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PREFACE

The object of this work is to provide a mathematical text on the
Theory of Statistics, adapted to the needs of the student with an
average mathematical equipment, including an ordinary knowledge
of the Integral Calculus. The subject treated in the following
pages is best described not as Statistical Methods but as Statistical
Mathematics, or the mathematical foundations of the interpretation
of statistical data. The writer’s aim is to explain the underlying
principles, and to prove the formulae and the validity of the
methods which are the common tools of statisticians. Numerous
examples are given to illustrate the use of these formulae; but, in
nearly all cases, heavy arithmetic is purposely avoided in the desire
to focus the attention on the principles and proofs, rather than on
the details of numerical calculation.

The treatment is based on a course of about sixty lectures on
Statistical Mathematics, which the author has given annually in
the University of Western Australia for several years. This course
was undertaken at the request of the heads of some of the science
departments, who desired for their students a more mathematical
treatment of the subject than those usually provided by courses
on Statistical Methods. The class has included graduates and
undergraduates whose researches and studies were in Agriculture,
Biology, Economics, Psychology, Physics and Chemistry. On
account of such a diversity of interest the lectures were designed
to provide a mathematical basis, suitable for work in any of the
above subjects. No technical knowledge of any particular subject
was assumed.

The first five chapters deal with the properties of distributions
in general, and of some standard distributions in particular. It is
desirable that the student become familiar with these, before
being confronted with the theory of sampling, in which he is
required to consider two or more distributions simultaneously.
However, the reader who wishes to make an earlier start with
sampling theory may take Chapters vi and vir (as far as §60)
immediately after Chapter 111, since these are independent of the
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theory of Correlation. The theory of Partial and Multiple Correla-
tions has been left for the final chapter, in order not to delay tho
study of sampling theory and tests of significance. But those who
wish to study this subject earlier may rcad this chapter im-
mediately after Chapter v, or even after Chapter 1v. This order,
however, is not recommended for the beginner.

A feature of the book is the use of the propertics of Beta and
Gamma variates in proving the sampling distributions of the
statistics, which are the basis of the common tests of significance.
Consequently a special chapter (vir) is devoted to the properties
of these variates and their distributions. The treatment is simple,
and does not assume any previous acquaintance with the Beta and
Gamma functions. The author belicves that the use of these
variates brings both simplicity and cohesion to the theory. The
student is strongly urged to master the theorems of Chapter virt
before proceeding to tests of significance. In the preparation of
this chapter, and the following one, much help was derived from
the study of a recent paper by D. T. Sawkins.*

The considerations, which determined the presentation of the
subject of Probability in Chapter 11, are the mathematical attain-
ments of the students for whom the book is intended, and their
requirements in studying the remaining chapters. The approach
decided on is substantially that of the classical theory. After the
proof of Bernoulli’s theorem, the relation between the a prior:
definition of probability and the statistical (or empirical) definition
is considered; and the measure of probability by a relative fre-
quency in each case is emphasized. If the book had been intended
primarily for mathematical specialists, a different presentation of
the theory would have been given. But it is futile to expect the
average research worker to appreciate an exposition like Kolmo-
goroff’st or Cramér’s,{ based on the theory of completely additive

* ‘Elementary presentation of the frequency distributions of certain
statistical populations associated with the normal population.” Journ. and
Proc. Roy. Soc. N.S.W. vol. 74, pp. 209-39. By D. T. Sawkins, Reader in
Statistics at Sydney University.

1 Qrundbegriffe der Wahrscheinlichkeitsrechnung, Berlin, 1933.

} Random Variables and Probability Distributions, University Press,
Cambridge, 1937.
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set functions. The elementary properties of the moment generating
function and the cumulative function are also given in Chapter 11,
and are used throughout the book. These functions are introduced,
not as essential concepts, but as useful instruments which lead to
simpler proofs of various theorems. What has been written about
them should convince the rcader that they deserve his careful
attention.

I wish to express my appreciation of the care bestowed on this
book by the staff of the Cambridge University Press, and my
pleasure in the excellence of the printing. My thanks are due to
Professor RR. A. Fisher and Messrs Oliver and Boyd for permission
to print Tables 3, 4, 5 and 7, which are drawn from fuller tables
in Fisher’s Statistical Methods for Research Workers. I am also
indebted to Professor G. W. Snedecor and the Iowa Collegiate
Press for permission to reproduce Table 6, which is extracted from
a more complete table in Snedecor’s Statistical Methods. Lastly
I wish to thank Mr D. T. Sawkins for help received in corre-
spondence concerning statistical theory, and Mr Frank Gamblen
for assistance in reading the final proof.

C.E.W.

PERTH, W.A.
April, 1046

NOTE ON THE SECOND EDITION

The call for reprinting has given an opportunity to correct a
number of small errors and misprints throughout the book, and
to add a new reference here and there. Paragraph 91 on page 195
is new to this edition.

1949 C.E.W.






CHAPTER 1
FREQUENCY DISTRIBUTIONS

1. Arithmetic mean. Partition values

Consider a group of N persons in receipt of wages. Let z shillings
be the wage of an individual on some specified day. Then, in general,
xz will be a variable whose value changes with the individual.
Possibly the N values of z will not all be different. Suppose there are
only n different values x,, x,, ..., , which occur respectively
S S -+ fp times. The numbers f;, in which the subscript ¢ takes the
positive integral values 1, 2, ..., n, are called the frequencies of the
values z; of the variable z; and the assemblage of values z;, with their
associated frequencies, is the frequency distribution of wages for that
group of persons on the day specified. The sum of the frequencies is
clearly equal to the number of persons in the group, so that

N =fytfuttln= 310 M

n
where, as the equation indicates, ¥ f; denotes the sum of the »
i=1

frequencies f;, ¢ taking the integral values 1 to n. When the range of
values of ¢ is understood, the sum will be denoted simply by 3 f; or
i

3. fi- The number N is the total frequency. The mean of the distribu-
tion is the arithmetic mean z of the N values of the variable, and is
therefore given by

l n
z= %(f1x1+f2xz+ ot fay) = N,?,;;fixt' ©))

since the value z; occurs f; times. This formula expresses what is
meant by saying that Z is the weightcd mean of the different values z,,
whose weights are their frequencies f;.

Frequency distributions of many different variables will occur in
the following pages. Thus the values of the variable x may be the
heights, or the weights, or the ages of a group of persons, or the

wMS X



2 Frequency Distributions [x
yields of grain per acre from a number of plots of land. For each
finite distribution f; will denote the frequency of the value ;. The

total frequency N is then given by (1), and the mean Z of the
distribution by (2).

Ezample. The student to whom the above summation notation is new,
may profitably verify the following relations. If a is a constant,

Zaf,xs=aXfizy

i i
Zfi(zit+a) = §f¢1’4+N‘h
Zfi(x+a) = Lfia+2a T fiz,+ Nat.,

If (z,,9,) is a pair of corresponding values of two variables, z and y, with
frequency f,

%fi(“’ﬁ'yt) = Zfiml+§fiyd'
1 3

The symbol used as a subscript in connection with summation is immaterial;
but ¢, j, 7, 8, t are perhaps most commonly employed.

Suppose that the frequency distribution of « consists of k partial
or component distributions, Z; being the mean of the jth component
and n, its total frequency, so that

k
N = an.
j=1

Then that part of the sum X f;x; which belongs to the jth com-
i
ponent has the value 7,;%;, and the relation (2) is equivalent to

L Lk

= Njgln,x,. (3)
Consequently the mean of the whole distribution is the weighted
mean of the means of its components, the weights being the total
frequencies in those components.

Again, let  and v be two variables with frequency distributions
in which a value of v corresponds to each value of . Then the values
of the variables occur in pairs. Let N be the number of pairs of
values (u;, v;), and let

X = U+ ;.
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The arithmotio mean of the N values of z is equal to that of the ¥
values of the second member, which is %+ 7. Consequently

T =u+, (4)

which expresses that the mean of the sum of two variables is equal
to the sum of their means; and the result can be extended to the sum
of any number of variables. The reader can prove similarly that, if
a and b are constants, and

x =au+by,

then T = au+bo. (4)

Suppose the N values of the variable in the distribution to be
arranged in ascending order of magnitude. Then the median is the
middle value, if N is odd; while, if N is even, it is the arithmetic
mean of the middle pair, or, more gencrally, it may be regarded as
any value in the interval between these middle values. Similarly,
the quartiles, @, @,, €5, are those values in the range of the variable
which divide the frequency into four equal parts, the second quartile
being identical with the median; and the difference between the
upper and lower quartiles, @;— @,, is the interquartile range. The
deciles and percentiles are those values which divide the total fre-
quency into ten and one hundred equal parts respectively. The
median, quartiles, deciles and percentiles are often spoken of
collectively as partition values, since each set of values divides the
frequency into a number of equal parts. Sometimes they are
referred to as quantiles.

That value of the variable whose frequency is & maximum is
called a mode, or modal value, of the distribution. When, as usually
happens, there is only one mode, the distribution is said to be
unimodal.

We shall presently consider continuous frequency distributions.
But it should be pointed out at once that the variable may be either
continuous or discrete. A continuous variable is one which is capable
of taking any value between certain limits; for example, the stature
of an adult man. A discrete variable is one which can take only
certain specified values, usually positive integers; for example, the

1-2



4 Frequency Distributions [z

number of heads in a throw of ten coins, or the number of accidents
sustained by a worker exposed to a given risk for a given time. Of
course an observed frequency distribution can only contain a finite
number of values of the variable, and in this sense all observed
frequency distributions are discrete. Nevertheless, the distinction
between continuous and discrete variables will be found to be of
importance when we come to study populations and probability
distributions. In the next few sections we shall assume that the
values of the variables are discrete.

2. Change of origin and unit

The following graphical representation will be found helpful.
Taking the usual z-axis with origin O, we may represent the variable
z by the abscissa of the current point P. Then Z is the abscissa of a

o A G I 4 X

Fia. 1

fixed point @. It is frequently convenient to take a new origin at
some point 4, whose abscissa isa. Let & be the abscissa of P relative
to A as origin. Then, since OP = 04+ AP, we have

x=a+f.

Thus £ is the excess of x above a, or the deviation of x from that
value. Taking the mean of each member of this equation we have

Z=a+t. (5)

Thus Z—a, which is the deviation of the mean value of z from a, is
equal to £, which is the mean of the deviations of the values z; from
a. In particular, by taking a as Z, we have the result that the sum of
the deviations of the values x; from their mean is zero. This is also
easily proved directly; for

;fi(xi‘f) = Ei:fixi_Ni =0 (6)
in virtue of (2).
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In addition to choosing 4 as origin it may be convenient to use

a different unit, say ¢ times the original unit. Then, if u is the
deviation of P from 4 measured in terms of this new unit,

u=(x—a)
or T =a+cu. (7)
Taking the mean value of the variable represented by either side

we have, in virtue of (4'),
T =a+cu, (8)

% being the mean value of u for the distribution.

Example. Eight coins were tossed together, and the number z of heads
resulting was observed. The operation was performed 256 times; and the
frequencies that were obtained for the different values of x are shown in the
following table. Calculate the mean, the median and the quartiles of the
distribution of x.

[ | £ JE Je? e
0 1 -4 - 4 16 - 64

1 9 -3 -27 81 — 243

2 26 -2 — 562 104 — 208

3 59 -1 —59 59 — 59
4 72 0 0 V] 0
b 52 1 52 52 52
6 29 2 58 116 232

7 7 3 21 63 189

8 1 4 4 16 64
Totals | 256 t - | =1 507 - 37

The different values of z are shown in the first column, and their frequencies
in the second. The calculation is simplified by taking the value z = 4 as
origin of £. The values of £ corresponding to those of z are given in the third
column, and those of the product f£ in the fourth. The remaining columns are
not needed for the present. Totals for the various columns arc given in the
bottom row. Hence

E= N%}f‘g‘ = —7/256 = —0-027.

The mean value of z is therefore
F=a+f=4-0027 = 3-973.

The mode, being the value of z with the largest frequency, is clearly 4. To
find the median we observe that the values of x are arranged in ascending
order, and that the 128th and 129th are both 4. Hence the median is also 4,
Similarly the 64th and 65th values are both 3, so that the lower quartile is 3.
In the same way we find that the upper quartile is 6.
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3. Variance. Standard deviation

The mean square deviation of the variable x from the value a is,
as the name implies, the mean value of the square of the deviation

of z from a. It is therefore given by JLVZ f:£2. The positive square
B

root of this quantity is the root-mean-square deviation from a. In
the important case in which the deviation is taken from the mean of
the distribution, the mean square deviation is called the variance
of z, and is denoted by u,. The reason for the notation will appear in
the next section. The positive square root of the variance is called
the standard deviation (3.D.) of z, and is denoted by ¢. Thus

o = 0t = 3y Sl ©)

The variance (or the s.n.) may be taken as an indication of the
extent to which the values of z are scattered. This scattering is
called dispersion. When the values of z cluster closely round the
mean, the dispersion is small. When those values, whose deviations
from the mean are large, have also relatively large frequencies, the
dispersion is large. The concepts of variance and s.p. will play a
prominent part in the following pages.

When the mean square deviation from any value a is known, and
also the deviation £ of the mean from that value, the variance is
easily calculated. For

ot = Y EME-D =y EAE-GESLED
=11V12fi§?‘22' (10)

Thisformula is of great importance, and will be constantly employed.
On multiplying by N we have an equivalent relation, which may be
expressed

No? = z‘:fi %"%(?fig{)" (11)

Thus No? is less than 3 f;£2, showing that the sum of the squares of

1
the deviations of the values x,; 13 least when the deviations are measured
from the mean.
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Another possible measure of dispersion is the mean value of the
absolute deviation from the mean of the distribution, commonly
called the mean deviation from the mean. This quantity, however,
does not lend itself readily to algebraical treatment, and is therefore
not nearly so important as the variance and the s.p. The semi-
interquartile range is also sometimes taken as an indication of the
magnitude of the dispersion.

The significance of the magnitude of the standard deviation
clearly depends upon the values of the variable. Thus a s.p. of 6 in.

in the measurements of the height of a tower, is much less significant
~ than an equal s.D. in the measurements of the height of a man. The
ratio of the s.p. to the mean value of the variable is called the
coeffictent of variation. It is an absolute measure of dispersion in the
sense that it is independent of the unit employed. And by means of
this coefficient we are able to compare the variabilities of distribu-
tions of different characteristics, such as weight and height. Some-
times the coefficient of variation is defined as 100 times the above
value, i.e. as the percentage of the mean which is equal to the s.p.

Ezample 1. In the example of the preceding section the mean square
deviation of x from the value 4 is 507/266 = 1:98. Hence the variance is
given by _

0% = 1-98 — 3 = 1-98 — (0-027) = 1-98,

and o = 1-407 = 1-41 nearly.

From the f£ column it is clear that the sum of the absolute deviations from
x = 4 i8 277. By measuring deviations from the mean, instead of from z = 4,
we increase the absolute deviations of 161 values, and decrease those of 95
values, by 0-027. Hence the sum of the absolute deviations from the mean is
277+ 66(0-027) = 278-78. The mean deviation is therefore 1-09 approxi-
mately.

Ezxzample 2. Find the mean and the variance for the distribution in which
the values of z are the positive integers 1, 2, 3, ..., N, the frequency of each
being unity.

N(N+1)

Here T = TN = N +1).

The mean square deviation from z = 0 is
(13422 4...+N)/N = }(N+1) (2N +1).
Henoce A=FN+DHEN+ D) -HN+1)
= ]IE(N’—-I).
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Example 3. For the distribution expressed by

z= 8 6 7 8 9 10 11 12 13 14 15
f=18 25 34 47 68 90 80 62 38 27 11
the total frequency is 500. Show that the mean value of x is 10-054, the vari-
ance 5-58, the s.p. 2:36, the median 10, and the lower and upper quartiles 9

and 12 respectively. Also calculate the mean deviation from the mean as
in Ex. 1.

Ezample 4. A distribution consists of several component distributions.
Express the variance of the whole distribution in terms of those of the
components and the deviations of the means of the components from the
general mean. '

Let n; be the frequency in the jth component, ¢, its s.D., and d; =%, ~Z the
deviation of its mean from the general mean. Then the mean square deviation
of this component from the general mean is o7 +d}, and the sum of the
squares of its deviations from the general mean is n;(0] +d}). Hence the
variance g of the whole distribution is given by

No? = Xn;(0] +d)),

where N is the total frequency L;n,.

4. Moments

In the notation of the preceding sections the mean value of the
rth power of the deviation of the variable from the value a is
Y. f:&i/N. This is usually called the 7th moment of the distribution

z;bout the value a, or the moment of order r. The term ‘moment’ is
borrowed from Mechanics. Since f;/V is the relative frequency of the
value z; in the distribution, and the deviation £ from a is represented
by the distance 4 P; the above expression can be regarded as the
sum of the rth moments of the relative frequencies about 4. The
rth moment about the mean of the distribution is denoted by 4,.
The corresponding moment about a specified value other than the
mean, will be denoted* by u;. Thus

1 ~
M= ‘szf(xt"z)' (12)
3
is the rth moment about the mean, while
’ ] 1 &
/‘rzlvzfz(xi—a)r'-—‘wlfig; (13)
1 1

* An alternative notation, with v, instead of #;, has some advantages.
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is the rth moment about the value a. Putting r = 0 we see that

Ho=po=1. (14)
Similarly, in virtue of (2) and (6), we have
m=& m=0. (15)

The second moment about the mean is clearly the variance already
discussed.

By means of the binomial expansion, moments about the mean
of the distribution may be expressed in terms of moments about
any other value, # = a. Thus

o= 3 SHE-T
= fly— (:) Zﬂ;—~1+(;) B o=y (16)

(:) denoting the binomial coefficient, often written *C, or C%. In

,

particular, in virtue of (14) and (15),

Mo = py— 282+ 8% = jr, - (17)

in agreement with (10). Similarly
= L:’ — 3;8, l:;‘l‘- 253,
g =/ J 1 ’ ' } as)
fy = iy~ 4Epg+ 682uy — 3EY,

and so on,

In calculating moments it is frequently convenient to change the
unit. As in §2, let 4 be the measure of the deviation from x = @, in
terms of a unit ¢ times the original unit, so that § = cu. Then the
rth moment of z about a is

, o
By = v Efl,g: =V Efzu; (19)

Thus the rth moment of the variable x is ¢” times the corresponding
moment of the variable u.

A distribution is said to be symmetrical when the frequencies are
symmetrically distributed about the mean, that is to say, when
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values equidistant from the mean have equal frequencies. For
cxample, the distribution expressed by

z=01 2 3 4 5 6 7 8
f=1 8 28 56 70 56 28 8 1

is symmetrical about its mean Z = 4. In the case of a symmetrical
distribution there is the simplification that all the moments of odd
order about the mean are equal to zero, since the terms of the sum
in (12) cancel in pairs. In the case of an unsymmetrical distribution,
the degree of departure from symmetry is called its skewness.
More than one measure of this property has been proposed. One of
the simplest is y5/03, while another is half this expression. These are
clearly independent of the unit chosen for the variable, and they
vanish if the distribution is symmetrical. Another measure of
skewness, proposed by Karl Pearson, will be given later.

Ezxzample 1. Forthedistributionof x in theexampleof § 2, the third moment

about § = 0 is
py = —37/256 = —0-146.

Hence the third moment about the mean is given by
Pa = g — 3Ep+ 28
= —0-145 - 3(—0-027) (1-98) + 2( — 0-027)®
= 0-018 nearly.
The skewness, calculated from the formula p,/03, is
0-018/2-8 = 0-0064,
which is very small.

Exzample 2. For the distribution in §3, Ex. 3, show that g, = —1-92, and
deduce that yz/o® = —0-146.

5. Grouped distribution

Frequently the number of different values of the variable repre-
sented in the distribution is so large that, for convenience in cal-
culating the moments, it becomes necessary to approximate by
grouping the values. In such cases the range of variation of z is
usually divided into a number of equal intervals. The group of
values falling in a given interval constitutes a class; and the number
of such values is the class frequency. The magnitude of an interval
is called the class interval. For simplicity of calculation the number
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of intervals chosen will not be too large, preferably not more than
20, or at the most 25; and, in order that the results may be suffi-
ciently accurate, the number must not be too small, preferably not
less than 12. The approximation in the calculation of moments
consists in regarding each value as equal to the mid-value of the
interval in which it falls. We shall later meet formulae,* known as
Sheppard’s adjustments, giving the corrections that may be applied
under certain conditions to the approximate values of the moments
calculated as above. We merely mention here that, under the
conditions referred to, the correction to the mean may be neglected,
while the calculated variance should be reduced by ¢?/12, ¢ being
the magnitude of the class interval. The following is an example of
the treatment of a distribution by grouping.

Ezample. Over a period of years, 570 students were examined in Mathe-
matics I at the annual examinations of the University of Western Australia.
The marks gained by students ranged from 0 to 99, all being integers. These

Percentages in Mathematics

Interval \%flﬂe f u fu Su? Jud
Oto 4 2 12 - 10 —120 1,200 —12,000
bto 9 7 13 -9 -117 1,053 — 9,477

10 to 14 12 13 — 8 — 104 832 — 6,658

16 to 19 17 14 -1 — 98 686 — 4,802

20 to 24 22 23 - 6 — 138 828 — 4,968

25 to 29 27 23 — b —115 515 - 2,875

30 to 34 32 29 - 4 —116 464 - 1,856

35 to 39 37 34 - 3 —102 306 — 918

40 to 44 42 44 - 2 — 88 176 - 352

45 to 49 47 44 -1 — 44 44 - 44

50 to 64 52 50 0 —1,042 —43,948

55 to 69 57 52 1 52 52 52

60 to 64 62 61 2 122 244 488

65 to 69 67 41 3 123 369 1,107

70 to 74 72 32 4 128 512 2,048

76 to 79 77 27 b 135 675 3,375

80 to 84 82 23 6 138 828 4,968

85 to 89 87 17 7 119 833 5,831

90 to 94 92 13 8 104 832 6,656

956 to 99 97 b 9 45 4056 3,645

966 28,170
Totals _ 570 — - 76 10,914 - 15,778

* Bee § 16.
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were grouped in 20 classes, with a class interval of 5, the class frequencies
being as shown in the accompanying table. The mid-values of the intervals
are 2, 7, 12, ..., 97. The calculation is simplified by taking the class interval
as a new unit (¢ = 5), and the value z = 52 as a new origin. The doviations »
from this origin, measured in class intervals, are shown in the fourth column.
The above choice of origin ensures that the larger frequencies are multiplied
by the smaller values of . In the row corresponding to u = 0 the entries for
fu, fus, etc., are all zero, and need not be recorded. The space may therefore
be used to record tho sums of the negative numbers above this row. The sums
of the positive numbers are similarly indicated at the bottom; and the total
for each column is given in the last row.
The mean value of u is therefore

1
u= NZf‘u‘ = —76/670 = —-2/15 == - 0-133,
i

and the mean percentage

T=a+cu=52-0667 = 51-333.
The mean square deviation of u from « = 0 has the value 10,914/670 = 19-15;
and the variance of u, which may be dcnoted by o2, is

o) =1915-%% = 19-13.
Consequently o, = 4-374, and thercfore o, = 21-87. If, however, Sheppard’s
adjustment is made, we find
03 =19-047, o, = 4365 o, = 21-82.

The third moment. of u about v = 0 has the value —15,778,/670 = — 27-68.
Thus, 1n virtue of (18),
Ps = —27-68+4+7-65—0-005 = —20-03.

The skewness of the distribution, calculated from the formula pu,/o®, is
—0-24 nearly. The reader may verify that the mean deviation of x from the
mean is about 17-7.

The partition values may be estimated on the assumption that the fre-
quency in any class is evenly distributed among the values in that class. The
reader will find in this way that the median is 563, and the lower and upper
quartiles 37 and 66 respectively.

6. Continuous distributions

The distributions considered so far are discrete distributions, or
distributions of discrete values of the variable. A continuous dis-
tribution is one in which the variable takes every value between
certain limits, a and b. The total frequency is therefore infinite; and
80 is the frequency within any finite interval, a to 5, of the range of
the variable. We shall confine our attention to continuous distribu-
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tions, which are such that the relative frequency in the infinitesimal
interval z— {dx to x+ }dr is expressible as f(x)dx, whero f(r) is a
continuous function of z, called the relative frequency density. Then
the continuous curve

Y =f() (20)

is the relative frequency curve for the distribution. If this curve is
symmetrical about some line z = ¢, the distribution is said to be
symmetrical. The infinitesimal interval x — {dx to x + 4dx, with mid-
value z and magnitude dz, may be conveniently referred to as the
interval dz. The relative frequency f(x)dx in this interval is repre-
sented by the area under the curve (20), between the ordinates at
the ends of the interval. Hence the relative frequency for the
interval « to f§ is given by the integral fﬂ f(z)dz. The sum of all the

[-1
relative frequencies is unity, so that

jbf(x)dx =1, (21)

As in the case of a discrete distribution, the moment of order 7
about a specified value is the sum of the rth moments of the relative
frequencies about that value. Hence the mean %, which is the first
moment about the origin, is given by

= bef(x)dx. (22)

The moments of order r, about the origin and the mean, are

b b
= Ja o f(x)dz, p,= [a (z—Z) f(x) de.

And, in virtue of the binomial expansion, it follows as in §4 that
the relations (16)—(18) hold for a continuous distribution also. In
particular, the variance of the distribution is given by

b «
o=y, = L 22 f(x)dx —Z2. (23)

Example 1. By way of illustration consider a straight rod of length 1.
The distance x of a molecule of the rod from one end may be regarded as a
continuous variable, ranging from 0 to /; and the distribution of the values
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of = is then continuous. If M is the mass of the rod, and the lincar density m
is continuous, the function f(xz) for the distribution has the value m/M.

In the case of a uniform rod, of length 2a, the distance z of a molecule from
the middle point varies continuously from —a to a, and the distribution of
zis continuous with f(z) = 1/2a. The frequency curveis a straight line parallel
to the z-axis, and the distribution of 2 is said to be rectangular or uniform.
The mean value of z is now zero, and the variance is given by

ot = a .'z:"-’dx__a2
“J_g 2 " 3°

All the moments of odd order about the mean are zero. The moment of order
2n is easily shown to be u**/(2n+1).

Ezxample 2. Draw the frocquency curve for the symmetrical distribution

in which
2a 1
fo) == (T;)
the range of the variable being —a to a; and show that f(x) satisfies the
condition (21). Also show that the variance is

0% = a¥(4—m)/m = 0-273a?,
and the 8.p. o = 0:52a, while
fy = ad(1 —8/37) = 0-161a.

It is apparent from the above that a discrete distribution cannot
be identified with a continuous one. Sometimes, however, a discrete
distribution D, approximates to a certain continuous distribution D,
in the sense that, for any interval in the range of the variable, the
relative frequency of D, is approximately equal to that of D,.
Such an approximation requires that the total frequency N of D,
should be large, and that there should be only very small intervals
between pairs of adjacent values of the variable. Consider, for
example, the distribution of ages of all living people, not more than
(say) 50 years old at a specified instant. The variable  ranges from
0 to 50 years; and the frequency in any interval, not less than a few
hours, is so large that, since a period of a few hours is very small
compared with 50 years, the distribution may be regarded as
continuous for all practical purposes. If the necessary data
were available, we could calculate a continuous function f(x) to
give the relative frequency density to any reasonable degree of
acouracy.
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The diagram illustrates the frequency curve of an unsymmetrical,
unimodal, continuous distribution. The mode of the distribution is
the abscissa of the maximum ordinate NN'. Since the area under
the curve in any interval represents the relative frequency for that

1\71

M
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interval, it follows that the median is the abscissa of the ordinate
MM’, which bisects the area under the curve. And from (22) we see
that the mean is the abscissa of the ordinate G@’, which passes
through the centroid of the area under the curve. We may mention
in passing that, when the skewness is small, the relation

mean —mode = 3(mean —median)

holds fairly accurately. The student may regard this as an empirical
relation, since we shall not give any proof. The definition of skewness
most frequently used is that of Karl Pearson. It is

mean — mode
S.D.

skewness =

When the mode can be accurately determined this definition is a
convenient one. The frequency curve in the diagram is that of a
positively skew distribution, the longer tail of the curve being to
the right.

The ratio of the fourth moment about the mean of a distribution,
to the square of the variance, is independent of the unit employed.
This invariant of the distribution is called its kurtosis, and is fre-
quently denoted by f,. Thus

Pa = il (24)



16 Frequency Distributions [x

In the normul] distribution, to be considered later, the kurtosis has
the value 3. Since this distribution is regarded as the standard or
ideal, the quantity f,—3 for any distribution is called its excess of
kurtosis, or briefly its excess. Corresponding to the above notation,
B, is used to denote the invariant u}/u. This is the square of the.
skewness as defined in §4.
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EXAMPLES I

1. A distribution consists of three components with frequencies
of 200, 250 and 300, having means of 25, 10 and 15, and standard
deviations of 3, 4 and 5 respectively. Show that the mean of the
combined distribution is 16, and its s.p. 7-2 approximately.

2. The yields of grain (x 1b.) from 500 small plots are grouped
in classes with a common class interval (0-2 1b.) in the table below,
the values of x given being the mid-values of the classes. Show
that the mean of the distribution is 3-95 Ib., its s.p. 0:46 1b., the
median also 3-95 1b., and the quartiles 3:63 and 4-28 1b.

!zlf!z!jlz'hjhﬁ!z‘f'z’j

2-8 4 34 47 40 | 88 46 35 5-2 4
30 15 3-6 63 4-2 69 4-8 10 — —_
32 20 3-8 78 44 59 5-0 8 —_ —

(Mercer and Hall, Journ. Agric. Sci. 1911, vol. ;,p 107.)

* The references are to the literature listed at the end of the book. The
student is strongly advised to read some of the literature mentioned at the
end of each chapter, preferably in the order given. He will thus acquire a
better background for the mathematical theory.
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3. The wages of 1,000 employees range from 4s. 6d. to 19s. 6d.
They are grouped in 15 classes with a common class interval of 1s.,
and the class frequencies, from the lowest class to the highest, are
8, 17, 35, 48, 65, 90, 131, 173, 155, 117, 75, 52, 21, 9, 6. Tabulate
the data, and show that the mean wage is 12-006s., the s.p.
2-626s.=2s. 73d., and the median 12-127s.=12s. 1}d., and the
mode 12:369s.=12s. 4}d. nearly. (Adjusted s.p. 2-61s.)

4. With the notation of § 4, and by a method similar to that used
in proving (16), show that

pa=pis+ 3Euy + B3,
g=jtg+ 4Euy + 682, + B2,

’ r
M=+ 1801+ (z) Eppt oo+ (_f) &2, + £

5. The first three moments of a distribution about the value 2
of the variable are 1, 16 and —40. Show that the mean is 3, the
variance 15, and y,= — 86. Also show that the first three moments
about =0 are 3, 24 and 76.

6. Prove that the mean deviation from the median is less than
that mecasured from any other value. (See Aitken, 1939, 1, p. 32.)

7. Show that, if the class interval of a grouped distribution is
less than one-third of the calculated s.p., Sheppard’s adjustment
makes a difference of less than } 9, in the estimate of the s.p.

8. Show that, if the variable takes the values 0, 1, 2, 3, ..., n
with frequencies proportional to the binomial coefficients
1, n, (g) , (7:;) , ...y M, 1 respectively, then the mean of the distribu-
tion is in, the second moment about # = 0 is n(n+ 1)/4, and the
variance is {n.

9. Ina continuous distribution, whose relative frequency density
is given by f(z) = 3z(2 —x)/4, the variable ranges from 0 to 2. Show
that the distribution is symmetrical, with mean z = 1, and variance
1/5. Show that the second and third moments about = 0 are 6/5
and 8/5 respectively; and verify that u; = 0.

wWMS 2
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10. Exponential distribution. Consider the continuous dis-
tribution in which f(x) = ae~?%, a being positive, and the variable
ranging from 0 to co. Show that the mean is 1/a and the variance
1/a2. Also prove that the second and third moments about z = 0
are 2/a? and 6/a® respectively, and that u; = 2/a3.

11. Factorial moments. The factorial moments of a distribution
are defined as follows. That of order r about the origin (z = 0) is

1
{E—— .x(r)’
Hir) N ?f i

where = x(x~1)(x—-2)...(x—7+1).
Show that factorial moments are related to ordinary moments by
the equations

P =p1 =T, K= Mt—7,

Hig) = pig— 3pty + 2T,

Hiay = pra— 6pg + 11 p,— 67,

and so on. Similarly

Wy = )+ E,  pg = g+ 3+ T,

Ha = Mo+ Oy + T + 2.
The expression for the factorial moment w,, about the mean is
obtained from that defining ux, by replacing x by the deviation
x—7T from the mean. Relations corresponding to the above are
obtained by dropping the dashes and putting Z = 0. The student
may then easily verify that factorial moments about the mean are
connected with those about the origin by the equations

b e =
Uy = Py — T+ T,
g = Mo — BT + 207 — 24,

By = o= AT + 6T(T +1) p1jpy — 3Z(F* + 22° T~ 2).



CHAPTER II

PROBABILITY AND PROBABILITY
DISTRIBUTIONS

7. Explanation of terms. Measure of probability

We begin by approaching the subject of probability from the
point of view of the classical theory. Later in the chapter we shall
give the statistical or empirical approach, and the relation between
the two will become apparent. We hope in this way to provide a
simple introduction to the subject, adapted to the needs of those
for whom the book is written.

The throwing of an ordinary cubical die may result in any one
of six different cases, in the sense that any one of the six faces may
be uppermost when the die comes to rest. This group of six cases is
exhaustive, because it includes all possible cases that may result.
The different cases are mutually exclusive, since no two faces can
be uppermost at the same time. The throwing of the die may be
referred to as a trial. In general a trial is the establishing of certain
conditions, which must produce one of several results or cases. Two
such cases are said to be mutually exclusive when the happening of
one of them precludes the happening of the other; and a group of
cases is said to be exhaustive when it includes all possible ones. The
number of cases favourable to an event 4 are those that entail the
happening of 4. For example, in the throwing of the die three of
the cases are favourable to the appearance of an even number, and
two are favourable to the appearance of a multiple of 3.

Suppose that our die is a perfect cube made of homogeneous
material, and that the marking of the faces has not made it dynamic-
ally unsymmetrical. Then there is no reason to expect that, as the
result of an unbiased throw, any particular face will come uppermost
rather than any other. We say that the six cases are equally likely,
or equally probable. Similarly the 52 cases that may result from
the drawing of a card without discrimination from an ordinary pack,
are equally likely. And, in general, two events are said to be equally
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likely if, after all relevant evidence has been taken into account, one
of them may not be expected rather than the other.*

The terms probable and probability are used in ordinary language
in many different connections; and the reader will agree that, in a
great many instances, it is useless to attempt a numerical estimate
of the probability under consideration. For instance, we cannot
give a numerical value to the probability that a certain man’s
political or religious beliefs are correct, or that a statement by a
perfect stranger is true. There is, however, a very large group of
questions in connection with which a numerical estimate of prob-
ability may be attempted with very useful results. We shall first
state the method of measurement adopted in the classical theory,
and then give examples of problems to which the method is applic-
able.

Measure of probability.T If a trial may result in any one of n
exhaustive, mutually exclusive and equally likely cases, and m of these

are favourable to an event A. then the probability (or chance) that A
will vill happen as the resull of the trial is measured by the quotient m/n.

“This measure of the probability of the event 4 is denoted by p.
Thus

p=_, ()
and p is clearly a positive number, not greater than unity. The
opposite event is understood as the failure of 4 to happen; and its
probability is denoted by q. Since the number of cases involving the
failure of 4 is n —m, it follows that

=Mn-m)n=1-mn=1-p,
so that p+g=1 2)
This method of measuring probability is confined to problems in
which the results of a trial are reducible to a certain number of
equally likely cases. Considerations of symmetry and similarity
frequently enable us to decide whether, in the problem before us,

the resulting cases are of this nature; and, only if they are so, is the
calculation valid. Objection is often raised to the use of the idea of

* Cf. Uspensky, 1937, 2, p. 5. t Ibid. p. 6.
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equally probable cases in defining the measure of probability. The
objection loses some of its force if we remember that, in the corre-
sponding concept of temperature, there are methods of recognizing
equality of temperature which are quite independent of the measure-
ment either of absolute temperature or of diffcrence in temperature.

When we speak of choosing one at random from a group of n
objects, we mean that the choice is made in such a way that each
object has the same chance of being selected. Various methods have
been devised for making such a choice; and these do not assume any
similarity on the part of the objects in the group. One such method
isillustrated by the procedure often adopted in the case of a lottery.
The objects are numbered 1, 2, ..., n, and n similar marbles are
numbered correspondingly. The marbles are placed in an urn, and
thoroughly mixed; and one of them is then chosen without dis-
crimination. The number on this marble determines the object
selected. The method thus uses the similarity of the marbles to
ensure that the selection is random. Statisticians have devised
other methods of random selection; but it is unnecessary for us to
examine them.

Exzample 1. The chance of throwing a 6 with an ordinary die is 1/6. The
chance of throwing an odd number is 3/6 = 1/2.

Ezxzample 2. In a class of 12 pupils, 5 are boys and the remainder girls.
The probability that a pupil sclected at random will be a girl is 7/12.
The probability that two pupils selected at random will both be girls is

(;) - (122) = 212 . The odds against their being both girls are 15: 7.

Ezxample 3. From each of three married couples one of the partners is
selected at random. What is the probability of their being all of one sex?

The number of favourable cases is two, viz. all men or all women. The
total number of equally likely cases is 23 = 8. Hence the required probability
is 1/4. The odds against are therefore 3: 1.

The probability of choosing two men and one woman is 3/8.

8. Theorems of total and compound probability

The determination of probabilities by direct enumeration of the
number of cases is often laborious. The calculation may be simplified
by using the theorems of addition and multiplication of probabilities,
which are also known as the theorems of total and compound prob-
ability. Let us first consider addition.
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Suppose that a trial may result in any one of n equally likely cases,
of which m, are favourable to an event 4,, m, to an event 4,, ..., m,
to an event 4, and so on. If the events 4,, ..., 4, are mutually
exclusive, the corresponding favourable cases are all different. The
number of cases favourable to either 4, or 4,, ... or 4, is therefore
my+my+ ... +m,. Hence the probability that one of these events
will happen is

m1+m2+...+mk=zn_1+'r_{t_g+ 2 Eklp-
n noon w7

where p;, is the probability of the event 4;. We may therefore state
the theorem of addition of probabilities:

The probability that_one of several mutually exclusive events will
happen is the sum of the probabililies of the separate events. o

Inparticular, if the k events 4, are exhaustive, so that they include
all the mutually exclusive cases that may arise, the sum of the k
numbers m, is equal to n, and therefore ¥ p, = 1. Thus the sum of the
probabilities of the exhaustive and mutually exclusive cases that
may result from the trial is equal to unity. From the above argu-
ment it is also clear that, if an event may occur in several mutually
exclusive forms, the probability of the events is the sum of the
probabilities of its mutually exclusive forms.

Example 1. What is the probability of obtaining a total of 9 points in a
single throw with two dice?

The event may happen in one of the four mutually exclusive forms, 6 and 3,
5 and 4, 4 and 5, 3 and 6, the chance of each of these being 1/36. Hence the
required probability is 1/9.

Show that the probability of a total of 7 points is 1/6, and that of a total
of 10 points is 1/12.

Example 2. From a set of 17 cards, numbered 1, 2, ..., 17, one is drawn at
random. What is the chance that its number is a multiple of 3 or of 7?

The chance of its being a multiple of 3 is 5/17, and that of a multiple of 7
is 2/17. The required probability is therefore 7/17, the two events being
mutually exclusive.

Show that the chance that the number will be a multiple of 3 or of 5, or
of both, is also 7/17.

Consider next a pair of related trials. Suppose, for instance, that
we have an urn containing r red and s white balls, and that we make
a random drawing of two balls in succession. The first trial is the
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drawing of the first ball; and, if this proves to be red, we shall say
that the event 4 has happened. Similarly, the second trial is the
drawing of the second ball, without replacing the first; and, if this
proves to be red, we shall say that the event B has happened. The
probability of 4 is clearly /(r +s). That of B depends on whether 4
has happened or not. Thus, if 4 has happened at the first trial, the
probability of B in the second is (r —1)/(r + s —1); but, if 4 has not
happened, it is 7/(r+s—1). The former of these is the conditional
probability of B on the assumption that 4 has happened. Thus the
two events, 4 and B, are not independent. Two events are said to
be independent only when the probability of either of them is not
affected by the happening or failure of the other. By way of illustra-
tion consider a combined trial consisting of the throwing of two
ordinary dice, either together or in succession. If the event 4 is the
throwing of a 6 with the first die, and the event B the throwing of
a 5 with the other, the probability of B is 1/6, whether 4 has hap-
pened or not. Events 4 and B are thus independent.

More generally, suppose that a trial or a combination of trials
may result in any one of n equally likely cases, some of which entail
the happening of A4 alone, some that of B alone, and others that of
both 4 and B. Let m be the number favourable to the event 4.
The cases favourable to both A and B are all included in these m.
Let m, be their number. Then the probability p that both 4 and B
will happen is given by

The first quotient, m/n, is the probability of the event A. Also,
since m is the number of cases that entail 4, and m, is the number
of these that entail B also, m,/m is the conditional probability of
B on the assumption that 4 has happened. Hence we have the
theorem of compound probability:

T'he probability of the combined occurrence of two events, A and B,

18 the product of the probabzlzty of A by the condttzonal probability

of B on the assumption that A has happened.

In the case of independence the result may be stated simply, that
the probability that two independent events will both happen is
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the product of the probabilities of the separate events. The theorem
may clearly be extended to include any number of events.

Example 3. A coin is tossed three times. Find the chance that head and
tail will show alternately.

The required event has two mutually cxclusive forms, viz. head-tail-head
and tail-hcad-tail. By the above theorem the chance of either of theso is
(1)3; and by the thecorem of total probability the required chance is then
@P+32 =1

Ezxample 4. Three groups of children contain respectively 3 girls and
1 boy, 2 girls and 2 boys, 1 girl and 3 boys. One child is sclected at random
from each group. Find the chance that the three selccted comprise 1 girl
and 2 boys.

The ovent may happen in any of the mutually exclusive ways girl-boy-boy,
boy-girl-boy, boy-boy-girl. The probabilitics of these thrce are §.4.%,
1.4-1, }.4.1 respectively. The required probability is their sum, which is
13/32.

9. Probability distributions. Expected value

Suppose that, corresponding to the n exhaustive and mutually
exclusive cases that may result from a trial, a variable x assumes the
n values x; with corresponding probabilitics p;. Then the assemblage
of values z;, with their probabilities p;, constitutes the probability
distribution of the variable for that trial. A variable, which possesses
a probability distribution, is often called a wvariate. Most of the
concepts introduced in connection with frequency distributions are
equally applicable to probability distributions. Thus the rth
moment, g, of the distribution about the value « = 0 is defined by

the equation , ]
My = 2P, (3)
1
probability taking the place of relative frequency since, as proved
in §8, 3 p, = 1. In particular, the first moment about z = 0 is
by = X P (4)
13
Just as in the case of frequency this momentis called the mean value
of the variate, or of the distribution. More commonly, however, it

is referred to as the expected value or expectation of the variate. It
is denoted by E(x), or sometimes by Z, though the former is prefer-

able. Thus
E(x) = ¥ p,, (5)



9] Probability Distributions 25

Let ¢(x) be a function of the variate x. This assumes the value
¥(x;) when x assumes the value z;; and p; is therefore the probability
of this value of the function. The expected value of the function is
thus given by

E(f(x)] = ?pi'//(xi)- (6)

In particular (3) expresses that u, is the expected value of the rth
power of the variate.

The rth moment about the mean of the probability distribution
is defined by a formula corresponding to § 4 (12). Thus

by = Zpi(x;—T) = E([x— E()]). (7)

In particular, the second moment about the mean is the variance of
the distribution; and its positive square root is the standard devia-
tion, o. The relation

o = fly— T (8)

holds as before. It may be expressed in the alternative notation
E([z— E(@)?) = E(?)—[£(x)]* (8"

The relations between g, and . are the same as for a frequency
distribution; while, corresponding to § 2 (6), we have the identity

E[x— E(x)] = 0. (9)

In words, the expected value of the deviation of a variate from its mean
18 zero.

Example 1. What is the expected value of the number of points that will
be obtainced in a single throw with an ordinary die?

Here the variate is the number of points showing. It assumes the values
1, 2, ..., 6 with probability 1/6 in cach case. Honce

E@) = (1+2+...46)/6 = 7/2 = 35.

Exzample 2. From an urn, containing 3 red balls and 2 white, a man is to
draw two balls at random without replacement, being promised 20s. for each
red ball he draws, and 10s. for each white one. Find his expectation.

For the possible results of the drawing there are three exhaustive and
mutually exclusive cases, viz. 2 red balls, 1 red and 1 white, and 2 white.
The corresponding probabilities are easily shown to be 3/10, 3/56 and 1/10.



26 Probability [1x

The variable is the amount to be given to the man on the result of the draw;
and this has the value 40s. in the first case, 30s in the second, and 20s. in the
third. The expected value of the amount to be given is therefore

(%5 X 40+ 2 x 30 + 3% X 20)s. = 32.
Example 3. Show that, if ¢ is constant,
E(cx) = cE(z), E[cy(x)] = cE[{(x)].

10. Expected value of a sum or a product of two variates

Let « and y be two variates, the first of which assumes the m values
z; with probabilities p; (¢ = 1,2, ...,m), and the second assumes the
n values y; with probabilities p} (j = 1,2, ...,n). The sum z+y can
assume the mn values of z; +y;, since any of the m values of © may
be associated with any of the n values of j. Let p,; denote the
probability that x assumes the value z; and, at the same time, y
assumes the value y;. Then by (5)

m n
E@+y) = _Zl .zlpﬁ(xi'*'yj)
i=1j=

=N 2Pi%+ X X PiyY;
] g

= X P;i%;+ X DY
v 7

For ¥ p;;, being the sum of the probabilities that x assumes the
i

value x; while y assumes one of the values y,, ¥s, ..., ¥,, i8 equal to
p;- Similarly ¥ p;; = p;. Consequently
i
E@@+y) = E(x)+ E(y). (10)
Thus the expected value of the sum of two variates 13 equal to the sum
of their expected vaiues; and the theorem may be extended to the

sum of any number of variates.
The variates, x and y, are said to be independent* if the probability

* Or, statistically independent. Since this is the kind of independence with
which we aro chiefly concerned ir these pages, the adverb ‘statistically’ will
usually be omitted. Statistical independence has been described by Aitlken
(1939, 1, p. 148) as ‘obedience to the multiplication theorem of probability’.
This will be apparent to the student after he has read §§12 and 31 below.
Statistical independence should not be confused with functional independ-
ence. The variables z and y are functionally dependent when there exists a
functional relation F'(x,y) = 0 which holds identically. They are functionally
independent if no such relation exists.
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that either of them will assume a prescribed value does not depend
on the value assumed by the other. We proceed to examine the
expected value of the product, zy, of two independent variates. In
the above notation this product may assume the mn mutually
exclusive values z,y;. The probability that the product will assume
a particular value, 2;y;, is p, p}, being the product of the probabilities
that x will assume the value z; and y the value y;. Hence the
expected value of the product is given by

m n ,
E@y) =% X p.pjey;
f=1j=1

Performing first the summation with respect to j, and then that
with respect to ¢, we have

E(zxy) = Zipixi E(y) = E(y) ;10;%
= E(z).E(y). (11)

Thus the expected value of the product of two_independent variates is
equal 10 the. product of their expected values.

If the mean of either of the independent variates, say z, is taken
as origin for that variate, then £(x) = 0,and consequently E(zxy) = 0.
In particular this relation holds when both the variates are mea-
sured from their means. The expected value of the product of the
deviations of the two variates from their means is called their
covariance. Thus the covariance of two independent variates is.equal
to zero. From this we may deduce the important theorem:

The variance of the sum of two independent variates is equal to the
sum of their variances.

11 the two variates are measured from their means the variance
of their sum, being the expected value of (x +y)?, is given by

E(2*+ 22y +y?) = E(@*)+ E(y®),

and is therefore equal to the sum of the variances of z and y. The
theorem may clearly be extended to the sum of any number of
variates which are independent in pairs.
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11. Repeated trials. Binomial distribution

Suppose that a trial is repeated, so that we have a series of n
trials. The happening of the event A as the result of a trial will be
called a success. We consider first the case in which the trials are
independent, and the probability p of success is the same for each
trial. Then the probability of failure is g, where p+g¢ = 1. The
probability that there will be exactly r successes in the series of n
trials, and therefore n — r failures, is casily found. For, by the theorem
of compound probability, the chance of r successes and n — r failures
in a specified order is p7¢*~". But the number of different orders in
which these successes and failures may oceuris (:) ,being the number
of ways of sclecting r out of the n positions for the successes. Con-
sequently, by the theorem of total probability, the chance P of
exactly r successes in the series of trials is given by

P~ (M) g (12)

Thus the probabilities of 0, 1, 2, ..., n successes, in a series of n
trials for an event of constant probability p, are the respective terms
of the binomial expansion

(g+p)" =q*+ng"'p+... +ngp" ' +p™.

The probability distribution of the number of successes thus deter-
mined is called the binomial distribution. Thus the binomial dis-
tribution is that in which the variate assumes the values 0,1, 2, ...,n
with corresponding probabilities ¢”, ng®1p, ..., p™.

We may show that the expected value of the variate in the binomial
distribution® is np, and its variance npq. In terms of repeated trials,
the expected value of the number of successes in one trial is p,
since the variate assumes the values 1 and 0 with probabilities p
and ¢ respectively. And, since the number of successes in n trials
is the sum of the numbers of successes in the individual trials, it
follows from (10) that the expected value of this number is np.
Similarly, to find the variance of the distribution we observe that,

* Other proofs of these properties will be given in § 15, Ex. 3, and § 17.
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in one trial, the square of the number of successes takes the values
1 and 0 with probabilities p and q respectively, and the expected
value of 22 in one trial is therefore p. Hence the variance of the
number of successes in one trial is

K@) —[E(x)]? = p~p* = pq.

And since the number of successes in » trials is the sum of the num-
bers in the individual trials, and these trials are independent, the
variance of the total number of successes is the sum of the variances
for the separate trials, and is therefore npq. The s.D. of the number
of successes in n trials is \/(npq); and the s.p. of the proportion of
successes in the series is therefore |/( pg/n).

Example 1. Find the most probable number of successes in the above series
of trials, that is to say, the number of successes which has a greater prob-
ability than any other.

The chance of r+ 1 succosses will be greater than that of r if

n——r8>l'
r+lg

that is, if (n+1)p>r+1.

Hence the most probable number of successes is the integral part of (n+ 1) p.
If, however, (5. + 1) p is an integer, 7+ 1, the chance of r + 1 successes is equal
to that of r successes, and is greater than that of any other number. Thus, if
p = 2/5, the most probable number of successes in 20 trials is the integral
part of 21 x 2/5, which is 8. In 24 trials, however, 9 and 10 are the most
probable numbers.

Ezample 2. A’s chance of winning a game against B is 2/3. Find his
chance of winning at least three games out of five.

This chance is the sum of the probabilities that 4 will win 3, 4, and 5 games,
and is therefore

5\ [2)\3 1”+5 2\4 /1 +5 ’2‘_192
3)\3) \3 4)\3) \3) " \s (3 T 243
Example 3. Poisson’s series of trials is a series of n trials in which the
probabilitics of success are p,, ps, P3, ..., P, rospectively. Show that the
n

expected value of the number of successes is X p,, and the variance X p,q;.
i=1 i

By the same argument as above, the expected value of the number of
successes at the ¢th trial is p,, and its variance p,q,. Hence tho result.

Ezxample 4. Verify from (7) that a distribution, in which the variate takes
the values 1 and 0 with probabilities p and g respectively, has variance pq.
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12. Continuous probability distributions

As in the case of frequency, a continuous distribution is one in
which the variable may take any value between certain limits,
a and b. The number of different values is then infinite, and it is
uscless to speak of the probability of any particular value. Instead
of this we consider the probability that the value of the variate will
fall within a specified interval in the range of the variate. We confine
our attention to cases in which the probability that the value of the
variate will fall within the infinitesimal interval « — idx to x + 3dx
isexpressible in the form ¢(z) dz, where ¢(z) is a continuous function
of z, called the probability density or the probability function. It is,
of course, never negative. The continuous curve y = ¢(x) is called
the probability curve; and, when this is symmetrical, the distribu-
tion is said to be symmetrical. The area under the curve from x = «
to @ = f represents the probability that the value of = will fall
within the interval « to #. The total area under the curve is unity.
Thus

Jb¢(x)dx =1, (13)

When ¢(z) is constant, the variate is said to have a wuniform or
rectangular distribution of probability. The value of the constant
must be 1/(b—a), in virtue of (13).

The rth moment of the distribution about a particular value is
the rth moment of the probability about that value. Since ¢(x)dx
is the probability corresponding to the interval dx, the rth moment
about & = 0 is given by

b
t = f 2 (w) dx. (14)

In particular, the expected value of @, being the first moment about
r=20,Iis

b
E(x)=pu = quﬁ(m)dm, (15)

and the expected value of the function () is

E[y ()] = f :¢<x>¢(x> iz, (16)
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The rth moment about the mean of the distribution is

= f : [z— E(@)) ¢(x)de, 17)

which is the expected value of the rth power of the deviation of =
from the mean. The variance of , being the second moment about
the mean, is given by

- f:[x—E(xW(z)dx

or o? = fbx2¢(x) dx—[E(x)]2 (18)

The theorems of § 10 are equally true for continuous distributions.
Let the values of  range from a to b, and those of a second variate
y from ¢ to d. We may assume that the probability that x falls in the
interval dx and, at the same time, y falls in the interval dy is jointly
proportional to dz and dy, and expressible in the form ¢(x, y)dzdy,
where ¢ (2, y) is a continuous function of the two variates. Then the
expected value of the sum of the variates is

E@+y) ff (x+9)d(x,y)dzdy

= fﬂ L xd(z,y)dxedy +L J.c yd(x,y)dzdy.

In the first of these two integrals let the integration with respect to

y be performed first. Then fd¢(x, y)dxdy is the probability that x

will fall in the interval dz irrcespective of the value of y. Denote it

by ¢,(x)dx. Similarly, in the second integral, jbqﬂ(x, y)dxdy is the
a

probability that ¢ will fall in the interval dy irrespective of the value
of . Denote it by ¢,(y) dy. Then

B +y) = f wbo(@) d + j yaly) dy

= E(z)+ E(y), (19)

as required.
In considering the expected value of the product xy we assume
that the variates are independent. Then the probability that the
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value of z falls in the interval dz is independent of the value of y,
and may be expressed as ¢,(x)dz. Similarly, the probability that
y falls in the interval dy is independent of the value of #, and is
expressible in the form ¢,(y)dy. Therefore the probability that x
falls in the interval dz and, at the same time, ¥ falls in the interval
dy is ¢,(x)¢,(y)dxdy. Accordingly, the expected value of the
product xy is

b rd
B = | f "y () $ul0) dudy

d
= [[ap01a [ w1 dy = B Bw). 0

a [

Thus the expected value of the product of two independent variates
is equal to the product of their expected values. And it follows, as
in §10, that the covariance of two independent variates is equal
to zero.

Example 1. Show that, if the variable 2 has uniform distribution of
probability over the runge —a to +a, then ¢(x) = 1/2a, Z = 0, 02 = 1a?,

the moments of odd order about = 0 are zecro, and that of order 2n is
a*"/(2n+1).

Example 2. Through a point B on the y-axis, whose ordinate is positive
and equal to a, a straight line is drawn in a dircction taken at random in the
interval 0 = — 7w to @ = }m, 0 being the inclination of the line to BO. Examine
the probability distribution of the intercept x on the z-axis.

We interpret the data as meaning that the variable 6 has uniform distribu-
tion of probability in the interval — 17 to }7. Hence the probability that 0
will fall in the interval df is 2d0/m. Now the intercept on the z-axis has the
value z = atan0, so that 0 = arc tan z/a, and thercfore

df = adzx/(a®+ 2?).

But, when 0 falls in the interval df, z falls in the corresponding interval dx.
Hence the probability density for the distribution of z is

2
B(x) = —

m(ad+x?)’
This is also the relative frequency donsity of the distribution in §6, Ex. 2,
and the propertics of the distributions are the same. There is symmetry
about & = 0, and the s.p. is 0:52a.

13. Theorems of Tchebychef and Bernoulli

Consider first a theorem due to Tchebychef. Let z be a variate,
either discrete or continuous, with s.p. o. The theorem to be proved
fixes an upper limit to the probability that a value of the variate,
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chosen at random, will differ from the mean by more than Ao,
where A is a given positive number. T'chebychef’s theorem may be
stated:

In a random choice of a value of a variate, whose standard deviation
18 0, the probability that the value chosen will differ from the mean by
more than Aa does not exceed 1/A2.

To prove it we observe that the variance o2 is the second moment
of the probability of the whole distribution about the mean. Now,
if the combined probability P of values further than Ao from the
mean were greater than 1/A2, the second moment of the probability
of these values alone would exceed (Ao)?/A2, i.e. a2, and that of the
whole distribution would, a fortiori, be greater than o2. Since this
is not so the statement in the theorem must be true. Thus

Péxé.

(21)
In particular the probability that a value of the variate will differ
from the mean by more than 3o does not exceed 1/9. The theorem
is a very conservative one, since the actual value of P is usually
very much less than 1/A2. The result, however, applies to all distri-
butions; and we shall now use it to prove a theorem due to
Bernoulli.

Let m be the number of successes obtained in » independent
trials, in which the constant probability of the occurrence of the
event A is p. The quotient m/n is the relative frequency of successes.
How does this quotient behave as n increases indefinitely ? It is a
matter of common knowledge that, in trials of this nature in which
the value of p is known, the relative frequency obtained is usually a
close approximation to p when = is large. But there is no proof,
based on the measure of probability given in §7, that the relative
frequency of successes will have p as limiting value when » tends to
infinity. James Bernoulli, however, proved that, given any positive
number ¢ however small, the probability of | m/n—p| exceeding &
tends to zero as » tends to infinity. This is expressed in modern
terminology by saying that m/n converges in probability to p as n

wMs 3
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tends to infinity. Bernoulli’s theorem may also be expressed in the
form:

Let € and 7 be two given positive numbers, however small, and let m
be the number of successes inm mdcpendent trials,in which the constanl
m
probability of success is p. Then the probability that the inequality

m .

—— — ~ N 22

e (22)
wzll hold is greater than 1 — 1, provided that n is greater tlmn a certain
number N, depending on ¢ and 5.

A simple proof may be given as follows. It was shownin §11 that
the mean value of the relative frequency of successes in such a
series of trials is p, and its variance o2 is pg/n. If then we write
€ = Ao, the condition

m |

P ! >€
is the condition that the relative frequency of successes should
differ from its mean by more than Ao. But, by Tchebychef’s theorem,
the probability of this does not exceed 1/A?, so that

P< 0;2 = _p_q
€2 ne?’

and this is less than ¢ for all values of n greater than pqg/ne®. Hence
Bernoulli’s theorcm.

The theorem does not assert that the inequality (22) must hold
for all values of n greater than N, but that the probability of its not
holding is less than 5. Even this probability, however small, leaves
room for the possibility that it may not hold on some particular
occasion. Bernoulli’s theorem explains the practice of taking m/n,
for alarge value of n, as an approximation to the value of p. Indeed,
it frequently happens that this use of relative frequency is our only
means of estimating the probability of the event.

14. Empirical definition of probability '

As already indicated the definition of probability in terms of
equally likely cases does not lend itself to every instance in which
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a numerical evaluation of probability is desired. Another definition
of the probability of an event is sometimes given in terms of the
relative frequency of the occurrence of the event in an extended
series of trials. The fundamental assumption for such a definition
is that this relative frequency, in a uniform series of trials, tends to
a definite limit as the number of trials in the series tends to infinity;
and this limit is taken as the mecasure of the probability of the
occurrence of the event in another such trial. No proof can be given
that the above relative frequency does tend to a limit. Convergence
in probability, mentioned in connection with Bernoulli’s theorem,
is a consequence of the original definition, and is not the same
thing as the convergence to a limit assumed in the empirical
definition. But, though the two approaches are not theoretically
equivalent, they may be regarded as in agreement for practical
purposes.

By means of the assumption on which the empirical definition is
based, the laws of addition and multiplication of probabilities can
be deduced. Suppose, as in § 8, that a trial may result in any one of
the mutually exclusive events 4,. In a series of n trials let m; be
the number of times in which the evenut 4, happens. Then the prob-
ability p; of the happening of this event is given by

"y

p; = lim —*.
n-—-» o
Since the number of times in which one of the events A, A,, ..., A
1 2 > <44

k
happens is Y} m;, the probability of the happening of one of these
, i=1

events is
k m. k m k
y = lm 3 —* = ¥ lim-+*= 3} p,
! ¢§1’ﬂ 1‘%! n eth
and we have the theorem of total probability as in §8.

Suppose next that A4 and B are different events that may happen
as the results of specified trials 7' and T respectively. We require
the probability that, in a pair of such trials, both events will happen.
In a series of n pairs of trials let m be the number of times in which 4
happens, and m, the number of times in which both 4 and B happen.

32
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These m, occasions are all included in the m occasions on which 4
happens. Then the probability of the happening of both events is

p=lim ™ = lim (72@'—1) = ( lim 7«’—‘)( lim 7—"”-1),

n>o N noro\N M) n>oN/ \m>aoM
since m tends to infinity with =, if the probability of 4 is not zero.
Now limm/n is the probability of 4, and limm,/m is the con-
ditional probability of B on the assumption that 4 has happened.
We thus have the theorem of compound probability as in §8. In
the particular case of independence the probability of the occurrence
of the two events is simply the product of the probabilities of the
separate events. As we have already seen, the theorems of total and
compound probability are the foundations of the mathematical
theory. The measure of probability by relative frequency is also
fundamental. In the a priori definition it is the relative frequency
of favourable cases in the total number of cases, while, in the
empirical definition, it is the limit of the relative frequency of the
happenings of the event under consideration.

15. Moment generating function and characteristic function

Let ¢(x) be the probability density in the distribution of the
variate x. The expected value of ¥ is a function of ¢ given by

M) = fe"gﬁ(x) d, (23)

where the integration is taken over the whole range of x. When this
integral has a meaning for a certain range of values of ¢, we may
expand the exponential and integrate term by term, thus obtaining

the formula
M) = U+ gt 220+ 330+ .., (24)

where uy = J r'o(x) dz,

being the moment of order r about the origin (z = 0). For this
reason the function M(t), defined by (23), is called the moment
generaling function (m.g.f.) of the distribution about the value
z = 0. Similarly the m.g.f. about the value z=a is defined
as the expected value of exp[t{(z—a)]. Denoting this by M,(t)
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we have then

M) = f exp [t(z - )] §() dz, (25)

provided the integral has a meaning; and the expansion of the
exponential, and term by term integration, then show that tho
coefficient of ¢"/r! is the moment of order » about the value 2 = a.
Since the factor e~ is independent of z, it follows from (25) that

M,(t) = e~ M,(2), (26)

the subscript indicating the value with respect to which the mn.g.f.
is constructed.

When the variate x takes only the discrete values ; with prob-
abilities p; (+ = 1,2,...,n), the m.g.f. with respect to the value
x = a, being the expected value of exp [t(x —a)], is given by

M) = Sprexp [ia; —a)] = e M) (27)

as before; and the coeflicient of ¢"/r! in the expansion is the moment
of order r about the value in question. The m.g.f. will be found useful,
not only in calculating the moments of a distribution, but also in
leading to concise proofs of various theorems. Along with it may
be mentioned the characteristic function* (c.f.), E(e*), which is the
expected value of e, where ¢ =,/ — 1 and ¢ is real.

Example 1. For the exponential distribution defined by ¢(x) = ce~%, in

which ¢ is positive and = varies from 0 to oo, the m.g.f. with respect to the
origin is

M) = cfwoxp(t:n—cx)d:c (Jt]<e),
0

= (1=t/c) Y = 1+ t/c+t2[ci+ 633 + ...,

. , 1 21 , r!
showing that M= M= p=

(SN

Thus the mean is 1/c, and the variance is given by
’ ’ a 1
e = flo— () = peg

and the s.p. by o = 1/ec.

* Cf. Lévy, 1925, 3, part 11, chapters 11 and 1rr; Cramér, 1937, 6.
pp. 23-68; and Kendall, 1943, 2, pp. 90-100.
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Example 2. For the rectangular distribution, @(z) = 1/2a, —a<z<a,
we have
est—e  sginhat

2at at

M. (t =.l @ te dr =
oft) % e ar
—-a

= 14+ a22/31+a%4/b!+a%8T!+....
The moments of odd order are zero, and gy, = a?7/(2r+1).

Example 3. For the binomial distribution the m.g.f. with respect to the
origin is, in virtue of (27),

M(t) = q"+e'ng"'p+ 6“(2) it
= (q+pet)® = (1+pt+pt?/2!+pt3[31+ ... )"

The mean, being the coefficient of ¢ in the expansion, is np. Similarly p,
being the coeflicient of 3/2!, has the value

n
np+ (2) 21p? = np[l+(n—1)pl.
Consequently the variance is given by
Hy = i~ (u))? = np(1 —p) = npg.
A very important property of the m.g.f. is expressed in the
theorem:

The moment _generating function of the swm of two independent
variates is the product of their moment generating [unctions.

This is a direct consequence of the theorem concerning the
expected value of the product of two independent variates. For, if
z and y are independent variates. the m.g.f. of their sum with respect

to the origin is
E(e=t) = E(e . e) = E(e') E(e),

and is therefore the product of their m.g.f.’s. And, since the origin
may be chosen at pleasure, the theorem holds for the m.g.f.’s about
any specified value.

Let p,, u, denote the moments of  about the mean and the origin.
and m,, m, those of y. Then, by the above theorem, the m.g.f. of
x+y has an expansion obtained from the product

(Ut 220+ 8331+ ..) (L4 mi b+ mlt22! +...).

The coefficient of ¢ in this product is x; + m;, so that the mean of the
sum of the variates is the sum of their means. From the coefficient
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of t2/2! we find that the sccond moment of z +y about the origin is
Jig+2u3mi+my. Consequently the second moment of z+y about
its mean is

Byt 2pymy+my— (u+my)? = (g — pi?) + (my—my?) = pra+my,

and is thus equal to the sum of the variances of z and y. Since the
variance of —y is equal to that of y, we have again the theorem:

The variance of the sum (or difference) of twa independent variates

is equal to the sum of their variances.

From their definitions it 18 clear that the moment generating
function, when it exists, and the characteristic function, which
always exists, are determined by the probability density ¢(x)
of the distribution. Conversely, the distribution is determined
uniquely by its characteristic function,* or by the moment gene-
rating function when the moments satisfy certain conditions;f
that is to say, variates which have the same moment generating
function conform to the same distribution. Proofs of these state-
ments are beyond the scope of this book. In the three cases in
which we shall make use of this converse theorem (pp. 49, 57-8
and 151) the moments of the distributions satisfy the necessary
conditions.

16. Cumulative function of a distribution

If the logarithm of the m.g.f. of a distribution can be expanded
as a convergent series in powers of ¢, viz.

K(t) = log M(¢)
= K b+ Kyt 2 4+ k331 + .., (28)

the coefficients, «,, are called the cumulants (or seminvariants}) of
the distribution, and K(t) is the cumulative function. The cumulants

* For a proof of this converse theorem see Lévy, 1925, 3, pp. 166-7;
also Deltheil, Erreurs et Moindres Carrés, pp. 26-9 (Fasc. 2, Tome 1 of
Traité du Calcul des Probabilités et de ses Applications, ed. E. Borel), Gauthier-
Villars, Paris, 1930, and Kendall, 1943, 2, pp. 90-4.

1 Cf. Kendall, 1943, 2, pp. 105-10.

1 We adopt Fisher’s terminology of cumulants (1929, 1) rather than
Thiele’s of seminvariants (1903, 1), since Dressel has shown that tho cumulants
are only one particular set of seminvariants (Ann. Math. Stat. vol. x1, pp.
33-67, 1940).
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are determinate functions of the moments. For instance, on taking

logarithms of both members of (24) and identifying with (28), we

see that k, = u1, and is thus equal to the mean of the distribution.
Since, by (26), the m.g.f. with respect to the mean is

My(t)exp (- m?),
it is clear on taking logarithms that the cumulative function with
respect to the mean differs from that with respect to z = 0 only
by the addition of the term —pujf. Consequently the cumulative
function relative to the mean is

Kot?[21+ k3833 4+ i Tl L (29)
And since this must be identical with
log (14 pet3/2! + pgt3/31+...),

we see, on comparing coefficients of like powers of ¢, that the first
few cumulants are given in terms of the moments of the distribution
bv the formulae
Ky = j] = mean,

Ky =g, Kg=[tg, Ky= fig— 3y} (30)
Thus all the cumulants after the first are independent of the value
with respect to which the cumulative function is constructed. The
mean, and the moments about the mean, may therefore be found by

calculating the camulative function with respect to any convenient
origin. Also, from the last of the relations (30), we have

Ky My
— =——=3=p0,-3, 31

and this is the excess of kurtosis, as defined at the close of § 6.

Ezample. Since by §15, Ex. 1, the m.g.f. of the exponential distribution,
with respect to the origin, is
Myt) = (1—ot)2,
the cumulative function is

K(t) = —log(l—ot) = ot +0%2/2 4+ 033/3 + ....
Thus K, =a"(r—=1)\.
The mean, being the coefficient of ¢, is 0. The variance is 02, g, = 203, and
My = K4+ 33 = (314 3) 0t = 90t



16] Sheppard’s Adjustments 41

Further, since the m.g.f. of the sum of two independent variates,
z and y, is equal to the product of their m.g.f.’s, it follows that the
cumulative function of the distribution of z + y is the sum of those
of z and y. Equating coefficients of like powers of ¢, we have the
simple result that the rth cumulant of 2+ y is the sum of the rth
cumulants of z and y. This is the additive property of cumulants. The
theorem is obviously true for the sum of any finite number of inde-
pendent variates. The particular case of second cumulantsgivesagain
thetheoremonthe variance of thesumofseveralindependentvariates.

The above property of cumulants may be used to estimate the
average corrections* to be applied to the moments of a grouped
distribution, with specified class interval ¢, when the interval-mesh
is located at random on the ungrouped distribution. The corrections
found, which are of the same form as Sheppard’s adjustments, may
be wrong in any individual instance, but their average effect in a
large number of cases will be correct. In any class the mid-value z;,
from which the moments of the grouped distribution are calculated,
is the sum of the true value z of the observation and the grouping
error x;—x. In consequence of the random location of the class
limits, the grouping error is uniformly distributed over the range
—3c to §c. The average cumulants of the grouped distribution
will differ from those of the ungrouped by the cumulants of the
grouping error. Now the m.g.f. for the uniform distribution of
error is

M(t) = Z2tsinh (3et)

2 it

1221 goait

and its cumulative function is therefore

22 ettt S8

1221 12041 T2szelt

If then k; are the cumulants of the grouped distribution, those of
the ungrouped distribution are

K(t) =

N

, , c? py
Ky =K, K=K 190

—ﬁ’ K3 = Kg, K4=K4+120,

* Cf. Cornish and Fisher, 1937, 7, pp. 3-4, and Kendall, 1943, 2, pp. 74-5.

ete.
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Denoting the moments of the grouped distribution by m, and mj,
we therefore have for those of the ungrouped distribution

2
py=my, fg= My=15> Ha=Ts (32)
ct %), ot
I P R ST e 272, 7
and My = K4+ 3K3 K4+120+3(K2 5 +144)

=my—3c®my+ (33)

240°
The equation (32) shows that the estimate m; of the mean, and the
estimate m, of the third moment about the mean, as found from the
grouped distribution, are sufficiently accurate. The calculated
variance m, should be diminished by ¢?/12; while the adjustment to
the fourth moment m, is given by (33).
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EXAMPLES IT

1. Two cards are drawn at random from a well-shuffled pack of
52. Show that the chance of drawing two aces is 1/221.

2. The chance of throwing a 6 at least once in two throws of a
die is 11/36.

3. A and B toss a coin alternately on the understanding that
the first to obtain heads wins the toss. Show that their respective
chances of winning are 2/3 and 1/3.

4. Four persons are chosen at random from a group containing
3 men, 2 women and 4 children. The chance that exactly two of
them will be children is 10/21.
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5. From an urn containing » red and 8 white balls, @ + b balls are
drawn at random without replacement (a <7,b<s). Show that the

. . . [(r\(s\ . [r+s
probability of a red and b white balls is (a) ( b) + (a + b) .

6. Show that, in a single throw with two dice, the chance of
throwing more than 7 is equal to that of throwing less than 7,
each being 5/12.

7. A and B take turns in throwing two dice, the first to throw 9
being awarded the prize. Show that their chances of winning are
in the ratio 9:8.

8. Three men toss in succession for a prize to be given to the one
who first obtains heads. Show that their chances of winning are
4/7, 2/7 and 1/7.

9. Eight coins are thrown simultancously. Show that the chance
of obtaining at least six heads is 37/256.

10. The expectation of the number of failures preceding the first
success in an indefinite series of independent trials, with constant
probability p of success, is

. Prq q

+2¢°p+ 3PP+ ... = T =

qp +2q°p + oq¢°p (I—q2  p
(Uspensky, 1937, 2, p. 178, Ex. 3.)

11. A point P is taken at random in a line 4 B, of length 2a, all
positions of the point being equally likely. Show that the expected
value of the area of the rectangle AP . PB is 2a?/3, and that the
probability of the area excecding {a®is 1/,/2.

12. From a point on the circumference of a circle of radius a,
a chord is drawn in a random direction (i.e. all directions are equally
likely). Show that the expected value of the length of the chord
is 4a/m, and that the variance of the length is 2a%(1—8/n%). Also
show that the chance is 1/3 that the length of the chord will exceed
the length of the side of an equilateral triangle inscribed in the
circle.

13. A chord of a circle of radius @ is drawn parallel to a given
straight line, all distances from the centre of the circle being equally
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likely. Show that the expected value of the length of the chord is

3
4ma, and that the variance of the length is ‘11—2 (32 —3n?). Also show

that the chance is 1/2 that the length of the chord will exceed the
length of the side of an equilateral triangle inscribed in the circle.

14. Two different digits are chosen at random from the set
1, 2,3, ..., 8. Show that the probability that the sum of the digits
will be equal to 5 is the same as the probability that their sum will
exceed 13, each being 1/14. Also show that the chance of both digits
exceeding 5 is 3/28.

15. In Poisson’s distribution the variate takes the values
0,1,2,3,... with probabilities proportional to 1, m, m?/2!, m3/31, ...,
both sequences being infinite. Show that the mean of the distribu-
tion is m, and the variance also m.

16. Theequation § 15 (26), written fora = % = u}, isequivalent to
(14 o822+ g 1331+ ...)
= (1—pyt+p203/20— ) (L4 pegt + pg 3214 .00).
Equating coefficients of like powers of ¢, deduce the relations
§4(17), (18).

17. Prove that the next two formulae corresponding to § 16 (30)

are
kg = ps— 10pg 1y,  Kg = ftg— 15104 tg— 1045+ 303,

18. Two independent variates are each uniformly distributed
within the range —a to a. Show that their sum z has a probability
density given by

é(x) = (2a+x)/4a? (—2a<x<0),
$(2) = (2a—2)/4a® (0<z<2a).
Verify that the m.g.f., calculated from this value of ¢(z), is equal

1 2
to (— sinh at) .
at

19. On the z-axis n+ 1 points are taken independently between
the origin and « = 1, all positions being equally likely. Show that
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the probability that the (k+ 1)th of these points, counted from the
origin, lies in the interval x — §dx to  + }dx is

(Z) (n+1) 2% (1 — z)n—k da,

Verify that the integral of this expression, from z = 0 to z = 1, is
unity. (Aitken, 1939, 1, p. 71.)

20. Show that, for the binomial distribution,

Ky = npq(1 — 6pq).

21. Show that the expected value of the product of the numbers
of points showing after an unbiased throw of n ordinary dice is (7/2)".

22. Show that, if p may be varied, the probability of m
successes in a series of % independent trials, with the same prob-
ability p of success, is greatest when p = m/n.

23. Show that, if ¥ and z are independent random values of a
variate z, the expected value of (y —z)? is twice the variance of the
distribution of z.

24. Defining the harmonic mean (11.M.) of a variate x as the
reciprocal of the expected value of 1/x, show that the H.M. of the
variate which ranges from 0 to co with probability density x"e~%/n !
is n, given that n is positive.



CHAPTER 111
SOME STANDARD DISTRIBUTIONS
BiNoMIAL AND P0oISSONIAN DISTRIBUTIONS

17. The binomial distribution

We have considered the binomial distribution in connection
with the probabilitics of the various numbers of successes in a
series of » independent trials, in each of which the chance of success
is equal to p. The mean and the variance of the distribution were
determined by means of the property that the expected value of a
sum of variates is equal to the sum of their expected values. These
may also be found by direct calculation. Thus

Ex)=0.9"+1 .’nq"‘lp+2.(;)q"" p2+ ...+ npt

-1
=np [q"“+ (n—1)¢g"*p+ (n o )q"‘ pE+ ... +p""]

=np(¢+p)*~t = np. (1)
Thus the mean of the distribution is np. In order to find the variance
calculate first the second moment about z = 0. Thus

]

Jg = 0% g™+ lz.nq”‘lp+22.(g)q"‘p2+...+’n2.p"

npl:q"‘1+2(n— 1)g™~ p+3(n: l) g ip+ ... +np”“‘1J.

Now the expression in brackets is the first moment, about the value
z = —1, for the binomial distribution in which n is replaced by
n—1. This first moment, being the excess of the mean of the dis-
tribution above x = — 1. is equal to (n—1)p+1, in virtue of (1).
Consequently

Hy=np[(n—=1)p+1],
and the variance of the binomial distribution is then given by

He = pa—[E(x)]* = np[1+ (n—1) p] - (np)?
= np(l —p) = npq, (2)
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and the standard deviation by

o = y(npq). (3)

The proportion or relative frequency of successes is the number of
successes divided by n. Hence the mean value of this proportion
is p, and its standard deviation is \/(pq/n).

A binomial frequency distribution is one in which the relative
fregu encies of the values 0, 1, 2, ..., n of the variate are equal to
their probabilities in the above distribution. As an example we may
take the distribution of expected frequencies of 0, 1, ..., n successes
when the set of n trials is to be made N times. For, in virtue of (1)
and the known probability of r successes, the expected frequency of

r successes in N sets of n trials each is N (7:) p'q™. The properties

of the distribution are the same whether it is regarded as one of
probability or one of frequency. But the reader may note that, in
a theoretical frequency distribution like the above, the individual
frequencies are not necessarily integral.

Ezample 1. Verify the above value of u; by direct algebraical simpli-
fication of the expression.

Ezxample 2. Show that the m.g.f. of the binomial distribution with respect
to its mean is

(ge %+ pet)" = [l+pf_12,+pq( —pz)—+pq(q" p”)- ] ,

and deduce that

Ha=npg, [ty =npq(qg—Dp)s pe = npg(l+3(n—2)pq).

18. Poisson’s distribution

An important distribution, associated with the name of Poisson,
is one obtainable from the binomial distribution by putting p = m/n,
where m is a constant,and letting n increase indefinitely. Thus the
number of trials in the series becomes very large, and the prob-
ability of success in a trial very small. Now it can be shown* that,
on the above assumption as » tends to infinity,

mre—m

: L3 PR -
hm(r)pq

* See Mathematical Note I, at the end of this chapter.

r!
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Thus, in the limiting form of the distribution, the probability of »
successes in the infinite series of trials is m’e~™/r!, The chances of
0,1, 2,3, ... successes in the infinite series are

e™, e ™m, e ™m?2l, e™m3/3!, ... (4)

respectively. The reader may show, as in the case of the binomial
distribution, that the most probable number of successes is the
integral part of m. It is obvious that the sum of the probabilities
of 0, 1, 2, ... successes is e~™e™ = 1, as it should be.

The mean value and the variance of Poisson’s distribution may be
deduced from those of the binomial by putting p = m/n, and
letting » tend to infinity. Thus the mean value is limnp = m.
Similarly, the variance is lim npg = limmg = m, since ¢ tends to
unity as p tends to zero. These results may, of course, be deduced
by direct calculation. Thus the mean, being the first moment about
x = 0, is given by

Z=p =e™0+1.m+2.m?2!+3.m3/3!+...)
=me™(1+m+m?2! +m3/31+...)
=m. (5)
Similarly
Mo =e™(0%+1%.m4-22.m2/2!4+32.m3/3! +...)
= m(m+ l)’

as the reader may easily verify. Consequently

0= pg = ps— 2% =m(m+1)-m?
=m, (6)
as found above. The s.p. is therefore \/m.

The same results may be obtained by using the generating
functions of §§15 and 16. Thus the m.g.f. of the Poissonian dis-
tribution with respect to the origin is

My(t) = e ™(e% + e'm + e¥m?2/2| + e3m3/31 + ...)
= e~™mexp (me') = exp [m(et—1)],
and the cumulative function is therefore

K(t) = m(et=1) = m(t+£2/21 +13/3! + ...).
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Thus k; = Ky = K3 = ... = m. The mean and the variance are each
equal to m, as is also the third moment about the mean. The fourth
moment about the mean is

Mg = Kg+ 3k} = m+ 3m2.

Further, if n independent variates x; conform to Poissonian
distributions with means m; (¢ = 1,2,...,n), it follows from the

theorem of §15 that the m.g.f. of their sum is exp l:(e‘ -1) Zm‘] .
i

But this is the m.g.f. of a Poissonian distribution whose mean is
3. m;. Hence the theorem:
i

The sum of any finite number of independent Poissonian variates
18 itself a Poissonian variate, with mean equal to the sum of the means
of the separate variates.*

A Poissonian frequency distribution is one in which the relative
frequencies of the values 0, 1, 2, 3, ... of the variate are equal to the
probabilities in the above distribution. As an example we have the
distribution of the expected frequencies of the various numbers of
successes when the extensive series of trials is repeated N times.
But in such a theoretical distribution the individual frequencies
are not necessarily integral. Irequency distributions which are
approximately Poissonian do arise in connection with the number
of happenings of a rare event in an extensive series of trials.

Ezxample. In 1,000 consecutive issues of The Utopian Seven-daily Chronicle
the deaths of centenarians were recorded,} the number 2 having frequency
f according to the table

2z O 1 2 3 4 5 6 7
21

8
f: 229 325 257 119 50 17 0
Show that the distribution is roughly Poissonian by calculating its mean
(m = 1-5), and then the frequencies in the Poissonian distribution with the
same mean and the same total frequency of 1,000. The latter are approxi-
mately 223-1, 334-7. 251-0, 125-5, 47:1, 14-1, 3-5, 0-8, 0-2. Also calculate the
variance of the givon distribution, and compare it with the mean.

* An elementary proof of this theorem will be found in Ex. 4 at the end
of this chapter.
1 Cf. Lucy Whittaker, Biometrika, vol. x, 1914, p. 36.

wMSs
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THE NoRMAL DISTRIBUTION

19. Derivation from the binomial distribution

The binomial and Poissonian are distributions of discrete values.
We pass now to a continuous distribution of fundamental import-
ance. This is the normal distribution, which may be derived from the
binomial in the following manner. In the latter the probability of

the value 7 of the variate is (1:) p¢™". Let « be the deviation of
the variate from the mean value np of 7, so that
r=np+x. (7)

Then the probability of the value z, being the same as that of the
corresponding value of r, is

n n
P — rqn—r — npP+I, ng—&,
(r)p 1 (np+x)p E

It can be shown* that, for large values of n, this probability can be
expressed

N ex )( @ +e) (%)
N(2mrnpq) [ 2npq ’
where € tends to zero as » tends to infinity, provided that neither

p nor q is very small, and z is of lower order than n%3.
Now introduce a variable z defined by

and examine the probability distribution of 2, and its limiting form
as n tends to infinity. The probability for any interval in the range
of z is equal to that of the corresponding interval for 2. To unit
interval in the range of x there corresponds the interval 1/ in
that of z; and, when % tends to infinity, this may be denoted by dz.
Then the probability that z falls in the interval dz is the probability
that z falls in unit interval which includes the value x; and this is
given by (8) which, when n tends to infinity, takes the form

dz p( 22 )
= Yenpo)° 2pq
* For the details of this step see Mathematical Note II, at the end of this
chapter.
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The limiting form of the distribution of z is thus a continuous dis-
tribution with probability density

96 = im0 (~53) ©)

where 02 = pq. This is the normal probability function, and the
corresponding continuous distribution is the normal distribution.
Since 4/(npq) is the s.p. of the binomial distribution, and therefore
of the variate z, it follows that ./(pq) is the s.D. of z. Hence o in (9)
is the s.D. of the normal distribution. Since ¢(2) is an even function
of 2z, the distribution is symmetrical about z = 0, which is therefore
the mean value of the distribution. Also, since z must lie between
—o0 and oo, the integral of (9) between these limits is equal to
unity, so that

“:) exp ( —71%22) dz = o |/(2m). (10)

This is an important intcgral. An independent proof of the formula
is given in Mathematical Note III, at the end of this chapter.

A normal frequency distribution is a continuous one, in which
the relative frequency density f(x) is identical with the function ¢(x)
defined by (9). A distribution of discrete values cannot be normal.
If, however, the total frequency is large, it is possible for the discrete
distribution to approximate to the normal. The meaning of such an
approximation was explained in §6.

Inlater chapters, particularly in connection with sampling theory,
we shall meet distributions which are accurately normal, and others
which are approximately so. Since the normal distribution is an
ideal to which some distributions attain, and to which others
approximate, it is important to know its properties. Fortunately,
the quantitics associated with the distribution are easy to calculate.

20. Some properties of the normal distribution

As we have just seen, a continuous variate x is normally dis-
tributed, with mean zero and s.D. o, when the range of the variate
is from — o0 to o0, and the probability density is given by

l 2
#0) = sz (—5m3)- an

4-2
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The probability curve is therefore the curve

1 _ﬁ) (12)
y=cJen exP( 20)"

This curve is symmetrical about the line z = 0 through the mean of
the distribution. It is a uni-modal curve, in which the ordinates
decrease rapidly as |z | increases. By equating to zero the second
derivative of y, the reader will easily verify that the points of in-
flexion on the curve are given by z = + 0. The ordinates of the

normal curve are given in Table 1, corresponding to values of z/o
at intervals of 0-01.

¥

SN

0 z
Fia. 3. The Normal Probability Curve

Since the distribution is symmetrical, the moments of odd order
about the mean are all zero. To find the moments of even order we
observe that the moment of order 2n about the mean is

]

T () d 1 20-1 Gl d
= n, s n-1; ——\de.
Lon Jiﬁmx () dx o'\/(Qn)J_wx texp( 202) v
Integration by parts then gives

__ v 2n—1 _,ﬁ ® Lo s _xz‘
Hoy = \/(2”)[3: exp( 202)]4-% Jio) _mx exp 202)(19[,

The expression in square brackets vanishes at both limits; and we
may therefore write the relation

Hap = (2n - 1)0-2/‘211—4'
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TaBLre 1. Ordinates of the Normal Curve

The origin of « is at the mean. The table gives the values of Wl’;’-) exp ( 3 ).

which is o times the ordinate of the normal curve y = ¢(r)

0-00 | 0-01 | 002 | 0-03 | 004 | 0-06 | 0-06 | 0-07 | 008 | 0-09

QR

-3989 | -3989 | -3989 | -3988 | -3986 | -3984 | -3982 | -3980 | -3977 | -3973
-3970 | -3965 | -3961 | -3956 | -3951 | -3945 | -3939 | -3932 | -3925 | -3918
3910 | -3902 | -3894 | -3885 | -3876 g%g_ -3857 | -3847 | -3836 | -3825
-3814 | -3802 | -3790 | -3778 | -3765 | 3752 | -3739 | -3725 | -3712 | -3697
-3683 | -3668 | -3653 | -3637 | -3621 | -3605 | -3589 | -3572 | -3555 | -35638

-3521 | -3503 | -3485 | -3467 | -3448 | -3429 | -3410 | -3391 | -3372 | -3352
-3332 | -3312 | -3292 | -3271 | -3251 | -3230 | -3209 | -3187 | -3166 | -3144
-3123 | 3101 { -3079 | -3056 | -3034 | -3011 | -2989 | -2966 | -2943 | -2920
2897 | 2874 | -2850 | -2827 | -2803 | -2780 | 2756 | -2732 | -2709 | -2085
2661 | <2637 | -2613 | -2589 | -2565 | -25641 | -2516 | -2492 | -2468 | <2444

2420 | +2396 | -2371 | -2347 | -2323 | -2299 | -2275 | -2251 | -2227 | -2203
2179 | -2155 | <2131 | -2107 | -2083 | 2059 | <2036 | -2012 | -1089 | <1965
1942 | 1919 | -1895 | -1872 | -1849 | -1826 | -1804 | -1781 | -1758 | -1736
‘1714 | 1691 | -1669 | -1647 | -1626 | -1604 | -1582 | <1561 | -1539 | -1518
+1497 | <1476 | 1456 | -1435 | -1415 | 11394 | -1374 | <1354 | -1334 | -1315

1295 | 1276 | -1257 | -1238 | -1219 | -1200 | <1182 | -1163 | -1145 | *1127
1109 | <1092 | -1074 | <1057 | -1040 | -1023 | <1006 | -0989 | <0973 | -0957
<0940 | 0925 | -0909 | -0893 | -0878 | -08G3 | -0848 | -0833 | -0818 | -0804
<0790 | -0775 | <0761 | -0748 | -0734 | -0721 | -0707 | -0694 | -0681 | -0669
0656 | -0644 | -0632 | -0620 | -0608 | -0596 | 0584 | -0573 | -0662 | 05651

0540 | 0529 | -0519 | -0508 | -0498 | -0488 | -0478 | -0468 | -0459 | -0449
0440 | -0431 | 10422 | -0413 | -0404 | 10395 | -0387 | -0379 | 0371 | -0363
0355 | +0347 | -0339 | -0332 | -0325 | -0317 | -0310 | -0303 | -0297 | -0290
0283 | +0277 | <0270 | -0264 | -0258 | -0252 | <0246 | -0241 | -0235 | -0229
<0224 | -0219 | -0213 | -0208 | -0203 | -0198 | -0194 | -0189 | -0184 | -0180

0175 | -0171 | -0167 | -0163 | -0158 | -0154 | -0151 | -0147 | -0143 | -0139
0136 | 0132 | -0129 | -0126 | -0122 | -0119 | -0116 | -0113 | -0110 | -0107
‘0104 | -0101 | -0099 | -0096 | -0093 | -0091 | -0088 | -0086 | -0084 | -0081
0079 | -0077 | -0075 | -0073 | -0071 | 0069 | -0067 | -0065 | -0063 | -0061
-0060 | -0058 | -0056 | <0055 | -0053 | 0051 | <0050 | -0048 | -0047 | -0046

0044 | -0043 | -0042 | -0040 | -0039 | -0038 | -0037 | -0036 | -0035 | -0034
0033 | -0032 | -0031 | <0030 | -0029 | -0028 | -0027 | -0026 | -0025 | -0025
0024 | -0023 | -0022 | <0022 | -0021 | -0020 | -0020 | -0019 | -0018 | -0018
0017 | -0017 | -0016 | -0016 | -0015 | -0015 | -0014 | -0014 | -0013 | -0013
-0012 | -0012 | 0012 | -0011 | -0011 | -0010 | -0010 | -0010 | -0009 | -0009

0009 | -0008 | -0008 | -0008 | -0008 | -0007 | -0007 | -0007 | -0007 | -0006
+0008 | -0006 | -0006 | -0005 | -0005 | -0005 | -0005 | -0005 | -0005 | -0004
0004 | -0004 | -0004 | -0004 | -0004 | -0004 | -0003 | -0003 | -0003 | -0003
0003 | -0003 | -0003 | -0003 | -0003 | -0002 | -0002 | -0002 | <0002 | -0002
-0002 | <0002 | -0002 | -0002 | -0002 | -0002 | -0002 { -0002 | -0001 | +0001
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Repeated application of this reduction formula shows that
fon = (2n—1)(2n—3)...3.1.0%"p,
But, for any distribution, #, = 1, and therefore
Hop = (2n—-1)(2n—3)...3.1.0°" (13)

In particular, the variance is o2 and the s.D. is o, as proved above.

Similarly,
He = 304 (14)

The moments may also be obtained from the moment generating
function of the normal distribution. This function, relative to the
mean z = 0, is

M) = Jjwe‘xgé(x) dx = &—J(}Q—ﬂfiwexp (tx— 23;5) dx

= 0'—«/(15'5 exp (30%?) meexp I:— 51'_2 (@ —-0'2t)2:| dx
= exp (0%?), (15)

in virtue of (10). Since the expansion of this expression involves
only even powers of ¢, the moments of odd order about the mean are
zero, as is obvious from symmetry. The moment of order 2n is the
coefficient of ¢2#/(2n)! in the expansion; and this has the value

Uon = (30¥)*(2n)!/n! =1.3.5... (2n—1)02n
as found above. The cumulative function is, in virtue of (15),
K(t) = log M(t) = 30%?,

so that all the cumulants after the second are equal to zero.
The mean deviation from the mean is easily calculated. Its value is

fjwl z|P(x)dx = 2f:x¢(x) dx

in virtue of symmetry; and this integral

- ;‘/%J:zeXP(—g}z‘z) dz = “2\7"{12 [eXP(—"g&)]z

=0 A/ ;27 = 0:79790 = $o approximately.
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In a normal distribution with mean Z and s.p. o, x—~% is the
deviation of the variable from the mean, and the probability den-
sity is

—)2

Conversely, a probability density of this form defines a normal
distribution with mean Z and s.D. 0.

21. Probabilities and relative frequencies for various intervals

The probability corresponding to any interval in the range of
the variate is represented by the area under the curve (12) within
that interval; and the same is true for the relative rrequency in the
case of a normal frequency distribution. In particular, the prob-
ability for the interval from the mean (zero) to the value z is given
by the integral

S
T oyem)o P Tagr)

Putting ¢ = z/o we sce that this is equivalent to

1
P = :/(?ﬂjoexp(—%tz) dt. (17)

This probability is therefore a function of wxfo. In the accom-
panying table the values of this integral are given for different
values of z/o at intervals of 0-01.

- Using Table 2 the reader will see that, if /o = 1, the area is
0-3413. The area within the interval # = —o to # = o is therefore
0-6826, and the area outside this interval 0-3174, which is less than
1/3. In other words, the probability that a random value of a normal
variate will deviate more than ¢ from the mean, is less than 1/3.
Similarly, for z/o = 2 the value of the integral (17) is 0-4772, and
the area for the interval 2 = —20 to x = 20 is 0-9544. The area
outside this interval is thus 0-0456. The probability that a random
value of z will deviate more than 20 from the mean is thus about
41 %,. Similarly, the area outside the range x = —2:50" to = 2:50
is 0-0124, which is about 1} 9, of the whole; and that outside the
range x = — 30" to = 30 is only 0-0027, or about } %, of the whole.
The reader may verify, and will find it convenient to remember,
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that the deviation from the mean which is exceeded with a prob-
ability of 69, is 1-960; and that which is exceeded with a
probability of 19 is 2-580.

TABLE 2. Area under the Normal Curve

The area is measured from the mean, z = 0, to any ordinate, = .
The results are given for values of /o at intervals of 0-01

0:00 | 0-01 { 0-02 { 0-03 | 004 | 0-05 | 0-06 | 0-07 | 008 | 0-09

Qls

<0000 | -0040 | -0080 | -0120 | -0159 | -0199 | -0239 | -0279 | -0319 | -0359
<0393 | -0438 | -0478 | -0517 | -0557 | -05696 | <0636 | -0675 | -0714 | -0753
<0793 | -0832 | -0871 | -0910 | -0948 | -0987 | -1026 | -1064 | -1103 | -1141
21179 | 1217 | -12556 | <1293 | -1331 | <1368 | 1406 | -1443 | -1480 | 11517
1554 | -1591 | -1628 | -1664 | -1700 | -1736 | -1772 | -1808 | -1844 | -1879

<1915 | -1950 | -1985 | -2019 | -2054 | -2088 | -2123 | -2157 | -2190 | -2224
2257 | -2201 | -2324 | -2357 | -2389 | -2422 | -2454 | -2486 | -2518 | -2549
-2580 | -2611 | -2642 | -2673 | -2704 | -2734 | 2764 | -2794 | -2823 | -2852
-2881 | -2910 | -2939 | -2967 | -2995 | -3023 | -3051 | -3078 | -3106 | -3133
-3159 | -3186|-3212 | -3238 | -3264 | -3289 | 3315 | -3340 | -3365 | -3389

3413 | -3438( -3461 | -3485 | -3508 | -3531 | -3554 | -3577 | -3599 | -3621
-3643 | -3665 | -3686 | -3708 | -3729 | -3749 | -3770 | -3790 | -3810 | -3830
-3849 | -3869 | -3888 | -3907 | -3925 | -3944 | -3962 | -3980 | -3997 | -4015
-4032 | -4049 | +4066 | -4082 | +4099 | -4115 | 4131 | -4147 | -4162 | 4177
4192 | -4207 | -4222 | -4236 | -4251 | -4265 | -4279 | -4292 | -4306 | -4319

4332 | -4345 | -4357 | -4370 | -4382 | -4394 | -4406 | -4418 | -4430 | -4441
4452 | -4463 | 4474 | -4485 | -4495 | -4505 | 4515 | 4525 | -4535 | 4545
4554 | -4564 | -4573 | -4582 | -4591 ! -4599 | -4608 | -4616 | 4625 | -4633
-4641 | -4649 | -4656 | -4664 | -4671 | -4678 | -4686 | -4693 | -4699 | -4706
4713 | 4719 | -4726 | -4732 | 4738 | -4744 | -4750 | -4756 | -4762 | -4767

4772 | -4778 | -4783 | -4788 | -4793 | -4798 | -4803 | -4808 | -4812 | -4817
4821 | -4826 | -4830 | -4834 | -4838 | -4842 | -4846 | -4850 | -4854 | -4857
4861 | -4865 | -4868 | -4871 | -4875 | -4878 | -4881 | -4884 | -4887 | -4890
4893 | -4896 | <4808 | -4901 | -4904 | -4906 | -4909 | -4911 | -4913 | -4916
4018 | -4920 | -4922 | -4925 | 4927 | -4929 | 4931 | -4032 | -4934 | -4936

-4938 | -4040 | -4941 | -4943 | 14945 | -4946 | -4948 | -4949 | -4951 | -4952
4953 | -4955 | -49506 | -4957 | -4959 | -4960 | -4961 | -4962 | -4963 | -4964
4965 | -4966 | -4967 | -4968 | -4969 | -4970 | -4971 | -4972 | -4973 | -4974
‘4974 | <4975 | -4976 | -4977 | <4977 | -4978 | -4979 | -4980 | -4980 | -4981
4981 | -4982 | -4983 | -4983 | -4984 | -4984 | -4985 | +4985 | 4986 | -4986

498065 | -4987 | -4987 | -4988 | -49088 | -4989 | -4989 | -4989 | -4990 | -4990
49903 | -4991 | -4991 | -4991 | -4992 | -4992 | -4092 | -4992 | -4993 | -4993

$W DI WIS M e OSSO0 00000
—=O RIS RWNH~O CPRIRN AW ~E DR TSN Ha oo~

From Table 2 we may find the quartiles of the normal distribu-
tion with mean at « = 0. The relative frequency from the mean to
the upper quartile is 0-25, which is therefore the corresponding area
under the curve. Interpolating with the aid of Table 2 we find
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z/o = 0-8745, and the upper quartile is therefore 0-67450. Simi-
larly, the lower quartile is — 0-67450".

Exzample 1. Using Table 2 show that the 6th, 7th, 8th and 9th deciles
are 0-25630, 0-5250, 0-8420 and 1:2820 respectively.

Example 2. For a normal distribution, with mean zZ = 1 and s.p. 3, find
the probabilities for the intervals

(i) z =343 toz = 6-19, (ii) z = —1:43 to z = 6-19.

Let 2’ denote the deviation from the mean. Then, in the first part of the
example, the values of z’/o for the bounds of the interval are 0-81 and 1-73.
The areas from the mean to the bounds of the interval are 0:2910 and 0-4582.
The area corresponding to the interval is the difference of these areas, and
is therefore 0-1672.

In the second part the values of /o corresponding to the bounds of the
interval are —0-81 and 1:73. The area from the lower bound to the mean is
0-2910, and that from the mean to the upper bound is 0-4582 as before.
The required area is the sum of these, viz. 0-7492.

22. Distribution of a sum of independent normal variates

Consider the normal variate x, with mean a and variance o2,
Its m.g.f. with respect to the origin is

. 1 ® x—a)?
AW(t) = Iﬁ(e“) = E:/E;—) _wexp tx—-( 20_2) dx
1 @ 1
[, 212 — e — 1 — (r21\2
_aJ(2n)eXp (at+ 3o )f_mexl)[ 20_2(:6 a—a?t) ]dx
= exp (at + }o%?), (18)

in virtue of (10). The cumulative function is
K(t) = log M(t) = at+ 0?3,

If ¢ is a constant, cx is normally distributed with mean ca and
variance c?02. Hence the m.g.f. of the distribution of cx is

exp (cat + 3co?t?).

Let z; (¢ = 1,...,n) be n independent normal variates, with means
a, and variances o}. Then, by the theorem of § 15, the m.g.f. of the
sum Y c¢,x, is

oxp[tTc,a,+ 32X cio?.



58 Standard Distributions [11x

But this is the m.g.f. of a normal distribution with mean ¥ ¢,a,; and
variance Y, c202. Hence the theorem:

If the independent variates x; (¢ = 1, ...,n) are normally distributed
with means a; and variances o3, the variate Y c;x; 18 normally dis-
tributed with mean ¥ c;a; and variance Y, co?.

In particular, the sum (or the difference) of two indcpendent
normal variates is normally distributed, with variance equal to
the sum of their variances. Also, if in the above theorem we put

a;,=a, o;=0, ¢;=1/n (t=12,...,n)
we have the important result:
If the independent variates ; (1 = 1, ...,n) are normally distributed
about a common mean, a, with a common variance, o2, their mean s
also normally distributed about a, but with variance a?/n.

Other proofs of the above theorem will be found in Ex, 8 at the end
of this chapter. )
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EXAMPLES III

1. Show by direct calculation that the third moment of the
binomial distribution about z = 0 is

#y = np[(n—1)(n—2)p*+3(n—1)p+1].
and deduce that uy = npg(q —p). Similarly, show that
g = npql1 +3(n—2) pq].
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2. Show that, for Poisson’s distribution, the third and fourth
moments about x = 0 are given by

py=m[(m+1)2+m], pz=m(m®+06m?*+Tm+1),

and deduce that
My =M, ft, = IME+m.

Deduce these results also as limiting values of the corresponding
moments in Ex. 1.

3. In a normal distribution, whose mean is 2 and s.p. 3, find a
value of the variate such that the probability of the interval from
the mean to that value is 0-4115. (4ns. x = 6-:05.) I'ind another
value such that the probability for the interval from x = 3-5 to
that value is 0-2307. (4ns. x = 6-26.)

4. If two independent variates, x and y, have Poissonian distribu-
tions with means m, and my, their sum is a Potissonian variate with
mean m;+m,. (Cf.§18.)

The variates take only the values 0, 1, 2, 3, .... We require the
probability that their sum will take the value r. The probability
that simultaneously @ will have the value s and y the value r—s is

myexp (—m,) mi~*exp(—m,)
s! (r—s)!

Summing for all values of s from 0 to r, we sec that the probability
that 4+ y will have the value r is

romimyTe  (myH-my)" exp (—my —my)
exp (—m,;—m - = —
p(=m, 2)s§08!(r—8)! r!

Consequently x+y is a Poissonian variate with mean m;+m,. It
follows that, if the independent variates x; have Poissonian distribu-
tions with means m, (¢ = 1, ...,n), their sum is a Poissonian variate
with mean ), m,.

5. Consider the normal distribution which has the same mean
(3-95 1b.) and the same s.D. (0-46 1b.) as the distribution of yields
of grain in Ex. I, 2. Find the relative frequencies of the normal
distribution for the intervals corresponding to the various classes,
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and deduce the class frequencies per 500 of the normal distribution.
This process is sometimes spoken of as fitting a normal distribution
to the data.

Take, for example, the class whose limits are 4-1 and 4-3 lb.
Since the mean is 3-95 we have, for the lower limit, /o = 0-15/0-46
= 0-3261. The area from the mean to this limit is therefore 0-1278,
and the area to the right of it is 0-3722. Similarly, for the upper
limit z/o = 0-35/0-46 = 0-7609; and the area to the right of this is
0-2233. The difference of the areas to the right of the limits is that
corresponding to the interval. Its valueis 0-1489. Thisis the relative
frequency for that interval.

The work can be tabulated as below. Here x denotes the deviation
of a class limit from the mean 3:95 Ib. Knowing that o = 0-46 1b.
we can find /o for each limit. The third column gives the area under
the normal curve, to the right of the class limit. The differences,
recorded in the next column, are the relative frequencies for the
various classes. These differences, multiplied by 500, give the normal
frequencies of the classes per 500 of the total. The last column
records the class frequencies in the given distribution. The lower
limit of the lowest class is taken as — oo, and the upper limit of the
highest classasoo,soastoinclude the whole of the normal distribution.

Fitting a normal distribution to that of 500 yields of grain

Class Area Difference Observed

limit ajo to right d 500d !

- - 1-:0000 . .
2-9 —2-2826 0-9888 gg}):g lgg lé
3-3 —1-4130 0-9212 0-0851 42.8 47
3-5 —0-9783 0-8361 0-1295 64-7 63
37 —0-5435 0-7066 0-1633 81:6 78
39 —0-1087 0-5433 01712 856 88
4-1 0-3261 0-3722 0-1489 744 69
4-3 0-7609 0-2233 0-1073 537 59
45 1-1956 0-1160 0-0644 39.9 35
4-7 1-6304 0-05168 00322 16-1 10
49 206852 0-0194 0-0132 66 8
5-1 2:5000 0-0062 0-0062 3.1 4
o] © 0-0000

6. As in the previous example, fit a normal distribution to the
distribution of wages of 1,000 employees given in Ex. I, 3, showing
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thut the class frequencies per thousand of the normal distribution
are approximately 6-7, 11-3, 25-0, 48-0, 79-0, 113-1, 140-5, 151-0,
1408, 113-5, 79-5, 48-1, 25-3, 11-5 and 6-7,

7. In1,000extensive sets of trialsforan event of small probability,
the frequencies f; of the numbers z; of successes proved to be

xz 0 1 2 3 4 5 6 7
S: 305 365 210 80 28 9 2 1

Show that the mean number of successes is 12, and hence that the
frequencies of the Poissonian distribution, with the same mean and
the same total frequency, are approximately 301-2, 361-4, 2168,
86-7, 26-0, 6-2, 1-2, 0-2.... Verify that the variance of the given
distribution is 1-28.

8. Sum of independent normal variates. Another proof of the
theorem of §22 may be given as follows. Let z and y be the in-
dependent normal variates, with a common mean zero and variances
o%and o} respectively; and let w = z +y. Then, for a fixed value of y,
du = dx. The probability that the value of x will fall in the interval
dx is ¢(x) dx; and therefore, for a fixed value of y in the interval dy,
the probability that » will fall in the interval du is

__du _(u—y)*
dpy = o14/(2m) oxp 20% z]

But the probability of y falling in the interval dy is

Y (Y
apy = 2«/(2”)%1)( 20'%)’

and the compound probability of « falling in the interval du and,
at the same time, y in the interval dy is the product dp,dp,. In-
tegrating with respect to y over its range of variation, we have the
probability that « will fall in the interval du, irrespective of the
value of y, as

du [ (w-y? 9
dp=2nala',f_.,exP T 2% T 202 ay.
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In this expression the argument of the exponential may be put in
the form

u? 0%+03 uos )2
202+0d) 20%0% o} +03

If then we change the variable of integration from y to ¢, where

uos
o3+o}’

t=y

we have

du u® "o (03 +02) t*
dp = eXp| — 5 exp| — 23— |dt
P 2100, P[ 2(‘7('13“"(75)] j ~w ! I: 20%03

o dw [_~__"2_,]
2@t TeD1 P T 2ot v o}

in virtue of (10). Thus » is normally distributed about zero as
mean, with variance 0%+ 3. The reader should have no difficulty
in removing the restriction of a common zero mean for the
variates.
The following is still another proof of the theorem. With the
same notation let
u=2x+y, U= —(ng+g1y.
o, 04
U+ o2 PERY
Then %ct+od) ~ 303 T 20y
and, as the values of x and y range from — o0 to o0, so do those of
u and v. The probability that # and y fall simultaneously in the
respective intervals dx and dy is

1 ) 1/ o2
mzwlaa“"[“é(a-%*az)] drdy.

so that the probability density for the joint distribution of z and .
i.e. the probability per unit area at the point (z,y), is

— 1 ex ...1 _:f:_z+§/f) —___l___..ex l(u2+vz)
270,07y L a2 ot | 2700, Pl 73 o2+a3l |
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Now the arca of the element of the xy plane, bounded by the curves
along which u has the values » and u +du respectively, and those
along which » has the values v and v +dv, is

8(x y_) dudy = -21%2 dudv

+
1
where Bgu ‘z/); is the J acoblan of z and y Wlth respect to % and v.

Consequently the probability that, for a random choice of # and y,
the representative point (x,y) will fall in this element of area is

L exp [ wit 02) dudv
2m(o%+0}) ! 2 o3+ 02

ox ( u? dv ox v?
a’J Zn X\ T g0 o \(27) P\ "2x2)
where 02 = 0% 4-0%. Since thisis the probability that simultaneously
u will lie in the interval du and v in the interval dv, it follows that

these variates are independent, and that each is normally distributed
with zero as mean and o3+ o as variance.

9. Using the formulae of Iix. I, 11 show that, for the binomial
distribution, the factorial moments about the mean are

Moy =npg, e = —2npq(p+1),
and that, for the Poissonian distribution,

Hay=m. fg= —2m, pg=3m(m+2).

MATHEMATICAL NOTES
NOTE 1
Derivation of the Poissonian distribution (see §18)
In the binomial distribution the probability of the value r of
the variate is (7:) p'q™". We require the limiting value of this ex-

pression when p = m/n and n tends to infinity, m being constant.
The expression may be written

n! (m)r(l_m)n—r_ﬂ(l_ﬁ)nx n!
rin—rY\n] \" = Tt (n—r)'n"(1 —m/n)"
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The limiting value of that part which precedes the sign of multi-
plication is mre—™/r!. Then, using Stirling’s formula for !, viz.

n!~J(2mn) nre—"

(the limiting value of the ratio of these two expressions, as n tends
to infinity, being unity), we have

n!

lim (n—r)n(l—m/n)

J(2mn) nre™
Jien(n—r)} (n—r)n-r e (1 —m/n)
1 _1
e(L—r/n)rrH (1—m/n)y ~ eer

= lim

= lim

gince r is finite. Consequently

which is the required probability of the value z = r in the Poissonian
distribution with mean m.
NOTE II1

Derivation of the normal distribution (see §19)
To examine the behaviour of the probability

n !p‘np“"anq'—@
~ (np+a)! (ng—2)!

as n tends to infinity, replace the factorials by their values given
by Stirling’s formula (Note I). Then an easy algebraical simpli-
fication leads to

1

P= N J2mnpq)’

np+a+i ~Z 4§
where N = (1+—£\’ ( x)nq . .

np,

nq
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Taking logarithms of both sides we may write, provided | z | is less
than the smaller of the two quantities np and ng,

z x? x3
logN_(np+ac+%)(7—@-—5;2};2 3nips )
_( __x+%) _:?_+__x.?_+_xs_
" ng  2n2¢? 3n3q3+"'

__:_v_l_l_i_xz 2 (1 1 22 (1 1
T 2\p q) 2npg 4n? 2+q2 7 ¢ PP
+ terms with higher powers of 1/n.

Introducing a new variable, z = x/,/n, we may write the above

logh =2 (A, Z_ 2L, 1), 2 (1 1
J T 2yn q] " 2pg 4n\p® ¢ " 6\n q2_p2+

This series is convergent so long as | z| is less than the smaller
of the quantities p,/n and ¢/n. Now let n tend to infinity. Then,
provided that neither p nor ¢ is very small, and that |z| is either
finite or of lower order than $/n, all the terms of the above series tend
to zero except 2%/2pq; so that, when n tends to infinity, we have

logN = =
ogN = —
8% = 2
or N = exp (2%/2pq).

Corresponding to unit increment in z we have the increment 1/,/n
in 2, which may be denoted by dz when n tends to infinity. And, if
we write dP for the limiting value of P, the above formula for P
becomes

2 22
g O ( - §1'71) ’
giving the probability of z falling in the interval dz; and we have
the required continuous distribution of z.

NOTE III
An important integral
To evaluate the integral

I =fwexp(-—x2)dx,
0

wMS 5
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let us write
a

I, = faexp(—:cz) dx =f exp (—y?) dy.
0

0
Then I = afaexp(—xg—y2)dxdy.
0J0

If we regard z, y as Cartesian coordinates in a plane, the integration
is extended over the arca of the square 04 C B, bounded by z = 0,
r=a,y=0,y=a (see Iig. 4). In polar coordinates the above
relation is

L= f fexp(-rz)rdrda,

the integration being extended over the same square Since the
integrand is positive, the integral is intermediate in value between
the integrals over the quadrants of circles, with centre O and radii
a and a /2 respectively. Conscquently I3 lics in value between

~im a in ay'2
J dﬁj rexp(—r%)dr, and f dﬁf rexp (—r?)dr.
0 0 0 0

But, as a tends to infinity, each of these integrals converges to .

Hence
12 =1im 1% = 1m,

¥
and therefore
f exp (—a?)dx = §m.
0 Q
Thesubstitutionz = z/o"\/2then 5 C

gives

0 22 b e o Z
oexp —'2—0"—2 Z2 = 59

and, since the integrandis an even
function of z, 0 A P z

] 22 I1a. 4
J wexp (— ng) dz = o ,J(2m).




CHAPTER IV

BIVARIATE DISTRIBUTIONS.
REGRESSION AND CORRELATION

23. Discrete distributions. Moments

Suppose that we have records for N marriages, giving the ages of
bridegroom and bride, x and y years respectively. Then to each
marriage corresponds a pair of values (x;, 7;) of the variables. Each
pair may be represented by a point F, in the z,y plane, the co-
ordinates of the point being the pair of values represented. Such a
graphical representation is called a scatter diagram. Possibly the
pairs of values are not all different. If the pair (z;,y;) occurs f, times,
then f; is the frequency of that pair; and, as in the case of a single
variable,

n
Xfi=N, (1)
i1
n being the number of different pairs of values. The assemblage of
pairs of values, together with their frequencies, constitutes a
bivariate frequency distribution. Other examples of bivariate dis-
tributions are furnished by the heights and the weights of a group
of men, or by the amount of fertilizer per acre and the yield of grain
per acre on a number of diffcrent plots of land.

The moments of a bivariate distribution are gencralizations of
those of a univariate one. Thus the moment yu;, about the origin
(0,0), of order r in « and s in ¥, is defined by

, 1
Moo = 3 S:0 ()
In particular 1 1
/"io=1’\72fixi=5: ﬂslzNZfiyi":g (3)

where % is the mean value of z in the distribution, and 7 the mean
value of . Similarly,

R ., 1 _
/‘20=2—\72fi93%=0':2c+x2, ﬂozzNLfiy%=o-§+y2: (4)
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where o2 is the variance of the variable « in the distribution, or the
moment i,, about the mean (%, 7); and likewise o2 is the variance
of y, or the moment pq, about the mean. Lastly, we may mention
the moment u;,, which is given by

, 1
b= ’N?fixiyi'

The corresponding moment z,; about the mean of the distribution
is called the covariance* of the variables. Thus

1 _ —
Fu=vy zi:fi(xi"x) (¥:—9)
= pn—Z L[y /N -y Zfi2;/N + 7y
= i} —TY ()
in virtue of (1) and (3). This formula is very important, and will be
used frequently.

24. Continuous distributions

A continuous bivariate distribution includes all pairs of values
represented by points within a certain region of the ay plane, each
pair of values occurring at least once. The number of pairs of values
is therefore infinite. Distributions of the type ordinarily employed
have each for relative frequency density a continuous function f(z, y),
which is such that the relative frequency for the infinitesimal
rectangular region, of area drdy, and defined by

z—{drzca+ide, y—fdy<y<y+idy,

has the value f(x, y) drdy. Thus f(z, y) is the relative frequency per
unit area at the point (x,y), and the sum of the relative frequencies
for all elements of the distribution is unity, so that

f flz,y)dzdy = 1, (6)

* Many writers denote this quantity by p. We are, however, loth to over-
work the symbol p by giving it still another meaning.
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the integration extending over the region* of the plane which repre-
sents the distribution. The mean (Z, 7) of the distribution is given by

2= [[aswnasan, 7= [[uswg)dza (7)

For higher moments we have formulae corresponding to those of
a discrete distribution. Thus

Hop = H(x—i)zf(x, y)dxdy

= flyo— 2T fo fr,y)dedy + 22 = pyy—7*

which is equivalent to

0-3: = /‘éo"‘?“: (8)
and similarly, o2 = gy — Y2 (9)

The covariance, being the first product moment about the mean, is
i = [[ =2 -9 ftw9) dwdy

= ﬂil—iﬂyf(x,y) dwdy—?ﬂwf(x, y) dedy + Ty
= pu—%Y, (10)
in virtue of (6) and (7).
It will be sufficient, as a rule, to give proofs of theorems for a
discrete distribution. The student can easily rewrite these for the
case of a continuous distribution, replacing sums by definite

integrals, and the relative frequency f;/N by f(x,y)dxdy. Some of
the steps will be indicated in Examples.

25. Lines of regression

It frequently happens that the scatter diagram indicates an
association between the variables, x and y, the distribution of dots
being denser in the neighbourhood of a certain curve, which may
be called a curve of regression. The equation of such a curve indicates
a functional relationship to which the association of the variables

* By defining f(z, y) as equal to zero outside this region, we may make the
range of integration — oo to co for each variable.
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approximates, more or less roughly. We shall consider later the
problem of fitting different curves to the data, so as to obtain the
curve of a specified form which best fits the data. For the present
we confine our attention to the straight line which is the best fit, or
more definitely, to the problem of determining two straight lines,
one of which gives the closest estimate a straight line can give to
the average value of y for each specified value of x, while the other
gives the corresponding estimate of z for a given value of y.
These are called the lines of regression of y on x, and of = on y
respectively.

Consider first the line of regression of ¥ on z. We have to deter-
mine constants @ and b so that the equation

y=a+bx (11)

gives, for each value of z, the best estimate a linear equation can
give for the average value of y. We interpret the term ‘best estimate’
in accordance with the principle of least squares; that is to say, we
find @ and b so as to minimize the sum of the squares of the deviations
of the actual values of y in the distribution from their estimates
given by (11). Thus if P, is the point of the diagram representing the
pair of values (z;,y;), and H; is the point on the straight line (11)
P.

3

Fi1c. 6

with the same abscissa z;, the deviation of I, from its cstimate is
H, P,, whose value is clearly y;— (¢ + bx;). Thus we have to choose
a and b so as to make Y f;(y; —a—bz;)? a minimum, f; being the

frequency of the pair of values (z;,¥;). For a minimum value the
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partial derivatives of the above expression with respect to @ and b
must both be zero. Hence the equations for determining these
constants are

Sfilyi—a—bx) =0, Zfix(y;—a-bx;)=0, (12)

which are called the normual equations. In virtue of (3), (4) and (5)
they are equivalent to

yareed J—a—bE =0 (13)

and P+ TG —aZ — b2 +2%) = 0. (14)

The first of these shows that the required line passes through the
mean (Z,%) of the distribution. Also, on eliminating @ between
(13) and (14), we find .
s —bo = 0.
Consequently the gradient b of the line of regression of y on « is
iven b
8 d b= pn/os, (15)

and, since the line passes through (z,7), its cquation may be expressed

Rt —3). (16)

2
z

>

y-y=
If the mean of the distribution is taken as origin, the line of regres-
sion of y on x is .
Y = pn /0%, (17)
The gradient p, /o2 is often called the coefficient of regression of
yonz.
Similarly, or by interchanging variables, we find that the line of

regression of x on y is
#u

2
Ty

z—7 ="y —7), (18)
and ju,,/02 is the coefticient of regression of « on y. The product of
the two coefficients of regression is symmetrical with respect to
and y. Its square root, u,,/o,0,, is the cocfficient of correlution, r.

Thus
M

r = ,
0,0,

(19)

having the same sign as the covariance uy;,.
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Example 1. Find the tangent of the inclination, /3, of (18) to (16).
Since the gradients of the two lines are o%/u,, and u,,/0%, we have

_ oy M) . 03
tan = (,7,,—;5)--(“9)

1-72 0,0,
r olt+o?’

Example 2. For a continuous bivariate distribution the mean square
doviation from the line of regression of ¥ on z is

f f (y—a—b2)*/(z,y) dady.

By minimizing this for variation of @ and b, show that the normal equations are

f f (y—a—br)fe,y)dedy = 0 = f f oy —a—ba)f(@, y) dudy,

and that these are expressible in the forms (13) and (14).

26. Coefficient of correlation. Standard error of estimate

The significancesof the correlation coefficient, r, as a measure of
the closeness of the association of the variables  and y, will be
apparent from the theorem now to be considered. The equation of
the line of regression of y on  was found by minimizing the sum of
the squares of the deviations H;P,. We shall now prove that the
sum of the squares of these deviations from the line of regression of
y on z is equal to No2(1 —r2).

Let the mean of the distribution be taken as origin, so that
Z =y = 0. Then, in virtue of (17), H; P, is equal to y, — bx,; and the
required sum of squares of the deviations is

%:fi(?/i”bxi)z =3 i -2 3 f2y,+ 023 fiad
= No? —2Nbu,, + Nb%o}
2
= No‘j(l —Fu )

2o}
= No%(1-12), (20)
as stated above. Denoting this sum of squares by N .82 we have
82 =o2(1—r?) (21)
SZ
or =1 —-E}’,-_. (22)
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Since 8% is the mean square deviation of points from the line of
regression of y on x, S, is called the standard error of estimate of y
from the regression equation (16). In the same way the sum of the
squares of the deviations of points from the line of regression of
on y, measured parallel to the z-axis, is N.S3, where

82 =o2(1-1Y), (23)

and 8, is the standard error of estimate of # from the regression
equation (18).

Since the sum of squares of deviation cannot be negative, it follows

from (20) that 72< 1, or

—1grgl. (24)
Ifr = 1 or —1, the sum of squares of deviations from either line of
regression is zero. Consequently each deviation is zero, and all the
points lie on both lines of regression. These two lines then coincide,
and there is a linear functional relation between the variables
and y, giving perfect correlation. The nearer 72 is to unity, the closer
are the points to the lines of regression, and the nearer are these two
lines to coincidence (cf. § 25, Ex. 1). Thus the magnitude of r may be
taken as a measure of the degree to which the association between the
variables approaches a linear functional relationship. The sign of r
is the same as that of the covariance z,,, and therefore also the same
as that of the gradients of the lines of regression. Hence 7 is positive
when, on the whole, y increases with x, and negative when y decreases
as z increases. When r is zero the variables are usually described as
uncorrelated.

The coefficient of correlation between two variables is also the
coefficient of correlation between the deviations of the variables
from their means. For the value of » depends only on p,,, 0, and o),
and these are functions of the above deviations. Thus

r= Eft(x’i 7ll ?7)
‘/[Zfz("’t - x 2] \/[Zfz(yt -y

and, in virtue of (3), (4) and (5), this may be expressed

Efrx'.jz E.fzxi vlfa?/i)/l\;'

ERUDA E RO EATNS NI SO AL

T'his formula is sometimes convenient.

(25)
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Ezample. Taking the mcan as origin for a continuous distribution, show
that the mean square deviation, S}, from the line of regression of y on «
is given by

st = f f (y— bo)2 (@, y) didy

= 02— 2by,, +b%0% = o1 —r2).

27. Estimates from the regression equation

A few simplo relations between the y; and their estimates, Y;,
given by the regression equation (11) or (16), play an important
part in later work. Thus

Y, = a+bz,, (26)

and the normal equations (12) are expressible as
Xfy;=T)=10 (27)
and Zfiwy,—Y) =0. (28)

From (27) it follows that the mean of the ¥’s is equal to the mean
y of the ¢’s. Also, on multiplying (27) and (28) by @ and b respectively
and adding, we deduce

Y (y-Y) =0, (29)
and therefore, in virtue of (27),
2fly:—Y)X;—y) = 0. (0¢)

This relation is very important.
The sum of the squares of the deviations of the »’s from their
mean may then be expressed

2fyi =92 = 2l - Y) + (X —9))?
= X[y =)+ ZfiY -9, (31)

since the sum of the products vanishes by (30). Now the first
member of (31) has the value No2. The first sum in the second
member has been proved equal to No%(1—72). Consequently

2f(¥;—¥)? = Nr*o}, (32)
showing that the variance of the Y’s is 72 times that of the y’s; or

0% =102 o, =|r|o, (33)
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Finally, we may show that the cocfficient of correlation between
the y; and their estimates Y; is equal to |7 |. Take the origin at the
common mean of these variables, so that 7 = 0. Then, in virtue

of (29), ) .
X[y Y =2f.Yi= Noy,
and the coefficient of correlation between the y’s and the ¥’s is

0,0y o0y Oy ’

Ezxample 1. Prove (34) as follows. Taking the mean of the distribution as
origin, so that Y; = bxy, oy = | b| 0o, we have for tho required correlation

coefficient
Eft?/i Yl - bEftxtyi — br

No,oy Nl|blo,o, |b] 71,

since r and b have the same sign.

Ezxample 2. Show that the normal equations for a continuous distribution
(cf. § 25, Ex. 2) are expressible as

[[w-rseazay =, [[su-n1senasay=o,

and from these deduce tho relations

f f Y(y-¥)f(,y)dedy = 0, f f (=) (Y =5)f(r,y) dedy = 0

corresponding to (29) and (30). Hence show that
7= [ [w-vrsenasays [ [ @ -geswasay,

and deduce that JJ(Y—y)’ f(x,y)dxdy = r*o’.

28. Change of units

Before illustrating the above theory by a numerical example, let
us examine the effect of a change of units on the calculation of 7,
U1 and b. Asin § 2, let u be the measure of the deviation of « from an
origin = a, in terms of a unit ¢ times the original z-unit, so that
z = a+cu. Then, if 2’ and 4’ are the deviations of the two variables
from their means, ' = cu’, and

1 , c?
0% = Nz.fixiz =% Y fiui? = ¢l
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Similarly, if v is the measure of the deviation of y from an origin
y =a’, in terms of a unit ¢’ times the original y-unit, y = a’ +c¢'v,
y’ = cv’ and o, = ¢'o,. Then the coefficient of correlation between
x and y is

e iy /N cc’ Tfiusvi/N _ covariance of u and v

= - =
0,0, cc'o o, Ty0,

’

and is thus equal to the correlation between u and v. The value of r
is therefore independent of the units employed, and is thus an
absolute measure of correlation. But the covariance of x and y is

pu = TfixiyiN = cd’ T fuzoy N
= cc¢’ (covariance of u and v). (35)

Similarly, the regression coefficient of ¥ on x is
c’ . s
== (regression coefticient of v on u). (36)

If then ¢ and ¢’ are equal, the value b is the same for both pairs of
variables.

29. Numerical illustration

For 1,000 marriages the ages of bridegroom and bride,  and y years
respectively, are grouped in the table below with class interval of § years for
each, the frequencies for the different classes being shown in the body of the
table. Find the regression equations and the coefficient of correlation between
the variables.

Such a table is called a correlation table. The values of z and ¥ indicated
are the mid-values in the classes, Thus for the class in which the age of the
bridegroom is between 25 and 30, and tho age of the bride between 20 and 25,
the values of z and y are taken as 27-5 and 22-5 respectively, and the frequency
is 190. The data represented in any one column constitute a vertical array,
or an array of y’s, because in each such array y assumes different values
while x remains constant. Similarly, the data in any row constitute a hori-
zontal array, or an array of x’s. In the row prefixed N, the frequencies
are given for the individual columns, and in the column headed N, the
frequencies for the separate rows.

Let us take as new origin the point (27-5, 27-5), whose coordinates are
the mid-values of the class 25 to 30 for x and y; and, as a new unit
for each variable, the common class interval of § years. Then the deviations,
u and v, of the ages of bridegroom and bride from the new origin in terms of
the new unit are those shown in the second row and the second column. The
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fourth row from the bottom of the table, prefixed uN,, gives the sum 3 fu
for each column; and these are added horizontally to give the total sum 124
for the distribution. The noxt row gives the sum X fu® for each column ,with
total sum 1,834 for the distribution. The row prefixed V gives for each
column the sum 2 fo. Thus the sum — 28, in the column u = — 2, is obtained
from

11(—2)+6(—1) = —28.

The last row gives the sum X fuv for each column, each entry being obtained
by multiplying tlLe value of V above by the common value of u for that
column. Sumrning horizontally all the values uV, we have the product sum
2 fuv for the whole distribution, viz. 1,109.

The columns to the right of the table are explained similarly, That headed
U gives for each row the sum X fu. Thus the first entry — 79 in the column is
obtained from

11(-2)462(—1)+19x04+3x 1 4+1x2 = =179,

The last column, headed vl/, gives the sum X fuv for cach row, any entry
being obtained by multiplying the value of U to the left by the common value
of v for that row. Summing the entries in this column we find again the
product sum 2 fuv for the whole distribution, thus providing a chock on the
calculations.

Using tho values thus obtained we have

u = 124/1000 = 0-124, % = —371/1000 = —-0-371.
Therefore

T = 27-5+5(0-124) = 28120, § = 27-5— 5(0-371) = 25-645,
giving the mean ages of bridegroom and bride. The variance of w is
0% = 1-834—(0-124)2 = 1-8186,
s0 that o, = 1349 = 1-35 nearly,
and therefore 0, = 6745 = 6:75 nearly.
Similarly, we find o5 = 1531 —(0-371)% = 1-3934,
g, = 118; o,=590.

The coefficient of correlation between x and y is equal to that betwcen u
and v. Thus

g0,  1:349x1-180

e Zuv/N —up _1:1094-0-371 x 0-124

= 0:726 = 0-73 nearly.

Since the units for u and v are equal, the regression cocfficient of 4 on z is
equal to that of v on %, which is

(covariance of u and v)/o? = 1-155/1:8186 = 0-635.
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The line of regression of y on z is therefore
y—26-645 = 0-635(x — 28:12),
that is y = 7-79 4 0-635x.
The student may find similarly that the line of regression of . on y is

x = 6-86 + 0-829.

30. Correlation of ranks

A group of » individuals may be arranged in order of merit or
proficiency in the possession of a certain characteristic. The same
group would, as a rule, give different orders for different character-
istics. Considering the orders corresponding to two characteristics,
A and B, let z;, y; be the ranks of the ¢th individual in 4 and B
respectively. Then the coefficient of correlation between the z’s and
the y’s is called the rank correlation coefficient in the characteristics
A and B for that group of individuals. On the assumption that no
two individuals are bracketed cqual in either classification, each of
the variables takes the values 1, 2, 3, ..., n; and therefore

Z=3in+l)=79. (37)
As a rule z; is not equal to ;. Let d; denote the difference, so that
di =T;~Y (38)

Then, if 2’ and y' denote the deviations of the variables from their
means, we have also

d; = x;—yi. (39)
The coefficient of correlation between the variables is given by
P A
VRSV 40
- Jss o)

To express this in terms of n and the differences, d;, we observe that
the variance of each of the variables # and ¥ is (n2—1)/12 (cf. §3,
Ex. 2). Therefore

Dap = Sy = mP-n)/12, (41)
Also B = X(r—y)? = T+ Syt - 22y,
and thus, in virtue of (41),

Syt = f5(nd—m) - 13,
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Substitution of these values in (40) gives

_6xdy

b
o (42)

r=1
This is the required formula for the coefficient of correlation of
ranks.

If the correlation is perfect all the d’s are zero, and r = 1. If the
orders in the two characteristics are exactly the reverse of each
other, x; +y; = n+ 1. All the points of the scatter diagram then lie
on a straight line with negative gradient. Consequently r = —1,
and there is perfect inverse correlation.

Example. The ranks of the same 16 students in Mathematics and Physics
were as follows, two numbers within brackets denoting the ranks of the same
student in Mathematies and Physics respectively: (1, 1), (2, 10), (3, 3), (4, 4),
(5,5), (6,7), (7,2), (8,6), (9,8), (10,11), (11,15), (12,9), (13, 14), (14,12),
(15,16), (16,13). Calculate the rank corrclation coeflicient for proficiencies
of this group in Mathematics and Physics.

Hered, 13 the difference botween the two numbers in the ith pair of brackets.
It is easily verified that 2d} = 136, n®—n = 16 x 255. Consequently

r=l-giess = =08
31. Bivariate probability distributions
The theorems proved for a bivariate frequency distribution in
§§ 23-28 hold equally for a probability distribution of two variates,
relative frequency in the former case being replaced by probability
in the latter. Thus, for a discrete distribution, if p; is the prob-
ability of the occurrence of the pair of values (x;,7,), the moment
s about the origin is
;u;‘s = ?piwgyg)

which is the expected value of the product 4% In particular the
expected values of x and y are

E@) = Zpiz, E@Y) = Zp:vs
while, corresponding to (4) and (5), we have
0% = fpo— [E@), 0} = pog— [EW)]
and b = py— E() E(y),
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/41, being the covariance of the variates, which is the expected value
of the product of their deviations from their means. The coefficient
of correlation is defined by (19), which may here be expressed in the
alternative form
_E@y)___E&y)
0,0y NIEE?)EY?))
z', y" being the deviations of the variates from their expected values.

In the case of continuous probability distributions we confine
our attention to those in which the probability that the variates
will fall simultancously in the intervals do and dy is expressible in
the form ¢(z,y)dxdy, the probability density ¢(x,y) being con-
tinuous and essentially positive. Then we have formulae corre-
sponding to (6)—(10), with ¢(x, y) in place of f(x, y).

The variates are independent if the probability distribution of
each isindependent of the value assumed by the other. In particular,
if the variates are continuous, with probability densities ¢,(x) and
¢o(y) respectively, the probability that x will fall in the interval du,
and at the same time y will fall in the interval dy, is ¢,(x) dx ¢,(y)dy
by the theorem of compound probability. Then the probability
density ¢(x, y) for the bivariate distribution is of the form ¢, (x) ¢,(y).
Conversely, when this relation holds, the continuous variates are
independent. Now it was proved in §§ 10 and 12 that the covariance
of two independent variates is equal to zero. It follows from the
above definition of r that the coefficient of correlation of two independent
variates 18 equal to zero. The converse of this theorem, however, is
not necessarily true; that is to say, uncorrelated variables are not
necessarily independent.

The moment generating function of the bivariate distribution is
defined as the expected value of the function exp (¢, +t,y), where
¢, and ¢, are independent of # and y. Thus, in the case of a con-
tinuous distribution, the m.g.f. with respect to the origin is

(19°)

Mty ty) = f f exp (t,7+tyy) B2, y) dady.

When this integral has a meaning the exponential may be expanded
in powers of £, and ¢,; and the coefficient of #;t3/r!s! is the moment
My about the origin. In Ex. 3 at the end of Chapter v we shall find

wMS 6
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this function for the bivariate normal distribution, and use it to
calculate the moments.
When the variates « and y are independent we have

M(ty,t,) = Elexp (bz+1,y)] = Elexp (42)]. Elexp (t,9)]
= (function of t;) x (function of t,).

And conversely, when the m.g.f. is of this form, the variates are
independent.

32. Variance of a sum of variates

Consider the variates  and y, with standard deviations o, and
o, respectively. Their distributions determine a bivariate prob-
ability distribution for the two variates, with correlation coefficient
r given by (19'); and cach value that may be taken by their sum

u=z+y (43)
has a definite probability. Then, in virtue of § 10 (10),
E(u) = E@)+ E(y), (44)

and therefore, if 2', %', #’ are the deviations of the variates from
their means, we obtain from (43) and (44) by subtraction

u/ — J:'+y'.
Consequently w?=ax?ry'?4 22"y,

and, on taking the expected value of each member we deduce, in

virtue of (19'), R s
oy = 03 +0y+ 20,0, (45)

This is the required formula for the variance of the sum of the
variates. And, since —7 is the correlation betwecen x and —y, it
follows that the variance of the difference

v=x—Y
is given b 0?2 =o02+0%—2r0,0,. 46
v x v =Y

If r is zero. as in the case of independence of z and y, we have the

simple result . , s
Oy =0; = 05+0%, (47)

already proved in §§10, 15 and 16.
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More generally, let u be a linear function of the variates x, y, 2, ...,
so that u=ax+by+cz+..., (48)
the constants a, b, ¢, ... being cither positive or negative. Then
E@) =al(x)+0E(y)+cli(z)+...
and therefore by subtraction
"=ax'+by +cz' +...,

the primes indicating that the variates are measured from their
means. On squaring both sides, and taking expected values, we
obtain the required formula

02 = a%ok+ 0%} + %o+ ... + 2abr 00,4+ ..., (49)

in which r,,, is the coeflicient of correlation between x and y.
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EXAMPLES IV

1. Show that, if @ and b are constants and r is the correlation
between z and y, then the correlation between ax and by is equal to
r if the signs of @ and b are alike, and to —r if they are different.

Also show that, if the constants a, b, c are positive, the correlation
between (ax + by) and cy is equal to

(aro,+ bo )/ (a0 + b202 + 2abra, 0.
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2. The variables z and y are connected by the equation
ax+by+c = 0. Show that the correlation between them is —1 if
the signs of @ and b are alike, and + 1 if they are different.

3. Show that, if 2, " are the deviations of the variables from
their means,

1 , ,
r=1 5N ; (xifor—yiloy)?

1 / Vi ve
and r = —l+é~fv§(xt/a',+yi/a',,)~,

and deduce that —1<r< 1. (Rietz, 1927, 2, p. 84.)
4. The variates z and y have zero means, the same variance o?
and zero correlation. Show that
(xcosa+ysina) and (xsino—ycosa)
have the same variance o2 and zero correlation.

5. Weighted mean with minimum variance. Let x, (¢ =1,...,n)
be n independent variates with variances o2. If the variates are
given weights w;, their weighted mean is

E wtxz/z Wy = E €%y,
where c; = wy/X w,.
i

We can show that the variance of this weighted mean is least when
the weights are inversely proportional to variances o2. In virtue
of (49) the variance of the weighted mean is

2 o= (2 wzf’“)/(? w;)?.

For a minimum o? the partial derivatives of this with respect to the
w, must be zero. This requires

(Zw;)Pw; 0] — (Zwio}) (Ewi) =0,
so that w;0% = (Jwio?)/(Zw;
showing that w;o? is the same for all values of ¢. Thus the weights
of the variates are inversely proportional to their variances.

Show that this minimum variance is equal to H/n, where H is
the harmonic mean of the variances o3.
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6. For a given bivariate distribution find the straight line for
which the sum of the squares of the normal deviations is a minimum.

Let the straight line be zcosa+ysina = p. Then we have to
minimize the sum of squares Y f;(x; cos @ +y, sina — p)? by equating
to zero its partial derivatives with respect to p and a. Show, from
the first of the equations thus obtained, that the required line passes
through the mean of the distribution. Then, taking the mean as
origin, show from the second equation that « is given by

2
tan 2a = s /an.
Oy—0y

Of the two directions at right angles, found from this equation, one
makes the sum of squares a minimum, and the other a maximum,
for lines through the mean of the distribution. (L. J. Reed, Metron,
vol. 1, 1921, part 3, pp. 54-61.)

7. The ranks of the same 15 students in Mathematics and Latin
were as follows, the two numbers within brackets denoting the ranks
of the same student: (1,10), (2,7), (3,2), (4, 6), (5,4), (6,8), (7,3),
(8,1), (9,11), (10,15), (11,9), (12,5), (13,14), (14,12), (15,13).
Show that the rank correlation coefficient is 0-51.

8. The marks, z and y, gained by 1,000 students for theory and
laboratory work respectively, are grouped with common class

x
\ 42 | a7 | 52 | 57 | 62 | 67 | 72 | 771 | 82 | Totals

¥y
52 3 9 | 19 4 | — | — | — | — | — 35
57 9 | 26 | 37 | 25 6 | — | — | — | — | 103
62 | 10 | 38 | 74 | 45 | 19 6 | — | — | — | 102
67 4 | 20 | 59 | 96 | 54 | 23 70 — | — | 263
72 | — 4 | 30 | 54 | 74 | 43 9 | — | — | 214
77 | — | — 7| 18| 31 | 50 | 19 5 | — | 130
82 | — | — | — 2 5 | 13 | 15 8 3 46
87 | — | — | — | = | = 2 5 8 2 17
|Totals| 26 | 97 | 226 |244 | 189 |137 | 55 | 21 5 |1,000

interval of 5 marks for each variable, the frequencies for the various
classes being shown in the correlation table above. The values of
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x and y indicated are the mid-values of the classes. Show that the
coeflicient of correlation is 0-68, and the regression equation of

yonux
y = 29-7+0-656z.

9. The logarithm of the m.g.f., M(t,,t,), of § 31 is the cumulative
function K(t,,¢,); and the camulant «,, is the coefficient of #]#3/r!s!
in the expansion of K(¢,,t,) in powers of ¢, and ,. Show that

Kin = My, Koi = flor, K1 = a1 — Slaolans Koz = Mag — Moofoz — 243,
10. By means of the identity
2¥ fuv=3 fut+ Y f2 - ¥ f(u —v)?

and the fact that » — v is constant along each of one set of the

diagonal lines of a correlation table, the sum of products may

be calculated without difficulty. Tabulate the quantities u — v,

(u—v)%, f and f(u — v)? for each diagonal line of the correlation

table on p. 77, and deduce that ¥ f(u — v)? = 1147. Using the

values found for ¥ fu? and ¥ fv? verify that ¥ fuv = 1109.
Deduce the same result from the identity

23 fur =3 flu+v)? =3 fu =3 fu?

using the other set of diagonal lines.



CHAPTER V

FURTHER CORRELATION THEORY.
CURVED REGRESSION LINES

33. Arrays. Linear regression

In the numerical illustration of §29 all the values of « in any one
vertical array were regarded as equal to the mid-value of x for that
interval. Since the actual values of x vary over a range of 5 years,
the results obtained cannot be regarded as more than a good approxi-
mation. A better approximation could be obtained by choosing a
smaller class interval; but that would make the numerical work
correspondingly heavier. For accurate work the class interval must
be so small that all the values of # in a vertical array are either
exactly or very nearly equal; and similarly all the %’s in a horizontal
array. The theoretical proof of certain formulae, however, is not
made any more difficult by a choice of arrays sufficiently numerous
to satisfy the above conditions; for our sums are just as easy to
manage whether the number of arrays is large or small. And, if
we are dealing with a continuous distribution, we may take in-
finitesimal class intervals, de and dy, and replace our sums by
definite integrals. We assume then that, in the sth vertical array, all
the «’s have the same value, ;.

It will be convenient to extend our subscript notation as follows.
Though the z’s in the ¢th vertical arvay all have the same value, the
y’s are different. A typical pair of values in the array is (x;, o> Yig)>
represented by the point I ;; and we shall denote its frequency by fy;.
Thus the first subscript, ¢, indicates the vertical array, while The
second, j, indicates the position in that array. Denoting the total
frequency in the tth array by n, we have

n; = ?fij: (1)
Y indicating summation within that array. The mean value of y

7
in this array will be denoted by 7;. Thus
nY; = ’Zfijyij' (2)
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The mean of the array is represented by the point G, whose co-
ordinates are (x;,%;). H; is the point with abscissa x; on the line of
regression of yﬁ}lwx. The mean, G, of the distribution also lies on
this line of regression, and has coordinates (%, 7) given by

Nz = Z.?fijxi =Xnr;, Nj= Z;fﬁyﬁ = ?ni?}i' (3)

P;;

Fic. 6

The summation over the whole distribution is thus divided into

two summations; for ¥, denotes summation for terms in the same
j

vertical array, and then ¥ indicates summation of the result over
i
all the arrays.

It is worth noting that the same equation is obtained for the line
of regression of y on z, if each value of y in any array is replaced by
the mean value of y in that array. For the equation of this regression
line depends only on Z, 7, 02 and p,;. And, since the above change
does not affect the «’s,  and o2 are unaltered by it. So also is 7,
in virtue of the second equation (3). As for u,, we see that

N/‘H:Z%;fi:xi?/ii_N“?g: X nxy;— NTy.
1 (]

by (3), and is therefore unaltered by the above change of y’s.
Consequently, the regression line of y on « is unaltered. It follows
that, if the means of the vertical arrays are collincar, their line must
coincide with the line of regression of y on z. This regression is then
said to be linear. Similarly, the regression of z on y is said to be
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linear if the means of the horizontal arrays all lie on the line of
regression of « on y. It is possible for either regression to be linear,
or both.

It was shown in §26 that S2 = o}(1 —r2) gives the mean square
deviation of points from the line of regression of ¥ on z. If this
regression is linear the means of the vertical arrays lie on this line
of regression; and, if further the vertical arrays all have the same
variance, this common variance must be S2. The s.p. of each array
is then o, /(1—7%). When the vertical arrays all have the same
variance, the regression of y on z is said to be homoscedastic,

34. Correlation ratios

Consider next the deviation (; F; of the point F;; from the mean
of the vertical array in which it lies. The sum of the squares of
these deviations for the whole distribution is denoted by NS72,
so that

NS} = ; ?fij(yij -7 4)

Then, by analogy with § 26 (2), the correlation ratio,* 7,, of y on z
is defined by
Ty = 1-87/03, (5)

7, being regarded as positive. Thus
87 = o (1—73), (6)

which corresponds to §26(21). From (5) it is clear that 72 <1.
Also it is easy to show that 2 > 2. This is evident from a comparison
of (5) with §26(22), since §;2< 8%, the sum of the squares of the
deviations in any array being least when they are measured from

the mean of the array. Thus
1>73>r2 (7)

When the regression of y on z is linear, the straight line of means of
arrays coincides with the line of regression, and 72 is then equal
to 72. A non-zero value of 2 —r? is thus associated with a departure
of the regression from linearity.

* Some writers denote this ‘ratio’ by 7,,.
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It is clear from (6) that the more nearly 73 approaches unity, the
smaller is S72, and therefore the closer are the points to the curve of
means of the vertical arrays. If 9% = 1, then §;? = 0, so that all the
deviations are zero, and all the points lie on the curve of means.
There is then a functional relation between z and y. We may there-
fore describe the correlation ratio 7, as a measure of the degree to
which the association between the variables approaches a functional
relationship expressible in the form y = F(x), where F(x)is a single-
valued function of x. This should be compared with the corre-
sponding interpretation of r in § 26.

A convenient expression for 7, can be found, involving the
8.D.0,,, of the means of the vertical arrays, each mean being weighted

my
with the frequency n; of that array. This s.p. is given by

Nopy, = S (7~ )% (8)

t

Now
No? = ZEfu(?/u‘yp
]

I

2Nl =9)+ @ - 9P
J

12

= E Efi)(yij - yl)2+ ? ni(?]i - y)za
i
the sum of products being zero, since ):, Jii(ys;— ;) vanishes for each

array. The first sum on the right 1s NS§2, in virtue of (4), and
the second is No?2, . Consequently the equation is equivalent to

my-
ol = 8Z+ok,,. (9)

Thus the variance of the y’s of the distribution is expressible as the
sum of two parts, of which the first is the variance within the
arrays, and the second the variance of the weighted means of the
arrays. Also, comparing (9) with (6), we see that

= U;ny
and therefore Ny = my/%- (10)
The correlation ratio 7, is therefore the ratio of the s.n. of the

weighted means of the arrays of y’s to the s.p. of all the y’s of the
distribution.
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In the same way, by considering horizontal arrays in each of
which the value of y is constant, we may define the correlation ratio
7. of z ony. For, if G;is the mean of the jth horizontal array, with
abscissa Z;, and NS denotes the sum of the squares of the devia-
tions of the points, each from the mean of the horizontal array in
which it lies, #2 is given by
87 = o3(1—13), (11)
and, as before, we have the relations
| YN (12)
where o, is the s.p. of the means of the horizontal arrays, cach
mean being weighted with the frequency n; of that array.

35. Calculation of correlation ratios
Formula (10), giving the value of 73, is clearly equivalent to
7y = Xn,(y;—y)*Noj. (14)
13
Now the sum in the numerator may be evaluated without cal-
culating the deviations 7, —%. For
)‘:ni(yi—g)z = XY =27 Xng g+ Ny
1 1
But
nY; = ;fijyij =T,

where T is the sum of the %’s in the ith vertical array. Hence

?niyi,: Z.Ti=lvy= T: (15)

where 7' is the sum of the y’s for the whole distribution. We may
therefore write

4

2n(7i—y)? =

B
=

N Yn, N’

™ T°
= (Z—‘—W)/foﬁ. (16)

and (14) becomes
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Since the deviation from the mean is independent of the choice of
origin, while numerator and denominator of (14) are altered in the
same ratio by change of unit, the value of 7} calculated from (16)
is unaffected by change of origin and unit.

Example. Calculate the correlation ratios for the distribution of ages of

bridegroom and bride given in § 29.
Working in terms of v and tho 5-year unit we have

T =-371, N =1,000, T2/N = 137-64.

The values of T'; are given in the row prefixed V. Hence

T; _(=28)* (-339)* (26)
— = ceed -~ = 87681,
zi: ng 17 332 + 7
No? = 1393+4.
876-81 -137-64 739-17
C 2= = - — = 0- H
onsequently UM 13934 13934 0-5305,
and 7y = 0729 nearly.

This is only slightly greater than the value 0:726 found for 7.
The reader should verify, in the same way, that 7% = 0-5504, so that
7, = 0:742. The departure of the regressions from lincarity is only slight.

36. Other relations

We shall now prove that the mean square deviation of the
weighted means of the vertical arrays from the line of regression
of y on z is equal to o%(y3 —r?), that is to say

By, —Y;)* = Noj(ny — %), (17)
where ¥, is the estimate of y; from the regression equation § 25 (16).
For, subtraction of (6) from §26 (21) shows that

Noj(ny—r?) = N(§; - 5})
= X XSl =X — (45— 9:)°)
L)

E ;fw [{(yij -7+ @ —-Y)P - (Yi5— 7%
= 2;4 (G- Y;),

the sum of products vanishing, since Y, f;;(7;;—¥;) is zero for each

array. Thus (17) has been established. The difference 2 — 72 is zero
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only when each of the deviations ;—Y, is zero. In that case the
means of arrays all lie on the line of regression, and the regression
of y on x is linear. We thus see again that a non-zero value of 7} —r2
is associated with departure of the regression from linearity.

We may prove, for use in a later chapter, that the sum of squares
Y n,(¥; —9)® may be resolved into two separate sums. Thus
i

%ni(yi 5P = 2"1[( Y)+ -9
= an(yz + Ent(Y ) (18)

the sum of products vanishing, since
znt(yt—yz) (Yi Z thj(./zj Y y)

in virtue of §27(30). The sum in the first member of (18) is No2,,,
or Ny2o? by (10). The first sum on the right of (18) has just been
proved equal to No2(%—72); and the final sum has the value
Nr20?, in virtue of §27 (32). The equation (18) thus corresponds to
the identity

Nyio? = Nod(n—r?)+ Nriod. (19)

37. Continuous distributions

The preceding proofs may be adapted to a continuous distribution
by an appropriate change of notation, and a replacement of sums by
definite integrals. The vertical array, whose abscissa is 2, we assume
to be of infinitesimal breadth dx. Then, if f(x,y) is the relative
frequency density, the relative frequency for this array is

f [f(@,y) de) dy = £,(x) d, (20)

where fi@) = f f@,y)dy, (21)

the integration with respect to y extending over the whole of that
array. The mean 7, of the y’s in the array is given by

ya:fl(x) = fyf(x’ y) dyv (22)
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and this is the equation of the curve of means of the vertical arrays.
The mean of the whole distribution has coordinates

z =ijf(a:,y)dxdy =fmf1(x)dx, 1
7= [[vse ity = (510100

integration with respect to « including all the vertical arrays. The
above relations correspond to the equations (1), (2) and (3) for a
discrete distribution.

The mean square deviation of the values of y, from the means
of the arrays in which they lie, is given by

S = f (/= Ga)2f (@, y) daedy, (24)

and 7, is defined as before by an equation of the form (5) or (6).
The variance of the weighted means of the vertical arrays is

Ot = (G- @) s, (25)
and, as before, this may be expressed in terms of o2 and ;2. since

of = f (=7 y) dzdy

(23)

- f (Y~ Ta)+ o~ IS (@, ) ddy
= S;z + O’f,w, (26)

the integral of the product being equal to zero; and from this it
follows, as in the case of a discrete distribution, that

Ny = Oy /Oy
Formulae corresponding to those of §36 may be similarly esta-

blished. For, by subtraction of (24) from the result in the Example
of § 26,

oyt —r) = 8- 57 = [ [0 V7~ -7 ) dwdy
= [[tw-50+ @ - -0 daty

= [[@.- yrrep ety = [@.- Yrp@ s,
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and this is the mean square deviation of the weighted means of
arrays from the line of regression of ¥ on x. And, corresponding to
(18), we have the resolution

[@e=arnw s - [1@.- 1)+ (-arnwa
- (@ Yrf@ de e [ -grfi@) de

the various integrals corresponding to terms of the identity
7202 = o2(n% —1r%) + 1?0,

38. Bivariate normal distribution

We shall now consider bricfly the continuous bivariate distribu-
tion, which is a generalization of the normal distribution discussed
in Chapter 11. It may be introduced simply as follows.* Assume
first that the variable x is normally distributed with s.p. ;. Then,
if the variable is measured from its mean, the probability that a
random value of z will fall in the interval dua is

dz x?
AR = oo~ a):
Assume next that the regression of y on z is linear and homo-
scedastic. Then, if oy is the s.D. of y in the distribution, the common
variance of the arrays of ’s is 03(1 — p?), where p is thet cocfficient
of correlation between the variables. Finally, assume that each
array of ¢’s is normally distributed. Then, since the mean of each
array is on the line of regression

Y = proyjoy, (27)
and the variance of each array is as stated, the probability that a

value of y, taken at random in an assigned vertical array, will fall
in the interval dy is

dy 1 pro,\2
W = (1=t P["%&(l—xﬂ)("’" a”

* Cf. Rietz, 1927, 2, pp. 104-7.
1 In the theory of sampling, » refers to the sample, and o, 0,, p to the
population from which the sample is drawn.
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By the theorem of compound probability, the chance of a pair of
values (z, ) falling in the elementary rectangle dxdy is

p 2 9 2
dPdp, = — U exp[ . {”i ”“’yﬂ—}].

2m0,0oy(L=p%) L 2(0=p¥)\0} 010y 0}
The probability density ¢(z, ) for the distribution is therefore
- ] X . __{xz gﬂ?q+f}] (28)
A TN (e R R (R 1 e

b4

Fia. 7

Such a distribution is called a bivariate normal distribution, and the
variables are said to be normally correlated. The surface z = ¢(x,y)
is the normal correlation surface. Since (28) is of the same form in z
as in y, we may conclude that the regression of z on ¥ is also linear,
the variance of each array of «’s being o3(1 —p?). The values of z
in each such array are normally distributed, with mean on the line
of regression of x on y, whose equation is

% = pyo, /oy (29)
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The m.g.f. for the distribution is found below,* and from it the first
few moments are calculated.

The nature of the normal correlation surface is indicated in the
diagram. The curves along which the probability density (or the
relative frequency density) is constant are the homothetic ellipses

_aiz_?.’[_)ﬁ/_fng_s_ A2,

= 30
0} 0,0, 03} (39

With respect to these the line of regression of ¥ on z is conjugate to
the y-axis. For the locus of the mid-points of chords z = const. is
the straight line (27). Similarly the line of regression of z on y is
conjugate to the x-axis.}

39. Intraclass correlation

Let us now consider the correlation between the measures of
some common characteristic for pairs of members of the same family
or class. For example, we may be interested in the correlation
between the weights of brothers, or the heights of sisters. The
relation between two members of the same family is a reciprocal
one; for, if P belongs to the same family as ¢, then @ belongs to the
same family as P. Each pair of members, P and @, will therefore
contribute two entries to the correlation table. In one of them x
will be the measure of the characteristic for P, and y the measure
for @; in the other, z will be the measure for @, and y for P. The table
will thus be symmetrical.

We shall consider only the case in which each of the 4 families
has the same number, &, of members. Then there are k(k— 1) pairs
of values for each family, and

N = hk(k—1) (31)

gives the total number of pairs of values in the table. Let x,; denote

the measure of the characteristic for the jth member of the ¢th

family. Thus the first subscript indicates the family, and the

second the particular member of that family. Consequently 7 takes

the values 1, 2, ..., &, and j the values 1, 2, ..., k. The z’s and the y’s
* See Ex. V, 3.

+ For further properties of this distribution see Exx. 4, 6 and 6 at the
end of this chapter.

wMS 7
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of the correlation table are the hk values z,; in different orders. Any
one value z;;, occurring as an « in the table, will have as its y each
of the other k—1 values for the same family. Thus each value z;;
occurs k—1 times as an z; and the mean Z for the bivariate dis-

tribution is therefore
(k-1)Z ‘?‘x“
1

7S VRl V22 52)

T =

and, since the table is symmetrical, ¥ has the same value. The
variance o2 of the 2’s is the same as the variance of the Ak values z;,
since each of these occurs the same number of times in the dis-
tribution. Thus

1
3 _ w2
i = Izkzi:?(x” z)2, (33)

and o has the same value, in virtue of symmetry. We may denote
this common variance by o2, so that

o? =72 =0l (34)

The coefficient of intraclass correlation, r, is given by the usual
formula, which in this case is equivalent to

hk(k—1)o%r = g ‘j': Elj (45 —=7%) (xy—7) (35)

Gol=1,2,0,k; j 406 =1,2,....,k).

The sum is a triple one; for the product (x;;—Z) (x; — Z) is the pro-
duct of the deviations from the mean for the jth and [th members
of the ¢th family, and the sum must include all such products for
different values of j and [, and for all the families. We carry out first
the summation with respect to I, observing that [ takes all integral
values from 1 to k except the value j. Thus the sum of the terms
zyincludes all values for the ith family except x,;, and may therefore
be written AZ; —x,;;, where T, is the mean for the ith family. The sum
of the terms Z for the k—1 values of [ is (k— 1) Z. The triple sum in
(35) may therefore be written as the double sum

2(:?(.7:,.,—:?) [kfi"xij“(k" 1)7]
= k? 21: (rs;—7) (@-—5:’)-;:2,(:1:‘,—5:)3.
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Now by (33) the last sum on the right is equal to Aka?. To evaluate
the other we first carry out the summation with respect to j. Thus

k;;(xﬁ_i) (T —T) = k? (z;—Z) (kT, - kT)

= 12X (%, —%)? = k?%hol,
L4

where 02, is the variance of the means of the families.
Substituting these values in (35) we obtain

hl(k—1)o%r = hk?o?, — hka™.

The coefficient of intraclass correlation is therefore given by the
formula
ko?, —o?

y = @‘_—l—‘)‘;'z.

(36)

CUuRVED REGRESSION LINES

40. Polynomial regression. Normal equations

We have seen that the line of regression of y on z gives the best
representation of the behaviour of y with change of «, that can be
given by a straight line, the term ‘best’ indicating that the sum of
the squares of the deviations (or ‘residuals’) is less for this straight
line than for any other. But it is often apparent from the data that
the regression of y on x is far from linear; and it may be desirable to
find an equation of regression which affords a better representation
of the behaviour of y than can be given by a straight line. The
simplest type of non-linear regression equation is that in which
one of the variables is expressed as a polynomial in the other.
Polynomial regression of y on x is therefore represented by an equa-
tion of the form

Yy =bo+byx+b,2%+ ... + b2k, (37)

in which the coefficients b, are constants. Our problem is to deter-

mine these constants so that the sum of the squares of the residuals

is a minimum. The choice of the degree, k, of the polynomial is at

our disposal. If there are n different pairs of values in the distribu-

tion, we can make the curve pass through all the representative
7-2
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points by choosing k& = n—1. But, to keep the arithmetical work
reasonably simple, k must be fairly small, say 2, 3, or 4. The distribu-
tion of points in the scatter diagram will frequently suggest the
shape of the curve of regression, and thus a suitable value for k.
Having decided on the value of k, we dctermine the coefficients
b, by the method of least squares.

With the notation of §23 suppose there are n different pairs of
values, f; being the frequency of the pair (x;,y;), and the total
frequency N being given by

N=3f, (38)

i=1

Let H; be the point on the curve (37) with abscissa x;. Then its
ordinate Y; has the value

k
Y, =by+bx;+... +bak = ¥ beat, (39)
8=0

and the deviation of the point P; from the curve of regression is
HP, =y,-Y, (40)
The sum of the squares of the deviations is

N8 =3 [(yi— Yo (41)

We have to choose the coefficients b, so that this sum is a minimum,;
and this is done by equating to zero the partial derivatives of S2
with respect to these coefficients. We thus obtain the k+ 1 normal

ualions
“ S filyi=Y) = 0 (42)

t=12,..,n;,8=0,1,2,..., k).

Written separately, and in terms of the values of the given dis-
tribution, these are

Yfilyi=by—byz;— ... —byaf) = 0,
f
Efixi(yi—bo—ba;— ... —byak) = 0,
C ‘ (42')
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The coefficients b, are determined from these & + 1 equations, which

involve the sums of powers of z; from 3 z, to ¥ 2%, and sums of
i

products from 3 y,29 to 3 y,2%. For the particular case k = 1 these
equations are the same as §25(12).

When the values z; correspond to equal increments, &, and the
distribution of the frequencies f; is symmetrical about Z, the
equations (42) may be much simplified. Suppose first that » is odd
and equal to 2m + 1. Then, by taking the origin of z at the middle
value of that variable, and the common increment % as unit of
measurement, we have for the values of 2 in the distribution

-m, —(m-1), ..., =1, 0,1, ..., (m—=1), m.

Hence, owing to the symmetry of the distribution of f’s, the sums
of the odd powers of  are all zero. The sums of the even powers
may be written down from tables or algebraical formulae. If,
however, n is even and equal to 2m, we take the origin of x at the
mean of the middle pair of values, and 1A as the new unit. The
values of x then become

—(@m~=1), ..., =3, =1, 1, 3, ..., @m—1),

and the sums of the odd powers of x vanish as before. Moreover,
the equations (42') then consist of two groups, one involving
bg, by, ... and the other b,, by, .... Their solution is thus simplified.

Example. Fit a parabolic curve of regression of y on x to the seven pairs
of values

z: 1:0 1.5 20 256 30 35 40
y: 111 1.3 16 20 27 34 41
The dot diagram of the seven pairs of values suggests a parabola. Since n
is odd, and the values of z correspond to equal increments 0-5, we take the

origin at the middle value 2-5 with 0-5 as the new unit. This is equivalent to
the transformation

u=2x-5.

Each frequency f; is unity. The sums of odd powers of « are zero, and the
calculation may be arranged as in the accompanying table. The normal
equations are

18-2 = Tby+ 28b,, 14-3 = 28b,, 69-9 = 28b,+ 196b,,
which give immediately

bo=2:07, b, =0-511, by = 0-06l.
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The regression equation is therefore

y = 2:07+0:51 lu+0-061u?
= 2:07 + 0-511(2z — 5) + 0-061(2z — 5)2,

which simplifies to y = 1-04—0-20x + 0-24.5%,

z u v u? ul uy uly
1-0 -3 11 9 81 -33 9-9
1-5 -2 13 4 16 —~2-6 52
2-0 -1 1-6 1 1 -1-6 1-8

2:5 0 2-0 0 0 —_— —
3-0 1 2-7 1 1 2-7 2-7
35 2 34 4 10 6-8 13-6
40 3 4-1 9 81 12-3 36-9
Totals — 16-2 28 196 14-3 69-9

41. Index of correlation

When considering the line of regression of y on z, we saw that
| 7] is the coefficient of correlation between the values y; and their
estimates ¥; found from the regression equation, and that this
coefficient is connected with the mean square deviation from the
line of regression by the formula §% = ¢%(1—-72%). We propose to
show that a corresponding relation holds for polynomial regression.
Multiplying the normal equations (42’) by by, b,, ..., b, respectively
and adding we obtain, in virtue of (39),

thYi(?/i“Yi) = 0. (43)
Consequently (41) is equivalent to
N§? = ;fiyi(yi_yi) = Zfi?/%‘ XfiYi (44)
1 1

From the first of the normal equations, X f;(y;~Y;) = 0, it follows

?
that the y’s and the Y’s have the same mean. If this is taken as
origin for both variables, their variances are given by

Noy = Ei:fiy%’ No% = %fiy%’
and the coefficient of correlation, R, “etween the y; and the ¥; by
1 1
Royoy = 'N;fiyiyf =¥ ;fiY% =a}

in virtue of (43), so that
Ra'” =0p. (45)
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Consequently (44) is equivalent to

8% = o%(1 - R?), (46)
which is analogous to § 26 (21).

The coeflicient R is thus an indication of the closeness with which
the points P of the scatter diagram approximate to the regression
curve (37). If R =1, then §% = 0, and all the points P, lie on the
curve. For this reason R is often referred to as the index of corre-
lation for the regression curve (37). With each curve of regression
there is associated such an index, given by

R =1-8%02, (47)

where §2 is the mean square deviation of the points P, from the
curve of regression. In virtue of (43) and (44) NS2in the case
of polynomial regression is given by

k n
NS =Zfyi= Z I byt (48)

Further, the relations (30) and (31) of §27 hold also for poly-
nomial regression. For, in virtue of (43) and the first of the normal

equations, we have
Zfily:=Y) (¥;—y) = 0. (49)
1

Then the sum of the squares of the deviations of the y’s from their
mean may be expressed

z‘\:ft(%‘?)z = Zflly:-X)+ X -y)P
=3[y~ Y)}+ Zf(Y—9)% (50)
in consequence of (49). This equation corresponds to the identity
No} = Noi(1— R?) + N R%3,
as is evident from (45) and (46).

Example. Prove, as in § 36, that o%(7]— R?) is the mean square deviation
of the weighted means of the vertical arrays from the curve of regression.
Also that, if n, is the {requency in the ith vertical array,

Zn(g=9* = Zn(Gi= Y )+ Zn(Y,-7)",
corresponding to the identity
Nylo} = NoJj(y}— R?)+ N R0,
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42. Some related regressions

A plotting of the values of z against the logarithms of the corre-
sponding values of ¥ may indicate an approximation to a linear
relation between x and logy. In such a case we find a regression

equation of the form
Y = cas, (51)

where ¢ and a are constants. For this relation is equivalent to
logy = logc+zxloga.

If then we find the line of regression of logy on x, the constants of
the equation determine both ¢ and a.

Similarly, if the plotting of log x against log y indicates that the
relation between these quantities approximates to linear, we find
a regression equation of the form

Y = ca?, (52)
which is equivalent to
logy = logc+blogz.

We have therefore to find the line of regression of logy on log z, and
the constants of the equation determine ¢ and b.
We might also find a regression equation of the form

y = cal®, (53)
where f(z) is a polynomial in z. For this is equivalent to
logy = logc+ (loga)f(z),

and therefore requires a polynomial regression of log y on «.
More generally, the principle of least squares may be employed
to find a regression equation of the form*

Y= b1X1+b2X2+...+bI,Xp,

where X, ..., X, are any functions of the independent variable x.
The argument used in § 40 leads to the normal equations

‘Zfixl(yi_y;') =0, .., zi:fixp(.%"yi) =0,

* Cf. Fisher, Annals of Eugenics, vol. 1x, part 3, p. 238 (1939).
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for the determination of the coefficients b,. Multiplying these
equations by b,, ..., b, respectively and adding, we find

%ftyz(yi_yt) = 0,
so that the sum of squares of the deviations from the regression

curve is
NS8* =3 fy;— 1) = Zfiy:(y; - X))
=Xfivi-Zf Y5
asin §41. If one of the quantitics X is taken as unity (or a constant),

the mean of the y’s is equal to that of the Y’s. The argument of § 41
then applies to the present case, leading to (45), (46), (49) and (50).
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EXAMPLES V

1. The heights of brothers, in five families of three each, are
as follows: (67, 68, 69), (68,68, 71), (68, 70, 72), (70, 70, 73) and
(71, 72, 73) inches. Show that the mean heights for the families
are 68, 69, 70, 71, 72 inches, and the general mean Z = 70. Also
0% = 18/5, 0%, = 2, and the coefficient of intraclass correlation of
heights for the five families is 1/3.

2. Verify that, for the distribution of Ex. IV, 8, the correlation
ratios are 77, = 0695 and 7, = 0-685 approximately.
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3. Moments and m.g.f. for the bivariate normal distribution. The
moments may be deduced from the m.g.f. as defined in §31. To
calculate this function let o, and o, be the s.p.’s of  and y in the
distribution, and p the correlation between these variates. Then
the m.g.f. is given by

R | 1 22 2pxy yg):l
— —_ o Y v_ d
M(tl,tz).—cJ‘_mJ“wexp[tlx+t2y 2(1__[),_,)( + xdy,
1

where €=,
210,05 (1— 1)

By transforming the exponential we may write this:
(-] 00 1 o e
My, t,) = Cf_w f_ wexP [tz!/" 2oy 1= p?) {1~ (py + 1= p*t,010,)%}

1 po Y }2:}
- o x— —(1—=p2)t,0%) |dydex.
201(1_[)_){ P (I=-p*)tio3) |dy

Carrying out the integration with respect to z, and rearranging the
exponential, we have

1
My, t,) = 72 J37) exp [1(0383 + 2p0,0,t,t,+0313)]
@ 1
x [-mexp |: ~ 302 (y—po,03t, —~ tzo'g)z] dy

= exp [§(0163 + 20,05ty by + 03 15)],

which is the required m.g.f.
To calculate the various moments we have only to expand this
function in powers of ¢; and ¢,. The expansion is

1+ (01} + 2p0y 058ty + 0315) + (013 + 20010ty by + 05 5) /20 + ..
Since p,4 is the coefficient of t]¢§/r!s! in this expansion we have

Poo = 0% [y = PO\Tyy  [log =03, gy = 3p030y,
Hoa = (1+20°)0%0%, g = 3p0103, pyo =301, poy =303,
and so on,

4. Show that the area of the ellipse, §38(30), of constant prob-
ability density is 7A%005/4/(1 — p2); and hence that the area of the



Examples 107

strip between the ellipses corresponding to the parameter values
Aand A +dA is 27AdAo,0,/4/(1 — p?). Deduce the probability

exp [—A%/2(1 —p?)]AdA/(1 —p?)

that a pair of values (z, ) chosen at random, will be represented by
a point inside this strip; and hence by integration the probability
that the point will fall inside the ellipse A is

A? A?
R e LR e

If this probability is §, then A% = 1-3863(1 — p?).

Also show that, for a given value of dA, the probability that the
point (z,y) will fall in the strip between the ellipses A and A +dA is
a maximum when A% = 1-p2 This determines the ‘ellipse of
maximum probability’. (Cf. Rietz, 1927, 2, pp. 108-10.)

5. The variates 2 and y are normally correlated, and &, 5 are

fi
defined by £ =2xcosO+ysin0, 5 =ycosl—zxsind.

Show that &,  will be uncorrelated if
tan 20 = 2po,0,/(0% —a}).

The above transformation corresponds to a rotation of rectangular
axes of coordinates; and 0 determines the directions of the principal
axes of the ellipses of constant density.

Show that, if &, 7 are thus uncorrelated, and o, 0'3 are their
variances, then

0.0, = 0,0, J1=p?), o} +03 =040}
6. Show that, if & # are independent normal variates, and z, y
are det - 'd by
z=gcosO+ysinl0, y =1ncosf—Esind,
the coefficient of correlation between  and y is given by (cf. Ex. 5)
40302

r=1- ACPEN
(0§ —03)%sin®20 + 4030y’

which is numerically greatest when @ = + }m. The extreme values
of r are + (07 —0%)/(0F +02).
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Also show that the points of inflexion of sections of the normal
correlation suiface, by planes throngh the z-axis, lie on the elliptic
cylinder £20} +7%0f=0}02. (Cf. Yule, 1897, 1.)

7. The profits, £y, of a certain company in the xth year of its
life are given by

x: 1 2 3 4 b5
y: 1250 1400 1650 1950 2300

Taking u = 2—3 and v = (y—1650)/50, show that the parabolic
regression of » on « is

v+ 0:086 = 5-30u + 0-643u?2,
and deduce that the parabolic regression of y on x is
y=1140 + 72-14x + 32 1422,

8. Let z, ¥ be normally correlated variates with zero means as
in §38. Writing

’ILJ:E—— 2= - _], (1_@)’
0 VI =pH)\oy oy
' 1
show that o1, 2) =
o, y)  o103y(1-p?)
1 2 2px 2
and T S (zg_ﬂmyo)_
1~p*\oy 0,0, 03

Deduce that the joint probability differential of w and z is
dP = 5}7} exp [ —1(w?+2?)]dwdz,
and hence that w, z are independent normal variates, with zero

means and unit s.p.’s. In other words w and z are independent
standard normal variates.



CHAPTER VI
THEORY OF SIMPLE SAMPLING

43. Random sampling from a population

In order to examine a large population with respect to a specified
characteristic, the statistician chooses a sample of individuals from
that population and, from the properties of the sample relating to
the given characteristic, he endeavours to estimate those of the
population. Suppose that the characteristic considered is the height
of the individual. Then the assemblage of heightsof all theindividuals
in the population is called a population or universe of heights, and
those of the individualsin the sampleis a sample of heights from that
population. Similarly, we might consider populations of weights,
wages, yields of grain, etc. In the same way, if our consideration is
the percentage of male births in a very large population of births,
we may be obliged, in estimating this percentage, to confine our
attention to the data provided by a sample of such births. The theory
of sampling is concerned, first, with estimating the properties of the
population from those of the sample, and secondly, with gauging
the precision of the estimates, i.e. with ascertaining the deviations
from the true values that may be expected in the estimates obtained.

Fundamental to the theory is the concept of random sampling.
This is defined by the property that, in the selection of an individual
from the population, each member of the population has the same
chance of being chosen.* Statisticians have developed techniques
for ensuring, as far as possible, that their sampling is random; but
the reader who wishes to study the details of these techniques must
consult other works.

SAMPLING OF ATTRIBUTES

44, Simple sampling of attributes
In the sampling of attributes, as distinct from the sampling of
values of a variable such as height, we are concerned only with the

* See also Kendall, 1941, 2.
t+ E.g. Yule and Kendall, 1937, 1, pp. 336-486.
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possession or non-possession of some specified attribute or character-
istic by the individual selected in sampling. Forinstance, in sampling
from births we may be concerned only whether the baby is male or
not. In sampling from a population of men our consideration may
be whether they are smokers or non-smokers. The choosing of an
individual in sampling may be called a ‘trial’, and the possession
of the specified attribute by the individual selected a ‘success’.
Simple sampling is random sampling with the further provision that
the probability p of success is the same at each trial. Thus p is a
constant in the process; and the probability of success at any trial
is independent of the success or failure of preceding trials. The value
of p is the relative frequency of the occurrence of the attribute in
the population from which the sample is drawn. Hence, for the
sampling to be simple, either the population must be very large, or
the individual selected must be returned to the population before
the next trial, success or failure having been noted.

The problem connected with the drawing of a simple sample of
n members is thus identical with that of a series of n independent
trials, with constant probability p of success; and the results of
§$11 and 17 are applicable. The probabilities of 0, 1, 2, ... successes
in a simple sample of » members are thus the terms of the binomial
expansion of (7+ p)*. The binomial probability distribution thus
determined is called the sampling distribution of the number of
successes in the sample. The expected value, or mean value, of the
number of successes is therefore np; the variance is npq, and the
standard deviation is \/(npq). This s.p. is usually called the standard
error (S.E.) of the number of successes in a sample of size n, the
deviation from the expected value np being looked upon as ‘error’.
The proportion of successes in a sample is obtained by dividing the
number of successes by n. The expected value of the proportion of
successes is therefore p; and the s.p. of the proportion of successes
is 1/n times that of the number of successes, i.e. /(pg/n). Thus

8.E. of the number of successes = 4/(npq),
8.E. of the proportion of successes = \/(pg/n).

The precision of the proportion of successes observed in the sample
is regarded as inversely proportional to the s.B. of this proportion.
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Hence the precision of the observed proportion varies as Jn. In
particular, to double the precision it is necessary to increase the
size of the sample four-fold.

45. Large samples. Test of significance

As we have just seen, the sampling distributions of the number
and the proportion of successes in a simple sample of size n are
binomial distributions. It was also shown in Chapter 111 that, for
large values of n, the binomial distribution approximates to a
normal distribution, in the sense that the probabilities for corre-
sponding intervals in the two distributions tend to equality as n
increases indefinitely. Now we know that the probability that a
random value of a normal_variate, of s.n. o, will lie outside the
interval which extends 3o on each side of the mean is only 0-0027.
Similarly, the probability that the value will deviate from the
mean by more than 20 is 0-0456, or about 4} %,. We may therefore
conclude that, for large values of n, the probability that the number
of successes in a simple sample of n members will differ from the
mean by more than three times the s.E. is also very small; and that
a deviation of more than twice the s.E. is rather unusual.

Bearing this in mind we have a test of the credibility of the
hypothesis that a given large sample, of » members, was obtained
by simple sampling from a population in which the relative frequency
of the occurrence of the attribute considered is p. Suppose it is
found that the number of successes in the sample differs from the
expected value np by more than 3J(npq). Then an event has hap-
pened which, on the hypothesis of simple sampling, is very improb-
able. We conclude then that the truth of this hypothesis is itself
very improbable, and we say that the difference is highly signg ﬁcant
Considerations of the aspects of the problem will then iead us to
suspect either that the value of p employed is incorrect, or else that
the conditions of simple sampling were not observed. A deviation
from the mean less than twice the s.E. is regarded as not s significant.
For deviations greater than twice tlie s.E. the significance increases
with the devmtxon The dividing line between significance and non-
mgmﬁcance is, of course, not sharply defined. But significance is
usually regarded as beginning where the probability of a larger
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deviation is less than 59%,. It may be remarked that, while the
above test may furnish evidence against the hypothesis, it cannot
prove the hypothesis to be correct. The most it can do in its favour
is to provide no evidence against it.

The above argument still holds if, in place of the number of
successes and its s.E., we employ the proportion of successes in the
sample and its s.E. The expected value of this proportion in simple
sampling is p; and we compare the deviation of the actual proportion,
from this value, with the s.®., /(pq/n), of this proportion. In some
cases the value of p in the population is not known, but must be
estimated from the sample. The estimate obtained from a large
sample may be used without serious error in place of the true value,
since the s.E. of the proportion of successes is small when » is large.

Example. A certain cubical die was thrown 9,000 times, and a 5 or a 6 was
obtained 3,240 tumes. On the assumption of random throwing, do the data
indicate an unbiased die?

On the hypothesis of an unbiased die the chance of throwing a 5 or a 6 is
1/3. Thus p = 1/3 and ¢ = 2/3. Tho expected number of successes is therefore
3,000, and the deviation of the actual number from this value is 240. The
S.E., €, of the number of successes is

€ = J(npg) = /(9000 x § x £) = 10,/20 = 44-72.

The deviation 240 is nearly 5-4 times this s.E.; and it is therefore most un-
likely to appear as a result of sunplo sampling with p = 1/3. We thercefore
conclude that the die is alimost certainly biased, and that p is not equal to 1/3.

The estimate of p obtained from the sample is 3,240,9,000 = 0-36. The
8.E. of the proportion of successes is then

€’ = ,/(0-36 x 0-64/9,000) = 0-0050,

and 3¢’ = 0-015. It is therefore most unlikely that the true value of p lies
outside the range 0-36 + 0-015. In other words, the true value of p almost
certainly lies between 0-345 and 0-375.

46. Comparison of large samples

Let two populations, P, and P,, be tested for the prevalence of a
certain attribute, by taking from them large simple samples of n,
and n, members respectively; and let p, and p, be the observed
proportions of successes in the samples. Is the difference, p, — p,,
significant of a real difference between the two populations with
respect to the given attribute? On the hypothesis that the popula-
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tions are similar in this respect, we may combine the samples to
estimate the common value of the relative frequency of the occur-
rence of the attribute in the populations. This estimate is then

— P11+ 7Py
ny+ng

(1)

The s.E.’s of the proportions of successes in samples of n, and n,
members are \/(pg/n,) and J(pq/n,) respectively; and, since the
samples are independent, the variance €2 of the difference of these
proportions is given by

1 1
2 _ i 9
¢ pq("‘l * "2) @
in consequence of the theorem proved in §§10 and 15.
On the assumption that the populations are similar, the expected
value of the difference p; — p, is zero, for

E(p,—p,) = E(py)—E(p,) = 0.

The sampling distributions of p, and p, are approximately normal,
when %, and n, are large; and the same is true of their difference
since the samples are independent. Thus the distribution of p, — p,
is approximately normal, with mean zero and s.p. €. The probability
that, in simple sampling, the diffcrence p, — p, will be numerically
greater than 3e is therefore very small. The probability that it will
be greater than 2¢ is in the neighbourhood of 5 9%,; and any value
smaller than this is regarded as not significant, i.e. as providing no
evidence against the hypothesis.

Example 1. In a simple sample of 600 men from a certain large city, 400
are found to be smokers. In one of 900 from another large city, 450 are
smokers. Do the data indicate that the cities are significantly different with
respect to the prevalence of smoking among men?

Hero p, = 2/3, p, = 1/2, so that p; — py; = 1/6. On the assumption that the

cities are alike with respect to the prevalence of smoking among men, we have
as our estimate of the common value of p,

_ 850 17
P= 1500 ~ 30’
and the variance of the difference of the proportions for the two samples is

1 1y 17 13/1 1
3 = —_—t = —x——4+—] =0 .
¢ pq(nl +n,) 3030 (600+ 900) 0-000682
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Hence ¢ = 0-026. The observed difference is greater than 6¢, and is therefore
highly sigmficant. Our assumption that the populations are similar is
therefore almost certainly wrong.

Next suppose that simple samples, of », and n, members, are
drawn from populations in which the proportions are p, and p,
respectively (p, > p,). Is it likely that the proportions p; and p, in
the samples will be such that p;—p; < 0; in other words, is the real
difference between the populations likely to be hidden in sampling?
As before, the distribution of p] —p; is approximately normal for
large values of n, and ny; but the mean of the distribution is now
Py —P,, and its variance, being the sum of the variances of p; and

5, 18 given b
reRETEE X o
n, o My

-

€

In order that the sample value of p;— p; should be negative, its
deviation from the mean must be on the negative side, and numeri-
cally greater than p,—p,. If p,—p,> 3¢, the probability of this is
very small. If, however, p, — p, is much less than 2¢, such an event
would not be very unusual. For the particular case in which
P1—DPs = 2€, the probability of the event is in or necar the interval
2-2} %,

Lxample 2. In two large populations there are 35 and 30 9, of fair-haired
people. Is the differcnce likely to be revealed by simple samples of 1,500
and 1,000 respeetively from the two populations?

Hero p, = 0-35 and p, = 0-30, so that p, — p, = 0-05. The variance of the
difference of the proportions in the samples is

(0-35) (0-65) (0-3) (0-7) 3
= 500t 000 - 0000362
s0 that € = 0-:019. The difference p, —p, is about 2-6¢. The probability that
the real diffcrence between the populations will be hidden is approximately
the probability that, for a random value of a normal variate, the deviation
from the mean will be on the negative side and greater than 2-6 times the
8.D. Since this is less than } 9, it is unlikely that the difference will be hidden.

2

47. Poissonian and Lexian sampling. Samples of varying size
Consider next a few modifications of the condition of simple
sampling, beginning with Poisson’s series of trials (cf. §11, Ex. 3).
Suppose that, in drawing a sample of attributes of n members. the
chance of success changes at each drawing. Let p, be the probability
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of success at the ¢th drawing. Then the expected value of the
number of successes in the sample is the sum of the expectations
at the individual drawings; and this is

Xy =np,
where p is the mean of the quantities p;. Also, since the drawings
are independent, the variance €2 of the number of successes in the
sample is the sum of the variances of the numbers of successes at
the separate drawings, so that

€ =3pq;=Xp;—Xp..
If o} is the variance of the quantities p;, we may write this
€% = np —n(p?+03) = npg—no. (4)
Thus the variance of the number of successes is less than when the
probability remains constant and equal to p. Dividing by n? we

have the variance €2 of the proportion of successes in a Poissonian
sample o PI_ o . )
n n

Consider next a Lexian series of trials.* Suppose that, in taking
N simple samples of attributes of n members each, the probability
of success varies from one sample to another. Let p; be the value
in the ith sample (¢ = 1,2, ..., N). We wish to find the s.E. of the
number of successes per sample, when the records of all the samples
are pooled. Let p be the mean value of the probability, so that
Np = 3 p;. Then the expected value of the number of successes in
the whole series of samples is equal to the sum of the expected values
for the individual samples, and this is

X np; = nhp.
Hence the expected value of the number of successes per sample is
np. To find the variance €? of the number of successes per sample,

we observe that the mean square deviation from np in the ith

sample is np,g; + (np; —np)2.

Summing for all the N samples, and equating to Ne?, we have
Net=nZ pgi+n* X (p;—p)>
* Studied by W. Lexis in 1877.



116 Theory of Sampling [v1
Now the last term has the value n2.Vo?, where o2 is the variance of
the quantities p;. In the other sum we may write
Epiti=Zpi—Xpi=Np-N(o;+p°)
= Npg— No?.
Substituting these values in the equation, and dividing by N, we

obtain et =npg+n(n—1)o3, (6)

which is the required variance of the number of successes per sample.
Dividing by n? we have the variance of the proportion of successes
per sample, viz. Pl om—1 ,
€2 = Py +—n—0'p. (7)
Both the variances (6) and (7) are greater than in the case of simple
sampling with constant probability p.

Lastly, we may consider the modification of simple sampling in
which the probability p of success remains constant, but the size n
of the sample varies about a mean @ with variance o2. To find the
variance of the number of successes per sample, we obsecrve first
that the mean number of successes per sample is 7#p. Then, for
samples of size n, the mean square deviation of the number of
successes from np is npg. Consequently the mean square deviation
from the general mean 7p is

npq + (np —7p)>.
The expected value of this mean square is the required variance of
the number of successes, so that

€? = npq + pPol. (8)

We shall make use of this result in a later chapter.

SAMPLING OF VALUES OF A VARIABLE

48. Random and simple sampling

We pass now to the consideration of sampling of values of a
variable and measurable quantity, such as height, age, yield of
grain, etc. Each member of the population of individuals, objects
or experiments provides a value of the variable; and we thus have
a population of values of the variable, and the frequency distribu-
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tion determined by it. In drawing a sample of » members from the
population we are choosing n values of the variable from those of
the distribution.

We have already defined random sampling as sampling in which
each member of the population has the same chance of being chosen.
In the case of a population of discrete values of the variable z, the
value x; may occur f; times. There are then f; members of the popula-
tion each equal to z;. Hence the probability of the value z; in the
selection of an individual by random sampling is f;/N, which is the
relative frequency of that value in the population. Similarly, if the
population of values of x has a continuous distribution with relative
frequency density f(x), the probability that, in the random selection
of an individual, the value of the variable will fall in the interval
dx is f(x)dz. Simple sampling is random sampling with the further
provision that, in the selection of an individual from the population,
the probability of obtainingavalueof the variable within anyspecified
range remains constant throughout the sampling. Inparticular, with
a population of discrete values of the variable, the probability of ob-
taining a specified value x; remains constant during the sampling.
Thus, in simple sampling, the system of probabilities associated with
any drawing is independent of the results of preceding drawings.

A population, whose distribution is continuous, contains an
infinite number of values in any finite interval in the range of the
variable. In drawing a finite random sample from such a population,
the probability associated with any interval remains unchanged,
and the sampling is therefore simple. Thus a finite random sample
from a population whose distributionis continuousis a simplesample.
It is the common practice to refer to such a sample as a ‘random
sample’. If, however, the population contains only a limited number
of values, the sampling will not be simple unless each value selected
is returned to the population before the drawing of the next value.

49. Sampling distributions. Standard errors

The distribution of the variable in the population has its mean,
variance, moments of higher order, partition values, etc., which
are spoken of generally as the parameters of the population. Simi-
larly, each simple sample from the population determines a fre-
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quency distribution of the variable, from which the mean, variance,
etc., of the sample may be calculated. These may be regarded as
estimates of the values of the parameters of the population. Any
such estimate obtained from the sample is called a statistic. More
generally any function of the sample values, used as an estimate of
a parameter of the population, is called a statistic.

When the distribution of the variable x in the population is
known, it is theoretically possible to determine the probability
that the estimate z of any parameter, obtained from a simple sample
of n members, will lie in the interval dz. Let this probability be
denoted by ¢(z) dz. Then the density ¢(z) determines a probability
distribution called the sampling distribution of that statistic for
simple samples of size n. Thus the sampling distribution is a con-
tinuous distribution, determined by the nature of the population
and the size of the sample; and the s.p. of the sampling distribution
is called the standard error (s.E.) of that statistic for samples of n
members. The sampling distribution is often defined as the dis-
tribution of the values of the statistic obtained from an infinite
(or very large) number of simple samples of the given size. This
alternative way of looking at it may be a help to the student. The
two definitions bear the same relation to each other as the a prior:
definition of probability and the empirical definition. The reader
should bear in mind that a sampling distribution is essentially a
probability distribution.

Distributions of statistics, for random samples from a normal
population, will play a prominent part in later chapters. It was
shown in § 22 that the distribution of the means of such samples is
normal; and we know its s.p. In gencral, for normal populations, or
populations whose frequency curves are unimodal and only moder-
ately skew, the sampling distributions of many of the common
statistics approximate to the normal type as » increases indefinitely;
so that, for large samples, they possess the property that the prob-
ability of a sample value of the statistic deviating from its mean by
more than three times its s.E. is very small. This enables us to apply
the test of §45 to statistics obtained from large samples; and the
determination of the s.E. in such cases is a matter of importance.
Tests appropriate to small samples will be considered in Chapter x.
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50. Sampling distribution of the mean

The distribution of the means of random samples of given size,
from a specified population, isa question of considerable importance.
Let the sampled population have mean x and variance o2. We shall
first prove by elementary methods that the sampling distribution
of the mean Z, of random samples of size n, has u for its mean and
a?/n for its variance. We shall then prove more generally how all
the moments of the distribution of the mean may be deduced simply
from those of the population, by means of the properties of the
cumulative function.

Reasoning in terms of a population of discrete values, let the rela-
tive frequency of the value z; in the population be p; (i = 1,2, ..., k).
Then

p=2D:% (9)

and 0 = X pi(x;— ) (10)

In the case of a sample of one member, the distribution of the mean
is clearly the distribution of the variable in the population. For the
single value z, in the sample, associated with probability p,, is the
mean of the sample. The expected value of the mean of the sample
is thercfore
E(z,) = X px; = p.
Consequently the variance of the distribution of the mean of a
sample of one is
E(@s—p)? = Zpi(@;—p)* = 0®
as stated. For a sample of n values z; (j = 1,2,...,n), the mean Z
is given by
Taking the expected value of each member we have
EnZ) = E(X ;) = L E(x;) = T u = np,
so that E@) = p. (11)

Thus the mean of the population is the mean of the sampling distribu-
tion of Z. Further, since the values in the sample are independent,
the sampling variance of their sum, nZ, is the sum of the variances
of the separate values. But each of these values is a sample of one
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member, whose distribution has variance o2 Consequently the
variance of nZ is no?, and its s.D. is o /n. The 8.D. of Z is therefore
o/,/n. This is the required s.E. of the mean.

If the distribution of values in the population is continuous, with
relative frequency density f(x), the relative frequency for the in-
terval dx is f(z)dz; and this is the probability of a random value
coming from that interval. To adapt the above argument we have
only to replace p; by f(z)dz, z; by z, and summation with respect
to ¢ by integration extending over the values in the population.
Thus (9) and (10) become

p = [att)de

and 0% = f(x — 1) f(x)de.

Summation with respect to j remains unaltered, since it extends
only over the n values of the sample.

Example. A sample of 900 members is found to have a mean of 3-4 cm.
Could it be reasonably regarded as a simple sample from a large population,
whose mean is 3-25 cm. and s.p. 2:61 cm.?

The s.E. of the mean of a simple sample of 900 from such a population is
2:61/30 = 0-087 cm. The deviation of the mean of the sample from that of
the population is 0-15 em. This deviation is less than twice the s.E. of the
mean, and is therefore not significant. We conclude that the given sample
might be one drawn from the population specificd.

The various moments of the sampling distribution of Z may be
found very simply* by using the additive property of cumulants,
proved in §16. For, since n% = Y ;, it follows from this property
that the cumulative function of #Z, being the sum of those of the
variates x;, is given by

K(t; nz) = nK(¢; x)
= nK b+ K132+ g t3/31+ ...,

the cumulants «, being those of the population, and the second
argument in brackets denoting the variate whose cumulative
function is indicated. But the rth moment of Z is obtained from that

* Cf. Fisher, 1929, 1, p. 202.
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of n¥ by dividing by »*. Hence the cumulative function of Z is found
by substituting ¢/» for ¢ in the above expansion. The cumulative
function of the distribution of the mean is therefore

Ko 82 Kk 83 Kk, 84
_2_+3 4

K(t;i) = K1t+n 1T 231 ;ﬁz—!-l'....

The rth cumulant for the distribution of the mean of the sample
is thus found from that of the population by dividing by n™-. In
particular, the mean of the distribution of Z is k,, and is therefore
the same as the mean of the population. The variance of Z is a%/n,
and the third moment about the mean of the distribution is g,/n2.

That the sampling distribution of the mean is approximately
normal for large samples, when the population has only moderate
skewness and excess, also follows from the results of §16. For,
gince the rth cumulant of the distribution of the mean is obtained
from that of the population by dividing by n-!, the skewness of the
distribution of the mean is

Ky (n)\%2 1 .
w\) T (skewness of the population).

Similarly, the excess of kurtosis of the distribution of the mean

Kyn® 1 .

=== of lation).

R i (excess of population)
Thus, for large samples from a population of moderate skewness
and excess, the skewness and excess of the distribution of % are
small, and the distribution is approximately normal.

51. Normal population. Fiducial limits for unknown mean

Suppose that the population, from which the random sample of
n values is drawn, is a normal population with mean g and s.p. 0.
Then the sample values are independent normal variates, with the
same mean and 8.D.; and, by the theorem of §22, their mean Z is
normally distributed with mean g and s.p. o/Jn. If we know o2
but not u, there is a range of possible values of # for which the
observed mean % of the sample is not significant at any specified
level of probability. In the sampling distribution of the mean, the
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relative deviation of Z from its expected value is the ratio of Z—p
to the s.E. of Z; and this ratio is (z— ) Jn/o. If then the observed
value T is not significant at the 59, level of probability, this
relative deviation must be less than that which, in a normal dis-
tribution, is exceeded numerically with a probability of 5 %,. Such
a relative deviation is 1:96. Consequently the observed mean Z
will be not significant provided

@=m3n| .96,
g

which requires T—1:960/\Jn < p < T+1-960/n.

The values Z F 1-9607/y/n are called the 95 %, fiducial limits, or con-
fidence limits, for the mean of the population corresponding to the
given sample. They are the limits within which # must lie, in order
that the observed sample mean should not be significant at the
prescribed level of probability.

Similarly, we define the fiducial limits for other levels of prob-
ability. Thus, in a normal distribution, the rclative deviations
which are excceded numerically with probabilities of 2 and 1 9, are
2-33 and 2-58 respectively. Hence the 98 9 fiducial limits for the
mean of the normal population, corresponding to the given sample,
are Z ¥ 2-330/y/n; and the 99 %, fiducial limits are Z ¥ 2-580/\n.

Ezxample. Show that, in the example of the preceding section, if the

population is normal but its mean unknown, the 95 9, fiducial limits for the
mean are 3-23 and 3-57 em., and the 98 9, fiducial limits 3-20 and 3-60 cm.

52. Comparison of the means of two large samples
Given two independent simple samples, of n, and n, members
respectively, we may wish to examine whether the difference of
their means may be accounted for by fluctuations of sampling, the
two samples being regarded as drawn from the same population of
8.D. 0. The s.E.’s of the means of samples of n, and n, members
from this population are o/\/n, and o/,/n, respectively. Hence, on
the assumption that the samples are independent and drawn from
this population, the s.E. € of the difference of their means is given by
€ =o? (—l—+—l—) (12)

Ny My
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The sampling distribution of this difference has zero for its mean,
and is approximately normal if n, and n, are large. Consequently,
if the observed difference of the means exceeds 3¢, it can hardly be
ascribed to fluctuations of sampling; and our assumption that the
samples were drawn from the same population is almost certainly
incorrect. If the difference is greater than 2e, it is regarded as
significant at the 5 9, level of probability. When the variance of the
population is not known, it may be estimated from the combined
sample of n, +n, members, unless the variances of the two samples
are inconsistent with the assumption that they were drawn from
the same population (see § 60 below).

If the two samples are known to have come from different popu-
lations, with variances ¢ and o3 respectively, we can test by a
similar procedure whether the two populations may have the same
mean. The standard errors of the means of samples of », and =,
members from the two populations are o,/\/n, and o,/\/n, respec-
tively; and the s.E. € of their difference is then given by

2

2 g2
oY, o2

€ .
ny Ny

(13)

On the assumption that the two populations have the same mean,
the distribution of the diffcrence of the means of the samples has
zero for its expected value, and is approximately normal for large
samples. We may therefore test the significance of the difference of
the sample means, by comparing it with € in the usual manner. As
before, if the variances of the populations are not known, they may
be estimated from the large samples.

Example. A simple sample of heights of 6,400 Englishmen has a mean of
67-85in.and a s.D. of 2-56in., while a simple sample of heights of 1,600 Austra-
lians has a mean of 68:55 and a s.p. of 2:52 in. Do the data indicate that
Australians are on the average taller than Englishmen?

The s.E. of the mcan of a sample of heights of 6,400 Englishmen is
2:56/80 = 0-032 in., and that of the mean of a sample of heights of 1,600
Australians is 2:52/40 = 0-063 in. The s.E. of the difference of the means is

€ = ,J[(0-032)% + (0-063)] = ,/(0-004993) = 0-07 in.

The observed difference between the means of the samples is 0-70 in., which is
10 times its 8.E. Hence the data are inconsistent with the assumption that
the means of the two populations are equal; and we conclude that Australians
are on the average taller than Englishmen.
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53. Standard error of a partition value

Consider the s.E. of a partition valuc for a large random sample
of » members, drawn from a continuous population in which the
relative frcequency density of the variable is f(x). Let the partition
value be that for which p is the fraction of the frequency lying
above it, and ¢ the fraction below it. Also let x, be the partition
value for the population, and z, + dx,, that for a large sample of n
items. The relative frequency of values above z, in the population
is p. In the sample the relative frequency above x,+ dx, is p, and
above z,, it is p + dp. Thus Jp is the relative frequency in the sample
for the interval dz,. Now for a large sample dx, and dp are small;
and dp is, to within infinitesimals of higher order, the relative
frequency for the interval dx, in the population. Consequently

31) -‘:‘f(xp) &vp = yaxpr
where y is the ordinate at x,, for the frequency curve y = f(x) of
the population. On squaring we have

(0p)? = y*(3x,).
Now y is independent of the sample, and dz,, and Jdp vary about
zero as mean. Hence, on taking expected values of each side,

we obtain 1
E(dx,)? = 375 E(dp)2.

Now E(dz,)? is the variance of the sampling distribution of z,, and
its square root is the s.E. of this partition value. Similarly, E(dp)?
is the variance of the proportion of successes in n trials, with con-
stant probability p that the value of the variable selected will be
greater than x,; and we know that this variance is pg/n. Con-
sequently, on taking the square root of both sides of the above
equation, we obtain the required s.E. € of the partition value* as

_Y/pg_ v [mg
“=yNn f(x,,)A/ " (14)

If the value of y for the population is not given, it may be estimated
from the frequency distribution of the large sample.

* See also Kendall, 1940, 4.
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Animportant case is that in which the distribution of the variable
in the population is normal, with s.p. . The value of p is the arca
under the normal curve to the right of the partition value; and the
table of areas in §21 enables us to read off the value of x,/o. The
table of ordinates for the normal curve in § 20 then gives the corre-
sponding value of oy; and substitution of the values of y, p, gand n
in (14) gives the required s.E. For example, in the case of the median

p=% q=% =z/o=0, oy=023989.

Hence the s.E. of the median, for a large sample of » members from
a normal population, is

Ly L
Lo [EXE 1.251.
0-39589 n N;

This is 259, greater than the s.e. of the mean. For the upper
quartile p = §, the arca from the mean to the quartile is 0-25, giving

/o = 0-6745, oy = 0-3178.
The s.E. of a quartile is therefore

o Ix3 o
(2% 1.3¢-- .
031784 w — 1 it

Example. Prove in the samoe manner that, for large samples of n members
from a normal population of s.p. o,

8.E. of 1st and 9th deciles = 1-71a//n,
8.E. of 2nd and 8th deciles = 1-430/4/n,
s.E. of 3rd and 7th deciles = 1320/ n,
s.E. of 4th and 6th deciles = 1-270/n.
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EXAMPLES VI

1. A biased coin was thrown 400 times, and heads resulted 240
times. Find the s.E. of the proportion of heads in 400 throws; and
deduce that the probability of throwing heads in a single trial
almost certainly lies between 0-53 and 0-67.

2. A random sample of 500 pineapples was taken from a large
consignment, and 65 were found to be bad. Show that the s.E. of
the proportion of bad ones in a sample of this size is 0-015; and deduce
that the percentage of bad pincapples in the consignment almost
certainly lies between 8-5 and 17-5.

3. In a random sample of 800 adults from the population of a
certain large city, 600 are found to have dark hair. In a random
sample of 1,000 adults from the inhabitants of another large city,
700 are dark-haired. Show that the difference of the proportions of
dark-haired people is nearly 2-4 times the s.E. of this difference for
samples of the above sizes.

4. In two large populations there are 30 and 25 %, respectively
of fair-haired people. Is this difference likely to be hidden in sam-
ples of 1,200 and 900 respectively from the two populations? (The
difference, 0-05, in the proportions is more than 2} times the s.x.
of this difference for such samples. Hence it is unlikely that the real
difference will be hidden.)

5. Given that, on the average, 4 %, of insured men of age 65 die
within a year, and that 60 of a particular group of 1,000 such men
died within a year, show that this group cannot be regarded as a
representative sample, seeing that the actual deviation of the
proportion of deaths is more than three times the s.E. of the pro-
portion for samples of this size.

6. Insampling of attributes a sample is drawn containing an even
number » of members. In drawing each of the first }n members the
probability of success is p, and for each of the remaining ones it is
1—p, the drawings being independent. Show that the expected
number of successes is 4n, and the variance of the number of suc-
cesses is npq.
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7. The sampling distribution of a certain statistic is normal,
with mean 2-0 and s.E. 1-5. Show that the probability that a simple
sample will yicld a value of the statistic greater than 5-0 is 0-02275;
and the probability that the value found will lie outside the range
—1-0 to 5-0 is 0-0455.

Also find c if the probability of getting a value of the statistic
greater than ¢ is 0-07. (4ns. ¢ = 4-213.)

8. A normal population has a mean of 0-1 and a 8.p. of 2-1. Find
the probability that the mean of a simple sample of 900 members
will be negative. (4ns. 0-077 nearly.)

9. A sample of 9C0 members is found to have a mean of 3-47 cm.
Can it be reasonably regarded as a simple sample from a large
population with mean 3-23 cm. and s.p. 2-:31 cm.? (Ans. No. The
deviation Z — u is more than three times the s.E. of the mean.)

10. The means of simple samples of 1,000 and 2,000 are 67-5
and 68-0 in. respectively. Can the samples be regarded as drawn
from the same population of s.p. 2:5 in.? (Ans. No. The difference
of the means is more than 5 times the s.E. of the difference, which
is 0-097 in. nearly.)

11. Show that the s.E. of the 8th decile of a simple sample of 900
members drawn from a normal population of s.D. 2:5 cm. is 0-12 cm.
nearly.

12. Prove that the coefficient of correlation between errors in
the partition values corresponding to proportions p and p’ of the
frequency lying above them is, for large samples from a continuous
population, \/(p'q/pq’) in which p> p’. In particular, for the lower
and upper quartiles this coefficient is 1/3. (Cf. Yule and Kendall,
1937, 1, p. 385.)

13. Using the value € = 1-3630°/\/n for the s.E. of the lower (or
upper) quartile in a large sample of n values from a normal popula-
tion of s.p. o, find the s.E. of the semi-interquartile range.

Since the interquartile range is the difference between the upper
and lower quartiles, and the correlation between errors in these
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statistics in a large sample is 1/3 (cf. Ex. 12), the s.E. of the inter-
quartile range is, in virtue of § 32 (46),

V(€ + €2 —Ze?) = 2¢/,/3.
The s.E. of the semi-interquartile range is therefore
€/J3 = 1-36307/|/(3n) = 0-787a/|n.

14. The quantities z; (i = 1,2,...,n) are indcpendent values
chosen at random, one from each of » populations with the same
mean, and with variances o2. Show that the linear estimate of the
common mean, which has the least sampling variance, is that
obtained by weighting the z’s inversely as their variances. Also
prove that this minimum variance is [/ /n, where H is the harmonic
mean of the variances o3. (Cf. Ex. 1v, 5.)

15. From a finite population of N values, with variance o2, a
random sample of n values is drawn without replacements. Show
that the sampling variance of the mean of the sample is

(N —=n)o?n(N-1).

16. Variable Poissonian sampling. The three types of sampling
considered in § 47 are all included in the following. Suppose that, in
the drawing of a Poissonian sample, there are various types of
sampling, each type having its own probability. Let @, be the
probability of the kth type of Poissonian sample, n, the size of a
sample of this type, p;; (j = 1,...,n;), the probabilities of success
at the individual drawings in this type, so that the expected number
of sucesses in such a sample is T, = ‘j‘j Pij- In virtue of §47(4) the

variance of the number of successes per sample in this type is
2 _ = 1 =2 2
€k = Tp— = V= N0ks
My

where o}, is the variance of the p,; for the kth type of sampling. The
expected number of successes per sample when all types are
possible is
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and the variance of the number of successes per sample for all types,
being the mean square deviation of the number of successes per
sample from Z, is given by

€ = % wyle} + (T — Z)*]
1
= Zwk[fk——ii‘nko'?c] +03,
k g
where o2 is the variance of the %, for all types. Hence the general
formula*
1
e =Z+or— Y w, l:— i;’;+nkai:| .
k T

In the particular case, for example, in which all the p,; have a
common value, p, we have

0p =0, Zy=pn, T=pn, 0}=7po,
and the above formula becomes
6 = pi+pton, —pP R wem, = Npg + i,
which is §47 (8).
17. Inacertain population the proportion of members possessing
a given characteristic is p. Prove that, if » may be varied, the

probability of obtaining m such members in a simple sample of n
from the population is greatest when p = m/n.

18. Prove that, in simple sampling from a population, the
expected value of the rth moment of the sample about any fixed
value is equal to the rth moment of the population about that
value.

* Cf. Aitken, 1939, 1, pp. 563-4 and Coolidge, 1925, 2, pp. 66-72.

wMSs 9



CHAPTER VII
STANDARD ERRORS OF STATISTICS

54. Notation. Variances of population and sample

Having already considered the s.E.’s of the mean and the partition
values, we now pass to those of various other statistics. We shall
argue in terms of a population of discrete values z; (+ = 1,2, ..., %),
the relative frequency of the value x; in the population being p,.
The argument covers approximately the case in which the values
of the population are grouped in & classes of small clags interval,
the ¢th class being centred at the value z;, and having a relative
frequency p,. The sum of the relative frequencies of all the other
classes is therefore g;, where as usual p;+¢; = 1. Then, as in §50,
the mean x of the population is given by

k
B= 5P 1
and its variance o2 by

of = TP —p)? = X pai-pt (2)
Consider now a simple sample of » members drawn from this
population. The sample values fall into the same classes as above;
that is to say, the values z; are the same for the sample as for the
population, but the relative frequencies of the classes vary with the
sample, fluctuating about the corresponding values for the popula-
tion. The probability that, in simple sampling, a value drawn will
belong to the sth class is p;. Hence the frequency f; of that class, in
asample of n members, has mean value np,, since this is the expected
value of the number of successes in » independent trials with con-

stant probability p, of success. Thus

E(f;) = np;. (3)
The mean Z of the sample is given by
nZ = 3 fix, (4)

and its variance S2 by
NSt = 3 f (e~ &) = ¥ fia3—nz2, 5)



54, 55] Estimate of Variance 131

We may notice at the outset that the expected value of S2 in
sampling is not o2 but (n—1)c?/n. To prove this we observe that
82, being the variance of the sample, is the second moment of the
sample about g, diminished by (Z — #)2. Thus

§ = S filw—p~ E-p).

Consider the expectation of both members of this equation. In the
first term on the right (x;— u) remains constant during sampling;
and therefore, in virtue of (3), the expected value of this term is

— Z [(;—p)2 E(f)] = X py(x;—p)? = o2

Further, E(Z—p)? is the sampling variance of the mean, and is
therefore equal to o2/n. Substituting these values we obtain

o2 n-1
g2 _ 2
E(S?) =0 - — (6)
as stated above. If then we write
2_ ™ 1
e e D (7)
our result is E(s?) = o2, (8)

We say that s? is an unbiased estimate of 02, because its mean value
in sampling is 2. It is in this sense a better estimate of the popula-
tion variance than 82. Incidentally also it follows from the above
argument that the second moment of the sample, about the mean
of the population, has o2 for its mean value.

55. Standard errors of class frequencies

We have seen that, in simple sampling from the above population,
the probability that a value will fall into the ¢th class of the sample
is p;, and that the frequency f; of this class has mean value np;.
The deviation of this frequency from its mean value will be denoted
by &f;. The s.E. of f; is the square root of the expected value of
(0f;)?; and, since f; is the number of successes in n trials of constant
probability p;, its variance is np;q;. Thus

E(3f,)? = np;q; = np(1 —p;). (9)
9-2
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If p, is unknown, an estimate of its value derived from the sample
is f;/n; and, as an approximation to the above sampling variance,

we have
E(Sf2~f(1—=F;[n). (10)

But this is a fair approximation only if » is large. A better estimate
is obtained by multiplying this expression by n/(n—1). To prove
this we consider the expected value of the second member of (10).
Since E(f?) is the second moment of f; about zero in its sampling
distribution, we have

E(f?%) = sampling variance of f; + [£(f,)]?
= npyg;+ (npy)*.
Consequently
E(f;=[3in) = np;— [p:(1 - p;) +np}]
-1
= (0= 1)p,(1 - p;) = “—— B(of,)".
Hence the formula
B~ 5 /(1 ~fifm) (107

gives a better estimate than (10), since the expected value of the
second member of (10’) is equal to the first member, so that it is an
unbiased estimate of the sampling variance of f;. For a large sample
the factor n/(n — 1) is nearly equal to unity, and (10) gives a suffi-
ciently good estimate.

56. Covariance of the frequencies in different classes

Since the sum of the class frequencies in any sample is constant,
for samples of given size n, it follows that

o =0, (11)

The covariance between the frequencies f; and f; of the ¢th and jth
classes is the covariance, E(df;df;), of their deviations df; and df;
from their mean values np; and np;. The calculation of this co-
variance may be associated with a correlation table in the values
of &f;, and df;. Consider the array in which &f; has a fixed value.
Bearing (11) in mind we assume that, in all the samples for which
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df; has this fixed value, the excess df; produces an equal deficiency
which is distributed among the other class frequencies, on the
average, in proportion to their expected values; that is to say, we
assume that, in the array with constant df;, the average value
of of; is

#=-(;

In calculating the covariance we may, as proved in §33, replace
each value of df; in the array by the mean value Jf; for that array.
Then

Py
? pi) o, (12)

EQfof) = - B (HO0) - - 1P pope

= —np;P; (13)

in virtue of (9). This is the required covariance.

If the values of p, and p; are unknown, an approximation is
obtained by taking them as f;/n and f;/n. The second member of
(13) is then replaced by —f;f;/n. A better estimate, however, is
given by

E(sfﬁfj fiff (14)

This may be shown by determining the expected value of the second
member. Thus, in virtue of § 23 (5),

E(of;0f;) = E(fuf ) — E(f) E(fy),
and therefore, by (13) and (3),

E(f.fy) = n*pips—npip; = n(n—1)p;p,
= — (n—1) E(3f,5)).
Consequently, (14) gives an unbiased estimate of the covariance,
since the expected value of the second member is equal to the co-
variance. In the case of a large sample, the denominator » — 1 may
be treated as n.

57. Standard errors in moments about a fixed value

It is customary to employ Greek symbols for moments of the
population, and the corresponding Italics for those of the sample.
Thus 4, and x4, denote respectively the rth moment of the population
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about the mean, and about some other specified value, while m,
and m, denote the corresponding moments of the sample. For the
rth moment of the sample about = 0 we have

nm, = 3 f;2%.

Hence, owing to deviations df; of the class frequencies from their
mean values np;, we have a deviation dm, of the rth moment from

its mean value, given by
nom, = Y, 2;8f;.

On squaring both sides we obtain

n2(0m,)? = X2y (8f,)* + X' 2 8f, 8,
¥

where 3}’ denotes summation over all integral values of ¢ and j from
i,
1 to k, except those for which ¢ = j. Taking expected values of both

members of this equation we deduce, since the values z; are the
same for each sample,

B (Om)? = Rainpi(l—p;) - X aiainp,py
Consequently, on dividing by n and rearranging,
nE(om,)? = X p;af — X piad — %j’pipj X3 s
= or = (TP = par— ()%,

the moments uq, and x4, being those of the population. Hence the
required formula

’ l 14 ’
E(6m,)? = n (/‘Zr'—.urz)' (15)
If, however, on taking expected values as above we use the estimates

(10’) and (14), we obtain the unbiased estimate of the sampling
variance of m,,

1
E@m;)~ —— (my—m?) (16)

in terms of the moments of the sample.
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Since the mean of a distribution is the first moment about 2 = 0,
we may deduce the variance of the mean of a sample of n members
by putting 7 = 1 in the above. Thus (15) becomes

1 o?

F)2 = = (4 — 42) = —
E@dz)? = (na~p*) =, (17

and (16) gives, in terms of sample moments,
E(0%) L 18
(02)* ~ g (my = B%) = 5 =, (18)

in agreement with (8).

58. Covariance of moments of different orders about a fixed value

The calculation of the covariance of the ¢th and rth moments of
the sample about the fixed value = 0 is similar to the above. With
the same notation we have

nm; = Zfixg’ nm; = Efixi’
and therefore  ndmy = X afdf;, nom; = X 2} 6f,.
On multiplying corresponding sides of these equations we obtain
n2omgom, = ¥ ai™(0f;)* + X' wdaj of of;.
i Wi
Now take the expected value of each member of the equation.
Then, in virtue of (9) and (13),
n2E(dm)om]) = % 2 np,(1—p,) - Z; xixinp,;p;,
and consequently, on dividing by n and rearranging,
nB(8my dmy) = Z piadtT— 2 piadtr— iZj' Pip; 2]}
* 1 »
= fgtr— (s 2{) (Z0;%5) = pger— Mol
1
Hence the required formula
’ ’ 1 ’ ’ ’
E(amqgmr) = ﬁ(:u’q-}-r_:u'q”‘r) (19)

in terms of the moments of the population. If, however, on taking
expected values as above, we use the approximations (10’) and (14),
we obtain the unbiased estimate
’ ’ 1 ’ ’ ’
E(dmgém,) ~ 1 (Mg p—mgmy) (20)
in terms of moments of the sample.
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59. Standard errors of the variance and the standard deviation
of a large sample
The mean of a sample changes with the sample. Hence we cannot
use (15) to obtain the sampling variance of the second moment
about the mean of the sample. In the case of large samples we may
obtain the required result as follows. The variance m, of the sample
is connected with the second moment m; about x = 0 by the usual

relation
My = My— T2

Conscquently om, = dmy— 2707,
and therefore, on squaring,

(8my)? = (3my)? — 4Z 6T 6m + 472(6%)?, (i)
where 0% = ,'-17;2 x,0f;, Omgy= %Zx% o (ii)

Suppose now that the origin of z is taken to coincide with the mean
of the population. Then Z becomes identical with %, for it is now the
deviation of the mean of the sample from the mean of the popula-
tion. If we take expected values of both members of (i) we may
show that, when 7 is large, the contributions of the second and third
terms on the right are small compared with that of the first term.
By (15), since the origin is now the mean of the population, the
expected value of (0mg)? is (p,— pu3)/n. Also Z2(0Z)? is (87)%, and its
expected value is of the order 1/»2 in virtue of (17). Similarly,
Z 0T Omy is (0Z)2 dmy, and its expected value is of the order 1/232, in
virtue of (156) and (17). If then » is large, the expectation of the
first term on the right of (i) is large compared with those of the
second and third terms, and we have the approximate formula*

Eomy) = (44~ ). (21)

* Fisher has shown that, for samples of any size, the exact sampling
variance of 8% (the unbiased estimate of population variance) is

(e —3u3)n+2u3/(n—~1) (Fisher, 1929, 1, p. 206).

For a normal population this expression has the value 20%/(n —1).
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The s.E. of the variance of the sample is the square root of this
quantity. In the particular case of a normal population, with s.p. o,
we have u, = 30 and p, = 02; so that, for large samples from a

1 lati
normal population, E(m,)? = 20%/n. (22)

From (21) may be deduced the s.E. of the s.D. of large samples.
For the variance of the sample we have, with the above notation,
my = S2, and therefore

2 omy = 2868.

For large samples the factor § may be taken as equal to the popula-
tion parameter o, 08 being small. Hence on squaring, and taking
expected values of both members, we have

E(0m,)? = 402E(88)?,
and therefore, in virtue of (21),

Q\2 _ Py _:u’g
E(08)* = Pt (23)
In the case of large samples from a normal population this is simply
02
2 2
B@Sr =1, (24)
and the s.E. of the 8.D. is, in this case, o/,/(2n).

60. Comparison of the standard deviations of two large samples

For two independent large samples of n, and n, members from
the same population, the variance €? of the difference of their
standard deviations, being the sum of the variances of their standard
deviations, is in virtue of (23),

ea__./fi:fig(l.;. 1)

—1. 25
4, \ny my (25)

In particular, if the population is normal, this equation takes the
simple form 11
2 _ 12— 4

e=1lco (n1+n2)' (26)

The expected value of the difference of the s.p.’s of two such

samples is zero. Hence, by comparing the actual difference S, — S,
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with the S.E. ¢, we may test in the usual manner the credibility of
the hypothesis that the samples were drawn from the same popula-
tion.

For two large simple samples from different populations, whose
moments are u,, 1, and ji,, &, respectively, the s.E. of the difference
of their standard deviations is given by

Py — M2 M3 | Ba— ,“2
=" = (27)
damy - 4figmy
And in particular, if the populations are normal with standard
deviations o, and o, respectively,
o? o}
2= 1472 28
¢ 2n1+2n2 (28)

Ezxample. The s.p. of a simplo sample of 2,000 members is 5-9 years, and
that of an independent sample of 2,500 membeors is 6-1 years. May the
samples be reasonably regarded as from the same normal population?

On the hypothesis that they are from the same normal population, an
approximate value for its s.D. is 6 years, and the s.E. of the difference of the
standard deviations of samples of the above sizes is, by (26),

€ = 6/(g590 + 5000) = 6(0-0212) = 0-127 year.

The actual difference of 0-2 year is less than 1-6¢, and is therefore not signi-
ficant at the 5 9, level of probability. There is thus no rcal evidence against
the hypothesis.

SAMPLING FROM A BIVARIATE POPULATION

61. Sampling covariance of the means of the variables

Suppose now that the population is bivariate, with p, as relative
frequency of the pair of values (z;,y;), or of the class with centre
at that point. The means of « and y in the population are then

#= %:pixi’ w = jl:dpiyi’
and the moments of orders g and r in # and y respectively are
Har = DDEYS Mgr= TPy~ ) (Y~ 1Y,
the first about the point (0,0), and the second about the mean of

the population. In particular u, , is the covariance of z and y in
the population.
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In a simple sample of » pairs of values, let f; be the frequency of
the tth class. Then the values of the moments of the sample are
given by

nm;,r = Zfixgyg’ nmg , = zfi(xi — )t (yi - 37)':
the covariance of x and y in the sample being m, ;. The argument
of §§ 55 and 56 still holds, and the formulae

E(0f;)2 = np;(1—p,), E(f;0f)) = —np;P;
are still valid.

Corresponding to (17) we may now prove that the covariance of
the means %, §, in samples from a bivariate population, is s, 4/n. For

nT = 3 f;x;,, Y= X[y

Hence the deviations 67, 67 from u, u’ respectively, and the devia-
tions df; from their mean values np;, are connected by

ndZ = Yz, 0f, ndy= Y vy,0f,

and therefore on multiplication
n?oz oy = 2“4 x;y:(0f:) + Zj’ ;Y 0f; 0f;.
Taking the expected value of each member we deduce
n?E(0z0y) = ; zY;npy(1 —py) — 121, T Y NP Py
and therefore '
nk(8zZ0y) = ?Pixi?/t" (Zpix) (X595
1 )
= M=M=
Hence the required result
E(670y) = py,z/n. (29)

From this it follows immediately that the coefficient of correlation
between Z and 7 is equal to the correlation p between x and y in the
population. For the correlation between Z and 7 is

covariance of Zand y My,1/m M
(s.E.of Z) (3.E. of §) ~ (0y/\/n) (0y/\/n) o105 P

o? and o3 being the variances of  and y in the population.
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We may also prove that the expected value of the covariance of
x and y in the sample is given by

E(my,y) = Zl*—ll‘x. (30)
which corresponds to (6). For, by the known relation, §23 (5),
my1 = uft(w B Yi—p) = E-p) G-1)
Taking the expected value of each member we have, in virtue of (29),
E(ny2) =+ 3= 1) (=) BU) = i

= X Pz =) Y= 1) = %/‘1,1

1
= l — —) /‘
as required. ( n) "

62. Variance and covariance of moments about a fixed point
The moment of the sample about the fixed point (0, 0), of order
¢ in z and 7 in y, is given by

nmy , = x, yifi
and therefore, with the usual notatlon,
nomg, = ; x5 of ;.
Squaringboth sides,and takingexpected valuesasin§57, we deduce

n2E(dm, ,)? = Zx*’ﬁ’np‘(l p;)— X @ yix] yinp,
1,7
= nﬂzq,zr npg X
and therefore o

’ l ’ /7
E(&"’Lq,r)2 = ;’I(ﬂ’zq,zr'—:uq%r (31)

in terms of the moments of the population. This is the sampling
variance of m/ ,. If, in taking expected values, we use the approxi-
mations (10’) and (14), we obtain the unbiased estimate

1 w
E(0mg, )2~ ——7 (Mag 0r = Mayr) (32)

in terms of the moments of the sample.



62-64| s.z. of Covariance 141

Similarly, we may find the sampling covariance of the moments
my,, and my ; about (0,0), by multiplying together the expressions
for émy , and dmy, and taking expected values of both sides. Pro-
ceeding as above we obtain the result

7 ’ 1 ’ ’ 7
E(amq, r 8ma,t) = n (/"q+s, r+t — Mg, r/‘s,l)' (33)

In particular by putting r =s =0 and ¢ =¢ =1, and observing
that u; o = u, o, = 4, we find again the covariance of the means

N n 1
E(8z0y) = ,;i(:u’l,l_/l‘ﬂ ) = :I‘zﬂl,l‘

As in other cases we may deduce the unbiased estimate corre-
sponding to (33), with sample moments and denominator n— 1.

63. Standard error of the covariance of a large sample
By argument similar to that of §59 we may find the s.E. of the
covariance of a large sample from a bivariate population. For, with
the usual notation, since
my,y =My, — 7Y,
we have om, , = dm; , —§0Z -z 0y.

If now we take the origin at the mean of the population, Z becomes
identical with 6z and 7 with 67. Consequently, if we retain only the
principal terms we have, on squaring the last equation and taking

expected values,
E(om,y,1)* = E(0m;,4)?

and, since the origin is at the mecan of the population, this is, in
virtue of (31),

1
E(6m, ;) = %(/‘2,2‘/‘%, 1) (34)
giving the square of the s.E. of the covariance of the sample.

64. Standard error of the coefficient of correlation
The s.E. of the coefficient of correlation, r, for large samples of
n pairs from a bivariate population, may be found as follows.*

* Cf. Bowley, 1920, 2, pp. 422-3.
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Omitting the comma between the two subscripts in the moment
syrmbols we have, by the usual formula,

7 = My /y(Mygmeg),

and therefore, by logarithmic differentiation,

Or _Omy 10my, 1dmg,
r omy 2myy 2 mgy

(®)

If the origin is taken at the mean of the population, so that Z and
g are identical with 0z and 07, and we retain only small quantities
of the first order, we find as in the preceding section

, 1
dmyy = Omyy = ;ngi?/iafr
Similarly, from the relations
Myy = My — T, Moy = Mg — Y,

we find, on retaining only the principal terms,

P SR
Omgy = dmgy = n > 22df;,

, 1
Omgy = dmgy = n Y yiof;.

Now substitute these values in (i). Then, since = is large and we are
retaining only small quantities of the first order, we may replace
the denominators in (i) by the moments and correlation coefficient
p for the population. Thus

N L YL

B P Zpgg 2pge) M

=2 F(xu yt) 8fz/n
where F(z;,1,) denotes the expression in brackets. Squaring both
sides we have

(5) = S PGy 0+ s B Pl ) Fie ) .8
p) T4 0 Yi) 05 ”_2i,1 (@4, y:) F (25, 95) Of: Of s

and therefore, on taking expected values,
2
By =~ [2‘. Fx;,y,) pi(1—p;) - 2' F(,y;) F(;, y;)pfpf]

=L [2 F(z,,y,)p; {Z F(z,, yt)pi} ]
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Now the second sum on the right is equal to zero. For
« _ Y

Fx, . = (%——————-) =1— —_— =0.
z ( (3 y’t)pi E R 2‘“120 2,1'02 p’i % %

On substituting the value of F%(z,,y;) we deduce the sampling
variance of r in the form

P [ Hae | Mao | Mo Ha1 M3 Koz ]
Er)2="—| 22420 - - + . (36
(@) nlpd 4ude 44Bs Mool PozBu 2Msolloz )

This result assumes a very simple form in the case of a bivariate
normal population. The parameter values are then

Pog = (L+20%) 0303, pyy = poi0y,  fgg = 03, Hop = 03,
Pao =301, fog = 308, pgy = 3p030,, 5 = 3poy03,

and on substituting these values we obtain

1
E(ér)? = - (I—p?)2

—n2
Consequently S.E.of r = 1 \/: . (36)

These formulae hold for large values of n. Their application,
however, is limited by the fact that the sampling distribution of »
is not even approximately normal when r is fairly large. The s.E.
test for r should therefore be applied only for large samples and
moderate values of . A much more useful test, which is applicable
to small or large samples, will be considered in Chapter x.
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EXAMPLES VII

1. In a sample of 10,000 from a normal population the s.D. is
2:52 cm. Show that the s.E. of this quantity is 0-018 cm. nearly, and
hence that the s.p. of the population almost certainly lies between
2-46 and 2-58 cm.

2. Arandom sample of 6,400 members from a certain population
has a s.p. of 6:80 years, and a fourth moment of 3298 yr.4 Show that
three times the s.E. of the s.p. is 0-094 nearly, and hence that the
s.D. of the population almost certainly lies between 6-7 and 6-9 years.

3. The s.p. of a random sample of 1,000 members is 5-9 years,
and that of an independent sample of 900 members is 61 years.
Show that the samples may reasonably be regarded as drawn from
equally variable normal populations, since the difference of their
standard deviations is very little greater than its s.E.

4. Standard error of the coefficient of variation. By definition this
coefficient is V = S/Z = \/m,/Z. Logarithmic differentiation gives

oV _ om, o

V 2m, Z

Squaring both sides and taking expected values show that, for
large samples

2
E@V)? = V2 [/ié___'“?_*.ﬁl :l— E(Bi&mz):l .

dnp?  nxT: Ty,

It can be shown that, for samples from a normal population,
E(8zdmy) = 0. Show that in this case the above result leads to

s.E. of V = VJ[(1+2V?)/2n].

5. Standard error of a moment about the mean of a large sample.’
Proceeding as in § 59 we have

nm, = 3 (z,—%)f;
= Xalfi-@Z i+,

dm, = Omg—qoTmy_y —qxdmy_ 1+ ...

and therefore
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If the origin is taken at the mean of the population, Z becomes
identical with 6Z; and, as we need retain only the terms of lowest
order, we neglect those after the first two. On squaring we may
write the result

(8my)? = (6mg)® + g4 1(8%)? — 2q G, 0% Omy,

and on taking expected values of both sides we obtain, in virtue
of (15) and (19), the origin being the mean of the population,

1
B(0mg)? = — (g — Mg+ 4110 = 2qMg41/tg-1)-

The square root of this quantity is the s.E. of m,,.

6. Deduce that, for large samples from a normal population of
8.D.0, thes.u.’s of mgand m, are 03 ,/(6/n) and 04,/(96/n) respectively.

7. A random sample of 3,600 pairs of values from a bivariate
normal population showed a correlation coefficient of 0-45. Find
limits to the correlation in the population.

Since the sample is large we may take 0-45 as an approximate
value for p. The s.E. of r is then (1—0-2025)/60 = 0-0133, so that
3¢ = 0-04 nearly. The cocfficient of correlation in the population
almost certainly lies between 0-41 and 0-49.

8. A random sample of 2,500 pairs of values from a bivariate
normal population showed a correlation of 0-1. Is this really signifi-
cant of correlation in the population?

On the assumption that the population is uncorrelated we have
the s.E. of r = 1/50 = 0-02. The actual value is 6 times this s.E.,
and is therefore significant.

Show that the above correlation of 0-1 would not be significant
in a sample of less than 400 pairs.

9. By means of the result of Examples vi, 18 (p. 129) deduce*
the formulae (15) of §57 and (19) of §58.

* Cf. Kendall, 1943, 2, pp. 205-6,

WMS Io



CHAPTER VIII
BETA AND GAMMA DISTRIBUTIONS

65. Beta and Gamma Functions

For the benefit of the student who is not familiar with them, we
shall first prove the elementary properties of the Beta and Gamma
functions. The integral

I'(n) = f : e~Txnldy (1)

converges if n is positive. It is a function of n called the Gamma
Function. Clearly

Ira) = f:e~“dx = 1. (2)

Also, if n—1 is positive, we have on integration by parts

ro = [ ~esart |7+ [T nyerteeas
0 0

so that I'm)=mn-1)I"(n-1). (3)

Hence, if » is a positive integer, ,

I'n)=m-1)(n—2)...2.1.1(1) = (n—1)1. (4)

On account of the property expressed by (3) and (4), I'(n) is ofterr
denoted by (n—1)! whether » is integral or not. Also, on writing
22 in place of z in (1), we have the alternative formula

I'(n) = 2f:w2"'1 exp (—x?)dr. (5)

And, by an obvious substitution, it is easily verified that, if a is
positive,

fm e—axyn-liy — q-n P(n) (6)
0
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The integral X
B(m,n) = f ™Y1 —z)"1dx (7)
0

also converges if m and n are positive. It is a function of m and n
called the Beta Function. That it is symmetrical in m and » is
easily shown by the substitution z = 1 —z. Then (7) becomes

B(m,n) = f olz”"l(l —2z)"1dz = B(n,m).

Further, on substituting = sin28 in (7) we obtain

B(m,n) = 2 f hsinz’"“lﬁ cos*n—10d0, (8)
and therefore in particular ’
By =2 a0-n, Q
while from (7) it is obvious that ’
B(1,1) = 1. (10)

Lastly the substitution z = 1/(1+y) in (7) leads to an important
alternative definition, viz.
L) n—1.
_ y oy
B(m:n) - 0 (1 +y)m+n!
and in this integral m and n may be interchanged, in virtue of the
symmetry of the function.
Example. Show that
B(m,n) =

(11)

1 gm—14 gn-1
o Wi amen
- This may be deduced from (11) by dividing the range of integration into two
parts, 0 to 1 and 1 to oo, and putting y = 1/ in the integration over the
second part.
66. Relation between the two functions

That the Beta and Gamma functions are connected by the relation
I'(m) I'(n)

B(m,n) = I'(m+mn)

(12)

may be proved as follows. Consider the integrals

I, = 2fax2"'"‘ exp(—a*)dz, I,= 2fay2"“‘ exp (—y*%)dy,
0 0

10-2
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whose limiting values as a tends to infinity are I'(m) and I'(n)
respectively, in virtue of (5). Then

a a
L1, = 4f dx f exp (—a?—y?) a?n-lyin-1dy,
o Jo
or, on changing to polar coordinates,
LI = 4erxp (—172) r¥mt2n—1 cog?m-1( gin?*—1 G dr d0,

the integration extending over the square 04 CB (sec Fig. 4, p. 66).
Since the integrand is positive, this integral is intermediate in value
between the integrals of the same function extended over the
quadrant OA B, of radius a, and the quadrant OPQ, of radius a /2.
Hence I, ], lies in value between

b1 a
4 j cos?m-10 sin?*-16d0 f exp (—r?) rim+2n-1dy
0 0

and the corresponding integral with 0 and a,/2 as the limits for r.
But, as a tends to infinity, each of these integrals tends to the limit
B(m,n) I'(m +n), while I; and I, tend to the limits I'(m) and I'(n)
respectively. Consequently
B(m,n)I'(m+n) = I'(m) I'(n)

as stated in (12).

Putting m = n = } in this result we have, in virtue of (2) and (9),

7= I} TQ).

Consequently I'}) =7 (13)

0 e'—-’b'
or on r/—g;dx = .

By writing 22 in place of x in this integral, or by putting » = } in
(8), we deduce

fwexp(—xz)dx = }./m. (14)
0

Example 1. Show that, if m is a positive integer,

2m—12m—-3

I’'m+4%) = 3 ——2——§Jﬂ.
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Ezxample 2. Show that, if m and n are positive integers,

(m—1)1(n—1)!

Blm,n) = —

In particular, B(1,n) = 1/n.
Example 3. Show that
B(m+1,n)/B(m,n) = m/(m+n)
and B(m+2,n)/B(m,n) = m(m+1)/(m+n)(m+n+1),
Example 4. Show that
B(m+2,n—2)/B(m,n) = m(m+1)/(n—1)(n—-2).
Example 5. Show that

a
fo (a—z)m-1zgn-1dx = amt"-! B(m,n).

67. Gamma distribution and Gamma variates

In virtue of (1) a continuous variable z, which is distributed
with probability density

e~zx-1 5

P(x) = T (15)

throughout the range 0 to oo, is called a Gamma variate with para-
meter [; and its distribution is a Gamma distribution.* The factor
1/I'(l) ensures that the integral of ¢(x) over the whole range of
values of  is unity. The reader should sketch the probability curve
y = ¢(x) for the distribution. He will find that it is asymptotic to
the z-axis and that,if [>1,it hasamodeat x = -1, If [ > 2it also
touches the z-axis at the origin; while, if 1 <1< 2, it is tangent to the
y-axis at that point. If, however, 0 <l< 1, the curve is asymptotic
to both axes.
The expected value of the variate in the distribution is given by
© g~Tyt Iri+1)

B@) = | o =g =" (16)

The second moment about x = 0 is similarly

= f :x2¢(x) de = T(I+2)/T(0) = (I +1).

* This belongs to Karl Pearson’sTypeIII. See Kendall, 1943, 2, pp. 137-43.
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Hence the variance is given by
o?=(l+1)-12 =1L (17)
Example. Show that the th moment about z = 0 is
wo=1+ 1) (I+2)...G+r=1),
and deduce that the third moment about the mean is 2I.

An important example of a Gamma variate is associated with the
normal distribution. If z is normally distributed with mean a and
8.D. 0, the probability that a random value of the variate will fall
in the interval dz is

dP = ——l—exp [— (x—a)?/20%] dx. (18)

o A/(2m)
Let u be defined by
T u=ie—ape,

so that, as z varies from —ooto + oo, u varies from + 00 to 0 and then
from 0 to +00. For values of x between a¢ and + o0,

z—a = 0,/(2u)

and dz = odu/(2u),
—uy b—1

so that ap =* tutldu

2ym

But the probability that » falls in the interval du is double this,
since there is an equal probability that « will fall in this interval
when z lies between —oco and a. Consequently the probability

differential for the variate u is
g _ 0t
P= ey
so that u is a Gamma variate with parameter 3. We may therefore
state

TreOREM L. If 2 ¢s normally distributed with mean a and standard
deviation o, then }(x —a)?/o? is a Gamma variate with parameter .

A Gamma variate with parameter [ may be referred to briefly as
a y(l) variate, the symbol being used adjectively.*

* The objection to describing it as a I'(l) variate is the additional meaning
thus given to the symbol I'(l).
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68. Sum of independent Gamma variates

The moments of the Gamma distribution, and the distribution
of the sum of independent Gamma variates, may be deduced from

the moment generating function. The m.g.f. of a y(l) variate with
respect to the origin is given by

0 etxe—xxl—l 0 e—(l—t)le—l 1
(t)=Jo T "”fo I ™= oy
= (=t (¢ <), (19)

and the cumulative function is therefore

K(t) = —llog (1—1t)
=1+ 822+ 833+ 144 +...). (20)

Thus the mean of the distribution is I, and the variance also [,
while the other cumulants are

kg =21l, k=3, .., k.=(@r-1)I. (21)

Suppose now that x and y are independent Gamma variates with
parameters [ and m respectively. Then the m.g.f. of their sum, being
equal to the product of their m.g.f.’s, is (1 —¢)~¢+™, But this is the
m.g.f. of a y(l +m) variate. We thus have

THEOREM II. The sum of two independent Gamma variates, with
parameters I and m, is a Gamma variate with parameter I +m.

The converse of this theorem is almost equally important. It
may be stated:

TrEOREM III. If the sum of two independent positive variates is a
Gamma variate with parameter 1+m, and one of them is a Gamma
variate with parameter 1, then the other is a Gamma variate with
parameter m.

For, if M(t) denotes the m.g.f. of the last variate, we have, on

equating the m.g.f. of the sum to the product of those of its com-
ponents,
(1 =8)¢m = (1-1)~ M(t),

whence M@t)=(1-¢t)™m,

and the second component is therefore a y(m) variate.
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On account of the importance of these theorems we shall prove
Theorem II from first principles. Let 2 and y be independent y(l)
and y(m) variates, and let z = 2 +y. Suppose first that y has a fixed
value in the interval dy. Then dz = dx. The probability that arandom
value of 2 will fall in the interval dx is

dp = e22-1dz/I(1),
and therefore the probability that, for a given value of y, z will lie
in the interval dz is
dp = eV (z—y)-tdz/T'(l).
But the chance that  will have a value in the interval dy is
dp' = e vym-1dy/I'(m).

The probability that simultaneously z will lie in the interval dz
and y in the interval dy is the product dpdp’. By integration we
then have the probability that, for any value of y, z will lie in the
interval dz as

dP = _cjdz z(~ )1—11 m-1J,
TOImy ), 9 v
To evaluate the integral put y = 2¢, so that dy = zdt. Since z is the
sum of the positive variates « and y, it is never less than y, so that

¢ lies within the range 0 to 1. Consequently
~2yl+m—~1
ap=22" d’f (1 — )1 ¢m14y

B(l m) ~ e~Hm-1dy
= ['(l)F( )e Zpltm—1 .y — ]’(l+7ﬁ")_’
and z is therefore a y(l +m) variate as stated.

Repeated application of this theorem shows that the sum of n
independent Gamma variates with parameters m; (2 = 1,2, ...,n) is
a Gamma variate with parameter 3 m;. In particular, in virtue of
Theorem I, we may state

TrEOREM IV. If »; (¢ =1,2,...,n) are n independent variates,
normally distributed about a common mean zero with standard devia-
tions o;, and x% = Y, x%/0?, then }x? is a Gamma variate with para-

13

meter 4n.
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69. Beta distribution of the first kind

In virtue of the first definition, (7), of the Beta function we shall
say that a continuous variate z, which is distributed with prob-
ability density o) = (1 — gyt

- B(m)

throughout the range of values 0 to 1, is a Beta variate of the first
kind with parameters I and m; and its distribution is a Beta distribu-
tton of the first kind.* Such a variate may be referred to briefly as a
B, m) variate. The reader should sketch the probability curve for

the distribution, distinguishing the diffcrent cases. He will find that,
if I and m are each greater than 1, there is a modal value
(I-1)/(l+m=2).
If I > 2 the curve touches the z-axis at the origin; while, if 1 <l <2,
it is tangent to the y-axis at that point. If, however, 0 <l<1, the
curve is asymptotic to the y-axis. Similar remarks hold for the
shape of the curve near z = 1, according to the value of m.
The mean value of x is given by

(22)

1 — \m—1
The second moment p; about x = 0 is similarly
,  B(l+2,m) I(1+1)
B2=7Bm)y T m)(tm+1)
From these it follows that the variance is
0 Im (24)

= UrmeEemL D)’
Corresponding to Theorem II there is a fundamental theorcm
which may be stated:
TuroreM V. If z and y are independent Gamma variates with
parameters I and m respectively, the quotient x/(x +vy) is a Beta variate
of the first kind with parameters | and m.

This may be proved from first principles. If we write
2= —f—, then =z = -2~ ,
z+y 1-2

* This belongs to Karl Pearson’s Type I.
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and since z and y are both positive, the range of z is from 0 to 1.
Suppose first that y has a fixed value in the interval dy. Then
dx = ydz/(1-2)2

The probability that, for this value of y, # will lie in the interval dx
and therefore z in the interval dz is

e lde 1 [ yz \? yz \ ydz
-y i) eXP("'T:E)(l—zP'
But the chance that y will have a value in the interval dy is
,_evymldy
P = —Fm)
The probability that simultaneously z will lie in the interval dz and

yinthe interval dy is the product dpdp’. By integration we then find
the probability that, for any value of y, z will lie in the interval dz as

2-1dz ® Y
= o +m—1 —_
rwtm =], ¢ e (1) 4
To evaluate the integral put y = (1 —z)¢. Then the limits for ¢ are
0 and oo, and we obtain

2N 1—2)m 1Tl +m)dz  2-1(1—-2)"1dz
(1) I'(m) - B(,m)
showing that z is a f,(I,m) variate as stated.
We may remark in passing that, if z is a f,(I,m) variate and
v = 1—2, then vis a f,(m,l) variate. For the range of v is also from
0to 1, and |dv| = | dz|. Expressing the probability differential for
2 in terms of v and dv, we obtain

dP = vm1(1—v)-1dv/B(l,m),
which shows that v is a f,(m, ) variate. And the reader will observe

that d P depends on the magnitude | dv | of the interval dv, but not
upon the sign of dv/dz.

apP

dP =

70. Alternative proof of theorems

A combined proof of Theorems II and V may be given more
simply as follows.* As before let  and y be independent y(l) and

* This proof is given by Sawkins, 1940, 3, p. 212.
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v(m) variates respectively. Then the probability that a random
value of  will fall in the interval dx and, at the same time, a random
value of y will fall in the interval dy is

dP e~ @tugl=-lym=1dxdy,

Now introduce the new variables
u=z+y, v==z/z+ty)
so that z=uv, y=u(l-v).

Then as x and y range from 0 to co, u ranges from 0 to co and v from
0 to 1. Also

(2, y)
o(u, )

From the above expression for the probability differential dP it
follows that the probability density in the joint distribution of

z and y is
e—z—uxl—lym—l _ e—uul+m—21)l—l(1 —p)m-1
T\ Tm) ~ () I'(m) )

But the area of the element of the xy-plane bounded by the curves
along which » has the values 4 and u+ du respectively, and those
along which v has the values v and v+dv is

oz, y)

3, ) dudv = ududv.

Hence the probability that, in a random selection of z and y, the
representative point (z,y) will fall in this element of arca is

etuttm-1dy =11 —v)m-1dy

P="firm ' BGm) (25)

Since this is the probability that simultaneously « will fall in the
interval du and v in the interval dv it follows that these variates
are independent, and that u is a y(l+m) variate and v a f,(l,m)
variate, as stated in the above theorems.
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71. Product of a B$,(, m) variate and a y(I +m) variate

We may now prove an important property, suggested by Theorem
V, which may be stated:

THEOREM VI. The product of a f,(l, m) variate and an independent
v(I+m) variate is a y(l) variate.

Let v be the f,(l, m) variate and u the y(l+m) variate, and let
z = uv. The probability differential for v is

vl —v)m1dw

_ —av 26
dp Bim) (26)
Hence, for a fixed value of  in the interval du, the probability that

z will fall in the interval dz is

1 [z\F? z\™1dz
=gl (-3 o

Multiply this by the probability that a random value of u will fall
in the interval du, and integrate over the range of u from z to oo
(since z<u). Thus we have the probability that, for any value of
u, z will lie in the interval dz as

_ z"‘dzf 0 w1 _z_)’"“ld_u
P=gimiaim), ) w
d-1dz [

= e~ ¥(u—z)m1du.

URACONE
To evaluate the integral put u —z = z¢. Then ¢ ranges from 0 to o,
and we have for the probability differential of z,
e ldz [ e~ 1dz
e | el d =
I'(l) I'(m) ] o 1'Q)

Consequently z is a y(l) variate as stated.

dP =

72. Beta distribution of the second kind

In agreement with the alternative definition of B(m,n) contained
in (11) we may define a Beta variate of the second kind, with positive
parameterslandm,as a continuous variate x whichisdistributed with
probability density 21

) = BEm) ey

throughout therange z = 0 tox = co. Such a variate may be referred
to briefly as a f,(l, m) variate. Its distribution is a Beta distribution

(27)
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of the second kind.* It is important to remember that, while the
values of a Beta variate of the first kind are from 0 to 1, those of a
Beta variate of the second kind are from 0 to co. The reader should
sketch the different forms of the probability curve for the latter
distribution. He will observe a considerable resemblance to the
case of a Gamma distribution. If I > 1 there is a mode at

z = (I—1)/(m+]1). (28)

The curve is asymptotic to the z-axis; and, if I > 2, it touches this

axis also at the origin. If 1<1<2 the curve touches the y-axis at

the origin; and if 0 </< 1 the curve is asymptotic to both axes.
When m > 1 the mean value of the variate is given by

B0 = s rer i w1
Also, if m > 2, the second moment about x = 0 is
, dHide  B(l+2,m—2) I(l+1)
"= B, m)fo Ltz = Bll,m)  (m—1)(m-2)
Consequently the variance is
ot I{l+1) B __l+m-1) . (30)

Tm=-1)(m—=2) (m—12 (m—1)2(m—2)

We may observe that, if « is a Beta variate of the second kind,
its reciprocal is a variate of the same kind with parameters inter-
changed. For, if z is a f,(I,m) variate, its probability density is
given by (27). If then we put « = 1/y, we have |dx| = |dy|/y%
and therefore, since y lies in the interval dy when x lies in the
interval dx, the probability of this is

gp < AWdyly?) g™y
B(l,m) (1+1/y)*m — B(l,m) (1 +y)+m"

Consequently y is a f,(m,l) variate.

* This belongs to I arl Pearson’s Type VI.
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An important relation between the two kinds of Beta variates
is expressed by

THEOREM VII. To each Beta variate of the first kind corresponds a
pair of Beta variates of the second kind ; and conversely.

Let v be a f,(1, m) variate, so that its probability differential is
YY1 —v)m1dy

= —Ftm B
and let w be defined by v = 1/(1+w) (32)
or its equivalent w=(1-v)fv.

Then |dv| = |dw|/(1 +w)? and by substitution we have the prob-
ability differential of w as

apP

_ w1 dw
= B, m) (1 +wym™

Since the range of w is from 0 to oo, it follows that w is a fy(m,1)
variate. Its reciprocal is therefore a f,(I, m) variate, and the first
part of the theorem is proved.

Conversely, given that w is a f,(m,l) variate with probability
differential (33), we may define a variate v by means of (32). Sub-
stitution then shows that the probability differential of v is given by
(31); and since » ranges from 0 to 1, it is a S,(l,m) variate. The
variable 1 —v is therefore a f,(m,l) variate, and the second part of
the theorem is proved.

(33)

73. Quotient of independent Gamma variates

Corresponding to Theorem V, according to which a Beta variate
of the first kind is determined by two independent Gamma variates,
we have

THEOREM VIIL. The quolient of two independent Gamma variates,
with parameters I and m, is a fBy(l, m) variate.

Let # and y be independent Gamma variates with parameters I
and m respectively, and let » = y/(y + ). Then, in virtue of Theorem
V,visa f,(m,l) variate. But, if w is the quotient z/y, clearly

1 1
V= =
1+z/y 1+w’

so that w is a fy(l, m) variate as stated.
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The theorem may also be proved by the method of § 70, which
leads to the additional information that the sum z + y is distributed
independently of the quotient z/y. For if

u=2z+y, v==ufy
we have o(u,v) =ty _ (Lot
o(x, y) Y u
oz, y)| _ _u
o(u,v)| ~ (14+v)?°

Since the probability that z and y fall simultaneously in the
intervals dx and dy is

?

and therefore

_ - ym-le=vdxdy

A G AT
the probability density for their joint distribution is
xl-—lym—l eV e—ﬂul+m~2v‘—1

T Tm) ~ IO Tm) (T oy
Consequently the probability that, in a random choice of x and y,
the representative point (z,y) will fall in the area bounded by the
curves %, +du, v, v+dv is

e~uybtm=1dy v-1dy
I(l+m) " B(l,m)(1+v)+m

Since this is the probability that « and v will fall simultaneously in
the intervals du and dv respectively, it follows that u is a y(l+m)
variate, and v a f,(l,m) variate, and also that these variates are
independent.

dP =

Example 1. Cauchy’s distribution. The distribution of the quotient of two
independent standard normal variates follows from the above theorem. For
if z is this quotient, z? is the quotient of two independent Gamma variates,
each of parameter 4. Consequently 2% is a fy(4, §) variate, with probability

differential ip— E)1dzY) d(=)
BG4 a1+

The distribution of z follows immediately from this. For, since the range of
zis from — oo to + oo whilo that of 22 is from 0 to + co, the probability differ-
ential of z is dz

(1 +22)°

the factor 2 disappearing, since the integral from —co to + co must be equal
to unity. This distribution is associated with the name of Cauchy.

dp:
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Ezxample 2. Show that, if z and y are independent normal variates with
means m,, m, and variances 03, 03 respectively, the quoticnt
z = (x—my)/(y —my)
conforms to the distribution
_ 040,dz
" moi+oie?)’
with a range — oo to + c0.
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EXAMPLES VIII

1. We shall see later (cf. § 82) that, if r is the coefficient of corre-
lation between the variates in a random sample of n pairs of values
from an uncorrelated bivariate normal population, then 72 is a
P13, 3(n—2)) variate. Hence show that the mean value of 72 for
such S‘meles is 1/(n—1), and the s.E. of r therefore 1/,/(n—1). Also
show that the probability differential of r is

s (L=r2)i9dr
( —
=B im=2)"

2. Quotient of independent Gamma variates. Theorem VIII may
be proved by direct intcgration, as in the cases of Theorems IT, V
and VI. Let z = z/y, where x and y are independent y(I) and y(m)
variates. Then for a fixed value of y in the interval dy, dx = ydz,
and the probability that z will lie in the interval dz is

dp = evi(yz) -ty dz|T()

Consequently the probability that, for any value of y, 2z will lie in
the interval dz is

dP =21 dzj yHtm=le—v+a dy | I°(1) I'(m)

_ 2-1dz
= B, m) (1+ 2

showing that z is a f,(I, m) variate as required.
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3. Show that, for the y(I) distribution,

(mean —mode)/o" = 1/\/l = }u,/03.

Hence some writers prefer $u,/03 to 4,/0° as a definition of skewness.
Show that the excess of kurtosis of the distribution is 6/L.

4. Show that the mean value of the positive square root of a
v(l) variate is I'(l+ })/I'(l). Hence prove that the mean deviation of
a normal variate from its mean is o ,/(2/m).

5. Prove that the mean value of the positive square root of a
B, m) variate is I'(I+4)[({+m)/ ') '(l+m+4). Hence, using
the distribution of 72 given in Ex. 1, for samples from an uncorre-
lated bivariate normal population, show that the mean value of
|#] is I(}(n~ 1)/ (4n) Y.

6. A simple sample of n values is drawn from a population with a
v(l) distribution. Show that, if Z is the mean of the sample, nZ is

a y(nl) variate; and deduce that K(Z) = [, and that the sampling
variance of Z is I/n.

7. A simple sample of n values is drawn from a population with
the exponential distribution whose probability density is ae—%=,
(0<z). Show that, if Z is the mean of the sample, naZ is a y(n)
variate; and deduce that E(Z) = 1/a, and that the s.E. of Zis 1/(a\/n).

8. Show that, if v is the square of a y(l) variate, its probability
differential is dp = vi¢-De-vedy/21(1).

9. Show that,ifz; (i = 1,...,n) are nindependent Gamma variates
with parameters m;, any homogeneous function F(z,,...,x,) of
these variates, of degree 0, is distributed independently of the sum
2 z;. (Cf. Pitman, 1937, 8, pp. 216-17.)

This may be done by considering the m.g.f. of the simultaneous
distribution of F' and 3 z;. As explained in §31 this m.g.f.

M(ty,t;) = E(exp (4, T2+, F))
= C'fw...fwexp(—Zx,-) R Vi T
’ ’ x exp (t, S x; +t, F)de, ...dz,,
where 1/C = I'im,) ... I'(m,).

wNMS e
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Substituting x,(1 —¢,) = y, we have

Mty t) = 0=ty [ [ oxp (- Byt ..y
X exp (L F'(yy, -, Yn)) dY1 - AY 1,
since F' is homogeneous of degree zero. Thus
M(t,,t,) = (function of ¢,) (function of ¢,),
and the variates F' and Y z; are therefore independent.

10. Giventhat theincomplete Beta function B,(l, m)is defined by

B,(,m) = [ " (1 — 2y,

Jo
and that I (I, m) = B,(l,m)/B(l,m), prove the relations
L(,m)=1-1,_,(m,1)
and L+, m+ )=zl (,m+1)+(1~z) [,(1+1,m).

11.  Simultaneous sampling distribution of the mean and the
variance. The independence of the sampling distributions of the
mean 7 and the variance 82, of a random sample of » values from a
normal population, was proved by Fisher from the simultaneous
sampling distribution of these statistics. The probability that the
n values of the sample will fall in the respective intervals dz,, ..., da
is, by the theorem of compound probability,

n

dp = (0 4/(2m))~"exp [— % (x; —/4)2/20'2] drydx, ... dz,,

the n values being chosen independently from the normal population
of mean g and variance 2. But

2@~ p)? =X (2~ )+ 0@~ p) = 082+ n(T—p),
so that

dp = (o4/(2m)) ™ exp [ —n(Z - p)?/20% exp ( ~nS2/20%) dx, ... dx,.
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Fisher proved by geometrical reasoning* that this probability
differential is expressible as

dp = Cexp[—n(Z— u)?/20%]dz exp (—n8%/20%) S*2dS,
where C is a constant. Since this is of the form

dp = ¢,(Z)dx. y(S)d8s,

the distributions of Z and § are independent. The forms of ¢,(Z)
and ¢,(8) show that Z is normally distributed, with mean g and
variance o?/n, and that $nS%/c? is a Gamma variate with para-
meter 4(n—1).

Another proof of the independende of Z and 82 will be given in §'77.

12. Show that the rth moment of a f,(I,m) distribution about
x=0Iis
W+n)...(0+r-1)
C+m)(l+m+1)...((+m+r—-1)"

13. Show that, if r is less than m, the rth moment of a B,(I,m)
distribution about x = 0 is

W+1)...(l+r-1)
m—=1)(m—2)...(m—r)"

14. Defining the harmonic mean (H.M.) of a variate z as the
reciprocal of the expected value of 1/x show that, if [> 1, the u.m.
of a y(l) variate is I — 1, that of a #,(I, m) variate is (I—1)/(I+m — 1),
and that of a f8,(l, m) variate is (I—1)/m, m being positive.

* Fisher, 1925, 1, pp. 92-3.

II1-2



CHAPTER 1X

CHI-SQUARE AND SOME APPLICATIONS

74. Chi-square and its distribution

We have already seen (§ 68, Theorem IV) thatif z; (¢ = 1,2, ...,n)
are n independent variates normally distributed about a coramon
mean zero with standard deviations o, and

Xt = Xaifof, (1)

then }x? is a Gamma variate with parameter in. The distribution
of x? is therefore

dP = Té—n; (3D exp (— 1x2) d(bx2), @)

which expresses the probability that the value of x? found from a
random sample will fall in the interval dy2 This distribution is
often referred to as the y? distribution, and a variate conforming to
it is said to be distributed like y2. Since y? is twice a y(4n) variate,
its mean value is » and its modal value n—2, as proved in §67.
Similarly, the variance of y? is 2n.

The distribution (2) was discovered by Helmert in 1875, and
rediscovered independently in 1900 by Karl Pearson, who devised
by means of it the x? test of ‘goodness of fit’ which will soon be
considered. We must first, however, examine the effect of one or
more linear relations between the variates x;; and, to make this
clearer, we shall digress briefly to remind the reader of the pro-
perties of an orthogonal linear transformation.

75. Orthogonal linear transformation
Let the n variates z; be subjected to the linear transformation

£ = §c,.,x, (i,j=1,...,n). (3)

If the constant coefficients ¢, are such that

T =T} (4)
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the transformation is said to be orthogonal. In this case the coeffi-
cients satisfy the relations

EC%I =1= Ecgj (5)
i i

These relations may be expressed verbally by saying that, in the
determinant |c;; | of the coefficients, the sum of the squares of the
elements in any row or in any column is equal to unity, while the
sum of the products of corresponding elements in any two rows or
in any two columns is equal to zero. The determinant of the coeffi-
cients is equal to +1; and consequently the Jacobian of the £’s
with respect to the z’s is also + 1. By changing the sign of one of
the £’s, if necessary, we may ensure that the value is + 1; and we
shall assume in all cases that this has been done. It follows that

o(xy, ..., 2,) _
0y r ) 1. ™

It is easy to prove that, if the z’s are statistically independent
variates, normally distributed about zero with unit s.p., so are
the £’s. For, the probability that simultaneously the n values of
the variates z; will fall in the respective intervals dz; is the product
of the probabilities for the individual variates, and is therefore
given by

dP = (2m)~irexp (— Q 22)dz, dzx, ... dz,.

The probability density for the joint distribution of the variates
x; is therefore

(2m)~4"exp (—} X af) = (2m) " exp (- § X £3).
3 i
But the ‘volume’ of the element bounded by the » pairs of hyper-
surfaces £;, £, +d§, is

a(xl)
3(51, R 'gn) dgldgz .dE, = dE,dE, ... dE,,
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so that the probability that the £’s will fall simultaneously in their
respective intervals d§; is expressible as

dP = (2m)~dexp (—3£})dE, ... (2m)~Hexp (—4E3) dE,..

From the form of this expression it follows that the £’s are statisti-
cally independent, and are normally distributed about zero with
unit s.D.

The transformation (3) corresponds to a rotation of rectangular
axes in Euclidean space of n dimensions. In the choice of the
coefficients c,; there is a degree of arbitrariness. For instance the
coefficients for £; may be chosen first, subject only to the condition

ZC%L' =
1

which ensures that the constants ¢,; are the components of a unit
vector. When £, has been determined £, may be chosen in an infinity
of ways, subject only to the conditions
Yei=1, Xeycy =0,
v i

which express that ¢,; are components of a unit vector, orthogonal
to the vector whose components are ¢,;. At each step there is freedom
of choice of an axis orthogonal to those already chosen; and only
in the case of the nth axis is there no freedom of choice.

76. Linear constraints. Degrees of freedom

As above let the variates ; be normally distributed about zero
as mean, with unit s.p. To begin with we assume that they are
functionally independent; but presently we shall impose on them
the linear restriction

AT+ AyXy -+ @y, =0, (8)

an equation which may be divided throughout by the constant

necessary to make 3 a? = 1; and we assume that this has been done.
i

If the variates ; are independent, we may obtain by an orthogonal
linear transformation a set of » statistically independent variates
&;, each of which is normally distributed about zcro as mean, with
unit 8.p.; and this may be done so that &, is identical with the first
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member of (8). Now let the condition (8) be imposed on the z’s.
This is equivalent to putting £, = 0; and, since the variates §,, ..., §,
are statistically independent of £, their distributions are unaltered
by the condition so imposed. Consequently

n n
XY=Xai=3E=3%8= Z 2%
i 1 2 =2

where the u; are Gamma variates, each with parameter 4. Thus }x?
is the sum of n — 1 independent y(1) variates, and is therefore itself
a Gamma variate with parameter }(n—1). The distribution of x2
is therefore obtained from (2) by putting n—1 in place of n. The
condition (8) has reduced the number of independent variates by
one. The number of independent variates is usually called the
number of degrees of freedom (D.7.), or briefly the number of freedoms.
The term is borrowed from geometry and mechanics, where the
position of a point or of a body is specified by a number of functionally
independent variables called coordinates. Each independent co-
ordinate corresponds to one degree of freedom of movement. Any
constraint on the body reduces the number of degrees of freedom.
For this reason a linear relation between the variates z; is called a
linear constraint. We shall assume that only linear constraints are
involved.

An appeal to geometry throws light on the above reasoning. If
the variables z; are regarded as rectangular Cartesian coordinates
of the current point P in Euclidean space of » dimensions, the
square of the distance of P from the origin O is

OP? = Y 22 = y2,

and, in terms of the alternative set £; of coordinates relative to
rectangular axes through the same origin,

OPr=3 8 =

When the variables are connected by the equation (8), the point P
is constrained to lie on a hyperplane through the origin, determined
by this equation. In terms of the £’s the equation of the hyperplane
is simply
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and for a point P on this hyperplane we have

X =O0P-2g =38

as above. Thus the linear constraint (8) restricts the freedom of
movement of P to the hyperplane, in which there are only n—1
independent coordinates. y?is then said to correspond to n—1 D.F.

That each linear constraint reduces the number of freedoms by
unity may be shown in a similar manner. Thus if there is a second

linear constraint
biz,+ by, + ...+ bz, =0, (9)

it is expressible in terms of the §’s in the form
b2g2+b3g3+"'+bn€n= 0, (10)
n
in which Y62 = 1. We obtain y? as the sum of squares of n—1
2

standard normal variates §; (¢ = 2, ...,n), which are now connected
by the linear constraint (10). Proceeding as before by an appropriate
orthogonal transformation

n
;s =1 ;2011 &

in which 7, is identical with the first member of (10), we may
express y? as
n
X=X 1
i=3
and }y? is thus a Gamma variate with parameter (n— 2), so that
X2 corresponds to n — 2 p.F. The argument holds for any number of
linear constraints. Following Yule and Kendall* we shall denote
the number of freedoms by ». Then, if the n variates are subject to

m linear constraints,
v=n-—m,. (11)

In place of (2) we thus have for the distribution of y? corresponding
to v D.F,,

1
4P = g5y O Dexp (— 1) d. (12)

* 1937, 1, p. 415.
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Since 42 is a y(}v) variate, the mean value of ¥? is v and its modal
value is »—2. The probability that the value of x? from a random
sample will not exceed a fixed value y2 is obtained by integrating
(12) with respect to x2 from 0 to y3. Similarly, the probability that
x2 will exceed x2 is the integral* of (12) with respect to x2 from x3
to c0. The accompanying Table 3 gives the values of x3, for values
of v from 1 to 30, and for various fixed values of the probability P
of exceeding y3. In other words, P is the probability that in random
sampling the value of 2 shown in the body of the table will be
exceeded.

Example. Show that, for 2 p.¥., the probability P of a value of y? greater
than 32 is exp (— 4x2), and hence that x3 = 2log, 1/P.

77. Distribution of the ‘sum of squares’ for a random sample
from a normal population

Consider a random sample of » independent values z; from a
normal population of variance o2. If as usual Z denotes the mean
of the sample, the sum of squares of the deviations from the mean is

nSz = 2 (x.t—'i)z. (13)
i
This is the ‘sum of squares’ to be considered; and we shall prove
that nS%/o? is distributed like x2? for n—1 p.Fr. We know that
Ta? = X (v;— ) +nZ? = nS+na (14)

If then we introduce an orthogonal linear transformation (3) of the
variables z; sucht that £, = Z/n, we have by (14)

nS2 = 5_‘,902—11,:::2 zg? £ = Eg

and therefore nS?/o? = fj £2o. (15)
i=2

Now, with origin at the mean of the population, the z’s are normally
distributed about zero as mean with s.p. o, and so also are the £’s.
* For a method evaluating this integral see Fisher, 1935, 1, pp. 356-7.

See also Ex. 1x, 9.
+ Cf. Sawkins, 1940, 3, p. 225.
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Consequently }n.8%/0? is a Gamma variate with parameter }(n —1),
and its distribution is

1 (nSAR-®  (_pSH (S
= oy (o) o (e )¢ (505)

In other words n.82/02 is distributed like x* with n —1 D.F.
It is convenient to express the result in terms of the statistic s*
of § 54, which is an unbiased estimate of the variance of the popula-

tion. Thus 782 = (n—1)s® = rs?,

and the distribution of s2 is therefore

R S LA LT vs”) 2
dP = ) (-20_2) (s?) exp(—-égzl ds?, (16)

the estimate s2 being based on v D.F.

The coefficient of ds? in (16) is the probability density in the
distribution of s2. Suppose that the population variance is unknown,
and that we enquire what value of it would make the probability
density of s? a maximum for the given value of s2. This is obtained
by equating to zero its derivative with respect to 2. The procedure
leads to o2 = s2. For this reason s? is called the optimum value of
the population variance corresponding to the given sample; and the
method of obtaining it is called the method of maximum lLikelihood.
It is due to R. A. Fisher.

In the above argument £, is independent of &,, ..., £, and there-
fore, in virtue of (15), Z is independent of §2. Thus the sampling
distributions of the mean and the variance are independent. And,
since £, /o is a standard normal variate, so is Z/n/o. It follows that
z is normally distributed with the same mean as the population,
and with variance o2/n.

78. Nature of the chi-square test. An illustration

The 2 test is a means of judging the credibility of an hypothesis
concerning the population (or populations) from which the values
of the sample (or samples) are drawn. The hypothesis to be tested
must be of such a nature that we can determine, from the sample
values of the variate, the corresponding value of a certain statistic,
which is distributed like x¥* for a known number of freedoms. The
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TABLE 3. Values of x* with probability P of
being exceeded in random sampling

v = number of degrees of frcedom

0-99 0-95 0-50 0-30 0-20 0-10 0-05 0-01

s

1 0-0002 0-004 0-46 1.07 1-64 2-71 3-84 6-64
2 0-020 0-103 1-39 241 3:22 4-60 5-99 9-21
3 0-115 0-35 2-37 3-66 4-64 6-25 7-82 | 11-34
4 0-30 071 3:36 4-88 5-99 7-18 949 | 1328
b 0-56 1-14 4-35 6-06 7-29 9-24 | 11-07 15-09
6 0-87 1-64 535 7-23 8:56 | 10-64 | 12-59 | 16-81
7 1-24 2:17 6-35 8:38 9-80 | 1202 | 14-07 18-48
8 1-65 2-73 7-34 952 | 1103 | 13-36 | 1551 | 20-09
9 209 332 8:34 | 10-66 | 12-24 | 1468 | 16-92 | 21-67
10 2-56 3-94 934 | 11-78 | 13-44 | 1599 | 1831 | 23-21
11 3-06 4-58 10-34 | 12-90 | 1463 | 17-28 | 19-68 | 24-72
12 3-67 523 11-34 | 14-01 15-81 1856 | 21-03 | 26-22
13 4-11 5-89 12-34 | 1512 | 16-98 | 19-81 | 22:36 | 27-69
14 4-66 6-57 13-34 | 16-22 | 1815 | 21-06 | 23-68 | 29-14
15 5-23 7-26 14-34 | 17-32 | 19-31 | 22:31 | 25-00 | 30-58
16 581 796 15-34 | 1842 | 20-46 | 23-54 | 26-30 | 32-00
17 6-41 8:67 16-34 | 19-51 21-62 | 2477 | 27-59 | 33-41

18 7-02 9-39 17-34 | 20-60 | 22-76 | 25-99 | 28-87 | 34-80
19 7-63 10-12 18-34 | 21-69 | 23-90 | 27-20 | 30-14 | 36-19
20 8-26 10-85 19-34 | 22-78 | 25-04 | 28-41 | 3141 | 37-57

21 8-:90 11-59 20-3¢ | 23-86 | 26-17 | 29-62 | 32-67 | 38:93
22 9-54 12-34 21-3¢ | 24-94 | 27-30 | 30-81 | 33-92 | 40-29
23 10-20 13-09 22-34 | 26-02 | 28-43 | 32-01 | 3517 | 41-64
24 10-86 13-85 23-34 | 2710 | 29-55 | 33-20 | 36-42 | 4298
25 11-52 14-61 24-3¢ | 28-17 | 3068 | 3438 | 37-65 | 44-31

26 12-20 15-38 25-34 | 29-25 | 31-80 | 35-56 | 38-88 | 45-64
27 12-88 16-15 26-34 | 30-32 | 3291 | 36:74 | 40-11 | 46-96
28 13-56 16:93 27-34 | 31-39 | 3403 | 37-92 | 41-3¢ | 48-28
29 14-26 17-71 28-34 | 3246 | 3514 | 39-09 | 42:56 | 49-59
30 14-956 18-49 29-34 | 3363 | 3625 | 40-26 | 43-77 | 50-89

Reproduced by permission of the author, Professor R. A. Fisher, from his book
on Statistical Methods for Research Workers.

table then tells us the probability P that, in random sampling, a
value of this statistic will occur greater than the value actually
obtained. If this probability is very small, we regard the value
obtained as significantly large, and conclude that the hypothesis is
probably incorrect.

Two conventional values of P are employed in deciding signi-
ficance, viz. 0-05 and 0-01. These determine the 5 9, and the 1%,
levels of significance respectively. If the value of P obtained is
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greater than 0-05 we infer that, in more than 5 9, of random samples
from the population in question, the value of y? obtained would be
greater than that actually found, which is therefore regarded as not
significantly large. If, however, P is less than 0-05 the value found
isregarded as significant at that level. Similar remarks apply to the
19, level of significance. Values which are significant at the 19,
level of probability are said to be highly significant, and are some-
times distinguished by a double asterisk. Significance at the 5%,
level is then denoted by a single asterisk.

The value of y? obtained from the sample may also be signi-
ficantly small. A glance at the probability curve of y* will help to
make this point clear. When the number v of degrees of freedom is

0 T

Fia. 8

greater than 2, this curve has the form indicated in the diagram,
except that when v = 3 it touches the y-axis at the origin, and when
v = 4 it touches neither axis at that point. The ordinate for any
value of y? is the probability density for that value; and this is small
for small values of y2. When the value of P found from the table is
greater than 0-95, the probability of obtaining a smaller value of x?
is less than 5 9, and the sample value must be regarded as signi-
ficantly small. Similarly, when P is greater than 0-99 the probability
of a smaller value of y? is less than 1 9%, and the smallness of the
sample value is highly significant.

As an illustration of the y? test we may consider the following.
Let z; be a random sample of n values from a normal population
of variance o2, Z the sample mean and

nS? = 3 (2, — %)%



79] Goodness of Fit 178

Then we know that nS%/0? is distributed like x® with »—1 D.F.
If then we are given the sample values x;, but have no certain know-
ledge of the population from which they were drawn, we may test
the hypothesis that they came from a normal population of s.p. 0.
For, when §2 has been found from the sample, our hypothesis gives
nS?%/o? as the sample value of y%; and the table then enables us to
decide whether this value is significant or not, that is to say whether
our hypothesis is improbable or not.

Example. A random sample of 12 values gave an unbiased estimate s? of
the population variance equal to 10-62 mm.? May the sample be reasonably

regarded as from a normal population with variance 7 mm.??

Here nS% = 11 x 10-62 = 116-82, and, according to our hypothesis con-
cerning the population,
x? = 116-82/7 = 16-7.

The number of p.F. is 11. From the table we see that the probability, P, that
the value of ¥? in such samples will exceed 16-7 is greater than 0-10. The
value found is therefore not significant, and the test provides no evidence
against the hypothesis of a normal population with variance 7.

79. Test of goodness of fit

We shall now consider the x? test of goodness of fit devised by
Karl Pearson. As in Chapter vir let the population be one whose
members may be separated into a number k of classes, and let p;
be the relative frequency of the ¢th class. In the choice of a simple
sample of n members from this population, the probability at any
drawing that the individual selected will belong to the ith class is p;.
The frequency f; of this class in sampling has a mean value m;
given by

mg = np;, (17)

and the distribution of f; is the binomial. For large values of n the
binomial distribution approximates to normal; and the sampling
distribution of any class frequency is therefore approximately
normal for large samples.

Next suppose that we are given a set of class frequencies f;,
whose sum is #, without any information about the source of the
values. We may wish to enquire whether they may reasonably be
regarded as those of a simple sample from a certain hypothetical
population. The population is hypothetical in the sense that it is
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determined by an hypothesis, which must be such as to enable us to
calculate the expected values m; of the class frequencies in random
sampling from it. Wo shall prove that, for large samples, the variate
2‘]( Ji—m;)/m; conforms approximately to the y2 distribution, and

shall show how the number of degrees of frecdom is determined.
The value of x? obtained from the sample enables us to test the
credibility of our hypothesis.

Since, for large samples, the class frequency f; is distributed
approximately normally about m; as mean, the variate

z; = fi—m, (18)

is distributed approximately normally about zero as mean. We
require the variance o2 of f; when the class frequencies are entirely
tndependent; and, to obtain this, we must take account* of the
variation in their sum . Thus

n = Ef 13 (19)

and the size n of the sample varies about a mean % with s.p. 7.

Since the frequencies f; are supposed independent, the variance of

n is given by ol = o, (20)
n .

Now, in virtue of §47(8), the variance o2 for samples of varying
size is 0 =
0% = 1p;¢;+pioy,. (21)
Summing for all the classes we have, by (20),
05 =N P;q;+0% NPl
1 1

or, since Y, p, = 1, oy —
* oL X (pi—p}) =7 X p;q;

Hence 0% = 7, so that (21) is equivalent to

0% = (p: 4+ P} 7 = p;7i = my. (22)
The quantity defined by
X* = Zajfo} = T (fi—m;)*m, (23)

is a sum of squares of standard approximately normal deviates,
and is therefore distributed approximately like y2.

* Cf. Fisher, 1922, 1, p. 88.
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For samples of fixed size, the number of D.F. is clearly less than
the number & of classes. For the sum of the class frequencies is
constant, and this corresponds to a linear constraint on the variates
x;. Further, to determine the theoretical class frequencies m,, it
is sometimes necessary to estimate parameters of the population
from the data of the sample. For instance, in testing the hypothesis
of a normal population, it may be necessary to estimate the mean
and the variance of the population from the sample values. Each
estimate of a parameter obtained in this manner corresponds to the
introduction of a linear constraint. For the moments about the
mean are linear, or approximately linear, functions of the class
frequencies; and, in equating such a function to a parameter, we
introduce an approximately linear constraint on the variates z,.
In calculating the number of freedoms of x?, each constraint intro-
duced in this manner must be recognized.

The approximation of the binomial distribution to normal, when
n is large, does not hold for very small values of p or g. Hence the
above argument is not valid if one of the class frequencies is small;
for that would make the corresponding relative frequency f/n very
small, and therefore the probability p for that class in sampling
from the population also very small. Classes of small frequency
may be treated by combining two or more of them to form a class
sufficiently large.

80. Numerical examples

Example 1. Can the wages of 1,000 employees, given in Ex. I, 3 (p. 17), be
regarded as a random sample from a normal population?

Our hypothesis is that the population is normal. Since tho sample is large
its mean and its variance are taken as estimates of those of the population.
In Ex.III, 6 (p. 60)the class frequencies per thousand of the normal population
aregiven. On account of the smallness of the extreme frequencies we combine
the first two classes, and also the last two, leaving 13 classes. Since the sum
of the class frequencies is constant, and two of the parameters were estimated
from the sample, the number of degrees of freedom is 10. The value of x?
from the sample is

52 102 142 (3-2)2
= 18+ 5 +0+ 79 +..0+ T 19-84.

From the table we see that, for 10 D.F., this value of x? is significant at the
6% level. We conclude that the assumption of a normal population is
probably incorrect.
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Example 2. From the adult male populations of seven large cities, random
samples of the sizes indicated below were taken, and the numbers of married
and single men recorded. Do the data indicate any significant variation
among the cities in the tendency of men to marry?

City... A B C D E F G  Total
Married 133 164 1556 106 153 123 146 980
Single 3 67 40 37 &6 33 36 204
Total 169 221 195 143 208 156 182 1274

We test the hypothesis that there is no significant variation in the ten-
dency mentioned. Then the men from each city may be regarded as a simple
sample from a population in which the ratio of married men to single is
approximately the same as in the column of totals. This ratio is 10: 3. The
theoretical frequencies for any city are then obtained by dividing the total
for that city into two parts in this ratio. These frequencies are:

City... A B C D E F G Total
Married 130 170 150 110 160 120 140 980
Single 39 51 45 33 48 36 42 294
Total 169 221 195 143 208 156 182 1274

From these figures we have
32 0’2 52 62

Xt = 1§6+170+15—0+..-+;~2 = 5:34.

To find the number of freedoms we observe that the sum of the frequencies
of married and single men from any city is constant, being equal to the size
of the sample from that city. This reduces the number of independent fre-
quencies to 7. And further, a parameter of the population was estimated from
the sample, namely, the ratio of the numbers of married and single men.
Consequently ¥ = 6. For this number of freedoms the probability of obtaining
a larger value of x? than 5-34 is about 0-50. The value is therefore not signi-
ficant, and the test furnishes no evidence against the hypothesis.

Ezxample 3. May the data in Ex. III, 7 (p. 61) be regarded as those of a
random sample from a Poissonian distribution?

The mean, m = 1-2, was estimated from the sample, and from it the
theoretical frequencies per thousand of the Poissonian distribution were
calculated in the example referred to. To apply the x? test we combine the
last three classes. Then

(B8P (362 (44p

3012 3erat T =35

Here the number of classes is 6; but the total frequency is constant, and m
was estimated from the sample, so that » = 4. With 4 D.F. the probability
that x* will exceed 3-5 is nearly 0-50. The value is therefore not at all signi-
ficant, and the assumption of a Poissonian population is not discredited.
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81, Additive property of chi-square

THEOREM 1. If the independent variates x and y conform to the x*
distribution, with v, and v, D.F. respectively, then x+y is distributed
like x® with vy + v, D.F.

For }x and 3y are independent Gamma variates with parameters
1y, and }v, respectively. Therefore, by § 68, Theorem II, }(x+y) is
a Gamma variate with parameter }(v,+v,). Consequently x4y
conforms to the y? distribution with v; + v, D.F.

Similarly, corresponding to § 68, Theorem III, we may state

TareoreM II. If the sum of two independent positive variates 18
distributed like x* with v, + v, D .F., and one of them is distributed like
X2 with v, D.¥., then the other is distributed like x? with v, D.F.

In the same way Theorem V of §69 and Theorem VIII of §73
may be expressed as

TrEOREM III. If the independent variates x and y are distributed
ltke x® with v, and vy D.F. respectively, then x/(x + y) is a Beta variate
of the first kind with parameters v, and 3v,, while z[y is a Beta variate
of the second kind with the same parameters.

82. Samples from an uncorrelated bivariate normal population.
Distribution of the correlation coefficient

The distribution of the coefficient of correlation, r, in samples
from a normally correlated bivariate population was given by
Fisher* in 1915. In the particular case of an uncorrelated popula-
tion (p = 0) the distribution of r is very simple. Let oy and o, be
the s.p.’s of  and y in the population, and let the variates be mea-
sured from their means. Consider a random sample of n pairs of
values z;, y,, from such a population. The variances 8%, 83 of z, y
in the sample are given by

nSi = ? (x¢,—x)%, nS= 2‘1 =97
and the correlation, r, in the sample is
2 (xt z) (./t y)
eSS,

* Fisher, 1915, 2. A simple and excellent proof of a different clhiaracter
has recently been published by Sawkins (1944, 1). The proof for p = 0 given
in this section is based on that of Sawkins.

WMS 13
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Owing to the nature of the sampling the n values y, are indepen-
dent. Let these be subjected to an orthogonal transformation
yielding n variates 7, the first of which may be taken as

1 _
N = %§m= Jn,

since the sum of squares of the coefficients of the y, is unity. Then

?77? = 213&/? = >13(yt—z7)2+m72 = nS3+7%,
so that nSE = 397, (i)
2

and this sum, divided by 0%, is distributed like y? with n—1 D.7.
Further, from the above definition of 7,

1Sy = T (2~ 7) (Y~ ) n Sy = T (2~ 2)y,/yn Sy
We may take this sum for the second variate, 7,; for the sum of
the squares of the coefficients of the y, is unity, the orthogonal
condition is satisfied by the coefficients of %, and 7,, and the
variables z and y are independent. Since 9% = nr2S% it follows from

(i) that X%} = n(1—r?)S3. Further, the 7,/0, are independent
3

standard normal variates. Thus nr2S%/o% and n(1—72) S%/o} are
distributed independently like 2 with 1 and n—2 D.F. re-
spectively; or we may express it by saying that the former is a
x% and the latter a x2_,. It follows that

2 nr2S3 _ nr2S}/od I
nd}  nr*S3jof+n(l—r%) 8oy Xi+ X

and therefore, by §81, Theorem III, 72 is a f,(}, §(n —2)) variate,
with distribution i (P21 (1 = 12)in-9 d(r2)
B(},i(m~2)) °

We may thus state the important

(24)

THEOREM IV. For random samples of n pairs of values from an
uncorrelated bivariate normal population, r* is a Beta variate of the
first kind with parameters % and 4(n~— 2).

The expected value of 72 for such samples is therefore 1/(n—1),
and the s.E. of r is 1/,/(n— 1). And since r ranges from —1 to 1, the



83] Distributions of r and b 179

opposite values +r giving the same value of 72, the distribution

of r is
(1 —r2)in-0 gy

= B, in=2)" (25)

In considering the linear regression of ¥ on x we proved the
relation (cf. §27 (31))

24— = 21>+ 2@ -9 (26)

where Y is the estimate of ¥ from the regression equation. In the
present notation this corresponds to the identity

nS3 = n(1—1r2) 83+ nr2S3. (27)

We have just seen that, for samples from the above population,
these three sums are independent. Thus the sum of squares of
deviations from the line of regression is distributed independently
of the sum of squares of deviations due to regression in the sample.
When divided by o2 the three sums in (27) arc distributed like x?
with n—1, n—2 and 1 D.F. respectively, illustrating the additive
property of x? stated in § 81.

83. Distribution of regression coefficients and correlation ratios

The distribution of the linear regression coefficient, b, of y on z
follows from the above results. For

b = T‘gz/égl
b%0%  nr:Sjjo}
so that —'E_g* = W .

As we have just seen, the numerator and denominator of the second
member are distributed independently like y% with 1 and n—1 D.F.
respectively. Consequently, by Theorem III, the quoticnt is a
Ba(%, 3(n— 1)) variate, and therefore b%0%/0% is a variate of the same
type. Hence we may state

TrEOREM V. In random samples of n pairs of values from an
uncorrelated bivariate mormal population, in which the standard
deviations of the variables are oy and oy, the linear regression coefficient

I2-2
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b of y on x vs such that b*03/o} is a Beta variate of the second kind with
parameters 4 and $(n —1).

Since the mean value of a B,(l, m) variate is I/(in — 1), the expected
value of b? in sampling is o%/(n — 3)0%. And, since the range of b is
from —o0 to + o0, the distribution of b is

o, 0%71db

= B - ) o3 oo )

The distribution of the correlation ratio, 7, of y on x may be
determined from the corresponding resolution of the sum of squares.
With the notation of § 34 let the subscript 7 distinguish the particular
array of y’s, while j indicates position in that array, 7; denoting the
mean of the y’s in the ¢th vertical array, and =, the frequency in
that array. Then, in virtue of § 34, we have the resolution

E‘; ; Wy—9)P =2 Z, W —U:)+ %’%(@"?7)2, (29)

the various sums being equal to the corresponding terms of the
identity
nS3 = n(1 —92) S+ ny?S3. (30)

Now the first member of (29), divided by o, is distributed like y*
with n — 1 p.F. Further, since z denotes summation over the values

]
of any particular array, ¥ (y;;—7;)%/o} is distributed like x? with
]
n;—1 D.F. Summing for all the % arrays we see that the first sum in
the second member of (29), divided by o3, is a 2 with ¥, (n,—1) or
i

n—h D.F. And, because the means of the arrays are distributed
independently of their variances, it follows from § 81, Theorem II,
that the last sum in (29), divided by 03, is a 2 with A—1 p.r.* We
may therefore write

s _ ™°53 n?S3/o _ X
-~ n8}  npPSYol+n(l-9%) 8ok X1t An-s’

* See also Ex. 7 at the end of this chapter.
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in which the subscript indicates the number of p.r. for the X2
Thus, in virtue of §81, Theorem III, %% is a B,(}(h—1),4(n—h))
variate, and we may state

TueoreM VI. For random samples of n pairs of values from an
uncorrelated bivariate normal population, the square of the correlation
ratio of y on x ts a Beta variate of the first kind with parameters
3(h—1) and }(n— h), where h i3 the number of arrays of y’s.

The distribution of %2 is thus

(72)H0=3) (1 — 2)btn—h=2 G (52)

= £ 31
P =" Bk-1), Jn ) &1
and its mean value,* by § 69 (23), is
h-1
E(’) = —- (32)
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EXAMPLES IX

1. Apply the x? test to show that the deaths of centenarians
recorded in the example of §18 may reasonably be regarded as a
random sample from a Poissonian population.

2. A certain hypothesis was tested by two similar experiments,
which gave x2 = 14-7 for v = 9 and y? = 14'9 for v = 11. Show that
the two experiments combined give less reason for confidence in the
hypothesis than either experiment alone.

* Cf. Fisher, 1922, 2, pp. 604-5.



182 Chi-Square [1x

3. Prove by mathematical induction that the sum of the squares
of n independent standard normal variates conforms to the y*
distribution (2) of § 74. (See Fisher, 1935, 1, pp. 353-4.)

4. Geometrical proof of the x* distribution. The following geo-
metrical proof, that the sum of the squares of n independent stan-
dard normal variates z; has a distribution given by (2) of §74, is
due to Fisher (1935, 1, p. 354). As in §74 the probability that the
values of the variates will fall simultaneously in the respective
intervals dx; is

dp = (2m)~inexp (— $x*) dw dr, ... dx,, (1)

where X=Xk
i

Let usregard the z; as coordinates of the current point P in Euclidean
space of n dimensions. Then dp is the probability that P will fall
in the element of volume dx,dz,...dx,. The coefficient of this
element of volume in (i) is therefore the probability density for this
space, and it is proportional to exp (—4x2). Now we can express, in
terms of y and dy, an element of volume in which the value of y
may be regarded as constant. For, since x2? is the square of the
distance of P from the origin, y is constant over the surface of a
hypersphere with radius y and centre at the origin. The volume
enclosed by this hypersphere is proportional to y"; and the element
of volume between this and the adjacent hypersphere of radius
¥ +dy is proportional to d(¥"), that is to y*~1dy. Using the above
value of the probability density, we see that the probability that
P will fall in the region bounded by the two hyperspheres is pro-
portional to y*1exp (— 4x2)dy; and this is the probability that the
value of y from the random sample will fall in the interval dy. The
above probability is clearly proportional to

(3x2)¥n—2exp (— 4x?) d(3x?),

and, since 2 must lie between 0 and +co, the constant factor is
1/I'(}n), so that the integral of the probability throughout this
range may be unity. Since y? lies in the interval dy? when y lies in
the interval dy, it follows that the distribution of x? is given by
§74(2).
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For still another proof of the y? distribution see Plummer, 1940,
1, p. 246.

5. Homogeneity of several estimates of the population variance.
Suppose that k independent samples have furnished estimates s? of
the population variance, based on v; (¢ = 1,..., k), D.F. Are these
estimates such that the samples may be regarded as drawn from
the same population? In other words, are the estimates homo-
geneous?

On the hypothesis that the samples are from the same population,
an unbiased estimate s? of the variance of the population is

1
32:;2”#’% (V=2Vi),
1 ()

since the expected value of this quantity is the variance of the
population, in virtue of §54(8). Bartlett* has shown that the
statistic

é(VlOge §%— 12 Vy logcs%),
1 11
where 0= ”?sw-l)(zv‘ﬁ)’

is distributed approximately as y? with £k —1 p.¥. The value of y2
calculated from the data will tell whether the hypothesis of homo-
geneity is reasonable.

6. Show that the estimates 3:8, 4-4, 81, 6:1, and 94 of the
population variance, based on 5, 8, 6, 7 and 4 p.F. respectively, may
be regarded as homogeneous according to the test of Ex. 5 (k = 5,
x% = 1-45).

7. That the sum X n,(7;—7)%/0% of §83 is distributed like x>

i
with 2 —1 D.F. may also be shown as follows. Since 7 is the weighted
mean of the ¥; we have
2@ = T -9+ nG—p) (ii)
Now y,—p' is distributed normally about zero as mean with
variance o3/n;. Consequently n,(¥; —p')?/c%is a 2 with 1 p.F.; and,

* Proc. Roy. Soe. A, vol. 160, 1937, pp. 268-82. See also Neyman and
Pearson, 1931, 3.
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on summing for all the arrays, we see that the first member of (ii)
divided by o3 is a y* with A p.F. Similarly, §—u’ is distributed
normally about zero as mean with variance o%/n; and the last term
in (ii), divided by g2, is therefore a y? with 1 p.¥. Theorem II of § 81
then shows that the first sum on the right of (ii), divided by o%, is
a ¥ with A— 1 D.F., as stated.

8. Taking the correlation ratio as positive, deduce from § 83 (31)
that the mean value of the correlation ratio of y on x, for samples
from an uncorrelated bivariate normal population, is

I(3h) I'(§(n—1))/T'(3(h— 1)) I'(§n).
9. Integrating by parts show that, if  is an even positive integer,

0 1
= =trdt = — —tr—1
f eltrdt = ﬂre L (r_l)!e tr-1dt,
and, by continuing the process, show that the value of the integral is

+.. +ﬂ')

Hence show that the probability, in random sampling, that the
value of x? with v (even) D.F. will exceed 3%, is obtained from this
expression by putting f = 3% and r = §(v—2). (Cf. Fisher, 1935,
1, pp. 356-7.)

—ﬂ(1+,3+ﬂ +3,

10. The variables x,y are normally correlated with coefficient p.
Show that » and v, defined by

u = zloy+yloy, v = xloy—ylo,

are independent normal variates with variances 2(1 + p) and 2(1 —p)
respectively; and that, if R is the correlation between  and » in
random samples of » pairs from the bivariate population, R? is a
Ai(%, 4n — 1) variate.



CHAPTER X

FURTHER TESTS OF SIGNIFICANCE.
SMALL SAMPLES

84. Small samples

The use of the standard errors of statistics in the tests of Chapters
vI and viI depends upon the fact that, in the case of large samples,
the sampling distributions of many statistics are approximately
normal, or at any rate unimodal with the property that a value of
the statistic, deviating from its mean by more than two or three
times its s.E., is very unlikely. For small samples, however, the
distributions of statistics are often far from normal. Moreover,
the estimate of a parameter of the population made from a small
sample is not at all reliable. For these reasons the use of standard
errors in connection with such samples is very limited. The chief
concern of the theory of small samples is with the distributions of
various statistics, and the applications of tests of significance based
upon these distributions. In each application we test a hypothesis
concerning the source of the sample. This hypothesis may be, for
instance, that a certain parameter of the population has a specified
value, or that two given samples were drawn from the same popula-
tion. In each instance the test employed enables us to form a con-
clusion based on considerations of probability. The nature of the
tests is illustrated by the x? test of §78, which is applicable to
samples of any size. But, as already indicated, the test of goodness
of fit considered in § 79 can be applied only to large samples.

We remind the reader of two important results obtained earlier.
First, in simple sampling from a population with mean x and
variance o2, the distribution of the mean Z of the sample of n
members has u for its mean and o?%/n for its variance (see §50).
This result holds whether the sample is large or small, and whether
the population is normal or not. In the case of a normal population
the distribution of Z is also normal (see §§ 22 or 82). Secondly, the
statistic s2 defined by n
(n—1)82=i21(xi~5)’ 1)
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is an unbiased estimate of the population variance o2, in the sense
that E(s?) = o? (cf. §54 (8)). This estimate of o2 is said to be based
on n—1 D.F., since the variates x;—Z are not independent, being
connected by the linear relation ¥ (z;—%) = 0. The number of
independent variates is thus only n—1; and this agrees with the
result of § 77, that (n— 1) s?/o? is distributed like x2 with n—1 D.F.

The following discussion applies to samples of any size. It is
assumed, however, that the populations from which the samples
are drawn are normal. The results obtained are therefore strictly
true only in this case. But they are approximately true, and may be
usefully applied, in most cases in which the departure of the popula-
tion from normality is not very marked.

‘STUDENTS’ DISTRIBUTION

85. The statistic ¢ and its distribution

We have seen that, in simple sampling from a normal population
of mean u# and variance o2, the deviation Z— u is a normal variate,
with mean zero and s.p. o/yn. The quotient of Z—p by o/\n is
therefore distributed normally with unit s.p. If, however, in place
of the constant o we use the variable estimate s obtained from the
sample, we have the statistic

‘= (- 5) Jn’

(2)

which is not normally distributed. The distribution of ¢ was first
found by W. S. Gosset, who wrote under the nom de plume of
‘Student’. It follows very simply from the theorems of §§67, 73
and 77. For, from its definition,

Ams2p)

where nS82 = ¥ (z;—Z)? and v is the number of ».¥., n— 1, on which
the estimate s2 is based. Hence

;= @=p)yn

B _AE—p)+ (@¥n)

v St
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But, in virtue of §67 (Theorem I) and §77, the numerator in the
second member is a Gamma variate with parameter 4, and the
denominator a Gamma variate with parameter {v; and these are
distributed independently of each other (cf. §82 or Ex. VIII, 11).
Consequently /v is a f,(}, 4v) variate; and its distribution is
obtained by substituting /v for x in §72(27), with [ =} and
m = v. Thus the probability that, in random sampling, the value
of ¢2 will fall in the interval di? is

() d(e?)

dP = V. B(L, 3v) (1 +83/p)ie+D’ (3)

By integrating with respect to ¢2 from a fixed value £ to infinity,*
we obtain the probability that the value of {2 will exceed 3. The
accompanying table contains extracts from a more complete one
given by Fisher. In the body of the table are given the values of ¢,
corresponding to certain fixed values of vand P. Thus, for a specified
number v of D.F., the value of P at the top of the column is the
probability that, in random sampling, the numerical value of ¢ in
the body of the table will be exceeded.

The range of ¢ is from 0 to co, and its distribution is given by (3).
The statistic ¢, however, ranges from — oo to + 00, and its distribution

is therefore
dP = dt 9
T . B, ) (1 82/p)ie+D? (

the factor 2 disappearing, since the integral of dP over the whole
range of variation of ¢ must be unity. The distribution (4) is spoken
of as the ¢ distribution corresponding to v p.F. And from the above
argument it is clear that any statistic £, whose range is from —oo to
+00, and which is such that t3/v is a f,(}, }v) variate, conforms to
the ¢ distribution for v p.F. This important result may also be
expressed in the form of

THEOREM L. A statistic t conforms to the t distribution for v D.F. if its
range is from —oo to + o0, and t3/v is expressible as the quotient of two
independent variates, which are distributed like x* with 1 and v D.¥.
respectively.

* For a method of evaluating this integral see Fisher, 1935, 1, pp. 358—60.
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Tasre 4. Values of mod. t with a probability P
of being exceeded in random sampling

v = number of degrees of freedom

P
050 0-10 0-05 002 001
14

1 1-000 6:34 12:71 3182 63-08
2 0816 2:92 4:30 6:96 9-92
3 0-765 2:35 318 4-54 584
4 0741 213 2.78 375 460
5 0727 202 2:57 3-36 4-03
6 0718 1.94 2:45 314 371
7 0-711 190 2:36 3-00 3:50
8 0706 1-86 2:31 2-90 336
9 0-703 183 2:26 2:82 325
10 0700 181 2:23 2:76 317
11 0-697 1-80 2:20 2.72 311
12 0-695 178 2:18 2:68 3-08
13 0-694 1-77 2:16 2:65 301
14 0-692 176 214 2:62 2:98
15 0-691 175 213 2-60 2:95
16 0-690 175 212 2:58 2:92
17 0-689 174 211 2:57 2:90
18 0-688 1-73 2:10 2:55 2:88
19 0-658 1-73 2:09 2:54 2:88
20 0-687 172 209 2:53 2:84
21 0686 172 2:08 2:52 2:83
22 0-686 172 2:07 2:51 2:82
23 0-685 1-71 2:07 2:50 2:81
24 0-685 171 2:06 2:49 2:80
25 0-684 171 2:06 2:48 2:79
26 0-634 1-71 2:06 2:48 2:78
27 0-684 1-70 2:05 2:47 271
28 0-683 1-70 203 2:47 276
29 0-683 1.70 2:04 2:46 276
30 0-683 1-70 2:04 2:46 276
35 0-682 1-69 2:03 2-44 272
40 0-631 1-68 2:02 2:42 2:71
45 0-680 1-68 2:02 2:41 2:69
50 0679 1-68 2:01 2:40 2:68
60 0678 1-67 2:00 2:39 2:66
@ 0674 1-64 1-98 2:33 2:58

Reproduced by permission of the author, Professor R. A. Fisher, from his book
on Statistical Methods for Research Workers.

The reader should sketch the probability curves for ¢? and ¢.
The former is asymptotic to both axes, with ordinate which decreases
continuously as t?increases. The probability curve of ¢ is symmetrical
about the line # = 0. It is asymptotic to the ¢-axis at each end, and
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the maximum ordinate is that for ¢ = 0. Thus small values of {2 are
more likely than larger values. In this respect ¢* differs from y?2
when the latter has more than 2 p.F.

86. Test for an assumed population mean

The statistic ¢ and the above table provide a means of testing an
assumed value # for the mean of the normal population from which
the random sample was drawn. On the hypothesis that 4 is the
true value, the equation (2) and the values of Z and s derived from
the sample enable us to calculate ¢. The table then gives the prob-
ability P that this value will be exceeded numerically in random
sampling from a normal population with mean g. If P is less than
0-05 we regard our value of ¢ as significant. If P is less than 0-01
we regard it as highly significant. A significant value of ¢ throws
doubt on the truth of the hypothesis that g is the mean of the
population.

Example. A random sample of nine from the men of a large city gave a
mean height of 68 in.; and the unbiased estimate s? of the population variance
found from the sample was 4:5 in.? Are these data consistent with the
assumption of a mean height of 685 in. for the men of the city?

Large populations of heights of men are known to be approximately
normal. For the given sample

T=680, »=9-1=8, s=,45=212
and therefore, on the hypothesis that 4 = 68-5, we have
[£] = | (@—p) | Jn/s = (0-) x 3/2-12 = 0-707.

From the table we find that, for v = 8, the probability that this value of ¢
will be exceeded numerically in random sampling is about 0-60. The value
is therefore not at all significant, and the test provides no evidence against
the assumption of a population mean of 68-5 in.

If we make the assumption that # = 69-5 or 66-5 in. we obtain a value of
| ] three times as great as before, viz. 2:12. The probability that, for v = 8,
this value will be exceeded in random sampling is greater than 0-05, and the
new value of ¢ is still not significant. There are thus fairly wide limits for the
assumed population mean which, with the data of the sample, will provide
a value of ¢ which is not significant. These limits we proceed to consider.

87. Fiducial limits* for the population mean
Suppose that a certain sample from a normal population has a
mean Z, and provides an unbiased estimate s? of the population

* Cf. Fisher, 1930, 3 and 1933, 1.
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variance based on » p.F. We wish to find limits to the assumed
population mean g so that, with the data of the sample, it will lead
to a value of ¢ that is not significant. If our choice is the 5 9, level
of significance, we define the 95 %, confidence range for x as that
range of values of # which, with the data of the sample, will furnish
a value of | ¢| less than the value ¢, which corresponds to I” = 0-05.

This requires
|Z—pe|Jnfs <ty

so that T —styf\n <o <T+ sty/y/n. (5)

Consequently # must lie within the range extending from Z — st,/\n
to Z + st,/s/n, which is called the 95 %, confidence range for u corre-
sponding to the given sample; and the bounding values of this range
are the corresponding confidence limits, or fiducial limits, for the
mean of the population. Similarly we have confidence ranges and
limits corresponding to other levels of significance. In each case the
appropriate value of ¢, is found from the table of ¢.

Example 1. Find the 95 9, fiducial limits for g corresponding to the sample

in the example of § 86.
Here v = 8, ¢, = 2:31, 8 = 212, n = 9. Henco

sty = (2:12) (2:31)/3 = 1-63.

The required limits are therefore 68 * 1-63, that is 66-37 and 69-63 in.

Ezample 2. Find the 98 %, fiducial limits for 4 corresponding to the same
sample.

From the table we find that ¢, = 2-90 is the value of ¢ which is exceeded
numerically with a probability of 2 9%. Then
8ty/afn = (2:12)(2-90)/3 = 2-05,

and the required limits are 68 + 2-05, that is 65-95 and 70-05 in.

88. Comparison of the means of two samples

Given two independent samples of %, and n, members, with means
Z, and 7, respectively, we may use the ¢ distribution to decide
whether the means differ significantly, or whether the two samples
may be regarded as drawn from the same normal population.* We
test the hypothesis that they are from the same normal population.

* Cf. Fisher, 1925, 1, pp. 90-3.
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Let z, (¢ = 1,...,n,) be the values of the variable in the first sample,
and zj (j = 1, ...,m,) those in the second. Then the sums of squares
for the two samples are

n, 8% = p (@, — %)%, myS% = §(x;_ %)

respectively. Also, if 02 is the variance of the population, n, S%/o?
and n,S%/0? are distributed like y® with »;,—1 and n,—1 D.F.
respectively. Consequently (n,S%+n,83)/0? is a x? with v D.F.,
where

v=mn+n,—2,

An unbiased estimate of the population variance, obtained from the
samples, is
s? = (ny 81+ n,y 83)/v,
since
E(vs?) = E(n, S1+m,83) = (ny—1)0%+ (ny,— 1) 0% = vo?,

so that E(s?) = o2

Now, in virtue of the hypothesis, #, and Z, are normally dis-
tributed about the population mean with variances ¢?%/n, and
o?/n, respectively. Therefore, since the samples are independent, the
difference z, —Z, is normally distributed about zero with variance
%(1/ny + 1/n,). If then we define a statistic ¢ by the equation

_ E®Z-E
b= S gy’ ©)
2 (X =% o%(1/ny 4 1/ny)

we have 5T S m Syt

The numerator and denominator of the second member are dis-
tributed independently like 2 with 1 and v D.F. respectively. Hence,
by the Theorem of § 85, the statistic ¢ conforms to the ¢ distribution
for v p.F. It is the quotient of the normal deviate Z, —Z, by the
estimate of its s.E. derived from the samples. If the value of ¢
obtained from the samples is significant, our hypothesis is dis-
credited.

We might vary the above argument to test the hypothesis that
the samples were drawn from different normal populations, with
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means 4 and u' respectively, but the same variance. In this case
Z, — puand T, — 4’ are normally distributed about zero with variances
o?/n, and ?/n, respectively. Hence their difference

(@, — ) — (u—p')
is normally distributed about zero with variance o%(1/n,+ 1/n,).

This difference takes the place of Z, —Z, in the above argument, so
that

(@ -T)—(e—p)
= S TUmit 1y @

conforms to the ¢ distribution for v .¥.

Example 1. Show that the 95 9, fiducial limits for the difference of the
means of the populations are Z, —Z, + ¢, 8/(1/n, + 1/n,), where ¢, is the value
of ¢ corresponding to P = 0-05 and v D.F. If zero lies outside the above range
of u— u’, we conclude that the difference between the means of the samples is
significant of a difference between the means of the populations.

Example 2. The heights of the ten men of a random sample from an
unknown population gave a mean of 69 in.,and a sum of squares of deviations
from the mean equal to 42 in.2 Apply the ¢ test to the hypothesis that this
sample is from the same population as that of the example in § 86.

From the data we have

%, =68, Z,=69, n,57=36, n,82=42, n,=9, n,=10.
The estimate s2 of the population variance is
s? = (364 42)/17 = 459,

so that 8 = 2-14. The value of ¢ from the sample is then

1 90

For v = 17 this value is not at all significant. The test therefore provides no
evidence against the hypothesis.

89. Significance of an observed correlation

The distribution and table of ¢ may also be used to test the
significance of a value r of the correlation coefficient, given by a
random sample of z pairs of values from a bivariate normal popula-
tion. The s.E. of r may not be used in the case of small samples,
since the distribution of 7 is then far from normal. We have seen
that, if the variables in the normal population are uncorrelated,
the value of 72 in random samples of n pairs is a f,(},4(n—2))
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variate. Therefore, by Theorem VII of §72, r3/(1—r%) is a
Ba(%, 3(n—2)) variate. Thus, if ¢ is defined by

L= Gy Ve 2) ®)

then t2/(n—2) is a fy(}, 3(n — 2)) variate, so that ¢ conforms to the
¢ distribution for n—2 p.7.

To test the significance of the sample value of r, we make the
assumption that the variables in the population are uncorrelated.
A simple calculation then gives the value of ¢ corresponding to the
sample; and the table of ¢ then tells whether the value obtained is a
rare one. If it is, our assumption is discredited, and we conclude
that the variables in the population are probably correlated.

Example 1. Is a correlation coefficient of 0-5 significant, if obtained
from a random sample of 11 pairs of values from a normal population?

Herer=14,v=9,¢t=%x3+,/(3/4) =43 = 173. From the table we find
that the probability of obtaining a value of ¢ larger than this is greater than
0-10. Ilence there is no reason to suspect the hypothesis of uncorrelated
variables in the population. The value 0-5 is not significant.

Example 2. Find the least value of r, in a sample of 27 pairs from a normal
population, that is significant at the 5 9, level.

Here v = 25 and, at the 5 9, level of significance, ¢ = 2:06. Hence for r to
be significant we must have 5

Ja=7?)

which requires 72> 0-145 and therefore |r|>0-38. Values of r numcrically
less than 0-38 are not significant at the 5 9, lovel.

> 2-06,

The accompanying short table gives the least values of |7 | that

TaBLE 5. Minimum values of r that are significant at the 59, level

v r v r v r v r
4 0-811 11 0-553 18 0-444 45 0-288
5 0-755 12 0-532 19 0-433 50 0-273
6 0-707 13 0-514 20 0-423 60 0-250
7 0-666 14 0-497 25 0-381 70 0-232
8 0-632 156 0-482 30 0-349 80 0-217
9 0-602 16 0-468 35 0-325 90 0-205

10 0-576 17 0-456 40 0-304 100 0-195

Reproduced by permission of the author, Professor R. A. Fisher, from his book
on Statistical Methods for Research Workers.

wMS 13
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are significant at the 5 9, level, for samples of different sizes from a
normal population. These values may be calculated as in Ex. 2
above. The number v of degrees of freedom is n— 2, where = is the
number of pairs of values in the sample.

90. Significance of an observed regression coefficient

The significance of an observed value, b, of the linear regression
coeflicient of ¥ on z, in a random sample from a normal population,
may also be tested by the ¢ distribution and table. It was shown in
§83 (Thcorem V) that, for random samples of n pairs from an un-
correlated normal population, b20%/0} is a f,4(3, 4(n—1)) variate.
Consequently the statistic ¢ defined by

t = boyy(n—1)/oy, (9)
conforms to the ¢ distribution for n—1 p.F. But, since ¢ and o,
are usually unknown, this relation is not of much use in providing
a test of significance for . However, a similar result is free from this
objection. For, from the relation

b =rS,/S,, (10)
in which S% and 8% are the variances of z and y in the sample, it
follows that B (-7 ntSYol

Z(y;-Y)? Sy —Y,)Yo¥
where Y, as usual denotes the estimate of y; found from the regression
equation. Now, by §82, the numerator and denominator of the
second member are distributed like ¥* with 1 and n— 2 D.F. respec-
tively. The quotient is therefore a [f,(}, 4(n—2)) variate, and the
statistic ¢ defined by

t=b\{(n—2)E (-2 (- (11)
conforms to the ¢ distribution for n—~2 p.¥., and may be used to
test the significance of the value of b found from the sample. More
generally Fisher* has shown that, if the variables in the population
are correlated, with £ as coefficient of regression of y on z, the
statistic which conforms to the ¢ distribution is obtained from (11)
on replacing b by (b— /).

* Fisher, 1922, 2, p. 609.
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91. Distribution of the range of a sample.

The range, w, of a sample of values is the difference between
the highest and lowest values. This concept is widely used in
the statistical control of quality in mass production by an in-
dustrial plant. Though the range does not conform to the ¢-distri-
bution, it is convenient here to consider the sampling distribution
of w for samples of n values from a continuous population, whose
relative frequency density is f(z) in the interval (a, b). Consider
the infinitesimal intervals (u, u+du) and (v, v+dv) within the
range of variation of z, and such that u <v. Then the probability
that, at any drawing, the value chosen will lie in the first of these
is f(u) du, and in the second f(v)dv. The probability that it will
lie in the intervening interval is

v

p= f(x)dz. (i)

u+du

Consequently the probability that, in the drawing of n values,
one will lie in the interval du, one in the interval dv, and the
remaining n— 2 in the intervening interval is

dP =n(n—1) f(u) f (v) p"2 dudv, (ii)
since n(n — 1) is the number of ways in which one of the n values
may fall in each of the intervals du and dv. In other words, dP
is the probability that the lowest value in the sample will fall in
the interval du, and highest in the interval dv.

We may express this in terms of u and w instead of u and ».
Since w=1v—u the Jacobian of u, w with respect to u, v is unity,
and the probability that the lowest value will fall in the interval
du, and w in the interval dw, is therefore

u+w n—-2 s
dP’' =n(n—1) f(u) f(u +w) (.L f(x) da:) dudw (iii)

to within infinitesimals of this order. Summing for all intervals
du consistent with a range w, we find the probability that w will
fall in the interval dw, irrespective of the value of u, as

dp=n(n— 1)U:'w Fu) fu+w) ( f :+"’f(x) dx)n_zdu dw. (12)

13-3
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This is the required probability differential of w. Denoting the
cocfficient of dw by ¢(w) we have the expected value of w as

b—-a
E(w)=j w(w) dw.

0
This expected value has been calculated by numerical integration
for the case of a normal population of s.p. o, and for various
values of n. Among the-results found are

n: 2 3 4 5 6 10 50
E(w)/o: 113 1-69 206 2-33 253 3-08 4-50

Ezample 1. If the variable in the population has a uniform distribu-
tion from 0 to b, then f(x)=1/b. Show that the probability differential
of the range is n(n—1) b~"w"-2 (b —w) dw, and that the expected value of

wis (n—1) b/(n+1).

Example 2. Show that, in taking a random sample of n numbers
between zero and unity, the probability that the range will exceed 0-5
is 1—(n+1)/2". Show also that 8 is the least value of n for which this

probability exceeds 0-95.

DiSTRIBUTION OF THE VARIANCE RaTIO

92. Ratio of independent estimates of the population variance

Asin §88,let us consider two independent random samples whose
values are z; (1=1, ..., n;), and x; (=1, ...,n,), with means Z,
andZ,respectively. These provideestimatess?and sjof the variances
of the populations, given by
2 X (xt—51)2=n18¥ = Z(x;"fz)z:nzsg

1= n,—1 v, n,—1 v
1 1 2 2

corresponding to v, and v, D.F. respectively, where
n=n—1, v=n,—1

We wish to consider whether two such estimates are significantly
different, or whether the samples may be regarded as drawn from
the same normal population of variance o2,
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An appropriate test is furnished by the sampling distribution of
the ratio F of two such estimates of o2 obtained from independent
samples from the same normal population. Thus if

s n,S%v
T% = _1_}/_1 (13)
2

F = :
83 ma Sy’

then nl _n 8o

vg  nySio?
Now the numerator and denominator of the second member are
distributed independently like x? with v, and v, D.F. respectively.
Hence the quotient is a f,(}v,, 4v,) variate, so that », F/v, con-
forms to the distribution of §72, with I = {v; and m = }»,. Con-

sequently the probability that the value of ¥ will fall in the interval
dF is

vy Fio-D 4 F

P = B ) T vy

(14)

This is the required distribution of the variance ratio for v, and v, D.F.
It will be observed that the distribution is independent of the
variance o2 of the population.

Fia. 9

Since vy F[v, is a B,(3v,, 4v,) variate its modal value, by § 72 (28),
is (3v;—1)/(3v+1). Consequently the modal value of ¥ is given by

_ V(1 —=2)  w»py—2p
nvet+2)  nrpt+2n’
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and this is always less than unity. Similarly, the mean value of
v, Flvg, by §72(29), is 4v,/(3v,—1); and therefore the expected
value of F is

B(F)=-"2

v,—2’

which is independent of v,, and is always greater than unity. The
probability curve for ¥ depends, of course, on both »; and v,; but
its main features, for v, > 4, are those of the curve in Fig. 9.

93. Fisher’s z distribution. Table of F
A distribution equivalent to (14) was first obtained by R. A. Fisher.

Writing 2z = log, F and therefore F' = €% in the above result, we

deduce immediately that

dP = 2viipbnenedz .

B(3vy, dvy) (v, €% + pp)trt7d)

(15)

This is Fisher’s z distribution. The probability that a specified value
of z will be exceeded in random sampling depends upon v, and v,.
Fisher published tables* giving the values of z that will be exceeded
with probabilities 0-05 and 0-01 respectively, corresponding to
specified values of v, and v,. From these G. W. Snedecor prepared
a tablet for the variance ratio, which he denoted by F' in honour of
Fisher. Extracts from this table are here printed by permission of
Snedecor and the Iowa Press. The ratio, F, tabulated is that of the
larger estimates of variance to the smaller. The number v, of degrees
of freedom corresponding to the larger estimate determines the
column in the table, while v, determines the row. At the inter-
section of the row and the column are given two values of F. The
upper is the value that will be exceeded with a probability 0-05,
and the lower with a probability 0-01. These are often referred to
as the 5 and 1 %, ‘points’ of F. The latter is, of course, always the
larger. The hypothesis to be tested is that the samples are from the
same normal population, or from normal populations of equal
variance. A value of F less than the 5 9, point is not significant.
A value between the 5 and 1 9%, points is significant at the former

* Statistical Methods for Research Workers, 1925.
t Snedecor, 1934, 2 or 1938, 3, pp. 184-7.



93] Table of F 199
TaBLE 8. The variance ratio. 5 and 19, ‘points’ of F
v, is the number of degrees of freedom for the greater
estimate of variance, and v, for the smaller
!
1 2 3 4 5 6 8 12 24 ©
Vs

2 | 1851 |19-00 | 19-16 | 19-25 | 19-30 | 19-33 | 19-37 | 19-41 | 19-45 | 19-50
98:49 | 99-00 | 99-17 | 99-25 | 99-30 | 99-33 | 99-36 | 99-42 | 99-46 | 99:50
8 | 1013 | 956 | 9-28| 9-12| 0-01| 894 | 884 | 874| 864| 853
34-12 | 30-82 | 29-46 | 28-71 | 2824 | 27-91 | 27-49 | 27-05 | 2660 | 26-12
4 7-71| 6:94| 6-59| 6-39| 6-26 | 6:16| 6-04| 591 | 577 | 563
21-20 | 18-00 | 16-69 | 15-98 | 15-52 | 15-21 | 14-80 | 14-37 | 13-93 | 13-46
5 661 579 | 541| 519| 65:05| 4-95| 4-82| 468 453 | 436
16-26 | 13-27 | 12-06 | 11-39 | 10-97 | 10-67 | 10-27 | 9-89 | 947 | 9-02
6 | 599 6514 | 476 | 463 | 439} 428| 415 4-00| 3-84| 3-67
13-74 1 1092 | 978 | 915| 875 | 847 810| 7-72| 7-31| 6-88
7 559 | 4741 4-35| 412| 3.97| 3.87| 373 | 3-57| 3-41| 83:23
12.25| 966| 845| 7-85| 746 7-19| 684 | 647! 6-07| 565
8 65:32| 446| 4.07| 384| 3-69| 358} 344} 3-28| 3-12| 2-03
11-.26 | 865| 7.69| 7-01| 6-63| 6-37| 6-03| 567 | 528 486
9 512 426 3-.86| 3-63| 3-48| 3-37| 3-23| 3-07| 290 271
10-56 | 802| 6-99| 6-42| 6:06| 5-80| 547 | 511 | 473 | 431
10 | 496 410 371 348 3-33| 3-22| 3-07| 2:91| 274| 2:54
10-04 | 756 | 6-55| 599 | 5-64| 5-39| 506| 471 4-33| 391
12 475 | 888| 349| 326| 311 3.00| 28| 269| 250| 230
9-33| 693| 5-96| 541| 6-06| 4-82| 450| 416 | 3-78| 3-36
14 | 460 | 874| 834 311| 296| 285| 270 | 2:53| 2:35| 213
886 | 651 | 556| 503| 469 446 | 414 380 343 | 8:00
16 449 | 3-63| 3.24| 3-01| 2:85| 2:74| 269 | 242| 2-24| 2:01
863 | 623 | 6529 | 477 | 444 420| 389 | 3:56| 318| 275
18 | 4-41)| 855 | 3.16| 2:03| 2:77| 2:66| 251 | 234| 2:15| 102
828 | 601 509 458| 425| 401 | 371 | 3:37| 3.01| 2:57
20 | 436, 349 810, 2.87| 271| 2:60| 245, 228 2:08| 1.84
8:10| 585| 404 | 443 410 387 356 3-23| 286 242
26 4-24| 838 299 276 | 2:60| 249 | 234 2:16| 1.96| 1.71
777 | 8:67| 4-68| 418| 3-86| 3-63| 3:32| 299 | 262| 217
30 | 417) 882 292 269 263 242| 227} 2-09| 1-89| 1-62
7-56 | 5-39| 461 | 4-02( 3-70| 347 317 2-84| 2:47| 2:01
40 | 4-08| 38-23| 284 | 261 | 245 2:34| 218 2:00| 179 1:51
7-31| 618 | 4-31| 383 | 3-61| 829| 209 | 266 220/ 181
60 | 400 815 276, 2-52| 2:37| 2-25| 2:10| 1-92| 1-70| 1-39
7-08| 498 413 865| 834 3-12| 282 260} 2:12| 1-60
80 | 396| 311 272 249| 2-33| 221 2:06| 1-88| 1-65| 1-32
696 | 488| 404 366 | 3-26| 3-04| 2:74| 241| 203 | 1-49

Extracted from G. W. 8nedecor’s Statistical Methods, pp. 184-7, by courtesy
of the author and the Iowa Collegiate P’ress.
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level, but not at the latter. A value greater than the 1 9, point is
regarded as highly significant. A significant value of F throws doubt
on the truth of the hypothesis. This test will be used extensively in
the next chapter. It is illustrated by the following numerical
example.

Example. Apply the test to the samples of heights given in the examples
of §§ 86 and 88 (Ex. 2).

The two estimates of the population variance furnished by the samples

are 36/8 and 42/9, corresponding to 8 and 9 p.F. respectively. The second is
the larger, so that 42/9

F=_-

36/—8=1'04, =9, y,=8.

This value of F is much below the 5 %, point as indicatcd by the table. It is
therefore not at all significant, so that the samples may very well be regarded
a3 drawn from the same population.

FisuER'S TRANSFORMATION OF THE
CORRELATION COEFFICIENT

94. Distribution of r. Fisher’s transformation

The distribution of the correlation coefficient », in random
samples of n pairs of values from a bivariate normal population in
which the correlation is p, was given by Fisher* in 1915. He showed
that the probability that the correlation coefficient will have a
value in the interval dr is

(1 pz)*("‘l) (1 — 2 o d"* (arccos(-— rp)
“a(n=3)! d(rp)*=2\ J(1—1%p2)
This distribution is far from normal, with a probability curve which
is very skew in the neighbourhood of p = + 1, even for large samples.
The use of the S.E. of r is therefore not to be recommended. In a
subsequent paper{ Fisher showed that the transformation
1+r 1+
z=%logei___7’ {=1lo ge z
defines a variate z, whose distribution is approximately normal with
mean § and variance 1/(n — 3), tending rapidly to normality as the
size of the sample increases. Thus the s.E. of z is independent of the

(16)

* Fisher, 1915, 2. t+ Fisher, 1921, 1.
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value of r. For the proofs of these properties we must refer the
reader to Fisher’s papers; but the distribution of r in the case of an
uncorrelated normal population was considered in §82, and the
corresponding distribution of z will be discussed in Ex. 1 below.

By means of the statistic 2z we may test whether an observed
correlation coefficient differs significantly from some theoretical
value, or from some value given in advance; or whether the values
of r obtained from two samples differ significantly. From the
values of r and p we determine those of z and { by (16); and it is
then easy to decide whether the deviation z—{ is significant for a
normal distribution of variance 1/(n—3). To obviate the necessity
of calculating z in every case, Fisher published a table setting out
the values of r, which correspond to specified values of z ranging
from 0 to 3 at intervals of 0-01. Extracts from this table are printed
herewith.

TanLe 7. Fisher’s transformation of »

Values of » for specified values of z at intervals of 0-02

z 0-00 0-02 | 0-04 0-06 0-08
00 0-000 0-020 0-040 0-060 0-080
01 0-100 0-119 0-139 0-159 0-178
0-2 0-197 0-217 0-236 0-254 0-273
03 0-291 0-310 0-328 0-345 0-363
0-4 0-330 0-397 0-414 0-430 0-446
05 0-462 0-478 0-493 0 508 0-523
0-6 0-537 0-551 0-565 0-578 0-592
0-7 0-604 0-617 0-629 0-641 0-653
08 0-664 0-675 0-686 0-696 0-706
0-9 0-716 0-726 0-735 0-744 0-753
10 0-762 0-770 0-778 0-786 0-793
11 0-801 0-808 0-814 0-821 0-828
12 0-834 0-840 0-846 0-851 0-857
13 0-862 0-867 0-872 0-876 0-881
14 0-885 0-890 0-894 0-898 0-902
15 0-905 0-909 0-912 0915 0-919
16 0-922 0-925 0-928 0-930 0-933
17 0-936 0-938 0-940 0-943 0-945
18 0-947 0-949 0-951 0-953 0-955
19 0-956 0-958 0-960 0-961 0-963

Reproduced by permission of the author, Professor R. A. Fisher, from his book
on Statistical Methods for Research Workers.

For the case { = 0, that is to say for testing whether an observed
value of r indicates any correlation in the population, the method
of §89 is preferable.
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Example 1. For samples from an uncorrelated normal population, we
know that the distribution of r is
(1=r2)kn-0 gy

dp = ~ .
P= B3 4n-2)

Fisher’s transformation (16) may be expressed

r = tanhz,
so that dr = sech?zdz,
and the distribution of z is therefore
dp = sech"~2zdz/B(}, }{(n—2)).
Now sechz is approximately equal to exp ( — 32?), so that
dp < exp (— }(n—2)2%)dz
approximately. Consequently the distribution of z is approximately normal,

with variance 1/(rn— 2). As Fisher has shown, however, a better approxima-
tion to the variance of z is 1/(n—3).

Ezxample 2. In a random sample of 28 pairs of values from a bivariate
normal population, the correlation was found to be 0-7. Is this value con-
sistent with the assumption that the correlation in the population is 0-5?

Here r = 0-7, p = 0-6 and n = 28. From the table we find z = 0-87 and

= 0-55, that
¢ 80 vha 2—¢ = 0-32.

‘The s.E. of z is 1/,/(25) = }, so that

(z—0)/(s.B.) = 1-6.

Since z—{ is considerably less than twice the s.E., its value is not significant.
So far as this test goes, the correlation in the population might very well
be 0-5.

The 95 9% fiducial limits for p are found in the usual manner (cf. §51).
The value of { must be such that

|z2—{| <1-96(s.8.) =0-392.
Consequently 0-87—0-392 < {<0-87+0-392
0-48<§<1-26,
and therefore from the table
0-446 <p <0-851.

The 95 9%, fiducial limits for p are therefore 0-45 and 0-85 approximately.

95, Comparison of correlations in independent samples

Next suppose that two independent samples of n, and n, pairs
give correlation coefficients of r; and 7, respectively. May they be
regarded as drawn from the same population; or is the difference
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between 7, and r, significant? On the assumption that the samples
are from the same normal population, the difference between the
values of z for the two samples is normally distributed with s.E.

€= 1 +- . )
"N \n,-3 n,—3)°

The two values of z are

1+r1 1-}-1'2

2

log

= }log

If |2, —2,| is less than 2¢, the difference is not significant at the
5 9, level; and the assumption that the samples are from the same
population, or from equally correlated normal populations, is not
discredited.

Example. The first of two samples consists of 23 pairs, and gives a correla-
tion of 0-5; while the second, of 28 pairs, has a correlation of 0-8. Are these
values significantly different ?

On the hypothesis that they are from the same normal population, the
s.E. of the difference of the 2’s is

€= J(go +""‘ JO'OQ = O’3o
From the table we find that 2, = 0-55 and z, = 1-10, so that
|2, —24]| = 0:65 = 1-83¢,

which is a little less than 2¢, and is therefore not quite significant at the 5 9,
level. The hypothesis is not discredited.

If in the above example the value of r; is not given, we may find the limits
between which it must lie in order that |r, —r, | should not be significant at
the 5 9, level. For the condition to be satisfied is

|2, —24| <1-966=10-588.

Consequently 1-10—0-588 <2, <1-10+ 0-588
0612 <z, <1-688,
so that 0-47<r, <0-93.

96. Combination of estimates of a correlation coefficient*®

Suppose that k samples of n; pairs of values (¢ = 1,..., k) yield
correlation coefficients r,, We may wish to enquire whether the
samples may be regarded as drawn from the same normal population

* Cf. Yates, 1934, 6
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(or equally correlated ones); and, if they may be so regarded, to
obtain a combined estimate of the population value p. To test the
homogeneity of the estimates r;, we make the assumption that the
samples are from equally correlated populations. Then, by means
of Fisher’s transformation (16), we obtain values z; of variates
which are approximately normally distributed about a common
mean, with variances 1/(n,—3). The estimate of their common
mean, {, which has minimum variance, is obtained by weighting
the values z; inversely* as their variances. This estimate Zis therefore

X (n;—3)z
Sm=3) " 4

Then, since the variates z; are approximately normally distributed
about {, with variances 1/(n;— 3), the sum 3} (n;— 3) (z;,—2)? is dis-
tributed approximately as x2, with k—1 D.F., the mean 2z having
been determined from the data.t The significance of the calculated
value of this quantity may be ascertained from the table of 2.
We may express the above sum in a form more convenient for
numerical calculation. Thus

?(nt_’s)(zi’é)z = X (n;—3)2E—22 3 (n;—3)
=Y (n;—3)2F~[X (n;— 3) 2;)2/2 (n; — 3).

If the calculated value of this expression is not significant as a
value of y2 with £ — 1 D.F., the estimates r; of the correlation in the
population may be regarded as homogeneous. In that case the
value of Z given by (17) is an estimate of the true value, ¢, corre-
sponding to the population coefficient p. The required estimate of
p is then given by

zZ=

p = tanh?z,

and its value may be read off from the table.

Example. Independent samples of 21, 30, 39, 26 and 35 pairs of values
yielded correlation coefficients 0-39, 0-61, 0-43, 0-54 and 0-48 respectively.
May these estimates be regarded as homogeneous? If so, find an estimate of
the correlation in the population.

* Cf. Ex. IV, 5.
+ For details of this part of the proof see Ex. X, 10 below.
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The corresponding values of z; may be taken from the table, and the
calculation tabulated as follows:

T z n,—3 (n,—3) z4 (ni—3) 22
0-39 0-412 18 7-416 3-055
0-61 0-709 27 19-143 13:572
0-43 0-460 36 16-560 7-618
0-54 0-604 23 13-892 8:391
0-48 0-524 32 16-768 8:786

Totals _ 136 73-779 41-422

The value of x? from the data is therefore
Xx? = 41-422—(73-779)2/136 = 1-4 approximately.

For 4 p.¥. this value is not at all significant, so that the coefficients r; may be
regarded as homogeneous. I'rom (17) we have

Z2 ="73-779/136 = 0-5425.

The table then gives the estimate of p for the population as 0:495 = 0-5
nearly.
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EXAMPLES X

1. A random sample of 16 values from a normal population
showed a mean of 415 in., and a sum of squares of deviations from
this mean equal to 135 in.2 Show that the assumption of a mean
of 43-5 in. for the population is not reasonable, and that the 95 9,
fiducial limits for this mean are 39-9 and 431 in.
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Another sample of 20 values from an unknown population has a
mean of 43-0 in., and a sum of squares of deviations from this mean
equal to 171 in.2 Show that the two samples may be regarded as
from the same normal population.

2. Nine patients, to whom a certain drink was administered,
registered the following increments in blood pressure: 7, 3, —1, 4,
—3,5,6, —4, 1. Show that the data do not indicate that the drink
was responsible for these increments.

On the null hypothesis the above values are regarded as a random
sample from a normal population whose mean is zero. The data
give Z = 2 and s? = 63/4. Hence ¢t = 1-51 with v = 8. This value is
not significant.

3. In testing the superiority of Leake’s drill over the ordinary
drill, plots in the form of long strips were cultivated, two adjacent
strips being allotted at random to Leake’s drill and the ordinary.*
For ten such pairs of plots the values of the excess of the weight of
grain from the plot treated by Leake’s drill over that obtained by
use of the ordinary drill were 2-4, 1-0, 0-7, 0-0, 1-1, 1-6, 1-1, —0-4,
0-1 and 0-7. Show that the data furnish strong evidence of the
superiority of Leake’s drill.

From the data Z = 0-83 and ] (z; —Z)? = 6-001, so that

8% = 6:001/9 = 0-666.

On the null hypothesis the mean of the population is zero, and
t = 3-22 for 9 p.Fr. This value belongs to about the 1%, level of
significance. There is thus strong evidence against the null hypo-
thesis.

4. For arandom sample of 10 pigs, fed on diet 4, the increases in
weight in a certain period were

10, 6, 16, 17, 13, 12, 8, 14, 15, 91b.

For another random sample of 12 pigs, fed on diet B, the increases
in the same period were

7,13, 22, 15, 12, 14, 18, 8, 21, 23, 10, 171b.

* Data from Wishart, 1934, 3, p. 32.
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Show that, by the test of § 88, the mean increases of 12 and 15 1b.
in the two samples are not significantly different.

(82 = (120 + 314)/20 = 21-7; ¢t = 15, v = 20.]

5. Show that the estimates of the population variance from the
samples in Ex. 4 are not significantly different.

6. Deduce from §82(25), that the statistic r./(n—2)/\/(1—72)
conforms to the ¢ distribution for n—2 p.F.

7. Arandom sample of 18 pairs from a bivariate normal popula-
tion showed a correlation coefficient of 0-3. Is this value significant
of correlation in the population? Prove by the method of §89,
Ex. 2, that the least value of r significant at the 59, level is
about 0-47.

8. A random sample of 19 pairs from a bivariate normal popula-
tion showed a correlation of 0-65. Prove that this is consistent with
the assumption of a correlation of 0-40 in the population. Also
show that the 95 %, fiducial limits for p are 0-28 and 0-85 approxi-
mately.

A second sample, of 23 pairs, showed a correlation of 0-40. Prove
by the method of §95 that the two samples may be regarded as
from equally correlated populations.

9. Show that the mean value of the positive square root of a
Beta variate of the second kind, with parameters ! and m, is

TQ+3%) I(m—3)/T'([T) I'(m).
Deduce that the mean value of | ¢| for v D.F. is
T(3(v= 1)) o/ T(3) Y.

Also show that, for samples from an uncorrelated bivariate normal
population in which the variances are o} and o2, the mean value of
the modulus of the regression coefficient of y on z is

gy l'(3(n—2)) /oy I'(3(n—1)) |/m.
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10. To prove that the sum 3 (n; — 3) (z; —2)? of § 96 is distributed
<

approximately as y® with k— 1 D.F., we may proceed by the method
of § 77. Denoting the sum by 7'2 we have

T =3 (n—3)[(z;—- ) - E-OP
=N(n;—3)(%,— ) =2E-0) X (n;—3) (%= )+ - {)* X (n;—3)
= (n;—3)(—8)*—¢&1, (i)

where £ = X (n;—=3) (2= O/WZ (n; = 3).
Now introduce an orthogonal linear transformation

g‘ = ?Cﬁx’ (j = 1,2,...,k),

where z; = (2;— ) J(n; - 3),

and the first of the £’s is identical with §; above. Then, since the z’s
are independently and normally distributed about zero with unit
8.D., 80 are the £’s; and in virtue of (i)

I ==

k k
T2 - Nri-f= Y-
= =

£2
Sqe

=2

Consequently 7% is distributed like y* with £k —1 p.F.

11. Show that, for the ¢ distribution with v p.7., the moment ot
order r (even) about the origin is, for r <v,

(r=1)(r=3)... 1. /[(v=2)(v—4)... (v—r).

12. For samples of n from a population with the exponentia
distribution f (x) =e™", > 0, show that the range conforms to

$(w)=(n—1) (1 —e~¥)n-2,

and hence that E(w)=1+3+3+1+ +ﬁ.l—i



CHAPTER XI
ANALYSIS OF VARIANCE AND COVARIANCE
ANALYSIS OF VARIANCE

97. Resolution of the ‘sum of squares’

In the words of its author, R. A. Fisher, analysis of variance is
the ‘separation of the variance ascribable to one group of causes
from the variance ascribable to other groups’.* It is a procedure by
which the variation embodied in the data of the sample may be
resolved into component variations due to independent factors.
Each of the components yields an estimate of the population vari-
ance; and these estimates are tested for homogeneity by means of
the F table.

Consider a random sample of N values of a normally distributed
variable z. It is frequently possible to arrange these in classes
according to a certain factor or criterion. For instance, if the
variable is the price of a certain commodity, the classes may
correspond to different seasons or to different districts. Or, if the
variable is the crop yield of a variety of cereal, the classes may
correspond to different manurial treatments. Let z;; denote the
value of the jth member in the ith class. Thus the first subscript
indicates the class, and the second the position in that class. Let
n,; be the number of members in the ith class, Z; the mean value for
that class, and Z the general mean for the whole sample of N values.

Then NE= E?%p Z{g(xﬁ—f):O (1)
7

To resolve the sum of squares of the deviations of the N values ;;
from the general mean, we may do so first for the members of the
tth class. Thus, in virtue of §3(10),

? (2= %)% = ? (@45 — %)%+ ny(T; - T)?,

* Fisher. 1938, 2, p. 216.

wMs 14
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and on summing this result for all the classes we have the required
resolution of the ‘sum of squares’

z ?.a (y—x)? =3 ? (25— %)%+ E‘Ini(@—i)“‘- (3)

This formula holds, of course, whether the population is normal
or not.

98. Homogeneous population. One criterion of classification

Now suppose that the population, from which the random sample
of N values was drawn, is homogeneous with respect to the factor of
classification, that is to say, that the factor has no effect upon the
value of the variate. Then if the population is divided into classes
according to this factor, the different classes will have the same
statistical properties. In particular, they will have the same mean
4 and the same variance 0%, which are the mean and the variance of
the population. Then, from the various sums in (3), we can obtain
three unbiased estimates of ¢2. For, by (7) and (8) of §54, the
expected value of the first sum in sampling is (N — 1) ¢%; so that this
sum, divided by N —1, gives an unbiased estimate of o based on
N —1 p.F. Similarly, the n; values in the ¢th class constitute a
random sample whose mean is Z;, so that

E[;‘J (4 —%;)%] = (n;—1) 0%,
and therefore*

E[ZZ(xﬁ"fi)zJ =X (n;—1)o* = (N —h)o?,

(2

where kb is the number of classes. Thus the second sum in (3), divided
by N —h, gives an unbiased estimate of o2 based on N—# D.F.
And, since the expected values of the two members of (3) must be
equal, that of the final sum* is (b — 1) 0?; so that this sumn, divided
by h—1, gives an unbiased estimate of 2 based on A—1 p.F. The

identity (N—=1)o% = (N-h)o2+(h—1)0? (4)

obtained by taking expected values of the various sums in (3),
shows that degrees of frcedom are additive, the number of freedoms

* See also Ex. X1, 1, below.
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éorresponding to the total sum being equal to the sum of the
freedoms corresponding to the partial sums. The above results are
usually tabulated as follows:

Source of variation D.F. Sum of squares Mean square
Between class means h—1 Tny(Z—%)? 2, (%, —Z)2/(h—1)
‘ ¢
Within classes N-h T S (@y—T,)? X (2, —%,)%/(N—h)
'] ']
Total N-1 % E (xu - 5)2 —_—
(]

In the columns headed ‘p.r.” and ‘Sum of squares’ the items are
additive, but not in the last column which gives the estimates of o2.

The argument so far holds whether the population is normal or
not. In the case of a homogeneous normal population the results
follow from the distributions of the various sums in (3). For then
the first sum divided by o2 is distributed like x? with N —1 p.F., as
proved in §77. The mean value of this sum is therefore (IV —1)o2.
Similarly, 3 (x,;—;)?/o® is a x® with n,— 1 D.F.; and therefore the

second sum in (3), divided by ¢?, is distributed like x? with
X(n;—1) = (N—-h)D.F.

The mean value of this sum is therefore (N —A)o?. Similarly for
the final sum in (3).

In order to test the homogeneity of the estimates of o2 by means
of the variance ratio and the F table, it is necessary to assume that
the population is normal; for this test is founded on that assumption.
The practice is to compare the estimate ‘between class means’ with
that obtained ‘within classes’. For the final sum in (3) represents
the variation due to the factor of classification, and the second sum
in (3) is the residual variation after the former has been removed.
If the estimate obtained between classes is significantly greater
than that within classes, we are justified in concluding that the
factor of classification exercises an influence on the value of the
variable. In that case the assumption of homogeneity is discredited,
and we must regard the population as heterogeneous. If, however,
the estimates of o2 are not significantly different, the test provides

14-3
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no evidence against the hypothesis of a homogeneous population.
It is important to remember that the variance ratio may be tested
by means of the F table only if the two estimates of variance are
statistically independent. Since the mean of a random sample from
a normal population is distributed independently of its variance,
the two sums in the second member of (3) are independent, and the
required condition is satisfied.*

99. Calculation of the sums of squares

In calculating the above sums of squares it is not necessary to
find the deviations from the various means. We know that the sum
of the squares of the deviations of N numbers z, (8 = 1, ..., N), from
their mean Z is, in virtue of § 3 (11),

Z(xs—i)z = ZxE—Nfz = ng—Tle:

where T is the sum of the numbers. Applying this formula to the
various sums considered above we have

2% 2} (@ —2)* = % ?x%r T%IN, (3)
the grand total 7' being given by
T= ? '%",xﬁ.
Similarly, summing first for the values in the sth class, we have
% ? (25 —%;)* = %1 (? afy— Tilny),
where 7T} is the sum of the values in the ith class. Consequently
%?(‘%'@)2 = ??x%j—§ .. (6)
Subtracting (6) from (5) we find for the third sum of squares
(& —2)* = X Tifng— T3N. (7)

* See also Fisher, 1925, 1 and Irwin, 1934, 4.
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*This result may also be obtained directly. For, since n; is the
frequency of the value Z;,

2y (@ --7)? = T @i — (%) N = X Tiny—T?N
r 1 1 T

as stated.

Since the deviations from the means are independent of the choice
of origin, the results obtained by using (5), (6) and (7) are unaltered
by a change of origin. In other words, if all the values z; are
decreased (or increased) by the same constant, the values obtained
for the three sums of squarcs are unchanged. The arithmetic may
often be simplified in this way, large numbers being replaced by
much smaller ones.

Ez. 35 plots, of approximately equal fertility, were sown with 7 different
varieties of wheat, 5 plots to each variety, the distribution of varieties among
the plots being random. The following table gives the yields of grain in
bushels per acre, the 7 columns corresponding to the different varieties. Do
the data (fictitious) indicate a significant difference in the yields of the
varieties?

13 15 14 14 17 15 16
11 11 10 10 15 9 12
10 13 12 15 14 13 13
16 18 13 17 19 14 156
12 12 11 10 12 10 11

The classification is according to variety. The number of classes is h = 7,
and the number of items in each class i8 n; = 5. Consequently N = 35. The
arithmetic is simplitied by shifting the origin to (say) = 12. Diminishing
all the yields by 12 we may rewrite the table:

3 2 2 5 3 4

-1 -1 -2 -2 3 -3 0
-2 1 3 2 1 1
4 6 5 7 3
0 0 — -2 0 -2 -1

from which we have
T,=2,9,0,6,17,1,7; T =42;

%, = 04, 1:8, 0, 1-2, 3-4, 0-2, 1-4.

Hence X Xa} =266, TN =504, XTin, =92
L) {
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The three sums of squares are therefore, by (5), (8) and (7),

33 (zy—3) = 266—50-4 = 2156,
i9

22(2‘,—54)2 =266—-92 = 174,
L

Sn(F—F)? = 92-504= 416.
i

In tabular form:

Source of Sum of Mean F
variation D.F. squares square
Between varieties 6 41-6 6-933 1-1
Within varieties 28 174 6-214 —_
Total 34 215-6 —_ —_—

Forv, = 6 and v, = 28 the value 1-1 of F is not significant. Since the estimates
of variance between varieties and within varietics are not significantly
different, the experiment as a whole does not indicate significant variation
in the yields of varieties.

100. Two criteria of classification

Consider next the case in which the IV values z;; of the data may
be classified according to two different criteria, 4 and B. For
simplicity suppose that A determines % different classes, and B
determines k different groups; also that the k% values of the variable
are such that, in each of the % classes there is one value from each
group, and in each of the k groups one value from each class. For
the purpose of calculation the kk values may be arranged in a
rectangular array of - columns and k rows, the columns corre-
sponding to classification 4 and the rows to B. The double suffix
notation will indicate that x;; belongs to the ith class and the jth
group; and, in the rectangular array, this value occurs in the ith
column and the jth row. As before Z denotes the general mean;
Z,is the mean of the values in the ith class, and Z; the mean of those
in the jth group.

The argument leading to (3) is valid here also, the resolution
expressed by that equation being with respect to the means of
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columns. We may use (3) again to resolve the sum ¥ ¥ (z;;—%;)?,
i

this time, however, with respect to the means of rows. In doing so
we take as a new variable
Xy =2y—7,

each value of the original variable being diminished by the mean of
the column in which it lies. The values X;; may be arranged in A
columns and k rows corresponding to those of ;. Now the general
mean of X, is zero, since the means of x;; and Z; are each z. Thus
X = 0. Similarly the mean of the values X;; in the jth row is

X, =z,-%

Accordingly, on applying (3) to the quantities X,;, but taking row
means instead of column means, we have

% ; (X~ X)? = SX;-XP+ 23 (Xy-X))?
i 7 L)
or its equivalent

EZ( Ty —%;)? = Zh(@—f)z‘l‘zz(xz‘j—fi"fj‘wj)z- (8)
) )

Substituting this value in (3), and remembering that the numbers

n; are each equal to k£, we have the resolution expressed by

22 (-7} = Zk(fri)%Eh(k}—f)”Z}lYf}, (9)
i ] i j i

where Y=2y—-%,—-%;+7.

Asin the preceding section, the expected value of the first member
of (9) is (hk — 1) o2, Similarly, on the assumption of a homogeneous
population, the expected values of the first two sums in the second
member are (A —1)0? and (k— 1)o? respectively. That of the final
sum is therefore (hk—h—k+1)o2% Thus the various sums in (9),
divided by (hk—1), (h—1), (k—1) and (h—1)(k—1) respectively,
give unbiased estimates of the population variance based on degrees
of freedom represented by these divisors. When the population is
normal the four sums in (9), divided by o2, are distributed like x2



216 Analysis of Variance [x1

with degrees of freedom as stated above; and the mean values of
the various sums follow from this. The above results are usually
tabulated:

Variation D.F. Sum of squares Mean square
Between classes h—1 Tk(Z,—Z)?
o The quotient of ‘sum
Between groups k-1 Th(E -z of squares’ by D.F.
! in each case
Error (h=1)(k—1) %:’EYQ,
Total hk—1 ? IE (xy—T)? —

Degrees of freedom are additive, as well as sums of squares. The

variation corresponding to the factors of classification is repre-

sented by the first two sums in the second member of (9). The un-

controlled variation represented by the residual sum Z? Yy is
1

due to a variety of causes, which are grouped under the term
“error’.

To test the hypothesis of homogeneity in the population, we
compare the two estimates of variance obtained between classes and
between groups with that obtained from error. If the factor corre-
sponding to either classification has a significant effect upon the
value of the variable, this will appear in the corresponding mean
square. In order to test the variance ratio by means of the F table*
the population must be assumed normal. If either of the first two
estimates of variance is significantly different from that obtained
from error, the hypothesis of homogeneity is discredited. The
significance of the difference of the means of any two classes, or
any two groups, may be tested by means of the ¢ table, as in the
example below.

Ezample. An agricultural experiment was conducted to test the effects
of change of soil (5 blocks) and variety of wheat (7 different strains) on the
yield of grain. Eachblock wasdivided intoseven plots, and the plots of each
block were assigned at random to the seven varioties. The yields, in bushels
per acre, are set out in the same rectangular array as in the example of
§ 99, columns corresponding to varieties and rows to blocks. Discuss the
significance of the variation of yield with the two factors.

* The independence of these estimates of variance may be established
by Cochran’s method. See 1934, 6.
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'With origin at # = 12 the values of T, T, %, the total sum of squares and
the sum of squares corresponding to varieties are as already found. Show
similarly that

T, = 20, -6, 6, 28, -6

Z, = 2-86, —0-86, 0-86, 4, —0-86
X T2/7=1846, XT3/7—T?35 = 134-2.
§ I}

The tabulation of results is:

Source of Sum of Mean P ’
variation D.F. squares square |
Varieties 6 41-6 6-93 4:2%*
Blocks 4 134-2 3355 20-2%*
Error 24 39-8 1-66 —

Total 34 215-6 — — |

The double asterisk indicates that the value of F is significant at the 1 9, level
(a single asterisk denoting significance at the 5 9, level). Thus the yields of
the varioties are significantly different; and the experiment indicates a very
marked variation in soil fertility from one block to another.

We may use the ¢ test to examine more closely the difference between the
mean yields of any two varieties, say the second and third. The difference is
Z,—Z, = 1-8. To test the significance of this we use the estimate of variance
obtained from ‘error’, and corresponding to 24 p.¥. This value, 1-66, is the
estimated variance of the yield of a single plot. The estimated variance of
the mean of 5 plots is thus 1-66/5; and that of the difference of the means of
two independent samples of 5 plots each is 1:66 x 2/5 = 0-664. The s.E. of
the difference of the means of two varieties is therefore 0-815 nearly. The
value of ¢ for the above two varieties is thus 1-8/0-815 = 2-2, For 24 b.F.
this is significant at the 5 %, level. The least difference, m, that is significant
is given by m/0-815 = 2:06, so that m = 1-88 nearly. Show also that the
8.E. of the difference between the mean yields for two blocks is 0-69, and that
a difference of 1-4 is significant at the same level.

101. The Latin square. Three criteria of classification

In the general case of three criteria of classification, corresponding
to A, k, p classes respectively, we should require a three-dimensional
generalization of the rectangular array employed above. In the
particular case for which A = k = p this requirement is obviated by
an arrangement known as the Latin square. As it is customary to
use the letters 4, B, C, ... to distinguish the different classes of one
of the three classifications, we may conveniently explain the Latin
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square, of order n, as an arrangement of the n letters 4, B, C,
in the form of a square array, such that each letter occurs once in
each column and once in each row. Consequently each letter occurs
n times in a Latin square of order n. The accompanying array is one
arrangement for a Latin square of order five.

B D E A4 ¢C
¢ A B E D
D C 4 B E
E B C D A4

A EFE D C B

The triple classification and the Latin square arrangement are
illustrated by the design of the following agricultural experiment.
The variable is the yield of grain per acre, and the object of the
experiment is to test the effect on yield due to change of manurial
treatment, and to variation of soil in each of two perpendicular
directions. A block of land is divided into n? plots, arranged in n
parallel rows in one of the given directions and » parallel columns in
the perpendicular direction. The n different treatments are dis-
tributed at random among the n plots of each row, but in such a
way that no two plots in the same column are given the same treat-
ment. We thus have a Latin square in which letters correspond to
treatments, while rows and columns correspond to soil variation in
the given perpendicular directions.

The necessary formulae for calculation are obtained by an easy
extension of the foregoing results. With the same notation as in the
preceding sections, the resolution expressed by (9) is still valid. The
final sum Z 2 Y%, may be separated into components by applying

(3) to the varlable Y,; and resolving, not with respect to the means
of rows or columns, but with respect to the means of letters. Let
Y denote the general mean of the values Y;;, and ¥, the mean of the
values for the lth letter. Then, since the mean of each of the four
terms in ¥}, has the same magnitude Z, we have ¥ = 0. To calculate
Y, we consider the four terms of ¥;; separately. The mean value of
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#;; corresponding to the Ith letter we shall denote by %,. The mean
of the values Z, for the Ith letter is Z, since each column contains the
Ith letter once only. Similarly the mean of the values Z; for the lth
letter is Z. The last term of Y;; is constant, and we have the result

Y,=%H—-%—-%+% = %—Z.
Thus, on applying (3) to the values Y;; and the letters, we deduce
% ? (Y= Y)2 = n2 ¥~ 17)"’+2}?(1’”“7’)2
or its equivalent

E? Yf = n;(il—i)z-f-z Z(xij—@—?f,—il+2i)2.
i ij

Substituting this value in (9), and putting 2 = k = n, we obtain
the required resolution

L3 (@0y-8 = nE@-9+nE @G- +n S @2+ BT 2,

(10)
Whel‘e Zi.’f = xﬁ - 5{ - E} - E’ + 25.

The expected value of the first member of (10) is (n2—1)0?, and
on the assumption of a homogeneous population, that of each of the
first three sums on the right is (n—1)0?, as proved in §98. Con-
sequently

E(SY 2%) = [n*—1-3(n—1)]o* = (n—1) (n—2) o™
i3

Thus each of the first three sums in the second member of (10),
divided by (n—1), gives an unbiased estimate of % based on
(n—1) p.F.; and the final sum, divided by (n—1)(n—2), gives an
unbiased estimate based on that number of freedoms. In the case
of a normal population the various sums in (10), divided by o?, are
distributed like ¥? with D.F. equal to those of the corresponding
estimates of o2, The results may be tabulated as shown below.
The first three mean squares are compared with that obtained from
error in the usual manner. The significance of the difference of the
means of two classes may be tested by the ¢ table as illustrated
earlier.
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The various sums of squares may be calculated from the usual

Analysis of Variance

formulae, putting N = n? and A = k = n. Thus

Similarly,

where 7} is the sum of the values for the lth letter; and so on. By

X (-2 = 2‘: ; a2y — T?%/nd.
[}

n Y (@—7) = X Tin— T?n?,
1 7

subtraction we have therefore
B8 2% =3 Sk — (ST S T3+ 3 THn + 2T%n.
1] ] i i 1

It is usual to find this sum by subtraction after the other sums

have been calculated.

Sourco of Sum of
variation D.F, squares Mean square
Columns n—1 n (%, —%)*
]
Rows n—1 nX (%, —z)? The quotient of ‘sum
] of squares’ by p.¥. in
Treatments n~1 nx (T, —~z) each case
i
Error (n—1) (n—-2) PDWA
]
Total n?—1 T X (2 — ) —
L¥]

Example. An agricultural experiment was conducted on the Latin square
plan to test the effect on yield due to change of treatment (5 kinds) and also
to variation of soil in each of two perpendicular directions. The results are
set out in the Latin square below (n = 5), in which lotters correspond to
treatments, while rows and columns correspond to the two perpendicular
directions. Are the effects on yield significant?

4 74 D 89 E 658 B 120 C 143
C 118 B 65 A4 87 L 76 D 79
D 101 C 179 B 90 4 85 E 171
E 88 4 101 ¢ 157 D 111 B 74
B 118 E 88 D 143 C 184 4 101

Shifting the origin to z = 10 (i.e. reducing each of the above yields by 10)
the reader may easily verify that

T,=-01, 22, 35 1786, —32.
T,=-186, —75 26, 31, 134; T=10.
T =-52 —33, 281, 23 —119,
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Consequently T?N = 10 x 10/25 = 4-00.
The various sums of squares are given by

Y Ya};—T3N = 285-18—4-00 = 281-18 (Total)

Z Tin—T?N = 17-02—-4-00 = 1302 (Columns)

i

E} Tin—T?N = 50-95—4:00 = 46-95 (Rows)

S T n—T3/N = 194-89—4-00 = 190-89 (Treatments)
1

Remainder = 30:32 (Error)
The tabulation is:

Source of Sum of Mean F
variation D.F squares square

Columns 4 1302 3-255 1-3
Rows 4 46-95 11-737 4-6*
Treatments 4 190-89 47-722 18-9**
Error 12 30-32 2-527 —
Total 24 281-18 _ —_

For v, = 4 and v, = 12 the 5 and 19, values of F are 3:26 and 5-41. Thus
the variation in rows is significant, and that due to treatments is highly
significant.

Show that the s.E. of the difference of the means of two classes is 1-005,and
hence that a difference of means less than 2-2 is not significant at the 5 %, level.
Thus the yield due to treatment C is significantly greater than that due to
any other treatment; and the yield due to D is significantly greater than
that due to E.

102. Significance of an observed correlation ratio

We shall next consider some applications of analysis of variancet
to testing the significance of an observed correlation ratio, coefficient
or index, and to testing the linearity of a regression. First suppose
that a value, 7, of the correlation ratio of y on z, is obtained from a
random sample of N pairs of values from a bivariate population
in which y is normally distributed. We wish to test whether this
value is significant of an association between the two variables in
the population. Let the N pairs of values of the variables be
arranged in arrays as in Chapter v, so that the y’s are classified

t According to the definition given by Wishart and Sanders (see §105,
below) these applications should be classified under ‘ Analysis of Covariance’,
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according to the corresponding values of . Then since the subscript
tindicates the array, and j the positionin that array, we have asin (3)

};;4(?/;'1—!7)2 = ??(yﬁ—y@')z"';n@‘(yi—y)z’ (11)

¥; being the mean value of y in the ith array, and n, the number of
values in that array. In virtue of §34 this equation corresponds to

the identity NS2 = NS(1—172)+ NS2p?, (12)

82 being the variance of y in the sample.

On the assumption that there is no association between the two
variables in the population, the y’s in each array may be regarded
as a random sample from the population of y’s. The various sums
in (11), divided by the variance % of y in the population, are then
distributed like 2 with (N —1), (N — k) and (2 — 1) p.F., k being the
number of arrays. The problem is therefore the same as in §98.
On taking expected values of both members of (11) we have

(N—1)02 = (N—h)o?+ (h—1)a2. (13)

The various sums in (11), divided by the corresponding coefficients
in (13), yield unbiased estimates of 0. The tabulation is:

Source of variation D.F. Sum of squares Mean square
Between arrays h—1 NSip? NS*32/(h—1)
Within arrays N-—h NS3(1—9?) NS (1—-%%)/(N —h)
Total N-1 NS} —

To test whether the mean square between arrays is significantly
greater than that within arrays we have

- Nk
F=1p %ot

Example. A random sample of 79 pairs, arranged in 7 arrays of y's, gave
a correlation ratio of y on z equal to 0-4. Is this value significant?

Here v, =86, v,="12
0-16 72 16
= X — = — = 2:20%,
F 0.84>< 8 7 2-29

Since the 5 9, value of F is 2-23, the above value is significant at that level.
We conclude that there is association between the variables in the population.
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103. Significance of a regression function

To test the significance of a regression function is to examine
whether the data of the sample indicate any degree of association
of the variables, of the type represented by the regression equation.
We shall see that, in the case of a linear regression equation, this
amounts to testing the significance of an observed value of r; while,
in the case of an equation of curvilinear regression, it is equivalent
to testing the significance of an observed value of the correlation
index R.

Consider first a linear regression equation for a random sample
of N pairs of values from a bivariate normal population. If Y, is the
estimate of y; given by the regression equation, we know by § 27 (31)

that SS0y-TF = ISR+ SnE-gr ()

The first sum of squares in the second member is due to deviations
from the regression function, and the second sum to the regression
function itself. In virtue of §27 the various sums in (14) are equal
to the corresponding terms in the identity

NS3 = NS3(1—7r%) + Nr2S2.
On the assumption of an uncorrelated normal population these sums,
divided by o2, are distributed like ¥ with N —1, N—2 and 1 p.F.
respectively, as proved in §82. The expected values of the various
sums in (14) are therefore the corresponding terms of the identity
(N=1)o% = (N-2)0%+0?,
and cach sum thus gives an unbiased estimate of o2, on division by
the appropriate number of p.F. The tabulated results are:

Source of variation D.F. Sum of squares Mean square

Regression function 1 Tn,(Y,—7)? Nr2S:
]

Deviation from the

regression function N-2 EL(yy—- Y NS(1-7%)/(N-2)

i

Total N-1 ZX(y,—9" -
]

If the mean square due to the regression function is significantly
greater than that due to deviations from this function, we conclude
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that there is a real association between the variables, of the type
indicated by the regression equation. To test the significance we
have for the variance ratio

F = (N-2)r(1-r%; =1 vy,=N-2.

The method is thus equivalent to testing the significance of r; and
it will be noted that the above statistic # is the square of the statistic
t of § 89 (8). The two tests are therefore equivalent.

Example. A correlation of 0-5 is obtained from a random sample of 26
pairs from a normal population. Is this value significant?

Here r=13% N=26, F=8% yp =1 vp,=24.

From the table we see that this value of I is highly significant of correlation
in the population.
Obtain the same result by use of the ¢ table.

In the case of a correlation index R associated with a curved
regression line, the formulae of §41 show that the above argument
holds if 72is replaced by R?, except that the numbers of ».F. must be
altered. If kis the number of statistics that must be calculated from
the sample to obtain the regression equation, the number of p.F.
associated with deviations from the regression function is N —£,
and the number associated with the regression function itself is
k—1. For testing the significance of the regression function we have

therefore

R2 N-—F
Feqopxgzr n=k-b m=N-k

104. Test for non-linearity of regression

Considering the random sample of N pairs of values from a bi-
variate normal population, let us return to equation (11). In virtue
of § 36 (18), the final sum in that equation may be further resolved as

SnFi=7) = ST+ Snl- )" (15)

the various sums being equal to the corresponding terms of the

identit
ey Ny283 = N(n—1?) S3+ Nr2g,
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The three sums in (15), divided by o2, are distributed like y? with
h—1, h—2 and 1 D.F. respectively; and on taking expected values
of both members of (15) we obtain the identity

(h—1)o2 = (h—2)02+02.

The various sums in (15), divided by the corresponding numbers ot
D.F., give unbiased estimates of o2 That obtained from the first
sum on the right is associated with deviations of the means of arrays
from the line of regression of y on . On the assumption of linearity
of regression this sum is due to sampling errors; and the estimate
of 02 obtained from it should not be significantly greater than that
derived from the sum of squares within arrays, i.e. from

DDA (ARSI
T )

Tabulating as usual we have:

Source of variation D.F. Sum of squares Mecan square
Linear regression 1 _—E—_“"n‘( Y;—7)? Nr2S;
Deviation of means ‘

from regression line h—2 E‘n,(y‘ -Y,)? N(n2—1r%) SY(h—2)
Within arrays N—h E‘S;‘.(y‘,—y,)” N(1—-7?) S3/(N—h)
Total N-1 f‘a'}}(?/u"'!—/)a -

For testing whether the second mean square is significantly greater
than the third, we have the variance ratio

_—_%x%-_:g; v,=h—-2, v,=N-h.

If the value of F is significant, the assumption of linearity of regres-
sion is discredited. It should be observed that the value of F
depends not only on the difference #2—172, but also on %2, N and A.
Thus a knowledge of #2—72 is by itself insufficient to decide the
question of linearity of regression.

wMs 15
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Ezample. A random sample of 200 pairs of values from a bivariate normdl
population, when grouped in 10 arrays of y’s, gave valuesr = 0-3and 7, = 0-4.
Are these results consistent with the assumption of linearity of regression?

Here N = 200, k = 10, v; = 8, v3 = 190 and
_ 007 190

F —O—QXT = 1-48.

This value is just on the 5 %, level of significance. The assumption of linearity
of regression is thus rather discredited.

ANALYSIS OF COVARIANCE

105. Resolution of the ‘sum of products’. One criterion of
classification

Analysis of covariance has been described as ‘the technique of
testing for homogeneity in problems dealing with two or more
correlated variables’.* Its main use is to test the significance of
the difference between the mean values of a variate y in certain
classes, when these have been corrected for differences in some
concomitant variable z. The method of doing this will be explained
shortly; but we must first study the necessary algebraical tools.

The resolution of the total variation into components, already
studied in analysis of variance, has its counterpart in analysis of
covariance; and the algebra of the two processes runs along parallel
lines. The total covariation of a bivariate sample, represented by
the sum of the products of the deviations of the variates from their
means, may be resolved into components associated with different
factors; and from these components, and the corresponding com-
ponents of variation of x and of y, estimates of the coefficient of
regression (or correlation) in the population are determined. The
eztimate from ‘error’ is tested for significance as in §§ 103, 89 or 90;
and, if this proves to bg significant, the other estimates are tested
by comparison with it. We are thus able to estimate the effects of
the various factors on the degree of association of the variates.

Suppose that the data consist of N pairs of corresponding values
of the two variates, x and y, and that these may be grouped in A
different classes according to a certain criterion. With the double

* Wishart and Sanders, 1936, 3, p. 46.
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guffix notation, (x;;,y,,) is the jth pair of values in the ith class
(¢t =1,...,h). The numbers of pairs in the different classes are not
necessarily equal. Let n; be the number of pairs in the ¢th class, so
that Ei}n, = N. As before let Z, 7 denote the general means of the

two variables, and Z;, ¥; the means of their values in the ith class.
Then
2;4(37“_5{) =0= ?(ya—?i)- (16)

The deviations of z;; and y;; from their general means are ex-
pressible as
Ty — T = (@ —%;) + (T, — T),

Yi; =¥ = Yy—¥)+ 7 —¥)-

On forming their product, and summing over all pairs of values,
we have

5.‘_: 2;4 (@ —2) (Ys3—¥) = 2‘3 2} (X — ;) (Y= Fo) + 2:4 (% — %) (¥ — ),
(17)

the remaining sums disappearing in virtue of (16). Corresponding
to this we have also the resolution of the sum of squares of the z’s,
expressed by (3), and that of the y’s given by a similar formula.

Suppose now that the NN pairs of values constitute a random
sample from a homogeneous population, in which the covariance
is p1;. Then, by §61, the expected value of the sum in the first
member of (17) is (V — 1) z,,. Similarly, since the values in the ith
class may be regarded as a random sample of n; pairs,

E(j[a (35— %) Wes— 1)) = (ny— 1) pyy,
so that
E(? ; (5 — ;) Yy — ) = ? (g = 1) poqy = (N =) py,.

Consequently, since the expectations of the two members of (17)
must be equal, that of the final sum in the equation must be
(A —1) pt1;. Thus the various sumsin (17), divided by N — 1, N —hand
h—1 respectively, give unbiased estimates of the covariance of the
population, based on numbers of .. represented by these divisors.

15-2
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Following Wishart and Sanders* we may conveniently denote
the three sums in (17) by C”, C’ and C respectively, the equation
being then equivalent to C” = €'+ C. The corresponding sums of
squares for the 2’s will be denoted by 4", A" and 4, and those for the
y’sby B”, B’ and B. Then (3) and its counterpart are equivalent to

A"=A'"+A, B"=DB+B.

The resolution of sums of squares and products may be combined
in a single table as follows:

Sum

Source of Sums of | of Coefficiont Coeflicient
variation D.¥. squares | pro- of of .

ducts| Togression correlation

Between classes | h—1 A, B (o] b=C/A r=C/[\(4B)

Within classes N—h | A4, B | ¢ | V=C4" | v=CJ4'B)

Total N-1 4’7, B” (0kd —_ —

We thus obtain diffcrent estimates of the coefficients of regression
and correlation. By mecans of §§ 103, 89 or 90 we first test whether
the estimate obtained within classes is significant of correlation in
the population. Ifit proves to be significant, we proceed to test the
differences between the class means after these have been corrected
for regression. Incidentally we may also test the significance of the
difference between b and b'.

106. Calculation of the sums of products

The sum of products of the deviations of N pairs of numbers
Zg, Yy (8 = 1,...,N), from their means Z, y is given by

Z(2,—2) (U= Y) = DY~ T2y, ~ Y X2, + N7y
= ?x,ys— TT'|N, (18)
where T=XYx,=Nz, T =3%y,=N7y.
Applying this formula to the sums in (17) we have
"= 2‘: Aj-‘d @y—7) (Yy—¥) = % ;-:x{jyij_ TT'/N, (19)

* Wishart and Sanders, 19386, 3, p. 48.
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T, T' being the grand totals for  and y respectively. Similarly, on
summing first for the values in the ¢th class, we have
C' = 2 ; @;—%) (Y;;—V) =X (%: Y5~ T Tiny),
1

i

where T, = ?xij =nZ;, T;= ?yij = MY
these being the sums of the values of  and y in the sth class. Con-
sequently ¢ = ? Aj-:xij Yis— ? T, T'/n,. (20)
Subtraction of (20) from (19) gives the remaining sum

C= iZJ}T,’;/n,-—TT'/N, (21)

which may, of course, be obtained independently.

Since the deviations from the means are independent of the choice
of origin, the results obtained by using (19), (20) and (21) are
unaltered by a change of the origins of z and y. In other words, if
all the values x;; are decreased (or increased) by the same constant,
and all the values y;; by another constant, the results obtained for
the three sums of products are unchanged. The arithmetic may often
be simplified in this manner, large numbers being replaced by much
smaller ones.

107. Examination and elimination of the effect of regression

The method of § 103, for testing the significance of an estimated
regression, consists in resolving the total sum of squares of the y’s
into two components, one due to regression and the other to devia-
tions from the regression line, and then comparing the estimates
of population variance derived from these two sums. It will be
observed that the test was applied to a sample without any attempt
at classification, that is to say, quite apart from any resolution of
the variation into components due to factors other than regression.
In terms of the total sums of squares and products, A", B”, C”,
the sum of squares due to regression is expressible as

NS3rt = B"(C"|A"B") = C"}|A", (22)
and that due to deviation from the regression line is B"— C"2/A4".

The former corresponds to 1 p.F. and the latter to N — 2, which is
one less than for the total sum of squares.
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Now we have seen how, after the values in the sample have been
classified, we may resolve the total variation of the variables, and
their covariation, into components between the means of classes
and within classes respectively. From each set of components we
may calculate an estimate of the regression coefficient and a line
of regression; and the corresponding variation of the y’s may be
further resolved by the method of § 103 into a part due to regression,
and another due to deviation from the regression line, the number
of .F. for the latter being one less than the total p.r. for that com-
ponent. Applying this process to each line of the table at the end
of § 105, we find from each a sum of squares of deviations from the
corresponding line of regression, with D.F. as indicated in the
following table:*

Source of Residual sum

variation D.F. of squares
Between classes h—2 B-C%/A
Within classes N—-h-1 B'—(C?/A’
Total N-2 B"—C"%/A"

leading to different estimates of the variance of y in the population.

Denoting the estimate within classes by s? we have

B’ —(C%/4’
N—-h-1"

This is the estimate of the variance of y after correction for regres-

sion. The significance of any other estimate of the variance is tested

by comparison with it.

The significance of any apparent regression is first tested by the
method of § 103, applied to the sums within classes; that is to say,
we compare the estimate C'2/4’ of variance, due to regression and
based on 1 ».¥., with the above estimate s2 based on N —%—1 D.F.
If the regression proves to be significant we proceed to test the
differences between class means after correction for regression.
Subtracting the second row of the above table from the third we
have the sum of squares B+ C'2/4’— C"?/A” with h—1 ».F., which
we also compare with the sum of squares within classes. If it proves

* Cf. Wishart and Sanders, 1936, 3, p. 49.

8 =

(23)
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*to be significant we conclude that there are differences between the
class means, after these have been adjusted by the regression
coefficient b’ within classes,

Now in the first line of the above table we have a sum of squares
between class means, adjusted by the regression coefficient b, and
corresponding to (A — 2) p.F. The testing of this sum in place of the
above raises the question of the significance of the difference between
band b’. This may be examined as follows. Tabulating the two sums
of squares just mentioned, and their b.F., we may arrange the work:

Between classes D.F. Sum of squares ]
Adjusted h—1 B+C3/A'—C"2[A"
Adjusted by b h—2 B-C?%*A

Differonce 1 C?A+4C?A’—C"2/A"

Now the sum in the last row may be expressed
c: C? (C+C')? A4 (C’ C")z _AA'(b-b)

AV T T A4 TAya\d4 @A) T T AxA
Comparing this estimate of variance, based on 1 p.F., with the
estimate s2 based on N —h —1, we have the variance ratio
AA’(b—b’)z>< N-h-1

A+AI BI_Clz/AI)
v=1 v,=N-h-1

F =

(24)

A rare value of F indicates that the two coefficients, b and b’, are
significantly different; in which case the factor of classification has
an effect upon the degree of association of the variables.

Example. To examine the relation between the yield of grain (z bushels/
acre) and the cost of production (y shillings/bushel) in a certain state, six
districts were chosen at random, and in each a random selection of five farms
was made. The results for the season are tabulated below, columns corre-
sponding to districts. Is there any significant indication of correlation
between the variables; and, if so, does its value vary with the district?

z oy z oy x v z Y z oy x ¥
13 35 10 47 16 28 9 45 12 3-8 15 4.7
11 40 9 53 13 30 12 36 17 22 11 61
18 25 8 56 15 2-8 10 40 19 2.0 9 60
14 37 12 40 10 4-2 13 34 11 46 14 43
12 4.3 11 44 12 32 8 55 14 34 17 39
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Shifting the origin to = 12, y = 3, and rewriting the table, the student
will easily verify that

T,=8, -10, 6, -8, 13, 6; T =15,
T, =3, 9, 1, 6, 1, 9; T = 29,
and hence that

T2/N = 7-5, 1T"*N = 28-03, T1'/N = 14:5, ST, T}5=—82,
T

TXa% =259, Xy =15696, XXy, =—548.
i9 i i
Consequently
A=938-75=2863 A =2569-938=1652,
A" =259-17-5 = 251-5.
DB = 41-8—28-03 = 13-77, DB’ = 56-96—41-8 = 1516,
B” = 56-9—28-03 = 28-03.
C=-82-145=-227 C' =-548+82=-466,
C" = —-548~145 = —69-3.

The tabulated results are:

Source of . Sum of squares Sums of Coefzigiont

variation (?) ?) products regression
Betwoen districts 5 86-3 13-77 —22:7 —0-263
Within districts 24 165-2 15-16 —46-6 —0-282
Total 29 2515 28-93 —69-3 —-0-276

First, to test the significance of b’ we have, as explained above,

13-14x 23
= e X (N —h—1) = ———= .- = 140**
B —C"?A4’ ( ) 202
vy=1, v, =23.
Thus the value of b’ is highly significant of negative corrclation.
To test the differences of class means, after theso have been corrected for
regression, we calculate the estimate of variance

B+C?/A’—-C"A” 13:77+1314—19-09 _
h—1 - 5 -

and compare this with the estimate within classes

8% = 2:02/23 = 0-088.
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The variance ratio is
F = 1-56/0-088 = 17-7**

which, for v, = 6 and v, = 23, is highly significant. We conclude that the
cost of production, corrected for differences in yield, varies significantly from
district to district.

By using (24) show that b and b’ do not differ significantly.

108. Two criteria of classification

Suppose next that the N pairs of values (z;,,;) in the sample
may be classified according to two different criteria, H and K, the
former determining A different classes and the latter k different
groups. Suppose for simplicity that one pair of values from each
group is present in each class, and vice versa, so that N = hk. The
pairs of values may be arranged in a rectangular array of & columns
and k£ rows, in which columns correspond to classification H and
rows to K. The pair (z;;,,;) belongs to the i¢th class and the jth
group, and appears in the ¢th column and the jth row.

The resolution of the sum of products expressed in (17) is still
valid. But the first sum in the second member of the equation may
be further resolved. Thus if

X, i = T —Zp K:f =Y~ Vs

and we apply the resolution expressed by (17) to the sum of pro-

ducts ¥ ¥ X;Y;;, making it however with respect to the means of
i

rows instead of the mecans of columns, we find by the same argument
as in § 100 that

%:Z(xi;i_x)(./z] y) = E’C(x - (7~ ?7)+E’l(3?‘ -Z)(¥;—-79)
+ZZ..(%“$ _"l’j+x)(y‘u yi—?—/j'l'y)‘ (25)

Denoting the various sums in this equation by C”, C,, C,, C' we may
write it briefly
O” = 01+C2+ C,.

On the assumption that the pairs of values constitute a random
sample from a homogeneous population, the expected value of the
first member of (25) is (N — 1) #1,, where p,, is the covariance in the
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population. That of the first sum in the second member has beeh
shown to be (h—1)x,,, and similarly that of the second sum is
(k—1) py,. Consequently the expectation of the final sum is

(N —h=k+ 1)y, = (R=1) (b= 1) sy

On dividing the various sums by (N-1), (h—1), (k—1) and
(R —1) (k—1) respectively, we thus obtain four unbiased estimates
of the covariance of the homogeneous population, with .F. repre-
sented by these divisors. In §100 we obtained the corresponding
estimates of the variance of z, and similar equations give estimates
of the variance of y in the population. From the partial sums we
obtain three independent estimates of the coefficients of regression
and correlation. Denoting the sums of squares of the 2’s by 4", 4,,
A,, A’ and those of the y’s by B”, B,, B,, B’, we may tabulate
the results:

Sums of
Source of squares Sur::).of Coefficient, of
variation D.F. —_— (Fuc ts | regression
(=%) ¥

Between classos h—1 4, By C, by =C,/4,
Between groups k-1 A,y B, C, by =Cy/A,
Error (h—1) (k—1) A’ B’ c’ ¥ =04’
Total hk—1 A7 B” c” —

The first step is to test the significance of the regression coefficient
b’ obtained from the error sums; and this is done exactly as in § 107,
except that the number of ».¥. for error is here (A —1) (k—1). Thus
the residual sum of squares due to erroris B’ — 0'2/4’, with N —h—k
D.F., giving the estimate of variance of y

st = (B'— 0"} 4") /(N —h~k).

With this we compare the estimate C'?/4’ obtained from the regres-
sion sum of squares corresponding to 1 D.F., and the result settles
whether b’ is significant. Ifit is, we proceed to test the significance of
the differences of the means of y in classes (or groups) after these have
been corrected for regression on 2. This may be done as follows. Take
the first and third rows of the above table, and by addition form a
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combined source of variation, S = (classes +error), with sums of
squares and products 4, B, C. Thus we have:

Source of Sums of squares
variation D.F. and products
Classes h-1 A,, By, C
Error N—-h—k+1 A’, B, C’
Total, S N—Fk 4, B, C

where 4 = A, + A’, etc. From these we form the corresponding
residual sums of squares as in § 107, viz.

Source of Residual sum

variation D.F. of squares
Classes h—2 B, —-C3%/4,
Error N—-h—k B’ —~C?/A’
) N—-k—1 B-—-C?%A

Subtracting the second row from the third we obtain a residual
sum of squares B;+C'?/A"'—C?%/4 corresponding to A—1 D.F.
Comparing the estimate of variance obtained from this with the
estimate s we are able to decide whether the class means differ
significantly after correction for regression.

Incidentally, we may deduce a test for the significance of the
difference b, —b’. For, on subtracting the residual sums of squares
for classes and error from that for S, we have the sum

C3/A,+C'?[A"—C?%*A
with 1 .F. Asin § 107 this sum is expressible as
A, 4'(b,-b")*(4,+4");
8o that in testing it we are testing the difference b, —b’. Comparing
it with the residual sum of squares for error we have a variance ratio

A,4'(b,-b")* N-h-k
A4+ 4 XBECAr (26)
vy=1 vy,=N-h—k.
We thus determine whether b, is significantly different from b';
and we may test b, by a similar formula.*

F =

* For a numerical illustration see Ex. x1, 15, below.
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EXAMPLES XI

1. Verify as follows that the expected value of the final sum in
§97(3)is (h—1)o®. If p is the mean of the population,

T (F—T) = X n,(T;—p)? = N(E—p)
i 1

Since LJ(Z; — p)?is the variance of the mean of a sample of n, members,
and F(Z — u)?is that of the mean of a sample of N members, it follows

that
[Ln } Zn (02/n;)— No*/N = (h—1)02

Verify the mean value of ¥ ¥ (#;; — Z;)? similarly.

i g
2. With the notation of §100, ¥;; = z;; —Z;+7%, show that
Y, =0= “Y ij- Thus the sum of the Y s in any row or in any
i

column is ZCIO. Only (h—1)(k—1) of the quantities ¥;; are in-
dependent.

3. To test the significance of the variation of the retail price of a
certain commodity among four large cities, 4, B, C and D, seven
shops were chosen at random in each city, and the prices observed
were as follows:

A: 6s.10d., 6s.7d., Gs. 1d., 5s. 9d., 5s. 9d., 5s. 3d., 5s. 1d.

B: 7s., 6s.10d., 6s.8d., 6s.7d., 6s. 4d., bs. 8d., 5s. 2d.

C: 7s.4d., T7s., 6s.8d., bs. 8d., bs. 8d., 5s. 6d., bs. 6d.

D: 6s.7d., 6s. 5d., 6s. 4d., 6s. 2d., 6s., b5s. 8d., bs. 4d.

Do the data indicate that the prices for the four cities are signi-
ficantly different?
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» The classes correspond to the cities. Expressing the prices in
pence show that the tabulated results are:

Source of variation D.F. Sum of squares Mean square
Botween cities 3 9496 31-65
Within cities 24 1446-00 60-26
Total 27 1540-96 —

Thus the mean square between cities is less than that within cities,
and is therefore not significantly large. Neither is it significantly
small because, for v, = 24 and v, = 3, a value of F in the neighbour-
hood of 2 is not significant.

Show that the s.E. of the difference of the means for two cities is
4-15d.; and hence for no two cities is the difference of the mean prices
significant.

4. Show that, if Z, and Z, are the means of two classes of #, and
n, membersrespectively,and s*is the estimate of population variance
derived from error and corresponding to v D.F., then s,/(1/n, + 1/ny,)
is the s.E. of the difference of the means of the two classes, and
hence that the statistic _

P e I

84/(1/ny +1/ny)
isdistributed like¢for v p.¥. Thisformula providesamethod of testing
the significance of the difference of the means of two unequal classes.

5. In a certain large country, to test the variation in the price
of a certain commodity with district and season, six districts were
chosen at random, and the price was observed in each on six random
occasions throughout the year. The observationsarerecordedin pence
in the table below, in which columns correspond to seasons and rows
to districts. Discuss the significance of the variation with season and

with district. 11 15 24 19 21 17

12 16 25 18 22 16
10 13 21 17 20 15
9 14 18 18 21 13
13 16 20 16 23 14
14 17 23 20 22 16
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Show that analysis of variance leads to the following results:

Source of Sum of M

varnation D.F. squares ean square F
Seasons b} 492-33 98-46 55-5**
Districts b 44-33 8-86 5-0%*
Error 25 44-33 1-77 —
Total 35 581-00 —_ —

Both the variance ratios are highly significant. Show that the s.E.
of the difference of the means for two seasons or two districts is
0-77; and deduce that the prices in the first, second and last districts

do not differ significantly.

6. An agricultural experiment, on the Latin square plan, gave
the following results for the yield of wheat per acre, letters corre-
sponding to varieties, columns to treatments and rows to blocks.
Discuss the variation of yield with each of the factors:

A 16 B 10 C 11 D 9 E 9
E 10 c 9 A 14 B 12 D 11
B 15 D 8 E 8 ¢ 10 A 18
D 12 I 6 B 13 4 13 C 12
C 13 A 11 D 10 E 1 B 14

Show that the results obtained by analysis of variance are:

Source of Sum of

variation D.F squares Mean square F
Treatments 4 66:56 16-64 37.8%+
Blocks 4 2-16 0-54 1-2
Varieties 4 122-56 30-64 69-6%*
Error 12 5-28 0-44 —
Total 24 196-66 — —

Show also that the s.E. of the difference of the means of two
classes is 0-42; and hence that for no two blocks do the means differ

significantly.
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* 7. Arandom sample of 100 pairs of values from a normal popula-
tion, grouped in 10 arrays of y’s, gave a correlation ratio of y on «
equal to 0-3. Show that this value is not significant of association
between the variables.

8. Arandom sample of 150 pairs from a bivariate normal popula-
tion when grouped in 15 arrays of y’s gave values r = 0-4 and
7, = 0-5. Show that these results are consistent with the assump-
tion of linearity of regression of y on .

9. A parabola, fitted to a random sample of 45 pairs of values
from a normal population, gave an index of correlation R = 0-3.
Show that this value is not significant of parabolic regression. Also
show that it would not be significant for a sample of less than
83 pairs.

10. Give a direct proof that the expected value of the last sum
in §105(17)is (A —1) pyy.
11. Give a direct proof of the formula §106 (21) for C.

12. In the example of §107, show that the sum of squares repre-
sented by B — C?/4, which corresponds to 4 .1, is highly significant.
Hence the deviations of the means of districts from the line of
regression fitted to them are too great to be attributed to chance.

13. Supply the details of the proof of § 108 (25).

14. With the notation of § 107 the difference of the means of the
y’s for the pth and gth classes, when corrected for regression, is

yp - ?7(1 - b’(‘%p - iq) (l)
which consists of two independent parts. The estimated variance of
the first part is 2s2/k, where k is the number n; in each class, and
s%is the error mean square (B’ — C’2/4")/(N —k —1) in the analysis
of residual variance. The estimated variance of 0’ is s2/4’. Hence
show that the estimated variance of the difference (i) is

SP[2[k+ (T, —x,)%/A"]. (i)

The quotient of the difference (i) by the square root of the expression
(ii) is distributed like ¢ with N —%4—1 p.r. (Cf. Wishart, 1936, 2;
also Wishart and Sanders, 1936, 3, pp. 563-4.)
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15. Examine, as in § 108, the covariation between the yields of
grain and straw, as indicated by the following data.* Each of 5
blocks was divided into 5 plots, and 5 different treatments (4, B, ...,
E) were distributed at random among the plots of each block. The
columns correspond to blocks, and the yields of grain and straw are

_denoted by z and y respectively:

Analysis of Covariance [x1

z y 4 y z Y x y z y
A: 65 32 68 26 65 32 71 26 62 33
B: 75 38 54 20 71 32 71 28 64 29
C: 72 33 69 30 69 38 69 30 61 30
D: 70 29 69 27 72 26 70 24 70 31
E: 70 37 67 29 52 33 66 23 66 40

The factors of classification are blocks and treatments. Diminish-

ing all the 2’s by 66 and all the y’s by 26, verify that

T, =22, -3, -1, 17, =17, T =

T;=39, 2 81, 1, 83; T =

and calculate the values of Tj and T'j. Hence show that the sums of
squares and products are given by:

Source of D.F
variation
Blocks 4
Treatments 4
Error 16
Total 24

Sum of squares

Sum of Coefficient
(x2) ) products | of regression
135-04 265-76 2-68 0-020
98-24 87-36 —64-12 — 0653
455-36 211-44 174-72 0-38¢
| 68864 564-56 113-28 —

The estimate s? obtained from the residual sum of squares for

error is

§? =

B'—C"?A" _ 144-3¢

N-h-k

15

= 9-62,

To test the significance of b’ we compare with s? the estimate
C'2[A’" = 67-1 corresponding to 1 p.F. The variance ratio is

F=671/962=69 (v,=1,r,=15).

* Data adapted from Fisher and Eden, Journ. Agric. Sci., vol, 17 (1927),

p- 648.
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Thus the value of b’ is decidedly significant of positive correlation
between z and y, apart from the factors of classification. To test
whether the yield of straw, corrected for yield of grain, varies
significantly with the treatment, we calculate

C=0Cy+0C =1106, 4=A4,+A" =5536

and compare the estimate of variance (B,+ C'3/A'— C?[A)/(k—1)
based on 4 p.F. with s2 based on 15. The former has the value

(87-36 +67-1—22-1)/4 = 33-09,
and the latter is 9-62. The variance ratio is
F = 33:09/9-62 = 3-44

which, for v; = 4 and v, = 15, is significant at the 59, level. We
conclude that the yield of straw, after correction for yield of grain,
does vary significantly with the treatment.

Show that the difference b’ —b,, tested by § 108 (26), is decidedly
significant.

wMS 16



CHAPTER XII

MULTIVARIATE DISTRIBUTIONS.
PARTIAL AND MULTIPLE CORRELATIONS

109. Introductory. Yule’s notation

In considering a bivariate distribution we saw that, when it is
known that the values of one variable are influenced by those of
another, the coeflicient of correlation provides a useful measure of
the degree of association between them. But it often happens that
the values of a variable are influenced by those of several others.
It is known, for instance, that the statures of men are influenced
by those of their ancestors; and the yield of grain is affected by the
amounts of different fertilizers used. In such cases our data usually
constitute a distribution of values of several variables. If we are
concerned with the combined influence of a group of variables upon
a variable not included in that group, our study is that of multiple
regression and multiple correlation. If, however, we wish to examine
the effect of one variable upon a second, after eliminating the effects
of other variables, our problem is that of partial correlation. The
analysis involved is rendered simple and compact by a notation due
to Yule,* which has gained a fairly wide acceptance in recent years.
Before applying this to the more general case of several variables,
we shall pave the way for the student by reviewing the results
obtained for two variables in Chapter 1v, and expressing them in
Yule’s notation.

Let the two variables, measured from their means, be z, and z,,
with standard deviations o, and ,. If the lines of regression of
x, on 7,, and of z, on x,, are

xy = by, T, = by 2y, (1)

respectively, the residuals, or errors of estimate of the variables
incurred by using these equations, are expressed by

Tyg=2;— by, %y =2y—by ;. (2)

* Yule, 1907, 1.
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These residuals are the deviations of the representative points from
the corresponding line of regression. The values of the coefficients
of regression, b,, and b,,, are obtained by minimizing the sums of
squares of the residuals; and this is done by equating to zero the
partial derivatives of these sums with respect to b, and b,;, and the
constant terms. This leads to the normal equations

2@y =bya%y) = 0, X x,(%;—byp7,) = 0 3)

in the one case, and
2 (xg—bgy 1) = 0, X x(Ty—by ) =0 (3"

in the other. The first equation in each case expresses the fact that
the mean of the distribution is on the line of regression; and, with
the mean as origin, the equations of these lines have the simple
form (1). The above normal equations, expressed in the more
compact notation, are

2%1.2=0, X2, ,=0 (3)
and X%,=0, Yx,7,,=0, (3"

respectively, the summation including all pairs of values of the
distribution. It will be observed that, whereas in Chapter 1v
subscripts were used to distinguish the pairs of values in the distribu-
tion, they are here used to distinguish the different variables. They
are no longer needed for the former purpose, since ¥ will throughout
denote summation over the whole distribution.

From (3) and (3’) we have the familiar values of the coefficients
of regression,

bip = T2y %/ N2}, by = X7,/ Rat.

The coefficient of correlation, which we denote by r,, or ry, is
such that
7i2 = b1sbyy, (4)

and big = r1301/0y, by = 1y 0,07y, (5)
71, having the same sign as by, or b,,, which is the sign of 3 z,z,. It
should be remembered that, although r;, = r,,, the values of b,

and by, are in general different. Lastly the mean squares of the

16-2
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deviations (2) are denoted by 0% , and o2 , respectively. In virtue
of §26 (21) and (23), these are given by

1
0la= N Yai =031 -7§z),]
(6)

1
o3 = Z—VZxﬁ.l = 0'%“”’%1)-]

The quantities oy , and o, , are referred to as standard deviations of
the first order, the order being the number of subscripts following the
point. These are called secondary subscripts, while primary subscripts
are those preceding the point. The standard deviations o, and o, are of
zero order. The residuals z, , and z, , are deviations of the first order.

The regression of z, on «, is said to be linear, if the mean of each
array of z,’s is on the line of regression.

110. Distribution of three or more variables

Consider next a distribution of three variables which, measured

from their means, are z,, z, and z,. The data consist of N sets of
corresponding values of the three variables. We enquire first as to
the best estimate of z; that can be obtained from the data in the
form of a linear function of x, and x;. The regression equation is
thus of the form
Ty = a+byp 3%y +0by3.5%,
The ‘best’ estimate is interpreted in accordance with the principle
of least squares, the constants being chosen so as to make the sum
of the squares of the errors of estimate a minimum. The subscripts
to the coefficients are written down on the following principle. The
first is that of the variable for which the estimate is being found,
and the second is that of the variable which the coefficient multiplies.
These are primary subscripts. Separated from them by a point are
the subscripts of the other variables that enter into the equation.
These are secondary subscripts, and their number determines the
order of the regression coefficient. In the above equation the
coefficients are partial regression coefficients of the first order. The
significance of the term ‘partial’ will be explained shortly. The
constant a has been given no subscripts, because it will appear
immediately that its value is zero.
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+ Tho sum of the squares of the residuals to be minimized is
2@y =@ —byp 3Ty —bys 73)%
Equating to zero its partial derivatives with respect to a and the
b’s we have the normal equations
2 (@ —a—byy 3%y —by3.5%5) = 0,
T ay(y—a—byy 3%y —by3 575) = 0,
Say(ry—a—byy 3%y —byg 55) = 0.
Since the mean of each variable is zero, the first of these equations
gives @ = 0; and the regression equation of z, on x, and x4 is simply
¥y = byp 3%y +by5.9%5. (7)

The other two normal equations may then be written more con-

msely szxl.% =0= Zxaxl.%’ (S)

in which x, 54, defined by

Ty.93 = Ty — b1y 33— bys 2 %5, (9)
is the residual, or error of estimate of x; from the regression equation

(7). Its mean is zero, since those of the other variables are zero.
Hence the s.D. of this residual, denoted by o7 4, is given by

No$ g5 = Yot o5, (10)

the summation covering the whole distribution, whose total

frequency is V. Thisis a s.D. of order two, since it has two secondary
subscripts.

Similarly, we have the regression equation of z, on z, and z,,

namely, Ty = by 3 %1 +byg 173, (11)

for which the error of estimate is
Ty 13 = Ta—byy 3% — bp3 1 T3, (12)
and the normal equations
DTy 13 =0 = 3 232, 13. (13)

There are also similar equations for the regression of #; on «, and ,.
In general the coefficients b4 4 and by, 4 are diflerent.
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The normal equations (3), (8) and (13) express that the sum of the
products of corresponding values of a variable and a residual is zero,
when the subscript of the variable is included among the secondary
subscripts of the residual, the summation covering the whole dis-
tribution. Further, if 2, , is the residual defined by (2), we have

L X Ty.03%1.3 = Xy 25(%1 —b1a%,) = 2 Xy 537
Similarly,

Dy 03Ty 05 = DTy 05(W; = V1p 5% — b1 0%3) = LT 937y

in virtue of (8). Thus it is evident that the sum of the products of two
residuals is unaltered by omitting from one of the factors any secondary
subscripts which are common to both. In virtue of this result and the
normal equations it follows that the sum of the products of two residuals
18 zero if all the subscripts of the one are included among the secondary
subscripts of the other.

The argument of this section is also applicable to the case of n
variables z,, z,, ..., x,. In the regression equation of 2, on @, ..., ,,
which corresponds to (7), the coefficients have each n — 2 secondary
subscripts, and are therefore of that order. The residual x; 45,
corresponding to (9) is of order »—1, as is also its S.D. 0y g5 _,.
The normal equations are

Y% 05..,=0 (¢6=2,3,...,n)

And the theorem concerning the omission of common secondary
subscripts is equally valid in the case of n variables.

111. Determination of the coefficients of regression

The regression equation (7) may be interpreted as representing a
plane, called the plane of regression of x, on x, and z5. The normal
equations (8) may be expressed

010,719~ byg 305 —b13.0030,75 = 0,} a4

0103713~ by1p 30303793 —b13 505 = 0,

where 7, is the correlation between z, and x,, obtained by ignoring
the values of x;. This is called the total correlation of z, and x,.
Similarly, .4 is the total correlation of x, and 2, and so on. These
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«coefficients are symmetrical in the subscripts. We may eliminate
the b’s between (7) and (14) by equating to zero the determinant of
their coefficients and the remaining terms. Dividing the second
and third rows of this determinant by o, and o respectively, and
then the first, second and third columns by ¢, o, and o, respec-
tively, we obtain the regression equation of x, on the other variables
in the form
1 Ty 3

0y Og O3
9 1 75 | =0, (15)
Tig 7oy 1

If then w is used to denote the determinant
Loy 7y
=1, 1 71y (16)
Tz Tz 1

and w;; is the cofactor of the element in the ith column and the
jth row, we may write (15) as

T2 4 w122 = 0. 1)
1 2 o3

From this form of the regression equation it follows that

b12.3=—0”;1tal‘2’ 13.z="0';1a‘)—1§- (18)
Oy W11 O3 Wy
The regression of z; on z, and z, is said to be linear if the mean of
each array of x,’s lies on the plane of regression (17).

The residual z, 5,4 may be looked upon as the deviation of the
representative point from the plane of regression. The term deviation
is therefore often used in place of residual. The variance 0% 453 of
¥, o3 may be expressed in terms of v, w,, and oy. For

No§ g5 = 223 g5 = 22,(¥; — b1z 3T — by 2%3)-
This is equivalent to

2__ 2 -
(03— 0% 23) —b12.3010372 —b13 2010373 = 0,



248 Multivariate Distributions [xn1

and, on eliminating the b’s between this equation and (14), we have
a result which may be expressed

.
1 ‘%‘1’2 Pty
T12 I 7rg | =0,
713 Ty 1
or W — 01,03 55/0F = 0,
Consequently 0% 3 = WOiwy,. (19)

The above argument clearly holds for the more general case of
n variables. In place of (16) we then have a determinant w of order
n; and the regression equation of z; on 2, ..., , is

R

y Ly

“’“E*“’”a‘ﬁ"'*“"“ " = 0. (20)

On

From this we obtain, as in (18), the regression coefficients of order
n—2. In place of (19) we have an equation giving the variance of
the deviation x; »5 _,, namely,

0% 53,0 = WOy (21)

Example. Let 2, z,, 24 in. be the excesses of the heights of father, mother
and son respectively above their mean values. A distribution of these variables
gave the following approximate correlations and standard deviations:*

P12 =028, 7,5 =049, 71, =051,
oy =21, 0y,=24, 03=27.
Show that the regression equation of 23 on z, and z, is
g = 0:402; + 0-42x,,

and deduce that, if the mean heights of father, mother and son are 67-68,
62-48 and 68-65 in. respectively, the regression equation for actual heights
X, X, X, is

X3 = 15-3+0-40X, +0-42X,.

Also show that oy 3, = 2-1.

* Modified data from Pearson and Lee, Biometrika, vol. 2 (1903), pp-
357-462.
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112. Multiple correlation

We proceed to find the correlation between the variable z; and
its estimate from the regression equation (7). This correlation,
which is an indication of the agreement between z, and its estimate,
is called the coefficient of multiple correlation between x, and the two
variables z, and z,, and is denoted* by R,,,. It may be determined
as follows. If e, ,4 is the estimate of z, given by (7), we have

€1.23 = b1p 325+ 015 575
or €1.23 = %1 — T 93¢ (22)

The mean value of e, ,, is zero, since those of z, and x, ,3 are both
zero. The sum of the products of #; and e, o4 is

Y ae; 03 = D (Ty =y 93) = D 2T~ T 2 o9

= N(0%}~0}.23)-

Also Y€t os = D (V= g9) = X ui— 2] 5
= N(o}—0%,29)-

Consequently the coefficient of correlation between z, and e, ,4 is
given by

By = 112 J(03—0% ).

o103 —0%e) oy
This is the required coefficient of multiple correlation. The result

may be expressed
03,95 = 03(1 — Rfey), (23)

which is analogous to (6) and to § 41 (46). Comparing (23) and (19)

we see that
1 — Rf(o3) = ©[wyy, (24)

whence Ry = 1-0/wy; = 1-0/(1—1%)

2 4 2
T+ 73— 27y sty
= T2 ¥ = T (25)

2
1—-73,

which expresses the multiple corrclation in terms of the total
correlations between the pairs of variables.

* Some writers prefer the notation R ,.
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We may note that R,y is never negative. For, from the above
argument, > x e, o5 = €2 55, which cannot be negative. Further,
when Ry, = 1 it follows from (23) that o} ,3 = 0, which requires
all the deviations x; ,3 to be zcro, so that z, is given accurately by
the regression equation. In this case , is a linear function of z,
and z,.

The argument is also valid for a distribution of n variables. The
multiple correlation R,,, ., is the correlation between z; and its
estimate e, 5. , from the regression equation (2V); and the argu-
ment leads to the corresponding formula

0% .93...n = 31— B3 . ) (23")
and 1= Rios.. . = 0fwy. (24')
If the multiple corrclation is equal to unity, «, is a linear function
of z,,...,x,.
Example 1. Prove the following relations:
22y 08103 = 0,
St =Nt st by N 2y +big o DX, T,
Ry = (bia.s 22,25+ b1y g Sy 75)/ Xt
Example 2. Show that, for the example in the preceding section,

Ryqe = 0-63.

113. Partial correlation

Consider next the correlation between the deviations z; 5 and
%y 5. Since x, gis the deviation of z, from its estimate in terms of
x4, we may regard it as that part of the variable x; which remains
after the influence of ,; has been eliminated, as far as can be done by
a linear equation. A similar interpretation can be given to z, 4.
Hence the correlation between these deviations may be looked upon
as the correlation between x, and x, after the influence of 2, has been
eliminated. We denote this correlation by 7y, 4, and call it the partial
correlation between x; and x, in the trivariate distribution. Having
one secondary subscript 7y, 3 is a partial corrclation of the first
order. It will be remembercd that, in calculating the total correla-
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tion r,,, the values of x, are simply ignored. It is therefore a correla-
tion calculated on the assumption that the variables , and z, are
influenced only by each other, and not by any other variable.

To find the partial correlation r;, , we observe that, by the
theorems of §110,

0 =2, 3% 93 = X% 5(Xy—byp 35— by3 525)
= 2212y 3—b1p 3 D%y%y 3 = 1%y 3%y 53— b5 3 273 5,
so that bio.3 = X%y 3%; 5/ 225 5 (26)

From this result it follows that b, 5 is the coeflicient of regression
of ; 3 on x, 5. Similarly, b,, 5 is the coefficient of regression of z, 4
on z, 4; and the coefficient of correlation between these deviations
is therefore given b

8 y %25 = b1a.3bs1 5. (27)

Since o, 4 and o, 4 are the standard deviations of , 5 and x, ,, the
coefficient of partial correlation is connected with the coefficient of
partial regression by the usual formulae

bi2.3 = 712.301.3/02.3, Da1.3 = 791,302 3/01 5. (28)

And it is now clear why the above b’s are called coefficients of partial
regression. The correlation r;, 5 has the same sign as b,, 5, which is
the sign of —w,, by (18). Also, in virtue of (27), 7, 4 is symmetrical
in the primary subscripts. If the values of the b’s are substituted
from (18) in (27) we obtain

1,y = e Yz
T W Wy Wy Wy
) 19— 713"
so that Tio.3 = 12 13723 (29)

\/(wn‘”zz) «/{ ""2 ) (L—73)}

Similar formulae may be written down for 7, , and 7,; ;. The partial
correlations of the first order are thus expressible in terms of the
total correlation coefficients.

The partial correlation between z, and z, in the trivariate dis-
tribution is sometimes defined as the corrclation between z, and z,
for a constant value of 2,. In general, however, this correlation will
depend upon the constant value of x4 selected. In certain special
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cases the second definition agrees with the first, and the result is
then the same for all constant values of ;. Nccessary and sufficient
conditions* for this agrecement may be stated:

(@) In the bivariate distribution of x, and z, (%, being ignored),
the regression of z, on z, must be linear, and the standard de-
viations of all the z, arrays (z3 = const.) must be equal.

(b) In the trivariate distribution the regression of 2, on x, and
x5 must be linear, and the standard deviations of all the x; arrays
(xy = const., 2y = const.) must be equal.

These conditions are satisfied in the normal trivariate distribution
to be considered in §116.

For a distribution of » variables there are partial correlations of
all orders from 1 to n—2. Thus if (k) denotes a definite group of
secondary subscripts not including ¢ and j, the correlation between
the deviations z; (, and ; ), denoted by 7, ¢, is a partial correla-
tion of order equal to the number m of subscripts in (k). It is con-
nected with the regression coefficients for these deviations, and their
standard deviations o; ) and o (1), by formulae analogous to (27)and
(28), namely, 3.0 = s by (30)

and byt = o0/ 1.0 (31)
If (k) includes all the subscripts but ¢ and j, we find as in (29)

Ti5.00 = "wu/x/(wawu),

the symbols on the right being cofactors in the determinant w of
order n.

A partial correlation of order m+1 is expressible in terms of
those of order m by an equation of the same form as (29), with a set
(k) of secondary subscripts added to each coefficient in the formula.
Thus

0= T ) () 2
where A, ¢, j are unequal.
Example. Prove that, for the example in §111,
Tgy.0 = 0445, 749 4 = 0-42.

* For a proof see Camp, 1934, 1, pp. 341-2,
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+14. Reduction formula for the order of a standard deviation

A s.p. of any order may be expressed in terms of a s.p. and a
correlation coefficient of lower order. Thus, since

22323 = X2y o(1—byp. 373 — by3,2%5)
=22} 3—b13.2 2%y 575 5

we have, on dividing by N and using (26) with subscripts inter-
changed
8% 0303 = 0% .2(1=by3.2b5:.0) = 0% 5(1 -5 ), (33)
which is of the same form as (6). Since 0?2 ,, is symmetrical in the
secondary subscripts, the subscripts 2 and 3 may be interchanged
in the second member of (33). Substituting the value of o , given
by (6) we may also write the result

03,93 = 03(1—13) (1 =135 5). (34)

Similar formulae may be written down by cyclic permutation of the

subscripts. The equations (33) and (34) show how a s.p. may be

expressed in terms of one of lower order, and one or more of the

correlation coefficients. Also from (33) it follows that o, 3 <0y ,.

The estimate of z, from z, and z, is thus in general better than the

estimate from x, alone, being just as good only if 7, , is zero.
Further, on comparing (34) with (23) we see that

1= Rigy = (1—1%;) (1-135.5), (35)

which is in agreement with the values already found for R4 and
713.¢ in terms of the total correlations. From (35) it is clear that

1— Rigy<1-rh,
so that R%(%) 27 %2.
Since Ry, is symmetrical in the subscripts 2 and 3, it follows that
this coefficient of multiple correlation is not numerically less than
either 7y, or r15. If then R,y is zero, both 7, and 7,3 must be zero,
and x, is then uncorrelated with either z, or z,.

The same argument shows that, in the case of n variables, the
equation (33) has the generalization

03 400 = 0% (1 =13 00), (36)
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where (k) denotes as usual a group of secondary subscripts. Repeated
application of this formula leads to a generalization of (34), namely,

03050 = 031 =78) (1 =1%5.2) (1 =734 25) .. (L =75, . a=1). (37)
Comparing this with (23’) we see that
1= Riog..m= (L=1H) (1=1f3.5) ... (1 =71, 05 .0=10) (38)

If Ryys. =0 each of the correlations in the second member is
zero, and also each of the coefficients 7,,, 43, ..., 71,. Thus z, is then
uncorrelated with any of the other variables.

115. Reduction formula for the order of a regression coefficient
To express a coefficient of regression in terms of coefficients of

lower order we may proceed as follows. First
X% 3%y 5= L2y (Ty—byyy).

Then, since byy = bgy0%/0%, we may write the above equation, in
virtue of (26),

03.3b12.5 = 01305~ 01303 . by, 0303,
or, by means of (6),

03(1—735) byp 5 = 05(b15 — by35,).
Thus we have the required reduction formula

b . = D12=b13bs
12.3 1 —b23b32 .

This may be expressed in terms of correlations. For, in virtue of
(28), it is equivalent to

g T (P10 — 113"
rip o Tl? = 71 (__1.21___13.,,32) , (40)
O3 O3 —T33

(39)

Substituting the values of o, 5 and o, 3 given by equations of the
form (6), we find (29) again.

In the case of n variables, by similar reasoning, we arrive at the
generalization of (39),
b12.00— b13.00032.

1= bz, bsa. 0

blz.a(k) =

where (k) has the usual significance.
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116. Normal distribution

A generalization of the bivariate normal distribution to the case
of three variables may be obtained as follows.* First suppose that
the variables z, and x, are normally distributed about zero means
with correlation 7,5. Then the probability that a pair of values chosen
at random will fall in the interval dx,dz, is

dx,dx. 1 (22 « T,
dP, = 2773 3 _9p, 273
e 2770'20'3«/0’11exp|: 2(L’n (0'2+0'3 r230'2cr3 ’

where w;; = 1—7%,. Next assume that the regression of z, on z,
and z, is linear, and that in each , array the variable is normally
distributed with s.n. which is the same for each of these arrays.
Then, since the mean of each array is on the plane of regression (7),
the s.p. of each array is o ,3, given by

01,23 = 0i0/0y;. (41)

Consequently the probability that x,, chosen at random in an
assigned array, will fall in the interval dz, is

dF, = 0'1 23\/ 27) exp (— 423 23/0%. 22)

_ Aoy dry 1 x, Z, AL
= oﬁl\/@nw)exP —2ww11 wlla+a)l2(};+tolsa) ]
by (41) and (17). On forming the product dP,dP, we have the

probability that a set of values of the three variables, chosen at
random, will fall in the interval dx,dx,dx,, as

dx,dxy,dr,
010203{(27)* w}
where, after a little reduction, it will be found that

exp (—1¢), (42)

1 3 x3 x} N T
= — —_— 2 20 1 9 12 .
¢ p (0’110.%'*"”220.2‘*'“’33 5+ “)230. 23 W31 — 0.1"" “’120.10_2)
(43)
The symmetry of (42) and (43) in the subscripts shows that the
properties of the threc variables are similar. Thus all the regressions

* Cf. Rietz, 1927, 2, pp. 106-17.
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are linear. The variance of each array of z,’s in the trivariate
distribution is wo}/w,, = 0% 15, and that of each array of zg's is
W0§/wgy = 0F 15

We may verify the statement made in §113 that, in the present
case, the correlation between z, and z, for a constant value of x,
is the partial correlation 7, 3. For ¢ may be expressed in the form

1w ")
¢ = ® ?1%1 (2= bya%3)% + '&2:32 (2g—boyxy)?
20 22
+ 0’.‘;1_“: (21— b13%3) (X — by xa):l + o*% , (44)

and, on comparing (42) with § 38 (28), we see that, for a constant
value of z,, ¥, and x, are normally distributed about means b,,z,
and by, respectively, with correlation

. - B
Nwpog)
as stated. From (42) and (44) it is also clear that the deviations
%, 3 and z, 5 are normally distributed with correlation 7, 5.
The above results may be extended to the case of n variables.*

117. Significance of an observed partial correlation

Fisher has proved that the sampling distribution of a partial
correlation coefficient of order £, in samples from a normal popula-
tion, is of the same form as that of the correlation coefficient for
samples from a bivariate normal population, with the sample
number N reduced by k. In particular, when the partial correlation
in the population is zero, the square of the partial correlation
coefficient, r, in samples of NV sets of values, is a £,(}, 3 (N -k —2))
variate. By the argument used in §89 it then follows that the
statistic ¢ defined by

r
t= mJ(N—-k— 2), (45)
conforms to the t distribution for (N —k—2) p.r. We are thus able
to test the significance of an observed partial correlation.

* Cf. Yule and Kendall, 1937, 1, pp. 282-4. t Fisher, 1924, 4.
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+ Ezample 1. From a random sample of 21 sets of values from a normal
population the calculated value of a partial correlation of order three is 0-40.
Is this consistent with the assumption that the corresponding partial corre-
lation in the population is zero?

In applying the above test to our assumption we have v = 21 -3—-2 = 16,
and

_oaae 16
J(0-84)  0-616

This value of ¢ is not significant at the 5 9; level, so that the observed correla-
tion is not significant of correlation in the population.

From the sampling distribution it follows, as in the case of two
variables, that if Fisher’s z transformation of § 94 is applied to the
above partial correlation of order k, the statistic z is distributed
nearly normally with variance 1/(V —k—3). We are thus able to
test if an observed partial correlation differs significantly from some
assumed value. Similarly, we can test the significance of the
difference of the observed partial correlations in two independent
samples.

Example 2. From independent samples, of 32 and 23 sets of values,
partial correlations of order four are found to be 0-4 and 0-6 respectively.
Examine (i) whether the first value is consistent with the assumption of a
normal population with a corresponding correlation of 0-7, and (ii) whether
the two samples may be regarded as from the same normal population.

(i) From the Table 7 we find that the values r, = 0-4 and r, = 0-7 corre-
spond to z; = 0-424 and z, = 0-868. The deviation of z, is therefore 0-444.
The 8.E. of 2, is 1/4/(32 — 4 —3) = 0-2. Since the deviation of z, is greater than
twice the s.E. it is significant. The assumption of a correlation of 0-7 in the
population is thus ruled out.

(ii) Corresponding to 7, =04 and r, = 06 we have z; = 0424 and
2, = 0:693, giving z,—2, = 0-27 nearly. The s.E. of the difference of the z's
is given by

€= J(fgi-fg = \/(0‘1025) = 0-32.
The difference z, —z,, being less than ¢, is not significant. The samples may
thus be regarded as from the same population.

118. Significance of an observed multiple correlation

Consider next the significance of an observed multiple correlation
coefficient, R, of the variable z, with the p variables z,, , ..., Z,,,,
calculated from a random sample of N sets of values from a multi-
variate normal population. Fisher has found the general sampling

wMSs 17
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distribution* of R, and has shown that it depends, not on the whole
matrix of correlations between the variables, but simply on the
multiple correlation in the population and the sample size, N.
In particular, when the multiple correlation coefficient in the
population is zero,T R? is a f#,(p, $(N —p — 1)) variate. In virtue
of Theorem vi1 of §72 it follows that, in this case, R%/(1— R?)is a
Ba(3p, 3(N — p—1)) variate; and therefore, by the argument of § 92,
the statistic F defined by

g T2 N-p-l (46)

conforms to the F distribution for
v=p, Vy=N-p-1L (47)

To test the hypothesis that the multiple correlation in the population
is zero, we have only to determine from the table of F whether
the value of this statistic calculated from the sample is significant.
This decides the significance of the observed multiple correlation.
We may also remark that, since R2?is a f,(3p, H{N —p—1)) variate
in samples from a normal population in which z, is uncorrelated
with any of the p variables x,, z3, ..., x|, the mean value of R?is
given by
vpey . P
E(R?) = No1

The problem may also be approached from the point of view of
analysis of variance and covariance. The estimate e, (, of 2, given
by the regression equation of z, on the p variables z,. ...,z ,, is
of the form

1. = 1oy + byt 4 by Ty, (48)

and this is connected with the corresponding deviation z, ¢, by
the equation

T, = x].(p)'*'el.(p)' (49)

* Fisher, 1928, 1. See also Wilks, 1932, 1.
1 See also Fisher, 1924, 5.
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‘The N values of z, (,) are connected by the p + 1 normal equations

20 =0, Z2& p=0 (=2,.,p+1) (60)
Squaring (49) and summing over the distribution we see that
Yat =Yttt Zeion (81)

the sum of products vanishing since

T2 e = Lm0t tbia+..) =0,

in virtue of (50). The sum in the first member of (51) is equal to
NS%, where 8% is the variance of x, in the sample; while the first
sum on the right has the value NS3(1 — R?) by (23'). Consequently
Y} = NRS%. (52)
The equations (50) may be regarded as p +1 linear constraints on
the N values , (). Then, on the assumption that these deviations
are normally distributed, and that R is zero in the population, the
sum Y, a3 /02 is distributed like x*> with N —p — 1 0.F., 02 being the
variance of z, in the population. But, by §77, ¥ 2%/0? is similarly
distributed with N —1 p.¥.; and therefore, by Theorem II of § 81,
Y e} (p/o? is distributed like x> with p p.r. Thus the two sums on
the right of (51), when divided by N —p— 1 and p respectively, give
independent and unbiased estimates of 02 Inserting their values
in terms of R? we see that the quotient of these estimates

R N-p-1

Py

conforms to the F distribution for

(83)

vy=p, Vy=N-p-1
We thus arrive at the same result as before.* (See also Ex. x11, 13).

Example. In a sample of 25 sets of values from a normal population
R334 was found to be 0-4. Show that this is not significant of correlation
in the population between z, and the variables x,, 5, z,.

Here p = 3, v, = 3, v, = 21. Hence
0~l6x2l _ 4 1-33
084~ 3 3 7
This is not significant, since the 6 %, value of F is about 3-1.

F =

* For the distributions of various statistics occurring in this chapter see
Bartlett, 1933, 3.

1(7-2
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EXAMPLES XII
1. Ina trivariate distribution it is found that
o, =3, 0,=4, 03=05; 7o3 = 0-40, 75 = 0-60, 7, = 0-70.
Prove that the partial correlations are
Togq = —0:035, 14 4=049, 7,,,=0063,

and that, if the variates are measured from their means, the linear
regression equations are

x; = 0412, 4 0:23x,, @, = 0:96x,—0:025x,, @, = 1:04x, — 0-05z,.
Show also that

Tyo3 =187, 0y g =285, 0y 45 =400,

Rigy = 078, Rygy = 0-70,  Ryqp = 0-60,

2. Show that
01.2302.31/T12.3 = — 0T Ty,

and, more generally,

0123000 2,310/ T12.300 = — ©WT10,/Wy.
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. 3. From §114 (38), deduce that

1 =1}, 03 a=1 = (1= BYgz. . )/(1 = Bius. . n=D)

which shows how a partial correlation coefficient of order » — 2 may
be expressed in terms of multiple correlation coefficients of orders
n—1and n—2.

4. Prove the identity
b12.3b03.1b31.2 = T19.3723.17 31,20
5. Prove the formula

b1 = (by2.3+015.2050,1)/(L = by3,5b54 5),

expressing a regression coefficient in terms of coefticients of higher
order. Write down the corresponding formula with subscripts 1
and 2 interchanged, multiply together the two equations and take
the square root, thus obtaining

Ty = (P1g.3+ 13 0723 1) V({1 —735.5) (1 =735 1)}

expressing a correlation coefficient in terms of coefficients of higher
order.

6. Prove the formulae of Ex. 5 with a group (k) of secondary
subscripts added to each of the coefficients.

7. Verify the values of ¢ expressed by §116 (43) and (44).

8. Show that, if x; = ax, + bx,, the three partial correlations are
numerically equal to unity, 7,5 , having the sign of a, r,3 , the sign
of b, and ry, 3 the opposite sign to a/b.

9. For a sample of 30 sets of values from a normal population,
Ryi43 is found to be 0-5. Show that this is significant of correlation
in the population between z, and x,, ;. (F = 45, v, = 2, v, = 27.)

10. Show that a partial correlation 7, 5, = 0-5, in a sample of

20 sets of values from a normal population, is significant at the 5 9,
level.

11. Two independent samples, of 46 and 36 sets of values, give
corresponding partial correlations of order three as 0-41 and 0-66
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respectively. Show that thisis not inconsistent with the assumption
that the samples are from the same normal population. Show also
that an estimate of the partial correlation in the population, by the
method of § 96, is 0-53.

12. Show that, corresponding to the first sample in §117, Ex. 2,
the 95 9, fiducial limits for the partial correlation in the population
are 0-03 and 0-67.

13. Deduce from the argument on p. 259 that, when the mul-
tiple correlation in the normal population is zero, R?/(1-— R?)
is a f,(}p, 3(N —p—1)) variate and therefore, by §72, R? is a
P($p, }(N —p—1)) variate.

14. With the notation of §118 show that, when the multiple

correlation in the normal population is zero, the expected value of
R in the sample is '(3(p+ 1)) I'(3(N —1))/I'(3p) I'(3N).
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