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FOREWORD

Hyderabad is probably the only céntre of learning in India
where one could notice so free an interplay of cultures different
in their ingpirations—the Hindu, typieal of the ancient East, the
English, of the West, and the Muslim culture standing between.
This peculiarity is the result of a combhination of circumstances
mostly historical; for, the traditions of the great Moghal Empire
still persist to live in Hyderabad and form the background to the
cultural activity resulting from the association of England with
the ruling dynasty of Hyderabad. The development is marked
by the presence among us here of a number of first grade institu-
tions of culture and learning, oriental and occidental, literavy
and seientifie, all engaged in the common pursuit of knowledge.
Indeed it may perhaps be difficult to find any other place in the
East where there are so many young men with European degrees
and diplomas as in our 20th century Hyderabad, combining the
good that there is in the cultures of the East and the West.

The Hyderabad Academy has come into existenee primarily
through the efforts of these young men, although the idea was
working in the minds of the older scholars for a long time, and
aims at providing a common venue for the learned men of
Hyderabad to meet and discuss their contributions to knowledge,
irrespective of their vocation, class or crced, whether holding
University appointments, or belonging to any of the learned
professions of law, medicine, or engineering, or quictly pursuing
a life of research for its own sake. It is fortunate in having on
its Board of Publication scholars enjoying wide reputation in
their respective spheres of learning, and in securing for it a
chairman of ripe experience—Prof. Mohd. Abdur Rahman Khan—
who for long was associated with the life of the Osmania
University as Principal of the University College, and as
President of its Board of Research.

The present volume constitutes the first number of the
Academy’s studies and represents but a few months’ labour of
some of its members. Further volumes will follow as time
proceeds.

The Academy has the honour of enjoying the patronage of
Their Highnesses the Prince and Princess of Berar under whose
@ges, the Academy looks forward to a career of some little service
to the advancement of knowledge in the Dominions of His
Exalted Highness the Nizam of Hyderabad.

S. A. LATIF,
Vice-President,
20th December 1939. The Hyderabad Academy.






THE ZODIACAL LIGHT

BY

Mohd. A. R. Khan, F.R.A.S.

IN clear weather and moonless nights, soon after the evening
twilight, even the most casual observer in the Tropies cannot fail
to notice an elongated cone or pyramid of diffuse white light,
rising from the western horizon, the centre of its base marking
the position of sunset, its axis coinciding roughly with the course
of the ecliptic and its apex reaching generally to 50° or 60° from
the base—occasionally even beyond 90°. The light decreases in
intensity with increased elongation from the sun as well as with
increased angular distance from the axis.

Early risers often observe a corresponding apparition in the
east before the twilight of day-dawn. European travellers in
the Tropical regions have on occasions been impressed by the
intensity of the evening Zodiacal light so much that they have
pronounced it to be as bright and imposing as the Milky
Way in Sagittarius or Cygnus. No wonder that Alexander Von
Humboldt, during his South American travels, describes it as a
¢ Second Sunset ’ (vide Cosmos, Vol. 1, p. 127, Bohn’s Scientific
Library, London 1849). )

It 1s a significant fact that in the writings of old Arab
Theologians there is a definite reference to Subhe Kadhib

(36 #£+) or false morning as distinguished from and preceding
Subhe Sadiq ( §obe (wO) or true morning. One can safely assert

that the ¢ false morning ’ of these writers is no other than the
eastern apparition of the Zodiacal light. Had Humboldt been
aware of this expression in the Arabic language, I am sure he
would not have indulged in the remark : ¢ It is difficult to under-
stand how so striking a natural phenomenon should have failed
to attract the attention of physicists and astronomers until the
middle of the Seventeenth Century and how it could have escaped
the observation of the Arabian natunal philosophers in ancient
Bactria, on the Euphrates and the South of Spain” (Ibid., Vol. 1,
p. 127).

As matters stand, he attributes the earliest explicit reference
to the Zodiacal light in Europe, to Childrey, who was Chaplain to
Lord Henry Somerset and described the phenomenon in Britannia
Baconica (1661. p. 183), after—it is surmised—having possibly
observed it two or three years earlier. But on p. 129 he refers to
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an account concerning a pyramid of light rising from the horizon
in the east and seen for forty nights consecutively in 1509 on the
elevated plains of Mexico (described in an ancient Aztec Ms.,
The Codex Telleriano—Remensis), which he conjectures with
much probability to be an early record of the Zodiacal light in the
annals of an indigenous American people.

Humboldt further adds that Dominicus Cassini was the first
scientist to account for the origin of the Zodiacal light in 1683, on
the assumption that it emanated from a detached revolving
nebulous ring round the sun—a conjecture countenanced later
by Schubert, Laplace and Poisson (Ibid., Vol. 2, pp. 712-713).

In his endless quest of cosmic curiositics, Humboldt was able
to observe many a fascinating phenomenon of nature and record
its minutest details. His description of the Zodiacal light is so
accurate and so much in advance of his times that I feel tempted
to quote the following passages from his Cosmos :—“ I have
occasionally been astonished in the tropical climates of South
America to observe the wvariable intensity of the Zodiacal
light......... ‘When the Zodiacal light had been most intense,
I have observed that it would be perceptibly weakened for a
few minutes until it again suddenly shone forth in full brilliancy.
In some few instances I have thought that I could perceive—not
exactly a reddish coloration, nor the lower portion darkened in
an are-like form, nor even a secintillation as Mairan affirmed, he
has observed—but a kind of flickering and wavering of the light.
Must we suppose that changes are actually in progress in the
nebulous ring? Or is it not more probable, that although I could
not, by my meteorological instruments, detect any change of heat
or moisture near the ground, and small stars of the fifth and sixth
magnitudes appeared to shine with equally undiminished intensity
of light, processes of condensation may be going on in the upper-
most strata of the air, by mecans of which the transparency, or
rather the reflection of light, may be modified in some peculiar
and unknown manner? ”’ (Vol. 1, pp. 131, 132).

“ Upon the whole, the brightness of the Zodiacal light did
not appear to me to increase at all perceptibly with the elevation
of the point whence it was seen, but much rather to depend
principally upon the interior variability of the phenomenon
itself—upon the greater or less intensity of the light-giving
process ”’ (Vol. IV, p. 563).

Tt is not clear on what grounds Humboldt persists in regard-
ing the source of the Zodiacal light as a nebulous ring encircling
the sun. Sir John Herschel also takes objection to this view
(vide footnote to § 897 of his Outlines of Astronomy). 1In

2



The Zodiacal Light

respect of the matter responsible for the Zodiacal light, Herschel
writes in the same section ‘‘ It may be conjectured to be no other
than the denser portion of that medium, which we have reason to
believe, resists the motion of comets, loaded perhaps with the
actual materials of the tails of millions of these bodies, of which
they have been stripped in their successive perihelion passages.’’

One of the most diligent observers of the Zodiacal light, of
all times, was the Rev. George Jones Whose observations from
1853, April 2, to 1855, April 22, were published in ¢ United
States Japan Expedition ” Vol. iii, 4°, Washington, 1856, with
357 plates of its appearance. Although he attributed to the
phenomenon a terrestrial origin, his work is so rich in details
that it has been fully made use of by later writers like
W. F. Denning, The Rev. R. B. Bousfield and C. Hoffmeister.
A section of the British Astronomical Association under a
director deals with the investigation of the Zodiacal light.
Interesting observations are published from time to time in
Popular Astronomy (Northfield, Minnesota, U.S. A.).

We propose here to give a brief review of these accounts and
of the hypotheses and theories put forward by various investi-
gators concerning the origin of the phenomenon. Some of our
own personal observations conducted recently at Begumpet will
be recorded at the end, to supplement the work of observers in
higher northern and rather low southern latitudes, at present
available. Hardly any observational work on this subject was
ever done in India previously. It is hoped that the publication
of this paper will induce men of Science in our country to interest
themselves in the subject and to try to contribute something to
frame a consistent theory of its origin.

W. F. Denning (Hutchinson’s Splendour of the Heavens,
pp. 178-186) is led by the large number of asteroids so far
discovered, (about 1250 in all), to postulate the existence of a
considerably larger number of tiny planetary objects, gravitating
round the sun in orbits of comparatively small inclination to the
ecliptic. These, with myriads of undetected comets of short
periods and ¢‘ the majority of meteor streams which do not move
1n orbits that are greatly inclined ’’ give rise to diffused reflection
of sunlight which manifests itself to us as the Zodiacal light.
Its direction, he holds, is no other than the general plane of these
inner asteroids, comets and meteor streams; and the sun is thus
surrounded by an elongated lens-shaped nebula.

He further remarks that the Zodiacal light has sometimes
been seen better in somewhat hazy atmosphere, and alludes to
Fasel’s observation that the light was better defined in a November
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evening at Clapham than in a more favourable atmosphere in
Switzerland. His own observation at Bristol, on the morning of
December 3 and 4, 1916, is cited, when the light appeared
unusually bright in spite of the unfavourable condition of the
weather.

Denning also refers to the variable intensity of the Zodiacal
light as seen from one and the same place, not only at different
dates separated by long intervals of months and years, but also in
the course of a few minutes in the same morning or evening
suggesting that part at least of the observed variability may be
due to some inherent changes in the composition or character of
our atmosphere. He states on the authority of Lowe that ¢‘ at
Nottingham in February 1850, the light was more brilliant on
one night than it had been for the previous seven years, showing
pulsations of greater or less brilliancy in periods of 30 seconds,
so variable as to be almost extinct at times.”’

Regarding such reports of rapid changes in the intensity
of the light, Denning holds that they are not due to ‘“temporary
changes in the (Zodiacal) ring itself, but are mere visionary
sensations, due to the extreme tenultv of the light which is
hovering on the border of visibility and non-visibility.”

Russell, Dugan and Stewart remark (in Astronomy, Ginn
and Co., Boston, 1927) that midnight observations of the Zodiacal
light reveal it to extend 45° north of the sun, so presumably it
extends 45° south of it also. It is found to be very conspicuous
at 30° or 40° from the sun; and many observers believe it to be
even brighter near the sun, if it be seen freed from twilight
effects. As a matter of fact, several observations are on record
which go to prove that the Zodiacal light does extend right up to
the sun, as may be gathered from the following statements in
Nature No. 682, Vol. 140, Oct. 16, 1937, concerning the total Solar
eclipse of June 19, 1936, by Mr. Honda at Hokkaido, and
No. 3559, Vol. 141, January 15, 1938, pp. 121-122, concerning
S. P. Langley and Simon Newcomb’s observations in the Solar
eclipse of July 29, 1878,

Mr. Honda’s observations imply that the Zodiacal light
increases very much in intensity, the nearer it is to the sun. In
the latter paper, Charles H. Smiley (Ladd Observatory, Brown
University, Providence, R.1.) draws attention to a passage in
The New Astronomy by Langley, where, referring to the older
eclipse, he says ‘“ The most exfraordmaw thing was a beam of
light inclined at 45°, about as wide as the Sun, and extending
to the distance of nearly six diameters on one side and over
twelve on the other ........... Substantially the same observa-
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tion was made, as appears, later by Prof. Newcomb at a lower

level ........ ””  Smiley himself recorded a similar phenomenon
photographically at the eclipse of June 8, 1937, from Callon,
Peru, in the Cordillera Negra, 14000 feet above sea-level.

In very clear weather, especially in places of small latitude,
the extremities of the Zodiacal light have been found by various
observers to extend almost completely round the ecliptic. This
girdle from one side of the horizon to the other is known as the
Zodiacal Band. Tts intensity diminishes continually with in-
creased elongation from the sun and is minimum at 135° on either
side of it. Towards the anthelion (just opposite the sun) the
band becomes brighter forming the Gegenschein or Counter-
glow—an elliptic patch about 15° to 20° in average diameter.

E. A. Fath was probably the first investigator to obtain a
spectrogram of the Zodiacal light and to find it identical with
that of sunlight. It was also found to be partially polarized,
showing reflection from small particles. Van Rhyn at Mt. Wilson
found the Zodiacal light to extend faintly over the whole heavens.
He attributes 60 p. e. of the night sky light to the Zodiacal light
and a further 15 p. c. of it to a faint permanent aurora in the
earth’s atmosphere.

Later observers with more refined methods, using photo-
clectric photometers, have found the colour of the Zodiacal light
to vary somewhat at different nights, but the mean colour to be
nearly the same as that of the sun, whereby—for want of
Rayleigh scattering—it is concluded that the material particles
responsible for the Zodiacal light are fairly large. (Vide C. T.
Elvey, Astrophys. J. 80, pp. 61-63, July 1934 and C. T. Elvey
and P. Rudnick, Ibid., 86, pp. 342-344, Oct. 1937).

The Zodiacal Band

The Zodiacal band is seen in a more diaphanous atmosphere
and possibly under better conditions of excitability of the matter
surrounding the sun. It seems to have been definitely noticed by
later investigators in their systematic study of the Zodiacal light,
though one is inclined to think that what Humboldt means by
““ a faint reflection visible in the east on March 16,”” when the
evening Zodiacal light was most strongly luminous, (Cosmos,
Vol. 1, p. 127, Voyage from Lima to the Western Coast of
Mexico) is probably the castern portion of the Zodiacal band or
arch that he saw under exceptionally favourable meteorological
conditions.

In the M. N. R. A. S. (Vol. 94, 9, 1934 Supp.) is published
an account of a most interesting series of observations on the
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Zodiacal band, made by R. B. Bousfield at Stanthorpe, Queens-
land (3000 ft. above sea-level, lat. 28°,40" S., long. 151°, 55'. 5 E.)
from April 1931 to September 1933. At first he seems to have
confined his activities to recording the shape and boundaries of
the morning and evening Zodiacal cones, as they appeared
separately at their respective times, and was struck by their
orderly succession of phases repeated year after year.

‘While watching the morning cone in the east he noticed on
several occasions a puzzling glow in the west. Its true signi-
ficance dawned on him on the morning of July 15, 1931, when
at 5 a.m. (Standard Eastern Australian Time) he opened the
roof of his ice-covered dome and saw that there were two
truncated cones, one in the east and the other in the west,
resembling ¢ flying buttresses for a vaster arch, flung almost
overhead ’ and some 32 to 34 degrees wide. ‘‘The eastern
buttress was the brighter; it faded to what appeared to be between
a quarter and an eighth of its brilliancy at the Zenith, but two-
thirds of the way to the western horizon, the light strengthened
again, the western buttress for its lowest 25° being about half
as bright as the eastern one. Beyond the well-defined boundaries
of white light there could be seen an outer shell of a few degrees
north and south of a coppery hue.”” This was his first apparition
of the Zodiacal band—a spectacle, which, he says, impressed him
as abidingly as the darkness and solar corona of the Australian
Total Eclipse of 1922.

Among many interesting details about the waxing of one.
cone simultaneously with the waning of the opposite one, in the
course of the same morning or evening, he records the following
curious phenomena which he saw repeatedly at Stanthorpe :—
(a) The western horizon begins to rebrighten between 2 and
3 a.m., attaining a high intensity at about 3} hours before sunrise,
the east still remaining much less bright. But at about an hour
and a half later, the eastern cone begins to rise in intensity and
the western cone gets dimmer, ‘‘ and the east now outmatches the
west till day-dawn ”’. These facts Bousfield verified by measure-
ment with a lumeter also. (b) This relates to the building of
the Zodiacal arch in the comparatively early mornings of
February, before one’s own eyes in a few hours. ¢ The evening
apparition tails ever farther and farther eastwards till the Zenith
is passed near midnight. Finally, between 2 a.m. and 2-30 a.m.
the east leaps up to meet it and the great bridge is complete.”

These fascinating manifestations of the Zodiacal band
probably involve a number of factors, such as change of slope of
the ecliptic, meteorological conditions of the atmosphere and
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night sky light. A systematic study of the subject will doubtless
disclose a number of important allied facts.

Influenced by a suggestion of George Jones (loc cit) con-
cerning a lunar effect on the Zodiacal light, Bousfield made a
number of observations to see if such an effect really existed, but
found no clear indication of it. ) )

An important feature of Bousfield’s observations is the
fluctuation of the Zodiacal band about the circle of the .(‘:Cl'lptl(‘,.
In Appendix IT of the same paper he has recorded the limits of
the band thus observed and charted.

He also took great care to test the objectivity of the undula-
tions or pulsations of the Zodiacal light, at short intervals, in the
course of the same morning or evening, reported by a number of
competent observers but attributed by Denning to eye-strain.
After watching the pulsations of the Zodiacal light without
straining his eye-sight, Bousfield directed it to a portion of the
Milky Way, comparable to the region of the Zodiacal light in
extent and luminosity, but did not notice the slightest fluctuation
in its brightness, although he tried even to strain the optic nerve.
On redirecting his gaze to the Zodiacal cone he perceived again
the same undulatory character of the light—wave after wave of

luminosity, so to say, sweeping up from base to apex at short
intervals.

The Gegenschein or Counter-glow

This is a much rarer phenomenon. It is much fainter than
the Zodiacal light, and for this reason, can be scen only when the
anthelion happens to be in a dark region of the sky. It further
requires a much purer atmosphere, free from dust and moisture,
and, above all, absence of artificial light in the neighbourhood of
the observing station.

According to Denning, it has been observed diffused over the
region of Pisces in September and October, and in cancer near
the end of January. There is a drawing of it by W. H.
Steavenson (on p. 206 of Hutchinson’s Splendour of the
Heavens), as seen at Ashford on February 5, 1916, and another
in Bousfield’s paper above referred to (on p. 834), as seen at
Stanthorpe, on October 9% 21% 1931. One evening, when the
Zodiacal band was invisible, he was able to chart the gegenschein
from visual observations, with limits closely corresponding to
those found at Yerkes. ¢‘ The brightest patch was close to the
anthelion at R.A. 122 56 and 8=+ 6°, but the surrounding
weaker patch was eccentric, being elongated in the direction of
increasing R. A., or towards the meridian, This may have been
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due to atmospheric reasons or to the variation of absorption with
altitude.”’

More recent apparitions of this difficult phenomenon are
recorded in various issues of Popular Astronomy by Franklin
W. Smith of Scott Avenue, Glenolden, Pennsylvania, as may be
gathered from the following notes:—

(a) ‘“ Gegenschein, seen on March 8, 1935, at 11.00 E.S.T.,
was within the eastern part - of Leo, roughly bounded
by x,0- and v Leonis and z-rand B Virginis. It was elliptical in
shape with major axis extending along the ecliptic, of about 15°,
s»nd minor axis of about 10°.”

(b) ‘“ On September 30, 1935, at 11.00 E.S.T., the gegenschein
was seen in Central Pisces. It appeared as a diffused area,
bounded roughly by & and 41 Piscium and by 20 ceti.”

Theories of the Origin of the Zodiacal Light

It has been explained by various investigators that the light
is due to reflection of sunlight from dust clouds—possibly a rem-
nant of the original whirling nebula surrounding the sun and
extending over the whole inner region of the solar system up to
the orbit of Mars. H. V. Seeliger put the hypothesis on a
scientific basis in 1900, assuming the dust cloud to be of the
form of a flat ellipsoid and of density continually diminishing
with increasing elongation from the sun. To prevent such
particles from falling into the sun through its gravitational
pull, it was found necessary to give them an orbital motion like
that of the planets.

Considerations of the effect of radiation pressure from the
sun require these particles to be fairly large. Absence of
Rayleigh scattering in the Zodiacal light noticed by later
observers—as already pointed out—proves that such actually is
the case. Thus the original nebula surrounding the sun has, in
the course of astronomical time, assumed the form of the rings
of Saturn, their particles having dimensions of the order of
several wave-lengths of light, and separated from one another
by distances several miles in length. As remarked by Sir Joseph
Larmer (Nature Vol. 141, No. 3561, p. 201, January 29, 1938),
how such a state of affairs obtains would be a tempting subject
for a mathematical physicist to tackle.

Gegenschein is usually explained as due conjointly to the
reflection of sunlight from the particles situated at the anthelion
occurring at full phase (like that of the full moon—Searle)—
hence their greater brightness—and to a concentration of these
particles through the combined attraction of the earth and the
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sun near a point situated on the line passmg through these
bodies, about a million miles outside the earth’s orbit (Moulton).

Some physicists persist in advocating a terrestrial (meteoro-
logical) origin to the Zodiacal light and the gegenschein,
c. f. F. Schmid (Gerlands Beiter Z. Geophys, 45, 1—2, pp. 5—34,
1935), based on meteorological observations made during two
research journeys and spread over latitudes 47° N. to 37°S.
But the actual distribution of the intensity of the Zodiacal light,
as found from careful measurements, especially in the
neighbourhood of the gegenschein, apart from the want of a
considerable parallax, negative all such terrestrial hypotheses.

Even astronomical theories so far advanced do not quite
conform to all the facts of observation. Aiming at a better
conformation C. Hoffmeister, after a voyage in the Tropical
Atlantic and the Caribbean Sea in 1930, has put forward a
modified astronomical theory (abstract published in Pop. Astr.
Vol. XLII, No. 8, Oct. 1934). We give here a brief outline
of it.

Assuming the brightness of a point on the axis of the
Zodiacal light to depend on (a) the distribution of masses along
the radius vector in the plane of symmetry and (b) the phase’
of the particles giving rise to diffused reflected light with respect
to that dircction, an integral formula is obtained to express the
brightness in terms of two hypothetical functions: one, the
density function involved in (a), and the other, the phase function
which appears in (b). As both the functions cannot be com-
puted independently from observational data, advantage is taken
of the fact that for small elongations the brightness depends
almost exclusively on the density function, and for large elonga-
tions on the phase function; and thus an approximate solution
is effected.

It was further found that no modification of the ellipsoidal
shape proposed by Sceliger for the Zodiacal matter could explain
the observed band of light at elongations between 100° and
160°; hence Hoffmeister assumed a ring of material particles
round the sun involving the earth’s orbit near its outer edge,
with a maximum of dens1ty near the orbit of Venus and an
outer ring beyond the orbit of Mars—the space between the two
rings being also filled with dust but of a much lower density.
Variation of density in both the rings was taken to be of the
same order; and the greater intensity of the morning and
avening cones of the Zodiacal light as compared with that of the
vegenschein was accounted for by the smaller distance of the
nner ring from the sun and by the approximately tangential
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disposition of the line of sight to the inner part and approxi-
mately radial to the outer part. _

To safeguard the real effects from being masked by
atmospheric extinetion, only low latitude observations were taken
into account. Hoffmeister thus arrived at the conclusion that
the reflecting matter responsible for the gegenschein is situated
in the plane of the orbit of Jupiter—in agreement, more or
less, with A. Searle’s results based on Douglas’ observations at
Arequipa.

Investigations with regard to the inner ring proved more
difficult owing to our position inside this ring (though not
generally in the plane of symmetry). Based on theoretical
considerations certain distinguished points, called ¢ Photo-
metrische Hauptpunkte ’ were postulated in the plane of
symmetry of the Zodiacal light. All these points belonging to
different elongations lie in a closed curve of the fourth degree,
each point making a revolution in one year like the earth, but in
the plane of symmetry of the Zodiacal light, so that its orbit can
b(la deieribed by its ascending node and inclination like that of a
planet.

Hoffmeister calculated some seven such points and deduced
that they represented as a whole a flat of symmetry and their
graphical representation led to the theorem:

“The flat of symmetry of the Zodiacal light is not a plane.
Its form and situation are determined by the orbits of the major
planets.”’

The localisation of the inner Zodiacal ring suggested that it
was related to the system of minor planets; hence the possibility
of the Zodiacal light and the gegenschein arising from the

diffusely reflected light of a number of minor planets, small and
not yet identified.

Concluding Remarks

It will thus be seen that the Zodiacal light is best explained
as due to reflection of sunlight from gravitating matter confined
mainly within two rings surrounding the sun: the inner one
extending roughly beyond the Earth’s orbit, but its densest
regions lying near the orbit of Venus; and the outer ring
extending outwards from the orbit of Mars. Matter in both the
rings may well be conceived of as originating from disintegrated
tiny asteroids not yet completely dispersed.

‘Whatever the ultimate fate of the individual particles
constituting these rings—either to be sucked into the body of the
sun by gravitational attraction, if of a sufficiently large size; or
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expelled into the confines of the solar system by radiation pres-
sure, if comparable with the wave-length of light—the cycle of
events continues and the Zodiacal light and the gegenschein have
remained a characteristic feature of the solar system from time
immemorial.

Photometriec measurements of the light carried out through-
out the year, especially at places of low latitude on either side of
the equator and in different longitudes, will provide more compre-
hensive data for checking the validity of the above theory and
placing it on a firmer basis.

Evidence is not wanting of the effect of meteoric showers on
the brightness of the Zodiacal light during the later winter
months, when a seasonal influx of meteoric matter most probably
activates the regions immediately surrounding the sun. (Vide
C. T. Elvey and F. E. Roach, Astrophys. J., 85, pp. 213-241, April
1937).

The rhythmic fluctuations in the intensity of the light at
short intervals, in the course of the same morning or evening,
often reported by competent observers, may possibly be explained
on the same theory of bombardment of Zodiacal matter by
meteoric particles arriving from interstellar space.

Yet more refined methods of spectroscopy applied to the
study of the Zodiacal light and the gegenschein may solve some
of the problems here envisaged.

Record of Visual Observations of the Zodiacal Light
made by the Author at Begumpet, Deccan, during 1939.

(1) January 18, 2-30—3-30 A.M.

Morning cone conspicuous in Libra and tailing off
to B Virginis.

(2) January 19, 7-20 p.M.

Evening cone seen past Pegasus up as high as
B Arietis; brightest near Jupiter.

(3) January 20,
Morning conc, feeble owing to haze.
(4) April 10, 8 r.M.

Evening cone, brightest south of » Tauri, apex extend-
ing up to v Tauri, north boundary better defined
than southern.
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(5) May 10, 8 p.M.
Evening cone,

North boundary. South boundary.
p Tau ¢t Tau
somewhat north of ¢ Gem y Gem
i Gem ¢t Gem

8 Gem inside the light.
Vague continuation along the ecliptic terminating
in the apex at » Cne, on the north side of the
Ecliptie.
(6) May 12, 7-45 p.M.
Evening cone, apex near & Cne, to the north of the
ecliptie.
(7) May 14, 8 to 8-30 r.M.
Evening Cone, apex at o Leo, ribbon-like extension

from & Cne.
North boundary. South boundary.
o Aur a Ori
6 Aur ¢ Gem
6 Gem A Gem
B Gem

Axis of cone almost coincident with the Ecliptie.

(8) May 16, 8 to 8-40 .M. Sky clear.
Evening cone, apex right up to @ Leo.

North boundary. South boundary
B Gem A Gem
¢ Gem : E Gem
¢ Aur

(9) May 28, at 4-20 a.M.
Morning cone, apex at 41 Psc towards north of
Ecliptic.

(10) June 8, Past 9-30 .M.
Evening cone, brightest in Gemini, round Castor and
Pollux; Slanting extended right upto o~ Leonis. The
Eecliptic marked the southern boundary of the cone.
The northern boundary including u, 3 and B Leonis.
Sky clear.



The Zodiacal Light
(11) June 9, 8-30 p.M.
Apex extending only up to @ Leonis. Sky clear but
windy weather.
(12) June 15, at 3-45 .M. Moonrise.
Morning cone, apex near & Piscium. Moon 25 days
old.
(13) June 19, at 3 A.M. Sky clear.
Morning cone, wide base, Light brightest in Aries,
apex above & I’iscium.
(14) June 20, at 4-15 A.M. till 4-30 A.M.
Morning cone. SKky clear but thin cover of haze as

indicated by meteor train extinction. The Zodiacal
light itself looked ¢ vapoury’.

North boundary. South boundary
Base betn. T and & Per A Tau
41 Ari . Cet
o Ari E ’'Cet
71 Pse Saturn just inside
z-Psec.

Same configuration and brightness as on 21st June.
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MODERN TENDENCIES IN MATHEMATICS
BY

M. Raziuddin Siddiqt

THE pure mathematics known in the 16th century consisted of
Arithmetic, Algebra and Geometry developed by the Babylonians,
Bgyptians, Chinese, Greeks, Indians and Arabs. Of these three
subjects, geometry was the one developed and perfected to the
utmost capacity. For about two thousand years it was believed
that not a word could be added to the geometry of the Greeks.
Even the great Arab mathematicians had to resort to geometrical
constructions for obtaining the solution of their algebraic
problems.

But, in its very perfection Euclidian geometry had become
stale and dead.

The modern movement in mathematics began with the publi-
cation of analytical geometry by Descartes in 1637. It revolu-
tionised the subject of geometry by bringing it under the domain
of the powerful algebraic analysis. It is one of the very few
greatest contributions of all times to mathematics. Essentially,
1t consists in the correlation of geometrical properties to arith-
metical numbers and algebraic equations. We shall see presently
that a fresh revolution was caused by the arithmetisation not only
of geometry but of the whole of mathematics.

The second stage in modern mathematics set in with the
discovery of the calculus by Newton and Leibnitz in the last
quarter of the 17th century. This gave an impetus not only to
mathematics proper, but also to its application to the explanation
of natural phenomena. Newton’s Principia, giving the law of
universal gravitation and the laws of dynamies and of the
planetary motions, was the first and foremost contribution of the
new spirit in mathematics. The work of Newton and Leibnitz
was carried on all through the 18th century along the lines laid
down by these masters. The leading workers in this age were the
Bernoullis, Euler, Lagrange, and Laplace.

Now the progress of the mathematical sciences during all
these ages was mainly in the constructive direction, i.e., in the
direction in which we start from conceptions most familiar to us
cither through natural instinet or constant usage, and then
advance in a synthetic way towards gradually increasing com-
plexity. 'Thus, from an original conception of the natural
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numbers, that is of the positive integers, we advance towards the
idea of fractions, then towards that of negative numbers, and
still further towards the irrational, and finally towards the
complex and hyper-complex numbers. Similarly, we see that the
simple idea of a pair of things has been developed into the
arithmetical processes of addition, multiplication, extraction of
roots and so on to the highly elaborate processes of differentiation
and integration. Not only in arithmetic and algebra, but in all
other branches of mathematics, the same process of gradual
evolution can be observed. In geometry we start from points
and lines and proceed gradually to discover highly complex
properties of figures in planes and space. In physics we start
with the familiar notions of matter and energy and build up the
whole theoretical structure of mathematical physies.

But with Gauss, the greatest mathematician of all times,
mathematies got divided into two main disciplines, the construe-
tive and the introspective. The constructive movement in
mathematies continues with unabated vigour. giving rise to the
phenomenal development during the 19th and the 20th centuries.
This extraordinary contribution to mathematies which establishes
the unrivalled supremacy of our era to all the previous ages as
regards the quantity of the work put forth as well as the quality
of the achievement, is due to the intellectual, political and-social
liberation of humanity, brought about by the incessant struggles
culminating in the French Revolution. The intellectual slavery
to the Greek thought and particularly to Aristotle, gave place to
the modern spirit of doubt and enquiry leading to new channels
and inexhaustible sources of knowledge. The political freedom,
resulting in the democratisation of all the social institutions,
made the sciences acecessible to the common man. Hitherto,
research work was the monopoly of the Academies and Learned
Societies, catering exclusively for their members whose number
was always very small, and who were not concerned with the
dissemination of the knowledge they had acquired. With the
advent of democracy, the centre of gravity shifted to the
Universities and Colleges. The number of scholars and scientists
increased rapidly, and their individual and collective labours
reaped a rich harvest. This work of investigation was stimulated
by the development in printing, publication and the means of
communication resulting in the production of a number of books
and scientific journals unheard of before.

The cooperation of the various nations in producing
Encyclopaedeas and in holding international conferences, further
accelerated the movement, with the result that the work in
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mathematics done during the last 150 years both as regards its
extent and its content, exceeds the work done in the whole previous
history of the human race. In the constructive direction alone so
much has been done that the bare enumeration of a few of its
leading points would require more space than at my disposal.
Not only an immense advance was made in the direction already
indicated, but entirely new branches of mathematics were created,
such as projective geometry and functions of complex variables in
the pure, and mathematical physies in the applied domains.

Sometimes the development in mathematics went hand in
hand with the progress of the natural sciences. New methods of
attack were developed in order to solve the problems set by these
sciences. The most famous example of this kind is the Fourier
analysis developed in connection with the theory of Heat
Conduction. The recent development in the theories of differen-
;ial and integral equations owes its origin mainly to the occurrence
>f such equations in mathematical physics.

At other times the trend of events has been in the opposite
direction. Many subjects in mathematics were developed purely
for their own sake, by generalising previous concepts. At the
time of their creation they were considered to be so abstract as
to be of no earthly use for any applications. But as our
knowledge of the world advances, even the most abstraet branches
of mathematics are being found to be indispensable for the
explanation of the processes of nature. We have gradually seen
the functions of complex variables, the differential and integral
equations, tensors, quaternions, matrvices and groups become
powerful tools in the hands of the physicist.

Mathematics is thus becoming more and more indispensable
for all other branches of knowledge. The formulation of all the
fundamental laws of nature requires its use. The eminent
physicist Dirac has recently expressed the characteristic view that
¢ Mathematics is the tool specially suited for dealing with
abstract concepts of any kind, and there is no limit to its power
in this field. For this reason a book on the new physics, if not
purely descriptive of experimental work must be essentially
mathematical’’. Having conqueved the domain of the natural
sciences, mathematics continues in its triumphal march into the
realms of the biological and the sociological sciences.

Another characteristic development of the modern times is
the rise of the deductive method in applied mathematics. Instead
of advancing from particular cases to the general, as done in the
Inductive or historical method which prevailed upto the 19th
century, mathematicians now sought for the most general and
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comprehensive law from which particular consequences could be
deduced as necessity arose. Thus in mechanics instead of
beginning with Newton’s laws and then generalising them to
Lagranges’ and Hamilton’s equations, mathematicians began to
write down Hamilton’s Variation Principle at the head of
mechanics, and deduced Newton’s laws from it. Similarly, instead
of building up clectrodynamies induectively with the help of
Coulomb’s, Gauss’s, Ohm’s, Joule’s, Ampere’s and Faraday’s
laws, it was realised that the theory could be more effectively and
logically constructed by assuming simply Poyntings’ law. All
the laws mentioned above can be derived from this simple
assumption.

These attempts at the unification of the various theories and
the various branches of knowledge demand the creation of very
powerful tools of mathematical analysis. In the course of this
development, it is inevitable that mathematics should become
most abstruse and incomprehensible except to the few experts
and specialists. I wish to take this opportunity of reminding
those who believe in the legend of the superhuman difficulty of
the theory of relativity, that the theory is comparatively a child’s
play to a good mathematician. There are many subjects in
mathematics infinitely more difficult than the theory of relativity.

In this connection we should take note of the change in the
conception of the aim of a theory. The materialistic view preva-
lent in the 19th ecentury had led mathematicians and scientists to
believe that the theory should aim at finding the real nature of
things. Recent developments in physies have given a death-blow
to this philosophy of knowledge. Scientists have now come to
recognise their limitations, and declare it as their firm conviction
that the object of a theory is only to calculate results that can be
compared with experiment, and not to give more detailed answers
than can be experimentally verified.

So far we have been speaking only of the constructive side of
modern mathematics. But its most characteristic feature is the
introspective or eritical side which did not exist before the 19th
century. Gauss and Cauchy were the first mathematicians to
realise the insecure foundations on which mathematies was built,
and they turned their attention to a ecritical examination and
rigorous formulation of the whole subject. The work was carried
on by Abel, Riemann and Weierstrass.

They examined the foundations of Algebra, Geometry,
Theory of numbers and calculus, and found that there were
serious defects in the foundations of these subjects due to the hazy
notions about the fundamental concepts, and the obscurities in the
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alleged proofs which were in reality no proofs at all. One of the
most glaring cases was that of the vagueness in the basic ideas of
convergence and limit in analysis. The method of limits origi-
nated in the method of exhaustions applied by the Greeks and
their successors to determine lengths, areas and volumes in the
simple cases of curved lines and surfaces. No doubt was felt
as to the existence of these quantities, which were regarded as
obvious from geometrical intuition, being the limits of the
corresponding quantities for straight figures. Cauchy was the
first mathematician who recognised the necessity for a proof of the
existence of a limit. That the traditional view of limits, based on
intuition, is defective, has been recently confirmed by the con-
struction of continuous functions which possess no differential
coefficient, in other words, by econtinuous curves which possess no
tangent at any point.

This process of rigorous formulation led on to the great and
important movement in mathematics which started in the last
quarter of the 19th century, and which is called the ‘‘ Arithmeti-
sation of Mathematics’’. The fundamental thesis of this
movement is that intuitions based on our hazy notions of space
and magnitude are inexact and often misleading, and that all
mathematies should, and could, be derived from the natural
numbers. The process of counting is an exact one whereas
measurement can only be carried out with a greater or less degree
of approximation. This fundamental importance of the numbers
was recognised by Gauss who said that ¢ Mathematies is the queen
of the sciences, and theory of numbers is the queen of
mathematics,”’ '

Kronecker went even one step further, and declared that
¢ God made the integers, all the rest is the work of man.”’

In accordance with the doctrine that mathematics must rest
upon a purely arithmetical basis, the theory of irrational numbers
so essential in analysis, was satisfactorily given by Weierstrass,
Cantor and Dedekind. These researches in the theory of
numbers led naturally to the theory of sets, or aggregates, founded
and developed by Cantor. The fundamental significance of
Cantor’s theory of sets is the establishment of the actual existence
of the infinitely great number on the same basis as the finite
number. To show what a revolution it means in our ideas, we
shall quote from Gauss: ‘‘ I protest against the use of an infinite
number as an actual one; this can never be allowed in Mathe-
maties. The infiniteis only a facon de parler, a figure of speech,
......... ””  This horror of the infinite, expressed by Gauss in
1831, was the motto of the mathematical world. Cantor
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challenged this assumption of Gauss, and gave the infinite an
equal footing with the finite numbers. It took the mathematical
world some time to accept these novel ideas, but when
Weierstrass, Hermite, PPoincare, and Mittag-Leffer championed
them, they soon gained recognition. Cantor went further, and
brought about an extension in the scheme of numbers beyond the
infinite, at which one cannot but look with wonder and reverence,
and without which it is impossible to go a step forward in the
development of the theory of sets, and consequently of modern
mathematics. These numbers are known to mathematicians as
“ Alefs 7’ or ‘‘ Transfinite Numbers.”’

The methods of the theory of sets have had a far reaching
influence both on pure mathematics and its applications. The
relation between the theory of sets and the theory of functions
has become so close that the latter cannot be thought of as
existing without the former. The theory of sets has brought
about an extension and differentiation in geometry which was
inconceivable previously; it has created the ‘¢ Theory of
Dimensions ”’, and ‘‘ Analysis Situs ’’ (Topology). Recently, the
theory of sets has been applied to the Theory of Probability, and
to Physies. _

Apart from these applications which are important in
themselves, one of the main problems of the theory of sets is to
investigate methodically the fundamental ideas of mathematics,
such as the ideas of number, order, function, infinity, limit and
continuity. Bertrand Russell, writing about Cantor’s mastery
over the world of infinity, speaks thus: ¢ Zeno was concerned
with three problems. These are the problems of the infinitesimal,
the infinite, and continuity. From his day to our own, the finest
intellects of cach generation in turn attacked these problems, but
achicved broadly speaking nothing. Weierstrass, Dedekind and
Cantor have completely solved them. This achievement is
probably the greatest of which the age can boast”. David Hilbert
calls the theory of sets as ‘“ One of the most fruitful and most
powerful branches of mathematics’’. Hermann Weyl goes even
so far as to say that ‘“Mathematics is the Science of the Infinite’’.

The theory of sets contributed a great deal towards clearing
the foundations of mathematics, but the theory itself was not
founded on a secure basis as became increasingly evident to the
mathematical world at the beginning of the present century. It
was discovered that the idea of the set or aggregate as formulated
by Cantor, lcaves room for contradictions which are paradoxical.
These paradoxes had at first a crushing effect; it seemed as if the
whole structure of mathematics was going to collapse. Frege,
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who had spent years trying to put the mathematics of numbers
on a sound logical basis, and who had just finished his life work
*¢ Grund-gesetze der Arithmetik ’, closes the second volume with
the following acknowledgement. ‘‘ A scientist can hardly
encounter anything more undesirable than to have the foundation
collapse just as the work is finished. I was put in this position
by a letter from Mr. Bertrand Russell when the work was almost
through the press.”” Russell had just communicated to K'rege his
famous paradox on the set of all sets.

But during the thirty-five years that have elapsed since then,
much has been written on this subject from mathematical as well
as philosophical standpoint. Apart from the fact that mathe-
maticians have learnt to develop the theory of sets in such a way
that the paradoxes disappear, these studies have thrown much
light on many of the most fundamental problems of human
knowledge. The solution has been found in three ways by
different schools, each of which is sharply distinguished from the
other. The difference is not only methodical; it consists mainly
in the whole mathematical outlook. The controversy between the
three schools touches the most fundamental questions of mathe-
matics, and it is with respect to these that we speak of a erisis in
the foundations of mathematics.

These three schools consist of the Intuitionistic school led by
Kronecker, and later by Brower and Weyl, the Logistic school
of Russell and the Formalistic or Axiomatic school of Hilbert.

The basic principle of the intuitionists is their sharp distine-
tion between the constructions and pure existence theorems. In
every branch of mathematics there are proofs for the existence of
certain mathematical objects e.g., numbers, functions and sets,
which show this existence not by recally constructing them, but
by a certain non-constructive process, for instance by showing
that the non-existence of the objcct in question would lead to a
contradiction of other recognised theorems and principles. The
intuitionist considers such non-constructive reasoning as illegiti-
mate. For him existence in mathematics means constructibility.

The second main belief of the intuitionistic school is the
rejection of the principle of the ‘‘ Excluded Middle’’, ¢.e., of the
principle that one of two opposites must hold, as there can be no
third possibility. This principle, commonly known as reductio
ad absurdum, was a very powerful tool in the classical mathe-
matics of the 19th century; it was often employed to prove the
truth of a proposition indirectly by disproving its opposite. The
intuitionist objects to this principle, and explains that the law
asserting that out of two opposites one must hold, is applicable
only to finite sets. He finds no reason whatever for supposing
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that a principle which is adequate for the finite will continue to
produce consistent results when applied to the mmmte. Kor
example, it is wrong to say that '~ Kather there 1s a natural
number which possesses a given property, or there is no such
number.”” I'he intuitionist believes mm a third possibility that
from the very nature of the number, nothing can be concluded
about the existence or non-existence of numpers with the said
property. 'I'hus even if we have proved that the assumption ot
che ralsehood of a proposition is talse, we have by no means
established that the proposition is true.

Closely related to tne question ot the excluded middle is the
axiom of the solubility of every mathematical problem. It has
been a special impetus to mathematicians to believe that all their
problems are soluble in one way or the other. The effort for
centuries together to prove Fermat’s theorems and many other
theorems would never have continued had there existed any doubt
about their solubility. The same cannot be said about any other
branch of knowledge. The intuitionists are convinced that the
certainty about every mathematical problem being intrinsically
capable of solution 1s by no means justified. In their opinion,
besides the two cases of an affirmative or a negative answer to a
question, there exists a third alternative, namely that of its’
insolubility. This spirit of resignation stands in sharp contrast
to the atmosphere of the immediate past. It is only 35 years
since Hilbert announced to the International Mathematical
Congress : ‘‘ Every mathematician shares the conviction that each
mathematical problem must be capable of solution’’. But to-day
this conviction does not seem to be so obvious. Hilbert himself is
engaged in an effort to decide this problem of solubility at least
in the sense that the assumption of its truth is consistent with
other principles of mathematics.

The consequences of these intuitionistic ideas were terribly
far reaching. They mean that a large part of the most valuable
possession of mathematics must be thrown overboard. The intui-
tionistic programme was therefore considered by a number of
mathematicians to be suicidal. They felt the need for
a conservative treatment of the paradoxes, and of the consequent
defects in the theory of sets. KEven though recognising the
pressing need for reform, they abstained from the extremely
radical measures of the intuitionists. This reform has been taken
up by the second, the so-called logistic school, whose foremost
exponent is Bertrand Russell, and whose other representatives
are Whitehead, Zermelo and Wittgenstein.

The starting point of Russell is the rejection of the non-
predicative definition, 4.e., the process by which a certain

21



The Hyderabad Academy

representative of a general thought-complex is defined with the
aid of the totality of all the representatives of that complex.
Russell has been successful in showing that all the paradoxes
arise out of the use of such a non-predicative detinition. He
therefore lays down the rule ‘‘ that no totality can contain
members which can be defined only through the totality itselt.”
In other words, ‘‘ whatever involves all of a collection must not be
one of the collection.”” Russell calls this the ‘‘ Vicious-circle
Principle ’’ and develops it into his famous theory of types
which is the basis of the whole gigantic work, ‘ Principia
Mathematica.’

But unfortunately, this prohibition of the non-predicative
definition was not free from undesirable cffects. The structure
of classical mathematics could not be built on this basis. A havoc
was created of almost the same magnitude as that created by
intuitionism. To save this desperate situation, Russell put for-
ward a special axiom—the ‘‘ Axiom of Reducibility”. It says
that a propositional function of arbitrary order is equivalent to an
elementary propositional function. In other words, the circle of
elementary functions is so comprehensive that no function of
higher order can be formed which is not equivalent to one of the
elementary functions.

The Reducibility Axiom differs from all other logical and
mathematical axioms in that it is not tautaological, that is,
intrinsically necessary. It is even believed to be contradictory to
the recognised axioms of logic, and it has not been accepted by
the majority of mathematicians.

The main belief of the logistic school is that mathematics is a
part of logic. The idea is an old one and was first formulated
clearly by Leibnitz, who (in 1666) aimed to create ‘‘ a general
method in which all truths of the reason would be reduced to a

kind of calculation’. ‘‘ It will have great advantages for repre-
senting exactly and naturally to the mind everything that depends
on the imagination’”. ‘¢ Its principal utility consists in the

consequences and reasonings which can be performed by the
operations of symbols ’’. It had some exponents in the 19th
century, but was revived in our own time by Bertrand Russell.
This conception of logicism had a sequel in the formalistic
tendency to do away with the ordinary language with its
uncertainties and confusion, and to use the purely symbolical
language of modern mathematics. The result is that even to an
advanced mathematician unacquainted with the formalism, a
book like the Principia Mathematica is completely unintelligible.

The third school of thought in mathematies is that founded
and developed by Hilbert, and known as the axiomatic or
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formalistic school. Weyl has described this school very aptly as
one which assimilates completely the fundamental notions and
assumptions out of which all other conceptions and results are
established by pure definition and deduction. The origin and
early development of the axiomatic method lies in the domain of
geometry. The axiomatisation of geometry was brought about
by Eueclid, and later by Gauss and Lobatchewsky when they
discovered the non-Euclidian geometry. The more general
axiomatic treatment began with Pasch’s lectures on the New
Geometry in 1882, and reached its culmination in Hilbert’s
foundations of geometry in 1899. In this evolution from Eueclid
to Hilbert, the axioms have changed their character completely.
They have been dethroned from their privileged position as self-
evident truths, and have been placed upon the same footing as
other propositions. They are chosen as the starting point only
because they are more suitable for the building up of the theory.

For a true appreciation of the axiomatic method, we have
to distinguish between two cases. In the first case the axiomatic
method can represent only a possible mode of formulation, which
is specially appropriate for judging the structure of a theory and
valuing its individual propositions. Along with it exists on an
equal footing, and sometimes even on a preferential basis, the
genetic method which establishes the concepts of the theory by
definitions. The axiomatic method plays this equal role for the
most part in laying down special concepts and particular problems
within greater and well-founded disciplines. But even in general
subjects, the axiomatic method can be used side by side with the
genetic method. Examples of this kind are to be found in the
Theory of Real Numbers, and in the foundations of Analytieal
Geometry.

On the other hand, for certain fundamental theories the
axiomatic method is not only a valuable help, but it is ultimately
the only possible method of formulation where the genetic method
is either not practicable or leads to logical contradictions. We
can mention Pure Geometry and the Theory of Sets as examples
of the second case. Hilbert himself characterises the axiomatic
method as ‘‘the most suitable and indispensible means of every
exact enquiry in every domain of thought. It is logical and
productive, and therefore leaves complete freedom for our
researches. While in the past it often happened that certain
propositions were believed naively like so many dogmas, the
axiomatic method removes this naive character from the enquiry’’.
Hilbert remarks on another occasion : ‘ I believe that all that
can be a subject for scientific thought comes in the sphere of the
axiomatic method, and therefore in that of mathematics. In this
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way, mathematics appears to be destined to lead all other
sciences’”’. Hilbert and his school have contributed a great deal
to the clarification of the most fundamental issues which arise in
connection with the axiomatic foundation of the sciences.

In the year 1922, Hilbert began a series of articles on the
Foundations of Mathematics. The most important characteristic
of this new development is its tendency to separate the main body
of mathematics on the one hand, and the foundations of mathe-
matics on the other, into two different sciences. To distinguish it
from the former, Hilbert calls the latter ‘‘ Meta-mathematies ”’.
Contrary to the ordinary mathematics, which is concerned with
the formal building up of ideas, Meta-mathematics deals with the
propositions and inferences of the formal mathematics. Just as
the physicist investigates his apparatus and just as the philosopher
must criticise his own rational faculty, similarly it is necessary
for the mathematician to secure his theoretical structure by a
criticism of the principles and proofs on which it is founded.
Meta-mathematics has already been developed by Hilbert and his
co-workers to a stage which justifies the high expectations that it
had aroused.

‘We shall give a short outline of the work being done in the
domain of meta-mathematics. The fundamental questions
requiring special attention are those of the Independence, the
Completeness and the Consistency of the axioms.

First of all, we remark that the problem of selecting suitable
axioms for a science in order to be able to deduce all the remain-
ing theorems from them does not appear to be a definite one. It
remains completely arbitrary which and how many theorems we
choose as axioms and which ideas as primitive concepts. Some
daring person may fall upon the idea of assuming all the theorems
of a science as axioms in order to save himself the trouble of
proving the difficult propositions. Even if such an undertaking
is not to be considered seriously, the question still remains : What
limitation i% to be set for the number and character of the axioms?
This question is answered by the fundamental prineciple that none
of the axioms should be superfluous, or in other words, that it
should not be possible to prove any axiom with the help of some
or all the remaining ones. An axiom possessing this property is
said to be independent of all the other axioms. It is therefore
necessary to prove that every axiom of the system is independent,
It appears at first that such a proof of independence is a very
difficult problem. It is required in fact to show that of all the
attempts that can be imagined, none will be successful. This
difficulty is overcome in a comparatively simple manner by the
positive method used for the first time by the discoverers of the
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non-Euclidian geometry, and which through its systematie
application by Hilbert and his school has become a classical
process in mathematics.

. This method consists in constructing a pseudo-system or
‘ model ”’ in which on account of a different significance given to
the primitive concepts, the axiom in question does not hold,
while all the other axioms remain true. This pseudo-system is
then either recognised to be free from contradiction or is proved
to be so. From this we conclude that the axiom in question is
independent of the other axioms, for if it could be deduced from
the others, then it should also hold in the pseudo-system.

From this application of the independence problem, we see
its close connection with the problem of consistency. For, as we
have seen above, to prove a system of axioms independent is to
prove that a certain pseudo-system is free from contradiction, e.g.
by the actual realisation of that pseudo-system.

The parallel axiom of Euclidian geometry was finally proved
to be independent only when Felix Klein was successful in
establishing a correspondence between the points and lines of a
non-Kuclidian geometry with certain objects of the Euclidian
geometry in such a way that the consistency of the Euclidian
geometry implied that of the pseudo-geometry.

Along with independence, there is a second and more
important property which is aseribed to a system of axioms. This
is the property of completeness. The completeness of a system
of axioms implies that it must contain the whole theory to be deve-
loped in such a way that every question which can be asked in
terms of the basic ideas must be capable of being answered in one
way or the other by pure deduction from the axioms. Such a
characteristic of the system would mean that no further axioms
can be added to it, so that the system is ‘‘complete’’. This question
is closely connected with the Decision Problem; and since the
earlier belief that every mathematical problem can be solved
positively or negatively, does not appear to be true or at least
self-evident, it may be expected that the problem of deciding
whether a given system of axioms is complete or not is in the
very nature of things very difficult.

The problem of completeness can be stated thus: Let A be any
proposition concerning any system of axioms. In order that the
system be complete it is necessary that either the truth or the
falsehood only of A shall be consistent with the system, and not
each of the two possibilities. Here it is quite immaterial
whether the truth or falsehood of A has been actually determined
by deduction or that the possibility of such a deduction has been
only theoretically established.
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The problem of the independence and completeness of axioms
has a vital significance because it is through these that the
axiomatic method can claim that economy of thought, which,
according to Ernst Mach, is the ultimate goal of all science.

But the most important, and also the most difficult problem
for the mathematician is the proof of the consistency of his
axioms, that is, the proof that the axioms are individually and
mutually free from contradictions.

When the Greek mathematicians, such as Euclid tried to
develop geometry on the basis of axioms, the problem of freedom
from contradiction must have possessed no significance for them.
The primitive ideas about which the axioms asserted something
were taken over from life, and the axioms were considered to be
partly analytic judgments and partly as facts of immediate
experience or intuitions. Considered in this light, they did not
appear to need any formulation, and being evident they could not
lead to any contradictions. Such a consideration appears to us
today to be quite unsatisfactory, partly because our belief in the
infallibility of our experience and intuition has been shaken by
certain mathematical facts, like the non-Euclidian geometry, or
the continuous non-differentiable functions. Another cause which
has caused this dissatisfaction is that we have no right to trust
our immediate intuition considering the development which has
taken place in connection with the choice of axioms out of a
large number of propositions. If we want to select a number of
theorems from any science, e.g. Geometry, or Algebra, or Theory
of sets, in order to consider these selected theorems as a system
of axioms, then, as stated above, we have to take care that the
system is as independent and complete as possible. We are still
at liberty to chose any of the theorems as axioms. In practice,
the axioms are selected more or less in the following manner :
The simplest theorems about which there is a certainty that all
other theorems can be deduced from them are investigated in
the light of the general and simple propositions that they contain.
If these propositions, apart from being evident, or from agreeing
with experience and intuition, are sufficient in order that the
primary theorems can be deduced from them, then these propo-
sitions are taken to be axioms. These criteria of generality and
simplicity have evidently a relative value, and it is therefore not
surprising that the axiomatisation of a science is a matter of time
and taste, and can never be unique.

For instance, if one considers the elementary plane Geometry
or Algebra (so far as it deals with the theory of equations), it
will strike him that in Geometry the Pythagoram theorem and in
Algebra the fundamental theorem (of the existence of a root) are
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more general and comparatively simpler than many theorems of
these sciences. He would therefore be right in laying down
these theorems as axioms. But on closer consideration it has been
found that each of these theorems can be reduced to still more
general propositions, more general in the sense that the new
propositions allow us to deduce not only the Pythagorea theorem
of Geometry and the fundamental theorem of Algebra, but also
other equally general theorems. It will be an advance, then, if
we take these new propositions as axioms, and consider the old
axioms as theorems to be proved with the help of the new axioms.

Here the question arises whether the axioms are individually
free from contradiction and mutually consistent. It is not suffi-
cient to show that each individual axiom is free from contradic-
tions, for it is quite possible that in a system each individual
axiom may in itself be free from contradiction, while they may
not be mutually consistent, and thus may lead collectively to
contradictions. We shall illustrate this by an example.

Two simple geometrical thecorems the truth of which can be
established in their proper domains are :

(1) ¢ An external angle of a triangle is equal to the sum of
the two internal angles not adjacent to it”’.

(2) ‘“ Each pair of straight lines lying in the same plane
has a common point”’.

If we take these two theorems as axioms in a certain geometry,
in which points, lines and planes have the usual significance, we
shall soon come across many contradictions. These contradictions
arise from the fact that the two theorems are not consistent with
each other, for on account of the 1st theorem it is possible to
find two straight lines which have no point in common.

In this example, the contradiction is known to us from the
beginning, and this knowledge prevents us from taking two such
axiom simultaneously in the geometry. But in a system of
axioms which through lack of knowledge appears to us to be free
from contradiction how can we be sure of this fact?

For the mathematician this question of the proof of freedom
from contradiction is a very acute one, and it takes a predomi-
nant part in the mathematical literature of the day. We are
again indebted to Hilbert for a satisfactory solution of this
problem in most of the cases. This solution consists in that the
definitions and relations of the science in question (e.g. Geometry)
are arranged in one to one correspondence with those of another
science (e.g. Arithmetic) which has already been proved to be
free from contradictions. The arrangement is such that every
theorem of Gieometry is transformed into a corresponding theorem
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of Arithmetic. Now if the axioms of Geometry contain a co