be a constant; the exponential functions are
defined by
y=a'.

The domain of definition of y is R, and y is a one-valued
function.

When a =1, the corresponding exponential function reduces to
a constant, viz.:

y=1

The graphs of y fall into two classes, according as a Z 1.

v v
a<1 a1
\ /
(7] z [7) T

An important exponential function is that corresponding to

a=e e=2.T1818 ...

210. 1. The only properties of the exponential functions whlch
we care to note now are the following :

The exponential function is nowhere equal to 0, or any negative
number.

See 165, 2.
2. The addition theorem is expressed by

ata? = a*tv.

One-valued Inverse Functions

211. 1. The two remaining classes of functions, viz. the logarith-
mic and inverse circular functions, are inverse functions. Before
considering them, we wish to develop the notion of ¢nverse func-
tions in general.
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2. Let f(z) be a one-valued function defined over a domain D.*

If SE)>f (@)

for every pair of values 2/’ >2' in D, we say f(z) is an increasirg
Sunction in D.
If on the contrary

f(z”)<f(z’), ' >,

we say f(z) is a decreasing function.

If f is either an increasing or a decreasing function in D, but we
do not care to specify which, we say it is univariant.

These definitions are extensions of those given in 108. The
corresponding extension of the terms monotone, monotone increas-
tng, monotone decreasing to function is obvious.

3. Ex. 1. For the domain D = (— : , "), sin x is an increasing function.
For the domain D = (;, %’t), sin  is a decreasing function.
Ex. 2. For the domain D = R, «* is an increasing function if ¢ > 1; it is a de-
creasing function if ¢ <<'1. Thus whether ai 1, a* is a univariant function in R.
<

212. Let y=f) 1
be a one-valued univariant function, defined over a domain D.
Let E be the domain over which the variable y ranges.

We put the points of D and E in correspondence with each
other as follows: two points z, y shall correspond to each other,
or be associated, when they satisfy 1).

Then to a given z corresponds only one y, since f(z) is one-
valued. On the other hand, to a given y corresponds only one =z,
since f(z) is univariant.

Thus to any z of D corresponds one, and only one, y of ;
conversely, to any y of & corresponds one, and only one, z of D.

213. The considerations of the last article have led us to one
of the most important notions of modern mathematics, that of
correspondence.

* Such an expression as this will be constantly employed in the future. It does not

mean that D includes all the values for which f(z) may be defined, but only such values
as one chooses to consider for the moment.
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Let A and B be two sets of objects. Let us suppose that 4
and B stand in such a relation to each other, that to any object
a of A correspond certain objects b, b', 8"/, .- of B; and to any
object & of B correspond certain objects a, @/, a'’, -+ of A.

Then A and B are said to be in correspondence.

If to each a corresponds only one b, and conversely, the corre-
spondence is one to one (1 to 1), or uniform.

If to each a correspond m objects of B, and to each & correspond
n objects of A, the correspondence is m to n.

In many cases, to each element of A correspond an infinity of
objects of B, or conversely.

214. Let us return to 212. The correspondence we established
between the points of D and E is uniform. This fact may be used
to define a one-valued function g(y), over the domain &. In fact,
let 2 correspond to y. Then g(y) shall have the value z, at the
point y. Then 2 =g(y).

The function g, just defined, is called the nverse function of f.

Evidently g is a one-valued function in A. It is also uni-
variant.

In fact, to fix the ideas, suppose f is an increasing function.

Then, if , "

rer,
we have , "
y <y

Suppose now g were not an increasing function. Then for at

least one pair of points,
yl < yl/, (1

z' S,

we would have

We cannot have 2/ =2'"; for then y'= g'/, which contradicts
1). We cannot have 2’/ >2'’; for then y’ > y', which again con-
tradicts 1).

We have thus the theorem :

Let y = f() be a one-valued univariant function, defined over a
domain D. Let E be the domain of the variable y. Then the
" tnverse function, z = g(y), 8 one-valued and univariant in K.
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215. The notion of inverse functions developed in 212 and 214
is quite general. It will perhaps assist the reader if we take a
very simple case.

For the domain D let us ;| S——
take an interval I=(a, b). /
For f(z), let us take an
increasing  function, with
graph as in the figure. The
domain of y is then the in-
terval J=(a, 8). That the
correspondence between the
points of I and J, as defined
in 212, is uniform, is seen
here at once. For, to find
the points y corresponding to a given z, we erect the ordinate at
z. This cuts the graph but once, viz. at P. There is thus but
one point y in J corresponding to the point x in L.

Similarly, to find the points z, corresponding to a given y, we
draw the abscissa through y. This cuts the graph but once,
viz. at P.

There is thus but one point « in I corresponding to a given yin J.

That the inverse function is one-valued, and is an increasing
function in o, is at once evident from the figure.

L -

The Logarithmic Functions
216. 1. We saw in 209 that the exponential functions
y=a* a>0, -1

are onc-valued univariant functions for the domain . The

domain of the variable y is the interval J= (0%, + ). See 188.
Then, by 214, the inverse of the exponential functions are one-

valued univariant functions, defined over 7. By 174, these inverse

functions are
z=log,y, a

and are called logarithmic functions with base a. In higher
mathematics it is customary to take a=e=2.71818 ... When
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no ambiguity can arise, we may drop the subscript a in 1).
Unless otherwise stated, we shall suppose the base is e.

2. The graph of the logarithmic v
function
y=logz

is given in the figure.

3. The only other property of logz
which we wish now to mention is their
addrtion theorem,

log zy = log = + log y.

Many-valued Inverse Functions

217. The circular functions give rise to many-valued inverse
functions. It is easy to extend the considerations of 212 and 214
8o as to arrive at the notion of many-valued inverse functions in all
its generality.

Let

y=r@ a

be a one or many valued function, defined over a domain D. Let
the domain of the variable y be K. We put the points of D and
F in correspondence as follows: two points z, y shall correspond
to each other or be associated when they satisfy 1). Then, to
each y of & correspond one or more values of 2, say

z, 2,2, ... 2

We define now a function g(y) over E by assigning to g the
values 2) of z associated with each point y of K.

Then
z=g(y) 3

is the inverse function, defined by 1).
The equation 8) may be considered as the solution of 1) with
respect to z.
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218. To illustrate the rather abstract considerations of the last
article, let us consider the following simple

. . ]
case, from a geometric standpoint. |
Let the graph of r (P
v
y=,() i
be that in the figure. ¢ z
ol ax 2! 2’ 2

Then D =(a,d), and E=(a, B).

The greatest number of values of y for a given z in D is 3.
Hence y is a three-valued function. Let y be a point of £. To
find the points of D associated with it, we draw the abscissa
through y. Let it cut the curve in the points P, P!, P, ...
The projections z, 2/, 2/, --- of these points P on the z-axis are
the points sought.

The greatest number of values z corresponding to any y of %
is 4. Hence the inverse function

) - z=g(y) ,
is a four-valued function.

219. Let us consider the function y = f(z) defined by

22—yt —1=0, a L
or o 4 _'-—T'Z‘,/
y=xVa2—1. @ _s §x+;°
Its graph, given in the figure, is a ) -\\

hyperbola.

To a value of >1, or 2<—1, correspond two values of y,
marked y and g’ in the figure. The domain D of z is marked
heavy in the figure, and embraces all the points of the z-axis,
except (— 1*, 1*). The domain E of y is the whole y-axis.

To any point y of E correspond two values of z, falling in D.

The inverse function z= g(y), thus defined, is a solution of 1)
or 2) with respect to z, viz.:

z=1VI1+yi

The correspondence which the equations 1) or 2) establish
between the points of D and E is a 2 to 2 correspondence.
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220. The preceding example illustrates the fact that

The inverse of an algebraic function which is not a constant 18
an algebraic function.

To prove this theorem, let y= f(z) be defined by

Po(”).’/” +Pl(x)3/nul + - +Pn(x)= 09 (1

where the P’s are polynomials in z, with constant coefficients.
The inverse function
z=9(y) (2

also satisfies 1). Let us arrange 1) with respect to z. If m is
the highest degree of z in this equation, we get

QO(.y)xm + Ql(:’/)zm_l + -+ Qm(y) =0. (3

As 2) satisfies 3), the inverse function 2) is an algebraic func-
tion also.

In this example, y=/f(z) is, in general, an n-valued function,
while z = g(y) is an m-valued function.

The correspondence that the equation 1) or 3) establishes be-
tween the points of D and F, the domains of the variables z, y, is
thus an n to m correspondence.

The Inverse Circular Functions
221. These are the functions
sin"'z, cos 'z, tan~lz, ete.
We prefer to follow continental usage, and denote them respec-
tively by

Arcsinz, Arccosz, Arc tgz, ete.

We shall not take the space needed to treat all these functions;
we take one of them, Arc sin, as an illustration. The others may
be treated in the same way.

We start with the equation

y=singz, a

whose graph is giyen in 208.
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The domain D, over which sinz is defined, is ®; the domain of
yis E=(—-1,1).

Let y be a point of E. If z, is one of the associated points of
D, all the points of D associated with y are given by

z,+ 2mm, (2
m=0, +1, +2 ---
™ — x5+ 2mm, ¢

as is shown in trigonometry.

Thus, to a given value of y there are a double infinity of values
of z.

The inverse function defined by 1), viz.:

z= Arcsiny,

has the interval £ =(—1, 1) for its domain of definition. It is
an infinite-valued function whose values for a given y are given
in 2), 3).

222. The graph of
y= Arcsinz

is given in the adjoining figure.

The reader will observe that this graph can be got at
once from the graph of sinz (see 203) by turning it
around and changing the axes.

This property is obviously true of the graph of any
inverse function.

Thus, if the graphs of

e*, cosz, tanz, ete.,

are given, we may get at once the graphs of

logz, Arccosz, Arctgaz, ete.

223. 'The treatment of many-valued functions is much simplified
by employing the notion of a branch of the function. This will
be explained when we have considered the notion of continuity.
For the present, however, we wish to define what are called the
principal branches of the inverse circular functioys.
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Looking at the graph of Arcsinz given in 222, we see we can
define a one-valued function over the
interval (—1, 1) by taking those values
of Arcsinz which fall in the interval I

53

The function so defined is called the -1
principal branch of the Aresin function.
We shall denote it by are sin .

Its graph is given in the adjoinin

figuye. —— beee 1 7

+1

arc sinz

224. 1. The principal branch of Arecosx
is formed of those values of this function
which fall in the interval (0, 7).

The one-valued function so  defined
over the interval (—1, 1) is denoted by
arc cos z.

Its graph is given in Fig. 1.

ol

2. The principal branch of Arctgz is

formed of those values of this function

0 +1
. . . T T .
which fall in the interval (—« ) Fia. 1. | arccosx

K
272

The one-valued function so defined over (—o0, ) is denoted by
arc tg x.

T
2

_!l
<y

i

w_}ii‘lb;. 2. S 'arc tg e
Its graph is given in Fig. 2.
FUNCTIONS OF SEVERAL VARIABLES
The Rational and Algebraic Functions

e25. In the list of the elementary functions given in 186, the
first three, viz. the integral rational, the rational, and the alge-
braic functions, are, in general, functions of several variables.
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For simplicity, we treated them first as functions of a single varia-
ble. We wish now to define them in all their generality. At
the same time we shall consider the general notion of functions of
several variables and certain related geometric ideas.

226. 1. An integral rational function of n variables z,, z, --- z,
is an expression of the type
Y= Axl'"xxz’"z e, 4 B_pl’l_rz’z x4 Lx1¢1x2’9 cex,ln, (1

Here A, B,--- L are constants, and the exponents m, [, --- ¢ are
positive integers or 0. Such functions are

2ary+ 2y + 5 222y (2
a2ty + brbry + cxd + dzejwpz,. &)

We may write 1) in the form
Y =Z Ay, Ty X 4

where the summation extends over all the terms of y.
A still shorter notation is

Y= E/lxl”'lfz’”z ves zn”‘n (5

which may be employed when no ambiguity can arise.
The greatest of all the sums of the exponents

m1+7712+"'+7n," ll+l2+"‘+ln”’

is the degree of y.
Thus the degree of 2) is 3; the degree of 3) is 13.

2. When the degree of each term of 1) is the same, it is said to
be homogeneous.

Let F= EAzlm‘xzm’ ve T,
be homogeneous and of degree m. If in F we replace z, by Az, ---
z, by Az,, and denote the result by F, we have
F=\rF.
For, _
F=Z AN g ™ . g,
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But, for all the terms of F,

my+ - +my,=m.
Hence .
F=\"ZA4z™ - z,"n = \"F.
3. When y is of degree 1, we have
Y=a2 + ax, + -+ a,x, + a,

It is said to be a linear integral function of the z’s. If ay=0, it
becomes
y=az,+ -+ a,z,
which is the general type of a linear homogeneous inteyral function
of the «’s.
In algebra, integral rational functions are called polynomials.

227. 1. To get a value of
y=2Z2Az™ .- 2, ¢!
we give to each of the variables z a certain numerical value, as, -
Ty=0 Ty=0yy, Ty =0, (2

These values put in 1) give the corresponding value of y, say
Yy = b.

When n=1, 2, 3, we can represent geometrically the values 2)
by a point on a right line, a point in a plane, or a point in space,
respectively, viz. the point @ whose coordinates are a;, or a;, a,
or a;, a, a;. If we give the s different sets of values, we get
different points in 1, 2, or 3 dimensional space. As in the case
of one variable, we can say y has the value b at the point a.

2. It is convenient to extend these and other geometric terms,
employed when the number of variables n=1, 2, 3, to the case
when n>3. Thus any complex of n numbers, a;, a, - a,, is
called a point; a,, a, .- are called its codrdinates. We denote
the point b

p y “=(a1’ Agy *++ a").

The aggregate of all possible points, the 2’s running over all
the numbers in R, we call an n-démensional space or an n-way
space; and denote it by R,. Later we shall extend the terms
distance, sphere, cube, etc., to R,. Cf. 244. The reader is not to
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suppose for a moment that there really is an n-dimensional space,
or an n-dimensional cube, in the ordinary empirical sense of the
word ; but to bear in mind that these terms are merely names for
certain numerical aggregates.

3. Employing this geometrical language, we may say that,

The integral rational function of several variables, say n variables,
18 @ one-valued function whose domain of definition embraces all the
points of R,

228. As in the case of one variable, the rational function of
several variables is the quotient of two integral rational functions
in these variables. Its general expression is, therefore,

SBr® -z G
Its domain of definition embraces all the points of R,, except those
points at which G- vanishes, which we call poles of R. For all points
af this domain, R i3 a one-valued function.
If m/ is the degree of F, and m'' is that of G, the degree of R
is the greater of the two integers m/, m'’.
When the degree of R is 1, it is called a linear rational function.
Its general expression is
a+ax;+ -+ a2, (@
by + by + - + b2,

We say R is homoyeneous when F and G are homogeneous.
We have evidently, as in 226, 2,

B(\xy, Azy, -+ A2) = NR(2y +++ 2,), ; 3

where ¢ is an integer, positive, negative, or zero.

229. The definition of an algebraic function of n variables is an
obvious extension of that given for one variable, in 197. Thus
¥ is an algebraic function of z,, #,, -.- 2,, when it satisfies an equa-
tion of the type

y+Ry"~'+--+R,_y+R,=0, (1
where the coefficients R are rational functions of z;---a,, and = is
a positive integer.
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For any point z =a in R,, for which none of the denominators
of the R's vanish, y has at most n values.

Thus y 18 at most an n-valued function. Its domain of definition
embraces all points of R, except the poles of the coefficients R, and
those points for which 1) has no real root.

Functions of Several Variables in General

230. We can give now the definition of a function in n vari-
ables. Let z=(z,, #,, --- 2,) range over the points of a certain
domain D, viz. over R, or a part of it. Let a law be given which
assigns to y one or more values for each point of D. We say y is
a function of z,, ,, --- z,,, and write

y=f(xy-z,), or y=¢(z,--2,), ete.
When no ambiguity can arise, we may even write

y=s(@), y=¢(2), etc.,

where z stands for the n variables ;.- 2,

The meaning of the terms of 189, viz. one-valued and many-
valued, independent variables or argument, dependent variable,
domain of definition of the function, when applied to several vari-
ables, needs no explanation.

231. We explain now the graphical representation of functions
of several variables.
We take n + 1 axes, one for each of the variables y, Tyy gy o+ Ty

% :0 N2
IO Ia’
25 t +
an 0
£23
[ b

2.
I4 T

The representation of a point 2, = a, --- 2, = a,, is a complex of
n points a;---a,, as in the figure. 'The value of y, say y=2, is
represented by the point & on the y-axis. This representation,
although unsatisfactory in some respects, is still often useful.
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232. When n =2, we have two other modes of representation.
Let the function be
y=f(zy 7).

We take three axes, z;, z,, ¥, as in ana-
lytic geometry, of three dimensions. To the
set of values of the independent variables

T)= Ay Tyg=0q

corresponds the point a=(a;, a,), whose
coirdinates are ay, a,. The valuc & of y at this point we lay off
on the ordinate through a. As z runs over its domain D, y will
ordinarily trace out a surface in $R,.

233. The other mode of representation is by means of a plane
and an axis.

The domain of the independent
variables we represent by points in
the a2z, plane, while y is represented
by points laid off on a separate axis,
as in the figure.

234. When n=3, we may employ
the following representation.
Let

Y =f(xz,75)

be defined over a domain D.

To represent D, we take three rec-
tangular axes.

To the set of values

v
=0y Ty=0y T3=d4

corresponds the point a, whose coordinates are a,, a,, ag. The

values of y we lay off on a separate axis, as in the figure.

235. From the elementary functions of one variable we can
build an infinity of functions of several variables. We give some
examples which dllustrate the various domains of definition that a
function of several variables may have. We shall take n = 2.
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N
For points within the ellipse £, whose '
equation is

22 2
atp—1=0

Ex. 1.

the argument of z is negative. For points on £ the argument is 0.
As the logarithmic function is defined only for positive values of
the argument, the domain of definition D, of #, is the region
shaded in the figure. Its edge, or K, does not belong to D.

236. Ex. 2.
2 2 2
z=log<i +%§—— ])(ﬁ—%—l):loguv.

a? o

Since log uv is not defined, unless u» > 0, % and v must be both

positive, or both negative. The domain of definition D, of z, is
thus the region shaded in the figure. Since

; N

uv =0 on the edge of D, these points do not

belong to D. '

237. Ex. 3.

2 =tan } 7zy. \
Since tan u is not defined when

s
U = — + M,
2

m=0, £1, +2, -

we see the domain of definition \
of 2z includes all the points of

the zy plane, except a family
of hyperbolas

rzy=2m+1.

Composite Functions

238. 1. An extremely useful notion in many investigations is
that of a function of functions, or composite functions. Let

u1=f1(zl"'xn) e Uy =fm(xl"'xu)
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be defined over a domain X in n-dimensional space R,. Let
w=(UUy *** Uy,)

be a point in an m-dimensional space R,,.

While z runs over X, let v run over a domain U. Let

y= ¢(u1 o u’m) (1

be defined over U. Then y is defined for every point z in X.
We may, therefore, consider y as a function of the 2’s through the
w's. We say y is a function of functions, or a composite function.

2. When speaking of composite functions, we shall always sup-
pose, even without further mention, that the domain of definition
of 1) is at least as great as U.

3. When & ranges over X, u, as we said, runs over the domain
U. 1t is convenient for brevity to call U the image of X.

EXAMPLE. Zy
Uy = 21Xz, Uz = S€C X1, Ug = €Ty,

y = log u; + tan e
uy
Here u;, ug, us are defined for all the points of Jt3, for which
xl¢00r;£+nzw, m=0, +1, 42,
while y is defined for all the points of R3, for which
uy #= 0, and u':/: + nmw. n=+1 42, .

239. The notion of a composite function is sometimes useful in
transforming a function as follows. Let

y=F(z - x,).
The variable  may enter # in certain combinations, so that if
we set
ul = ¢1(£L'1 (l',,) Uy = d)m(xl )
¥ goes over into
° y=G(uy up).
ExXAMPLE.
2 92
y=a 2+ i + 2 5+ log—- F(z1, ).
Let
1
U= —y
X2
then
y=aud— 1 +“ ot logu=6G(u).
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Limited Functions

240. Letf(z, -+ x,) be defined over a domain D. If there exists
.a positive number M, such that

’ |f| <M,

for every point of D, f is said to be finite or limited in D ; other-
wise f is unlimited in D.

Ex. 1. .
f(x) = sinz.
Since . .
|sinz| <1, x arbitrary,
sin 2 is a limited function for any domain.

Ex. 2.
J@) =ao+ amx + - + anx®,  an 0,
is limited in any domain (— (, @), where @ is some fixed positive number.
It 1s unlimited in the domain (0, +®), for example.

Ex. 3. 1
o S@) =2
is defined for every x 0. x

It is limited in any domain as (@, ®), if @ <O0.

It is unlimited in (0%, 1), for example.

41. Let f(x - w,), g(zy -+~ x,) be limited functions in a domain
D. Then

NET ]
are limated in D.
If gl >a>0
in D, then _-)f
g

8 limited in D.

Since f, g are limited in D, let
7} lgl< M.
lfxgl<|fl+19]<2 M.
Hence f+ ¢ is limited in D.
Also
\fg|=1f]-lg| <22

Hence fg is limited in D.
Finally, If‘ _ | f]

Then

M
Wile",
lg] " a

Hence § is limited in D.



CHAPTER V

FIRST NOTIONS CONCERNING POINT AGGREGATES
Preliminary Definitions

242. In elementary mathematics, the functions employed are
usually defined by simple analytic expressions. Their nature is
simple, and their domains of definition receive little attention. In
the theory of functions we take a higher standpoint, and consider
functions defined by any law, as explained in 189 and 230. Such
functions are not tied down to an analytic expression; indeed,
we may not know how to form their analytic expressions.

From this point of view, the domain D over which the function
is defined or spread out is often of great importance. Frequently
we choose first the domain D, and then define a function for the
points of D.

The domain of definition of a function of » variables may be any
set or aggregate of points in ®,. We wish to treat now the most
elementary properties of such aggregates which we call point
aggregates.

243. 1. Two point aggregates A, B are equal, when every point
of A lies in B, and every point of B lies in A. In this case, we

write A=B.

2. If every point of B lies in A but not every point of 4 lies in
B, we say B is a partial or sub-aggregate of A, and write

A>Bor B< A.

3. If A does not exist, ¢.¢. if it contains no points, we write

A=0.
148
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As the symbol 0 also stands for the origin, we shall write, in
case of ambiguity, A=(0),

when we wish to indicate that A consists of the origin alone.
The fact that A contains at least one point, we indicate by

A>0.

4. Let A, B be two point aggregates having no point in com-
mon. The aggregate formed by their reunion is called their sum,
and is denoted by A+ B.

5. If B is a partial aggregate of A, the aggregate formed by
removing all the points of B from 4 is called the difference of A,
B, and is denoted by A_B

It is also called the complement of B.

6. If a or z, for example, are general symbols for the points of
an aggregate, we can represent the aggregate by

fa} or {zi.
Thus, if
. A= }, i‘ %,...
we can write
1
4=<-4'.
{n}

Or if A = ay, ag, ag,+

we can write A = {az}.

244. Definitions of configurations in n-way space. Cf. 227, 2.
1. Let a=(a; - a,), b=(b; -+ b,) be two points of R,. We say

V(a;— b))%+ -+ (a,— b,)? a
is the distance between a, b ; we denote it by
Dist (a, ) or a, b.

2. The points z satisfying
zy—a;=A0b—a) - z,—a,=A(b,—a,) 2

lie on a right line L, viz. the line determined by the two points
a, b. Here N\ runs over all the numbers of R.



150 FIRST NOTIONS CONCERNING POINT AGGREGATES

When A=0, z=a; when A=1, z=05. [Points x, for which
0< A <1, form a segment or interval (a, b) of L. Such points are
said to lie between a, b.

An aggregate lying on a right line is called rectlinear.

3. If three points a, b, ¢ lie on a right line, we have from 2)

that
c—a _c.—a,.

= ] ) =152a e 3
b—a, b.—a, b " (

and conversely, if 3) holds, a, b, ¢ lie on a right line.

4. Let a, b be two points on the line L, and
7 = Dist (a, b).
Then

a;— by
A= St A, = e

are the direction cosines of the line L.  Obviously,
A2+ 22=1
5. The points z defined by
(xl_al)2+ +('Tn_—an)2=r2v r>0.

lie on a sphere S whose center is a and whose radius is 7.
The equation of § may also be written

Dist (a, 2) =1r.
The points z, such that
Dist (a, 2)<7r
lie within 8. If
Dist (a, ) >,
z lies without S. 1f x lies on or within S, it lies in S.
6. The points z, such that
[zl—al{S%e lzn_anls%e’

form a cube, with center @ and edge e.
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7. The points z, such that
o <z <by o @, <7, <0,
form a rectangular parallelopiped or cell whose edges are of length
ey=b—a;, - e,=b,—a,.
8. The cube
oy —ay| <-

_e || < =
\/ Vn
is called the inscribed cube (' of the sphere S, of radius », and
center a.
Every point z of C'isin 8. For,
2 2
V(g —a)l+ -+ (2, — a,,)zg\/% + e+ :—L =

9. Let the cube C be given by

|z1—al}zé0' [:r,,—a,,Iz%O'
The points
vy=at}o - v=a,t}o

are called the vertices.
If

is one vertex,

v:(vl ...vn)
v=(—v,+2a, - —v,+2a,)

is called the opposite vertez.

The line joining a pair of opposite vertices evidently passes
through the center of C. It is called a diagonal.

The length of a diagonal is

Vol+ - +al=0Vn.

10. The distance between two points a, b in € is greatest when
they are opposite vertices. For, each term (@, — 8, in 1) has then
its greatest value, viz. o2

11. If e, e, +** ¢, are the lengths of the edges of the parallelo-
piped in 6, we say the product
€1-€g ey
is its volume.
In case the parallelopiped is a cube of edge o, its volume is o”
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12. The points z defined by
az, + - +az, +d=0 “
lie in a plane. The two planes 4) and
ax, + -+ az, +e=0

are parallel.

245. Let a, b, ¢ be three points in R,.

Let
A =Dist (b, ¢), B=Dist(a,c), C=Dist(b, a).

When n=1, 2, 3, we have

AZB+C. a
Here the inequality sign holds unless R
A, B, C lie on a right line L. ) A
We show now that 1) holds for every n.*
To this end, set & o b

ac=bo_cn B«,=a;_‘cn 'y;=br.—an

where a,, b, ¢,; ¢t=1, 2, -.- n, are the coordinates of a, b, c.

Then =Bt @
Now, A2=0l4 - +al=3al;
B =B2+ -+ B2=382; 3
=yl 4 - 44,2 = 3yl 4
From 2)‘, we have also
A2=3(B +v)2=2B2+ 292+ 2328y. 16

Thus to prove 1), we have to show that
A2< B + (%4 2BC,
or, using 3), 4), 5), that
S8+ Sy 2+ 258 <SR+ Sy 2+ 2V(BIF  F BDET F D).

* If the reader finds the demonstration difficult, let him go through it, taking
n=2or3. Werecommend this in the case of any demonstration which the reader
finds too hard for general n.
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This shows that it will suffice to prove that

(ZBv )< 2By 2 (6
To do this, we start from the inequality
(BL'YK - vac)a ; O' (7

By 244, 3, the inequality sign holds for at least one pair of
indices ¢, «, unless a, b, ¢ lie on a right line.
From 7), we have

BL2'YK2 + :3;2% ; 2 BI,BKFYJYK. (8

Let us form all the relations of this type, letting ¢, « run over
the indices 1, 2, **, n, and keeping ¢ + «.
If we add these, we get

EBIES2EBBNNe  tF K €
On the other hand,
ZRE-2yl= (Bl 4+ B (v + o+ D) = 200+ 2By
Hence, by 9),

218;2 * E’sz ; EBLZVI.z + 2 EBLBKV&VK' (10
But e

(EBL'YL)z = ('Blyl + b + Bn'Yn)z = ZBLZVL" + 2 iﬁﬁx'y;'yx'
This in 10) gives 6).
246. A point z for which Dist (a, z) is small, is said to be near
a. What is to be considered as small, depends on the problem in

hand.
The points z, such that

Dist (a, 2) < p, p>0.
form an aggregate called the domain of the point a, of norm p. It
is denoted b
v D,(a), D(a), D,

For example, in R,, D,(a) is the interval (a —p, a + p).
In R,, D,(a) embraces all points in a circle of radius p, and
center @ ; in Ry, it embraces all points in a sphere of radius p.
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We sometimes wish to exclude the point ¢ from its domain.
When this is done, the domain is said to be deleted; we denote it

by D*(a) or D*(a).

247. Let A be a point aggregate in R,.

Let p be any point in R,. We say p is an inner point of A if
every point in some domain of p lies in A, ¢.e. if there exists a
p > 0 such that every point of D,(p) lies in A. The point p is an
outer point of A if no point of D,(p) lies in A, however small
p>0is taken. Finally, pis a frontier point of A if in every D,(p),
however small p > 0 is taken, there is at least one point of A and
one point not in A. Every point of R, is either an inner, an
outer, or a frontier point of 4. The frontier points of a cube or
parallelopiped form its surface.

248. Ex. 1. A=(a, B). Ps — Dy 7-] P2

Here any point p;, such that « <p; <, is an inner point. Any point p,, such
that p; > B8 or ps < «, is an outer point.
The frontier points are « and g.

Ex. 2. A embraces the rational points in (e, 8). Here all points p, such that
p<aor p>g are outer points. The points of 4 are all frontier points. For, if
a be any point of A, there are irrational points in every D,(a), however small
p> 0 is taken, by 84.

In this example 4 contains no inner points.

Ex. 3. A embraces all the points in R,, both of whose coordinates are rational.

Here every point p of R, is a frontier point. In fact, consider a little circle C of
radius p >0 and center p. Evidently p contains points in 4 and points not in 4,
however small p is taken.

In this example there are no outer and no inner points of 4.

249. Let b be an inner point of

S= D,(a). @
Then
A = Dy(d) </
lies within S if
p+8<a, Qa

where
p = Dist (a, b).
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The theorem is proved if we show that the points y of A satisfy

the relation Dist (a, y) < o. @
But, by 245,

Dist (a, y) < Dist (a, b) + Dist (b, y)=p + 8.
Thus, by 1), the relation 2) is valid.

250. 1. Let A be a point aggregate, and p any point in R,.
The points of A, lying in D,(p), formn the vicinity of p, of norm p.

It is denoted by V(p) or V(p)
; .

Thus D( p) embraces all points near p, while V(p) includes only
points of A, near p.
Exampre. Let A=1, §, §, -
Here Dy(0) is the interval (—p, p), while V,(0) is the set of points
i1 1 .
m' m+1 m+2

where m is the least integer such that ;{ Ze

The point p may or may not lie in V(p). We sometimes wish
expressly to exclude it. When this is done, the resulting aggre-
gate is the deleted vicinity of p; it is denoted by

V*(p) or V*(p).

251. When treating functions of a single variable z, we have
often to consider the behavior of the function on one side of a
point @. This leads us to split the domain and vicinity of a into
two parts, forming a right and lef¢ hand domain ; a right and left
hand vicinity of a.

The right hand domain and vicinity we denote respectively by

RD(a), RV(a).
The left hand domain and vicinity are denoted by
LD(a), LV(a).
The point a lies in both the right and left hand domain. It lies
in both the right and left hand vicinity if @ lies in V(a). It

should be remembered that these-terms refer only to rectilinear
aggregates.
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252. 1. A point aggregate is said to be finite when it contains
only a finite number of points. Otherwise it is infinite.

A point aggregate A is said to be limited when all its points lie
within a certain sphere or cube, having the origin as center.

This definition is equivalent to saying that the codrdinates a,,
a,, *** a,, of every point of 4, are numerically less than some posi-
tive number M. If A is not limited, it is said to be unlimited.
Obviously : Every finite aggregate i8 limited.

Ex. 1. 4=1,2, 3, -
is an infinite unlimited aggregate.
Ex. 2. A=1, 4 %, -

is an infinite limited aggregate.
Ex. 3. A = points of the interval (e, g8)
is an infinite limited aggregate.

2. In the case of a rectilinear aggregate A, it may happen that
the codrdinates of all its points z are less than some number M.
We say A is limited to the right.

If the coérdinates of all the points z are greater than some
number N, we say A is lLmited to the left.

Ex. 1. A=10,9, ..., 2, 1,0, —1, -2, =3, ..
is limited to the right.
Ex. 2. A=-56, -4, -8, -2, -1,0, 1, 2, 3, ...

is limited to the left.

253. 1. It is sometimes convenient to divide an interval into
equal subintervals or a square into equal subsquares, and, in
general, an m-dimensional cube I" into equal subcubes.

For m =1, 2, 8, this needs no explanation. When m is >3, the

matter is still very simple. The cube B

T' is graphically represented by m % w" 5

equal segments on the z, ... z,, axes. 2 B

We divide T' into cubes whose sides ?s —

are 1/nth those of I' by dividing a Pm -

ol

each of these segments into n equal %=s
parts. One of these subcubes-is.then represented by the points

which fall in a set of m segments as «;8, - «,8,.
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2. Instead of a cube I' in R, we may wish to divide the whole
of R, into cubes. The meaning of this is now evident.

3. Let A be any point aggregate in R,. Let us divide &, into
cubes of side 8. This also, in general, divides 4 into partial aggre-
gates. This division of A into partial aggregates we shall call a
cubical division of A, of norm 8.

4. If instead of dividing R, into cubes, we had divided it into
rectangular parallelopipeds whose edges are =8, we shall say that
we have effected a rectangular division of R, of norm 8.

5. The partial aggregates, into which A falls after a cubical or
rectangular division, may also be called cells.

Limiting Points

254. 1. One of the most important notions connected with
point aggregates is that of a limiting point. Let A be a point
aggregate in ®,,. Any point p of R, is a limiting point of A4, if
however small p >0 is taken, D,(p) contains an infinity of points
of A.

If every domain of p containg at least one other point, p (s a limit-
ing point of A.

For, let a be a point of 4 different from p. Let 0<p< Dist(p, ).
Then, by hypothesis, D,(p) contains some points a, of 4, besides p.
Let 0<p,<Dist (p, a;). Then D, (p) contains some point a, of
A, besides p. Continuing in this way, we see that the infinite
aggregate of distinct points

al’ az’ aa, oo

all lie in D,(p).

2. The following may also be taken as definitions of a limiting
point:

If V,(p) is infinite, however small p is taken, p is a limiting point
of A; or,

If V. *(p)>0, however small p is taken, p i8 a limiting point
of A.
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8. If p is a limiting point of A and p itself lies in A4, it is called
a proper limiting point. If p is not in A, it is called an improper
limiting point.

Any point of an aggregate A which is not a limiting point is an
tsolated point.

4. Let A be a rectilinear aggregate, and a one of its limiting
points. If no point of A falls in (a*, 24 8) or in (a—38, a*), >0
sufficiently small, a is called a unilateral limiting point. Other-

" wise a is a bilateral limiting point.

255 Ex. 1. . A= 1, ’l.f» %1 %7

Here the origin is a unilateral limiting point of 4. As 0 does not lie in 4, it
is an improper limiting point.

Ex. 2. A:()» 11 iv &» }7"’
The origin is a proper unilateral limiting point of A.
Ex. 3. A = totality of rational numbers.

Every point p in R is a bilateral limiting point.
If p is a rational point, it is a proper limiting point of 4. If p is an irrational
point, it is an improper limiting point.

Limiting Points connected with Certain Functions

256. We give now a few examples of point aggregates which
come up in the study of certain functions.

Y

Let y= sin =

The domain of definition of this
function embraces all points on the
z-axis except z=0.

It oscillates between — 1 and + 1.

The points

T=ay, Qg Ag, ++

for which y takes on a particular value, as y =0, form a point
aggregate whose limiting point is z=0.

In any domain of this point, y oscillates from +1 to—1 an
infinite number of times.
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257. Let

Yy =sin _.1—1. . a
Sin;
When z= 0, or when
sin == 0, 2
x

y is not defined, since for these points, 1) involves division by 0.
The points z for which 2) holds are

1 1 1
= =y ... 3
:t'lT iQ'n’ j:3'71' (

This is a point aggregate whose limiting point is z=0.
. 1 . s
As z approaches one of the points po i oscillates with increas-
ing rapidity. At the same time these points, pop become infinitely

dense as = nears the origin. The domain of definition of y is the
z-axis except the origin and the points 3).

258. Let 1

y=sin

sin
sin =
x
This expression does not define y, because of division by 0,
when

z=0, a
or when z satisfies
.1
sin == 0, (2
z
or sin -—li = 0, (3
sin =
x

considered in 257.
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It is easy to see that the points z defined by 3) form an aggregate
B such that each of the points of 4 is a limiting point of B. In

fact, let z approach the point ;{:—1—- As it does so, sin 1 becomes
nar z

smaller and smaller; hence —— becomes larger and larger.
sin -

r 1
Thus in the domain of the point £_—,

.1
sin——
sin=
T
oscillates infinitely often between — 1, 1, and in particular 3) is

satisfied infinitely often.

Thus, the domain of definition of y includes all points of the
z-axis except the points A and B.

About each point of B, y oscillates infinitely often. These
points of infinitely frequent oscillation, themselves cluster infi-
nitely thick about each point of A; while the points A4 cluster
infinitely dense about the origin. Let the reader try to picture
to himself how the graph of y looks about the points

:t-l—, and 0.
nm

259. 1. The functions of 257 and 258 are formed from that of
256 by a process of iteration.

In fact, let
y= sini = 0(2);

then
sin —IT = 0[6(2)]-
sin—
x
Similarly,
sin | —L— | = 816[6)]} ete.

sin——

sin-

z
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It is customary to write
() for 0[0(2)],
63(z) for O[6%(z)], ete.
2. As another example of iteration, let

y=logz = 6(=).

Then
02(z) = log(log z),
) 63(2) = log[log(log z)], ete.
260. Let

.1
y=sin-= 0(z).

We have noted the domain of definition of
0(z), 0%(z), 6B(x).

In general, let 4, be the domain of definition of #™(2). Each
point of A4, _, is a limiting point of 4,, and 6"(z) oscillates in-
finitely often about each point of 4,.

261. To get functions of two variables having more compli-
cated domains of definition, we may apply the process of iteration
to the function of 237.

Let O(zy) = tan } wzy. £

P
We saw 6 was not defined for points on the
family of hyperbolas

H) zy=2m+ 1. m=0, £1, +£2, -
Let us consider the domain of definition D, of
(zy) = tan (3 7 tan } wzy).
Through any point P of one of these hyperbolas H) pass an

arbitrary right line L.
At any point @ on the line, such that

0(zy)=2n+1, n=0, +1, ..
2 is not defined.
But the points @ have P as limiting point.
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Derivatives of Point Aggregates

262. 1. Let A be a point aggregate. The limiting points of
A, if it has any, form an aggregate, which is called the first deriv-
ative of A, and is denoted by 4'.

Bx. 1 8 45 6  _(n+1].
27 3’ 41 57 n ’
A =1
Fx.2 .18 1415 1 6 _[1 n+l
Y 13’ 37 47 41 67 57 n? n b
A'=0,1

2. When 4 is a finite aggregate,
A =0.
But A may be infinite and yet have no derivative.

Ex. 3.
A=1, 2 3,4, ...
is such an aggregate.

263. 1. The first derivative A’ may have limiting points; their
aggregate is called the second derivative of A. It is denoted by A''.

A" may have limiting points; these give rise to the third derdv-
ative A'", ete.

Ex. 1.
A={~1_+1], 7)1,71,_—'1,2737'"
m nf

Let m be arbitrary but fixed ; then 1 is a limiting point of 4. For A contains
the points m

1 1,1 1,1 1,1
41, ~+-, — y o, e
m +h m M 2" m + 3 + 4
whose limiting point is obviously 1
Thus, m
AI — rO 1 . —
- y ) m-1’2:37'"
1 m
while
A" = (0), a
and
Al =0. (2

As explained in 243, 8, the equation 1) means that A" consists only of the origin,
while 2) indicates that 4’/' has no points at all.,
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Ex. 2. A = rational points in an interval I;
A' =1 See 255, Ex. 3.
A'=1 ‘A" =1, ...

Thus A4 has derivatives of every order, each being I.

2. 1If 4, A", -+ A™ >0, while A™tV =0, A is of order m.

R64. Kvery limited infinite point aggregate has at least one limit-
iny point.

1. For simplicity let us consider first the case that the aggre-
gate A lies in the interval 1= (@, ). We divide I into halves.
One of these halves, call it 1, contains an infinity of points of A.
Divide Z; in halves. One of these halves must contain an infinity
of points of 4. In this way we may continue bisecting each sue-
cessive interval, without end. We get thus an inlinite sequence

of intervals I I, I, - ¢!

each lying in the preceding, whose lengths converge to 0.

By 127, 2, the sequence 1) determines a point «. This point «
lies in every interval of 1). Since each D(a) contains some I,
it contains an infinity of points of A. Hence « is a limiting point
of A.

2. The extension of this demonstration to R, is now readily
made. Since A4 is limited, it lies in a certain parallelopiped P,
Vit a, <z <b - a, <z, <b,
by 2562. We divide now P into two parts

a <2 < §(h—ay), a,<2,<by - 2, <2, <0, (2
ad g e <ay <bpy ay <y < by o ay <z < by

In one of these there must lie an infinity of points of A. To
fix the ideas suppose it is the parallelopiped 2) which we call @,.

@, differs from P only in having one codrdinate, viz. z, restricted
to an interval half as big as the original.

We now divide @, into two parts,

o L2 <3 —ay), a2 <3 (by—ay), ag<z3 <y - (3

anl
G223 (bi—a), (G —a) <2, <by a3z < by
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In one of these, say it is the parallelopiped @, defined by 3), an
infinity of points of A must lie. @, differs from P in having now
two of its codrdinates restricted to intervals only half as large as
the original ones.

We may continue in this way restricting the remaining coor-
dinates z; - z,, to intervals half as big as the original ones.
We get parallelopipeds @ @, ** @, in each of which lie an
infinity of points of A.

Let us set P, = @,. This parallelopiped lies in P and has each
edge just half as big as the corresponding edge of P.

We may now subdivide P, just as we did P. After »n bisections
we get a parallelopiped P,, which lies in P,;, which contains an
infinity of points of 4, and whose edges are one half as big as
those of P,.

Continuing this process indefinitely, we get a sequence of paral-

lelopiped.
eép1pe ] P, P, P, -

which determines a point « = (¢;¢ -+ @,). This point is evidently
a limiting point of A by the same reasoning as employed in 1.

265. If A i3 a limited aggregate of the nth order, A™ is finite.

For if A™ were infinite, being limited, it must have at least one
limiting point, by 264. Then A®*)> 0, which contradicts the
hypothesis.

266. Let A be any point aggregate. Then A" <A', i.e. all the
limiting points of A’ are proper.

1. For simplicity, let us first consider a rectilinear aggregate.

4 : p
q
:‘ 7-
! ! D L
- q
‘ll p

A T

Let p be any point of A''; we lay it off on the 4, A’ axes also,
as in the figure.
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To show that p lies in A, we have to show it is a limiting point
of 4, 7.e. in any little interval K about p there lie an infinity of
points of A. Let I be any little interval about p on the A’ axis.
As p is a limiting point of A’, 7 contains an infinity of peints of 4'.
Let g be one of these. Let us lay ¢ off on the 4 axis. Sincegisa
limiting point of A, any little interval as J contains an infinity of
points of A. Now, however small K is taken, there exist inter-
vals J lying within K which contain an infinity of points of 4.
Hence K contains an infinity of points of 4, and p is a limiting
point of A. Thus p lies in 4'.

2. The extension of this demonstration to R, is obvious. To
show that p lies in A’, we have to show that D.(p) contains an
infinity of points of A4, however small € is taken. To this end, let
p<e Let ¢ be a point of A" in D,(p). Then D,(¢) contains an
infinity of points of A, however small ¢ is. But if

pt+o<e

Dy(¢) lies in D,(p), by 249. Hence D,(p) contains an infinity
of points of A.

3. We have just shown that A’ lies in A’. It is, however, not
necessary that A’ lies in 4.
Thus, if A=1, §, 4, ..., A'=(0), and this does not lie in 4.

267. Extreme values of a domain. 1. Let the variable z range
over a rectilinear domain D which is limited to the right.

We form a partition (4, B) as follows: in A we put all num-
bers of ® which are = any number in D; in B we put all numbers
of i which are > any number of D.

Let this partition be generated by u [130].

We call u the mazimum of = or of D, and write

# = Max z = Max D.

The fact that a domain & is not limited to the right may be

denoted by Max z = Max £ = + o,

where z ranges over Z.

2. Let D be limited to the left. We form a partition (4, B)
by putting in 4 all numbers of 9% which are < any number of D,



166 FIRST NOTIONS CONCERNING POINT AGGREGATES

and in B all numbers which are S any number of D. If the num-
ber A generates this partition, we call A the minimum of = or of D,

and write A = Min 2z = Min D.
The fact that a domain E is not limited to the left may be
denoted by Min z = Min D = — o,

where z ranges over Z.
Ex. 1. D =(a, b), a<b.
Minz = a. Max z = b.
‘We note that x takes on both its minimum and maximum values in D.
Ex. 2. D=0, L4 & 5HH b4 )
Minx = 0. Maxx = 1.

Here x takes on both its maximum and minimum values.

Ex. 3. D = (a*, b*).
Minz = a. Max x = b.
Ex. 4. D=3 %4 % bh 4 )

Min D =0. MaxD = 1.

In Exs. 3, 4, x takes on neither its minimum nor its maximum values.

268. 1. The maximum and minimum values of z are called its
extreme values or extremes.

Let e be an extreme of D. If the point ¢ is an isolated point
of D, e is called an tsolated extreme, otherwise e is a mon-tsolated
extlreme.

Evidently an isolated extreme of D lies in D.

2. When, however, ¢ is a non-isolated extreme, it may or may
not lie in D. In this case we have the theorem :

If e be a finite non-isolated extreme of D, it is an extreme of D/,
the first derivative of D.

To fix the ideas, let e = Max D.

Since e is not isolated, it is a limiting point of D, and hence
lies in D'.
Since no z of Dis >e, no z of D' is >e. Hence

e= Max D'.
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3. We have obviously the following :

Let every x of D be = p, while for each >0 there exists in D an
z>p—e Then 4= Max D.

A similar theorem holds for a minimum.
4. Let I be such that
Minz <M <Maxz;
we call M a mean value of z, or a mean of z, and write
M = Mean z.

269. 1. Let e be an extreme, finite or infinite, of the funmction
J(@y - z,,) with respect to a limited domain D. Then there exists a
point a, not necessarily in D, such that e 18 the extreme of f in any
victnity of a, however small.

The demonstration is precisely analogous to that given in 264.

2. If D contains its limiting points, the point a lies in D.

Various Classes of Point Aggregates

270. Each point p of an aggregate A is either an isolated point
or a limiting point of A. Let us call 4, the aggregate of the
former points and 4, the aggregate of the latter points.

Then A=A + A,

If A,=0, then A=A, and 4 is an isolated aggregate.

If A,=0, then A=A, and A is dense.

A may contain all its limiting points; it is then complete.

If A is dense and complete, it is perfect. It then contains all
its limiting points, and every point of A4 is a limiting point.

A point aggregate such that each of its points is an inner point
is called a region. Cf. 247.

It is sometimes convenient to consider the aggregate formed of
a region and its frontier points. Such an aggregate is called a
complete region.

For example, the interior of a circle forms a region. If we add
its circumference we get a complete region.
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271 Ex. 1L A=1,41 1 -
is an 1solated aggregate.
Ex. 2. A=0,1,41, -

18 & complete aggregate.

Ex. 3. A = the rational numbers in a certain interval.
A is dense, but not complete.

Ex. 4. A = the interval (a, b).
A i8 perfect.

Ex. 6. A = the interval (a*, b).
A is dense, but not complete.

Ex. 6. A region is dense, but not complete.
A completed region is perfect.

Ex. 7. In the interval (0, 1) remove the points 0, 1, §, §, -
The remaining points form a region.

Ex. 8. In the plane R; let
A=a, a -

be an aggregate having a single limiting point @. ILet us suppose that a does not
liein 4. About each a, let us describe a circle C, of radius so small that no two
circles have a point in common. The aggregate formed of the points of Rq within
each circle C), is a region T',.

The aggregate formed of all the regions T',, is also a region.

272. 1. An interesting example of a rectilinear perfect aggre-
gate lying in an interval % and yet not embracing all the points
of U is the following, due to Cantor.

Let

a=-:aa,ay-

be expressed in the triadic system [144], restricting, however, the
numbers a,, a,, +:+ to the values 0, 2. Then A = {a} is such an
aggregate, as we now show.

We can get a good idea of this aggregate as follows.

1 ] (] 2 3 1 8 4

Let the interval (1, 4) be of unit length. We divide it into
three equal segments, (1, 2), (2, 3), (8, 4). The points 1, 3 are
points of A. No point of A falls within the middle segment
(2, 3). We have therefore marked this segment heavy in the
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figure. We now divide the segments (1, 2) and (3, 4) into
three equal segments,

,5), (5 6), (6,2), and (3,7, (7,8), (8, 4).

The end points 6, 8 are points of A. No point of A falls within
the segments (5, 6), (7, 8), which are therefore marked heavy.

In this way we can continue indefinitely subdividing the seg-
ments within which a point of 4 falls. Consider the end points
of a heavy interval, say the interval (5, 6). Its right hand end
point is obviously a number of A having a finite representation.
Its left hand end point is a point of A whose representation is
infinite.

To show now that A is perfect, let us begin by showing that
every point a of 4 is a limiting point.

Let

a=-a,a,a,

be a point having a finite representation [144, 5].
Obviously, « is the limit of the sequence,

"
a =-a,a,2,
a'=-a,a02,

M"ro__ .
al =-a;--a,002,

"Let

a=-aa,ag"""

be a point whose representation is infinite. It is obviously the

limit of the sequence,

r—
a =-a,

!

,——.
a' = aa,

",
a' = aa,a

Hence every point of 4 is a limiting point. On the other hand
A contains all its limiting points.

For every limiting point « of A is either, 1°, an end point of
the black intervals, or, 2°, not such a point.
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In case 1°, a is obviously a point of 4.
In case 2° if ¢ % 0, we can find a monotone sequence of points
in 4.

a =-a,
a' =-a,a,,
" _

a'" =. aa,a,

whose limit is a.
On the other hand, the limit of this sequence is

. ala2a3.-.

which is a number of A. Hence, « is in 4.
Should « = 0, this method is inapplicable.
But obviously « =0 is in 4.

2. It is easy to generalize the above example as follows. Let
a=-a,a,a, "
be expressed in an m-adic system restricting the numbers a,, a,, ---
to a part of the system,

0,1,2, ««em—1;
for example,
0,2, 4,06, -



CHAPTER VI

LIMITS OF FUNCTIONS

FUNCTIONS OF ONE VARIABLE
Definitions and Elementary Theorems

273. 1. We extend now the notion of limit, by defining
limits of functions. We begin by considering functions of a
single variable z.

Let f(2) be a one-valued function defined over a domain D.

Let
A=ay ay ag - ¢!

be any sequence of points of D, such that
lima,=a; a finite or infinite, a,* a.

If the sequence

S(ay), f(ap), f(ag) - @

has a limit «, finite or infinite, always the same, however the
sequence A be chosen, we say 7 ¢s the limit of f(z) for x=a and

write
n = lim f(z),
r=a
or, more shortly,

7 =lim f(2).

We also say f(z) approaches or converges to n as a limit, when z
approaches a as a limit. This may be expressed by the symbol

J@)= 1.

2. If for some sequence 1) the limit of 2) does not exist, we

say the limit of f(x) for = a does not exist.
171
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8. Since the limit of 2) must be # however the sequences 1)
are chosen (provided, of course, they have a as limit and a, % a),
we have the theorem :

Let A={a,}, B=1{b,} be two sequences lying in D; let a,=a,

b,=a.

Ir - lim f(a,) #lim f(3,),

then lim f(2), for = a, does not exist.

274. 1. It is sometimes convenient to restrict the sequences
A = a,, a,, +++ 80 that all the points a, lie to the right of a. In
this case we call 9 a right hand ltmit and write

17=1iméf(x) or n=f(a+0) or n= Rlim f(z) or = Rlim f(z).

If we restrict the sequences A to lie to the left of a, we call  a
left hand limit and write

n=1lim f(z) or n=f(a—0) or n=1L 1ilnf(x) or 7= Llim f(2).

Obviously if
then

lim f(z) =17, finite or infinite. ¢!

Llim f(z) = R lim f(z) = 1. (2
Conversely, if 2) holds, 1) does also.

2. Right and left hand limits are called unilateral limits. If
we do not care to specify on which side of a the limit is taken, we

can denote it by U lim £(2)
m Z).

275. 1. When considering infinite limits or limits for 2z = + oo,
it is often convenient to suppose the axes terminated to the right
and left by two ddeal points + o, or — oo, respectively. We call
these the points at infinity.

We call the interval (G, + ) the domain of + o, and denote

it by
Dy(+ ). (1
We call & the norm of D(4 x).
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Let A be a point aggregate lying on our axis. Those of its
points which fall in 1) we call the vicinity of + o for the aggre-
gate A. We denote it by

Vg( + w). (2
Similar definitions hold for
Dg(— CD) and Vg('— 00). (3

2. When & increases, the intervals (G, + ©) or (G, — ) are,
in a way, diminishing. It is convenient, for uniformity, to say

h
that Do(+0), Vi(+ o)

are arbitrarily small when G is taken arbitrarily large, positively
or negatively, according to the sign of co.

276. Corresponding to the two ideal points + o, we shall intro-
duce two tdeal numbers, which we also denote by + o. These
numbers are respectively greater, positively or negatively, than
any number in ®. We say they are infinite.

The system formed by joining + oo to the system 9t we denote
by R.

We shall perform no arithmetical operations with these ideal
numbers.

277. 1. Most of the theorems established in Chapters I, II
for sequences may be extended easily to theorems on limits of
functions.

For convenience of reference we collect the following. The
reader should remember that a theorem relating to limits for a
point z = a may be changed at once into one relating to a left or a
right hand limit at a.

2. Let lim f(2) = ¢, limg(z)=48. a finite or inf.
Then - -
lim (f:tg)= et B,
lim fg = of,
f_e
7= B B+0.

See 49, 50, 51, 98.
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3. In V*(a), a finite or infinite, let
J@<Lg@) < ().

Let
lim f(z) =1lim h(z) =A.
Then B
lim g(2)=\.
See 107.
4. Let
lim f(z) a finite or inf.
be finite. If
A< @< in VA
then A<lim f(z) < p.
See 106, 1. -
5. Let
lim f(z) = e, lim g(z)=t . a finite or inf.
Then lim(f +g9)= too, lim §= 0.
fat0, lim fg = % co.
See 137.
6. Let

lim f(z)+0, limg(z)=0. a finite or inf.

If g(2) has one sign in V*(a),

lim Tq— = :l: Q0.
See 137.
7. In V*(a), a finite or infinite, let
f(2)S 9(2)-
¥ :
lim g(2) = + oo,
then

lim f(z) = + o.
See 138. =



SECOND DEFINITION OF A LIMIT 175

8. In V*(a) let f(x) be limited and monotone. Then
f(@+0), f(a—0)

exist and are finite.
See 109.

Second Definition of a Limit
lil'l‘l Sf@)=n, a fintte or inf.
there exists for each € > 0 a vicinity V*(a) such that
in—f(@)|<e a

278. 1. If

in V*(a).

For let D be the domain of definition of f(z). Let A ={§} be
the points of D, if any such exist, for which 1) is not satisfied.
Let us suppose at first that a is finite. Let

Min |§ — a| = u.

If >0, let 0 <8<y, then 1) holds in Vi*(a).
If =0, let

Ep &y by o
be a sequence in A, whose limit is . Then
lim f(‘fn) F 1

and this contradicts the hypothesis.
Thus, when a is finite, there exists always a vicinity Vi*(a) for
which 1) holds.
Suppose a =+ oo. Let
Max € = p.
If p is finite, let G > u. Then 1) holds in V(4 ).
If p=+ oo, let
# ® El\ & &y

be a sequence in A whose limit is + . Then
limn £(E,) #7

and this contradicts the hypothesis.

A similar reasoning applies when ¢ = — 0.

2. We wish expressly to note that in passing to the limit z =«
the variable 2 never takes on the value 2= a.
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279. The converse of the theorem 278 is obviously true, viz.:,
If for each € > 0 there exists a vicinity Vi*(a), 8 >0, a finite or
infinite, such that
ln—Sf(@)|<e

n Vi*(a), th
in Vi(a), then lim f(2) = 7.

280. 1. From 278 and 279 we see that we can take the follow-
ing as definitions of a limit:

The limit of f(z) for x=a i3 p when for each ¢ >0 there exists a
8> 0, such that

lf(@)—n|<e a
n Vi*(a).
This condition we shall express as follows:
€e>0, >0, |[f(x)—n|<e Vi*(a). 2

Such a line of symbols is to be read as above.

2. The limit of f(z) for x =+ oo 18 1, when for each ¢ > 0 there
extsts a G > 0, such that 1) holds in Vy(+ ).

This condition we shall express thus:
e>0, >0, [f(x)—n|<e Ve(+o).

8. The limit of f(z) for x=— o 8 n, when for each ¢ > 0, there
exigts a G <0, such that 1) holds in Vy(— o).

This condition we shall express thus:

e>0, <0, |f(@)—n|<e Vy(—oo).

281 1. If )
lim f(z) = + o, a finite or infinite.

there exists for each G >0 a vicinity V*(a), such that
f@>a a
in V*(a).
For, let A = {£} be the points of D, if any such exist, for which
1) does not hold.
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1°. Let a be finite. Let
Min |€ —a|= .
If u>0,1let 0<d<p. Then 1) holds in Vi*(a).
If =0, let £ by
be a sequence in A whose limit is . Then
| lim f(£,) # + 5
and this contradicts the hypothesis.
2°. Let a=+ . Let
Max & = p.
If u is finite, let G > p; then 1) holds in Vg(+ ).
If p is infinite, let £, By
be a sequence in A whose limit is 4+ c0. Then
lim f(£,) # + 0 ;

and this contradicts the hypothesis.
A similar reasoning holds when a = — oo.
The reader will observe that this demonstration is analogous to

that of 278.

2. The converse of 1) is obviously true, viz.:
If for each G-> 0, there exists a vicinity V*(a), a finite or infinite,

such that f@)> @
tn V*(a), then
lim f(2) = + .

282. 1. From 281 we see that the following definitions of limits

may be taken : lim f(z) = + o, if

M>0, >0, f(z)>M, V*(a),

which in full means: if for each M >0, large at pleasure, there
exists a 8> 0, such that f(z) > Min Vy*(a).
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2. lim f(2) = — o0, 'if
M<Os 8>09 f(x)<M Ifs*(a);

i.e. if for each M < 0 there exists a 8> 0, such that f(z) <M in
Vi*(a).

3. lim f(z) = + o, if
T=+®
M>0, G>0, f(x)>M, Vy(+x).
4. lim f(z) = — o0, if

z=+

M<0, G>0, f(x)<M, Vu(+»).
5. lim f(z) = + o, if

==

M>0, G<0, f(x)>M, Vy(— o).
6. limf(z) = — o0 ;

x=—®

M<0, G<0, f(@)<M, Vg(—).
7. The limit, finite or infinite, of f(2) for 2=+ w0 or — o may

be represented by
_ f(+ o), f(—wo),
respectively.

283. By the aid of the ideal points, with their associate domains
and vicinities, we may sum up all the preceding six cases in one
general statement :

7 = lim f(x) a, 0 finite or infinite,

when, D(7n) being taken small at pleasure, there exists a vicinity
V*(a), such that f(z) lies in D(n) when z runs over V*(a).

See 275, 2.

The reader should observe that the two demonstrations of 278
and 281 are perfectly parallel. It is easy, by employing the con-
vention of 275, 2, to formulate the demonstration given in 278 so
as to include the cases treated in 281, and so make the latter
unnecessary.
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284. In order that lim f(z) exists, a finite or infinite, it is neces-

sary and sufficient that for each e >0 there exists a victnity V*(a),
such that .
f@) —flz) | <6 a

Sor any pair of points z,, z; in V*(a).
It s necessary. For, if

1 = lim f(z),

then for each e > 0 there exists a V*(a), such that
ln—ﬂ@ﬂ<%

for any z in V*(a). Let 2, z, be two points in V*(a). Then

In=fal<g In—Fap| <f2--

Adding these two inequalities, we get 1).

It is sufficient. For, let a;, a, --- be a sequence of points in
V*(a), having a as limit. Then the sequence

Sf(ap), f(ag), -

is regular by 1). It therefore has a limit 7.
Then

>0, w, |n—f(a,,)|<§e- n>m'. (2

Let B=1b,, b,, --- be any sequence of points in V*(a) whose
limit is a. Then, by 1),
e —fG|<g n>m'. @
Adding 2), 8), we have
[n—=f)|<e. n>m, m>wm',m''. (4
But since B was an arbitrary sequence, the relation 4) states

that .
7 = lim f(z).
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Graphical Representation of Limits

285. The graphical representation of limits of sequences ex-
plained in 43, 44, and 124 may be readily extended to limits of
funetions.

Let the graph of f(z) be referred to rectangular coordinates.

Let D be the domain of f(z), and let

lim f(z) = 1.
Then the condition =

e>0,8>0, |f@-l<e  Vi*(a),

has the following geometric interpretation : v

About.the line y=1 C(.)nstruct a bz_md I3 §\\\\\§\\§§\\\\
(shaded in the figure) of width 2¢, € being
small at pleasure. 'Then there exists, corre-
sponding to this ¢ an interval of extent 28 o & ¢
(marked heavy in the figure), such that f(z)
falls in the e-band for each z=a of D falling in the &-interval.
In general, as e is made smaller and smaller, § becomes smaller
and smaller. But for each e-band, however small, there corre-
sponds a 8-interval of length > 0.

286. Let
° lim f(2) = + . oA

Draw the line y = M, where M >0 is large
at pleasure. Then there exists, corresponding
to this M, a &-interval, marked heavy in the
figure, such that f(z) falls in the M-band
(shaded in the figure) for each z+a of D, 0 > @
falling in the 8-interval.

As M is taken greater and greater, the corresponding 8-interval
becomes, in general, smaller and smaller. But for each M, how-
ever large, there corresponds a 8-interval of length > 0.

287. Let .
lim f(z) =1.
@240
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Draw the line y =1, and construct an e-band, as in figure. For
each ¢ there exists a G'>0, such that
J(2) falls in the e-band for each z of
D, falling in the interval (&, + «).

These examples will suffice to illus-
trate the graphical interpretations of
limits, when f(z) is plotted in rectangu-
lar codrdinates.

288. 1. When the graph of y=f(2) is given by means of
two axes, as explained in 191, the geometric interpretation of
limits of f(z) will be made clear by the
following : 2— :

Let llmf(x) =, (1 0 e |l e

=a !/ t T

About y =1 we mark off the e-interval; about z =a we mark
off the 8-interval.

Then 1) requires that f(2) falls in the e-interval for each value
of z + a in D, falling in the 8-interval.

2. L

et lim f(z) = + .

On the y-axis we mark off at pleasure the point M >0. Then
for each M there exists a 8-interval, such that f(z) falls in the
interval (M, + =), for each 2+ a of D falling in the 8-interval.

289. Let lim f(2)=1. l finite or infinite.
z=a+ bu, b+0, ,
u=0

For, while 2 ranges over the domain D on the 2-axis, » ranges
over a domain A on the u-axis.

The two axes 2 and u stand in 1 to 1 correspondence by virtue
of 1). To the point z=a on the z-axis corresponds the point
u = 0 on the u-axis.
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Let F(@)=Fla+bu) = $(u). @3

Then if 2 and u are corresponding points, f has the same value
at z as ¢ has at u. To fix the ideas let I be finite. From

€e>0, §>0, |I—f(2)|<e in Vi*(a),
1= @l <e in V;*(0), 4

follows

where 8§, = iy S.

But from 3), 4) follows 2).

290. 1. Let lim f(z)= 1. l finite or infinite.
x=+®
Let
Tr= —.
u
Then
Rlim f(z) =1,
u=(0
and conversely. o @
This follows at once, as in 289, * ' . T::

by observing that to points in the = © g
shaded interval on the z-axis corre- '
spond points in the shaded interval on the w-axis.

2. Let lim f(z)=1. l finite or infinite.

Let

X = —o

u

Then
Rlim f(z) =1,

=0

and conversely.

291. 1. As a result of 289 and 290, we may, by the aid of the

transformations,

1

u=axr+ B, and u=-

transform z
lim into lim,

z=a u=b

Rlim into Rlim, Llim, or lim.

a=a u=b u=b u=tw
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Similarly,
lim into Rlim or L lim.
z=4wo u=a u=a
2. In particular, any limit z=a or +o may be transformed
into one with respect to z = 0.

292. Let u=¢(2), and
limu=2>0. a,b finite or infinite. (1

Let y= f(u), and -
lim y = 9. 7 finite or infinite. (2
u=b

Then of ¢p(x)#bin V*(a),

limy =1. l 3
To fix the ideas, suppose «a, b, n are finite. das
Then since 2) holds, ‘
o b o
>0, 6>0, [y—n|<e V*@). "
y ers

But, by 1),
>0, 6>0, 0<|u—"b|<o, Vi*(a).
Hence while 2 ranges over Vy*(a), y lies in D (n). Thus
€>0, 8>0, |y—n|<e Vi*(a).

But then 3) holds.
The case that any or all the symbols a, b,  are infinite is per-
fectly analogous.

293. Let u=¢(z), and

lim u =b. a finite or infinite.
Let y = f(u), and

lim y =1.

u=b
If f(b) =, then

limy =1.

This follows as in 292.
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294. 1. Let y=f(z) be a univariant function in a unilateral
vieinity V* of a. If

Ulim y = b, [274, 2]
then )
U 1'121 z=a. b' 5= .=
v |
To fix the ideas, suppose y is increasing !
in the left hand vicinity of a. 3
ez’ a

Let € > 0 be arbitrarily small, and
a—e<o<a.
Let y' correspond to /. Let 8 >0 be such that
' b—-8>y'.
Then, while y remains in L V3*(b), z remains in LD.(a).

2. Let y =f(z) be univariant in V*(a), where a is a bilateral
limiting point of V*. If

limy =29,
then

limz=a.

y=b

The demonstration is analogous to that of 1.

Ezxamples of Limits of Functions

295. 1. limsinz = 0.

=0

For, however small € > 0 is taken, there exists an arc & > 0 such
that
[sinz|<e.  |z|<8.

2. lim cosz = 1.

e=0

For, however small e > 0 is taken, there exists an arc 8 > 0 such
that
l—cosz<e. |z| < 8.



EXAMPLES OF LIMITS OF FUNCTIONS

296. 1. lim sin z = sin a.
T=a
For, let
r=a+4+u.
Then
sinz = sin (a + %) = sin a cos % + cos & sin %.

Since

lim sin z = lim sin (@ + u),

xz=a u=0

and

lim sinu =0, limcosu=1,

u=0 u=0
equation 2) gives, on passing to the limit, 1), by 289.
2. Similarly,

lim cos z = cos a.

297. 1. Llim tan z = + oo.

z=T/9

For, in LV*(m/2), tanz > 0.

sinz
As tanz = ——
cosST
and limsinz=1, limcosz=0,
="/ x="/g

we have 1), by 277, 6.
2. Similarly,

Rlim tanz = — o0,
z="/g

298. 1. lim e = 1.

z=0

This follows at once from 172.

2. lim e =e?.
For, let =

Then, by 289,

z=a+u.

lim €% = lim %% = ¢® lim %

zma u=0 u=0

=e% bv 1.

185
a
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a
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8. lim ¢* = 4+ 0.

z=+®

This follows at once from 169.

4. lim e = 0.
For, let z=—ao
’ = —_1.
u
Then lim ¢* = Rlim 1. by 290, 2;
== u=0 =
eu

=0, by 277, 5.
5. Obviously, as in 1, 2,

lim a* = a™.
z=xy

1

6. S =51
e+ 1

Rlim f(z) = + 1, Llim f(2) = —1.
x=0 z=0

299. 1. Let
ll{ﬂf(z) =17. n> 0.
Then _ B
lim (f(@))" ="
This follows directly from 171.
2. In V*(a), let f(z)>0. Let

lim f(z) = 0.

Then
lin: (f@)H)*=0, u>0.
= 1, M= 0.
=+40w. u<0.
300. 1. limlogz=1loga. a>0.

This follows at once from 178.
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2. lim log z = + .

a=+®

This follows at once from 179.

3. Rlimlog z = — .
z=0
For, set 1
r=—-
Then “
Rlim log z=1im log I__ lim log 4 = — oo,
z=0 uU=a0 kA u=00
4. Let
lim f(z) =7 >0.
Then o

lim log f(2) = log 7 = log lim f(z).

This follows at once from 178.

301. 1. lim 8N % _ 4,

z =0 T

From geometry, we have

Area OAC < Area OBC < Area OBD.

Hence, for 0 <z < /2, D
e C,
\/ Isinzcosz <}z <} tanz;
or cosx<—.?~a< 1 . B
sinz ~ cos
AS 1
Rlimcosz= Rlim — =1,
z=0 z=0 COS
we have, by 277, 8,
R lim ‘.x =1. ¢!
Set in 1), . mosinez
= —u.
Then Rlim-Z2 =Llim -2 =1. (2

=0 SIN Z u=0 SIN U
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From 1), 2) we have

. xr
lim _—= 1.
z=0 SIN T

Whence, by 277, 2,

lim 0% _ 1,
z=0 x

2. From 1 we have readily

. sinazx
lim =

a
—_— = b+0.
z=0 bx b
For,
sinar _a sinazx
bz b azx
_a sinu
b w
setting
U= ar
. tan
302. lim 2221,
=0
N
For, tanz _sinz 1
z r cCcosz
But :
. sinz .
lim =1, lim =1.
z=0 x =0 COS X

Thus, passing to the limit in 2), we get 1), by 277, 2.

303. lim SR (z + ":) —8in%_ oo

A=0

For, sin(z+h)—sinz_2cos(z+4A)singh
h h

Also lim cos (z 4+ } A)=rcos z;

A=0

1im2sinéh=limsin&h=1.
A=0 h ih

Passing to the limit in 2), we get 1).

a
@

a

(2
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. 1—cosz 1
804. 1. - oosr _ .
1 Im—a—=3 a
For, 1—cosz_2sin*}lz_ 1<sin 3 x)’.
z2 22 2\ 3z

. tanz—sinz 1
2. 1’131 —Q = 5
For, tan z — sin 2 _ tan z 1—cosz,

3 z 22
305. 1. lim e~® cosz = 0. Q

Z=+w®
Here lim e = 0, by 298, 4,
while

lim cos z

does not exist. We cannot, therefore, apply the theorem 277, 2,
that the limit of the product is the product of the limits.
We therefore proceed thus:

—e*<eTcosr<Le™
Apply now 277, 3. This gives 1).

2. We may see the truth of 1) geometrically.

Let
Yyp=¢e" Y =0082, c

and Y=e"cos T =YY,

Let us draw the graphs C, C' of + y,.

To get y, we multiply y, by the
factor y,, which takes on all values
between — 1 and +1. Thus y oscil- c’
lates between the curves C, C'.

As C, 0" approach nearer and nearer the z-axis, the amplitude
of the oscillations converges to 0.
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The Limit e and Related Limits
306. 1. We saw in 110 that

1im(l+%> —e;  n=1,238,
Let us consider now the more general limit
lim <1 + 1)’.
x=to Z,

Ilach z will lie between two integers n, n 41; or

n<r<n+1.
Then
1- 1 1
l+ﬁ>l+i>l+1—_~a+1’
and
‘er-l ‘1)r ( 1 )n
(1+'}i> ><l+;'£ > 1+n-{-1 )
But nal n
(1) = () (40)
n n n
and
1 n ‘l n+l 1
<l+ ‘m.)—_—<1+ ) .
n+1 n+1 1_'_‘_1

n+1
Thus 3), 4) give in 2),

1 1)n ( '1>I ( 1 >n+l 1
(L) (3) = (4 2) > (1455 I

1+n+1
Now, by 1), A | e
lim (1 + ﬁ) = lim (1 + ;b_—i-_i> .
Also,
lim(l + 1).___ lim-—-i—r_ 1.
n 1+ _1__
n+41

Hence 5) gives

lim (1 + 1)’= e
x

a

(2

3

“

6]
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307,
. 1\* .
lim{1+ —) =e.
Ze=—© Z
For, let
z=—u.
Then . » Y
(42 = (-0 =(+im9)
z u u—1
()
v )
where w—1—w.
But, when z= — o, u =+ o, and hence v =+ oo.
As lim (1 + 1) ~1, lim <1 + 1)" —e,
v=+%o v v=t® v

we get 1), on passing to the limit in 2).

308. From e
lim (1 + ) =e,
=00 z
we get, setting 1
r=-_,
u
1
Rlim(14+u)' =e.
From N
lim (l + —> =e,
2=~ Z
we get, setting 1

= —y
u

1
Llim (14 u)=e.
u=0

From 1), 2) we have

1
lim(14+z)*=e.
a=0

191
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For,

where
But

Hence, by 299,

LIMITS OF FUNCT1ONS

1
lim (1 + :cu)" = e~.
ust)
1

1
y=+ur)*={(1 +uz)=}?
1
=i +0) 45,
V=uzr.
lim (1 +v)'1’=e.

limy = e~

lim 08 +2) 4

310.
2=0 z
For,
1
lim 22 HD i tog (14 2)7
&=0 x 2=0 ’
1
=log lim (1 + )7, by 300, 4)
z=0
=log e, by 308, 8)
=1.
311. lim %= —loga. a>0.
=0
Set
u=a*-—1.
Then
limu= O,
2=l

by 298, 5. Then, by 292,

But

"This in 2) giv

lim log(1'+ %) —1lim log a*

w=0 u 2=0 a*—1

= 1, by 810.

log a* =z log a.
es 1).

a

a

¢
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A4z -1
312. 1213,1 = ¢!
From 810 we have

lim 081+ _ 4 ¢

u=0 u
Let

u=(1+x)"——l. M¢0.
Then, by 299,
limu=0.
=0

Hence, by 292, we get from 2)

. log (M2

W a1 b
or
. (A4 —1 _
lim ng‘—(“f:i_?)‘ = My (3
since
log (1 + 2)* = plog(1 + ).
But, by 310,
. z

llnl l—(;‘g“(—l.-i:-x-) = 1. (4

Now
(1+2:)“f_1_(1+z)“—1. z
log(1+2z) z log (1 +2)

Passing to the limit and using 4), we get 1) for the case that
uw+#0. The case that u =0 is self-evident.

FUNCTIONS OF SEVERAL VARIABLES
Definitions and Elementary Theorems

313. For the sake of clearness, we have treated first the limits
of functions of a single variable. 'We consider now the limits of
functions in m variables. The extension of the definitions and
results of the preceding sections is, for the most part, so obvious
that we shall not need to enter into much detail. Should the
reader have trouble with the case of general m, let him first sup-
pose m=2 or 3, when he can use his geometric intuition as a
guide.
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814. In the case of a single variable, we have seen how useful
the ideal points + o proved. In the treatment of limits of func-
tions of several variables, we shall find it extremely advantageous
to adjoin an infinity of ideal points to &, as follows:

Let A = a,, a,, a,, - be an infinite sequence of points in R,.
Let

Let

a,=(al, a'’y -+ a,™).

lima} =a;, -+ lima,™ = a,;
=

a=ao

@y, oo, finite or infinite.

We say the limit of the sequence 4 is

. *= (“1 b aln)’ (1
and write .
a=1lima,.
n=®x

If any of the codrdinates of « are infinite, we say a« is an
infinite point. This fact may be briefly denoted by

o= o0,

the symbol oo being without sign.

There is no point in R, corresponding to an infinite «. We
therefore introduce an infinite system of ideal points, one for each
complex,

P gy gy oo Wy (2

in which one at least of the symbols, e, is +o. Such ideal points

we represent also by 1), and 0

call the m symbols, 2), their _‘: 0 ;:

coordinates. If we employ ¥ -------------o--omooeooon
—® 0 o

the graphical representation
of 231, we suppose, according to 275, that each axis is terminated
by the ideal points +o and —oo.

Thus, any copnplex of m points, one on each axis, such that at
least one of these m points is an ideal point, is the representation
of an ideal point in R,,.

The system of points, formed of &, and the ideal points, we
denote by R,,.

These ideal points are also called points at infinity.
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315. 1. The domain of an ideal point a =(a, - a,) is the aggre-
gate of points z =(z,---z,), whose cotrdinates lie respectively in
the domains
'Dpi(al)’ o DPm (aM)'
It may be represented by D, ..., ().

ExampLE. Let m=4, and a=(—wo,
1,2, + o). The domains in which the _q . 50

coordinates x;, x», 3, x4 range, are o *e
marked heavy in the figure. ik 5 ;;2 +®©

Here p, is an arbitrarily large nega- - < 0 - +00
tive number; p; and ps are arbitrarily _ 0 Py Lps v
small positive numbers; p4 is an arbi- A

trarily large positive number.
2. The points of an aggregate A, which lie in D, ..., (@), a being
a point at infinity, form the vicinity of a, for that aggregate. We
represent it by
Voron(@)-

316. 1. Let y=f(z,:-z,) be defined over a domain D. Let
A =ay, a, -+ be a sequence of points in D, and let

lima, =«. a finite or infinite.
If
lim f(a,) =n, 7 finite or infinite.

is always the same however A be chosen, « remaining fixed and
a, + «, we say 7 ¢8 the limit of y for z= a; and write

n=1limf(z;---2,),
Zy=aye e Tp=0py,

or, more briefly,
n=limf(z,--x,), or n=limf(x);

f @y zp)=m, or f(z)=1.

2. Just as in the case of a single variable, we can show that this
definition is equivalent to the following:

or,

n=limf(z - 2,), 7 finite or inf.

when, taking D(n) arbitrarily small, there exists a vicinity V*(a),
such that y remains in D(n) when x i in V*(«). See 278-283.
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317. 1. The theorems of 277 and 284 hold for functions of
several variables as well as for a single variable.

2. The generalized theorem of 292 may be stated thus:

Let u1=¢1(xl'"xn)* o um=¢m(x1"'xn);
and
lim u; = b, +++ lim w,, = b,
Let
Y =f(ul um),
and
lil?y= 7.

Letus+bin V*(a). Then
lim y =9.
Here a, b, n may be finite or infinite.

The demonstration is perfectly analogous to that in 292.

A Method for Determining the Non-Existence of a Limit

318. To determine whether
n=lmf(z;- z,), a, 7 finite or inf.

even exists, is often a difficult matter. The following simple con-
sideration analogous to 273, 2, 8 will sometimes show very easily
that 7 does not exist. Let W be some partial vicinity of a exclud-
ing a. We may denote the limit, when it exists, of f(#,---z,) for
z = a when 2 is restricted to Wby

{= li‘anf(x1 ez, ).

Then ¢ must exist, finite or infinite; and however W is taken,
we must have
n=_

Thus, in case ¢ does not exist, or is different for different W's,
we know that 7 does not exist.
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319. Ex. 1.
fan=5%
We ask, does
lim f
z,y=0

exist? As partial vicinity of the origin, take points on a line

L; Yy = ax. 2 £ 0.

Then "

a
hmf(x, Y= hm m 11 a8

which varies with a ; i.e. with L.
Hence the limit in question does not exist.

320. Ex. 2. 2
)= —4 .
f@n=500
Does
lim f
z,y=0
exist ?

If we take as partial vicinity of the origin points on the line

L; Yy = ax,

we get i i
imf(z,y)=limzx s ——— =
im f(z, y) = lim gy

197

a

(2

Thus, however L is chosen, the limit 2) is always the same. We cannot, how-
ever, infer that the limit 1) exists, since our method only shows the non-existence

of the limit.
Instead of the family of right lines L, let us take a family of parabolas

P; Y2 = ax.

Then

22 a
1 _] —_
lmf(z’ Y) J:l(l+a2) 1+(12’

which varies with the particular parabola chogsn.
Hence the limit 1) does not exist.

321. Ex. 3. _
S@=logi == my<a
Does
lim f
z,y=a
exist ?
Let z, y lie on the line
L; a—z=Na-y). A>0.
Then
S(zx, y)=1log A
Hence

. . . lim f(zx, y) = log A\,
which varies with A,
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Iterated Limits
322. 1. Let f(2,::-z,) be defined over some domain D; and

let a=(a;-a,).
Then lim f(z,-2,)=f,

will be in general a function of all the variables except z,.  Also
A lim f, = fi,,, = lim * lim f(z; """ 2,)

b ' Z =0, T =0y Z =6

_will be in general a function of all the variables except z,, z.,.
Continuing, we arrive at
lim ... lim - lim f(z, -+ 2,,), 8 Zm, a
P
which is in general a function of all the m variables except
T Tyttt X,
Limits of the type 1) are called iterated limats.
In 1), we pass to the limit first with respect to z,, then with
respect to z,, then with respect to z,, ete.
A change in the order of passing may produce a change in the
final result.

2. Iterated limits occur constantly in the calculus; for example,
in partial differentiation, differentiation under the integral sign,
double integrals, improper integrals, and double series. The
treatment of these subjects by the older writers on the calculus
is faulty, as we shall see, because they change the order of passing
to the limit, without a careful consideration of the correctness
of such a step.

323. Ex. 1. lim lim £=¥ = lim (:_?4) =—1.
y=0 z=0 X + Yy y=0 Y

lim lim £=¥ = lim :5) =41
=0 y=0 T+ Y =0 \T
The two limits are thus different.

Ex. 2. limlim -/ =—1,
y=0 z=0 1 4 Y

oo 1 —2ay
lim lim ——=—= =41,
zg,}g}l+xy +

The two limits are thus different.
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324. The following is a case where a change in the order of
passing to the limit does not change the result.

Let limbf(x, N=mn, 7 fintte or inf. a
li_r?f(x’ =9, for0<|z—a|<a. (2
lim f(z, y)="4(y), for 0<|y—b|<o. @

Then
lim g(z)=lim A(y) = 1. 4

Let n be finite. From 1) we have
n—e< f(@my)<n+e in Vi*(a, b).
In this relation, pass to the limit z = a; then
n—e<g@)<n+e for 0<|z—a|<8.
lim g(z) = 1. o
lim 2(y)=1. (6

From 5), 6) we have 4).
Let =+ . Then from 1)

f@y)>G,  in Vi*(a, b).

Hence

Similarly,

Passing to the limit, for z = a, we have

g@S G,  for0<|z—a|<d.
Hence
limg(z)= + o =1.
Similarly,
lim 2(z)= + o =1.

These two equations give 4).

Uniform Convergence

325. 1. A notion of utmost importance in modern mathematics
is that of uniform convergence. Let f(z; - @,; ¢, -+ t,) be a
function of two sets of variables, z, -+ z,, and ¢, -+ t,.
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Let f be defined when z= (2, ::* z,,) runs over a domain D,
and t= (¢, -+ t,) runs over A.
For each z in D, let

];lr?f(zl e X3 tl ves tn) =g(zl ces xm).
Then for each ¢>0 and each z in D there exists a & >0, such

that f—gl<e a
for any ¢ in Vy*(7).

Evidently if 1) holds for &, it holds for any &', such that
0<d'<@&. Of all the values & for which 1) holds at z, let & be
the maximum. Then for a given ¢ 8 is a well-defined function
of z. In D, let Min 5= 3,

Then 8, S 0. If, however small ¢ is taken, the corresponding §,
is >0, we say f converges uniformly to g in D; or is uniformly
convergent.

Hence, if f is uniformly convergent in D, there exists for each
€>0a 8>0, such that

]f(zl e 2,3 tl oee t")_g(xl oo xn)l<€

for any ¢ in V*(7). Moreover, one and the same norm & suffices
for all the points of D, e being the same.

The central idea of this case of uniform convergence may be
clearly, if somewhat roughly, brought out by saying that if the
convergence is uniform the norms & for which 1) hold, e being
small at pleasure, but then fixed, do not sink below some definite
positive number, when z ranges over D.

2. These considerations may be extended to the case that 7 s
infinite ; we therefore define as follows:

The function f(z, - z,; t, --+t,) converges uniformly to
g(xy o+ x,) in D as t =7, 7 infinite; when for each ¢> 0, there
exists a set of norms p, ‘- p,, such that for any z in D,

f(@y e Zms b e 8) —9(2y oo 2m) | <e
in I,P: P»(T)'
In this case of uniform convergence we may say: the norms p
corresponding to infinite codrdinates of T cannot become infinitely
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great, and the norms corresponding to finite coérdinates of T can-
not become indefinitely small as z ranges over D, for any given
value of e.

3. When f(z; +-+ z,; t; :-+ t,) converges uniformly in D to
9(z, *** z,), we denote this fact by

limf(z; - zp; t; - t,) =92, - z,,), uniformly.

4. If f= 0 uniformly in D, we may say it is uniformly evanescent
in D.

326. Ex. 1. 1
Sz, )= oy

D=(*1). A=(—hk). k>0
Evidently for any z in D 1
lim f(z, )= ;= g().

But f(x, t) does not converge uniformly to g(x) in D. For if it did, for each
€ >0 there must exist a > 0, such that
B=ftt)—g(x)|=—1 < 1
[ 0= gy | = < (
for any t in Vg*(0) and any z in D.
Now obviously, ¢ being fixed, R can be made as large as we choose by taking z
near enough 0. Hence R does not satisfy 1) as x ranges over D.
In fact, as is seen at once, in order to have R < e, it is necessary to take §
smaller and smaller as  approaches 0. In this case then
Miné =0, in D.
327. Ex. 2. )
Xy, t)=——-
e 0=
D =(a,b), 0<a<d. A=(=h, k), h>0.
This example is the same as Ex. 1, except D is different.
As before 1
lim f(z, t) = - = g(%).
=0 x

But now f(x, t) converges uniformly to g(x) in D.
In fact, in V*(0) s

R —r—my i<a
Sa(a - 38) <4
wherever z is in D. But we can take §, such that
3
h a(a — 8) <e
en
R<e

tor any ¢ in V;*(0) and any 2 in D ; i.e. f converges uniformly in D.
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328. Ex. 3. - 1
flx, )=1+x —m.

D =(-a, a). A =(a, + o).
Here
lim f(x, t)=1+ 22,  z=£0.
t=00

=0. x =0,
Hence if we set
g(x)=0, for x=0
=14 a2, for x = 0,

lim 7(z, )= g(2).

we have

However, f does not converge uniformly to g in D. For, when z 5 0,

1

R =| f(=, l)-g(1)1=m’

This shows that as z approaches 0, it is necessary to take ¢ larger and larger in
order that B < e.
There is thus no norm p, such that

R<e
for each ¢t > p, and any z in D.

In this case, then,
Max p =,

Remarks on Dirichlet's Definition of a Function

329. The definition of a function given in 189 and 230 does not
depend at all upon an analytic expression for the function.

At first, the reader who has been used only to functions defined
by analytic expressions, may be inclined to regard functions not
thus defined as only pseudo-functions, or at least of little impor-
tance.

This attitude of mind must be overcome. In the first place, in
certain parts of mathematical physics, e.g. the potential theory, it
is of great importance to be able to assign values to a function at
pleasure, totally disregarding the question of an analytic expression
for it.

Secondly, as the reader advances, he will find that many func-
tions which he might well believe have no analytic expression, do
indeed have very simple ones.

We give now a few examples of such functions.
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330. 1. For z>0 let y=1.
For z=0 let y=0. v
For z< 0 let y=—1.

The graph of this function is given -& Yo
in the figure.
An analytic expression of y is

=2 lim arctg (nz).
T n=wo
This function is much used in the Theory of Numbers. We
shall call it signum « and denote it by
Yy = sgnz.
When u, v %0 an equation
sgn u = sgnv
simply means that the sign of » is the same as that of v; while
sgnu=+1

is only another way of saying that u is positive etc.

331. For z#0 let y =1. y
For z=0 let y=0.
Its graph is indicated in the -c< 5 L 5o
figure. I
An analytic expression of y is
y=lim nr_,
= 1 + N

332. Forz=0, +1, +2, ... let y=0.
For n<z<n+1, y=(—=1)"  n positive integer or 0.
For —(n+1<z<—n, y=—((—1D
The graph of y is indi-
cated in the figure.
An analytic expression of

yis 0
. (1+sinmrz)"—1

=1im ¢
y nLT(l +sinwz)" + 1

y
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333. Let f(2), g(z) be two different functions, defined over
%A = (0, + ). The inexperienced reader might well believe that
we cannot form an analytic expression which represents f(z) in
one part of %, and g(z) for another part. Such an expression is,
however, the following :

y=lim f(z) + 9(z),

n=wo Vvd + 1

In fact:

for 2>1,  y=f(a),

for 0<z<1, y=g(2),

for z=1, ¥ =31 +gDi.
Ezxample.

J(x)= 22 g(x)=cos?2rz.

Then

y =22, forz>1,

=cos2mzx, for 0 <z <1

334. 1. For rational z, let y=a; for irrational z, let y =24,
where a, b are constants. This function was introduced by
Dirichlet.

In any little interval, ¥ jumps infinitely often from a to 4 and
back. It seems highly improbable that such a function should
admit a simple analytic expression; yet it does.

We have already seen that sgnz admits a simple analytic
expression.

Consider now

y=a+ (b — a)limsgn(sin’n!rz). a

For any rational z, n!z finally becomes and remains an integer.
Hence sinn!7z = 0 for sufficiently large n.
Hence y = a for any rational .
For an irrational z, n!z never becomes an integer. Hence
sin?n!mz lies between 0 and 1, excluding end values.
Therefore
sgn(sin?nlwz)=1;

and for any irrational z, y = b.
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Thus 1) is an analytic expression of Dirichlet’s function.
The reader should note that it is utterly impossible to intuition-
ally realize the graph of this function.

2. Similarly, we see that
y=f(2)+ (9(z)— f(x)) lim sgn (sin?n!7z)
equals J(z) when z is rational,

and equals g(zx) when z is irrational.

335. A remarkable function is the following. We shall call it
Cauchy’s function, and denote it by C(z), viz.:

1
C(x)=e @, for z+0,
=0, for z=0.

As a limit, we can write it

1
C(z)=lime #+= y
u=0
or __‘._l
CO(z)=lime 3.

Its graph is given in
the figure. Its peculiarity x

is its remarkable flatness
near the origin.

Upper and Lower Limits

336. 1. Let f(z; -+ 2,)=f(2) be defined over D.

Let a be a limiting point of D; a and D may be finite or infinite.

Let A = a,, ay *** be a sequence of points in D whose limit is a,
such, however, that

L =1imf(a,)

n=00

exists, finite or infinite. There are an infinity of such sequences.
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For all such sequences, let

A= Min L, m= Max L.

These are called respectively the lower and wupper limits of

z, -+ x,,) at a; we write
Sy - 2n)

X =lim inf f(z, -+ 2,) = lim f = lim ,
p=limsupf(z, - 2,) =limf=1limf.

The lower and upper limits A, » may be infinite.

2. When dealing with functions of a single variable, we can
have right and left hand upper and lower limits, by considering

only values of > a, or < a, respectively.
Then _
R lim sup f(z) = lim sup f(z) = lim f(z)
a=a z=a+0 z=a+0

all denote the right hand upper limit of f(z) at a.

notation is employed for the left hand limits.

A similar

337. EXAMPLES *
1
1. y__sm;:-
! limy=-—1, fimy=+1
z=0 x=0
2. y = (1 — a?)sin 1—
x
limy=-1, limy =+ 1,
z=0 z=0
1
3. y=(1+:c’)sm5-
limy=-—1. Timy=+1,
a0 x=0
z"(a+sin 1 )+b+sin 1
4. y=lim ~1 " x =
= 142
See 333.

* The reader will do well to roughly sketch the graph of these functions.
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We find : 1
y=a+smz_l, Jor x>1.
y=b+sinzll, forO<z<L1.
Hence . .
Rliulxy=a+l; Llimy=5b+1;
z= z=1
R[irTny=a«—1; Llimy=5-1.
Z= z=1

338. 1. Let N, p be the lower and upper Uimits of f(z, - =,) at
z=a. Then there exists for each e >0 a 8> 0, such that
A—eZ flxy rzy)<p+e in Vi*(a),
a, finite or infinite.
For, in the contrary case there exist sequences 4 =ay, a4, -
such that lim f(a,) <,
or lim f(a,) > p.

2. Obviously we have the following :

Let N, p be the lower and upper limits of f(zy ) at a. There
exist two sequence8 A =ay, ay, -+, B=10,, by, ++- whose limits are a,

such that lim f(a,) =2\, lim £(3,) = p.

3. Since the maximum and minimum of a variable exist, finite
or infinite, we have:

The upper and lower limits of a function always exist finite or
infinite. If L
lim f=lim f =1,
then
lim f =1.



CHAPTER VII

CONTINUITY AND DISCONTINUITY OF FUNCTIONS
Definitions and Elementary Theorems

339. 1. Let f(#,--z,) be defined over a domain D. Let
a=(a, *** a,) be a proper limiting point of D. If

Igf(xl "'xm):f(al"'a’m)’ (1

the function f is continuous at a. In words: if the limit of f at a
18 the same as the value of f at a, it i8 continuous at a.

The reader should observe that a is not only a limiting point of
D, but that it lies in D.

2. The condition 1) may be expressed in the e, 8 notation, giv-
ing the following definition of continuity : f(z, - x,) 18 continuous
at a, if for each e >0 there exists a 6 >0, such that

|f(@y e 2m) — fay e an)| <€ in Viy(a).

3. A function which is continuous at all the proper limiting
points of D is said to be continuous in D. We suppose that D
has at least one proper limiting point.

4. Consider the function
__y  atpoints different from
f@ 9) 22 + y? the origin.

‘ =0, at the origin.
We saw, 319, that
lim f(z, ¥)
=0, y=0

does not exist. Thus f is not continuous at the origin.
208
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At the same time f considered as a function of z alone, or con-
sidered as a function of y alone, is continuous.

This example illustrates, therefore, the fact that because
J(zy -+ z,) is a continuous function of each variable separately,
we cannot, therefore, assert that f considered as a function of
2, -+ z,, is continuous.

340. The following theorems will be found useful in determin-
ing whether f(z,-:-2,) is continuous at a or not.
From 277, 1 and 817, 1 we have at once:

Let f(z)-+2,), 9(2;** 2,) be continuous at a. Then
S£9 S 9

“—qf’ g(a;-a,)+0

are continuous at a.

341. From 292 and 317, 2 we have at once:

Let “1 —_ 4’1(:”1 ...x") e Uy, = ¢m(xl -nxm)

be continuous at x=a= (a,+-+a,). Atz=a, let

uy=05b, - u,=0b,

Let
¢ .’9=f(u1"'“m)

be continuous at w=">b=(b;+--b,). Then y considered as a function
of the z’s is continuous at x = a.
In a less explicit form, we may state this theorem :

A continuous function of a continuous function 18 a continuous
Junction.

342. In order that f(z,:+ x,) be continuous at a, it 18 necessary
and sufficient that for each € >0 exists an undeleted vicinity V(a),
such that for any two points z', 2'' in it,

|f(@) - f@')]<e.
This follows at once from 284 and 317, 1.
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Continuity of the Elementary Functions

343. The integral rational functions are everywhere continuous.
Let y=2z" n positive integer.

Then, by 299, y is continuous at every point z in ®. Hence, by
340,
a@" + a4 -t a,_z+a,
is everywhere continuous. Thus the theorem is proved for one
variable.

Let y = SAz )t x,tm

where the &’s are positive integers or 0.
Each term of y, viz.
t=Axfex,n a
is continuous at an arbitrary point z. For,
let U= TN, e Uy =Tyt
Then the term ¢ becomes the product

U Uy Upys

which, considered as a function of the w’s, is continuous, by 340.
On the other hand, each u, is a continuous function of the z’s.
Hence, by 341, t, considered as a function of the 2’s, is continuous
at every point z in ®,. Hence y, being a sum of the terms ¢, is
continuous, by 840.

344. The rational functions are continuous everywhere in their
domain of definition D.

We saw, in 228, that the domain D of

y= Az .-z, F
2Bz zyin G

embraces all points of R,, except the zeros of the denominator,
which are the poles of y.

By 843, F and G are everywhere continuous; hence, by 340, y
is everywhere continuous, except at the poles of y.
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345. 1. The circular functions are continuous at every point of
their domain of definition.
From 202, we saw that sinz, cosz, are defined for all points

of R ; while

sin z cos T
tanr = ——, cotr=—
cos x sin z
secr = Y COSeC T = ————\
CoOs @ sinz

are defined for all points of R, except for the zeros of the denomi-
nators in the above equations.

From 296, sinz and cos z are everywhere continuous. The rest
of the theorem follows now from 340.

2. The one-valued functions
arc sinz, arccosz, arctge, arcctgz

are continuous at every point of their domaing of definition.
"This follows at once from 294.

346. 1. The exponential functions are everywhere continuous.

This follows at once from 298, 5.

2. The logarithmic functions are everywhere continuous in their
domain of definition.

Let
y = log, z.
Then
_log.z
Y =Tog, 3"

Hence y is continuous at a point z, if log,z is. But this is con-
tinuous for every z >0, by 300.
The demonstration also may be given by 294.

Discontinuity

347. If lim £z, - 2)
does not exist; or if it exists, and is different from f(a), should
J Dbe defined at a, we say f is discontinuous at a, and a is a point
of discontinuity of f.
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Discontinuities are of two kinds:
Finite discontinuities, when f is limited in V*(a).
Infinite discontinuities, when f is unlimited in every V*(a).

348. We consider now in detail some of the ways in which a
function of a single variable f(z) may be discontinuous at a
point a.

Flinite Discontinuities
L F(a+0) =f(a—0)%f(a).
Such a discontinuity is called a removable discontinuity.

Such a function is

considered in 331.

2. f(a+0), f(a—0) exist, but are different.
Such a function is
Yy = 8gnx,
considered in 330.

3. If f(2) is defined at a, and f(a) =f(a + 0), we say f is con-
tinuous on the right, at a.

.Iff(a) =f(a—0), f is continuous on the left, at a.
4. Either f(a + 0), or f(a — 0), or both do not exist.

Such a function is 1
y = sin 7

We considered this function in 266. Here neither f(0 + 0) nor f(0 — 0) exist.
Also f is not defined for x = 0.
Infinite Discontinuities

349. 1. As z approaches a from either side, f(), either mono-

tone increases or mono- v v
tone decreases. z
0
Ex. 1.
x 1
y= i
at 0. x
Ex. 2. y==1 o x
x
at 0. 2|




INFINITE DISCONTINUITIES 218 -

2. As z approaches a, f(z) increases monotone on one side, and

decreases monotone on the other. v
Ex. 3. ° !I=%»
at 0.
Ex. 4. y=tanz, 0 "
at T.
2
3. As z approaches a, y oscillates
infinitely often about a base curve,

belonging to the types defined in 1 or 2. The amplitude of the
oscillations is limited.

Ex. 5. y=1.+xsinl, atz =0.
x? z
Here y oscillates about the base curve
1.
y= eyl

and the amplitude of the oscillations converges to 0 as z approaches 0.

1 .1
Ex. 6. Y= o + sma«c,
atxz=0.
Here y oscillates about 1
. y=2; a

and the amplitude of the oscillations remains the same, viz. 41 above the curve 1).

4. The distontinuities considered in the preceding three cases
are such that either .
lim y
ig infinite, or at least the right and left hand limits at @ are infinite
and of opposite signs. Such points of discontinuities of f(z) are

called infinities ; we also say f(z) 8 infinite at such points.

5. In either or both the right and left v
hand vicinities of «, y is unlimited, while the
corresponding (infinite) limits do not exist.

Ex. 7. Y =% sin%- =0,
Here y oscillates betwe.u the two hyperbolas 0 z
1
y== z

The amplitude of the oscillations increases indefi-
nitely as x approaches 0.




214 CONTINUITY AND DISCONTINUITY OF FUNCTIONS

1 1.1
Ex. 8. y-5+a—cslni- z=0.
Here y oscillates about the base curve
Y= :;

The amplitude of the oscillations increases indefinitely as z approaches 0.

Ex. 9. Y = €%

Here
Llimy=0; Rlimy=+ .
=0 z=4)

1 1
Ex. 10. y = e=sin -
z
Here Llimy=0; Rlimy does not exist.
x=0 z=0

Some Properties of Continuous Functions

350. 1. If f(z;.--x,) is continuous in a limited perfect- domain
D, it 28 limited in D.
For if f were not limited,
Max | f| = + . a

Then, by 269, there is a point a of D in whose vicinity 1) holds.
This is impossible. For, since f is continuous,

Sf(ay e ay) — e<fl@y @) <Sfay - a,) + €
in V(a).

2. The theorem 1 does not need to be true if D is not limited.
ExAMPLE. D =(0, + ), fx)=22
Here f is continuous in D, but f is not limited.

3. The theorem 1 does not need to hold if D is not perfect.

ExAMPLE. D=(0%1), f(x)= é

Here f is continuous in D, but f is not limited.

351. 1. At z=a let f(z,': 2,) be continuous and #0. Then
wn V(a),
@ g S(@, + Z) = 580 £y -+ a).
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For, since f is continuous at a, we have
e>0, 8>0, [f(@)—-fl®)|<e  Vi(a).
f@)—e<f(@<f(@)+e.

Since e is arbitrarily small, we can take it so small that

J(@), f(a)—e f(a)+e

all have the same sign.

Hence

2. The theorem 1 gives us:

At x=a let f(x;---x,) be continuous and =0. Then there exists

a p >0, such that .
g 1> i V(a).

352. Let f(,-:-z,) be defined over a domain D. By defini-
tion, it is continuous in D when, for each proper limiting point 2

in D, .
n lim f(ay + by 2y + b)) = f(2) - 2),
a=0

the points z + A lying in D.
If f(zy+ Ay -+ 2, + h,) not only converges to f(z; - z,) in D,
but converges uniformly, we say f is uniformly continuous in D.
We have now the very important theorem :
If f(zy - x,) 8 continuous in a limited perfect domain D, it s
uniformly continuous in D.
Making use of the notation of 325, we have only to show that
8,= Min §, for D
is >0.
Suppose it were not, 7.e.let 8,=0. We show that this assump-

tion leads to a contradiction.
For, by 269, there is a point a in D, such that in V(a)

Min & = 8, = 0. a

This is impossible. In fact, by 342, there exists for each ¢ >0,
a &, such that for any pair of points 2/, #’' in Vy(a)

If@)—f@h)| <e (2
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Let &' <}&. Let now 2’ be any point
in Vy.(a).
Then every point 2z’ in V3.(2') falls in

Vi(a), by 249. e
Thus, for any such pair of points #/, 2'/,

2) holds.
Thus, for no point 2’/ in Vy.(a) does &
sink below &'/, and this contradicts 1).

353. Let f(z, - z,) be continuous in the limited perfect domain
D. For each €e>0 there exists a cubical division of D, of norm

8> 0, such that
[f(@)—f(@'")| <e a

Sfor any pair of points o', 2'' in any one of the cells A into which D
Salls.

For, since f is uniformly continuous in D, let o >0 be such that
1) holds for any point 2’/ of V_(2'). Let now the norm of the
cubical division be

8<-L.
Vm

Suppose z', 2/ were a pair of points in some cell A, such that
1) does not hold. Since

Dist (2/, 2/ )< 8Vm < o, by 244, 8, 9,

2" lies in V,(2'). But then 1) holds for «/, 2''. We are thus
led to a contradiction.

354. 1. Let f(z;--z,) be continuous in the perfect limited
domain D. Then f takes on its extreme values in D.

Before giving the demonstration, let us illustrate the content of this theorem.
Let

D = (0%, 1*), and y =2
Then, for D,

Maxy=+1, Miny=0.

But y does not take on either of these extremes in D. This is due to the fact
that D is not perfect.
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.
142
Maxy=1, Miny=0.

2. Let D=(0, +), and y=

Thus y takes on its maximum, viz. at x = 0, but does not take on its minimum.
This is due to the fact that D is not limited.

3. Let D= (0’ 2)’
and <
= lim .
4 n=o0 X" 4 1
This function is a particular case of that in 333. 1 y
F
or 0<z<l, y=2x;
f
or r=1, y= i! \ T
for 0 1 2
1<z<2, y=0.
Hence

Miny =0, Max=1.

The function takes on its minimum value in D, but not its maximum.
This is due to the discontinuity of y at 1.

355. 1. We give now the demonstration of 354.

Let e be an extreme of f(,:-+#,). Then, by 269, there is a
point @ in D such that e is an extreme of f in every V(a).

Thus, taking e>0 small at pleasure, there is at least one point
Z in any V{(a), such that

@) —el<g a

Since f is continuous at a, there is a & > 0, such that for any 2

in Vi(a)

/(@) ~ f(@)| <5 2
In 2) set z =2/, and add to 1); we get
(@) — e <.
Hence, by 87, 5, fl@)=e.

2. As corollary we have:

Let f(z,+2,) be continuous and >0 in the perfect limited
domain D. Then Min £> 0. in D.
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356. In the interval A= (a, b) let f(x) be continuous. Let it
have opposite siyns at a and b. Then f vanishes for some point ¢
within A.

Let us form a partition (4, B) with the points of A. The class
A is formed thus. Not only shall

sgn () = sgn f(@) a

at every point of 4, but between a and any point of A4 shall 1)
hold. In B we throw the other points of 9.

Let ¢ generate this partition. Then in any V(¢), f has opposite
signs. But if f(¢) were 0, by 851, we could take & so small
that f(z) has only one sign in V. This leads to a contradiction.
Hence f(¢) =0.

The point ¢ cannot be an end point of 2, for at these points
J #0 by hypothesis.

357. Let f(x) be continuous in A =(a, b). Let Min f(z)= e,
Max f(x)=8 in A. Then f(x) takes on every value in (e, B) at
least once, while x passes from a to b.

By 354, f(x) takes on its extreme values in . Let, therefore,
J(@)=¢«, f(@')=8.

To fix the ideas, let 0 <« < B.

Let a<y<B. Set

Then

g@=f(2)—1.
g(z') <0,
g(@")>0.

Hence, by 356, g vanishes at some point in (', 2’'). At this
point f(z)=1.

358. Let y= f(x) be a continuous untvariant function in the inter-
val (a, b). Let a=f(a), B=/,(b). Then the inverse function
z=g(y) 18 a one-valued univariant continuous function in (a, B).

By 214, g(y) is a one-valued univariant function in its domain
of definition E. By 357, ¥ =(«, 8). By 294, g(y) is continuous
in (e, B).
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The Branches of Many-valued Functions

359. Let F(z, - z,) be a many-valued function in D. We can
form a one-valued function f(z,::-z,) over a domain A<D by
assigning to f at each point of A one of the values of ¥ at this
point, according to some law.

A common way to do this is to assign to f such values that it is
continuous in A. In this case we say f(z, - z,) is a branch of the
many-valued function .

A point, at which two or more branches meet, may be called a
branch point.

360. Ex. 1. The equatio
Anation =z ¢! Y

defings a two-valued function of x in the interval (0, + o).
One branch is the one-valued function

Ve (I %

the other branch is

—Ve. 3

The graph of 2) embraces the points in the upper half
of the parabola 1); the graph of 3) is the lower half of
this parabola.

361. Ex. 2. The equation
2t — axly + by? =0

defines a three-valued function of » whose graph is given in Fig. 1.

Y

Fie. 1.

Still preserving the continuity, we can define the branches of y in several ways,
according to the path we take on leaving O.
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In any case, however, we must stop at the points 4, B, at which the ordinate is
tangent to the curve. For, if we passed beyond these points, we would no longer
have a one-valued function.

. In Figs. 2, 3, 4 we illustrate various ways of choosing a branch.

~|~

|

Fi6. 4.

Fig. 2. Fig. 3.

Notion of o Curve

362. 1. In elementary mathematics one meets with a great
variety of curves. Their equations may be expressed, confining
ourselves for the moment to the plane, in one of the three forms

Y =f(x)s (1
z=¢u), y=1v9w), (2
F(zy)=0. 3

When the curve is given by 1) or 2), it is said to be defined
explicitly ; when given by 3), it is said to be defined implicitly.
We observe that 1) is a special case of 2). For we have only

to write

z=1u, Y=y (W)
to reduce 1) to 2).

When the curve is given by 2), it is said to be expressed in para-
metric form.
We note that 1) is also a special case of 3). For we have only

to set
Fzy) =y —S(2)
to bring 1) to the form 3).
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2. It is customarily thought that the notion of a curve is a
very simple one; but we shall see that this is not so. On the
contrary, it is a very obscure and complex notion. Reserving the
discussion of the notion of a curve in general until later, it is well
to give a preliminary definition.

Let ¢ (w), ¥ (u) be continuous one-valued functions of u for an
interval % = (a, d), finite or infinite.

Set 2= $(u), y= v ().

Let » range over A. The points P whose codrdinates are z, y
will form a point aggregate which we call a curve. The point z, y
is the image of the point .

Ex. 1. Let ¢ (u)=u, y(u)=u2 The curve so defined is a parabola whose
axis is the y-axis.

Ex. 2. Let ¢ (u)=acosu, ¢y (u)=>bsinu. The curve so defined is an ellipse.

Still more generally an aggregate of a finite number of curves
may be called a curve C.

Each one of the individual curves which enter in (' may be
called an are or part of C.

If a curve or a piece of a curve is such that y is a one-valued
monotone function of #, we shall say the curve or the piece of it is
monotone. In the same way we shall extend the terms monotone,
increasing, univariant, etc., to curves or arcs of curves.

3. Let u range from a to 8. If to two different points o', v’/
of A=(a, b) corresponds the same point P (z, y), this point P
will be called a multiple point of C.

Let the coordinates zy take on the same pair of values at the end
points of A=(a, b). Then C is called a closed curve. If C has
no multiple points in (a, b*), we shall say C is a closed curve with-
out multiple points.

4. The extension of these notions to n-dimensional space, by
setting
2y = ¢y (), - 2, = b, (W),

is too obvious to need comment.



CHAPTER VIII
DIFFERENTIATION
FUNCTIONS OF ONE VARIABLE
Definitions
363. Let y=f(x) be defined over a domain D for which a is a
proper limiting point. The quotient
By _Sf(®) =S 4w D, a

N - _ y

Az~ r—a

is called the difference quotient at a.
If we set z=a + A, we have also

Ay _ f(at B~ f@) @
Ax h
Let A
im 2 3
E:To Az~ " (

exist, finite or infinite. Then 7 is called the differential coefficient
of f(z) at a, and is denoted by

Sf'(®.

Let A be the aggregate of points in D for which 7 is finite or
infinite. The corresponding values of 7 define a function of z,
called the derivative of f(z), more specifically, the first derivative
of f(z). It is represented variously by

£@) Df@, ¥, Y. “
222
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The function j'(2) is said to be obtained from f(z) by the
process of differentiation. A function which admits a derivative
is said to be differentiable.

Since f'(z) may be infinite, the reader will observe that its
values lie in . Cf. 276.

364. In the same way, the right and left hand limits at z = q,

Ay L lim—A—g,

Rlim As’ Ay

give rise to right and left hand differential coefficients at a. These
we denote by RFI(a), Lf'(a).

These in turn give rise to right and left hand derivatives, which
we may denote, prefixing R and L before the symbols, 4) in 363.

When speaking of differential coefficients and derivatives in the
future, we shall mean those defined in 363, unless the contrary is
expressly stated.

However, much that we prove for f'(a) and f’(z) may be
applied at once to the corresponding unilateral differential coeffi-
cients and derivatives.

Geometric Interpretations

365. Let P and R be the points on the graph of

y=f(2), y
R
corresponding to z=a and z=a+ Az,
Fig. 1. v
Then £ s
PW=Az=h RW=Ay. P ; 0 s
If the secant PR makes the angle Pia. 1 '

¢ with the z-axis, Ay RW

Az~ PW
That is: the difference quotient is the tangent of the angle that the
secant makes with the z-axis.

= tan .
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Suppose now y is continuous in a little interval about z=a; it
the secant PR approaches a limiting position P U, as R approaches
the fixed point P from either side, we say P U is the tangent to the
curve at P.

Evidently, if f'(«) is finite,

S(a)= lim%—z =lim tan ¢ = tan «,

where « is the angle that the tangent line makes with the z-axis.
If f'(a)= too, the tangent line is parallel to the y-axis.

v 4 Y U
B P g ’
S(a)=+c0 S (@)=~
A <
Fia. 2. Fia. 3.

Such cases are shown in Figs. 2 and 3.
The point P is a point of inflection with vertical tangent.
For an example of such a function, see 388, 5.

366. 1. When the differential coefficient at @ does not exist,
finite or infinite, the right and left differential coefficients may.
They are then different.

If both are finite, we have a case illustrated by Fig. 1.

Suck a function is 1
ez — 1
Sf@)y==x T
e+ 1

, forx=£0;

=0, for z = 0. Fig. 1.

RIO)=+1, Lf(0)=—1.

Here

If one is finite and the other infinite, we have
a case illustrated by Fig. 2.

The points P in Figs. 1, 2 are called angular
points. Fie. 2.
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2. When both differential coefficients are infinite, but of op-
posite signs, we have a case illustrated by Figs. 3, 4.

P
P
’ ’
Lf,(a)=—co Lf (a)=+c
Rf(a)=+ Rfla)=—
Fia. 3. Fia. 4.

Here P is a cusp with vertical tangent.
See 388, 3 for an example of such a function.

3. 1In Case 1 the curve has not one but two tangents at P; viz.
a right and a left hand tangent. Case 2 may be considered as a
special or limiting case of 1. The curve has a tangent at P.

In both cases the direction of motion along the curve changes
abruptly.

When we say “a curve has at every point a tangent,” we
exclude Case 1.

Non-existence of the Differential Coefficient

367. 1. We consider now some examples of continuous func-
tions for which the differential coefficient on either side of certain
points does not exist.

Let -
y=f(x)=xsin;, forz+0;
= 0, for z=0.
The graph T' of y is given in the adjoining P
figure. ) P
Evidently T oscillates between the two
lines
Y=+, a

with increasing rapidity as z approaches 0.
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For z+0, y is evidently continuous.
For z =0, y is also continuous, since

. .o
lim z sin — =0,
z

z=0
At the origin the secant line OP oscillates between the two
lines 1), and obviously does not approach any fixed position as P

approaches 0 from either side. Thus I' has no tangent at all at O.
This result is verified at once analytically.

For, A
8Y _sin ™ =0:
A =80 x0 at z=0;
and as Az =0, sin KT;: oscillates infinitely often between + 1.
2. For use later, let us find dy for z = 1
dz n

We have, setting Az= A,

A'I/—~1<1 h)siu s

Az~ h\n 1 +h
n
1+nh nr
nh 1+ nh
But
n2mrh n2mh
_hr _ TN (1) .
Tvan (’"’ 1+ nh) (=Drsing= =0
Hence, setting
_nPrh
14 nk
Ay o SIDU
B_—(_l) nr ——;
and thus Ay sin o
ll..oK;:= (- 1)"mrl::1

= — (= D"nm, by 301.
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368. Let y=f(z)=zzsin—g, z+0;
=O, $=0.

Evidently y is everywhere continuous
even at 0. 0 I
The graph T" of y oscillates between the
two parabolas

y=x2*

with increasing rapidity as z approaches 0.

As P approaches 0, the secant OP oscillates between narrower
and narrower limits, which limits converge on both sides toward
the z-axis. Evidently,

S'(0)=1lim Ay_ H
Ax

and T has a tangent at 0, viz. the axis of .
This result is verified analytically at once.
For,

o

Ay .
Ay Az smAx

A at 0,

and . .
lim Az sin— =0,
Az=0 A:IJ

369. Let A=0, £1, £}, =4, -

For z not in A4, let y =f(2) == sing sin

A
sin—
x
For zin A4, let y =0.
Here y is everywhere continuous, even at the points of A.
Let C be the graph of y, and T' the graph of

= zsin
= S —y
4! z

considered in 367.
In Fig. 1, the full curve represents an arc

of T' for an inwerval I,=(a,,?d,), a,,=%,
b,,=-—1——1-- The dotted curve, call it IV, is

symmetrical to I'.
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We observe now that y is obtained by multiplying the ordinate
y, of T' by the factor

= sin
yz . ™
sin—

z

As z approaches an end point of I,

sin T = 0.
z

Hence y, oscillates infinitely often between + 1. The effect of
the factor y, in y =y,y, is thus to bend I' in 7, an
infinite number of times, so that the resulting curve,
a portion of C, lies between I" and T,

This is represented in Fig. 2, where the light and
dotted curves are I"' and I”, and the heavy curve is C.

At one of the points of A, as a,, the secant a,P
oscillates with increasing rapidity as P approaches
a, from either side.

Since

Y
Ay _1yn
¥ (= D™, by 367, 2,

the tangents to I" and I" are not the z-axis. Hence
the limits of oscillation of the secant do not converge
to 0, and hence the secant a,P does not converge Fia. 2.
to some fixed position as z approaches a,.

Thus y has no differential coefficient at any point of 4, and its
graph C has at these points no tangent.

Since 0 is the limiting point of A, there are an infinity of these
singular points in the vicinity of the origin.

370. IJQt;A:_-O, j:1’ :tz, eee

For 2 not in 4, let y = f(x) = 2®sin :;I sin

. 71'.
For z in A4, let y = 0. sin
The reasoning of 369 may be applied here. The graph of y
oscillates between the two curves
.o
¥, =+ 2%sin o
discussed in 368.
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There is no tangent at the points + 1, + 2, -+ while at the origin
there is a tangent, viz. the z-axis.

The graph ( of y presents therefore this peculiarity: in the
vicinity of the origin there are an infinity of points at which ¢
has no tangents; yet at the origin itself (' has a tangent.

371. In 369 and 370, the aggregate A is of the first order, by
263, 2.

It is easy by the process of iteration to form continuous func-
tions which have no differential coefficient over an aggregate A,
of order m.

Let 0(z) = sin Z—;

and
y = 20(x)0P(z) -+ 6™ (2).

This expression does not define y at points involving division
by zero. At these points, call their aggregate A, we set y = 0.
It is easy to show that y is everywhere continuous and that it has
neither right nor left hand differential coefficients at any point of
A. The aggregate is of order m. See 259, 260.

Pundamental Formule of Differentiation

372. As many American and English works on the calculus
derive these formuliz in an incorrect or incomplete manner, we
shall deduce some of them here. We shall, at the same time,
prove them under conditions slightly more general than usual.
As domain of definition D of our functions y, u, v, --- we take
any aggregate having proper limiting points. The domain of
definition A of their derivatives will embrace, at most, the proper
limiting points of D.

It is convenient to represent

y(@+h), u@+h), -+ by y, 4, +- etec.,

dy du

y =, v br " u" . gte.
dz’ dz’ vy

and



230 DIFFERENTIATION

373. We begin by proving :
If the differential coefficient f'(a) 8 finite, f(x) i8 continuous at a.

For, since

k=0

we have, for each >0, a 6 >0, such that, if |2| <8,

&’i%j@=f'(a)+e'. €] <e.

Hence

F(a+ k) =F(a) + h(f' (@) +¢).
lim f(a + 1) =£(@),

Therefore,

which states that f is continuous at a.

374. If y is constant in D, y' =0.
For
Ay_q
Az

for any point of D.

375. Let y=wuxv. Let ', be finitein A. Then y' =u' £/
n A.
For Ay Au  Av
Az Az + Az d

Since «/, ¥' exist and are finite, we can apply 277, 2, to 1).

876. Let y=wuv. Letu', v be finite in A.

Then, in A,
Y =uv' + o, 1
For (
Ay _w—w _ (v+Au)(v+Av)—ww
Az Az Az
ubv+vAu _ _Av Au
=u— 4+ vA:c (2
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By 378, N
lim % = u.
By hypothesis,
. Au . Av
lim== =/ av _ .
im Az w, lim As v

Hence, passing to the limit in 2), we get 1).

377. 1. Let y= % Let u', v' be finite and v+0, in A. Then

! (4
Yy =" i A a
For éﬂ=vAu—uAv=1%_%.1M' @
Ax VOAx vAx v U Ax n
By 378,
limv = .

By hypothesis,
. A’I,( ' . A'U (]
Iim = =/, im=—= =17,
Az Az
Passing now to the limit in 2), we get 1).
We observe, by 351, that v+ 0 for Az sufficiently small, since v
is continuous and =0 at z. It is therefore permissible to divide
by v, as in 2).

2. Criticism. Some writers derive 1) as follows. From

=2
Y=3
they get
yv = u.

They now apply 376, which gives

w = yv' + vy, ¢
which, solved, gives 1).

This method is incorrect. For to get 3), by using 376, we
must impose the condition that g’ exists and is finite. But noth-
ing in this form of aemonstration shows the existence of 3. The
method then shows only this: on the assumption that y' exists,
its value is given by 1). But this assumption of existence makes
the demonstration worthless.
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3. Many writers of elementary mathematical text-books are not
alive to the fact that a demonstration, which involves an assump-
tion of the existence of certain quantities or forms, renders the
demonstration invalid. This error of reasoning is extremely com-
mon in the calculus. Because determinate results are obtained by
such reasoning, it is allowed to pass as conclusive.

To show how fallacious this style of reasoning is, let us assume
that we can write *

=asinz +b cosz.

1
2% —4
Granting this, it is easy to determine a and 5. In fact, setting

z=0, we get
=-}

™

Setti =—
etting z =2

we get

Hence

14 —sinx—lcosx

2—4 w?-—-16 4 ’
a perfectly determinate result; but also a perfectly false result.
In fact, the right side of 4) is a periodic function, while the left
side is not.

The reader should therefore not begrudge the pains it is some-
times necessary to take, to prove an existence theorem. He should
also notice that by modifying the form of proof it is sometimes
possible to avoid assuming the existence of certain things which
enter the demonstration. Witness the demonstrations just given
of 1) in 1, 2.

3718. Let y=r(2), and z=g(t). Let g'(t)= %i; be finite in T.

Let X be the image of T, If %’lﬁ = (%) is finite in X,
X

dy_dy dz, a
dt dz dt

* In treating the decomposition of a rational function into partial fractions, it is often
assumed, without any justification, that the decomposition in the form desired is possible.
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Before proving this theorem, we wish to illustrate two cases
which may occur.

Ex. 1. Letz =t¢sin2mnt. The period of sin 2 mxt considered as a function of
tis 1 By taking m very large but fixed, = will oscillate a great many times near
m

the origin. Where the graph cuts the ¢-axis, i.e. when

1 1 3
At =4+ — -, —_— aee
i2m’ im i2m'
we have Az = 0.

But however large m is taken, we can determine a § > 0, such that Az 5= 0, in
Vs*(0). In fact, we have only to take & < é—ln—i

What we have shown for ¢ =0 is true for any other point ¢. That is, we can
always choose § sufficiently small so that in Vg*(t), Az shall not =0.

Ex. 2. x:t*sing, fort 0;
=0, for ¢t=0.

The graph of this function we considered in 368. For any point ¢ £ 0 we can
determine a § such that in Vg*(t), Az does not vanish. Not so at ¢ =0. Here,
however small & > 0 is taken, x oscillates infinitely often in V;*(0); and thus for an
infinity of points in V*(0), Ax = 0.

We can, however, throw the points of V*(0) in two sets. In one, call it Vo, we
put the points for which Ax = 0. Then

Voz:}:l, i____l__., vee
m m+ 1

In the other set, call it V3, we put all thgother points of V*. We can now show
for the function y = f(x) in the above theorem, that 1) is true for each one of these
sets of points, and therefore true for both together.

379. We give now the proof of 378.

Let ¢ be any point in 7'; let z be the corresponding point in X.
Let Az, Ay be the increments of z, y, corresponding to the incre-
ment At of ¢.

Case 1. There exists a V*(t), in which Az +0.

The identity Ay Ay Az
¢!

At~ Az " At

does not involve a division by 0, as Az % 0.
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Since dz =g'(t) is finite at ¢, Az =0 when At=0.

299, %
Ay _ . Ay _dy
lAIE) Az~ IAl.Lno Az~ dz
Thus, A A
AY _1imdY . oz
lim A = lim &, - lim x5
and
dy dy d:c
dt — dz " dt’

which proves the theorem for this case.

Cage 2. Az =0 for some point in every V*(t).

Let ¥V, be the points of V*(t), for which Az =0.
Let V7] be the remaining points of V*(¢).

If we show

. Ay dy Ax
lim At and - lim == A7’

dx

Hence, by

(2

(3

have one and the same value for every sequence of points whose

limit is ¢, we have proved 2) for this case.
Let A be any sequence in V. Then

lim 3% _ 9,
A

since Az = 0 for every point in 4.

As U—I’q is finite at z,

dz
dz/ Az
de ll:n NS =0.
On the other hand,
lim é_’! =0.
4 At

4

For, Az being 0 for every point of A, y=f(z) receives no

increment, and hence Ay =0 in A.

Thus, for every sequence A4, the two limits in 8) have the same

value, viz. 0.
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Let now B be any sequence in V; which =¢. Let the image
of the points B be the points C, on the z-axis.
Then, by 292,

. Ay .. Ay .. Az
ll:n Kt = llzﬂ K,—‘i 1113“ E
dy .. Az
= ==, 5
dx ll;n At (

Thus the two limits of 3) are the same for each sequence B.
It remains to show that one is 0. Now, by 4),

. Azr . Az
Hm 27 =lim 4

since, by hypothesis,
. Az
lim == =g'(¢
im A=Y €]

for any sequence whose limit is the point ¢.

Hence the right side of 6) is 0.

Thus the two limits 3) have the value 0 for every sequence 4
or B. These limits therefore have the value 0 for any sequénce,
whether its points all lie in Vi, or in V7, or partly in V; and partly
in V1.

380. The demonstration, as ordinarily given, rests on the

identity Ay Ay Az
At~ Az At

The theorem is, therefore, only established for functions z=g(?),
which fall under Case 1.

If one wishes to give a correct but elementary demonstration,
it would suffice to restrict g(¢) to have only a finite number of
oscillations in an interval 7, and have at each point of 7' a finite
differential coefficient. In an elementary text-book on the cal-
culus it is not advisable to consider functions with an infinite
number of oscillations.

381. Let y = f(z) be univariant and continuous. Letz=g(y) be
its inverse function. Let f'(x) be finite or infinite in A. Let E be
the image of A. Let x and y be corresponding points in A and E.
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If f'(x) 18 finite and +0, then g (y)_f, @

+ o of f 18 increasing.
If f1(2)=0, then ¢'(y)= { —» z_‘)f"“; i8 decreaai:lgv.

If f'(z) is infinite, ¢’ (y) = 0.
Ay

Since f is univariant, Ay and therefore also Agp OTe #0.
Hence the relation Az 1 )
Ay~ Ay (
Az

does not involve for any point a division by 0.

Since y is continuous, Ay = 0 when Az =0.

We have therefore only to apply 292 in passing to the limit
in 1).

382. The geometric interpretation of 381 is very simple in the
following case:

=
-]
[ T ———

;
[N L,

Let y = f(2) be a continuous increasing function in (a, 3).

The inverse function z=g(y) is increasing and continuous in
(e, B). See Fig.

The graph of f(z) and g(y) is the same curve . At P, P,
we have points of inflection.

If PT is the tangent at P,

tan¢=f’(x)= Z—i/v

tan 0 =g'( )__—.
=9y dy
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Since -
0 + ¢ = -2-’
1
0= N
tan an g
dz _ 1
dy dy
dx

287

The consideration of the tangents at P,, P, illustrates the
theorem for the other cases.

383. We apply the preceding general theorems to find the
derivatives of some of the elementary functions, choosing those
whose demonstration is often given incorrectly.

Da*=a"loga. a>0,z arbitrary.
For, let y=a*
Then A._‘y = a% (}A‘t —_-_]...
Az~ Az
But, by 311, b —
12":0]1 ——AE———— == log a.

Passing to the limit in 2), we get 1).
When a =e¢, 1) becomes

D, e* = e*.
1
384. 1. D, logz= >z 0.
Let
y=logz
Then y
r=e.
But &,
— ==
dy
From 2) we get, by 381, dy 1
“‘i—z" =

which is 1).

a

(2

G
a

¢
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2. We can get 1) directly as follows:

Az)
Ay log(z+Ar)—logz log(l + r
Az~ Az - Az
1 log(l + éf)
x
= "/ ¢
2T &
But, by 310 and 292,
log <l + A—z)
lim —— %/ =1, “
Az=0 __Iv
z
Hence, passing to the limit in 3), we get 1) again.
From 1) we can prove again
D.e* = e7. o
For, from .
y=e,
we have
z = log y.
Hence, by 1), dr_1
dy y
Using 381, we have i
G =Y = e’y

which is 5).

385. 1. Criticism. In either of the preceding ways of getting

D.e* and D, log z,
we need the limit 1
lim (1 4+ w)e=e. ¢!

u=0

Some writers only proveA 1) when % runs over the sequence
%, é, i,

Others prove 1) only for a right hand limit. As, however, Az
may have any positive or negative values as it converges to 0, the
limit 1) must be established without any restriction.
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2. If the method of 384, 2 is used to get D,log z, we must not
only prove 1), but we must show that

1 1
liir; log (1 4+ w)« = log ]irzl A + w)w.
This is rarely done.

3. A third method is to employ the Binomial Theorem, which
is taken from algebra.

The rigorous demonstration of this theorem for any case, besides
that of integral positive exponents, is far beyond the limits of the
ordinary high school or college algebra. Moreover, the demon-
strations usually given are incorrect. The employment of the
Binomial Theorem to find the above derivatives is therefore open
to the most serious criticism.

386. 1. The differentiation of the direct circular functions pre-
sents nothing of note; let us therefore turn at once to the tnverse
circular functions.

We take .
y=arcsinz ¢!
as an example. The notation indicates that we have taken the
principal branch of arcsinz, [223]. Then

™ ™
_7 ™, 2
5<y<3 (
From 1) we have .
z = sin y.
Hence d
d—j:cosy:x/l—x”. (3

The radical has the positive sign, as cosy is not negative for
the values 2).
Hence, by 381,

) i$|#= 1.

%Y _ D,arcsinz =
dz 1 —2?

=40 for z=+1.

2. Criticism. In many books the branch of arcsinz which is
taken is not specified. Consequently, the sign of the radical in
3) is not specified. For some branches the negative sign should
be taken.



240 DIFFERENTIATION

387. 1. Dx* = pa*L. z>0, uarbitrary. ¢!
Let y= *.
Then y =" 1081'_ (2
Let ulog z=u.
Then y=e"
But idﬂ _ gg d_u )
dz  dudz’
and Y _ . du_p
du ‘dz =z
Hence dy _ et
dx

2. Criticism. Some writers rest the demonstration on

lim
u=0

log(14u)
u )

and are thus open to the criticism of 885, 2. Others proceed thus.

From 2) we have
log y = p log .

Differentiating both sides, we get

ldy _u
ydz <«
from which we get 1) at once. This method rests on the assump-

tion that g'z exists, and so is open to the criticism of 377, 2,

EXAMPLES
388. 1. y=a+dVt=f(z). b>0.
For >0, we can apply 387, getting, since here u=$,

dy_2 8

dz 35 a

S
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2. For <0, the formula of 387 is inapplicable, since it rests
on the essential hypothesis that 2 >0. We can, however, adopt a
method applicable to any z 0.

Set 22 = u.
Then y=a+ bud.

For all z in R which are 0, v is > 0.
Applying 387, we have

dy _1, -t
du_36u :

On the other hand, by 378,

Qﬂ dg/ du
dx du d:l:
since 2
du
=92
dz z
is finite.
Hence
dy_25
dz 3\/93

3. When z =0, even this method fails, as ¥ must be > 0, in order
to apply 387. In order to calculate the differential coefficient at
this point, we must start from its definition.

We have, setting & = Az,

&y _J=f®)_,VE v
Az~ h

Here, when Az = 0,

. A . A 9
Rh.an=+°°9 Lllm&%"""‘w' Fia. 1.

The graph of f(z) has thus a vertical cusp at the origin, as in
Fig. 1.
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4. In order to get
Rf'(0), Lf'(0),

some readers may be tempted to take the right and left hand
limits of the expression 1) for z= 0. In the present case we would
get the correct result. In general, if the expression for f'(z)
assumes an indeterminate form for a particular value of z, say
z = a, the reader must avoid the temptation to conclude that

S'(a)=lim f' (2).
This is only true when f’(z) is continuous at a.

Ex. 1. f(x)=xs8in 1, x#0;
z
=0, x=0.

Here /(0) does not exist by 367, while, for =0,

J'(x)=sin I_leosl.
r x =

Thus lim £ (x)

=0
also does not exist.

Ex. 2. f(z)=2?sin }, z2£0;

x
=0, z=0.

Here
J'(0)=0, by 368,
while, for 250,

S!(x)=2zsin 1_cosl.
x z

Thus lim f'(z)
=0
does not exist., :

5. Let f(z) = Z}.
We find readily that
Rf'(0)=Lf'(0)=+ .

The graph is given in Fig. 2. Fia. 2.
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389. 1. Let log z =1z, log log z = ly2,
log log log z = Iz, ete.

Since log u is defined only for » > 0, we shall suppose that =
is taken sufficiently large so that [, has a meaning.
We prove now

Dle=t.__ 1 = asi a

z Lol L, @
For, first, let
y = lyz=log log =.

Set
u = log z.
Then
y = log u.
Hence
dy _dy dv_11_1 1 _ 5, 2
dr du dz uw z =zlogz < (
Next, let
y=lz=log - lz.
Set
u = lyz.
Then
y =log u.
Hence
dy _dy du
dz~ du dz’
By 2),
du 1 1
—_——= _D l = — .
dz PP T log z
Hence
ay_1. 1 _ 1 _p
dz w zlogz zlzlx ey
By induction, we now establish 1) readily.
2. In a similar mauner we establish
Thmn 1—2
D}z = A+l ¢

alzl - 1, xlr
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From 1), 8) we have two formul® to be used later:

D, 1 _ —1 ;5 m>1. “
z—a 3 1 ol 1
@b
and
DL Al . oAzl (5
z z—a )l 1 1 LA 1
(@— ly—a mle_—a™z—a

In 4), 5) we suppose z>a, such that the quantities entering
them are defined.

Differentials and Infinitesimals

390. 1. Since
. Ay
1 (2) =
f'(z) =lim ot

we have for each e >0, a 8 >0, such that in V*(2),

A
ia—z =fl(®)|<e;
or
|Ay —f' (z)Az| < e|Az|,
or
Ay =f'(z)Az + € Az, a
where
l€ | <e.
We call
J' (2)Az

the differential of f(x), and denote it by
dy or df(z).
The relation 1) shows that Ay is made up of two parts, viz.

dy and €Az.

The ratio of these two parts is

e )
Flzy J'(2)#0.
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As f'(2) is fixed, for fixed z, and € can be made numerically
as small as we please, by taking & sufficiently small, we see that
the part € Az is very small, compared with dy for all points z+ Az
in V*. Thus, in the immediate vicinity of z, the principal part
of Ay is dy.

Differentials owe their importance to this fact.

2. To make the notation homogeneous, it is customary to replace
Az by another symbol, dz, in the expression for dy. We have then

dy =f' (z)dz.

391. The notion of a differential may be illustrated as follows:
Let the graph of f(z) be that in the

figure. Q
Let PR be the tangent at P; and
PS=Az, QS=Ay, RS=dy. , YA
K
Then QR =¢Az.

The reader will see, if dy+0, that as
@ approaches P, QR becomes smaller and smaller as compared
with RS =dy. This is illustrated by comparing this ratio at @
and at @Q'.

We see dy = RS approximates more and more closely to Ay as
@ approaches P.

392. A variable whose limit is 0 is called an infinitesimal.

When employing differentials, we suppose that the increment
given to the independent variable Az = dz can be taken as small,
numerically, as we choose. It is thus an infinitesimal. Then
both Ay and dy are also infinitesimals.

In the limits considered in 801-304, 310-312, the numerators
and denominators furnish examples of infinitesimals.

Also the lengths ol the intervals considered in 127, 2, are infini-
tesimals.

Many other examples of infinitesimals are to be found in the
preceding pages, and many more will occur in the following.
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The Law of the Mean

393. One of the pillars which support the modern rigorous
development of the calculus is the Law of the Mean. It rests on

Rolle’s Theorem. Let f(z) be continuous in YA =(a, b), and
Sf(a)=f(b). Let f'(z) be finite or infinite within . Then there

exists a point ¢ within A, for which
SJ'(e)=0. a<e<b.

Since f(z) is continuous in ¥, it is limited, by 850. Its ex-
tremes are therefore finite. If f is not constant, one of these
extremes is different from the end values.

To tix the ideas, let Max f = p be different from the end values.

By 354, there is a point ¢ within ¥ such that

J()=mpu;
while for all points ¢ + A of %, A >0,
S+ 1) —f()<0, fle—h)—f(c)Z0.

Hence
f,.@_'*'___k’z —f() <0, a
[Qe:’,el};ﬂﬂ;a @
According to 1), _
_ S()Z0;
according to 2), _
S1(>0.
Those together require that
J'(e)=0.

In case f(2) is a constant in %, the theorem is obviously true.
394. 1. The geometric interpre-
tation of Rolle’s theorem is the
following :
Let the graph of f(z) be a con- 4 r

. . a b
tinuous curve having everywhere . /|

a tangent, except possibly at the C
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end points A, B, which are at the same height above or below the
z-axis. Then at some point (' the tangent is parallel to the z-axis.

Since f’ () may be infinite, the graph may have points of inflec-
tion with vertical tangents, as at P.

2. Let A, B be two points at the same height above the z-axis.
The reader will feel the truth of Rolle’s theorem for simple cases
if he tries to draw a continuous curve I' through A, B, whose
tangent is not parallel to the z-axis. T should, of course, have no
vertical cusp or angular point. We say for simple cases, because
we cannot draw a curve with an ¢nfinite number of oscillations or
a curve which does not have a tangent at A or B. Yet neither of
these cases need to be excluded in Rolle’s theorem.

395. If f'(x) does not exist for some point within A, the theorem
394 is not necessarily true, as Fig. 1 shows. (See 366.)

|
|
1
/ ]
i !
| 5 0

Fia. 1. Fia. 2.

ab---

If f'(x) is not continuous in A, the theorem does not need to be
true, as Fig. 2 shows.

396. 1. Criticism. Many demonstrations are rendered invalid
because they rest on the assumption:

1°. In passing from a to 8, the function must first increase and
then decrease, or first decrease and then increase ;

or on the assumption :

2°. There must be at least one point between a, b6 where the
function ceases to increase and begins to decrease, or conversely.

Either of these a.sumptions is true if we use functions having
only a finite number of oscillations in .

In case the function has an infinite number of oscillations in ¥,
neither of the above assumptions need be true.
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The function of Ex. 2, 378, where A =(0, 1), illustrates the
untruth of 1°.

We shall later exhibit functions which oscillate infinitely often
in any little interval of % and yet have a derivative in 9. Such
functions show that 2° is not always correct.

2. The demonstration given in 393 is extremely simple. It
rests, however, on the property that a continuous function takes
on its extreme values in an interval (a, ). In an elementary
treatise this fact might be admitted without proof, since it seems
80 obvious.

897. 1. Law of the Mean. Let f(z) be continuous in ¥ = (a, b),
and let f'(x) be finite or infinite, within A.
Then, for some point a < ¢ < b,

SO —Sf(@)= (b —a)f'(9). a
Consider the auxiliary function
9@ =78 -f@—TE=LD 2,

Evidently
g(a)=9g(6)=0.

Also at those points, at which f'(z) is finite,

¢ @=—f @+ L=/, 2

while at the other points of %, ¢'(z) is infinite. Thus g(z) is
continuous in U, and ¢g'(z) is finite or infinite within 9. Hence,
for some point a< ¢ < b,

9 (=0, by 393. 3
Setting z = ¢ in 2), and using 3), we get
5)—
7=t O=1@D, @
which is 1).



THE LAW OF THE MEAN 249

2. The relation 1) is commonly written as follows:
Set b—a=h;
then, since ¢ lies within (a, b),

¢c=a+ 6h. 0<f<1.
Thus 1) gives

S(a+h)=f(a)+ hf' (a + OR).
8. The reader should observe that although f'(z) may be
infinite within U, the point ¢ in 1) is such that f/(¢) is finite.

398. The following is the geometric interpretation of the Law
of the Mean. Let ACB be the graph of f(2) in A. Let the chord
AB make the angle 6 with the z-axis. Then

tan 6 = FO)—f(@), B
b—a

Also by 897, 4),

S'(¢)=tan@. A4 :

1 [ b

That is: at some point ¢ within the
interval (a, b) the tangent is parallel to the chord AB.

399. When either of the conditions that enter the Law of the
Mean are violated, the point ¢ may not exist. This is illustrated
by the following.

4%m

Fia. 1. Fi1a. 2. Fia. 3.

1. f(z) is not continuous in (a, 8). Fig. 1.

2. The differential coefficient does not exist at some point within
(a, b). Figs. 2, 8.



250 DIFFERENTIATION
400. We give now some elementary applications of the Law of
the Mean.

1. Let f(2) be continuous in A =(a, b); and let its derivative
S(z) =\, a constant, within Y. Then

S@)=rz+p, inA. a

Let z>a be a point of A. The function f(z) satisfies the con-
ditions of the Law of the Mean in § = (a, ).
Hence, by 397,
f@=f@+@-a)f (). a<e<z (2

Since by hypothesis,
O

we get 1) from 2), on setting
w=r(a)—af' ().

Since, by hypothesis, f(z) is continuous, the formula 1) is also
true for z = a.

2. As a corollary of 1 we have:

Let f(z) be continuous in A= (a, b) and let its derivative be 0
within A.  Then f() 8 a constant in A.

3. Let f(z), g(x) be continuous in the interval A, and let f'(z)
=g’ (z) within . Then, C being some constant,

f@=g9@)+C, ind Q@
k(z)=f(z)—g(2)
satisfies the conditions of 2. Hence

k(z)=C, in

For

401. Let f(x) be continuous in A = (a, b), while f'(x) is finite or
infinite within A.  Let f' (2), when not 0, have one sign . Then f
8 monotone increasing in U, if o 18 positive; monotone decreasing, if
o i8 negative.

Let a2 <2’ <b.
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By the Law of the Mean,
FED=f@)+@ = (@.  2<e<d.
As 2’ —2! >0, and f'(c¢) has the sign ¢, when not 0,
J@")S f(@), if o is positive ;
J@')Zf(@), if o is negative.
402. Criticism. Some writers state that f(z) is increasing when
'(2) is positive, and conversely when f(z) is increasing f/(z) is
p y 8
positive.
The second statement is not true, as the figure shows. P isa
point of inflection, with a tangent parallel to the z-axis.

The error in the reasoning is instructive. By definition, if f(z)
is increasing,
Af

Az
is positive. It is now inferred that therefore

lim %Ix_ =f'(z)

is positive. All one can strictly infer is that

F1 (@S0 r /|
The function

y =72, A=(-1,1)

illustrates this, at the point z= 0. See Fig.

of---
S

403. Let f(z) be continuous in A= (a,bd), and f'(z) finite or
infinite within A. f'(x) shall not vanish for all the points of any
subinterval B = (a, B) of .  When not 0, let f' (z) have always one
sign o in A.  Then f(x) 18 an increasing or a decreasing function
in A, according as o 18 positive or negative.

To fix the ideas, let o be positive.
Let a<a<a"<b.
By the Law of the Mean,
F@=F@) + @ =W (). F<e<d.
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As 2’ — 2/ >0, and ' (¢)S 0, we have
NCOPICOY

t.e., f(z) is monotone increasing in A. To show it is constantly
increasing in 9, suppose

Sf(@)=r(B)-

Then f(z) must = f(«) for all points in B = (e, B), since it is a
monotone increasing function.

Since f(z) is a constant in 9, f'(2) =0 in B, which contradicts
the hypothesis.

404. Let f'(x) be continuous in the interval A. Then the differ-
ence quotient %@ converges uniformly to f'(z) in A.
z
For, by the Law of the Mean,
S(@+ k) —f(x)= hf' (z+ 6h). 0<0<1.

Hence Ay
Az =Jf'(z + 6h). Qa

But f'(z) being continuous in ¥, is uniformly continuous by
352. Hence
l’i.n(l)f’(x +6h)=f"(z). uniformly.

Hence, by 1), lim % =fl(z). uniformly in NA.
Derwatives of Higher Order

405. The first derivative of f'(2) is called the second derivative
of f(z), and is denoted by

F1@, D@,

Evidently,
F(z)= 1}3 S (z+ h}z —f'@ _ lim Af;ix) ;

Az=0

this limit being finite or infinite.
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In this way we may continue to form third, fourth, ... and
derivatives of any order.
Derivatives of order » are denoted by

£, D), 9.

406. We add the following formulee, which will be used later.
They are easily verified :

Drr=p-p—1.ccop—n+1-2" z>0. ¢!
DA+z)=p-p—-1.vop—n+1.-(A+2)* " 142>0. (2

Dre* = e*. 3
Drsinz = sin (%75 + x). 4
Dz cos z = cos (7% + x). (6]

407. Let y =uv, where u, v have derivatives of any desired
order. The following relation is known as Letbnitz's formula.

y® = ™y 4 (;”) u=Dy 4 (72‘) w2yl ...

+(72?')uuv(n—2)+(715)urv<u—1)+uv(n), Qa
where (n>=n-n—1----n—m+1
m 1 . 2 Y

We prove it by complete induction; z.e. we assume it true for
n and prove it is true for n 4+ 1. Forn =1, 2 it is obviously true.
Differentiating 1), we get

YD =y Dy 4 (’i‘) u™ + (’g) u(’n—l),ull + (g) w1 ...

+u™y (710) uDy!! 4 (’g) w4 ... (2
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n n \_[n+1
() (aZe)=("27)
This in 2), gives

y(rH—l) =y 4 (” ‘{ l)u(n)vl + (n 'é‘ 1) um=Vy!! 4 ...

Now, by 96,

which is 1), when we replace in it n by n + 1.

408. 1. Let us apply Leibnitz’s formula to find the derivatives
of
y =f(z)=tanz.
We have

y' = sec?z,

y'=2sec?xtanz =2 yy'.
Now

Di(yy' )=y"*"y + Gl)yf"’y’ + <g’>y(n—l)yll oo

This gives
y"'=20"y+y";

y”=2(y'”]/+ 3y!yil) ;
yv____ 2(!/lvy+4yllry! +3y//2), ete.

2. Another way is the following, which will lead us to a formula
that we shall need later.
We have

ycosz=sinz;
or setting,
% =8inz, 2= C08 2,
u = Yyz.

Now by Leibnitz’s formula,

u™m = y(u)z + (’i")y(n—l)zl + (72">y(n-2)z" 4 oo (]
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Also, by 406, 4), 5),
u? = sin(%’r + x), 2" = cos(’—g—r +x)~

Hence 1) gives

sin (@21 + x>= { Y — (g>y‘"‘2’ + (Z)y‘"“’ — } cosz
- (- G
This gives the recursion formula,
Yy = o (%T— N 9:) + (’g)y(n—-'l) _ <1¢>y(n—4> 4 @

cos z
+ tanz { (7{)3/“"” —-(g)y‘"“”-i- } .

Setting z =0 in 2), we get

190~ (3) 7020 + () fo-0 @ == sin B (3

Taylor's Development in Finite Form

409. 1. Using derivatives of higher order, we can generalize

the Law of the Mean as follows:

In the interval A =(a, b), let f(2) and its first n — 1 derivatives
be continuous. Let f™ () be finite or infinite within Y. Then for

any z in 9,

F@=f@+ED fi(@) 4

+ (zn—-_all’!“lf(n—l)(a) + g_’_’;!_a)nf(n)(c), ¢!

where

a<lc<Lz.
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As in 397, we introduce an auxiliary function
9(0)=f(@) ~F() = @~ 0f' (W)~ =L 1 () = .
g —)n-1 _ )n
- w2 1u 4 @

where A is independent of . This function is obviously a con-
tinuous function of u in U for any z in A. Differentiating with
respect to u, we get, observing terms cancel in pairs,

g = C=— pouy + A, €

for any u within U.

Thus the derivative of g(u) is finite within 2.

To apply Rolle’s theorem to g(u), with reference to the interval
B = (a, z), it is only necessary to determine 4 in 2) so that -

g(a) = g(z).
g(@)=0.
We therefore suppose A so chosen that
0=Sf(2)~f(a)—(z—a)f'(a) — -
(z a) ! foen(a) — (x a) A 4

But obviously

Then by Rolle’s theorem, there is a point @ < ¢< 2, such that

g (©)=0.
This in 8) gives

“‘”) L™ (e)— A} =0. G

n—

As ¢+ 2, the first factor in 5) is not 0. Hence the parenthesis
is 0, which gives
F ()= A.

Putting this value of 4 in 4), we have 1).
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2. The formula 1) is called Taylor's development of f(x) in finite
Sorm.
It may also be written as follows:

Set z=a+h, c=a+0h 0<f<1.
Then 1) becomes

Fa+By=f(ay+ 2 Fi(ay+ Eprcay+-
+ 2 po(ay+ 2 pca - on). (6
a+h,in A

410. 1. Let f(z) and its first n — 1 derivatives le continuous in
the interval B = (a— H, a + H), while f™(x) is finite in B. Then
Jor any x in B,

@ =f@) + =D @)+ ES (@) 4o
$ E= vy 4 E=D gy, 1
=@+ ) =fl@) + {57 (@) + 50" (@) 4 -

) P ) .
+ —___—lﬁf( '(a) + n_"f( '(a + 0k), 2

where
z=a+h, c=a+0h 0<6<1, |h<H.

The truth of this theorem for the left hand half of 8 follows
from the fact that the reasoning of 409 does not depend upon «
being <& ; it holds when a > &, if we change z and ¢ accordingly.

2. When ¢=0, 1) gives
. 2 n
J@ =)+ 7710 + 51O+ + Zf"(0). (3
0<f<1.

This is known as Maclaurin’s development.
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411. 1. Let f(z) =sinz.
From 410, 3) we get
sin 6z
2! a

sin z = 2 — 22

=2z z3+£sin€x, 0<f<1.

BETREY

» b a5
__—:x_g._!_}_s!-—mbm@z,
ete.

The @'s in these formule are not necessarily the same.
Let

0 T.
<z B
These formul® show then that
sinz <z
o2
3!
B 2P
<z-— 3] + 51
ete.
From 1) we have again
lim ﬂf: 1-limz- éinzﬂx =1.
=0 A z=0
See 301.
412. Let
Sf(z) =cos z.
As before, we get
cosz<l1
22 T
1 ey O —_—
> 21 <z< 2
a2 o
ete.

From

12 2
cosz=1 2!+3!sm0z,
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we have
lim-l—_—ccﬂ;=1 —l lim z sin 6z
=0 xz y 3 z=0
=1
See 304.
413. 1. Let

S(@)=1log (1+2).
From 410, 3) we get

z? 1

“siatey <<t

log(l4+2)=2

Hence, as in 310,
lim 280 +2) _ 4
x=0 z
2. Let
S(@)=a" a>0.
From 410, 8) we have

at=1 +—-—loga+ leogz - a%, 0<f<1.

Hence, as in 311,

. a*
lim
z=0

f(@)y=1+2)*

—1 = loga.
3. Let

We get from 410, 3)
Atay=1+prt+at-EEZI0 o Jaj<1, 0<0<1.

Hence, as in 312,
lim A+ =1_
x=0 x

FUNCTIONS OF SEVERAL VARIABLES

Partial Differentiation

414. The definition of a partial differential coefficient and a
partial derivative of a function of several variables is analogous
to the corresponding definitions for functions of a single variable.
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Let f(z,* z,,) be defined over a domain D, for which z= (z,-..z,,)
is a proper limiting point.

Let &' =(2y.-2,_1, 2.+ b, 2,41+++2,) be any point of D, different
from z. If ’

=0

is finite or infinite, it is called the (first) partial differential coeffi-
cient of f with respect to z, at the point . The aggregate of these
7’s defines a new function over a certain domain A Z D, which is
called the (first) partial derivative of f with respect to ..

It is denoted variously by

D, f(2y ), Y@y 2m) (2o T @

When % in 1) is restricted to positive values, 5 is called a right
hand partial differential coefficient, and their aggregate gives rise
to the right hand partial derivative with respect to x,.

The meaning of the terms left hand partial differential coefficient
and derivative with respect to z, is obvious.

They are denoted by putting the letters R and L before the

symbols 2).
The function f(z,..-z,) has therefore in general m (first) par-
tial derivatives,
of o o
Pl R v
The process of obtaining these partial derivatives is called
partial differentiation.

415. ExamrLE. f(xy):x/m.

If the point z, y is not at the origin,
2t + y2>0.
We can therefore apply 378 and 387, getting

&__ e a__ v
Oz \/xa_,.yn’ Y Vit g

Thus the partial derivatives with respect to  and y exist at all points different
from the origin.
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When the point z, y is at the origin, we cannot apply this method. (Compare

388.)
We therefore proceed directly. We have
Af VAR
Ax Az
This shows that

R0, 0)==+1, If,(0, 0)=—1.

Thus the partial differential coefticient with respect to x does not exist at the

origin, Similarly,
Bfy(0,0)=+1, Lfy(0,0)=—-1;

and the partial derivative with respect to y does not exist at the origin.

416. In the case of two independent variables, the (first)
partial differential coefficients admit a simple geometric inter-
pretation.

Let the graph of
z=f(2y)

be a surface 8. The plane

Y = constant

v
intersects & in a curve C.

Let PT be the tangent to (' at P = (z, y, 2), making the angle 8
with the z-axis. Then
f

~ =tané.
oz
Compare 365.
The partial differential coefficient

of
3y

has a similar meaning with respect to the y-axis.

417. Let f (2, ++2,) be finite for a domain A. We may now
reason on f; as we did on f. Let 2 be a proper limiting point of
A, and o =(z, - 2y, 2, +h, 4, *++ z,) any point of A different
from z.
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If

lim
A=0

Sr (@)= Sa(®) _
. =17

is finite or infinite, 7 is called the second partial differential coeffi-
ctent of f with respect to z,, z, at the point z, and is denoted by

2
DA, fiay o )y al(;;,a;“) S (e 2.

The aggregate of these ’s will define a new function over a cer-
tain domain A; Z A, which is called the second partial derivative,
Jirst with respect to x,, then with respect to ,.

Proceeding in this way, we may form third, fourth, --- partial
differential coefficients and derivatives.

Change in the Order of Differentiating

418. 1. In almost all cases which occur in practice, the partial
differential coefficient has the same value, however the order of
differentiation is chosen. For example:

I ___f/// P P et
Ty Tyy = J Xy lgly T S ayray T J gy = J e, = J oyt

That this is not always true is shown by the following example:

a2
2. Sz, )= xyzz T ; 5 Jor points different from the origin.

=0, for the origin.

Then if z, y is not the origin,

of _ (22— 4P 4 22y?
az—yix2+y‘ (:c2+3/2)2}’ a
_a'_f=x{x2.—y2_ 4z2.y2 } (o
dy Tl2+yr @+ )
At the origin,
& o, ¥ o, (3

ox dy
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From 1), 2) we have, in particular,
fé(o»y)=—.1/» y+0; “
f,’,(z, O)=z$ x=#0. (5

Consider now the second partial derivatives.
From 1), 2) we have, for all points different from the origin,

o4 _ 22— y? 8 222 _ oY
0zdy 2%+ y? { (22 +42)?]  dyox

At the origin, we have from 3), 4), 5),

Af}_ Ay, 1100, 0) = — 1 ' 6
Ay~ Tay AAOD=-L o
Af;_Ax. . 1100. 0) = 1 7
‘A_x‘—E‘vf A y.r(’ )'—+ M (
Hence, at the origin,
¥ " *f
dzdy = dyox

3. In connection with this example, we may warn the inexperi-
enced reader to avoid certain errors he is likely to fall into.
To get the equations 3), .e.

f:(0,0)=0, f3(0,0)=0,

it is mot permissible to set z =0, y = 0 in the relations 1), 2). In
fact, these formulwe were obtained under the express stipulation
that this point =y = 0 be ruled out.

To get the equation 6), i.e.

w(0,0)=—1, (6
it is not permissible to differentiate 4), 7.e.
S2(0, ) =—y, ' “

with respect to g, thus getting

a0 y)=-1;
and in this set y = 0, getting the required value of f1/(0, 0).
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In fact, the relation 4) was obtained under the express condition
that y #0.

Similar remarks apply to f;:(0, 0).

Junior students are so accustomed to differentiate with their
eyes shut that they often overlook the fact that formule and
theorems are usually not universally true, but are subject to
more or less stringent conditions. Compare also the example
of 388, 4.

419. It is easy to see a priori why fi (a, b) may be different
from f);(ab).
By definition,

o y=lin T @) =@,

1 (ayB) = lim Si(a, b+ kz — fi(a, b)

=lim {H flath b+k> — f(a, b+ k)
nfCet+h b) f(a,b)} a
L.et us set H
Fky=T@ M+ D —fa b+ B)—fla+h &) +f(a b)

hk
Then 1) gives
Ji(a, b)= hm hm F(h, k).

In a similar manner we find that

14(a, 8) = lim lim F(h, k).
A=0 k=0

These formule show that f;,(a, ), f,.(a, b) are double iterated
limits, taken in different order. It is therefore not astonishing

that a change in the order of passing to the limit may produce a
change in the result. Cf. 322, 323.
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420. 1. We consider now certain cases when it is possible
to change the order of differentiation in a partial differential
coefficient.

Let f(xy) be defined in D(a,d). Let D* be the deleted domarn
of D. We suppose :

o) that f, exists in D,
B) that f, exists in DX,

v) that lim f}) = A. Sfinite or infinite.

x=a, y=b

Then 11 (ay b) = . a

If, moreover,
8) f) exists for all points of D on the line y="5; then
we(a, )=, (2

We suppose first, that all four conditions «-8 are satisfied, and
show that then

(2, b) = fi:(a, b). @
Let
Fe J@+hb+k)—fab+ k_)_—_f_(y + h, 8) + f(ab)
= W ’

as in 419. We introduce the auxiliary functions

G(x) = f(z,b+k) — f(z,b), G

H(y) =f(a+hy)—flay)- €

Then REF = G(a + b) — G(a) &
— H(b+ 1) — H(). 6

Setting, 1,
etting, as usua heds, k=Ay,

we have from 9),
Af _ a = e(2):
Ay —Ju(2, b)|=e(2);

where €= e(2) is a function of % and z, such that
lim e= 0. |

Rosl)
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Hence

G(z) =Af=k}f (2, b)+ e(2)}. @
Similarly, by «),
H(y)=h{fi(a, ) +0(y)}s ¢
where 5 =n(y) is a function of 4 and y, such that
lim 9= 0. 10
=0

Then 5), 8) give
F=jifia+hd)—fia D+e@+BH—e@}. (1
Similarly, 6), 9) give
1 '
F=lifieb+0) = fila ) +aG+B)—n@®)}. (2
On the other hand, we can apply the Law of the Mean to 5), by
virtue of «), getting
EF =G (o). a<e<a+h orat+h<e<a (13
Differentiating 3), we get, using 13),
kE ={f.(e,b+k) —fr(eb)i. (14
By virtue of 8, we can apply the Law of the Mean to 14),
getting
F=fl(ed). b<d<b+k orbdb+ik<d<d (15
From 11), 15) we have

1 o 4y =T (@R b’z-—fxa» b) , <(a ;:-h)_e(}':). (16

From 12), 15) we have

=L LED LD 1D _a®) gy

(0
We can now apply 324 to 16).
NOW, by '7)7 lim f.z,-]’;(c’ d)= A
A0, k=0
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By D) lim e(a + h)=0, lim e(a)=0.
k=0 k=0

Hence, letting % first pass to the limit, and then &,

[ fi(a+ h b)— fi(ab) GRS k) e(a)]
) ) )

A=Ilim lim
A=0 k=0

i Fiat o B) — fi(ab)

A=0 h
=fi(a, B). s
Similarly, 17) gives, letting first A pass to the limit, and then %,
A= fr(a, ). 19

The equations 18), 19) prove 2").

2. If we wish to prove 1), without imposing the condition J),
we have only to observe that 17) has been established without
reference to 8§). But, as has just been shown, we can conclude
1) from 17).

3. It is well to note that this demonstration does not postulate
the exzistence of f,.; or the continuity of either of the second
partial derivatives; or the continuity of f, in D or D*.

We observe also that 2 and y can obviously be interchanged in
the statement of the above theorem.

421. The case which ordinarily arises is embodied in the fol-
lowing corollary :

Let f., fin fry be continuous tn the domain of the point a, b.
Then fyr(a, b) exists, and s equal to fi,(a, b).

422. Tt is easy to generalize 421 as follows:

Let the partial derivatives of f(z, -+ x,,) of order Zn be continu-
ous in the domain of the point x. Then we can permute the indices

tin
-(r’i:’u'""m(zl o 2"")’ (1

without changing its value.
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Since any permutation of the » indices

dibeeed

can be obtained from any other permutation
51‘2 ceelyy

by repeated interchanges of successive indices, we have only to
show that we can interchange any two successive indices as ¢, ¢,
in 1) without changing its value.

Let us introduce the function of z,, =, ,

9@, 2, ) =L (T Tns

where we consider all the variables on the right as fixed, except
the two noted in g.

Then, by 421, &y _ g
oz ox, Oz .07,

Hence

(r+1) — f(r+D)

Loty _qbply 11 bttty
Differentiating now with respect to z, , .-

,* ., in the order
n
given, we get

(n) — f(n)

. e, . .
Tyt T Ty T Ty Ty g Zupe Tay

n Tippr

Totally Differentiable Functions
423. 1. If the function f(2) has a finite differential coefficient
at z = a, we saw that
Af = f'(a)h + ah,
where A is an increment of z, and « is a function of %, such that

lim ¢=0.
=0
Under certain conditions, to be given later, an analogous theorem
holds for functions of several variables. Let Af be the increment
that f(z, - z,) receives when we pass from the point a=(a, - a,)
to the point a + A= (a; + &, a,, + ;).
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Here any of the 2’s may =0. Let
Af =f.;1(a)k1 + oo +f.‘£',,,(a)hm + “1"'1 + oo + dmh,,.,
where the «, are functions of 4 - 4, such that

lim ¢, =0, «lim ¢, =0.
A=0 A=0

The function f is, in this case, said to be a totally differentiable
Sunction at a.

We call af = fr (kg + -+ + fr.(a)h, a

the total differential of f at a.

Thus, when f is totally differentiable at a, Af consists of two
parts, viz.: df  and b+ o + aph
Here the o’s in the second part have the limit 0 when A = 0.
If we replace a by z and set A, = dx,, -+ h, = dz,, 1) becomes

df = fr,(2)dry + - + f1, (2)dzy,

_of of
= a‘xl d‘zl + + a—?,'” dzm-

424. 1. Tt is easy to give examples of functions which are not
totally differentiable at every point.

Ex. 1.
Consider e
< Far y) = Vizg] = Va2
at the origin.

Here

df =0 a

Hence

at the origin.
Suppose now f were totally differentiable at the origin. Then
the increment Af would, on account of 1), have the form

Af = oh + Bk, ¢

where the limits of « and B are 0.
This is not possible.
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For, we have directly
Af =f(hy k) —f(0, 0) = V[hE]. 3

From 2), 3) we have
V|hk| = ah + BE. 4

To show now that the limits of @, 8 are not 0, let A, k=0,
running over the line L, in the figure.

Then v {7
h=pcosf, k=psinf. 6 constant. hk
This in 4) gives —
pVsin 0 cos 6 = p(« cos 6 + 8 sin 6), /I
or —
V3sin280=acos f+ Bsin 6. (G
If now
a=0, B =0,

the limit of the right side of 5) is 0; while the limit of the left
side depends on 6. We are thus led to a contradiction.

2. Ex. 2.

zy . .
zy) = ——2——, for z, y not the origin.
@) = e y g

=0, for the origin.

7100, 0) = lim LD =S 0 _
h=0 k
S4(0,0)=0.
df =0,
at the origin. If now f were totally differentiable at the origin,
we would have
Af = ah + Bk,

7 cos @ sin @ = r(a cos 6 + B sin 6).

Hence

or

Hence
cos 6 sin @ = & cos 6 + B sin 6.

Letting now &, k& = 0, this gives, in the limit,

cos @ sin 8= 0,
which is absurd.
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425. Let f(zy) be defined in the domain D of the point P = (a, b).
We suppose that :
@) f1 exists in D,
B) f, exists at P,
¥) fior f, is continuous at P.

Then f is totally differentiable at P.

For,
Af=f(a+h, b+k) —f(a, b)

={f(a+h b+k)—f(a,b+k)}+ {f(a, b+Fk)—f(ab)}
=A,+A, a
By «) we can apply the Law of the Mean to A, getting
A, =hfl(e, b+ k). a<c<a+horat+h<ce<a. (2
By B) we have

Ay =kify(a b) + 81, G
where 8 is a function of %, such that
lim 8=0. “
k=0

From 1), 2), 3) we have
Af = hfi(e, b+ k) + kifi(ab) + Bi.

Set
a=f.(¢, b+ k) —fl(a, D). (©)
Then
Af = Ifi(ab) + kf,(a, b) + «h + BEk. (6
By v), lima=0. ¢
M =0

Equations 6), 4), 7) show that f is totally differentiable at P.

426. 1. Under less general conditions we can generalize 425
as follows:

a) Let f(z, - z,,) be defined over the domain D, of the point z;

and have finite partial derivatives f; - f, in D.
B) Let f; be a continuous function of Ty Ty **+ T
k=1, 2 ... m.

Then f is totally differentiable at z.
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To fix the ideas, take m=3. We have, setting for brevity,
Zy=z,+hy Zy=x,+hy Zy=x5+ hy;
Af = f(2,Z475) — f(212475) = {f(Z,25%5) — f(21Z5T3) }
+ (S (o) — o)} + (K apgds) — (o)}
= A+ A, + Ay

By virtue of @) we can apply the Law of the Mean to each of
these A’s, getting

A, = b fr (2, + 0.y, 7,, T,), a

A, = hyfr (21, Ty + Oghy, Ty), (2

Ay = hofr, (21 Ty T3+ Oghy). @
Making use of 8), we may write 1), 2), 8):

Ay = by f; (22578) + hytyy “

A, = hy fl.(2,2,75) + hyoty, o

Ay = hyfl (212975) + hgag; (6

and for A =0,
lime; =0, lime,=0, lime;=0.

Af = df + ahy + ayhy + aghy.

Thus

Since the «’s converge to 0, f is totally differentiable at the
point z.

2. As a corollary of 1, we have:

Let f(x, --- ,,) satigfy the conditions.a), B) for a region R. Then
J 18 totally differentiable at every point of R.

427. 1. Let the partial derivative f, (z; -+ zn) be continuous in
the region R. Then the difference quotient

Az, oz

uniformly

K

in any limited perfect domain D, in R.
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For, by the Law of the Mean,

AA::,: =fi(zy -z, + 0A2, - 2,).

But f; , being continuous in D, the function on the right con-
verges uniformly to f, , by 352.

2. Let the partial derivatives of the first order
f .;'la .4,9 4

Tm
be continuous in the region R. Then the «’s in
Af =df + Az + - + ¢z,
converge uniformly to 0, in any limited perfect domain D, in R.

For, referring to the proof of 426, we have
fi‘,(xl s Toyy z, + HSAIJ, :E.H-l :Em) =f1‘,($1 xm) + Oge

Hence by 1, the ¢’s are uniformly evanescent.

428. 1. Let the first partial derivatives of f(z, - z,,) be contin-
uous in the region RB. Then f is continuous in R.

We have to show that
lim £z, + Py -+ 2+ ) =2+ 2);

or, what is the same,

lim Af=0. a
A=0
But, by 426, 2, f is totally differentiable in B; hence
Af =df + ahy + - + e, @
As
lim df = 0, lim &, =0, -« lime, =0;
A=0 A=0 A=0

passing to the limit in 2), we get 1).

2. As corollary, we have:

If all the partial derivatives of f(z, - x,,) of order n are continuous
tn the region R, then f, and all its partial derivatives of order < m,
are also continuous in K.
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429. 1. At each point of a region R, let

Af = Az + -+ + uBZp + A7) + o + 0, BTy a
where the ¢'s are functions of x, and the «’'s are functions of z and
Az. Let

lim e, =0. k=12, .- m. @
Az=0

Then f i8 totally differentiadle in R, and

_of |
=5 @3

For, let all the Az’s be 0 except Az,. Then

Af
All" - QK + e

Passing to the limit, we get 3). That f is totally differentiable
follows now from 1), 2).

2. Let
df = ¢,dz, + -+ + ¢, dx,
in B. Then
p=L k=t1,2m ¢
For, by definition, i
VA -/
df = o, dzy + -+ o dz,,.

Let all the dz’s, except dz,, be 0. Then

_ _f .
df— ¢del( - 5;: dwx 4
or (¢, -¥ )dx, =0.

As dz,# 0, we have 4).

430. 1. Let f = f(uy - u,), and u, =g ,(z,* 2,), t=1,2, -+ n.
Let the tmage of the region X be the region U. Let f be totally
differentiable in U, and each g, be totally differentiable in X. Then
Js considered as a function of the z's, is totally differentiable in X.
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Since the g's are totally differentiable,

Au, = 2 g%‘ Az, + Ze Az,

K

Since f(u, *-

af
Af= Z ou,

u,) is totally differentiable,

275

a

@

Replacing the values of Aw,, given by 1), in 2), we get

Af= (ﬁi ‘,9111_1_

du, oz,

+ (.a-_f duy
du, oz,

+
+(af duy

du, 0z,

+ 78z, +
where

when

limy, =0,

Az,

of oy
duy 024

ou, 0z,

oF duy
du, dr,

of o,
du, oz,

of duy

duy 0, au oz,

ot + erAxm ;

o+ lim vy, = 0,

e Az, =0,

af au,,) Az,

") Az,

¢

af du, >Az,,,

4

Then, by 429, 1), f, considered as a function of the 2’s, is totally

differentiable ; and

O _af o, |, o e o
0wy  Ouy 9z, au o, 2 du, 0z,
. ¢
of _ of ouy of ou, af ou,
oz, du, 9z, Tt e ou, 9z, 2 du, ax,,,'
Also
’ of du, < 9f 9u,
o= 2 7 .= Zd 2 5, oz, — & ou, oz, o (6
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2. We have, f being considered as a function of the 2’s,

_ of du, _ af ou,
df = de ou, oz, au, ax dz.;

¥=3) o dn

Thus to find df, f considered as a function of the x's, we may first
find df, considered as a fun('twn of the w's, and in the result, replace
the dw’s by their values in the «’s.

or

3. As a corollary of 1, we have:

Let
oo
au, ou,
be continuous in U. Let
u u
G—x;’ ...ax; t=1,2,-m

be continuous in X. Then f, considered as a function of the z’s, is
totally differentiable in X.

For, by 426, 2, f considered as a function of the u’s, and the u’s
considered as functions of the 2's, are all totally differentiable.
Hence, by 1, f considered as a function of the z’s, is totally
differentiable.

Some Properties of Differentials. Higher Differentials

431. In this section we shall suppose the total differentials
which occur exist in a certain region R, in which z=(z,.--2,,)
ranges.

1. Let
F=cfi+ -+ e, f, ¢’8 constants.
Then .
dF = ¢ df\ + -+ + e, df,.
For,

dF=Zg—£dz‘=‘2‘c‘g‘%dz‘

=2 2 "dz—zcxdfx.
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2, Let F=fy.
Then

dF = fdg + gdf.
For,

dF=zagJ;") Zfa"d +2g

=rY L, +y3Y  42.=fdg + gdf.

3. Let
F=I- g+ 0 R.
Then !
ar= 9=t
For, of g

GZ B oz,

S tan-h3ta,

_Yf_fdg_gdf —fdg

432. The partial derivatives involved, being supposed continu-
ous in a certain region R, let us form the expressions

il
7= 2 dx 0, dzdz, Le=1,2,...m.

Bf = 28 6f dedrdr, 49,6=1,2,...m

They are called the second, third, --- differentials of f(z,---z,),
respectively, in R.
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We notice:

=de;azgfx dz
=3z zax( )
=3 s, d<6f>

af

since dz, acts as a constant with respect to the symbol d.
Then 1) gives
d¥f =d - df.

In the same way we find

If=d.d=f=d. 4 ...

433. 1. Let w=f(u,---u,), while w .- u, are functions of
x, &, Let w, when considered as a function of the 2's, be
denoted by F(z,---z,). Let finally all derivatives involved be
continuous. Then

af

PF=3 du,d- af

afdzu

ol
= 2 du, E du, ou,

—df+2"fd2u @
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"fddzu

d3F =

&
+ Z,‘: ou, éu‘

+ 2 of d3u

=zau§3}u tndntu 433 Bt + 30
TN ¢ L3 A

_d3f+52 . d2  du +2 (3
In the same way the higher differentials d*# - can be calculated.

2. In case Pu, =0, ddu, =0, -

we have

dF = df, &F = &f, &BF = dBf, -

434. Let all the partial derivatives of f(xy -~ 2,) of order n be
continuous tn the domain D of the point .

Then, of x+ h lies in D,
J@+hy 2+ ) = f(y2,) + d_}‘(afl “z,)+ .2}_‘ Bf (2, ,,)

+...+;/1.id’ff(xl+0hl-"xm+9hm)§ a

setting de,=h, and 0<0<1.

The expression on the right of 1) is
called Taylor's development of f in finite
Sorm.

For simplicity we shall suppose m=2.
The reasoning in the general case is
precisely the same.

To avoid writing indices, we shall call
the variables z, y.
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Let z, y be any point on the line L joining the points a,  and
a+h, b+k. Then

z=a+uh, y=>b+uk. o<u<l.

F@, y)=Fa+uh, b+uk)=g(w).

Then, when % runs over the interval %= (0, 1), the point 2y
runs over the interval on L between a, b and a + 4, b+ k.
By 4388, 1, we have

Also let

¢=Li+Li-ar ),

9" (W) = &f (2, y), - gOW)=d'f (2 ).

Thus g(u) and its first » derivatives are continuous functions
of w in .
Applying 409, we have

9()=9(0) +2£9 (O + 2.5 (O + =+ 1547 (Bu).
0<8<1.
Setting here » =1, and observing that
gD =sf(a+h b+k), 9(0)=f(a, b),
9' (0)=df(a, b), 9" (0)=df(a, b), -

J™(Ou) = d*f(a + Ok, b+ Ok),
we get

fla+h b+k)=f(a, b)+il—'df(a, b)+2l!d2f(a, B+ -
1 n-1 _];_ n
+n—11d f(a,b)+n!df(a+0h,b+0k).

435. In Taylor’s development of a function f(z) of a single
variable [409], we have only assumed that f™(z) is finite within
A; whereas, in the corresponding development of a function of
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several variables, we have assumed [434] that all the partial
derivatives of order n are continuous in D(a), in order to use 430.
It is interesting to note that the development may not hold if
these derivatives are not continuous.
Consider the function

_ f(zy)=layl,
employed in 424, 1.
We have
1 2z 1 2%
=2 —_——, f == — 'y 0.
T ST YT

Sa(z, 0)=0, £,(0, y)=0.

The derivatives of the first order are thus continuous, except at
the origin. '

Let P=(=, z), Q=(x+h, z+ k) be two points on the line
y =z, which we call L.

If now Taylor’s development were true in a domain about a, in
which the nth partial derivatives were finite, we could write, tak-
ing here n =1,

S+ h z+ k)= f(z, 2)+ b fo(& O+ 16 D a

where (&, £) is a point on L between P, @.
This formula should be valid for all z, . But in the present
case
Fo(& )= fy (&, E)=4sgnk.
Thus 1) gives
o+ bl =2| + B sgn . @

That this result is false is easily seen.

For example, let
z=—1, h=5.
4=1+6, ifE+0

=1, if £=0.

Then 2) gives



CHAPTER IX

IMPLICIT FUNCTIONS

436. 1. Let F(zl e 2, u)= 0 (1

be a relation between the m + 1 variables z; -+- z,,, . Let
Ty=ag Ty =a,

be a set of values such that the equation
Flay - u)=0 2

is satisfied for at least one value of u; i.e. the equation 2) in u
admits at least one root. Let D be the aggregate of the points
z=(z, - x,) for which 1) has at least one root u. We may con-
sider u as a function of the z’s, u = ¢(z, --- z,,) defined over D,
where ¢(z, -+ z,,) has assigned to it at the point z, the roots u of
1) at this point.

We say w is the implicit function defined by 1). It is in general
a many valued function.

EXAMPLES
1. Let
y=s(2) @3
be defined over a domain D. Let E be the image of D. Then 3) defines an inverse
function
0 2 = g(v),

defined over E, by 217. This same function may be considered as an implicit
function, defined by ¥ — f(z) = F(z, y)=0.

2. Let f(x) =1 for every z in D= (01). If we set

y =J(2),
the image K of D is the single point ¥ = 1. The inverse function
z=g(¥)»

is defined only for y = 1; at this point g takes on all values between 0 and 1.
282
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3. Let F =0 be the relation
24+ Y2422 —-12=0, r+0. 4
At each point of the domain D,
249221,
the equation 4) admits one, and in general, two values of 2. The equation 4)
therefore defines z as a two-valued implicit function u of &, y, over the domain D.

4. 224+ y2 + 22 =0. ()

In this case there is only one set of values, viz. x =y = 2 = 0 satisfying 6). Thus
z is defined only for a single point, viz. x =y = 0. At this point, z = 0.

5. 24y 4224+ 1r2=0. r#0. 6

This equation is satisfied for no set of values of z, y, 2. The equation 6), there-
fore, does not define any function 2 of x, y.
. x
6. sin2u + cos? u — = 0. Y
This equation admits no solution except for points on the line
y==2.

For all points on this line, the origin excepted, the equation 7) is satisfied for
any value of » in R.

2. More generally, let
F () Ty g - 1,) =0
e (S
Fo(oy - 2y Uy uy)=0
be a system of p relations between the m + p variables.z, u. ILet
D be the aggregate of points z=(z, - z,,), for which the system

§ is satisfied for at least one set of values of wu;:--u,, We may
sonsider the «’s as functions of the z’s.

Uy = by (Zy -+ 2p)

Uy = ¢p(xl T

where the ¢’s have assigned to them at the point z, the values of
she roots w, --- u, at this point. We say u, --- u, is a system of im-
plicit functions defined by the system §. These functions are, in
zeneral, many valued.
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3. Suppose we know that a set of values
xl = al’ vee zm = am’ ”1 = bl’ “oe up = bp

satisfies the system 8. Let us call the set of values u;=8;---u,=5,
initial values.

We wish to show now that under certain conditions, the system
§ defines over a region R a set of p one-valued continuous func-
tions u, - u, in the variables z, ... z,, satisfying &§ for every point
of R, and taking on the above initial values at the point z = a.
Furthermore there is only one such system of functions.

The method employed is due to Goursat, Bull. Soc. Math. de
France, vol. 31 (1903), p. 184. It rests on a principle, having
many applications in analysis, known as the Method of Successive
Approximation.

437. 1. Let us first consider only two variables. The method
employed for this simple case is readily extended to the most gen-
eral case. We begin by establishing the fundamental

Lemma. Let f(z, u) be continuous, and f’[: extst in the domain D,
ou

defined by

As lz—a|< o,

B; |lu—bl<T.

Let f vanish at a, b. Let 6 be an arbitrary positive number <1,
such that

af .
l-@‘< 6, in D, a
while
f@ b)) |<r(Q=-0)=n<T, in A (2
Then
u—b=r(z, u) ¢

admits one and only one solution
U= ¢ (), in A.

which is continuous at a, and takes on the initial value u = b at z = a.
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The function ¢ is continuous in U, and remains in B while z runs
over N.

We set
uy — b= f(z, b), u,— b= f(z, uy), u;— b= f(z, uy), -+

Then all these u’s fall in 8.

For, by 2), u, falls in 8. Let us admit that u,_, falls in $, and
show that u, also falls in 8.

In fact, by the Law of the Mean,

U, — Uy = (U, — ) — (u; — b) “
=f(@, u,_y) —f(z, b)
= (o — 1) LD
Hence, by 1),
[, —u,| < 0|u,_, —b| o
< 6T, (6

since, by hypothesis, »,_, falls in 8.
Thus, from u, — b= (u, —u,) + (%, — b) and 6), we have

|, — b| < |u, — B + 7.
oy — ] = | (2 B)] < (1 )7, by 2).

|u, —b|< T3 «

But

Hence,

t.e. all the #’s fall in B.
We show now that for each z in U,

U=limu,=¢(z)
is finite. To this end we show
e>0, m, |u,—u,l<e n>m. (8
For, in the same way that we established 5), we can show that

Iur - ur—ll < 9|u,_1 - r—2|° (9
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Thus, we get
g — | <Oluy — b | <O,

g — g | < O]uy — u, | < 6%, o0

[y — ug| < O|ug — u,| < 6, ete.

FHence lun - um' < 170"'(1 +604--+ 0n-m-l)

since 0 <0< 1

<€,

if m is taken sufficiently large.

Thus the relation 8) is established.

Furthermore, the above reasoning shows that one and the same
m suffices wherever z is taken in A. Thus wu, converges uniformly
to Uin ¥U.

Finally, by virtue of 7), U falls in 8.

The function U satisfies 3) in 2.

For, in
Up — b -——-"f(il?, un-—l)
let n=00. Since f is continuous, we get in the limit
U-b=f(z, U)."

We show now that U = ¢(z) is continuous in A. For, since u,
converges uniformly to ¢(2) in A, we have

d(z+h)=u,(z+h)+¢, [e'|<§--

o(2) =u,(2)+ €', le"| < g

if » is taken large enough. ~
But u,, u,, --- are continuous functions of z, since f is continuous.
Thus, for sufficiently small §,

|tz + B = un(2)| <3
for || <8 and z+ A in U. “
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Hence

[¢(z+ h) — ()| <e.

We show now that U is the only root of 8) which is continuous
at @ and takes on the initial value b at a.

For, let V"' =+r(z) be such a solution.

If z is taken sufficiently near a, V falls in 8.

Then from

V—-b=f(z, V),
Uy — b = f(2, typ_1),
we have, by the Law of the Mean,
|V = el = | fCr V)= @y )

17— 0]
ou

<OV — |y by 1),
<OV — uy|.
Hence, passing to the limit, n = oo,
V—U=0, forall points of .

2. As corollary of 1, we have:

Let of

J(z, w), 3u

be continuous in the domain of the point (a, b), and vanish at that
point.

Then u—b=f(z, u)

admits a unique solution

u=¢(2),

which 18 continuous in the domain of x = a, and has the initial value
u=>batzr=a. ’ "



288 IMPLICIT FUNCTIONS

438. 1. By means of the preceding lemma, we can now prove
the theorem :

Let F(z,u) be continuous, and F,, exist in the domain D, defined by
As; |z —a|<o,
B; [u—5|<w.

At a, b let F =0, while F! +0.
Let 8 be an arbitrary positive number <1, such that

_Fy(z, u l P .o 1
Il Fila b <é, n D; (
whale
F(z, b) ’ 0 .
Fi(a b) <1 -6, in A. 2

Then the equation
F(z, u)="0 3

t8 satisfied by a one-valued continuous function
u= (), in Us
having the initial value b at x = a, and which remains in B while z
18 in A
Furthermore, 3) admits no other solution which 18 continuous at a,
and has the initial value b at a.

For, consider the equation

1 F(x,uw) _ )
u—b=u—"5 mz)_f(z,u) ¢

Evidently this is equivalent to 38); i.e. every function » which
satisfies 3) satisfies 4), and conversely.

Here
¥_1_F(zw)
u Fi(a, &)

Hence f is continuous, and f, exists in D; also f vanishes
at a, b. ‘
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Furthermore, from 1)

of | .
aul in D.

while from 2),
f@ Bl<—0)r,  ind

Thus f and f satisfy all the conditions of the lemma in 437,
and the theorem follows at once.

2. The reader should remark that the preceding theorem makes
no assumption regarding #,. This may not even exist.
For example, let

a:sin»1—= 0, forz=0.
x

Consider 1
F(z,w)=u—zsin-=0. (6]
x

Here F', does not exist at 2= 0, u=0. However, the equation
5) defines a continuous one-valued function, which takes on the
initial value u =0 for x = 0; viz.,

1
u=z sm =
3. As corollary of 1 we have:
In the domain of the point a, b, let
F(z, w), Fi(z, u)
be continuous. At the point a, b, let
F=0, F,+0.
Then the equation F(z, u)= 0 admits a unique solution

U= ¢(z)9

which i8 continuous in the domain of the point z=a, and has the
initial value u = b, at this point.
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439. We have seen in 438 that
F(z, u)=10 a
is satisfied by a continuous function

u=¢,(z)

in a certain interval (¢ —o, @ +0)=(A, B); and that there is
only one such function which =5, when z =a. In general this is
true not only for the interval (A4, B) determined by the theorem
438, but for a larger interval (C, D), containing (4, B). For, let
a, be a point near one of the end points of (4, B). Let b,=¢,(a,).
Let us replace a, b in the theorem of 438 by a;, ;. Then the con-
ditions of this theorem are satisfied for a certain interval (4,, B)),
about a,; to which corresponds a continuous function

U= dy(2),

determined by the condition that w = b,, for # =a,. The interval
(A4,, By) will in general extend beyond (A, B). In the interval
(A,, B) which the two intervals (4, B), (4,, B;) have in common,

the two functions
$, (W), $y(W)
are equal. Let us define a function
u=¢(2)= ¢;(2), in (4, B),
= ¢y(2), in (4, B)).

Then the equation 1) is satisfied by this function in (4, B)),

and it is uniquely determined by the

fact that it is continuous in (4, B))

and has the value w=25, for z=a.

In this way we can continue extend-

ing on the right, and on the left, the

original interval, until we are blocked

by certain points beyond which we il

cannot go. Such points may arise 44808 8

when F(z, u) ceases to be continuous, or when F,’ = 0.
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440. 1. We proceed now to extend the theorem of 438 to

embrace the system § of 436.
To this end we generalize the lemma of 437 as follows:

Lemma. Let
fl(zl ves zmul oo up) ...fp(zl e LUy e up),

o,
ou

3

and

,e=1,2,..p.

be continuous in the domain D defined by

%[; lxl_(ll‘_éa-”'lwm_alnlgU’

B lug— by | <7y, = b, [ <,

and let f,, --- f, vanish at the point (ay---a,b;---b,).
Let 0 be an arbitrary positive number <1, such that

.

du

K

< _,9,,’ L, K= 1, 2, Py n D.

while

|fi(xy by b)) | <T(1—=)=n, A =12 ..p.

Then the equations

b

a

(2

»

uy = by =fi(@y ) e wy—by=f(zy )
admit one, and only one, set of solutions
U1=¢l(x1"'wm Up=¢p(71"'zm)

in A, which are continuous at a, and take on the initial values b, -
at r=a.

The functions ¢ are continuous in Y, and remain in B, as x runs
over U.

We set

Uy — by = f1(@y - 2pby -+ By)

Upy — by = Fp(2y - 2y - b,)

Uys — by = F1 (g o Tty o Upy)

Upy — by = Fp (21 -+ Tqy o Upy)
ete.
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We show now that all these «’s lie in 8.

For, by 2), u, - u, are in B. Let us assume now that
Uy, ooy Up, oy lie in B, and show that u,, .- u, also lie in B. By
the Law of the Mean,

.

)
Uy — g = (uy, -1 — b)) éju’l'i' o+ (U, p1 — by) U

vl
du,

the arguments of these derivatives lying in D. Hence, by 1),

6
l“cr‘“cll<'§”ul,r—l_bl|+"'+l“,r~l—bp|§ &
<O,
Thus, as
Uy — b, = (U — ug) + (ug — ),
we have
|uy—b,|<|wq—b,|+ O, t=1,2, - p.

or using 2),

Uy =<1, ¢=1,2, c-p; r=2,3, .

which was to be shown.
We show now that for each z in ¥,

17L= hn___lil Uy n= ¢c(z1 o xm)
is finite.
To this end we show that

e>0, m |u,—ug,l<e n>m. 4
=12, ... p.
For, as in 3),
6
%, — U, o1 <; $lUg, poy — Uy, o]+ o | Uy, ooy — Uy, ool (C)

Then |ue —u,,| <6y, by2)and3),

|ul3 —u4.2|<mﬂq by 5),
|, «— u, 5| < B, ete.

These relations are analogous to the relations 10) in 437. The
rest of the demonstration can now be conducted as in 437 to estab-
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lish not only the relation 4), but the remainder of the theorem in
hand.

2. We can state 1 in a form less explicit, but easier to remem-
ber, as follows:

Let
fl(xl...zm, ul...up) .ee fp(xl o Ty «ul...up)’
and
f,
W [ IC=1, 2, ~-'p.

(3

be continuous in the domain of the point a, --- a,,b; -+ b,
Let these p?+ p functions vanish at this point.
Then the system of equations

ul—bl=f1(zl"'up) up_b.p:‘-fp(zl'"up)
admits a unique system of solutions
ul=¢l(xl...xm) ees up=¢p(xl...xm)’

which is continuous in the domain of the point z,=a, -z, =ay,,
and takes on the initial set of values w; =b, ---u,="b,.

441. We can now generalize 438 as follows:

Let
Fl(zl"'xmul'“ur) Fp(zl...xmul...up),
and
g—f-‘ Le=1,2, . p. a

be continuous in the domain D of the point
@Q; Ty=ay Ty = Uy Uy =byoouy, =10,
Let F,.-- F, vanish at Q, while the derivatives 1) have the values

d at Q.

[ 3

Let
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Then the system of equations
F=0.--F,=0 ¢

4

i8 satisfied by a set of functions

Uy = 4’1(‘”1"""1»5

Up = ¢p(z1 T

which are one-valued and continuous in a certain region N, about the

point
a; Ty=0 Ty = Ay 3

and at this point, these functions have the values
ul = bl"'up-——-' bpo

Furthermore, the system S admits no other set of p functions, con-
tinuous at a and taking on the initial values b at that point.

We replace the system § by the equivalent system
dp(uy =)+ + dyy(u, — b)) = dyy (uy — b))+
+du(u, — b)) — Fy =y,
(2
Apy (uy = b)) + -+ dpp(u, — ) =y (w4 — &) + -
+ dyp(y — b)) = Fp = g,

Since A # 0, we can solve this system for the differences u: — b,
and get
U —by=eyg,++epgy =S

(3
Uy — by =ep g1+t eppgp =S

Obviously, the functions g, and hence the functions f, are con-
tinuous in D.
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So are the derivatives of . For

ou,
af. @ 9
Ty Do, P Le=1,20p (4
where
ag, oF,
.~ T, ®

Since the g's vanish at @, so do the f’s. Since the derivatives
5) vanish at @, so do also the derivatives 4).
Obviously, therefore, the numbers o, 7, 6 of lemma 440 exist, such

that s p
U < -, in D.
ou,| "~ p

If. 2y anby b)Y [<T(1—6),  in 9L

We can therefore apply this lemma to the system 8). Since this
system and the given system & are equivalent, the theorem is
proved.

442. 1. Let Sy 2pu)=0 ¢!

admit a solution u==>, at the point x=a. In D(a,bd), let f(z; - x,u)
have continuous first partial derivatives. Let f,+0 in D. Then
1) defines a one-valued function u, in a certain domain A, of the point
a, whose first partial derivatives in A are yiven by

ou "
5;‘——.77“' t=1,2, --.m. ¢4
For, let = be a point of A. Let z receive the increment Az,

while the other codrdinates of z remain constant. Let the corre-
sponding increment of « be Au. Then

Sy wo+ Az u + Au) — f(2y - 2u) = 0, 3

by virtue of 1). Applying the Law of the Mean to 3), we have,
setting i =z, + 0Az, v =u + 6Au,

;‘(xl...x"...xmu’)Az‘ +f”‘(zlz"zmu’)Au= 0;



296 IMPLICIT FUNCTIONS

whenee Au fLCay gl
Az fu(z wu’)

Passing to the limit, we get 2).

0.  df= afd+ +af +g{7du=0. %;eo. 4
For, by 2),

L4 Y

or oz,
du=——_azd$l—"'—7 d

du du

Multiplying by the common denominator, we have 4).

443. 1. Let the system
F (xl * p) 0

a
F(x1 Ty Uy ,,) 0

admit a solution w=> at the point x=a. Let the functions Fy-.-F,
have continuous first partial derivatives in D(a, b). Let

oF, oF,
Tﬁl"hul‘

J=|- . ... .0, inD.
aF, oF,

Then 1) defines a 8ystem u,---w, of one-valued functions in a cer-

tain domain A of the point a, whose first partial derivatives .— in A

are given by the system of equations 92,
oF, oF 0w . OF ou,_
dz, = du, oz, du, 9z,

@

oF, O, 0, 0T,
0z, | du, 9z, ou, a:c ?

with non-vanishing determinant J.
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For, let P = (2 z,u, -
the increments of u,. -
Let 0<0,<1, and

-u,) be a point of D. Let Au,---Au, be
%y, corresponding to an increment Az, of z,.

Q= 2z, +0Az, 2, uy+ 0 Auy - u, + 0,Au,). ¢=1,2,.p.

Let ¢L

oF. oF.
PR and v, be the value of 5u, at Q,.
Then, by the Law of the Mean, we have from 1),

Au Au,
AF, = ¢’1+‘I’11A +¥uy 2+"’+‘l“sz‘p=0

¢
Au Au Au
AFP=¢1)+ ‘,‘plel"",’pz 2+ +‘I"ppAzp=0'
Thus,

Yu bV [ Yu Y

Au_ Yo be Vo |, | Vo Vap,
R :

Vo1 bo Vop Vo1 Vop
Let Az, = 0; the limit of the right side exists, since the partial
derivatives of the F’s are continuous, and J= 0. Hence the
derivatives O exist. Hence in the limit, the system 3) goes
over into the :system 2).

2. The determinant J is called the Jacobian of the system 1).



CHAPTER X
INDETERMINATE FORMS
Application of Taylor’s Development in Finite Form

444. The object of the present chapter is to show how in cer-
tain cases we may determine the limit of expressions of the type

LD, 1@)-9@). f@)= 9@, f@y

which, on replacing f(z), g(z) by their limits, assume the forms

0 oo

-
0 0.0, 0w—o0, 1%, 00 00,

These are ordinarily called indeterminate forms.
445. Suppose by the aid of Taylor’s development in finite form,
or otherwise, we find that, in R = RD(a),
f@=a@ — )" + @@ —a),  m'>m.
g@=pE—-a)" + Y@ (=—a)", n' >n.

where ¢, ¥ are limited in R, and «, 8+0.
Then

‘;((2 = Z-:_((i —(;))"’_"‘t (z—a)™"  TFa
Passing to the limit z = a, we have
[0, if m>n,
Rlim .flz_)= a/B, if m=n,
= g(z

. o
a-w, if m<n. o =sgn—.

B

Similar considerations apply to the left hand limit at a.
208
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er — epinx

lim Z_T =
Example. ,:i) z —sinx +1
For, x 22 o8
ez =1 4 x + } 22 4 xi¢q(x).
S(x) = 6% — etin=z = } 28 4 xig(2).
Similarly,

g(x)=1x — sinx = } 2® + xby (x).

The functions ¢, ¥ are limited in D(0).

Thus,
J(@) _ 3 +7o@)
g) 3+ (x)

whose limit for z = 0 is 1.

446. To find the limit of
J(@)—g9(2), a

when f and g are infinite in the limit, we may sometimes find a
development of f(z), g(z) in the form

L™ ®_m n
Gt S Gt (= @)+ (@ @),

valid in D(a) or RD(a), the function ¢ being limited here.
This method of finding the limit of 1) is best illustrated by
an example.

lim (1 — cosec x) =0.
x

z=0
‘We have . '
cosec & = o 21— )] o(x) =}
1- xlﬂ.p(x) =145 fiiz(:()x) =1+a2%(2), @)=}
Hence .
cosec x = {1 + 229 (x)}
Therefore

%-— cosec x = — xy (x) = 0.
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447. When the independent variable z = + 0, we may set
1

:v=1:,

which converts the limit into R lim, by 290.
u=0

1
Ezxample. y=2(a—1), a>O0.
lim y = log a.
z=+400

For, 1

a* =q% = evloka =1 4 ulog a + ulp(u),
where
¢(u) = }logla.
Hence
y =loga + u¢p(u)
= log a.

448. When the preceding methods are not convenient, we may
often apply with success one of the following theorems. These
rest on
Cauchy’s theorem. Let f(z), g(z) be continuous in A= (a, bd).
Within U, let f'(z) be finite or infinite and g'(z) finite and + 0.

Then
J®) —f(@) _f'(e).
9(b) —g(a) g'(e)

We note first that g(b) +g(a). For, if g(b) =g(a), we can
apply Rolle’s theorem to g(«), which shows that ¢'(2) must vanish
within %, which is contrary to the hypothesis.

To prove 1), we introduce the auxiliary function

a<e<b. a

= _JO) —f(a)
h(z) = f(z) — f(a) m {9(2) —g(a)}.
Obviously, A(z) is continuous in A. Also for points within %,
for which f'(z) is finite,
Sf(®) —f(a)
4 = f! —- / ;
@ =@ =S e @
while for the other points within %A, A'(2) is definitely infinite.
Finally, we observe that k(a) =%(3)=0. We can thus apply
Rolle’s theorem to A(z), which gives 1) at once.
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49. 1. Let f(2), f'(2) - f*(2), 9(2) §'(2) - g" () be
continuous in A= (a, a +8), and vanish for x=a. Let f™(z) be
finite or infinite within A. Let g™(z) be finite and + 0 within UA.
Let g'(2), 9" (2) -+ gV (x) + 0 within A. Then

fla+h) _f7C).
g@+h)~ g™(e)’

J(a+h) — S'(e)
gla+hr) g ()’

Fi(eD) _ ' (ep)
T 7))’

2. We note that the denominator g(a + 4) in 1) is 0. For
otherwise, ¢’ () would vanish somewhere within 9.

a<e<a+h. a

For, by 448,
a<e;<a+h:

a<cy<c, et

The Form g

450. 1. Let f(2), g(z) be continuous in R = RD(a), and vanish
at a. Let g'(x) be finite, and #0 within R. Let f'(x) be finite
or infinite within R. Let

R Ilm f% N,  finite or infinite. ¢!

where z runs over only those values for which f'(z) s finite.
Then

Rlim E”; . @
For, by 449, -
' f@) _ 1O
TONVAG) a<i<e.

The limit of the right side, as z =a, is A.
Hence the limit * of the left side is A, for 2 =a.

* The reader should bear in mind that a limit is a general limit, unless the contrary
is stated. Thus in 2), z runs over all values within R as it == a; while in 1) it ranges
only over a specified part of R.
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2. Let f(z), g(z) vanish at = a, while g(z)+ 0 within RD(a).
Let f' (@) exist, finite or infinite. Let g'(a) extst and be 0. Then

@ _f@
Rln >~ 7@

J(=) — f(a)
f@__ z—a . f(a)
9@ g@)—g(@) g (a)

r—a

For,

3. We can generalize 2 as follows:

Let f(x), g(2) and their first n — 2 derivatives be continuous in
R= RD(a). Within R,let f"V(z) be finite or infinite, gV ()
finite,and g’y g'" - g™V #0.  Let f, g and their first n—1 deriva-
tives vantsh at a. Let f™(a) be finite or infinite, while g*(a) s
finite and +0. Then ) fo

(@) _ f"(a)
W@ e @ @

Fo(D =f (@)

For, by 449,

f:(i) S (e) c—a
9@ 9" () 9" —y (@)
c — a

But as z=aq, so does ¢=a. Hence, passing to the limit z=aq,
we get 2).
Ezample. Let S(x) = 2, for rational z.
=0, for irrational z.
Let g(x) =sinx.
Here f'(x) does not exist except at « = 0, where it = 0. Hence, by 2,

@) _ SO _0_,

Rlm o = 0@ =1

a result which is obvious from other considerations,

!
4, In 1, we assume the existence of A= R lim J;@, and then
show that 9@

Rlim S Exg A ¢!
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That the limit on the left side of 1) can exist when A does
not is shown by the example in 3. It is also illustrated by the
following :

Let J(x) = 23s8in %, for z+#0.
=0, for x = 0.
Let g(x) ==

Then, for z #0,

J!(x) =2xsin£—cosl'

x ’
while 0@ =1.
Hence
A= Rlim f'(@)
==0 g' (%)
does not exist. On the other hand,
tim 72 _ ¢
=0 ¢(%)

We observe that this result also follows from 2.

451. Suppose:

1°. f(2), g(x) are continuous in D(+ 0);
2°. f'(x) s finite or infinite in D ;

3°. ¢'(w) s finite and +0 in D;

4°. f(+xo)=g(+x)=0.

!
Let lim S (@) =, A finite or infinite.
w=to g (2)
where x runs over only those values for which f' (x) ts finite.
Then * lim f(@) =\
=0 §(2)
We set 1
X =—-
u

Then D goes over into B = RD*(0).

* Cf. footnote, page 301.
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- F@y=1(3)=;

1
9(@) = y(,,;) =¥ (®)-
The functions ¢, Y not being defined for u = 0, we set

$(0) = ¥(0) = 0. a

Since f, g are continuous in D, ¢, Y are continuous in R, by
virtue of 1) and 4°.
For points of D at which f/(z) is finite,

p=YU__p.am

Hence at the corresponding points » in R, ¢'(w) is finite.
From the relation

we see that when f'(2) is definitely infinite in D, ¢'(u) is also
infinite at the corresponding « point in R.

Thus ¢'(u) is finite or infinite in R, while ¥’/ (%) is finite and
# 0 there.

Then by 450, 1, if

¢ (uw) . Lo
R l:gl O A, X finite or infinite.

u running over only those points for which ¢'(w) is finite,

D)
. & 1.2? Y (u) =M
But
i 8 . f(@)
Blim ot —m 5@ ¢
Also re Blim £ _ o @ _ o (@) @

vt Y (U) ~wmtn 229 (2) ~ ombn §(2)
Hence 1), 2) give the theorem.
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The Form

®©
452. Let f(a+0), g(a+ 0) de infinite.
In R = RD(a) suppose that
1°. f(2), g(x) are continuouss
2°, f'(2) is finite or infinite ;
8° ¢/ () 18 finite and +0.

Let

R hm L ; (OE; A, A finite or infinite.

z ranging over only those values for which f' (z) i8 finite.
Then *

o S
Alm @
Let a<z<b<a+38. Then, by 448, —— ga?" T
J@) =fG) _f &
9@ =9 g “<E<
Thus £
f@0=ﬂﬁ)+¢g)w@0—yﬁﬂ,
whence
J@) _ S &, _9B).
9@ 9@ T 7E {1 g(2) } a

Here b is any fixed point in R.
There are two cases according as A is finite or infinite.
Suppose N 18 finite. Let o >0 be small at pleasure; we can take
8 so small that
S'(&

9'®
Let >0 be small at pleasure. We can choose @+ 7<¥, such

that = J (b) P = g°) )
9()’ 9(2)

are numerically <7, if z<a + 9 <b.

=\A+0. lo'| <o

* Cf. footnote, page 301.



306 INDETERMINATE FORMS

Then for all z in (a*, a +75), we have by 1),

F@_ s on (L
B =r+ara)a-. @
Thus
() .
‘g() A <r@+AD + ol +1) <6

if ¢ and 7 are taken sufficiently small.

Suppose N 18 infinite, say A=+ . Let M>0 be large at
pleasure. We can choose & so small that

S _
g/(E)_M(]-"‘I")’ u>0.

Choosing 7 as before, we have for every z in (a*, a + 7),
Ji (x) -
™+ M+ p)(A—7"
oM ( )( )
If we suppose 7< }, and M sufficiently large,
f(@) Dk
g(w)>M(1—-'r)~—-1>G in D,*,

where @ is as large as we please.

453. Let f(+ o), g(+ ) be infinite.

In D(+ ), let
1°. f(2), g(x) be continuous ;
2°. f'(=) be finite or infinite ;
8°. g'(x) be finite and + 0.

. /
Let ,lifi 5/ ((5)) =2, A finite or infinite.
Then

llm f (x)

=+ g(z)

We deduce this theorem from 452 in the same way as 451 was
derived from 450.
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The Forms 0-o, 0 —o0, 0°% 17, oo°

454. 1. Let f(2)=0, g(z)= =+ w. Then f(z)g(z) is of the
form 0. oo.

Setting fg = ‘—lf-‘, this form is reduced to (9)

9
2. Let f(2)= 4 o, g(2)= + oo, the infinities having same signs.
Then f(x)— g(z) is of the form oo — oo,
Setting
1 1

_9 f
F-g=22,

. 7
this form is reduced to 0

3. Let f=0, g=0. Then [f(2)]*? is of the form 0°

Let y=£,  f@)>0.
Then
lo
is of the form g gf
It logy =2,
then ¢ lim Y= lim [f(x)]q(z) = e,

The other forms 1%, oo are treated in a similar manner.

EXAMPLES
1. z*log(1 — cosx), uy, >0, Q
has the form 0. for x =0. We may write it
log(1 — cos x)
T
which has tne form ;—‘g. The conditions of 462 being satisfled, we differentiate
pumerator and denominator, getting as new quotient
sinx
1—cosx 1 xlt+e
Tk )

" Kan®
2
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This has the form =, for x =0. Applying 450, 1, we get, differentiating once
more,

_oktl =
B gecaZ
2
whose limit for z = 0, is 0.
Hence,
Rlimz*log(1 — cosz)=0.
=0
2. Rlimxﬂ]logz]“:O. a, 1 >0, 2
For, |logz|* _ f(2)
x2|logz|* = s oM

We apply 462.
J'(2) _ u|logz|u-t
g'() " a zo

If <1, this expression = 0. If x> 1, we differentiate again, etc.
8. At first sight one might think that

limJ(r+1) _
gy P @

since '-L;i"—l = 1. This is, however, not true in general.

For example, let f(x)= e

Then

Jn+1) el

f) T e
Hence the limit 3) is here e and not 1. .
Again, let
Sf(x)= e’.
Then
which = + o.
Criticisms

455. 1. The treatment of indeterminate forms in many text-
books is deplorable.

We consider some of the objectionable points in detail.

When f(2), g(z) vanish at z = a, the function

$(z) =12 E:; a

is not defined at a.



CRITICISMS 309

Some authors admit division by 0.
From this standpoint the value of ¢ at @ is hidden because ¢

takes on the indeterminate form % The true value, as such

authors say, may often be found by a simple transformation, or
by the method of limits.
For example, if

f(m)=xz—a2’ g(fv)=m—a,

the true value of ¢ may be found by removing the common factor
z—ain

2% — a? r—a
z—a ($+a)x—a'
Thus $(a)=2a.
As already remarked, division by 0 is ruled out in modern
analysis.

First, because it is nowhere necessary; and secondly, because
of the difficulties and ambiguities it gives rise to.

The expression 1) has then no value assigned to it for z=a.
We may therefore, if we choose, agree that in all such cases ¢
shall have the value

when this is finite. Some authors do this; in this case ¢ has a
true value at a. However, we shall make no such convention in
this work.

2. In this connection let us give an example of the so-called
paradoxes which arise from division by 0.

Let =1; then B2—1=z—1.

Dividing both sides by z — 1, we get

z+1=1,
which gives, since z =1, 9.1

It is easy to see where the trouble arises.
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When ¢+ 0, we can always conclude from
ac=be (2
that a=b. (3

If, however, ¢ =0, we cannot always conclude 3) from 2).
In fact, take a + b, if ¢ = 0, we still have

ace = be.

456. 1. To find lim ¢(), some writers proceed thus. From
Sfla+ 1) —f(a)
h

SJ(a+ 1)
’l = = el
PEHD = ) = g h—g@
h
they conclude that lim ¢ f; (@ a
9'(2)
This is correct if f'(a), ¢’ (@) exist, and the latter is 0.
If both are 0, they say
(@) @
g'(a) ,

is still indeterminate. Applying the preceding reasoning to 2), it
follows that its ¢rue value is that of

S"(®)
g"(a)
This last step would be permissible, provided the first step
showed that )
x
lim ¢ =lim ~——<. 3
¢ I gl(m) (

But it does not; it shows only that 1) is true, and even here
we must assume that ¢’ (a) =+ 0.

In order to take this second step correctly, we have proved
Cauchy’s theorem, 448. Cf. 449, 450.
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2. In this connection we note that we cannot always say that

J(@) and J"( )
9(z) g9 (@)

have the same limit for = a, when f(a)=g(a)=0.
For example, let

J(z)=22sin %» g(@)==z. a=0.

Then
lim 7 _

= 9(2)
while £(2)
9 ()

has no limit for z=0. Cf. 450.

.1
=22z sin = — cos = z>0.
z z

457. Some writers, using the relation of Cauchy,

__f(z)_f’(c) a<ce<uz.

O NI O}

conclude now that p
. "(a)
llm ¢) = yl (a)-

This is true if f'(2), ¢’ (z) are continuous at a, and g’ (a)=0.

458. Some writers, in order to evaluate lim ¢, develop f(z),
g(@) into infinite power series. The possibility of such a develop-
ment is established only for a few simple cases in many text-books.
For example, such books do not show that

secz, tanaz, €07

can be developed into power series; yet they give examples of
indeterminate forms involving these functions.

There is, however, no necessity of using infinite series; all that
is needed for such cases is Taylor’s development in finite form.
See 445, 446.
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459. To evaluate the form ¥, some writers proceed thus:

1
f(®) _ 9@
¢( ) g(z) -1
f(@)

y;(z) ,
lim ¢(z) = lim ;_,E% = lim ¢2() 3{{3

S4@)
Dividing by lim ¢(z), they get

Hence

~lim () %2

: —tim L (®)
lim ¢(z)=lim 7@

This method assumes the existence of lim ¢(2); that is, the

existence of the very thing we are seeking is put in question.
Suppose by this method we find that

Hence

S ()
lim =1
9@
for example; what right have we to say that therefore
tim ) _ 17
9(x)

None whatever, until by some subsidiary investigation, the
existence of lim ¢ is established. See 377, 3.

Scale of Infinitesimals and Infinities
460. Consider the functions
SJ(@)=1log*z, g(x)=2" o, B>0.

Both increase indefinitely as # = + . We may ask which:
increases faster.
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The quotient
Q= J(@)

is of the form 2. The conditions of 453 being satisfied, we
consider

Q ___f’(x) =_:§10g“"x
N ACNCEES
If0<e<l, @ =0; hence @=0.
If «>1, we consider

Q, = S (@ _a«a —1 log* %
S R R

Thus if 0<e<?2, ¢,=0; hence ¢=0.

If «>2, we may continue this process. As the exponent « is
diminished by unity each time, log # must have finally a negative
or zero exponent. Thus in every case @ = 0.

461. 1. Let f(2), g(2) become infinite for z = a, a being finite
or infinite. If

lim J(@) is finite and %0,
9(x)

we say f and g are of the same order infinite. If

1im £ _ o,

9(=)
we say f is of lower order infinite than g. If
lim £ is infinite, .
9(=)

we say f is of higher order infinite than g.
These three cases are denoted respectively by

J(@)~g(@), f(@)<g(@), f(=@)>g().

We may also say more briefly, that f(z) is infinitarily equal, less
than, greater than g(z).
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2. Similar definitions hold when

f(2) =0, g(z)=0.
If, for example, lim f(@) =0,

9(@)

we say f(z) is infinitely small relative to g(z), or an infinitesimal
of higher order than g(z). We may also say f(z) 8 infinitarily
smaller than g(z). In symbols,

f(@) <g(2).
3. Turning to the result of 460, we have:
logez<af o B>0,z=+w.

however large « i3 and however small B.

462. Let us consider now functions of the type

Loz, lLixlyzlgw, -
For z>1, we have
O<log z< 2.
For sufficiently large z,

Lo, Lz, lg-
are >0. Wae have, then,
r>le>lhe - >1,2.

The values of these iterated logarithms decrease very rapidly.
For example, let
z=1,000,000,000 = 10°.
Then
lix=20.728, lLiz=3.081, l;z=1.108, {,z=0.103 ...
I,z = a negative number.

Hence Iz does not exist.
463. 1. When z = + oo, we have, if o, a, a, --- >0,
22 > U > Uyt > Iz - S

The sequence § may be called the logarithmic scale.
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To prove S, let
U ==l 12

Then u = + o0 with z. We have

. l,mx . logomu
lim == "% _ lim 28" % _ 0, m=1, 2, ...
s=to Ly P u=tw  Utm-1

by 461, 3.
2. Ifay, ap - >l,z=4o;
Lz > Lyt > Liadyaly®sz > -

This follows at once from 1.

464. Let x =+ o, while &, &), @y, - >0. Then
2o < (e¥) < (e) < (ee"")n,<
The sequence 7' may be called the exponential scale.

Let
2)=2° —eor, Q=T
f@y=w g@=ew, Q=770

We apply 453.

.fl (Z) _ (lll}“'_“
9@ ape

If now 0<e<1, @=0.

If e>1, S (@) a(e —1)z-?
gll(x) - alzea,z )

If 1 <a< 2, this shows that @ =0, and so on.
Hence

zr< (e*)™.
To show ()< (),
let us set .
u = e~
Then lim (e _ lim un 0,

S T OO

815

«r

a

as just shown. This proves 1). The rest of the theorem follows

now in the same way.
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Order of Infinitesimals and Infinities

465. 1. Let z=0; then z is an infinitesimal; 22, 23 ... are also
infinitesimals.

Taking z as a standard, we may say 2* is an infinitesimal of
order n, n being a positive integer, and, in general, if z>0, 2" is
an infinitesimal of order u, where u is any positive number.

Then, if
R hm f(x)

is finite and £ 0, we say that f(z) 8 an tnfinitesimal of order u.
Not every infinitesimal, however, has an order.
For example, by 464, there is no number u, such that

Iy

e—z
Rlim —
=0 :12"'
i
is not 0. Hence ¢ = has no order.

2. On the other hand, an infinitesimal f(z) may not have an

order u, because
Rlim _[_(_x_)
z=0 z“

either does not exist, or when it does it is infinite or zero.
ryy
Thus
.1
z sin =

Rlim
=0
does not exist. Hence
zsin -
z
is an infinitesimal without an order:

8. Obviously, similar remarks hold for infinities.



CHAPTER XI

MAXIMA AND MINIMA

ONE VARIABLE
Definition. Geometric Orientation

466. Let f(z) be defined in A = (a,b). Let ¢ be an inner point

of .

Af=f(z) —f(e) >0 in D*(c), a
S has a mintmum at e. If

Af = f(z) —f(c) <0 in D*(e), @

f has a mazimum at e.

In words, we may say: f has a maximum at ¢ when f(¢) is
greater than any other value of f in
the domain of ¢; it has a minimum
at ¢ when f(e¢) is less than any other
value of f in the domain of e. Accord-
ing to this definition, f(z), whose graph
is given in the figure, has a maximum —;
at ¢, and a minimum at ¢, ¢,.

The reader should not confuse the terms f(z) has a maximum
or a minimum at a point ¢, with the terms

Min f(z), Max f(z), in «.

C Cy Cs ]

A function may have an infinite number of extremes, that is,
maxima or minima, in %.

Example.
f(z) = z’(l + sin? i) for z #0,

=0. forz =0.
317
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This function oscillates between the two parabolas
y=a% y=22%

At the origin, f has a minimum ; and in any vicinity of the origin, f has an in.
finite number of maxima and minima.

467. We consider now how the points at which f(z) has an
extreme may be determined. Consulting the Fig. in 466, the
reader will observe that at the points of extreme the tangent is
parallel to the axis of z; that is, at these points f'(z) = 0.

However, f(z) does not need to have an extreme at all the
points at which f'(z) =0.

For example,

y =23

This is an increasing function whose derivative vanishes at
z=0. In fact, at this point the graph has a

point of inflection with a tangent parallel to
the z axis. See Fig. 1.

On the other hand, not all the points of ex- 7]
treme are given by the roots of f'(z)=0. ;

Ezxample.
y= o8,

This function has a minimum at the origin 0,
which is a cuspidal point, with vertical tangent. E /
See Fig. 2.

At this point, y has no differential coefficient,

since

Ef'(0) =+, Lf'(0)=—o. Fi. 2.

Criteria for an Extreme
468. 1. In D(a), let f™(z) be continuous and f™(a)+0. Let
F1(@)=F(@) == D (a) = 0.

Then f has no extreme at a, if n is odd. If n is even, it has a
minimum, if f™ (a)>0; a mazimum, if f®(a)<0.
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For, under these conditions, we have
A =fa+ By —flay= "2 f(a+OB).
Since f™(z) is continuous at a,

sgnf®™(a+ 0h)=sgn f™(a)=o.
sgn Af = o sgnh.

If n is odd,

As h can take on positive and negative values, Af does not pre-
serve one sign in D*(a). Hence, f has no extreme at a. If nis
even,

Af=oa.
Thus in D*, gnaf=o

Af>0, if f™(a)>0,
<0, if f™(a)<0.

2. In A=(a, b), let f'(x) exist, finite or infinite. The points
within A at which f(z) has an extreme, lie among the zeros of

S'(@)-

For, suppose f(z) has a maximum at e. Then for 2> 0,

FCe+ By —f(£)<0, F(e— k) —F(5)<O.
Thus,

R='f(c+hz—f(0)<0,L=f(c~i)h—f(c)>0- a

But when A =0,
lim R =1lim L=f'(c). (2

On the other hand, 1) shows that
limRZO, 1imL§0;
which with 2) shows that f'(¢)=0.

3. The reasoning in 2 also shows:
If f(z) has an extreme at = a, then f'(a)=0, if f' (&) exists
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469. Let f(x) be continuous in D(a). Let f'(z) be finite in
D*(a). Let
Bf'(a)=0w, Lf'(a)=—0cw, c=+1.

Then f has a minimum at a, if o=+ 1; and a mazimum, if
og=—1.

To fix the ideas, let o = + 1.

Then
Rim et -fo_
A=0 h
Rlimf(e=®O-fo __
e )

Thus there exists a 6 > 0, such that
S(a+h)—f(a)>0, |h| < 8.

in Dy*(a). Hence f has a minimum at a.

470. Let f(x) be continuous in D(a). In D*(a), let f'(z) be
finite or infinite, and never vanish throughout any interval of it. In
RD*(a), let f' (z) be positive when not zero; in LD*(a), let f'(x)
be negative when not zero.  Then f(z) has a minimum at a. If
these signs are reversed, f has a maximum.

For, using 403, we see that f(z) is an increasing function in
RD(a), and a decreasing function in LD(a). Hence f has a
minimum at a.

EXAMPLES

471. f(®) =a + %,

In 388, we saw
Rf'(0) =+ oo, Lf(0) = — .

Hence, by 469, f has a minimum at 0, a result which may be seen directly.

1

472, J(x) = e: =1 for x 0,
e +1

=0, forz =0.

This function was considered in 366.
Applying 470, we gee that f has a minimum at the origin, a result that may be
seen directly.
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-1
473. Let J(x) =¢ #, forx#0,
=0, forz=0.

This function is Cauchy’s function. We see directly that it has a minimum at
the origin. The same result is obtained by 470.

Criticism
474. Some writers confound the terms the function has a
maximum or minimum at a point, with the terms maximum or
minimum of a function in an interval. These two terms may or

may not mean the same thing.
For example, let

S(z) =sin a, A= (0, 27).

. m . 3ar
Then f has a maximum at 3 and a minimum at 5 These
are also the maximum and minimum of fin A. On the other hand,

. ™ . . .
if we take .‘B:(O, 5) as one interval, f has neither a maximum
nor a minimum at any point in 8; yet its maximum in 8 is 1, and
its minimum in B is 0.

475. The following example also illustrates this point.
Find the greatest and least distance 8 between a fixed point 4
within a circle and any point P on the circle.

Let the circle be P
2?2+ ,?/2 =72
and the coordinates of A be a, 0; a>0. ¢ 4 B
Then

d=V(z—a)+y2=Vat+12— 2az,
do _ —a

dz i+ 72— 2ax

and
<0.

Hence & is a decreasing function in % =(—r, r), and has no
maximum or minimum at any point in . It has, however, a
maximum and a minimum in 9, viz.

Muax 8= AC, Mind= AB.
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SEVERAL VARIABLES
Definite and Indefinite Forms

476. 1. Let f(z, - x,) be defined over a region, of which a is
a point.
i 5 =@~ F@>0,  in D*a),
S has a mintmum at a. If
Af <0, in D*(a),

S has a mazemum at a.
The theorem of 468 may be generalized thus:

Let the partial derivatives of f(z,--- z,) of order n+1 be con-
tinuous in D(a). Let the partial derivatives of order <n vanish at
a, while the derivatives of order n do not all vanish at a. Then if
n 18 odd, f has no extreme at a.

Let n be even. If d*f(a)>0 in D*(a), f has a minimum ; if it
8 <0, it has a maximum at-a. If d*f(a) has both signs in D*(a),
S has no extreme at a.

Letz;=a;+Ay---2,=a,+h, Then

—_ _1_ n 1 n+1
Af_n! df(a)-*-;—_—a-{— 1T d*+f(a + 6h),
by 434.
Let #, - ,, be the direction cosines [244, 4] of the line L join-

ing @ and . Then
h] =Ty by = TNms

h —
where r=VhEt ¥ h2; i+ +n2=1

Then Af =r"H(n) + r" K(n),

since d7f, d"*!f are homogeneous in A, .- k.
Since the derivatives of order =+ 1 are continuous in Dj(a),
there exists a positive number &, such that

|K|<@  in Dy(a). a
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If now d*f(a)>0 in D*(a), H is >0 on the sphere

1P+t at=1, (s

to which 7 is restricted.
Then, by 355, 2, there exists a A >0, such that

H>\
Then, by virtue of 1), we can choose & < so small that
Af>0,  in Dy*(a).

Hence f has a minimum at a.

Similar reasoning shows that if d"f(a)<0, f has a maximum.

Consider now the case that d"f(a) has both signs in D*(a).
Suppose that it is positive at @ + £ and nega-

tive at a + k. o, .
. s e . at
Let L, M be the lines joining these points
with a. Let 5, « be their direction cosines.
Let
H(n)=A4, A>0. L
o atth at

H(x)=B, B<0.

Let a+th, 0<t<1, be a point on L between a and a + &.
Let

Thus

Dist(a, a + 2)=7r; then Dist(a, a + th)=tr.
Af =f(a+th)— f(a)=tr"{A +trK'}.

Let ¢, be such that trG < A.
Then, by 1), Af>0 for all points on L between a and a + ¢k, a
excluded. Similar reasoning shows that Af<0 for all points on
M sufficiently near a, the point a excluded.
Thus in any domain of ¢, however small, Af has opposite signs.
Hence in this case f has no extreme at a.

Let » be odd. Then H being homogeneous,
H(=n)=(-1)"H(n)=—H(n).

Hence d"f(a) has opposite signs in every domain of a. Hence
when % is odd, f has no extreme at a.
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2. Let f(z, - z,) have partial derivatives of the first order, finite
or infinite, in the region R.
The points of R, at which f has an extreme, satisfy the system of

equations of of
Y0 .. L=
oz, oz,

The demonstration is analogous to that of 468, 2.

477. 1. We have just seen that the sign of d"f(a) plays a
decisive réle in questions of maxima and minima. But as already
observed, d”f is a homogeneous integral rational function of 4,
hyy -+ by, of degree m. Such functions are subjects of study in
algebra and the theory of numbers, where they are often called
Jorms. ‘

A form ®(z, --- z,) which has always one sign, except at the
origin where it necessarily vanishes, is called definite.

Such a form is

ale?+ -+ a2 a
the a’s being not all 0.

If the sign of a definite form is positive, it is called a positive
definite form ; if negative, it is a negative definite form. Thus 1)
is a positive definite form, while

2, 2 2, 2
—alr?— . —a,tx,

is an example of a negative definite form.
If @ can take on both signs, it is called indefinite.
Thus
zla 4 e 4 xma
is an indefinite form.

There is a class of forms which vanish at points besides the
origin and yet, when not 0, have always one sign. They are
called semidefinite forms.

Such a form is, for example,

(a2, + - + apz,)%
which is positive when not 0.

Consider the quadratic form
F = Ax? + 2 Bxy + Cys.
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If A0, we can write it

F= }4{ (Az + By)? + (AC — B")y’}.
If the determinant
D=AC - B3

is > 0, F does not vanish except at the origin, and is therefore a positive definite
form if 4 >0, and a negative definite form if 4 < 0.
If D <0, F is an indefinite form.
IfD=0, » 1 Az B 2
= A( + y) :
Hence F vanishes on the line
Ax + By =0,

but has otherwise one sign. Thus, in this case, F is semidefinite,

2. The theorem of 476 may now be stated as follows: If d"f(a)
8 an indefinite form, f has no extreme at a. If it is a positive definite
Jorm, f has a minimum ; if it is a negative definite form, f has a
mazimum at a.

478. When n=2, ¢.e. when not all partial derivatives of the
second order are 0 at a, d*f(a) becomes a quadratic form,

&f(a)=Za, hh,; Le=1,2 ...m. a
where a, =f”z‘z,((a1 am)’
and hence
a,=a

The determinant

Amy Amg *** Cmm

is called the determinant of the form 1).

Let A,,_, be obtained by deleting the last row and column in A, ;
let A,,_, be obtained by deleting the last two rows and columns in
A, ete.; finally, let Aj=1.

In algebra the following theorem is proved :

In order that the form
.E‘a“h‘k,‘ (2

be a positive definite form, it is necessary and sufficient that the

signs of Ap Ap - Ap @
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are all positive. For 2) to be a definite negative form, it is neces-
sary and sufficient that the signs in 8) are alternately positive and
negative.

Applying this result to the theorem in 476, we have:

Let the partial derivatives of the third order be continuous in
D(a), and let those of the second order mot all vanish at a. Let all
the first derivatives vanish at a. Let

a,, =f”1"-t,((al ot am)’

o =0,1,.--m
A, = . T S e
i Ay=1.
If the signs in the sequence
Ay Ay - Ay

are all positive, f has a minimum. If the signs in this sequence are
alternately positive and negative, f has a maximum at a.

Semidefinite Forms

479. Up to the present, the case that d"f(a) is a semidefinite
form has not been treated. It is, however, easy to show that in
this case f may or may not have an extreme at a.

B 1. Fay) =22 — By + 8yt = (z — 297) (& — 447).
a = (0, 0).
Here
f’z(o) = 0, f’y(o) = 0;
IMa(0) =2, f1",,(0) =0, f",a(0)=0.
Hence,

af(0) = A2, P

We have here a semidefinite form.
That f has not an extreme at the origin is
obvious.

For, if P is the parabola
z =2y

and @ the parabola

z=4y2
r>0
we see that f'<<0 between these parabolas, and

>0 in the rest of the plane, points on the parabolas excepted, as in the figure.
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Ex. 2.
S(xy) =92 + 2%y + ot
=(y+2\* 43
= (y + 2) +2a a
a= (0, 0).
Obviously, from 1), f has a minimum at the origin.
Here
S:(0)=0, f/(0)=0.
a(0) =0, s,(0)=0, fli(0)=2.
Hence,

ar1(0) = k.

‘We have here a semidefinite form,

480. It is beyond the scope of this work to do more than show
that the semidefinite case is ambiguous and requires further
investigation. We refer the reader for a detailed treatment of
this case to Stolz, Grundziige, Vol. 1, p. 211 seq.; Jordan, Cours.,
Vol. 1, p. 380 seq.; Scheeffer, Math. Ann., Vol. 35, p. 541
v. Dantscher, Math. Ann., Vol. 42, p. 89.

Criticism

481. The partial derivatives of order n being continuous in
D(a), we have seen that

AF=f(@) + 53 BF(@) + o+ e+ 0) = T+ Ty 4+ T,

The terms 7}, 7, --- are polynomials in A, &, -+ A, of 1°, 2°, ...
degree, whose coefficients, except the last, are constant. Letting
hyy hy, --- be infinitesimals of the 1° order, 7, if #0 is thus an in-
finitesimal of rth order. The assumption is now made by many
authors that ¢f r <s, then T, is infinitely small compared with T,.
When there is only one variable 2, this is indeed true; it is not,
however, always true when there are two or more variables
hyy hgy -

As an example, consider the form

h2—6hhd+8ht="T,+ Ty+ T,
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Let the increments &,, A, be related by the equation
ho? = hys a

i.e. let the point (A, A,) approach the origin along the parabola 1).

Then
Ty=hyt, To=—6ht, T,=8ht;

which-shows that T3, 7', instead of being infinitely small compared
with 7}, are in fact numerically 6 and 8 times larger than 7).

482. Let us see now how this erroneous assumption regarding
infinitesimals, when applied to the semidefinite case, leads to a
false result.* For simplicity we take only two variables 2, y.

Let Af=f(a+h, b+k)—f(a, b)
=é1_!§Ah2+2Bhk+C'k2¥ +

=T2+ T8_|.....

‘Let the determinant AC— B?2=0. Then 7}, is a semidefinite
form. To fix the ideas let A= 0; then

=1 B 12
TZ—QA {Ah + B2, by 477, 1.
Thus Af has the sign of A, except for the points (%, ¥) on the
line L,
Ax + By =0, (L

For points on Z, Af becomes
Tyt Tyt

For points on the line L, on opposite sides of the origin, T takes
on opposite signs. As the sign of Af at these points depends on
the sign of T (making use of the above erroneous assumption),
it is thus necessary that T;=0 for points on L, if f is to have
an extreme at a, b. If Tj = 0 for these points,

Af: 7;-{- vee

* Cf. Todhunter, Differential Calculus; Desmartes, Cours d’ Analyse.
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for these points. If now 7,0 on L, f has an extreme * at (a, b),
if T, has the same sign as A, for points of L, the origin excluded.
That this result is wrong may be shown by applying it to

S(xy)=22—6zy2+ 8y,
which we considered in 479, Ex. 1.
Here
To,=Hr, To=—6h2 T,=81, A=2.

The line L is, in this case, the y-axis. For points on L, T; =0;
while T, >0, the origin excepted. Thus 7, has the same sign as
A. We should have therefore an extreme at the origin, if the
above reasoning were correct. But as we already saw in 479, f
has no extreme at the origin.

483. Another error which is sometimes made is the following.
It is assumed that the function f(z, y) has an extreme at the point
R when and only when f has an extreme along every right line
through R.

That this view is incorrect is seen by the function

Jep=@-2yH(@—-4y%,

given in 479, Ex. 1.

As the figure shows, a point § P 0
moving along any line Z toward the \As<o\ Af>l0 As<o
origin R, finally remains in a region
for which Af>0, the origin of
course excluded. If, therefore, this
view were correct, f would have a
minimum at R, which we know is Af>0
not true.

Relative Ewxtremes

484. 1. Let us consider the problem of finding the points of
maxima and minima of a function

w=f(xl v Ty Uy e up); . (1

* According to the above erroneous hypothesis.
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-

where the variables u, --- u, are one-valued functions of z, --- z,,
defined over a region R and satisfying the system

4’1(‘”1 ”‘P) 0
. (2
¢’p(xl vt p) =0.

Such points of maxima and minima are called points of relative
extreme, to distinguish them from the case when the variables
Zy -+ Ty Ug -+ U, are all independent.

Let the point (z; --- u,) run over the region 7' when (z; --- z,)
runs over B. Let f, ¢, --- ¢, have continuous first partial deriv-
atives with respect to z; -+ u, in T, and let the u’s have continu-
ous first partial derivatives with respect to z; --- z,, in R.

Let w considered as a function of z; --- z,, be denoted by

w=F(z - z,).
The points of extreme of w in R satisfy the system

aF _ o oF

oz, oz,

=0, , 3

by 476, 2. Let S denote the set of points determined by 3).
Lagrange has given a method for forming the system 3), which
is often serviceable. It rests on the introduction of certain unde-
termined multipliers p, -+ p,. In fact, differentiating 1) 2) we
get:

dw fd o +af0l a—fdul+---+—a'£du;
Ln 1 4
d¢l — ¢1 dxl + - + a¢1 ad’l dul ad’l du — 0
. P
d, = ‘;‘i’f dey+ -+ g;”: dz, + 22 " d + + 2 du, = 0.

Multiply the 2d, 3d, - equations by fy By respectwely’,
and add the results to the first equation.
We get

dw = <61+2#,a¢')dz1+ +(af+2m T \du, (4
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Let us now, if possible, determine the p’s so that

a¢, i 09, _
au + 2k "'@;sz"*a?;—o' G

1
Then 4) gives

a 3, 9
Then, by 429, 2,

oF _ of ¢ OF _ of 3,
o2y axl+2 7R P a2t

gf;)dxm. G

These are the left hand members of the equations 3).
Hence, by 3),

ax1+2 ra 9“ +2 ,az =0. (7

Thus the points of § are determined by 2), 5), 7).

2. Let us introduce the function

g=f+ 1‘14’1 + -+ f”p¢p'

We observe that, considering #, --- u, as independent variables,

99 _0....9% _o 99 _o ... %9 _ (8

ox, = oz, ou,  du,

are precisely the equations 5), 7).
485. To determine whether a point of §is a point of extreme,
it is often necessary to consider the second and even higher differ-

entials of F(z; -+ 2,). Here it is sometimes convenient to make

use of the fact that
d2F = d?%g;

where the differential on the right is calculated supposing
Ty o Ty Uy oor Uy

to be independent variables.
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For, let us denote g considered as a composite function of z by
@(2 -+ ). Then

F(z) -+ Tp) = G(2q + Tp)s

since the ¢’s vanish now by 484, 2.
Hence

But, by 4383, 2),
PG =dy+ 3L d + 3L o,

d*F = d?@.

= dig, by 484, 8).

486. Example. Let us find the shortest distance from the point P = (a102as),
to the plane

¢ = by + baxg + bsxs + bo = 0. (1
Let
w:&’:?(z,—a‘)’ e=1,2,3.
.-:f(xlxgzz).
The points of minimum value are the same for w and 3.
We have
g =f+ 1oy
g—g——2(x,-—a,)+nb—0 e=1,2,8, (¢]

From the four equations 1), 2), we find
L —a =- ‘}I‘-bn

a1by + ashe + asbs + bo

=2
1% + bo® + bs?

Hence at this point = = ¢,

= (@1d1 + asds + asbs + bo)? e
13 + bg? + bg?

To ascertain if ¢ is a point of minimum, consider the value of d%w at this point.
We have

dg = 2{2(zb -a)+ I‘bc}dxn v=1,2,38
&g =2 dzl

As this is positive, ¢ is a point of minimum. Thus the least distance §, from a
to ¢ is determined by 3). We get

a1by + asbs + asbs + o,

o= et Mokt
° Vb3 + 0% + byt



CHAPTER XII
INTEGRATION
Geometric Orientation

487. 1. As the reader is probably aware, the integral calculus
arose from attempts to find the length of curves, the area of sur-
faces, and the volume of solids.

Before taking up the general theory of integration, let us see
how the problem of finding the area of a simple figure leads to an
integral.

2. In the interval % =(a, b) let y = f(z) be an increasing con-
tinuous function whose graph I'" is given in the adjoining figure.

We seek the area 4 of the figure
abeB=F. The upper boundary of "
F is the curve T'. n

To find the area of a circle in
elementary geometry, we form a u_
sequence of inscribed and circum-
scribed polygons. Each inscribed T b
polygon is contained in the circle; PR %% vy
each circumscribed polygon contains the circle. We say the area

! the circle is therefore less than any of the outer polygons, and

reater than any of the inner polygons. We then show that the
areas of these two systems of polygons have a common limit as
the number of the sides increases indefinitely. This limit is then,
by definition, the area of the circle.

We shall adopt a similar procedure here, reserving for later a
more thorough discussion in connection with other fundamental
geometric notions.

Let us divide (a, 8) into n equal intervals by introducing the
poir 1, ag, ag, -

o
MW

833
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Over each interval (a,, a,,,) we have two rectangles

Tm= amam+lama£n+l’ Oy =f(am)‘

and
— 1
Rm = A 1A Cpt1

Let 8”=7'0+7']+'”+rn—l9
Sy=Ry+ B+ + Ry r

Then S, contains F, while g, is contained in F.
Let us now divide each of the intervals

(a, ap), (ay, ag)y -+ (a,1, 8)

into two equal parts. We get two new sums 8;, and §,,. In this
way we may continue without end. Let us now give n the values
1,2, 4, -

We get two limited univariant sequences

8 <8, <8 <8y <
8> 8, >8,> 85 > 8.

Each sequence has a limit by 109. These limits are, moreover,
the same. For 8, — s, is obviously the area of the shaded region
in the figure.

Hence

S,,-a,,:(/g_a)b;“.
Evidently
lim (S, —38,)=0.
Hence

lim 8§, =1lim s,.

As in the case of the circle, the common limit is, by definition,
the area of F.

3. Now b—

n

2 flam).

Top =

Hence b—a

n

8, =

{f(@+ fla)+ -+ f(ap-) i3 (¢
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and therefore, setting for uniformity, a,= a,

A=lin ) 22 @

n

But as the reader knows, the expression on the right of 2) is

the integral ,
[ F@)de.

488. Example. Let us find the limit 4 of 487, 2) for the function
J(@)=c=. c>0.

Set
b—a =5
n
then
Am = @ + M3, m=0,1,..n-1.
and
San) = co+mS = cacmd,
Hence
Sp=08+co{l 4 84 ¥ 4 ..o 4 cr-15}
— al — —(cd a [
_6-0—1-_—68_((:—6)06_1~ Qa
Now
lim 6 =0.
Also, by 311, =
‘ lim — 1 @

8=0 ¢6 — 1 = Bg—c.
From 1), 2) we have
b — co

A =lim Sh =
log ¢

Analytical Definition of an Integral

489. 1. Let f(2) be a limited function, defined over the inter-
val A= (a, b), a<b. —_—

prfep—t —
a4y 4y U w1 b

Let us divide 9 into = sub-intervals
8, = (a,.1a,), m=1,2, . n
by interpolating at pleasure the points
Gy Gy v Gy, a
For uniformity of notation, we set

a=ay, b=a,
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This set of points 1) produces a division of %, which we

denote by
D= D(ay, a; - a,.).

Since no confusion can arise, let §, denote also the length of
the interval 8,,. The greatest of these lengths we call the norm
of D and denote it by 8.

In each 3, let us take a point §,, at pleasure, and build the sum

%=§f<sm>(am—am_,> = 3 £ ()l @

In passing, let us note that the sums S, s, of 487 are special

cases of 2).
Let now 8= 0. If J; converges to a limit J;, which is independ-
ent of the choice of the points a,, £,, we write

T=lim 3, f(En)8= |, F@)da.

We say f(z) ts integrable from a to b, and call J the integral of
Sf(x) from a to b. f(z) is called the integrand; a, b are respec-
tively the lower and upper limits of integration. We also write

J=| fdz.
S
The symbol f is a long 4§, the first letter of the word sum.

2. To fix the ideas, we have taken a < b.
Then in 2), the numbers
o). 8m = (am - am—l)
are positive.
If we had taken a > b, the 8's would be all negative. Evidently,
whether a is greater or less than 3, if

exists, then If(z)dx S
[ ¢

exists and 3), 4) have the same numerical value, but are of op-
posite sign.
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Without loss of generality, we may therefore, in our discussion,
take a < b so that the §’s are > 0.

3. Obviously the symbol
b
[ F@)dz
has no sense when ¢=25. In this case we shall z;,ssign to it the
value 0.

4. Let f(x) be integrable in A = (a, b), and

lf(@)| <M.
Then
1]
| [ 7| < 22— 0. G
For,
Hence
—IMS, <J,<ZMS,,

or,

— M(b - a) < Ty < M(b— a).
Passing to the limit, 8 =0,
— M(b— o) < [ fda< M(b—a),
which is 5).
Upper and Lower Integrals

490. Before deducing criteria for the integrability of f(z), we
define upper and lower integrals.

Let M. =Maxf(z), m =Minf(z), in8,
S,=3Mp, 8p=2Zmy,.
We shall show immediately that the limits
S=1im8§, S=lim§,

§=0 8=0

exist and are finite They are called respectively the upper and
lower integrals of f(z) for the interval 9, and are denoted by

j: fiz, J‘; fiz.
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491. If f(=x) is limited in N, the upper and lower integrals exist
and are finite.

Let us consider the upper integral; similar reasoning is appli-
cable to the lower integral.

Corresponding to each division D there is a §,. Let us lay
off these values on an axis. We get a limited point aggregate.

Sy Sp

For, since f(z) is limited, there exists a number M >0, such
that

- M<Lf(x) <M.
Hence
— M8 <ZEMS,<ZMS,
or —M(b—a)<S,<M(b—a).

Hence, the S, are limited.

Let SO = Min S'-D'
We show now that . _
Sy =lim 8y

§=0

that is, for each e >0, there exists a 8, such that

S, — S’o <€ a
for any division D of norm 8§ <38,

Since &, is a minimum, there exists a division A of 9 of norm

n, such that L
S <8y <8y + (2

RO

Let 7y, 7y, -+ 7, be the intervals of A. Let
8, 8, 8, -

[°%) )

be the intervals of D lying wholly in 5, ¢ =1, 2, ---»; let
{9 Saa °°

be the other intervals of D.
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We take now §; so small that

Sty 30-30)<ry

339

(3

for all 8< §,. This is evidently possible, since A has only » inter-

vals, v being fixed.

Let
M, = Maxf, in 8,
M =Maxf, in 8.
Then
570 = EM;KSCK + ZM,8,$
<3IM3, + MZ3

<8, S8, +ZMS + M8
<8, + MZ8 — (EMn, —=M3)
<8, + M38 + M(Zy, —38,)
<8, + % by 8).

Hence, from 2), 4),

-SOSSD<SA+%<‘§-'0+G;

or, _ )
Sy—S,<e, 8<8,
492. Ex. 1. A=(0, 1)
=(0, 1).
f(x) =1 for rational points in %,
= 0 for irrational points in %.
Then _

5)):1’ §D=0-

8=:1, 8=0.

“



340 INTEGRATION

Ex. 2.
% =(— R, R).
Let f(x) lie on the circumference of the circle for rational

z, while it lies on the edge of the inscribed square for =& (4 R
irrational x. '
Then evidently —
fﬁl Jfdz = } = R?, area of semicircle ;

_f fdx = B3, area of half the inscribed square.
Ju

Criteria for Integrability

493. For the limited function f(x) to be integradle in the interval
A, it i8 necessary and sufficient that

j;( fdz = L];[ fda.

It is sufficient. For, let D be any division of norm 8.
Then

M Zf(&x) me‘
Hence
Max Zf(fx)sx Z mnsx'
Summing, we get 3
SD?_‘];SZ .‘SD'

By hypothesis, B
lim SD= linl §D = L, Say-
=0 8=0
Hence
lim Jy= L.
It i8 mecessary. For, since the integral J exists,

>0, 8>0, |J-3f(E)8 <} a

for any division D of norm &< &,

Let 5, be any other point in the subinterval 8, belonging to the
division D just mentioned.

We have also, as in 1),

|J = Zf(,)8.| <£' @



CRITERIA FOR INTEGRABILITY 841
Subtracting 1), 2), we have
|3F(ED8 — 2 (1)8.|<5, @

for any division of norm &8 < &,
On the other hand, in each &, there are points §,, 9,, such that

M, < f(E, )+4(b >

me>f(n)— 4—(6—6_-;5'

Multiplying these inequalities by 8, and adding, we have

SD = ZM;(SK < zf(Ex)Sx + i’

§l) = zmnsx > zf(ﬂx)ax -1

Hence
Sp— 85 < 3f(E)S, — H(n)8 + 5

This gives, using 3),
S),—8y<e.
Hence
S —S<e; hence §=4G.

494. We can state the theorem of 493 a little differently by
introducing the following definitions. The difference between
the maximum and minimum of a function f(z) in an interval %,
is called the oscillation of f in U. It cannot ever be negative.
Let D be any division of A into subintervals §,, of length §,. Let
o, be the oscillation of fin 8. The sum

Ses,=Q,f= Of

is called the oscillatory sum of f for the division D.

We have
00f= 2 (M-K - mK) SK = EM'KSK - zmksl

= gb - ‘SD’ (1
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495. In order that the limited function f(x) be integradle tn U, it
i8 necessary and sufficient that

lim Q.f=0. a
8=0
For, by 494, 1), B
Of =8, — §D'

By 493, f(z) is integrable when and only when

lim §p = lim 8,
=0
or when and only when
lim (8, — 8,) =0,
=0

which is 1).

496. If f(x) s integrable in U, it is integrable in any partial
interval B of U.

Let A=(a,b), B=(e, B). @ a B )
Since
lim 208, =0 a
8&=0 D

for any system of divisions whose norm &= 0, let us consider only
such divisions involving the points ¢, 8. Let D, be the division
of §, produced by D. Then

0<30Js <Z0d, (2

since the first sum contains only a part of the intervals §,, and w, is
S0.
Passing to the limit in 2), we have, by 1),
lim 2w 8, = 0.

&=0 D
Hence, f(z) is integrable in B.
497. In order that the limited function f(z) be integrable in 9, it
t8 necessary and sufficient that, for each e >0, there exists at least one

division D for which Q,f<e

That this condition is necessary follows at once from 495.
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It is sufficient. For, by 494, for the division D

SD—A_S’D<€. S 5>

' §'0 'go

But then, as the figure shows,

So -8, <e;
or, by 491,

But then, by 87, 5, 3
j;l fde = _f;l fla.

Therefore, by 493, f(z) is integrable.

498. In order that the limited function f(x) be integrable in U, it
18 necessary and sufficient that for any pair of positive numbers w,
a, there exists a division D of N, such that the sum of the subinter-
vals* of D in which the oscillation of f(2) i3 >w, 18 <o.

It is necessary. For, by 497, there exists a division D for which
Q,f is as small as we please, and therefore

Q,f=200, < ws. ¢!

Let the intervals of D for which the oscillation of f is S, be
denoted by D,, those for which the oscillation is < w, by d,.

Then 5 8. = S0.D, +S0.d,S30D, SesD,

This, with 1), gives ws > w2D,.

Hence 3D, <o.

It is sufficient. For, having taken ¢ >0 small at pleasure, take

“’=2(bia)’ @

€
. =M= my
where
M = Max f, m= Min f, in .

* For brevity, instead of sum of the lengths of the subintervals.
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Then, by hypothesis, there exists a division D for which

2D, <o.
This, with 2), gives

QDf': zmex + zwxdx
<(M—-m)ZD, + w2d,

<(M—m)a+m(b—a)=€§+§2-=e.

There is, therefore, at least one division D for which
pr< €.
Then, by 497, f is integrable in .

Classes of Limited Integrable Functions

499. If f(x) is continuous itn the interval U, it ¢s integrable in NA.

For, since f is continuous in A, it is uniformly continuous.
Hence, by 358, we can divide ¥ into subintervals of length &> 0,
such that the oscillation of f in each interval is <, an arbitrarily
small positive number. There is thus no subinterval in which
the oscillation Sew.

Therefore, by 498, f is integrable in 9.

500. If f(x) is limited in the interval A = (a, b) and has only a
finite number of points of discontinuity a,, a, --- a,, it 18 integrable
n A

Let , o be any pair of positive numbers. On either side of the
points a, mark the points al, a!/, k=1, 2, o a
--- 8, a8 in the figure; but such that the T ST A 4
total length of these little intervals is <.

Since f is continuous in (a, a}), we can divide it into subinter-
vals such that the oscillation of f in each of them is < w.

The same is true of the intervals (af’, a3), (af, a3), ---

But this set of subintervals in % gives a division of Y for which
the sum of the intervals in which the oscillation is Sw is <g.
Hence, by 498, f is integrable in .
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501. 1. In 263 we saw there were point aggregates having
derivatives (not 0 of course) of every order. This leads us to
divide point aggregates into two classes or species. The first
embraces all point aggregates whose derivatives after some order
vanish. The second embraces aggregates having non-zero deriva-
tives of every order..

2. Let f(x) be limited in the interval A. If its points of discon-
tinuity form an aggregate A of the first species, f is integrable in A.

We note that the aggregate A in 500 is of order 0.

We prove the above theorem by complete induction. Let us
assume therefore that f is integrable when A is of order n—1, and
show f is integrable when A is of order z.

Since A is of order n, A®™ embraces only a finite number of
points, by 265. Call these

ay, ag - @,

As in 500, we can inclose them in little intervals (ai, af’) -
The points of discontinuity in the intervals

911= (a, af), 2{2= (ai', ag),

form an aggregate of order » —1. Hence, by hypothesis, f(z) is
integrable in ¥%;, Ay, -+

Then each interval %, can be divided into subintervals by 498,
so that the sum of the intervals in which the oscillation of f is > e
is as small as we please. As in 500, the totality of these little sub-
intervals furnishes a division of ¥ for which the sum of the inter-
vals in which the oscillation is >w is <o, an arbitrarily small
number. Then, by 498, f(z) is integrable in A.

502. Let f(z) be limited and monotone in N; then f(z) is inte-
grable in U.

If f(z) is constant, the theorem is obvious. We may therefore
exclude this case. We show that for each e>0 there exists a
division D for which Q. f<e.

Then, by 497, f is integrable.
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To fix the ideas, suppose f(z) is increasing. Let us divide A
into equal intervals of length

d<—f . a
Then f(®) - f(a®)
Qpf =8[{f(a) —f(@)}+{f(a) —f(ai+ - +{f(0) —f(an-1)}]

=8{f(8) - f(a0)}

<¢€ by 1).
503. Example.
For

1 -1
on+1 <z> 2—11’
let 1
J(@) =5 = 0, 1,28, - ['r
Let
° J(0) =0. wE 1. 4 1

Here f is monotone increasing and limited in the interval A = (0, 1). Tt is there-
fore integrable in 9. It has an infinite number of points of discontinuity, viz. the
points

Properties of Integrable Functions
504. If fi(x), - f(z) are limited and integrable in the interval .
Then F(x)=c fy++ e fe ¢’'s constants,

18 integrable tn A, and

‘Lﬂh=qﬁﬁw+m+ﬂgﬂw. a

2F(EDS, = e, 21 (E)8c+ -+ e 2fi(EDS,

Passing to the limit, we get 1).

For,

505. If f(x), g(x) are limited and integradle in U,
h(z)=f(2)9(z)

18 integrable in Y.
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1. Suppose first that f(z), g(z) are >0and <M in Y. Let D
be any division of %. Let 8, be one of the subintervals. Let

0, 0, O,
be the oscillations of A(z), f(z), g(z) in ..
Let .
F, f,
G g

be the maximum and minimum of f(z) and g(2) respectively in
S

(3

.Then
OZFG—fg=F(G—9)+g9(F—f)

=F0,+90,< MO, + MO,

Hence
Qh<MZ08, + MZ205, =MQ,f+ MQpg.

Since for § =0,
limQ,f=0, lim Q,g =0,
we have
lim Q,h = 0.

Hence, by 495, h(2) is integrable in .

2. If f(z), g(x) are not positive, we can add the positive num-
bers «, B to them so that

i@ =f(@)+a g()=9(2)+B
are positive, and by 504, integrable.

Then
S1(@)g1(2) =f(2)g9(2) + ag(2) + Bf(z) + oB.

Hence

F(@)9(@) =f1(2)g9,(2) — ag(2) — Bf (@) — op. a

Each term on the right side of 1) is integrabfe by what precedes
Hence f(z)g(z) is.
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508. In the interval U let
A<f(z)< B,

where A, B are both positive or both negative numbers. If f(x) is
tntegrable in U, so 18

=1
9(z) @

To fix the ideas, suppose A, B are positive. Using the notation
of 505, :
oL _1_F-f F-f_ 0O
" f F  fF A2 T 42
Hence
0< Q4 <5 O a

As f(z) is integrable,
lim Q,f=0.
8=0

Hence g(2) is also integrable, by 1) and 495.

507. If f(z) 8 limited and integrable in U, 8o ¢8

g9(@)=f(2)].
For, using the notation of 505,
0{/ S 0/
obviously. Therefore
0< 0,9 < Qpf.
As lim Q,f = 0,

g(z) is integrable by 495.

508. In 501, 503 we have met with integrable functions which
have an infinite number of discontinuities in . There is, how-
ever, a limit to the 'discontinuity of a function beyond which it
ceases to be integrable, viz. :
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If the limited function f(x) ts integradle in the interval U, there
are an infinity of points in any partial interval B of A, at which f
18 continuous.

Let o, >w,>---be positive and =0. By 498 there exists a
division such that the sum of the intervals in which the oscilla-
tion of f is >, is <g. Thus, if o be taken less than $B, there is
at least one subinterval within $, call it ;, in which the oscillation
is <w,. Similarly, there is an interval 8, within $,, in which the
oscillation of f is <w,. Continuing this way, we can get a sequence
of intervals

‘87 -%p %zw o (1

each contained within the preceding, whose lengths =0. Then,
by 127, 2, the sequence 1) defines a point ¢ within @, such that for
every point z in D(e),

|f(2)— flo)|< . o arbitrarily small.

Thus B contains at least one point ¢, at which f(z) is continuous.
It therefore contains an infinity of such points.

Functions with Limited Variation

509. An important class of limited integrable functions is
formed by functions with limited variation, which we now consider.

Let f(2) be defined over the interval A = (a, b).

Let D be a division of % of norm &; let 8,, &,, --- be the sub-
intervals of ¥ corresponding to this division.

Let w, denote the oscillation of f(z) in 8,. Let us form the sum

@Wp = Ew‘.
It » = Max o,
is finite for all possible divisions D, we say f(z) is a function with
limited variation, or that f(z) has a limited variation in .
We call @ the variation of f(2) in A. If @ is infinite, we say
J(z) has unlimited variation in A. If f(z) is unlimited in ¥, it
cannot be a function with limited variation in 9.
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510. Let D=(a,a,---) be a division of A. Let us form a new
division A by interpolating a point « between a,_,, a,.
Then §, falls into two intervals &/, 8!’ in A.
Let M, M, M
be the maximum of f in ¢, &, &/,

¢

and let m, m!, ml',

be the minimum of f in these intervals.

Then the term
W = M -_— mL

in @) is replaced by
o+ af' = (ML =)+ (M =)

in w,. Now at least onc of the M/, M'" equals M,; and at least
one of the m!’, m! equals m,. To fix the ideas, let

M =M, m'=m,.
Then

/

511. 1. Let f(2) be a limited monotone function in . It has
limited variation tn A.

w,—wp=(0)+o!')—o,=M"—-m/S0. a

To fix the ideas, let it be monotone increasing. Then

op={f(a)) — f(@)§ + {f(ap) —f(aD} + - + {f(6) — f(aq-1)}
=f(®) —f(a).

Thus, whatever division D is employed, o, has the same value.

Hence
= f(3) - F(a).

9. Let A=A + %y + U,y

Let f(z) be monotone and limited in each interval A,. Then f has
limited variation in A. .

For, we get the maximum value of w, when D embraces all the
end points of the intervals %,. In fact, let D be a division which
does not include one of these end points, say «, which lies in the
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interval 8. Let A be a division formed by adding @ to D. Then,
by 510, 1), _
@, > D p.

It, on the other hand, D is a division including all the end
points of A;, A,, --- we cannot increase w, by adding other points
to D, as we saw in 1. Thus the variation of f(z) in ¥ is the sum
of the variations in each 9(,. As these latter are finite by 1, f is
of limited variation in .

512. 1. It is easy to construct functions having an infinite
number of oscillations in 9, which are of limited or unlimited
variation.

Let 4>1, and in A= (0, d) take the
aggregate
gETeE 13 %9 ‘é" i‘v

Let the line OL make the angle 45°
with the z-axis. Between each pair of 0

points 1 ’ 1

m m+1

take a point a,,.
Let f(z) have the graph formed of the heavy lines in the figure.

Let
1 1
D= — -1y Ty ,1 ¢
<n G- 37 “ )

Then
1,1 1
=214+z4+=4 - +=)
) ( +5+ gt + n)
As we shall see later, the limit of the expression on the right is
infinite.

Hence f(z) is of unlimited variation. Y=zt
2. Toform a function having limited
variation, take the parabola, F(z)=0

y=2%

instead of the right line OL in the _
last example. °

e} a1 b
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Then
1 1 1

But as we shall see, the limit of the right side is here finite
Hence f(2) is of limited variation.

3. Similar considerations show that

y=xsin%, z#0; y=0forz=0
has unlimited variation in (0, 4); while

y=x2sin;;, z+0; y=0forz=0
has limited variation in (0, 5).

.813. If f(x) has limited variation in U, it is integrable in U.
We apply the criterion of 498.

Let then, o, o be an arbitrary
pair of positive numbers. ILet D be a division of norm 8. Let
v be the number of subintervals in which the oscillation of f(z)
is >w. Then, for any division whatever,

vo < o,

where @ is the total variation of f in .
Let -
p=23
-
then @
v<p.

Let us take < Z.

. Then the sum of the intervals in which the
oscillation of fis S is

<vd<pd<o.

Content of Point Aggregates

514. 1. Let A be a point aggregate lying in the interval .
For example, A may be the interval ¥ itself.

Or it may consist
of a certain number of partial intervals of %. Or it may embrace
an infinity of subintervals with or without their end points after
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the manner of Ex. 7, 8 in 271. Or it may consist of a mixed
system of intervals and points not forming intervals.
Let us effect a division D of Y into subintervals

81, 82, w3, )
as heretofore. R
Let &, & - a
be those intervals of D in which points of A fall. Let
i,’ 8£,s i (2

be those intervals of D, all of whose points lie in A.

T hen _
A =lim 28, A =1lim 2§
. ) 8=0 =0
exist and are finite.
In fact, let us introduce an auxiliary function f(z) whose value
is 0 in 9, except at the points of A, where its value is 1.

Then evidently, using the notation and results of 490, 491,
$8.=3M3, = 5,
since M, =1 if &, is in 1), but is otherwise 0.
38 =3n3 =S,

since m, =1 if §, is in 2), but is otherwise 0.

Hence L
A= A=S.

2. The numbers A, A are called the upper and lower content of A.

When K = A,
their common value is called the content of A. We denote it by
Cont A,

or when no confusion can arise, by A.
The upper and lower contents may be denoted by

A= Cont A, A = Cont A.

A limited point aggregate having content is said to be measurable.
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515. Let B be a partial aggregate of . Let € =A— B be the
complementary aggregate. If A and B are measurable, so is €, and

Cont € = Cont A — Cont B. ¢!

For, let D be a division of norm 8. Let § be the frontier of 8.
Let Ap, B, 6, §p be the sum of the intervals of D containing
points of %A, B, €, §F, respectively. Let %, By, € be the sum of
the intervals which lie wholly in 9, 8, €, respectively.

Then

p< By +Cp<Up+ Fn 2

since some of the intervals of D may contain both points of 8
and €, and are therefore counted twice on the middle member of 2).
Similarly,

USBp+ > —Fp 3

Passing to the limit, 8§ =0, in 2), 3), we get
A<B+6E<,
A>B+CE>A.

But A=A=ContY, B=B=_ContWB.
Hence

. . € =€ = Cont ¥ — Cont B,
which gives 1).

516. 1. By the aid of the auxiliary function f(z) introduced in
514, 1, the criteria for integrability which we deduced in 495, 497
give at once criteria that A have a content. Thus 495 gives:

In order that A have content, it i8 necessary and sufficient that the
sum of those intervals containing both points of A and points not in
A, converge to zero, as the norm & of D converges to zero.

2. From 497 we have:

In order that A have content, it (8 necessary and sufficient that for
each positive number € there exists a division D of U, such that the
sum of the intervals in which both points of A and not of A occur,
8 <e.
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EXAMPLES

517. 1. A = rational numbers in %A = (a, b).

Here A=b—a, A=0.
2 A=0,1 13
— Yy M %’ }7 i’ *
. O W | Sucdoned
1
Let ¢ >0 be arbitrarily small. 0 % L 1
Let us define the division D as follows. Inclose each of the points
, Ll
2 3 n—1
within intervals of length
€
3n’
where
n>3.
€

The remaining points of A fall in the interval

1 €
(0, ’-L+5>, s=g

Then the sum of the intervals containing both points in A and not in A is <e,

Hence, by 516, 2, A has a content.

As obviously A=0,

we have Cont A = 0.
If E is the complement of A in ¥,

Cont £ = Cont A = (b — a),
by 516.

518. 1. A point aggregate of content zero is called discrete.

Such an aggregate is given in 517, Ex. 2.

Every limited point aggregate of the first species is discrete.

The reasoning is perfectly analogous to that of 501.

2. Let f(x) be limited in the interval . If the points of discon-
tinuity of f(x) form a discrete aggregate, f(x) i8 integrable in Y.

This follows at once from 497.

8. Let y=f(x) be univariant in A. Let

Ay

Az <M, if Az<d.
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Let A be a discrete aggregate in N. The image E of A is also
discrete.

Let us effect a division of A of norm & < d.

Let &;, 8, -+ be the subintervals containing points of A. Let
7y Mg -+ be the corresponding intervals on the y-axis. Then, by
hypothesis,

7. < M8,.
Thus Sy, < M5, a
But A being discrete, we can take & so small that the right side
of 1) is <e.

Hence Z is discrete.

Generalized Definition of an Integral

519. Up to the present we have supposed that the integrand f(z)
is defined for all the points of the interval A= (a, ). By employ-
ing the results of the last articles, we can generalize as follows :

Let B be a measurable aggregate in 9, and let f(z) be a lzmzted
function defined over 8. Let us effect a division

D(ay, ag ++)
of A of norm 8.
Those intervals
0 (azl’ acﬁ'l)’ (al,’ atﬁ‘l) ot (1
all of whose points lie in B, form a system which we denote by .D;.
The lengths of the intervals 1) we denote by &}, &8, ---; while
£, &, --- are points taken at pleasure, one in each interval of 1).
Let us build the sum

Jy= SFCEDS.

If as & = 0, J; converges to one and the same value, however the
divisions D and the £’s be chosen, we call this common limit the
integral of f(z) over 8, and denote it by

j; f(z)dz.

We say in this case that f() is integrable with respect to 8.
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520. Let f(2) be a limited function defined over a limited point
aggregate B of content zero. Then f(x) is integrable over B, and

j; f(z)dz=0.

et Jy= SFCED,

have the same meaning as in 519.
Since f is limited, let
|f(@)|< M.

Then
|| < M2,
Since B is of content zero,

lim 8, =0.
§=0

Hence
lim J; =0,
8=0

which proves the theorem.

521. 1. Let f(2) be a limited integrable function defined over the
measurable aggregate B. Let the interval A = (a, b) contain B.

Let 9@=f@, inB;
=0,  for points of A not in B.

Then g(z) 18 integrable in (a, b), and

[ 9@z = j; f(@)dz. a

Let us effect the division D of ¥ as in 519.

As before, let D; be the system of intervals lying in 8. Let D,
be the system of intervals containing no point of 8. Let A be the
system of intervals containing both points of 8 and points not in 8.

We build now the sum

Jy=29(£)8,

with reference to the interval 9.
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Since
. .D = ‘Dl + D? + A,
we have _
Jy=29(8)3, + Sy(E)8. + Zg(E)0.. @
Since g(z) = 0 in D, the second sum in 2) is 0. Since
S(@) =9

in D, we have now
Jo=2f(€)0 + 29(£8. C

Now, by hypothesis, f is integrable in 8, and
lim £F(£)8, = f, fdz.
On the other hand, )
lim 29(£)8, =0,
by 516 and 520.
Hence, passing to the limit, § =0, in 8), we have 1).

2. The reasoning in 1 gives as corollary :

If f(x) 18 limited in B, and g(z) 18 integradle in A, then f(z) i8
integrable in B, and

j;bg(z)dx =.gf(x)dz.

This is at once evident, on passing to the limit in 3).

3. Let f(x) be limited in A= (a, b). Let A be a discrete aggre-
gate in . Let B=U—A. Let f(z) be integrable in B. Then
J(x) 8 integrable in A, and

j;"fdx =j2;fd:c.

The demonstration is similar to 1, omitting the system .D,.

522. 1. Let f(z) be a limited integrable function with respect to
the measurable aggregate B, lying in the interval A =(a, b). Let
D=(ay, ag,- a,_,) be a division of A of norm 8. Let

(@81)s (2983, -+
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be resulting intervals formed of one or several contiguous intervals of
D, lying in 8. Then

JoFte=lim 3 f s a

Let us introduce the auxiliary function g(z) of 5621. Then, by

521,
j;, fio= ’ gd.

Now the division D breaks 9 up into the intervals
(a, ay), (a3, ay), (ay ag), -+ (@41, b).

Letting D,, D,, A have the same meaning as in 521, we have

j; bgd:c = ; j; :"“quz = Dzl J; “Hods + DE,J:‘“gdx + § j‘: ‘a‘“yd:v.

But

%j:‘“_qu = DZ, j; :l‘” Sfdz = zj:‘ Sfdz;
2 [ gdz=0,

since g = 0 in the intervals of D,.

Thus,
b By T+l
Lgdx:Ej;fdx+§£ “oda. @

lg| < M,

while

Now, if
we have, by 489, 4,

‘ %j:'ﬂgdx

But since B is measurable,

S Mz (al"'l— al) = MA.
a

limA=0.
=0

Hence the second term on the right of 2) has the limit 0.
Hence, passing to the limit in 2), we get 1).
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2. The preceding reasoning gives the corollary :
If f(z) t2 limited in B and integrable in each of the intervals

(ay B, and Ejf'ffdx 18 convergent as 8 =10, then

j;a Jdz=1lim > f f’ffdx.

This is evident on passing to the limit in 2).

3. Let f(x) be limited in A= (a, b). Let A be a discrete aggre-
gatein . Let B=A—A. Then

13 B
de=1i da,
ffte=tin 3 | "Fin
provided the limit on the right is finite.

For, by 2,
. B
i 3 o= f i

j;g fdr = j *fde.

But, by 521, 8,



CHAPTER XIII
PROPER INTEGRALS

First Properties

523. In the last chapter the integrand f(z), as well as the
interval of integration 9, were limited. Integrals for which this
is the case are called proper integrals, in contradistinction to those
in which either f(z) or ¥ is unlimited. These latter are called
improper integrals.

In this chapter we consider only proper integrals. We wish to
establish their more elementary properties.

In A=(a, b), we shall take a <&, unless the contrary is stated.
All the functions employed as integrands are supposed to be limited
and integrable in 9.

524. For the sake of completeness, we begin by stating the three

following properties already established respectively in 489, 2;
489, 4; 504, viz. :

[ F@dz=—~ [ F@ydr,  ash. a
|| <Mlp—al, oS3, @

| /()| being < M in the interval (a, b).
£b§clf1-+ ...+c,ﬁ;dz=01£}1dx+ +0.£kdw, aZb. (3

525. Let a, b, ¢, be three points in any order. Then

j;t:fdx = J:fdz + j:fdz. a
361
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Suppose first that a<e <b. Since
lim 2 £(£)8,
80

is the same, whatever system of division D we choose, let us con-
sider only such divisions in which ¢ enters. The points of D which
fall in (a, ¢), let us call D,; those falling in (¢, ), call D,.

Then
3/ =3f0+ 35, @

Now f(z) being integrable in %, is integrable in (@, ¢) and
(e, b), by 496.

Hence, passing to the limit in 2), we get 1).

The theorem is now readily established for any other order of
a, b, c.

526. 1. In A =(a, b), let

m< f(2)< M.
Then m(b—a)< j;rfdx < M(b - a). a
For, m< fE)< M.
Hence Smd, < Sf(£)S, <M,
or m(b—a) <J; < M(b— a).

Passing to the limit, § =0, we get 1).

2. InAlet f(2)Sg(x). Then

L fdz> j;l gdz. @

h(z)=f(z)—9(2)S 0, in A.
Hence, by 1),

Lkdz=Lfdz—Lgdz§0,
which gives 2).

For,
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527. 1. We saw in 508 that, if f(2) is integrable in %, it must
have points of continuity ¢, in any subinterval of . This fact
leads us to state the following theorem:

Let f(z)S 0in A. If f is continuous at ¢, and f(¢)>0, then

dex >0.

To fix the ideas, suppose ¢ is an inner point. Then by 351, 2,
there exists an interva’ (¢, ¢'’) about ¢, in which f(z)>p>0.
Hence by 526,

S s, frnse'~ =0, [ firS0.

j;lfdz.=_f+£cn+‘£f’§a>o.

2. As corollary we h. ve:
Let f(z)Sg(z) in ., If at a point ¢ of continuity of f and g,

f(e)>g(e), then
j;lfdx >‘£Igdx.

8. By means of the preceding inequalities, we can often estimate
approximately the value of an integral with little labor, as the
following examples show.

But

Ex. 1. 5< f <6236, n>2 a
VI —xn
For, if 0 <2 <1, 1 1
1< &L s
Vi—azr V1-—2a?
Hence * ) ) )
dx dx - . T
' };dx<f \/1—-xﬂ< o 1_,;2—””1“*_6’
which gives 1).
Ex. 2. ze— < 5;‘ e~v'du < arctgz, x>0, @

For by 413, 2
e e'=1+z+§e0', 0oL,

* In order to illustrate these and a few immediately following theorems we assume the
elementary properties of indefinite integrals, which are treated in 536 seq.
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Hence ' e>14 2z, z2>0.

Thus 1

vy fo<u<ze.

eP e <y
Hence, z being a constant,

z L z_du
j;eZdu<j;eudu< 011——“5,
which gives 2).

528. 1. Let f(x) be limited and integrable in A; then |f(z)| is

tntegrable in U, and
'Lfdzlgj;lf[dx. a

In the first place, | f| is integrable by 507.
On the other hand,

—f@|<f(@ <|f(@)].
The relation 1) follows now by 526.

2. The reader should guard against the error of assuming that
S(2) is necessarily integrable in ¥ if | f(2"] is integrable in .
For example, let

J(z) =1 for rational z in ¥,
= — 1 for irrational z in 9.
Then |f(»)| =1, for every z in ¥,

and is therefore integrable in . But f(2) is obviously not inte-
grable in A.

529. 1. In A=(a, b), let
m<g(@)< M. a
When not zero, let f(x) be positive. Then

m f [ fio < jﬂ; Spdz<M fda. @

For, multiplying 1) by f(z), we have

mf <Sfg < Mf.
We have now 2) by 526.
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2. In U let f(2)S0. Let m<g(@)<M. At a point ¢ of con-
tinuity of f(x), g(), let

J(©)>0, m<g(e)<M.

mj;( fdz <f g(}"gdac <M f 91fd:v.

We have only to apply 527, 1 to the functions
(M —g)f and (9—m)f.

Then

Ex. 1. z i
arcsinz < dx arcsinx @
" Vi—xr 12 VI—X

where 0N, 02

Fi

or, 1< 1 < 1

V1i—-2?2 V1I-X
Hence

j" dx <j'= dx < 1 = dx
O Vi—at 0 VI—iVI—-at VI-AY VIi-2d
which gives 3).

Ex. 2. 333< j; " 22estdn < 90T, “

For, if 0 <2 <1,
l1<er®<e.
Hence

folx?dx < };‘x"ez’dx <e j;ledx,
which gives 4).

530 1. Let f(z)=g(z) in U, except for the points of a discrete
aggregate A; then f, g being limited and integrable,

j;[ Sfdz = j;[ gaz. a

Tor, set h(2) = F(@) — 9(2).

Then A =0, except for the points of A.
Let D be a division of A. Let D; embrace those intervals con-
taining no points of A. Let D, embrace the other intervals of .D.

Then
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Let now 8=0. The limit of the left side is

j;hdx.

Since A is discrete, the limit of the right side is 0 by 5620. Hence

fa hdz =0,

2. As a corollary we have:

J= f Fiz

we may change at pleasure the value of f(x) at the points of an
arbitrary discrete aggregate, without changing the value of J, pro-
vided the new integrand is also limited in .

which proves 1).

In the integral

First Theorem of the Mean

531. Let f(z), g(x) be limited and integrable in A = (a, b).
When not 0, let f(x) be positive.

Then ) 5
fafydx =G f fdz,  a$h, a
where G = Mean g(o), in Al
For, by definition, 268, 4,
m< FSM,

where m and M are respectively the minimum and maximum of
g(@) in A.  Also, by 529,

m js; Fdz< fu fgd:vSMj;I fdz, a<b,

which gives 1) in this case. The case of a>b follows now at
once.

The above is called the first theorem of the mean. We give now
some special cases of it.
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532. Let f(z) be integrable in A = (a, b). Let
M = Mean f(z), in A
Then »
~£f(a:)d:z:=5))2(1) —a). ash.

Proved, by taking one of the functions in 531, equal to 1.

533. In the interval A= (a, b), let f(x) be limited, integrable,
and non negative. Let g(x) be continuous. Then

f?I fodz=g(E) f? faz,  a<g<b. a

For, by 531, setting G = Mean g(z),

j; fydz=G f% fda.

But g(z) being continuous, takes on every value between its
extremes including end values, while z runs over %, by 357. Hence
for some £ in ¥,

. g(f) = @,
which proves 1).

534. In the interval A = (a, b) let f() be limited, integradle and
non negative. Let g(z) be continuous. At some point of continuity

of f() let
m<g(z) <M,

where m = Min g(z), M = Max g(z), in «A.
Then

j;fgdx=g(f)j;ifdx. a<E<b.

For, by 527, 2,
mj;fdx<Lfgdx<Mj;fdx.

Lfgdw:GLfdx, m< G< M.

Hence,
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Now g(z) being continuous takes on its minimum m at some
point «, and its maximum at some point B in U, by 357. More-
over, at some point £ in the interval (&, 8), g(2) must take on the
value G. As g(z) has the values m and M at the end points of
this interval, £ must lie within this interval. Hence

a<E<bd.

535. Let f(z) be continuous in A= (a, b). Then

S flo=@—a)f®), a<t<d

This is a corollary of 634, one of the functions being 1, provided
JS(z) is not a constant, when the theorem
is obviously true. :

This theorem admits a simple geo- &7 "~~~ ~"»
metric interpretation. It states that
there is a point & a<£<¥b, such that
the area of the rectangle ABC'D' is the
same as that of the figure ABCD, determined by the graph of f(z).

|
B
b

1

]
4
a

§

The Integral considered as a Function of its Upper Limit

536. Let f(x) be limited and integrable in A = (a, b). Then

F@)=f f@de, wzind,

18 a one-valued continuous function of x in U.

Since f(z) is integrable in 9, # has one, and only one, value for
every z.

Let |f@) | < M.
We have

AF=Fa+W-F@)= [ f@ie - [ f@ir= [ f(z)dn

Hence IAF| < MK by 524, 2).
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Thus if we take €
S< =,
¥
we have IAF| <e,

for every A, such that z + & falls in %, and
|h|<8.

Hence F(z) is continuous in .

537. 1. Let f(x) be limited and integradle in A = (a, b).

J(z) = jjf(z)dx, o, z in A.

dJ
T = f(.’l))

If f vs continuous at z,

To fix the ideas, let

a<ae<z<ae+ h<d.

Then AJ=J(z+ h)—J(z) = ‘L‘Hh—— £z= j:”h

= hIR, by 532,
where 9t = Mean S(@) in (z, z+ k).

But since f(2) is continuous at z,

M=, +n |n<e
for any &< some &.

J
Hence % = F(@) +,
Passing to the limit, we get 1).

2. As a corollary we have:
Let f(x) be limited and integrable in A= (a, b). Then

hm—f f(x)dz = f(z), zin A,

if f 18 continuous at the point z.

Let

a

@
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538. 1. In the interval U, let f(z) be a limited integrable function.
Let F(z) be a one-valued function whose derivative is f(z). Then

Sftn=FB) - F(@).  «Bind. a

For, let D = (a,, a,, - a,-,) be a division of the interval (e, 8).
Then by the Law of the Mean,
F(a))— F(o)=f(§)d;
F (“2) F (“1) S (52)82’ ¢

F (ﬁ) F(an—l) f(En)S
Adding the equations 2), we get, since terms on the left cancel
n pairs F(8) ~ F(®) = 3/(£)3. @
Since f(z) is integrable,
lim S£(£,)8, = . fde.
Passing therefore to the limit in 3), we get 1).

2. Example. By differentiation we verify

D .2 — Narctg (Atanz) _ 1
* 12 1+ A tan?z

for [A\|=1and 5= (2m + 1)x /2. Hence by 538, 1,

j" dx — 2 — Marctg (A tan )
(]

o<e<z AN #1,
1+ Ntanz 122 < <2’ A

The integrand is not defined for x = /2 ; let us therefore assign it the value 0.
The integral on the left is continuous, by 536. Hence

f"/2=Llim = Llim = Marctg (A tanz)

0 z=m/2J0 1 -2

or
j‘ﬂ/Z dx _rQ+N_= 1 4
o 1+ Mtanz 21-7\2—2 1+ A

As we have derived this formula we have been obliged to assume || =1 It
is, however, valid even when |\| =1. For,

Y (RPN P "_x
5; T taniz o Cos' zdx_[2x+zsin2z]o =7

which agrees with 4) when |A\| = 1.
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639. Criticism. A common form of demonstration of the pre-
ceding theorem is the following. Since

lim £z + h) Fz) = f(2),

=0

we have
e>0, >0, FERMI@ s 10, o)<

for |h|<é. The equations 2) of 538 are now written
F(“l) F(“) f(“)hl +ehy

7 (B) F(a,. )= f(a,. x)h + e,.ﬁn
Adding, we get
F(B)— F(o)=2f(a)h + Zeh, a
If e is numerically the greatest of the e,
|Zeh | < eSh = e(B — @), B> e

It is now assumed that e = 0 with 8. Hence passing to the limit,
8§=0, 1) gives 5638, 1).

The objection to this demonstration lies in the tacit assumption
that the difference quotient converges uniformly to the derivative.
Cf. 404. In other words, that it is possible to divide the interval
(e, B) into subintervals A, %y, -+ h, such that e, e, --- €, are all
< o, a positive number, small at pleasure. As elementary text-
books say nothing of uniform convergence, the above reasoning is
incomplete.

Change of Variable
540. 1. Let f(x) be limited and integrable in A =(a, b), a 2.
Lt u= 4 a

be a univariant function in A having a continuous derivative ¢' (z) #0.
Let B =(a, B) be the image of A afforded by 1). Let

2=y (u)
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be the inverse function of ¢. Then, if f{y(u)]y'(u) 78 integrable
n ﬁa » 8
S 7@ as= f F v 1¥ W, @

By 358, the correspondence between the two intervals %, 8 is
uniform.

Let E(u,, u, -++) be a division of 8, of norm 8.

Let Az, in U correspond to Aw, in 8.

By the Law of the Mean,

Az, =Y (n) Auy, e lying in Au,.
Let £, in A correspond to 7, in 8. Then
2f(£Az = Zf [¥ (1) J¥' (m) Ak €

Since @), FIv@I¥ @)

are limited, and integrable by hypothesis, we have 2) by passing
to the limit in 3).

2. If the conditions of 1 are not satisfied in the intervals %, B, it
may be possible to divide them up into subintervals, in each of
which these conditions hold.

541. 1. Let us evaluate

' J= llog (1 4 x)de, a
0 14 22
We set

z =tan u = y(u), or w = arctanx = ¢(x).

Then

QI =(0’ 1)7 % =(07 1’/4)

The conditions of 540 are obviously satisfied. Hence
J= ,{."/‘ log (1 + tan u)du.

Let us make a new transformation

u=nxr/4-0

The conditions of 540 being again satisfied,

J= j;"“log { 1+ tan(g- - o) } dv.
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But tan (1_”) 1—tano

4 1+ tanv
Hence vr/ _2dv w/4

=1 j; -
J= _‘; 1 S tane og 2 dv - J,
or 2J =1log 2 j;'/‘dv = i log 2.
Th
e J=x/8log2. @

2. That we should not affect a change of variable in a definite
integral, without due precaution, is illustrated by the following
example.

Let j'f(x)az le 2..[8. ctg] @

Let us change the variable, setting

1
z=1 =y,
Then a=-1, b=1; a=-1, g=1.
Also ! — 1 du .
S W == ! A~z “

The two integrals 3), 4) are not equal. The reason for this is that the function
1
U= r)=—~
@)=~

]
of 540 does not have a continuous derivative in Y =(—1, 1). Indeed, it is not
even defined throughout %.

542. Let v =(u) have a continuous derivative in B =(a, B),
a§;8. Let N be the tmage of B. Let f(x) be limited and inte-
grable in A, and let f{Y(w)]Y' (w) be integrable in B. Then

[ f@ie= [T Ip@IW @ a=¥@, b=¥@B).

1. Let us note first the difference between this theorem and that
of 540. In 540 Yr(w) is univariant, and %, P are in uniform
correspondence.

In the present theorem, y» may have any number of oscillations
in 8. Furthermore, the intervals 9 and (@, §) may not be the
same.
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Example. Let z =y(u)=sinu, B=(0, 3t=). Then the image of B is the
interval ¥ =(—1,1). On the other hand, a =sin0 =0, b =sinitr=4% Thus
(a, b)=(0, §) is different from A,

Let f(x)=2z. Then

“
fbfdx = j;}xdz =} fﬂf(\pu)\p’u du = 5;’6! sin u cos udu = }.
a a
Thus the two integrals are equal, as the theorem requires.

2. To prove the formula 1), consider
Foy= [ f@de— [gdu, g =FI¥wI¥ w).

We shall show that F(u) is a constant in 8. As it is 0 at e,
F = 0 throughout 8.

To this end we show P (u)=0, in B.

Then, by 400, 2, F(u) is a constant in 8B, and therefore 0.
At any point » of 8B, we have
SY(u)+Ay

AF = S(z)dz —j;u+“y(u)du. ¢

1¢0]

There are two cases:

1°. ¥'(u) #+ 0. Then, by 403, yr(u) is univariant in V(w).
We can thus apply 540. Hence

AF =0, in V(u),

and therefore P =0, ot 0.

2°. Y'(u)=0. Let us apply the theorem of the mean 532 to

each integral in 2). Then
AF = OAy — VAu,
where ® = Mean f(z), ¥ = Mean g(u)

in Ay, Au respectively. Thus

AF _ s AY
Au _q)Au v
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Now Ay
lim = V' (u)=0.

Also lim ¥ = 0,

since f[yY(u)] is limited in %, and
lim ¢ (2) = ¥/ () = 0,
¥ being continuous. Hence F’(u)=0, also in this case.

543. Let f(2) be limited in W = (a, b), a2b. Let u=a(z) have
a continuous derivative ¢/ () # 0 in A. Let B = (e, B) be the image
of s a=¢(a), B=¢(b). Let x=+(u) be the inverse function
of ¢. Then

f:}‘h = ff(v(u))w (w)du, (1
‘_ﬁ” dz = J Bf(«lr(u))\k' (w)du. @

Let us prove 1); the demonstration of 2) is similar. Since ¢
is univariant, the intervals % and @ stand in uniform correspond-
ence by 3568. To fix the ideas let ¢ be an increasing function.

Then by 381, ¥'(u) >0, and continuous. Let E= (u,, uy )
be a division of B of norm & into subintervals Au,, to which cor-
responds a division D = (z,, 2, ---) of A of norm d into intervals

Az,. Let

L, = Max f(z), in Az,.

= Max f(yr (%)), in Au,.

M, = Max F(p )Y (), in Au,

A, =Miny'(w),  p,=Maxy'(u), inAu,.
F = Max | f|, in A.

We have to show that
S,=2LAz,, Sg=2MAu,

have the same limits.
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Since ¢'(z) and y'(u) are continuous, they are uniformly con-
tinuous. Hence d and 8 converge to 0 simultaneously. For this
reason for any & <some &,

B — N < uniformly in B.

€
F|B— af
By the Law of the Mean,

Az, = ' (v)Au,, v, in Au,.
Hence B B
® = SE - SD = E{M - L“\P‘,(U‘)gAu‘-

But, obviously,
Max f Min ' < Max fy' < Max f Max y';

if Max f> 0, while the signs are reversed if it is <0.
Thus in either case M, lies between LA, and L. Also,
L' (v,) lies between these same bounds. Hence

‘M;—_Lx ! Ve <L‘ CEEA < :
| ¥ (v | < Le(p B
Hence PSS T

|8~
544. Let z=+(u) have a continuous derivative in B =/(e, 8),
a> B. Let ~]r’ vanish over a discrete aggregate A, but otherwise let
ot have one sign. Let A =(a, b) be the image of B, a=Y(a),
b=+(B). If one of the integrals

X=.£,jfd:v =j;l’
U= ["FI ¥ wiu =

exists, the other does, and both are then equal.

To fix the ideas let U exist. By 403 the correspondence between
A, B is uniform.

Let us effect a division, of norm &, of 8. Let the norm of the
corresponding division of o be 5. Let 581 be those intervals con-
taining no points of A, while 8,=8— B, is the complement of B,.

Let 9,, A, correspond to B, B, respectively.
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Jo=Jo S a
Jo= Joy

Now

But, by 548,

while, since A is discrete,

lim =0.
5=0 VB,
Hence 1) gives
=lim =lim
B =0 VA gm0 JY
=1, 22, 3.
fm by 522, 3

A similar reasoning holds, if we assume that X exists.

Second Theorem of the Mean

545. Let f(x) be limited and integrable in A = (a, b).
Let g(x) be limited and monotone in A. Then

L?gdx:g(a+0)‘£5”dx+g(b—0)j:fdx, a<t<h (1

Since g is limited and monotone, it is integrable in A by 502.
Hence fy is integrable, by 505.

By 2717, 8, g(a+0), g(b—0) exist.

If g(a+ 0)=g(b—0), the relation 1) is obviously true. We
therefore assume that these limits are different.

To fix the ideas, let g(z) be monotone increasing.

We begin by effecting a division of %,

D(ay, ag -+ a,_1),
of norm 8. We also set
a = ay b=a,.

. Let M. =Maxf, m, =Minf,

in the interval 8, =(a,42)-
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Let £, be any point in §,.

From M.> D> m,
we have M8, >FEIS>mS, @
and also
anx Zj;:f(fx)dx Z mlsk' (3

From 2), 8) we have
£ €8~ f, 1< = mD3,

Hence

FE8. = [ fiz+a, ¢
Ia-x| S(M: - ml()sx'

Multiply 4) by g(£); and letting x =1, 2, --- n, let us sum the
n resulting equations. We get

2 (BJ9(E08, = Z9(E) [ Jdr + Sy (£). G
Now b
S L
or more briefly, fx f )

Hence letting k =1, 2, --- n, we get

98D =980 [ - 98 f;
) f 9(&) f 9(&) f

9(En-) f =9t~ 9t

9t f, =oC)

Adding, we have,
S8 [ ftz=9t f 5+ 3, [k -9k} f 5. (8
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Since g is monotone increasing,
GK = g(EK) _—g(gx-l) §O'

b
Let M be the maximum of the integralJ; Jfdz, and n its minimum
as 2 ranges over . Then

. G (gt -9t } f_<am,
and adding,

m36, <3 {9 g | [ <mT 6. a

But 26 =g(&)— 9(ED-

Thus T) gives
S{ro-sto ) f_ra=0lstr-st0}. &

m<® <M. 9

where

Thus 5), 6), 8) give
A= 08 [ Faz+O{9(ED ~9(8) | + Dg(e). (10

In this equation let § =0. The limit of the left side is

j; bfgdx.

Al ) .
 limg(§)=g(a+0); limg(£,)=g(b—0).
Let |9(2)|<T's
then I Ea'xg(gx)l < PEO".
But

S0, 2Qf by 494,

As f is integrable, lim Qf=0;
D - 2

hence the last term of 10) has the limit 0.
Thus all the terms of 10), besides that in ®, have finite limits.
Hence the limit of @ exists. Call it 6.

Hence m< 6< M.
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But F being a continuous function of z, it takes on the value 8
for some point £ in 9 by 357.

Hence
1]
6= dz.
J 7

Passing now to the limit in 10), we have

S Fodz=ga+ o) [ Fiw+ {g(b—O)_g(aq-O)}ffdz. (11

But si b (] b
ut since f=f+f’
a a ¢

we get 1) at once from 11).

-

546. If g(2) is not monotone, the formula 1) of 545 may not
be true, as the following example shows.

Let
J(x) =22, g(x) =cosz.
Then
/2
f_ Acoszds>0, by s, 1,

since the integrand is never negative and is in general positive. On the other hand,
g(a+0)=cos—=x/2=0; g(b—0)=cosx/2=0.

Hence the right side of 1), 545, is zero. The formula 1) is thus untrue in this
case.

INDEFINITE INTEGRALS
Primitive Functions

547. 1. The theorem of 538 is of great importance in evaluating
integrals. For, to find the value of

I= | faa, a

J(z) being limited and integrable in A = (a, z), we have only to
seek a function F(z) which is one-valued in % and has f(z) as
derivative. Then, as we saw,

J=F(z) — F(e). @
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Let G'(z) be any other function which is one-valued in % and
has f(2) as derivative. Then

J= G(z) — G(a). ¢
Comparing 2), 3), we have
G(z) = F(z) + C,

where (' is a constant.
The functions F(z), G(z) are called primitive functions of f(z).

They are denoted by
Jr@aa,

no limits of integration appearing in the symbol. Primitive
functions are also called indefinite integrals. In contradistinction,
integrals of the type 1) are called definite integrals.

2. Every formula of differentiation, as,
D F(z) =f(=),

J(z) being limited and integrable in an interval o, gives rise to a
formula of ¢ntegration,
f F(z)de = F(z).

For reference, we add a short table of indefinite integrals.*

We observe, once for all, that in all formule involving indefinite
integrals, we shall suppose that the integrands are one-valued,
limited, and integrable in a certain interval 9, while the functions
outside the integral sign are one-valued in 9.

548. fadx = az.
z.#+l
rHar = N -1
f dz W+ 1 w*

S d—: = log|z|

f e*dr = e*.

* An excellent table of integrals is *“ A Short Table of Integrals’ by B. O. Peirce.
Ginn & Co. Boston.
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loga
dz 1 z
m—;arctg;, a:#O.
dx . T
m:arc sin ~, a+0.

fsin zdzr = — cos z.

fcos z dx = sin z.

ftan zdr = — log |cos z|.

fcot z dz = log |sin z|.
ftan z sec z dz = sec 2.

fsecz z dz = tan z.

549. Not every limited integrable function in % =(a, §) has a
primitive, as we now show.

Let f(z) be continuous in 9 ; let

F(z) =~£ffdz, a<Lz<b.

Then, by 537,
fl—f —f(z), indL

Let us define a limited function g(z) in A as follows: it shall
= f(z) except at points of a discrete aggregate in A, at which
points f(z)#g(2). Then, by 530,

S gtz = F(a). a

Suppose now g(z) had a primitive G'(2) in %. Then, by 538,

j;xgdz = G'(z)— G(a). (2
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Comparing 1), 2), we get
Q@)= F(z)+C, C a constant.

Hence a6 _ E‘.lf, -
dz dz ’
or J(@)=yg(2), in 9,

which is a contradiction.

Methods of Integration

550. In order to find the primitive of a function f(z) we may
proceed as follows: We first consult a table of indefinite integrals.
If the integral we are seeking is not there, we try to transform it
into one or more integrals which are in the table.

The principal transformations employed are :

1°. Decomposition of the integrand into a sum.
2°. Integration by parts.
3°. Change of variable.

We treat these now separately.
851. Decomposition of the integrand into a sum. This method,

as its name implies, consists in breaking f(2) up into a sum of
simpler functions. Thus, if

Jf@=fi(®)+ - + fi(2),

then Sraz= Stz + -+ [ fa.
Ex. 1,
sz‘cos’xdx.
o cos’x::-li:;s—zf,
J-_-;fdxﬂfcoszxdz

=}x+ }sin22.
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Ex. 2. +5
_(a % 2.
J_fa+ﬁxdx
Since be_b 8
atbz_b, g by 91, 2
a+px B ﬁ(u+ﬂx) y 91, 2),
b aE—a
.fdx_i. fa+px
Now de  _1d-( )1
e+px) 1.
%t Pz B odpz pd og (& + Bx).
Hence & .
j'a+ﬂx=§log(a+ﬂac).
Thus
g +—p;2—“blog(a+px)

Integration by Parts

552. In the interval %, let u(z), v(2) be one-valued functions
having limited integrable derivatives. Then

= '
Dy =uwv' + v

Hence

fuv' dz =uv — | vu'dz. a
The application of 1) to evalue '
J= [ fiz,
is as follows. We write
S=uv.
Then 1) shows that Tz o — (ouddo.

The determination of J is thus made to depend upon

fvu’ dz.

553. Ex. 1. J=fx log 2 da.

Set
u=logz, V=2
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Then u’=i, v=j}ad

Hence
J=4}x3logx — }fxdz
=2 (logz — }).
2
554. Ex. 2.
J:fewsin brdr, a, b0
Set u = sin bz, v = e%2,
Then 1
u! = b cos bz, v == e,
a
Hence 1 b
J = >e% gin bx — - f €3z cos bz dz. (¢]
a a
To find
K= fe" cos bz dzx,
set u = cos bz, v = e9%,
Th
en u! = — b sin bz, v= 1 ez,
a
Hence

K:le“cosbx+9je“sinbxdx
a a
=1eucosbx+éJ.
a a

This placed in 1) gives

J= {asin Izn; —b 2b cos bx} . @
@
The same method gives
je" cos bx dx= es*{q cos bz + b sin bz}’ @
a2 + b2

Change of Variable

555. Let f(z) be continuous in the interval A. Let u= ¢p(z) have
a continuous derivative ¢'(z)=+0 in A. Let B be the image of U,
and z = \r(u) be the inverse function of ¢. Then if

[FI¥ 1Y du=G(u),  valid in B;

we have [f@)idz=@[$@)],  valid in .

For, dF[¢(z)] _ dG(u) du ¢
dz  du dz
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But by hypothesis,

9 S @ =, Tr @] .

As du dz_4
dz du ?
1) gives .
LELE@] _ g )] =f @
536, Bx. 1. J= .f p 1(5;9:
Set v = logz.
Then

J=fd_“=logu= log log z.
u

557. Ex. 2. J= 5‘ dx .

V2 azx — a?
Set w=VIm =@,
Then

2 Sarctg¥
J= ja‘ + u ’ a
_-arctg V2az —a,
a

558, Ex. 3. J= j‘ dr .

VvVt + a2
Set u=2x+ vVl +al
Then

J= f— = logu
= log (x + Va3 + a?).

559, Ex. 4. s=f iz _

V(x—a)(x—-0)
Set —_—

u=VvVz—a.
Then f du
' J=2{ —=°
vVl +q— b’

an integral evaluated in Ex, 8.
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INTEGRALS DEPENDING ON A PARAMETER

560. Let the rectangle bounded by the lines z2=a, z=105, y = o,

y = 8 be denoted by
R=(a, b, o, B).

Let A= (a, ), B= (e, B).

Let f(z, y) be defined over R. If we give to y an arbitrary but
Jized value in B, f(z, y) is a function
of z defined over Y. But since its
value also depends on the particular
value assigned to y, we say f is a func-
tion of 2 which depends upon the param-
eter y. If for each value of y in B,
S(z, y) is a limited integrable function
of 2 in 9, we shall say it is regular in
R. When f(2, y) is regular in R,

QA & w =

)
|
LN
op-—-

I)= [ Fy)dz a

defines a one-valued function of y, over the interval @.

In performing the integration indicated in 1), we consider y as
constant and integrate with respect to z.

In the present section we propose to study the function J(y)
with respect to contintuity, differentiation, and integration.

Ex. 1. _ ((sinay
J() = ﬁ i gy,

A = (0, r), B any interval.

Ex. 2.
* J@) = j:)"log(l —2ycosz + y)dz.

A =(0, 7), B any interval not including y =4- 1.
For, log u is continuous when »>0. Here

u=1—-2ycosz + y2= (y — cos )2 + sin?z S 0,
and hence u = 0 only for the points whose codrdinates are

z=mmr,y=(—1)m (2
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Continuity

561. Let n be an arbitrary but fixed value of y in B = (e, 8).

Let us denote the line y =» by H.
Let ¢(z) be defined over A = (a, b).
If for each e€> 0, there exists a 8 >0, such that

@+ b —-d@)|<e A

for each 0<|A|<$d, and every z B
in U, we say: f(z, y) converges 4 H
uniformly to ¢(z) along the line H,
or with respect to the line H.

We denote this by

lim f(z, ¥) = $(2), uniformly ;
or f(=z, 9) = d(2), uniformly along H.

If in the relation 1), only positive values of % are considered, we
say f(=, y) converges on the right uniformly, etc.

If only negative values of 4 are considered, f(zy) converges on
the left uniformly, ete.

If f(zy) converges uniformly to f(z, n) with respect to the line
H, we shall say f(zy) is a uniformly continuous function of y with
respect to the line H, or along the line H.

If f(zy) is a uniformly continuous function of y with respect to
each line y = in P = («B), we shall say f(zy) i a uniformly con-
tinuous funetion of y in B.

562. 1. Let f(x, y) be regular in any R = (abyfR), a<y<p.
Let Rlim f(z, y)= ¢(z)

uniformly along the line y = a.
Let ¢p(2) be limited and integrable in U.
Then

R li;:li}(xy)dz:lbli l'iilf(:vy)dz—_—ﬁ:p(z)dz. a

For, let

A= F(z, a+ hydz— I $(2)dz = I @ at h)—p@}de. (2
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We have to show that
€>0,8>0, |A|<e, 0<h <. (8
But by hypothesis, for each e >0, there exists a 8> 0, such that

If (2 e+ h)— $p(2) | < 4

b—a

for each 0 <k < §, and any z in .
Hence 3) follows from 2), 4), and 524, 2).

2. That the relation 1) may not hold when f(z, y¥) does not
converge uniformly to ¢(z), is shown by the following example :

Let
Sz y) :Eb, forx £0;
=0, forz=0.
Here s
Rlim f(z, y) = ¢(x) =0.

Fof( ¥) =)
Hence 1

j; #(x)dz = 0. ®

On the other hand, 1 1
— =\ Y _gz= 1 0.
J_j;fda:_j; ry 2d:»:—a,rctg ’ y>0.

Hence RlimJ="

y=0 2’ ®

As b), 6) have different values, the relation 1) does not hold here. Obviously
J(x, y) does not converge uniformly to 0 in any interval containing the origin.

563. 1. As corollaries of 562 we have:

Let f(x, y) be regular in R = (abaB). Let it be uniformly con-
tinuous in y, along the line y = 1. Then

b
Ty = f. f(z y)d
8 a continuous function of y at 7. e<n<pB.

2. Let f(x, y) be regular in R=(abeB). Let it be a uniformly
continuous function of y in B. Then J(y) ts continuous in B.



390 PROPER INTEGRALS

8. If f(z, y) be continuous in R(abeB), J(y) i8 continuous in
8= (a, B) .

This follows at once from 352.

Example. In 538 we proved the relation

/2 dx T 1
A= =—. 1
¢ j; 14+ Ntan2z 2 14 |A| (

for all values of \. It required, however, a separate integration to establish it for
M=+ 1. By the aid of 3, we may prove the correctness of 1) for these values
without any calculation. Consider, to fix the ideas, A = 1. Since the integrand of
1) is obviously a continuous function of z, A in the band R =(0, r /2,1 — 5, 1 4 3),
the integral is a continuous function of A at 1, Hence 1) holds for A = 1.

564. The results of 562, 563 may be generalized as follows:

Let A be a discrete point aggregate in 2. We can divide % into
two systems of intervals, € and D, such that € contains no point
of A, and the total length d of the intervals © is as small as we
please.

We shall say f(z, y) converges uniformly to ¢(2) along the line
y=nm, except at the points A, when, for each ¢>0 and any €, there
exists a § >0, such that

If(@n+ k) —d(2)|<e

for each 0 < |A| < and every z in €.

The terms, f(a, y) converges on the right, or on the left uniformly,
except for the points A, need no special explanation.

Also the meaning of the term f(z, y) is uniformly continuous
along the line y = n, except for the points A, is obvious.

585. Let f(z, y) be regular in the rectangle R(a, b, &, B). Let
S converge uniformly to ¢p(x) along the line y=rn), except for the

points of a discrete aggregate A. Let ¢p(x) be limited and integrable
in A=(a, b). Then

lilxlj:f(:c, y)dz =‘£blimf(x, y)dz =’£:ﬁ(x)dx, a<n<pB.

Let D =j:f(x, 7+ h)de —j;zﬁ(z)dx.
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We must show that
e>0, 8>0, |D|<e O<|k|<S. a
Since f is limited in R, and ¢ in %A,
¢} [f=p|<M, inR

Choosing e >0 small at pleasure, and then fixing it, we choose
the system D such that its length
€
d <—4 7
Then

D= f@ (@, n+h)— d() tde + f@ (@, 0+ h)— $(2) da.

Hence
il L) o

ol <3

On the other hand, by hypothesis,
@1+ D= é@| <57

But

2(b—a)
for each 0 < || < §, and every z in €. Hence
[
” ’ <.
Hence 2) gives ampl
ere ( E.}.f
. 22

which proves 1).

566. As corollary we ha " ¥) =

Let f(z, y) be regular in rectangle R= (a, b, a, B). Let 1t
be uniformly continuous in  along the line y =1, except for the
points of a discrete aggregate 5. Then

I = f 7o y)dz

18 continuous at 7, a<n<B.
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Differentiation

567. 1. 1°. Let f(=, y), fy(, y) be regqular in R = (abaR).
2°. Let f} be uniformly continuous in y along the line y =1, ex-
cept for the points of a discrete aggregate.

Let b

I(y) = f.F@ y)d.
Then T = [ Fiw mydz  e<n<B (1
For,

An h Ja

AS_J(+h)=I) _ (@ + ﬁz —f@ ) 4. @

But by the Law of the Mean,
S, n+2) — f(=z, ) =f!
h v

(=, ©),

where ¢ lies between 7 and 7+ 4 and depends on z and & But

by 2°,
f@ O =Ff(z,n) +o;
where lim ¢ =0, uniformly except for A.
A=0
Thus

AT _ (° . b

Ay AC R +£adz, ¢
which gives 1), on passing to the h=0.

2. As corollary we have:
Let f(z, y), f, (%, y) be continuouw  ‘*he rectangle (abeB). Then

d b — e
% [f@pdz= @y e<y<p G

8. Oriticism. Many text-books g.ve the following incorrect
demonstration of 1. From 2) we have, changing slightly the

notation, .
W im A i (A

dy Ay «dy «
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It is now assumed, without further restriction, that

hmfbAf j; "lim %—fé . G
As - éf_‘= of
Ay oy’
4) and 5) give of 4
@ “ay

But we have already seen in 662, 2, that an interchange of the

symbols
lim,

is not always permissible.

4. Ezample. .
J= j; log(1 — 2 y cos z + y3)dz. ®

Here, f(z, y) and
fiCey) = Ml__

—2ycosx+y?

are continuous in the rectangle (0, », &, 8) if («, 8) does not contain the points
y=41. Cf, 560, Ex. 2. Hence

dJ _(r (y—cosx)dr

dy —2j; T—2ycosz+ 42 lyl#1. @
5. The following is an example where the conditions of theorem

1 are not satisfied, and where differentiation under the integral

sign leads to a wrong result.

Let
- % .
F(x, y) = Vs except at origin ;
=0, at origin,
Then "
D, F(z, y) = ——, except at origin ;
@+t
=0, at origin.
Hence 1 v
dx = .
j; D, F(xy) Vi y arbitrary.
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Let
x except at origh ;
Sz ) = (2+ 2)% P gt ;
=1, at origin.
Then
Y
J 5' de= (' D,Far= Y.
) = ( rie= ] T
Hence
J(0) =1. @8
On the other hand,
Ju(x, 0) =0, x arbitrary.
Hence 1
ﬁ) Yoz, 0)dz =0. ®

The equations 8), 9) show that in this case differentiation under the integral
sign is not permissible. In fact, we observe here that

3ahy?

except at origin ;
(22 + 2 i

S y) =

=0, at origin,

and is therefore not limited about the origin. Thus, condition 1° of theorem 1 is
not fulfilled.

Integration

568. 1. Let f(zy) be continuous in the rectangle R=(a, b, «, B).
Since

‘L‘ffdx a<z<b. 1

is a continuous function of y by 563, 2, it is integrable in («, B).
Therefore
v x
Say [ e @

is convergent for each e <y <.

The integral 2) is obtained from 1) by ¢ntegrating with respect
to the parameter y. It is called a double iterated integral; or more
shortly, when no ambiguity can arise, a double integral.

2. Let f(z, y) be continuous in R = (abeB). Let

F(z, y) ='£ I;Zyj;ydx, z, y in R.

Then Fl,=F!.=f(zy), in R. G
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For, by 537, F, = j; dex,

Fy. = f(zy). €
On the other hand, by 567, 2,

Fg:ﬁydy:;‘ﬁydz
= ["fay, by s37.

Foy = f(zy). G
The relation 3) follows now from 4), 5).

Hence, by 5637,

Inversion of the Order of Integration
569. The integral of 568, viz.

j:ydylffdx, a

is obtained by integrating first with respect to z, and then with
respect to y.
But we might have integrated in the inverse order, getting

Soaw [ ray. @

It frequently happens that the integrals 1), 2) are equal, and
this fact is of greatest importance in transforming such integrals.
When these two integrals are the same, we say that we can invert
the order of integration, or the integral 2) admits inversion. We
give now a simple case when this inversion is possible. Later we
shall give a broader criterion.

570. 1. Let f(xy) be limited in the rectangle R = (abeB). Let
it be continuous wn R, except possibly along a finite number of lines
parallel to the = or y axes, along which, however, f i8 integrable.

Th -
’ f.ﬂdyﬁ}(’”"ﬁd“ Jabdw j“?(wy)dy. a
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Case 1. Let f be continuous in B without exception.
We saw in 568 that

d oF
P 3}; = f(zy)-
Hence, by 538,

. f ‘e = aF(b y) _9F(a, y)

oy

For the same reason,
B ey _ (POF(b y) 8oF(a, y)
j:dyj;fdx_l 3y dy——j: 3y dy

= F(b, B)— F(b, &) — F(a, B)+ F(a, &). (2

Similarly, p F
imilarly j;fdy= ) g:ﬁ) aFa(;a)

and j: bdx j; ?fdy = F(bB)— F(aB) — F(ba) + F(ax). G
From 2), 3) we get 1).

Case 2. Let f be continuous in R, except for points on the line
z=0.

By 1 we have, a <¥' <4,

Jlax fray= [Cay (fae. &

Moreover, by 563, 3, . T !
f(z y)dy “ ve

being a continuous function of z in (a, b) except possibly at b, and
limited in (a, b),
b 8
Sz fay
exists.
Now, by 536,

lim (4w [TFiy = f, dx [ Fiy. G
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On the other hand,

J:'fdx = j:?fdz - .ﬁ ffdz.

But since f is limited, let

fILM, in R.
Then 5
U;fdx’gM(b — ).

Hence the right side of 4) gives

j‘: ﬂdyj‘:}dx= j: pdyj;?fdx— j; pdy ﬁ ?fdz.

Thus ﬁbdz‘l?dy—j:ﬂdyﬁffdxlsM(B_ a)(b—b").

Letting &' = b and using 5), we get 1).
Evidently the same reasoning applies when f is continuous in
R, except on one of the sides of R parallel to z-axis.

Case 3. Let f be continuous in R except on the two lines,
z=0b, y=2.
Let e<B'<B. Then, by Case 2,

Say [ ran= f ax fFay.

We can reason with this equation in the
same manner as we did with 4). This
proves the theorem also for this case.

Case 4. If f(xy)is discontinuous within
R, we have onlv to divide R into four
rectangles R, as in the figure.

Then each of the rectangles R falls
under Case 8. By breaking up the given
integrals into these rectangles ®, we prove 1) readily.
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Case 5. General Case. By breaking R into smaller rectangles
R, bounded by the lines on which the points of discontinuity lie,
we reduce this case to Case 4.

2. We have shown in 1 that inversion is permissible when f(zy)
is continuous, except at points lying on a finite number of lines
parallel to the z and y axes. It will be shown in Chapter XVI
that inversion is permissible under much wider circumstances.

The points of discontinuity may lie on an infinite number of
lines; moreover, these lines do not need to be parallel to the axes;
they do not even need to be right lines.

Example. We saw by 538, 2, that

j;w/z dx T, 1
1+ y2tan?2xz 2 1+ |y|

Hence w2 qx w1 d
J= f v |, W _Tiog2, 1
1+y1tanzx 2 14y 2 8 (

As the integrand is limited in the rectangle (O ;—r Ol), and is discontinuous only

when z = 7 /2, we can invert the order of integration. Hence

J= fﬂ/Z Ixf 7 vr/2d [arc tg (v tan x}]‘
o 1 + JI tanﬂx o

tan x

/3
___};" zdx @

tan x

Thus 1), 2) give }-"/gxd@ ™ log2.
b tanz 2



CHAPTER XIV
IMPROPER INTEGRALS. INTEGRAND INFINITE
Preliminary Definitions

571. 1. Up to the present, we have considered only integrals

j:ff(a:)dx,

in which the integrand is limited, as well as the interval of inte-
gration A = (a, b).

It is desirable to extend the definition of an integral to embrace
integrands and intervals of integration which are not limited.
Such integrals, we said, are called improper integrals.

In this chapter we consider improper integrals for which 9 is
limited, and f(z) is unlimited in 9.

US- I  s s

are examples of such integrals.

2. The reader will observe that the integrand of J is not defined
at 2 =0, and the integrand of K at z=1. When convenient, we
may assign to the integrand at such points any value at pleasure.

Cf. 598.

572. Let f(z) have a finite number of points of infinite discon-
tinuity in 9, 347,
Cpy Cgy * Cppe
We shall call these singular points, and say f(z) is in general
limited in A; or that it is Lmited except at these points. Let us
inclose each point ¢, within a little interval €, containing no other
399
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singular points. Let 8 be what is left after removing the inter-
vals €, from A. On varying the intervals G,, 8 will vary. If for
each choice of B, f(z) is integrable in @B, we say f(z) is regular
in A except at the points ¢, --- ¢, ; or we say f(z) is in general
regular in U.

573. 1. Let f(z) be regular in A = (a, b) except at b. If

lim [ f@)ds, a<p<b, a
p=s V¢

is finite; we say f(z) 8 tntegrable in U, and define the symbol

T= . F(x)dz
to be this limit.
Similarly, if f() is regular in ¥ except at a, and

b
limff(z)daz, a<a<b, (2
is finite; we say f(z) v integrable in U, and define J to be this
limit.

Finally, if f(2) is regular in U, except at a, b, and

limfs"(x)dx, a<ae<B<b, (3

a=a

B=b

is finite; we say f(z) 8 integrable in U, and define J to be this
limit.

When these limits 1), 2), 8) are finite, we say J is finite or con-
vergent. When these limits are infinite, we say J is infinite. If
these limits do not exist, finite or infinite, we say J does not exist.

2. In J=‘£}'dx

we have taken a <b. Precisely similar definitions would apply if

a>b.
Obviously, . s
S Fiw=— | fia. (4
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For, to fix the ideas, suppose f(z) regular except at a, and let
the integral on the right be convergent. Then, if a <a<3¥,

1 a
[ fio=—fFam, by 524,1).
Passing to the limit, we get 4).

574. 1. Let f(2) be regular in % = (a, b), except at &.
For f(z) to be integrable in %, according to the definition just
given, it is necessary and sufficient that

e>0, 8>0, lﬁ?}"'dx —ﬁ‘sfdx|<e

for any pair of numbers 8, 8’ within (b — ¢, ), by 284.

31
Since f o fﬂ f o
e~ Ja T B ’

it is necessary and sufficient that

|[F@ris|<e. a

The integral "
j;f(x)dx, b—-8<B, B <, (2

is called the left-hand singular integral of norm & for the point b.
Similarly, -
ffdx, a<a, & <a+d,

is called the right-hand singular integral of norm 8 for the point a.
We have thus this result:

Let f(z) be regular in A =(a, b) except at an end point, say b.
For f(x) to be integrable in N, it is necessary and sufficient that the
singular integral at b have the limit 0 ; <.e.

13[3‘}(@01“0, a<b—5<B, B <b.

2. When a singular integral such as 2) converges to zero as its
norm § = 0, we shall say the singular integral is evanescent.
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8. Let f(z) be regular in A= (a, b) except at the end points a, b.
For .
T=f f(@)dz

to be comvergent, it i8 mecessary and sufficient that the singular
integrals

a'’ b’
[ faw,  f faw  a<a<ar, ¥ <¥'<b

be evanescent.

It is necessary. Kor, when J is convergent,

B
e>0, 80, ]J—f

Also [J_ i) ’

Adding,
i

Thus the singular integral at a is evanescent. The same is true
for b.
It is sufficient. For the singular integrals being evanescent,

we have - }
e>0, 8§>0, Ja,a 5 j;b

b’ b a'’ b’
S-S 1= L e
(' a"’ a' Y

lim dew, a<a<B<b

a=q, g=bv/ @

<§, a<e<a+d, b—8<pB<b.

<%, a<d <a+d.

<e a<a o <a+8.

<£’

€

Hence

<

Hence

is finite, and hence by definition  is convergent.

575. Ex. 1, S .

- °\/l—z"'

Now, for0<g<1,

d.
F(x) =j;p\/1 fﬁ:amsinp.



PRELIMINARY DEFINITIONS 403

As
lim arcsin g = /2,
J==/2 g=1
The singular integral at 1 is
B dx . .
————=arcsin 8/ — arcsin 8, 1
-’;3 V1 —g? g B (

lim arcsin x = /2,
z=1

the difference on the right of 1) is numerically <e in V(1), for a sufficiently small 3.

Ex. 2.

J= j;ldl
z
Here, for 0<a<1, j‘lfﬁ:—log "
But e
Rlimlog @ =— oo,
a=0
Hence J is infinite, viz. J = + .
The singular integral at 0 is
a"dy o' ) ’
—..10g~7, <o <a’<La.
a' X o
But
lim log =
=0 o'

does not exist, by 321.

Ex. 3.

Now, if 0< <1,

But

Hence 1

576. Let f(z) be tntegrable in A= (a, b), and regular except at
a, b, Let ¢ be any point within A.  Then

b c ~b
T={ fir = [ fir+ [ fio. a
For, since J is convergent,

<f, a<a<a+8; b-8<B<b (2

e>0, §>0, IJ—I’ :
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By 574, 3, the integrals

[ faw, Y

are convergent. We can therefore take § such that also
S-S =L
Adding these last inequalitigs gives
L+ L)-L<5
Adding 2), 8) gives
-(L+S)

From this follows 1).

€
<1

<e.

577. 1. Definition. We can now generalize as follows.
J(x) be regular in Y except at the singular points

a<e << <, 2
If f(2) is integrable in
(a, ¢))y (eg )y -+ (Cpy B),
we say f(z) is integrable in A, and set

j;}dx=j;}dx+j:}dx+---+j:fdx.

2. We can therefore say:

Let f(x) be regular in A= (a, b), except at certain points ¢y, cy -

- C

Le

1

For f(x) to be integrable in U, ¢t s necessary and sufficient that t]

singular integrals at ¢, cy, --- be evanescent.

3. From this follows at once

If f(x) 18 tn general regular and is integrable in U, it is integrad

tn any partial interval of U.
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4. Toavoid confusion and errors of reasoning, the reader should
remember that, when f(z) is not limited in A but yet integrable
in 9, there are only a finite number of singular points in %; and
fis limited and integrable in any partial interval of 9, not em-
bracing one of the singular points.

Criteria for Convergence

578. 1. The integral ,
E= 1@

is called the adjoint integral of

T = . F(@)d.
We write K= Adj.
Let f(z) be in general regular in U. If the adjoint of

J=j;[fdz

8 convergent, J 18 convergent.

Let ¢ be a singular point of f(z). We wish to show that the
singular integrals at this point are evanescent. To fix the ideas
let us consider the left-hand singular integral. By 528,

,ﬁyd‘”ISj;yiﬂd‘”’ c—day<y <o

By hypothesis, the integral on the right vanishes in the limit
8=0. Hence the integral on the left, which is the left-hand
singular integral at ¢, is evanescent.

When AdjJ is convergent in ¥, J is said to be absolutely conver-
gent in Y and f(z) is absolutely integrable in A.

2. Let f(x) be absolutely integrable in N, and in general, limited.
Then f is absolutely integrable in any partial interval of Y.
The demonstration is obvious.

8. The reader should note that f(z) may be integrable in ¥
and yet not absolutely integrable, as the following example shows.
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Let us divide the interval % = (0, 1) into partial intervals, by inserting the points,
Ld ko

In the interval %, = ( :_ 1 1) n=1, 2, ... let us erect a rectangle R, of area

1. Let these rectangles lie alternately above and below the z-axis. In the interval

%,‘, excluding the left-hand end point, let f(x) = height of R, taken positively or
negatively accordingly as R, is above or below the axis. Then f(x) has a singular
point at 2 =0.

We have now,

1 1,1 (=Dm
= = =1 -z .
j;fdx llmf Jdx = l)m fdx lm(l 2+3 R )
Also

f lf|d:c—hm(l+ +;+ +——1)

As the reader probably knows, or as will be shown later, the first limit is finite,
the second infinite, Thus f is integrable but not absolutely integrable in 2.

4. The reader should note this difference between proper and
improper integrals, "
T= [ f(@)dz.

If J is an improper integral, we have just seen that J is conver-
gent if b
_ K= f@)|do
18 convergent.

But if J is a proper integral, we saw in 528, 2, that we could
not conclude the existence of J from that of K.

On the other hand, if J is a proper integral, the existence of K
follows from that of J, by 507 ; while if J is an improper integral,
we cannot conclude the convergence of K from that of J, by 3.

579. 1. The w test. Let f(x) be regular in A = (a, b) except at a.
For some 0 <u <1, and M >0, let there exist a V*(a) such that
(z—a)*|f(2)|< M, in V'*,
Then f(z) ts absolutely integrable in A.

Consider the singular integral at a. We have

Osj:'”|f|dxg (xﬂfd: “ 1]_‘3‘{(‘"”‘“)""—(a’—a)"“}»

which vanishes in the limit, by 299, 2.




is convergent.

is convergent.

CRITERIA FOR CONVERGENCE

2. As a corollary we have:

Let f(x) be regular in A = (a, b) except at a.
For some 0 < u< 1, let

Rlim (z — a)*|f(2)]|

be finite. Then f(z) is absolutely integrable in Y.

Ex. 1. 1
j; logz dx

For, by 464, Ex. 2
e ! ! Rlimz*|logx| =0, >0,
z=0

Ex. 2.
1.1, 1
f x 3sin- dx
0 x

For.
’ NI Ot G |
Rlim z* - ({2 3gin-~
2=0 z

580. Let f(x) be regular in A = (a, b) except at a.
In V*(a) let f(z) have one sign o, while

(x—a)of(z)>M>0.

Then “
J= afd.’l:=0'w.
For, let a<a<c<a+d.
Then . e M ¢c—a
S Fae|> T de = M10g S22
= + o0, when « = a.
Hence .
ﬁfdw:c-oo.
Example. 1 g
J = 1= 22 =4wo
For,

(1 —2)f(z) = 111@ > ;

for x near 1.

=0, I-‘>§-

407
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581. Let f(z) be regular in A =(a, b), except at a.
Let A= lim (z— 0) f(2)

ezist. If f(x) 18 integrable, N must be 0.
Let us prove the theorem by showing that the contrary leads to

a contradiction.
To fix the ideas suppose A >0. Then, for each w such that

O<pu<n
there exists a V;*(a) such that
(@—a)f@>pm  inVyh
Then the singular integral,

[ fdz=+ o, by 580.
Hence f is not integrable in 9.

582. The criteria of 579, 580 admit a simple geometric inter-
pretation.
Consider the family of curves

H ; (—a)y=M, M>0, u>0,

"
in the vicinity BRV*(a).

The curve H, is a hyperbola.

If u<1, H, lies below H,, while
if u>1, H, lies above H|. Further-
more, if 1>u> !, H, lies above H,.
The curves H, all cut each other at
the point z=a+1. As we are only
interested in these curves in the
immediate vicinity of the point z=a,
the point a + 1 lies beyond the range a
of the figure.

The u tests may now be stated as follows:

If in some V*(a), |f(z)| remains below some H, which lies
below H,, f(z) is integrable. If, on the other hand, f(z) has one
sign in 7™*(a), and | f(z)| remains above H,, the corresponding
integral is infinite.

H,
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I= (2 "

The only singular point is 2 =1. Let us apply the u test at this point. Since

1 1
J@)=
\/1—x2 Vi—z vVits

583. Ex. 1.

we see that Liim (1 )*f( ) 1
m - 2) = —-.
==l V2

We may therefore take u = }, and J is convergent.

584. Ex. 2. 1 i
J=fr— ¥ __, 0<k<l.
VD Vad 1.1 — %23

The singular points are 1, L
Consider the point x = 1. gy

Vi 1.1 -k =Ve—1Vr+1.-1—«%3

Hence . 3 1
Rlim (x —1)% f(x) = ——
==l 2(1 = «3)
In the u test we can therefore take u = 4.
Consider the point x = 1
K
As *

Diim (1~ ")*f(’” Vi

K

we can take u = } at this point.
Thus J is convergent.

585. Ex. 3. J=j;’1ogsinxdx, o<z

The singular point is z = 0.

We saw lim sinz _ L
=0
Hence sin x = zg(x),
where
li =1
lim g(z) =1
Thus log sin 2 = log z + log g(z),
and 2# log sin x = z* log = + 2 log g(), n>0.
But limz#logz =0, lim 2+ log g(z) = 0.
=0 z=0
Hence

lim * log sin z = 0.

Thus in the u test, we can take for u any positive number < 1. Hence J is
convergent.,
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596. Ex. 4. J=f ®B2a,  a>o0
0 gm

The singular point of the integrand f(z) is * = 0. In its vicinity V*(0), f(x)
has one sign ¢ =+ 1.
Then, by 579, J is convergent for < 1; and, by 680, it is divergent for u S 1.

587. Ex. 5. J= f"’}i_“ﬁdx, a>0.
0 fead

The only singular point is x = 0. In V*(0), the integrand has one sign ¢ =+ 1.
As

. 8in
lim&n% 1,
z=1 X

we see, by 579, that J is convergent if x <2; and, by 680, that it is divergent, if xS 2

588. Logarithmic tests. Let f(x) be regular in A = (a, b), excepi
at a. For some M >0, \>1, s, let there exist a V}¥(a), such thai

it

(z—a)‘ll 1 . l2 1 "'l.x-l 1 'l«:‘ 1

r—a r—a r—a r—a

@< 3

Then f is absolutely integrable in U.
By 389, 5), for 2> a sufficiently near a, and =1, 2, --

DU o= I 1
o (x_a)llz—-alzz—aml;x—a
Integrating, we have, for a<e' <o/’ <a+ 3,
f’au (iz —- 1 l:li"‘ ”1 — i ,1 ],
a (x_a)llz_a___l:;:_a A—1 o —a o —a

<e€ for 8 sufficiently small.
Thus the singular integral of | f(z)| at @ is evanescent; for

S @lde< b
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589. Let f(x) be regular in A= (a, b) except at a.
Let f(2) have one sign o in V*(a), where

1 1
—a)l e ly— M>0.
@=Lt L af@) > >
Then b
J=‘£fd:v =0 - o.
From 3889, 4), for =1, 2, .-+, and 2> a sufficiently near a,
-Dxls+l 1 = —_{1 1
rT—a —a)l ol
(z—a) ly—a “z—a
Integrating,
f‘ dz c—a
i ] 3 =1l , a<e<le<a+d
(x—a)lj—— - e—a
z—a r—a
H ¢ _
ence ffdx|>Ml,+lc a,
= 4 o0, when «=a.
Hence Teo .o

590. The logarithmic tests 588, 5689 admit a simple geometric
interpretation.
Consider the family of curves

c

Cors y= i T A>1;
(z —a)l Y
ly—a “z—a
and
D
D.; y= 1 1
(z-—-a)llx_an-l,x_a
in RV*(a).

It is shown readily that any C curve finally lies constantly below
any D curve.
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For a given A, the C curves rise as s increases; while the D
curves sink as in the figure.

The logarithmic tests may now be
stated as follows:

If |f(2)| finally remains below some
C curve, f(#) is integrable. On the
other hand, if f(z) preserves one sign
near a, and |f(z)| remains above some
D curve, the corresponding integral is
infinite. -

Properties of Improper Integrals

591. In the following, as heretofore in this chapter, we shall
suppose that the integrands have but a finite number of singular
points in the intervals considered.

When f(z) has more than one singular point in A = (a, b), we
can break U into partial intervals, such that f(z) has a singular
point only at one end of each such interval.

For example, if the points @, ¢;, ¢, are the singular points of
f(2) in %, we have, by 576, 577, f being integrable,

n= [T [0 [ LS
a, ag

where a,, a, are points lying between ——
the singular points.

On account of this property, we may simplify the form of our
demonstration often, by supposing ¥ to have but one singular
point, which for convenience we shall take at the lower end of the
interval.

592. Let f,(z), - fo(2) be integrable in (a,b). Then
) b b
ﬁ(c,fi-}----+c,,f,,)d:v=clj;fldx+m+c,, | Sadz. a

Suppose f; --- f, limited except at a.
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Then, if a<a< b,

S @nt ot efdn=o f fdot ot [ Fude

Passing to the limit, we have 1).
593. Let f(x) be integrable in (a, b). Then

j.‘bf(“’)dx=‘£}d$+£ydz, a<e<b.

If ¢ is a singular point of f, the above relation is a matter of
definition by 577.

If ¢ is not a singular point, the demonstration follows at once
from 576, 577.

594. In A =(a, d) let f(z) be integrable, and
f(@S M.

Then b _
[F@arSMb-a), a<b. a

For, suppose a is the only singular point in 9.
Then, if a< a<b,

[ Fdes Mb— @), by 526, 1.

Passing to the limit ¢« = a, we have 1).

595. Let f(z), g(x) be integrable in (a, b).
Except possibly at the singular points, let f(2)>g(z). Then

j:fdletqu. a

Suppose f, g are limited except at a.
If a<a<d,

f}’dszydx, by 526, 2.

Passing to the limit « = a, we have 1).
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596. Let f(z), g(x) be integradle in (a, b).

FExcept possibly at the singular points, let f(2)S g(x).
At a point of continuity c of these functions, let f(¢) >g(c). Then

‘L'ffdx >~£:)qu.

Suppose f, g are limited except at a.
Let a<a<e<bd. Then, by 527, 2,

'j:ffdx > j:’gdx ;
j:fd:v > j; qu:v.

by 595,

Adding, we have 1).

597. Let f(z) be absolutely integrable in (a, b).

tntegrable in (a, b), and

| [ Fiz|< [ @) da

In 578 we saw that f(z) is integrable in (a, 8).
Suppose f(z) is limited, except at a.
Let a<a<bd. Then, by 528,

| [ ras|< f 171z

Passing to the limit, we have 1).

a

Then f(z) s

a

(2

Suppose ¢y, ¢y, -+ ¢, are the singular points. Then, if ¢,.<a,<c 415

x=1’ 2, cee 8 — y

1 ﬁ}dz=f‘+‘£"‘+---+£-
| forael <[ L]+

Hence

-+ .

<SS\ 1ae+ £ o+ -

2 J. 1\ dz.

by 2),
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598. Let f(z) be integrable in A = (a, b).
Let
J =j;‘bfda:.

We may change the values of f(x) over any discrete point aggre-
gate in A without altering the value of J, provided the new values
of f are limited.

Suppose f limited except at . Let a<ae<?b. Then, by 530, 2,

j:‘bfdz =j;?gdx,

where g is the new function.

Let now a=a. The integral on the left converges to J. Hence

11311:}(1; = [ gdz=1.

599. 1. Let f(x), g(x) be absolutely integradle in A =/(a, bj,
having mone of their singular points in common. Then h=fy is
absolutely integrable in U.

To fix the ideas, let ¢ be a singular point of f, but not of g;
a<c<b. Then g is limited and integrable in V;(e).
Consider one of the singular integrals of |A(z)| at ¢; say the
right-hand one, .
R=J;.y |fgldz, c<q' <qy''<c+d.

Let ® be a mean value of |g(2)| in V(¢). Then, by 531,

R=0{"|/|dz.
But | f(2)| being integrable,

R

lim S f1az=o.

Hence lim B =0,

as @ is less than some positive number M.
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2. In A=(a, b), let f(z) be integrable and g(z) limited and
monotone. Then fg 18 integrable in U.

For simplicity, suppose f is limited except at &, We must
show that

e>0,  §>0, U:dfgdx}q, b—8<o,  d<b.

Now, by the Second Theorem of the Mean, 545,

f?fgdx =g(c+ O)Iffdz +g9(d— 0)~£_dfdx, c<E<b.

But f being integrable in 9(, the integrals on the right are
numerically as small as we choose if 8 is chosen sufficiently small.

600. If f(x),g(z) have a singular point in common, fg may not
be integrable, as the following example shows :

1
V1—a?
Here, by 583, f and g are absolutely integrable in A. On the other hand,

J@)=9(x) =

) A= (0, 1).

Hence, by 580, 2,
flhdx—fld—x—+oo
0 “Jol -2 !

and k is not integrable in (0, 1).

601. Let f(z) be absolutely integrable in A = (a, ). Let g(z) be
tntegrable in A and |g(z)| < G. Then fg is integrable in A, and

| f.foda| <@ [ || da a

For, g(z) being limited and integrable, | g(z)| is also integrable,
by 507. Hence |fg|is integrable in %, by 599. For simplicity,
suppose that b is the only singular point of f(z). Let a<B <.

Then, by 528,
- | _f}yd@ls f;plfyldw

<@f"|f|ds, by b20.
Passing to the limit 8= 5, we get 1).
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602. 1. Let f(x) be mon-negative and integrable in A= (a, b).
Let g(x) be integrable, and

m< g(@)< M.
mj;(fdxgj;[fgdngj;Ifdx; a

Lfgdx = Gj;fdzv G = Meang(z). (2

Then

or

For, as in 601, fy is integrable. If, to fix the ideas, we suppose
b is the only singular point of f, we have, by 529,

m [ Faz< [ fyde< M [Fir, a<p<b,

which gives 1) on passing to the limit 8 =.
Equation 2) is obviously only another form of 1).
2. As a corollary we have:

Let f(x) be non-negative and integrable in (a, b); while g(z) is
continuous. '

Then 5 5
[ rode=go [ Fir, a<p<s.

3. By repeating the reasoning of 634 and using 596, we have:
Let f(x) be integradle and non-negative ; while g(x) 8 continuous
in A. Let c be a point of continuity of f(x), and

Min g(2) < g(¢) < Max g(z), in 9.

Then s .
S fode=g(® f e a<g<b.

603. 1. Let f(z) be integrable in A = (a, b). Then

z
J(x)=ff dz, o, zin YA,
8 a continuous function of z in A.

To fix the ideas, let a <a <z <.

Then z+h
AJ = A Jdz.
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If f(2) is limited in V (),
lim AJ =0 . 1
=0

by 536. If z is a singular point, 1) still holds by 574, since f is
integrable in %.

2. As corollary we have:
Let f(x) be integrable in (a, b). Then

x b
lim [f@yio= [ f@)dn, a<z<b.
604. 1. Let f(x) be integrable in A= (ad). If f(x) is continu-
ous at x
’ d (% .
= j: fdr=f(z), @ zin9.
To fix the ideas, let a<a <2 <b. Since f is continuous at z, this

is not a singular point of f. Let ¢ be chosen so that e <e<z,
while (¢, z) contains no singular point. Then setting

sof omfl K

we have J=C+ K. But, by 537,

dK
iz =f(2).
Hence, since (' is a constant,
dJ _d dK
L= (C+K)y="2= .
dz dx( +4) dz J@)

2. Let f(x) be integrable in U= (a, b). If f is continuous at z,
. 1 z+h .
l:glz‘{; Sf@ydz=f(z), =zinU.
This is a corollary of 1.

605. In A= (a, d) let f(z) be integrable. Let it be continuous
except at certain points ¢, --- ¢, where f(x) may be unlimited.
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If F(x) is a one-valued continuous function in U, having f(z) as
derivative, except at the points c,

" [ F@da=F(b)— F(a). (1

Suppose f(z) is continuous except at a.
Let a<a<b. Then, by 538,

[ fdw= FB)— F (o). @
Since # is continuous,
lim F(e) = F(a).

a=a

Passing to the limit in 2), we get 1).
Suppose now a and ¢ are points at which f is discontinuous. To

fix the ideas, let a<a<le<h.

Then j;b=£a+£¢'+£b‘ (3

Now as just shown,
ﬁ = F(a) — F(a),
[ =F@) - Feo,

[=F0) - Fo).
Adding, we have 1) from 3).

Ex. 1. ,
* ‘f ! (»lf”—— = [arc sin x] =
'v1—
Here 1
S(x) =
V1 — g2

is integrable in Y =(— 1, 1). Its points of discontinuity in A are x = + 1.

F(x) = arcsinz

is one-valued and continuous in %A, and has f(x) as derivative.

Ex. 2. jlxg— __]

This result is obviously false, since the integrand is positive. The integrand is

not an integrable function in (— 1, 1), by 580.
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Change of Variable
606. 1. Let f(z) be in general regular in A= (a, b) a§b. Let
u=¢(2)
have a continuous derivative ¢'(z) +0, in A. Let B = (a, B) be the
tmage of A, and let ()

be the inverse function of ¢. Lf either

J.= [ f@)dz, or J,= [ F¥ @Y (w)du

18 convergent, the other i8, and J, = J,.

By hypothesis the points of %, 8 stand in 1 to 1 correspondence.
To fix the ideas, let f be regular except at a. Let ¢, v be corre-
sponding points in %, B. Then, by 543,

S r@ds=FIvwlv @ a

since f() is limited and integrable in (¢, 8). If now ¢=a, y =q,
and conversely. Thus if either integral J, or J, is convergent,
the relation 1) shows that the other is, and both are equal.

2. In B=(a, B), a§ B, let z = () have a continuous derivative
which may vanish over a discrete aggregate, but otherwise has one
sign. Let A= (a, b) be the image of B. Let f(z) be in general
regular in A. If either

J,= ‘]2'[ f(@)dz, or J,= f% FI¥ ) ¥ (w)du

18 convergent, the other i3, and J,=J,,.

We employ the reasoning of 1, with the aid of 544.

607. Ex. 1. 1 gz

‘Vi—a

Let 2 = sin u = y(u).

Here y' is positive in 8 =(0, v/2) except at x /2.
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Also
Ju= j;”/ "du =

Obviously Jy is convergent. Hence, by 606, 2,

Ja=7/2,
a result already obtained.

Ex. 2. 1
Jo= j; dw . e<l
V(I =23 — «%?)
Let .
X =s8lnu.
Then

2
Ju=j:)"/ du .
V1= Zsin?u

But the integrand of J, is continuous in (0, r/2)=B. Hence J, is finite.
Therefore J; is.

Both these examples illustrate how, by a change of variable, an
improper integral may be transformed into a proper integral.

Second Theorem of the Mean
608. Let f(z) be integrable in A= (a, b). Let g(x) be limited

and monotone in A. Then

J=j:fgdx=g(a+0)j:fdx+g(b_ 0)j;°fdz, a
where a<E<D.

We assume that g(a + 0), g(b — 0) are different, as otherwise 1)
is obviously true.

Let us suppose first, that f is regular in % except at a. Then, by

545, 1), a<a<bd

S Fodn=g(at 0) [ fir+9(@) - 195~ O —g(a+0)f, (2

where ¢(«) is a mean value of

[ ts,  a<z<b. (3
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In 2) let a=a. We have
lim g(a+ 0)=g(a + 0),

tim f il = [z,

As all the terms in 2), except ¢(a), have a finite limit, it follows
that ¥ («) must have a finite limit 9. Hence

S fgdz=g(a+0) [ flz+ 91— 0)—ga+ O} (4

Reasoning now as we did at the close of 545, we arrive at
equation 1).
Suppose mext, that f is regular in 9, except at a, . Then if

a<B<b,
S Fodw=ga+0) [ Fdz + 9,(8) 198~ 0) —g(a+ O},

as we have just seen in 3).
Passing to the limit, we have, as before,

S fydz = g(a+0) [ fdz + 51 9(b — 0) — g(a+ 0)}.

This may be transformed as before, giving 1) also for this case.
Let us suppose finally, that the singular points of f are

Cpy Cgy *+* Gy

=j:'+j:’+ +j:.

If a or b are singular points, the first or last integral may be
discarded.
By the preceding,

J:l= g(a+ O)jj"fdz +9(e,— 0)£c7dz

=9(a+0) {f—j;} +9(e—0) {ff—f}

Then
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Similarly,

S moerolf =g ) roa-o{f-f]

[ st o[- oo £~
f=seeo{f-f ) ess-of];

Adding all these equations, we get, setting ¢, =a, ¢,,, =b:
T=g(a+0 [ +3 (st +O—gie.-0 | [
=1 *
s b
+3 {sCn =0 g+ 0 [ f]
=g(a+0)£b+S+ T. ¢

Now m, I denoting the extremes of the integral 3),

m3 {g(e,+ 0)— gle, — )< S<MEfg(e, + 0)— g(e, — 0)}

-

ME§9(Cer— 0 —9(e, + IS T<ME {g(en— 0)—g(e, + 0)}.
Which added give

m(g(t—0)—g(a+0))<8+ T<M(g(—0)—g(a+0)).
Thus 5) gives

I=g(a+0)f +9(g(b~0)— g(a-+0).

This is an equation of the same form as 4). Thus reasoning as
we did on 4), we get 1).
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INTEGRALS DEPENDING ON A PARAMETER
Uniform Convergence

609. Let f(z, y) be defined over a rectangle B =(a, b, ¢, B8), B
finite or infinite, and be unlimited in B. Let A= (a, b), B=(a, B).

For each y in 9, let “w
Ty =, f@ y)dz

be convergent. Then J is a one-valued function of y in 8.

As in Chapter XIII, we wish now to study o with respect to
continuity, differentiation, and integration, restricting ourselves
to certain simple but important cases.

610. 1. For brevity we introduce the following terms. We
shall say f(zy) is regular in R = (abef), 8 finite or infinite, when

1°. f(a2y) has no points of infinite discontinuity in R.

2°. f(zy) is integrable in A = (a, ) for each y in B = (a, B).

When B is finite, we shall sometimes need to integrate f(zy)
with respect to y. In this case we shall also suppose

3°. f(zy) is integrable in B = («, B) for each z in U.

For example, f(x, y) = ysin x is regular in R.

If B is finite, f is limited in B. If 8 =, f is not limited in R although it has
no points of infinite discontinuity.

2. If f(ay) is regular in R, except that it may have points of
infinite discontinuity on certain lines z=a,, --- z=a,, we shall
say f(xy) is regular in R except on the lines x = ay, ---; or that it 18
tn general regular with respect to x.

3. Let f(zy) be continuous in R except on certain lines
T=ay, =0, Y=0a, - y=a,

On the lines z = a,, --- it may have points of infinite discontinuity ;
on the lines y = «, .- it may have finite discontinuities. If f(zy)
is otherwise regular, we shall say it is simply regular except on the
linesx=ay - z=a,; y=a, - y=e,; orthat it 18 simply irregu-
lar with respect to z.

Thus the simply irregular functions are a special case of the
functions which are in general regular.
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4. The lines z=a,, --- z=a,, on which f(zy) may have points
of infinite discontinuity are called singular lines.
The integrals " ass
(" faz, f “fdv >0, arbitrarily small
are called the left and right hand singular integrals relative to the
linesz=a,:t=1,2..r

5. In 609 we made the formal requirement that f(zy) should
be defined at every point of R. It usually happens in practice
that f is not defined at its points of infinite discontinuity. Such
is the case in such integrals as

dz % — a?
Vzy @+ yH)?
It is, however, easy to satisfy the above requirement in all the
cases we shall consider; for, by 598. the value of

dz, fx”“ log" z dz.

JoF @ pyaa

is not affected by a change of the value of f at points lying on
the lines z = a, --- subject to the restrictions of that theorem.

6. This fact may also be used to advantage sometimes to sim-
plify f(z, y) by changing its value at points lying on these lines.

611. 1. Let f(zy) be regular in R = (abaf), B finite or infinite,
except on z = ay, -

If the singular integrals relative to these lines be uniformly
evanescent in B, we say

b
J = £ Sz, y)dz
is uniformly convergent in B.

2. If J is uniformly convergent in the intervals 8, :-- B, it is
obviously uniformly convergent in their sum.

3. If J is the sum of several uniformly convergent integrals in
B, it is itself uniformly convergent in 8.
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4. Let f(zy) be in general reqular with respect to x in B=(abef),
B finite. If J is uniformly convergent in B, it is limited in B.

For simplicity suppose z = is the only singular line. Then
Ifbfdxi <a, uniformly in B.
b,

But in the rectangle (abd'ef),

|f(zy)| < M.
Now J— J;’b' +J:-
Hence |T| < M(b— )+ o

612. Let f(zy) be regular in R = (abeB), B finite or infinite,
except on z=>b.
The singular integral

[ Fayydz, b <b <8, a
n
18 uniformly evanescent in B = (e, B) if

If(xy)|_<_¢(fv), in Y= (bov b)a
and ¢ is integrable in A'.

For, f(zy) being limited and integrable in (¥, 3"), where
b < b" < b, we have for any y in B

|f}dZ's jb‘ "|71dz, by 528

b .
< fb édz, by 526, 2.

But ¢ being integrable in A’, we can take b, so near § that the
last integral is <e. But as this is independent of g,

’ j:}(xy)dxl <e¢  in B.

Hence 1) is uniformly evanescent.
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613. Ezample. Let us consider the integral
”
J:j; log (1 —2ycosx+ y3)dx ¢!

for values of y in B =(e, B8), B finite. The integrand f(xy) is continuous except at
the points
r=mr, y=(—-1m™ m=0, +1, -

by 560, Ex. 2. Let us first consider the singular integral
S:j;a:fdx, 0<a'<3d

relative to the line x = 0. Since y =1 is the only point of inflnite discontinuity on
this line, we may restrict ourselves to an interval ' =(1 — o, 1 +¢). We set

y=1+h, [h| Lo

=(" - M
S_j; log{2(1+h)(1 cosz+2(l+h)) }dz

Then

=log2(1 + h) j;a‘dx + j;a'log (1 — CO8 X + éa%h—))dx

=S1 + Sz.

Obviously §; is uniformly evanescent in B'.
To show that S; is uniformly evanescent, we observe that

|log(1—cosm+ < |log(1 —cosx)|,

h? |
2(1 + h))
since log x increases with «, and is negative for small values of the argument. We
apply now 612. To this end we show that

¢(x)=log (1 — cosz)

is absolutely integrable in (0, a'), using the u-test.
Now in 4564, Ex. 1, we saw that

Rligm"log(l—cosac):O, 0<pu<l.

Hence | ¢ | is integrable, and S, is uniformly evanescent. Hence § is uniformly
evanescent not only in 8/, but in B.

The same reasoning may be applied to the singular integral relative to the line
z =m. Here the only point of infinite discontinuity is y =— 1.

Hence, by 611, 2, the integral J is uniformly convergent in 8.
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614. Example. Let us consider the integral
J =j;lxv-1 | log x|"dz, nso0. a
We show flrst that it ¢s convergent only for y > 0.
For, let y>0. Applying the u-test, we have
lim z» . 2v-1]log z | * = lim A | log x|*, A>0
=0

=0, by 4564, Ex. 2,
for properly chosen 0 < u < 1.

Hence, by 679, J is convergent.
LetyZ0. Then 1o w-1jlogz|n=limzAllogz|n, AZ0

=4 oo,

Hence, by 680, J is divergent.

Let0< ¢ < 8. We show that J i3 uniformly convergent in B =(ea, 8). In the
first place we note that the integrand is continuous in R =(0, 1, «, 8), except on
the line z = 0, where it has points of infinite discontinuity. We have, therefore,
only to show that the singular integral S relative to this line is uniformly evanes-
cent. To this end we use 812. Now

xv-1|log z|" < xa—1|log x|", y>da.

But we have just seen that
$(2) = 2e-1|log z|. (2

is integrable. Hence S is uniformly evanescent in 8.

615. Let f(zy) be regular in R = (abeB), B finite or infinite,
except on x="5. The singular integral
b
[ Fayyds,  b<s,
8 uniformly evanescent in B = (o, B), if

f(zy) = d(2)g(zy), in By=(8-8,8, e, B);

where 1° ¢(z) is integrable in A' = (b— §, b);
2° g(zy) 18 limited in Ry, and integrable in any (b— 8, b'"),
b'" < b, for each y in B.

For, by 2°, |9(ey) | < M.
Then by 1°, there exist for each e >0, a >0 such that

| sG] < - a
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Then for any y in B,

7| = f g0

<M’£b"¢dw|

<e by 1).

Continuity
616. 1. Let f(zy) be regular in R = (abaB), B finite or infinite,
except on the lines x=a,, --- z = a,.

1°. Let the singular integrals relative to these lines be uniformly
evanescent in B = («, B).

2°. Let 0, finite or infinite, lie in B, and
lim f(zy) = ¢(2) uniformly
=

in A= (a, b), except possibly at t=a,, - r=a,.
8°. Let ¢p(x) be integrable in A. Then

lim [ F(ay)da= [ lim f(ay)dz = | $(x)de. a

For simplicity, we shall suppose there is only one singular line,
viz. z=b; we shall also take n = oo.

Let »
D= [1/(y) - $(2)}d.
We wish to show that

e>0, @ |D|<e  foranyy>@Q.

Now

D =‘£b/§f($.’l/) —¢(2) }dz + L?fdx —j::j;dx, b <B,

=.D1+D2+.D8-
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Now by 1°, 3°, the last two integrals are numerically <¢/3, if &
is sufficiently near &, for any y. On the other hand, if & is suffi-
ciently large, we have for any y > @,

ey 9| < 5550

for every z in (a, '), by virtue of 2°.
Hence |D;|<e¢/3. Hence

|D|<e y>Ga,
which establishes 1).

2. Let f(zy) be regular in R = (abaB), B finite or infinite, except

on the lines v = a,, --- v = a,.

1°. Let the singular integrals relative to these lines be uniformly
evanescent in B = («, B).

2°. Let n, finite or infinite, lie in B, and
lim f(z, y) = $(x) uniformly
y=n

in A = (ab), except possibly at = a,, - z=a,.

Then .

J= ]imf S(zy)dx exists.
y=y V¢

8°. Let ¢(z) be tntegrable in A. Then
b b b
lim zy)dz= ) lim f(zy)dz= z)dz.
im [ fay)de = f lim fay)dr= f $)
We need only show that j exists, since the rest follows by 1.
Let us suppose, to fix the ideas, that 2 =25 is the only singular

line, and that 5 = oo.
Then

D= ["if(@ y)~ @ y")ida

=£b’§f(z, Z/’)_f(iv, y’l)gdx-{-ﬁff(x, y')div—-‘l;‘bf(x, y”)dx
=D1+-D2+Da.
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But by 1°, there exists a 4’ such that

| Dyfs | Dyl <e/4
for any y in 8.
By 2°, we can take v such that for any z in (a, 8')

[f@p — (@) | <5 y>n-

4(6 )’

|f(2, ¥ — (= §'DI< 57—
for any ', y" >«, and z in (a, ¥').
Th
o |1 Dy| < e/2.

Hence
2(b

H
enee |D|<e, for any y >w;
and the limit 5 exists.

617. 1. In 561 we have defined the term f(z, y) as a uniformly
continuous function of y in B. It may happen that f(z, y + &)
converges to f(zy) for each y in B and any z in U, but that the
uniform convergence breaks down at points lying on the lines
x=a, - x=a, In this case, we shall say f is a regularly con-
tinuous function of y in B. 1f f(z, y + k) converges uniformly to
S(zy) except on z=a,, ---, where it may not even converge to
S(z, y), we shall say that f(zy) is a semi-uniformly continuous
Sunction of y.

In both cases, we can inclose the lines z=ay, --- in little bands
of width small at pleasure but fixed, such that the convergence is
uniform in B, when z ranges over U, excluding values which fall
in the above bands.

2. It may happen that f(z, y) is a regularly or a semi-uniformly
continuous function of y in B except on the lines y =a, .- y = «,
We shall say in this case that f is in general regularly or semi-
uniformly continuous in y.

3. We wish to make a remark here which will sometimes per-
mit us to simplify the form of a demonstration without loss of
generality. In questions of uniform convergence or uniform con-
tinuity, the uniformity may break down at points lying on certain
lines z=a,, - z=a,. In this case we may count such lines as
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singular lines. When 8 is finite, and no points of infinite discon-
tinuity lie on these lines, their singular integrals are obviously
uniformly evanescent in 8.

618. 1. As corollaries of 616 we have, using 611, 4:

Let f(zy) be in general regular with respect to x in R = (abeB),
B finite.

Let f(zy) be a semi-uniformly continuous function of y, except at
Y=0g o Y= .

Let T(y) = J Fay)dz a

be uniformly convergent in B = (afB).
Then J 18 limited tn B and continuous, except possibly at o, - a,.
2. Let f(xy) be continuous in R, except on z=ay, - x=a,.
Let 1) be uniformly convergent in 8. Then J is continuous in B.
619. Ex. 1. The integral
J.—_};’r]og (1—-2ycosx + y?)dx
is a continuous function of y in any interval 8 =(«g). For the integrand is contin-
uous in (0, =, &, 8), except on the lines x = 0, x = =. In 613 we saw J is uniformly

convergent in 8. Hence, by 618, 2, J is continuous.

Ex. 2. The integral 1
J.—.f wv-1|log y ["dx
0

is continuous in (&, B8). I<a<p.
This follows from 618, 2, and 614.

Integration

620. 1. Up to the present we have been considering the case
when the singular integrals

8. = [ Fay)ds

relative to a line z = ¢ are uniformly evanescent.
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For the purpose of integrating

T(y) = J. fay)de

with respect to the parameter y over a finite interval 8 =(a, 8),
we can take a slightly more general case.
As before, let f(xy) be in general regular in R = (abeB). To
fix the ideas, let us consider the left-hand singular integral at e.
Suppose now that for each e >0 there exists a § >0 such that
for any y in B* = (a, 8*),

|8.| <ea(y)

for every ¢’ in (¢— 6, ¢). Here o is regular in 8 except at B, and
is integrable in B; it is also independent of e. In this case we
shall say this singular integral is normal. Similar remarks hold
for the right-hand singular integral at c.

2. Obviously, if the singular integrals at ¢ are normal, they are
uniformly evanescent in any partial interval («B") of 8.

Also, if the singular integrals at ¢ are uniformly evanescent in
B, they are a fortiori normal.

3. When the singular integrals of

b
T={ Foy)iz
are normal, we shall say J is normally convergent in 8.

4. If the singular integrals at ¢ are normal, there exists for each
€>0,a 6>0, such that .
.fA"dy‘f;fdz'Se,

Jor any ¢ in (¢— 38, ¢) or (¢, ¢+ 8), and any \, p in B.
To fix the ideas consider only the left-hand singular integral.

Then . e (y)
where
-] —
S=£ o'd:l/ >‘£ ady.
Hence

IRAEATA

<& f"<e
A

<f“
YA
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621. Let f(zy) be in general regular with respect to z, in
R =(abeB), B finite.

1°. Let f be in general a semi-uniformly continuous function of
yin B=(a B).

2 Lot I(y)=f, Fapis

be normally convergent in B.
Then J 18 integrable in B.
To fix the ideas let x =0 be the only singular line. Since the

singular integral.is normal in B, it is uniformly evanescent in any

(ay), vy < B, by 620, 2. Hence, by

618, 1, J is integrable in (e, ¥). BEE T
To show that </ is integrable in ¥y

B, we have only to show that o

o
T=|" Jdy,

e
B—n<B<B'<B,

converges to 0 as n = 0.

B Y o o A o S BN

But, by 620, 4, there exists a &' such that

| Ty <€/2, b <d,
however 8/, 8" are chosen.
On the other hand, f(zy) being by hypothesis limited in any

(a, ¥, & B), b'<d.

"
S fdz| <M.

We can therefore choose 7 so small that

| Ty < e/2.

Hence 1) shows that for each e> 0, there exists an % >0, such

that
1T <e

for any pair of values 8'8" in (8 — 7, B*).
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Inversion

622. 1. Let f(zy) be in gemeral regular with respect to z, in
R=(aba,3).

1°. Let the singular integrals be normal.

2°. Let f(zy) be in general a semi-uniformly continuous function
of y in B.

8°. Let inversion of the order of integration be permissible for
any rectangle in R not embracing the singular lines.

Fhen x=f ayf fiw, L=J da f fity

exist, and are equal.

For simplicity, let us suppose z = b is the only singular line.
By 1°, 2°, and 621, the integral K exists.

By 8° lﬂdyj;b:fdz=~£bidx aﬂfdy. b—8<b <b. (1

But f’l";i‘”ﬁ”-ﬁ”ﬁ", since K exists,
-x—f"f" (2

S S -x= 108

<e, by 620, 4

Hence 1), 2) give
G

if 3 is taken sufficiently small.

Now, by 603, 2, j‘:bj;ﬁ _ lbi(glbj;bj:p'
b f -

2. Let f(zy) be simply irregular in R = (abaB) with respect to x
Let the singular integrals be normal. Then

J: ady‘ﬁbf'dx, j‘:bdxj:fifdy

exist and are equal.

Hence, by 3),
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This is a special case of 1. For, by 617, 3, f is in general a
regularly continuous function of y. Thus condition 2° is satisfied.
That condition 8° is fulfilled follows from 570, 1.

623. Example. We saw, 576, Ex. 3, that

. 1
-1 —_—
} p ¥z = s Y >0.
Hence for 0 < ¢ < B8,
B (1 Bdy 8
ry~1, = L= —
Ldyj; -l = L ik log @ Q
We can, by 622, 2, invert the order of integration, since
_’;azv—ldx, 0<a

is uniformly evanescent in (e, 8) by 614.
Thus 1) gives, inverting,

logE 5‘ dxyﬂTV'ldy j‘lxﬂ 1 z«—l de @
log z
For o = 1, this gives
Igp-1—-1,
j; Tog dx = log B. ¢

If we set here g8 = 2, it gives

g —1
dx = log 2.
.fo logx z =08 #

624. We give now an example where it is not permitted to
invert the order of integration.

‘We have for all points different from the origin,

2 g3
DX =_V-r
2?2 +y? (22 +y?)?

DY #—
'1ﬂ+y2—(x’+y2)"

4=l e ] = et

*‘f j;(x’;;:)ﬂ fdx[zuyﬂ] _—j;l+x’ =-7

Hence 4, B are both convergent ; but they are not equal.

Thus
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625. 1. Up to the present we have supposed that the points of
infinite discontinuity of the integrand f(zy) lie on certain lines
parallel to the y-axis.

We consider now a more general case.

Let us suppose that these points of infinite discontinuity do not
lie only on a finite number of lines parallel to the y-axis, but that
it is necessary to employ in addition a finite number of lines par-
allel to the z-axis.

To fix the ideas, let these lines be

T=ay o T=q,; Y=0p - Y=, a

If f(zy) is otherwise regular, i.e. if properties 2°, 8° of 610, 1
hold, we shall say f(zy) is regular in R except on the lines 1), or
that it is in general regular with respect to z, y.

2. Similarly we extend the term simply regular, viz.: If f(zy)
is continuous in R except on a finite number of lines parallel to
each axis, say the lines 1), where it may have points of finite or
infinite discontinuity ; if, moreover, it enjoys properties 2°, 8° of
610, 1, we shall say f(zy) is simply regular in B except on the
lines 1), or that it is simply irregular with respect to z, y.

3. The lines y =«,, --- are also called singular lines, and the
integrals
fa, "fdy

are singular integrals relative to the lines y=a,, m=1,2... s.

4. In accordance with the present assumptions, we should
modify the definition of normal singular integrals given in 620, 1,
8o as to allow o (y) to have singular points at «;, - a,.

As an example, consider

f(zy)= !

V@-0u =B

Here every point on the lines 2 = b, ¥ = 8 are points of infinite discontinuity.

If R =(a, b, a, B), a<d, @< B, we see at once that f is continuous in R except
on the above lines. Obviously, f is integrable with respect to z or y in B. Thus f
is simply regular in R except on the linesx =b, y = 8.
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626. 1. Let f(zy) be regular in R = (abaB), except on the lines
z=a1, TR Y= 0 e Y=

1°. Let it be in general a semi-uniformly continuous function of y
in B =(aB).

2°. Let the singular integrals relative to the lines z=a,, --- be
normal in B.

3°. Let the singular integrals relative to the lines y = ay, --- be
uniformly evanescent in any interval of A = (abd), not embracing the
points ay, - a,.

4°. Let any integral fﬂ'dy j{:l.'f iz

admit inversion if the rectangle (a'b'o/ B') does not embrace one of the
singular lines.
[

Then T@)= . f@ gy
18 integrable in B.

For simplicity, let us assume that there is only one singular line
z=2>, and one line y = B.

We observe, first, that J is integrable in any (e8'), 8/ <8 by

1°, 2° and 620, 2, 621. Therefore, to show that J is integrable
in B, it suffices to prove that, for each ¢ >0 there exists an 5 >0,

such that "

is numerically < e for any pair of numbers 8’8" in € =(8— 9, B).

Now T=ﬂhyfa}dx=£”"‘faﬂ£"£"=T,+T,. a

But by 2° and 620, 4,
ub by < an |T,| < e/2

if ¥ is taken sufficiently near 4. Suppose &' so chosen and then
fixed.

On account of 4°, 7= f”’j‘""
= .
a Jg

By virtue of 3° we can take 5 >0 sufficiently small, so that

8" .
“!‘; fdy! < Ezbf——aj’ in (a, b').
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Henos 1T, < e/2.

|T|<e, for any A8’ in @.
2. Let f(zy) be simply regular in R = (abeB), except on

L=y - Y= 0y

Therefore

1°. Let the singular integrals relative to z = ay, --- be normal in B.
2°. Let the singular integrals relative to y = a,, --- be uniformly
evanescent in any interval of A not embracing the points ay, --

Then s
T =, F(z y)da
18 integrable in B.

For, conditions 1°, 2°, 8° of 1 are obviously fulfilled.
That 4° is satisfied, follows from 570.

627. 1. Let f(xy) be regular in R =(abaB) except on the lines
T=ay, o T=0,5 Y=gy o Y=

1°. Let the singular integrals relative to the lines z=a,, .- be
normal.

2°. Let the integral fii:v 5‘. dy

admit inversion, if (¢, d) does not embrace the points a,, a,, ---
3°. Let s b
K= dyf iz
a a
be convergent.

Then I fdx iy

18 convergent, and K= L.
For simplicity, let =254, y=8 be the only singular lines.
Then, by 2°,

S ax iy = fay [ ran,  b-8<b <. a
=‘£5 ‘L‘ b—j‘:ﬁﬁb, since K is convergent.
-x—f" fb ' @
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But, however small ¢>0 is taken, we may take >0 so small that

e wims @

From 1), 2), 3) we have

= K]<e, b—8<b <b.

=f =i f "=k

2. Let f(xy) be simply regular in R = (abeB), except on z=a, ---,
y=a -

1°. Let the singular integrals relative to the lines z = a, --- be
normal in B.

2°. Let the singular inteyrals relative to the lines y = a --- be uni-
Jormly evanescent in any interval of U not embracing the points a, -

Then the integrals

j;ﬁ;lyl_bfdx, ‘!:bdw :fdy

are convergent and equal.

But then

For condition 2° of 1 is satisfied by 622, 2 if we replace z by y
in that theorem. Condition 3° is fulfilled by 626, 2.

628. Ezample. As an application of 627, 2 let us consider
B b dx
fuf e we>o
The singular lines are x = 0, y = 0.
The singular integral relative to 2 = 0,

8= gL
0\/2_:&

is normal in 8 = (0, 8). For,
1 (odx
S=—\ —==éoy
VAN ()N
setting

= (%, o= L.
= ew= .
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Here, for any ¢ > 0, there exists a § > 0 such that ¢/ <e¢, for any 0 < a < 8.

the other hand, ¢ is integrable in B,
The singular integral
= (9
° Vay

relative to y = 0 is uniformly evanescent in any (a, b), a>0. For,

r<-L (%,
va’? Vy

But for any ¢ > 0 there exists an oy > 0, such that

f“‘l-" <eVa, 0<a<oo
vy

Hence T<e for any o < &,
Thus the conditions of 627, 2 being fulfilled, both integrals

f f dx_ j‘ B dy
o o \/:ry o " \zy

are convergent and equal.
This result is easily verified by actually evaluating these integrals. For,

Vay Vit vz vy

f”j _2\/‘5'3‘1”—4\/73, ete.

5» dz _ 1 (*de _2Vh,
0

Hence

Differentiation

441

On

a

629. Let f(zy), f,(xy) be regular in R = (abaB), except on the

lines z=a,, - z=a,.

1°. Let f), be a semi-uniformly continuous function of y in B= («B).

2°. In the elementary rectangles (a,— 7, a, + T, a, B),

let
lfz//(xy) I < ¢’¢($)’ t=1,2 . 1,

the ¢ s being integrable in (a,— &, a, + d).

Then
a_d = i
3=y f S(zy)dz = f Si(zy)dz,  in B.

¢!
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For simplicity, let z =5 be the only singular line, and let f} be
uniformly continuous in %A = (a, b), except at 5. Then

bf(x~7/+k)—f(2”.’/) dz, |h| <8
Ay @

= l: Sy (z, m)dz, by Law of Mean

b b
= [ Fiayriz + 1 fiam) - fizy)ida
=‘£?f;(xy)dx + D. @

D=‘£b§f,',(x7l) —f,’,(xy)}dx=£b'.*_£°=1)1+pz.
fiam) = fy(2) | <2 ().
|y <2 f) pa <,

But

Also, by 2°,

Hence

provided &' is taken sufficiently near &.
On the other hand, f, being uniformly continuous in ¥’ = (a, 8’),
we can take & so small that

|fo (s 1) — Sy (2, y)|<2(b 5" in 9.

Then IDII < 6/2-

Hence | D| <, for any || < 8; and 1) follows at once from 2).

630. Example. As an application of 629, let us consider the integral
1
}; 2v-1]og" x dz, n S 0, integral,

which was taken up in 614. The integrand
J(ry) = wr-Vlogre
is not defined for x = 0. Let us give it the value 0, when z =0. Then
Sy(x, y) =xv-1logntlz for x>0
=0 for z = 0.
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Then f and f, are simply regular in B = (0, 1, e, 8), >0 except on the line
z =0. Moreover, fy is a uniformly continuous function of y in 8 = («, 8), except
possibly on the line x = 0. It is therefore a regularly continuous function of y in 8.
Thus condition 1° of 629 is fulfilled. Condition 2° is also satisfied, as 614, 2) shows.
Hence if we set

J= ﬂ)lﬂ"l dz,

we get, by 629, 1
%‘—2: 5; xv-llogz dz;

or differentiating n times,

arJ 11
—= v-1]ogn x dx. 1
el (
But, by 575, Ex. 3, 1
J=1.
Y
Hence "
T | 2 @
dyn yn+l
Comparing 1), 2), we get
"v-tlognx dr = (— 1)n 2! >0 3
0) T yn+l’ v :

631. 1. By using double integrals, we can obtain more general
conditions than those given in 629, for differentiating under the
integral sign in

T = Fay)da.

For example, the following.

Let f(z, ¥), fy(z, y) be in general regular with respect to z in
R = (abeB).

1°. Let fi(zy) be a semi-uniformly continuous function of y in

B=(xH).
2°. Let b
9= fafé(zy)dz

be uniformly convergent in B.

3°. Let yan ,
S ay f i e (hl<s

admit tnversion.
Then

dJ b .

e [ Fi@ydr, . a
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For,
ﬁ‘% %{ﬁ @ g+ M =1 y)]dz}

- .}; Sax [ fiz 9dy, by 605, 610, 6
y+h b
=%‘£ dy [ fidz by B

= % £y+hy(y)dy- (2

But by 1° 2° and 618, 1, g(y) is continuous in 8. Thus on
passing to the limit A =0, in 2), we get 1), using 537, 2.

2. As a corollary of 1 we have:
Let f(xy), f,(xy) be regular in R = (abeB), except on the lines

z=ay, - z=a,
Let f,(zy) be continuous in R, except on these lines.
Let

b
j{: S, (zy y)dz
be uniformly convergent in B = (e, B3).

Then
d 5, .
d—yj;f(xy)dx = j‘:fy(xy)dx, m B.



CHAPTER XV

IMPROPER INTEGRALS. INTERVAL OF INTEGRATION INFINITE
Definitions

632. 1. If f(#) has no points of infinite discontinuity in
A= (a, ©), and is integrable in any partial interval (a, ), of ¥,
we shall say that f(z) 8 regular in A. If on the contrary, f(z)
has a finite number of points of infinite discontinuity ¢, ¢;, - in
A, but is integrable in any partial interval (a, b), we shall say
J(x) is in general regular in Y. The points ¢, ¢y -+ are singular
points.

Let f(z) be in general regular in 9. Let us consider

lim f 7(2)d, a

z=w

which we denote more shortly by

f,, F(z)dz, @

and which is called the integral of f(z) from a to + o, or the
integral of f(x) in A.

If the limit 1) is finite, we say the integral 2) is convergent or
that f(z) 8 integrable in . If the limit 1) is infinite, the inte-
gral 2) is divergent. If the limit 1) does not exist, i.e. if it is
neither finite nor definitely infinite, the integral 2) does not exist.

If [f(2)| is integrable in A, f(z) is absolutely integrable in U,
and the integral 2) is absolutely convergent.

2. We make a remark here which will often enable us to sim-

plify our demonstrations, without loss of generality.
445
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If f(z) is in general regular in A= (a, ©), we can take b so
large that f(z) is regular in (b, ©). But the integral

' j:f(x) dz

has been treated in Chapter XIV. We have thus only to consider

S r@ria,

in which the integrand is regular. We may therefore often as-
sume in our demonstration, without loss of generality, that f(z)
is regular in 9.

Ex. 1.
f zdr_ 1; it is convergent.
1 x2
For,
1imf’@=1im (1 _1) =1
z=0J1 22 x
Ex. 2.
dr _ + ®; it is divergent.
1 z
For,
limj‘xd—gc = lim log x = + .
r=0Jl Z
Ex. 8.
j; cos xdx does not exist.
For, .

. x . .
llrnj cos xdr = lim sin 2
Z=0J0

does not exist.

633. 1. General criterion for convergence.

Let f(x) be regular in A = (a, ©). For
:;"d:::

to be convergent, it i3 mecessary and sufficient that, for each ¢>0,
there exists a G> 0, such that

j;pfdx’ <e @

SJor any pair of numbers, o, BS G.

This is a direct consequence of 284.
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2. The integral 2) is perfectly analogous to the singular inte-
grals considered in Chapter XIV. It is convenient to call it the
singular integral relative to the point = oo; and also to call this
point a singular point.

Instead of 2) it is convenient at times to call

l f@)dz, 5> @, @3

the singular integral. The integrals 2) and 38) are obviously
equivalent.

3. Let f(z) be regular in A = (&, ©). If f(x) is absolutely inte-
grable in Y, it is also integrable in A.

For by hypothesis "
Slf@de<e,  G<a<p.

But in any given (e, B), f(z) is integrable by hypothesis and

S 7as|< [1F1dz, by 528, 1.

4. The reader should note that an integral may be convergent
and yet not absolutely convergent. Thus

“sin z
f dz
0o "

converges for 0 <pu <1, while

> |sin 2|
S s

is divergent for these values of u. Cf. 646, Ex. 2.

634. 1. The symbol
O a
is defined as

lim j:?f(x)dz,

and is called the integral of f(z) from — o to a.
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The symbol .
S f@ie
is defined as
lim ff(z)d.
[

The terms introduced in 632 have a similar meaning here.
The integral 1) is not essentially different from

j; Sf(z)dz,
and requires therefore no comment.

2. In regard to 2), we have the theorem:

Let f(x) be tn general regular in (— o, ). In order that

7= :fdz

be convergent, it i8 necessary and sufficient that

4=wadx, Ty= |, fio
be convergent for any a. When J i3 convergent,
J = ‘Il + J;.

If J is convergent, we have

e>0, G@>0, IJ—‘]"&'<§, e<—-@G, B> Q.
IJ—J‘T|<%, o< —@.

B B
- Sl<e
a a

or Ij:tfdml <e.

Subtracting, we get

(2
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j::fdz

‘L'dez

is convergent. Therefore when J is convergent, J, J, are con-
vergent.

Conversely, if J, J, are convergent, J is convergent.

For, let a be fixed and e<a< 8. Then

S =S+ S5 by 59,

For a sufficiently large &, and e> 0 arbitrarily small,

Hence, by 638,

is convergent. Similarly,

£=J1+e', a<—G. |¢|<5

)
f=J2+e”, B>a, ]e”|<%-

Hence

|£B_(J1 +Jz)‘ <6
forall e<— @, and 8> G. Therefore
lim ‘£5= Ji+ dJ,.
Hence, when J,, J; are convergent, J is, and
J=dJ)+d,
3. As a result of the foregoing, we see that the integrals
j::fdz, L:fdx (3

do not differ essentially from

j‘:wfdx.

For convenience, we shall therefore study only this last; the
results we obtain are then readily extended to the integrals 3).
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Tests for Convergence

635. 1. The u tests for convergence. Let f(z) be regular in
A= (a, ©). If there exists a u>1, such that

|f(z)| <M, M>0, mV(0);

J(z) ts absolutely integrable in A.
For let @ <a< Bliein V. Then, by 526, 2,

| [ran| < [ 111 de <f dx——l—_l_f—lfag_l /33“‘}’

<e¢, if G is taken sufficiently large.
2. Let f(x) be regular in A = (a, o). If for some u>1
lim 2| f(2)|

18 finite, f(x) 18 absolutely integrable in U.

3. As corollary of 2 we have:
In A =(a, ©), a>0, let

f(?c)=%’f2 or 3“—2'57@, A>1; »>0,

where g 18 limited tn A and integrable in any (a, b). Then f(z) is
absolutely integrable in U.

638. Test for divergemce. Let f(z) be regular in U = (a, o).
In V(o) let f have one sign o, and
axf(z) > M, M >0.

J=‘medx= o - o0,

For, let a<e<z; while «, z lie in V.

Then . . .
=SS

S otz n 'ili’—Ml og 2 + o,

when z = 4 .

Then

Now, by 526, 2,
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637. Logarithmic test for convergence. Let f(z) be regular in
A=(a, ). If there exists a p>1, and an s, such that

wlizlyx - [ wlpa|f(2)| <M,  in V(o),

J(x) s absolutely integrable in U.
We have, by 389, 2), for z> 0 sufficiently large,

- 1—p
D1\ "y = .
S alxlye - 1zl

Hence, if 0 <@ << B,

fﬁ dx __1 { 11 }iO
:Cll:lt---ls“w IJ,_l l,“"la ls“—lB )

a

when G = + «.
Now

xlla:
<, for (& sufficiently large.
838. The logarithmic test for divergence. Let f(z) be regular in
A=(a, ©). InV(x),let f(x) have one sign o, and
allyx - lx - af (@) >M > 0.

Hhen J;wfda: =0 - .
For, P a x
S=S
. j,: ofdz>M a xllxd Iz Ml’“ ’

since by 389, 1), for sufficiently large z > 0,

1

.Dxl 1T = m,

ly=1.

As z
lim l,+1— = + 0,
T4 o«

our theorem is established.
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639. Ex. 1. A quarter period of Jacobi’s function sn (u, «) is
K:f“ 4  o<k<l
Ux ,/(1 —22) (1 — «%23)
The point z =1/« is the only finite singular point. Applying the u test of 579
at this point, we see that we can take u = }. The singular integral at this point is
therefore evanescent. Consider now the point x = . We have

1 _ 1

VI = 22)(1 — 2% —mz\/(l —%) (xz_lg) '
x &

This shows that the u test of 635 is satisfied for any » Z2. Hence the singular
integral relative to this point is evanescent.

Hence K is convergent.

640. Ex. 2. A half period of Weierstrass’s function ©(u, gs, gs) i8
® dx
w=

— )
o VAgd —gox — gy
where e, is the largest real root of

423 — gox — g3.
The point e; is the only finite singular point.

point, we see that we can take u=4}.

Applying the u test of 579 at this
point is evanescent.

Hence the singular integral relative to this
Consider the point x =w. We have

1 1

\/4:‘:3—_(/2;';——93: \/ g2 gs.
2k 4_F_F

This shows that the u test of 635 is satisfled for any »S §. Hence w is convergent.
641. Ex. 3. The Beta function,

_(° _xldx
BOLD=) Gyapr

The point 2 = 0 is a singular point if » <1.
point, we see that

@
Applying the tests of 579, 680 at this
e gu-ldg

Wt @0
is convergent when %>>0; and divergent, when % 30. Consider the point z = co.
We have

-1 1

1
J(z) =(1 +z)“+°=z'_+i ‘ (

1 e
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Applying now the tests of 635, 636, we see that
®
{ Rz, u>o0.

converges for » >0, and diverges for v = 0.
Thus the integral 1) has a finite value for every u, v>0. The function so de-
tined is called the Eulerian integral of the first kind or the Beta function.

642. Ex. 4. The Gamma function,
I'(u) = ﬁ) " e-agu-ida, a

The point z = 0 is a singular point if v <<1.
Applying the tests 6579, 680 at this point, we see that

j;a’ a>0.

is convergent when « >0, and divergent when » Z 0.
On the other hand, applying the u test of 635, 3, we see that

@
)
is convergent for any u. The integral 1) therefore defines a function of u for all

u>0. Itis called the Eulerian Integral of the second kind or the Gamma function.

643. 1. Let f(2) be regular and integrable in any partial interval
(a, b), of A= (a, ).

Let f }(z)d&t

be limited in A.
In V(), let g(x) be monotone, and g(xo) = 0.
Then f(x)g(x) 18 integrable in A.

We apply the criterion of 633. Let G<a<p lie in V().
Then by the Second Theorem of the Mean, 545,

¢ 8
S Fydz=g(a+0) [ faz+9(8-0) [Faz, a<i<s.
a a ¢
We can take G so large that

g(e+0), 9(8-0)
are numerically as small as we please. As the integrals on the
right are numerically less than some fixed number, we have

f _nyd:c‘ <e
for any pair of numbers «, 8> @. Hence fy is integrable in ¥.
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2. Let f(z) be regular and integrable in A = (a, ). Let g(z) be
limited and monotone in .
Then fg is integrable in A,

For, by 545,
8 H B
€r= o 0 -— .
S Fpi=gCas 0 [ Far+ 98- 0) [ Fao a

l9(@)| < M.

Let

Since f is integrable in A, we can take « so large that

{, lffdz:|<w~, a B>ry.

Then the right side of 1) is numerically <e. Hence fg is
integrable.

8. Let f(x) be regular and absolutely integrable in N = (a, ).
Let g(z) be limited and integrable in N. Then f(x)g(x) 18 absolutely
integrable in .

We have only to show by 633 that
E
>0, 650, [ lfylde<e a

for any pair of numbers «, 8> G-
Now g(z) being limited, we have

9@)| <M,  in L
Hence

S rglaz<arf |z @

But f(#) being absolutely integrable in A, we can take G so
large that

8
f|f[dz<ﬂif, o B> G.
This in 2) gives 1).

644. Let f(x) be in general regular in A = (a, ©), but not inte-

grable in A. Let .
S F@yda a
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be limited in A. Let g(x) be monotone in A and g(w)= G =+ 0.
Then

S @y 2

18 not convergent.

For, if 2) were convergent, we would have

e>0, b, )j:};qul<e. @ B>

But this is impossible. For

S Fvdo =g+ 0 f fle + 98— 0) f Fao. @

Let the integral 1) be numerically < M.
We can take b so great that

lg(z) — G| <o, z>b,

where o is small at pleasure.
We can therefore write 3)

I;'gdx =(G+ a")‘fffdxz +(G + a'”)j;ﬂfdz, lo'], |6 | <@

Hence
)
f jd.r\ < G”'l' é]’M <¢€, ¢ small at pleasure,

which states that f() is integrable in 2.

645. Ex. 1. For what values of u does

L
J:f OS2 g
0 gm

converge ?
Set

0
Jl-_—j;"“”dx, J2=j’ C(lixdx; a>0.
X

M a
The integral J; is convergent by 643, 1, provided »>0. For "‘20’ it obviously
does not converge. The integral J; is convergent, as we saw, 686, only when u<1.

Thus J is convergent when and only when

O<u<l.



456 INFINITE INTERVAL OF INTEGRATION

646. Ex.2. . ."""sinxdx‘
0 gr

Set aq} ® o
J,=f sin® g ngf sinz, . g>o.
[ a  gM

In 587, we saw J7 i8 convergent only when u < 2.
By 643, 1, J; is convergent when x>0. When u 20 it obviously does not con-

verge.
Hence J is convergent when, and only when,

<<,

That J does not converge absolutely for 0 < x < 1, is shown as follows. We have

nm|gi L4 2 n;
K.=5 8in dx:__j‘ +j‘ TR
0 o 0 "

(n=Nmr

=JI+J2+"'+JR-
Let
r=y+(m -1

Then T sinydy 1 fg "sin ydy =

In= o fy+ (m— )" (mw)* (mm)E

Hence
2 (1 1 17 .
K">;r:{i'_‘+2_"+".+ﬁz} = o0,

when n = w, as the reader probably knows, or as will be shown later.

Properties of Integrals

647. In Chapter XIV we established the properties of the
improper integrals, 5
j;fdw,

by a passage to the limit. We propose now to develop the
properties of improper integrals, the interval of integration being
infinite, by a similar method. In many cases the reasoning is so
similar to that employed to prove the corresponding theorems in
Chapter X1V, that we shall not repeat it, referring the reader to
the demonstrations given in that chapter.

648. 1. Let f(z) be integrable in (a, ©). Then

(tam — [tz
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2. Let f(z) be integrable in (a, ©). Then
o b 0
S fdo= [ fix+ [ faz,  a<t.

8. Let fi(z) - fu(x) be integradle in (a, ). Then

_L (eufi+ ~+enfn)dz=1c, afld"' + ey afmdx'

649. 1. Let f(x), g(x) be integrable in (a, ©). Except possibly
at the singular points let f(2)S g(x). Then

j;}d:vz j: ;dz.

2. Let f(z), g(z) be integrable in (a, ). Ercept possibly at the
singular points, let f(z) Sg(x). At a point ¢ of continuity of these
Sunctions, let f(¢)>g(c). Then

j;}d:v >‘£ mgdx.

3. Let f(x) 3 0 be integrable in (a, ©). Ata point ¢ of continuity
of fy let f(¢)>0. Then -
lf(z)dz >0.

4. Let f(x) be absolutely integrable in (a, ). Then

[, 7as|< 1 f1de.

T= | fix

be convergent. We may change the value of f(x) over a limited dis-
crete aggregate, without altering the value of J, provided the new
values of f are limited.

5. Let

650. Let f() be integrable in A = (a, ©). Then
J@)=f fir a<a.

8 a continuous limited function of z tn ¥U.
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jf =j: +J:D, c>z.
J:fdx

is a continuous function of z in (a, ¢), by 603. As

O
N
c
is a constant, J(z) is continuous in A.

J is limited in 9. In fact, for each e>0, there exists a ¢ such
that

For, by 648, 2,

But

fdz|<e

S, raz,

being continuous in the limited interval (a, ¢), is limited. Hence
J is limited in .

But

661. Let f(z) be integrable in A = (a, ©). Then

S far=—f)

dr\

Sor any point z of A, at which f(z) is continuous.

Jw)=f: =£r+‘£m=K(z)+ c,

(' being a constant. By 604, 1,
dK

IFor, if ¢ >z,

dr - f(@).
axr
Ilence
ﬂ_ 4](K+ ) dK
dr dz —f@-

652. In A=(a, ©), let f(z) be continuous excepting possibly at
certain points ¢y --- c,, where it may be unlimited. Let it be inte-

grable in any (a, b).
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Let F(x) be one-valued and continuous in U; having f(x) as
derivative except at the points c.
Then .
S fiw=F(+ )~ F(a), a

where F( 4 o) 8 finite or infinite.

For, by 605, b
[ faw=Fby—Fca),

however large b is. Passing to the limit, we get 1).

Theorems of the Mean

653. First Theorem of the Mean. In A = (a, ) let g(x) be inte-
grable and limited.
Let f(x) be integrable, and non-negative tn .  Then

S tydr=mf " faa, (1
where M 8 a mean value of g in A.

For, by 602, R 5 R
| fie< [ fydzz M fdz  a<b. (@

where m<g(z)< M.

Let b=+ oo ; since all the integrals in 2) are convergent, by
643, 3, we get in the limit,

mfﬂ Jdz < fm Jogdz < M;fm JSdz,
which gives 1).

654. Second Theorem of the Mean. In U= (a, ), let f(z) be
inteyrable and g(z) limited and monotone. Then

=), F@e@ds=g(a+0) f F@dz+g() f f@an

a<n< .
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If g(a+ 0)=g(+ ) the theorem is obviously true. We may
therefore assume that these limits are different. Next we observe
that the integral J is convergent, by 599, 2 and 643, 2.

To fix the ideas, let g(z) be monotone increasing.

Let b be arbitrarily large. Then, by 608,

fa *todz = g(a+0) f iz + g(b— 0) £ e, @

Let us add »
B=g(+ oo)fb fdx

to both sides of 2); observing that
lim B=0. (3

b=+

We get

S 0de + B=gCa+0) [Fae+ 90— 0 [ iz + g+ [ faz
—~g(a+0) [ fiz—g(a+0) [ fiz+4(-0) f fao
=0 f ftr + g(+ o) [ fr

=g+ f ftr+ {4 -0~ ga+0) | f fo

+{y(+oo)—g(b——0) }jbwfdx
=g(a+ 0)‘ffdz +U+7V. “

Let A, 4 be the minimum and maximum of

fx “fdo

in A. Then obviously,
AL dz < M
__j; f =M

Xs‘ffszu-
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Hence
{9(0—=0)—g(a+ 0OA<U<L{g(b—0)—g(a+0)}nu,
19(+0)—g(b— AV <{g(+ o) —g(b—0)}u.
Adding, we get
f9(+0)—g(a+ DINST + V< {g(+x)—gla+ 0)ip.

Hence U+V=Mig(+o)—gla+0)}, ¢

where A<M < p.

From 4) and 5) we have

~fa"fmm+B=g(a+())famfdamuS)Je'zg(+oo)—g(a+0);.

Passing to the limit b = oo, and using 3), we have

T=g(a+0) [ fiz+ Mg+ m)—ga+ 0 }; (8
where lim ' =M,
b=00
and A<M < p
The integral »
[ sz

being a continuous function of x in (a, o), must take on the value
M for some point = = n, finite or infinite, in this interval. Then

m= [ fir.
n

From 6) we have now,

J=g(a+0)j;wfdx+ {g(+oo)_g(a+0) }_medz

n o
=g+ O f St gt f i
which is 1).
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Change of Variable

655. Let B =(a, B), u§ B either « or B may be infinite.
Let z =y (u) have a continuous derivative in B, which may vanish
over a discrete aggregate, but has otherwige one sign.

Let A = (a, b) be the image of B, where
a=1lim Y(u), b=Ilimy(u);
u=a u=g

and b may be infinite.
Let f(z) be integrable in any (a, b'"), b <b.
If now, either

T = f f@dz, or T, = fFIH0 1Y (w)du

18 convergent, the other 18, and both are equal.

There are various cases. Let us take the following as illustra-
tion. Let A= (a, ©), B=(, ©). DBy virtue of 408, the points
of A and B are in 1 to 1 correspondence.

Let &, B' be corresponding points in %, B. Then as B =,
b =0 also, and conversely.

By 606, 2, ., ;
S F@yde = f F T 01 (w)du. a

Suppose J, is convergent. Then 1) shows, passing to the linit,
that J, is convergent and J, =J,. The supposition that J, is cm-
vergent leads to a similar conclusion for J,.

656. Ex. 1. Consider the convergence of
0
J= j:) sin a2 de.
Since the integrand is continuous, J converges if

0
oIz =fl sin 22 dx

converges. Let

z=y(u) =Vu;
and A=, ®), B=(1, ©).
Then Ju =5‘Q:q_iﬂgdx,
' Vu

which is convergent by 646.
Hence, by 666, J:, and therefore J, is convergent.
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Ex. 2. We found, by 630, 3), that

1 —1nal
-1 =
ﬁw bpzm_ijﬁr—, ¥y>0. a
Let us set
x=y(u) =e"
Here
a=0, b=1; a=+xo, g=0.
I
n %) \Pl(u) E—
is continuous and always negative.
Then, by 655,
i Jo=—(=Dn(° e-wundu @
+o

is convergent, since 1) is. Hence 1), 2) give

5; e—wvun du = 11! y>0. 3

y"+l’

657. 1. Stoke's Integrals. Let us consider the convergence of the integral
gr

J:j; z sin (2® — zy)dz, 1

which comes up in the theory of the Rainbow.

Let us set

) w=23~2y =ax(x—y) = ¢(x). (2

The graph of this is a curve which crosses the axes at the points z =0, z =+ vy,
if y>0; and at the point z =0, if y =0. 'To fix the ideas, let us suppose y >0;
the case when y Z 0 may be treated in a similar manner.

Supposing, therefore, y >0, the graph of 2)shows that as z ranges over ¥ =(VYy, »),
u ranges over B = (0, ©), the correspondence between the points of % and 8 being
uniform. Thus the relation defines a one-valued inverse function z = y(u) in 8.

Let us write 1) vi o
J:5V+f,
¢ vy

and denote the latter integral by .
The corresponding integral in u is o
Ju :J; g(u)sin u du,
setting .
g(u) = 3_37?1—/ .

We can now apply 643, 1. For, £ =+ o as u =+ . Hence g(u) is a monotone
decreasing function, for any positive y, and g(») =0. Thus J, is convergent.
Hence J; is ; anu therefore the integral .J is convergent.

2. The same considerations show & fortiori, that

K= j;mcos (x® — xy)dx @3
is convergent for any y.
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3. In connection with these integrals, occurs another integral
=T _
L _j; 23 cos (28 — xy)dx, “4

which. it is important to show, is not convergent. In fact, effecting the change of

variable defined by 2), in "

L, =\ x%cos (x® — zy)dxz,
vy

supposing to fix the ideas that y > 0, we get
~f 377 ,‘ cosudu—fh(u)cosudu.

Here h(u) is a monotone function, and
ho) =}
Thus L, is divergent, by 644. Hence L, is. Therefore L is divergent.

INTEGRALS DEPENDING ON A PARAMETER
Uniform Convergence

658. 1. Let f(z, y) be defined at each point of the rectangle
R = (awepB), B finite or infinite. Let A = (a, ©), B = (o, B).
We shall say f(zy) is regular in R when:

1°. f(zy) has no point of infinite discontinuity in R.
2°. f(zy) is integrable in Y for each y in B.

At times we shall need to integrate f(zy) with respect to y.
In this case we shall also suppose :

8°. f(zy) is integrable in B for each z in A.

2. If f(zy) is regular in R, except that it may have points of
infinite discontinuity on certain lines z =a,, --- z=a,, we shall say
S(zy) is regular in R except on the lines x = ay, --- or that it is in
general regular with respect to z.

3. Let us suppose that the points of infinite discontinuity of
J(zy) do not lie all on a finite number of lines parallel to the
y-axis, but that it is necessary to employ in addition a finite num-
ber of lines parallel to the z-axis. To fix the ideas, let these lines
bez=a, - z=a,; y=ap, - y=e, If f(zy) is otherwise regu-
lar in R, .. if it enjoys properties 2°, 3° of 658, we shall say
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J(zy) is in general regular with respect to z, y, or f(zy) is regular
except on the lines x=a,, .- y=a, -

4. Let f(2y) be continuous at each point of R except on certain
linesz=a, .- z=a,; y=0, - y=ea, On the lines z=aq,, - it
may have points of infinite discontinuity; on the lines y=«,, -
it may have finite discontinuities. If f(ay) is otherwise regular
in R, we shall say it is simply regular with respect to x except on the
lines x = a;, --- or that it is stmply irregular with respect to z.

5. Let f(zy) be continuous at each point of R except on the
linesz=ga;, - z=0a,; y=0a;, - y=e. As in 3, let us suppose
that all the points of infinite discontinuity cannot be brought on
the lines z=aqa,, --- Let f(zy) be otherwise regular. We shall say
S(zy) is simply irregular with respect to x, y, or that it is simply
regular except on the lines x=ay, -+ y =ay, -+

6. The lines z=a;, .-+ y=a,, --- on which are grouped the
points of infinite discontinuities of f(zy), are called singular lines.
To each of these belong right and left hand singular integrals as
in Chapter XIV. Cf. 666.

7. The integral w
g j; S(zy)dz, S G, Qa

where @ is large at pleasure, is called the singular integral relative
to the line z =oo.

If for each e>0 there exists a &, such that 1) is numerically
< e for any y in B and every z< @, we say 1) is uniformly evanes-
cent in B.

8. If the singular integrals relative to the lines z=a,, --- z=a,,
as well as the singular integral relative to the line z=o0 are uni-
formly evanescent in 8, we say the integral

J =~f:f(a:, y)dx (2

is uniformly convergent in 8.

If the uniform convergence of J breaks down at certain points
Yp ¥ in B, we shall say J is in general uniformly convergent
in 8. Cf. 666.
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9. As in Chapters XIII, XIV, we wish now to study the inte-
gral 2) with respect to continuity, differentiation, and integra-
tion. We may often simplify our demonstrations without loss of
generality by observing that we may write

J‘:}d:v =j:fd$ + j;}dz' =dJ; + Jy.

Here we may take & so large that none of the lines z=a,, --
fall in (doocwB).
The integral J; has been treated in Chapter XIV.

10. In this article we have considered f(zy) chietly with respect
to z. Kvidently we may interchange # and g, which will give us
similar definitions with respect to y.

We wish also to note that all the following theorems apply to

the integral "
S f @ yray,
on interchanging z and y.

659. Let f(xy) be reqular in R = (aweB), B finite or infinite.
Let ¢(x) be integrable in A, and

|fey)|<é(z), in R.
f“wf(x, y)dz a

8 uniformly convergent in B.

Then

For

) e < £ 1712, vy 52

v
dz, by 526, 2.

< j; ¢dz vy 526
Since ¢ is integrable in U, we can take b so large that

j; bud)dx <e

for any pair of numbers ¥, 8’/ > b.
Hence 1) is uniformly convergent in .
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660. 1. Let f(zy) be regular in R = (axaB), B finite or infinite.

Le
‘ £ ) =b(@)g (@ ),

where, 1°, ¢ i3 absolutely integrable in A. 2°, g(zy) 18 limited in R
and integrable in any (a, b), for each y in B.

Then .
fa S(ey)de Qa

8 uniformly convergent in B.

For, g being limited in R, let
lgCzy)| <M.

By 1°, there exists for each >0, a b such that
j;h”l¢(x)ldx< ap by @
Then for any y in 8,
e =g
= M‘fb‘,b”wldx, by 529.

<e, by 2).

Hence 1) is uniformly convergent in $.

2. As corollary of 1, we have, by 635:
In B = (aweB); a>0, B finite or infinite, let

J(zy) ='(~/-(x—';y~), or 29(zy) ;s A>1, v>0,
x eVI

where g t8 limited in R, and integrable in any (a, b) for each y in B.
Then ®
S, Fayyaz

i8 uniformly convergent in B.
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661. 1. Let f(xy) be regular in R = (axaf), B finite or infinite.

Let f(zy) = ()g(ay),

where 1°, () 18 integrable in A.  2°, g(xy) is limited in K and a
monotone function of x for any y in B.

Then o
S rapas

18 uniformly convergent in B.
For, by the Second Theorem of the Mean, 545,

S dgdr=g(+0, ) [ $dzt g3 —0,9) f pda, b<b <E<b,
(% (3 ¢

But g being limited in R, and ¢ integrable, the right side is
numerically <e for any y in $, and any pair of numbers &', 3",
provided & is taken large enough.

2. Let f(zy) be regular in R = (axaf), B finite or infinite. Let
S(zy) =g(zy)h(zy),

where 1°, h(zy) 18 limited in R and monotone for each y in B,

and 2°, o
S oy
18 uniformly convergent in B.
Then ©
S, Fayyaa

18 uniformly convergent in B.
For, by 545,

b — h(H ¢ "_ ¥
£ fiz=h¥+0, 9) [ ‘gdz+ (v~ 0, ) ~£ gz, (1
But % being limited in R,

|h(zy) | < M.

On the other hand, by 2°, there exists a b, such that each integral
on the right of 1) is numerically <e/2 M for any pair of numbers
o, 8> bO' :
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Hence for any y in 9B,

i<

662. Integration by Parts.

Let f(zy) be regular in R=(aweB),
B finite or infinite.

The integral

J =£wf<zy)dw

8 uniformly convergent in B, if

St = F gy + f 9 g)de; a

where both expressions on the right are uniformly evanescent for
Z =00,

For then, for each € >0 there exists a b such that
€ * €
’F(x, ) ! < 3 j; gdx‘ <§, (2
for any z >b, and any y in @.
Hence 1) and 2) give
S s

<e.

663. Examples.

1. The integral ©
& T'(y) =5; e—zxy-1dyx, a

defining the Gamma function, considered in 642, is uniformly convergent in
B= (e B), o>0.

For, consider the singular integral relative to x = 0.

We h ince 0 1

e have, since 0 <z < 1, w1 <z, in B,

Hence e—ry-1 < a1,

Thus, by 612, the singular integral relative to z = 0 is uniformly evanescent in 8.
Consider next th~ singular integral relative to z = ». We have, since x> 1,

e-m—lz’%‘, in ®.

Hence this singular integral is uniformly evanescent in 8. Thus 1) is uniformly
convergent in B.
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2. _ (“sinz;

This is uniformly convergent in any B = (&, «), which does not contain the
point y = 0, as may be seen by 662. For, integrating by parts,

® gin 2 cos 2y cos xy
SIn Y a4 daz
j; z v = [ ] x2y
Co8 xg j‘ cos .::y de. (2

To fix the ideas, suppose & > 0; then

cos 2y <i .
xy | oax

This shows that the first term on the right of 2) is uniformly evanescent in 8.
The second term is uniformly evanescent by 660, 1, as is seen, setting

$(z) = , g(xy) = Byi/

For later use, let us note that

lim SO8.%Y _ =0, llmlf C—M dz =0.

y=x xy
Hence lim J = 0.
y=o
3. ® -
j 1—e= sin Az dx 3
0 X

is uniformly convergent in 8 = (0, ), by 681. For, in the first place, the inte-
grand f(xy) is continuous in B = (0, «, 0, ©). For, the. only possible points of
discontinuity lie on the line x = 0.

But, the Law of the Mean gives,

2
e~w=1—uzy +%yl— e—0zy,

Hence for z =0, S(xy) =ysin \e — xyZe—f=gin\z, 0<LO<L]1.

This shows that f is continuous at each point on the y axis, if we give to f the
value O at these points,

This fact established, we can apply 661 by setting

¢ (z) =40 AL g(ey) =1 e

Then ¢ is integrable in (0, ) by 646 ; while ¢ is obviously limited in R, and a
monotone increasing function of x for each y in 8. Hence 8) is uniformly conver-
gent in B,



UNIFORM CONVERGENCE 471

4, * 8in Zy Co8 \x
j; R gy . “

is uniformly convergent in B = (0, ) except at y =|\|. )

For, in the first place the integrand f(x, y) is continuous in B = (0w0w) if we
give to f the value y at the point (0, y).

For, the Law of the Mean gives

22
sin xy::ty—izlsin oxy, 0<o<Ll.

Hence for x 0,

xy

2
J(xy) =ycos \x — —;~ sin fxy cos \z.
Thus

lim f(x, y+ k) =y.

z=0, h=0
This established, we have only to show that the singular integral
o
B:ﬁﬂuﬂn b <D,
is uniformly evanescent in 8.
Now by the Second Theorem of the Mean, 545,
p=1 ffsin y cos A\ dx + L ("sin 2y cos Ax dx. 6
T v y o 55 i v ) (
But for y 7|\ |,
cos (y —N) _cos (y+2N)
2(-N 2@ +N)
ly=rl  [y+N[>0. @

Then 6) shows that each of the integrals in 6) is numerically <2 /0.
Let therefore, b >4 /er; then

6

j‘sin 2y Cos \e dx = —
Let

| B|<e¢

for any y satisfying 7). That is, B is uniformly evanescent except at y = |\|
Hence the integral 4) is uniformly convergent except at this point,
We may arrive at this result more shortly, making use of 2.

For,
2sinzy cos Az =sinz(y + N\) +sinz (y — \)-
Hence

“sinaycosz, { sina(y+2) f“’si"x(% N
ﬁ) x x=), = dx + N x dx.

Here the first integral is uniformly convergent, if y = — \; the second integral
is uniformly convergent, if y = \.

5. j““xsin Y i
0 14 x2

is uniformly convergent in (a, ), ¢>0.
For

zsinxy _sinxy 1
1+22 =z 1
1+a§

We have now only to apply 661, 2, using the result obtained in Ex. 2.
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8. ' j; i fi“;—;‘l sin (2® — zy)dz. (8

We assign the value O to the integrand, for x =0.
To show that this integral is uniformly convergent in any B = (@8), let us use
the method of 662. 1f we set

u=3—1x, dv = (322 — y) sin (2% — xy);

jmudv - [ cos (a8 — am/)] j‘“’cos (8 —xy) dz

3z 3 x2?

cos (28 — zy) ® cos (28 — xy)
= - — dz.
3x x 3«3

Here both terms are uniformly evanescent in 8 by 660, 2. Hence 8) is uniformly
convergent in B.

7. j)wcos (28 — xy)dx. o
We can write

3
j cos (28 — ay)de —f T Y cos (a8 — ay)de + yj‘ cos (2 —2y) =~ ) az.

The second integral on the right is uniformly evanescent by 660, 2, The first
integral is also uniformly evanescent. For integrating by parts,
®3g2—y _ sin(x®—ay) 2 > sin(3 2% —xy)
j‘x 32 Cos(xs—xy)dx = - ‘T + 3.;; -_._xih.“— dx.

Here both terms on the right are obviously uniformly evanescent,
664. Letl f(zy) be regular in R = (awafB), B finite or infinite.
Let ©
T= [ Fy)ds
a

converge uniformly in 8, except possibly at «,, --- «,. To establish
the uniform convergence of J throughout B, we have only to show
that J is uniformly convergent in each of the little intervals

$x=(ax—8’ ax+8)'

That is, we have only to show that for each e >0, and for some
6 >0, there exists a b, such that

| f Fayyazl<e
for any y in 8B, and every ¥’ >b,x=1,2 ... m.
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665. Examples.
1 J= j;”sin g:in Y g

is uniformly convergent in 8 = (0, ).
For, in the first place, the integrand f(xy) is continuous in R = (0, , 0, o) if
we 8set
S0, y) =ysiny.

‘We have therefore only to consider the singular integral relative to = o, in the
intervals 8; = (0, 8), B; = (3, »). Now as in 663, 2, we have for y >0,

K= 5’“’ sin y sin 2y de = sinycosxy oo yf”cos %Y de.
2 z xy e a2l

The reasoning of 663, 2 shows that K is uniformly evanescent in Bs.
As to By, we note first that K =0 for y = 0. Also that

"’—‘%:Hn’, ('] <,

7 being as small as we choose, if § is taken small enough.
Hence for any y in By,

149 1 m_(_i__x
1K <P [0,

which shows that K is uniformly evanescent in 38;.

2. *sin 2y
j' yo 4 A>0. a

is uniformly convergent in 8 = (0, 8).
For, the integrand f(xy) is continuous in B = (0 0 8), if we set

Sz 0) =

Let us consider therefore the singular integral relative to z=w. We set 8,=(0, 3),
B2 = (5, ®). Obviously 1) is uniformly convergent in Bs.
To show the same for B;, we note that

sin 2y = xy + 7a%y8, Ir|<1,

by the Law of the Mean. Hence

2
@) ISZ+EE, 1m0, ®0,0).

Thus, by 659, the integral 1) is uniformly convergent in 8;.
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Continuity
666. 1. Let f(zy) be regular in R = (ax af), B finite or infinite,

except on the lines x=a, - z=a,.

1°. Let o
T= [ fay)ds

be uniformly convergent in B.
2°, Let lim f(zy) = ¢(z), 7 finite or infinite
y=n

untformly in any (a, b), ezcept possibly on the lines x=a, ---

Then

J=Ilim ‘L‘}(a:, Y)dx ex18ts. a
y=n
8°. Let ¢(z) be integrable in any (a, b).
Then
limJ=1 dz = d. 2
im ylzl?ff(aal) z= f¢(w) . (

By virtue of 616 we may assume that f is regular in R, and that
S=¢ uniformly in any (a, b).

To fix the ideas let 5 = .

We show first that j exists; i.e. for each e>0 there exists a vy

such that "
D= f 1f@ y)~f(x y")idz

is numerically < e for any pair of numbers g/, '’ >v.
Now

o L] 0
= " — 1" Nz — "
D= 11y FCay"ido + f 7oy sz~ f f(ay" Vo

=D+ D, + D,.

By 1° there exists a & such that
| Dy | Dyl <e/4 @
for any ', '’ in 8.

By 2°, we can take « such that for any z in (a, 8)

lf(zy) — ¢(@) | < y>9.

4(6 a)’
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Hence . ’ " ¢
\f(z, ¥ )— f(z y )‘<2—(-b—-——a).’
for any y', ¥ >, and z in (a, b).
Thus |Dy|<¢/2. “

From 3), 4) we have 1D|<e.

We neat show that 2) holds; i.e. for each >0 there exists a b,

such that ’j "‘J(:(:”dx[<€ 6]

for any 6> b,.
From 1), there exists a ry such that

i=JfHapdate,  1¢1<g (6
for any y >v.
From 1°, there e}.(ists a b, such that

10. b €
S rpde= [ Fapde e, er<s @

for any &> b,, and any y in 8.
From 2°, we can take v large enough so that also

S, y) = b(2) +9(zy), 1g|<§(—,;%;) @

for any z in (a, b), and any y >v.

Hence, by 3°, N ,
ff(xy)dm =f¢(z)dz + €, [€"] <§ (9

for any 4> b, and any y > 1.
From 6), 7), 8), 9) we have

b
j=‘£¢(x)dx+el ] <e
for any 4>5,. But this is 5).

2. The reader should note that the lines z = a,, --- on which the
uniform convergence of f(zy) to ¢(z) breaks down, are according
to 617, 8 singular lines, whether f(zy) has points of infinite dis-
continuity on them or not. If the integral./ is to be uniformly



476 INFINITE INTERVAL OF INTEGRATION

convergent in B, the singular integrals relative to all these lines
must be uniformly evanescent.

667. Ezample. As we shall show in 675,

_ ®] — e~ - ¥ z 0
J—j; — sm)\xdz..arctg)\, 0.

The application of 666 gives x/2, A>0
y 3
o
. i
hmJ:j; ““x)‘”dx= 0, A=0. a
—r/2, A <0.

That the conditions of Theorem 666 are fulfilled is easily seen. For, defining the
integrand f(zy) of J as in 663, 3, it is continuous in B =(0, «, 0, ®). We also saw
that the singular integral relative to x = «o is uniformly evanescent in 8= (0, «).

Now sin Mz

lim f(z, )=
y=o0

uniformly in % =(0, ») except at x = 0.
The line x = 0 is therefore a singular line by 617, 3. But

U‘“l_" sm)\:cdx’<’jﬂ5‘"mdx‘<c, 0<a<d

if & is taken sufficiently small. This singular integral is therefore uniformly eva-
nescent. Hence J is uniformly convergent in 8. Thus all the conditions of 666
are satisfied.

From 1) we may deduce the following relations :

j; sin azzcos Bx dx =0, @
0<a<p.
j"’" cos ax 8in fx de=T, @
0 x 2 ‘

which may be combined in a single formula

j.e»sin)\ar;cos;mdm= 0, 0<\<p “
0 x r/2,0< u<A
In fact, since & + >0, @ — 8 < 0, we have from 1),
“sin(a+ B, _*
e ®
“sin(a -z, __*
j; - dx = B 6
But
sin (& + B)z + sin («¢ — B)x = 2 sin ax cos pz, 7
sin (@ + B)z — sin (& — B)z = 2 cos ax sin Bz. (8

Adding and subtracting §), 6) and using 7), 8), we get 2), 3).
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668. That the relation

lim [ @ y)de=f lim f(z, y)do a
y=y V¢ e e
is not always true is shown by the following example:
From ;
fe-"sin rdx = — &=(cosx + ysin x)
1492 !
we have for y >0, ®ginzx , 1
j:) o dx = T y’. 2

o
Rlim f SINZ gy = 1.
y=0 JO e
On the other hand,
, Blim S—'%;—”dx: 5; sin z dx
y=0 €
does not even exist.
Thus the relation 1) does not hold.

669. 1. Let f(zy) be regular in R = (awaf) except possibly on
the lines x = ay, -+ v = a,.

Let f(zy) be a uniformly continuous function of y in B except
possibly on the lines x =a,, -+ Let

T = J. Fay)da

be uniformly convergent in B.
Then J 18 continuous in B.

For, f(z, y + k) converges uniformly to f(z, ), A=0 in @
except on the lines z=a,, .- We have, therefore, only to apply
666.

2. Let f(zy) be in general regular with respect to z in R= (axaf).
Let f be in general a semi-uniformly continuous function of y in B.

Let .
T = f, flay)d

be uniformly convergent in B.
Then J is limited in B, and in general a continuous function of y.
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For, we can take b so large that

U{:}d:v ‘ <e

for any y in 8. On the other hand,

j{:ffdx

is limited in B by 618, 1. Hence J is limited in 8. That J is
in general continuous in B follows from 1.

3. In this connection let us note the following theorem whose
demonstration is obvious.

Let f(xy) be regular in R =(axef), B finite or infinite, except

on the lines z=ay, «; y=ay, - Let
B
Sy
be uniformly convergent in any (a, b) except at ay, a, --- Then the

points of infinite discontinuity of

9@ = [ Fay)dy,  yin®.

must lie on the lines z=a,, ---

670. 1. Let f(xy) be regular in R= (awaf), except on z=a, --- ;
y =0 -

1°. Let j‘:éf‘d!/

converge uniformly in any (a, b) except at z = a, -

2°, Let o v
b= dzf fdy

converge uniformly in B.
Then ¢ 8 continuous in B.

This is a direct application of 666, 1, where

14
9(zy) = f Szy)dy
takes the place of f in that theorem.
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In fact, by 669, 3, g(zy) has no points of infinite discontinuity
except on z=ga, ---; and is therefore by 2° regular in R except
on these lines.

Also g(z, y + k) converges uniformly in any (a, §) to g(=, y)
as h=0, except at z=a, :--; since

9@ y+h) —g(xy) = j; Mfdy

is uniformly evanescent in (a, 5) by 1°.
Thus applying 666, 1, we have

i B=lim [ gz y+mde= [ limg(s, d
lim ¢(y + 1) ,,L'L‘l y(z, y +h)de f lim g(z, y + h)dz

e y
= f ax 'ty = (o).
That is, ¢() is continuous at y.

2. As a corollary of 1 we have:
Let f(zy) be in general regular with respect to z in R = (anaf).

L »
i Q)= f dz f oy

converge uniformly in B. Then ¢ i8 continuous in B.

Integration and Inversion

671. 1. Let f(zy) be in general regular with respect to z in
R = (aweB). Let f be in general a semi-uniformly continuous
Sunction of y in B. Let

I@) = J flzy)ds
be uniformly convergent in B.
Then J is integrable in B.
This follov's at once from 500 and 669, 2.

2. As a corollary of 1 we have:

Let f(zy) be simply irregular with respect to z in R = (acaB).
Let J be uniformly convergent in 8. Then J 18 integrable in B.
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672. 1. Let f(zy) be in general regular in R = (aweB), with
respect lo z.

1°. Let -
f Sfdz a
be uniformly convergent, and integrable in B.
2°. Let

b
fydyf Sdz, b arbitrarily large,

admit inversion in B.

Then f “dy f “fde = f " de a”fdy, in 8.

medx=£b+£m. @

Since 1) is uniformly convergent in @, there exists for each
€>0, a b, such that

We set

jbwfdz‘</3ia’ G

for any y in B, and every &>,
Thus 2), 3) give for any y in 8,

fa ay [ faz - Sy f bfdx|§ f "Bei’”aze. 4

But by 2°, J‘yfb fbfv
SSL-LL

which proves the theorem.

Hence
<€ b > by, b

2. Let f(xy) be simply irregular with respect to z in R= (aoap).
Let
f Jdz

be uniformly convergent in B.
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j; *dy f iz, [ dx ray (6

are convergent and equal.

For, by 671, 2, the integral on the left of 6) exists.
Moreover, condition 2° of 1 is fulfilled, by 622, 2.

Then

3. As corollary of 1, we have:

Let f(xy) be in general regular in R = (awaB) with respect to z.
Let .
S s

be uniformly convergent, and integrable in B.

Let . . o
f d yf Sdz, b arbitrarily large,

admit tnversion in B.
Then © Y
S Faay

8 uniformly convergent in B.
This follows at once from 5), since this inequality holds for
any y in B.

4. From the relation 4) we have also the following corollary,
setting y = 3.
Let f(zy) be in general regular in R = (awcaB) with respect to .

e jamf dx

be uniformly convergent, and integrable in B. Let
fﬂdyfffdx, b arbitrarily large,

admit inversion. Then

tim "y | "t = f ay [ faz.
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5. As a special case of 4 we have, 622, 2 and 671, 2:
Let f(zy) be simply irregular with respect to z in R = (aoaB).

Let ‘medz

be uniformly convergent in B. Then
B b B *®
li d de=1) d .
o - P

673. Let f(zy) be regular in R =(axnef), except on the lines,

zZ=a, - Xx=0a; Y=o« Y=a,.

1°. Let l"dy ‘medx

be convergent, and admit inversion in any interval (A, u), which does
not embrace o --- «,.

2°. Let o v
S azf sy

be a continuous function of y in B.

Lot K=f"ayf “fde, L= S "1y,

Then K is convergent, and K= L.

For simplicity, let y =« be the only singular y-line; e<qy<g.
Then by definition,

Sy saemtim f7 7 rim f7 4 a

alu<yry, y<v<pB.

SL=L e @
S-S =008 @

since L is by 2°, convergent.

Now

Similarly,



INTEGRATION AND INVERSION 488

limjamj:u = jamj:y H (4
limjamfv = £ mfy. o
Hence from 2), 4), ) )

limf"j:v = jamj‘:y H (6
also from 3), 5) )
limju‘ﬁjaw = jamj‘:ﬂ —-J:Dj‘:y = j‘:w‘fﬂ. ¢

Hence from 1), 6), 7) we have
SIS0 =00

674. 1. Let f(xy) be simply regular in R = (axaB), except on

the inesz=ay, - y=a -

Now by 2°,

1°. Let ©
S Feas
converge uniformly in B, except on y = ay +-
2°. Let "
S sy

converge uniformly in any (a, b), except on x = ay ++
3°. Let " y
S aof payray

converge uniformly in B.

Lt K= f "y f “fdw, L= S “de jfdy.

Then K is convergent and K= L.

This follows from 673. For, in the first place, condition 1° of
673 is satisfied, by 672, 2.

Secondly, condition 2° of 678 is fulfilled, by 670, 1.
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2. As a corollary of 1, we have:
Let f(zy) be simply irregular with respect to z in R = (axaf).

Let -
S #ayyaz

converge in general uniformly in B. Let

S aaf " Fayray

converge uniformly in 8. Then

j‘:ﬂdy j‘: dex =£mda: :fdy.

675. For y> 0, we have from 608, 2),

®ginke , X\
j:) ~ezy dx—)\2+y2. (]

The integral on the left does not exist for y =0. Let us therefore set

sin Az
S(zy) = P y>0;

=0, y=0.
Then integrating 1), from 0 to y we get

v g y
j;dyj;fdx 5;)\2+y2dy_arctg)\ A=£0, ¢

We may invert the order of integration in 2) by 674, 2. For, fis continuous in
R = (000y), except on the line y =0, and limited in R. Tt is therefore simply
irregular with respect to x. The integral 1) obviously converges uniformly in 8
except at y =0. The integral

® ¥ ®]—eay |
j; dxj; Jfdy _5; Z —sin Nz dx 3

is uniformly convergent in 8 by 663, 3. Hence the integrals on the left in 2), 3)
are equal, and

©] —e—ay _ Y
.‘; p sin Az dx = arctg N A£0.

676. We saw in 667 that jm snay , _ 2, y=0, a
0 x - E 3 y>0.

Hence, integrating between 0 and 1, we get

1 ©sinzy , =
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We can invert the order of integration by 674, 2. For, in the first place, the
integrand, not being defined in 2), we can make it continuous in B = (0«01), giving
it the value y at the points (0, y). Secondly, the integral 1) is uniformly conver-
gent in B, except at y =0, by 663, 2. Finally,

j“”dt”‘ysm xydy___j‘wl—cfa)szydz
o b x 0 x

is uniformly convergent in 8, since

1—coszy| 2
lTISF'

We can therefore invert in 2), which gives

T_ (Tde (1l _(*1—cosz
5-}; x};smzydy_5; o dx

=25(‘)”sin“:{2dx:j‘°°sin21;du’ e
x 0 u
setting r=2u.
Thus 3) gives
j“" sinfxdz _m 4
b a2 T2

677. That the order of integration can not always be inverted is shown by the
following examples.

Ex. 1. Let us consider
© B _ (*8in Bz
j; dmj:) coszydy __j; — dx ¢!

[SAE ]

The integral obtained by inverting the order of integration, viz.,

j;ﬂdyj;w cos xy dx

@
j; co8 zy dx

does not exist, since

does not. Inversion in the order of integration in 1) is therefore not permissible.

Ex. 2. Let
202 2
.ﬂ_ _11_ =¢(u), U= xy.

T+ayt 14w
Then
Let

= =1de_10¢
S =¢oo= C8="00
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We have also
¢(u)=4u-y/(uw),
where y(u) = arctg us.
Thus
&= g{ 8 = wiw,

g 2(W) _
x ax

fCaafircn vay= L (" 2 ay = 720

Y 4.
=2, Par= [y =%
On the other hand

§ra f e mas= (U708 an = (*U o(u ] =0

Thus it is not permissible to invert the order of integration in

[ R e

678. 1. Let f(xy) be regular in R = (ax ax), except on the lines

Tr= al’ see} y: al’ oo
1°. Let - v

Sz fray

be uniformly convergent in B.

2°, Let o
$()=J fiy

be uniformly convergent in any (a, b), except at ay, a,, +--; and inte-

grable in (a, b). Then " -
f dzf Jdy exists,

lvi:lljawdx i Iffdy =j:°dx A wfdy. ¢!

and hence

Hence

and

This is a direct application of 666, 1; the function

9(zy)= f Fey)dy

taking the place of f(2y) in that theorem. For, in the first place,
g has no points of infinite discontinuity, except on the lines z = a,,
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-+, by 669, 8. Moreover, g(zy) is integrable in Y, by 1°. Hence
g(zy) is regular in R, except on the lines z =a, -

Secondly, "
‘f; 9(zy)de

is uniformly convergent in 3B, by 1°.

Finally o
limg(ay)= fdy = $(),
y=>* a

uniformly in any (a, ), except on the lines z=a,, ---; moreover
¢ is integrable in (a, ). Thus all the conditions of 666, 1 are
satisfied, and the present theorem is established.

2. As a corollary of 1 we have:
Let f(zy) be simply irregular with respect to y in B =(awaw).

Let jamdx j:ffdy

be uniformly convergent in B. Let

Sy @

be uniformly convergent in any (a, b). Then

a0 l/ Qo a0
tim [ da [ sy = |z [ fay.

y=0

For 2) is integrable in any (a, b), by 671, 2; on interchanging
z and y in that theorem.

679. If the conditions of 678 are not satisfied, the relation

@ Y 0 L
li d dy=1) dz ) fa 1
gl z) fdy j; | Sfdy (
may be untrue.

Consider, for example,
® v
J=.£ dzj;coszydy, a>0.

_j'”sinxydz
=) .



488 INFINITE INTERVAL OF INTEGRATION

Here limJ =0, by 663, Ex. 2.
y=x
On the other hand, the integral

ja mdxf:cos xy dy

does not even exist, since
©
f cos xy dy
a

does not. Thus the relation 1) in this case is not true.

680. 1. Let f(zy) be simply regular in R = (awax), except on
the lines x=ay, +++; Y=oy, -

1°. Let ®
S e
be uniformly convergent in any (a, B) except at ey, «-

2°, Let j:ﬂ}' -

be uniformly convergent in any (a, b) except at a, +-+; moreover let

it be integrable in (a, b).
3°. Let o

f dxf"/fdy

be uniforml_y convergent in B.

fhen f dy f fda, f o f iy

are convergent and equal.

For, by 674, 1, - .
l”dylﬁml dxj:‘}dy.

But by 678, 1, we may pass to the limit 8= oo, which proves
the theorem.

2. Let f(zy) be simply regular with respect to y in R = (a0 aw),

except on the lines y = a,, -
Let -
S fis
a
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be uniformly convergent in any (e, 3) except at oy, -

Let »

fa fdy

be uniformly convergent in any (a, b).

Let ° oy

Saz fray

be uniformly convergent in B.

e [agfn fasf Ty

are convergent, and equal
This follows as in 1, by 674, 1, and 678, 2.

8. Let f(z, y)>0 be simply regular in R = (awan) except on
the lines x=ay, -5 y=ay -

Let »
S s
be uniformly convergent in any (o, 3) except at oy, «-
Let £y
J. sty

be uniformly convergent in any (a, b) except at ay, +--

Let L= f S “fiy

K= J‘:wdqu_ufdz

i8 convergent, and K= L.

be convergent. Then

This is a corollary of 1. For, condition 2° is satisfied since L
exists. That condition 3° is fulfilled follows from the fact that

the singular integrals of fwf"

are < the corresponding integrals of L since f 5 0.
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681. 1 We saw in 667, 1) that

® o 0 <N\ _
7= wdm{ vy » vSo.
x w/2,y >N\

Multiply by e-uv, and integrate, »>0. Then

_( *gin 2y cos \x _5‘“’ - _5;)\ j‘”
K—£ (lyj; —_— xé“"““dx— N Je Mﬂdll— + A (1

— mw
T2 pern

We can invert the order of integration in 1) by 680, 2. For, in the first place

__sinxy cos Az

Jy)=~—"o

is simply regular in B = (000wx), if we set

7O, )= o

° *sin xy cos Ax
j;fdx =e uvj; — dz

Secondly,

is uniformly convergent in 8 = (0, ) except for ¥ = X by 663, Ex. 4.
Thirdly,

j;ﬁly = Cco8 )\xj) 5’;'.:3_:';1 dy forz >0

a y _
=), E?Edy forx =0

is uniformly convergent in any (0, b) by 665, Ex. 2.

Finally,
. * v ®_ (‘vsin zy cos A\x
Y= j; dx j;fdy = j; dx 5; e dy

is uniformly convergent in 9B.

For,
sinx sin x v
fv__yd - [_e_pyw] .
0 eny p2 4 x? 0
Hence
® cos Az “ginxy cos\x
— w e o (1 — e~Mycosay)dx — —-wj' - —
o ;ﬂ+x1( e y)dx — ue h % #2+z,dx

=X+ Ya
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- Y1, Y3 are uniformly convergent in 8 by 6569. For,

I cos \x

2
E T xz(l - e-n’cosxy)[_gu———m g )

Isin sin zy cos Mrl
z wl+a? —-;ﬁ +at

Thus all the conditions of 680, 2 are satisfied.
Inverting therefore in 1), we get

K= ‘s‘ Soi_)‘f d l" sin xy ay
0 emy

_5‘ cos)\a- [ usmxy-}-xcoszy
w4 22 0
* cos A\
=, dra®
Comparing with 1), we get
* cos Az ™ =
o ne =g S0 k>0 @

2. Let us integrate 2) with respect to \. We get
cos Mr L j‘)\
o A
f f R s 2“ o © AN
m
= -2;2(1 — e ), 3
We can invert the order of integration in the integral on the left, by 674, 2.

For,
* cos A\x
ey A
0 u?+ x?

is uniformly convergent by 6569, since

1
— ’.‘2 + zz

o

In the second place,

®  dx J"\ ®  sin Az
_____ COS N A = RS -
§o i eoman=, Ll

converges uniformly in any interval (0, 8) by 661, 2 and 663, Ex. 2.
Inverting therefore in 3), we get

*  ginxy T =
§o it = gat - e #>0,u50
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682. Let us evaluate © du
7= % a
which is convergent by 635, 3
We change the variable, setting
u=2zxy, Y>O0. @

Then

_j' yclx

Multiplying by e-¥* and integrating, we get
dy _ ydas
j:x ev’ j j:) ey’(l+z’)

This relation is true for any o >0, by 2).
Passing to the limit & = 0, we have, since the limits exist,

Ay _ . (* ® ydx
I g =l s ®

‘We may invert the order of integration in the integral on the right by 680, 3.
For, in the first place, the integrand is regular and continuous in R = (0000w ).

Secondly, - yclac_
5:) evi(1+2?)
is uniformly convergent in any (e, 8), & >0 by 659, since
y B
P T N e
Thirdly,
f " ydy
0 er*(1+2%)

is uniformly convergent in % = (0w) by 669, since

¥ y
i S '
Finally, - o yd . ey e
L=fdmj. 12/ y—,—:fdx[-_ﬁ_'._._
0 0 ey¥(1+2z?%) 0 20 4+ 2B do
_1(% do _w
2J0 1422 4

is convergent. Thus all the conditions of 680, 3 being fulfilled, we can invert in 8),

which gives
Ji=L=mn/4
J=i—\/;/2.

Hence

Here we must take the positive sign, since the integral 1) is positive by 649, 3.

Hence, finally, . v
x _ V.
4

o ot 2
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Differentiation

683. 1. Let f(zy), f,(xy) be in general regular with respect to
z, y in B= (axnaB).

1°. For each = in ¥ let f be continuous in y, while £}, is in general
continuous i y.

2°. For each y in B, let
b
fdx yf,’,dy, b arbitrarily large,

admit inversion. Then

d (" Cdy (Y (P
- f Fay)dz = 7. lim S 1y f fuda, a

provided the derivative on either side exists.

For, by 605, v
S Fiay =1 y) —Fz o).

Hence Srio= anf iy + f $@

=f”dy£};dx +j;.bf(-'”’ ®ydz ;
and therefore [}dx: lalz':’ ju'l/dy ‘L‘:"ﬂ/ dz + j; ;'(z, ®)dz.

Differentiating, we get 1), since the last term on the right is a
constant.

2. As corollary of 1 we have:

Let f(zy) be regular in R = (aw af) except on the lines z = a,, -
and continuous with respect to y for each x in A.

Let f), be regular in R except on the lines x = ay, -+ and uniformly
continuous in y, except on these lines.

Let ©
S Fya
be uniformly convergent in B.
Then
d o _ a0 y
-Jl;j‘: S(xy)dz = j;fydm.
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For, condition 2° of 1 is fulfilled by 622, 2.
Hence by 1),

Ei‘, S 7yyaz= d;‘ly tim f“dy [ fydz

d v »
= S f fidz, by 6724, and 6712,

= [ fidz, by 669, 1.

jj};dx

is not convergent, the following theorem may serve.

684. 1. When

Let f(zy) be in general reqular in R = (aw aB), and continuous
with respect to y for each x in A.
Let f,, be simply irregular with respect to z in R.

1°. Let b
f Sodz, b arbitrarily large,

be uniformly convergent in B.

2°. For any b, éet

b b
f Sodzx =f g(xy)dz+ h(d, y), where

8% g(zy) s simply irregular in R with respect to z and

j(: 9(wy)dz
t8 uniformly convergent in B.
+ lim f"A(8, y)dy =0
im J (b, 4)dy =0.
Then

J =diy S rayyas=f gy a
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2. As corollary we have:

Let f(zy) be regular in B = (ac af), and continuous with respect
to y for each z in .  Let f, be continuous in R. For any b, let

6 b
S fde= [ gGpraz+ 1o, ),
where g i8 regular in R, and
S g as
8 untformly convergent in B; also

. v
lim f h(b, y)dy = 0.

Then © w
d
a S is=f g(ayyds.

For, condition 1° of 683 is obviously satisfied, while condition 2°
is fulfilled by 672, 2. Hence

=— lnnf dyff’d.z

J b==00

But b y b
Sy f Fe= [ ay f gie+ [ hdy, by 2
Hence by 4°,
y J! = %/ lim lydyj:l:(]dx
— Ez% f @ f gdn, by 3,
- f 9de,  which is 1).
EXAMPLES

J=$"de. a

xe®

685. 1. Let

We show that
® y aJ _ (Teosay g

ay N y arbitrary, 2

using 683, 2. For, in the first place, the integrand S(zy) is continuous in
= (0oeB), if we set
’ IO, ) =y.
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Obviously o is convergent in B, by 635, 3.

Secondly,
fi= cos xy
ea
is continuous in B ; and
® COS LY
j; “é;—— dx

is uniformly convergent in 8, by 660, 2. Thus 683, 2 gives 2).
By means of 2) we can evaluate 1).

For, obviously, -
j; COSLY 3
eZ

1+
Hence integrating 2), we get

J:f%;: arc tgy + C.
Since J =0, for y = 0, we have C'=0. Hence
\ fb sin zy dx = arc tgy. (¢
ze*
2. From this integral we can also show that

® 8in &
5 Lia=1 y>0, @

b X 2’

a result obtained in 667, by the aid of 675. For, set

u

r==, ¥>0,
Y
in 3), we get «
© 81N u e
, - ¢ Ydu=arctgy. (5

We now apply 666, 1, letting y = .
This is permissible, since

sinw _" , sinu .
A et uniformly

in (0, ) except for u = 0. The integrand f(u, y) is continuous in R = (0wotw), if
we set
SO, ) =1

The only singular line is therefore u = 0.

Obviously the singular integral for this line, as well as for the line u = w, is
uniformly evanescent, by 6156 and 6569.

Hence passing to the limit, y = « in 5),we get

giny o _ ¥
j; U du—2

If we set u = xy, y >0, we get 4).
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686. Let ©]
J = 1_9.98_12! dx. (1
ze*
Applying 683, 2, we get
dJ _ c@sinzxy oy .
= 5; pr ol g y arbitrary. (¢
In fact, the integrand f(x, y) is continuous in R =(0x f), if we set
0, »)=0,
while J is convergent, by 635, 3.
Moreover sin
=22
is continuous in R, and ot
j‘ sinzy .
0 er

is uniformly convergent in 8, by 660, 2.
As in 685, we can use 2) to evaluate 1).
For, integrating 2), we get

This establishes 2).

ydy
14y

=%1og(1+yz)+0.

Here C = 0, since J = 0 for y =0, by 1).
Thus

*1—cosay , 1 4
ﬂ, ~ 2 G = 5 log (1449,
687. Let us evaluate Fourier's Integral

J=(cos2ay g, Qa
0 ex?
Using 683, 2, we get

al _ _ 2;“‘ esin2xy 5. _ g,
dy 0 e=?

@
For, the integral 1) is convergent by 635, 2; while the integral 2) is uniformly

convergent in any («g), by 660, 2.
In 2), let us integrate by parts, setting

% =8in 2 2y, dv = — 2 xe—*'dzx.

@ 0
K= uv} - j vdu
0 0

®
=-— 2y£ e~ cos 2 xyde =—2yJ,
This in 2) gives, since J+0,

Then

dJ
2 ==2ydy.
J yay.
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Hence
logJ=—y2+ C. 3

To determine C, take y =0. Then

C=log. Vr/2, “
by 682, 4).
Hence 1), 3), 4) give
5;” COS22Y 4 — i;_r ey

ex?

688. In 681, 2) we found

* cos xy T =
5; #2+xldx 2;‘.6}‘»" ”’>01 y5a>0. (1

We can differentiate under the integral sign, by 683, 2. For, denoting the inte-

grand by f(xy), we have .
_ xsinzy
S(zy) =— el

which is continuous in R = (0x«g).
Also
® __(*sinzy dx
Jomm==f,

T u2
1+

is uniformly convergent in 8, by 661, 2.
Hence, differentiating 1), we get

Crsinxy o T __
5:’ e da:_2e uy, wy, Y >0,

689. In 682, 4), let us replace x by zy}, y>0. We get
j:oe—vﬁdx = -‘/T;—r y‘%, y=>o>0. Q1

We can differentiate under the integral sign, by 683, 2, getting

.s;wa(Z_yﬂdx = %r— "g‘, (2

In fact, the integral on the left of 2) is uniformly convergent in 8 =(e, 8), since

x? x?
eysd — gazt’

in 8.

We may obviously differentiate 1) » times, which gives

j:nxhne—y:’dx= _\/i_r. . % . g vee gn2_—l y_2_ﬂ2t_1, y>0, (3
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690. Fresnel's Integrals.
Let us start with the relation 689, 1),

j:oe vy = —\g—l v-3, y>0.

Let .
sin
J(xy) __:__ewy, for x>0;
=0, forx =0.
Then

v = fdyffdx f;a v f 0L g = fs"‘yd

499

@

(2

since the integral on the right is convergent, by 646. We can invert the order of
integration here, by 680, 1. For, f(xy) is continuous in R = (0w0wx), except on
the line £ =0. It has, moreover, no point of infinite discontinuity in R. The

integral

» © gin
f fle = f Y e
(V1N (A

is uniformly convergent in any (0, 8) except at y =0. The integral
e _ siny
[N

is uniformly convergent in any (0, b), except at x =0. Finally,

e v
Y:fu dxj;fdy

is uniformly convergent in 8. For

2 sin y + cos w2 sin y + cos y|¥
1 @
f fy = [ (L +xt)er™ |y
Hence
0 0 W2 ot
Y= dx _5‘ 22 sin y + cos y de=Y,— Ya
b 14t D (1 + xt)ex?

Ilere Y, is uniformly convergent in 8, since it is independent of y.

is uniformly convergent, since its integrand is numerically

<1+:4:2
14 x4

¢!

Likewise Y3

Thus all the conditions of 680, 1 being fulfilled, we can invert the order of inte-

gration in 2), which gives o -
J= j} d fo fay
= Ty

as is seen from 3), on passing to the limit y =w. But

r’ de__x_1 _ ¥,
0o 1+t 4sinw/4 9/3

4
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This by 2), 4), gives

o s
j; siny dy = _‘./._; . (5
vy V2
If instead of multiplying 1) by sin y, we had multiplied by cos y, we would have
got by the same reasoning _
oY "
° Vy V2

The integrals 5), 8) are known as Fresnel's integrals. They occur in the Theory
of Light.
If we set y =2, these integrals give

jmsin 2?dx = fwcos 2?dx =4Vn /2
o o

691. 1. Let us show that Stoke’s Integral

S= j;mcos (2® — zy)dx (1
satisfies the relation
@8 ,1 o
d__?/g + 5 yS=0. (2

This fact will enable us to compute § by means of an infinite series.
We have in the first place,

%;?: 5:1 sin (22 — azy)dz ¢

by 683, 2, since the integral 3) is uniformly convergent in any 8 = («, g).
In fact, using the transformation of the variable employed in 657

u =2z~ y), (4

we have ™ P
fxsin (28 — xy)dx = ( 2Sinudu
4 c 3at—y

where b, c are corresponding values in 4).

But . .
xsmu_smu. U

822—y u 8x—y

= ¢(u)g(u’ y)'

We can now apply 661, 1, replacing « in that theorem by ». Thus there exists

& Co such that © 4 sin u d
z8in u du

c 3%2—y|<¢’ ¢>C

But then the relation 4) shows that there exists a B such that
U:wx sin (28 — zy)dx' <e,

for any b S B, and for any y in 8. Hence the integral 3) is uniformly convergent.
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To find the second derivative of §, we cannot apply 683 to the integral 3). For
ﬁ}wxﬁ cos (a8 — xy)dx

is not even convergent, as we saw 657.
We may, however, apply 684, 2. In fact,

j;bx’ cos (28 — xy)dx = jo 8 zs cos (x® — zy)dx + l‘f cos (28 — xy)de

={[sin (@ — a2+ ¥
= }sin (b® — by) + Y.
But 0
j; cos (%8 — xy)dz

is uniformly convergent, as we saw 663, 7.
On the other hand,

j; Ysin (0% — by)dy =

which =0 as b = ®. Thus 684, 2 gives

cos (b8 — by) — cos (b8 — ba)
b 1]

;Z; j;wx sin (28 — xy)de = :??/ j:ocos (a8 — xy)da. 6

From 1), 3), 5) we have 2).
2. Before leaving this subject, let us show the uniform convergence of the inte-
gral 3), by another method.
From the identity 32—y y3a—y _}!_
z= + +
3z 38 923’

we have

f;:sin(z“-—xy)dz:};w‘g’_x-;?’sin(ws—x_/)dx+yj 3x ysm(a:‘ xy)dx
2 (" gin (28—
+L (T E= M = Ty 4 T+ T

Obviously T3 is uniformly convergent by 660, 2.
That T is uniformly convergent, was shown in 663, 6. That T, is uniformly
convergent, follows from 661, 2; since T is uniformly convergent.

Elementary Properties of B(u, v), I'(u)
692. 1. In 641 we saw

B(w o) =f a szw a

is a one-valued function whose domain of definition is the first
quadrant in the u-, v-plane, points on the u-, v-axes excepted.
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In 642 we saw

re=f empnlde @

is a one-valued function whose domain of definition is the positive
half of the u-axis, the origin excepted. We wish to deduce here
a few of the elementary properties of these functions.

2. By a change of variable, the integrals 1), 2) take on various
forms. Thusin 1) set

z= ﬁ
e et B(w v) = f 51— g)dy. e
If we set here y=1—z
e get B(u, v) =j(:lzv“‘(1 —2)* dz. “
In 3) let us set y =sin%6; we get v
B(u, v) = 2jo‘gsin““‘ 0 cos?*1 6 d6. €
If we set z=log1/y '
in 2), we get 1 u-1
)»we g T'(u) = fo log @) dy. . (6

3. We establish now a few relations for the B functions. In
the first place the comparison of 3), 4) givesv”

B(u, v) = B(v, u), ¢

which shows that B is symmetric in both its arguments.
As addition formul® we have the three following 8), 9), 10),

B(u+1,v) + B(u, v+ 1) = B(u, v) (8

For, 1
B(u, v)=f0zu-l(1 — 2y (1 -z +2)de

= [ -2y e+ [ (1~ 2yde
0 0 ’

which is 8).
vB(u+1, v) =uB(u, v+ 1). ¢
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For, 1
B(u+1,v) =~£ (1 —z)dz;
. . [ zQ—=-2)T, u (W v
integrating by parts, —[ ——v-——l-*- H jo‘ 211 —2)vdx
=Y B(u, v+ 1),
which is 9). v
From 8), 9) we have
B(w, v) = “TUB(u, v +1) = “TYB(u +1, »). (10
v %
We can show now that B(u, n) = B(n, w) is a rational function
of u, viz. : B(u, 1) =1/u. (11
1 1 2 n—.1
Bu,n)=- + —— . e . 12
(u, m) u u+1l u+2 u+n—1 (

FOI‘, [l
B(u, 1) =flz“"dx=[£Jl = 1,
0

Uy w
which proves 11). From this we get 12), using 10).
4. We establish now a few relations for the I' function.
P(u+1)=ul'(u). as
For, integrating by parts,

F'u+1) =£mx"e"dx = [— e”’x"]o -+ ujo‘ e v~ dz

kel
= uf e dz.
0

We observe next that r'(1)=1. (14

For, » ®
ray=/ e"dx:[—e“”] ~1.
0

0
From 13), 14), we get
Fu+n)=u(m+1) - (u+n—-1)Tw); 15
and this gives ) _1.9.8..n—1=n—1], 16

on replacing n by n — 1 and u by 1.
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A formula occasionally useful is

_];_ 1 °°—a::: -1
&= T(u ) ez dx. Qan

It is obtained from 2) by replacing z, by az.

5. The T function is continuous for any »>0. This follows
from 669, 1 and 663, Ex. 1.
The derivative is given by

I (d) =j0‘ e~*z*"'log zdz, u>0. (18
This follows from 683, 2. Similarly
I (u) =J; e~ *z* 1 log? z dz, u>0. 19

We can now get a good idea of the graph of I'(w). In fact, the
expression 2) shows that I'(x) >0 for all u>0.

From I‘(u)___‘]‘;l_}_j;w

we see that Rlim T'(w) = +o.
u=0

From 13) we see that

lim I'(u) = + oo.
w=+4®
From 19) we see that I''(«) >0, and hence the graph of I'(%)
is concave.
Since I'(1) =TI'(2), the curve has a minimum between 1 and 2.
Its value is 1.46168 ...

6. We establish now the important relation connecting the B
and I’ functions, Bu, vy E W)T (v). @
’ I'(u+v)

From 17) we have

1 — 1 ® = (1+y)z ut+v—1
GERBTT I‘(u+v)j;e z4+0"1dp,
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Hence by 1)

I . SRR S PO N
B(u,v).-j'" (1+y)"+”_l"(u+v)£ dyﬁx* lyvle~MWzdy, (21

We may invert the order of integration, by 680, 8.
For, in the first place

u+v—1, u~1
Y

r
S@Y) = —mn
is continuous in B = (000x0), except on the lines 2=10, y=0.

Secondly, -
j(: Sdz

is uniformly convergent in any (e, 8), «> 0, by 663, Ex. 1.

Thirdly, -
fo fdy
is uniformly convergent in any (a, 8), a>0.

Finally, I jomdz ﬁwfdy

Y__ “yu-ldy

- A 7(14—1/)1’

exists. Forin

set zy=t, 2>0. Then
Y= e"x“"j: e~'t1dt

= e %z *T'(u).
Hence for a >0,

L, =dex j‘; wfdy =T'(u) ja‘ we"”:v"“d:v.

But »
li “zgr-1dz = T'(v).
im ja‘ e~ 2" 'dx (v)

Hence L=lim L= T(w)T(s). (22

Thus all the conditions of 680, 8 being fulfilled, we have L = K.
From 21), 22), we have 18).



CHAPTER XVI

MULTIPLE PROPER INTEGRALS
Notation

693. 1. In Chapters XII and XIII the theory of proper inte-
grals of functions of one variable was developed. We now take
up the corresponding theory with reference to functions of several
variables.

2. We begin by explaining a notation which we shall system-
atically employ in the following, and which is similar to that used
in the earlier chapters.

Let U be a limited point aggregate in an m-way space R,. Let
Sz z,), or as we shall often write it, f(2), be a limited func-
tion defined over A. Let us effect a rectangular division D of
space of norm d. To simplify matters, we shall suppose d is not
taken larger than some arbitrarily large but fixed number. Those
cells which contain points of U, as well as their volumes, will be
denoted by d,, d,, -+, or by a similar notation. Let M, m, be the
maximum and minimum of f(z) in d,, We shall set

B,=3Md, 8,=3md, a
It sometimes happens that we are considering points of two or
more aggregates U, B, -+ Then we shall write
Sy, Spp

where the subscript indicates that the sums 1) are taken over the
aggregates A, B, -+ respectively.

3. We shall denote the maximum and minimum of f in % by
M and m respectively. The greater of |M| and |m| we shall
denote by F, so that

@y z)|<F,  ind
506
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4. The oscillation of f(z,, - z,,) in the cell d, is
o=M—m,.
The sum 0pf=Sod =8, -3,

is the oscillatory sum of f for the division D.

Upper and Lower Integrals

694. The sums Sy, S, form a Umited aggregate, D representing
any division of norm <d,; moreover

8p<8).
For m<m <M< M.
Hence Smd, < Smd, < SMd < SMd,
or

m3d, < S,<8,< MSd,. a

Since U is limited, the cells d, are all contained in some cube.
Hence =d, is less than some fixed number, and the theorem follows
at once from 1).

695. 1. Let f(zy - 2,)S0in A  Let D and A be any two rec-
tangular divisions of space. Let K be the division of space formed
by superimposing the division A on D, or what i3 the same, the divi-
stion D on A.  Then

Sp<8p  8p< 8,

For, let d, be one of the cells of D which is subdivided, on super-
imposing A.
Let d,,p d,,m .
denote the cells of E in d, containing points of %. Then, to the
term Md, in §), corresponds the term
ZM.d

Mx _<_ M.’ gdut S ds‘
IM,d,<SMd, <Md,

"wUK =

in Sy But

Hence
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2. Similar reasoning shows that:
If f(zy - 22) 20 in A,
828 SaZ8e

696. 1. Let f(zy -+ 2,)S 0 e limited in the limited aggregate U.
Let _ -
S= Min SD’

with respect to all rectangular divisions D. Then

lim Sib =8. (1
d=0
Let us employ the graphical representation of 281. The points
of U lie in a certain cube € of edge C. The representation of € is
formed of m segments €, --- €,, on the z, - z,, axes. We shall
suppose @ taken so large that no codrdinate of any point of U is
at a distance <2d, from the ends of these segments. This insures
that the cells d, of any D of norm < d, lie within @, and therefore
that 2d, < 0™,
Since & is the minimum of all 8, there exists for each ¢>0 a
division A, such that
S<8,>8+¢/2. 2

Let D be an arbitrary division. Let us superimpose A on D,
forming a division E.

The division ¥ is formed by interpolating certain points. let us
say at most u points in each of the segments €,, --- €,. The inter-
polation of one of these points may be interpreted as passing a
plane parallel to one of the sides of €. Its effect is to subdivide
certain of the cells of €. The volume of the cells so affected is

<dom,

Hence the superimposition of A on D, being equivalent to pass-
ing at most mu planes parallel to the sides of G, affects cells of G
belonging to the original division D, whose volume

V< mudCm-1, 3
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Let A subdivide d,, a cell of D containing points of ¥, into the

cells
dtl’ d.z v
containing points of ¥, and into the cells
8‘1’ 81,2 o

containing no point of .

Then S,=3Md +R; S,=3SM.d,_ +R,

K

where R denotes the sum of those terms common to S, and S,
corresponding to cells of D unaffected by the division A.

But d=3d_+38,.
Hence - ) <
SD = EMdu( + Z‘M:SLK + R'
Therefore
0_<_§D - S’_E = E(M - M:x)du( + EMSM
< F2d, + F=6,=FV
<mudFC™1, by 3).
If we take 7 ¢
S S mpF O™
we have Sy<Sp+¢/2, for any d<d'. 4
But regarding F as formed by superimposing D on A,
Sy < 8, ¢
Hence 2), 4), 5) give
S<8,<8, +¢/2<8+¢;
or 0<8S),—S<e

which proves 1).
2. A similar line of reasoning shows:
Let f(z, -+ 2,) 2 0 be limited in the limited aggregate A. Let
8 = Max 8),
with respect to all rectangular divisions D. Then
lim 8§p= 8.

&=
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697. Let f(z, - z,,) be limited in the limited aggregate A. Then

the limits lim ), lim 5,
da=0

exist, and are finite.
Let us take ¢> 0 so large that

g(zl ver xm)=f(zl P xm)_*. ]

is positive. Let M, N, be respectively the maxima of f and g in

the cell d. Obviously,
No=M +e.

We have seen in 696, 1 that

lim 2Nd, lim Zed,
exist. Hence

lim §p=1lim EMd, =lim =(N, —c)d,
a=0

=lim 2N d, — lim Sed,

exists, and is finite. .

To show that lim S,
1m 2

exists and is finite, we introduce the auxiliary function

h(xl Zm)=f(z‘1 xm)"‘ 4

and determine ¢ >0 so large that h is always negative in .

698. The limits S, S, whose existence was established in 697,
are called the lower and upper integrals of f(z,---z,) over the
field A. They are denoted respectively by

J;[f(xl e 2,)d =_f2rf(z1 e )y e ds
];f(zl zm)d?[ =Ig(f(xl xm)dzl v d,,

When the lower and upper integrals 1) are equal, we denote
their common value by

j;f(zl IIJm)dQI =fa-f(xl 27m)dxl dxm; (2

¢!
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it is called the dintegral of f over the field A. In this case
Sz, -+ @) 18 8aid to be integrable in A. We also say the inte-
gral 2) exists.

The integrals 1), 2) are called m-tuple or multiple integrals.

699. 1. Let f(z, - x,) be limited and integrable in the limited
field A, Let D be any rectangular division of norm d, and €, any
point of W in the cell d. Then

lim Bf(E)d, = j;! faL. a

Conversely, if this limit exists, however the D’s and E's be chosen,
the upper and lower integrals of f are equal, and f 18 integrable.

For,

mc Sf( El,) S_ M'
Hence Smd, < Sf(E)d, < EMd. @
As . p
m Emz 3 =,A_QI’
lim SMd, = L

are equal, we get 1) on passing to the limit d =0 in 2).

The reader will observe that this reasoning is precisely similar
to the first half of the demonstration in 493. The second half of
our theorem is proved by a reasoning exactly similar to the second
half of the demonstration of 493. Instead of the interval b — a,
we have here a cube of volume C™. :

2. The theorem 1 shows us that we may take
lim Sf(£)d,
d=0

when it exists as a second definition of the integral of f over A.

700. 1. The theorems of 495, 496, 497, and 498 may now be
extended without trouble to functions of several variables. For
convenience of reference we restate them here for this general
case.
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2. In order that the limited function f(z, --- z,) be integrable in
the limited field W, it t8 necessary and sufficient that the oscillatory
sum Q,f = 0, as the norms of the divisions D converge to 0.

8. If the limited function f(z, -+ z,) 18 integrable over the limited
Sield N, <t is integrable over any partial field of U.

4. In order that the limited function f(z, --- x,) be integrable in
the limited field U, it i8 necessary and sufficient that for each ¢ >0,
there exists a division D for which the oscillatory sum

pr< €.

5. In order that the limited function f(z,--- z,) be integrable in
the limited field A, it is necessary and sufficient that, for each pair
of positive numbers w, o there exists a division D, such that the sum
of the cells of D in which the oscillation of f i3 >w, 18 <o

EXAMPLES
701. 1. Let % be the square (0, 1, 0, 1).
Let Sf(x, ) =0, for x, or y irrational ;

1 m . . .
== for x = s M relative prime, y rational.

Then f is integrable, by 700, 5. For, fis Zé only on the lines =1, 4, §, %, },
34 4 % 4 - the denominators of the fractions being Zq. On each of these
lines the oscillation in any little interval is ;1 On all other lines the oscillation
is <l. Obviously there exists for each ¢ a division for which the sum of the

squares in which the oscillation is §% is <o ; and the integral is zero.
2. Let % embrace the points x, y of the square (0101) for which z is rational,
1
Let @)= ! forz= —:—'; m, n relative prime.

Then f is integrable in ¥, as the above example shows.

Content of Point Aggregates

702. 1. We extend now the notion of content, etc., considered
in 514 seq., to limited aggregates in R,,. Let us effect a rectan-
gular division of space of norm 8. Let

dl’ dz, ds, oo



CONTENT OF POINT AGGREGATES 518

be those cells containing at least one point of the limited aggre-
gate A ; while
d{- dé9 d's e
denote those cells, all of whose points lie in 2.
Then the limits
A=1lim3d,, A=1limZ=Zd! a
=0 =0
exist, and are finite.

For, let us introduce the auxiliary function f(z, --z,), whose
value shall be 0 in R, except at the points of o, where its value
is 1. Then, using the notation and results of the previous articles,
we have:

Ap=SMd, =3d,

Up=Z2md, = Zd..
But by 697,

lim 9, lim A,
. . 8=0 8=0
exist, and are finite.

2. The numbers 9, A are called the upper and lower content of U.
We have thus:

2_I=ffd%(, %_[:Ifd%[.

When % =9, their common value is called the content of U.

We denote it by Cont 81
ont ¥,

or when no ambiguity arises, by «.
To be more explicit it is often convenient to set

Y =Contd, A= Cont.

A limited aggregate having content is measurable.
Thus, when U is measurable,

Cont o = j; fa.

The content of a measurable aggregate in R; is called its area;
in R, the content is called volume. We shall also use the term
volume in this sense, when n > 8.
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3. As immediate consequence of the reasoning of 1, we have:
Let B be a partial aggregate of A.  Then

B<A;  B<AU

703. By the aid of the auxiliary function employed in 702
we can state at once criteria in order that % is measurable.

1. For A to be measurable, it is necessary and sufficient that the
sum of the cells containing both points of U, and points not in A con-
verge to 0, a8 the norn: of the division =0.

This follows from 700, 2.

2. In order that N be measurable, it is necessary and sufficient
that for each €>0, there exists a division such that the sum of the
cells embracing both points of U and not of A Vs <e.

This follows from 700, 4.

Frontier Points

704. 1. The frontier § of any aggregate A is complete.

For, let p be a limiting point of .

Then in any Dg*(p), there are points of §. If f is such a point,
there are points not belonging to A in any D *(f). We may take
7 so small that D, lies in D,. Hence p is a frontier point of U.

2. Let % and B be two point aggregates. Let
D=Dist (z,y) =V (z;— ¥)?+ - + (@n—Ym)?

be the distance between a point « of A and a point y of B. Let &
be the minimum of D, as z runs over 2, and y runs over 8. Then
8630, and is finite. We say & is the distance of U from B, and

write 8 = Dist (%[, 8)-

In certain cases, A may reduce to a single point a.

3. If A, B are limited and complete, there s a point a in U, and
a point b in B, such that

Dist (a, b) = Dist (%, B).
If Dist (A, B) > 0, the two points a, b are frontier points.
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For, we may regard z, ---z,, ¥; - ¥n as the coordinates of a
point z in a 2m-way space R,,. We form an aggregate € whose
points 2z are obtained by associating with each z of U, every y of
®B. Then the domain of definition of Dist (2, y) in 2, considered
as a function of 2m variables, is precisely €. To represent € we
may employ 2m axes, as in 281. Obviously € is limited and com-
plete, since A and B are.

Then by 269, 2, there exists a point (a, - a,, b, --- b,) in G, at
which D takes on its minimum value. Then

a =((11 a"l)’ b =(bl bm)

are the points whose existence was to be proved.
The points a, b ave frontier points of A and B respectively. For,
if they were inner points, the distance between Dy(a) and Dy(d)

equals Dist (a, b) — 28 < Dist (a, b).

4. Let B be a partial aggregate of A. If the distance between
the frontiers of % and B is not 0, we say B is an inner partial
aggregate of U; also A is an outer aggregate of B.

Discrete Aggregates

705. 1. Definition. An aggregate of content 0 is discrete.
Obviously, if Cont A = 0

A is discrete.
2. Every limited point aggregate of the first species is discrete.

Let A embrace at first, only a finite number of points, say n points.
Let us effect a cubical division of space of norm

s<yS,
n
such that the points of U lie within their respective cells. Then
the sum of the cells containing the points U is
Sy, <nd"<e.

Thus U is discrete, and the theorem is true for aggregates of
order 0. Let us therefore assume the theorem is true for aggre-
gates of order » — 1 and show it is true for order n.
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By 265, A™ embraces only a finite number of points, say
al, az b a'.

We can, as just seen, inclose these within cells of total volume
<e/2. The points of A not in these cells form an aggregate B
of order n —1. By hypothesis we can effect a division of space,
such that the total volume of the cells containing both points of
B and not of B is <e/2. Thus the division formed by superim-
posing these two divisions, is such that the volume of the cells
containing both points of % and not of A is <e.

706. Let A be a limited aggregate whose frontier points § form a
discrete agyregate.  Then W is measurable.

For, using the notation of 702, the volume of those cells of a
division D, containing both points of % and not of %, is

Q—ID U< %D 5
where §p is the volume of those cells containing at least a point

of §. But, as §§ is discrete,
Fo=0.

Hence, by 708, 1, % is measurable.

707. 1. Let R, be an m-way space. Let us give certain of the
coérdinates of z=(z;, - ,) fixed values. For example, let
Tpy1=0py1y - Tp=a,. The aggregate of points z= (2, -+ 7, @ps1s
-+ a@,) may be regarded as constituting a p-way space, R, lying
in R,. The point z, when considered as belonging to ®,, may be

denoted more shortly by z=(z,, --- z,).

2. Let A be a limited aggregate lying in R,. If we consider A as
lying in an m-way space R,,, m > p, it 8 discrete.

For, let A lie in a cube C, of volume C, in R, s0 large that none
of the points of A come indefinitely near the sides of C. Then the
upper content of U, relative to R,,is <. We can effect a division
D of R, of norm d such that the points of A lie within the cells of
D. 'Then the volume of all the cells containing points of 9 is less

than Cdn-»,

which converges to 0, with d.
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708. 1. Let y=f(zy, --- z,) be defined over an aggregate ¥.
Let e =(=y, -+ %), @ =(2,+ gy -+ 2, + k) be two points of A.
The increment that f receives when 2 passes to 2’ we have denoted
by Af. Let us set

Az = Dist (z, x’)=\/}¢12+ Py 4

Af
Ax

and call

the total difference quotient of f. The point 2/ may or may not be
restricted to remain near z; if so, it will be stated.

2. Let the limited functions

Y =f1(x1v .’E,,,), o Yn =fn(zp e T )s n=m+p>m

have limited total difference quotients in the limited discrete aggre-
gate .  Then B, the y-tmage of A, 18 also discrete.

For, let us effect a cubical division of the z-space of norm d.

Since the difference 'quotients are limited in 9, there exists a
fixed &, such that

|Af| < d@, v=1,2, - n,

as z ranges over any one of the cells d, of D. Hence each coordi-
nate y, remains in an interval of length < dG as z ranges over the
points of %A in d,. Therefore y =(y,, --+ ¥,) remains within a cube
of volume d*G". Hence the points of $ have an upper content

< %d"(}" = d"G”%d”‘ = dPG"Y p.

As lim 9, =0, Cont B = 0.

8. Asa corollary of 2 we have:
In the region R let

Y1 =f1(x1’ vee g:m), Yy =f”(x1, vee zm) n'S'm

have limited first partial derivatives.
Let A be a limited inner discrete aggregate. Then B, the image
of U, 8 discrete. :
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4. Let the limited functions

N =fl(zl’ zm)’ ** Yn =fn(x1a :l:m) n=m+p>m

have limited total difference quotients in the limited agyregate A,
except at points of a discrete aggregate A.  In the cells of any cubical
division of morm d<d, let at least m of these difference quotients
remain limited. Then the image B of A is discrete.

For, consider one of the cells d, containing a point of A. At
least m of the coordinates of a point y remain in intervals of length

< Gd.

All we can say of the other codrdinates of y is that they remain
in intervals of length 2 F, where |f,|<F, :=1, 2, ... n. Thus the
image of the points of ¥ in the cells d, has an upper content

<3(Gd)"(2 Fy» = Gn 20 FrSdn =27 FrG A, < ¢/2,

if d, is taken small enough.
The content of the image of the other cells d, is

< 3drG < dPG™ p.

As pS 1, we can take d,, sufficiently small, so that the content of
these cells is <e/2.

709. An important class of discrete aggregates is connected
with functions having limited variation, which we now define.
Cf. 509 seq.

Let f(z, - ,,) be limited in the limited aggregate %. Let D
be a cubical division of space of norm d<d, Let the oscillation
of f in the cell d, be w,. If there exists a number & such that

2w d" ' < @, (1

however D is chosen, we say that f(z, --- z,,) has limited variation
in A ; otherwise it has unlimited variation.
From 1) we have .
Sw < _i. 2
< g (
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710. Let the limited functions

yl-_;fl(xl”'xm)"'yn—l=. n-1(2y - Zp) n=m+p>m

have limited total difference quotients in the limited aggregate ¥.

t
Le yn=fn(x1 xm)

have Uimited variation in A. As z=(z, - z,) ranges over U, let
Y=Yy Y,) range over B. Then B s discrete.

For, let us effect a division of the z-space of norm d. Then
Yp *** Ya1 Temain in intervals of length < dG as z ranges over the
points of 9 in one of the cells d,.. Thus if w, is the oscillation ot
f.in d,, the point y remains in a cube of volume

< du—lGn—-lw"’
when z ranges in d,. Thus the upper content of 8 is

<d" 1@ 12w,

<d*G* ‘e, by 709, 2).

As this converges to 0 as d =0, 8 is discrete.

Properties of Content

711. 1. Let A be a limited aggregate. With the points of U
let us form the partial aggregates %U,, --- A, such that the aggre-
gate of the common points, or of the common frontier points, of
any two of these aggregates is discrete. We shall say that we
have divided U into the unmized aggregates ¥y, -+ A,  Also, A is
the union of Ay, - A

2. Let the limited aggregate A be divided in the unmized aggre-
gates Ay, Wy, - W,e  Then
A=A+ 4+%; A=A+ + A

For, let D be a rectangular division of norm 8. Let §, be
the volume of all those cells of D which contain points of more
than one of the aggregates %, --- %, Let %, , be the volume of
those cells containing points of %, ¢ =1, 2, --- 8. Then

W2 Uy + -+ + % o< UAp + 8T ¢
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Now, by hypothesis, lim 5, = 0.
=0

Hence passing to the limit in 1), we get

é[‘=§‘ll+ A +§I-;'
The other half of the theorem is similarly proved.

3. If the aggregate N can be divided into the measurable unmized
aggregates Ny, --- A,, it t8 measurable, and

Cont % = Cont A; + -+ + Cont U,.

This follows as corollary of 2.

4. Let Ay, --- U, be limited aggregates whose frontiers are discrete.
Let A be the union of these aggregates. Then N 8 measurable, and

Cont A = Cont A, + --- + Cont ¥U,.

For, we may divide % into %A, --- U, and these latter aggregates
are unmixed, by hypothesis. The aggregates %A;, --- %, are also
measurable by 706. '

712. 1. Connected with any limited complete aggregate U of
upper content I >0 is an aggregate B, obtained from ¥ by a pro-
cess of sifting as follows:

Let D,, D,, --- be a set of rectangular divisions of space, each
formed from the preceding, by superimposing a rectangular divi-
sion on it. Let the norms of these divisions converge to 0.

The division D, effects a division of 2 into unmixed partial
aggregates. Let 9, denote those partial aggregates whose upper
content is >0. Then, by 711, 2, U, = A.

Similarly, the division D, defines a partial aggregate of %, and
hence of %, such that %, =%, etc. Let us consider the cells of D,
which contain points of %,. As n= oo, these cells diminish in
size, and in the limit define a set of points 8. The upper content
of the points of 9 in the domain of any point of $is >0. Thus
each point of @ is a limiting point of %, and hence a point of ¥.
We shall prove, moreover, that 8 is perfect.
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For, suppose b were an isolated point of 8. Let C be a cube
whose center is & and whose volume is small at pleasure. Let a
be the points of A in €. Let us divide C' into smaller cubes, say

of volume ;17:6. The points of A in at least » of these new cells

must have an upper content >0. Thus there are other points of
P in C besides 5. Hence B has no isolated points. To show
that § is complete, let B be a limiting point of B; it is therefore
a point of A. The upper content of the points of A in any domain
of Bis >0. B will therefore lie in one of the cells of D,, n=1,
2, ... Hence it is a point of B.

Finally, T=F

For, any cell of D, which contains a point of 8B contains a point
of %, and conversely any cell which contains a point of 9, con-
tains a point of B, or is at least adjacent to such a cell.

2. The aggregate B may be called the sifted aggregate of A.

713. 1. We shall find it useful to extend the terms cells, division
of 8pace into cells, etc., as follows :

Let us suppose the points of any aggregate %, which may be
R,, itself, arranged in partial aggregates which we shall call cells,
and which have the following properties:

1°. There are only a finite number of cells in a limited portion
of space.

2°. The frontier of each cell is discrete.

3°. Each cell lies in a cube of side Z 4.

4°., Points common to two or more cells must lie on the frontier
of these cells.

We shall call this a division of A of norm 8.

2. Let A be such a division of space. Let % be a limited aggre-
gate. Asin 702, %, may denote the content of all the cells of A
which contain at least one point of 9; while A, may denote the
content of those cells all of whose points lie in .
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3. Let A be an aggregate formed of certain of these cells, U, --- U,.
Then U i8 measurable ; and

Cont A = Cont A, + -+ + Cont A,
This is a corollary of 711, 3.

714. Let A be a limited point aggregate, and A a division of space
of norm 8, not necessarily a rectangular division. Then

lim 9, =9, lim %, = A
§=0 &=0

Let us prove the first half of 1); the other half is similarly
established.
For each ¢ >0 there exists a cubical division D of norm d, such

that o
* A< A, < + ¢/2. 2

Let D' be another cubical division of norm d'.
Let 8B, denote the volume of all those cubes containing points
of Ap. We can choose d’' so small that

Wp<Bp<Ap+e/2.
Then 2) gi =
hen 2) gives A< By <T ot e. 3

Let A be any division of space, not necessarily cubical, of norm
d<id.

Then ¥, contains every point of %; and is a part of B, since
the distance of ¥ to B, is Zd'. Hence, by 702, 8, and 713, 3,

A

t

D'

82|
IA
IA

This gives with 8)

2
IA
=

A <A+e

for any 6<3 d'.

715. 1. Let U be a limited aggregate. If A is not complete, let
us add to it its lacking limiting points. The resulting aggregate
B may be called the completed aggregate of U.

A limited aggregate A, and its completed aggregate B, have the
same upper content.
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For, let us effect a rectangular division D of norm d. The cells
containing points of B fall in two classes: 1°, those cells d,, d,, --
containing points of %; 2° those cells e, e,, --+ containing no point
of A. Each of these latter cells, as ¢,, is contiguous to at least one
cell d,. If e, --- are contiguous to d,, we will join them to d, to
form a new cell §,, in such a way that each e-cell has been joined
to some one d-cell.

The cells &, 3,, --- together with the cells d,, d,, --- which remain
unchanged by this process of consolidation, define a division A
of the kind considered in 713. The norm § of this division is
evanescent with d.

Now, for the division A,

-ﬁA = @TA'
By T14, the left side = A. Hence
B=9U

2. The lower contents U, B do not need to be equal.

For example, let A = rational points in the interval J=(0, 1).
Then B=4J.

But 9% =0, B=1.

3. Let A be measurable. Then U, and its completed aggregate B,
have the same content.

For, we have just seen that
A=A=3. ¢!
On the other hand, every inner point of % is an inner point

of 8. Hence %,<8,

Hence, passing to the limit,

A=

=2
(A
168
[A
&l

@

Hence 1), 2) give o =

v
I
&
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4. If A is measurable, the content of A and tts derivative A' are
equal.

For, let B be the completed aggregate of A. Since every inner
point of % is an inner point of ', and every point of ¥’ is in B,
we have for any cubical division D, of norm d,

A < Ap<AL< P,
Passing to the limit d = 0, this gives, since 9 is measurable,
AW <A < B. (3
But, by 3, 4 =8. Hence 3) gives
A=A ="
716. Let A be a limited aggregate whose uppe}' content 18 A. Let
B be a partial aggregate depending on w such that
lim B = A
u=0
Let D be a rectangular division of norm d. Then for each ¢ >0
there exists a pair of numbers wuy, d, such that

gID_%u.D<G (1

Jor any 0<u<uy, 0<d<d,.
For, if d<d,,

ﬁsg{0<ﬁ+5/2,
and, if u <, A—e/2< P
But @u,psﬁb
Thus A

which establishes 1).

Plane and Rectilinear Sections of an Aggregate

717. 1. Let A be an aggregate in R,. As z=(z, - x,) ranges
over 9, z, will range over an aggregate r, on the z-axis, which we
call the projection of A on this awis.
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The points of ®R,, for which one of the coordinates as z, has a
fixed value z, = £, lie in an m — 1 way plane, which we shall say
is perpendicular to the x,-azis. 'We may denote it by P; or more
shortly, by P,. 'The points of % in P, form a plane section of A
corresponding to the point E in g, which we denote by P, or B..
We also say P, is a plane section of U perpendicular to the z,-axis.

2. As z= (2, z,) ranges over the points of 2, the point
@y o+ 1y 0, 74y -+ ,) Tanges over an aggregate X, in-the plane
z, = 0, which may be called the m—1 way plane II, of the azes per-
pendicular to z. We call X,, the projection of A on II..

8. Let us fix all the coérdinates of z = (=, z,), except z,.
Then z describes a right line parallel to the x,-axis. Let g, denote
the points of A on one of these lines. We shall call it a rectilinear
section of A, parallel to the v -axts.

4. Let A be limited and complete. Then the P, and the a,, also
the ¢, and X, are complete.

Let us show that the P, are complete. Let p be a limiting point
in one of the B,. Let
¥ Py Py - a
be a sequence of points in this plane which =p. Then 1) is a
sequence in ¥, and as ¥ is complete, p lies in ¥, and hence in P,.

Let us show that r, is complete. In fact, let ¢ be one of its
limiting points. Let ¢y, ¢, --- be a sequence in g, which =g¢. In
each plane section P, , take a point r,.

This gives a sequence

7'1’ rz “ee
whose limiting points lie in %, since % is complete. Moreover, the
projection of these limiting points is g¢.

718. 1. Let A be a measurable aggregate.

Let ¢, denote those points of ., for which the upper content of the
Sfrontier points of B, is Sa. Then ¢, is discrete.

For, let us effect a cubical division D of R, of norm d. This
effects also a division of norm d of the z,-axis. Let d,, d, --- denote
those intervals on this axis, embracing at least one point for which
the frontier points of the corresponding plane section have upper
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content So. If §, denote the volume of those cells containing
frontier points § of A, we have

Fp>o2d, for any D.
Let d=0. As ¥ is measurable,
aContg,=0.
As >0, Conty,=0.
2. In a similar manner we prove:

Let X denote those points of the projection of the measurable aggre-
gate A on the plane z, =0, for which the content of the frontier poiits
on the corresponding rectilinear sections is S a. Then X is discrete.

8. Let ¢, be the projection of the measurable aggregate A on the
z,-axis. Let D be a division of R, of norm d. Let f,, f, - denote
those intervals on the z.-axis containing frontier points of t.. Let
v>0, 0>0 be taken small at pleasure. If f|, f; -+ denote those
S-intervals containing points of y.. for which the upper content of the
corresponding plane sections P is < v, we can take d, 8o small that

2fl <o, d<d,

For, in the contrary case, the upper content § of the frontier

points of A is < 0. a

But % being measurable, § = 0, which contradicts 1).

Classes of Integrable Functions

719. 1. Let f(z, - x,) be continuous at the limiting points of the
limated complete field .  Then f i3 integrable in A.

For, reasoning similar to that of 8352 shows that we can effect a
cubical division D, such that the oscillation of f in each cell of D
containing points of A is <w. Then by 700, 4, f is integrable.

2. In the limited complete aggregate U, let the limited function
S(@y - x,) be continuous, except at the points of a discrete aggregate
B. Then f 18 integrable in U.

Since B is discrete, there exists a cubical division D such that
the volume of those cells containing points of B is <e.
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Let €, denote those cells which contain points of %, but do not
contain points of 8. Since f is continuous in €,, we can effect a
cubical division 2’ of @), such that the oscillation of f in any cell
of D' is <.

Then by 700, 4, f is integrable in 9.

3. Let f(z, - z,) have limited variation in the limited field .
Then f 18 integrable in A.

For, Qpf=Swd <d"3o,
<da, by 709, 2).
Hence lim Q,f=0,

and f is integrable, by 700, 2.

720. As in 504, 505, 507, and 508, we may establish the follow-
ing theorems :

1. Let f(z; --- z,,) be a limited integrable function in the limited
field A.  Then |f(x, - x,,)| i3 integrable in A. [507.]

2. Let f, fp -+ f be Uimited integrable functions in the limited
Jfield A, If ey, ey -+ ¢, denote constants, then

chitafytetofy  and ffyef.
are integrable in A.  [504, 505.]
3. The converse of 1 is not necessarily true. For example, in
a rectangle £ let S(xy) =1, for z, y rational ;
=-—1, for other points in R.

Obviously f is not integrable in R.
On the other hand, | f| obviously is integrable.

4. The product f-g may be integrable without either f or g
being integrable in Y. For example, in a rectangle R let f(zy)

be definea as in 3; while
glzy) =—1, for z, y rational ;

=1, for other points of R.
Then fy = — 1 in R, and is hence integrable in R.
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721. Let f(z, - z,) be integrable in the limited complete field
A.  Let € be the points of A at which f is continuous. Then € = 9.

For, if % is discrete, the theorem is true, even if f has no points
of continuity in . Let us therefore suppose A>0. Let B be
the partial aggregate formed from 9 by the process of sifting,
considered in 712.

Let D be a rectangular division, and d one of its cells containing
points of B; we can choose .D so that no cell has points of 8 only
on its sides. Let a be the points of % in d. Since q is a partial
aggregate of U, f(z, --- #,) is integrable in a. The reasoning of
508 shows now that f must be continuous at one point, at least,
of a and hence at an infinity of points of a.

Among these points, lie points of 8. Thus every cell of the
division D, which contains a point of @, contains a point of €.

Hence C=9.

Generalized Definition of Multiple Integrals

722. Let f(z, -+ z,,) be limited in the limited field A. Let A be
any division of space of norm 8 into cells 8. &,, ---, not necessarily
rectangular. Let I, m, be respectively the mazimum and minimum

of fin 8. Then

lim §, = lim S, = f fas, a
=0 8=0 A
lim , = lim Sm,3, = f faL. @
S=0 =0 4|

Let D be a cubical division of norm d. Let d,, d,, - be the
cells of D containing points of A. We may denote their volumes
by the same letters. Let M, = Maxf, in d,; also F< Max |f]| in
%, and S 1. Then for each e> 0, there exists a d such that

@,,—f;l<§, ¢

SD = EM;d‘.

where, as usual,
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Furthermore we may choose d so small that

i
Up— A< 57 “
where ’ Ap = 32d..

Consider now the division A. Those of its cells containing
points of ¥ fall into two classes: 1°, those lying in only one cell
of D; 2°, those lying in two or more cells of D. Letd,, d,, - be
the cells of the 1° class lying in d,. Let &}, &, --- be all the cells
of the 2° class. Then the content of all the cells of A containing
points of ¥ is

38, +28 =%,

But since the frontier of ¥, is discrete, there exists a &, such
that

/ € <
3 < 67 <4, b

As moreover ¥, =3, by 714, we may suppose that

A — A< me, 8L,
L-d<gpyp 5% S
From 5), 6) we have
8 —l<-E.
lz (13 2[1 < 8 F
This with 4) gives finally
'st—ﬁbl<-4—e—~ (7
Now
gA = Em‘tmsut + zmisln PY
where MM, M! are the maxima of f in J,,, &, respectively. Hence
S, S3M$, + F=8, 8
wince m.zM, M<PF
Thus 5), 8) give 3
SA < EM;8LK + E * (9

4
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Now
ISD - §M8m| = l;M;.(dt - gsm)l

SFlgd:._ Esugl =FIQID— 280:]

<§, by 7). (10
Thus 9), 10) give o
S, <8, + % (11

In the same way we may show that for a properly chosen cubi-

cal division %, ~
S,< 8, + £ 12

[ 3]

From 38), 11), 12) we have

S'A—J;('<e, 8§<8,.

This proves 1). In a similar manner we may demonstrate 2).

723. Let f(z, --- x,) be limited in the measurable field N. Let
A be an unmized division of U of norm 8, into the cells §;, &, -
As usual let

S, =3ms, S, =3Ms.

Let m be the mazimum of Sy, and M the minimum of S, for all
divisions A, 6=0. Then

m=—f%fd9[, E)J?:_glfd%[.

Let ws divide one of the cells as § into two unmixed cells &/,
8!".  This gives a new division A’. Then the term m3g, in S,, is
replaced by the two terms

' m' 8! +m!'8" Smd,
in §,.. Hence
By < 8y
Similarly
8, <8,
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The theorem follows now from 722. For, there exists a division

hat
A, such t a. m—e< S, <m. a

Let us now take a sequence of divisions A/, A’', ... whose norms
= 0; each A™ being formed by subdividing the cells of A®-D,

Then _
8,2 8,2 8o = [ fill, @
vy
From 1), 2), we have
| s — mi <e;
Y

hence

m= L‘ FOL, ete.

Properties of Integrals

724. Let f(z, - z,) be limited and integrable in the limited field
A.  Let B be a partial aggregate depending on u, such that B =3,
asu=0. Then

lim f fa® = J, 2. 1
Since f is integrable over U,
Qpf <e/2 @

for any division D of norm d <d,, by 700, 2.
Moreover, by 716, if d, and u, are taken small enough,

SXD—SBu'D<€/2F, (3
where |f|<# in U.
Let dy, d,, -+ be the cells of D containing points of &B,, and
dj, d}, -+ the cells containing only points of A. Then

S, = SMd, + M.,
Sa, ,= =N,
where IV, = Max f for points of B in d,.
Hence - -
ISQID - S%u,pl < Z(M - M)dt + FZd:

<e by 2),3). “
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Let now d =0. Then 4) gives

ko=
oS <

725. 1. Let f(z, - z,,) be limited in the measurable field . Let
B be an outer field of A. Let g(z;--- z,)=0 in B, except at the
points of A, where it = f(z, - x,). Then

Efd%:f;ydﬂs; Lfd%l:_fssgd%.

For, let D be a division of space of norm d, not necessarily
rectangular. Let the inner cells of U be d, d,, --- while dj, dj, --
denote cells containing frontier points of . Let M, N, denote
the maxima of f, g in d,, while M!, N! are the maxima of f, g
ind!. Th =
in d! en 8, =SMd +EMd,

Ty=3Nd +3Nd.

Hence

which gives 1).

Hence, since M, = N, we have, setting | f| < F in ¥,
18y — Tp|< FZd..

Let now d=0. Since % is measurable, we have the first part
of our theorem. The second part follows likewise.

2. In a similar manner we establish the following theorems:

Let f(x) - x,) be limited in the measurable field A. Let
9(zy - 2)=f at inmer points of A, and =0 at frontier points.

Hhen ﬁ gl = J;I FaN; j;gd?I:f 9.

3. Let f(zy -+ Tn)s g(@, -+ ) be limited in the measurable field
A.  Let them be equal except at the points of a discrete aggregate.

Then - . .
- [Jd@[:l;gd%l; Lfd@[:j;gdm.
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726. 1. Let f(z, -+ z,) be limited and integrable in the limited
field . Let B be a partial aggregate of U, such that A=B. Then

S fau={_ fam. a

Let D be a cubical division of space of norm 8. Let d! denote
those cells containing points of 9, and d'/ denote the cells con-
taining points of A, but not of B. Then employing the usual

notation,
Sf(E)d, =2f(EDd. + Zf(EDHA,.

Since 3d' =0 as 8 =0, we have 1) on passing to the limit.

2. Let f(z, - x,,) be limited and integrable in the limited complete
field A. Let € denote the points of A at which f ts continuous.

Then
j;t fau = j; £dG.

This follows from 1 and 721.

727. Let f(z, -+ z,) be limited in the limited field A. If for any
cubical divisions D, of norm d < d,
A<2f(x)d < B;
then

Agl;fdﬁlgf;lfd%lgﬂ a

For, in each cell d, there are points 2/, 2/, such that
Jf@)<m +a, f(@!)>M ~oa,

however small o > 0 is chosen.
Hence

A<3f()d < 8py+0o3d; BSIf(@d,>8p—o3d,. (2
Let

€
¢ < Gont 9
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Then passing to the limit d =0 in 2), we get

A—e_<_£l_<_];5B+e.

From this we conclude 1) at once.

728. Let f(x) - ) be limited in the limited field A. Let A be
divided into the unmized fields Uy, -+ . Then

Sran=f fd%[,+---+f;fd%r,,

S o =:f911fd%11 ot [ SO,

For, let | f|<Fin A. Let D be a rectangular division of norm
d. Asin 711, 2, let %, p, --- %,, » be the cells containing points of
Ay, - A,y respectively; while F, constitute the cells containing
points of more than one of the fields 9, --- Then

18— (8y, p+ -+ + 8, p)| < 8F T
Letting d =0 in this relation, we get the first part of the

theorem. The rest is proved likewise.

729. Asin 504; 489, 4; 526, 2; 531, we may prove the follow-
ing theorems.

1. Let fi, --- f, be integrable in the limited field A. Let ¢y, --- ¢, be
sonstants and F= o f 4+ o fo
Then
Fdd = ¢ dA+ . +¢, ) f,dl. 504
S o= f fadtt e f [504]
2. Let f(z, - z,,) be integrable in the limited field A, and numer-
ically <M. Then
[ fu fd‘)l‘g M Comit 3. [489, 4]

8. Let f(zy -+ xp)s g(z; -+ 2,) be integrable in the limited field
X, and let f<g. Then f f
' aA<L ) gdl. 526, 2
i 0 [ ]
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4. Let f(z) - 2,), 9(x; +++ T,,) be integrable in the limited field

X Let
¢ FS0; ©=DMeang, indl

Then
Lfgd?l = ®j;‘fd%l- [531]

5. The following theorems are readily proved :

Let f(x, -+ x,) be limited in the limited field N. If f(@y ++ Zn) >N
n A,

Lfd&t S8

6. Let f(z; -+ x,) be limited in the limited field A, and 0.
[f B is a partial field of U,

dAS ) fdB.

S/ s

For, 5@;,, S S—ﬁp'

1. Let fy, -+ f,, be Limited in the limited field A. Then

St v poau<f radue -+ fha

J?;(f1+ oot fr)d Z‘J;lfld%[.'. +‘J;Ifnd%[-

For, in any cell d, of the division D,
Max(fl + - +fn)s Maxfl + 4 Maxf;,,
Min(f, + - +f,)S Minf, + --- + Min f,.

8. Let f, g be limited in the limited field A. Then
Jr-oaus frau-f g

_fa (f—g)du= _fu Fd — _fa gau.
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For, in any cell d, of the division D,
Max(f—g) SMax f— Max g,
Min(f—g)<Minf— Ming.

9. Let f, g be limited in the limited field U, and let f<g. Then
aA < adY ; aN < .
Syms fom; fraus s

730. Let f(z, - ) be limited in the limited field A. Let A,
denote the points of A at which |f|>o. If A, i8 discrete for any

a>0, —
Lfd&[:ﬁ(fd&[=0.

For, let _
o</, |fI<F.

Let D be a division of norm 8. Let d/ denote the cells in which
|f|S o, while d’] denotes the cells in which | f|<o. Then
Js =2f(E)d, = Zf(EDd, + 2f(E,)Hd,.
|Js| < FEd, 4+ oZd].
Let 8=0. The right side is

Hence

<o Cont Y <,
which establishes the theorem, by 727.

731. Let f(zy -+ x,) S0, be limited and integrable in the limited
field A. If
Jra=o0,

the points U, at which f(x) > o, an arbitrarily small positive number,
Jorm a discrete aggregate. Let B denote the points at which f= 0.
If A i8 complete, - =

3=1.

For, - -
0=fu3.£c, by 729, 6.
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But —
j;, Sodl,, by 729, 5.
Hence _
o, =0.
Since o >0, 9, must = 0.

To prove the second part of the theorem, let 4 be a point of B,
the sifted aggregate of %, at which f is continuous. Cf. 712.

Then if f>0, we can choose 8 >0 so small that f>A>0 in
Vi(b). But the upper content of the points a of Yin Vyis a>0.
Hence

J;Ifd?lij;fdazx&>0.

Hence f=0 at every point of continuity of A in B. Let now
D be a rectangular division of space. The reasoning of 721 shows
that every cell which contains a point of @ also contains a point
of continuity lying in 8. Hence,

which gives,

Reduction of Multiple Integrals to Iterated Integrals

732. 1. Let f(z, - 2,) be limited in the limited field ™. Let
t, be the projection of A on the z-axis. Let B, be a plane section
of A perpendicular to the z-axis. Then the (m — 1)tuple upper
and lower integrals

Jgmo - g a

are one-va'ued limited functions of z,, defined over t,. For, let %
lie in a cube of side €. Let |f(z, - 2,)|<F. Then both inte-

grals are numerically
S FUm—-l,
for any z, in g,.
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2. Each of the integrals 1), considered as functions of 2, defined
over ¢, have therefore upper and lower integrals in g,, viz. :

‘_f; dx&_];;fd%‘, £dz4;; X
pr dz, Lfdﬂ3., j:dxj; Lqus‘.

For brevity these may also be written
Ldo Lo LS S

733. 1. Let f(z, - z,) be limited in the measurable field U.
Let ¢, be the projection of U on the z-axis. Let P, be the plane
sections of U corresponding to the points of r.. Then

J;: < —f; da, —fsv fap, S‘de, J;’ fIB < fu AN a

J;[f dA S‘fadx ‘f;{“d‘& S‘f:dxlj;fd%t < f; £, @

Let us establish the relation 1); the demonstration of 2) is
similar.

Let A lie in an outer cube B, whose projection on the z,-axis is
b, and whose plane sections perpendicular to this axis, we denote
by Q.

We introduce an auxiliary function
9@z ) =f(2) - Tp)s at points of U;
=0, at other points of B.

Let D be a cubical division of ®,, of norm d. This divides 8
into cells which we denote by &. It also divides the planes Q into
cells which we denote by & ; and the segment b into intervals
which we denote by &'.

Let M, M’ denote the maxima; and m, m' the minima of
9(z, -+ z,) in the cells &, 8. Let G, @ be the upper and lower
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integrals of g in the field 8. Let |f(z, - 2,)|<F in 4. Then
for each e > 0, there exists a d,, such that

Q—e<%m8§%M8<§'+e, d<dy, (3
Moreover, we note that for each z, of b,
"< )gdQ<IM'Y.
g <Jgin<y
Or, since

m<m! M < M,

! U
zmd _g_fgdag%m.

Multiplying by &'/, and summing over b, we have, since §=28'. 8",

Making use of 3), this gives
C_w'——€<28" <@ +¢
YQ

for any d<d, Thus, by 727,

G—€<J;I§f QS

Or, since e is small at pleasure,

< < < @. 4
e<f f= S ¢
But, by 725, . =
G = f sy, G={ fau
Jof 9%
Thus

ffdm<ff<ff<ffd91 ¢

Let % denote the upper content of the frontier points of ..

Then 3
'_fa’fd‘B-‘_f;ngQ < Fy (6
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Let '
h(z)= fﬁif dP,  for points of ¢, ;

=0, for other points of b.
Then, by 718, 1; 730, and 6),

fb h(z)dz, = j; de; dgQ.
But, by 718, 3, - -

Ib h(z)dz, = J; h(z)dz, = J; i, ‘_f% fi%.

In the same way, we show

‘rbdxt J’; 9d9Q =]:‘dzl !:;; FP,

Thus 1) has been proved.

2. In a similar manner we may demonstrate the following

theorem.

Let (2, -+ x,,) be limited in the measurable field A. Let X, be the
projection of U on the plane x,=0. Leta, be the rectilinear sections

of U parallel to the z,-axis. Then
Joraus f az f sio.< f ax f ran.< f ras,
J;fd?l S‘_f;‘d%,‘ﬂfdat S‘f:flftf; fda.< j; FaL.

734. 1. As corollaries of 733 we have:
Let f(z, -+ z,,) be integradle in the measurable field A. Then

Jos=fon fygem=fe fy g0
~fyaw eSS
Sk

Hence the upper and lower integrals of j; and j;a.re equal.

For, in this case,
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2. Let f(z, --- z,,) be integrable in the measurable field U, as well
as in each of its plane sections P. Then

j;foli’l =j;da [ a3,

If f 18 integrable 1n each of the rectilinear sections a, we also have
Lfd?l =j;;d513.£fdx.

EXAMPLE

735. Let us find the volume V of the ellipsoid E,

By 708, 4, the surface forms a discrete aggregate ; hence £ has a volume,

By 702, 2,
. V= Ldz dydz

=85;:lzf’dydz,

where F is a quadrant of the ellipse
i .z_’_l_a_:f' 0<z<a.

2 2 @ -

Hence »\/EZ Nr-2-8

Thus a 2
- 2\ o :
V=2 nbcj; (1 a,)dx 4 rabe

736. Let f(z, -+ ,,) be limited and integrable in the measurable
field A. Let o >0 be arbitrarily small. Let ¢, denote the points
of ¢, for which =

s fymse
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Then ¢, i8 discrete. If A ds complete, the upper content of the
points where this difference vanishes is §,. A similar theorem holds

Jor the differences —
fiz,~ | fiz,
a 0

Lfdat: af—fj;_gj
SIS =S Sh =0

The theorem follows now, by 731.

For, by 734, 1,

Hence

737. 1. Let A be a complete measurable field. Let ¢, be its pro-
Jection on the r-aris. Let vy, be the points of yr, for which the
corresponding plane sections are measurable. Then y, =,

A similar relation holds for the projection X,.

For, let J(@y -+ z,,)=1, at frontier points § of A;

=0, at other points of A.

0=£fdg=£}fd3.

Since A is measurable, §F is discrete, and hence measurable.
Hence, by 734, 1,

Then, by 702,

0= | de | fig.
Vg

Hence, by 731, the points ), at which

j;fd%=0

have the same upper content as g,.

2. Let f(z, -+ ,,) be integrable in the measurable complete field U.
Let v, denote those points of x, for which the integrals over the corre-
sponding plane sections B, exist. Let ), denote the points of X, for
which the integrals over the corresponding rectilinear sections q, exist.

T
en Jrau=fas f fi%= f a9, f fan. a
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Let us prove the first half of 1); the other half follows similarly.

784, 1
By f% fdu= £ dz, ‘_];, i,

- f" iz, ‘_[n Fd$., by 726, 731,
-fee .
since jq; _ f

at the points §),. o '
Application to Inversion

738. 1. In 570 we saw that

Iﬁdyl‘bfdx

admits inversion, if f(z, y) is limited in the rectangle B= (abeQ),
and continuous except on a finite number of lines parallel to the
z and y-axes. We can generalize this result as follows:

Let f(z, y) be limited in the rectangle R = (abaB). Let the points
of discontinuity A in R be discrete. Let the points of A on any line
parallel to either axis form a discrete aggregate on that line. Then

Iilyl}dz, ‘L‘bdz G‘dey

exist and are equal.

For, by 719, 2, the double integral

j; fdR

exists. TLe theorem now follows from 734, 2.

2. If the points of discontinuity of f(zy) on any line parallel to
the z or y-axes do not form a discrete aggregate, we may apply
the following theorem :
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Let f(zy) be limited in the rectangle R = (abef).

If the points of discontinuity of f in R form a discrete aggregate,
we have

j:ei.’/‘!‘:,hﬁiz= j; fiy J: ‘bfda:= j; l::li _dey= j‘: ':l:v ;dey.

739. 1. Let f(=, y, 2) be limited in the rectangular parallelopiped
R, bounded by the planes z=a,z=0; y=¢, y=0; 2= A,z2=B.
Let it be continuous in R, except at the points of a discrete aggre-
gate A.  Let the points of A on any line or plane parallel to the aves
be discrete with respect to that line or plane. Then the triple iterated

tntegral
ng j: eiyl_bf(xyz)dz

exists, and admits unrestricted inversion.

For,

S Fayar

exists by 719, 2. Let P denote a plane section of R parallel to
the z, y-plane. Then the double integrals

S f@mar,  a<:<B,

also exist by 719, 2. Hence by 734, 2,

j;fdﬁ=£%zj;fdp.
Lfdp=fa’dy£}dx=£ﬁx£?dy.
SIS

exist, and are equal. In the same way we may treat the four
other inversions.

But by 738,

Hence,
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EXAMPLES
740. 1. Let B = (0101). Let
J(z, y) = 0, for irrational z, or y;
=£ for z = %; m, n relative prime, and y rational,

Then
§ J@var

exists by 701, Ex. 1. Its value is easily seen to be 0, by 780.

‘We have now :
ffdx:O, ffdy=o.

Also —
ffdx =0, for irrational y, obviously;

= 0 for rational y, by 730,
Hence 1
j;fdx =0, for any y;

j; 'y ﬁ’ Yz =o.
ffdy:i, forx:%-
§, 72y

does not exist for rational z; ¢.e. for a point set which is not discrete,
However,

and therefore
On the other hand,

Hence

:g)lfdy =0

1 1
§,oR = {ax {, say;
which is obviously true. -

This example illustrates the theorem of 736.
For, the points z at which

j;lfdy - j;)lfdy ;%’

for any x. Hence, by 734, 1,

are the rational points p/gq whose denominators ¢ < n.
Remark. Let B, denote the content of those points of B for which f(zy) S o
Obviously R,=0. Hence Ll;xg R,=0.
It would therefore be wrong to infer that
Cont % =0,

because Cont 9, =0,
for any ¢ > 0.
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2. Let R be the rectangle (0101). Let us suppose the cotrdinates of its points
z, y expressed in the dyadic system. Cf. 144. We define now a partial aggregate
9 of R asfollows. Allits points lie on certain lines parallel to the y-axis, viz. = a,
where 0 <a <1 is any number having a finite representation. Let a particular
value of @ embrace p digits in its representation. Those points of the line x = a
belong to A, whose ordinate is expressed in p digits, Obviously this set of points is
symmetrical with respect to 2 and y. If the representation of « is not finite, there
is no point of A on the line z = @, or on y = @. In any case, there are but a finite
number of points of %A on any line parallel to the x or y-axis. Not so, for lines
passing through a point of ¥, making an angle of 45° with the z-axis. Obviously,
any little segment of such a line has an infinity of points of U in it. Thus U is
dense.

Let us define now f(xy) as follows :

Sf(xy) =0, for any point of ¥A;

=1, for a point of R not in 9.
Since the oscillation of f in any cell of R is 1, the double integral
f)l JaAN,  does not exist.

However,

5:)1 fdx = 5: fdy =1.

Hence both iterated integrals

1 1 1 1
fo ax ﬁ’ fdy, ﬁ) dy j; fazx

exist and are equal. (Pringsheim.)

3. In the rectangle R = (0101) let us define another aggregate B as follows. As
before, the z of every point of B must have a finite representation. If the repre-
sentation of « embraces p digits, all the points of the line x = a belong to B whose
ordinates are expressed by p or less digits.

Thus on any given line z = a, are only a finite number of points of 8. On the
contrary, on any little segment of the line y = @, lie an infinity of points of 8. If
the representation of a or b is not finite, there is no point of B on the lines z = q,
ory =b, as in Ex. 2.

Let us define f(xy) as in Ex. 2.

J(xy) =0, for any point in B;
= 1, for a point of R not in B.

Then as before, the double integral

558 JdB  does not exist.
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The integral
gT j;l Jiz

does not exist for any y whose representation is finite, since

j;lfdx=0, j;lfdle.

On the other hand, 1
j; fdy =1, for any .

Hence 1 1
5; dx 5; fdy =1. (Pringsheim.)
4. Let f(xy) be limited in the rectangle B = (0101). Let
‘dy (ray)de
j; yﬂf(xy)
exist. The reader might be tempted to conclude that therefore
(Pay(lnia,  0<e<p<i, 0<a<d<y,

To show this is not always so, let us set with Du Bots Rrymond,

exists.
J(xy) =1, for rational y;
=2, for irrational y.
Then .
j:) fdx =z, for rational y;
=22, for irrational y.
Hence 1
j;fdx =1, for any y;
and therefore N N
j; dy 5; Vir=1.
On the other hand, 1 b
f,auf i 0<v<y,

does not exist, since _

j; "y ﬁ) ’ fde = b2, ﬁ) 'ay ﬁ "fde = b,

Transformation of the Variables

741. 1. Let
T; Uy = ¢l(tl * tm)’ v Uy = ¢m(t1 tm) (1

be defined over an aggregate ). These equations may be re-
garded as defining a transformation 7', which transfers the points
t=(t, -+ t,) of A to the points w= (u; -+ u,,). The points ¢, u
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may be regarded as lying in the same space, or in different spaces.
What we have called the image of ¥ defined by the equation 1),
may now be regarded as the transformed aggregate of 9, and

may be denoted by %y

2. If the correspondence between the points of % and A, is
uniform, the equations 1) admit as solutions the one-valued in-
verse functions

6= 01(“1 u,,,), ol = 0,,,(’”/1 um)' (2
The equations 2), regarded as a transformation, convert the

points of %, back to A. For this reason it is called the inverse
transformation of T, and denoted by 7%

3. The transformation
Uy =1ty U, =1,

is a special case of 1). As it leaves every point of 9 essentially
unaltered, it is called the identical transformation, and is denoted

by 1.
4. Let
U; z, = 1[1‘1(u1 U )y Ty = ‘l’m(“l e Upy) (3

be another transformation defined over %A ,, which we denote by U.
The transformation resulting from the successive application of 7'
and U is called their product, and is denoted by 7'U. The trans-
formation which is applied first is written first.

The result of effecting 7, and then its inverse, is to leave every
point of % at rest. Hence 77! is the identical transformation ;

in symbols -1

5. If A, goes over into Ay on applying U to Ap we may regard
A,y as the image of U, afforded by the equations 1), when we con-
sider the ¢’s as functions of the 2’s through the u’s, as given by 8).

6. The functions ¢, Y- being one-valued, to any point in % cor-
responds one point in %z, Ay, Suppose the correspondence between
A, Ay is uniform. Then the correspondence between A, A, and
between Ap A7y is uniform.
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For, suppose, for example, that to the point u of A, correspond
two points ¢, ¢’ of A. If now z corresponds to u; to the point z
will correspond at least the two points ¢, #. The correspondence
is thus not uniform between ¥, U7y

7. If the functions ¢ have first partial derivatives in %, we call

%, 30
S0 gy |7
T a(tl m) 6¢l a¢m

3, Oty

the determinant of the transformation.

If the first partial derivatives of the ¢’s are continuous in a
region R, while the first partial derivatives of the y’s are con-
tinuous in a region containing R, we have, by direct multiplica-
tion of the determinants Jz, J,, and using 430, 5),

Jrg=Jr- Jp €

which we may state roughly thus:

The determinant of the product of two transformations is the prod-
uct of their determinants.

742. 1. Let
T, Up= () tw)y o Uy = Pty =+ b)) ¢!

have continuous first partial derivatives in the region K. Let the
correspondence between R and R, be uniform. Let the determi-
nant of the transformation J,0 in R. In this case we shall say
the transformation 7' defined by the equations 1) is regular in R.

2. Let T be a regular transformation in R. Let t be a point of
R, to which corresponds the point u. Let E be the image of Dy(t).
There exists un >0, such that D,(u) lies in E. Furthermore, if
t runs over an inner aggregate A of R, the n’s do not sink below some
positive number 7,

For, suppose there exists no 5 >0, such that .D,(u) lies in Z.
Then there exists a sequence of points u;, ug, -+ which =u, and
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which do not lie in Z. The inverse functions of 1) being one-
valued and continuous about u, by 443, the image of the above
points form a sequence t;, ty, --- which =¢. Hence all the ¢, for
nSsome m lie in Dy(t), and thus u,, u,,,, --- must lie in E, which
is a contradiction. This establishes the first part of the theorem.
Turning to the second part, suppose 5 =0 as ¢ runs over . Then
reasoning similar to that of 352 leads at once to a contradiction.

8. Let T be a regular transformation in the region R. Then R,
18 a region. Let A be an inner aggregate of R. To inner and
Jrontier points of U, correspond respectively inner and fromtier
points of B =Wy, and conversely.

This is a direct consequence of 2.

4. If T is a regular transformation in the region R, T-! i3 a regu-
lar transformation in Ry The determinant of the inverse transfor-
mation 8

I p-1= 1
Jr

This follows at once from 443 and 741, 4).

5. Let T be a regular transformation in the region B. Let U be
an inner aggregate of R, and let B be its image. If either A or B
18 measurable, the other is. If one i8 discrete, the other is.

This follows from 4 and 708, 3.

743. 1. Let T be a regular transformation

T, Ty = (ty )y oo Ty= b (t; -+ ty) a
in the region R. Since J;+ 0, not all the derivatives

9,

at,

vanish at any point of B. To fix the ideas, let
b
3t T &

at a point ¢, and hence, as it is continuous, in a certain domain

Da(t) of t.
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We show now how 7' can be expressed as the product of two
special regular transformations. The first transformation we define
thus:

Tl; u1=t1, (AR u,,,_1=t,,,_1, um=¢m(t1"' tm). (3
By virtue of 2) this system may be inverted, giving
G =Up oo by =Upoyy b= 02y -+ Up).

Here 6 is one-valued, and has continuous first partial deriva.
tives in a certain domain D, (u). If & <3 is taken sufficiently
small, the image U of D(¢) lies in D, (u).

We define the transformation 7} over U by

Ty; 2=y (uy - um—le)’ v Ty = Py (U um—lo)s Loy = Uppy

where € is the above one-valued function of the #’s.
We see at once that

=1, T,
when t ranges over Dy (t).
Since
JT\ = aafm $ 0’

and

Jp=dJpJ 7, #0,
it follows that J,, 0 in U. Since the correspondence is uniform,
and the functions ¢, Y have continuous first derivatives in the
respective domains, the two transformations 7', 7, are regular.

2. Let A be a limited inner aggregate of the region R. We can
effect a cubical division of the t-space of norm d such that for the
points of A in each cell d there exist two trangformations T,),
Ty of the type just considered, such that

T= Tl(x) TZ(K)‘ (4

For, we can take d so small that not all the first partial deriva-
tives vanish in any cell. For if they did, reasoning similar to
that of 264 shows that they must then vanish at some point of R,
which would require J= 0 at that point. Thus these cubes may
be taken as the domains D,(¢) in 1. By reasoning similar to that
of 852, we show that the norms » of the domains D, () considered
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in 1 do not sink below some positive number. The same reasoning
applied to the norms &' of the Dy(¢) above, shows that the norms &
of the above Dy(t), are all greater than some positive number.
Thus if d is taken small enough, the relation 4) will hold in each
cell containing points of A.

744. Let
Vif @ = (t; -ty o Ty =ty - t)

define a regular transformation of determinant J in the region R.
Let T be any inner measurable perfect aggregate of R, and let X be
its image. Let f(z, -+ z,) be continuous in X. Then

fx FCy e zp)day e diy = L \J| fdt, - dt,, a

For m=1 the relation 1) is easily seen to be true, taking
account of direction in . Let us therefore assume it is correct
for m — 1, and show it is so for m. Let D be a cubical division of
the ¢ space, such that in each cell containing points of & the trans-
formation 7" can be expressed as the product of two transformations

271; u1=t19 o U1 = by um=¢m(t1 tm);
Ty Ty =P (U - Un18)s o Ty = P1 (U ot U10)s Ty = Uy

of the type considered in T43.
Let J}, J; be their determinants. Then

J=JJ,

If the relation 1) holds for each of the partial aggregates into
which ¥ falls after effecting D, it obviously holds in &, by 728.
We may therefore assume, without loss of generality, that the
same transformations 7}, 7, may be employed throughout ¥.

“Let the image of % in the  space be 1. We have now

j; ﬂ}zzl o day = j; dz, j‘; Fiy v Qi by 787, 2,

=£l’:iumj;rLJ2 |f dul ot dum—l’ by hypothesis,

where y), B, are the transformed y,,, P, respectively.
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Since ¥ is measurable, U is so, by 742, 5. The same is true of
P!. Hence, by 737, 2,

S, fz, ---dzm=£1|=7,,|fdul oo it

Applying the transformation 7 to the integral on the right,
similar considerations show that

Jofdy - Ao = [T\ |ty - Dt
which is 1).
745. Let
e y=;(ty - tn)s o Zp= P, (t; - ;)
define a regular transformation of determinant J, in the region R.
To a rectangular division D of norm d of the t-8pace into cells d,
corresponds a division A of norm 8 of the z-space into cells 8,. Let
T be any inner region of R, and X its tmage. The cells of A falling
within X are unmized, and their contents are

8. =\|J|d, +ed, tin d, a

where |€ | < € uniformly, on taking d sufficiently small.
For, T being an inner region, to each inner rectangular cell d,
of T, corresponds a measurable cell 8, of X by 742, 5. Hence the
cells &, within X are unmixed, limited, perfect, and finite in number

for any A.
Since the determinant J is continuous in &, we can take d, so

small that in any d, in T,
[T = |, |+ o @

where 7, is any point d,, and
IO" , < €

for any division D of norm <d,.
From 702, 2 and 744, 1), we have for divisions of norm <d,,

Cont 8, = f.dz; - o, = f| 7| dt; -- dt,
=|Jf,|f,glt1 v At ) 0,dty o dbny by (2
- =1 At edy

where le | <e.
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746. 1. Let
T; z = Bty b))y o Ty = ¢m(t1 v ty)

define a regular transformation of determinant J,in a region R.
Let T be any inner aggregate of R, and let X be its image. Let
Sf(z, - x,,) be limited in X. Then

fx F(y - 2) A% = ‘]; £|7]dZ, a

Lf(zl...wm)d?é =J;f|,]]d<‘£. @

For, let us effect a cubical division of the ¢-space of norm d.
To it corresponds a division of X into cells of norm 8.

Let us consider the integral on the left of 1). Using the cus-
tomary notation, we have, letting </, denote the value of J at some

point in d,, SMS, =SM(|J|+e)d, by 745, 1),

= SM|J|d, + Se M. ¢
But if | f|< F in ¥,

|Se M d,|<eF(Cont T+ €e)=1. “
Let us now consider the integral on the right of 1). In the
celldy  Max f. Min | 7| < Max - |7 | < Max £ - Max |J},
if Max f'is positive; while the signs are reversed, if it is negative.
Let us set M =Max-f|J], ind.
Then M, =M(|J|+¢€), |e!| < € uniformly,
since the oscillation of J in any d, is uniformly <e. Thus
IMd =3M]|J,|d +3eMd, b
where, as in 4), S Md,| <. (6
Thus 8), §) give in connection with 4), 6),
|ZMS, —2Md|<2q,
which establishes the relation 1). Similarly we may prove 2).
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2. From 1 a great variety of theorems may be deduced by a
passage to the limit. We note here only the following :

Let
T; 2=t by o T = Pty -+ )

be continuous tn the measurable aggregate T, containing all its
Srontier points §; and regular in any inner measurable aggregate \1.
Let the determinant of T be limited in T. Let X, the tmage of T,
be measurable also; and let its frontier be the image of §. Let
S(zy - ) be limited in X. Then

Jof@y k= f f17)a%,

provided either integral exists.
For, let §) be the image of 1. Then, by 1,

S=Ju

Let now 1 =, then ) =X%.
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Addition of inequalities, 23, 55.
Adjoint, integral, 405.
Archimedean number systems, 21, 63.

Branch, 219.
principal, 138, 189.
point, 219.

Cells, 157, 521.
Content, 352, 518.
upper, lower, 353, 513.
Continuity, 208.
uniform, 215.
uniform with respect to a line, 388;
except for certain points, 390.
uniform in an interval, 388.
semi-uniform, 431; in general, 431.
regular in an interval, 431; in gen-
eral, 431.
Convergence, absolute (of an integral),
405, 445.
normal (of an integral), 433, 437.
uniform, 199. -
uniform with respect to a line, 388;
except at certain points, 390.
Correspondence 1 to 1 or uniform, 133.
m to n, 133.
Clurve, 221,
arc of, 221.
closed, 221.
multiple points of, 221.

Derivative of a point aggregate, 162.
Determinant of a transformation, 549.

Difference quotient, 222.
total, 517.
Differentials, first order, 269.
higher order, 277.
Discontinuity, 211.
finite, 212.
infinite, 212.
removable, 212.

Distance between two points, 149;
between two point aggregates,
514.

Division of an aggregate or space, 157,
521.

unmixed, 519.
Domain, deleted, 154.
of definition of a function, 120.
of a point, 153, 195.
of a variable, 119.

Evanescent, singular integral, 401.
uniformly, 201.
Extreme, of a variable, or rectilinear
domain, 165, 166.
isolated, 166.
point of (functions), 817, 822,
relative (functions), 329.

Field of integration, 510, 511.
Forms, definite, indefinite, semidefinite,
324,
Frontier, 124,
Function, algebraic, 123, 142
Beta, 422.
Cauchy’s, 205.
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Function, composite, 145,
decreasing, 132.
Dirichlet’s, 204.
Dirichlet’s definition of, 120, 143.
Gamma, 453.
implicit, 282, 283.
increasing, 132.
integrable, 336, 400, 404, 445, 511.
inverse, 133, 135.
iterated, 160.
limited, 147 ; in general, 399.
limited variation, 349, 518.
monotone, 132,
primitive, 380.
totally differentiable, 269.
transcendental, 125.
univariant, 132.

Ideal points, 172, 194,
numbers, 173.
Image, of a number, 21, 79,
of a domain, 146.
Infinite, function is, 213.
Infinitary, 313.
Infinity of a function, 213.
Integrable (integrand limited), 336, 356,
511; absolutely, 405.
(integrand infinite), 400, 404 ; abso-
lutely, 405.
(interval infinite), 445; absolutely,
445.
Integrals, adjoint, 405.
convergent, 400, 445 ; absolutely, 405,
445,
definite, 381.
Euler’s, 453.
Fourier’s, 497.
Fresnel’s, 499.
generalized, 356, 528.
improper, 361, 399, 400, 404.
indefinite, 381.
iterated, 394, 537, 544.
lower, 337, 510.
normally convergent, 433, 487.
proper, 361.

INDEX

Integrals, uniformly convergent, 425,
465; in general, 465.
Stoke’s, 463.
Integration with respect to a parameter,
394.
Iteration, 160.

Jacobian, 297.

Limits, iterated, 198.
upper and lower, 205.
right and left hand, 172.
unilateral, 172.

Limited functions, 147.
integrand, in general, 399.

Mazxima and Minima, isolated, 166.
of a variable or rectilinear domain,
165, 166.
points of (functions), 317, 322,
relative, 329.
Mean, law of, 248.
first theorem of,
535.
second theorem of, 377, 421, 459.
value, 167.
Multipliers, undetermined, 330.

366, 417, 459,

Norm, of a division, 157, 336, 50,
521.
of a domain, 153.
of a vicinity, 155.
Normal form of a number, 93.
singular integral, 433, 437.

Order, of infinities, infinitesimals, 818,
314, 316.
of a point aggregate, 163.
Oscillation of a function, 341, 507.
Oscillatory sum, 341, 507.

Parameter of an integral, 387.
Parametric form of a curve, 220,
Partition, 82.

Period, 127.
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Points, at infinity, 172, 194.
frontier, 154.
limiting, 157 ; proper, improper, 158 ;
bilateral, unilateral, 158.
- ideal, 172, 194.
isolated, 158.
outer, 154.
within = inner.
Point aggregate, complement of, 149,
complete, 167.
completed, 522.
configurations of, 149.
content of, 352, 513; upper, lower,
354, 513.
dense, 167.
derivative of, 162.
difference of two, 149.
discrete, 355, 515.
distance between, 514,
finite, 156.
frontier of, 154.
limited, 156.
limiting points of, 157, 158.
inner, 515.
isolated, 167.
measurable, 353, 513.
outer, 515.
partial, 148.
perfect, 167.
projection of, 524, 525.
section of; plane, 525; rectilinear,
525.
sifted, 521.
sub, 148.
sum of, 149.
union of, 519.
unmixed, 519.
Poles, 123, 142.
Projection of point aggregates, 524, 525,

Region, 167 ; complete, 167.
Regular (integrand limited), 387.
(integrand infinite), 424.
in general, or except at certain
points, 400.
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Regular (integrand infinite), in gen-
eral, or except on certain lines,
424, 437.
simply, except on certain lines,
424, 437.
(interval infinite), 445, 464.
in general, or except on certain
points, 445.
in general, or except on certain
lines, 465.
simply, except on certain lines,
465.
Rolle’s theorem, 246.

Scale, of infinities, infinitesimals, 312.
exponential, 315.
logarithmie, 314.
Section plane, rectilinear, 525.
Sequence, 24, 61.
convergent, 25.
decreasing, 68.
increasing, 68.
limited, 68.
monotone, 68.
partial, 65.
regular, 35, 62.
univariant, 68.
Singular Integrals, relative to finite
points, 401; ideal point, 447.
relative to finite lines, 425, 437;
ideal line, 465.
evanescent, 401.
normal, 433, 437.
uniformly evanescent,
465.
Singular Lines, finite, 425, 437; ideal,
465.
Singular Points, finite, 899 ;
447.
Species of point aggregates, 345.
Successive Approximation, method of,
284.
System of Numbers, base of, 92.
dense, 20, 54.
dyadic, triadic, m-adic, 92.

425, 437,

ideal,
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Totgt difference quotient, 517.
Totally differentiable function, 269.

INDEX

Variation, of a function, 849.
functions having limited, 849, 518.

Transformation, of an aggregate or | Vicinity of a point, 155, 195.

space, 547.
inverse, 548.
determinant of, 549.°

Within an interval, 119; an m-way
sphere, 150.

INDEX OF SOME SYMBOLS EMPLOYED

(Numbers refer to pages.)

(a, b), (a*,?), (a,»), ete., 119.

D(a), Dy(a), Dy*(a), D(»), etc., 153,
154, 105.

V(a), Vo(a), Vo*(a), V(»), ete., 155,
195.

Dist (a,b), 149; Dist (%, B), 514.
Max, 165; Min, 166.

Mean, 167.

Cont, Cont, Cont, 353, 513.

Ilim, lim sup, lim, lim inf, 205, 206.
sgn, 203.

R, right or right-handed, 155, }72, 206.
L, left or left-handed, 155, 172, 206.

U, unilateral, 172.

=, 25, 62, 171, 195.

>, <, ~, 313, 314.

Lz, Lz, lgx, ..o 243,

j', f 337, 510. .

S, Sp, 337, 506.
Apy Apy 854, 513.
Aar Aay 621, (A general division.)












	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif
	00000262.tif
	00000263.tif
	00000264.tif
	00000265.tif
	00000266.tif
	00000267.tif
	00000268.tif
	00000269.tif
	00000270.tif
	00000271.tif
	00000272.tif
	00000273.tif
	00000274.tif
	00000275.tif
	00000276.tif
	00000277.tif
	00000278.tif
	00000279.tif
	00000280.tif
	00000281.tif
	00000282.tif
	00000283.tif
	00000284.tif
	00000285.tif
	00000286.tif
	00000287.tif
	00000288.tif
	00000289.tif
	00000290.tif
	00000291.tif
	00000292.tif
	00000293.tif
	00000294.tif
	00000295.tif
	00000296.tif
	00000297.tif
	00000298.tif
	00000299.tif
	00000300.tif
	00000301.tif
	00000302.tif
	00000303.tif
	00000304.tif
	00000305.tif
	00000306.tif
	00000307.tif
	00000308.tif
	00000309.tif
	00000310.tif
	00000311.tif
	00000312.tif
	00000313.tif
	00000314.tif
	00000315.tif
	00000316.tif
	00000317.tif
	00000318.tif
	00000319.tif
	00000320.tif
	00000321.tif
	00000322.tif
	00000323.tif
	00000324.tif
	00000325.tif
	00000326.tif
	00000327.tif
	00000328.tif
	00000329.tif
	00000330.tif
	00000331.tif
	00000332.tif
	00000333.tif
	00000334.tif
	00000335.tif
	00000336.tif
	00000337.tif
	00000338.tif
	00000339.tif
	00000340.tif
	00000341.tif
	00000342.tif
	00000343.tif
	00000344.tif
	00000345.tif
	00000346.tif
	00000347.tif
	00000348.tif
	00000349.tif
	00000350.tif
	00000351.tif
	00000352.tif
	00000353.tif
	00000354.tif
	00000355.tif
	00000356.tif
	00000357.tif
	00000358.tif
	00000359.tif
	00000360.tif
	00000361.tif
	00000362.tif
	00000363.tif
	00000364.tif
	00000365.tif
	00000366.tif
	00000367.tif
	00000368.tif
	00000369.tif
	00000370.tif
	00000371.tif
	00000372.tif
	00000373.tif
	00000374.tif
	00000375.tif
	00000376.tif
	00000377.tif
	00000378.tif
	00000379.tif
	00000380.tif
	00000381.tif
	00000382.tif
	00000383.tif
	00000384.tif
	00000385.tif
	00000386.tif
	00000387.tif
	00000388.tif
	00000389.tif
	00000390.tif
	00000391.tif
	00000392.tif
	00000393.tif
	00000394.tif
	00000395.tif
	00000396.tif
	00000397.tif
	00000398.tif
	00000399.tif
	00000400.tif
	00000401.tif
	00000402.tif
	00000403.tif
	00000404.tif
	00000405.tif
	00000406.tif
	00000407.tif
	00000408.tif
	00000409.tif
	00000410.tif
	00000411.tif
	00000412.tif
	00000413.tif
	00000414.tif
	00000415.tif
	00000416.tif
	00000417.tif
	00000418.tif
	00000419.tif
	00000420.tif
	00000421.tif
	00000422.tif
	00000423.tif
	00000424.tif
	00000425.tif
	00000426.tif
	00000427.tif
	00000428.tif
	00000429.tif
	00000430.tif
	00000431.tif
	00000432.tif
	00000433.tif
	00000434.tif
	00000435.tif
	00000436.tif
	00000437.tif
	00000438.tif
	00000439.tif
	00000440.tif
	00000441.tif
	00000442.tif
	00000443.tif
	00000444.tif
	00000445.tif
	00000446.tif
	00000447.tif
	00000448.tif
	00000449.tif
	00000450.tif
	00000451.tif
	00000452.tif
	00000453.tif
	00000454.tif
	00000455.tif
	00000456.tif
	00000457.tif
	00000458.tif
	00000459.tif
	00000460.tif
	00000461.tif
	00000462.tif
	00000463.tif
	00000464.tif
	00000465.tif
	00000466.tif
	00000467.tif
	00000468.tif
	00000469.tif
	00000470.tif
	00000471.tif
	00000472.tif
	00000473.tif
	00000474.tif
	00000475.tif
	00000476.tif
	00000477.tif
	00000478.tif
	00000479.tif
	00000480.tif
	00000481.tif
	00000482.tif
	00000483.tif
	00000484.tif
	00000485.tif
	00000486.tif
	00000487.tif
	00000488.tif
	00000489.tif
	00000490.tif
	00000491.tif
	00000492.tif
	00000493.tif
	00000494.tif
	00000495.tif
	00000496.tif
	00000497.tif
	00000498.tif
	00000499.tif
	00000500.tif
	00000501.tif
	00000502.tif
	00000503.tif
	00000504.tif
	00000505.tif
	00000506.tif
	00000507.tif
	00000508.tif
	00000509.tif
	00000510.tif
	00000511.tif
	00000512.tif
	00000513.tif
	00000514.tif
	00000515.tif
	00000516.tif
	00000517.tif
	00000518.tif
	00000519.tif
	00000520.tif
	00000521.tif
	00000522.tif
	00000523.tif
	00000524.tif
	00000525.tif
	00000526.tif
	00000527.tif
	00000528.tif
	00000529.tif
	00000530.tif
	00000531.tif
	00000532.tif
	00000533.tif
	00000534.tif
	00000535.tif
	00000536.tif
	00000537.tif
	00000538.tif
	00000539.tif
	00000540.tif
	00000541.tif
	00000542.tif
	00000543.tif
	00000544.tif
	00000545.tif
	00000546.tif
	00000547.tif
	00000548.tif
	00000549.tif
	00000550.tif
	00000551.tif
	00000552.tif
	00000553.tif
	00000554.tif
	00000555.tif
	00000556.tif
	00000557.tif
	00000558.tif
	00000559.tif
	00000560.tif
	00000561.tif
	00000562.tif
	00000563.tif
	00000564.tif
	00000565.tif
	00000566.tif
	00000567.tif
	00000568.tif
	00000569.tif
	00000570.tif
	00000571.tif
	00000572.tif
	00000573.tif
	00000574.tif
	00000575.tif
	00000576.tif
	00000577.tif
	00000578.tif
	00000579.tif
	00000580.tif

