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PREFACE

The papers in this third volume of Contributions fall under two
distinct categorles. The second beginning with the paper by Hufford, to
the end of the collection, consists of contributions by Hufford, Diliberto
and students of the latter, essentially on biperiodic systems. This part
of the volume offers a certaln degree of homogeneity and may be left to
speak for itself.

The first category 1s more heterogeneous. In the paper by Seifert
there 1s discussed an equation arising in the study of the oscillations of
a synchronous motor about 1ts average veloclty.

L. Markus considers the equation

= f(x; t)

e

(x, £ are n-vectors) where f(x; t)— f(x) as t — + » and compares
initial and limiting systems.

Pinney attacks the problem of "practical" determination of os-
cillations in n-th order systems.

The paper by Violet Haas deals with the general problem of ap-
proach of a solution of

ex + f(t, x, X, €) = 0
as € — 0 to a solution of
£(t, x, X, 0) = o.

Gomory's paper 1s a contribution (the first so far) to the re-
lation between the critical points at infinity of a system

% = X(x), (x, X are 2-vectors)
and the periodic solutions of
% = X(x) + E(t)

where E 1s a periodic vector. He also analyzes the behavior in the large

v



vi PREFACE
of the solutions of
X+ f(x)k+glx)=0

wvhere f and g are polynomials with degree f > degree g, and appli'es
this to periodic solutions of the same system with a periodic right
handside.

Baroclo fully analyzes the critical point at the origin of a
system

¥ =X(x,y), ¥=7Yk ¥)

where X, Y are analytic and have first degree terms whose coefficient
matrix, although not zero, does have both characteristic roots zero.

Felix Haas studles equations on a two-dimensional manifold with
vector not necessarlly a gradient, and obtalns relations extending those
of Morse for the gradient case. These relations involve not only the
numbers of critical points but also the numbers of limit-cycles of various
types.

A number of the papers of this collection have been written under
sponsorship by certain governmental agencies. The nature of the agency and
the contract number are indicated in each case.

Solomon Lefschetz
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I. A ROTATED VECTOR APPROACH TO THE PROBLEM OF STABILITY
OF SOLUTIONS OF PENDULUM-TYPE EQUATIONS

Qeorge Seifert
We consider the differential equation
a%e de
(1) =5 + f(8, a)= = g(6)
dt dt

where

(1) f(e, a) 1s defined and has continuous second partial
derivatives for o > 0, - »w < 6§ < w, and in this domain

f(e, @) > 0, %> 0,

and f(o + 2x, @) = £(6, @).

(11) g(e) has continuous second derivatives everywhere,
g(e) = g(o + 2x), g(¢) has zeros ¢; for each of
which g'(e;) # 0, and

21
f g(e)de > o.

o]

This equation, of the so-called pendulum-type, arises in the study
of the oscillations of a synchronous motor sbout its average angular
velocity [1]. If it has & solution 6(t, o) such that if 3u(t, a) =
¥ = y(8, @) 1s periodic in & with period 2x, then 6(t, o) will be
called a periodic solution of the second kind of Eq. (1). With respect to
the performance of the synchronous motor such a solution would correspond
to a continuous slipping of the rotor; that 1s, asynchronous performance.

It is known [3] that for fixed « if such a solution exists, it
is unique and its time derivative 1s non-negative, while i1f no such solution

1



2 SEIFERT

exists, then each solution of Eq. (1) tends to a finite limit as t —> o,
1.e., 1s stable.

Define the set L* to be the set of « for which periodic
solutions of the second kind of Eq. (1) exist. Define the class P; of
functions y(e, «) = tya where 6(t, ) 1s a periodic solution of
Eq. (1) of the second kind and where «o e L*; 1i.e.,

Py = U y(o, a);
ael*
denote by P, the subset of P; consisting of the positive functions of
P} and by L the subset of L* for which y(e, a) € P, exist.

In this paper a method analogous to that of rotated vector flelds
used by G. F. D. Duff [4) 1is used to obtain information on the structure
of the set L*, primarily with respect to upper bounds. In Part 1 we show
that ©L* 1s an interval, that the functions y(6, o) e P, move u ward
analyticelly as o —» 0, o ¢ L*, and obtain an equation for 8,a)
in terms of y(e, @) for y(6, o) € P,. In Part 2 the special case
f£(e, a) = af(s) is considered, and using the results of Part 1, a method
is given such that corresponding to a known o ¢ L, an upper bound oa*
on the set L can be determined; 1.e., a value o* can be determined such
that for o > a*, all solutions of Eq. (1) will be stable.

Our point of departure is the equation of the phase trajectories
of Eq. (1):

(2) y'(e, a) = gle)-f£e,a)y(e,)
y(e,a)

obtained by putting g—% =y, noting that g% = g(e) - £(o, o)y from

Eq. (1), and dividing the latter equation by the former. Here, as in what
follows, the prime denotes differentiation with respect to the first indi-
cated variable.

The singularities (in the sense of Poincaré) of Eq. (2) consist
of the points (64, 0) of the phase plane (6, y), the 6; being the
zeros of g(A). We note that as a consequence of condition g' (ei) 0
for each 64, the number of zeros of g(e) 1in (0, 2x) 1s finite. An
analysis of these singularities shows that the points (6,45 0) for which
3'(921) > 0 are saddle points, each other singularity being either a focus
or a node.

Since the functions f£(e, o) and g(6) have perlod 2x 1n @,
a cylindrical phase space (see Minorsky [5] pp. 116-117) may also be used.
On it, the phase trajectories of P2 solutions are closed curves en-
circling the phase cylinder and the Bendixson criteria for existence of
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closed phase trajectorles become applicable. In view of the fact that
Amerio's work [3] to which we will frequently refer, employs the usual car-
tesian phase plane, we will suggest the use of cylindrical phase space in
an auxiliary capacity only.

Part 1: The General Case

We shall assume in this case that the set P, 1s non-vold and be-
gin by proving two non-intersection theorems for integral curves of Eq. (2)
corresponding to distinct values of «.

THEOREM 1.1. Let «, <a,, and y(6, ;) and y(e, ay)
be solutions of Eq. (2) positive on & < 6 < b such
that y(e, o)) >y(a, @,). Then y(o, a,) >y(e, a,) for
a< 6 <b.

PROOF. Suppose c¢ to be the smallest value of 6 1in (a, b) such that
y(c, @) = y(c, ay). From Bq. (2), 7y'(c, o) - y'(e, @) = flc, a,) -
fle, a;) > 0; 1.e., y'(c, a,) >y'(c, @y). BSince y(e, @) and y(e, a,)
have continuous derivatives for a < 6 < b, this is impossible.

THEOREM 1.2. Let a, <a, and y(e, a;) and y(e, a,) be
solutions of Eq. (2) positive on a < 6 < b. Then the in-
tegral curves of y(e, a,) and y(e, @,) cannot be tan-
gent nor intersect more than once in this interval.

PROOF. If at ¢ =c, ag c< b, we have y'(c, cz‘) = y'(c, °’2) and

yle, ay) = y(c, “2)* an impossibility. Hence the integral curves cannot
be tangent. If there are two points of intersection, then at one of these
two points, say 6 = ¢,, we must have 'y, @) < y'(cy, @,), which
implies f(cl, °‘1) > f(c,, ae), a contradiction. This completes the proof.

The next theorem shows that each integral curve of a P, function
has a neighborhood, each point of which contains an integral curve correspond-
ing to another, 1"2 function, and that in this neighborhood the P2 curves
vary analytically with a.

We shall need the following

LEMMA. BEach P, solution of Eg. (2) is stable; i.e.,
given 6, and yo(e, a) € P,, there exists an e >0
such that if |y(e,, @) - yo(eo, a)| < € where

y(6, @) 1s a solution of Eq. (2), then

1im Iy(el a) - Yo(e; a)| = o.
6 ——=

PROOF. Let ¢&(8, a) = y(8, a) - ¥o(6, @). Then for |[t| small, the well-
known equation for this first variation ¢ is



SEIFERT

t1(e, a) = - B ¢(p, @)

yg(e,a)

from which we obtain
0

t(e, a) = c exp [-f J&Ldt].

2
vo(t,a)
6, Yo ’

But since g(e) = y(!}(e, a)yo(e, a) + £(e, a)y,(6, a), we have that

t (e, a)-cmexp [- feMdt].

Yo (05r@) (N Yo lt,o)

Hence ¢&(6, a) —» 0 for 6 —o»w.

THEOREM 1.3. Let y,(6, ay) € P, and 6, be fixed;
then there exists an € > 0 such that to each ¢,
lel < e,, there corresponds an o = a(e) and a
y(o, a(e)) e P, for which y(e,, a(e)) = y(o,, ay) + e
the a(e) being differentiable for |el < eg.
PROOF. We shall prove the theorem only for lower neighborhoods. The
corresponding proof for upper neighborhoods follows along the same lines

and will be omitted.

let o > @, and denote by y(6, a, €) the solution of Eq. (2) for which
y(e, @, €) = yo(eo, ao) - € €>0. Define h(e, a, €) = y (0, a,) -
y(6, @, €) and note that for « - o, and € sufficlently small,

h(e, a, €¢) 1is defined and hence differentisble with respect to each vari-
able for 6, < 6 < 6, = 6, + 2n. In what follows, these restrictions on

o and € are presumed.

We show first that %h(e? a, €) > 0. By Eq. (2)

h'(e, a, €) = - {Ch I f(e, °‘o) - {C) + (e, a).
yo(eldo) y(e,a,€)
Differentiating with respect to «, we have, after changing the order of
differentiation on the left,

(3) n'(e, a, €) = 'TBQL n(e, a, €) + ?—az (8, @)

y(6,a,¢)
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where (6, @, €) = = h(6, &, €). Multiplying Bq. (3) by the usual in-
tegrating factor, and integrating from e to 6, we obtain

e

2
n(92, @, €) exp [- f G(e, o, e)de] - q(eo, o, €)
0
(o]
()
) e
= f %g-exp [— f G(t, o, e)it ]de
eC> eO

where G(e, o, ) = g(6)/y°(6, o, €). Since by Theorem 1.1 y(o, @, €) <
yo(e, ao) for 6, < 6 < 6,, and since n(eo, o, €) = 0, we have that
n(6,, a, €) = BE'h(ez’ a, €) > 0. DNow for fixa? o, > a, we have

h(e,, @, 0) - h(6,, g, 0) = h(e,, o, 0) = 55 h(e,, &, 0)I(x, - ),
where ¢ = t{o,, cro) is such that o, < & < a,. Put B?r'h(ea’ £, 0) =
Mo(g) and note that Mo(g) > 0. Since h(ez’ a,, €) 1s continuous in e,

there exlsts an e, > 0 such that e, < Mo(g)(o:1 - Oto)/2 and for e < €,

M (¢)

(5) h(e2, oy, €) > (e, - cxo) > e > e.

o

€)

If, now, € 1s sufficiently small, we also have for e < €9 h(ee, %5
Y565 ) - y(8, @y, €) < e; for if not, h(e, &y, €) would not tend to
0 for 8 —> » as is required by the lemma. (On the phase cylinder, the
curve of y(e, Y] e) must move up after one circult in the positive &
direction in order that it approach the closed curve of yo(e, ao) for

§ —> =.) Hence for N sufficiently smell corresponding to each e,

0 < e< ey, there exists an o = a(e) > @, such that h(92, a(s), €) = .

This shows that y(e, a(e), €) e P,.

That this «(e) 1s differentlable for 0 < e < ¢, 18 a consequence of the
implicit function theorem. This completes the proof.

[e]

From this last theorem we see that L 1s open; the next theorem
shows that the set I 1s an interval, not necessarily finite, and that for
fixed 6, y(e, @) € P, 1s a strictly decreasing function of o for
a e L.

THEOREM 1.4. If y(e, ao) € P,, then for any a,
0 <& <o, there exists a y(e, @) >y(e, o) such
thet y(e, @) ¢ P,; 1i.e., 1f &, € L, then the in-
terval O < o <o, 1s contained in L.
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PROOF. Fix 6 = 6, and « < ay, and consider the solution ¥o(6, @) of
Eq. (2) such that y,(6,, @) = ¥(65 a,). Since f(e,, @) < flo,, ag)

we have yl(6,, a) >y'(e,, ,). Hence, by Theorem 1.2, we must have

yo(eo + 2x, ) > y(eo + 2n, ao) = y(eo, ao) = yo(e, «). From this we con-
clude that there exists a y(e, @) e P, (Cf. [2], [3]); and since the
curves of P, functions cannot intersect by Theorem 1.2, y(e, @) > y(o, ao).

This proves the theorem.

This theorem shows that the function o(e) determined in the
proof of Theorem 1.3 is strictly decreasing; hence has an inverse e(a)
which 1s also strictly increasing and differentiable and may be defined by
the equation: e(x) = y(o,, o) - y(6,, @ ), for y(s, @) and y(e, ;)

each of class P2 and |o - aol < B, By sufficlently small.

Consider now the function e*(a) = y(o,, @) - y(o,, a;) for
y(e, @) end y(6, a;) of class P,; o, €L 1is fixed and o e L dis the
variable. Suppose at o = @, €L, e*(x) 1s not differentiesble. By
Theorem 1.3 e(a) = y(eo, @) - y(eo, cxo) i1s differentiable with respect to
o at o= ay; but ex(a) = [y(eo, a) - y(eo, oto)] + [y(eo, oto) -
y(eo, d1)] = e(¢) + C where C 1s independent of «, and we conclude
that e*(a) 1s differentisble on L.

We now consider the set L*. Clearly, if L 1s the interval
0< a< =, then since L C L*, we have L = L*, and everythinz we have
proved for the sets L and PQ holds also for the sets L* and Pg.

Suppose now L 1s bounded, let o, Dbe 1ts least upper bound.
If y e P, then for each o, 1lim y(o, @) = y*(8) exists.

a——)ac-

Suppose first y*(e) > 0 for all 6. Consider the solution
¥o(8, a,) of Eq. (2) such that y,(6,, ag) = y*(6,). If y*(e, + a) -
yo(eo + a, ac) = € > 0 for some positive .a < 2x, then there exists an
@ €L so close to &, such that if y(e, @) € P, and y(eo, a) = Yo
the solution y,(6, «,) for which v,(6,, @) =y, will be such that
Vi(og + 8, ag) - y,(0, + &, ay) < 7 » end that y(o, + &, a) -

7. (6, + 8, @) < 5 - Hence y*(o, + a) - yo(o, + &, a;) < y(6, + &, a) -
Yo(eo + a, ac) < €, a contradiction. Suppose now that for some positive
b < 2x, y(6, + b, o,) -,y*(6, + ) > e,. This is also impossible since
we can find & y(8, @) ¢ P, with « ¢ L so close to o, that v(e, @)
must intersect yo(e, ac) at some point 6 = 6, + c,. 0 < C g b; this
1s impossible by Theorem 1.1.

Hence we can only conclude that yo(e, o) = y*(e); 1.e.,
@, € L, which 1s a contradiction, since L 1s open.

c
Thus we see that y*(6) > 0 1is impossible; i.e., y*(6) must
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have zeros. Since the slope of solutions of Eq. (2) on the line y = 0 1is
o or undefined except at the saddle points, the zeros of y*(6) must
clearly be found among these saddle points. If we denote one of the zeros
of y*(¢) by 6,, then the solution y,(e, a,) for which ¥,(6,, o) =0
can be shown to be coincident with y*(6) in a manner similar to that of

the previous case. Hence o, € L¥*, and v*(6) € Pg.

Suppose now that for some a, >a,, @ € L*. Then the corre-
sponding y(e, a') € P; must also have a zero at the saddle point 6 = 6
The slope of the integral curve of y(e, “1) approaches the value

'

-£(e,,a,) -\/fa(e,,a1)+hg'(91)
)

m1=

as 6 —» 6, from the left. Since this 1s less than the slope of

y*(e) = yo(e, ac) defined above, it follows that for values of 6 < 6,
y(e, a1) must pass above yo(e, ac)- Hence there exists a solution

y(6, @) € P, whose curve is intersected by y(e, o,) twice. This is im-
possible by Theorem 1.2. Hence an o, > o, such that a, € L* 1is
impossible.

We can now assert that if L 1s bounded, then L* simply con-
sists of L plus its least upper bound a.; also that in this case P;
consists of P, plus a periodic solutlon of Eq. (2) which has zeros.

The next theorem gives an expression for g%-ye(e, a) for

y(e, a) € P,
THEOREM 1.5. Let y(e8, a) € P,. Then for 6 = 6.,

6, N
y(6,2)E(8,0) 55 £(6,x)ds

(6) 19 320, a) = - @
2 3 o {; E(ee,a) 1

where 6, = 6, + 2=, and

(o}

6

E(e, o) = exp [ J' g(z’g) dt ].

%

PROOF. If we put n(e, @) = g% y(e, «), differentiate Eq. (2) with
respect to «, and interchange the order of differentiation on the left,
we obtain
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n'(e, a) = __SS_,,(Q @) - &£ (6, ).
) o1

y2 (0,0

Multiplying this equation by the usual integrating factor, and integrating

from A to 6,5 Ve obtaln
[}
: (9)
(e ) [ ——E———de] - nle_,
n(6,, @) exp j; (6,00 n(e,, a)
o
(1) o,
= -f —exp [ __E_(idt]
) o7 2(t,a)

Since n(6,, @) = n(e,, @), and since, as before,

f —BE) gp - 10g HLL2@) f £,0) g4,
¥ (t,0) ylog,a) N y(t,a)

we obtain, solving Eq. (7) for n(e,, o) = %y(eo, a)s

f;y(eo, @) = -

6
: i 2 y(0,0)E(6,0) & £(6,0) iy

y(e,,a) o E(6,,0)-1

from which Eq. (6) follows easily.
COROLLARY. Let y(8, a) € P, M, () = max [g(e)/f(e, )],
0

M, (@) = m«z.x [% f(e, a)] ,

and 92
1
E, = em[ f f(e, a) de] 3
My (@) <
o
then
LM, ()M, (a)E, ()
d -2 1 2 1
8 = ) > -
&) auy(,cz > E, (a)-1

PROOF. We show first that if y(e, @) € P,, then y(o, a) < M, (a¢). Con-
sider the graph of y = g(6)/f(e, @) in the phase plane. In the region

R, of the phase plane bounded by this graph and in the 6 axis, the phase
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trajectories have positive slope; on the graph the slopes are zero, and
elsewhere the slopes are negative. Let [ be a value of ¢ at which
g(ey)/f(6y, a) = M;(¢) and suppose y(6, o) € P, 1s such that

y(6,, @) > M;(@). Then clearly y(6, - 2x, @) > y(6,, @), which is a
contradiction. This shows that y(s, o) < M, (x).

To complete the proof we note that

%2

f 70, «)E(o, ) 53; £(e, a)de < 2xE(6,, )M, (@M, (a)

%

and that since E(ag, a) > E, (x¢), we have

E(ea,a) . E, ()
E(ee,o:)-1 E, (x)-1

Using the above inequalities in Eq. (6) we obtain (8) which completes the
proof .

The usefulness of inequality (8) in obtaining information on
values of o for which o € L clearly depends on the availability of a
lower bound on y- (6, ay) - ye(e, @,) for some fixed 6, &, <o, @, and
@, belng members of L. Since this lower bound seems rather difficult to
obtaln, the special case f(6, o) = af(e) in which an inequality of type
(8) from which dependence on y(6, a) € P, can be eliminated is of inter-
est. We also note that the equation of the synchronous motor given by
Edgerton and Fourmarier [1] contains a damping function of the type of

this speclal case.

Part 2: The Special Case f(6, o) = af(e)

We first note that the conditions previously imposed on f(6, @)
imply that if f(e, @) = af(6), -then f(6) has a continuous first derlva-
tive everywhere, is of period 2s, and has a positive lower bound. The
equation of the phase trajectories is now

(28) y'(e, o) = BlO)f(e)y(6,a)

y(e,a)

We also note that for « sufficiently small, a y(6, a) € P, may exist
(2]; i.e., the class P, is in this case non-empty.

Let us replace f(6, @) by of(e) in Eq. (6) and consider the
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numerator of the fraction on the right. Since

E'(e, a) = -2£(8) p(e, a)
Y(eta)

where E(6, @) is defined as in Theorem 1.5, we have

6, )
f y(6, @)f(6)E(8, ) de ;L— f v2(e, @)E'(6, ) d6

60 eo

(9) 6

[E(e a)—11y2(9 @) 2
2’ = 2 . f y2'(e, a)E(e, a) de.
%

SIE

But by Eq. (2a), y2'(e, a) = 2(g(e) - af(e)y(e, «)l; hence

92 92
é f 321 (e, a)E(6, @) do = % f g(e)E(e, ) de

80 90
]
2

-2 f y(e, a)f(e)E(o, @) de.

0

o

Substituting this in Eq. (9) and solving for
)

2
f y(e, x)f(6)E(s, ) de
90
we have
I
2 E(o,,a)-1
f y(e, «)f(6)E(s, @) do = - -——-?-a———y2(9, o)
90
0
(10) 2
« 2 f g(0)E(e, «) de-
. o

Using Eq. (10) in Eq. (6) we obtain

)
2
72 (64, @) = L.(gz.cil -2 f g(0)E(0,a) 4,

19
an 2 3 s E(ey,a)-1
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We now conslder the integral

%2 %2 )
[ oeone, wa- [ w6 wal [ aw ]
) 6, 66 8
12
%5 % %2 )
= E(6,, o) f g(e) de - f g(e) ae - f E' (6, o) f g(t) dtde.
] 9 6o 8
The critical points of the function
0

o(0) = g(t) dt

<D|S

are clearly the zeros 6y, 6; < 64,,, Of g(o) and are independent of the
choice of 8. Denote by 9opsq? K= 0, £1, £2, ..., the values of o
at which ¢(e) has a relative minimum. We now prove the

LFMMA. There exists an odd integer m such that for
all n=m+ 2k, k=1, 2, 3, «.., for which
6, < 6, + 21 we have

®n

f g(e) de = o (6,) > o.

Oy

PROOF. Assume the lemma false; that 1s, suppose for each odd integer m
there exists an odd integer n, >m for which 6_ < 6y *+ 2 and

By

om(enm) < 0. Starting with m= 1 =n we determine an n, for which

0’
L (en ) < 0 where 6, <6, <8, + 2n. Consider the interval

(¢} 1 1 n
(en y Oy F 2:). Clearly, 6. + 2x 1s contained in it. Now correspond-

n
1 1 o}
ing to n, there exists an n, in this interval for which L (enz) < O.
If o =6_+ 21, we have o ( )+ ( ) ( ) ( +2n)<0,
By n ' Do\ 0y m\ oy Dy )

a contradiction. Hence suppose an ¥ en + 2x. Next, consider the inter-
2 °)

val , en + 2,:). It must clearly contain en + 2x and a point of
2

]
( n, 1
the form 6, + 2xp, P=1 or 2. Now corresponding to n, there is an
o
ng such that 6 is in this intervel and ¢ ( ) <0. If 6, =6, + 2rp,

n.

3
p=1 or e,wewouldhaveo( )+°(°n2)+°n( ) n( )=
o (e +21\'p)<0, while if 93'9 + 2x, then & (9n2)+.n2? n3)'

ow

o) To n,

e (6 = o 6_ + 2x) < 0; each of these being impossible, we assume
myng A,
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en3¥9n3+2np,s=o, 1, p=1, 2.

By continuing in this way we must, since the number of zeros of g(¢) 1in
any interval (e, 6 + 2x) 1s finite, eventually arrive at integers s, T,

and p, with s <r - 1, such that enr = 6, + 2np, and for which
S

oni (eni) <0,41=1,2, ..., r. Since we have agaln,
-1

r
) (e ) =0 (e ) = 0 (e + 2n ) <0
Z Ny ny Ng Py Ng Ry P ’

1=8+1
a contradiction, the proof is complete.

It may be observed that if we put

921+1
cy = g(e)de, 1=1,2, ..o, n
211

where 6, 1s a zero of g(e) such that g'(e,) >0, and 2n 1is the
number of zeros of g(6) in 6, <6 <6, + 2x, then the lemme may be
formulated as follows: there exists a cyclic permutation of the numbers

(cys Cpy +vey cy) = ()", 4ty +ovy ') such that

k
Z ci' >0 for k=1, 2, «¢sy, N
i=1

(This was pointed out to the author and proved by Professors L. K. Jackson
and H. Ribeiro.)

As in the proof of the lemma we may for convenlence denote by
6,, the 6,  assured us, and since ¢(¢) has a relative maximum at the
zero immedlately preceding 6,, Wwe have, setting g = 6,, that

2] ]
f g(t) at = f g(t) dt > 0
g- 8,

for 6,<6 <6, +2n =280 where 6, 1s the greatest zero of g(¢) less
than 91 .
This shows that if LS and & are chosen in the manner indi-

cated above, the last integral in Eq. (12) is positive and we have

2
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%2 92 6o
f g(6)E(e, @)de < E(e,, a) f g(e)de - f g(e) de
% o )
(13) o, o,
= E(s,, @) f g(e)de - (E(o,, a) - 1) f g(e) de.
o S

Since g(8) < 0 for 6, < 8 < 6,, we have, using Eq. (2a), y'(e, o) <
- af(6), and integrating from 6, to 6,, we obtain

,

y(o,, @) - ylo,, @) < - @ f £(e) de,

%

or o, o,

(%) y(6,s @) >« f f(e)de + y(8;, @) > a f £(e) ae
o, 9
for y(e, @) € P,.
Using inequalities (13) and (14) in Eq. (11) we obtain
81

12 7%, a)>ar 2+ 2 [ f gle) de

60
(15)
E(0,,a) %2
- EoaT [ s d"]
-]
o
where
3
F, = f £(e) de.
90
Def'ine 5
C¢2
B @ -om (S [ £00)
(]
o

where M = mex(g(e)/f(6)], and note that as in the proof of the corollary
of Theorem 1.5, y(o, @) < M/a provided y(o, a) € P,.

Hence E,(x) > E(e,, @), and we have
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E(e,, E
(16) (6gr) < 1 () = H(ax)
E(oy,a)-1  E,(x)-1

Thus (15) becomes
(1) 12 5%, @) > ap? - 2 [0, + H(a)G,]

where H(x) 1s defined in (16), and

% %

G, = - f gle)de, G, = f g(e) de.

%o %

let @, € L; then by Theorem 1.4 if < a, y(o, o) e P, ex-
ists also. Integrating (17) from a, < @, to o, we obtaln

o
2 2 2 2 1
v (6, )y (8,,9,) s I % F.2 > f G, +H(2)G,
3 2 1T —g — do,
%

but since %yQ(eo, a) < 0o for y(e, a) € P, we have

1

G, +H(x)G
_l_.a_g. do.

a

2 2 2
(18) (orl - a )F‘1 < 4 f
%

Since this last integral 1is in general non-elementary, we make the observa-
tion that H(x) 1s a strictly decreasing function of «@; and that there-
fore we may replace (18) by

o
2 2 2 1
(c:z1 - @y )F‘1 < h[G1 +H (ao)(}ellog _°‘o
which we can also write in the form

(19) a, exp [‘K (“o) (a]e - a°2) ] < a

where
2
1

4@, +H(x )G, ]

F

K(a) =
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We now state and prove the following

THEOREM 2.1. Let K(x) be defined as above and let
@ € L. Then the equation

(20) @ exp [K(cr)(x2 - d? )]= b'd

has a solution x = a* such that ao* > o, and such
that o* ¢ L.

PROOF. Consider the function v(x) = a exp [K(a)(x2 - &)1, Clearly

v(e¢) = @. To show that v!'(x¢) < 1 we note that v'(x) = 2cx2K(o:) <1 by

(17) since %ye(e, a) < 0. Hence Eq. (20) has a solution o* > a.
If o* € L, then (19) must hold, which is a contradiction.

COROLLARY 1. There exists a finite positive number
@, such that for each o < o, a y(e, @) € P2
exists, while if o > Q. no such solutions exilst;

i.e., the set L 1s bounded.

PROOF. We have already noted that the set P2 is non-void in the case

15

under consideration. Hence, if o, € L, we have a finite o* ¢ L. Take

@, as the least upper bound of this set L which 1s an open interval
(Theorem 1.4), and the proof 1s complete.

COROLLARY 2. The solution o* = a*(x) of Eq. (20) is
a strictly decreasing function of «.

PROOF. Define F(x, a) = a exp [K(a)(x° - o®)] - x; then

dx _ _dF /3F
da /[ =X

_ explK(a) (x2-a®)1 (14K (@) (x2-o?) -20®K (a) )
2axK(x)exp[K(a) (xB-a%)1-1

Putting x = a*(x) we have

(21) d yu(a) - - SRIE() (@*®=0?)] (1+K! (o) (®-a)-20°K(a))

do 2aa* [K(a) (a*2-a? )] -1

But if v(x) is defined as in the proof of the theorem, we must have

20a* explK(a)(a*® - @®)] = ¥'(a*) > 1 which shows that the denominator of
the fraction in Eq. (21) is positive. Since K'(x) > 0, and since, as in
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the proof of the theorem 20°K(a) = y'(x) < 1 the mmerator is also posi-
tive. This completes the proof.

To sumarize, we have in Theorem 2.1 a method whereby in the
special case f(e, @) = af(6) corresponding to an o« € L, we can deter-
mine an a* such that for o > a* no perlodic solutions of the second kind
for Eq. (1) exist; i.e., for which all solutions will be stable. Further-
more, the use of the largest avallable o e€ L. obtalns the smallest possible
a*.

We also note, in conclusion, that better results may be obtained
at the expense of the greater complexity of a better approximation to the
integral

%
[ B
aO

in (18), and that one could have carried through most of the procedure of
Part 2 in the more general case f(6, a) = f‘(a)fe(e).
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II. ASYMPTOTICALLY AUTONOMOUS DIFFERENTIAL SYSTEMS
L. Markus'
1. Introduction

In thls paper we analyse topologlcally the solution curves of
real, first order, ordinary differential systems, such as,

(1) ¢: %y = fi(x,‘, Xpy +evs X3 t) = fi(x; t) (1 =1,2, «vep n).

The vector fileld (fi(x; t)} 1s assumed (precise hypotheses later) to
approach an autonomous (time-independent) vector fleld (f,(x)} for large
values of the time t. The solutions of & are compared with those of the
limiting autonomous differential system

(2) €,k = £;(x) (L=1,2, ..., n)

Our purpose is to extend the global qualitative theory of non-
linear autonomous differential equations [see Reference 5] to certain time-
dependent equations. We apply our results to generalize the Poincaré-
Bendixson theory of two-dimensional systems. As a particular example, we
analyse a Liénard-type equation which contains a varying damping coefficient.

DEFINITION. Let €: %3 = f£;(x; t) and €, : %, = £;(x)
(1=1,2, ..., n). The real-valued functions fy(x; t)
and fi(x) are continuous in (x, t) for x € 6 an

open subset of real Euclidean n-space En, and for

all t > t,, & right half-line, and there satisfy a

local Lipschitz condition in x. We say & —>» &,

(€ 1s asymptotic to €, ) in case for each compact set
KC#8 and for each € > 0, there is a T = T(X, e)>t:0
such that Ifi(x; t) - fi(x)l <e forall 1=1,2, ..., n,
all x €K, and all t > T.

! Presented to the soclety September 1953.
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EXAMPLE. Bessel's equation 2% + tx + (t2 -~ dP)x = 0, for each real «,
becomes, in the phase plane 6 = E and for t > ty = 0, the system

2
¢:x=1y, i=—%y+(i:?-l)x.

Here € 1s asymptotic to the equation of the harmonic oscillator
€, X=y,¥=-x

The technique of comparing a time-dependent differential equation
with its limiting autonomous equatlon was originally developed by Sturm for
certain linear equations [see 4]. Also, in the case where £ 1s linear,
there are many known results concerning the asymptotic rate of growth of
the solutions of € [1]. However, we shall consider a qualitative theory
which includes non-linear ¢ and which relates such global properties as
boundedness and recursiveness of the solutions of ¢& to certain aspects
of the solutions of &, such as the distribution of the critical points
and the closed (periodic) orbits.

2. Boundedness and Recursiveness of Solutions of ¢

Through each point x, € ¢ and initial time t; > t, there 1s
a unique solution 8S(t) of ¢ which is defined for a maximel interval
to < T.<ty, t <1, <+« The escape times, +_ and v,  [7], of @
are not determined by those of & . In fact, 1t can happen that every so-
lution of € has a positive escape time of + = and yet «t < « for

each solution of §; and vice versa.
For each solution S(t) of & one defines the usual positive
and negative limit sets
s, = N U __ s

m<t 4_t>m>t;0
and
S =

m>t_t<m

Then S, and S_ are closed, connected subsets of 6. If 3(t) 1s bound-
ed in the positive sense,* that 1s, 8(t) 1lles in a compact set K C 6 for
all large t —>t, then 8, 1s compact and non-empty .
THEOREM 1. Let S(t) be a solution of & —> &,
in 6. If S, 1is not empty, then =, = + .
Purthermore, S, 1s the union of solutions of &._.

PROOF. Let P e s+ and let B1 C B2 be closed balls, centered at P,
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with radli r, <r, and lying in 6. If 3 _CB,, then = + =, since
S(t) does not approach the boundary of 6. Otherwise, 3(t) must traverse

the set B, - B, an infinite number of times. Since the "speed"
& 3
3 o]
1=1

of Q’N 1s bounded above in B2, so is the speed of & bounded above in
B, for t >t + minl1, % 7, ]. Therefore, 5(t) 1is defined in ¢ for

arbltrarily large t and 7 = + =.

From the uniform convergence of § to §, on compact subsets of
6, 1t 1s clear that S, C 8 _ where 8, is the solution of &, through
P. Thus S, 1s the union of solutions of & .

We now relate the asymptotic behavior of the solutlons of § to
certain distinguished solutions of € such as critical points and perlod-
ic solutions.

THEOREM 2. Let € — &, 1in 6 and let P be a
critical point of & . Assume that the variational
equations of §, based on P have characteristic
values with negative real parts. Then there 1s a
neighborhood N of P and a time T such that
S, = P for every solution 3(t) of ¢ inter-
secting N at a time later than T.

PROOF. There is a neighborhood (with compact closure in 6) N of P such
that each solution 8,(t) of &, in N has (after an affine coordinate
change) a radial velocity toward P : (xo), that is, g% < - Kr < 0 where

n
=8, (8) - BIZ = Y (x4 () - xy)°
1=1

and K 1is a positive constant. Then for su.f'ficiéntly large t>T, ¢
approximates &, so closely in N that each solution 8(t) of &€ on N
has radial velocity towards P. Therefore 8, = P.

The example $: x = %, ¥ =0, t >0 which is asymptotic to
& +x=0,¥%=0 in E° shows that every solution of € can be unbound-

ed even though every solution of & 1is bounded. The next theorem shows
that the converse situation is not possible.
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THEOREM 3. Let € —> ¢ 1in 6 and assume that
every solution of £, 1s unbounded in the positive
sense. Then every solution of ¢ 1s unbounded in
the positive sense.

PROOF. Suppose a solution S(t) of ¢ 1s bounded, that is, when

t—> T, 8(t) C K, a compact subset of 6. Then 8, 1s compact and non-
empty. But then S_ 1s the unlon of solutions of ¢&£,. However, every
solution of ¢, 1s unbounded and this 1s a contradiction.

We next determine a criterion that a solution S(t) of & be
eventually perliodic, that is, there 1s a T > to’ such that, for t > T,
3(t) is periodic.

THEOREM 4. Let 3(t) be a solution of &£ —> &,
in 6. Assume 3(t) 1s eventually periodic for
t>T>¢t,. Then S_ 1s a closed orbit of &.

PROOF. Since S, 1s bounded, S, is a compact non-empty set. Let
PeS, andsay 8(t; +mp) =P where t, >T and m= 0, 1, 2, +..

Let S_(t) be the solution of ¢, initlating (at t = 0) at P.

Since |[|S(t + t, + mp) - S (t)| on 0< t<p can be made
arbitrarily small when m 1s large, Sw(t) has perlod p. Moreover,
S(t + t;) = 8,(t) for t > 0. Therefore, S, = S_,  which 1s the simple
closed curve traced out by S_(t).

We recall that a solution S(t) of €, with 7, = + =, 1is
Poisson stable at a point P e S(t) 1in case P e S_. G. D. Birkhoff [2]
brought attention to the important case, called recursive, where the re-
turn times t, for each given neighborhood N of P, are not separated

by arbitrarlily large gaps.

DEFINITION. Let S(t) be a solution of ¢ which is
Poisson stable at P. Suppose for each neighborhood N
of P there is a constant T such that S(t) inter-
sects N 1n every time Interval t, < t< &, + T, for
all large t,.- Then 3(t) 1s recursive at P.

THEOREM 5. Let S(t) be a solution of € — &, 1n
6. Assume S(t) 1s recursive at P ¢ S(t) and that
the solution 8_(t) of &, initiating at P has a
positive escape time of + ». Then S _(t) is re-
cursive at P.
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PROOF. Let B be a closed ball centered at P with radius e. We shall
show that S (t) returns to B in every interval O <t' <t < t' + T + 1
where T 1s the maximum duration between return times of S(t) to the
concentric ball B, C B with radius e/2.

On 0gt<t+T+ 1, 3.,(t) lles in an open set K with
compact closure K C 6. Since P e S,, there 1s a large t, such that
S(t1) € B, and is so near to P that 3(t) remains in X for
ty st gt +t' + T+ 1 and thereln [S(t) - 8,(t - t,)| < ¢/2. But in
the interval t, + t' <t <t, +t' + T+ 1 there is a return of S(t)
to B;. Thus in the Interval t' <t ¢ t' + T + 1 there is a return of
Se(t) to B.

We note that if a solution S(t) of § 1is eventually almost
periodic for t > T, then, a fortiori, S(t) 1s recursive at each of its
points P e S(t) for t >T. If also 6 = EP, S(t) 1s bounded in the posi~-
tlve sense and S, contalns the closure of the positive ends of all so-
lutions S§,(t; P) of $, which intersect S(t) for t > T. Clearly,
each S,(t; P) 1s also bounded in the positive sense and thus has in-
finite positive escape time. Thus each S, (t; P) 1s recursive.

3. Applications to Two-Dimensional Systems

Certain results in the plane are immediate consequences of the
general theorems of the preceding section.

THEOREM 6. Let € —>¢2 1in E°. If €,  has no
critical points, then
1) each solution of & 1s unbounded in the
positive sense,
2) no solution of ¢ 1is recursive at any point,
provided T, = + for every solutlon of &, .
PROOF. If &, has no critical points in E2 » then each solution
approaches infinity along both ends. Thus no solution of & 1s periodic
or even Polsson stable.

For two-dimensional autonomous systems we have precise knowledge
on the nature of the limit sets of solutions. The following theorem is a
generalization of the famous result of Poincaré and Bendixson (5].

THEOREM 7. Let € —>€, 1in 6 C E°. Let a solu-
tion 8(t) of & 1lie in a compact set K C & for
large t and suppose S, contains no critical points
of &. Then 3, is the union of closed orbits of &,.
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PROOF. Let P e 3, and S, (t) be the solution of & through P. Clear-
ly, 8,(t) C 8, and thus S (t) CK and also 8_(t) does not approach
(as t —>+ =) any oritical points of € . Therefore, by the classical
Poincaré- Bendixson theorem, 8 _(t) 1s a closed orbit of & .

COROLLARY. If Sw(t) C S+ 1s an isolated closed
orbit of &,, then S, (t) = 8, -

COROLLARY. If 8 (t) 1is an isolated closed orbit
of &, and 1s stable on both sides, then there is a
solution 8(t) of ¢ with 8, = S _(t).

PROOF. Both corollaries follow immediately from the known structure of the
solution curves of a plane system near an isolated closed orbit.

EXAMPLE. Using polar coordinates in the plane with the origin deleted,
consider S’:f'=%sinlogt,é=1 for t> 0. Then £—>¢& : 1t =0,
6 = 1 which has solutions of concentric circles about the origin. The
solution S(t), r =2 -cos logt, 6 =t of & through r =1, 6 = 1,

t = 1 Intersects 1tself infinitely many times and also S+ 1s the closed
annuius 1 < r < 3.

We complete our studles of two-dimensional systems by an analysis
of Liénard equations with varying damping coefficients. This includes the
generalized vean der Pol equation X - u(t)(1 - x®)% + x = 0 where
u(t) >0 1s continuous for t >t, and %i.l: u(t) = u_ >0 (cf. [3, 51).

THEOREM 8. Consider % + u(t)f(x)x + g(x) = 0 where

1) f(x), g(x) in C 1) for all x; u(t)
is continuous for t > t,

2) xg(x) >0 for x # 0; £(0) < 0 and
F(x) = J'gf (¢)d¢ approaches + » strictly
monotonely for x > X, and - o strictly
monotonely for x < - Xx,.

3) M>u(t) >2m >0 for all t > t,.

Then each solution S(t) has infinite escape time
1, =+«and 8(f) d1s bounded in the phase plane.

PROOF. 1In the phase plane the system is € : X = ¥, ¥ = - w(t)E(x)y - g(x).
If a solution So(t) passes through the origin, then by the uniqueness
theorem S,(t) = o.

We introduce the Liénard coordinates X = x, ¥ = y + mF(x) which effect
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a 0(2 )-homeomorphism of the phase plane onto itself. In the Liénard co-
ordinates the system ¢ becomes € : x = y - mF(x),

7= - (u(t) - m)f(x)x - g(x) = - (u(t) - m)f(x)(y - mF(x)) - g(x), where
we have simplified notation by dropping the super bars. If a solution of
¢ 1s bounded, then it 1s defined for all large t and the theorem 1s
valid.

Let S(t) 4 0 be a solution of & and we shall show S(t) spirals clock-
wilse around the origin and 1s, in fact, bounded. Consider the auxiliary
curve C:y -mF(x) = 0 in the Liénard plane. On C X = 0 80 the
solutions of & cross vertically from above to below in x > 0 (where

¥y = - g(x) < 0) and from below to above in x < 0. Above € the
x-velocity 1s positive and below C€ 1t is negative.

In order to show that S8(t) 1s a spiral define the following eight sub-
regions of the Liénard plane: (See Figure 1.)

I. 0<x<ZXy ¥ >uF(x) V. -X,<X<0, 7 <uwF(x)
II. Xg <X, ¥ >uF(x) VI. X< =-X5, ¥ <mF(x)
III. X, <X, ¥ <mF(x) VII. X< =-X5, ¥ >wF(x)
IV. 0< X< Xy, ¥ < mF(x) VIII. - Xy <X <0, y > mF(x).

Suppose S(t) 1lies in region I at some instant. If S(t) remains in
I, then it either becomes unbounded or approaches C since
X =y - mF(x) > 0. The first alternative is impossible since

|g < - miee)l + B

which 1s bounded on 0 ¢ x < X, for y > 1 + mF(x). Also S(t) can not

approach € and remain in reglon I since then y 1s negative and bounded
away from zero. Thus 8(t) must leave I and enter either II or IV.

If S(t) 1intersects region II, then, since x > 0, ¥ < 0 and C increases
monotonely to + =, S(t) must enter III.

If S(t) 1intersects ITI, then, since x < 0, S(t) either enters IV,
approaches € or becomes unbounded in III. But S(t) does not approach

C since near C - %.;lc is arbitrarily great and, furthermore, the last
possibility is excluded since I%_;lzl is bounded on S(t) 1in III if y < - 1.

If S(t) intersects IV, then, since x < 0, elther S(t) enters V or re-
mains in IV. This last alternative 1s excluded since S(t) remains bound-
ed in IV becsuse |3L| 1s bounded on S(t) 1f y <mP(x) - 1. Yet S(t)
does not approach € 1in IV since %% —>» - » at points of €, not the
origin, end y < O for small |x| near the origin.

From V, using similar arguments, we see that S(t) continues clockwise
around the origin until it again itersects the positive y-axis. Thus each



24

FIGURE 1

solution S(t) spirals clockwise around the origin, alternately intersect-
ing the positive and negative y-axes infinitely often.

We shall show that solutions having a positive y-intercept of Ya and re-
maining outside the circle x o+ y2 = R® (defined below) spiral inwards

so that Jar < Ty Furthermore, such solutions are shown to lie entirely
within the circle x° + y2 = ¢o(1 .3yA) (defined below) for the entire
revolution.

Consider the Liénard redlal distance o defined by 0% = 2G(x) + y2, where

X

G(x) = f g(e)de.

o

Then gf (0%/2) = - 8, - 5, where &, = mF(x)g(x) and 8, = (u(t) - m)f (x )yx
along a solution 8(t) 1lying outside the circle of radius R. We shall
show that ﬁs(t.‘)(l’s1 + 8y )it > 0 for a single revolution of S(t) and thus
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that yp1 < ¥p-
Now on AB + EF + FG + JA' we have

IRETr

<1

s

2

provided R? > R? = szMa(thxo + 1)+ xg where
&y = max |g(x)|
‘XOSXSXO
and
Fy = max |F(x)I
oKX,

and R® > R02 > maF’ﬁI + xg- On each of BC, DE, GH, IJ we have [5,dt > O.

From C to D and also from H to I both x| and |yl decrease and
so [(8, +8,)dt = - [ %(92/2)dt >0 on CD and HI. On BC, DE, GH,
17 we have [b,dt = [(u(t) - m)f(x)ydx > o.

On AB, EFG, and JA', Iyl > (R® - xg)% > gy + mFy, 1if R® >R3 -

(gM + mFM)2 + xg, and

|&]<0-m  mex izeler -k

—X <X<X

On AB, .9y, <Y < 1-1y, if yA>R>R3= 10Kx . Then

B
l f 82dt| < (M -m)(1.1y,) f If(x)lax < Ky,
A A

where the constant

K, = 1.1(M - m)x, max |£(x)|
~XoSXX,

does not depend on R, provided R >R, + R3.

Now o(B)? < 2G(x,) + (1.17,)% and o(E) < o(B) so that

lyg! < o(E) < p(B) < 1.2y, provided y, >R >R, = [10G(x,)1°. Therefore,
on EFG, Iyl < 1.2y, + KX, < 1.3y, provided y, >R >Ry = 20Kx,. Since
p(J) < p(G), we have y; < Iygl < 1.3y, Thus ¥ < 1.37, + Kx, < 1.4y,
on JA'.

Now 1t 1s easy to complete the estimate of [8,dt on EF + FG + JA'. Here
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X

,fsedt‘ <s-m [ % 2] dx (1.hy,) < Ky,
o

Thus, provided R >R, + R; + R, + R3 + Ry + R5 we have j'(b1 + 8, )at >
-1 - 5K1yA on the complete revolution AA' omitting BC. We shall show
that [(s, + 8,)dt > 0 on BC, 1s very large.

If we require that R > 3Ro’ then we need only consider

B,
f szdt.
B
Now on BB1,
I%l < (M -m) max |f(x)| + max g(x)) JoR. = K,
xogngo xogngo "o

Thus on BB, we have y > .9y, - 1{2(RO - xo) > .syA provided
yp >R >Rg = 10K, (Ry - X5). Then
c B, XR
f (8, + 62)dt > f 8,dt > .8y,m f f£(x) dx > 1 + 5 Ky,
B B X,

provided xp 1s such that

5K,
F(xR) > 1+ g
and
1
Jp >R > R7 = Bg *
Thus, take

2 2

5K 5K

2 2 -1 1 2 2 1
R>Ro>[F (1+—-B—.m+m5‘2M+xo)] +[1+T.m] .

Therefore, 1f R > R + R1 + R2 + R3 + R, + R5 + RG + R7 we have the de-
sired result that ¢(61"+ 8,)dt > 0 for a complete revolution. Thus
yi. = p(A') < p(A) = yﬁ and ypr < Tp-

On AB, y < 1.1y, 8O r2=x2+y2<xg+ (1.1yA)2. On BC, ¥y < 1.1y,
so

2 -1 2 2

r°- < [F (1.1yA)] + (1.1yA) .
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On CD, 2
r? < [F"(1.1yA)] + (1ayy)B.

On DE,

2
2 2
r® < rp+ p2 < r% + p% < r% + [2G(xD)]

< r% + [eG(rD)] ¢ < [F'1(1.1yA)] 2 + (1.1yA)2

+ 4G ([ Pl (1,02 + (1.1yA)2] ¢ )2 = o (1.y,).

2

On EFG, |yl <, 1-37, end so r® < x> * (1.354)%. on GH,
2

r° < F"(1 3yA + (1. 3yA) . On HI, r2 <F (1. 37,02 + (1. 3yA) On 1J,
° < rI + pI < o (1. 3yA On JAY, r? < xg + (1.1yA) . Thus on the complete

revolution R° < r° < o(1. 3yA) where ¢ 13 a monotone increasing function.

If a solutlon 3(t) remains outside the circle about the origin of radius
R, then it is bounded. Therefore S, 1s not empty and 1, = + » for
3(t).

To complete the proof of the theorem we need only show that if a solution
S(t) intersects the disc x2 + y2 < R® on a certain revolution, then

r < Ké, a constant, on that entire revolution. But by the same procedure

2 < 9(1.3R) = Kg.

We have shown that if S(t) has an intercept ¥, on the positive y-axis,
then, on 8(t), r? < o(1. 3yA) + o(1, 3K2) for all times after that inter-
cept. Thus each solution S(t) 1is bounded in the phase plane for

t —> 7, and has an escape time T, =+ .

as used above we obtaln r

COROLLARY. The positive limlt set S, of S(t) # 0 is
non-empty but does not contain the origin.

PROOF. In the phase plane the contours of 02 = 2G(x) + y2 are simple

closed curves encircling the origin for p2 near zero; because 02 = €>0
is compact and grad 02 f 0 except at the origin. But Hf (p3/2) =

g(x)% + gy = - u(t)f(x)y® >0 for small |x| and all t > ty. Thus,
near the origin, the solutions of & are all directed outward across the

contours of p2 and thus they do not approach the origin.

THEOREM 9. Consider ¢ : X + u(t)f(x)x + g(x) =
in the phase plane (x, y = x), where
1) £(x), g(x) 1in C(A) for all x, wu(t)
1s continuous on t > to.
2) g(x) = - g(- x) and xg(x) >0 1n c(®) for
x # 0; £(x)=Ff(- x) and
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X
F(x) = f £(&)as
(o)

is negative for 0 < X < X but 1is positive
and approaches + = monotonely for x > x_.

3) u(t) >m >0 and %lmu(t)=uw. °
Then each solution S(t) of ¢ 1s bounded in the phase
plane and has an infinite escape time = + Moreover, if
3(t) # 0, S(t) approaches the unique closed orbit =
of &, and hence 3 e = Ik There is an eventually
periodic solution of ¢ if and only if wu(t) = u_,

for all sufficiently large t.

PROOF. By the preceding theorem each solution 8S(t) of ¢ 1is bounded,
has 71, = + =, and has a positive limit set which 1s the union of closed
orbits of &,. Thus 3, = £ and S(t) 1ies in any prescribed neighbor-
hood of = for all sufficlently large t.

If u(t) = u, for t > T >t,, then there is an eventually periodic
solution of §, namely, any solution of &, which traces out = and
initiates at t = T. Conversely, if there exists an eventually periodic
solution 3*(t) of &, then S: = © and, for large t, S*(t) 1is a
solution of € tracing =.

In the phase plane the equal velocities of S*(t) and =(t) at (x, y) e
are x =y =73, 3 = - u(t)f(x)y - g(x) = - u f(x)y - g(x). Thus, on =
and where yf(x) # 0, u(t) = u, . But yf(x) 1is analytic and vanishes
at only a finite number of points of =. Thus u(t) = u, at all large ¢t
excepting a discrete set of t. But by continulty p(t) = u, for all
large t.

The hypotheses of the above theorem could be weakened so that
1) f(x), g(x), u(t) satisfy the hypotheses of the
preceding theorem and, in addition,
2) there exlsts just one periodic solution of &,
[6] and, moreover,
3) f(x) has no accumulation point for its zeros.
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III. NONLINEAR DIFFERENTIAL. EQUATIONS SYSTEMS'
Edmund Pinney

1. Introduction

The literature dealing with nonlinear ordinary differential equa-
tions systems 1s largely concerned with existence, uniqueness, and bound-
edness theorems. These theorems are of theoretical importance and occasion-
ally have practical applications. However, the rather more difficult theory
of oscillations in nonlinear systems has received very little attention,
and that of a type not well adapted to application.

As a result, although the theory of oscillations in mechanical
and electrical nonlinear systems of a single degree of freedom is fairly
well understood, we know very little about multiple degree of freedom sys-
tems. It 1s most probable that matters of considerable practical impor-
tance are yet to be discovered in this fileld.

The general theorems mentioned above are useful in the sense that
an alrplane 1s useful in prospecting for oil. They cover a wide territory
but don't penetrate very deeply. An intimate knowledge of the field can be
obtained only by detailed investigations of particular differential equa-
tions systems.

The purpose of this paper is to develop a practical method for
carrying through such detailed investigations. Although the systems con-
sldered are somewhat less general than those of some other writers, the
present theory has a wilder scope within this limitation. Thus we have con-
sidered only polynomial nonlinearities, but we have been able to avoid
restricting our attention to periodic solutions, a restriction that has
serlously curtailed the usefulness of most previous theories. We may, for
instance, treat some problems in which several oscillations of incommen-

_ Surable periods occur. A novel feature of the present theory 1is that cases
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of multiple characteristic roots can be treated.

An approximate solution to the nonlinear differentlal equation
system (3.1) below will be developed, based on the linear system gotten by
setting € = 0 1in (3.1). Such a theory cannot in itself settle the
question of unboundedness of the solution, for as the dependent variables
increase, the nonlinear terms must ultimately dominate, thus invalidating
the base of approximetion. It must therefore be emphasized that a pre-
diction that one or more of the dependent variables tends to Infinity mere-
1y means that the theory fails. Indeed, the theory may fail for a pre-
diction of large finite values of these quantities (when conditions (4.3)
and (10.7) fail to be satisfied). This will be called "large solution
failure."

Sections 2 through 9 are concerned with development of the theory.
In Section 10, the procedure for solving a system of equations is summar-
1zed for reference purposes. It can be applied without detalled familiar-
ity with the theory. Section 11 1s an Appendix in which some results used
in the theory are proved.

The following notation® is employed. References are to the numbers

of the equations in which or near which the notatlon is defined.

A (7.3) Dyg;pe(2) (2.3)
a (5.1) E(z) (9.4)
Ay (2.1), (3.1)  £4(3, t) (3.1)
Aly (5.2) £y, t) (9-3)
ajq(t) (2.8), (3.%) qu(t) (7.%), (8.2)
an(t) (6.13) F(z, vy, t) (3.5)
qu(t) (7.1) F*(z, ¥, t) (9.10)
b, (2.6) Fl(, 3, t) (3.6)
Byy (9.2) Gy(2) (2.9)
B(z) (2.10) 83q(t) (7.%), (8.2)
Cy (9.7) Gj(z, a) (5.7)
c(z) (9:6) Gi(z, a) (9.11)
D(z) (2.2) Ggq)(z, a) (3-6)
B(z) (2.3) Gj(z, a, T) (5.3)
Dy(z) (2.3) gJ(z, a, t) (5.7)
B.(z) (2.3) g%(z, a, t) (9.11)
Dji(Z) (2.2) gjp)(z, a, t) (3.6)



gj(z, a, t, T)
qu(R, g, t)
qu(R, g, t)
K

K.

J

Kjr

uy ()
U(z, t)
%

Y

£

y(t)

2.

(5.3)

(7.2)

(7.2)

(4.1), (10.6)
(9.7)

(9.1%)
(2.1), (3.1)
(3.1)

(9.7)

(7.3)

(7.1)

(7.%)

(7.4)

(2.1)

(5.%)

(2.13)

(3.1)

(2.1)

(2.10)

(7.1)

(3.1)

(2.1), (3.1)
(3.1)
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Y(a, t, T)
Yi(aq t, T)

!

J
*

Z3p

%jp

€

2]

ejq(t)

ij(t)
AIqu(t)l
a arg[qu(t)]

E:j

sk
[

rijq(t)
ajq(t)

Aqu(t)
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(2.7), (3.3)
(5.3)
(5.1)
(2.1)
(5.3)
(9.8)
(9.9)
(3.1)
(7.3)
(7.1)
(7.4), (8.2)
(2.3)
(2.1)
(2.3)
(6.6)
(7.%)
(7.4)

(6.1)

(7.3)
(7.1)
(7.%)
(7.4)

A Nonhomogeneous Differential Equation System

As a preliminary to our discussion of the nonlinear system (3.1)
below, we will consider the nonhomogeneous differentlal equation system

(2.1)

Q=1

The quantities Aia are constants.
the set of characteristic roots z4 (of multiplicity “J) of the
characteristic equation

dyi m
T - ZAiaya +u1(t), 1 =1, 2, «+., m

To discuss this system, let S denote
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(2.2) D(z) = lAij - 2845 = 0,

and let Dji(z) be the cofactor of Aij - zaij in the determinant of
(2.2). Let Y be an arbltrarily chosen set of constants not
all of which are zero, and let Vis Vos eees Vo be another such set.
Define the quantities

m m
Do(2) = D AgDpg(2), Dglz) = Y v.D . (2),
s=1 r=1
m m m m
(2.3) D(z) - Z vpDp(2) = Z = Z Z s¥rPrs (2)s
r=1 8=1 r=1 s=1

M=
™M=

Dy, (2) = viPig;ra(2)s
r=1 s=1

where Dis,-ra(Z) is the cofactor of Ay, - z8,, in the determinant 'Dis(z).
Then

m
(2.1) 2, (Agp - 840)Dg;(2) = 8y:D(2),

B=1
(2.5) Dia(z)D(z) - Di(z)ﬁa(z) + D(z)ﬁia(z) = 0.
(2.5) 1s derived by multiplying (11.1) in the Appendix by AgVps summing
over r end s from 1 to m, and using (2.3).

THEOREM 1. The differential equation system (2.1)

has a unique solution set ¥y =Yy (t) for which
(2.6) Yi(o) = by, 1=1,2, ..o, m

where b, b2, ey bm are arbitrary constants. If the Ay and Yy
quantities in (2.3) arg so chosen that D(z) and D(z) have no common

zeros, then for 1 = 1,'2, i, m,
uj_,
(2.7)  yy(t) = Z Sk —(—-]-—- > ar 6i%ze; suger-a ™)
D J (z ) q=0

where
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a44(t) -[ (t + 3%3-)QB(ZJ) + ‘fte-zjr(t -1+ 3%3) qU(zj, T)dT] /al,
o
(2.8)

where

(2.9) G4(2z) = - Dy (2)/B(2),
m m

(2.10) B(z) = ) bDB,(z), Uz t) = 5 D (z)u,lt).
a=1 a=1

PROOF. The Picard theory of successlve approximations may be used to show
that the system (2.1) subject to the boundery conditions (2.6) has a
unique solution set y,(t), which we will now show can be represented in
the form

Hae=1 m
" 3 J z.t
7y (6) = - Zj (u-)j a1 Z Dia(zj) [e ) Dy
g°D J (Zj) sz-] =1

(2.11)
t

+ f ezj(t_T)ua(-r)d‘r ]
o

In fact,
dyi m “i auj—1 m m
T 2 Mip¥s - -Zj (CP9) Ry 2. { ) (25045
B=1 $'D J (z5) 3z a=1 p=1
24t b zy(t-n)
- Aip)Dﬁa(z;j) [e by + f e ua(f)d‘r]

o]

* Dyl hig(0) }

so by (2.4),

day n m
(2.12) a'ti' Z ATy * Z S1qUg(t)s
=1 a=1

where
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(ns=1) (ny)
(2.13) S4q = - Zjujnm‘1 (z5)/D J (z5)-
S
By (2.11),
m
(2.14) y3(0) = 3 8y.by +
a=1

To evaluate Sia, let C Dbe a circle centered at the origin en-
closing all the characteristic roots of (2.2). Then by (2.9) and the theory
of residues

(2.15) Sig = 5—‘;{ f[Dm(z)/D(z)]dz.
c

Now as 2z — o,

(2.16) Dy, (2)/D(z) = - 8y, /2 + o(z"2).

This may be derived readily from (2.4) and the fact that Did(z) is of
degree n -1 or n - 2 according as o =1 or o # 1, respectively.
Now, allowing C to tend to infinity and inserting (2.16) into (2.15) we
get Sia, = 8;,+ Substituting this into (2.12) and (2.14), 1t follows that
both (2.1) and (2.6) are satisfied by (2.11), which is therefore a solution.

Now let C ©be a contour surrounding all the roots of D(z) but
none of the roots of D(z). Then by (2.11),

m
¥1(8) = - 5o [}E [Dia(z)/D(z)][etha
t
+ fez<t-1)ua(r)dr]dz .
o

Solving (2.5) for D;,(z) and inserting in this,

D, (z)D (z) D, (z)
(t) = - 1 1 01 - 1o th
1 2=t \[,OZ:, { D(z)D(z)  D(z) }[e o

+ fteZ(t-T)ud( T)dr ]dz.

]



NONLINEAR DIFFERENTIAL EQUATIONS SYSTEMS

The second term inside the braces has no poles inside C and therefore
does not contribute to the integral. The first term has poles at the
characteristic roots only. By the theory of residues,

H i auj-1
hse=1

y(6) = - Y
SJ Du'j (Zj) sz‘]

t
oy (zp) [*3B(zy)

+ ftezj(t-T)U(zj, 't)d‘r] .

o
Applying leibnitz's rule to this expression we get (2.7) with
-th aq

t
z.t z.(t=-1)
&jq(t) = e 'a—z—%- [e J B(Zj) + J; e J U(ZJ: T)d‘f] /al .

(2.8) follows from this because B(z) and U(z, 1) are polynomials in

3. The Nonlinear Differential Equation System

We will consider a nonlinear differential equation system

ay m
(3.1) a'{:'j;= Z ATy + ef4(y, t), 1=1,2, cisym,
a=1

the quantities in which are defined as follows:

1) the Ay, @are constants and e 1is a parameter
11) y = y(t) 1s the matrix (y,(t), y,(t), .0y F,(£));

111) f£,(y, t) 1is a polynomial of degree n 1in the elements
of y; of the terms of degree n, some have coefficients
of the order of maegnitude of unity in €, and the re-
mainder have coefficients of an order less than unlty
in e;

iv) f4(y, t) depends on t explicitly only as a polynomlal
in circular functions of t;
v) for [IP) ba’ ceny bm arbitrarily preassigned quantities,

(3.2) yi(0) =by, 1 =1,2, ooy m

Picard theory may be used to show that the system (3.1) has a
unique integrable solution for t > O such that the initial conditions
(3.2) are satisfied. Accordingly f;(y, t) in (3.1) is integrable and

37
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Theorem 1 may be applied, using ui(t) = fi(y(t), t). We get

z.t K5 n IG(q)(z.)
(3-3) 7)== Y e L ),

a
Jams-1-q
s /

HJ
q=0 qlD (zj)
for 1 =1,2, ..., m, where by (2.8),

a.jq(t) = [e fte-zj‘r(t -1 +TZE)QF(Zj’ y(1), r)d-r
o

(3.4)
d q
+ (t+az—j) B(zj)]/ql:
where
m
(3.5) F(z, ¥, t) = ) B (2)f (3, t).
=1
By (3.4), 1f F(Q)(z, ¥, t) denotes (39/3z%)F(z, ¥, t),
q
ajg(™) = 3 25T - £)37/(q - o)
r=0
(3.6) T
-ZsT
+ (e/ql) f e Y ('I' -7+ %)QF(ZJ-; y(t), -r)d-u
t
-2:t
(321 ajgle) = ay o (©) + (e/ande 3 D (25, y00), 1),
q
F 2 e5pENT - )3 T/(q - r)
r=0
(3.8) "o

= (e/q! )e-zjt (T -t+ 3'2_3')‘1 F(ZJ: y(t), t):

for z; in 8, q=20, 1, ..., py -1, and for a, ,(t) = 0. (3.6)1s
derived from (3.4) by means of the binomial theorem. Differentiating (3.6)
with respect to T and letting T —>t we get (3.7). Differentiating
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(3.6) with respect to t we get (3.8).

So far the theory 1s exact, but it provides no method to compute
the quantities ajq(t). Our main problem is to obtain approximate ex-
pressions for these quantities.

4. Bounded Solutlons

As noted in the Introduction, we will use an approximation pro-
cedure which depends upon the dominance of the linear terms in (3.1). In
particular, it 1s essential that the solution be bounded if this procedure
1s to succeed.

The boundedness of the unknown quantities b (t) =e j ajq(t)
z.t

may be determined in terms of the approximation a.q(t) = e %3 jq(t) to
these quantities derived below. |o (t)l will be known, So an upper
bound K' for it may be computed. However the difference between b (t)
and o, (t) 1s estimated in terms of the b (t) quantities, whose bounds
are unknown, and e.

Suppose ijq(O)l 1s less than some quantity K. Moreover,
suppose we know that so long as

eJa (t) <K, 2z, 1in 8,

qu(t)l = j

(L.1)

= 0, 1 coe =1
q s 1y (N

there is a quantity E(e, K) such that

t
(k.2) |b (t) - 95 (t)l [ (t)-o (t)] < E(e, K),
and that
(4.3) E(e, K) <K - K', K' <K,

where K' 1s an upper bound for Iajq(t)lz

z.t
e d qu(t)lg K'.

(b.4) |ojq(t)] =
Then

(t) - o5 (t)i + lo,; (t)] < E(e, K) + K!

|qu(t)| < Iv ja

Ja
<K-XK'+K' =K.
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That is, if a K may be found which satisfies (4.3) and which is greater
than ijq(o)l, then iqu(t)l always remains less than this K.

To 1llustrate thls idea, think of b ja as a boy who enters a
haunted house (condition (4.1) at t = 0) with his father 93q° The boy
i1s afraid to get farther away from his father than E(e, K) ?condition
(4.2)). We don't know where the boy is, but we do know where the father
i1s. However, so long as the father remains a distance at least E(e, K)
away from the door (condition (4.3)), we know that the boy remains inside
the house (condition (4.1) for t > 0).

This process can be carried through if we are able to select a
K greater than K' (which may depend on €) for which (4.3) holds.
When this cannot be done the theory suffers large solution failure. It
should be emphasized that K 1s not necessarlily a least upper bound to
the quantities ijq(t)l . Indeed, the present theory will not enable us
to calculate this bound. K may depend on €. Without loss in generality
we can, and will, for convenlience, assume that K does not tend to 0 as
e — 0, 1.e., 1/K=0(1). In addition, we will bound K above by the
assumption that as € — O,

(4.5) K = o(e”/(n=1)),

This eliminates from consideration bounds on the y,(t) quantities and
their derivatives so large that the linear terms in (3.1) do not dominate
the nonlinear terms. Our method of approximation depends on this dominance;
although we would not be forced to assume (4.5) until later, some simpli-
fication results from using this assumption from the outset.

The "trend functions" o (t) will be defined below as the solu-
tions to the differential equations (6.6). To complete the theory we must
calculate the form of the function E(e, K). This is done beginning with
the assumption (4.1), where K 1s not specified beyond conditions (4.5)
and 1/K=0(1) as e€ —> 0. With E(e, K) and K' obtained from (4.k4)
we seek to specify K more particularly so that (4.3) holds. Usually
there are infinitely many possible values of K. When K' satisfies
(8.7) below, a value K = 0(K') 1s particularly convenlent. In general we
wish to render E(e, K) as small as possible.

By (3.3), (3-53, and 1i1) of Section 3,
yi(t) = oK), 1=1,2, «c.pm,
(4.6)
F(q)(zj’ y(t), g) = O(Kn): Z-j in 83, qQ =0, 1, eve, u.J-l.

By (3.6) - (3.8), (4.6), for T -t = 0(1) as e — O, 2 in
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3, 4=20, 1, «.oy Hj"'

q -2.t
(4.7) a.‘lq(T) = rzo ajr(t)(T -t)¥ T (g -2 + e %3 o(ek™),
-zt
(4.8) ajq(t) = aj’q_,(t) ve J o(ek™),
N q -z.:t
(4.9) 35 Y 2N - )3T/ (@ - )l = e Jo(er™).
r=0

5. FExpansion of the Function F(z, y, t)

For 1 =1, 2, «.., my, define
Y,(a, t, T)
(5.1) zgb gt G(uj-1-q)(z') a

B ni'e i r
= ZJ. Tiy) 2 Tay-T-aJT 2 &j,q-rT /7t
g"D (Zj) Q=0 r=0

where a denotes the matrix of the quantities an for zJ. in S,
@ =0, 1, «+y uj - 1. Then by (3.3), '

(5.2) yi(t) =¥y (a(t), t, 0)

Let Y(a, t, T) denote the one-row matrix of the quantities
Y;(a, t, T). Then

t
F(z, Y(a, t, T), t) =Zjezj gj(z, a, t, T)
s

(5.3) it
+ Z e Gj(z, a, T),
Sl

where the following conditions hold:
1) the terms in the S summation must be such that

-2 t
(5.4) %Sj(z, a, t, T) = e 3 o(er®1y;
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11) the S' summation 1is over all terms in the expansion of the
left-hand side of (5.3) not included in the S summation.
However, we will impose the further restriction that

(5.5) 1/ 125 - 2l = 0(1)

for all z; in S end 2z, 1n S'.

Condition 1) simply defines the terms which are to be included
in the S sumation. However, condition (5.5) in 11) implies a new re-
striction on F and on the characteristic roots.

By (5.2), (5.3),

t
F (z, y(t), t) = §:§zj g3 (z, alt), t)
J
S

(5.6)

‘t
R Zjezj Gy (z, a(e)) ,
Sl
where
(5.7) gj(z’ a, t) = Sj(z’ a, t, 0), Gj(z.v a) = Gj(z) a, 0).
When T = o(1),
-zt
gj (z, alt), t, T) =e I o(x™),
(5.8)

-zﬁt n
Gj (z, a(t), T) =¢e o(x"),
and wvhen T -t =0(1) a8 e — 0,

-zst
%gj (z, a(t), t, T - t) =e J O(eKzn_.| )s

(5.9) "
-z
é% Gj (z, a(t), T -t) =-¢e J o(ek?™"1).

(5.8) follows from (h:6) and (5.3). By (4.9) and (5.1) as € —> O,
v, {als), t, T - 8) = o(ek?).

By (5.6),
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t
F (z, Y(a(s), t, T - 8), t) = Z.ezj g; (z, a(s), t, T - 8)
J
)

zlt
+ z'e J G; (a, a(s), t - 8)
std

Therefore, since the derivative of F(z, Y, t) with respect to any ele-
ment of Y 1s a polynomial of degree n - 1 at most in the elements of
Y, by (4.6), the derivative with respect to s of the left-hand side of
this expression 1s 0(eK?™ ') as ¢ —» o. Therefore,

%Sj (2, a(s), t, T - 8) = o(eK2B""),

$5 65 (2, a(s), T - ) = oK),

These, together with (5.4), give (5.9).

6. The Trend Equations

For zj in 8, q=20, 1, ..., “j"’ define

éjq(t) = ajq(t)

_th j q Zkt (r) d r-1-q
- €e Z{ Z e 8y (Zj: a(t), t, 3z )(Zk - Zj) /rl
) r=0 k

(6.1)
-zt 4 't
k ) d —1-
- e Zk rzo e Gl((l‘ (Zj’ a(t), E;)(zf{ - zJ)I‘ -Q/py,
S .

3

where E denotes the sum over all roots Zy in S except the root zj ’
k
)

and where the superscript (r) denotes the r-th derivative with respect
to the first place. Since glﬁr and Gkr) are polynomlals in T,
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q
kz g(r)(z s a(t), t, -t + 33-)[ (zk-zd)t’(zk _ zj)r-1-G.]/ 2l
r=0

J
- ¢ Z
S
(6.2)
(z)-2,)
-€ Z Z G )(zj, a(t), - t + Fg—k)[e K%y t;(zl'c - zj)r'“q]/rl .

I'=0

By (5.8), (6.1),

-z.t
(6.3) Big(t) = agg(t) + o I o(ek®).
Therefore when T = 0(1), by (5.1), (5.3),

-z4t
sgr)(z, a, t, T) = g§r)(z, a t, T) +e 23 o(ek®iy,
(6.4)
—z.t
Ggr)(z, a, T) = Ggr)(z, a T)+e %3 0(ek?R ),

Differentiating (6.2), by (5.7), (5.9) for EJ’_1(t) =0

j (t) - (t) = al (t) - a (t)

J g-1 Jsq-1

(2,-2:)t
k™ “J a

J
€ %kgl({q) (zj, a(t), t, -t + B-S—k-)e

t-z.)t -zt
<e 5,00z - v gl )o T ot
S'k
= aéq(t) - a.:j a-1(t)
=zt z, t .
- J Z e, x (q) (zj’ a(t), t)/ql

- Z ezk G(q)( 5 a(t))/ql +e z 0(€K2n~1)
sl
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Therefore, by (3-7): (5'6): (6°J*))

Blg(8) - By, o, ®) = eg{izy, 34D, t)/al
(6.5) _
+ e zjto(ezl{enm')
for zj in S, @ =0, 1, «oe, Hy - 1.

We are interested in the degree to which the functions qu(t)
may be approximated by the solutions qu(t) of the system

de . (t)
(6.6) —‘ij%t— = °j,q-1(t) + egg-q)(zj, o(t), t)/al

for z; In S, q@=0, 1, ..., By - 1, for pj'_l(t) = 0. This matter
will be treated in another section.

The equations (6.6) are called trend equations and the functions
(t) are called trend functions because fiq (t) represents the trend
of a jq(t) after high frequency oscillations have been filtered out.

7. The Trend Functions

Some sufficient conditions that the functions »p jq(t) approxi-
mate the functions qu(t) will be given in this section.

Write x; = Re(zj), and define real quantities qu(t), ﬂjq(t),

iﬂjq(t) . exjt

qu(t e qu(t):

(7.1 1o3(6)  xyt

qu(t)e -jq(t)‘

Substituting these into (6.5) and (6.6), we get equations of the form

jq(t) Gjq(Rs 2, t),

(1.2)
Jq(t) = HJQ(R’ 0, t)'

Ajg(e) = Gyq(As 0, £) + 0(e?K2n-1),
(7.3)

6]q(t) = Hyg(a, 6, ©) + (K2,
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where R, #, A, and 6 stand for matrices of the quantities qu, ”jq’
qu, and ejq, respectively.

The solutions to the system (7.2) may be represented as integral
curves in a hyperspace H 1in which t, R, , ¢ are coordinates for each
peir jq. R;, and ﬂ-q may be taken as polar coordinates in a two-
dimensional plane. The individual integral curves of (7.2) will be called
R-trajectories in H. The individual integral curves of the system (7.3)
may also be plotted in H and will be called A-trajectories. We will be
concerned with projections of these trajectories on R q-planes and
0jq-cy11nders. The R, -plane is the two-dimensional plane having t
as abscissa and qu as ordinate. The @, -cylinder 1is the two-dimension-
al circular cylindrical surface having ﬁ‘%ﬁTEEIEI'distance and gjq as
azimuthal angle. Slope will be defined in the usual way in the qu-plane.
On the ¢ q-cylinder, slope will be defined as the ratio of #. displace-

Ja
ment to t displacement.

The A-trajectories will cut across the R-trajectories. Consider
a point P on an A-trajectory. An R-trajectory will also pass through
this point. Suppose these two trajectories are projected onto the various
qu—planes and ﬂjq-cylinders by stralght lines drawn orthogonal to these
surfaces. Then by (7.2), (7.3), the slopes of the two projections on each
plane or cylinder will differ from one another by 0(e®k?1"1).  Therefore
limits for the A-trajectory may be traced by starting with the projection
Pé of the initial point P, of the A-trajectory on each qufplane and
ﬂjq—cylinder, and tracing the two curves which cut the R-trajectory pro-
Jjections with slope Am greater than and Am 1less than the slope of the
R-trajectory projection at the point of intersection, where am = 0(eK2™™').
These curves are shown dotted in Figure 1, where a typical R, -plane pro-
Jection 1s shown. The solid lines are R-trajectory projections. The
A-trajectory projectlions will lie between these boundary lines. If the
R-trajectories are converging together with increasing t, these boundary
curves may themselves remain near together, and the position of the
A-trajectories will then be determined within this error. A common situ-
ation is dealt with in Lemma 1 below.

RﬁT ’ ’

FIGURE 1
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The R-trajectory for which ij(o) = ajq(O) is called the
"principal R-trajectory". Its projections on the qu—plane and on the
ojq-cylinder will be denoted by ﬁjq(t) and qu(t), respectively.

IEMMA 1. On the R ~-plane and the ﬂjq-cylinder let

;- (t) and AﬂJq(t% denote the differences in
ordinate and azimuthal angle, respectively, between
the principal R-trajectory projection and nelghboring
R-trajectory projectlions. Suppose that

_ -kt
ARJ-q(t) = qu(t)e
(7.%) N
_ -K
Aﬂjq(t) = gjq(t)e
where « > 0, and
1
(1.5) £3q(8)/F5q(E) <0, 83 (E) /gy (L) < 0
Then for t > O,
_ = 2,2n-1
Ajq(t) = Ryq(£) + O(e°K /x)s
(7.6)

- 2,2n=-1
ejq(t) = ﬂjq(t) + 0(e°K Jk).

PROOF. The proof for the first equation in (7.6) only will be given; that
for the second equation 1s similar.

In Figure 2, P! Q represents the principal R-trajectory pro-
jection, and the other solid lines are neighboring R-trajectory projections.
The dotted lines are the A-trajectory limit curves beginning at Po’ as
defined above.

FIGURE 2
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Consider the upper dotted 1limit curve in Figure 2. We wish to
obtaln a limit for the height of this curve above P;Q, and are therefore
interested only in the case in which it is not converging toward PéQ,
i.e., when Aj (t) >qu(t)- By (7.%)

-kt d Kkt '
Aqu(t) =8 a-f[e Aqu(t)] - AR

jq(t)

-kt

1
jq(t)e + qu(t) - qu(t)

[A (t) - R (t)]

where R'q(t) denotes the slope of the R-trajectory projection at the
point crossed by the 1imit curve. By (7.4), f. (t) > 0, so by (7.5),
4 q(t) s 0o By (7.2) and (1.3), Aj(t) - Ry (B) - 0(e’k?™ "), Finally
J (t) - qu(t) > 0 as noted above. Therefore KAqu(t), which 1is
positive, 1s bounded above by O0f(e 2gen-1y, However, AR-q(t) = A.q(t) -
qu(t), so (7.6) follows. The proof for the lower 1limit curve is similar.

8. The Solution

The solutions to equations (6.6) are integral curves containing
parameters. The solutions having the same initial values as ajq(t), i.e.,
such that

. . = 0
(8.1) pJq(O) ajq( )
will be called "principal trend functions". The function |p (t)[ may be

plotted against t on an jg-trend modulus plane, and the function
arg[qu(t)] may be plotted against t on an jg-trend argument cylinder.

THEOREM 2. On each jgq-trend modulus plane let
Alqu(t)l denote the difference in ordinate between
the principal jg-trend modulus and neighboring trend
modull; on each jgq-trend argument cylinder let
Aarg[qu(t)] denote the difference in azimuthal
angle between the principal jgq-trend argument and
neighboring trend arguments. Suppose

4 I”J‘q(t)l ® qu(t)e_(xj”)t'
(8.2)
Aarg [qu(t)] = qu(t)e-Kt’
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where k > 0 and
8. ! . ! .
(8.3) qu(t)/qu(t) <o, gjq(t)/gjq(t) <0

Then for t >0, 1 =1, 2, ..., m,

Ba=1
(
J u !qu)(z.) zjt t)

z

j=o ! uj .
g va qlD (ZJ)

yl(t) pj,uj-'l-q

(8.1) + 0(eK™) + 0(ePK?™1/k) .

n

Y, (o, t, 0) + 0(eK™) + 0(PK*™7/k).
PROOF. By (6.3) and Lemma 1,

-z.t -z.:t
(8.5) ajq(t) = qu(t) + e % 0(eK™) + e %3 0(e2K2"1/x),

so (8.4) follows from (3.3).

When the quantities p-q(t) are known, k may be calculated from
(8.2), and the bound K' may be calculated from (4.4). (If K' = », large
solution fallure of the theory occurs.) By (8.5),

(8.6) E(e, K) = 0(eK®) + 0(e%k2™ /).

Now suppose

8.7) K = ofe1/ (o) ), & o (1/[2(n—1)]€-1/(n-1))_

as € —» 0. Then (4.3) may be satisfied for K = O(K'), and K 1in (8.4)

may be replaced by X'. This is done in 4 of Section 10 in equations
(10.7) and (10.8).

9. Small Changes in the Characteristic Equation

When the characteristic equation has closely clustered roots
condition (5.5) will generally fall to be satisfied. To avold this, small
changes may be made in the characteristic equation that will bring the
clustered roots into coincidence as a multiple root, which may be treated
by the methods already given. On the other hand, simple roots can some-
times be given more convenient values by slightly changing the character-
istic equation.
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A small change in the left-hand side of equation ( 3.1) is

compensated by the same change in the right-hand side, so (3.1) 1s equiva-
lent to

dyi

(9.1) T z Azaya + ef;_(y, t), 1=1,2, ..., m
a=1
where
(9.2) y
9-2 Ayg = Ayg * By
m
*
(9-3) £10y, £) = £40y, t) - Y By oy,
a=1

The characteristic equation corresponding to (9.1) is

(9:4) E(z) = |afy - a8yy] = | Agy ¢ eByy - oy - 0
Then
(9.5) E(z) = D(z) + €C(z) + O(e?) = ©
where
(9.6) c(z) = Z Z‘ B,pDpy (2
a=1 B=1

In this section we will consider (9.1) to be the glven equation
and (3.1) to be the modified equation. We will assume that whatever else
is done the modification of the equation will be such that near character-
istic roots are brought together. Then, about the characteristic root z
of equation (2.4) a circle of radius 0(1), as e —» 0, may be drawn
which contains no other roots of (2.4). Let C 3 be a circle of this type
centered at z i Since C(z) and its derivatives are bounded over C.,
there exlsts a constent K; and an integer nj, 0 < nj < pj/a such that

J
s=v)/(us-n; 5= s=Ns
C(V)(Zj) SKJ(uJ v /uj nJ)e(nJ v)/(MJ nJ)’ v= 0, 1, eue nj,
(9.7)
(nj+1)
[o} (z)gKJ for z in C..

J

This is always possible for ny = 0. In certaln cases, when the first few
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derivatives of C(z) are small at 24 condition (9.7) may be satisfied

. > 0.
for nJ

In the Lemma in the Appendix, ta.ke f(z) = D(z), g(z) = C(z) + O(e).

The equation (9.5) has . zeros, 31, zJ2 . z;uj within a circle of
1/(us-ns)
radius O (Kje) 3 ] about z;- By Teylor's theorem, for
P =1, 2, «v.y pj,
(2 -2 3 (uy) N -z
—-JP-——Q——M DJ(z)+ez (V)(z)
J v=0
Ha+l n.+1
- (25 -2.) 9 (ns+1) (2% -2.) 9 (n;+1)
0y - R J° pd (e)-e—R d ¢ Jd T(e)
(us+1)! P (n+1)! p

where Ep is a point on the line between z. and z . This glves

J Jp
* 2/(uj-nj)]
(9-8) Zjp T 25t %p* O [(KJG) ’
where ajp is the p-th root of
() g
(9.9) @3y 3 ag) v e Zo @ m1ez) = o
y=

This gives
1 /(Uj‘nj ) ]

a5y = 0 [(Kje)

We may now solve (9.1) by solving (3.1). Write

m
(9.10) Fi(z, y, t) = Z Da(z)f;(y, t),
a=1

z.t
F'(z, Y(a, t, 0), t) =) &Y gj(z, & t)
j

S
(9.11)

z't
Z e Y G;(z, a),
s'
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where for all z; in 3 and zy 1n 8', as € —»0

. -zt
S8z 8 t) =0 Jo(er2n),
(9.12)
1/|zj - zil = 0(1).
Then by (3.3), (3.5), (5.6), (5.7), (9.3), (9.10),

83(2: a, t) = Sj(Z, a, t)

m m ! 16z
(9-13) SPIIDIR NNy z)aJ»uj-1-q’

K
a=1 B=1 q=0 q!D j(zj

Gj(z, a) = Gj(z, a).

(3.1) may now be solved using (6.6) and (8.4).

In the particular case in which g;(z, a, t) = 0 for a given zj
in 8, by (9.13), the system (6.6) becomes linear, and has a solution
3
@t
- -q o Jr
(9.14) £3q(t) > Kipejm e 97,
r=1

where the quantities °'jq are the roots of (9.9) within an error

0 [(Kje)l/(uj-nj)]

and the Kjr are constants. This is shown by inserting (9.13) into (6.6).
The resulting linear system has a solution of the form (9.1k ), where the
quantities °’jr satisfy an equation in the form of a determinant of order
m involving e. Expanding this and neglecting powers of ¢ higher than
the first, one gets equation (9.9).

.

10. How to Solve Equations

For the benefit of those who have specific equation systems to
solve, we will now outline the steps to be followed in the use of the theory
of this paper.

It 1s assumed that the equation system is in the form (3.1) and
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that the conditions (1) - (v) of Section 3 are satisfied. Having verified

this, the following steps may be taken.

1° Calculate the characteristic equation from (2.2). Locate its
multiple roots by equating it and its derivatives to zero simul-
taneously. If there are parameters in the equation, the ranges
of interest of these parameters must be selected. For one fix-
ed set of values of the parameters the characteristic roots must
be computed.

2% Near roots may be brought into coincidence, and other roots may
be moved small distances to more convenient locations (for
instance, roots near the imaginary axis may be moved to the
imeginary axis). To do this let z;p be the old root and zj
the new root in (9.8). Then for each such root compute %5p
from (9.8) and substitute into (9.9). One obtains a set of
simultaneous linear equations for the quantities C(")(zj),
v=20,1, ... . Having solved these, a set of simultaneous
linear equations for the quantities Botﬂ are then given by
(9.6). 1In general the quentities BO!B will not all be deter-
mined and some of them may be set arbitrarilly.

The effect of small changes in parameters in the differential
equation (9.1) can be readily investigated by giving the
quantities Ay, 1n (3.1) appropriate fixed values and varying
the quantities B, in (9.2).

3° Calculate Dr(z), Ds(z), and D(z) from (2.3), selecting the
constants Ay and v, to simplify these functions (it 1s par-
ticularly desirable to meke D(z) = 1). Calculate Gi(z) from
(2.9). Then calculate the functions Yi(a, t, 0) from (5.1).
In the particular case in which all the characteristic roots are
simple, drop the second subscript on ajq, and write in place

of (5.1),
zjt
(10.1) Yy(a, t, 0) = Z [Gi(zj)/D'(zj)]e ay -
3 J
The function F(z, y, t) 1is calculated from (3.5). Then the
Yy functions are substituted into the left-hand side of

zjt 2.31:
(10.2) F(z, Y(a, t, 0), t) = Zje gy(z, a, t) + 3 oY Gy(z, 8)
8 st
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and expanded. The terms in the expansion for which, as € — 0,

-zt
(10.3) FBES‘.](Z’ 8, t) -0 4 o(ex®™)

are put in the first sum on the right of (10.2). Other terms are
put in the second sum, but in any case the zj and zﬂ quantities
must not be near, l.e., as € —» 0,

(10.4) 1/ |25 - =] = o)

,_‘0

for all z; in S and zi in S'.

Since K 1s not yet known, (10.3) cannot be completely verified
at this point. The third argument of g.(z, a, t) 1s restricted
by it, but the extent of the restriction cannot be known until K
1s determined. In the usual case, when there are parameters in
the equation system, the calculation may proceed anyway, with
(10.3) and also (10.4) constituting restrictions on the ranges of
the parameters for which the theory 1s valid. These ranges may
be determined when K 1s known.

The trend functions p.q(t) may now be calculated by solving
the differential equation system (6.6). In the case in which all
the characteristic roots are simple, we drop the second subscript
on qu(t), and (6.6) becomes

dp;(t)

(10.5) —-&:E—= €8j(zj’ D(t), t):

for zj in 8.

The quantities qu(t), g: . (t), x may be determined from (8.2)
after the equations in (6.6) (or (10.5)) have been solved. Un-
less « > 0 and the conditions (8.3) are satisfiled, the theory
fails.

The bound K' 1s now computed from (4.4). If K' = » the
theory fails. If K' satisfies conditions (8.7) we may take

.
.

(10.6) X = K' + o(K')

a8 € —> 0. Then by (8.4) the solution is
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!Gi(Q)(z ) zjt

74 (t) -z Z Y pj,uj_,_q(t)
S gq=0 qlD (zj)
(10.7)
+ 0(eK'™) + 0(e?k120" /),
for 1 =1,2, ..., my, as e —>» 0. In particular when all the

characteristic roots are simple this reduces to
) ' th n
Yi(t = zj [Gi(zj)/D (Zj)] e Oj(t) + 0(ex'™)
S

(10.8)
+ 0(e?K120-1 /),

for 1 =1,2, ..., my, as € — O.

If K' does not satisfy (8.7), although it may still be possible
to satisfy (4.3), the expansion on the right of (8.4) does

not dominate the order terms, so that the solution (8.4) is of
little value.

5° With the determination of K 1in (10.6), the restrictions on the
parameters that are due to (10.3) may be determined in accordance
with the remarks 1n the last paragraph of 3°.

11. Appendix
To prove (2.5), we first show that

(11.1) Dy, (2)D,g(2) - Dy (2)D,,(2) + D(Z)Dis;ra(Z) = 0.

To do this, consider the quentities A,, in (2.4) as independent variables
and differentiate, holding =z fixed. Then

m m m

> [dAiBDﬂs(z) * (A - 283) D 3 Ay, ﬂs,m(z)]

p=1 r=1 =1

= 849 Z Z dA, Dr(z) -

r=1 a=1

Equating the coefficlents of dA,.,
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m

(11.2) °1aDrs(Z) - 513Dm(z) + Z (Aiﬂ - zuiﬂ)Das;m(Z) = 0.
B=1

Now multiply by Dki(Z) and sum over 1 from 1 to m. Replacing k by
1 1n the result, we get (11.1). (2.5) now follows from (2.3) and (11.1).

LEMMA 2. Let f(z) be analytic over a region S having
an 1solated zero of multiplicity m at Zge Let R be
the radius of any circle centered at Zq lying wholly
within S and containing no other zeros of f(z). Let
g(z) be analytic over S and satisfying the condition
|g(z)] <M for z in S and some constant M. Then
the equation

(11.1) £(z) + eg(z) = 0

has m roots inside any circle of radius r centered at

z. which lies wholly within S8 and satisfiles

o
(11.2) r > RleM/N(R)1'/™,
where
(11.3) N(R) = min [1, min |f(zy + Re™®)] ].
0<p<2n

PROOF. By the Poisson-Jensen formula (Titchmarsh, Section 3.62),

2n
10y, 1
lnlf'(zo +re )| = 55 f
o

2 .2
5 R -r 5 lnlf(zo + re”)ldﬂ
R°-2Rr cos(6-8)+r'

- m1ln (R/r).
Therefore, by (11.1), (11.2),
In|f(z, + reie)l > 1n N(R) - m 1n(R/r) > 1n (eM).

Therefore |f(z)| > e|g(z)] on the circle of radius r centered at Zg)
s0 by Rouché's theorem (Titchmarsh, Section 3.42), equation (11.1) has m
zeros inside this circle.
Reference
[1] TITCHMARSH, E. C., "The Theory of Functions", Oxford University Press,
1932,



IV. ON A NON-LINEAR DIFFERENTIAL EQUATION
CONTAINING A SMALI, PARAMETER'

Violet B. Haas

Ever since Liouville [3] derived series solutions for the linear
homogeneous differential equation

2
() %x—-ez-+[pa+g(x)]z-o

wvhere p 1s a large real parameter, for a given set of linear boundary
conditions, more than one hundred years ago, mathematicians have concerned
themselves with the behavior of asymptotic solutions of linear differential
equations containing large parameters. Recently it has been discovered
that when the differential equation is non-linear and contains a large
parameter the asymptotic solutions mey behave in a rather singular way.
There may exist solutions of a differential equation such as

2

(2) %+nf(x, Z.g-z—;o)-o,
dx dx

for large p, or
a%z dz

(3) e-—?+F(x,z,—-; e)-o,
dx dx

for small e, which converge in some fixed closed interval I: a < X < b,
for € —» 0 to a solution of the degenerate equation,

(%) F(x, z, g%; 0) =0,

This paper is based on the author's M.I.T. dissertation. The author
wishes to express her appreciation to Professor Normen Levinson, under
whose direction this thesis was written, for his help and guidance.
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which is continuous in I but which has a point of discontinuity to the
right of I. When such is the case these solutions of (3) mey jump or
oscillate rapidly in a neighborhood of this point. The Ven der Pol equa-
tion has some solutions which offer a concrete example. For these see [1].

In this paper the author shows that under certain conditlons
imposed upon F for small e there exist solutions of (3) which are
stable in I, which are completely unstable in some open interval to the
right of I, these two intervals being separated by a single boundary point.

1. We are here concerned with the behavior of the solutions of the real
differential equation,

(1.1) eg-l+f(t,x,5‘£;e)=o,
dt

vhere e 1s a small parameter. We suppose that f£(t, x, y; ¢) belongs
to class C°(t, x, y) 1in the domain D: [Ty < t <=, Ix| <X Iyl < =,
where To and X > 0 are constants and where fW § 0 in D. We suppose
that f is continuous In e for O < ¢ < ¢, vwhere e, is a constant.
Levinson [1] has studied equation (1.1) for the case when fW = 0 and
also [2] for the case when f = x - 4x/(3 + :':'*).

When € = 0 equation (1.1) becomes
(1.2) f(t, z, %—%;0) - o.

Let x = x(t) and z = z(t) be solutions in D of (1.1) and
(1.2) respectively, and let

x(te) - 2(io) | <o | ) - (&)

A

(1.3)

62
ST’TO<t0'

We shall show that under certain rather general conditions there exist ¢t,
and T such that [x(t) - z(t)| — 0 on t, gt <t;, end

lax/dt - dz/dt| —> 0 on t <t <t, as € 8, 8, —» 0, and X = x(t)
has rapld oscillatory behavior for T, <t, <t <T with an "amplitude”
approaching z(t,) and a "period" approaching 0( ¢'/?) as e —» 0. The
words, "amplitude" and "period" are in quotation marks because, as we shall
see, the magnitudes of successlve mexime and minima are not constant, nor
are the distances between them.

2. We suppose that t, satisfies T, <t,, that z = z(t) 1s that in-

tegral curve of (1.2) in D satisfying z(t,) = z,, and that
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integral curve of (1.2) in D satlsfylng z(ty) = zyy and that

(2.1)

where

i1.
111.

iv.

vi.

vii.

viii.
ix.

xi.

xii.

£(t, x, §5 €) = £,(x) - £,(t, x, ¥) + ef5(t, x, 75 €),

f(t, X, ¥; €) and its first and second order partial deriva-
tives with respect to t, x, ¥ are bounded and continuous
in t, X, ¥, € in D for O < € < €,

xf,(x) >0 for x % 0; £i(x) = af,/dx > 0, £3'(x) 20

for Ixl < X,

there exists a positive constant D such that

f?(x) > D*x® for IxI <X

there exist T > 1:O and p > 0 such that

o0 oo

j‘ Iyt (t, x, )1 dy < =, J‘ lyf5(t, %, ¥; e)l dy < =,
P p

for Ixl <X, tg<t<T 0< €< &y

F(t, X, ¥; €) = y[fa(t, X, ¥) - ef3(t, x, y; €)1 >0 for
v 40, |x|] <X and for e sufficlently small, and the
zeros of F are 1solated in D,

there exist constants Z5 > 0 and 2z, > 2z, such that

F(t, 2z P; €) < iDez1 for t, <t

F (t, x, y; 0) < 0 and F‘X(t, X, y; 0) < 0 for

Ix| >z, ldz/dtl >p, t5 st < T,

f3 is a continuous function of e for 0 < € < &,

.‘C1 is an odd function of x, f2 and f3 are odd functions
of x and of y in D,

there exist constants a > 0 and q, > 0 such that

f., >0 for t,<tsT Ixl <X, 0 < Iyl €9, + &

the equation f(t, x, y; 0) =0 implicitly defines a
unique surface, Ho in (t, x, y)-space, and contalned 1in
the strip Ix| < z,; and in any region where

fx(t, X, ¥; 0) # 0 this surface is defined explicitly by
the equation Xx = go(t, ¥). We suppose that there exists
k > 0 such that fx(t, % §; 0) >k for Ixl <X, t2>to
lyl < ». This implies, in particular, that

£(t, x, y; ©0) ; 0 according as X z 8, (t, v),

let Cy: 2z = z(t) be that integral curve of (1.2) satisfy-
ing z(tg) = z,- Let dz(to)/dt = p. We suppose that

£(6,%,7;50)+3E, (£,X,550) <o

3 =
fy(t,x,y;O)

on C. for t_.<t<t,. On C let 1im z(t) = z
[¢) o= 1 o t,- 1
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and we suppose that there exist k numbers,

Qs ++es Qo k 21, such thet f£(t, x, q4; 0) = 0,
fy(t, X, Q45 0) =0, t = t,, x =z, for each
1=1,2, ..., k, &and that

lim dz/dt =
t—r t, - !

for some 1, say 1 =1,
xiii. ry.y/(ft+yfx]>0 at tet, X=2z,3=q,¢€=0,

of
*v. (& - t,) 5= (& 2,5 Q) 2 0,

3t
¥ -y, - t) 5555 (6 295 q4) 2 0.

This is the entire hypothesis needed to prove the theorem as
stated in Section 4. However, much less 1s needed to prove the lemmas in
Section 3, and we shall indicate this in the proofs.

Remark 2.1. Part xiii of the hypothesis is not really an extra assumption;
it 1s a direct consequence of Xx, x1 and xiv.

In the following we let X denote an upper bound in D for f
and its first and second order partial derivatives with respect to t, x, y,
and all finite sums, products and combinations of these which are used in
the proofs, and let m > 0 be a lower bound for fyy(t, X, ¥; 0) in the
domain ty <t < T, Ixl <X 3p < lyl < q, + a. Throughout this paper e
will be made to assume only non-negative values, the theorems stated not
being necessarily true otherwise.

3. Here we state some preliminary lemmas and derive some general qualita-
tive results.

LEMMA 3.1. Let w(t) satisfy the differential equation

2
(3.1) tﬁ;—ég-ﬁ- H(t, w; €) i% = J(t, w; €),

for t, <t g, where H and J are continuous in the
reglon given by t, <t < v, and where lwl < A for some
A > 0. In this regionlet H>h >0, |J| <K |w| + €
Moreover, let |w(ty)l <8, and law(ty)/dt| < 8,/e.

€ 8
Let A-I’-+a1+-52—. Then for t, gt <7, andif



ON SINGULAR PERTURBATIONS 61

€,» 8,, 8, are small enough,

K
(t-t_)
lw(t)| < ael  ©
(3.2)
h K
8, -2 (t-t ) (t-t_) K8
lg%ls_egee o) , K, B o), £177%

where

. (K+1) (he1)?
A (b1 + B, + 51).

h’K
For a proof of this lemma see [1].

THEOREM 3.1. Let x = x(t) and 2z = z(t) be integrals
in D of (1.1) and (1.2) respectively, and let f(t, x, y; €)
have the continuity and differentiability properties des-
cribed in Section 1. Let w = x - z. If f£_(t, x, y; 0) >
h>0 for t,<t<T<t,, andif Iw(toﬁgaw
law(tg)/atl < Be/e, then w(t) satisfies the hypothesis
of Lemma 3.1, with e, = o(e). Thus, for to st <ty
x(t) —>z(t), and for t, <t <t, dx/dt —>dz/dt as
€, 8,, 8, —> 0 provided Ix(ty) - z(t )l < 5,,
lax(ty)/at - dz(t,)/atl| < 8,/e. Moreover, if 1, 7, are
any numbers satisfying t, < 7, < 1, < t,, the convergence
of w(t) 1s uniform on t, €t < 7, and the convergence
of dw/dt is uniformon T, <t g 7,.
PROOF. We differentiate (1.2) with respect to t and multiply the result
by € to obtain

£o(t,2(t),2(8);0) + %%— £e(t,2(t),2(t);0)

(3.3) e=Z+ e = 0,
d t‘y(t,z(t),z(t);o)

where the dot refers to differentiation with respect to t. BSubtracting
(3.3) from (1.1), setting w(t) = x(t) - z(t) and applying the Theorem of
the Mean to the term f(t, x, dx/dt; e) - f(t, z, dz/dt; 0), we obtain

2
¢ __Ztg + %‘;Lfy(t, z, 5+ 0,5 €) = - wfy(t, 2, + 6,v, X; €)
fo(t,z,ﬁ;ohft(tyz,zso)

+ €
fy(t: Z,2;0)

- y(e),
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where 0<91<1, 0<92<1, and where
v(e) = £(t, 2z, 2; €) - £(t, 2z, %; 0).
v(e) can be made as small as desired by choosing e sufficiently small. Settin
H = fy(t,.z, Lo+ 0,0 €), J=- wfx(t, z, + 0,W, %; e) - y(e)

z2f_(t,2,%;0)+f, (t,2,%;0)
+ € X t »
fy(t,z,ﬁ;())

and letting e, be an upper bound for

() érx(t,z,2;0)+ft(t,z,z;o)
€ + €
£, (t,2,2;0) ’

we obtain the required result.

LEMMA 3.2. Given the differential equation (1.2), where
f has the continuity and differentiability properties
described in Sectlon 1; let Hy be the surface in

(t, x, y)-space defined in Section 2, and suppose that
H, 1ies in the interlor of D. Let So be an integral
curve of (1.2) with initiel point (to, zy). On 8,
let £ >0 for ty<t<t, andlet fy=0 at

t = t,. Then SO cannot be continued as a curve with
continuously turning tengent for t > t, 1if

fyy(t,x,y;O)

RIS N 7% 5 L 0Ca7 (7 75 )

0, t=t,;x=z1:}7=q1;

vhere z, = z(t,) and q, is a root of £(t,, 2y, q 0) = O.

PROOF. We suppose that So can be continued for increasing t > t, with
continuously turning tangent. Then by Taylor's theorem we have on So in
a neighborhood of therpoint (t,, z,) and for t>t,,

£(t, 2(t), 2(t); 0) = (& - )0 (5 2, ;3 0) + (2 - 2)f, (6, 2y, Q5 ¢
+ 36 - £8P0 (81, 2!, 275 0) + Xz - 2 e (£, 2, 55 0)

(3.5) + (t -t,)(z - z1)ftx(t" z', ' 0) + (z - z,)(% - q,)fxy(t', z', &';

+ 32 - )P (61, 21, 25 0) -
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where t, < t!' < t, z' lies between z and z, and %' 1lies between
2 and Q; and where ft(t1, Zy5 Qg3 0) is

af(t,xgxgo)

evaluated at (tl, Zs q1), etc. Regrouping terms and setting
t -t, =4t, 2 -2, =42 2-9 =4-4q, =Ag, Wwe obtain,

Az 1 1 Az 1 A
At (ft + XF fx + E'Atftt + 5 A Azf'x_x + 5 K% Aquy + Azftx

Az
+ Aqfty + 3F Aq_fxy ) = 0,
where all partial derivatives of f(t, x, y; 0) are taken at the same
values of the variables as they were taken respectively in equation (3.5).
Since we have supposed 2z to be continuous on S, we mey use the Theo-
rem of the Mean on the quantity aAz/At and obtain
Az/at = dz(t, + eat)/dt = q,

where 0 < 6 < 1. We therefore write

- 1 1 =
At( Ty + afy + z atf, + §-qufxx + Azftx + Aqfty

_ 1 2
-—-é-(Aq)f

gaqf .
+ QAQ! vy

wv )
Thus, we see that if At 1s sufficlently small then

1 2
z(aa)"f
ft+qfx+0(Aq)+O(At)

at = -

Thus, if fyy/(ft + qfx) >0 at (t1’ z,, ql) then At cannot be posi-
tive, and this proves the lemma.

In the rest of this section we shall obtaln a general qualiltative
description of the behavior of the solutions x = x(t) of (1.1) for t >t

We shall suppose that f£(t, x, y; €) satisfies the continuity

and differentiability hypothesis of Section 1, and that C: [x = x(t),
Xy = x(to), %o = x(to)] is the integral curve under discussion and that
o = %, = 2(ty), where z = z(t) is an integral curve

Xo = 2o = 2(t,), %
of (1.2). We suppose that f(t, X, y; €) 1s an odd function of x and
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of ¥y, and for definiteness, we shall assume throughout this paper that
2y, > 0, %2, > 0. The point (t,, %, %,) 1lles on the surface H, de-
fined in Assumption x1 of Section 2. Similar results hold if Z, < 0,
20 < 0. We shall further suppose that at t = t, > to, z(t) exists,
z(t,) = z,, and that

1im z(t) = a,,
t —»tl—o

where q, 1s a root of f(tl, 245 Q 0) = 0. The following theorem then
holds.

THEOREM 3.2. Let fy(t, X, ¥; 0) >0 for t°5t<t1,
let x 1lie between z, and z,» let y 1lie between
éo and q,. If for any fixed t, T, < t, there
exists a sequence of values (ynl with

lil’!llyl*«:
n—)wn

and such that
1lim (t ) =0
8olts ¥p H

where g (t, y) 1s defined as in Assumption xi of
Section 2, then the integral curve C, in (t,x,y)-space,
of the second order system

dx/dt = y,
(3.6)
edy/dt = - f£(t, x, %—xﬁ; €), x(ty) = 25, k(ty) = 2z,

spirals in the following fashion.

The curve C 1leaves its initial point with increasing
x~-coordinate equal to go(t, z); and after an interval
in (t,x,y)-sgace all of whose dimensions approach zero

as € —> 0, wlth decreasing z-coordinate as t in-
creases. It meets the plane y = 0 at right angles and
then turns with positive slope, dy/dx; with ¥y still
decreasing and now x also decreasing. C meets the
surface x = g (t, y) in the lower half-space y < O,

and somewhere in a neighborhood of this surface it turns
once more with ascending y-coordinate and still decreasing



PROOF OF LEMMA 3.3. By the continuity In e of f and its first order
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x-coordinate until it again meets the plane y = 0 at
right angles. C now continues to rise with increasing
x-coordinate in the upper half-space y > 0 until it
again appears in the vicinity of the surface x = g,(t, y),
and so on. In Figure 1 1s portrayed a projection of the

y A motion in the (x,y)-plane with
—\\ t a parameter along the curve.

Remark 3.1. We note that we
2 have used only the continuity of
PQK f and its filrst and second order
partilal derivatives and their

X boundedness in D, the oddness
of £f In x and y, Assumption
x1 of Sectlon 2 and a modified
Assumption 1v of Section 2.

In order to prove Theorem 3.2 we
first need the following two
FIGURE 1 lemmas .

LEMMA 3.3. Integral curves of (3.6) cross the surface
H, from left to right (in the sense of increasing
x-coordinate) in the upper half space y > 0, and from

right to left in the lower half-space y < O.

LEMMA 3.4. The integral curve C of (3.6) descends
(decreasing y-coordinate) for t > t, +8,82>0

8 —>0 as € —»>» 0, and meets the plane y = 0 at
right angles. It then turns with X< 0 and § < ©
and eventually arrives in the neighborhood of Ho' It
again turns in this neighborhood now with § > 0 and

:

X < 0 until it once more meets the plane y = 0, etc.

partial derivatives the equation

(3.7)

f(t, x, y; €) =0

65

also defines a unique surface in (t,x,y)-space 1f e is sufficiently small.

Let us denote thls surface by H, and, when fx(t, X, ¥; €) %+ 0,

it explicitly by x = g.(t, y). Again by the continuity of f and its

first order partial derivatives, we can choose € S0 small that the two

surfaces H, and H, 1le close together and have almost parallel tangent

express
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planes at neighboring points. For ty < t < T1 we can choose & > 0 8o
small that an integral curve of (3.6) passing through a point P of Hj
crosses Hj from left to right (right to left) at P whenever an in-
tegral curve of (3.6) passing through a point Q of He crosses H,
from left to right (right to left) at Q whenever the distance between
P and Q 1s less than 8 provided e 1s sufficiently small. This
follows from the fundamental theorem of ordinary differential equations.

Now, in the upper half-space, y > O, on an integral curve of (3.6), if

¢ 1s sufficiently small, then dy/dx > 0 to the left of He and

dy/dx < 0 to the right of H,. On H_dy/dx = 0. Moreover, dx/dt =7y > 0.
Hence, integral curves of (3.6) cross H, from left to right in the upper
half-space, and therefore also cross Hj from left to right there. A
similar argument holds in the lower half-space.

PROOF OF LEMMA 3.k. Suppose that for t = t_, ¥ = Vo» 8.(t, T) < &, (t, ¥)-
Then at (tg,, X, Yo,) Wwe have by Assumption x1 of Section 2 that

dy/at = (- 1/e)f(t, x, ¥; €) < O,

and that y decreases. If g, =X, at t =1t, 7 =7, then again y
decreases as t Increases beyond t,. Suppose, therefore, that g_ > X,
for t =ty ¥ =73, Then since dx/dt =y, C leaves H, with in-
creasing x-coordinate, and we again invoke the fundamental theorem to show
that 1t must meet H,, say for t =t  + 3, & > 0. Once C meets H,
1t must cross this surface and must travel along with decreasing

y-coordinate and increasing x-coordinate.

Once C has crossed H, (from left to right) we must have dy/dt < 0 so
long as C remalns to the right of H,, and so y decreases. Further-
more, since dx/dt = y > 0, x 1increases. So C moves to the right and
downward. Since f(t, X, y; e) 1s never zero so long as x > g (t, ¥),
then neither is dy/dx = - (1/ey)f(t, x, y; €). Thus, since y 1s
positive and decreasing, and dy/dx < 0, y must become zero and

1lim dy/dx = - «.
Yy —o

Thus, C crosses the plane y = 0 at right angles.

As C crosses into the lower half-space y becomes negatlve, dy /ax
becomes positive and dy/dt remains negative. Then y continues to de-
crease and now Xx begins to decrease too.

Suppose that C does not meet Ho in the octant y < 0, x 20, t > t,.
We shall show that then C enters the octant y < 0, x <0, t >t, and
crosses Ho there.
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Since C does not meet H, for x>0, y< O, t> ty,» Wwe may choose e
so small that C does not meet He elther in this octant for say

t, st <t* where t*<T,, Ix| <X, and dy/dx does not vanish here
unless y — - ». Now y cannot approach - «» unless x also does,

for y = dx/dt and dx/dt is continuous on C. Thus, 1f y —> - ®

C must cross the plane x = 0. If §y does not approach - « then dy/dx
remains positive 1n this octant. If C does not cross the plane x = 0

then there exists a number d > 0 such that

1lim x(t) = 4,
t

and since y does not approach - «» there exists a positive number h
such that

lim y(t) = - h.
t —w

Then given any & > 0 there exists a positive number € such that
y+hgd for t>% or dx/dt <& -h for t > %, or

x(t) - x(E) < (8 - h)(t - E) for t >E. Letting t —rt*, t* >E, we
find that x(t) becomes negative 1f t* 1s sufficlently large. And so,
in any case, C crosses the plane x = O.

If now C does not meet H, for x<0,y<0, t> to, then we can
again choose € 8o small that f£(t, x, y; €) does not vanish on C 1in
this octant for say, to <t <t¥, and so dy/dx does not vanish unless
again y —> - ». In any case, we can show as ebove, that if t* is
sufficlently large then dy/dx does not vanish unless |[x(t)| becomes
large. But by hypothesis, for any t >t  the surface H, comes
arbitrarily close to the plane x = 0 provided |y| 1s sufficiently
large, and so 1t 1is impossible that C and Hy do not meet.

This proves the lemma and also Theorem 3.2.

Remark 3.2. Lemma 3.3 now tells us that C crosses Hj exactly once in
the lower helf-space and exactly once in the upper half-space on each
circuit.

Remark 3.3. The proof of Theorem 3.2 would have been very much the same
had we supposed the existence of not one but several isolated roots,

Ty - gi'o(t, x), 1 =1, «e.p n, of f£(t, x, y; 0) = 0 placed sufficient-
ly far epart so that each surface lies in a strip, &y < X g by, where
by <8y + 1.

4. We shall now describe in detail the behavior of C under the more
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restricted hypothesis of Section 2. This description 1s divided into two
parts. The first part is devoted to that part of C between the point

(to, Xy yo) and the first intersection point of C with the plane y = oO.
The second part 1s concerned with the behavior of C between a point of C
where C intersects the half-plane x = 0, ¥y > 0, and the next inter-
section point of C with the plene y = 0. It 1is then shown that the be-
havior of C 1in all other octants can be easily deduced from this part

of the discussion.

Remark 4.1. Since f,(x) and - F(t, x, y; €) are both non-negative in
the octent t > t,, x >0, y <0, and since f,(x) and - F(t, x, y; €)
are both non-positive in the octant t >t,, X < 0, y > 0, then C must
meet Ho only in the octants tgto,xso,ygomtzto,xzo,
¥y 20

In the following text , wi1ll be used to denote a constant
independent of €. For convenlence we shall replace e by 2.

Let now y be the y-coordinate of a point P on C 1in the
lower half-space y < 0, whose x-coordinate 1s zero, and let X be the
x-coordinate of the next previous intersection point Q of C with the
plane y = 0. Then multiplying the second of equations (3.6) by ydt
and integrating along C between P and Q we obtain

tq

§2 = 2e2 f £(t, x(t), dx/dt; e2)y(t) at,
t
P

where tp and t, are the t-coordinates of P and Q, respectively.
S8ince f,(x) > 0 and since F(t, x, y; 2) < 0 1in this range we have

tQ 5
§2 > 2¢72 f £,(x(t))y(t) at = 2e”2 f £,(s) ds.
t o
P

"

We must have X > 2y, and employing thls fact we find that
Z4

§*2 > 2¢72 f £,(s) ds > 20fz,2 ,
o

or
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(k1) I > e 'z,D.

In an identical manner we can show that an inequality of this
type holds in the octant t > to, X< 0,y >0.

We now project the curve C for t, <t < T onto the (x,y)-plane
by eliminating the variable t from the parametric equations of C. This
can be done for all of C in this range of t since %* and X do not
vanish simultaneously on C in this range of t 1if only e 1s sufficient-
1y small. To see this we note that when % = y = O then Ix| > Z, and
we can meke ¢ so small that f£(t, x, ¥; )40 at y=o0 for
to, st <Te

We now define the function r(x, y; ). Let

X
(4.2) 2 = ezya + 2 f £,(s) ds.
[
Differentiating (L.2) with respect to t we find that on C,

(4.3) ar® /at = 2y [fe(t, X, y) - e2f3(t, X, V3 52)] >0, to<stsT

end so r® is a non-decreasing function of t on C 1in this range.

Now let t' and t" be two different values of t satisfying
tg <t' < T, by < t" < T, and let (x', y') and (x", y") be the corre-
sponding values of (x, y) on C. We have

(x' - xn)E + (y - yu)2 > o.

If x' =3x" and y' =3y" then if r' and »r" are the corresponding
values of r we must have r' = r", and this 1s not possible in view of
Assumption v of Section 2. Thus, only the inequality holds and there is
a one-to-one correspondence on C between the independent variable t
and the number pairs (x, y), or (x(t), y(t)). Hence, the points of C
are in one-to-one correspondence with the points of the projection C' of
C on the (x,y)-plane, and so we shall henceforth discuss only the proper-
ties of C' and denote C' by C.

We project the curve C, (see xii of Section 2) onto the (x,y)-
plane for ty < t <t,. This can be done since, by hypothesis, % 4 0 in
this range. Let this projection of C, be denoted by Ca. Then the points
of Co are in one-to-one correspondence with the points of C('.). This is
true because 2% > 0 and ¥ < 0 1in the specified range of t.

In the (x,y)-plane let P, be the point (x,, J,) and let Q,
be the point (z,, q1) defined in Assumption xi1 of Section 2. Let the
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equation y = #_(x) describe that portion of the curve C which lies
between P, and the first intersectlon point of C with the line y = 0.
Construct the polygonal line ABD, where AB 1s a horizontal line seg-
ment whose y-coordinate 1s Be(z1 - €). The point A 1s the intersection
\ of this line with Cc'> and the x-coordinate
y of B 1s z,. is a straight line
with slope - €2, and D is its inter-
sectlon with the x-axis. We shall obtain
an estimate on Xpe the x-coordinate of

D, and then show that the point E, which
1s the intersection of C with the x-axils,
has x-coordinate not greater than Xp*

If the subscripts A, B, D, E
on the coordinates refer to the correspond-
ing point (see Figure 2) then on BD we

1 E 4 *  have

FIGURE 2
Ip ¥ Belz-e¢) -3
Xp-Xp Xp-24 ’

or
«z%ﬂe(z1 -€) = Xp = Z;-

And 1f € 1s sufficiently smell then

(4.4) xp - 2y < xoe%.

Let the point on C having coordinates (z,, ﬂe(z, )) be called
P,. We wish to show that as the point K P: (x, #_(x)) traverses C from
1’1 to E the increase in x 1s O(e%). For convenience we replace 2z,
by x, and q; by ¥, 1n the following text.

The slopes of integral curves of (3.6) satisfy
dy/dx = - e'ey'1f(t, X, ¥; €2),
and on this part of C we have

lay/ax| > e"2p7'e(t, x, y; ).
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Expanding f£(t, x, y; €2) about (t, X{» Y1) by Taylor's formula we get
f‘(t,x,y;ez) = f(t,x1,y1;o) + (x-x] )fx(t:pr,;O)
+ (37 )8y (85%,,5,30) + Bx-x, )20, (£,x1,5'50)
+ 3(y-y, )afw(t,x',y';o) + (x-x, )(7-y, )fxy(t,x',y';o)
+ ezfa(t,x,y;ea).

Replacing
£(£,%1,7,30) + (7-3, )0y (t,%,,7,50)

by
P(tyox,7q30) + (6808 (87,%,,5,350) + (3=, My (ty,%,,5,50)

+ (8-t ) (77, My (81,%,,5,50)
and recalling that f£(t,, X,, ¥,; 0) = fy(t‘, X,s ¥y3 0) = 0, we obtain
£(t,x,y;€°) = (x-x, )5 (t,%,,5,50) + %(x-xl )Efxx(t,x',y';o)

+ 3(y-y, )Efw(t,x',y';o) + (x-x)(3-y,)
(k.5) £y (E5X0,3150) + (8-t )£, (81,%,,7,30)
+ (y-v, )fty(t',x1,y1;o)] + 0(52),

where t' 1les between t, and t, x' 1lies between x
lies between y; and y-.

and x and y!

Suppose that y, = ¥yg 27, + e‘/5. Then for y -y, > e1/5 and
if e 1s sufficiently small we have on BD

(x.6) £(t, %, 75 ) 2 #G - 7,)%m,

and so
lay /x| > e~2me? /> pup.

Now let 61/5 >y -V, 2c¢€ 3/5- Then on this part of BD we again have
(4.6) and |dy/ax| > e-%.

Now let |y - 74l < e3/5 on C. On this part of C we have
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£f(t, x, 75 52) > *(x - X, )k,
and

(4.7) - dy > %7 k(x - x,)ax.

Let P2 and P3 be the points where the descending y-coordinate first
becomes y, + e3/ 5 and Yy, - e3/° » respectively. Integrating equation
(4.7) along C between P, and P3 , we get

253/5 > ﬁe'ap'1k [(x3 - x,)e - (x, - x )2] ,

or
2 8 13/5
("3 'xz) < R,
and
(4.8) (x3 - xa) < J(8p/k e13/1° ,

where x, and X3 are the x-coordinates of P, and P3, respectively.

Consider an integral curve of (3.6), say C, starting at B.
On this curve we have

£(t, x, ¥; 52) > %(Y - Y )2m’
and
(4.9) - ay/ax > me 2(y - y,)%/4p-
S8ince C cannot cross BD between B and that point of BD wherg
Y=, ¢+ e3/5, this last inequality also holds at every point of C
between B and Pp, where P, 1s the first point after B on C

vhere y =y, + e3/?. 1Integrating (4.9) along § between B and Py,
letting ax be the increase in X 1in this range we get

Yi‘";g/s
f -g; m_ _-2
_LE > 5 € AX
b (Y’Y') - P ’

(k.10) . Axshpe7/5/m .
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Now, when ¥ = yg C lies to the left of C. Then by the funda-
mental uniqueness theorem we must have C to the left of { when
y=7, + 63/5, end so (4.10) holds on C between P, and P,. Between
P, and P3 on C equation (4.8) holds. Thus, between P, and P,
C 1lles to the left of BD 1if e 1is sufficiently small.

Now consider the slopes of integral curves of (3.6) on BD
between the points where y = y - e3/5 a.nd Y=y - el/j. On this part
of BD we have f(t, x, y; € 2) > im(y - y1) , and the slopes of integral
curves of (3.6) satisfy

- ayfan > B w5 /e

here. Thus, integral curves of (3.6) cross BD from left to right for
¥, -3 >35>y, - €'/, andso C 1ies to the left of BD 1in this
range.

Now let y <y, - ¢'/> on BD. Then £(t, %, 75 €2) > (x - x, )k
and the slopes of integral curves of (3.6) crossing BD 1in this range
satisfy

(k.11) - dy/ax > (x - x,)ke” 2/p.

It is now necessary to find a lower bound for x - X, on that part of BD
for which y <y, - e1/5- The equation of BD 1is

X -x= eé'[ﬁle(x1 - e)-y] = i‘[YB'Y]'

Now, yg >y,, and so (x - x,) > e%(y, - ¥). Thus,

- dy/ax 21(,37/108-2/13 s /2,

Hence, integral curves of (3.6) cross BD from left to right between those
points on BD where y =y, - e3/5 ang ¥y =0. And so C 1lies to the
left of BD for ¢ _(x, - €) >y >0, and the increment ax of x on C
between P, and E satisfies

(4.12) ax < pe'/2,

Ir Jg <V + el/5, or yg<7y, + e3/5 then the first step or
first two steps may be omitted from our argument and equation (4.12) still
holds.
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5. Onthe curve C from P, to E let P,: (x,, y,) be the point

where the x-'-coord:Lnate of C first becomes X, We shall first
suppose that y, >y, + e2/3 Let Py P3, P, be the points where the
descending y-coordinate first becomes y, + € 3, v, - 22/ 3 and Z6ero,
respectively, and let t,, t 2} t3, t, be the corresponding values of t.
We have X, < X, <x3 < X y1 >3, >y3 > 0. On this arc of C 1let
X=u+Xx,yJ=W+y,. Uslng u and w as new variables we obtain from
equation (4.5)

£(t, x, 73 €) = uf (%, x;, ¥,5 0) + *uPf (t, x', y'; 0)

+ %wefw(t, x', 7' 0) + wify (t, X', ¥ 0)
(5.1)
+ (t - t'l) [ft(t': Xy y1; 0)

+ wfty(tl, X0 V43 0)] + 0(e2),
and from equation (3.6) we get
du/dt = w + Iy

- Pav/at = uf, (t, x,, y,5 0) + kL (t, x', y'; 0)
(5.2)

2
3 fYY(t' x', y'; 0) + uwfxy(t, x!', y'; o)

+ (t - tl)[ft(t" Xys Yp5 0) + wfty(t', Xy0 Tq3 0)] + 0(e?).

In the new system the coordinates of P; may be denoted by (x1, Ty o+ W ).
We then have y, + W, < g.(x, - €). As e —> 0 we have g .(x, - €)=y,
and so given any n, 1 >n > 0, Wwe can choose € so0 small that
B (xy -€) -y, <n, and 623<n.

We now proceed from I"l to P,. On this part of C we have
o<gucg pe 2, 1>n0>W>W, = /3, Hence, from the second of equations
(5.2) if n and e are sufficiently small,

- eadw/dt > 2r (t, x', y'; 0).

Multip1¥ing this equation through by ('e/w2 )Jdt and integrating along C
from P, to P, we get

2
f (t; x!', y'; 0) dt < 2¢? —§< 2et/3.

t 23"
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Since fyy

(5.3) (tp - t]) < 2¢*/3/u.

>m 1n this range we have

From P, to P3 we have |w| < e2/3, and so If e is
sufficiently small, from the second of equations (5.2) we get

(5.%) - efaw/at > uf, (t, x,, 7,3 0).
But between P2 and P3 we have

t
u=u, + f (y, +w)dt >u, +y,(t - t;) - 62/3(t-t2),

to

and 1f e 1s sufficiently small,
(5.5) u>u2+§y1(t - ty).

Using equation (5.5) in equation (5.%) and multiplying (5.4) by dt and
integrating on C from P, to P3 we obtaln

2e2e2/3 5 ¥ok(ty - t2)2/8,
or
(5.6) £y - by < be¥/3/0ay )2,

We now proceed from P3 to P,. We break this arc into two
parts. Let P! be the point on this arc whose y-coordinate is y,; - e/,

Then from P3 to Pé we have

- faw/at > %wafyy > 3w’m.

Multiplying this inequality by t:lt/w2 end integrating along C from P3

to P3' we obtain

(5.7) (t:; - t3) < 2¢B/3/m.
From Pé to P, we have

(5.8) - e2aw/at > %wafw.

Since f. may vanish on this arc of C we cannot use the lower bound m

b2
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here. Instead we employ the first mean value theorem of the integral
calculus to obtain

ty
(5-9) j' foy dt = ulty - t}),

t3

where u 18 a positive constant which does not vanish as e¢ — 0. Then
multiplying (5.8) by dt/w2 and integrating along C between Pé and
P, we obtain

(5.10) (ty, - t3) < 8?2/
Combining equations (5.3), (5.6), (5.7) and (5.10) we find that
(5.11) (tu-t{)<7e"/3.

If y1' <y, + 62/3 the first step of our argument 1s eliminated and
(5.11) st11l holds.

6. We shall now describe the behavior of C for t > ty-

Let Pg: (x5, J5) Dbe one of the points on C for t, <t <T
where C 1Intersects the positive y-axls, and let us follow along C in
a clockwise direction. Let Pg: (x¢, yg) Dbe the point where the descend-
ing y-coordinate first becomes €-2/3; 1let Po: (x7, y7) be the point
where y first becomes y,, and let Pg: (xg, yg) be the first point
after P, where C meets the positive x-axls. Then between P5 and
Pey > e2/3, 1r rs, Tgy, Ty, Tg are the corresponding values of the
positive quantity r, defined in Section 4, at the points P5, P6' P7, PB'
respectively, then from equation (4.3) we get

te
rg - rg =2 f y [fz(t, X, y) - e2f3(t, X, ¥ 52)] dt,
ts
where the integrand is evalp‘a'ced along C. Replacing y by dx/dt we get
X6

rg - rg =2 I [fa(t, x, ¥) - e2f3(t, X, ¥; ea)] dax.
o

From part iv of the hypothesis we conclude that if |[y| 1s sufficiently
large there exists a positive number F, such that lfz(t, x ¥y < F, /y2,
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in the range to <t < T, Ix| <X. Likewise, we conclude from part iv of
the hypothesis that if e 1s sufficiently small and if |y| 1s sufficient-
1y large then there exists a positive number F2 such that

I£5(t, x, 73 )l < Fa/y2 in the seme range of t and x. We set

M = max(F,, F,). Thus, if e dis sufficiently small, we have

rg - rg < 2Mx6eh/3.
Then,
rg - r5 < steu/3/r5.

But by equation (4.1) Ty > x1D, and since Xg < X, + pe% we have for e
sufficiently small,

4/3
(6.1) rg - s < Me

From Pg to P7 Y < e'2/3. By part 111 of the hypothesis and equa-
tion (4.2) since r 1s a non-decreasing function of t and if e is
sufficiently small, we have,

X

X 1
2 f f,(s) ds = r2 - eeya > 2 f fl(s) ds - e2/3 > D2x$ - 52/3 >%D2x$.
o o

But,

x
f £,(s) ds < xf(x) < f?(x)/DQ,
o

and so, f?(x) E%Duxf, or between Py and P7 on C,
(6.2) £, (x) > #0°%,.

From (4.3) and the second of equations (3.6) we get

2 2 .2
(6.3) ar? - - 2ye £, (t,x,¥)-€£,(t,x,5;¢ )] dy .

£,(x)-£, (t,x,y)+e2f3(t,x,ys )

Now, at P5 we have
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X
rg > 2 f f,(s) ds.
o

At P, we have
6 xg
rg = €2/3 + 2f f](s) dS,
[e]

and re > rs. Hence,
*g %,

(6.4) f £,(s) ds > f £1(s) as - %2/3,

o o

If xg < x; we obtain from (6.4) that
x

1
f £,(s) ds <%e2/3.
X6

If Xg < X, then

%, %,
f f, (s) ds < f fl(s) ds,
%o X6

X

1
(%, - xo)f] (xo) < f f£,(s) ds < %e2/3.

*o

This i1s a contradiction since Xo» X, and f, (xo) do not depend on e,
while (x1 - xo)f1(xo) + 0. Hence, if Xg < X; then xg > x,. Also,
since X, > X, then Xg > X, 1n elther case. Now,

F(t, x, 35 €%) = P(t, x5, 7o €2)
’

+ (x - xo)Fx(t, X', §'; €2)
)

M AL PR) S CPRE SIS A I

where x' is intermediate between x and X ¥y' 1s intermediate be-
tween y and Jo» and
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F(t, x, ¥; 52) = fa(t: X, Y) - 62f3(t, X, ¥s e2).

Since y >y, and x > X, on the arc Py P, we have by parts vi and vii
of the hypothesis,

Ft, %, ¥ ) < F(t, x5 Jg5 ) < il‘D23C1-
Comparing this result with (6.2) we see that for e sufficiently smell there

exlsts a positive constant d independent of € such that
£(t, x, 73 e?) >d on this arc. Therefore, by (6.3),

2 4 2
W - 2¢ yfz(t,x,y)dy+2e yf3(t,x,y;e )dy

2

£(t,%,75€%)
ory
ar? < - 2¢° [lyfz(t, x 7 ay + €IyE (e, % 5 )l dy]/d-
Integrating this last equation along C from P6 to P7 we get

0 oo
r?{ - r§ < 22 [ I Iy£,(t, x, 7)I dy + ® f lyf4(t, % 75 )| dy] /d
Yo Jo

= 262 [ f lyfo(t, x, ¥)I dy + 0(62)] /d;

Yo
or
(6.5) r, - Tg < ye?.
At P7 we have
Xq x,
(6.6) r$ = eeyg + 2 f f,(s) ds > 2 f f,(s) ds.
) o

We wish to show that Xq > x, 8o that the procedure used on the arc P7P8
can be the same as that used on the arc P]'P,‘. Let Pé be that point on
the arc P2P3 where w = 0. From equation (5.11) and the second of equa-
tions (5.2), we have on the arc PiP,
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- 62%%5 7e*/3 4 o(e?) + [ué+ j;:(w+3‘1) dt] [fx*'%“rxx*"fxy]'

On P5P3 we have 0 >w > - e2/3. If ué < eu/3, if X 1is an upper bound
for (Ifyl + [f 1 + Ifxyl) in this range, and if € 1s sufficiently
small then

- eeg¥< se¥/3 [54/3 +y,(x -xé)] [K] [1 . %pe%+ 52/3] ,

or

- 2aw/at < ye¥/3 4 2Ky, (x - x})-

Multiplying this equation by dx and integrating over the arc P,"zP3 , Wwe
obtain

83 ¢ 7e“/3(t3 - t4) + Ky, (g - t1)%.

Therefore, there exists a positive number 7 such that (t; - té) > 7eu/ 3.
Now, du/dt ARG and 80 u; - u, 3y17eu/3 - e2/3yel‘/§, or

u3 -u, >7e 3, provided € 1is sufficiently small. Since u, = 0,

we have

(6.7) ug gyeu/3.

If u > eh/3 then certainly uy > eh/3 whence we may choose 7 as unity.
Thus, in any case, equation (6.7) holds.

We now use this result in equation (6.6). Since wu, > u; we have

x7 x1 X1+7€h/3
e2y§+2 f f,(s)ds >2 f f,(s)ds + 2 f f,(s) ds,
o ) x,
or
X7 X‘
f f,(s) as > 'f f,(s) ds + £, (x, yet/3 - %Geyg.
o o

and therefore,

X

Xy 1
f f](s) ds > f f1(s) ds,
o

o
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and so X7 > x,. Thus, on the arc P7P8 we may proceed exactly as we did
on the arc P]'P,‘. We then have

4/3
(6.8) te - t7 < 7€ .

If I 1s an upper bound for |F(t, x, y; €2)| 1in the range
tost<T |Ixl <x, +a, |yl <y, then since ar® = 2yf,(t, x, y)dt -
2ye2f3(t, X, ¥; €°)dt, we have ar? < 2y,ldt, or

4/3
(6.9) rg - 5 < ye .

The result is the same in the fourth and second quadrants and 1s,
in fact, easier to get, since there F(t, x, ¥; ez) < 0 and
f(t, x, ¥; ?) > f,(x), and so we may proceed directly from y = 0 to
vy = - e 2/3 1n one step.

7. We now consider the change in t when the point P: (x, y) tra-

verses the fourth (or second) quadrant from Pg: (xg, 0) to Py: (o, y9).
In this quadrant, using (4.2) we get

X
at = dx/y = - edx//[r"‘ -2 f £,(s) ds] .
(o)

Integrating thls equation between Pg and P9 we find that

_ e ‘/;[:u//[re_e j;xf1(s)ds]
x8 x8 X

< [ dx//[z [ rieras -2 fr,(s)ds]
o) o o
X8 R

€ f dx//[z L f1(s)ds].

o

t9-t8

A

Using part 111 of the hypothesls we obtain,

X X
at < e fxacb//[eDa fssds] =5 fadx /(xg-xz) -3 -
[e] X o

Thus,
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(7.1) tg - tg < me/2D.

We shall now find the change In t as the curve C traverses
the first (or third) quadrant. We shall use Ps: (o, y5) and Pg: (xg, 0)
to denote the intersection points of an arc of C with the positive
y-ax1s and the positive x-axls, respectively. P7: (x7, yo) 1s the point
where the descending y-coordinate of C becomes y,. We shall denote the
point where
x
2 f f£,(s) ds = eeyg = rg
(o)

by Pw: (x,o, ym)- Since r 1s non-decreasing we have

%10 . X
tyo - s = ¢ J; d.x//[r -2 j;fl(s)ds]
*10 / %10 x
€ j(; d.x/[z { f1(s)ds-2 ff1(s)ds]

o

A

%10
2
<e f dx/D (xfo - xa) = ex/D2,
o

or

2
tio - t‘,5 < ne/2D".

Now, r?o = rg + eeyfo, and by Section 6, Ty - T5 < 7eh/3.

Thus, if e 1s sufficlently small,
-2, 2 2 -2__L4/3
X0 = € (r10-r5)53r5e ye' /2.,

or x,q< 76"/3. We remark that x,, > X,. Then from P,, to P, on
C we have, by the material immedlately preceding equation (6.5) that

dt = - 2d4/r(t, x, v; €) < - e2dy/a.
Hence, in this range we have,
(7.2) t9 - tg < €27€-1/3/d < 755/3.

We have already seen that At < 7eh/3 in the range 0 <y < p.- Hence,
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we have
(7.3) At= tg - tg < ne/2D + yeb/3,

A lower bound for At 1in all quadrants is easily obtained, but
i1s not so precise as the upper bounds obtained here . In the fourth
quadrant we get

€
(7.4) At > g Arc s:Ln(DJ.B/rg).
and in the third quadrant,
(1.5) At > f Arc sin(Dug/rg).
We have thus proved the following theorem.

THEOREM: Under the hypothesis of Section 2, and for

¢ sufficiently smell, if C: x = x(t) 1s the integral
curve of (1.1) in (t,x)-space described in Section 3,
then for t > t,, x(t) has oscillatory behavior, the
"period" of the oscillations being o(e%) and the
"amplitude" being z, + o(e¥). The results stated
here can be easlily extended to a system of the form

g—xt-i = ﬂi(t, Xys eevs Xgo U e)%%

+ B0t Xqy eees X W €), 1 =1, ..., n,
2
’Z't‘g"' glt, Xys oven X U5 €) = 0.
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V. CRITICAL POINTS AT INFINITY AND
FORCED OSCILLATION

Ralph E. Gomory
INTRODUCTION

The problem of oscillations, both forced and free, 1s central in
non-linear differential equations. Poincaré [1] and Bendixson (1] in their
fundemental papers discussed the existence of free oscillations in a palr
of first order equations

(a) & - xx, ), %% = Y(x, ),

while the interest aroused by van der Pol's equation has caused more modern
writers to turn their attention especlally to the system arising from the
second order equation

a%x dx
b f —_— = 0.
(v) e + £(x) oy + g(x)

ct

The free oscillations of this equation and the forced osclllations of

dax dx
£ ax = E(t
(c) W + £(x) it + g(x) (t)

have been investigated in numerous papers, especially Levinson and Smith
[1], and Levinson [1].

A central condition in these investigations is that the equations
be of the type called by Levinson [2] "dissipative for large displacements."
This condition ensures that with increasing time all solutions tend to the
interior of some circle in the phase plane. This makes it possible to
apply the Brouwer fixed point theorem to (c), or, provided there is an un-
stable critical point at the phase plane origin, to apply the Poincaré-
Bendixson theorem to (b).

The main contribution of this paper will be to drop this condition,
85
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and to prove the existence of forced perlodic solutions to a variety of
differential equations not dissipative for large displacements. In fact
many of these equations will have, in addition to their periodic solu-
tions, other solutions which become unbounded with increasing t, and still
others which become unbounded with decreasing t.

The notion of critical point at infinity due to Poincaré will be
used throughout. Poilncaré extended the planar autonomous system

dx d;

Xy) T I,y
to a sphere, (the doubly covering surface of the projective plane), and
discussed his equations on the entire sphere including the equator and its
critical points, (the doubly covered line at infinity and its critical
points). Later Bendixson briefly discussed a single point at infinity, but
since that time, with the exception of a recent paper by Lefschetz (1],
authors have dealt mainly with the finite plane. This may be due to the
fact that while Poincaré restricted himself to equations with simple criti-

cal points at infinity, the systems arising from (b) rarely have this prop-
erty, and so are not as easlly treated.

In Part I, systems of the Poincaré type will be treated, and
their forced oscillations related to the nature of their critical points at
infinity. In Part II the nature of the critical points at infinity arising
from a wide class of equations (b) will be completely analyzed. This analy-
sis gives the asymptotic behavior of trajectorles that become unbounded.
Geometric information, such as the existence of limit-cycles to equations
of the van der Pol type, will be deduced. In Part III the results on
critical points from II will be applied to obtain new criteria for the ex-
istence of oscillations in (c).

The general condition which in one form or another will be used
to replace dissipativity may be stated roughly as follows. Let the plane
be completed by the addition of a single point at infinity. This point 1s
generally a critical point, and in a dissipative system it must be an un-
stable node or focus. Our conditions are roughly equivalent to requiring
that the index of this point be # 2, and that it have no saddle sectors.

.
.

PART I: FORCED OSCILLATIONS IN A CLASS OF
FIRST ORDER SYSTEMS

§1. In this section we will consider the system

(1 & . oxtx, v)y P YY)
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where X(x, y), Y(x, y) are both polynomials of degree n > 0. The thea-
rem stated below will relate the nature of the critical points at infinity
of (1) to the question of the existence of periodic solutions to

(2) F-xx y) +E ), H-Yx 3)+E (L)

where E,;(t) and E,(t) have continuous derivatives and are periodic with
period T.

We will start by extending equation (1) to the projective plane.

Adopting homogeneous coordinates (x, ¥y, z), with (x, y, 1) a
deslignation for the point with affine coordinates (x, y), we see that (1)
and

) @) - =@ 7). £E)-+(E 1)

have the same solutions. However we can easily extend (3) to cover
points for which 2z = O.

Using (3) and multiplying by z™'' glves

zn"l(z%%-—x%%) -zXH(x, v z)

(v ) - o o)

where XH and YH are the original X and Y made homogeneous of degree
n with z. Adopting a new parameter =+« such that %—E = z%°1 we obtain
from (4) in the region covered by coordinates (x, 1, z)

(%)

%%z - zYH(x, 1, z)

(5)
%z x}{(x, 1, z) - XYH(X) 1, z)

and in the region covered by coordinates (1, y, z) using the parameter
¢ such that % = 22
g%‘ - ZXH“: Y z)
(6) H
E- o, 5, 2 -0, 3, 2.

It 1s easily seen that solutions to (5) and (6) with z # 0 trace out the
same trajectories as those of (1), the parametrizations only being differ-
ent. As (5) and (6) are defined for 2z = 0, we can consider them as
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extending (1), which was defined only for (x, y, 1), to (x, 1, z), and
(1, ¥, 2).

A critical point on the line at infinity is simply a critical
point of (5) or (6) on z = 0. An elementary or simple critical point is
one for which the linear terms in the Taylor expansion about the point
have a non-zero determinant.

§2. We are now in a position to state the theorem.

THEOREM: If the critical points at infinity of the extended
equation (1) satisfy the following conditions:
(a) there are isolated critical points and they
are simple;
(b) their index sum is ¥ 1;
(¢c) there are no consecutive saddle points;
then equation (2) has a perlodic solution of period T.

It is probably worth while to clarify exactly what is meant by
"consecutive saddle points." As the line at infinity 1s topologically a
circle we may trace it through in some fixed sense, encountering in
succession all critical points. Condition (¢) is that in this cyclic
arrangement saddle poilnts should not follow saddle points. In particuler,
if there is only one critical point and it is a saddle, condition (c) is
not satisfied.

To facllitate application to specific equations, the conditions
for the theorem will be restated entirely in terms of the original poly-
nomials X and Y. To do this, designate by X Yn the terms of degree
n of X, Y. Condition (a) is readily seen to be equivalent to

(a1) XY, - yX, has real roots, no multlple roots,
and does not vanish ildentically.
(a2) x¥, - yX, and X, have no roots in common,

and the same holds for xYn - X, and Y-

As the index sum of a vector distribytion in the projective plane
is 1, condition (b) is that the sum of the indices of the finite criti-
cal points of (1) be ¥ 0. Condition (¢) may be tested for directly by
using the following observation from Poincaré ([1], p. 25).

The coordinates of critical points at infinity have ratios
% = ¢ which satisfy x¥, - yX, = 0. If, wvhen « Increases from « - e
to o + € the expression
Yn

%

changes from negative to positive, the criticel point is a saddle point;

-¥
x
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if the expression changes from positive to negative, 1t is a node.

In terms of a single point at infinity the conditions ensure an
index # 2, and the absence of saddle sectors.

§3. PROOF OF THE THEOREM. The first step in the proof will be
the construction of a large closed contour J, containing all the finite
critical points of (1) and with the following special property. A solution
x(t), y(t) of (2) which at time t, 1s at a point p on J, never is at
p ageln for t > t,.

We will start by extending (2). Equation (2) is merely (1) with
time dependent additions to the constant terms in X and Y. Hence from
(5) the extension to (x, 1, z) 1s

Z - - z{YH(x, 1, z) + anz(t)}

oe

(7

&

= - {){H(x, 1, z) + an1(t)} - x{YH(x, 1, z) + anz(t)}

or, arranging in powers of z,

- n
= - z{PO +Piz o+ oo (Pn+E2)z }

R

(8)
{Qo +Qz + ...+ (Qn +E - er)z“}
where Py and Q'i are polynomials in x. From condition (a) we have that

Po and Qo do not vanish identically and have no common real zeros. Also
Q, has real roots, all of which are simple.

S

© on z = 0.

Let x° be a zero of Qo and consider (8) near x
Such a point is a critical point at infinity of (1). As Po(xo) § 0 and
E, 1s periodic, g%- 1s 4 0 for all t throughout some sufficlently

small box B, 0< 2z <8, xo-fxlgx5x°+5l (Fig. 1)

z

z=§
: B
ahz==
I
X 4
%8, -8, X%, x%& X

FIGURE 1
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so %%- has constant sign in B. As x° is a simple zero of Qo, there

is a 8, such that Qo(x +8,), Q(x - 8,) are 4 0 and have opposite
signs. Hence at x = x° + 8, on z =0 ve may erect perpendiculars P
and P' of some height h < 8,, and X will have the sign of

Qo(x +8,) on these lines (Fig. 1). If we then connect P and P' by
any line z =48, 0 <a<h we will have formed a three sided box whose
sides are segments without contact, that 1s they are never tangent to the
vector distribution (a— B %l) With increasing =t these sides may be
crossed in various directions by solutions of (7). As g% has opposite
signs on P and on P' there are exactly four possible combinations of
crossing directions as 1s indicated by the veloclty vectors in Fig. 2.

+ +
Case 1 | ~ _|, Case 2_| |
z =0
ax dx d.x) s 0 dx)
(H?)P <0< (H?)P, (a? P > (ET p!
dz dz
HT> (0] a‘-(-< (o]
/'y |
c | ¥
ase 3 <} Case 4 .
z =0

FIGURE 2
If x° 1s a node of (1), then either case 1 or case 2 occurs, if x° 1is a
saddle then case 3 or case 4 occurs. We will still apply these names to
x° even though the vector field arising from (2) is time dependent. Thus
1f case 1 holds we call ago a repulsive node with respect to the parameter
v, designating it by NR , 1f case 2 holds, an attrective node NA_, if
case 3, a repulsive saddle SR, i1f case 4, an attractive saddle SAT.

These boxes of segments without contact, formed near critical
points x°, will make up part of the final curve J. The boxes cannot
follow each other in any random order along =z = O, for by considering the
sign of Q, on the sijes of successive boxes 1t appears that the only
possible successive pairs are NRT, NA_; NR, SR1; NAT, SAT; SRT, SA ; and
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SR., SA_ 1s excluded by condition (¢) of the theorem.

These boxes lle in the domain covered by the original x, y co-
ordinates where they appear as flat ended wedges open toward infinity
(Fig. 3).

FIGURE 3
The ends are lines y = const., the sides are lines X - const. If
(1, 0, 0) 1is a critical point we simply adopt (1, y, z) coordinates and
proceed in exactly the same way to form a suitable box.

The next step is to join these boxes together using more segments
without contact.

In the reglon covered by (x, 1, z) consider a closed interval
[ab)] on 2z = 0 which is free of critical points. Then Q(xo) # 0 on
[ab]. So if &' 1s chosen sufficiently small (PO + Pz o+ ... (Pn + E2 )z™)
1s bounded, and (Qy + Qz + ... + (Q; + E; - xE, )z}  1s bounded and bound-
ed away from zero in the box B', 0 < z < 8', a < x <b, and for all t.
From (8) then for points in B!

(9) -Mz < $E< oMz

for some constants M and M'. Therefore the portions of the curves

z = z(a)eM(x-8) ;. z(a)eM' (x-8) lying in B' are arcs without contact,
one having slope %Tzc greater than the slope of solutions to (8), the other
having smaller slope (Fig. 4). Since z(b) —>» 0 as z(a) —>»0, 1t
follows immediately that one may connect any arbitrarily small perpendicu-
lar at a to an arbitrarily small perpendicular at b using arcs without

contact. One arc will be crossed only by parametrized solutions which, as
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z(a)—{_i;z &

‘ ) T

FIGURE 4

1 1ncreases, move into the sector under it, while the other will be cross-
ed only by solutions moving outward (Fig. u4).

Although in this construction we have assumed that & and b
were in the region covered by coordinates (x, 1, z), the same construc-
tion applies to any a and b on 2z = 0 whose perpendiculars form a box
not containing a critical point. It is only necessary to divide [abl
into subintervals lying entirely in one coordinate system or the other,
and connect the separate arcs obtained for each.

We now return to x, y coordinates and the parameter t and put
together boxes and arcs to form J.

For each singularity at infinity we have a flat ended wedge. We
will take the solution curves as parametrized with t, thus when we refer
to an attractive node, we will mean with respect to t (Fig. 5).

NR, NA,

¥

FIGURE 5
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Successlve boxes at Infinity give rise to wedges which succeed each other
angularly. It 1s easily seen that the only possible successive wedges are
NRys NAg; NRt, SRt; NA;, SAt; SRt, SAt. The last 1is excluded by condition (c).

We construct J in two steps. First, we connect any pair of
nelghboring wedges by an arc without contact. As the sides of the wedges
are perpendiculars to z = 0, and the sides of successive wedges form the
ends of a box without critical points, the previous construction applies.

If an MR, 1s being connected to an NA;, choose the arc with-
out contact so that solutions cross it outward with increasing t, 1i.e.,
toward the line at infinity (Fig. 6).

FIGURE 6

If an NRt is being connected to an SRt, let the connecting arc be chosen
3o that the solutions cross it moving away from the line at infinity. If
an NA_ 1s connected to an SA.t let the arc be cro.:ced toward the line at
infinity (Fig. 6).

Now the wedges with thelr connecting arcs bound a 2-cell. With
one modification the boundary of this 2-cell will be the curve J.

We remember that in constructing the boxes at critical points on
z = 0, the top of the box was a segment of 2z = a, where a could be
taken arbitrarily small. We now choose & new &' and & new segment z = a!
so near z = 0 that the segment cuts the sides of the box below the inter-
sections with the connecting arcs (Fig. 7). This change will be made only
on saddle boxes. The new boundary of the central 2-cell is the curve J.

We will now show that a solution through a polnt p on J never
returns to p.

First, suppose p 1s an attractive nodal wedge (Fig. 8). Then
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FIGURE 7

FIGURE 8

the path through p enters the wedge and can never leave 1t, hence cannot
return to p. Simllarly, if the node is repulsive, the path leaving the
wedge can never re-enter it, so cannot return to p.

If now p 1s on an arc connecting two nodal wedges as in Fig. 9,

FIGURE 9

then one wedge combined with the box between the nodal wedges forms a region
which 1s only entered and never left by solutions. See Fig. 9. —ABCDETF
Thus the solution through p cannot return to p.

Finally, suppose p 1s on a saddle wedge, Oor on an arc
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connecting a saddle wedge with a nodal wedge. Since there are no two con-
secutive saddle wedges, every saddle 1s flanked with nodal wedges (Fig. 10).

FIGURE 10

Combining all three wedges and the two enclosed boxes we form another region
only entered by solutions. Thus p again has the desired property, and
this last argument clearly holds whether the wedges involved are attractive
or repulsive.

As we have now covered all possible locations of p we conclude
that J has the desired property.

It 1s also clear from the mode of construction that one may select
J as far out In the plane as desired. In particular, for reasons which
will appear later, we will take J so large that 1t contains all the finite
critical points of (1) and of

%% = X(x, y) + E,(o), %% =Y(x, y) + Ee(o).

We now consider

&- {xx v e B0} FG )
(10)

9. {Y(x, y) + Ee(t)}F'(x, ¥)s

where F(x, y) has continuous derivatives, 1s always positive, and 1is
identically 1 in some circle containing J, while as R —> w,

F(x, y) — 0 so0 rapidly that the right hand sides in (10) are bounded in
the entire plane. An eppropriate F can easily be found.

Now the curve J has its special property for the solutions of
(10) as well as for those of (2). For the velocity vectors of (10) have
the same direction as those of (2) and so point into or out of the same
wedges. Thus, if a solution to (10) is at p on J, it never returns
there at a later time.
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Also equation (10) gives us a mapping of the plane into itself.
For, let u(t, ) be the position at time t of that solution to (10)
which 1s at u® for t = 0. Then define the mapping Py by q>tu° = u(t, ).
Because of the boundedness of (10) ¢, 1s defined for all t.

If we assign to the point u°® the vector q;tuo - uw’ we obtain a

continuous vector distribution in the plane which also varies continuously
with t. We will now compute the index of this distribution on J.

First of all, the index is the same for all t > 0, for the in-
dex 1is an integer and the vector distribution varies continuously with t.
In this situation the index can only change with t if for some point P
on J and some t, the vector q>tu° - u® vanishes. But this means
W = u(t, u®) which cannot occur on J as on J no solution may return

to its starting point. Therefore, the index 1s the same for all t.

As we have seen before, J may be taken so large that the velocity
vectors v, (x, y) = (X(x, y), Y(x, 7)), and v,(x, y) = (X(x, y) + E, (0),
Y(x, y) + E,(0)) vanish only inside J. Therefore, both of these are
vector distributions with a well defined index on J. We will see that the
two indices computed with respect to these vector distributions on J are
the same, and in fact that they are both equal to the index computed with
respect to the vectors cptuo - 0.

The first equellty results from the fact that addition of E, (o)
and E,(0) to X and Y does not affect the nature of the critical points
at Infinity; they remain nodes or saddles as before as 1s evident from (8).
As the sum of all critical point indices must be 1, and in both cases all
the finite critical points are in J, we have for both vector distributions

(11) index (J) = 1 - f index (p4),

the py; Dbelng the critical points on z = 0. 3o the two indices are equal.
Now at any point w° = (xo, Yo) on J we may write

2 2
x(6,%%,5°) = x(0,x%,5°) + F(0,x%,7°)t + i%(t’,x°,y°)%

2 2
7(6,x%,3%) = 7(0,2%,5%) + J0,x%,5°)t + %t?}(t",,x°,y°)9;

where x(t, x°, ¥°), y(t, x°, y°) are the components of wu(t, u®) and
t' and t" are less than t. Because the right hand sides in (10) are
bounded in the entire plane, u(t, u®) lies inside some finite region R,
forall W° on J and all t 1less then any fixed t1- But in
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2 2
R gtx' g—t% are bounded, so as t —» 0,

0y .0
u(t,u’)-u va(xo, 7°)

uniformly on J.

Therefore, for some to sufficiently smell, the angle between
v2(x°, v°) and Pt W - uw° 1s less than e throughout J, and the in-
o]

dex of the vector distribution o, u® - u® 1s the same as the index of
o

V,, nemely 1 - i index (pi). By condition (b) of the theorem,

1 - :{ index (py) # 0.

Since the index 1s the same for all 9y 1t 1s { 0 for Pmps
T belng the perliod of the Ei' Hence there 1s a fixed point under the map
Pp- That 1s, there exlsts at least one point u' inside J for which
@Tu' - u' = 0. The solution through u' must return to u' after T
seconds, and so 1is evidently a periodic solution to (10).

However, because of 1ts periodicity, this solution must lie in-
silde J not only for t =0, t = T, and so forth, but for all t. For
if at any time 1t cut the curve J, say at p, then it could never re-
turn to p for later t, and this contradicts its periodicity. There-
fore, it must be inside J for all ¢t.

As F(x, y) 1s identically 1 1inside J, the solution through
u!' 1s in fact a periodic solution to (2). This establishes the theorem.

§4. It is not really necessary for the Ei(t) to be purely
time dependent. If the E, are replaced by E: (x, ¥, t), Eé (x, ¥, t),
where the Ej'_ are polynomlals of degree less than n in x and y with
coefficients periodic in t, the proof of the theorem goes through
unchanged .

PART II: CRITICAL POINTS AT INFINITY OF A CLASS
OF SECOND ORDER EQUATIONS

§1. The second order equation

a°’x dx
12) £(x) = (x) =0
( = + £(x dt+gx

glves rise to the phase plane system
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(13) K-y, H--t@y-e.

In this section the critical points at infinity of (13) will be
completely analyzed in the case where f(x) 1s a polynomial

m
z a,sxs of degree m,
8=0

and g(x) & polynomial

b x of degree n,

K]

Ms

8=0

and m >n > 0. The nature of these critical points will be shown to be
completely determined by the leading coefficients &y and b, of the
polynomials, and by the parity of m and n. From these facts geometric
results will be deduced about the behavior in the large of trajectories.

As in Part I, consider in place of (13)

o» )5 &) - - ol - ol

dt _ m

and proceeding as before, with = z~ for the reglon covered by

(x, 1, z) we obtain

g% =z [I‘H(x, z) + zm'n”gH(x, z)]

(15)
g%— = x [fH(x, 2) + 2D I, z)] + 20

and for the region with coordinates (1, y, z), using %‘5 = B,
%% - - zm+1y

(16)
%%‘ - 81, 2)y - G, 2) - Y2

where I‘H(x, z), gH(x, z) denote f and g made homogeneous with z.

It 1s evident from (15) and (16) that =z = 0 1s a trajectory
connecting critical points, and that the only critlcal points on 2z = 0
are (0, 1, 0) and (1, 0, 0). Before proceeding with an analysis of
these critical points, we will mention some lemmas on trajectories near a
singularity.

§2. Let C be a trajectory of an analytic system approaching an
isolated critical point P. At a regular point q on C any sufficlently
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smell circular neighborhood N(q) i1s divided by C 1into cells lying on
opposite sides of C. These cells will be called half-neighborhoods,

N, 2(q). We will often refer to a curve C together with a side A of
C elong which all the half-neighborhoods are to be chosen. The choice of
slde will be indicated by a subscript A or B.

In terms of half-neighborhoods we will define what is meant by a
prolongation.

Let C, approach P with a definite limiting direction. Then
any sufficlently small circle S around P will be cut only once by C,
and the Intersection point g will not be a tangency.

We will say that CA has a prolongation with respect to 3 if
there 1s another curve CA. cutting 8 at q' and approaching P such
that for every N, ,,(q') there is an N, /2 (q) such that any trajectory
through N, /, (@) in 8 cuts N, /2 (q'), and 1lies entirely inside S
between the two neighborhoods. (Fig. 11)

FIGURE 11

It 1s further stipulated that no trajectory shall tend to P between C
and C'. Here between means in the cell qPq'q that intersects the
half-neighborhoods.

We are now in a position to state a lemma which is an immediate
consequence of theorems of Bendixson [1].

LEMMA 1. Let C, tend toward P with a definite
1limiting direction. Then for any sufficiently small
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circle S around P cut by C at q either
(a) C, has a prolongation with respect
to S8, or
(b) there is a half-neighborhood N, /2 (a),
such that every trajectory through N, /2 (q)
approaches P lying always inside S.
(Fig. 12)

FIGURE 12

Provided we have taken S sufficlently small, 1t

is clear that if case (a) holds, it holds also when
C 1is referred to even smaller circles 3'. There-
fore, the same remark must apply when case (b) holds.
So, although this is not always the case for non-
analytic systems, we can use here the phrase 'Cp,
has a prolongation" meaning (a) holds for all
sufficiently small 3, or "CA finishes" meaning
(b) holds, without specifying a particular circle S.

Another useful lemma is

LEMMA 2. Let 8 be a circle contalning the lisolated
critical point P, and which contains no closed
trajectory, no critical point other than P, and is
not itself a trajectory. Then eilther
(a) there is a curve tending to P which
has a prolongation, or
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(b) there 1s & neighborhood N of P such that
if q € N, then the trajectory through q
tends to P in one direction or the other,
and without touching 8.

PROOF: 1In this proof we will use half-trajectory or half-characteristic to
indicate a trajectory pursued from a starting point in one direction or the
other. By positive (negative) half-trajectory is meant the path traced out
by the starting point as parameter values increase (decresse).

Now suppose (b) does not hold. Then there exists a sequence of.
points P, —>P such that both the half-trajectories through Py elther

(1) fail to tend to P, or

(2) cut 8.
In fact we may assume (2) holds, for if a trajectory C fails to tend to
P 1t must tend to another singular point, to a closed trajectory, or to
a curve with prolongations, Bendixson [1]. Under our hypotheses this im-
plies 1t cuts S, or else tends in S to a curve with a prolongation,
which already proves (a), therefore we may assume (2) holds.

With the trajectory Cn through Pn assoclate the points a, and
bn, the first intersections with S of the positive and negative half-tra-
Jectories through g Then anpnbn divides the interior of 8 into two
2-cells. We will call the one containing P the exterior, and the other the

interior. The two arcs anbn of S will be called exterior and interior arcs.

Because of analyticity, S has only a finite number of tangencies
with the vector field, these occur at points Tm. Consider all the Cn
having T on their interior arc. For some m there is an infinity Cn,
of these. As the Cn' cannot cross, they may be arranged in order, with
each contalning 1ts predecessor in its interior 2-cell (Fig. 13).

/)

FIGURE 13
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Denoting by d(Cp:, P) the distance from C,, to P, it is
clear that every Cn, has points at any distance d4' from P,
d(cn., P) <d' <R, where R 1s the radius of 8. S8ince d(Cn,,P) —>0
as n' —» o, we may always find a sequence of points p;iu Pﬁ: € Cnn
such that the p,: have & limit point Q' at a distance d' from P,
0<d' <R.

Choose such a sequence with a limit point Q' at distance 4'
from P. It will appear that the characteristic C' through Q' must
tend to P in one direction or the other, for if it merely connects two
points of 8 we have the following consequences. All Cn. 1lie in the ex-
terior of C' for n' greater than some N('), for these Cn. will have
points at a distance from P < d(C', P), and therefore will have one point
in the exterlior of C', and so lle entirely in the exterlor. Now choose a
new sequence p,i on the C,, with limit Q'' at distance d'' from P,
0 < d'' <d'. The characteristic C'' through Q'' 1lies in the exterior
of C', and the Cn,, n' > Né' lie in the exterior of C'', both by
the same argument as before. Thus the pr'1l lie in the exterior of C'',
n' > N(')' , and so Q' cannot be their 1limit point, a contradiction. Hence
C!' tends to P 1in one direction or the other.

We will show C!' to have a prolongation. C' approaches P
with a definite limiting direction. (A characteristic elther approaches a
critical point with a definite limiting direction or else its angle in-
creases without limit, this latter is impossible as C' would cross some
Cn") Thus there 1s & sufficlently small circle S* such that C' cuts
3* at Q* and then always lies in the interior of S*.

As C' 1s the characteristic through Q', by continuity there
are characteristics Cn' arbitrarily close to Q* on one side of C!,
these Cn' of course, do not tend to P. Therefore, the conditions for
case (b), Lemma 1, are not fulfillable, and case (a), Lemma 1, must hold.
There 1s a prolongation. This establishes Lemma 2.

§3. We will now analyze the critical points at infinity, start-
ing with the point (0, 1, 0), or the x = 0, z = 0 of equation (15).

Let 6 = arctan (- %) and R® = x% + z2, then from (15)

m+1
() .o g8,z
dr R

so that if the axes are taken as in Fig. 14, trajectories below the line
z = 0 move counterclockwise, those above counterclockwise or clockwise
accordingly as m 1s odd or even. It is also clear that z =0 x >0,
and z =0 x < O are trajectories tending to (0, 0) with directions of
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X

FIGURE 14

motion given by

(18) (g_.x?) m0 = amxm”.

Since these are trajectories tending to P = (0, 0) with a defi-
nite limiting direction, it follows by Bendixson [1] that any characteris-
tic approaching P will have a limiting direction for its tangent. The
possible limiting directlons are not arbiltrary but are those that satisfy

(19) osz(%)L_x(g% L=zm+1

where the subscript 1 indicates that only the terms of degree

L = min (degree g%, degree %—%-

are taken. So any trajectory approaching P must approach tangency with
z = 0, elther from above or below.

It will also be useful to distinguish the two sides of a half-
trajectory z = 0 near (0, 0). A side will be called positive 1f 1t
borders on a quadrant in which the sign of g% 1s such that the acute
angle ¢ between 2z = 0 and a radius vector to a point p in the quadrant
constantly decreases in absolute value. It will be called negative 1f
|p| increases. As g% has constant sign throughout each quadrant, there
1s no ambigulty.

We have at once this simple lemma.

LEMMA 3. Let C be a positive (negative) half-
trajectory tending to (0, 0). Then C approaches
tangency with one of the half-trajectorles =z = 0
on a positive (negative) side.
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PROOF: As C, a positive half-trajectory, approaches P, 1t must approach
tangency with one of the half-characteristics z = 0. Since C ceannot
reach or cross 2z = 0 it will always lie in the same quadrant for 1 >
some 1,. At time =, lel = b >0, while for =+, sufficlently large

Ip] < b. Hence for some ', 1, < 7' < 15 4 < 0, 8o the quadrant 1s
such that the side approached is positive. A similar proof applies in the
negative case.

We will now proceed with a case by case analysis of the singu-
larity at P = (0, 0).

Case (1e). m even, &, > O.

Equation (18) shows that z = 0 consists of two negative half-
trajectories approaching P : C!', z = 0x >0, and C", z=0x< 0. If
we adopt A and B for their lower and upper edges, we see from equation
(17) that C, and Cf are positive sides, and G, and Cp negative
(Fig. 15).

G /' \1 +C;
T\
z
FIGURE 15

We next notlice that there are in fact no positive half-trajec-
tories approaching P. For if we conslder the curve o

(20) eB(x, z) + 22" g, z) = 0

the tangents to the various branches of the curve at (0, 0) are the direc-
tions satisfying

(21) tH(x, z) = 0

for fH(x, z) 1s homogeneous of degree m, while 2N x ) 1s of
degree m + 1. 3ince z does not divide t‘H(x, z), z = 0 1s not a tan-
gent to any of the curves, so there will be an ¢, and an €, such that
the region D, 0 < |x| < €, |2 < ¢, 1s not entered by any of the branches
of o (Fig. 16).
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D
N X
z
FIGURE 16

In each of the two open triangles of D Hx, z) + zm”"ngH(x, z) cannot
change sign, and therefore has the same sign as for z = 0, that is sign
(amxm). Hence from (15) in these triangles

(22) sign %-% = sign (zamxm) = sign (z).

Since any positive half-trajectorles must approach tangency to
z = 0, they must lle inside the trlangles for all 1t greater than some
1o+ If they are not the trajectories C' or C" themselves, then
lz(ty)l >0, and |z(x)] — 0 as 1 —>x. But (22) states that for
these trajectories in D, 9—&%‘-> 0, a contradiction. As C' and C"
themselves are negative half-trajectories approaching P, no positive half-
trajectories tend to P.

Since any prolongation obviously involves both a positive and a
negative trajectory, there are no curves through P with a prolongation.
Hence, using Lemma 2, all curves inside & sufficiently small circle S'
tend to P as tv —> w or as 1 — - » without leaving a second small
circle S. By the above we know that in fact curves can tend to P only
as 1 —» - », therefore they are all negative trajectories and by Lemma
3 can tend only to the negative sides of C' and C". Since 2z = 0 ocan-
not be crossed, we see that for z > 0 the trajectories tend with de-
crea.si.n% ¢ toward tangency with CX, and for 2z < 0 toward tangency
with Cg (Fig. 17).

Case (1a)

FIGURE 17
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So for m even, a, > 0 P 1s a (non-simple) unstable node.

Case (1b). m even, &, < 0.

From equation (18) we see that C' and C" are now positive
half-trajectories approaching P. As (17) shows, %—91- 1s unaffected by the
sign of a, 8o that the sides CA, CI'B’ etc. are positive or negative as
before. The argument immediately preceding equation (22) applies again
only (22) now becomes

(23) sign g—%- = sign (zamxm) = - sign (z)

and the argument which previously showed that no positive half-trajectory
approaches P, now shows that no negative ones do. Again there are no
prolongations, and now inside some small circle all paths are positive half-
trajectories and tend to P. Only now they must tend to positive sides,

and so tend to C, and Cy (Fig. 18).

Case (1b)

c” c’

z

FIGURE 18

So P 1is a (non-simple) stable node.
Case (2a). m odd, a, > 0.

Equation (18) shows that C' 1s a negative, C" a positive half-
trajectory. Equation (17) shows g— to be alwa.ys non-negative, so CA
and CB are positive sides, and cé and CA negative. Also using once

more the argument based on %% we find

(24) sign %—f— = sign (za.mxm) = sign (xz)

for the sign of H_ inside the small tria.ngles. This implies that nega-
tive trajectoriles cannot approach tangency to CA and CB’ and that posi-
tive ones cannot approach CA and CB As CA 1s a negative side, this
means that no characteristics at all approach tangency to 1t, and as CA
is positive, no characteristics approach it. So no characteristics other
than C' and C" enter P from the lower half plane. Therefore CX
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must have a prolongation, for if 1t finished at P, by Lemma 1 there would
be a half-neighborhood on the A side, through which passed a characteris-
tic tending to P, and clearly tending to P from the lower half plane.
As this is impossible, case (a) of the lemma must hold, so CX has a pro-
longation. The prolongation cannot lie in the upper half plane, for then
characteristics passing near a point on C" and a point on its prolonga-
tion, would cut C'. As there are no characteristics other than C' and
C" tending to P from the lower half plane, the prolongation can only

be C'.

Thus the lower half plane near P 1s a saddle sector as shown
in Fig. 19.

C”"' ._cl
‘,. . P T ’r;x
“ ~—
G- +C4
z
FIGURE 19

We will next show that there are no curves with prolongations
tending to P from the upper half plane. For suppose there existed a C]'
a positive seml-characteristlic with a prolongation on some side A. C,
must tend to tangency with CIIE;’ and 1ts prolongation 02, being negative,
must tend to Cé. By Lemma 1 there exists a trajectory T passing arbi-
trarily close to points of C, and then proceeding with increasing =
arbitrarily close to points of 02 while lying always inside a small circle
around P. Now when near C], T 1s near Cg and hence has a 6 co-
ordinate greater than say % n. At a later time, near C,, it 1s near Cé
and therefore has a ¢ coordinate less than 1’;- n. So 6 has decreased
with time. However, in the region in which (17) applies, and in which T
always lies during the time under discussilon, %—2— is non-negative, a con-
tradiction. Hence such a prolongation is impossible.

Denoting points z < 0 by U, and repeating the arguments of
Lemma 2 but restricting ourselves to points in U, we conclude that as
there 1s no prolongation, given any circle S, there is another circle 3!
such that if p belongs to 8'™ U, then the positive or the negative
half-trajectory through p tends to P inside 8 » U. From Lemma 1 1t
follows that as there are no prolongations, the set of points inside 3!
whose positive half-trajectories tend to P in 8 1s open, and of course
the same applies to the set of points whose negative trajectories tend to
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P. As the union of these two sets is the interior of the connected set
$' N U, their intersection is not void, so there is a point p whose
positive and negative half-trajectories tend to P. Taking a new semi-
circle S, through p, we may find a smaller semi-circle 82 which is
divided into three sectors by the positive and negative half-trajectories
c*(p) and C™(p) through p (Fig. 20). S, may also be taken to have
the property that if q 1s in 8,, either c*(q) or C7(q) tends to
P Inside 3,.

c*p

S S

FIGURE 20

If we consider q in the centrsl sector, C¥(q) and C7(q) 1lile
always inside C(p), so both must tend to P. If we consider q in either
of the other sectors, then either C*(q) or C7(q) tends to P inside
S, and outside C(p). In fact as C]'; %s a positive, and Cé a negative
side, 1f q 1s in a sector bordering Cp, then C*(q) tends to P in
S, and C7(q) does not, and if q is in a sector bordering Cg, C (q)

tends to P in S, and C'(q) does not.
Thus the configuration at P 1s as in Fig. 21.

Case (2a)
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Case (2b). m odd, & < O.

Equation (18) shows C' to be a positive, C" to be a negative
half-characteristic. The sides of the characteristics are positive and
negative as before, as %% 1s unchanged. With obvious modifications all
arguments go through as in case (2a) and the singular point again has one
prolongation and one closed nodal region, although with positions reversed
as indicated in Fig. 22.

Case (2b)

Q
)
\

A

;
1

z
FIGURE 22

We have thus determined the nature of the singularity x = 0,
z = 0, which is the only singularity on the line at infinity for y # O.
The nature of this singularity has turned out to be completely determined
by the parity of the degree m of f£(x), and the sign of its leading co-
efficient a.

We next turn to the critical point Q = (1, 0, 0). Using ¥y, z
coordinates and equation (16) our differential equations are of the form

(25) %%= Z(y, z), %%= cy + dz + Y(y, z),

where Y and 2 consist of terms of degree > 2. In (16) c = -a ¥ 0,
while 4 = - bn if m = n, and is zero otherwise.

The possible directions of approach are given by

(26) 0= z(g%)L-y(g%)L= z(cy+dz),

and are z = 0 and the 1lne L : cy + dz = 0. Of course z =0y >0,
and z = 0y < 0, are actually trajectoriles of (16). Now for equations
of the form (25) we may use results due to Bendixson. First there are two
and only two characteristics tending to Q tangent to z = 0. In (16)
then these are the two trajectories z = 0. Secondly, considering the
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curves tending to Q tangent to L, we may divide them into two groups,
those near Q with z > 0, and those near Q with 2z < o.

If the index of Q 1is 1, both of these will form nodes, i.e.,
there will be an infinity of trajectorlies tending to @ 1n each group, and
if C tends to Q, 80 do all trajectories through a neighborhood of C.

Index 1

FIGURE 23

If the index 1s - 1, there will be a unique curve in each group
tending to Q, and it will have as prolongation one of the trajectories
tending to 2z = 0. That 1is, we wlll have a saddle.

Index -1

x4

-
t_/,/”L
Lot

z [/

FIGURE 24

If the index is zero ®we will have one nodal and one saddle side.
In this last case there are two possible arrangements depending on which
side 1s nodal and which saddle. However, aside from this we see, following

Bendixson, that the nature of the singularity Q 1s largely determined by
the index. Now the index of Q 1s given by

(27) index (Q) + index (P) + f index (py) =1
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Index ©

FIGURE 25

where the p;y are the critical points not on the line at infinity. The
index of P may be computed from a formula of Bendixson

2(- index (P) + 1) = ¢ - ng,

¢ being the number of curves having prolongations, ne the number of
closed nodal regions. Referring to cases (1a), (1b), (2a), (2b) we find
always

(28) index (P) = 1.

The py; are, of course, the points where g_.xf and %% vanish
simultaneously. Hence, referring to (13), all the Py must lie on the
x-axis and have x-coordinates ay such that g(ai) = 0. If we assume for
the moment that g(x) has only simple roots, a routine calculation shows
that the points (ay, 0) are simple critical points, and that they have
index + 1 if g'(ai) > 0, and index - 1 if g'(ai) < 0.

At successive intersections of the curve g(x) = 0 with the
x-axis, g'(x) will change its sign, hence at successive critical points
the index alternates from + 1 to - 1. If g(x) 1s of even degree,
i.e., n even, there will be equal numbers of both types so (27) gives

(29) n even, 1ind(Q) = O,
vhile 1f g(x) 1s of odd degree there are two cases

(30) n odd, by <O ind(Q) = 1
30
n odd, by >0 1nd(Q)=- 1.

Hence the index of Q 1s determined by g(x) alone.



112 GOMORY

Equations (29) and (30) hold even when g has multiple roots,
for these multipllicities can be removed by small changes in g which, as
they change the vector field only slightly, cannot affect the index sum.

In the cases covered by equation (30) the index completely deter-
mines the nature of Q except for the direction in which the trajectories
are to be pursued. This last is directly determined from (16) and depends
on the sign of a .

In the case n even, 1t remains to determlne which side of
z =0 at Q 1s a saddle and which side a node. Remembering that =z = 0
i1s a trajectory, we observe that if the side =z > 0 13 a saddle side the
vector fleld should rotate through -~ n along any curve connecting a point
on the positive y-axis with a point on the negative y-axis through the
half-plane 2z > 0. 3imilarly, 1f the side 1s to be nodal, the rotation
should be + n. We will actually obtain this rotation along a simple path.

Let the path consist of the sides formed in the half-plane z > 0
by the 1ines y = + a, z = € > 0 (Fig. 26).

FIGURE 26

From (16) it appears that at (a, 0) and (- &, 0) the vectors
(%l ’ H_) are vertical e.m'l oppositely directed. On y =a 2z > 0, and on
z=¢€¢ y >0, we have a—- < 0, 8o the vectors point toward the right
half-plane z < 0. At y = o, als - em'n”gﬂ(l, €) which for e
sufficiently small has the sign of - b,. Soat z=¢, y=0, the vector
points toward the hali‘-plane - yb, > 0. On z=¢€¢ y<O0, and on
y=-a z>0, a—- > 0 and the vector points into the left half-plane,
z > 0. This gives a rotation of - 1if b, > 0, and + x 1if b < 0.

So if n is even and b, >0, z > 0 1s a saddle side (Fig. 27),
and 1if bn < 0, z>0 1s a nodal side (Fig. 28). We find that that the
form of the trajectories near Q, that is, whether they are saddle or
nodal sectors, is determined by the parity of n and the aslgn of bn. So
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f(x) controls P and g(x) controls Q.

n even, bn >0

e

FIGURE 28

We can now give the various possible modes of behavior in the pro-
Jective plane near the line at infinity, that 1s, the asymptotic behavior
of solutions to (13) that become unbounded either for increasing or de-
creasing t (Fig. 29). In these figures the trajectories in the finite
plane are gilven parametrized by t. The projective plane is represented as
a circle and its interior, with opposite points on the circumference identi-
fied. The circumference itself consists of the trajectories 2z = 0 and
the critical points P and Q.

Next consider & < 0. For m even the following changes should
be made. First the direction of the parametrization 1s reversed, and
secondly, the curves approaching P are now tangent at the other side.

For example, from 1 comes 1A (Fig. 30). Similarly from 2, 3, 4 come
2A, 3A, LA. For m odd the role of the upper and lower sides of P 1is
interchanged. Thus from 5, 6, 7, 8 come 5A, 6A, TA, 8A (Fig. 31).

The information obtained about behavior at infinity can be used
to deduce results about the behavior in the large of the trajectories. For
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P
FIGURE 30

example, a glance at Fig. 29 shows that the only equations dissipative for
large displacements are those of case (1), n even, m odd, &, and b,
positive. Furthermore, if we take one of this class which, like van der
Pol's equation, has a single unstable singularity in the finite plane, we
can readily deduce the existence of limit cycles. For the trajectories
emanating from the finite singularity must have as their 1limit sets elther
a limit-cycle, a critical point, or a graph made up of separatrices and
critical points. As no trajectories tend to P or Q with increasing
time, the last two possibilities are ruled out and limit cycles exist, in
fact every point outside the outermost limit-cycle must tend to it with
increasing time.

P

FIGURE =1
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A similar remark applies to 1A with a single stable singularity.

If we take case (6) with a single simple singularity R 1in the
finite plane, R will necessarily be a saddle. Consider the limit sets of
the two positive separatrices C, and C, emerging from R. There are no
limit-cycles since a limit-cycle must contailn singularities with an index
sum of 1. For the same reason nelther separatrix can return to R, so a
loop of linked separatrices 1s impossible. Hence, each must tend either to
P or to Q along a possible direction of approach for positive trajec-
tories. They cannot both tend to P (or Q) for if they did, RC,PC,
would enclose a certain region A free of singularities and every positive
and negatlve trajectory in A would have to tend to P between C, and
C,- But this 1s a direction of approach for positive trajectories only.
Hence, ©C, tends to Q and C, to P (Fig. 32). The paths of the other
trajectories are then completely determined. C, and another separatrix
bound the closed nodal reglon of P.

P
21
Q Q
G
P
FIGURE 32

A single singularity in case (2) again gives an easily determined
configuration, while in (5) there are meny possibilities.

In (3), (%), (7), and (8) the simplest case 1s g(x) never zero.
With no finite singularities the destination of the unique separatrix
issuing from Q is uniquely determined, and in turn it determines the
destinations of the other paths. In case (3) it tends from Q to Q, in
case (4) from Q to Q, in (7) from Q to P, in (8) from P to Q, so
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that the paths in the finite plane are as shown in Fig. 33.

Vid P
0@0 0@0
£ P

Case 7 Case 8
P
Q Q @ Q
P P
FIGURE 33

We see that in all cases (1) to (8) and (1A) to (8A) trajectories
tend to infinity with a definite asymptotic direction. They are asymptotic
to the line at 'infinity at P, and to a finite line at Q. If m > n,
they are in fact asymptotic to the x-axis as they tend to Q. In no case
i1s there a spiralling toward infinity.

PART III: FORCED OSCILLATIONS IN A CLASS OF
SECOND ORDER EQUATIONS

§1. In this section the method of Part I and the knowledge of
critical points obtained in Part II will be used to prove a forced
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oscillation theorem about

2
(31) 94X, ox) &+ glx) = E(v).
dt dat

Here, as before,

m n
£(x) = Y ax®,  glx) = Y bxd,
8=0 8=0

end m >n > 0, while the forcing term E(t) has a continuous derivative
and 1s periodic of period T.

THEOREM. If n 1s odd, and if we do not have both
b, >0 and m odd, then equation (31) has a
periodic solution of period T.

§2. As a first step toward establlishing the theorem we will in-
troduce a palr of equations closely related to the phase plane form of
(31).

Choose any E' greater than sup |E(t)|, and let

t

= E': v
h, (y) ={

+ E', y<O©0

+B'Y, y20
{17
-E', y<oO

v
o
—

and

then introduce

dx _ day
(32), T T Txy-exh ()
and -

ax _
(32), T T Ty §T

In all the following we will only consider these equations in the
exterior of a circle S which surrounds all the zeros of all the polynomials
- g(x) + ¢, |c| < E'.

At every point of this region the equations (32 )1 satisfy Lipschitz
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conditions elther in x or in y, so that we have unique trajectories,
and 1n fact, in a sense to be made more precise below, these trajectories
will have the same behavior at infinity as the trajectories of the corre-
sponding equation (13).

Consider first the singularity P = (0, 1, 0). Near P and on
one side of the trajectory z = 0 the trajectories of (32)1 coincide with
those of

(33), g%dy g%= - f(x)y - g(x) - E
while on the other side they coincide with the trajectories of
(33), &Koy H--rx)y-gx+E.

The arguments used in Part II to determine the behavior of the trajectories
of (13) at P can be applied separately to each of the equations (33)

to find the behavior of the trajectories of (32)1 on each side of 2z = O.
As the (33)j differ from (13) only by a constant, and the type of singu-
larity obtalned at P 1s determined by m and a,,» Wwe will have only the
same types of sldes and the same combinations of sides as in the corre-
sponding equation (13).

The same remark applies to (32 )2.

Near the critical point Q = (1, 0, 0) consider the side z > 0,
(x >0 in x, y coordinates), and notice that y = 0 is a segment with-
out contact. Suppose z > 0 1s an attractive node or saddle side for (13)
and hence for (53)1 and (33 )2. Equation (16) shows that we have
g_cz,_ = - zm'”y for all three equations. Therefore all the trajectories, (or
the unique trajectory), tending to Q do so in the half-plane y > 0.
This behavior then 1s not affected when the trajectories of the (33) 3 are
pleced together along y = 0 to obtaln the trajectorlies of the (}a)i.
Similar remarks apply to repulsive nodes and saddles and to 2z < 0. The
following more precise statements may be verified at once.

Let the trajectories of the (32 )1 be glven the parametrization
obtained naturally from the appropriate (33) i Suppose first that the silde
z >0 of Q 1s an attractive nodel side for (13). Then, given any semi-
circle Sl around Q, there will exist an 32’ such that 1f x° 4s in
8,, the trajectory of (32 )1 through x° tends to Q inside S,. Now
suppose that z > 0 1s a saddle side of Q for (13). Then for each
equation (32 )1 there is a unique trajectory tending to Q, and its pro-
longations are the parts y > 0 and y < 0 of the line z = 0, exactly
as 1s the case for trajectories of (13).
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These statements may be repeated for a repulsive node or saddle,
and for the side 2z < O.

§3. We will now introduce some notations needed for the main
lemma of this section. By C;, Ci will be meant positive and negative
helf-trajectories of the (32)y, the parametrization being obtained from the
appropriate equation (33). The region =+ 32> R? will be denoted by
K(R). Also, glven some K(R), the set of points x° in K(R) such that
CI(x°) tends to infinity in K(R) will be denoted by Aj(R). Similerly
from the Cj we obtain the sets Aj(R).

A large part of the proof of the theorem conslsts of establish-
ing the following lemma.

LEMMA. If the f(x) and g(x) 1in (32) satisfy the
conditions for the theorem, then, given any sufficient-
ly large R there 1s an R, depending on R such
that

AT(R) v AZ(R) DK(R,).

PROOF. The proof will proceed by a case by case analysis. The conditions
for the theorem mean that we deal only with the cases 1, 2, and 6, 1A,

2A, and 6A of Fig. 29. We will give the proof of the Lemma only for cases
1, 2, and 6, the modifications for the other cases belng obvious.

We take a fixed R, and consider all the following constructions
as being carried out in K(R).

Case 1, m even, n odd, a, >0, bn > 0. P 1s an unstable
node for both of the equations (32)y. Consldering especially (32),, we see
that given a circle 38, around P, there is an S, such that 1f x° 1s
inside S,, C, (x°) tends to P 1inside S So the interior of

S(R). Also for x >0 and near Q choose another x° so that
C,(x°) 1s the unique trajectory tending toward Q. As the line at infinity
forms the two prolongations of this trajectory, it follows immedlately from
the definition of prolongation that we may find a short segment without
contact, ax°b, orthogonal to Cg (x°) and such that C;(a) and C; (b)
cut 8, (Fig. sh) Repeating the construction for x < 0 with an x°'
and a segment a'x°'p!  and trajectories C,(a') and C;(b') we see that
85, Cy(=), C,(p), C(at), a.nd c; (o) bound a region A which clearly
has the property that if x° e A, C (x°) 1ies entirely in the region
bounded by the same four tre.;]ectories and S,. Thus AC A; (R), and any
K(Ro) CA 1is a K(Ro) fulfilling the condition of the Lemma.

Case 2, m even, n odd, a, >0, bn< 0. As P 1s an un-
stable, Q & stable node for the (32 )1, just as in case 1 we may find



FORCED OSCILLATTONS 121

FIGURE 34

circles, 82 around P, Sé around Q, such that

S, C A;(R)
+
35 C Aj (R) .
Also, since z = 0 1s a trajectory, using continuity with
respect to initial conditions, we may find an x° on 82 with 2z co-

ordinate so small th?t CT(XO) cuts 38!, and an ' on Sé with z
so small that Cg(xo) cuts 8, (see Fig. 35). So if p 1ies under both

Se

Q Z£=0 P
FIGURE 35

these trajectories C,(p) will enter S3,, and CT(p) will enter S,.
Thus p 1lies in AT(R) and in Aj(R). In this vay the circles masy be
connected by long pipes along z = 0, the pipes lying in A:(R) and

A; (R). Thus combining pipes and circles we obtain & region A 1lying in
AY(R) v A'E'(R), and any R, such that K(Ro) CA is a K(R,) as required
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in the Lemma (Fig. 36).

FIGURE 36

Case 6, m odd, n odd, &, >0, bn < 0. In dealing with the
critical point Q we construct a circle S as before. The part of the
circle near Q with x > 0 will belong to AT(R), the part with x < 0
to AJ(R). But in dealing with P on the side y < O we have a more
complicated singularity and must slightly modify the procedure.

In Part II in discussing this critical point we saw that the in-
terior of any sufficiently small circle 82 around P, y < 0, would be
divided into three sectors by a trajectory of (13) there referred to as
C(p) (Fig. 20). Turning to equations (32), and (32 ), we have different
clreles and different divisions, but choosing a circle sufficiently small
to serve for both equations, we have it divided into the three closed
sectors E,, E,, E3, by & suitable trajectory C1(a) of (32)1, and into
sectors E{, Ej, Eg, by & suiltable Ca(a') of (32)2. The properties
ascribed to the sectors in Part II show that E, v E2 C A':'(R), and
E} uE; C A;(R). Also, as. C,(A) and C,(a') both approach P tangent
to z = 0, we have for a sufficiently small circle Sa’ El ] Eg =
Ej n E5 = ¢ (the null set).

Using this circle then we may write

(B, v E, v EB) aN ¢V E} uE%) = 3, and interior
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= (B, U Ey) v (B5 N E}) v (B5 n Ef) C (B, U E,) v (B} VE}) C AJ(R) uAZ(R).
S0 we have a circle around P, y < 0, of the desired type.

We may now construct pipes to the circle around Q by linking
S (of Q, x> 0) with 5, by a Cf vhich starts on 8, and cuts 3
with x >0, and a U, starting on S, and cutting 8, x < 0 (Fig. 37).
The points under this C] will belong to A}(R), those under C; to
AJ(R).

=

P

FIGURE 37

Since the 1ine =z = 0 1s its own prolongation at P(y > 0), we
may construct a tube linking Q(x < 0) with Q(x > 0) past P(y > 0).
The points in the tube will have the property of belonging to AT (R) or
A; (R) or to both. Together the tubes and circles form & region
A C AY(R) v AJ(R). Thus any K(R,) in A 1s a sultsble K(R,).

As we have now dealt with all the cases, the Lemma 1is established.
§4. Now take any specific f(x) and g(x) satisfying the con-

ditions for the theorem, and consider the corresponding equations (32), and
(32), together with an R and R, such that

AT(R) U AZ(R) D K(R,).

Choose any point p = (a, b) 1lying in K(RO). We will assoclate with p
a half-trajectory and a ray in the following menner. If D e A';(R), the
trajectory is CT(p), if p e Aj(R) the trajectory is c;(p), if b is
positive, the ray is the ray x = a, y > b, if b 1s < 0, the ray is
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X =48, y<b.

The chosen trajectory through p may behave in one of two possible
ways (Fig. 38 1s an example), elther it cuts the chosen ray again after
leaving p, or it does not. If it does cut again at p', then the tra-
Jectory and the segment pp' divide the plane into two regions, and a path

FIGURE 38

proceeding from one reglon to the other must cut pp' or the trajectory.
If the trajectory does not cut the ray again, then by the definition of
A*,'(R) or A;(R) the trajectory must tend to infinity inside K(R). Thus
the ray and trajectory combined agaln separate the plane into two regions.
We will always call this separating curve through p, J(p).

Now consider the phase plane form of (31).
(34) &y, HE-- sy - s+ ER).

Comparing the slopes of trajectories of (32),, (34), and (32 )2, we have
for any point (x, y), ¥ ¥ 0,

-£(x)-g(x)+h, (y) -f(x)y-g(x)+E(t) -f(x)y-g(x)+h,(y)
¥ < ¥ < i

This shows that 1if- C';'(p) is pursued in the direction of in-
creasing time, the motions of (34) will cross it from right to left except
possibly at points where y = 0. Similarly if C; (p) 1s pursued in the
direction of decreasing time, the motions of (34%) cross it from right to
left. Also, as %xt_ = y, the same statement holds for the ray through p,
provided it 1s traversed in the direction of decreasing |yl.

We may run through J(p) by first traversing the ray with |yl
decreasing, and then running through the assigned trajectory after reaching
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p- All along this path, with the possible exception of points y = 0, the
trajectories of (34) cross from right to left. Since the points y = 0 on
J(p) are isolated, it follows from continuity that even at these points
the motions of (34) cross J(p) from right to left. Hence, all solutions
starting on J(p) and moving with increasing t will enter only one of
the two regions into which J(p) divides the plane, while with decreasing
t they all enter the other.

We conclude that any trajectory of (34) cuts J(p) at most once.
In particular, the solutlon through p itself never returns to p, where
p 1s any point in K(R,). We are now in a position to duplicate the argu-
ment of Part I.

§5. Consider in place of (34)

S% =7y F(x, v)
(35)
$ - (- fx)y - gx) + E(t)IF(x, )

where F(x, y) has continuous derivatives, 1s always positive, is identi-
cally 1 1inside some circle of radius R' > R,» and tends to zero so
rapidly that the right hand sides of (35) are bounded in the entire plane.

As the special property of the separating curves J(p) depended
only on the direction, not the length of the velocity vectors of (34), the
curves J(p) have this property again with respect to solutions of (35).
Thus a solution to (35) passing through a point p 1in K(Ro) never re-
turns to p.

Just as in Part I, equation (35) gives us a mapping
P ¢ u° — u(t, w’) of the plane into itself. If we consider the index
of this mapping on any circle S 1lying in K(Ro) with radius R",
R, < R" < R', we find, just as before, that since solutions cannot return
to their starting point the index of 9y on S 1s independent of t. In
fact, by the argument of I, it is equal to the index on 3 of the velocity
vectors taken at t = 0.

But, as the theorem assumes that g(x) 1s of odd degree, this
last index, obtained from

®- v

%% = - P(x)y - g(x) + E(0)

must be # O. Hence even the index of op 1is # 0, and there is a point
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u® inside 8 with omu° = u’. The solution through u® 1s a periodic

solution to (35). However, this solution passes through no point of

K(Ro), for a trajectory through p in K(Ro) cannot return to p. So
the solution lies always inside S. Here however, F(x, y) 1s identically
1, 80 we have a periodic solution to (34) and hence to (31).

This establishes the theorem.
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VI. ON CERTAIN CRITICAL POINTS OF A
DIFFERENTIAL SY3STEM IN THE PLANE

Samuel Barocio”

Suppose we have a system of the form:

% = [x, y]p

(1)
vy =[x, Y]q

where the expressions in brackets are real convergent power series, whose
first terms are respectively of degrees at least p and q. If p=q =
the system takes the general form:

% = ax + by + [x, y]2

(2)
¥y

cx + dy + [x, y]2 .

It is a well known result that at the origin, the local phase-portrait is
that of the linear approximation of (23; i.e., to the system obtained by
neglecting the terms of two and higher degrees. (The focus-center case is
a well known exception.)

In the linear case, when both of the characteristic roots of the
matrix (gg) of (2) are different from zero, theilr signs or reality com-
pletely define the type of singularity (1], [2].

The case of one characteristic root zero has been discussed by
Bendixson [3] and in a different and with & more direct procedure by S.
Lefschetz in Chapter X of his forthcoming book On Differential Equations,
(referred to as [1']).
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We belleve that the case where both characteristic roots are zero
and nevertheless the matrix of the system 1s not ildentically the null matrix,
has not been treated (as a whole phase-portrait) in the literature [4]. It is
our present purpose to discuss the possible types of critical points of (2)
in this case. At all events such a system may be reduced in a suiltable co-
ordinaete system to the form

=y +[x, 715, x40
(3)

2

i=[x,y]g=a.x +2bxy+cy2+[x,y]3.

Here the upper indices X, y are merely to distingulish the square brackets.

There are now two possibilities. First, c # 0. Then, by re-
placing y by - y/c we reduce the system to the same form but with
¢ =+ 1. Suppose now that ¢ = 0. Then, making the transformation of
variables, regular at the origin:

1
Xy =X, ¥, =7 +5xXY,

the system is reduced to the form

X

)'c1 =y, + [x1, y1]
2

(%)
2

_ 2
y, = -7, ¢+ 2bx1y] + ax|

+ [x, v,
LA

Applying now the Welerstrass preparation theorem together with a change of
time variable, we may write
X

1
X, = Ay, + [x1, y,] =2y, + C(x,)
2

g = =[5 - eatxyy, + B0x,)| BGxy) 3,

where E(0, 0) = 1.

By changing the ‘time units we may reduce this last system to one
of the two forms:

X, =ty + C(x1)
# - - [93 - eat 0 Bx,) | Bx, 3, B(0, 0) = 1.

It 1s sufficient actually to discuss the system with the + sign, since
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the other may be deduced from 1t by changing t into - t. Writing now
again x, y for x,, ¥, the system that we shall discuss 1is

X = y + Cc(x),
(5)
= - [y2 - 2A(x)y + B(x)] E(x, y) -

.

We notice in passing that A = [x];, B = [x],, C = [x],.
Now clearly the followlng system

% = [y - 2A(x)y + B(x)] E(x, ¥)
(6)
¥=3 +Cx)

which 1s merely the Bendixson system in the form (19.2) of [1'] Chapter X,
1s orthogonal to (5). This system differs in no essentlal way from the
system (19.4) (loc. cit.) which has been fully discussed there.

The Bendixson system in both of its above mentioned forms (19.2)
and (19.4) has the y axls as trajectory or tangent to a trajectory, and
it 1is proved (loc. cit.) that all the possible phase-portraits are re-
duced to the following three types: Node, Saddle-point (four hyperbolic
sectors with no fans between them) and a node coalescent with two hyper-
bolic sectors. 1In all the cases each right or left half plane is filled
with a node or two hyperbollic sectors.

By Puiseux's theorem, the right hand side of (6) can be decom-
posed in two factors of the form

v = xr/n E(x]/n).

Each such factor represents part of the geometrical locus in which b3
vanishes, and hence, where the tangents of the trajectories are vertical.
We will denote these branches by PV' If the factors are complex, there
are no Ty branches at all. The locus in which § vanishes, 1s a branch
denoted by Ty (a single one, since § has a lineer term in y) and is
the locus where the trajectories have horizontal tangent.

At this point it is interesting to observe that if we have two
mutually orthogonel phase-portralts near (o, 0), the Ty branches
assoclated with one singularity become the Iy branches assoclated with
the orthogonal phase-portrait (i.e., to the other singularity) and vice
versa.

This simple property almost enables us to construct at once, from
the Bendixson system all the possible local phase-portraits of the system
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(6), which we know from Lefschetz [1'], and taking orthogonal trajectories.

In the Bendixson system, in the form (19.4) the ry branches
are symmetrical with respect to the x axis. For (19.2) however, it does
not necessarily happen, and we will consider, as above stated the orthogonal
to this latter system.

Changing t 1n -t 1in (5) we see at once that near the y
axis, ¥ will be positive and X% of the opposite sign to y; we do this
merely to fix a sense to the trajectories.

From all the above considerations we easily obtain the "repre-
sentative" or "typical” halves of Plate I. These halves are typical in
the sense that all the other possible configurations are equivalent to those
of Plate I. In certain cases orthogonality does not gilve us a complete
information of the behaviour of the trajectories. For example, let us
consider the right half numbered II, Plate I. The Bendixson phase-portrait
does not enable us to decide if there are "TO-curves" (trajectories tend-
ing to or away from the origin) between the g branches or between the
Ty branch and the x axis. The curves in Plate I, II, in fact, do not
occur. In this connection we refer the reader to a forthcomlng paper by
Lefschetz.

Then, by matching all the right and left halves of Plate I, we
obtain the eight different (not, however, topologically) local phase-
portraits of Plate II.

In each drawing of Plate II there 1s a chemical like formula de-
noting the "composition" of the phase-portrait.

The meaning of the letters are the following:
C - center;
F - focus;
H - hyperbolic sector;
N - node;
0 - nested oval sector.

The phase-portraits orthogonal to those of Plate II, l.e., the
Bendixson ones are drawn in Plate III with numbers corresponding to their
orthogonals in Plate II arg

2H - N orthogonal to 1, 2, and 5.
N - N orthogonal to 4, 6, 7 and 8.
4H - N orthogonal to 3.

This shows at once that two topologically equivalent phase-
portraits may have topologically non-equivalent orthogonal phase-portraits.

The only stable phase-portraits are the focus or center Plate II,
Figure 6 and node Plate II, Figure 8, both of them orthogonal to nodes.
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Then, stability in the orthogonal system implies stability in the Bendlxson
system. The converse 1s not true (see Plate II, Figure 7).

In the description given here there may arise fans between con-
secutive hyperbolic sectors. As we do not know in all cases whether these
fans exist or not, we say that our description is complete "modulo fans".

Now, we may summarize our results in the following:

THEOREM. In the system where both characteristic roots
are equal to zero, but with non null matrix, there may
arise modulo fans all the possible phase-portraits (con-
sistent with the Poincaré index formula) made up of zero,
two or four hyperbolic sectors and in addition of one
hyperbolic sector and a nested oval sector. The corre-
spondence with the Bendixson system 1s indicated below:

Bendixson System Orthogonal System
2H-N 2H-N; 2H
4H 4H
N H-2N-0; N; F or C.

Observe that corresponding configurations have the same Poincaré
index. If one endeavours to determine a priori the configurations com-
patible with the preservation of the index one finds types like 3H-0 or
2H-20. However, in the note of Lefschetz already mentioned it is proved
that these configurations cannot arise and that the only scheme under which
a nested oval Bector may occur is the combinetion H-0 (or H-2N-0).

In Plate I, Figure II, and Plate II, Figures 2 and 4, configura-
tions & priorl possible (but actually not occurring) are indicated by lines
in point and dash.

In certain cases we may dispose of the fans between consecutlve
hyperbolic sectors. In the forthcoming book of S. Lefschetz (Chapter X,
(21.7)) it 1s proved that the system (6) does not have inflexions in the
zone between the Pv and Ty branches and in the zone below the x axis.
On the other hand, in these zones there arises the possibility of a fan in
the orthogonal system to (6).

We will show here by a simple geometrical argument that this
situstion excludes the possibility of fans in our particular regions.

Let us suppose that there exists a fan orthogonal to a hyperbolic

sector in a region where all the curves of the famlly (other than the
separatrices and the origin) are convex toward the origin, Fig. a.
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FIGURE a

Consider one fixed trajectory f of the assumed fan, and another
variable one v; and take their intersection A and B with an orthogonal
trajectory & sufficiently near to the origin. Then, for a small arc B
the curvatures of OA and OB are not of opposite signs, and the tangents
to f and v 1in the points A and B Iintersect in a point P of the
reglon limited by the tangent to f at the origin, the arc Oh and the
tangent to & at A.

As B tends to A the point P must tend to a limiting posi-
tion (or infinity contained in the shaded region).

However, since the arc B 1s convex towards 0, the center of
curvature at A (which is also the 1limit of P) 1s in the reglon above the
tangent at A.

This contradiction proves that no fan such as assumed may exist
in our regions. The fan is thus reduced indeed to a single separatrix.
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VII. ON THE TOTAL NUMBER OF SINGULAR POINTS AND LIMIT
CYCLES OF A DIFFERENTIAL EQDATION]

Felix Haas

The object of the present paper 1is to study the relation between
the number of singular points and 1limit cycles of a differential equation
on one hand and the Bettl numbers of a manifold on which this differential
equation 1s realized on the other hand. If the vector fleld defining the
differential equation 1is the gradient of a potentlal function and if the
1limit sets consist of singular points only the Morse inequalities for the
critical points of the potential function immedlately give inequalities for
the singular points of the vector field in terms of the Betti numbers (1, 2).
From the point of view of differentlal equations, however, 1t 1is desirable
to derive similar inequalities, even for vector filelds which do not come
from potential functions, and to include 1limit cycles in the consideration.

There 1s a fair amount of opportunity to use such inequalities in
the study of concrete differential equations. Existence theorems are some-
times proved by using the theorem that the sum of the singular point in-
dices equals the Euler characteristic. The Morse inequalities are sharper
and should be used more frequently. The surfaces involved are generally
phase spaces of various kinds or invariant surfaces of a differentlal equa-
tion defined in & larger space.

El'sgol'c established certain inequalities for the case where the
1imit set consists of singular points of the simplest kind on1y3. The proof
given there 1s somewhat sketchy and in places difficult to understand. 1In
Part I, therefore, we state the result for the simplest singularities and
supply & proof. In Part II complicated singular points are analysed 1in
preparation for subsequent parts. The classification, valid also for non-
analytic systems, goes back to Broweru’5- In Part III inequalities are
proved which relate the total number of hyperbolic, elliptic, stable, and

! Work done under Office of Naval Research Contract No. Néori-105-Task V
Project No. NRD43-942.
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unstable sectors (see Part II) to the Betti numbers. In Part IV limit sets
are allowed which may include any kind of singular point, no matter how
complicated, limit cycles, stable, unstable or stable-unstable, and 1imit-
ing conflgurations involving singular points and various connecting tra-
jectorles. These last mentioned limiting configurations may be fairly
complicated since complicated singular points are included. Inequalities
involving the Bettl numbers are agaln obtained. In the same part the re-
quirement of uniqueness of trajectory is removed at least partially. In
Part V the theory 1s applled to certain types -of differential equations
and the exlstence of various kinds of 1limit cycles proved.

I. Inequalities in the Simplest Cases

1. In this part very stringent conditions will be imposed on the
differential equation to be discussed. However, in later parts all these
restrictions (uniqueness of trajectory, simplicity of singular points, no
1imit cycles, etc.) will be removed.

HYPOTHESIS ;”1: M 1s a unlon of disjoint, twice-differentiable, two-
dimensional, closed manifolds. However, we shall speak of M as a mani-
fold and of the component parts as closed sub-manifolds. V 1s a vector
field on M defining a differential equation. V has a finite number of
singular points only, all of a simple type. V 1s sufficiently regular
for the differential equation defined by V to have a unique trajectory
through each ordinary point. The 1limit set of the differential equation
defined by V 1is to consist of singular points only. The last restric-
tion implies, in particular, that there are no closed curve solutions. It
1s also assumed that there exlst no closed curves consisting of saddle
points and connecting trajectories.

NOTATION: If A 1s a menifold we shall denote by BO(A), B,(A), and
BE(A) the zeroth, first, and second Betti-Number of A, respectively.

Let Py 1=1,2, ..., No, be the unstable singular points of the differ-
ential equation on M. Let Qys i=1,2, ..., Ny, be the stable singu-
lar points of the differential equation on M. Finally, let Ty,

1=1,2, ..., N,, be the saddle points of the differential equation on M.

THEOREM I (El'sgol'c). Under hypothesis #,.

A

N,»
Ny,
N,.

B, (M)
B, (M)
B, (M)

A

A

REMARK. Theorem I was first proved in the case where V comes from a
potential function by Morse. 1In its present form the theorem 1s due to
El'sgol'c.
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2. PROOF OF THEOREM 1. We first construct a system of neighbor-
hoods covering M. If p; 1s an unstable singular point, U(py) will be
an open spherical neighborhood of Py which 1s sufficlently small

a) to exclude all other singular points

b) to exclude the closure of any neighborhood, U(pj),

previously constructed

¢) to be bounded by a simple closed curve which has

the additional property that every trajectory
emerging from Py Intersects this closed curve
exactly once and from the inside to the outside.

If q 1s a stable singular point U(qi) will be an open
spherical neighborhood of Qy having the same properties as the neighbor-
hood of the unstable singular polnts, only this time with respect to nega-
tive time. U(qi) 1s assumed sufficlently small to exclude the closure of
any neighborhood, U(qj) , Dpreviously constructed.

Let 01,1 and C1 » be the two trajectories emerging from the
saddle point r;. Then U(Ci j) an open spherical neighborhood of Ci 3
i1s sufficiently small so that

a) U(Ci j)"\ TUlp,) 1s empty

b) U(Ci ) n TUTq,) 1is empty unless C1 j tends towards
qQ iLn which case U(C:L .) 1s chosen so that the inter-
section with U(qk) consists of a single open spherical
neighborhood which does not include Qe+

c) U(Ci ;) A U(Ck 1) 1s empty unless Ci j and Cp
sha.re at least one of their end points. At a
saddle point which 1s an end point of both C:L,j
and Ck,l the intersectlon 1s to be an open
spherical neighborhood and

UlCy, 5) - kZI [U(Ci,j) “U(Ck,l)]

’

1s to be a non-empty spherical neighborhood. The
same 1s to hold for U(Ck l).

3. It 1s clear that there exists a set U obtalned from Z:U(pi
by isotopic deformation such that M 1s covered by

U+ ZU(Cy ) + 2U(qy).
We indicate the deformation: Solution curves starting at the unstable

singular points are parametrized so that the parametric value on the
boundary of U(py) 1is the same for all curves and all 1. Now all solution
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curves have to tend to the stable singular points and saddle points. S8ince
there are only a finite number of singular points there exists a value T
of the parameter t, which was used in parametrizing the solution curves,
such that all solution curves remain in the previously chosen neighborhoods
of the stable singular points and saddle points for t > T. The set
}:U(pi) can be deformed to include all points with paremetric value t < T
on the trajectories starting at one of the unstable singular points p,.

If we call this new set U 1t 1s clear that U + ZU(qy) + z[U(Ci’j)]
cover M.

LEMMA 3.1. The Betti-Numbers of U are as follows:
BO(U) = No,
B,(U) = o,
B, (U) = o.

PROOF OF LEMMA 3.1. The Lemma follows from the construction of U.
LEMMA 3.2. The Betti-Numbers of U + U(Ci,j) are as

follows:
Bo(U + =(U(C; 1) < Ny,

B, (U + =[U(Cy ;})]) < Ny,
s <
B,(U + 5[U(Cy 1) = 0.

PROOF OF LEMMA 3.2. We may assume that for each 1 U(Ci,l) + U(Ci,e)
is an open spherical neighborhood. We shall use the following notation:

[U(Cy ) 4) + U(Cy p)] = Ulry),
U L0y, ) ¢ U0y ) < By,
B [U(r;) + P(ry)] - BIP(ry)] = &f .

The proof of the Lemma will use the Meyer-Vietoris Sequence with
integer coefficilents: ‘.

0 — Hy[P(ry)U(ry)] — H,[P(ry)] + Hy[U(ry)] — H, [P(ry) I U(ry)]
H [P(ry) + U(ry)] ¢ H,[P(ry)) + H, (U(ry)] 6—H1[P(r1)U(r1)]

Hy[P(ry JU(ry )] — Hy[P(ry)] + Hy[U(ry)] —> H [P(ry) + U(ry)] —0
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We next consider the various patterns in which P(ry) and U(ry)
In each case the pattern will hold for sufficiently small

can intersect.
U(ry):
and Ci s tend to stable singular points or to

CASE 1: C
i
saddle points not cont’:ained in l”(ri). The two trajectories which tend to

ry come from saddle points in P(ry). See Figure 1.
CASE 2: This case 1s identical with Case 1 except that C:'_’1 or

01’2, but not both, tends to a singular point in P(ri). See Figure 2.
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CASE 3: This case is identical with Case 1 except that now both
Cy,, end 01’2 tend to singular points of P(ry). See Figure 3.

FIGURE 3
CASE 4: Cy,; ond Cy,p tend to singular points not in P(ry).
One of the trajectories which tends to r, comes from a saddle point in
P(ri) and one comes from an unstable singular point (which, of course, is
The figure would be the same as in Case 1.

also in P(ry)).
CASE 5: This case is identical with Case 4 except that either
or Cy ,, but not both, tends to a singular point in P(ry). The

C4,1
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figure would be the same as in Case 2.

CASE 6: This case is identical with Case 4 except that now both
Ci,, and 01’2 tend to singular points in P(ri). The figure would be the
same as in Case 3.

CASE 7: C:I. ; and C1 , tend to singular points which are not
contained in P(ri) Both tra.jectories which tend towards ry come from
unstable singular points. See Figure 4.

CASE 8: This case is identical with Case 7 except that now either
01,1 or 01,2, but not both, tends to a singular point in P(ri). See
Figure 5.
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CASE 9: This case is identical with Case 7 except that now both
01’1 end Cy , tend to singular points of P(ry). See Figure 6.

CASE 10: Ci , and C1 2 tend to singular points not contained
in P(ry). One of the trajectories vhich tends to r, comes from a saddle
point in P(ri) and one comes from a saddle point not contained in P(ri
See Figure 7.
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CASE 11: This case is identical with Case 10 except that now
elther Ci,‘ or 01’2, but not both, tends to a singular point in
P(r;). See Figure 8.

CASE 12: This case 1s identical with Case 10 except that now
both Ci’1 and C; , tend to singuler points in P(ry). See Figure 9.
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CASE 13: Ci,\ and 01,2 tend to singular points not contained
in P(ri). One of the trajectorles tending to ry comes from an unstable
singular point and one comes from & saddle point not in P(ry). The
figure would be the same as in Case 10.

CASE 14: This case is identical with Case 13 except that now
elther Ci,l or 01,2 , but not both, tends to a singular point contained
in Plry). The figure would be the same as in Case 11.

CASE 15: This case 1s identical with Case 13 except that now
both Cy , and Cy,0 tend to singular points contained in P(ry). The
figure would be the same as in Case 12.

CASE 16: C1 ; and C1 , tend to singular points not contained
in P(ri)- Both trajectories which tend to r; come from singular points
outside P(ry). See Figure 10.
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CASE 17: This case 1s identicel with Case 16 except that now
either 01,1 or 01’2, but not both, tends to a singular point contained
in P(ry). BSee Figure 11.

CASE 18: This case 1s identical with Case 16 except that now
both Ci,l and Cy , tend to singular points of P(ry). See Figure 12.
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4. We next sudy the Meyer-Vietoris Sequence for the various
possible cases. We shall use the symbol I to denote the additive group
of integers. We shall use the symbol dli defined at the start of the
proof of Lemma 3.2.

CASES 7, 11, 14, and 18:
B,[P(ry)U(ry)] = 2,
B, [P(ry)U(ry)] = 0,

B2 [P(Pi)U(ri)] = 0.
The following sequence 1s obtalned:

0 = H,[P(r;)] = Hy(P(ry) + Ulry)] —>0 —H [P(r;)] —H, [P(r;) + Ulry)]
o H(Bley) + Uley) e H [Pz + Tep2T < ©

That the map denoted by f cammot have a triviel image follows
from the definition of the Meyer-Vietoris Sequence. It follows that the
image of g has at most one generator. Hence dl < 1. We can also

immediately read of the above sequence that di = 0 and d‘i’ < 0.
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CASES 1, 4, 8, 12, 15:
BO[P(ri)U(ri)] =1,
B, [P(z,)U(ry)] = O,

BQ[P(ri)U(ri)] = 0.
The following sequence 1s obtalned:

0 —H,[P(ry)] — Hy[P(ry) + U(ry)] — 0 —>H,[P(ry)] —H, [P(ry) + U(ry)]

le
04— H,[P(ry) + Ulry)] <= I + H [P(ry)] “ I
Again f cannot have a trivial image. It follows that the lmage
of g 1s trivial. In the cases under consideration, therefore,
o _ 1 2 _
df =0, dy =0, and dj = O.
CASES 2, 5, 9:

BO[P(ri)U(ri)] =1,
B1[P(ri)U(ri)]- 1,

B,[P(ry)U(ry)] = o.
The following sequence is obtained:

0 — Hy[P(ry)] — By[P(ry) + U(ry)) = T S5 B, [P(rg )]\
0 ¢—H[P(ry) + U(ry)] «— H [P(ry)] + I I < H,[P(ry) + U(ry)]

Again f canmnot be trivial which implies that g 1s trivial.
Suppose h were trivial. Then the non-bounding cycle in the intersection
would bound in both P(ry) and U(ry). P(ry) + U(ry) would cover at
least one closed submanifold on which there are no stable singular points.
This is impossible, for the finite number of saddle points form the posi-
tive 1limit set for only a finite number of trajectories. The rest of the
trajectories on this closed sub-manifold would have no positive limit-set,
since under //1 the limit set consists of simple singular points only.

Since g 1s triviel and f and h are not trivial it follows
[¢] 1 2
that di =0, dy =1, and dy = 0.
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CASES 3 AND 6:
By [P(ry )U(ry)] = 1,
B][P(ri)U(ri)] = 2,
B, [P(ry)U(ry)] = o.
The following sequence 1s obtailned:

0 — H,[P(ry)] ——-'H2[P(ri) + U(ry)] — eI -—aH,[P(ri)l\
0<——H0[P(ri) + U(ri)] «— HOIP(ri)] + I \ I (—8—- H1[P(r1) + U(ri)]

Again f 1s not triviel. The same argument which was used in
the preceding case to show that h was not trivial can now be used to
show that the image of h has at least two generators. Since f 1s not
trivial g 1is trivial. It follows that dj = 0, dj - 2, and 4§ - o.

CASES 10, 13, AND 17:

BO[P(ri)U(ri)] = 3,
Bl[P(ri)U(ri)] = 0,
B,[P(r,)U(ry)] = o.

The following sequence 1s obtained:

0 — H,[P(ry)] -—;Hz[P(ri) + U(ry)] —o0 — H, [P(ry)] -—->H1[P(ri) + U(ri)]

g/

0 4«— HO[P(ri) + U(ry )] «— HO[P(ri)] + I(T LI

Again f 1is not trivial; hence the image of g has at most
three generators. It follows that dg < 0, d;_ < 3, and di = 0.

5. We are now prepered to prove Lemma 3.2. Since dg < 0 and
di = 0 1n all possible cases 1t follows immediately from Lemma 3.1 that

B,[U + ZU(Ci,j)] = B,[U + zU(ry)] < N,

B,lU + zU(Ci’j)] = B, (U + £U(ry)] = o.
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To study the changes in the first Betti-Number we note that di
may be greater tha.n one only in Cases 10, 13, 17 (where di <2) and in
Case 16 (where di < 3). But it follows from the definition of Case 16
that if there exists a saddle with a neighborhood which leads to Case 16
there must also exlst elther one saddle with a neighborhood leading to one
of the Cases 2, 3, 5, 6, 9 or two saddles each with a neighborhood leading
to one of the Cases 1, %, 8, 12, 15.

Now dl < 0 for the Cases 1, 4, 8, 12, 15 and dl < - 1 for the
Cases 2, 3, 5, 6, 9. The total change in the first Betti-Number due to two
saddles, one of which has a neighborhood which leads to Case 16 and one of
which has a neighborhood which leads to one of the Cases 2, 3, 4, 5, 6, 9
1s therefore < 2. Similarly, the total change in the first Betti-Number
due to three saddles, one with a neighborhood leading to Case 16 and two,
each with a neighborhood leading to one of the Cases 1, %, 8, 12, 15,

would be < 3.

On the basis of a similar argument for saddles with neighborhoods
which led to Cases 10, 13, and 17 we can state the over-all result. The
addition of the N1 nelghborhoods of saddle points does not increase the
first Betti-Number by more than N,. This fact together with Lemma 3.1
implies that

B,[U + zU(Ci'j)] = B,[U + z0(ry)] < N,

This completes the proof of Lemma 3.2.

6. We next add the neighborhoods of the various stable singular
points. We denote by P(qi) the set

U+ :U(Ci’J) + jgi U(qj)-

dl_,f will now denote Bk[P(qi) + U(qi)] - Bk[P(qi)]‘ Then the following
Lemma holds

LEMMA 6.1.
By(P(qy) + Ulgy)] - B [P(qy)]

"
(=]
-

B,[P(qq) + U(qy)] - B,[P(qy)] < O,
B2[P(qi) + U(qi)] - Bz[P(qi)] < 1.
PROOF OF LEMMA 6.1. By construction, the intersection of U(gy) with

P(qi) consists of exactly one open annular region. It follows that the
second Betti-Number of the intersection is zero, and that the zeroth and
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first Betti-Numbers of the Intersection are equal to one. The first and
second Betti-Numbers of U(qi) are, of course, zero and the zeroth
Betti-Number of U(qi) equals one. The following sequence is obtained:

0 —>H,[P(qy)] —v H,y[P(qy) + Ulay)] —T By K, [P(qy)) —>H, [P(qy) + U(gy))

e

0 «— H [P(qy) + Ulgy)) «— I + Hy[P(qy)] eI

That f cannot be trivial follows from the construction of the Meyer-
Vietorls Sequence. Hence g 1s trivial. If h is trivial di =1 and
dj = 0; if h isnot trivial a3 =0 and 4} =-1. d) =0 inall
cases. The Lemma follows from the above.

Since M = U + ):U(Ci’j) + £U(qq) Theorem I follows from Lemmas
3.2 and 6.1.

II. Analysis of Complicated Singular Points

7. We briefly discuss a classification of singular points. The
methods are due to Brouwer“’5. This particular classification is also valid
for non-analytic systems; in fact, not even unlqueness of trajectory is
required in most cases. On the other hand, the results obtained are weak-
er than those for analytic systemss. We shall give the classification in
this generality even though our hypothesis in Part II 1s more restrictive,
since such a general approach will be needed in the last parts of the paper.
The only restriction we impose is that there be no 1limit points of singular
points on M.

Let p be the singular point under consideration. We distinguish
between Type A and Type B singular points: a singular point is of Type A
i1f and only 1if there exlsts an open neighborhood of p which 1s free of
closed curve solutlions except for those which pass through p. Type B is
the converse case. A singular point of Type B will be called a center
point. See Figure 13.

If p is of Type Alet c be a
circle around p of sufficiently small radius
"- 80 that the closed neighborhood bounded by
¢ contains only one singular point (p) and
no closed curve trajectories which enclose
p but do not pass through p. Let U be
the open neighborhood bounded by c¢. U
contains no closed trajectories, since the
theorem that a closed trejectory contalns a

singular point does not depend on uniqueness
FIGURE 13
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of trajectories. We distinguish among nine classes of points on c¢. If
q 1s a point of ¢ 1let Ca denote a positive seml-characteristic
through q. Let C; denote a negative semi-characteristic through gq.
Furthermore, let the exterior of c¢ be denoted by E. The interior 1is,
of course, just U. The definition of the nine classes follows:

q Dbelongs to Class I aC’ enters U eand a.C('1 enters U,
qQ belongs to Class II aC":"1 " E " " " E,
q belongs to Class III " " c " " " c,
q belongs to Class IV " " v " " "o oe,
q Dbelongs to Class V " " E " " " c,
Q belongs to Class VI " " c " " " U,
q belongs to Class VII " " c " " " E,
q belongs to Class VIII " " u " " " E,
q belongs to Class IX " " E " " " u.

We note that unless uniqueness of trajectory is assumed a point
may belong to several classes. However, if uniqueness of trajectory is
assumed the class of a point is uniquely determined. Now p 1s sald to
be of Type A, (source point) if we can choose ¢ so that none of 1its
points belong to Classes I, II, IV, VII, VIII. p 1s said to be of Type A2
(sink point) if we can choose ¢ 8o that none of its points belong to
Classes I, II, V, VI, IX. p 1s of Type A3 (sector point) if it 1s of
Type A and not of Type A~1 or A2

In the case of a sink point every trajectory through a point of
¢ tends to p. This follows from the following modified version of the
Poincaré-Bendixson Theorem for a differential equation not satisfying a
uniqueness condition:

THEOREM [Brouwer, 5]. If a positive, semi-characteristic,
c*, remains in a bounded region of the plane and if it
does not have a singular point in its 1limit set then one
of the following will take place:

a) C* 1s a closed curve trajectory,

b) ¢t spirals towards a closed curve trajectory,

¢) ¢* runs into a closed curve trajectory.

Figure 14 shows a sink point. The ordinary stable node, stable
focus, and stable spiral point are examples of sink points. However,
these are by no means the only kind of sink points in non-analytic sys-
tems. What is missing is the theorem of Bendixson's that in the case of
an analytic system a trajectory tends towards a singular point either along
s limiting direction or assumes all possible directions arbitrarily late
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in its path. The same discussion and
figure with the direction of time re-
versed applies to source points.

8. Type A3 singular points
(sector points) then represent the case
/ where the greatest variety of behavior
1s possible. For simplicity we shall
assume that there exlists a unique tra-
jectory through each ordinary point in
the chosen neilghborhoods of the sector
points. This, in particular, means that
the class of each point of ¢ 1is unique.
FIGURE 14
We next construct the sectors of a sector point and prove that
there 1s only a finite number of them. In thils process we shall need the
following four superclasses of points belonging to c.

Superclass 1, él, will contain a point q<&== Ca remains

in U+ c¢c =T and there exists a point r on Ca NE

which precedes on C; any point in U.

Superclass 2, S,, will contain a point q&= Cc'l re-~
mains In U + C = U and there exlists a point r on
C; N E which precedes on C;. any point in U.

Superclass 3, §_3, willl contain & point q&= q be-
longs to Class VI or IX.

Superclass L, _§u, will contain a point qé&=>q be-
longs to Class IV or VIII.

We now modifyy c¢ to elliminate all points of class I and II.
This can always be done without increasing the length of ¢ by more than
a factor of three in the following way: If q belongs to Clas I or II
we replace the arc of c¢ through q in a sufficlently small neighborhood
of q by the trajectory through q and two sultable arcs on orthogonal
trajectories. Once this modification has been carried out the closures
of S, and 8; on o, §,-.and §3, are disjoint, for 51 can contain
only points of Classes III, IV, VII, and IX, while 33 can contain only
points of Classes II, V, VI, and VIII. Similarly, it can be shown that
8, and 8, are disjoint. Let d > 0 be the distance between 3, and

8, on ¢ and let d, >0 be the distance of §, and §, on c.

Let [51'1] be the set of arc components of §1 on c. We
cleim that there exists a point of 83 between any two of these arc
components. Since 53 is at & non-zero distance d, from 35,, and ¢
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(even the modified c) 1s of finite arc length, this will establish that
§, has only a finite number of components. Let s, ; and s, ; be two
distinct components of 31' Suppose there is no point of 53 between
them on at least one side. Let 4 and a, be the end polnts between
which there exists no point of 33- It follows from the definition of 33
that the positive seml-characteristic through each point of the closed arc
q,9, elther enters U or runs into one of the components Sy, 1 or sy, 3
If a positive semi-characteristic enters U it must remain in’ o, since
the part of U which it enters is bounded by the arc q,9, and the posi-
tive seml-characteristics through q, and q,, which in turn could leave
U only through the arc q,9, on c, which is impossible. Similarly,
the negative seml-characteristics through the points of the arc 4,9

elther enter E before entering U or run into ,1 OF 8y 5- Hence,
2
all points between Q, and q, would belong to S], which is a contra-
diction. Thus there was a point of §>3 between g end s 4. It
- b

follows that S1 only has a finite number of arc cor’nponents on c.

The components of 51 are closed intervals or single points.
The interior of a closed interval of 31 together with the positive tra-
jectories through the interior points of this closed interval will be
called a stable sector based on p. Since 51 only has a finite number of
components there exlst only a finite number of stable sectors.

By an argument ldentical with the one of the preceding two para-
graphs 1t can be shown that there exists a point of 54 between any two
points of §2 and hence only a finite number of arc components of §2-
An unstable sector based on p will be the interior of such an arc
component of 52 together with the negative trajectories through the in-
terlor points of the arc component. At this point we modify c¢ so that
the trajectories of an unstable sector actually cross c¢ from the inside
to the outside and the trajectorles of a stable sector if pursued in the
negative directlon actually cross c¢ from the inside to the outside.
This can be accomplished by using arcs on the trajectorles through the
boundary points of 52 and 51 respectively as parts of c.

9. {c - (Interior of §]) - (Interior of §2)] consists of a
finite number of closed intervals F,, F2 s eeey Fm‘ We focus our attention
on a partlcular Fy and further subdivide it. A point q of Fi will
be called distinguished if either C:'l or C('l tends to p and the entire
arc (qp) on the trajectory is contained in U. We shall speak of stable
and unstable distinguished points and stable and unstable distinguished
arcs. We note that the change in c¢ which elliminated points of Class
I and II (Section 8) has the addltional effect that there exlsts a distance
d3 > 0 Dbetween the stable and unstable distinguished points of Fy-.

We claim that the stable and unstable distinguished points have
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to alternate on Fi. For suppose Qy and q.: are unstable distinguished
points of F,;. Points on the arc (qiqj) sufficiently near gq, are

of Class IX. S8ince we have no unstable interval as part of F1 the
negative trajectories through such points can not tend to p and hence
have to leave U through points of the arc 39;5- Hence there exists a
point r on the open arc qiqj with the following two properties: C_

- r
leaves U at r; C; does not tend to p and reaches a point of U be-
fore i1t reaches a point of E. Iet J be an arc component around r on
qiqj of points which have the same propertles as r. At least one of the

two end points of J will have to be a distinguished stable point.

It follows from the last two paragraphs that there exists only
a finite number of stable and unstgble points on Fy. The dlstinguished
stable and unstable arcs divide (U - stable sectors - unstable sectors)
into a finite number of sectors which we shall call stable-unstable
sectors until they are further classified. We note that the end-points of
F1 are always distinguished polnts so that the stable and unstable sectors
are divided from the stable-unstable ones by distinguished arcs. When we
speak of a stable-unstable sector we shall include the bounding distinguish-
ed arcs. Such an arc then may belong to two stable-unstable sectors and
each stable-unstable sector contains in its boundary one stable and one
unstable distinguished arc.

A stable-unstable sector will be called a hyperbolic sector based
on p if there exist points Ty arbltrarily close to p 1in the sector
such that both C; and C; contain points outside U. A stable-unstable

1 i

sector which 1s not hyperbolic will be called an elliptic sector based on
p. In the case of a hyperbolic sector 1t 1s easy to show that actually all
points In the sector have the behavior of the sequence Ty In the case

of an elliptic sector 1t 1s always possible to modify c¢ so that the part
of ¢ which belongs to the boundary of the sector is a trajectory and that
in this way the whole sector 1s bounded by a single trajectory which tends
in both the positive and negative direction to p. It 1s clear then that
the trajectories inside an elliptic sector all have to tend to p in both
the positive and the negative direction. Figure 15 exhibits the four
possible types of sectors based on a sector point (Type A3 Singular Point).

Stable Sector Unstable Sector

-

—— ——
— ~—
-~

a) FIGURE 15
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Hyperbolic Sector Elliptic Sector
~
~N
d)

FIGURE 15

Summarizing then, a singular point is either a center point
(Type B) or a source point (Type A,) or a sink point (Type A,) or a sector
point (Type A3) 5 In the last case it consists of a finite number of stable,
unstable, hyperbolic, and elliptic sectors. A sector point without elliptic
sectors will be called a saddle point.

We note at this point that the notion of center point sink point,
source point, and sector polnt does not depend on the curve c¢ chosen.
The number of sectors does depend on ¢, but in subsequent considerations
we shall always assume that a curve c¢ was used which, in addition to
satisfylng our other requirements, gave rise to the least number of sectors.

III. Inequalities for Complicated Singular Points

10. In this part the restrictions of the first part are somewhat
relaxed. The results obtained in Part III can be derived from the results
of Part IV but the proofs here are much simpler. In particular, we shall
prove certaln inequalities under the following hypothesis:

HYPOTHESIS //2: The conditions are the same as in ll with the follow-
ing exceptions. The 1imit sets may contaln any kind of singular point
different from a center point and the positive 1imit set may also contain
trajectories connecting sector points. More generally, there may be any
kind of closed curve which contains both sector points and connecting tra-
Jjectories provided this closed curve intersects the negative 1imit set only
in its sector points.
NOTATIONS AND DEFINITIONS: Let

Py» 1=1,2, sy No be the source points

Q4 1=1,2, ... N2 be the sink points

ry, 1=1,2, ..., N; be the sector points.
Let ni 3 be the number of hyperbolic sectors and ny be the number of
unstable sectors based on the sector point ry-
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Let N3 zni'3 and N, zni’u.
In what is to follow the notion of a cycle will be important: A cycle of
the differential equation is a closed curve made up of sector points and
trajectories with all the trajectories having the same positive direction
in relation to the curve as a whole. A closed sub-manifold of M will be
called special if it carries a cycle and no sink point of the differential
equation.

Let N5 be the number of special closed sub-manifolds of M.

11. We start by constructing a system of nelghborhoods covering
M. The neighborhoods U(py;) and U(gqy) of the source and sink points
respectively are constructed in the same way 1n which the neighborhoods
of the stable and unstable singular points were constructed in Section 2.
Let Y], Ye’ be the interiors of the various unstable sectors and
W‘, Wé, ... be the interiors of the varilous stable sectors.

If Ty 1s a sector point U(ri) i1s an open spherical neighbor-
hood of ry covering ry, 1its elliptic sectors and all those trajectories
which tend in both directions to ry and are entirely contalned in one
of the stable sectors of ry. We assume U(ri) i1s sufficiently small

a) to exclude all singular points different from Ty

b) to exclude all TUlpyJ, tﬂﬁz7} and all UTFET previous-
1y constructed j ¥ 1,

¢c) to exclude the curves c¢ used in the construction of
the sectors except, of course, for the ¢ used to
construct the sectors of ry if ry has elliptic
sectors,

d) to exclude all Y, and W.: not based on ry,

e) to intersect each Y. and W. based on Ty in a
single open spherical neighborhood but not include any

of the Wj or Yj completely.

DEFINITION: There exists a certain number of distinguished unstable arcs
which emerge from ry (see Section 9) and which do not form part of the
boundary of an elliptic sector based on ry. Let Ci, be the set of
trajectories which start as distinguished unstable arcs at r,. (We
shall speak of distinguished trajectorles.) A distinguished trajectory
will be said to be of the first kind if it tends to a sink. A distinguish-
ed trajectory will be said to be of the second kind if it tends to a
sector point (which may be ry itself). A distinguished trajectory will
be sald to be of the third kind if it winds towards a stable limit cycle.
This last kind of trajectory will sometimes be referred to as a winding
trajectory.
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Ir C:L, 3 is of the first kind with Q. as end point then there
exist points Si 3 and ti on Ci such that the arcs [ri, si,j]
and [ti qk] on C:L belong to U(ri) and U(qk) respectively.

U(Ci j) then will be an open spherical neighborhood of the arc si jti, j
which 1s sufficiently small

a) to exclude all singular points and all distinguished
trajectories except Ci,g and those winding Ck 1
which have a positive 1imit set which includes C 1,3

b) to exclude all 'U'(P'")' all W j#k, and all
Ulr;) j#1

c) to exclude all U(Ck,l) previously constructed

d) to exclude all W; and all stable and unstable
distinguished arcs except for the unstable distinguish-
ed arc from which 01, started

e) to exclude all Y; not based on r; and among those
Yi based on ry all those which are not partially
bounded by the distinguished arc from which C:L, 3
started

f) for U(ri) [a} U(Ci,j) and U(qk) la) U(Ci,j) each to
consist of a single open spherical neighborhood which
excludes ry and q-

Note that d) and f) together imply that the intersection of U(C1 j) with
the closure of any sector based on ry 1s empty unless the sector i1s one
of the two sectors which were separated by the distinguished unstable arc
from which C1 starts. We assume that the neighborhoods of all the
distinguished tragectories of the first kind have been constructed.

If C1 3 i1s of the second kind with the sector point T, as its
positive 1limit set there exist points si i and ti 3 on Ci ‘2 such that
the arcs [rys 1, .1 and [ti, r.] are entirely contained in U ry) and
U(rk) respectively. U(Ci, ;) then will be an open spherical neighborhood
of the arc [Si,jti,j] on Ci,j which is sufficiently small

a) to exclude all singular points and all distinguished tra-
Jjectories except C:L and those winding Ck,1 which
have a positive limit set which includes C:I_

b) to exclude all U(py), &ll U(qJ), and all U(rj)
unless Jj equals 1 or k

c) to exclude all U(Ci,j) previously constructed

d) to exclude all Wi except those based on Ty and
among those W1 based on ry all those which to-
gether with their boundary do not intersect Ci, 3
arbitrarily close to ry

e) to exclude all stable and unstable arcs except for the
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unstable distinguished arc from which C, 1, started
and the stable arc to which ci 3 may give rise
to near Ty

f£) to exclude all Y; not based on ry, and asmong those
Yi which are based on Ty all those which are not
partially bounded by the distinguished arc from which
Ci, started

g) for U(ry) NU(C, ;) and U(ry) " U(Cy 4) each to
consist of a single open spherical neighborhood which
excludes Ty and Ty if ry = Iy Ve may assume
that U(ri) was sufficlently small so that the inter-
section consists of two spherical neighborhoods, one
at each end.

Note that d) and f) together imply that the intersection of U(Ci, j) with
the closure of any sector based on ry and r, 1s empty unless the closure
of this sector 1s actually intersected by Ci . We now assume that the
neighborhoods of all the distinguished trajectories of the first and second
kind have actually been constructed.

If Ci is of the third kind it tends toward a closed curve
consisting of sector points and trajectories. If such a closed curve 1s
part of the stable limit set of some trajectory it must be made up of
sector points, distinguished trajectories of the second kind or boundaries
of elliptic sectors. In general, there may be curves, of course, connect-
ing sector points which are not distinguished trajectories of the second
kind or boundaries of elliptic sectors, but these are not part of the
stable 1limit set. Thus, the neighborhoods of the sector points and dis-
tinguished trajectories of the second kind cover the closed curve toward
which Ci,j winds. There exists a point 84, ] on C1 such that the
arc rysy y on Ci,j is entirely contained 1 U(ri) There also exists
a point ti, 3 on Ci, 3 such that the part of the trajectory CJ., i beyond
ti 3 remaeins in previously chosen neighborhoods which cover the closed
curve toward which Ci i winds. U(Ci J 1s now an open spherical nelgh-
borhood of the arc 84, jtk 3 sufficiently small so that

a) U(Ci J) intersects U(r;) in a single open spherical
neighborhood whichr does not include Ty,

b) U(Ci ;) intersects one of the neighborhoods covering
the closed curve toward which it winds in a single open
spherical neighborhood (this may require some modifica-
tion of the neighborhoods previously constructed) which
includes no singular point,

c) With exceptions a) and b) U(Ci J) does not intersect
any of the U'(?ET or any of the ‘U"('Cl'{_f)' previously
constructed,
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d) U(Ci’ J) does not intersect any of the other distinguish-
ed trajectories.

e) U(Ci ) does not intersect any of the UT;')';T or “U(q, J,

£) U(Ci j excludes a1l Y; not based on r; and among
those Y; which are based on ry all those which are
not partlally bounded by the distinguished arc from
which C:L started

g) U(ci j) excludes all W, and all stable and unstable
dist:l.nguished arcs except for the distinguished
unstable arc from which Ci’ j started.

12. Let V = £U(py) + ZY¥;. It is clear that there exists a set
U obtained from V by 1sotopic deformation such that the manifold M is
entirely covered by U + =U(ry) + =U(qq) + zU(Ci)J)- The construction of
such a deformation was described in Section 3. We note that the Wi are
not needed since an open neighborhood of each sector point is covered by
the U(ri) and this neighborhood was sufficiently large to include those
trajectories which are entirely contained in a stable sector and which tend
in both directions to ry .

We now proceed to relate the number of singular points to the
topological structure.

LEMMA 12.1.
BO(U) = NO + Nh
B, (U) =0
By(U) = ©
PROOF OF LEMMA 12.1. Lemma 12.1 1s a direct consequence of the construc-
tion of U.

13. In this section we add the various U(Ci .] . In this connec-
tion we shall use the following notation: When considering the addition of
U(Ci’ ), P(Cy 5) will denote U plus whatever U(Ci ) had previously
been added. d% will denote Bk[P(Ci j) + U(C:L ) - Bk[P(ci J)]. We
start by adding the neighborhoods of the Ci 3 of the third kind

LEMMA 13.1. If ci;] i1s of the third kind (winding

Cy, j)
By[P(Cy 4) + U(Ci’j)] - BOIP(Ci’J)] <0
B1[P(01,J) + U(Ci’J)l - BIIP(Ci’J)] <1
< 0

B,[P(Cy 4) + U(Cy )1 - B,IP(Cy 4)]
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PROOF OF LEMMA 13.1. We shall again use the Meryer—Vietoris Sequence des-
cribed in Section 3. P(Cy J) intersects I:!(C:L in two spherical
neighborhoods if U(Ci’ j) was originally chosen su.f‘ficiently small. The
following sequence 1s obtalned:

0 —>H2[P(Ci,j)] —"He[P(Ci,j) + U(Ci,j)] — 0 — H, [P(Ci,j)]

0 «— Hy[P(Cy )+U(C; )] «— I + Hy[P(Cy ;)] L oor ef—-nllp(ci’j)+u(ci,j)]

Where 1 again stands for the additive group of integers. That f can
not be trivial follows from the construction of the Meyer-Vietoris Sequence
Hence the imege of g has at most one genera.tor It then follows by
inspection of the sequence that di j and di ] are smaller than or equal
to zero and that di j 1s smaller tha.n or equal to one.

We now assume that all the neighborhoods of the distingulshed tra
jectories of the third kind have been added. We next add the neighbor-
hoods of the Ci, 3 of the first and second kind.

LEMMA 13.2. If Ci 3 1s of the first or second kind
and if P(C ;) mcludes all the neighborhoods of the
Ck,1 of the third kind

IA
o

B [P(Cy 5) + UCy 5)] - B,IP(Cy 4)]

B, [P(Cy ;) + U(Cy ;)] - B [P(Cy ;)]

A

B,(P(Cy ;) + UGy, 5)] - B,IR(Cy )]

IA
o

PROOF OF LEMMA 13.2. The proof of Lemma 13.2 1s identical with the proof
of Lemma 13.1.

Lemma 13.3 follows immediately from Lemmas 12.1, 13.1, and 13.2
and the fact that the number of distinguished unstable arcs at a sector
point is smaller than or equal to the number of hyperbolic sectors at this
sector point. .

LEMMA 13.3.
B°[U + zU(Ci’J)] <

A
=
+
=2
F=

B,(U + 20(Cy )] <

A
=2

B2[U + zU(Ci’J)]

1A
o
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14. We next add the neighborhoods of the sector points, U(ri).
In this connection P(ry) will denote at each stage U + ZU(Cy j) plus
whatever U(rj) have previously been added. !

LEMMA 1h4.1. )
By[P(ry) + U(ry)l - By [P(ry)]

A
o

A
1

B, [P(ry) + U(ry)] - B, [(P(ry)]

B,(P(ry) + U(ry)) - B,(P(r;)]

A
o

unless there exists a special closed submanifold of

M entirely covered by P(r;) + U(ry) but not entirely
covered by P(ri) in which case the change in the first
and zeroth, Bettl number is less than or equal to ©0
and the change in the second Bettl number equals one.

PROOF OF LEMMA 1%.1. The intersection of U(ri) with P(ri) consists of
a single open annular region if U(ri) was chosen sufficiently small which
we may assume. The following Meyer-Vietorils Sequence is obtained:

0 — Hy[P(r;)] —H,[P(ry) + Ulr;)] — I BsH [P(r,)]

0¢— H [P(ry) + Ulry)] e Ho[P(ri)] +Iep1I <S—H1[P(r1) + U(ri)]

Again f cannot be trivial. Hence g 1s trivial. We first assume that
h 1s not trivial. Then it follows from the sequence that the second and
zeroth Bettl number can not increase and that the first Betti number
actually has to decrease.

If h 18 not trivial the non-bounding cycle of the intersection bounds in
P(ri). It follows that there exists a closed submanifold entirely covered
by P(ry) + U(ry) but not entirely covered by P(r;). There are no sink
points on this submanifold since the U(qy) have not been added yet. It

is easy to show that the submanifold carries a cycle of the differential
equation. If there exist elliptic sectors or winding distinguished tra-
Jjectories on the submenifolds we are finished. Hence we may assume that
there are none. Since there are no sink points and no winding trajectories
on the submanifold a distinguished trajectory leaving ry has to tend to
some other sector point (there has to be a distinguished trajectory ci,j
leaving ry since there are no elliptic sectors). But by the seme argument
there has to be a distinguished trajectory leaving the sector point to which
Ci, tends. This new trajectory again has to tend to a sector point and
so forth. Since there is only a finite number of sector points this process
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leads to a cycle of the differential equation. Thus the closed submanifold
which is entirely covered by P(ri) + U(ri) but not entirely covered by
P(ry) 1s a special closed submanifold. The Lemma follows.

Lemma 14.2 follows from Lemmas 13.3 and 14.1.

LEMMA 14.2.
Bo[U + zU(Ci,j) + ZU(ri)] SN, + N,
B,[U + z:U(Ci,j) + zU(ri)] < N3 -N, + Ny
B2[U + EU(Ci’J) + ZU(ri)] < N5

15. We next add the neighborhoods of the sink points, U(qi).
At each stage P(qi) will stand for U + ZU(Ci,j) + ZU(ry) plus what-
ever U(qj) have been previously added.

LEMMA 15.1.
By[P(qq) + Ulqy)] - By[P(qy)] < ©
B, [P(qy) + U(qy)] - B;[P(qq)]) < 0
B,[P(qy) + Ulqy)] - B,[P(qy)] <1
PROOF OF LEMMA 15.1. The intersection of P(qi) with U(qi) consists of

a single open annular region. The following Meyer-Vietoris Sequence is
obtained:

0 —H,[P(qy)] — Hy[P(qy )+U(qy)] — I — H,[P(q,)] -2 H, [P(q, )+U(q,)]
0 «—Hy[P(qq) + U(qy)] «—Hy[P(qy)] + T3 1I

f cannot be trivial; hence g 1s trivial. Depending on whether h is
trivial or not the change in the first Betti number is 0 or -1 and the
change in the second Bettl number is 1 or 0. The zeroth Betti number
cannot increase in any case. The Lemma follows.

The following theorem follows from Lemms 14.2 and 15.1.

THEOREM II. Under hypothesis 4,

A

B, (M)
B, (M)
B, (M)

N°+N,‘
N3-N1+N5

A

A

N5 -+N2



SINGULAR POINTS AND LIMIT CYCLES 161

REMARK 15.1. The result seems unsymmetric since one would expect to get
similar results for B, and B, which are, after all, the same. Actually
1t is pnssible to get more symmetric results by deforming in the direction
of (- t) even though #2 was not symmetric. But we shall not try such
an approach at this time and instead postpone 1t to the next part where we
shall have a symmetric hypothesis. However, we note that the estimate of
B2 1s better than the estimate of Bo‘

REMARK 15.2. Something like the number N5 i1s essential to the theory.
The two examples which follow show vector fields on the sphere and on the

FIGURE 16 FIGURE 17

torus which give rise to neither a sink nor a stable limit cycle. In fact,
there does not seem to be anything else which characterizes these vector
fields except that they give rise to a cycle (not a 1limit cycle) and no
sink points. Of course, instead of I‘I5 we could have used the number of
stable limit cycles plus the number of stable sectors, but this estimate
is much worse. Figure 16 shows the construction in one half of the sphere
only; the construction in the other half is to be identical. Figure 17 is
to be made into a torus by double identification.

IV. Inequalities for Limit Cycles and Complicated Singular Points

16. In this part we change the hypothesis to include limit cycles
and center points.

HYPOTHESIS //3. Hypothesis #3 1s identical with hypothesis //] except
that we now permit the 1limit sets to contein any kind of singular point, any
kind of closed curve consisting of singular points and trajectories, and any
kind of closed curve trajectory. The restriction on closed curve solutions
and closed curves consisting of singular points and trajectories are com-
Pletely dropped except that we require the number of closed trajectories to
be bounded in the following sense: For each center point 2y there exlsts
a closed trajectory C; such that
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a) C; 1s contractible to 2z,

b) C4 1s a limit cycle from the outside

c) there exists an open spherical neighborhood around
24 which includes Ci and is free of singular
points

d) there exists only a finite number of closed curve
trajectories in (M - (= Interlior of C,) - {£C;)).

NOTATION. In what is to follow the various symbols will have the same
meaning as in Part III.

Pys Pyy vy PN are the source points.
0

r, r <--» Ty are the sector points.
1

2’
Qys Aps ovey qu are the sink points.

N3, N, and N5 are the total number of hyperbolic sectors, stable sectors
and speclal closed submanifolds respectively, where a submanifold now 1is
considered special only if in additlon to the previously stated properties
it carries no stable or stable-unstable 1limit cycle. (See Section 10.)

Certain new definitions will also be needed. A center point, 2z
will be called stable or unsteble depending on whether C, (See #3.)
is stable or unstable from the outside. Let Zyy Zps cevs st be the stable

center points and let Zy s 2y soeees Zyon be the unstable center
points. 6+1 6+2 677

By hypothesls there exists only a finite number of closed curve
trajectories in (M - I Interior of Gy - zCi]. We shall call these simple
limit cycles, reserving the term limit cycle for a larger class. A simple
limit cycle 1s stable &> 1t has two sides and is stable on both, or if
1t has only one side and is stable on that one slde. The terms stable-
unstable simple limit cycle and unstable simple 1limit cycle are defined
similarly.

Let E,, E, ..oy ENB be the stable simple 1limit cycles.
let F1, Fa’ ey FN be the stable-unstable simple limit cycles.
Let Gy, Gg, eey Gﬁ10 be the unstable simple 1limit cycles.

An alternating sequence of trajectories and sector points may form
the complete 1limit set for certain other trajectories. We call such a se-
quence a limiting configuration. If such a limiting configuration has two
sides (as 1n the case of an orientable manifold) both sides cannot form
complete 1imit sets. Otherwise, the sector points involved would not be
singular points. So whether a limiting configuration has two sides or not
there 1s always a preferred side assoclated with 1it, this belng the side
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on which it forms a complete 1imit set. Any part of a limiting configura-
tion or in fact the whole limiting configuration may be part of some other
limiting configuration on the non-preferred side, of course. See Figure 18.
In Figure 18 the sector points r, r,, and
Ty and the trajectories TI, T2, T3 form a
1imiting configuration from the outside only.
The inside may be part of a limiting con-
figuration but cannot form a complete limit-
ing configuration. Let H,, H,, ..., HN11

be the unstable 1limiting configurations and
Ky Ky ovey KN12 be the stable limiting

configurations.

The term limit cycle will be used for
either simple limit cycles or limiting con-
figurations.

17. We next construct a system of
neighborhoods covering M. The nelghborhoods
of the sink and source points, U(qy) and

FIGURE 18 U(pi), are constructed as before, only we
now assume that they are sufficilently small so that thelr closure does not
intersect any limit cycle or any of the curves Ci which enclosed the
center points. (See Sections 11 and 16.) The Y., Yy, +--, and
W, Wé, «++ will be as in Section 11 the Interiors of the various unstable
and stable sectors.

Ir z, 1s an unstable center point Ci was unstable from the
outside. There exists then a closed curve Di such that

a) Dy 1s outside C; and homotopic to Cy

b) the closed cell bounded by Di 1s at a non-zero distance
from all the singular polnts other than 2y, all the
Ulp;), T(z;) previously constructed, Yy, Wy, Ty ),
C, 1if i1, all the 1imit cycles, and all the tra-
jectories which tend in both directions to singular
points. (We recall that all the simple limit cycles
were contained in (M - I Interior of Cj - ECJ] by
definition and that there was only a finite number
of them.)

c¢) the solution curves through points of Di all cross
from the inside to the outside.

Let U(zy) Dbe the inside of the closed curve D,.
If z; 1s a stable center point U(z4) 1s constructed in the
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same way except that we now require that solution curves through each point
of the closed curve Di cross from the outside to the inside.

If E:L is a stable simple limit cycle U(Ei) will be an open
annular regilon which is sufficiently small to exclude all singular points,
other limit cycles, U'('p_i')', TTay ), U(zi), Yy, Wy, and all trajectories
which tend in both directions to singular points.

If Fy 1sa stable-unstable 1imit cycle we shall assoclate with
it two nelighborhoods, to be defined presently, V(F;) and U(Fi)- If Fy
1s stable-unstable there always exists a closed curve, d, homotoplc to
Fy on the side on which F; 1s unsteble such that all solution curves
through points of d cross d from the open annular reglon between d
and the unstable side of F1 to the other side of d. We shall mean by
V(Fy) the open unstable reglon between the unstable side of F; and d
where d 1s taken sufficlently close to F; so that

a) V(F;) 1is at a non-zero distance from all the singular
points, all the limit cycles except Fi’ and all the
trajectories which tend in both directions to singular
points,

b) the intersection of V'(F’;)' with all the TUlp,J, U(q, ),
UTE;J, U(z3), Wy, ¥y, and all the V'('F'J_)' previously
constructed 1s empty.

U(Fy) will be an open annular neighborhood of F; which does not
contain all of V(F;) end intersects V(F;) in a single open annular
region. It 1s assumed that U(Fi) is sufficiently small for the inter-
section of UIF‘i) with all singular points, all 1limit cycles except Fi’
all trajectories which tend in both directions to singular points, all
U(p;J, all Ulqi), all Ulzif, all Yi’ all W:L’ all UlEi), all
V(F‘j) j #4141, and all U(F‘j) previously constructed to be empty.

If Gy 1s an unstable simple limit cycle let U(Gy) be an open
annular neighborhood of Gy bounded by one or two simple closed curves,
depending on whether Gi has one or two sides, which is sufficiently small
so that

a) the solution curves through points of the boundery
of U(Gy) ocross from U(Gy) to M - U(G{J,

b) the intersection of TU(G;] with all singular points,
all limit cycles except Gi’ all trajectories which
tend in both directions to singular points, all TUlpgJ,
all U('cﬂ')', all ‘U'(E;)', all ¥y, all Wy, all
UTEJ, a1l UTFyJ, all VIFJ, and all UGG;J
previously constructed to is empty.

If Hy 1s an unstable limiting configuration there exists a
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closed curve d homotopic to the limiting configuration on its preferred
side such that all solution curves through points of d cross d4d from
the open annular reglon between d and the preferred side of I-Ii to the
other side of d. U(Hi) will then be the open annular region between Hi
gnd the appropriate d where d 1s taken sufficiently close to I-I.i 80
that
a) the intersection of U’(Hi_)' with all simple limit
cycles, all U'('i)'i'T, all ‘U'Fq_i')', all U’(E;)', all
U'(?'i')', all UMFy), all V(Fy), eall UG, all
Yi’ all wi, and all Ty not part of Hi is empty.
b) the intersection of TUTH;J with those trajectories
which tend in both directions to singular points is
empty unless such a trajectory is part of I*Ii in
which case the intersection conslsts of the whole
trajectory, but is not part of U(Hi) itself
c) the intersection of 'U'(HP' with the sector points
which are part of Hi consists of those sector
points, but again the intersection 1s not part of
U(Hy) itself
d) the intersectlon of U(H;) with any U’(Hj_)'
previously constructed 1s empty unless Hi and
H, share certain trajectories and singular points
in which case the intersection again consists of
those trajectories and singular points but is not
contained in either U(H;) or U(Hj)-

The neighborhoods of the sector polnts ry and the distinguished
trajectories Ci, are constructed as in Section 11. We shall again speak
of distinguished trajectories of the first, second, and third kind. Certain
slight modifications are needed.

U(ri) 1s assumed sufficiently small so that in addition to ful-
f11ling the requirements of Section 11 the intersection of TUlryJ with the
closures of the neighborhoods of center points, simple limit cycles, and
unstable limiting configurations not containing ry is empty. The U(ci,j)
are sufficlently smell now so that in addition to fulfilling the require-
ments of Section 11 the intersection of U(CI,J) with the closures of the
neighborhoods of center points, simple limit cycles and unstable limiting
configurations not contalning Ci’ i1s empty. If an unstable limiting
configuration Hy contains Ci, let the intersection of U(H_) with
U(Ci, J) consist of a single open spherical neighborhood.

18. Let V = (ZU(py) + XYy + ZU(Gy) + ZU(Hy) + ZV(Fy) + ZU(zy))
where the last sum extends only over the unstable center points. It 1s
clear that there exists a set U obtained from V by isotopic deformation
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such that

U + ZU(qy) + 2U(ry) + zU(Ci’j) + TU(Ey) + ZU(Fy) + £U(z4)

cover M where the last sum extends only over the stable center points.

We indicate briefly how the deformation is carried out. In the
case of a source point, unstable center point, or unstable simple limit
cycle we always reparametrize so that the parametric value of the solution
curves is constant on the boundary of the chosen neighborhoods. In the
case of an unstable sector we reparametrize so that the parametric value
is constant on the part of the boundary of the sector which is not a dis-
tinguished arc or a singular point (we recall that the unstable sectors
were modified so that all solution curves crossed this part of the boundary
from the inside to the outside). 1In the case of the neighborhood of a
stable-unstable simple 1limit cycle or an unstable limiting configuration
we reparametrize so that the value of the parameter remains constant on
the curves which we called d in the construction of the neighborhoods of
stable-unstable simple 1imit cycles and unstable simple limiting configura-
tions. (See Section 17.) V can then be expanded homotopically to
arbitrarily large parametric values.

LEMMA 18.1.

BO(U)5N0+Nu+N7+N9+N‘0+N”

B,(U) < Ny + N

L]
o

B, (U)
PROOF OF LEMMA 18.1. Lemma 18.1 1s a consequence of the definition of U.

LEMMA 18.2.
B,[U + ZU(ry) + zU(Ci’j)] SNy + Ny + Ny o+ Ng o+ Ny + Ny

B,[U + =U(ry) + ZU(Ci,j)] < Ng + Ny + Ny + Ny + Ny - N,

B,[U + ZU("i) + zU(ci,j)] <N
PROOF OF LEMMA 18.2. The proof of this lemma is identical with the proofs
of Lemmas 13.1, 13.2, 13.3, 14.1, and 14.2 in Sections 13 and 14.

It remains to add the neighborhoods of the stable limit cycles,
sinks, stable-unstable limit cycles and stable center points. We shall
first add the neighborhoods of the stable limit cycles, U(Ei). In this
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connection P(Ei) will denote U + ZU(ry) + ZU(Ci,;j) plus whatever U(Ej)
have previously been added.

LEMMA 18.3. If a certain number or none of the U(E,)
have been added to U + zU(ry) + EU(Ci,j)’ but U(Ei)
has not been added previously

B,[P(E;) + U(Ey)] - B [P(E)]

IN
o

B,[P(E;y) + U(E{)] - B,[P(E;)]

IA

B,[P(Ey) + U(E{)] - B,[P(E;)]

A

PROOF OF LEMMA 18.3. U(Ei) and P(Ei) intersect in two open annular
regions. The following Meyer-Vietoris Sequence (see Section 3) 1s ob-
tained. I agaln stands for the additive group of integers.

0 — H,y[P(E;)] — H,[P(E,) + U(E;)] — 2 By1+ B, (P(E;)]
0 «— HO[P(E:L) + U(Ei)] — I + Ho[P(Ei)] - QI‘T H, [P(Ei) + U(Ei)]

That f can not be trivial follows from the construction of the
Meyer-Vietoris Sequence; hence the image of g has at most one generator.
The image of h has one or two generators since the non-bounding cycle of
the intersection does not bound in U(Ei). If the image of h has two
generators none of the Bettl numbers can increase; if the image of h has
one generator, only the first and second Betti numbers can increase (by at
most one each). The Lemma follows.

We assume now that all the neighborhoods of the stable simple
limit cycles have been added. We next add the chosen neighborhoods of the
stable-unstable simple limit cycles. When adding a neighborhood U(Fy)
P(F;) will denote U + EU(Ci,j) + ZU(ry) + 2U(E;) plus whatever U(FJ)
have previously been added.

LEMMA 18.4. If a certain number of the U(F,) or none
have been added to U + ZU(C:L,;]) + ZU(ry) + ZU(E;) but
U(F;) has not been previously added

By[P(Fy) + U(Fy)] - By[P(Fy)] < ©
B, [P(Fy) + U(Fy)] - B [P(Fy)] < 1
B,(P(Fy) + U(Fy)] - B,[P(Fy)] <
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PROOF OF LEMMA 18.4. The proof 1is identical with the proof of Lemma 18.3.

We assume that all the neighborhoods of the stable simple 1limit
cycles and of the stable-unstable simple 1imit cycles have been added to
U+ 2U(ry) + ).‘.U(C1 ). We shall add the neighborhoods of the stable center
points, U(zy). P(z.i) will denote U + zU(C1 j) + ZU(ry) + zU(Ei) + £U(F,)
plus whatever U(z J) have previously been added.

LEMMA 18.5. The addition of U(zy) has the following
effect on the Bettl numbers:

By[P(zy) + U(z4)] - By[P(zy)]

A
o

B, [P(z) + U(zy)] - B,(P(z,)]

1A
o

Ba[P(zi) + U(zy)] - B,[P(z4)]

IA

PROOF OF LEMMA 18.5. The intersection of U(zy) with P(z,;) consists of
a single open annular region. The following Meyer-Vietoris Sequence 1s
obtained:

0 — Hy[P(zy)] —»H,[P(z,)+U(z;)] — I B H [P(2,)] — H, [P(z;)+U(z,)]

/s

0 «— Ho[P(zi) + U(zi)] — Ho[P(zi)] P P S

f can not be trivial; hence g 1is trivial. The image of h either has
one or zero generators. If the image of h has one generator none of the
Betti numbers can increase. If the image of h has no generators only the
second Betti number can increase (by at most one); the Lemma follows.

Finally we add the neighborhoods of the sink points, U(qq)- When
adding a nelghborhood U(qy) P(gy) will denote U + zU(c1 j) + ZU(ry) +
zU(Ei) + EU(Fi) plus all the neighborhoods of the stable center points and
whatever U(q,) have previously been added.

LEMMA 18.6. The addition of a new U(gqy) has the follow-
ing effect on the Betti numbers

B,[P(qy) + Ulqy)] - By[P(qy)]

A
o

B, [P(qy) + Ulqy)) - B,[P(qy)]

A
o

BalP(qi) + U(qi)] - B,(P(qy)]

A
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PROOF OF LEMMA 18.6. The proof of Lemma 18.6 is identical with the proof
of Lemma 18.5.

19. Lemmas 18.2, 18.3, 18.4, 18.5, and 18.6 together imply the
following theorem:

THEOREM III,. Under Hypothesis # 3

B,(M) < N, + N, + N + Ny + N + N

7

B, (M) < Ng + 2Ny + N, + Ny, + N+ N; - N,

B2(M)5N5+N2+N6+N9+N8

By reversing the direction of all trajectorles it 1is possible to
prove the symmetric Theorem III]3 of which we shall note only two of the
relations

THEOREM III;. Under Hypothesis #3

B,(M) < Ng + 2Ny + Ny + N, + NJ - N

5 1

9

B,(M) < N& *+ Ny + Ny + Ny + Ny

where Ng, defined symmetrically to the old N5 ,
1s the number of closed submanifolds of M which
carry a cycle (see Section 10) of the differential
equation but on which there are no source points,
unstable center points, unstable simple limit
cycles, or stable-unstable simple limit cycles.

It 1s clear that on each of the submanifolds just defined there
exlsts elther an unstable sector or an unstable limiting configuration.
Hence, Né < N, + N;;. Since the second and zeroth Betti number are the
same we may therefore substitute N% for N, + N,, in the estimate of
B, of Theorem III,. It also follows from the definitions that each of
the closed submanifolds counted under N5 or Né contains a sector
point; thus elther N5 or N% 1s < N‘ which gives a simpler but weaker
form for the estimate of the first Bettl number. The following theorem

then follows.
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THEOREM III. Under Hypothesis # 3

By(M) ¢ Ny + Np o+ Ng + Ny + N& < Ny + Npo+ Ny + Ny + Ny + Ny

B, (M) < Ng + 2Ng + Nyo + Ny + Ny + N - N,

or < Ng + 2N9 + Ny + N3 + min(N11,N12)
B (M) < Ng + 2Ng + Nyg + Ny + Ny + N3 - N,

B,(M) < N, + Ng + Ny + Ng + Ny < N, + Ng + Ny + Ng + Ny + Ny

where all the constants except N13 were defined in

Section 16. N‘3 i1s the number of stable sectors.
OBSERVATION ON UNIQUENESS. It 1s clear from the proof of Theorem IV that
this theorem holds even if the differential equation under consideration
does not have unique solutions in sufficiently small neighborhoods of the
sink points, source points, center points, and simple limit cycles. In
Section 17 a serles of nelghborhoods were constructed. Some of these
neighborhoods were subsequently deformed and some were not deformed. If a
neighborhood was not deformed it does not matter from the point of view of
the proof if the differential equation did not have unique trajectories in
this neighborhood. If a nelghborhood does get deformed we can permit non-
uniqueness in a sufficiently smaller sub-neighborhood, without affecting
the deformation process.

REMARK ON THEOREM III. We shall show in & series of examples that the
constants on the right hand side of the inequalities represent roughly the
best possible estimates. In particular, we shall show that something like
N5 and Né is required and that counting the stable-unstable limit cycles
twice in the estimate of the first Betti number 1s essentlial. The first
two examples were previously given in Section 15 but the interpretation was
different.

EXAMPLE 1. A vector field on the
torus 1s obtalned by double identi-

> ficatlion of the sides of the rectangle
of Figure 19. In this case N3 =2,
N,o= 1, N5 =1, Né =1, N, =1,

and N13 = 1; all other Ni = 0.

FIGURE 19
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Hence Theorem III gives

B, (torus)

A

B, (torus) < [2 + 1 - 1]

B, (torus)

1A

EXAMPLE 2. A vector field is
constructed on the sphere of which we
only show the front half. The be-
havior on the rear half 1s assumed
identical. There exists a single
singular point which is a sector
point with two elliptic, one stable,
and one unstable sector. Hence,

Ny =1, Ny=1, Ni=1, N =1,

and N13 = 1 while all the other

Ny = 0. Theorem IIT then takes the
FIGURE 20 following form:

B, (sphere) < 1

B, (sphere) < 1 -1

B, (sphere) < 1.

EXAMPLE 3. It 1s easy to construct a vector field on the torus such that
the 1imlt set consists of a single stable-unstable simple limit cycle. In
this case, N9 = 1 and all the other Ni = 0. Theorem III then takes the
following form:

N, (torus) < 1
N, (torus) < 2

N, (torus) < 1.

V. Applications of the Inequalities

20. We assume throughout this part that Hypothesis # 3 is
satisfied.

a) Suppose there exists a component of M without a cycle, i.e.,
no closed curve consisting of both singular points and tra-
Jectories can be given a direction which coincides with the
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direction of all its trajectorles. Suppose there also exist no
center points on this component of M. Then N5 and N5

are zero. It follows from the inequality involving the second
Betti number that there has to be a stable simple limit cycle,
or a stable-unstable simple 1limit cycle, or a sink point on
this component. (The important point here 1s that the stable
sectors do not enter the picture.) Similarly, there has to

be an unstable simple limit cycle, or a stable-unstable simple
1limit cycle, or a source point on this component.

b) Suppose M 1s a k-handled sphere and suppose there are no
sector points on M. Then N1’ N3, N5 and N” are zero.
The inequality for the first Betti number implies that the
number of 1limit cycles 1s greater than or equal to k.

c) Suppose M 1s again a k-handled sphere. Suppose none of
the sector points has hyperbolic sectors. Suppose also that
there exlsts either a sink point or a source point or a
center point. Then elther N5 or N% 1s zero. It then
follows from one of the two lnequalities for B, (M) that
the number of 1imit cycles 1s greater than or equal to
(k + one half times the number of sector points). This
inequality improves if we assume that all the simple limit
cycles are either stable or unstable. In this case the
number of limit cycles 1s greater than or equal to (2k +
the number of sector points).

d) Suppose M 1s agaln a k-handled sphere. N5 is either
zero or 1. If k 1s large i1t follows from the inequality
for B, that there are elther many hyperbolic sectors or
meny limit cycles.
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VIII. BANACH SPACES AND THE PERTURBATION OF ORDINARY
DIFFERENTIAL EQUATIONS

George Hufford'

1. Introduction

The terminology and theory of Banach spaces can be a powerful
tool for the study of ordinary differential equations. A striking example
is the way in which the fundamental existence theorem 1s very elegantly
proved using Schauder's fixed point theorem (1). A second example, one
which we should like to present here, concerns an autonomous system of
differential equations having a periodic solution and the results of
glving this system a periodic perturbation. This 1s a problem which has
been previously treated by Krylov and Bogoliubov (2) and by Levinson (3);
but, as will be seen, our treatment 1s more general and, in a sense, simpler.

I wish to acknowledge here my indebtedness to Professor 3. P.
Diliberto of the University of California who suggested the problem, and to
Professor 8. Lefschetz who was a constant encouragement.

Let us begin, then, with an autonomous system of n differential
equations which we write in the vector form

(1.1) F - x(x)

where, say, the second derivatives of X(x) satisfy a Lipschitz condition.
Let there exist a solution

(1.2) x = u(t)

of period 1.

in candidacy for the degree of Doctor of Phlloso; . It was done in
connection with an Office of Ordinance Research Project, OOR Contract No.
DA-36-034-0RD-640.

' Tnis 1s a dissertation presented to the faculggyof Princeton University
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Then we can write the equation of first variation

(1.3) g_\é = bxguxgtz) v

where the right hand side 1s meant to represent the n x n Jacobian matrix
acting on the n-vector v. This equation is a linear homogeneous equation
with periodic coefficients, and if V 1s a matrix consisting of n col-
umns of linearly Independent solutions, then it 1s well known that V may
be written as

(1.4) v(t) = P(t)eh?

where A 1s a constant (complex) matrix and P(t) a non-singular matrix
of period 1. The real parts of the characteristic roots of A are
Liapounov's characteristic numbers. Thelr values are decisive in the
analysis that follows.

In order to emphasize the special role that the trajectory (1.2)
plays, we shall want to transform our equations to coordinates
(y1, cees Ypoqe 6) defined by some such equation as

(1.5) x = u(e) + s(e)y

where S(e) 1s a suitable n x (n-1) matrix of period 1 and of, say,
class Cu. That such a transformation can be satisfactorily made, at least
within a neighborhood of the trajectory (1.2), has been shown by Levinson
(3). It might well be profitable to present here a paraphrase of his proof.

We remark firstly that (1.5) will always define a new set of
coordinates 1n some nelghborhood of the curve (1.2) provided that at all
points on this curve the Jacobian satisfies the inequality

a(x1...xn)

(1.6) 3T§TTTT?;:7737 = |3(e) X(u(e))| # o

Thus we must look for a matrix S8(6) for which this is true. Note that
the regularity of S5(6) need not concern us, since as long as we can find
a continuous matrix satisfying (1.6), we can always find a second matrix
having any required number of derivatives but whose elements differ from
those of the original matrix by as little as desired, thus maintaining the
inequality (1.6).

Now if the dimension of our space n = 2, then put
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X, (u(e))
(r.7) S(e) =
- X, (u(e))
and (1.6) follows immediately. Suppose, therefore, n > 2, and consider
the curve in n-space defined by x = X(u(e)). It is of class c® and so
cannot be space filling. Thus there exlsts a ray extending from the
origin which does not intersect this curve, and we may, without loss of

generality, suppose that this ray coincides with the x,-axis. In other
words, we can assume

n
Y X, (u(e))? > o.
i=2

Then put

KX, (u(o)) Kx3(u(e)) <. KX, (u(e))
(1.8) S(e) = 1 0 0
0 1 0
1

The Jacobian (1.6) becomes

KX,(u(e)) KXg(u(e)) ... KX, (u(e)) X, (u(e))

1 0

(1.9) 0 1
| X, (u(e))

n
- - GOR [x e - X 12 Xy (ate))? |
=2

end this, if K 4s only large enough, will never equal zero.

To continue, after we have made the coordinate transformation
(1.5) the trajectory (1.2) is defined by y = 0, 6 = t, &and the equation
(1.1) becomes

%% = Y(y, o)

g% = O(Y} 9)

(1.10)
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where Y(y, 6) 1s, of course, an (n-1)-vector. Note that Y and 6 both
have period 1 1n 6, that both have second derivatives which satisfy a
Lipschitz condition, and that

Y(o, 6) = ©
(1.11)
9(0} 9) = 1

Now consider a new, perturbed system of differential equations

(1.12) F-Xx, b, €

where € 1s a real number (or, with only very slight modifications in what
follows, an element of any locally compact topological space), where

X(x, t, €) 1s a function whose second derivatives with respect to x and
t are continuous in € and satisfy a Lipschitz condition in x and t,
vhere X(x, t, €) 1s of period T in t, and where finally

X(x, t, 0) = X(x).

The curve defined by (1.2) 1s, of course, not a trajectory of our
perturbed system, but there is nothing to prevent us from continuing to
describe points 1n its neighborhood, and the motion of such points, by means
of the coordinates (y, 6); and this we shall henceforth do. Thus, our
perturbed system (1.12) must be rewritten in the form

%% =Y(y, 6, t, €)

(1.13)
g'g= 8(y, 6, t, ¢)

where the functions Y and @ satisfy the same conditions as does X and
in addition have period 1 in 6.

Now, let us suppose that at t = 0 we start at a point (y,, 6,)
and follow its motion until t = T. Assuming that e 1s small enough and
(yo, eo) close enough to the curve (1.2) so that this motion does not
leave the domain of definition og our new coordinate system, the point
(yo, eo) will have been carried to a point given by

¥y = F(Yo: LY <)
(1.14) {

6 = ¥(¥or 6o €)

where, of course, F(y, 6, €) 1s an (n-1)-dimensional function and
¥(y, 6, €) a simple one dimensional function. Note, too, that since the



PERTURBATION OF DIFFERENTIAL EQUATIONS 177

differential equation (1.13) has the period T, 1t is also true that the
point (y,» 6,) at t = kT, k being any integer, will be carried into
the point (1.14) at t = (k + 1)T.

Some properties of the functions F and vy are noteworthy.
Since, in a sense, they are the general solution to (1.13), and since the
right hand side of (1.13) has second derivatives which satisfy a Lipschitz
condition, it follows that the second derivatives of F(y, 6, €), v(y, 6, €)
with respect to y, 6 exist and are continuous in y, 6, €. Furthermore,
F hes the period 1 1in 6, while v(F, 6 + 1, €) = y(y, 6, €) + 1. And
finally, since y =0, 6 = t, € = 0, 1s a solution to (1.13) we see that

F(o, 8, 0) = 0
(1.15)
v(0o, 6, 0) = 6 + T

Now let us wander afield a bit to consider the Banach space '
whose elements o are the (n-1)-dimensional, real valued functions (o)
of class ' and of period 1. The norm 1is defined as

(1.16) || = ma.x(laj(a)!, |daj(o)/de|; J=1...n-1, 0<6<1)

Clearly, if the element « 1ies in a small enough neighborhood of 0, it
may be interpreted as a closed curve

(1.17) a: y = ale)

in n-space lying in a neighborhood of the curve (1.2).

Consider the mapping of n-space into itself which 1s obtailned by
following along for a glven length of time the trajectories resulting from
(1.13). Since it carries closed curves of class ¢' 1into closed curves of
class C’, it 1s very natural to think of this mapping as the transforma-
tion of an element o of ¢' 1into some other element of €'. In par-
ticular, if we consider the curve y = a(6) at t = kT, then at
t = (k + 1) it will have been carried into a curve which we can define
parametrically by

y = F(C{(O), %, e)
(1.18) fla, €): {
6 = vl(a(e), o, €)
By this notation we mean that f(x, ¢) 1is the new element of ¢' and that

it corresponds to a certain closed curve in n-space whose coordinates (y, o)
are prescribed in terms of the parameter ¢ by means of the equations (1 .18).
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Thus for each value of ¢ we begin at t = kT with the initial point

Jo = ®(¢), 6, = ¢ which is located on the curve «, and at t = (k + 1)T
this point will, because of (1.14), have been carried into the correspond-
ing point of (1.18).

One further provision, however, must be made before we can say
that this new curve is actually an element of 6': we must require y to
be a single valued function of 6, which in turn requires o to be a
monotonic function of ¢. But

(1.19) %2=%—§+§-}%%

and since, because of (1.15), dy(o, 6, 0)/d6 = 1, the derivative will
always be positive provided that e and ||| are small enough.

To summarize, for each € small enough we have defined a trans-
formation of a certain open set D C ¢' which contains the origin, into
the space €¢'. It is with these transformations that we are to be concerned.

Note especially, that i1f there exlsts an element « such that
f(a, €) = @, 1in other words, if there exists a fixed point, then any point
of n-space which at t = 0 1s on the curve represented by o, will always
return to this same curve at t = kT. The motion of such points 1s there-
fore described as motion on a two dimensional torus imbedded in n-space,
and the analysis of Poincar& and Denjoy (4) will be applicable. From this
and the fact that y(x(¢), ¢, €) 1s twice differentiable, it follows
immediately that the motion is almost periodic.

Our purpose, then, will be to show that such fixed points do ex-
ist under proper conditions. To be specific, we shall prove the following
theorem.

THEOREM 1.1. If the only characteristic number of the
equation of first variation (1.3) which 1s zero is the
one assoclated with the solution v = X(u(t)), then for
any € small enough there exists a unlque closed curve
of class G2 which after a time T 1s carried by the
motion resulting from ‘the perturbed equation (1.12),
Into itself.

2. The Implicit Function Theorems

We turn now to a few theorems involving functions on arbitrary
Banach spaces. These theorems, together with thelr proofs, are very similar
to theorems proved by Lusternik and Sobolev (5). However, we include them
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here both because of slight differences in their formulation and because the
above reference is rather ilnaccessible to the English reading public.

Let f(a) be a function from an open set D of a real Banach
space ¥ into another Banach space 9 . We say that f(x) 1s differentiasble
at o 1if for any 4 € % the limit

(2.1) 1im % [f(x + 8) - £(x)]
s —0

exists and is a bounded linear transformation in =n. This bounded linear

transformation is called the derivative and is denoted by f'(«) or,

variously, by f(a). Thus the limit (2.1) is written f'(a)y or foladn .
Now, let B* be any element of the adjoint space 9 *. Notice

then that for small enough s the expression B*f(x + sn) 1s a function

of the real variable s, and furthermore, that it is differentiable at

s =0,

é% p*f(x + s7) = lim %'[5*f(d +8n) - B*f(a)] =
8 —0
8=0
(2.2)
= p*f! (a)y

THEOREM 2.1. Let aqy, ay be two points such that the
straight line joining them L(a;, @,) = {a]a = a; +
s(a2 - al), 0 <8< 1} 1lies wholly within 9. Suppose
that the function f(a) 1s differentiable at every
point of this line and that the derivative f'(a) is
continuous along it. Then

(2.3) £ Cey) = £l < sup £ ()]l - llo, - ol

deL(d1,d2

PROOF. Let B* be any element of §*. Then the expression ﬂ*f(al +

s(a2 - a1)) is a continuously differentiable function of the real variable
s, and it follows from the mean value theorem that there exists a corre-
sponding s*, 0 < 8* < 1, such that

(2.4) Baf(ay) - B*(a,) = £& B (a, + s%(0, - @)

Thus from (2.2)
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le*(£(ay) - £le )] < lB*ll - IE' (@) + %@, = o))+ o, = o,
(2.5)
B £ . - .
< lexl o“L(;::!?%)II @] - ey = ol

But 1t 1s a known theorem that there exists one B*, ||B*|| = 1, for which
the left hand side attains the maximum value of |f(«,) - £(a,)|l- The theo-
rem follows.

THEOREM 2.2. The implicit function theorem. Let
f(x, u) be a continuous function on ® x & to 9,
where & 1s any topological space. And suppose
1) forevery o e®, p €6, f(o, u) 1is
differentiable and in addition the
derivative f (x, p) 1s continuous in
both o and u;
11) there exist @, and u, such that
f(aoy “O) = 0;
111) the inverse fd(ao, uo)'1 exists and
1s a bounded linear transformation.

Then there exlsts a neighborhood No of ko Such
that for any u € N, there is a corresponding unique
a(u) for which f(a(u), u) = 0. Furthermore, the
function o(p) 1s continuous.

PROOF. Define the function

(2.6) gla, u) = £,ay, u)™" (£, (e

or Bola = £la, u)l

This 1s a continuous function on D X & to %, and for every o ¢ D,
u € & it has a derivative

(2.7) ooy 1) = £,a, w7 L (0, vy) = £ola, u))

which 1s also continuous in both « and u. Furthermore, we have the
particular values ’

B(C‘o: Mo) = aO

ga(do; MO) = 0.

(2.8)

From here we proceed almost exactly as in the proof of the ordinary
implicit function theorem. Choose any positive k < 1; then there exists
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& o and a neighborhood N, of 4o such that | - aoll <p and u eN,
imply

(2.9) gy (e, vl < k
Again, there is also a neighborhood I‘I2 such that 4 e N2 implies
(2.10) lglay, u) = agll < o(1 - k)

Let N, C N, N N,. Then w e Ny, lloy - apll < p, llo, - o ll <o
imply

sup gy (e, w)ll < k;
czeL(al,ae)

and therefore by Theorem 2.1 and from the fact that g(x, u) 18 continuous-
1y differentisble along L(x,, @,) it follows that

(2"1) "g(ag’ ”') = g(d.', “)" < k"dz - CX.'"
Now, define by iteration

(2.12) @y = 8o, u)

This forms a sequence which is well defined as long as "dn - 0’0" <p, and
we must show that this inequality 1s indeed true for all n. Suppose, first
that Jlo, - e <o ... Ilan - aoll < p; then we have for j =0, ..., n,

||aj+1 - C*J" = |[8(aj: u) - 3(“,1.1’ W) < kl|aj - aj_1||
(2.13) < kgllaj_1 -l < < e, - o,

= Wlglay, ) - agl < o1 - kncd .
Thus

bty = ol < logyy = all + llog = @yl + wve + oy = a

(2.14) <ol =K+ KT 4 L+ 10) <

Whence |la, - o:oll <p for all n.

Furthermore, for any n, p we have
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< [+ e+ o ol

“an+p - ol %n+p ~ o’m»p-ll n+l - “n

(2.15)

<ol - K)EM™PTT 4 41 < kP
And since thils last tends to zero as n goes to infinity, [anl 1s a
Cauchy sequence and so converges to some element o(n). Because g(o, u)

is continuous, g(an, u) —> gla(u), u) and oa(p) = gla(p), u) which is to
say f(a(u), u) = 0.

To prove uniqueness, suppose there were a second element o' such
that Jla' - ol < p and f(a', u) = 0. Then

(2.16) fleu) - a'll = lglaln), u) - glet, w)ll < klla(n) - ']l

from which it follows that o' = a(p).
Finally, if u, u' € NO, we have

fle(u) = au')ll = lgla(u), n) - glaln'), u')l
(2.17) ‘ < lglalu), u) - glae(u), u)l + llgle(u), u') - gla(ut), u*)
< llgla(un), u) - gla(u)y, u")ll + klla(u) - au")]

or

(2.18) leCu) = (el < g lelat), u) - glatu), w)l

so that continuity follows. Thus the theorem 1s completely proved.
Using the same notation we have the formal statement

© n

tlor 07 = D {far )" [falags mo) - Gyl )]} gl wg)”!
n=0
(2.19) © n
=2 [ga(or, u)] folan, ug)™!
n=o .

But from (2.11) it follows that for |lo - o ll < p and u e Nj, the series
converges and hence truly represents the inverse. In particular, we have
shown that for u e N, the inverse £ laln), u)~' exists and 1s bounded.

THEOREM 2.3. If @& 1s itself a Banach space or an open
subset of & Banach space, and if, besides the properties
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set forth in Theorem 2.2, there 1s a point u € N,
such that wvhen o« = o(u) the function f(o, u) has
a partial derivative with respect to u, then the
function a(u) 1s also differentisble at u and

(2.20) a'(n) = - £ fa, u)'lfu(a, )

PROOF. Let n be any element of & (or of the Banach space in which &
lies). Then we know already from Theorem 2.2 that o(u + sq) 1s a con-
tinuous function in s. But we can show even more than this; for from

(2.18) there follows

Iglatu + sn) - @Gl < 73 Iglg(@, u + sn) - gle, W]

(2.21) < 1o M50 ug)™ I+ I3LEe, w ¢ 80) - £la, W)
— i e lag, w)™ - U, (@, Wi

8o that the quantity M;—[a(u + 8n) - a(u)]|| 1s bounded. Then also

Iglats + sn) - a(u)] + 6@, w7'E (@, whal

1A

Iegler w7+ gy (e w) g lalu + sn) = a(u)] + £,(a, whal
(2.22) < lEglen w7 g (o wdn - g (£(@, w o+ 8n) - £la, w]]
g, w7 (e w) § Lalu + 8n) - alu)]
+ g [£(, u +8q) - £, W -
In this last, the first term goes to zero because of the definition of

fp(a, u)n. And as for the second term, since f(x, p) = £(a(u + sq), u + 89) = 0,
we have

£ty ) —;—[cx(u +89) - a(u)] + %—[f‘(a, B+ 8y) - £la, W)l

(2.23)

= I3n(a(e + 51)) - hla(u)]]
where
(2.2%) n(e) = £,(a, u)p - £(8, u + 81) .

Now at all points B €9, h(B) 1s differentisble, and

(2.25) h'(s) = fa(a; n) - ra(ﬂ) H o+ 9\’1) .
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Purthermore, we have on the one hand that B = a¢(p) and s = 0 gives
h'(B) = 0, and on the other hand that h'(p) 1s continuous in both B
and s. Therefore 1t follows from Theorem 2.1 that

lgthtatu + sn)) - Bl s sup(lh' (), B € Lia(u + 37); a(u)))

(2.26)
. "-;—[d(p +8q) - a(u)lf] —o.

And so the theorem is proved.

3. The Proof of Theorem 1.1

As 1t turns out, the proof of Theorem 1.1 1is accomplished best
not by treating directly the function f(a, €) of (1.18), but instead by
considering the function

Yy = F(B(e), ¢, €)
(3.1) g(B, 7, €): {

6 = v(r(e), ¢, €)

Defining 9 to be the same subset of ¢! which was introduced in Section
1, it 1s clear that g(B, 7, €) 1s defined for all B, y ¢ d end € small

enough. And what we now intend to show 1s that there is an € such that

for any |e| < e, there exlsts a corresponding o € ® for which
a = gla, o, €).

First of all, we remark that for any B, 7, € within the range
of definition g(B, 7, €) 1s differentiable with respect to B. Thus for

any n € ¢
7 = bF!B(;y)'lole) n(e)

(3.2) 8By 7, €)n:
6 = y(ry(0), ¢, €)

In particular, we have the very importaent special case
(3.3) SB(O: o, 0)"]: y = QF—(Q"#-TI—OL 1)(9 -T) .

Furthermore, note that 8g (B, 7, €) 1s continuous in all three of its
variables.

Now consider the equation 0 = B - g(B, 7, €). We want to solve
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it for p in terms of 7, €. 3Since we have already g(o, 0, 0) = 0, all
the conditions of Theorem 2.2 are satisfied if we can only show that
[1 - gﬂ(o, 0, 0)1°! exists and 1s bounded.

To do this we must consider the exact form that the derivatives
oF(o, 6, 0)/dy take. But as we mentioned before, the functions F(y, 6, €),
v(y, 6, €) are, in a sense, the general solution to (1.10), and therefore
their derivatives are solutions to the equation of first variation

e e

where, of course, we suppose the Jacoblen matrix evaluated at y = 0, 6 = t,
€ = 0.

Now, since the transformation (1.5) 1s periodic and since its
Jacoblan vanishes nowhere, the solutions to (3.4) have characteristic
numbers which are identical with those of the solutions to the original
equation of first variation (1.3). Indeed, if W 1s a matrix of linearly
independent solutions to (3.4), we can write

(3.5) W(t) = Q(t)eht

where A 1s the same constant matrix introduced in (1.4) and where Q(t)
1s some non-singular matrix of period 1.

It follows from (1.11) that the last column of the Jacobian
matrix in (3.4) consists solely of zeros. Therefore the n-vector

(3.6)

-0+ s+ 0

i1s a solution, and if we suppose that initially W(t) 4is the cunit matrix
then the last column is exactly this solution and so will always remain
constant. Thus

W) o
(3.7) ot = W(1) -

x(1) 1

vhere W(t) 1s an (n-1) x (n-1) matrix and x(t) an (n-1) row vector. But
from the form of (3.7) it 18 easy to see that A may be chosen so that its
last column, too, consists solely of zeros, and henceforward we shall suppose
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that this 1s so. Note finally that this implies that the last column of
Q(t) 1s also equal to (3.6).

Thus it follows that at y = 0, 6 = 6, € = O,

o) 3 ;9) = W(e + T)W(e)™"
3.
= (e + T)elT(e)™!

But all the matrices of this equation have the same form, inasmuch as their
last columns are always equal to the column vector (3.6). Thus, if we wish
to determine the first n-1 rows and the first n-1 columns in this matrix
equation, we see that neither the last rows nor the last columns have any
effect, so that

(3.9) éﬂ%‘b—ﬂ - 3(o + eATG(e)"

where K, 6 are the matrices formed from the first n-1 rows and the n-1
columns of the corresponding n x n matrices A, Q.

Now we can proceed to prove the existence of [I - gs(o, 0, 0)17'.
Actually what we shall do is to prove its existence on the (complex) Banach
space of all complex (n-1)-dimensional functions «(6) of class ¢! and
period 1. But then the transformetion I - gs(o, 0, 0) defined in the
obvious way over this new complex space cannot carry any function with
non-zero lmaginary part into purely real ones, because this would be tanta-
mount to the existence of purely imaginary functions which are carried into
zero, a thing which is forbidden since the inverse exists. It follows that
the inverse must carry purely real functions into purely real functions,
and therefore defines a bounded inverse on our original space g

Define, therefore, transformations on the complex space

g Qn: ¥ = Qe)n(e)
(3.10) ~
B oy =eate-1) .
There follows immediately

(3.11) ' ¥ = Qo) "n(e)

and

o,

(3.12) gg(0, 0, 0) = QBQ”"
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So that the inverse exists if and only if (I - B)"' exists.

LEMMA 3.1, If none of the characteristic roots of the
matrix e 1s of absolute value 1, then the trans-
formation

(3.13) (I -B)n: 3 =n(8) - ATq(e -m)
has a bounded inverse.

PROOF. Let R be the non-singular matrix for which R_'eATR is in
canonical form. Then (I - B) has a bounded inverse if and only if

(3.14) R°(T - B)Rn: 3 = n(6) - R-eATRy (6 - T)

has a bounded inverse. But this transformation acts independently on cer-
tain linear subspaces of ' , these subspaces being characterized as the
r-dimensional, complex valued functions of class ¢! and period 1. Thus
(3.14%) can be written as the direct product of transformations each having
the form

(3.15) (I - A)n: ¥y =n(0)- a6 -T)
where A 1s an r x r matrix of the form
A 0 .. 0 0
1 P
(3.16) A=
0 0 1 x
and |r| # 1. It follows that (I - B) has a bounded inverse if and only

if each of the subtransformations (I - A) have bounded inverses. Let us
conslder the two cases that arise.

CASE I. |a| < 1. Let

8

(3.17) S =
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be a "shear" transformstion such that |A| + |8] < 1. Then

A0 o o0
L

(3.18) 8187 'y y - . .
o 0 8 A

It follows from the definition (1.16) of the norm that IISAS"II = |a] + |8]

and thus

(3.19) (T -8 =8 -nT"8" - Y (s
n=0

converges and so defines a bounded transformation.

CASE II. |r»| > 1. 1In this case the matrix A has an inverse

characteristic root is 1/, and, of course, |[1/r»| < 1. Then

(3.20) Alyr g e A8+ T)

is a well defined bounded linear transformation. From the previous case

the inverse of

(3.21) (T -A")n: go=n(e) -a""n(e+T)

exists. Thus - (I - A7) 'a™" = (I - A)"', and in this case, too, the

inverse exlsts and 1s bounded.

Thus we have shown that all the subtransformations I - A have

bounded inverses, and the lemma 1s proved.

But the conditions of Theorem 1.1 assure us that the only char-
acteristic root of the matrix A which has a zero real part is the trivial
zero which our mchinatioﬁg have eliminated from A. Thus, for every char-

acteristic root A of ¢ there 1s a corresponding root o

In] = % °T 4y, It follows that under the conditions of Theorem 1.1,
(I -8), and hence [I - gg(0, 0, 0)], always has a bounded inverse.

A

Thus, all the conditions of Theorem 2.2 as applled to the function

g - g(B, 7, €) are satisfled, and it follows that there is a continuous
function B(7, €) defined on a certain neighborhood 7]l < p,s |€| < €,

such that B(y, €) = g(B(7, €), 7, €).

3
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LEMMA 3.2. If the (n-1)-dimensional function 7(6)
is of class C2, i.e., 1f dy/de ¢ ', and if
llyll, lld»/dell, |e| are all small enough, then the
function B(6) corresponding to B(y, €) 1s also
of class C?. Purthermore, dg/de is a continuous
function of 1y, dy/de, € to the space c'.

PROOF. From the definition of B(y, €)
B(e) = F(B(9), ¢, €)
(3.22)

6 = vy(y(e), o, €)

for all 6. Since B(e) € C' we can differentiate this, finding

as 3F L aFas ] [oav, avar ]
(3.23) 35 - [3—9-+-a-y-a$.] [37‘--5?37]

where the derivatives are to be evaluated at the obvious points.
Now define the element

-3 [%pe]

6 = vy(y(e), ¢, €)

(3.24)

and the linear transformation

-1
B LR TIRT
(3.25) Dn:
6 = v(r(e), ¢, ¢€)

Then (3.23) can be written
(3.26) %%'UD%% .

And this is a valid equation in the space ¢° of continuous (n-1)-dimension-
al functions of period 1. But D 1is a bounded linear transformation from
€° to ¢° which is continuous in 1y, dy/de, €. Furthermore, at

y =dy/de = 0, €= 0, we have D = ga(o, 0, 0). Now Lemma 3.1 and its
proof are equally valid in ¢°, and therefore it follows that for ||,
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lldy/de|, € small enough, (I - D)”' exists and 1s bounded. Thus

(3-27) L.a-m"t

1s the unique element of ¢° which satisfies (3.26).

But ¢ 1s also an element of c', and furthermore it 1s con-
tinuous in 7y, dy/d6, €. And D is a bounded linear transformation from
¢! to 3 and is again continuous in y, dy/d6, €. It follows that
(I - D)"g, and hence dp/de, 1s likewise an element of ¢' eand 1s con-
tinuous in 1+, dy/de, e.

Let us stop here to examine more closely the way in which ¢ de-
pends on the three variables y, dy/d6, €. At y = dy/d6 = 0, € = 0, we
have ¢ = 0, because B(0, 0) = 0 and OF(0, 6, 0)/36 = 0. And so for
Iz, lldr/dell, |e| all small enough ¢ will become as smell as desired.
But this result is, to some extent, independent of dy/de; 1indeed we contend
that { —» 0 with 1y, € uniformly for all bounded dy/dé. Now, to say
that ||| goes to zero while |ldy/dé| remains bounded is to say that
ly1 (8)], |dyL (8)/d6| go to zero for all 1 and 6 while |a%y1 (0)/d6?|
remains bounded. But if this is true, it can be seen (again because
dF(0, 6, 0)/d6 = 0) that both |¢(1 (6)| and |dti (6)/dé| go to zero, so
that indeed { —» O in the topology of 6 .

Furthermore, the same can be said about dp/deé. For suppose that
¢ 1s a positive number such that for ||dy/dé|| < ¢ and |y[|, |e| small
enough, Lemma 3.2 1s valid and dg/de e ¢'; then certainly | (I - D)"I[
i1s bounded and from (3.27) it follows that dB/d6 — 0 with », € uni-
formly for |dy/de| < o. 1In particular, we can infer the exlstence of val-
ues o, < pys €, S € such thet [dy/dell < o, |ly| < oy, l€| < €, 1mply

that dp/de exists and
(3.28) llds/de| < o

To continue, if B, y are both of class 02 , the derivative of
g(B, 7, €) with respect to 7 exists, and

_ OF , JF dB d dy dy dy
(3.29) v [ﬁ*'ﬁiﬂ][?g'*ﬁiﬂ] gy (e
57(5) 7, €)n:
6 = y(y(¢), ¢, €)
But from Lemma 3.2, if y 1s of class ¢%, eand 1f |dy/ae| < o,

7l < ops €l < €, then B(y, €) 1s of class ¢%, and it follows from
Theorem 2.3 that By(y, €) exists and
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-1
(3.30) 57(7) €) = - [I - 83(3: 7 5)] 87(51 7, €)

This agein is continuous in the three variables v, dy/de, €. And ageln
since dB/dé goes to zero with y, € uniformly for |dy/dé|.< ¢ so also
does gy(B, v, €) and hence ﬁy(y, €). Thus for any positive k < 1,
there exist values pg < py, €5 < €, such that lay/ae| < o, |7l < Py
le] < €5 all imply

(3.31) e,y el <k
Now the set of elements y for which |dy/de|| < o, |l7] < py 1s

a convex set, and it follows from Theorem 2.1 that 1f 7qs 7, &re any two
elements of this set

(3-32) 18(r,s €) = Blrgs €l < klry = 7,
Finally, define e, < €5 in such a way that |e]| < % implies
(3.33) lB(o, €l < p3(1 - k)
Then for any |e| < €, define by iteration
(3-34) o= ° '
gy = Blog, €)

This, as we shall show, defines in the limit the function o(e) for which
we are looking.

First, assume Ilaoll <egr oty |]an|| < p,; and assume that
day /e, ..., dan/de exist as elements of €' while ||da°/de|| < Gy e,
lder, /d6ll < o. Then we are assured that o , 1s defined, and from (3.28)
we know that dw,,,/dé 1s an element of €' and |dop,,/de| < o. Further-
more, because (3.32) 1s valid for Gy ceey Oy we know that we can obtain
expressions analogous to (2.13), (2.14), (2.15), thus showing that
llorp, g Il < p3 It follows by induction that |lozn|| < o3 lldan/doll < o for
all n. Therefore we have actually defined a sequence which is a Cauchy
sequence and hence converges to some element a(e) which satisfies the

relationship

(3.35) ale) = Blale), ) = gla(e), a(e), )

LEMMA 3.3. If o e @' satisfies (3.35) and if || and
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|e| are small enough, then the corresponding func-
tion «a(e) 1s of class 02, and furthermore da/de
1s a continuous function of «a, € to c'.

PROOF. We proceed along lines similar to those used in the proof of Lemma
3.2. We have

(6) = Fla(s), o, €)
(3.36) {a * ¢

6 = y(x(s), o, €)

and since o(8) e c' we can differentiate this obtaining
do _ [3F . OF du )
ds " [T Sy ds ] [Bl % ]

= y(a(e), o, ¢€)

(3.37)

Now consider the function

-1

v - [%§.+g§_a(o)][%g+%a(o)]

6 = y(x(e), o, €)

(3.38) d(B, a, €):

This can be considered as a function in & either on 6° to €° or as
well on 6 to €'. In both spaces it is differentiable with respect to
8, the derivative d5(5 , @, €) 1s continuous in all three variables, and
dg (0, 0, 0) = 85(0’ 0, 0). Thus the equation 8 = d(8, o, ¢) has a unique
solution for & 1in terms of «, €. But in the space 6¢° this solution
must, because of (3.37), be exactly dao/de, so that the solution in ¢
must also be do/de. It follows that 5(x, €) = de/de e 6 and is a con-
tinuous function of «, €.

Finally, to complete the proof of Theorem 1.1 we must prove
uniqueness. But from Lemma 3.3 it follows that any solution of (3.35) is
of class 02 , and that moreovey there exists a Po < P3 such that
lleell < p; implies |[do/dé] < o. Thus if there is a second solution o,
fletll < pys then from (3.32)

(3.39) e = ']l = lIp(a, €) - Bla', €)] < klla - o'

and o = a'.
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4. The Analytic Case

When the functions X(x, t, €) of (1.12) are all analytic, then
the trajectories are analytic and it might well be supposed that the fixed
curve o whose exlstence we have demonstrated is also analytic. Indeed,
Levinson (3) has stated that when the original periodic solution (1.2) is
asymptotically stable, then this 1s in fact true. Unfortunately, there 1is
a counter-example which seems to disprove not only the general statement,
but also Levinson's more speclalized statement.

This counter-example 1s based on the following considerations.
If we were going to attempt the proof of some such statement, we should
want to consider functions (), ¢ = 6 + js, which are of period 1 and
are analytic in some suitable reglon |s| < 8; and we should want to
define a transformation f(a, €) on some suitably restricted class of
functions o to gilve an analytic function B({) belonging to the same
restricted class. But this is not in general possible, because the trans-
formation f(o, €) will be forced to use values of «(t) which lie out-
side of the region |s| < 8. And it is not possible to control the be-
havior of such values by putting any but the most excessive restrictions on
a(t) 1inside this region.

To proceed to the counter-example itself, we suppose that the
transformation f(¢, €) of (1.18) can be written in the form

¥ = ka(e) + €F(e)
(%.1) £, €): {

t = y(g, €)

where we have used the letter ¢ for the parametric representation to in-
dicate that it can take on complex values, and where k 1s a constant,
k<1, and F and v are analytic functions of their variables. We can
solve the last of these equations, finding ¢ = t(f, €); and it is quickly
seen that the solution to the equation

(4.2) a(t) = ka(e) + eF(e)

1s simply

(4.3) a(t) = 3 K'F [g““”(;)]
n=0

where g(n)(;) 1s the nth iteration of &(t).
In particular, suppose that for every integer m, F(¢) has a
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pole at m + 1; and that (&, €) = & + 1 - ¢® sin t. Then alt) as
defined in (4.3) will have poles at every point for which §(n)(g) =+ 1
i.e., for every ¢ = v(n)(t 1, €). But

(4.4) y(is, €) = 1(s - ¢ sinh s) (mod 1)
which, for smell enough s, €, 1s nearer to the real axis than was the
original 1s. Indeed, 1t follows that w(n)(t i, €) —> 0. In other

words, the origin is a point of accumulation of poles and «(t) cannot
be analytic there.

5. Final Remarks

One or two generalizations of Theorem 1.1 are immediately evi-
dent. For instance, the period T of (1.12) may change with e. If this
i1s .s0 and if the function T(e) 1s continuous, then we can carry through
unchanged the arguments of our proof, so that the conclusion is still valid.

Again, if the functions X(x, t, e€) of (1.12) have greater regu-
larity than we have required, one would expect that the resulting fixed
curve whose existence 1s assured by our theorem, will also have a greater
regularity. Indeed, we can immedlately state that if X(x, t, €¢) has the
kth derivatives (k > 2) with respect to x and t which are continuous
in e and satisfy a Lipschitz condition in x and t, then the fixed
curve « will be of class Ck. That this is true can be most simply seen
by substituting everywhere in our previous proof the spaces ck" and
Gk’e for 6 and co, where always 6P 1s the Banach space of

(n-1)-dimensional functions «(6) of period 1 and of class CP with the
norm
(5.1) | = mex {Idmaj(e)/deml, j=1...n-1, m=0...p, 0< @< 1}

An interesting example of the kind of equations to which the re-
sults of this paper apply is gilven by the well-known van der Pol equation
with a small forcing term

(5.2) ¥+ u(xf - 1)k + x = € cos wt

At € = 0 this equation has the unstable solution x = 0 as well as a
stable periodic orbit encircling the origin of the x, % plane. Here the
words "unstable" and "stable" are used to imply that the corresponding
Liaspounov characteristic numbers are in the first instance positive and in
the second negative. Thus for small enough € we can say thls about the
solutions to (5.2):
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(1) the unstable critical point at the origin is changed into
an unstable periodic solution with period 2x/w; and

(2) the stable periodic orbit is changed into a stable set of
almost periodic functions.

Furthermore, by analogy with the autonomous case one would sus-
pect that all other solutlons tend towards the latter almost periodic solu-
tions. However, as Cartwright (6) has already pointed out, this is still
an open problem.

Actually, we are being a bit glib when we brush off the second set
of solutions as almost periodic functions. A better description is this:
There is a closed curve o(t, €) which always remains near the original
periodic orbit and encircles the unstable periodic solution near the
origin. This closed curve a(t, €) forms a stable set ilnasmuch as any
point near enough will approach 1t asymptotically. And, finally, o«(t, e)
1s periodic, by which we mean that the entire curve repeats itself whenever
t increases by 2x/w. It follows that the solutions which go to make up
a(t, €) are described as solutions on a torus and so, depending on e,
fall into one of two cases. They may all be almost periodic and have two
fundamental periods which are irrationally related. Or there may be one
or more solutions which are periodic having a least period 2m/w where
m 1s some suitable integer depending on e€; all the other solutions will
tend asymptotically towards these periodic ones.

Added in Press. W. T. Kyner has pointed out to me that the proof
of Theorem 1.1 as presented in Section 3 1is fallacious. ’i‘he theorems of
Section 2 and several lemmas of Section 3 require that gﬂ(a, vy, €) be con-
tinuous in 7y and e in the uniform topology, which is not true for even
the simplest examples of such functions. However, Kyner, elsewhere in this
volume, has shown that Theorem 1.1 is still valid. As he demonstrates, Lemma
3.1, which 1s unaffected, together with the consequence that (I - gﬂ(o, 0,0)]‘1
exists, are sufficient to make the present theorem a special case of his
own more general result.
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IX. A FIXED POINT THEOREM"
Walter T. Kyner

SECTION 1

The purpose of thils paper 1s to prove a fixed point theorem that 1s
useful in the Diliberto perturbation theory. The (non-degenerate) per-
turbation theorems of G. Hufford [1) and M. Marcus [2] are implied by this
result.

I wish to thank Professor S. P. Diliberto for suggesting this problem
and for his continued interest in it. 1In addition, I wish to thank Pro-
fessor L. Nirenberg for pointing out a mistake in an earlier "proof" of this
theorem.

We are interested in a family of transformations defined on a subset
of the space of real multiply periodic continuously differentiable
m-dimensional vector valued functions of s real variables. If f =
(f], cee, fm) is such a function, then f(ev oo, es) must be periodic
with period W in e

We use
lel = max [l KA, |
where

fllg = £ .
fiely mex max I£4(e )]

For a fixed real number y, the transformation g = T7 (f) 1is given by

This report represents results obtained at the Institute of Mathematical
Sciences, New York University, under the auspices of Contract No.
DA-30-069-0RD-1258 with the U. S. , Office of Ordnance Research. Re-
production in whole or in part permitted for any purpose by the United
States Government.
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(1) g(8) = N(a)f(e) + W(f(e), 6, 7)
vhere 6 1s a function of &, f, and 7 defined implicitly by
(2) 6 =Vp,(6) =6+ x+Uf(e), 0, 7).

n 1s a constant s-vector. N(¢) 1s an m x m matrix whose entries
are C2 functions of a. U(y, 6, y) and W(y, 6. y) are vector valued
functions of m + s + 1 real variables whose second partial derivatives

with respect to y and 6 are continuous in y, 6, and 7. U, W, and N
are periodic in 6. We also require that

w(o, 8, 0) = 0,

U(o, 6, 0) = 0,
and

MW (0,6,0) . .

___#yl___

The transformations used by Marcus and Hufford are of this form.

To insure that equation (2) can be solved for 6, we restrict y and
If]l so that

aei
5
1s non-singular.

For each 7 sufficiently small, we hope to find a function that 1s
invariant under T,- It 1s necessary to make an additional restriction on
the transformetions considered. Hufford (for s = 1) assumed that all but
one of the characteristic exponents of a variatlonal equation had non-zero
real parts. This hypothesis determines the form of N(e). For his many
variable result, Marcus assumed that the norm of N(e) was less than one.

Marcus' theorem does not imply Hufford's. It will be shown below that
their hypotheses imply the following:

(H): For each f and » such that |f| <rg,
|7} <74» define the linear transformation Lf.7 by

(3) (Le,gl(e) = g(Vp, (0)) - N(e)g(e).
We assume that Lf7 is invertible and that its in-

verse is uniformly bounded, 1.e., IILE;II <A for
all |If]l < v Iyl S74¢
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SECTION 2

THEOREM. If T_ 1s defined as above, and if the
hypothesis (H) is satisfied, then there exists
such that if |y| < 75> T, has a unique fixed

point fr' f7 is continuous in ¢, and as
y — 0, f7 — 0. Furthermore

{ ny
k

satisfy a uniform Lipschitz condition.

7o

PROOF. If f 1s invariant under T7 , then

() £(Vp,) = N(6)f(6) + W(f(e), 0, 7).
Therefore

(5) £ = LpW(E, 7)

where

(w(f, y)1(6) = W(f(e), 6, 7).

It is sufficient to show that L~ 'W has a fixed point. This will be
done by restricting its domailn to a compact convex set. If this set and
7o, @are properly selected, then L'W is continuous on this set and maps
it into itself. By S3chauder's theorem, L"W has a fixed point. Unique-
ness and continuity in 7 follow from a separate computation.

Let
Clr, u) = {seczl lell < “%%1:“5 W, k=1, ees, s} .

The proof depends on the careful selection of the numbers r, u, and
y+ To emphasize this a separate numbering system will be used.

(o) We pick r,, 7, so that if |r| < r,, 7l < 7o
then T, 1s well defined and LI_‘; is uniformly
bounded by A.

If £ 1sin C(r, u) and g = LE.; W(f, 7), then |g| < AlW(E, ).
We want |lg|l < r.
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If we expand W(f(e), 6, 7), we get

(6) mees )l < o, I+ || - nen

W
To control the size of I%II » 1t 1s sufficient to limit nﬁﬁl" .

J
m 2
W, %W
P e R e
o n=t nJlly

is u'niforl'ﬂy bounded: and since —L—L—aw(oa; 0) =0

(1) li(m)

aek ayj

2
J Wi
37,
we can pick r, <r, and 7, <7, so that Allay -;- .

(1) Since

(11) We then pick 7, <7,, so that A[W(o, y)| < (—;—)r“
i |y < 75+ As we further restrict the size of r,

it will be necessary to select » so that (i1) 1s still
satisfied.

We now have that if f 1s in C(r,, u) and |7]| g 7,5 then
IILf W(f, ) <r,. If g-= Lfrw(f, y), then Lf g = W(f, 7). Therefore

K}
> M1 Mo g(o) - n(e) 2le)
6y aek

(8)
w n o

nz=:l Sy, 36, & 96y

To obtain a bound on -£5 , we form a product space and consider ele-
k

ments h = (h', ..., h3). For fixed f and 7, a linear transformation

Mf7 is defined on this space by

k 5 v, X
(9) [#,5] ) - PR 5ot - M)

Defining L, by [f.ﬁ] = (85Le, ) ve see that

S oo ar U
= k i Z 1 1
(10) [(Mf7 - fT)E] (6) = 121 h (vf7)[n : . k -B——k-] s k=1, «0., 8.
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Le, invertible implies that ]“.'.1,7 is invertible. To invert Mry,

must ma.ke Ilﬁf,, Lf7 | sufficiently small. To do this, we see that

3y, of, au L i U
1 1 1
(11) Z Il n r +‘ .
m m m 2
_a_[ U, A, aui] <Z[Z U || .
3 1 g; Bek aek n=1 j-‘l n j o
(12) ‘
U . d%u
+ g—i— r + -%1" u\f+ -a—gj:—
949Vn o nllg 090y
h(V. )| = |h
(13) InCve, I = Il
and
m
U U
d 1 1
n(vp )| < Il [1 + 2 |ls== - ]
% 7 o ° n=1 Wn o aek o

U(o, ¢, 0) = 0, and _b_U__, %y are uniformly bounded. ‘
BYn aynBYj

(111) We can pick r, < Ty, 73 < 7p» and u,, 80
that if £ 1s in C(re, u) and 7| < 739 then

flp, 1s invertible and ||M"|| < B.

We now have (from equation (8))

_Qg__‘--l[al\l g+ ML W ]

(%) 36, Mey 36y, 3y do, 30,

Therefore

(15) “%%;" <5[ aek“ llell +

1 vl I o B

(1v) We pick ry < Tp, 7, S 735 80 that BII%H < (%), and

201
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so that

ON

(85l - 350 = (3

It follows that if f 1is in C(r3, u,), eand if |y| < 7,, then

oW
] B [‘ - P l'a—y"]“l :

(16) B“-al‘—”r . Ii‘L
aek 3 aek

] =

We have selected a conditionally com?act set that 1s mapped into it-
self by 1"'W. We will now show that L™ 'W also maps C, the closure of

C(rg, u, ), into itself and is continuous on C.

If £, isin C(x'3, u,), eand if lim £ = f,, then we can assume
that 1im g = g,, vhere g, 1is the imege of f,. f, and g, are in c.
Let L = Lfn" and V, = anr. Since L,g = W(f,, y), we have

This implies that

(17) 8, (V,(0)) = W(£,(0), 0, 7) + Ne)g, (o).

The 1imit of the right hand side of the equation defines a function g*.

lg*(8) - go(Vy(6))] < I8(8) - By (V (8))] + lg (Vo(8)) - g, (Vy(e))]

(18)
+ lg (v (8)) - g (V (6))].

Since g, 1s in C(ry, u,) (and therefore in C),
(19) lgn(Vy(0)) - g (Vo(8))] < srallU(fy, 7) - UEy, 7)y -

By taking n large, we see that lg* - 8o(Vy)llg = 0. Therefore
g = g,(V,), end g, = LSW(f, 7). We have shown that G 1s mapped into

itself. If we duplicate the argument, taking fn in G, we see that L 'w
is continuous.

For fixed 7, 1"'W 1s a continuous map of a compact convex set into
itself. By Scheuder's theorem, there 1s at least one fixed point. We will
complete the proof of our theorem by showing that this fixed point is unique,
and that 1t is a continuous function of 7.

Suppose we have two invarient functions f and h. Then Lfyf = W(f,7),
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and Lhyh = W(h, 7). Following Diliberto, we write

(20) ILg,f - Lp bl < Iy h - Le bl + IW(E, 7) = Win, 7).

Since

1A

Izl < & (&) 1E - Bl < lLg, (2 - I
Ly, n(6) - Ly h(e) = h(Vy (8)) - h(Vp (8)). h 1is an element of c,

therefore h 1s Lipschitzian with constant r3 , and 3-1:—- 1s Lipschitzian
k

with constant wu,. Using this plus the big 0 properties of W and U,

1
(v) we pick ry < T3y Uy < Uy, and 75 S 7y SO
that the right hend side of (20) is less than or
equal to (-;—K)Ilf - h|.

We now have that if L~'W 1is restricted to the closure of C(rh, ue)
and 1f |y] < 75 the fixed points h and f satisfy the inequality

(21) (%) b - nl s (3x) 12 - -

Therefore f = h.

If we let Lp f = W(f, y), and Ly ,h = W(h, 7'), then using (20),
i1t 1s easy to show that ||f - h|| tends to zero as |y - 7'| tends to zero.
This completes the proof of the theorem.

SECTION 3

It was stated earlier that M. Marcus' result is included in the above
theorem. Marcus assumed that [N, < 1, and obtained an invariant func-
tion that 1s continuous and satisfies a Lipschitz condition. In order to
obtain invariant ¢! functions whose derivatives satisfy a Lipschitz con-
dition, we will make the slightly stronger assumption that |IN| < 1.

If this 1s done, I..;.1 exists and is uniformly bounded. This 1s es-
tablished by teking @ = Gg (e), the inverse of & = Vp (8), and then
picking r, eand 7, SO tha.t for all h, I|I‘I(Gf7 )h(0f7)r qlhlle q 1is a
constant such that [Nl <q < 1.

SECTION 4

We now take 8 = 1. All functions considered will have period 1 in
8. Let B be a constant matrix, Q(6) a non-singular periodic matrix,
and let
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(22)  N(8) = Q6 + x)BQ™'(6), 80 N(6 - n) = Q(O)BQR™'(6 - x).

We take 11..15‘7 as a transformation on the space cf complex valued func-
tions. If Lf'.7 exists and is uniformly bounded, it induces a transforma-
tion on the space of real functions that 1s also uniformly bounded. We
must use the complex space since the eigenvalues of B play an important
role.

Hufford showed that his N(e) had the above form. He assumed that if
> 1s an eigenvalue of B, then |A| ¥ 1. We will use the equation
B = RJR™', where R 1s a constant matrix and J 1is the Jordan canonical
form of B.

If N(6) has this special form, then L;.; is uniformly bounded. To
show this, we will find transformations acting independently on certain
subspaces. Since none of the eilgenvalues of B have absolute value equal
to 1, these transformations will have inverses. This will imply that
! exists and is uniformly bounded.

L§7
Let P(6) = Q(6)R. We define linear transformations P, n ', ny and

J by

[Phl(e) = P(e)n(e)
(x""hl(e) = h(e - x)
(23) -
(nyh](e) = h(Vf.7(e))
[Thl(e) = Jh(e) .
Then
(24) x—1Lf7 = n-l‘-ffy - BT« = B (B! x"\_/'fyﬁ - " 'F1E!
Let
5-1 _-15 -1
(25) K, = P x vfyP - Jn .
(26) (Kph1(e) = P71 (8)P(Vp, (6 - x))n(Vp (6 - x)) - Jn(e - ).
(27) Ve, (6 - x) =0 + U(f(e - x), 6 - x, 7).

Because of this, 1if

(28) P(Vp,(6)) - P(e) = Pp (6),
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then llerll can be made small by restricting |Ifll and |y]|.

(29) (Kp,h1(6) = h(Vp, (6 = x)) = Jn(e - x) + P~ (0)Pg, (6)0(Vy, (6 - ).

The first two terms define a linear transformation that acts independ-
ently on the subspaces determined by the canonical form of J. The third
term can be made small in norm. A slight modification of the argument of
Section 3 plus the proof used by Hufford in Lemme 3.1 of his thesis [1]
shows that n"ny -x'F has a uniformly bounded inverse. This implies
that L7} 1s uniformly bounded.
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X. PERTURBATION THEOREMS FOR NON-LINEAR
ORDINARY DIFFERENTIAL EQUATIONS

S. P. Diliberto and G. Hufford*

1. Introduction

Consider the equation

(1.1) E-rx)

where x and f(x) are n-vectors; and suppose that x = u(t) 1is a peri-
odic solution of period, say, CI) of this equation. The usual perturba-
tion problems connected with this situation can be classified into these
three types:

TYPE I. (Poincaré). Does the equation

(1.2) g—xg=f(x)+eR(x, €)

have any periodic solutions "near" u(t)?

TYPE II. (Poincaré). If R(x, t, €) 1s of period w,
in t, does the esquation

(1.3) & . r(x) + eR(x, t, €)

have any perlod solutions of pericd o, "near" u(t)?

TYPE III. (Krylov-Bogoliubov). If R(x, t, €) 1s of
period w,, say, in t, does the equatlon (1.3) have
any almost periodic solutions "near" u(t)?

This paper contains results obtalned in a class seminar given by the
first-named author in the spring semester of 1952 at Princeton University.
Present at this seminar in addition to the two authors there were C.
Coleman, R. Gomory, end D. Hall, all of whom contributed materially to the
paper. All five were sponsored whollﬁ or in part by the Office of Naval
Research, Contract No. N6 ori-105-Task V, Project No. NRO L3-942.
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208 DILIBERTO AND HUFFORD

The present study 1s principally concerned with problems of the
last type.

Krylov and Bogoliubov [5], who first considered such problems,
dealt with the very specific equation of a harmonic oscilllator with a small
periodic force function:

2
(1.4) =5+ m?x = € R(x, g%, t, e)

where here X 1s a real variable and R 1s an analytic function of its
four variables. PFurthermore, they go on to state, without & detalled proof,
that the general problem of Type III, as given above, can be answered
affirmatively with these restrictions: f and R must be analytic func-
tions of their variables, and x = u(t) must be an asymptotically stable
solution of the unperturbed equation.

Using a more geometric approach, Levinson (6] supplied the de-
talls to this latter problem and 1n so doing, showed that instead of re-
quiring f and R to be analytic, it was enough if they were both of
class C’. And most recently, Hufford (4] has shown how the stability con-
dition on the solution x = u(t) can be relaxed.

It is not true, however, that the first problem treated by Krylov
and Bogoliubov, that of equation (1.4), is a special case of these later
results. For in the unperturbed equation formed by setting e = 0 in
(1.4), a kind of degeneracy is introduced in that the periodic solution
x = u(t) 1s one of a whole family of similar periodic solutions. One of
our objectives in this paper is to extend the results of Krylov and
Bogoliubov to more general equations having such a degeneracy; but to do
this we must decide in which direction to generalize: for which is the more
pertinent fact; that the unperturbed equation has a family of periodic so-
lutions, or that it has an integral? We have chosen the latter direction;
but our solution 1s certainly not the only one. Friedrichs [3], for
example, has proposed a second attack on the problem of degeneracy.

In this connection, the work of Malkin [7] 1is interesting. He
has treated the two-dimensional dynamical problem in which the unperturbed
equations have the form T

dx _ 9H %%

- . _oH
at = 5y " x

For such equations, of course, H 1s an integral.

In all these problems, we are essentially dealing with the be-
havior of a differential equation in the neighborhood of a glven closed
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curve. The natural coordinates for us to use are obviously not the original
x-coordinates, but rather an "angular" coordinate measured along the closed
curve, and n-1 "normal" coordinates measured in hyperplanes perpendicular
to the curve. Notwithstanding the great number of places in the literature
where such coordinate systems have been used, we have been unable to find

a proof of their actual existence. Therefore, although such proofs are
elementary, we have made bold to supply one here.

Finally, since a part of our study consisted of systematlzing the
arguments used 1n these perturbation problems, it seemed advisable also to
reexamine the older perturbation problems of Poincaré, the problems we have
labeled here Types I and II.

Throughout this paper we use a matrix notation, a fact which will
seldom be mentioned explicitly. Thus any entity appearing will be a rec-
tangular matrix, although the determination of its size will ordinarily
be left to the reader. If u(y) 1s ean n-vector, y an m-vector, then
du/dy 1s an (n x m) matrix. By the letter I, we mean & unit matrix
which must, of course, be square. Where necessary we shall Indicate the
components of a vector by superscripts. And finaelly, ||yl or |W| are
meant to indicate any of the standard norms of vectors or matrices.

We should 1like to acknowledge here our indebtedness to Professor
Lefschetz for his friendly encouragement and sound advice.

2. Definitions

As before, let x = u(t) be a solution of period ®, of equa-
tion (1.1). If we make the substitution x = u(t) + v and then subse-
quently discard all but the terms linear in v, we are led to the so-called
variational equation

(2.1) . Gt

where G(t) 1is the n x n matrix

of,; (u(t))
(2.2) o) = g

which, of course, has the period ; 1in t.

Now, as 1s well known, there exists a certain linear transforma-
tion w = B(t)v, having the period o, in t, by means of which equation
(2.1) 1s transformed into a set of linear equations with constant (possibly
complex) coefficients
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(2.3) g% = Aw

The characteristic roots of A are called the characteristic exponents of
the solution x = u(t). (It should be noted here that some writers use
the term "characteristic exponents" to refer to the characteristic roots
of the matrix exp(wlA).)

The order of a periodic solution 1s the number of characteristic
exponents whose real parts are different from zero. The degree of degeneracy
1s one less than the number of characteristic exponents whose real parts
are zero. It 1s defined as one less, because there 1s always, whether
degeneracy is present or not, the trivial solution v = f(u(t)) to (2.3)
which corresponds to a characterlistic exponent equal to zero.

A function g(x) defined in a neighborhood N of x = u(t) 1is

a regular integral through u(t) provided:

(1) g 1s an integral of the equation (1.1) in that
each member of the one-parameter family of
(n-1)-surfaces g(x) = ¢ 1is an integral surface,

(2) g 1s continuously differentiable and the gradient
(3g/dxy, +-+, ag/an) is never zero in N,

(3) g has been normalized so that g(u) = o,

(4) the separate branches of the surface g(x) = ¢
(if there are more than one) do not intersect
and after following along a given branch once
around u, one arrives agelin on the same branch.

Now, let K be an (r-1)-dimensional analytic menifold and I
the reel line. let x = F(y, t) be amap of K x I into E? with these
two properties:

(1) 1its first derivatives satisfy a Lipschitz condition

and

(2) for each fixed t, F 1s a homeomorphism of K

onto M = F(K, t). Then M = F(K, I) is an
r-dimensional invariant surface of the equation

(2.4) g%= g(x, t)

if, for any solution v(t) of (2.%), v(to) € Mg

implies v(t) ¢ My for all t. Of course, if °
g 1s independent of t such an invariant surface
can have no proper self-intersections, but we have
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worded the definitlon specifically so that in
the general case such proper self-intersections
are entirely possible. The purpose of requiring
regularity conditions on the mep F 1s to en-
able us to consider solutions v(t) 1lying in

M as defined by a differential equation on the
original manifold K.

Here are two examples of how we may use this notion of invarient
surfaces. First, let x = u(t) be a solution of period o, of equation
(1.1). Then clearly x = u(e) defines in parametric form an invariant
curve. And the purpose of Poincaré's investigation of equations (1.2) and
(1.3) was to find a whole family of invariant curves x = u(e, e) such
that

u(e, ¢) = u(e)

as e —» 0.

Agein, if in (1.3) R(x, t, €) has period o, in t, then the
equation will almost never possess periodic solutions. What we can do,
however, 1s to prove that with the proper restrictions, (1.3) does possess
a family of invarlant torli x = T(°l’ L2y e) such that
T(o], LY €) :::gu(o1 + ¢2) as e¢ —> 0. In this way we have reformulated
the Krylov-Bogoliubov-Levinson theorem. The nature of the solutions on the
tori will depend on the smoothness of T and f. If they are smooth enough
then Denjoy's results [2] will imply either that each solutlon is almost
periodic and is everywhere dense on T, or else that there are certaln
periodic solutions on T whose period is a multiple of w, and towards
which every other solution converges.

A periodic solution x = u(t) of (1.1) is commonly said to be
asymptotlcally stable if the real parts of its characteristic exponents
(always excepting the trivial zero) are all negative. This 1is true if and
only if, letting M, be the point u(t), there exist constants 5, A, A,
all positive, such that if v(t) 1s any solution of (1.1),

(2.5) dist (v(o), Mo) <8
implies
(2.6) dist (v(t), M) < Ae Maist (v(0), M)

for all t > 0. In the same way, any invariant surface of (2.4) 1s said
to be asymptotically stable if there exist constants 8, A, » such that
i1f v(t) 1s a solution, then (2.5) implies (2.6) for all t > O.
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3. Normal Coordinates

let x = u(6) be a simple closed curve in E* where u is
differentiable and has the least period ,. Let n,(6)...n, ,(6) Dbe n-1
linearly independent vectors, each of period ,, and each perpendicular
to u'(e). Then every point p has at least one vector representation

(3.1) p = u(e) + gyini(e)

The n-tuple of real numbers (e, yl, ey yn-1) = (6, y) are called normal

coordinates. If each of the vectors n,(6)...n, ,(6) 1is sufficiently near
to being perpendicular to u'(e) we glve the n-tuple (6, y) the name
almost normel coordinates. And if for some neighborhood N of x = u(e),
the representation (3.1) is unique in 6 (mod w,) and in y, we say that
the normal coordinates are unlque.

The primary use of normal coordinates is to enable us to rewrite
(1.1) so that in a neighborhood of the solution x = u(t) 1t appears in a
more natural form. Thus, i1f the normal coordinates are unique we can speak
of the map F: x — (6, y); differentiating this map with respect to t,
using (1.1) to eliminate dx/dt, and then (3.1) to eliminate x, we arrive
at the transformed equations

g8 = 6(e, ¥)
(3.2)

K-, )

where o and Y have period o, in 6. Clearly, the solution x = u(t)
i1s transformed into o = t, y = 0. Thus

6(6, 0) = 1
(3.3)
Y(e, 0)

1
o

Similarly, of course, the pertumbed equations (1.2) and (1.3) can be trans-
formed into normal coordinates.

Now, any periodic solution of (1.1) or of a perturbation of (1.1)
which has the period T, will correspond to a solution in normal coordinates
6 = y(t), ¥ = u(t) having this property: v(t + mT) = y(t) + m»,, m being
any integer, while u(t) 1s periodic, having the period T. Because of
the behavior of vy, such a solution is not, strictly speaking, periodic,
although it has most of the qualitative characteristics one attributes to
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g periodic solution. We ocall such a solutlon 6 = y(t), y = u(t) a
repeating solution.

THEOREM 3.1. If the first derivative of u(e) satisfies
a Lipschitz condition then normel coordinates exist which
are unique and for which the n4(6) are continuous.

THEOREM 3.2, Let x = u(t) be a periodic solution of
(1.1) and suppose that f 4s of class C%, 8 > 1. Then
almost normal coordlnates exist which are unique and for
wlgich the transformed equations (3.2) are also of class
c”.

THEOREM 3.3. Let x = u(t) be a pgriodic solution of
(1.1) and let g,(x)...g. (x) be k independent regular
integrals. Then there exlist normal coordinates

(0, y'...¥? %", 2'...2%) = (e, y, 2) such that the
surface g(x) = ¢ becomes 2z = c.

It follows from this last theorem that in terme of these normal
coordinates, (1.1) becomes

= 8 (9: Y, Z)
(3.4) =Y (6, ¥y, 2)

=0

d8 &g as

where 6 and Y are of period o, in 6. Thus, the equatlions have the
form of a system of n-k equations with k parameters.

Now let us continue with the proofs of the above three theorems.
First we establish the following lemmata.

LEMMA 3.1. Let v(e) be a unit vector in E°, n> 3,
which 18 of period o, and which satisfies a Lipschitz
condition. Then there exists a constant unit vector ¢
such that v(e) # + ¢ for any 6.

PROOF. Clearly if S 1s any set on the unit sphere in E? of diameter
less than d, there 1ls a spherlcal cap Sc and an absolute constant K
such that S C 8, and the area of S, 1s less than Ki" '. Since

lv(e) - v(e')|| < Mje - 8'|, 1if we divide 0 < 6 < @, into ¢ Iintervals
of equal length, then v(6) may be covered by spherical caps whose total
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area is less than lK(Mm1/t)n". But this, because n > 3, tends to zero
as £ tends to infinity. Thus let ¢ be a vector chosen from "almost any-
where" on the sphere.

LEMMA 3.2. Let v(e) be a vector in E®, which 1is of
period Wy which nowhere vanishes, and which satisfies
a Lipschitz condition. Then there exist continuous
vectors q1(9)..~qn-1(9) of period ,, such that the
set {v(s), q](e)..., nn—l(e)] i1s orthogonal for all 6.

PROOF. By Lemma 3.1 there exists a unit vector ¢, which 1s never parallel
to v(e). Thus v(e) has a non-vanishing projection §1(9) on the hyper-
plane perpendicular to L In that plane there exists a unit vector ty
which is never parallel to ¢,(e). Repeating this process we obtain e set
of n-2 unit vectors ¢,...t,  , which, together with the vector v(e),

form a linearly independent set. By the Gram-Schmidt orthogonalization
process one obtains a set of n-1 orthogonal vectors v(e), q1(e)...nn_2(e).
Finally, let “n-1(9) be one of the two vectors perpendicular to the plane
determined by this set.

ILEMMA 3.3. Let x = u(e) be a regular (i.e., u'(e)
never vanishes) simple closed curve of period ®, whose
first derivative satisfies a Lipschitz condition. Then
there exist ® > 0, € > 0 such that for any point x
and any two distinct values 91, 92, if

lx - u@ )l <8, |lx - u(e,)ll <8 |6, -6,] <e, then
the vectors x - u(e1) and x - u(92) cannot both be
normal to the curve u(e).

PROOF. Suppose, indeed, that x - u(91) is normal to u(é); then

[x - u(91)]u'(91) = 0. Now, since u'(s) satisfies a Lipschitz condition
we have |lu'(e;) - u'(e,) <X |6, - 6,|. And since u'(é) never vanishes,
Hu'(e)"2 is bounded away from zero. Let e be so small that |91 -0| <e
implies u'(el)u'(e) >m >0 for some value m. Then

| [x - u(ez)] u'(92)| = '[x :'u(ez)] u'(e,) - [x - u(91)] u'(91)'
[u(e1) - u(ea)]u'(91)|- l[x - u(eg)”u'(ej) - u'(ez)”

2

(A%

6
2

| L u-(e1)u'(e)de|- 5K|91 -92| z(m-BK)Ie1 -eal.
1

Thus, if 8 <m/K and 6, ¥ 6,, we have [x - u(92)]u'(62) £ o.
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We are now ready to complete the proof of Theorem 3.1. Since
Lemma 3.2 guarantees the existence of normel coordinates all we have left
to prove 1s their uniqueness. Suppose that every neighborhood of wu(e)
contains a point whose representation in the form (3.1) is not unique. Thus
there exists a sequence of points (x;)} to each of which corresponds two
distinct values 6y, 61 such that x; - u(ei) and x4 - u(§1) are both
normal to u(e) while thelr lengths tend to zero. Now, by choosing a
suitable subsequence we may suppose that 6; ——s 6 and 8, —» 8. Further-
more, |u(ey) - u(dy)ll < lIx - uley)ll + lx - u(dy)l —> 0, which implies
lu(e) - u(8)]] = 0 or 6 = . But this clearly contradicts Lemma 3.3.

Since the n,(6)...n, ;(6) are all continuous, there exist
trigonometric polynomials which are as close to these as one could desire
and hence as close to beilng perpendicular to u'(e) as one desires. Thus
there exlst almost normal coordinates for which the “1(9) are all trigo-
nometric polynomials. In these terms the map F: x —> (6, y) 1s of class

c%*", and from this Theorem 3.2 follows.

To establish Theorem 3.3, let ¢y = dg,/dx = (Bgi/ax1...agi/3xn),
1=1...%, and determine =n,(8)...n ;. _,(6) as before.

4. Perron's Lemma

In what follows we shall often make use of the followlng:
LEMMA. Consider the n-dimensional linear equation
(4.1) 9 - o)y

where C(t) is of period o, . If the characteristic
exponents of its solutions all have negative real
parts, then there exist a non-singular periodic change
of variables x = B(t)y and a constant A > 0, such
that

(k.2) %% = Ax

i1s an equation with constant coefficients while 1f
W(t) 1s its matrix solution, W(0) = I, then

(4.3) We)) < ot

The proof 1s simple: By Floquet's theorem we may assume that a
non-singular periodic transformation =z = B*(t)y exists such that
dz/dt = A*z where A* 1s a constent matrix in canonical form. The
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transformation

(4.4) <t =szjzj

where o 1s a positive number, leads to the equation dx/dt = Cx where
Cyy = pi-‘]CIj- Since C;j =0 for 1>j and Cyy = Cjy, the diagonal

terms remain constant, while as p — o all the other terms tend to zero.
From this the lemma follows.

5. Perturbation Problems of Type I

THEOREM 5.1. If gi(x), 1i=1, ..., k, are k 1in-
dependent regular integrals, x = u(t) belng of order
n-%X-1, then if f 1s of class 02 equation (1.1)
possesses a contlnuous k-parameter family of periodic
solutions x = u(t, ), & = (A, .-ep A ), and

u(t, 0) = u(t).

The case k = 1 was proved by Poincaré, and k = n - 1 by
Reeb [8].

PROOF. Using the normal coordinates guaranteed by Section 3, (1.1) becomes

=8 (8, 3, 2)
(5.1) =Y (e, Y, z)

=0

El

Let the general solution which at t = 0 has the 1nitial value 6 = 0,
Y = ¥o» Z = Z,y be written in the form

6 = V(t; Yo. zo‘)
(5-2) y= n(t; yoy zo)

z = v(t, Jor 25) = 2

This solution corresponds to a periodic solution of perlod T if at t = T
1t has the value 6 = w,, ¥ = ¥,» 2 = 2, Hence we must find continuous

o
functions T(z,), ¥,(2,) such that T(0) = w,, y,(0) = 0 and

(T, ¥g» 25) -~ o, =0
(5.3) * 707 Tot
u(T, Yo Zo) =¥, =0
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But since T = Wy Jo =05 25 =0 1s one solution, the theorem will follow
from the implicit function theorem if only we can prove the Jacobian is not
zero. That 1s, we must prove

3 3
I
(5.4) 40
du u__ g
% o

where all the functions are to be evaluated at T = @y ¥o = 05 25 = 0.
But v¥(t, 0o, 0) = t, u(t, 0, 0) = 0, so that dy/dt = 1, du/dt = 0. Thus

(5.4%) becomes

(5.5) |.§‘;_-1',¢o
o

And this 1s equivalent to saying that the original periodic solution
x = u(t) 1is of order n - k - 1.

REMARK. From this polnt on, whenever we assume that a system has k in-
tegrals, we shall also assume that the k-parameter family of periodic solu-
tions given by this theorem, are given. When this is true, the equations
in normal coordinates may be simplified: if y,(z,) 1s the function de-
£ined above, define 6, §¥ by means of the equatlons

¥y = u(d, y(2), z) -§F
(5.6)

o = v(3, 7,(2), 2)

Since 8 = t, ¥ = 0 1s exactly the periodic solution corresponding to

z, = 2, 1t follows that changing the coordinates to &, §, z will give

equations similar to (5.1) with e(e, 0, z) = 1, Y(e, 0, z) = O.
Conversely, the assumption that e(e, 0, z) = 1, Y(8, 0, z) = O,

implies that the k-parameter family of perlodic solutions is given simply

by 6=¢t,y=0, z=2,

THEOREM 5.2. When € = 0, let 6 =1t, y=20, z =20
be a solution of order n - k - 1 of the equations

(5.7) 2 =60, 5, z) + € 0,(6, 3, 2, €)



218 DILIBERTO AND HUFFORD

%%- Y(e, y, z) + € Ye(e, Y, 2, €)

g“%= € Ze(el Yy, 2, €)

in which all the functions are of class ¢® and of
period o, 1in 6, and in which e(e, 0, z) =1,
Y(e, 0, z) = 0. Then for some nelghborhood of € = O,
there exists a family of repeating solutions provided:

9
(a) I ZE(T’ 0, 0, 0)dr = 0
o
@4
(®) [ Syt o0 0| 40
o dzd

PROOF. Let the general solutlon which at t = 0 has the initial values
6 =0,y =Y, Z=2y Dbewrlitten in the form

L
n

‘V(t; :Yo: ZO’ €)

(5.8) A u(t, Yor 2p2 e)

z = v(t, Yo Zgr €)

Then we will have proved the theorem if we can find a continuous functions
T(e), yo(e), 2z,(e) such that T(0) = o, ¥,(0) = O, z,(0) = 0 and

o

v(T, Yor 252 e) - @,
(5.9) (T, Jor Zgr €) - Vg = ©

v(T, Yor 202 €) - zZ, = o]

A simple calculation shows that the Jacoblan of this system with
respect to (T, Yor zo) evaluated at (m,l, 0, 0) 1s identically zero, so
that we are momentarlly stopped. ‘However, define

(5.10) h(t, yur 2gs €) = 1? [v(t, Yor 2o e) - zo]

Clearly,

t
(5.11) n(t, Yor Zo? €) = f Ze(‘h u, v, e)dr
[o]
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which 1s obviously well-defined and differentiable, even at € = 0. Thus
(5.9) will be uniquely solvable if and only if the same system but with
v(T, ¥o» 24> €) - 25 = O replaced by h(T, Yor 2o €) = 0, 1is uniquely
solvable. In particular, we must have

@,

(5.12) h(w,, 0, 0, 0) = f Z (r, 0, 0, 0)dr = 0
o

which is condition (a). Thus the theorem will follow if we cen prove the
Jacoblan i1s not zero. That 1s, if we can prove

S

du u du

(5.13) -1 0
3 3T o 3z, /
oh dh dh
3T o 3z,
where all the derivatives are to be evaluated at t = @5 ¥y =0, 25 =0,

€ = 0. But since v¥(t, 0, z,, 0) = t, u(t, 0, z,, 0) = 0, we have
/3t = 1, dv/dzy = O, du/dt = 0, du/dz, = 0. Thus (5.3) becomes

du . oh .
o EASRNE L

But the first of these terms cannot be zero since the original repeating
solution is of order n - k - 1. And that the second cannot be zero 1is
exactly condition (b).

6. Levinson's Theorem

THEOREM 6.1. Let x = u(t) be an asymptotically

stable periodic solution of equation (1.1). Let

R(x, t, €) Dbe of period w, in t, and suppose

that both f and R are of class C’>. Then there
exists a neighborhood of € = 0 such that for any e
within this neighborhood, equation (1.3) possesses an
asymptotically stable invariant torus x = T(t, 6, €),
where T 1s of perlod o, 1in & and o, in t, and
has first derivatives which satisfy a Lipschitz condition.
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Furthermore, T(t, 6, ¢) —u(t + ) as e — 0,
while solutions of (1.3) on T have the form
x = T(t, 6(t), e€) where 6(t) satisfles the equation

(6.1) g%=h(9’ t, €)

h having periods w, in 6 and o in t.

2

From this theorem and from Denjoy's work there immediately
follows the

COROLLARY. Let u(e) be the rotation number for the
solutions of (6.1). Then

(1) 1if u(e) 1s irrational,

ua)1t ua)]t
(6.2) o(8) = 0 + 5 + P(og + B b )

where P(6, t, €) has periods w, in 6 and o
in t;

(11) 1f u(e) 1is rational

1 2

ua)1t

(6.3) e(t) = 6, + + g(eo, t, €)

where g(eo, t, €e)—>»0 as t —>»», and where
g(eo, t, €) = 0 for some (perhaps many) values of 0,

To begin the proof of Theorem 6.1, let us construct normal co-
ordinates as in Section 3, so that (1.3) becomes

g-g-s (e, y) + ¢ ee(e’ ¥, t, €)

(6.4) .
%%= Y(e, Y) + € Ye(et ¥, t, €)

where all the functions involved are of class >C3 and have period o
6 and w,

1 in

A in t. PFurthermore, & and Y can be written in the form
e(8, y) = 1 + 8,6, ¥)

(6.5)

Y (e, y) = A<9)y + YI‘(G’ y)
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where:

(1) All functions are of class C> and of period
w, iIn @

(2) 6, 1s of first and Y, of second order in y;
in particular there exist R > 0, K > 0 such
that |lyll < R implies

(6.6) Y0, ¥)I < K lyl?

(6:1) Iyloys ¥y) = Yylogs 7l s K Iyy + 3,0 [1y = 65l « Iy, - 3,1

further, we assume

“Ye(ei ¥, t, €l K

(3) We may assume, without loss of generalilty, that
A(6) 1is a constant matrix A. For, as we know,
there exists & linear transformetion L(t) re-
ducing the linear differential equation § = A(t)y
to one with constant coefficients. Then the trans-
formation 6 — 6, y —» L(6)y, since de/dt =
1 + o(llyll), reduces (6.5) to one where the corre-
sponding A(e) 1s constant. This amounts to mere-
1y a new cholce of the normal coordinates (6, y).
Unfortunately, as we also know, the trensformation
L(e) may be complex. This is an annoying detail
which we dispose of in the following way. Con-
sider the (n-1)-dimensional complex Euclidean
space. The transformation L(e) carries the
(n-1)-dimensional real Euclidean space inco a
real sub-manifold of the complex space. In what
follows, therefore, we treat the y's as ele-
ments of this sub-manifold, and in 1t will all
our further operations be carried out.

Furthermore, the hypothesis of stability means, according to
Perron's lemma, that, with perhaps one more linear transformation of the
y-coordinates, we can assume there exlsts a A > 0 such that if w(t) 1s
the matrix for which

(6.8) Maaw, W) =1

then
(6.9) wee) | g et
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The Transformation Te. Let

o(t) = ¥(t, tg, 6, Vo €)
(6.10)
y(t) = U(t, tO’ 90: yol €)

be those solutions of (6.4) for which
6, = ‘!(to, tos 8gs Yoo €)
Vo = Ulty By 0s ¥ €)
The functions ¥ and U are of class C° and have these further properties:

(1) \1’(90 + w1) = ‘1’(90) + w

U(a0 + a;l) = U(eo)

1

(11) v¥(t + wyy by + “’2) = ¥(t, to)

(6.11)
U(t + Wy, By + mz) = U(t, t,)

(111) ¥(t, ty, e, 0, 0) = 6 + t - tg

U(t; tO’ 90: o, 0) =0

These relations are established by showing that they are true for t = to
and that both sides are solutlons; the unlqueness theorem then asserts that
they hold for all t.

Let C denote the space of all continuous curves y = a(6), o
having period w,, and values in the real sub-manifold of the complex
Euclidean space mentioned above. And let the norm |[la| be defined in the
usual way by [l|l = maxgf@(6)|. Then define a transformation T.(b, &) of
C 1into itself 1in the following way: for o € C,

(6.12) [T (b, a)al(e) = U(b, a, 6, a(6), €)
where 6 1s defined by the equation
(6.13) o= ¥(b, a, 6, a(8), €)

In this way, the curve T (b, a)a 1s merely the set of points which were
on the curve o at time a and which have proceeded along the trajectories
of (6.4) until time b. Note that Te(a, a) = I, the identity transforma-
tion, while T.(c, b)T (b, &) = T (c, a), T (b + wys 8+ wy) = T(b, a),
and finally T,(b, a)o = o. .

One consideration must be made, however, before Te(b, a) 1s
well-defined. For given o and 6 there must be defined a unique 8.
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But for =0 and € = O, =06 - b + a 1s such a unique value. PFurther-
more, as we shall show in Lemme 6.2, if both || and |da/de| are small
enouzh, then the derivative d¥/de is approximately 1. Thus it follows
that T.(b, a)a 1is well-defined, at any rate if |@| and |da/de| are
small enough. We are, however, concerned only with such «; therefore

we redefine Te(b, a) by restricting its domain, so that it is well-defined.

Now put T. = Te(wa, 0). Then our principal object 1s to show
that T, has a fixed point. In other words that there exlsts a curve «
depending on e such that T.a = a. For suppose that y = a(e, e) 1s
such a curve; then y = (Te(t, 0)xl}(6), or more explicitly

e = ¥(t, o, 8, a(al €), €)
(6.1%)
y = U(tJ o, -6-; a(al e); 5)

1s exactly the invariant torus for which we are looking. If, as we shall
show, a(8, €) =X 0 as e —> 0, then

¥(t, o, 5: a(ay €), e) Xt +58
(6.15)
U(t, o, 6; a(e, €), e)—x o0

which is just the original periodic solution x = u(t + 6).

Properties of T.. The necessary facts about T, which we need
are contained in the following lemmata. .

LEMMA 6.1. Let 1(t) be an (n-1)-vector function which
satisfies the differential equation

(6.16) 7 = An + G(y, t)

where G 1s of class C' and satisfies thls property:
there exist « > 0, T > 0 such that |n] < « 1implies
IGC(n, t)l < Ak, forall 0<t<T. Then [n(0) <«
implies |[q(t)l < x, for all o<t <T.

Again, put

Ao,
p=e 2/?

6.1

(6.17) \ -
1+p

both of which are positive and strictly less than one.

And suppose that |Inll < « implies [G(n, t)[l < auk
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for all 0<t < w,. Then [(0)] < « implies
lln Cwp) 1l < k.

PROOF. Let W(t) be the matrix defined above. Then we have
t

(6.18) n(t) = W(t)n (o) + f W(t = 1)8(q(s), )ds
o

or
t

In ()l < e q (o)) + et f G (7 (x), *)lar .
o]

Now suppose the lemme false. Then there exists a first ty, 0<t, <T,
such that ||11(t1 )| = k. But for 0< t < t, the inequality does hold, and

t
-kt1 -ltl AT
(6.19) In(t )l < e K + e f e Ak dr = «
o

which 1s a contradiction.
If the stronger condition [G(n, t)|| < apk holds, then surely
In(t)ll < & forall 0<t <w, and
w,
~hoy —hay 2 AT
In(ay)] < e K + e f e” "k dr
o
(6.20)
= K[pz + (1 - p2) -]—_%B-]s oK
LEMMA 6.2. Let (e(t), y(t)) be the solution of (6.4)
which has the initial value (90, yo)- Then there ex-
ists 58 > 0, such thet for any 0 <38 <3, |yl <5,
le] < 8% 1mply |ly(t)l <& for all t > 0. In par-
ticular if || < 8, |e| < 62, then ]lTeau < 5.

PROOF. Put q(t) = y(t) and &(n, t) = Y. (6(t), y) + e¥ _(o(t), ¥y, t, €).
Then (6.16) becomes exactly the second part of (6.4). From (6.7) it
follows that if |ly| <R then [G(y, t)| < K[|y|® + lel]. Now put

8, = min (R, »/2K); 1f |y| <& <8, <R, and if |e| < 8%, then

Gy, t)l < 2K8° < 2K88, < A8 for all t > 0. The lemma then follows
from Lemme 6.1.

LEMMA 6.3. There exists &> 0 such that for any
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0o<8 <8, [da/de] <85, |l <8, |¢| <8 imply

(6.21) |4 (x| <o

PROOF. By definition

(T@)(e) = UGB, a(f))

(6.22) -
6 = Y(el d(a));
and so
-1
6. d [pg)-dU (8% .
(6-23) av( <« de (d5

We shall proceed to calculate these terms.
First we dispense with d¥/dé by noting that ¥(w,, 0, 8, ¥, €)
1s of class C°, whileat y = 0, € = 0 we have, by (6.11(i11)),
d¥/d6 = 1. Thus
al)
de

(6.2k) g——=ﬂ +§1g€1=1+0(|e|+“a +

¥
5 e dy- de

o))

or under our hypotheses,

(6.25) 2§ =1+ 0(8) .

Now let (o(t), y(t)) be the solution of (6.4) with the initial
value (8, «(8)), and put ¢(t) = d ¥(t, o, 8, «(8), €)/dd, n(t) =
au(t, o, 8, a(6), €)/dé. Then =n satisfles the varlational equation

. 3, v, ¥, 3y,

(6.26) A= An + (53— e )o+ ( +eg)n
where the derivatives are to be evaluated at (6(t), y(t)). But this is
just (6.16) where G(n, (t)) consists of the last four terms. Using the
notation of Lemma 6.2, let us require &, < &,. Then lell <8 < I
le| < 8% imply, by Lemma 6.2, [y(t)| < 8. Thus

laCn, €)= oCliyl® + {el)]e] + oClyll + leDlnl
(6.27)
= 0(82) + o(8)]nll

and [l < & dimplies [G(n, t)| = 0(8%). In other words, there exists
8, such that || <8 <8, implies [G(n, t)| < Md for all 0 <t < w,.
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Then by Lemma 6.1, [In(0)|| = llde/de| < & < 8, implies Iln(w2)|| =
|ldu/d8|l < e8. Thus finelly,

-1
(6.28) "1— (Tea)" < ||¥|| . d—f| < p8(1 + 0(8))
de de de
from which the lemma follows.

LEMMA 6.4. There exists a 8, such that le]l < &

2)
laa/de] < oy, le| <82, and [d®x/de®| < 1 imply

(6 ) o (T o)
.29 "__.._ o || <1
d82 €
(the value 1 here has no significance).

PROOF. From (6.22)

a® Py (av\ " au(ary &

(6-30) —'—E(Tea) = == (—-_—) ——:(-——) —_—

de 48 a8 a8

2 H 5 52 2 = = =2

Put o(t) = d°¥(t, 0, 8, a(B), €)/d8=, y(t) = d°U(t, o, 8, a(8), €)/d6°.
Then 1 satisfies the variational equation

oY, oY
n = Aq + —r-+e———€) (——r-+e—€)q+
6 %6 . oy
Py Py 2 3%y 3%y 2
(6.31) +( 2r+e ee) (d—\f) + ( g+e ;)(.@)+
% % @ - o2 ! \as

which agein is (6.16). By Lemme 6.2, 6.3, |yll, |d¥/d8 - 1|, [dU/d8|| are

all o(s,), while since d°a/de’ 1is bounded so is o. Thus with G(n, t)
defined as the remainder terms.-in (6.31) we have |G(4, t)| = 0(53) + 0(8,) [Inll-
Therefore we cen find &, small enough so that |n]l < 1 implies

|G(n, t)}i < Au. Then from Lemmea 6.1, |n(0)] = [d%a/de?| < 1 implies

finwp )l = [d%U/d8%| < p. Since the second term in (6.29) is in norm

0(52), the lemma follows easily.

LEMMA 6.5. Let (8,(t), y,(t)), (6,(t), y,(t)) be solu-
tions of (6.4) for which y,(0) = §,, ¥,(0) = ¥,

0, (wy) = 0,(w,) = 6,. Then there exists ®; > 0 such
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that for any 7y > OJ ||Y1 “ < 53) ||¥2|I < 63) |€' < 6%’

Iy - Yol <7 implies |y, (w,) - y,(w,)] < p7.

PROOF. First, it is clear that such solutions do exist and are unique, since
it is only necessary to solve the equations .
(6.32) 6, = Y(wa, 0, éi, 5'1’ €) 1=1,2

for the initial values 51 ; and this can be done in only one way provided
Yy, € are small enough. Secondly, if 53 < 84, ‘then 1t follows from

Lemma 6.2 that |}yi(t)|| < 8y for all t > o.
Now from (6.32) there follows

(6.33) -g—:-(51 -52)+2—;-(3'r, -¥,) =0

the derivative to be evaluated at suitable points "between' (6,, ¥,) and
(52, ¥,). Thus |5, - 52[ = 0(y), and since 8,(t) = ¥(t, o, &y, §;, €)

- Y /=

(6:30)  loy(1) - 6,(0)] = [ & 5, - 5 - F G, - 7, o)

uniformly for 0 < t < Wy
Finally put n(t) = y,(t) - y,(t). Then from (6.4)

%_g.= Aq +[Yr(61, yl) 'Yr,(ezl ye)]+
(6.35) '
+ e[Ye(91, ¥y) - Y (8, Ye)]

which once again is in the form (6.16). Setting G(n, t) equal to the
remainder terms and using (6.7)

lotn, )1 s K[y, + I5,1]le; - o1 + il ]+
(6.36)
e e[lo, - ol + Il |

so that |(nf| < 7 implies |G(y, t)| = 0(637); or if &, 1s small enough,
lG(n, t)| < Auy. Thus, from Lemma 6.1, it follows that |5(0)} = Iy, - 5,0l <
implies |[In(wy)ll = Iy, (w,) = y,(w)ll < pr.

LEMMA 6.6. There exists a 8, such that ||ail| <8y,
lae /d6]l < 8y, le| <8F, 1= 1, 2, imply
ITeay = Teapll <o foy - apll.
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PROOF. To calculate [T, - T.a,] (8) we must find solutions (e,(t),
y4(t)), 1 =1, 2, to (6.4) such that 6,(w,) = 6, while the initlal points
lie on oy . As In Lemma 6.5, the initial values of these solutions will

be 51, ii = ay(6y), then

oy (8,) = ay(8,)
flry (8,) = @y (81 + lloy(8,) = @, (8,1

Iy, - 3,1
(6.37)

1A

< oy - oyl + lday/ael + |8, - 8,1

Thus |y - a2H < 7y implies Mi, - iau <y 4+ 0(5h7)5 or i1f &, 1s smell
enough, [y, - ¥,ll < yNo. From Lemma 6.5, therefore, 1T, - Ta,l(0)] <
Jer.

With these six lemmas we are now in a position to complete the
proof of Theorem 6.1. For if we put 85 = min (80, 815 8,5 B, 8,) and de-
fine D to be those elements o of C such that |ef < 855 lda/de| < 855
laa/de?| < 1, end if we suppose le] < ag, then by Lemmas 6.2, 6.3, 6.k,
the transformetion T_ carries D into itself; by Lemma 6.6 it 1is, with-
in D, a distance decreasing transformation; thus it follows from the
Cacciopoll fixed point theorem [1] that a unique curve of(6, ¢) exists in
D which is invariant under Te. Moreover, since D consists of curves
whose first derivatives satlsfy a Lipschitz condition, our theorem 1s proved.

7. A Generalization of the Krylov-Bogoliubov Theorem

Consider now the system

%% =1 +0.(6,y, 2z)+c¢ 0.(6, ¥, z, t, ¢€)
(7.1) %% = Ay + YI‘(G’ ¥, 2) + € Ye(ex Y, 2, t, €)

%% = ¢ B(o, t)y + e C 2z + ¢ zr(e, Y, 2, t, €)

where y and 2z are vectors of dimension n-k-1 and k, respectively;
and where the functions on the right hand sides have the periods w, Iin @
and o, 1n t. Thus it is a dystem of k-fold degeneracy, having a periodic
perturbation. The theorem of Krylov and Bogoliubov is concerned with the
speclal case n =2, k = 1.

THEOREM 7.1. Let the functions on the right hand sides
of (7.1) be all of class 03, and let A, C be constant
matrices whose characteristic roots all have negative
real parts. Then there exists ¢, > 0 such that to

each €, 0 <e <e¢,, there corresponds an asymptotically
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stable invariant torus y = T1(e, t, €), z = Tg(e, t, €),
T, and T, being of perlod o, in ¢ and o, in

t, and having first derivatives which satisfy a
Lipschitz condition. Furthermore, as e — 0, we

have T'l(e’ t, €) =;0, T2(9: t, G) — O.

The proof of this theorem and that of Theorem 6.1 are very similar.
The added complexity 1s taken care of by treating separately the y-coordinates
and the z-coordinates. Thus we define two function spaces Cy, Cz which
consist of continuous functions y = a(6), z = p(e) all of period w,. Let

¥(t, t

u(t, toy 901 Yor 2ps €)

-]
"

o’ 8ot Yo7 2o’ €)

(7.2) y

v(t, tO: 657 T2 Zge €)

be the solution of (7.1) which at t = to has the values 6 = 850 ¥ = T
z = z,- Then for each peir of elements («, B), @ in C,, B 1in C,, we
can define a second palr S.(b, &)(z, ) in CY and T, (b, &)(a, B) in
C, 1n this way:

Se(b: a)(a, B)(e) = U(b, a, 6, a(d), B(8), ¢€)
(7.3)

T (b, a)(a, B)(6) = V(b, &, 8, «(8), B(8), €)

where in both cases, & 1s defined by
6 = Y(b; a, al “(5); B(8), €)

Thus, putting 8, = Se(“’z’ 0), T, = Te(‘“e' 0), 1t 1s our aim to
find a pair (@, B) such that Se(a, g) = @ and Te(a, B) = B.

Now let us consider the right hand sides of (7.1). From the re-
marks following Theorem 5.1, it 1s clear that we can always assume
len(e, 3, 2)I = ollyl), I¥ule, 3, z)ll =0o(|lylitlyll + lz11). PFurthermore,
||Z (6, ¥, 2, t, €)|| = 0([|ly|| + ||z[|] + e). Now, if W (t), W, (t) are
matrix solutions of the linear equations

daw. dw,
(7.%) T~ - AWy 'd‘t_z = oWy

which are equal initially to the identity matrices, then there exists a
A > 0 such that

(7.5) Mg(e)l < ™8 uy(e)l < o7
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Finally, note that none of the above considerations are affected if we make
the homologous transformation z —>o0z. What does heppen, however, is
that the matrix B(e, t) becomes B(e, t)/¢; and by meking ¢ large
enough we can meke this matrix as small as we please. In what follows,
therefore, we shall assume

Au
(7.6) IBCe, ©)Il < =

where u, 1s the number defined below in (7.8).

Armed with these facts we prove the following lemmata, all of
them following very closely the six of Section 6.

LEMMA 7.1. Let ~n(t), t(t) be (n-k-1)- and k-vector
functions, respectively, which satisfy the differ-

entlal equations

f= An + G(n, ¢, t)

(7.7)
t=eCt+eHln, ¢, t)
where € > 0 and where G and H are of class ¢!
and satisfy this property: there exist Ky > o,
ky >0, T >0 such that Inll < Ky el < Ky imply
laCa, &, ) < xon, |H(n, &, )| < k2 for all
0<t < T Then (o)l <«,, [It(0)]| < «, 1imply
In(e)ll < xy5 NE(e)] <k, for all o<t <T.
Again, put
Mo, /2 -\ € /2
2 2
Py =€ pp = €
(7.8)
e o=l -
1 1-l-p1 2 ‘l+92

all of which are positiwe and strictly less than one.
And suppose that |q| < Ko el < Ko imply

igCn, & £ < K1“1)": H(a, ¢, £ < Kauak for all
0<tgw,. Then [In(0)f < &y, fit(0)]| < k, 1mply
||'l(‘°2)|| < O]K1’ HC(‘DQ)" < OQKQ.

PROOF. We see immediately
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t
In(e)) < e™EYn(o) + o7t f e* G (n(x), t(1), 7)) ar
o)
(7.9)

-€ert

-eArt t ert
L)l <e e + e e f e H(n (1), £(x), D) dr .

o}

Thus 1f the lemma were false there would exist a first t:1 such that elther
InCe)ll =k or Jt(t)ll = k,. Then for 0 <t <t, we have [n(t)] < Kys
le(E)ll < k, and hence
t
-Mt, -rt, at
el <e 'k, +e [ efear -«
o

1

(7.10) t,

-ert -ert
II;(t])Il <e 1"2 + €€ ! f ee’"fhxzdf =
o

2

which 1s a contradiction.

If the stronger conditlon holds, then surely |n(t)l < «,,

l¢CE) ) < k, for all o0 <t <w,, and
w,
2
Inte, ) < o 2y Lo 2 e* "k dt = pok
ni®s 1 159 P1Ky
o
(7.11) ®
-€MD, -€Aw,
2 2 A
||;(a>2)|| <e Ky + €68 f o€ Tkuasz‘r = ppky
o

LEMMA T7.2. Let (e(t), y(t), z(t)) be the solution
of (7.1) vhich hes the initial value (6, ¥, Z,)-
Then there exists &, > 0 such that for any

0 <85 <8y, llyoll <5, lzoll <8, 0 <e <»® imply
ly(t)| <&, jz(t)|l <& for all t >o0. 1In par-
ticular, if x|l <&, ||B]l <8, 0 <e < 52, then

I8¢ (e, B <8, "Te(a: Bl <s.

PROOF. Equations (7.1) have exactly the form (7.7) with r(t) = y(t),
t(t) = z(t). Purthermore, |yl <5, fz <8, 0 <€ <8°, imply
Gl = Y, + Xl = oCliyltlyll + Nzl] + €) = 0(s%) and
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IHN = 1By + Zpll < & Maplyll + OCLUyl + U2l1%+€) < 2upe + 0(8%). Thus for
8 smell enough, |G| < A8, |H|| < »& and the lemma follows from Lemms 7.1.

LEMMA 7.3. There exists 8, > 0 such that for any
0<8 <8, laj<s, || <8, |de/d0| <5, llas/ae| < s,
0< e< 8 imply

(7.12) "3—3— 8 .(a, s)" <8, “%? T (a, B)" <®

PROOF. As before,

'L S ((Z, B) = —" dY)
de a8 \ as
(7.13)
-1
(S (o, 8) = _;g(sgg)
de de \de

where all the functions are evaluated at (w,, 0, 8, x(8), B(8), ). Since
¥(t, O, 655 05 2, 0) = 6, + t, we have immediately

(7.1%) %% =1 + o(|e| + |da/de|| + €) = 1 + 0(8)

Now let (eo(t), y(t), z(t)) be the solution of (7.1) with the
initial value (8, a(8), B(6)), and let o(t), n(t), t(t) be the deriva-
tives of ¥, U, V with respect to 8. Then

3y, 3y Y Y

. r € r €
imme (GEeesg) e (e ewt)

BY Y
(7.15) + r*’er)

) oz, oz,
C=‘Bﬂ+€c§+e(_°+‘g‘Tn+}T§)
This has the form (7.7) where

el = olliglillizh + llzll) + €) + olliyh + lizl + €)lall +
(7.16) + o(flyll + et

IEl < 3 Mplinl + oUlyl + 12115 + ) + oCliyl + Izl + e)CUnll + el

Now if we require 5, < 8., then by Lemma 7.2, lell < 8, |IB]l < 8, 0< €< 82
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imply |yl < 8, |zl < 8. Thus if further, ||l <3, [Itll <8, then

gl = 0(52), 1=}l <-1é- A8 + 0(82)- For & small enough, therefore,

IGll < A8, [IH| < Muy®, and hence by Lemme 7.1, |[n(0)| = [da/de| < 8,

(o)l = llag/aell < 8 4mply [in(wy)ll = 4U/A8] < o,8, lIg(wy)ll = 1AV/A8] < py 8-

LEMMA T7.4. There exlsts 8, >0 such that |af < 8,5
I8l < 8y, lda/de] < s,, lld8/de|l < 5,, 0 < € < 85, and

la2a/de2| < 1, |d°8/de?|| < 1 imply

d2
(7.17) a-e—gse(a1a)

(12
<! "dee Telas a)" <!

PROOF. The proof follows along the same lines. We derive formulas simllar
to (6.29) and (6.30) and find that we have differential equations in the
form (7.7). Then under our hypotheses, we show |G| = 0(52 ),

IH| < -,l— Aay + 0(s,), and the result follows easily.

LEMMA 7.5. Let (e,(t), y,(t), z,(t), (6,(t), y,(t),
z,(t)) be solutions of (7.1) for which y4(0) = §y,
7‘1(0) = 21, 91("’2) = g, 1 =1, 2. Then there exists

8, > 0 such that for eny » >0, |7yl <3,

12,0 < 85 0 <€ <85, IF, - Foll <75 12 = Z,ll <y
1mply 11y, (@p) = Y@ )l < ey7s Nz (wy) = 2o () < 0p7e

PROOF. Again the proof follows along the same lines. We need only derive

formulas corresponding to (6.31), (6.32), (6.33), (6.34) whereupon we shall
have differential equations of the form (7.7). Then under our hypotheses,

lel = o(85), IHI <3 My, + 0(6; ), &nd the lemma follows.

LEMMA 7.6. There exists 8, > 0 such that llctill <8y,
IByll < 8y, lldoy /a6l < By, laBg/asl <8y, 0 <€ <o,
i=1, 2, imply 1|s€(a1, 51) - Se(az, 62)|| <~fp]8u,
ITe(ay, By) = Telags By < Vo8-

PROOF. Just as in the proof of lLemma 6.6, we must find solutions

(04(t), 74(t), 2(t)), 1 =1, 2, to (7.1) such that 04(w,) = 6. If the
initial values of these sclutions are 51, ¥y = czi(e'i), 2y = 51(51), then
it 1is easy enough to see that [§, - F I < lle, - ayll + llaa, /ael - 18, - §2|,
lli1 - 22" < ||0B1 - pz" + ||d|52/de|| . |§l - §2|. Thus if &, 1is small enough,
“(!1 - 02" <7 "51 - Ba“ < 7 1imply "§1 = 52" < 7/‘/’91) "z] - 22" < 7/J-92’
Then our result follows from Lemma 7.5.

In this way, we have proved the six lemmas which we need. The
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completion of the proof of Theorem 7.1 1s a trivial modification of the last
paragraph of Section 6.

8. Reduction to Normal Form

We have proved Theorem 7.1 under the assumption that the differ-
ential equation is in the form, which here we call normal, of (7.1). The
natural question is now, given a differential system of k-fold degeneracy
having a periodic perturbation, 1s it possible by means of coordinate trans-
formations to reduce it to the normal form (7.1)? The answer is not, un-
fortunately, an unqualified yes; and this 1s admittedly a shortcoming of
our procedure. What we have done essentially is to follow the notions of
Krylov and Bogoliubov, which seem in this respect to be overly restrictive.
Continuing, however, with these notions we find that we can say a little
more.

First of all, given any differential system of k-fold degeneracy
Theorem 3.3 guarantees the existence of normal coordinates so that we may
assume that the unperturbed equation is given in the form (3.4). On the
other hand, the most general periodic perturbation will include, instead
of the third equation of (7.1), the equation

cal% = e Z.(6, t) + e B(o, t)y + ¢ Clo, t)z
(8.1)
+ € Z,(6, ¥y, 2z, t, €).

Now since we can no longer toy with the 6 or y coordinates, we want to
find a transformation of the 2z coordinates which

(1) eliminates the function 2Z,(s, t), and

(2) reduces C(8, t) to a constant matrix.

Note that the most general transformation which we can employ for
this purpose will be of the form z = f(z, 6, t) where f 1s of period
w, in 6 and o, in t. Still following Krylov and Bogoliubov we shall
restrict ourselves to a transformation of the form

(8.2) z =z - elv(e, t) + D(e, t)zl

where v and D have the periods o, In 6 and o, in t. Thus
(8.3) g{--e[zo-%-%‘é]wﬁv+e[c-§§-%€]2+ezr

where B = B(e, t), 2, = Zr(e, ¥, 2z, t, €) are two new functions whose
exact form 1s immaterial.



theorem.

(8.4)

(8.5)

(8.6)

(8.7)

lemma, which makes no pretense to being as general as 1is possible.

(8.8)

(8.9)
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Then the solution to our problem can be stated in the following

THEOREM 8.1. There exists a transformation of the
form (8.2) which carries (8.1) into a differential
system in the normal form (7.1) if and only if there
exist functions v(e, t), D(e, t) with periods
in 6 and wy in t such that

1

v v
2o =3 * 3
and such that

G = cle, t)--g%-%

is a constant matrix.
In particular we must have
0)2 m.l

f f Z,(8, t)de dt = 0

o o

while the constant matrix will be equal to

2 @

g = “’11“’2 f f C(e, t)de dt

(o] o

In regard to the existence of v and D we have the following

LEMMA 8.1. Given a function f(e, t) of class ¢
and having periods o, in ¢ and o, in t, it
can be expanded in a Fourler seriles:

[} t
P
f(e, t) = exp{zni(—-+L)}
4 za’pq o, A
Then there exists & function ¢(6, t) of class C"
which is of period w, in 6 and Wy in t, and
which satisfies the equation

3¢ , de _
R

if and only if
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2] t
(8.10) o(e, t) -2—3’-‘1—-—— ex‘p{zni %—4-%)}
zni ( P + 3)9- ) ! 2
@4 2
exists and is such a function. In particular, we must
have a,, = 0.
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XI. A NOTE ON THE EXISTENCE OF PERIODIC SOLUTIONS
OF DIFFERENTIAL EQUATIONS®

S. P. Diliberto and M. D. Marcus

1. Use of Borsuk's Antipodal Point Theorem

The existence of a periodic solution of the vector differential
equation

m F-rlx t) = fx, £+ o),

f sufficlently smooth and defined for all x and t, having period o

1s completely equivalent to the existence of a fixed point for a certain
transformation, T, of Euclidean n-space, Zn, into 1tself. Namely,

for any point x let v(t, x) be that solution of (1) for which

v(0, x) = x, and define T(x) = v(w, x).! By defining at each point x
the vector V(x) = T(x) - x = v(o, X) - X, the problem becomes that of
finding where V(x) = 0. One manner of doing this 1s to find an n-1 sphere,
S, on which the degree of Vv, d4(v, 8), 1is non-zero.2 In such an event,
there must exist an x inside 8™ ' at which V(x) = o.

There are several criteria for the non-vanishing of the degree.
We mentlon three:
(1) E being the closed n-cell whose boundary is 8,
then T(E) C E’

N This woi'k was done in connectlon with Offlce of Naval Research, Contract
0. Ok1-13L4,

L x(t) 1s a solution of (1), so also is x(t + o). Consequently,
if x(0) = x(0 + ®) the uniqueness theorem asserts x(t) = x(t + o). One
must know that the solutions are defined for 0 g t g o 1.8., that

Ixll 4> « as t —» t! go.

2 More precisely: Let v* - V; and s‘,‘" be the unit n-1 sphere,

then let d(V, 8"7') be the degree of the mepping V" : 87! —» 801,
Brouwer's Theorem.

237
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(11) - x being the point a.ntifodal to x on 8§,
V(- x) = - V(x) for xe3
(111) U(x) being a second vector distribution on 3
with d(U, 8) # 0, either cos (V, U) ¥ -1
or cos (V, U).41°
In linear or "nearly" linear problems one should expect (i1) to

yield better results than (1) since it 1s a linear condition. We shall
i1llustrate this by sharpening a result of Antosiewicz. Let

£(x, t, A) = f(x, t + o, 2) = A(t)x + p(x, t) + alx, t, A)e

where f, x, p, and g are (column) n-vectors and A(t) = (ay:(t)) 1s an
n-square matrix. We shall suppose that A(t)x, p(x, t), and q(x, t, A)
are continuous in (x, t, A) for all xe &M, te tl, re 8'; and that they
are locally Lipschitzian in x. This will insure that the standard theo-
rems on existence, uniqueness, and continulty with respect to parameters
are applicable.

THEOREM. Let

(2) %%‘ £(x, t, ) = £(x, t + o, &) = A(t)x + p(x, t) + alx, t, ) .

I p(x, t)ll s Kix|® for |x| <R, a(x, t, 0) = o,
and the characteristic exponents of solutions of

(3) K- atv)y
have non-zero real parts, there exists xo > 0 such
that for |A| < A, equation (2) has a periodic solu-

tion of period o.

Antosiewicz's theorem required in addition that the real parts of
the characteristic roots be negative.

2. Proof 1. (Diliberto)

Let v(t, », x) denote the solution of (2) such that v(0, A, x) = x,
and assume for the moment that v(t, A, x) may be defined in the interval
0st<w. Let 8, denote the sphere x| = r, and let V,(x) =
v(o, A, x) - x. V)_(x) is continuous in both x and . If we can show

* Borsuk's Theorem. [B].

The condition guarantees that V 1s homotoplc to U vie non-zero
vectors.



SOLUTIONS OF DIFFERENTIAL EQUATIONS 239

that there is an r, for which d(V, 8. ) # 0, the theorem will follow
)

from the continuity of V, on A and of d(V,, 8, ) on V,.
o
Our problem has been reduced to the study of

() & . A(6)X + plx, ) = glx, t).

Put v(t, x) = v(t, 0, x) and V,(x) = V(x). Let u(t, x) denote the
solution of (3) such that wu(0, x) = x, and let U(x) = u(e, x) - x. We
shall show, using (i1), that d(U, 8,) # 0 for all r; and that there 1s
an r, such that if r <r, then cos (U, V) # -1 on S, This will
prove the theorem.

[}
As to the degree d(U, S,): Let Y(t) Dbe the matrix solution of
(5) K- Aty

such that Y(0) = I. The solution of u(t, x) of (3) may be written
u(t, x) = ¥(t)u(o, x) = Y(t)x. Now,

(6) U(x) = u(w, x) - x = [Y(w) - Ilx # O

or else (3) would have a solution with a purely imeginary characteristic
root. Since U(x) # o, d(U, Sr) is defined. From (6) it follows that
U(- x) = - U(x), and so d(U, S,) # 0. From (6) also it follows that for
some ¢ > 0

.

(1) oG 2 clix|

Since x = 0 (defined for all t) is a solution of (&), it
follows that there is an r, such that if |z < r, then [v(t, x)| < R.

To show that cos (U, V) # - 1 on S,.» 1t follows from the
triangle with vertices x, x + U, x + V that it is sufficlent to show that

(8) o - vil < |u).
From equations (3) and (4) we have

u(t, x) = x + A(s)u ds

do ct

v(t, x) = x + f (A(s)v + p(v, 8)) ds .
o]
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Put K, = max [A(t)]l, then for |x| < r,
o

<t<o
t
(9) Wis bxl+ [ (R, + 1R vl as
o
t i
(10) h-vis [ iptv, 8)) as + [ Kalu-vias
[e] [}

6

From a well known inequality  we conclude from (9) that

t[Ka+KR]
lv(t, x)II < x|l e

and for a suitable constant K, that
Ive, =) < K, Wl -
Using this in (10) we find
e, %) - v(e, O < okl [x]2 o @
From this, for t = o, and sultable constant K2
(1) wGx) - Vel = fule, x) - vie, x| < K, IxI® -
From the inequalities (11) and (7) one finds that if
c
Ixll < X,

(in addition to |x|| < r;) inequality (8) will hold.

3. Proof 2. (Marcus)

We assume p 1s a ¢ function in its domain of definition.
Since |p(x, t)|| < k|x||° we expand p to second order terms and mske the
linearizing change of variable x = Ay. Equation (2) then becomes

(12) R - Ay + G6) + Aaly, & A, d6) = 2 (o, 8, 0).

It clearly suffices to obtain a family of solutions, v(b, t, A), of (12)
defined for A < Ay, A, > 0, which has period .

° 7. H. Gronwall, Note on the derivatives with respect to a parameter of
the solutions of a sSystem of differential equations. Annals of Mathematics,
Vol. 20, (1918), pp. 292-296.
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Let Y(t) be the fundamental matrix solution of

F - Ay, ¥(0) =1

If v(b, t, ») 1s any solution of (12) then

t
v(b, t, &) = Y(t)b + Y(t) f Y '(s) (d(s) + aG(v(b, s, 1), s, A)) ds .
(o]

Now v(b, o, ») = b 1if and only if
W
(Y(w) - I)b + Y(o) f ¥~ '(s)
(d)
(13)
(ﬁ(S) + XG(V(b, 8, k)y 8, A‘)) ds = 0 .

Let L(b, ) be the left side of (13). The condition on the characteris-
tic exponents 1s equivalent to the statement that

det (Y(w) - I) # 0.

Thus L(b, 0) = 0 has a solution b = by- Since det (Lb(b, 0)) =

det (Y(w) - I) # 0 we conclude, by the Implicit Function Theorem, that
there exists A, > 0 and such a continuous function b(r) that b(0) = b,
and for A g A, L(b(r), 2) s 0. Hence v(b(r), t, A) is the desired
solution. Note that wv(b(r), t, A») 1s continuous in A. We define

x(x%, t, 1) = av(b(r), t, ») where x°(x) = x(x°, 0, x) = Ab(r). Hence
x°(x) 1s continuous for X < A, and x°(0) = 0. Thus x(x°(r), t, )
depends continuously on A and reduces to the trivial periodic solution

x =0 for A= 0.






XII. AN INVARIANT SURFACE THEOREM FOR A
NON-DEGENERATE SYSTEM ™

Marvin D. Marcus

1. Three Dimensional Systems. Introduction

The notlon of an invariant surface for systems of differential
equations has been defined and investigated in a concurrent paper by Pro-
fessor 3. P. Diliberto [1]. An invariant surface, M, of dimension r
for

(1 Lo ofx, t)

x, £ n-vectors, 15‘«:01 is & C¥ manifold in E® with the property that
if U(t) 1is a solution to (1) and U(t,)eM then U(t)eM for all t.

Here we investigate the existence of a family of invariant tori
for the holonomic 3-dimensional system.

(2)

%%: 1 + zH(8, 9, 2z) + AP(8, 9, 2z)
de _
dt = 1 + zK(e, 9, z) + A\Q(6, 9, 2z)

a—% = A(e, 9)z + z°L(e, ¢, z) + AR(8, @, 2z) .

It is assumed that H, K, L, P, Q, R, €C° and are doubly periodic in o
and ¢ of periods o, and o, respectively. It 1s clear that for A =0
the solutions with initial values on the 6 and ¢ axes generate a torus
T, =T(e, 9) of perlod ®, in ¢ and ®, in ¢ by identifying the
planes ¢ = :nw1, 6 =tno, n-= Oy, 1, eov &

The system (2) 1s of interest since it arises after transforma-
tion to normal coordinates from the equation

'I'hi.s woi'k was done in connection with Office of Naval Research Contract
No. Ohk1-13L4.
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%xt_ = £(x) + eR(x, t, €)

x, £ 3-vectors ReC5, R period w, in t, which 1s assumed to have an
invariant surface A(e,, 6,) of period w; in 8, A reduction of
Duffing's equation to equation (2) will be found in a concurrent paper [2].

In this paper we establish sufficient conditions for the existence
of a family of invariant tori for (2) by use of the Schauder fixed point
theorem (3]. Let

W(a, b, t, A) = (9(8-1 b, t, A), o(a, b, t, r), z(a, b, t, r))

be the solution of (2) with initial values W(a, b, 0, 1) = (a, 0, b).

REMARK 1. W(a + m,, b, t, ) = W(a, b, t, A) + (mn1, 0, 0) where
n is any integer. That is, the solution in the phase space starting at
(a + o, 0, b) 1s obtained from the solution starting at (a, 0, b) by
a translation parallel to the 6 axls through a distance mnw,. This is
an immediate consequence of periodicity and uniqueness.

REMARK 2. There exists b, > 0 and A, >0 such that 1if
Ix] €2y end Ib] < b, then W(a, b, t, ») has a unique intersection
with the plane ¢ = Wy That is, there exists a unique function T(a, b, A)
such that

9(a, b, T(a, b, 1), A) = o,

T(a, 0, 0) = 5 .

PROOF. Let aecl0, w,]. Then W(a, 0, t, 0) = (t + a, t, 0) which clearly
intersects ¢ = o, for t < v. By continuity in » and b choose b,
and A, such that for Ir < g Ibl < by

lz(a, b, t, AK(W(a, b, t, A)) + AQ(W(a, b, t, A))| <% -

Then <pt(a, b, t, A) 2%— . Thus there exists a unique T(a, b, ) such
that -,

(1) T(a, 0, 0) = ®, for ae(o, ©,);

(11) o(a, b, T(a, b, 1), A) = v, -
Now by Remark 1, any solution W(a, b, t, A) can be obtained by transla-
tion from those for which aelo, o,].

Thus it is clear from Remarks 1 and 2 that for A and b
sufficiently small W(a, b, t, A») well defines a mapping from the ¢ = 0
plane to the ¢ = w, plane which carries curves of period w, Iinto such.
More specifically let «(a) be periodic of period w, in @ = 0 plane.
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Define F, : @ —» & where & 1s given by the formula

ag(e(a, a(a), T(a, ala), 1), A)) = z(a, a(a), T(a, a(a), 1), 1)

Remarks 1 and 2 show that & 1s well defined. We define two families of
periodic curves: % = Ex) [@ is continuous of period o,]. w«, = Ex)
[ee w and |lell < » and « 1s Lipschitzian with constant q]. Note that
F, 1s continuous on “rq to % .

REMARK 3. ur'n is a convex compact subset of the function space
% under the topology of uniform convergence.
PROOF. Convexity 1is clear and compactness follows from Ascoli's theorem.
We will show that for each |r| <A™ that Fx( ’I‘n) c ’rn for appropri-
ate cholces of 1 and r depending on A and thereby apply the fixed

point theorem.

THEOREM 1. If H(é, 9, 0) = 0 and K(e, @, 0) = 0 and

o)

f A(t +a, t)Jdt <0 forall O0<ac<oao,
o

then there exists A* > 0 such that for each [r| < a*
there exists a curve a)‘e % such that F‘x(cxl‘) = al.

PROOF. By Remerk 2 obtain A, and b, such that T(a, b, A) and F,
are well defined. Now
42 (a, v, t, 0) = A(8(s, b, t, 0), o(a, b, t, 0))z(a, b, t, O)

+ z%(a, b, t, O)L(W(a, b, t, 0)).
Hence using the formula for variation of parameters

t t t t
[ Adt [ Adt -/ Adt
z(a, b, t, 0) = be® + e° f e ° 22L(W)dt

o

where we systematically leave out the arguments of the functions occurring.
t

t
[ Adt -/ Adt
z(a, b, t, 0) e ° < |b| + J" e © z| |zL(w) |at
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applying Gronwalls Lemma [4] and multiplying both sides by

t
[ Adt
&°
we obtain
t t
/ Adt + [ |z(a, b, t, 0)] |L(W)|dt
|z(a, b, t, 0)] < |b|e® °

Now to shorten writing we introduce some notation: Let

M(a, b, ») = z(a, b, T(a, b, 1), 1),

T(a,b,2) T(a,b,2)
I b, 0 = [ a6, et s [ Jae, b, b, 0] [LODIAL -
o

Then

I1(a;byo)
IM(&; b, 0)| = |Z(8., b, T(a; b, O)’ O)I < |b| e

T(a,b,0) T(a,b,0)
I b 0= [ A, o)t + [ 1zte vt 01 LODas

o
(e}

T(a,b,0)
s [ A, e o]
o

where k1 is some constant. Now

T(a,b,0) @2
A(6(a, b, t, 0), o(a, b, t, 0))dt < f A(t + &, t)dt + |b| k,.
[e]

Since

o

f A(t + a, t)dt < ©
o

for 0gacgw, and A has period «, 1n 6 we conclude there exist
positive constants A, k such that
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II(a,b,o)
[M(a, b, )| < |M(a, b, 0)] + |[Alk < |b]| @

+ [ak

[ble~a+kIbl & jajx .

1A

Now if |le| < r we went

(3) IF, (@)l < ».

Stnce |F, ()| = IM(a, b, A)| < re™*¥" & [A]k condition (3) will be sat-
isfied if

(1) re™ KT ik < r.

Set r = |r|¥, 0< u< 1. Then (4) becomes, upon dividing by |r|".

(5) g(n) = o=k L Gy

Since g(0) = e < 1, (3) holds.

We next show that F,(a) = & 1is Lipschitzian of constant o for
an appropriate choice of n.

To shorten notation let

6(1) = 6(ay, alay), T(ay, ot(ai), »), ») for 1=1, 2.
Then, by repeated applications of Taylor's Theorem

[@(e(1)) - a(e(2))] < lz,(=; M| Ja; - &,
+ 2y (=5 M) nlay - &yl
(6) + lzp=3 2| 1T(ay, ala)), A) - Tlay, alay), M|
REAS ST ENERSY
lzp(=; 2| [Tg(=5 2)]
Alzg(=s M1 1Ty D1} ey - 8l

+ IA

+

le(1) - 6(2)]

10,0-3 A)(ay - ay) + 6, (=; M)(a(ay) - alay))

+

op(=5 M) (T(a,, ala,), 1) - T(ay, alay), 1))
la, - a5l 1 16g(-5 )| - (log(=; A)n
log(=s M1 1Ty5 2) + log(s M 1Ty(-5 DI}

(1)

2%

+

where the dash indicates evaluation at an intermediate point. The remain-
der of the pwoof 1s devoted to obtaining magnitude approximations on
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655 6ps Ops Tgs Ty 2gs Zyys Zpe We remark that e and 2z are bounded
in the finite region we consider. We thus investigate the variational
equations for A = O.

%-%- z(Heu + Hq)v + Hzn) + Hn
(8) vV _ z(ku + K.v + K,n) + Kn
at C] ) z

g_nﬁ_ = z(Aeu + Aq)v) + An + za(Leu + Lq)v + LG) + 2znL .

Now b occurs as a parameter on the right side of (8). Since
z(a, 0, t, 0) = 0 (8) becomes, for b = O,

%%=H(t+a, t, o)n = 0

%—%-K(t+a, t, O)n =0

%-nE=A(t+a, t)n .

Hence, for A =0, b =20

t
[ A(s+a,s)ds
n = C3e° .

Since W(a, 0, t, 0) = (t + &, t, 0) we conclude

6,(a, 0, t, 0) =1 6,(a, 0, t, 0) = 0O
9g(a, 0, £, 0) = 0 ?,(a, 0, t, 0) =0
(9) ft A(s+a,s)ds
zg(a, 0, £, 0) =0 z,(a, 0, t, 0) = e°
Also note
T(a, 0, 0) = o, implies Tg(a, 0, 0) = O,

o(a, b, T(a, b, 1), 1) = ©, implies Tb(a., 0, 0) =0

and ®,
I A(t+a,t)dt
z (a, 0, T(a, 0, 0), 0) = e° < o™



By use of relations (9)

(10)

By use of

(1)

(11)

where F1

(12)

|84(a,
log(a,
lzg(a,
|8y (a,
loy (s
|z, (a,

relations (7)
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we secure a constant TI' > 0 such that

T(a, b, 1),
T(a, b, 1),
T(a, b, 1),
T(a, b, A),
T(a, b, 1),
T(a, b, \),

ITa(a, b,

|Tb(&) b,

and (10)

M2
Ml o<
M o<
M s
M o<
Mg
A<
M o<

6(2)] > |a, - azl{l - (|| +
(P51 + 13100 + legl (ol + 131D + logl PCIo] + )}
la, - a,l {l - (|b| + lx])(l + |opl + (1 + |6T|))}

1= (o] + [AD) )

r(|b} + |*])

r(|b] + |r])

r(Ib] + Ir]) g
r(lo] + Ia])

& TIPL L p(ay + B])

r(|b| + )

r(|b| + 1) J

3P

2 la, - 8,0 {1 - 1,01+ DG D

1s some constant.

Similarly, by use of relations (6) and (10)

la(e(1))

+

(72

A

a(6(2))| <

{ a1

+ |A])

(e TPleCiol « D)n + Tzgl TCIBL+ 11D

alzgl ol + 1D }

l&] - 8-2|

{'P(|b| e D1+ tagl + allzgl + 1)

e—A+l"|b|n} la, - &

2|

(r2(|b| £ DO+ )+ e TIRL ) la, - a,l.

We simplify notation by setting I, = I'y = T. Now the calculation will be
complete if we show that

(13)

1 -(r+ |A])(n+11) >0
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and

T(re|A])(14q)+e704 T
(1%) 1-r(r+|x?)(n+1) <

n

Now » = |r»|* where 0<pu <1 so set
n = a2
Then (13) and (14) are satisfied if

1o (R e D (A2 5 1) s 0

PR a0 ]R2)) e a2/ PN e
1=rC AR+ 2] (A H/241) =

dividng the second inequality by IXI“/2 we obtain

(15) F(IXI“/2+|X|1-“/2)(1+|k|“/2)+e_A+P|h|“
15

<1.
1= M+ D) (A4 7241) =

Setting X = 0 on the left side of (13) and (15) we obtain the obvious
relations
1 >0
e™® < 1.
Thus it i1s clear that we can obtaln A* > 0 such that for |x]| < A* 1if
r = le”/e and 1 = |7u|“/2 then F,( uxm) C %, thereby completing
the proof.

THEOREM 2. If H(6, ¢, 0) = 0 and K(6, 9, 0) = 0

and ®

1
Ji, A(t, t +a) <o

(o}

for al1 0 < a < @, then there exlsts »* > 0 such
that for |A| < A* there exists a periodic curve a?
of period o, that 1s mapped onto itself by the solu-
tions starting in the 6 = 0 plane and extending to

the 6 = @, plane.
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This 1s obviously obtained by simply interchanging the roles of 6 and ¢
in Theorem 1.

THEOREM 3. Under the combined hypotheses of Theorems
1 and 2 there exists an invariant torus T,(e, ¢) of
(2) for |a| < A* of periods o, in 6 and o, in
¢ such that

1 2

1lim dist (r,, T ) = oO.
A—» O A’ o

These torl are obtalned after the identification mentioned in the Introduc-
tion.

PROOF. That we actually have a torus generated by the integral curves 1is
an immediate consequence of Theorems 1, 2 and Remark 1. Since

||a)‘|| < |»|*, by continuity in initial values we conclude that

xlim dist (F).’ r‘o) = 0.
—» O

2. n-Dimensional Systems

We extend the results obtained for the system (2) to a system in
wvhich 2z 1s an n-2 vector. We use precisely the same device to obtaln
a fixed periodic curve under the mapping F)‘-
=1+ H(Q, P, z)z + XP(G, P, Z)

=1 + K(8, 9, z)z + 2(0, 9, z)

I

= A6, @)z + L(6, 9, z)z + AR(6, 9, 2)

6, 9, L, P, Q are scalars, 2z an (n-2) column vector, H, K, R (n-2)
vectors, A an (n-2) square matrix. The perlodicity conditions are as

before and &, F,, o rn have the same meaning.

THEOREM 4. If H, K, L = é(|lz]|) and the fundamental
matrix solution to

(16) $ - At + a8, t)z

satisfies the inequality

(17) 1z(a, «)ll <1
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for 0 < agw, then there exists A" > 0 such that
for each A, |r»| < ¥, there exists a periodic hyper-

curve ax of period w, such that

F)‘(ax) = o .

PROOF. let Z(a, b, t) be the fundamental matrix of the homogeneous
equation

% (a, b, t, 0) = A(o(a, b, t, 0), ®(e, b, t, 0), zla, b, t, 0))
(18)
+ L(W)z

then precisely as before

t
oz L
lz(a, b, t, )| < Ib)l I2(a, b, t)} e° ;

since Z(a, 0, t) = Z(a, t). If
M(a, b, A) = z(a, b, T(a, b, 1), A)

we see that
T(a,b,0)

z-N=)) In) dat
IM(a, b, o)l < libll |Z(a, b, T(a, b, 0))| &° R .

Now [Z(a, b, T(a, b, 0))|| g lz(a, o, me)u + k, bl and since L = O(|z])
we know that

T(a)b’O)
12" (a, b, t)|I JLOW)I dat = o([pf) .

o

Thus

X, Iib|
M2, b, O < bl e ' (lzta, wy)l + &, Ibl)

80
M(a, b, )| < [M(a, b, O)] + l)'lka

k, b
ol o (el

1A

("Z(a) 032)" + k] "b") + Iklkg M
If Jloff < r we want

(19) IFy (@)l s r
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and (19) will be clearly satisfied if

IF, ()]l = [M(a, B, M)

(20) k.r
<re | (I2(a, wy)ll + k) + |r]k, < 7

Setting T = |A|*, 0 < u <1, dividing through (20) by r and setting
A = 0 we obtain as a sufficlent condition for (19) that

z(a, o)} < 1.

We proceed now to the invariance of the Lipschitz constant under F,. De-
note 6(i), z(i), 1 = 1, 2, as before,

z,(a, b, t, A) = (gg—})

an (n-2) square matrix,

1 n-2
zo(a, b, £, A) = (%, ey ’a%_)

T (BT T T )

ab = \3a» b " J,
Then

I&e(1)) - ate())ll = llz(1) - z(2)ll
= ll[ze_(-)(a1 - 8y), zp(-)(alay) - alay)), zp(-)(T(ay, alay), 2)

(21) - T8y, atay), M)

A

lzg ()l lay - a5l + lzg (=)l lay - apl

+ IIZT(‘)“ "Ta.b(-)“ (lal - 5'2' + 9 |a‘ - a2|)

{21 + Iz (-2l + ag()] 1T O n} le; - 8l

We establish one further inequality:
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IO(I) = 9(2)l = '93(8'1 - 5'2) + eb(a(a"l) - Q(&z))

+

on(T(a,, ala,), ») - T(a,, a(ay), A))|

(22) 2 100 I, - a1 - {legl la, - s, ln

+

logl ITgpll Clay - 8yl + o la, - a2|)}

{Ieal - (leglln + |zl (Tgpll 1+ q))} la, - a,l .

Consider now the variational equations for A = 0. For the vari-
ation In a we have:

de

= = Ozl + H(e, o, 2)z,
do

Era = 0("2") + k(ey P, Z)Za

4z,
I = O(HZ“) + A(e: (P)Za + L(G, P, Z)Za

where b occurs as a parameter on the right. Since z(a, 0, t, 0) = 0
6(a, 0, t, 0) =t +a, o(a, 0, t, 0) =t, and H, K, L = e(|z]]) we
conclude

ea(a: 0, t, 0) =1

"
o

q>a(a, 0, t, 0)

zﬁa(&) 0, t, 0) = 0

for the variation in b:

_ OA(6,9)
J

where
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an (n-2) square matrix,

- (&)

an (n-2) square matrix, and
d d
9b= (3%—1—, ...,E-e—-—), Py = (-g%;, ...,8?—-),

- (3 ).

Since b occurs as a parameter on the right, set b = 0, readily obtaining
6,(a, 0, t, 0) = 0, ey,(a, 0, b, 0) =0
and
dzy,

-EEJ-(a, 0, t, 0) = A(t + a, t)zbj .

Thus, since =z(a, b, 0, 0) = b, 2y, (a, b, 0, 0) = ej the jth unit vector.
Hence, Zb.(&’ 0, t, 0) = Z(a, t)ej and also zT(a, 0, T, 0) = 0,

J
zb(a, 0, t, 0) = Z(a, t). We conclude then that

0

o

zab(a, 0, t, 0) = . Z(a, t) . .

o 0
Thus |z, (a, 0, @, o) < 1. We also note that

6(8., b: T(a: b, h), k) = u)2

and hence @, + oIy = O and Ty(a, 0, 0) = 0. Compiling these results
we have:

6,(a, 0, £, 0) =1 eb(a, 0, t, 0) =0

(23) ‘Pa(a: o, t, 0) =0 Wb(a; 0, t, 0) =0

23
za(a, 0, t, 0) =0 zb(a, 0, t, 0) = Z(a, t)
Ta(a, 0, 0) =0 Tb(a, 0, 0) =0

"zabT(a’ 0, @, o) <1.
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Now, establishing relations (23) which correspond to relations (9) is the
essential step in establishing the invariance of the Lipschitz constant.
It 1s clear that we may proceed as before to obtain

F(ﬂr“) C arn .

Theorems 2 and 3 carry over with no difficulty.
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XIII. AN APPLICATION OF PERIODIC SURFACES
(SOLUTION OF A SMALL DIVISOR PROBLEM)”

Stephen P. Diliberto

Section 1

We propose to discuss the equation

(1) % + vk + 02x = p(t) + ef(x, %)

where p(t) 1s almost periodic. For e = 0 and r > 0 the equation may
be solved by quadratures and produces a certain (one only) almost perilodic
solution, say, q(t); one has the additional fact that every other solu-
tion approaches q(t) exponentlally. For a long time nothing was known
sbout the case e # 0. In 1946 Friedrichs [2] showed that if

o2, (0, p+w,q)t
p(t) =ZCpqe 1

£(x, %) = x3

where z|C_.| < + ». Then for e small enough (he gives precise estimates
in terms of r and |p| = zICqu) equation 1 has solutions of the form

Sh eeni(w,pﬂ»zq)t
pq

(where ZIqu| < + ).

The notion of periodic surface can produce somewhat stronger re-
sults but under the restriction that p(t) 1s an almost perlodic polynomiel.

THEOREM. Let x = q(t) be the almost perlodic solution
(periodic if o, = w3) of

This woik was done in connection with Office of Naval Research Contract
No. ok1-134.
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(2) ® + vk + u)?‘: = A,sin w,t + A3s:Ln m3t, + ef(x, %)

for r>0, € = 0, rec®. For |e| small enough equation
(2) possesses one solution

(3) x = q(t) + g(t, t, €) = U(t, ¢)

where g(eg, 93, €) has period % in 6, where g

1s continuous in t, €, and where 3(92, 93, 0) = O.

Furthermore, every other solution of (2) near U(t, €)
tends to it exponentially.

There are several points that are worth noticing about this re-
sult: First, since 3(92’ 93 , €) 1s doubly periodic it follows that
g(t, t, €) 1s almost periodic (provided of course that mo | ¥ ).
Secondly, the solution U(t, e¢) converges uniformly to q(t) over
- o < t <+ o This is surprising because initially there seems to be no
way of excluding that U(t) = g(t + &(t, €)) + h(t, €) where h(t, €) — 0
uniformly in € but where

8(t, €) = o(e, t);

in other words, that there may be a phase shift. Third, there are no re-
strictions on the form of the function f. Fourth, that here for the first
time a fairly standard form of the classical small-divisor problem has been
solved by a geometric device (this will be clear from the prooi‘)1 . Fifth,
the above result clearly generalizes to the case where p(t) is any trig-
nometric polynomial.

There are no results for the case r = 0. It seems highly probable,
however, that perlodic surface will enter the problem. For r = 0, € = O,
and p(t) = 0 all solutions are periodic, 1.e., in the phase space there
is a one parameter family of periodic solutions. For r = 0, € # O,
£(x, %) = x°, say, p(t) = 0, there 1s again a one parameter family of
periodic solutions in the phasg pleane. For r = 0, € = 0, p(t) = Aesinmat
the equation possesses a one parameter family of periodic 2-surfaces. We
conjecture that for r =0, € 4 0, £(x, X) = x°, p(t) = Ajsims,t the
equation will also possess & one parameter family of periodic two surfaces.
We do not at present have any good methods for establishing the existence
of bands of periodlc surfaces.

1 These small-divisor difficulties are inherent in methods which attempt
to settle existence questions by means of series expansions, and if they
are resolved are done so by an ingenious analytic device -- the most recent
example being Friedrich's proof.
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2. Proof of Theorem

Replace equation (2) by the equations

. 2
X+rk+ojx= A,sinm, 0, + Assinm3q>3 + ef(x, %) ]
(%)
a.E__- 1 1=, 2.

Let x = q(ﬂ’ <P3) be the solution (for 9, = t + const and 93 = t + const)
of equation (h) which is almost periodic (periodic if for some integers m,
and my, myw, = myo, ).

The change of variables

X = X+ q(e,y, 3)
(5)

o]
]

d d
2 X+~a-g—+&q);=}'(+r(w2,®3)

2

leads to the system

d‘?i
a-t-—= 1 i1i=2,3
ax,
(6) T TR
dxa 2
I - - rX, - olx, - et‘(x1 +q, X, + r)

Since the right members have period i—;— in 4 (1 =2, 3) and the char-

acteristic roots of the linear terms in X; have negative real parts
Theorem (4] of [1]) applies. Hence there is a curve xy = a4 (9, t) which
is a permanent repeating curve for say |e| < €o+ This repeating curve

generates a surface Xx; = B,(9,, 35 €) (1 =1, 2) (period %—;— in o

of course). On this surface solutions are, of course, 9y = t + const.
This, plus the fact that nearby solutions approach the surface ex-
ponentially, proves the theorem.
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© XIV. REPEATING SOLUTIONS FOR A DEGENERATE SYSTEM"

Marvin D. Marcus

1. Introduction

We consider in this paper theorems concerning the existence of
repeating solutions to the equations

%-g-= 1+ AP(6, 9, 2z, \)
do _ )

(1) T =1+ »le, 9, 2, 1)
dz

e = MAe, 9)z + R(e, @, 2, V)

P, Q A, ReC3  and period «, in 6, o, in ¢. Let eo(a, b, t, A),
9(a, b, t, 1), z(a, b, t, A) be solutions to (1) with starting values for
t =0, a, 0, b respectively. The initial remarks in [1] concerning the
transformation from the ¢ = 0 to the ¢ = ®y plane are readily seen to
be true for (1). We recall that the existence of repeating solutions of
(1) 1is equivalent to the existence of a curve o(a) of period ®, 1in a
and a function T(a, b, A) such that

o(a, b, T(a, b, A), ») = @,
(2)
z(a, a(a), T(a, ala), 1)) = ale(a, a(a), T(a, ala), »), 1), T(a, b, 0) = w,.

As in [1) this device 1s used to obtain a family of invariant tori of (1).
The idea here 1s as in [1] to make the proof depend on the Schauder fixed
point theorem for meppings in a function space [2]. We will first define
several sets occurring in the theorems. Let % be the set of all con-
tinuous periodic functions of period o, with the topology of uniform

N This woi'k was done in connection with Office of Naval Research Contract
0. Ok1-13h.
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convergence Let L. Ex)lae ¥ and o 1is differentisble and |«f < r,
IDofl < ], end %) '= Ex)lwe % and ol < r and o is Lipschitzien with
constant nl]. We do not specify the dimension of the range of the curves
«e %. There will be two theorems in the sequel for =z & scalar, and z
a 2-vector. However, we will try to avoid duplication by not specifying
this until it 1is necessary to do so. We note several properties of ¥,
A and !1 :
I rn .
(1) #® 1s a Banach space.
(11) Ql;,n i1s a compact, convex subset of % .
(111) ’rq C l;, and urn is convex; thus
ﬁrq C’q‘n and ¥, 1is convex and compact.
(1iv) If F: 9 —> A 1is continuous on u;
and F(urn) C L then F has a fixed
point In @& T’

(1) is clear; (11) follows from Ascoll's theorem; (1i1i) follows
from (11); and since the continuity of F implies F( !rn) C T urn) C ’r
we see that (iv) follows from (111) and the Schauder fixed point theorem [2].

2. Statement and Proof.of the Theorem

We will state and prove theorems for the cases in which 2z 1s a
one and two dimensional vector. Let

w

2
Ca) = f A(t + &, t)dt
o
and let L,(a) = I + aC(a). We let the norm of any matrix function M(a)
that occurs in the sequel be ae gug [M(a)|| where [M(a)|| is the usual
19y

Hilbert space norm. We state and prove a preliminary result in which an

assumption 1s made regarding IIL)"1 . Sufficient conditions to guarantee
this hypothesis will be subsequently investigated.

THEOREM 1. If P, Q= O(lzll + [r»]) and
R = 0(lzI® + Ia])

i, <

1
s A0

then there exists Ao >0 such that for

0 < & < M equations (1) have a repeating solu-
tion which reduces to the solution 6 = t + a,
9=t, z=0 for A= 0.
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PROOF. It 1s clear that for A sufficiently small wT(a, b, T, ») ¢ o.
Thus we may obtain a function T(a, b, A) satlsfying (2,). Now, by the
formula for varlation of parameters

T(a,b,2)
(3) z(a, b, T(a, b, A), A) = b + xf (Az + R)dt .
o
Let
T(a,b, )
I(a, b, A) = IA(G(&, b, t, A), ola, b, t, r))z(a, b, t, A)
o
+ R(e( ), o( ), 2, ).)]dt.
Then

I(a, b, ) = I(a, b, 0) + AH(a, b, 1)

w, ®,

2 2
-f A(t + a, t)bdt +f R(t + &, t, b, 0)dt
(<} o

+ AH(a, b, A).

Then equation (2;) becomes

L,(a)a(a) = a(e(a, ala), T(a, ala)), 1), 1)

)

- xf R( )at - »%H(a, a(a), 1).
()
Since L;' (a) obviously exists for A sufficiently small we obtain for
(2,)

@,

2
(%) a(a) = L}'(a) (a(e) - xf Rdt - xz}{).
o

We will systematically leave out the arguments of these functions since
they have previously been indicated. We define a continuous function
F, : u;,n —> % by the formula

w,

2
Fyl@)(a) = 17'(a) (ate) - » | Rar - 2%).
o

We will show that for each A > O there exists r(ix) >0 and q(r) >0
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such that
Pa ) C g @ s iyl e
() o,
calf Rt e, 6w odas) + A%}
[o]e)
Since

R=0(Iz|? + [A]) and L'l < Tz -

Iy (@)1 < i {x + ror? + 20}

whenever ||| < r and where I 1s a positive constant. We seek r such
that

(6) TN {r+ r(xr2+x2)}5r.

It is clear r = AM, 0 < u < 1, satisfies (6) for each 1 > O.

We must now consider the megnitude of the derivative, DF)‘(a) »

of the transformed curve F,(a).
w,

2
DF, (@) (a) = DL;‘(a)[a(e) - xf Rdt - x"’H]
o

+ L;.l(a) { Dx(e) (6, + ebDa(a.) + ST(Ta + TbDa(a.))
W,

- kf Re(t + a, t, a(a), 0)dt

[e]

®o

- ).f Rz(t + a, t, afa), 0)Dx(a)dt
o)

e (Ha(a, a(a), ») + Hy(a, ala), x)Da(a)) } .

Hence

IDF, ()l < I3l lley + eqTyll IIDx|i®

{3 (1ea + oqtgl + xnf Ryl + 3211 } ioa
{ims (0 fm Rell + A2|K u)

I T xuf RI « 2 ) } -

+

+

+
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We note the following:
)
Ilf R,(t + &, t, ala), 0)dt| = O(fe|)
o
')
III Rg(t + &, t, a(a), o)dt| = O(la|)
[e)

w,

2
Il‘f R(t + &, t, afa), o0)dt|| = O(|«|)
o

loy, + oqTyll = O([x]).
Thus 1f ||| < r we obtain
IDF, ()] < MILY'I| |A] [IDxf®
+ { Iy i (uea + 6gT, || + MOAr + A%) )} flDee |
+ ||DL;1|| {r + M(ar + ).2)}

where M 1is an appropriate constant. Note that since Lx(a) L;'(a.) =1
that

1

- -1 - -
oL,Ly' + L,oLy' = o and JmLy'f < IL7NIP EL, ) -

Since

Il S T end oL, I = 0(IA])

we conclude that IIDL;1 I = O(Ir]). Also by straightforward calculations
we verify that

gl = 1 + 0(a% + [r|r).

ITgll = 002 + [a|r).

2
A
IoF, (@) < ama? + { Lemon)

+ M(Ar + ).2)} IDx|| + K(ar + A2).

Thus

(1)

If |Dx|| < n then we want

(8) (DR, (@) s v -
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By (7) after transposing and dividing through by » condition (8) becomes

g(x, 1) = Mn? + {9-(%‘—:%34— M(r + k)}n + K(ar + 2%) < 0.

Since r = A 1t 1s elementary to show that there exists a continuous
function n(A) such that g(ir, n(r)) < 0 for A sufficlently small and
non-negative.

We thus see that (5) is satisfied and hence there exists a curve
a = ate ® satisfying (2,). Hence (1) has a repeating solution and since
r(A) —» 0 as A —>» O we conclude the result.

We now investigate the condition
-1 1
(9) L'l < 3953 -
If the 2z equation is simply 1-dimensional then

-1 N
Ly (8) = v5prEy

so if
2

w,
f A(t + a, t)dt >A >0
o

for all a and 1f X > 0 then

-1 1
“L). " < T+

To discuss the two dimensional situation we use the following
formula for the Hilbert space norm of any 2-square matrix M.

PO
(10) )l = (N(M%(N"’(g)-un(m?) )

where N(M) = }:lmijl2 and D(M) = determinant of M. The formula (10)
may be calculated by simply meximizing the functlon of two variables
£(x) = |Mx| with the conditien [ix|| = 1. From (10) and

-

we see that

%
[ (N(M) + (NM)? - uD(M)a)J") /JEE(M) .

Setting M = L,(a) = I + AC(a) we see that
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NGO = 2 (14 2txC(a) + g?-n(c(a)))

D(M) = 1 + atrC(a) + A2D(C(a)),

and
£C 3
(i) ]|L;'(a)|| ) ( 140 (t (a)«IEQ;x);a)n/aN(C(a)))
(1+rtrC(a) )=+ Ea(k)(a)
where

B, ) = (M) - o)) {atr 4 aerota))
+ 8 (M%_&_D_ + D(C(a))}

and E,(r)(a) = 2D(C(a))(1 + rtrC(a)) + A®D%(C(a)). Let H(r) be the
quantity inside the large parentheses in (11). Condition (9) 1s equivalent
then with

HOD < (1+24)% ’

that is,

(12) s(x) = HM( + )2 -1 <0

Now s8(0) = H(0) = 1 =0 and

8'(0) = 2a + H'(0) = 24 +~/E1(0) - trc.

Now there will exist A > 0 such that (12) obtains if JElioi < trC where
E,(0) = N(C(a)) - 2D(C(a)). Thus if for all acl0, o]

(N(C(a)) - 2D(C(a))) ¥ < trC(a)

we mey conclude that (1) has a repeating solution according to the above
theorem.

We note that in case A 1s a constant matrix with distinct
positive roots that we may assume by a linear change of variables that A

has the form
<u1 0 >
o Ho
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and (N(C) - a~D(c))é = |u; - uyl < wy + p, = trC and the result hold.
Similar statements can be made about speclal cases.
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XV. BOUNDS FOR PERIODS OF PERIODIC SOLUTIONS”

Stephen P. Diliberto

1. The Problem

Let x = u(t) be a periodic solution, of period , of the two
dimensional system of real first order ordinary differential equations

(1) & - x(x)

where x = (x;, X,) and X(x)ec' for all x. Let A be a region which

1s bounded both from infinity and the singular points of X. We shall show
in this case that if the periodic solution u(t) 1les in A there is an
upper bound for w, the period of wu, which depends solely on [X[,
certain curvatures, and some measure of the two boundedness properties of A.

We shall use the following device for characterizing that A 1is
bounded both from infinity and the singular points of X: There exlsts a
region B of finite area B; free of singular points, and containing A
in its interior -- specifically we shall suppose that peA, q¢B implies
dist (p, @) >d > 0.

Let H(x) and H*(x) denote, respectively, the curvature of the
trajectory and orthogonal trajectory passing through x. In terms of the
constants let

m = min |X|| > ©
XeA

K = mex [max (H(x), H*(x))]
XeB

d b4
p = min [5’ 8K N2 ]

Th%s woik was done in connection with Office of Naval Research Contract
No. O&k1-134.
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We shall show that
(2) ® < _“_2 + 2 P.._“fﬂ .

In the last sectlon we shall use this boundedness result to es-
tablish a convergence theorem.

2. A Formula for Hq)(x)

At a point x, the vectors X = (X;, X,) and xl - (- X5, Xy)
define a coordinate system. Let ¢ be the angle, measured counterclock-
wise, from X to a segment, L, through x. Let L be parametrized by
the distance u along L with u = 0 corresponding to the point x. Let
x(u) denote the point on L determined by u and let X[ul = X(x(u)).
We define H_(x) as the rate of change (at u = 0) of the direction of
X[u]l with respect to u. The following formula will be established

(3) H(p(x) = H(x) cos ¢ + H*(x) sin o .

Let X¥ = (x?, X§) = X, cos ¢ - X, sin ¢, X, sin ¢ + X, cos o).
Then

x(u)=x+u~m‘m-xq’ .

In obtaining Hw(x) we must first find 6(u) the angle between X[{u] and
a fixed direction and then calculate

%ﬁ e(uj .

u=o

Since this will be the same for any fixed direction, the most convenient
choice for this direction is X+. Clearly,

1
Hy(x) = §go(w)| = 5 cos™! [UEoXluD)
p{X) = 3@ “_Ju=o g °°8 [uxrulu Ix Il]

= (d[d] cos™'( ]) (M)

du u=0

=

1 d xl,xtul) ]

stn £ au Lxtwr) ek,
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d
- (XJ', T X[u]) u=o0

[|XCol|
Consequently,

oX X X X,

H (x) = &89 -—'x,xa-——’-x§+—3x$+—-?-x,x2}
® I3 3x, 3x, 3x, 3x,

cetng [ ye M Fyy Kage
3 2 12 TS, Mt T M *

X ax, ax, ax, 3x,

The formula (3) follows from this by observing that H,(x) = H(x) 1s ob-
vious; and that since H_ /2(x) can be obtained from H(x) by substituting
- X, for X, and X, for Xz, one has I{ﬂ/2 = H*.

3. Proof of Inequality (2)

Let 8 (p) denote the circle with center p and radius p. We
shall say & solution u(t) "enters a region just once" if wu(t) passes
through p and meets the boundary of 8 c,(p) in exactly two points. The
principle idea of our proof 1s contalned in the following

LEMMA. A periodic solution u(t) enters Sp(p)
just once.

PROOF. From the formula of the last section, it follows that if qesap(p)
the angle between X(p) and X(g) 1s less than (or equal)

() e 5

As a result, the dlameter L of Sap(p) through p and perpendicular to
X(p) 1s a segment without contact. We shall show (below) that 1f qesp(p)
then the solution through q cuts L. This, plus the fact that a periodic
solution meets a segment without contact just once, implies that if q
lies on u(t) 1t must lie on the arc of u(t) through p: u(t) enters
Sp(p) just once.

We shall show that anp(p) implies the solution through q
cuts L. At p, X(p) and xl(p) determine & coordinate system. We
shall suppose that q 1lies in the second or third quadrant, the other case
reduces to this by reversing t. Suppose that q 1s in the second quadrant
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(the other case is similar). The two lines L + and L - through q with
slope + 1 and - 1, respectively, cut L at q+ and q - on L. At
each point r in the triangle qq+q-, X(r) has a component > 7—_’—2— m 1n

the X(p) direction. This, plus the fact that the solution through gq
cannot leave the triangle on the sides qg+ or qq- at any point r (or
else the angle between X(r) and X(p) exceeds -,’}), imply that it must
leave through q+q- (in a time less than p -2~ and so cuts L. This
proves the lemma. Jz

We shall now derive the inequality (2). We shall construct a

sequence of points py = u(ti) according to this rule: ILet p, = u(o).
Let t, > 0 Dbe the smallest value of t > 0 such that u(t) 1lies on the
boundary of S _(p,). When pg, ..., P, have been determined let t,,,

be the smallest value of t > t, such that py,, = u(t,,,) lies on the
boundary of Sp(pk) but not inside any Sp(p ) for j < k. The important
property of the sequence is that dist (py, pj) >p for 14 j. Conse-
quently the circles S%p(pi) are disjoint and lie entirely inside B.

Thus the number r of such circles Si (p,) can not exceed B_
'ﬁ'p 1 ﬂDE

By elementary properties of curvature the length of arc from Py
to py,, 1s at most p~2 . The time required to travel from p; to Dy,

is then at most % p. Including the two arcs from Pp_y to Pn and Py
to P, we have

(4) o< iB-§-+2)f;m@
np

4. A Uniform Convergence Theorem

THEOREM. Let

(5) & - x(x, )

be a system of real first order ordinary differential
equations where X 1s C' 1in x = (x, x,) for all
x, ¢ in A for 0'< A > 1, and where the singu-
lar points are the same for all a.

If for A > 0, the equations have a family of periodic
solutions x = u(t, ») 1lying in a region A which is
bounded and strictly interior to a region B, not in-
cluding singular points, in which the curvatures are
uniformly bounded then the equation '
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(6) & = x(x, 0)
has a periodic solution.

The proof 1s-clear: Since the perlods are bounded, choose a sub-
sequence A so that a8 1 —o «, hi — 0, and mi (the period of
x = u(t, A1) converges to . Because of the curvature bounds, the
x(t, Ai) are equl-uniformly continuous. By Arzela's Theorem there 1is a
subsequence x = u(t, xij) which converges uniformly to u(t). u(t) 1is
obviously perlodic and a solution of equation (5).

5. Rotated Vector Fields

The uniform convergence theorem of the last sectlon gives a very
direct way of establishing the principal theorem on rotated vector fields.
This concerns a result about the periodic solutlons of the equations

€ & - Xx, o),

where X(x, 0) = X(x) 1s C' for all x = (x,, x,) eand the vector
X(x, @) 1s obtalned by rotating X through the angle « counterclockwise.
Note that the singular points remain fixed as o varles.

By an annular ring of curves in the plane we shall mean a set of
curves generated by a topological mepping of the annulus a <r <b (or
a<r<b if the annulus 1s "open") into the plane and such that the
oircle r = constant, 0 < ¢ < 2n are mapped into the curves. Including
infinity in the set of singular points the theorem in questilon is:

FUNDAMENTAL THEOREM ON ROTATED VECTOR FIELDS. Each
periodic solution of (6) 1s contained in an open
annular ring of periodic solutions having singular
points on both the inner and outer boundary. The
angle « 1s a continuous function of r the radial
parameter.

It is to be observed in what follows that o(r) 1s not monotone.
The first step in proving the theorem is to characterize periodic solu-
tions in some local manner. let x = u(t, ao) be a periodic solution of
equation (6) for o = Qo5 and suppose that the solution 1s traversed
counterclockwise by t. (The ensuing discussion requires only minor
changes if u 1s oriented clockwise.) Let L be a segment perpendicular
to u at some point, say u(0), and parametrized by a real number \;

let A = 0 correspond to u(0) and A < 0 be outside of u. If L is
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short enough it intersects u(t) in the one point. For each value X 1let
£(», @) be the value of A determined by the next intersection with L
of the solution of (6) through A. f£(A, o) 1s defined only for values of
A near zero and for o near age

LEMMA 1. In a neighborhood of X =0, @ = &g, £(r, a)
is continuous and a, > a, = £(x, ay) > £(3, °‘2)'

The continuity of f£(», ao) 1s classical and its strict mono-
tonicity 1s obvious.

Now the periodic solution wu(t) corresponds to A = 0, where
£(o, ao) = 0; and may be characterized by the behavior of f(a, ao) near
A = 0. In particular periodic solutions correspond to values of A such
that £(x, o) = 1.

Let g(r, a) = £(r, @) - A. Then g(i, ;) >g(h, a,) 1f
a, >a,, as for f; and periodic solutions correspond to the zeros of
g(r», @). The monotone properties of g imply that for some & and
o, <@y <yl glx, a1) < 0 and g(kl, d2) >0 1f |x] <8&. Clearly for
each A with |A| <& there exists a(Ar), continuous in A, with
@, <@ < a, such that g(r, a(a)) = 0. Thus each periodic solution

x = u(t, a,) is & member of a radisl band (actually an interior member).

From the above it follows that each periodic solution x = u(t, ao)
belongs to some maximal open annulus, A, of periodic solutions. Let
8 <r<b be the annulus A. We shall show that if the annulus A has no
singular point on its boundary it is not meximal. Choose a sequence Ty
8o thet ry —» b and o(ry) —> o, mod 2x. If the annulus has no
singular points on its outer boundary, the conditlons of Theorem 1 are
satisfied, hence u(t, a(ri)) — u(t, oro), a periodic solution. But we
have shown in the previous paragraph that each periodic solution is an in-
terior curve for some annulus, hence A 1s not maximal. This contra-
diction establishes the theorem.
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XVI. ONE-DIMENSIONAL REPEATING CURVES IN
THE NON-DEGENERATE CASE"

Paul Koosis
1. Introduction
We shall consider solutions of the system

0, = 1 + ZF(91’ 6,5 z) + eP(o', 6, z)

(1) 6, = 1 + 2G(e,, 6,, 2) + €Q(o,, 0,, z)

zZ = A(e,, 92)z + z2H(e,, 6,5 z) + eR(el, 65, 2).

Here € 1s a small parameter. The functions A, F, G, H, P, Q, and R
are all periodic in 6, and 6, with periods , and ®, respectively.
Also, we assume that these functions have continuous first partiel deriva-
tives in 615 65, and 2z.

When € = 0, a famlly of solution curves of these equations is:

6, = a+ t

1

6, =t

2
z = 0.

Throughout this paper, we shall consider (e,, 655 z) as Cartesian Co-

ordinates, and a point (&, b, ¢) will denote the values 6, =48, 6, = Db,
z = ¢c. If we do this, the aforementioned solution curves generate a sur-
face Z,» the o, - 6, plane, which is invarlant to all translations of

the form 6, —» 6, + nw,, 6, —» 6, +m,, n and m Iintegers.

We inquire as to under what conditions does there exist, for
e # 0, a surface £, consisting of solution curves to the system (1) so

This work was done in connection with Office of Naval Research Contract
No. Nonr-222(25).
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thet the I, tend to r, as e —» 0 and I is also invarient to these
translations. In our discussion, we shall use, besides the standard exist-
ence and continuity theorems for differential equations [1], the Schauder-
Lersy fixed point theorem for Banach spaces, [2].

LEMMA 1.1. Let T, be a solution curve to the system
(1) passing through the point (a, b, ¢) and T, &
solution curve passing through (a + o,, b, c¢). Then,
on meking the translation 0, —> 6, + o, 6, —> 65,
z —> z, the curve T, 1s brought into congruence
with T,.

This follows from the fact that A, F, G, H, P, Q, and R all
have period o, in 6,5 and the standard uniqueness theorem for differ-
ential equations.

REMARK. Solution curves to (1) passing through (a, 0, c) cut
the plane 6, = o, for le| and lc| small enough. For if ¢ = ¢ = O,
the solution curves 6, = a + t, 6, = t, 2 = 0 cut the plane 6, = 20,,
80 by the theorem concerning continuous change of parameters, 1f le| and
|e| are small enough, the solution curves passing through points (a, 0, ¢)
will come so close to the plane 6, = 20, that they will also cut the plane

6, = w,.

2 2

For |c| and le| small enough, the (unique) solution curve T
passing through (a, 0, ¢) cuts the plene 6, = w, in a point which we
shall denote by (&, w,, Z). Let us write ¢€(a, c¢) = (&, C). The trans-
formation ©° 1s then defined for all points (a, ¢) with |c| <h pro-
vided that le| <h, if h 1is a smell positive number. ¢ 1is one-one
by the uniqueness theorems, and continuous, by the theorem on continuous
change of parameters. We therefore have:

€

LEMMA 1.2. If h 1is small enough and |e| <h, the
transformation ¢¢ is topological on the strip
((a, ¢) [lel g nl. %

Iet 7y be a curve lying in the strip |c| <h of Lemma 1.2.
Suppose 7 1s given in the form ¢ = g(a) and suppose furthermore that
gla + ®,) = g(a), 1.e., 7 has period o, in a. Then the transforma-
tion ¢° maps 7 on some curve 7 consisting of points (&, ¢). By
Lemms 1.1 (&, ) will 1ie on the curve 7 if and only if (a + o, C)
lies on 7, 1.e., 7 has perlod o, In & if 7y hes period ®, in a.
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We now meke a more detailed study of the system (1). For our pur-
poses, 1t 1s best to rewrite these equations as follows:

de, 1+2F+eP
- 3'9_2' N FY7 e P

(2)

dz_ _ Az+z2H+eR
de, T+ZO+eQ

For c¢ small enough in absolute value there exists a unique solution pass-
ing through (a, 0, ¢) which we shall write in the form

€
6, = el(a, c, 92)
z = 2%(a, ¢, 0,) -

Here the functions on the right have continuous first partial derivatives
in a, ¢, end 6, and are analytic in e near ¢ = 0. Also, by the dis-
cussion of Section 1, ef(a, c, 92) and 2%(s, ¢, 6,) eare defined on the
whole interval 0 <6, S w, if le] and |e|l are smell enough. In the
notation of Section 1 we have:

- €
a = ol(a, c, “’2)

[e]]

= 2%(s, c, wy) -
We now make the

ASSUMPTION. The quantity
P2
- My = j; Ala + 6,9 ee)da2

i1s <0 for all a.

Since A(e, + oy, 6,) = A(6,, 6,), the numbers M, are uniformly
bounded away from zero.
Using this assumption we obtain estimates for the four quantities

3% & N &
3 % % WM %

Iet ¢=0 and ¢ = 0. Then the solution to the system (2) is
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91 = a + 92

z =0
whence & = a + o, and therefore

da
3a

3 _
, =0

for ¢ and e = 0. We determine the other two quantities for e¢ and c¢ = O.
If u denotes either of the quantities a or c¢, and we use subscripts

to denote partial differentiation in the usual way, we obtain from the second
of the equations (2):

dzu J6

6
. A z 1 2
T, " T T TR (""91 vt A92 3o 22y
ae, 892
+ 2z H + zH + zH
Zu 0, 3 0, 30

36 o6
A+zH 1 2
- Tzc{zu(" * 20,2y * By 3+t DM, 30 )

in case e = 0. If also ¢ =20, z =0 for all 6, and we obtaln

dz,
T, = A
so that
Pa -M,
Zu(“’z) = 2z,(0) exp j; Afa + 6,5 92)(192 = zy(0) e .

Now clearly
zg(0) = gﬁ- =0

2,(0) = %—- 1

so for € and ¢ = O,

?Tg-o, g%-e' < 1.

Since the four partial derivatives

28 3a& A& ¢
% 3 % and So
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are continuous in a and c¢ (in fact, uniformly continuous in a because

of the periodicity of the functions on the right of (2)) and analytic in
€ we obtain:

LEMMA 2.1. For 8 > 0 there exists h > 0 so that
if |e| and |c| are < h we have

F-tlcn [E<o

Ig%l<8, Ocgg<e +8

where M=:Ln.1E‘Ma is > o.
a

LEMMA 2.2. If h is small enough, then for |e| < h,
[l <h for all a 1if |c| < h.

Because
|2 <
by Lemma 2.1 1f h 1s small enough.

LEMMA 2.3 Let 7 : c = g(a) be a curve lying in

le] <h such that g'(a) = %% exists and is bounded
for all a. Then, if h is small enough and |e| < h,
y = ¢y 1s a differentiable curve lying in 2] < h.
Moreover, if p 1s a point of 7 for which lg-g— <1,

then Id—c_" | < 1 at the corresponding point p = ¢°p of 7.
da

PROOF.
& . 8 (dc)
a _ %t 5 \@
daa i

-1} dc)
J& T 3¢ \da
exlsts 1f the denominator on the right side 1is different from zero. But
by Lemma 2.1,
éT: - 1, < 8) l%g" < 5,

so the denominator is different from zero if %% i1s bounded, and &, 1i.e.,
h, 1s small enough. That 7 1lies in |G| < h follows from Lemma 2.2.
Using the inequalities of Lemma 2.1,
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-M de
Q_Ei l < °+(e +°) laa- < S-Mﬁaﬁ
ag -8 (ngg_ 1-28

ir ldcl < 1. If h is so smell that 48 < 1 - e'M, then IQQ' < 1.
d da

We now combine the results of Sections 1 and 2 in order to es-
tablish the result of this paper.

LEMMA 3.1. For h sufficiently small, if |e| <h and

Y 1s acurve in |e| sh for which |[c, - eyl < lag - &,
(ay, ¢4) on 7, then 7 = ¢y 1liesin |G| <h and

18, - &l < 1&g, - 5’2‘ for (&, Ei) on 7.

PROOF. Let h be chosen so small that the conclusion of Lemma 2.3 holds.
let (a,, ¢;) be a point of 7 so that for any other point (a, c) of
7, ey - c¢] < la; - a|. Let us consider (&,, ¢;) on 7; we wish to
shov that if (&, &) 1son 7, |& -¢| <&, - &|.

Let us denote by R the region
{(a, e)|le-cl <la-al, lclgh}.
R 1s bounded by the two lines

M tc-¢c,=8a-a

+ 1

M :c-cH =2 -a
vhich meet in the point (a;, ¢,). Consider the curves: M, = 0°M_ and
M_ = ¢°M_. They intersect in the point (&,, ¢,). By Lemma 1.2, ¢°
maps R topologigally on a region R. Since M, and M_ form the
boundary of R, R 1s one of the two regions in |&| <h bounded by M,
and M_. By Lemma 2.3 the curves M, and M_, as well as any curve
i- 0‘1, where 1 1is any line in R, all have slopes of absolute value
less Eha.n one everywhere. Therefore R 1s that region bounded by ﬁ+
and M_ which is contained in the set

A

{a@aliE-51<m-51, 3 sn}.

Since 7 lies in R, 7 1ies in R, and the result is proved.
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REMARK. If 7> is a curve having the same property &8 in the a-
bove Lemma, then for some function g, y 1s the set of points (a, ¢) for
which ¢ = g(a). For if (a,, ¢,) and (a,, c,) lleon 7, &, = a8,
implies ¢, =Cy

Conslder now the Banach space B of all continuous functions
f(a) on the real line for which f(a + ;) = f(a), using the uniform norm.
Consider the subset D of B, consisting of functions g for which
lg(a)l s<h for ell &, end lIg(s,) - gle,)| < |la, - a,]. D 1s a bounded
convex subset of B, and 1s compact in B by Ascoli's theorem. If h is
small enough and |e| < h; the function ¢€ induces naturally a continuous
mapping T, of D into itself by Lemma 3.1. Namely, to g(a) in D
corresponds a curve 7 : ¢ = g(a); and 1f 7 = 0%5y; 7 1s given by some
function ¢ = g(&), and g(a) also lies in D, by this Lemma. We write
g=Tg T : D—> D. The continuity of T, follows from the theorems
on continuous change of parameters in a differential equation.

By the Schauder-Leray theorem, T, has a fixed point in Dj
i.e., for some g, Teg = g. Therefore, 1f 7 1s the curve c = g(a), the
curves 7 and 7 = ¢y are identical. Now consider the surface L. con-
sisting of ell solution curves to equations (1) passing through the points
(a, 0, ¢) with (a, ¢) on 7. The surface £, intersects the plane
8, = o, in a curve 7, and by the above discussion, 7y and 7 are

brought iInto congruence on making the translation

It follows that I is invariant to translations of the form 92 —_ 62 + oy,
and hence also to translations of the form 6, — 6, + m,, m an in-
teger, by the uniqueness theorem for differential systems, since A, F, G,

H, P, Q, and R have period oy in 6,. By Lemma 1.1, £ 1s also in-
variant to translations of the form 6, —> 6, + m,, n an integer,

since the curve 7 has period o, in a. We have therefore found, for

le| small enough, a surface L. consisting of solution curves of (1)

which 1s invariant to all translations

61-—» 9.‘+mm1
92—-—> 62~l-mu)2

Z2 —> 2 .
For each h, h small enough, find two such inveriant surfaces =, for
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€ = + h. Then, for |e| small enough, a family of inveriant surfaces £,
so that I, tends to I, as e —> O has been found, where z, is the
6, - 92 plane.

We have proved:
THEOREM. Consider the system

8, =1 + zF(8,, 6,, 2) + €P(0,, 6,, z)
ée =1 + zG(el, 6,5 z) + eQ(ev 6,5 z)

2 = Ao, 6,)z + 2°H(0,, 6,, 2) + eR(6,, 6y, 2)

where all the functions on the right have continuous
first partial derivatives, and have periods o, in

6, and w, in 8- If

Do
‘/c; A(a + 6,) 62)d92 < 0

for all a, then there exlsts for any e small enough
in absolute value a surface ZI_. consisting of solution
curves to the system, such that =_ 1s invariant to
all translations of the form ’

91-——) 91+na)1
0, —> 6, + mo,
z —> z,

n and m Integral. The surfaces L. tend to the
91 - 62 plane as € —> 0.

REMARK. The theorem 1s also true 1f

W

2
‘/; A(g + 6, ez)de2 >0

for all a, as 1s seen by using the plane 6, = -
in Section 2. So we mey replace the condition

> Instead of 6, = w

o Lo
j; Ala + 65, 92)d92 <0 by J; Aa + 6,5 62)d92 # 0

for all a.
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