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PREFACE

The purpose of this text is to facilitate the study and use of mathe-
matics with especial reference to its applications in engineering. The
justification of another text in this general field, however, is not its
purpose merely, which is broadly the same as that of any book on the
same subject, but the point of view from which it is written. The
latter has been tempered, first, by the joint participation of a mathe-
matician who has worked in engineering and of an engineer who has
worked with mathematics; and secondly, by the atmosphere of the
engineering office and the classroom. On its educational side, the text
represents a gradual development of material and form during a class-
room experience of ten years; and, on the engineering side, embodies a
scope and method suggested by engineering work extending over a
much longer period. It is thus neither a text on mathematics nor
one on engineering, nor yet merely a handbook on engineering mathe-
matics. Rather, it is, first, a guide in bridging the gap in engineering
between physics and mathematics by the scientific method; and
secondly, a presentation, suitable for engineers, of those aspects of
mathematics which the experience of a large manufacturing organiza-
tion in dealing with electrical and mechanical problems has indicated
to be of value to engineers.

Such a book may appear choppy and lacking in unity from the
mathematician’s point of view. However, the unity of the text lies
in its method of approach in the mathematical formulation of engineer-
ing problems. The problems themselves and the mathematical devices
used in solving them afford a great variety, and it is this variety that
may, in a superficial review, present the appearance of choppiness.

We believe that there is a broad educational field for a text which
outlines the application of mathematics from the point of view referred
to, and which is of proved usefulness in class work. The text was
originally developed for the Advanced Course in Engineering of the
General Electric Company. Although prepared for that course,
which comprises a selected group of engineering graduates just out of
college, nevertheless the book should be useful as well in college in
both undergraduate and graduate engineering work. This volume
covers ground which those students who are interested in the higher
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levels of engineering service should study as undergraduates. The
material of the second volume fits more appropriately in graduate
work. The only knowledge presupposed for understanding Volume I
is the calculus.

On account of the special nature and purpose of the text it has
seemed desirable to include a Foreword for Instructors which may be
helpful to them in presenting the point of view to the student.

Assistance from engineers of the General Electric Company is
acknowledged. They have suggested problem material from actual
engineering work, and offered valuable criticisms. We are especially
indebted to Dr. A. R. Stevenson and Messrs. P. L. Alger, E. E.
Johnson, and Alan Howard of the General Electric Company.

Finally, we wish to express our thanks to Professor B. R. Teare, Jr.,
formerly of Yale University, and of the General Electric Company,
now at Carnegie Institute of Technology, not only for his valuable
suggestions but also for his assistance in the selection and presentation
of material.

New Haven, Connecticut RoBErT E. DOHERTY
Schenectady, New York ErNeEsT G. KELLER



FOREWORD FOR INSTRUCTORS

The great increase in the use of mathematics in engineering during
the last decade or so is merely one phase of a general increase through-
out the whole field of applied mathematics. In the latter field, tensor
analysis is now the everyday language of the physicist; Hamilton’s
principle, involving the calculus of variations, is one of the chief stand-
by theorcms of mathematical physics. Courant and Hilbert's Me-
thoden der mathematischen Phystk is quite as much a textbook of mathe-
matics as it is of physics. The development of wave mechanics has
made the concepts of groups, Hermitian matrices, Eigenwerte, ex-
tremals, invariants, and contact transformations, and many other
similar concepts, common property of the chemist as well as of the
physicist and mathematician. Modern theories of ballistics are con-
cerned almost entirely with the solution of certain differential equa-
tions. Extensions have not stopped at the boundaries of physical
science. The mathematical developments in political economy, statis-
tics, and life insurance form a long list in the Encyklopidie der mathe-
matischen Wissenschaften, and the applications in biology, and psy-
chology become increasingly more numerous.

The engineering phase of this growth is far-reaching. The advanced
theories of periodic orbits have a counterpart in synchronous machine
theory. The analogue of eccentricity of orbit is internal resistance,
while the periodic coefficients of the differential equations introduced
by rotating axes in special cases of the three-body problem are intro-
duced in machine theory by the armature rotation. The non-linear
equation of damped pendulum motion has an analogue in the study of
synchronous machine stability, the hunting of the armature corre-
sponding to pendulum motion. The quasi-diffcrential and integral
equations of Cotton are of service in the investigation of locomotive
oscillations. Partial differential equations of the eighth order with
boundary conditions expressed by differential equations of the fourth
order make their appearance in connection with transformer oscilla-
tions. Dyadics and tensors have been found of service in machine
analysis and stability problems. Lagrange’s equations are of impor-
tance in mechanical engineering. Nearly every partial differential
equation of not more than four independent variables is of some assist-
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viii FOREWORD FOR INSTRUCTORS

ance to the engineer. The calculus of variations is of use in many
maximum problems, Vector analysis is of use wherever vector fields
are found, especially in the discussion of vector magnetic potential
within current-carrying regions and in the applications of Maxwell’s
equations. The Heaviside operational calculus is of almost as great
importance in the heat-flow problems of the mechanical engineer as in
the circuit problems of the electrical engineer. Statistical methods
have been of service in sampling and in the investigation of windage
loss in machines. Dimensional analysis has yielded much information
where differential equation methods are too complicated. The theo-
rems of Poincaré on analytic differential equations and recent work on
non-linear integral equations facilitate the struggle with non-linear
problems of various kinds. The theory of functions of a complex vari-
able is of extraordinary use in solving partial differential equations by
means of conjugate functions. The theory of functions also puts the
operational calculus on a rigorous basis in the simplest way. Practically
all the well-known functions of applied mathematics are employed in
the solution of problems in elasticity. The foregoing cases are perhaps
sufficient to indicate the new importance which mathematics has come
to have in engineering work, and they suggest as well the scope of
modern engineering mathematics.

The reason for this new importance is clear. Growing complexity
in engineering problems has demanded facilities for their solution.
Competition in industry tends to render all qualitative applied science,
quantitative; complexity arises from the necessity of including more
and more factors in the solution. There was a time, for instance,
within the present generation when only two defined reactances were
used in connection with applied theory of synchronous machines.
There are now at least ten in common use, and still others in the theory.
Another illustration of increased complexity is the problem of the riding
characteristics of an electric locomotive. These characteristics depend
simultaneously upon at least twenty-three parameters. The relative
importance of each of these factors and its individual effect upon loco-
motive motion can be determined only by analytical methods. As a
final illustration, look back over the long span of the development of
applied science in the field of electricity. In Bacon’s time, the science
of electricity consisted of an amusing collection of seemingly unrelated
facts. Today most of the fundamental well-known relations of this
science—whether they be regarding the propagation of electromagnetic
waves; calculation of space charge; generation, transmission, and use of
power; determination of flux; calculation of eddy currents; the solution
of potential; the finding of reactance; or the analysis of circuits—are
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expressed by mathematical equations. Thus the commanding impor-
tance of mathematical methods in modern engineering rests on the fact
that they constitute indispensable facilities for dealing with the new
complexities in practical problems.

Mathematics facilitates the development of engineering science in
a number of ways. In the first place, it does for enginecering precisely
what it does for each of the other fields mentioned above; it provides
better methods of analysis; it is an essential adjunct to the scientific
method. The latter is as much the method of the modern engineer as
it is of the scientist, and it is important enough to warrant our digres-
sing for a moment to discuss it.

As conceived by Francis Bacon some three centuries ago, it con-
sists essentially of four steps:

1. Eliminate prejudices; or, in Bacon’s words, ‘At the entrance
of every inquiry our first duty is to eradicate any idol by which
the judgment may be warped.”

2. Collect and study the data regarding the given situation.

3. Project an hypothesis which, it seems, might rationalize the
particular data.

4. Test the hypothesis by applying it to the data, or to new
data, thus comparing the calculated and actual values of quantities
involved. Bacon says, ‘. .. but from the light of axioms, which
having been educed from those particulars by a certain method
and rule, shall in their turn point out the way again to new par-
ticulars. . . . Our road does not lie on a level, but ascends and
descends; first ascending to axioms, then descending to work.”

But it may be asked: What has mathematics to do with the scien-
tific method? Bacon gave also the best answer to this question.
“For many parts of nature can neither be invented with sufficient subtility,
nor demonstrated with sufficient perspicuity, nor accommodated unto use
with sufficient dexterity without the aid and intervening of mathematics.”

A distinction should be drawn between the immediate objectives of
the scientist and the engineer in their use of the scientific method. The
one seeks primarily to establish new fundamental laws of science; the
other, to predetermine the consequences of established laws in given
situations. Yet in either case the approach is the same, and mathe-
matics enters in the same way: induction leads to a generalization;
deduction, in turn, lcads to predicted particulars. Mathematics enters
primarily in the second half of this * ascending ”’ and * descending ”’
process.

A good illustration on the science side is the classic work of Kepler
and Newton. Kepler studied Tycho Brahe's data regarding the mo-
tion of planets, and was successful in framing an hypothesis that ration-
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alized the data. The hypothesis was that during the elliptical motion
of a planet the radius vector joining the focus of the ellipse to the planet
traversed equal areas in equal intervals of time. This was half of the
story. Newton completed it, at least for the time being—that is, until
Einstein. Newton carried the generalization further to inquire why
planets should thus behave; and after a study of all data at hand pro-
jected the generalization that, if heavenly bodies attracted each other
in direct proportion to the product of their masses and inversely as
the square of their distances apart, a planet would have such a motion
as Kepler had found it actually to be. Newton tested and proved the
validity of his hypothesis by calculating from it the orbits of the moon
and the planets and then comparing these with the observed orbits.
Both Kepler and Newton followed the scientific method; they studied
the situation, projected a generalization, ‘‘ descended "’ mathemati-
cally to the particular implications of that generalization, and then
compared the calculated results with the actual.

The engineering theorist follows precisely these steps, even if his
objective is somewhat different. He collects and studies the data
relating to the problem in hand; tentatively scttles upon the funda-
mental law or theory, already established by the scientists, from which,
it seems to him, he will be able mathematically to deduce the desired
particular relationships between the factors of his problem; sets up
the equations accordingly, solves them if he can, and calculates mag-
nitudes; and then he makes tests to determine whether his equations
give reliable results and thus also whether they can be depended upon
to predict, for instance, the performance of structures or apparatus of
new design.

Steinmetz’s symbolic method of solving alternating-current circuits
affords a good illustration. With the introduction of alternating cur-
rents came the then difficult problem of calculating the performance of
such circuits. After a study of available electrical data and a review
of existing theory which might be useful, he projected the generaliza-
tion that alternating currents and voltages, being approximately sine-
wave phenomena, could be represented by the complex numbers.
Applying this generalization, he set up equations representing currents
and voltages, calculated their magnitudes and compared these with the
actual ones, thus testing and proving the validity of the generalization.

Having reviewed the significance of the scientific method and the
relation of mathematics to it, we may now return to the consideration
of other respects in which mathematics facilitates the development of
engineering science.

Demonstration or clearness of perception is, in certain instances,
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obtained by analogy, and a number of these in scicnce are set forth by
mathematics. For example, Laplace’s equation is satisfied by the fol-
lowing functions: .gravitational potential in regions unoccupied by
attracting matter, electrostatic potential at points where no charge is
present, magnetic potential in regions free from magnetic charges and
currents, temperature of an isotropic medium in the steady state,
velocity potential at points of a homogeneous non-viscous fluid moving
irrotationally, and the real and imaginary parts of an analytic function.
Moreover, the behavior of certain electric circuits, on the one hand,
and of vibrating mechanical systems, on the other, is represented by
the same differential equation.

Mathematics has aided scientific discovery. Recall Maxwell’s ob-
servation that Ampére’s law was inconsistent with the equation of
continuity. Maxwell’s change in the law led to the electromagnetic
theory of light. Thus the validity or non-validity of hypotheses may,
in certain cases, be demonstrated by mathematics. One of Heaviside’s
comments in this connection is interesting. ‘ Faraday,” he said,
‘. .. that great genius had all sorts of original notions wrong as well
as right and, not being a mathematician, could not effectively dis-
criminate.” And again, Maxwell proved mathematically in 1864 the
existence of electromagnetic waves; they were discovered by Hertz in
1887. The * distortionless circuit "’ was treated by Heaviside in 1892,
and the ‘‘loaded line,” now used extensively in telephone circuits,
was devised by Pupin in 1900. In fact, every solution of even an
ordinary differential equation is a discovery in the limited sense that
it reveals quantitatively how the various quantities are related to
cach other, even though it should describe no new phenomena.

And, finally, mathematics affords a means of cxpressing scientific
results that is at once compact and accurate. The equation or for-
mula, indicating the numerical relationship between physical quantities
in the problems of the engineer, is perhaps the phase of mathematics
with which he is most familiar. It affords the means by which the
engineering theorist can render easily and accurately available to the
engineering practitioner the usable results of engineering science. With-
out mathematics it would be practically impossible to describe ac-
curately, for instance, the complex relationship between the voltage
and current in a long transmission line, between the impressed forces
and the magnitude of vibrations in resilient mechanical systems, or
between loads and stresses in a beam.

Thus, mathematics facilitates the development and application of
engineering science by its being an essential adjunct to the scientific
method: in clarifying thinking, correlating and interpreting data,
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aiding discovery, setting forth analogies, and expressing scientific
results in usable form.

We come now to the educational problem. In the authors’ opinion
there is one important phase of engineering education which is as yet
inadequately developed, and its reasonable development will require a
better understanding and a much greater use of mathematics than is
now prevalent in the junior and senior years of engineering courses. It
is the cultivation of the ability to analyze situations in terms of general
principles. Mathematics is, as we have seen, an indispensable facility
in such analysis and is thus correspondingly important in the educa-
tional process. However, its use in engineering courses is now com-
monly limited to only two things: utilizing the formula as a means of
indicating how certain numerical calculations are to be made; and call-
ing upon the basic concepts of elementary mathematics—trigonometric
functions, rates, integrals, etc.—in the study and undecrstanding of the
fundamental forms of engineering science. The usc of mathematics as
a tool in straight thinking is, in the authors' opinion, not at all what it
should be.

The reason for this seems clear. It is not, as is sometimes implied,
that mathematics has been poorly taught; it is that engineering
teachers do not make such use of it after the basic concepts and forms
have been reasonably well taught. And the probable reason for this
is the limitation of available time. The devclopment of reasoning
power requires time. Presumably it has seemed necessary to utilize
practically all of the student’s available time in his learning (memor-
izing) the finished results of other minds and in developing certain
routine engineering techniques; and thus little time has been left in
which his mind could be guided into some independent thinking.

Experience indicates the desirability of a different educational ap-
proach, especially for the best minds. In practice, problems are set
by situations, machines, and nature, and are not found definitely
stated in words or equations. Hence, merely to remember some for-
mulas and the type of problem to which they are applicable is of little
avail in solving a new, practical problem. For the latter, not only is a
knowledge of the basic engineering sciences necessary, but also a mind
disciplined in sound reasoning. In this connection, it is significant
that in the General Electric organization fifteen years ago practically
all the engineering problems requiring real scientific analysis were
referred to a very few individuals, most of whom had received their
college training abroad.! Today in that organization there are a large

1F. C. Pratt, “Professional Engineering Education for the Industries,” Journal
of Engineering Education, Vol. 12, No. 5, January, 1922, pp. 227-235.
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number of young men who can solve such problems. The difference is
largely that these men, unlike their predecessors at the same age, have
been disciplined in sound thinking in the Advanced Course in Engineer-
ing of that organization. Moreover, they are exercising leadership
not only in the highly technical sides of engineering but also in com-
mercial engineering and in executive capacity. The thing that seems
to count professionally is the cultivated intellect. The prominent
place of mathematics and physics in the Advanced Course affords not
merely a preparation for future specialized theoretical work involving
these, but as well a rigorous discipline in analysis—in the art of
thought. It thus seems clear that such a discipline should begin more
definitely in college than it does at present.

How can this be accomplished, considering the present crowded
undergraduate curriculum? Graduate study, which occurs as an
answer on first thought, is not a complete solution for two reasons.
In the first place, the student might not take graduate work; and
secondly, even if he did, it would still be highly desirable to start a
more definitely planned development of scientific thinking in under-
graduate years in order for him to be properly prepared for graduate
study on a genuinely scientific level. Only half of the educational job
is done when subject-matter has been mastered; the other half is
disciplining the mind in applying the acquired knowledge. To accom-
plish this, the undergraduate curriculum for the better students should
involve a gradual shift of cmphasis during the junior and senior years,
placing more and more upon scientific thinking and correspondingly
less, in point of time, upon {urther extensions of the student’s accumu-
lation of memorized subject-matter. If the engineering graduate can
think constructively and independently, he will readily acquire in pro-
fessional practice the additional knowledge which, from time to time,
he needs. However, if he has not developed scientific habits of thought,
he will be embarrassed when he faces a real problem, notwithstanding
an abundant knowledge of facts and forms. So the plan is to develop
an undergraduate course, which will have a logical extension into
graduate study, for the specific purpose of building up scientific habits
of thought, exercise being obtained in the application of fundamental
principles of mathematics, physics, and mechanics to the solution of
physical problems. The course would begin where instruction in these
subjects commonly ends—at the beginning of the junior year—and
extend through the senior year, and also into graduate study, if taken.

The present text is intended to fit into such an educational program,
and thus certain observations regarding it should be noted. The first
relates to its plan. Such a book must show the engineering student
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how to use mathematics—how to reduce the phenomena under observa-
tion to mathematical equations, and then how to solve them. The
first part of this process is the larger and usually the more difficult;
when an engineering problem is reduced to equations, a long step has
been taken toward the solution. Although naturally one cannot lay
down detailed rules which would make possible the reduction of every
engineering problem to equation form, nevertheless one can specify
and emphasize the general steps in procedure according to which many
problems can be so reduced, and thus aid the development of an orderly
habit of thought. The procedure involves largely the subject-matter
of physics. The method is outlined in Chapter I.

The second part of the process involves principally the subject-
matter of mathematics. The text should explain in a careful manner
the mathematical theories and form of most use in engincering. More-
over, it should contain a certain amount of information about mathe-
matics. An engineer likes to know the underlying idea and purpose
back of a mathematical concept or process before studying in exhaustive
detail the process itself, just as a mathematician interested in learning
induction-motor theory would appreciate a short general introduction
describing the behavior of the machine before taking up the details of
some special problem—say the transicnt performance of the motor
after a shock. In the second and subsequent chapters, an attempt
has been made to present modern engineering mathematics from the
above points of view.

There are other observations which may render the character of
the text more intelligible. The engineer’s approach to a mathematical
concept, function, or theory is different from that of the mathematician.
It is not necessary for the engineer, as it is for the mathematician, to
acquire an exhaustive knowledge of every mathematical function with
which he deals. He needs to know a restricted definition and enough
of its functional properties to use it intelligently. For illustration, he
is not particularly interested in Bessel functions of fractional orders,
although he is in those of positive integral orders. Morcover, the
usefulness of the knowledge of the latter would not justify a scmester’s
course in the subject. The engineer has complete confidence in the
validity of established mathematical processes. Consequently proofs
in themselves are of only secondary interest. Yet a book devoid of
proofs is a handbook. Proofs do assist in the understanding and use
of mathematics, and hence this text presents a limited number. It is
frequently sufficient for the purpose in view to prove a special case of
a theorem and then give the general statement. Because of its partial
treatment of many functions, the text gives a limited number of
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references to fuller treatments of mathematical topics and to proofs
omitted.

Often the clearest approach to a mathematical concept, function,
or theory is through the solution of an introductory problem, rather
than through a formal approach by means of definitions, axioms, and
theorems. Greenhill’s Introduction to Elliptic Functions is a good illus-
tration of this. An enginecr is interested primarily in the application
of mathematics to the solution of problems, and hence if he sees how
some function or theorem is used in a problem he will be better able to
understand the use. Thus the device of an introductory problem is
utilized in the text.

And finally, undergraduate classes using the text would presumably
be led either by an instructor of mathematics or of engineering, depend-
ing upon local conditions, although the more advanced work, including
subject-matter which the student has not previously studied, would
probably be given by an instructor of applied mathematics.
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MATHEMATICS OF MODERN ENGINEERING

CHAPTER 1

MATHEMATICAL FORMULATION OF ENGINEERING
PROBLEMS

The type of engineering problem which lends itself most readily
to mathematical methods of solution is that which involves primarily
deductive reasoning. In such a problem the requirement is to deter-
mine the implications of some physical law in a given situation.
Although of course the solution always involves as well the inductive
process of settling upon what law to employ, and the scheme of solu-
tion, it is nevertheless primarily the deductive thought which is
facilitated by mathematics. The difference between reasoning, on
the one hand, step by step from cause to effect, and, on the other, by
the use of mathematics is that in the latter case the conclusions from
the premises are found largely by manipulation of mathematical
symbols accordin