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INTRODUCTION

We shall be concerned, in this monograph, with systems of
differential equations, ordinary or partial, which are algebraic
in the unknowns and their derivatives. The algebraic side
of the theory of such systems seems to have remained, up
to the present, in an undeveloped state.

It has been customary, in dealing with systems of differential
equations, to assume canonical forms for the systems. Such
forms are inadequate for the representation of general systems.
It is true that methods have been proposed for the reduction
of general systems to various canonical types. But the limit-
ations which go with the use of the implicit function theorem,
the lack of methods for coping with the phenomena of
degeneration which are ever likely to occur in elimination
processes and the absence of a technique for preventing the
entrance of extraneous solutions, are merely symptoms of the
futility inherent in such methods of reduction.

Now, in the theory of systems of algebraic equations, one
witnesses a more enlivening spectacle. Kronecker’s Fest-
schrift of 1882 set upon a firm foundation the theory of
algebraic elimination and the general theory of algebraic
manifolds. The contributions of Mertens, Hilbert, Konig,
Lasker, Macaulay, Henzelt, Emmy Noether, van der Waerden
and others, have brought, to this division of algebra, a high
degree of perfection. In the notions of irreducible manifold,
and polynomial ideal, there has been material for far reaching
qualitative and combinatorial investigations. On the formal
side, one has universally valid methods of elimination and
formulas for resultants.

To bring to the theory of systems of differential equations
which are algebraic in the unknowns and their derivatives,

1ii 1*



iv INTRODUCTION

some of the completeness enjoyed by the theory of systems
of algebraic equations, is the aim of the present monograph.
The point of view which we take is that of our paper
Manifolds of functions defined by systems of algebraic differ-
ential equations, published in volume 32 of the Transactions
of the American Mathematical Society. In what follows,
we shall outline our results.

Chapters I--VIIT treat ordinary differential eqnations. We
deal with any finite or infinite system of algebraic differential
equations in the unknown functions ¥y, - - -, y» of the variable .
We write each equation in the form

F(:"‘; ?/ly"';?/n) - 07

where F'is a polynomial in the y; and any number of their
derivatives. The coefficients in F will be supposed to be
functions of 2, meromorphic in a given open region. An
expression like F, above, will be called a form. All forms
considered in this introduction will be understood to have
coefficients which are contained in a given ficld. By a field,
we mean a set of functions which is closed with respect to
rational operations and differentiation.*

Let X be any finite or infinite system of forms in y;, - - -, ¥n.
By a solution of ¥, we mean a solution of the system of
equations obtained by setting the forms of X equal to zero.
The totality of solutions of X will be called the manifold
of X. 1f > and X, are systems such that every solution
of X is a solution of X,, we shall say that 2, holds 2.

A system X will be called reducible or irreducible according
as there do or do not exist two forms, @ and H, such that
neither (7 nor H holds =, while G H holds X. The manifold
of X, and also the system of equations obtained by equating
the forms of I to zero, will be called reducible or irreducible
according as X is reducible or irreducible.

We can now state the principal result of Chapter I. Every
manifold is composed of a finite number of irreducible manifolds.

*A formal definition is given in § 1.
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That is, given any system X, there exist a finite number of

irreducible systems, X, ..., X, such that 2 holds every 2,

while every solution of I is a solution of some 2,. The

decomposition into irreducible manifolds is essentially unique.
Let us consider an example. The equation

éy_)“_ _
1) (L 4y = 0,

whose solutions are y = (xr—a)? (a constant), and y = 0,
is a reducible system in the field of all constants. For

@ dy (g

dx \da®

holds the first member of (1), while neither factor in (2)
does. The system (1) is equivalent to the two irreducible

systems
dz)_ — dy _
(dx 1y =0, dz 0
and
,@,3{)2* _o ¥Y_o_
(dcc =0 2= 0.

The decomposition theorem follows from a lemma which
bears a certain analogy to Hilbert’s theorem on the existence
of a finite basis for an infinite system of polynomials. We
prove that if I is an infinite system of forms in y, - - -, Yn,
then 2 contamms a finite subsystem whose manifold is identical
with that of 2.*

Chapters Il and VI study irreducible manifolds. We start,
in Chapter II, with a precise formulation of the notion of
general solution of a differential equation. We do not think
that such a formulation has been attempted before. Let A
be a form in yy, - - -, ya, effectively involving y,, and irre-
ducible, in the given field, as a polynomial in the y; and

*See § 124 for a comparison, with a theorem of Tresse, of the ex-
tension of this lemma to partial differential equations.
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their derivatives. Lt the order of the highest derivative
of ¥, in 4 be r and let y, represent that derivative. Let
3 be the totality of forms which vanish for all solutions of
A with 9 4/0yw + 0. We prove that X is irreducible. The
manifold of 2 is one of the irreducible manifolds in the
decomposition of the manifold of 4. We call this manifold
the general solution of A (or of A = 0).

The remainder of Chapter II deals with the association,
with every irreducible system 2, of a differential equation
which we call a resolvent of 2. The first member of the
resolvent is an irreducible polynomial, so that the resolvent
has a general solution. Roughly speaking, the determination
of the general solution of the resolvent is equivalent to the
determination of the manifold of =. The theory of resol-
vents furnishes a theoretical method for the construction of
all irreducible systems. One will see that the resolvent can
be used advantageously in formal problems.

In Chapter VI, we study what might be called the texture
of an irreducible manifold. For the case of the general
solution of an algebraically irreducible form, our work amounts
to characterizing those singular solutions (solutions with
9 A/0ynr = 0) which belong to the general solution.

Chapters V and VII contain, among other results, finite
algorithms, involving differentiations and rational operations,
for decomposing a finite system into irreducible systems and
for constructing resolvents. In Chapter V, we do not obtain
the actual irreducible systems, but rather certain basic sets
of forms (Ch. II) which characterize the irreducible systems.
However, this permits the construction of resolvents. In
Chapter VII, a process is obtained which, if carried sufficiently
far, will actually produce theirreducible systems. Unfortunately,
there is nothing in this process which informs one, at any
point, as to whether or not the process has had its desired effect.

The results of Chapter V furnish a complete elimination
theory for systems of algebraic differential equations.

In Chapter VII, we derive an analogue, for differential
forms, of the famous Nullstellensatz of Hilbert and Netto. In
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Chapter VIII, we present an analogue of Liiroth’s theorem
on the parameterization of unicursal curves. In Chapter III,
there will be found a theory of resultants of pairs of differ-
ential forms. A number of other special results are distributed
through the monograph. '

In Chapter X, some of the main results stated above are
extended to systems of algebraic partial differential equations.
In particular, an elimination theory is obtained for such
systems.

Chapter IV treats systems of algebraic equations. The chief
purpose is to obtain special theorems, and finite algorithms,
for application to differential equation theory. The main
results of Chapter IV are known ones, but the treatment
appears new, and some special theorems, of importance for
us, do not seem to exist in the literature.

It has been our aim to give this monograph an elementary
character, and to assume only such facts of algebra and
analysis as are contained in standard treatises. With this
principle in mind, we have devoted Chapter IX to an
exposition of Riquier'’s remarkable existence theorem for
orthonomic systems of partial differential equations.

Thus Chapter IX is purely expository, and Chapter IV is
largely so. The remaining chapters present results contained
in our above mentioned paper, and results communicated by
us to the American Mathematical Society since the publication
of that paper.

Koenigsberger’s irreducible differential equations,* and
Drach’s irreducible systems of partial differential equations,t
are irreducible in the sense described above. In Drach’s
definition, which includes that of Koenigsberger, a system
is called irreducible if every equation which admits one
solution of the system admits all solutions of the system.
Thus, systems which are irreducible in our sense may easily
be reducible in the theories of Koenigsberger and Drach.
The definitions of Koenigsberger and Drach, which do not

* Lehrbuch der Differenzialgleichungen, Leipzig, 1889.
t Annales de I'Ecole Normale, vol. 34, (1898).
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lead to decompositions into irreducible systems, are the
starting points of group-theoretic investigations, which parallel
the Galois theory. Our course, as we have seen, is in a
different direction.

Many questions still remain for investigation. In particular,
a theory of ideals of differential forms and a theory of
birational transformations, await development.* Chapters VII
and VIII may perhaps be regarded as rudimentary beginnings
of such theories.

It goes without saying that we have been guided, in our
work, by the existing theory of algebraic manifolds. We
have found particularly valuable, the excellent treatment of
systems of algebraic equations given in Professor van der
Waerden's paper Zur Nullstellentheorie der Polynomideale.t
But it is not surprising, on the other hand, that the investigation
of essentially new phenomena should have called for the
development of new methods.

I am very grateful to the Colloguium Committee of the
American Mathematical Society, who have invited me to
lecture on the subject of this monograph at the University
of California in September, 1932. To my friend and colleague
Dr. Eli Gourin, who assisted me in reading the proofs, I extend
my deep thanks.

*In connection with transformations of general (non-algebraic) differ-
ential equations, see Hilbert, Mathematische Annalen, vol. 73 (1913), p. 95.
T Mathematische Annalen, vol. 96, (1927), p. 183.

NEw York, N. Y.
February, 1932.

J. F. RITT.
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CHAPTER 1

DECOMPOSITION OF A SYSTEM OF ORDINARY ALGEBRAIC
DIFFERENTIAL EQUATIONS INTO
IRREDUCIBLE SYSTEMS

FieLDps

I. We consider functions meromorphic in a given open
region A in the plane of the complex variable z.* We
recall that an open region is a set of points such that
(a) every point of the set is the center of a circle of positive

radius, all of whose points belong to the set;

(b) any two points of the set can be joined by a continuous
curve whose points all lie in the set.

A set &, of functions described as above, will be called
a field if
(a) & contains at least one function which is not identically zero;
(b) given any two functions f and g (distinct or equal), be-

longing to &, then fxg and fg belong to &;

(c) given any two functions, f and g, belonging to &, with

g mot identically zero, them f/g belongs to &,

(d) given any function, f, in &, the derivative of f belongs
to &.

Every field contains all rational constants. Examples of
fields are: the totality of rational constants; the totality of
rational functions of r; all rational combinations of z and ¢*
with constant coefficients; all elliptic functions with a given
period parallelogram.t

* We are dealing here only with the finite plane.
T The notion of field of analytic functions has appeared previously,
among other places, in Picard’s group-theoretic investigations on linear
1



2 ALGEBRAIC DIFFERENTIAL EQUATIONS

Forwms

2. In what follows, we work with an arbitrary field &,
which is supposed to be assigned in advance and to stay
fixed.

We are going to develop some notions in preparation for
the study of differential equations in » unknown functions,
Yo o Yy

By a differential form or, more briefly, by a jform, we
shall understand a polynomial in the y;, and any number of
their derivatives, with coefficients meromorphic in 2.

With respect to every form introduced into our work, we
shall assume, unless the contrary is stated, that its coefficients
belong to &.

Differentiation of functions y; will be indicated by means
of a second subscript. Thus

dj!/i
Vg = gl

We write, frequently, y, = y,,.*

Throughout cur work, capital italic letters will denote forms.

By the jth derivative of A, we mean the form obtained by
differentiating A4 j times with respect to 2, regarding g, -+, ¥a
as functions of z.

By the order of A with respect to y;, if A involves y; or
some of its derivatives effectively, we shall mean the greatest j

differential equations and in Landau’s work on the factorization of linear
differential operators. See Picard, Traité d’Analyse, 2nd edition, vol. 3,
p. 562. The foregoing writers make the additional assumption that &
contains all constants. Loewy, however, in his work on systems of linear
differential equations, Mathematische Aunalen, vol. 62 (1906), p. 89, does
not make this additional assumption. No generality would be gained by
allowing & to consist of functions analytic except for isolated singularities.
With this assumption, it is an easy consequence of Picard’s theorem on
essential singularities, and of the fact that & contains all rational constants,
that the functions in & are meromorphic.

* In certain problems, we shall use unsubscripted letters to represent
unknowns. If y is such an unknown, y, will represent the Jth derivative
of y.
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such that y; is present in a term of A with a coefficient
distinct from zero. If A does not involve y;, the order of A
with respect to y; will be taken as O.

By the class of 4, if A involves one or more y; effectively,
we shall mean the greatest p such that some y,; is effectively
present in A. If A is simply a function of x, A will be said
to be of class 0.

Let 4, and 4, be two forms. If A, is of higher order
than 4, in some y,, 4, will be said to be of Zigher rank
than A,, and 4, of lower rank than ., in yp. If A; and 4,
are of the same order, say ¢, in y, and if A4, is of greater
degree than A; In yp,,* then, again, A, will be said to be
of higher rank than 4, in yp,. Two forms for which no
difference in rank is established by the foregoing ecriteria
will be said to be of the same rank in y,.

If 4, is of higher class than 4,, A, will be said to be of Ziglher
rank than 4;.t If A, and A4, are of same class p >0, and
if A; is of higher rank than 4, in y,, then, again, 4, will
be said to be of higher rank than 4,. Two forms for which
no difference in rank is created by the preceding, will be
said to be of the same rank.}

If A, is higher than A,, As higher than 4,;, then A4g is
higher than 4,.

In later chapters, we shall have occasion to use other
symbols than y,, - - -, y, for the unknowns. If the unknowns
are given in the order w, v, ---, w, then, in the definitions
of class and of relative rank, the pth unknown from the left
is to be treated like y, above.

We shall need the following lemma:

Lemma. If

AUA27""A97"'

* Considered as a polynomial in y,,. If a form is identically zero (hence
of order zero in every y,) it will be considered of degree 0 in every yyo.
This leads to no difficulties.

+ We shall frequently say, simply, ‘A, is higher than 4,”.

t Thus, all forms of class zero are of the same rank.
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i an infinite sequence such that, for every q, Agy1 i mot
higher than Aq, there exists a subscript r, such that, for ¢ >r,
Aq has the same rank as A,.

The classes of the A, form a non-increasing set of non-
negative integers. It is then clear that, for ¢ large, the
Aq have the same class, say p. If p >0, the 4, with ¢ large
will be of the same order, say s, in y,. Finally, the 4, will
eventually have a common degree in yps.

An immediate consequence of this lemma is that every
Sinite or infinite aggregate of forms contains a form which is
not higher than any other form of the aggregate.

ASCENDING SETS

3. If 4, is of class p >0, 4, will be said to be reduced
with respect to A, if As is of lower rank than A4, in y,.
The system
(]) Aerh"'rAr

will be called an ascending set if either

(@r=1and 4, F0

or

(b) r>1, A, is of class greater than 0, and, for j >, Ajis
of higher class than A; and reduced with respect to A.
Of course, » < n.
The ascending set (1) will be said to be of higher rank

than the ascending set

(2) BI’BS""aBs

if either

(a) There is a j, exceeding meither r mor s, such that A; and
B; are of the same rank for i<Zj and that Aj is higher
than B;*

or

(b) s>7r and Ay and Bi are of the same rank for ¢ < r.
Two ascending sets for which no difference in rank is

created by what precedes will be said to be of the same

*If j =1, this is to mean that A, is higher than B,.
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rank. For such sets, »r = s and 4; and B; are of the same
rank for every :.

Let @,, @y, @3 be ascending sets such that @, is higher
than @;, @, higher than @;. We write @, > @;, @3> ;.
We shall prove that @, > @g.

Let @, and @, be represented by (1) and (2) respectively

and let @3 be
¢, Gy, -, Ch.

Suppose first that @, > @, for the reason (a) and that
@; > @4 for the reason (a). Let ; be the smallest integer
such that B; is higher than C;. Then either 4; is of the
same rank as B; for ; < j or there is a k¥ < j such that
A; is of the same rank as B; for ¢ <k but that 4y is higher
than Bj;. In either case, @, > @; by (a).

Suppose now that @, > @, by (b), while @, > @; by (a).
Let j be taken as above. If j >r, @, > @4 by (b). If j <,
O, > @; by (a).

Now let @, > @; by (a), while @3> @; by (b). Let j be
the smallest integer for which A; is higher than B;. Then
4; is higher than C; and 4; is of the same rank as C; for
i<j. Thus @, > @ through (a).

" Finally, if @,>®; by (b) and @;> @, by (b), then
@, > ®; by (b).

We shall need the following fact:

Let
(3) @, Dy, Dy, -

be an infinite sequence of ascending sets such that gy is not
higher than @, for any q. Then there exists a subscript r
such that, for ¢ >r, @4 has the same rank as @,.

By the lemma of § 2, the first forms of the @, (4, in (1))
are all of the same rank for ¢ large. This accounts for the
case in which @, with ¢ large has only one form. We may
thus limit ourselves to the case in which @, with ¢ large
has at least two forms. The second forms will eventually
be of the same rank. Continuing, we find, since no @, has
more than n forms, that the @, with ¢ large all have the
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same number of forms, corresponding forms being of the same
rank. This proves the lemma.

An immediate consequence of this result is that every finite
or infinite aggregate of ascending sets contains an ascending
set whose rank is not higher than that of any other ascending
set in the aggregate.

BASIC SETS

4. Let 3 be any finite or infinite system of forms, not all
zero. There exist ascending sets in 2; for instance, every
non-zero form of 2 is an ascending set. Among all ascending
sets in X, there are, by the final remark of § 3, certain ones
which have a least rank. Any such ascending set will be
called a basic set of 2.

The following method for constructing a basic set of =
can actually be carried out when 2 is finite. Of the non-
zero forms in 2, let A; be one of least rank. If A, is of
class zero, it is a basic set for =. Let A, be of class
greater than zero. If X contains no non-zero forms reduced
with respect to 4,, then A4, is a basic set. Suppose that
such reduced forms exist; they are all of higher class than 4,.
Let A4y be one of them of least rank. If 2 has no non-zero
forms reduced with respect to A4; and A,, then 4,, A, is
a basic set. If such reduced forms exist, let A; be one of
them of least rank. Continuing, we arrive at a set (1) which
is a basic set for 3.

If 4;, in (1), is of class greater than zero, a form F will
be said to be reduced with respect to the ascending set (1)
if F is reduced with respect to every 4;, ¢ =1,---,r.

Let = be a system for which (1), with 4; not of class
zero, is a basic set. Then no nom-zero form of 2 can be
reduced with respect to (1). Suppose that such a form, F,
exists, Then F' must be higher than 4,, else F' would be
an ascending set lower than (1). Similarly, ¥ must be higher
than 4;, else 4,, F would be an ascending set lower than (1).
Finally, F' is higher than A4,. Then 4,,---, 4,, F is an
ascending set lower than (1). This proves our statement.
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Let = be as above. We see that if a mnon-zero form,
reduced with respect to (1), is adjoined to =, the basic sets
of the resulting system are lower than (1).

Throughout our work, large Greek letters not used as
symbols of summation will denote systems of forms.

REepucTION

5. In this section, we deal with an ascending set (1) with 4,
of class greater than O.

If a form G is of class p >0, and of order m in y,, we
shall call the form 8G/0ypm the separant of G. The coef-
ficient of the highest power of ypm in G will be called the
initial of G .*

The separant and initial of G are both lower than G.

In (1), let S; and I; be respectively the separant and initial
of 45y i=1,.--,7r.

We shall prove the following result.

Let G be any form. There exist non-negative integers
Siytiyy, t=1,---, 7, such that when a suitable linear com-
bination of the A; and of a certain number of their derivatives,
with forms for coefficients, is subtracted from

S S Ilfx Ir‘r Q,

the remainder, R, is reduced with respect to (1).

We may limit ourselves to the case in which @ is not
reduced with respect to (1).

Let A; be of class p;, and of order m;in yp, i¢=1,..-,7.

Let j be the greatest value of ¢ such that @ is not reduced
with respect to 4;. Let G be of order & in yp,.

We suppose first that 2> m;. If ky = h—mj, then Aj.k*), the
kith derivative of A;, will be of order 4 in yp,. It will be
linear in ypn, with §; for coefficient of ypa. Using the al-
gorithm of division, we find a non-negative integer v, such that

* Later we shall have occasion to use other symbols than g, ..., ya
for unknowns. If the unknowns in a problem are given listed in the erder
u,v,..., w, then w will play the role of y,, above, in the definitions of
separant and initial for a form effectively involving w.

2
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v - k)
8" 6@ = ¢, 4%+ D,

where D, is of order less than 7 in Yp;+ In order to have
a unique procedure, we take v; as small as possible,

Suppose, for the moment, that p;<<mn. Let a be an
integer with p;<<a < n. We shall show that D, is not of
higher rank than G in y,. We may limit ourselves to the
case in which D, + 0. Also since S; is free of y,, we
need treat only the case in which y, is actually present
in G. Let G be of order ¢ in yo. Then the order of D,
in yq cannot exceed g. If D, were of greater degree than ¢
in yag, C; would have to involve y4, in the same degree
as D, and C; Aj-k‘) would contain terms involving ., and
Yp,p Which could be balanced neither by D, nor by Sj* G.
This proves our statement.

If Dy is of order greater than m; in yp, we find a relation

Sj» D, = Cy AJ 4 D,

with D, of lower order than D, in yp and not of higher
rank than D; (or @) in any y, with @ >>p;. For uniqueness,
we take v, as small as possible.

Continuing, we eventually reach a D,, of order not greater
than m; in yp , such that, if

= vt

we have
4) §9 ¢ = B A% 4. 4 B, A% + D

Furthermore, if @ > pj, D, is not of higher rank than G in y,.

If D, is of order less than m; in y,,, Dy is reduced with
respect to A4; (as well as any A; with ¢ >j). If D, is of
order m; in yp, we find, with the algorithm of division,
a relation z

Iy D, = H4,+K

with K reduced with respect to 4;, as well as dj41, - - -, 4,.
For uniqueness, we take ¢ as small as possible.
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We now treat K as G was treated. For some [ <Cj, there
are s,, t;, such that SS'I K exceeds, by a linear combination
of 4; and its demvatlves, a form L which is reduced with
respect to A;, A;p1, -+, 4. Then

SpSYLMI G
exceeds L by a linear combination of A;, A4; and their
derivatives.
Continuing, we reach a form R as described in the state-
ment of the lemma.
Our procedure determines a wnique E. We call this R
the remainder of G with respect to the ascending set (1).

SOLUTIONS AND MANIFOLDS

6. Let X represent any finite or infinite system. The
forms in X need not all be distinct from one another.*

When the forms of X are equated to zero, we obtain a
system of differential equations, which we shall represent
symbolically by X =

In studying the totality of solutions of 2 = 0, it will be
of fundamental importance to have a sharp definition of
solution. Let y,, ---, yo be functions, analytic throughout an
open region B, whose points are in A, which render each
form of X zero when substituted into the form. The entity
composed of B and of y,, ---, y» will be called a solution
of ¥ = 0. Thus two systems y, ---, y» Which are identical
from the point of view of analytic continuation, will give
different solutions if they are not associated with the same
open region. For instance, if we take an open region %,,
interior to B, and use, throughout By, y,, ---, y» as defined
for B, we get a second solution of X2 = 0.T

*What we are really cons1dermg then, is a system of ma.rkq each
mark being associated with a form. Two distinct marks may be associated
with identical forms.

1 In Chapter VII, we shall, at one point, adopt a different definition,
calling any set of n formal power series, convergent or divergent, a solution,
if they yield zero when substituted formally into the forms of 2. Many
of our results hold for this definition.

2‘
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By a solution of =, we shall mean a solution of 3 = 0.

The totality of solutions of = will be called the manifold
of 3 (or of = = 0).

If 2, and 2; are systems such that every solution of 3
is a solution of 35, we shall say that 32; holds 2,.*

COMPLETENESS OF INFINITE SYSTEMS

7- In §§ 7—10, we prove the following lemma:

LemmA.  Every infinite system of forms in y,, ---, ya has
a finite subsystem whose manifold is identical with that of
the infinite system.t

An infinite system of forms whose" manifold is identical
with that of one of its finite subsystems will be called com-
plete.t  Infinite systems which are not complete will be called
incomplete. In what follows, we assume the existence of in-
complete systems, and force a contradiction.

8. The system obtained by adjoining forms Gy, ---, Gm to
a system 2 will be denoted by 2+ G +---+ Gn.

We prove the following lemma:

LEMMA: Let = be an incomplete system. Let Fy, ---, Fsbe
such that, by multiplying each form in = by some product of
non-negative powers of Fy, ---, Fs, a system A is obtained
which is complete.§ Then 2+ Fy\ Fy --- Fy is incomplete.

Let 4 F, --- F; be complete, and let it hold and be
held by its finite subset

(5) Fl"'F07 Hl,"'yHt-

The presence of F| --- Fs in (5) is legitimate, for if 24 F, .- F}
has the same manifold as a system I, it has the same manifold
as '+ F, ... F.

Let
(6) K, 1y *°%y Kv

*If %, has no solutions, every system will be said to hold 2;.

+8ee §124 for a comparison of this lemma with a result of Tresse.

1 If some finite subsystem has no solutions, the system will be considered
complete.

§ The product of powers of Fy, -.., F. may, of course, be different
for different forms of 2.
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be forms in I such that the forms of 4 which they yield,
after the above described multiplications, form a system @
which is held by 4. If some K; are not among the H;in (5)
we may, as was seen above, adjoin them to the H;. Similarly,
any H; not present in (6) may be adjoined to (6). We shall
thus assume that (6) is identical with

(M Hy, .-, Hi.
Let L, in =, not hold (7). Now some

Ff ... FIL

holds @, and @ holds (7). Then F} --- FyL holds (7).
Consequently certain solutions of F; --- Fy; which are so-
lutions of (7) are not solutions of L. Thus L does not hold
(5). This proves the lemma.

9. We prove the following lemma:

LemMMA. Let 2 and 2+ Fy --- Fs both be incomplete. Then
at least one of the systems 2+ Fy, ---, 3+ Fy is incomplete.

We may evidently limit ourselves to the case of s = 2.
Let S+ Fy and 2+ F; both be complete. Let @;, ¢ =1, 2,
be a finite subset of = such that - F; holds @;- F;.

Then =+ F;, holds (@, + @)+ F; and =+ F, holds
(?, 4+ @,)+ Fo.* Now every solution of (@, + @)+ F, Fy
is a solution of (@;+ @;) + F; or a solution of (@, + @;)+ F;.
As 2+ F| F; holds 3+ F; and =+ Fj, then 3+ F; Fj holds
(@, + @,) + F, Fy. This proves the lemma.

10. Let us consider the totality of incomplete systems of
forms in %, ---, ya. According to the final remark of § 3,
there is one of them, =, whose basic sets (§ 4) are not
higher than those of any other incomplete system. Let (1)
be a basic set of 3. Then 4, involves unknowns, else 4,
would have no solutions, and 3 would be complete.

For every form of 2 not in (1), let a remainder with re-
spect to (1) be found as in § 5. Let £ be the system com-
posed of the forms of (1) and of the products of the forms

* (@, 4+ @) consists of the forms present either in @, or in @,.
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of = not in (1) by the products S* - -- I used in their re-
duction. Let £ be the system composed of (1) and of the
remainders of the forms of = not in (1).

Now £ must be complete. If not, it would certainly have
non-zero forms not in (1). Since such forms would be re-
duced with respect to (1), then (1) could not be a basic set
of £ (§4). This means that £ would have ascending sets,
hence basic sets, lower than (1) and X would not be an in-
complete system with lowest basic sets.

If H is a form of .7 not in (1), and R the corresponding
form in £, then H and R have the same solutions in
common with (1). This means that .7 and £ have the same
manifold and also that ./ is complete.

The lemmas of §§ 8, 9 show us now that either some
2+ §; is incomplete or some X+ I; is incomplete. But, for
every ¢, 5; and I; are distinct from zero, and reduced with
respect to (1). Then, by § 4, the basic sets of 4 .5; and
of X+ I; are of lower rank than (1). This proves the funda-
mental lemma stated in § 7.

NON-EXISTENCE OF A HILBERT THEOREM

1I. One might conjecture, on the basis of Hilbert’s theorem
relative to the existence of finite bases for infinite systems
of polynomials,* that, in every infinite system 2, there is a
finite system such that every form of X is a linear combi-
nation of the forms of the finite system, and their derivatives,
with forms for coefficients. We shall show that this is
not so.

We consider forms in a single unknown y. (See first foot-
note in § 2.)

Consider the system

YrYey Y2Ysy =y YnYnt1, =+
We shall show that no form of this system with n>1 is

linearly expressible in terms of the forms which precede it,
and their derivatives.

*van der Waerden, Moderne Algebra, vol. 2, p. 23.
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We notice that all of the forms, and all of their derivatives,
are homogeneous polynomials of the second degree in the y;.
Also, if the weight of y; y; is defined as -7, the pth derivative
of y;y; will be isobaric, with its terms of weight ¢4+ p.

Now if

d
YnlYn+1 = A1y1y2+ ce +An—1yn—1?/n+B1 %(ynys)-’r“',

the terms in the A;, B;, etc., which are not independent of
the y: may be cast out, for they produce terms of degree
greater than 2. Again, considering the weights of the various
forms, we find that

d2n—2 d?.
8)  ynyutr = G =1 (1) + -+ - + Coa P (Yn-1Y2),

with C; which are independent of the y;. Now the (2%n—2)d
derivative of y,y» contains a term y; y2,, and none of the
other derivatives in (8) yields such a term. We conclude
that ¢; = 0. Continuing, we find every C; to be zero. This
proves our statement.

JRREDUCIBLE SYSTEMS

I12. A system 2 will be said to be reducible if there exist
two forms, ¢ and H such that neither G nor H holds 2 but
that @ H holds 2. Systems which are not reducible will be
called srreducible, The system of equations £ = 0, and also
the manijfold of 3, will be said to be reducible or irreducible
according as I is reducible or irreducible.

Example 1. Let 2, in the unknown y, consist of yi—4y
and y;— 2. (See Introduction, p. v.) Let GH hold 2.
Let Gy and H, be the remainders for G and H respectively
with respect to y3— 2. Then G, and H, will be at most
of order 1 and G, H; holds 2. Then as every y = (z— a)?
with @ constant is a solution of 3, G, H;, if not zero, must
be of order 1. Let K be the remainder of Gy H; with respect
to y2—4y. One can prove now without difficulty that K
vanishes identically. Then G, H, is algebraically divisible
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by y?—4y. As y?—4y is algebraically irreducible,* one of
G, H, must be divisible by > —4y. This means, since the
initial and separant of ys— 2 are both unity, that one of
G, H is a linear combination of the two forms of = and their
derivatives. Then = is irreducible in every field.

Example 2. We use two unknowns, » and y. Let T =
be uy —u? = 0. Differentiating, we find

wmy+uy;— 2w us = 0.

Multiplying the last equation through by y and using £ =0,
we have
w P +uwly,—2uu,y = 0.

Certainly u, does not hold 3. Neither does

¥+ uy — 2wy,

since it vanishes only for y =0, if « = 0. Thus = is reducible
in the field of rational constants. We call attention to the
fact that «y — u? is algebraically irreducible, and of order 0 in y.

THE FUNDAMENTAL THEOREM

13. A system 3 will be said to be equivalent to the set of
systems 2, .-, 3, if T holds every 2; and every solution
of = is a solution of some Z;. Thus, two systems with the
same manifold are equivalent to each other.

We prove the following fundamental theorem.

THEOREM. Every system of forms is equivalent to a finite
of irreducible systems.

Let the theorem be false for some 3. Then 2 is reducible.
Let Gy and G; be such that G;G;, but neither @, nor @,,
holds 2. Then 3 is equivalent to the set

) 246G, 246

Thus at least one of the systems (9) is reducible. A re-
ducible system in (9) will be called a system of the first class.

* That is, irreducible as a polynomial in y,, y.
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There must be a system of the first class, which, when treated
like 2, yields one or two reducible systems obtained by
adjoining two forms to 2. The reducible systems obtained
through two adjunctions, we call systems of the second class.
Some of the systems of the second class, when treated like 2,
must yield reducible systems obtained from =X by three ad-
junctions, that is, systems of the third class. We proceed
in this manner, forming systems of all classes.

There must be a system of the first class whose forms are
contained in systems of all classes higher than the first. Let
2+ H,, where H, is either G; or @, be such a system of
the first class. One of the systems of the second class which
contains the forms of -+ H, must have its forms contained
in systems of all classes higher than the second. Let
3+ H,+H, be such a system. Let an H, be found, in this
way, for every p. Then the system &, composed of

27 HU Hz;"';Hm"'
is incomplete. For, if & held
®+Hi+ - +H,

with @ a finite subsystem of 2 and ¢ << ... <%, then ¥
would hold

(10) S+H+ - +H;
This cannot be, since H; 11 does not hold (10). This proves

our theorem. One will notice that the proof involves making
an infinite number of selections.*

UNIQUENESS OF DECOMPOSITION

I4. Let a system 2 be equivalent to the set of irreducible
systems
(11) Sy, e, S

We may suppose, suppressing certain of the 3; if necessary,
that no 3; holds a 3; with 34 ¢. We shall then call each 3;

* See § 70.
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an essential irreducible system held by X, and we shall call (11)
a decomposition of 2 into essential irreducible systems.

We shall prove that the decomposition (11) of X into essential
irreducible systems 1is essentially unique. That is, if £,,---, &
is a second decomposition of X into essential irreducible systems,
then t = s and every %2 is equivalent to some 2j.

We shall show that there is some £; which holds 2;. If
there were not, then each £; would have a form which
would not hold X;. Such forms being selected, their product
would hold each £;, consequently 2, thus Z;. This is im-
possible if 3 is irreducible and none of the forms holds 2.

Then let £, hold I;. Now £,, similarly, must be held
by some XI;, which must be X, since no =; with 3§ 1
holds =2,. Thus 3, und £, are equivalent. The uniqueness
is proved.

EXAMPLES

15. We shall consider some examples involving one un-
known, y, in which, in spite of the fact that the systems
decomposed consist of a single form, the results are not un-
instructive.

Example 1. Let 2= 0 be y2—y = 0. By differentiation,
we find, for any solution of X,

2Ys Ys— = 0,
(12) 2y yst+2y;—y: =0,
13) 2ys y5+6ys ya—ys = 0.

Multiplying (13) by 2y and substituting into the result the
expression for y; found from (12), we find that

ys (4ys ys— 123248y, —1) = 0.
Thus 3 is equivalent to the set of two systems

>% ?/3—.% Y23
3 ys—y, 4dysys— 1293+ 8y, —1.

As the only solution of 3; is y = 0, 3, is irreducible in
every field. We shall see in the next chapter that the
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manifold of =,, which is the “general solution” of 32—y,
is irreducible in every field. We note that 2, does not
hold 2.

Example 2. Let = = 0 be yjy.—y = 0. We find,
with a single differentiation, that X is equivalent to the two
systems:

S WYY s

S Kye—y, iy t2y—1
2, and 3, are irreducible in any field (as above). We call
attention to the fact that the form in X is linear in ..

FErxample 3. The form ¢ (y,—y) decomposes into the
essential irreducible systems ¢, and gy, —y. These two
systems have the solution y == 0 in common.

The above examples might lead one to conjecture that
any X can be decomposed into irreducible systems by means
of differentiation and elimination. We shall see in Chapter VII
that this is actually so.

RELATIVE REDUCIBILITY

16. Let .4 be any system of forms. A system = will be
said to be reducible relatively to A if there exist forms G
and H in A such that G H, but neither ¢ nor H, holds
Y, Otherwise X will be said to be drreducible relatively
to A.

For instance, if 2 is the form (dy/dx)®*—4y, = is redu-
cible in the field of rational constants if . is the set of all
forms in y of orders 0, 1, 2, but is irreducible in any field
if A is the set of all forms of orders 0, 1. (See example 1,
§ 12))

We see, as in § 13, that every system is equivalent to
a finite number of systems irreducible relatively to .

The decomposition into relatively irreducible systems need
not be unique. For instance if 7 is the form 1, the system
in the above example, which is relatively irreducible, is equi-
valent to the two relatively irreducible systems 32 —4y, y,
and y} —4y, y,—2.
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If 2 consists of forms in7, X can be resolved into relatively
irreducible systems whose forms belong to 4. If .4 is such
that the product of two forms of .4 belongs to £, such a
decomposition is essentially unique in the sense of § 14.

Wherever the contrary is not stated, we shall deal with
irreducibility as defined in § 12. That is .4 will consist of
all forms with coefficients in &.

ADJUNCTION OF NEW UNKNOWNS

17. One might ask how the theory of a system = in the
unknowns ¥, - -, y, is affected if new unknowns vy, - - -, ¢
are introduced, and = is regarded as a system of forms in
the y;, v;. For instance, will the decomposition (11) of X
into irreducible systems, when the ¢; are the unknowns,
continue to be such a decomposition when the unknowns are
the y; and v;?

To show that the answer to this question is affirmative,
we consider an irreducible system 2 of forms in the y; and
prove that it remains irreducible when the unknowns are
the y;, v;. We represent X, considered as a system in the
¥i, vi, by 3.

Suppose that ¢ and H are forms in the y;, v; such that
neither holds X', but that G H holds 2’. Let G and H be
arranged as polynomials in the v;;, with coefficients which
are forms in the y;.

We note that the solutions of =’ are obtained by adjoining,
to every solution y,, -- -, y, of X, arbitrarily assigned func-
tions vy, - - -, vt

Evidently, then, the terms of ¢ and H in which the
coefficients hold = can be suppressed and the modified G
and H will be such that neither holds X', while GH does.
We assume thus that no coefficient in G or H holds 2.

As 2 is irreducible, it will have a solution for which no
coefficient in G or H vanishes. Then we can certainly replace
the v;, in G and H, by rational constants, so as to get two
forms, G, and H;, in the y;, neither of which holds =. On
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the other hand, since we can construct analytic functions v;
for which the v; in GH have any assigned values, at any
given point, and since GH holds 2’, it is necessary that
Gy H; hold 2. This proves that =’ is irreducible.

FIELDS OF CONSTANTS

18. In later work, it will at times be desirable to assume
that & contains at least one function which is not a constant.
We establish now a result which will permit us to make
this assumption with no real loss of generality.

Suppose that & consists purely of constants. Let & be
the field obtained by adjoining z to &, that is, the totality
of rational functions of x with coefficients in & We shall
prove that if a system X of forms in & is irreducible in &,
then 3 is irreducible in &,.

We start by proving that if G, of the type

(14) By+ Byz+ -+ - + Bpa™,

with the B; forms in &, holds 2, then each B; holds =. Let

(15) @), -, yn (@)

be any solution of 2. Since the forms in = have constant
coefficients,

@tc), -, ynlx+oc)

where ¢ is a small constant, will also be a solution of =.*
This means that, for any solution (15),

By+Bi§+---+ Bn ™

where & is any constant, vanishes identically in z. Then
each B; must vanish identically in 2. This proves our
statement.

* We shall not encumber our discussions with references to the areas
in which the solutions are analytic.



20 ALGEBRAIC DIFFERENTIAL EQUATIONS

Now, let ¢ and H be forms in & such that G H holds =.
We have to prove that one of G, H holds £. We may
evidently limit ourselves to the case in which G is given
by (14) and H by

Co+Ciz+---+Csa®
with the ¢; forms in &.

Suppose that neither G@ nor H holds =. In @ and H,
let every B; and C; which holds 2 be suppressed. For the
modified ¢ and H, G H will still hold 2. Then

(GH = .-+ BnCsx™*s,

Since neither B,, nor (s holds X, B,,Cs cannot hold =, so that
G H cannot hold X. This proves that = is irreducible in &,.



CHAPTER 1I
GENERAL SOLUTIONS AND RESOLVENTS

GENERAL SOLUTION OF A DIFFERENTIAL EQUATION

19. We consider a form 4 in ¢, ---, y» of class =,
which is algebraically irreducible in &, that is, not the product
of two forms, each of class greater than 0, and each with
coefficients in &.

We are going to introduce the notion of the general
solution of A.

We write y, = y and, if n>1, we write ¢ = n—1,
Yi = wiy ¢ =1, .-+, q.

Our definition of the general solution will appear, at first,
to depend on the order in which the unknowns happen to
be arranged,* at least, on the manner in which y is selected
from among the unknowns effectively present in 4. But it
will turn out, finally, that the object which we define is
actually independent of such order.

20. Let S and 7 be, respectively, the separant and initial
of A.1 A solution of A for which neither S nor I vanishes
will be called a regular solution of 4.

We shall make plain that regular solutions of A exist.
Let A be of order s in y. Since S7 is of lower degree than
4 in ys, SI and A, considered as polynomials in the un-
knowns and their derivatives, are relatively prime. Theni
there is a B3 0 which, if s>0, is of order less than siny
and which, if s = 0, is free of y, such that

* That is on the manner in which the subscripts 1, ..., n are attributed
to the unknowns.
T See footnote in § 5.
1 Bocher, Algebra, p. 213; Perron, Algebra, vol. 1, p. 204.
21



22 ALGEBRAIC DIFFERENTIAL EQUATIONS

(1) B = C(SI)+ DA.

We shall use the symbol & to designate values of x at
which all coefficients of the forms in (1) are analytic, and
the symbol [y] to represent any set of numerical values which
one may choose to attribute to the unknowns and their
derivatives present in A, omitting ys. Let &, [3] be taken
so that 7B+ 0. We can then find a number ¢ such that
A = 0 for y, = {, when the other symbols in 4 are replaced
by their values &[y). Then, by (1), SI cannot vanish for
& ], L.

In particular, since S40, we see by the implicit function
theorem that there exists a function

(2) Ys = f(x) Uy =+ vy ?/3—1)7
analytic for the neighborhood of &[] and equal to { at & [],
which makes 4 = 0 for the neighborhood of &[7].

Let functions i, - --, uq, analytic at & be constructed
which have for themselves, and for their derivatives present
in A, at &, the corresponding values in [7]. Let (2) be
considered as a differential equation for y, and let y, - - -, ys—1
be given, at &, the values wbich correspond to them in [4].
Then, by the existence theorem for differential equations,
(2) determines y as a function analytic at &, and the func-
tions wu,, - - -, ug; y will constitute a regular solution of A.

2I1. Let @ and H be such that every regular solution of 4
is a solution of G H. We shall prove that either every reqular
solution of A is a solution of @ or every regular solution of A
i a solution of H.

Let @, and H, be, respectively, the remainders of G and H
with respect to A. Then, as some S? I*G exceeds G, by
a linear combination of 4 and its derivatives,* every regular
solution of 4 which annuls G; annuls G; similarly for H,
and H.

If, then, we can show that either @; or H, is identically
zero, our result will be proved. Suppose that neither G4

* At times we shall, without explicit statement, use symbols, as p
and ¢ above, to represent appropriate non-negative integers.
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nor H, vanishes identically. As G; and H; are of lower
degree than A in ys, Gy H, IS, as a polynomial, is relatively
prime to A. Hence, we have

with B# 0 and free of y,. As in the discussion of (1), we
can build a solution of 4 for which G4 H, IS does not vanish.
But @, H,, like G H, vanishes for every regular solution
of A. This contradiction proves our result.

22. It follows immediately, from § 21, that the system of
all forms which vanish for all regular solutions of A is
irreducible. A belongs to this system. The irreducible
manifold composed of the solutions of this system will be
called the general solution of A =0 (or of A).

We show that every solution of A for which S does not
vanish belongs to the general solution.

Let B be any form which vanishes for all regular solutions.
Then some St B exceeds, by a linear combination of derivatives
of A, a C of order at most sin y. C vanishes for all regular
solutions of 4. We have

(3) I?C = DA+ E,

with £ reduced with respect to 4. Since E vanishes for
all regular solutions of 4, E, by the discussion of (1), must
vanish identically. Thus, as I cannot be divisible by 4,
C is so divisible. This means that S¢ B holds 4, so that
B vanishes for every solution of 4 with S+ 0. This proves
our statement.

As we shall see later, the general solution may contain
solutions with § = 0.

Let 2; be the system of all forms which vanish for all
solutions of 4 with §+ 0. In a decomposition of the
system 4, Sinto essential irreducible systems, let 25, --., 3; be
those systems which are not held by 3,. Then

(4) 213 2,, ) zt

is a decomposition of A into essential irreducible systems.
8
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Thus, the general solution of A is not comtained in any
other irreducible manifold of solutions of A. In a decompo-
sition of A into essential irreducible systems, those irreducible
systems whose manifolds are not the general solution are held
by the separanmt of A.

We shall prove that the general solution of A is independent
of the order in which the unknowns in A are taken.

Suppose that, ; being some unknown other than y effectively
present in A, we order the unknowns so that u; comes last.
With this arrangement, let the manifold of 3; in (4) be the
general solution of A, and let S’ be the separant of A.
Suppose that ;4 1. Then S’ holds 3;, while § holds
3, -+, 3. Thus S8 holds 4. As was seen in the dis-
cussion of (1), this cannot be, since neither S nor §' is
divisible by 4. This proves our statement.

In Chapter VI, we shall secure a characterization of the
solutions of 4 with § =0 which belong to the general
solution. For the present, we limit ourselves to the statement
that any solution of A towards which a sequence of solutions
with S+ 0 converges uniformly in some area, belongs to the
general solution. In short, any form which vanishes for all
solutions with S # 0 will vanish for the given solution.

We can now see that, in the examples in § 15, the systems 3
are irreducible. In each case, the separant vanishes only
for y =0, and y = 0 gives no solution of 3,. Thus, in
each case, the manifold of 3; is the general solution.

CLOSED SYSTEMS

23. A system 3 will be said to be closed if every form
which holds =X is contained in 3.* Given any system @,
the system 3 of all forms which hold @ is closed, and has
the same manifold as @. Hence no generality will be lost,
in the study of manifolds, if we deal only with closed systems.

The only closed system devoid of solutions is the totality
of forms with coefficients in &.

* A given form is supposed here to occur only once in 2.
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A system which contains non-zero forms, and possesses
solutions, will be called non-trivial.
Let = be a non-trivial closed system in y;, ---, yn. Let

(5) Al) Aﬂy ) Ar

be a basic set of 2. Then A4; is of class greater than O.

A solution of any ascending set which does not cause the
separant or initial of any form of the set to vanish, will be
called a regular solution of the ascending set.

We shall prove that every regular solution of () is a solution
of 2.

Let S; and I; be respectively the separant and initial of A4;.

Let G be any form of 2. Then the remainder of G with
respect to () is a form of 2. This remainder, reduced with
respect to (5), must be zero (§ 4). That is, some S}* - - - I:'G
is a linear combination of the A4; and their derivatives. Then
@ vanishes for every regular solution of (5). Q.E.D.

Suppose now that 2 is irreducible. As no S; or Z; holds 2,
the product of the S; and I; does not hold 2. It follows,
that, ¢f 2 s irreducible, (D) has reqular solutions.*

Furthermore, 7f 2 is irreducible, any jform which vanishes
Jor all reqular solutions of (5) belongs to 2. For, if G is such
a form, S, --- I, G holds 2 so that G holds =.

Thus, if 2 s irreducible, then = is the only closed irreducible
system jfor which (5) is a basic set.

ARBITRARY UNKNOWNS

24. Let = be a non-trivial closed system in y,, - -, ¥n.

There may be some y, say yj, such that no non-zero form
of = involves only y;; that is, every form in which y; appears
effectively also involves effectively some yx with k +5. If
there exist such unknowns y;, let us pick onme of them,
arbitrarily, and call it u,.

There may be a y, distinct from »,, such that no non-zero

* In Chapter VI, we determine which solutions of (5) other than the
regular ones are solutions of 3.
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form of = involves only »; and the new y. If there exist
such y, let us pick one of them, arbitrarily, and call it w,.

Continuing, we find a set u,, - --, ug (<< n), such that no
non-zero form of 3 involves the u; alone and such that given
any unknown y;, not among the wu;, there is a non-zero form
‘of X in 3 and the w; alone.

Let the unknowns distinct from the u;, taken in any order,
be represented now by i, - -+, ¥p, (p +q = n).*

We now list the unknowns? in the order

(6) Upy =0y Ug; Y, Yoo

We shall speak generally as if w; exist. It will be easy
to see, in every case, what slight changes of language are
necessary when there are no wu;.

Of the non-zero forms in 2 involving only y; and the wu;,
let 4, be one of least rank. There certainly exist forms of =
of class ¢+ 2 which are reduced with respect to y,; for
instance any non-zero form in y; and the wu; alone is of this
type. Of such forms, let 4, be one of least rank.

Continuing, we build a basic set of 3,

(7) Al,Aiy""fip'

We shall say that A; introduces y;.
We shall call w, -+ -, uq a set of arbitrary unknowns.

THE RESOLVENT

25. In this section, we assume that & does not consist
purely of constants.

Let = be a non-trivial closed system. Let the unknowns
be wuy, -, ug; Y1, -+, Yp, Wwith the u; arbitrary unknowns.

We are going to show the existence in & of functions

(8) By =y Mp

* It will be seen in § 30 that when 2 is irreducible, ¢ does not depend
on the particular manner in which the w may be selected.
t See remarks on notation, §§ 2 and 5.
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and the existence of a mon-zero form G, free of the y;, such

that either

(a) There exist mo two solutions with the same area of analyt-
icity, and with the same u;,

. ’ ’
(9) Wyy = =0y Ugs Yiy, =5 Yoy
" "

Ury » vy Ugs Yi, - Yo

Jor which G does mot vanish and in which, for some i,
yi is not identical with yi, or
(b) such pairs of solutions exist, and for each pair,

(10) pr —y)+ -+ o (yp — yp)

s mot zero.*

We consider the system of forms obtained from 2 by
replacing each y; by a new unknown z;. We take the
system 2 composed of the forms of 2, the forms in the z;
just described, and also the form

Myr—z)+ - + 4 (yp— 2),

in which the 4; are unknowns. That is, 2 involves 3p-¢
unknowns, namely the wi, yi, 2i, 4i.

Let A be any closed essential irreducible system which £
holds. Suppose that one of the forms y;—z;, ¢ =1,.--,p,
does not hold .4. We shall prove that .4 contains a non-
zero form which involves no unknowns other than the u;
and A;.

If 4 contains a form in the u; alone, we have our result.
Suppose that £ contains no such form.

Since 4 has all forms in 3, A4 has, for j=1,---,p,
a non-zero form B; in y; and the u; alone. Let B; be taken
so as to be of as low a rank as possible in y;. Then §;,
the separant of B;, is not in .

Similarly let C;, j =1, ---, p, be a non-zero form of A4
in z; and the w; alone, of as low a rank as possible in z;.
Letting z follow the w; in C;, we see that the separant Sf
of C; is not in .

* If no u exist, this is to mean that if 2 has a pair of distinct solutions,
(10) does not vanish for the pair. We take G = 1 in this case.
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To fix our ideas, suppose that y, —z is not in 4. Con-
sider any solution of 4 for which

(yl—Zl)Sl ...SPS{...S};,

(which is not in «7) does not vanish. For such a solution,

we have

(11) lx — _12(?/a—zs)+"'+1p(?/p_2p)' )
Yh—24

From (11) we find, the jth derivative of 4,, an expression

(12) l'lj:ej(}'h"';lp; Yiy * o0y Yps 21,"',Zp),

in which ¢; is rational in the 4;, y;, z; and their derivatives,
with coefficients in &§. The denominator in each g; is a power
of y,—2z.

Let each B; be of order r; in y; and each C; be of order
8i in i

If a ¢; involves a derivative of y; of order higher than r;,
we can get rid of that derivative by using its expression in
the derivatives of y; of order r; or less, found from B; = 0.
Similarly, we transform each ¢; so as to be of order not
exceeding s; in z;, ¢ =1,---, p.

The new expression for each g;, which will involve the u;,
will have a denominator which is a product of powers of
vy —2; 8, 8,i=1,-.-,p. Let g be the maximum of the
integers r;, s;. Let

h=2p(g+1)+1.

Let k be the total number of letters y;;, z;; which appear in
the relations (12), transformed as indicated. Then A>k.

We consider the first 2 of the relations (12).* (That is,
weletj=0,1,..., h—1). Let D, an appropriate product
of powers of y, —z, the S;, S/, be a common denominator
for the second membets of these relations. We write

E,

(13) hy =3

*When §j = 0, (12) is (11).
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Jj=20,---,h—1. Let D and the Ej, be written as poly-
nomials in the % letters y;;, 2y present in them, with coefficients
which are forms in 43, ---, 4, and the u;. Let m be the
maximum of the degrees of these polynomials (total degrees
in the yy, zy).

Let & represent a positive integer to be fixed later. The
number of distinct power products of degree ma or less, in
k letters, is*

(14) (ma—{-k)-};'-(ma—{—]).

Using (13), let us form expressions for all power products
of the 4;; in (13) of degree « or less. Let each expression
be written in the form

F
1 —_—.
(15) -
Then F, as a polynomial in the y;, z;, will be of degree
at most me.

The number of power products of the 7 letters Ay, of
degree e or less, is
(16) (a+h) ‘hj" (a+1) .

Now (14) is a polynomial of degree % in «, whereas (16) is
of degree . in «. As h>k and as m, %, k are fixed, (16)
will exceed (14) if « is large. Let « be taken large enough
for this to be realized.

If now the F' in (15) are considered as linear expressions
in the power products in the y;, £y, we will have more
linear expressions than power products. Hence the linear
expressions F' are linearly dependent. That is, some linear
combination of the F, with coefficients which are forms in
Ag -+ Ap and the u;, not all zero, vanishes identically.

The same linear combination of the power products of the
Ay; will vanish for the solution of .# for which (11) was
written. Now, this last linear combination is a form H

* Perron, Algebra, vol. 1, p. 46.
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in the u; and 4; which is not identically zero, since the power
products of the 4;; in H are distinct from one another.

Thus
H(yp—2)8 -+ SpSi--- Sp

is in A4, so that H is in 4. This proves our statement.

Let A,, ---, 4, be a decomposition of £ into closed
essential irreducible systems. Let i, ..., 45 each not con-
tain some form y;—=z; and let 4,44, ---, A4, each contain
every y,—zi. Let H; be a non-zero form in 4;, ¢ =1,-..,s,
involving only the w: and 4;. Let K= H.-- H;.

We wish to show the existence in & of p functions
p, - -+, wp such that, when each 4; is replaced by w; in K,
then K does not vanish identically in the u;.

Let K be written as a polynomial in the w;, with forms
in the 2; as coefficients. Let L be one of the coefficients
in K. If we can fix each 4; in & so that L does not vanish,
our result will be established.

Let { be any non-constant function in &, and let a be
a point of A at which { is analytic and has a non-vanishing
derivative. Given a sufficiently small circle with a as center,
any function ¢, analytic in the circle, can be expressed as
a power series in { with constant coefficients. Then ¢ can
be approximated uniformly within the circle by a polynomial
in {. Thus if m is a sufficiently large integer, and if
tioy -+ *y timy ¢ =1, ---, p are arbitrary constants, L cannot
vanish identically in the ¢#; if each A; is replaced in L by

tio+tal+ - +tim L™

Otherwise L would vanish if the 4; are any functions analytic
in the above circle. Thus there must be integral values of
the ¢; for which L does not vanish. Every polynomial in {
with integral coefficients is in &. This shows the existence
of the required u;.

The solutions of £ for 4 =p;, j =1, --., p, will be the
solutions of the .#; for 4 = u;. Now, the solutions with
Aj=u; of Ay, ..., 4, have u; which cause to vanish the
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form G obtained by putting 4;=p; in K. The solutions
of Agiq, -+, Ay, even with ;= p;, have y; =12z;, i =1, ..., p.

When every A; contains every y,—z;, we take ¢ =1,
= =pp=0.

‘We have thus the result stated at the head of this section.*

26. We shall now relinquish the condition that & contain
a non-constant function

Let us assume that u; exist. We are going to prove the
existence of forms G, My, - - -, My, in the u; alone, with G#0,
such that, for two distinct solutions (9) for which G does nmot
vanish,

(17) My (yi—~y)+ - + Mp (yp—yp)
28 not zero.

The discussion of § 25 holds through the construction of
the form K. We are going to prove the existence of forms
M, ---, M, in the u; alone, such that, when 4; is replaced
by M; in K, the resulting form G is not identically zero.

Let K be arranged as a polynomial in the 4,;, with forms
in the w;, s, -+, 4 as coefficients. Let wu;n be the highest
derivative of w, which appears in any of the coefficients.
Let k be an integer greater than ~. Then, if 4, is replaced
by wuwk, K becomes a form K, in the wu; and 4s, ---, 4p,
which is not identically zero. Similarly, if we replace 4, in
K, by a sufficiently high derivative of u,, we obtain a non-
zero form K, in the u; and Ag, ---, 45. Replacing 45, ---, 4p
in succession by sufficiently high derivatives of u,, we ob-
tain a non-zero form G.

Continuing as in § 25, we see that the solutions of £ in
which 4; = M;, j = 1, ..., p are the solutions of the 4
which satisfy 4; = M;. Now the solutions with 4; = M;
of A4,, -.-, 45 have u; which cause G to vanish. The so-

* The following example shows that & may have many solutions with
given u, and that a G may exist, such that, for G + 0, there is only
one solution for given %;. Let the unknowns be %, us, y;. Let & con-
gist of all forms which hold %,y —us. Let G = w,. Then u,, u, is
a set of arbitrary unknowns. If %, = u; — 0, y, may be taken arbi-
trarily, but, for given u,, ¥y, with G + 0, there is only one y;.
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lutions of 4544, ---, A,, even with 4; = M;, have y; = z;,
¢t =1, --., p. This proves our statement.

27. The results of §§ 25, 26 permit us to state that if
either

(a) & does not consist purely of constants or

(b) there exist u;,

then triads of forms G, P, @, exist with G and P not in
3, and @ free of the y;, such that, for any two distinct
solutions of =, with the same w;, such that neither G nor
P vanishes, the expression Q/P yields two distinct functions
of z. For instance, if (a) holds, we can take P==1 and
Q=wmy+- - +wpyp.

It will essentially increase the generality of our work to
use general forms P. The following is a non-trivial example
in which P is of class greater than 0. Let & be the to-
tality of rational functions of x. Let the unknowns be y,
ys and let X consist of all forms which hold y;; und ys.

The solutions are y; = ¢, ys = d, with ¢ and 4 constant
but arbitrary. We take G = 1. If
P = y +zy,,
= yi+2,

the expression @Q/P gives distinct functions of x for distinct
solutions of = with P4 0.

In certain cases in which & consists purely of constants
and in which no u; exist, there may exist no pair P, Q as
described above. For instance, let & be the totality of con-
stants. Let the unknowns and 3 be as in the preceding
example. The yy are all zero for j > 0 for every solution.
We therefore lose no generality in seeking a P and Q of
order zero in y,, ys. For any such P and @, Q/P will yield
the same result, for infinitely many distinct pairs of con-
stants Y1y Ys.

In developing the theory of an irreducible system = for
the case in which & has only constants and there are no
i, two courses are open to us. If we adjoin x to &, then,
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by § 18, 3 will remain irreducible in the enlarged field.
Working in the enlarged field, we can secure a P and Q.
Again, by § 17, we can introduce a new unknown u, and =
will remain an irreducible system. After either type of ad-
junction, the theory which follows will apply.

28. In §§ 28, 29 we deal with a non-trivial closed irre-
ducible system . We assume that either
(a) & does not consist entirely of constants, or
(b) arbitrary unknowns exist.

We take a triad G, P, @, as in § 27.

We introduce a new unknown, «, and consider the system ./
obtained by adjoining the form Pw— (@ to 3. Let £ be
the system of all forms in w, the u, and y; which vanish
for all solutions of 4 with P4 0.* We shall prove that
L is irreducible.

Let B and C be such that BC holds 2. For s appropriate,
P B minus a linear combination of Pw—@ and its derivatives,
is a form R free of w. We obtain similarly, from a P!C,
an §, free of w. Then RS vanishes for every solution of =
with P4 0, since every such solution yields a solution of £.
Hence PRS holds 2, so that either B or § is in 2. If
R is in 2, P*B holds 2. Hence B vanishes for all solutions
of A4 with P# 0, so that B is in £2. Thus £ is irreducible.

We notice that those forms of £ which are free of w
are precisely the forms of =. In particular, £ contains no
non-zero form in the u; alone.

We are going to show that £ contains a non-zero form
in w and the wu; alone.

Let B;, :=1,---,p, be a non-zero form of 3 involving
only y;; %y, -+, u,, of minimum rank in y,. Let S; be the
separant of B;.

Consider any solution of 2 for which PS; --- S, does not
vanish. For such a solution, we have

Q

w=—13.

* Of course, forms in 2 may also vanish when P—=0.
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For the jth derivative of w, we have an expression
(18) Wi = i

Using the relations B; = 0, we free each @, from derivatives
of each y, of order higher than the maximum of the orders
of @, P and B, in y,. Each w; will then be expressed as
a quotient of two forms, the denominator being a product
of powers of P, Sy, ---, Sp. If we use a sufficient number
of the relations (18), as just transformed, we will have
more w; than there are y,; in the second members. Using
the process of elimination employed in § 25, we obtain a non-
zero form K in w; w,---,u, which vanishes for every
solution of £ with PS,---Sp,F0. As PS,---8, is not
in 2, and as £ is irreducible, K is in 2.
29. We now list the unknowns in £ in the order

/u,l’.-.”ctq; ?U; yl’-"’yp
and take a basic set for £,
19) 4, 4, ---, 4p.

Here, w, y,, - - -, y, are introduced in succession. (See final
remarks of § 24.)

If A4 is not algebraically irreducible, we can evidently
replace it by some one of its irreducible factors. We assume,
therefore, that A ds algebraically irreducible.

We are going to prove that 4,,.-., 4, are of order O
in y,,--+, ¥, and, indeed, that 4, is of the first degree in y,.
Thus, since 4; with ¢>1 will be of lower degree in y; than
4; with j<i, each equation A;= 0 expresses y; rationally
in terms of w; wy, -+ -, Uug and their derivatives.

The determination of the manifold of 3 will in this way
be made to depend on the determination of the general
solution of 4 =0, which equation will be called a resolvent
of 3.*

*If A is any system equivalent to 2, we also call A =0 a resolvent
of A



II. GENERAL SOLUTIONS AND RESOLVENTS 35

Suppose that A, is of order higher than zero in y,.
Consider any regular solution of (19) for which PG does
not vanish. By the final remarks of § 23, such regular
solutions exist. I.et & be any point at which the functions
in this solution and the coefficients in

Py G7 A’ A17 Tty AI)

are analytic, and for which, if § and I are the separant
and initial of 4, S; and Z; those of 4,

PGSA?I AR SpIIl AR ]‘]}*0.

Without changing w or the u; in the solution, we can alter
slightly the values at & of the derivatives of y,, in 4,, other
than the highest, and obtain a second regular solution of
(19) with P@ # 0. That is, we can solve 4; = 0 for y,
with the modified initial conditions, substitute the resulting
¥ into A, solve 4, = 0 with the same initial conditions
for y, which obtained in the first regular solution,* and,
continuing, determine each y;. This is nothing but an
application of the implicit function theorem, and of the
existence theorem for differential equations. Thus, we would
have two distinct solutions of £, with the same wu;, with
P@ 4+ 0, and with the same w. This contradicts the
fundamental property of the triad &G, P, Q.

Hence, 4; is of order zero in y,. Similarly, every 4; is
of order zero in y;. Furthermore, as 4; is of lower rank
in y; than A4; for j<<i, each 4; is of zero order in y; for
J =

We shall now prove that each A4; is linear in ;.

We start with 4,. Suppose that 4, is not linear in y,.
Let P, be the remainder for P with respect to (19). Then
every regular solution of (19) which causes either of the
forms P, P, to vanish, causes the other to vanish.

* That is, with the same values at & for y, and all its derivatives but
the highest.



36 ALGEBRAIC DIFFERENTIAL EQUATIONS

If we can show that the ascending set

(20) A, Ay, -0y dpa
has a regular solution
Upy = vy Ugy W5 Y1y vy Yp-1

for which A, has two distinct solutions in y, with S, I, P,G # 0,
we shall have forced a contradiction.

If we cannot get two distinct solutions of this type, it
must be that for every regular solution of (20) with I, ¥ 0,
the equation A, = 0 has a solution in y, for which S, P, ¢
vanishes.*

Let C be a remainder for S, P, G with respect to 4, con-
sidered as an ascending set. Then C is of zero order in
every y; and is of lower degree than 4, in y,. Every
common solution of Sy, P, G and 4, is a solution of C'. We
note that C, like S, P, and Ay, is not of higher order in
w than 4.

Of all forms not in 2, of zero order in the y;, which are
of lower degree than A, in y,, not of higher order in w
than 4, and which, for every regular solution of (20) with
I, + 0 have an annulling function y, in common with 4,,
let D be one which has a minimum degree in y,. Then D
must be at least of the first degree in y,, else I, D would
vanish for every regular solution of (19) and would be in £.

Let K be the initial of D. Then K is not in £, else D
would not be of a minimum degree in y,. For m appro-

priate,
K™A, = ED-+F,

with E of lower degree than 4, in y, and F' of lower degree
than D in yp. Every annulling function y, of 4, and D
makes F' vanish. Then F must be in 2.

Thus ED must be in 2, so that £, which is not zero,
is in 2. Let
(21) E=H,+Huy,+ - +Hy,

* Because (19) has regular solutions, (20) has regular solutions with
I, 0.
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with the H; forms free of y, and of order in w not greater
than that of 4. We understand that H;$ 0.

As K™ A, is of higher degree in y, than F', the initial of
ED is identical with that of K™ A, and hence is not in £.
Then H; is not in £.

Evidently a non-negative integer o, exists such that, when
a suitable multiple of A, , is subtracted from I*, H,
1=20,---,t, the remainder is of lower degree than A4,
in yp—1.* In the same way, we find integers a, - - -, ap—1;
a such that when a suitable linear combination of the forms
of (20) is subtracted from

I ... I% I*H,,

p—1°
+=20, .-, t, the remainder is reduced with respect to (20). As
L, ---I'E

is in 2, we see that 2 contains a form
B, = Hj+ -+ H 4,

with each H/ reduced with respect to (20) and with H; not
in 2 (hence not 0). As ¢ is less than the degree of 4, in
Yp, Ey, which is not zero, is reduced with respect to (19).
This contradiction (§ 4), proves that A4, is linear in y,.
We now consider 4, ;, assuming that it is not linear in
yp—1. Since P, is of lower degree in y, than 4,, P, is free
of y,. It must be that, for every regular solution of

(22) A, Ay ey Aps

with I, 1 $0, 4,1 = 0 has a solution in y,—, for which
Sp—1 Ip P, G vanishes. The proof continues as for A,.

In dealing with 4,_,, we consider that both P, and I,
are free of yp—1. The proof continues as above.

Thus every A; is linear in y;, and each y; has an expression
rational in w; uy, - -+, ug and their derivatives, with coeffi-
cients in §.

* Note that I, is free of y,.
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We notice that, if

Upy »vvy Ugs W5 Y1y * -y Yp

is a solution of £, then wy, - - -, uq; w belongs to the general

solution of A.*

For, if a form K in w and the w; vanishes for every
solution in the general solution of A, then K vanishes for
every regular solution of (19), and so is in 2.

When @ is in 2, w = 0 is a resolvent. Then each y;
is rational in the uy.

The introduction of the resolvent accomplishes the
following:

(a) It reduces the study of an irreducible system to the study
of the general solution of a single equation. Of course
for solutions of & with P = 0, there may be no cor-
responding w and, for other solutions of =3, the initial
of some A; may vanish. We shall gain information as
to these exceptional solutions in Chapter VI.

(b) It leads to a theoretical process for constructing all irre-
ducible systems (§ 32).

(c) It creates an analogy between y,, ---, ¥, and a system
of p algebraic functions of ¢ variables. Itis well known,
in short, that, given such a system of algebraic functions,
we can find a single algebraic function in terms of which,
and of the variables, the functions of the system can be
expressed rationally.

(d) It furnishes an instrument useful in the solution of for-
mal problems.

INVARIANCE OF THE INTEGER q

30. We consider a non-trivial closed irreducible system =
in any field &.

We propose to show that, if arbitrary unknowns exist,
the number ¢ of arbitrary unknowns does not depend on the
manner in which the u; are selected.

* Here we consider 4 as a form in w and the u; alone.
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Let w; exist. It will suffice to prove that, given any
¢ +1 unknowns among the u; and y;,

21y * vy Zg41,

there exists a non-zero form in 3 which involves only the z;.

We form a resolvent for =. As wu; exist, this is possible.
Let us consider the regular solutions of (19). Every z in
such a solution has a rational expression in w, ---, ug; w.
If a z; happens to be a wu, say u;, the expression for that
z; is simply ;. We write

(23) &= @i (w; wy, -+, up), ¢ =1, -, g+1).

On differentiating (23) repeatedly, we get expressions for the
z;j which are rational in the w; and w;. Making use of the
relation A = 0, we transform these relations so as not to
contain derivatives of w of order higher than », where » is
the order of 4 in w.

None of the expressions thus obtained will have a deno-
minator which vanishes for a regular solution of (19).

Since there are ¢+ 1 of the z;, and only ¢ of the w,, it
follows that if we differentiate (23) often enough (and then
transform), the z; will become more numerous than the uw;;
and w, wy, ---, Wr.

It follows, as in § 25, that there exists a non-zero form
in the z; which vanishes for all regular solutions of (19).
The form thus obtained belongs to 2. The invariance of ¢
is proved.

The assumption that 3 is irreducible is essential. For in-
stance, consider the system

WY = Us Yz = UsYs = O,

in the unknowns w;, us, us; ¥1, ¥2. These equations impose
no relations either upon the z; or upon the u;. Thus u,,
us, ug and ¥, ys are two sets of arbitrary unknowns.

4
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ORDER OF THE RESOLVENT
31. We work with any non-trivial closed irreducible system =

for which triads @, P, @, and therefore resolvents, exist.
Considering 2 as a system in the u; and y;, let

(24) Al’ ] AIJ

be a basic set for 3, the separant and initial of A4; being S;
and Z; respectively.
Let the order of 4; in y; be r;. Let

h=nr+ - +rp.

We shall prove that every resolvent of 2 is of order h in w.
We begin by proving that £ contains a non-zero form

in w; wuy, - -+, ug whose order in w does not exceed 4.
Consider any solution of 2 for which

(25) .PSl"'Sle"‘Ip*O.
For such a solution, we have
(26) w = —%

We propose to show the existence of forms R and T each
of order not exceeding »; iny;, ¢ =1, -.-, p, such that, for
any solution of 2 for which (25) holds, 7' is not zero and
€1)) w = —1—;,—

Let @, and P, be the remainders of @ and P respectively,
relative to (24). Let @, be obtained by subtracting a linear
combination of the A4; and their derivatives from

S I}"rQ
and let P, be obtained similarly from

S’f‘---I;’P
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Then, if (25) holds, we have
SO ... %
(28) w = gﬂ;s—%’—-.
Pl Sll N ]pp

For R and 7 in (27) we take the numerator and denominator
in (28) respectively.
We find, from (27), for the jth derivative of w, an ex-
pression
B.
(29) wj = Tfi_l_
If U; is the remainder of B; with respect to (24), we can
write (29)
C— Y
(30) w; W
where W; is a product of powers of 7, S, - - - Ip.
Consider (27) and the first % relations (30). Let D be
a common denominator for the second members in these
h+1 relations. We write

(31) wj =
J =20, .-, h.

Let D, the E; and the A4; be written as polynomials in
the y; with coefficients which are forms in the w;. Let m
be the maximum of the degrees of these polynomials.

For convenience, we represent the r;th derivative of y; by 2;.
Let A; be of degree v; in z;.

Let « be a positive integer, to be fixed later. In (31),
let us form all power products in the w; of degree « or less.
Let the expression for each power product be written in
the form

F

(32) e

Then each F'is a polynomial in the y;, of degree not ex-
ceeding me.

Let each expression (32) be written
FI
DIz

Ej
25

(33)

4‘



42 ALGEBRAIC DIFFERENTIAL EQUATIONS

Consider a particular ¥, and let it be written as a poly-
nomial in z,. Suppose that its degree d in 2, is not less
than m. Then, as Ay = 0 for the solution of 2 which we
are considering, we have, letting

M=4 —1I2%
the relation roorw
a __ d—v

(34;)f Lz, =—Mz >,

F - JO+JIZP+---+JdZZ,
with the J; free of 2z, we may write the numerator in (33)
in the form
(35) oLyt -+ J 1,28) I
Since I, is of degree less than m in the y;, each term in
the parenthesis in (35) is of degree less than m(e--1).

We replace Jdl'pzz by —Jsz‘;'"P in (35). As J, is of
degree not exceeding ma—d in the y; and as M is of
degree at most m, then Jsz;’”P is of degree less than
m(e4 1) in the y;. Thus, (33) goes over into

R

DIXII’I;L(I
where F} is of degree less than m(ae-+1) in the y; and of
degreec less than d in zp. If the degree of F) in z, is not
less than m, we repeat the above operation. After t < me

operations, we get an expression

’

(36) P

with H of degree less than m in z, and of degree less than
m(a—+1?) in the yy. The numerator in (36) is of degree in
the yy; less than
me+)+mma—it) < 2mie.
Thus, if we let D, = D I;', we can write each power
product in the wj, of degree « or less, in the form
K

31 —
( ) D(: ’
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where K is of degree less than 2m*« in the y,; and of degree
less than m in zp.
We now write each expression (37) in the form

K Ime
I)a I‘.’m‘ﬂt

1 "p—1

(38)

and employ, with respect to z,—1, the procedure used above.
We find for each expression (38), an equivalent expression

¢

with D, = D, 1;’_": and with L of degree less than 4m®« in
the y,; and of degree less than m in z, and 2z, ;. Continuing,
we find an expression for each power product of the w;
w

(40) i
where W is of degree less than 2? m?*!« in the y,;, and of
degree less than m inz;, 2=1, ..., p. Let c represent 27 m?+1,

The number of power products in 2z, ---, 2z, of degree
less than m in each letter, is m?.

Hence the number of power products of the y,; of degree ca
or less, and of degree less than m in each z;, is not more
than

(41)

o LETR) - (ca+1)
h! )

This is because the y,; with j<<r; are 4 in number. On the
other hand, the number of power products of degree « or
less in the A1 wj; is

(et+h+1)---(e+1)
*h+1)! )

As (42) is of degree A-+1 in « and (41) only of degree %,
(42) will exceed (41) for « large. This, as we know from
§ 25, implies the existence of a non-zero form of £ in w
and the wu; alone, of order not exceeding % in w.

(42)
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This shows that the order in w of the resolvent 4 =0
does not exceed .. Suppose that the order of A is k<<h.
For each y,, we have an expression

(43) Yy, = L

with C; and D; forms in w; wu,---, iy, of order not ex-
ceeding k in w. We obtain from (43) expressions for the Yijr
j=0, ..., ry—1, which are rational in the wj, u;, with
powers of the D; as denominators. Using the relation 4 =0,
we depress the orders in w of the numerators until they do
not exceed k. The transformed expressions will have de-
nominators which are power products of the D; and S.

By an elimination we obtain a non-zero form W in the
¥i, w; which belongs to £, hence to 2. This W, which
is of order less than r; in each y;, is reduced with respect
to (24). This is impossible.

We have thus proved that the order in w of every resolvent
is h.

We say now that, when uy, - - -, uq are selected, the quantity
ri+---+ry does mot depend on the manner in which the
subscripts 1, ---, p are assigned to the remaining unknowns.

This follows immediately from what precedes, except that
we have to prove that, when no u; exist and & has only
constants, 1+ - - - +r, is independent of the order of the y;.
What we do is to introduce a new unknown, ;. = will
remain irreducible, u, will be an arbitrary set, and (24) will
remain a basic set. The methods above then apply.

The degree of the resolvent in wy does depend on P and Q.
Consider, for instance, the system, irreducible in the field of
all rational functions

yu"‘l: yz—y'f'

As the manifold is y, = x+a, ys = (x+ a)?, we may evi-
dently take w = y,. The resolvent becomes w;—1 = 0.
On the other hand, if we take w = y, -+ ys, the resolvent
becomes of the second degree in w),.
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The order of the resolvent depends on the choice of the u;.
For instance

Yu—Y — 0

is irreducible in the field of all constants. If we let u; = ys,,
we get a resolvent of the first order. If we let u;, =y,
we get a resolvent of zero order.

CONSTRUCTION OF IRREDUCIBLE SYSTEMS

32. We shall establish a result which is, to some extent,
a converse of the result of § 29.

Let A be an algebraically irreducible form in w, - - -, ug;
w, effectively involving w. Let

P; .
(44) .m=5‘, i=1,--+p,

where the P; and @ are forms in wy, - - -, uy; w and where Q
does not vanish for every solution in the general solution
of A. Let wy, -, uq; w be any solution in the general
solution of 4 which does not annul Q. For this solution,
we obtain, from (44), functions yi, - -, y¥p.

Let £2 be the system of forms in the w;, y;, w which vanish
for all u;, y:, w. We shall prove that £.is irreducible.

Let GH hold 2. If we substitute (44) into G, we get

T
G = T
with 7 a form in u;,---, ug; w and U a power of Q. We

have, similarly, H =V/W. For any wi, w, TV vanishes.
Then 7V Q vanishes for every solution in the general solution
of A. Thus either T vanishes for every such solution of 4,
or V does. Consequently one of ¢, H must vanish for all
ui, Yi, w. Hence £ is irreducible.

By the method of § 25, we can show that 2 contains
non-zero forms in the wu;, y; alone. The system 2 composed
of all such forms and the zero form is a closed irreducible
system. What is more, the theory of resolvents shows that
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every closed irreducible system in y, - - -, y» can be obtained
in this way. We have thus a theoretical process for con-
structing all closed irreducible systems.

IRREDUCIBILITY AND THE OPEN REGION A

33. The question might be raised as to whether =, irre-
ducible in & for the open region A, can be reducible in &
for some open region A; in A. We shall show that the
answer is negative.

Without loss of generality, we assume X non-trivial and
closed. Also, we assume, adjoining x to & if necessary, that
& does not consist purely of constants.

Let a form K vanish for all solutions of X which are
analytic in a part of ;. We shall prove that K vanishes
for all solutions of =. Suppose that K is not in 2. We
construct a resolvent, and consider (19). Let K; be the re-
mainder of K with respect to (19). Then K, is not divisible
by A. On the other hand,

(45) K, SII, --- I,

(as in § 29), vanishes for every solution of A which is ana-
lytic in a part of ;. This is impossible, because (45) is
not divisible by 4 (§ 20).

Thus if P and @ are forms such that PQ vanishes for all
solutions of 3 analytic in a part of %;, then PQ vanishes
for all solutions of =. This means that either P or @ is in
3, so that ¥ is irreducible in ;.



CHAPTER II1
FIRST APPLICATIONS OF THE GENERAL THEORY

RESULTANTS OF DIFFERENTIAL FORMS

34. In algebra, in developing the theory of resultants of
systems of polynomials, it is necessary to deal with poly-
nomials whose coefficients are indeterminates. So, in con-
nection with resultants of pairs of differential forms, we
shall find it desirable to deal with general forms. For our
purposes, it will be convenient to define a general form in
y as one of the type

A= a+tayta P+ -+ ayPn,

with n = 1 where the a; are indeterminates and where the
Py,i=20,..-.,n, (P =1, P, = y), are distinct power
products in y and its derivatives. By an indeterminate, we
mean a symbol which can be replaced, when it is desired,
by an arbitrarily assigned analytic function.*

Consider a second general form

B = bo+b1 ?/+b2 Q2+"’+mem-

We propose to find a condition upon the a; and b;, ne-
cessary for the existence of a common solution in y of 4
and B.

Let the a; and b; be considered now as unknowns, and let
A and B be considered as forms in the a;, b and y in any
field &§ We shall show that the system

* It is understood that, when the a: are replaced by.analytic functions,
the replacing functions have a common domain of analyticity. In defining
a general form, we do not use the notion of a coefficient field.

47
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1) 4, B
is irreducible.
Let X and Y be forms such that X ¥ holds (1). We have

@) ao= —a, Yy—--—an Pn; bo = —by—- —bmQn.

If ap and b, are replaced in X and in Y by the second
members in (2), there result two forms X; and Y; in

3) Ay ~v vy @y by ooy by Y

such that X, Y; holds (1). But as the unknowns (3) may
be taken arbitrarily, as analytic functions, and a,, b, be
determined by (2) so as to make 4 = B =0, it must be
that X; Y, vanishes identically. Then one of X;, Y; must
vanish identically, and one of X, ¥ must hold (1).

Let = be the system of all forms which hold (1). Using
(2), it can be shown, by the method of § 25, that 3 contains
non-zero forms in the a; and b; alone.

On the other hand, 2 contains no non-zero form in

(4) Qyy <y Qn; bO) M) bm-

Suppose that such a form, C, exists. Let the unknowns in
(4) be taken as analytic functions, with b, .-, b, mnot all
zero, so that C + 0. Then certainly B = 0 has a solution
in y. Using any such solution y, we can determine a, so
that A = 0. C cannot exist.

Suppose now that & is the field of all rational constants.
Let (4) be the arbitrary unknowns, and let

(5) R, U

be a basic set for 3, R and U introducing a, and y
respectively.

We assume that R is algebraically irreducible and that
its coefficients are relatively prime integers. This determines
R uniquely, except for algebraic sign. For, let S be any
other form which satisfies the conditions placed on R. Then
S and R are of the same rank. The remainder of S with
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respect to R, being in X, must be zero. Then I being the
initial of R, some 77§ is divisible by R. Hence S is
divisible by R, and as the coefficients in S are relatively
prime, we have § = 4+ K. We suppose the sign of R to
be fixed according to any suitable convention, and treat R
as unique.

We shall call B the resultant of A and B.

We shall now prove that U is of order O in y and, indeed,
that U is linear in y.

Let & be the field obtained by adjoining = to & We
form a resolvent for (1) in &, using a w defined by

(6 w = a+py,

with @ a rational function of . Let the resolvent be V=0

and let y = N/M, with M and N forms in the a;, b;, and w.
The system

@) A, B, w—ay—py

is equivalent to the system
® w+(al—f'/)y+a2P2+'"+anPn; B; ao—-w—}—,uy.

A solution of the first two forms in (8) will satisfy V=0,
My—N=0. If, then, V;, M;, N; are the forms which
result from V, M, N respectively on replacing w by a, and
ay by a;+p,

9) Vi, Myy—N,

will be a basic set in & for 3, the totality of all forms
in & which hold (1).
Evidently V; cannot be of higher rank in ¢, than E. This
implies that M, and &, are of lower rank in a, than R.
Let M,y — N, be written in the form

Siy—TH+ - +Sry—Ty) "

o

(10)

with the S; and 7; forms in the a; and b;, with integral
coefficients and with « a polynomial in x.
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The numerator in (10) holds =. By § 18, each S;y — T
holds =. Let j be such that S;F 0. Then Sjy—T; is
a non-zero form of 3 reduced with respect to £. This proves
that U, in (5), is linear in y.

Thus, for 4 and B to have a common solution in y, it s

necessary that
aﬁ:"')an;bO) ’bm

be a solution in the general solution of the resultant of A and B.
If ag, -+, bm s such a solution, and if it does mot amnul
a certain fixed form in a, - -+, bm,* then A and B have
a single solution in common, which can be expressed rationally
in terms of ag, - -+, bm, with integral coefficients.t

We prove now that the resultant of A and B is a linear
combination of A, B and a certain number of their derivatives,
the coefficients in the linear combination being forms with
integral coefficients.

In R, let a, and b, be replaced respectively by

A——aly—----anl’n, B——bly*‘"‘_memv

and let R be expanded as a polynomial in 4, B and their
derivatives. The term not involving A, B, or their derivatives,
will be a form in the unknowns (3) which holds (1). As we
saw, such a form vanishes identically. This gives our result.f

The methods of Chapter V permit the actual construction
of resultants.

ANALOGUE OF AN ALGEBRAIC THEOREM OF KRONECKER

35. It is a theorem of Kronecker that, given any system
of algebraic equations in » unknowns, there exists an
equivalent system containing n -1 or fewer equations.§ We
present an analogous theorem for differential equations.

* The coefficient of y in U.

+ We are using the expression ‘‘single solution” in the sense of analytic
function theory rather than in the sense of § 6.

1 For a theory of resultants of linear differential forms, see Heffter,
Journal fiir die r. u. a. Mathematik, vol. 116 (1896), p. 157.

§ Konig, Algebraische Grifen, p. 234.
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THEOREM. Let & contain a mon-constant function. Let 3
be any system of forms in y,, ---, yn. Then there exists
a system @, composed of n+ 1 or fewer forms, whose manifold
s identical with that of 2. If X comsists of a finite number
of mon-zero jforms
(11) Flv"'7F7‘7

then a system @ exists which is composed of Fy and n or fewer
linear combinations, with coefficients in &, of Fy,---, F,.
We shall need the following lemma, which applies to
a perfectly general field.
LEMMA. Let W be a closed irreducible system, in uy, ---, ug;
Yiy -y Yp, With wy, -, uy a set of arbitrary unknowns.
Then there exists a basic set for W

Al,...,AI,

in which, if an A; involves a wu; effectively, the partial deri-
vative of A;, with respect to the highest derivative of wjin 4,
does nmot belong to W.

We show first how to choose 4;. From among all forms
of & of class g+ 1, we select those of least rank in y,.
From the forms just selected, we choose such as have a least
rank in w4, and continue, taking the ranks in wg—p, - - -, w,
in succession, as low as possible. For 4,, we take any of
the forms thus obtained. Obviously A4, fulfills our require-
ments. In choosing 4, we first take all forms of ¥ of class
g+ 2 which are reduced with respect to 4;. From these,
we select such as have a least rank in y; and continue as
above with respect to the u;. We find thus an 4, as specified.
In the same way, we determine Ag, ---, 4p, in succession,
to meet the requirements of the lemma.

36. Returning to the proof of our theorem, we limit our-
selves, as, according to § 7, we may, to the consideration of
the finite system (11). Introducing r —1 new unknowns,
v, + -+, Uy, We consider the system 2Z;, composed of the two
forms
(12) F,uFi+ --- o F,.
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Let £, be used to represent the system (11) when the un-
knowns are the y;, v;.

Let 2; be resolved into closed essential irreducible systems
Ay, -+, A5, Suppose that £, does not hold some -7, say ;.
We say that, given any » —1 unknowns among y, - - -, ¥n,
then -f; contains non-zero forms in those n —1 unknowns
and the v;. For instance, suppose that .7; does not contain
a non-zero form in

(13) Y1y **y Yn—1; Vgy ** vy Ur.

Then (13) will be a set of arbitrary unknowns for ., so
that .4; will have a basic set consisting of one form, B,
which introduces y»,. We take B algebraically irreducible.
Then the general solution of B is the manifold of ;.

We shall prove that B does not involve the v;. For
instance let B involve v,.

According to § 22, the general solution of B is the same
manifold for all arrangements of the unknowns. Thus far
we have treated the unknowns as if y, followed (13). Let
us now give them the order

Yy ** 0y Yny Vgy vy Ure

Consider any regular solution of B. If we vary the y; in
this solution, and any finite number of their derivatives
arbitrarily, but slightly, at some point &, we can, using the
Vs, -, vp—1 Of the given regular solution, determine v, so
as to get a second regular solution of B.* But this con-
tradicts the fact that Fy holds /5. Thus B is free of the v:

This means that, given any solution y,, ---, y» in the
general solution of B considered as a form in the y; alone,
and given any analytic functions vs, ---, v,, the given yi,
v; constitute a solution of .7;, hence a solution of

vs Fy+ -+ o Fy.

*Of course we have to construct mew analytic functions y: which
assume, with their derivatives, the modified values at .
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But, as the »; can be given arbitrarily, Fj, ---, F, must
vanish separately for the given y;. This means that 2,
holds ;. Our statement is proved.

Let Ay, ---, 4, be those ; which are not held by £,.
Consider any n—1 of the y;,

(14) Yiyy =y Yip -

We extract from each 4;, ¢ = 1, ..., ¢, a non-zero form
in the y; of (14) and the v;. Let the q forms thus obtained
be multiplied together. We obtain thus, for every set (14),
a form which vanishes for every solution of =, which is not
a solution of 2,. Now, as & contains non-constant functions,
we can so fix the »; in & that every form obtained above
becomes a non-zero form in its set (14). Let the system of
forms thus obtained, from the various sets (14), be denoted
by @,.

Let /7, represent the system of two forms in the y; alone
which 2; becomes when the v; are fixed definitely as above.
Then every solution of I7, which is not a solution of = is
a solution of @,.

The unknowns v;, whose rdle was episodic, now disappear
from our discussion. We examine 77,. We introduce »—1
new unknowns ws, - -+, w, and consider the system 3, obtained
by adjoining to 7;, the form

102Fg+" '+u)rFr.

Let £, be used to represent 3, considered as a system in
the y;, w;. Let 3; be decomposed into closed essential
irreducible systems .4,, ..., 4,. Suppose that £, does not
hold some £, say ;. We say that, given any n—2 of
the y;, then ; contains a non-zero form in those n—2 y;
and the w;. Imagine, for instance, that .4; does not contain
a non-zero form in y,, ---, y»—2 and the w;.

Every form of @, is in ;. For, let @ be any form of @,
and let Fi be any form of £2; which does not hold ;.
Consider any solution of .#;. If the y; in the solution annul
Fy, they annul @ Fy. If the y; do not annul Fy, then, since
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they annul each form of I7;, they must, as seen above,
annul ¢. Thus G Fy holds A, so that @ is in ;.

Thus 4; has a form in any n—1 of the unknowns y;.
Hence y,, ---, y»—2 and the w; are a set of arbitrary un-
knowns for 4;, and .7; has a basic set B,, B,, which in-
troduces y,—1 and y, respectively. Let B, and B; be taken,
as in the lemma of § 35, so that, if one of them involves
a wj, its derivative with respect to the highest derivative
of that w«; is not in ;. In addition, let B; be algebraically
irreducible.

We say that B; and B, are free of the w;. For instance,
suppose that B, involves wy effectively. Let @ be the form
of @ in y,, -+, ya—1. Then G vanishes for every solution
in the general solution of B,.* This, cannot be, for, ordering
the unknowns in B, so that wx comes last, we find that
the i, - - -, y»—1, in any regular solution of B,, can, together
with any finite number of their derivatives, be given slight,
but otherwise arbitrary, variations, at some point &, and
wy then be determined for a second regular solution of B;.

Again, suppose that B, involves wyx. Let S be the
derivative of B; with respect to the highest derivative of
wy in Byt Consider a regular solution of By, B; for which
S does not vanish. Let H be the form of @, in ¥, - -, yn—2,
yn alone. Let & be a point for which the functions in the
solution and the coefficients of By, By, H are analytic, with
the coefficients of H not all zero, and for which neither §
nor the separants and initials of B;, By vanish. We can
modify v, ---, ya—o slightly, but arbitrarily at &, and deter-
mine yn,—; S0 as to get a new regular solution of B,. We
can then use the modified y;, ---, y»—1 and, varying y. and
any finite number of its derivatives slightly, but arbitrarily,
at &, determine wy from By = 0, securing another regular
solution of B,, Bs. Thus we can get a regular solution
of By, By which does not annul H.

*The remainder of G with respect to B; holds A4; and thus is 0.
T Notice that S is not the separant of By. We are using the unknowns
in their original order.
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Thus B, and B, are free of the w;. Then the y;, ---, ya
in a regular solution of B,, B,, with arbitrary analytic
functions ws, ---, w,, give a solution of Z;. This means
that Fy, ..., F, all hold 4}, so that since F}, as a form
of 35, holds ;, 2, holds ;. This contradiction proves
that «/; has a form in any n —2 of the y;, and the w;.

Let A, ---, A, be those systems .#; which are not held
by £,. Consider any n—2 of the y;,

(15) Yiy = Yi_,e

We extract from each 4;, :=1, ..., ¢ a non-zero form
in the y; of (15), and multiply together the ¢ forms thus
obtained. We get, for every set (15), a form which is
annulled by every solution of 33 which is not a solution
of 25, We fix the w in & so that each of the foregoing
forms becomes a non-zero form in its unknowns (15).

Let @; be the set of forms thus obtained. ILet I7; be
the system which 2; becomes when the w; are fixed as above.
Then every solution of IZ; which is not a solution of 3 is
a solution of @,,

We form a system 3, adjoining to /7; the form

23 Fy+-- -2 F,

where the z; are unknowns. We introduce £2; in the expected
way. Let 4 be a closed essential irreducible system held
by =Z; which £; does not hold. We have to show that,
given any n—3 of the y;, there is a non-zero form in .;
in those y; and the 2z alone. Suppose that #; does not
contain a non-zero form in i, ---, y»—s and the z;.. Then,
as every form of @, holds .4;, 4, has a basic set B,, B;, Bs
which introduce yn—2, ya—1, yn in succession. Let this basic
set be selected as in the lemma of § 35. Furthermore,
merely to abbreviate the proof, let us assume that B, is
algebraically irreducible. We see at once that B, involves
no z;. Also, if B; involved a z;, we could practice arbitrary
slight variations on the 1, -- -, yn—s, ya—1 and their derivatives
5
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in a regular solution of B,, B, and get a second such regular
solution. This cannot be, since every such regular solution
would have to be a solution of the form of @, in ¥4, ---, yn—s,
Yn—1. Finally, if B involved a z;, we could take y,, ---, yn—s,
Yn, and any finite number of derivatives, quite arbitrarily,
at some point, and get a regular solution of B, B;, Bs.
This contradicts the fact that @, has a form in the above y;
alone.

Thus, the z; being properly fixed, we get two systems,
Iy and @g, the latter containing a non-zero form in every
n—3 of the y;, such that I7; holds 3 and that every solution
of IT; which is not a solution of = is a solution of @;.
In g, there are four forms.

Continuing, we find a system equivalent to =, containing
at most » -+ 1 forms.

That n+ 1 equations may actually be necessary, in con-
nection with » unknowns, is seen on considering the system
in y,

yf—‘iy ’ y2_2’
which defines the general solution of 3} —4y. If a single
form, G, had the manifold of this system, G would have to
be of the first order in y. Then G would have to be divi-
sible by y2—4y, and so would admit the solution y = 0,
which does not satisfy the given system.

37. The assumption above that & does not consist entirely
of constants is essential. For instance the system in y,

v, ¥, y—1

has no solutions. Still for any pair of constants d;, and ds,

the form
d,y’—i—d,(y—l)

has solutions in common with y,.

However, the following result, which can doubtless be im-
proved, holds for fields of constants.

THEOREM. Let A be an algebraically irreducible form in
a single unknown y, the order of A in y being r. Then



III. APPLICATIONS 57

there exists a system of forms, consisting of A and of at
most r other forms, whose manifold is the general solution of A.

We shall need the following lemma:

LemMMA: Let 3y, ---, 25 be closed irreducible systems, none
of which holds any other, and let = be a closed system which
holds no 2;. Then there exists in = a form which holds no =;.

We proceed by induction. The lemma is true for s = 1.
We shall prove that the truth for s—1 implies the truth
for s. The truth for s—1 implies that each 3;, ¢ =1, ...,s,
has a form A; which holds no 3; with jF++¢. Let B
t2=1,...,5, be a form of 2 which does not hold 2;. Let

Pi= Ay - Ai 1 Aiyy -+ Ag, i=1,-.-, 8.
Consider the form
C= PB,+ -+ PsBs,

which belongs to =. Since P, B; does not hold =;, and since
P; for ¢>1 holds 3;, C does not hold =,. Similarly, C holds
no Ei.

Let A be resolved into closed essential irreducible systems,

v
‘“J}“ly"'

35,

2

2 having the general solution of 4 for manifold. Let B;,
, =1, ---,s be a non-zero form of lowest rank in 2;, so
that the manifold of 3; is the general solution of B;. (We
may and shall assume that each B;is algebraically irreducible.)
Each 2; is held by the separant S of 4, hence by the resultant
(as in algebra) with respect to », of 4 and S considered as
polynomials in y,. This means that each B; is of order less
than 7 in y.

Let A4; be any form of £ which holds no 3;. We shall
examine the system 4, 4,. This system is equivalent to the

set of systems
3,3+ 4, -+, 3+ A

Let C; be the remainder of 4, with respect to B;. Because
A, does mnot hold 3;, C;¥+ 0. As C; holds 3;+ 4,, the
resultant of B; and C; with respect to the highest derivative

b*
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in B; holds 3;+ 4,. Because B; is algebraically irreducible
and of higher rank than Cj, this resultant is not zero.
This means that if 4, 4, is resolved into closed essential
irreducible systems,
2? 2‘1,’ T 2;,
each 3; will contain a non-zero form of order less than » —1.*
Choosing now a form 4, in = which holds no 37, we form
the system A, A;, A; and operate as above. Continuing, we
find that, after adjoining, to, 4,  or fewer forms of 3, we
get a system of forms whose manifold is that of 2.

FORM QUOTIENTS

38. An expression 4/B, where A and B are forms in
Y1y - -, Yn, With B not identically zero, will be called a form
quotient. Two form quotients will be considered equal if
they are equal as rational functions of the y;. It is easy
to see that, for A/B and C/D to be equal, it is necessary
and sufficient that they yield the same analytic function for
given analytic y,, - - -, y» which do not annul BD.

Let

(16) y = %,

where 4 and B are forms in a single unknown u. The
question which we shall study is that of attributing a meaning
to y in the case in which u is such that both 4 and B
vanish.

The totality 3 of forms in y und » which vanish for all
solutions of
17 By—4 =0

with B 0 is an irreducible system. The manifold of 2 is
the general solution of the equation obtained on dividing (17)
by the highest common factor of A and B considered as
polynomials in the ut.

*If r =1, this means that there are no 2.
t The results of Chapter VI will show that the manifold involved is
independent of the field employed.
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A function y will be said to correspond to a function w
through (16) if u, y is a solution of 2.
FExample 1. Let
gy = 4
u
Then every analytic y corresponds to » when v = 0. For,
let « be any analytic function, not identically zero. If k is
a non-zero constant, y = e,;/« when u = ke. Allowing &
to approach zero, we find that 0, «;/« belongs to the
manifold of 3.* By taking « suitably, we can make @,/
become any desired analytic function (in some area).
Example 2. Let

1

y =

Referring to Example 2, § 12, we see that, since u, does not
vanish for every solution in the general solution of uy—u?,
then y*4-wu, y,—2u,y must. Thus, for » = 0 in the general
solution, we must have y=0. If w=1%, y approaches zero
uniformly as % approaches zero. Thus y = 0, and no other
function, corresponds to u = 0.

Example 3. Let
u

y:——2—,
uy

We find that no y corresponds to u = 0.
Example 4. Let
(3 + u,) (4 )
Uy ’
We find, putting y—1 = 2, that

(18) wuy 2 = ul(u,+ u) + ul.
Differentiating, we have

(19) wlz4uu 2z, = u, P,

where

(20) P = 2u (g + u) + ug (ug + wy) + 20, — uz.

* See next to last paragraph of § 22.
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Multiplying (19) by uz, and using (18), we find

(21) wetuuiz, = u,Q
where
(22) Q =uzP—us(uyyz+uz)(w+u).

We multiply (19) by u, and subtract from (21). Then
us (@ —u, P) = 0.

Then @ —u, P holds 2.

Suppose that » is a constant % distinct from 0. Then
Q—u P=0 implies @ = 0. By (22), zP =0, so that,
by (20), uz* = 0. Thus z=0 and y = 1. If we let
u = k+ hx, y approaches 1 as s approaches 0. Thus y =1
and no other function, corresponds to « when % is a non-
zero constant.

On the other hand, if we let » = he, we find that y ap-
proaches (a;-+ «)/e as h approaches 0. Thus every analytic
function y corresponds to u = 0.

39. As the general solution of an equation is completely
defined by a finite number of algebraic differential equations
we see that, ¢f u makes A and B vanish, then either every
analytic y corresponds to w, or else, the functions y which corre-
spond to u are the totality of solutions of a system of alge-
braic differential equations, in the coefficients of which,
u figures.

We are going to study the circumstances under which no
y corresponds to a w which annuls 4 and B.

Writing 4 = A(u), B = B(u), we let

(23) Cv) = A(w+v), D = B{u+tv).

Then C and D are forms in v, with analytic coefficients
which are not necessarily in &. Also, v = 0 makes C and
D vanish. Let

C = E+H, D = F+K,

where E and F contain respectively those terms of C and D
which are of lowest total degree in v and its derivatives.
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Suppose first that the degree of E is at least that of F.
Let « be an analytic function which does not annul #' when
substituted for v. Let v be replaced in C and D by he,
where 2 is a constant. As . approaches 0, C/D will ap-
proach uniformly to an analytic function, which corresponds
to w through (16).

If £ is of lower degree than F', we see that y = O cor-
responds to w through y = B/A. In that case, we shall
say that y = oo corresponds to u through (16). With this
convention, every u for which 4 and B vanish has at least
one corresponding y.

There appear to be grounds for conjecturing that if w an-
nuls both 4 and B, and if more than one y corresponds to
u, then every analytic y corresponds to .



CHAPTER 1V
SYSTEMS OF ALGEBRAIC EQUATIONS

40. The preceding chapters contain, of course, a theory
of systems of algebraic equations in » unknowns, with ana-
lytic coefficients. One has only to suppose that the given
system 2 consists of forms which are of order zero in each
yi. But there are good reasons why algebraic systems should
receive special treatment.

To begin with, in most of the foregoing theory, algebraic
equations are forced into an artificial association with diffe-
reitial equations. For instance, the closed essential irre-
ducible systems held by a system of forms of order zero in
each y;, are systems of differential forms. One does not
obtain thus Kronecker’s theory of algebraic manifolds. We
shall see that a purely algebraic theory of algebraic systems
can be secured with the help of the notion of relative irre-
ducibility which was studied in § 16.

But what is more important for us, from the standpoint
of differential equation theory, is that the theory of alge-
braic systems can be developed from the algorithmic point
of view, so that every entity whose existence is established
is constructed with a finite number of operations. The re-
sults of the algebraic theory, when applied to systems of
differential forms, will give us methods for determining the
basic sets of the irreducible systems in a decomposition of
a given finite system of differential forms. A theoretical
process will be given for obtaining equations which com-
pletely define the irreducible systems. Also, we shall be
able actually to construct the resolvents of irreducible systems
of differential forms.

62
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Finally, we shall apply the theory of algebraic systems to
the study of the organic properties of the manifolds of systems
of differential forms.

Our results relative to algebraic systems are mainly con-
tained in the literature on algebraic manifolds.* For us, it
will be convenient, in deriving these results, to use the
methods of Chapters I and II.

INDECOMPOSABLE SYSTEMS OF SIMPLE FORMS

41. We define a domain of rationality to be, as in algebra,
a set of elements upon which the rational operations are
performable, the set being closed with respect to such
operations.t Every field is a domain of rationality.

Let a domain of rationality & be given whose elements are
functions of x, meromorphic in a given open region A.

By a simple form, we mean a form in g, ---, y» which
is of order zero in each y;.f Wherever the contrary is not
stated, the coefficients in a simple form will be understood
to belong to 9.

A system 3 of simple forms will be said to be simply closed
if every simple form which holds 2 belongs to 2.

A system I of simple forms will be called decomposable if
there exist two simple forms G' and H such that neither G
nor H holds =, while G H holds =. A system which is not
decomposable will be called ¢ndecomposable.

Every system = of simple forms is equivalent to a finite set
3y, -+, 25 of indecomposable systems. This is proved as in
§ 13,8 and, in fact, is an immediate application of the results

* Macaulay, Modular Systems. Van der Waerden, Moderne Algebra,
vol. 2.

+ The term *‘domain of rationality” is being displaced, in common usage,
by the term ‘“field”. We have reserved the latter term for use as in the
preceding chapters. See Dickson, Algebras and their arithmetics, Chapter XI.

+ We prefer this term to polynomial, since we shall have to use the
latter term in more general situations.

§ One can use here Hilbert’s theorem on the existence of a finite basis
for every system of polynomials in n variables, in place of the lemma
of §7.
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on relative irreducibility in § 16.* The decomposition is
unique in the sense of § 14.

SIMPLE RESOLVENTS

42. Let 2 be any non-trivial simply closed system. Then

the unknowns can be divided into two sets, u;, ---, u; and
Yy s Ypy P+ q = m, such that no non-zero form of = is
free of the y;, while, for j =1, .., p, there is a non-zero

form of 3 in y; and the u; alone. We shall call the u; a set
of unconditioned unknowns. Let the unknowns be listed in
the order

Uyy =+ vy Ugs Yis + 5 Yps
and let
(1) Ay, - o0y Ap

be a basic set of . Each 4; introduces y;.

Then every solution of (1) for which the initial of mo A;
vanishes is a solution of =. Furthermore, ¢f = ds indecomposable,
then (1) has reqular solutions and every simple form which
vanishes for the regular solutions of (1) 7 im 3.1 These
facts are evident.

43. Let 3 be a non-trivial simply closed system. We are
going to show the existence of a simple form &, free of the

yi and of a form
Q= My -+ My,

where the M; are simple forms free of the y;, such that, for
two distinct solutions of = with the same w; (if w; exist),
and with G 40, Q gives two distinct functions of x.

By a prime system, we shall understand a simply closed
indecomposable system.

Following § 25, we consider the system of forms obtained
from 2 by replacing each y; by a new unknown z;. We take

*To satisfy all formalities, one can take, as &, the field obtained by
first adjoining to D the derivatives of all orders of the function sin 5),
and then forming all rational :combinations of the functions in the en-
larged set.

T The definition of regular solution is, of course, that of § 23.
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the system 2 composed of the forms of =, the forms in the
z; just described, and also the form

Ay (y1_31)+"'+lp(yp—'zp);

in which the 4; are unknowns. Let £ be any prime system
which £2 holds, and which does not contain every form y; —z;.
We shall prove that .4 contains a non-zero form which in-
volves no unknowns other than the u; and ;.

If 4 contains a non-zero form in the w; alone, we have
our result. Suppose that .4 contains no such form.

Since .4 has all forms in 2, £ has, for j = 1, -*-, p,
a non-zero form B;j in y; and the u; alone. Then I; the
initial of Bj, since it involves omly the w;, is not in .
Similarly, let Cj, j = 1, .-+, p be a non-zero form of .7 in
z; and the u; alone. Letting 2z follow the wu; in C;, we see
that the initial 7' of Cj is not in .

To fix our ideas, let us assume that y, —z is not in A.
Consider any solution of .7 for which

(2) p—2a)ly - LI I
does not vanish. For such a solution, we have

A o= — As(ys —28) -+ Ap(yp—2p)
! h—2a '

Let m be the maximum of the degrees of the B; in the y;
and of the degrees of the C; in the z;. Let « be any positive
integer. We write, for s = 0, .-+, e,

B

h—=)*

where Fy is a simple form. Now, it is plain that, using the
relations B; = 0, C; = 0, we can depress the degree of
F, in each g and in each z to be less than m. The new
expression for each 4] will be of the form

E,
(.’/1 —"Zx)“ D,

3=

3=
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where D; is a product of powers of the Z; and I/. Let D
be the least common multiple of the D;. We write

3 ol S
(3) = e

s=0,---,a, each Hy being a simple form of degree less
than m in each y; and z;. Now the number of power products
of the y;, z; of degree less than m in each y; and ¢; is m2p,
Consequently, if we take « = m?, we can find a non-zero
polynomial in 4,, of degree not greater than «, whose co-
efficients are simple forms in 4, ---, 4, and the u;, which
vanishes for every solution of .4 for which (2) does not
vanish. The form in the 4;, u; thus obtained belongs to .

The existence of & and @ is then proved as in § 25. We
notice that, since we are dealing with simple forms, it is
possible to take the M; here, which correspond to the u; of
§ 25, and to the M; of § 26, as integers; in short, no derivatives
of the 4; will appear in the forms K, L of § 25.

44. Let X be any non-trivial prime system.

We take a pair G, @ as in § 43.

We introduce a new unknown w, and form a system .4 by
adjoining w— @ to . Let 2 be the system of all simple
forms in w, the u, and y, which vanish for all solutions of 1.
It is easy to prove, as in § 28, that £ is indecomposable.
Those forms of 2 which are free of w are precisely the
forms of 3.

As above, we prove that £ has a non-zero form free of
the y,.

We now arrange the unknowns in £ in the order

Upy = oy Uy W5 Yyt Yy

and take a basic set for £
(4) 4, 4,,---, 4.

Here, w, y,, -, y, are introduced in succession.
We take A algebraically irreducible relative to 9.
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As in § 29, it follows that each 4, is linear in y, so that
the equation 4, = O expresses y, rationally in w and the w,.

We call the equation 4 = 0 a simple resolvent of 2 (or
of any system of simple forms equivalent to 3).*

It is easy now to prove that ¢, in § 42, is independent
of the manner in which the u; are selected.

BASIC SETS OF PRIME SYSTEMS

45. We consider simple forms in the unknowns

2(1, "'7uq; yl; "',?/p-
Let
(5) AlyASJ"'7AP

be an ascending set of simple forms, each A; being of class
g+i. We are going to find a condition for (5) to be a basic
set for a prime system.

In what follows immediately, we consider the w; to be
complex variables, and the y, to be functions of the u, and x.
We represent A4;, with this interpretation of the symbols in
it, by ai.

We denote by B an open region in the space of «;
W, -, ug, for every point of which z lies in .

We are going to prove that, for (5) to be a basic set of
a prime system, it s necessary and sufficient that
(a) Given any open region B, there exist p functions, t',§",---,{P

of x; uy, -+, uy, analytic in some open region contained

in B, which make each a; vanish when they are substituted

Jor w1, - - -, yp respectively, and
(b) for every i < p, given any analytic functions {', - - -, [0

of x; w, - -+, uqg which cause a, - - -, ai—1 to vanish when
substituted for y,, ---, yi—, the coefficient of the highest
power of yi in a; does mot vanish for yy =1{9,7=1,...
-++, 1 —1, and, after these substitutions, ai, as a polynomial
m yi, 8 trreducible in the domain of rationality obtained

* One is equipped now to read the first part of Chapter VIIL
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by adjoining to D the variables w,, - - -, uy and the func-
tions T’y - - -, LE—D ¥

Furthermore, we shall see that if (a) and (b) are fulfilled,
no non-zero polynomial in the w;, y;, with coefficients in 9,
of lower degree than each ajiny;, j=1,--., p can vanish
for y;={V, j =1, ---, p where the {¥are functions as in (a).

46. In §§ 46, 47, we treat the necessity of the conditions.
We assume the existence of a prime system =2 for which (5)
is a basic set.

Let m; be the degree of a; in y;.

Let 9, be the domain of rationality obtained by adjoining
the uj to @. If a, were reducible in 9,, 4, would be the pro-
duct of two forms, U and V, each of degree less than m, in y;.
As one of U, V would hold =, (5) could not be a basic set.

Then q, is irreducible, so that the equation ¢, = 0 deter-
mines y;, in some open region B,, contained in B, as any
one of m, distinct analytic functions (i, ---, L, of the
variables x; uy, - - -, uq.

As the coefficient of the highest power of ys; in ag is of
lower degree in y, than a,, that coefficient cannot vanish
identically in x; u,, - - -, ug if 3 is replaced by any {;.

Let y, be replaced by some {;, in a; and let ay be the
polynomial in y, which is thus obtained from a;. Let 9D; be
the domain of rationality obtained on adjoining the indicated
C; to @o.

Suppose that «; as a polynomial in y,, is reducible in 9;.
Let a3 = ¢, 93 with ¢, and ¢, polynomials in y;, of positive
degree, with coefficients in ;. Each coefficient in ¢, and ¢,
is of the form d/8, where 0 and @ are polynomials in
Uy, « - Ugy G With coefficients in 9.

Let 6 be the product of all denominators 8. We may write

(6) Oas = Y Yy

* Thus, the enlarged domain of rationality is a set of functions of x;
Uy, e+, %g. For i =1, the above is to mean that a,, as & polynomial
in yi, is irreducible when u,, ..., 4, are adjoined to D.

The above result establishes an equivalence between the basic sets of
prime systems and certain sets of polynomials used by van der Waerden in
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where ¥, and ¥, are polynomials in y; of degree less than ms,
whose coefficients are polynomials in wu,, - - -, ugs; §i. Making
use of the relation a; = 0 for {; we depress the degrees
in [; of the coefficients in y,, ¥, to less than m,. Each
coefficient will be of the form %/y, with y a polynomial in
W1, - -+, Ug. Multiplying through in (6) by 6,, the product
of the denominators y, one obtains a relation

(7) 6,0 @5 = & &

with & and & polynomials in y, of degree less than ms.
The coefficients of &, & are polynomials in i; uy, - - -, uq,
of degree less than m, in {;. We notice that neither & nor &
vanishes identically in x; wui, ---, ug; y2. Let ¢, g1, g2 be
the polynomials which result respectively from 6,6, &, &
on replacing &i by #1. Then

(8) tas— g1 9gs

vanishes for y, = L.

1

We obtain a relation
9) s (ta,—g,9) —ka, = b

Let s, be the coefficient of y;"* in a,.

with k& and b polynomials in wi, ---, ug, 41, y2, and b of
degree less than m, in ;.

Now b vanishes identically in wi, - - -, ug; 2 for y» = &i.
Hence, if b is written as a polynomial in y, each coefficient
must vanish for y, = {;. As a, is irreducible in 9,, and
as the coefficients in b are of degree less than m, in y,,
b must be identically zero.

Let I, be the initial of 4,, and let 7', G4, G5, K be the
forms which ¢, g1, g3, k¥ become when the u;, y; are regarded
as unknowns. Then

(10) Ff(TAz——Gl Gg)'—KAl = 0.

We observe that @, and G; are reduced with respect to
4,, 4, and are not zero. Now (10) shows that If' G, G,

his treatment of prime ideals of polynomials. (Mathematische Annalen,
vol. 96, 1927, p. 189.)
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holds 2. Thus one of G, Gy must hold X, which is im-
possible.

Hence o, is irreducible in 9D;.

47. Thus the equation e, = 0 defines y, as one of my
functions §j', j =1, ---, mg, of z; wi, - - -, uq, each analytic
in some open region B,, contained in B,. Evidently we
can use a single open region B; which will serve no matter
which {; is used in determining the ms functions (. That
is, we have m, m, pairs {i, [ which are solutions for y,, y»
of @, =0, a, = 0 and these m, m, pairs are the only solutions
of a; =0, a; = 0 analytic in B,.*

Consider any pair ;, §j'. Let s; be the coefficient of the
highest power of y; in a3. We shall show that s; does not
vanish when y; = {i, y2 = {/. Suppose that s; does vanish.
Let ¢ be the polynomial in y, which s3 becomes when y; = {;.
As o is irreducible in 9;, we see, since sz is of degree less
than m, in y,, that the coefficients of the powers of y; in ¢
are zero. That is, the coefficients of the powers of y, in ss
vanish for ¢, = ;. But those coefficients are of lower degree
than m, in y,. This proves our statement.

Let ©; be obtained from 9, by the adjunction of {; and {j’.
Let a3 be the polynomial in ys which ag becomes for y, = {i,
ys = L. We shall prove that @s, as a polynomial in ys,
is irreducible in Dy;.

Suppose that it is not. Then «g = ¢, ¢, with ¢, and ¢, poly-
nomials in ys of degree less than my, with coefficients in 9j;.
Each coefficient in ¢, and ¢ is of the form /8, where 0 and 8
are polynomials in wy, - - -, ug; &i, &j', with coefficients in D.

Let 6 be the product of the denominators 8. Then

(11) 0ag = Y, Yy

where ¥, and ¥, are polynomials in y; of degree less than m;,
whose coefficients are polynomials in wuy, ---, ug; &i, &'.

Making use of the relation a3 = 0 for {;’, we depress
each coefficient in v, W, to be of degree less than m,

*The sets of m, functions {; corresponding to two distinct {i may
have functions in common.
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in §f'. The new coefficients will be of the form y/q with
7 a power of the coefficient of 7 in @; and y a polynomial
in wu, -+, ug; i, &' of lower degree than my in §;. Thus
if 6, is the highest of the powers 7, we have

6, 0 g = & &

with &, & polynomials whose degrees in ys, L' are respect-
ively lower than mgs, ms. In the same way we depress the
degrees in §; of the coefficients in & and & to be less
than m;. We find thus

02010“3 = T T

with 6, a power of the coefficient of %™ in @, and with
7, 75 polynomials in wy, ---, ug; i, §j'; ys whose degrees
in ys, &, L are respectively less than mg, ms, m;. Further-
more, neither of =, 7, vanishes identically in

Ty Uy * =y Ugs Ys.

Let ¢, g1, gs result respectively from 6; 6, #, 7, and 7, on
replacing ; by v, and £} by .. Then

tag— g 92

vanishes for y, == {7, y» = {j/. Let s, and s; be respectively
the coefficients of 7 in @, and of %" in a,. Then we have
a relation

(12) S;‘I 3&" (ta;; — 0 gg)"—kl al"—kg Ay = b

with %;, ks, b polynomials in w, ---, u4; ¥1, Y2, ¥s, the
degrees of b in y, and y, being less than m; and ms
respectively.

Now b vanishes identically in u,, ---, ug; ys if v and y,
are replaced by {; and [} respectively. Hence, if b is written
as a polynomial in ys, each coefficient must vanish for
¥ = Li, y» = §j’. Considering the degrees of the coefficients
in ¥, and y,, we see by the argument used in proving that s,
does not vanish, that b vanishes identically. Thus (12) gives
a relation
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(13) I‘;‘l I;’ (ZYAs’—Gl Gg)_Kl Al—‘Kg Ag == O

with I; the initial of 4;, and with Gy, G; not zero and
reduced with respect to A,, A, ds.

This proves that «; is irreducible in 9;;.

Continuing, we prove the necessity of the conditions
stated in § 45.*

48. We turn now to the sufficiency proof. Let the con-
ditions stated in § 45 be satisfied. We shall prove that ()
has solutions for which no initial vanishes and that, if ¢
and H are simple forms such that G H vanishes for all so-
lutions of (5) which make no initial zero, then either &
vanishes for all such solutions, or else H does.

Let §', ---, P be functions as in § 45. Then no I; va-
nishes when the y; are replaced by the [®. Let

(14) xo; &1y 0y &y

be values of =; u,, ---, u, for which the {® are analytic,
the coefficients in the A; being analytic at 2, and no I; va-
nishing for the above values. If we takew; = &;,i =1, --., q,
the {® become functions of xz which constitute a solution of
() with 1, --- I, $ 0.

Let now G and H be such that G H vanishes for all so-
lutions with 7, --- I, # 0. Let G, and H; be, respectively,
remainders for ¢ and H with respect to (5). Then G, H,
vanishes for all solutions with 7, --. I, $ 0. Then G, H,
must vanish identically in x; w, ---, v, when the y; cre
replaced by the {® as above. This is because, if the quan-
tities (14) are varied slightly, but otherwise arbitrarily, the
t@ will still give a solution of (5) with 1; --- I, + 0. Hence
either @, or H, vanishes for the above replacements. Sup-
pose that G does. Then Gy, being reduced wwth respect to
(5), vanishes identically. Thus G vanishes for all solutions
for which no initial vanishes, and we have our result.

* One might replace the above proof by an induction proof, in which
irreducibility is proved for only one a; with i>>1. We think that, on
the whole, the above treatment is less oppressive than one by induction.
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Let = be the totality of simple forms which vanish for
the solutions of (5) for which no initial vanishes. Then =
is simply closed, and indecomposable. Now, if 2 contained
a non-zero form @, reduced with respect to (5), G would
vanish for y; == {®, ¢ = 1, --., p. This is impossible.
Then (5) is a basic set for =.

Of course, = contains no non-zero form in the w; alone.
Also, by the methods of elimination frequently used, it can
be shown that, for j = 1, ---, p, 2 has a non-zero form
in y; and the u; alone.

49. Let (5) be a basic set of a prime system =. We have
seen that every solution of (5) for which no initial vanishes,
is a solution of . We shall now prove that every solution
of (B) for which no separant vanishes is a solution of =.

Consider any solution of (5)

(15) Wy, = ooy Ugs Yi, ~  Yp

for which no S; vanishes. ILet G be any form in 3. Let
xo be a point at which the functions in (15) and the co-
efficients in the A; and G are analytic, and for which no
S; vanishes for (19). Let

»El: ] El]; Ny “=y Mp

be the values of (15) at z,. An easy application of the
implicit function theorem shows that we can get functions
g, ..., [P as in § 45, analytic at

(16) Zo; &1, 0y &

and assuming there the values 7, ---, 7, respectively.

If we put w; = u; in {©, ¢ =1, ..., ¢, £ becomes y;.
Since the ¢ make no I; zero, we can find values
(17) zg; &,y &
as close as we please to (16), which, with the corresponding
values 71, - -+, 7p of the {“), make no I; zero. If we take
wi = &,7=1,---,q, the { give p analytic functions y;
which, with the u;, constitute a solution of (5) for which
no initial vanishes. Hence G vanishes for

6‘
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.’,U(’); z':i’"'yvztll; 77{7"'7 ”;77
if 2y is sufficiently close to 2. By continuity, G vanishes for
Zos El}"'):-sq; N1y =y Ups

This means that @ vanishes for (15). Our result is proved.

CONSTRUCTION OF RESOLVENTS

50. Before we can develop a method for the effective con-
struction of a resolvent for a prime system for which a basic
set is given, we must have a solution of the following problem.

Let A be a simple form in wu,, ---, ug; w, of positive
degree in w, irreducible as a polynomial in w in 9, (§ 46).
Let A4, be a simple form in wuy, ---, ug; w; y, of positive

degree in y. Let &, be any analytic function of z; uy, .-, uq
which renders A zero when substituted for w. Let « be the
polynomial in y obtained by replacing w by ¢, in 4,. We
assume that the initial of 4; does not vanish for w = {;.
It is required to determine the irreducible factors of @ in 9,
the domain of rationality obtained by adjoining &, to 9.

Several methods are known for resolving e into its irre-
ducible factors. The following treatment is taken from
van der Waerden's Moderne Algebra, vol. 1, p. 130, where
a more general algebraic situation is considered.

It m»st not be thought that we must actually possess g,
to carry out the factorization. It will be seen that all
operations used are rational, and that we get expressions
for the factors of @« with no knowledge relative to ; except
that it renders 4 zero.

Let A be of degree m in w and let {, .-, {m be the
analytic functions of «; w,---, us, other than [, which
render A zero when substituted for w. We assume all {; to
be analytic in some open region B.

Let 2 be an indeterminate and let 8, be the polynomial
in y and 2z which results on replacing y in « by y —z{;.
Let 8;, i = 2, ---, m result from A, on replacing &, by &,
1= 2,--,m. Lety = BBy Bm.
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Then 7 is a polynomial in y, z with coefficients in 9,, the
coefficients being capable of determination by the theory of
symmetric functions. Let y be resolved into irreducible factors
in ©,. This is possible, provided that we are able to factor
a polynomial in one variable with coefficients in ©.* Let

(18) y=20y... 0

with each d; a polynomial of positive degree in y, z, with
coefficients in 9, and irreducible in 9,. Finally let =z,
¢ =1,---,r be the highest common factor of 8, and d;,
both considered as polynomials in y, z, the domain of ratio-
nality being ®,. This highest common factor is obtained by
the Euclid algorithm, bearing in mind that a polynomial §
in &, uy, - - -, uq is zero when and only when the polynomial c,
in w, obtained by replacing §; by w«, in &, is the product
by 4 of a polynomial in w with coefficients in 9.

We shall prove that the highest common factors just found
become, for z = 0, the irreducible factors of « in 9,. Let

o == ?1 wz .o q)k
be a resolution of « into irreducible factors. Then

By = Yy Yy Yy
where each ; results from ¢; on replacing y by y—z¢g;.
It is easy to see that each v;, as a polynomial in y, 2, is
irreducible in 9.

Manifestly each ¥; is a common factor of 8, and of some
d; in (18). If we can prove that, in this case, ¥; is the
highest common factor of 8, and d;, we will have our result.

Let ¢, for j = 2, ---, m, be the polynomial obtained
from ; on replacing §; by {;. Let

(19) 7= Y P Y
Then 7; is a polynomial in y, z with coefficients in 9,, and

vV =" Tz " Nk.
Each d; in (18) is a factor of some 7.

* Perron, Algebra, vol. 1, p. 210.
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Suppose, that ¥, is a factor of d, and that d, is a factor
of 7,. If we prove that ¥, is the highest common factor
of 8, and 7, we shall have our result.

Suppose, for instance, that 7, is divisible by ¥, ¥,;. Then,
by (19)

(20) Y Y™ = o(y, 2) Y,

where ¢ is a polynomial in y, 2z, with coefficients in 9,.
The set of terms of highest degree in y, z in the first member
of (20) is of the form

(21) by —28) -+ (y—2z8n),

with 0 a rational combination of the w; and §;. The terms
of highest degree in the second member give an expression
of the type

(22) a(y, 2) (y—=z8)".

Now (21) and (22) cannot be equal, since no y—z{&; with
i>1 is divisible by y—z{,. This completes the proof.

5I. We consider a non-trivial prime system 2 in the un-
knowns w;, y;, for which

(23) A1y Ay, ooy Ay

is a basic set, each 4; introducing ;. In §§ 53, 54 we show
how, when the A; are given, a simple resolvent can be con-
structed for 2.

52. Let 4, ---, 4, be new unknowns. Let 2, be used to
represent X when the unknowns are the w;, 4;, ;. It is easy
to show, asin § 17, that 2, is indecomposable. Furthermore,
no non-zero form in the w;, 4; holds 2.

We see as in § 43 (or § 25), that there exists a non-zero
form @ in the w;, 4; such that, for two distinct solutions
of =, with the same wu;, 4;, for which G' does not vanish,

the form
Q= llyx+"'+lpyp

gives two distinct functions of x.*

* At present, we have no way of determining G.
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By § 44, a simple resolvent exists for 3;, for which w = Q.
Let £ be the system of all simple forms in the w;, 4;, w, y;
which hold 2; and w—@Q. We consider a basic set for £,

(24) R, R, ---, B

in which w, y,, - - -, yp are introduced in succession and in
which R is algebraically irreducible. Then B =0 is a re-
solvent for 3, and each R; is linear in y;.

53. We shall now show how a basic set (24) can actually
be constructed.

By the method of elimination of § 31, we can determine,
by a finite number of rational operations, a non-zero simple
form S in w, the 4; and »; which vanishes for all solutions
of (23) and w— @ for which no initial in (23) vanishes.
Then S belongs to 2. Now, let

S =25 -8

with each S; algebraically irreducible relative to 9. Then
some S; holds £2. The selection of such an S; can be made
as follows. Consider any S; and let 7' be the form obtained
from it on replacing w by Q. For S; to hold £, it is
necessary and sufficient that 7'hold =,. Let 7' be arranged
as a polynomial in the 4;. For T to hold 2, it is necessary
and sufficient that each coefficient in the polynomial hold 2.
A coefficient will hold X if and only if its remainder with
respect to (23) is zero.

Every form in the u;, 4 and w which holds £ is divisible
by B. Thus an irreducible factor of S which holds £ must
be the product of R in (24) by a function in 9.

We have then a method for constructing a simple resolvent
for 3;. It remains to show how a complete basic set (24)
can be determined.

Let U be the form which results from R on replacing w
by w4y, and 4, by 2, + 1. Then U holds £2. The degree
of U in y, is that of- R in w and the coefficient of the
highest power of y in U is free of wu.
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Now let { represent any analytic function of the wu;, 4;
and z which makes R vanish when substituted for w. Let
a be the polynomial in y, obtained on replacing w in U by £.
Let

(25) @ = @ty - Ay

be a decomposition of « into irreducible factors obtained as
in § 50. The coefficients in the «; are rational combinations
of £, the u; and 4;. Let 8 be the product of the denominators
of these coefficients. Then

Ba = yirs -+ ¥m.

The y; are irreducible and their coefficients are polynomials
in §, the w; and ;. Let B be the form which results from 8
on replacing { by w. Let C; result similarly from y;. Then

(26) BU—C, - Cn

vanishes identically in y; when w is replaced by {. It follows,
as in § 46, that (26) holds £, hence that some C; holds 2.

Suppose that C; is found (by test) to hold 2. We say
that C; is linear in y,. If I, is the initial of R, in (24)
we have

27 ¢, = HR + K

where K is free of y,. As K holds £, 1t is divisible by
R. Thus, if ¢; were not linear, (27) would imply that y,
is reducible. *

It is only necessary, then, to take the remainder of C)
with respect to R in order to have a form which will serve
as R, in (24).

The R; with 2 >1 in (24) are determined in the same
way.

54. It remains now to construct a resolvent for =.

Let I be the initial of R, in (24) and I; that of R;. As
I; and R are relatively prime polynomials, we can find forms
M;, N;, L; such that

* We note that I, cannot vanish when w is replaced by ¢
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(28) Mili+ Ni B = L;
with L; free of w, and not zero.
Let the 4; be replaced by integers a; in such way that

1L, - - L L - L

does not vanish. We shall show how (24) gives, for these
substitutions, a resolvent for I with

w =y + -+ apyp.
Let @ be the indecomposable system obtained by adjoining

W— QY — " 0apYp

to =. For the substitution 1; = a;, (24) becomes a system
(29) 'R,) Rir Tt R;

Then each form of (29) holds @. Let R’ be resolved into
its irreducible factors in 9. One factor S, which can be
determined, will hold @.

If we put 4; = a; in (28), we see that no Rj has an
initial which is divisible by S. Let S; be the remainder of
R; with respect to S. Then each form in the set

(30) S; Sl) Y Sp
holds @.

It is clear that (30) is a basic set for the totality of
simple forms which hold @. To show that § = 0 is a
simple resolvent for 2, we have to prove the existence of
the form G of § 43. If two distinct solutions of @ have
the same wu; and w, the w; and w must make the initial
I/ of some S; in (30) vanish. Aus I; and S are relatively
prime polynomials, we have a relation

M;Ii+ N; S = L;

with L; a non-zero form in the u; alone. Then L, ... Ly,
which can actually be constructed, will serve as G.
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RESOLUTION OF A FINITE SYSTEM INTO INDECOMPOSABLE SYSTEMS

55. Let X be any finite system of simple forms iny,, ---, y,,
not all zero. In this section, we show how to determine
basic sets of a finite number of prime systems which form
a set of systems equivalent to 2. Later, we shall obtain
finite systems of forms equivalent to the prime systems.

Let
@31) Ay ds, -, Ay

be a basic set of X, determined as in § 4. If 4, is of class zero,
3 has no solutions and is thus indecomposable. We assume
now that A, is not of class zero. For every form in X,
let the remainder with respect to (31) be determined. If
these remainders are adjoined to =, we get a system X"
equivalent to =. By § 4, if not all remainders are zero,
X' will have a basic set of lower rank than (31). We see,
by § 3, that after a finite number of repetitions of the above
operation, we arrive at a finite system 7, equivalent to 2,
with a basic set (31) for which either A; is of class zero
or for which otherwise the remainder of every form in A
is zero.

Let us suppose that we are in the latter case. We shall
make a temporary relettering of the y,. If, in the basic
set (31) for 4, A, is of class j;, we replace the symbol Y,
by y;- The g = n—p unknowns not among the y;, we call,
in any order, e, -, 1,. We list all the unknowns in the
order uy, - -+, U5 Yyy oy Yy

With this change of notation, we proceed to determine,
using § 45, whether (31) is a basic set for a prime system.

If A4, is reducible, as a polynomial in g, and if A, = B, B,,
where B, and B, are of positive degree in y,, then 4 will
be equivalent to /-4 B;, /-4 B; and each of the latter
systems, after we revert to the old notation for the unknowns,
will have a basic set lower than (31).

Suppose then that 4, is irreducible and let {’ be any
analytic function of x; w,---, u, which annuls 4, when
substituted for y,. Let «, be the polynomial in y, which
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A; becomes, for this substitution. Suppose that «; is reducible
as a polynomial in y,. By (10), there exist non-zero forms
Gy, Gy, reduced with respect to 4, A, such that I, G Gs
holds 4. Of course, § 50 furnishes a method for actually
determining ¢; and G,. Then ./ is equivalent to

A+T, A+G,, AL+G

Each of the latter systems, after we revert to the old notation
for the unknowns, has a basic set of lower rank than (31).
This becomes clear if one considers that, in (10), 7, Gy, G5, K
do not involve any u; not effectively present in 4, and A,.’

Suppose now that e, is irreducible. Let 4, and 4, vanish
for y, =10, y,=1"{"'. Let a, result in the usual manner
from A,. If «, is reducible with respect to y,, we see

from (13) that £ is equivalent to

A+T, A+L, A+G, A+G,,

each of which latter systems, in the old notation, has a lower
basic set than (31). What we need, however, is a method
for resolving «g into its irreducible factors. The irreducibility
properties of A; and «, show that A4,, 4, is a basic set of
a prime system A’ in w;, -+, 05 ¥, y,. Let R=0 be
a simple resolvent for ', constructed as in § 54, with

(32) w—a,y,—a,y, = 0,

ay, as being integers. It is clear that a, '+ as{” annuls B
when substituted for w, and that ' and {” are each rational
in a4+ agt”, with coefficients in ®,. In short, if B is
any form in the w;, » and w, which holds «#' and the first
member of (32), and if C results from B on replacing w by
a1+ axys, then C holds 4'. Then

II 0 = K, A+ K, 4,,

so that C vanishes for y, =1{’, y, = {”. Thus, in factoring oj,
we may use the domain of rationality obtained by adjoining
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the w; and ;&' + a; " to ©. The factorization is accom-
plished as in § 50.

All in all, we have a method for testing 4 to determine
whether (31) is a basic set of a prime system, and for
replacing 4 by a set of systems each with basic sets lower
than (31) when the test is negative.*

Using now the old notation for the unknowns, let us
suppose that (81) has been found to be a basic set for a prime
system. Let X, denote the latter system. Then .7 is equi-

valent to
X, A+1L, -, A+ I,

Each £ 4 I; has a basic set which is lower than (31).

What precedes shows that the given system X can be
resolved into prime systems, as far as the determination of
basic sets of the prime systems goes, by a finite number of
rational operations and factorizations, provided that the
same can be done for all finite systems whose basic sets
are lower than those of 2. The final remark of § 3 gives
a quick abstract proof that the resolution is possible for .
What is more, the processes used above, of reduction, factor-
ization and isolation of prime systems 2, give an algorithm
for the resolution.

56. It remains to solve the following problem: Given
a basic set
(33) Aiy -y 4y

of a non-trivial prime system £ in yi,---, ya, each 4; being
of class ¢+4¢, (p-+¢qg=mn), it is required to find a finite
system of forms equivalent to 2.t

57. Let
(34) 2i=ti1y1+---+tmyn, 7 = 1,...’n’
*1f, when the unknowns are wi, .-+, % Y1, -, ¥», (31) is a basic

set for the prime system £, then, when we revert to the old notation,
(31) will be a basic set for the system into which 2 goes.

T3 of § 55 leads to several systems 2. For each 2, we reletter the
unknowns appropriately. After finite systems are found, equivalent to
the various £, we can revert to the original lettering.
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where the z;, t; are new unknowns. Given any ¢-+1 of
the Ziy

Zijy oy B,

we find, by the method of § 31, a non-zero form in those z; and
the ¢; which vanishes for arbitrary ¢;, provided that the z; are
obtained, according to (34), from y; which satisfy (33) and
make no initial in (33) zero.

Let B be such a form in 2z, ---, z,4+1. Let m be the
degree of B considered as a polynomial in the z;. We shall
show how to obtain a relation ¢'= 0 among z, ---, Zg41,

where C is of degree m as a polynomial in the z; and, in

addition, is of degree m in each z; separately, ¢ =1,---,¢41.
Let

(35) zi = an2it- -t aigr2g4, 1=1,--,q9+1,

where the z; and the a; are new unknowns.

Then B = 0 goes over into a relation B = 0, B’ being
a polynomial in the z; whose coefficients are simple forms
in the #;;, a;;. The degree of B’ in each z; will be effectively m.*
Furthermore, we can specialize the a;; as integers, in such
a way that the determinant |ay| is not zero and that the
coefficient of the mth power of each z; in B’ becomes a non-
zero simple form in the #;. Let this be done, and let B”
be the form in the zi, #; into which B’ thus goes.

From (34), (35), we find

(36) z; = 1i1y1+"'+rinyn; i1=1, .- Q‘{‘l,

where each 7 is a linear combination, with rational numerical
coefficients, of the ¢; with ¢ < g+1. From (35), (36), we
see that the ¢; with ¢ <q-+1 are linear combinations of
the 7, with integral coefficients. Hence, the z; may be
made to become arbitrarily assigned analytic functioms, if
the #; are taken appropriately.

In the relation B” = 0, we substitute, for each ¢;, its
expression in terms of the z;. Then B” goes over into a

* Perron, dlgebra, vol. 1, p. 288.
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form B"”' in the 2, v;;, i=1,-.-,q+1. We now replace,
in B"”', each 7; by #; and each z; by z. Then B"' goes
over into a form ¢ in 2, ---, 21 and the #;, C being of

degree m as a polynomial in the z;, and of degree m in
each z; separately. Furthermore C' vanishes for all z; given
by (34) for which the y; satisfy (33) and make no initial
zero. This is because (36) may be considered equivalent to
the first ¢-+1 relations (34).

Evidently the relation ¢'= 0 will subsist if we replace
Z1, +++, Zg11 by any q-+1 of the z;, provided that a corre-
sponding substitution is made for the ¢; in C.

We now specialize the ¢, in (34) as integers with a non-
vanishing determinant, in such a way that the relations
obtained from (' = 0 for the various sets of g-1 unknowns
remain of effective degree m in each z; appearing in them.
These relations will have coefficients in 9.

58. We consider z, ---, 2, with the ¢; fixed as above.
If the y, are replaced in (33) in terms of the z;, we get
a system @ of p forms in the z;. Let basic sets be deter-
mined for a set of prime systems equivalent to @. Let
Xy, --+, X be those prime systems which are not held by
the initial of any A; in (33), the y; being replaced in the
initials in terms of the z;.* There will be one of the 2; which
holds the remaining 2;. This is because, in a resolution
of (33) into indecomposable systems none of which holds
any other, there is precisely one which is held by no initial.
To determine that X; which holds the others, all we need
do is to find a =; whose basic set holds the other 2j.
Suppose, for instance, that the basic set of 3, holds
3, -+, Y. Then, if X, does not hold XIj, the initial of
some form in the basic set of 2, must hold 2;. Then
surely X cannot hold X,. Thus if =, does not hold all 3;,
no I can hold all 2;. Then I, holds all 3;. »

3, is obtained from £, (§ 56) by replacing the y; in terms
of the z;, We shall prove that 2,, like £, has ¢ unconditioned

*The condition for a form to hold a prime system is that its remainder
with respect to the basic set vanish.
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unknowns (§ 42). To begin with, it is easy to see that the
forms in any ¢-+1 of the z;, found in § 57, belong to ;.
On the other hand, if there were fewer than ¢ unconditioned
unknowns in =;, we could use the basic set of X, to determine
a non-zero form in yi, ---, y, belonging to 2.

Changing the notation if necessary, let z, ---, z, be un-
conditioned unknowns for =;. Then 2, will have a basic
set
(37) Bl) T BI?

in which B; introduces z,+;. We assume, as we may, that
B, is algebraically irreducible.
59. We construct a simple resolvent 2 = 0 for 3,, with

(38) W= WmZgt1t o Ap2gip,

the a; being integers. Let R be of degree g in w.

We shall prove that the initial of 12 is a function of z
in ©. According to § b7, each z;, 7>gq, satisfies with
21, -+, z; an cquation of degree m in z;, the coefficient of z7*
being a function of x in ©. We may and shall assume that
the coefficient of 2", i>>¢, in each of these p equations is
unity. Then (38) shows that w satisfies with z, ---, 2, an
equation in which the coefficient of the highest power of w
is unity.* This implies that, in the algebraically irreducible
simple form R, the coefficient of w? is free of z, ---, 2.
We may and shall assume that the coefficient of w9 is unity.

We shall show that
(39) g — Lot Ea w+~15~iEi,g_1 we!

i=¢q+1, ..., n, where the E;; and D are forms in 2y, - -+, z,.
Let

MZq+1—N = O,

where M and N are forms in w; 2, ---, 2, of degree less
than ¢ in w. As M and R are relatively prime polynomials,
we have

-* This is analogous to the fact that the sum of several algebraic integers
is an algebraic integer. See Landau, Zahlentheorie, vol. 3, p. 71.
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PM+QR = L
where L is a non-zero form in z,, ---, z;. Then
L2q+1—P.N == 0,

and, replacing PN by its remainder with respect to R, we
have a relation (39) for z,4:. FKvidently we may use the
same D for z441, -+, 2n.

60. Let ui, ---, wp; v be new unknowns and let -/ be
the totality of simple forms in the z:, u; and v which hold
3, and

UV—U12g41— " ——UpZn.
Then A4 has an algebraically irreducible form Zin v, 21, -+, 2,
and the wu;, the coefficient of whose highest power of v is
unity.*

We shall prove that Z is of degree ¢ in ». Using (39),

we see that
Ko+ -+ Ky uf™?!
D

where the K; are simple forms in z, ---, 2z, and the u;, and
where w is given by (38). For the first ¢ powers of v, we
get similar expressions if we make use of R = 0. We in-
fer, by a linear dependence argument, that v satisfies, with
21, ---, 2¢ and the wu;, if D 4 0, an equation of degree at
most g in ». The condition that D F 0 is removed by con-
sidering that .7 is prime. Thus Z is at most of degree ¢ in v.
On the other hand, as v becomes w if u;=a;, 2 =1, ---, p,
Z cannot be of degree less than g in v.t
Let v be replaced in Z by

(40) ul 2q+1 + e + up Zn.

Then Z becomes a form in z, ---, z» and the u;. Let this
form be arranged as a polynomial in the Ui with coefficients
which are forms in the: z;.

* Note that each uqz,4s satisfies an equation with the coefficient of
the highest power of u:z,+: equal to unity.

T Note that, since the coefficient of the highest power of v is free of
the %, Z cannot vanish identically for wi = a.
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Let & be the finite system of these coefficients (forms in
the z;). We are going to prove, in the following sections,
that ¥ is equivalent to 3. Thus, if the 2 are replaced in
W by their expressions (34), we get a finite system of forms
equivalent to £2. We shall thus have solved the problem
stated in § 56.

61. We begin with the observation that for given analytic
functions 2z, ---, 2, to constitute a solution of ¥, it is
necessary and sufficient that, for v as in (40), and for
2, -+, 2 as just given, Z vanish for arbitrary w;. This
shows, in particular, that & holds Z,.

Let @ be the discriminant of R with respect to w and let

K = D@,

where D is as in (39). We shall prove that every solution
of ¥ with K4 0 is a solution of 3;,. Let &, .--, & be
such a solution of ¥. Corresponding to &, ---, &, the
equation B = 0 gives g distinct solutions for w. Using
each such w in (39), we get ¢ distinct solutions

»El, M) Eq; Z(qjj.ly ) Z;{”a .7 =1, -+ 9

of 2;. Let 8 be the polynomial which Z becomes for z; = &;,
1 =1, .-+, q. Then

g
B = H (v—u &f) ) — - —up2d).
J=1

But v—u; §gr1— - —up s is a factor of . This shows
that for some j, 2 = &, ¢ = q41, ---, n, and proves
our statement.

62. We are going to show that, given any solution &, ---, &,
of &, the &; being analytic in some open region 2; in %,
there exists an open region ', contained in 2[;, in which
the solution can be approximated uniformly by a solution of ¥
for which, throughout %', K 4 0. That is, for every ¢>0,
there exists a solution 7,, ---, 9, of &, analytic throughout 2U',
such that K 4 0 throughout 2’ and that | & — ;| < ¢ through-
out A, i=1,...,n.
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This will show that 3, holds &, for since a form in 3
vanishes for every solution of ¥ with K 4 0, it will vanish,
by continuity, for every solution of #. We shall thus know
that ¥ and =3, are equivalent.

63. We shall establish the more general result that if H
is any non-zero simple form in z, ..., 2,, then given any
solution of ¥ analytic in 2, there is an A’ in A, in which
the solution can be approximated, as above, by a solution
of & with H distinct from zero throughout A'.

It will evidently suffice to consider a solution of ¥ for
which H = 0.

We assume 2; to be so taken that the equations of degree m
which 2441, - - -, 2, each satisfy with z, ---, z, (§ 59) have
their coefficients analytic throughout %,. We assume also
that the coefficients in H, in K of § 61, in R of § 59 and
in D and the Ej of (39) are analytic throughout %,.

There is evidently no loss of generality in assuming that
H is divisible by K. We make this assumption.

Let by, - - -, by be constants such that

H(§1+I)1y"'y §q+bq)

does not vanish for every x. Then, if / is a complex variable,

(41) HE A+ bk, -, &+ bgh)
is a polynomial in % of the type
(42) ar b+ - agh?,

where the «; are functions of z analytic in A;. Since (42)
vanishes for - = 0, we have r > 1. We assume that «, is
not zero for every x.

Let UA; be an open region in A; in which «, is bounded
away from zero. Let A2 be small, but distinct from zero.
Then (42) cannot be zero at any point of 2A;. Thus, if

(43) z; = &+ bih, i=1,---,q,

R =0 will have g distinct solutions for w, each analytic
in Ag. This is because H is divisible by the discriminant of E.
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As H is divisible by D in (39), |=; will have ¢ distinct
solutions with 2, ---, 2, as in (43), for which zp4q, ---, 2,
are given by (39) and are analytic throughout 2.

Consider a sequence of non-zero values of %2 which tend
towards zero,

(44) Ny, hgy oo ey Dy - -

each h; being so small that (42) is distinct from zero through-
out . For each Ay, if

(45) 2y = Ej-{'—b"hl’ j:l,...’q,
Z will vanish if

(46) o= w28 e 2,

k=1,.--,g9, where the 2z are analytic throughout %,.

It is understood, of course, that the z* depend on A;. For

any h;, the g expressions (46) are distinct from one another.
As the equation of degree m which each z;, j >q satisfies

with 2, ---, 2, has unity for the coefficient of 2, (§ 59),

there is a region 2 in A, and a positive number 4 such

that, throughout s,

40 || < d

for j =q+1,---,n; k=1, ---, g and for every %; in (44).
This is because the coefficients of z]*~%, - - -, 2%, in the above
considered equation, are bounded quantities.

For each %; of (44), let one of the g expressions (46) be
selected, and designated by v®. We form thus a sequence

(48) ’U,y v”1 T Um, Tt

Let A’ be any bounded open region which lies, with its
boundary, in As. From (47) we see, using a well known
theorem on bounded sequences of analytic functions,* that,
for some subsequence of (48), the coefficients of each wu;,
i=1,..-,p, converge uniformly throughout 2’ to an analytic
function. Let the limit, for the subsequence, of the coefficient
of u; be L;. We find thus that if

* Montel, Les familles normales de .fonctions analytiques, p. 21.
Dienes, The Taylor Series, p. 160.

7‘
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(49) ij_z_h j::l’...’q,
Z vanishes for
/ !
v = 1w {grat -+ Fup G

Deleting elements of (44) if necessary, we assume that the
convergence occurs when the complete sequence (48) is used,
rather than one of its subsequences. For each %; there are
g—1 expressions (46) not used in (48). Let one of these
g—1 expressions be selected for each %;, and let (48) be
used now to represent the sequence thus obtained. As above,
we select a subsequence of (48) for which the coefficients
of each u; converge uniformly in 2. This gives a second
expression

v = Sgrat - Fup &y
which causes Z to vanish when (49) holds. Continuing, we
find ¢ expressions
(50) v = wlhi+ - +upltd,
k=1,--., 9, which make Z vanish when (49) holds.

Let v represent the second member of (50). Again, let
wi represent the second member of (46), it being understood
that the subscripts k¥ are now assigned, for each %;, in such
a way that the coefficient of «; in wx converges to that
in vx as h; approaches 0.

Then since the g expressions wy are distinct from one an-
other for every %;, we will have, representing by A the
polynomial which Z becomes when (45) holds,

B = (@—w)- - (v—uwy.
By continuity, if we represent Z, when (49) holds, by 7,
r = @—uv) - (v—up).
But since &, ---, & is a solution of ¥,
v—u Egr1— - —up &

must be a factor of y. This shows that, for some %,

§= 1, i=gq+1,--,n.
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This establishes the result stated at the head of the present
section and proves that & is equivalent to I;.

A SPECIAL THEOREM

64. We prove the following theorem.

THEOREM: Let = be an indecomposable system of simple forms
N Y, -+, yn. Let B be any simple form which does not hold =.
Given any solution of =, analytic in an open region Ay, there is
an open region W', contained in Wy, in which the given solution
can be approximated uniformly, with arbitrary closeness, by
solutions of I for which B is distinct from 0 throughout %',

We assume, without loss of generality that = is prime.
If the transformation of § 57 is effected, = may be replaced
by =i, while B goes over into a form C in z, - - -, 2,.

C does not hold =;. Let z441,---, 2n be replaced in C
by their expressions (39). We find that, for all solutions
of 3y, with D 40,

N
where N is a simple form in w; z,---,2,. In (81), w is
supposed to be given by the second member of (38). Because DC
does not hold 5y, N is not divisible by R of § 59. Thus, we have

(52) XR+ YN = H,

where H is a non-zero simple form in z, - - -, z,.

Let UAs; be a region, contained in U, in which the coef-
ficients of the forms in (51) and (52) are analytic. We see
that if a solution of =; makes C vanish at some point ¢
in Ay, then D H vanishes at ¢c. But there is a region A’
in A, in which any given solution of =, can be approximated
uniformly by a solution for which D H, hence C, is distinct
from zero throughout A'. As the y; vary continuously with
the z;, we have our theorem.*

* This useful theorem, and the comsiderations which lead up to it, do
not seem to exist in the literature, even for the case of equations with
constant coefficients. Professor van der Waerden recently communicated
to me a different proof, which deals with the case of constant coefficients.



CHAPTER V
CONSTRUCTIVE METHODS

CHARACTERIZATION OF BASIC SETS OF IRREDUCIBLE SYSTEMS

65. Let
(1) AlyAi!;"'yAp

be an ascending set of differential forms in

Uy -y Ugy Yy "y Ypy

each 4; being of class ¢+ 7. We are going to find a necessary
and sufficient condition for (1) to be a basic set of a closed
irreducible system.

Let the order of 4; in y; be ;. We represent yir, by zi,
i=1,..., p. The remaining y; in (1) and the wu; present
in (1), we designate now by symbols vk, attributing the sub-
scripts & in any arbitrary manner. With these replacements
of symbols, (1) goes over into an ascending set of simple
forms,

(2) By, By, - -, Bp
in the unknowns
(3) Uty ***y Ur; 31""1211'

The passage from (1) to (2) is purely formal. Once it is
effected, we treat (2) like any other set of simple forms in
the vi, z;. For instance, whereas, in a solution of (1), yi j+1
must be the derivative of y;, any set of analytic vi, z; which
annul the B; will be considered a solution of (2).

We are going to prove that for (1) to be a basic set of
a closed irreducible system, it is nmecessary and sufficient that
(2) be a basic set for a prime system in the unknowns (3),
the domain of rationality being .

92
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We prove first the necessity. Suppose that the condition
is not fulfilled. Referring to § 55, and also §§ 46, 47, we
see that, since (2) is not a basic set of a prime system,
there exists, for some j, an identity
Ifv... 15 (I'B;— 6,G) —K,B,— .- —K; B, | =0,

where I; is the initial of B; and G,, G are non-zero forms in
the unknowns in By, ---, Bj, which are reduced with respect
to By, .-+, B;.

To this identity, there corresponds an identity in forms in
the wus, yi,

@) Ji I (SA—H H)— LA, — - — L_ A;_, =0,

Jj—1 J—177)

where J; is the initial of 4;. Here H; and H; are non-zero
forms of class ¢+ 5, which are reduced with respect- to
Ay, -+, 4;. Thus, if (1) were a basic set of a closed ir-
reducible system, either H;, H; or some J; would belong to
the system. This completes the necessity proof.

Suppose now that the condition is fulfilled. We shall prove
first that (1) has regular solutions. Consider any regular
solution of (2). Let a be a value of x for which the func-
tions in the solution, and the coefficients in (2), are analytic,
and for which no initial or separant in (2) is zero (for the
given solution). Let the values of the v;, z; at a be assigned
to the corresponding u;, y5 in (1). We construct functions
Uy, -+ -, Ug, analytic at a, for which the u; in (1) have the
indicated numerical values. If we assign to the first r;, —1
derivatives of y,;, at @, the numerical values associated with
them above, the differential equation 4, = 0 will have a
regular solution in which the »; are the functions above and
in which the first », derivatives of 4, have, at a, the above
assigned values. We substitute 1w, - - -, ug; ¥ into 4, and
solve for y; with the initial conditions determined above.
We have now a regular solution of 4;, 4s. Continuing, we
find a regular solution of (1).

Now, let G and H be two forms such that G H vanishes
for all regular solutions of (1). Let G; be the remainder
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of G with respect to (1), and H; the remainder of H. Then
G4 H; vanishes for all regular solutions of (1). It may be
that @, and H; involve certain w; not effectively present
in (1). In that case, let new symbols »; be added to (3)
for the new ;. Then (2) will be a basic set for a prime
system even after this adjunction of unknowns, for it will
continue to satisfy the condition of § 45.

As we saw above, the values of the functions in a regular
solution of (2), at a point a which is quite arbitrary, are
values of the wuy, yi; in a regular solution of (1). This
means, if (3 and H, are obtained from G, and H; by
replacing the wus;, y; by the v, z;, that Gy H, vanishes for
all regular solutions of (2). Hence either G vanishes for
all regular solutions of (2) or H; does. Suppose that Gy does.
As @, is reduced with respect to (2), G, vanishes identically.
Then G vanishes for every regular solution of (1).

Thus, the totality = of forms which vanish for the regular
solutions of (1) is an irreducible system. What precedes
shows that if a form G belongs to =, the remainder of &
with respect to (1) is zero. This means that ¥ has no non-
zero form reduced with respect to (1), so that (1) is a basic
set of =. The sufficiency proof is completed.

66. We shall prove that if (1) s a basic set of a closed
wrreducible system =, then every solution of (1) for which no
separant vanishes is a solution of =.

Let S; be the separant of 4;. Let G be a form which
vanishes for all regular solutions of (1). As in § 5, we can
show the existence of integers s, ---, s, such that, when
a suitable linear combination of derivatives of 4;, ---, 4p,
with forms for coefficients, is subtracted from

S‘:l... S"pG,

y4
the remainder, G, is not of higher order than any 4;in y;,
7 = ) Y P
Let H result from (4 when we pass to the unknowns (3).
Then H vanishes for every regular solution of (2). Hence,
by § 49, H vanishes for every solution of (2) for which no
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separant vanishes. Then @, vanishes for every solution of
(1) for which no separant vanishes. So does . This proves
our statement.

BASIC SETS IN A RESOLUTION OF A FINITE SYSTEM
INTO IRREDUCIBLE SYSTEMS

67. Let = be any finite system of forms in g, ---, ¥Yn,
not all zero. In this section, we show how to determine
basic sets of a finite number of closed irreducible systems
which form a set of systems equivalent to =. In Chapter VII,
we give a theoretical process for determining finite systems
equivalent to the closed irreducible systems.

Let
(5) Al; A27 ) AII

be a basic set of =, determined as in §4. If 4, is of
class zero, = has no solutions, and is thus irreducible. We
assume now that 4, is not of class zero. For every form
in =, let the remainder with respect to () be determined.
If these remainders are adjoined to =, we get a system X’
equivalent to =. By § 4, if not all remainders are zero,
S will have a basic set of lower rank than (4). We see,
by § 3, that after a finite number of repetitions of the above
operation, we arrive at a finite system .7, equivalent to =,
with a basic set (b) for which either 4, is of class zero or
for which, otherwise, the remainder of every form in 7 is zero.

Let us suppose that we are in the latter case. We shall
make a temporary relettering of the y;. If, in the set (5)
for 4, A; is of class j;, we replace the symbol yj, by Yie
The ¢ = n—p unknowns not among the y;, we call, in
any order, wi, ---, ug. We list all the unknowns in the
order WUry =y Ugs Y1y 5 Ynpo

With this change of notation, we determine, by § 65,
whether (5) is a basic set of a closed irreducible system.
If it is not, we see from (4), that 7 is equivalent to

/1+Jl: Yy /1+J,}—1’ A‘l"le /1+H2
Each of the latter systems, after we revert to the old notation,
will have a basic set lower than (5).
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If when the unknowns are the w;, y;, (D) is a basic set
of a closed irreducible system £, then, when we revert to
the old notation, (5) will be a basic set for the closed
irreducible system into which £ goes.

Using now the old notation for the unknowns, let us suppose
that (5) has been found to be a basic set for a closed
irreducible system. Let 2; denote the latter system. Then.
by § 66, A is equivalent to

‘\:17 A+Sly Tt /1+S}’

Each 44 S; has a basic set which is lower than ().

What precedes shows that the given system 3 can be
resolved into irreducible systems, as far as the determination
of basic sets of the irreducible systems goes, by a finite number
of rational operations, differentiations and factorizations,
provided that the same can be done for all finite systems
whose basic sets are lower than those of 2. The final remark
of § 3 gives an abstract proof that the resolution is possible
for 3. What is more, the processes used above give an
algorithm for the resolution.

In the resolution into irreducible systems obtained above,
some systems may be held by others.

The algorithm obtained above contains in itself a complete
elimination theory for systems of algebraic differential equations.
We get all of the solutions of 2 by finding the solutions of
each basic set which cause no separant to vanish. A solution
of an irreducible system which annuls some separant will be
a solution of some system like .74 S; above, and hence will
ultimately be found among the solutions of some other
irreducible system, where it annuls no separant. Thus our
algorithm reduces the process of determining all solutions of
a system of algebraic differential equations to an application
of the implicit function theorem and of the existence theorem
for differential equations.

It follows from what precedes that a system of forms in
Y1, ***, Yn, tn which each form is lnear in the yi;, is an
trreducible system.
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TEST FOR A FORM TO HOLD A FINITE SYSTEM

68. Let @ be any finite system of forms. Let it be
required to determine whether a given form G holds @.
What one does is to resolve @ into irreducible systems as
in § 67. For G to hold @, it is necessary and sufficient
that G hold each irreducible system. The condition for G
to hold one of the irreducible systems is that its remainder
with respect to the basic set of the irreducible system be zero.
This gives a test which involves a finite number of steps.

CONSTRUCTION OF RESOLVENTS

69. Let
(6) Al’ A27 T AP;
where the 4; are forms in w,, - - -, wg; 41, - - -, Yp, €ach 4; of

class g+, be given as a basic set of a closed irreducible
system I. We suppose that either & does not consist entirely
of constants, or u; actually exist.

We shall show how to construct a resolvent for =.

We begin by showing how to obtain the form G of § 25.
Let B; be the form obtained from 4;, by replacing each y; by
a new unknown z;. We consider the finite system £ com-
posed of the forms of (6), the forms

(7) Bly"'7Bp

and also
MWyi—2)+ - 44y (yp—2p),

where the 4; are unknowns. We order the unknowns as follows:
Uy -y Ugs }'1;"',)'1); Yy oy Yy 21y -y Zpe
We apply the process of § 67 for resolving 2 into irreducible
systems, each irreducible system being represented by a basic
set. The theory of §§ 25, 26 shows that each irreducible
system which is not held by every form y;—2z has a basic
set containing a form in the u; and A; alone. We obtain,
by a multiplication of such forms, the form K of § 25.
When & contains a non-constant function, the determination
of u; which do not annul L of § 25 is an elementary problem
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whose solution is sufficiently indicated in § 25. When u; exist,
we find the M; of § 26 by inspection.

To avoid tedious discussions of notation, let us limit
ourselves now to the case in which & does not consist of
constants. Consider the system

(8) Ay, ooy dpy, w— (- Frpyp)
in the unknowns

9 Upy + v =y Ugs Y1y v 0 vy Ypy W.

The totality of forms which vanish for all solutions of (8)
which annul no separant is the system £ of § 28. Every
other closed essential irreducible system held by (8) is held
by some separant.

We rearrange the unknowns (9) in the order

Upy = vy Ugs W5 Yuy **°y Yp,

and apply the process of § 67 to resolve (8) into irreducible
systems. We test these irreducible systems to see whether
they are held by the separant of some A;, and pick out
those, say I, .--, 35, which are held by no separant.

As (8) has only one essential irreducible system which is
held by no separant, there must be one =; which holds all
other I;. To find such a I;, we need only find a 3; whose
basic set holds all other ;. For, let the basic set of I,
hold =y, --., &,. If X, does not hold I, the separant of
some form in the basic set of =,, must hold Ij, so that 5j
cannot hold 2,. Thus, if I, does not hold every =i, no
I; can hold every 2.

S; will have a basic set

R, Ry, -, By

in which R is an algebraically irreducible form in w and
the w; and in which R;, : =1, --., p, introduces y;. By
88 28, 29 each equation RB; = O determines y; rationally in w
and the w; and R = 0 is a resolvent for =.
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A REMARK ON THE FUNDAMENTAL THEOREM

70. The results of §§ 65-67 furnish a new proof of the
fact that every finite system of forms is equivalent to a finite
number of irreducible infinite systems. Using the lemma of
§ 7, we obtain the theorem of § 13. This new proof of the
fundamental theorem appears to us not to depend on Zermelo’s
axiom. But only that part which is stated above has been
demonstrated on a genuinely constructive basis.

JACOBI-WEIERSTRASS CANONICAL FORM

71. Let 3 be a closed irreducible system with (1) for basic
set. Let 4 be the prime system for which (2) is a basic set.
We build a simple resolvent, £ = 0, for .4, with

w—a z— - —apzp = 0,
the a; being integers. We have
(10) M;zi—N, = 0 1 = lapy

where the M;, N; are simple forms in w and the v;.
Let £ be the totality of forms which vanish for the common
solutions of 2 and

w— al ylrl— T ap yprp'

Let R go over into a form R’ when the v;, z;, are replaced
by the corresponding u, y,;. Similarly, let (10) go over into

(11) M}y, —N; = 0.

2

Then R’ and the first members of (11) are in 2. It can be
shown that = consists of all forms in the w;, y; which vanish
for all solutions of (11) and R’ = 0 for which the separant
of R’ and the M{ do not vanish.

Suppose that there are no u;. In that case, the system (11),
with w defined by R’ = 0, when converted into a system
of the first order, by the method of adjunction of unknowns
used in differential equation theory, assumes a form equivalent
to the Jacobi-Weierstrass canonical form.*

* Forsythe, Treatise on Differential Equations, vol. II, pp.11-14.



CHAPTER VI
CONSTITUTION OF AN IRREDUCIBLE MANIFOLD

SEMINORMAL SOLUTIONS

72. Let X be a non-trivial closed irreducible system in
Uy ooy W5 Yyy ooy Yy, for which

(1) Ay, Agy oo -y Ay,

each 4; of class ¢4, is a basic set.

A solution of (1) for which no separant vanishes will be
called a normal solution of (1). By § 66, every normal
solution of (1) is a solution of =.

A solution

(2) “’17"’72‘(1; ?/1;"'71/‘,,

of (1) for which some separant vanishes will be called
seminormal if there exists a set of points, dense in the
area B in which the functions in (2) are analytic, such that,
given any point a of the set, any positive integer m, and
any €>>0, there exists a normal solution of (1), #«,, - -, Yp»
analytic at a, such that

3) [ (@) — (@) | <&, |yp(a) — yi(a)| <e,
,'::1’...,(1; j_—_—ly...,p; k:O,...,m_

The results of this section and of § 73 will show that the
existence of a single point a, as above, implies the existence
of a set of such points dense in B. That is, a solution for
which some separant vanishes, and for which a single point a
exists, is a seminormal solution.

We shall prove that {f @ is a form with coefficients mero-
morphic in A, the coefficients not belonging mecessarily to &,
100
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and if G vanishes for all normal solutions of (1), them G
vanishes for all seminormal solutions of (1).

More generally, we shall show that G vanishes for every
solution (2) for which a single point a, as above, exists.
Multiplying G' by a power of (x —«), if necessary, we assume
that the coefficients in G are analytic at «. When (2) is
substituted into ¢, @ becomes a function ¢ (z) of = which is
zero at a. This is because G vanishes for all normal solutions
and because of the m, & property of a. Similarly, ¢'(z)
vanishes at a, because the derivative of G vanishes for every
normal solution. In the same way, every derivative of ¢ (z)
vanishes at a, so that ¢ (x) is identically zero, and @ vanishes
for (2).

If we restrict ourselves to forms ¢ with coefficients in &,
we see that every seminormal solution of (1) is a solution of =.

73. We are going to prove that the manifold of X is
composed of the normal solutions of (1) and of the seminormal
solutions.

In particular, the genmeral solution of an algebraically ir-
reducible form A s composed of the normal solutions of A and
of the seminormal solutions.

Let A4; be of order »; in y;. Let S; be the separant of 4,.
For every yis with s>7;, in a normal solution of (1), we

have an expression
B

(4) Yis = 111‘
where B is a form of class at most ¢+¢ and of order at
most 7; in y;, j =1, ---, ¢, and where F' is a product of
powers of Sy, -+, Si. The forms

(5) Fyis — B
belong to =.

Let m be any integer greater than every r;. We adjoin
to (1) all forms (5), forz =1, ---, p, with s <m. Without
going through the formality of replacing the w;, y;; by new
symbols, let us consider the forms in (1) and (5) as a system @
of simple forms in the u;, y;. That is any set of analytic
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functions u, y:;;, which annul the forms of @ will be a solution
of @. We do not ask, for instance, that y; j+1 be the derivative
of Yij»

We shall prove that the totality £ of simple forms which
vanish for all solutions of @ for which no §; vanishes, is
a prime system. Let (¢ H vanish for all solutions of @ which
annul no S;. By (), we have, for these solutions,

B,

““w T

where B, and B; involve no y; with j>7; and where F}
and F, are power products of the S;. Then B, B, vanishes
for the above solutions.

By § 65, (1), regarded as a set of simple forms, is the
basic set of a prime system (even after new u;; are introduced).
Then either B, vanishes for all solutions of the simple forms
(1) which annul no S; or By does. Suppose that B; does.
Then (¥ vanishes for all solutions of @ which annul no
separant so that £ is prime.

We shall prove that, given any solution of =, the uy,
yy appearing in @, obtained from the solution, constitute
a solution of £. This is obvious for the normal solutions
of (1). Then if @ is a form in £, @, considered as
a differential form in the w;, y;, holds X. This proves our
statement.

Now let (2) be a solution of = which annuls some ;.
Consider the corresponding solution of 2. By § 64, there
is a region A’ such that, given any ¢>0, we can find
a solution wi, yu of 2, with no S; zero at any point of &',
such that (3) holds at every point a of A'. We suppose A’
to be taken so that the coefficients in (1) are analytic
throughout 2’

Now if a is any point of A, the wi(a), yix(a) in (3)
furnish initial conditions for a normal solution of the basic
set of differential forms (1) (§ 65). Thus for any a in %/,
there exists a normal solution u;, y; of (1) which satisfies
(3) with the solution (2).
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We repeat the above procedure, using 2m and &/2 in place
of m and e. We find a region %", in A’, every point a of
which can be used as above. Employing 4 m and &/4, we
find a region A" in A”". We continue, determining a sequence
of regions AV, There is at least one point @ common to
all of these regions. Given any & >0, and any m, there is
a normal solution of (1), analytic at a, for which (3) holds.
As there is an a in every area in which (2) is analytic,
(2) is a seminormal solution of (1). Our result is proved.

It is very likely that the set of points a consists of all
points at which the functions in (2) are analytic, with the
possible exception of an isolated set. One might ask, also,
whether every seminormal solution can be approximated
uniformly in some area, with arbitrary closeness, by a normal
solution. A negative answer would certainly be interesting.
These questions need more attention than we have been
able to give them.

Example. Counsider the form in the unknown y,

A = (yy,— ¥’ —4yy.

It is algebraically irreducible in the field of all constants
because, when equated to zero, it defines y, as a two-branched
function of y and y,.

Equating 4 to zero, we find, for y 3 0,

d (_y.x,_)”’”
- )

dr y Yy
the solutions of which are given by
®) y = belem
and
y =1

with b and ¢ constants. The solution y = 0, suppressed
above, is included among these.

The solutions (6) with b4 0 are all normal. From the
fact that if b stays fixed in (6) at a value distinct from zero,
while ¢ approaches <o through positive values, y approaches

8
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b uniformly in any bounded domain, we see that the solutions
y = b with b$0 are seminormal. Consider the solution
y = 0. Let b have any fixed value distinct from zero. By
taking c as a sufficiently small negative number, we can make
the second member of (6) and an arbitrarily large number
of its derivatives small at pleasure at x = 0. This shows
that y = 0 is a seminormal solution and that the general
solution of A is the whole manifold of 4.

Of course, by taking b sufficiently small in (6), we can
approximate uniformly, with arbitrary closeness, to ¥y = 0,
by means of normal solutions, in very arbitrary areas. But
the discussion above shows what might conceivably happen
in other examples.

74. We can extend the preceding results. Let F' be any
form not in . It can be shown, precisely as in § 13, that
if (2) is any solution of =, there exists a set of points. dense
in B, such that, given any point a of the set, any positive
integer m and any &£>0, there exists a solution u, -+, ¥p,
analytic at @, for which F' does not vanish and for which
(3) holds.

It follows that if G is a form with coefficients meromorphic
in A, the coefficients not belonging necessarily to &, and if
G vanishes for every solution of 3 with 40, then G
vanishes for every solution of 3.

ADJUNCTION OF NEW FUNCTIONS TO &

75. Let X be a non-trivial closed irreducible system.
Assuming & not to consist purely of constants, we shall study
the circumstances under which 3 can become reducible through
the adjunction of new functions to &, that is, through the
replacement of & by a field & of which & is a proper subset.
The functions of & are assumed meromorphic in «.

We form a resolvent: for 2, relative to &, using a form
Pw—Q as in § 28. Let 2 be the system of all forms in the
u;, ¥; and w which vanish for all common solutions of = and
Pw—Q for which P$ 0. Listing the unknowns in the order
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U, ==y Ugs W5 Y1, **, Yp,
we take a basic set
) A, Ay, .-, Ap

for 2, with A algebraically irreducible in &. Then 4 =0
is a resolvent for 3.

Suppose now that the irreducible factors of A4 in &, are
By, .-+, B;. Then each B; is of the same order in w as A.
For, let r represent the order of A in w. If the coefficients
of the powers of w, in A all had a common factor in &,
they would have a common factor in &, and A would be
reducible in &.

Consider the systems
(8) Bj, A1, -+, 4p

j=1,---,s. Let £; be the totality of forms in & which
vanish for every solution of (8) which annuls no separant
in (8). Then £; is irreducible in & . Let 3; be the system
of those forms of £; which are free of w. Then, relative
to &, 2 is closed and irreducible.

We shall prove that 2 holds every X, that no 25 holds
any 3 with & § &, and that every solution of = is a solution

of some =;. Thus, 3, -.-, 35 will be a decomposition of =
n &, into essential irreducible systems.
Since
04 B 3 By
2 —B,---B R - T i3
D10, 2 sawr+ + B, B, lawr’

every normal solution of 4 is a normal solution of some B;.
Thus every normal solution of (7) is a solution of some £;.

Hence a solution of =X obtained by suppressing w in
a normal solution of (7) is a solution of some 3;. Every
solution of = with P 4 0 is obtained by a suppression of w
in some solution of £.

Suppose now that some solution of 2 is not a solution of
any 3. Let C; be a form in 3;, j =1, ..., s, which does
not vanish for the solution. Then C; - -. Cs does not vanish
for the solution. But C; -.- (s vanishes for every normal

8‘
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solution of (7). By § 72, it holds 2. Hence it vanishes
for all solutions of X with P4 0. By § 74, it holds 2.
Thus every solution of X is a solution of some Z2j.

If S, the separant of A, were in some £;, it would be
divisible by B;. Then A4 and S would have a common factor
in &, hence, also, in &, and 4 would be algebraically
reducible in &.

Consider any form 7" of £2. Any solution of (8), for some j,
which annuls neither § nor any separant in (8) is a normal
solution of (7) and annuls 7. Hence ST is in £;, so that T’
is in £;. Then every form of X is in Ij, so that X holds 2j.

Suppose that /> is in some £,. Then the remainder I,
of P with respect to (7) is in £;. Then P, is divisible by B3},
and A and P, have a common factor in &. This is im-
possible, sinee P, is of lower degree than A in u,. Then
P is not in any £;.

Now Piw— @ is in every £;. It follows easily that £;is
the totality of forms with coefficients in & which vanish for
those common solutions of X; and Pw—Q for which P 0.

This means that if X, held some X, where & + ., then
2, would hold £,. Then B, would be in £ and would
be divisible by Bx. Then A4 would have a double factor
in & and hence would be reducible in & Thus no 3 can
hold a X with k4.

Thus, for X to be reducible relative to &, it is necessary and
sifficient that the resolvent of X relative to § be algebraically
reducible in & .

We see that B; =0 is a resolvent for X;. Thus in the
decomposition of X into irreducible systems in &, every
essential irreducible system will have wy, - - -, u, as arbitrary
unknowns and the sum r, + - - - 47, of § 31 is the same for
all of the irreducible systems.

INDECOMPOSABILITY AND TRREDUCIBILITY

) 76. Let = be an indecomposable system of simple forms
m y, -+, y, the domain of rationality being a field &§. We
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shall prove that, if X is considered as a system of differential
Jorms, it is irreducible in .

We assume, as we may, that X is non-trivial. Let o/ be
the totality of simple forms which hold X. Let (1) (with
the unknowns relettered) be a basic set for .4. Let 7 and H
be differential forms such that (*H holds . Let (7, and H,
be respectively the remainders of (¢ and H with respect
to (1). Then ¢ H holds 2.

We shall prove that one of Gy, H; is identically zero.
Suppose that this is not so. Let G; and H, be arranged
as polynomials in the w; with 7 >0, the coefficients being
simple forms in e, - - -, y,. We understand that no coefficient
is identically zero. The coefficients, being reduced with respect
to (1), cannot hold . As = is indecomposable, there is
a regular solution of (1) which annuls no coefficient. Let
a be a value of x for which no coefficient, and no separant
or initial, vanishes. For x == «, and for the values of
g, -+, yp in the above solution at a, G, and H; become
polynomials ¢ and 2 in the w; with 7>1. Let numerical
values be assigned to these u;; so that neither g nor /. vanishes.

We now construct functions e, ---, g, analytic at a,
whose values at a are the values in the above solution and
whose derivatives appearing in G; and H, have, at a, the
values assigned to the u; above. For these u;, (1) has a
regular solution in which all wy, y; in G4 H, have, at a, the
values used above. Then G4 H, cannot vanish for this regular
solution of (1).

Thus, let Gy vanish identically. Then G vanishes for all
regular solutions of (1). But every solution (2) of X can be
approximated uniformly, in some area, by a regular solution
of (1). The derivatives of the functions in (2) which appear
in @ will be approximated by the corresponding derivatives
in the regular solution. Thus G vanishes for (2) and holds =.
Then X is irreducible.



CHAPTER VII

ANALOGUE OF THE HILBERT-NETTO THEOREM
THEORETICAL DECOMPOSITION PROCESS

ANALOGUE OF HILBERT-NETTO THEOREM

77- In 1893, Hilbert, extending a result of Netto for
polynomials in two variables, proved the following remarkable
theorem. Let @, ---, ar; b, be polynomials in yi, ---, Yn
with numerical coefficients. Suppose that b vanishes for every
set of numerical values of yu, - -+, Yn for which ay, - - -, ar all
vanish. Then some power of b is a linear combination of
the ai, with polynomials in y, - - -, yn for coefficients.*

The Hilbert-Netto theorem holds, with no modification of
the proof, for simple forms. If Fi, --., F,; G are simple
forms in y,, - - -, y» such that G holds the system F}, - -., F},
then some power of G is a linear combination of F}, - - -, F},
with simple forms for coefficients.

Assuming the foregoing result, we shall establish the
following .

THEOREM. Let Fy, ---, Fy; G be differential forms in
Yis***y Yn, Such that G holds the system Fy,---, Fy. Then
some power of G is a linear combination of the F; and a certain
number of their derivatives, with forms for coefficients.

78. The above theorem will be easy to prove, with the
help of an idea taken from Rabinowitsch’s treatment of the
algebraic problem, after we have settled a special case.

* A very simple proof is given by A. Rabinowitsch, Mathematische
Annalen, vol. 102 (1929), p. 518. See also van der Waerden, Moderne
Algebra, vol. 2, p.11 and Macaulay, Modular Systems, p.48. Hilbert
gave results more general than the above.

108
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Suppose that the system F}, .--, F, has no solutions. We
shall show that unity is a linear combination of the F; and
their derivatives, with forms for coefficients.

We assume that unity has no such expression and force
a contradiction. First, we shall show that there exist n power
series

(1) Coi+01i(m—a)+c2i (x_a)z—*'""

¢ =1, ..., n, which, when substituted for the y;, render
each F; zero. The series obtained may have zero radii of
convergence. The derivatives of the series are thus under-
stood to be obtained formally. In substituing the series for
the y; into a form, we use the Laurent expansions of the
coefficients in the form at a. After these formal solutions
are secured, we shall be able to show that there exist
solutions in which the y; are actually analytic functions.

79. We consider the system of forms consisting of
F,, -.-, F, and of their derivatives of all orders, writing
the forms of the infinite system, in any order, in a sequence

(2) HL; Hﬂr Y H(u ]
Similarly, we write all y;;, arbitrarily ordered, in a sequence
3 2, 2yt vy Zgy e

Each H; will now be considered as a simple form in the z;.
The domain of rationality will be &.

To show the existence of the formal solutions (1), it will
suffice to find a set of numerical values for the z;, and
a value of = at which the coefficients in the F; are analytic,
which make every form in (2) zero.

Consider any non-vacuous finite system @ of simple
forms H; taken from (2). We shall consider the unknowns
in @ to be those which actually figure in the H; in @.

We know from the Hilbert-Netto theorem, as applied to
simple forms, that @ has solutions. Otherwise unity would
be a linear combination of the H; in @, in contradiction of
the assumption in § 78.
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Let ¢ be any positive integer. We construct, in the
following manner, a system =, of simple forms in 2, - - -, 2.
A simple form K in z, ---, z, is to belong to I, if there
exists a system @, as above, which K holds.* Every
X, contains the form 0. When g is so large that an H; exists
involving no z with j >¢, 2, will have other forms than 0;
for instance, it will contain H;.

We shall prove that, for every ¢, 2, has solutions. We
need consider only the case in which 2, has non-zero forms.
By § 7, there exists a finite subsystem of 2,

(4') K17 ) Ks

which I, holds.  With each K;, there is associated
a system @; of forms (2) which K; holds. The totality of

forms in @, ---, @, is a finite system 4 of forms (2).
Now £ has solutions and each K;holds .#. Hence =, holds 7,
and has solutions. Since every form in z, --., z, which

holds X, holds «, 2, is simply closed.

Evidently, for every ¢, 3, is contained in 3,4; and consists
of those forms in 2,4, which are free of z;41.

80. For each ¢, let =, be decomposed into essential

prime systems
(5) 1117 R .

Then =, consists of the forms common to all /7;.%

Let II' be any prime system in the decomposition () of 3.
We are going to show that there is a prime system ZZ” in
the decomposition of =; whose forms free of z; constitute 7'.

Let
(6) /Ily ] Ay

be the decomposition (5) of ;. Those forms of .#; which
are free of z; constitute a prime system ¥;. The forms
common to

) W, ..., W,

* @ may involve z; not in K. Of course K need not be in (2).
+ It is unnecessary to express, notationally, the dependence of (5) on q.
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is the totality of forms in 2, which are free of z,, thatis ;.
Then (7) is a decomposition of 2, into prime systems. For,
firstly, X, holds each #;. Again, if some solution of =; were
not a solution of any &;, we could find a form S; in each ¥;
which does not vanish for the solution. Then S; --. S,
which is in every #&;, hence in 2;, would not vanish for
the solution.

Thus the decomposition (5) of =, is formed from (7) by
suppressing certain #;. Then some #¥; is identical with /7,
This means that there is some prime system 77" in the de-
composition (5) of X, whose forms free of z, constitute /7',

Similarly, there is a prime system 7' in the decomposition (5)
of Z; whose forms free of zz; constitute 77”. We continue,
in this way, forming a sequence

(8) w, i, ... 1o, ...

81. We now form a system £, putting into 2 every form
which is contained in any of the systems (8). Any particular
form in £ involves only a finite number of unknowns.

We are going to find a value a of = for which the co-
efficients in the F; are analytic, and numerical values of
the z;, for which every form in £ with coefficients analytic
at @ vanishes. Since every H; of (2) is in 2, every H; will
vanish for the values found, and we will have the formal
solutions (1).

There may be a z; such that every form in £ which involves
that z; effectively, also involves some z; with j § /. If such
z; exist, we select that one of them whose subscript is a
minimum, and call it ;. It may be that there is some z;
(not u;) such that no non-zero form of £ involves only
and the new z;. If such z exist, we represent by u, that
one of them whose subscript is a minimum.

Continuing in this way, we form a set of unknowns u;,
which is either vacuous, finite or countably infinite, such that
no non-zero form in £ involves only the w;, while every z;
which is not a u; appears in a non-zero form involving only
that z; and the u;.
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We order arbitrarily the z; which are not among the u;,
calling them v, vs, etc. The sequence of v;, for all that we
can say offhand, may be finite or countably infinite. We
assume, in what follows, that the »; are infinite in number;
only trivial modifications of language are necessary when
their number is finite.

In using the terms “initial”’, “remainder”, etc., below, we
shall understand that every wu; precedes every uv;.

From among all non-zero forms in £ which involve only
v, and the u;, we select one, 4,, whose degree in u» is a
minimum. There exist non-zero forms in £ which involve
only vg, v; and the w;, and which are reduced with respect
to 4;. From among all such forms, we select one, 4, whose
degree in v, is a minimum. Continuing, we form an infinite
sequence
(9) Al; Az; Tt Al]y

We are going to show that it is possible to form (9) in
such a way that, for every ¢, the initial 7, of 4, involves
only the w;.

This is true automatically for Z,. Suppose, then, that we have
been able to arrange so that I, ---, I, involve only the u;.

Let B be any non-zero form in £, involving v, ---, v,
and the wu;, reduced with respect to .4y, ---, 44—1, and of
as low a degree in v, as it can be with these conditions.

The system @ of all forms in £ which involve only
vy, +++, Vg—1 and the w; in B, 4,, ..., A,y is a prime
system. This is because @ is contained in some 77’ and is
the system of all forms in that 7790 which involve only the

stated wi, v;i. Then 4,, ..., 4,1 is a basic set for @®. We
construct a simple resolvent R = 0 for @, with
(10) W= a v+ + ag-1vg-1,

the a; being integers.

The initial Q of B is not in £, hence not in ®. When
we replace the v; in Q by their expressions in terms of w,
we get a relation
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(11) Q:‘:%’

where P and S involve w und the w;, the relation holding,
where w is as in (10), for every solution of @ with S $ 0.
Then '

(12) SQ—P =0

for every solution of @, if w is as in (10). As Q is not in
@, P is not divisible by B. Thus, we have an ¢dentity

(13) MP+NR = L

with L not zero, and free of w, that is, involving only the ;.
From (12) and (13) we see that, for every solution of @,
and for w as in (10),

(14) MSQ—L = 0.

Then, if w is replaced in (14) by its expression (10), the
first member of (14) becomes a form in @. We have thus

L =1UQ+Y,

with V in @ and U a form in the unknowns in @.
Let B be of degree s in v,. Let

C = UB+ V.

Then C is in £ and is of degree s in v,, with L for initial.
The remainder D of C, with respect to 4;, ---, 44—, will
be of degree s in v,. Its initial will involve only the w;.
We can use D for 4, in (9). This proves our statement re-
lative to (9) and, in what follows, we assume that every I,
involves only the ;.

82. We are going to attribute constant values to the u; in
such a way that each I; becomes a function of 2 which does
not vanish identically.

Each I; has at most a finite number of factors of the
type us—»A, h constant. Thus the set of polynomials u, —h
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which are factors of one or more I, is finite or countable.
Then let ¢; be a constant such that no I; is divisible by
w—ec,. If we put uy = ¢ in the /,, each I; becomes
a polynomial J;, free of u, and not identically zero. Similarly
we replace u, in the .J; by a ¢ so that no .J; vanishes
identically. Continuing, we replace all «; by constants in
such a way tha., each /; becomes a non-zero function of .

83. Let B be an area in A in which the coefficients in
the F; are analytic. Then every H, in (2) has coefficients
analyti~ in B. The equation A, = 0, with the #; fixed as
in § 82, determines one or more functions v1, of x, analytic
in some area B, in B. Let one of these functions be selected,
and substituted into A,. Then .1, == 0 gives one or more ¢y,
analytic in 3B, contained in B,. We substitute such a v,,
and the v, selected above, into .3 and solve Az = 0 for vy,
using an area B in B,. We continue, finding a v, and
a B, for every q. For any ¢, the functions w, ---, ¢, to-
gether with the coustant values attributed to the u;in 4,,---, 4,,
annul those forms in £ which involve only the unknowns in
Ay, ooy Age

Let @ be a point common to all areas B,. Then, «, the
values of the v; at a and the constants selected for the u;,
annul those forms in £ whose coefficients are analytic at a.
In particular, the H; of (2), vanish for the above values.

This proves the existence of the formal solutions (1) of

(15) Fi, -y Fr.

84. We shall now prove that (15) has analytic solutions.

It is not difficult to see that the results of §§ 7-14, and
also those of §§ 23, 24 hold when a solution of = is defined
as any set of series (1) which formally annul every form in X.

With this new definition of solution, let (15) be decomposed
into closed essential irreducible systems =, ..., 3;. We
know of course from § 78, that the F; are not all zero. Let
wy, -+, ug be a set of arbitrary unknowns for I, and let

(16) Ax,"‘, Ap



VII. HILBERT-NETTO THEOREM 115

each A; introducing y;, be a basic set for X,. Let S; be
the separant, and /; the initial, of A;.

We are going to show that (16) has analytic regular
solutions.

Suppose that when the A; are regarded as simple forms
in the i, w,; which they involve, they have a solution,
consisting of analytic functions, which annuls no §; or ;.
Then the values of the w;, y; at some suitable point will
furnish initial conditions for an analytic regular solution
of (16).

Now, if

T =8-Sy It - I
vanished for all solutions w;;, ¥, of (16) considered as a set
of simple forms, we would have, using the Hilbert-Netto
theorem as applied to simple forms, an identity

an Th = Cy A+ - 4 Cp Ay

But (17) would continue to hold for all formal power series
solutions of (16) considered as a set of simple forms. Then
the basic set of differential forms (16) would have no regular
power series solutions.

This shows that (15) has analytic solutions. We have
reached a contradiction which proves that unity is a linear
combination of the F;, and of a certain number of their
derivatives, with forms for coefficierts.

85. We now complete the proof of the theorem stated in
§ 77.%

We adjoin an unknown 2z to the y;, and consider the system
of forms

ZG——~1, 1’11, Tty Fr;
which evidently has no solutions. Let K = zG —1. Then
there exists an identity in the z;, yj,
J
(18) ch, d,K+2%D,,d,Fi,
where the Cj, D, are forms in z, yi, -+-, ¥n.

* Cf. Rabinowitsch, loc. cit.
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If we replace z by 1/G in (18) and each z by the jth
derivative of 1/@, the first sum in (18) vanishes. We find
thus an identity

Sy By 4,
; Zi‘ @ da’ Fi

where the £ are forms in y1, -+, ya.
Then

Gh = ZZEU - By
J=0i=1
and this establishes our theorem.
FExample. We consider two forms in the unknown y,
F, = ?/2, Fy, = n—1.
The system Fy, Fy has no solutions. We have
1 d Fl dF,

L= 5 S —y @+ DR
86. It follows from § 84 that if a system of algebraic
differential equations in yi, ---, yn has formal power series

solutions, then the system also has analytic solutioms.

One might ask whether a system 2 which is irreducible
when the solutions yi, ---, y» are understood to be analytic
functions, remains irreducible when the y; are allowed to be
formal power series. The answer is affirmative. Let G H
hold X according to the second definition. Then one of @,
H holds 2 for the first definition. Suppose that G does.
Let
(19) By, -+, By

be a finite subsystem of X with the same manifold (first
definition) as =. Then some power of G is a linear com-
bination of the B; and their derivatives. Then G holds =
for the second definition.

THEORETICAL PROCESS FOR DECOMPOSING A FINITE SYSTEM
OF FORMS INTO IRREDUCIBLE SYSTEMS
87. We deal with any finite system X of differential forms
in ¥, -+, yn. Let p be any positive integer. We denote
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by I the system obtained by adjoining to = the first
p derivatives of each of its forms.

When the forms in 3 are regarded as simple forms in
the y; which they involve, 3® goes over into a system 1P
of simple forms. For domain of rationality, we use &.

Using the method of §§ 55-60, we decompose 1P, by
a finite number of operations, into essential indecomposable
systems
(20) (DM"';(DW

Let the forms in the ®@; be considered now as differential
forms in the y;. Then each @; goes over into a system of
differential forms &;. Let any &¥; which is held by some ¥;
with j + ¢ be suppressed. This can be accomplished by
a finite number of operations (§ 68). There remain systems

@n w,, ... W,

We say that, for p sufficiently great, (21) is a decomposition
of X into essential irreducible systems.

88. Let
(22) Ely"'y“'"t

be a decomposition of X into finite essential irreducible
systems. When the forms in the 3; are regarded as simple
forms in their y;;, (22) goes over into a system of simple
forms

(23) r,... I

Let us make any selection of ¢ forms, one from each 2,
and take their product. Let the products, for all possible

selections, be
Al) A2) Tt Ag-

Then each 4; holds =. By § 77, if p is large, some power
of each A4; will be a linear combination of forms in 2@, with
forms for coefficients.

If then each A; is considered as a simple form in its y;,
and if it is represented then by B;, each B; will hold A4»
if p is sufficiently large. Let p be large enough for this.
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We shall prove that ~ach @; of (20) is held by some [
of (23).* Suppose that @, is not so held. Let C; be a form
of I';, 7 -= 1, ..., ¢ which does not hold @,. Then C, --- (%,
that is, some B;, does not hold @,. Then that B; cannot
hold /™, This proves our statement.

It follows that each ¥ is held by some Xj.

On the other hand, each 2; is held by some #;. Let this
be false. l.et D; be a form in &, j =1, ..., r, (we restore,
momentarily, the suppressed ¥;) which does not hold 2.
Then ¢ = D, .- D, does not hold =;. Hence G does not
hold X. Then, if ¢ is considered as a simple form in its y;j,
it does not hold .7, This contradicts the fact that /@
is equivalent to (20).

Thus, for p sufficiently great, (21) is a decomposition of ¥
into essential irreducible systems.

Fer the above process to become a genuine method of
decemposition, it would be necessary to have a method for
determining permissible integers p.

This question requires further investigation. In § 89, we
treat a special case.

Example 1. Let X be yj—4y, in the unknown y. Then
P ig equivalent to the system

vi—4y, (2 —2), yiys+ya(y—2),
Y Ys + 2ysys + ?/s(?/z“ 2),---,
Yyppnt@—Dyyt - +O@—Dypays+yp (e —2).
AY decomposes into the twc indecomposable systems

(24) Y N
(25) y—4y, y,— 2,

in the unknowns y, y, ys. If we adjoin y, ys+ys (y2: —2) to
(24), that system decomposes into

(26) Y, Y1y Ye
(27) Y, Yy 3/2"‘2;

* The unknowns are all which appear in (20) and (23).
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which are systems in y, ¥, ¥:, ys. The same adjunction
to (25) gives (27) and

(28) vi—4y, ¥:—2, ys.

Thus (26), (27) and (28) give the decomposition of A£@,
Continuing, we find the decomposition of 4® to be, for

p>2,

(29) Ys Y1 Y5t s Yps

(30) Ys Yir Y22, Ys, =+, Yps
(31) Vi—4y, ya—2, Ys, -+, Ypi1.

If we regard the last three systems as systems of differential
forms, (31) gives the general solution of y?—4y, while (29)
gives the solution y = 0, which is a second irreducible
manifold. The system (30) of differential forms has no so-
lution.

We notice that the system of simple forms 32 —4y, ys—2
holds the system (30) of simple forms. This is in harmony
with the fact that every @; in (20) is held be some I}
in (23).

Example 2. Let = be the form y?—4y°, which, from the
fact that its manifold is y = 1/(x—a)® and y = 0, is seen
to be an irreducible system. If we let

A, = 2y — 124},

and represent the rth derivative of 4; by 4,4, then 4@
will be
Vi—4y®, yidi, ys Ay 4,

ysA1 +2y2As +y1As, Ty
Yp i +(p—1Dypads+---+(p—1)ys dp—1+ 11 4p.

Then A® decomposes into

(32) Y, Y
(33) yi—4yb 4.
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We now examine 4@, The adjunction of y, 4, +y, 4; to
(32) gives the single system

(34) Yy Y15 Ys.

The same adjunction to (33) gives

(35) yi—4y®, 4,, 4,

and also (34).

Let us examine .4/®, The adjunction of ys A, + 2ys As + 11 As
to (34) gives the single system

(36) Yy Y1, Ys

in the unknowns g, ---, y,. The same adjunction to (35)
gives

(37) 1/?“‘41/3; ‘41) Ah ASr

as well as the system, held by (36), obtained by adjoining
ys to (36).

Contiauing, it is not difficult to prove that the decompo-
sition of 4P is

(38) Ys Y1y *°*» Yg
where ¢ is the greatest integer in 1+ p/2, and
(39) yi—4yh A, 4,

The system (39) of differential forms gives the manifold
of X, while (38) (differential forms), whose manifold is y = 0,
is held by (39).

FORMS IN ONE UNKNOWN, OF FIRST ORDER

89. Let A be a form in the single unknown y, of the first
order in y, and irreducible algebraically. We shall show
how to determine, in a finite number of steps, a finite system
of forms whose manifold is the general solution of 4.

Let A be of degree min ;. We consider the system

(40) 4'17 Al) t Am-l)
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there A4; is the jth derivative of 4. Let (40) be considered
as a system of simple forms, and let it be resolved into finite
essential indecomposable systems. There will be precisely
one indecomposable system, .7, which is not held by S, the
separant of A (§ 73). Let the forms of # be considered now
as differential forms in y. Let 2 be the system of differential
forms thus obtained.

We shall prove that the manifold of 3 s the general
solution of A.

90. We know that the general solution of A is contained
in the manifold of . What we have to show is that every
solution of X is in the general solution of A4.

We observe that 4 holds 2. The solutions of 4 not in
the general solution are solutions of S. The common solutions
of A and S are solutions of the resultant of 4 and § with
respect to y;, which is a non-zero form R, of order zero in y.
It suffices then to show that every solution u of B which is
a solution of X is contained in the general solution of A.

Let w; be the jth derivative of «. Then 4 = 0 for y = u,
¥y = u;. There exists an open region U, and an 2 >0 such
that, for
(41) zin A and 0 < |y —u|<h,

every solution of the algebraic relation 4 = 0, for y, con-
sidered as a function of y and z, is given by a series

(42) ypi—w = aly— WP+ .- +aply —w)etPr4 ..,

where the a; are functions of x analytic in %A; and where

g and s are integers, s being positive. The particular series

used in the second member of (42) depends on the particular

solution y; used. But, for each such series, we have s < m.

We suppose that, in each series, a, does not vanish for every x.
The system of functions

(43) Uy Uy ** vy Um
is a solution of 4. By § 64, there is a region %, in ¥, in

which we can approximate arbitrarily closely to (43) by a
9‘
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solution of .7 with R distinct from zero throughout 2;. We
suppose A; to be taken so that the coefficients in 4 are
analytic throughout 2.

It follows that, if & is any point in 2y, the differential
equation A == 0 has solutions analytic at &, with B 4 0 at &,
for which y, ---, y» differ arbitrarily slightly at & from
u, - -+, um respectively.*

Any such solution satisfies (42), in the neighborhood of ¥,
for an appropriate choice of the series in (42).f Hence
there must be one of the series for which (42) is satisfied
by a solution of A with R 4 0 and with y, ---, y» as close

as one pleases at & to u, ---, un. In what follows, we
deal with such a series and assume & to taken so that
ay + 0 at &,

We see first that ¢ >0 in (42). Otherwise 3, —u; would
not be small at & if y —w is small at §&. Differentiating
(42) we find

ye—uy = 2 "qtﬂ- ap (y —w) TP (y, — )
(44) (

3 day

— g +ps
[/ u .
dd d (./ )

Replacing 3, —u, in (44) by its expression in (42), we find
e = T ad (y— et by (g — e

where the b; are analytic in %,. We notice that, if m > 2,
2q/s—1>0. Otherwise y; —u; could not be small at &
when y—q is small.

Similarly, we find

Ym — Unm

(45) — _Z_(?';‘Q——l) PP (—ri;q— —m + 2) a(")n (y__zt)mq‘!S"m"*‘l + e,
The coefficient in the first term of the second member is not
zero at £, Hence the first exponent in the series in (45)
must be positive. That is,

* Note that if R + 0 at ¢ for a solution of 4, then S + 0 at &.
tIf R+0 at & y—u + 0 for a neighborhood of §.
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Mg 1>,
so that
AL A | = #1~
s s
Thus,

~._ 5,1
q->S m+m’

and, as s < m, we have ¢>>s—1, so that ¢ =>s.

We are now able to show that « belongs to the general
solution of 4. In (42), we replace y—u by »°. Then (42)
goes over into the differential equation

(46) g %Z_ = o I gyt

Since the second member of (46) is analytic in v and «
for v small and x close to &, then, if we fix v as a small
quantity at &, distinct from O, (46) will have a solution
analytic at &, not identically zero, and with any desired
finite number of derivatives as small as one pleases at &.*
Then y—w = v*, while not zero at & will be small at &,
together with as great a finite number of its derivatives as
one may choose to consider. Solutions of 4, close to u, but
distinct from u, at &, cannot make K = O.

Thus, if » is a solution of S, as well as of R, u is
a seminormal solution of 4 and belongs to the general solution
of A. If w is not a solution of S. » ecertainly belongs to
the general solution.

* Equation (46) is satisfied by » = 0, and its solution is analytic in
the constant of integration.



CHAPTER VIII
ANALOGUE FOR FORM QUOTIENTS OF LUROTH’S THEOREM

91. It is an important theorem of Liiroth that if « and 8
are rational functions of x, then « and 8 are rational functions
of a third rational function, y, which, in turn, is a rational
combination of « and 8.*

We are going to prove the following analogue of Liiroth’s
theorem.

THEOREM. Let « and 8 be two form quotients (§ 38) in
a single unknown y. Then there exists a form quotient y,
m y, such that
(a) @« and B are rational combinations of y and of a certain

number of its derivatives,
(b) » 2s a rational combination of «, 8 and a certain number
of their derivatives.

The coefficients in the rational combinations are functions
of z in §&.

As to the degree of uniqueness of y, we prove that if r;
and yy are two possibilities for 7, then y3 = (ay,+ b)/(cr1+4d),
with a, b, ¢, d functions of xz in &.

92. We prove the following lemma.

LEMMA. Let P, --., Pn, Q, R be forms in y, R not
tdentically zero. Suppose that the relations

Pi(y) _ P2
) Ry — R@’

where y and z are analylic functions for neither of which
R vanishes, imply the relation

i=1,---,m,

* Appel et Goursat, Fonctions Algébriques, 2nd edition, vol. 1, p.283.
Van der Waerden, Moderne Algebra, vol. 1, p. 126.
124
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) Q) _ Q@)
R(y) R(2)

Then the form quotient Q/R is a rational combination of
the P;/R, and of a certain number of their derivatives, with
coefficients in &.

The values 1 and 2 of »n will suffice in our applications
of this lemma.

Let vy, - -+, vm; w be new unknowns. Consider the forms

(3) Ryy— P, = 1,.--,m); Rw—Q.

As ig § 32, the system = of all forms in the v;, w, y which
vanish for all solutions of (3) with R4 0, is irreducible. It
is easy to prove that any one unknown in X is a set of
arbitrary unknowns.

We take v, as arbitrary unknown, and form a basic set
for =

(4) Air Tt Am' B: c

which introduces, in succession, vs, - -, vm, w, ¥.

We are going to prove that B is of order zero in w, and,
indeed, that it is linear in w.

Suppose that B is of order greater than zero in w. Consider
any regular solution of (4) with R(y) £ 0. Such solutions
exist because R(y) is not in 3. Without disturbing the v;
in the solution, we can alter the initial conditions for w
slightly at some point and get a second regular solution
with R(y) # 0. This would be contrary to the hypothesis
of the lemma.

We shall prove now that B is linear in w. Suppose that
this is not so.

Let A, -, Am be of the respective orders ry, ---, 7y in
vg, - -+, Um. lLiet C be of order r in y.

In (4), we replace the symbols

Voryy = * *y Umr,y W, Yr
by

22,y Zmy Zm+1, Zm+2
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respectively. The remaining v; and y; we replace, in any
order, by symbols u; (see § 65).
Then (4) goes over into a basic set

(5) Fz;"‘;Fm; D’E
of a prime system.

Let
(6) S

be analytic functions of the u; and 2 which annul £}, .-, Fiy
when substituted for zy, .-, z,» (§ 45). As D is of degree
at least 2 in zn4+1, we can get two distinct functions,
™D and ™ which, with (6), annul D (§ 46). After
treating & we will have two sets of functions

(m) (m+1) (m-t 2)
CH,"'7CM7 lm+ ) Cl‘r )

™

(m) (m-+-1) (m--2)
SO S < S G

which annul (5) when substituted for the z;. No separant
or initial in (5) is anulled by either set (7).

Let T be the remainder of R with respect to (4). Let
new u; be taken, to correspond to the vy in 7' which are
not in (4). Let T go over into a simple form U in the wu;j, 2;.
As U is reduced with respect to (5), it will not be annulled
by either set (7).

We attribute numerical values to z and the wu; in the
following way. We require the functions (7) and the coeffi-
cients in (5) and in U to be analytic for these values. We
require, secondly, that ™"’ —2"tY 4 0. Finally, we ask
that U and the separants in (5) do not vanish for either
set (7), for these values.

The values chosen furnish initial conditions for two solutions
of (4) which annul neither K nor any separant. We use the
same v, in both solutions. Then vs, ---, v;m are the same
for both solutions. On the other hand, w will not be the
same in both solutions. This contradicts the hypothesis of
the lemma.
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Then B is linear in w. If we replace v; in B by P/R
and w by Q/R, the resulting expression in y must vanish
identically. This completes the proof of the lemma.

93. Let A(y) and B(y) be two non-zero forms in y,
relatively prime as polynomials in the y:; and not both free
of y. Let » be the maximum of their orders in y. We
shall prove that
8) A(y) B —B@) A()

is not divisible by any form, not a function of 2, which does
not effectively involve y,.
Suppose that there is such a factor, C, free of y,. Let

Aly) = M+ -+ M, B@) = N+ -+,

where it is possible that either 3, or N, is zero. Then C
must be a factor, for every ¢, of

M;B(z)— N; A(2).

We shall show that C' cannot be a form in 2z alone. Suppose
that C involves only z. Since A(y)/B(y) is not a function
of x, we can assign two distinct sets of rational numerical
values to y, ---, ¥» in such a way that

:11 Bg_‘B1 Ag,

where the subscripts correspond to the substitutions, is not zero.
As, by (8)
Ay B(e)— B, d(2), A:B(2)—ByA(2)

are divisible by C, then B(z) and A (z) must both be divisible
by C. Thus C would have to be a function of x.
Let C be of order s > 0 in y. Let a« = A(z)/B(2)
and let
wi = M;—aNj, i =0, h

For any rational numerical values of 2, ---, 2, for which
B(2) 0, and for which the coefficient of the highest power
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of ys in C does not vanish, the expressions w; will all have
a common factor, which will be a polynomial in the y;, with
coefficients in .

Let

W == UpWy+---Fwnwn; Wy = vowo+---+vhwh,

where the w;, v; are indeterminates. Then, for arbitrary
rational u; and »;, and for rational z; as above, w, und w,
will both be divisible by a polynomial effectively involving ys.

Then the resultant ¢ of w, and w, with respect to y, must
vanish identically in the w;, v; and =, y, ---, yr—1 Wwith y,
omitted, if « is obtained by the indicated substitutions for the z;.

Now ¢ is a polynomial in «. Since « depends effectively
on the z;, we can find an infinite system of sets of numerical
values for the z;, as described above, each set giving a distinct
result for «. Thus ¢ is identically zero, even in «.

Then w, and w, have a common factor which is a poly-
nomial in the w;, v;, y; and @, with coefficients in &. Thus,
the expressions w;, with « indeterminate, must all have
a common factor J, which is a polynomial in y, ---, yr—1,
« with coefficients in &.

If 0 were free of «, every M; and every N; would be
divisible by d. Then A and B would not be relatively prime.
Thus 0 is of the first degree in «.

Then, for every ¢, we have

M;B(z) — NiA(2) = Ri[EB()+FA()],
with R;, £, F forms in y. Then (8) has a factor
Byt + By,

which is free of z. This is impossible, for the same reason
for which C, above, could not be a form in z alone. The
proof is completed.

94. We proceed with the proof of the theorem stated in
§ 91. When « and 8 are both free of y, we take y = 1.
In what follows, we assume that « and 8 are not both free
of y. We may write « and # with a common denominator.
Let « = P/R, 8 = Q/R. Consider the forms in y and z
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P(y) R(z) — P(2) R(y),
Q(y) R(z) — Q(2) R(y)

which are not both identically zero.

Let 3,,..., 3, be a decomposition of (9) into closed
essential irreducible systems. From each 3;, we select
a non-zero (; which is of as low a rank as possible in 2.
We assume, as we may, that each G; is algebraically irre-
ducible. There must be some G; which involves both 3 and
z effectively. Otherwise, (9) would imply a relation of the
type

)

Cly) D(z) = 0.

For z = y, this would become C(y) D(y) = 0. But (9) is
satisfied for z = y with y arbitrary.

Let G4, - - -, Gp involve both y and 2, while Gpi1, ---, Gs
involve either y alone or z alone. For z < p, the manifold
of 2; is the general solution of G;.

Let Gpiy, - - -, G4 involve only 2z, and G441, - - -, G5 involve

only y. Let
M = Gpyr--- Uy

Then M is not in any 3;, ¢ < p, because, in the general
solution of G4, ¢ < p, 2z can be taken almost arbitrarily.
That is, if we take the unknowns in G; in the order ¢z, y,
then, given any regular solution of G;, we can modify z and
any number of its derivatives, at some point, slightly, but
otherwise arbitrarily, and get a second regular solution of G;.

Let the greatest of the orders of G4, ---, Gp in z be r.
Let G; be of order » in z for z < m, and of order less than »
for m <i < p.

Let
(10) H=0G" - Qn.
We write H as a polynomial in z,. Let
(11) H = F+Fa7 4+ +Fu

There must be some ratio F;/F which is not independent
of y. Otherwise some factor of F would be a factor of
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every F; and H would have an irreducible factor not in-
volving z,. This would contradict (10). Let F;/F be not
independent of y.

Let K= 0 H/dz. Because Gy, ---, G are algebraically
irreducible forms, and none of them divisible by any other,
the resultant U of H and K with respect to 2. is not identic-
ally zero.

Understanding that the unknowns in A have the order v, 2,
let B be the remainder of M with respect to H. We say
that B and H are relatively prime polynomials. If, for
instance, B were divisible by Gy, some K9 F* M would
hold 2;. Now F is not in 3, since it is of lower rank
than ¢/, in z. Again,

(12) K:--%%—G,---G,,,-#- +_.Qm01 o Gt

Each term after the first in the second member of (12) is
in =;. The first term is not. Thus K is not in =;. As M
is not in 2;, H and B are relatively prime.

Thus the resultant V of H and B with respect to 2z, is
not identically zero.

Consider the form

S = UVFGnis - Gp.

We can assign rational numerical values to z, ---, 2z,
so that § becomes a non-zero form 7' in y, and so that
F/F becomes a form quotient y in y which is not a function
of x.

We say that y as thus determined satisfies the conditions
of § 91.

95. Let
(13) L(y) = T R(y) Gg+1 - -+ Gs.

Let y and y be two functions of x, analytic in some part
of A, for neither of which L vanishes, and for which

PG _ PG . Q@) _ QW)
R(y) ~ RG) ' R — RG
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Functions y,  exist. For instance, we can use any y such
that L(y) # 0 and then take y = y. Let a be any value
of 2 for which y, y and the coefficients in £ and every
G, i = 1,---, s are analytic, and for which L(y) L(y)+0.

By the definition of L(y), the equation H == 0, where
z, ---, zr— are replaced by ihe rational values used above,
x by a and y and its derivatives by the corresponding values
for y at a, will determine % distinet values of z,.* To each
such z, will correspond a regular solution,t with y == y, of
some G, ¢ -5 m, which ix not a solution of any G; with
7>m. (See (12)).

A similar result holds for y.

Now, for y equal to 3 or to y, (9) will have the same
solutions in z. Let 2, ---, z.—1 have, at a, the rational
values used above. With these initial conditions for z, no
solution (¥, z) or (y, z) of (9) will be a solution of a 3;
with m <7 < p or ¢ <7 <Z s. There will be 2 solutions
(y, 2) and h solutions (y, z), which annul the form H. None
of these 2/ solutions will annul M(z) and they will be the
only solutions of (9) with y = y or y and withz, ---, 2z,
as indicated at a, for which M(z) 4 0. Thus, in the % so-
Iutions (y, 2z) which annul A, the . functions z must be the
same as in the (y, 2) which annul H.

Then, for y = y or for ¥ == y, the numerical equation
H = 0 for z, must have the same /. roots for z,. We may
let the value a, of x, range over an area. Thus, in the ex-
pression for H in (11), every ratio F;/F, with z, -+, 2,
rational as above, must be, for every z, the same for y as
for y.

Consider then y. For

PG L) _ P@LG) _ 0

“W =R L) T ROLG)
and for 8(y) = B(y), similarly, we have
r(y) = r(y).

*® Consider that S is divisible by FU.
+ For the order y, z.
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By § 92, y is a rational combination of &, # and a certain
number of their derivatives with coefficients in &.

96. We prove now that « and 8 are rational in y and
its derivatives.

In F; and F, with 2, - - -, z,—; rational as above, let y be re-
placed by 2. There will result two forms, 4;(z) and A(z). We wish
to show that neither A; nor 4 has a higher rank in 2z than H.

Evidently, it is enough to show that if 7 is the form ob-
tained from H by interchanging y and 2, then I is not of
higher rank than H in z.

For i < p, let E; be the form which results from G; when
y and z are interchanged. Then E,, ---, E, must be mul-
tiples of @y, -.-, G, taken in some order. For, since (9)
is symmetrical in y and 2, the interchange of y and z in
X, .-+, 25 will accomplish an interchange in pairs of those
systems. No 3; with ¢ < p can be converted into a 3; with
Jj>p. Otherwise 2; would contain a form in y alone or in
z alone. This is impossible, for as was seen above, either
of ¥ and 2 can be taken almost arbitrarily in the general
solution of G; with ¢ < p.

Then 2, ..., 3, are permuted among themselves. If 3;
and 2; are interchanged, then FE; must hold 2;. Then E;
is not of lower order than G; either in 2 orin y. By sym-
metry, E; and G; have the same order in z. Then F; must
be divisible by G, so that, as E; and G; are algebraically
irreducible, their ratio is a function of x in &.

As G has a greater rank in 2z than G;if s < m and j >m,
it follows that I is not of higher rank in 2z than H.

Let C be a highest common factor for 4; and A. Let
A:=CW, and A = CW with W; and W relatively prime.
We are going to show that

J = Wily) W(z) — W(y) We(2),

which is not zero, equals H multiplied by a fanction of z.
We observe first that J is not of higher rank than H in 2.
Taking the unknowns in H in the order y,z, we let ¥

be the remainder of L(z), (see (13)), with respect to H.
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Then Y and H are relative prime. Let Z be the resultant
of H and Y with respect to z,. Then Z is not zero.

Let real or complex numerical values be assigned to
z,-+-,2r— in such a way that UZF does not vanish iden-
tically in y and its derivatives. Let

Li(y) = Ly UZF,

where the substitutions just indicated have been made in
U,Z, F. We observe that the coefficients in I; may not
be in &.

Then, if y is an analytic function for which L, (y) ¥ 0,
and if a is a suitably chosen value of 2, for which L, (y) + 0,
the differential equation H = 0, with 2, ---, z,—; as just
taken, at a, will determine % distinct functions z for which
L(2) # 0 and for each of which one has

alz) = a(y);  B) = B(y).

Hence, for the chosen y and for each such 2z, one has J = 0.

If we modify the numerical values attributed to z, - - -, 2,1
slightly, but arbitrarily, and make arbitrarily slight variations
in the values of y, - - -, ¥ at a, leaving the higher derivatives
of y alone, we will still have L,(y) # 0 and we will get &
new functions z, which, with the new y, will make J zero.

All in all, we see that in some open region in the space
of z,y, -+, Yr; 2, -+, 2r—1, the equation J == 0 for 2z, ad-
mits all of the roots of the equation H = 0 for z,. Then,
as H has no repeated factors, J is divisible by H. As J
is not of higher rank than H in z and as J has no factors
(not functions in &) which do not involve 2z, (§ 93), we have
J = pH, with p a function of z in &.

Let N be the remainder for R(z) with respect to H for
the order y,z. The resultant X of H and N with respect
to 2, is not identically zero. Let rational values be substituted
for z,.-+,2 in X and in FU of § 94 so that XFU does
not vanish. Let D be the non-zero form in y which R(y) XFU
becomes for these substitutions.
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Now, let ¥ and y be functions for which
(14) W) D@y) W) D(y) + 0,

and which, when substituted for y and z in J, render J zero.
[.et a be a value of z for which (14) does not vanish. The
differential equation H = 0 for z, with y =y, has % solutions
z with ¢, -- -, z—; assuming the above rational values at a,
and with R(2) + 0. The % pairs of functions (y, z) thus
obtained are solutions of (9). Similarly, we get 4 pairs (7, 2)
which are solutions of H and of (9). It is easy to see,
because H == J/p, that the functions z in the % pairs (y, 2)
are the same as those in the (7, 2). It follows that

a(y) = a(yp), Bly) = B®H).

Then « and B are rational combinations of W(y)/ W (y)
and its derivatives. As y = Wi(y)/W(y), the theorem of
§ 91 is proved.

The above proof, and the methods of Chapter V, contain
everything essential for the construction of y in a finite
number of steps.

97. Suppose that we have two form quotients like y above,
i and y3. We see immediately that y; is rational in terms
of 7, and its derivatives and that y, is similarly expressible
in yg.

We now apply the method of § 92. Let v = yy, vz = ps.
We see that the system = of all forms in v, vy which vanish
identically in y for v; = 1, vs = yo is irreducible. Let 4
be a non-zero form of =, of a minimum rank in vs. Ac-
cording to § 92 (r, can be made to correspond to P/R
and 53 to Q/R), 4 is of zero order in vs, and is linear in v,.
Similarly if B is a non-zero form of X of a minimum rank
in v,, then B is linear in v;. If we take 4 and B algebraically
irreducible, as we may, each will be divisible by the other.
Hence 4 is linear both in v, and in vs. This proves that
71 and yy3 are linear fractional combinations of each other.



CHAPTER IX
RIQUIER'S EXISTENCE THEOREM FOR ORTHONOMIC SYSTEMS

98. In Chapter X, we shall extend some of the main results
of the preceding chapters to systems of algebraic partial
differential equations. We shall find it necessary to use an
important existence theorem due to Riquier. We develop
this existence theorem now, following, in some respects, the
concise exposition of Riquier’s work given by J. M. Thomas.*

For the proof, in Chapter X, that every system is equivalent
to a finite number of irreducible systems, only § 106 of the
present chapter, which can be read immediately, is necessary.

MonoMmIALS

99. We deal with m independent variables, z1, ---, Zm.
By a monomial, is meant an expression z'--- z,, where
the ¢ are non-negative integers. If ¢« = y@8, with «, 8, 7
monomials, then « is called a multiple of 8. Given two distinct
monomials,

xil...x"", x‘l’l-..xj;l"’

1 m

the first is said to be higher or lower than the second according
as the first non-zero difference ¢ — jx is positive or is negative.
The following theorem, due to Riquier, is used only in
Chapter X.
THEOREM: Let
(1) Cpy Qgy 2y Gg,y *
be an infinite sequence of monomials. Then there is an o;
which is a multiple of some e;j with 7<i.

* Annals of Mathematics, vol. 30 (1929), p.285. References will be
found in this paper.

135 1
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Let B8, be one of those «; for which the exponent of x;
is a minimum. Consider the monomials which come after 8,
in (1). Let 8; be a monomial of this class whose degree
in x; does not exceed that of any other monomial of the class.
Of the monomials which follow 8;, let 83 be one of minimum
degree in z;. Continuing, we form an infinite sequence of
monomials

(2) /81; ﬂh ﬂS)

whose degrees in x; are non-decreasing. We extract similarly,
from (2), a sequence in which the degrees in x; do not
decrease. We arrive finally at an infinite subsequence of (1)
in which each monomial is a multiple of all which precede it.

Di1sSECTION OF A TAYLOR SERIES

100. Let
ail"'ia %, T
3) 3 e oh o
be the Taylor expansion at
(4) zi = 0, i=1, .-, m

of a function u of xz, ---, xm analytic at the point (4).
Let [¢] be any given finite and non-vacuous set of distinct
monomials. We are going to separate (3), with respect to [«],
into a set of components.

Let a be the greatest exponent of x; in the set [¢]. We
write

®)  w=fitafitaifyt et o Tl

where, for ¢ <<a, aif; contains all terms in (3) in which the
exponent of x, is precisely 2. As to z2f,, it contains all
terms divisible by «2. Then f,, ---, f,_, are series in
x3, -+, Tm, while f5 involves also z;.*

We define sets of monomials [a]i, A =0, -.-, a, as follows.
If [«] contains monomials in which the exponent of x; does

* We consider every combination 4;, .-, tw to occur in (8), using zero
coefficients if necessary.
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not exceed A, then [a]; is to consist of all such monomials
in [«]. If there are no such monomials, then [«]y is to be
unity. Let [8]s be the set of monomials in «,, ---, m obtained
by putting z; = 1 in [¢li. We now give to each fi, with
respect to 3, the treatment accorded to «, above, with respect
to z;. For A<a, we get a representation of the type

(6) f1=f}.o+x2fh+"'+ng)b’

where b depends upon 4, the fi; with ¢<<b involving zs,---,Zm,
while fi» involves also ;. For 4 = a, each fu: involves z;.
That is, in the dissection of f,, we treat z; like a3, - -, Zm.

We now operate on each fi, with respect to x;. We use
a set of monomials [y]xu, where, if [8]s has monomials of
degree not exceeding p in zs, [rliu is obtained by putting
2y =1 in all such monomials, and where, otherwise, [yl
is unity.

Continuing, we find an expression for wu,

) u = Zw:l"'x:},ﬂfil...imr

the summation extending over a finite number of terms.
Example: Let u be a 'function of z, y, z. Let [a] be

x2}, xy, xtyz.
For z, we find

u = foly,2) +zfily, 2) +2*fi(z, v, 2).

We now treat each f; with respect to y, the set of monomials
being that indicated below;

fo(yy Z) 1;
Sily, 2 2, y;
Sfilz,y,2) 2y, ye.

.ﬁ)(?/, 2) = ./;)0(1/’ Z)’
.ﬁ(y; 2) = fio (Z)+yfi1 (y) 2),
iz, y,2) = fulz,2) tyfulx,y, 2.

10*

Hence



138 ALGEBRAIC DIFFERENTIAL EQUATIONS

The final step is

Joo (y, 2) = fo0o (¥, 2) 1
J10(2) = Jf100 T 2f101 1 2% f102 (¢) 2%
July, 2) = fio W) +2/in () + 22 fu1:2 (y, 2) 1, 2%
S (@, 2) = fooo(x) +2fe01 () + 2* fr08 (2, 2) 2%

Ju (@, y,2) = fuo(@,y) +2fons (&, ) +22fars (2, 9,2) 1, 2, 2%

Thus the dissection of u is

u = fooo (¥, 2) +Zfr00 +22/101 +22° 108 (2)
+zyfio (W) +2y2finly) +2y2®fus(y, 2)
4 2% fa00 () + 2 2 fy01 (@) + 2* 2% fro2 (x, 2)
+ &'y foro (x, ) + 2Py 2fon (@, y) + 2y 2* fos (z, y, 2).

101. Consider any monomial « =x{1 w’m"‘ in [e] and
any monomial # in the expansion of x« which is -a multiple
of . Of course, 8 appears in one and in only one of the
terms in the second member of (7). Let it appear in
@t Ji...i,- We shall prove that xp -z is a mul-
tiple of «. For m =1, this result certainly holds. Let
the result be true for m = »—1. We shall prove it for
m =r. We observe first that in the resolution (5) of «,
A appears in a term x' f; with i, =j,.

Suppose first that ¢, <a in (5). Then ﬂ/m:‘ is free of z,.
Among the monomials used in the dissection of f; will be

ap .- xr and A/z will be a multiple of x)*-.. 2", As
there are only » — 1 variables involved now, ﬂ/xf‘ will appear
in a term ¢f; ;...; in the dissection (7) of f; with ¢ divisible
by @ ... 2¥. Thus 2} ...z is divisible by e.

Suppose now that ¢, = a. Then 8/x¢ is contained in f,.
Among the monomials used in the dissection of fa will be
x;= cen xj Now the formal scheme in (7) of the dissection
of f2 can be obtained by taking a function g of xy, ---, 2y,
dissecting g with respect to the monomials associated with f,
and then adjoining z; to the variables in the series yielded

by g. That is, the monomials ac;’ e x: in the dissections,
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analogous to (7), of f; and g, will be the same. Let y result
from 8 on putting x; = 1. Then y is found in the dissection
of g with an x;" . x:' divisible by x;" <. x; The same
would therefore be true for B/x% in the dissection of f;.
This completes the proof. _ .

It follows that every monomial in [«] is an &' - - - ,» in (7).

102. The set of monomials consisting of all xit .- i”‘ in (7)
which are multiples of monomials in [a] will be ca]led the

extended set arising from [«]. The set of monomials ;" - - - zi

in (7) not in the extended set will be called the set con?—
plementary to [«].

If [«] is identical with the extended set arising from [a],
then [«] will be called complete.

Consider a set [e] which is not complete. We shall prove
that it is possible to form a complete set by adjoining to [«]
multiples of monomials in [«].

Let p be the maximum of all exponents in all monomials
in [@]. Then, in (7), no 7 exceeds p.

Let [«] be the extended set arising from [e]. Then if
[e¢] is not complete, it is a proper subset of its extended
set [«]” (§ 101). Since we can never get more than (p + 1)™
monomials z;* - - - z;» in (7), this process of taking extended
sets must bring us eventually to a complete set.

103. In (7), the variables in an Ji,vi,, Will be called the
multipliers of the corresponding xf‘ x:,;", and all other
variables will be called non-multipliers of ' - .-z Of
course, if f;...;, is a constant, xfl . e x,';; has no multipliers.

Let 8 = i -.-z/» be a monomial in the extended set
arising from [«]. Let zx be a non-multiplier of 8. Then
Bxk, as a multiple of some monomial in [e¢], is the product
of a monomial y in the extended set by multipliers of y (§ 101)

We shall prove that y is higher than 8. Let y = r" . "';
If j; <4, o cannot be a multiplier for y since j; is certamly
not the maximum of the degrees in x, of the monomials in [«].
Hence j, > 7. It remains to examine the case in which

71 = 4. When we dissect f;, we find that if js<<is, x5 can-
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not be a multiplier for xé" .. x:;; Hence j; = 73 and we
have to study the case in which j; = 7;. Continuing, we
see that y is not Jower than B so that, since y ¥ 8, y is
higher than 2. ' )
104. We associate with every monomial ' --.z!» the
differential operator
it -t

axf‘ cee Bxk‘ '
Then the product of two operators corresponds to the product
of the corresponding monomials.

Consider any monomial 8 = xfl x:;;' in (7). Let the
corresponding differentiation be performed upon %, and after
the differentiation, let the non-multipliers of 8 be given zero
values. Every term in the expansion of w which is not
divisible by 8 will disappear during the differentiation. Any
term divisible by # whose quotient by @ contains non-
multipliers of # will disappear when the non-multipliers are
made zero. Hence the above operation gives identical results
when applied to » and to Bfi...i,.

105. We study, for its instructive value, rather than
for purposes of application, a special system of equations.
There will be as many equations as there are monomials
xt -+ in (7). (A set [e] is supposed to be given.) With

each 8 = x:‘ cee x:;: in (7), we associate an equation
8i‘+m+i"‘u
® g oae T
dxt -0,

where g¢;...; is an arbitrarily assigned function of the
multipliers of 8, analytic for small values of the multipliers.*

We shall show that there is one and only one function u,
analytic for z; =0, ¢ =1, ..., m, such that each equation
(8) is satisfied, when the non-multipliers of the associated 2
are zero, for small values of the multipliers. We are not

finding an actual solution of the system (8). We are finding

*If # =1, the first member of (8) is u.
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a u which satisfies each equation on a spread associated
with that equation.

Consider any particular equation (8). Let the second
member be integrated 7 times in succession with respect
to x; from O to x,, then 7 times in succession with respect
to x; from O to x;, and so on. The result will be a function
) g i

\

where f;...;, is a function of the multipliers of 8, analytic
for small values of its variables. The function (9) satisfies
identically its associated equation in (8). Let u» be the sum
of all functions (9) obtained from (8). The expression for
u as a sum gives the dissection (7) of u relative to [e].
Then, by § 104, » satisfies each equation (8) on the spread
associated with that equation. If w, is a second solution of
the problem, it is seen, from § 104, that in the dissection
of u, —u relative to [e], the series f;..., are all zero.
Hence u is unique.

MARKS

106. Let vy, ---, y» be analytic functions of x,, - - -, Zm.
Riquier effects an ordering of the y; and their partial
derivatives in the following way.

Let s be any positive integer. We associate with each
x; any ordered set of s non-negative integers

(10) Uity * -+, Uis

in which the first integer, u;, is unity. With each y;, we
associate any ordered set of non-negative integers

(]1) Vity * -y Uis,

taking care that y; and y; with ¢ $; do not have identical
sets (11). The jth integer in (10) is called the jth mark of i,
and the jth integer in (11), the jth mark of y,.

If
gt

12 W= ———,
(12) 8x’;‘---8a:':;y'
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we define the jth mark of w, j =1,--.,s to be vy+kiuy
+ fe + km Umyj -

Consider all of the derivatives of all y,.* Let w, and w,
be any two of these derivatives. Let the marks of wy

and w, be
@y, vy Bg; byy---, bs

respectively. Suppose that the two sets of marks are not
identical. We shall say that wy is higher than w, or is
lower than wy; according as the first non-zero difference a;— b;
is positive or is negative. If the two sets of marks are
identical, no relation of order is established between w; and w;.

If w, is higher than w,, dw,/0x; is higher than dws/0;.
Also, dw/0dx; is always higher than w.

When the marks in (10) and (11) are such that a difference
in order exists between any two distinct derivatives, the
derivatives of the y, are said to be completely ordered.

Suppose that the ordering is not complete. We shall show
how to adjoin new marks, after ;s and vi, so as to effect
a complete ordering. Clearly, the adjunction of such new
marks will not disturb any order relationships which may
already exist.

Let m additional marks be assigned, as in the following
table:

xl xz ) xm yl :l/2 IR yn
s+1 1 0 --- 0, 00 ... 0,
s+2 0 1 ... O, o0 --- 0,
s+m 0 O ... 1, 00 .-- 0.

Now, let w; and w; be two derivatives with the same set
of s+ m marks. The (s+2)th mark of w, orws, ¢=1,---,m,
is the number of differentiations with respect to z; in w,
or wy. Hence the same differentiations are effected in w;
as in wy. From the definition of the marks of w, and ws,,
it follows now that the functions of which «; and w, are

*Each y, will be considered as a derivative of zero order of itself.
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derivatives have the same sets (11). Thus w; and w; are
identical, so that the new ordering is complete.

In everything which follows, we shall deal only with
complete orderings.

107. Let &, ---, &n; L1, - -+, Lx be variables. We associate
with w, in (12) the monomial %"1“ «’5':,;" g,

Let wy, - -+, we be any finite number of distinct derivatives
of the y,. Let the monomial associated above with w,,
t=1,..-,¢t, be ;. Let g be any positive number. We
shall show how to assign, to the &;, {;, real values, not less
than unity, in such a way that, if w; is higher than w;, we
have, for the assigned values, a;>ge;.

We introduce s new variables 2, ---,2s. With each &
we associate the monomial 2 - ..z where the u,; are the

marks of ;. With each {, we associate 2" --.z* where

the v;; are the marks of y,. Then each «; goes over into

a monomial 8; = ¢{* - - - z* with a; the jth mark of w,.

It will evidently suffice to prove that we can attribute to
the z; real values not less than unity in such a way that
Bi; > g8; if w; is higher than wj.

"Let » be the maximum of the degrees (total) of the 8.
Let & be any positive number, greater than unity and greater
than g. We put

8—1 .
(13) zip = krstOT i =1, ..., s.
Then, if
i = 2% .. 29100 L, v
Bl 1 h-1 Z: Z: ?‘
f= 2% ... Z0—1 zbh e va
A 1 h—1 "h 8

with a, > b, we have, for (13),

Bi 2n kos+b
B (zhy1 - -« 25)" Jre—m (rs+1)

s—h

o = k>yg.

v
v

ORTHONOMIC SYSTEMS
108. Let yy, - --, ya be unknown functions of zy, - -+, Zm,
whose derivatives have been completely ordered by marks.
We consider a finite system o of differential equations,
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ot Aimyy

= Giy-vimiJ

1) dahs - Da

where

(a) in each equation, g is a function of x(, ---, xm and of
a certain number of derivatives of the yi, every derivative
in g being lower than the first member of the equation,

(b) the first members of any two equations are distinct;

(¢) ¢f w i3 a first member of some equation, mo derivative of
w appears in the second- member of any equation;

() the functions g are all analytic at some point in the space
of the arguments involved in all of them.*

We do not assume that every y; appears in a first member.

Riquier calls such a system of equations orthonomic.

The derivatives of the y; which are derivatives of first
members in the orthonomic system are called principal de-
rivatives. All other derivatives are called parametric deri-
vatives.

109. Given an orthonomic system, ¢, we shall show how
to obtain an orthonomic system with the same solutions, in
which, for each y; appearing in the first members, the mo-
nomials corresponding to those first members which are de-
rivatives of y; form a complete set (§ 102).

Let equations be adjoined to (14), by differentiating the
equations in (14), so that, for each y; which occurs in some
first member, the monomials corresponding to the enlarged
set of first members constitute a complete set. By § 102,
this can be done. We obtain thus a system o; of equations.
Certain first members in o; may be obtainable from more
than one of the first members in ¢. In that case, we use
any one of the first members in o which is available.

Consider any one of the equations in ¢. Let w represent
its first member, and v the highest derivative in the second
member. If we differentiate the equation with respect to
xzi, the first member becomes dw/dx;. The highest deri-

*Thus, in (d), derivatives not effectively present in a g may be re-
garded as arguments in that g. This does not conflict with (a), in which
the arguments considered are supposed to be effectively present.
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vative in the new second member will be dv/9x;, which is
lower than 2 w/dx; (§ 106).

It is clear on this basis, that ¢, satisfies condition (a).

We attend now to (c). Let € be an open region in the
space of the arguments in the second members in ¢ in which
the second members are analytic. We consider those solutions
of o for which the indicated arguments lie in €.

The second members in o; may involve derivatives not in
the second members in o. The second members in ¢, will
be polynomials in the new derivatives, with coefficients
analytic in €.

Let w be the highest derivative present in a second member
in o, which is a derivative of a first member in ;. Then
w is not present in any second member in ¢, so that it
appears rationally and integrally in the second members in o;.
Let w be a derivative of v, the first member of the equation
v=g in ;. Then w can be replaced, in the second mem-
bers in o;, by its expression obtained on differentiating g.
We obtain thus a system o, with the same solutions as
¢, (or o), and with the same first members as o;,. The
system oy satisfies condition (a). The derivatives higher than
w which appear in the second members in o; also appear in
the second members in o;. Hence, if w,, present in the
second members in g3, is a derivative of a first member in
gy then w;, is lower than w. We treat w;, as w was treated.
Since there cannot be an infinite sequence of derivatives each
lower than the preceding one, we must arrive, in a finite
number of steps, at a system =, with the same solutions as o,
which satisfies (a), (b), (¢c), and which has complete sets of
monomials corresponding to its first members. The second
members in = will be polynomials in any derivatives not
present in the second members of o. Hence assumption (d)
is satisfied for € and for any values of the new deri-
vatives. Thus v is orthonomic and has the same solutions
as ¢.*

* With .the values of the arguments in the second members in ¢ lying
in €.
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Of course, whether we employ ¢ or z, we get the same
set of principal derivatives and the same parametric deri-
vatives.

I110. We consider an orthonomic system, o, whose first
members, as in § 109, yield complete sets of monomials. We
are going to seek solutions of ¢, analytic at some point,
which, with no loss of generality, may be taken as x; =0,
=1, ..., m.

Consider any y;. Let numerical values be assigned to the
parametric derivatives of y;, at the origin, with the sole
conditions that the second members in o are analytic for the
values given to the derivatives in them and that the series

aj Jm : :
where the a are the values of the parametric derivatives,
the subscripts indicating the type of differentiation, converges
in a neighborhood of the origin. The series (15) is called
the initial determination of y;. If y; does not appear in
a first member, (15) is a complete Taylor series.

In what follows, we suppose an initial determination to be
given for each y;. We shall then develop a process for
calculating the values of the principal derivatives at the
origin. There will result analytic functions y; which satisfy
each equation of o on the spread obtained by equating to
zero the non-multipliers of the monomial corresponding to the
first member. Later we shall obtain a condition for the y;
to give an actual solution of o.

In the dissection (7) of each y; which we shall obtain,*
those terms whose monomials are multiples of monomials in
the complementary set will constitute the initial determination
of y;. Thus the initial determination of each y; is a linear
combination of a certain number of arbitrary functions, with
monomials for coefficients, the variables in the arbitrary
functions being specified. This description of the degree of

* This dissection is based on the complete set of monomials corre-
sponding to yi.
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generality of the solution of a system of equations is one
of the most important aspects of Riquier’s work.

We replace each y; which does not figure in any first
member in ¢ by an arbitrarily selected initial determination.
Then ¢ becomes an orthonomic system in the remaining i,
with the same principal derivatives as before for the re-
maining ;. On this basis, we assume, with no loss of
generality, that every y; figures in a first member.

I11I. We use the symbol d to represent differential operators.
Any principal derivative, dy;, which is not a first member
in ¢, can be obtained from one and only one first member
in ¢ by differentiation with respect to multipliers of the
monomial corresponding to that first member. This is because
the first members yield complete sets. We have thus a unique
expression for d;,

(16) dyi =g,

where the derivatives in g are lower than dy;.

The infinite system obtained by adjoining all equations (16)
to ¢ will be called z. Let p be any non-negative integer.
The systems of equations in z whose first members have p
for first mark will be called z,. Since the first mark of
a derivative is the sum of the order of the derivative and
of the first mark of the function differentiated, each 7, has
only a finite number of equations.

Let a be the minimum, and b the maximum, of the first marks
in the first members in o. For the values assigned, in § 110,
to the parametric derivatives, the equations 7,4,za+41, - -+, 7
determine uniquely the values at the origin of the principal
derivatives whose first mark does not exceed b. In short, the
lowest such derivative has an equation which determines it in
terms of parametric derivatives; the principal derivative next
in ascending order is determined in terms of parametric deri-
vatives, and, perhaps, the first principal derivative, and so on.

We subject the unknowns y; to the transformation

Clyiye iy i i

a7 Y=gt et+ 2 et ph g

27! e im!
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where ¢; is the chosen initial determination of y; and where
the ¢ are the principal derivatives at the origin of y;, of
first mark not exceeding b, found as above.

Then ¢ goes over into a system ¢’ in the y;. In the new
system, we transpose the known terms in the first members
(these come from the known terms in (17)) to the right.
The new system-will be orthonomic in the y;, with the same
monomials for its first members as in 0. The second members
will be analytic when each x; and each parametric derivative
is small.

The system z’ for o', analogous to = for o, is obtained
by executing the transformation (17) on the equations of =.

Thus, if we give to the ;, in ¢’, initial determinations
which are identically zero, the principal derivatives at the
origin, of first mark not exceeding b, will be determined as
zero by vg, - -, Th. 4

On this account, we limit ourselves, without loss of
generality, to the searech of solutions w, ---, ya, of o,
with initial determinations identically zero, assuming that
the system zg, --., 75 yields zero values at the origin for
the principal derivatives whose first marks do not exceed b.

112. In the second members in 7541, no derivatives appear
whose first marks exceed b+ 1. Those derivatives whose
first marks are b1 enter linearly, because they come from
the differentiation of derivatives of first mark & in 7.

We denote by Oxy: the second member of (12). Then
every equation in zpyy is of the form

(18) 0iye = 2 Piajp 0 Yp+ i

where the J; yg are of first mark b4 1 and where the p and ¢
involve the x; and derivatives whose first marks are b or less.

In (18), we consider every derivative of first mark b1
which is lower than d; y. to be present in the second member.
If necessary, we take piqp = 0.

Consider any d;y. in (18). Suppose that there is a 8 such
that yz has derivatives of first mark b+1 which are lower
than d;y.. For every such B, we let rias represent the
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number of derivatives of yg, of first mark b1, which are
lower than d;y.. For every other 8, we let ris = 1, and
we suppose that a single derivative of yg of first mark
b+ 1 appears in the second member of (18), with a zero
coefficient. We can thus not continue to say that every
derivative in the second member of (18) is lower than the
first member, but no difficulty will arise out of this; only
a question of language is involved.

Let » be the maximum of the 7.

The p and ¢ in (18) are analytic for small values of their
arguments. Let the p and ¢ be expanded as series of powers
of their arguments.

Let ¢>0 be such that each of the above series converges
for values of its arguments which all exceed & in modulus.
Let >0 be such that each p and each ¢ has a modulus
less than 72 when the arguments do not exceed e.

Let A be any positive number less than 1/n.

Following § 107, we determine positive numbers &;, {;, not
less than unity such that, if d;y« and d;ys are of first mark
b4-1, with d; y. higher than d;ys, we have
(19) S Al g

In what follows, we associate with each y; a new unknown
function u;.

Let
_ & x1++§m$m+26u

&

where 2 ranges over all derivatives of u, ---, un Whose
first mark does not exceed b (d; u. is supposed to have the
same marks as d; ye).

We consider the system of equations

A Er.. Emp,

Tm

(l—e) 2 s o z"»c,,

+ REL ... Emg,
1—e

Oiue = dj ug

(20)
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which has the general form of (18), with alterations of the
form of the p and q.
The function
h

Xt - + 2w+ 2 0u

&

1—

is a majorant for every p and every q. As each Z-‘ is at
least unity, the same is true of 4/(1— o).

Thus, in virtue of (19), wherever a d;yg is lower than d;y«
in an equation in (18), the coefficient of djug in the corre-
sponding equation of (20) will be a majorant for the coeffi-
cient of djys. In the exceptional case where a djyg is not
lower than d;y. and thus has a zero coefficient, the corre-
sponding coefficient in (20) is certainly a majorant. Evidently
the terms in (20) which correspond to the ¢ in (18) are
majorants of the gq.

113. We shall show that (20) has a solution in which .
each u; is a function of

(21) o+ +EmTm.

Consider, in (20), all derivatives of a particular ue« whose
first marks are b+1. The first mark of any such derivative
is the order (total) of the derivative, plus the first mark of ue.
Hence all of the derivatives of u, which are of first mark
b4 1 are of the same order, say g.

Let the uq, in what follows, represent functions of (21).
Put ue = Laue and let ua; be the (4, + - - - + 2m)th derivative
of ue with respect to (21). Thes

pite e tin
= 5 E’ T oul

o« o Cett

0 xlii oo BC(,';';‘
When the u. are functions of (21), ¢ becomes a function ¢’

of (21) and of the derivatives of the us of order less than
Jey e =1,... m, Equations (20) reduce to

h
(22) uaga = 1 2 , upgﬂ + '1—_7.
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There will be n equations in (22), one for each «. All
equations in (20) in which a given w. appeavs in the first
member yield the same equation (22). We write (22) as

n
(23) Wg, == 0 g, + 1 ,82 “;"-‘7;0 +h.
~1

When (21) is zero and when the wwi, i =0, ---, ge—1, for
each «, are given zero values, the determinant of (22) with
respect to the weyg, is

1-— %, — 2, oo, —A
T T S —
—h, —k, e, 1—1

’

This determinant is not zero. In short, the equations

(M1—)gy—Aeg— - - —dzy = ¢
(24)
— Ay —hzs— - + (1 =1z, = ¢y
imply

(1~nl)zi = A(Cl+"'+crl)+(1—”;')fz

so that the determirant cannot vanish for A<C1/n.*

Then the wuey, can be expressed as functions of the other
quantities in (23), analytic when the arguments are small.
By the existence theorem for ordinary differential equations,
(23) has a solution with the wua; zero, for 7<Cge, when (21)
is zero. The functions in this solution will be analytic for
(21) small. *

114. We shall prove that, in the solution just found, all
ua; With ¢ 2> ge are positive for (21) zero. For (21) zero,
we have

n
Uag, — * ,321 Upg, = .

*For i = 1, subtract each equation from the first, in succession, and
substitute the results into the first.

11
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Referring to (24), we see that, since 4-Zl1/n, the 2z are
positive if the ¢; are all positive. Then the wueg, are positive
for every «.

Differentiating (23), we find, for (21) zero,

n

’ Wl
g =1 3, thogin =l

—~1

where the k., are positive. Again, the solution consists of
positive numbers. Continuing, we obtain our result.

What precedes shows that (20) has a solution, analytic at
the origin, with every derivative of first mark less than 0+ 1
equal to zero and every other derivative positive, at the origin.

115. We now return to the system . With the procedure
employed, in § 111, for the determination, at the origin, of
the principal derivatives of first mark not greater tham D,
we determine the values of all principal derivatives at the
origin, We can ascend, step by step, through all the principal
derivatives, because each 7, in § 111 has only a finite number
of equations.

We obtain thus a complete power series for each y;. We
are going to prove that these power series converge for small
values of the ;.

Let d,y. Le any principal derivative. We shall prove that
the modulus of this derivative at the origin does not exceed
the value at the origin found for d;u. in § 114,

For derivatives of first mark less than b+ 1, thisis certainly
true; those derivatives have zero values. ILet the result hold
for all derivatives lower than some d;y, of first mark greater
than b. The equation in v for d;y, is either in (18), or is
found by differentiating some equation in (18). Consider the
corresponding equation for d;u,, which is either in (20), or
obtained from (20) by differentiation.

We shall consider the expressions for d;y, and d;u, as
power series in the 2; and in the derivatives in terms of
which d,y, and d,u, are expressed.

We see that, for every term in the series for d;y,, there
is a dominating term in the series for din,. What is more,
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the series for d;u, may have other terms, involving 0wy
itself, or even higher derivatives. This is because of the
exceptional terms in (20), introduced in § 112.*

Each term in d;u; which has a corresponding term in d; y,
is at least as great as the modulus of that term at the origin,
tor such terms involve only lower derivatives than d;y, or
d;uy. Terms in 0, %, which have no corresponding terms in
d;yy are zero or positive at the origin. They will be positive
if they involve no x;, and contain only derivatives of first
mark at least b-+1 (§ 114). This proves that the value
determined for each 0;y. by ¢ has 8 modulus not greater
than the value at the origin of d; we.

Thus the series obtained for the y; converge in a neigh-
borhood of the origin.

116. We shall now see to what extent the analytic func-
tions y;, just obtained, are solutions of o.

Consider any equation dy; = ¢ in ¢. This equation, and
all equations obtained from it by differentiation with respect
to multipliers of the monomial corresponding to the first member,
are satisfied, at the origin, by the derivatives of #,, -+, ya
at the origin. Hence, if we substitute g, - - -, y, into dy,—y,
we obtain a function % of xy, - - -, 2, which vanishes at the
origin, together with its derivatives with respect to the above
multipliers. Thus, in the expansion of %, only non-multipliers
occur. Then & vanishes when the non-multipliers are zero.

Hence yy, - - -, yn satisfy each cquation of o on the spread
obtained by equating to zero the mon-multipliers corresponding
to the first member of the equation.

117. Let us return now to the most general orthonomic
system ¢ whose first members give complete sets of monomials.
‘We do not suppose that every y; appears in some first member.

We consider any point x; = a;, ¢ = 1, ---, m, subject
to obvious conditions of analyticity. Let any values be given
" to the parametric derivatives of the y; at a;, ---, am, s0 as
to yleld convergent initial determmdtwns Then the prmclpal

*In our present language, all derxvatlves in a second member in (]8)
are lower than the first member.

11*
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derivatives are determined uniquely by o in such a way as
to yield analytic functions g, ---, . which satisfy each
equation in ¢ on the spread obtained by equating to a; each
non-multiplierz; corresponding tothe first member of the equation.

This is an immediate consequence of the preceding sections.

PASSIVE ORTHONOMIC SYSTEMS

118. Let ¢ be an orthonomic system, described as in the
preceding section. Let the equations in ¢ be listed so that
their first members form an ascending sequence, and let them
be written
(25) v; = 0, i=1,.---,t.

If v; is dy;— g, we attribute to v; the s marks of dy;. This
establishes order relations among the v;, according to the
convention of § 106. To all of the derivatives of v;, we
attribute marks as in § 106. Thus, the marks of dv; will
be the marks of the highest derivative in de;. By the
monomial corresponding to v;, we mean the monomial corre-
sponding to dy;. We shall refer to dy; as the first term
in v;. By the first term of a derivative of v;, we shall mean
the corresponding derivative of dy;.

Consider a » whose corresponding monomial, «, has non-
multipliers. Let x; be such a non-multiplier. By § 103,
x; & is the produet of a @8, in the same complete set as e
and higher than «, by multipliers of 8. Hence, there is a 25,
higher than v, such that some dv, has the same first term
as dv/dx;. Then, in the expression

(26) 2V __do,

all derivatives effectively present are lower than the first
term of dv/d8a;.

It is clear that (26) is a polynomial in such principal
derivatives as it may involve. Let w be the highest such
principal derivative. Then w is the first term of some ex-
pression dv,, where dv, is lower than dv/dx;. We choose
tq S0 that w is obtained from it by differentiation with respect
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to multipliers of the corresponding monomial. This makes
vq unique. Let then, identically,

(27) w = dy,+k,

where the derivatives in % are all lower than . We replace
w in (26) by its expression in (27) and find, identically.

ov

S = vt (0vg, - ),
where %; is a polynomial in dv, whose coefficients involve
no principal derivative as high as w. Let w,; be the highest
principal derivative in 2,. We give it the treatment accorded

to w and find

ov
‘5.%, = 6@‘p+"2 (60,1, Oiry -0,

where /i, is a polynomial in dw,, dv.. Continuing, we find
in a unique manner, an identity

(28) DY Syt R @y -, du),

0 a;

in which the coefficients in % involve only parametric deri-
vatives. We now write (28) in the form

(29) e = Syt 1@y, o, e

where w is the term of zero degree in 4. Then w is an
expression in the parametric derivatives alone. The ex-
pression y vanishes when duv,, .-, dv, are replaced by O.

It is clear that, for any solution of ¢, we must have g =0.
The totality of equations ¢ =0, obtained from all equations
of ¢ for which the monomial corresponding to the first member
has non-multipliers, all non-multipliers being used, are called
the integrability conditions for a.

119. If every expression w is identically zero, the system o
is said to be passive.

We shall prove that, if ¢ is passive, the » functions
Y1y ++y Yn, described in § 117, which satisfy each equation
in o on a certain spread, constitute an actual solution of o.

What we have to show is, that for these functions, every v;
in (25) vanishes identically.



156 ALGEBRAIC DIFFERENTIAL EQUATIONS

When the y; above are substituted into v;, we obtain
a function u; of oy, .-, 2. If 3 has no non-multipliers,
u; = 0. Otherwise, u; vanishes when the non-multipliers
of the monomial corresponding to »; are equated to their a;.

If, in (29), where x is now identically zero, the parametric
derivatives in y are replaced by their expressions as functions
of the a;, found from the y;, (29) becomes a system ¢ of
differential equations in the wunknowns v;. Since (29) consisted
of identities, before these replacements, ¢ is satisfied by
=y, (=1,..,t.

We now attribute to each r, an additional mark 0, and
to each v»; an additional mark ¢—/. With this change, the
derivatives of the »; will be completely ordered and the first
member in each equation in ¢ will be higher than every
derivative in the second member.

If the second members in ¢ contain derivatives of the first
members, we can get rid of such derivatives, step by step.
Then ¢ goes over into an orthonomic system v, with the
same first members as ¢.

For our purposes, it is unnecessary to adjoin new equations
to ¥ as in § 109. Consider any unknown u; which appears
in a first member. The derivatives of ¢, in the first members
will be taken with respect to certain variables

(30) Ta, -+, Ta.

The variables (30) when equated to their a;, give a spread on
which u; vanishes.

The parametric derivatives of v; will be the derivatives
taken with respect to the variables not in (30). For the
corresponding u;, each of these parametric derivatives is zero.
Now we know that, for given values of the parametric
derivatives, there is at most one solution of . But ¢; ==0,
i=1,---,t is a solution of ¥ for which all parametric
derivatives vanish. Hence w; =0, ¢=1,.--,¢.

This proves that, given a passive orthomomic system, there
is one and only one solution of the system for any given initial
determinations.



CHAPTER X
SYSTEMS OF ALGEBRAIC PARTIAL DIFFERENTIAL EQUATIONS

DECOMPOSITION OF A SYSTEM INTO IRREDUCIBLE SYSTEMS

120. We consider » unknown functions, wy, ---. ya, of m
independent variables, «y, ---, 2. Definitions will usually
be as for the case of one independent variable, and will be
given, formally, only when there is some nccessity for it.

We assume marks to have been assigned to the z; and y:
in such a way as to order completely the derivatives of
the ;.

By a form, we shall mean a polynomial in the y; and any
number of their partial derivatives, with coefficients which
are functions of the x;, meromorphic at each point of a given
open region 2 in the space of the x;. By a field, we shall
mean a set of functions meromorphic at each point of A,
the set being closed with respect to rational operations and
partial differentiation. We assume a field § to be given in
advance. Where the contrary is not stated, the coefficients
in a form will belong to &.

121. By the leader of a form A which actually involves
unknowns, we shall mean the highest derivative present
in 4.

Let A4, and 45 be two forms which actually involve unknowns.
If A, has a higher leader than 4,, then 4, will be said to
be of higher rank than A,. 1f A; and A, have the same
leader, and if the degree of As in the common leader exceeds
that of 4,, then again, 4, will be said to be of higher rank
than 4,. A form which effectively involves unknowns will
be said to be of higher rank than a form which does not.

157
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Two forms, for which no difference in rank is created by
what precedes, will be said to be of the same rank.*

The lemma of § 2 goes over immediately to the case of
several variables.

122. If A, involves unknowns, A; will be said to be
reduced with respect to A; if A, contains no derivative (proper)
of the leader of A, and if 4, is of lower degree than 4; in
the leader of 4;,. A set of forms

(1) Al; AZ; Tty AT

will be called an ascending set if either

@r=1 and A, £ 0, or

(b) r>1, A; involves unknowns and, for j=>1i, Ajis of higher
rank than A; and reduced with respect to A;.

When (b) holds, the leader of 4;is higher than that of A;
for j >1.

Relative rank for ascending sets is defined exactly as in
§3. If @, @,, @3 are ascending sets with @, > @, and
@, > @y then @, >®;. We prove the following lemma.

LeEmMMA,  Let

(2) ml’ (D?.) e, @

, gyttt

be an infinite sequence of ascending sets such that @y, is not
higher than @4 for any q. Then there exists a subscript r
such that, for q>r, @, has the same rank as @,.

For ¢ large, the first forms in the @, have the same rank.
These first forms will either be free of the unknowns, or
else will have the same leader, say p,. We have only to
consider the latter possibility, and may limit ourselves to
the case in which @, with ¢ large has at least two forms.
For ¢ large, the second forms will have the same leader,
say p,. Now p, is not a proper derivative of p,. As we
saw above, p, is higher than p,. We may confine ourselves
now to the case in which @,, for ¢ large, has at least three

*It will be noticed that the above definitions of relative rank do not
specialize into those of § 2. This is due to the fact that the first mark
of each x: is unity.
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forms. Then, for ¢ large, the third forms will all have the
same leader, p,, higher than p, and p, and not a derivative
of either of them. Thus, our result holds, unless there is
an infinite sequence

pppfp ""pq:

of derivatives which increase steadily in rank, no p, being
a derivative of a p, with 2 <q. But this contradicts Riquier’s
theorem on sequences of monomials proved in § 99.

On the basis of the above lemma, we define a basic set
of a system 2 which contains non-zero forms, to be an
ascending set of = of least rank.

If 4, in (1) involves unknowns, a form F will be said to
be reduced with respect to (1) if F' is reduced with respect
to A;, i=1,---,r.

Let = be a system for which (1), with 4, not free of the
unknowns, is a basic set. Then no non-zero form of 2 can
be reduced with respect to (1). If a non-zero form, reduced
with respect to (1), is adjoined to =, the basic sets of the
resulting system are lower than (1).

123. In this section, we deal with an ascending set (1)
in which A; involves unknowns.

If a form @ has a leader, p, we shall call the form ¢ G/3p
the separant of G. The coefficient of the highest power of p
in @ will be called the énitial of Q.

Let S; and I; be, respectively, the separant and initial
of 4; in (1)

We shall prove the following result.

Let G be any form. There exist non-negative integers, Si,
ti, i =1, .-+, r, such that, when a suitable linear combination
of the A; and a certain number of their derivatives, with forms
Jor coefficients, s subtracted from

I R o
S ST I G,

the remainder, R, is reduced with respect to (1).
Let p; be the leader of 4;. We limit ourselves, as we
may, to the case in which G involves derivatives, proper or
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improper, of the p;. Let the highest derivative in @ which
is a derivative of a p; be ¢ and let ¢ be a derivative of p;.
For the sake of uniqueness, if there are several possibilities
for j, we use the largest ; available. To fix our ideas, we
assume ¢ higher than p,. Then

86 = C4j+B

where 4j is a derivative of 4; with ¢ for leader, and where
B is free of q. Because 4; and S; involve no derivative
higher than ¢, B involves no derivative of a p; which is as
high as q. For uniqueness we take g as small as possible.

If B involves a derivative of a p; which is higher than p,,
we give B the treatment accorded to . After a finite
number of steps we arrive at a unique form D which differs
by a linear combination of derivatives of the A4; from a form

% ... 8% .

The form D involves no derivative of a p; which is higher
than p,.
We then find a relation

I*"D = HA,+K

where K is reduced with respect to 4,. The form K may
involve p,. Aside from p,, the only derivatives of the p;
present in K are derivatives of p1, ---, pr—1. Such derivatives
are lower than p,. Let ¢, be the highest of them.

Suppose that ¢, is higher than p,—;. We give K the
treatment accorded to G. In a finite number of steps, we
arrive at a unique form L which differs from some

hl hr—l t, —1
Sl o Sr——l Ir'—l K

by a linear combination of 4, and the derivatives of
Ay, -+, Ay—1. The form L is reduced with respect to A,
and 4,—;. Aside from p, and p,—;, the derivatives of the
pi in L are derivatives of py, - -, py—2, and all such derivatives
are lower than p,—i.
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Continuing, we determine, in a unique. manner, a form R
as described in the statement of the lemma. We call R the
remainder of @ with respect lo (1).

124. The argument of §§ 7-10 now goes over, without
change, to the case of several independent variables. We
secure the lemma:

LemMmA.  Every infinite system of forms in i, - -+, ya has
a finite subsystem whose manifold s identical with that of the
infinite system.*

As in § 13, we prove the

THEOREM. Every system of forms in yy, - - -, yn is equivalent
to a finite number of irreducible systems.

The decomposition is unique in the sense of § 14.

As an example, we consider the equation

3) ¢—(px+qy)+p*+4¢ = 0,

where p = 32/0x, q = 82/8y. Differentiating with respect
to x, we find

) — (rx+sy)+2(pr+qs) = 0

where r = 9%2/0x% s = 0%2/0x 0y, t = 0%2/0y% Differ-
entiating (3) with respect to y, we find

(5) — (sx+ty)-+2(ps+qt) = 0.

* This lemma is very different from, and is not to be confused with, the
theorem of Tresse for general (non-algebraic) systems of partial differential
equations. (Acta Mathematica, vol. 18, (1894), p. 4) In using the implicit
function theorem to solve his system for certain derivatives, Tresse has
necessarily to confine himself to a portion of the manifold of his system.
In fact, it is not easy to imagine systems other than linear systems for
which Tresse's argument and result have a definite meaning. On this
basis, the above lemma, together with the theorem of § 129, may be
regarded as an extension, to general algebraic systems, of Tresse’s result,
as applied to linear systems. Thus the relation between Tresse’s theorem
and our lemma is quite like that between the theorem that a system of
linear functions of n variables contains at most n 41 linearly independent
functions, and Hilbert’s theorem on the existence of a finite basis for any
system of polynomials in n variables. The use of Riquier's theorem of
§ 99 was suggested to us by what is contained in Tresse's work. This
is the only common feature of the two arguments.
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From (4) and (5), we obtain
(rt—s)(@—2p) = 0; (rt—s)(y—2q = 0.

Thus, either r¢—s* = 0 or z = (2*+ y?®)/4. The latter
solution of (3) does not annul ¢ — s Thus (3) is a reducible
system. As one can see from what follows, it is equivalent
to two irreducible systems.

BaAsIC SETS OF CLOSED IRREDUCIBLE SYSTEMS

125. Let = be a non-trivial closed irreducible system for
which
(6) A17A27"'7A’7

is a basic set. A solution of (6) for which no separant or
initial vanishes will be called a regular solution of (6).
Evidently such regular solutions exist. The remainder, with
respect to (6), of any form of =, is zero. Hence, every regular
solution of (6) is a solution of . Furthermore, 2 consists
of all forms which vanish for the regular solutions of (6).

We represent by &, ---, &, more briefly by &, a point
in 2 at which the coefficients in (6) are analytic. We use
the symbol [5] to designate any set of numerical values which
one may choose to associate with the derivatives appearing
in (6). The existence of regular solutions of (6) guarantees
the existence of a set &, [g] for which every A; vanishes,
but for which no separant or initial vanishes. In what
follows, we deal with such a set.

Let p; be the leader of 4;. The equation 4, = 0, treated
as an algebraic equation for p,, determines p, as a function
of the x; and the derivatives lower than p, in 4,, the
function being analytic for x; close to & and for the deri-
vatives lower than p, close to their values among the [7].
The value of the function p, for the special arguments
stipulated above will be the value for p, in [4]. Let the
expression for p; be substituted into A43. We can then solve
A = 0 for p,, expressing p, as a function of the x; and of
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the derivatives other than p, and p, appearing in .4, and A4,.
We substitute the expressions for p, and p, into Ay,
solve Ay = O for pg, and continue, in this manner, for all
forms in (6).

We will find thus a set of expressions for the p;, each
pi being given as an analytic function of the z; and of the
derivatives other than p,, ---, p, in (6). We write

(M Pi = gi, © =1, -+, 1.

If the equations (7) are considered as differential equations
for the y;, they will form an orthonomic system. We shall
prove the

THEOREM: The orthonomic system p; = gi is passive.

As in § 65, we see that if (6) is considered as a set of
simple forms in the symbols for the derivatives, (6) will
be a basic set of a prime system, 7.* The unconditioned
unknowns in . will be those corresponding to the parametric
derivatives in (7). We form a simple resolvent for .7, with

(8) w = byp+---+brpr,
the b; being integers. Let the resolvent be
9 Byw*+---+ By = 0,

and let the expressions for the p; be

(10) pi = _E_ifljf_'_l_:*'Dfifvij,“_)s_:_’ i=1, -+, r
(see § 59), where the B;, Ej; and D are simple forms in the
(symbols for the) parametric derivatives. If the parametric
derivatives are specialized as functions of the z; for which
B, D 0, the functions p; determined by (9) and (10) give
(in some open region) all of the solutions of A for the given
specialization of the parametric derivatives.

* All results relative to simple forms, which we employ, carry over
without difficulty to several variables.
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The relations (9) and (10) continue to hold if the p; are
replaced in (8) and (10) by the functions g; appearing in (7).
For, let the arguments in the g; be given any vulues, close
to those in &, [g4], for which B, D does not vanish. Let
the value given to x; be &. If the parametric derivatives
are held fast at the values just assigned to them, while x;
ranges over the neighborhood of &, then the p; in (7) be-
come functions of the x;, which, with the constant values
of the parametric derivatives, give a solution of .. For
this solution, B, D # 0, so that (9) and (10) hold. Now the
values of the p; in this solution, at x; = §&;, are the values
of the functions ¢; in (7) with the arguments specialized as
above. This shows that the g; can replace the p; in (8),
(9), (10).

We thus consider each g; in (7) to be expressed by the
second member of (10), where w is a function of the x; and
the parametric derivatives, analytic when the arguments are
close to their values in &, [7].

It may be, however, that the expressions (10) are meaning-
less for the particular values &, [y]; that is D may vanish
for those values. To take care of this point, and of a point
which will arise later, we pass to values &, [7], close to
&, (4], for which DB, K, where K is the discriminant of
(9), does not vanish. After we have proved the passivity
of (2) for the neighborhood of &, [4], the passivity for the
neighborhood of &, [5] will follow. .

Let equations be adjoined to (7), as in § 109, so as to
form an orthonomic system, o, whose first members give
complete sets of monomials. Let us see how the equations
in o can be written. From (10) we find

opi __
(11) g
gI{io +.. 4 Hig w )+ (Jo+---+ Ji,a——zw‘q_z) 0 w/axi
. T .
Let P represent the first member of (9). Let @ = 8 P/dw.
Then
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~1
(12) ow _ Uo + + Us-—-luis .
o xj Q
Now the resultant of P and @ equals, to within sign, B, K.*
This means that
ByK = LP+MQ

and that the denominator @ in (12) can be replaced by
B, K (we multiply the numerator by M). In the new ex-
pression for dw/dx;, the degree of the numerator in w may
exceed s— 1. We substitute this new expression for dw/dx;
into (11). Thus we have

opi _ Fot -+ Fgu?
(13) bu; T

where the F; are free of w, and 7 is a product of powers
of D, By, K.

We get expressions similar to the second member of (13)
for all derivatives of the p;. If principal derivatives appear
in the F;, we get rid of them, step by step. At the end,
we depress the degrees in w of the numerators in the ex-
pressions to less than s. This is accomplished by a division
by P; the division introduces a power of B, into the deno-
minator.

All in all, each equation in o will have the form

Fot -+ Fyy

(14) 6:‘/ = T ’

where T is a product of powers of D, By, K, where the ¥
are simple forms in the parametric derivatives.

If we refer now to § 118, we see that every u has for
the neighborhood of &, [7'], an expression like the second
member of (14). To establish the passivity of (7), for the
neighborhood of &, [4], we have to show that every u, as
a function of the x; and of the parametric derivatives, is
identically zero.

* Perron, Algebra, vol. 1, p. 225.
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The form D B, K, which involves only parametric derivatives,
is reduced with respect to (6) and hence is not in =. Con-
sider any regular solution of (6) for which DB, K 0.
Let &', -+, & be a point at which D B, K and the separants
and initials do not vanish, for this solution. Let [4"] represent
the -set of values, at &/, ..., &, for this solution, of the
derivatives in (6). Let us imagine that we have formed the
system (7) for the neighborhood of &”, [4”]. Because the
calculation of the expressions for the ¢;, in (7), in terms
of w, involves only rational operations, the expressions will
be the same for &”,[5”] as for &, [4']. The same is true
of the expressions for the w.

Suppose that the expression for some u, say u,, in terms
of w is not identically zero. Let Z be the numerator in
the expression for u,. Then Z vanishes for the above solution
of (6). Because P is irreducible, the resultant W of P and Z
with respect to w is not identically zero. As W vanishes
for all solutions like the above, W is in =. This contradicts
the fact that W involves only parametric derivatives.

Thus the expression for w, is identically zero. Then g,
as an analytic function, vanishes for the neighborhood of
& [7']1.* As ¥,[q'] is arbitrarily close to &, [7], #, vanishes
for the neighborhood of &, [7].

This proves the passivity of (7).

126. Let (6), with 4, not free of the unknowns, be an
ascending set. We shall find necessary and sufficient con-
ditions for (6) to be a basic set for a closed irreducible
system.

As a first necessary condition, we have the condition
that (6), when regarded as a set of simple forms, be a basic
set for a prime system.

This implies the existence of » analytic functions g;, as
in (7), which annul the 4;, when substituted for the p;,
without annulling any initial or separant (§ 45).

Let &, [7] be some set of values, as in § 125, for which

* Note that not all numbers in & [7’'] are arguments of the u.
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no initial or separant vanishes. A second necessary con-
dition is that the system (7) be passive for the neighborhood
of &, ["]]-

We shall prove that if (6), considered as a set of simple
Jorms, is a basic set of a prime system, and if (1) is passive
Jor a single set &, [q], then (6) is a basic set of a closed ir-
reducible system.

Since (7) is passive for the neighborhood of &, [g], the p
of § 125 must vanish as analytic functions, for the neighbor-
hood of &, [y]. Hence the expressions of the p in terms of w,
which are valid for the neighborhood of &, [4], vanish identi-
cally.

We conclude that for any set of values &, [4] at all which
annul the A4; but no initial or separant, (7) is passive.

The passivity of (7) for &, [4] as above implies that (6)
has regular solutions. We shall prove that the system = of
forms which vanish for all regular solutions of (6) is an ir-
reducible system of which (6) is a basic set.

Let G and H be such that @H is in X. Let G, and H,
be, respectively, the remainders of @ and H with respect to
(6). There may be, in ¢, and H,, parametric derivatives
not present in (6). But (6), considered as a set of simple
forms, will be the basic set of a prime system, Z, even after
the adjunction of the new parametric derivatives to the un-
knowns in the simple forms. Following § 65, and using the
passivity established above, we see that every solution of .7
which annuls no separant or initial in (6), leads, when con-
sidered at a quite arbitrary point of %A, to a regular solution
of (6). Thus G, H;, considered as a simple form, is in A.
Then one of Gy, H, is in 4. As in § 65, it follows that
one of G, H, vanishes identically. Then one of @, H is
in 2, Thus 3 is irreducible. What precedes shows that if
G is in 3, the remainder of @ with respect to (6) is zero.
Then (6) is a basic set of 3.

127. Given a set (6) which satisfies the first condition of
§ 126, we can determine with a finite number of differentiations,
rational operations and factorizations, whether or not (7) is

12
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passive. This follows from the fact that the expressions of
the u in terms of w can be formed by a finite number of
such operations.

If (7) is not passive, the form WD By, K, (as in § 125),
which involves only parametric derivatives, vanishes for any
regular solutions which (6) may have.*

ALGORITHM FOR DECOMPOSITION

128. Let = be any finite system of forms, not all zero.
As in § 67, we can get, by a finite number of differentiations,
rational operations and factorizations, a set, equivalent to =,
of finite systems, 2, -.., 35, which have the following
properties:

(a) The basic sets of each 3; are not higher than those of =;
(b) if the basic sets of I; involve unknowns, the remainder
of any form of 2; with respect to a basic set is zero;
(c) a basic set of 2;, considered as a set of simple forms,

is a basic set of a prime system.

Suppose that 3; has a basic set (6), with A; not free of
unknowns. If (7) is not passive, 2, is equivalent to

EI+WD-BDK, 21'+_Sly ey 21+Ir,

where S; and I; are the separant and initial of 4;. Now
all of the latter systems have basic sets lower than (6).
If (7) proves passive, 2, is equivalent to

'Q’ 21"}"81; Ty El"*'Ir

where £ is the closed irreducible system of which (6) is
a basic set.

It is clear that by this process, we arrive, in a finite
number of steps, at a finite number of ascending sets, which
are basic sets of a set of irreducible systems equivalent to 3.

*It will be seen in § 129 that WD B, K vanishes for all solutions
which annul no initial.
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The above constitutes a complete elimination theory for
systems of algebraic partial differential equations.

The test for a form to hold a system is as in § 68.

One will notice that every system of linear partial differential
equations is irreducible.

ANALOGUE- OF THE HILBERT-NETTO THEOREM

129. We shall extend the theorem of § 77 to the case of
several independent variables. As in the case of one variable,
it suffices to show that if the system

(15) I'l’ Fﬂ""’ﬂ

has no solutions, then unity is a linear combination of the 77,
and of a certain number of their partial derivatives.

We suppose that unity has no such expression. One proves,
as in the case of one variable, that there is a pointay, ---, am,
at which the coefficients in (15) are analytic, for which certain
m power series

(16) coi + C1i (x'l - al) + oo A omi (Xxm— am) + - - -

render each 17; zero when substituted formally for y,,---, ¥, .
We shall use this fact to prove that (15) has analytic
solutions.

Let (15) be resolved into irreducible systems, by the
method of § 128. Here, we are dealing with analytic solutions,
and not with formal ones. If we can show that one of the
irreducible systems has a basic set in which the first form
involves unknowns, we shall know that (15) has analytic
solutions.

Let us examine the process of decomposing (15) into ir-
reducible systems, following § 128. First, it is apparent
that (16) is a formal solution of one of the systems 3;.*
Let (16) be a solution of Z;. Let (6) be a basic set of 3.

*The coefficients in the 3; may not be analytic at a,, -+, am. In
that case, the coefficients are to be expressed as quotients of power series
for a;, .-, am. This will be possible, since the coefficients are meromorphic.
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Then A4,, in (6), involves unknowns. If the system (7) is
passive, then (15) has analytic solutions. Suppose that (7)
is not passive. We shall prove that

an 1, .--I, WDB, K
vanishes for'(16). Let us suppose that

1, .--I, DB K

does not vanish for (16).
The system of simple forms £, obtained by adjoining the
simple form (see (8))

w_blpl‘_"'_brpr

to 4 of § 126, is indecomposable. We are dealing here with
analytic solutions of £2. The forms

(18) B:,ws—}—..-—‘rBs, ) .
Dpi—Ey—---—Eig 1w, i=1,.--7r,

all hold £. Thus, if L is any one of the -+ 1 forms (18),

L vanishes for every analytic solution of the system of simple

forms

(19) Ayy ooy Ary w—bypy—--—brpr

for which 7, --- I, does not vanish. By the Hilbert-Netto
theorem for simple forms, some power of

L L L

is a linear combination of the forms in (19). This means
that L vanishes for any formal power series solution of (19)
for which 7, -.- I, does not vanish.

Now, let the p; be series obtained by differentiating (16)
formally and let w be the series given by (8). We see that
w satisfies (9) and that the p; are given by (10).

If we go formally through the process of obtaining the u
of § 126, we find that the expression for every w in terms
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of w vanishes for (16). Then, if u,, for instance, is not
identically zero, W must vanish for (16).

Thus, if 3, does not have a passive system (7), (16) is
a solution of one of the systems

21+WDBOKy EI+II’ tty E"+Ir-

Continuing, we find that (16) is a solution of a basic set of
some irreducible system 3’ held by (15). Then the first form
of this basic set must involve unknowns, so that 3’ has
analytic solutions.

This completes the proof of the analogue, for partial dif-
ferential forms, of the Hilbert-Netto theorem. It follows,
as in the case of one independent variable, that any finite
system of forms can be decomposed into finite irreducible
systems by differentiating the forms of the system a sufficient
number of times and resolving the extended system, considered
as a system of simple forms, into indecomposable systems.
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