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TRANSLATOR’S PREFACE

The book Teoriya Grupp by Professor A. G. Kuros has been widely
acclaimed as the first modern text on the general theory of groups, with the
major emphasis on infinite groups. An English translation of the work was,
therefore, highly desirable. When I got in touch with the author and learned
that the first Russian edition was out of print and that he was actively
engaged in the preparations for a completely rewritten second edition, I
decided to postpone my translation until the new book became available.
This explains the delay between the first announcement and the actual issue
of the present volume. (A German translation of the first Russian edition
was published in 1953 by the Akademie-Verlag, Berlin.)

In this translation I have followed the time-honoured maxim: “As literally
as poss.ble and as freely as necessary.” Thus, while the book should read
like an English text-book, it has, I hope, retained some of the flavour of
the Russian original. A characteristic feature that the reader will notice is
the author’s sparing use of an elaborate symbolism and his reliance on a full
verbal exposition of the mathematical argument.

The changes 1 have made in the text can be described briefly as follows:

(i) Throughout the text I have distinguished between ge G (“g is an ele-
ment of G”) and H < G (“H is contained in G”). This distinction is not
made in the Russian text, where the symbol € is used in both meanings.
Frequently I have changed the notation for certain subgroups, elements, sub-
scripts, indices, etc. to bring it into line with English usage.

(ii) I have slightly altered a few definitions (such as that of a free product
and that of an element of infinite height) in order to avoid cumbersome case
distinctions and to achieve more concise statements of some theorems.

(iii) T have eliminated a number of misprints of the Russian text and
have removed a few minor slips. Occasionally I have recast a proof where I
thought it would lead to greater clarity.

(iv) The appendix notes, which are marked in the text by sans-serif su-
perior letters, contain a few additional remarks and some references to recent
developments. This applies particularly to Parts Three and Four of the book,
which are concerned with topics where progress is most rapid at present.

(v) 1 have tried to keep the bibliography up to date by adding to Volume
II a separate list of references to relevant group-theoretical literature of
the last few years.



6 TRANSLATOR’S PREFACE

I may mention that the recent monograph by I. Kaplansky, Infinite
Abelian Groups (University of Michigan Press, 1954), is an excellent sup-
plement to Part Two of this book, partly because the two books do not overlap
too much in the material they cover, and partly because where they do overlap
the two authors’ different techniques make an interesting comparison.

As the majority of the readers is likely to be in the United States, I have
at the Publisher’s request adopted American usage in spelling and termin-
ology. Thus, I talk of the center, of parentheses, and (somewhat reluctantly)
of solvable groups, where in England it would have been the centre, brackets,
and soluble groups.

In the advanced parts of the book there is, quite understandably, much
emphasis on the work of the very vigorous Russian group-theoretical school.
The author is aware of this; in a recent letter to me he writes: “The creation
of the contemporary theory of groups was, and is, the work of a large world-
wide community of scholars, but the task of preparing a book that reflects
the contemporary state of the theory of groups cannot be solved collectively.”
I hope that my translation will make English readers better acquainted with
the trends of research in Russia and that in this way it will make a contribu-
tion to establishing a closer contact with our Russian colleagues.

A final word about the use of the book as a text for graduate (or, in Eng-
land, advanced undergraduate) courses. I believe that in the hands of an
experienced instructor the book will serve admirably as a text for students
who have achieved a certain maturity of mathematical thinking. The instruc-
tor may have to make a few judicious omissions (of more difficult material)
and additions (of further examples and exercises). But in the theory of in-
finite groups good exercises of the right degree of difficulty are notoriously
scarce—they tend to be either too trivial or too hard. During the last academic
year, which I have spent as a Visiting Professor in the University of Colorado,
at Boulder, I have covered both Part One and Part Two, each in a one-
semester three-hour course.

I welcome this opportunity of expressing my thanks to the official agencies,
the institutions, and the many colleagues who have helped to make my stay
in the United States such a pleasant one.

August, 1955
Kurt A. HirscH



PREFACE TO THE SECOND EDITION

The author concluded his work on the first edition of this book in 1940,
the proofs were read in the following year, and only the military circum-
stances of the time delayed the appearance of the book until 1944, Thus,
nearly twelve years have passed since the book was completed. During these
years the general theory of groups has undergone a remarkable change—
many problems have been solved, a number of new problems have arisen,
and new directions of research have opened up, some of which now occupy
a very conspicuous place in the theory of groups. In this rapid development
of the theory of groups Soviet algebraists have played a prominent part.
Young research workers have been systematically recruited, and continue
to be recruited, into the Russian group-theoretical school, which was founded
by O. J. Schmidt. Their creative interests span almost all branches of the
theory of groups, and in many directions the papers of Soviet scientists are
among the leading ones. The first edition of the present book has also con-
tributed in some measure to the development of the group-theoretical studies
—it might be mentioned that a typewritten copy was deposited in 1940 at
the Institute for Mathematics and Mechanics of the University of Moscow
and was accessible for study.

When I began to prepare the second edition two years ago, I wanted
to bring the book again up to the level our science had then attained. For
this purpose I had to write virtually a new book. Not only does it differ
from the old one in the planning of the material—many new sections have
been added and many that were taken over from the old book have been
completely revised—but hardly a single section has been transferred to the
new book without some alterations. On the other hand, the increase in the
volume of the book, which unfortunately could not be avoided, compelled
me to omit a number of points that were in the old book and occasionally
entire sections; however, they were of such a nature that their inclusion in
the original book cannot be regarded as having been a mistake. I have
therefore found it appropriate in some cases, when referring the reader to
additional literature, to refer him also to the corresponding section of the
first edition of the book.

I must emphasize, however, that the new book has the old one as its basis
and is very close to it in conception. This justifies me, I think, in keeping
the old title for the book with the qualification *Second Edition, Revised.”

I do not intend to give a complete survey of the book, but I shall point
out the principal differences between its main parts and the corresponding

7



8 PREFACE 10 SECOND EpITION

parts of the first edition. Part One contains what one would naturally
refer to as the elements of group theory. A thorough acquaintance with this
material is assumed in all subsequent parts of the book. I mention one detail :
The concept of the factor group and the homomorphism theorem appear
in the book long before the concept of a normal subgroup is introduced.
This interchange is not due to the needs of group theory itself and has been
made only in order to expose the triviality of those all-too-numerous general-
izations of the group concept whose theory does not go much further than
the homomorphism theorem. As is well known, this theorem can, in fact,
be formulated and proved for sets with an arbitrary number of algebraic
operations.

The theory of abelian groups has been subjected to a drastic revision.
This refers to primary abelian groups, in particular, whose theory has been
considerably reorganized and enriched by the work of L. Y. Kulikov. As far
as torsion-free abelian groups are concerned, the method of presenting the
groups by systems of p-adic matrices has here been omitted, as it is of
little help in the study of these groups; instead, the theory of completely
decomposable groups has been included.

A considerable number of significant additions has been made in the
theory of free groups and free products. In particular, some results recently
obtained by B. H. Neumann and his collaborators have been incorporated
in the book.

In the theory of direct products of groups large re-dispositions have been
undertaken ; as a result of papers by the author and later by R. Baer, this
theory is drawing appreciably closer to its completion. Therefore it was
natural to deduce in the book the theorem of Schmidt (often also called
theorem of Remak-Schmidt or Krull-Schmidt) from one of the much more
general theorems obtained in recent years. This necessitated the develop-
ment of a large auxiliary apparatus and compelled me to combine the chapter
on direct products with the chapter on lattices.

In the first edition, only one section was devoted to group extensions.
In the second edition it has grown into a whole chapter: this is due to the
appearance of the cohomology theory in groups. Of course, even now the
classification of extensions is far from having reached that degree of perfec-
tion which would allow the solving of any problem on extensions by a
simple reference to this classification; but the whole position cannot be
compared to what it was twelve years ago.

Particularly deep changes have occurred in the theory of solvable and
nilpotent infinite groups. The first edition of the book reflected only the
first timid steps in this direction, and the relevant sections were included
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in the book more as a hint of subsequent developments than as an exposition
of the results achieved at the time. To-day this is, in fact, one of the largest
and richest branches of the theory of groups, a branch whose program can
be expressed in these words: the study of groups which are closely related
to abelian groups, under restrictions which in one sense or another are
close to finiteness of the number of elements of the group.

This new branch of the theory of groups has been created almost entirely
by Soviet scientists. A special place belongs to S. N. Cernikov whose initi-
ative and creative contributions have determined the development of the
researches in this domain to a remarkable degree. A number of results
concerning very deep theorems have also been obtained by A. I. Mal'cev.

Now a word about those parts of the theory of groups that have been
omitted from the framework of the book. Among them there is above all
the theory of finite groups. At the time when 1 worked on the first edition
I set myself the task of showing that the theory of groups is not merely
the theory of finite groups, and therefore the book contained almost nothing
about finite groups in particular. This task can be regarded today as accom-
plished. Indeed, just the other way around: it has now become necessary
to recall that the theory of finite groups is an important and integral part
of the general theory of groups. Although some material on finite groups is
now incorporated in this book, the above problem is by no means solved in it.

It would be useful if one of the Soviet specialists on finite groups would
write a small book devoted entirely to finite groups using the present book
as a basis (that is, without expounding the elements of group theory over
again).

Even more urgent, perhaps, would be the writing of a book whose title
could be given provisionally as the algebraic theory of groups of trans-
formations. It would have to contain the well-worked theory of permutation
groups, the theory of groups of matrices, and also the general theory of
representations of abstract groups. Isomorphic representations of groups by
matrices, monomial groups and representations, the classical groups over
an arbitrary field, and many other topics would also have to find a place
in it. In a certain sense this is applied theory of groups. A systematic
exposition of this entire branch of the theory of groups, using the results
and methods of the general theory of groups, would be very useful.

The prerequisite knowledge that the reader of the book is assumed to
possess has been indicated at the end of the Introduction to the First Edition.
In addition, I might add that he should be acquainted with the concept of
a ring and the simplest concepts connected with it.
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The bibliography has been revised, and supplemented by those papers
published in recent years that have a bearing on the contents of the hook.

Before and during the work on the second edition I received many com-
ments and much advice—in letters, in personal talks, and in seminar meet-
ings—from many Soviet algebraists. To all these fellow-mathematicians who
have helped me with their advice I offer my sincere thanks.

Moscow, May 1952
A. Kuro¥



FROM THE INTRODUCTION TO THE FIRST EDITION

The theory of groups has a long and rich history. Arising from the needs
of Galois theory, it developed at first as the theory of finite substitution
groups (Cauchy, Jordan, Sylow). However, it was fairly soon discovered
that for the majority of problems that are of interest to the theory this
special material —namely substitutions—used in the construction of the
groups is not essential and that the actual topic is the study of properties
of a single algebraic operation defined in a set consisting of a finite number
of elements of an arbitrary nature. This discovery, which may appear trivial
to-day, turned out to be, in fact, very fruitful and led to the creation of the
general theory of finite groups. True, the transition from substitution groups
to arbitrary finite groups did not essentially extend the realm of the objects
to be studied; however, it put the theory on an axiomatic basis, gave it
order and clarity, and thus facilitated its further growth.

The golden age of the theory of finite groups came at the end of the last
century and the first decade of the present. During this period the funda-
mental results of the theory were obtained, the fundamental directions of
research were laid down, and the fundamental methods were created;
generally, through the work of its principal promoters (Frobenius, Holder,
Burnside, Schur, Miller) the theory of finite groups acquired at this time
all the essential features it has at the present day. But later it hecame clear
that the finiteness of a group is a restriction that is too strong and not
always natural. It was of particular importance that this restriction very
soon led to conflicts with the needs of neighboring branches of mathematics
in several parts of geometry, the theory of automorphic functions, topology,
in all of these one again and again came across algebraic formations similar
to groups, but infinite, and so demands were made upon the theory of groups
that the theory of finite groups was not in a position to satisfy. Moreover,
from the point of view of algebra itself—of which the theory of groups is a
part—a situation could hardly be regarded as normal in which such very
simple and important groups as, for example, the additive group of integers
remained outside the limits of the theory. The finite group must therefore
be a special case of the general concept of a group, and the theory of finite
groups must be a chapter in the general theory of “infinite” (that is, not
necessarily finite) groups.

An exposition of the elements of group theory without the assumption
that the groups under consideration were finite was, for the first time in
the whole literature, made in the book Abstract Theory of Groups [in

11
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Russian] by O. J. Schmidt (Kiev 1916), a book which even now remains
a reference work for all Soviet algebraists. But the broader development
of the general theory of groups began somewhat later and was linked with
that radical reorganization and transition to a set-theoretical foundation in
algebra which occurred in the twenties of the present century (Emmy
Noether). It was from here that the new concepts of operator systems and
chain conditions were introduced into the theory of groups.

Subsequently the work on the general theory of groups became very
vigorous and varied, and at the present time this part of mathematics has
become a wide and rich science occupying one of the foremost places in con-
temporary algebra. Clearly this development of the general theory of groups
could not ignore the achievements of the theory of finite groups. On the
contrary, many results sprang from the corresponding parts of the theory
of finite groups; the guiding principle was the endeavour to replace the
finiteness of the group by other natural restrictions under which a given
theorem or a given theory remain valid but without which they cease to hold.
Furthermore, very often a problem that is simple and completely solved
in the case of finite groups changes to a broad theory, yet far from complete ;
this happens, for example, in the theory of abelian groups, one of the most
important parts of contemporary group theory. At the same time a number
of new branches arose, linked essentially with the study of infinite groups—
the theory of free groups and of free products. Finally, in some cases, above
all in the problem of giving a group by defining relations, the theory of
groups achieved for the first time a clarity and rigor that had been lacking
in the preceding stage of its development.

The theory of groups is far from complete. The variety of concrete prob-
lems confronting it and the fact that in some directions the research work
has only recently begun justify us in assuming that the general theory of
groups has not yet passed the climax of its growth. Nevertheless the time
has come to systematize the rich material already accumulated and thus to
present to a wide circle of mathematicians the basic trends of contemporary
group theory, its methods, its principal achievements, and finally, the im-
mediate problems facing it and the paths along which it will necessarily
develop in the near future.

The present book does not pretend, obviously, to range over the whole
theory of groups; but almost all the main branches of our science are pre-
sented in it, to an extent sufficient to show the reader the wealth of its
contents and the variety of its methods.

The reader is not required to have a preliminary acquaintance with the
elementary concepts of the theory of groups. A basic course of higher algebra
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is a prerequisite only for some initial examples of groups, such as matrices,
permutations, roots of unity. As to the theory of numbers, the reader need
only know the elements of the theory of congruences. On the other hand,
the reader should be thoroughly acquainted with the elements of the theory
of sets, as far as the first four chapters of the book Set Theory by Hausdorff
(Chelsea, 1956). In particular, in many constructions and proofs trans-
finite induction is an essential tool.

The bibliography contains, as far as possible, a complete list of papers
on the general theory of groups, including some that have come out recently
but have not influenced the book. Of the rich literature on finite groups the
bibliography includes only a few directly connected with the contents of
the book. References to the bibliography are given in the text by the name
of the author and (in brackets) the number of the paper quoted.

Moscow, October 1940
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PART ONE

THE ELEMENTS OF GROUP THEORY






CHAPTER I

DEFINITION OF A GROUP

§ 1. Algebraic operations

In any course on higher algebra the reader will have become acquainted
with sets in which algebraic operations are defined. Fields and rings—that
is, sets with two independent operations, called addition and multiplication—
play a fundamental réle in such a course. Very often, however, one en-
counters sets in which only one algebraic operation is defined (or is studied
for the moment). We recall the definition of an algebraic operation.

Let a set M be given. We say that an algebraic operation is defined in M
if we have a rule by which we can assign to any two (distinct or equal)
elements of M, taken in a definite order, a third well-defined element of
the same set.

It is therefore part of the definition of an algebraic operation that it shall
be single-valued and that it shall be applicable to any pair of elements.
Furthermore, the definition indicates that the order in which the elements
are taken may be relevant when the operation is performed. In other words,
it is not excluded that the elements of M that:correspond to the pair a, b and
to the pair b,a of M may be distinct, i.e., that the operation under con-
sideration is non-commutative,

Numerous examples can be given of sets with numbers as elements and
with an operation that satisfies the above definition. We leave the con-
struction of such examples to the reader and merely indicate some sets that
do not satisfy the definition: the set of negative integers under multiplica-
tion, the set of odd numbers under addition, and the set of real numbers with
division as the operation—the latter because division by zero is impossible.

Various algebraic operations performed on objects other than numbers
are also well known; some examples are: the addition of vectors in an
n-dimensional vector space, vector multiplication of vectors in a three-
dimensional euclidean space, multiplication of square matrices of order #,
addition of real functions of a real variable, multiplication of such functions,
etc. An example of an algebraic operation that will be of great importance in
the sequel is the multiplication of permutations. A permutation of degree n
is, of course, a one-to-one mapping of the set of the first #» natural numbers
onto itself. The result of carrying out two permutations of degree n in

21



22 Part ONE. 1. DEFINITION OF A GROUP

succession is itself a permutation of degree #n, which is called the product
of the first of the given permutations by the second. If, for example, we
consider the permutations

123 (123
2=\132)7 "T\231)’

where n =3, then their product is the permutation

5 123
a——=213.

An algebraic operation in the set of permutations of degree # is thus defined.
It is easy to see that it is non-commutative ; the product of b by a for the
above two permutations has the form

123
ba=\3491)

We shall, as a rule, use multiplicative terminology and symbolism for study-
ing sets with one algebraic operation ; the operation will be called multiplica-
tion, and the result of performing the operation on the pair of elements a, b
will be called their product ab. In some cases, however, it will be convenient
to employ the additive notation, in other words, to call the operation addition
and to speak of the sum a + b of the elements a, b.

We have already mentioned that the commutativity of an operation, that
is, the validity of the equation

ab=ba

for arbitrary elements a, b of the set M, is not part of the definition. Examples
of non-commutative operations are: multiplication of square matrices of
order # for n = 2; multiplication of permutations of degree », not only for
n =23 as was illustrated above, but for all # = 3; and vector multiplication
of vectors of a three-dimensional euclidean space. Subtraction of numbers
can also be regarded as an example of a non-commutative operation.

Furthermore, the definition of an algebraic operation does not require that
the operation be associative, that is, that for arbitrary elements a,b, ¢ of
the set M the equation

(ab)c=a(bc)
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shall hold. Vector multiplication of vectors of a three-dimensional space
serves as an example of a non-associative operation ; so does the subtraction
of integers. On the other hand, as is well known, the multiplication of
matrices is associative. Again, the multiplication of permutations is asso-
ciative ; this follows from the following more general result.

Let S be any finite or infinite set. We consider the totality of single-valued
mappings of the set S into itself, that is, mappings that associate with every
element of S a well-defined element of the same set, where various elements
of § may possibly be mapped onto one and the same element and where
there may be elements in S onto which nothing is mapped. If we understand
by the product of two such mappings the result of performing them in succes-
sion, then we obtain an associative algebraic operation in the set of mappings.

For let ¢, 1, and y be three single-valued mappings of a set S into itself.
Further, let @ be an arbitrary element of S, and let it go over into the ele-
ment b under the mapping ¢, while b goes over into ¢ under the mapping y,
and finally ¢ into d under the mapping %. Then the mapping ¢ y carries the
element a into ¢, so that under the mapping (¢ y)%, a goes over into d.
However, the mapping y'y carries the element b into d, and therefore under
the mapping ¢ (wy) a also goes over into d. Thus it has been shown that
the mappings (¢v)y and @ (yy) coincide.

Let us see what deductions can be made from the validity of the asso-
ciative law for an operation given in a set /. From the definition of an
algebraic operation it follows that the product of any two elements of A/,
taken in a definite order, exists and is unique. Dut we cannot, in general,
speak of the product of three elements: for, the product of the elements
a, b, and ¢, taken in this order, may depend on whether the product of
a and b is multiplied by ¢, or a is multiplied by the product of b and ¢. The
associative law, however, permits us to refer without ambiguity to the product
of three elements of A/ ; the element (ab)c, being equal to a(bc), will simply
be denoted by abc. Clearly, the product of three elements may change, in
general, with a permutation of the factors.

Furthermore, the associativity of an operation permits us to speak without
ambiguity of the product of any finite number of elements of M, taken in a
definite order; in other words, it enables us to prove that the final resuit
is independent of the initial distribution of parentheses. Let us show this
for the case of » factors (1 > 3), on the assumption that it has already been
proved for a smaller number of factors. Let

a;, Qg .+ ., Qy,
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be an ordered system of n elements of M in which parentheses are distributed
in some way indicating the order in which the operations shall be carried out.
If we perform in succession the multiplications indicated by the parentheses,
then we must carry out in the last step the multiplication of the product of
the first i elements a5, @a, . . ., 6, (1 = i = n— 1) by the product @ ,...a,.
Since these products consist of fewer than » factors and are therefore, by
assumption, determined uniquely, it only remains to show that we can go
over from (2,ag...2¢) (@44 1@49---@y) t0 (2,a9. . . @) (a5, . - -@y), Where i£ ).
It obviously suffices to perform this transition for the case j=1i + 1, and
we achieve this by a simple application of the associative law : if

Q... G4=0b, a q8¢,3...0,=0¢,
then -
b(ag, €)= (bay, ) c.

This does not give us the right, however, to speak of the product of an infinite
set of elements of M.

The set M in which an algebraic operation is given sometimes has a unit
element, that is, an element 1 for which

ael=1ea=0a

for all @ in M. Only one element having this property can exist in M : if
there were another unit element 1/, then the product 1+1” would be equal both
to 1 and to 1’; hence 1 = 1’. When the additive notation is used, the unit
element is called the null element (or zero) and is denoted by the symbol O.

Examples of sets with an algebraic operation that do not have a unit
element (or a zero) are: the set of natural numbers with respect to addition,
the set of even numbers with respect to multiplication, and the set of vectors
of a three-dimensional euclidean space with respect to vector multiplication.
On the other hand, the multiplication of square matrices of order » has a
unit element, namely the unit matrix. A unit element also exists for the
multiplication of permutations of degree n; this is easily seen to be the

identity permutation
12...n
12...n)°
More generally, in the set of all single-valued mappings of a set S into itself

with multiplication defined as the result of performing the mappings in suc-
cession, there exists a unit element, the identity mapping of S onto itself.
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Finally, let us introduce the concept of an inverse operation. We know from
higher algebra that in a ring the operation inverse to addition is subtraction,
and in a field—if we restrict ourselves to elements different from zero—
the operation inverse to multiplication is division. In the light of these
examples, it is natural to ask the following question in the case of an arbitrary
set M with one (not necessarily commutative) operation: Do there exist
for given elements a and b certain elements x and y for which

ax=1">, ya=1"> (1)

holds? These equations may or may not be solvable in M. Moreover, they
may have distinct solutions. We shall say that an operation, given in M,
has an inverse operation if for every a and b each of the equations (1) has
one and only one solution ; in the non-commutative case the solutions x and y
of these two equations need not of course coincide.

An example of an operation for which equations (1) may have several
distinct solutions is multiplication in any ring having divisors of zero, in
particular in the ring of functions and in the ring of matrices. Very simple
examples of operations for which equations (1) are not always solvable are :
the operation of addition in the set of natural numbers and the operation of
multiplication in the ring of integers and in the field of real numbers as
well—the latter because division by zero is impossible.

§ 2. Isomorphism. Homomorphism

Let M and M’ be two given sets in each of which an algebraic operation
is defined; we shall assume that in both sets these operations are called
multiplication. The sets M and M’ are said to he isomorphic with respect
to these operations if a one-to-one correspondence between their elements
can be established for which the following holds: If the elements a and b
of M correspond to the elements @’ and b’ of M’, and if

ab=c, b=/,

then the element ¢ of M shall correspond to the element ¢’ and to no other
element of M’. Such a one-to-one correspondence is called an isomorphic
relation or isomorphism between M and M’. An isomorphism of the sets
M and M’ will be denoted by the symbol M=~=M’,

Examples of isomorphic sets with one algebraic operation can readily be
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given. Thus, the set of even numbers can be put into one-to-one corres-
pondence with the set of all multiples of 3 by associating the even number 2k
of the first set with the number 3% of the second set. This mapping is
obviously an isomorphism with respect to addition, which is an operation
defined in each of the two sets.

Further, let us compare the operation of multiplication in the set of
positive real numbers with the operation of addition in the set of all real
numbers. We obtain a one-to-one mapping of the first of these sets onto
the second by associating with each positive real number its logarithm to
the base 10. The equation

log (ab) =1loga + logd

shows that this mapping is an isomorphism.

The reader is familiar with many examples of isomorphic sets in higher
algebra. Let us recall one of these; the set of linear transformations of an
n-dimensional vector space over a field F, with the product of linear trans-
formations defined as the result of their being performed in succession,
is isomorphic to the set of square matrices of order n over the field F with
matrix multiplication as the algebraic operation. This isomorphism depends,
of course, on the choice of basis in the vector space. Thus, when the sets
M and M’, each with one operation, are isomorphic, then the isomorphism
between them can be established, in general, in many different ways.

Each set with an operation is obviously isomorphic to itself: it is sufficient
to take the identity mapping of the set onto itself. The relation of isomor-
phism, moreover, is (i) symmetrical: from M; =M, follows My=M,,
and (ii) transitive: from M, = M, and My = My follows M, = Mg,

From the definition of isomorphism it follows that isomorphic sets have
the same cardinal number; if in particular they are finite, they consist of
the same number of elements.

Isomorphic sets with operations may differ from one another in the nature
of their elements and, possibly, in the name of the operation and the sym-
bolism used to denote it. They are indistinguishable, however, as far as the
properties of the operations are concerned: given a set with an operation,
whatever can be proved about the basic properties of this operation without
reference to the individual properties of the elements of the set goes over
automatically to all sets isomorphic to the given one. In what follows we
shall, therefore, consider isomorphic sets to be merely distinct copies of a
set with one and the same operation and by so doing we shall single out the
algebraic operation itself as the true object of our study. Only in our con-
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struction of examples shall we speak, for convenience, of concrete sets and
of operations whose definitions depend on properties of the elements of
these sets. Besides, we shall later learn (in Chapter V) how to construct
concrete examples of operations without making any assumptions about
the nature of the elements on which the operations are performed.

The concept of isomorphism is not specifically an algebraic one. In fact,
every branch of mathematics identifies the objects of its study by certain
criteria and emphasizes in this way those properties of the objects that form
the true subject matter of that branch. To clarify this remark, the reader
need only reflect on the way one of the fundamental mathematical concepts
—that of a whole number—is formed.

We obtain a generalization of the concept of an isomorphic mapping by
omitting from the definition the postulate that the correspondence be one-
to-one. Let M and M’ be sets, each with one operation, say multiplication.
We consider a mapping ¢ of the set M onto the set /" which associates
with every element of M a well-defined image o/=ag in M’, while each
element of M’ has at least one, but in general several distinct, originals, or
inverse images, in M. This mapping is called a homomorphism if for any
a and b in M it follows from T

: ap=2d b=V
that
(ab)p=12d"b".

We shall then say that the set M’ is a homomorphic image of the set M.
It is not permissible, of course, to identify two sets one of which is mapped
homomorphically onto the other. In this respect the concept of homomor-
phism is less fundamental than the concept of isomorphism, but in the
subsequent development of the theory its role will, nevertheless, be very
important. Let us give a few examples of homomorphic mappings.

Let M be the set of all integers, with addition as the algebraic operation;
and let M’ be the set consisting of the numbers 1 and —1 with multiplication
as operation. By associating 1 with every even number and —1 with every
odd number we obtain a homomorphic mapping of M onto M’: indeed the
rule “even plus odd is odd” corresponds to the equation 1+ =—1,
and similar equations correspond to the other rules.

Next let M be the set of all plane vectors whose initial point is the origin
of the coordinate system and M’ the set of those vectors of A/ which lie
along the axis of abscissas, with vector addition in both cases as the algebraic
operation. We obtain a homomorphic mapping of M onto M’ if we associate
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with every vector of M its projection onto the axis of abscissas; for, the
projection of a sum is, of course, the sum of the projections of the summands.

If a set M with one operation is mapped homomorphically onto a set M,
in particular if these two sets are isomorphic, then the validity of the asso-
ciative or of the commutative law in M entails the validity of the correspond-
ing law in M’. For example, let the operation in M be commutative. If
¥ and b’ are arbitrary elements of M’, if a is one of the originals of o, and
f b is one of the originals of &’, then the element ab corresponds in the
homomorphism under consideration to a’?’, the element ba to b’d’; and
therefore the equation ab = ba and the uniqueness of the image under a
homomorphic mapping imply the equation a’b’=0b'a’. If the operation
in M is associative, the corresponding proof proceeds along the same lines.

Furthermore, if the set M has a unit element 1, then its image must be
the unit element in the set M’. For let us denote the image of the unit element
by ¢’; if @’ is an arbitrary element of M’ and a one of its originals, then the
equations a+1 = 1-a==a and the homomorphic property of the mapping
imply the equations a’¢’=¢’a’=a’. Thus we have shown that ¢ is
indeed a unit element for the set M’

We note that if a set M has an inverse operation, it cannot be inferred
that the same is true of a homomorphic image M’ of M ; for it is impossible
to prove the uniqueness of the solutions of each of the equations (1) of the
preceding paragraph. However, we can prove that those equations have solu-
tions. For if @’ and b’ are elements of M’, and if a is one of the originals of
@’ and b one of the originals of &’ in M, that is,

ap=d', bo="b",

and if the element ¢ in M satisfies the equation ax ==, then by the homo-
morphic property of the mapping the element

d=cop
satisfies a’4 = b’ in M’,

As regards the various converses: from the validity of the associative or
the commutative law in M’ or from the existence of a unit element or of an
inverse operation in M’ the corresponding statement for the set M does
not follow.

We shall now describe a method of obtaining all the possible homomorphic
images of a given set M with one operation. For this purpose we introduce
the following concept. Suppose that there is given a partition of the set M
into disjoint subsets, which we shall call classes and denote by the letters
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A, B, ... Sucha partition of M into disjoint classes is called regular if from
the fact that the elements a; and a, lie in one class A, and the elements
by and by lie in one class B, it follows that the elements a;b; and azby
also lie in one and the same class C.

This definition implies that the class C is completely determined by the
classes 4 and B': the product of any element of 4 by any element of B is
contained in C. If we call the class C the product of the class A by the class B,
then an algebraic operation is defined in the set M of all classes of our regular
partition. We shall call the set M with this operation the factor set of M
with respect to the regular partition. _

The set M can be mapped homomorphically onto the factor set A/. For
it is sufficient to associate with each element of M the class in which the
element lies and to make use of the definition of multiplication in the set M.
This mapping of the set M onto the factor set M is called the natural or
canonical homomorphism.

The factor sets of M with respect to its regular partitions essentially
exhaust all the possible homomorphic images of M. More precisely, the
following theorem holds.

If M’ is an arbitrary homowmorphic image of the set M, and ¢ a homo-
morphic mapping of M onto M’, then there exists a regular partition of M
into disjoint classes such that M’ is isomorphic to the factor set M con-
structed by means of this partition. Moreover, there exists an isomorphic
mapping y of the set M’ onto the set M such that the result of performing the

mappings @ and v in succession coincides with the natural homomorphism
of M onto M.

For the proof, we note that we obtain a partition of M into disjoint classes
if we collect into one class all the elements whose images under the mapping ¢
coincide. This partition is regular ; if the elements a; and a, lie in one class,
that is, if

QP =ap=2a’,

and if the same applies to the elements b, and bs, that is, if
byo=1byo =10,
then by the homomorphism of the mapping ¢
(@,61) p = (aghy) ¢ = a'V’,

so that the elements a, b, and asb, belong to one and the same class. This
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enables us to define a multiplication, in the way described above, in the set M
of all classes of the partition that we have obtained, in other words, to turn
M into a factor set. Between all the elements of the set M’ and all the
classes (that is, elements of the set M) there now exists a one-to-one corres-
pondence y: we need only associate each element of M’ with the class
consisting of all the originals of this element. The correspondence vy is
an isomorphism: if the elements @’ and b arelinked withthe classes 4 and B
respectively, and if elements are chosen in these classes, a from A and
b from B, then A B is the class that contains the element ab. However,

(@b) ¢ = (a9) (bp) =a'V,

so that the element a’b’ is associated under the mapping y with the class
AB. To conclude the proof, we choose an arbitrary element a of M. Let

ao=a/, ay=A.

Since the element a is one of the originals of @', @ is contained in 4; in other
words, the result of performing the mappings ¢ and vy in succession does,
in fact, coincide with the natural homomorphic mapping of M onto M. This

completes the proof.

§ 3. Groups

A further investigation of sets with an arbitrary operation would not.be a
very fruitful undertaking: the concept, being too general, is poor in content.
Historically, sets of a special type with one operation—called groups—were
first selected for detailed study, owing to their many applications both in
mathematics itself and beyond its boundaries. This is one of the most
fundamental concepts of contemporary mathematics: it combines an affinity
to familiar operations on numbers with an exceptionally wide domain of
applicability.

A non-empty set G with one algebraic operation is called a group if the
following conditions are satisfied :

(1) the operation in G is associative;
(2) the inverse operation can be performed in G.

The operation in G need not be commutative. If it is commutative, then G
is called a commutative or abelian group, after N. H. Abel who studied a
type of equation whose theory is linked with the theory of commutative
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groups. It is clear that the operations in this class of groups are particularly
close to the ordinary operations on numbers ; a large part of the sequel will
be devoted to a detailed study of the properties of abelian groups.

If in an arbitrary group G the commutative law holds for two given ele-
ments a and b, then these elements are called permutable.

If a group G consists of a finite number of elements, then it is called a
finite group, and the number of its elements is called the order of the group.
The existence of groups of any finite order, and of groups of any infinite
cardinal number will be shown in the next section.

For finite groups the condition (2) in the definition of a group can be
weakened to the mere requirement that the solutions of the two equations

ar==>0, ya=2», (1)

be unique ; we can then deduce that solutions of these equations do exist.

For let G be a finite set, consisting of # elements, with one operation and
with unique solutions of the equations (1), provided these solutions exist at
all; let @ and b be elements of G. If we multiply the element a on the right
by the element & of G, in other words, if we form the product ax and let
x run through all elements of G, then by our assumption we obtain » distinct
elements of G, that is, we obtain all the elements of G ; there exists, then,
an element x, for which ax, is equal to the given b. This proves the existence
of a solution for the first of the equations (1). The existence of a solution of
the second equation is proved in the same way.

A similar weakening of condition (2) is not possible in the infinite case,
as is shown by the example of the set of positive integers with the operation
of addition. In this example, the operation can always be performed and
it is single-valued and associative; however, the inverse operation—sub-
traction—although it is single-valued, cannot always he performed.

We now proceed to determine the simplest consequences of the definition
of a group.

Let us take an arbitrary element a in a group G. I'rom condition (2)
there follows the existence and uniqueness in G of an element ¢, which
satisfies the condition ae, = a, that is, which plays the role of a unit element,
for the element a, under multiplication on the right. This element e, has,
moreover, the same property with respect to all the elements of the group:
if b is any other element of G and if y is an element of the group that satisfies
the equation ya = b—the existence of y follows from condition (2)—then
on multiplying both sides of the equation ae,==a on the left by y and
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applying the associative law to the left-hand side we obtain be,=10. We
have thus proved the existence and uniqueness in G of a right unit element ¢’
having the property x¢’= x for all the elements x of G.

In the same way we can prove the existence and uniqueness in G of a
left unit element ¢” that satisfies the condition ¢”’x =x for all x in G.
The elements ¢’ and ¢ moreover coincide, as the equations ¢” ¢'= ¢’ and
e”e¢'=¢" show. We have thus proved the existence and uniqueness in
every group G of an clement e that satisfies the condition

XY¥e=—exr=—ux

for all elements x of G. This element is the unit element of the group G
(cf. § 1) and will be denoted by the symbol 1. As we have just seen, the
unit element is permutable with every element of the group.

I'rom condition (2) there follows, further, for any given element a the
existence and uniqueness of elements ¢’ and a”” which satisfy the conditions

”

ad’=1, ad’'a=1.
The elements a’ and a” in fact coincide: from

d’ad=a"(ad)=da"+1=4a"
and

¢ aa — (a"a) d—=1d'=—d

it follows that a’=a”. We shall denote this element by a~* and call it the
inverse of a. Every element @ of G has, therefore, a uniquely determined
inverse a—! which satisfies the conditions

ae '=a'a=1.

From the last equation it follows that the inverse of a=' is a itself, i.e.
(a=')~'=a, and that every element is permutable with its inverse. It is
easy to verify, moreover, that the inverse of a product of geveral elements
is the product of the inverses of the factors taken in the reverse order, i.e.

-1 -1 -1 -1 —1
(@,0y...0y_ya,)" =ay an-1...a; a .

The unit element is its own inverse.
The concept of an inverse element enables us to write down explicitly



§ 3. Grours 33

the elements x and y which by condition (2) satisfy the equations
ax = b and ya = b for given a and b ; for, an immediate verification shows
that

x=a"'b, y=bat.

Hence it follows that in the non-commutative case + and y may be distinct
elements of the group. In the case of abelian groups this is, of course,
impossible.

The existence and uniqueness of the inverse elements, which we have
deduced from condition (2), can actually replace that condition. We shall
show this below and shall not even assume uniqueness of the unit and the
inverse elements but shall limit ourselves to the assumption that one-sided
(right-hand, say) unit and inverse elements exist. Such a weakening of
condition (2) sometimes simplifies the task of verifying that a given set
with an operation is a group.

If G is a set with an associative operation, then condition (2) follows from
the conditions

(2') there exists in G at least one right unit clement e with the property

}

. B
ae=a for all ain G, ~ ¥ »

(2") among the right unit elements of G there is an element ¢, such that for
each a in G at least one right inverse element a=?! exists satisfying

aa"l=¢,.

Proof. Ilet a=' be one of the right inverse elements of a. Multiplying
both sides of the equation ea—' = ¢, on the left by ¢, we obtain

1l —pp =—
€da™" = €9t == €,
and hence
eyaa~! = aa-1,

Multiplying both sides of this equation on the right by one of the right
inverses of a—* we obtain
eoaeo=aeo,

and hence ¢,a = a. The element ¢, turns out to be also a left unit element

for G.



34 Parr ONE. 1. DEFINITION OF A GROUP

Now if ¢, is an arbitrary right unit element and ¢, an arbitrary left unit
element, then it follows from the equations

ege,==e; and ey, ==¢,

that ¢; = ¢,. Thus the uniqueness of the unit element ¢ is proved.
Multiplying both sides of the equation ae—*=¢ on the left by a—* we

obtain
a~laa—1=a"1.

Multiplying both sides of this equation on the right by one of the right
inverse elements of a~! we obtain a—'a ==e¢, so that the element a=! is
also a left inverse of a. If now a;™! and ap~! are arbitrary right and left
inverse elements respectively of @, then it follows from the equations
a;t'aa ' =(a;'a)at =a]t,
- I - [ A
a;taat =a;l(aa;) = a1,

that a1 = a;’!, in other words, the inverse element is unique.

Condition (2) can now be easily deduced. In order to satisfy the equations
axr=1>», ya=1">

it is sufficient to put x =a='b, y =>ba~* The uniqueness of this solution
for, say, the first equation follows from the fact that if ax, = a3, then by
multiplying on the left by ¢=* we obtain x; = .

We note that the uniqueness of the solutions of the equations (1) allows
us to introduce a left and a right cancellation : if

ab,=ab, or ba=b,a,
then by = b,.

If a group G is mapped homomorphically (in particular, isomorphically)
on a set G" with one operation, then G’ is also a group.

For from what has been proved in the preceding section it follows that
the operation in G’ is associative, that the equations (1) have solutions in G’,
and that the image of the unit element of G is a unit element for the set G’.
Thus conditions (2’) and (2”) are satisfied in G’, and therefore, as shown
above, G’ is a group.

In particular, the factor set of a group G with respect to any regular
partition is itself a group. We shall therefore speak in future of the
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factor group of a group G with respect to a regular partition.
The theorem proved at the end of the preceding section now goes over
into the following very important homomorphism theorem for groups:

HoMoMoreHISM THEOREM : If ¢ is @ homomorphic mapping of a group G
onto @ group G’, then there exists a regular partition of G such that G’
can be mapped isomorphically onto the factor group G of G with respect
to this partition. Moreover, the isomorphism v of G’ onto G can be so
chosen that the result of performing the mappings @ and y in succession
coincides with the natural homomorphism of G onto the factor group G.

We add another remark about homomorphic mappings.

If the homomorphism @ of a group G onto a group G’ carries the element
a of G into the element a’ of G’,

wp=2d,

then the image of the element a=* is the element o’ ~1:

For we know that 19 =1". If we now put a='¢p = 0’, then

lo=(aa~Y)9=ap-a'¢=a't/,

that is,
a'b’=1, and hence b’'=a 1.

The axiomatic investigations of the present section on the definition of
a group could be extended considerably, but we shall not pursue the matter
further ; we merely mention that in the paper of Baer and Levi [1]* the
definition of a group is split into seven independently formulated axioms:
existence of a product and of a left and a right quotient, uniqueness of each
of these three, and associativity. The authors then determine all the minimal
subsystems of this system of axioms that suffice as a complete definition of
a group. Another approach to the problem can be found in the paper by
Lorenzen [1].
K The orders of elements. The product of » equal elements @ in a group G
is called the n-th power of a and is denoted by a”. Negative powers of @ can
be defined either as elements of G that are inverse to positive powers of a,

! See also § 4 of the first edition of this book (Moscow-Leningrad, 1944; German
translation: Berlin, 1953).
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or as products of equal factors a—*. As a matter of fact, these definitions

coincide :
@™ = (e~

To prove this it is sufficient to take the product of 2n factors of which the
first # are @ and the rest 1, and then to carry out all the cancellations. We
shall denote the negative powers of ¢ by a=*. By a° we shall, of course,
mean the element 1.

It is easy to verify that for any exponents m and #n, positive, negative, or
zero, the following equations hold :

aMeqt—q"egM — am+n

(am)n__: amn,

The first of these equations shows that powers of one and the same element
are permutable.

If all the powers of an element a are distinct elements of the group, then a is
called an element of infinite order. Suppose, however, that among the powers
of an element a there are equal elements, for example a*=a! for k ==1;
this will always occur, in particular, in the case of finite groups. If # >
then a#—! = 1, so that there exist positive powers a equal to the unit element.
Let n be the smallest positive power among them.

(1) ar=1, n>0
(2) if ab=1, k>0, then k =n.

In that case we say that a is an element of finite order, specifically, of order n.
If the element a is of order n, then all the elements

2 -1
1l,a,a%...,0"

are easily seen to be distinct. Every other power of a, positive or negative,
is equal to one of these elements. For if k=mnq +r, 0 =r <=, then

ak = (a™)?.a"=a’.

Hence it follows that if a is of order » and if a* =1, then & must be divisible
by n.

Every group has one and only one element of order 1, namely the element 1.
The inverse of an element a of finite order #n is obviously the element a"~*.
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All the elements of a finite group are of finite order; in the following
section we shall show that there exist also infinite groups with elements of
finite orders only. A group whose elements all have finite order is called
periodic. There exist, on the other hand, groups in which the orders of all
the elements, except the unit element, are infinite. Such groups are usually
called torsion-free groups,* Finally, it is natural to call a group mized if it
contains elements of infinite order as well as elements, other than the unit
element, of finite order.

If the additive notation is chosen for a group G, then some corresponding
changes in terminology and notation are required. As we have already
pointed out in § 1, we speak in this case of the null element of the group
instead of the unit element, and denote it by 0. Further, the clement inverse
to a is then called the opposite element and is denoted by — a; and we speak
of multiples of a instead of powers of @ and write them as ka.

§ 4. Examples of groups

In this section we collect some very simple examples of groups, which we
shall often have occasion to refer to in the sequel. In most cases it will be
left to the reader to verify that all the postulates entering the definition of
a group are satisfied.

1. All the positive and negative integers form a group with respect to
addition—the additive group of integers. This group is abelian. The number
zero plays the role of the unit element, and all the elements of the group
except zero are of infinite order, that is, the group is torsion-free.

2. Similarly, we can obtain the additive groups of all rational numbers,
of all real numbers, and of all complex numbers.

3. All the even numbers also form a group under addition. This edditive
group of even numbers is isomorphic to the additive group of integers
(Example 1), because the correspondence which associates the integer %
with an even number 2% is an isomorphism. All the multiples of a given
number # also form a group under addition. But the set of all the odd
numbers is not a group under the operation of addition, since this operation
leads outside the given set. Nor does the set of all non-negative integers
form a group under addition, because the inverse operation—subtraction—
cannot always be carried out.

! Another name for groups without elements of finite order except 1 is locally infinite.
This is in keeping with a systematic terminology (see also § 55). [Trans.)
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4, The integers do not form a group under multiplication, since the inverse
operation—division—cannot always be performed. Nor do all the rational
numbers form a group under multiplication, since division by zero is impos-
sible. But all the rational numbers different from zero form a group under
multiplication—the multiplicative group of rational numbers. The unit
element of this group is the number 1. The number — 1, which belongs to
the group, is of order 2, while all the other elements are of infinite order.

5. We can also speak of the multiplicative group of all positive rational
numbers. This group can be mapped homomorphically onto the additive
group of integers as follows: Every positive rational number a can be
written in the form

a=2"d,

where numerator and denominator of the number a’ are prime to 2 and # is
a positive or negative integer or zero. The mapping a — # is the required
homomorphism. Note that the negative rational numbers do not form a
group under multiplication.

6. All the non-zero (or all the positive) real numbers and all the non-
zero complex numbers also form groups under multiplication. We recall
that, as shown in § 2, the multiplicative group of positive real numbers is
isomorphic to the additive group of all real numbers.

7. The numbers 1 and —1 constitute a group under the operation of
multiplication—a finite group of order 2. As shown in § 2, this group is
a homomorphic image of the additive group of integers. It is also a homo-
morphic image of the multiplicative group of all real numbers—we need
only map every positive number onto 1 and every negative number onto —1.

8. All the complex #n-th roots of unity form a finite group of order n
under multiplication. This proves the existence of finite groups of every
order. For n = 2 we obtain the group of the preceding example. We recall
that all the n-th roots of unity are powers of one of them, a so-called primitive
n-th root of unity.

9. All the complex numbers which are roots of unity of any degree also
form a group, the group of all roots of unity. It is an infinite, periodic group,

10. All the complex numbers of absolute value 1 form a group under
multiplication. This group is isomorphic to the group of rotations of a circle.
Let us consider the set of all counter-clockwise rotations of a circle about
its center. We shall consider a rotation through the angle 2x to be the
same as a rotation through the angle 0, and we shall identify, in general,
any two rotations with angles differing by a multiple of 2n. In this set of
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rotations we define a group operation in the following way: The sum of
two rotations shall be the result of performing them in succession; the sum
of the rotations by angles a and 8 will obviously be the rotation by the
angle a + f if « + f < 2=, and by the angle a + f —2x if a + B = 2x.
It is easy to verify that this yields a group. To obtain an isomorphic mapping
of this group onto the multiplicative group of complex numbers of absolute
value 1 it is sufficient to establish a correspondence between the rotation
through the angle a and the complex number with argument a.

All the groups considered so far are commutative. We now pass on to
examples of non-commutative groups.

11. All the permutations of n symbols, the group operation being the
multiplication defined in § 1, constitute a group S,—the symmetric group
of degree n. This is a finite group of order n! and for # = 3 is non-
commutative. For it was shown in § 1 that the multiplication of permuta-
tions is associative and that the identity permutation is the unit ; the permuta-

tion inverse to
(1 2...n )
a a...d,

Oy dg... “n)
(1 2...n )

12. The reader will have learned in higher algebra® that all permutations
of degree n fall into two classes, the odd and the even permutations, with
n!/2 in each class. One of the possible definitions is the following. A
permutation is called even if it is a product of an even number of transposi-
tions and odd otherwise. Hence it follows that the prodiuct of two cven
permutations is even. Since the identity perpputation is obviously even and
the inverse of an even permutation is also even, we arrive at the group of
all even permutations of degree n, denoted by 4, ; it is called the alternating
group of degree n. It is a finite group of order n!/2 and is non-commutative
for n = 4.

The odd permutations of degree n do not form a group, since the product
of two odd permutations is even.

It is now easy to verify that theré exists a homomorphic mapping of the
symmetric group S, onto the group of order 2 in Example 7: every even
permutation is to be associated with the number 1, every odd permutation
with the number — 1.

is the permutation

13. We take an arbitrary set M and consider all the possible one-to-one
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mappings of the set onto itself. Since the result of performing two such
mappings in succession again yields a one-to-one mapping of M onto itself,
we have here an operation in the set of these mappings. Its associativity
has been proved in § 1, the identity mapping is the unit element, and every
mapping has an inverse; hence we obtain the group Sy of all one-to-one
mappings of the set M onto itself. If the set M is finite and consists of n
elements, then this group turns out to be the symmetric group of degree #.
It is clear that if the sets M and M’ have the same cardinal number then
the groups Sy and Sy are isomorphic.

This example is important, because in applications groups appear for
the most part as groups of transformations, that is, as groups of one-to-one
mappings of a set M onto itself with multiplication defined as the performing
of mappings in succession. Not all such mappings are usually considered,
* it is true, but only those that have some additional property a or, briefly,
a-transformations. In order that all a-transformations of a set M constitute
a group it is obviously sufficient that the following conditions be satisfied :

(1) the product of two a-transformations must have the property a;

(2) the inverse mapping of an a-transformation must have the property a.

These remarks may be used to construct further examples, where in each
case the group consists of all the a-transformations of some set M for some
property a. In particular, multiplication in these examples should always
be understood as the performing of the mappings in succession.

14. We take an infinite set of cardinal number m and consider those
one-to-one mappings of the set onto itself that affect only a finite, though
possibly an arbitrarily large, number of symbols. These mappings constitute
a periodic group of cardinal number m which is called the symmetric group
of cardinal number m. Since the above-defined concept of an even permuta-
tion can be adapted to the mappings with which we deal here—only the
symbols actually affected need be considered—we obtain in a similar way
the alternating group of cardinal number mP

15. We consider an n-dimensional vector space over the field of real
numbers (or, more generally, over an arbitrary field). The non-degenerate
linear transformations of this space constitute a group under multiplication,
which is non-commutative for n = 2; from higher algebra the reader will
recall that between the non-degenerate linear transformations and the non-
singular square matrices of order n there exists a one-to-one correspondence
that carries the product of transformations into the product of the corres-
ponding matrices. Our group is therefore isomorphic to the multiplicative
group of non-singular matrices of order n. We note that each of these
groups may be mapped homomorphically onto the multiplicative group of
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real numbers different from zero: We need only associate each matrix with
its determinant and use the fact that the determinant of a product of matrices
is equal to the product of the determinants of the factors.

16. The rigid motions of a three-dimensional euclidean space constitute
a group. This is also true for those motions that leave a given point fixed,
that is, the rotations about this point.

17. The rotations of a euclidean space under which a given cube with
its center at the fixed point is mapped into itself constitute a group. This
group of the rotations of the cube is finite, since its elements are in one-to-one
correspondence with certain permutations of the set of vertices of the cube
and, as is easily verified, it is non-commutative. The groups of rotations
of other regular polyhedra are defined similarly.



CHAPTER 11
SUBGROUPS

§ 5. Subgroups

A subset H of a group G is called a subgroup of G if it is itself a group
with respect to the operation defined in G.

In order to establish that a (non-empty) subset H of a group G is a
subgroup it is sufficient to verify:

(1) that the product of any two elements of H is contained in H ;

(2) that the inverse of each element of H is also contained in H. For,
the associative law holds in H because it holds for all elements of G, and
since H is not empty it follows from properties (2) and (1) that the unit
element of G belongs to H.

In the case of finite or, more generally, periodic groups the verification of
property (2) is superfluous. For if an element a of order n belongs to H,
then H must, by property (1), contain all the positive powers of a and
must therefore contain a”~?, the inverse of a. The example of the additive
group of integers and the set of positive integers contained therein shows
that in the general case it is necessary to verify property (2).

We emphasize that it is not permissible to replace the above definition of
a subgroup by one which would make any subset of G into a subgroup
merely because it happens to be a group. Thus, the set of positive rational
numbers is a group with respect to multiplication and is contained as a
subset in the additive group of all rational numbers, but it is not a subgroup
of that additive group.

The relation “H is a subgroup of G is transitive: If H is a subgroup of G
and G a subgroup of G, then H is also a subgroup of G.

The subset of a group G which consists of the single element 1 is obviously
a subgroup of G. This subgroup is called the unit subgroup or trivial sub-
group of G and is denoted by the symbol E. On the other hand, the group G
itself is one of its own subgroups. Every subgroup that is distinct from the
whole group is called a proper subgroup.

Many of the groups in § 4 are subgroups of other of the groups listed
there. Thus, the additive group of even numbers is a subgroup of the additive
group of all integers and the latter, in turn, is a subgroup of the additive

42
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group of rational numbers. All these groups and, more generally, all addi-
tive groups of numbers are subgroups of the additive group of complex
numbers. The multiplicative group of positive rational numbers and the
group consisting of the numbers 1 and — 1 are subgroups of the multi-
plicative group of all non-zero rational numbers. The alternating group of
degree »n is a subgroup of the symmetric group of the same degree. All
groups of a-transformations of a set M, in particular Examples 14-17 in § 4,
are subgroups of the group Sy of all one-to-one mappings of the set M
onto itself.

The first example mentioned above shows that a group may well be iso-
morphic to one of its proper subgroups; an isomorphism between the addi-
tive group of integers and that of even numbers was established in § 4. It is
clear, however, that no finite group can be isomorphic to one of its proper
subgroups.

Under a homomorphic (or, in particular, an isomorphic) mapping ¢ of a
group G onto a group G, a subgroup H of G is mapped onto a subset H of G.
The mapping ¢ is homomorphic (or, in particular, isomorphic) for H and
therefore, as was proved in § 3, the set Hisa _group with respect to the
operation defined in G, i.e. it is @ subgroup of G. We shall say that the
given homomorphic mapping in G induces homomorphic mappings in all
its subgroups.

If two groups G and G’ are given and if G’ is isomorphic to a subgroup H
of G, then we shall say that the group G’ can be mapped isomorphically
into the group G or that G’ can be embedded in G. If, in particular, H coin-
cides with G we shall speak of a mapping onto the group G. One must,
however, take into account here that G’ can in general be mapped iso-
morphically onto H in many different ways. Moreover, H need not be the
only subgroup of G isomorphic to G’: all the subgroups of G that are
isomorphic to G’ are isomorphic to each other, but they are different subsets
of G and must therefore be distinguished inside G. Every isomorphic map-
ping of G’ onto one of the subgroups of G that are isomorphic to G’ gives
only one of the possible ways of embedding G’ in G.

Let us consider, for example, the symmetric group S, of degree n. If iis
one of the permuted symbols 1,2, ..., n, then all the permutations of S,
that leave the symbol ¢ in place constitute a subgroup of S, that is iso-
morphic to S,—;. We can say, therefore, that the symmetric group of
degree n — 1 can be embedded in the symmetric group of degree n; we see,
moreover, that the group S, contains several distinct subgroups isomorphic
to Sp_1.

If two groups 4 and B are given and if each of them is isomorphic to a



44 Part ONE. II. SusGroUPSs

proper subgroup of the other, then it does not follow that the groups them-
selves are isomorphic, as one might at first think. It only follows that each
of these groups is isomorphic to one of its proper subgroups, and this is
not so very surprising; for if

A~B'cB

and if under the given isomorphism of B into A the subgroup B’ is mapped
onto the subgroup 4", then 4” is isomorphic to 4.

The following theorem shows that the subgroups of the finite symmetric
groups essentially exhaust all the finite groups.

TueoreM oF CAYLEY. Ewery finite group of order n is isomorphic to a
subgroup of the symmetric group of degree n.
For let G be a group of order #n, and let the elements of G, written in a

definite order, be
Ay gy + ooy Q. ()]

If b is an arbitrary element of G, then all the products a4b=aa‘
(1=1,2,...,n) are distinct, so that the system

aal, 032, ceey ap” (2)

also contains all the elements of G and differs from (1) only in the order
of the elements. We now associate with the element b the permutation

<1 2...n ) ®)
By Bo- .. Ba/'

To every element of G there corresponds in this way a well-defined permuta-
tion of degree n. Two distinct elements of G give rise to distinct permuta-
tions, since from a;b = a, b’ it would follow that b =10". Let us find the

permutation corresponding to the product bc¢, where ¢ is also an element
of G. If to c there corresponds the permutation

(o) ®

a,‘c = a.“,

so that

then from

a,(bc) = ag, ¢ =ay,
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it follows that to the element bc¢ there corresponds the permutation

(1 2 ...n )

T Ta---Tn/

which is the product of the permutation (3) by the permutation (4). Thus
we have proved that G is mapped isomorphically into the group S,. The
subgroup of S, that corresponds to G obviously has the following properties:
The order of the subgroup is equal to the number of permuted symbols,
and each permutation in the subgroup with the exception of the’unit element
displaces each of the symbols. Such subgroups of the symmetric groups
are called regular.

From the theorem of Cayley and the obvious remark that a finite group
has only a finite number of subgroups it follows that there exist only a
finite number of non-isomorphic finite groups of a given order n. Therefore,
the set of all non-isomorphic finite groups is countable, since it is the sum
of a countable set of finite sets.

The theorem of Cayley can be extended to infinite groups: Every group
of cardinal number m is isomorphic to a subgroup of the group Sy of all
one-to-one mappings of the set m onto itself (cf. § 4, Example 13).* The
proof remains completely unaltered. We have only to justify the assertion
that after the multiplication of all group elements on the right by b we
again obtain all the elements of the group ; this, however, follows easily from
the axiom of the existence of a left quotient.

The concept of a subgroup is fundamental in the theory of groups. The
entire content of group theory is more or less linked up with questions about
the existence,in a group,of subgroups having one or another special property,
about groups that can be embedded in a given group, about properties that
characterise the mutual disposition of subgroups in a group, about methods
of constructing a group from its subgroups, etc. The classification of various
special types of groups also depends mainly on the concept of a subgroup.

§ 6. Systems of Generators. Cyclic Groups

The intersection of two subgroups H and K of a group G cannot be
empty, since every subgroup of G contains the element 1. The intersection
is, in fact, a subgroup of G: if D = HNK is the intersection of the sub-

! That is, the unrestricted symmetric group Sy.b
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groups H and K, and if elements a, b belong to D, then their product and
their inverses belong to H as well as to K and hence to D.

If subgroups of a group G are given—not just two, but an arbitrary finite
or even infinite set—then the product of any two elements of the intersection
of all these subgroups lies in each of them and therefore in their intersection.
This holds also for the inverses. Hence the intersection of any set of sub-
groups of a group G is itself a subgroup of G. The intersection of all the
subgroups of a group G is obviously the unit subgroup E.

Let M be an arbitrary non-empty subset of a group G (such a subset is
sometimes called a complex). The intersection of all the subgroups of G
that contain all the elements of M—one of these subgroups is, of course,
the group G itself—is called the subgroup generated by the subset A/ and
is denoted by the symbol {M}. Clearly it is contained in every subgroup
of G that contains the whole subset M.

If the subset M consists of a single element a, then the subgroup {a}
generated by it is called the cyclic subgroup of a. All the powers of a
belong, of course, to the subgroup {a}; but these powers already constitute
a subgroup, since the product of @” and a” is equal to a™**, and the inverse
of a” is a=" (cf. § 3). Hence it follows that the cyclic subgroup {a} con-
sists of all the powers of a. This shows that the cyclic subgroup {a} is
countable if a is an element of infinite order and finite if a is of finite order;
in this case the order of {a} is equal to the order of a.

A group that coincides with one of its cyclic subgroups, i.e. that consists
of the powers of one of its elements, is called a cyclic group. An element
whose powers constitute the given cyclic group is called a gencrating element
or generator of the group. Every cyclic group is obviously commutative.
An example of an infinite cyclic group is the additive group of integers, and
one of its generators is the number 1; an example of a finite cyclic group
of order n is the multiplicative group of the m-th roots of unity for
n=1,2,.... The following theorem shows that these examples essentially
exhaust all cyclic groups.

All infinite cyclic groups are isomorphic; all finite cyclic groups of a given
order n are isomorphic.

For, an infinite cyclic group with generator a can be mapped one to one
onto the additive group of integers if we associate with a* the number #;
the isomorphism of this mapping follows from the fact that in the multi-
plication of powers of a the exponents are added. Similarly, we may obtain
an isomorphic mapping of each cyclic group of order n onto the group of
the #-th roots of unity.
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This theorem allows us to speak in the sequel simply of the infinite cyclic
group or of the cyclic group of order n.

Every subgroup of a cyclic group is cyclic.

For if G = {a} is a cyclic group with generator a, of infinite order or of
finite order », and if H is a subgroup of G different from E, and if, further,
the smallest positive power of a in H is a*, then { a* } &€ H. Suppose that H
contains also an element a/, where /<=0 and ! is not divisible by k. Then
if (k,l)==d, d >0, is the greatest common divisor of % and I, there
exist integers # and v for which ku + [v = d; therefore H must contain

the element
(ak)u (a’)ﬂ p— ad;

but since d < k, this is in contradiction with the choice of the element a*.
Hence H = {a*}.

In the infinite cyclic group with generator ¢ we can also choose a=?! as
generator ; the cyclic subgroup generated by any other power of a is not the
whole group. In the cyclic group {a} of order n we can choose the element
at, 0 =k < n, as generator if and only if k and n are relatively prime.

For if (k,n)=1, then there exist a 1 and a ¥ for which

ku+nv=1.
Hence
(ak)u =ql-"W —g.q~™"=aq,

If, on the other hand, we have (a*)*==a for some k, then the difference of
the exponents ks — 1 must be divisible by » (cf. § 3):

ks—1=mnq
so that

ks—ng=1,
and (k,n)=1.

If M is now again an arbitrary subset of a group G then, just as in the
case of cyclic subgroups, it is easy to give a rule by which the elements of
the subgroup { M } are formed from the elements of M. The subgroup { M }
must contain the positive and negative powers of all the elements of A,
and hence also all the possible products of any finite number of these powers
taken in an arbitrary order. But all the elements of G that can be repre-
sented, possibly in more than one way, as a product of a finite number of
powers of the elements of M, obviously form a subgroup of G that contains
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all the elements of M. Thus we have proved that the subgroup gemerated
by a subset M consists of all the group elements that can be written as
products of a finite number of powers of elements of M.

If, in particular, a set of subgroups of a group G is given and if M is the
set-theoretical union of these subgroups, that is, the set consisting of all the
elements of G that lie in at least one of the given subgroups, then { M } is the
smallest subgroup of G that contains all these subgroups. This subgroup
{M} is called the subgroup generated by, or join of, the given subgroups
and is denoted by the symbol {Aa}, @ € N, if the given subgroups are Aq,
(where a ranges over some index set N); in particular, if only two sub-
groups 4 and B are given, then the subgroup { M } is denoted by the symbol
{4, B}, etc. From the above remarks we see that the subgroup gemerated
by a set of subgroups of G consists of all the elements that can be written
as products of a finite number of elements from the given subgroups.

If the subgroup { M} generated in a group G by one of its subsets M
coincides with the group G itself, then the subset M is called a system of
generating elements or simply a system of generators, or a generating set of
this group. Every group possesses systems of generators—it is sufficient
to take all the elements of the group, or the set of all elements other than 1.6
From the above remark on the subgroups generated by a subset it follows
that @ subset M is a system of generators of a group G if and only if cvery
element of G can be written in at least one way as a product of a finite
number of powers of elements of M.

If

GC={M}

then we call M an irreducible system of generators if no proper subsystem
of M is a system of generators for G.

Examples: 1. Every cyclic group has a system of generators consisting
of a single element, namely a generating element of the group. Conversely,
every group with one generating element is cyclic. Note that in a cyclic
group one can in general® choose irreducible systems of generators which
consist of more than one element. Thus, for example, the numbers 2 and 3
form an irreducible system of generators for the additive group of integers.

2. It was mentioned in §4 that every permutation of degree » is a
product of transpositions. It follows that one system of generators of the
symmetric group of degree n is the set of all transpositions contained in

! The exceptions are E and the cyclic groups of prime-power order; see § 17. [Trans.]
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that group. The symmetric group of degree n can also be generated by
two elements:
a=(12),
b=(12...n).
For,
b=kabbt=(k+ 1, k+2), h=n—2.

If, now, 1 < j— 1, then

Uy J—1...+2, i+ DG i+D)E+1, i42)...0—1, H=3E),

so that the subgroup {a, b} contains all the transpositions and is therefore
the whole symmetric group.

3. The numbers
1 1 1

1, L1 L
) 2 ? b‘ I 24 LR | n! ) °

form a system of generators for the additive group of rational numbers R.
It is easy to see that every infinite subset of this set is also a system of
generators for R. Moreover, we can show that the additive group of
rational numbers R has no irreducible system of generators. For let M be
any system of generators of R and let a be an arbitrary element of }/. We
denote by H the subgroup generated by the set M’ consisting of all elements
of M except a; the set M’ cannot be empty, since otherwise all the rational
numbers would be multiples of a, which is not true. If b is an arbitrary
element of M’, then it follows from the properties of rational numbers that
there exists an integer k, different from zero, for which ka is a multiple
of b and hence is contained in H. The number (1/k)a, which belongs to R,
must be expressible as a sum of a finite number of rational numbers which
are multiples of numbers from M, that is,

(1/k)a=sa + h,
where s is an integer, possibly zero, and ) is an element of . Hence
a=s(ka) + kh,

so that a is contained in H and hence H = R. The set M’ is, therefore, a
system of generators for R.

4. The multiplicative group of positive rational numbers has an irreduc-
ible system of generators consisting of all the prime numbers.
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If a group G has a system of generators consisting of a finite number of
elements, then G is called a group with a finite number of generators or a
finitely generated group. All finite and all cyclic groups are obviously of
this type. The example of the infinite cyclic group shows that the finiteness
of the group does not follow from the finiteness of the number of generators.

Every system of generators of a finitely generated group contains a finite
subsystem which is an irreducible system of generators of the group.

Since a finite system of generators can always be made irreducible by the
omission of superfluous elements we need only show that under our assump-
tions every infinite system of generators contains a finite subset which is
also a system of generators for the group in question. Let G be a group
with generators a,, az, ..., a,,

G={ay, ay ..., a,},

and let M be any other system of generators of G. Every element a;,
i=1,2,...,n, can be written in the form of a product of powers of a
finite number of elements of M. If for eachi,i=1,2,...,n, we choose
one of these representations and collect all the elements of N that occur in
these representations, we obtain a finite subset M’ of M for which the
subgroup {M’} contains all the elements a;,as,...,a, and therefore
coincides with G,

Note that distinct irreducible systems of generators of a finitely gener-
ated group may, in general, contain different numbers of elements (cf.
Example 1).

Every homomorphic image of a finitely generated group is itself finitely
génerated.

Indeed, if

G={ay; a5 ..., a,)

and if the homomorphism ¢ maps G onto G, then the elements
Q1Py APy o ouy @9 (1)

generate G. For if @ is an arbitrary element of G and a is one of its originals
in G, then @ can be expressed in terms of powers of the elements (1) in the
same way as a is expressed in terms of powers of a1, a2, ..., .. Some of
the elements (1) may, of course, coincide, so that we obtain for G a system
of generators with repetitions. These repetitions could be excluded. How-
ever, we shall continue to admit such systems of generators.
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Every infinite group with a finite number of generators is countable,
- -—

For if ay, as, . ., a. are the generators of G, then every element of G can
be written in the form of a product

ay dg 3
a..‘ a" co a‘a

(in general, in several different ways); each 1, is one of the numbers
1,2,...,n and we may have i, =1, for k 54 /. Let us define the length of
this product to be the sum of the absolute values of the exponents:

h=|o |+ |ag|+ ... +]a,]

It is easy to see that for a given length & there exist only a finite number of
products of powers of the generators a;, az,...,a,. The set of all power
products of these elements being, therefore, the sum of a countable set of
finite sets, is countable, so that G cannot be more than countable.

Examples 3 and 4 of the present section show that there exist countable
groups that have no finite system of generators. Finitely generated groups
are therefore a class of groups intermediate between the classes of finite
and countable groups.

Every subgroup of a finitely generated group is, of course, at most count-
able. In Chapter IX, however, we shall encounter examples of finitely
generated groups in which certain subgroups do not have finite systems of
generators. Finitely generated groups will be studied in greater detail in
Chapter X,

We remdrk that we can prove in the same manner as above that if a
group G has an infinite system of generators (without repetitions) of
cardinal number m, then the group has the cardinal number m.

§ 7. Ascending sequences of groups

Let
Ay Agy ooy Ay -y

be subgroups of a group G which form an ascending sequence: every sub-
group A, is contained in A, ,,, A, Ay, n=1,2,.... We show that
the set-theoretical union B of this ascending sequence of subgroups is itself
a subgroup of G and is therefore the group generated by the A,: Each ele-
ment b of the set B lies in some subgroup A4, (and so in all 4, with # =n) ;
then b—* lies in A4, also and hence in B ; and if two elements b, and b, of B
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are chosen, lying in A, and A, respectively, where k = » say, then both
by and b, lie in Ay, and their product b; b, also lies in A and hence in B.
Thus we have shown that the set B is a subgroup of G.

Instead of a countable sequence of subgroups whose ordering is of the
type of the natural numbers, we could have taken an arbitrary set of sub-
groups with the property that for any two subgroups 4, and Ap of this
set one is contained in the otherd The set-theoretical union of these sub-
groups is itself a subgroup of G ; this is proved by a literal repetition of the
argument given above.

In the sequel we shall frequently have occasion to use the following

THEOREM. Ifin a group G a subset M and a subgroup A are given, whose
intersection is a subset D, then G has at least one subgroup that contains A,
has the intersection D with M, and is not contained in any larger subgroup
with these two properties.

For let the elements of G be well-ordered :

l=ag a;, «.c.y Quy ++ s

We put 4, = A. Suppose now that for all § < a we have already chosen
subgroups Ag of G which form an ascending sequence and all of which have
the intersection D with M. If B, is the union of the ascending sequence of
subgroups Ag, § < @, then we choose as A, the subgroup { By, @,} if the
intersection of this subgroup with A/ is D, and the subgroup B, otherwise.
The union A of the ascending sequence of all the subgroups A4, is the required
subgroup : the intersection of A with M is obviously D ; but if an element a;
lies outside A, then the intersection of {4, a.‘}with M 1is different from D,
since we already have { B, a, } N M= D.

It follows, in particular, that if G has a subgroup which has an empty
intersection with the subset A/, then among all such subgroups there is at
least one that is maximal.

It can happen that the set-theoretical union of an ascending sequence

of subgroups
Aicdcec...ci,c...

of a group G coincides with G itself. Let us give a few examples of this.

1. The additive group of rational numbers R is the union of the following
ascending sequence of cyclic subgroups:

(el{zte{zte . elat=--
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2. Let G be the multiplicative group of positive rational numbers and let

Pis Pas «vvs Py oo

be all the prime numbers in ascending order. If

An={p1a DPay « ey Pn}

—this is the collection of all rational numbers for which the numerator and
denominator in reduced form contain only prime numbers from the system
P1, P2, ..., pn—then the group G is the union of the ascending sequence
of subgroups 4,, n=1, 2, ....

3. Let S, be the restricted symmetric group on a countable set of symbols
1, Xs, ... (see §4, Example 14). The subgroups S, of this group con-
sisting of those mappings that leave each of the symbols

Xt1s Xngos oo

unchanged is obviously isomorphic to the symmetric group of degree n,
and the group Se is the union of the subgroups S,, n=1,2,3,....

On the other hand, the following theorem holds:

A finitely generated group cannot be the union of an ascending sequence
of proper subgroups.

Suppose the group G has a finite system of generators
G= {al, ae, vy an},

and is the union of an ascending sequence of proper subgroups
HcHc...cHc....

Each element a;,i=1,2,...,n, belongs, as indeed every element of G
does, to some subgroup Hy, and so belongs to all the subgroups H; with
kZky If

I=max (ky, ko,..., k),

then the subgroup H, contains aj,a»,...,a, and cannot therefore he a
proper subgroup of G.

This proof carries over to the case when we have in a finitely generated
group an arbitrarily ordered ascending sequence of proper subgroups.

The union of an ascending sequence of countable subgroups and, in
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particular, of finitely generated subgroups is clearly countable. Conversely,
every countable group is the union of an ascending sequence of finitely
generated subgroups.

For let the elements of a countable group G be numbered in an arbitrary
way

81,82y * s 8ny c0
The subgroups
H,=({g& 8o ++» &n)s

are finitely generated. Each is contained in all the succeeding ones (though
H,=H,,, is possible) and the group G is the union of this ascending
sequence of subgroups.

We now proceed to explain a construction that allows us to speak of an
ascending sequence of given groups which are not a priori subgroups of a
containing group.

Suppose we have the groups

Gi,Gayooos Gy (1)

and have for each # an isomorphic mapping ¢, of the group G, into
Gnt1 (ie. onto a subgroup of Gpy1).

nPn=2E8n+1» Bn€Cn Lnyi€ Gryse 2

The groups (1) and the isomorphisms (2) enable us to construct a well-
defined group G in the following way.
We define a thread to be any sequence of elements

Y= 8k Brs1r +++s nr + (3)
with the following properties:
1) k=1,
2) g.€Gy,

3) if k> 1, then g is not the image of any element of G;_; under the
isomorphism ¢g_1,
4) gu+1 is the image of g, under ¢,

EnPn=1E8nsn N=Rk, k41, ...,

If two threads are given
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r__ ! ’ ’
T =8k EBk+ly covs 8ny . o0y

” n " 14
T =8 Bl+1y ++vs 8ny + ooy
and if & 5% [, then the sequence of elements
’ L4 1] L4 7
gmgm: Em+18m+1y ooy En8ny « o (4)
where m = max (k, ), is itself a thread. For
(8n&n)Pn = EnPn * EnPn= &n+18n+1,

and the element g, g.” is not the image of any element under the iso-
morphism ¢,,_1, since one of the factors is such an image and the other
is not. We shall call the thread (4) the product of the given threads and
denote it by y'y”. If k = [, then the element g,’g,,”” may have an original
in G,_1 under the isomorphism ¢,_;. In that case we can make the
sequence (4) into a thread by adding suitable elements at the beginning;
moreover, this completion is uniquely determined. The thread so obtained
will be called the product y'y”.

That the multiplication of threads just defined is associative follows from
the associativity of the operations in the groups G,. The unit element is
the thread that consists of the unit elements of all the groups G,. The
inverse thread of (3) is )

-1 -1
8k 'y Skt1y oooy n s ooen

The set of all threads is, therefore, a group with respect to multiplication.
We denote this group by G; it is called the (direct) limit group for the
sequence (1) with the isomorphisms (2). We can also say that the groups
(1) form an ascending sequence in virtue of the isomorphisms (2) and
that G is the union of this ascending sequence. For, let us collect all
the threads that contain an element of G,, in other words, that begin
in the groups G with k <. These threads constitute a subgroup G, of G

which is isomorphic to G,. The subgroups
G1,Gay .o, Gy oo (5)

are embedded in one another in the same way as the groups (1) by the
isomorphisms (2) ; the set-theoretical union of the ascending sequence of
subgroups (5) is the whole group G.e
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The group G is uniquely defined by the groups (1) and the isomorphisms
(2). We cannot restrict ourselves to the given groups (1) only. For, the
additive group of rational numbers R is the union of a countable ascending
sequence of infinite cyclic groups (see above, Example 1). DBut so is the
additive group of dyadic fractions R, since it is the sum of an ascending
sequence of proper subgroups

Nefllefle.. cfile....

The groups R and R, are not isomorphic since, for example, there is no
element x in R, that satisfies the equation

Jr=1,

while this equation has a solution in K. This shows that the union of an
ascending sequence of groups depends not only on the groups themselves,
but also on the manner in which each is embedded in the following.

The above construction can easily be extended to the case of an arbitrarily
ordered set of groups of arbitrary cardinal number. We need only assume
that for each pair of groups of this set, say G4, Gg, the first of which precedes
the second, an isomorphic mapping ¢ .p of G, into Gg is defined, and that
if the isomorphisms ¢ . and ¢gy and hence ¢4, are defined, then ¢4y coin-
cides with the result of performing the isomorphisms ¢4 and ¢y in succes-
sion. The details of this construction are left to the reader.

Let us use our construction to form a group that will be rather important
in the sequel, especially in the theory of abelian groups. If a prime number p
is given, then every cyclic group of order p» has a unique cyclic subgroup
of order p*='. Thus for each » an isomorphic mapping of a cyclic group of
order p"~* into a cyclic group of order p» is defined; we can therefore
speak of the ascending sequence of cyclic groups of order p*, n=1,2,....
The union of this sequence is called a group of type p=.* It is easy to verify
that a group of type p= is isomorphic to the multiplicative group of roots
of unity whose degrees are powers of p.

Since a cyclic group {a} of order p" has, for every k less than #, a unique
cyclic subgroup of order p*, namely {a”"_k }, the group P of type p= also
has for each b, k=1,2,..., a unique cyclic subgroup of order p* and
coincides with the union of the ascending sequence of these subgroups. Let
these be the subgroups {ay},k=1,2,...; we also put {a,} =1. Now

! Sometimes also called a quasi-cyclic group.
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if U is an arbitrary proper subgroup of P, then it cannot contain all the a,.
Let a,.41 be the first generator that does not lie in U. Then U coincides with
the cyclic subgroup {a,}. For if an element a;, with > n + 1, were
contained in U, then U would also contain the cyclic subgroup {ax} and
hence the element a,,,. And if U contained an element b not in {a,}, then
we could find a &, with & > #n, for which

be{an_1}, be{ar).

However, we would then have

(b’ = ‘ak}’

so that a; would lie in U after all. Thus we have proved that every proper
subgroup of a group of type p= is a finite cyclic group of order p».

From results of Chap. VII it will follow that the groups of type p=
(for all prime numbers p) are the only infinite abelian groups whose proper
subgroups are all finite. The problem, raised by O. J. Schmidt, whether
there exists infinite non-commutative groups with this property, is still open.



CHAPTER III

NORMAL SUBGROUPS

§ 8. Decomposition of a group with respect to a subgroup

If two subsets M and N are given in a group G, then we define the product
M N to be the set of all elements of G that are equal to the product of an
element of M by an element of N.! If one of the subsets M, N consists of
a single element @, then we have the definition of the product aN of an
element by a subset or the product M a of a subset by an element.

Multiplication of subsets is associative,

(MN)P=M(NP),
but not, in general, commutative. If for two subsets M and N the equality
MN=NM

holds (that is, if for any two elements a and b, aeM, beN, there exist
elements ¢’ and ” in M, b’ and b” in N for which ab =10b'd’, ba=14a"b")
then the M and N are called permutable. Special cases are permutability
of an element and a subgroup, permutability of two subgroups, and so on.

We remark that if 4 and B are subgroups of G, then the subset 4B
need not be a subgroup, that is, the product AB is, in general, different
from the subgroup {A, B} defined in § 6. We can, however, assert that

ABgc (A, B).

The subgroup { A, B} generated by two subgroups A and B of a group G
coincides with the product AB if and only if A and B are permutable.

For if
AB=1{A,B},

then for any a in 4 and b in B the element ba, which is contained in {4, B},

! An element may be equal to several distinct products of this form; such an element
shall not, however, be counted more than once in M N.
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must be equal to some element a’b’, a’e4, b’eB, so that
BA © AB.

We now show that the element ab is, in turn, contained in the product BA.
Making use of the ahove inclusion we obtain

(ab)~'=0b"ta"'=4d"V", a"€A, V"eB;

and hence ab = b”—1a”~, so that ABEB A, and therefore AB=BA.

Conversely, if A and B are permutable, then every product of three
elements of the form a;bas or byab, can obviously be written in the form
a’b’; in the first case, we need only replace ba» by some product a.’ b’ equal
to it (such a product exists, since 4 and B are permutable) and then
put aa,’ =a’; in the second case, we replace bya by a’b,” and then put
by'by=">". Now if it has already been proved that every product of
factors, n = 3, taken alternately from A and B, is contained in 4 B, and if
a product of the same kind but with n + 1 factors is given, then we replace
the product of the first n factors by a product a’0’, equal to it, and again
arrive at the case of three factors. It follows that every element of the
subgroup {4, B) is contained in the subset AB.

Subgroups of an abelian group are, of course, always permutable. So are
subgroups A4 and B of any (finite or infinite) symmetric group provided
that every symbol displaced by one of the subgroups 4, B remains unaltered
under all the permutations of the other group—indeed, in this case each
element of A is permutable with every element of B (that is, the subgroups
are element-wise permutable). We leave it to the reader to show that in
the symmetric group of degree 3 the cyclic subgroups generated by the
permutations

(123) and (12)
are permutable, but those generated by

(12) and (23)

are not.
We note for later use that if 4 is a subgroup of a group G, then

AA=A4.
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For it is clear that A 4c A4 ; but the product of 4 by 1 already yields the
whole of 4.

The multiplication of subsets of a group has an important application in
the decompositions of a group with respect to a subgroup; these play a
fundamental role in the whole theory.

Let H be a subgroup of a group G. If a is an arbitrary element of G, then
the product a H is called the left coset of H in G determined by a. Clearly,
a is contained in the coset aH, since H contains the unit element.

If b is an arbitrary element of a H, then the left cosets aH and b H coin-
cide, that is, every left coset is determined by any of its elements. TFor if
b==ah,, hoe H, then

bW =a(hoh’) and al’ =b(hy=*h"), I’, I”ell.

We shall also say that an arbitrary element of a left coset is a representative
of that coset.

It follows that any two left cosets of H in G are cither equal or disjoint,
that is, their intersection is empty. We see that the whole group G is divided
into disjoint cosets with respect to a subgroup H. This is called the lcft
decomposition of G with respect to H. One of the cosets of this decomposition
is H itself: if the element a is contained in H, then a H = H.

Note that two elements ¢ and b lie in the same coset of I in G if and
only if a=*b is contained in H.

The concept of a left coset is illustrated by the following

Examples. 1. If G is the additive group of integers and / the subgroup
of numbers divisible by 4, then two numbers a and b lie in the same left
coset of H in G if and only if they leave the same remainder on division by +4.
Thus the left decomposition of G with respect to H consists of four cosets:
H itself and the sets of numbers which on division by 4 give the remainders
1, 2, and 3, respectively.

2. If G is the symmetric group of degree 3 and H = {(12)}, then the left
decomposition of G with respect to H consists of three cosets ; the subgroup
H itself, consisting of the elements 1 and (12), the coset (13)+H, con-
sisting of the elements (13) and (132), and the coset (23)« H, consisting
of the elements (23) and (123).

3. If G is the group of non-singular matrices of degree # with real elements,
and H the subgroup of matrices with determinant 1, then we obtain the left
decomposition of G with respect to H if we collect into one coset all the
matrices whose determinants are equal.
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If in an arbitrary group G we take G itself as the subgroup H, then the
decomposition consists of a single coset, and if H is the unit subgroup E,
then every element of the group constitutes a separate coset.

We could have obtained, instead of the left decomposition, the right
decomposition of a group G with respect to a subgroup H by calling every
subset Ha,a € G a right coset of H in G. Everything that has been proved
above for left cosets carries over to right cosets. In particular, one of the
right cosets is H itself. Two elements ¢ and b lie in the same right coset
with respect to H if and only if ba—'eH.

In the case of abelian groups it is, of course, unnecessary to distinguish
between the left and right decompositions, but in the non-commutative case
these decompositions may turn out to be distinct. For example, the right
decomposition of the symmetric group of degree 3 with respect to the sub-
group H = {(12)} differs from the left decomposition given in Example 2
above, and consists of the following three cosets : H itself, the coset H « (13),
containing the elements. (13) and (123), and the coset H -+ (23), con-
sisting of the elements (23) and (132). We can assert, however, that
the two decompositions of a group G with respect to an arbitrary subgroup H
consist of the same number of cosets (in the infinite case this means that the
sets of left and right cosets with respect to a given subgroup have the same
cardinal number). For, the set of inverses of the elements of the left coset
aH is the right coset Ha~*

(aH)—'=Ha"*;

thus there is a one-to-one correspondence hetween the left and right cosets.

The number of cosets in either decomposition of a group G with respect
to a subgroup H (in the infinite case, the cardinal number of the sets of
these cosets) is called the indes of H in G. If the number of cosets is finite,
then H is called a subgroup of finite index.

All the subgroups of a group all have finite index if and only if the group
itself is finite; for the index of the unit subgroup of an arbitrary group is
the cardinal number of the group. All subgroups other than the unit sub-
group of the finite cyclic group are subgroups of finite index, and the group
has for every natural number » one and only one subgroup of index #; the
proof of this statement follows from the theorem on subgroups of cyclic
groups proved in § 6.

On the other hand, there exist groups in which all the proper subgroups
are of infinite index. An example is the additive group of rational numbers R.
For if H is a proper subgroup of R, then we can find an element a not in H
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which is such that pa is contained in H, where p is a prime number. The
numbers

1
a, -I—,—a, 7’-2#(1,..., ;,Ta,..

all lie outside / and belong to different cosets of H in R. For if

1 1
Fa=—p—k-a+h, heH, n>k,

then
a=prkat prhs

that is, a is itself contained in H, contrary to our assumption.

THEOREM OF POINCARE. The intersection of a finite number of subgroups
of finite index has itself finite index.

It is obviously sufficient to prove the theorem for the case of two sub-
groups. Let H and K be subgroups of finite index in a group G and let D
be their intersection. Two elements @ and b lie in the same left coset of D
if and only if a=*beD, so that a—'beH and a~*beK. We therefore obtain
all the left cosets of D in G if we take all non-empty intersections of the left
cosets of H with the left cosets of K. Since the indices of H and K are
finite, the number of these intersections, and hence the index of D in G, is
finite. 'We see, moreover, that the index of D in G is not greater than the
product of the indices of H and K.

In the case of finite groups the concept of the decomposition of a group
with respect to a subgroup leads to the following important theorem:

THEOREM OF LAGRANGE. The order and the index of a subgroup of a
finite group are divisors of the order of the group.

For if a finite group G is of order n and if H is a subgroup of order k& and
index f, then each left coset of G with respect to H consists of & elements,
and therefore

n=hj.

Since the order of an element is equal to the order of its cyclic subgroup,
it follows from the theorem of Lagrange that the order of cach element of a
finite group is a divisor of the order of the group.

It also follows from the theorem of Lagrange that every group whose
order is a prime number is cyclic. For the group must be the cyclic subgroup
generated by any of its elements other than 1.
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TheTheorem of Lagrange is a special case of the following theorem, which
refers to arbitrary groups:

If H and K are subgroups of a group G, of finite index j and n respectively,
and if K is contained in H, then the index h of K in H is also finite and

n==hj.

For if two elements lie in the same left coset of K in G, then a fortiori
they lie in the same left coset of H. Every left coset of H in G therefore splits
into several complete left cosets of K in G. From this it already follows
that the index of K in H is finite. Now if K has h left cosets in H, then
every coset aH , aeG, also consists of & such cosets; we obtain them when
all the left cosets of K occurring in H are multiplied on the left by . This
completes the proof of the theorem.

If G is a finite group and K = E, then we obtain the theorem of Lagrange.

In certain group-theoretical problems use is made of the decomposition
of a group with respect to a double module, which is a generalization of the
decomposition of a group into cosets. Let H and K be arbitrary subgroups
of a group G. If a is an element of G, then the product HaK obviously
contains a; we shall call this product the double coset modulo (H, K)
generated by e¢. If b is contained in HaK, so that b==hak, then
a=h"tbk™?, that is, ae Hb K. Finally, it follows from be HaK, ce HDK
that ce HaK. This shows that G is divided into disjoint double cosets
modulo (H,K). When K = E, the decomposition of G thus obtained
obviously becomes the right decomposition of G with respect to H, and
when H = E, the left decomposition of G with respect to K.

Clearly, the double coset HaK contains, with each one of its elements,
the entire right coset with respect to H generated by that element. We can
now establish a one-to-one correspondence hetween the right cosets of H
which are contained in HaK and the right cosets of the intersection
D=a"'"Ha\ K in K as follows: With the coset Ha k,, k,€ K we asso-
ciate the coset Dk,. For if Hako=Hak,, k1eK, then by =a"*ha-k,,
heH and hence a~'haeD, so that k,eDFk,. On the other hand, if
k€K, then Dk’ corresponds to the coset Halk’ in HaK. Further, if
DE = DFP"”, then there exists an element he H for which

k" =a"‘ha-k,

so that gk” = hak’ and hence Hak” = Hak’. Therefore if the index of
the subgroup a—'Ha K in K is finite, then the number of right cosets of H
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that are contained in the double coset HaK is also finite, and conversely.
Moreover these two numbers are equal.

§ 9. Normal subgroups

We know from the preceding section that non-commutative groups may
possess subgroups for which the left and right decompositions‘ differ. But
in any group the two decompositions with respect to the unit subgroup
(and those with respect to the group itself) coincide. Example 3 of the
preceding section presents a less trivial case in which, as can easily be
verified, the two decompositions coincide.

A subgroup H of a group G is called a normal (or invariant or self-
conjugate) subgroup if the left and right decompositions of G with respect
to H coincide. In other words, H is a normal subgroup of G if for each
element a of H its left and right cosets in G coincide:

aH=Ha.

This shows that a subgroup H of a group G is normal if and only if it is
permutable with every element of the group, that is, if for every a in G
and every h in H we can find elements 4’ and A” in H for which

ah="Wa, ha=ah”. (1)

The concept of a normal subgroup can also be defined in many other ways;
we shall each time use the definition most convenient in the context. We
have just given two; others will be given later.

Two elements a and b of a group G are called conjugate in G if we can
find an element g for which

b=g 'ag.

We shall also say that b is obtained from a by transformation by g.
Since the second equation (1) can be written in the form

a"‘ha=h",
and since a and h are arbitrary elements of G and H respectively, we

obtain the following property of normal subgroups:

If a normal subgroup H of a group G contains an element h,it also con-
tains all the elements that are conjugate to h in G.
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This property could be taken as the definition of a normal subgroup; it is
often convenient to use it in the following more general form:

Let G be a group with a system of generators M, and H a subgroup
generated by a set of elements N. If the process of transforming the elements
of N by the elements of M and their inverses does not lead outside of H,
then H is a normal subgroup of G.

For it is easy to verify that
g (ke . b g = (8T g (g hE) L (g7 ),
(€182 h(g,8) =g (g1 'hg,) &

However, every element of G has the form

£=£82---8n
where gieM or gi—'eM (i=1,2,...,k), and every element of H has
the form . a o

h=hh,...hn™n,
where heN (i=1,2,...,n). Therefore we always have g='hgeH, and

this is what we had to prove.

The reference to the inverses of the elements of M in this formulation of
the theorem is, of course, superfluous when all the elements of M are of
finite order.

Let U be any subgroup and g an arbitrary element of a group . Then
the subset g=*Ug (which consists, obviously, of all the elements obtained
from the elements of U by transforming them with g) is itself a subgroup.
For if u; and iy belong to U, then

(7 14,8) (8 tugg) = g~V (nyu0) g 2)
and
(¢ 'ug) t=gu'g.

The subgroup g~ Ug is said to be conjugate to U in G. We shall also say
that it is obtained from U by transformation by g¢. Since

glumg =g lug
implies that u; = us, we see from (2) that the mapping
w—> g ug, uel

is an isomorphic mapping of U onto g—*Ug.
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From what we have proved above about the conjugates of the elements
of a normal subgroup it follows that all the subgroups of a group G that are
conjugate to a normal subgroup H of G must be entirely contained in H.
In fact, we can assert a little more. If the subgroup g='Hg is a proper
subgroup of the normal subgroup H, that is, if // contains an element /1, not
contained in g—'H g, then ghog™! is conjugate to h, but is not in A ; and
this is a contradiction. On the other hand, since every subgroup of G that
coincides with its conjugate subgroups must obviously contain all the
conjugates of each of its elements,we arrive at the following result:

The normal subgroups of a group G are precisely those subgroups which
coincide with all their conjugates in G.

We now pass on to some simple consequences of the definition of a
normal subgroup.

Every subgroup of index 2 is a normal subgroup, since both decomposi-
tions of the group with respect to this subgroup coincide. Thus, the alter-
nating group of degree » is a normal subgroup of the symmetric group of
degree #, in which it has index 2.

The intersection of any set of normal subgroups of a group G is itself a
normal subgroup.

For if D is the intersection of the given normal subgroups, then every
conjugate of an element of D must be contained in all these normal sub-
groups and hence in their intersection.

This property of normal subgroups allows us, just as in § 6 in the case
of subgroups, to speak of the normal subgroup of a group G gencrated
by a given subset } ; it is the intersection of all the normal subgroups
containing M.

The normal subgroup generated by any set of normal subgroups of a
group G coincides with the subgroup generated by this set of subgroups.

For if normal subgroups H, are given (a ranging over some index set)
then every element of the subgroup { H,} can be written in the form

hlh-_g N ]lk,
where each 4; is contained in some He;, i=1,2,...,k. If geG, then

g (hyhy. . k) g = (g7 hy€) (8 hy0). . (&7 1i8);

but since
g ihg e H“, i=1, 2,..., k&,

we find that every conjugate of an element of { H, } is contained in this group.
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It follows that the union of an ascending sequence of normal subgroups
of a group G is itself a normal subgroup of G. The proof is immediate.

A normal subgroup, being permutable with every element of the group,
is a fortiori permutable with every subgroup. Hence it follows, by § 8, that
the subgroup { H, K} generated by a normal subgroup H and an arbitrary
subgroup K of a group G coincides with the product HK . In other words,
every element of { H, K'} can be written as a product hk, where he H, keK.
{H, K} then coincides also with KH.

If H is a normal subgroup of a group G and if it is contained in a sub-
group F of G,

HcFca,

then H is a normal subgroup of F. For, every element of the form f~1hf,
where heH, fe F, belongs to H. We note, however, that if H is a normal
subgroup of G, and K a normal subgroup of H, then while K is certainly a
subgroup of G, it need not be normal in G ; that is, the property of being
a normal subgroup is not transitive. Later on we shall meet several relevant
examples of this.

In an abelian group every subgroup is normal. But there also exist non-
commutative groups in which every subgroup is normal. Such non-
commutative groups are called hamiltonian (after W. R. Hamilton); a
complete description of them can be found in a paper by Baer [2]. It has
been proved, in particular, that every hamiltonian group contains a subgroup
isomorphic to the following group Q which is known as the quaternion
group and is itself hamiltonian. We denote by Q the subgroup of the
symmetric group of degree 8 that is generated by the permutations

a=(1234)(5678), b= (1537)(2846).

The following relations are easily verified:

at =1, (3)
bt=1, 4
a® =b?, (5)
aba=19. 6)

Hence we have
bab =d*(aba)b =a*b*=0a*=qa, (7)
a*b =b*ab=ba, (8)
b*a =a*ba=ab.
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Since a*«a==a-a* and b*+b=>b+b? we can represent every product
of powers of a and b as an alternating product of first powers of these elements,
possibly multiplied on the left by a® or b3; this can be done by the use of (5)
and by means of re-arrangements (that is, without changing the number of
factors). However, by using (6), (7), (8), or (9) we can decrease the
number of factors in every such product until it coincides with one of the
following eight:

1, a, b, ab—(1836)(2745), ba = (1638)(2547),

a? = b = (13)(24) (57) (68), 4B = (1432)(5876), 53 = (1735)(2648);

and these products are all distinct. Thus Q is a non-commutative group
of order eight.

Every subgroup of Q, other than E and Q itself, must be of order 2 or 4.
Actually, Q has a single subgroup of order 2, namely {a?}, and three sub-
groups of order 4, namely {a}, {4}, and {ab}. Transforming the generators
of all these cyclic subgroups by a and by b we can verify by using (3)-(7)
that all these subgroups are normal in Q.

Simple Groups. Every group has two normal subgroups, the group
itself and the unit subgroup. A group that has no other normal subgroups
is called simple. Simple groups are in a certain sense the very opposite to
hamiltonian groups.

An abelian group is simple if and only if it is cyclic and every element
other than 1 is a generator. The remark in §6 on generators of cyclic
groups allow us, therefore, to state that an abelian group is simple if and
only if it is cyclic and its order is a prime number.

There also exist non-commutative simple groups, finite as well as infinite.
We have, for example, the following theorem, which plays an important
role in Galois theory:

The alternating group A, of degree n for n = 5 is simple.

Al

First of all, we prove two lemmas.

LemMma 1. If n = 3, then A, is generated by the cycles of length 3.

! The reader who is familiar with quaternions can verify that the mapping
a->1,b>j

establishes an isomorphism between the group Q and the multiplicative group of the eight
quaternions +=1, *1i, *+j, + k. [Trans.]
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For, every even permutation is the product of an even number of trans-
positions; but the product of two distinct transpositions is equal either to
a cycle of length 3 or to the product of two such cycles: if a, B, ¥, ...are
the permuted symbols, then

(aB) (@) = (aBy),
(aB) (18) = (aBy) (ady).

Every cycle of length 3 is obviously an even permutation.

LemwmA 2. If a normal subgroup of A,,n =5, contains a cycle of length 3,
then it is the whole group A,.

Suppose H is a normal subgroup of A4, and contains the cycle(aBy); and
let (aB7) be any other cycle of length 3 in A,. If the symbols d and € are
different from a, §, and vy, then the permutation of degree n

B R TN TR SRR S ST
AL B e

(which we can make even by transposing, if necessary, the symbols 8’ and ¢’
in the second row) is such that

a=1(afy)a = (afy).

The normal subgroup H therefore contains all the cycles of length 3 in A,
and, by Lemma 1, coincides with A4,.

We now proceed to the

Proof of the Theorem: Suppose A, has a normal subgroup H, different
from E, and suppose that among the elements of H there are some whose
decomposition into cycles contains at least one cycle of length 4. Let /1 be
one of these elements,

h=(afyd...). ..,

where the dots outside the parenthesis represent all the remaining cycles.
Then H also contains the following element, which is conjugate to /i in A,:

h' = (axB) h (afy) = (Byad...)...,

*Clearly, Lemma 2 holds for #n <5 as well.
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and hence H contains the element
h—h" = (afd).

Therefore, by Lemma 2, H = A4,.

Now suppose that in the decomposition of an element k of H there occur
only cycles of length 3 and, possibly, 2. We can assume that there are at
least two cycles of length 3, since otherwise h? would be simply one cycle of
length 3 and we could apply Lemma 2 immediately. If

k= (@8 @BY). ..,

then H also contains the element

B = (§'a'y) h (Ya'R’) = (aBa’) (Y1'B"). . .,
and therefore also the element
hh' = (aa’y8Y"). . .,

which contains a cycle of length 5, and we again have the previous case.

Suppose, finally, that the decomposition of an element 4 of H consists
only of cycles of length 2; obviously there is then an even number of them.
If &= (a,8,) (agBy), then H also contains the element

B = (1Bya,) £ (a,8,) = (B,Y) (23B5),

where vy is an arbitrary symbol, different from the symbols that are actually
affected by h. H must also contain the element

hh' = (“ﬂpl),
and hence H = A4,,. If
b= (a,8,) (2of3) (23B5) (2,B4)- - -»

then H also contains the element

B = (B1g) (Batg) h (Byaxg) (B,%s) = (@,29) (B, %g) (BoBs) (2By)- - -»
and hence the element
hR' = (a,0484) (29B4f,);

this brings us back to the case considered above. This completes the proof
of the theorem.!

* Some proofs of this theorem, essentially rather similar to the one given in the text,
begin by choosing an element of H, other than the unit element, that leaves the largest
possible number of symbols in place. The simplest proof of this kind can be found in a
paper by Bauer [1].
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The assumption n = 5 is essential. True, the alternating group of degree 3
is a cyclic group of order 3 and is therefore simple ; but the alternating group
of degree 4 is not simple : it is easy to verify that the permutations (12) (34),
(13)(24), and (14)(23) which are contained in it form, together with 1,
a normal subgroup V" of 4,. This group ¥ of order 4, which is alsocalled
Klein’s four-group, is abelian but not cyclic.

The above theorem shows that there exist infinitely many simple non-
commutative finite groups. But the alternating groups are by no means the
only ones. In § 61 we shall give some results bearing on the problem of a
complete classification of all finite simple groups; this problem is still far
from a complete solution.

In the proof of the theorem we have nowhere made use of the finiteness
of the group A,. We see, therefore, that the countable alternating group
and, more generally, the alternating groups of any infinite cardinal nimber
(see § 4, Example 4) are simple. This shows that there exist simple groups
of any infinite cardinal number.

§ 10. The connection between normal subgroups, homomorphisms,
and factor groups

It follows from the definition of a normal subgroup that the left cosets
of a normal subgroup H in a group G are also right cosets and conversely.
We can therefore speak simply of the cosets of H in G and of the decomposi-
tion of G into cosets with respect to a normal subgroup.

The decomposition of a group G into cosets of a normal subgroup H is a
regular partition (see §2) of G.

For let two cosets of a normal subgroup H in G be given. If arbitrary
representatives @ and b are chosen in these cosets, that is, if the cosets can
be written in the form aH and bH, then the associative law for multi-
plication of subsets and the basic equations Hb=>bH and HH = H yield

aHbH=abHH =abH.

The converse is also true.

If a regular partition of a group G is given, then the class that contains
the unit is a normal subgroup of G, and all the other classes are cosets of
this normal subgroup in G.
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Let A be the class of the given regular partition that contains the element 1.
If @, and a; are two elements of A, then the product a;a, must lie in the
same class as 1+1=1 (by the definition of a regular partition), and
therefore

ajazeA.

[Furthermore, if @ is an element of A4, then the product aa=! = 1 must lie
in the same class as 1lea=*=a"1; hence

a 'eA.

We have thus shown that A4 is a subgroup. If @ is now an element of 4
and b an element of G, then the product b~ 'ad must lie in the same class
as b~leleh =1, so that

b='abed.

The class A is therefore a normal subgroup of G.

Finally, let B be an arbitrary class of the given regular partition. If b is
an element of B, then for any element a of / the product ba must lie in the
same class as b+ 1 == b ; that is, the whole coset b A4 is contained in B. If ¢ is
any other element of B, then since b and ¢ lie in the same class of the regular
partition, this must also be true for the products b—'c and b—b == 1, so that

b='ced;
and hence
cebA,
so that
B=0bA.

This completes the proof.

These results establish a one-to-one correspondence between the regular
partitions of a group G and the normal subgroups of G. Thus we may
abandon the distinction hetween regular partitions of a group and its decom-
positions into cosets with respect to a normal subgroup. In particular, if 4
is that class of a given regular partition of G which contains the unit element,
then we shall no longer speak of the factor groups of G with respect to this
regular partition, but of the factor group of the normal subgroup A. We
shall denote it by the symbol G/A4.

We leave it to the reader to re-formulate the homomorphism theorem for
groups (§ 3) correspondingly. This theorem now establishes a close link
between the normal subgroups of a group and its homomorphic mappings.
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Indeed this link with the homomorphisms of a group makes the concept of
a normal subgroup one of the most fundamental in the theory of groups.
In particular, we have a new definition of a normal subgroup. Let us define
the kernel of a homomorphic mapping ¢ of a group G onto a group G’ as
the totality of all elements of G that are mapped by ¢ onto the unit of G'.
From the homomorphism theorem and the results of the present section
we obtain the following result:

The normal subgroups of a group G, and they only, are the kernels of the
homomorphisms of G.

If a group G is mapped homomorphically onto a group G, and if U is a
subgroup of G, then it also undergoes a homomorphic mapping, and there-
fore its image under this mapping is a subgroup of G’. Conversely, if U’ is
any subgroup of G’, then its complete inverse image U in G, that is, the set
of all the elements of G that are mapped under ¢ into the subgroup U’, is a
subgroup of G. For if a and b are elements of U, and

ap=delU’, bep=10el,
then
(ab)p=dl';

and since @’ b’eU’, ab must lie in U. TFurther,
((l'—l)(l/ ] (L,_

but a’—"eU’, and hence a—'eU. Our statement is proved. We also note
that, because U’ contains the unit element of G’, its complete inverse image
contains the whole kernel of the homomorphism ¢. This correspondence
between the subgroups of G and G’ has a number of important additional
properties which are incorporated in the following theorem on the corres-
pondence between subgroups under homomorphic mappings; by virtue of
the homomorphism theorem we can use the terms factor group and natural
homomorphism of a group onto its factor group in the statement of the
theorem.

THEOREM : The relation that assigns to cvery subgroup of the factor group
G = G/H its complete inverse image in G under the natural homomorphism
of G onto G is a one-to-one correspondence between all the subgroups of G
and those subgroups of G that contain the novmal subgroup H. Correspond-
ing subgroups have equal indices in their vespective groups. Finally, if one
of the subgroups is normal, then the other one is also normal, and the factor
groups of G and G with respect to these normal subgroups are isomorphic.
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Proof. 1f U, and U, are distinct subgroups of G, then we can find in one
of them, say in ﬁl, an element @ that does not lie in the other. Under the
natural homomorphism some elements of G are mapped onto a, and hence
the complete inverse images of these two subgroups in G cannbot coincide.
On the other hand, let U be an arbitrary subgroup of G containing H, U its
image in G, and U, the complete inverse image of U in G. It is clear that
Uc U,. However, if g, is an element of U, then U contains an element a
which is such that a, and a lie in the same coset with respect to H, and
since HC U we have a,eU, so that U, == U. Thus we have proved that
the correspondence is one to_one.

If U (containing H) and U are now arbitrary corresponding subgroups
of G,and G = G/H, then for a and b in G the element a—1b lies in U if and
only if the coset

a0 H=a"'H0H

belongs to U. This shows that the left cosets of U/ in G stand in one-to-one
correspondence with the left cosets of U in G, so that the subgroups U and U
have equal indices in G and G, respectively.

If U is now a normal subgroup of G, then the natural homomorphisms of
G onto G and of G onto G/U carried out in succession give a homomorphic
mapping of G onto the latter factor group. The kernel of this homomorphism
consists of those elements of G that are mapped into U under the mapping

of G onto G, that is, the elements of /. 1lence it follows that U is a normal
subgroup of G and that

G/U =~ G/U.

If, conversely, U is a normal subgroup of G containing H, and U the

correspon(ling suhgroup of G, then for any ite U and geG the element (that

is, the coset of H) o—lu g consists of elements of G belonging to U and is

therefore contamed in U. 1t follows that U is a normal subgroup of G. This
completes the proof of the theorem.

In § 4 we gave a number of examples of homomorphic mappings of groups.
The reader will easily find the kernels of these homomorphisms and con-
struct the corresponding factor groups. We shall now investigate the factor
groups of the finite and infinite cyclic groups.

Let ¢ be a homomorphic mapping of a cyclic group A == {a) onto a
group B. If

ap=1>,
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then obviously all the elements of B are powers of b, so that B=={b}.
In other words, all the factor groups of cyclic groups are themselves cyclic
groups.

In particular, let 4 be an infinite cyclic group represented as the additive
group of integers. We obtain a homomorphic mapping of 4 onto a cyclic
group B of order n with generator b if we assign to the integer & the element
b* as its image. The numbers k and / are mapped onto the same element of
the cyclic group B if and only if k — I is divisible by #, that is, if in the usual
terminology k and [ are congruent modulo n (in symbols: k =1 (mod n)).
In the additive group of integers there corresponds to this homomorphic
mapping the decomposition into classes with respect to the subgroup consist-
ing of the multiples of # ; these are the residue classes modulo n.* Making use
of the result of § 6 on subgroups of cyclic groups and letting » run through
all the natural numbers we find that all the cyclic groups and no other groups
occur as factor groups of the infinite cyclic group (that is, the additive group
of integers), and factor groups with respect to distinct subgroups of this
group are not isomorphic.?

If 4 = {a} is now a finite cyclic group of order s and if ¢ is a divisor of s,

s=tq,

then the subgroup {4’} has order ¢, and therefore its factor group is
cyclic of order t. Conversely, since the order of a factor group of a finite
group is equal to the index of the corresponding normal subgroup and
therefore divides the order of the group, we find that the factor groups of a
finite cyclic group of order s are the cyclic groups whose order divides s,
and no others.

Let us now investigate the factor groups of a group P of type p=. We
have seen in § 7 that the proper subgroups of P form an ascending sequence

Ecla)c{a)c...cla,)c. ..,

where these subgroups are of orders 1, p, p2, .. ., p*, . .. respectively. We
consider the factor group of {a,} in P. It is the union of the ascending
sequence of factor groups {ax}/{an}, b =n + 1,n + 2,..., which, from

the above, are cyclic groups of order p*—-». The factor group P/{a,} is
therefore itself a group of type p=. We see that a group of type p= is
isomorphic to all the factor groups of its proper subgroups.

! See § 8, Example 1, for the special case n=4.
? We speak of subgroups rather than normal subgroups because the group is abelian.
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Let two groups A and B be given. A group G is called an extension of A
by B if G contains a normal subgroup A’, isomorphic to 4, whose factor
group is isomorphic to B,

A'~A, G/A’=~B.

Note that the extension G is not uniquely determined by giving the groups
A and B, as the following examples show.

Examples. 1. In the cyclic group {a} of order 4, the subgroup {a®} is
cyclic of order 2, and its factor group is also cyclic of order 2. If we now
take the non-cyclic abelian group V' of order 4 that is contained in the
alternating group A4, (as we have seen in the preceding section), then every
one of its cyclic subgroups is of order 2. We have, therefore, two non-
isomorphic extensions of a cyclic group of order 2 by another such group.

2. The cyclic group of order 6 has a unique cyclic subgroup of order 3,
and its factor group is cyclic of order 2; but S, the symmetric group of
degree 3, has the normal subgroup A, which is also a cyclic group of order 3,
and the factor group S3/A4, is also cyclic of order 2.

Extensions of groups will be studied in detail in Chap. XII.
The following theorem plays an important role in the sequel:

THE IsomorPHISM THEOREM. If A and B are subgroups of a group G,
and A is a normal subgroup of { A, B}, then the intersection A\ B is a
normal subgroup of B and

{A, B}JA=~B/(AQ B).

For {A,B}=AB, because A4 is normal in {A,B}. Every coset of
A in AB therefore contains elements of B, that is, has a non-empty
intersection with B. Hence it follows that in the natural homomorphic
mapping of {4, B} onto the factor group {A4,B}/A the subgroup B is
mapped onto this whole factor group. Therefore, by the homomorphism
theorem the factor group {4, B}/A is isomorphic to the factor group of B
with respect to the normal subgroup consisting of all the elements of B that
are mapped onto the unit element. However, these are precisely the elements
of ANB. This concludes the proof.

The isomorphism theorem contains the following result, which could
easily be proved independently:

The interscction of a normal subgroup 1 and a subgroup B is normal in B.
We shall use this for the proof of the following theorem:
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The union of an ascending sequence of simple groups is itself a simple
group.
For if a group G is the union of an ascending sequence

UclUye...clU,c...

of proper subgroups which are simple and if H is a proper normal subgroup
of G, different from E, then there exists an index k for which the inter-
section H | Uy differs from E as well as from Uy itself. By the above
remark this intersection is, however, a normal subgroup of U, ; this contra-
dicts the assumption that Uy is simple.f

The isomorphism theorem is a special case of the following theorem which
is known as

ZassENHAUS LEmMma [1]: If 4, A, B, and B’ are subgroups of a
group G, and if A" is normal in A, B’ normal in B, then A’(ANB') is
normal in A'(ANB), and B’ (BNA') is normal in B'(BNA), and the

corresponding factor groups are isomorphic.
A" (ANB)/A'(AnNB)=~B' (BN A)/B' (BNnA).

Proof. If we write
C=AnNB38,
and
D=(ANB)(BNA).

then clearly D& C. Moreover, since B’ is normal in B and since C is a
subgroup of B, we see that

CNB'=AnNBNB' =ANB’

is a normal subgroup of C. By the symmetry of the assumptions on A
and B, this also holds for the intersection B N A" and therefore also for I,
since the product of normal subgroups is itself a normal subgroup. We can
therefore speak of the factor group of D in ('; we denote it by H,

H=C/D.

On the other hand, A’ is a normal subgroup of 4, so that the product
A’(ANB)=A’C is a subgroup. Every element of this product has the
form a’c, where a’e 4, ceC. Let us associate it with the coset D¢ (that is,
with an element of H). If a’c has another representation in the same form
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’ro
a'c=ap,
then -1 ,
a, a'=cc c(A'NC)=(A'nB)SD,

and hence
e /
¢y = (g~ 'a")e=De.

We obtain a single-valued mapping of the group A’C into the group H, and
in fact onto the whole group H, since every element ceC is mapped onto
its coset Dc¢. This mapping is homomorphic : since A’ is normal in A’C,

we have
’ ’ ’ ’ ’
acy » agc, = ay(c,c,), where agcA’.

The kernel of this homomorphism clearly must contain the subgroup
A’ (AN B'); we know that A B’ < D. On the other hand, if an element a’¢
is mapped by this homomorphism into D, then ceD, i.c.

¢ =uv, where ue(BNA"), ve(ANDB’),
and then
de=(adn)v=10a/ved (ANDB").

The kernel of the homomorphism in question is therefore the subgroup
A’(An B'). By the homomorphism theorem this leads to the isomorphism

A’ (ANB)/A’(ANB)~H.
By symmetry we also have the isomorphism
B’ (BnA)/B'(BnA’)~H.

Every statement in the theorem is now proved.

The isomorphism theorem arises from Zassenhaus’Lemma when 4 2 B,
B’=E.

If 4 and B are subgroups of G, but neither is assumed to be normal in
{4, B}, then the isomorphism theorem can be replaced by a statement
regarding the indices of 4 in {A4,B} and of AN Bin B. In the general
case we can only assert that the first of these indices is not less than the
second. For by repeating the arguments that led to the proof of the iso-
morphism theorem we see that every right coset of A1B in B is the inter-
section with B of a right coset of 4 in {4, B}, but it can happen that some
right cosets of 4 in {4, B} have an empty intersection with B. This is
illustrated by the example of the symmetric group of degree 3, if 4 and B
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are chosen as two of the cyclic subgroups of order 2. Bearing in mind the
result of § 8 to the effect that {4, B} = 4B if and only if 4 and B are
permutable, we can now prove at once that every coset of {4, B} with
respect to 4 has a non-empty intersection with B if and only if 4 and B
are permutable. In other words, assuming that the indices are finite, we
obtain the theorem:

The indices of A in { A, B} and of AN Bin B are equal if and only if A
and B are permutable.

§ 11. Classes of conjugate elements, and conjugate subgroups

If M is a subset of a group G, then the set of all elements of G that are
permutable with A/ constitutes a subgroup which is called the normalizer
of M in G. For if aM = Ma and bM = M), then

(ab)M =aMb=NM{(ab);

multiplying both sides of the equation a M = Ma on the left and on the
right by a—! we obtain further

Ma—'=0a"*M.

This general definition allows us, in particular, to speak of the normalizer
of a subgroup or of a single element. From the fact that an element is per-
mutable with itself and a subgroup permutable with each of its elements
it follows that the normalizer of the clement a (of the subgroup A) con-
tains the element a (the subgroup A). The normalizer of a subgroup A is
obviously the maximal subgroup of G in which A is normal. It follows that
the normalizer of a subgroup A is the whole group G if and only if A is
normal in G. Dy contrast, it can happen that a subgroup coincides with
its own normalizer; this is true, for example, for the cyclic subgroup gen-
erated by the element (12) in the symmetric group of degree 3.

The normalizer of an element a of G is obviously contained in the normal-
izer of the cyclic subgroup {a}, but need not coincide with it. An example
is the element (123) in the symmetric group of degree 3. In either case,
the normalizer of a contains the subgroup {a} as a normal subgroup.

The concept of a normalizer will help to establish some very important
properties of conjugate elements and conjugate subgroups which form the
substance of the present section.
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If an element b of a group G is conjugate to an element a, that is b =—
g 'ag, then a =gbg—"; that is, a is obtained from b hy transforming by
g7'. Each element a is conjugate to itself, since a==1-'al. Finally, if
b=grlag,, c=g;1bg,, then

¢ =(g;82)"'a (g,8y);

that is, the property of conjugacy of elements is transitive. It follows that
the whole group G is partitioned into disjoint sets, the so-called classes of
conjugate elements. All the elements in one class of conjugates obviously
have the same order.

One of the definitions of a normal subgroup given in §9 can now be
expressed in the following form: A subgroup of a group G is normal if it
contains the whole class of conjugates of each of its elements, that is, consists
of complete classes of conjugate elements of G. We mention that every
subset of a group that consists of complete classes of conjugate elements is
called a normal (or invariant) subset of the group.

We shall now list a few basic properties of classes of conjugate elements.

The nuinber of conjugates of an element a in a group G is equal to the
index of the normalizer N of the clement a in G.

IFor if b = g—lag, then for each n of N we have (ng)~'a(ng)="5. Con-
versely, if g7'ag, = b, then (8gThla(ger?) = a, that is, ggrt < N, and
therefore the elements g and g, lle in the same right coset of N. There exists,
then, a one-to-one correspondence between the right cosets of N in G and
the conjugates of a.

It follows, in particular, that the class of conjugates of an element a in G
is finite if and only if the normalizer of a is of finite index in G. Since the
index of a subgroup of a finite group divides the order of the group (Theorem
of Lagrange, see § 8) it also follows from the above theorem that the number
of elements in a class of conjugates of a finite group divides the order of
the group.

The following statement is a special case of the theorem proved at the
beginning of §9.

The subgroup generated by some classes of conjugate elements of a
group G or, more generally, by some normal subset is a normal subgroup

of G.

Hence it follows easily that the normal subgroup generated in a group G
by a subset A/ is the subgroup generated in G by the subset 1/ that consists
of all the elements conjugate to elements of M.
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The product K1 K, of two classes of conjugate elements Ky and K, in a
group G consists of a number of classes of conjugate elements, that is, is a
normal subset. For if aq;eK,, ase K4, then

g7 (a185) 8 = (g77a18) (8~ '298);

that is, every conjugate to an element of the product K; K is also contained
in this product.

We remark, finally, that if K is a class of conjugate elements of a group G,
then K—* (i.e. the totality of the inverses of elements of K) is also a class
of conjugate elements and that, more generally, the set of s-th powers, for
any s, of all elements of K is a class of conjugate elements in G. For if
a,=g"'a,g, then a}=g-lajg, and from b=g la?g, it follows that
b=1(g7'a,g,)%, that is, b is the s-th power of an element conjugate to a;.

In every group G the element 1 by itself forms a class of conjugate ele-
ments. A group may also have other elements that singly form classes of
conjugates ; these obviously will be the elements that are permutable with
all the elements of the group, the so-called central elements (or invariant
elements) of the group. A central element can also be defined as an ele-
ment whose normalizer coincides with the whole group.

The set Z of all central elements of a group G is easily seen to be a sub-
group of G. This subgroup, which is called the center of G, is normal in G,
since every one of its elements forms a separate class of conjugates in G.
Every subgroup of the center is also normal in G. A group coincides with
its center if and only if it is abelian. On the other hand, there are groups
whose center consists of 1 only. Such groups are called groups without
center, a name that, while not quite accurate, is very convenient. Examples
are: the symmetric groups S, for n =3 and, of course, all the non-
commutative simple groups.

A well-known theorem in higher algebra states that the center of the
group of non-singular matrices of order »n with elements in a field consists
of all the scalar matrices of order n, that is, of matrices whose elements
outside the main diagonal are zero while those in the main diagonal are
all equal.

The factor group of a group G with respect to its center need not be a
group without center. Thus, the center of the quaternion group (see §9)
is the cyclic group of order 2, and its factor group is abelian. We mention,
however, that the factor group of a non-commutative group with respect to
its center cammot be cyclic. For if the factor group G/Z were cyclic,
then we take an element a, from a coset of Z which generates that
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cyclic group. The subgroup generated by this element together with the
elements of Z is the whole group G. But since all the elements mentioned
are permutable, the group G is commutative.

Just as we have partitioned a group into classes of conjugate elements,
so we can divide the set of all subgroups of a group G into disjoint classes
of conjugate subgroups.

If K is a class of conjugate elements of a group G, then the set of normal-
izers of the elements of K is a class of conjugate subgroups.*

For if @ and b are elements of K, and N, and N, are their normalizers
in G, then from b =g~ 'ag and xeN,, that is, v = ax, it follows that

b(g'xg)=g '(ax) g = (g~ 'xg) b,
that is,

g7 Nog =N, (1)
But from a = gbg—! we obtain in the same way

ngg—l CNa,
ie.
Nycg'Nyg. (2)

From (1) and (2) it follows that
Ny=g 'N,g.
Now if any subgroup F is conjugate to N,,
F=g""Naug,

then F is the normalizer of the element gl“agl. This proves the theorem.

We proceed to establish some basic properties of classes of conjugate
subgroups.

The number of distinct subgroups that are conjugate to a subgroup A
of a group G (that is, the cardinal number of the set of these subgroups)
is equal to the index of the normalizer N of A in G. For just as in the case
of conjugate elements, the transformation of 4 by two distinct elements of
G leads to the same conjugate subgroup of A if and only if these elements
lie in the same right coset of N.

It follows, in particular, that the normalizers of all the subgroups con-

! The normalizers of two distinct elements of K may, of course, turn out to be equal.
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jugate to 4 have the same index in G. Moreover, since for B=g~1Ayg
the normalizer of B is the subgroup g='Ng, and since the mapping
x—> g 'xg, xeN, is an isomorphism of N onto g—'Ng in which 4 is
mapped onto B, the indices of 4 in N and of B in g=*Ng are equal. These
two remarks allow us to state that the indices of 4 and B in G are equal;
that is, conjugate subgroups have equal indices in the whole group. If these
indices are finite, then no subgroup can contain properly another conjugate
to it. This may very well occur, however, in the general case: If g—1A4g
is distinct from 4 and contained in A, then g=2A4g? is a proper subgroup
of g~ Ag, g~3Ag* a proper subgroup of g~2A4g?, and so on. On the other
hand, A4 is in that case a proper subgroup of gAg—?, the latter a proper
subgroup of g2A4g~?, and so on.

Consider, for example, the group G of all one-to-one mappings of the set
of all (positive and negative) integers onto itself.

In this group we take the set M consisting of the transpositions

(12), (23), ..., (n, n+1), ..., n>0,

and we denote by A the subgroup generated by these transpositions. If g is
now the mapping that carries every integer k into k + 1, that is, in cycle
notation,

ge=(.., —k, ..., —2,—1,0,1,2, ..., k,...),
then
g7 n, n+ Vg=(n+1, n+2),

so that the subgroup A is conjugate in G to a proper subgroup generated
by all the elements of the set M except (12).

The intersection of all the subgroups in a complete class of conjugate
[subgroups in a group G is a normal subgroup.

For by transforming all the subgroups of the given conjugate class by an
element g we also transform this intersection D. However, the transforma-
tion of a class of conjugate subgroups only permutes these subgroups
among themselves, that is, for every g of G the subgroup g—!Dg coincides
with D, which proves the theorem. Note that the intersection D may, of
course, turn out to be the unit subgroup E.

The theorem just proved leads to the following important result:

If a group G has a subgroup of finite index, then it also has a normal
subgroup of finite index.

Proof. If the subgroup H has finite index in G, then as we have shown
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above, all the subgroups conjugate to H also have finite index. Now if the
index of H is finite, it follows that the index of its normalizer, and there-
fore the number of conjugates of that subgroup,is also finite. The inter-
section of all these subgroups is, as we have just shown, a normal subgroup
of G, and moreover has finite index in G, by the theorem of Poincaré
(see §8).

We end the present section by introducing a concept very similar to that
of the normalizer. If M is a subset of a group G, then the set of all clements
that are permutable with every element of M is a subgroup of G which is
called the centralizer of M in G. The centralizer of a single element coin-
cides with its normalizer, and—more generally—the centralizer of a subset M
is contained in the normalizer of M. The centralizer of a subgroup need not,
of course, contain that subgroup. The centralizer of the set of all elements
of a group is the center of the group.

The centralizer of a subset M obviously coincides with the intersection
of the normalizers of all the elements of M. Hence it follows easily that
the centralizer of a normal subgroup and, more generally, of a normal subset
of a group is a normal subgroup. For the normalizers of all the elements of
a normal subgroup constitute some complete classes of conjugate subgroups,’
and therefore the intersection of these normalizers must itself he a normal
subgroup. Applying this fact to an arbitrary subgroup and its normalizer
we see that the centraliser of every subgroup is a normal subgroup of its
normalizer.

* See the theorem on the connection between classes of conjugate elements and con-
jugate subgroups that has been proved in this section.



CHAPTER IV

ENDOMORPHISMS AND AUTOMORPHISMS
GROUPS WITH OPERATORS

§ 12. Endomorphisms and automorphisms

A homomorphic mapping of a group G into itself, that is, onto one of its
subgroups, is called an endomorphism of G. Among the endomorphisms
of a group are its automorphisms, that is, the isomorphic mappings onto
itself. A trivial example of an automorphism is the identity mapping of a
group onto itself, the so-called identity automorphism, in which every ele-
ment of the group remains in place. The mapping of the additive group of
the integers onto itself which carries the number » into — n is an example
of a non-identity automorphism.

Every group has a null endomorphism which maps each element onto
the unit. Among the endomorphisms of a group there may be sonie that
map the group onto itself, although they are not automorphisms. This will
always occur in groups that are isomorphic to one of their proper factor
groups—the existence of such groups was shown in § 11. Of course, they
have to be infinite. Every isomorphism between a group and one of its
proper subgroups is also an endomorphism of the group; examples of such
endomorphisms which are not automorphisms can be found in the additive
group of integers.

If H is a subgroup of a group G, then an endomorphism of G induces a
homomorphic mapping in H ; if the endomorphism is an automorphism,
then the induced mapping is isomorphic. Tt follows that the image of F/
under an endomorphism (and in particular, under an automorphism) % is
also a subgroup of G, which we shall denote by Hy. The image of G itself
under the endomorphism ¥ is therefore the subgroup Gy.

If a group G is given by a system of generators M = {a, }, then every
endomorphism y of G is completely determined by the images a,y of all the
generators. If, in particular, ¥ is an automorphism of G, then the set of
images of all the elements of M under the automorphism 7% is also a set of
generators for G.

If an element a is chosen in a group G, then the mapping that carries
every element » of G into the element a—'xra, that is, the transformation

85
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of the whole group by a, is an automorphism of G. For a='2¢=0a""ya
implies # =y, i.e. the mapping is one to one. The equation

x=a"1(axa~")a

shows that every element of G appears in this mapping as the image of some
element. Finally, from

a~l‘xa-a-lya=a"'(xy)a

it follows that this mapping is isomorphic. Such an automorphism of G is
called an inner automorphism. All other automorphisms of G are called
outer automorphisms. The identity automorphism belongs to the inner auto-
morphisms—one can consider it as obtained by the transformation of the
group by the unit element. In the case of an abelian group, this is the only
inner automorphism. In the general case, the inner automorphism induced
by the element e coincides with the identity automorphism if and only if
a belongs to the center of the group, since the equation

a-lxa=x

for all » in G is equivalent to the permutability of ¢ with all the group
elements.

Under an inner automorphism of a group every class of conjugate ele-
ments is mapped onto itself. There exist, however, groups (and even finite
ones) that have outer automorphisms with the same property (for a simple
example, see Wall [1]).

The cyclic group of order 2 has only one automorphism, namely the
identity. This group is, however, the only one having no automorphism
other than the identity. For, every non-commutative group obviously has
non-identity inner automorphisms. If the group G is abelian and if its
elements, except the unit element,are not all of order 2, then the mapping that
carries every element a of G into its inverse element ¢! is a non-identity
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automorphism, since the commutative law implies the equation

(ab)y-1=a-1b-1,

Finally, the existence of non-identity automorphisms in non-cyclic abelian
groups with elements of order 2 only follows from the complete description
of the structure of such groups which will be given in § 24.

Groups of automorphisms

The endomorphisms of a group G are mappings of the group into itself.
We can therefore speak of the multiplication of endomorphisms in the sense
that they are performed in succession: If two endomorphisms y and 7 of
a group G are given, then their product ym is that mapping which yields
for every a in G

a(yn) = (ay) 0.

The product of two endomorphisms is itself an endomorphism. For

(ab) (ym) = [(ab)y ] = (ay - by)n==(ay)m - (by)n=a(yn) - b(xn)-

The product of two automorphisms is obviously itself an automorphism.

The associative law for the multiplication of endomorphisms follows from
results in § 1. The identity automorphism introduced above plays the role
of the unit element ; but it would be wrong to think that the endomorphisms
of a group G constitute a group with respect to the multiplication so defined.
For we cannot define the inverse of every endomorphism, because under a
homomorphic mapping the original need not be single-valued. The inverse
mapping exists only for automorphisms, and obviously it is then itself an
automorphism.?

We see then that the set @ of all automorphisms of a group G is itself
a group. This group of automorphismns of G is a subgroup of the group S(G)
of all one-to-one mappings of G onto itself.
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The inner automorphisms of a group G form a subgroup of the group of all
automorphisms, since the successive transformation of G by a and b is
equivalent to the transformation by ab. Moreover, we obtain a homomorphic
mapping of G onto the group @ of its inner automorphisms if we associate
with each element of G the inner automorphism induced by it. As we have
mentioned above, it is precisely the elements of the center Z of G that are
mapped onto the unit element of ®’, in other words, the group of inner
automorphisms of a group G is isomorphic to the factor group of its center,

" ~G/Z.

It follows, in particular, that two elements a and b of G induce the same
inner automorphism if and only if they belong to the samme coset of the
center of G.

The group of inner automorphisms is normal in the group of all auto-
morphisins. For let ¢ be an automorphism of a group G and a the inner
automorphism induced by the element a. Then for every element x of G
we have

x (@ tap)=[a"!(xp~Nalo=(a"Y) 9 (xp~") 9 - ap = (ayp)~! x (ap),

that is, ©~7ag is itself an inner automorphism and is induced by the
element ag¢.

The investigation of the group of all automorphisms of a given group &
is usually very difficult. In most cases the properties of a group do not
carry over to its group of automorphisms. Thus, the group of antomoerphisins
of an abelian group may turn out to be non-commutative—for example, the
group of automorphisms of the non-cyclic group I of order 4, which we
met in § 9, is the symmetric group of degree 3. On the other hand, there
exist non-commutative groups whose groups of automorphisms are abelian
(C. llopkins [1]). However, the group of automorphisms of a non-
commutative group G cannot be cyclic, since even the group of inner auto-
morphisms, which is isomorphic to the factor group of G with respect to its
center, cannot be cyclic (see § 11), whereas all subgroups of cyclic groups
are cyclic (see §6).

We can assert, of course, that the group of automorphisms of a finite
group of order w is itself finite. It is a subgroup of the symmetric group of
degree n and its order is therefore a divisor of n! and even of (n —1)!,
since the unit element of the group remains in place under all the auto-



§ 13. THE HoLomorPH. CoMPLETE GROUPS 89

morphisms of the group. Narrower bounds for the order of the group of
automorphisms of a finite group may be found in papers by Birkhoff and
Hall [1] and Lyapin [1].

The group of automorphisms of an infinite group may be finite—in the
infinite cyclic group a generator can only he chosen in two ways, and since
the property of being a generator of a cyclic group is preserved under
automorphisms, it turns out that the group of automorphisms of the infinite
cyclic group is finite and of order 2. But the group of automorphisms
of the multiplicative group of positive rational numbers has the cardinal
number of the continuum—any one-to-one mapping of the set of all prime
numbers onto itself leads to an automorphism of this group.

The groups of automorphisms of non-isomorphic groups mav be iso-
morphic. Thus, we have shown above that the group of automorphisms of
the infinite cyclic group is cyclic and of order 2; but this also holds for the
group of automorphisms of the cyclic group of order 3, as one can easily
see. Other examples are the four-group V' and the symmetric group
of degree 3: both have S, as their groups of automorphisms (see §13).
Furthermore, there exist groups that cannot be the groups of automorphisms
of any group. This is true, for example, of all finite cvelic groups of odd
order. As we have seen above, they cannot be the group of automorphisms
of non-commutative groups; but abelian groups, except the cyclic group
of order 2, must always have automorphisms of order 2, so that their
groups of automorphisms, if finite, are of even order.

Among the properties of a group that are preserved in its group of
automorphisms is the absence of a (non-trivial) center.

If G is a group without center, then its group of automorphisins ® also
has no center.

For let ¢ be an automorphism of G other than the identity and let a be
an element of G for which a¢ = a’ %< a. If ¢ were in the center of ®. then
it would be permutable with the inner automorphisni induced in G by a,
that is, for any element g of G we would have

a~l(gp)a=(a"'ga)p=a'"1(gy)a’.

Since the element g¢ ranges over the whole of G as g does, we see that
the elements a and @’ induce the same inner automorphism of G and this
contradicts the assumption that the center of G is trivial.
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§ 13. The Holomorph. Complete groups

The transformation of a group G by one of its elements a carries every
subgroup H of G into a conjugate subgroup a=*Ha (see § 9) and therefore
maps every normal subgroup onto itself. This invariance under all inner
automorphisms of the group could be used as yet another definition of a
normal subgroup. The mapping onto itself which the transformation of G
by an element a induces in a normal subgroup H is an automorphism of H,
but in general is an outer automorphism. In other words, if one group is a
normal subgroup of another, then every inner automorphism of the larger
group induces some automorphism in the smaller one. The question arises
whether it is possible to embed an arbitrary group G as a normal subgroup
in another group such that a// the automorphisms of G are induced by inner
automorphisms of the larger group. We now proceed to show that the
answer to this question is in the affirmative.

In § 5 we have shown that we obtain an isomorphic mapping of G into
S(G) (the unrestricted symmetric group) if we associate with every
element a of G the mapping that cariies each element x of G into ra. The
subgroup G of S(G) onto which G is isomorphically mapped in this way
can be identified with G itself. We must distinguish, however, hetween the
elements of G qud symbols to be permuted and qud elements of S(G) ; we
shall therefore denote by @ the element of G that corresponds to the element
a of G.

The normalizer I" of the subgroup G in the group S(G) is called the
holomorph of the group G. From the definition of the normalizer it follows
that " contains G as a normal subgroup. We wish to prove now that all
the automorphisms of G are induced by inner automorphisms of I'.

We know that @, the group of automorphisms of G, is a subgroup of
S(G). We now show that ® is contained in T, that is, every automorphism
«, considered as an element of S(G), is permutable with G. Let @ he an
arbitrary element of G and consider the mapping of G obtained from the
product ¢=1gp, Under the automorphism ¢ ~! an element 4 of G goes into
x¢~'; the mapping @ now carries this element into the product x¢ ~'-a;
and the automorphism ¢ yields

(xp=t-a)o=(x¢") ¢ -ap=x-ap.

So we see that the product cp"&cp coincides with the element ag of G ;
this shows that the automorphism ¢ belongs to the holomorph I'.
At the same time we see, by letting @ range over all the elements of G,
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that the transformation of G by the element ¢ results in that mapping
of G which coincides with the automorphism ¢ of G : All the automorphisms
of G are induced by inner automorphisms of the holomorph T}

We shall now find the centralizer Z of G in S(G). Suppose the mapping §
belongs to Z, that is, for every @ of G

ol ={a. (1)

The image of the unit element of G under the mapping ¢ is an element of G
which we shall denote by s—1?

— -1
Since =51

1(at)=(1-a)l=at,
1(Ca)=(s"1)a=~C"1a,

we have in virtue of (1)
al=s"'a 2)
for all a of G.
Conversely, for any s of G the mapping { of G onto itself defined by the
equation (2) belongs to Z. For it is obviously one-to-one. If b is any
element of G, then

a (bt) = (ab) L = s~ (ab),

a (Cb) = (al) b = (s~ 1a) b,
that is, 3 B
bt = Cb.

Hence the elements of Z are of the form (2) for all elements s of G.
Different mappings T correspond here to different elements s; that is, the
correspondence between the groups G and Z is one to one. [t is indeed an
tsomorphism: 1If T and n are elements of Z, s and ¢ the corresponding
elements of G, i.e.if forallain G

al=s"la, an=tla,
then

' This gives us the solution of the problem raised above. The rcader who would prefer
to deal with the original group G rather than with G can replace in the set I' the elements
of G by the corresponding elements of G and re-define the group operation of I in the
newly obtained set.
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a(tn) = (@8) 1 = (s~a) n = t-1s~1a = (st)~1a.
The subgroup Z is contained in the holomorph T" of G and is, in fact, a

normal subgroup of I'; this follows from the remark at the end of § 11.
But G is also normal in I. Hence

(2,G}y=ZG.

The subgroup Z G of I" contains the whole group & of inner autoniorphisms
of G. For, the trivial equation

sTlas=(s""a)s (3)

shows that the transformation of G by s is equal, as an element of § (@),
to the product of the element of Z corresponding to s by the element 5 of G.
It also follows from equation (3) that the subgroup Z is contained in the
product of the subgroups & and G, so that

Z2G=®¥G. (+)

The holomorph T coincides with the product of the subgroups ® and G
of S(G), _
I'= 6.

For let t be an arbitrary element of I". Since t is permutable with G, the
transformation of G by t induces an automorphism of G which could also
be obtained, as we have shown above, by the transformation hy an ele-
ment ¢ of ®. The element T~ is therefore permutable with every element
of G; that is, it belongs to Z and so, by (4), to & G. The element 1 there-
fore lies in the product (@’ G)® = ®G.

Complete groups. A group G is called complete if it has no center and
no outer automorphisms. A complete group is therefore isomorphic to its
group of automorphisms. The following theorem (Holder [2]) provides
important examples of complete groups.

The finite symmetric group S, is complete when n =3 and n 6.

Proof. 1Tt is clear that S, is for n = 3 a group without center. Let us
consider its automorphisms. We begin with the remark that the elements
of order 2 in S, are precisely those that decompose into the product of

disjoint cycles of length 2, i.e. into the product of independent transpositions.
Let

a=(2,9)(%2,) ... (Ts_,31), 2=2k=n,
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be one of these elements; all the o, 1=1,2,...,2k, are distinct. We
now show that the class of conjugates of a in S, consists of all permutations
that decompose into a product of k independent transpositions.

For if
b= (6132) (3334) s (pek—lpﬂt)

is any such permutation (all the §i,i==1,2,...,2Fk, are also distinct),
then b is obtained by transforming a by an arbitrary permutation of the form

Aty ... gy ...
(ﬁlpz o Bor - ) ©)
Conversely, any permutation of S, can be written in the form (5), and the
transformation of ¢ by this permutation therefore leads to an element of
the form b.

We denote by Cj the class of conjugate elements of order 2 that are
products of # independent transpositions. In particular, the class C; con-
sists of all the transpositions (o;az).

Every automorphism of a group preserves the orders of the elements
and maps a class of conjugate elements onto a complete class of conjugate
elements. Therefore, if ¢ is an arbitrary automorphism of S,, then it must
map the class C; onto one of the classes Ci, k= 1. We shall now show
that when n £ 6, then the class Cy can be mapped by the automorphism ¢
only onto itself.

This is obvious for n =3, because then the class C; contains all the
elements of order 2 in the group S;. Let n = 4. The class C; consists of

n(n—1)
— ®)

distinct elements. If now k = 2, then the class Cy, consisting of all the
elements of the form

. (299) (93%) . . . (@gk_1%1),
contains exactly

nin—1)...(n—2k+2)(n—2k+1) (7
k12F

elements: The number 2% appears in the denominator because we can
permute the symbols in each transposition, and the number %! because we
can permute the transpositions arbitrarily. If the class C, is mapped by ¢
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onto the class Cy, k = 2, then these classes must consist of the same number
of elements. Equating the numbers (6) and (7) we obtain the equation

(n—2)(n—3) ... (n—2k+2)(n—2k}-1)=FkI2*",  (8)

Since n = 2k, this equation cannot hold for # =2 and any n. Fork=23
it is satisfied when n==6. But when k = 4, then the left-hand side of (8)
is always greater than the right-hand side; it is sufficient to verify this for
n =2k, which gives the smallest value to the left-hand side.

We shall assume from now on that n £ 6. If a is one of the permuted
symbols, then there exists a symbol o’ which is such that all the transposi-
tions containing o are mapped by @ onto the set of all the transpositions
containing o

For we have shown above that the image of a transposition under ¢ is
itself a transposition. If

(aB) 9 = (B'B"):
(Me=0"1")

then the symbols B/, B”, ¢/, " cannot all be distinct, because then the
product of the transpositions (af}) and (ay) would be the element (afy)
of order 3, while the product of their images would be of order 2.

With any four symbols the following could happen:

(@) ¢ = (@),

(@) ¢ ="y

(@) ¢ = (F'Y).
However, the product

(aP) (ad) (ay) = (af8Y)
is then of order 4, while the product of the images

@B F1) @'v)= (")
is of order 2. This shows that the images under @ of all the transpositions
of the form (af) for given a contain a common permuted symbol @’. These
images exhaust all the transpositions containing the symbol «’, since other-
wise the inverse automorphism ¢—* would lead to a contradiction to the

above result.
The, mapping a— o is therefore a one-to-one mapping of the set of all
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permuted symbols onto itself, that is, it is an element of the group S,. We
denote it by s, so that
o/ =as.

If (af) is now an arbitrary transposition, then its image under ¢ must be
a transposition that contains both the symbols as and Bs, so that

(@B) ¢ = (as, Bs).

However, on the right-hand side we have the image of the transposition
(af) under the transformation by the permutation s. Thus we have shown
that the automorphism ¢ coincides with the inner automorphism induced
by the element s; this is true for all transpositions and therefore for all the
elements of S, which are of course products of transpositions. This com-
pletes the proof of the theorem.

In the group of automorphisms of the symmetric group S, the outer auto-
morphisms form a single coset of the normal subgroup of inner automorph-
isms, so that the order of the group is 26! = 1440 (see Holder [2], p. 343).

In the paper by Schreier and Ulam [3] it is shown that for any infinite
set M the unrestricted symmetric group Sy is complete. Further examples
of complete groups can be found in the paper by Golfand [3] in which the
automorphisms of the holomorph of certain groups are studied.

The question whether non-isomorphic groups may have isomorphic holo-
morphs is studied by Mills [1], [2].

§ 14. Characteristic and fully invariant subgroups

Two elements o and b of a group G are said to be of equal type if there
is an automorphism ¢ of G carrying a into b:

a@=">.

Elements of equal type obviously have the same order. The whole group
splits into disjoint classes of elements of equal type, each of which is a
normal subset of G. A class of elements of equal type in G is a class of
conjugate elements in the holomorph of G. This enables us to carry over
to classes of elements of equal type many of the results that have been
obtained in § 11 for classes of conjugate elements.

Subgroups and classes of subgroups of equal type in a group G are defined
similarly. Subgroups of equal type are clearly isomorphic and moreover
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have equal indices: If A and B are subgroups and if ¢ is an automorphism
for which 4@ = B, then for every element g of G the coset 4g is mapped
by ¢ onto the coset B(gq:). Since g is an arbitrary element of G, this
establishes a one-to-one correspondence between the right cosets of 4 and
those of B. Our result also follows easily from the remark that a class of
subgroups of equal type in G is a class of conjugate subgroups in the holo-
morph of G.

Just as we singled out normal subgroups as those that coincide with all
their conjugate subgroups, so we shall now select subgroups that coincide
with all their subgroups of equal type, i.e. that are mapped onto them=
selves under all the automorphisms of the group. Such subgroups are called
characteristic. They are obviously normal subgroups.

A characteristic subgroup H of a group G is normal in any group G in
which G is normal. For, every inner automorphism of G induces some
automorphism in G and therefore maps H onto itself. Conversely, it follows
immediately from the definition of the holomorph that a subgroup H of a
group G which is normal in the holomorph of G is a characteristic sub-
group of G.

The subgroups H of a group G that are mapped into themselves (that

is, onto themselves or onto a proper subgroup) under all the endomorphisms
y of G,
HycH,

are called fully invariant (or fully characteristic) ; they play the same role

with respect to endomorphism as characteristic subgroups do with respect to

automorphisms and normal subgroups with respect to inner automorphisms.
Every fully invariant subgroup is characteristic.

For if a subgroup A is fully invariant in G, then it is mapped into itself
by all the automorphisms of G.” But if an automorphism ¢ maps 4 onto a
proper subgroup, then ¢ ~' maps this proper subgroup onto a subgroup
properly containing it, and this contradicts the assumption.

The property of being characteristic and that of being invariant are
transitive (in contrast to the property of being normal) : If A4 is character-
istic (fully invariant) in B, and B in C, then A is characteristic (fully
wnvariant) in C. For every automorphism (endomorphism) of the group C
maps B isomorphically onto itself (homomorphically into itself) and there-
fore maps A ®nto itself (into itself).

Note, however, that if

AcBcC
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and if A4 is characteristic (fully invariant) in C, then it need not be char-
acteristic (fully invariant) in B.

The intersection of any set of characteristic (fully invariant) subgroups
of a group G and the subgroup gemerated by such a set are themselves
characteristic (fully invariant) subgroups of G.

The first of these statements is obvious, and the second is proved as
follows: If the subgroups 4, are fully invariant (@ runs through some
index set) and if they generate the subgroup B, then every element b of B
is of the form )

b= Qg a .+ Aoy G € ‘4“4'

Now if y is an arbitrary endomorphism of G, then
by = Qo X * QY+ Qe s

but since Qo)X IEAa‘, byeB. If the 4, are characteristic subgroups and ¥y is
an automorphism, then we again obtain that By © B. This cannot be a
strict inclusion, for then %~! would map this proper subgroup onto a sub-
group properly containing it.

Every group has two fully invariant, and therefore characteristic, sub-
groups: the group itself and the unit subgroup. Groups that have no other
characteristic subgroups are called elementary. All simple groups, of course,
are of this kind. Another example of an elementary group is the four-group
V' of order 4.

" All subgroups of a cyclic group are fully invariant. For if the endo-
morphism y maps the generator a of the cyclic group into a¥, ay = a¥, then

(@)1 = a0 = a,

so that the cyclic group of the element ¢ is mapped onto itself.

The center of a group is a characteristic subgroup, because if an element
is permutable with all the group elements then so is its image under an
automorphism: If

ax =xa for all xeG,

then for every automorphism ¢ we have
ap - Xp=x9 - ag,

but ¢ ranges over the whole of G as » does.
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It should be noted, however, that the center of a group is not always
fully invariant. Let us consider, for example, the group G of all non-
singular matrices of order 2 with rational elements. If a is such a matrix,
then its determinant is a rational number different from zero and can
therefore be written in the form (s/t) + 2#(®), where the numbers s and ¢ are
odd and # is an integer. Since the determinant of a product of matrices
is equal to the product of their determinants, we have

n(ad) = n(a)+ n(d).

We now define a mapping ¢ of G into itself by associating with every
matrix ¢ of G the matrix

1 n(a)
”‘f’:(o 1 )

which also belongs to G. The equations

(ab)?___((l) n(z;b))z((l) n(a);-}—n(b)>=<(l) nl(a)).((l) nl(b))=a‘?'b<9

show that ¢ is an endomorphism of G. However,

G 5= 3)

so that a matrix belonging to the center of G goes over into one outside
the center.

As examples of fully invariant subgroups of an arbitrary group G we
can take the subgroup generated by the n-th powers of all the group elements
or the subgroup generated by all elements of finite order. For, the image
of the n-th power of an element @ under any endomorphism is the #-th power
of the image of a, and every element of finite order is mapped into an element
of finite order.
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Commutators. Important examples of fully invariant subgroups arise
from the following concept, which is also of great interest in its own right:
If @ and b are elements of an arbitrary group G, then the element

[a, 6] =a~1b~1ad

is called the commutator of a and b. The commutator is equal to the unit
element if and only if @ and b are permutable, and in a certain sense it is a
measure of the non-permutability of these elements, since

ab=ba . [a, b].

The following properties of commutators are verified by an immediate
calculation (a, b, ¢ are arbitrary group elements) :

la, b][b, al=1; Thence [a, b]-1=|b, a]. 1)
[a, 6= =0b[b, alb~1, [a~!, b]=al[b, a]la~l. (2)
[ab, c)=0b"1[a, c]bIb, c]. 3)

[a, bc)=1a, c]c*![a, b]c. 4)

We can regard the formation of the commutator as a new operation defined
in the set of group elements. This operation is not, in general, associative ;
that is, the equation

[[a’ b]) c]-_—..[a, [bs C]] (5)

does not always hold. In order to give an answer to the question of when
equation (5) is satisfied in a group G, we define the following class of
groups, which is much wider than that of the abelian groups.

A group G is saidh to be nilpotent of class 2 if the commutator of any
pair of its elements lies in the center.

Nilpotent groups will be studied in Chapter XV. Their fundamental role
in connection with the operation of forming commutators is made clear by
the two following theorems (Levi [6]).

1. The operation of forming commutators is associative in nilpotent
groups of class 2, and in them only.
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Equation (5) is always satisfied in a nilpotent group of class 2, since
both sides are equal to the unit element. Conversely, let G be a group in
which equation (5) holds for all elements a, b, ¢. Putting ¢ = b we obtain

[[d, b,], b] = l;
hence by (2) and (1)

[a, b]"'=1a, b-1). (6)

Since @ and b are arbitrary elements, we replace them in (6) by b and
a~? respectively and then apply (1). We obtain

la, b1 =[a"1, bl. (7)
From equations (6) and (7) it follows, finally, that
la, b]=la"1, 67!]. (8)

Now we again consider arbitrary elements a, b, ¢ and change the left-
hand and right-hand sides of equation (5), applying formulas (6), (7),
(8), and (1), where necessary:

(la, 8], c] =1la, b]1,c~1] =[a, blc [a,b]" e~ = [a~ 1,6~ c[a"%, blc~ Y4
[a,[0,cll =[a"1,[b,c]"Y] =alb,cla~[b,c]"1=a[c~1,b]a~1[b, c1).

We equate the results thus obtained and after some simple manipulations
arrive at the equation

ba—1b0-1cab-la—lc~1bab~lcbc—1 = 1.
Hence
(61, a]lb-1{a, b~ 1lc]lb=1

or in view of (1),
[la, b-1c), b) =1.

However, a, b—'¢, b are arbitrary elements of the group, since a, b, ¢ are.
We have thus proved that the commutator of any pair of elements of G is
permutable with all the elements of the group or, in other words, that G
is nilpotent of class 2.

I1. In nilpotent groups of class 2, and in them only, is the operation of
forming commutators linked with multiplication by distributive laws,
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[ab, C]=[a’ C] [b’ C], (3')
la, bc)==[a, b]la, cl. 4

For, the right-hand sides of the equations (3) and (3’) are equal to each
other if and only if
b1 [a, c] b= (a, c]

for arbitrary a, b, c, that is, if the group G is nilpotent of class 2.

The derived group

The subgroup G’ of a group G generated by the set of commutators of
every pair of elements of G is called the derived group (or commutator
group) of G. The derived group is a fully invariant, and therefore a char-
acteristic, subgroup. For, any endomorphism y of G maps the commutator
a~*b~'ab of two elements a, b into the element

(a=1b~1ab) y = (ax)~* - (bx)~* ax - b

which is also a commutator.
The significance of the derived group is brought out by the following
theorem.

The factor group of the derived group is abelian; conversely, the derived
group is contained in any normal subgroup whose factor group is abelian.

For if ¢ and b are arbitrary elements of G, then
aG@ . bG’ = abCG’ = ba|a, b] G’ = baG’ = b@ . a@,

since [a, b] is contained in G’. On the other hand, if the factor group G/N
is abelian, then the commutator of any pair of elements of G is contained
in N, that is, G' S N,

By virtue of the connection between normal subgroups and factor groups
which was established in § 10, we deduce from the first part of this theorem
that every subgroup of a group G that contains the derived group G’ of G
is normal in G.

The definition of the derived group and the above theorem enable us to
re-formulate the definition of a nilpotent group of class 2 in two ways:

A group G is nilpotent of class 2 if and only if its derived group is contained
in its center.
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A group G is nilpotent of class 2 if and only if its center has an abelian
factor group.

The derived group of a group G coincides with E if and only if the group
is abelian, that is, if the group coincides with its center. This link between
the derived group and the center, however, does not hold the other way
round (as would appear natural at first sight) : if the center of a group is
the unit subgroup, then it does not follow that the derived group coincides
with the group itself. For example, the symmetric group S, with n =3
is a group without center ; but its derived group is the alternating group A,.
This can be verified immediately for n =23 and 4; and for n =5 we
argue as follows: The factor group S,/A4, is cyclic of order 2 and
hence is abelian. Therefore, by the theorem above, the derived group of S,
is contained in 4,. Now since S, is non-commutative and A4, is simple it
follows that the derived group coincides with A4,. Similarly, if the derived
group is the whole group, it does not follow that the center is the unit sub-
group. As an illustrative example we mention, without going into details,
the multiplicative group of matrices of order » = 1 with complex elements
and with determinant + 1.

The following remark is an immediate consequence of the definition of
the derived group: The derived group of a subgroup is always contained
in the derived group of the group.

Let G’ be the derived group of a group G. The derived group G” of G’
is called the second derived group of G. Continuing further, we obtain a
descending sequence of subgroups, the so-called derived chain of G. This
chain can be continued transfinitely if we define the a-th derived group G
of a group G as the derived group of G*-1) when a is not a limit ordinal
number and as the intersection of all G(f) with 8 < a when a is a limit
ordinal number. There exists, then, an ordinal number t whose cardinal
number is not greater than that of the group G itself, for which

G(':) i G(H-l)’

so that from this term onward the derived chain becomes stationary.
Mal’cev [7] has proved that for any given t there exist groups whose
derived chain becomes stationary exactly at 1.

All the successive derived groups of a group G are fully invariant.
For a proof we need only use the fact that the property of being fully

invariant is transitive and is preserved in intersections.
Let A4 and B be any two subsets of a group G. We define the commutator-
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group [ A, B] of these subsets as the subgroup generated by all commutators
of the form [a, b], where ae 4, be B. Thus,

G'=[G,G].

With the help of this concept we now construct another descending sequence
of fully invariant subgroups of a group G, namely its lower central chain.
This is the sequence

G=G,2G,2G,2...2G,2...,
where
Ga...1=[Gaa G])

and when a is a limit ordinal number, G, is the intersection of all G with
f < a. Thus, Gy==[G, G] coincides with the derived group G’ of G;
G, =[G, G]; that is, G, is the commutator-group of G’ and G ; and so on.
This chain, too, becomes stationary at an ordinal number o, and for every o
there exist groups whose lower central chain becomes stationary exactly
at 6. (Mal'cev [7].)

All the terms of the lower central chain of a group G are fully invariant.
Suppose this has already been proved for all Gg with f < a. If ais a limit
ordinal number, then we need only use the fact that the intersection of fully
invariant subgroups is fully invariant. But if a —1 exists, then G, is
generated by the commutators of the form [a, g] where a€ Go—1, g€ G.
However, if ¢ is an arbitrary endomorphism of G, then

la, glo=1lag, g9l;
but a¢ € G,_,, gpeG, and so

[acp, g‘?] € Gu’

that is, G0 € G,.

The concept of the lower central chain gives us yet another variant of the
definition of a nilpotent group of class 2:

A group G is milpotent of class 2 if and only if the second term G, of its
lower central chain is the unit subgroup.

For, the equation [G’, G] = E is equivalent to the derived group being
contained in the center. Various properties of the commutator-group of a

pair of subgroups and some generalizations of this concept can be found in
papers by P. Hall [2], Baer [29], and Golovin [3].
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§15. Groups with operators

Normal, characteristic, and fully invariant subgroups of a group G play
similar roles with respect to the group of inner automorphisms, of all auto-
morphisms and, finally, the set of all endomorphisms of G. A natural
generalization of this would be the selection of an arbitrary set V' of endo-
morphisms of G and the study of V-invariant subgroups, that is, subgroups
that are mapped into themselves under all endomorphisms in 7. We shall
use this method occasionally ; but for various applications—in the theory of
rings, in linear algebra, etc.—of even greater value is a further generalization :
the study of groups with operators.

Let G be a group and = a set of symbols o,7,.... G is called a group
with operator domain =, and the symbols of T are called operators of G if
with every symbol o of X there is associated a certain endomorphism of G
so that to each element a of G there corresponds an element ao of G, where

(ab)o=aaq - ba,

Distinct operators of £ may be associated with one and the same endo-
morphism, that is, for 0 54 t we may have a6 = a1 for all @ of G. It is this
fact that makes the study of groups with operators more general than that
of ordinary groups in which certain sets of endomorphisms have been
selected for a special role.

Two groups G and G with one and the same operator domain 3 are called
operator isomorphic if they are isomorphic and if the isomorphism between
them can be established in such a way that for any two corresponding
elements o of G and @ of G and all ¢ of £ the elements ac and ao also
correspond.

For the study of groups with operators, only operator-isomorphic groups
shall be considered identical. Every group in the ordinary sense of the word
can therefore give rise to several distinct operator groups. At first sight
this splitting up of the group concept is inconsistent with the uniformity we
achieved when we singled out the concept of group operation as the proper
object of our study. We shall see, however, that many important group-
theoretical theorems assert an isomorphism between certain groups (or
subgroups) and that in the case of operator groups this turns out to be an
operator isomorphism. It is clear that by formulating and proving these
theorems for operator groups we achieve a greater generality ; in order to
obtain the corresponding theorems for groups without operators it then
suffices to assume that the operator domain is empty.
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et G be a group with operator domain 2 and let I; be the set of endo-
morphisms of G that correspond to the operators of . A I/g-invariant sub-
group of G is called an admissible subgroup of G with respect to the operator
domain . In other words, a subgroup H of G is admissible if for each of its
elements a it also contains the corresponding elements ao for all ¢ of Z, or if

Hs = H.,

Thus, each operator of ¥ induces an endomorphism in every admissible
subgroup. Admissible subgroups can therefore be regarded as operator
groups with the same operator domain. Subgroups that are admissible
subgroups for every operator domain are precisely the fully invariant sub-
groups, while the center, for example, is not always admissible, as we have
shown in the preceding section.

ExampLE 1. If we take as operators of a group all the inner automorph-
isms, then the normal subgroups, and no others, are admissible. If all the
automorphisms of the group are chosen as its operators, then the admissible
subgroups are characteristic, and if the operator domain consists of the set
of all endomorphisms of the group, then only the fully invariant subgroups
are admissible.

ExampLE 2. Let R be a ring, not necessarily commutative. A subset R’
of R is called a subring if it is itself a ring with respect to the operations
that are given in R. The additive group of the subring R’ is obviously
a subgroup of the additive group of R. A subring A of R is called a lejt
tdeal in R if it permits multiplication on the left by elements of R, that is,
if for any @ in 4 and r in R the product ra lies in A. Right ideals and two-
sided ideals are defined similarly. In commutative rings of course one simply
speaks of ideals. Every ring has two two-sided ideals: the ring itself and
the zero ideal consisting of the zero only.

It is easily verified that the additive group of a ring R undergoes an
endomorphism if all the elements of the ring are multiplied on the right by
a fixed element @ of R. The ring R is therefore an operator domain for
its additive group and the admissible subgroups are the right ideals. Multi-
plication of all the ring elements on the /eft by an element @ of R also induces
an endomorphism of the additive group of the ring. The elements of R
therefore constitute yet another operator domain for its additive group;
this time the left ideals are admissible. The union of these two operator
domains—every ring element must, of course, be taken in two copies—gives
an operator domain for which the two-sided ideals of the ring are admissible.



106 Part ONE. IV. ENDOMORPHISMS, AUTOMORPHISMS, GROUPS WITH OPERATORS

ExamrpLE 3. Every vector space V' over a field F is an abelian operator
group with the field F as operator domain. For, the condition

(a + b)a=ao + ba,

where a, belV/, aeF, is part of the definition of a vector space. Admissible
subgroups are the linear subspaces.

ExampLE 4. Every abelian group can be regarded as an operator group
with the ring of integers as operator domain. The endomorphism corres-
ponding to the integer n is the mapping of the element a into ¢” (or, in
additive notation, na). For in abelian groups the equation

(ab)n = anbn,

always holds. For this set of operators every subgroup is admissible.

The introduction of operators leads to a selection of the admissible sub-
groups from all subgroups and of the operator isomorphisms from all iso-
morphic mappings of the group in question. If we consider a group G with
an operator domain ¥, and if J; is the set of endomorphisms of G that
correspond to the operators of Z, then we can consider the group G in a
natural manner as a group with operator domain J; , and from the defini-
tion of admissible subgroups it follows that the same subgroups of G are
admissible for £ and for ;. This remark allows us to assume, if necessary,
that the set of operators is a subset of the set of all endomorphisms of the
group. However, only the general definition of an operator domain that we
have given above enables us to consider every ring as operator domain of its
additive group (Example 2). For the ring may contain elements, different
from the zero element, whose product with any ring element is the zero
element.

Many of the concepts that we have introduced and some of the theorems
that we have proved previously for groups without operators can be carried
over to the case of operator groups. We shall indicate here the concepts and
results that will be used later ; the details of the proofs are left to the reader.

Let G be a group with operator domain 3. About the admissible sub-
groups of G we can state the following:

The intersection of any set of admissible subgroups is itself an admissible
subgroup. The intersection of all admissible subgroups that contain a given
subset M of G is called the admissible subgroup generated by M. If M con-
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sists of a single element a, then we obtain the admissible cyclic subgroup
or monogenic subgroup of a which differs, in general, from the cyclic sub-
group {a}. The subgroup generated by any set of admissible subgroups and
the union of an ascending sequence of admissible subgroups are themselves
admissible subgroups.

If the admissible subgroup generated by a subset M coincides with the
whole group G, then M is a system of gemerators for G for the operator
domain 2. Note that a group may have a finite system of generators for a
given operator domain, although as a group in the ordinary sense of
the word it may not be finitely generated. For example, the n-dimensional
vector space ' over a field F has,qud operator group, a system of n gen-
erators—any basis of the space will do—while the group V, for a non-
denumerable field F, is also non-denumerable, so that as a group without
operators it cannot be finitely generated.

If,

G, G, ..., G, .

are groups with the same operator domain X and if for each » there exists
an operator-isomorphic mapping ¢, of G, into G,4i, then the (direct)
limit group G of these groups (see §7) is also an operator group with the
operator domain 2, and the groups G, (n==1,2,...) are operator-
isomorphic to certain admissible subgroups of G.

A normal subgroup of an operator group which is an admissible subgroup
of that group is called an admissible normal subgroup. The intersection of
any set of admissible normal subgroups and the subgroup generated by
such a set are themselves admissible normal subgroups. A group that has
no admissible normal subgroups except the group itself and the unit sub-
group is called simple (with respect to the given operator domain). Such
a group when considered without operators need not, of course, be simple.

If G and G’ are groups with the same operator domain, then in analogy
to the operator isomorphism we call a homomorphic mapping of G onto G’
an operator homomorphism. if for any a of G and its image ¢’ in G’ and for
every operator ¢ of X the image of ac under this homomorphism is &’o.
The normal subgroup of G that is mapped onto the unit element 1’ of G’
under such a homomorphism is admissible, for as 1’6 =1’ for all ¢ of 3,it
follows that this normal subgroup when it contains an element @ also
contains all the elements ao.

Conversely, let an operator group G with operator domain ¥ be mapped
homomorphically onto a group G’ and let the kernel H of this homomorphism
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be admissible. Then the operators of 2 can be transferred to G’ in the
following way: If @ is an element of G’ and ¢ an operator of X, then we
take one of the originals @ of & in G and denote the image of ac by da’o.
It is easy to see that the element a’c is independent of the choice of a,
because the normal subgroup is admissible. We obtain, in particular, that
the factor group of an operator group with respect to an admissible normal
subgroup is also an operator group with the same operator domain, and
the natural homomorphic mapping of the group onto its factor group is an
operator homomorphism.

The reader can now prove without any difficulty that every group G’ onto
which a group G can be mapped operator homomorphically is operator
isomorphic to the factor group of G with respect to some admissible normal
subgroup; that is, he can prove the homomorphism theorem for operator
groups.

If H is an admissible normal subgroup of G, then in the relation that
exists between subgroups of G containing A and subgroups of the factor group
G/H adwmissible subgroups correspond to admissible subgroups. The proof
of this statement follows immediately from an application of the above
method of transferring operators to a factor group.

The isomorphism theorem also remains valid for operator groups:

If A and B are admissible subgroups of an operator group G and if A is
a normal subgroup of { A, B}, then the intersection ANB is an adwmissible
normal subgroup of B and the factor groups { A, B}/ A and B/(ANB) are
operator isomorphic.

The proof of this theorem is the same as without operators. The operator
isomorphism is obtained as a consequence of applying the homomorphism
theorem for operator groups.

Zassenhaus’ lemma can also be extended to groups with operators. In its
formulation we must again speak of admissible subgroups and of operator
isomorphisms.

An operator endomorphism of a group G with operator domain X is an
operator-homomorphic mapping of G onto or into itself. In other words,
% is an operator endomorphism if for every element a of G and every
operator ¢ of £ we have

(a0) y = (ay) o (1)

A special case of the concept of an operator endomorphism is the concept
of an operator automorphism, that is, an operator-isomorphic mapping of G
onto itself.



§ 15. Grouprs WITH OPERATORS 109

An immediate consequence of the definition of an operator endomorphism
is the following theorem (in which the term permutability must be under-
stood in the sense that the multiplication of endomorphisms is commutative) :

An endomorphism vy of a group G is an operator endomorphism with
respect to an operator domain X if and only if it is permutable with all
endomorphisms that correspond to the operators of Z, that is, with all
endomorphisms of the set I5.

For the proof, we replace the operator ¢ in (1) by the endomorphism corres-
ponding to it. As an example, we note that the operator endomorphisms
of a vector space IV over a field F are precisely the linear transformations,
since the conditions

(a+0)p=ao+t by, (a2)p=/(av)a,

where a, bel/, aeF, constitute the definition both of a linear transforma-
tion and of an operator endomorphism.

All the properties of operator endomorphisms and automorphisms follow
easily from this theorem. For example, the product of two operator endo-
morphisms is itself an operator endomorphism. So is the null endomorph-
ism. We note, further, that the identity automorphism, being permutable
with all endomorphisms, is always an operator automorphism; the same
applies to the inverse automorphism of an operator automorphism. In con-
junction with the above remarks on the product of operator endomorphisms
and automorphisms this permits us to speak of the group of operator auto-
wmorphisms of an operator group. This is a subgroup of the group of all
automorphisms.

Finally, we remark that the image of an admissible subgroup of an operator
group G under an operator endomorphism is an admissible subgroup: 1f H
is an admissible subgroup, that is, if for every operator o

HescH,
then for an operator endomorphism y we have
(H) o = (Ho) y = Hy,

so that the subgroup Hy is admissible. This also follows from the homo-
morphism theorem.

In particular, the image of the group G itself under an operator endo-
morphism is an admissible subgroup.



CHAPTER V

SERIES OF SUBGROUPS. DIRECT PRODUCTS.
DEFINING RELATIONS

§ 16. Normal series and composition series

In the theory of groups and its applications certain ordered systems of
subgroups of a given group play an important role: the subgroups are
embedded in one another and the systems are subject to various additional
conditions. In the present section we shall study properties of such ordered
systems or “series” of subgroups; the results to be obtained here will find
many applications later,

A finite system of subgroups of a group G

G=0y2G;5G,>...oG,=E )

beginning with G itself and ending with the unit subgroup, is called a normal
series of G if every subgroup G, is a proper normal subgroup of G;_,,
1=1,2, ..., k. In particular, G, is a normal subgroup of G, G, is a normal
subgroup of G, but not necessarily of G, and so on.

Every group, of course, has normal series: we need only take, for example,
the series GO E. If H is a normal subgroup of G, distinct from G and E, then

GoHoE

is a normal series. In other words, in every group G there exist normal
series that pass through a given normal subgroup of G.
The factor groups

G/Gy, G,/C,, ..., Gy_,/E

are called the factors of the normal series (1). The number of factors is

called the length of the series ; the length of the series (1), for example, is k.
A normal series

G:H1=H2:...=H1—E (2)

is called a refinement of the normal series (1) if every subgroup G, of (1)
coincides with one of the subgroups Hj, that is, if all the subgroups that
occur in (1) also occur in (2). In particular, every normal series is a
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refinement of itself. The lengths of the normal series (1) and its refine-
ment (2) of course satisfy the inequality & = /.

Two normal series of a group are called isomorphic if their lengths are
equal and their factors can be put into one-to-one correspondence in such
a way that corresponding factors are isomorphic groups. In this definition
it is not assumed that the correspondence should preserve the order of the
factors. For example, if we take a cyclic group of order six, G ={a},a* =1,
then the normal series GD{a?}>E and G>{a*}>E are isomorphic—
since their factors are one cyclic group of order two and one of order
three—although the factors are differently arranged in the two series.

All the definitions given above carry over to the case of groups with
operators. In the definition of a normal series we must, of course, speak
of admissible subgroups and admissible normal subgroups and, in the defini-
tion of isomorphic series, of operator-isomorphic factors. All further devel-
opments of the present section are presented on the understanding that all
the groups to be studied have a (possibly empty) set of operators.

The following theorem is fundamental in the theory of normal series:?

ScHREIER'S THEOREM. Any two normal series of an arbitrary group have
isomorphic refinements.
Proof: Let
G=G2G12GyD...OG,=E (3)
G=H,>H,oH;>.. DH,=—E 4)

be two normal series of a group G. Put

G‘j = G" (G(,...lnHj) H
Hi=H;j. (Hj—aN Gy) 5

here Gy and Hy; are groups since, for example, G, is a normal subgroup,
and G,_, N H;a subgroup, of G;_,. Fori=1,2,...,k,andj=1,2,...,!,
we now have

Gt—l - Giog Gi, j—1 EGUEGH == Gt,

Hj  =Hy2H,_, 2Hy=2H,;= H;,.

By Zassenhaus’ lemma (§ 10 and § 15) G, is a normal subgroup of Gy, j—1,
and H;; a normal subgroup of H;_,, ;, and the corresponding factor groups
are isomorphic,

Gt,}—l/G[j:Hi—l.j/Hij- (5)

' Q. Schreier [5]. The proof in the text is due to Zassenhaus [1].
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If we insert in (3) all the subgroups Gy, j=1, 2, ..., i— 1, between
Gi—1 and G;,i=1,2,...k, then we obtain a refinement of (3) which is,
in general, a normal series with repetitions, because some subgroups G;, j—1
and G,; may be equal. Similarly, we construct a refinement of (4) by means
of the subgroups Hy. These refinements are isomorphic, by (5). To
conclude the proof it now remains to eliminate the repetitions. How-
ever, if G, ;_; =Gy, that is, if G; ;_1/G;j=E, then we have by (5)
H,_y, == H,;, and therefore we can eliminate simultaneously all the repe-
titions in these refinements of the series (3) and (4) without destroying
the isomorphism. This completes the proof of Schreier’s theorem.

A normal series that has no refinement (without repetitions) other than
itself is called a composition series. In other words,

G=G5G,2G,>...0G,=E

is a composition series of G if every G;,i=1, 2, ..., k, is a proper maximal
normal subgroup of G;_;. All the factors of a composition series are obvi-
ously simple groups. Conversely, every normal series whose factors are
all simple groups cannot be further refined; that is, such a series is a
composition series. Therefore every normal series that is isomorphic to a
composition series is itself a composition series.

The following theorem is an immediate consequence of Schreier’s
theorem:

JorDAN-HOLDER THEOREM. If a group G has a composition series, then
any two composition series of G are isomorphic.

For, any isomorphic refinement of the given pair of composition series
must coincide with both these series.

If a group G has a composition series, then every normal series of G can
be refined to some composition series; its length, therefore, does not exceed
the length of the composition series of G.

For the proof it is sufficient to apply Schreier’s theorem to the given
normal series and to one of the composition series of the group.

For brevity, we shall in the sequel call the common length of the composi-
tion series of a group the composition length and the factors of any com-
position series the composition factors of the group.

It is by no means true that every group has a composition series. For
example, every normal series of the infinite cyclic group has proper refine-
ments. For, the last subgroup but one of such a series is itself an infinite
cyclic group, and therefore additional terms can be inserted between it and
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the unit subgroup. More generally, an abelian group without operators
must be finite if it has composition series, since the composition factors of
such a group can only be cyclic groups of prime order. Every finite group
has a composition series, of course. So does every simple group G—the
existence of infinite simple groups has been proved in § 9—the only com-
position series being GO E. We shall prove helow a simple necessary and
sufficient condition for the existence of a composition series in a group.
First we require some new definitions.

We shall say that a subgroup H of a group G is an accessible subgroup
if it occurs in a normal series of G. In other words, the accessible subgroups
of a group G are all the normal subgroups of G, all the normal subgroups
of these, and so on. It is clear that an accessible subgroup of an accessible
subgroup is itself an accessible subgroup.

A descending sequence of subgroups of a group G,

G=H,DHoH,>...oH,>..., (6)

is called a descending normal chain of G if every subgroup H,, n = 1,2, . ..
is a proper normal subgroup of H,_,. A descending normal chain can bhe
either countable, with the order type of the natural numbers, or finite. In
the latter case we say that the chain breaks off. Every normal series is an
example of a normal chain that breaks off. The following sequence of sub-
groups of the infinite cyclic group G = {a} serves as an example of an
infinite descending normal chain:

Go{a?)o{at}>...0{a®}>...
An ascending sequence of subgroups of a group G,

EcF,c Fpbo...cF,c..., (7)

is called an ascending normal chain of G if every subgroup F,,n=1,2, ...,
is a proper normal subgroup of F, and if all the subgroups F, are acces-
sible in G.* An ascending normal chain can be either infinite or finite;
examples of the former can be found in the additive group of rational
numbers or in a group of type p= (§7).

A group G has a composition series if and only if all ascending and all
descending normal chains break off.

! The last condition is automatically fulfilled in the case of descending normal chains.



114 Parr ONE. V, SERIES oF SuBGROUPS. DirecT ProbucTS. DEFINING RELATIONS

For let G be a group with a composition series and let  be its composition
length. If G had an infinite descending normal chain (6), then for n =k
the normal series

GoH >H,>...oH,>E,

consisting of the first # terms of (6) and the unit subgroup, would have a
length exceeding k. But this contradicts Schreier’s theorem. Assume now
that G has an infinite ascending normal chain (7). Then we take n = k
and construct any normal series of G containing F,:

GoG,o...0G,_;DF,o...DE, s=1.

Such a series exists since F, is, by assumption, an accessible subgroup.
But then the series

Go5G>...0G,.;oF,oF, ,o...0F,oF,oE

is normal and its length is greater than %, which again contradicts
Schreier’s theorem,

Conversely, let us assume that all ascending and descending normal chains
of a group G break off. From the fact that the ascending chains break off
it follows that every accessible subgroup H of G (other than E) must have
at least one proper maximal normal subgroup. For if every proper normal
subgroup of H were contained in a larger proper normal subgroup, then
we would obtain an infinite ascending chain of normal subgroups of H, and
this would be an ascending normal chain of G.

We now construct the required composition series of G as follows: We
take a proper maximal normal subgroup H, of G. If

H0=G, H’, H2, ceey H”,

have been chosen in such a way that each is a proper maximal normal sub-
group of the preceding one, then H, is obviously accessible in G. If H, 5% E
we take as H,, one of the maximal normal subgroups of H,. Since a
descending normal chain breaks off, we must arrive at the unit subgroup E
after a finite number of steps, that is, we obtain a composition series of G.
This completes the proof.

If a group has a composition series, what can we say about its subgroups ?
The example of the countable alternating group (see §4) shows that a
group with a composition series may contain o subgroup that has no com-
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position series. For, the group is known to be simple (see § 9) and so has
a composition series, but its subgroup generated by the permutations

b"=(4"—~3, 4‘”—2)(471—"1) 4")1 n=1; 2, ey

is infinite and abelian—the latter because all the elements b, are clearly
permutable—and therefore cannot have a composition series.

However, every accessible subgroup H of a group G with a composition
series has itself a composition series. For H occurs in a normal series of G,
which by assumption can be refined to a composition series. The segment
of this series between H and the unit subgroup is a composition series for H.
It also follows that if H is a proper accessible subgroup of G, then the com-
position length of H is less than that of G and the composition factors of H
form part of the system of composition factors of G. Furthermore, if H is a
normal subgroup of G,then the segment between G and H of a composition
series containing F leads to a composition series of the factor group G/H.
Hence it follows that every factor group G /H of a group G with a composi-
tion series has itself a composition series ; its composition length is equal to
the difference between the composition lengths of G and H, and its com-
position factors together with the composition factors of H form the system
of composition factors of G.

Certain conclusions about arbitrary subgroups of a group with a com-
position series can be reached from the following theorem, which refers to
arbitrary groups:

If a normal series
G=Gy0G,2G,0...0G,=E, (8)

is given in a group G, then every subgroup F of G has a normal series whose
factors are isomorphic to subgroups of distinct factors of (8).

Forif F;F=FNG,;, i=0, 1, 2, ..., k, then by applying Zassenhaus’
lemma to the case A=F, A/=E, B=G;_,, B’=G; we find that
F, is a normal subgroup of F;_, and that

Fy_y|Fy= GiF;_,/G;.

But G;_, 2 G,;F;_, 2 G, that is, the factor group F¢_,/F; is isomorphic
to a subgroup of the factor group G;_,/Gq. The series



116 ParT ONE. V. SERIES OF SUBGROUPS. DIRECT PRODUCTS. DEFINING RELATIONS

after deletion of all repetitions, is therefore the required normal series of F.

The theorems of Schreier and Jordan-Hoélder and the deductions from
them have been obtained for groups with an arbitrary operator domain.
If all the inner automorphisms are adjoined to the operator domain, then
only the normal subgroups remain admissible. In this case the concept of
a composition series turns into that of a principal series: a series of subgroups

G=HyDH>DHy>...oHy=E

is called a principal series of G if every H;, 1=1,2,...,k, is a maximal
normal subgroup of G contained in H;_, as a proper subgroup. The con-
dition for the existence of a composition series that we have proved above
turns in the present case into the following theorem:

A group G has a principal series if and only if all its ascending and
descending chains of normal subgroups break off.

Such chains will in the sequel be called ascending and descending principal
chains of G.
The Jordan-Holder theorem leads in this case to the following theorem:

If a group has a principal series, then any two of its principal series are
isomorphic.

The connection between the composition series of a group and of its
accessible subgroups does not carry over to the case of principal series.
For if a group G has a principal series and if we take one that passes through
a given normal subgroup H, then the segment between H and E need not
be a principal series of H, since there may exist, in general, normal sub-
groups of /{ that are not normal in G.

If the operator domain contains all the automorphisms (or all the endo-
morphisms) of a group G then the concept of a composition series turns
into that of a characteristic (or a fully invariant) series, that is, a series of
subgroups of G each of which is a maximal characteristic (fully invariant)
subgroup of G contained in the preceding group as proper subgroup.

In this case we obtain from the Jordan-Holder theorem the following
theorem:

If a group has a characteristic (fully invariant) series, then any two char-
acteristic (fully invariant) series of the group are isomorphic.

Further developments of the results of this section will be found in § 56.
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§ 17. Direct Products

One of the most important concepts in the whole of group theory is that
of the direct product or (when the group operation is written as addition)
the direct sum. It is fundamental, in particular, for one branch: the theory
of abelian groups. In the present section we shall define the concept and
derive some of its simplest properties, while the deeper theory will be treated
separately in Chapter XI.

A group G is called the direct product of its subgroups H., Hs, ..., H,
if the following three conditions are satisfied:

1) The subgroups Hq, Ha,..., H, are normal in G.
2) G is generated by the subgroups Hy, Hy, ..., H,.
3) The intersection of every H;,i=1,2,...,n, with the subgroup
generated by all H;, j5%41,is E.
This definition is equivalent to the following: G is the direct product of
its subgroups Hy, Ha, ..., H, if
1’) the elements of any two subgroups H; and H;, i 5= j are permutable,
2') every element g of G has a unique representation as a product

g=h1h2 oo hn,

where hieH;,i=1,2,...,n.

Let us show that the second definition follows from the first. In order
to prove 1’) we take elements ae H;,beH;,i54j. Then by 1) we have
a"'b~'aeH; b~ *abeH; so that the commutator a~'b~'ab is contained
in H; N Hj;, which by 3) is E. For the proof of 2’) we note that we can
write any element g of G in at least one way as a product g="h.hy ... b, ;
this follows from 2) and the condition 1’) which we have already established.
This representation is unique; for if we had

g=hhy ... hy=hihy ... hn,
where hy 5% b’y say, then again from 1’) we would obtain
Bihy=(hy ... k) (hy ... b)) V= (h3h5) ... (R A7),

and this contradicts 3).

Conversely, the first definition follows from the second. For 2) is part
of 2’). For the proof of 3) we assume that the intersection of H,, say, with
the subgroup generated by H,..., H, contains an element ¢ other than
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the unit element. This element is contained in H, and can also be written
as a product hg ... h, by 1’) ; but this contradicts 2”). For the proof of 1)
we take an element %, of H, and an arbitrary element g of G. By 2') we
have g=~hhg ... h; ... h,, and then by 1)

g—lil-‘g= h‘—l;l-‘h‘ € H‘.

The task of verifying that a given group G is the direct product of its
subgroups Hy, Hs, ..., H, is simplified considerably by the remark that
in the first definition condition 3) can be replaced by the much weaker
condition

30) The intersection of Hy,i=1,2,...,n, with the subgroup gen-
erated by H,, ..., H;_,is E.

For the proof it is sufficient to show that 1’) and 2’) can be deduced from
1),2),and 3;). From 3,) we obtain easily that H; | H;=E, i 7 J so that
1”) follows as before. It remains to prove the uniqueness which is part of 2).
If we could find an element g with two distinct representations

g=hh, ...k =HKH ... K,

where hy = 'y, while th = h;c+1’ :
get

By = (AT (AT . (BB,

.oy h,=h, k = n, then we would

but this contradicts 3,).

If a group G is decomposed into the direct product of its subgroups
H,, H,, ..., H,, then we call these subgroups the direct factors of the
given decomposition and we write

G=H,X HyX ... X H,.

So far we have defined the direct product for a finite number of direct
factors only; but this concept can also be used for an infinite set of direct
factors. The basic definition is then the following: A group G is called
the direct product of a certain set of subgroups H, (a ranges over a given
index set) and is written in the form

G=I[H¢,

if G is generated by these subgroups and if the subgroup of G that is gen-
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erated by any finite number of subgroups H, is their direct product. From
this definition we deduce easily that elements of distinct subgroups H, are
permutable and that every element of G has a unique representation as
a product of a finite number of elements of some of the subgroups H,
(unique, that is, apart from the order of the factors). Moreover, it is
easy to see that every subgroup H, is normal in G: if g is an arbitrary
element of G, then g= Ay ke, ... h,,k, and since by assumption the
subgroups H,, He,, ..., H“k form a direct product in G, we have
g 1H,g = H,. In the same way we can show that the intersection of any
subgroup H, with the group generated by all subgroups Her, @’ £ @, is E.

Making use of these remarks we could formulate other definitions of the
direct product of an infinite set of subgroups, definitions that are equivalent
to the one given above but that do not require a preliminary consideration
of the case of a finite number of factors. For example, the reader will have
no difficulty in proving the following parallel to one of the definitions given
above for the case of a finite number of factors.

A group G is the direct product of its subgroups H, if and only if

1. the elements of any two distinct subgroups H, are permutable, and

2. every element of G has a unique representation (apart from the
order of the factors) as a product of a finite number of elements
che-=n from the subgroups H,%

We now indicate some very simple properties of direct products which
follow immediately from the definition.

1. If
¢=IH., (1)

and if the factors H, are again decomposed® into direct products,

H, _—_];[Huﬁl

then G is the direct product of all subgroups H,p, taken over all o and f.
This new direct decomposition of G is called a refinement of the decomposi-
tion (1).

II. If (1) is a direct decomposition of a group G, and if we split the set
of subgroups H, in an arbitrary way into disjoint subsets and replace the

' Some of the H, may, of course, remain undecomposed.
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subgroups H, that enter into each of these subsets by their product, then
we obtain @ new direct decomposition of G.

II1. If we choose in each direct factor H, of the decomposition (1) a
subgroup H,, E < H, & H,, then the subgroup generated in G by all sub-
groups Hy is their direct product.

If G=H; X Hy X ... X H,, then each element g of G can be written
in the form g=hyhs ... h,, where hieH; i=1,2,...n. The uniquely
defined element 4; is called the component of g in the direct factor /{;. We
must point out that the component of g in H; depends on the given direct
decomposition:! if there is another direct decomposition of G that also
contains H; as one of its direct factors, then the component of g in H; may
now differ from 4;. The concept of a component of an element carries over
to direct products with an infinite number of factors; in this case each ele-
ment has for a given direct decomposition only a finite number of components
distinct from 1.

If G=][H,and if Fis an arbitrary subgroup of G, then the set F, of

componentsaof all the elements of G in the direct factor H, is itself a subgroup.
It is called the component of F in H,. If F is a normal subgroup of G, then
F, is a normal subgroup of H, and therefore also of G. The latter follows
from the following general property of direct products:

IV. If A is a direct factor of a group G, then every normal subgroup A’
of 4 is also normal in G.

For there exists a normal subgroup B of G for which G=A X B. Ifgis
an arbitrary element of G and g=ab, aeA4, beB, then

g lAg=a"1Aa=A".

From the permutability of elements belonging to distinct direct factors of
a given direct product it follows that the components of the product of two
elements are the products of the corresponding components. Therefore, in
particular, a component of the commutator of two elements of a direct product
is the commutator of the corresponding components of the elements. Hence
we have

V. The derived group of a direct product is the direct product of the
derived groups of the factors.

From what we have just shown about the components of the commutator
of two elements it follows that the components of permutable elements of a
direct product are permutable, and therefore
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V1. The center of a direct product is the direct product of the centers
of the factors.

For if an element 2 belongs to the center of the groqu:lIA,,then the

component 2, of 2z in H, is permutable with the corresponding component
of every element of G, that is, with all the elements of H,.

If F is a subgroup of a direct product, then F is contained in the direct
product of its components, but it does not, in general, coincide with this
product,

F is the direct product of its components when they are all contained in F,
that is, when they coincide with the intersections of F and the corresponding
direct factors. We can even prove the following property :

VII. If G=A X B and if the component of F in A coincides with
FNA, then the component of F in B is FNB and F is the direct product
of these two intersections.

For if feF and f ==ab, then b == a~'feF, since by assumption aeF.

Hence we have

VIT'. If G = A X B and if the subgroup F contains the direct factor A,
then F=A X (FNB).

Finally, we mention the property

VIIL. If G = A X B, then the direct factor B is isomorphic to the factor
group G/A.

For if Agis a coset of A in G and if g = ab, then beAg; that is, each
coset of A contains one, and obviously only one, element of B.

So far we have dealt with the decomposition of a given group into the
direct product of subgroups. In the sequel we shall often talk of the direct
product of certain given groups. Suppose, for example, that two groups 4
and B are given. The set of all pairs (a, b), where a is an element of 4 and
b an element of B, becomes a group if the operation is defined as follows:

(a,b)(,b)=(ad, bV").
It is easily verified that this group is the direct product of its subgroup A’

consisting of the pairs of the form (e, 1) and B’ consisting of the pairs of
the form (1,5).* These subgroups are isomorphic to the given groups 4

* The element 1 in the pair (a, 1) is, of course, the unit element of B, while in (1, )
it is the unit element of 4.
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and B, respectively, and therefore the group we have constructed can, and
from now on will, be called the direct product of 4 and B. This construction
carries over without difficulty to the case of an arbitrary finite number of
given groups. If an infinite set of groups A, is given, then we can proceed
in the following way : the elements of the direct product of the groups Aq
‘are those systems of elements a,, one from each group 4,4, in which all but
a finite number of these elements are the unit elements of the corresponding
groups. The definition of multiplication of such systems is the same as in
the case of a finite number of direct factors.

This method of forming a new group from given groups by the construc-
tion of their direct product will have many applications in the sequel.

In our construction of the direct product of an infinite set of groups we
could, of course, have omitted the condition that only a finite number of
components should differ from the unit element; we would then consider
arbitrary systems of elements, one from each of the given groups 4,. The
group so obtained is called the unrestricted direct product (or complete
direct product or Cartesian product) of the given groups; interesting proper-
ties of this group are described in the paper by Graev [1]. We must men-
tion, however, that for the unrestricted direct product one cannot give an
“internal” definition similar to the one we have used above for the ordinary
or restricted direct product.

These two types of direct products are unified in the following construc-
tion of the direct product with prescribed subgroups: it is assumed that in
each of the given groups A4, a subgroup B, is prescribed, and only such
systems of elements, one from each group A,, are considered which have
not more than a finite number of elements outside the corresponding sub-
group B,; multiplication is component-wise as above. This construction,
which is due to Vilenkin [1], is used with advantage in the theory of topo-
logical abelian groups.

A group that cannot be decomposed into the direct product of proper
subgroups is called indecomposable, or, more accurately, indecomposable
into a direct product (since we shall later meet other forms of products).
Among the indecomposable groups are, obviously, all the simple groups.
The additive group of rational numbers and the additive group of integers,
that is, the infinite cyclic groups, are also indecomposable. This follows from
the fact that any two rational numbers have a common non-zero multiple,
30 that the intersection of any two non-zero subgroups is in both cases itself
1 non-zero subgroup.

If a cyclic group {a} of order p™ is given, where p is a prime number,
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then all subgroups other than E are the cyclic subgroups of the elements
a, a?, a®, ..., a®™ ", In other words, if any two subgroups of the group
are given, then one of them is completely contained in the other. Therefore
the cyclic groups of order p™ and the groups of type p= are indecomposable.

On the other hand every cyclic group of composite order is decomposable
into the direct product of cyclic groups whose orders are powers of distinct
prime numbers.

Let {a} be a cyclic group of order

n=prp ... prk

where 2 = 2 and p1, pa, ..., pr are distinct prime numbers. We put

g,=pr ... :f;‘p;";f»...p;"‘, i=1, 2,...,5s.

The element % has the orderp7*. The intersection of the cyclic subgroup
{a%} with the product of all cyclic subgroups {a%} with i 5% j is E, since the
orders of all elements of the latter product are co-prime to p;. The product
of the subgroups {a%},i=1,2,..., k in the group {a} is therefore direct
and coincides with the group {a} itself, since the order of a direct product
is equal to the product of the orders of the factors.

Other examples of decomposable groups are the additive group of complex
numbers, which splits into the direct sum of the additive group of real and
of pure imaginary numbers; also the multiplicative group of non-zero real
numbers, which splits into the direct product of the multiplicative group of
positive real numbers and the cyclic group of order 2 generated by — 1.
The multiplicative group of positive rational numbers splits into the direct
product of a countable set of infinite cyclic groups generated by the distinct
prime numbers. We have already mentioned that the non-cyclic abelian
group V' of order 4 is the direct product of two cyclic groups of order 2.

The concept of a direct product can also be applied to groups with oper-
ators. In this case we must, of course, restrict ourselves to decompositions
of the group into the direct product of factors which are all admissible for
the given operator domain. Conversely, if groups A, with one and the
same operator domain 3 are given, then we can consider the direct product
G of these groups as an operator group with ¥ as operator domain by
postulating that for

£=0u0y, ... Q geG, a,eA

Ik’ G"
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we have
BW==0q, 0 A, ® ... G, 0,

where weZ. From this equation it follows, in particular, that a component
of an admissible subgroup is itself an admissible subgroup.

We shall see later (in § 26) that there exist decomposable groups that
cannot be split into the direct product of indecomposable groups. The ques-
tion, therefore, arises under what conditions a group has such a decomposi-
tion. Moreover, a group may have many distinct decompositions. This
leads to the problem, Under what conditions is the decomposition of a group
into the direct product of indecomposable groups unique? Further, two
direct decompositions of a group are called isomorphic if a one-to-one
correspondence between the factors of these decompositions can be established
for which corresponding factors are isomorphic. The problem of finding
conditions under which any two direct decompositions of a given group
into decomposable factors are isomorphic or, more generally, any two
direct decompositions of a given group have isomorphic refinements is the
object of numerous investigations. All these problems will be considered in
Chapter XI and, for various classes of abelian groups, in Chapters VI-VIII.

§ 18. Free groups. Defining relations

It is the aim of this section to establish a method of giving a group without
making use of individual properties of the elements of the set in which the
group operation is defined. In order to achieve this we must first construct
a special class of groups, the so-called free groups, which are in a certain
sense universal for all existing groups whatsoever.

Let M be a non-empty (finite or infinite) set of symbols x4, 2g, 2y, -+ .1
We shall denote these symbols also by x}, x;‘, xT“, . .+ and we construct
another set x_1, x;l, x;‘, ... in one-to-one correspondence with the first
set: An expression

w=x:‘x:’...x:" (g=*1, i=1,2, ...,n), (1)

1 % n
that is, an ordered system of a finite number of symbols of the form x+1
and x7! (where each symbol that enters into the expression (1) may occur

*To simplify the understanding of the following construction the reader may assume
at first that the set #t consists of two symbols #, and 2 only.
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several times) is called a word. If in (1) no symbol x}* stands next to its
associated symbol.’c‘1 then w is called a reduced word ¥ Examples of reduced
words are x,x71x,x oSy and XeXqX, «XpXa xp, but not x,Xg’ xax x, !

The number #» is called the length of the reduced word w and is denoted
by I(w). For any set I we can obviously construct words of arbitrary
length. Reduced words of length 1 are precisely the symbols x, and x,7*.
We also count as a word the empty word w,, which contains no symbols,
and we put I(w,) =0.

The set of all reduced words that can be written by means of our collec-
tion of symbols is now made into a group by the following definitton of
the group operation: Suppose two reduced words are given,

w = xdx? A (=1, i=1,2, ..., n), @)
% % *n
LS 3 )
1,2 m _ .
Wo==Xg X ... Xg" @==x1 j=1,2,..., m) 3)

and suppose that

@p_y41=P; and Cpaty1 T 8=0

foralli, 1 =<i=k (where k is subject to the condition 0 =k = min (n,m)),
but that either a,_; =By, 0F @, _3=Bro1> €n_x = Ox41. Then we set

s, s 3
'wlw2=xa1x 3 PP JC ‘n- kx "“xa"ﬂ . xa"'. (4)
1 %2 Cu—k Pk+1 ke "

Put differently : in order to form the product w; w, we write w» immediately
following = ; if the resulting expression
3

x'n 5% 62
2 %y By By

Lo 5)
m

is a reduced word, that is, if the symbols x, and Xy are distinct, or if they

are equal and have the same exponents, then we have obtained the product

w,wy. Otherwise it is necessary first to carry out certain cancellations, that

is, to delete successively pairs of symbols with opposite exponents standing

tThe notation for words that we are using should not suggest that we have here any
kind of “multiplication” of symbols. A word is merely an ordered system of symbols and
we could equally well separate the symbols constituting the word by placing commas
between them.
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next to one another. Clearly it can happen that in performing these cancel-
lations we delete all the symbols of one of the factors wy, w,, or of both.
The unit element for the multiplication of reduced words so defined is
obviously the empty word w,. The inverse of (2) is the word
wy o=x ™ x T
P eyttt Ty Ty
In particular, the inverse of the symbol #, is x4~
The proof of the associative law for the multiplication of words is a little
laborious. Let w,;, w., and w; be non-empty reduced words.! We shall
prove the equation
Wy (wywg) = (W wy) Wy (6)

by induction on the length of the middle factor ws,.

Consider first the case /(wq) = 1, that is, wg=xa. If the last symbol
of w; and the first symbol of w; are both different from x7*, then no cancel-
lations have to be performed and (6) holds. It also holds when only one
of the two symbols in question is equal to x-*, since there are then no
cancellations in one of the products w,w,, wywg. Finally, when both
symbols are equal to x7¢, let

3 3. - -s 7 Y
— x1 8 _ 1 t
W=y e KK, Wy=X 60k
Then the expression
3 3 ]
1 8 K1 Mt
X, . XX el X
P! By e Ty Te

is a reduced word, since there cannot be any cancellations in it, and this
word is equal both to the left-hand and to the right-hand side of (6).
Now let l(w)=2. If

[ e, ) [}
wy=x'%? ... £ lc ",
1 % n-1 %n
we put
[} [} L)
wy=xtc? . X
1 % n—1
. 7 L N
Then wy’ is a reduced word, I{ws) < !(ws), and W, = W, + x,”. Equation
n

* The associative law is obvious for three factors one of which is 7co.
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(6) in the case in question will now be verified by a repeated application
of the same equation in cases when the length of the middle factor is less
than #:

w, (w,w,) =w, l(w;x:: w,] = w, [w] (x::ws)] = (w,w)) ( x::w )=

= [(wywy) x."] W, = [w,(wprh)] w, = (wwy) w,,

Some of the parentheses that occur in the preceding equations may, of
course, contain products that become reduced words only after certain can-
cellations. That, however, does not affect the argument.

We can now speak of the group of reduced words consisting of the symbols
of the set I and their inverses. This group is called a free group. Clearly,
it is completely determined when the set I is given and does not depend
on any individual properties of the elements of this set. We define the rank
of the free group constructed from ¢ as the cardinal number of M. Then
one can prove by elementary set-theoretical considerations that a free group
of finite rank is countable and that the cardinal number of a free group of
infinite rank is equal to its rank.

A free group of rank 1 is obviously an infinite cyclic group. Ewery free
group whose rank exceeds 1 is non-commutative: if a % f, then x,xp and
xpx, are distinct elements of the group. All elements of a free group, except
the unit element, have infinite order: if in

L] e 8
w=xtc? .. xP
1% “n
*1 *n % *n—1 n—k+1 ;
the symbols x ! andx”, x? and x x * and x, are inverse
1 n % %y % Spk+1

in pairs, and if this is not the case for xa';‘“ and xa”‘: , then we put
+1

n—
- *+1, k42 S — -k
w=Xx,_""X cee X

k+1 “k+2 w—k

Such a % satisfying the inequality 0 = k = n/2 must exist, since w is not
the empty word. Now for s > 0 we have

G ., _ .
w'=x .. xFfRE e n
* °‘k *n—k+1 ‘n

The expression on the right-hand side of this equation does not admit any
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cancellations, that is, is a non-empty reduced word. Hence it follows that
w41,

Every word is equal to the product of the symbols that constitute it. The
set I is therefore a system of generators of the free group constructed by
means of 9. Such a system of generators of a free group will be called a
system of free generators. In the sequel we shall retain the name “word” for
the elements' of a free group and we shall write them as products of powers
of free generators, for example, xixé'lx,xg instead of x,x.x,xp lxaxpxa.

In Chapter IX the reader will become acquainted with many deep and
important results in the theory of free groups. Here we shall prove just
one theorem which makes completely manifest the significance of the free
groups for the whole theory of groups.

Every group is isomorphic to a factor group of a free group. Let G be
an arbitrary group and M a system of generators of G ; we denote the ele-
ments of M by a,, ag,.... We now take a free group W with a free system
of generators of the same cardinal number as M. Between the elements of M
and the chosen system of free generators of I we set up a one-to-one cor-
respondence and denote by x, that element of ¥/ which corresponds to the
element a, of M. The mapping that carries the element x4 of I into its
corresponding element g, in G and, in general,

L.
x"x‘2...xa’;, = +1, i=1,2 ..., k, (7
1 2

into the element

ata? ... a* (8)

of G,is obviously a homomorphic mapping of W onto G. By the homo-
morphism theorem (§ 10) we have

G~ W/H,

and the theorem is proved. Note that the normal subgroup H of /¥ consists
of precisely those words of the form (7) for which the product (8) is equal
to the unit element of G.

From this proof of the theorem it follows that every finitely gemerated
group is a factor group of a free group of finite rank. More explicitly, every
group with n generators is a factor group of a free group of rank n.

It is clear that this representation of a group G as a factor group of a
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free group is by no means unique, since it depends on the choice of the
generating set M.

Let G be an arbitrary group and let it be represented as a factor group

of a normal subgroup H of a free group W. If, as above, x4, x5, ... are
free generators of I/, we denote their images under the natural homo-
morphism by aq, ag, ..., and the set of all these elements of G (which

need not, of course, be all distinct) by M. Let the word

1 e, [
x1x? .. xk
“%

X (the e, are integers)
1 %

be an arbitrary element of H. In G there corresponds to this the equation

which will be called a relation between the elements of M in G.

We choose in H a subset ¢ such that H is the normal subgroup generated
by R in W. The system of relations that correspond to the words in R is
called a system of defining relations of G. All the relations that link the
elements of M in G can be considered as consequences of the defining rela-
tions, since every element of H can be written as a product of powers of
the elements of % and their conjugates.

A group G is completely determined by its defining relations, since the
set N completely determines the normal subgroup H of the free group W
and therefore the factor group W /H. Since we have shown above that
every group is a factor group of a free group, we now see that every group
can be given by a system of defining relations connecting a certain set of
symbols ; two groups given by defining relations between certain systems of
generators are isomorphic if a one-to-one correspondence between these
systems can be set up for which the defining relations of one group go over
into the defining relations of the other, and conversely.

On the other hand, if an arbitrary set of symbols M and an arbitrary set
of relations equating certain words in the symbols of M to the unit element
are given, then there is always a group for which these relations form a
system of defining relations. For the proof, itis sufficient to take the free group
over the set M and take the normal subgroup generated by the left-hand
sides of the given relations and then go over to its factor group.
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voN Dyck’s THEOREM: If a group G is given by a system of defining
relations and if a group G’ is given by these relations and some further rela-
tions in the same symbols, then G’ is isomorphic to a factor group of G.
For if we represent G and G’ as factor groups of one and the same free
group W,
G=W/H, G'=W/H’,

then H is contained in H’.

This theorem is often useful if one wants to find defining relations of a
group given in some other way.

Examples 1. A finite cyclic group of order n is given by a generating
element o and the defining relation

at=1.

2. The additive group of rational numbers R was represented in § 7 as
the union of an ascending sequence of infinite cyclic groups. On the basis
of that result we can now give R by the generators

Qyy Agy Qgy ooy Ay - -
and the defining relations

a, =a?

=ad = gh+1
' 2, a,=ai, ..., a,=a

neL
3. The group of type p= can be given by the generators

Gy Qgy o ovy Ay oo e
and the defining relations

P —
af 1, a?

m
P o=, n=1, 2, ...

4, The symmetric group S of degree 3 is given by two generators @ and b
and the defining relations

ad=1, =1, abab=1. 9)

=351 o=(ar3) )

For, the elements
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generate the group S, and satisfy the relations (9), so that S; is (by
von Dyck’s Theorem) a factor group of the group given by the defining
relations (9)—the group S; is defined in terms of the generators (9”) by
the relations (9) and, possibly, others. But from the relations (9) it follows
that ba==a?b. Every product of powers of a and b in the group defined
by the relations (9) can therefore be reduced by means of these relations
to the form a®8%, 0 — 0,1,2, =0, 1; that is, the group with the defining
relations (9) consists of not more than six elements and therefore co-
incides with Sj.

5. In §9 we proved that the quaternion group Q has order 8 and is
generated by two elements a and b, subject to the relations

at=1, bt=1, a2=10% aba=b. (10)

In the course of the proof we also established that the group defined by the
relations (10) has not more than eight elements. Hence it follows (again
by von Dyck’s Theorem) that (10) is a system of defining relations for
the quaternion group Q. Note that two of the four relations (10) are not
written in the form required above. The transition from this notation to
the standard one, in the present case

a?-2=1, abab®=1,

is obvious.

We shall now make a few additional remarks about groups given by
defining relations, but we refer the reader to the much deeper problems in
Chapter X. We know that a free group is given by a system of free generators
without any defining relations. Conversely, if in a group G a system of
generators M can be chosen which are not linked by any relations® then
every element of G is uniquely represented as a word in the elements of M,
that is, the group G is isomorphic to the free group over M as system of
free generators. In other words, G is in this case a free group, and M is a
system of free generators for G.

In order that a group with generators aq, ag, . . . be abelian it is sufficient
to have among the defining relations the equations of the form

! The trivial “relations” of the form aa—!=1 do not satisfy the above definition of a
relation and therefore do not count as relations.
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[aq,a8] =1 (11)

for all pairs of generators; the left-hand side is the commutator of a, and ag.
For if any two generating elements are permutable, then it follows easily
that any two products of powers of these elements are permutable. Examples
2 and 3 above show, however, that a group may turn out to be abelian
although no equations of the form (11) occur among the defining relations.

Every group can be given by generators and defining relations in many
distinct ways. Although defining relations represent a convenient method
of giving a group “abstractly,” that is, giving all the groups isomorphic to a
group as well as the group itself, nevertheless in the overwhelming majority
of cases we can say very little about a group given by relations. For example,
if a group is given by a system of generators and a system of defining rela-
tions then we cannot, as a rule, say whether the group is finite or infinite,
whether it is commutative or not, and so on. Moreover, the group may
turn out to consist of the unit element only—this will happen, of course, if
the normal subgroup that is generated by the left-hand sides of the defining
relations of the group coincides with the whole free group—but even this
cannot, in general, be established by considering the defining relations. Also
the following extreme case is possible: our group may actually be a free
group, but it may be given by a system of generators with non-trivial relations.

A finite group is sometimes given not by defining relations but by means
of Cayley’s group table. If a finite group G is of order »n, then we number
its elements beginning with the unit element :

1, ay, ag, ..., Q. (12)

We now construct a square table of » rows and » columns and label its
rows downward and its columns from left to right with the symbols (12),
and at the intersection of the row labelled g; and the column labelled a; we
put the element that is equal to the product a;a;. Thus, if we take the
symmetric group S; of degree 3, i.e. the group with the generators a and b
and the relations a®*=1,b*=1,abab =1 (see above, Example 4), and
introduce the notation:

ay=a, ag=a? a,=0b, ay=ab, az=2a%,

then the Cayley table is
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-

1 ay ag a, ag a4

1|1 ay a5 a, ag ag
| ay ag 1 ag a4 a,
a | ag 1 ay ag a, ag
a, | a, a3 a5 1 ag a,
ay | ag a, ag a; 1 ag

Q| ag ay a, ag a, 1

The non-cyclic group V' of order 4, which is the direct product of two cyclic
groups of order 2 (this group is given by the generators a and b and the
defining relations

=1, b¥*=1, ab=ba),

can be given by the following Cayley table:

1 a, a3 a,

111 a a4 a
ay | a, 1 a, a4
ag | ag a, 1 a,

a, | a, ag a, 1

A group has a Cayley table that is symmetrical with respect to the main
diagonal if and only if it is abelian.
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CHAPTER VI

FOUNDATIONS OF THE THEORY OF ABELIAN GROUPS

§19. The rank of an abelian group. Free abelian groups

The theory of abelian groups, one of the most important classes of groups,
is well developed. In the present chapter we shall give an account of the
fundamental concepts and facts of the theory of abelian groups, particularly
of finitely generated abelian groups. These concepts and facts will be con-
stantly used in the following two chapters which go more deeply into
the theory.

We shall adopt the additive instead of the multiplicative notation in this
chapter and in the sequel whenever we deal with problems specially related
to abelian groups. The basic changes in terminology and notation that are
consequences of this convention have been indicated at the end of §3.
In addition, we mention that instead of the unit subgroup we must now
speak of the null subgroup, which will be denoted by the symbol 0. Instead
of the product of subsets of a group we shall now speak of the sum of sub-
sets ; since all subgroups of an abelian group are normal and therefore per-
mutable among each other, the sum of two or any finite number of arbitrary
subgroups of an abelian group is itself a subgroup (see § 8). Finally, instead
of the direct product (see § 17) we have the direct sum of abelian groups.
This concept is quite fundamental for all abelian groups.

In accordance with the general terminology introduced in § 3, an abelian
group is called periodic if the orders of all its elements are finite, torsion-free
if all the elements, except the null element, have infinite order, and mized if it
contains elements both of finite and of infinite order.

If G is a mixed abelian group and F the set of all its elements of finite order,
then F is obviously a subgroup of G. This uniquely defined subgroup is
called the maximal periodic subgroup, or briefly, the periodic part of G.
The factor group G/F is torsion-free. Thus every mixed abelian group is an
extension (in the sense of § 10) of a periodic group, namely its periodic part,
by means of a torsion-free group.

Among the periodic groups there are, in particular, the abelian groups in
which the orders of all elements are powers of a fixed prime number p.
These groups are called primary with respect to p or p-primary.

Every periodic abelian group can be decomposed in a unique way into
the direct sum of primary groups with respect to distinct prime numbers.

137
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For, the totality of all elements of a periodic abelian group G whose orders
are powers of the prime number p is a subgroup of G, which we denote
by G,; it is characteristic, and even fully invariant, in G. All the sub-
groups Gy, for distinct p, form a direct sum in G, since the sum of all these
subgroups with the exception of a particular G, consists of elements whose
orders are co-prime to g, so that the intersection of this sum with G, is the
null subgroup. On the other hand, every element of G is contained in the
sum of all subgroups G,; this follows from the fact, proved in § 17, that
every finite cyclic group is decomposable into the direct sum of primary
cyclic groups.

We now introduce the concept of the rank of an abelian group G. A finite
system of elements 1, vs, ..., v; of a group G is called linearly dependent
if there exist integers a,, a,, ..., @, not all zero, for which

00 o+ ... +4=0,

where on the right-hand side we have, of course, the null element of G.
A system of elements that does not have this property is called linearly
independent. We shall call an element u of G linearly dependent on the
system of elements {u’, u”, ..., u'¥}, of G if an integral multiple au of
the element, with a 5% 0, is contained in {u/,u”,...,u® )}, that is to say,
if integers B, By, ..., B,, exist for which

au = fu’ 4 Bou” 4 ... - Buh).

Obviously a system of elements vy, vs, . ..,y is linearly dependent if and
only if at least one of its elements v, is linearly dependent on the remaining
elements of the system. The following properties of linear dependence are
also obvious. Every system that contains elements of finite order is linearly
dependent ; in particular, the null element is linearly dependent. Every sub-
system of a linearly independent system is itself linearly independent. Every
element that occurs in a finite system of elements is linearly dependent on
that system.

Two systems of elements of G, «’,u”,...,u® and ¢/,7”,...,v® are
called equivalent if every element of the first system is linearly dependent
on the second system, and vice versa. Every element « of G that is linearly
dependent on one of these systems is also linearly dependent on the other.
For if with a <0,

aune{u,u”,. .., u®},
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and with 8,540, i=1,2, ..., k,
B;u(")ﬁ {'U,’ 7}”1 ] 'ZI([) })

then (aB,B,. . .B,) ue{2/,v”,...,v®}. Hence the concept of equivalence
of systems of elements is transitive.

StEINITZ” EXCHANGE THEOREM. Suppose that in o group G two finite
systems of elements are given

w,u”, ..., u® (D
R /10 (I1)

the first of which is a linearly independent system each of whose elements
is linearly dependent on the second system. Then k<1, and from (11)
k elements can be omitted such that the remaining elements, together with
the elements of (1), form a system equivalent to (II).

Proof. The theorem is vacuously true for k= 0. We assume that it is
proved for k—1.

The subsystem o', u”, ..., u®*=1 of (I) is itself linearly independent
and its elements are linearly dependent on (II). We therefore obtain a

system
n

A T R O N TN (1)

equivalent to (II) possibly after a change of the numbering of the elements
in (II). Now u(®, being linearly dependent on (II), must also be linearly
dependent on (III), that is, there exist coefficients a, By, ..., f; for which
as£0 and

eu®) =Bu’ 4 Bou" -+ ... + By uk—1 +Bv® 4 ... +Bp®,
It follows that ! = k and that at least one of the coefficients B, ..., f; is

different from zero, since otherwise #® would turn out to be linearly
dependent on the system o', u”, ..., u*=1, Let B; 54 0. Then

Buo® = (—B) - ... (B ) utD faud
+ (= Bra) 9F D . 4 (—B) 0O,

that is, v¥) is linearly dependent on the system

A S O R TO R TS R OR )
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Since (III) and (IV) are equivalent systems, (II) and (IV) are also
equivalent. This completes the proof.

From the exchange theorem it follows that two linearly independent
equivalent systems of elements of a group G consist of an equal number
of elements.

The concept of linear dependence can be extended to the case of infinite
systems of elements in the following way: an infinite system of elements
of an abelian group G is called linearly dependent if it contains at least one
finite linearly dependent subsystem, and linearly independent if all its finite
subsystems are linearly independent. Correspondingly, an element is linearly
dependent on an infinite system of elements if it is linearly dependent in the
previous sense on a finite subsystem. Since the union of an ascending
sequence of linearly independent systems of a group G is itself linearly
independent, every non-periodic group has maximal linearly independent
systems and every linearly independent system can be embedded in one
that is maximal. If a group G is periodic, then it contains no linearly
independent systems.

If a group G has finite maximal linearly independent systems, then all
these systems are equivalent and consist, as we have shown above, of the
same number of elements. This number is called the rank of the abelian
group G; and G itself is called a group of finite rank. It is convenient to
include among the groups of finite rank all periodic abelian groups, assigning
them the rank zero. A group that does not have finite rank is called a group
of infinite rank. In this case the rank of the group is the cardinal number
of a maximal linearly independent system of its elements; it is equal to the
cardinal number of the factor group of the given group with respect to its
periodic part and is therefore an invariant of the group.

Every subgroup A and every factor group G/A of an abelian group G
of finite rank is itself of finite rank, and the sum of the two ranks is equal to
the rank of G.

The first part follows from the fact that every linearly independent system
of elements of A is also linearly independent in G, the second from the fact
that by choosing in G/A any linearly independent system of elements (i.e.
cosets of 4) and one representative from each of these cosets we obtain a
linearly independent system of elements of G.

For the proof of the third part, we select a maximal linearly independent
system of elements of A

a, ay, ..., ag, R =0, 1)
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and a maximal linearly independent system of cosets of G/A
b+A, b+A, ..., b+A, [ =0, 2

where
b]’ bg, s ey bl

is an arbitrary system of representatives of these cosets. Then
Ay, @y ooy gy by, by, oL, by (3)
is a linearly independent system of elements of G. For from an equation
0@y + gyt .t agay+ By - Bobo+-. ..+ By =0 (4)
we obtain, by going over to the factor group of A, the equation
Bi(oy + A+ By (Ga+A) ...+ B0+ A =0,
but since (2) is a linearly independent system, we have

Bi=Ba=...=pf=0.
The equation (4) now reduces to
o8, + agly + . .. o =0,
and from the linear independence of (1) it follows that

al=a2=,,,=ak=0,

It remains to prove that (3) is a maximal linearly independent system of G.
If g is an arbitrary element of G, then the coset g + A is linearly dependent
on (2)

a(@+A)=10,+A+F 10+ A)+...4+0ubG:+4),

hence

ag=a— 1,0, + Tebat+ .-+ 1w
where ¢ is an element of 4 and a 52 0. However, a is linearly dependent
on (1)
Ba =380, +3pa5+. ..+ &y,
where f 5% 0, and therefore
(@B)g=23a,+ 8+ . ..+ Yo+ Br) 01+ Bra) b+ .. + B &y,
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which is what we had to prove.

From this theorem it follows that the rank of a mixed group is equal to
the rank of the factor group of its periodic part and also that the direct sum
of a finite number of groups of finite rank is itself of finite rank and the
rank is equal to the sum of the ranks of the direct summands.

We shall now study abelian groups of a special type which play a very
significant role in the general theory.

A free abelian group is a direct sum of a finite or infinite number of
infinite cyclic groups.! If

U= 3i{u)

is a decomposition of a free abelian group U into the direct sum of infinite
cyclic groups, then the totality of generators u, of all these cyclic direct
summands (one from each summand) is called a basis of U. Every element
of U can be written in one and only one way as a sum, with integer coefficients,
of a finite number of elements of the basis.

A free abelian group U has, in general, many distinct decompositions into
a direct sum of infinite cyclic groups and therefore has many distinct bases.
Thus, if the elements u,, u2, ... occur in a basis of U, we can change the
basis by replacing the element u; by u; + aup, where a is an arbitrary
integer. We shall in the following section frequently carry out without
further explanation such a transformation of a basis of U.

A free abelian group is torsion-free,and every basis of such a group is
one of its maximal linearly independent systems. It follows from results
previously obtained that if a free group U has finite rank n, then all its
bases consist of n elements, that is to say, every decomposition of U into
the direct sum of infinite cyclic groups consists of » summands. 1f the rank
of a group U is infinite, then the cardinal number of any of its bases obviously
coincides with the cardinal number of the group itself.

Note that by no means every maximal linearly independent system of a
free abelian group is a basis. For example, a free group of rank 1, that is,
an infinite cyclic group {#}, has two bases, # and — u, but every element
of the group except the null element is a maximal linearly independent
system in the group.

*1t is often convenient to include among the free abelian groups the null group,
generated by an empty set of infinite cyclic groups. Without this convention many
theorems require a cumbersome special consideration of the exceptional null subgroup.
[Tranecl
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Free abelian groups play the same réle in the theory of abelian groups
as free groups do in the general theory of groups:

Every abelian group G is isomorphic to a factor group of a free abelian
group, and an abelian group with n generators is isomorphic to a factor group
of a free abelian group of rank n.

For the proof, we choose in G a system of generators M = (a,), where a
ranges over an index set, and we take a free abelian group U with a basis
consisting of elements u, that stand in one-to-one correspondence with the
elements a, of M. The mapping

klu‘ll + k2a°‘,+‘ . '—I'_knua“ -> k1aal+ k2a“n+ . '+kna¢l”

is obviously a homomorphic mapping of U onto G. By the homomorphism
theorem (§ 10) G is therefore isomorphic to the factor group of U with
respect to the subgroup V" consisting of those elements of U that this homo-
morphism maps onto the null element of G,

G==U/V.

LEvery subgroup of a free abelian group is itself free

Let I be a subgroup of the free group U. We assume that we have well-
ordered a basis of U,

al, Aoy + v vy Aay ooy a<'€.

Every element x of U, x 540, can be written uniquely in the form
x = kja, + kga.,z—}— e tkyaa,

where oy < a3 < ... < a, and all the %, are different from zero. We shall
call a, the last index and k, the last coefficient of X. We now consider the
elements of I/ whose last index is smallest among the last indices of all the
elements of 7/, and from these elements we choose an element b; with the
smallest positive last coefficient. It is easy to see that every element v of V/
that has the same last index as b, is contained in the cyclic subgroup {b;}.
For if we denote the last coefficient of b, by k, and that of v by /, and if
l="Fkq +r, 0=r < k, then the element v — gqb,, which is contained in V,
has for » > O the same last index as b, but a smaller last coefficient and

! The special case of this theorem that refers to free abelian groups of finite rank will
be proved independently in the following section.
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has for » =0 a smaller last index. In both cases, if v — gb, 54 0 we obtain
a contradiction to the choice of b, ; therefore v = qb;.

We now assume that we have already chosen elements bg in V' for all B
less than vy such that these elements are linearly independent, in other words,
that the subgroup / they generate is the direct sum of the cyclic groups
{bg} and that every element of I whose last index does not exceed the
last index of one of the elements bg is contained in ’. Among the elements
of V that lie outside 7/ we now choose those with the smallest last index
and select from them an element b., with the smallest positive last coefficient.
Every multiple of b, has the same last index as b, so that V'N{b,} =0
and hence

(V') b} =V'+ (b},

Moreover, if an element w of } has the same last index as b, and if the
last coefficients of &, and w are k, and k, respectively, then (by definition
of by) k must be divisible by k,, k# =k, k’. Therefore the last index of
w— k’b, is smaller than that of b,, and therefore w— k’b, e}’ and
wel”’+ {b,}. This process of choosing elements bg may be continued as
long as not all the elements of V' are exhausted. V' is therefore a free
abelian group with the basis by, b,, ..., bg, ..., where B is less than a certain
ordinal number o.

Finally, we prove the following theorem:

If the factor group of an abelian group G with respect to a subgroup B
is a free group, then B is a direct summand of G.

For let _
GIB =2 {a,)

be a decomposition of G/B into the direct sum of infinite cyclic groups.
From each coset @, we choose a representative a,. The subgroup 4 of G
generated by all the elements a, is a direct sum of cyclic subgroups {a,},
and ANB =0. Moreover, every coset of B in G contains some element of
A, so that

G={B,A}=B+ 4.

Note that among the subgroups of an abelian group G whose factor groups
are free there need not be a minimal one and therefore G need not be
decomposable into the direct sum of a free group and a group without
free factor groups; as an example we mention the unrestricted direct sum
of a countable number of infinite cyclic groups (see § 17).
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§ 20. Finitely generated abelian groups

Finitely generated abelian groups can be treated exhaustively. This class
of groups is of particular interest in view of its exceptionally important role
in various applications; finitely generated abelian groups are, for example,
a fundamental tool in combinatorial topology.

We know from the preceding section that every abelian group with »
generators is a factor group of a free abelian group of rank n, which we
shall denote by U, throughout the present section. We know, further, that
every subgroup of U, is itself free and that its rank does not exceed n.
Without making reference to this latter result we shall now prove the follow-
ing more general theorem on the subgroups of U, ; the whole theory of finitely
generated abelian groups will be based essentially on this theorem.

Every subgroup V of U, is itself a free group and its rank k does not
exceed n. Moreover, we can choose bases Wy, %y, ..., #y, in U,, and
™, Vay ..., Uk 0 V for which

vy=eqty, i=1,2,..., k,

where €,, &y, ..., & are positive integers and eqy is divisible by
ei,i=1,2,...,k—1.

Proof. For n==1 the truth of the theorem follows immediately from
the theorem on the subgroups of cyclic groups (§6). Let us suppose the
theorem proved for U,_,. If a subgroup V7, other than the null group, is
given in U, then to every choice of a basis for U, there corresponds uniquely
a certain positive integer, namely the smallest positive integer that occurs
as a coefficient in those linear forms with respect to this basis that constitute
the subgroup V. This minimal positive coefficient may change, in general,
with a change of basis of U,. We now select a basis

Wy, Ugy oo, Uy (1)

of U, for which this minimal coefficient assumes its smallest possible value.
Let e, (e, = 1) be the minimal positive coefficient with respect to this basis

and let
'01 = elul + a2u2—|—- M4 + anun

be one of the elements of J for which the expression in terms of (1) contains
&y as one of the coefficients.

* The assumption that e, is the coefficient of u, is legitimate since we do not regard
the basis of Un as ordered.
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We divide each coefficient a,,..., @, by e;:
a‘=slq‘+r¢, 0__<:r‘<el, i=2, 3,..., n,

and transform the basis (1) of U, by replacing u, by
uy =t~ oty + . . . -+ Gty

In the new basis _
ul, ll2,..., lln

v, is expressed in the following way :
vy =eu; Frottg ... F-ruu,.

Since all the »;,,i=2, ..., n, are non-negative and less than e,, it follows
from the choice of e; that

ro=—rs=...=7r,=0,
so that v, = e,E,.

We now collect all those elements of 7 for which the coefficient of «; in
their representation in the new basis is equal to zero. These elements form
a subgroup V'’ of V' whose intersection with the cyclic subgroup generated
by 71 is 0. We shall show that the sum of {v,} and V" is V.

Let -
v =Bu;+ Patta+. . . -+ Buttn

be an arbitrary element of V7. If B, = e q-+r, 0=r<e,, then V con-
tains the element

v =0—gv, = ru;+Byug . . . 4Bty

which has as coefficient of u; a number less than e, ; hence by the definition
of & we have r = 0. Therefore v’ is contained in ¥’ and

v=qv + v

is in the sum of the subgroups {7} and V.
If I’’=0, then it follows that V= {7, } and the theorem is proved.
But if 7’ 540, then we obtain a decomposition of } into the direct sum

V={n}+V.

I’ is contained in the subgroup U’== {ua,...,u,}, which is a free
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group of rank »—1 and is therefore, by the induction hypothesis, free.
Furthermore, there exist bases uy, ..., 4, of U’ and v, ..., vy of I’ for
which #—1=#—1 and v, =-¢eu,, where ¢ > 0 and e,,, is divisible
bye, i=1,2,...,k—1.

We now know that V' is a free group of rank k, 2k =#n.* In order to
prove that the bases

El’ ;21 ooy Uy 2

‘vl, _'02, c s ey 'vk (3)

of U, and

of V satisfy all requirements of the theorem it only remains to show that &,
is divisible by e,. Let eg =¢,go—+ 7, 0 =y <e,. We transform the basis
(2) of U,, replacing the element u; by

- - -
Uy ==ty — qoliy.
With respect to this basis the element v, — v, of V' is expressed in the form
- -
Vg — 0y = (—e;) 4y +rouy,

from which it follows, again by the choice of &, that »,=0.
The theorem on the subgroups of U, is now completely proved. We
shall use it to obtain the following fundamental theorem.

Every finitely generated abelian group is the direct sum of cyclic groups.
Proof. Let G be a finitely generated abelian group. We know that G is
isomorphic to a factor group of a free group U, with respect to a subgroup V.
In accordance with the above theorem we choose bases uy, #g, . . ., #y in Uy
and vy, v,, ..., vx in V such that we have vy =¢euy, fori=1,2, ..., k,
where &, > 0 and e, is divisible by e;. Owing to this choice of a basis,

the element
U=+ Ogllyf-. .. -ty ©)

of U, is contained in V7 if and only if the coefficients a; are divisible by
e,i=1,2,...,k, and the coefficients a; are zero, j=Fk + 1,...,n.
For if the o’s satisfy these conditions, then u can be expressed in terms of
the basis vy, vz, ..., vx. Conversely, if

! Note that the rank of a proper subgroup of a free group may be equal to the rank
of the group.

? This direct sum may, of course, consist of a single summand, if the group is itself
cyclic.
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u=B,9, +Byvo+...+Pivy,

then we need only replace each z; by e;u; and equate with (4), since the
expression of an element of U, in terms of a basis is unique. The element
uy + V of the factor group U,/V is of order e, for i = k, and of infinite
order for ¢ > k. The cyclic subgroups generated by these elements have the
whole factor group as their sum, in fact as their direct sum, because every ele-
ment of U,/V is uniquely expressible as a sum of elements of the cyclic sub-
groups {u; + V'}. Of course, if the first few numbers e,, &, ... are equal
to 1, then the corresponding direct summands {u; + V'}, {us + V},...
may be excluded. Since G is isomorphic to U,/V, the theorem is proved
not only for U,/V but also for G.

From this theorem it follows, in particular, that every non-cyclic finitely
generated abelian group is decomposable. From § 17 we know that an
infinite cyclic group and also a primary cyclic group (that is, a cyclic group
of order p™, where p is a prime number), is indecomposable; on the other
hand, a non-primary finite cycle group is decomposable into the direct sum
of primary cyclic groups. This last result enables us to assert the following
stronger form of the fundamental theorem:

Every finitely generated abelian group G is the direct sum of a finite
number of indecomposable cyclic subgroups, some finite and primary, some
infinite.

The generating elements (one from each summand) of the cyclic direct
summands in the decomposition of G into the direct sum of indecomposable
subgroups form a so-called basis of G. In the case of a free group this
concept of a basis coincides with that defined in the preceding section.

From the fundamental theorem it follows, in particular, that every finite
abelian group is decomposable into the direct sum of finite cyclic groups,
which can even be taken as primary. This theorem marks the very beginning
of the theory of abelian groups. It was partially known to Gauss, the first
complete proof being due to Frobenius and Stickelberger [1]. A large num-
ber of other proofs have been given since then ; there are also several distinct
proofs of the fundamental theorem for infinite abelian groups with a finite
number of generators.

We therefore obtain all finitely generated abelian groups if we form all
the possible direct sums of finite systems of infinite, or finite and primary,
cyclic groups. But are all the abelian groups constructed in this way actually
distinct? The answer to this question is given in the affirmative by the
following theorem.
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If a finitely generated abelian group is decomposed into the direct sum of
indecomposable summands, then the number of infinite cyclic summands and
the totality of the orders of the primary cyclic summands is independent of
the decomposition, that is, of the choice of a basis.

In other words, any two decompositions of a finitely generated abelian
group G into the direct sum of indecomposable cyclic groups are isomorphic.

We shall combine the proof of this theorem with the proof of a theorem
on the subgroups of G that will be formulated below. First we prove the
following statement:

Every subgroup H of a finitely generated abelian group G is itself finitely
generated.

For G is isomorphic to the factor group of a free abelian group U with
respect to a subgroup V. The subgroup H corresponds in U to a subgroup U’
containing V,

H=U'/V.

But U’ is finitely generated, as we have proved above. Hence the same is
true for H.

The subgroup theorem for a finitely generated abelian group G is the
following :

Suppcse a decomposition of G into the direct sum of indecomposable
cyclic groups contains r infinite cyclic summands r = 0; suppose, further,
that the number of p-primary cyclic summands for a given prime number p
is kp, where kp = 0, and that the orders of these summands are

/3 (3
1 2
pPLp?P . .,p
where
%o = %2 = v = Ky

Suppose now that an arbitrary decomposition of a subgroup H of G into
the direct sum of indecomposable cyclic groups contains s infinite cyclic
summands and, for each prime number p, l, cyclic p-primary summands
and that the orders of the summands are

3 8
P, 'L e,
where
ppl g Bpa ; e = Bpl,{ (5)

Then

m

T (6)
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and for each prime number p
b=k, %)
Busop i=1,2,...,1,. (8)

Proof. This theorem will now be proved together with the isomorphism
theorem for the decompositions of G. First of all, the elements of infinite
order that occur in an arbitrary basis of G form a maximal linearly inde-
pendent system of G, as one can easily see. The number of such elements
is therefore equal to the rank of the group; that is, it does not depend on
the choice of a basis. This also proves relation (6), since the rank of the
subgroup H cannot exceed the rank of G.

We know, moreover, that the periodic part 4 of G is the direct sum of
p-primary subgroups for distinct prime numbers,

A=2Ap,
?

while the periodic part of H is the direct sum of its intersections B, with
the subgroups A,, B, = H A,. But it is easy to verify that 4, is generated
by those elements of an arbitrary basis of G whose orders are powers of p.
Thus the proof of both theorems is reduced to the case of a finite primary
group A4, and a subgroup B,.

We first conclude the proof of the subgroup theorem. The subgroup
consisting of the elements of order p in A, is a direct sum of &, cyclic sum-
mands of order p, so that its order is p*». The corresponding subgroup of B,

is of order p». This proves that I, = k,. Suppose now that
Bot < @p1s - -» Bo, -1 = %p, 51> but Bpy > ap;. &)

The set C of all elements of A, that are divisible by %, that is, of those
elements ¢ for which the equation

pal"lx =

has a solution in A4,, is a subgroup (:f Ay. If ay, ag. .., @, is the given
basis of Ap and if the order of @y is p #, i =1,2, ..., kp, then it is easy to
verify that C is the direct sum of the cyclic subgroups generated by

pas"fal, pPa,, ..., p“”-’aj_,,

so that C has a basis consisting of j — 1 elements. On the other hand, by
(9) and (5), the subgroup C’ of B, consisting of the elements that are
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divisible by p‘l’f in B, has a basis containing not fewer than j elements.
However, C’ is a subgroup of C and we have already proved (7); that is,
we have proved that the number of elements in the basis of a subgroup of a
finite primary abelian group is not greater than the number of elements in
the basis of the group itself. The contradiction we have thus obtained
concludes the proof of the subgroup theorem.

The isomorphism theorem for the direct decompositions of A4, follows
immediately from the subgroup theorem; we put B,== A, and take into
account the fact that for two given bases of 4, we have not only the
inequalities (7) and (8) but, by symmetry, also the opposite inequalities,
so that in fact we have

lp=rky,
Bu=1ap, i=1,2,...,1,.

The number of infinite cyclic summands—the rank of the group—and
the orders of the primary cyclic summands in any decomposition of a finitely
generated abelian group are called the invariants of the group. This is a
complete system of invariants, since any two groups for which these in-
variants coincide are isomorphic. The sequence of integers e, e, ..., &,
each divisible by the preceding one, which were the orders of the cyclic
summands in the decomposition we obtained for the proof of the funda-
mental theorem is also invariant, that is, independent of the choice of the
direct decomposition of the group; the reader will have no difficulty in
proving this with the help of the complete system of invariants. These
numbers are sometimes called the torsion coefficients of G ; the orders of
the primary cyclic summands will be called for brevity the finite invariants
of the group.

Through the subgroup theorem we have obtained a complete picture of
the invariants of the subgroups of a finitely generated abelian group. But
that does not exhaust all the possible questions that can be asked about
these subgroups. For example, many mathematicians have investigated
the total number of subgroups of a finite abelian group or the number of
subgroups of one special form or another. In this direction there is the
following problem: If a finite primary abelian group is given by its in-
variants and if a basis is chosen in the group, is it then possible to enumerate
all the subgroups of the group by assigning to each a certain “canonical”
basis? Such a basis ought to be uniquely determined by the choice of the
basis of the group and it ought to be “best possible” in a certain sense. A
solution of this problem was given by Birkhoff [3]"
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§ 21. The ring of endomorphisms of an abelian group

For the endomorphisms of an abelian group G we can introduce, apart
from the multiplication studied in § 12, an operation of addition. The sum
of two endomorphisms 9 and 1 is defined as the mapping that carries every
element a of G into

ay - an,
a(x+m)=ax+an.

This mapping is also an endomorphism of G, since!

@4+ +n=@+b)x+ @+ b)n=(ex+ o0+
+(@n+bt=a(+n+ o+ .

The addition of endomorphisms is commutative and associative. The null
endomorphism plays the role of the zero. If % is an endomorphism of G,
then the mapping — y that carries every element ¢ of G into — ay,

a(—yx)=—ay,

is also an endomorphism, for
@+ (—p)=—@+d0x=—(@x+by)=a(—x)+b(—x)

The sum of the endomorphisms y and — y is the null endomorphism. We
can, therefore, introduce the subtraction of endomorphisms:

X—N=x+(—m).

Sums and products of endomorphisms of an abelian group are linked by
the distributive laws:
(1 =+ X2) M = X0+ X2 1)
o1 (gt Xa) = M+ e @

For we have for an arbitrary aeG

al(x =+ xo) Ml = la (x; + ) 1= (ax; + ax) =
= (axy) -+ (axe) m=a (x;m) + @ (xam) = @ (X0 + XM

* Here we use, in an essential way, the commutative law of the group operation in G.
In the case of a non-abelian group G the sum of two endomorphisms X and 1 is an endo-
morphism if and only if GXand G—the images of G under these endomorphisms—are
element-wise permutable. Such endomorphisms X and 7 are then called summable.
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which proves (1). The proof of (2) is just as simple.

All these results, together with those of § 12 on the multiplication of
endomorphisms, are combined in the following theorem.

The set of all endomorphisms of an abelian group is a ring with respect
to the operations of addition and multiplication of endomorphisms.

The endomorphisms of a non-commutative group do not form a ring,
since it is not possible to perform additions and subtractions without restric-
tion. Properties of the systems of endomorphisms of a non-commutative
group are studied in papers by Fitting [1, 4].

We shall now consider some examples. First of all, let us find the ring of
endomorphisms of an infinite cyclic group. Let a be a generator of the group.
An endomorphism carries a into an element na (where n is an integer)
and is completely determined when » is given. Thus there exists a one-to-
one correspondence between the endomorphisms of an infinite cyclic group
and the integers. If

ay=ana, an=ma
then
a(xn) = (na)n=(nm)a
a(y +n)=mna+ ma= (n+ m)a.

So we see that the ring of endomorphisms of an infinite cyclic group is
isomorphic to I, the ring of integers. By the same method one shows that
the ring of endomorphisms of a finite cyclic group of order n is isomorphic
to I, the ring of residue classes of I (mod n).

Now let us find the ring of endomorphisms of R, the additive group of
rational numbers. Every endomorphism of R is completely determined by
the image of the number 1: if 1+ =17 and if (%)x:r’. then nv'=
(n . 17) y=r; hence r’= _nr_ , and therefore

(ﬂ) xX= '% r. (3

n

Conversely, by choosing an arbitrary rational number » and defining the
mapping % of R by the formula (3) we obtain an endomorphism of R. In
this way we establish a one-to-one correspondence between the endomorph-
isms of R and the rational numbers; but from

ley=r, len=3s
it follows that

le(xn)=rn=rs,

le(xy +n)=r+s.
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Hence the ring of endomorphisms of R is isomorphic to the field of rational
numbers. Thus every endomorphism of R, except the null endomorphism,
has an inverse and is therefore an automorphism.

Finally, let us find the ring of endomorphisms of a group of type p=.
This group is given by generators

1,02, .. .,Qny ... (4)
and the relations

pa,=0, pa,  =a, n=1,2,.... (5)

An endomorphism y of this group is completely determined by giving the
images of all the elements (4) ; and since all the elements of our group whose
order does not. exceed p* lie in the subgroup {a.}, we have

apy=Fkua, n=1,2, ..., (6)
where
0=k, <p™ (7)

furthermore, since the relations (5) must hold for the images of the elements
(4), we have

P (ape 1) = anls

so that
P(Rpy1ny)) = Ry, =kRua,

Therefore
kpoy=Fk,(modp™, n=1,2,.... (8)

Thus, to every endomorphism % of a group of type p= there corresponds
a sequence of natural numbers

(Bi Bay o bmy ) 9)

subject to the conditions (7) and (8). To distinct endomorphisms there
correspond distinct sequences, since at least one a, has different images
under the endomorphisms. Qn the other hand, every sequence (9), subject
to the conditions (7) and (8), defines an endomorphism, namely that given
by the equations (6).

Suppose now that besides the endomorphism y defined by the sequence
(9) we have another endomorphism 1 of the group of type p= corres-
ponding to the sequence

(hlayooiylny o). (10)
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Then
(X +N =t tl)a,, a, (X)) = (kalw) 20

However, from the conditions (8) for the sequence (9) and similar condi-
tions for the sequence (10) we have:

RBositlppy =k, —+ I, (mod p»),

Rpiilne1 =Ryl (mod p”),

and these congruences remain valid if the left-hand sides are replaced by
their positive remainders modulo p#+*, the right-hand sides modulo p*. In
this way there correspond to the sum and product of the endomorphisms
x and 7 the sum and product of the sequences (9) and (10), obtained by
component-wise addition and multiplication and subsequent reduction
modulo p* at the n-th place.

The set of sequences of the form (9) subject to the conditions (7) and (8),
with addition and multiplication defined by the rules just described is there-
fore isomorphic to the ring of endomorphisms of a group of type p=; that
is to say, it is itself a commutative ring. This ring is called the ring of p-adic
integers and plays a very significant rdle in various branches of algebra,
mainly in the theory of fields and in topological algebra. Thus, the ring of
endomorphisms of a group of type p= is isomorphic to the ring of p-adic
integers.

The sequence (0,0,...,0,...), which corresponds to the null endo-
morphism, is the zero of the ring of p-adic integers, and the sequence
(1,1,...,1,...), which corresponds to the identity automorphism, is
the unit element. Further, since an endomorphism of a group of type p®
is an automorphism if and only if it does not carry the element a, into zero,
we find that the p-adic integer (9) has an inverse if and only if ky 4 0.

In the same way we could prove a number of other properties of the ring
of p-adic integers. We shall only show that this ring has no divisors of zero.
For, the image of a group of type p= under any non-null endomorphism is
the whole group and not a proper subgroup, and therefore the result of
performing two non-null endomorphisms in succession cannot be the null
endomorphism.

We now pass on to the problem of the ring of endomorphisms of a direct
sum. For this purpose it is convenient to introduce the concept of the
group of homomorphisms of one abelian group into another. We consider
the set of all homomorphic mappings of an abelian group 4 into an abelian
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group B and define the sum of any two homomorphisms ¥, n of this set
by the formula
a(x + m)=ay +an, aeA.

The proof that the mapping % + 71 is a homomorphism and that the set of
homomorphisms of 4 into B is in this way turned into an abelian group
is a literal repetition of the one we gave at the beginning of this section for
the special case of the addition of endomorphisms.

We note that if three abelian groups 4, B, and C are given, then we can
also speak of the product of a homomorphism of 4 into B by a homomorphism
of B into C, defining it as the result of performing the homomorphic map-
pings in succession; it is, of course, a homomorphism of A into C.

Now let G be an abelian group represented as a direct sum of a finite

number of groups H;, n
G= Y H,
=1

We denote by Ry the ring of endomorphisms of H;, and by Ry for i 54 j,
the group of homomorphisms of H; into H;. Then the following theorem
holds (see Kiskina [1]).

The ring of endomorphisms of the group G = EH‘ is isomorphic to the

ring of square matrices () of order n, where er RU and where the oper-
tions of addition and multiplication of matrices are defined in the usual way.*

For let us associate with every matrix (7;) of this form a mapping  of G
into itself which is defined as follows: If geG and

n
g=2h, heH,
{=1
then we put

n n
=i=21 j=21 kot

It is easy to see that this mapping is an endomorphism of G. Conversely,
every endomorphism y of G corresponds in this sense to a matrix ; for if 4,
is an arbitrary element of H, and if

n
h‘x =j§ h‘j, hu € H

! Note that with matrices of the given form not only addition but also multiplication
can always be performed and that the resulting matrices are obviously themselves of
the same form.
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then we put
thij = h{j;

the mapping yy is obviously a homomorphism of H, into H;. The proof
that this one-to-one correspondence between the endomorphisms of G and
the matrices of the form (y;) preserves sums and products is not difficult
and is left to the reader. It follows, in particular, that the matrices of the
form () actually form a ring.

From this theoren,ll and results of § 12 it follows that the group of auto-
morphisms of G = ‘21 H, is isomorphic to the multiplicative group of those
matrices of the form (yy) that have an inverse in the ring of all these
matrices. The identity automorphism of G corresponds to the matrix that
has the unit elements of the rings R; down the main diagonal and zeros
elsewhere.

Let us apply these results to the case of finitely generated abelian groups
which, as we know, are direct sums of infinite and finite primary cyclic
groups. We have already studied the rings of endomorphisms of cyclic
groups. It is now easy to prove the following statement: If 4 and B are two
infinite or finite primary cyclic groups, then the group of homomorphisms
of A into B is 1) isomorphic to B if A is infinite, 2) cyclic of order p™in(k. D
if A and B are primary with respect to the same prime number p and are
of order p* and p/, respectively, 3) null in all other cases. We observe,
further, that if {a}, {b}, and {c} are three cyclic groups and if ¢ is a
homomorphism of the first into the second and y a homomorphism of the
second into the third, where

ap==Fbd, by=lc,
then
a(py) = (kl)c.

Therefore, if we regard these groups of homomorphisms of cyclic groups
as the additive groups of the ring of integers I and its residue-class ring I,,
then we find that the product of homomorphisms corresponds to the product
of the associated integers reduced, of course, modulo the order of {c}.

We leave it to the reader to supply the details of the proofs of the state-
ments in the preceding paragraph and to obtain the actual description of
the ring of endomorphisms of a finitely generated abelian group given by its
invariants. We note only the following results, which refer to the case of
free abelian groups.
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The ring of endomorphisms of a free abelian group of rank n is isomorphic
to the ring of all square matrices of order n with integer coefficients.

The group of automorphisms of a free abelian group of rank n is iso-
morphic to the group of those square matrices of order m with integer
elements whose determinants are == 1.

The groups of automorphisms and rings of endomorphisms of various
classes of abelian groups are studied in a number of papers, particularly
those by Shoda [1], [3], Baer [14], [27], Derry [1], Shiffman [1],
Kiskina [1].

§22. Abelian groups with operators

In various applications of abelian groups with operators the domain of
operators turns out to be an associative ring R with elements a, §, v, ...
where in addition to the conditions for operators

(a + b)a=aa + ba

the following two conditions hold:

a(a+ B)=aa - af, (1)
a(aB)=(aa)B’ @

They form a link between the group operation in G and the operations
defined in the ring R.

Only when conditions (1) and (2) are satisfied shall we say that the
group G has an operator ring R. We shall then also say that G is a module
over the ring R or, briefly, an R-module.

(1) and (2) are plausible conditions, because if we consider the ring of
endomorphisms of an abelian group G or any subring of it as operator
domain for the group, then (1) and (2) follow immediately from the defini-
tions of sum and product of endomorphisms. Further, if a ring is considered
as a right operator domain for its additive group, then (1) and (2) become
the distributive law for the ring operations and the associative law for the
multiplication. Finally, the vector spaces over a field F which are studied

* We must keep in mind that the sign + on the left-hand side of (1) is the sign of
addition in R, on the right-hand side it is the sign of the group operation in G. Similarly
in (2) we should distinguish between multiplication of elements of R and the effect of
an operator of R on an element of G.
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in higher algebra are obviously F-modules. Note that every abelian group
without operators can be regarded as a module over the ring of integers.
From (1) it follows that

aa=ga(a + 0)=aa + a+0,

so that a-0=0; that is, the zero element of the ring R as an operator
corresponds to the null endomorphism of G.X
Further,

ao=a(a—f + B)=a(a—p) + aP,
so that

a(a—B)=aa—ap. (1)

If the ring R has a unit element &, then the operator & need not correspond
to the identity automorphisms of G. For example, conditions (1) and (2)
are satisfied if we put aa =20 for every a of G and every a of R; but in
this case the presence of an operator ring does not contribute anything
to the study of the group G. The general case can easily be reduced to this
extreme case and the case in which the operator ¢ corresponds to the identity
automorphism,

For let G be an abelian group with an operator ring R that has a unit
element e. We denote by H the set of all the elements @ of G for which
ae=a, and by K the set of all the elements of G for which ae=0. H and
K are admissible subgroups of G and their intersection consists of the null
element only. Their direct sum is G, because we have for every a of G

a=qae + (a—ac),

where obviously ae€ H, a —aeceK. Clearly we have the right to restrict
our investigations to the direct summand H as a group with operators for
which & corresponds to the identity automorphism. In what follows, if we
speak of an operator ring with unit element we shall always take this
restriction for granted, in other words, we shall assume that

ae=a 3)
for all a of G.
If G is a group with an operator ring R, then the set a of all elements

* The symbol 0 on the left-hand side is the zero element of R; that on the right-hand
side, the null element of G.
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o of R that annihilate a given element a of G, that is, for which e¢a =0,
is a right ideal of R, as equations (1’) and (2) indicate. This ideal a is
called the order of a. For ordinary abelian groups, that is, groups with the
ring of integers I as operator ring, this definition agrees essentially with
the usual one: if an element a has order # in the usual sense, then it is anni-
hilated by the multiples of # only, in other words, by the numbers of the
ideal n in .

If the order of an element is the null ideal of R, then @ is called an
element of infinite order. In the additive group of a ring R without divisors
of zero and with R itself as right operator domain, all the elements, except
zero, have infinite order. The order of the null element of G is, of course,
always the whole ring R, and it is the only element whose order is R, if we
consider an operator ring with unit element (see condition (3)).

If an operator ring R with unit element is studied, then the admissible
monogenic subgroup of an element a of G (see § 15) consists of all elements
of the form aa, aeR. For these elements form a subgroup of G by (1),
this subgroup is admissible by (2), ¢ is contained in this subgroup by (3),
and finally the subgroup is monogenic since every admissible subgroup
containing @ must also contain all the elements aa.

The admissible monogenic subgroup of an element a is operator-
isomorphic to the factor groups R/a, where a is the order of a. In
particular, if a is a two-sided ideal of R, then the monogenic subgroup of a
is operator-isomorphic to the additive group of the residue-class ring R/a.
For by associating the element a of R with the element aa of G we obtain
by (1) and (2) an operator-homomorphic mapping of the additive group
of R onto the monogenic subgroup of @, and it is precisely the elements
of a that are mapped onto the null element.

Every result of the general theory of abelian groups gives rise to the
question: for which operator rings does this result remain valid? A revi-
sion of the contents of the theory of abelian groups from this point of view
is far from complete, although it would be of considerable interest for the
theory of rings as well. We restrict ourselves here to a few remarks con-
cerning results that have been proved in the preceding sections of this
chapter. In order to avoid needless complication we shall assume that the
operator ring R is @ ring with a unit element and without divisors of zero.

The periodic part F of a group G, that is, the set of all elements whose
orders are not the null ideal, is a subgroup, provided that the intersection
of any two non-zero right ideals of R is itself not the zero ideal. This sub-
group is admissible if we assume in addition that the ring R is commutative.
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In that case. the factor group G/F is also an R-module and all its elements
other than the null element have infinite order.

The theorem on the decomposition of a periodic abelian group into the
direct sum of primary groups requires much stronger restrictions on the
operator ring K. In any case, it is sufficient to assume that R is a com-
mutative principal ideal ring.

The definition of linear dependence of elements preserves its meaning in
groups with any operator ring R. If we assume this ring to be commutative,
then the exchange theorem remains valid and the concept of the rank of a
group can therefore be introduced. Under the same assumption it remains
true that the rank of a group is equal to the sum of the rank of an arbitrary
(admissible) subgroup and the rank of its factor group.

In a group with operator ring R, the réle of the infinite cyclic group is
taken over by the additive group of R, considered as a right R-module;
we can choose as generator the unit element of R or any divisor of the unit
element. The direct sum of an arbitrary set of such groups will be called a
free R-module. If R is a commutative ring, then the rank of a free R-module
is equal to the number of monogenic direct summands.

Every R-module is isomorphic to a factor group of a free R-module, and
if R is commutative, then an R-module with n generators is isomorphic to
a factor group of a free R-module of rank n.

This theorem is proved by means of an operator-homomorphic mapping
of a free R-module with a suitable system of generators onto the given
R-module, and an application of the homomorphism theorem for operator
groups.

If the right ideals of R are principal, then every admissible subgroup of a
free R-module, except the null subgroup is itself free.

In order to prove this theorem we have to repeat the proof of the corres-
ponding theorem of § 19, but with the following modifications: if we con-
sider in the given subgroup the elements with a given last index v, then we
cannot say that among them there is an element with smallest positive last
coefficient. However, it is easy to see that the last coefficients of all these
elements form a right ideal in R, which by assumption is principal, that is,
of the form aR. The element with last index v and last coefficient a will
now play the role of the element with smallest positive last coefficient.

In the paper by Everett [1] it is proved that the conditions we have
imposed on R—existence of a unit element, absence of divisors of zero, all
right ideals are principal—are also necessary for the theorem on subgroups
of a free R-module to be valid.
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If we wish to extend to abelian operator groups the theorem on the con-
nection between the bases of a free abelian group of finite rank and the
bases of its subgroups or the fundamental theorem on finitely generated
abelian groups that follows from it, then we must impose much stronger
restrictions on the operator ring R. In the paper by Teichmiiller [1] it is
proved that these results remain valid provided that all left and all right
ideals of R are principal.! The special case of a Euclidean ring R is treated
in Chapter XV of the second edition of van der Waerden’s Modern Algebra?®

! See § 24 of the first edition of this book.



CHAPTER VII
PRIMARY AND MIXED ABELIAN GROUPS

§ 23. Complete abelian groups

The theory of primary abelian groups is one of the richest and deepest
branches of the whole theory of groups; the theory of countable primary
groups, in particular, has attained its final form. A number of separate
theories—the theory of complete groups, the problem of serving subgroups,
and others—have gradually emerged from the framework of the general
theory of primary groups. It is expedient to treat the theory of primary
groups in close connection with the theory of mixed abelian groups, all the
more because this method leads to a natural approach to the main problem
in the theory of mixed abelian groups ; namely, the problem of their decom-
position into the direct sum of a periodic group and a torsion-free group.

We begin with the study of an important class of abelian groups which
is, in a way, dual to the class of free abelian groups.

An abelian group G is called complete! if for every element a of G and
every natural number » the equation

ny=a
has at least one solution in G, or if each element a is divisible in G by every
natural number. Obviously, for a group G to be complete it is sufficient
that each element of the group be divisible by every prime number.

It follows immediately from the definition that every factor group of a
complete group is complete and that the direct sum of an arbitrary set of
complete groups is itself a complete group.

If an abelian group G contains a complete subgroup A, then A is a direct
summand of G.

For let B be one of the maximal subgroups of G whose intersection with 4
is the null subgroup ; the existence of such a subgroup follows from a theorem
proved in § 7. A4 and B form a direct sum in G. Now if G contains an ele-
ment g not in 4 + B, then the intersection of the subgroups 4 + B and {g}
cannot be the null element, since otherwise the intersection of 4 and B + {g}
would also be the null element, in contradiction to the choice of B. A mul-

* Note that the term complete group is also used (§ 13, p. 92) for a group without
center and without outer automorphisms. There is no danger of confusion between the
two concepts. Complete abelian groups are also called divisible groups. [Trans.]

163



164 Part Two. VII. PrRiMARY AND M1xEp ABELIAN GROUPS
tiple of g therefore belongs to 4 + B; that is,
Pg=—a+ b,acA, beB;

we can assume here that p is a prime number, for it is sufficient to replace g
by a multiple that is not contained in A4 + B, while a prime multiple of
the latter is contained in 4 + B.

Now there exists an element a’ in 4 such that pa’ = a. Hence

p(g—d)=beB,g—d'fAd+B.

We put g¢'==g—a’. Every element of {g’, B} has the form kg’ + ¥’,
where 0 =k =p—1,b’eB. If the intersection of 4 and {g’, B} is not
the null element, then there exists an element @ in 4, @ 5% 0, such that

a=kg + V.

Here k 0, since ANB =0; but pg’e B and p and k are co-prime. Hence
g'ed + B, which is impossible. On the other hand, the intersection of
A and {g’, B} cannot be the null element, because this contradicts the choice
of B. Thus G=4A4 + B.

The sum of an arbitrary set of complete subgroups of an abelian group
is itself a complete subgroup.

For if complete subgroups A4, of an abelian group G are given, then
every element of their sum has the form a,,l—}— a,z—}— oo+ @y, , Where
a,, € A,y If a, ¢ A“;’ Pay, = Qg 1=1,2,...,k, then the element

201—‘_;"2_" o +E“k lies in the sum of the subgroups 4, and
p(aal+‘;u2+ LS +£;¢k)=aal—}— aaz—Jr' e +a"k'

In particular, the sum A of all complete subgroups of an abelian group G
is the unique maximal complete subgroup of G. In the direct decomposition

G=4+ ¢,

which exists by the above theorem, the summand G’ contains no complete
subgroup. We shall call an abelian group reduced if none of its subgroups
is complete. We therefore have: Every abelian group can be decomposed
into the direct sum of two groups, one complete and the other reduced. An
abelian group G may have many direct decompositions of this kind, but the
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complete summand is always the same, and the reduced summands are
therefore isomorphic.

It is easy to give a survey of all complete abelian groups. Groups of type R,
that is, groups isomorphic to the additive group of all rational numbers, are
obviously complete, and so are groups of type p* for all prime numbers p
(see § 7). That every element of a group of type p* is divisible by p follows
from the definition of the group, and that it is divisible by every prime
number ¢, other than p, is true even within the cyclic subgroup of order p*
generated by that element. It now turns out that these groups and their
direct sums exhaust all complete groups.

Every complete abelian group is decomposable into the direct sum of a
set of groups of type R and of groups of type p*° for various prime numbers p.

For, the periodic part F of a complete abelian group G is itself complete,
since every solution x of the equation nx =a has finite order if a has
finite order. We therefore have the direct decomposition

G=F+H,

where H is torsion-free and complete (because it is isomorphic to a factor
group of a complete group). In § 19 we proved that F is the direct sum of
primary groups F, for distinct prime numbers p. Furthermore, every F,
is complete: if aeF,, then a solution of the equation px ==a has as its
order a power of p and is therefore contained in F,, whereas every equation
qx =a with (p, q)==1 is known to be solvable even in {a}.

It therefore remains to consider two special cases: a complete group
that is torsion-free and a complete group that is primary with respect to p.

If G is a complete torsion-free group and a an element of G, a 5= 0, then
there exist elements a,,as,...,0a,,... in G such that

a4 =a, N, =0ap—1, 1’l=2, 3, cen,

These elements generate in G a subgroup of type R (see Example 2, § 18).
Let M be a maximal linearly independent system of G. We embed each
element of M in a subgroup of type R in the way just described. It follows
from the linear independence of M that the sum G’ of all these subgroups
is direct. Now G’ must be equal to G. For, every element b of G is linearly
dependent on M, so that we have an equation

nb==rkya, + ksas + ...+ k,a,,
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where n 540, a1, 02,...,0,€ M. Since G’ is complete, we can find an
element ¢ in G’ that satisfies the same linear relation. Hence

n(b—c)=0, that is, b =¢ and G’ =G.

We now turn to the case of a group that is p-primary and remark, first
of all, that every element of a complete primary group is contained in a
subgroup of type p=. For if a is an element of order p* in a complete group,
then we put

a,=pk-la, ay=pc-2a, ..., q4_;=pa, a,=a.

Now we choose as a1 one of the elements x for which px =a; if the
element a,, 7 = k, has been chosen, then we choose as a,,; a solution of
the equation px =a,. The elements a,, as, ..., @,, ... obviously generate
a subgroup of type p* containing a.

Hence, by the usual transfinite process, we can construct a set of sub-
groups of type p in the complete primary group G such that their sum G’
is direct and that no subgroup of G of type p= has the null element as its
intersection with G’. We now show that G’ is equal to G. If G contains an
element a outside G’, and if G’'N{a} =0, then we embed a in a subgroup
of type p= and obtain a contradiction to the definition of G’. If p¥a€G’, but
pE-la £ G’, then we can find an element ¢’ in G’ such that pta’ = p*a,
because G’ is complete. Now a — d’ is not null, but the intersection of its
cyclic subgroup with G’ is the null element, and we again have the previous
case. We have thus shown that G is a direct sum of groups of type p=.

This completes the proof of the theorem.

As a particular case of this theorem we see that the additive group of all
real numbers, which is a complete torsion-free group whose cardinal number
is that of the continuum, is decomposable into the direct sum, whose cardinal
number is that of the continuum, of a set of groups of type R.

Every direct decomposition of a complete abelian group can be refined
to a decomposition into the direct sum of groups of type R and of type p=.
Any two decompositions of a complete group into the direct sum of groups
of type R and of type p= are isomorphic.

The first part of this theorem follows from the fact that every direct
summand of a complete group is itself complete—if G=A + B and
n(d’ + b’)=a, where a,ad’€ A4, b’'eB then na’ = a—and therefore, as we
have shown above, is a direct sum of groups of type R and of type p=.
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For the proof of the second part, we take an arbitrary decomposition of
the group G into the direct sum of groups of type R and of type p=. If we
select from every direct summand of type R of this decomposition one
element, other than the null element, then we obtain a maximal linearly
independent system of G. If now follows from results of § 19 that the
number of direct summands of type R (that is, the cardinal number of this
set) does not depend on the choice of the decomposition. On the other hand,
if we take for a fixed p the sum of the direct summands of type p= that
occur in the given decomposition, then we obtain a subgroup 4 of G con-
sisting of all those elements whose order is finite and a power of p; clearly,
this subgroup does not depend on the choice of the decomposition. The num-
ber of elements of 4 whose order is not greater than p is p* if there are n sum-
mands of type p= ; but if there are infinitely many such elements in 4 then
the cardinal number of this set is the same as the cardinal number of the
set of direct summands of type = in the given direct decomposition of G.
This shows that the number of direct summands of type p= (that is, the
cdrdinal number of this set) again does not depend on the choice of the
decomposition.

Every abelian group can be embedded in a complete abelian group.

The following simple proof of this theorem is due to Kulikov [2]. We
know that an abelian group G can be represented as a factor group of a free
abelian group U

G=U/N.

We take any decomposition of U into the direct sum of infinite cyclic groups.
We now embed each cyclic direct summand in a group of type R—just as,
for example, the additive group of integers is embedded in the additive group
of rational numbers—and take the direct sum of all these groups of type R.
We obtain a complete group V' containing U. The factor group V' /N, which
is also complete, contains U/N as a subgroup, that is, contains G.

From this theorem we deduce the converse of the theorem that a com-
plete group is a direct summand of every abelian group containing it (see

Baer [26]).

If an abelian group G is a direct summand of every abelian group that
contains it as a subgroup, then it is complete.

For G must be a direct summand of every complete group in which it is
contained. But we know that every direct summand of a complete group
is itself complete.
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The following result, partly contained in the paper by Baer [26] and
completely proved by Kulikov, supplements the theorem on the embedding
of every abelian group in a complete group.

In every complete abelian group containing a given group G there is at
least one complete subgroup that is minimal among those containing G.
Between any two minimal complete groups containing G there exists an
isomorphism extending the identity automorphism of G. [An isomorphism
@1 between two groups H; and K, is said to be an extension of an iso-
morphism ¢ between their subgroups H and K if he = k implies hy =k,
heH, keK.]

If G is complete there is nothing to prove. Assume that G is not complete
and let G be contained in a complete group G. Since the union of an ascend-
ing sequence of complete groups is complete, there exist maximal complete
subgroups of G whose intersection with G is the null element. Let H be
one of them, We have a direct decomposition

G=H + K,

where K can be chosen to contain G. K, as a direct summand of a complete
group, is complete and is the required minimal complete subgroup con-
taining G. For if there exists a complete group K’ between G and K

GSK'<K,
then
K=K+ K”,
that is,
G=K + (K" + H).

The subgroups K” and, therefore, K” + H are complete, and since
(K” + H)NNG = 0 we have a contradiction to the choice of H.

Now let K, and K, be any two minimal complete groups containing G.
Since G is not complete, it contains an element ¢ such that for some prime
number p the equation

pr=—a

has no solution in G. Let b, and b, be solutions of this ‘equation in K and
K,, respectively. We obtain an isomorphism ¢’ between K,'= {G, b,}
and K, = {G, b} if we map the subgroup G identically onto itself and
put

blqa’ = b,.
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Suppose that for all ordinal numbers f less than o we have already found
subgroups K of K, forming an ascending sequence, and subgroups K®.
of K, and isomorphisms ¢, mapping K ® onto K such that these iso-
morphisms extend one another. If a is a limit number, then we denote the
union of the subgroups K by K{ i=1,2, and define ¢ as the union
of all isomorphisms ¢®, 8 < a, But if the number a — 1 exists, then let a,

be an element of K&~ such that for a certain prime number p the equation

px::al

has no solution in K {*~ ; we denote a solution in K1 by bs. If a,9@—" =aq
and if b, is a root of the equation

pr=as
in K,, then we put

K@ =KD, b}, i=1, 2.

The mapping ¢® that coincides with g~ on K {*~1 and carries by into b2
is an isomorphism between K{® and K{.

This construction terminates when the subgroups K and K" are com-
plete, that is, when they coincide with K and K» respectively. This concludes
the proof of the theorem.

We note that a complete group may have several minimal complete sub-
groups containing a given subgroup G. For example, take the direct sum
of two groups of type p=, a group A4 with generators

1,02, ...,y ...
and with relations

pa; =0, pa,, ,=a, n=1,2 ...,
and a group B with generators

by, bay.n s by
and with relations
pby=0, pb,, ,=b,, n=1,2,...,

then {a,)} is contained in the subgroup A as well as in the subgroup of
type p = generated by the elements

@y Ggtbpy o ovy by gy oee .
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§ 24. Direct sums of cyclic groups

We have already studied two classes of abelian groups that are direct
sums of cyclic groups, namely free abelian groups—that is, direct sums of
an arbitrary set of infinite cyclic groups—and finitely generated abelian
groups—that is, direct sums of a finite number of arbitrary cyclic groups.
These groups turned out to have a number of properties in common ; and
we now wish to show that these are, in fact, properties of the direct sums
of any set of arbitrary cyclic groups. Clearly we may assume that all the
finite cyclic summands of these direct sums are primary with respect to
various prime numbers.

There exist several criteria for an abelian group to be the direct sum
of cyclic groups. We shall only establish one such condition, which refers
to the case of primary groups. But we first have to introduce a few con-
cepts that are essential for the whole theory of primary abelian groups.

If G is a p-primary group, then the set G, of all elements of G of order
at most p is a fully invariant subgroup of G. We shall call this subgroup
the lowest layer of G. [In a group G the set of all elements of a given order
is said to form a layer of G. Infinite groups in which all layers are finite—
such groups are necessarily periodic—have been studied by Cernikov [12].]

An element a of a p-primary group G is said to be of infinite height if for
every k the equation

prr—=—a

has at least one solution in G. But if this equation can be solved only for
k = h, then we say that a is an element of finite height, or more precisely,
of height h.

[It follows from this definition that in every primary abelian group G the
null element is an element of infinite height. If the null element is the only
element of infinite height in G, then G is called a group without elements of
infinite height (compare “group without center”). This slightly inaccurate
but convenient terminology saves a lot of circumlocution later.] P

Note that it would be more accurate to speak of the height of a in G,
since the height of a in a subgroup H of G may turn out to be less than in
G itself.

The following properties of the height of an element are immediate con-
sequences of the definition. If @, and a, are two elements of a group G, of
height h; and h; respectively, then a; + a, is of height h; if by < hg, and
of height at least & if hy = ho=="h. If a is an element of height 4, then
pa is an element of height at least # + 1. If a and b generate the same
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cyclic subgroup of G, then they have the same height in G. If G is a direct
sum, then an element that is contained in a direct summand has the same
height in that summand as in G. The height of an arbitrary element of a
direct sum is equal to the least height of its components.

In complete primary groups, and in them only, every element has infinite
height. Furthermore, if every element of the lowest layer of a primary
group G has infinite height in G, then G is complete. For suppose that it
has already been proved that all elements of G of order p* have infinite
height. If ¢ is any such element and b,, b, are two solutions of the equation
px=a, then by — b, is of order p and therefore of infinite height. It
follows from the first statement of the preceding paragraph that by and b,
have the same height. However, since a is an element of infinite height,
the equation p# ==a must have solutions whose heights exceed any given
natural number. So we see that all the solutions of pa = a for any element
a of order p"—in other words, all elements of order p*+*—must have infinite
height in G.

We now prove the following criterion of Kulikov [2].

KuLrikov’s CRITERION. A primary abelian group G is a direct sum of cyclic
groups if and only if it is the union of an ascending sequence of subgroups

A AVe ... cAne ... (1)

such that the elements of each subgroup are of finite and bounded height in G.

Proof. If G is representable as a direct sum of cyclic groups, then we can
take as AM n=1,2,..., the sum of those direct cyclic summands whose
order does not exceed p*. ,

Conversely, let G be represented as the union of the ascending sequence
(1) subject to the condition of the theorem. As x; we select one of the
elements of order p in 4™ with the greatest possible height in G; such
elements exist, since the elements of 4" are of bounded height in G.

Suppose now that for all ordinal numbers a less than a certain § we have
already chosen elements x, satisfying the following conditions:

1) all the elements #, have order p;

2) if x, is contained in A, then it is not in A®-Y, and if H, is the
subgroup generated by all 4 with o’ < a, then:

a) H, contains the lowest layer AT of At-1),

b) #, is not contained in H, and has maximal height in G among all
elements of 4™ outside H,.



172 Part Two. VII. PriMARY AND MIXED ABELIAN GROUPS

If the subgroup’ Hjy generated by all x,, a < 8, does not coincide with
the lowest layer G, of G, then we choose x5 in the following way: It
follows from 2a) that there exists an # such that all x, are contained in A,
but not all are contained in A®-1, If Hy does not coincide with A$™, then
we take as g one of the elements of order p of A™ lying outside Hg and
of maximal height in G. But if Hp and A™ are equal, then we take an
analogous element from the smallest subgroup of the sequence (1) whose
lowest layer is greater than A{™. In both cases we obviously appeal to
the conditions on the subgroups 4™ imposed by the theorem.

The selection of the elements x, can thus be continued as long as they
do not generate the lowest layer of G. Suppose this occurs when the x,
have been chosen for all a less than y. It follows from 1) and 2b) that the
lowest layer of G has the direct decomposition

G, = 2 {xa}' @

aly

Let h, be the height of x, in G and v, an element of G for which
Py, = x,.

By (2), the cyclic subgroups {y,} form a direct sum which we denote by F,

F=2 (v} @
aly

Let us show that every element z of G of order p has the same height in F

as in G (z is an element of F, since Gy & F). By (2), 2 can be written in

the form

7 ’
2=+ X+ ... +x:n,

where the element x;‘, i=1,2,...,n, is a multiple of x,; and therefore
has the same height in F as in G. In view of the direct decomposition (3),
the height % of z in F is the smallest of the numbers hqp,, i=1,2,...,n.
The height of this element in G cannot be less than 4 ; we show that it cannot
be greater. Let k be the index for which k., =4 but h., >k for i > k.
Then in the sum

2= (%, + ...—l—x;k)—}-(x:kﬂ—l— oo xn)

the second term either does not occur (if k==mn) or its height in G is
greater than h. As for the first term, it is not contained in H, and its
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height in G cannot be greater than the height of xay in G, so that hoyy=h,
otherwise we would have a contradiction to condition 2b) imposed on the
choice of x4, Thus 2 is a sum of two elements with distinct height. Hence
its height is equal to the smaller of the two heights, that is, does not exceed h.
This proves that z has the same height in F as in G.

Suppose now that F is different from G. Let g be an element of G of
smallest order outside F, and let its order be p*; clearly s = 2. The element
ps—'g is of order p and therefore belongs to F; we have proved that it has
the same height in F as in G. There exists, then, an element f of F such that

P =p-ig.

The order of the element g — f does not exceed p*—?1, that is, g — f is con-
tained in F. But then g must also be contained in F, contrary to our assump-
tion. This shows that F= G and completes the proof of the criterion.

From this criterion we deduce the following two theorems (Priifer [2]),
which are fundamental in the theory of primary abelian groups.

PrUFER’S FirsT THEOREM, Every primary group in which the orders of
the group elements are bounded is a direct sum of cyclic groups.

For in this case the heights of all elements of the group are finite and also
bounded, so that,we can apply Kulikov’s criterion, putting all the A4®
equal to the group itself.

PRUFER’s SECOND THEOREM. Every countable primary group without
elements of infinite height is a direct sum of cyclic groups.

For since the group is countable it can be represented as the union of an
ascending sequence of finitely generated subgroups, and these subgroups, as
periodic commutative groups, are all finite. The heights of the elements of
each of these subgroups are finite, and since there is only a finite number
of them, they are bounded.

Kulikov’s criterion also leads to a simple proof of the following result:

If a primary group G is a direct sum of cyclic groups, then every subgroup
H of G is also a direct sum of cyclic groups.

For by Kulikov’s criterion G is the union of an ascending sequénce of
subgroups A™, n=1,2,..., where all the elements of each subgroup 4™
have finite and bounded heights in G. If

BM—=HpNA™, n=1,2, ...,

then all the elements of each subgroup B have infinite order in G and a
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fortiori in H, and also bounded heights. H is, however, the union of the
subgroups B®), and we can therefore again apply Kulikov’s criterion.

We shall now leave the study of primary groups and return to the general
case. The preceding result and the theorem on subgroups of free abelian
groups at the end of § 19 lead to the following general result.

If an abelian group G is a direct sum of cyclic groups, then every sub-
group H of G is also a direct sum of cyclic groups.

For if G* is the periodic part of G, then G, as the direct sum of cyclic
groups, is the direct sum of G* and of a free subgroup K. The factor group
of our subgroup H with respect to its periodic part H* is, by the isomorphism
theorem, isomorphic to a subgroup of G/G*, that is, is isomorphic to a
subgroup of K. Therefore H/H* is itself free, as a subgroup of a free
group, and by the theorem at the end of § 19, H s the direct sum of H*
and a free subgroup. Furthermore G* is the direct sum of primary sub-
groups for distinct prime numbers p, and each of these primary subgroups
is a direct sum of cyclic groups. H* is the direct sum of its intersections
with these primary subgroups, and it now remains to apply the preceding
theorem on the subgroups of a direct sum of primary cyclic groups.

If an abelian group G is a direct sum of cyclic groups, then every direct
decomposition of G can be refined to a decomposition with cyclic direct
summands.

For by the preceding theorem every direct summand of G is a direct
sum of cyclic groups.

If an abelian group G is a direct sum of cyclic groups, then any two direct
decompositions of G with infinite and finite primary cyclic summands are
isomorphic.

For the number of infinite cyclic summands in any direct decomposition
is equal to the rank of G, that is to say, is independent of the choice of
decomposition. Moreover, the direct summands of one of the given decom-
positions whose orders are powers of a prime number p generate a primary
subgroup which does not depend on the choice of the decomposition. This
permits us to confine ourselves to the case in which G is itself primary.

We take one of the decompositions of G into the direct sum of cyclic
groups and denote by 4™ the sum of the direct summands whose orders
are p*; if there are no such summands, we put 4 =0. Then

G=A0L A | L AW,
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Similarly the lowest layer G, of G decomposes into the direct sum of the
lowest layers of the A,

G=A 4 AP .. AP+, ..

Let
Bm = AP L APy
then
B®W = A{" | Bin+1),
and

APV~ BmW/Bm1), p=1, 2, ....

It is easy to see, however, that the subgroup B, n=1, 2, ..., can be
defined independently of the particular direct decomposition of G: B®
consists of precisely those elements of order p in G whose height is not less
than n — 1. The subgroup A" s therefore defined by G itself up to iso-
morphism, and since 4, as the direct sum of cyclic groups of one and the
same order p*, is completely determined by its lowest layer and the number
n, we have established the isomorphism of any two decompositions of G
into the direct sum of cyclic groups.

The theorem on subgroups of direct sums of cyclic groups enables us,
finally, to prove the following theorem :

Every abelian group is the union of a countable ascending sequence of
direct sums of cyclic groups.

This is obvious for complete groups, since groups both of type R and of
type p are unions of ascending sequences of cyclic groups. But in the pre-
ceding section we proved that an arbitrary abelian group G can be embedded
in a complete group G ; it is therefore the union of its intersections with those
direct sums of cyclic groups for which the union of their ascending sequence
is G. These intersections, however, are themselves direct sums of cyclic
groups.

§ 25. Serving subgroups

A subgroup H of an abelian group G is called a serving (or isolated or
pure) subgroup if for every element i of H and every natural number n
the equation

nx=~h
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can be solved in H provided that it can be solved in G. Examples of serving
subgroups are the null subgroup, the group G itself, and every direct sum-
mand of G or of its periodic part.

From the definition it follows that if H is a serving subgroup of G and K
a serving subgroup of H, then K is a serving subgroup of G. Moreover,
the union of an ascending sequence of serving subgroups is itself a serving
subgroup.

If H is a serving subgroup of G, then in the natural one-to-one corres-
pondence between the subgroups of G/H and the subgroups of G that
contain H, serving subgroups correspond to serving subgroups.

For let A be a subgroup of G containing H. If A4 is a serving subgroup
of G, and if there exists an element g in G such that

n(g+ H)==a+ H, aed,
then
ng=a+ hed,

as A is a serving subgroup, there exists an element a’€¢4 such that
na’ =a + h, that is,
n(d + Hy=a+ H.

This proves that A/H is a serving subgroup of G/H, and we have not even
used the fact that H is a serving subgroup.

Conversely, suppose that A/H is a serving subgroup of G/H and that
there exists an element g in G such that ng = a, where ae 4. Then

n(g+ Hy=a+ H,
and therefore there exists an element a” in A such that
n(@” + H)=a+ H,
that is,
na” —a -+ h, heH.
From the equation ng =g it follows that
n(a” —g)=h,

and as H is a serving subgroup, it contains an element 4’ such that nh’ = h.
Thus,
a=n(a"—h),
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and since a”— &’ is an element of 4 we have proved that 4 is a serving
subgroup.

For primary groups the definition of a serving subgroup is equivalent to
the following: A subgroup H of a p-primary group G is a serving subgroup
of G if and only if every element of H has the same height in H as in G. For
the division by any integer co-prime to p can be carried out even within
every cyclic group of order p».

The following more general result holds:

In order that H be a serving subgroup of a primary group G it is sufficient
that every element of the lowest layer of H has the same height in H as in G.

For suppose it has been proved that every element of H of order p* has
the same height in / as in G and let & be an element of H of order p»+*,
If there exists an element g in G satisfying the equation p*tg = h, then we
also have pk+'g—ph, and since ph is an element of H of order p*, we
can, by hypothesis, find an element 4’ such that p*+14’ = ph. Hence

p(pFW—h)=0,
that is, the element p*h’— h of H is of order p. But
PR —h=pt(K'—g),

and therefore we can find an element 4 in H such that p*h/ — h = pth”.
Hence
h= pr(W —h"),

which shows that the height of 4 in H is the same as in G.

If a serving subgroup H of a primary group G contains the lowest layer
of G, then it is equal to G.

For if G is distinct from H, let p” be the smallest order of the elements
of G outside H, n > 1, and let g be one of these elements. Then pg is con-
tained in H, and since H is a serving subgroup, it contains an element & such
that pg =ph. Hence g— h is an element of order p and therefore belongs
to H, and so g must also belong to H.

We have mentioned above that every direct summand of an abelian group
is a serving subgroup. The converse does not always hold. Ewvery primary
group G that is decomposable into the divect sum of cyclic groups with
unbounded orders contains a serving subgroup that is not a direct summand

of G. (See Priifer [2]).
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For the proof we can confine ourselves to the case in which G is the direct
sum of a countable set of cyclic groups whose generators a;,az,...,a,...

have the orders pkl. pkz, cees pk", ..., and where
Ry <h<...<k,<..

We denote by H the subgroup of G that is generated by the elements
bl,bg,...,b,,,..., where

k, -~k
bn.—:.—_a”—-p 1" "ng, ., n=1, 2,

An arbitrary element & of H has the form
- X k —k kN 41~k
k= 'El lubu = llal + ”2=, (Iu"_ ln—lp » ”—1) an—_INp RAS NaN+1' ey}

The height of this element in G is equal to the greatest exponent of p that
divides all the coefficients of the generatorsa,,n=1,2,...,N + 1, on the
right-hand side of (1). Itis clear that then the same power of p also divides
all the coefficients /,,n=1,2, ..., N, and therefore & has the same height
in H asin G. This proves that H is a serving subgroup of G.

The expression (1) of an arbitrary element & of H shows that H does
not contain any multiples of a, except the null element. Furthermore, the
factor group G/H is a group of type p = since it is generated by the elements
@, = a, + H, which are linked by the relations

pMa, =0, pra+i*ng, =g, n=1,2,...,
It follows that H cannot be a direct summand of G, for otherwise G would
have a subgroup of type p =, which contradicts the theorem of the preceding
section on the subgroups of direct sums of cyclic groups.

We shall now prove two theorems giving conditions under which a
serving subgroup is a direct summand. The first of these theorems can
be regarded as a generalization of the theorem of § 19, according to which
every subgroup with a free factor group is a direct summand; for every
subgroup with a torsion-free factor group is easily seen to be a serving
subgroup.

If H is a serving subgroup of the abelian group G and if the factor group
G = G/H is a direct sum of cyclic groups, then H is a direct summand of G.

For let

G= ; (a,). ©)
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In each coset @, we can select as representative an element a, whose order
is equal to the order of @, in G. This is clear if the order of @ is infinite.
But if it is finite and equal to # and if @,/ is an arbitrary element of a,, then
na, belongs to H, and since H is a serving subgroup it contains an element
satisfying the equation nh=mna,”. As a, we can now choose a,/— h,
which is obviously an element of a,.

We denote by A4 the subgroup of G that is generated by all the elements a, .
H and A together generate the whole group G, and their intersection is the
null element. For if A is contained in this intersection,

h=ka, + ... —I—k,,a,”,
then we have in G the equation
Ryby + - . . +koa, =0,

from which it follows by (2) that k‘a_;‘ =0,1=1,2,...,n. This means,
however, that k;a, s =0,1=1,2,...,n and therefore h = 0. This estab-
lishes the direct decomposition

G=A4+H.

The following theorem (Priifer [2], Kulikov [1]) will be used frequently
in the sequel.

If H is a periodic serving subgroup of an abelian group G and if the orders
of the elements of H are bounded, then H is a direct summand of G.

Suppose that the orders of all the elements of H are divisors of n. We
denote by nG the set of all the elements of G that are divisible by #; this is
easily seen to be a subgroup of G. The intersection of H and #G is the null
element ; for every element of this intersection is divisible by # in G and
therefore also in the serving subgroup H. But the n-fold multiple of every
element of H is the null element. Therefore H and #G form a direct sum
in G which we denote by L.

L=H + xG. (3)
We now consider the factor group G = G/nG and show that L =L/nG
is a serving subgroup of it. We note first of all that the order of every

element of G is a divisor of # and that every element of L can be written in
the form h + nG, he H. Let h + nG be divisible by m in G,

m(g+nG)=h+ nG,
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so that
mg=h+ng.

We can restrict ourselves to the case in which m is a divisor of n, n = mw’,
and therefore
h=m(g—m'g").

Since H is a serving subgroup it contains an element 4’ such that mh’=h;
therefore
m(W+nG)=h+ =G,

which proves that L is a serving subgroup of G.

Since the orders of all elements of G/L are bounded, G/L is the direct
sum of a finite number of primary groups. By Priifer’s first theorem (see
the preceding section) each of these is, in turn, a direct sum of cyclic groups.
By what we have proved above L is therefore a direct summand of G :

G=L+K. (4

We denote by K the complete inverse image of K in G, that is, K = K/nG.
From (4) it follows that

{L,K}=0G, LNK=nG
and therefore, by (3),

({H,K} =G, HNK=0,
that is,
G=H-+XK,

which is what we had to prove.

From this theorem we can deduce a number of interesting corollaries
(see Kulikov [1]) ; some of them will occur in § 29. Here we prove the
following lemma (Priifer [2]).

LeMMA. If an element a of a p-primary group G has order p and finite
height n, then it is contained in a cyclic direct summand of G of order pr+2.

For let b be an element such that p”b = a. The lowest layer of {b}is {a},
and every element of {a} has the same height in {b} as in G. Hence, by
what we have proved above, {b} is a serving subgroup of G, and since we
can apply the preceding theorem, {b} is a direct summand of G.

From this we obtain the following result.
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Every indecomposable primary group is either cyclic or of type p=. For
if all the elements of the lowest layer of a primary group G have infinite
height in G, then G is complete, as we proved in the preceding section ; and
since G is indecomposable, it is a group of type p=. But if the lowest layer
of G contains at least one element of finite height, then G has a cyclic direct
summand, as we have just proved, and since G is indecomposable, it is itself
cyclic. Hence if a primary group is not a direct sum of cyclic groups and of
groups of type p=, then it cannot be the dirvect sum of indecomposable groups.

§ 26. Primary groups without elements of infinite height

A primary abelian group which is a direct sum of cyclic groups does not
contain elements of infinite height : for we know that the height of an element
of a direct sum is equal to the smallest height of its components, and the
height of each element of a cyclic group is finite. Priifer’s second theorem
(see § 24) shows that, as far as countable groups are concerned, the direct
sums of cyclic groups exhaust all primary groups without elements of in-
finite height. For non-countable groups the corresponding theorem does
not hold. This was shown first by Priifer [1] by means of a very complicated
example ; much simpler ones were later given by Ulm [2] and Kuro§ [9].
Kulikov [1, 2] has shown, further, that for any non-countable cardinal
number m there exists a primary group G with the following properties:
G is of cardinal number m, has no elements of infinite height, and does
not admit direct decompositions in which the cardinal numbers of all the
direct summands do not exceed a certain m’ less than m. Moreover, Kulikov
[2] has made a certain survey of primary groups without elements of infinite
height which, while not amounting to a complete classification, is nevertheless
sufficient to show that it is impossible to extend Priifer’s second theorem to
non-countable groups. The present section is devoted to an exposition of
this theory of Kulikov.

A subgroup B of a primary abelian group G is called a basic subgroup if
it is a serving subgroup of G and a direct sum of cyclic groups and if the
factor group G/B is a complete group. Thus in every complete primary
group the only basic subgroup is the null subgroup. On the other hand, if G
is a direct sum of p-primary cyclic groups, then G is a basic subgroup of
itself and, if the orders of the elements are bounded, is the only one.

Every primary abelian group G possesses basic subgroups.

By the above remark on basic subgroups of complete groups we can
assume that G is not complete. G has, therefore (see § 24), elements of
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order p and of finite height which by the lemma at the end of the preceding
section are contained in cyclic direct summands. Thus G has serving sub-
groups with elements of bounded orders. It follows from this and from
the result at the beginning of § 25 that we can find in G an ascending sequence
of subgroups

B,€B,S...€B, ... 1)

with the following properties:
1) Every B,,n==1,2,..., is a serving subgroup of G.
2) The orders of the elements of B, do not exceed p*.

3) B, cannot be embedded in a larger subgroup with the properties 1)
and 2).

We denote the union of the sequence (1) by B. This is a serving subgroup
of G, because it is the union of an ascending sequence of serving subgroups.
Moreover, by Kulikov’s criterion (§ 24) B is a direct sum of cyclic groups.
Since each B, is a serving subgroup, n==1,2,..., and the orders of its
elements are bounded, the heights of all its elements are also bounded and
finite.

We show now that the factor group G/B is complete: We know from
§ 24 that it is sufficient to show that every coset + + B of order p has infinite
height in G/B. By assumption, we have px€B. But since B is a serving
subgroup, it contains an element b such that pb=px or p(x —b)==0.
We can therefore assume that x itself has order p in G, that is, pxr =0.

Now B,,n=1, 2, ..., is a serving subgroup of G, and the orders of its
elements do not exceed p”. By what we have proved in the preceding section
there exists a direct decomposition

G=Bn+Cn’ n=1)2)"" (2)
Accordingly » decomposes into
r=y+z2,

where yeB,, 2eC,. 2 is not the null element, since & is not contained in B;
the order of z is therefore p. The height of z in G is not less than n. For
otherwise, by the lemma of the preceding section, z is contained in a cyclic
direct summand of C, whose order does not exceed p*; but by (2) this
contradicts property 3) of B,. The element z = x — y is, however, con-
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tained in the coset » + B. This coset therefore contains elements of arbi-
trarily large height, so that » + B has infinite height in G/B.

This proves that B is a basic subgroup of G.

Any two basic subgroups of a primary abelian group G are isomorphic.

Let B be an arbitrary basic subgroup of G. We know from § 24 that all
decompositions of B into a direct sum of cyclic groups are isomorphic. The
cardinal number of the summands of order ¥ k=1,2,... in any such
decomposition is obviously equal to the number of cyclic direct summands
of the same order p* in a decomposition of the factor group B/p”B, where
n >k and p*B is the subgroup of B that consists of all the elements of B
whose height in B is greater than or equal to n. Therefore the theorem
follows if we can show that the factor group B/p"B does not depend, in
fact, on the choice of the basic subgroup B.

We denote by p»G the subgroup of G that consists of all elements whose
height in G is greater than or equal to #. Since B is a serving subgroup,

BNp»G = p*B. (3)
On the other hand
{B,p*"G}=G. 4)

For if x is an arbitrary element of G, then since G/B is complete there
exists an element y in G such that » and p*y lie in the same coset of B; that
is, x==p"y + b, where beB.

The isomorphism theorem now leads by (3) and (4) to the isomorphism

B/pr"B=G /p"G.

Thus, in all basic subgroups B of G the factor groups B/p"B for given n
are isomorphic. This concludes the proof of the theorem.

Let us apply these results to primary groups without elements of infinite
height. We see that these groups can be split into disjoint classes such that
in one class we have all the groups with isomorphic basic subgroups. Every
primary group that is a direct sum of cyclic groups determines a certain
class, since it can be considered, for example, as a basic subgroup of itself.
The task of classifying all primary groups without elements of infinite height
is therefore reduced to a survey of the groups with a given basic subgroup B.

For this purpose we introduce a new concept. We take the decomposition
of B into the direct sum of cyclic groups and denote by B, n=1,2,...,
the direct sum of the summands of order p* in this decomposition ; if there
are no summands of that order, we put B = 0. We then take the un-
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restricted direct sum (in the sense of § 17, end) of all the groups B™ ;
we call the periodic part of this sum the closure of B and denote it by B.
In other words, the elements of B are sequences of elements, one from each
B®™ such that the orders of all the elements of every such sequence are
bounded ; addition of sequences is component-wise.

Since all the decomposxtlons of B into the direct sum of cyclic groups are
lsomorphlc, B is uniquely determined by B. It is easy to see that B is
primary and contains no elements of infinite height. B is the subgroup of B
consisting of those sequences that contain only a finite number of elements
different from the null element. Hence a group B is equal to its closure B
if and only if the orders of the elements of B are bounded, since it is pre-
cisely in this case that there are only finitely many groups B different
from the null group.

B is a basic subgroup of its closure.

The fact that B is a direct sum of cyclic groups is part of our assump-
tion. To show that B is a serving subgroup of B we note that the sum
=B +B"+ ... +B™, n=1,2,...is a direct summand of B—
the complementary summand is the subgroup consisting of those sequences
whose first # components are null elements. Therefore B, as the union of
the ascending sequence of serving subgroups C of B, is itself a serving
subgroup of B. We show, finally, that the factor group B/B is complete.
If x =(x1,42,...,%s,...) is an arbitrary element of B then, since the
orders of its components are bounded, for each # we can find an N such
that for all n = N the height of 4, in B™ is not less than k. Hence it follows
that the height of /= (0, ...,0, ¥y, ¥x+1,...) in B is also not less than k.
But 2’ belongs to the coset » + B. This coset therefore contains elements
of arbitrarily large height, and so its height in the factor group B/B is infinite.

We can now prove that there exist primary groups without elements of
infinite height that are not direct sums of cyclic groups.

Let B be a countable primary group (and therefore the direct sum of
cyclic groups) having elements of arbitrarily large order. Its closure B
therefore has the cardinal number of the continuum. B cannot be the direct
sum of cyclic groups, since it would then contain two non-isomorphic basic
subgroups—aB itself and B—in contradiction to the above theorem on the
isomorphism of all basic subgroups of a given primary group.

All primary abelian groups without elements of infinite height whose basic
subgroups are isomorphic to B are certain subgroups of the closure B of B,
namely those that contain B and whose images in the factor group B/B are
complete subgroups.
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For let C/B be an arbitrary complete subgroup of B/B. As a subgroup
of B, C is primary and without elements of infinite height and B is con-
tained in C as a basic subgroup: for B is a serving subgroup of B, and
therefore of C, and C/B is by hypothesis complete. So we see that C belongs
to the class of groups we have to study.

Now let G be an arbitrary primary group without elements of infinite
height whose basic subgroups are isomorphic to B. We select one of these
basic subgroups and denote it by B,. We know that B has a direct
decomposition ©

B= 58"

n=1
where B™ is a direct sum of cyclic groups or order p*. Hence
[o o)
By= > B,
n=1
with B ~ B™_ We introduce the notation
D™ — 3 B,

n>k
so that

B,=Bs+Bs+ ... +BP++ D%,
G(’l): {DU‘)’ ka},

and

where p*G, is, as before, the subgroup consisting of all those elements of G
whose height in G is not less than k. We have shown above (see equa-
tion (4)) that for all 2, k=1, 2, ... we have

= {By, p*G};

G={(By+Bs+ ... + B, &™),

Let # be an element in the intersection of By —+ Bs + ...+ By and G™,
As an element of the second subgroup it has the form x =1y + 2, where
yeD®, ze pk G. Since the elements x and y belong to B, 2 =1 —y is also
an element of B,. The height of z in G is not less than %; so is its height
in B,, since B, is a serving subgroup of G. However, all the elements of B,
whose height in B, is not less than # belong to D®). Therefore #, as the
sum of two elements of D™, is also contained in D), and since » belongs
to B;—{— B, + ...+ By?, it is the null element.

therefore
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This shows that we have the direct decomposition

G=By+Bs+ ... +BP+ G, k=1,2,...; ()
moreover, since G® contains both BY¥*" and G**? as subgroups, we also
have

GV =BF L g*N, k=1, 2, ...,

in other words, the direct decompositions (5) are successive refinements
of one another by means of a decomposition of the last summand. It follows
that a given element x of G has one and the same component in the direct
summand By? of every decomposition (5) for k=n,n + 1,...; we de-
note this component by x,.

By setting up a correspondence between each element x of G and the
sequence (X1, Xg2,...,%n,...) of its components we obviously obtain a
homomorphic mapping of G into the closure B of B—the orders of the
components x, do not exceed the order of x; that is, the sequence of com-
ponents is, in fact, contained in B. This mapping is even an isomorphism :
for an element x that is mapped into the null sequence must lie in G for
k==1,2,..., so that it has infinite height in G. But since G has no such
elements other than the null element, we see that # = 0. In this isomorphic
mapping of G onto a subgroup C of B, B, is mapped onto B it is precisely
the elements of B, that correspond to sequences of components with only
a finite number of elements other than the null element, and every such
sequence corresponds to some element of B,. Since G/B, is complete it
follows, finally, that C/B is complete. This concludes the proof of the
theorem.

It should be noted that in the course of the proof the construction of the
subgroup C of B onto which G is mapped isomorphically depends on the
choice of the basic subgroup B, of G. It is still an open question what the
conditions are to which we must subject the complete subgroups C/B and
C’'/B of B/B to ensure that the corresponding subgroups C and C’ of B
be isomorphic.

A number of further properties of primary groups that are closures of
direct sums of cyclic groups can be found in the paper by Kulikov [2].
See also a paper by Kaloujnine [8].



§ 27. ULM Facrors. T EXISTENCE T HEOREM 187

§ 27. Ulm factors. The existence theorem

We now proceed to the study of primary abelian groups with elements of
infinite height. One must not think that such a group necessarily contains
a complete subgroup: if @ is an element of infinite height in a group G,
then the elements b,,n=1,2, ..., satisfying the equations p"b, =a by
no means have to lie in a single subgroup of type p*. The main theorem
of the present section will show that the structure of reduced primary
groups is, even in the countable case, much more complicated than that of
ptimary groups without elements of infinite height. The restriction to re-
duced groups to which we shall adhere in the following is justified by the
results of § 23.

Since the sum and difference of two elements of infinite height in a
primary group G also have infinite height in G, the set of all elements of
infinite height in G is a subgroup which will be denoted by G*. We denote
by G* the subgroup consisting of all the elements of infinite height in G.
More generally, if we have already defined subgroups G of G for all ordinal
numbers o less than f§ (such that they form a descending sequence), then
we take as GP the subgroup consisting of all elements of infinite height in
GA=* if B is not a limit number, and the intersection of all subgroups
Gq, 0 < B, if B is a limit number.

We obtain a descending sequence of subgroups of G

G=G"oG'>...nG>...,

which must become stationary at a certain index y. More accurately, there
exists an ordinal number y whose cardinal number does not exceed the
cardinal number of G itself such that GY= G'*!, and therefore G' = G
for all > y. The equation G'= G'*! shows, however, that all the ele-
ments of G' have infinite height in G' so that G' is complete. Since we
have assumed that G is reduced, G' must be the null group.

Let 1 be the first ordinal number for which G*=0. 1 is called the type
of the reduced group G. Groups that contain no elements of infinite height
have type 1.

If G is a reduced primary group of type 1, then for all a less than T we
form the factor groups

G'=G"/G™".
The sequence

G G,...,G ..., a<n,
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is called the sequence of Ulm factors of G. From the construction of this
sequence it is clear that it is completely determined by G itself and that the
sequence of Ulm factors of G*, a <, is

aa, 5¢+1’ e, 53’ ey a§3<r.

The significance of the Ulm factors for the theory of primary groups will
become apparent later, particularly in the following section.

In establishing the simplest properties of the Ulm factors of a primary
group we shall make use of the following remark. Let the primary group G
be mapped homomorphically onto a primary group H such that the
subgroup A of G that is mapped onto the null element of H consists
entirely of elements of infinite height in G. Then the image of every
element of infinite height in G is of infinite height in H ; conversely every
inverse image of an element of infinite height in H is an element of infinite
height in G. The first statement follows immediately from the definition of
a homomorphic mapping; we prove the second. Let 4 be an element of
infinite height in H and g one of its inverse images in G. If p*h'=h, K'eH,
and if g’ is one of the inverse images of A’ in G, then

prg=yg+a, aed.

By our assumption on A there exists an element b in G such that p"b=a.
Hence

f)”(g,——-b):g,

which shows that g has infinite height in G.

It follows, in particular, that all Ulm factors of a primary group G are
groups without elements of infinite height. To see this we need only apply
this remark to the natural homomorphism of G® onto the factor group
a*/G** =G

We shall now prove that the group F= G/G’, 6 <1, is a primary group
of type ¢ and that its sequence of Ulm factors is

G, G, ..., G ..., a<a.

We consider the natural homomorphic mapping of G onto F. From the
above remark it follows that in this homomorphism G* is mapped onto F?,
and since G' @ G°, the factor group G/G! = G° and F/F!=TF0° are iso-
morphic by the theorem on the correspondence between subgroups in homo-
morphic mappings. Suppose now that we have already proved for all a
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less than B that G¢ is mapped onto F¢ in this homomorphism. If f—1
exists, then, as above, we obtain that G# is mapped onto F# and that
GP~1~ F*~'.1f, however, f is a limit number, GP8is again mapped onto
F#, because the former is the intersection of all subgroups G¢, a < f3, the
latter the intersection of their images.

If a primary group G is the direct sum of groups H,, @ = 2 H,, then for
every a less than the type of G we have '

G =~ H:.

Here we have of course put H:=0, if a exceeds the type of H,.

We shall prove that for every f the subgroup G# is the sum (and
clearly the direct sum) of all subgroups H. This will be assumed to hold for
all a less than 8 (it is true for f = 0). If § — 1 exists, then 1= HE”,

v
and therefore every element of H® has infinite height in G*%, so that
G 221‘19 : on the other hand, if g is an arbitrary element of infinite
height in G*~* and g= Ehw ke H'™'  then every k, must have infinite

height in Hf"l, and hgnce G* c ZH& Therefore GF = EH;"', and as
an easy consequence of the definition of a direct sum Y

=0 = H =X H

If, however, B is a limit number, then the assertion follows from the fact
that G#B is the intersection of all G¢, a < f3.

So far we have started from the definition of the type of a primary
group and of its Ulm factors, and we have not been interested in the question
whether every ordinal number can occur as the type of some primary
group or whether it happens, for instance, that the sequence of subgroups
GoG'>...>G > ... always breaks off at a finite place. Also, we
do not know what the conditions are to which a sequence of primary groups
without elements of infinite height must be subjected if it is to be the
sequence of Ulm factors of some primary group. A complete answer to
these questions has been given by Kulikov. It is very complicated,however,
and we restrict ourselves from now on to the consideration of countable
primary groups.

If G is a reduced primary group, then we know that its type t has a finite
or countable cardinal number. The Ulm factors of the group are countable
primary groups without elements of infinite height and therefore, by Priifer’s
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Second Theorem, direct sums of cyclic groups. We can say, further, (and
the countability of the group does not play any role here) that the orders
of the elements in all Ulm factors Go, except possibly G** if T — 1 exists,
are not bounded. For if a < v—1, then G4*+15£0 and we can therefore
find an element that has finite height in Ga+* but infinite height in Ge.

Now it turns out that this necessary property of the Ulm factors is also
sufficient in the countable case ; this is brought out by the following theorem
(see! Zippin [1]):

EX1STENCE THEOREM. Suppose that tis an ordinal number of an at most
countable cardinal number and that for each a, 0 = a < 1, a countable
primary group Ao without elements of infinite height is given such that for
all o except, possibly, a =1t — 1 (if 1 is not a limit number) A, contains
elements of arbitrarily large order. Then there exists a countable reduced
primary group of type t for which the sequence

Ap Ap Agy ooy Ay ..., a<cr,

is the sequence of Ulm factors.

Proof. Every group A, is, by Priifer’s Second Theorem, a direct sum
of cyclic groups. Let the generators of these cyclic groups be

an, a¢2, o0y a.‘, ooy

where @, has the order p"é. We define a group G in the following way:
its generators are elements ¢y, in one-to-one correspondence with the ele-
ments @q¢ (o assumes all values less that t). With every ¢, we associate
either the equation p"etc,e=0, or an equation p"edc,, = cg;, Where B > a,
and the system of relations so obtained together with the relations of com-
mutatively shall form a system of defining relations for G. In addition we
require that the following conditions be satisfied :

1) Let an element ¢, he given; if the relation associated with it is
p"uc“_—_— Cq4, and that associated with ¢4, is p”“x‘lc.,;l=c.,¢, and so on,
then after a finite number of steps e shall reach an element Caytys whose
associated relation is of the form p “k‘kch,t =0.

2) TIf there are given: an element cgy B> 0, an ordinal number vy, less
than 8, and a natural number N, then there shall exist an element ¢,y such
that T < & <B, 7, > N and that the relation associated with it has the
form p”"‘C“ = CQ].

* The paper by Zippin contains only a sketch of a complete proof of the theorem.
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3) If v is a limit number, then for every y less than t and every natural
number N there shall exist an element ¢, such that y < a, n,; >N and
that the relation associated with it has the form pefc,, = 0.

We shall show that a system of equations satisfying these three conditions
actually exists and that the group G so defined satisfies the conditions of
the theorem. The proof is by induction over the ordinal number t. For
t==1, G is given by the generators cq;, Cgg, - - -» Coé» - - - and the relations
p"cy, = 0; that is, conditions 1)-3) are satisfied and the group itself is
isomorphic to A4,.

Let us suppose at first that t— 1 exists. Let G’ be the group of type
v — 1 having the sequence

Ap Ay Agy vy Agy onvy a<t—1,

as the sequence of its Ulm factors; this group is given by the generators
Cuy @ << t—1, and the relations of the above type associated with these
generators, and conditions 1)-3) as well, are satisfied. We now define
G as follows: If the relation associated with ¢y, ¢ <<t—1 in G’ is
p"“c,‘:cw , B <t—1, then the same relation shall be associated with
cai in G. But if the relation in G’ is p™c,g =0, then it is replaced in G
by a relation p™fe = c:_1,;. It is easy to see that we can arrange this
such that condition 2) is satisfied for the elements ¢:—1,¢; for the set of
elements €z_y, ¢ is at most countable, and if T — 1 is a limit number, we can
appeal to condition 3), but if T— 1 is not a limit number, then there exist
elements €z—2, ¢ with arbitrarily large exponent f.— ¢, and for all elements
C<—2,4 of G’ the associated relations have the form p“"z- %z ¢=0.
Finally, we associate with the elements €<—1,¢ relations p™-14¢ _, ;=0.
We obtain a system of defining relations satisfying conditions 1) and 2);
condition 3) does not come into play in this case.

The abelian group G we have just constructed is, by 1), primary. We
show that all elements ¢y, @ <, are different from the null element. We
take an element ¢4 and write down the relations

, 7
Py = Cady P u“‘cal{' == Cagdyy ++
s e .
ce p "C,k(k =Cet,55 P Liee 1,5="0;

it follows from our construction that we must be led in this way to one of
the elements c;_1, 5, We introduce the notation

nui+n¢l‘1+ o +n¢k‘k+n“‘1::]=l(a’ i).
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We take, further, a group P of type p= with generators d,, dz, ..., dn, ...
and relations
pd; =0, pd,=d,_ ,, n=23,....

If we now set up a correspondence between the element ¢, of G and the
element dy(q,¢ of P, then all the defining relations of G are satisfied in P
and all the elements ¢,; correspond in P to elements other than the null
element. This shows that from the defining relations of G it cannot be
deduced that any cq; is the null element. Moreover, we see that the order
of ¢ in G is pH=9,

We are now in a position to state by induction on a and by applying 2)
that every element c,; is contained in G¢, the subgroup of G defined as at the
beginning of the present section. In particular, all elements ¢._, ¢ belong to
G:-1 Tf F is the subgroup of G that is generated by all elements ¢;_, 4, then
the factor group G/F is isomorphic to G’. Since G’ is of type T—1, it
follows that there are no elements in G belonging to G’ but outside F, so
that F= G*—1, Therefore it follows that G*~ G’= ~A4, o<lt—1,
As to G —1,this is the direct sum of the cyclic groups {¢._y,¢} and is there-
fore isomorphic to A;_;. This follows from the fact that the defining rela-
tions exhibit G itself as the direct sum of subgroups each of which is
generated by all those cq; whose cyclic subgroups contain a fixed element
C._y, ;-G therefore satisfies all the requirements of the theorem.

Now let T be a limit number. Every group A4,, 0 < a <=, is the direct
sum of cyclic groups with unbounded orders. This enables us to split 4,
into the direct sum of a countable set of subgroups each of which contains
elements of arbitrarily high orders. Let this decomposition be

A¢=Auu+‘4¢,ﬂ+1+ s +A¢c+ seey a§°<1"

By induction hypothesis there exists a group H, of type a + 1, with
Ay Ajay Aoy -+ o5 Ana

as its sequence of Ulm factors. We know already that the direct sum of all
groups Hg, 0= a < t will satisfy all the requirements of the theorem.
The system of generators cq; of this direct sum is obtained as the union of
the corresponding systems of generators of the groups H,, while the rela-
tions corresponding to them in these groups are preserved. Conditions 1)

! This choice of indices is obviously at our disposal.
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and 2) are obviously satisfied. Condition 3) is also satisfied, since every
subgroup Agq., 0 = a < 1, contains elements of arbitrarily high orders.
This concludes the proof of the theorem.

§ 28. Ulm’s Theorem

The main theorem of the preceding section tells us what an enormous
variety of reduced primary groups exist, even in the countable case: an
arbitrary ordinal with a countable cardinal number can be chosen as the
type of such a group, and an arbitrary sequence of countable primary groups
without elements of infinite height (with only one quite natural restriction)
as the sequence of its Ulm factors. The type and the Ulm factors of a group
can be used, in fact, not only for the construction of the wide variety of
groups under consideration but also for their complete classification. This
is the content of the following theorem.

UrMm’s THEOREM. If two countable reduced primary groups A and B
have the same type v, and if for each a less than T their Ulm factors A, and B,
are isomorphic, then A and B are isomorphic.

This theorem was first proved by Ulm [1] by means of the theory of
infinite matrices and then by Zippin [1] by group-theoretical methods9
The theorem states that a countable reduced primary group is completely
determined by its type and the sequence of its Ulm factors; since, by
Priifer’s Second Theorem, every Ulm factor in the countable case is a direct
sum of cyclic groups and therefore completely determined by the number
of cyclic direct summands of order p” (for all n), we can give every count-
able primary group by a system of numerical invariants. Naturally these
systems of invariants turn out to be more complicated than those of finitely
generated abelian groups.

Let

A=A'D A0 A ... DA*D ... D4 =0

be the sequence of subgroups of A defined as in the preceding section: if
a—1 exists, then 4¢ is the subgroup of all elements of infinite height in
A=, and if « is a limit number, then 4¢ is the intersection of all A4, B<a.
Similarly we construct the sequence

B=B>B'>B'>...oB*>...>B=0.

An element a of A4 is said to be of type a if it is contained in 4* but not in
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A+, Every element of 4 has a certain type: if a given element is contained
in all A8, where { is less than a limit number a, then it is also contained in
their intersection, that is, in 4%

Let X be a subgroup of 4 and a < t. The intersection X 1 4% is a sub-
group of A¢%. Suppose that in the natural homomorphism of 42 onto the
Ulm factor A®= A*/A** this intersection is mapped onto the subgroup A%
of A®. X is called a perfect subgroup of 4 if A% is for each a a serving
subgroup of 4%. (For the definition of a serving subgroup see § 25.)

The definition of the type of an element and of a perfect subgroup carry
over to B, of course.

Finally we introduce the following definition: Let X4 and Y<B be
isomorphic subgroups. An isomorphism ¢ between X and V is called type
preserving if the elements of X and Y that correspond under ¢ have the
same type in 4 and B, respectively.

The main tool in the proof of Ulm’s theorem is the following lemma.

LEMMA. Let @ be a type-preserving isomorphism between two finite
perfect subgroups X of A and Y of B, and let a be an element of A, not
contained in X. Then we can find a finite perfect subgroup X of A, con-
taining X and a, and a finite perfect subgroup V of B, containing Y, such
that X and ¥ are isomorphic and that the isomorphism § between them can
be chosen as type preserving and as an extension of ¢.t

We remark, first of all, that it is sufficient to consider the case when
paeX; if praeX, but p»—'aeX, n > 1, then we can adjoin the elements
pr~la, pn—3a, ..., pa, a in succession and so reduce it to the special case.
* Let A be the highest type among the elements of the coset X + a; it exists,
because X + a has only a finite number of elements. Among all elements
of type A in X + a let a’=x, + a be one of greatest height in A, If the
height of @’ in A* is n — 1 and if &’ = p"—'a, where ae A} then we put

X={X,a}.
Then X is a finite subgroup and contains X as well as the element
a=a'—x,. We show that X isa perfect subgroup of A.
Since praeAd, every element of X has the form #== + k&, where
rveX, 0=k < pn. If ¥is an element of type a and of height & in A4
Z=ux + kd = phc, ceAs, (1)

then the element A4%+! + ¥ of the factor group A*/A**'= A" is also of

*Cf. p. 168.
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height & (by the definition of 4%+1). We have to show that we can find
in X an element # of type a such that

FAt+x)=a4" 4%

For k=0 and also for a < A we have kae A°*+!, In these two cases the
assertion follows from the fact that X is a perfect subgroup of 4. If a=12
and k is divisible by p*, k== p"k’, then we have by (1) »=p*(c — ¥’a).
Since ¢ — k’GeA*and X is perfect, it follows now that there exists an
element 2" in A*(} X such that

A1 — ph(AM1 - X);
hence

Ay — ph (A1 |- &' | K'a),
where obviously 2’ + kG A\ X .
We now show that in all other cases (1) contradicts the choice of .
Let p7 be the highest power of p that divides &, k = pik’; since k < p,
we have j =#n—1. &’ and p are co-prime; therefore there exist integers

m and [, 0 <1< p, such that /=1 + mp. Multiplying both sides of
(1) by lpn-4-1, we obtain

lpr=i=tx— pr-la prma = priiei=i k),
and from p*aeX it follows that
Ipr=i-lx 4 pma = x' ¢ Xy
hence with p*—la=a’ and lc = e A4
&+ al=prh-i-i,

If now a > 1, then it follows from 4’ + a’e 4% that we can find in the coset
X + ¢’=X + a an element of type greater than A, which contradicts the
condition imposed on @’. If & = A but & is not divisible by p*, then j < h —1;
hence n + h—j—1=n. We have therefore found in X + @ an elenient
of type A whose height in A* is greater than that of a’, namely n — 1, which
again contradicts the choice of @’. This proves that X is a perfect subgroup.

We know that p"@ is an element of X and that its type is not less than A.
Since X is a perfect subgroup, we can find in it an element z,, of type A or
equal to the null element, and an element x,, of type not less than A + 1,
such that
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pra = phx; -+ x,.
If a=10a— z, then
pra=1x, X, € A+ @)

and again X = {X,3). All elements £&,0 < k < p*, lie outside X. We
know, further, that the types of all elements of X outside X do not exceed A,
because we have proved above that for £ 540 and for o > A equation (1)
cannot hold. It follows that A— is the dlrect sum of Ay and of the cyclic
subgroup of order p» that is generated in 4' by the element a—}—A"H
The finite subgroup Ax 1s a serving subgroup of the Ulm factor A
because X is perfect, and is, by a result of § 25, a direct summand of A;‘
Ay is also a direct summand of A* and we have shown, moreover, that 4"
contains a cyclic direct summand of order p* whose intersection with Z} is
the null element.

We now proceed to consider B. Z}Y and By are isomorphic subgroups,
because ¢ is a type-prcserving isomorphism between X and V. E},as a
finite serving subgroup of B is a direct summand of it, and since by
Priifer’s Second Theorem B* is a direct sum of cyclic groups and, by assump-
tion, isomorphic to A, we can find in B* a cyclic direct summand of
order p* whose intersection with BY is the null element. Let b+ BM1
be a generator of this cyclic subgroup. Then b is an element of type A in B,
and p7beBM1! If vy, is the element corresponding to x, under ¢, then
y.€ B\+land B\ contains an element b, such that pr+1hy = y, — pnb. Using
the notation b="> + pb,, we have

pro=y, (3)

and we put -
YV ={Y,b}.

Note that pn=14 ¢ Y. For from b= Yo, Yo € ¥, it would follow that
Yo—pP""1b = prb,.

On transition to B* this would lead to the existence of an element in the
direct summand B)‘ + {B““-}-b} whose height in B* would be greater
than the height of its component in the dlrect summand {BM1 -|—b} and
this is 1mposs£le‘ Hence it follows that By and {B““+ b} form a
direct sum in B

From p»—'beY and from equations (2) and (3) and the fact that x,
and y, correspond under g it follows that X and ¥ are isomorphic: we
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obtain an isomorphism @ between these subgroups if we map X onto ¥
according to 3 and the element a onto 5. The isomorphism @ extends ¢.
Moreover, it is type preserving. For if two elements ¥==x + k& and
y=vy+ kb, 0=k < p*, correspond under §, then r¢ =1y, so that
and y have equal type; hence ¥ and ¥ have equal type for k=0. But if
k 540 and the type of x and y is not A, then ¥ and ¥ again have the same
type, since k@ and kb have type A and the type of a sum of two elements of
different types is obviously equal to the smaller of the two types. Finally,
if & # 0and » and y are of type A, then # and ¥ are also of type A, since
in 2" the subgroup A and {A“"-|—a} form a direct sum (just as the
subgroups By and {BM1 -}_—_b} do in B").

It remains to show that ¥ is a perfect subgroup of B. This can be done
by repeating the reasoning that has been used above for proving that Xisa
perfect subgroup of 4, provided that we now take instead of a the element b,
and instead of o the element p»—'5. For b is of height 0 in B* and the
types of all elements of the coset ¥ -~ pn-14 are not higher than the type
of p”"‘b— namely A; finally if we could find an element of type A in this coset
whose height in B would be % reater than # — 1, then we would obtain a
contradiction, because By - {B'*' - b}is a direct summand of B"

The proof of the lemma is now complete.

The proof of Ulm’s Theorem now follows without any further difficulty.
We enumerate all the elements of A and of B by means of the natural num-
bers. Then we take the subgroups X, = 0and ¥, = 0. Suppose that for all
k, 0 = k = n, we have already found subgroups XyeA4, Y,eB, satisfying
all the conditions of the lemma, and that for each k, #=0,1,...,n—1,
the isomorphism ¢, between X; and ¥V extends the preceding ones. Then
we construct subgroups X, and Y, on the basis of the lemma, and for
odd » we choose @ as that element of 4 outside X,_, which has the smallest
suffix, while for even n we proceed similarly with an element of B. So we
see that A is the union of the ascending sequence of subgroups

XcXc...cX,c. ..
and B the union of the ascending sequence of subgroups
voV,e...clt.c. ..,

where X, and ¥, are isomorphic, #=0,1,..., and the isomorphism
@. between them extends @,.,. Hence 4 and B are isomorphic. This
completes the proof of Ulm’s Theorem.
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By means of Ulm’s Theorem and the existence theorem of the preceding
section we can now prove the following theorem (see Baer [5]) which is
also of interest for the general theory of direct products.

If G is a countable reduced primary group, then any two direct decom-
positions of G have isomorphic refinements if and only if G is of type 1.

For if t=1, then by Priifer’s Second Theorem G is the direct sum of
cyclic groups, so that we need only appeal to results of § 24. If on the other
hand T > 1, then let the Ulm factor Ge. 0 = < ¢, be decomposable into
the direct sum of cyclic groups of the following orders:

pMe 1, ph2, ..., plak,...

where? fg,1 < a3 < ... <1o k< .... Let G = A, B,, where 4, is
the direct sum of all cyclic direct summands of orders p®s,* for odd k in the
given decomposition of Ge while B, is their direct sum for even k. Then
there exist groups 4 and B for which A,, A,,..., A,...and By, By,...,
By, ... are the sequences of Ulm factors. The Ulm factors of the direct sum
A + B coincide with the Ulm factors of G and therefote, by Ulm’s Theorem,

G=4 + B.

But there exist also groups A and B with By, Ay ..., 4, ... and
A¢, By,..., B, ..., as sequences of Ulm factors, and again

G:.~.A—+§.

That these two direct decompositions of G cannot have isomorphic refine-
ments follows easily from the theorem of the preceding section, which states
that the Ulm factors of a direct sum are the direct sums of the corresponding
Ulm factors of the summands.

The problem of conditions under which any two direct decompositions
of a non-countable reduced primary group have isomorphic refinements is
still open: it is not even known whether here the condition t = 1 is sufficient
or necessary. We mention, without proof, a relevant result of Kulikov [2] :
if a primary group G is the closure (in the sense of § 26) of a direct sum of
cyclic gréups, then every pair of direct decompositions of G has isomorphic
refinements.

* Of course, this does not mean that in the decomposition of G there occurs only one
cyclic summand of a given order pe, & .
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In conclusion, we consider the problem of an extension of Ulm’s *heorem
to the non-countable case. So far no theorem is known which reduces the
study of reduced primary groups of an arbitrary cardinal number to the
study of groups without elements of infinite height and which in the countable
case goes over into Ulm’s Theorem. The theorem that is obtained from Ulm’s
Theorem by simply omitting the word ‘“countable” is certainly wrong:
counter-examples have been found by Kulikov [2]. The groups of these
examples have countable type. Below we present a counter-example of a
primary reduced group of type 2; this has been communicated to the author
by L. Y. Kulikov and is published here for the first time.

Kurikov’s ExampLe. We denote by 2, i=1, 2, ..., a cyclic group
of order p%, and by A the closure of the direct sum of all these cyclic groups
(see § 26). Thus, A is the group of sequences of elements, one from each
group Z,, and in every such sequence the orders of all elements are bounded.
Let B be the subgroup of 4 that consists of all those elements of order p in A4
that have only a finite number of non-null components, and C the subgroup
that consists of all those elements of order p that have only a finite number
of non-null components with odd indices while the components with even
indices are not subject to any restrictions. It is clear that

Bc(Cc4,,

where 4, is the lowest layer of 4.

We shall now prove that the groups H=A/B and G = A/C are non-
isomorphic reduced primary groups of type 2 with isomorphic Ulm factors.

We put H*= A4,/B and show that H* consists of elements of infinite
height in H. An arbitrary element h* of H* has the form h*=qa + B,
where ¢ is an element of 4 of order p; we denote the i-th component of
a by 2;. If n is a fixed number, then Z;, for every i > n, contains an ele-
ment 2/ such that p*2/=2;. Weput 2/=0for i = n. Then

2=(2], 23 .0y Zpp.-l)

is an element of 4 of order p*+1, and p*2’— ae B, that is, p*(2’+ B) = h*.
This shows that #* has infinite height in H so that

H*<H?, 4)

where H* is the subgroup of elements of infinite height in H.
Further, from H = A/B, H*==A,/B there follows the isomorphism

H/H*> A4/ A4,.
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However A/A,==p A4, since the mappinga — pa, a€ A4, is a homomorphism
of 4 onto p.A with kernel 4,. Therefore

H/H*~pA. (3)

Since pA, like A, contains no element of infinite height, we get from (4)
and (5)
HY = H*, (6)

H/H'~pA. (7)

We have therefore found the Ulm factors of H and have shown, in particular,
that H is a reduced group of type 2.

Now let us find the Ulm factors of G. If we put D ==C/B then, using
G=A/C, H=A/B, we have

G=H/D. (8)
From Do H* and (6) follows D= H! and therefore from (8)
G=H*/D, )

where G is the subgroup of elements of infinite height in G: if 4 + D has
infinite height in H/D, then for every »n there exist elements h,e H and
d, € D such that p*h,=h + dn; d, has infinite height in H, however, and
therefore 4 also has infinite height.
From (8) and (9) follows
G/G'=~H /H". (10)

On the other hand H* has, by (6), the cardinal number of the continuum
and consists of elements of order p. This is also true for G': from (9),
(6), and the definitions of F* and D it follows that

G==A4,/C;

but the factor group A,/C consists of elements of order p and has the car-
dinal number of the continuum. By Priifer’s First Theorem we now obtain
the isomorphism

Gi~H?, (11)

This shows that G is a reduced group of type 2 and that the Ulm factors
of G are isomorphic to the corresponding Ulm factors of H.
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It remains to prove that the groups G and H are not isomorphic. Taking
into account that H*<H,, G*<G,, where H; and G, are the lowest layers
of H and G, respectively, it is sufficient for our purpose to show that the
factor groups Hi/H* and G1/G* have different cardinal numbers.

We know from (6) that H'= A4,/B. On the other hand, it is easy to
see that H; =L/B, where L is the subgroup of A that consists of all
elements of order p and those elements of order p? that have only a finite
number of non-null components of order p2. Hence it follows that

H,[HI\~LjA,,

and the factor group L/A, is countable.
We now consider the factor group G;/G*. First of all,

G'= 4,/C. (12)

For since D H?, the complete inverse image of G* in the natural homo-
morphism of H onto G==H/D is H*. However, it follows from (6) that 4,
is the complete inverse image of H* in the natural homomorphism of A onto
H = A/B. Hence the complete inverse image of G! in the natural homo-
morphism of 4 onto G = A/C is A ; this proves (12).

On the other hand G; = K /C, where K is the subgroup of A4 that consists
of all elements of order p and those elements of order p? that have only a
finite number of components of order $* with odd indices, while there can
be infinitely many components of order p*> with even indices. Hence it
follows from (12) that

G1/G'=K/A:;

and the factor group K/ A, has the cardinal number of the continuum.
We conclude that the groups H and G are not isomorphic.

§ 29. Mixed abelian groups

A mixed abelian group G is said to split if it is the direct sum of a
periodic group and a torsion-free group. The periodic summand is then,
of course, the periodic part F of G and the torsion-free summand is iso-
morphic to G/F.

Among the groups that can be split are all direct sums of cyclic groups,
in particular, all finitely generated abelian groups, and also all complete
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groups. Below we shall show, however, that not all mixed abelian groups
can be split.

In view of this result, the fundamental problem in the theory of mixed
abelian groups is to find splitting conditions, that is, conditions under which
the study of mixed groups reduces to the study of periodic and of torsion-
free groups.

In the course of the proof of the following theorem we shall construct
some examples of groups that cannot be split.

Let F be a given periodic abelian group. Ewvery abelian group whose
periodic part is isomorphic to F can be split if and only if F is the direct
sum of a complete group and a group with elements of bounded orders.

The following simple proof of the sufficiency of this condition is due to
Kulikov [1].

Let F = F; + F,, where F, is a complete group and F, a group witl
elements of bounded orders, and let F be the periodic part of an abelian
group G. We have shown in § 23 that the complete group F, is a direct
summand of G,

G=F,+ G

The periodic part F’ of G’ is isomorphic to Fp, that is, its elements are of
bounded orders and, since F’ is a serving subgroup of G’, it is a direct
summand of G’ by what has been proved in § 25. This shows that G can
be split.

We now proceed to show the necessity of the condition and first prove
the following lemma.

LeMMA. If a periodic group F is the direct sum of two groups,
F=F'+ F” and if there exists a group G that has F” as its periodic
part and cannot be split, then the group H = F’'+ G, whose periodic part
is F, cannot be split either.

For if there were a split
H=F+ H,=F'+ F"+ H,,

where H, is torsion-free, then the factor group H/F’, which is isomorphic
to G, could also be split.

This lemma permits us to confine ourselves to the case when F is reduced.
If we suppose further that the orders of the elements of F are not bounded,
then only two cases can arise: either in the decomposition of F into the
direct sum of primary groups there occur direct summands in which the
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orders of the elements are not bounded, or the number of direct summands
is infinite.

In the first case, we can assume by the lemma that F itself is primary.
Thus, let F be a p-primary group containing elements of arbitrarily high
orders. We denote by Fy, k=1, 2, ..., the subgroup of F that consists
of all elements whose height is not less than k. Further, we choose in F
two systems of elements a,, &, ... , @, ... and by, bz, ..., by, ... with
the following properties:

1) bip1= bi+P‘ai+l7 by=a,,

2) the orders of the elements b, increase unboundedly with 1,

3) b, has the smallest order among the elements of its coset with respect
to F{.

We construct these systems of elements in the following way: In one of
the cosets of F; (but not in F;) we choose any element of smallest order,
say by, and put a; = b;. Suppose that we have already chosen the elements &,
and g; and that the order is b; is /. Since F is a reduced group with elements
of unbounded order, we can find an element » whose height % is finite and
greater than ¢ + j. Let v be a solution of the equation p¥y =xr. We take
the element b; + pfy and denote by b;;, one of the elements of smallest
order in the coset by + piy + Fipq. If

biyy=0b;+ply+pi+tif, feF,

then we put a1 =1y + pf, so that b, , =20, pta;,;. It remains to
show that the order of b;,, is greater than the order of b;. Now from
P =0 we would deduce p#+jy |- pt+s#+1 =0, but since i + j < &,

pry = x = pk+1 (—f),
which contradicts the fact that the height of » is %.

We now construct an abelian group G. Its system of generators consists
of all the elements of F and of a countable set of elements v, va, ..., %, ...,
and its defining relations are the relations of commutativity, all the relations
that hold between the elements of F and, finally, the relations

PV =%ta, i=1,2,..., (1)

where the elements g; are defined as in the preceding paragraph. Every
consequence of the relations (1) can be written in the form

n
‘21 ki (pvyps—v3—a) =0, (2)
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where n = 1, k; are integers, and k, 5= 0. However, the element v, has
in (2) a non-zero coefficient, and therefore it cannot follow from (1) that
some element of F is equal to the null element in G, but not in F. In other
words, F is a subgroup of G. We see, further, that from (1) there cannot
follow a relation kv, =a, where k540, a€eF; that is, the order of 7, is
infinite. G/F is, therefore, a torsion-free group® and therefore F is the
wmaximal periodic subgroup of G.

Assume now that F is a direct summand of G, so that G=F + H.
Then vy =f, + W, fieF, hheH,i=1, 2, .... From (1) it follows, since
aeF, that

Pl =fi+a.

In particular pfy = f, 4+ a, = f, + &,. Suppose we have already proved that

P fi=Fi 4 by
Then

P =0t play=f+be +p ey =f, + by,

and since p*fi11€F; we find that for i=1, 2, ..., the elements — f; and
b; lie in the same coset of F;. Hence by the definition of b, it follows that
the order of f; is not less than that of b;; but the orders of the elements b;
increase with 7, and we obtain a contradiction because f; is of finite order.
This shows that F is not a direct summand in G.

We now come to the second case where we assume that F is the direct
sum of an infinite set of reduced primary groups, with respect to distinct
prime numbers p1, P2, ..., pi, ...

F=3F, ®
In each subgroup £, we take an element a; of zero height and construct
an abelian group G in the following way: Its generators are all elements
of F and in addition elements v,, 21, ..., %, ... ; the defining relations are
the relations of commutativity, all the relations that hold between the ele-
ments of F, and finally, the relations

Pvy=1vy+ay =1, 2,.... (4)

*It is easy to see that it is isomorphic to the group R, of p-ic fractions, that is,
fractions whose denominators are powers of p.
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As in the preceding case it is easy to see that F is the maximal periodic
subgroup of G.

Let us assume that F is a direct summand of G, so that G=F + H.
Then v, =f, + I, fieF, eH,i=0,1, 2, .... From (4) it now follows,
since ;€ F, that

p‘f€=f0+ab i=1,2.... (5)

Since f, is the sum of a finite number of components in the direct summands
of the decomposition (3) we can find an index j such that the component
of fo in Fyp; is the null element. If we denote the component of f; in F, y by

f/, then (5) for i = j leads to the equation
rli=1

which contradicts the fact that a; has zero height in F
This completes the proof of the theorem.

Conditions for a mixed group G to split can also be studied in the form
of connections between properties of the periodic part F and of the factor
group G/F. This problem has been considered by Baer [13], but he imposes
certain restrictions on the torsion-free group G/F; these restrictions are
known to be satisfied when this group is countable. The theorem proved
above is, in fact, a corollary of the results of Baer. Another approach to the
same problem, by way of the properties of the automorphisms of mixed
groups, is contained in a paper by Migina [2]. A criterion for the splitting
of a group can be found in a paper by Lyapin [2]. We remark that so far no
conditions have heen established which a torsion-free group H must satisfy
in order that every abelian group having H as the factor group with respect
to its periodic part should split.

The problem whether a mixed group can be split must not be confused
with the problem whether it can be decomposed. Here we have constructed
examples of mixed abelian groups that cannot be split. However every
mixed abelian group G is decomposable into a direct sum (Kulikov [1]).

For if the periodic part F of G is complete, then F is a direct summand
of G. But if F is not complete then we can find, by results of § 25, a cyclic
direct summand A of F. Then A is a serving subgroup of F and so is a
serving subgroup of G; and since it is a finite group (so that the orders
of its elements are bounded) it follows, again from § 25, that A is a direct
summand of G.



CHAPTER VIII
TORSION-FREE ABELIAN GROUPS

§ 30. Groups of rank 1. Types of elements of torsion-free groups

Torsion-free abelian groups have been investigated much less thoroughly
than primary abelian groups. The concept of the rank of a group (see § 19)
is of prime importance, and groups of finite rank emerge as one of the main
objects of study. The concept of a serving subgroup also plays a major role
(see §25). Other names used in the literature for serving subgroups in
torsion-free abelian groups are isolated, or inextensible, or closed, or divi-
sion subgroups.

In a torsion-free abelian group an equation
nr—a, n >0, (1)

cannot have more than one solution, because the difference of two solutions
would be an element of finite order. Hence it follows that H is a serving
subgroup of a torsion-free abelian group G if and only if G/H is torsion-
free. From the uniqueness of the solution of (1) it follows that the inter-
section of an arbitrary set of serving subgroups of a torsion-free abelian
group G is itself a serving subgroup of G. We can therefore speak of the
serving subgroup of G that is generated by a given set M of elements of G,
namely the intersection of all serving subgroups of G containing M ; one
such subgroup is known to exist—G itself.

The serving subgroup generated by a set M of a torsion-free group G
consists of all elements of G that are linearly dependent (in the sense of
§ 19) on the set M.

For if an element a is linearly dependent on M, that is, if a multiple of a
is contained in {M}, then the serving subgroup generated by M, which
clearly contains { M}, also contains a. On the other hand, all the elements
of G that are linearly dependent on M form a subgroup: the sum and differ-
ence of any two elements whose multiples lie in M have the same property.
This subgroup contains M and is a serving subgroup of G: if nb=a and
kae{M}, then (kn)be{M}, that is, b is linearly dependent on M.

We know from § 23 that every abelian group can be embedded in a com-
plete abelian group. We can now state that every torsion-free abelian group

206
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can be embedded in a torsion-free complete group, in other words, in the
direct sum of a set of groups of type R. This follows easily from the proof
of the corresponding theorem of § 23, but can also be established directly:
if a torsion-free group G is contained in a mixed complete group H, then
the intersection of G with the periodic part of H is the null element, and
therefore G is isomorphically mapped into the factor group in H of its
periodic part, and this is a complete torsion-free group.

Every abelian torsion-free group G of finite rank n can be embedded in a
complete abelian torsion-free group of rank n, that is, in a direct sum of n
groups of type R.

For G can be embedded in some complete torsion-free group H. The
serving subgroup G of H generated by G is itself complete. Moreover it
has been proved above that every element of G is linearly dependent on G
and therefore linearly dependent on every maximal linearly independent
system of elements of G. Thus, the rank of G is n.

It follows, in particular, that every torsion-free group of rank 1 is
isomorphic to a subgroup of the additive group of rational numbers R.
Therefore, when we obtain a classification of all abelian torsion-free groups
of rank 1, which is our next aim, we shall also obtain a classification, to
within isomorphism, of all the subgroups of R.

We introduce an auxiliary concept. A characteristic is an arbitrary
sequence of the form

a=(, Gy, .0y Gpy...),
where each a, is zero, or a natural number, or the symbol . Two char-

acteristics a and
B=@, B -y Bpy-..)

are equivalent if a,=pf, for all n except, possibly, a finite number for
which both a, and B, are distinct from oo. All characteristics therefore fall
into disjoint classes of equivalent characteristics; these classes are called
types' and are denoted by lower-case German letters a, b, ¢, ..

Into the set of types we introduce a partial order in the following way:
a =) if there exists a characteristic a of type a and a characteristic § of
type b such that for all » we have a, = g,; of course, here we regard the
symbol o as greater than every natural number. The reader will have no
difficulty in verifying the following statements:

! Other names are overtype and genus.
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1) a=aq;
2) fa=band b=c¢, then a =¢;
3) if a=b and b < a, then a=D0, that is, the two types coincide.
Among all types the greatest is that which consists of the single char-
acteristic
(o0, 0, ..., 0, ...);

we shall call it the type R for a reason that will become apparent below.
The smallest among all types is the type that contains the characteristic

0,0, ...,0, ...);

we shall call it the null type.
Let a and b be two types. We take characteristics a and f in them and put

Yo=min (a,, B,), n=1, 2,
The type ¢ defined by the characteristic

(Yis Yzr covs Yy -02)

is easily seen to be independent of the choice of the characteristics a and f
inaand b. Itis the greatest type which is less than, or equal to, both
a and b; we call it the product of the types a and b, c=ab. In a similar
way we can speak of the product of any finite number of types.

We can now proceed to the classification of torsion-free abelian groups
of rank 1. Let p1, p2, ..., pn, ... be the sequence of all prime numbers in
ascending order. Let G be a torsion-free abelian group of rank 1 and a
an element of G other than the null element. With G we now associate
a characteristic a: we put a,=0 if p,#=a has no solution in G,
o, ==k if p,*x = a has a solution but pk'Hx = ¢ has no solution in G, and
a, = oo if all equations p,x =a,i=1, 2, ..., have solutions in G. It is
easy to verify that when a is replaced by ma, where m is a non-zero integer,
then there i is no change in a, if it is oo, but if it is finite and equal to ¥ = 0
and m = phm’, (p,,,m )=1, then after the change it will be a, =% + {;
in other words, in this case a is replaced by an equivalent charactermlc.
The same will happen if a is replaced by any other element b of G, except the
null element, since a and b have a common multiple. Conversely, if f is a

*We could also show that among the types that are greater than, or equal to, the

given types @ and b there is a smallest. In other words, the set of types is a lattice
(see §43).
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characteristic equivalent to o, then we can replace a by an element b by means
of which G is associated with the characteristic B. For if a, —fp=p, >0
for n =1y, 4, ..., iy and fp— a,=v, > 0 for n =171, 2, ..., jt, and if
a, = 8, for all other » then we can take b as the solution of the equation

P“1p¥e. . pPsx = p Ipls. . . p ta:
p¢1p¢2 P,s leﬁ‘,a Pjt ’

and it is easy to see that the equation has a solution in G.

So we see that every abelian torsion-free group of rank 1 corresponds
uniquely to a well-defined type. Non-isomorphic groups correspond to
distinct types.

For if G is associated with a characteristic a by means of an element a,
then the equation mx==g¢ has a solution in G if and only if m is not
divisible by a higher power of p, than the a,-th for every n for which
an < o ; if b and ¢ satisfy the equations pb =a, qc = a with co-prime
p and g, then the equation (pq)x =2a is satisfied by tb + sc, where
ps+ gt=1. Therefore the homomorphism of G into the additive group
of rational numbers R that carries the element a into the number 1 maps G
onto the subgroup R, of R that consists of all rational numbers whose
denominators (in the reduced representation) are not divisible by a power
of p, higher than the a,-th, n=1,2, ..., if @, < o, and by an arbitrary
power of p, it a,= «. However, K, is the unique subgroup of R that
contains the integers and has the property that it is associated with the
characteristic a by means of the element 1. This shows that G is determined
by the characteristic o up to isomorphism. We also obtain that for every
type a we can find a subgroup of R associated with it.

Therefore there exists a one-to-one correspondence between all types and
all non-isomorphic torsion-free groups of rank 1. The group R itself corres-
ponds to the type R, which explains the name, the infinite cyclic group
corresponds to the null type, and the additive group of p,-ic fractions (that
is, the rational numbers whose denominators are powers of the prime num-
ber p,) to the type that contains the characteristic in which a, = <, and
a, =0 for m % n. We also mention that the additive group of rational
numbers with square-free denominators corresponds to the type that con-
tains the characteristic

(1,1, ...,1,...).

If a torsion-free group G of rank 1 corresponds to the type a, then we
shall say that G is a group of type a.
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Our classification of groups of rank 1 is succinct and convenient. For
example, the reader will easily prove that if G and H are two torsion-free
groups of rank 1, of type a and b respectively, then G is isomorphic to @
subgroup of H if and only if a = b. It follows that if each of the two groups
G and H is isomorphic to a subgroup of the other, then they are isomorphic.
Our classification also gives an indication of the very great diversity of
abelian torsion-free groups of rank 1; it shows, in particular, that the set
of all these groups has the cardinal number of the continuum.

We now return to the consideration of arbitrary abelian torsion-free
groups. Let G be such a group and let ¢ be one of its elements other than
the null element. The serving subgroup A4 of G that is generated by a is of
rank 1, because we have shown above that every one of its elements is
linearly dependent on a. This subgroup is, then, the largest subgroup of G
of rank 1 containing a. We shall call the type of the subgroup A4 the type of
the element a. In other words, the type of a is the type of that characteristic
which we obtain when we put o, =k if p.fx =a but not p,**'=a can
be solved in G, and a, = o if the equations of the form p,*x = a can be
solved in G for all k; here p,, n =1, 2, ..., is the set of all prime numbers
in ascending order. It is in this sense that we shall sometimes speak of the
characteristics of an element a of a group G.

We are now in a position to distinguish between elements (other than
the null element) of a group G, by means of their types ; this corresponds in
a certain sense to the division of the elements of a primary abelian group
into elements of finite and of infinite height. Torsion-free abelian groups
can therefore be classified according to the types of the elements they contain.
In particular, we could select as a special object of study the groups in which
all elements other than the null element have one and the same type a. How-
ever, a single such restriction is insufficient for the development of a deeper
theory. True, it is easy to see that groups in which all elements, other than
the null element, have the type R are complete and are therefore well known ;
but the set of groups in which all non-null elements are, for example, of
type null turn out to be difficult to classify.

We mention a few properties of types of elements of an abelian torsion-
free group G that will be used in the following section :

I. Two elements that are linearly dependent on one another have the
same type.

For these elements generate the same serving subgroup.

II. If a and b are two elements of type a and b respectively, then the type

of their sum a + b (if it is not the null element) is greater than, or equal to,
the product ab.
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For if the characteristics of a and b are a and f respectively, then a + b
is in any case divisible by every power of the prime number p, whose
exponent does not exceed min (a,, fs). Simple examples show, however,
that this element may also be divisible by higher powers of p, provided that
a, and B, are finite and equal.

III. If G=A+ B, aeA, beB, and if a and b are the types of a and b
respectively, then the type of a + b is ab.

For in this case the characteristic ¥y of a + b is such that, for all #,
Yo =min (ay, Pr).

Let G be an abelian torsion-free group and a an arbitrary type. By G(a)
we denote the set that consists of the null element and of all elements of G
whose types are greater than or equal to a; if there are no such elements
in G, then G(a)=0. It follows from II. that G(a) is a subgroup of G,
and I. shows that it is a serving subgroup of G. We denote by G’(a) the
subgroup of G that is generated by all elements whose types are strictly
greater than a. This subgroup is contained in G'(a) and may be equal to
it; in general, however, it need not even be a serving subgroup of G(a).
The factor group

G*(a)=G(a)/G"(a)

may therefore have elements of finite order.
These subgroups G (a), G’(a), and the factor group G*(a) will be used
in the following section.

§ 31. Completely decomposable groups

After having dealt with torsion-free groups of rank 1 in the preceding
section it is now natural to proceed to the study of abelian torsion-free
groups that are decomposable into the direct sum of groups of rank 1; such
groups are called completely decomposable (or completely reducible). This
class of groups is rather wide: apart from all groups of rank 1 it comprises
all free abelian groups as well as all complete torsion-free abelian groups.
On the other hand, we shall show later that by no means are all abelian
torsion-free groups completely decomposable.

There exist several criteria for a torsion-free group to be completely
decomposable (see Baer [15], Lyapin [6]). However, all these criteria are
very cumbersome to formulate and do not lend themselves to a further
development of the theory of completely decomposable groups; we shall
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therefore not deal with them here. The problem of subgroups or factor
groups of fully decomposable groups is also outside our scope: every abelian
torsion-free group can be embedded in a complete torsion-free group and is
a factor group of a free abelian group. We shall rather be interested in
properties of direct decompositions of completely decomposable groups and
begin with the following theorem (Baer [15]).

If a torsion-free abelian group G is completely decomposable, then any two
decompositions of G into the direct sum of groups of rank 1 are isomorphic.

Suppose we have an arbitrary decomposition of G into the direct sum
of groups of rank 1,

G= X A.. (1)

If G has elements of type a, then the subgroup G (a) (see the end of the
preceding section) is the direct sum of all summands in (1) whose type 1s
greater than or equal to a. For since direct summands are serving sub-
groups, the type of every non-null element of 4, is equal to the type of 4,
itself, so that it remains to apply properties I-III of the preceding section.
Similarly, G’(a) is the sum of all direct summands in (1) whose types are
strictly greater than a. It follows that the sum of the direct summands in (1)
whose type is equal to a is isomorphic to the factor group G*(a), that is, does
not depend on the choice of the decomposition (1) : every decomposition of G
into the direct sum of groups of rank 1 contains as many summands of
type a as the rank of G*(a) (if it is finite) or the cardinal number of G*(a)
(if its rank is infinite). This completes the proof.

The problem arises whether every direct decomposition of a completely
decomposable group can be refined to a decomposition into the direct sum
of groups of rank 1. In other words, is every direct summand of a completely
decomposable group itself completely decomposable? A final answer to this
question has not yet been obtained. The paper by Baer [15] contains a
number of relevant partial results, some of which we shall now present.

We begin by considering a group that is the direct sum of isomorphic
groups of rank 1 and prove the following theorem.

If an abelian torsion-free group G has a dirvect decomposition
G=2A., (2)
L)

in which all summands A, have rank 1 and one and the same type a, and if
B is a serving subgroup of G, then B is itself a direct sum of groups of rank 1
and of type a.
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Suppose the index a runs through all ordinal numbers less than o; we
introduce the following notation ;
G(ﬁ)______ 2 A,
a< B
B(B) —RB n 0(3).
For every B we have

and either the equality sign holds or B®#+1)/B®) has rank 1 and type a. For
this factor group is isomorphic to a subgroup of G**V/G® which is iso-
morphic to 4g, that is, it has rank 1 and type less than or equal to a. On the
other hand, if B+ contains an element x outside B®, then the type of #
in B and consequently in B+ is equal to a, because B is a serving sub-
group of G. The type of the image of x in B®+1/B® cannot, therefore, be
less than a. This proves our assertion,
If we can show that for B® 5« B(B+1) we have a direct decomposition

BO+D — B® | C,, (3)

where Cp is a group of rank 1 and type a, then the theorem will follow
because B is then the direct sum of all non-null subgroups Cg, p < 0. We
go on, therefore, to prove that a decomposition (3) exists.

In B®* we take an element x outside B® and we denote the coset
x + B® by #. If x is divisible by an integer n in B(®+1), then the same is
true for ¥ in B@+1/B® . The converse need not hold, but it follows from
the equality of the types of » and # that there exists only a finite number
of prime numbers

Pivy Piys -+ -y Pip €)]

such that the value a4 of the characteristic of » for py ,b=1,2, ..., m,
is different from the value ;‘ of the characteristic of #; both numbers are
then finite and *

@, <a; .
b < %,

Let h==p® p¥ .. . p%n,
o T4 "m

g — Ty — ag —ay
h=p:“| %, p"fs L, p:‘m L
‘m
In B®+1/B® there exists an element y = y -4 B® such that

hy

%, (5)
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so that x and Ay lie in the same coset . Let h’ be defined for hy in the
same way as h was for . Since hy is divisible by % it follows that 4’ cannot
be divisible by any prime number of (4), so that

(h, W)=1.
We can therefore find integers /, ’ such that

h+UhW=1. (6)
The element
z=1lhx + Il (hy) 7)

lies in #, by (5) and (6). If p; is an arbitrary prime number and if f§; is
the value of the characteristic of 2 for p;, then clearly f; < a;. However,
2 is in any case divisible by every power of p; that divides both summands
of the right-hand side of (7), so that from the definition of h and 4’ we
obtain f; = a;.

We can therefore find an element 2 in ¥ whose characteristic in B®#+1)
is the same as that of ¥ in B@+1)/B®), If we denote by Cg the serving sub-
group of B®+1) generated by z, then every coset of B® in B#+1) contains
precisely one element of Cg. This shows the existence of a direct decomposi-
tion (3) and concludes the proof of the theorem.

By applying this theorem to the case when B is a direct summand of G
we obtain the following result.

If G is the direct sum of groups of rank 1 and of one and the same type a,
then every direct summand of G is also a direct sum of groups of rank 1
and type a.

Now we prove the following more general theorem.?

Suppose that G is completely decomposable and that the set of types of
the summands in the decomposition

G= A, ®)

into the direct sum of groups of rank 1 is finite. Then every direct summand
of G is completely decomposable.

For the proof we denote by
aiv Az, -'-,a"n (9)

* The proof has been communicated to the author by L. Y. Kulikov.
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the distinct types of summands that occur in (8),and by Dy,i=1,2,...,n,
the direct sum of summands of type a;. Then

G=D,+D,+ ... +D,. (10)

The theorem will be proved if we can show that the decomposition (10)
and an arbitrary decomposition of G

az.—EBB,, (11)

have isomorphic refinements. For every Bg is then the direct sum of sub-
groups that are isomorphic to direct summands of D,, i=1, 2, ..., n,
and therefore, by the above result, completely decomposable.

We shall prove the existence of isomorphic refinements of (10) and (11)
by induction on #; for n =1 there is nothing to prove. Let a; be one of
the maximal types among (9) (in the sense of the partial order of types).
Then the component of D, in the direct summand By of the second decom-
position is equal to

Co=D; N By;

it cannot be greater than this intersection, since every subgroup is homo-
morphically mapped onto its component; however by the choice of the
type a, no element of D, can under any homomorphism go over into an
element of G outside D,. It follows that there exists a direct decomposition

D, = ; GCos
that is to say, we obtain the following refinement of (10):
G=§Cp+02—|—...—|—0,,. (12)

The subgroup Bg contains the direct summand Cg of G ; therefore we have,
for every f, a direct decomposition Bg==Cp + C’g which leads to the fol-
lowing refinement of (11):

a=§cﬂ+§c;. (13)
(12) and (13) now show that the subgroups

Dy+ ...+ D, Zp)c; (14)
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are isomorphic; by the induction hypothesis they have isomorphic refine-
ments. Substituting these in (12) and (13) we obtain isomorphic refine-
ments of (10) and (11); this is what we had to show.

It follows from this theorem that every direct summand of a completely
decomposable group of finite rank is itself completely decomposable.

On this problem of direct summands of completely decomposable groups
some results have, in fact, been obtained that go further than what we have
proved here. For example, Baer [15] has shown that the direct summands
are completely decomposable even when the set of types of summands in
(8) is no longer finite but only satisfies the maximal condition (in the sense
of the partial ordering of types). Furthermore, Kulikov [3] has proved that
the direct summands of every countable completely decomposable group
are also complete decomposable.

§ 32. Other classes of abelian torsion-free groups

So far we have not yet come across any abelian torsion-free groups that
are not completely decomposable. Such groups, however, do exist.

The unrestricted direct sum (see § 17) of an infinite set of infinite cyclic
groups is not completely decomposable.

For let G be the unrestricted direct sum of infinitely many infinite cyclic
groups. We take a countable subset and denote by G’ the unrestricted direct
sum of the subgroups occurring in it. If G were completely decomposable
then, since all its elements are of type null in it, it would turn out to be a
free group, and since G’ is isomorphic to a subgroup of G, it would also
be free. We can therefore assume that G itself is the unrestricted direct
sum of a countable set of infinite cyclic groups.

If

Ay, Toy ooy Qny oo

are generators of these cyclic groups, then every element g of G can be
written as an infinite sum of these generators with integer coefficients

g=hka,+koao+ ... +kpa,+ ... . (1)

We denote by H the set of elements of the form (1) that have the
following property: for every natural number s almost all coefficients
ki, k2, ..., Ry, ... (that is: all but, possibly, a finite number) are
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divisible by 25. The set H is a subgroup of G and has, just like G, the
cardinal number of the continuum. If G is free, then H is also free, in other
words, is the direct sum of a set of infinite cyclic groups; and then the
factor group H/2H (where 2H is the set of all elements of H that are
divisible by 2) must also have the cardinal number of the continuum.

However H/2H is, in fact, countable. For G contains a countable sub-
group H’ consisting of the elements of the form (1) that have only a finite
number of non-zero coefficients k,. If now % is an arbitrary element of H,
then we can subtract from it an element 4 of H’ such that the difference
h—h can be written in the form (1) with all coefficients divisible by 2.
Thus

h—h'=2h,,
and it is easy to see that 4, belongs to H, so that
h—nWe2H.

This shows that every coset of 2H in H contains an element of H’, so that
H/2H is countable.

By the same method it can be proved more generally (see Baer [15])
that no unrestricted direct sum of an infinite set of groups of rank 1 and
of one and the same type, other than R, can be completely decomposable.
Moreover, in the paper by Mi%ina [1] it is shown that if a group G is the
unrestricted direct sum of groups A4, of rank 1 (a ranging over an index
set M) then G is completely decomposable if and only if among the groups A,
there is only a finite number not of type R.

The groups we have constructed above are, although not completely
decomposable, at least decomposable into direct sums : from the unrestricted
direct sum of cyclic groups we can always split off a cyclic direct summand.
There exist, however, abelian torsion-free groups of rank greater than 1
which are not decomposable at all into a direct sum. This follows from a
theorem of Baer [15] :

Every serving subgroup H of the additive group J of p-adic integers
(see § 21) is indecomposable; in particular, J itself is indecomposable.

For consider the subgroup pJ consisting of the p-fold multiples of all
elements of J. This contains precisely those p-adic integers that have in the
representation (9) of § 21 a zero in the first place, that is, in which k, = 0.
It follows that the index of pJ in J is p.
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Therefore the index of p H in H is also p, so that the factor group H/pH
is cyclic of order p. For
pH=HNpJ,

since H is a serving subgroup of J, and
J=H+ pJ,

since the index of pJ in J is a prime number ; it now remains to apply the
isomorphism theorem
H/pH=]/p].
If H is decomposable,
H=H,+ H,,

then H, and H,, as serving subgroups of H, are also serving subgroups of J.
Hence the factor groups H,/pH, and H,/p H, are cyclic of order p. But

pH=pH, + pH,,

so that H/p H appears as a direct sum of two cyclic groups or order p, and
this is a contradiction.

Since J has the cardinal number of the continuum we can find in it
serving subgroups of any finite or infinite rank not exceeding the cardinal
number of the continuum. It is still an open problem whether there exist
indecomposable abelian torsion-free groups of an arbitrary infinite cardinal
number.

Some other classes of abelian torsion-free groups, closely related to com-
pletely decomposable groups, are also studied in the paper by Baer [15].
For example, an abelian torsion-free group G is called separable if every
finite set of elements of G is contained in a completely decomposable direct
summand of G; obviously we can assume that this direct summand has
finite rank. Every completely decomposable groups is, of coutse, separable.

Every countable separable group G is completely decomposable.

For let the elements of G be g, gs, ..., gn, ---. We put 4,=0.
Suppose we have already found a completely decomposable direct sum-
mand 4, of G, of finite rank, containing g, g2, ..., g». Then we take as

A1 a completely decomposable direct summand of G that has finite rank
and contains g, 4, as well as a maximal linearly independent set of elements
of 4,. Since A,4, is a serving subgroup of G and 4, is contained in
Ant1, we must have a direct decomposition
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Am-l = An+Bn+l-

By,11, as a direct summand of a completely decomposable group of finite
rank, is itself completely decomposable (see the preceding section). G is
the union of the ascending sequence of subgroups 4, n=0,1,2, ...,
and is therefore the direct sum of the completely decomposable groups
B,, n=1,2,...; that is, G is completely decomposable.

In the non-countable case there exist separable groups that are not com-
pletely decomposable: the unrestricted direct sum of an infinite set of

infinite cyclic groups is separable but, as we have shown above, not com-
pletely decomposable.

For let G be the unrestricted direct sum of infinite cyclic groups with
generators a, (a ranges over a certain index set). We show, first of all,

that every element g of G is contained in a completely decomposable direct
summand of G.

The element g, g 50, has a representation
= 2 kaaa, (2)
a

where the &, are integers. We denote by £(g) the smallest absolute value
of the non-zero coefficients kg,

k(g)=min (|ka|, ka5%0).
If (g)==1, then there is an index f such that

kp= +1.
Then
G={g}+ G,

where G’ consists of all the elements of G for which the coefficient of ag in
the representation (2) is equal to zero; G’ is itself the unrestricted direct
sum of infinite cyclic groups.

Now let £(g) be arbitrary., We divide every coefficient k, in (2) by k(g) :

k,=k(g)q,+r,, o=r. < k(g)'
Then

g=k(g)g + g,
where
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£ =§ [/ g2=-2r¢aa'

Since there exists a f§ such that k(g)= =+ kg, gg===+ 1, and there-
fore k(g,)==1. We have, then, a direct decomposition

G={g1} + G’,

where G’ consists of all the elements of G for which the coefficient of ag
in (2) is equal to zero. To these elements there belongs g., g.€G’. But
k(g2) is strictly less than k(g), because all the coefficients , are strictly
less than k£(g). We can therefore assume by induction that there exists a
direct decomposition

G'= A+ B,

where A contains g, is completely decomposable, and is a free group of
finite rank, while B consists of all the elements of G for which the co-
efficients of a finite number of fixed a, in (2) are equal to zero. g is now
contained in the completely decomposable direct summand {g,} + 4 of G.

Finally, if g1, g2, ..., g« is a finite system of elements of G, then we
can assume that there exists a direct decomposition

G=U+V,

where U is a completely decomposable direct summand containing
g1, §2) .., gn—1 and V' is the unrestricted direct sum of infinite cyclic
groups. Then

gn—=—u+ v, uelU, vel,
and since we have proved that there exists a direct decomposition
V=4 + B

such that 4 is completely decomposable and contains v, the direct summand
U+ 4 of G is also completely decomposable and contains all the given
elements; the direct summand B is again the unrestricted direct sum of
infinite cyclic groups. This proves that G is separable.

Other classes of abelian torsion-free groups are also studied in the paper
by Baer [15], in particular direct sums of groups in which all non-null
elements have one and the same type. Kontorovic [7] has shown that the



§ 32. OTHER CLASSES OF ABELIAN ToRrsION-FREE GROUPS 221

theory of this class of groups can be extended to non-commutative torsion-
free groups in which, as in all abelian torsion-free groups, the equation

r*r=a, n >0,
has at most one solution.

The theory of abelian torsion-free groups has also been developed in
another direction; in § 30 we gave a classification of groups of rank 1;
several classes of abelian torsion-free groups can be classified in a similar
way. For example, Kuro§ [6] has indicated a method of classifying the
groups that are isomorphic to subgroups of the direct sum of a finite number
of groups of type R, (that is, groups isomorphic to the additive group of
p-ic fractions) ; simplifications of some of the proofs are contained in a
paper by Kaloujnine [1]. This classification by means of matrices with
p-adic elements provided the first example of indecomposable abelian
torsion-free groups of arbitrary finite rank—examples of this kind,
of rank 2, had been found previously by Levi [1] and Pontryagin [1].
This method of classification has been carried over to the case of arbitrary
abelian torsion-free groups of finite rank in papers by Derry [1] and
Mal'cev [1] ;! they use systems of matrices with p-adic elements for all
prime numbers p. An extension of this method to arbitrary countable
abelian torsion-free groups has been given in a paper by Szekeres [1],
and the assumption of countability of the groups can, in fact, easily be
removed. However, in all these cases the classification of the groups turns
out to be extremely complicated; it is hardly a help in the investigation of
the groups, but is rather a method of describing them.

On the whole, the theory of abelian torsion-free groups is still very far
from complete. For example, it is an open problem whether decompositions
of an abelian torsion-free group of finite rank into direct sums of inde-
composable groups are isomorphic—a counter-example in a relevant paper
by B. Jénsson (Bull. Amer. Math. Soc. vol. 51 (1945), p. 364) is incorrect.

! See also § 40 and § 41 of the first edition of this book.
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Appendix A

@ We consider permutations x on the set of # symbols {1,2, ..., n} and
write them as right-hand operators. Positive and negative powers of n are
defined in the obvious way; n° is the identity permutation. If ix =1, we say
that the symbol i is affected by, or moved by, n; if in =1, we say that i is
left invariant by m. A permutation = is called cyclic or a cycle if of any two
symbols moved by n each is carried into the other by a suitable power of x.
In that case

n_(ala, e Q1 Gk e B ]>
a; Az ... Qg [ WU 2

we write t==(a,, @, ..., ax) and call k the length of the cycle. A cycle
of length two is called a transposition: n= (b, c). Every cycle of length %
can be written as a product of # — 1 transpositions. In fact,

(01,02, .o -,ak) = (011‘12) (alya'a) e (alra‘k—l)(aliak)'

Every permutation w can be written as a product of disjoint cycles, unique
apart from order of the factors. For let ¢ and b be symbols of the set
{1,2,...,n}. We say that a is equivalent to b if a power of n carries
ainto b, say ard =>b. This is an equivalence relation, because the transitive
and reflexive properties obviously hold and the symmetry follows from the
fact that bx—'==a. This equivalence relation splits the set {1, 2, ..., n}
into disjoint classes ; each class is a cycle, and = is the product of these cycles.

We write t=(a,, ..., ) (b1, ..., b)) (€1, ..., ¢m) ... ;cycles of length
1 (that is, symbols left invariant by n) can be omitted. As an example:

(1 234567891011

31014675119 8 2)2 (13)(210811)(567).

Hence every permutation n can be written as a product of transpositions.
If & has » cycles (cycles of length 1 being included in the count) then = can
be written as a product of n — 7 transpositions.

If a given permutation x on n symbols splits into r disjoint cycles, then
the number of transpositions in all possible representations of n as a product
of transpositions is always even or odd according as n —r is even or odd.
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We shall show first that, when = is multiplied by a transposition (b,c),
then 7 is increased or decreased by 1 (hence n — r is decreased or increased
by 1), according as b and c lie in the same or in distinct cycles of x. For if

n=(bay...0:ca3...0:)...,
then
a(be) = (ba,...a;)(cas...a,),

and 7 has been increased by 1. If
n=(ba,...a;)(cas...0,) ...,
where one or both cycles may be of length 1, then
w(bc) = (ba,...a:ca5...0,). ..

and 7 has been decreased by 1. Now the identity permutation has » =mn,
n—r=0; hence the parity of the number of transpositions in all repre-
sentations of x is fixed and is the same as that of n — 7.

Appendix B

b Example 14 falls under the type considered in 13 if the property a is
taken to be: the mappings affect only a finite number of symbols. In
current terminology, the group in 13 is also called the unrestricted, and the
group in 14, the restricted symmetric group. Note that if the cardinal number
of the set of symbols is m, then the restricted symmetric group is of
cardinal number m, the unrestricted of cardinal number 2™ The unrestricted
alternating group of infinite cardinal number cannot be defined.

Appendix C

¢ It is often convenient to admit also an empty set of elements of a group G.
In this case the subgroup generated by an empty set of elements is taken to be
the trivial subgroup E.

Appendix D

4 The set of subgroups can, therefore, be ordered “by inclusion”: we
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agree to say that 4, precedes Ag whenever A, is contained in 4g. The con-
struction given in the text can be carried out under even more general
conditions. Suppose that a set of subgroups A, of G is given (where a
ranges over an index set N) and that for any two subgroups 4,, 44 the set
includes at least one subgroup 4, containing both 4, and Ag. The set can
then be partially ordered “by inclusion,” the index set N becomes a directed
set, and the union of the set of subgroups can be proved to be a subgroup
of G, as in the text. As to partial order, see also § 43.

Appendix E

®There exists another construction of a limit group of a set of groups
{Ga}, the so-called inverse limit. We begin by explaining the construction
in the case of a simple sequence of groups. Suppose that

Gi, Gz, ..., Gy, ... (1)

are groups and that for every » a homomorphic mapping ¢, of G4, onto
G, is given:

If gnt1€Guyy, then g,419,€G,, and for every g,eG, there is a gui1
such that

En=—=En4+1Pn. (2)

We again define a thread to be a sequence of elements

Y=81,82 .-+

in which, for n=1, 2, ..., g.€ G, and gay10n= g,. Then

’Y—l=31_1, 32—1) Pee
is also a thread, and if
Y,= gl': g2’) ey

is another thread, then yy'==g,g/, g:82’, ... is also a thread. Under this
muiriplication the threads are easily seen to form a group, the inverse limit
of the sequence (1) with the homomorphisms (2).

This construction can be extended to arbitrary partially ordered sets of
groups { Go}, where a ranges over an index set N. Let the index set N be
directed, that is, partially ordered with a transitive relation = such that for



228 APPENDIXES

every pair a,f €N there exists a yeN such that a <y, B =vy. Now sup-
pose that for every pair G4, Gg with @ = a homomorphic mapping @ga
of Gp onto G, is given and that, whenever a = f§ = y, we have for every
876Gy

EvPya = EvPv8PBa-

We then define a thread as a set of elements {g,} such that for every ae N
we have g,€G, and for every pair a, fe N with a =< f the elements g, and gg
are linked by the relation

8a == £pPBa-

The inverse of a thread and the product of two threads are defined in the
obvious way, and under this multiplication the set of threads becomes a
group, the inverse limit of the set { G,} with the homomorphisms gg,.

For applications of the inverse limit see Haimo [1], G. Higman [4],
G. Higman and A. H. Stone [1].

Appendix F

fThis result can be generalized as in § 7. Instead of the sequence Uy,
k=1, 2, ... of subgroups we can take any collection of subgroups U,
(where the index a ranges over an ordered set A) which is ordered by inclu-
sion so that U, ©Ug when o < f; it is even sufficient to assume that the
groups U, are partially ordered by inclusion, provided that for any two
a, BeA there exists a ye 4 such that U, contains both U, and U,.
(The index set then forms a directed set.) Furthermore, the subgroups U,
need not all be simple, provided that for every o € A there exists a f ¢ 4 with
a < P such that Upg is simple. The union of the collections U, of subgroups
is then a simple group.

Appendix G

9 Even if the original is single-valued, the endomorphism need not have
an inverse, because it may be an isomorphic mapping of the group into itself.

Let x be a mapping of a set M into itself. A right inverse mapping x,~* of n
exists if and only if & is one-to-one ; m,~* is then a mapping of M,, onto M.
A left inverse mapping m~* of n exists if and only if x is onto; x—? is then a
one-to-one mapping of M into itself. Hence an inverse mapping a—* exists
if and only if xt is a one-to-one mapping of M onto itself or a “permutation”
of M.
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Consider the group of sequences of integers (a,, @, ..., @4, ...) with
addition of components as the group operation. Then the mapping

(ala az, '-')")(a%a's’ ---)

is a homomorphic many-to-one mapping of the group onto itself and has a
left inverse but no right inverse, whereas the mapping

(a1, az, ...)> (0,04, 05, ...)

is a homomorphic one-to-one mapping of the group into itself and has a
right inverse but no left inverse.

Appendix H

h The author uses the term metabelian. But in current terminology a
metabelian group is one whose derived group (see the end of § 14) is abelian.
This class of groups is again much wider than that ot nilpotent groups of
class 2. In terms of the derived chain and lower central chain metabelian
groups are characterized by the equation G” = E, nilpotent groups of
class 2 by Go=E.

Appendix I

i Tt is more accurate to say that the representation of an element g of G is
unique only apart from a finite number of factors that are the unit elements
of subgroups H, whose elements do not otherwise occur in the representation
of g. In the applications of the direct product (see, for example, Chapter VI)
it is sometimes desirable to retain such arbitrary unit elements as factors in
order to avoid the need to distinguish various cases. Note that there is no
ambiguity in the case of the direct product of a finite number of factors
(p. 117), where the representation of each element g of G requires a factor
from every subgroup H;,i=1,2,...,n. The parallelism between the cases
of a finite and an infinite number of factors is restored in the synthetic defini-
tion of a direct product (p. 122), where again each element of the direct
product to be constructed involves a factor from every group A,.
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Appendix J

i The simplest illustration of these statements about components in a direct
product is provided by Klein's Four-group V' (see § 9). Let a == (12) (34),
b=1(13)(24), c= (14)(23)==ab. V is easily seen to be the direct
product of its cyclic subgroups {a} and {b}, V= {a} X {b}, and in this
decomposition the component of ¢ in {a} is @ and in {b} is b, so that the
direct product of the components of {¢} is V. Furthermore, /' has another
decomposition V= {a} X {c}, and in this decomposition the component
of c in {a} is the unit element.

Appendix K

k The author uses the term “word” for what we have called “reduced word”
and has no name for our “words,” or strings of symbols x,, 2,~*. Our
terminology is more in keeping with current usage.

Appendix L

' The reader should bear in mind that “element of a free group” and
“word” (even “reduced word”) are conceptually two distinct objects. The
same group element can be represented by different reduced words, because
the set of generators of the free group can be altered without altering the

group.

Appendix M

" The reader should convince himself that in the Examples 2 and 3 the
group R and the group of type p= are, in fact, isomorphic to the groups
defined by the relations of the text and not to factor groups of those groups.
It should also be noted for later use (p. 165) that every torsion-free homo-
morphic image of R is an isomorphic image (if R/N is torsion free, then
N =0) and that every homomorphic image of a group of type p= is itself
of type p= (p. 57).

Appendix N

» The subgroup theorem can be supplemented by the following existence
theorem (the proof is simple and can be left to the reader) : For every
choice of the numbers s, Iy, and By, subject to the conditions (6), (7),
and (8), G contains at least one subgroup H with the prescribed invariants.
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Appendix O

© Detailed studies of modules over principal ideal rings, with many exer-
cises, are contained in the recent books by Bourbaki [1] and Kaplansky [3],
§ 1211

Appendix P

P In his definition of height the author does not attribute a height to the
null element of a group. In this case the expression group without elements
of imfinite height is to be taken literally. On the other hand, to give but one
example, the group G* of § 27 has to be described as consisting of all the
elements of infinite height in G, together with the null element.

Appendix Q

9 A new proof of Ulm’s Theorem (Kaplansky and Mackey [1] ; see also
Bourbaki, Algébre, Chap. VII, § 2, Exercises, pp. 74-81 (1952)) extends
it to countably generated torsion modules over a principal ideal ring. The
authors also treat the case of countably generated modules over the p-adic
integers (or more generally, over a complete discrete valuation ring) pro-
vided the torsion-free rank does not exceed 1, and they find that for a
complete set of invariants the Ulm factors have to be supplemented by one
further invariant, a certain equivalence class of sequences of ordinals. The
new feature of this proof is that (in the language of group theory) the groups
to be classified are no longer primary, but mixed. Torsion-free abelian
groups have not yet been completely classified, even in the countable case.
See also p. 221,
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normal, ascending, 113

descending, 113

characteristic, 207
class, of conjugate elements, 80

of conjugate subgroups, 82

of partition, 28

of residues, 75

INDEX
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closure, 184
commutator, 99
commutator subgroup, 101
of subsets, 103
complete group, 92
abelian, 163
complex of elements, 46

component of direct decomposition, 120

composition factor, 112
composition length, 112
composition series, 112

conscquences of defining relations, 129

correspondence, one-to-one, 72
coset, double, 63

left, 60

representative of, 60

right, 61

D

decomposition, into cosets, 71
direct, 117
isomorphic, 124
of group, left, 60
right, 61
double module, 63
derived group, 101
direct, decomposition, 117
isomorphic, 124
direct factor, 118
direct product, 117
cartesian, 122
complete, 122

with prescribed subgroups, 122

restricted, 122
unrestricted, 122

direct sum, 137

divisible abelian group, 163

E

element, central, 8]
divisible, 163
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of finite order, 36 genus, 207
generating, 46 group, 30

finite, height of, 170
infinite, height of, 170
of infinite order, 36
invariant, 81
inverse, 32
left (right), 33
normalizer, 79
null, 24
rational, 98
unit, 24
left (right), 33
elements, conjugate, 64
class of, 80
of equal type, 95
permutable, 31
elementwise permutable, 59
embedding of group into group, 43
endomorphisms, 85
addition, 152
multiplication of, 87
null, 85
operator, 108
subtraction of, 152
summable, 152
exchange theorem, Steinitz, 139
extension, of group by another, 76
of isomorphism, 168

F

factor, direct, 118
of normal series, 110
Ulm, 187
factor group, 35, 72
factor set, 20
four-group, Klein’s, 71
free group, 127
abelian, 142
free generators, 128
free module, 161

generators, 46
system of, 48
free, 128

abelian, 30
additive, of integers, 37
of rationals, 37
alternating, 39
of automorphisms, 87
without center, 81
commutative, 30
commutator, 101
complete, 92
countable, 57
cyclic, 46
finite, 46
infinite, 46
decomposition of, 58
derived, 101
elementary, 97
extension, 76
finite, 31
finitely generated, 50
free, 127
hamiltonian, 67
of homomorphisms, 55
indecomposable, 122
locally infinite, 37
of matrices, 38
metabelian, 99
mixed, 37
multiplicative, of rationals, 38
nilpotent of class 2, 99
with operator domain, 104
of operator automorphisms, 109
periodic, 37
primary, 137
quasi-cyclic, 56
quaternion, 67
of roots of unity, 38
of rotations, of circle, 38
of cube, 41
simple, 68
symmetric, 39
torsion-free, 37
of transformations, 40
of type p=, 56

group table, Cayley’s, 132
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groups, ascending sequence of, 51 length, of normal series, 110
limit of sequence of, direct, 55 of product, 51
inverse, 227 of reduced word, 125
linearly dependent, 138, 140
. H linearly independent, 138, 140

limit of sequence of groups, direct, 55

height of element, 170 inverse, 227

finite, 170

infinite, 170 M
holomorph, 90
homomorphisms, 27 mapping, homomorphic, 27

canonical, 29 induced, 43

group of, 155 inverse, 87

natural, 29 left (right), 87

operator, 107 isomorphic, 25
homomorphism theorem, 155 of set, into itself, 23

for operators, 128 onto itself, 40

single-valued, 23
1 matrices, group of, 40

ideal, 105 module, double, 63
image, 27 free, 161

inverse, 27 over ring, 158

complete, 73 monogenic subgroup, 107

index, 61
indecomposable group, 122 N
intersection of subgroups, 45 normalizer, 79
invariants of finitely generated abelian

group, 151 (0]

isomorphism, 25
of direct decompositions, 124
extension of, 168
of normal series, 111
type preserving, 194
isomorphism theorem, 76
for operator groups, 108

operation, algebraic, 21
associative, 22
commutative, 22
inverse, 25

operator, 104

operator automorphism, 108

operator domain, 107

operator endomorphism, 108

J operator homomorphism, 104

join of subgroups, 48 order, of element, 35
in operator group, 160

K of group, 31
kernel, 73 overtype, 207

L P
layer, 170 p-adic integers, group of, 155

lowest, 170 p =, group of type, 56

lemma, Zassenhaus’, 77 partition, regular, 29

for operator groups, 108 perfect subgroup, 194



periodic group, 37
periodic part, 137
periodic subgroup, maximal, 137
permutation, 21, 228
even, 39
identity, 39
inverse, 39
multiplication of, 21
odd, 39
primary group, 137
product, of automorphisms, 87
cartesian, 122
direct, 117
complete, 122
with prescribed subgroups, 122
restricted, 122
unrestricted, 122
of endomorphisms, 87
of homomorphisms, 156
of subsets, 58
of threads, 55

Q

quaternion group, 67

R

rank, of abelian group, 138, 140
of free group, 127
reduced abelian group, 164
refinement of normal series, 110
relations in group, 129
defining, 129
representative of coset, 60
ring, 105
of endomorphisms, 153
of operators, 158
of p-adic integers, 155
roots of unity, group of, 38

S

sequence, ascending, of groups, 54
of subgroups, 51
series, characteristic, 116
composition, 112
fully invariant, 116

271

normal, 110
principal, 116

splitting of mixed abelian group, 201
subgroup, 42

accessible, 113

admissible, 105
normal, 107

basic, 181

characteristic, 96

closed, 206

cyclic, 46

division, 206

of finite index, 61

finitely generated, 54

fully invariant, 96

generated by subset, 46

generated by subgroups, 48

invariant, 64

inextensible, 206

isolated, 175

maximal periodic, 137

monogenic, 107

normal, 64

normalizer of, 79

null, 137

perfect, 194

proper, 42

pure, 175

regular, of symmetric group, 45

self-conjugate, 64

serving, 175

unit, 42

trivial, 42

subgroups, conjugate, 65

of equal type, 95
permutable, 58

subsets, 46

subgroup generated by, 46
invariant, 80

normal, 80

permutable, 58

product of, 58

sum, direct, 137

of endomorphisms, 152

symmetric group, 39

regular subgroup of, 45
restricted, 226
unrestricted, 226
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systems, equivalent, of elements, 138
of defining relations, 129
of generators, 48
free, 128
Jrreducible, 48
linearly dependent, 138
linearly independent, 138

T

Theorem, Cayley’s, 44
von Dyck’s, 130
Existence, 190
Homomorphism, 35
Isomorphism, 76
Jordan-Holder, 112
Lagrange’s, 62
Poincaré’s, 62
Prufer’s Wirst, 173
Priifer’s Second, 173
Schreier’s, 111
Steinitz’ Exchange, 139
Ulm’s, 193

INDEX

threads, 54

product of, 55
torsion coefficient, 151
transformations, group of, 40

of elements, 64

of subgroups, 65
type, of element, 193

of torsion-free group, 210

of equivalent characteristics, 207

of reduced group, 187

of torsion-free group of rank 1, 209
type-preserving'isomorphism, 194

U
Ulm factors, 188
unit element, 24, 32
unit subgroup, 42

“7

word, 125
empty, 125
reduced, 125
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ELECTRIC CIRCUIT THEORY and the
OPERATIONAL CALCULUS

By J. R. CARSON

“A rigorous and logical exposition and treatment
of the Heaviside operational calculus and its ap-
plications to electrical problems. .. will be enjoyed
and studied by mathematicians, engineers and
scientists.”—Electrical World.,

2nd ed., 206 pp. 5V4x8. $3.95

TEXTBOOK OF ALGEBRA
By G. CHRYSTAL

The usefulness, both as a textbook and as a work
of reference, of this charming classic is attested
to by the number of editions it has run through—
the present being the sixth. Its richness of content
can be only appreciated by an examination of the
twelve-hundred-page book itself. Thousands of
valuable exercises (with solutions).

6th ed. 2 Vols. 1235 pages. 534x8. Twe vol. set $8.00

EIGENWERTPROBLEME UND [HRE
NUMERISCHE BEHANDLUNG

By L. COLLATZ

“Part I presents an interesting and valuable col-
lection of PRACTICAL APPLICATIONS.

“Part Il deals with the MATHEMATICAL
THEORY.

“Part III takes up various methods of NUMER-
ICAL SOLUTION of boundary value problems.
These include step-by-step approximations, graph-
ical integration, the Rayleigh-Ritz method and
methods depending on finite differences. Here, as
throughout the book, the theory is kept in close
touch with practice by numerous specific examples.”

—Mathematical Reviews.

—1945. 350 pp. 5'2x84. Orig. pub. at $8.80. $4.95

ALGEBREN
By M. DEURING

—(Ergeb. der Math.) 1935. v+143 pp. 5%2x8'%2. Orig. pub.
at $6.60. $3.95

HISTORY OF THE THEORY OF NUMBERS
By L. E. DICKSON

“A monumental work . . . Dickson always has in
mind the needs of the investigator . .. The author
has [often] expressed in a nut-shell the main re-
sults of a long and involved }:aper in a much
clearer way than the writer of the article did him-
self. The ability to reduce complicated mathemati-
cal arguments to simple and elementary terms is
highly developed in Dickson.”—Bulletin of A. M. S.
Invaluable both to the amateur and the pro-
fessional number-theorist.
—Vol. | (Divisibihty and Primality) xu+486 pp. Vol. 11

(Diophantine Analysis) xxv+803 pp. Vol. 11l (Quadratic and
Higher Forms) v+313 pp Three vol. set $19.50
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THE INTEGRAL CALCULUS
By J. W. EDWARDS
A leisurely, immensely detailed, textbook of over
1,900 pages, rich in illustrative examples and ma-
nipulative techniques and containing much interest-
ing material that must of necessity be omitted from
less comprehensive works.

There are forty large chapters in all. The earlier
cover a leisurely and a more-than-usually-detailed
treatment of all the elementary standard topics.
Later chapters include: Jacobian Elliptic Func-
tions, Weierstrassian Elliptic Functions, Evalu-
ation of Definite Integrals, Harmonic Analysis,
Caleculus of Variations, etc. Every chapter contains
many exercises (with solutions).

—2 vols 1,922 pp 5x8 Originally published at $31 50 the set.
Each volume $6.50
AUTOMORPHIC FUNCTIONS
By L. R. FORD

“Comprehensive . . . remarkably clear and ex-
plicit.”—Bulletin of the A. M. S.

—2nd ed (Cor. repr. of 1st ed ) x+333 pp. 534x8 $4.95

LES INTEGRALES DE STIELTJES ET LEURS
APPLICATIONS AUX PROBLEMES DE LA
PHYSIQUE MATHEMATIQUE

By N. GUNTHER

—1932, 498 pp 5V2xB in. $5.95

LECONS SUR LA PROPAGATION DES
ONDES ET LES EQUATIONS DE
L'HYDRODYNAMIQUE

By J. HADAMARD

“[Hadamard’s] unusual analytic proficiency en-
ables him to connect in a wonderful manner the
physical problem of propagation of waves and the
mathematical problem of Cauchy concerning the
characteristics of partial differential equations of
the second order.”—Bulletin of the A. M. S

—vili+375 pp. 5Y2x8Y;. $4.95

REELLE FUNKTIONEN. Punktfunktionen
By H. HAHN
“Admirably suited . . . to the needs of the mathe-
matical reader wishing to familiarize himself with
... recent developments.”—Bulletin of the A. M. S.
—426 pp 5'4x8'Y2 Ong pub. ot $12 80 $5.50

INTRODUCTION TO HILBERT SPACE AND
THE THEORY OF SPECTRAL MULTIPLICITY
By P. R. HALMOS
Prof. Halmos’ latest book gives a clear, readable
introductory treatment of Hilbert Space. The
multiplicity theory of continuous spectra is

treated, for the first time in English, in full
generality.

—1951. 120 pp. 6x9 $3.25
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GRUNDZUGE DER MENGENLEHRE
By F. HAUSDORFF

Some of the topics in the Grundziige omitted from
later editions:

<2~ Symmetric Sets—Principle of Duality—most of
the “Algebra” of Sets——most of the ‘“Ordered
Sets”—Partially Ordered Sets—Arbitrary Sets
of Complexes—Normal Types—Initial and
Final Ordering—Complexes of Real Numbers—
General Topological Spaces—Euclidean Spaces
—the Special Methods Applicable in the Euclid-
can plane—Jordan’s separation Theorem—The
Theory of Content and Measure—The Theory
of the Lebesgue Integral.

—First edition. 484 pp. 5V2x8 V4. $4.95

SET THEORY
By F. HAUSDORFF

A translation of the third German edition of the
classic.

—Third edition. About 320 pp. in prep.

VORLESUNGEN UBER DIE THEORIE DER
ALGEBRAISCHEN ZAHLEN
By E. HECKE

“An elegant and comprehensive account of the
modern theory of algebraic numbers.”
—Bulletin of the A. M. S.

“A classic.”—Mathematical Gazette.
—1923 264 pp 5'2x8Y2 $3.95

INTEGRALGLEICHUNGEN UND
GLEICHUNGEN MIT UNENDLICHVIELEN
UNBEKANNTEN

By E. HELLINGER and O. TOEPLITZ

“Indispensable to anybody who desires to pene-
trate deeply into this subject.”—Bulletin of A.M.S.

—With a preface by E Hilb 1928, 286 pp 5V4x8. $4.50

Grundziige Einer Allgemeinen Theorie. der
LINEAREN INTEGRALGLEICHUNGEN

By D. HILBERT

—306 pp S5V2x8V4. $4.50

PRINCIPLES OF MATHEMATICAL LOGIC
By D. HILBERT and W. ACKERMANN

The famous Grundziige der Theoretischen Logik
translated into English, with added notes and re-
visions.

“The best textbook in a Western European
language for a student wishing a fairly thorough
treatment.”—Bulletin of the A. M. S.

—1950. xi1+ 172 pp. 6x9. $3.75
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GEOMETRY AND THE IMAGINATION
By D. HILBERT and S. COHN-VOSSEN

The theme of this book is insight. Not merely
proofs, but proofs that offer insight—intuitive
understanding—into why they are true. Not
merely properties of the hyperboloid or of Pascal’s
hexagon, but insight into why they have these
properties. In this wide-ranging survey, one of the
world’s greatest and most original mathematicians
uses insight as both his technique and his aim.
Both the beginner and the mature mathematician
will learn much from this unusual and fascinating
treatise.

CHAPTER HEADINGS: I. The Simplest Curves and
surfaces. II. Regular Systems of Points. III. Pro-
jective Configurations. IV. Differential Geometry.
V. Kinematics. VI. Topology.

‘“A mathematical classic . . . The purpose is to
make the reader see and feel the proofs.”—Science.

“ A fascinating tour of the 20th-century mathe-
matical zoo.”—Scientific American.

“Students . . . will experience the sensation of
being taken into the friendly confidence of a great
mathematician and being shown the real signifi-
cance of things.”—Science Progress.

“A glance down the index (twenty-five columns
of it) reveal the breadth of range:—

“Annulus; Atomic structure; Automorphic func-
tions; Bubble, soap; Caustic Curve; Color problem;
Density of packing, of circles; Four-dimensional
space; Gears, hyperboloidal; Graphite; Lattices;
Mapping; “Monkey Saddle”; Table salt; Zinc.

“These are but a few of the topics . .. The title
evokes the imagination and the text must surely
capture it.”—Math. Gazette.

—1952. 358 pp 6x9 $6.00

SQUARING THE CIRCLE, and other
Monographs
By HOBSON et al.

SQUARING THE CIRCLE, by Hobson. A fascinating
and scholarly history of the number .

RULER AND COMPASSES, by Hudson. “An ana-
lytical and geometrical investigation of how far
Euclidean constructions can take us. It is as thor-
oughgoing as it is constructive.”

—Scientific Monthly.

THE THEORY AND CONSTRUCTION OF NON-
DIFFERENTIABLE FUNCTIONS, by Singh. I. Funec-
tions Defined by Series. II. Functions Defined Geo-
metrically. IIl. Functions Defined Arithmetically.
IV. Properties of Non-Differentiable Functions.
—A unique little treatise.

How 170 DRAW A STRAIGHT LINE, by Kempe. An
intriguing monograph on linkages. Describes,
among other things, a linkage that will trisect any
angle.

“Intriguing, meaty.”—Scientific American.
—388 pp 4'2xTVz, Four vols. in one $3.25

SPHERICAL AND ELLIPSOIDAL HARMONICS
By E. W. HOBSON

“A comprehensive treatise . . . an up-to-date hand-
book of spherical harmonics . . . and the standard
reference in its field.”—Bulletin of the A. M. S.

—1930 512 pp. 534x8 Orig. pub at $13 50 $4.95
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DIE METHODEN ZUR ANGENAHERTEN
LOSUNG VON EIGENWERTPROBLEMEN IN
DER ELASTOKINETIK

By K. HOHENEMSER

—(Ergeb der Math.) 1932 89 pp. 52x8%2. Ong. pub_at

$4 25 $2.75

ERGODENTHEORIE
By E. HOPF
—(Ergeb. der Math.) 1937. 89 pp. 5Y2x8Y;. $2.75

HUDSON, “Ruler and Compasses,” see Hobson

THE CALCULUS OF FINITE DIFFERENCES
By CHARLES JORDAN

“_ .. destined to remain the classic treatment of
the subject . . . for many years to come.”—Harry
C. Carver, Founder and formerly Editor of the
ANNALS OF MATHEMATICAL STATISTICS.

—1947 Second edition xx1+652 pp 5V2x84 Ong. pub. ot
$8 00 $6.00

THEORIE DER ORTHOGONALREIHEN
By S. KACZMARZ ond H. STEINHAUS
The theory of general orthogonal functions. Mono-

grafje Matematyczne, Vol. VI,
—304 pp. 6x9 $4.95

KAHLER, See Blaschke

DIFFERENTIALGLEICHUNGEN REELLER
FUNKTIONEN
By E. KAMKE OUT OF PRINT

DIFFERENTIALGLEICHUNGEN:
LOESUNGSMETHODEN UND LOESUNGEN
By E. KAMKE

Everything possible that can be of use when one
has a given differential equation to solve, or when
one wishes to investigate that solution thoroughly.

PART A: General Methods of Solution and the
Properties of the Solutions.

PART B: Boundary and Characteristic Value
Problems.

PART C: Dictionary of some 1600 Equations in
Lexicographical Order, with solution, techniques
for solving, and references.

“A reference work of outstanding importance
which should be in every mathematical library.”

—Mathematical Gazette.
—3rd Edition. 1944, 692 pp. 6x9 Orig pub $15 00. $8.00

KEMPE, "How to Draw a Straight Line,” see Hobson

ASYMPTOTISCHE GESETZE DER
WAHRSCHEINLICHKEITSRECHNUNG
By A. A. KHINTCHINE

—1933. 82 pp. (Ergeb. der Math.) SV3x8'2. Org. pub. at
$3.85. Paper. 2 One PLg; 6o
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ENTWICKLUNG DER MATHEMATIK IM 19.7
JAHRHUNDERT
By F. KLEIN

Vol. I deals with general Advanced Mathematics

of the prolific 19th century. Vol. II deals with the

mathematics of Relativity Theory.

—2 Vols 616 pp. 5'2x8Y Orng. publ. at $14 40

The set $8.00

VORLESUNGEN UBER HOHERE GEOMETRIE

By FELIX KLEIN

In this third edition there has been added to the

first two sections of Klein’s classical work a third

gsection written by Professors Blaschke, Radon,

Artin and Schreier on recent developments.

—Third ed. 413 pp 5'2x8 Ong publ at $1080 $4.95

THEORIE DER ENDLICHEN UND
UNENDLICHEN GRAPHEN
By D. KONIG

“An important branch of topology . . .

“Elegant applications to Matrix Theory . . .
Abstract Set Theory . . . Linear Forms . . . Elec-
tricity . . . Basis Problems . . . Logic, Theory of
Games, Group Theory.”—L. Kalmar, Acta Szeged.
—1936 269 pp. 5Yx8Ys Orig publ. at $7 20 $4.50

DIOPHANTISCHE APPROXIMATIONEN

By J. F. KOKSMA

—(Ergeb der Math.) 1936 165 pp. 5'2x81; Orig. publ. at
$7.25 $3.50

FOUNDATIONS OF THE THEORY OF
PROBABILITY
By A. KOLMOGOROV

Almost indispensable for anyone who wishes a
thorough understanding of modern statistics, this
basic tract develops probability theory on a postu-
lational basis. It is available for the first time in
English.

—(English translation) 1950 vi+74 pp. 6x9. $2.50

EINFUHRUNG IN DIE THEORIE DER
KONTINUIERLICHEN GRUPPEN

By G. KOWALEWSKI
—406 pp S5YxBY4 Orig. publ at $10 20 $4.95

DETERMINANTENTHEORIE
EINSCHLIESSLICH DER FREDHOLMSCHEN
DETERMINANTEN

By G. KOWALEWSKI

PARTIAL CONTENTS: Definition and Simple
Properties . . . Systems of Linear Equations . . .
Symmetric, Skew-symmetric, Othogonal Deter-
minants . . . Resultants and Discriminants . . .
Linear and Quadratic Forms ... Functional, Wron-
skian, Gramian determinants . . . Geometrical ap-
plications. .. Linear Integral Equations. .. Theory
of Elementary Divisors.

“A classic in its field.”—Bulletin of the A. M. S.
—Third edition 1942 328 pp S12x8 $4.95
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IDEALTHEORIE

By W. KRULL

—(Ergeb. der Math.) 1935 159 pp. 5V2x8V;. Orlg. ubl.
(paper bound) at $7 00. Cloth, ?!.95

GROUP THEORY
By A. KUROSH

The first Russian edition of this work is already
famous. The present work is a translation (with
an appendix by Prof. Hirsch) of the second Russian
edition, which appeared last year. Hardly a section
has escaped rewriting. The enormous strides made
by the subject during the past decaded are taken
into account in this completely revised, augmented
edition. Sections in the first edition that merely
hinted at developments to come are here expanded
into important parts of the modern theory. A work
of the first importance.

—2nd revised augmented ed Two vols 6x9. Spring, 1955

DIFFERENTIAL AND INTEGRAL CALCULUS
By E. LANDAU

Landau’s sparkling Einfiihrung in English trans-
lation. Completely rigorous, completely self-
contained, borrowing not even the fundamental
theorem of algebra (of which it gives a rigorous
elementary proof), it develops the entire calculus
including Fourier series, starting only with the
properties of the number system. A masterpiece of
rigor and clarity.

—1950 372 pp 6x9 $5.00

HANDBUCH DER LEHRE VON DER
VERTEILUNG DER PRIMZAHLEN
By E. LANDAU

To Landau’s monumental work on prime-number
theory there has been added, in this edition, two of
Landau’s papers and an up-to-date guide to the
work: an Appendix by Prof. Paul T. Bateman.

—2nd ed. 1953 1,028 pp 5V2x8s Two vol set $17.50
ELEMENTARE ZAHLENTHEORIE
By E. LANDAU

“Interest is enlisted at once and sustained by the
accuracy, skill, and enthusiasm with which Landau
marshals . . . facts and simplifies . . . details.”
—G. D. Birkhoff, Bulletin of the A. M. S.
—1927. v+ 180+iv pp. 5VaxBY4 $3.50

FOUNDATIONS OF ANALYSIS
By E. LANDAU

“Certainly no clearer treatment of the foundations
of the number system can be offered. . . . One can
only be thankful to the author for this fundamental
piece of exposition which is alive with his vitality
and genius.”—J, F. Ritt, Amer. Math. Monthly.

—1950. 6x9. $3.50

VORLESUNGEN UBER ZAHLENTHEORIE

By E. LANDAU

—1937. 864 pp. 5//2x8;. Orig. publ. at $26.40. Vol. |, part 1
1s published separately as Elementare Zahlentheorie. Vol. |,
part 2, Vol. Il, and Vol |il will be 1ssued as one volume.

Probable price $9.95—June ‘55
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GRUNDLAGEN DER ANALYSIS
By E. LANDAU

Original German-language version of Foundations
of Analysts.

The student who wishes to learn mathematical
German will find this book ideally suited to his
needs. Less than fifty German words will enable
him to read the entire book with only an occasional
glance at the vocabulary! [A complete German-
English vocabulary has been added.?

—Orig publ at $4.00 $2.95

DARSTELLUNG UND BEGRUNDUNG
EINIGER NEUERER ERGEBNISSE DER
FUNKTIONENTHEORIE

By E. LANDAU
~2nd ed. 1929, 122 pp 5Vx8. Orig publ at $4 00. $3.25

EINFUHRUNG IN DIE ELEMENTARE UND
ANALYTISCHE THEORIE DER
ALGEBRAISCHEN ZAHLEN UND DER IDEALE
By E. LANDAU
—2nd ed. vii+ 147 pp. 51,x8. $2.95

MEMOIRES SUR LA THEORIE DES SYSTEMES
DES,EQUATIONS DIFFERENTIELLES
LINEAIRES, Vols. 1, lI, 1l

By J. A. LAPPO-DANILEVSKY

Some of the chapter titles are: General theory of
functions of matrices; Analytic theory of matrices;
Problem of Poincaré; Systems of equations in
neighborhood of a pole; Analytic continuation; In-
tegral equations and their application to the theory
of linear differential equations; Riemann’s prob-
lem; etc.

“The theory of [systems of linear differential
equations] is treated with elegance and generality
by the author, and his contributions constitute an
important addition to the field of differential equa-
tions.”—Applied Mechanics Reviews.

3 volumes bound as one. 689 pp 5V4x8V4. $10.00

ELEMENTS OF ALGEBRA
By HOWARD LEVI

This text, used in a preliminary edition for several
years at Columbia University, School of General
Studies, is a first year college text designed to
give the student an acquaintance with genuine
mathematical techniques. No previous training in
algebra is presupposed.

—1954. 160 pp 5x8 $3.25

LE CALCUL DES RESIDUS
By E. LINDELOF

Important applications in a striking diversity of
mathematical fields: statistics, number theory, the
theory of Fourier series, the calculus of finite
differences, mathematical physics and advanced
calculus, as well as function theory itself.

—151 pp S5VaxBl;. $3.25
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THE THEORY OF MATRICES
By C. C. MacDUFFEE

“No mathematical library can afford to be without
this book.”—Bulletin of the A. M. S.

—(Ergeb. der Math.) 2nd edition 116 pp. 6x9. Org. publ.
at 55020 :2.95

FORMULAS AND THEOREMS FOR THE
FUNCTIONS OF MATHEMATICAL PHYSICS
By W. MAGNUS and F. OBERHETTINGER

Gathered into a compact, handy and well-arranged
reference work are thousands of results on the
many important functions needed by the physicist,
engineer and applied mathematician.

—1954. 182 pp. 6x9. German edition was $7.00. $3.90

GEOMETRIE DER ZAHLEN
By H. MINKOWSKI
—vin+256 pp. 5V/ax8V4 $4.50

INVERSIVE GEOMETRY
By F. MORLEY and F. V. MORLEY

CHAPTER HEADINGS: I. Operations of Elementary
Geometry. II. Algebra. III. The Euclidean Group.
IV. Inversions, V. Quadratics. VI. The Inversive
Group of the Plane. VII. Finite Inversive Groups.
VIII. Parabolic, Hyperbolic, and Elliptic Geom-
etries. IX. Celestial Sphere. X. Flow. XI. Differ-
ential Geometry. XII. The Line and the Circle.
XIII. Regular Polygons. XIV. Motions. XV. The
Triangle. XVI. Invariants under Homologies.
XVII. Rational Curves. XVIII. Conics. XIX.
Cardioid and Deltoid. XX. Cremona Transforma-
tions. XXI. The n-Line.

—xi + 273 pp 5x8 $3.50

VORLESUNGEN UBER
DIFFERENZENRECHNUNG
By N. H. NGRLUND

The Calculus of Finite Differences from the func-
tion-theoretic point of view. A necessity for any-
one who wishes a thorough understanding of the
field.

—ix+551pp. 5x8. Orig. publ. at $11.50 $5.95

DIE LEHRE VON DEN KETTENBRUECHEN
By O. PERRON

Both the Arithmetic Theory and the Analytic
Theory are treated fully.
“The most exhaustive and modern of all exposi-
tions of the theory of continued fractions.”
—Bulletin of the A. M. S.
‘“An indispensable work . .. Perron remains the
best guide for the novice. The style is simple and
precise and presents no difficulties.”
—Mathematical Gazette.

—2nd ed. 536 pp. 5V4x8. $5.95
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IRRATIONALZAHLEN
By O. PERRON

Methods of introducing irrational numbers
(Cauchy, Bolzano, Weierstrass, Dedekind, Cantor,
Méray, Bachman, etc.) Systematic fractions, con-
tinued fractions, Cantor’s series and algorithm,
Liiroth’s and Engel's series, Cantor's products.
Ap})roximations, Kronecker theorem, Algebraic
and transcendental numbers (including transcen-
dency proofs for e and n; Liouville numbers, etc.)

—2nd ed. 1939 207 pp. 5',2x8. $3.25

SUBHARMONIC FUNCTIONS

By T. RADO
“Will be welcomed by general readers and will be
particularly valuable for specialists. . . . The ap-

plications treated in the book are numerous and
the topics wisely selected.”
—J. D. Tamarkin, Bulletin of the A. M. S.

—(Ergeb. der Math.) 1937. iv+56 pp. 5%4x8Y; $2.00

THE PROBLEM OF PLATEAU
By T. RADO

—(Ergeb. der Math.) 1933. 113 pp. 54x8. Orlg. publ. (in
paper binding) at $5.10 loth, $2.95

EINFUHRUNG IN DIE KOMBINATORISCHE
TOPOLOGIE
By K. REIDEMEISTER

~—221 pp. 5V4x8V4. $3.50
KNOTENTHEORIE

By K. REIDEMEISTER

—(Ergeb der Math.) 1932. 78 pp. 5%4x8Y4. $2.25

FOURIER SERIES
By W. ROGOSINSKI

Designed for beginners with no more background
than a year of calculus, this text covers, neverthe-
less, an amazing amount of ground. It is suitable
for self-study courses as well as classroom use.
“The field covered is extensive and the treatment
is thoroughly modern in outlook . . . An admirable
guide to the theory.”—Mathematical Gazette.

—1950. 182 pp. 4!2x64. (English translation). $2.25

CONIC SECTIONS
By G. SALMON

“The classic book on the subject, covering the whole
ground and full of touches of genius.”
—Mathematical Association.

—Sixth ed. 414 pp. 5x8. Cloth bound $3.25
Paper bound $1.94



CHELSEA SCIENTIFIC BOOKS

INTRODUCTION TO MODERN ALGEBRA
AND MATRIX THEORY

By O. SCHREIER and E. SPERNER

An English translation of the revolutionary work,
Einfithrung in die Analytische Geometrie und
Algebra. Chapter Headings: I. Affine Space. Linear
Equations. (Vector Spaces). II. Euclidean Space.
Theory of Determinants. II1. The Theory of Fields.
Fundamental Theorem of Algebra. IV. Elements
of Group Theory. V. Matrices and Linear Trans-
formations. The treatment of matrices is especially
extensive,

“Outstanding . . . good introduction . . . well
suited for use as a text ... Self-contained and each
topic is painstakingly developed.”

—Mathematics Teacher.
~—386 pp. 6x9. $4.95

PROJECTIVE GEOMETRY

By O. SCHREIER and E. SPERNER

Analytic Projective Geometry of » dimensions.

—(Being volume two of Introduction to Modern Algebra.)
—In prep

LEHRBUCH DER TOPOLOGIE

By H. SEIFERT and W. THRELFALL

This famous book is the only modern work on com-
binatorial topology addressed to the student as well
as to the specialist. It 1s almost indispensable to
the mathematician who wishes to gain a knowledge
of this important field.
““The exposition proceeds by easy stages with
examples and illustrations at every turn.”
—Bulletin of the A. M. S.
—1934, 360 pp 5'2x8';. Orig publ at $8.00 $4.95

VARIATIONSRECHNUNG IM GROSSEN

(Theorie von Marston Morse)
By H. SEIFERT and W. THRELFALL
The brilliant expository talents of Professors Sei-
fert and Threlfall—familiar to the many readers
of their Lehrbuch der Topologie—are here devoted
to an eminently readable account of the calculus
of variations in the large.

Topologically the book is self-contained.
—1938. 120 pp 6x9 $2.95

SINGH, ‘"Non-Differentiable Functions,”’ see Hobson

DIOPHANTISCHE GLEICHUNGEN

By T. SKOLEM

“This comprehensive presentation . , . should be
warmly welcomed. We recommend the book most
heartily.”—Acta Szeged.

—(Ergeb. der Math) 1938 1x+130 pp S5%x8'2 Cloth
Orig publ at $6 50 $3.50

ALGEBRAISCHE THEORIE DER KOERPER

By E. STEINITZ
“Epoch-making.”—A. Haar, Acta Szeged.

“Will always be considered as one of the
classics.”—Bulletin of the A. M. S.
—177 pp. including two appendices. 5‘/4x3'/4 $3.25
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INTERPOLATION
By J. F. STEFFENSEN

“A landmark in the history of the subject.
“Starting from scratch, the author deals with
formulae of interpolation, construction of tables,
inverse interpolation, summation of formulae,
the symbolic calculus, interpolation with several
variables, in a clear, elegant and rigorous manner
... The student . . . will be rewarded by a compre-
hensive view of the whole field. . . . A classic ac-
count which no serious student can afford to
neglect.”—Mathematical Gazette.

—1950. 2nd ed. 256 pp. 5'4x8BY4 Orig publ at $8.00. $3.95

A HISTORY OF THE MATHEMATICAL
THEORY OF PROBABILITY
By I. TODHUNTER

Introduces the reader to almost every process and
every species of problem which the literature of
the subject can furnish. Hundreds of problems are
solved in detail.

—640 pages S5'/4x8. Previously publ at $8 00 $4.95

LECTURES ON THE GENERAL THEORY OF
INTEGRAL FUNCTIONS
By G. VALIRON

—1923 x1+208 pp S5Vx8 $3.50
GRUPPEN VON LINEAREN
TRANSFORMATIONEN

By B. L. VAN DER WAERDEN

—(Ergeb der Math ) 1935, 94 pp 5'4x814; $2.50

DIE IDEE DER RIEMANNSCHEN FLAECHE
By H. WEYL
—2nd ed. 200 pp 5'4x8'; $3.95

ALGEBRAIC SURFACES
By O. ZARISKI
;5‘256.0“’ der Math ) 1935 204 pp 5'4x8'2 Orig pu!;l‘.sas

THE THEORY OF GROUPS
By H. ZASSENHAUS
Prof. Zassenhaus has revised and added consider-

able new material in this second English edition
of his famous textbook.

—2nd ed About 220 pp 6x9 Summer,

TRIGONOMETRIC SERIES
By A. ZYGMUND

“The book on Fourier Series.”
—Bulletin of the A. M. S.
—324 pp 6x9. 2nd ed $6.00
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THEORIE DER FUNKTIONEN MEHRERER
KOMPLEXER VERANDERLICHEN

By H. BEHNKE and P. THULLEN

—(Ergeb. der Math.) 1934. vii+ 115 pp. 5V3x8Y;. $3.25

LEHRBUCH DER FUNKTIONENTHEORIE
By L. BIEBERBACH
“One of the best introductions to the theory of
functions of a complex variable. . . . scores of new
problems, methods and results. Indispensable for
anyone interested in modern developments.”
—Bulletin of the A. M. S.
“Students of physics, engineering and related
fields . . . will profit by a thorough study of these
volumes.”—Journal of Applied Physics.

—Vol | Fourth (lotest) ed xiv+322 pp Vol 2 Second
(latest) ed vi+370 pp. 5'2x8Y; Onglnully $148

Two vo| set $9.00
CONFORMAL MAPPING
By L. BIEBERBACH

“The first book in English to give an elementary,
readable account of the Riemann Mapping Theorem
and the distortion theorems and uniformisation
problem with which it is connected. . ..The fourth
and fifth sections which discuss a number of map-
pings in detail are characteristic of the author
and make the book extremely useful and valuable
to the complex variable analyst. . .. The material is
presented in very attractive and readable form.”

—DMath. Gazette.

Engineers will profitably use this book for its
accurate exposition.”—Appl. Mechanics Reviews.
—1952. vi+234 pp 4'2x6'2 $2.25

KREIS UND KUGEL
By W. BLASCHKE

Isoperimetric properties of the circle and sphere,
the (Brunn-Minkowski) theory of convex bodies,
and differential-geometric properties (in the
large) of convex bodies. A standard work.

—x+169 pp. 5'2x8Y, $3.50

VORLESUNGEN UBER INTEGRAL-
GEOMETRIE. Vols. | and Il
By W. BLASCHKE
“AND
EINFUHRUNG IN DIE THEORIE DER
SYSTEME VON DIFFERENTIALGLEI-
CHUNGEN

By E. KAHLER
—222 pp 5Y2x8Vy Three Vols. in One $4.50

VORLESUNGEN UBER FOURIERSCHE
INTEGRALE
By S. BOCHNER
“A readable account of those parts of the subject
useful for applications to problems of mathe-
matical physics or pure analysis.”
—Bulletin of the A. M. S.
—1932 237 pp. 5Y%2x8Y2; Orig publ at $6 40 $4.50
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ALMOST PERIODIC FUNCTIONS
By H. BOHR

From the famous series Ergebnisse der Mathe-
matik und ihrer Grenzgebiete, this monograph is
a beautiful exposition of the subject of almost
periodic functions, written by the creator of the
theory.

—1951. 120 pp. 6x9. Lithotyped. German edition was 5541.550‘

THEORIE DER KONVEXEN KORPER
By T. BONNESEN and W. FENCHEL

“Remarkable monograph.”
—J. D. Tamarkin, Bulletin of the A. M. S.
~1934, 171 pp 5V2x814. Orig. publ. at §7 50 Cloth, $3.95

THEORY OF FUNCTIONS
By C. CARATHEODORY

A translation of the recent and already famous
textbook Funktionentheorie.

Partial Contents: Part One. Chap. I. Algebra of
Complex Numbers II. Geometry of Complex Num-
bers. III. Euclidean, Spherical, and Non-Euclid-
ean Geometry, Part Two. Theorems from Point Set
Theory and Topology. Chap. I. Sequences and Con-
tinuous Complex Functions. II. Curves and
Regions. III. Line Integrals. Part Three. Analytic
Functions. Chap. I. Foundations. II. The Maxi-
mum-modulus principle. III. Poisson Integral and
Harmonic Functions. IV. Meromorphic Functions.
Part Four. Generation of Analytic Functions by
Limiting Processes. Chap. I. Uniform Convergence.
II. Normal Families of Meromorphic Functions.
II1. Power Series. IV. Partial Fraction Decompo-
sition and the Calculus of Residues. Part Five.
Special Functions. Chap. I. The Exponential Fune-
tion and the Trigonometric Functions. I1. Logarith-
mic Function. I1I. Bernoulli Numbers and the
Gamma Function.

Vol. I1.: Part Six. Foundations of Geometric
Function Theory. Chap. I. Bounded Functions. II.
Conformal Mapping. III. The Mapping of the
Boundary. Part Seven. The Triangle Function and
Picard’s Theorem. Chap. I. Functions of Several
Complex Variables. II. Conformal Mapping of
Circular-Arc Triangles. III. The Schwarz Triangle
Functions and the Modular Function. IV. Essential
Singularities and Picard’s Theorems.

“A book by a master . .. Carathéodory himself
regarded [it] as his finest achievement . .. written
from a catholic point of view.”—Bulletin of A.M.S.
—Vol. | 1954 310 pp. 6x9 $4.95
—Vol. I} 1954 220 pp 6x9 $4.50

VORLESUNGEN, UBER REELLE FUNKTIONEN

8y C. CARATHEODORY

This great classic is at once a book for the begin-
ner, a reference work for the advanced scholar and
a source of inspiration for the research worker.

—2nd, latest complete, ed 728 . 512x8V2. Ong. publ. at
Py Pl pp. 5Y2x8Y2 9. P %6.60

REELLE FUNKTIONEN
By C. CARATHEODORY

Reelle Funktionen is a rewriting of the first third
of the author’s famous Vorlesungen iiber Reelle
Funktionen.

—1939. 190 pp. 5Yax8 $3.50
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