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PREFACE

THE quantum theory of solids has sometimes the reputation of being
rather less respectable than other branches of modern theoretical
physics. The reason for this view is that the dynamics of many-body
systems, with which it is concerned, cannot be handled without the use
of simplifications, or without approximations which often omit essential
features of the problem. Nevertheless, the theory contains a good deal
of work of intrinsic interest in which one can either develop a solution
convincingly from first principles, or at least give a clear picture of the
features which have been omitted and therefore discuss qualitatively the
changes which they are likely to cause.

In this introduction to the subject I have concentrated on the funda-
mental problems, on the known methods for solving them in suitably
idealized situations, and on the important basic problems still awaiting
solution. Recent literature has tended to concentrate on the practical
aspects, including the discussion of the properties of specific substances,
and it seemed therefore useful to stress the fundamental aspects.

The book is, in the first place, addressed to theoretical physicists, but
it should also be useful to experimentalists with a working knowledge of
quantum mechanics who want to understand the basis of the models
customarily used in dealing with the properties of solids. The book
developed from notes which were prepared for a course given in 1953
at the Les Houches summer school in theoretical physics (under the
auspices of the University of Grenoble).

The order in which the material is presented was determined by
convenience of exposition rather than by the history of the subject.
No attempt has been made to give credit to the original authors. Their
names can be found in the more detailed review articles and textbooks
which are quoted in the bibliography.

Some branches of the theory of solids have developed to such an extent
that it was impossible to do them justice within the scope of this small
volume. In particular, crystal structures and binding energies, the
strength and plasticity of solids, and the electric breakdown of dielectrics
are amongst the important topics which have been omitted completely.

T would like to acknowledge my indebtedness to the organizers of the
summer school at Les Houches, and in particular to its director, Mrs.
Cecile De Witt, for the invitation which provided the occasion to tidy



vi PREFACE

up my ideas about the subject. Discussions with many members of the
summer school helped in getting some points stated more clearly. I also
received a good deal of constructive criticism from several research
students at Birmingham, particularly J. B. Taylor, W. Marshall, and
D. A. Greenwood. The latter also very kindly assisted with the proofs.
Finally, I would like to express my thanks to the publishers for help in

many ways, and to their anonymous proof-reader for many useful
suggestions about wording.

R.E.P.

BIRMINGHAM
July 1954
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I
CRYSTAL LATTICES. GENERAL THEORY

1.1 Introduction. Examples of structures

By a solid we usually mean a substance which shows some stiffness
under shear. Normally such substances have a crystalline structure,
and, for the purposes of this book, we shall limit ourselves to crystalline
solids. This excludes glasses, and I shall not discuss the question
whether glasses should properly be regarded as solids, and which of our
results, if any, may be applicable to them.

A crystal lattice may be constructed by repeating a ‘unit cell’, which
may consist of one or more atoms, periodically. The vector leading from
a point in one unit cell to the corresponding point in another is called a
‘lattice vector’ and can be represented as a linear combination with
integral coefficients of a small number of basic lattice vectors. The set
of lattice vectors determines the ‘translation group’ of the lattice. All
lattices with the same translation group differ by having different unit
cells; the simplest of them has just one atom in the unit cell. The transla-
tion group is therefore often specified by the name of this simplest
lattice belonging to it.

I shall make no attempt to give a complete list of even the more
important types of lattices, but I shall give a few examples, which will
be used later as illustrations.

We start with cubic lattices, which are defined as remaining un-
changed if rotated by 90° about any one of three mutually perpendicular
axes. It is then clear that the basic lattice vectors can be stated most
simply in relation to these cubic axes.

(@) Simple cubic lattice. The unit cell has a single atom, the basic
lattice vectors are three vectors of equal length a in the directions of the
three cubic axes. In other words, taking Cartesian coordinates along
these axes, the basic lattice vectors are

(@,0,0), (0,a,0), (0,0,a),

the general lattice vector, and hence the position of any lattice point
relative to a given one, being

(nl a, '"'2 a, ”a a’)

with arbitrary integers (positive, negative, or zero) n,, n,, n,.
8595903 B
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() Body-centred cubic lattice. One atom per unit cell. Basic lattice
vectors

(@,0,0),  (0,a,0), (0,0,a), (3a, a, }a).

It is evident that twice the last vector equals the sum of the other three,
80 that the most general lattice point is either

(nl a, 7&2 a, g a)

or ((nl'}"';‘)a': (n2+%)a" (n3+ %)a’) *

The first set of points forms a simple cubic lattice, the second consists
of all the centres of the cubes formed by adjacent points of the first set,
hence the name.

One can look at this lattice as having the translation group of the
simple cubic lattice, and two atoms in the unit cell, and sometimes this
may be convenient, but by doing so one obscures important relation-
ships, because it looks as if the distance between the two atoms in the
unit cell were arbitrary, whereus to preserve the cubic symmetry the
lattice must be exactly as above.

(c) Face-centred cubic lattice. One atom per unit cell. Basic lattice
vectors

(@,0,0),  (0,6,0), (0,0,a), (3a,4a,0), (4,0, }a).
The most general lattice point is

(nl a, Ny, ng a’) or ((nl"{'%)a’ (n2+%)a’ N3 a’)’
or  ((m+i)e, ma, (g+1)a) or (mya, (ny+i)a, (ngt-ba),
or, expressed differently,
(%nl a, %’nz a, %na a):

with n,, n,, ny integers of which either one or all three are even, i.e.
My+7ny+-ny; must be even. This lattice consists of a simple cubic one
and added to it the centres of the faces of each cube. It has the property
that, for given distance between neighbouring lattice points, the number
of lattice points per unit volume is as large as possible. It is therefore
called ‘close-packed’, because it describes an equilibrium arrangement
of hard spheres packed tightly together.

These three lattices cover all the cubic translation groups.

(@) Simple hexagonal lattice. One atom per unit cell. The basic lattice

vectors are two sides of an equilateral triangle, and a third vector at
right angles to the plane of the first two. In Cartesian components

(a, 0, 0), (3a, $43a, 0), (0, 0, b).
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The ratio b/a is not restricted by the symmetry. The general lattice
point is, accordingly,

((ny+3ny)a, 3V3n,a, nyb),
or, expressed differently,
(ny.3a, ny.443a, ngyb),
where n,, n,, n, are integers (positive, negative, or zero), such that n,
and n, are either both even or both odd.

As an important example of a unit cell containing more than one
atom, consider the NaCl type lattice. This is a simple cubic lattice in
which alternate points are occupied by positive and negative ions (e.g.
Na+ and Cl-) respectively. Since these are not identical, the translation
group consists only of those displacements which lead from a positive to
another positive ion. It is easy to see that this is the translation group
of the face-centred cubic lattice, with a spacing equal to twice that of

the simple cubic lattice occupied by all the ions together. Hence the
unit cell may be taken to consist of

one positive ion at (0, 0, 0),
one negative ion at (}a, 0, 0),

with the face-centred cubic translation group described above.
This gives the lattice sites

(3n,a, in,a, Inza) for positive ions,
(3(ny+1)a, §n,a, nga) for negative ions,

again with the restriction that n,+n,-4-n; must be even. The second set
can be covered by the same formula as the first, provided we take
7, +ny-+n3 to be odd, and in this form it is evident that the sites of all
ions form a simple cubic lattice of spacing 3a.

Although in this case the unit cell contains two atoms, their spacing
is not arbitrary, but is related to the cubic symmetry. If the positive
ions were moved relatively to the negative ones, a structure of much lower
symmetry would result.

As a further important example, consider the hexagonal close-packed
structure. This is obtained from the simple hexagonal lattice by adding
a further plane half-way between the original triangular networks, with
lattice sites in the positions corresponding to the centres of one-half
of the original triangles.

The unit cell now consists of atoms at

(0,0,0) and (}a, }¥3a, 3b),
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so that the general lattice point becomes
(in,a, InyV3a, n3d) and  (}(ny+1)a, $(ny+3)V3a, (n34-3)b).

The reason for having to use a unit cell of two atoms is that the distance
between the two cannot be regarded as a lattice vector, since its repetition
does not lead to a site occupied by another atom. As before, any altera-
tion of the distance between the atoms in the unit cell, without changing
the translation group, would reduce the symmetry. However, the ratio
b/a is still arbitrary. For the particular value
bla = ,J§ = 1-632

each atom is surrounded by twelve neighbours at the same distance.
This again makes such a pattern suitable for packing hard spheres closely
together, the density being, in fact, the same as for the close-packed
cubic structure. This property accounts for the name of the lattice, but,
unless we are actually dealing with hard spheres, the particular value of
b/a is of no significance.

These examples may suffice to illustrate the description of lattices.
In general, we have to specify the structure of the unit cell, containing
r atoms, by listing their positions,

d,, d,,..., d,
relative to some origin in the unit cell, and to lisv the lattice vectors a,,
where the suffix n stands for a set of numbers as in the examples. The
general position of a lattice point is then
d;+a,. (1.1)
Sometimes it is convenient to choose a unit cell larger than necessary,

and then to have all translation vectors equal to integral combinations
of three basic vectors, so that the lattice sites are

d;+nia +nya,+n5a;, (1.2)
where the »’s are arbitrary integers. For instance, in the body-centred

cubic lattice described before, a,, a,, a, are vectors of length a in the
direction of the coordinate axes, and

d, = (0,0, 0), d, = (}a, 30, }a).

1.2. Dynamical problem. Adiabatic approximation

We next turn to the question of the forces which hold the atoms at
or near the sites of a regular crystal structure, and for this we first have
to find variables in terms of which the problem can be stated.

1 Symbols in bold type indicate vectors or tensors.
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The atoms which constitute a solid consist of nuclei and electrons.
For a description of the state of the solid it is not, however, necessary to
specify the state of all the Z electrons of each atom, since we can eliminate
most or all of them by a principle that is familiar from the theory of
molecules.t Since the atomic nuclei are much heavier than the electrons,
they move much more slowly, and it is therefore reasonable to start
from the approximation in which they are taken to be at rest, though
not necessarily in the regular positions. Then, if we use R as a symbol
for all the position vectors of the N nuclei R,, R,,..., Ry, we may imagine
the Schrodinger equation solved for the motion of n electrons, with
coordinate vectors ry, r,,..., r,, collective symbol r, in the field of the
nuclei in the configuration R. The resulting wave function will be a
function of the 3n variables r, and contain R as parameters. The energy
eigenvalue will similarly contain R as parameters. We may therefore
define the lowest energy value Z,(R) and the corresponding eigenfunction
Jo(r, R). If we now go over to the real problem in which the nuclei are
not held fixed, we may try the assumption that at any time the state of
the electrons is described by the same wave function, inserting for R the
positions of the nuclei at that time. We then merely have to describe
the state of motion of the nuclei by a wave function ¢(R), and therefore
the wave function of the whole system appears in the form

¥(r, R) = $(R).4(r, R). (1.3)
This is known as the ‘adiabatic approximation’, since the function
Jo(r, R) represents the variation of the electronic state upon adiabatic
changes of the parameters.

The condition for (1.3) to represent a good approximation to the
solution of the complete Schrédinger equation is usually discussed in
the theory of molecules, and one knows that the condition is

U#ll £ AE, (1.4)
where U is the velocity of the nuclei, 7 is Planck’s constant divided by 2,
lis the distance by which the nuclei have to move to produce an appreci-
able change in (r,R), and AE is the difference of the first excited
electron level, at fixed R, from the ground state. One verifies easily that
for the inner electrons (e.g. the K shell) this condition is always satisfied.

It may be satisfied for all electrons. This can be the case when the
solid is built of chemically saturated units. The simplest such case is
that of a solid inert gas such as He, Ne, A,..., when the right-hand side
isseveral electron volts, and the left-hand side considerably less. Another

t See, for example, Slater (1951), Appendix 18.
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typical case is that of an ionic lattice like NaCl, in which each of the
ions has again a closed-shell configuration. Another case covered by
this approximation is that of a molecular solid, like solid H,, in which
each molecule has a saturated electron configuration and a finite excita-
tion energy. A somewhat more complicated example is that of diamond,
in which the carbon atoms seem to have homopolar bonds, as in an
organic molecule, so that one may again regard the electron state as
saturated, but cannot express this in terms of small saturated sub-units.

As an example in which the adiabatic approximation is bound to fail,
consider the case of an alkali, like Na. Here each atom is unsaturated,
in the sense that it contains a free spin, which is capable of two different
orientations with the same energy. N atoms put together will therefore
have 2V states with very similar energies. (The energies will differ some-
what because of the interaction between the atoms, and this is a problem
which we shall discuss in detail later on.) If there are that many states
within a finite energy interval, their distances are bound to be negligibly
small, and the inequality (1.4) cannot hold.

In such cases a complete description of the state of the system must
include some electronic variables. It is sufficient, however, to include
only the outer electrons in this description. Indeed, once we take away
the valency electrons, the remaining ions will form closed shells without
degeneracy and with a finite excitation energy. We may therefore, in
general, apply the adiabatic approximation to the ions, and imagine the
system described in terms of the positions of the ions and of the valency
electrons.

In some cases the division between ion core and valency electrons
may be ambiguous, or we may be in doubt whether the adiabatic approxi-
mation is valid for the last closed shell. We may then always include the
electrons of that shell in our description, and we shall see that many
qualitative conclusions, at any rate, are not affected by this.

The division I have sketched here is, of course, precisely the division
between metals, which contain ‘free’ electrons, and non-metals, in which
all electrons are part of saturated structures. It does not, however,
follow that we can predict the nature of a solid immediately from the
properties of the atom. For example, the reasoning given above for an
alkali would not work if in fact it formed a molecular lattice. Molecular
solid Na, in which pairs of atoms form saturated units, exists no doubt in
principle, but it is less stable than the ordinary form. To be sure that
alkalis are metals we must therefore either fall back on our empirical
knowledge that in ordinary conditions they do not form molecular
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lattices, or attempt a quantitative estimate of the energy of the mole-
cular as compared to the metallic form.

Even in a non-metallic crystal, the adiabatic approximation will be
valid only for the electronic state of lowest energy. If we visualize an
excited state simply as the excitation of one atom, it is clear that there
will be N such states of very similar energy, since any one of the atoms
may be excited. Hence the inequality (1.4) is again bound to fail. This
problem arises in connexion with the optical spectra of non-metallic
crystals, and we shall return to it later.

For the present we shall therefore restrict ourselves to the ground
state of a non-metallic crystal, when the adiabatic approximation (1.3)
describes the whole system. The function ¢(R) for the motion of the
nuclei then satisfies a Schrodinger equation in which the potential con-
sists of the electron energy E (R) and of the direct electrostatic inter-
action between the nuclei. Altogether this will amount to a potential
energy U(R).

1.3. Equilibrium

We shall find that, in the problem of the motion of N nuclei under the
influence of the potential U, quantum effects are negligible if the tempera-
ture is not too low. We therefore begin by discussing the classical
problem. Classically the state of lowest energy of the system is obtained
by having all nuclei at rest in a configuration which will make U/ (R) least.

It is to be expected that this most stable configuration will turn out
to be one of the lattice structures discussed before. The most stable
arrangement is characterized by the following conditions:

(@) It is an equilibrium configuration, i.e. the force on each atom

vanishes.

(b) It isin equilibrium against macroscopic displacements, i.e. com-
pression or expansion and shear of the whole lattice (this condition
is not a consequence of (a)).

(c) The equilibrium is stable, i.e. the forces will tend to reverse any
small displacement, and similarly any change of lattice constant
or shear.

(d) All other configurations which satisfy conditions (a), (b), (c) have
higher energy.

Of these conditions (z) is automatically satisfied in any structure in
which each atom is a centre of symmetry, i.e. in which the reversal of
all coordinates, with any given atom as origin, leads to an identical
lattice. In that case it follows at once that the change of potential
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energy caused by displacing an atom by a small amount must equal the
change caused by moving it by the same amount in the opposite direction.
Hence the change must be an even function of the displacement, and
its derivative, which is the force, must vanish in the original position.

All the simple lattices listed above have a centre of symmetry in each
atom, except the hexagonal close-packed lattice. In the latter case,
there is mirror symmetry about a plane parallel to the first two axes
and about three planes, through the third axis and forming angles of 60°
with each other. From this symmetry it can again be proved that each
atom is in equilibrium.

Similarly, the cubic symmetry implies that the energy must be an
even function of any shear, and hence (b) follows for any cubic crystal,
except for the change in lattice constant. However, the lattice constant
is a variable, and while we cannot hope to prove that a lattice is in equi-
librium for an arbitrary vale of a, there will, in general, be a particular
value of a for which this is truc  Evidently this is the value for which the
potential energy of the crystal is a minimum. Now the potential energy
U(R), regarded as a function of a, tends to 4o as a - 0, because all
atoms repel each other strongly at very close approach. On the other
hand, it tends to the energy of isolated atoms (or ions, as the case may
be) as @ - c0. As long as the forces are attractive for some value of a, so
that, for some a;, U(a,) < U(), it is clear that a minimum must exist.

The reasoning for the hexagonal lattice is similar, except that the
symmetry would still permit a non-vanishing shear strain, oriented so
as to tend to compress the lattice in the plane of the first two axes, and
to expand it along the third, or vice versa. This amounts to a change
of b/a, and again there will be some value of this ratio for which the
potential energy is least.

We see therefore that under very general assumptions about the
nature of U(R) there exist lattices of each of the principal symmetry
types which satisfy conditions (a) and (b), so that the lattice is in equili-
brium. Condition (c), the stability of the equilibrium, requires a better
knowledge of the forces, but can be verified in very many cases.

Condition (d), which distinguishes the absolute from any relative
minimum of U, is much the hardest. It is in general possible to examine
the more obvious alternative structures and compare their energies, but
it is hard to rule out the possibility that some other, perhaps less regular,
structure might have lower energy still. In fact, from time to time papers
appear in which the authors claim to prove that the true equilibrium has
a ‘mosaic structure’, i.e. a periodic distortion of a regular lattice with a
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period of perhaps a few thousand lattice constants or more. So far all
these specific attempts have been disproved and we shall take it for
granted that the most stable form of a solid is the perfect crystal lattice,
though in practice, of course, it is impossible to attain perfection and,
no matter how carefully a crystal is grown, some imperfections will
remain.

1.4. Types of binding

A full review of our knowledge of binding energies and stability of
lattices would be beyond the scope of this treatment, but, since we
shall frequently have to refer to some properties of the potential energy
function U(R), it is useful to discuss briefly the most important cases.

The most important types of force are as follows:

(@) Electrostatic forces. In an ionic crystal the attraction is mainly due
to the Coulomb interaction between point charges. This is particularly
amenable to calculation, and a great deal of work has been done on it.
The force is a ‘two-body’ force, i.e. the interaction between two given
ions isindependent of the positions of any other ions that may be present.
It is a central force, i.e. the potential energy describing the interaction
between two ions depends only on their distance, so that the force acts
along the line joining them. It is not a short-range force, since the varia-
tion of the potential (which is proportional to the inverse distance) is
rather slow, so that the force on any ion is not predominantly due to its
nearest neighbours. For the total binding energy of an ion the effect of
distant ions is even more important.

(b) Vander Waals forces. This name describes the effect that a neutral
and isotropic atom can acquire a polarization under the influence of an
electric field, and even two neutral isotropic atoms will induce small
dipole moments in each other, due to the fluctuating moments which
they possess because of the existence of virtual excited states. As a
result, we obtain a potential between an ion and a neutral atom propor-
tional to the inverse fourth power of the distance (the electric field of the
ion is proportional to 72, the induced dipole is proportional to the field,
and the energy proportional to the product of the two) and a similar
correction term in the interaction of two ions. In the case of two neutral
atoms, the van der Waals potential is proportional to the inverse sixth
power of their distance. These power laws are valid asymptotically,
i.e. for distances large compared with the radii of the atoms or ions. Since
they decrease rapidly with distance, they are actually of importance
only for small distances, for which the asymptotic law is not valid. For
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this reason a rigorous description of these forces is difficult, and one is
mostly limited to qualitative reasoning.

The van der Waals force is a small correction in the case of ionic
crystals, but it is the main attractive force in the case of chemically inert
atoms like those of the inert gases, or the main attractive forces between
the molecules of a molecular solid like H,,.

It is not precisely a two-body force, since the moment induced in one
atom by a second will interact with a third, but in the case of neutral
atoms it may be regarded as a two-body force for large separation, when
the power laws mentioned above are valid. In the two-body approxima-
tion it is also a central force, and it is certainly of short range, so that in
general the effects of any but the nearest neighbours are negligible.

(¢) Homopolar binding. These are forces like those effective in homo-
polar molecules, and we know they are due to the exchange of electrons
between the atoms. In molecular crystals (H,, Cl,, etc.) these bonds can
easily be localized and we can start from a description of the molecule
by the methods of quantum chemistry and then add the relatively weak
forces between different molecules. In other cases, however, such as
diamond or graphite, each atom shares some valence electrons with
each of its neighbours, and it is therefore not possible to single out any
given group of atoms that may be regarded as chemically saturated.
The quantitative discussion of such forces is not easy. They are probably
short-range forces, and, once the bonds have been definitely allocated to
pairs of atoms, they may be regarded as two-body forces. They are not,
however, always central forces. Ina diatomic moleculelike H, the energy
of the chemical bond will depend only on the distance of the two atoms,
but, for example, in the graphite or diamond lattice there is a strong
tendency for the neighbours of any given carbon atom to arrange
themselves in a definite pattern (as there is in an organic molecule)
and there is a force resisting the lateral displacement of any of the
neighbours.

(d) Owverlap. If two atoms approach so closely that their electron
shells overlap, then there is a strong repulsive force between them.
This force is in part electrostatic in nature, since the positive charges of
the nuclei are no longer completely shielded from each other, and in part
due to the Pauli principle which prevents the electrons from occupying
the same part of space without raising their kinetic energy. In this latter
respect they are the counterpart of the homopolar forces for the case
when no free valency bond is available. These forces may be regarded
as central, two-body forces of short range.
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(¢) Metallic bond. While we have, for the present, excluded metals
from our discussion, it is worth noting that in the case of a metal the
presence and motion of the conduction electrons is an important factor
in holding the crystal together and in determining its structure. It will
be convenient to return to this problem when we know more about
conduction electrons, but it is useful to remember that the electrons are
free to move over considerable distances, and that their motion is
influenced by the arrangement of all atoms they pass, so that the result-
ant energy is not in the least likely to yield a two-body force, or a central,
or short-range, force. This will turn out to be the reason why in metallic
elements the stable lattices may be of a very complex kind, quite unlike
the examples of high symmetry which were mentioned before.

1.5. Atomic vibrations. Classical mechanics. Linear chain

In practice the atoms even of an ideal crystal lattice will not sit
exactly at their equilibrium positions, because of their thermal agitation
and for other reasons. We are therefore interested in their motion when
near equilibrium. This motion can easily be described for the most
general case, but the need for a general notation then tends to obscure
the picture, and I shall, therefore, first describe a simple example, the
linear chain.

Assume N atoms each of mass M, free to move along a line. It is
assumed that the potential energy U is lowest when they are regularly
spaced, the distance between any two neighbours being a. Let u, be
the displacement of the nth atom from this equilibrium position. We
may then assume U expanded in a Taylor series

U— UO = Z ’%An,n' Up U+ 2 ,%Bn,n’,n' Up Uy Uy, (1.5)
nn nnn

where A, .. = Ay, Byyge == Byyas ete. U, is the potential in
equilibrium. There are no linear terms since all first derivatives of U
must vanish in the equilibrium configuration. The ratio of the coefficients
A to the coefficients B is of the dimension of a length, and for reasonable
forces this is likely to be of the order of the interatomic distances ; the
second term on the right-hand side is therefore small if the atomic
displacements are small compared witha. Thisis truein ordinary crystals
even at the melting-point, and we can therefore neglect the cubic (and
higher) terms, except for certain problems which are entirely dependent
on these terms, and to which we shall return.

Neglecting these terms for the present, we find the equations of motion

M'Iin = — 2 An’n:un:. (1.6)
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We note two important properties of the coefficients. Firstly, the force
between two atoms which are each displaced by a given amount depends
only on their distance apart, i.e. on the difference between their serial
numbers n and »’. Hence

A, = A(n'—n), A(n'—n) = A(n—n'). (1.7)
Secondly, the forces do not change if all atoms are displaced by the same
amount in the same direction. This requires

> A(n'—n) = 0. (1.8)

We now look for the normal vibrations, i.e. motions in which all atoms
vibrate with the same frequency w radians/sec. We may write

U, (1) = ud e—tt, (1.9)
The complex notation is used here only for mathematical convenience,

and we shall, of course, in the end build up real solutions from complex
functions of the type (1.9). This gives the equation

Mo®uld— > d(n'—n)ud, = 0. (1.10)

d

This is a difference equation with constant coefficients for which the
solution can be found by a well-known argument.
If we make the substitution

n—>ntl,
the equation (1.10) remains unchanged. Hence any solution must still
be a solution after we have performed the substitution. This new
solution may be either essentially identical with the old one, or different.
In the first case it can still differ by a constant factor, so that
Upyy = €U, (1.11)
which is general provided we do not for the moment require f to be real.
If, on the other hand, the new solution is not proportional to the old one,
it follows that the equation has at least two independent solutions, and
this freedom can then be used to build linear combinations (which are
still solutions) which do satisfy (1.11).
Taking our solutions in this form, we have evidently

9 = constant X ei/"a, (1.12)

and on inserting in (1.10)

Mw? = g A(l)eifla = zz A(l)cos fla, (1.13)

where in the summation we have written [ for n'—n, and the last equality
follows from the symmetry of the coefficients. We note, firstly, that n
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has disappeared from the equation, so that we have reduced the set of
equations (1.10) to a single one, thus justifying the form (1.12), and we
also see that (1.13) gives us for any f a definite value of w2, with

w*(f) = w*(—f).

We must now consider what are permissible values for f. This depends
on what we assume about the ends of the chain. Strictly speaking, our
rule (1.7) is valid only for an infinitely long chain, since the forces on
atoms near the end are different from those in the middle of the chain.
In fact, with realistic assumptions about the forces, even the equilibrium
distances will be disturbed near the ends. We can avoid these complica-
tions by imagining the atoms arranged on a large circle so that the last
atom, n = N, is again a distance @ from the first, n = 1. It is clear that,
forlarge NV, the properties of such a cyclic chain will not differ appreciably
from those of a chain with open ends, the difference being a specific end
effect which can be discussed if necessary. Then our rule (1.7) is rigor-
ously valid, but the displacements must obey the condition

Upny = %, (cyclic condition) (1.14)
since the serial numbers # and n+ N belong to thesame atom. (1.14) with
(1.12) shows that ¢itNa — 1, (1.15)

so that f is equal to 2/Na times an integer.

On the other hand, since f occurs only in the combination ei/na,
nothing is changed if we add to f a multiple of 2#/a, and we can use this
to restrict f to the interval

—2<f<z. (1.16)
There are evidently just NV values of f in the interval (1.16) which satisfy
(1.15).

Consider now the frequency w as a function of the ‘wave number’ f.
For the particular value f = 0, w? vanishes, as one can see from (1.13)
if one remembers (1.8). Since, by (1.13), w?is an even function of f, its
expansion for small f will in general start with a term proportional to f2,
so that, for small f, w is proportional to |f|. This means that when the
wavelength is large compared with a the vibrations represent waves with
constant wave velocity.

For any f we know that w? is positive, i.e. w real. Otherwise there
would exist a solution in which (1.9) would rise exponentially in time,
i.e. in which the displacement from equilibrium would increase indefi-

nitely. This would merely show that the equilibrium was unstable, and
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that we have not started from the correct stable equilibrium of the
system.

A particularly simple case is that in which the force between any but
the nearest neighbours is negligible. In that case it is easy to see that
A(l) = 0, unless I = 0 or +1, and that, from (1.7) and (1.8),

A(1) = A(—1) = —}4(0),
so that Mw? = A(0)(1—cos fa),
w = (24(0)/M)t|sin fa/2|.

From the solutions thus obtained we can now build up the general
solution of the original equation (1.6).

Let . u, = 2 q,€na, (1.17)
7

where the sum is taken over all values of f permitted by (1.15). Then the
equation of motion for each of the ¢, is

4t w*(f)gy = 0, (1.18)
so that they are, indeed, normal coordinates. They will, in general, be
complex, and, to ensure that u, is real, we must have

g =g, ‘ (1.19)
where the asterisk stands for the complex conjugate. Thus only one-
half of the N variables ¢, are independent, but, since each of them is
complex and contains two real variables, the number of degrees of free-
dom is just right. (To be precise, (1.19) restricts g, and qala O be real,
but they are then independent of other coordinates.)

1.6. Atomic vibrations. Classical mechanics. General solution
We now extend the results of the preceding section to the general case.
Let u,, ; be the displacement of the atom which belongs in the jth place

of the unit cell which is reached by the lattice vector a, from the origin.
Then we have, in place of (1.5),

U— Uo = jz]l nzn,%Aj,n:j’,n’ W) uj'.n’+
+ 2 2 3By WUy Uyrgee (1.20)
3,33” n,n’,n
Here A and B are tensors of second and third rank respectively, linking
the components of the vectors u which follow.
It is again true that the A are symmetric in their indices according

to their definition (1.20) and depend only on the relative positions of
the relevant unit cells:

Ajngw = Ajplag—ay) = Ay (a,—ay), (1.21)
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and again a homogeneous displacement of all atoms in any given direction
causes no change:

g J'Z Aj_,'(an—anl) = O. (1.22)
The equations of motion are
J‘Ifﬁf.n = - ’2 g Ajd‘(an_an’)ui'.n” (1.23)

where M; is the mass of the atom in site j of the unit cell.

We again look for normal vibrations, and we use again the argument
that the normal modes either have, or can be chosen to have, the property
that upon any translation they multiply by a constant factor. The
analogue of (1.9) and (1.12) therefore readily appears in the form

j = eTieHilay, (1.24)

where f is now a vector. v, is the displacement of the jth atom in the cell
n=0att=0.
Inserting in (1.23) we find

7

u

Whel'e Gj,,l(f) = z Aj’j'(an)ei"“n. (1.26)

The last two equations are the analogue of (1.13). Whereas, however,
that equation contained the explicit answer to the problem, we are now
still left with (1.25) as a set of 3r homogeneous linear equations for the
3r displacements of the r atoms in a unit cell. (Remember that v is a
vector and G a tensor.) These equations have solutions only if the
determinant vanishes. This is a function of degree 3r in w2, and there
will in general exist 3r roots. It may again be concluded that all these
must be real and positive, since otherwise the equilibrium from which
we started could not have been stable.

To select the right values for f, we again choose a cyclic condition like
(1.14), although this no longer admits any simple physical interpretation.
The reason is that this gives us a system with the right number of
degrees of freedom, which differs from the real crystal only by surface
effects. We assume the crystal to be rectangular, having edges of
length L,, L,, L, respectively, along the three coordinate axes. Then
the cyclic condition requires that

ethLlr — gifsls — etfsLs — ]_’ (1_27)

so that the components of f must be real and multiples of 2xw|Ly, 2m|L,,
2m|Ls, respectively. The actual values of f are of little interest, since
their exact position is linked to the cyclic boundary condition, but



16 CRYSTAL LATTICES. GENERAL THEORY I

the important consequence of (1.27) is that the permitted values of f
are uniformly distributed over f space, and that their density is
L, L, Ly/(2m)3, i.e. V[(2w)3, where V is the volume.

Next we require the analogue of (1.16). f occurs only in the combina-
tion ei#s, where a,, is a lattice vector. Hence two vectors f and £’ describe
the same normal mode if ’

(f—f).a,

is a multiple of 27 for any n.
We introduce a set of vectors K by the requirement that

¢8 — ] for any n, (1.28)

and these again form a lattice (evidently the sum of two vectors satisfy-
ing (1.28) will also satisfy it). This is known as the ‘reciprocal lattice’.
It depends only on the translation group of the original lattice, not on the
structure of the unit cell.

For a simple cubic lattice, the reciprocal lattice is also simply cubie,
with lattice constant 2x/a, as one sees at once from (1.28) by inserting
the three basic translation vectors.

As another example, consider the cubic body-centred lattice. Here

a, = (%’”’1 a, %’”’2’1, %”3 a)
with n,, n,, n either all even or all odd. (1.28) then means that
K, 7+ Ky ny+Kyng = 4arja times an integer,

for any permissible set of n’s. Choosing for the n’s the particular cases
(2,0,0), (0,2,0), and (0, 0,2), we see that each of the components of
K must be an integral multiple of 2n[a. In addition, the case (1,1,1)
shows that K,+K,+ K, is an even multiple of 2nja. We have the
final result o

K= - (reqs K95 K3), (1.29)

where «y, «,, «3 are arbitrary integers whose sum is even. Thus the
reciprocal to a cubic body-centred lattice of spacing a is a face-centred
cubic lattice of spacing 47/a. Conversely the reciprocal of a face-centred
is a body-centred cubic lattice.

Returning to the definition of f, we see now that two vectors are
equivalent if they differ by a lattice vector of the reciprocal lattice. Now
we choose, of all these equivalent vectors, the one of the smallest magni-
tude. The values of f so selected will cover a region in f space defined as
follows: Draw in the reciprocal lattice the lines from the origin to all
other lattice points in the neighbourhood. Draw the plane which bisects
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each of these lines, and discard that half-space bounded by the plane
which does not contain the origin. This will finally leave a polyhedron
which we call the basic cell of the reciprocal lattice, and which contains
all our selected f values.

In a simple cubic lattice, this basic cell is a cube of edge 2x/a; in the
body-centred case it is a regular dodecahedron.

To sum up, the normal vibrations of a lattice can be expressed as pro-
gressive waves of the form (1.24) where f is a vector within the basic cell
of the reciprocal lattice. The density of permitted valucs for fis V/(2n)3.
For each given f, there are 3r different modes, corresponding to different
solutions of (1.25), in general with different frequencies w. We label these
solutions v(f, s) and the frequencies w(f, s), where s — 1,2,.., 3r.

The most general motion of the atoms can again be expressed as a
superposition (cf. 1.17)

Uin = 2 drs(t)e v (f, ), (1.30)
where the normal coordinates g satisfy the equation
G+ {w(f, 5)}%qys = 0. (1.31)

For some purpose it is convenient to separate gy, into the part which
has the time-dependence of (1.24) with positive frequency, and the part
with negative frequency. This amounts to separating the elastic waves
into those travelling in opposite directions. We write

% = QF, 8)+Q(f, —s), (1.32)
where Qf,s) = —iw(f, s)Q(f, s) (1.33)

with the convention that w(f,s) is negative when s is negative. Con-
versely,

1 ,
= ——— " {d(f,s)— . 34
Q(f’ 8) 2iw(f, S) {q(f’ S) ’Lw(f, S)q(f! 8)} (1 3 )
This last equation holds for both positive and negative s. The 6Nr vari-
ables @ may be used instead of the 3Nr variables ¢ and their time

derivatives. To avoid ambiguity we shall use the label ¢ in place of s in all
sums covering both positive and negative values so that

s=1,2,.., 3r }
o=+1,+2,., +3r)
1.7. Properties of normal vibrations

It is convenient to collect a number of mathematical and physical
relations that will be needed. Firstly it is evident from (1.26) that

G, (—1) = GJ;(f),

8506 08 (o}

(1.35)
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80 that the coefficients of (1.25) change to their complex conjugates upon
reversal of f. Hence the solution for —f can be obtained in the form

vi(—f£,8) = vi(f,s), (1.36)
and the reality condition for the atomic displacements u, according to
(1:30), 3 01 = s (1.37)
as in (1.19). Hence from (1.34) also

Q(—f, —o) = Q*(f, o). (1.38)

Different normal vibrations are orthogonal to each other in the
following sense:

3 3 Mv,(f, s)eitan}* {vy(f, 8" )eitm} = 0 (1.39)

unless f =f', s = ¢'.
To prove this, assume first that f 4 f. Then the summation over n
yields the factor 8= el (1.40)
n

That this sum vanishes can be seen in the following way. The summation
is extended over the whole lattice of the crystal. Now suppose each
lattice point of the crystal displaced by a particular lattice vector, say a.
This changes every lattice point into another lattice point (by the defini-
tion of lattice vectors) and therefore merely results in a re-labelling of the
terms of the sum. Thus the sum does not change. On the other hand,
each term in the sum is multiplied by the factor ¢®-D-2 and hence the
whole sum is multiplied by this factor on displacement. Hence

8 = Seit-n-a,

This means that either § = 0 or (f'—f).a is a multiple of 2~ as long as a
is any lattice vector. Using the definition (1.28), this shows that S
vanishes unless f'—f is a vector of the reciprocal lattice, and therefore
f’ and f are equivalent.

It remains to discuss (1.39) when f = f’. Then the sum over n yields
the number N of unit cells in the crystal, and (1.39) becomes

N > M;vif,s).vy(f,s).
J

Now it is easy to prove that this sum vanishesifw(f, s) 5 w(f’, s’), because,
if we multiply the conjugate complex equation to (1.25) by vy(f',s') and
sum over j, then subtract the corresponding quantity with f,s,q
interchanged with f’, s', —¢, the right-hand side cancels by virtue of
(1.21) and the left-hand side is the required sum multiplied by w?—w'2.
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If more than one normal vibration with a given f have the same fre-
quency, then the v(f,s) are not uniquely determined, since the set of
linear homogeneous equations (1.25) then has several independent
solutions. In that case we may, as usual, choose our basic set of solutions
in such a way as to satisfy (1.39).

The value of the sum (1.39) when f = ', s = s’ is at our choice since
the defining equation (1.25) leaves a constant factor free in v;. We
choose for the normalization of the solutions the convention

; M,|v(f,s)|2 = M°,

where M¢is the mass of a unit cell. Then we can express the orthogonality
and normalization in one equation

3 3 M6, ) s (v, o )l = MOyd,y,  (141)

where M) = N M¢ is the mass of the whole crystal of N unit cells, and
3¢ is the usual Kronecker symbol, i.e. is unity when f = f’ and zero
otherwise.

The content of equations like (1.41) tends to get obscured by the num-
ber of variables, and it pays, therefore, to use a shorthand notation where
possible. For this purpose we use a symbol v to stand for n, j, and the
three space directions, and ¢ to stand for f and s. Then if we let v, (¢$)
be one of the components of

vj(f: s)ez'l.an,
we can write (1.41) as

2 M, ui(d)o,($) = MV5yy. (1.42)
In the same way we can write the most general disturbance as
u, == EQ(‘?S)UV(‘ﬁ)’ (1.43)
and it follows from this and (1.42) in the usual way that
1
9($) = 35w 2, M, v B, (1.44)

If we insert (1.44) in (1.43), we find
M,
w, = D 0(8) D B
$ v

Since, for an arbitrary disturbance, the right-hand side must be identical
with the left-hand side, we find the ‘completeness relation’

MW
%vy(¢)v’3'(¢)= o o (1.45)

1 4 .
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which is also known to be a direct algebraic consequence of (1.42)
provided the number of values of ¢ is the same as that for v. (In our case
the number of values of either is 37N.)

We record, for future reference, the expression for the total kinetic

energy,
T=33Mu;=43 Mv¢§,v’5(¢)vv(¢')d*(¢>)Q'(¢'),
which, by (1.43), becomes
T= %M‘N’g g(¢)|* = %M‘N’g I4(£, 5)12, (1.46)

where in the last form we have reverted to the explicit notation. We
could similarly transform the potential energy, but its form is at once
evident from the fact that the equation of motion must be (1.31), which

requires U—U, = U™ Y {w(f, s)}2|q(f, 5) 2. (1.47)
f.8

Lastly we can introduce the variables @ by (1.32) and (1.33) and find
for the total energy

T+U—TUy = MO 3 3 {|Qf, 9)*+1Q(f, —5)[Hulh,5)}
= MV S5 (QE )Pl ). (143)

In the last form the sum extends over positive and negative ¢, by the
convention (1.35).

The actual solution of (1.25) and the determination of the normal
modes and frequencies is very laborious even if the force coefficients
A or G are known, and even for r = 1 it requires the solution of three
simultaneous equations for each f, corresponding to the three com-
ponents of v. However, for special cases the answer may be obvious,
for example when the direction of f has a simple relation to the axes of
symmetry of the lattice; e.g. in a cubic lattice, if f is in the direction of
one of the main axes, the solutions of (1.25) must have v parallel either
to the same, or to one of the two other axes, the last two cases giving the
same frequency. Similarly, if f has the direction of the space diagonal of
the cube, v is either parallel or perpendicular to f; in the latter case the
frequency does not depend on its orientation. Iff isin the direction of a
face diagonal, v is still parallel or perpendicular to it, but in that case
the two directions perpendicular to f and either parallel or normal to
the respective cube face have different frequencies.

Another case in which the solution is easy is that of infinite wavelength,
f = 0. We note that, for f = 0, the equations (1.25) have solutions for
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zero frequency. These solutions consist of a uniform displacement of
all atoms in the same direction, so that the vector v; is the same for
all j. Then the right-hand side of (1.25) vanishes, because as a con-
sequence of (1.22) and (1.26)

3. Gys(0) = 0.

Since the direction of v is still arbitrary, there are three independent
solutions of this kind. They are the only ones with f = 0 if we have a
simple lattice with » = 1. Otherwise there are still 3»r— 3 other solutions
of higher frequency. These represent vibrations in which the displace-
ment of corresponding atoms in different unit cells is the same, but the
atoms in the same cell move relatively to each other. It is easy to see
from the orthogonality to the zero-frequency vibrations that, in the
case of r = 2 (e.g. the alkali halides) the two atoms in a unit cell must
move in opposite directions.

Now consider the case of a small, but finite, f. The solutions will now
lie close to those for f = 0,1 in other words, there are always three modes
of vibration in which the frequency is small; though for » > 1 there are
also 3r—3 modes of high frequency. The low-frequency vibrations for
small f represent sound wavesin the crystal. Since for f = 0 the displace-
ments of all atoms in the unit cell are equal, it is evident that for small f
they will still be nearly equal. The three different solutions for a given
small f will therefore differ by the direction of this common displace-
ment. We can therefore speak of sound waves of three different polariza-
tions.

We know that in an isotropic medium sound waves can be longitudinal
or transverse, and that for a given direction of propagation the two
transverse waves have the same velocity, which, however, is less than
that of the longitudinal wave.

In the anisotropic crystal the three directions are in general neither
longitudinal nor transverse, and they correspond to three different
velocities. For special cases the situation simplifies. For example, if
in a cubic crystal f is in the direction of a main axis, the symmetry of the
structure requires that the solutions of (1.25) for small f approximate to
one longitudinal and two transverse positions, and that the frequencies
of the last two are equal.

Let us assume we expand the values of w? for which (1.25) has a
solution in powers of f; the constant term vanishes since we have already
seen that for f = 0 also w? = 0. The linear term vanishessince, by virtue

t Except in the case of the ‘optical’ branch of ionic crystals, see § 3.1.
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of (1.32), f and —f must belong to the same frequency. Hence the leading
term in w? will be proportional to f2, and for any fixed direction and fixed
polarization the frequency  is proportional to the wave vector f, and
their ratio, the velocity of sound, is independent of the wavelength,
though, of course, dependent on direction and polarization. From the
way this result was obtained, it clearly applies only in the limit of long
waves.

This is the region in which the theory of elasticity is applicable, and
in fact knowledge of the sound velocity is equivalent to knowledge of
the elastic constants.

1.8. Remark about elastic constants

A discussion of the problem of elasticity should, logically speaking,
have preceded the work on vibrations, but it was more convenient to
introduce our notation through the general vibration problem.

The general force constants 4, whose knowledge we have assumed in
(1.20), must define the elastic constants of the crystal. An elastic deforma-
tion is one in which the displacement varies slowly from cell to cell,
so that the u; , can be regarded locally as slowly varying functions of n.
Their dependence on j, however, will in general be complicated; as the
crystal is deformed, the different atoms in a unit cell will move by
different amounts. In general, this means that one still has to solve a set
of simultaneous equations of the type (1.25), and we shall not discuss
this problem in detail.

The situation is simple if we are dealing either with a simple lattice
(r = 1), or with a lattice (such as the NaCl type) in which the relative
position of the two particles in the unit cell is determined by symmetry
considerations even when the crystal is elastically deformed. I shall
elaborate only the case r = 1.

First, let us understand the procedure by looking at the case of the
linear chain. We therefore evaluate the quadratic term of (1.5) which,
remembering (1.7), may be written

U-U,=1% nfi A g . (1.49)

Here we may regard u,,,, as a continuous function of I, which can be
expanded in a Taylor series:

U-U,=1% % ; A(l)un(un-{-g%l-}-% %‘;l% ) (1.50)

We now carry out the summation term by term. The first term in the
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bracket contributes nothing because of (1.8). The second contributes
nothing because, by (1.7), A(!) is an even function of I. If we define

3 ZZ A2 = —Ela, (1.51)
we are left with
1 E du
U—-U,= —Q Py L (1.52)

Here the sum contains only quantltles which vary slowly, and we may
replace the summation by an integration,

_ du , du\?
U—U, = %Efu@dx- %Ef (%) dz. (1.53)

The boundary term vanishes because of the cyclic condition (1.14).

Equation (1.53) is the right expression for the elastic energy of a
linear chain, and E is its elastic constant. For the particular case of
interaction between nearest neighbours only, (1.51) gives

E = ad(1) = 3aA(0).
Since the mass per unit length is M/a, the velocity of sound waves is
given by a2d (0)
c —
oM’
which evidently makes ¢ agree with the ratio w/f for small f, as previously
calculated.

For the three-dimensional case with one atom per unit cell, we can
apply the same transformation to (1.20), with the result

U=Uy =14 3 Byer | (a“ 6“) (1.54)

pvor ox,, ox

where p, v, o, 7 each take the values 1, 2, 3 and refer to the three space
coordinates. The differential d?x is the volume element in three dimen-

sions, and %,,,, is an elasticity coefficient defined as

Eyvor = 557 > a,a, ()4, (@), (1.55)
1

where a,(1), a,(1) are the u and » components of the lattice vector ay,
and A4, is the o, + component of the tensor A. v, is the volume of a unit
cell.

We have not yet made use of the fact that the total potential energy
will evidently be unchanged if the crystal is rotated without change of
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form, and this implies a symmetry of E between u and o, and between
v and 7. Hence (1.54) may also be written

YL AL R

WV 0,7
which is the more familiar form expressing the elastic energy as a quad-
ratic function of the strain components.

The symmetry of the crystal gives rise to many identities between
these coefficients, and it is well known that in the case of a cubic crystal
only three of these coefficients are independent.

A case of particular interest is that of uniform compression, for which

ou, €

—_— = - ,‘40’

ox, 3
where 3, is the usual Kronecker symbol and € is the relative increase in
volume. The corresponding energy increase per unit volume is then, from

(1.54),
Z vy (1.57)

We can therefore find the bulk modulus (inverse compressibility)

k= 9 Z pwvpy = '1% ;l‘%a’p(l)Auvav(l)' (1.58)

1.9. Quantum theory

Before applying our results to practical problems, it is convenient to
derive the corresponding equations in quantum mechanics, so that we
can then obtain for each problem both the classical and the quantum
result.

As in all cases concerned with harmonic motion, the extension to
quantum mechanics is straightforward, since the important equations
(1.31) and (1.30) are still valid, except that the variables ¢ and u are now
to be regarded as operators. The u,,, being coordinates of a particle of
mass M;, satisfy the commutation law,

), (7' 0] = = 5 BB (1.59)

where o and 7 again specify the space directions. In addition every
commutes with every other u, and every % with every other 4.
Using (1.44),

[4*@), 48] = gz >, M M B)F) i ),
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which from (1.59) is

. M ,
—ih D ot @),
and with the orthogonality relation (1.42) this becomes
. , 7
[4%(#), 4(#")] = — 37084 (1.60)
which shows that ¢(¢) and M™j*($) are canonically conjugate variables.
This gives us the commutation laws of the @ introduced in (1.34):
)
*(f o)) —
[Qdt, o), @', 0")] = 2MWNy(f, o)
which, with the equation of motion

Q(f, 0) = —iw(f, 0)Q(f, o), (1.62)
determines the matrices of the Q.

These can be obtained at once from the remark that the relations
(1.61) and (1.62) for @ and @Q* are identical, except for scale factors, with
those for the quantities ¢ = §(x+(1/iw)#) and &*, where z is the co-
ordinate of a simple harmonic oscillator. By analogy we find that the
system is described by a set of quantum numbers N(f,s), defined for
positive s, which take non-negative integral values; Q(f,s) has a non-
vanishing matrix element only from a state with quantum number
N(f,s) to that in which N(f,s) has increased by 1, while all other
quantum numbers remain unchanged. This matrix element is

(V1@ 8)|N+1) = (N+1|Q*(f, 8)|N) = (B/2U V£, 5))}/(N+-1).
(1.63)
Because of the reality condition, the second of these quantities is also
the matrix for Q(—f, —s) and we can avoid the need for restricting s to
positive values if we also define quantum numbers for negative s by
N(—f,—0) = —N(f,0)—1. (1.64)
With this definition (1.63) holds for both negative and positive values
of o.

The energy of the crystal, which is, of course, the sum of kinetic and
potential energy, takes the form

B =3 3 (N 8)+3holl,5)+ T, (1.65)

showing the familiar oscillator form. The term % in the bracket repre-
sents the ‘zero-point’ energy and is due to the fact that even in the state
of lowest energy the atoms cannot be exactly in their equilibrium

8“’800’! (161)
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positions, since an exact localization would require a large uncertainty
in their velocities, and hence a large kinetic energy.

Instead of saying that the (f,s) oscillator is excited to its N(f,s)th
state, one may also say that there are N(f,s) quanta of vibration with
wave number f and polarization s, and such quanta, which have the
same relation to sound waves as light quanta to light waves, are called
‘phonons’.

Using the somewhat formal definition (1.64), we may write the energy
also in the more symmetrical form

E =133 N ofia(f o), (1.66)

where now o takes both positive and negative values; but the simplicity
of this form is deceptive, since it tends to obscure the fact that of the
quantum numbers occurring in it only one-half are independent.



II
CRYSTAL LATTICES. APPLICATIONS

2.1. Specific heat

Ir the crystal is in thermal equilibrium at temperature 7', it is well

known that the probability of a quantum state of energy E is e-PE, where

1

B = FT’

k being Boltzmann’s constant. With the result (1.65) it follows then

that the mean energy of each oscillator is (using a bar over a quantity

to indicate a statistical average)

(2.1)

E(f ) = fi ( { +i} VE (N'*“g' Jicwe—BliwV+1)
§) = fiw N

E e—BlwlN+)
N=0

— -—a%log 3 PN+ — %féw{-—e?,?g_i — Jiw coth(3Bhiw). (2.2)
The energy of the whole crystal is

E = Uyt+E;+Er,
where £, is the zero-point energy

E, =Y o), (2.3)

is
and E; is the thermal energy
N W haf, s)
Ep = Z_éN(f,s)hw(f, §) = Zeﬂﬂ T (2.4)

The evaluation of the sum (2.4) is, in general, very difficult, and it
requires a knowledge of the frequency as a function of f and s.

However, the calculation can be carried further in the two limits of
high and low temperatures. Consider first a temperature so high that
for all vibrations Tio(f, s) < kT

This means that the summand in (2.4) can be expanded in a power
series, and the three leading terms give

2—[1 — (£, 8)+x{Bleo(f, 8)p—..]

f,

=z[w_yiw(f, & oo s)}z.....]. (2.5)

1,8
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The first term amounts to 3»Nk7T', which is precisely the classical result
for a system of 3rN vibrational degrees of freedom. The second term
just cancels the zero-point energy, so that at high temperatures not
merely the specific heat, but also the energy content approaches asymp-
totically the classical result. The third term, which vanishes at infinite
T, and which measures the deviation from the classical result, is seen
to be of the second order in the quantum constant #. This is a very com-
mon feature of quantum statistics. For estimating this term one must
know something of the vibration spectrum. However, it is not necessary
to solve the equations (1.25) for this purpose, since the sum of the
squares of the frequencies can be obtained directly in terms of the
coefficients of the equation.

One can, indeed, prove easily from the orthogonality relations of §1.7
and from (1.25) that

Sty =N 2 S =¥ Z CAHOD, (28)

where the symbol<...) indicates the diagonal sum or ‘trace’ of the tensor.
The last sum has a fairly direct interpretation: it represents the sum of
the potential energies obtained by displacing in turn each atom of the
crystal in each coordinate direction by an infinitesimal amount, dividing
by the square of the displacement and half the mass of the atom.

The series (2.5) could be continued, and one would find that it contains
only sums of even powers of the frequencies which can all be expressed
similarly to (2.6) in terms of the force constants. However, from the
last form of (2.2) it is evident that the series in powers of B will cease to
converge when for some frequencies fiww > kT

In the opposite limit of low temperatures, it would not be right to
approximate to (2.4) by assuming #iw to be large compared with k7', since
at no reasonable temperatures is this true for all frequencies. However,
one sees that the only frequencies which will give appreciable contribu-
tions to (2.4) are those for which Bfiw is not large, and, if the temperature
is low, this will be true only for the lowest part of the frequency spectrum.
Now we have found earlier that the lowest frequencies belong to small
values of f, and, if » > 1, only to three out of the 3r possible frequencies
for each f. We also saw that for these vibrations the frequency is pro-
portional to the magnitude of £, the factor of proportionality depending
on the direction of f, and on the polarization of the wave.

Hence we may replace the frequency spectrum in (2.4) by

o(f,8) = c,(0,4)f, s=1,2,3. (2.7)
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Here 0, ¢ indicate the direction of f, and ¢, is a velocity of sound. We
may also replace the summation over f by an integration, noting that

the density of permitted values in f space is V/(2x)3. In polar coordinates
the integral becomes

Bpm s, f roap [ [ aaZpl®, (2.8)

8=1

where d(Q is the element of solid angle. The integration over f may be
extended to infinity, since large values do not contribute to the integral.
We now introduce a new variable of integration

x == Plicy(0, 4) f (2.9)

Ep = Véﬁ: z f f f exx” : (2.10)

The last integral can be evaluated and is 7r4/15. The summation over s

and integration over angles can be carried out in principle if the elastic
constants of the crystal are known. If we put

dQ .
EHWF%’ 2.11)

then c,p represents a kind of mean value of the sound velocity. With
this, finally, 2(kTYV
1043¢3,, ~

This 7' law for the thermal energy, corresponding to a 7' law for the
specific heat at low temperatures, is well confirmed by experiment. It
was first derived by Debye, who also gave an interpolation formula
which combines the high-temperature law with the low-temperature
expression, by using a simplified vibration spectrum, He assumed that
the sound velocity is constant for all wavelengths, and independent of
direction or polarization, so that the law (2.7) is always true, with
constant ¢,. Instead of integrating f over the basic cell of the reciprocal
lattice and adding the other types of wave (if » > 1), Debye extends the
integration over a sphere in f space, which is chosen in such a way that it
gives the right number of degrees of freedom. This means that its radius
fo is given by

f 079

in place of f.

Ep = (2.12)

(2 F

2
or 3= G"If’ T (2.13)
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The maximum frequency of this model is then

wy = ¢fy, (2.14)
¢ being a constant. '

With these assumptions, (2.8) follows at all temperatures, provided
the integration over f is taken only to the upper limit f,. Then we obtain
in place of (2.10)

V(kT)* 127 f 2

s i 2.15
(2nE)® 3 4, (2.15)
0

By = er—1

where x, = ffiwy = fiwy/kT. If we introduce a characteristic tempera-
ture %
O = o
Ic b
the upper limit of the integral in (2.15) is /7. We can also eliminate c
by means of (2.13), (2.14):
o|T

3 3
Ep = 9ercT(Z) f Y da. (2.16)
) 1
0

& —

This is the Debye formula for the thermal energy of a crystal. From its
derivation it is clear that it can only serve as a qualitative result, and
as an interpolation formula linking the high- and low-temperature data.
The characteristic temperature O is treated as an empirical parameter.
The law (2.16) is of the right form at low temperatures, where it correctly
gives the variation of £, as T4, and at very high temperatures, where it
gives the Dulong-Petit value of the specific heat, 3k per atom. However,
it will not in general give the right value of the constant term in (2.5),
which is identical with the zero-point energy, nor the coefficient of the
T-! term which gives the first deviation of the specific heat from the
Dulong-Petit value.

In a modified version of the Debye model, one applies the assumption
of constant sound velocity only for the three lowest normal frequencies
belonging to each f, which form the so-called ‘acoustical branch’ of the
vibration spectrum. The rest form what arc sometimes called the
‘optical’ branches, since for ionic crystals they contain the frequencies
which appear in the infra-red absorption spectrum, as we shall see. Since
these may be pictured as vibrations of the different parts of the unit cell
relative to each other, they are somewhat less dependent on whether
adjacent unit cells vibrate with the same or with different phases.
Hence these frequencies vary somewhat less strongly with f than those
in the acoustical branch. For this reason a model is sometimes used in
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which one replaces the optical branches by »—1 frequencies, each belong-
ing to 3N different normal modes. For certain cases, e.g. a molecular
lattice with weak forces between the molecules as in H,, this is a more
reasonable picture than the simple Debye formula. On the other hand,
for an ionic lattice like K Cl, in which the mass difference between the two
ions is small, it is probably more reasonable to regard the optical branch
as a continuation of the acoustic branch than as having constant fre-
quency.

In the older literature one often finds the Debye law in one or the other
form taken much more seriously than the derivation justifies, and there-
fore surprise was caused when precise low-temperature measurements
showed considerable deviations from this simple theory. Careful discus-
sion of the vibration spectra of crystals by Blackman and otherst showed
that the observed deviations were no greater than should be expected.

Nevertheless, the Debye model serves a useful purpose in summarizing
the behaviour of Ej, qualitatively, and in defining the characteristic
temperature which also gives a measure where, for each substance,
quantum corrections begin to be important.

2.2. Anharmonic terms. Thermal expansion

We now turn to the discussion of those phenomena for which the cubic
terms in (1.20) are no longer negligible. The most important problems
of this type concern (a) thermal expansion, (b) specific heat at high
temperatures, and (c) thermal conductivity.

For the thermal expansion the most obvious definition of the problem
would be in terms of boundary conditions which specify the forces on
the surface of the crystal (or the absence of such forces) but allow its
dimensions to adjust themselves. In terms of the variables which we
have used, this would be very inconvenient, but it is sufficient to calculate
the properties of the crystal as a function of temperature and volume,
keeping the volume as one of the independent variables.

We may then consider the (Helmholtz) free energy of a crystal of
volume (1-4-¢) times its equilibrium volume at temperature 7 as a
function F(T, €). For small ¢ we expand:

F(T,¢) = Fy(T)+eF(T)+}eFy(T) (2.17)
to second order. Now 0F/0e is proportional to the pressure and therefore
the volume for which the pressure vanishes is given by

oF — R(D) (1) = o (2.18)
t Blackman (1935), Kellerman (1940).
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hence the actual volume exceeds that for which the potential energy is
least by the relative amount
_K(T)

(T (T)’
Hence the numerator 7, is small at low temperatures, and would, in fact,
be zero if the potential were harmonic. On the other hand, the denomi-
nator F,, which, according to (2.17), represents the bulk modulus at
temperature 7', is finite at 7' = 0 and in the absence of anharmonic
forces. It is clear that F, will differ only little from its value at low
temperatures, and usually we may regard it as constant.

We must now discuss F,, i.e. consider the behaviour of a crystal if its
volume differs from the normal volume, retaining only first-order terms
in the expansion. -

Since in the series (1.20) for the potential energy the displacements
were counted from the sites of the equilibrium lattice, we now introduce
new displacements u’ which refer to a similar lattice of a slightly increased
lattice constant: u,, = de(d;+a,)Fu),. (2.20)
In a general lattice, the uniform expansion will not leave the atoms in an
equilibrium position, since for equilibrium the relative positions of differ-
ent atoms in the unit cell would have to change. -We can, however,
assert that each atom will still be in equilibrium either if there is only one
atom in the unit cell (r = 1), or if the relative positions of all atomsin the
unit cellare determined by-the crystal symmetry, as in the case of the NaCl
structure or the hexagonal close-packed lattice. We therefore restrict
the discussion to lattices which satisfy this condition. We then know that,
if we put all the u’ equal to zero, every atom is in equilibrium, so that the
Ppotential energy as a function of the u’ must again be of the form (1.20).

Imagine now (2.20) inserted in (1.20), and the result sorted according
to powers of the u’. The terms independent of u’ represent the equi-
librium energy of the new lattice. The ‘4’ terms will contribute to this a
term proportional to €2, which is the elastic encrgy discussed in (1.57)
and contained in the F, term of (2.17). Similarly, the ‘B’ terms contribute
a term proportional to €?, which we may neglect.

The terms linear in the u’ must vanish, since we know the atoms are
in equilibrium when u’ = 0. We are therefore, to this order, left with an
expression of the form (1.20)

U—Uy—tke? = jz): nEn %A;n i#m Byn u;;‘,n’+
+ Z Z ,%B}.n IR ujl',n u}’,n’ u;".n" (2.21)

7,j3° an’,n

(2.19)
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where the cubic term is still negligible, but the coefficients of the quad-
ratic term are modified:
Anipw = Piayatie 3 Broywirw@atds).  (2.22)

The occurrence of a,. would seem to introduce a dependence on the
choice of that unit cell which we label n = 0. Since the uniform expan-
sion does not destroy the translation symmetry of the crystal, this
dependence cannot be real; if we change the origin by any lattice vector,
the result must remain the same. This requires the condition

5'En~ B iimar = 0, (2.23)
which is similar to (1.22).

We see, then, that the dynamical problem defined by the potential
(2.19) is quite similar to the original one, except that, because of the
anharmonic terms, all constants defining the vibration spectrum will
be changed by corrections of first order in e. The consequences of this
are particularly evident if the vibration spectrum can be expressed in
terms of a single parameter, ©, as in the Debye model.

In that case we can write

F(T) = —Tg(T[0), (2.24)
where g is a universal function. Indeed, because of the thermodynamic
identity d [F

_ _m 2 (£
BE=—T dT(T), (2.25)
this leads to B = TZv ’(— (2.26)
- @g @ ’ .

where g’ is the derivative of g with respect to its argument. In other
words, B/T is again a universal function of the ratio 7'/®, and this
agrees with (2.16). In this case, the dependence on volume is contained
in the parameter ®, and so

oF T ,(T\100
By comparison with (2.26),
100
F(T) = E(T)@- o (2.28)

Since we have seen that the temperature dependence of the denominator

of (2.19) is negligible, we see that in the Debye model the thermal

expansion is proportional to the thermal energy. This law, which

was formulated by Griineisen, is based on an idealized model. Its range
8506.93 D
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of validity is somewhat more general than that of Debye’s law, since it
holds for a more complicated spectrum provided that, if the body is
expanded, all frequencies are changed by the same factor.

We have seen before (cf. (2.10), (2.11), and (2.16)) that at very low
temperatures the Debye law becomes exact if we define ® by

(I‘:@)3 = §—1.[¥-2ﬂ'2ﬁacgﬂ, (2.29)

where ¢y, is defined in (2.11). In that case (2.28) becomes
1 0
F(T) = E(T)(—g-}-a—elogceu). (2.30)

It therefore follows that the thermal expansion at low temperatures
is proportional to 7. It is also easy to see that at high temperatures
(T > @) the expansion becomes linear in 7', i.e. the expansion coefficient
becomes constant as the Griineisen formula (2.28) predicts. This, of
course, holds only apart from higher-order corrections, such as cubic and
higher-order terms in the expansion (2.17), and the variation of the
denominator of (2.19).

Lastly, it should be mentioned that the method used here will, in
non-cubic crystals, still give the variation of free energy with volume,
but will not give the thermal expansion correctly, since in general the
shape of the crystal also changes with temperature. In such cases (2.17)
has to be replaced by a function of several strain components, and (2.18)
is replaced by several simultaneous equations. The Griineisen law
remains valid for the expansion in each direction if the vibration spec-
trum retains its shape under an arbitrary shear strain.

2.3. Linear term in specific heat

A second phenomenon entirely dependent on the anharmonic nature
of the forces is the deviation of the specific heat from the Dulong-Petit
value at high temperatures. The anharmonic terms will also cause a
small correction to the specific heat at lower temperatures, but, since we
have seen that the theoretical law cannot in practice be found to high
accuracy, small corrections are of no practical interest there. On the
other hand, at high temperatures where quantum effects are negligible,
the theory with harmonic forces gives a simple answer, and small
deviations from this can be compared with experiment.

For this purpose it is evidently sufficient to give only a classical treat-
ment. Before writing down the general equations, it may help to discuss
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the corresponding problem for a single particle oscillating in a potential
field. Here the Hamiltonian form of the energy is

H= %—zpz—}-V(x), (2.31)

and the partition function is therefore
Z(g) = f dp f daz e-Brlam—BV@), (2.32)
As usual, the integration over p can be carried out immediately, leaving
Z() — (2_%_’")* J' diz eV, (2.33)

Now let the potential be approximately that of a harmonic oscillator,
with small anharmonic terms,
V(z) = tax?+bx34-cat. (2.34)

Then, if we expand the integral in (2.33) in powers of b and c, retaining
the first-order term in ¢ and the second-order term in b,

Z(B) = (2"’") f dx e-1Paz’(1 —Bbr3 | 1228 —Lext).  (2.35)

Here the integral over the cubic term evidently vanishes by symmetry.
The remaining integrations are elementary, and the result is

m\ 1 3c | 15b2
Z(8) = 2n A/ (;) B(l _ @inas”p)' (2.36)
Now we obtain the mean thermal energy from the partition function by
using the relation dloz Z
»__ _ clog

E = %8 (2.37)

which gives, neglecting again higher-order terms,
E= kT——« ° (kT2 -+ _lﬂ (kT)e. (2.38)

To retain the analogy with the forces in a crystal we assume that each
derivative of the potential differs from the next higher one by a factor
of the order of the atomic distance, and this means that in order of
magnitude a/b is comparable to b/c. In that case the last two terms of
(2.38) are of comparable magnitude. Both give corrections to the energy
proportional to 7'2, hence linear terms in the specific heat. If in order of
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magnitude a/b ~ b/c ~ d, then both the second and the third term are of
order (k7')%/ad?. In other words, they are small compared with the first,
as long as the temperature is small compared with that temperature for
which the mean square amplitude is d2. One easily verifies that the terms
of higher order which we have neglected, i.e. higher-order terms in the
potential (2.34), higher terms in the expansion (2.35) of the exponential
and in the expansion of the logarithm in (2.37), contain higher powers of
kT /ad?, so that (2.38) is a consistent approximation.

After this preparation we turn to the general case. It is clear that
we must again include the fourth-order terms not explicitly shown in
(1.20). Just as in (2.35) we shall again expand the Boltzmann factor in
powers of the cubic and quartic terms, retaining the part proportional
to the square of the cubic and that proportional to the quartic terms.

Since, however, the exponential contains the quadratic (harmonic)
terms, we must use variables in terms of which the quadratic terms
separate. In other words, we must use normal coordinates. We therefore
substitute in the B term of (1.20) the expression (1.30) for the u:

(]c = %'z z b(f’ 83 f,s sl; f”: s”)ql’,th’,s’ qf',s"! (239)

11" 8,8°,8"
where

b(f,s; ¥',8"; 17, 5") -

=3 > Bj.pua ettt ey (f s)v(f, 8" (£, 8").  (2.40)
15 a
From the translational symmetry follows at once an important property
of the b coefficients. We know that the equations remain unchanged if we
displace the crystal by a lattice vector, which means adding a lattice
vector a to all the a, in (2.40). This multiplies the expression by

eiatH+), (2.41)

Since the expression must remain unchanged, it follows that b must
vanish, unless the exponential (2.41) is unity, which by (1.28) means that

bf,s; f',8';£",8") = 0, (2.42)

unless f--f'-+f” = K is a vector of the reciprocal lattice. This means
that, if two of the vectors, say f, f’, are given, all values of f” for which
the coefficient is non-zero are equivalent, and only one of them lies in the
basic cell of the reciprocal lattice, which by definition contains all our
wave vectors f. If f and ' are small, so that their sum lies itself in the
basic cell, we must take K = 0 in (2.42), otherwise it must be chosen so
as to bring f” back into the basic cell.
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We now write for the Boltzmann factort
eE = e-PEan-PUN1—BU,+-382U2—BU,) (2.43)

as in (2.35), where U, U,, U, stand for the harmonic, cubic, and quartic
parts of the potential energy respectively. To obtain the partition func-
tion Z we have to integrate (2.43) over phase space, which amounts to
taking the average values of U,, UZ, and U, over the thermal distribution
appropriate to harmonic motion. Now U, is even in all the normal co-
ordinates; hence the probability is not altered by reversing the value
of all the g, and therefore the average of U,, which is an odd function
of the ¢, vanishes.

For the discussion of the term in U2 we note that the normal co-
ordinates are statistically independent and that the average potential
energy for each of them must be 347" = 1/28. Hence by (1.47)

l9151% = {MP™Bw?(f, 5)}-1, (2.44)
where the bar over the symbol means the average value for harmonic
motion.

Now the square of (2.39) contains products of the type (we form the
product U} U,, which is the same since U, is real)

q;":s q;‘f,s' q;k',s‘ qf,,.n qu,sz ql’;,s,' (2°45)
Because of the statistical independence of the ¢, the average of this
product vanishes, unless the six normal modes concerned are equal in
pairs. The symmetry of the coefficients in (2.39) means that we can
permute the first three between themselves and the last three between
themselves without changing the expression. Hence there are only two
types of term to be considered:

(@) f=—1f=—f,"=1%;s=¢,8 =8¢,8 = 33} (2.46)

®) f=1,f =1£,1" =1f3;8 =3,,8 = 38,8 =g,

At this point the further discussion is greatly simplified if we are
dealing with a lattice for which the unit cell contains only one atom
(r = 1), and I shall restrict myself to this case.f Now, in the case (a),
(2.42) requires that f” = f; = 0. If this is inserted in (2.40) for r = 1,

1 The expansion of the exponential which has been used in deriving (2.43) looks
doubtful, since for the whole erystal neithor U, nor U, would be expected to be small
compared with k7'. However, a moro rigorous justification of (2.43) can be given, based
on the fact that in any configuration which occurs with reasonable probability that part
of U, or U, which depends on any given normal coordinate is small, so that, in averaging
over each coordinate, the expansion may be used.

I In a general lattice terms of the type (a) can be shown to be connected with the
variation of the cell structure with temperature. In particular, they still vanish if the
positions d; of the atoms in & cell are determined by the crystal symmetry.
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when the suffix j can be omitted, we see that the appropriate coefficient
vanishes by (2.23). It represents the change in the harmonic terms
caused by a uniform displacement of the lattice.

We are therefore left with case (b) and the equivalent ones obtained
by permuting the first three normal modes. Hence

lb(f,s; £,8"; £7,8")2
e 12 M‘N)"B Z z o¥(f, 8)w?(f', 8" )w?(f”, s")"

1.01° 8,8°,8"

(2.47)

Strictly speaking, this expression should be corrected for the case when
two of the three normal modes in the sum coincide, since we are then
concerned with the average of the fourth power of one of the normal
coordinates, which is not the same as the square of the mean square.
However, the contribution of such terms is of relative magnitude 1 /N,
and hence negligible. The contribution to the energy can again be
obtained from (2.37) and, neglecting higher-order corrections, yields

_(kT)? |b(f, s; £, 8; £7,8")|2
o= 123 z z . ¥(f, 8)?(T, 8" ) (T, ") (2.48)

Because of the restriction (2.42), there are 33N? terms in this sum.
When the sum in (2.40) does not vanish, it is proportional to N. Hence,
allowing for the mass denomma.tor, (2.48) is proportional to N, as it
should be. It is proportional to T, as the simple model led us to expect.
One might suspect that the frequency denominators would lead to
trouble, since the lowest frequencies are practically zero. However, they
belong to the acoustical limit when f is very small, and in that case
the numerator is also small, since we had already seen that then
b(f,s; f',s’; £”,8") vanishes if f = 0; it will also be small if f is small.
The same applies for small f and £”.

For a better interpretation of the sum (2.48) it is therefore convenient
to define a new coefficient b by

b(f,s; f',8'; £",8")
= o(f, s)o(f’, &')(f’, ") MWMAEL£'+£")b(f, 85 £/, 8'; 8").  (2.49)

Here A(f) is a generalized Kronecker symbol for which
A(f) = {

1, if f is a vector in the reciprocal lattice,
(2.50)

0, otherwise.
The factor MMisinserted to make b independent of the size of the crystal.
b then approaches a finite limit when any of the frequencies vanishes, and
may be supposed to have constant order of magnitude for all arguments.
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Then the cubic contribution to the thermal energy becomes finally

Bo= gﬁmz D b8 1,875 ") (2.51)

.1’ 888"

For the contribution of the quartic terms, we put these in a form
analogous to (2.49)

Up=d2cls 8,8 1,8 1", 8" )00 Gr0 s Qg - (2.52)

Again only those terms contribute to the average for which the normal

modes are equal in pairs. They can be grouped in pairs in three ways
and we therefore have

7 1 c(f,s; £,8,1,8;1,8)
Fla=3 Z Z L™VBAE, 5)ok(T 5’ (2.53)
We conclude, as before, that c(f, s;...) must vanish if any of its wave

vectors tends to zero. Also, its non-vamshmg elements will again contain
a factor proportional to the size of the crystal. Hence, if we define

C(f,s; fl, sl; f"’ 8”; f’”’ 8”’
= MWMy(f, 8)w(f’, 8" ) (£”, ") (£, 8") X
XAE+HE+E"+£")c(f, 55 £, 8'; £7,8"; 87), (2.54)

the coefficient ¢ will be independent of the crystal size, and roughly
constant in order of magnitude.

The contribution of the quartic terms to the thermal energy is now

Fa= glﬁl)\’)Z Z of,s; —tf,8; —1',8"; &), (2.55)

1.t 88

which again has the same temperature dependence as (2.51). One can
also show that the two contributions are of the same order of magnitude.

These expressions could easily be generalized to their quantum-
mechanical form, but this is not worth while since they are of no interest
at low temperatures.

The results (2.51) and (2.55) represent the correction to the Dulong-
Petit value of the specific heat if the volume of the crystal is kept con-
stant at the equilibrium value. In actual fact, the crystal will expand
as the temperature increases. This will result in a further correction
term, which can be calculated from the thermal expansion coefficient
and the elastic constants by using purely thermodynamic arguments.
I shall not give this calculation here.
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2.4. Thermal conductivity

We have seen that the thermal energy of the crystal consists of waves
which travel with velocities of the order of sound velocity. They are
therefore also capable of transporting energy. Using the familiar
argument of the kinetic theory of gases, we may write the dimensional

formula x = yCeA, (2.56)

where « is the heat conductivity, C the specific heat per unit volume,
¢ the velocity of sound, A a mean free path, and y a numerical factor.

In the harmonic approximation the waves travel freely without
attenuation, and therefore have an unlimited free path. In reality their
free path is limited by (@) the anharmonic terms, (b) impurities and
imperfections in the crystal, and (c) the finite dimensions of the crystal.
We shall for the present consider only the first effect, which is dominant
in good and pure crystals of not too small size at not too low temperatures.

For this problem we shall use quantum mechanics at once, since the
case of low temperatures is of interest. The classical result will, of course,
also come out as a limit. We must now regard the cubic part of the
energy as a perturbation, and we may take it in the form (2.39). Since we
found the most convenient variables for the quantum treatment to be
the Q introduced by (1.32), we write

=32 2 bfoif,o1,0")QE )@, Q" 0"), (2.57)

1.t't" o.0.0"
where the sums over ¢ now cover positive and negative values.

Now we consider (2.57) as a small perturbation which causes transi-
tions between the states of the unperturbed system. The general relation
giving the transition probability per unit time from some initial state
¢ to a final state f ist

dt

Here & is the Dirac delta-function, E;, E, are the energy values of initial
and final state respectively, and (¢|U,| f) is the matrix element of (2.57)
between the two states. Now we have seen in (1.63) that, for positive
o, @ has matrix elements only corresponding to an increase of the corre-
sponding quantum number by 1, for negative o to a decrease. Each term
in (2.57) therefore describes a process in which three quantum numbers
each change by one unit. The corresponding change of energy is

io(f, o)+l o) +w(f’, o)}, (2.59)

1 See, for example, Schiff (1949), section 29.

C1TSf) 12 8(Ey—Ey). (2.58)
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and for the process to be possible according to (2.58) this must vanish.
Since the sign of w(f, o) is the sign of o, it is clear that o, o', ¢” cannot be
all positive or all negative. The actual process therefore involves either
two positive and one negative, or vice versa, which means either the
destruction of two phonons and the creation of a new one, or vice versa.
Hence the process in which two phonons f, s and ', s’ are combined into a
single f”, s” has the probability (allowing for permutations in (2.57))

2nhiN(f, )N (', 8'){N (", s")+1}
S P, s)w(f', 8 )w(f’,s")

X &{w(f, 8)+w(f’,s')—w(f”,s")}. (2.60)

(£, s; ', 8"; —1",8") |2

The 8-function vanishes unless
o(f, 8)t o, s)—wf",s") = 0, (2.61)
and by (2.42) the first factor vanishes unless also
f4+f—f" =K, (2.62)

where K again stands for a lattice vector of the reciprocal lattice.

The first of these conditions expresses the conservation of energy in
the collision between phonons. The second is similar to conservation of
momentum. Indeed, if we were dealing with a continuous medium
instead of a crystal, the only possible value of K on the right-hand side
of (2.62) would be zero, and in a continuous medium the momentum of a
phonon of wave vector f is 4f. However, this analogy must not be taken
too seriously, since for the normal vibrations which we have derived the
total momentum certainly vanishes (except for the rather degenerate
case f = 0).

With our convention, which restricts the f values to the basic cell of
the reciprocal lattice, there exists for given f and f’ always just one value
of £ which satisfies (2.62); whether the K on the right is a finite reciprocal
lattice vector or zero will depend on the choice of f and f'.

Processes for which K # 01in (2.62) are called ‘Umklapprozesse’ in the
German literature. A typical example is the case when f is a wave
travelling in the -+« direction, almost at the edge of the basic cell, i.e.
with a wavelength such that adjacent atoms move with almost the
same phase in opposite directions. The wave f’ which interacts with it
has a very small wave vector, also in the -z-direction, but enough to
bring the sum beyond the edge of the basic cell, so that it is equivalent
to a vector near the left-hand face of the cell, K being in that case the
smallest non-zero reciprocal lattice vector in the z-direction.
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1t will be clear from this example that physically there is no important
difference between processes in which the sum f-}-f' just remains within
the basic cell, and those in which it falls just outside and has to be brought
back by adding a suitable K, and indeed the distinction between the two
depends on our convention in choosing the basic cell. What matters,
however, is whether or not we can find a convention with which (2.62)
would always hold with K = 0.

Indeed, let us assume for the moment that the ‘Umklapp’ processes
could be excluded and that we were allowed to put K = 0 in (2.62).
Then it is obvious that the sum of the wave vectors would not change in
the process we have specified, and that therefore the quantity

J =3 3N (2.63)

would be conserved in these collisions. Hence the collisions would be
incapable of establishing complete statistical equilibrium if once
J # 0. Rather they will make the system approach the most probable
state which is compatible with a given J. (The statistical problem is
similar to that of collisions between the molecules of a gas in an infinitely
long straight frictionless tube if the average velocity is non-zero.) Now a
resultant J in the positive z-direction means that the phonons in the
positive z-direction will be more numerous than those travelling in the
opposite direction, and this asymmetry will lead to a non-vanishing
energy transport. In other words, in this hypothetical case a finite energy
transport can persist without a temperature gradient to maintain it,
and this implies an infinite thermal conductivity.

It follows, therefore, that the solutions of (2.61), (2.62) with K # 0
are of vital importance for the thermal resistance.

The consequences of this conclusion are particularly obvious at very
low temperatures (7' < ©). In that case most of the phonons which
make up the thermal motion of the crystal are long-wave ones, and for
the interaction of long-wave phonons K will vanish in (2.62). If the
smallest non-zero value of K is of magnitude K,, then f4-f' must in
magnitude exceed }K,, if the addition of a lattice vector is to lead to a
reduction. Hence either f or f’ must exceed }K, in magnitude. We can
thus give a lower limit to the frequency of the phonons that must be
present to make an Umklapp process possible. At low temperatures the
number N(f, s) of such phonons is small, and hence the magnitude of the
expression (2.60) is governed by the factors N(f, s), N(f’,s') which will
diminish exponentially with temperature if one of the frequencies
is kept above a fixed limit. We see therefore that the rate at which
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Umklapp processes take place diminishes with temperature as

e—Y0T, (2.64)
where y is some numerical factor less than 1. Since in the absence of such
processes there is no thermal resistance, the thermal resistance itself
must be proportional to (2.64). This conclusion is confirmed by experi-
ments at Oxford.}

It is evident that this result is not altered if we consider also the reverse
process, in which one phonon splits in two, since this will produce a non-
vanishing K in (2.62) only if the frequency of the initial phonon, in this
case w(f”,s"), is high enough.

It is equally clear that the situation is not substantially changed if we
include the quartic terms in the potential. These will give rise to four-
phonon processes. Either two phonons collide and change into two new
ones, or three merge into one, or lastly one splits into three. In each case
we find conservation laws as above, and we find that the total wave
vector (2.63) is conserved except for processes which require the initial
presence of at least one high-energy phonon. However, if one were to
attempt a closer estimate of the factor in (2.64), one would have to decide
whether for this purpose the cubic or the quartic terms are dominant.

For a further understanding of the interactions between phonons it is
obviously important to consider the conservation laws (2.61) and
(2.62) to see the nature of the solutions which they admit. We shall carry
out this discussion for a lattice with one atom per unit cell, for which
there are then just three frequencies for any given f. Consider, for
further simplification, the case in which f, f’, f” are all parallel to a main
axis of the crystal. Then two of the normal modes will in each case be
transverse and belong to the same frequency, the third will be longi-
tudinal and have a higher frequency. The frequencies will be represented
by curves of the shape of the fulllines in Fig. 1. Then we may imagine the
solutions of (2.61) and (2.62) constructed graphically as follows: Mark
on the full line the point f, belonging to one of the initial phonons, and
then draw the frequency curves again, with that point as origin (broken
lines), continuing them periodically as necessary; then their inter-
sections with the original full lines give the required solution. The
abscissa and ordinate of the intersection give f” and w”, whereas the hori-
zontal and vertical distances of the intersection from the origin of the
broken curves give f’ and w”. If by this construction f’ falls outside the
basic cell, it has to be reduced in the usual way, and we are then dealing
with an Umklapp process. These quantities have been labelled in Fig.1

t Cf. Berman (1951), (1953).
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for one particular intersection, in which two transverse phonons com-
bine to make up a longitudinal one. The figure also shows inter-

Fia. 1.
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Fia. 2.
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<

Fia. 3.

sections corresponding to one transverse and one longitudinal phonon
combining into a longitudinal one. The same construction for two initial
longitudinal quanta is shown in Fig. 2, and no solutions are obtained
in this case. Fig. 3 shows that, if f is in particular very small (long waves)
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and s longitudinal, then the only possible process is a collision with a
transverse phonon of comparable wavelength.

All these arguments hold only for the very special direction of the three
wave vectors. By imagining the figures extended first into two and then
into three dimensions, it is, however, easy to see that, if we denote by
8 = 1, 2, 3 frequencies for given f in increasing order of magnitude, the
following statements are still correct: no solution exists for which all
phonons belong to the same s, or for the case

(1),

(3)-+(3) > { o

possible processes are
M+@)=>(2), O+D)>E@), 1)+(2)~>(2),
M+@)~>@), M+G)>@),  (2)+@3) > (3).

In each of these cases we may give one of the initial phonons arbitrarily,
and then find a surface on which the second wave vector must end. Itis
again true that, if in the last two cases we make the wavelength for
8 = 3 very long, the colliding phonon must have a wavelength of the
same order.

2.5. Boltzmann equation

We shall now derive the integral equation whose solution would give a
quantitative expression for the thermal conductivity, even though we
shall not succeed in solving it. This seems worth while because it is
possible to draw some qualitative conclusions, and also because it is of
some interest to see the nature of the difficulties which stand in the way
of a complete solution.

In order to describe heat conduction we must be able to describe a
state of affairs in which the temperature is different at different points
in space. For this purpose we should not use exact normal coordinates
as we have done so far, but rather combinations of them in the form of
wave packets, such that each belongs to a small spread 3f of the wave
vector, and is localized in space in a region of size 8z. We have from the

uncertainty principle 8f, 8z ~ 1 (2.65)
) ’ *

and similarly for the other components. This means, of course, that we
are considering vibrations which are not strictly normal modes, or quan-
tum states which are not strictly stationary. The first effect of thisis that
each of these wave packets is going to travel with the appropriate group
velocity, and this we shall, of course, take into account. Furthermore,
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the energy of such a wave is not sharply defined, so that we must admit
a slight spread in equation (2.61) if the frequencies in that equation are
taken to be the mean values for each wave packet. However, this will
make no difference in the results if all other energy-dependent factors
in the equations are practically constant over the region of this un-
certainty. Now in thermal equilibrium, or in the slight deviations from
equilibrium that correspond to a reasonable heat flow, the excitation
numbers of various phonon states change appreciably only over energy
changes of the order of 7. Hence the use of wave packets causes no
complication provided

kT > SE — ﬁ.aai’af= 7 8,

f
where v is the group velocity. Inserting for 8f from (2.65), the condition
becomes
fiv ©
ol > V% Ta, (2.66)

where in the last estimate we have replaced the group velocity by the
sound velocity, and identified the length 1/f, which enters in the definition
of the Debye temperature with the lattice constant a. It is therefore
sufficient to assume that the temperature should not vary appreciably
over distances of the order (2.66), which is evidently a very mild restric-
tion on the temperature gradient. In any case the coefficient of thermal
conductivity refers by definition to an infinitesimal gradient; but (2.66)
shows that there is no reason to expect in practice any dependence on
the magnitude of the gradient from this cause.

We then regard the number of phonons as a function of their wave
vector and polarization as well as of the space coordinates, and we formu-
late the condition for this distribution function to remain stationary.
It is subject to change for two reasons: one is the motion of the phonons,
carrying energy from the high-temperature to the low-temperature
regions, the other is the effect of the collisions between phonons which
we have just discussed. The probability of such collisions is given by
(2.60), and to work out the average effect of this we should really require
to know the average value of products of three occupation numbers,
which may be replaced by the product of the averages only in the absence
of correlations. In fact, if we assume that the numbers of phonons in
different states are initially uncorrelated and then consider their rate
of change by (2.60), we find that at a later instant there will be correla-
tions between the numbers for those states between which collisions
may have occurred. This is analogous to the situation in the kinetic
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theory of gases where one can show that after a collision the distribution
in phase space of the molecules which have just collided will show cor-
relations. This point is then dealt with by remarking that it is most
unlikely that the same pair of molecules will collide again before each
of them has made many collisions with others, and that it is therefore
reasonable to suppose the properties of any two molecules which do
collide to be uncorrelated.

The same argument can be taken over in our case, provided conditions
are such that we are dealing with large numbers of phonons, so that the
chance of the same individual phonons colliding several times in succes-
sion is negligible.

There is one further condition to be satisfied before we can write an
equation for the mean occupation numbers. This is that the occupation
numbers should contain all the information that is obtainable about the
system, and that there should be no phase relations between states with
different phonon numbers. In terms of the concept of a statistical den-
sity matrix this means that the density matrix should be diagonal in
the phonon numbers. Ishall not here give a formal argument that thisisa
consistent assumption, i.e. that, inserting a diagonal density matrix for
the initial state, we shall find it diagonal at later times, using only the
assumption that we are dealing with large numbers of phonons, which we
have used already. I want to point out, however, that this statement can
be true only if we have chosen variables which are appropriate to the
problem. For example, we might have chosen standing waves (sine and
cosine waves) instead of the progressive waves which occurred in our
definition of the normal modes. In that case a state in which there is an
energy transport can be specified only by phase relations between the
sine and cosine waves. If we simply omitted all phase relations, and
hence all non-diagonal elements in all equations, we should come to the
conclusion that a temperature gradient has no tendency to produce an
energy flow, which would be patently incorrect. At the same time we
should also be unable to recognize the importance of the total wave
vector (2.63) whose average value for standing waves is, of course, zero,
so that it would again depend on phase relations between different
standing waves.

After these remarks we consider the number N(f, s, r) of phonons in
the wave packet of wave vector f, polarization s, and located at r. Then
its rate of change due to the motion of the phonons is

oN

——

ox =
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if the gradient is in the z-direction. Here v, is the z-component of the
group velocity, which equals dw(f, 8)/of,.

In computing the change due to collisions, we note that (2.60) is
independent of the size of the crystal, so that we may retain its exact
form even though we are now thinking of localized wave packets, which
is equivalent to considering a smaller crystal. Indeed, the rate of change
of N(f, s) by the process specified in (2.60) may be written, using (2.49),

_HJT%Z Z |b(f,s; ', 8"; 8")|*wew'w" §(w+w'—w")NN'(N"4-1).

r g8 (2.67)
Here we have written for brevity w, «’, »” in place of w(f,s), w(f’,s’),
w(f”, 8") respectively, and N, N’, N” for N(f,s), N(f',s’), N(f",s"). We
have also assumed that f” is the solution of (2.62) for given f and f'. The
summation over f’ may now be replaced by an integration. We have seen
earlier (§ 1.6) that there are V/(27)® permissible values of f per unit
volume in f space, if V is the volume of the crystal. Since this is related
to the total mass by M™ = pV, where p is the density, we have finally
for (2. 67)

J' PEIBE, 838,85 87) Puoe'e” S(w-+o! —u" )N (N 1),
(2.68)

which is now indeed independent of the size. In addition to this process
we have to take into account the inverse (a phonon with wave vector
splits into those with f and f’), and also the process in which the phonon
under consideration, f, splits into two others or vice versa. Combining
these four processes and the phonon motion, we have finally for the total

rate of change of N(f, s)
6N 3w , Y TN AN ]
T o of, 32 3275 fdaf 3 Ib(t, 88,85 87) 12
X ww'w" (vt —o"{(N+1)(N'+1)N"—NN'(N"+1)}+
+ X 316(f, ;1,85 8") |2we’@” §(w—w’—w") X
P
><{(N+1)N’N”’—N(N'+1)(N’”+1)}]. (2.69)

322

Here it is again understood that f” stands for the solution of (2.62) and
correspondingly f” is the solution of

f—f—f" =K. (2.70)
We now assume, to define the heat conduction problem, that
N(f,s,2) = N(f,s, T')+N'({,s), (2.71)
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where N° is the mean phonon number for thermal equilibrium (eq.
2.4), i.e.

1
o~
N = o — (2.72)
One easily verifies that
oN° o/ A0
Yid = NN —}—l)kT2 (2.73)

When inserting (2.71) in (2.69), we can neglect N1 in the transport term,
since this would otherwise give terms of second order in the temperature
gradient. In the collision terms one verifies immediately that N° by
itself gives no contribution (thus confirming that in the absence of a
temperature gradient N° represents a stationary distribution) and we
expect therefore in the collision terms contributions of at least the first
order in N*. Hence N* will be proportional to the temperature gradient,
and we shall neglect its square. Lastly it is convenient to take out of N1
a factor similar to that occurring in (2.73),

N(£,8) = NO(£, s){Nf, s)+1}g(f, s). (2.74)
Then, using the identity
NO(f, s)NO(E', s'){NO(E", s")+1} = {N°(£, s)+1}{N°(f’, s') + 1} NO(£", s

(2.75)
if w(f,8)tw',s') = w(f”,s"),

and omitting the superscript 0 since now all phonon numbers refer to
equilibrium, we have finally the ‘Boltzmann equation’

fiw Ow 0T f - s
kT2 of, ox mfdf{s%:'lb(f,s,f,s,s)l x

X ww'w”3(wto'—o")(N+1)(N'+1)N"(¢"—g—g')+
+ ,Z"%Ib(f, S; f” 8'; sm)|2wwlwm B(w_w/_wm) %
X (N+1)N’Nl”(g/+gm_g)} (2,76)

NN +1) 73

as the condition that the phonon distribution be stationary.
In this form it is obvious that, in the absence of a temperature gradient,
the equation admits the solution

g(f, 8) = constant X w(f, 3), (2.77)

since with this value of g the brackets in (2.76) vanish by virtue of the
properties of the 3-functions. This has a very simple physical meaning,

since it is easy to see that inserting from (2.77) in (2.74) this yields an
8505.98 E
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expression proportional to (2.73) and thus represents simply an infinitesi-
mal change of temperature. Evidently (2.72) must lead to a stationary
distribution whatever the temperature. Now in generalaninhomogeneous
equation of the type (2.76) will be soluble only if the inhomogeneous part
is orthogonal to all solutions of the corresponding homogeneous equa-
tion. This is all right for the solution (2.77) since this is even in its
directional dependence, i.e. it does not change if we replace f, by —f,,
whereas the left-hand side of (2.76) is odd. In other words, the tempera-
ture gradient has no tendency either to increase or to decrease the
temperature at any given point.

If we were to omit the Umklapp processes, then the homogeneous
equation would admit the further solution

g(f, 8) = constant X f,, (2.78)

and this would not be orthogonal to the left-hand side.

This fact could be made the basis of a method of solving the equation
for low temperatures, if the dispersion law was known with sufficient
accuracy to determine the solutions of (2.61) and (2.62) in practice. We
could then note that at low temperatures Umklapp collisions are rare,
most collisions being of the kind which preserves the distribution (2.78).
It is therefore reasonable to suppose that the actual distribution is given
by (2.78) with a small correction, smaller in the ratio of Umklapp to
ordinary processes. Then we can find the factor in (2.78) by multiplying
(2.76) by f, and summing over all f and s. In other words, we compute
the rate of change of J,. On the right-hand side, then, only the Umklapp
processes matter, and we may then neglect the deviation of the distribu-
tion from (2.78) as small of higher order. Then the right-hand side is
known except for the constant, and the equation thus determines
the constant in (2.78) and through it the energy transport. However,
by writing all this down we should only confirm the result (2.64) which
we have already derived by intuitive arguments ; we should not be able
to make it more quantitative without a much more extensive study of
the dispersion law.

2.6. High temperatures

If we are in the region where classical mechanics is valid, 7' > 0,
then all the phonon numbers occurring in (2.76) will be large, so that
N 41 may be replaced by N, and they are all proportional to the tem-
perature. Collecting the temperature factors in the equation, it is then
easy to see that, for a given temperature gradient, g must be pro-
portional to 7'-3. Going back to (2.74) this makes the change in the
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mean phonon number N* proportional to 1/7', and therefore we expect
an energy transport, and thermal conductivity, proportional to 1/7'.
This law is usually stated to be in agreement with the behaviour of
most crystals at high temperatures.

Its theoretical validity has been called in question by Pomeranchuk
(1942). His reasoning starts from the fact, which we have already noted,
that long-wave longitudinal phonons (or more precisely phonons with
8 = 3) occur only in collisions in which the other phonons have com-
parable wavelength. Now consider the Boltzmann equation (2.76) for
the particular case s = 3, and very small f. Then the left-hand side is
proportional to f-1. Since f’ is also of order f, the integration over f’
covers a volume of order f3. However, the 3-function allows only a sur-
face within this volume, which has an area proportional to f2. The
Phonon numbers are inversely proportional to the frequencies and there-
fore cancel the frequency factors. The coefficient b had been found
constant for small frequencies. Hence the right-hand side is proportional
to f 2 times some average value of g, averaged over arguments of the order
f. The equation therefore requires that g be of the order of f -3 for small f.
This makes N! in (2.74) proportional to f-5 and hence the energy
transport 14

(2m)?

S Nt Efi_‘; £2dfdQ

diverges for small f as f J2df. Hence an exact solution of (2.76) would
lead to an infinite thermal conductivity. Pomeranchuk also points out
that the long waves will be much more strongly damped by the effect
of the quartic terms, which involve four-phonon processes. In that case
the collision of a long-wave with a short-wave phonon of any kind of
polarization is always possible, and therefore the difficulty does not arise.
However, the terms due to four-phonon processes contain an extra power
of T, and if they alone were present the thermal conductivity would
be proportional to 7'-2. In actual fact we must assume that the cubic
terms in (2.76) are the dominant ones, and that the quartic ones will
come in only for the purpose of limiting the movement of the long-wave
phonons. The temperature law should therefore be some compromise
between 1/7' and 1/72. Pomeranchuk gives an argument which leads
to a 7't law, but, since this is based on the concept of mean free path,
which is not really applicable in these circumstances, one cannot regard
this conclusion as established. The only prediction that would seem to
follow with certainty is that the law must be intermediate between
T-! and T-2

8
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This seems a poor return for a long discussion, but progress beyond
this stage is difficult, unless we could construct a dispersion law which
wassimple enough to allow us to list the solutions for the possible phonon
collisions explicitly, and yet realistic enough to give the right kind of
collisions including those of the Umklapp type.

2.7. Impurities and size effect

So far our discussion has been concerned with ideal crystals. If the
lattice is disturbed by impurities or by imperfections in the growth of
the crystal, these will also scatter phonons. Since in this case the scatter-
ing centres are present no matter what the temperature, the scattering
probability of phonons of a given wave vector and polarization is in-
dependent of the témperature. At high temperatures, when the spectral
distribution of phonons is fixed, and when the specific heat is constant,
such imperfections therefore contribute an additional resistance which
is independent of the temperature. The situation is more complicated
at low temperatures when we are dealing with phonons of longer and
longer wavelength. In that case the temperature variation depends on
the variation of the scattering cross-section with wavelength. If the
imperfections are small, perhaps single misplaced atoms, they will
scatter long waves very inefficiéntly. They may, in fact, not be sufficient
by themselves to give a finite resistance because, as in the case discussed
in the preceding section, the long-wave phonons retain too great a
mobility. Nevertheless, they may have a large effect on the resistance at
low temperatures, if they can cause a sufficiently rapid change in the
total wave vector J, so as to make the Umklapp processes unnecessary.
In such cases the thermal resistance is again the combined result of
several different types of collisions, and any discussion of experimental
results becomes accordingly very complex (cf., for example, the paper
by Klemens (1951), whose use of the concept of relaxation time is not,
however, very convincing).

A further point of interest can be seen by comparing the crude formula
(2.56) with a result like (2.64). At low temperatures the conductivity
increases rapidly, in spite of the decrease in the specific heat. It follows
that the mean free path of the phonons must become very large.

For example, the thermal conductivity of pure KCl at 4° K. is of the
order of 1 cal./sec. deg. em. Since the specific heat at that temperature
is about 10* cal./deg. cm.? and the sound velocity about 6.105 cm./sec.,
the effective mean free path must be of the order of 10-1 cm. It is
evident, therefore, that the size of the crystal actually used and the
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condition of its surface are of great importance in the interpretation of
the experiments. Experiments by de Haas and Biermasz (1935) and
their analysis by Casimir (1938) have indeed verified this dependence
on the size of the specimen.

Here again the problem is complicated by the fact that, even when the
specimen is much smaller than the mean free path estimated from the
crude relation (2.56), this does not mean that the collisions between
phonons are completely negligible. The reason is that we have found the
thermal resistance to be dependent on the rare Umklapp processes. In
the circumstances specified we can therefore merely be sure that a
phonon has a small probability of undergoing an Umklapp process on
crossing the specimen once, but it may make many collisions in which
the wave vector is conserved; these by themselves would not be sufficient
to produce a finite resistance, but they may affect the phonon distribu-
tion. Hence it is in general necessary to discuss the effect of boundary
scattering jointly with that of collisions between phonons. An attempt
to do this has been made in the paper by Klemens to which I have
already referred, but much remains to be done.

Lastly, it should be mentioned that the collisions between phonons
which we have discussed in the last few sections are also responsible
for the damping of sound waves in perfect crystals. This has been
discussed by Slonimsky (1937). It would take us too far, however, to
enter into details of this problem. As far as I am aware, there exist no
experiments with which to compare this theory.

Note added in proof

The expansion of the potential energy in powers of the displacements
might appear questionable in the case of displacements like (2.20),
in which atoms far from the origin are necessarily displaced by an
amount much larger than the lattice spacing. However, the potential
energy is really a function of the distances between the atoms (hence
the identities (1.22) and (2.23)), and the expansion is therefore valid
provided the distance between any two atoms changes only by a small
fraction. This is compatible with (2.20) provided e is a small number.



III

INTERACTION OF LIGHT WITH
NON-CONDUCTING CRYSTALS

3.1. Statement of problem. Infra-red absorption

Ir a process of absorption, emission, or scattering of light is described
in quantum mechanics, it always involves two states of the mechanical
system (in our case the crystal), namely, the initial and the final state.
For the purpose of this chapter we shall assume that both these states
can be described by the formalism previously developed, i.e. that we
need not take explicit account of the motion of the electrons inside the
atoms or ions. This is equivalent to saying that all atoms or ions should,
before and after the optical process, be in their ground states. In other
words, we exclude from our consideration at present the absorption and
emission of visible or ultra-violet light, and the absorption and incoherent
scattering of X-rays. These will have to be discussed later. Our assump-
tions do cover, however, the absorption of infra-red radiation, the
coherent scattering of light at any frequency, and ‘the most important
type of Raman effect.

Starting with the simplest of these problems, the absorption of infra-
red radiation, we are therefore concerned with a process in which
initially we deal with the crystal in the ground state and an incident light
quantum, whereas in the final state the quantum energy appears in the
form of vibrations or phonons.

This process can take place only if the vibration of the crystal is
associated with the motion of electric charges or currents, and in practice
this restricts us to ionic crystals. Strictly speaking, even in other crystals
the atoms may carry electric or magnetic multipoles either permanently
or as a result of their distortion by the surrounding lattice. A vibration
of the atoms may therefore produce electromagnetic fields by the changes
in these multipole moments; however, in practice this effect is com-
pletely negligible.

We assume, therefore, that we are dealing with an ionic crystal. It is
then a good approximation to assume that in the course of a vibration
the charge on each ion is bodily displaced. This again is not quite rigor-
ous; if an ion moves with respect to its neighbours, the repulsive forces
will tend to prevent the movement of the outer electron shell more
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strongly than that of the inner core, with the result that the displacement
of the centre of charge of the ion may exceed that of the centre of mass
in the case of a positive ion, and be less in the case of a negative ion.
These effects may cause a small correction to the intensity of the absorp-
tion or emission lines, and they will not affect the selection rules at all.
We shall therefore ignore them.

This means that we may take the whole charge of the ion as con-
centrated at its centre. Then the interaction energy with an external
electromagnetic field of vector potential A(r,?) and no scalar potential
may be written in the formt

1 . e}

> (o AR Ry, + it (ARa )7 3.1)
where e; is the charge on the jth ion in the nth cell, R, ; is its position.
The second term, which is proportional to the square of the vector
potential, has matrix elements only for transitions in which the number
of photons changes by two or remains unchanged. It is therefore of
interest in connexion with the scattering of light and with Raman effect,
but does not contribute to simple absorption or emission.

In the first term we assume, as before, that the ions are nearly in their
equilibrium positions. Since R is then a small quantity of the first order,
we may, in the argument of A, replace R, ; by its equilibrium value
a,+d;. The velocity R is, of course, the same as the rate of change of
the displacement, 01, and if we express this in terms of normal coordinates
by (1.31) and (1.32) we obtain for the interaction energy

_z z z e;A(ay+d,). v(f, 0)eita(f, o) Q(f, o). (3.2)
nj f.o

To find the transition probability induced by this interaction, we use
again the standard relation (2.58). A has matrix elemnents corresponding
to the absorption and emission of one photon. Fixing our attention on
an absorption process, for a photon of wave vector k, polarized in the
direction of unit vector €, and subject to the same cyclic boundary

condition as the vibrations, the matrix element of A becomes

e( fic? )% e—ik-(@n+dy) (3.3)

4L3Q
where Q = ck is the light frequency. Evidently this process can conserve

energy only if the vibrational energy increases, i.e. if the phonon number
isincreased. Hence o must be positive, and taking the form of the matrix

t See, for example, Schiff (1949), section 23.
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element from (1.63) we have finally for the matrix element for conversion
of the photon of wave vector k and polarization e into a phonon of wave
vector f and polarization s

_i(4gg)%(%‘3([_f&;_))% z e_ik.djeje.vj(f, s) Z eitk—0.a, (3.4)
i n

The last factor is again a sum of the familiar form (1.40) and vanishes
unless kK—f is a lattice vector in the reciprocal lattice. When this is the
case each term in the sum equals unity, and the sum reduces to the

number N of unit cells in the crystal. Hence the transition probability
becomes

2
w(f,8)—Q} —— ej €.v,(f,s)e-% , (3.5)
where ' f—k = K, (3.6)
while the 8 function singles out the value of k for which
o(f,s) = ck. (3.7)

The conditions (3.6), (3.7) are illustrated in Fig. 4. The full lines represent
the various branches of the vibration spectrum, the broken line gives the
frequency of the photon, and any intersection is a solution of (3.6).
The figure must, of course, be regarded as a one-dimensional section of a
three-dimensional problem.

To be realistic the broken line should be much steeper than is shown,
since its slope represents the velocity of light, whereas the initial slope
of the full lines is the velocity of sound, which is about 10-5¢. It therefore
follows at once that there is no intersection for those branches whose
frequency vanishes when f = 0, which we called the acoustic branches.
Moreover, the value of f at the intersection is extremely small, of the
order of the ratio of sound to light velocity, and may, for most purposes,
be replaced by zero. Lastly it is evident that the reciprocal lattice vector
K in (3.6) will, in fact, be zero.

Since k& must be very small compared to the inverse lattice spacing, it
follows that k.d, is a very small quantity and can usually be neglected.
The factor N2/L3M™ can be written in the form p/(M¢)?, where p is again
the density and M the mass of a unit cell. So finally (3.5) becomes

2
Z e;€.v40,3)| .

The simplest case is that of an NaCl type lattice, » = 2. In this case
there are three acoustic branches and three ‘optical’ ones. For f — 0,

3{Q—w(0, 8)} (3.8)

4(Mc)2
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the displacement of all positive ions must be the same, and similarly all
negative ions must have the same displacement. Moreover, from the
orthogonality with the acoustic vibration of infinite wavelength for
which all displacements are equal, we can deduce from (1.41) or (1.42)
that the positive and negative ions will be displaced in opposite directions
by amounts in the inverse ratio of their masses.

w

4’1‘

Fia. 4.

For the three optical branches, s == 4, 5, and 6, the displacements of the
positive and negative ions are in opposite directions. In this case, the
frequency depends on this direction even when f is very small, because
of the long-range effect of electrostatic forces (cf. Kellerman, 1940).
If f is small, but the wavelength 1/f is small compared with the dimensions
of the crystal, one normal mode is exactly longitudinal and the others
transverse ; the frequency of the longitudinal one for small f is larger
than that of the transverse ones. This has been indicated in Fig. 4.
For the longitudinal mode v; is parallel to f, i.e. perpendicular to €. For
this mode we see that the transition probability (3.8) vanishes. There is
therefore only one absorption frequency, corresponding to the marked
intersection in Fig. 4.

In a cubic crystal the transverse modes must, for small f, have the same
frequency, and because of this we may choose one of them to be polarized
in the direction of e. For this mode the transition probability becomes
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(using the orthogonality and normalization)

2
—w(0,4)}-7P4 .
Ha—a(0, 4724 (39)
where M,, M, are the masses of the two ions, and ¢, = —e, the charge of

one of them.

To obtain a numerical estimate from (3.9) we must remember that to
this approximation the absorption line is infinitely sharp, and we
therefore cannot define an absorption coefficient for monochromatic
radiation. We may, however, define the rate at which energy is lost
from a beam with a continuous spectral distribution. Taking the mole-
cular weights and density for NaCl, and assuming that the radiation is
uniformly spread over a frequency interval equal to the absorption
frequency itself, which for NaCl is about 4.1013 sec.-1, we find that the
beam will lose energy at the rate of 2.10%% sec.~! times its own energy,
or therefore 7.10* times its energy per cm. travel, which represents a
very strong absorption. In the neighbourhood of this frequency one will
find strong anomalous dispersion, as always near strong absorption lines,
and the consequent large values of the refractive index lead to high
reflection coefficients at a crystal surface. After multiple reflections from
such surfaces, frequencies near,the resonance line therefore persist while
all other components have been weakened, and this is the easiest method
of detecting the existence of these resonances.

In practice the line is not, of course, infinitely sharp, but it will show
the natural line width (radiation damping) which is due to the fact that
the re-emission of the radiation which has been absorbed limits the life-
time of the excited state. In addition, the excited state may, by the
anharmonic coupling terms, transform into a state in which two differ-
ent phonons replace the optical one, and this process also limits the life
of the phonon in the optical branch and hence causes a broadening.

Finally, it should be remarked that all the results of this section could
have been obtained classically (which might be guessed from the fact
that the final result (3.8) does not contain the quantum constant). We
have, nevertheless, chosen to use quantum mechanics both because the
calculation then links up more directly with that of other phenomena,
and also because it allows us to use concepts like phonon and photon,
which help in visualizing the process.

3.2. Diffraction of X-rays

Turning now to the scattering of light, we begin with the simplest case,
in which we may neglect the displacement of the atoms from their
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equilibrium positions, and assume the lattice to be perfect. We also
restrict ourselves to the case of coherent scattering.
In that case the amplitude scattered by an atom can be expressed as

€2 ¢ikR
ABO == _FW -F(em.esc)Am. (3.10)

Here R is the distance from the atom at which the scattered wave is
observed; R is assumed large compared with the wavelength. €, and e,
are the polarization vectors of the incident and scattered waves. 4, is
the vector potential of the incident wave at the centre of the atom.
F is the so-called ‘form factor’, a number which is in general complex,
and which depends on the nature of the atom, the wavelength of the
light, and the angle of scattering. The dimensional constant —e2/mc?
has been introduced so as to make F = 1 in the case of a single electron
scattering classically, and e, m are the charge and mass of the electron,
¢ is the velocity of light. The equation is, of course, to be understood in
the usual sense in which a real periodic potential is represented as the
real part of a complex quantity.

This equation assumes the atom to be spherically symmetric; otherwise
F would depend on the incident and scattered directions separately.
This case is not, however, of practical importance.

Consider now the extension of the above result to the case when the
atom is not at the origin, but at some point r. In that casc the incident
amplitude compared with that at the origin contains the factor e%-*, where
k is the wave vector of the incident wave. Similarly, the scattered
amplitude at a point a long distance R from the origin will differ from
that at a point distant R from the atom by a factor e’¥"-*, where k’ is the
wave vector of the scattered wave. This means we must multiply
(3-10) by ei(k—Kk').r (3.1 1)

Now consider the whole crystal. We assume for simplicity that the
scattering is weak, and that therefore the wave incident on each atom is
the original incident wave, and that the waves scattered by other atoms
may be neglected in comparison with it. Then we obtain the total
scattered amplitude by adding for each atom a term (3.10) multiplied by
a factor (3.11) to take account of its position. For the perfect lattice

therefore
o2 eikR .0ty
A = — TR (€m - €5c)Ain ; g F; ei1-@atdp), (3.12)

where q = k—k'. (3.13)
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The summation over n then gives rise to the familiar factor
S eit-a, (3.14)

n
which vanishes unless very nearly

q=K, (3.15)
where K is a reciprocal lattice vector.

Fi1a. 5.

Since we are concerned with coherent scattering, the vectors k and k’
must be equal in magnitude. Hence each must be at least one-half the
magnitude of the smallest non-zero lattice vector of the reciprocal
lattice. (The case when K = 0 means no scattering.) Since the smallest
K is of the order of 27/a, where a is a length of the order of 10-8 cm., we
see therefore that the perfect lattice does not scatter light coherently
unless the wavelength is in the X-ray region or shorter.

In general, for a given incident wave and a given orientation of the
crystal, no scattering is possible. Since k is given, and k’ must have the
same magnitude, we may construct all possible vectors k’ by drawing,
in reciprocal space, the sphere

k—q[?—k2 = o,

or ¢?—2k.q =0 (3.16)
which passes through the origin (cf. Fig. 5). Ingeneral, none of the values

of q which belong to points on this sphere will coincide with any of the
points in the reciprocal lattice.
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Inpractice, the scattering of X-rays is observed by one of two methods.
In the first the X-rays used are not monochromatic (Laue method).
Then we have to replace the sphere by a family of spheres obtained by
varying the magnitude (but not the direction) of k. One of the spheres will
then pass through each reciprocal lattice point, defining a given vector k.
Each lattice point therefore results in scattering in a particular direction,
and a photographic plate will record a network of points, each belonging
to one point of the reciprocal lattice. The wavelength of the radiation
scattered by each point is then different, and this makes a quantitative
use of this method rather inconvenient.

Alternatively, one uses monochromatic radiation, but varies the
direction of the crystal. This can be done by rotating a single crystal
about a suitable axis. The effect of this is to keep the sphere of Fig. 5
fixed, but rotate the lattice. It is evident that in the course of the
rotation some lattice points will cross the sphere, thus making scattering
possible. A similar result is achieved by using, instead of a single
crystal, a piece of polycrystalline material or a powder made up of small
crystals with random orientations. This is equivalent to rotating the
lattice of Fig. 5 into all possible orientations. In that case each lattice
vector K will yield scattered radiation covering a cone with the incident
direction as axis (Debye-Scherrer method).

Provided the crystal is oriented suitably with respect to the incident
beam to satisfy the diffraction condition (3.16) for a particular vector
K, we have for the magnitudes

2ksin}f = K,
where 0 is the angle between incident and scattered radiation; or,
remembering the connexion between wave vector and wavelength,

2.0 K
2and _ K. 17
A = o, (3.17)

The right-hand side is an inverse length which can be shown to be equal
to a multiple of the inverse distance between suitable planes containing
atoms in the original lattice. In the form

2.0 =n
Zein- = = 1
yoing = (3.18)

the relation is known as Bragg’s law.
The intensity of the reflection belonging to a particular order, i.e. to a
particular lattice vector K, depends, according to (3.12), on the quantity

D Fie®d (3.19)
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taken over the unit cell. If the atomic form factors F; are known for all
atoms or ions of the crystal, a measurement of a sufficient number of
lines will then determine the d; and hence the positions of the atoms in
the unit cell.

The form factor F; may be determined empirically, or from atomic
theory. The theoretical determination is in general complicated, but
simplifies greatly if the frequency of the X-ray is much greater than the
frequencies of the important absorption lines of the atom or ion. One
can then prove that in the interaction of the radiation with the atom,
which is again given by (3.1) but with e;, 4, replaced by e, m, the charge
and mass of the electron, the first term is negligible compared with the
second. Since this term is quadratic in the vector potential, it contains
directly matrix elements which represent the disappearance of one
photon of wave vector k and the emission of one of wave vector k'.
Using the matrix elements for A which we have already used in (3.3), we
find for the relevant matrix element of the second term of (3.1)

e ket | zZ
Imad AL \Em €50) lzlew‘r’: (3.20)

where the sum goes over the electrons in the atom, and r, is the position
of the Ith electron. Of this expression we should take now the matrix
element between appropriate atomic states. Since in coherent scattering
the initial and the final state are the same, this amounts simply to
averaging (3.20) over the electron coordinates with the density function
describing the distribution of electrons in the atom.

Making the usual transition from matrix element to scattering ampli-
tude, one obtains for F' the expression

f p(r)eta-r fB3r, (3.21)

where p(r) is the electron density at the point r. In this case, the total
form factor of the unit cell may be obtained by inserting (3.21) in (3.19),
with the result

f ; p;(r)eia-r dir. (3.22)

Here r is counted from a fixed origin in the unit cell, and the integral
goes over the volume of the unit cell. Y p,(r) is the sum of the electron
i

densities due to all atoms, and hence just the total electron density.
It is therefore not necessary to decide just which part of the electron
distribution belongs to one or the other atom. This might in fact
be rather difficult for the outer parts of the atoms, which overlap.
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(3.22) shows, in fact, that the observations give us directly the Fourier
coefficients of the electron density in the unit cell.

As I have pointed out, these formulae are valid only if the atomic
resonance frequencies can be neglected in comparison with the X-ray
frequency. The most important example of the opposite is the case when
the X-ray is near the absorption edge of one of the shells of an atom in
the crystal. Inthat case that particular shell may make a large contribu-
tion to the scattering, because of anomalous dispersion. In such cases
equations (3.20) to (3.22) fail. They must also be corrected for very hard
X-rays and y-rays, when relativistic corrections become important.

According to the simple theory of this section, the X-ray reflections
are infinitely sharp, since (3.15) must hold exactly. In fact, even for an
ideal crystal, the lines have a finite width, because, if a wave has suitable
wavelength and frequency to be scattered, it will be weakened rapidly in
passing through the crystal, and instead of using plane sinusoidal waves
in (3.12) one should really give them an exponentially diminishing ampli-
tude. In that case the condition (3.15) is no longer rigorous, but only
approximate. A quantitative theory of this problem is contained in
Ewald’s ‘dynamical theory’ of X-ray interferences. The problem is
closely related to the width of the lines in electron diffraction, which we
shall have to discuss from rather a different point of view.

3.3. Effect of the atomic vibrations
In the real crystal the atoms are subject to displacements from the
ideal lattice positions, as we saw in Chapter I. We must therefore correct
(3.12) by substituting the real position of each atom for the lattice point.
In this way, the scattered amplitude will depend on the displacements,
which are subject to statistical fluctuations, and also vary with time.
Hence the scattered amplitude will no longer have exactly the same
frequency as the incident radiation, and this should, strictly speaking,
be allowed for by correcting in each case the wave vector k' of the
scattered wave so that its magnitude corresponds to the actual frequency.
However, this change of frequency is of the order of the frequencies
of the lattice vibrations, and as long as we restrict ourselves to the X-ray
region it is quite negligible.
If we correct the sum in (3.12) for the atomic displacements, we have
> Fjeta-@atdyivay), (3.23)
n,j

Consider for the moment the region of low-order diffraction, for which
q—q’ is of the order of an inverse atomic distance. Since we have seen
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that the atomic displacements are small compared with the atomic dis-

tance, the term containing u in the exponent is then a small number, and

we may expand its contributionin a series. Up tosecond order the resultis
3 Bt {1 +ig.u, —H(d.uy ) (3.249)
m,

We shall discuss separately the effects of the first-order and of the

second-order terms.

In the first-order term we express the u in terms of normal coordinates
by (1.30) and (1.32). The average value of each of the @ vanishes, and
the only non-vanishing matrix elements are those in which N(f,s)
increases or decreases by one unit. This corresponds to a process in
which a phonon in this mode is emitted or absorbed. Explicitly the
first-order term is,

]Z g Feta-4 ; el@+h-2 q v (f, s{Q(f, s)+ Q(f, —s)}. (3.25)

It is clear that this term leads to scattering whatever the wavelength of
the X-rays, and for any angle of scattering, since for any given vector q
it is always possible to find an f for which the sum over n gives a large
contribution. This requires that

f=K—q, (3.26)
where K is a vector in the reciprocal lattice. Since-f was defined to be in
the basic cell of the reciprocal lattice, the relation (3.26) determines f
and K uniquely. (3.25) therefore gives a continuous background to the
scattering, though, as we shall see, this background is by no means
uniform.

To discuss the background intensity, we simplify the problem by
assuming that there is only one atom in the unit cell, so that the suffix j
may be omitted.

Theintensity is proportional to the squared modulus of (3.25), averaged
over time, which is equivalent to taking the diagonal matrix element for
the initial state of the crystal. Since Q(f, s) represents the absorption of
a certain phonon, @(—f, —s) its emission, only their product will con-
tribute to the diagonal element. (Thisisthe same as saying that processes
in which different phonons are produced or absorbed are incoherent with
each other.) Hence we have

PP S S etstone|qvif, ) QU ) Q*(E,8)+ Q*(F, )Q(%, 9} (3.27)

,n’ 1,8
or, inserting for the matrix elements from (1.63),
L > > eIV ve ). 2.9

n,n’ 1,8
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As a function of q, this expression will show a variation in detail accord-
ing to whether or not the vector f defined by (3.26) coincides with one of
the discrete values permitted by the boundary conditions for the vibra-
tions, as expressed by (1.27). This effect is due to the diffraction by the
external shape of the crystal, and in practice neither the wavelength nor
the direction of the X-rays will be well enough defined to make this
observable. We are therefore interested in the average of (3.28) over a
region containing many solutions of (1.27), and then the variation with
q will be due only to the last two factors, in which we may regard f as a
function of q by (3.26). Inserting for the phonon number N(f,s) its
thermal average from (2.2), the background intensity is thus seen to be

proportional to ¢
z 1 fiw(f, s)
2
- [q.v(f, '9)| (f, 8) coth okT ¢ (3'29)

Here the first factor varies very slowly with f. The last two factors are
inversely proportional to w(f, s)? at high temperatures, when the coth
may be replaced by the inverse of its argument. In that case the function
will be greatest near f = 0, and, because of (1.63), will there vary as
1/f2. The background intensity is therefore inversely proportional to
the square of the deviation in reciprocal space, from the nearest reciprocal
lattice point. The factor of proportionality depends on the direction of
this deviation.

At these high temperatures, the background intensity is proportional
to T

At T = 0, when (3.29) is equivalent to putting N = 0 in (3.28), so
that only the emission but not the absorption of phonons contributes,
the intensity varies only as f-1.

Next consider the second-order term in (3.24). Since we have assumed
q.u,; to be a small number, its contribution to the amplitude is small
compared to that of the first-order term which we have just discussed.
It does, however, contain terms which are coherent with the leading
term, and these will give contributions to the intensity of the same order
as the first-order terms. These coherent parts are those which do not
involve any change in the phonon numbers, and therefore represent the
average of (3.24) over the initial state of the crystal. The second-order
contribution thus becomes

~1 3 Fevena(qu, T, (3.30)
where the line over the symbol again denotes the average. The last

factor depends on the mean square displacement of the atom n, j in the
3595.93 F
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direction of q. Because of the translational symmetry this must be the
same for corresponding atoms in different cells, and hence independent
of n. The sum over n is therefore the same as in the leading term of
(3.24). The effect of the correction (3.30) is merely to replace F; in the
formula for the perfect lattice by

F1—}(qu,,). (3.31)
This is therefore always a reduction of the scattering power, and it
amounts to replacing the electron density distribution of the atom by a
smaller density, spread over a larger volume, as is appropriate to an
atom whose position is subject to fluctuations.
To evaluate the average, we proceed as in the first-order term

(q.u,,)* = ‘2; 1. v;(£, s) [X{Q(L, ) @*(£, )+ Q@*(F, 5)Q(F, 5)}

fi fiw(f, s)
J— 2
_‘,Eslq.v,(f,s)l 2M<N)w(f,3)00th T

For the case of one atom in the unit cell this gives again the last factor
(3.27), summed over all f, and in that case one sees therefore that the loss
of intensity from the regular Bragg diffraction is just equal to the total
intensity in the background (except for the variation of F with q).
The situation is not so simple.in the case of a more complex unit cell.
For example, it may happen that for a certain regular diffraction two
atoms contribute with equal and opposite amplitudes and hence leave
only a small difference. In that case, if one of them vibrates with greater
amplitude than the other, the effect of the vibration may actually be to
increase that particular peak.

If there is only one atom in the unit cell, the expression (3.32) may be
further simplified if the lattice has cubic symmetry. In that case we
are dealing with a quadratic form in the components of q, which must
have cubic symmetry, and any quadratic form of cubic symmetry is
isotropic. It must therefore be proportional to ¢2, and hence we may re-
place the first factor by 1¢2|v(E, )2,

which, by (1.40), is simply 4¢®. Replacing the summation over f by an
integration,
—— { i fiw(f, s)
u 2 = dQ 2 o/e 2 If 2 - ¢ ¢
GuP =3 [0 [ 1 g e ™D a3y
This expression is again proportional to 7' at high temperatures, and
reaches a constant limit at low temperatures, the first increase above this

limit being proportional to 7%, as may be seen from the same reasoning
that led to (2.12).

(3.32)
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The behaviour of the integral near f = 0 is of some interest. In that
region the frequency is proportional to f (the factor depending on
direction and polarization) and, since the coth goes as the inverse argu-
ment for small argument, the integrand is constant. If, however, we
were dealing with a two-dimensional lattice, or with a linear chain, the
integrand would go as f-! or f-2 respectively, and the integral would
diverge. This means that we should then not be justified in replacing the
sum by an integral. It is easy to see that the sum would increase with the
logarithm of the linear dimensions in the plane case, and proportionally
to the length in the case of the chain.

The reason for this is particularly evident in the case of the linear
chain if we assume that each atom interacts only with its nearest neigh-
bours. In that case, if the position of the left-hand end of the chain is
held fixed, a small displacement of any one atom will shift the equilibrium
position of all other atoms to the right of it, and there is no mechanism
for correcting this error again later. Hence all errors in the spacing are
cumulative for the absolute position of the atoms, and one must expect
that the mean square displacement should increase linearly with
distance, as our calculation indicates. If there are forces between atoms
that are not immediate neighbours, the argument is less obvious, but it is
still true that any small displacement of a group of atoms will destroy
the exact alignment of the atoms on either side of it.

In the three-dimensional case, on the other hand, any two atoms can
be linked by so many different paths that they have a much stronger
tendency to maintain their relative positions. This so-called ‘long-
distance’ order is thus characteristic of the three-dimensional case.

Equation (3.31) can easily be generalized to the case of larger q (high-
order diffraction) when q.u is no longer small. This is because the
probability distribution of the displacement of an atom is given by an
error function. This is evident at high temperatures, where it is an
immediate consequence of Boltzmann’s law, and at zero temperature,
when it follows from the fact that the wave function of a harmonic
oscillator in its lowest state is an error function. It can, however, also
be shown for the intermediate case (e.g. Born, 1943). Therefore the
mean value of (3.23) can be obtained exactly, and turns out to be an
exponential of which (3.31) is the beginning of the expansion. In other
words, the more exact form of (3.31) is

Fe-iamym, (3.34)

The exponent is still given by (3.32).
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For such large values of q the expression for the background must
also be modified, but this problem is less simple, and also less interesting.
Since one is now concerned with the simultaneous emission or absorption
of several phonons, one can see that the effect will be to reduce the
maximum of the background near the Bragg diffraction, and spread it
out more widely.

3.4. Scattering of light

We have seen in the last section that, whereas scattering of radiation
by a rigid lattice is possible only for waves in the X-ray region or shorter,
the atomic vibrations effectively remove this limitation. We may
therefore apply the method of the last section also to the scattering of
longer waves, for example of visible light.

In that region some of the approximations made in deriving our basic
equations need revision, but it is easiest to consider first what happens
if we apply (3.23) to the visible region, and discuss corrections later.

In the visible region the wavelength is very large compared to the
lattice constant, and therefore £ and %’ are small. In this case g.uin
(3.24) is certainly small so that we need not go beyond the first order,
particularly since there is no solution to the Bragg conditions, as we have
seen. - .

Hence (3.25) then contains the entire effect, and again the only contri-
bution comes from values of f for which (3.26) is valid, which in this case
requires that K = 0, f = —q.

For a lattice with one atom per unit cell, a wave with the small wave
vector —( is an elastic wave; and in this case a knowledge of the elastic
constants is in principle sufficient to describe the scattering.

If in particular q has the direction of one of the axes of symmetry of
the crystal, there will be three normal modes, of which one is longitudinal,
the other two transverse. The product q.v(—q,s) vanishes for the
transverse waves, so that then only one of the three values of s con-
tributes. For a general direction q the three directions of polarization
will deviate from the transverse and longitudinal directions by an amount
dependent on the anisotropy of the elastic constants, and then in general
all three will contribute to the scattering, though in different amounts.

In the case of visible light the change in frequency of the light due to
the absorption or emission of a phonon is observable. It is, however, still
a small change, so that we can find q as if k and k’ were equal in mag-

nitude, which gives q = 2ksin 30, (3.35)

where 0 is again the angle of scattering. Then, the energy of the scattered
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photon must equal that of the incident photon plus or minus the phonon
energy, or ,

& .Ak_" - k_;l‘ - icizzsin%e, (3.36)
where c;, is the velocity of light and ¢, the sound velocity for waves of
polarization s travelling in the direction of q. This ratio is of the order
of 10-5,

In a crystal whose elastic constants were isotropic we should thus see
one line in the spectrum of the scattered radiation on each side of the
original frequency. That with decreased frequency corresponds to the
emission of a phonon (‘Stokes’ line) and that with increased frequency
arises from the absorption of a phonon (‘anti-Stokes’ line). The names in
brackets refer to Stokes’s rule that in fluorescence the frequency of the
emitted radiation is less than that of the incident radiation. The rule is
valid for systems in their ground states and it is evident that at very
low temperature the anti-Stokes line would disappear, although such
temperatures are not easy to reach in practice.

In areal crystal we expect, for a general direction of scattering, to have
three Stokes and three anti-Stokes lines; that belonging to the most
longitudinal mode, which in general has the greatest sound velocity,
should be much stronger than the others.

Let us now return to the question of the justification for (3.24). This
was based on the picture that each atom scattered light waves indepen-
dently, and that, upon a displacement of the atom, it still scattered in
the same way as before. However, a large contribution to the scattering
in the visible region is due to the outer electrons, which may, in fact, be
shared between adjacent atoms, and these outer shells of the atom in any
case will not move bodily if the atom is displaced with respect to its
neighbours.

However, we are concerned only with the effects of very long-wave
vibrations. In these the relative displacement of adjacent atoms is very
small, and the main effect is a fluctuation in the density. Indeed the
relative change in density is

2,

oa,
which for a wave f, s of unit amplitude is e®®if.v(f,s) in agreement
with (3.25).

Hence all that has, in fact, gone into our use of (3.25) in this case is the
fact that, if aregion of the crystal is uniformly compressed, the scattering
of light per unit volume increases, to first order, as the density. This
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is a much weaker assumption than was necessary for deriving (3.25)
in the case of X-rays, and is justified even in the optical region. (3.25)
would not give correctly the scattering of visible light by very short
lattice waves, but since this scattering is negligible this does not matter.
These results were first described by Brillouin (1922).

Now turn to a crystal with a complex unit cell. Then the sum over
8in (3.25) covers not only the ‘acoustic branch’ of the vibration spectrum,
for which the frequency vanishes for f = 0, but besides this, 3r—3 other
modes with finite frequency. We may here neglect q both in the fre-
quency and in the polarization vector v;(—q, s). We are then dealing with
vibrations in which the displacement of corresponding atoms in different
cells is the same. In a lattice with cubic symmetry three such modes
have the same frequency since the frequency must remain the same if the
unit cell is rotated through 90° about one of the cube axes. In that case
there are only r—1 distinct frequencies.

We then find that the scattered light contains lines shifted in frequency
to either side by the frequencies uf the internal vibrations of the unit cell.
In this case the order of magnitude of the shift is some 10-2 eV. This
phenomenon, which is one aspect of the Raman effect, is very useful in
investigating the geometrical and dynamical properties of the unit cell.

For this effect it would not be correct to calculate the amplitude from
(3.25), since in the relative displacement of different atoms in the unit
cell we must not expect each atom to move like a rigid body, particularly
as regards its outer shells. Our conclusion about the relation between the
wave vectors of the initial and scattered photon, and the absorbed or
emitted phonon, and between their energies, are still valid, since they are
based only on symmetry considerations. An estimate of the intensity of
the Raman lines, would, however, need a different approach. (See
G. Placzek (1934).)

3.5. Scattering of neutronst

It is convenient to discuss in this context the scattering of neutrons
by crystals, because in spite of the physical differences the mathematical
problem is very similar to those that we have just discussed.

We may assume that the neutrons interact only with the atomic
nuclei in the crystal. Their interaction with electrons is very weak,
except through the magnetic moment of the neutron interacting with
the magnetic field of the electron. In a substance which is chemically
saturated there are no magnetic fields. Even if the atoms have magnetic

t For a more quantitative treatment, see Placzek (1952).



§3.5 NON-CONDUCTING CRYSTALS 71

moments, these will be oriented at random and at most give background
scattering. The special case of ferromagnetic crystals will be discussed
later.
For the scattering of neutrons by an atomic nucleus the ratio of
scattered to incident amplitude is similar to (3.10)
gikR
Ao = 8 Ay, (3.37)

where S is now the ‘scattering length’ and is independent of the angle of
scattering and, over a wide range, of the wavelength. The situation is
complicated by the fact that the neutron possesses a spin, which is
capable of two orientations, and the nucleus may also have a spin. If
8o, two different processes are possible; either the components of both
spins in some direction are not changed by the collision, or both are
changed by the collision. In the latter case, the nucleus is no longer in
its initial state, and therefore the processes of scattering by different
nuclei lead to different final states of the whole system, and must be
treated as incoherent. For the purposes of diffraction we should there-
fore include in (3.37) only the scattering without spin change, and the
other process will add a continuous background to the scattered intensity.
The scattering length S in (3.37) will still depend on the initial orienta-
tion of the nuclear and neutron spins, and will therefore be different
for different nuclei. In addition, when there are different isotopes they
will have different scattering lengths. We must therefore allow S to be
different for different nuclei even in equivalent positions in the lattice.
For a perfect lattice we obtain in place of (3.12)

eikR .
Sjn etd.(ag+dy) (3.38)
F 33

Let S; be the average of S, over all n, which means averaging over the
isotopes with their abundances as weight factors, and over all orienta-
tions of the nucleus in each case. Then we may write

S]'ll = SJ+Djn’ (3.39)

where D;, vanishes on the average over n. D;, vanishes also if the
nucleus has only one isotope and its spin is zero.
The contribution of S; to (3.38) is proportional to

D Sjet1d Y gl (3.40)
F] n

in close analogy with (3.12). Again the second factor vanishes unless q
equals one of the vectors in the reciprocal lattice (Bragg condition) and



72 INTERACTION OF LIGHT WITH III

the first factor may be used to determine the position of the nuclei in the
unit cell, if the strengths of the different diffraction maxima are known.
Since §; is in practice independent of q (this is because the dimensions of
the nucleus are small compared to the wavelength) (3.40) does not tend
to become small for high order. Another characteristic feature of the
neutron case is that 8 is appreciable for hydrogen, so that the strength
of the reflections depends on the position of the hydrogen atoms or ions,
which are hard to locate by X-ray diffraction.

Now consider the contribution from D;, to (3.38). This vanishes
exactly when the Bragg condition is satisfied, since then the exponential
factor in (3.38) is the same for all cells, and we are therefore concerned
with the average for all N. Hence the D term does not contribute to the
diffraction peaks, but only to the continuous background. Since the
distribution of the isotopes and of spin orientations over the lattice sites
is random, we are interested in the statistical average of the intensity.
This is proportional to

3 3 (D) (Sp+ D)eisien-ou sty (3.41)

Here the term arising from the product of the S terms is just the square
of the Bragg diffraction amplitude (3.40). The termsinvolving a product
of 8 and D vanish on the averge. We are therefore left with the pro-
duct of the D terms. If in this n # n’, we may still replace each D by
its statistical average, since the other factor depends only on the relative
position of the cells n and n’, and averaging over all pairs of cells in the
same relative position, we find the distribution of isotopes and spin
orientations distributed at random. However, for n = n’ and j = 5’
we retain a finite contribution, which equals

jzn D%, = rN[DPE, (3.42)

where, as usual, 7 is the number of atoms in the unit cell and NV the number
of cells in the crystal. This quantity is independent of q and therefore
represents a uniform background.

The effect of the thermal motions of the atoms can again be discussed
in the same way as in the case of light. For simplicity we shall now
assume all nuclei of each element identical and without spin. Then we
obtain by an immediate generalization of (3.31) or (3.34) the reduction
in intensity of the diffraction maxima, the factor being, for each q, the
same as in the case of X-rays.

Similarly, the thermal background is again given by (3.25) with F;
replaced by S;. However, whereas the energy of an X-ray of wavelength
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10-8 cm. is about 10 keV, that of a neutron with the same wave vector
is about 0-1 eV. While for X-rays the change of energy due to the
emission or absorption of one phonon is completely negligible, this is by
no means true for neutrons. Consider the case in which the initial
neutron wave vector is k, and in which a phonon in the state f, s is
absorbed. Then from (3.26)

k' = k+f+K (3.43)
Fraot 1 o
2m
",
am "
k fa
Fia. 6.

and, from energy conservation,

2

72
2 2
k2 = kA Hiw(f, o). (3.44)

Fig. 6 shows a graph of the simultaneous equations (3.43) and (3.44)
for a one-dimensional case. Each intersection of the parabola with the
wavy curve gives a solution. We notice that for the first few intersections
we are near the bottom of the vibration spectrum, and f is small, but the
increase in neutron energy is appreciable.

Hence the thermal scattering in these circumstances is, for the first
few values of K, concentrated in the neighbourhood of the values
k' = k+ K. It is easy to show that this is still true in three dimensions.
These fairly sharp peaks must not be confused with diffraction peaks,
since for the latter k'2 = k® replaces (3.44). For a given orientation of
the crystal and given neutron energy there is in general no diffraction
from the perfect lattice, but the thermal peaks will be there.

A particularly simple case is that in which & is negligible, i.e. in which
we are dealing with incident neutrons of very low velocity. Then the
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maxima are near k' = K, i.e. they are always in simple crystallographic
directions.

The opposite process of emission of a phonon is similar, and can be
discussed by turning the wavy curve of Fig. 6 upside down. For low
neutron energy, as in the diagram, there are only few intersections,
since the condition that the neutron must lose energy then limits &'—k
to be less than 2k.



1V
ELECTRONS IN A PERFECT LATTICE

4.1. Bloch theorem

I~ this and the next few chapters we shall be concerned with the pro-
perties of metals. To define a metal, the physicist would refer in the
first place to 1ts high electric conductivity, the chemist to its electro-
positive nature, and the engineer to its ductility and other characteristic
mechanical properties. We shall fix our attention on the electric con-
ductivity, and we shall see later that we can understand why substances
can be divided into two distinet classes, metals and non-metals, and
that the first class has all the characteristic properties that one associates
with metalsin practice. One can also understand the existence of border-
line cases, ranging from ‘bad’ metals to semi-conductors.

It is well known that the electric conductivity is, in fact, due to the
presence of electrons with high mobility, and we are therefore concerned
with the problem of an electron moving through a crystal lattice. In
this chapter we shall discuss this problem in the case of a perfect lattice,
i.e. we shall neglect the lattice vibrations as well as any lattice defects or
impurities, and also the effect of any other conduction electrons, except
that the space charge due to the other electrons must be allowed for in
some average, since we would otherwise find very large and unrealistic
electrostatic forces.

Consider, then, the problem of an electron in a periodic field of force,
with a potential energy V(r), which must have the translational sym-

metry of the lattice V(r4a,) = V(r), (4.1)

where a, is any of the lattice vectors defined in Chapter I. The Schro-
dinger equation of the electron is

)+ BV (OWE) = 0 (4.2)

We again choose a cyclic boundary condition to avoid the complica-
tions arising from the external surfaces of the crystal,

¢(x+L1’ Y, z) = ‘/’(x’ y+L2: z) = St'(xs y,z+L3) = ‘l’(x’ Y, Z). (43)

The translational symmetry allows us to classify the wave function

in a similar manner to the classification of normal modes in § 1.5. This

result, which was derived by Bloch (1928) amongst others, can be
obtained in the following manner:
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Change the origin of the coordinates in (4.2) by a, and use (4.1).
It is then evident that J(r-}-a,) is also a solution to (4.2). It still satisfies
the cyclic condition (4.3). We then have two possibilities: either the
energy value E is non-degenerate, so that all solutions of (4.2) must be
multiples of each other, or there is degeneracy. In the first case, the new
solution is obviously a multiple of the original one,

P(r+a,) = af(r). (4.4)
The integral of the square modulus of the new function over the crystal

is evidently the same as for J(r), since it differs merely by a change of
origin, and therefore lef2 = 1. (4.5)

In the case of degeneracy, the general solution can be expressed as an
arbitrary linear combination of a basic set of solutions, and the choice
of this set is to some degree arbitrary. This freedom is just sufficient to
allow us to find a basic set such that each function has the property (4.4).
Let the basic set at first be ¢, ,,..., ,. Then the effect of the displace-
ment on each of them gives again a solution of the equation, which is a
linear combination of the basic functions

n
Pu(r+ay) =vglowl/;v(r), p=12.,n
We may assume the original set orthogonal and normalized,

[ a0 dor = 3,

and, since these integrals are not affected by a change of the origin, the
same will be true of the new functions. Hence
2 C5.0m =38,

which shows that the matrix C is unitary. It is well known that any
unitary matrix can, by a unitary transformation, be brought to diagonal
form. There exists, therefore, a set of linear combinations of the i
which are again orthogonal and normalized, and which belong to a
diagonal matrix C. This is equivalent to (4.4) being valid for each of
the functions.

We would like (4.4) to apply for an arbitrary lattice vector a, (the
constant ¢ will of course depend on n) and we must therefore make sure
that, having made C diagonal for a particular displacement a,, we are
still free to achieve the same for other displacements without destroying
what we have already achieved. This follows from the fact that any two
displacements are commuting operations, i.e. the result is the same
regardless of the order in which the operations are carried out. This



§4.1 ELECTRONS IN A PERFECT LATTICE 77

shows that the matrices C' belonging to any two lattice vectors must
commute, and it is well known that a set of commuting matrices can
simultaneously be brought to diagonal form.

We may therefore assume, from now on, that all eigenfunctions are
chosen so as to satisfy the condition (4.4) for any displacement.

The displacement a,+a_,, which is the result of two successive dis-
placements, multiplies the wave function by cc’. Hence log ¢ is additive,
and must therefore depend linearly on the displacement vectors, which
shows, in conjunction with (4.5), that

c = etk (4.6)
so that Y(r+a,) = etkany(r). (4.7)

The vector k is defined only apart from an arbitrary vector K of the

reciprocal lattice, since, by the definition of the latter,

eKt — ] (4.8)
for any n (1.28). We may use this freedom again to choose k within the
basic cell of the reciprocal lattice, defined in § 6.1, which in this con-
nexion is often called the basic ‘Brillouin zone’.

The cyclic condition again restricts the components of k to be mul-
tiples of 27/L,, 2m/L,, and 2m/L,, respectively. The permitted vectors
k are thus the same as the wave vectors f of Chapter I, and their number
is equal to the number of unit cells in the crystal.

We may therefore label the wave functions by the corresponding
vector k. There will, of course, be an infinite series of wave functions
belonging to the same k, and we shall call these y,,(r) and the correspond-
ing energy eigenvalues E,(k). The eigenvalues belonging to the same k
are all different, except in very special cases.

The property (4.7) may also, following Bloch, be expressed in a
different form. Let

Pa(r) = €T uy(r), (4.9)
where u is defined by this equation. Then (4.7) shows that
Uig(C+2,) = Ug(r). (4.10)

In other words, uy(r) has the translational symmetry of the lattice.
This function satisfies the equation

[%(V_ik)2+m(k)-V(r)}]uxz(r) =0, (4.11)

which, because of the periodicity of uy(r), need only be solved for one
unit cell, with boundary conditions on opposite faces of the cell, to make
the periodic continuation possible.
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We see at once that by going to complex conjugate quantities we
have the same equation for —k with %* as solution. Hence

U_w(r) = ug(r);  E(—Kk) = E(K). (4.12)

One also knows that a small change in the coefficients of a differential
equation will cause a small change in its solution. If we assign the label
correctly, E(k) must therefore be a continuous function of k, and have a
AL, continuous derivative. (It can, in fact, be
shown to be an analytic function of k, but

\\ we do not need to use this.)

K K K This continuity also applies as between

: ' points on opposite faces of the basic cell in

» k. k space, if we remember that the location

of k values in this cell was purely a matter

of convention. This is illustrated by Fig. 7

for the plane case. The polygon indicates

the hasic cell, the point k,; a value on

the boundary. Now this differs from k, on

the opposite boundary just by a reciprocal lattice vector, K. Points to

the immediate right of k, might just as well have been placed to the
immediate right of k;. This shows that

E(k,) = E(k,); gradE(k,) = grad E(k,). (4.13)

Now suppose that the symmetry of the lattice permits a reflection in the
plane = 0. From this we may conclude that

oB(k) _ 25k,

Fic. 1.

E(k,) = Ey(k,);

)

ok, ok,
oE(k,) _  oK(k,)
i (4.14)

The first two statements are identical with those derived before from
continuity, but the last one differs in sign and hence
oE(k,)

—*é‘ic:—' = 0. (4.15)

In general, provided the lattice has sufficient symmetry, the derivative
of F in a direction normal to a cell boundary vanishes on that boundary.
This is clearly also true in three dimensions.

There is a possible exception to this rule when two different functions,
say E,(K) and E,(k), happen to be equal on the boundary. In that case
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(4.13) need not apply ; it may instead be that the gradient of E, at k,
equals the gradient of the other function E, at k,. We shall meet an
example of this later, but shall also see that it is very exceptional.

Fig. 8 shows, for the case of a linear chain, some typical E(k) curves
which are compatible with the results so far obtained.t

T
VN

[
—

~wla a

Fia. 8.
4.2. Strong binding

So far we have made no assumption about the potential function V(r)
beyond its periodicity, but one may gain further insight into the problem
by solving the equations for two limiting cases, that of strongly bound
and that of nearly free electrons.

In the limit of strong binding, we assume the lattice constant so large,
or the atomic radius so small, that the wave functions of atoms at
adjacent lattice points would overlap very little.

To avoid inessential complications, we assume a linear problem, and
identical atoms. We may then write the potential in the form

V(x) =Y U(x—na), (4.186)

where U(x) is the potential energy of the electron near an atom at the
origin, and the sum goes over all atoms in the chain. We then expect
that the eigenfunction will bear some relation to the eigenfunction ¢(x)

t Dr. Shockley has pointed out to me that one can prove in the one-dimensional case
that the minima or maxima of E(k) may occur only at k = 0 or k = +=/a. The upper
curve of Fig. 8 cannot therefore be realized in one dimension, but it may occur for a
linear chain of three-dimensional atoms.
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of a single atom. Indeed, any of the N functions ¢,(x) = $(x—na) is
very nearly a solution of the wave equation

2 o(x)
A — —_ = 4.17
o ot (B~ 3 Ulw—na))i(z) = 0 (4.17)
with the eigenvalue E, of the single atom. This can be seen by inserting
¢, in (4.17). Then all products of potential terms with the wave function
are small, except for the term with the same n. Neglecting the others, we
are left with

#2 d*p(x—na)

om gt T E—U@—na)jé(z—na) = 0, (4.18)

which is the equation for the single atom, which is satisfied when £ = K.

To improve the solution we apply perturbation theory. Since we
have N functions which satisfy (4.17) equally well and with the same
energy value, we expect the correct solution to be close to some linear

combination
‘; A, d,. (4.19)

We cannot, however, determine the best choice of the 4,, by the usual
method of perturbation theory, since we cannot divide the potential
into a large part and a small pérturbation. Each part of the potential is
large for one of the wave functions contained in (4.19).

Instead we select the coefficients of the linear combination (4.19) by
using the variation principle; we choose the coefficients 4,, in such a
way as to make the expectation value of the energy stationary. This
expectation value is Z 4* 4,

E = _Sm_ (4.20)

m= nm

where
#i2 d2
Jn,m = f ¢n¢m dx; Hn,m = f ‘ﬁn( 2m dz 2+ V)‘ﬁm dx.
(4.21)

We note, first of all, that J, ,, and H, ,, depend only on the difference of
the suffixes n—m, as one can see at once by a change of origin in the
integrals (4.21), and that J, ,, = Jy 0, Iy, = H,,,. We may therefore
denote them by J(n—m) and H(n—m).

Using (4.18), one finds that

H(n—m) = ByJ(n—m)+ [ $,{V(@)—U(e—ma)l,, do
= EyJ(n—m)+h(n—m). (4.22)
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h(n—m) contains all potentials except that of the mth atom, and since

the integrand contains $m as a factor, the integral is small. J (n—m) is
small, unless n = m.

The condition that (4.20) be stationary is
> {H(n-m)——EJ(n-—m)}Am =0,
m
or, using (4.22),

g {h(n—m)—-(E—E’o)J(n—m)}Am = 0. (4.23)
We can now find a solution in the form
A, = Aeixn, (4.24)
Insertion in (4.23) shows that this is satisfied, provided
z h(n)eixn
—E, = %W" . (4.25)
n

Now both (n) and J(n) decrease very rapidly with increasing n, since
they contain the product of two atomic wave functions displaced a
distance na relative to each other. However, k(0) and k(1) are of com-
parable magnitude and J(0) is unity if ¢ is normalized. Then, to the

leading order, E—Ey = h(0)42h(1)cos x. (4.26)

Our ‘zero-order’ wave function (4.19) with the coefficients (4.24) evi-
dently satisfies (4.7) with < = ka. (4.27)

The first-order energy (4.26) is similar to the lower two curves sketched
in Fig. 8.

We have not at any point assumed that the eigenvalue E, represents
the lowest energy of the atom, and the procedure can be carried out for
each atomic level. In this way we obtain a set of energy levels Ej(k)
and corresponding wave functions, which form a complete orthogonal
set. They are therefore suitable for improving the approximation
further by perturbation theory of higher order if required.

In this approximation each of the atomic levels is drawn out into &
continuous band of width 4(1). This width must be small compared to
the spacing of the atomic levels if our approximations are justifiable.

We have here tacitly assumed that the atomic state is non-degenerate,
which, in fact, is usually the case in one dimension. If we are dealing
with a degenerate level of s components, our wave function will have to be

taken as a combination of sN different atomic functions. After splitting
8696.93 G
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off an exponential factor (4.24) we are still left with a set of s-fold
simultaneous equations. I shall not cover this case in detail.

These results are immediately generalized to three dimensions. The
zero-order wave function takes the form

Puy(r) = nEj 4;etctady(r—a,—d;), (4.28)

where @/(r) is again a single-centre eigenfunction. In a simple lattice,
with one atom per unit cell, there is no summation over j, and (4.28)
determines the solution completely. In an element with a more complex
lattice, 4; has still to be obtained from a set of » simultaneous equations.
If the atomic state is degenerate, the number of equations is further
increased. For a crystal containing different species of atoms, the sum
over j should cover only the atoms of one kind, since the unperturbed
energy levels of different atoms are in general different, and the corre-
sponding states not degenerate.

In the simplest case of 7 === 1, and an atomic s-level, (4.25) becomes

z h(n)e"“-ﬂn

= ST

(4.29)

-~>

where the meaning of the coefficients is evident by a simple generaliza-
tion of (4.21) and (4.22).

For example, for a body-centred cubic lattice, for which the reciprocal
lattice is face-centred cubic, and has as basic cell a rhombohedron, the
leading terms in (4.29), corresponding to the approximation (4.26), give

E—E, = hy+8h,cos }k,acos }k, acosik,a. (4.30)

Fig. 9 shows two sections through the basic reciprocal cell, for k, = 0,
and k, = m/2a, respectively, with lines of constant energy to the approxi-
mation (4.30). Near k = 0, the surfaces of constant energy are spheres
and, for negative 4,, this region corresponds to the energy minimum.
The highest energy is attained at the corners, for which any one of the
components of k is 27/a, and the others zero. These points are all
equivalent. In their neighbourhood the surfaces of constant energy
are parts of spheres, which may be thought of as forming a continuous
sphere, cut into octants by our convention about the choice of k.

Between these extremes, the energy surfaces are more complicated in
shape. For the special case £ = E 4k, the surface is a cube.

From a physical point of view, the approximation of this section
may be pictured in the following way: For tight binding an electron is
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almost in a stationary state when it describes an orbit near one of the
attractive centres. There is, however, a probability of a transition in
which it changes to an orbit about the adjacent centre, in spite of the
fact that there is a potential barrier between them (tunnel effect). It
follows that the electron will pro-
gress slowly through the lattice.
What is less obvious from this pic-
ture is the fact that in a perfect
lattice this motion has associated
with it the wave vector k, which is
a constant of the motion and which,
as we shall see, resultsin the electron
progressing, on the average, with
uniform velocity.

In a real crystal, this approxi-
mation would be reasonable for the
electrons in the inner shells, whose
radius is small compared to the
inter-atomic distances, so that the
integrals » and J are small. These
levels will be drawn out into bands
whose width is very small compared
to the distances between them. In
the outer shells, which are of interest
for the conduction electrons, the

overlap will be large, and the results @
of this section have at best qualita-
tive significance. Fia. 9.

4.3. Nearly free electrons

One may also solve the problem in the opposite limit of nearly free
electrons. "We assume the potential V(r) to be weak, so that we may start
from free electrons and then apply a perturbation.

The condition for the validity of perturbation theory is that the matrix
elements of the perturbing potential be small compared to the energy
differences between the levels to which these matrix elements refer.
We again begin, for simplicity, with the one-dimensional case.

The unperturbed wave functions are

1,
b = 77 €7, (4.31)
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where L is the length of the chain, and p the momentum measured in
units of #i. The energy is
—_— 2 2
E(p) = 5P (4.32)
The matrix element of the potential between two states p, p’ is

Vip,p) = (/L) [ V@)oo= da.

Because of the periodicity of ¥V, this integral vanishes unless p’—p is a
multiple of 27/a and in that case it is
a/2
Vo= (1/a) [ V(x)ermixele de,
—al2

k=2%P=P) _ o 41, 2. (4.33)
27

The case x = 0 represents the diagonal element, and hence the first-
order change in the energy. This is equal to the space average of the
potential, and it is convenient to choose the zero level of energy in such
a way that this average vanishes. Then ¥; = 0, and the first-order shift
of all energy levels is zero.

Now consider a matrix element with « s 0. The energy difference
between the corresponding states is

#i? 2me\? 2ati%k (i

—p—=""") —p2 = ——p]. .34

2m{(p a) p} ma (a p) (4.34)
This evidently vanishes when p = nx/a, and in that case p’ = —p.

This is the case of a wave for which Bragg scattering is possible, and this
state is obviously connected by the potential with another state of the
same energy. In the neighbourhood of such states the condition for
perturbation theory is therefore never satisfied. On the other hand, for
states well away from these exceptional cases, the quantity (4.34) is
finite, and we may postulate that it is larger than V.. In that region,
the energy shift is of second order in ¥V, precisely
_ 1A,
A= 3 E@Fp—mia)

apart from terms of higher order.

In the neighbourhood of the Bragg reflection of order «, we may assume
that all but one of the energy differences appearing in (4.35) are large.
We may then apply the perturbation theory for nearly degenerate
states by assuming that the energy difference between the two states
in question is comparable with the matrix element V. Denoting the

(4.35)
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two states for brevity by 1 and 2, and their unperturbed energies by E,
and E,, we then try to find a solution of the perturbed equation which

lies close to Ay +As i, (4.36)

The coefficients 4;, 4, are to be determined in such a manner as to
diagonalize that part of the total energy operator whose matrix elements

E

1 4 1
L] L § T 1
—2n/a —— 0 nla 2nja
Fia. 10.

do not connect the two chosen states with any others. This leads to the

equations (E—E)A,+V. A, = 0}
Vid,+H(E—E)4, =0
which have a solution if the determinant vanishes. This requires
— 2
E=yE+E)x [ {(—E—;ﬂ) + 7l (4.38)
If the energy difference is large compared with V,, then the two energy
values resulting from this lie close to £, and E, respectively, except for
terms of the order |V, |?/(E;— E,), which may then be taken together with
the terms from transitions to other states. If, onthe other hand, F, = E,,
as for exact Bragg reflection, then the two values of (4.38) differ by
2|V,|. For small difference E, — E, the gap between the perturbed energy
values differs from 2|V,| only by an amount proportional to the square
of E,—E,.
Fig. 10 indicates how the energy of free electrons becomes modified
by a small disturbance of this kind. The cases «x = 41, 42 are shown.
It is easy to see from (4.37) that for B, = E,, i.e. for points on either
side of the discontinuity, |4,/4,| = 1. The wave functions (4.36) are
therefore combinations of two plane waves (4.31) travelling in opposite
directions with equal amplitude, and thus are standing waves. The one

(4.37)
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with the lower energy has its maximum amplitude at the centres, where
the potential is most attractive, and the one with the higher energy has
its nodes there.

We must now connect these results with the general theory of § 4.1.
We note, for this purpose, that already the unperturbed wave (4.31)
satisfies the theorem (4.7), which is not surprising, since the absence of a
potential is quite consistent with the periodicity condition (4.1). How-
ever, p is not adjusted to mecet the convention for £, and to get back to
the same variables we must take & as

b=p-2m, _fj‘gkg’_’. (4.39)

In Fig. 11 the curve of Fig. 10 has been re-plotted in terms of £. The
parabola for the free electrons is now
broken up into sections, each of which

now represents an energy curve F(k).

At any point &k = 0, or k = +-7/a, two

such curves intersect, and hence the

reasoning leading to (4.15) fails. But if
we apply a periodic potential, however
. weak, the intersection disappears, and
" the curve has zero slopes at the zone
N boundary.
k  We sec therefore that the qualitative
~-n/a 0 rla .
appearance of the energy curves is very
Fra. 11. similar in the two extreme limits of
very strong and very weak binding, the principal difference being that in
the one case we have narrow bands widely separated from each other,
and in the other wide energy bands separated by small gaps. Another
important difference is the uneven curvature of the curves of Fig. 11,
with its very narrow turns near the boundaries.

It is evident that the present method is best at high energies, since
we have neglected the matrix elements of ¥ in comparison with the
vertical distance of the various curves of Fig. 11, except the nearest one.
These vertical distances increase as we go upwards, whereas the matrix
elements (4.33) decrease with increasing order.

Our present results also give a convenient method for discussing
electron diffraction. If an external beam of electrons is incident on a
crystal, and its energy lies in one of the energy gaps appearing in Fig. 10
or 11, it must be totally reflected, since there is no possible motion of an
electron inside the crystal with that energy. By the method of Chapter
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III we should have calculated an infinitely intense scattered wave for a
sharply defined wavelength, and hence for a single value of the energy.
Instead, we now find a finite reflected amplitude (equal to the amplitude
of the wave incident on the crystal) but over a finite range of energies.
This result is equivalent to Ewald’s dynamical theory of diffraction,
which was developed for the X-ray case. For a quantitative treatment,
surface effects must, however, also be taken into consideration.

The generalization of the treatment of nearly free electrons to three
dimensions presents little difficulty. In momentum space the condition

(p—K)? = p?, (4.40)

which is just a form of the Bragg condition, represents, for each reci-
procal lattice vector K, a plane across which a discontinuity will appear.
These planes dissect momentum space into polyhedra, of which the one
containing the origin is the ‘basic Brillouin zone’. Of the others we can
always find a set which, after displacements by suitable reciprocal vectors
K, will together just cover the basic zone again, and then belong to a
continuous energy function. The polyhedra, which together make up
such a set, are known as Brillouin zones.

4.4. Velocity and acceleration
Since the wave function ,(k) of a particular electron state is complex,
we would in general expect it to have a non-vanishing mean velocity.
This can be derived easily from the equation of continuity. Suppose we
are not dealing with a strictly stationary state, but with a wave packet
made up of a number of waves with adjacent values of k. If the spread of
k values used in building the wave packet is to be small compared to the
dimensions of the basic Brillouin zone, the extent of the wave packet in
space must be large compared to the size of a lattice cell, but it may still
be very small compared to the size of the crystal.
We can then find the displacement in time of the mean position of the
packet. It must, by a well-known argument, equal the group velocity
ow 10E|(k)
V—éT{=—ﬁ:——5]{—. (4.41)
(By the derivative with respect to the vector k we mean that each com-
ponent of v equals the derivative with respect to the corresponding com-
ponent of k.) Now the rate at which the wave packet travels must equal
the transport in the wave packet, and, since the states from which it is
built are very similar, we may identify the mean transport with the
transport for each of them. Hence (4.41) gives the transport, or the
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average velocity, for a state k. From (4.15) it follows that the normal
velocity component vanishes at a zone boundary, in line with the fact
that at such a boundary Bragg reflection makes any progress of the
electron impossible.

Next consider the action of an applied electric field. This will induce
transitions from one stationary state to others. In the weak fields that,
in practice, can be applied to metals, we may disregard transitions in
which ! changes, since this will involve a much greater change of the
electron energy than the field can supply with any reasonable probability
(this is not the case when one is concerned with the electric breakdown of
insulators). We may therefore suppose that the only effect of the field
is to alter the value of k. Now if k is the mean wave vector of a wave
packet, the change jn the electron energy with time is

o8, dk

ok " dt’
On the other hand, the work done by the field per unit time is

e 0Bk
ev.F = LU0 g

where the second expression is taken from (4.41). From energy con-
servation these two quantities must be equal, and hence

dk e

= =7F (4.42)

must give the rate of change of k in the field. This result is obvious for
free electrons, for which %k is the momentum, apart from an additive
constant.

That it should always hold is at first sight surprising if you look at
curves like those of Figs. 8 or 11, which show that there are always
regions in which the slope of the energy curve decreases with increasing k.
Since this slope measures the mean velocity, it follows that it is possible
for the field to accelerate the electron in a direction opposite to the usual.
This is less strange if we remember the connexion with diffraction. What
happens is that the field pushes the electron near to the state in which
complete reflection brings it, in the mean, to rest.

By analogy one would expect that the effect of a magnetic field would be
to change k at the rate dk e

=_—_VAH, (4.43)

dt ~ Fe

where ¢ is the velocity of light, v the velocity (4.41) and the sign A
indicates a vector product. This formula is indeed correct for many
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purposes. It neglects, however, the fact that, in a magnetic field, the
electron describes closed orbits (in the plane at right angles to the field
direction) and that therefore the energy levels will be in part discrete.
This fact, which is important for the theory of diamagnetism, cannot be
expressed in terms of an acceleration; we shall return to this problem at
a later stage.

4.5. Many electrons. Statistics

We are now ready to consider the distribution of electrons over the
stationary states we have previously described. To do this rigorously
one would have to allow for the interaction of the electrons with each
other, but this would give rise to formidable mathematical difficulties.
The inability to include the electron interaction is the greatest source
of uncertainty in the application of the electron theory of metals. In
certain problems we shall be able to see what the effect of the electron
interaction would be and even to allow for it approximately, but in
many cases a large measure of doubt must remain.

For the present we assume, therefore, that the electrons do not interact,
except that their mean charge distribution is taken into account in the
definition of our potential.

We must, however, take into account Pauli’s exclusion principle,
according to which any one quantum state can contain at most two
electrons of opposite spin. The state of lowest energy of the whole
system is therefore obtained by filling the lowest Nrz/2 states, where, as
before, IV is the number of unit cells in the crystal, » the number of atoms
in a cell, and z the number of electrons per atom. The energy of the
highest state so occupied will be called ,, Now there are two distinct
possibilities. Either 7, coincides with the upper end of an energy band,
so that this band is completely filled and the next higher one empty,
or 7, lies inside a band.

In the first case, the state of lowest energy is not the beginning of a
continuous energy spectrum for the whole crystal, but is isolated from
all high states by a finite gap. This is evident since no other arrangement
of the electrons is possible without moving at least one of them up into
the next band, which takes a finite amount of energy. Such a substance
could not respond to any weak external disturbance, and could not, for
example, redistribute the electrons to cancel an external potential
difference. It must therefore be an insulator. On the other hand, if there
are free states in the last band, it is possible to shift the electrons to
states of slightly different energy so as to set up a net current, or, by the
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formation of wave packets, produce a non-uniform charge distribution.
This is the case of a metal.

In the case of one atom per unit cell, where the number of states in a
band equals the number of atoms, it is not possible to fill a number of
bands completely, unless the number of electrons per atom is even.
All elements of odd atomic number with a structure for which r = 1
should be metals.

At first sight one would expect the converse to be true, that all even
elements with » = 1 should be non-metals. However, this is not correct,
since the bands may not be distinct in energy. It is true that for given k
the different energy values E(k) are in general distinct, but the highest
value of Ej(k) may well be above the minimum of ;. This will always
be the case at very-high energy, where from the work of § 4.3 we saw that
the energy gaps at a zone boundary are very small, whereas the variation
of energy along the boundary will be appreciable.

Amongst elements with simple structures the metals are therefore
predominant, but in the case of more complex structures the number of
states in a band is only 1/r times the number of atoms, and it is then more
likely that they will be scparated in energy. We shall see later that
there is, in fact, a tendency to favour a structure for which this happens
to be the case. ” )

Bands which are completely filled may in general be left out of con-
sideration completely in the discussion of conduction phenomena and
the like. These certainly include the states corresponding to the inner-
most atomic shells. We shall refer to the incompletely filled band as the
conduction band. From the above discussion it is clear that there may
be, and in a metal of even atomic number with » = 1 there must be,
more than one conduction band.

A particularly simple case is that in which a certain band contains a
small number of electrons. These will then move in states near the
bottom of the band, where the energy may be regarded as a quadratic
function of k. If this energy minimum is attained for only a single value
of k, then the energy surface in its neighbourhood must have the same
symmetry as the structure. If the crystalis cubic, the quadratic function
must be isotropic and therefore

E(k) = constant}+b(k—k,)? (4.44)
with constant b. Apart from the change in origin, this is similar to the
energy function for free electrons, and we may write

52
2_"","1
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where m* is of the dimension of a mass, and may be called the effective
mass. In such states, the behaviour of electrons is in many respects the
same as that of free charged particles of mass m*. It may also be,
however, that the energy function, which has the crystal symmetry,
reaches its lowest value at a number of points which are symmetrically
placed. In that case the function is still quadratic near each of those
points, but we can no longer claim that it must be isotropic. The surfaces
of constant energy near one minimum may then be ellipsoids, and it
merely follows, for a cubic crystal, that a rotation by 90° about a crystal
axis must convert this ellipsoid into the corresponding ellipsoid at
another minimum.

An equally simple case is that in which the band is almost full, with
only a small fraction of the states vacant. In that case it is convenient
to specify the vacant states rather than the occupied ones. Since the
full band has no conductivity, all conduction processes may be described
as being due to the presence of this small number of holes from which
electrons have been removed, as compared to a completely filled band.
The absence of an electron means the addition of a positive charge.
An electric field in the z-direction will then shift all electrons to states of
increased k,, according to (4.42), which, by (4.41), near an energy maxi-
mum means decreasing velocity. The vacant states or holes are also now
moving with decreasing velocity in the z-direction, as if they were real
positive charges. The absence of electrons travelling in the —z-direction
represents, of course, a current in the positive z-direction, so that the
current is in the direction of the field. The energy required to produce a
vacancy is, of course, a minimum for the state of highest energy, and if,
near a single maximum, the energy is

constant—b(k—k,)?,
the constant b can be linked to an effective mass of the positive holes as
before. It ishardly necessary to point out the similarity of this reasoning
to Dirac’s theory of the positron.

At a finite temperature, when the system is not in the state of lowest
energy, the electron distribution is governed by Fermi-Dirac statistics.
The average number of electrons in a state of energy Z is given by

2
2f(B) = [E = (4.45)
and the free energy is
F = N,n—2kT 3 log{1+-e~Ei-mkT}, (4.46)

where N, is the total number of electrons, and ¢ labels the states, E; being
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the corresponding energies. The factor 2 in (4.45) and (4.46) takes
account of the two spin directions.

The constant 7 has to be determined in such a way as to make the
total number of electrons in all states equal to N,, or

N, = 3 3f(E). (4.47)

In practice, £7' is very small compared to the width of a band, and com-
pared to the width of the filled and the vacant parts of the band, unless
the number of conduction electrons or vacancies is exceptionally small.
We may then apply the usual approximation for a highly degenerate
Fermi gas.

In particular, when we are dealing with an integral over the Fermi
function of the form

f aB %S f(m) (4.48)

where @ is some function of the energy which is smooth near £ = 7,
we may integrate by parts to obtain

—(— oo)—-deG’(E’) L

Now df/dE is greatest near E = u, and vanishes rapidly if |E—y)|
exceeds k7. It is therefore convenient to expand @ in a Taylor series
near 7), and we obtain

—G(—0)+G(n)+ G () fi+3G (1) 36" () fot+

where the accents denote derivatives, and f;, f,,... the moments
- f aB(E—n» T

a 1 1

T dE T kT (1+¢E—IkT)(] |- ¢-E—kT)
is evidently an even function of (£ — 1), all odd moments f;, f,... vanish.
The second moment f, is

Now since

(4.49)

=TTy,

so that, apart from terms of order 7' or higher, the required integral is

f aB T 1(B) = On)—G(—0) + T RTPG" (). (4.50)
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This result may be used to evaluate condition (4.47), which may be

written in integral form, if Z(E) denotes the number of energy levels
below &,

—2 f an %% 22 Z 5By = 22(n)+ ( dEa) kT (4.51)

Hence we can find the temperature dependence of 7,

___(@*zjaBY,m
1= = (dZ/dE),,‘

The ratio of the first to the second derivative of Z is the size of the energy
interval over which the density of states changes appreciably. As long
as this is larger than k7', 5— 7, is small compared to k7', and may there-
fore for most purposes be neglected.

2(kT)2 (4.52)

4.6. Specific heat

The energy content of the electron system is easily calculated from the
results of the preceding section.

The total energy is evidently
B(T) = 3 Bf(E), (4.53)

where ¢ again numbers all possible electron states. Introducing again
the number Z(E) of states with energy below E,

E(T) =2 f f(E)E— dE, (4.54)
and, using (4.50), with

E
G(B) = f E% dE, (4.55)

we find E(T)-zj'ﬁ; A+ (kT)(ngrE%).
n

We have already seen that 7 is very little different from 7,, and therefore
we may take the first integral to the limit 7, instead of  and correct to
first order in the difference:

' dZ
E(T)=2fEd dE+2( ), (1—+ (kT)z(dE+EdE
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Inserting for »—n, from (4.52),

o
iz . a*  1d
B(T) = 2 f i dE+.§(kT)2(a_§)m

= 2
BO)+7  (kT) ( d E) (4.56)
The electronic specific heat is
dE 4z

The results (4.56) and (4.57) can easily be mterpreted. The constant
energy term in (4.56) is just the energy of the lowest state of the system,
obtained by filling all states up to the level of the Fermi energy 7, and
leaving the rest vacant. At a finite temperature 7' the only states whose
occupation numbers are different from these at zero temperature are
those within an energy region of the order of k7" about 7,. The electrons
in this region are the only ones which can adjust themselves to the rising
temperature, the rest are still ‘frozen in’. It is therefore reasonable
that the specific heat should be of the order of k for each of those electrons.
Their number is the density of states dZ/dE, times the width k7' of the
energy region. '

In a non-metallic crystal 5, coincides with the upper limit of an energy
band, which at this point does not overlap with any other. Hence in that
case (dZ/dE) = 0, and there is no electronic specific heat, as long as the
approximation (4.50) is justified.

In a metal, we may as a crude estimate for orientation expect dZ/dE
to be of the order of the number of atoms divided by an energy of the
order of the band width. Since this is in general of the order of a few eV,
whereas k7' at room temperature is of the order of 3.10-2 eV, the elec-
tronic specific heat at room temperature is something like 1 per cent. of
the Dulong-Petit value.

This result, which was first pointed out by Sommerfeld, removes the
discrepancy that existed between the evident fact that metals contained
large numbers of apparently free electrons, and the lack of any significant
contribution to the specific heat that could be ascribed to them.

However, in an ordinary metal, the electronic specific heat is more
eagily observable either at rather higher, or at very low temperatures.
At higher temperatures, when the vibrational specific heat is approxi-
mately constant, a term proportional to the temperature is more easily
noticed. However, we have seen in § 2.3 that the crystal lattice itself gives
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a correction to the specific heat proportional to 7', and a precise know-
ledge of this effect would be needed to isolate the electron contribution.

It is easier to observe the effect at low temperatures when the
vibrational specific heat becomes proportional to 73, so that, in the limit
of very low 7', the electronic part will be dominant. Experiments in this
region therefore give an estimate of the density of electron levels near
the Fermi energy.

Our crude estimate of dZ/dE will be unreasonable in two cases:
(a) When the Fermi energy 7, lies in an exceptionally narrow band. This
happens in the case of the transition metals like Pd, in which the free
atom contains an unsaturated inner shell, so that some conduction
electrons are in rather small orbits, for which the overlap integrals of
§ 4.2 are small. (b) The other exception arises if we are dealing with a
band that is very nearly empty, or very nearly filled. In that case the
energy is a quadratic function of k£ near the limiting value, and in that
case we have seen that the distribution of states is nearly the same as
for free electrons, except for the value of the mass. In that case one
easily verifies that

dz V (2m*\} 3m*( V \3

= Z‘”_2(_%2_) |E—E, |t = 72—(6172) (Z,)t, (4.58)
where m* is the effective mass, V the volume, E, the energy of the
minimum or maximum, and Z, the number of electrons in the band or
the number of empty places, according to which is small.

In case (a) the density of states is much larger than the crude estimate
given previously, and in case (b) it is smaller. In both cases the further
derivatives of Z with respect to £ will be larger, and the higher terms
neglected in (4.50) may no longer be negligible, even at fairly low
temperatures. We say in that case that the electron gas is only partly
degenerate.

4.7. Surface problems

So far we have taken the crystal as infinitely extended for all practical
purposes and used the cyclic boundary condition merely to obtain the
correct number of states. In some problems we are, however, concerned
with phenomena that specifically involve thesurface of themetal, and then
a more careful approach is needed. The most important new question is
then to place the position of the energy bands absolutely, choosing, for
example, the most natural zero of energy, that of an electron at rest
outside the metal. At first sight one might think ‘that the potential
energy function V(r) could be obtained in principle from a knowledge
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of the structure of the atomic cores, and that, for example, in the tight
binding approximation of § 4.2 a knowledge of the atomic core potential
U(r) would be sufficient, so that the determination of the energy bands
is then merely a matter of calculation.

The situation is not so simple, however, because, as was pointed out
earlier, the atomic cores carry a positive charge and to get realistic results
one must allow for the mean negative charge density due to all the con-
duction electrons. In the inside of the metal this is bound to be distri-
buted uniformly, so that the total charge in a unit cell just cancels that
due to the core, and each cell is neutral. But there is no reason to suppose
that this exact cancellation is still valid near the surface. To be sure, we
expect the crystal as a whole to have no net charge, so that for each of
the surface atoms too there will somewhere be a negative charge to
compensate the positive charge of the core. We do not know, however,
how this will be distributed in space. It may be, for example, that the
average charge distribution of the electrons near the surface layer is
unsymmetrical and spreads nut into space more than it spreads into the
inside of the crystal.

We can imagine this state reached by building the crystal first from
electrically neutral cells, and then displacing the charge of the surface
atoms a little outwards, without moving the cores. The result is an
electric double layer, which will lower the potential inside the metal by a
constant amount, and will, of course, shift the position of the energy
bands by the same amount.

The problem of actually determining this shift is very involved. It
could in principle be obtained by the method of self-consistent fields,
since the values of the potential near the surface affect the electronic
wave functions, and hence the charge distribution of the conduction
electrons. The problem is further complicated by the fact that the exact
position of the surface atoms is also not known, since the absence of
neighbours on one side will disturb the symmetry, so that the ideal
lattice points are no longer equilibrium positions. In general, one has to
treat the potential shift near the surface as an empirical parameter.

This shift will not only depend on the physical state of the surface,
and be rather sensitive to adsorbed layers of other atoms, but it will also
be different according to the crystallographic orientation of the surface.
For this reason it is not convenient in practice to count the energy from
the external zero. It is better to think of the position of the energy bands
inside as given in relation to some arbitrary level and then state the value
U of the external zero in relation to the same level. Then the position of
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the energy bands is not sensitive to the state of the surface, and the
surface dependence is contained in U.

One possible choice is to choose the bottom of the conduction band
asreference level. Then U is the energy needed to move an electron which
is at the bottom of the conduction band to a state of rest outside.

At low temperatures there are electrons in all states in the metal up to

energy 7. The least energy required to remove an electron from the
metal at zero temperature is therefore

W= U—y, (4.59)

which is called the ‘work function’. The quantities on the right-hand
side are dependent on the reference level. W is not, but, like I ,it depends
on the state of the surface.

Now consider two different metals in contact with each other. The
nature of the contact is unimportant as long as electrons are able to
move from the one to the other. Then in order to have the whole in
statistical equilibrium the electron distribution in both metals must be
represented by the Fermi function f(£) with the same value of 1. Other-
wise electrons are transferred and form a double layer near the contact
surface until the condition has been achieved.

Except for the immediate neighbourhood of the surface of contact,
cach metal still has its normal properties, and conditions at the external
surfaces will still be normal. The contact has, however, equalized the

Fermi encrgies 7. (4.59) therefore shows that the potentials just outside
the two metals differ now by

U—U, = W,—W, (4.60)

This potential difference is known as contact potential, and according to
(4.60) it equals the difference in the work functions. In thissense surfaces
of a metal crystal of different crystallographic orientations also have a
contact potential relative to each other.

It follows from our discussion of (4.52), which gives the temperature
dependence of 7, that for two normal metals we would expect the contact
potential to be practically independent of temperature.

Next we consider the escape of electrons from the metal at high
temperatures. As a preliminary, consider the surface region in equi-
librium, neglecting (in this case unrealistically) the effect of the space
charge outside the metal which is produced by the electrons. In that
case the Fermi distribution must be valid also outside the metal, and,

with the same choice of the zero level of energy as previously, the number
85605.93 H
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of electrons in a state of kinetic energy E,;, outside the metal is

2

2f(U+Ekin) = Wm‘ (4.61)

At all reasonable temperatures the exponent of the exponential is large,
and hence the 1 in the denominator may be neglected. Using also the
definition (4.59) the expression may be written as

9e—W +Ey)/kT (4.62)
Using the result of statistical mechanics that the number of states of a
free particle is (2n)-2 dQ, (4.63)

where dQ is the volume element in phase space, we can evaluate the
density of electrons outside the metal and their velocity distribution
(which is, of course, the Maxwell distribution, since the dependence of
(4.62) on kinetic energy is just the ordinary Boltzmann function).

These results (apart from the neglect of space charge) apply to thermal
equilibrium, or in other words to the condition in which as many elec-
trons are incident on the metal from some external source as are leaving
it. It may also be used to give us the rate of emission from the surface
if we assume the same distribution for electrons travelling away from
the metal surface, but remove the electrons travelling towards the
metal. This is justified if the electrons just outside the metal have made
their last collision inside. Since the rate of emission is extremely small,
if measured in terms of the density of electrons inside the metal and their
velocities, the effect of the collisions inside the metal is still the same as in
equilibrium. The model depends therefore on the assumption that the
electrons are not likely to suffer any disturbance on leaving the metal.
Since there is a rise of potential near the surface over a distance com-
parable to the electron wavelength, there is, in fact, a finite probability
of the electron being scattered back at the surface, and this will reduce
the emission by a numerical factor which is not very important in
practice.

We require, therefore, the flux of electrons from (4.62) and (4.63),
counting only electrons whose velocity is directed away from the surface,
and an elementary integration gives the themionic emission current per
unit area as

2::;;3 (6 T)2%e-WiT, (4.64)

The exponential factor is well confirmed by experiment, and for clean
surfaces the relation of the work function found in this way with the
contact potential is in good agreement with observation.
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The absolute magnitude of the other factor and its variation as 7'2
is much harder to confirm, since it is very sensitive to small errors in the
exponent, and to any slight variation, due to secondary causes, of the
work function with temperature. In addition, any small inhomogeneity
of the surface, due to impurities, geometrical shape, or crystal structure,
will complicate the problem. In a microcrystalline surface, in which not
all the grains expose crystallographically equivalent faces, (4.64) would
be replaced by a combination of such expressions with slightly different
work functions.

So far we have neglected space charge. In fact, the escape of a few
electrons produces a space charge which raises the potential at some
distance from the metal, and thereby prevents the escape of further
electrons. For this reason the current from the surface depends on the
presence of an external field, and the ‘saturation current’ (4.64) is
obtained only if the field is strong enough to make the space charge effect
negligible.

From what was said before about contact potentials it is evident that,
in the case of a metal consisting of several layers of different materials,
the work function to be used in (4.64) is that of the actual surface
material. Hence the practice of covering cathodes with a substance of
low work function, which by itself would not have mechanical or electrical
properties suitable for use as cathode material.

Even at low temperatures, electron emission is possible if a strong field
is applied in a direction to pull electrons away from the surface. In that
case, the potential goes down as we go away from the surface, and, at a
certain distance x; from the surface, the potential energy will have
dropped to the value n. This distance is, in fact,

z, = W/[eF (4.65)
if F is the field intensity. An electron inside the metal near the edge of
the Fermi distribution has therefore enough energy also to move outside
the metal at distances greater than z, from the surface, but it does not
have enough energy to pass over the potential ‘barrier’ which is formed
by the intervening region in which the potential is higher.

Now it is well known that in quantum mechanics a particle has a
finite probability of making a transition through such a barrier. This
probability contains as the dominant factor an exponential with the
exponent

% J' (2m(V — E)}} dz,

where E is the energy of the particle, V the potential energy, and the
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integral is to extend over the region in which ¥V > E. In the present
problem ¥V — Eis equal to the work function at the surface, and from there
decreases linearly to zero at ;. Hence the exponential factor becomes
whE _ 4(2m)*

e-WWYF, A= S (4.66)
As in the previous case, there are factors depending on the field intensity
multiplying the exponential, but again they are hard to isolate in prac-
tice because of minor variations of the exponent over the surface and
in this case also because any geometrical irregularity of the surface may
lead to a local increase of the electric field.

In this discussion of surface effects we have taken into account only
the influence of the surface on the position of the main energy bands.
In addition, the surface will cause changes in the electron states. One
very obvious consequence of the presence of a surface is that, instead of
progressive waves, we must introduce standing waves which do not
carry any current in a direction normal to the surface. The phase of
such a standing wave depends un the behaviour of the potential near
the surface and, since this phase influences the electron density near the
surface, will itself influence the potential.

A less obvious feature is the fact that in addition to wave functions
which change periodically with a displacement by successive multiples
of a lattice vector (4.7), we cannot now rule out wave functions which
decrease exponentially as we pass from the surface into the metal. In
other words, the component of k in a direction at right angles to the
surface may now be complex. This gives rise to surface waves. Their
number is always small compared to that of the periodic solutions, and
they are therefore always negligible in statistical arguments concerning
the whole metal. For problems in which the surface is of special im-
portance, they may, however, have to be taken into account.



A
COHESIVE FORCES IN METALS

5.1. General discussion

THE cnergy, both potential and kinetic, of the conduction electrons is
comparable with the binding energy of the substance. It must therefore
be taken into account in discussing the stability of lattices. We have seen
in the last chapter that the energies of the electronic states depend not
only on the nature of the attractive forces near each atomic core, but
also on the lattice.

The problems to which, in principle, the theory provides the answer
are, in this connexion:

(@) The energy of a lattice of given type, as a function of the lattice
spacing and other lattice parameters. The energy minimum will
then give the binding energy for that particular lattice type; the
spacing for which the minimum occurs is the equilibrium spacing,
and the curvature of the energy curve determines the com-
pressibility. Ifone can obtain the same result for a sheared lattice,
this gives the other elastic constants.

(b) Comparison of the minimum energy for different lattice types
determines the type which has the lowest energy and will therefore
occur at low temperatures.

A quantitative attack on these two problems is hopeful only for
lattices of a simple type. Certain metals have, as their most stable forms,
very complicated and unsymmetric lattices. Here it is in some cases
possible to see qualitative reasons for the occurrence and nature of such
lattices.

Before going into further detail, it is useful to bear in mind the follow-
ing simple and qualitative picture:¥}

Consider a crystal built up by bringing isolated atoms together from a
large distance. In an isolated atom the energy of each electron is a
compromise between the requirements of low potential energy and small
kinetic energy. The first favours concentrating the wave function near
the potential minimum, but this, by the uncertainty principle, tends to
raise the kinetic energy. This compromise determines the size of the
region occupied by the electron ; it is roughly equal to the regionin which

1 This picture was, for molecules, first discussed by Hellman (1933).
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the potential energy is below the actual energy of the electron, and its
linear dimensions are roughly equal also to the wavelength corresponding
to the mean kinetic energy.

As the atoms approach, each electron has the opportunity of spreading
out into adjacent atoms. This reduces its kinetic energy and allows it to
make better use of the attractive potential. This spreading of the wave
functions is, however, limited by Pauli’s principle. As several electrons
are using the same volume, they must be in different states, either as
regards spin, or as regards their velocity. If the isolated atoms were
already saturated, as in the noble gases like He, then the attractive
region is already used by as many electrons of the same energy as the
Pauli principle allows. In that case there is no gain from spreading out
the wave functions, and only a loss from the fact that the atoms overlap,
so that the amount of space available to each electron is now curtailed.

For unsaturated atoms, however, there is a gain, and hence an attrac-
tion, which may be regarded as the main cause of binding. If the atoms
are pushed too close together, the energy rises again because the volume
which is now available to all electrons jointly diminishes further and
thus increases their kinetic energy. At the same time the cores begin to
overlap and, since they are saturated, increase the repulsion.

In discussing the energy in more detail we shall take, for simplicity,
the case of a monovalent metal, with one conduction electron per atom.
We must then include the following contributions:

(1) The energy of each electron in the potential field ¥(r). It is con-
venient to subdivide this into:

(1 @) the energy of the lowest state in the conduction band, and

(1b) the-spread of energies within the band, up to 7.

For this purpose the potential V(r) must be defined precisely. It
comprises, in the first place, the electric potential due to the atomic
core, i.e. the atomic nucleus and the closed electron shell, excluding the
last electron. It is a good approximation to assume the charge distribu-
tion in the core to be the same as in a single atom. In addition, we must
allow for the mean charge due to all conduction electrons. Strictly
speaking, we should exclude here the mean charge of the one electron
which we are considering, as in Hartree’s treatment of the atom. How-
ever, the number of electrons in a metal crystal is so large that the differ-
ence of one is negligible. '

If we applied this rule consistently, each unit cell would contain zero
net charge, and the electron would be taken as moving, not in a field
similar to the field acting on the last electron in an atom, but rather like
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that in a negative ion. This approach over-estimates the probability of
finding two conduction electrons in the same cell, which is later corrected
by the correlation term. (See below.)

Since, however, the correlation energy cannot be calculated exactly,
it is desirable to make this correction small, and for this purpose Wigner
proposed using for the potential in each cell the same as that used in the
atom, i.e. that due to the core only. Since we assume the potential to be
periodic, and repeat it in all cells, this will imply a discontinuity of the
electric field on the cell boundary, which implies a surface charge. It is
clear that this will nevertheless give reasonable answers in the case of
widely separated atoms, where the chance of finding more than one
valency electron near any one atom is small.

For a real metal this method might appear somewhat inconsistent,
but it is still preferable to the alternative treatment which would leave a
large correlation correction to be accounted for.

In addition, we have to consider:

(2) The internal energy and the interaction between the atomic cores.

(3) The correlation between the conduction electrons. Since, up to
this point, we have treated the electrons as moving independently, their
interaction has been allowed for on an average basis. In fact, the pro-
bability of finding two electrons close together is less than on a random
distribution. There are two cases.

(3 @) If the spins of two electrons are opposite, the correlation between
them is entirely due to the force between them. An exact treatment of
this effect would require the solution of a many-body problem. One may
estimate it by working it out for free electrons, ignoring the periodic
potential for this purpose.

(3b) If two electrons have parallel spins, the Pauli exclusion principle
already produces a correlation between their space coordinates. The
antisymmetry of the wave function requires it to vanish when the elec-
trons coincide, and since a very steep rise would lead to a high kinetic
energy, it will, in fact, remain small over a finite range of distances, of
the order of the wavelength. This effect could be calculated by forming
the total wave function as an antisymmetric combination of single-
particle wave functions. In practice, however, even the calculation of
the mean interaction from this is rather complicated, and a free-electron
approximation is used instead. Since in the case of parallel spins the
electrons are kept apart by the exclusion principle, their electrostatic
interaction is small, and the further correlation cdused in this case by the
forces is quite a small correction.
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From what was said in § 4.7 about double layers at the surface, it might
appear that, in defining our problem, weshould have to pay attention to
conditions at the surface. This is not the case, however, since a change
in surface conditions will produce only an electric double layer, which
will alter the electric potential in the interior by a constant amount.
Since the interior of the metal is electrically neutral, this will not cause
any change in the total energy.

5.2. The Wigner~Seitz approximation

For the treatment of (1 a), the bottom of the conduction band, Wigner
and Seitz developed a method which is particularly suited to the treat-
ment of wave functions for which k = 0.

Consider two opposite faces of the urit cell of the crystal lattice. The
periodicity condition (4.7) means then that both the wave function
and its derivative must be equal at corresponding points on these faces.
If, in addition, the cell has mirror symmetry about the plane half-way
between these faces, it follows also that the derivative normal to the
face must be equal and opposite at corresponding points. The two
requirements together then make it necessary that the normal derivative
of the wave function for £ = 0 vanishes on these faces and hence over
the whole surface of the unit cell.

Since for the most important types of metallic lattice, namely the
cubic body-centred and face-centred and the hexagonal close-packed
structure, the boundary of the unit cell is a surface of high symmetry,
it is a good approximation to replace it by a sphere of the same volume.
We shall call its radius r,. The distance of the points on the actual
boundary differ from 7, by at most 12 per cent.

If we require, as boundary condition, that the normal derivative of
the wave function be zero on the sphere, the problem has spherical
symmetry, and the solution will be a wave function which depends only
on 7, the distance from the centre. Compare this with the wave function
of the isolated atom. For this the potential beyond r, is small, and the
wave function beyond 7, is of the form

—Ar
iy = constant X 67—; A = (—2mE,[#?)}, (5.1)
where E, is the (negative) electron energy. For the atomic wave function

therefore ( l;o aasio\)n _ __(A +;1‘_’) (5.2)

Now it is well known (and can be confirmed by inspecting the radial
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Schrodinger equation) that by lowering the energy we tend to make the
wave function curve away from the r-axis, and it will be seen therefore
that a decrease of the energy is required to go from the boundary con-
dition (5.1) to zero slope at r,. Hence for a reasohably large value of r,
the energy is decreased. The two functions iy and i, are shown qualita-
tively in Fig. 12. Since the required change in the curvature is spread

Yo

7o r

Fia. 12.

out over a large distance, and is small compared to the curvature inside
the atomic core, the change in energy is fairly small on the atomic scale.
If 7y is made smaller, the energy changes decrease again and will be zero
when 7, coincides with a maximum of .

This energy decrease is evidently connected with the fact that the
electron is now capable of spreading out over neighbouring cells, as
discussed qualitatively in the preceding section.

The energy of the lowest electron state in the band can thus be obtained
easily from the numerical integration of an ordinary differential equation
if the potential energy function is known. From the general discussion
given above, we expect this energy to decrease as the lattice constant,
and with it »,, is decreased, but to go through a minimum and rise for
very small values.

It is very much more difficult to calculate the energies of states for
which the wave vector k does not vanish, since the problem is no longer
isotropic. There exist many calculations which give approximate values
for the dependence of the energy on k, but they are too complicated to be
summarized here.
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For small k, we have seen in § 4.5 that, for a cubic crystal, the difference
E(k)— E(0) is proportional to %2, so that

B(k) = BO)+ 51, (5.3)

where m* is the effective mass. If this approximation is valid for all
states occupied by conduction electrons, the energy spread increases the
mean energy per electron to

B(0) 4o (3mn), (5.4

where 7 is the number of conduction electrons (in this case the same as
the number of atoms) per unit volume.

The second term in (5.4) represents a repulsion, since it increases with
decreasing spacing. An estimate of the effective mass m* can be obtained
by applying perturbation theory to the wave function of the lowest
state, using the wave equation for the periodic function uy defined by
(4.9). Since this equation contains / linearly and the energy change is of
second order in k, one has to carry perturbation theory to second order,
which requires a knowledge of the wave functions in different bands.
An approximate evaluation gives effective masses which for most mono-
valent metals are close to the mass of a free electron. This is connected
with the fact that the wave function for k = 0 (cf. Fig. 12) is approxi-
mately constant over most of the volume of the lattice cell (distances
less than 4r, contain only one-eighth of the volume of the sphere), and
therefore very similar to the wave function of a free electron at rest.

Contribution (2) of the preceding section contains the internal energy
of the core which, together with the energy value of the last electron,
makes up the energy of an isolated atom. It further contains the electro-
static interaction of different cells which, since the cells are electrically
neutral and almost spherical, is negligible. Lastly it contains the
repulsion due to the overlap of the core wave functions. This is negligible
in the alkalis, which have small cores and large lattice constants, but
has a strong effect on the lattice spacing and compressibility of such
metals as Cu, Ag, Au.

To discuss item (3), the correlation energy, one must first remember
that we have been inconsistent in omitting, within each cell, the potential
due to the charge distribution of the conduction electrons within this
cell. We must therefore add, in effect, the interaction of such a charge
distribution with itself. This is usually done by assuming the charge
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uniformly spread over the cell. On the other side of the balance we have
the reduction of the interaction due to the correlation effect.

If we again treat the electrons as free, the calculation of item (3 b),
concerning electrons with parallel spin, is elementary. The antisym-
metric wave function for two electrons of wave vectors k, and k, is

(eth .1 e‘ikg r3___ e‘ikl T elkl rt) (5_5)

«/2

where V is the volume. The square of its modulus is the probability of
finding the two electrons in the positions r,, r,. With the notation

r=r,—T,, (5.6)
this probability is %{I«R(eikl-'e-ik'-’)}, (5.7)
where the symbol R means ‘real part of’. To obtain the total effect,
this expression should be averaged over all pairs of electrons with

parallel spin, which means averaging the values of k, and k, over a
sphere of radius k,. An elementary integration gives the result

l—g 1
vy

where Kk = kyr. (5.9)

‘1— (sin k—k cos x)z}, (5.8)

Without the exclusion principle we would only have the first term in
(5.8), hence g(r) represents the correlation effect. At small distances g(r)
is equal to —1, expressing the fact that electrons of parallel spin are
never found at the same point, and g becomes negligible for distances
greater than 1/k,.

The effect of this correlation on the energy per electron is then (re-
membering that the number of pairs of electrons with parallel spin is
one-quarter of the square of the total number)

jne? J. g(r) d®r 9-;me f dx 5 (8ink—k cos k)2, (5.10)

where 7 is again the electron density.
The integral comes to }, and, inserting for k,, the reduction of the

e .
energy 18 %e2<i_n) &. (5'11)

The correlation between electrons of opposite spin is a dynamical
problem even for free_electrons. It is possible only to obtain a fairly
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crude estimate which shows this term to be rather less than (5.11), at
most about one-quarter of it.

The greatest uncertainty in the method which I have sketched lies in
the fact that both the mean density of conduction electrons in a cell
and the correlation effects are treated as for free electrons. Since they go
in opposite directions, the errors caused by this treatment are likely to
compensate to some extent. In fact, the net effect of the interaction
within the cell and the correlation as calculated is very small; it must also
be small in reality in the limiting case of strong binding, since it then
becomes correct to treat each electron as having its own atom and neglect
the interaction between each electron and other atoms. It is therefore
plausible that also for the case of moderate binding the free-electron
treatment does not cause a serious error. If one had followed the appar-
ently more consistent method of taking the electron density into account
in defining the cell potential, one would have treated one of the two
opposing terms more exactly than the other, with worse results.

It would take us too far to survey the results of such calculations, but
they give fair agreement with the observed constants of metals with
simple structures.

Similar techniques have been successfully applied to the calculation of
the elastic constants, by starting from a slightly sheared lattice. This
destroys the approximate spherical symmetry of the unit cell, and both
the treatment of the boundary condition for k = 0 and the estimate of
the energy spread become more involved.

5.3. Distorted structures. Linear chain

We now turn to the question why the structures of certain metals and
alloys are rather more complicated than the simple close-packed or
body-centred lattices which, on any picture of direct interatomic forces
between identical atoms, would be expected to give the least potential
energy.

Some of these structures may, in fact, be visualized by starting from
a very simple lattice and introducing a slight displacement of the atoms
which decreases the translational or rotational symmetry or both. We
shall first discuss the effect of such displacements in one dimension.

Consider the periodic potential of a linear chain of atoms, as in § 4.1.
If all the atoms are equidistant, with a distance a, then all multiples of &
are lattice vectors, and the basic cell in reciprocal space is, as usual, the
interval

I<k<Z. (5.12)
a a
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Now suppose we distort the chain by displacing each atom a little, the
displacement repeating every rth atom. A simple example would be to
move every rth atom by a small amount in the same direction.

This immediately reduces the translational symmetry. We must now
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Fic. 13 (a).
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Fia. 13 (b).

regard our cell as containing r atoms, and only multiples of ra are lattice
vectors. The cell in reciprocal space is now

T k<X, (5.13)
ra ra

The energy curve K(k) for an electron in the potential of the original
chain, which might look like Fig. 13 (a), will be modified by the distortion.
Because of the reduction in the symmetry, this curve represents now r
different bands with the reduced reciprocal cell (5.13). The broken line
in Fig. 13 (b) shows this reduction for the case » = 3.

The effect of the displacement can now be treated as a perturbation,
bearing in mind that the distorted potential has matrix elements con-
necting states which appear on the same vertical line in Fig. 13 (b). The
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situation is now precisely that which we have discussed in § 4.3. Again
the usual perturbation theory will fail near the ends and the middle of
the reduced zone where two of the dotted lines meet, so that there is a
non-vanishing matrix element linking two states of nearly the same
energy. The modified perturbation theory of § 4.3 is immediately
applicable, and produces a result like the full curves of Fig. 13 (). The

Fia. 13 (c).

same result is, for convenience of discussion, shown again in Fig. 13 (c)
in terms of the original wave vector. The size of the vertical breaks

occurring at

b Er'gs p=12,..r—1, (5.14)

is, as in § 4.3, equal to twice the matrix element

V, = [ 4,(@) 8V (@) 4, (@) da, (5.15)

where the s are the wave functions for the undistorted chain and 8V
is the change in the potential caused by the displacement.

The effect of the distortion is to separate any two energy values which
in Fig. 13 (b) lie closely above each other. The mean of the two energy
values is unchanged, as is evident from (4.38), except for the second-
order terms arising from the interaction with more distant states (cf.
(4.35)) which are negligible in the present situation.

If, therefore, the states on either side of one of the breaks in Fig. 13 (c)
are filled with electrons, the total energy of all electrons will not be
affected by the distortion. But if such a break coincides exactly or very
nearly with the edge of the Fermi distribution, then the states which are
displaced downwards in energy are occupied, and the states which are
raised are empty, so that the result is a net reduction of the energy.

It follows that for a one-dimensional metal with a partly filled band the
regular chain structure will never be stable, since one can always find a
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distortion with a suitable value of  for which a break will occur at or near
the edge of the Fermi distribution.

The gain of energy, and hence the magnitude of the distortion, is
greatest when 7 is a small number, and this means when the number of
conduction electrons is in a simple rational relation to the number of
atoms. The most favourable case is that in which the Fermi distribution
ends at k¥ = =/2a. Allowing for spin, this means just one electron per
atom. In that case r = 2, so that every second atom is displaced, or in
other words the atoms close up in pairs. This shows a tendency to form a
molecular lattice. For any other number of conduction electrons there
will be a break at the edge of the Fermi distribution, and thus the band
will be split into a number of smaller zones, some of which are filled,
and the rest empty.

It is therefore likely that a one-dimensional model could never have
metallic properties. However, a complete discussion of this question
would have to allow for the fact that, as was stressed in§ 1.2, the adiabatic
approximation is not valid in the case of a metal, so that the energies
calculated with the nuclei at rest cannot be used in physical arguments
without great care.

Consider the magnitude of the matrix element (5.15). The displace-
ment u,, of the nth atom must be a periodic function of » with period r,
and may therefore be written as

Uy = 3 4yeine, (5.16)

where the sum extends over values of f which are multiples of 2= /ra,
and where A_, = Af. Then, if U(z) is again the potential due to a single
ion, and if we assume, for simplicity, that, upon displacing the ion, the
potential field due to it is displaced without distortion,

r—na)

8V (x) ; {U@@—na—u,)—U(x—na)} = — z undU(dx

n
to first order in the displacements. Inserting for %, from (5.16), we find
a sum over the different values of f. One term in this sum gives to the
matrix element (5.15) the contribution

4, [ dwemelZ02 g o) (5.18)

(5.17)

Changing the integration variable from # to x—mna, and remembering
the Bloch condition (4.7),

4,7y, ew-seme [ L2 ey o) da (5.19)
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The integral is now independent of », and the sum vanishes unless f— 2k
is a multiple of 2z/a. Since we require the matrix element for the value
(6.14) of k, there is always just one value of f for which this is the case.

The coefficient 4, belonging to this is directly related to the X-ray
diffraction amplitude for a certain Bragg reflection. According to
(3.19), this contains the structure factor

3 Fyead, (5.20)
i

In the case of the distorted lattice the cell contains r identical atoms,
and d; = na+-u, ji=12..r.

Inserting for u; from (5.16) and expanding the exponential, the sum
(5.20) becomes .
tF Y A, elathia, (5.21)
7T =

Apart from a constant factor, we may extend the summation over all
atoms in the chain, since, for a ¢ value which satisfies the Bragg condition
for a cell of length ra, the summand has period ra. For given order of
reflection, i.e. given ¢, only that term contributes for which f differs
from —g by a multiple of 27/ra, so that the sum in (5.19) is proportional
to the structure factor (5.20) for reflections in which g+ 2k is a multiple
of 2n/ra. These are, of course, reflections which occur in the distorted
chain, but vanish for the undistorted one.

The effectiveness of a certain pattern of displacement can therefore be
measured by the extent to which it produces these new X-ray lines.

5.4. Distorted structures. Three dimensions

It is now easy to see that a similar effect can take place in real lattices.
It is much less general and much harder to achieve, since a reduction in
the translational symmetry will cause energy discontinuities which are
planes in k space, whereas the boundary of the Fermi distribution in the
absence of the distortion is an energy surface, and therefore in general
far from plane.

It may happen that an energy surface lies close to such a set of Planes.
For example, in the simple discussion of § 4.2 of a cubic body-centred
lattice with strong binding and only nearest-neighbour interactions, we
found that the encrgy surface which corresponds to half the zone being
filled (one electron per atom) was exactly a cube. This cube is the zone
boundary for a simple cubic lattice of spacing a. It would therefore be
possible to produce energy gaps at this surface, and hence to lower the
total energy, by distinguishing the body centres from the cube corners.
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This would make the structure one with the translation group of a simple
cubic lattice and two atoms per cell. Since, however, the only way to
make identical atoms lose their structural equivalence is to displace
them, we must necessarily lose the cubic symmetry. We can make all
faces of the cube become surfaces of discontinuity by displacing the body
centres, relatively to the cube corners, in the direction of a space diagonal.
The resulting structure would have orthorhombic symmetry.

This particular structure does not, in fact, occur, the reason being
presumably that the assumptions of strong binding and nearest-neigh-
bour interactions are unrealistic.

A very similar distortion does, however, occur in the cases of Bi, Sb,
and As, which can be obtained from a simple cubic lattice by displacing
every second atom in the direction of a space-diagonal and also altering
the angle of the other space-diagonals to the selected one by a few
degrees. The position of the Fermi surface is not easily obtained, how-
ever, since neither the limit of very strong binding nor that of nearly free
electrons is likely to be accurate.

In this case there are five valency electrons per atom (hence ten
electrons, or five occupied states, per unit cell) and they must therefore
occupy parts of at least six bands. Jones} has shown that, in the picture
of nearly free electrons, and using momentum space, one can find a
region which is bounded by surfaces of discontinuity, and which contains
just five states per cell. Part of the planes making up this surface belong
to X-ray lines which would be absent in the more symmetric structure,
but are prominent for the metals in question. It isreasonable to suppose
that the energy surface follows this boundary fairly closely, extending
into the exterior near the mid-points of the faces, and leaving the corners
vacant.

A similar situation arises in alloys in which certain types of structure
occur for specific compositions. The particular concentration ratio for
which such a structure is found differs for different pairs of metals.
For example, the so-called y-structure, which is a very complicated cubic
structure with fifty-two atoms in the unit cell, occurs near an atomic
concentration of 60 per cent. Zn in an Ag—Zn system, near 20 per cent.
in Cu—Sn, and near 80 per cent. in Ni—Zn. In all these cases the waysin
which the two kinds of atoms are distributed over the sites in the cell
are different, but the sites are always very nearly similar. Hume-
Rothery pointed out that the composition at which each type of structure
occurs corresponds to a particular value of the number of valency

1 For further details see Mott and Jones (1936).
8595.93 I
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electrons per atom. In the case of the y-structure this ratio is approxi-
mately 1-6. This rule can be understood if one assumes, with Jones,
that for each type of structure there exists a set of planes of discontinuity
which coincide approximately with an energy surface. This structure
would then be favoured if the number of electrons is suitable to fill just
the region inside that particular surface.

This makes it clear why the nature of the particular atoms and their
distribution over the cell does not seem to matter; the main point is that
the cell must be of a certain kind of symmetry, and must favour certain
X-ray or electron reflections.

These examples give us some insight into the nature of the metallic
bond. It is clear that any attempt to represent this in terms of simple
forces acting between pairs of atoms would be quite misleading. Apart
from the interaction between the ionic cores, which can be so described,
the function of the atoms is to provide valency electrons, which then
interact collectively with the lattice structure represented by the atoms
jointly.

This point of view is now commonly adopted in the discussion of the
stability of structures, but it has not yet been applied extensively to
dynamical and statistical problems. For example, the statistical
mechanics of superlattices in alloys, on which a great deal of mathe-
matical ingenuity has been brought to bear, is usually treated assuming
forces only between nearest neighbours, which is hardly realistic. A
more accurate treatment would, of course, be very difficult.

Similarly, the problem of the lattice vibration in metals is usually
discussed assuming short-range forces between the atoms. In fact, as we
saw in § 1.2, it may not be at all possible to define interatomic forces
for dynamical purposes, since the effect of the electrons on the motion
of the atoms may not be regarded as a static force. This problem is
intimately connected with Frohlich’s theory of superconductivity, and
we shall return to it in that connexion.



VI
TRANSPORT PHENOMENA

6.1. General considerations. Collision time

Accorping to Chapter IV an electron in the field of force of a perfect
lattice has stationary states in which the mean velocity and hence the
mean transport of charge and of energy do not vanish. This means that
we can set up an electric current and an energy flux without an electric
field or a temperature gradient to maintain them. In other words, the
electric and thermal resistivities are zero for a perfect lattice. The actual
resistivities therefore depend on disturbances which, for the equilibrium
problems of Chapter IV, are usually negligible. The main sources of such
disturbances are (@) lattice vibrations, (b) impurities and lattice imper-
fections, and (c) the interaction between the electrons. For a good and
pure crystal the first of these effects is the most important, and this
explains at once the qualitative fact that the resistance of an ideal metal
decreases with decreasing temperature, and tends to zero at T = 0.
This was one of the major difficulties in the classical electron theory of
metals.

The problem of treating these disturbances is similar to the calculation
of transport phenomena in the kinetic theory of gases, but the nature of
the interactions and the importance of quantum effects brings in a
number of essentially new points.

The usual approach to the problem is based on calculating the pro-
bability, per unit time, of an electron making a transition from one given
state to another, and obtaining from this the rate of change with time of
the number of electrons in any given state. Thisrate of change depends
on the distribution of the electrons over the various levels, and the
stationary distribution is then determined as that for which there is no
change with time. In some cases the lattice vibrations will also be
affected by the presence of a current. In that case we must also require
that the number and distribution of phonons do not change with time,
and thus obtain two simultaneous sets of equations which determine
both the electron and the phonon distribution.

In using this approach, which is taken over from gas theory, we are
making certain assumptions which are sometimes hard to justify. We
shall therefore be careful to note these assumptions in our derivation, and
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we shall later return to the possible refinements that could come from a
more rigorous approach.

For preliminary orientation, we shall first obtain the equations which
are analogous to the assumption of constant mean free path in gas theory.
However, since the electron velocity is not a convenient variable, we shall
use the concept of collision time instead of that of mean free path.

The simple picture is then based on the following assumptions:

The electrons suffer only elastic collisions. The probability per unit
time of an electron making a collision is 1/7, where 7 is called the collision
time. This may depend on the energy of the electron, but for given
energy is constant (independent of the direction of motion). After the
collision the electron is found with equal probability on any part of the
energy surface.

Then the average number of electrons making a transition from some
state k to some other state k' is proportional to the probability of the
state k being occupied, and to the probability of the state k’ being empty
(we consider only electrons of a given spin direction), say

An(R){I —n(K’)}. (6.1)
The probability of the inverse transition from k’ to k is obtained by
interchanging k and k', but the coefficient 4 is the same (law of detailed

balancing). The difference between the two rates gives us the net rate of
transfer of electrons from k to k’, which is

A[n(k}{1—n(K")}—n(k'{1—n(K)}] = A{n(k)—n(k')}.  (6.2)
This last result is the same as would have been obtained without the
exclusion principle. In the present case we need not consider the ex-
clusion principle in counting collisions.

Consider now all the states with energies between E and E--dE.
For simplicity of notation we shall assume these all to be part of the same
band, and suppress the suffix /, though this is not essential. Their number
near an element do of the energy surface is

L\3 do
dz = (51—1) |grad E | 4, (6:3)

where L3 is the volume of the crystal, grad ¥ is the gradient of E(k)
in k space, and do is the element of area of the energy surface. We

write this as dz = p dodE, (6.4)
where p is the surface density of states, which in general varies over the
surface, and we call iz

fp do = S(B) = 72, (6.5)
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the last expression being the total number of states per unit energy, as
in § 4.6.
Then the loss, per unit time, of electrons from the state k due to

collisions is 1
- n( k) ’
-

whereas the gain from transitions into state k is, since these cover all
states in the energy shell with equal probability,
fmmﬁw'
) =

where 7 is the average number per state on the energy shell. The net
rate of change of the number of electrons in state k is

1z, (6.6)
-

dn(k) 1 =
= ;{n(k) 7}. (6.7)
The solution of this equation in the absence of an external field is
n(K,t) = n+{n(k, 0)—n}e-. (6.8)

Any initial deviation from uniformity over the energy shell decreases
exponentially with time.

In an electric field in the a-direction the electrons move in k space
according to the law (4.42), and hence the rate of change of n due to the

field is _ eF on(k)

f ok,
Combining the effect of the field with that of the collisions and requiring
the electron distribution to be stationary, we obtain the ‘Boltzmann

equation’ 1 eF on(k)
il — A = 0. 6.1
T{n(k) 7} % ok, 0 (6.10)

(6.9)

The fields that can be maintained in a metal are weak and we may
neglect terms proportional to the square of the field intensity. Otherwise
we should include the Joule heat, and should not obtain stationary
conditions at all unless we also included explicitly the mechanism by
which the heat is disposed of. We therefore assume that

(k) = f(E)+n(k), (6.11)
where f is the Fermi distribution and n, is small of first order. Then
(6.10) becomes, to first order,

1 - F of oF
L)+ 22 =0, (6.12)
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or, using the expression (4.41) for the velocity,

z ﬁ .
If we average this equation over the energy surface, the left-hand side
vanishes identically. The right-hand side also gives zero, since by (4.12)
the energy is an even function of k, hence the velocity an odd function,
so that its average over the energy surface must vanish.

The constant 7, is therefore not determined. This is to be expected
since, with only elastic collisions, the total number of electrons of each
energy remains unchanged. We may therefore add to », an arbitrary
function of the energy. This will not contribute to the current, and is
therefore unimportant for the present purpose. One can however show
that, if also some inelastic collisions are allowed for, %, has to be zero.

Now the electric current density is, if we choose the volume of the
metal to be unity,

é{nak)—ﬂl} = —cFo, (6.13)

dzZ df
dE dE
The factor 2 allows for the two spin directions, +2 is the average over the
energy surface. )

Now df/dE vanishes except in a region of width k7" near E = 7, the
other factors in the integral vary slowly over that region. We may there-
fore replace them by their values at 7; the integral of df/dE is —1. Then

a_'];’ = 2@2(7—1;—2 dZ)

J, = 2 f nyvp dBde — —262F f Ar dE.  (6.14)

oF, dE|;
and, by an obvious generalization to other components, the conductivity
tensor o, is
g oJ, dzZ
Ty = 5 T, 2e (fv“ > E),; (6.15)
For cubic symmetry this may be replaced by

L4

o= 62(7'7_1E g—g)n.

In the particular case of free electrons, Z is proportional to E*; hence
dZ|dE = 3Z[2E. Using also the fact that N == 2Z is then the total
number of electrons per unit volume, and that »2 is then constant over
the energy surface and equal to 2E/m, we obtain the well-known result
_ e

-
Subject to the assumption about the collision time, this result is

[

(6.16)
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evidently valid for the electrons near the bottom of a band, if m is
replaced by the effective mass, and also for a nearly full band, if N then
denotes the number of vacant places.

In the case of spherical symmetry, the work of this section can be
extended to cover the case in which the electrons are not uniformly
spread over the energy surface after each collision, but in which the
probability of a deflexion through a given angle varies with the angle.
In that case we may write, instead of (6.7),

i) — f dQw(@)n(K’)—n(K)}, (8.17)

where the integration is to be taken over a sphere of radius k. dQ is the
element of solid angle, and © is the angle between k and k’. w(©) is the
differential scattering probability.

We expand n and w in spherical harmonics:

n(k) = znlmI’lm
w(©) = z ﬁ% P(cos®) }

where the coefficients n,,, and w, may still depend on the magnitude of k.
Inserting in (6.17) and using the properties of spherical harmonics,

(6.18)

—2 = da(w—wo)ny,. (6.19)

A deviation from uniformity in the angular distribution of the electrons
still decays exponentially with time if it consists of spherical harmonics
of a given order. However, its decay period now depends on the order.
We may write dn,, 1
@ T T e
' (6.20)

2 = dm{wy—0) = [ {1—B(cos®)}u(®) dQ

1

Now in the isotropic case the right-hand side of (6.13) depends on angle
only through v,, which is proportional to a component of k and therefore
a spherical harmonic of first order, and (6.13) and all subsequent equa-
tions are still valid if we replace = by ,, which according to (6.20) gives

L — [ a—cos@)w() da. (6.21)
1
This shows in particular that the importance of small-angle scattering is
proportional to the square of the angle, a result which is valid beyond the
isotropic case discussed here.
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In the general anisotropic case one may still look for the characteristic
deviations which decrease exponentially with time, but in that case the
disturbance caused by an external field will be a mixture of different
characteristic disturbances, and the discussion becomes more com-
plicated.

The equations of this section may be retained even in this general case,
provided we interpret the quantity = again as a mean value. This will
now depend on the variation of the right-hand side of (6.13) over the
energy surface, and also on the weight factor used in any averaging
process like (6.14) for which the distribution is required.

6.2. Thermal conductivity

If, besides the electric field, there is also a temperature gradient, we
obtain in the rate of change of the electron number the further contribu-
tion . on(k)

T ox

The use of distribution functions depending on the coordinates as well
as on the wave vector has to be understood in terms of wave packets, in
the sense explained in § 2.4. Using again (6.11) and neglecting terms of
second order in the temperature gradient. one finds, in place of (6.13),

of 4T of

(6.22)

1 -
;{nl(k)_nl} = —eF Vg aE d Vg aT' (6'23)
Obtaining again the electric current density as in (6.14) and the energy
transport 8, =2 [ v, Bnp dBdo, (6.24)
we find the equations
- af aT of
J, = — 2
= 2f” dE( 9B %4z aT) B
of | 4T of (6.25)
S, = 2
- f”E dE(F +dx6T)dE

Although we have used the collision time concept in deriving these
equations, they are, in fact, valid quite generally, as can be seen from the
fact that the variation of the two terms on the right-hand side of (6.23)
over the energy surface is the same, and that the weight factors used in
(6.14) and (6.24) differ only by a function of the energy. Equations
(6.25) may therefore be used, with = having the same meaning in both, as
long as we deal only with elastic collisions, so that the electrons of each
energy must separately form a stationary distribution.

In evaluating the second terms in (6.25) some care is needed, since the
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integral of (dZ/dE)(of/oT) over energy vanishes (the total number of
electrons does not change with temperature). The contribution to (6.25)
would therefore vanish if the other factors were constant, and it comes
entirely from the variation of these factors over the boundary region of f.
For these terms the temperature dependent part of (4.50) is therefore
essential.

A simple calculation then gives the result

dZ\ 2edT azZ d
—_ 2 2 2 2
J, = 2 F( nw) 2edt kT(dEdE( ))n -
dz\ 24T dZ d )
2 < w2k
S, —26F(7E’sz) 33z kT(dEdE(TE )),,

For the problem of thermal conductivity we have J, = 0. Eliminating
F from this condition, we find

2dT 2k ar
= — = —_— 2
S 3dx k T(dE ) B (6.27)
Comparing the thermal conductivity « with the electric conductivity o
from (6.15) K T (6.25)
o 3’ ’

This is known as the Wiedemann-Franz law.

This law can also be derived, with a different numerical factor, from a
theory using classical, rather than Fermi-Dirac, statistics. It had there-
fore appeared surprising that the Wiedemann-Franz law was, apart
from the factor, well confirmed by experiment, since this looked like a
confirmation of the classical statistics, according to which the electron
gas obeyed the equipartition law for the specific heat. In fact, from a
simple dimensional argument one can see that, for given electron number
and collision time, thermal conductivity depends on the product of the
mean square velocity and the specific heat per electron. In the case of a
degencrate Fermi gas the first is much larger than the classical value
3kT/m, and the second correspondingly smaller than the classical
specific heat, so that the product is about the same.

From the equations (6.25) one can also calculate the thermoelectric
coefficients, but one must then include in (6.26) a correction to the first
term, since the variation of the integrand over the energy interval near
the edge of the Fermi distribution is then of importance.

6.3. Static obstacles. Impurities and imperfections
Turning now to the discussion of the mechanism of the collisions, we
discuss first the case in which the cause of the scattering is an irregular
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static potential. This assumption evidently covers the case of foreign
atoms replacing atoms of the lattice or filling interstices, and other faults
in the lattice. The effect of the lattice vibrations will require separate
consideration.

Let the disturbing potential be W(r) and assume it to be the combined
effect of a large number of similar scattering centres, so that

W(r) =3 w(r—R,). (6.29)
Assume further that the disturbance caused by each centre is weak
enough, and their number small enough, to regard W as a small per-

turbation.
Then if we write the wave function of an electron at time ¢ as

$(r,t) = 2 Bac( ) () eI, (6.30)

k,
where the i ; are the solutions for the perfect lattice, in the absence of the
disturbance, the wave equation leads to the equation

il = 3 (I, 11 W [I, V) B00-Ei0Nng,, (6.31)
2

where (k, 1| W|K, 1) = J PEAT) W ()i (T) do (6.32)

is the matrix element of the perturbing potential. To first order we may
regard the a on the right-hand side of (6.31) as constant ; hence

. ei(E-E')'/h__l
ak.t(t) = '—kz’;'(k; ZIWIk ,l )ak’,z'(o) E——E_' ’
where E and £’ will be understood as abbreviations for the energies
occurring in the exponent of (6.31).

If, therefore, the electron is known to have been at ¢ = 0in a state k, Z,
then the probability of finding it in the state k’, I’ at time ¢ is

—cos(E'—E)t/f
(E'—E)?
This expression is then, in a sense, the transition probability from

state k, I to k', I'. However, it is strictly valid only if the electron was

initially in a single stationary state. Had we taken more than one of the

a(0) into account in (6.33), we should have obtained cross products in the

square (6.34). Now we shall use such a formula to test the stationary

property of the electron distribution, and hence the time ¢ = 0 should be
an arbitrary instant, after the disturbances have already been acting
for some time. It is obvious from (6.33) that, even if at ¢ = 0 only one
coefficient is non-zero, this will in general no longer be true at time ¢
This may result in phase relationships between the expansion coefficients

(6.33)

|, 2| [k, B[22 = |(K,V|W|k,))|2D(t). (6.34)
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ax. For example, if the disturbance W consisted of a repulsive potential
in some region, the effect would no doubt be to reduce the electron
density in that region, and this has to be expressed by means of standing
waves, or phase relations between the coefficients of the progressive
waves which we have used for the expansion.

If we are to neglect such phase relations, this needs justification. We
state therefore

Assumption 1. The nature of the perturbing potential is such that we
may obtain the statistical ensemble of electrons by distributing electrons
over the stationary states of the perfect lattice with suitable probabilities,
but without cross terms.

This assumption is justified if the scattering centres are numerous,
and distributed at random, so that in the final probability (6.34) we may
average over their positions. Then the square of the diagonal element
in (6.34) is, from (6.29),

(KL VWK, D2 =3 |K, V]w]k, [)[ 20K ®uRn, (6.35)
BV

If we average over the positions R, independently, all terms cancel except
those with u = v. The effect is therefore proportional to the number of
scattering centres, which is reasonable. In addition, if we had taken a
cross product instead of (6.34), we would have found the sum

@ik —k). Ru—i(k k). Ry (6.36)

which, after averaging over the R,, gives zero, unless k'’ = k”. There
might still be phase relations between states of the same k and different/,
but, since these will always have different energies, they will not be
connected by elastic collisions. We have therefore reduced Assumption 1
to the randomness of the positions of the scattering centres, a require-
ment closely related to the ‘Stosszahl-Ansatz’ of the kinetic theory of
gases.

Accepting (6.34), the change in the number of electrons in state Kk,
between time 0 and time ¢, becomes, similarly to (6.2),

n(k,1,t)—n(k,!,0) =kZl,|(k',l’lW|k, H1{n(K', V) —n(k, )}D(),

(6.37)
where D is the function defined by (6.34).

The function D, considered as a function of E’, has a steep maximum
at B’ = E. The width of this maximum is of the order of Z/. It is there-
fore customary to assume that the variation of the other factors in (6.37)
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with E’ is slow, so that we may insert their values for £’ = E, and carry
out the integration on D. Since the integral of D is

27t
fDdE:-%T—,

the number of transitions is then proportional to the time, and we may
write (6.37) as

Ak, 1) = gﬁ’l S 1 EIW I, D 3K, ) —n(k, D}3(B'— B). (6.39)
k'l

(6.38)

However, in the expression (6.37), the factor n(k’,7) may also be a rather
quickly varying function of the energy. This happens when E’ lies near
7, which is the most important region. In that case, n changes by a large
amount over an interval of k7. The approximation which underlies
(6.39) is therefore valid only if this is larger than the width of the peak D,
i.e. if %

KT > I (6.40)

On the other hand, we cannot make the time interval ¢ too large, since
we have used first-order perturbation theory, and this must certainly
break down if the time interval is long enough for the electron to have
made a second collision. Therefore ¢ must be less than the collision
time 7, and therefore we have

Assumption I1. Y (6.41)
T

For times shorter than (6.40) we would have to replace the & function
in (6.39) by a wider maximum. Since the 8 function expresses the con-
servation of energy, this looks as if, with small time intervals, the energy
might not be conserved. This is not correct. We have to remember that
the total energy includes the interaction energy as well as the un-
perturbed energy E(k,l). It follows from general principles that the
total energy is always exactly conserved, but it equals the unperturbed
energy only after a long time when the collision is certain to have ceased.
In this sense we can interpret #/kT' as the duration of a collision, and
(6.41) is the condition that the duration of a collision be shorter than the
time between successive collisions.

One typical kind of disturbance is the replacement of a few atoms in
the lattice by foreign atoms. In that case the use of first-order perturba-
tion theory is not strictly permissible, unless the substituted atoms are
very similar to the ones they replace. We should use, instead of (6.39), a
more exact expression for the scattering probability of a single centre.
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This would not alter the form of (6.39), nor the proportionality of the
scattering probability with the number of centres.

The angular distribution of the scattered electrons will be complicated.
However, since the size of the scattering centre is of the order of an
atomic radius, and the effective electron wavelength (2x/k) of the same
order, unless we are dealing with a nearly empty or nearly full band, we
expect large-angle deflexions to be about as common as small-angle ones,
so that it is reasonable to average over the energy surface, and use the
collision time concept of§ 6.1. A more accurate treatment would involve
the solution of an integral equation, but our knowledge of the energy
surfaces and of the scattering probability is not usually good enough to
warrant this.

The situation is similar when we are dealing with atoms added to the
lattice in interstitial positions, or with atoms missing from the lattice.
These last two occur always in limited numbers, but the substitution
can in suitable cases be carried to a point where an appreciable fraction
of the atoms has been changed. Ifin a crystal of atoms 4 more and more
atoms are replaced by B, we shall eventually approach a pure B lattice
(assuming that no change of structure occurs) and then the electrons
move again without resistance. This problem was treated by Nordheim
(1931), who suggested using as the starting-point a perfect lattice in
which the potential was an average of the potentials for either type of
atom, weighted with their concentrations. Then it is easy to show that,
taking the deviation from this mean as a small perturbation, the scatter-
ing probability is proportional to ¢(1—c) where ¢ is the concentration.
This Jaw agrees well with experiment in many cases. Typical exceptions
were shown by Mott (1936) to be due to a change in the electron number,
and the occupation of the different bands, with concentration.

Other lattice imperfections, such as grain boundaries and dislocations,
present greater difficulties for a quantitative treatment.

6.4. Effect of lattice vibrations. General
If the atoms are displaced from their ideal lattice positions, the poten-
tial V(r) will be changed by an amount

W(r) = nZ) Wy(r—a,).u,;. (6.42)
Here u,; is the displacement of the atom n, j, as in Chapter I,

W, measures the effect on the potential of an infinitesimal displacement
of the atom, and depends, as shown, only on the position of the point r
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relative to the cell n. Terms of second and higher order in the dis-
placements have been neglected.

It is convenient to express the displacements in terms of normal
coordinates. Using (1.30),

W(r) = ; zj W,(r—a,).v,(f, s)et-2agq(f, s). (6.43)
,8 m,
The normal coordinate ¢(f, ) is known to have matrix elements only
between states differing by one unit in the quantum number N(f, s).
Hence (6.43) can only cause transitions in which the electron is scattered
and at the same time a phonon absorbed or emitted.

We consider, for definiteness, the case of absorption. Using the ex-
pression (1.63) for the matrix element of the normal coordinate, the
matrix element of W for a transition from k to k’, and absorption of a
phonon in the mode £, s is

(K", I'|W|k,1; £, s)

- Z f &t Y (T)W,(r—a,)du(r). v{E, s)e“-“n(é-l%’é)g))%. (6.44)
n,j ’

Changing the origin in the nth term to a,, and remembering the Bloch
theorem (4.7), this becomes

> f d3r i, (D)W (0o (T). Vi (£, s)(ﬁ’;%)% > et
J ’ n

(6.45)
The last sum again vanishes, unless
f+k—k'=K (6.46)
is a vector of the reciprocal lattice. In collisions between electrons and
phonons, the wave vector is conserved, apart from vectors in the reci-
procal lattice. Because of our restrictions of £ and k to the basic cell,
there is only one possible f for given k, k’, and only one possible k’ for
given k and f.
We now proceed, as in the derivation of (6.39), to find the transition
probability per unit time:

(", | 4]k, T; 8) %8By (K') — B(k)—Fa(f, )} [N (£,5)],  (6.47)
where

(K, U |A4|k,1; 8)

— J(?}%’);N f W, () () dSr.v,(f,s)(m%@;)){ (6.48)

and where f is defined by (6.46). The same expression gives the prob-
ability of emission of a phonon with wave vector —f, provided we
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change the sign of w in the argument of the 8-function in (6.47) and
replace N(f,s) by N(—f,s)--1.

We can now use these results in a Boltzmann equation for the electron
distribution, provided we are again prepared to accept Assumptions I
and IT of the preceding section. Then

wkl) = 3 |(K,V4|k1,0)|{E,(K')—Ek)—Hiw(f, 0)} X

X[IN(£, o)+ 1n(k’, V)}{1—n(k, )} — N(£, o)n(k, )){1—n(k’, I)}].
(6.49)

Here we have again used the device introduced in (1.33) and (1.64) of
separating positive and negative frequencies. The terms shown explicitly
in (6.49) represent, for positive o, the absorption of a phonon f, s and the
transition of the electron from k to k’ and the inverse process. Negative
o means the emission of a phonon of wave number —f substituted for
the absorption of f, or vice versa. For given k, k’ the §-function will at
most allow one or the other of these cases to be realized.
The change in the distribution of phonons is similarly given by

N(,s) = 2 3 (KT IA]K, 1) B{E(K)— B(k)—fio(f’, )}

X[{N (£, )+ Dn(k’, U){1—n(Kk, )} — N, s){1 —n(k’, I)In(k,1)], (6.50)
where, of course, k, k’, and f are again assumed related by (6.46).

The expressions (6.49) and (6.50) vanish if we insert for the electron
number the Fermi function f(%), and for the phonon number the thermal
mean value NO(f, s) from (2.4). This follows because

NotE,8) swdekr. A
W~ gy = oD

One sees easily that the last bracket in (6.49) and in (6.50) is a difference
between two terms whose ratio is unity by (6.51) whenever the energy
condition is satisfied so that the 8-function does not vanish.

Under the influence of the collision the Fermi distribution for the
electrons and the Planck distribution for the phonons therefore are seen
to be stationary. This is, of course, ensured generally by the principles
of statistical mechanics.

Consider now a small deviation from statistical equilibrium, which we
shall take in the form

_ ) g
n(k,l) = f(B)—g(k,1) ~>—* = f(B )+k’_l’ Fe)1Te
G
(ﬁw) =N °+kT @—1)(1—¢7)

(6.52)
N(f,s) = N(iw)— Q(f, s)
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Here we have used the abbreviations

E—q fiw
7
Inserting in (6.49) and (6.50) we then obtain, to first order in g and G,

(6.53)

€ =

a(k, 1)

= EIT k;o (', ¥ A, 1, 0)[2 8B — B—F) +1)!i€:?-l_-—1ie"—1 ;

(6.54)

NEs) = 2 S (K, V4|, 1, )2 $(B' — E—w) g —9—C .
BT 4y EF D+ De—1|

(6.55)

Here the arguments of Z, g, etc., are not shown explicitly, but it will be
obvious from the context that, for example, g means g(k, ) and g’ means

g(k’, 7).
We see now that the distributions (6.52) are still stationary if we choose
g = constant, @=0 (6.66)
or g = AE, G = Miw, (6.57)

where A is an infinitesimal constant. Itisindeed evident from (6.52) that
the first of these solutions amoiints to an infinitesimal change in 7, and
hence to a change in the total number of electrons, and the second is an
infinitesimal change in the temperature. These two parameters are, of
course, connected with the conservation of the number of electrons and
the conservation of energy. If the collisions were limited in such a way
that the vector K in (6.46) were always zero, as would be the case for
free electronsinteracting with an elastic continuum, then we should have
a further solution in which
g = Ak, G = Xy, (6.58)

which then arises from the conservation of the total wave vector. It is
obvious that the distribution modified by (6.58) carries a current, so
that in those circumstances a current could persist in the absence of an
electric field; we should have infinite conductivity. This shows that the
presence of processes with K £ 0, or else of disturbances other than the
electron-phonon collisions, is of vital importance for the electric resist-
ance.

The situation is very similar to that in the thermal conductivity of
non-metallic crystals, discussed in § 2.4.

Fig. 14 illustrates the possible collisions in a one-dimensional case.
The full line indicates the E(k) curve for one band, and the broken lines
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show the frequency spectrum #w(f) for given polarization, plotted with
some point on the electron energy curve as origin. Evidently an inter-
section of the two curves represents a solution of (6.46) and of the energy
equation. The diagram is not to scale since, in most metals, the phonon

Fic. 14.

energies are much smaller in relation to electron energies than is con-
venient for a diagram.

Three cases are shown. If the electron is initially at k,, it can make a
transition to kj, and in that case the wave vector condition (6.46) is
satisfied with K = 0. In the cases labelled k, and k,;, the difference
k' —Fk exceeds the limits of the basic cell, and in both cases

f=k—k—2"

a K
In the third case, in particular, f is small. /~<.~\ ky e
Remembering that the interval for & was '
chosen purely conventionally, it is more
convenient to represent this last case in a
diagram like Fig. 14 (@), in which the upper
end of the previous figure has been re-
plotted in terms of wave vectors lying
between 0 and 2n7/a. This representation,
which is particularly appropriate when we %
are dealing with a nearly full band, is quite & al—3 kt—
equivalent to the previous one, but the Fio. 14 (a).
reciprocal lattice vector K in (6.46) takes
in each case a different value. If it should happen that there are no
collisions which require a non-zero K in this representation (or in any

8695.98 K
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other definition of the k) we should still obtain an infinite conductivity.
The stationary non-equilibrium distribution would then, of course, look
like (6.58) in the new representation.

To conclude this section we require an estimate of the matrix element
(6.48). This contains the quantity W,(r), the change of potential due to
an infinitesimal displacement of an atom. It is reasonable to assume
that the effect of such a displacement is simply to shift the whole poten-
tial field due to that atom bodily with the atom, and then

W(r) = grad U(r), (6.59)

where Uj is the potential of the atom. Inserting this in the integral in
(6.48), we recognize that this must vanish if k = k’, I = [, since it then
contains the factor

3 [ Wulr)/2grad Ur) dr. (6.60)

Because of the periodicity of the square of the wave functions (Bloch
theorem), we may replace here the potential of one cell by the average over
all cells, and (6.60) represents the change of energy of the electron upon
an infinitesimal displacement of the whole lattice, which, of course, must
be zero. Hence, for ! = I’, the.integral in (6.48) vanishes in the limit of
long acoustic waves, for which with f = 0, also w(f,s) = 0. This will be
of importance later. Forl s 7', i.e. transitions from one band to another,
the case w = 0 does not arise, since two states in different bands with
the same wave vector will have different energies so that w = 0 would
not be compatible with the energy equation.

It is therefore consistent to assume that the integral vanishes whenever
w(f,s) = 0, and that for small frequency it is proportional to w. If we
therefore write, in place of (6.48),

(K, V|A[K,1,8) = (K, |C|Kk, 1, 8)/{w(f, s)}, (6.61)

then the new quantity C is likely to vary less in order of magnitude
than 4, and in any case tends to a constant limit as w — 0, though this
limit may in general depend on the direction of f, the state k, and the
polarization s.

For a very crude estimate of order of magnitude, we may regard C as
constant. The integral in (6.48) is of the dimension of an energy divided
by a displacement, and since it represents only the effect of displacing the
atoms in one cell out of N, we may expect it to be of order Dw[Naw,,
where a is an atomic distance, and D an electronic energy of the order of
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the band width. w, is the maximum vibration frequency, as in § 2.1.
This makes C have the order of magnitude

D

C~ VI

(6.62)

6.5. Collisions between electrons

In the classical electron theory of metals the effect of collisions between
the electrons was completely ignored on the grounds that in a collision
between two free electrons the momentum is conserved, and, since the
electric current is proportional to the resultant electron momentum, such
collisions also do not alter the current. However, this argument is valid
only for free electrons, and for those we have seen in the last section that
we could use almost the same reasoning for the collisions with lattice
waves. Leaving the lattice structure out of account, collisions with
electrons or with elastic waves are insufficient to produce a resistance;
allowing for the lattice structure, both will contribute.

However, as we shall see, the electron collisions are in most cases
quantitatively less important than the electron-phonon collisions,
except perhaps at very low temperatures.

The matrix element of the electron interaction for a transition in
which one electron changes from a state k, to k; and another from k,
to k; (we omit the suffix / here for simplicity) is

f f B T () Prir, (6.63)

It follows again from the Bloch theorem that this matrix element
vanishes unless K, k,—k,—k, = K. (6.64)

For free electrons, when the wave functions are plane waves, K must
vanish, and the matrix element then becomes

47re?
Ak, — K (6.65)
where L3 is the volume.

Strictly speaking, (6.65) is too large for small momentum difference,
since it is a bad approximation to assume Coulomb’s law to hold at very
large distances. In a pure two-body problem this would be correct, but,
if we remember that there are other electrons present besides the ones
under consideration, and that they will neutralize the field of each
electron at large distances, we see that it would be more realistic to take
a screened Coulomb field in (6.63) and thus obtain a matrix element less
strongly divergent than (6.65).
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If the electrons are not free, a similar correction has to be applied, and
we should also allow for the fact that the mean interaction between the
electrons has already been allowed for in the definition of the wave
functions. A precise definition of the matrix element is therefore not
simple. However, it is reasonable to take its order of magnitude to be
roughly equal to (6.65).

Denoting /(27/f) times the matrix element (6.63) by

(kiy ;IIlkl’ k2):
the electron collisions contribute to the rate of change of the electron
number a term
(k) = 2 3 |(k', k3| Z|k, k) PO(B+Ey— B'— E3) X
X {n'ny(1—n)(1—ny)—nmy(1—n')(1—n)}, (6.66)
where the arguments of » and E are indicated by the accent or suffix,
and where k; is defined by (6.64). It is again obvious that (6.66) vanishes

if n(k) is the Fermi distribution. For a small deviation of the form
(6.52) we find

uK) = 77 z (K, kélllk k,)|?(E +B,— E'— Ez)x

kk,

g +g.— g 92
* et e sy 00

It is of interest to estimate the frequency of collisions for each electron.
We choose some state k in the border region of the Fermi distribution,
i.e. in the region in which £ — is at most of the order of k7'.

The number of collisions suffered by this electron is then given by the
contribution to (6.66) of the second term in the bracket, putting n = 1.
Now n, vanishes if E, lies above the border region, and (1—=’) and
(1—ng) vanish if E’ or Ej; lie below the border region. Hence all four
energies must, in fact, lie within the border region.

Select, therefore, a value of k, in the border region. This can be done in

dz
kT( a E) (6.68)

ways. The number of ways of choosing k’ is now less than (6.68),
because it is further restricted by the energy equation. If we let k’ vary
over all the possible (6.68) values, the energy difference between initial
and final states would range over some energy interval D, comparable
with the width of an energy band. The §-function will pick out from this
region only one particular value for the energy change (namely, zero)
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and this brings in a factor of the order of D-1. Hence the number of
terms that contribute is roughly

dz) (6.69)

kT)?

L) ( a2
Using the estimate (6.65) for the matrix element, choosing unit volume,
and putting for the difference of wave vectors in the denominator a mean

value of the order «/a, we find for the number of collisions per unit time,
apart from numerical factors:

dz) (6.70)

ﬁD 4 (kT) (dE’
dZ[d E may be estimated as the electron density, which for a monovalent

metal is of the order a—3, divided by an electronic energy of the order of
the band width D. Hence the collision frequency is

02\ 2 (kT)z
w“(a) D (6.71)
With a of the order of 2.10-8 cm., and D = 2 eV, this comes to 5.10*
sec.~! at room temperature. We shall see later that this is rather less
than the effective frequency of collisions due to other sources.

6.6. Collisions at high temperatures

If the temperature is well above the Debye temperature 0, so that kT
is large compared to fiw for all elastic waves, the problem simplifies
considerably. Firstly, it is then in general true that the collisions
between phonons are frequent enough to keep the phonon distribution
in equilibrium, as we shall verify later. We may therefore put G = 0
in (6.54) and ignore equation (6.55). Moreover, the phonon energy is
always small compared to the electron energies, and we may regard
the collisions as elastic. We may also treat y as a small quantity in
(6.54) so that we may replace €’ by € and ¢»—1 by y. If we then allow for
the effect of the external electric field (cf. (5.9)), and insert for the matrix
element from (6.61), we find

2 S 101 8(E ~E)g'—gT = eFv, (6.72)

k'8
The factor 2 arises because we have combined the absorption and
emission, so that the polarization index s now takes only positive values.
(6.72) is an integral equation over the energy surface of the kind dis-
cussed in § 6.1. We saw there, in particular, that the Wiedemann-Franz
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law and other consequences of collision-time theory were valid provided
all collisions could be regarded as elastic.

We see, moreover, that the temperature enters only through the factor
kT on the left-hand side of equation (6.72) and that therefore the solution
9(k) of this integral equation is, for given field, inversely proportional
to the temperature. This is a well-known empirical law for pure metals
at high temperatures.

If impurities and imperfections are not negligible, we must allow for
collisions with them on the left-hand side of the equation. The resistances
due to either type of collision will be additive if the function g which
solves the equation for either type of collision is the same. Thisis exactly
true if the collision time concept is applicable to both types of collision,
or in the case of isoti'opy. In general, deviations from this additivity
are not likely to be large.

To estimate the order of magnitude of the conductivity, we take C
to be a constant in (6.72). The integral equation is then solved by

g = cFy,r,

which then makes the term in g’ vanish by symmetry. The collision
time 7 is given by . .
1 25,..dZ

= — 1|2 .

- =M 2210) (6.73)

With the estimate (6.62) for C' this becomes

2D2kT dZ
fia2wlp dE’
where, for unit volume, we have replaced the mass M@ of the metal by
the density p. In order of magnitude, dZ/dE is Z/D, and p/Z is the
atomic mass M. Since Ma2w} is the potential energy for displacing an
atom by a distance a, this is again of the order of an electronic energy,
i.e. of D. This gives finally, and crudely,
1 kT
-~ (6.74)
This gives the order of magnitude of the conductivity of a normal metal
correctly. It also shows that the electron collisions are unimportant if
we accept the estimate (6.71).
It remains to justify the assumption that the lattice vibrations are
kept in equilibrium by the phonon interaction. This means that a phonon
collides more frequently with another phonon than with electrons.
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We may estimate the mean collision time for a phonon from (6.50)
in the way in which we derived (6.73) and the result is

1 d 1
—~2|C 2wkT(—— =, 6.75
Tpe Gl dEJ, D (6.75)
and hence, from (6.73), Toe ﬁﬂ (6.76)
Te w

With 7, ~ 10-13, we therefore find for r,, a mean value of the order
10-1t. This should be compared with the collision time for phonons
colliding with each other, which can be estimated from the thermal
conductivity of non-metallic crystals, and, at room temperature, is also
about 1013 sec. It is therefore reasonable to suppose the phonons to
be in equilibrium.

6.7. Low temperatures

The problem becomes much more involved when the temperature is
comparable to the Debye temperature @, and we shall discuss only the
limiting case when 7' < . We may then no longer neglect the energy
transfer in collisions, since, for the important collisions, this will turn
out to be of the order of £7'. The only contributions to (6.54) and (6.55)
will now come from small values of f for which #iw is at most of the order
kT. If w is larger, then the absorption of such phonons does not occur
because their number is negligible, and the emission does not occur
because no electron can lose so much energy. This explains, as was
first shown by Bloch, that the resistance of an ideal metal tends to zero
at T = 0, in spite of the zero-point motion of the lattice, which is con-
nected with the possibility of emitting phonons. In this respect the
position differs radically from that in the scattering of X-rays (Chapter
ITI), where we found the zero-point motion to give a finite random
scattering even at 7' = 0. This difference arises because in the conduc-
tion problem the electrons themselves are nearly in equilibrium at a
low temperature, so that processes with large energy transfer to the
lattice are ruled out.

We can now estimate the collision time as follows:

For a given electron state k, the energy equation may be written,
using also the wave-vector condition (6.46) with K = 0,

E(k+f)— E(k)—Z%w(f,s) = 0,
or, to first order, fif. v(k)—fiw(f, s) = 0. (6.77)
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If we disregard the energy condition, the number of values of f with
magnitude between f and f{-df is

(2—I:T)s41rf2 af.

These, however, will in general violate the energy condition (6.77) by
an amount of the order #fv, where v is the electron velocity, and there-
fore the effect of the & function in (6.49) is to reduce the contribution to
L\3 4=
(5,) s ap.

Since by (6.61) the square of the matrix element contains a factor w
which, for small f, is also proportional to f, we see then that the contribu-
tion to (6.49) from the part in which phonons of wave vectors up to f are
included, is proportional to f3. Now collisions in which %w(f, s) exceeds
kT are negligible, and therefore the collision frequency is seen to be
proportional to 7.

This does not, however, mean that the resistance will be proportional
to T3, since small f also means a very small deflexion of the electron.
We have seen in (6.21) that the effectiveness of small-angle collisions is
proportional to the square of the-angle, and since in the present problem
the angle is proportional to f, hence to k7', we expect the resistance to
vary as T'.

A resistance formula in agreement with this asymptotic law was
derived by Bloch, assuming the electron motion to be isotropic, using
the elastic waves for an isotropic continuum with a maximum frequency
as in the Debye model, and assuming the phonons always to be in
equilibrium. Bloch also assumes the constant C of (6.61) to be constant
for longitudinal elastic waves and zero for transverse waves. The result
relates the coefficient of the 7' law to that of the linear resistance law at
high temperatures and the characteristic Debye temperature ®. This
relation seems in better agreement with experiment than, with the many
approximations contained in it, one would expect.

This is brought out particularly by the fact that the collision time for
phonon-phonon collisions increases very rapidly at low temperatures.
The thermal conductivity of non-metallic crystals increases at least as
fast as the 1/T law which is valid at high temperatures; since the specific
heat decreases as 7T'3, this means that the collision time varies at least as
T-4. On the other hand, the ratio of the number of phonons to the
number of electrons in the border region is proportional to 7'2. We have
seen that the frequency of phonon-electron collisions per electron was
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proportional to T3, and the frequency of the same collisions per phonon
is therefore proportional to T'. (No factor arises here from the smallness
of the deflexion; while the collision deflects the electron only slightly, it
completely destroys or produces the phonon.)

An important point is that, as we saw in § 2.4, collisions in which the
total wave vector of all the phonons changes (Umklapp collisions) are
very rare at low temperatures. Unless the electron-phonon interaction
leads to such Umklapp processes, the equilibrium is therefore dependent
on the former, and we would expect the resistance to decrease exponen-
tially at low temperatures.

It is therefore very important to consider Umklapp collisions, i.e.
those with K 7 0 in (6.46). Since at low temperatures f must be small
for all collisions, we see that k—k’ must nearly equal K, i.e. the initial
and final states of the electron must be nearly equivalent. This means
therefore that k must lie near a zone boundary, and k’ near the opposite
face of the zone.

In the particular case of a band with its minimum energy near k = 0,
and containing only a small number of electrons, states near the zone
boundary are practically empty, the occupation number being of the
order e~P*T where D is again an energy of the order of the band width.
This exponential is quite negligible at room temperatures, and in such
a case the rate of Umklapp processes, and hence the resistance, is limited
by the phonon-phonon collisions and should vary exponentially with
temperature.

The same is true for a few empty places in a nearly full zone, except
that in that case we must change, in accordance with Fig. 14 (a), the
convention about wave vectors and with it the definition of Umklapp
processes.

We can visualize this situation by saying that, in the first case, the
collisions between electrons and phonons cause a drift of the phononsin
the same direction as the electrons. Once the drift velocities are equal,
further collisions are as likely to accelerate as to decelerate the electrons.

The same is true for a nearly full band, except that the current is now
carried by a few holes in the electron distribution which, like positive
carriers, tend to set up a phonon drift in the opposite direction to that
in the other case.

In a metal in which there is one nearly empty and one nearly full band,
the electrons in the one tend to produce a phonon drift in one direction,
the holes in the other one in the opposite direction. It is usually stated
that in this case equilibrium can always be established, but in fact this is
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true only if the number of electrons in the band equals that of the holes
in the other.

It is likely that equilibrium can always be established if the energy
surface E(K) = 7 intersects the zone boundary, since in that case a
displacement of the whole electron distribution can be restored using up
phonons of all directions.

It seems, however, unlikely that this is the case in the alkali metals,
since these have body-centred cubic structures with one electron per
atom. The zone is therefore just half full, and even on the simple
approximation of § 4.2 (cf. Fig. 8) that energy surface which divides the
zone in half is a cube which touches the boundary only with its corners.
The real shape of the surface is likely to be more nearly spherical, and
therefore clear of the boundary. .

In such cases some other mechanism must be involved, and this is
probably provided by the collisions between electrons. We have pre-
viously found these negligible at high temperatures; but since they give
a collision time proportional to 7'-2 (cf. (6.7)) as compared to 75 for the
collisions with phonons, they must ultimately become dominant.

The condition for the existence of Umklapp collisions between
electrons, i.e. collisions with K # 0 in (6.64), is that the Fermi surface
should extend at least half-way from the centre to the nearest zone
boundary. For example, if the point half-way to the boundary (which is
K/4 if K is the reciprocal lattice vector associated with that part of the
boundary) lies on the energy surface, we can take the transition

k, =k, = —k; = —k; = K,

which satisfies (6.64) as well as the energy equation. For a Fermi surface
of larger size such cases are more easily arranged by including a small
angle between k; and k,.

This condition is certainly satisfied in the alkalis, and it is therefore
easy to understand why their conductivity does not increase exponen-
tially at low temperatures. It is, however, very hard to see why, in these
circumstances, the 7' law, which took only phonon-electron collisions
into account, and even the factor resulting from the simple Bloch theory,
should be in such good agreement with observation. It isalso hard to see
why, amongst more complex structures, there should not occasionally
be a case where the effective number of conduction electrons is so small
that even the collisions between electrons are insufficient to cause a
reasonable resistance.

We end this section with a remark about the thermal conductivity.
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For high temperatures this problem is already solved by the remark that
the collisions are in fact elastic, so that, according to § 6.2, the law of
Wiedemann and Franz applies.

At very low temperatures, we can obtain the temperature variation
in a similar way to the arguments in the case of electric conductivity.
However, whereas the low-temperature electron-phonon collisions are
inefficient in stopping an electron drift, because they deflect electrons
only through small angles, they are quite efficient in adapting electrons
to the temperature of their surroundings, since in each collision the
electron energy may change by an amount of the order of k7. This is all
that is required to change the temperature of the electron gas. Therefore
the effective collision time for this purpose is proportional to 7'-3, and
not to 7'-5, as before.

Since the specific heat of the electron gas is proportional to 7', the
thermal conductivity comes out proportional to 7'-2 at low temperatures.

This law is not subject to any doubt about the existence of Umklapp
processes. The reason for this is that the definition of thermal con-
ductivity refers to a situation where there is no electric current, and,
asin § 6.2, we have to assume the presence of an electric field which will
ensure this. There is therefore no electron drift, and no tendency to set
up a phonon drift.

The phonons contribute, in principle, to the heat transport, but we
have seen that they collide much more frequently with electrons than
with each other, and therefore their collision time is much shorter than
it would be in an insulator. Since their specific heat is small, the amount
they contribute to the total heat transport is quite negligible.

6.8. Validity of assumptions

I stressed in § 6.3 the importance of the two assumptions which
were used in our basic arguments. Assumption I in particular was
stated in the form of the inequality %/r < k7. But at high temperatures
our estimate (6.74) showed that these quantities are of the same order of
magnitude. Taking more precise figures for = from measured con-

ductivities, Mott and Jones (1936) quote the following collision times
for the alkalis:

Li Na K Rb Cs
0-86 31 4-4 27 2-1 X 10-14
which are to be compared with #i/kT ~ 2-5.10-14. In general, Assump-
tion II is therefore not well satisfied, and the position gets worse for
impure specimens or alloys. Since 1/r is, at high temperatures, pro-
portional to 7', nothing is gained by changing the temperature in this
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region. However, at low temperatures, where the collision time increases
more rapidly, the assumption is, in general, valid. For an imperfect
specimen it may break down again at low temperatures, where the
resistance is mainly due to impurities and tends to a constant limit.

It might therefore appear that all the theory of the transport pheno-
mena stood on very shaky foundations. However, Landau has given an
argument to show that, as long as one is dealing with elastic collisions
only, one can obtain the results of the theory by a slightly different
approach without using Assumption II.

In fact in all those cases in which the assumption is in doubt, namely
at high temperatures and in conditions when the impurity resistance is
dominant, we are dealing with elastic collisions, and they represent
therefore the most critical case.

The argument by Landau (summarized by Peierls (1934a)) starts
with the consideration of electrons in a static field. This is assumed to
contain the periodic potential of the perfect lattice as well as the effect
of irregular disturbances. In this combined field, energy is still conserved,
and we can define the number of states per unit energy, which we shall
again denote by dZ/dE. We consider a large number of electrons
distributed over these states so that the number of electrons in an

interval d¥ is dz
2 2% f(B) dE,

where f(E) is an arbitrary function, not necessarily related to the Fermi
function. Since we are not allowing for any processes which may change
the energy, any such distribution will remain stationary.

Now imagine the same system in an infinitesimal electric field. We
then conclude from the general principles of statistical mechanics that,
provided the potential field contains a sufficiently irregular part, this
will lead to a stationary state with a current proportional to the field.
Moreover, since the electric field is capable of changing the electron
energy by only infinitesimal amounts, the contribution to the total
current from electrons of a particular energy will depend only on the
distribution function f(Z) for that and immediately adjacent values
of the energy.

We also know thiat the current must vanish if f( ) is a constant, since
a uniform distribution of electrons over all states in an energy band must
behave like an insulator. Therefore the expression for the total current

must be of the form

J = eF f QE) j_é dE, (6.78)
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where Q(F) is some function of the energy. This is of the same form as
(6.14), and, in fact, most of the theory of § 6.1 can be reproduced in this
manner.

The main point is now this: from the definition (6.78), Q(E) is related
only to the properties of electrons with energies very close to , and, since
this is to be valid for any distribution function f(E), the concept of
temperature has not yet arisen. We now ask for the dependence of Q(E)
on the strength of the irregular part of the potential. If thisis very weak,
undoubtedly our Assumption II will be satisfied, and we can accept the
results of the preceding sections, so that then

Q) = 2. 92

with the collision time 7 inversely proportional to the square of the
irregular potential and calculated according to § 6.3. That derivation is
valid as long as fi/r < kT'. But since the temperature appears neither in
the mechanism nor in the definition of Q(Z), this inequality cannot
represent the real limit of the proportionality between 1/r and the
square of the potential. In fact, the only quantity of the dimension of an
energy which occurs is the electron energy measured from the nearest
band limit.

It follows from this that the real limit of the proportionality is given
by the inequality %
—<mn (6.79)

where 7 is measured from the nearest band limit. This is very much
weaker than (6.41) and is practically always satisfied in metals.

It follows also that the work of § 6.6 is limited in validity only by
(6.79), since in the high-temperature region the atomic displacements
may be regarded as static (since the energy transmitted to the electrons
is negligible) so that Landau’s reasoning applies.

Some work is now in progress to illustrate this situation further.
One result, contained in a recent paper by van Wieringen (1954), starts
from the perturbation theory of § 6.3, but proceeds to include terms of
fourth order, instead of only second order, in the potential W. It is
found that no correction terms of the order #%/7kT' turn up, and the only
corrections are of order 7i/7n. While this, in itself, does not prove that the
first approximation is adequate up to the limit (6.79), it provides a useful
confirmation of Landau’s reasoning.

It would seem, therefore, that in the ordinary theory of conduction
the question of the limitation of the usual approach is a rather academic
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one. Itlooks asif the usual methods can be applied with correct results to
practically all cases in which we can separate the forces into those deter-
mining the ‘unperturbed’ motion of the electron and the ‘collisions’,
the effect of the latter being limited by a condition of the type (6.79).
There are, however, cases in which such a division is not possible, for
example in the resistance of alloys, and of liquids, and I shall later
refer to such a case in the magneto-resistance problem.



VII

MAGNETIC PROPERTIES OF METALS

7.1. Paramagnetism

Ix this and the next few sections we shall be concerned with the effect
of magnetic fields on metals in thermal equilibrium, and only later
with their effect on transport phenomena.

The simplest problem is that of paramagnetism, i.e. the orientation of

the electron spins by an external magnetic field. In a field of strength H,
the energy of an electron is

Ek)+uH, (7.1)

where u = e%/2me is the Bohr magneton, and the sign depends on
whether the component of the electron spin in the field direction is } or
—3 units. The distribution of electrons over the states with energy (7.1)
is now given again by the Fermi function, with a common value of 7 for
electrons of both spin directions.

Since the Fermi function depends only on the difference £— ), this is
equivalent to increasing the parameter 7 by uH for the electrons of one
spin direction, and decreasing it for the other. If we therefore denote by
N(n) the total number of electrons without magnetic field, which is
given by (4.54), then the number of electrons of the two spin directions is

N, = %N(W-HLH)}

(1.2)
N_ = {N(n—pH)

In practice, the field is always so weak that we may approximate
(7.2) by
N
N, = %N(n)+%#HE;7~

dN
dn

(7.3)
N_ = }N(n)—$pH

Adding these equations, we see that the total number of electrons is
N(7), and since this must be the same number as for H — 0, it follows
that to this order of approximation 7 is independent of H. (This could
have been seen directly from the fact that » cannot depend on the sign
of H and therefore cannot contain a first-order correction.)



144 MAGNETIC PROPERTIES OF METALS YIiI

If the temperature is low enough to make the electron gas degenerate,
we may replace N(n) by the leading term of (4.56), so that

N, = Z(n)-l-ﬂﬂ(g}—g)ﬂ

N = Z(n)—ﬂﬂ(%)n

The magnetic moment is therefore

M = u(N,—N.) = 2,&1(%) . (7.5)
n

(7.4)

The paramagnetic susceptibility is therefore independent of tempera-
ture, and related to the coefficient of the linear term in the specific heat
(cf. (4.57)). However, since we have neglected the interaction between
the electrons, which probably affects the paramagnetism more than
the specific heat, as we shall see in the next chapter, this relation should
not be taken too literally.

Like the electronic specific heat, the paramagnetism is largest for a
narrow band, and this also ceases to be degenerate at a lower tempera-
ture, so that we should use (7.3) rather than (7.4). Mott (cf. Mott and
Jones, 1936, pp. 189 ff.) has applied this to the discussion of the transition
elements, like Pd and Pt, in which there is an incomplete inner shell.
The electronic states corresponding to those inner shells would, by them-
selves, give rise to narrow bands, since the overlap of the atomic wave
functions between neighbouring atoms is small, and the approximation
of § 4.2 therefore reasonable. The problem is complicated by the presence
of the outer electron states, but the high value of dZ/d £ due to the inner
shell remains.

Theresult (7.5), showing the possibility of a large temperature-indepen-
dent paramagnetism, was first derived by Pauli (1926) in a paper which
started the development of the quantum theory of metals.

7.2. Diamagnetism of free electrons (Landau)

In the preceding section, I have dealt with the effect of a magnetic
field on the electron spin. We must now consider its effect on the electron
orbit. This is & much more difficult, but also much more interesting,
problem. We shall first solve the case of free electrons, and discuss its
relation to real metals later.

It is important to avoid a very natural error, which for a time gave
rise to the impression that there is some fundamental difficulty about
this problem.
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In classical mechanics, the projection of the electron orbit on a plane
at right angles to the magnetic field is a circle of radius

mev v
r—= e_H = -2—£1- , (7.6)
where v is the velocity of the electron in the transverse plane, ¢ that of
light, and
i eH
Q= S (7.7)

is the Larmor frequency. Since a single circular orbit has, on the time
average, a magnetic moment of

erv _ mv?

%~ 20’
one is tempted to regard this as the magnetic moment per electron.
The fact that this expression is independent of the charge, and inversely
proportional to H, makes it obvious that the answer must be wrong.
What has gone wrong is that we have assumed we are dealing with a
number of complete circular orbits. In any finite volume, however, the
electrons near the boundary cannot complete the circle. In addition to
a number of complete circles, we must then consider also some circular
arcs belonging to all those electrons whose orbits intersect the wall.
These arcs amount together to a surface current which circles the
volume in a sense opposite to that of the individual electron orbit, and
which can easily be shown to cancel the effect of the complete orbits.

This argument might then give the impression that the answer to our

problem is sensitive to the shape and nature of the surface. This, how-
ever, can be avoided if, instead of the moment due to each particle, we
calculate the free energy F of the system, and then use the thermo-

dynamic relation oF
M = —30" (7.8)
In classical mechanics, and using classical statistics,
F = —NkTlog f f dPpdy e~E@OIRT, (7.9)

where E(p, r) is the Hamiltonian function, expressing the energy of a
particle as a function of momentum and coordinates. In a magnetic field

1 e, \?
E(p,t) = .27_n(p_E A) + V(0. (7.10)
1f we substitute as integration variable
m= p—g A (7.11)

8595.98 L
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in place of p (Il is actually mv, where v is the electron velocity) and
perform the integration over II first, it is at once evident that the
vector potential A, and with it the magnetic field, has disappeared from
the equation. The free energy therefore does not depend on H, and by
(7.8) there is no magnetic moment. The same argument can be used if
we employ Fermi statistics for the classical energy function, and it is
therefore clear that any magnetic moment in thermal equilibrium must
be due to the quantum effects in the motion of the particles.

We require, therefore, the energy levels of an electron in a magnetic
field. It turns out to be convenient to work with the vector potential

A, =0, A,=Hz, A, ,=0, (7.12)

which gives a uniform field of strength H in the z-direction. The Schro-
dinger equation is then

e L R L (7.19)
Since this equation contains neither y nor z explicitly, we may assume
bz, y,2) = elkyv+kely(x) (7.14)
and obtain for the function u the equation
u”+{27;f1_(ky_%f—c{x)2}u =0, (7.15)
52
where E = E'—-%kg (7.16)

is the energy of the motion in the transverse plane.

(7.15) is the wave equation of an harmonic oscillator with frequency
(cf. (7.7))

H_ 90 (7.17)
me
fic
and centre Zy = eTik”' (7.18)
Its energy eigenvalues are therefore
E, = (2n+1)5Q = (2n+1)uH. (7.19)

This is thus independent of £,. To find the number of states belonging
to each eigenvalue, we have to specify boundary conditions. In the y-
and z-directions we shall assume the cyclic condition, as before, which
allows values for k, and k, which are multiples of 27/L, and of 2x/L,
respectively. It is not convenient to enforce a cyclic condition in the
z-direction, since (7.13) and (7.15) depend on z and therefore have no
periodic solutions. We assume, instead, that the metal is bounded by
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two walls, a distance L, apart, in the z-direction. If, then, L, is large
compared to the extension of the oscillator function u,(x—z,), which
is of the order of the orbital radius (7.6), the functions for which the
centre z, lies well inside the volume will not be affected by the presence
of the walls. No solutions exist if z, lies well outside the volume; for a
small range of z, near the wall, the presence of the wall modifies the
oscillator eigenfunction and the energy value (7.19). Since in a field of
1,000 gauss, and an electron energy of 2eV, the radius is about
5.10-3 cm., this border region may usually be neglected.

Then the permissible interval of &, is (eH [fic) L,. Hence we may write
altogether

E(n, k,) = (2n—}—1)p,H-+-——k2 (7.20)
there being EI%I—I (7.21)
.

states for each energy. One easily verifies that the number of states in
an interval large compared to 2uH is the same as for free electrons,
8o that the only new feature is their spacing.

It follows that, if we regard k, as practically continuous, the number
of states of energy below E is (apart from spin)

VL, L, L
Z(B) — 2(2m)(leﬁ 2 sl Z (B—(@nt+DpH},  (1.22)

where the sum is understood to extend over all those non-negative
integers » for which the radicand is positive.
The free energy is (cf. (4.46))

F — Nq—2kT f % log(1+e-BRT) dF, (7.23)
or, on integrating by parts,
F = Nn—2 f Z(E)f(E) dE, (7.24)

where f(E) is the Fermi function. Substituting from (7.22) we find, after
a further integration by parts,

F = Nnp—A f #(e) (mlzm)d (7.25)

with $(e) = 3 (e—n—H)1, (7.26)
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the sum being again limited to those integers » for which the bracket is

positive, and € = 1/2H, 0 = kT/2uH

4 16mi(uH)L, L, L, . (7.27)
- 323
We evaluate ¢ by means of Poisson’s summation formula,} and find
© €
gl = 3 (—1)[ (e—a)lerritc da, (7.28)
l=-— °

For an evaluation of ¢(e) this sum would converge rather slowly. How-
ever, the further integration required in (7.25) reduces the higher terms,
provided 6 is not too small. (7.25) shows also that ¢ is required only in
the neighbourhood of €, which is a large number provided

2ulH < 7. (7.29)
For [ # 0, the integral in (7.28) can be reduced to

Ve
3 . . 3et et
wilc -2mily® __ —_——, 7.
S22 f dye 8m22  2mil (7.30)
0

The first term is a rapidly oscillating function of ¢ which, for moderate
temperatures, kT > 2uH, (7.31)

gives a negligible contribution to (7.25). We therefore omit this term
for the present. We then obtain

Ne\ d 1
— —_ 2t ") —
F = Ny—A f (56 16) 7 (l-l—e(‘*")/e) de. (7.32)
The last factor has, as always, a steep maximum near ¢, and, provided
€ >0, ie. n > kT, (7.33)

we may take the value of the other factor at e, outside the integral.
This leaves

F = Nn—%AeL{——i—% e}. (7.34)

Remembering the definitions (7.27), we see that the first two terms are
independent of H, and they should therefore represent the free energy
in the absence of the field. The third term gives

F = mY(uH)2L, Ly Lyvy
g 332 ’

(7.35)

t Cf. Titchmarsh (1937), § 2.8.
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and, according to (7.8), a susceptibility
M, N2mintyu2 e [27\}
Rl i S D 7 (Tn“) (7.36)

per unit volume.

In terms of the wave number k, of the electrons in the border region
n = (fiky)?/2m, so that

ek,
1272me?’

Strictly speaking, in the first two terms of (7.34),  should be allowed
to depend on H, since in the equation

oF
o =0 (7.38)

which gives the correct defining equation for 7, we should also include
the field-dependent term. However, the change in 7 is then proportional
to H?, and since by (7.38) the variation of F with 7 is small, of the second
order, this gives in F only a correction proportional to H#, which is in
general negligible.

The constant susceptibility which we have found can be seen to arise
qualitatively from the fact that the energy levels (7.20) are bunched
together. While their mean density is independent of H, the number of
electrons that can be accommodated below any given level depends on
whether this level coincides with one of the eigenvalues or falls between
them. On the average we lose, since near £ = 0 we always start with an
empty interval. Hence on the average the energy of the electrons in the
field is higher than without it.

It is easy to see that the diamagnetic moment A, is numerically equal
to one-third of the paramagnetic moment (7.5) if the latter is also evalu-
ated for free electrons. Thisrelation is true not merely for high degeneracy
of the Fermi gas, but also in the intermediate case and in the limit of
Boltzmann statistics.

If we had required to know only the part of the moment which is
proportional to H, somewhat simpler mathematical techniques would
have sufficed. We shall now, however, evaluate the remaining term of
(7.30) which is of interest at low temperatures. We therefore now
assume that, instead of (7.31), 2uH is of the same order as k7. We
retain, however, the assumption (7.29) so that we may take the integral
in (7.30) to infinity. The first term then becomes

1—: 3 1
4 8‘11'2lI

= — (7.37)

2m‘l€



150 MAGNETIC PROPERTIES OF METALS VII

and this gives a further term in the free energy

= - -1y i2mle~(miay  , @
B=—4> () g™ | ¢ X 3¢ fiaea) |

(7.39)
where re means ‘real part of’.

The integral is easily evaluated in the complex plane, by displacing
the path of integration towards infinitely large positive imaginary values,
and allowing for the poles at (2n-+1)7i. The result is

— gi@nleo—(m/4)) .__2121?__ .
sinh 27%0

This gives, to the free energy per unit volume, the contribution

_ A2m(uH )T < 1y cos{(mly/uH)—(m]4)}
Bh= Zl( 1y sinh(72kT[uH)

27 (7.40)
The oscillatory behaviour of this expression is evidently related to the
fact that, as the field varies, the border region of the Fermi distribution
will sometimes be near one of the discrete levels and at other times
between two levels. The denominator becomes large rapidly as soon as
kT|(2uH is appreciable. In calculating the magnetic moment by (7.8),
it is now essential to allow for the variation of » with H, since F is very
sensitive to small changes in 7.

It would appear that this anomalous part of the diamagnetism is very
hard to observe, since to make the denominator of the first term even as
small as sinh 3, one has to use 80,000 gauss at 2° K. In addition, with
n ~ 2 eV, the argument of the first cos in (7.40) would be about 104
at that field, so that the field would have to be kept constant to rather
better than one part in 10% to observe any effect. We shall see later that
for electrons in a lattice the position may in some cases be much easier.

7.3. Effect of a periodic field

It is now of interest to see how the diamagnetism is changed, if, instead
of free electrons, we are concerned with electrons in a periodic potential.
In this case we must include a potential energy term in the Schrodinger
equation (7.13). Now since the force due to the magnetic field is always
small compared to the force exerted by the lattice potential V(r), one might
be tempted to start from the solution without magnetic field and treat
the magnetic terms as a small perturbation. This would not, however,
be permissible, as is evident from the fact that even in the periodic field
the particle orbits will be closed, and hence the energy levels presumably
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discrete. No disturbance that changes a continuous spectrum into a
discrete one can be treated as a small perturbation. Indeed, the fact
that H occurs in (7.13) multiplied by 2 means that far from the origin
this term is very large.

We can choose any arbitrary point, say the centre of the nth lattice
cell, as origin, if we modify the vector potential (7.12) accordingly. We
must then change the wave function §(r) to

f(r)elieHInOT,Y, (7.41)

where z, means the x component of a,. The function (7.41) satisfies, near
a,, an equation which differs very little from that without magnetic field
and it will therefore in that neighbourhood be similar to a combination
of eigenfunctions without field.

This is the spirit of the approximation that may be applied to this
equation in a number of ways. The first step then consists in taking
the function (7.41) in the nth cell as a combination of electron states
all belonging to the same band. The distortion of the wave by the mag-
netic field will then bring in also other bands just as, in expanding the
wave function of an atom in a magnetic field, it will be found to contain
small contributions from different atomic states. These terms will be
referred to as non-diagonal terms.

As long as non-diagonal terms are neglected, one can show that the
energy levels of the electron are given by changing the argument of the
function E/(k) to a vector » whose components are now operators,
satisfying the commutation law
—rey Ky = ;Tz H, (7.42)

(and corresponding equations for the other components), while E;(k)
is the energy function of the periodic field as used previously. This is an
extension of the free-particle case, in which we may regard (7.13) as
expressing the energy in terms of the wave vector, and substituting for
the wave vector

K,.K

Ty

1e
o A, (7.43)

where A is the vector potential. The components of (7.43) satisfy (7.42).
The proof of this statement is somewhat too long to be set out here.
It was given by Peierls (1933) for the particular case of tight binding
(§ 4.2), and a more elegant and general proof is contained in a thesis
by Harper (1954).
If in the normal energy function of the conduction band we regard the
wave vector components as non-commuting, we are left with an operator

% = grad —
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of which the exact eigenvalues are not easily found. It is, however,
possible to calculate the high-temperature susceptibility (i.e. apart
from any oscillating parts) without knowing the energy levels exactly.
For this T must again refer to the original derivation by Peierls (1933)
or a number of alternative forms, e.g. Wilson (1936). The result is that
the constant part of the susceptibility is proportional to the integral
over the border region of

e L A

ok ok2  \ok,ok,)’
where the axis of the magnetic field has been taken as z-axis, and E(k)
is the energy function in the absence of a magnetic field. Since the
volume of the border region is proportional to dZ/dE, the susceptibility
is proportional to

(7.44)

az 5 -

75 R. (7.45)
For free electrons, this quantity is equal to

K2k,

m’ (7.46)

and for the general case the susceptibility is obtained by inserting (7.45)
in place of (7.46) in (7.37). This may be carried out by defining an
‘effective mass’ from the equality of (7.45) and (7.48), choosing k, for
this purpose as some average of the wave vector in the border region.
In particular, near the bottom of a symmetric zone, where the energy
may be assumed proportional to k2, and where we have already defined an
effective mass in (4.44), we merely have to substitute m* for m in (7.37).
It is of interest that the diamagnetic effect increases for small effective
mass, whereas the paramagnetic susceptibility (7.5) decreases in that
case. Metals like bismuth, in which the total susceptibility is strongly
diamagnetic, are therefore likely to have a small effective mass, or, from
(7.44), an energy function whose gradient varies very rapidly with k.
This explanation links up well with Jones’s theory of the structure of
Bi, § 5.4, since we have seen there that the structure arises from a near
coincidence of the border of the Fermi distribution with a zone boundary
created by the distortion of the structure from a simple cubic one. Now
a glance at Fig. 13 shows that near a zone boundary created by a small
distortion the second derivative of the energy with respect to the wave
vector, and hence the effective mass, is particularly large. The same

applies to certain types of alloy structure mentioned in § 5.4, which are
also diamagnetic.
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According to Jones, there is at least one band which is almost com-
pletely filled, containing only a few ‘holes’, and only a few electrons are
overflowing into the next band. We are therefore here concerned with
the neighbourhood of the energy maximum and minimum, respectively,
and it seems reasonable to regard the energy as a quadratic function of
k. At first sight, one would again be inclined to take a nearly isotropic
function, since the Bi structure differs little from cubic symmetry.
However, the energy maximum is likely to lie on the corners of the poly-
hedron defining the zone boundary, and the minimum of the next band
near the middle of the faces. There are therefore several points with
the same energy, which do not differ by a reciprocal lattice vector and
therefore correspond to different electron states, but which are trans-
formed into each other by a rotation of the crystal to an equivalent
position. In this situation, as I pointed out in § 4.5, the energy surfaces
near each minimum need not have any particular symmetry.

In spite of this we do not expect the susceptibility to be strongly
dependent on direction, since the different portions of the energy surface
will give contributions to (7.44) which will combine to a fairly isotropic
overall result.

Turning now to the case of low temperatures, where the oscillating
parts of the type (7.40) might be of importance, we require a knowledge
of the actual grouping of the energy levels. For a general function of
the non-commuting variables « referred to in (7.42) this is not easy,
but the problem is simple for the case of a quadratic function, i.e. near
the maximum and minimum energy of a band. If this quadratic function
is, in fact, isotropic, we can take over the whole theory of the preceding
section, except for the value of the mass, which has to be replaced by the
effective mass; this substitution has to be made also in u where it occurs
in (7.40), which is then replaced by

efi
wh= 2m*c’

For small effective mass the oscillating term will not only come in at
higher temperatures, since the denominator of (7.40) is reduced, but will
oscillate less rapidly, and be therefore more easily detectable.

If the energy is quadratic, but no longer isotropic, so that the energy
surfaces are ellipsoids rather than spheres, one can reduce the eigenvalue
problem to that solved previously, by a transformation which changes
the scale of the different components of k by different factors. One may
then show that the energy values near each minimum are still given by
(7.20) provided u, H, and m are changed by factors which depend on the
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direction of the magnetic field (Blackman (1938)). One therefore obtains
a combination of terms like (7.40), containing different scale factors, one
for each of the energy minima or maxima. Since now a change in orienta-
tion of the crystal will shift the different oscillatory turns relatively to
each other in frequency, as well as altering their amplitudes, the overall
result is far from isotropy.

Such an oscillatory behaviour of the susceptibility of bismuth had
indeed been discovered by de Haas and van Alphen (1930) at low
temperatures and in strong fields, and in fact this discovery led to the
development of the theory of this and the preceding section. Further
work by Shoenberg (1939) showed that the results, which are of fascina-
ting complexity, can be used to provide a good deal of detailed informa-
tion about the nature of the energy function near the maximum or
minimum, and the number of electrons in each group. Later work
(Shoenberg, 1952) has shown the existence of similar effects in other
metals.

This raises the question whether one should also expect a de Haas—
van Alphen effect if the conduction band is not nearly empty or nearly
full. The characteristic features of the energy levels (7.20), (7.21) which
we have used were that they were discrete (except for the motion in
the field direction), equidistant, and of a very high multiplicity (7.21)
proportional to H. Unpublished work by Harper has shown that going
from the top or bottom of a band towards its centre, the energy levels
cease to be equidistant; at the same time the sharp and degenerate levels
are drawn out into narrow bands, whose width increases until, some-
where in the middle of the conduction band, they almost join together.
The variability of the spacing will not affect the de Haas—van Alphen
effect qualitatively, and the broadening will not affect it until the width
becomes comparable with their spacing or with £7'. Further work has
to be done to decide whether there is a region in which the oscillatory
behaviour becomes completely negligible. It would seem, at any rate,
that, for sufficiently low temperatures, and with a very accurately uni-
form field, the effect should be found in most metals.

I stressed at the beginning that the non-diagonal terms have been
omitted in this discussion. These must, in the limit of very strong
binding, contain the susceptibility of the single atom as far as it is due
to the electron orbits. They contain, however, also a cross term depend-
ing both on the function (k) and on transitions to different bands, which
has no analogue either in the single atom or for free electrons. It has
generally been assumed that these non-diagonal terms would contribute
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a constant susceptibility of the order of magnitude of that of single
atoms, and would therefore be negligible both in cases of exceptionally
high diamagnetism, as in Bi, and in the discussion of the de Haas—van
Alphen effect.

In arecent paper Adams (1953) has, however, pointed out that when a
small effective mass is due to a small gap between two energy bands as
in Jones’s theory of Bi, the non-diagonal terms may also be exceptionally
large because the transitions to other bands are then associated only with
small energy changes. It is not yet possible to estimate the total con-
tribution from these terms, or to say whether they may also affect the
oscillatory parts.

A further apparent difficulty is that the discrete nature of the energy
levels, which we have used in the calculations of § 7.2, is connected with
the fact that the classical electron orbits are periodic. Now if the
electrons are subject to collisions, their orbits will not be periodic unless
the collision time is longer. This might throw suspicion on all our results
except when = > 1/Q, i.e.

p <L uH. (7.47)

However, it was shown by Peierls (1933) that the collisions do not
affect the constant susceptibility provided

i<, (7.48)
-

This condition is, in general, weaker than (7.47) and is satisfied, except
at high temperatures, cf. § 6.8. It is, in fact, almost certain that (7.48) is
not a necessary condition for the validity of the formula for the constant
susceptibility, but that it is sufficient to have

g<% (7.49)

This does not seem to have been proved. If true, it would make the
collisions unimportant at all temperatures, except possibly for very
poor conductors with a small number of conduction electrons.

For the de Haas-van Alphen effect, condition (7.48) is probably
essential, since the level broadening due to the collisions is equivalent
to an increase in temperature, as pointed out by Dingle (1952).

7.4. Hall effect and magneto-resistance

In discussing the effect of a magnetic field on transport phenomena,
we again omit non-diagonal terms. If we then introduce again the
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non-commuting components of x, it follows from the commutator
(7.42) that

dr, _ eHoE _ eH
—‘—i? —(EK E)——%E—K”——'—-?i—c-vu
(7.50)
dx, eH 6E eH
7{ = (EK —K E) ﬁ% 5’; == —ﬁzvz

if the magnetic field is in the z-direction. Here v is again the function
defined by (4.41) with x as argument. Now we may describe the electrons
by wave packets in which the values of both «, and «, are approximately
fixed, and this will be adequate for a statistical descrlptlon provided the
extent in k space of these wave packets is small compared to the border
region, which amounts in order of magnitude to the condition

pH < ET. (7.51)

Subject to this condition we may from now on replace % by its mean
over the wave packet, whose components commute, and revert to the
notation k. (7.50) then confirms the equation for acceleration by a field,
which we surmised in (4.43).

To obtain the effect of the fleld on the current, we must add in the
Boltzmann equation besides (6.9) a term

eH( on an)

Fo 0”5]—(;;_”‘”579; (7.52)

We shall again start with the assumption of a definite collision time,
which may still be a function of the energy. Then we have in place
of (6.13), omitting again 7, for the same reason as before,

1 eH( on, on, af
;nl—l— - (v”ak v”@k) —e(Fpv,+Fyv,) -5 a5 (7.63)
For free electrons, this simplifies to
1 on on daf
+Z ( —2—v —1) = —e(F,v,+F,v ) 5 (7.54)
™ You, “ov, z v

The bracket on the left-hand side represents an operation which gives
zero when applied to any function of the energy, and which turns a linear
function of the velocities into another such linear function. It follows
therefore that the equation can be solved by putting

Ny = Gg vz+gy vy: (7.55)
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where g,, g, are functions of the energy. Inserting this and comparing
the angular dependence of the terms on either side,

~0.—20g, = —eR, )~
, (7.56)

1 d
;gv+2ng = edeé

where (Q is the Larmor frequency, defined in (7.7). Hence
_ —er(F,4-2QrF,) ﬂ‘
e 14+4Q%2%  dE >

—er(F,—2QrF,) df
1+4Q%%  dE)
If we have current flowing along a wire, the direction of the current is

given. If we take this as the z-direction, J, must vanish. Now since
(cf. (6.14))

(7.57)
gy =

J, = 2 ‘ggggz i
o (7.58)
J, = 2ef—'2’dEg”

and since the factor df/d E vanishes except near E = 7, this means that
the other factor in g, must vanish at 7,

F, = 2QF, (7). (7.59)

It is customary to express the transverse potential gradient in terms of
the longitudinal current and the magnetic field, thus defining the Hall
coefficient R: F

R= v o) 6
7oA P (7.60)
or, inserting for the conductivity o from (6.18),
1
= —, .61
ecN (7.61)

This well-known result would seem to indicate that the Hall coefficient
is a measure of the number of conduction electrons per unit volume.

Under the same assumptions we see that, for energies near 1, the first
equation (7.56) is independent of the magnetic field. Since only these
energies are of importance for (7.58), it therefore follows also that the
magneto-resistance effect is negligible.

These results hold good for isotropic conditions, even if the scattering
probability is a function of the scattering angle, as in (6.17). This
follows because the distribution (7.56) is a spherical harmonic of first
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order, so that, as in the case of electric conductivity, the collision time
7, from (6.21) replaces 7 in our equations.

The reason for the absence of magneto-resistance has been particularly
simply expressed by Wilson (1939): In the isotropic case each electron
will have the same mean velocity. The transverse electric field will
adjust itself so as to cancel the transverse force due to the magnetic
field of an electron of that velocity. Hence the electrons are subject only
to the longitudinal field and to collisions.

If, however, the mean velocity is different for different groups of
electrons, then the transverse force balances only on the average, and
each electron is still travelling on a curved path. This can be illustrated
simply if we assume there are electrons in two different bands, each
isotropic, and each with its own collision time. We assume that the
exchange of electrons between the bands is slow. Then for each band

F,~1J—RHJ,
[0}

F,=-J,+RHJ,

or, solving for the current,

__ oF,+ RHo*F,

J J — oF,— RHo*F,
[ = =

14+ R2H%? v 14 R
The resultant current is the sum of the currents in the two bands.
Adding two expressions like (7.62), and again requiring J, = 0, we find,
after some tedious algebra,
F = R, 01+ Ry 03+ R, Ryoi o} HYR,+ R
v 01050y 03( R} 03+ B3 0p) H?

and for the relative increase in resistivity

1_3_8 LS| oy(0y B, —o, R,)*H? . (7.64)

Po (01+03)+H?0} o3( B, + R,)*
The first of these equations gives the Hall coefficient if we express F,
in terms of J,. Usually the Hall effect is measured in moderately weak
fields, and then we may neglect the terms in H? in (7.63), and also put
F, = J;[(e;+05). Then

(7.62)

2 HE,, (7.63)

R— Rlo%—{—Racg.

(0y+0,)?
As regards the change in resistance, we notice that it vanishes again
when the product of Hall coefficient and conductivity is the same in
the two bands. From (7.61) and (6.16) this means that the ‘mobility’

(7.65)
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er/m must be the same for both bands, in accordance with the quali-
tative argument given above.

Otherwise, there is an increase in resistance which is initially pro-
portional to H?but saturates at fields for which Ho R is larger than unity
for both bands. This amounts dimensionally to the condition that the
collision time for each band be larger than the Larmor frequency, or
again to (7.47). While for the constant susceptibility the relative
magnitude of collision time and Larmor period was unimportant, we
see that in the magneto-resistance it plays an important part.

If we are dealing with a nearly full band, so that there are only a few
places near an isotropic energy maximum, the theory goes through as
before, but, as there are now positive ‘holes’ carrying the current, the
sign of the Hall effect is reversed, as is indicated by the occurrence of the
first power of the charge in (7.61).

If a metal contains some positive holes in one band and a few electrons
in another, the Hall coefficient is given by (7.65) and it is clear that the
sign now depends on the numbers and mobilities of electrons and holes.

All this discussion applies to the isotropic case. For a more general
case we would have to return to equation (7.53). Its solution can no
longer be given in closed form, though it can be given in the form of a
power series in either ascending or descending powers of H, the limits of
validity of either being given again by the ratio between collision time
and Larmor period. The magneto-resistance again does not vanish, and
we may interpret this as due to the fact that, although we have assumed
the collision time constant, the effective mass is different for electrons
moving in different directions. One can also show that for very high
fields the resistance again tends to a constant limit.

However, there is little point in putting much effort into a discus-
sion of this equation, since the assumption of a constant collision
time is certainly not justified in the anisotropic case. We may no longer
argue, as we did in the case of the Wiedemann—Franz law, that we are
dealing with a deviation from equilibrium which varies over the Fermi
zone as a component of the electron velocity, so that we may use the same
average of the collision time as in the electric conductivity. This is true
in the isotropic case, where we found a solution of the form (7.55), but
it is easily seen by inserting (7.55) in the general anisotropic equation
(7.53) that this does not give a solution.

One interesting application of the arguments of this section is to
demonstrate the anisotropy of metals like the alkalis. Here it is almost
certain that all electrons are in the same band, and if their energy
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surfaces and their collisions with lattice waves were isotropic, one should
expect zero magneto-resistance. In fact, their magneto-resistance
coefficients are rather smaller than those of other metals, but not in
order of magnitude.

In this discussion we have neglected effects arising from the quantum
character of the electron motion. At not too low temperatures this can
be allowed for by a perturbation treatment. A calculation of this kind
was carried out by Titeica (1935) who showed that there are effects of
the order of uH /7, but not, as one might have expected, of the order of
wH|ET. Titeica’s method is valid only when the field is strong enough
for the Larmor period to be less than the collision time. This has been
extended to the general case in unpublished calculations by van Wierin-
gen. The magnetofresistance due to this cause is always much less than
the ‘detour’ effect considered before.

These quantum effects become particularly interesting at very low
temperatures, where Schubnikow and de Haas (1930) found anomalies in
the magneto-resistance of Bi in parallel with the de Haas-van Alphen
effect. No theory of this case is as yet available, and it represents a
most fascinating problem in quantum statistics, since the conditions for
the validity of a Boltzmann equation, which we discussed in § 6.8, are
probably not satisfied. '



VIII

FERROMAGNETISM

8.1. The Weiss model

THE term ferromagnetism is applied to a magnetic behaviour of which
iron is a typical example and which also is found in cobalt and nickel,
and in certain alloys and compounds.

It was recognized by Weiss that the properties of these substances
can be understood if one assumes that they consist of small domains,
each of which is usually magnetized. In an apparently non-magnetic
piece of iron, the directions of magnetization of the domains are distri-
buted at random, so that the total moment is zero. The process of
magnetization consists in altering the directions of the magnetization
in the domains, without altering the intensity of magnetization in each.
It is therefore clear that the magnetization of a domain or ‘intrinsic
magnetization’ at any temperature is one of the most fundamental
properties of a ferromagnetic.

Weiss also realized that the existence of such an intrinsic magnetiza-
tion must be due to a strong interaction of the elementary magnetic
moments contributed by the different atoms. This interaction must
have a tendency to make the moments take the same direction.

Such an interaction is, in principle, caused by magnetic forces, but
these depend sensitively on the external shape of the body, and, above
all, they are, as we shall see, much too weak to explain an intrinsic
magnetization except at very low temperatures. Weiss therefore postu-
lated the existence of a ‘molecular field’ of unknown origin which was
proportional to the magnetization, and acted on each individual magnet
like a strong magnetic field.

It is now known from measurements of the gyromagnetic effect, i.e.
of the ratio of mechanical angular momentum to magnetic moment,
that the elementary magnets are electron spins. For the present purpose
I shall assume that we may regard each magnet as a single spin, which is
therefore capable of two orientations. In this case (which, of course, is
not precisely the picture used by Weiss) we may then say that the spin
will have a different energy according to whether it is in the direction of
prevalent magnetization, or opposite to it. The energy is

E = +uH,, (8.1)

85605.93 M
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where H,, is the Weiss molecular field. The distribution of spins over
the two directions is then given by Boltzmann’s factor, so that

%’f — ¢2BuHn, (8.2)
The total moment is therefore
ePuHp__ o—BuH, H,
M = u(N,—N_) = uN o Np,tanh’—Lk—T——. (8.3)
a=} a=1 /°== 2
Fia. 16.

We now assume that the molecular field is proportional to the magnetiza-
tion, so that - _ .
H, = %_Z_V;) . (8.4)

Combining (8.3) and (8.4) we have the equation

M M
ﬂo — ta'nhd:ﬁo, (8,5)

— Nu- Y
where My = Np; @ =75 (8.6)
Fig. 15 shows y = z/a and y = tanhz for several values of o.

An intersection represents a solution of (8.5), and the ordinate is
M|M,. It is evident that no intersection with M # 0 exists, if « < 1,
ie. if

T> 7 = 0. (8.7)
This determines the ‘Curie point’ ®, above which the spontaneous mag-
netization vanishes. Below © there always exists a solution, which for

decreasing temperature rapidly approaches saturation. It is easily seen
that, for temperatures just below ©,

(ﬁ”ﬂ)2 - @_gl’, (8.8)
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whereas at very low temperatures

M
L= 1—2¢-9IT, (8.9)

Equation (8.8) shows that the magnetization disappears continuously,
but has an infinite temperature derivative at the Curie point. This
sharply defined temperature is a characteristic feature of a ‘co-operative’
phenomenon, in which the simultaneous interaction of very many
particles plays a part.

In quantitative detail (8.5), and the limiting laws (8.8) and (8.9),
are not in good agreement with observation, but they do show the right
qualitative behaviour. In order to account for the order of magnitude
of the Curie point, which in iron is about 1,000°, »C, the energy of one
spin when all others are parallel, should be of the order of 0-1 eV. If the
molecular field was a magnetic effect, this would therefore require a field
of the order of 1-5.107 gauss, which is much too high.

The correct explanation was given by Heisenberg. He pointed out
that an effect of just this kind would be provided by electron exchange
effects. In any electronic system containing two electrons in different
orbital states, we may have the electron spins either parallel or opposite.
In the first case we have to form the antisymmetric, in the second the
symmetric combination of the orbital wave functions. The two belong to
different spatial distributions of the electrons and in the case of parallel
spin the electrons are less likely to be very close to each other, with a
corresponding reduction in their interaction energy. The same cause is
responsible for the separation between different multiplet terms in
atomic spectra. Of several multiplets with the same configuration (i.e.
the same individual levels for the separate electrons) the one with the
highest multiplicity, and therefore the largest resultant spin, in general
has the lowest energy, and the energy differences are of the order of an
eV and therefore sufficient for the effect here required.

The electron exchange provides therefore a mechanism that can
explain the existence of ferromagnetism. This opens the way, in prin-
ciple, to a quantitative treatment. In the next few sections we shall
consider two methods that have been applied to this problem in the past,
starting from different approximations. These are known, respectively,
as the theory of spin waves, and the collective electron theory. Of these
the latter follows more closely the lines of the approximation to a metal
which we have used in previous chapters, but is the more difficult one
mathematically, and little is known as yet about the properties of its
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solutions. It will therefore be more convenient to discuss the spin-wave
theory first.

8.2. The spin-wave theory. One dimension

It is evident that ferromagnetism depends on the interaction between
the electrons and that we therefore must not neglect the interaction
between electrons, as we have mostly done up to now. We must there-
fore consider the whole system of ions and electrons, and one simple
way of doing this is to start from neutral atoms. We imagine that N
neutral atoms, each for simplicity containing one valency electron, are
brought together to form a crystal.

If we may still regard the atoms as well separated, and each electron
strongly bound to its atom, the situation is similar to that of the strong-
binding approximation of § 4.2. However, in that case we took the elec-
trons as moving independently, so that the chance of finding two electrons
in the same atom would be no less than that of finding them in two
different places. The electron interaction will reduce the likelihood of
having two electrons located in the field of the same ion, and for simplicity
we exaggerate this by assuming that it may never happen. In that case
each atom contains just one electron, and the only freedom we have is
in arranging their spins.

This model, which is the same as that used in vhe Heitler—London
theory of the hydrogen molecule, cannot give any conductivity, since it
assumes that the electrons cannot pass over each other, and the prob-
ability of a whole column of electrons making a simultaneous quantum
jump is extremely small.

To employ such a model in the case of a metal is not as inconsistent as
might appear at first sight. Mott and Jones (1936) have shown that in
the ferromagnetic metals, in which the atomic 3d and 4s levels lie very
close together, one must regard both these states as partly filled. If
one considered only the 3d states, they would give rise to a very narrow
band, since the overlap of neighbouring wave functions is small, whereas
the 4s states by themselves give rise to a wide band. If we constructed
Bloch wave functions by the method of § 4.2, suitably amended to include
several different atomic states, we would find that the wave functions
are in general mixtures of the d and s states, but there will be only a
small region within the conduction band in which the 3d states will
play a prominent part. It is therefore a reasonable approximation to
distinguish 3d and 4s electrons even in the crystal, and Mott and Jones
also show that it is mostly the 3d electrons which are responsible for the
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magnetism, whereas the 4s electrons, which form a wider band, and
therefore have greater velocities, would be expected to be responsible
for the conductivity. The Heitler-London model would then be intended
to describe only the 3d electrons.

To explain the procedure, we assume that there is only one electronic
state per atom, and we consider the case of a linear chain of atoms.

If the atoms were well separated, the state of the system would have
to be described by means of the atomic wave function ¢,(x) of the nth
atom, in which only the coordinate z of the valency electron is shown
explicitly, and a spin function y, of that electron, where u indicates some
component of the spin and may equal 4 or —}. We may now specify the
state by writing down the spin component of each atom, i.e. by a set of
numbers iy, fiy,..., py. For brevity we shall use the symbol {u} for the
whole set of numbers.

The wave function belonging to this set is then

$1(@)xu (1) $a(@)xua(1) - - En(@r)xu,(1)

O} = (8.10)

1
JNY| o o e
</’1(xN)X;L1(N ) ‘ﬁz(zN)Xp,(N ) ¢N(x1)Xp.N(N )
where x,, &,,..., xy are coordinates of the N electrons, x, (1) is the spin
function of the first electron having component u,. This function is
antisymmetric in the electrons as required by Pauli’s principle, and the
factor in front of the determinant secures the correct normalization.

If the atoms are now placed at a finite distance from each other,
(8.10) is no longer an energy eigenfunction, since it ignores the interaction
of each electron with the field of other atoms and the electrons in them.
We therefore look for the best combination of functions of the class
(8.10) which will approximate to an exact solution, and to do this we
proceed as in § 4.2 to minimize the expectation value of the total energy.

We define a combination

¥ = 5 400 (8.11)

and we determine the coefficients by minimizing the energy

i _ (FH—E)¥) _ 3 A A YO H—E)O())
0 (P*Y) S A A O W}
(8.12)

where H is the Hamiltonian, and the brackets imply an integration over
all electron coordinates and summation over spin variables. E, is the
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energy of N single atoms. This expression is stationary if the 4 satisfy
the equation

3 [(E—E)(@* (i 0}~ @} H—F)O A} = 0. (813)

Now in forming the product of two functions (8.10) we obtain a number
of terms containing the product of two different atomic wave functions

bn(@) b (). (8.14)
For n # n’ these products are always small, since in the spirit of the
approximation we take the atomic distance as rather larger than the
atomic radius, so that the overlap between the wave functions is small.
The largest terms will therefore be those in which we take corresponding
terms from the two determinants, so that the electron which occurs in
one factor in the nth atom is in the same atom in the other factor. Such
terms, however, occur only if u,. = u,, since otherwise the spin functions
are orthogonal. The largest contribution to (8.13) therefore comes from
the term in which {u'} = {u}. In that case the large terms give

(@*{uj0{u}) = 1, (8.15)

((D*{M}(II—‘EO)(D{“}) = "gn,an,n’» (8.1 6)
where

e = [ [ 160 Pl 2[Up@)+ 3V (2, 2') 4 3 W) e’ (8.17)

is the mean energy change of the nth electron due to the presence of the
atom n’. U,(x) is the potential of the core of the atom »’, as in § 4.2,
V(x, z’) is the interaction between the two electrons, and W that of
the cores. The factor } in the last two terms is there because otherwise
the interaction between any two particles would be counted twice. The
integral «,, ,,- depends only on the distance between n and n’ and decreases
rapidly with that distance. We neglect all terms except those for adjacent
atoms. If we write « for «,,,,, then (8.16) is 2Na.

We now go one step further and include terms with overlap factors
of the type (8.14), provided they do not contain more than two such
factors, and we allow only overlap between adjacent atoms. In the
diagonal term {u} = {u'}, we then get a further contribution by multi-
plying two products from the determinant (8.10) in which two adjacent
electrons with the same spin have been interchanged. (If the spins are
different, the product vanishes because of the orthogonality of the y.)
This contributes to (8.15) the term —r|B|2, where

B = [ $@pnn(@ do (8.18)
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and r is the number of pairs of adjacent parallel spins. The contribution
to (8.16) is —ry, where

v = [[ @@ U+ Upa(@) 4V (2, 2)+ W] x
X $u(2)bp11(2) dudz’.  (8.19)
In the bracket of the ‘exchange integral’ the first two terms are
negative, whereas the other two are positive. The factors outside the
bracket taken together are positive when z = z’, but, if the wave
function has nodes, will be negative in other parts. We shall for the
present take y as positive, since this is the case in which we shall find
ferromagnetic behaviour.

Terms of the order 8 and y now appear also when {u} and {u'} are not
identical, but differ merely by interchanging two opposite spins. In

that case ((D*{[L}(D{}L’}) — _Bz}
(@*HH— O = —y
Combining all these results, we find that (8.13) takes the form
[(B—B)(1—r*)—2Noct ry)A(u} = 3 [(B—EDf—ylA{u} (.21
provided it is understood that the sum on the right includes only those
spin arrangements which differ from {u} by the exchange of two adjacent
opposite spins.

It is now plausible that we are justified in neglecting 82, which appears
always multiplied by (E— E,), which is itself of the first orderin the small
quantities «, B2, v, since without the interactions and overlap evidently
E = E,. We also note that N—r is the number of adjacent pairs of
unlike spins, which is just the number of terms on the right-hand side.

With the abbreviation

(8.20)

€ = B—E;—2N(a—vy/2) (8.22)
the equation for the A is finally
Afu} = 7 3 (A{u}—A)). (8.23)

Here the sum is to be understood with the same restriction as before.
It therefore, in particular, does not connect spin arrangements which
have different values of the total component

m = g [T (8.24)

(This is true quite generally and not merely to the approximation used
here.) We may .therefore consider each m value separately. The
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simplest case is m = N, when all spins are parallel. Then the sum in
(8.23) is empty, and ¢ = 0.

Next take m = N—1, i.e. one spin reversed. If its position is denoted
by n, we may use » to identify the spin arrangement {u}, and (8.23)
becomes ed, = y(24,— Ay —A,_,) (8.25)
with the solution

A, = constant X e%9on, e(g) = 2y(1—cosga). (8.26)
Here we have again included the atomic distance a in the definition of the
phase factor for the convenience of later generalization. In analogy with
§§ 1.5 and 4.2 it follows again that g must be real and a multiple of
2m|Na = 2x|L, where L is the length of the chain, and that it will be
convenient to assume it to lie between —=/a and 7/a. The energy values
form a practically continuous band from e = 0 to ¢ = 4y.

This result shows up one of the important qualitative differences
between the Weiss model and the present picture. Whereas in the Weiss
model the energy required to reverse a spin from the completely satur-
ated state is equal to the constant quantity 4k®, we now find a continu-
ous distribution of energy values. This tends to increase the number
of ‘wrong’ spins at low temperatures In fact, as we shall see, in the one-
dimensional case it is so easy to reverse a spin that one does not get any
ferromagnetic behaviour at all.

Consider now the case m = N—2. Then we characterize the spin
arrangement by stating the positions n,, n, of the two spins which are
‘wrong’. We therefore have an amplitude 4 (n,, n,) which is defined only
when n; # n, and we may also assume that n, < n,. Then (8.23) takes
the form

€A (ny,my) = y[44(ny, n5)— A (0141, m5)— A (0, —1,mp)—

—A(ny, ny+1)—A(ny,my—1)]  (ny # my+1), (8.274)
eA(n,n+1) = y[24(n,n+1)—A(n—1,n+1)—A(n,n+2)]. (8.27b)
The right-hand side of (8.27 @) is a sum of two operators, of which the
first acts only on n,, the second only on #,, and consequently we can find
a solution of this equation in the form of a product
e‘ia(ﬂxnr‘l*ﬂ:’na)’ (8.28)
but this will not satisfy (8.27b). We can, however, meet this second
requirement by combining two solutions of this type with suitable co-
efficients. This situation is to be interpreted as follows. (8.28) describes
two separate ‘wrong spins’ or ‘spin waves’ travelling along the chain.
We may form an almost stationary state by building wave packets for
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each of the two spins, and, if they are well separated, the amplitude
A(ny,my) vanishes near n; = n,, and therefore (8.27b) does not arise.
However, the two wave packets will travel with a velocity which will
obviously be the group velocity

olg) = %g_; — 2_3;‘.‘. singa (8.29)
for each. These will in general be different, and so the two spin waves will
meet after some time. The correction required by (8.27 b) then results in
scattering. In this scattering process the translational invariance of the
problem will, in complete analogy with previous collision problems, lead
to the equation g+ gh—g,—gs = K, (8.30)
where K in this lincar case is either 0 or 2«/a.

However, solutions of the form (8.28) with real g,, g, are not the only
solutions of (8.27 @) which are physically reasonable. This is because by
definition n,—n, is positive, and if we give to g, and g, equal and opposite
imaginary parts, this may lead to a solution which decreases exponen-
tially as n,—n, is large. This leads to a solution of the form

A(nq,ny) = constant X efGani+n)-balny—n,) (8.31)
where b has a positive real part. Inserting this in (8.27), some simple
algebra gives the relations

cos Ga = eta,

e = 2ysin%Ga. (8.32)
There is thus just one solution for each value of G; its energy is positive,
but less by a factor cos? }Ga than the least energy of two separate spin
waves whose wave vectors add up to 2G; the latter by (8.26) is 8y sin? }Ga.

The solution (8.31) has been called a ‘spin complex’ by Bethe (cf.
Bethe and Sommerfeld, 1933). It represents a state in which the two
wrong spins are bound together. Since adjacent spins have a preference
for being parallel, it is plausible that it should take less energy to produce
two wrong spins if they are kept together. But since there are altogether
N possible values for G, and therefore N such bound states, they are
statistically negligible compared to the ‘free’ spin-wave solutions
(8.28), whose number is practically N2.

For still smaller values of m, i.e. more wrong spins, we find again
states with only free spin waves, which scatter each other on collision,
and spin complexes of varying size which may also scatter each other
and the single spins. Bethe has shown how to construct the general
solution, but since it has not proved possible to generalize this solution
to two or three dimensions we shall not discuss the details here.
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All the solutions we have found have e > 0, i.e. energies not lower than
that of the fully magnetized state m = N. This suggests that there
exists no level with negative e. This conjecture can be confirmed by the
following argument. Suppose there were one level with negative e.
In the corresponding state function (8.11), choose the coefficient with
the greatest modulus. This must exist, since the number of coefficients
is finite. If several coefficients have equal modulus, we may choose any
one of them. Let this belong to the arrangement {u®}. Then (8.23) says

that
A{p.(l)}[l— : Nir)y] —a, (8.33)

where N—r is, as before, the number of pairs of adjacent opposite spins,
and A denotes the arithmetic mean of all coefficients occurring on the
right-hand side of (8.23). If ¢ is negative, the factor on the left is greater
than unity, and hence 14| > |A{u®)].

There must therefore be some coefficient which occurs in the average,
and which exceeds A{u®} in modulus. This is a contradiction. We
conclude that no state has lower energy than that with m = N. (The
same argument shows that no.state can have ¢ > 2Ny.)

We can also find easily the mean energy of all states. A well-known
theorem states that the mean of all eigenvalues of the set of equations
(8.23) is equal to the diagonal sum of the coefficients on the right, which
is y times the mean value of N—r over all spin arrangements. This is

€ = }Ny. (8.34)

8.3. Spin-wave model and ferromagnetism

We now turn to the case of a three-dimensional crystal, with one
atom per cell, but otherwise keep all our simplifying assumptions.

It is then evident that we again obtain equation (8.23), where {u} now
means an arrangement of spins, each +}, over all lattice points, and.
{v'} is an arrangement differing from it by the exchange of any two
adjacent opposite spins. € now has to be defined as

€ = E—E,—2zN(a—1}y), (8.35)
where 2 is the number of neighbours which each atom has in the lattice.
Again the state m = N has € = 0, and the argument that no lower
energy is possible applies directly. For one ‘wrong’ spin, we obtain in
Place of (8.26) a solution

A = constant X et8-%a, (8.36)
with the energy €(8) =y > (1—cos g.q,), (8.37)
1
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the sum to be extended over the z lattice vectors a, which join a given
atom to its neighbours. For more than one ‘wrong’ spin we again
have to consider combinations of spin waves which will scatter each
other, and there may be spin complexes in which any number of wrong
spins may be bound together.

Now we expect, and the calculations will confirm, that in statistical
equilibrium at low temperatures most of the spins will be parailel, so that
the number of wrong spins is a small fraction of IV, and that the existing
spin waves will all have small g. In that case we may neglect the scatter-
ing of the spin waves by each other, and also neglect the spin complexes.

That the latter is justified is not quite trivial, since the spin complexes
represent, for each given total wave number, the state of lowest energy.
However, we saw in (8.32) that for given total wave number 2G the
energy of the spin complex differed from the state of two free spin waves
by a factor cos?4Ga, which for small G means a correction of higher
order. This situation has been discussed for the one-dimensional case
by Bethe.

We may then assume the spin waves independent, and introduce
the number n(g) of spin waves of wave vector g as variable. We may
apply Bose-Einstein statistics to these and find in the usual way that

n(g) = ,Tm)Tlclz'Tl (8.38)

and for low temperatures we need to know ¢(g) for small g¢. In that case,
expanding the cos in (8.37),

€ =37 ; (g'al)zs

which for cubic symmetry may be replaced by
€ = jyzd??,
where d is the distance between nearest neighbours. For a simple, body-
centred, or face-centred cubic lattice of cube side a this comes to
ya?g2. (8.39)
With this result, and using the fact that the density of permissible values

of g in reciprocal space is 1/(27)% per unit volume, we find for the total
number of spin waves per unit volume

1 4mg® dg
(2w)8 ) eveo'hT __1°

When kT < y, the integrand is small for g values comparable with the
size of the basic cell, and we may therefore integrate to infinity. (At

(8.40)



172 FERROMAGNETISM VIII

higher temperatures the approximations made previously would not be
justified.) Then the proportion of ‘wrong’ spins is

@

L [z o1

2%\ y e —1’
0

where v is the number of atoms in a volume a3, i.e. 1 for the simple cubic,
2 for the body-centred, and 4 for the face-centred lattice. The integral
is 2:317 and we finally find for the magnetization at low temperatures

M= Mo[l _0'“74(@)%]. (8.42)
v 4

This 7't law seems in good agreement with the approach to saturation
of real ferromagnetic metals at low temperatures. It is clear that our
model does not apply precisely to those metals, since none of them has,
at T = 0, exactly one Bohr magneton per atom. In Fe and Co, the
number is nearer 2, and a more realistic approach here would be to assume
two spins per atom. These will not be free to orient themselves indepen-
dently, but will be linked by the interaction within one atom, which is
stronger than the interatomic forces which we have considered. The atom
therefore has a resultant spin of one unit, which has three possible
orientations, its component in any direction being 1, 0, or —1. We
must therefore consider 3V states of the whole system. At temperature
zero we may take all atoms in the state m = 1, and at low temperatures
we must consider a few atoms in the state 0 and a few others in the state
—1. A detailed discussion shows, however, that the completely reversed
atoms (m = —1) are statistically negligible at low temperatures, and
that for the others (8.36) and (8.37) still apply, so that the answer (8.42)
for the low-temperature law is still correct (cf. Marshall, 1954).

A further complication is that we believe the magnetic electrons to
be in 3d states of the atom, so that their wave functions are not isotropic.
Such a state would normally have an orbital angular momentum as
well as that due to spin. Since it is known from the gyromagnetic effect
that the orbits play no part, we must assume that, because of the effect
of the neighbouring atoms, the orbital moment of each atom is locked
in a certain position absolutely, or relatively to the orbits of its neigh-
bours, so that the orbits cannot respond to an external magnetic field.

Nevertheless, the wave functions will not be isotropic, and instead of a
single exchange integral y, we should really have to introduce several
different quantities. No theory has yet been developed which would
allow this fact to be taken into account.
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It has also not proved possible to evaluate the magnetization at
temperatures near the Curie point, and therefore we do not know
whether the value of the Curie temperature would come out right if we
took the value of the exchange integral from the low-temperature
behaviour by (8.42). We also do not know whether the nature of the
singularity in the magnetization curve or in the specific heat near the
Curie point would be right.

It is possible to give the limiting behaviour at high temperatures far
above the Curie point. Since in our model the number of states is finite,
they become all equally probable at high temperatures, and the energy
content becomes equal to their mean energy, which for one spin we have
found to be §Nvy. The value for two spins per atom can be found equally
easily. Thus the integral over the magnetic specific heat (i.e. the ob-
served specific heat corrected for the specific heat of the lattice) should
at high temperatures reach a finite, and predictable, limit. In fact, the
specific heat keeps rising even above the Curie point, and the amount
is far too large to represent the specific heat of the 4s electrons. This
shows up the limitation of the spin-wave picture; the electrons must
have more freedom of movement than our simple model permits.

8.4. The collective electron model

The name ‘collective electron’ model is not very descriptive, since any
theory of ferromagnetism must of necessity take the collective effect of
many electrons as the basis, but it seems to have established itself as the
name for the picture in which one starts from the problem of a single
electron moving in a periodic field, as we have done in Chapter IV, and
then considers the interaction between the electrons as a further modi-
fication.

In this picture we therefore start from a wave function like (8.10),
in which, however, now the individual particle wave functions are not
atomic functions, but solutions i, (r) for the periodic field. For simplicity
we may consider only states from a given band, and thus omit the
suffix [.

There are now, however, far more such functions to consider than
before. For example, in the simplest case of N electrons, each in the
periodic field of N atoms, we have to distribute N electrons amongst
2N spin and orbital states, and this gives (2N)!/(N!)? which is asymp-
totically 22V, instead of 2V as in the spin-wave model. In addition, the
states from which we start do not now all have the same energy. The
mathematical problem arising from this model is therefore very much
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harder than the previous one, and very little is as yet known about the
properties of its solutions.

Some indication can, however, be obtained from the following argu-
ment, which is due to Bloch (1929): We consider only wave functions
which consist of a single determinant (8.10), and we restrict ourselves to
the following two cases: (@) The electrons fill the N/2 lowest orbital states,
with two electrons in each state, which must, of course, have opposite
spins. This state has total spin zero, and we shall call this determinant
function ®@,. (b) The electrons fill the N lowest states, with one electron
in each. Moreover, we assume all spins parallel. The total spin is N/2,
and we shall call this determinant function ®,,.

These functions_are solutions of the Schrodinger equation of the
system, except for the interaction between the electrons. To obtain the
expectation value of the energy we must therefore add to the single-
particle energy the diagonal element of the electron interaction.

In this case the single-particle functions are orthogonal, being differ-
ent solutions of the same Schrodinger equation ; hence the determinant
function (8.10) is correctly normalized. This follows since after squaring
the function, for each of the N! terms in the first factor, there will only
be one of the terms in the second factor that is not orthogonal to it,
namely the one in which the same element is taken from each row. The
square integral of each term in the determinant is evidently unity, so that
the factor 1/N! is just right for normalization.

Now consider the diagonal element of

Cal (8.43)
Ty
where ¢ and j refer to two electrons and 7; is their distance. Consider a
particular term from the first determinant. Now two terms from the
second determinant may give non-vanishing integrals: the same term
as in the first factor, in which the electrons 7 and j appear in the wave
functions with wavevectors kand k’,and havespins . and u’ respectively,

and that in which they have been interchanged. The first is
2
alo 1) = [ ) PP =

and the gecond is the exchange integral

y(k, k') = f BN Wi W () = ¢ e PP (8.40)

if the spins u, ' are equal, and otherwise zero by the orthogonality
of the wave functions.

d®rdir’, 8.44
oy i (8.44)
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Adding all terms together, and summing (8.43) over ¢ and j, we find
for the expectation value of the total energy in the case of the function @,
2{2 E(k)+ 3 ok, k')—3y(k,k')}, (8.46)

where the sum extends over values of k belonging to the 3V lowest eigen-
values E(Kk). The second term represents the electrostatic interaction
of the average electron density with itself, and should be omitted, since

this has already been allowed for in the definition of the single-particle
potential (cf. Chapter IV), and the energy of the state @, is therefore

2{3 E(k)—% X v(k, K')}. (8.47)
In the same way we find for the mean energy of ®,,
{2 Ek)—} 3 y(k, K)}, (8.48)

the sums now extending over the N lowest states.

Evidently the first term in (8.48) is larger than that in (8.47), since
we have moved electrons to states of higher energy. On the other hand,
the other term will also be larger, since the sum now contains N2 terms as
compared to N?/4 terms in (8.47), a change which should more than
outweigh the factor 2 in front. Which of these two states gives lower
mean energy depends therefore on the ratio of the exchange term to the
single-particle energy.

For an idea of the magnitudes, one may take the case of free electrons.
Then 4262

= V(k—Kk)®
where V is the volume (cf. (6.65)). Hence (8.47) becomes
Vv fi 2m%e?V ABkd3k’
9 Y L) Ay X aTRa’X
(2m)3 f @k 2m (2m)8 |k—Kk'|?’
1kl <Ko

k| <ko
1k <kq

2
where - (3"VN ) (8.51)

After evaluating the integrals, the energy per unit volume is
h? 5 2e?
10mm ™" (2m)®
52

20mm

y(k, k') (8.49)

(8.50)

Ia. (8.52)

Similarly, for ®,,,

201 — ( ;:)32%3. (8.53)

Of these two expressions, the second is lower if
5me? 2¢t—2

0 < ZpoE oo (8.54)
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It would therefore appear that the state with all electron spins parallel
is the lowest state of the system if the electron density is low enough.

This result is no more than an indication of a trend, and an illustration
of the fact that the exchange energy, which tends to set the spins parallel,
increases more slowly with electron density than the kinetic energy of
the Fermi gas, which favours opposite spins, so that ferromagnetism
is favoured by a low electron density (small k,). If one can generalize
the result to electrons in a periodic field, (8.54) shows that a high effective
mass favours ferromagnetism, which is in the right direction for the
electrons in the narrow d-band of the actual ferromagnetic substances.

However, it is obvious that (8.52) and (8.53) must not be regarded as
approximations to, the correct position of the lowest energy level even
for the hypothetical case of free electrons in the field of a uniform positive
charge distribution. It is true that @, is the only state which has the
lowest possible single-particle energy, and ®@,, is of all states of maximum
spin the one with the lowest single-particle energy. But it is possible to
construct very many other states of spin 0 or spin 4N by raising a few
electrons to states just outside the edge of the Fermi sphere. This raises
the single-particle energy by a very small amount, but in mixtures of
such states we have freedom to make the exchange energy more negative.
In fact, the matrix element (8.49) of the electron interaction is par-
ticularly large for states with very nearly the same momentum, and there-
fore the interaction energy is particularly sensitive to a mixture of states
differing by very small changes in the electron momenta.

The importance of considering linear combinations of the determinan-
tal function is also brought out by the fact that we must expect electrons
with opposite spin, which are therefore not kept apart from each other by
the Pauli principle, to be pushed from each other by the Coulomb force.
This effect, which was mentioned in connexion with Wigner’s work in
§ 6.2, represents a correlation between the electrons in coordinate space,
and this can be achieved only by using linear combinations of products
in momentum space. This effect reduces the electrostatic interaction,
particularly in the case of low spin, and therefore tends to work against
ferromagnetism.

The problem is even more difficult if we are not content to find out
whether the state of lowest energy has a high spin value, but also want to
find the magnetization as a function of the temperature. To do so, we
must consider also the situation when not all the electrons occupying
orbital states singly have their spins parallel. In that case we have, even
for a given momentum distribution of the electrons, and for given total
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spin, many different determinantal wave functions, as in the spin-wave
model.

Because of these mathematical difficulties no convincing solution of
the problem has as yet been given. Nevertheless, the collective electron
picture has certain advantages over the spin-wave model. It fits in
naturally with the fact that the saturation moment is in general not a
whole number of Bohr magnetons per atom, and it explains the rising
specific heat well above the Curie point.

In the original paper by Bloch (1929) to which I have referred, the
problem is simplified by assuming for each state a definite distribution
of electrons in momentum space and then replacing the energy of all
states of given spin, by their average. Stoner (1948) has given an exten-
sive discussion of the consequences of this model.

8.5. Neutron scattering

It has been pointed out by Moorhouse (1951) that experiments on the
scattering of very slow neutrons by ferromagnetic crystals would be
capable of giving some rather detailed insight into the mechanism of
ferromagnetism. Although suitable experiments are not easy and have
not yet been carried out, it is of some interest to discuss this point as an
amusing illustration.

The situation is very similar to that discussed in § 3.5. In a perfect
crystal with complete translational symmetry, neutrons could not be
scattered if their wave vector was less than the smallest non-zero vector
of the reciprocal lattice. “Wrong’ spins, however, represent a deviation
from this translational symmetry, just like the lattice waves considered
in § 3.5. We have therefore to consider processes in which a ‘wrong’
spin is produced or absorbed. The first, which means that an electron
which was in the direction of predominant magnetization is turned into
the ‘wrong’ direction, with corresponding reversal of the neutron spin,
requires energy and is therefore rare for slow neutrons. The second, in
which the neutron turnsa ‘wrong’ spinin the ‘right’ direction, may happen
for very small neutron velocity, though it depends, of course, on the
presence of ‘wrong’ spins and will therefore not happen at zero tempera-
ture.

We shall discuss this first using the spin-wave model.

For the absorption of a spin wave we have, by an obvious extension

of (3.43) and (3.44), k' = k+ g_l__K

K, . (8.55)
Sk~ —k2+e(g)

35695.93 N
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The spin-wave energy function €(g), which for the nearest-neighbour
approximation is given by (8.37), is qualitatively of a similar form to the
phonon energy function which appears in (3.44), except that it has a
continuous derivative near the minimum as well as near the maximum.
A one-dimensional representation of (8.55) would therefore be almost
like Fig. 6, except that the ‘comb’ should be replaced by a cosine curve.
This fact would widen the distance between the two points of inter-
section near each minimum, and therefore widen the peaks due to
magnetic scattering as compared to the thermal peaks. On the other
hand, the amplitude of the spin-wave curve is very much larger than
that for phonons, which goes in the opposite direction. Moorhouse
shows that, except for the peaks of lowest order, the spin waves give
sharper peaks than ‘the phonons.

For this estimate one has to know the value of the exchange integral y;
Moorhouse estimated this by extrapolating the low-temperature mag-
netization law (8.42) to the Curie point. This estimate has been improved
by Marshall (1954), who pointed out that it is more consistent to fit (8.42)
to the low-temperature magnetization measurements. In addition, he
applied a spin-wave model with two spins per atom, which is nearer the
correct value for iron. Both changes go in the direction of making the
peaks still sharper. '

The sharpness of successive peaks measures, in fact, the width of the
spin-wave curve at different heights, and would therefore provide a
detailed check on the spin-wave picture.

That these results are characteristic of the spin-wave model can be
seen already from the fact that in the Weiss model the energy required
to reverse a spin is assumed to depend only on the magnetization. In
that case the scattered neutrons should all have the same energy, and
presumably be distributed more or less uniformly in direction.

It is not easy to make a reliable prediction for the collective electron
model. Inthe approximation in which the exchange energy is a function
of the total magnetization, the spin reversal would imply moving an
electron from the border region of the Fermi distribution of ‘wrong
electrons’ to a place in the border region of the ‘right electrons’. Near
saturation the first Fermi distribution contains very few electrons,
and we are near the origin in k space. The final point must have a
momentum near k,. The increased kinetic energy just outweighs the
gain in exchange energy, since the two Fermi functions must be in equi-
librium with each other. The energy change may therefore have all
values of the order of k7', and it would have no strong correlation with
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the momentum transfer. This model therefore does not seem to lead to
sharp peaks.

8.6. Remark on magnetization curves

The problem of spontaneous magnetization, with which this chapter
has been concerned, represents only the raw material for most problems
of practical interest. In subjecting a ferromagnetic material to an
external field, one does not usually change the intensity of spontaneous
magnetization in each small domain, but merely the orientation and the
size of the different domains, unless one is fairly close to the Curie point
or is dealing with extremely strong fields.

It is impossible, within the scope of this discussion, to do justice to
this wide and important field, but a few remarks may help to show its
connexion with the previous sections.

In the first place, it is of vital importance to take into account the fact
that the spontaneous magnetization will be directed in one of a few
crystallographically equivalent directions. Our previous formulae made
the energy a function of the magnitude of the resultant spin, but since
the spin came in only through the Pauli principle, only the relative spin
direction of the electrons was important, not the absolute direction in
space.

A directional dependence must therefore be due to magnetic inter-
actions. The magnetic interaction between the electron spins cannot be
responsible, at any rate in a cubic crystal, since it must be a quadratic
function of the magnetization vector, and hence for cubic symmetry
must be isotropic.

We do, however, find a suitable effect in the interaction of the spin
(or spins) of each atom with the orbital motion. This effect is propor-
tional to the product of the spin moment with the magnetic field due to
the orbital motion. This magnetic field would vanish if it were not for
the electron spin, since the evidence of the gyromagnetic effect shows
that the orbital moments do not contribute appreciably to the magnetiza-
tion, so that the different orientations of the orbit, which are degenerate
in the atom, must be separated by the anisotropic field of adjacent
atoms.

The spin will induce a moment in the atom, of which the leading term
will therefore be proportional to the magnetic field of the spin, and, again
by symmetry, have the same direction. To this order there is still no
directional effect. However, in the strong local field due to the spin in
the same atom, the susceptibility is not strictly constant. The field
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dependence of the atomic susceptibility is governed by the ratio between
pH (where p is the Bohr magneton) and the energy differences AE
between the states corresponding to different orientations of the orbital
wave function. These energy differences vanish for the free atom, and
are expected to be reasonably small in the crystal. The H2 terms in the
atomic susceptibility (odd powers of H must go out by symmetry) are
therefore not negligible.

In a single crystal it should therefore be easy to arrange all the domains
in one of the directions of easy magnetization. To magnetize the crystal
fully in a different direction requires, however, an external field strong
enough to compete with the anisotropic part of the induced atomic field.
Experimentally the magnetic fields necessary for this are of the order of
a few hundred gauss, and this is quite compatible with the higher-order
terms to which I have referred.

On the basis of the factors so far included, an infinitesimal field would
be sufficient to magnetize a crystal up to its intrinsic magnetization in
the direction of easy magnetization, and in any other direction up to the
magnetization obtainable by turning all domains into that direction of
easy magnetization which forms the smallest angle with the external field.

Hence we would expect an infinitely large initial susceptibility, and
it is, in fact, correct that the initial susceptibility is extremely high for
pure and well-grown crystals. To understand the actual susceptibility,
and the hysteresis phenomena, one must consider the mechanism by
which the domains are oriented. It is easy to see that this cannot take
place by rotating the direction of magnetization gradually, since this
involves passing through unfavourable directions which, in the absence
of a strong external field, are not possible directions for the magnetiza-
tion. What will happen instead is that domains with the correct orienta-
tion will grow at the expense of others, and this process depends on the
nature of the boundaries between domains.

In an absolutely perfect crystal the boundaries would be able to move
freely throughout the crystal, but, for example, a region of strain or
impurities may reduce the exchange forces, so that at this point the
spins have a smaller tendency to be parallel to each other, and a boundary
passing through such a region contains less energy than if it passes
through undisturbed material. The boundaries will therefore in practice
be found in such positions of relative stability, and a magnetic field of
finite strength isneeded to move each boundary over the obstacles formed
by less favourable positions. If the movement of boundaries is severely
impeded, as in a quenched material with high internal stresses, one finds
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high coercive forces, i.e. strong fields are required before an appreciable
number of boundaries start moving.

Another fascinating problem is the speed of motion of the boundaries
in an undisturbed region of the crystal.

8.7. Anti-ferromagnetism

Another important field which I shall not be able to cover adequately
is the phenomenon of anti-ferromagnetism, which has been explored and
described by Néel (1932, 1936).

Certain substances, including metals, alloys, and non-metallic crystals,
show an anomaly in the specific heat at a temperature below which the
magnetic susceptibility is smaller than above. Néel explained this as a
tendency of adjacent atoms to have their spins opposite rather than
parallel. Inthat case one would expect that, at sufficiently low tempera-
ture, the lattice could be subdivided into two sub-lattices, so that all or
most of the spins of one sub-lattice were mutually parallel, but opposite
to those of the other.

A large number of the properties can be described in terms of a Weiss
model like that used in § 8.1, except that one has to assume that the force
on each spin contains a term proportional to the total moment of the
sub-lattice to which the spin belongs, and a term in the total moment of
the other; since the tendency is towards opposing spins, the constant
of proportionality in the second term must now be negative.

At first sight it might be expected that just such a behaviour would
resultif, in the spin-wave model of § 8.2, we assume the exchange integral
y to be negative. One might therefore expect that all substances for
which the Heitler—London approximation of a fixed number of electrons
in each atom is reasonably applicable should be either ferromagnetic or
anti-ferromagnetic (unless y happens to be zero). However, this is not
borne out by a closer discussion of the model.

If in the formulae of § 8.2 we assume y negative, then the state of lowest
energy corresponds to the largest value of ¢/y. Now, whereas the smallest
value of this ratio is easily found to be zero, and belongs to stationary
states of a very simple kind, the highest value of ¢/y is not known. We
have shown that it cannot exceed 2N, but it is easy to see that it cannot,
in fact, reach this value.

We have, in § 8.2, constructed a simple stationary state belonging
to € = 0, and it corresponds very closely with the intuitive picture of a
ferromagnetic state in which all spins are parallel. But the corresponding
intuitive picture of adjacent spins being opposite, as in a chess board
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pattern, is not similarly a stationary state. One verifies fairly easily
from (8.23), particularly in the form (8.33), that it is not a correct solution
of this equation to assume 4 = 1 for the spin arrangement which has all
adjacent spins opposite, and 4 = 0 for all others. The reason is quite
clear: the exchange phenomenon does not allow spins to stay in their
places, but they will change places with each other. This makes no
difference (and is, in fact, unobservable) when they are all parallel but is
important when they are not.

Because of these difficulties, no precise solution describing the highest
values of ¢/y is available, and we do not know whether this model with
negative y would show the features of anti-ferromagnetism.

There is, however, little doubt that qualitatively the anti-ferro-
magnetism is due to an exchange interaction opposite in sign to the
ferromagnetic case. It was at first regarded as a difficulty that the
phenomenon was observed in oxides and other compounds in which
the distance between the magnetic ions is so large that one could hardly
expect the exchange interaction, which depends on the overlap of the
atomic wave functions, to be at all appreciable. This was resolved by a
suggestion due to Kramers (1934) of an indirect exchange involving
several electrons, in which an-intermediate non-magnetic atom takes
part.

Terms representing such a multiple exchange are, in principle,
contained in (8.12). They were neglected in deriving (8.21) since they
contain higher powers of the ‘overlap factor’ (8.14), and in the ferro-
magnetic case they would have altered the results only in quantitative
detail. However, as one knows from the binding energies of molecules,
the overlap integral is not really small for realistic distances, and its
square is certainly very much larger than the overlap between two mag-
netic ions which are two inter-atomic distances apart.

We may, for example, imagine that two magnetic ions each containing
one electron are separated by a non-magnetic ion containing, in a closed
shell, several electrons. Let u, w be wave functions in the two magnetic
ions, and v,, v, two different orbital states in the atom in the middle. We
take all these with parallel spin, and number the electrons 1 to 4. Then
the numerator of (8.12) contains a term of the kind

—u*(x, o7 (o) V5 (x4)w*(x3){K2+I’14+I§a+V34}u(x2)v1(x3)v2(x1)w(x 4)
(8.56)

integrated over all coordinates. The corresponding term is absent when
the electrons in states » and w have opposite spin.
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In current work on this subject it is usual to consider a slightly different
mechanism of indirect exchange, which depends on the possibility of a
virtual state in which the non-magnetic ion in the centre had lost or
gained an electron from one of its neighbours. In the framework of the
approximation outlined in § 8.2 such terms belong to an approximation
of higher order (as does (8.56) because it contains four overlap factors)
but in a realistic picture they need not, in fact, be small.

A summary of the current theory of anti-ferromagnetism can be found
in a review by van Vleck (1951).

Notes added in Proof: 1t is worth pointing out that in the cases of one
or two dimensions the spin-wave model gives, in place of (8.41), an
integral in which z%dx is replaced by dx or xdx respectively. The
integral then diverges at = 0, showing that the approximations are
not justified and that the proportion of ‘wrong’ spins is not small.
Only the three-dimensional case, therefore, shows ferromagnetic be-
haviour.

The effect of the B2 terms in (8.21) has been discussed in several
papers. Carr (1953) comes to the conclusion that they may be neglected
if one alters the meaning of the parameters « and vy to a slight extent.



IX

INTERACTION OF LIGHT WITH ELECTRONS
IN SOLIDS

9.1. General outline. Classical theory

IN this chapter we return to the action of light waves, which was also
discussed in Chapter III. There we confined ourselves to the case in
which, both before and after the transition, the electronic system was
in its ground state.. We must now discuss the more general case in
which there are electronic transitions. This includes all optical problems
in metals as well as the photoelectric effect. It also includes the light
absorption and emission in all solids at frequencies comparable with
atomic absorption lines. The ¢xceptional cases of coherent scattering
and vibrational Raman effect have already been treated in Chapter II1.

Thus in metals one important class of processes, dominant at low
frequencies, i.e. usually in the infra-red and visible regions, is concerned
only with the properties of the-ordinary conduction band. There are
then still two important regions according to whether the light frequency
is smaller or larger than the collision frequency 1/r. When wr < 1,
the effect of the field is essentially the same as that of a static field, so
that the ordinary static conductivity is adequate for describing the
behaviour of the metal. This is certainly the casc for waves in the radio-
frequency region, and in the far infra-red. Since the collision times for
ordinary metals at room temperature are in the neighbourhood of
3.10-sec., the light wavelength for which the period equals the collision
time is of the order of 103 cm.

In the opposite limit the collisions are negligible and we are dealing
essentially with electrons in a perfect lattice.

We can survey the important processes of this class by following the
classical theory due to Drude (1904). We assume each electron to have a
mean collision time 7 defined as in § 6.1. Then the mean component of
the electron velocity is given by

N_fE_ly, (9.1)

where E is the component of the applied field. If the applied field depends
on time through a factor piot

(as usual the complex exponential serves mathematical convenience
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and the real field is the real part of the final solution) it therefore follows
that

eE
= i+ 1) o
Hence the current density due to all electrons is
. ne? 0,
I= mfiw+(1/7)} E= 1+iwT E, (9-3)

where o is the conductivity for constant field (cf. (6.16)). Rationalizing

the denominator,
oE
§ = e (mien)E = % (E . at) (9.4)
A current which is proportional to the rate of change of the electric
intensity, and hence out of phase with the electric field, is physically
equivalent, not to a conduction current, but to the displacement current
arising from a dielectric constant.
Hence the effective conductivity at frequency w is

[of
o(w) = I_—F(—:))sz’ (9.5)

and the effective dielectric constant is
K(w) = 1—-27% (9.6)

1+ w?r?

These relations show that, as long as wr < 1, the current is almost
entirely in phase with the electric vector (as is evident from (9.4)), and
therefore for most purposes the dielectric constant is unimportant. When
wt > 1, most of the current is out of phase with E, and the properties of
an electromagnetic wave travelling through the medium are then
mainly influenced by the dielectric constant, which, in this case, is
approximately given by

4
K(w) =1— ‘:’2‘:’

This expression is independent of the collision time, since we intro-
duced o, merely as a convenient abbreviation for ne?r/m, so that

47rne?
mw?

K(w) =1—

(9.7)

For normal metals this quantity is negative even for frequencies con-
siderably greater than the collision frequency. A negative dielectric
constant means an imaginary refractive index, and therefore strongly
damped waves.
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The dielectric constant changes sign for a critical frequency

oy = J (4’;:‘32). (9.8)

According to Zener (1933) this result may be linked with the observation
that the alkali metals become transparent in the ultra-violet, and the
magnitude of the frequency at which this begins is in reasonable agree-
ment with (9.8) if one assumes one electron per atom, and equates m
with the mass of a free electron.

In deriving these results we have neglected the effect of transitions
between different bands, which is to be discussed later. In addition we
have taken free electrons instead of electrons in a periodic field; this is
likely to alter the results by numerical factors in cases in which the energy
surfaces are not nearly spheres, or in which the effective mass is very
different from the free electrun mass. The general nature of the results
is not likely to be sensitive to this approximation.

A further assumption is, however, the existence of a definite collision
time. The result can be extended, without change, to the case of isotropic
motion with a collision probability depending arbitrarily on the angle of
deflexion. In that case the considerations used at the end of § 6.1 apply,
and since the perturbing force has the same angular dependence as that
due to a static external field, the appropriate collision time is again
(cf. (6.21)) and therefore the same as in the ordinary conductivity.

However, when we are dealing with an anisotropic energy surface,
and the collisions are not such as to distribute the electrons uniformly
over the energy surface after each collision, then the problem takes the
form of an integral equation, in which the term arising from the time
dependence varies over the energy surface in a different way from that
due to the collisions, and therefore the answers depend on the ratio
between the two terms, i.e. on wr. Itis to be expected that the solutions
can no longer be represented in the form (9.5), (9.6) with a constant
value of 7.

The problem becomes even more involved at low temperatures, but
even there it will still be true that with increasing frequency the current
will change from a mainly conductive to a mainly dielectric phase,
and the frequencies for which the transition occurs will again depend on
the collisions. We saw in § 6.7 that the frequency of collisions was
proportional to T3, but that the mean angle of deflexion was proportional
to T. Since collisions in which the electron is deflected by a small angle
are unimportant also in the present problem, the effective collision
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frequency for this purpose is again proportional to T, as in the static
conductivity. Hence one expects that (9.5), (9.6) should still be qualita-
tively correct, with the order of magnitude of = given by the classical
formula for the conductivity.

In experimental studies of the optical constants of metals one usually
has to work with reflected light since the transmission is too small, except
in the frequency region in which the dielectric constant (9.6) is positive
but the transitions to higher bands have not yet started to play a part.
In the case of reflection, one must be sure that the results are not in-
fluenced by the special properties of the surface. Apart from the purity
and gross structure of the surface, which raise questions of experimental
technique, one must remember that the electrons within a mean free
path from the surface will behave differently from those inside the metal,
since, in addition to ordinary collisions, they may be deflected by the
surface itself. However, this effect is noticeable only over distances
from the surface of the order of the distance an electron travels during
the collision time (mean free path) or during a period of the light wave,
whichever is the smaller. Since the electron velocity is very small com-
pared to the light velocity, this distance is therefore much less than a
wavelength, and it will in general be unimportant.

In using equation (9.2), it has been assumed that the field acting on
each electron may be taken as the space average, which also appears in
Maxwell’s equations, and this is correct only if there is no correlation
between the position of one electron and that of other electrons that
contribute to the field acting on it. It is well known that in other circum-
stances, e.g. in calculating the dielectric constant of a non-conducting
solid, in which each atom is in a highly symmetric position in relation to
its neighbours, these correlations are important and give rise to the
Lorentz-Lorenz factor.

If we are treating free electrons as strictly independent, there are, of
course, no correlations. On the other hand, we know that both the Pauli
principle and the electrostatic repulsion between the electrons tend to
keep the electrons apart, so that each electron is, on the average, sur-
rounded by a spherical region in which the chance of finding another
electron is less than its mean over all space. It would appear plausible,
therefore, that some part of the Lorentz-Lorenz correction should apply.
On the other hand, Wilson (1936) concludes that no correction is neces-
sary.

The existence of the periodic potential would seem to increase the
correlations, and hence the case for a correction ; certainly in the case of
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strong binding, each electron is likely to be found near some atom, and
any other electrons that might be nearby are most likely to be found in
the neighbouring atoms, and are very unlikely to occupy the same atom.

9.2. Transitions between bands .

In transitions of an electron from one band to another, we have
again to apply the by now familiar conservation of the wave vector.
Strictly speaking, this should involve an equation between the initial and
final wave vectors k and k’ of the electron and that of the photon, but,
unless we are dealing with X-rays, the photon wave vector is negligibly
small, and it is a sufficient approximation to assume k’ = k. Thus an
electron in a given’state k in the conduction band may make optical
transitions only to a state with the same value of k in another band.
However, the absorption frequency depends on k; it is given by

fiw = E,(k)—E|(k), (9.9)
where ! and U’ refer to the two bands. The variation of energy with k
differs in different bands; for example, one band may have its lowest
energy at k = 0, and another its highest. There will, however, be a
minimum value of (9.9), and therefore a minimum frequency below which
this process cannot take place. However, this frequency is not easily
interpreted since it depends on the nature of the energy functions for
both bands.

Experimentally this absorption edge should be more pronounced if
its frequency is higher than the frequency (9.8) at which the one-band
part of the dielectric constant ceases to be negative, as in the case of the
alkalis.

Formulae for the values of K and o including the inter-band transitions
can be found in the literature; since, however, little use is made of these
results in practice, we shall not derive them here.

If weincrease thelight frequency, weshall be concerned with transitions
of electrons from the conduction band to higher bands, and also with the
transitions from the lower energy states into the conduction band or just
aboveit. The first of these cases is not interesting, since it will show very
little structure, because in this case the energy change of the electron is
again given by (9.9) with both states in broad bands and the different
upper bands overlapping more and more for higher energy.

On the other hand, the absorption of X-rays by the inner electrons
gives very much clearer results, since we may regard the bands belonging
to the X-ray levels of the atoms as having negligible width, so that in
(9.9) E(k) is practically constant. The frequency of the absorbed
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radiation is therefore directly the energy of the final state, apart from a
constant.

The strength of the absorption is proportional to the density of states
in the final band, multiplied by a transition probability. This is propor-
tional to the square of the matrix element

f (€. grad )y, ddr, (9.10)

where € is the polarization vector of the radiation. The integral is to be
taken over the whole crystal. However, by the Bloch theorem the
integrand is periodic, so that, apart from factors, it is sufficient to inte-
grate over the basic cell. In each basic cell i, is then essentially one of
the inner atomic wave functions. Consider this matrix element first
for k = 0. Then we have seen from the Wigner-Seitz approximation
(§ 5.2) that s, is almost exactly isotropic. If therefore y; belongs to a
p-level, the two factors in (9.10) have the same angular dependence, and
therefore the integral does not vanish. In that case it does not depend
on k very sensitively.

On the other hand, if the inner state is an s-state, then we have for
k = 0 an isotropic function multiplied by the gradient of another
isotropic function, and the result vanishes upon integration over angles.
In that case the matrix element vanishes for k = 0; it must therefore be
proportional to k near k = 0, and the transition probability propor-
tional to k2. Near the other end of the band, for large values of k the
wave function may have to be a maximum on certain faces of the poly-
hedron that encloses the unit cell, and vanish on others ; it has therefore
more nearly the symmetry of a p-wave and the previous statements are
reversed.

We expect therefore that the probability is reasonably constant
throughout a band, except that it may decrease proportionally with the
distance from one or the other end of the band, depending on where the
minimum energy lies, and depending on the inner state involved.

The best results by this method are obtained using fairly soft X-rays,
since with higher energies (very deep initial level) the width of the con-
duction band is a small fraction of the total energy difference. In this
way Skinner (1938) and others obtained curves which give a clear idea
of the level density as a function of energy in many metals.

The same method may be used with emission of soft X-rays, with the
difference that the absorption method shows up only those levels which
are normally empty and the emission depends on the upper level being
occupied. The two results should supplement each other and it is found
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that the absorption curve has a sharp cut-off at its low-frequency end,
and the emission curve extends from that frequency down.

The fact that these results agree, at any rate qualitatively, with the
predictions of the simple theory is not at all a matter of course. Asalways,
our model neglects the interaction between the electrons, except on the
average. Now if an inner electron has been removed from one of the
atoms, this must cause the potential distribution in that atom to be
rather different from its neighbours. We shall discuss later a very similar
effect in non-metals, where it will be found to be important. It would
therefore be quite possible that in the neighbourhood of this particular
atom the extra attractive potential would lead to an energy level for
a conduction electron which is below the lower edge of the ordinary
conduction band, and must then be a discrete level. If this were possible,
one would expect to find, on the low-frequency side of the emission band,
some discrete lines, or rather narrow peaks, since collisions may broaden
these lines. This behaviour is not found in practice.

9.3. Photoelectric effect

A special case of light absorption is the photoelectric effect, in which
the electron is able to leave the'metal. If we apply to this (9.9), we find
that the threshold for the effect is not given by the well-known equation

fiw =W, (9.11)

but has a higher frequency. This can be seen immediately in the follow-
ing way. To realize the threshold value (9.11) the transition must lead
from a state on the border of the Fermi distribution (E = 7) to a free
electron of velocity zero. Assuming, for simplicity, that the free surface
is the plane x = 0, then the translational symmetry of the crystal in
directions parallel to this surface ensures that the components &, and k,
of the wave vector are unchanged as a particle passes through the surface.
If its velocity is negligible outside, it must have had k, = k, = 0 inside.
If the wave vector is conserved in the optical transitions, as assumed in
(9.9), then the initial state must also have had k£, = k, = 0. Now in each

band the equation Ek,,0,0) = 1 (9.12)

has only two solutions, belonging to equal and opposite values of k,,
of which one will have the electron travelling away from the free surface.
Hence the final energy E,(K) is also a well-defined quantity for each.
Of these values none will in general coincide with W7, i.e. with the
energy of an electron at rest outside the metal.

This argument ignores the importance of the metal surface for the
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motion of the electrons. The statement that in the optical transition the
wave vector remains unchanged was derived using the translational
symmetry of the crystal. Near a surface this translational symmetry in
the direction normal to the surface is evidently lacking. Using the
analogy between wave vector and momentum, we may say that the
balance of momentum and energy which is impossible for a photon
just above the threshold (9.11) can be restored by the surface forces,
which may also take up momentum and transfer it to the crystal as a
whole.

This effect is evidently of the greatest importance for electrons in a
thin surface layer. In order to have the wave vector uncertain by an
amount 8k, the electron must be within a distance of about 2=/8k from
the surface. One can therefore see that, unless the work function is very
small, or one of the levels in the higher bands reached from (9.12) is
nearly in the right place, the surface effect concerns a layer only a few
atoms thick.

Since even in a strongly absorbing metal the light penetrates to a
depth of 103 to 10* atomic distances, it is clear that, for the optical pro-
perties in general, the surface may be neglected. For the photoelectric
effect it is of particular importance because electrons which have made
the transition near the surface have a much greater chance of escaping
than those starting from greater depth. If an electron has absorbed
the phonon well inside the metal, it may make a collision before it
reaches the surface. For this purpose the collisions with lattice waves or
impurities are unimportant, since we know them to be almost elastic.
They may deflect some electrons from the surface which would otherwise
have escaped, but they also deflect some electrons towards the surface
which previously travelled at an angle to it. However, the electron may
make inelastic collisions with other electrons, and one such collision
is in general enough to prevent its escape. Collisions between electrons
were discussed in § 6.5 and found to be very infrequent, but this was for
electrons which formed part of the Fermi distribution, and therefore had
enough energy only for collision with a selected few other electrons in the
border region.

In the present problem we are concerned with highly excited electrons,
which may interchange energy with almost all the electrons in the Fermi
distribution. In that case, the dimensional reasoning used in § 6.5 shows
the mean free path to be comparable to the atomic distance, though
probably larger numerically.

The following picture emerges: at frequencies just above the threshold
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(9.11), only the ‘surface photoelectric effect’ is possible. At a higher
frequency, which depends on the particular properties of the energy
bands of the metal, a volume effect becomes possible in addition. This
will in general be more intense than the surface effect, though not nearly
by the same factor as one would estimate in the absence of inelastic
collisions.

No detailed analysis of the volume effect seems to be available. The
surface effect exists also in the absence of the atomic potential, and
calculations for free electrons in the neighbourhood of a discontinuous
or gradual potential rise near the surface give reasonable answers.

It has been pointed out by Mitchell (1934, 1936) that it is essential to
take into account the change in the light wave near the surface due to the
optical properties of the medium. This makes the problem somewhat
too complicated for a detailed presentation here.

One interesting result is that the theory of free electrons near a plane
surface predicts zero effect for a light wave which has its electric vector
parallel to the surface (and hence always for normal incidence). The
reason is that for free electrons the motion can be separated into the
motion at right angles to the surface and that in a plane parallel to
the surface. If the electric vector is parallel to the surface, the light wave
does not influence the motion in the normal direction, and hence the
wave vector in that direction cannot increase, as is required.

In fact, all metals do show an effect for any polarization or angle of
incidence. This may be due to the fact that the electrons are not free,
so that the motions in different directions are not separable, or to the
effect of collisions with phonons, which are also capable of restoring the
momentum balance. In addition, any deviation of the surface from
the perfect plane which has been assumed, would tend to produce the
same result.

9.4. Non-conducting crystals

The discussion of § 9.2 may also be applied to a case when the valency
electrons just fill one band and the next one is empty. In that case the
one-band transitions discussed in § 9.1 do not exist, and the substance is
transparent up to an absorption edge in the visible or ultra-violet region.
This absorption edge should correspond to a transition of an electron
from the highest occupied band to the lowest empty band, usually in
this case called the conduction band.

If the maximum energy in the lower band belongs to the same k as the
minimum energy in the higher band, then the absorption edge should
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equal the width of the energy gap between the bands. It may well be
that these two states belong to different values of k, and in that case the
lowest absorption frequency compatible with (9.11) is larger than the
width of the gap. However, as in the case of the photoclectric effect,
there may be a small amount of absorption due to surface forces and
other deviations which makes such tiansitions possible, and we must
then expect the existence of a frequency range in which there is a weak
absorption, which will also be sensitive to temperature and to the
mechanical state of the crystal, followed by the strong absorption at a
higher frequency.

The result of such an absorption process is one electron in the higher
band, and one vacant place in the lower band. As long as we follow
our usual approximation of neglecting the interaction between electrons,
we should regard the ‘hole’ and the electron as moving independently.
However, it is at once obvious that this is a much more doubtful assump-
tion in this case than in the case of a metal. Indeed, the electron and the
hole carry opposite electric charges and will therefore attract each other
at all distances. Ina metal, any excess charge will at once be neutralized
by an adjustment in the density of conduction electrons, and hence two
specific charges will influence each other only when very close together.

We must therefore expect not only states in which the electron in the
upper band and the hole in the lower band separate and move indepen-
dently, but also states in which they are bound together and revolve
around each other in an orbit.

They may, in fact, remain in the same atom or group of atoms, in
which case their description in terms of the band concept is not too con-
venient, and it is preferable to start from independent atoms rather
than clectrons moving singly in a periodic field. This means starting
from the Heitler-London model of § 8.2, except that we now assume
the ground state of each atom to be non-degenerate, and allow one or
more atoms to be excited. The state in which one atom is excited then
has an N-fold degeneracy, since the excitation of any one atom requires
the same energy. This degeneracy is removed by the interaction between
the atoms. The situation is precisely the same as for single electron
states in the strong-binding approximation of § 4.2 or for the case of spin
waves. The stationary states have again a well-defined wave vector and
the energy is a function of this wave vector, so that we obtain a narrow
band in place of each atomic excitation level. The width of this band is
given by an interaction integral of the type

($5 (1)1 (2)W1,2 40(2)84(1)), (9.13)

8595.03 o
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where ¢,, ¢, are the wave functions for the ground state and an excited
state of a complete atom, the arguments (1) and (2) refer to the co-
ordinates of all electrons in atoms 1 and 2 respectively, W, , is the inter-
action energy between all particles in atom 1 and those in atom 2, and the
brackets again indicate integration over all coordinates. This expression
is similar to the interaction integrals of § 4.2 or the exchange integral of
§8.2, except that it does not involve thebodily transfer of an electron from
one atom to the other. It is therefore appreciable even where the atomic
distance is so large that the wave functions do not overlap. If the atomic
transition has a non-vanishing electric dipole moment associated with
it, (9.13) decreases at large distances like the interaction between two
dipoles, i.e. as thesinverse cube of the distance between the atoms.

A state resulting from such an excitation travelling with a definite
wave vector has been called an excitation wave or ‘exciton’ (Frenkel,
1936). It follows from our usual arguments that, since the crystal in
the ground state has complete translational symmetry, the exciton
formed by the absorption of a light wave in a perfect crystal must have a
wave vector equal to that of the light wave, which for most purposes is
negligible.

Hence, no matter how widéthe exciton band, the absorption spectrum
of a perfect crystal should contain only a sharp line for each atomic
absorption line. These discrete lines belong to frequencies below the
beginning of the continuous absorption discussed before.

We see therefore that, as the result of the absorption of a photon, we
may be concerned with three different states. (a) An electron is excited,
but remains within the same atom; the excitation may then be passed
along to other atoms in the form of an excitation wave, but each atom
remains neutral throughout. (b) The electron leaves its atom, but
remains in its neighbourhood, forming a kind of ‘hydrogen atom’ together
with the positive hole which it left behind. This bound pair may again
travel through the lattice together, though in a perfect lattice light
absorption leads only to states in which the wave vector associated
with the motion of the centre of gravity of the pair is zero. (c) The
electron and the hole may separate and move independently with
equal and opposite wave vectors.

The first state may not always be possible. For example, in an ionic
crystal like NaCl, the least strongly bound electrons are those in the
negative chlorine ion. This has no atomic excited states, and the result
of a transition of such an electron is always its removal from the parent
ion. Sodium ions do have excited states, but their excitation energy is
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higher than that for removing an electron from the Cl-, and therefore
the discrete excitation levels overlap with a continuous spectrum and are
broadened to a sufficient extent to lose their clear identity.

Another cause of broadening is the motion of the atoms in the lattice.
This point is best explained by refer-
ence to Fig. 16, which shows schema-
tically theelectronic energy of theground
state and the excited electron state as a
function of some coordinate determining
the positions of the atoms. For example,
if we think of the transfer of an electron
from a Cl-ion to an adjacent Na+ ion in
NaCl, the abscissa of the figure might be
the distance between these particular
Cl and Na nuclei.

The point A, which represents the
equilibrium position for the normal
lattice, is no longer that for the excited state, since the attractive force
between the two ions has been reduced. Because of thermal vibrations
and zero-point motion, the initial state does not correspond exactly to 4,
but to a small spread of positions in its neighbourhood, indicated by
a,a,. Itis evident that a transition which takes place when the atoms
are in their extreme positions causes an energy change indicated by the
vertical broken lines, and that the variation of this is much larger than
the thermal energy itself, which is measured by the height of the lower
curve at a, or a, above the minimum.

The use of this diagram is similar to the theory of molecular spectra.
However, whereas in the problem of diatomic molecules there is only one
coordinate, namely the distance of the two nuclei, the crystal has a very
large number of degrees of freedom. Hence, for example, in the case of
a molecule the curves of Fig. 16 would indicate that, after an absorption
at or near 4, the nuclei would not be in equilibrium and would be
accelerated away from each other, the result being vibration with large
amplitude, or dissociation, according to the shape of the curve.

In the crystal the vibration of one particular group of atoms must be
strongly damped, since the energy will spread over neighbouring atoms,
and the atoms should settle down near the new minimum B if such a
point exists. The result is then a deformation of the lattice near the
excited site, and then the excitation must be localized, and thus be a
superposition of exciton states of all conceivable wave numbers. It is

Fi1c. 16.
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therefore plausible that this description applies only if the interaction
(9.13) is weak enough. If it is strong, we must expect that the states have
the structure of excitation waves whose location is undetermined, so
that there is no inducement for any particular set of atoms to adapt
their positions to an excited state.

In exactly the same way an electron in the upper band, or a hole in the
lower, may either be moving freely, or may attach itself to a definite
site in the crystal, with a corresponding adjustment of the lattice near
that place. After this, it would no longer be free to move since this would
require either an increase in energy, if it moved to a place where the
lattice structure was normal, or a movement of the heavy nuclei, if the
distortion were to fravel with the electron. The conditions for this to
happen have not been studied very extensively. Empirically this pheno-
menon of electrons being trapped in a uniform lattice does not seem to be
known; trapping of electrons always takes place at sites where the
lattice is disturbed.

The process of emission of light is, of course, in principle just the inverse
of absorption ; however, the main question here is how the excited state
is produced and what other processes compete with the light emission.
These problems belong to the material of the next chapter.



X
SEMI-CONDUCTORS AND LUMINESCENCE

10.1. Semi-conductors

IN Chapter IV we divided solids into two classes, those in which, in the
state of lowest energy, the highest occupied state was the top end of a
band, and those in which the last occupied level was somewhere inside
a band. This is the distinction between insulators and metals. Since
the definition refers to the state of lowest energy, it is appropriate to the
absolute zero of temperature, and is then a sharp division. However, if
the energy gap between the last full and the next empty band is small,
a few electrons will be moved up by thermal agitation, so that there are a
few conduction electrons, and a few holes in the lower band.

In such substances the number of carriers should increase very
rapidly with temperature. They are characterized by a low electric
conductivity which increases with temperature, and are called semi-
conductors. The type I have described, in which temperature causes a
transition between the bands of a perfect crystal, is known asan intrinsic
semi-conductor.

This type is fairly rare, since it requires a rather small value of the
energy gap to give a reasonable conductivity at, say, room temperature.
In principle, any non-conducting crystal should be a semi-conductor at
sufficiently high temperature, but usually the effect is quite negligible.

The substance may also contain impurities in which there exists an
occupied electron state, or a vacant level, in the gap between the highest
filled and the lowest empty state of the crystal. If the occupied level
lies near the upper edge of the gap, a small addition of energy is sufficient
to raise an electron into the conduction band; if an empty level lies near
the lower edge of the gap, a small addition of energy, will raise an electron
from the occupied band to the impurity level, and leave a hole in the
band. These two cases are referred to as ‘donor’ and ‘acceptor’ levels
respectively.

Such impurities need not consist of foreign atoms; they may simply
consist of an excess or deficiency of the atoms making up the normal
lattice. For example, a missing Cl ion in a rock salt crystal causes an
excess positive charge in the neighbourhood, and this neighbourhood
must therefore contain electron levels which are lower than the un-
occupied levels of the main crystal.
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Similarly one finds in oxides, particularly those which exist chemically
in different stages of oxidation, that the oxygen content of the crystal
may differ from that of the perfect crystal, and any vacant lattice sites
or additional (‘interstitial’) atoms count as impurities for the present
purpose.

At first sight it seems surprising that also in impurity semi-conductors
the conductivity should always disappear at low temperatures, since
there ought to be cases in which a donor level in the impurity atom lies
higher than the bottom edge of the empty band, or an acceptor level
below the upper edge of the filled band. Insuch a case one would expect
the number of carriers to be equal to that of suitable impurity atoms and
independent of temperature.

The answer to this apparent difficulty lies again in the fact that we
must not for this purpose neglect the electron interaction. If, in aneutral
lattice, an extra atom is inserted which loses an electron to an empty
band of the lattice, the atom will be left ionized, and therefore attract the
electron. The state of lowest energy, and therefore the only one realized
at zero temperature, is therefore an orbit of the electron bound to the
positively charged centre. An electron insuch a bound orbit is, of course,
not free to take part in the conduction process, and hence a finite energy
is required to release it for this purpose.

The same states in all probability exist also in intrinsic semi-con-
ductors, so that the production of electrons and holes which are bound
together requires somewhat less energy than the state in which they are
separated. Only the particles in the latter state act as carriers of elec-
tricity, and its energy determines the temperature dependence of the
number of carriers in the semi-conductor.

10.2. Number of carriers

To calculate the number of carriers in an intrinsic semi-conductor, we
assume that E, is the top of the occupied band, E, the bottom of the
empty band. Z,(E,— E) is the number of states in the lower band above
energy K, and Z,(E — E,) the number of states in the upper band below E.

Then, using Fermi’s distribution, and allowing for spin, we have

. (142 dE (3%, dE
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where 7, and n, are the numbers of holes in the lower, and of electrons in
the upper band, respectively. These two quantities must be equal if
the crystal is to be neutral, and at moderate temperatures both will be
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small. To make both expressions small, both denominators must be
large, and therefore the 1 can be neglected. We then have
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where we have used in the first integral £, — E, and in the second E—E,
as variable of integration.

If we may assume the energy to be a quadratic function of the wave
number near the maximum or minimum energy in either band, we may
characterize the states in each by an effective mass (this has to be a
suitable average over directions if the energy is anisotropic near the
maximum or minimum), so that, per unit volume,

1 (2m,kT\3 1(2m,kT\3
K1=Z( mETe, K2=Z( :ﬁz_), (10.3)

m, and m, being the effective masses. This shows that, to make n, and
n, equal, m
n= %(E2+E1)+%kT108H1- (10.4)
2

Our approximation assumes that the gap E,— E, is much larger than k7',
and, unless the masses are very different indeed, the second term is
negligible. The Fermi energy » then lies just in the middle of the gap,
and it is now easy to verify that the neglect of the 1 in both denominators
of (10.1) is justified. Inserting in (10.2),

*L7T\ 3
fy =y = i(% ? o-tmni-mhT, (10.5)
where m* = ,J(m, m,). (10.6)

Equation (10.5) shows the characteristic exponential variation of the
number of carriers with temperature. The occurrence of one-half the
required energy in the exponent is typical of dissociation reactions.
The electric conductivity depends on the number of carriers and their
collision time, but the latter will be a slowly varying function of tempera-
ture compared to the exponential in (10.5), and therefore in general the
law (10.5) also gives the variation of the conductivity with temperature.
In an impurity semi-conductor, which has n; donor atoms per unit
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volume, each containing one electron in an energy level E;, the second
equation (10.2) is still valid, but the first has to be replaced by

n, = ngePn-Ea, (10.7)

where 7, is now the number of vacant donor levels, which must again
equal n,.

Then n = Y Ez+B,)+3kT log(ny/K,). (10.8)
Hence ny = 3Vn, (ZZ%IZT)% e~Er—Ed2kT (10.9)

The important features of this formula are again the exponential
variation with temperature, and the proportionality to the square
root of the concentration of donor atoms.

An analogous formula holds, of course, for an acceptor level.

If there are at the same time donor and acceptor atoms and the
donor levels are higher than the acceptor levels, electrons leave the
donor atoms and go to the acceptors, until either type is exhausted.
Then (10.9) must be modified. If the acceptor level lies above the donor
level, the Fermi energy lies between them, and hence either the number
of electrons in the upper band or the number of holes in the lower is less
than it would be in the absence of either kind of foreign atom.

However, in the same substance, different kinds of foreign atoms
may in varying conditions produce either predominantly excess elec-
trons, or predominantly vacant places.

10.3. Electrical properties

Once the number of carriers is given, we can discuss the properties of
the substance in the same way as was done in Chapter VI for a metal.
One important difference is that the electron density is generally small,
so that the electrons or holes do not form a degenerate Fermi gas, and
the equations of Boltzmann statistics apply instead. The small number
means also that some of the properties of the electrons, such as their
contribution to thermal conductivity, or to the specific heat, are swamped
by the contributions from the lattice vibrations, and are of no great
practical interest.

Asregards the conductivity, the considerations of Chapter VI apply in
general. If we are dealing with a cubic crystal, and if the energy surface
of the empty band has only one minimum (or that of the full band only
one maximum) the energy function E(k) is isotropic. Collisions with
impurities will, on the average, also be isotropic, since the electron waves
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are long, and the crystallographic anisotropy of the scattering centres is
therefore unimportant. One may therefore apply the collision time
concept with reasonable confidence.

Collisions with phonons are also approximately isotropic, though the
anisotropy of the elastic constants makes the sound velocity depend on
the direction of travel of the phonon relative to the crystal axes. It is
also still possible to regard the collisions as elastic, even though the
kinetic energy of the electrons is now only of the order of #7T. This is
because the most energetic phonon which a given electron can absorb is
one which will just reverse the direction of motion of the electron.
Conservation of wave vector and of energy then require that

2m*c

=2+

where m* is the effective mass and ¢ the sound velocity. The phonon
energy is then small compared to the initial energy of the electron,

provided dm*c < Fik, (10.11)

in other words, provided the electron velocity is large compared to the
velocity of sound. The mean thermal velocity at room temperature,
assuming m* ~ m, is about 107 em./sec. This is large compared to c,
and therefore the energy transfer in a collision is negligible.

Hence we may apply the collision-time concept. The collision time of
an electron may be obtained from (6.49), neglecting n(k,?) and n(k’,l’)
compared to unity, and assuming n(k, ) to contain a term proportional
to the cosine of the angle between k and a fixed direction. Subject to the
condition (10.10), we may then neglect the phonon frequency. For fixed
k the temperature enters only through the phonon numbers, and if the
temperature is not too low, so that the quantum properties of phonons
of wave number less than 2k are still not important, N and N1 are
proportional to the temperature. The collision frequency for a given
electron state is thus still proportional to 7'.

As regards the dependence on k, we note that the summation over k’
may be replaced by an integration, the volume element in k space being
k'2 dk'dQ’, where dQ’ is the element of solid angle. Since the differential

(10.10)

2
of the energyisdE' — % k' dk', we are left with a factor k& after removing
m

the 8-function by integrating over energy. The square of the matrix
element |(k’,l'|4|k,l)|? is by (6.61) proportional to the phonon fre-
quency. On the other hand, the phonon number N is, by (2.4), inversely
proportional to the phonon frequency in the classical limit. It therefore
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follows that the collision frequency is proportional to the wave vector,
or to the velocity of the electron, and this may be expressed by saying
that the mean free path is independent of the velocity.

As regards the Hall effect, the existence of a definite collision time
malkes the theory of § 7.4 applicable, as far as (7.58). Since, however, the
electrons do not all have substantially the same velocity, (7.59) must be
replaced by a more careful calculation of J, from (7.58) and (7.57). One
then sees that in (7.59) 7 is replaced by

Ao,
where v is again the electron velocity, and the average is to be taken

with & Maxwell distribution, while in the conductivity (6.16) the appro-
int . o
priate mean value is o,

Hence, using the result that vr is independent of velocity, (7.61) must be
multiplied by the ratio @),

which for a Maxwell distribution is 37/8. Hence the Hall coefficient of a
semi-conductor in which only electrons or holes contribute, and in which
there is isotropy, is 3

= 8ecN'

One must, however, be certain that the conditions for the validity of this
equation are satisfied before using it to estimate the number of electrons
or holes. In particular in an intrinsic semi-conductor, in which the
electrons and holes generally give comparable contributions, one must
replace the equation by (7.65), and this usually cannot be evaluated
from the observations without further assumptions about the model.

(10.12)

10.4. Density gradients and space charge (cf. Mott, 1938)

So far we have been concerned only with cases in which the electron
density is uniform in space. In semi-conductors one is also interested in
the case in which the density is non-uniform, either because the density
of impurity atoms which act as donors or acceptors is non-uniform, or
because electrons are raised to the upper band by a light wave which
either has an intensity gradient because of the absorption of the sub-
stance or, because of its direction, gives a preferential direction to the
electron velocity. I shall discuss only the first of these alternatives in
detail ; the other is of importance in connexion with the contact layer
photoelectric effect, which will not be treated.

Suppose that a region in the crystal contains a density ng of donor
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levels per unit volume, so that the equilibrium density of electrons would
be given by (10.9), and suppose that the energy gap between filled
and empty band is much larger than k7', so that the ‘intrinsic’ effect is
negligible. Suppose also that in the neighbourhood there are other
sources of electrons (such as a region with more donor atoms, or a con-
tact with a substance of high electron density and low work function
or the reverse) so that the electron density will differ from the equilibrium
value. Within the given region, we may still use the second equation
(10.2) for the electron density, and (10.7) for the number of vacant
donor levels, but we may no longer require the two to be equal. There will
then in general be a space-charge density, given by

e(ng—n,y), (10.13)
and this will cause an electrostatic potential ¢(r) which has to be allowed
for in discussing electronic levels. This potential will vary by a negligible
amount over atomic dimensions, and we may therefore simply replace
the energies E, and E; by E,—e¢ and E;—ed, respectively. From
Poisson’s equation and (10.13), assuming ¢ to depend only on one

coordinate z, a2
T —dme(nyg—mn,). (10.14)
For equilibrium the parameter » must still be a constant, independent
of z. Inserting for n, and n, from the second equation (10.2) and (10.7),
d*p = —dmen)( e¢/kT_e-c¢/kT) (10.15)
.d? = TENg\E , .
where 7g is the equilibrium electron density, which is given by (10.9).
It might be objected that in obtaining (10.15) we have used the value
(10.8) for n, which would seem arbitrary; however, a change in 7 is
equivalent to adding a constant to the electric potential ¢, which is
compatible with (10.14). Taking 7 equal to the equilibrium value
amounts to the convention that ¢ = 0 where the electron density has its
equilibrium value.
The solution of (10.15) for which d¢/dx = 0 when ¢ = 0 is

ep = 2kT log coth (x—_l—ﬂ’), (10.16)
where It= ET% (10.17)

and z, is arbitrary. Hence for small deviations from equilibrium, when

¢ is small, ed = 4kTe-2z—=ol, (10.18)
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so that to the same accuracy
n,—n3 = constant X e-22l, (10.19)

On the other hand, if the source gives rise locally to a density greatly
exceeding n3, so that e$ is much larger than k7', we have

2 kT

(@E—)2  2meP(@—ag)® (10.20)

Ny = N3 etHIKT — nd

The last form shows that the result is now independent of n3 and the
formula applies therefore also when there are no donor levels present.
The result may be expressed by saying that 1/n, increases linearly with z.

We conclude therefore that small deviations from the normal electron
density are evened out over a distance of the order (10.17), which for
low values of the equilibrium density may be very large compared to the
lattice spacing. It is also obvious why it is not worth considering the
corresponding problem for a metal, since then the electron density is
high and deviations are adjusted almost at once. Our formulae are, of
course, not valid for metals, since the electron degeneracy has to be taken
into account, so that the results contain 7 rather than k7', but the length
that then replaces ! is again very small indeed.

If, instead of static conditions, we assume the presence of an external
potential gradient, there will be an electric current J of the form

dé dn
= —g-L—D=" 10.21

J i D dx’ ( )
where o is the conductivity, and D is a diffusion coefficient. We know
from the preceding discussion that the electrons must be in equilibrium,

and hence the current zero, if
n, = constant X e—¢$/kT,

and this shows that D = kg ni = kTu, (10.22)
2

a relation due to Einstein. % = o/n,e is independent of the electron

density, and is called the mobility.

In the most general case of non-uniform electron density and an
electric current, (10.21), in which for steady conditions J must be
constant, i.e. independent of z, should be combined with the Poisson
equation (10.14). This situation is, however, too general for a simple
analysis, and we shall consider in the next section only a particular
application.
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10.5. Rectifying contacts

An important phenomenon involving semi-conductors is the rectifying
contact. This is a contact between a metal and a semi-conductor which
has, for zero current, a high resistance to flow across the surface, and in
which the resistance diminishes rapidly with increasing voltage in one
direction, the direction of easy flow, whereas for a potential difference of
opposite sign the resistance increases strongly, at least over a certain
range.

Several possible mechanisms are known which could give rise to a
dependence of the contact resistance on the potential difference. We
shall here discuss only one particular model, the theory of which is
due to Mott (1939), and which is well borne out by the experiments in
the case of copper-cuprous oxide contacts.

The high resistance of the contact is then due to a poorly conducting
layer (‘blocking layer’) and it is known that in many cases this is a layer
in which the impurity atoms are lacking. An important type of contact
is that in which a metal surface is oxidized. On one side we then have an
oxide in which excess oxygen is the activating impurity ; it is reasonable
that where the oxide is in contact with pure metal the excess oxygen
should be lacking.

Suppose now for uniqueness that the carriers are electrons rather than
holes and suppose that the work function of the metal exceeds that of the
normal semi-conductor. Then there must exist a contact potential
between the two layers, which is produced by the metal absorbing a few
electrons from the semi-conductor. However, these electrons cannot
come from the blocking layer, which contains practically no electrons,
and must therefore come from the ‘good’ semi-conductor beyond it.
In other words, the double layer which produces the contact potential
has a thickness equal to that of the blocking layer. Instead of being
restricted to a few atomic layers, the rise of the potential is thus spread
over a layer which, in typical cases, has been found to be 104 to 103 cm.
thick.

This state of affairsisshownin Fig. 17 (z). The Fermilevel of the metal
is at the same energy as that of the semi-conductor, which lies half-way
between the bottom of the conducting band and the donor levels. The
electrons from the donor levels penetrate somewhat into the blocking
layer, but the rising potential makes their density fall rapidly.

If now a field is applied in such a direction as to pull electrons towards
the semi-conductor, the situation will be as indicated in Fig. 17 ().
The main part of the additional potential difference resides in the
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blocking layer, and helps to make the gradient steeper. This diminishes
the number of electrons which come, by thermal energy fluctuations,
from the semi-conductor, and does not appreciably assist the electrons
from the metal in reaching the blocking layer. It is only when the field
becomes strong enough to give the conditions for ‘cold emission’ (cf.
§ 4.7) that the resistance will again diminish.

—f'— Blocking
layer
W,-Ww, .
| Semi-conductor

M Metal

Donor level
@ ® T -

(c) (@)
“Fiae. 17 )

On the other hand, if the sign of the applied potential difference is
such as to pull electrons towards the metal, the potential distribution
will approach that of Fig. 17 (¢), with the potential in the blocking layer
practically constant, so that the electron density will be the same as
in the presence of the donor levels; the resistance of the blocking layer is
then negligible.

To be precise, a high conductivity of the blocking layer means a high
electron density, and therefore a space charge. We ought therefore to
think of the limiting case in terms of Fig. 17 (), in which the curvature
of the potential in the blocking layer is due to the space charge.

The treatment by Mott neglects this space-charge effect, and assumes
therefore that the potential gradient in the blocking layer is uniform.

Then, from (10.21),

dn
J = u(neF—kT d_x)’ (10.23)

where now u, F, and J may be regarded as constant. I have omitted
the suffix 2 on #». The integral of (10.23) is

n = %4— Ce—¢FalkT, (10.24)
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The electron density is given at the metal surface, where it equals the
first part of (10.2), with the value of % adjusted to that in the metal.
It is also known for = d, in the normal semi-conductor.

eeFalkTp(0)—n(d)
R (10.25)

If the exponent is not a large positive number, the electron density will
be large throughout the blocking layer, and the resistance negligible.
If the exponent is large we neglect the 1 in the denominator,

J = euF{n(0)—n(d)e—eFdkT}, (10.26)
Remembering that, in the absence of an external potential difference, as
in Fig. 17 (a), n(d)

Then J = euF

— eeFodlkT
n(0) ¢ ’
we have J = e“;(o) (Vo—V)(1—eeVIkT), (10.27)
where V is the applied potential difference and
W = Fd.

(10.27), which is valid only for ¥ < ¥;, shows the characteristic unsym-
metric behaviour of a contact rectifier.

This treatment depends on the thickness of the blocking layer being
large compared to the mean free path of the electrons, since otherwise
higher derivatives of the density would appear in (10.23). It also neglects
space charges, as I have pointed out. It can, of course, be immediately
extended to hole conduction, with the appropriate changes in sign.

10.6. Electrons not in thermal equilibrium

Inthe preceding sections, we were concerned with thermal equilibrium,
80 that the number of electrons in the upper band, or holes in the lower
band, was in each case a constant, independent of time, except for
fluctuations. We are then in general not interested in the mechanism
by which the electrons are raised, since the result follows from statistical
mechanics, independently of the mechanism.

The situation is different when the electrons are raised into the upper
band by an external agent, such as a light beam, and we are then con-
cerned with the mechanism, and also with the subsequent fate of the
electrons. To fix our ideas, let us consider a case in which an electron
is raised to the upper band by absorption of light from a state in the
filled band.

In this case the result is an electron in the upper and hole in the lower
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band. There will be an electrostatic attraction between the two, and, if
their kinetic energy is low, they may remain in a bound state, in which
they revolve about each other, losing energy by various processes fairly
rapidly and ending up after a short time with emission of light of a fre-
quency slightly lower than that of the incident radiation and the return
of the electron to the lower band. If the energy of the transition is high
enough, the electron and hole can overcome their attraction and separate.
Each then travels independently of the other, but is subject to changes
of direction, due to collisions with lattice waves, as discussed in the
preceding section, and imperfections of the lattice, and also a gradual
loss of energy, due again mainly to the interaction with lattice waves.
During this period, it is free to cover appreciable distances and, if an
electric field is also present, will on the average carry a current in the field
direction. Ifno other processes were possible, the electron and hole would
ultimately end up in a state of very low velocity but would still contri-
bute to the conductivity. In fact, since we have seen that the collision
time varies as the inverse velocity, such slow carriers are particularly
effective.

However, the life of these free carriers is, in fact, limited, since they are
liable to other processes. . .

(@) Recombination. An electron may encounter a hole, and may then
drop into the lower band, generally with the emission of radiation. It
may alternatively lose, by collisions, enough energy while close to a hole
to be confined to a closed orbit. The ultimate result will also be recom-
bination.

(b) Non-radiative recombination. In some cases the recombination
with the emission of radiation may be forbidden by the selection rules.
This is important in particular if the lowest state in the upper band and
the highest in the lower band do not belong to the same wave number.
In this case the emission of radiation is still possible if simultaneously a
phonon is produced or absorbed. This does not affect the energy balance
appreciably, but may restore the balance of wave vectors. This, however,
is a process of higher order and correspondingly less frequent.

Alternatively, the transition may take place without the emission of
radiation, all surplus energy appearing in the form of phonons. Since the
energy gap between the two bands is usually much larger than the energy
of the hardest phonon, this usually means the simultaneous production
of a large number of phonons. Such transitions are well known in the
theory of molecular spectra, and the condition for them is that the poten-
tial energies of the two electronic states, plotted against the nuclear
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coordinates, should have an intersection. Fig. 16 represents such energy
curves schematically, against some symbolic variable representing the
motion of the nuclei in the lattice. If the curves intersect, we may
regard the system as following the upper curve to the intersection
and continuing on the lower curve with a corresponding increase of
vibrational kinetic energy, which will be rapidly dissipated. However,
the problem is essentially a many-body problem, so that such simple
diagrams can only have a very qualitative meaning. A quantitative
theory of this effect would have to be much more complicated.

(¢) Trapping. Without returning to the lower band, the electron may
lose its mobility by being trapped. One kind of trapped state is the one
which we discussed in§ 9.4, in which the lattice has distorted itself so as to
conform to the forces due to an electron in a particular position, and
thereby created an attractive centre for the electron. This process is
referred to as ‘sclf-trapping’, and, while it seems theoretically likely that
such states may exist, this form of trapping does not seem to have been
definitely identified experimentally.

Alternatively, a trap may be some irregularity in the lattice which
favours the presence of an eiectron. An example is a fault in an ionic
crystal where a negative ion is missing, so that the neighbourhood
contains too much positive charge (Mott and Gurney, 1940). It is likely
that grain boundaries and other irregularities also can provide energy
levels in which electrons can be trapped.

The same remarks apply to holes, which may also be trapped.

Trapped holes or electrons can be released by thermal energy fluctua-
tions, which may give them enough cnergy to return to the mobile state,
or by the absorption of light of much lower frequency than would be
required to cross the gap between the full and the empty band.

This provides the mechanism for the most common type of phosphor-
escence. A ‘phosphor’ is a transparent crystal which contains a small
number of impurity centres which absorb visible or ultra-violet light.
The absorption process leads to a transition of an electron from an
impurity centre into the empty band. Some of the electrons return to
vacant impurity levels at once, with emission of radiation ; others are
trapped before they have found a vacant level. If the binding energy of
the trap is comparable with £7' at room temperature, they may after
some time return to the empty band and then have another chance of
radiating. The emission of light from such a phosphor continues therefore
for some time after the irradiation has ceased. This process can be

accelerated by heating, since this releases the electrons more frequently
3506.03 P
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from the traps, and also releases those caught in deeper traps. The
emission may also be accelerated by irradiation with infra-red light.

The frequency of the emitted light is usually less than that which
excited the electrons in the first place. There are two reasons for this.
Firstly, the electron may have been raised to a state above the bottom
of the empty band but will in general lose energy by collision before it
radiates. Secondly, when the electron is first removed from the impurity
centre, the arrangement of the atoms surrounding this centre is very
nearly the equilibrium arrangement corresponding to the electron being
present. When it returns, the arrangement will be that most favourable
for an ionized impurity atom, and when the electron has returned, the
atoms will be in a configuration of higher potential energy, thus making
less energy available for the transition. The remainder of the energy is,
of course, then dissipated in the form of lattice waves.

Phosphorescence is of practical interest for producing luminous paints,
which in the dark emit radiation as a result of the light they absorbed
during daylight or when previously illuminated, and also for converting
ultra-violet light into visible for greater efficiency and pleasanter appear-
ance in fluorescent lighting.

Crystals may also be activated by fast electrons or other charged
particles instead of light, and then provide a means of converting par-
ticles into light flashes, a possibility utilized in the scintillation counters
of nuclear physics.

Because of these applications, as well as because of their intrinsic
interest in the study of solids, the properties of luminescent substances
have been studied very extensively (cf. Garlick, 1949).



XI
SUPERCONDUCTIVITY

11.1. Summary of properties (cf. Shoenberg, 1952)

In all other parts of this course we have been dealing with phecnomena,
which were, at any rate qualitatively, well understood. This made it
possible to present the theoretical treatment in a deductive manner,
starting from general principles, although this did not reflect the actual
historical development of the subject. In this chapter we are dealing
with superconductivity, which cannot yet be claimed to be in a similar
state. Within the last few years Frohlich has proposed a picture
of superconductivity which is very attractive, and very probably pro-
vides the right explanation, but the mathematical formulation is as yet
incomplete, and it is therefore not certain that this model will lead to all
the known features of superconductors without bringing in new effects
that have at present been neglected.

I shall therefore start by outlining the main observed facts, and thus
show the main results that must be derived from a complete theory of
superconductivity, and I shall then review the theory of Frohlich.

Superconducting metals have a transition temperature 7', usually a
few degrees, above which they behave like normal metals. As the
temperature is lowered below T, the electrical resistance disappears
suddenly. For pure metals the transition is extremely sharp, though
inhomogeneities in structure or composition may spread it out.

Below the transition point the resistance appears to be zero, not merely
very small. This was first demonstrated by inducing a current in a lead
ring. The current continued for hours, in fact as long as it was practically
possible to maintain the helium bath that kept the temperature low.
This suggested that the state in which there was an electric current was a
true equilibrium state which would last indefinitely, and this interpreta-
tion is borne out by the existence of the Meissner effect.

If an external magneticfield is applied to a superconducting ring, it will
induce a current in the ring. The magnitude of this current is obvious
from the fact that any change of the magnetic flux through the inside
of the ring would result in an electromotive force in the metal. Since no
electric field can exist in a substance of infinite conductivity, it follows
that the magnetic flux encircled by the ring remains zero, and hence the
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flux due to the ring current must be equal and opposite to the applied
field times the area of the ring.

Alternatively, if the ring is cooled in an external magnetic field, so
that it passes into the superconducting state with a field present, the
flux through the ring must remain constant from then on, and if the field is
then removed, the flux is ‘trapped’ and there will be a current (equal and
opposite to that of the previous experiment) to maintain this flux.

Meissner was the first to perform such experiments with solid objects,
such as a superconducting sphere. Again, if the sphere is first cooled and
afield is then applied, the lines of force do not penetrate into the material.
The magnetic field inside the sphere therefore remains zero, and this
means there must be surface currents flowing which compensate the
external field. The sphere behaves like a diamagnetic body of permea-
bility zero, or susceptibility —1/4a.

This much could have been foreseen from the infinite conductivity.
However, if the sphere is cooled in the field, one finds that the final
result is the same as before, i.e. surface currents start which reduce the
field inside the sphere to zero.

This result, which is known as the Meissner effect, shows that the
analogy between the supercodducting sphere (or any other singly
connected body) and a substance of zero permeability is complete,
and that under changes of field and temperature the behaviour is rever-
sible. This again shows that the state in which there are currents is a
truly stationary state.

The irreversible behaviour of a ring is due to the fact that, once the
ring is superconducting, no further changes of the flux through it are
possible.

Superconductivity is destroyed when the field on the surface exceeds a
certain critical strength. This critical field, which in general is of the
order of a few hundred gauss, is a function of the temperature, and
vanishes when the temperature reaches 7. Its behaviour is approxi-
mately described by the relation

Hy = A(T%—T?), (11.1)

where A is a constant.

This also means that a superconducting wire is capable of carrying only
a limited current, since stronger currents would produce fields which,
on the surface of the wire, would exceed H,,.

The specific heat of a superconductor is discontinuous at the transition
point, but, in the absence of a magnetic field, there is no latent heat.
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If the transition takes place in a magnetic field, there is a finite latent
heat.

These facts can be related to each other by applying thermodynamics.
If the free energy per unit volume of the superconducting state without
magnetic field is F,, it will in a magnetic field be

F=F+LH (11.2)
8w
This follows from the fact that the induced moment per unit volume,
which is
oF
M= —_—_ 11.
i (11.3)

must equal —H /4, to account for the Meissner effect.

At first sight one might believe that in the magnetic field the energy
of a volume in which the field vanishes should be lower than that of a
normal body because the term H?2/8xw in the electromagnetic energy
density inside the body is missing. However, this reasoning neglects the
fact that the flux which would have gone through the body must now take
some other path, and therefore will increase the field energy elsewhere;
if this is taken into account correctly, the result agrees with (11.2).

The transition to the normal state occurs when the free energy (11.2)
equals that of the normal state F,. Hence

F—F, = —gl;rﬂz,, (11.4)

and by differentiation, using the usual thermodynamic relations,
1 d

— = — 2 .
S,—8, 5 dT(HC), (11.5)
T* d (H%
— B =2 [ZC) 11.6
and E—E, & dT( T) ( )

The difference in the specific heats can be obtained by a further differ-
entiation. These relations are well confirmed by experiment, thus
justifying the assumption that we are dealing with equilibrium states.

Since H, decreases with increasing temperature, the entropy and the
energy content of the superconducting state are less than those of the
normal state. At these low temperatures an important part of the en-
tropy is that due to the conduction electrons, which is proportional to 7'.
From the observed values of I1,, (11.5) contains a part proportional to
T, which just cancels the electronic entropy of the normal state, leaving
only a part proportional to a higher power of 7', probably 7. Thus the
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entropy of the electrons is reduced, and they are in a more ordered
state.

The thermodynamic argument presupposes that as long as the metal
is superconducting the magnetic field inside it necessarily vanishes.

In actual fact, the magnetic field must penetrate into a thin surface
layer of the metal since the surface currents which shield the inside from
the external field cannot be concentrated into a mathematical surface,
but will spread over a layer of finite thickness. This penetration depth
has been studied in many different experiments, and its magnitude is of
the order of 10-5 cm.

The only other properties of the metal that show an anomalous
behaviour at the transition point are the thermal conductivity, which,
for a pure metal, is lower in the superconducting than in the normal state,
and the thermoelectric effects, which disappear.

So far the main features to be explained by a theoretical model are:

(1) The existence of a transition to a state of lower entropy, and of
permeability zero.

(2) The ability of the superconductor to carry circulating currents, if
it is not singly connected, @r to transmit currents without potential
difference, if it is part of a circuit with normal components.
It is often stated that (2) is a consequence of (1), but this has never
been proved.

(3) Quantitative relationships, including the magnitude of the
transition temperature and the critical field, as well as the penetra-
tion depth.

In a study of superconductors of different isotopic composition, it was
discovered (Maxwell, 1950; Reynolds and others, 1950) that the transi-
tion temperature of a superconducting metal is different for different
isotopes, and varies approximately as the inverse root of the nuclear
mass. Thisshows directly that the mechanism of superconductivity must
depend in some essential way on the motion of the atoms in the lattice,
and this at once disproves all earlier theories which tried to explain the
phenomenon in terms of the interaction of free electrons, or electrons in a
rigid potential field, which would correspond to infinitely heavy atoms.

On the other hand, a new theory was put forward by Frohlich just
before the discovery of the isotope effect, in which the main mechan-
ism is the interaction between electrons and lattice waves. It is the only
type of theory which can account for the isotope effect in a natural
manner.
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11.2. Outline of the Frohlich-Bardeen theory

According to Frohlich (1950), superconductivity is due to the inter-
action of the electrons with the lattice waves which, indirectly, results
in an interaction between the electrons.

Consider first a single electron with wave vector k in a lattice in which
there are no phonons. The interaction with the lattice vibrations which
was considered in Chapter VI then gives rise to the possibility of creating
a phonon, with a corresponding change in the electron state to k’. If
in this transition energy is conserved, it becomes a real transition of the
kind that we found important for the resistance of an ideal metal. Even
where such real transitions are not possible, however, transitions in
which energy is not conserved must still be allowed for as virtual transi-
tions, i.e. the electron may spend a part of its time in the state k’, and is
then accompanied by a photon.

Such virtual transitions always result in a perturbation of the energy,
the change in the energy of the electron state being

2 I(k'|4k,s)|?
AB(k) = 2m Z E(KX')+ho(, s)— E(k)’

(11.7)

where the matrix element in the numerator is given by (6.48), and f is
the wave vector of a phonon satisfying the conservation law (6.46).
I have considered only transitions within the same band and omitted
the band suffix [ for simplicity.

Equation (11.7) is the standard result for second-order perturbation
theory. The terms in the sum for which the denominator is positive
correspond to virtual transitions to states in which the sum of phonon
and electron energy is higher than E(k), and they tend to make the
perturbation energy negative, whereas terms with negative denominators
raise the perturbed energy.

A vanishing denominator corresponds to a real transition. If such
terms occur, the expression (11.7) is ambiguous, but one knows from
general theory that one should interpret the sum by imagining that the
denominator has an infinitesimal negative imaginary part. On replacing
the summation by an integration, the result then may be expressed as
the principal value of the integral, which is real and finite, plus one-half
the residue at the pole, which gives an imaginary contribution. An
imaginary part of the energy of the state k represents an exponential
decay with time, and therefore expresses the fact that, because of real
collisions, the electron only spends a finite time in the state k.

In discussing the properties of the lowest state of the whole system,
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such real collisions must, however, be unimportant, since in the lowest
state no energy is available for the emission of a phonon.

As it stands, the energy perturbation (11.7) is of no great interest
since it amounts merely to a very small correction to the electronic
energy function, which, in any case, is not known to high accuracy.

However, as Frohlich noticed, the same effect causes an interaction
between the electrons. If several electrons are present, we must omit
from the sum in (11.7) any states k' which are already occupied, since by
Pauli’s principle an electron cannot make a transition, either real or
virtual, to an occupied state. Hence the energy correction for all
electrons becomes, in this approximation,

2 z (k'] 4k, 8)[*n(k){1 —n(Kk’)}
2m s E(k)—E(K')—fw(f,s) ’

where n(k) is the occupation number.
We now divide this expression into two parts. The part due to the 1
in the numerator is just the sum of (11.7) over all occupied states, and is
therefore equivalent to a small adjustment in the energy function. This
feaves L5 (KA ) Pa(kn(k) (11.9)
2n & B(K)—E(k')—fiw(f,s) - '
This expression may be written in a more symmetrical form by com-
bining each term with the one in which k and k’ are interchanged. These
two terms have the same matrix element, and belong to opposite phonon
wave vectors, which have the same frequency. This gives
_h Z fiw(f, s)| (k'] 4 |k, 3) |*n(k)n (k')
2n L (B(K)— B(K)P—{foo(t, )

The value of this expression is now sensitive to the distribution of the
electrons. Two electrons of the same energy, but moving in different
directions, contribute to (11.10) a positive term. However, if their
energy is slightly different, by just the amount which corresponds to a
real transition, the denominator changes sign. For all greater energy
differences the denominator remains positive, thus giving a reduction
of the energy.

This interaction therefore favours electron arrangements in which
fewer electrons occupy immediately adjacent points in k space, and more
of them are separated by distances sufficient to make the denominator of
(11.10) negative.

Frohlich has evaluated the integral arising from (11.10) for the case
in which the electrons may be regarded as free, and the lattice waves

(11.8)

(11.10)
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as those of an isotropic medium. He calculates the interaction energy for
a state in which the electrons occupy a sphere about the origin in k space,
and in addition a concentric shell, with the inner radius of the shell
larger than that of the sphere by a gap a, equal to the thickness of the
shell. For a = 0, this reduces to the solid sphere, and hence gives the
Fermi distribution at 7" = 0. Frohlich finds that the interaction energy
is lower for a finite gap width than for @ = 0. The most favourable
value of a corresponds to energy differences of the same order as found in
electron-phonon collisions, and the ratio of the width a of the gap to the
radius of the sphere is therefore of the order of the ratio of the velocity of
sound to the electron velocity, i.e. of the order of 10-3.

Hence the magnitude of the energy reduction can be estimated in the
following way : the denominatorin (11.10) is of the order of the square of a
phonon energy; in the numerator the first factor is a phonon energy,
and the square of the matrix element (including the factor %) is, by
the estimate (6.62), of the order of D, where Disan electronic energy. The
number of terms making large contributions to (11.10) is given by the
number of pairs of states which lie within the shell or within a similar
surface layer of the main sphere. This makes the number proportional
to N%(fiw)?/D?, and the reduction in interaction energy of the order

N(fiw)?
o

(11.11)

On the other hand, the unperturbed electron energy is lowest for the
usual Fermi distribution, i.e. for the solid sphere, and by creating the
shell it is increased by an amount which is again of the order of (11.11),
since we raised Nfiw/D electrons by energy amounts of the order fiw.

According to whether the change in the interaction energy or in the
unperturbed energy is the greater, the sphere with shell or the solid
sphere represents the state of lowest energy. It is not known whether it
would be possible to construct a state of still lower energy, but the order
of magnitude of the reduction would not exceed (11.11).

This argument suggests that certain metals have at 7' = 0 a state in
which the electron distribution is rather different from the usual Fermi
model. As the temperature is raised, the distribution remains at first
similar, but the number of low excited states of the metal will be less
than usual, since the energy is now very sensitive to the details of the
electron distribution, so that a slight displacement of an electron in
k space is of importance. It is therefore reasonable to expect the
entropy of this state to be lower than that of the normal state;
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as the temperature rises there will come a point where the normal state
is stable. This question has not yet been investigated in detail.

The quantity (11.11) is certainly of the same order of magnitude as
the observed energy difference (11.6) at T = 0. Since the electronic
specific heat of the superconducting state is at low temperatures much
less than that of the normal state, and since there is no latent heat at the
transition point, the electronic energy content of the normal state at
T, should approximately equal the energy difference at 7' = 0. Using
(11.11) for the latter, this gives also the right order of magnitude for 7).

If we compare different isotopes, the quantity (11.11) is proportional
to the inverse of the atomic mass, since the vibration frequencies vary
inversely as the root of the mass, and since the thermal energy of the
electrons in the normal state varies as 72, this makes 7', proportional to
the inverse square root of the mass. This result is compatible with the
observed isotope effect, though the power law M-+ is not yet established
with accuracy.

A theory based on essentially the same mechanism, but using a
different method of approximation, has been given by Bardeen (1950)
(see also Bardeen, 1951). In this the use of the perturbation formula
(11.7), which for small energy* denominators is very questionable, is
avoided by using instead a variational method. The results are very
similar to Fréhlich’s. This method, however, proceeds by constructing
a separate wave function for each electron in interaction with the lattice
vibrations, using wave functions which are not orthogonal to each other;
it also cannot be claimed to be rigorous.

11.3. Effect of a magnetic field

A suggestion for describing the Meissner effect is due to London (1948).
The interaction of an electron with a magnetic field of axial symmetry
may be written (cf. (7.10))

e?q2

e
_Apd:‘f‘m:

— (11.12)

where r is the distance from the axis, the vector potential has a com-
ponent only in the azimuthal direction, and P4 is the angular momentum
about the axis. If the potential in which the electron moves has axial
symmetry, then py has discrete values. If we fix our attention on a state
with py = 0, or on a number of electrons for which the average value
of py vanishes, then their energy in the field is increased by the second
term. If their density » in space is approximately constant, the total
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energy density would then depend on the field by a term

ne24?
W > ( 1 l . l 3)
and the current density would be
. oE ne?4

If this result is inserted in Maxwell’s equations, one finds that the vector
potential decreases exponentially from the surface of the body inwards,
the mean penetration depth being of the order

mc? \}
(i

This consideration is used in an attempt by Frohlich (1951) to show
that his model leads to a result similar to (11.14). He argues that in a
normal metal the term (11.13) is compensated by the fact that electrons
are transferred from states of positive py to states of negative P4 even
though, to satisfy the Pauli principle, this requires an increase in their
kinetic energy. The net result is just to cancel the energy change, except
for the small diamagnetism of a normal metal. If the electron energy is
more sensitive to the electron distribution, it would require more energy
to redistribute the electrons, and therefore the term (11.13) would no
longer cancel exactly, and a fraction of the current (11.14) would remain,
thus giving a Meissner effect with a somewhat greater penetration depth.

This argument overlooks the fact that the interaction of the electrons
with the lattice waves no longer leaves the angular momentum of the
electrons constant; the first term in (11.12) therefore is no longer just a
constant energy shift for each state, but causes a perturbation which
gives also second-order contributions proportional to 42. It would have
to be shown that these do not cancel the remainder of (11.13).

An alternative explanation is proposed by Bardeen (1950) who
regards the Meissner effect as the case of a strong electronic diamag-
netism. Since, according to Chapter VII, the diamagnetic susceptibility is
inversely proportional to the square of the effective mass of the electrons,
a decrease of this mass by a factor of the order 102 would make the
susceptibility of the order of —1/4m as required for the Meissner effect.
Since on the present model of superconductivity it takes much more
energy than usual to change the state of an electron, this is equivalent
to a very small effective mass. However, the use of the simple formula
for the susceptibility in such circumstances is not justified, since the
induced moment is proportional to the actual field at each point. In the
language of the phenomenological equations, the induced moment should
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in this case be expressed as x B, rather than yH. In the case of ordinary
diamagnetism, this difference is unimportant, but it follows that a
negative infinite y would be required to make the permeability zero.
This also follows from the fact that otherwise an even smaller effective
mass might make the permeability negative, which would not make sense.

11.4. Objections and difficulties

In spite of the many encouraging features of the model, there remain
a number of serious difficulties.

(1) The use of perturbation theory is very doubtful when the perturba-
tion is large enough to reverse the order of different states of the system.
This is particularly serious when one is dealing with a continuous spec-
trum for each electrén. The expression (11.9) may be interpreted as a
collision in which the virtual phonon emitted by one electron is absorbed
by another in such a manner that the electrons exchange their wave
vectors. Because of the identity of the electrons, this still leaves the
system in the original state. Evidently, however, a collision in which the
electrons exchange a phonon and both change their states in a more
general way may still conserve energy, and therefore is of equal impor-
tance. To take such terms into account one would, however, have to
start from a wave function which allows for correlations between the
electrons. Even the variation method of Bardeen, which avoids perturba-
tion theory to some extent, does not seem capable of handling this
problem.

A more recent paper by Frohlich (1952) substitutes a canonical
transformation for perturbation theory. Since, however, a great
number of approximations are made in carrying this out, it is not yet
clear whether the result is, in fact, more accurate.

(2) According to Wentzel (1951), the same interaction which leads
to (11.7) also leads to a dependence of the perturbed energy on the number
of phonons present. If the coupling is strong enough to satisfy Frohlich’s
criterion for superconductivity, the perturbation decreases sufficiently
strongly with phonon number to outweigh the unperturbed phonon
energy. In other words, the energy of a phonon would now be negative,
implying an instability of the lattice.

For a one-dimensional model this result was obtained by Wentzel
without using perturbation theory. There is a close connexion between
this result and the remark in § 5.3 that any deviation from perfect
translational symmetry of a linear chain of unsaturated atoms must
lead to a decrease of energy. The difference between these points of view
is that in § 5.3 we were discussing the effect of a static potential, whereas



§11.4 SUPERCONDUCTIVITY 221

Wentzel’s argument allows for the motion of the atoms. In the simpler
case of atoms at rest, it is clear that, as in Jones’s theory of bismuth,
the effect will lead merely to a new equilibrium configuration of a less
regular structure, and it is likely that the same would happen in Wentzel’s
model if one were to treat the forces between the atoms more exactly
than to the harmonic approximation. However, one would then not be
justified in using a treatment in which the atomic displacements from the
regular structure were regarded as small.

We saw in § 5.3 that this effect tended to alter the band structure
in such a way as to have the actual electron gas just fill one band com-
pletely, and at first sight this suggests that the resulting state of lower
entropy should have a poor conductivity rather than superconductivity.
It is therefore particularly important to examine carefully whether the
‘superconducting’ state of the Frohlich model really possesses the electric
and magnetic properties of a superconductor.

(3) The model results in an indirect interaction between electrons,
with phonons as intermediaries. This is a very weak interaction, and
therefore does fit in with the very low transition temperatures and small
energy differences observed in practice. However, it seems inconsistent
to include this small effect and neglect other causes of interaction, in
particular the electrostatic interaction between the electrons, which
also produces correlations between them, unless one can see that the
indirect interaction has qualitative consequences which are insensitive
to the presence of electrostatic forces.

In fact, Heisenberg (1947) had proposed an alternative theory based
entirely on the electrostatic interaction, which also seemed capable of
producing a change of state at very low temperatures. The method used
is perturbation theory of a type similar to that of the preceding section,
and therefore open to the same objections. From the isotope effect, it
is now clear that the electrostatic effect, which is independent of the
motion of the nuclei, cannot by itself be the cause of superconductivity,
but its influence on the indirect interaction remains to be discussed.

Wentzel suggests, in fact, that the electrostatic interaction is impor-
tant to correct the lattice instability to which he has drawn attention,
but it is doubtful whether it is necessary for this purpose, and whether
it could do this.

These brief remarks on the most fascinating problem of the theory of
solids will have to suffice. With the isotope effect as clue, and the
Fréhlich-Bardeen model as a starting-point, further progress may be
expected in this field.
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LIST OF SYMBOLS

Symbols are not listed here if they occur only in immediate context
with a statement defining them. Conventional mathematical symbols
are not listed. References to defining equations are given only when a

verbal statement of the meaning is inconvenient, or inadequate.

Symbol Meaning Page | Equation | Used only tn
a lattice spacing 1
a, lattice vector 4
Agpa coefficient of harmonic term (linear chain)| 11
Ajn:in coefficient of harmonic term (general) 14
A vector potential
(-o-]4]-..) scattering matrix element 126
b(...) coefficient of cubic term in terms of nor- 36
mal coordinates
B(...) 38 | (2.49)
B coefficient of cubic term (linear chain) 11
.n:j'n:5°.n"| coefficient of cubic term (general) 14
c velocity of sound
c velocity of light Chapters
III, VIL, X
c(...) coefficient of quartic term in terms of | 39
normal coordinates
c(...) 39 (2.54)
C reduced interaction constant 130
d; position of atom in cell 4
D order of magnitude of band width 130 Chapter VI
D diffusion coefficient Chapter X
e electron charge
e charge of ion
Ef‘ energy
Ei(k) energy of electron state 77
E electric vector §9.1
f wave vector of lattice wave 15
f(E) Formi function 91
F free energy
F form factor § 3.2
F electric field intensity
g(...) distortion of phonon distribution 49 Chapter IT
g(...) distortion of electron distribution 128 Chapter VI
Gy(...) distortion of phonon distribution 128 Chapter VI
G Fourier transform of force constants 15
g wave vector of spin wave 168
3 = h/2m
h Planck’s constant
H magnetic field intensity
I electron interaction 132
J label of site in cell 4
J total wave vector 42 Chapter IL
J current density 118 Chapters VI,
VIIL
k Boltzmann’s constant
k light or neutron wave vector 55 Chapter III,
§8.5
k electron wave vector 77
K reciprocal lattice vector 16
L linear dimension of crystal 15
14 band label 77

3606.93



LIST OF SYMBOLS

Meaning Page | Equation | Used only in
electron mass
effective mass 90
atomic mass 11
mass of crystal 19
mass of unit cell 19
cell label 1
number of electrons per state 117
total number of cells
phonon number 25
electron momentum 83 §4.3
normal coordinate 17
wave vector difference 59
normal coordinate of progressive wave 17
general radius vector
number of atoms per cell 4
position of atom
Hall constant, §§ 7.4, 10.3
type of lattice wave 17
energy transport 120
kinetic energy § 1.7
temperature except in § 1.7
atomic displacement 11
wave function without phase factor 77 (4.9)
potential energy 7
atomic potential 79
volume of erystal 16
potential energy of electron 76
electron velocity 87
relative amplitude in normal mode 17
work function N 97
coordinates
partition function 35 Chapter II
number of electron states 93 except
Chapter II
« interaction integral 166
B = 1/kT
B overlap integral 166 Chapter VIIL
v exchange integral 166 Chapter VIII
8z Dirac delta function
Six Kronecker symbol
A generalized Kronecker symbol 38 | (2.50)
€ polarization vector
L] Fermi energy 92
® Debye temperature 30 Chapters I, VI
(C] Curie temperature 162 Chapter VIII
K thermal conductivity
A mean free path
® Bohr magneton
® component of electron spin 165 §8.2
v general label for atomic coordinate 19
P density
P surface density of electron states 116 §6.1
o label for progressive lattice waves 17
4 electric conductivity
T collision time 116
é scalar potential §10.4
é general label for normal coordinate 19 Chapter I
é(r) atomic wave function § 4.2, Chapter
VIII
] electron wave function 76
® frequency
w(f, 8) frequency of lattice wave 17
Q Larmor frequency 145 Chapter VII
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(A4 bold-face page number indicates the main reference or the explanation of the term.)

absorption: of infra-red radiation, 54; of
light, 188 ; of X-rays, 188.

— edge, 192.

acceleration, 87, 156.

acceptor, 197.

acoustical branch, 30, 56.

adiabatic approximation, 4, 111.

alkali halides, 21 ; see NaCl type lattice.

alkalis, 6, 138, 159.

anharmonic terms, 31.

anti-ferromagnetism, 181.

anti-Stokes line, 69.

background scattering, 64.

band, 81, 86, 89, 197.

basic cell (of reciprocal lattice), 17, 36, 77.

bismuth, 113, 152.

Bloch theorem, 75, 126, 130, 131.

blocking layer, 205.

body-centred cubic lattice, 2, 16, 82, 104,
171.

Bohr magneton, 143.

Boltzmann equation, 45, 117, 127, 156,
160.

boundary region, 121, 132.

Bragg’s law, 61, 84, 87, 112.

Brillouin zone, 77, 87.

bulk modulus, 24, 32.

centre of symmetry, 7.

characteristic temperature, 30, 133, 135.

coherent scattering, 59.

collective electron model, 173, 178.

collision time, 115, 116, 120, 133, 139, 156,
184, 201.

collisions: between electrons, 131, 138;
between electrons and phonons, 126, 136,
217; betweeen phonons, 41, 46, 53, 133,
136.

commutation law, 24, 151.

compressibility, 24, 101.

conservation laws, 43, 128.

contact potential, 97.

cores, 96, 102.

correlation, 103, 106, 176.

critical field, 212.

cubic terms, 11, 32.

Curie point, 162, 173.

cyclic condition, 13, 15, 76, 146.

Debye model, 29, 33, 136.

Debye-Scherrer method, 61.

Debye temperature, see characteristio
temperature.

degenerate electron levels, 76, 81.

— Fermi gas, 92, 144, 200.

density matrix, 47,

detailed balancing, 116.

diamagnetic susceptibility, 149, 162, 219.

diamagnetism, 144.

diamond, 6, 10.

dielectric constant, 185.

diffraction of X-rays, 58, 112.

diffusion coefficient, 204.

distorted structure, 108, 112,

domain, 161, 179,

donor, 197.

double layer, 96, 104.

drift of phonons, 137.

Dulong-Petit, 30.

duration of collision, 124.

dynamical theory, 63.

effective mass, 91, 106, 152, 199, 219.
Einstein relation, 204.

elastic constants, 22, 101, 108.
electric conductivity, 118, 134, 136.
— — of semi-conductors, 199.

— current, 118.

— field, 88, 120.

electron diffraction, 86.

electrostatic forces between ions, 9, 57.
emission of X-rays, 189.

energy of vibration, 20, 25.

— surface, 116.

— transfer in collisions, 135.

— transport, 42, 51, 120.

entropy, 213, 217.

exchange, 163, 182.

— integral, 167, 174, 181.

exciton, 194.

face-centred cubic lattice, 2, 16, 104, 171,
Fermi-Dirac statistics, 91.

Fermi energy, 95, 97, 199.

— function, 92.

— surface, 113, 138.

ferromagnetic susceptibility, 180.
ferromagnetism, 161.

form factor, 59, 62.
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Fourier coefficients, 63.

four-phonon processes, 43, 51.

fourth-order terms, 36, 39, 43, 51.

free electrons, 83, 118, 186, 192.

— energy, 31, 145, 213.

frequency of lattice vibrations, 13, 17, 28.

Frohlich theory of superconductivity, 114,
215.

graphite, 10.
Griineisen’s law, 33.

de Haas-van Alphen effect, 154.
Hall effect, 155, 202.

harmonic oscillator, 35.

Hartree method, 102.
Heitler-London model, 16(4, 193.
hexagonal close-packed lattice, 3, 32.
hole, 91, 159, 193.

homopolar bond, 6, 10.

hysteresis, 180.

imperfection and impurities, 40, 52, 115,
121, 134.

impurity semi-conductor, 198.

infra-red absorption, 54.

insulator, 89, 197.

interaction between electrons, 89, 103, 115,
132, 164, 173, 198, 221. >

ionic lattice, 6, 9, 31, 54, 194.

isotope effect, 214, 218.

Jones theory of Bi, 113, 155, 221.
Joule heat, 117.

Larmor frequency, 145, 157.

lattice, 1.

— vector, 1.

Laue method, 61.

light waves, 26, 184.

linear chain, 11, 67, 79, 83, 108, 165, 183.
longitudinal waves, 21, 43, 44, 51.
Lorentz-Lorenz factor, 187.

magnetic field, 88, 143.
magnetization, 179.
magneto-resistance, 155.
mean free path, 40, 52, 116, 202.
Meissner effect, 211, 218,
metal, 6, 75, 89, 197.
metallic bond, 11, 101.
mobility, 158.

molecular field, 161.

— solid, 6, 31.

mosaic structure, 8.

NaCl type lattice, 3, 32, 192.
neutrons, 70, 177.
non-diagonal terms, 151, 154,

INDEX

non-metal, 6, 75.
normal coordinates, 14, 15, 36, 126.
— vibrations, 12, 165, 17.

optical branch, 30, 56.
orthogonality, 18.
overlap, 10, 166, 182, 183.

paramagnetism, 143.

Pauli principle, 10, 89, 102, 103, 116, 216.

penetration depth, 214.

periodic potential, 75.

perturbation theory, 40, 80, 83, 124, 141,
215, 220.

phase relations, 47, 123.

phonon, 26, 41, 54.

phosphor, 209.

photoelectric effect, 190.

photon, 55, 70, 188, 191.

positron theory, 91.

potential barrier, 83, 99.

quantum number, 25.
quartic terms, see fourth-order terms.

Raman effect, 55, 70.

reciprocal lattice, 16, 36, 41, 60, 77, 126.
recombination, 208.

rectitfication, 205.

rotating crystal method, 61.

scattering: of light, 55, 68 ; of neutrons, 70,
177; of phonons, 52.

screening, 131.

semi-conductor 76, 197,

shear, 7.

simple cubic lattice, 1, 16, 171.

— hexagonal lattice, 2.

size effect, 53.

sound velocity, 29, 40.

— wavoes, 21, 26, 53.

specific heat: of lattice, 27, 34 ; of electrons,
93 ; of superconductor, 212.

spin, 89, 143, 161.

— complex, 169.

— waves, 164, 178.

stability of equilibrium, 7, 220.

standing waves, 85.

Stokes line, 69.

Stosszahl-Ansatz, 123.

strain, 24, 34.

strongly bound electrons, 79, 164.

superconductivity, 211.

surface, 95, 187, 190, 193.

— waves, 100.

temperature gradient, 46, 120.

thermal conduectivity: of electrons, 120,
138; of lattice, 40, 45, 128.

— expansion, 31, 39.
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thermionic emission, 98.

transition probability, 40, 55, 115, 122,
126, 189.

— temperature, 211.

translational symmetry, 75.

translation group, 1.

transverse waves, 21, 43, 44.

trapping, 196, 209.

two-dimensional crystal, 67, 183.

Umklapp process, 41, 50, 53, 137, 139.
uncertainty principle, 45.

variation principle, 80.
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velocity of electron, 87.
volume effect, 192.

van der Waals forces, 9.

wave number, 13.

— vector, 15, 43, 126, 188, 193.
— packet, 45, 87, 120, 156.
Weiss model, 161, 168, 181.
Wiedemann-Franz law, 121, 134.
Wigner-Seitz method, 104, 189.
work function, 97.

zero-point energy, 26, 27, 135.
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