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INTRODUCTION

l. In planning the lectures whioh form the content of
this book I had to make a choice which at first confronted
me with a certain diffioculty. Since the amount of time in
which I had to give the leoctures was rather limited, I had
to decide in advance whether I wanted to give & more survey-
1like report on the whole theory or whether I should present
only one part - but an essentisl one - of the theory, this,
however, in fullest detail and with complete proofs. I de-
oided for the latter alternative, holding the opinion that
the lectures will be more permenently profitable for those
attending if they are given the opportunity to assimilate
the subject matter without haste - even if this means that
the amount of material covered has to be somewhat reduced.
The reduction of material was done mainly by dealing only
with functions of & real veriable, and besides only with
continuous funotions throughout.

2. In order to make up to some extent for the afore-
mentioned reduction of material I have added two appeniices
to the lectures proper, as has slready been said in the pre-
face. The first of these deals with the generslization of
the theory of almost periodioc funotions (along the lines of
Lebesgue's theory of the integrel}, while the second gives
an sccount of the theory of almost periodic functions of a
gomplex variable. This latter theory by the wey, which has
grown out of the theory of Dirichlet's series, formed the
author's original starting point for the entire investigse-
tion.

For the reader who wishes to go deeper into the theory
there 1s a short bibliography at the end, listing some of
the pertinent works on the subject.

3. Before starting with the presentation of the theory
proper we maeke some preliminary remarks concerning the prob-
lems taken up in the theory of slmost periodic funotions.
Later on, of course, there will be given a detailed and pre-
cise formulation of these problemas. Generally speaking we
can ssy that the main problem of the theory consists in
finding those funotions /(x) of the real variable x which are

defined for —oo << x << oo and which oan be resolved into pure

1



2 INTRODUCTION

vibrations. This ststement contains seversl words whose
meanings must first of all be defined. What are "pure vib-
retions,”" and what is to be understood by the word "resolv-
ed?™ At this place I shall not go any deeper into the con-
oept of resolution, which is most closely conneoted with the
whole struoture of the theory. However, I shell now explain
precisely what is meant by a pure vibration.

4. As long as only resl functions are considered, the
term "pure vibration" applies to such functions as cosx,
sinx or more generally mcosx + fsiny; these funotions are
periodic of period 2m; if arbitrary periods are admitted,
then "pure vibration" will stand for e funotion of the form
o cosdx + Bsinix « In the following it will be more conven-
ient for formal reasons to consider not real, but complex
funotions of the real variable x. By & pure vibraetion is
then meant any funotion of the form a¢'*® = a(cosix - 7sinlx),
where 2 denotes an arbitrary complex number and ) &n arbi-
trary real number. If a is written in the form a = |a|¢'”,
the function tekes on the form |a|¢'’¢'’*. Here |a| glves the
emplitude, v the phage and 1 the_frequency of the vibration.
(The period of the vibration is (for A40) 27/[4] ). of
these numbers,|a|end ] are the most important; frequently
|2|2 18 oonsidered instesd of |a|itself.

6. The theory of almost periodic functions now desls
with the following problem: Which funotions f(x) cen be re-
solved into pure vibrations on —co<x<<oco i.e., are "re-

presentable” by a trigonometric series of the form 2 A, dMm%?

(We are here concernsd only with series having at most denu-
merably many elements, or physioslly spesking, with funotions
whose "speatrum™ is a pure line spectrum; the theory of the

Pourier integrel [a(d)e¢i**dl, 1.e., of the continuous spectrs,

is, therefore not, on principle, within the scope of our prob-
lem) .
In the olsssiosl ocese where only harmonioc vibrations
are considered, i.e., vibrations of the form g¢i”*? un = Q,
41, 42,...the ocorresponding quest}oon leads to the theory of

the ordinary trigonometrio series > a,¢'"*%;any periodio

funotion of period P = 27/|«x| oan,_cgs is well known, be dev-
eloped into such & series, the Pourler series of the funo-
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tion. The essentisl Aaifference between this case and the a-
bove ocase where arbitrary vibrations act?*, —oo << 2 < oo were
considered, 1lies in the fact that in the latter case the set
of the frequencies which occur is non-denumersble, whereas
in the first case we are from the very start desling only
with denumerasbly many frequenoies.

The lectures are divided into two parts. In the first
part we take up the olassiosl oase of harmonic vibrations
ae'™™®, choosing x =1 for simplicity, so that we are deal-
ing with the theory of ordinary Fourier series of period 27
This part is essentially of an introduotory oharaoter and is
intended mainly to mske for an easier and deeper understand-
ing of the following part; because of this, the exposition
differs from the ususl one in some respects.

In the second part there follows a treatment of the ar-
bitrary vibrations ac'’*’, which leads to the general theory of
elmost periodioc funotions and of their Fourier series.

6. Bohl's theory of "funotions periodic in the more
general sense™ oocuples &an intermediate place between the
theory of periodioc and the theory of almost periodic funo-
tiona. This theory corresponds to the case where only vibr-
ations of the form geilm™tmat ~+nmxnwZ greg gonsidered, where

&y, &y, ....%, are given linearly independent constants while

By, My, - s My pun independently through all integers O, =1,

4+2,. .. Every function periodic in the more general sense

with the "periods” p,=27/|0|, pa=27/|%s), ..., py=27/|0n|

-0an he developed into 2 Pourder series of the form
Z“m,7'2....,nmei(n’“r’ Ngag 4 + Nmam) X

The beantiful investigations by Bohl are closely related to
the theory of slmost periodic funotions at many points; in a
certain sense, however, these Bohl funotions are nearer to
the pure periodio funotions then to the almost periodic ones,
the reason being essentislly that here, again, the basic sys-
tem of frequencies is denumerable.

7. In the course of building up the theory, there pre-
sented itself, besides the Bohl funotions just mentioned,
another simple and important subolass, vis., the oclass of
limit-periodioc funotions: These are the funotions which oan
be developed into trigonometric series of the form 2a,eres

where 7 agsumes all rational values. For the sake of brev-
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ity, however, I could not in the present lectures enter into
a discussion of either Bohl's functions or the limit-per-
io0dioc funotions.

A180 of necessity entirely omitted from the present
publication are investigations such as those by Franklin and
Bochner on almost periodic functions of several - even of
denumerably many - variables; the investigations on the prob-
lem of distridbution of values, & problem which has been
attacked from different directions by Wintner and Jessen;
algo the investigations of differential equations with al-
most periodioc coeffiolents, carried out mainly by Favard
(who in this followed Bohl).

8. The theory of almost periodic functions was devel-
oped in its main features by the suthor in three rather long
papers in the Acta Mathematioa (Volumes 45, 46 and 47) under
the ocommon title "Zur Theorie der Fast periodische Funktion
en; the first of these deals with the slmost periodic func-
tions of a real variable, while the third taskes up the oase
of & complex variable.

In building the theory there was encountered a parti-
oular difficulty of intrinsioc charaoter; this is the deoi-
sion on "completeness" of the system of all functions ¢i2
The original proof that this system is indeed a gomplete one
(in 8 sense to be made precise later) was very complicated
and involved many oonclusions; its guiding idea, however,
wag 8 rather simple one; 1t was the idea, generally speaking,
thet the set of all purely periodic funotions (with arbi-
trary periods) ocan be considered in & certain sense as "being
everywnere dense” within the general olasss of the salmost per-
10410 funotions, so that from the very start it appeared
quite possible to derive the velrdity of the completeness
theorem by means of & 1limiting process from its well known
validity for purely periodic functions (of a given period,
f.e., for the system of hamonic vibrations (in2*),

Wiener sucoeeded in finding & new proof of this funda-
mental theorem, much shorter than mine but, on the other
hand, using results of the Lebesgus integral theory and the
theory of Fourier integrale; whereas the original proof was
worked by quite elementary means. This proof by Wiener ac-
quired speoial interest by forming an important starting
point for his beautiful and promising investigations on com-

bined Fourier series anml Fourier integrals.
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Ap important and interesting viewpoint which also leads
to a new proof of the fundamental theorem was introduced by
Weyl in his discovery of the connections between the theory
of almost periodic funotions and the theory of integral equa-
tions, or rather, mean value equations. The use of oconsid-
erations from group theory is also characteristic of Weyl's
method, which was later simplified somewhat by Hammerstein.

The proof which I shall present in these lectures is,
however, neither Wiener's nor Weyl's, but a third one due to
De La Vallee Poussin which is close to mine in principle -
although essential use is also made of ideas due to Weyl =
but which is incomparably simpler and can hsrdly be improved
on in its brevity and elegance. This proof by De La Vallée
Pougsin, too, starts from the validity of the completeness
theorem for pure periodic functions, which theorem is easy
to prove and 1s discussed at length in the first part of
these leéctures.

9. Although the fundamental theorem constitutes the
decisive theorem of the whole theory, it should not be con-
sidered the "main theorem" proper; rather, the main theorem
is the so~called approximation theorem - the anslogue of
Weierstrass' classiocal approximation theorem for pure per-
lodic functions, -~ which gives the very characteristic pro-
perty of the slmost periodic functions - that of resolvabil-
1ty:

The extant proofs of this approximation theorem are all
-based in principle on the fundamentasl theorem. Since my
original proof (which is based on a relation eggsentiel for
certain problems between the theories of almost periodic and
of limit-periodic functions of infinitely many variables)
there have also here been obtained remarkable simplificstions
and new developments, mainly by Bochner and Weyl.

In the lectures I have followed Bochner's proof which
is outstanding as a beautiful and natural generslization of
the “ejer summability method for Fourier series of purely
periodioc functions. (This latter is dealt with in the first
part in detail).

10. In closing I add a few remarks on certain details
of the present exposition. ’
The rather deep proof of the theorem on the integration
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of an almost periodic funoction derives from Bohl; in fact it
was possible to carry over this proof - as well as the theor-
em itself ~ almost literally from the Bohl functions to the
general case of almost periodic functions.

The very last theorem of the entire series of lectures
which expresses a particular simplicity in the behavior of a

Fourier series > A,¢""* with linearly independent exponents

4, , was proved originally by using theorems on Diophantine
approximations. The extremely simple proof presented here,
which is based on ideas of Bochner and Szidon, I owe to &
kind communiocstion from Mr. Fekete.



PURELY PERIODIC FUNCTIONS
AND THEIR FOURIER SERIES

GENERAL ORTHOGONAL SYSTEMS

11. TLet @(x) and (x) be two continuous non-vanishing
functions defined in the interval a=x=1b .

When the funotions ¢(x) and ¥(x) are both real, they will
be said to be orthogonal to each other 1if

b
ffp(x)tp(x)dx=o.

Thus, for example, if m and n» are positive 1ntégers and
m =+ n , the two funotions cosmx and cosnx are orthogonal to
each other in 0= x == 2w,since

7 27

2
fcosmx cosnxdx =f§{cos(m + n)x + cos(m — n)x}dx
0 0

4 Sm» ]2::= 0.

m -+ m—mn 0

__ 1 [sin(m + n)»
T2

When @(x) and ¥(x) are complex functions, they will be
said to be orthogonal to each other in as=x=b 1if,

b L b
f(p(x)w(x)dx=0 <or ftp(x)ip(x)dx=0>.

Here a horizontal stroke above the quantity chesnges it to
its complex conjugate value. Thus, if m and = denote
arbitrary integers and m #=#xn, the two functions &£™* and
e'"* are orthogonal to each other in O = x =: 27,since
2r 27
feimze-iuzdx =fei(m—n)zdx —_ [
0 0
In the two examples just cited the functions considered
are periodic, with period 2x. From the orthogonality pro-
perty in the intervalO=x = 2n we can deduce orthogonality
in an arbitrary interval a=xr=a -+ 2 of length 27.
In what follows, the funoctions under consideration are
complex unless we specifically state the contrary.

8‘("_"" 27

Tm—mhb — 0
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12. It is often convenient to consider in place of the

b
1
integral f -+ the meanvalue b_af- -+ TLettimg ¢@(*) be any
a

continuous function defined a<<x =<5 we make use of the no-

tation 4
5 Pl dx = Mip(x)} = M{g}.

The funetion @(x) will be said to be normalized (in the in-
terval a==x < ) ii’ the mean value is unity. or, if

———[q:(x)tp(x)dx = ——f| (*)2dx=1.

Thus, for oxample. i# # is an integer, the function €™ ig
normalized in 0= x=2m, and in fact even in any interval
asx=<b, since b

]c""a“"”dx ==f1 dx=0b—a.

a a
On the other hand, the functioncos#,where # denotes & posi-

[}

tive integer, is not normalized in 0=x=2%x, since
2z, 2n
1 2 1 1 -I: cosan sin2nx 27 1
E/cosnxdx-z—n/ _2 4n[+ ]0_2_
0 0

Suppose the funotion ¢(x) is not normalized. Then,(if it
does not vanish identically), it always can be transformed
into a normallzed funotion by multiplication by a suitable
constant. In faot, t!n mean value

f lp@)Fdx = M{pp

ie always real and 1in this ocase greater than zero. Con-
sequently, the function ? ()
YM{|g %}

has mesning and is obviously normelized. Thus, for example,
if # denotes a positive integer, 'V'“icosnx is & normelized
fvanotion in O < x << 2m and more generally in any interval
e=x=a-+4 2xm.

13. A (finite or infinite) set of funotions continuous
i 4mx=d (%), &),
is ocalled an orthogonal system, if every two of the funo-
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tions are orthogonsl to each other. The set will be called
normel, if each function of the system is normelized in the
sense of the last artiocle.
A normsl orthogonsl system is, therefore, a system of
funoctions for which the relation
Mgy} =0
holds for any two distinct functions of the system and for
whioch the relation
Mipo} = M{|p[} =1
holds for any single function of the system.
Example. The system of functions
einz, n=0, -1, +2,...
is 8 normal orthogonal system in 0= x=2n or more generally
in eaoch interval a=x:=-a + 2n of length 2mx. In fact,

M{e"ze~im2} =0 for n 4= m

M{gnze-inzh — M{1} =1
hold for each n. Each sub-set of the system under consid-~
eration is obviously itself a normsl orthogonal system. The
system as a whole, however, is complete (vollataendig), in
the sense that it 1s not a sub~system of a larger normal
orthogonal system. This important property will be analyzed
later in some detail.

and

FOURIER CONSTANTS WITH RESPECT TO A NORMALIZED ORTHOGONAL
SYSTEM. THEIR MINIMAL PROPERTY. BESSEL'S FORMULA.BESSEL'S
INEQUALITY.

14. Let {p(x)} denote & normal orthogonal system in the
interval a=x=<1"b and F(x) = U(x) + iV (x) an arbitrary func-
tion continuous in a=x=5p, We call the number

= M{F(x) p (%)

the Fourier constant cf F(x) with respedt to & function @(x)
of an orthogonal system. Now, choosing a certain finite
number of funoctions P, (%), ‘Pz(”)' <> Pa(x),0f the system {p(x)}
and foming the sum
S(x) =c 9, (%) + "z%(") F oot Capa ().

where ¢;,¢;, ..., c, 8re complex constants, we propose the fol-
lowing
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Problem. The constants ¢;,c;,...,c, are to be so chosen
that the sum S(x) approximates the given function F(x) in
the best possible menner in the sense of the method of least
squares. In other words the mesn value

M{|F(x) — S(%)[%} =

b—a

b
f|F(x) — S(x)|*dx

is to be as small as possible.
It will be shown that this problem has one and only one

solution.
Through direct calculation and applioation of the iden-

tity |42 = AA) , We obtain
M{F—-Sp} =M {(F (%) — Z ¢ %(x)) (F (x) Zc. P (x))}

= M{FF} - ZoM{Fp) - o M{Fo)

+ Z Zc”l C M {¢"x ‘pﬂ}

n=1 vy=1

and thus, on account of
— 0 for v, == %,
M vy Prf —

a2z {1 for v, =7,

n . n U il‘ .
M{IF — S} = M{|F P} = 36 Fy, — 26 Fy, + 208

2, o 2, =

= M{|F|?} + % (c, — Fy,) (6, — Fq,) — zl,F%F,,,.

We thus obt;in the simple formuls
n n
M{IF (@) — SWIFY = M{F @} — 2| Fp, |t + o — Fy, I

This formula gives us the solution of the proposed prob-

lem, by showing us thst to make the mean value
M{|F (x) — S (x)[2}

as small as poassible, we must choose the constants c;,c3, ...,
¢y, 88 the Fourier constants F,,F,,...,F,, . In this case
only, does the last term of the formula (the one in which
the constants ¢, appeer) assume its smallest possible value,
nsmely, zero.

This minimal property shows the meaning of the Fourier
constants. It should be noted that the solution of the prob-
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lem is unique and that the value which must be given to each
congtent ¢, depends only on the corresponding function g, (x)
and not on any other funoctions of the system.

16. If in the above result the Fourier constant ¢, is
substituted for the constant F,, we obtain Bessel's formula

M{IF(x) — 2;F, @ (x)iZ} = M{{F(x)?} — Af: |Fg, 2.

Since the left hand member of this formula is obviously --0
we obtain Bessel‘s inequality as a corollary:

%:‘le - MY F(x)2) .

This is also valid for an arbitrary number of functions ¢,(x)
selected from our system.

FOURIER SERIES OF PERIODIC FUNCTIONS

16. We now proceed to make a closer study of the most
important of all orthogonasl systems, namely the previouslv
mentioned normal orthogonsl system

eine, n=0, 41, +£2 ...
in the interval O0: . x =< 2m.

We let P(x) denote an arbitrary continuous function of
period 2m. (Later on we shall use the notation P;(x),...).
We represent the # th Fourier coeffiocient of P(x) by

25

= M{P(x) e~ "%} = %;/P(x)e"'”’dx,

0 0 .
and we oell the trigonometric series > a,é"” formed with

—o0

the coefficients g4, , the Fourier series of P (x).
we use for this the abbreviation .

P(x) ~ D a,en®.

We stress the fact that up to now we have been dealing with
a purely formal matter. We oan say nothing at present of
the arrangement of the terms, or of the convergence of the
series, etc.

17. To justify the selection of these numbers a, 88
coefficients, we point out the following:
1. According to the minimal property ( §14) , every
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finite sum Z’*a,,e‘" of terms of the Fourier series approxi-
mates the funotion P(¥) better in the meen than any other

linear combination D'*c,e"” of the same funotions e** .
This means that
M{|P(x) — 3*a, "2} < M{|P(x) — X *c, ei**]2},

a3 long @s it is not true that ¢, = a, for all values of 7
involved.

From now on, the symbol :f*...will always denote &
finite sum.

2. If we make the formal substitution,

P(x) = f’bn e&nz

then, after multiplying by ¢~ i*? and forming mean values, we
obtain simply
M{P(x)e*""} = b,.

There is one important case where this formal type of
calculation 18 olearly permissible, namely in the following

Special Theorem. If P(x) cen be developed into a trig-
onometric series >'p ¢'"* , which converges uniformly for all
x (regardless of the order of the terms) then this series
must be none other than the Fourier series of P(x) .

In this case the series resulting from the multiplioca-
tion by e *"* glso converges uniformly. The term by term inte-
gration is, therefore, permissible and it yields a4, = b, for
each 7. ’

With later applications in mind, we restate our theorem
in the following form:

If a trigonometric series . b,6"* oconverges
uniformly (regardless of the order of its temms)

with S(x), as its sum, then it is precisely the

Pourier Series of the sum S(x).

For example, a "trigonometric polynomial” >'*p ("% is
the Pourier Series of ite sum S(¥).

OPERATIONS WITH FOURIER SERIES

18. We are now going to examine the connection between
the functions P(x) and their Fourier seriss -- at first from
a rather formml standpoint. We wish to show, for instance,
that simple operations with funoctions P(x) are paraslleled by
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the corresponding fomql operationa with their Fourier series.
From P(x) ~ > a,¢"?, the simple formule

(1) kP(x) NZkan.e"’lS’

i8 seen immedistely to follow, where %2 denotes an arbitrary
complex constant. In fact,

M{kP(x) e-*"*} = kM{P(x) e-***} = ka,.

2) EmTP(x) o 3/, €M 400y D Ayt
For M{em* P(x)e "} = M{P(x) e~ *~™%} = q, .
(3) P(x+k)w2a,‘e‘"(’+"). i.e., Zaneink_einz'

where X denotes an arbitrary resl aconstant. For
M{P(x + k) e=*"7) = &  M{P(x + k) e-in(z+h)
Hence, if we set ¥ + k = x’

= einbM{P(x’) e—inz’} = ¢'nk, a,.

(4) P—(;)NZE;C""", i.0., Z’a’;’;einz

since M{PE) ot} = M{PG) & = ay.

From P, (1) & Sa, e and Py(x) ~ > b, 6"* 1t further
follows thet

(5) Py (x) + Py(x) o> 3 (an + by) €%
since

M{(P,(z) + P,(x)) =12} = M{P,(x)e~"%} | M{P,y(x) e~'"*} = a, -+ b,
(Prom the formulas (1) snd (5) it followe, for exemple, thet
the Fourier series of the difference P,(x) — P,(x)resulta from

the formel subtraction of the Fourier series of P,(x) and
P,(x) .) ~

19. Prom two of the above formulas, namely (1) anmd (2),
we arrive at the formule for the multipliocation of an arbi-
trary periodic function P(x) by a rather special fanotion.

The following general multipliocstion theorem is really
deeper than the two preceding theorems:

(8) Py (x) Py(x) ~ Dca€™® with ¢, =D aub,.
utr=n -
These formulas oan first be proved, however, only later (in

§§ 27~29.)
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20, It is simple, end yet important for leter appli-
cations, to find the Fourier series of 2 so called folded’
function (gefalteten Funktion) or convolution function

2n
Q@) = M{Py(x + 9 Py} = 5 [ Prtx + D Py at.
0

This funotion is obviously another continuous periodic
function of period 27, and the formula

(7 Qx) = M{P,(x + ) P (&)} ~ X anb_pe"*

is valid. This follows immediately by a simple change of
the order of integration. In faot such a procedure yields:

{f{Q(x) e~} = M{M{P, (x + ) Py ()} =%}
= ]tll{Pa(t)]y{Pl (x +2) e‘inz}} — ]}4{132(‘) ay 674

= a, M{P,(?) e""‘} = a,b_,.
t

A certain specizsl case is ‘rather important. For
Pl(")=P(x)NZ“ne"" and P,(x) P(x ~Xa_,e" this formule
givess

(8) Q) =M{P(+ 9 P(5)} ~za,.a+,.ew=, L1eee, 3 |ateis.

The two formulas (7) and (8) for setting up the Fourier
geries for the functions F(f) = P;(x + #)Py(t) and P(x + t) P(t)
respectively are particularly interesting for the reason that
a formel derivation of the multiplication theorem is desired.
We might have expected the Formulas (7) and (8) to be as deep
as (6). Yet we have just seen that this is not the oase.

We shall later give a proof of the multiplication theorem
just on the basis of foarmula (7).

21. If a given sequence of periodic functions
P,,,(x) NZaZ"’ einz‘
converges uniformly for all « towards a limit funotion
P(x} as m-—>oco then
9) P(x) = imP,,(x) o lim> ai® ¢ .
m->» oo m-» oo
By this we mean that 1if P(x)NZanemz ,» then for each n

the following formula is valid
a, = lima{™
m-» oo
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and indeed, uniformly with respect to .
The proof follows immediately from the formule

ay — a® = M{(P(x) — P (x))e-tn2}

1f €>0 1is presoribed arbitrarily, then there exists a
M = M(¢e),suoh thet &8s long as m > M,
|P() — Pul®)| <&
for @ll x. It follows from this, that
|an —a| < M{e-1} =&

for m > M and all =n. !

22, LetP(x)c~ Da,c™* and let

Py(x) = [P(x)dx
be an erbitrary indefinite integral of P(x). For arbitrary «

z+2n

P (x + 27) — P, (%) =/P(§)d5 =2na,,

hence P,(x) will be periodioc with period 27 when and only
when 4,=0 . Here, the following formuls is valid:

(10) Py(x) > C + D'2n gins,

n30
For, using lntegration by parts, we obtain the following re-
sult for # 0

2,
'M{P, (1) e-in%) = ;ﬂ/Pl(x)e“"dx

[p ) & e 21+_ fP(x)e""”dx-—O—}——;;—

—in n 2

TWO FUNDAM'ENTAL THEOREMS. THE UNIQUENESS THEOREM AND
PARSEVAL'S EQUATION

23, PFrom the preceding inveatigations on the relation-
ship between a function P(x) and its Fourier series, the fund-
amental question arises whether or not a funotion is uniguely
determined by its Fourier series. That is, are the Fourier

series ocorresponding to two distinot funqtions P,(x) and P,(x)
distinot? The (affirmative) answer to this question will be
given by the Uniqueness theorem given below. At this point
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we shall content ourselves with another formulation of the
theorem. Thus let us take

Pi(x)ea Db, ei"*  and Py (x) e ey e

then as was previously noticed,
P(x) = Py(x) — Py(x) & 2 (by — cp) €.

The two functions P,(x) end P,(x) then have the same Fourier
series when and only when 81l the Fourier coeffiocients of
the funotion P(x) = P;(x) -- Py(x) sre zero. Henceforth the
uniquenass theorem can alsov be formulsted as follows. There
exists no non-vanishing funotion P(x) for which 8ll Fourier
gonstants a, are equal to zero. - In other words, (since each
non~venisning funotion P (x)oan be normelized by multiplication
by e suitable constant) there exists no funotion P(x) whioch
gsatisfies the following two ocondi tions:

M{P(x) e '"*} =0, n=0, +1, +2,...,

M{P)=1.

In this form the uniqueness theorem states simply that the
normel orthogonal system {¢"*} can not be enlarged by the
addition of a new periodic function of period 27 . Thus the

system is gomplete.

24. Let P(x)evXa.é"™ again  denote &an arbitrary

(continuous) periodic funotion of period 27.
From Bessel's formule

M{|P(x) — Z*an e} = M{|P ()"} — 27*a,[?
(where Z* ... denotes the sum of an arbitrary finite number
of terms) the Bessel Inequality follows:
2 ¥ a2 = M{ P (x)[%}
Aoocordingly, the infinite geries (with non-negative terms)
ZlanP
must be convergent and in faoct its sum must be
éM{lP(x)|2}.

(In partioular 4,0 a8 |#|—»>o00.] .) We write
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D — M{P() — 3|art 0.

The question of whether D >0 or D =0 1is then of funda-
mental importance.
le If D=0, then for each £€¢ >0 we can choose a fin-

1te sum 2*|a.|* of terms of the series >|a.|* so that

—OoQ

M{P)P} — 2*anf* <e,
M{P(x) — D*a, %} < &,

and P(x) can accordingly be approximated in the mean by trig-
onometrioc polynomiasls to any degree of accuraoy.
2. If, however, D > 0, then for each trigonometric

polynomial 2 *c,e™ with arbitrary coefficients, we have by

the minimal property of Fourier constants
M{P(x) — Z*cpei"®[?} = M{[P(x) — 2* ane'™* [}
and thus from Bessel's formuls, we have the relation,
M{P(x) — 3%y et} = M{P()2} — 3% |an*

= M{P@[) — 3 |ay = D> 0.

Now in this case P(x) can not be approximated in the mean
by trigonometric polynomials with arbitrary acouracy (in
faot not with an error smsller than D).

We shall bring out in the proof thet _D ==0 always,
i.e., that "Parsevael's equation"

Slat = M{P@Y

holds for each funotion P(x) « 1In socordance with what has
Just been said this theorem is equivalent to the following;
- Every continuous function P(x) of period 2z cen be approz

mated in the mean as closely ss desired by trigonometrio

polynomials >*c,e"®

26. Before we prove the two fundamental theorems, we
wish to first discuss the relationship between them. To
this end, we first prove:
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l. The uniqueness theorem follows from Pargeval's
equation.
Por this reason the Parsevel eguastion is slso fregquent-

ly ocalled the "completeness" relation.
Proof: Let P(x) have all its Fourier oonstants a, equal

to zero; then it follows from the Parseval equation

M{P@ = 3w,

that M{| P(x)|2} = 0,80 that obviously P(x) must vanish identi-
cally.

The proof of the converse is just as easy (but less
trivial) :

2, DParseval's equation follows from the unigqueness

theorem.
Proof: Starting from P(x)~ > a,6"" we construot the
following funotion (as in 20, formula (8)) :

Q(x) = M{P(x + ) P(t)} 2 3 | a pei=.
t
Since the sgeries Z]a,,}” is convergent (with sum
sM{|P(x)|?}), the last series > |a,|?¢"* (arranged in eny
order) converges uniformly for all x and is aacordingly the

Pourier series of its sum S(¥) The two functions Q(x) and

S(z) have the same Fourier series (namely > |a,|?¢™%), thus
according to the uniqueness theorem Q(x)=S(x), i.e.,

Q(x) = 3| an[2ets.

If, in particular, we choose x = QO this equation yields
0(0) = M{P® PO} = M{ PO} =Zan®
Parseval's equation.
LEBESGUE'S PROOF OF THE UNIQUENESS THEOREM
26. To prove the two fundamental t}feorems. it suffioces

to establish the validity of either of them. We hére give &
proof of the uniqueness theorem due to Lebesgue.
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For the later development of this book it would not
have been necessary to give this proof; in fact the two fund-
amental theorems follow from the Féjer theorem proved below.
Moreover, there is no uniqueness proof in the general theory
of almost periodic funotions that corresponds to the simple
Lebesgue proof.

Let ® continuous funotion P(x)of period 27 have all
its Fourier coeffiolents equal to zero, i.e., let

M{P(x)e~i"%} =0
for all #. We are to show that P(x) is identically zero.

It 38 no limitation of generality to take P(x) real.
In faot if all Fourier constants of P(x) ere zero the same

is true for the conjugate funotion I?(x_) and hence for the
two functions %(P(x) + P(x)) and 517(1’(%) — P(x)), the real

and imaginary parts of P(x) . These two funotions oan vanish
however only when P(x) is identiocally zero.

We will prove the theorem indirectly; we assume that
P(x) 1is not identiocally zero. Suppose, for instance, that
P(xg) 4= 0. It is no restriction of generslity to take
% =0 and P(0)> 0; otherwise we replace P(x) by P(x -+ %o)

or —P(x+ %g). We now choose d(<®) so small thet P(x) >c¢>0
for —d<'x<d. We wish to construct a trigonometric

-polynomial Q(x) =2 *c,e'"* that takes only real values and
that places special emphasis on the neighborhood of x=0 .

To this end we consider the funoction """ 77}:\—————'4

N\
AN IS

~This function fulfills the following = 1
conditions. Fig. 1.
1. (d) =y(—d) =1.
2. |[y(@)|<1for —n<s< —d and d<x<7.
3. (%) >1 for—d <x <d end in partioular

y(x) = cosx -+ (1 — cosd)

y(x) >g>1 for —-g-<x<_g_'
We now choose Q(x) = (y¥(x))”, where N denotes any positive
“integer. Sinoce cosx=14(£*+e*%), (Y(x)¥ 1s & trigonometrioc
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polynomial: (Y)Y =D *cac™. It follows, since P(x) is by
assumption orthogonal to all funotions ¢™* that P(x) is

alao orthogonal to (w(*))¥ or, since both functions are real,
that

f P(x) (px)Ydx =0

For N suffiociently large, this leads to & contradioction.
We denote the upper 1imit of |P(*)| by K, Then, for every
N

d d

f P(x) (p(x)¥ dx —fi / + [z + f + [ P(x) (p(x)¥ dx
d d

—_—r -
2

>——(n——d)K+0+dcgN+0—-(u—d)K>dcg”-——2nK.

In this inequality, however, the ri'sht side dcg”—zazK is
surely >0, for N sufficiently large. (Indeed it approaches
400 a8 N-—o0). This contradiction proves the uniqueness

theorem.
THE MULTIPLICATION THEOREM

27. Now that we have proved the uniqueness theorem
and Parsevel's equation, we shall prove the genersl multi-
plication theorem (6) of § 19, and wish, indeed, to show that
this theorem is equivalent to the two (mutually equivalent)
principal theorems.,

The general multipliocation theorem states the follow-
ing: If P,(x)c> Fa,e*and Py(x) ~ b, e*, then

(6) Pl(x)Pa(x)NZCne‘" Cp = Z a,‘b.,,.
i.e., for each value of = putv=n

M{P;(») Py(x)e~'**} = 3 aub, 2, Aubu_p.
ut+v=n =
Let us first notice that for each value of », the series
2 b, —2, aﬂbn—-n is absolutely convergent. This follows

Htye=n pm=—
immediately from the elementary inequslity |ad|<{(|a]® + |b}3).
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when we reoall the oconvergence of the two series E%laﬂP

oo )

and X b, =2 lba—pl® .,
ye=—00 p=—0o0

We further notice that it suffices to consider the

speclal case n =0, go that we are now working with the

constant term of the Fourier serigs, or with the equation
* M{Pl(x)Pz(x)}= Z a,ubv=2ay.b—,u
u+v=0 w

For if this equation holds we can simply substitute the

Ja===00

function P, (x)e=in®co X byy et in place of P,(x), &and obtain
“w

the more general equation

M{P,(x) Py(x) e~ """} = X auby_p.

= —00

28. We now proceed to the proof itself.
1. Psarseval’s equation (and therefore the uniqueness
theorem also) follows from the multipliocation theorem.

We choose, in partioular, P,(x) = P,(¥)c~ Xa_,e", then
(*} yields the equation
M{P,(x) Py(x)} = ‘E‘a,‘a;‘p.
which is precisely the Parseval equation
M{| P, (x)|*} = %l“;zl’-
2. The Multiplication theorem follow rom uniaue-
ness theorem (and thug from Parseval's eauation).

The proof is completely snalogous to an earlier proof.
According to formula (7) in §20 we construct the function

Q) = Iltl{Pl(x +8) Py(t)} oo Za, b, et>.
"

Since (as we noticed before) the series Fa,b_, 18 sbsolu-
I
tely convergent, the series Ya.b_.e¢ivz (in any order of
A

arrangement of terms) is uniformly convergent and is, there-

fore, the Fourier gseries of its sum S(»). On the other hand,
it is the Fourier series of Q(»), Therefore, 1t follows

from the uniqueness theorem that Q(x) = S(x¥), or that
M{P,(x + ) Py(t)} = X a,b_,eh=,
t w

If wa choose ¥ = 0, the desired relation f*) follows.
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29, By the ald of & triok we shallderive the multi-
pliocation theorem directly from the more specivlized Parse-
val equslity without using the uniquenese theorem as &n

intermediary.
We have only to use the elementary identity

'uu=}{[u+5|’—]u——-ﬁ[’+i|u+i17|’—iiu——iﬁl’}‘

If we apply this to the product P, (x)P,(x), we get

' M{P, P,}

= 1M{ P, + B[} — M{| P, — B,['} + iM{| P, + 5 P, [} — ima{| P, — i P,[}}].
If, further, we apply Parsevel's equation to the functions
P, (%) + Py(#), P,(x) — P,(%), P,(%) + iPy(x) 8nd P;(#) — iPy(%) whose
coefficients we know from formulas (1), (4) and (5) of §18, we
obtain the result that in the preceding relation the right
hand member

=i[§'|a»+ EP-—Eila.—5:|*+z'2|a.+u3:|=—iz|a,—im’]
Row we oen apply the identity agein, but in the opposite

direction, and obtain
M{P,P} =S ab_,. .
—o0

This is the desired relation (*).

SUMMABILITY OF FOURIER SERIES
FEJER'S THEOREM

30. We have seen that the Fourier Series D a,c"* of a
funotion P(¥) uniquely Adetermines this funotion. This fact
is related to the question of whether or not one ocan aotu-
ally oompute the funotion oorresponding to & Fourier Series.
To deal with this problem it will first be necessary to
choose & particular ordering of the terms. {This was un-
necessary for the preceding developments). We shall choose
the "natural" order

@y + (4,67 + a_ye7%) + -+ + (@né™® 4 a_ne™*"%) F -

As the nth, partisl sum of the series, we take the sum

n
sa(®) = D a, %
—n

We might next oonsider gonvergence. This would, however, be
unwise ; for as Du Bois Reymond first showed, there are
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funotions whose Pourier series (with terms taken in the
order just given) are divergent at certain points. On the
other hand we shall obtain excellent results if, with Féjer.
we consider, not convergence, but summability.

31. We recall the definition of summebility. (By
summability we mean merely Cesaro, summability of the first

order). Let Zu,. be & given infinite series and let Sn’“Z“
»=0
be the nth partial sum of the series. If the meen value is

formed

Som Lot st boa )=t S u \’(1 — 2w

v=0

then the given sum is said to be summable with sum U, 1if
Sn—>U for n—> oo,
Note: Summability is e more general conception than

convergence, i.e., if the series Zun is oconvergent with

[}
sum U, then it is also summeble with the seme sum U. On
the other hand there exist series that are summable but not
sonvergent.

32, The Féjer theorem states the following:
The Fourier series

;u,, =ao+ (@e*+a e & oo 4 (a6t a_,e-inT) ...

of & continuous function P(x) 2f period 2z is slways summable
and, moreover, uniformly summable, with sum P(x),_1i.e.,
the mean velue

Sn(#) =“:7 (So(%) + s1(x) + -+ + 551 (%)) = ; 2’ (n — |7|) a,ei*=
Jv| .
== 1 — == ave‘lv:l:
2t

approaches P(x) uniformly for all # as #—>o°,
The proof rests on the transformation of the expres-
sion for the mean value S,(x). Since for a fixed value of x

P(x + t) NZa,, ginz , gint ,
we have first for the nth pertial sum
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) = Sa,evr= 3 M{P@+ 1) ey

y=—n v=—n

- 1:4{17 (x + 1) ﬁ'e"“‘} — M{P(x + 1 D,(0},

r=—n

where the Dirichlet kernel D,(f) is given by

" . 1
. gDt~ ﬂn(ﬂ%—»)t —
D, () = E e—ivt — ? - — 12 __cosnt—cos (n41)¢

i . 4
T— —_ 1n2
Y= — sin — —_
n e 2 e 2 2 2s1n

Por the mean value S,(x), we find 8 corresponding expres-
sion

5.0 = (1 = 21) g, e = (P + 0 Ko}

y==—n

where K, () 1s the Péjer kernel given by

K, (t) = 2”:(1 - L:—I) e=ivt = —:‘2 (n — |v]) =it

v=—n Ye=—n
=1 (Do) + Dy®) + -+ + Dyp_s ()
. nt\2
sin —
_ 11 —cosnt 1
T . T n
2 sin? — sin —

0f these expressions for K, (¢)
the first and (partioularly) r
the last are important. From
the first it follows that

M{E, (1)} =1
{sinoce the constant term is 1)
and from the last that — un-
like D,(f) —

K,(t)=0

for a1l ¢ (If ¢ is & mult-

iple of 27, then K,(t)=n; if
however, nf, but not £, is a mul- "
tiple of 27, then K,()=0).

Now let €¢ >0 be assigned - )
an arbitrary value. We have to Fig. 2.
show that

|Sa(x) — P(x)| <e
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for a1l %, when n> N =N(£). For an arbitrary fixed %
Sa(%) — P(x) = Itf{P(% + ) Kq ()} — P(x)]tl{K,.(t)}
= 1:4{(19(:: + ) — P(x)) Ka ()} .

Now P(x) is continuous and periodic, hence P(x) is bounded
and uniformly continuous, i.s.,

|P(x)| = C

for 8ll %, and |P(x) — P(x)| =0 for |x, — x| =<3 =24(n).

We denote by w(d) . the upper limit of |P(x,) — P(xy)| for

|% — %;| =0, and then w(d) >0 for 6 »0. Since we meke use
of the specified properties of K,(/) we obtain now for an
arbitrary 0 (<7) n

[Sa(8) — P9 = 5= [|Px + ) — Pla)| Ko () de

n

S S
=L f+f+fl|1>(x + 8) — P(x)| K, (9 dt
L—8 —n & .

8
o) [Kadt + 20— 2C- 1 ! J}
iy

sin?
sin’
2

<., - a)(ﬁ)/K,,(t)dt+2n% 266]

25 sin? —
L 2
1 2C
=el+5 =
sin? - -
2

We first choose & fixed 6 =0 smell that o(d) <é¢/2, end
C
then an N so large that 1:, _2_'5' <‘;j- Then for n> N
sin? —
(and 811 x) 2

[Sn(x) "‘P(x)|<—;‘ + ~;~= €,

which proves the theorem.

33. The point should be brought out that the proof of
Fejer's theorem was given independently of the principel
theorems preceding it. The corresponding theorems in the
theory of almost periodic functions have a different inter-
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relstion. It is, therefore, of interest to note this in-
dependence since, on the other hand, the two principal
theorems oan be .shown to follqw from Féjer's theorem.

Fejer's theorem is seen to contain the uniqueness
theorem on the basis of the fact that the former theorem
gives an algorithm for arriving at the function P(x) from
the Fourier series of P(x)

It will now be seen thet Féjer's theorem slso contains
Parsevsel's equation.

WEIERSTRASS' THEOREM

34. PFejer's theorem contains as a special oase &
classioal theorem of Weierstrass which can be considered to
be the true fundamental theorem of the theory of (continu-
ous) periodic functions.

Every continuoug function P(x)_of period 2m _can be

approximated uniformly for all x by trigonometric poly-

nomiels Z*c“ei"’ , 1.e., for every given £>0 & sum D*c,é'"*

can be given such that
|P(x) — D*cpeim*| < ¢
for all x.

This theorem is contsined in Fejer's theorem and it ocan
be deduced immediately from it if one disregards the special
nature of the trigonometric sum S,(x) » Weierstrass'
theorem states less than Fejer's theorem; for example, it
follows immediastely from the latter that in the approxima-

ting eum‘ZS*cné“’ we need use only those harmonios ¢'"* whioch

actually appear in the Pourier series of P(x) , i.e., whose
Fourier coefficients a, are distinoct from zero. The Weier-
strass theorem, however, contains the Parseval's equality,
whioh, indeed, asserts only the possibility of approximation,
of P(x) by trigonometric polynomials in the mean. In order
to have

M{P() — Z*cacine} <

it suffices to have

|P(x) — 2*ene™| < Ve

for 8ll «.
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35, For later use it is convenient to heve the Weier-
strass theorem stated in & slightly different form.
We consider the set of finite sums of the form

S(x) = Z*c,ein®

(with arbitrary complex coefficients) and extend this set

by adding to it all funotions f(x) which ocan be aspproximated
uniformly by such sums S(¥) . This extended -class of funo-
tions will be called the olosure (abgeschlossene Huelle) of

{S(*)} ana will be denoted by H{S(x)} .
Then this set of funotions H{S(x)}-_is identiocal with
‘the olass of a1l continuous periodic funotions P(x) of period

2.

For on one hand, every function belonging to H{S(x)} is
continuous and periodic with period 27 since each function
S(x), has these properties and so must every function which
is the 1imit of a uniformly convergent sequence of funo-
tions S(x) . On the other hand, every continuous periodioc
function P(x) of period 27 belongs to H{S(x)} ., for this
ig precisely the Welerstrass theorem.

36, With this we conoclude our study of the theory of
continuous periodic functions. It should be noticed that
one can prove Weierstrass' theorem without recourse to
Fourier series, and that this theorem then provides perhaps
.the simplest approach co the fundementsl theorems of Fourier
series. Our particuler presentation was chosen only because
it provides & basis for the development of the theory of
slmost periodic functions. In fact this method is the nat-
ural (end until now the usuafj method, since the theory of
almost periodic functions can be discussed simply in terms

of approximation by sums >*c,e*** with arbitrary real ex-

ponents 1, .
TWO REMARKS

37. We have hitherto considered only continuous Per-
iodic funotions P(x) in antiocipation of Weierstrass' theorem
whioh holds only for continuous funotions. The principel
theorems of Fourier theory retein their validity for more
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general classes of funotions. One such result will be neoc-
essary for a later application to the theory of elmost per-
iodic functions.

Let P(x) be periodioc with period 27 and continuous
everywhere with the exception of the points 0, 427, 44w, ..
et each of which P(x) hes & saltus or "jump” (i.e., where

-2r J P 4
Fig. 3.

right and left hand 1imits exist but are distinct). Further
let

oo 2n
E ape™*  with a, = a!;fP(x) e~ i"Tdx
=4 0

be the Pourier series of P(¥). We wish to show, thet under
these oircumstances Parsevel's equation

2n oo .
(*) ﬁf]P(x)]‘dx:Z]a,j”
0 ~00

remaeins valid; &and, moreover, the following, somewhat
strorger, equation holds

—fP(x + t)P(t)dt_Z|a |2 gine
Proof: Exaotly es in § 24, one ocan show that the

series Zlaﬂl converges (moreover, with & sum = M{|P(»)|*}),
end aooorcungly the series Zla [2e'"*, a180 oconverges, esnd in

faot uniformly in x. It also follows, exactly as in § 20,
that the folded funotion

2n
Q(x)=;—-—an(x+t)ﬁt_)dt
0

(whioh is slso periodic of period 2@ ) has es its Fourier

00
series exaotly the series . |a,[*¢"*. Now, however, the
funotion Q(x) , (despite the discontinuity of the integrana
P(x+t)P(t)) ) 1e an everywhere continuous funotion of x .
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Therefore, we .can apply immediately the uniqueness theorem
for continuous funotions and get the desired equation

Q(x) —_—;2 (anlfz PLER

which becomes Persevel's equation (") for x=0.

38, Pinally we note that the simple change of variable
2z
T
maekes it possible to extend our results immediately to per-
jodic funotions whose period is not 27, but an erbitrary pos-
itive number 7 . Let F(x) be such e funoction, which mey
heve jumps &t the points mT (m =0, 41, +2,...) then the
Fourier series will be of the form
. 2

ke in, %
F(x) ~2aze *
_—

,
X=X

where

2T

T
-—-inzr? 1 —in g,z
a,,:;M{F(x)e T :_Y-'IF(x)e T dx,
0

sand likewise Parseval's Equation

o

»

1 - o\ 2

TfFquxm D" |aa|
0

is valid as well as its generalizetion

o0

,

e Bl i

G = § [Fou - nFOdt = D ]anl*e
0 g

27
n—7—‘—x

dimand



THE THEORY OF
ALMOST PERIODIC FUNCTIONS

THE MAIN PROBLEM OF THE THEORY

39. We consider the set of all finite sums

N
$(x) = D anein?, —co<Lx <00,

n=1
where the coeffioclents a,sre arbitrary ocomplex quantities
while the exponents 2, are arbitrary resl quantities. The
get of these functions s(¥) will now be "closed™ by the addi-
tion of those funotions f(x) = u(x) + fv(x) which can be approx-
imsted by such sums s(x) uniformly for 811 x. Thus for any
e>0 , some s(¥) exists setisfying

[H{x) —s(x)|==e¢ for —oo< x<o0;

(These funotions f(x) are obviously continuous functions of
x)e We cell the function class obtained by this extension
the glosure of the set {s(x)} and we denote it by H{s(x)}.

Thus the main problem of the theory consistg in char-
aoterizing the funotions f(r) of this olass H{s(x)} by "struo-
tural properties” bearing no direct relationship to the con-
cepts used in the definitvion of H{s(x)}.

Remarkg: A fundamental difference exists between this
problem end the corresponding one (solved by Weierstrass)

for the osse of harmonic sums >*a,c* . For in the former

case the exponents A, are chosen from the non-enumersble set
of real numbers —oo<<A<<oo &nd not just from the enumerable
set A=n(=0, =1, -+2,...). Later we shall see that the
functions f(x) ocorresponding to the class H{s(x)} help us
overcome this difficulty by permiting us to pick out dis-
tinot enumerable sets of exponents 4;,4,,74;,...which take the
place of the set of exponents 0, +1, +2,...,

TRANSLATION NUMBERS

40, Por & beginning we consider at first a simple
example of & function of the class H{s(x)} , namely the
funotion .

s(x) = ethz + ei&.z,
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where 1, and 4, denote real numbers distinot from zero.
the two terms ¢i»* and ¢4 1pdividuslly are each perfodio

with the periods respectively of p,=27/|4,| and p,=27/|1y
At the same time, of course, all their integral multiples
are also periods of ¢'%% and ¢%* ., There are two cases:

1. A/, 18 rational, i.e., p,/p; 18 rationel or mn,p,
= nyp, for two integers s, and n,distinot from zero. In this
trivial case the two terms ¢“* and ¢'“** have the common
period P = n;p, = n,p,,8nd their sum s(x) is purely periodioc
with this period P.

2. /A, 18 irrational, i.e., p,/py 18 irratioral.

In this case no multiple of p equals a multiple of p, i.e.
the two arithmetic progressions (0, +7,, 1+27%,,...)and (0, -7,
+2p;3,...) have the origin as their only common point. In
this casse the funotion s(»' is not periodic: e.g., it has the
value 2 for # =0 and for no other value of x.

On the other hand, &s can easily be shown, there exists
for any gilven 6 >0 e pair of arbitrarily great integers
n, and n,, such that

|m1py — naps| < 8
(This is a speoisl osse of a general theorem in Diophantine
Approximation). Let 7 be e number which is "near" to 7,p,
and nypy , (for example, & number between 7,p; and #yp; )
then 7 is "almost™ a period of (4% as well as ,ikz &and
aocordingly "slmost" & period of its sum s(x) , the differ-
ence s(x + T) — s(x) is very smell for all x.

41. From these considerations we shall be led to the
formsl definition of a "translation number (Verschiebungs-
sahl)". Let us take an arbitrary function f(x) = u(x) + 1v(x)
continuous for —oco < x < oo « The real number v will then be
called a translation number of _f(x)__corresponding to ¢
(and denoted by 7(¢) or T7,(¢) ) whenever

[fx + 1) —f(x)|=¢ for —0 < x <00,

Remarks: Obviously a translation number of f(x) corre-
sponding to & oorresponds a fortiori to every quantity & >¢
and together with r, —7 18 8lso a translation number of
f(x) oorresponding to ¢ . It is further true tmmt 7(g)

+ v(ep) = Tle, + &) and T(g;) —T(8y) =7T(g; + &) ) 1.e., the sum
or difference of translation numbers corresponding to g or
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g, » Will at the same time be & trenslation number corres-
ponding to g + ¢,

DEFINITION OF ALMOST PERIODICITY

42, After the apecial oase sgtudied above, it 1s nat-
ural to consider the class of funotions f(x) which have the
following property: For every ¢ >0 there exists & trans-
lation number v = 7(¢) of f(x) and these numbers 7(¢)are arbi-
trarily great. This is not, however, a happy choioce. Not
only is the olgss of funotions f(x) far from the desired

class H{s(x)} , but it oan even be shown, by constructing

suitable examples, that this class does not even remain in-
variant under the ordinary operation of addition, i.e., in
oase f(r) and g(x) are two funotions of this class their sum
/(%) + g(x) need not belong to this olass.

43. To be &ble to conclude that f(x) belongs to
Hl{s(x)} more must be said sbout f(*¥) than merely that it
has arbitrarily large translation numbers for each ¢>0 .
To this end, we introduoce the concept of "relative density".
A get £ of real numbers 7 will be called relatively dense
(relativ dicht) if there &are no arbitrarily laerge gaps
emong the numbers r or, to be exact, if some length L exiats
such that every interval &« < x < & -+ L of this length con-
tains at least one number 7 of the set E.,

Example: The numbers zp (n =0, 41, +2,...,p >0) of &an
arithmetic progression are relstively dense and indeed the
simplest such set possible. The set of numbers —+n?®(n =/
1,2,...)» on the contrary, is not relatively dense (since
"m+1)2—n2=2n++1->00 as #n—>o0 ). Roughly spesking,

1 "relatively dense" set oan be desoribed as one which is
"just as dense™ as an arithmetic progression.

44, We now come to the real definition of an "almost
periodic™ funotion.

MAIN DEFINITION. A function continuoug for —oo < x << oo
will be oslled almost periodic when, given an &> 0_, there
exists & rélgtivelv dense set of translation pumbers of f(x)_
gorrespondipg to . In other words, to every €>0_, 8
length L = L (¢) of some sort exists such that each interval
of length L(e) contains at least one translation number
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T="TIE) -

Examples: A continuous purely periodic funotion of
period p is obviously & special case of an almost periodio
function, In faot here we can take tha periods np (n =0,
4+1,4+2,...) as translation numbers 7(¢) for eton & . It
18 further seen that if f(x) is almost periodic, the same
is true of f(x +¢) ( ¢ an arbitrary real constant) of cf(x)

{ ¢ an arbitrary complex constant) of j(x) and also of|f(x)]

sinoe ||f(x + 7)l — [f(®)]| = |1x + 7) — f(x)]).

In case f(x) is not purely periodioc every usable length
I (¢) must be arbitrarily large if - is chosen small enough.
Otherwise it would be possible to use one and the same
length for every s. For example, the interval L<x<2L
would ocontain & point of mocumuletion of arbicvrarily zrine
trenslation numbers : (i.e., translation numbers oorres-
ponding to arbitrarily smell values of ¢ ). Such a point
of aoccumulsation, contrary to assumption, would be a perio
of f(x).

The fundasmental theorem of the theory of almost per-
10dic funotions can be demonstrated only at the end of this
entire chapter. It states, that the class of almost per-
fodic functions is identiocal with the olass H{s(x)} . Thus
almost periodicity is preoisely the desired structural prop-
erty which characterizes the funotions f(x) corresponding
to H{s(x)}

TWO SIMPLE PROPERTIES OF ALMOST PERIODIC FUNCTIONS

45. We wish to develop the theory of almost periodic
functions in direct analogy with the theory of purely per-
iodic functions. Here we must note, however, that many
theorems which are decidedly triviel for purely periodioc
funotions are no longer trivial for almost periodic funo-
tiong. This is illustrated by two theorems that we shall
presently prove, sccording to which every slmost periodioc
funoction is bounded and uniformly continuous. The corres-
ponding theorems for purely periodic functions were trivial
becanse in the investigation of such funotions we observed
that we could restrict ourselves to a finite interval. Por
elmost periodic functions the proof =~ a very simple one ==
rests on 8 similar observation which is made possidle by the
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existence of a length L= L(¢) &s provided in the definition
of almost periodicity.

From the property of the number L = L(¢)it follows dir-
eatly that if we consider a fixed interval j of length
L=L(s) (e.g., the interval0<x<L)we sre always able to
£ind & trenslation number T=7(¢) (= T(&, %)) for any x, whatso-
ever, such that a translation v changes x, into some point
%, =%, + 7 of this interval J . (We have oply to choose the

’//,_.___4_._\\\
+ o . >y
¥ t

] z L z
Fig. 4.

translation number so that it belongs to the interval —%,
<% < —%,+ L ). Thus even in the case of almost periodic
functions, this consideration mskes it possible to restrict
the work to a fixed, finite interval.

46. We now prove the above mentioned theorems.
THEOREM I. An almost periodic funotion ig bounded 1.e.,
there exists a constent C = c(f), such that

|f(@)|=C for —oo<x<oo.

Proof: First we speoify the lengthL = L(1)for e =1,
In the closed interval 0= = L(1) the function /(%) is bound-
ed, say |f(¥)|=c. Then at each point x, the ineauality
|/(%)|=c¢+1=C will hold. In faot we could find a trans-
lation number 7 = 7(1) for &n arbitrarily presoribed %, such
that 0<#,+7<L{1) &and we thus obtain

[F) | =0+ 7))+ [Fx) — (% + 1) |=c+1.

Corollary: If f(*) is almost periodic, so is (f(¥))*. 1In
fact we have

|(fx )2 — () = [f(x+7)+/(») ()] =2C|f(x+1) —f(x)],
and thus every translation number of /(x) oorresponding to
g2C is likewise a translation number of (f(*¥))®> oorres-

ponding to ¢ .
In pertioular |f(x)|2 1is &n almost periodic function.

As a simple appliocation of Theorem I, let us take the
following: If the almost periodioc funaotion f(*) £ 0 for all
%, then in order thet1//(*) also be almost periodic it is neo-
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essary thet the lower 1limit » of [f(#)| for —O < x¥r <o be
greater than zero. (This condition is not setisfied sutom-
atically). The condition >0 is, however, suffioient; for
socording to an inequality velid for 8ll r , namely,
1 1 X+ 1) —fx

7~ 0= | e = i+ = s
we find thet the translsation number of f(x) corresponding to
se is simulteneously a translation number of 1/f(x) ocor-
responding to .

THEOREM IXI: An almost periodic function /(x)_is uni-
formly continmous for — oo <x<<oco (and not merely for any
finite interval) i.e., to an arbitrary € > 0 there exists a

8 = 8(c) of such nature thet
[F(%) — Ffx)| <& for |#% — %] <=0
Proof: ¢ Ybeing given, we first specify the length
L= L(%) end consider the finite closed interval —1 =ix =
L(i)-k 1. We then determine a d&(<1), so that the in-
equality |f(y,) — f(yg) ==- ; is valid for every pair of pointe
(¥1,¥2) 1n the 1nterva1( ( )—{- 1\) provided |y, —y,|=<d.
Then this J will have the desired property. In fact let
(%1, ;) be an erbitrary peir of points with |x, —x,| <3,
and let the translation number 7=71 % be chosen so that
the point 9, = %, 47 1ies in the interval 0 <x < L(;)
Then the point y, = x, + Tobviously lies in. the interval
(—1,L(—§—) + 1) and thus we obtain the equation

If("l) - f(xs)lg |f("1) — 1 yl)(l + If yl) - I(ya)l + If(y:) - /("a)‘
s3t3+3

Remarks: Theorem II 18 equivalent to the following
gtatement. To every ¢ there exists a §, so that every number
7 satiasfying the condition |‘r|;/_a yields a translation num-
ber corresponding to ¢.

47, TFrom Theorem 1I we can deduce & corollery which
we will use of ten.
Corollery: For each & there exists an L gnd ® § , such
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that each interval &« <% <& + L of length L contains not
Just one transletion number 7(¢) ,but rather an entire in-
terval of length ¢ whose points are all trenslation numb-
ers 7(g) o

Proof: Let L(;-) and 6(2) reapectively, be chosen sc-
ocording to the definition of almoat-periodioity and Theorem

II. Then the two numbers L — L(;«) + 26( ) and 0= 26(-;—)

&
2
fulfill the conditions of this corollary. In fasoct & trans-
lation anmber r(—;),lies in every intervel of length L( )

&
s
L (%)
S "
Fig. 5.

end further, each number of the form 1(%) + B with |8 =

6(;) 18 & translation number 7(¢), since according to

»

Theorem II, the number f is & translstion number t(i)_

8o that in every interval of length L(%)—{— 26(-;—

interval of length 26(-;—), and all the numbers in the latter

)lies an

intervel sre trenslation numbers z(¢) .

A more spplicable form of the corollary is the somewhat
weaker statement: To every ¢ there exists an L send a §,
80 thet for every arbitrarily chosen positive quentity % =:4
each interval o« <x < & 4 L of length L contains & trans-
laetion number 7(¢) which is &8n integral multiple of % .

THE INVARIANCE OF ALMOST FERIODICITY RELATIVE TO SIMPLE
OPERATIONS

48. We now prove @ more diffioult theorem:

THEOREM III. The sum f(x) + g(x) of two slmost periodic
funotions /f(x) end g(x) is an almost periodic function.

Proof: It suffices to show thet for emch £> 0 there
exists @ relatively dense set of common translation numbers
T(e) of the two funotions f(x) eand g(x) . In fact, every
such number v = 7,(¢) = 7,(¢) is obviously & translation
number 7, (2¢) because

(fx+0)+gr+7) — ({0 +g ()| = fx+ 1) — f0)] + g (x4 1) —gi2)| = 26.
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We use the corollsry of §47 in its last form snd deter-
mine the aumbers L, d, and L,, §, which correspond to the
given number g/2 according to this corollary. Let L,=
Max (L,, L)) #nd 0 = Min(d;,d;). Then each interval a <x <& +
L, of length L, contains s transletion number -z,(fi) as

well as a translation number ‘cg(—;), which are both multiples
of 5 (see Fig. 6).

“ 4@y gl)mr =

Fig. 6.

We consider 8ll pairs of these translation numbers,
1.e., a1l pairs (1:,(—;—) z,(%)) With T,=n'n,7,=n"yn end |z, —
7,/ <Ly . For esoh pair of this kind, we find

T — T, = —n')n=mnn,
where » 1is an integer. Since |n7| < L, there can be only
finitely many distinct values of #7 . Let these be 7,
fgM, ..., Me7 &nd let them be "represent ed'_' by the point
pairs @D, ), (. @), . . ., (#19, 7))
which are arbitrary , but, once chosen, are kept fixed.
Further, let us write
Max [+ =1
¢=1,2,...,Q 4
We shall show thet each intervel of length L, -+ 2/ _contains
at least one common translation number T = 7,(¢) == 7 () »

Leta <x<<a+ L, + 2/be an arbitrary interval of
length L, 4 2/, 1In the intervala +Il<x<a+ L,+ 1 of
length L,

L bo L
« a&l. QG.&) fy(‘z{) ctlytl octly?l

Fig. 7.
we choose (see Fig. 7) two translation numbers r,(%)=n'n

and 1,(%)=”"77- Let #,7 be that one of the above multiples
of 7, for which 7, —7,=n7 , 8nd let 7, 7\¥ be tke pre-
viously chosen fixed "representation pair" ("Repraesentant-
enpaar") for this m,7. Then 7, — 717, =7/% —7!?, or 7, — 77 =



z8 ALMOST PERIODIC FUNCTIONS

7, — 7/, and this last number
T=T—TP=17,— 1P

is what we heve been looking for. 1In faot it is first of
all a trenslation number of f(x) as well as of g(x), ocorres-
ponding to ¢ , since it is the difference of two transle-
tion numbers corresponding to g2 . Secondly, it 1ies in
the interval(x,« + L, -+ 2J), 8ince 7, belongs to the interval
(¢ +1, 0+ Ly+ 1) end 70| <.

N
Corollary: The sum f(*) = X p.(¥) of a finite number of
1

continuous periodic funections p (x) with arbitrary periods is
almost periodic. In particuler, every trigonometric poly-

nomiel, N
s (x) — Zan giinz
1

ig ean almost periodic function.

(Since —g(x) 1is almost periodioc whenever g(¥) is, 1t
follows from Theorem III that the difference f(x) — g(¥)is an
almost periodioc funotion).

TEEOREM IV.  The product f(x¥)g(x) of two almost periodic
funotions f(x) end g(x) is slso almost periodic.

Proof: It hag been shown before, that the square of
an almost periodic funotion is also almost periodic. The
theorem in question, therefore, follows from Theorem III
because of the identity

1) g(x) = H{(H(x) + g0)2 — (f(x) — g(x)%.

49. We have, finally, the following rather simple
theorem.

THEOREM V. The limit function f(¥) of & sequence of
almost periodioc funotions f,(x),/3(*),..., fs(¥),... uniformly

convergent for —oco<x <oo_18 8lso slmost periodioc.
Proof: We notice first thet f(x) 1is continuous. RNow

let £>0 be arbitrarily given, and let N = N(¢)be chosen so
large that

|f(x) — fN(x)lé% for —oo < x<oo.
Then every translation number 7 = ‘tlﬁ(%) is surely & trans-
lation number 7,(¢) . For we see that
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[fx+7) —f)|=|fx+7) — falx + 7)| + |[fulx + 7) — Inx)| +

: & & &
IfN(x) f(x)l§'3"+~3“+-3‘=6-
Since the translation numbers 't,.,,(%) are relatively dense,

the same is true of the translation numbers T7(e).
Corollary. Every funotion f(x), whioch ocan be approxi-
N

mated uniformly for all x by finite sums s(x) = D a,e’** 1is
n

almost periodic. In other words: Every funoction fx) of the
clasgs H{s(x)} is an slmost periodic function. Thus we have
proved one part of our fundamental theorem. It is, however,
the remaining part thet offers the real diffioculty.

THE MEAN VALUE THE OREM

50. Cur next problem will be to lay the foundation
for a theory of Fourier series of almost periodic functions.
The key to this problem is Theorem IV together with:.the
following theorem.

MEAN VALUE THEOREM. For every slmost periodic funotion
there exists a mean value

T
Jim f 1) dx = M{f(),

7
i.e., the expression —;:ff(x)dx approachesg a definite finite

1imit as T—>00, We shall denote this by M{f(%)}.

Remarks: In case the funcotion, f(x), i8 purely periodic
for example with period p, the theorem is trivial, and the
mean value is in agreement with the earlier mean value

M{f () = 7'; / ) dx .

In faot, we find that if we set T =mp+r (0=r<p) then

mp4r

ff(x) dx = mff(x) dx +ff(x) dx,

from which the desired relation
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T 1 4
1 1
,&“;TJf‘”’d”‘ puf"”’”’”

will follow, because the limit @f‘"% es T-+00, (consider-

ing the faot that f(») is bounded).
Proof: We shall apply the general convergence prin-
eiple. Accordingly, we let £¢>0 be given arbitrarily, We

have to show the existence of some number Ty= Ty(¢) such thet
the inequality

7, o
_%;t./f(x)dx - T’;Jf(x)dx! < 2¢

holds for Ty > Ty, T3> T,, The proof of this will require
several steps.

1. We denote by /, the length L(%) corresponding to a

given €¢>0 . PFor a given fixed number 7 >0 and a given
variable number & we wish to approximate the difference

a+T

T
T of 1@)dx — 1 [1(x)ax

[
This is done as follows on the basis of the almost-period-
loity of f(x) :
In the interval («, « + l,) we choose a translation

number r = r,(%)and obtain the difference under considera-
tion in the form
. 7 11+T - 1:4-1'
{5 [1@ax —  [te1ax} — £ [101a5 + 5 [10)a5.
0 ¥ & a+T
Now the first term{...}is numeriocally _g%,beoause |7 (x47)—1 (%)
g%, and each of the two remeining terms is numerioally

s%z,r, where we denote by I' the (finite) upper limit of

lf(")l in —co<x<oo » Thus we obtain:
a+T

) [lrfﬂxwx—%fﬂx)dx}sg+2’T°".
o a
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2. Our next problem will be to estimate the difference
T n?
1 1
.T—f/(x)dx - ﬁf/(x)dx
0 0

where 7 >0 1is given, and the positive integer n» 18 ar-
bitrary. This difference is simply the arithmetic mean of
the » differenoes

/f(x)dx——~//(x)dx, v=1,2,...,n

(-1)T

e 2l I
2+ T -
Thus the same inequality is true of the arithmetioc mean of
these differences. Thus we have

T nT
| €
(2) ;%ﬂf/(x)dx—;;}[/(x)dxjg; L4200
0

each of which is according to (1), numerically =

3. Let us further presoribe I, >0 &and 7,>0 whose
ratio T,/T, we first teke to be rational. Then we find

two positive integers 7, &nd #,. such that T, = n,T,.
Now by {2) , however,

4 n T,
]-;;f((x)dx— ff(x)dxls +2’ ol
0
and T’
!*Ti‘;(;[f(x)dx—~~ff(x)dx Sy
S8ince n,T, =n,T,, 1t follows that
) [/(x)dx - /f(x)dx‘ se 2 ().

Now, from considerations of continuity the relation (3)
{proved at first only for rationsl values of the ratio 7,/7,)
must hold for srbitrary (positive) values of 7, and T, .
After this preparation, we can now proceed immediately
with the proof of the mein valae theorem. Specifiocally, we
4I'L (—
choose T, = ﬂf!= —2/ 0 that when T,> T,, Ty> T,

£

we obviously have
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e+ 2[°F('1T7 + }—2) < 2e,

Thus from (3), it follows that

. T, T
1
T—1~ff(x)dx-7—.-/‘f(x)dx'<2£.
0 20
Remerks: PFor later applications it will be important
to know exactly how large T should be chosen in order to

T
meke sure that the "finite" mean value ;:ff(x)dx actually
0

represents the mean value M({f(x)} to within & given degree
of acouracy. Such a result ocan be obtained from the pre-
ceding proof. Now that the existence of the mean value

M{f(x)} 1is assured, we need only to perform the limiting
process #z—>oo in equation (2) . We obtain

]%fT/(x) dx — M{j}| = & + 2oL
0

end from this follows the desired result

1 [ 4rL i)
(4) T’ff(x)dx — M{f(x)}’ <e for T >T,= __62_ .
o -

In oconclusion, it should now be mentioned that the
mean values for almost periodic functions can be manipulated
by the usual rules. For example M{c/(x)} = cM{f(x)} (c an
arbitrary complex constant) and

M{(1(x) + f200)} = M{f, ()} + M{fa(2)}.
It is important for spplications to notice that if f,(x), fy(x),
..., fax),... denotes a sequence of almost periodic fune-
tions, which converges uniformly to the limit funotion f(x)
(whioh is eo ipso @lmost periodic) the 1limit equation is
valid, or
M{f(x)} = lim M {fa(x)}.

This follows immediately from the fact that for an arbitrary
n, we have
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M{f(x)} — M{fa(2)} = M{(f(x) — [a(x))}
and sccordingly
| M{f(x)} — M{fa(x)}| = M{|](x) — [a(x)!} sugpe: t;mmfll f(x) — fa (@),

where the last quantity converges to zero as #—o0o0.

61. As the first application of inequality (4), we
consider the set of all funotions jf(x 4 a),where a denotes
an arbitrary real constent. Esch one of these functions is
almost periodic and therefore possesses a mean value

T
(5) tim £ [#(x + a)dx = M{f(x + a)}.
0

T 00

We wish to show that the 1limit holds_uniformly with respect
to a , or for a given &> 0a corresponding T, = T,(¢) can
be chosen independently of a , so thet the following in-~

equality holds gimultaneously for sll values of a .

T
H:f/(x + a)dx-—M{f(x+a)}l <e for T>T,.
0

This, however, is an immediate consequence of the above re-
&

4[’L(2

€

sult, for indeed, the number T = ) is the same for

81l functione f(x + a),since the upper limit of |f(x + a)|equels
I and f(x -+ a) has precisely the same translation numbers as

1(x) .

52, The result of § 51 oen elso be expressed in another
form. To this end we first notice that for constant values
of a , obviously

M{f(x + a)} = M{f(x)}

snd indeed,

T a+T 0 T a+T
+ 16+ @dx =1 [10)ax = 1 f1xdx + F [z + % [1x)dx,
0 e a 0 T

whioh approaches M{f(x)} &8 T —oo , ®since the two other
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terms converge to zero (each being bounded g—%jall’). The
sbove equation, uniform with respect to a ,cen now be
written a&s

T
Jim 7 of/(x + a)dx = M{f(x)

or ) a+T .

Jim 7 [f(e)dx = M{f()

We thus obtained the following theorem.
STRENGTEENED MEAN VALUE THEOREM: The following 1imit
ig approached unif ommly with respeoct to a .
a+T

Jim 7 f 1(x) dx = M{f (x)}.

This atrengthened mean value theorem is a theorem theat
will be applied frequently below. It teaches us that the
mean value of f(x) over an arbitrary finite interval comes
"alose" to the aotual mean velue M{f(x)}, 1f the interval is
chosen sufficiently lerge, independently of its position.
As a trivial aspplication, it might be mentioned that

T->» 00

lim 1 [1(9) dx = M{{()} ena Jim —f/(x ydx = M{f(x)}.
T

63. In order not to have to bresk up our train of
thought 1later, we prove here another application of the
inequality (4).

Given f(x), an arbitrary almost periodic funotion, we
consider the set of all funotions F,(f) = f(x + #)j{f) With «
an arbitrary real constant. Aoccording to Theorem IV each
one of the functions j(x + #)f(f) 18 an elmost periodic fune-
tion of ¢ wnd accordingly, each possesees a mean value

lim —«[fx-{—t)/t)dt M {f(x + ) 7).

We wish to show that this 1imit holds uniformly with respect
to _x_, or thet for a given ¢ >0 & corresponding T, = T,(¢)

————

of some sort oan be chosen so that the inequality

© lT.[f +9f@) dt_M{f(x+t)f(t)}]<sfoz\T>T
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holds simultaneously for all «x .
The proof is analogous to the preceding. According to
the inequality (4) , the inequality :

F3 ?

; 8
’%/f(x+t)mdt_{”{/(x+t)m}1<eforT>To_z=4r'ff_(é;)
0

&
holds when I, and Lz('i) are the appropriate numbers corres-

ponding to the funotion F(f)=/(x+#f(f) . Now since it is
glways true that

[fx+ ) f@0) | =I7;
it follows thet for 811 x , [I,=1Im, Further for an
arbitrary number <7
F(t + 7y — F.(1)
=fx+t+0fC+0—fx+0i0

and thus
| Fo(t + 1) — Fi(t)|
s|fx+t4+1—fw+|-T+T-|fEe+9 -0
=T{|fx+t+1—fx+n]+|/¢+1—fO,

8o that the translation number t of [(x) corresponding to-.
¢/4I" 18 & translation number of F,(f) corresponding to &2 .

Thus the length L(4LF) corresponding to f(x) can be used as

e
the length Lz(;) « But now we have shown that the inequel-
ity (6) holds for

where T, = Ty(e) is independent of x» .

64. 1In conclusion, for later application, we wish to
investigate the mean value

g = A{{/(x + 970}



46 ALMOST PERIQODIC FUNCTIONS

as & funotion of x . We wish to show that g(x) is an almost
periodic funotion. To this end we first show thet g(x) is
continuous. This follows immediately from the uniform con-
tinuity of f(x). In faot, from

[Hx) — () |=e  fov [ % — 2| <6 = d(e),
it follows that for |k|=4

gt +m —g) | = | M{U/(x + b+ 8 — f(x + 0] - [0} | se T

Thet g(¥) 1s almost periodic follows from the fact that
every translation number z of /(x) ocorresponding to ¢/I’
is a translstion number of g(x) corresponding to & ,since

le(x+ ) —g@)| = M{[{x +x+9—[(x+ ) oY =5-T=e

In just the same way & simpler result follows, nsmely, that
the function

T
gr(%) =~}f/(x+t)th)dt
0

is an almost periodic funotion for each 7T >0 .

The mean value M{g(x)} of g(x) ocan be calculated in the
following manner: Since the funotion gp(x) converges uni-
formly to g(x) as T-»oo , acccrding to the result of § 63,
then by an earlier remark,

M{g(x)} = Jim M{gr(x)}.

However, for each fixed T ,

X, T
- M{gr(x)} = hm ' fgr(x ydx = lxm :\"f (%ff(x + t)f(‘)‘“)‘l"»
0o

and by change of the order of 1ntegration

T X T X
— lim 'T[ <-;{—j/(x + /@) dx)dt =‘¥li:nwn}()f(§6[/(x +9) dx)?(—t)dt.
0 0

X>oo

In the last integral, however, the quantity %f/(x-(—t)dx
appfoaohes the mean value M{f(x + )} = M{f(x)} ‘;9 X —»oo0 and,
’ z z

in faot, it does so uniformly in the interval —oo < ¢ <<oo,
and all the more so in the finite interval of integration

0=t=T. It follows from this, however (since the pre-
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genoce of a bounded factor 7(7) does not disturd the uniform-
ity), thet we oan let X —»oo under the integrel sign

T
1
-T—o/---dt so that . .
Mige (0} = 5 [ MY} 1Bt = M{f (=)} 5 [ Far.
i * 0

Finally from this 1t follows that

And thus (*) M{g(x)} = | M{f(x)}2.

This relation will be spplied later.
Remarksa: Formally we could have obtained immediately

M{g()} = M{A{{ﬂx + 0 fol} = mim {fx + 0/}
= 1:4{7(7) Mi{f(x + )} = y{ﬁi) z;f{/(x)}} = M{f=)}- M {fay.

We have interchsnged the two mean value operators M and M ,

z t
which i3 in genersl not permissible since they require tak-
ing the mean over an infinite interval. The above proof
gshows us now, that in this particular case, it actuslly is
true that

Mimljx + o ol = m{ajx + 7@}

We have derived this relstion from the trivial interchange

1 ; 1 3 N ; :
X f (—T- of Hoe+1) f(t)dt)dx = —}-0 (,% 0[ f5 + 1) /(T)dx)dt

by a process based on the sbove uniformity theorews.

THE CONCEPT OF THE POURIER SERIES
OF AN ALMOST PERIODIC FUNCTION.
SETTING UP OF THE PARSEVAL'S EQUATION

66. We consider the system of all pure vibrations eiiz
where ) is an arbitrery res] number. Every function T,

of this non-enumeresble system is periodic but the periods
are distinot. In contrast to the case of hsrmonic vibretions
¢** (n =0, +1, +2,...)where we ocould restrict ourselves to
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the finite intervel 0=x =27 (since the functions ¢"*
have the common period 27 ), we must consider the infinite
interval —co < x < oo . In this interval —o0o <x <00 , our
non-enumerable system {e“’} is a normelized orthogonal sys-
tem in the sense that

T
M{gihz g=ih2) = lim i/e"‘t'e""‘-z ag =10 for A F A
T 1 for A=4.

T»o0

This is &an immediate consequence of

T T C [ R T g pop A 2
fgiliz e—thrdy — /‘ei(ln—la)zdx = __1(—1,.?]:)_— 1 :*: 2
F S T for A, =14,.

66. Let f(x) now be an erbitrary almost periodioc funo-
tion; then for each real 1 , the funotion g(x)=f(x)e ***
is algo an almost periodic function, being the product &f
the almost periodic funotion f(x) and the purely periodic
function e~ i*. Consequently its mean value exists. Thus

T
M{f(x) e"’ilz} =Tan°1° »;:/f(x) e-ilzdy.
]

We denove this number M{f(x)e~i4%} by a(4), so that we have
defined a function a(4), gorresponding to the slmost periodic
function f(x) for —coc < i<,

In our theory the following theorem (to be proved later)
i3 of fundamental importance:

The funotion a(d) = M{f(x)e—t*2} 18 zero for all values of
A with the exception of an at most enumersble sget of num-
bers 1.

It is this fact which will permit us to ocarry the
theory of Fourier series over into the field of almost
periodic functions.

57. As in §14 we first derive the following formula.

Let A,,4,,..., 2y be arbitrary ,distinot, real numbers and
let ¢, ¢, ..., Cybe arbitrary complex numbers. Then

. N
) M) — Seaeeh = br{ 1018 - Zlathle + 3 len—alinl

» Proof: We notice, first, that the mean values encount+
ered in this formula have meaning, for the two functions f(x)
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N .
and f(x) ——Zc,,e""’and likewise the squares of their absolute
1

values) are almost periodic. The formula follows from the
following calculetion:

o ilnT &, idnz\ T y_
M {l/(x) —Sleaeth 12} = M{(f(x) —Zeyeih )(/(x) - ;cnrmz)}
= M 16} — S en Ml emitne) — 3 br{jizy i)
1

N N
+Z ch;é:,M{eil"‘zg‘il,‘_’z}

NI B . N . N
= M{,/(x)’z} - cha(ln) —; €y a(dn) + Z;cné;

N R ——
= M{lf(x”z} +21_: (Cn - a(ﬂn)) (C_,; - a(ln)) - 2:,7“(}'1:) a(ln)
= M{} — Z(att + Slen— athls.

58. If in formula (1) the numbers a(l,) are chosen for
the constants ¢, , then there follows the formulas:

N . N,
@) M{If(x) - Sa() etmlz} = M{f(} — Xl

Since the left hand member of formula (2) is obviously &
real, non-negative number (being the mean value of a real,
non-negstive function), this formula yields the following
inequality immedistely:

® > lalia)l = M{ 13-

Let us denote M{|/(x)|?} by C . Then for every posi-
tive d there can be only a finite number of values of 4
for which |a(d)|>d , (certainly fewer than C/d?). We ocon-
sider first the set of numbers A, for which |a(d)|>1, and
denote these numbers for instance by

Ay Ay oois Angs

Then we consider the set of those 4, for which 1:=:|a(l)|> %,
and we denote these by

lm+1, 1‘m+2, ceey ln,;

After this, we consider the set of these numbers 4 , for
which }%]a(},)|>* eto. In this way we obtain the set of
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all A for which |a(d)|> 0, _or for which _a(4) + 0, _in the

form of an ordered sequence, and thus we have shown that
a(}) is zero for all 1 with the exception of an at most
enumerable set of values of 1. The exceptional values of
4 (in any order) we shell denote by

A, 4,, 44, ...
and we shell cell them the Fourier exponents of f(¥). The
corresponding mean values

a(d) =A4,, aldy)=A4,, a(d;)=4;,

we shell call the Pourier coefficients of f(¥) . We shall
further associaté with f(x), the finite or infinite series

S A,64%% | which we shall oell its Fourier series and we
shall indicate the formel correspondence by

f(%) NZAn gidnT

Sometimes it is convenient to use the notation f(x)~ Xa
(4)eidnz, OT even f(x) ~ Xa(l)eits, without expressly neming the
expronents 4, . In the last notation, the series represents
e formsl sum over the non-enumerasble set of &ll numbers

—<i<oo.

59. In the special case where f(x) is purely periodic
with period 27, the new definition of Fourier series re-
duces to the previous one (except for such triviel consider-
ations as the ordering of the terms or the permissibility
of terms with coefficient zero). This is far from trivial;
though, because of the periodicity of f(x)e™*"% it is olear
that if A is asn integer n

T m2x 27
BERT) ~1_ o i —1— i _—1_ _inz
a(l) _TllriTﬂ(x)e inz gy _ml_l,r&mznﬁ(x)e inzgy — 2”ff(x)e dx,
-0 0 0
we must show more, namely, thaet when 1 is not an integer
a(d) = M{f(x)e-**3 =0 .

This follows most simply from the Weierstrass theorem, which
says that for a given £ >0 the funotion f(x) ocen be written

in the form )
f(x%) = 2 *bpe*® + R (x)

where |R(x)| =& for all =x.  From this, finally, it follows
that '




FOURIER SERIES OF AN »LMOST PERIODIC FUNCTION 51

M{f(x)e~i42} = 3* b, M {¢i* =17} + M {R(x) e~i4} = M{R(x) e~i47},
go thet
la@)| = | M{R(x) =15} | = e .
Since this must hold for every ¢ >0, a(4) = 0 must venish.
It should be noticed that the last proof ocan also be

given by a rather primitive method without resorting to
Weiergtrese's theorem. If 1 is not an integer, indeed,

e~ 27+, , Thus

m2n 2n 4n mo
1 —iz g, _ 1 [ o f —idz
mznf/(x)e dx—m2n{j+f+ +j7‘(x)e dx}
0 0 2n (m—1)2x

27
1 —id2n —idm—1) 2y 1 —ilz
1 +e +ote Yo )t TR dx
0

" 27
11— tm2z —ilz
= a2 ) W
0
end consequently,
m2rx

T B 1 ~tizx _
a (i) —mllmwm——znf/(x)e dx =0.
0

60. To elucidate further the concept of the Fourier
geries of an almost periodic funotion, we prove the follow-
ing theorem.

SPECIAL THEOREM. Let the series Zanei"" (witn dis-

tinot resl exponents 1;,4;, 43, ... and non zero coefficients)
be uniformly convergent for —oo<<x<loo(or let it consist
of only a finite number of terms), then this-series is the
Pourier geries of its sum f(x) o

Proof: We know salready that the sum f(x) is &n elmost
periodic funotion. We must prove that

a, for l=1,
0 for A+1,

This follows, however, from the fact that the series D'g ¢ite=

a(d) = M{f(x) e=i'7} = M{F ap etz e~47) = [

e—tAz converges uniformly for —oo <x <<oo (in case it has
infinitely many terms). On thet account, the mean value
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process may be taken termwise.

Corollary: Let A4,,4,,...,4,, ... be & completely
arbitrary (finite or infinite) sequence of real numbers.

Then an g8lmost periodic funotion can be constructed which
has just these numbers /A, as Fourier exponents. (Thus, for

instance, the sequence of exponents {A,} can have a fin-
ite accumulation point or even be everywhere dense in
—0 < A< o0 . : _

For exumple, et the coefficient a, =0 corresponding

to the given exponent IL‘be so chosen that :Sl“nl converges,

(eegs, an==£; ), then the series D'a,c/** will certainly

be a Fourler series, nsmely, the Fourier series of 1ts sum

().

61. Having made this interpolatory remark we resume
our investigatlon. We consider again an arbitrary almost
periodic funotion f(x)c~ > 4,6“**. We apply the inequality

(3) of $58 and we find by choosing iy = A,, that for each N
x
2l = MY

Thus the series (with positive terms)

2|4

is convergent (if it happens to contain infinitely many
terms)and its sum is

= M{f(x)[%}.
The fundamental fact will come out later thet, exsctly as in
the oase of purely periodic functions, the equality sign
always holds in this relation, i.e., for an arbitrary slmost
periodic funoction, Parseval's equation holds:

2144 = M{{(x)]3}.

.62, Exaotly as in the theory of Fourier series of
purely periodic functions, we carn also give this theorem
another formulation, one to which it owes its centrsl pogsi-~
tion in the theory. Consider the formuls
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1) — Sdnesansf = a1 — S,

which we obtein from formula (2) of §58 by choosing 4, = A,
One sees from it, that when the Fourier series has only a ;
finite (say N, } number of terms Parseval's equation re-
duces to

m{jr) — S auetoels] =0,

Moreover, in the general ocase, when the Fourier series con-
tains infinitely many terms, Perseval's equation reduces to

Jimarl7) — Sy eamept) o,

This last formulation states that the partial sums of the
Pourier series gonverge in the mean to f(x) .

63. Entirely independently of the rather deep Parseval
equation, which settles the question of whether it is pos-
sible with arbitrary sccuracy to epproximate an almost per-
iodic function in the mean by means of the partisl sums of
its Pourier series, there is one observation that we can
meke. We can oconclude immediately from formulas (1) of § 67
thet 1f we wish to approximate en 8lmost periodic function

f(x) in _the mean by s finite trigonometric sum ﬁc“eilnz
1

then we should choose the terms c.eisz from smong the terms
of the Fourier series of the function. For, first of sll,
the formula (1), shows that we should choose the exponents

A, from among the Pourier exponents, since we get a better
approximstion (or @ smaller mean-error) by omitting the

termg c,ei*»® for which 1, is not a Fourier exponent. Secondly,
formula (1) states that ufter the coefficients A, are chosen
from among the Fourier exponents 4,,the coefficiente c,
should be chosen as the corresponding Fourier coefficlenisd,,
for it is oclear that any other choice of ¢, would yield e
poorer approximation.
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CALCULATIONS WITH FOURIER SERIES

64. - Theorems on the calculation with Fourier series
of almost periodic functions are, for the most part, entire-
1y analogous to the corresponding theorems for purely per-
iodioc funoctioas.

Prom f(x) o 2 A,e4*% 1t first follows that
(1) kj(x)co Dk Ay eiin®

(¢ ean arbitrary complex constant). For
M{kf(x) e—i*2} = EM {f(x) e~i%2}.

(2) 647 f(x) o 3T 4, 1A+ A0z,
For M{eid= f(x) e=i32} == M{f(x) eit4-27}
@®) f(x 4 B) co 3 A, eidnk . gidns

(# an arbitraiy real constant). PFor
M{f(x + R) e=i47) = ek M {f(x + k) e—iha+il} = itk M{f(x) e~i47}.
(4) F(x) Z'g; e—idnz
For e N
M{f(x) e=i*%} = M{f (x) etit=}.
From f,(x) co 2 A4 ana fo(¥) oo D B, eiMn® it follows that
(5) h() + o) o T Citnr, ‘
where fhe last series is the result of the formal addition
of the two series >4, ci-"* and ZBneiMuz,(From formulas (1)

and (5) we conclude that the Fourier series of the differ-
ences [, (x) — f(x) results from formel subtraotion of the
Fourier series of f,(x) and f,(x).

66. In contrast to the previously mentioned theorems,
which are superficial, the following general multiplication
theorem is quite deep.

The Fourier series of the produot f,(x)/,(x) 18 obtained

by formal multiplication of vhe two series ZA,.e"""" and

2 BpeiMnz Or, we have
6 h(#) fo(%) > ZDyei™z with Dy= 3 A,B,.
Ap+Mog=1IIn
Or, to be exaot, the exponent IT, runs through the numbers of
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the form A, + M,, and the corresponding coeffioient D, is

given by the indiocated sum, which, if it is an infinite
series, converges absolutely (omitting, of course, the terms
Dnét™* for which Dn, =10 ).

We shall get to the proof of the theorem later ( §§ 74-
76).

66. It is important for later applications to find the
Fourier series of the "folded" function

g)=M{fx+ nf0}

where f(x)c> D A, e4"% 1g given. We know from § 54,'that
this funotion g(x) is an almost periodioc funotion. It will
now be shown that

) g(x) oo 3| A, Peidnz,

or thet for each 41 , the meen value is
M{g(xpe= 112} = la() P = | M{f(x) e~ 143} |2
For A=o0 this is the vrelation already proved in § 54,
*
) M{gx)} = | M{f ()}
From this the more genersl relation follows immediately by

substituting f(x)e*** for /(x) so thet g(x) ie replsced by
the folded funotion

Jltl{f(x + t)e—il(z+t)](7)¢m} = g(x)e—ilz

‘and the relation (*) becomes the more general relation
M{g(x) e-—ii.z} —_ |M{_f(x)e"“*}|2 .

Remarks: Exasotly as in the ocase of purely pgriodic
functions the formula (7) is a special case of & more general
formula, socording to which, if f,(x) > X A,e'“"® ana  fy(x) ™
>'B,¢iMrz are two arbitrary almost periodic functions, the
funotion

80 = M{fy(x + 1,0}

ig algo almost periodic and has as its Fourier series the
geries

@®) g(x) > FE, eiPrz
where P, takes on those values A, for which —A, is one of
the numbers M, ; where E,—A4,B,, and where P, — A,= —M,.



56 ALMOST PERIODIC FUNCTIONS

67. Let a series of almost periodio funotions
s 4(m)
fm(")NZA:")e'A‘ z
be aiven, which approaches & limit function x) uniformly
)
for ell x as m-—»>oco. Then

9) f(2) = lim f,(x) colim > A¢® C‘AL")::

m—> oo

This means that for a fixed ] , this 1limit equation holds:
M{f(x) e~} = lim M {},, (x) e~ iz}
m —» oo

(and in faot, holds unifommly for all A)
The proof follows immedistely from the faot that

M{f(x) e=$45} — M{fm(x) e =42} = M{[f(x) — fm(®)] e~ *5} ,
If an ¢> 0 1s given arbitrarily, then there exists a M
= M (¢) such that for m > M,
[/(%) — fu(%)| < etor a1l .
From this it follows. however, thet

|M{f(x)e~iis} — M{fp(x)e=i5)|<¢ gor. m > M and all i.

68. In conclusion we take up the questioh of the inde-
finite integral F(x) of an almost periodioc function f(x)

24,64 | Since the various indefinite integrals differ

only by an additive constant, it is suffiocient to consider
only one of them, say

F(x) = [f(&)a¢.
J

We wish to investigate whether this funotion F(x) is almost
periodic, and if it is, to determine,its Fourlier series.
Here the anslogy to purely periodic functions imme-

diately breaks down. We should expeoct F(*) to be almost per-
1odioc if and only 1f the Fourier series of f(x) contains no
constent term; that is, 1f M{f(x)} =0. Moreover, in this
ocage we ghould expeaot the formula

(10) F(x)>C + E ‘.‘31" etz C = const.
to hold. It ocan be shown, however, that the condition
M{j(x}=0 slthough necessary, is no longer suffioient
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for the slmost-periodiocity of F(x). If, however, F(x) is al-
most periodic, (and an extremely simple necessary and suf-
fioient condition for this will be given in §69), then the
formule (10) is valid.

Proof: One sees immediately, that for the almost-per-
iodicity of F(x) it is necessary that

M{f(x)} =0.
For 1f M{f(x)} =c + 0, 1.e.,
T
sim L [ fe)dx = tim FD

0

then F(¥) 18 not bounded. And furthermore, if the integrel
Fx) is elmost periodic, its Fourier series is given by the
formule (10) , as seen by integration by parts. In faot, for
each 1390

T
M{F (x) e~%} = lim JF(x)e¥2dx
T >0 o

T
—iAz|T
= lim —’T—([Fm i_—,.TL +4 of f(x)e—mdx)

T —>o00

= —2tim ED iar L L M{pn)e-ita = 1 M{f(x) ei0e},

-since the presupposed almost-periodity of F(x) implies
the equation M{/(0)}=0,1.e., that lim " —o
T-+»oco
We must still show thet the condition M{f(x)} = 01s not
sufficient for the slmost-periodiocity of F(x). This follows,
immediately, however, from what was just proven. For, if we

choose & sequence of coefficients 4, + 0 and a sequence of
distinot exponents A, = 0, Wso that 2].4”[ sonverges and &t
the same time the series le—-:r diverges (e.gge, Ap=A4,
=‘21; then the uniformly oolnvergent geries ZAne“--z obvi-

ously satisfies the condition M{f(x)} = 0 aince A4, 3 0 for all
n , and, indeed, its Fourier series is the series

> A, 482, Its integral F(x) is, however, by no means
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almost periodis, for then, we should have
F(x)esC + E ;%l.ei“";

but the series on the right hand side is not the Fourier
series of an &lmost periodic function, since the series

oo 4.0
IE I/T:! diverges.

69. We prove a very interesting theorem, which pro-
vides a necessary and sufficient condition for the almost
periodioity of the integral F(r) . This condition states
that the mere boundedness of F(x) suffices for the almost-
periodicity of this funoction. That is, the following
theorem is valid.

THEOREM. For the almost-periodicity of the integral
F(x) it 18 necegsary and sufficient that F(»)_be bounded.

Proof: Obviously f(») and also F(x) may be taken as
real. By assumption the funotion F(#) is bounded. . We denote
its lower and upper bounds by i, and &, ; (where we can teke
k, <k, 8ince if k, =k, the funation F(z) 1is oconstant).

Let ¢>0 be given arbitrarily. The proof will re-
sult from the fact that & number & =« (e, f(#) c8n_be so deter-
mined that every translation number of the given funotion
f(») oorresponding to ¢ _is 8lso & translation number of
F(x) corresponding to : .

To this end we choose two fixed values x &and x, such

that
£

Flm) <h+5 8nd Fla)>kh—g

We shall henceforth denote the smaller of them by & and the

distance [#2—%| by @ * we determine the length I°=L(32-)
80 that in every interval of this length at least one
translation number : of j(x) exists, corresponding to ¢/6d.
First we shall show that the oseillations of F(x») display a
certain "regularity", nemely, that in each interval (x, « + L,

of length L, =/, + d two_values z &nd z, can be found such
that

(1) F(Zx)<k1+§ . end F(z,)>k2_§
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In faot, acoording to the definition of the length /, we oan

choose a translation number '='(6iz‘) of the funotion f(x)

so that the number & -z fells in the interval («x.« + /) and
such that the two numbers v + : =2 8nd x, - ¢ — 2z, 11e in the
larger intervel («,x + L,) « Then this relation is valiad:

Fla) = Flzy) = Fa) ~F(x) 4[] ) dy—[1(3) dy = F(x) = F )+ (fy+0~f ) dy
2

Accordingly - -
Flo) = Fla) 22 Frg) = Fla) = d g >y — b= o~ L m by by —

But, by the definition of », amd %, , the inequality
Flz) — F(z) > by — by — -~

is possible only when F(z;) and F(;,) satisfy the desired in-
equalities (1) .

We now assert that the "small™ number A1 =2~-‘;;, heg the

property mentioned above, and therefore that each "fine"
tranglation number = (i.e., one belonging to & ) is a
translation number of the function s (x) brlonging to , o
This means that

() 1 F(x+2) — )| = e

for €11 x . To prove this, we use & ctimple srtifice, &nd
show that the two inequalities
and (3a) F(x4-t) — F(x) = —¢

(3b) Fx+1) — F(@x) = ¢
holad.

(a) For the proof of the inequality (3a)we choosge &
number z 1in the interval (x, » + L,) where =z 18 arbitrarily
given and z, satisfies the condition F(z) <%, 4+ ., Then we

2

have

\ ) z+v i+t
Flr+7)—F@) =F(a+1) = F(z)+ [f(y)dy — [ dy

2y 21t7
=F(ay+ ) — F(z) + [f(y)dy — [1(y) dy

z+r
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by — (B, 45 — £ —

> (e 4 ) |]/<y+r) fondy | > L, 2]_0 .
(b) The proof of the inequelity (3b) follows similarly,

except that this time we use a point -, in the interval

(%, % + L) mrumnpw>h_;
We then obtain analogously

»+t
F(x+1) —F(x) = F(5+1) — F(z) +ff(y Ydy — [1(3)dy

z+zT

<h—(h-g)+] /f<y+z)~/<y))dy|< +Lyg =

This concludes the proof.

THE UNIQUENESS THE CREM
ITS EQUIVALENCE WITH PARSEVAL'S EQUATION

70. As we shall later show for almost periodic funo-
tions, an slmost periodic funotion is always uniquely deter-
mined by its Fourier series, or, that two distinct funo-
tions f,(x) and f,(x) always determine two distinot Fourier
gseries. Exaotly as in the case of purely periodic funotions
this uniqueness theorem ocan be expressed in another form.

To this end we consider the function f(x) = f,(x) — fy(x)» As we
noticed earlier, the Fourier series of this funoction f(x)
results from formal subtraction of the two Fourier series
corresponding respectively to f,(x) and f,(x) . Thus, the two
funotions f,(x) and f,(x) have the seme Fourier series if, and
only if, vhe Fourier series corresponding to f(x)- has no
non— zero terms, or

a(d) = M{f(x)e"#*2} = 0
for 811 1 . Thus the uniqueness theorem can be formulated
as follows: There is no almost periodic funotion f(x) »
whioh does not identicelly veanish, for which a(4) =0 for
all 1.

Using & terminology similsr to that of harmonic oseil-
lation e'** with respect to the pnon-enumersble totality of
all oscillations eiiz , we can express the uniqueness
theorem in another form. Thus, we say that there exists no
almost periodioc funotion f(») , not identiocally zero, such
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that the orthogonality relation

.M{f(x)e“”"} =0
is satisfied for each 4 . Thus we also gay that the sys-
tem {ei‘z} orthogonal in the interval —oco<x<c© {g gom-
plete in the class of almost periodic funotions. (We could
have also restrioted our considerations to normalized funo-
tions at this point for we shall show in §72 that if an arb-
itrary almost periodioc funotion does not vanish identioally,
we oan multiply it by a suitably chosen constant
and meke the meen value of its square unity.)

It should be expressly mentioned, however, that it
would not have been permissible to omit the words "in the
class of almost periodic functions." In faot, there exist
some rather simple funotions f(x), that are not almost per-
iodio suoh that, for eachk 1

a+T

lim —’ff/ (@) e~y ~ o

I o0

is satisfied, (even uniformly with respect to a ), without
the funotion vanishing identically. This happens, not only
in suoch trivial ocsses as, those for example, in which f(x) >0
as |x|—>o00 , but also, as can be seen by simple approxima-

tions, for funotions like ¢ and ¢V . The first of
these funotions has very "rspid" oscillations and the second
has very "slow" oscillations as |r|—>o0 while the absolute
value of each 18 even oonstant (in faot unity).

Example: If & purely periodioc funotion f(x) of period
27 is thought of as almost periodic, then we know (acoord-
ing to §69) that its Pourier exponents A, ere all integral.
From the uniqueness theorem it would follow conversely that

an almost periodic funotion f(x) > 3’4, ¢4+ with integral ex-

ponents 1s necessarily a purely periodioc function of period
27, In faot the Fourier series of the funotion f(x + 2m),
is determined from the Fourier series of f(x) by applying
formula (8) of § 64, or by the mere substitution of x4 27
for x in that Fourier series. Thus we find that the new

geries is identicsl with the originel series > A,e 4=,

71. The uniqueness theorem is a really deép theorem,
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whose proof we shall defer until later. We shall, in the
meantime, content ourselves with showing that it is fully
equivalent to the other fundamental theorem of the theory,
namely Parseval's equation, which states that for sn arbi-

trary elmost periodic funotion /(r) ~A,ei4+= the relation
2|4 = M{|{(x)[}
holds. The proof of this equivalence is completely analog-
ous to the corresponding proof for periodic funotions.
1. The uniqueness theorem follows from Parseval's

equation.
Proof: Let f(x) be an slmost periodic function, whose

Pourier series has no terme whatsoever. Then from Parseval®s

equation M{f(x)[%} = > |4,[?,1t follaws that M{//(*)[*}} =0.
Our problem is to show on the basis of M{|f(x)|?} = O that

f(*) venishes identioslly. for purely periodie funotions the
corresponding conclusion is trivial, since, in fact, the
mean value of & non negative continuous function over a fin-
ite interval oan vanish only if the function vanishes iden-
tiocally. PFor almost periodic funotions, where we are taking
a mean value over an infinite interval the conclusion is
(fortunately) still true, slthough not immediate. We shall
defer the proof to the next paragraph in order to prove for
later use some further theorems in the same oonnection.

2, Parseval's theorem follows from the uniqueness
theorem.

Proof: Let f(x)caD A,ci4"% be an arbitrary elmost per-

iodioc funotion. We form the following funotion (which, by
formula (7) in §66 1s itself almost periodio):

g®) = M{f(x + ) f(O)} >3 | A. 2 eidns,
Since the series '|4,|® converges{with a sum=M{|f{(x)]*},
by § 6I), then the last term 3°|4,[t¢i** 18 uniformiy

convergent for sll x (when it contains, as it does in
general, infinitely many terms). Thus (by the theorem of
§ 60) the latter series im the Fourier series of its (eo
ipso) almost periodic sum s(x). The two almost periodic
funotions g(x) and s(r) eccardingly have the seme Fourier

series (nsmely >'|4,|2¢i4"?) and therefore, by the uniqueness



TEE UNIQUENESS TEEOREM 63

theorem, g(x) = s(x), 1.0 »
g(x) :ZIA"@ ei.i..z_

If, in this equation, we cnoose in partiocular x = 0, we get
8(0) = M) [0} = M{j )% = 3| 4,2,

or Parseval's equation.

72, From the preceeding section we still need to prove
the following theorem: . )

THEOREM. An slmost periodic funotion f(x), for whioh
M{f(»)|2} =0, must vanish identiocslly, i.e., for 8ll x

Proof: We give an indireot proof, ije., we assume
that f(x) is not identicslly zero, end then we show that
M{|f(x)|*} >0 . By our assumption, & positive number «
must exist such that in some point, say x,, the inequality
|f(xo)| ==« holds. Now, by & previous remark (see §47) there

exigts @& length aorresponding to the number e:% . Call
[+ 3

this length L(¢) = L("z’) « There exists g positive number

6(5):6(%), such that each intervel of length L oontains e

oomplete interval of length J whose points 7 are all trans-

lation numbers t,(s):r,(%) and thus satisfy the equation:
150+ D) = [Fx)| = [f(xe +0) = ()| =06 = 5 = .,

Thus the integral of [f(x)|? extended over an arbitrary in-

terval of length L(—g) igsurely ;:6(-;).(.;)2'311(1 the mean

value M{|f(x)[?} satisfies the inequality

o o \2
M{|f(x)[2} = lim —X ) pdx = j(ﬁ) ' (2_)

8 2

and therefore it i8 positive, contrary to assumption.
Remarks: We say thet a set {tp(x)} of almost periodioc
functions is mejorized by the almogt periodic funotion f(x).

or that it is majorizable with majorant f(x) , if each

translation number © — 1,(¢) Of f(x) corresponding to an arbi-
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trary number £>0 is 8t the same time s translation number
Tp(e)  oorresponding to ¢ for each funotion @(x) of our

set. Then the above proof shows the truth of the following

agsertion:
Let {p(x)} be a set of slmost periodic funotions which

is majorized by the slmost periodic funotion f(¥), Then there
exists for each & >o a.number f = f(x)> 0, such that the

t
pemeiiy M{lp(x)* = B

holds for every funotion ¢(x) of our set for which

upper 1limit ](p(x)| > .
—oco < x< o0

In fact,we ocan take for f = fi(x) the value just found,
o537
2/ \2)
Py ]
£(3)

where L(—;—) and 6(%) oorrespond to f(x) , the majorant of the

B =

get; and accordingly could be used all the more for the in-
dividual funotions ¢(x) of the set.

73. An immediate corollary of the last remark is the
following theorem: Let ¢;(¥), ®a(¥),..., @n(¥),... be & majoriz=
able sequence of almost periodic funotions (majorized by an
almost periodic function f(x)), , and let it only be assumed
that

M{|@a(x)’} >0 for n —>oo;
Then ®n(¥) converges to 0 &s n o0, and indeed uniformly in
the interval —0<{x <0, 1l.e.,
up [Pa(x)| >0 for n—>oo.
—oo< < 00

In fact, for an arbitrarily given « > (0 we ocan find &

number f = fi(x) >0 such that

uppeilimlt lgn(x)| < &, @&s long as M{le.(x)[}} < B
— 00 z o0

and the last inequality M{|@.(x)?} < p is surely satisfied
for 811 suffiociently large values of # .

We shall later apply these remarks in the following
form: Let f,(%),fa(%),..../a(x),... be @ sequence of almost
periodic-functions which are mejorized by the almost
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periodic funotion f(x) « Then it follows that /a(*) con-
verges uniformly as # - o0 in case it is known that {,(x)
approaches f(x) in the meen &8 n—»>oo. i.e., whenever

M{f(x) — fa(®)[}} >0 for 7 -—»>oo.

Ag proof we have only to sat f(x) — fu(x) = @a(x) - Then
the sequence @, (x), ®3(x),...,@,(x),... 18 obviously majoriz-
able, namely with majorent 2f(x) « (Por Ts,(6)=T,(¢/2) =1,
(¢/2)=17;_,(¢)), and thus from the hypothesis M{|p,(x)*} >0
as n—»>o0, it follows that ¢,(x) converges uniformly to zero
as 7 —>00 .

THE MULTIPLICATION THEOREM

74. Before we prove the uniqueness theorem and with it
Parseval's equation, we wish to give a proof of the multi-
plication theorem (6) in § 66 on the basis of these last two
theorems. Specifically, we wish to show that the multipli-
cation theorem is completely equivalent with Parseval's
equation.

The general multipliocation theorem atates: If f (x)

> A, eidnz and fy(x) ~ X B, eiMszare two arbitrary aslmost per-
iodic funoctions then

(®) h) 1) 2 TDye ™, D= S 4,B,.

Ap+Mg=11n

Ag already mentioned, this means, that the exponent I, runs
through ell numbers of the form 4, + M, and, further, that
the corresponding coefficient D, is given by the indiocated
sum where the series, if it has an infinite number of terms,
is sbsolutely sonvergent. (BFaturally we omit terms D.et//sz
with D. = 0.)

It is a matter of showing that for every real =»

M) faix) e = 3 4,8,
Ap+

Mg=»
(where the right side is taken to be zero for an empty sum),
and of showing also, that the right hand series oonverges
absolutely when it has infinitely many terms. We note at
this point that the last part of the theorem is trivial be-

cause of the elementary inequality |ab|=3}(lal*+ |b[) . By this

inequality the series > |4,B,|is obviously majorized by the

Ap¥Mg=v
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series i +§ (14,/*+ |B,]"), The convergence of this latter
P =V

series, in turn, follows immediately from the oconvergence
of the two series 3[4, and 3|B,[* sinoce (because of the

oondition 4, + M, =») the seme coefficient 4,0r B, never
enters in two different products of the form A4,B, .

We notioce further that it suffices to consider the
specisl case» — gwhere we work with the constant term of
the Fourier series or with the equation

*) M{fy (%) (%)} = 3 4,B,,

ApFMo=0

If this equation is indeed valid, we oan simply replace f,(x)
by the funotion f,(x)e-i*zco 3 B,eiMa—v)zand, obtain the more gen-
eral equation

M{fl(x)f,me*m}— S A4B,= 3 4,B,.

(Mg—") -Ap+M'-'

76. We now go on to the proof itself and show first
1. _Parsevel's equation follows from the multiplioca-
tion theorem.
If one mekes the special choioce f,(x) = (%) co X4, c—i4nz
then from (*) 1t follows that
M{fx(x)il'('x'} 4,73,

- a
'

whioch is nothing but Parsevel's equation
M{h( 7} =Z 4.,
2., The Multipliocation theorem follows from Parseval's

equation.
The proof depends on the same simple triock as the

one we used in the theory of purely periodic funoctions,
nemely, the use of the elementary identity.
uv=}{lut 01— |u— TP+ it P02 —4|u—17 3.
If we apply this to the produet / (x)f,(x) , it ylelds
M{ffiy = HM{H+ B — M{f — BB +iM{ L+ iRB— iM{f— iR

If we now apply Parsevel's equation to the funotions f, () +
fz("’) hi#) “‘f:(") h(x) + "f:(x) and f,(#) — 1f:(1’) + and using
their Fourier series which can be obtained from formulas
(1), (4) ana (5) of §64, and then momentarily setting

a() = M{fy(x) =42} and  b(i) = M{fy(x) e—$42}
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we find that the right hand member of the above relation be-
comes o

=HZaW) + (=D - Zla@) — b(=D P +iZ|a@) + (=1

— i |a@) —ib (=D

where each summation is over those values of 1 for whioch
the summand ig positive.

Here we can apply the same identity, only in the re-
verse direotion and obtain

Mifife} =Xa@) b(—4),

where the summation is interpreted as above. This, however,
is just the desired relation (¥).

76. Finally we notice that we can still prove the
multiplioation theorem exactly as for purely periodio furo-
tions, thet is, without using the &bove artifice but rather
by starting with the unigueness theorem. We ‘have only to
draw upon formula (8) of §66 according to which the (almost
periodic) function

gx) = M{/l(x +0) f2 (1)}
has the Fourier series

g(x) co T E,etPrx
where P, takes on the values A4, for which —.4, ocours among
the set of numbers M, and where E = A4,B,,1f P,=4,=—M,

P9’
The series oonverges uniformly, the series Y E, being

the absolutely convergent series > A,B,. Thus the
F+Mq‘=0

sum of the Fourier series must be an elmost periodic funo-

tion s(x) , whose Fourier series 1s exactly the series

D E,eiPaz , and whioh must coinocide, by the uniqueness
theorem, with the funotion g(x) « Now, in the relation just
derived

=3 E, P2

we substitute the value » =0 for x» and obtain
g(0) = M{f,(s) fz(t}—ZE Z 4,B,,

+ =0
which is the desired relation(¥).
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INTRODUCTORY REMARKS
TO THE PROOF OF THE TWO
FUNDAMENTAL THEOREMS

77, We have now arrived at the most diffioult part of
the theory, nemely, the proof of the two (equivalent) Funda-
mental theorems, the uniqueness theorem and Parseval's
equation. Originally, the author proved the two fundamental
theoréms by proving the Parseval Equation

M{|f(x) P} = Z| a2

since he did not know at that time of the derivation of this
equation from the uniqueness theorem. After the complete
equivalence of the two Fundamental theorems has been shown it
would naturelly be convenient to give the proof on the basis
of the uniqueness theorem. By what we already know this
emounts to proving Parseval's equation only for the very
special ocase where the Fourier series of the almost periodic
function f(x) has no terms whatsoever, and where we are deal-
ing with the equation

* M{|f(x) ]} = o,

From this equation, it follows, indeed, a&s was shown in §72
that f(x) vanishes identiocelly.

The equation (*), i.e., the uniqueness theorem, can be
proved in several ways. Naturally one such proof results
from speoializing the author's original proof of the general.:
Parseval equation. This proof, however, is very involved.
Another proof, which rests on the same basic ideas was given
by de 1a Vallée Poussin. This proof will be given here. 1In
order that the ingenious and rather subtle reasoning of the
proof may stand out as olearly as possible, we shall first
briefly sketoh the starting point of the original proof. We
shall then have the opportunity of seeing where the prin-~
ciple simplifiocations of the new proof lie.

78. Let an almost periodioc function f(x) be given for
which

a(l) = M{f(x)e~ "2} =0

for each A . Then we are to show that
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.
{14 = lim --‘T—f}f(x)ﬁdx =o.

Sinoe the aasumption a() = 0is put to ume only at the oon-
olusion, it will be convenient not to make this assumption
for the time being. Our oonsiderations refer, then, to en
arbitrary almoat periodic funoction f(x).

The idea of the proof consists in considering the

purely periodic funotion F(x) = Fr(x)with period T

Fig. 8.

whioh is equal to the given function f(x) _in the intervael
0<x<T . Thus

Fp(x) =f(x) for 0<x<T, Fpx+ T)=Fpx),

We then apply Parseval's equation to the funotion. The
funotion Fr(x) need not be continuous, but will, in general,
have a saltus at each of the points mT (m =0, 41, 42,...).
This dves not matter for we have considered functions of
this type before, in §§ 37-38, in antioipetion, in fact, of
just this application. We have shown, asmong other results,
thet Peraseval's equation is valid for these functions. Let
us write the Fourier series of Fr(x) in the form

< i2~'1u:
Fp(x) o E a,e T,
—oo

2
(Here not only the exponents Ti' 7, but also the coefficients

nz

T 2n T 27
—i—nz -1
a,,:‘TfF,(x)e T dx=%ff(x)e T gy
0 0

depend on 7 ). There follows the relation

00 T T
Sl = 5 [IFrpax = & [1f 1 ax.
—oo 0 0
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Now in this relation the right hand member &pproaches

M{|{(x)|2}; a8 T —>o00, &nd therefore the seme is true of the
left hand member; i.e., for the mean value M{f/(x)lz} we now
have the new expression

M{|{@)) = lim s,

We have been considering an arbitrary almost periodio
function; now we oan go back to the originsl problem. This
problem cen be expressed as follows: We are to show that,
from the essumption 4(1) =0 . the 1imit equation

o0

lim >'|x,[2=0.

T-»00 —o0
follows or, in other words, that for large 7T the sum of

2

squares >'|a,[2 will turn out to be very small.

79, This is this way the uniqueness theorem can be
proved. The direct proof of the given limit equation is,
however, very diffi mlt. On the other hand, &s we shall
very soon show, 1t is not pesrtioularly difficult to show
that for large 7 the upper bound of the members |«,| is

very small, i.e., that from the assumption a(d) =0
there follows the? .

* lim opper bound 1%[ =0.

T->»00 —ooL n< o0

It is very interesting to realize that this much weaker
1limit equetion yields the uniqueness theorem. To do this,
however, we must alter the starting point of the proof as
did de 1s Vallée Poussin. We must compare not the two

funotions f(x) and F,(x),but the two folded funotions

T
g(t)zﬂtl{f(xw)/(t)} and GT(x)z_}_[FT(xH)F;E)dz,
0
Before examining this matter in more detail, we first give
the proof of the 1imit equation (*).

PRELIMINARIES FOR THE FROOF OF
THE UNIQUENESS THECREM

80, First we wish t6 derive some lemmas.
THEOREM I. Let /(x) be &n arbitrary slmost periodio
funotion and ¢ &n srbitrary positive quantity. Then numb-
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ers A and T, can be chosen 80 large that for each |i|> A
and esach 7> T,

T
]%Of/(x)e—‘“dxf <e.

Proof: From what precedes, it is olear that we can so
choose the constants that for |i|> . this inequality holds:
T

la(d)| = ]}i_:r;—;?/f(x) e~z gy <e,
o

For, thers exists for a given &£ >0 only & finite number of
numbers 4. for whioh |a(d)]=¢ . From this the inequality in
question follows but with 7, dependent on i . To show
that T, cen be chosen independently of 1 , we must prooceed
differently. This proof is based on the uniform ocontinuity
end boundedness of f(x) . In faot we even could choose
To=1.

First we notioce that for & given 414-0 the funotion
e~z ig periodioc with period 27!/]}.[ and that, fuwther, the
integral of this function over an arbitrasry intervel of
length 2n/|A| equals zero. From this we get for any %, » Gthe
equation

Eﬁ
Il] TrFﬂﬂ

f/(x) e dx = [ (f(x) — f(y) -4z dx

x IR

We 1st w(0) denote the upper limit of [f(x,) — f(x,)| Zor |2, — %,
<0, fora given d>( , then we have

n+’“

Let an arbitrary 7 > Obe given and let T =4 m + «,

where 7 1s &n integer and oga< lll . Then
2r in 2u
a7 !1 "TaT
[f x)e~itzgdy — [—I— +-- +/ //(x)e"“dx
2z O
14] I?I "TAT
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end thus, letting I' denote the upper bound of [f(x)| , we
have

'/f(x)e"“dx(énw |1|) T +Te=<T- w( 1|)+FlzTT'

Thus we find finally that for T >T,=1
2n

3 freesna] < off) + FL = o3 + 13T

Prom here on the proof is obvious. For from the uniform
continuity of f(xr) , 1t follows that w(d)—>0 a8 d—>0 .
Thus @ /A = /(¢) can so be chosen that for |A| > A the fol-
lowing inequality holds:

<‘1|)+Pf/1<s.

THEEOREM II. Let f(x) be an almost periodic funoction

and let ], be & reel number for which a(ly) = M{f(x) e~z = o
(1.0, }. is not one of the fourier exponents of f(x) )
then for each given ¢ > 0 the positive numbers § and T,

can be detsrmined so that for each ) of the interval (3, — 4,

Ao + 0) 8nd each T > T,

';ff(x)efi" dx! <.

Proof: It is clear from what precedes, that we ocan
choose the constant ¢ so that for |].__ Ao| < 6 we have the
equation

T
la(d)| = | lim }—/j(x)e‘“”dx'<c;.
T ->»co
0
From this the equation in question follows except that agein
T, depends on 1. To show that T, oan be chosen indep-

endently of A , we must proceed differently. The proof
depends on the improved mean value theorem for almost per-
iodio funotions.

We notice first, that without loss of generality we ocan
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gasume that lo=0. (For otherwise we need only oconsider

the funotion f, (x) = f(x) e~t%< 1in place of f(x) « On hypo-
thesig is,then, that

a(0) = M{f{(x)} =0,

and we have to show that

T
1 . ’
lT-f/(x)erx' <e for|2<b, T=T,.
0

In this formulation the theorem has & merked similarity
to Theorem I, but there we were concerned with the very
"repid" osoillation iz (nsmely with the large values of

|A| @and the proof rested on the faot that faotor f(x)
hardly changes in the course of & full oscillation oxr ,—itz,
In the theorem to be proved now the situstion is exaotly re-
versed; here we are concerned with very "slow" -oscillations
e~i** (where the values of |i| are small, anmd the proof
will depend on the fact thet the faoctor e—i%z changes too
glowly to cancel out the oscillations of f(x) thet sre im-
plied in the oondition M{/(x)}z « The idea is ocarried

out as follows:
By the improved mean value theorem of § 62, the mean
value a+T

%[/(x)dx

oonverges to M{f(x)}, uniformly in a4 , 88 T »oc0. Thus in
this oase, it converges to zero and we can first choose T
so large thet for H > T, end each a

a+H
{;}//(x)dx’<£-.

This T, will be the T, of our theorem. Let I’ now be the
upper limit of |f(x)| and let us now choose the number z >0

80 small that
upper limit | egiz _ piza < S
(o= 2y [ < ‘ ( 2r

(whioh is possible because of the uniform continuity of e% ).
If we choose O =17/2T, then for each |i| < 4.
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ppper limit [e—itn — - tht.x< ,
(21— 2, | < 2T, 2[’

This 6 will be the & of our theorem. Now it is always

true that
a+H a+H

;}—/f(x)e"“’dx = —-Ifl—ff(x Je~itady + —/f(x e—ilz _ g—ila)gy,

Thus it follows from the sbove that for |1| < ¢4 for T, < H

<2T, end, for each a the following inequality holds:
a+H

g f]'(x e “"dxl<— ]e“‘“]—’;—F

The proof of our theorem is now nearly complete. Let
T be an arbitrary number T, we can then choose a posi-

7 LA 2f ' =1t
Fig. 9.

tive integer # such that the number 7 /n=H lies in the in-
tervel Ty <H <2T, . (We heve only to @etermine that
integer k=0 for which 2*T,< T <2*'T, , emd then the
number in question ocan be chosen 88 »n = 2') « Then the mean
value

T
LY v
0

is the arithmetic mean of the # mean value
vH

1 .
7 [0z, v=1,2,...,n
(»r-1)H

and it is, therefore, numeriocally smaller than ¢ for

4] <o,

8l. With the help of Theorems I &nd II, we now prove
the following:

PRINCIPAL LEMMA. Let f(x) be en slmost periodic funo-
tion for which a(d) = M{f(x —#iz} — o for each and every i

Then the 1limit equation
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T
lim —%,—ff(x)e—“’dx =0
T—>o0 G

holds uniformly for —oco <1< oo,i.e., to 8 given ¢>0 8
T, = T,y(c) cen be chosen so that for T > T, &nd 8ll 1

ILT/Zf'(x) e~z dxl <e.
0

Proof: We first choose the number /A sccording to
Theorem I to be 8o large that for |A| > A and eech T >

1’%—‘/3(”) e"“‘dx, <e.
0

Thus, according to Theorem II we determine a positive number
6 =4(1) and Ty = T,y(4,),00rresponding to an arbitrary fixedd,
in the interval — A4 <i,</A such that for each 1 of the
interval (4, — d(4y), 4 + 6(1,)) and each T > T,(4,)

T

|7 [1me=ssdz] <.
0

The interval (i, — d(4,), 4 + 8(4y)) will be denoted for
brevity by i(i,) . Obviously because of the method of deter-
mination of this interval ¢(1,) , the conditions are satis-
fied for the applicetion of the Heine-Borel covering theorem;
For eaoh point A, of the glosed interval —A=1-</18 contain
ed in 7(4))(es 1ts midpoint).By the Beine-Borel theorem it is
possible to seleot & finite number of points of the interval

—A<A=A e.ge, A, Ay, ..., Ay, such that the corresponding
intervals 4(4),4(A),...,4(Ay) ocover the complete interval
—A=<1=<4 . Then the number

Ty = Max(1, To(dy), To(4y), ..., To(Ay)
hes the desired property. In feot if 1 is & completely er-
bitrary real number then it will either be outside the

intervel —A=<i=<4A,( i.e., satisfy the inequelity [i|>A)
or it will belong to at least one of the intervals 1'(11)'1'(13),

...%(Ay) and thus in either ocase the following inequality
is valid:. '



76 ALMOST PERIODIC FUNCTIONS

l%‘/f}(x)e"‘“dx' <e fof T>T,.
0

82. To bring this result into the handiest form for
the following applioation, we consider the purely periodic
funotion introduced above, namely Fj(x) of period T,which
coinocides with f(x) in the interval 0 <x<T - Let the

ordinary Fourier series of the function F,(x), be Za,‘e T
i.0., let

-—~jFT(x)e dx = T/f(x) dx.

From the above the following theorem follows immediately.
Por each given ¢>0, we can determine 8T, = T,(¢) such that
for T > T, all Fourier oconstantaca, of Fj(x) satisfy the
inequality |0t,,| < €e; or in other words: If the condition
a(d) =0 is_true for all ) for the funotion /(y), then the
1limit equation

lim upper bound |«x,| = 0.
T»o00o ooln<oo
is true.

Thus we have proved the relation (*) of §79 on which
the de 1a Vaellée Poussin proof of the uniqueness theorem is
based. From this 1limit equation, however, we can not ocon-

clude that o,
lim Z' lx,‘iz ]

Tro0 —

- .
i.e., that ZI“»P is small for large T, which would be

rather oonv;nient for a direot proof of . the uniqueness
theorem using the funotion Fp(x). But we use the simple

00
faot thet >'|x,[* is always bounded, or
—00

=) T T
Zlanl* = —’f_fIFT(x) Pdx = —'T-fIf(x) rdx < I',
< s J

(where I' as always, denotes the upper limit of |f(¥)|in —oo<
¥x<oo ) Thus we oan conclude that, for example, the sum

of the fourth powers §|“nl‘ is smell for large values of T .
-—00
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In feot, we verify that
2 |oalt <(upper limit|a,[?). 3’| «,i2 <(upper 1imit|a, )2 I'2,
—00 —oco n< o0 —o0 '
where the last quantity approaches gero 88 T —+-oo. In other

words the following theorem is true: If for the funotion
f(x) the oonditiona(d) =0is satisfied for all }, then

lim > |a,/¢ = 0.
T+ 0o —oc0
On this theorem we will base the following proof of the
uniqueness theorem.

PROOF OF THE UNIQUENESS THEOREM

83. Let f(x) be an &lmost periodioc funotion, about
which we shall at first meke no assumption. We introduoce
the function Fp(x) as above and consider the two folded
funotions:

vy
g(x)=ﬂlf{f(x+t)7(7)} and GT(x)=%fFT(x+t)mdt.
[

Heve, 28 we know, g(x) is @lso an &lmost periodic function
and Gp(») is a (continuous) purely periodic funotion of
period T , whose Fourier series is given by

2
. . Yonx
Gr(x) o Dlagze T,

From this it follows that for each T

T
7[I6rrax = Fjane,
0 —2%0

The funotion G,(x) neturally does not need to coincide with
the function g(x) in the period-interval 0 <x <<7,6K Indeed
the funotion does not depend in the same way on gx) as Fj,(x)
depends on f(x). This is, however, not decisive; it will
be suffialent if G,(x) provides a "good approximatioa” to
g{x) 1n the interval 0 < ¥ < T but even this is,in general,
not the case for arbitrary values of 7 . As we know from
§ 53, this limit equation

T
tim 3. [1e -+ 070 de = M{j(x + 0[O}
0

T-»oco0
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holds uwniformly in * as 7 — oo, A comparison of the two
functions g(x) and Gr(x) in the interval 0 < x < T amounts in
essence to a comparison of the two functions

T
gr(¥) = 7 [f(x + 0 f(B at
0
and

T
Grx) = 1 [Fr(x + 0 Fa@ as .
0

The two funotions g,(x) and G,(x) are now by no means identi-
a8l in 0 < x < T. The equations /() = Fp(!) and f(t) = Fp(?),
indeed, hold for the entire interval of integration 0 <t << T
but the other factors f(x + ¢) and Fp(x + #) 40 not coincide in
the entire intervel 0 <¢{<<7T s8sincex | tlies partially in
the intervel T <x+t<2T.for 0<t<T,

Fig. 10.

We now use our triock,which consists of taking for the
"glice™ 7 not an arbitrary number but & translstion number
say T = 7/(¢)» Then for T <2< 2T

J{() = Fr@)| = /@) — f(z = T)| = &,
and from that the inequality
f(x+8) —Fp(x + )| <.

holds for each fixed x in 0 <x < T,and for the entire
interval 0 <t < T,
Thus we obtvain (with 7T = 7,(¢)) the following inequality,
valid for all x in O0<x<T
|gr(x) — Gp(x)| =& -T.

Let & sequence of numbers ¢ >¢ > - >¢€, > -+ -0 be arbi-
trarily chosen (e.g. éx=1/n ) 8nd let 7,.T,,..., T,,... be
a sequence of corresponding translation numbers (i.e., I, =
T7(€s) ) for which 7,—»>oc « Then for each value of =,

lera(®) — Gr,(¥)| = euI’ in 0<x<T,,
and thus,
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upper lmit |gp,(¥) — Gr,(x)] >0 @8 #n-—>oo.
0<z2<Tn
Bow, however, the sequence of funotions g; (%) converges
to g(x) for n-—»>oco unifomly in —-oo<<x < oo, In partioular
it is true that
upper limit|g(x) — gy (x)| >0 88 2> o
0Lz Tn
Thus we finally obtain &s & result of the comparison of the
functions g(x) and Gp(x) , the result thet thers exists &
sequence of numbers 7,,7,,..., In,... of some kind with
T,—>oc » Such that
upper bound|g(x) — Gr,(¥)] >0 88 n > o0;
02 Tn
In other words, the funotion G, (x) represents in the inter-
val 0 <x < T, &n ever better approximation of g(x) a8 =
becomes infinite.
Prom this we can conclude without difficulty thet

Tl
*) M{jg@ [ = lim - [|Gr(@Fdx .
7n~» 00 "0
For it 1s true that for e given #.

|llg@) 2~ |Gr, (02| = ||g(®)] — |Gr, @] - (g(#)] +|Gra (=)

=<'upper limit|g(x) — Gp,(x)|- 21"
0<z<Tn

in the interval O0<x<T,.

Thus, . T . m
|72 et — 7. [iGr. 0 as| = . [l ~ iGr. o)
0

=upper 1limit |p(x) — G . 2
o e lg(x) ra(x)|- 2172,

From this, the above limit-~equetion (*) followa, for the
laat quantity approaches zero as n—+o0 and further, 8since

Tn
the quantity %*flg(x)l’dx converges to the mean value M{|g(x)[*},
0T
the quantity Tiflcm,(x)l’dx- must approach this mean velue
M{lg(x)|%} . 0
After this preparstion it is easy to give the proof of
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the uniqueness theorem. Let the hypothesis
a(d) = M{f(x)e~*7} =0

be satisfied for f(x) end all 1. We are to prove that /(x)
vanishes identically.

Pirst, the essumption a(4) = ofor 811 1 implies, 8&s
shown in §82, that

o0
lim > |a,4=0.
T>00 —

T oo
—;—.f]GT(x)de =2|a,,]‘
0 —o0

for every T it follows that

Since now,

T
. 1
lim —I—,flcr(x)de =0.
0

T-»oco

With this, after what has preceded, we must conclude that
Ta
M{jg(x)%} = lim J——j |Gr. (%)2dx = 0.
n-»oo T"o

From the property of the almost periodiec funotion g(x) ex~
pressed in M{|g(x)|3} = 0 it follows, however, that
g(x) venishes identiocally. Thus it follows, in partioular,

that T
8(0) = M) fo} = M{lfi8 =o .

From the equation M({|f(?)|?} =0 1t further follows that f(x)
1tself must vanish identically, which completes the proof.

THE FUNDAMEX TAL THEOREM

84. KNow that the unigueness theorem, and with it,
Parseval's equation are demonstrated, we turn to the proof
of the real Pundamental Theorem of the theory of almost
periodic funotions: The olosure H{s(x)} of the oclass of all

N
finite sums s(x) = D a,e'**® 1 identiocal with the oless of
1

almost periodic functions. :
We alresdy know ( § 49) that the olass H{s(x)} is con-
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tained in the olass of almost periodio funotions. It re-
mains to be proven that conversely the class of almost per-
iodio funotions is contained in the oclass H{s(x)}, 1.e.,
that the following theorem holds.

APPROXIMATION THEOREM. ZEvery slmost periodic funotion

N .
f(x) can be spproximeted by finite sums s(x)=_ a,e'’"*uni-
1

formly for -co<<x<<o© i.e., for each ¢> (0, there exists @&

sum s(x) of such & nature that
|f(x) —s(x)| <¢for 811 «x.

The exponents in the approximsting sums s(rx) ocan be
chosen to be precisely the Fourier exponents 4, of the
function f(x) .

It suffices in what follows to consider the oase where
the Fourier series of f(x) ocontains infinitely many terms,
since, otherwise, by the uniqueness theorem, the function
would 1tself be @ finite sum s(x) .

If any finite sum s(x) approximetes the function f(¥)
with the degree of soocuraoy ¢ i.e., |[f(x) —s(*)|-:¢ for all #,
then it is olear thet & "foreign" exponent (i.e., one whioh
is distinoct from the Fourier ocoefficients .4, ) oen enter
only in conneotion with a coefficient of absolute value ::¢
since

la | = | M{s(@) e} | = | M{(s@) - f@) e "} = M{e- 1) = .

Por various epplications of the spproximation theorem it is
of the greatest importance that one can completely omit
such "foreign" exponents i, just as in the case of purely
periodic funotions.

On the other hand for a sufficiently fine approxime-
tion every preassigned Fourier exponent ., must ss a
metter of fact enter into the approximating sum s(x) ; to be
exact, whenever the measure of acocurscy ¢ , is leas then
(4.l

86. In all our previous considerations of the Fourier
series of an slmost periodioc function there was no reason
for ochoosing any partiocular order of terms. As in the
ocorresponding place in the theory of Fourier series of
purely periodioc funoctions, for the proof of the approxima-
tion theorem, we have first to disouss in detail the
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question of the ordering of the terms. We shall find it
closest to olessiocal Fourier theory to consider only the
Fourier exponents ., (end not the coeffiocient A,), in the
ordering.

Since & gompletely 2rbitrary enumerable set of real
numbers oan oocur &s the set of exponents {A,}, would et
first sppear to be hopeless to give a general principle
thet, when applied to any almost periodic funotion, will
systematically exhaust its set of exponents. By recourse to
an arithmetioel point of view, however, we can do this very
simply by introducing the gonoapt of @ "basgis™ of the set of
real numbers {,}.

In the cage of a finite set of numbers 4,, ..., dy,the ocon-
cept of a besis 18 & very familier one, and indeed one under-
atands by it & finite set of numbers f,, ..., B, of such e
nature that each of the given numbers 4,08n be expressed in
‘only one way in the form

Ay = gui B+ -+ + &n. 21 Bt

with integral coefficiente g,,. In the transition to an
enumerable set A,, A4,, ... the concept of a basis must be
extended since the basis must include enumerably many
numbers f,, f,, ... In order to be sble to introduce the con-
cept of & basis of an arbitrary enumereble set of numbers,
it is necessary to permit the coefficients g,, to be not only
integral but also rationel.

86. Let A,,4,,4,, ... be any set of enumerably meny
real numbers. By & basis

B= {ﬂlvﬁi!’ ﬂar e }
we mesn an at most enumerable set of real numbers f» with the
following properties:

1. The numbers ﬁl'ﬁzvﬁs:-.. are linearly independent,
i.e., no relation holds smong any m of them of the follow-
ing form:

Rlﬂl + Rzﬂz + .- + 'Rmﬂm =0

with retional coeffiocients R,, R,, ..., R, which d0 not all
vanish.

2. PEach of the numbers/,can be represented, for
sufficiently large m in the form
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A"= '1:81 +7252 + -+ rmpm

with retionsl ooefficlents 7,,7;,...,7,. Here it is obvious
from 1., that the representation of A, is unique (except, of
course, for terms with zero coefficients).

Example: The set of all rationsl numbers {A,}has the
basis {1}The set A, =1logn{#=1,23,...) has as besis the set
{logp,}, where p, runs through the sequence of prime numbers

2,3%5,..

87. We now wish to show that each sequence A,, 4, 4,,...
hes @ basis end indeed one whose numbers f5, all be-
long to the set {A,}. Here we proceed as follows:

As the first number of our basis 5, we take the first

number A, of the sequence a4,,4,,4,,..., which is not zero
(thus either A, or A,), and we oross out ‘each number ,of the
sequenceA, ,,, 4, ,5,...,for which a relation of the form

1B, + r,4,=0 holds in rational numbersrz,,7;with 7,4 0.
Let A, be the first number of the sequence A, .,,, A, .,....,
which is not orossed out in this menner. Then we set f,
=A,,’ and oros8 out every numberAnatill remaining in the
sequence, ,,,4, .,,..., for which a relation holds of the
form 7, B, + 7,8, + 734, == 0 1n rational numbers 7,,7,,7; with
734+ 0. After that we set f§; — A, where A, denotes the
first number remeining in the sequence A, ,,, A4, ., ... eto.
Now there are two distinct possibilities. On one hand, this
prooedure can terminate after a finite number of steps, say
p steps, so that the entire set of numbers A, .,, 4, .o, ...
are orossed out (and thus no A remain). In this case the
finite set

{BisBas - Bo} = {An, A, ., Ay}

obviously forms & basis. On the other hand the procedure
mey never terminate. In this case a basis will obviously be
given by the enumerable sequence

{Br:BasBs. .-} ={du, Ao An,. ..}

88, We choose any basis st 811 B ={f,,f,, f;, ...} for the
sequence of exponents A,,4,,4,, ... of our given 8lmost per
iodic funotion f(x) . From now on this besis will be consid-
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ered fixed. For the sake of convenience we wish to assume
thet each number of the enumerable set of numbers

rlﬂl + ’zﬁz + o+ 7mﬁm

oocours among the exponents /A, (where m is arbitrary and
73.7,...,7, are arbitrary rational numbers). We have only
to add the missing terms A,c4* with coeffioients 4, =0

in the series Z‘A"e"f‘ﬂ. We carry out the proof of the

approximation theorem for the case where the basis {ﬂl,ﬁg,
Bs, .. } is enumerably infinite. The simplifications that
are intended when our basis is finite are evident. (We
could immedistely go from this case to the genersl case by
suoccessive addition of new numbers to extend the basis to an
infinite basis).

Now let ¢ be an arbitrary positive integer and let ]
denote ¢g!=1-.2-3...q « Further let P denote the number p —

gQ(=¢q-q!) so that g»w as g—>oo. We denote by Eq the

finite set which consists of all numbers A,which cen bde
written in the fom

14

Au=3ﬂ1+8ﬂz+"'”}.“éﬂq

with the help of our basis, when #,,%,,...,7,denote integers
all numeriocally = P (=g¢Q) . We write &n arbitrary number
A, in the form

Av=npi+ ot o+ rubn =B+ Bt o+ B

where we assume that the fractions s,ft;, Sofs,...,Sy,/luare re-
duced to their lowest terms and the denominators #,%;,...,17,
are positive. Thus those numbers /, surely belong to the
get Eq in case the integers m,t,,4,,...,¢, ere all < g and the
rational numbersr,,7,,...,7,8re all numeriocally =<gq o

Each set qubviously contains the preceding set Eq_l,
i.e., '

E,cEc..ccEc..

Purther, by what we Just remarked, each fixed

Ap=rpr+ 1+ --- +’mﬂm=%ﬂ1+ %:‘ﬂz‘*‘ +§":'ﬂm
is surely contained in some set E, for sufficiently large g,

1.e., for g=gq, = go(n), where by what precedes, we ocan use
for g, the value
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}.

go=Max{m, ¢, &y, ..., tu, 71|, %20, -, 7m

89. We consider now & sequence of finite sums which we
write for convenience as infinite series, namely

so(x) = DR A, éiInz, 9=1,2,3%,...,

where the exponents A,, which actually enter into the sum Se(x)
(i.e., for which the factor k@ preceding the term A, ci-!»*
is distinot from zero), all belong to E, « We postulate
that 0 < %@ <1 for all n and g,and that 2@ -1 for n fixed
and g — oo,

It is easy to show with the aid of Parseval's equation,
thet each smuch sequence of finite sums s (x) converges in the
mean to f(x) , i.e., that

M{|f(x) — sq(*)[3} >0 es ¢->o0.

In faot from f(z) o XAnet™® end s (1) = D KO A, eI,
it follows that
f(x) — sg(x) > (1 — k) A, eidnz,
Thus it follows from Parseval's equation that
0
M1G) — syl = 1 — Kot A,
Now for & given ¢ > 0 let the number N be chosen so large
éo
that |4, < , thea obviously
yh .
M{f(e) = so@)B} < D1 — Ko |4, 4 L,
1
and it follows immediately, for sufficiently large velues of
q that
M{|f(x) — s,(x) |2} <e.
For by our assumption, the N numbers k¢, k{,..., k9 a1l con-
verge to {1 as ¢ -—>oo,

90. It waes shown 1n §73: If a sequence f,(x),/,(%),
<o fux),...0f almost periodioc funotions converges in the
mean to the almost periodic funotion f(x) then, in order to
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be able to conclude that the convergence is uniform in
—oo<Tx<oo it suffices to know that the sequence f (x),f,(x),
(), ... 18 majorized by the funotion f(x) . The sequence
of finite sums sq(x) construnocted above, will, therefore,
surely oonverge uniformly to /(x) if the constents kY ocsn se
be chosen that the sequence of funotions s,(*) is mejorized by

7(x).
' 91. PFor this purpose we bring in again the Fejer

kernel, .
K,(@) = 2(1 — '%l) e—ivt

v=—n

which played a fundemental role in the theory of purely
periodic funotions, and we construoct, after Bochner, the
"ocomposite" kernel

KO () — K,,(gl t) - K,,(ﬁ2 t) K,,(ﬁ“ z)

Q Q Q
- I7] \Vzl) [ 7] —”( Pt Bt ha
Z 2 2( BN =5)- - (1="5l)e )
==P vy=-P vg=~
Because of the linear independence of the numbersf,,f,,.. o Be

no two terms of this finite sum can be combined, (i.e., no
two contain the same factor ¢t ). The numbers

8ﬂ1+$ﬁ2+ +g‘ﬁq'

whioch enter into the exponents, further, are exaotly the num-
bers /,which belong to the set E, defined above.
We write K@(/) in the form

K@ (tp= 3 k@ g~ idnt

(whereky = Oas long as /A,does not belong to the set E,).
Then the numbers %Y, thus defined satisfy the above condi-
tions 0= kY =1 for all » and ¢, and kY > 1 88 ¢ > oo, for »n
fixed. This is easily shown. The first is evident andi the
seocond follows thus: Let » be fixed and let

Ap =10+ 738, + --- +rm,3m=.§liﬂl+ ;:'ﬁz+ +’s,“"’;5m-

Then as was noticed (in §88) above, the number /i, belongs to
the set E, for g == g4 = g,(n), where

go=Max{m, t,,ty..... b, |1|, 7o, .., |7ml}.
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and it is obvious that
v ¥, Vi
=obhtght G Bt OBy oo 408,

where v, = 7,0,v, = 2,0, ..., vy — 7aQ. Now we have

k‘,?’=(i—'~;}')(1 ';3') (1-'—1';‘5)-1...1.

and sinoce each of the m numbers
[#a] i - :
B=mg Bemg L e d
approaches zero a8 g oo, (sinoe Q/P = 1/¢g—>08a8 g->oc0'), we
have k7 ~188 g—>o00

92. Now we wish to show that the sequence of functions
Sq(x) = D RYP A, ei-lnz

formed with the aid of the chosen constants /ef:l) will be maj-

orized by the funotion f(x)., 1.e., to every arbitrarily
given ¢ > 0 the corresponding translation numbers v =: 7,(¢)are
at the same time translation numbers of each of the funo-
tions s,(x) . Then by the above proof we will have shown that
this sequence of finite sums s,(x).converges uniformly to
f(x) 88 g—>o0.

The proof rests on the faot that for an srbitrary g

Sq(x) = Ztl{/(x + ) K9 ()},
where K@ (¢) denotes the above composite kernel. This formule
is very easy to establish. In fact from
flx + t)NZAn gidnz, gidnt
1t follows that
Sg(x) = Z R Apeitns = SRY M{{(x + t) =it}
¢
=M{{(x + ) ZkPe 4} = M{f(x + ) K (0)}.
Now, however. the ocomposite kernel K© () possesses the

gsame important properties 2s the Fejér kernel K, (¢) 1tself;
nemely, first, that

Ka@¢)y=o0

for all ¢, (which is evident from the definition of K@(y) es
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the product of simple Fej ér kemels), and secondly that
M{K® ()} =1,

which is equally evident when one notices that the meen
value M{K@ ()} is equel to the constant term of K@(/) whioch
is exaotly 1.

By application of these two properties of K@)(t) it now
follows easily that each arbitrary translation number 7 of
f(x) oorresponding to & given £¢>(ie at the seme time a
transletion number of the finite sum s,(x) corresponding to
&€ o In fact we find, for en arbdbitrary x

So(® +7) = 8, (%) = M{f(x + v + ) KOO} — M{f(x + 1) KO(1)}
=M{{(x+ 7+ 9 — {(x + 9]- KO@)}.

Now 1f |/(x+t+t)—/(x+t)l§£ for a1l ¢;

then it follows (eince K@ (f) = 0)thet
{Sq(x + 1) — sq(x)l = gM{K(q)(;)} =,

which shows that 7 is indeed a 7, (¢).

Thus the sequence of finite suma Sq(x) converges uni-
formly to f(x), 88 ¢ —»oc and the proof of the fundamental

theorem is ocomplete.

AN IMPORTANT EXAMPLE

93. As a gpecisl ocase of almost periodic funotions we
heve previously considered thus far only the purely periodic
funotions of ‘period 2w . These functions are charaoterized
(within the olass of almost periodio funotions) by the faot
that their Fourier exponents are all integral; the exponents
are, therefore, in this case rather strongly oconnected arith-
metically ==~ which gave rise to the expression that the
osoillations ¢*? sre harmonio.

In ocontrast to this we wish now to consider the case of
ocompletely disharmonic oscillations, i.e., the case when the
exponents /A,are linearly independent, i.e., where there
exists no linear relation whatsoever

ady +gdy+ - + gl =0
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with integrel non zero coefficients g;,g;,...,8, .In other
words the set of exponents {/,} forme & basis here. (In
partiouler no A,is 0).

This ocase can in a certain sense, be thought of &s the
"general case", if one thinks of the Pourier exponents as
being chosen in succession in a purely random or chance
manner. In faot if the first » Fourier coeffioclents A,, A,,
..., 4, are fixed there ere only enumerably many numbers
linearly dependent on these, while there is & non-enumerable
get of real numbers 4 available from whioh to choose A,

In this ocase of linear independence, the results are as
simple as one oan imagine. In partiocular the following
theorem is valid:

CONVERGENCE THEOREM: PFor an slmost periodic funotion
f(¥) with linearly independent Fourier exponents the Fourier

geriea >4, ¢l r* (with arbitrary arrangement of terms) ocon-

verges unifomly for all x,8ince, in faot, the series formed
by the absolute values

3 |A,| oonverges.
By virtue of the uniqueness theorem we can, therefore, write
in this o&se: .

f(x) = T dpeitrs

Por the proof of this theorem we consider agein the
Fejér kernel K,(f) in the simplest oase where # = 2 Thus,

K,(t) =1+ 3+ €9 (=1 cost).
Now let v, be the "phase™ of the nth coeffiolent 4, or
A,=]A,|¢**. We form for any value of N a "composite" ker-
nel which is, indeed, the product not of the kernels K,(4,),
but of the kernels resulting from the phase translation K,
(A,¢t + v,).Thus we form the kernel,
KN(t) = Kz(Ali + 'Ul) . K,(Azt ‘+‘ v,) PN Kz(ANt -+ UN) .

By multiplying 1t out we obtain,

KN(t) =1 + %{e-—iv,e—m.t + e~ivag—idat L ... 4 g—ivﬂe-izint} + R(),
where R(f) is a finite trigonometrio sum g, c''»! whose

exponents 1, are (because of the linear independence of 4,)
distinot from the numbers 0, —A,, —A,, ..., —A4,, ...

A8 in the proof of the approximation theorem, we form
the folded funetion M{f(x 4 #)Ky(¢)}, but only for x =0, i.e.,
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we form the mean value
Itf ) Kx ()} .

Since 4, for 1 =A,,

—iley
MUOTHG=1 0 por 144,

it follows thet
Jtl{f'(t) Ky} = 3{d e + dyemint ...  Aye—ion
=3{4|+ |4, + - + [Ayl}.

But Ky(f)=0 for a1l ¢, and M{Ky(!)} = 1. Thus the left side
i8 at most equal to I" 1f we denote the upper bound of ll(t)l
by I'e We thus obtain the inequality

i+ [Ay] + o + 4w = 2T,

whereby the sbsolute convergence of the series ZAn is dem-
onstreted.
It should be noted, as & matter of orientation thet in

the relation 3|4, = 2I" the factor 2 has no resl signifi-
cance; 1t is there only because we used & kernel of the
geoond order in our proof.s If we had used in place of K,(¢)
the kernel

K,() =1+ R,,;;,1_(e—ll+ ey + ...

we would have been led to the relation Z’A"igp' 1,I‘ , and

from that, (by teking the 1limit 88 p-» oo ), we should have

found thet 2. =T In this relation the equality sign

glone 18 true since obviously the upper bound of |¥ 4,cidnz|
oan not be greater then the upper bound of ¥ |4,].

Beoause of the oconvergence of 3'|4,/we have Jjust shown
that upper imit t(y)| = $|4 ,
—oo <L < 0o -~ "
which could have been proved from a well known theorem of
Kronecker in Diophantine Approximations. This Kronecker
theorem was nsed in the original proof of the convergence

theorem.
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GENERALIZATIONS OF ALMOST PERIODIC FUNCTIONS

94. The first peapers on almost periodic functions were
the basis for a number of further papers. Some of these are
on various generalizations of this olaas of funoctions. The
firast such generalisations are due to Stepanoff; independ
ently of him, Wiener in his importent investigations on
Fourier integrals was also led to one of Stepanoff's classes
of funotions. A very far reaching generaligation was later
given by Besiocovitch. Finally, Weyl gave a generalization
of the oconcept of almost periodiocity different from the above
mentioned ones. He has investigated his generalized olass
of funotions by his omn methods, at the end of his interest-
ing work "Integralgleichungen und fast-periodische Funk-
tioners™ (Integral Equations and Almost Periodic Functions),
in whioch new proofs are given of the main theorema of the
ordinary theory of almost periodic functions. Some inter-
esting contributions to the generalized theory by R. Sohmiat,
Kowanko, Franklin and Ursell, should also be mentioned.

These various generalizations and others related to
them have recently been the subject of a detailed investiga-
tion by Besicovitch and the euthor. This brief eppendix
will be concerned chiefly with the general viewpoints which
we took in that investigation in order to arrive at & uni-
fied treatment of the entire complex of questions.

956. First of all, &s an introduction to the subject,
let us sey a few words on the theory "proper"” of almost
periodic functions which was expounded in detail in the pre-
ceding leotures.

By the olosure of a set d of funotions f(x) (—oo << x < )

we mean the set H(®)of functions which ia obtained from
the given set @ by extending it, adding to it all those
functions whioh can be approximated uniformly for sll «
by funotions of the set &,

In the following, E will throughout denote the set of
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all finite sums of pure vibrations

N
s(x) = Zane“"" .
n=1
Furthermore, let F denote the set of all almost per-

lodio functions; all continuous funotions f(x) with the prop-
erty that for each ¢ > (0 there exigts a8 relstively dense set
of numbers (translation numbers) 7 = 7(¢) such thet

fx+1)—f(x)] =e, —o00 < x < 00,

The main thebrem of the theory of almost periodic funo-
tions (the approximetion theorem) then states that the set
F 18 precisely the closure of E, thus

(1) F = H(E).

By means of this equation (as stressed in the leatures)
our olass of funoctions is charaoterized by two different
types of properties: on the one hand by vibration proper-
ties a8 the olosure of finite sums of pure vibrations, on
the other hand by translastion properties (structurel proper-
ties) as 8lmost periodio funotions.

To every almost periodic funotion belongs a Fourier

geries >'4,c“"* whioh in tum uniquely determines the

funotion f(x) « Bochner's summation theorem, which extends

to almost periodic funotions Fejer's summation theorem for
the Fourier series ofpurelyperiodic funoctions, furnishes an
algorithm whioch leads from the Fourier series to uniformly

approxime ting sums s(x), '

96. The task of generalizing the theory of elmost per-
iodic funotions will include above &ll the generalization
of the spproximation theorem, i.e., of the above equation (1).
There one ocan proceed in two different ways. One may either
start with the left side of the equation, i.e., try to air-
ectly generalize the definition of almost periodiocity,
chiefly by abandoning the requirement of continuity anl
dealing with funotions which are only subject to such condi~-
tions as measurability or integrability in the Lebesgue sense
This was the procedure of, e.g., Stepanoff, who was the first
to attack the problem of generalization, and with great suc-
oess. The task in this oase is to study the vibration prop-
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erties of the generalized almost periodic funotions defined
in this way. Or conversely, one may start with the right
side of equation (1) (that is, with the vibration properties)
by generalizing the concept of the oclosure of the olaes E ,
i.8., by replacing everywhere uniform convergence with ano-
ther concept of limit. One is here confronted with the
sonverse task: to investigate the corresponding generalized
elmost periodic properties of the closure defined in that
manner, of the set of 811 finite sums. This was DBesloo-
vitoch's procedure. In our opinion the latter point of view
is the more natural one for & systematioc treatment of the
generalized theory of 8lmost periodic funotions. The prob=-
lem here is quite olear and unambiguous; one considers
various limiting prooesses G, forms each time the corres-
ponding closure H;(E)end then seeks to characterize this
olass of funotions by translation properties.

97, In the following I shall for brevity's sake confine
myself to funotions of olass L, i.e., the olass of all funo-
tions f(x) (—oo < ¥ < 00), which are Lebesgue integrable in
every finite interval. (Besiocovitch and I, by the way, have
investigated all olasses L?where p is any number - ).

In the theory of purely periodic funotions of olass [,
considered on a finite interval (a,b)the following well
known concept of limit is adopted:limf,(¥) = f(x) shall mean
that the mean value

b
s [ 1160 — faw) | dx

tends to 0 for n>o0, Or, expressed differently, we <intro-
duce a notion of distance of two functions in the well known
fashion by saying that the distance between f(x) and g(x)is
defined by

1

b
DI/(3), () = ;- [11(0) — g(x)| dx

and then the oconcept of limit lim/,(x) = f(x) 18 defined
gimply by
D[f(x), fa(x)]>0 for n-—o>o ,

In the theory of elmost periodic functions we always
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deal with the infinite interval —oo < x << oco. If we want
to extend the above concept of limit, or rather the above
concept of distance, from & finite to an infinite intervel
we are faced with the choice of several different possi-
bilities each of which hes its speciel olmracteristics and
its speocial interest, We introduce three such concepts of
distance and denote them by Dy[f(x),g(x)], Dp[f(x), g(x)] and
Dylf(x), g(x)] becanse they are very closely connected with
the generalizations of almost periodic functions by Stepan-
off, Besicovitoh and Weyl.

Stepanoff's oconcept of distance is given by

z+L

Dy[/(x), g(x)] =upper bound L [|1(¢) — g(&)|dé.
— 00 < <00 P

There L is a fixed positive number; its value is irrelevant
(it may be teken, e.g., = 1 ) because this concept of dis-
tance defines & concept of 1limit which does not depend on
the partioular value of L , as oan easily be seen.

With Besiocovitoh's oconcept of distance Dy[f(x), g(x)] the

mean value is extended immediately over the whole interval
—o0 < x <00 ¢

T
Dyl/(), g(»)] = lim sup ;’—T—_ { 1) — g(x)] dx.

Finally, Weyl's concept of distance is intermediate be-
tween the two; we here consider, to start with, a fixed
length L, as in 8tepanoff's case, but let it afterward grow

wi thout bound:
z+ L

Dy[f(x), g(x)] = lim upper bownd . [|f(g) — g(&)|dé .
L->»co —o0 Lz <00 P

It is easy to prove that the limit asL —ooreally exists.
For eaoh of the three concepts of distance, the corres-
ponding oconcept of limit

S-lim fu(x) = f(x), B-limfu(x) = f(x), W-limf,(x) = }(x)
is defined by the relation
Ds[f(x), fa(®)] >0, Dp[f(x), fa(x)]>0, Dy[j(x), [a(x)] >0,
and by using, each time, the ocorresponding concept of
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1imit, the closure of the set E is formed, thet is,
Hs(E), Hg(E), Hy(E).

as the case may be.
As is easy to see, we then have
Hg(E) c Hy(E) c Hgy(E).

98, Our problem now is to characterize each of the
three classes of funoctions Hg(E), Hy(E), Hy (E) thus de-
fined, by means of translation properties. This is the very
same problem a&s the one solved by equation

(1) H(E) =F
for the olosure H(E), this closure being defined by uniform
sonvergence.

By an extremely stimple but fundementally important con-
gsideration, this problem cen be reduced to the corresponding
problem of the original theory, which is solved by equatioh
(1) o By noting the faot that uniform convergence is the
narrowest of all limiting processes considered -- i.e.,
thet the olosureH(E)obtained with uniform convergence is the
smellest of all closures H (E)we oan use the spproximation
theorem (1) of the originel theory direotly as a valid re-
sult in bullding up the generalized theories, without having
to come back to the proof of this theorem. For, from the
inequality

Ec H(E)c Hg(E),

where G denotes any one of the sbove three limiting processes
S-, B- or W-lim ,1it follows immediately that H,(E)c Hy[H(E)]
c Hg[Hy(E)] and hence, using Hg[Hg(...)] = Hg(...), that

Hq(E) = H¢[H(E)];
but because of H(E) = F, this means thet

(2) Hg(E) = Hg(F).

This last equation however shows that the problem of oher-
aoterizetion of the ocless H,(E) of funotions 1s simply equiv-
alent to investigating the effeot of the respective limiting
processes (G_ 88 8pplied to the almost periodic funotions
proper of the original class F, We thus do not even have
to deal any more with the olass E, i.e., with the theory of
vibrations ; the conneoction between vibrations and translation
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properties is given once and for all by the original equa-
tion (1) ; whatever remeins to be investigated 1s oconcerned
only with pure translation properties.

99. As to the results obtained, i.e., as to the
aatusl oharecterization of the sbove three oclasses of funo-
tions Hg(E), Hy(E),Hy(E)by means of translation properties,
we shall oconfine ourselves in this short survey to the ocon-
sideration of Stepanoff's cless Hy(E). For the other classes
of funotions the results are of a much more complicated
nature (and the proofs are much more difficult, espeoially
for Besicovitoh's olass).

By using the concept of distanos Dg[f(x), g(x)] introduced
above, the main result of Stepesnoff's theory may be stated
in an exceedingly simple wey, closely analogous to the main
result of the theory of elmost periodic funotions proper as
expregsed by equation (1) . For it is not diffioult to demon-
strate that this equation (1) remains valid if on both sides
of the equation the primitive (snd implicitly adopted) con-
cept of distanoce

D[f(x), g(x)] =wppsr bound|f(x) — g(»)],
-0 2L 0

which corresponds to the concept of limit of everywhere uni-
form convergence, i8 replaced by the Stepanoff concept of
distance Dg[f(x), g(x)] » Speaking precisely, we can put it this
way: If we use the expression Stepanoff translation number
assoolated with ¢ of a funotion f(x) (of ocless L) for every
number T = 17,(¢) for which

Dslf(x +1v),fx)] < ¢

and if we call almost periodic in Stepanoff's sense, every
funotion f(x), having for each ¢> (0 a relatively dense set of
Stepanoff translation numbers 7,(c), then the set Fgof all
these functions is simply the above closure H (E), i.e., we
have, in complete analogy to equation (1) , the fundamental
equation .

Fg= Hg(E).

100, So far in our disocussion of the generalized almost
reriodic functions we have not even mentioned the concept of
the "Fourier series” of the funotions in question. In the
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theory of the salmost periodio funetions proper, that conocept
formed the basis of the entire proof of the main theorem,
i.e., of the above equation (1) . That & complete avoid-
anoe 0f this concept in the preceding considerstions was
possible, i3 linked very olosely with the leading idea of
the whole investigation, this idea being to extend theorems
direotly from the original theory to the generslized olasses
of functions in finished form (without going into their
proofs).

However, in the further developments of the theory of
the generalized almost periodic funotions, the concept of
the Fourier series regaina its place, now in the most nat-
ural connection: when it 1is a question of finding an algor-
ithm which ocan furnish, for a given function /(x) almost
periodic in the generalized sense, finite trigonometric sums
s(x) which converge toward the function f(x) in the gense of
convergence appropriate to the adopted concept of distance.

Fourier series are the best imaginable means for ob-~
taining such an algorithm. PFirst of 811l it results that
with every function of any one of the generaslized classes
of funotions congidered, there oan aotuslly be associated

a Fourier series zilqnethz « This follows simply from the

faot that the mean value theorem of the theory of the almost
periodic functions proper can be extended to the generalized
almost periodic funotions. It results further -- still

for an arbitrary funotion f(x) of any one of the generalized
.clasgses of funotions -- that the FejJer-Bochner method of
summation achieves exactly the same result here as it does
in the theory of the almost periodic funotions proper: 1t
furnishes, starting from the Fourier series of the function
[ (%) finite sums s(x) which converge toward the given
funotion f(x) in the sense eppropriate to the _conoept of

distance sdopted.

101. On the basis of the fact just mentioned -- namely,
thet it is possible to give an algorithm which leads from the

Fourier series ZSAng““z of any one of the generalized almost

periodic functions f(x) to spproximating sums s(x) == it might
geem at first es if one should be able to infer immediately
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that the function f(x) is uniquely determined by its Fourler
gseries in each of the generalized cases, Just as in the oase
0f the almost periodic functions proper. A uniqueness
theorem in this strong form does not, however, hold for the
generalized almost periodic funoctions (this is already true
for the Lebesgus integrable purely periocdic funotions).
Indeed, for the limiting processes S.lim, W-lim, B-lim (as
opposed to the ordinary limiting proocess), the limit funotion

f(x) of a sequence of approximating funotions f,(x) is not
uniquely determined in the striot sense, but uniquely deter-

mined only up to a "null function", 1i.e., & funotion i(x)
for which the respeotive distances D [f(x), 0], Dy(f(x), O]

and Dg[f(¥),0] &re equal to zero Only if suoh functions
f(x),g@),..., which differ only by null funotions, are in
each ocase considered as "identiosl™, will the "strong"
uniqueness theorem hold again.

In the oase of Stepanoff's ooncept of distance, as is
eagy to see, a funotion h(x) is & null function only if it
venishes everywhere but on a set of Lebesgue measure zero.
A function almost periodic in Stepsnoff's sense is thus de-
termined by its Pourier series "slmost everywhere". In the
two other osses, the domain of null funotions comprises much
more, 80 thet there holds no such strong uniqueness theorem.

102. In olosing we add an important remark concerning
Besioovitch's generalization of the almost periodic funotions.
If instead of funotions of class L we consider funetions of
olass L2 (i.e., the olass of all funotions f(x) whioh, together
with their squares, are Lebesgue integrable in every finite
interval), then for the Beasicovitoh funotions the theorem
analogous to the oclassical Riesz-Fischer theorem for purely
periodic funotions of dlass L2will hold. Besioovitoh's
theorem is that the necessary and sufficient condition for
an arbitrary trigonometrioc gerjes Za”g“"'z to be the Fourier

geries of a funotion slmost periodic in Besivocitoh's sense

is simply that the series >'|a,|* should oconverge. With this

theorém, the generslized theory of almost periodic funotions
is, in a certain sense,completed.

The reader who wishes to gain a deeper knowl edge of the
problems discussed in this appendix is referréd, e.g., to
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the recent book "Almost Periodic Funoctions™ by Besiaovitoh
which deals in detail with the generalizations of almost
periodic furations.
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ATLMOST PERIODIC FUNCTIONS OF A COMPLEX VARIABLE

103. This appendix is & brief report on the theory of
anelytic 2lmost periodic funotions (developed in my third
paper in the Acta Math.).

We astart here with a gomplex veriable 2.= re' and ocon-
sider the non-denumerable infinity of powers 2> = r*¢i*? where
1 goes through all real values from —oo t0 +oo . We con~

sider these powers on the Riemann surface L:o<r<<o©
—00< § < oo of infinitely meny sheets,i.e.,on the logarith-
mic surface with the two branch points of order infinity at
z=0 and z =00, Our problem then is:

How must sn analytic function /(z) , regular on & oir-
ouler ring r, <r <73 —oo< < oo With infinitely many
gheets on the surface L, be-constituted in order for f(x) Yo
be representsble as a sum of denumersbly many powers z'» ,
1.e., for f(x) to admit of & meaningful repregsentation ‘of

the form
a2

on the entire cirocular ring (i.e., on all sheets &t the same
time, not only on every partisl region made up of finitely
many sheets of the ring)?

0f specisl interest is the case 7, = O(or the corres-
ronding case 7,==o00) where our problem specislizes into the
question: how must a function behave at a logarithmic
branch point if it admits of an "irregular" Laurent series

> a, 7 at that point?

In order to connect this problem as directly as possible
with the theory of almost periodic funotidons as given in the
preceding leotures -~ which theory will form the real basis
for the theory to be developed in the present ocase -~ it
will be oconvenient in the following to go from the Riemann
surface L to the "schlicht" plane of the varisble s = o -+ 7¢
by means of the simple transformation z=¢f (or s=logz ).
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The problem then reads:
Whioh anslytioc functions f(s) regulsr in a strip o, <o
< 0, c8n be developed into a series of the form

Za” e‘nl,

1.8., into & so-ocalled "Dirichlet serises"?

To the above case 7, = OQfor 7, =o0) corresponds here
the oase g, = —oo(Or 0, = 4-00) in which oase the strip o,
< o< g, 18 extended to a whole left (or right, respectively)
half~-plane.

We wish at once to stress that our concept of a "Dir-
ichlet series” differs from the usuel one in two essential
points. Mirstly, we do not start with series written down
in an srbltrary way, but we admit only such series as are
generated by & function; secondly, the real exponents lnare
not subject to any oondition whatever in our oase, whereas
usually only such sequences of exponents are considered as
do'not have a finite point of acoumulation. Thie seocond re-
mark is of deocisive importance for the whole theory, just
as in the ocase of a real variable; only the dropping of all
regtrictions on the sequences of exponents makes possible a
gimple and easily understandable oharacterization of the
olass of functions which ocan be developed into Dirichlet
geries.

104. As we shall see, the theory of slmost periodfc
funotions of a complex variasble shares some essential
features with the theory of almost periodic functions of &
real varisble. One part of the new theory however, follows
an entirely different direction, being based on the added
premise of the analytio character of the functions.

The basio definition here is the following:

An anslytic function regular in a strip a <o < f(—oc
<o <pP=+oo) 1is called "slmost periodic in («, f)"if for
every i/zgere exigts & length /=1I(c) such that every interval
a<t</a+1l of length | on the imaginary axis contains at
lesst one translation number v — 7v(¢) 888occiated with ¢,

i.0., 8 number 7 _satisfying the inequality
(s +im) —f(s)| =«
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for a1l s in the entire strip a <o <§f.

The requirements made on the funotion are thus seen to
be: firstly, on every vertical straight line ¢ = g, 0f the
8tripa < o < f4it should be an almost periodio funotion of
the (real) ordinate ¢, and secondly, the almost periodio-
ity should take place "unifommly"” on the various straight
lines.

As oan be ahown by a somewhat complicated method of con-
struotion, there aotuslly exist analytic funotions f(s) al-
most periocdic on every straight line of & vertical strip but
lacking the above-mentioned "uniform" elmost periodicity on
the different straight lines. A deteiled investigation of
these rather peoculiar funotions will be published soon by
the Danish mathemstioian R. Petersen.

Every purely periodio function f(s) in a strip will, of
oourse, 8lso be almoest periodio in that strip. Henoce in
partiouler every "pure vibration" ae¢** where 1 denotes en
arbitrary reasl number, is almost periodioc in the whole plane
(—o00, +00)

It is oonvenient for the exposition to introduce, be-
sides the ebove conoept "almost periodic in («, ﬂ)'.' alsu the
concept "slmost periodio in [«, f]"; this to denote simply that
f(s) 1s almoet periodic in the partial strip (« + 8, B — ) for
every 3 >0

106. The theorem that every function f(s) almost per-
iodio in(x, f)1s bounded in [«,f] (1.e., in every partial
strip) holds in the present oase too, just as it holds for
almost periodioc funotions of a reel variable. The follow-
ing theorem, & kind of converse of the preceding one, is of
great importance: If we know of a funotion f(s) regular in
the atrip (x, f) only that it is almost periodic on one single
line 0 = ¢, of the strip (i.e., that the funotion f(o, + 7?) =
F(r) 1s en slmost periodio funotion of :z ), then f(s) will be
almost periodic in the whole strip [«, f], provided it 1is
bounded in [x,f]. This theorem permits the introduction of
the concept of & "maximal strip" in whioch a function /(s)-is
almost periodioc, i.e., the largest strip[«* f*]thet contains
the given strip(w«, f]in whioch f(s) is almost periodic and
whioh is such thet in it the funotion is bounded (aml there-
fore almost periodioc).
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The sbove-mentioned theorem also furnishes us with a
very convenient means for transferring complete theorems
from the theory of almost periodic funotions of & resl var-
iable directly to that of the complex verieble, without
going into the proofs a second time. Thus by means of that
theorem the following can, for instance, be proved at once:
The sum of two funotions elmost periodic in & strip [«,f],
is itself elmost periodic in (&, fB]. Por f(s) and g(s) , and
hence 8180 f(s) 4 g(s) are bounaea in [«,fB]; and on an erbi-
trarily ohosen fixed streight line ¢ = gy, f(o, 4 #f)&nd
g(0o + ¢¢) and henoe also f(o, + it) + g(o, + 4¢) &re almost
periodic funotions of ¢ . Also the product, and the limit
funotion of a unifomly convergent sequence of almost peri-
odic funotions are themselves almost periodic; hence, in par-
tioular, every series of the form

Dlagete

which is uniformly convergent in [a,ﬂ] , represents a funoc-
tion almost periodic in [«, f] Furthermore -~ as in the
case of real varisbles - the theorem holds true that the
integral of an almost periodic funotion is itself almost
periodioc provided merely that it stays bounded. But the
two following theorems sre new and without analogue in the
real varisble case: The derivative of an almost periodiec
function is itself almost periodic, and (essential for
various investigations) the guotient f(s)/g(s) of two almost
periodic funotions is always almost periodic provided only
that the denominator g(s) has no zeros in the strip; it is
therefore, enough to assume only that g(s) 3= o, instead of
essuming [g(s)| > % >0 ; in faot it is a characteristic
property of an enalytic almost periodic funotion g(s) that if
it 48 4 Othroughout («,f), then the absgolute value lg(s) |
must have & positive lower bound in every partial strip.

It ocan be shown in faot that for the almost period-
1oity of the quotient A(s) = f(s)/g(s) of two almost periodic
functions f(s) and g(s) it 1s suffiocient that the funotion
h(s) be regular in the strip in question; in other words,
it i8 quite permissible for the denominator g(s) to vanish at
oertain points, provided only that the numerator f(s) has
zero8 (of at least the same multiplicity) at the same
paints.
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This theorem, which appasrently forms a starting point
for the development of a theory of the meromorphic elmost
periodio funotions, oan be thought of as a generalization of
a beautiful theorem by Ritt on exponential polynomials.

106. In order to get to the Dirichlet expansion
> A,e'* of a funotion f(s) almost periodie in (x,f), we pro-

ceed as follows. On every fixed straight line R(s) = o of
the strip, f(o + ¢t) = F,() 1s almost perfodic in ¢ and hence
has a Fourier series

F,(t) ~ ZA;a) eiA:‘o)t .

Now it oan be shown easily, using Cauchy's integral
theorem, that in the first place the exponents A’ are in-
dependent of o, and secondly that the ocoefficients 4 de-
pend on ¢ in the "proper" way, i.e., A?) =4, ei"* where 4,
is a constant not depending on ¢ . The Fourier series on
the non-denumerably infinity of straight lines R(s) = ¢ thus
ocombine into & single expansion of the form

ZA"EA"G . e?‘rAut —_— Z'A"eliul
and it is this expansion which we call the "Diriochlet series"
of the funotion f(s) in the strip («,f). We write
f(s) oo 2/ Apedne,

In the speciel case of a purely periodic funotion of
period 27t (or, if we return to the 2-plane, of a funotion in
the sohlioht oiroular ring 7, < |z|<7,)our Dirichlet series
becomes the ordinary Laurent series of the funotion f(s).

107. Two theorems that ocarry over immedistely into
the present ocase from the case of a resl varisble are the
unigueness theorem which states that two different funo-
tions almost periodic on the same strip have associated
with them two different Diriochlet series, &nd the theorem
on oonvergence in the mean, i.e., the Parsevel equation

M{|f(o+ it) [} = 3| Ap[te24n, x<ao<p.

Also the rules of calculation for operations with the
series expansions are extended immediately: The Dirichlet
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expansion of & sum, of a product, of & 1limit funotion, of
an integral (if it stays bounded) and of & derivative is ob-
tained by formal ocaloulation from the Dirichlet series of
the given funotions.

The approximation theorem also oarries over without
diffioculty and yields the following main theorem of the
whole theory: For a funotion anslytio in [«, )0 be almost
periocdic, it is necessery and sufficient that it ocan be
epproximeted by means of exponentisl polynomisls

N
zsa”e%s uniformly in [x, f] . Approximating exponentisl
1

polynomisls can be found again by Bochner's summation
method.

Examples of Diriohlet series which converge uniformly
in the strip [«,B], are furnished by the case of linearly
independent exponents. Further simple examples are obtained
by means of the following theorem which aocts as a bridge to
the theory of ordinary Dirichlet series whose sequences of
exponents have no finite point of accumulation: If the
geries

Ze“”"""
sonverges for every §>o0, then the Dirichlet expansion

S A,e4%* 13 sbsolutely oconvergent in the whole strip (%.6) of
2

almost periodicity. The ordinary Laurent expansion 25a,;7;

of purely periodic funotions ocomes under this as & speoisl
0as8e.

oo
108. PFor ordinery Leurent series ZSanz" the speocisal
—00
oase where all exponents are non-negative, i.e., the case

of an ordinary power series ZSa”z”, plays a speciel role.
V]
In the same way for the present theory, & special interest

attaches to the case where the Dirichlet exponents /A, of our

almost periodio funotion f(s) ere all of the same sign. We

therefore proceed to the cousiderstion of such funotions.
One arrives here at results which are almost &8
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rounded out as those obtained for the clasasical special oase

= (e <]
of the proper power geries Za”zn:_zanem (only that con-
0 0

vergence in the usual sense in qur general oase negd not
of course occur). We begin with an important boundary value
theorem the proof of whioch is baséd on the above approxime-
tion theorem and uses the oclassiocsl Phregmen-Lindelof prin-
oiple.

Let

F(t) co 34, eiant

be &n entirely arbitrary slmost periodic function (not even
agsumed to be enalytic) with all its exponents A, positive.
Then it 18 the boundary fuhotion of an enalytic function
regular in the half-plane 0 <0, i.e., there exists & funo-
tion f(s), regular for ¢ < 0and ocontinuous for ¢ =< which on
the imaginary axis ¢ = 0 8atisfies the boundary condition

1@ty = F(o)

and this funetion f(s) is almost periodic in (— oo, 0), tends tc
0, wniformly in ¢ for 6 > — oo, and 1ts Dirichlet expan-
sion is obtained from the Fourier expansion for F(tf),by re-
placing ¢t by o4 it=s , Ll.6.,

f(s) oo 2 Apetne,

From this boundary value theorem follows & result on &lmost
periodic funoctions of a resl variasble, whioch 18 surprising
at first sight: suoch a funotion is completely determined by
its values on &an arbitrarily small interval if its Fourier
exponents are 81l positive (or all negative).

From the above boundary value theorem we ocan derive
at once the following important theorem.

If a funotion f(s) ~ 3 A4, _almost periodic in [, f]

has its Dirichlet exponents 811 positive, then it ocan be
oontinued anslytically over the whole left helf-plane o0 =< o«
and then represents a function /(s). elmost periodic in (—oc, ]
which tends %0 O uniformly in ¢ for ¢ > — oo.

Indeed, we have only to oconsider the almost periodic
funotion F(t) = f(o, + ity for a fixed o,in the interval
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a<a<p. Ite Fourier series is given by ' edno it

and has, therefore, none but positive exponents; hence it is
the boundary function of an almost periodic funotion .anali-

tio in the whole left half-plane ¢ <o, . But then it must

ooineide with the given funotion f(s) , because it coinoides

with that funotion on the line ¢ =o,.

Corollary: ZEvery funotion f(s) ~ > A,¢4** which 1s al-

most periodio in a strip («, ) and which has ite exponents
A, bounded, |4,| <K, must be an entire transcendental funo-

tion. Por f@)ex'has none but positive exponents and ocan,
therefore, be ocontinued toward the left, while f(s)e X'
hes none but negative exponents end can, therefore, be ocon-
tinued toward the right, Such funotions with bounded ex-
ponents (but which may be everywhere dense in a finite in-
terval) play e role in our theory similar to that played by
polynomials in the theory of analytic functions in a schliocht
ciroular ring.

If the assumption of "none but positive" exponents is
weakened to only non-negative exponents, i.e., if a constant

term ¢ 1s sdmitted in the expansion f(s) ~ X A,e'"*, then the

above theorem will of course hold just the same, except that
f(s) will oconverge for o+ —oo, to just that constant term
(instead of zero). On the other hand, one sees immediately
thet a funotion f(s) almost periodio in & left half-plane
[—oo,ﬁ] can not even remain bounded for o+ —oo if its
Dirichlet expansion contains &t least one negative expon-
ent A, ; for with fixed o we have

upper b<onnd [f(o + it)| = | M{f (o + it)e~i4et}| = | A, 4%,
—co < t< 00

where the right side tends to oo for ¢ —» —oo, because of
A, <0 «+ Hence we oan conclude: If a function almost
periodio in [—oo, f] remains bounded for ¢ » —oco, then it
must have only non-negative exponents and must, therefore,
tend to a definite 1limit.

109. It follows from the above considerations that for
eny funotion f(s) almost periodic in a half-plane [— oo, fi]
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there are only three possibilities in approaching the "point"

at infinity 0 = —oo,» Just as is thé ocase, in accordeanoce
with Welerstress theorem, for a purely periodic funoction
(that is, for @ function regular in the neighborhood of a
point of the schlicht plane, if we return to the z-plane):
A, f(s) oconverges to & finite 1imit (case of regu-

larity).
B. |f(s)| tends to oo (case of a pole).

C. The values of f(s) 1ie everywhere dense in every
helf-plane ¢ < o, (case of an essentisl singular-

ity.)

Indeed, we oan oconclude the following, literally as in
the proof of Welerstrass' theorem: If f(s) does not come
under case C, i.e., if there exists & number ; with
|f(s) —¢|>%>0 , then we must have either cese A or ocese *
B because the funation g(s)=1/(f(s)—a)is almost periodioc
and bounded in & left helf-plane, and therefore must tenad
to & 1imit, in sccordance with the above. If this limit
18 +0, we have osse A; if it is — (0, we have ocase B.

In osse C even Picard's theorem holds, i.e., the
funotion f(s) assumes all velues with the exception of one
et most, in every left half-plane.

But how can we recognize from the series expansion of
the funotion whether we have case A, B or C? The answer is
very simple (the proof however is not too easy):

a. The regular behavior & corresponds to the ocase

where all /A, are=0.

b. The polar behavior B corresponds to the case in
which negative exponents ocour, amongst them & num-
erically largest one.

o. The essentially singular behavior C corresponds to
the ocase in which there ocour negative exponents
without there being e numerically largest. one
smong these.

Thus the last ocase comprises the funoctions whose ex~
ponenta have —ooas & point of acoumuletion, as well as
those functions for which the exponents have a finite neg-
ative number A* as lowest point of acoumulation that does
not belong itself, however, to the set of the 4, . 4 more
refined analysis however, shows up differences between these
two olasses of functions; thus it oan be shown that for a
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funotion f(s) of the second olass there exists no exception=
al value in the sense of Pioard's theorem at sll, i.e.,, that
f(s) @ssumes all values in every left half-plane.

110. After this disocussion of almost periodic funo-
tions thet are defined over an entire half-plane, we return
again to the consideretion of almost periodio funotions de-
fined aqn an erbitrary vertiosl strip. Our aim is now to
deal with the question of the Laurent separation of almost
periodic funoctions. The oclassical Laurent theorem for &
funotion anslytic in & gohlicht oiroular ring 7, < |z| <7,
or in our terminology, for a funotion f(s), purely periodic in
e strip 0, <o < g,,8tates that f(s) can be decomposed into
two purely periodic summands

1(8) = /1(s) + 12(5)

such thet f,(s) 18 asnalytic in the left half-plane ¢ < 0,,
and fy(s) is enalytic in the right half-plene ¢ >0, » and
such that f (s) end f;(s) respeotively are still regular &t
the "points™ ¢ — —oo Or ¢ = 4 oc respectively. After the
sbove results on almost periodic funoctions it might seem at
first as if the Lasurent separation could be immediately

tramsferred to an arbitrary funotion f(s) ~ > 'A4,e* almost
periodic in a etrip o, <o < o0, , by simply forming the two
partial series

> Agetrt sna > Agetn
A >0 A0

with only positive or only negative exponents respeotively.
These partial series would then, one might think, represent
almost periodiec functions f,(s) amd f,(s) of which f, (s)

could be continued anelytiocelly toward the left and f,(s) to-
ward the right. But this method is not permissible offhend
because it is not olear whether or not the two partial series

> and 2 sre, each by itself, Dirichlet expansions of
A >0 Ap<0
almost periodic functions. And indeed it is not only this
idea for the proof but even the Laurent separation itself
which mey feil. It oan be shown by means of sultsably con-
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struoted examples that there exists, indeed, almost periodic
funotions for which a Leurent separation is not possible.
This would at first seem rather discouraging, because, prim-
arily a Laurent expansion would provide a powerful tool for
further advances in the theory, besides being of interest in
its own right. PFortunstely however, a slight change of dir-
eotion of thought can overcome this difficulty. For it cen
be shown thet the derivative f’(s) of an almost periodic fune-
tion f(s) always admits of & Leurent expension, even if it
itself does not. The analytic reason for this lies in the
Cauchy representation
l’(s)-— _._L _.j(_z)__dz

T 2ai) (2 — s)?

where the second power in the denominator makes it possible
to extend the path of integration to infinity; the corres-
ponding result is in general not possible for the repres-
entation of f(s) itself,

f(s) = é-:ﬁfz—’_(—z);dz .

It is also easily understandable from a purely formal view-
point, a superficial consideration of the Dirichlet expan-
slons of f(s) and f'(s), thet /'(s) behaves much more nicely at
A= 0 with respeot to & separation than does f(s) 1tself.

For in passing from the series expansion ZAnGA"' for f(s)

to the expansion ZA,,A,,e“"' for f'(s), the terms A, edrs
aoquire factors .,which are very smell just in the neighbor-
hood of A=0.

By means of the Laurent separation of the derivative
one can in many cases actu2lly obtain the same results as
would bes furnished by a separation (not always possible) of
f(s) itself. We oite e.g., the extended unigqueness theorem
which states: If f(s) end g(s) are almost periodic in the
stripe («, f) @and (y, ) respectively, and if the Dirichlet
expansion of f(s) in (x,f) is formally identiosl with thet of
g(s) in(y, 4),» then f(s) and g(s) are the seme &nalytie funo-
tion, even in the case where the two strips are entirely
outgide of each other, say & <f <y < 4. There exists
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then & function almost periodioc in the entire strip o« <o — 6
whioh coinocides with f(s) in (x, f)end with g(s) in (y,0). The
proof is quite analogous to the proof of the corvesponding
theorem for ordinary Laurent series; only in our case there
is first established the identity of the derivatives f (s)

and g'(s) by means of Laurent separetion, and after that we

go over to the funotions f(s) end g(s) themselves through inte-
gration. (A more direct proof incidenteslly, was later dis-
ocovered of this extended existence theorem).

111. We consider again the oss@e where f(s) is given in
an entire hsgl f~plane. We shell discuss the so~called inver-
sion theorem of the theory whioch is of partiocular interest
because it expresses in a peculiar way the apparent "com-~
pleteness" of the oclass of almost periodic functions. In
order to bring out distinotly the analogy with the corres-
ponding theorem for the special ocase of an ordinary power
geries (and with the omse, seemingly, but not really, more
general, of an algebraic singularity), we prefer to operate
in the z-plane instead of the s-plane (i.e., to perform the
transformation of variebles s = logz mentioned at the begin-
ning). We then have to deal with a function ¢(z) = f(logz)~—
instead of a funotion f(s) defined in a left half-plane --
which is anslytioc in & certain oirocular neighborhood of the
branch point 2=0o0f infinite order and 1s also almost per-
iodioc there with respeot to the angles 6 . Its Diriochlet
expangion -- or perhaps it is better here to speak of a
"generalized Leaurent expansion" ~- is denoted by

3 Azt

We assume thet the exponents ./, are all positive (reguler
cage), and besides, that there is_sa smallest among them.
It oan then be easily seen thet our funotion w = ¢(z) maps &
sufficiently small neighborhood of the branch point z = 0of
infinite order onto a certain full neighborhood of the
branch point w = Qof infinite order. Thus we can speak of
the inverse funotion z= y(w) of w = ¢(z) in a neighborhood
of this latter branch point w =0. It ocan be shown further-
more -- and this is the inversion theorem =- that this in-
verse funotion z = y(w) 18 itself an almost periodic function.
From this theorem it follows e.g., thet the inverse
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oo
funotion of Riemann's zeta funotion ;(s)=21 as well as
n'
1

of other important number-theoretio funotions are themselves
almost periodic funotions {after a harmless transformstion
of variables is applied to them). It might be an interest-
ing task to investigate in more detail these almost periodic
inverse functions and in partiocular, their Dirichlet expan-
sions.

112. I -conclude this short sketch of the theory of al-
most periodic funotions of a complex varisble with a dis-
ocussion of some interesting and still unpublished results
of Jessen, ooncerning the distribution of values of an al-
most periodioc funoction. We will use again the language of
the s-plane and oconsider any function f(s) elmost periodic
in & strip [«, f]» Let a be a fixed value which is assumed
by f(s) in this gtrip. We want to know the distribution of
all g-places in our strip. Without less of generality we
may teke ¢ = O 8o that we deal just with the zeros of f(s).
Let (y,0)be a pertial strip of («,f)which ocontains at least
one of the zeros of f(s) in its interior. We denote by N (T)
the number of zeros in that part of the strip (y,® whose
ordinates 1ie between—7T and I'. It follows without diffi-
culty from the almost periodicity of f(s) thet this number
N(T) grows to infinity for T - oo, and just 8s in the
purely periodioc case it does so with order 7 in the sense
that the quotient N(T)/27 remains between two positive ocon-
stants for sufficiently large values of T , There arises
quite naturally the further question as to whether the dis-
tribution of zeros in(y, d)is also (as in the purely periodiec
oase) such a regular one that the above quotient N(T)/2T
even tends to a definite limit G =G(y,0) for T »>oo0. 1In
thet oasse, one could again speak of a certain "relative
frequency” of the zeros in (y,d0). The answer is that for a
given almost periodioc funotion f(s) this is not e&iways but
"almogt always" the ocase, in the sense that there are 8t
most denumerably many pairs of velues y, 6 in the interval
a <o« for which the 1limit G(y, d) -does not exist. The
oritiocal exceptionel values of » &nd 0 that may exist, as
well as the 1imit G(y, d) for all other pairs of values p,0
oan be characterized in the following simple fashion, ac-
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cording to Jessen: For every fixed ¢ of the intervel
& < o< pone forms the mean value

(o) = th{loglf(d + itf},

whose existence may be deduced from the almost periodiocity
of f(s) - The real funotion ¢(0) (on & <o < ) @ssociated
with our analytio funotion f(s) turns out to be continuous
and convex so that the curve given by ¢ = ¢(0) possesses &
definite tangent except fer at most denumerably many points
where it hes ocorners. This convex ocurve ¢ = @(g) governs
the diatribution of zeros of f(s) in the following simple
manmer: the aboissas O ocorresponding to the corners of the
ourve are exactly the above-mentioned possible exceptional
values of ¥ and d,, whereas for every other pair of values
y,0, the derivatives ¢'(y) and ¢’'(6) both exist; so, then,
does the sbove limit G(y, ) which is easily determined from
the formula

G,8) = ;AT O) — ')},

On oloser examination this theorem turns out to be a
natural generalization to almost periodic functions of a
olassiocal formula by Jensen. It settles in a general way
the problem of the distribution of values of almost periodioc
funotions. But when it is a question of investigating the
distribution of values for & definite given almost periodio
funotion, and in partiocular, of determining more definitely
the ebowve 1imit G(y, §), one must usually resort to the Dir-
ichlet expansion of the funotion. For the ocase of Riemann's
zeta funotion and of some related funotions there exist for
a number of years detailed investigations of this kind
(whioch, inoidentally, have recently been much refined by
Jessen and the author). We shall, however not here enter
more olosely upon these rather speociel investigations, whioch
were the starting point of the whole theory of almost per
iodic functions.
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ARRANGED ALPHABETICALLY BY AUTHOR

THEORIE DER FUNKTIONEN MEHR-
ERER KOMPLEXER VERAENDER-
LICHEN, By H. Behnke and P. Thullen.
From the Ergcbnisse der Mathematik. 1934,
vii+115 pages, 514x814. $3.25

LEHRBUCH DER FUNKTIONEN-
THEORIE, By L. Bieberbach. Vol. 1 Fourth
(latest) edition. xiv+322 g ges. Vol. 2. Sec-
ond (latest) edition. vi+370 pages. 5}4x8}4.
Original price $14.80 Two vol. set $7.50

“One of the best introductions to the theory of
functions of a complex variable. . scores of new
problems, methods and results. Indxspensable for

anyone interested in modern developments.”
—Bulletin of the A. M. S.

KREIS UND KUGEL, By W. Blaschke.
x+169 pages. 5/4x814. $3.50
Three main topics are dealt with: The isoperi-
metric properties of the circle and sphere, the
(Brunn-Minkowski) theory of convex bodies, and
differential-geometric properties (in- the large) of
convex bodies.
VORLESUNGEN UBER INTEGRAL-
GEOMETRIE, By W. Blaschke. 2 Vols.
“elegant theory of integral invariants, with applica-
tions not only to geometric probability, but also to
differential geometry, maximum and minimum prob-
lems and geometrical optics.”—DBulletin of the A. M. S.

Bound together with:

EINFUHRUNG IN DIE THEORIE DER
SYSTEME VON DIFFERENTIALGLEI-
CHUNGEN, By E. Kiahler. Blaschke: Vol. 1
(2 ed.) 1936, Vol 2 1937 ; Kihler: 1934. All
three vols: 222 pp. 5 /zXS/z

Three Vols. in One $3.95

VORLESUNGEN UBER FOURIER-
SCHE INTEGRALE, By S. Bochner. 1932,
237 pages 514x814. Orlgmally publxshgsd at
3.95
a readable account of those parts of the subject
useful for applications to problems of mathematical
physics or pure analysu
The author has given in detail such of the results
of the theory of functions requnred as are not in-

cluded in the standard treatises.”
—Bulletin of the A. M. S.
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ALMOST PERIODIC FUNCTIONS, By
H. Bohr. 1932. 120 pages. 6x9. Lithotyped.
Cloth, Original German edition was pub-
lished at $4.50. 2.50

From the famous series Ergebnisse der Mathematik
und Ihrer Grensgebiete, this monograph is a beautiful
exposition of the subject of almost periodic functions,
written by the creator of the theory.

THEORIE DER KONVEXEN KORPER,
By T. Bonnesen and W. Fenchel. 1934. 171
pages. 5%x8%4. Cloth. Originally published
(paper bound) at $7.50. $3.50

“The reading of this remarkable monograph . ..

is extremely suggestive and . . . well worth the
effort.’~-J. D. Tamarkin, Bulletin of the A. M. S.

VORLESUNGEN UBER REELLE
FUNKTIONEN, By C. Carathéodory. 2nd,
latest complete, edn. 728 pp. 5/4x8%4. Orig-
inally published at $11.60. . $6.95

This great classic is at once a book for the beginner,
a reference work for the advanced scholar and a source
of inspiration for the research worker.

REELLE FUNKTIOMEN, By C. Cara-
theodory. 1939. 190 pages. 5/4x8. $3.50

Reclle Funktionen is a rewriiing of the elementary
part (the first third) of the author’s famous Forle-
sungen Ueber Reelle Funktionen.

EIGENWLERTPROBLEME UND IHRE
NUMERISCHE BEHANDLUNG, By L.
Collatz. 1945. 350 pages. 514x814. Orlgmally
published at $8.80. $4.5

“Part I presents an interesting and valuable col-
lection of PRACTICAL APPLICATIONS.

“Part II deals with the MATHEMATICAL
THEORY

“Part III takes up various methods of NUMER-
ICAL SOLUTION of boundary value problems.
These include step by step approximations, graph-
ical integration, the Rayleigh-Ritz method and
methods depending on finite dlﬁerenccs Here, as
throughout the book, the theory is kept in cloae

touch with practice by numerous specific examples.”
—DMathematical Reviews.

ALGEBREN, By M. Deuring. 1935. v+ 143

pages. 5)2x8%2. Cloth. Originally published

(in paper binding) at $6.60. $3.50
From Ergebnisse der Mathematik.
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LES INTEGRALES DE STIELTJES ET
LEURS APPLICATIONS AUX PROB-
LEMES DE LA PHYSIQUE MATHEMA-
TIQUE, By N. Gunther. 1932. 498 pages.
514x8 inches. $4.95

LECONS SUR LA PROPAGATION DES
ONDES ET LES EQUATIONS DE
L’'HYDRODYNAMIQUE, By J. Hadamard.
viii+375 pages. 5%4x814. $4.50

“[Hadamard’s] unusual analytic proficiency enables
him to connect in a wonderful manner the physical
problem of propagation of waves and the mathematical
problem of Cauchy concerning the characteristics of

partial differential equations of the second order.”
—Bulletin of the A. M. S.

REELLE FUNKTIONEN. Punktfunk-
tionen, By H. Hahn. 1932. 426 pages. 5V4x8%4.
Originally $12.80. $5.50

“admirably suited . . . to the needs of the mathe-

matical reader wishing to familiarize himself with
. . . recent developments.”—Bullctin of the A. M. S.

INTRODUCTION TO HILBERT SPACE
AND THE THEORY OF SPECTRAL
MULTIPLICITY, By P. R. Halmos. About
120 pp. 6x9. (June, 1951). $3.25

Prof. Halmos' latest book gives a clear, readable
introductory treatment of Hilbert Space. The multi-
plicity theory of continuous spectra is treated, for the
first time in Knglish, in full generality.

GRUNDZUGE DER MENGENLEHRE,
By F. Hausdorff. I'irst edition. 484 pages.
5v5x8Y4. $4.95

Some of the topics in the Grundziige omitted from
later editions:

Symmetric Sets—Principle of Duality—most of
the “Algebra” of Sets—most of the “Ordered Sets”
—Partially Ordered Sets—Arbitrary Sets of Com-
plexes—Normal Types—Initial and Final Ordering
—Complexes of Real Numbers—General Topolog-
ical Spaces—Euclidean Spaces—the Special Methods
Applicable in the Euclidian Plane—Jordan’s sepa-
ration Theorem—The Theory of Content and Meas-
ure—The Theory of the Lebesgue Integral.

VORLESUNGEN UBER DIE THEORIE
DER ALGEBRAISCHEN ZAHLEN, By
E. Hecke. 1923. 264 pages. 5%4x8%4 inghes.
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“The aim of the book is to bring the reader to a
comprehension of the questions which at present form
the summit of the theory of algebraic number fields,
without presupposing any knowledge of the theory of
numbers.

“an elegant and comprehensive account of the

modern theory of algebraic numbers.”
—Bulletin of the A. M. S.

PRINCIPLES OF MATHEMATICAL
LOGIC, By D. Hilbert and W. Ackermann.
1950. xii+172 pages. 6x9. $3.50

The famous Crundziige der Theoretischen Logik
by Hilbert and Ackermann, translated into English,
with added notes and revisi

DIE METHODEN ZUR ANGENAEHER-
TEN LOESUNG VON EIGENWERT-
PROBLEMEN IN DER ELASTOKINE-
TIK, By K. Hohenemser. 1932. 89 pp. 5}x
8%. cloth. Originally published at at $§1».25.

2.75

“, . . condenses the results obtained by wide read-
ing, many of the journals being inaccessible to the
general reader.”—H. Bateman, Bulletin of the A. M. S.

ERGODENTHEORIE, By E. Hopf. 1937.
89 pages. 5%x815. $2.75

From the series Ergebnisse der Mathematik.

THE CALCULUS OF FINITE DIFFER-
ENCES, By Charles Jordan. 1947. Second
edition. xxi+652 pages. 5/4x8Y4. Originally
published at $8.00. $5.50

“, . . destined to remain the classic treatment of
the subject . . . for many years to come.”—FHarry C.
Carver, Founder and formerly Editor of the ANNALS
oF MATHEMATICAL STATISTICS.

THEORIE DER ORTHOGONALREI-
HEN, By 8. Kaczmarz and H. Steinhaus.
304 pages. 6x9. $4.50

The theory of general orthogonal functions. Mono-
grafje Matematyczne, Vol. VI,

DIFFERENTIALGLEICHUN-
GEN REELLER FUNKTIONEN, By E.
Kamke, 1930. 450 pages. 5%4x84. Originally
published at $12.80. $4.50

The existence and uniqueness of solutions, their
topological structure are studied evhaustively. A full
one hundred pages of the text are devoted to the study
of systems of equations.
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DIFFERENTIALGLEICHUN-
GEN: LOESUNGSMETHODEN UND
LOESUNGEN, By E. Kamke. 3rd Edition.
1944, 692 pages. 6x9. Originally published at
$15.00. $7.00

Everything possible that can be of use when one
has a given differential equation to solve, or when
one wishes to investigate that solution thoroughly.

PART A: General Methods of Solution and the

Properties of the Solutions.

PART B: Boundary and Characteristic Value
Problems.

PART C: Dictionary of some 1600 Equations in
Lexicographical Order, with solution, techniques for
solving, and references.

ASYMPTOTISCHE GESETZE DER
WAHRSCHEINLICHKEITS-
RECHNUNG, By A. A. Khintchine. 1933. 82
pages 5 /2X8/2 Paper. Originally published

at $3.85. $2.00

From the series Ergebnisse der Mathematik.

ENTWICKLUNG DER MATHEMATIK
IM 19. JAHRHUNDERT, By F. Klein.
2 Vols. 616 pages. 5%4x814. Originally pub-
lished at $14.40. The sct $7.00
“the fruit of a rich life lived in the midst of scien-
tific events, the expression of superior wisdom and
of a deep historical sense, of a highly cultured per-
sonality and of a masterly power of organization.”
—R. Courant and O. Neugebauer.

VORLESUNGEN UBER HOHERE GEO-
METRIE, By Felix Klein. Third edition.
413 pages. 514x8. Originally published at
$10.80. $4.95

In this third edition there has been added to the first
two sections of Klein’s classical work a third section
written by Professors Blaschke, Radon, Artin and
Schreter on recent developments.

THEORIE DER ENDLICHEN UND
UNENDLICHEN GRAPHEN, By D.
Kbnig. 1936. 269 pages 514x8%. Orlgmally
puhhshed at $7.20 $3.9

‘“an important branch of topology..

“clegant appllcatxons to matrix theory ...abstract
set theory . . . linear forms . . . electricity . . basis
problems

“numerous applications to Logic, Theory of
Games, Group Theory . . . problems of graph theory
have a speclal inherent attractweneu independent of
their applications.”—L. Kalmar, Acta Szeged.
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DIOPHANTISCHE APPROXIMA-
TIONEN, By J]. F. Koksma. From the
Ergebnisse der Mathematik. 1936. 165 pages.
514x814. Originally published at $7.25. $3.50

FOUNDATIONS OF THE THEORY
OF PROBABILITY, By A. Kolmogorov.
(English translation). 1950. vi+74 pp. 6x9
in. Cloth binding. $2.50

Almost indispensible for anyone who wishes a thor-
ough understanding of modern statistics, this basic tract
develops probability theory on a_postulational basis. It
is available for the first time in English.

EINFUEHRUNG IN DIE THEORIE
DER KONTINUIERLICHEN GRUP-
PEN, By G. Kowalewski, 406 pages. 514x8%4.
Originally published at $10.20. $4.95

“distinctly readable . . . indispensable to workers

in its field and generally to be recommended.”
—Bulletin of the AM.S.

DETERMINANTENTHEORIE EIN-

SCHLIESSLICH DER FREDHOLM-

SCHEN DETERMINANTEN, By G.

Kowalewski. Third edition, 1942. 328 pages.

514x8. $4.25
“a classic in its field.”—Bulletin of the A. M. S.

IDEALTHEORIE, By W. Krull. 1935. 159
pages. 514x8%4. cloth. Originally published
(paper bound) at $7.00. $3.50

“highly recommended.”—Bulletin of the A. M. S.

FOUNDATIONS OF ANALYSIS, By E.

Landau $3.25
“Certainly no clearer treatment of the foundations
of the number system can be offered. . . . One can only

be thankful to the author for this fundamental piece of
exposition which is alive with his vitality a.n;l chnius.”
—J. F. Ritt,

GRUNDLAGEN DER ANALYSIS, By E.
Landau. Originally published at $4.00. $2.75

Original German-language version of Foundations
of Analysis.

The student who wishes to learn mathematical
German will find this book ideally suited to his needs.
Less than fifty German words will enable him to read
the entire book with only an occasional glance at the
vocabulary! [A complete German-English vocabulary
has been added.]
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DIFFERENTIAL AND INTEGRAL
CALCULUS, By E. Landau. 1950. 372 pp.
6x9. $5.00
An English translation of Landau's sparkling
Einfiihrung. Completely rigorous. completely self-
contained, borrowing not even the tundamental
theorem of algebra (of which it gives a rigorous
elementary proof), it develops the entire calculus
including Fourier series, starting only with the
properties of the number system. A masterpiece.
HANDBUCH DER LEHRE VON DER
VERTEILUNG DER PRIMZAHLEN, By
E. Landau. 2 vols. Over 1,000 pages. 5/4x8%4.
With added notes on recent developments,
by P. T. Bateman. (Fall, 1951). Prob. price:

$16 the set.
ELEMENTARE ZAHLENTHEORIE, By
E. Landau. 1927. vii+180+iv pages. 5%;3%.
.50

“Interest is enlisted at once and sustained by the
accuracy, skill, and enthusiasm with which Landau
marshals . . . facts and simplifies . . . details.”

—G. D. Birkhoff, Bulletin of the A. M. S.
VORLESUNGEN UBER ZAHLEN-
THEORIE, By E. Landau. 1937. 864 pages.
514x8%4. Originally published at $26.40.

Three volumes $15.00

Landau's monumental treatise is a virtual encyclo-
pedia of number theory, and is universally recog-
nized as the standard work on the subject.

Vol. I, Pt. 2. Additive Number Theory. Vol. II.
Analytic Number Theory. Vol. III. Algebraic Num-
ber Theory. iVol. I, Part I is issued as Elementare
Zahlentheorie.

DARSTELLUNG UND BEGRUENDUNG
EINIGER NEUERER ERGEBNISSE
DER FUNKTIONENTHEORIE, By E.
Landau. Second edition, 1929. 122 pages.
514x8. Originally published at $4.00. ~ $2.95

“, .. a veritable mine of important results.”

—J. F. Ritt.
EINFUHRUNG IN DIE ELEMENTARE
UND ANALYTISCHE THEORIE DER
ALGEBRAISCHEN ZAHLEN UND DER
IDEALE, By E. Landau. Second edn. vii+
147 pages. 5¥4x8. $2.95

Landau’s book covers substantially different material
both from that in Hecke’s book and that in the third
volume of Landau’s own famous Vorlesungen Uber
Zahlentheorie.
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LE CALCUL DES RESIDUS, By E.
Lindelof. 151 pages. 5%4x8%4. $2.95

Important applications in a striking diversity of
mathematical fields: statistics, number theory, the
theory of Fourier series, the calculus of finite differ-
ences, mathematical physics and advanced calculus as
well as function theory itself.

THE THEORY OF MATRICES, By C. C.
MacDuffee. Second edition, 116 pages. 6x9.
Published originally at $5.20. $2.75
From the series Ergebnisse der Mathematik.
“No mathematical library can afford to be without
this book.”—Bulletin of the A. M. S.

FORMULAS AND THEOREMS FOR
THE SPECIAL FUNCTIONS OF
MATHEMATICAL PHYSICS, By W.
Magnus and F. Oberhettinger. 1948, 182
pages. 6x 9. German edition was published
at $7.00. $3.50

Gathered into a compact, handy and well-arranged
reference work are thousands of results on the many
important functions needed by the physicist, engi-
neer and applied mathematician.

DIE LEHRE VON DEN KETTENBRUE-
CHEN, By O. Perron. Second edition. 536
pages. 5/4x8. $5.50

Perhaps the most famous of Prof. Perron’s texts.
Both the Arithmetic Theory and Analytic Theory
are treated fully.

“the most exhaustive and modern of all exposi-

tions of the theory of continued fractions.”
—Bulletin of the AM.S.

IRRATIONALZAHLEN, By O. Perron.
Second edition, 1939. 207 pages. 514x8. $3.25

Methods of introducing irrational numbers (Cauchy,
Bolzano, Weierstrass, Dedekind, Cantor, Méray, Bach-
man, etc.) Systematic fractions, continued fractions,
Cantor’s series and algorithm, Liiroth’s and Engel’s
series, Cantor’s products. Approximation, including
Diophantine approximations, Kronecker theorem, Alge-
braic and transcendental numbers (including trans-
cendency proofs for e and n; Liouville numbers, etc.)

SUBHARMONIC FUNCTIONS, By T.
Radé. 1937, iv+56 pp. 5%4x8%4 inches. $2.00

From the famous series Ergebnisse der Mathematik
und Ihrer Grensgebiete,

“Will be welcomed by general readers and will be
particularly valuable for specialists. . . . The applica-
tions treated in the book are numerous and the topics
wisely selected.”

—J. D. Tamarkin, Bulletin of the A. M. S.
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THE PROBLEM OF PLATEAU, By T.

Rado. 1933. 113 pages. 54x8. Cloth. Origin-

ally publ. (in paper binding) at $5.10.  $2.95
From Ergebnisse der Mathematik.

EINFUEHRUNG IN DIE KOMBINA-
TORISCHE TOPOLOGIE, By K. Reide-
meister, 221 pages, 514x8%4. $3.95

Group Theory occupies the first half of the book;
applications to Topology, the second. This well-
known book is of interest both to algebraists and
topologists.

KNOTENTHEORIE, By K. Reidemeister.
1932. 78 pages. 5%4x8%;. $2.25

“well written . .. the problem is . . . fascinating.
The complete and concise little work of Reide-
meister will do much to encourage further [re-
search|.”—Bulletin of the American Mathematical
Society.

FOURIER SERIES, By W. Rogosinski.
1950. 182 pp. 4%4x6Y; inches. (English trans-
lation). $2.50

This text, designed for beginners with no more back-
ground than a year of calculus, covers, nevertheless, an
amazing amount of ground. It is suitable for self-study
courses as well as classroom use.

“Up to modern standards and, at the same time,
suitable for beginners,”—F. Riess, Acta Sseged.

INTRODUCTION TO MODERN ALGE-
BRA AND MATRIX THEORY, By O.
Schreier and E. Sperner. About 400 pp. 6x9.

(Summer, 1951) $4.95

An English translation of the revolutionary work,
Einfiihrung in die Analytische Geometrie und Algebra.
Chapter Headings: I. Affine Space. Linear Equa-
tions. (Vector Spaces). II. Euclidean Space. Theory
of Determinants. III. The Theory of Fields, Funda-
mental Theorem of Algebra, IV, Elements of Group
Theory. V. Matrices and Linear Transformations.
The treatment of matrices is especially extensive.

LEHRBUCH DER TOPOLOGIE, By H.
Seifert and W. Threlfall, 1934. 360 pages.
5%4x8Y4. Originally published at $8.00. $4.50

This famous book is the only modern work on com-
binatorial topology addressed to the student as well as
to the specialist. It is almost indispensable to the mathe-
matician who wishes to gain a knowledge of this
important field.
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“The exposition proceeds by easy stages with
.examples and illustrations at every turn.”
—Bulletin of the A. M. S.

VARIATIONSRECHNUNG IM GROS-
SEN, (Theorie von Marston Morse), By H.
Seifert and W. Threlfall. 1938, 120 pages.
6x9. $2.75

The brilliant expository talents of Professors Seifert
and Threlfall—familiar to the many readers of their
Lehrbuch der Topologie—are here devoted to an emi-
nently readable account of the calculus of variations

in the large.
Topologically the book is self-contained..

DIOPHANTISCHE GLEICHUNGEN, By
T. Skolem. 1938. ix+130 pages. 514x81;.
Cloth, Originally published at $6.50. $3.50

From the famous series Ergebnisse der Mathe-
matik,

“This comprehensive presentation . . . should be
warmly welcomed. We recommend the book most
heartily.”—Acta Szeged.

ALGEBRAISCHE THEORIE DER
KOERPER, By E. Steinitz. 177 pages, in-
cluding two appendices. 5%4x84. $3.25

“epoch-making.”—A. Haar, Acta Szeged.

“will always be considered as one of the classics...

“I should like to recommend the book to students
of algebra; for teachers of advanced algebra it would
make a very suitable nucleus for a short seminar on
abstract fields.”—Bulletin of the AM.S.

INTERPOLATION, By J. F. Steffensen.
1950. Second edition. 256 pages. 5/;x8/;
Originally published at $8.00.

“Prof. Steffensen’s book is intended as a text for
students in American colleges and requires as mathe-
matical equipment only an elementary knowledge of
the differential and integral calculus, . . . The topics
covered are (1) the general theory of interpolation and
extrapolation including the standard formulas . . . of
Newton, Gauss, Bessel and others; (2) numerical differ-
entiation; (3) numerical integration; (4) numerical
solution of differential equations.

“more rigorous than is usual in books on inter-
polation, . It should not be supposed, however,
that this adds to the difficulty of readmg the text.
The style is clear and . . . the book should prove very
valuable. The formulas and methods are illustrated
by simple numerical examples.”

—Bulletin of the AM.S.

Prices subject to change without notice.
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