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PREFACE

It has been the authors’ aim to write an introductory book on differ-
ential equations which is of particular interest to students who need to
know mathematics rather well because of their work in science and engi-
neering. Our selection of material and method of presentation is intended
to give students of this kind as much of a working knowledge and under-
standing of ‘the subject as can be accomplished on the introductory level.
However, it is our hope that mathematics majors as well will find our
approach of interest.

We think that it is possible to see two major aspects to a study of dif-
ferential equations. One of these aspects is concerned with the translation
of problems from the fields of science and engineering into mathematical
equation form. The other has to do with ways of solving the mathematical
equations, so as to extract information of interest from them.

We have, as is customary, included many relatively simple examples
of how to formulate scientific and engineering problems as differential
equations. We are, however, inclined to feel that it is a present-day trend
to delegate this task more and more to the teacher of physics, mechanics,
engineering, chemistry, and even economics. Consequently, we have ar-
ranged the material in such a manner that it is possible to omit material
on “setting up” of differential equations without affecting the continuity
of the text.

Concerning the contents of our book, we may make the following re-
marks. We begin with a chapter on geometrical and physical problems.
This chapter may be omitted or portions of it may be inserted at suitable
places throughout the text.

Our second chapter deals with the first order equation. We illustrate
the difference between general, particular, and singular solution and then
discuss some of the cquations which can be solved in closed form. We
next take up power series solutions, first. for lincar and then for nonlinear
problems. Part of what we are doing here is for the purpose of facilitating
subsequent. work on higher order equations. We have included sections,
which we think will generally be left for further reading by interested
students, on convergence of series solutions and on the possibility of some-
what unusual power series expansions.

Chapter 3 deals with the second order equation. Again we talk about
general, particular, and singular solution. After treating the important
equation 3’ = f(y, ¥’) in the conventional way, we concentrate on the
linear equation and stress the notions of the superposition principle and
of the general solution. This is followed by a detailed treatment of the
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equation with constant coefficients and of the equidimensional equations.
After this we turn to the method of variation of parameters and from there
we proceed to power series methods. We begin with Taylor series expan-
sions and the notion of the ordinary point. We go on to more general
power series expansions and to the notion of the regular singular point.
(Some of this material need not be taken up during a first study.) The
chapter concludes with an explicit treatment, of Bessel’s differential equa-
tion.

Chapter 4 is on the nth order equation. In it we amplify some of the
work on the second order equation. We also introduce the Laplace trans-
form method for the initial value problem of the nth order equation with
constant coefficients. '

Chapter 5 is the final chapter on the theory of ordinary differential
equations. In it we discuss systems of simultancous first order equations.
Renewed discussion is given to the notions of general solution, of initial
value problems, and of the superposition principle. Systems with constant
coefficients are treated in the traditional way and also by means of the
Laplace transform. Of interest should be the treatment of the method of
variation of parameters which becomes particularly simple for first order
systems.

Chapter 6 begins with a discussion on how to find numerical values
for the solution of a differential equation. We discuss application of the
trapezoidal rule and of Simpson’s rule to the step-by-step solution of first
order equations. This leads us to equation solving by iteration, and from
there we go to Picard’s method as a device for obtaining approximate solu-
tions. The remainder of the chapter is devoted to the existence and unique-
ness proof by means of Picard’s method. To simplify the treatment the
work is in two steps, first on equations for which we can prove existence
and uniqueness for all values of the independent variable, and then for the
larger class of problems where we are dealing with a finite interval.

Chapter 7, which is motivated in part by the work on numerical pro-
cedures, contains a brief treatment of finite difference equations. We con-
sider first order equations and higher order equations with constant coef-
ficients, including the method of variation of parameters. In conclusion
we illustrate some of the possible difficulties in connection with approxi-
mating differential equations by difference equations.

In the final chapter, Chapter 8, we attempt an introduction to the sub-
ject of partial differential equations. Starting with equations such as
az(x, y)/8z = 0, we introduce the notion of arbitrary function and from
this we go on to the quasi-linear first order equation with two independent
variables. For this equation we discuss the solution by means of the char-
acteristic equations and, by way of the notion of characteristic curves,
look into what may happen in regard to prescribed initial conditions.
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Going on to second order equations, we elected to concentrate on the
separation of variables method, illustrated by various problems concerning
the conduction of heat. The basic notions are brought home by considering
in succession different versions of the way in which they occur. We intro-
duce Fourier series, in action as it were, leaving a detailed treatment to
more advanced courses. Finally, by considering an axisymmetrical prob-
lem, we exemplify the use of Bessel functions and give an inkling of or-
thogonal series other than Fourier series.

It should be apparent from the foregoing description that one of our
aims has been to establish a number of fundamental notions rather firmly
in the reader’s mind, by considering them not just once but by returning
to them on several occasions, each time in a slightly different context.
We have also attempted to motivate the individual developments in this
book in as natural a way as we knew how. We hope that we may in this
way contribute not only to the reader’s knowledge of differential equations
but also to his ability to think about problems of mathematical analysis
in general.

As for the use of this book as a text, we have found that about two-
thirds of it can be covered in a one-semester, three-hour course. Our own
selection of material for such a course would be as follows: Chapter 2, Sec-
tions 2-1 through 2-7, 2-9 through 2-12; Chapter 3, Sections 3-1 through
3-13, 3-15, 3-16; Chapter 4, Sections 4-1 through 4-8; Chapter 5, Sections
5-1, 5-2, 5-5 through 5-7; and 8 to 10 lessons selected from one of the
Chapters 6, 7, and 8. We like the idea of having extra material for volun-
tary reading by some of the students.

W.T. M., E. R.
Cambridge, Mass.
December, 1955
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CHAPTER 1
NATURE AND ORIGIN OF DIFFERENTIAL EQUATIONS

1-1 Introduction. Many of the basic laws of physics are formulated
quantitatively by mathematical relations involving certain functions of
space and time and various derivatives of these quantities. Mathematical
relations of this kind are called differential equations.

There are at least two aspects to a study of differential equations.
One of them is to learn how to describe a phenomenon in terms of dif-
ferential equations. To illustrate, we may know that Newton’s Law for
the motion of a particle of fixed mass is mass times acceleration equals
force, but it is a long way from this to the differential equations governing
the behavior of airplanes in flight. A problem of this sort is so complex
that it must be broken down into many parts. A part of the problem has
to do with the flow of fluids, another part with thermodynamics, and still
another part with the deformability of the structure of the airplane, to
mention just a few of the questions which arise. Each part of the problem
must be simplified as far as possible by elimination of unimportant effects
in order not to lose sight of ‘its essential features. In this process of
simplification experimental evidence and past experience with related prob-
lems play an important role.

Once differential equations describing a phenomenon have been formu-
lated the next step is their solution, so as to obtain information on the
behavior of the system under investigation. This is the second aspect of
the study of differential equations.

In the field of differential equations, as in other fields of science, re-
search workers continue to obtain new results of practical as well as of
theoretical importance. Recently developed automatic high-speed com-
puting machines are a useful tool in some of this work.

1-2 Examples of differential equations. One of the basic problems of
calculus is the determination of a function y = f(z) when its derivative
dy/dz is a given function of z. The solution of this problem is effected
through the process of integration. Given the relation

B2 g, m

the function y is obtained in the form

= [v@ dz + @
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In some cases the integral on the right of (2) can be expressed in terms of a
finite number of known functions (“in closed form’), for instance when
g(x) = z, or g(x) = 2 sin 3z, or g(z) = 7' Inz + 3 tan2z + Vzr —1.
In other cases this is not possible and the integral must be evaluated by
the use of infinite series or by application of numerical procedures such as
Simpson’s rule.

Equation (1) is a particularly simple case of what is called a differential
equation. The theory of differential equations is concerned with relations
which are more general than Equation (1) and with methods of solution
which take the place of the step from Equation (1) to Equation (2).

In some instances this generalization does not offer any particular
difficulties. For example, the differential equation

dy _ g(@)
&y 3)
may be written in the form
) J y2> )
2() - o, @

and consequently its solution is
y2
2—=fg(x) dr + ¢ (5)

or

y=/‘/2fg(x)dx+2c. )

A fairly general class of equations which includes (1) and (3) as special
cases is the following:

dy d"y)_
f(xyy:a;) ’%; = 0. (7)

In Equation (7) a relation is specified between an independent variable, z,
a dependent variable, y, and the derivatives of this dependent variable.
Since the highest derivative in (7) is the nth derivative, Equation (7) is
called a differential equation of the nth order.

A solution of the differential equation (7) is a relation of the form

g(x,y) =0, (8)

which has the property that whenever z and y are related in this form then
z, y and the first n derivatives of y obtained from (8) by differentiation
satisfy (7) identically.
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To give a simple illustration of the foregoing statement, the second
order differential equation
f@y,y, )=y —z=0
has the solution

gz, y) =y — 32 +car+ =0,

where ¢; and ¢, are arbitrary constants.
The following are some further specific examples of nth order dif-
ferential equations:

dy 2 _ _
a—x-+y+x—0, (n=1) 9)

dy\* .(dy> 2 dy _ _
(a>+sm Yy +x(—i;+1—0, (n=1) (10)
dJ+2 Ltsy—4=0, (n=2 (11)
d4y+xdy+y—1—x—0 (n =4) (12)

We shall see later that certain of these equations can be solved quite
easily, while others are difficult indeed.

Equations (2) and (6) are examples of solutions of simple differential
cquations of first order. In a sense we may say that solving these first
order equations means reducing their order from first to zeroth order.
Analogous steps are often possible in connection with higher order dif-
ferential equations. For example, the second order equation

dy _ dy
@t
may be reduced, by simple integration, to the first order equation
%-J+x+c.
where ¢ is an arbitrary constant. While such a reduction of order is not
by itself a solution, it represents a step in the direction towards obtaining
the solution and as such is often of great importance.

We have so far discussed functions y of one independent variable z
and differential equations for such functions. We may also consider
functions depending on several independent variables. As an example,
we may have a function 2z depending on the two independent variables
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z and y. The function z has two first order partial derivatives, 9z/dx
and dz/dy. A relation of the form

(mnaZ ) =0 (13)

is called a partial differential equation. Because (13) contains first deriva-
tives and no higher derivatives it is a partial differential equation of the
first order.*

A celebrated partlal differential equation of the second order is the
following:

az-+ (14)

It happens that there is a close connection between this equation and the
theory of functions of a complex variable z 4+ 4y. Due to this circum-
stance, a great deal more is known about the solutions of this partial
differential equation than about the solution of other equations which on
the surface appear to be no more difficult than (14).

EXERCISES
1. Verify that
@)y =22 +c¢ L)y =€ +c¢ @yr —ec =0
are solutions of the differential equations
@y -2z =0 (b) 2y'y = ¢€* @yz+y=0
2. Solve
d_.y @ 3z 2
®) 5z =2 ®) g = 2 () TVi- 2
@ =2 ﬂ 3 dy in—!
(d) e (e) Flall (f) g = SinT'z
3. Solve
dy dy_ dy
(a) el (b i yx () Fria
oody T dy_
(d)smydz-:c ()\/] J.dx

w(%f—f-o @(3)— Wyamo

* A differential equation which does not involve partial derivatives is often
called an ordinary differential equatlon Equations (9) to (12) are examples of
ordinary differential equations in this sense.
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4. By direct integration, reduce the order of each of the following differential
equations as far as possible.

&y _dy dy

(a)dxz pT1=0 (b) Yr1=0 ()dz?+2-"
- i by _
(d) Y+2=0 @ % +2d$2 1 (f)dz‘+dz

1-3 Geometrical problems. Many questions of a geometrical nature
require for their answer the solution of a differential equation.

We know that for a plane curve with equation y = f(z) the angle ¢
which the tangent to the curve at a point (z,y) makes with the z-axis is
given by the relation

dy

tan ¢ = I (1)
The radius of curvature R at a point (z, y) of the curve y = f(z) is given by
1 dy/dz*

R~ [+ (dy/dayTr

If we now ask for the equation of all curves with the property that the
slope or the radius of curvature of these curves bear some specified rela-
tion to the coordinates of points on the curves we are led to a differential
equation the solutions of which give us the required curves.

ExampLE 1. Determine all plane curves for which the part of every
tangent between the z-axis and the point of tangency is bisected by the
y-axis.

Since the y-axis bisects the part of the tangent between the z-axis and
the point P(z, y) of tangency (Fig. 1-1), the point at which the tangent
crosses the y-axis must have the coordinates (0, 3y). The slope of the
tangent is then given by

)

Y _
tan ¢ = o
and the differential equation of the

problem has the form

dy _ y
= = 5 4)

v

If we write (4) in the form

ldy_diny_ 1
y dz dzx 2z’ Figure 1-1.

T
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its solution is obtained by ordinary integration:

Iny=4%In|z|+ec (6)
An alternate form of the solution (6) is
y* =Clz], @

where ¢ = .

The constant of integration C can be determined by the requirement
that the curve y2 = Cx pass through some specified point (2q, ¥o). For
instance, if we ask that it pass through the point (2,3) we find C' = $.

ExampLE 2. Determine all plane curves such that their radius of
curvature at a point z,y is equal to k-times the distance of this point from

the origin.
We have’
R = kva? 4+ o ®)
The differential equation of the curves follows by combination of (8)
and (2):
dy)2]3l2 _ . /2 d?y
[+ ] -+ ©)

There is no such simple direct way of solving this differential equation as

for the differential equation of Example 1.
Sometimes it is more copvenient

for the formulation of problems to

use coordinates other than cartesian
coordinates, for instance polar co- , -
ordinates r and 6. The expressions SradNJ”
for sloping angle ¢ and radius of o
curvature R in polar coordinates S
are (Fig. 1-2) Pl
tan (¢ _ 0) - ng, (10) Flgure 1-2.
dr
1 _de _ 1" — r(d’r/d8") + 2(dr/do)’ an
R ds  {rP & @rjdeepr

ExampLE 3. Determine all plane curves with the property that at each
point the tangent angle ¢ is k-times the polar angle 6.
We have ¢ = k6 and this together with Equation (10) gives the dif-
ferential equation :
de

tan [(k — 1)8] = ra. (12)
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The differential equation (12) is again simple enough to be solved by direct
integration. When k # 1 we write (12) in the form

ldr _dlnr

e = = k — 1)6]. 13

r db do cot {( )6) (13)
From this we obtain as the polar equation of the required curves

1

g 1]n{sin [(k — 1)8]} + ¢

Inr =

or
r = C{sin [(k — 1))}, k=1, (14a)

where ¢ = ¢°. When k = 1, the differential equation (12) reduces to
d8/dr = 0 and from this

0 =c, k=1 (14b)

ExampLE 4. Obtain the differential equation of Example 2 in polar
coordinates , 6.

We write Equation (8) in the form R = kr and combine this with (11).
The resulting differential equation is

| P R

At first sight this seems to be little simpler than (9). Equation (15) does,
however, have one important advantage over (9) which we shall appreciate
later on. While (9) contains the independent variable z as well as the
dependent variable ¥ explicitly, Equation (15) does not contain the inde-
pendent variable 8 explicitly.

A slightly different situation exists when the area under a curve is re-
quired to be in some prescribed relation to other geometrical properties
of the curve. The following example will illustrate this.

ExampLE 5. Determine all plane curves passing through the point
(a, b), with b > 0, such that at any station z > a the area under the curve
in the interval (a, ) is proportional to the difference between the final and
initial ordinates.

The curves which are defined in this way must be obtained from the
relation

]:y dx = k(y — b). (16)
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To determine y as a function of z we can differentiate (16) with respect
toz. This leads to the differential equation

dy

which has the solution
klny=2z+4+¢c (18)

or

y = Ceé", (19)
where C = ¢”*. The value of the constant C follows from the condition
that y(a) = b, giving C = b ¢** and

Y = gk (20)

b

EXERCISES

In Exercises 1 and 2 reduce the geometric problem to a differential equation of
the form f(z, y, dy/dz) = 0. (Do not solve the resulting differential equations.)

1. Determine all plane curves for which the normal between the point (z, y)
and the z-axis is of constant length a.

2. Determine all plane curves with the property that the radius vector from
the origin to a point (z, y) of the curve is twice as long as the portion of the tangent
between this point and the z-axis.

In Exercises 3 and 4 reduce the geometric problems to differential equations
of the form f(r, 8, dr/df) = 0.

3. Determine all plane curves which intersect all lines through the origin at
the same angle a.

4. Determine all plane curves with arc proportional to the difference of the
radii from the origin to its ends.

5. Determine all plane curves such that the tangent line at each point of any
one of them and the line joining that point with the origin form an isosceles tri-
angle when the z-axis is taken as the base of the triangle.

6. Determine all plane curves such that the part of every tangent between the
coordinate axes is bisected at the point of tangency.

7. Determine all plane curves for which the projection of the ordinate on the
normal is of constant length a.

8. Prove that the catenary y = cosh z has the property that its radius of
curvature at any point (z, y) is equal to the length of the normal from this point
to the z-axis.

1-4 Examples of physical problems leading to one first order differen-
tial equation. Among the simplest physical problems expressible in
mathematical terms are those for which the rate of change of a quantity
depends in a specified way on the instantaneous value of this quantity.
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The rate of change of a quantity ¢ which is a function of time ¢ is
given by the derivative

dg

dat’
A relation between the rate of change of ¢ and the instantaneous value of
q is of the form

dg\ _

This is a first order differential equation in which the independent variable
t does not occur explicitly. Often the form of the relation between ¢ and
dq/dt also depends on time {. In that case we have a differential equation
of the form

(te%) =0 @

Initial conditions. Usually the formulation of a physical problem in-
volving rates of change requires more than the derivation of appropriate
differential equations. Additional information must be supplied concern-
ing the state of the system at the beginning of the process. Information
of this kind provides the initial conditions for the solutions of the differential
equations.

The following examples are simple illustrations of how to derive a
differential equation and initial conditions for a physical problem.

ExampLe 1. A radioactive substance decomposes at a rate propor-
tional to the amount present. Starting with a given amount of the
substance at time ¢ = {,, what can be said about the available amount
at a later time?

Let ¢ be the amount of the substance still present at time ¢ and let go
be the initial amount at time # . The rate of change dg/dt is negative
and proportional to ¢, and this we express in equation form by writing

X kg, @
where k is a positive constant of proportionality.

The solution of the differential equation (3) is

g =ce™, )

where ¢ is a constant of integration.
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The initial condition q(f)) = go gives us
Qo = cc o (5)

)

and this we may use to eliminate the constant of integration ¢ from 4).
The result is

qg=qe . (6)

To determine the value of the constant of proportionality k in the
differential equation we evidently need further information. Suppose it is
known that one-half the original amount go is decomposed in n years. This
means that

q = 3q when t — lp = n, )
and consequently
10 = qoe " 8)
or
k=102 ©)
n

ExampLE 2. Water flowing from the orifice of a container at depth h
below the surface has the velocity

v = cV'2gh, (10)

where ¢ is the acceleration of gravity and c is a constant the value of which
depends on the shape of the orifice. For circular orifices under normal
conditions ¢ may be taken as 0.6. On the basis of this formula we may
solve the following problem.

Assuming that the water level at time ¢ = fois at h = ho, determine
the water level at any time ¢ > { .

Let Ao, be the area of the cross section of the orifice. In time d¢ an
amount of water given by A v dt leaves the container.* Let A () be the
area of the water surface a distance h from the orifice. In time dt the
water level changes by an amount dh and the volume of water by A(h) dh.
Since the change in water volume must equal the amount which has flowed
out, we have

A(h) dh = —Aor v dt

* The statement “In time df an amount of water given by A v dt leaves the
container” may be stated in a mathematically precise form as follows: “At time ¢
the rate of change of the volume of water with respect to time is —Aor v(?).” (The
minus sign enters because the volume of water is decreasing.) The other terminol-
ogy is, however, frequently employed.



1-4] EXAMPLES OF PHYSICAL PROBLEMS 11
or, with » given by (10),

dh _ — V'h

m‘ = AO,C\/Zg "A‘(E)‘. (]1)
The differential equation (11) is to be solved subject to the initial con-
dition h = hy when ¢t = ;. Before we can solve (11) we must know the
shape of the container or, in other words, the form of the function A (h).*

ExampLE 3. In a tank are V gallons of brine containing initially
zo pounds of dissolved salt. Water runs into the tank at the rate of v
gallons per minute and the uniform mixture runs out at the same rate.
How much salt is in the tank at the end of ¢ minutes?

Let z be the number of pounds of salt in the tank at time ¢ and let ¢
be the concentration defined as

c=2z/V. (12)

Each gallon of brine contains ¢ pounds of salt. In time dt, v d¢ gallons of
water come in and v df gallons of brine go out, taking along cv dt pounds
of salt. The amount of salt going out in time d¢ is alternatively given
by —dr. Iiquating these two expressions, we have

—dz = cv dt. (13)

With the concentration ¢ given by (12), we obtain the simple dif-
ferential equation

dx v

T-7% (14)
where the factor »/V is a given constant.
The initial condition is
= 0: T = I (15)
and with this the solution of (14) becomes
z = ze M, (16)
EXERCISES

1. A cylindrical tank of radius R and length L is initially full of water. Find
the time required to empty this tank through a small orifice in its bottom (a)
when the axis of the tank is vertical, (b) when the axis of the tank is horizontal.

v

*We remark that the formulas (10) and (11) apply not only to water but
also to other liquids of low viscosity.
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2. Assuming that the rate of increase of population of a country is proportional
to the number of inhabitants, determine the number of inhabitants at any time ¢,
given that for ¢ = f, this number is No and for t = #, itis N, .

3. Many chemicals dissolve in water at a rate which is jointly proportional to
the amount undissolved and to the difference between the concentration in the
saturated solution and the concentration in the actual solution. For a chemical of
this nature determine the amount r undissolved at time ¢, given that at initial
time ¢ = 4, we have £ = zo and at time ¢ = #; we have z = z;, and that the solu-
tion when saturated contains an amount M of the chemical.

4. It is often assumed for the purposes of a simple mathematical model that
the rate of increase of population of a country is jointly proportional to the number
of inhabitants and to the difference between the maximum population which can
be supported and the actual population. Let M be the maximum population which
can be supported. Let N = N, be the population at time ¢ = & and N = N,
the population at some later time ¢ = t, . Determine the population at any time
t>10.

1-5 One-dimensional steady flow of heat. We consider a slab of
solid material of face area A and thickness h. Let the temperature on
one face of the slab be T; and on the other 7,. The slab may represent
the wall of a house, or a glass pane, T; the inside temperature and T, the
outside temperature. The questions which arise naturally are (a) assum-
ing that T is greater than 7,, what amount of heat is lost in unit time
across the slab, and (b) how does the temperature vary across the thickness
of the slab?

Experiment indicates that if the material of the slab is homogeneous
then the temperature variation across its thickness is linear and the amount
of heat Q lost in unit time is jointly proportional to the area A and to the
temperature difference T; — 7T, and inversely proportional to the thickness
h of the slab:

(Ti - To)
- (D

The constant of proportionality k is a property of the material, called
thermal conductivity. If T is measured in degrees centigrade, h in centi-
meters, A in square centimeters, and @ in calories per second, then the
units of k are cal/sec cm®C. With these units the following are values
of k for some materials:

Q=kA

copper 0.92
iron V 0.74
aluminum 0.50
window glass 0.0025
concrete 0.0022
brick 0.0012

magnesia 0.00017
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Let z be the distance in the direction of the thickness of the slab meas-
ured from the “inner” face toward the outer face, and T the temperature
at distance x; then

T, — T,
x

T= T4 =7

(2)

and

ar _ T, — T,
T T 3)

Consequently, Equation (1) for the flow of heat across a homogeneous
slab may also be written in the form

_tﬂ'
dx -’

In this form the law may be used to determine the flow of heat not only
through homogeneous slabs but also through bodies of other shapes and
through nonhomogeneous solids, as long as the temperature may be con-
sidered to be a function of a single coordinate.

Q= —kA 4)

ExamprLe 1. Determine the variation of temperature and the heat
flow through the walls of a homogeneous spherical shell of inner radius 7;
and outer radius 7, if the values of the temperature T(r) are given for r;
and 7, .

We have A = 4#r” and therewith

—_ 2__
Q = —kdnr = (5)
From this
_Q
Sk T
Now
v @1
T(r,) —'m;-"i'(«—Tn
_ Q1 -
T(ro) "m;; Tc= T,,

and from this we find for the unknown quantities ¢ and @,

c(ri — 1o) = 1T — 1.7,

Q (—1"——];)=T.—TD

m rs To

and
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The last equation indicates that the amount of heat Q flowing through
the walls of the shell in unit time is given by

Tols

To — Ts

Q = 4=k (T: — T1,). (6a)

Let us note that this relation may be written in the form

Q = k\'AoAi' T.; To: (6b)
where h is the wall thickness of the shell. In this form the result is anal-
ogous to Equation (1) for the flow of heat through a slab of constant area A.

The temperature distribution across the wall is

T.' - T., 1 T T.' - r,,To
T=my—amrt 7=n

or, written in more symmetrical form,

T=£ZLGuq>+£ﬁLGL4) ™

To — T; \T Ty — Yo \T

ExampLE 2. Determine the temperature distribution and the flow of
heat across the thickness & of a slab with temperature T'; at z = 0 and
T, at z = h if the thermal conductivity k varies linearly from a value k;
to a value k, .

We have
=kt B iy ®
and therewith
_ ko — ki _\dT
Q = A<k.+Tx>% ©)
or
ar _ _Q 1
dx Ak + (ks — ki) (x/h)"
From this,
T - 2
—p_p. - _9 dz
f,,. I =T — T Afo ki + (ko — k)(@/h)

Qb kit (b — k)G/B)
Ak, — k; k; )
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Setting z = h in this, we obtain the following relation between the value
of @ and the given data of the problem:

(10)

With @ taken from (10) we may write the formula for the temperature
distribution T'(z) in the following form:

T—T; - In {1 + [(ko/k:) — 1] (x/h)} (11)
T,, - T.' In (k()/l\'i) )

Comparison of (10) with (1) indicates that so far as the rate of heat flow
through this nonhomogeneous slab is concerned we may replace the

actual slab by an equivalent homogeneous slab with thermal conductivity
k given by

_ ko —k:
In k,/k;’
If we set k, = (1 + €k, , then
ek
k= In(1+¢°

For small values of |e|, we have
2

€ €
k—(1+'2'—']§:|: "’)ki.

We may compare this expression for k with the arithmetic mean

ko 4+ ki _ €\,
b (s )

Evidently less heat is lost through the actual slab than through a ho-
mogeneous slab with thermal conductivity equal to the arithmetic mean
1

3 (ko + k).

EXERCISES

1. A concrete wall is 15 c¢m thick. If the temperature of the inner surface is
25°C and that of the outer surface is —5°C, find the heat loss during one 8-hour
period through one square meter of the wall.

2. A steam pipe with 25 cm outside diameter is protected with a 12-cm layer
of magnesia. If the temperature of the outer surface of the layer is 20°C and
that of the surface of the pipe 150°C, determine the heat loss per day through one
meter-length of pipe.
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3. Calculate the rate of heat flow @ and the temperature distribution T’ through
a4 composite slab consisting of two homogeneous layers of thickness A and A, with
thermal conductivities k, and k. .

4. Show that the thermal conductivity k of a homogeneous slab of thickness
hi + h, with the same rate of heat flow as the composite slab of Exercise 3 is given

by the relation
’l] -+ hz _ }ﬂ ]i_)

Kk ks
5. Generalize the result of Iixercise 4 to composite slabs consisting of n layers
of thickness A1 , by, - - - , ha with thermal conductivities &y, k2, -- -, ku .

Calculate the rate of heat flow @ and the temperature distribution T through
a unit length of circular cylindrical pipe with inner radius r; and outer radius 7,
and with wall temperatures T and T, under the assumption that the pipe:

6. is homogeneous;

7. consists of a metal pipe of thickness /; surrounded by an insulating jacket

of thickness #; ;
8. has a thermal conductivity distribution given by ks + (ko — ki) (r/h).

1-6 Motion along a straight line. In this section we consider the
motion of bodies under the influence of forces such that the path of the
center of mass of the body is a straight line. Along this straight line,
measured from some fixed origin 0, let x be the displacement at time f of the
center of mass of the body. The velocity » with which the body moves is
defined as the rate of change of displacement x:

dz
v = E. (1)

Let m be the mass of the body and mv the momentum of the body.

Newton’s law states that the rate of change of momentum equals the

acting force F':

Zi% (mv) = F. (2)

The acting force F may be the sum of several forces, for instance the sum
of the force of gravity and a frictional force. It must be given as a func-
tion of time ¢, distance z, and velocity v.

The mass m of the body will here be taken as the standard weight W
of the body measured in pounds, divided by the standard acceleration of
gravity, g = 32.174 ft/sec’: :

w
m= @

For a body with unchanging mass Newton’s law assumes the form

ma = F, )
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where a is the acceleration of the center of mass of the body:

dv
= — . 5
pr (5)
Equations (1) and (2) are two simultaneous first order equations for
distance z and velocity v. They may be reduced to one second order
differential equation for x by introducing (1) into (2):

%(m%) = F(t, xZ—f) (6)

To determine the motion of bodies in accordance with the differential
equation (6) we must also know, besides the form of the force function F,
the position and velocity at the start of the motion. These starting values
furnish the snitial conditions for the solution of the differential equations.

We add one important observation concerning the general differential
equation (6). If time ¢ does not oceur erplicitly in it then the second
order equation may be reduced to a first order equation for » as a func-
tion of z, as follows. We write

dz dmy  dmwv dz dmv
Zz=" ™ AT & @

With this, Equation (6) becomes

v (—?; (mv) = F(z,v). (8)

ExampLE 1. A body of mass m is traveling vertically upward starting
with velocity vo. Determine the height A to which it travels and the
time T which it takes to reach this height, assuming that the resistance
of the air is a constant k& times the square of the velocity.

Let z be the distance from the starting point of the motion and F, the
force of gravity, which is negative (that is, in the direction of decreasing
z). The differential equations (2) and (1) are

I

x-.

m= = —f',,-—lcv2, i v.

The initial conditions are
t=0: v = v, z=0.
Let us assume that the range of heights in this problem is such that

the variation of gravitational force with height may be neglected. We
have then

F, = myg,
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The differential equation for v may now be written in the form

1 dv _
g+ (k/my*dt

d dv _ d m -1 T -
a‘t(f = <k/m>v*> = Jt(l/g:kta" m“g”> =t
From this,
/‘/Zn-—tan—1 (,‘/z v) = —t+¢.
gk mg

Introduction of the initial condition »(0) = v, determines the constant of
integration ¢; in the form

o= g/ B (4 E ).
gk mg

The time 7' it takes the body to reach its highest point is the time for
which the velocity » becomes zero. Setting »(T') = 0, we have

T = ,‘/—ﬁ— tan™ (,‘/-—Ev()).
gk mg

In order to have this expression assume a clearer form, let us introduce
a time T, which is the value of T in the absence of friction, that is, when
k = 0. By L’Hépital’s rule, or directly by solving the differential equa-
tion for v when k = 0, we have

—1

or

Ty=2
g
and with this
T _ tan”' (v/k/gm vo)
T Vk/gmv
Since tan™ z = z — %2 + 12 — ..., we have for sufficiently small
values of the friction coefficient k

Ty _ Lhko 1<kv?,2

o~ Tamg Tilmg) T
We see that friction reduces the time it takes to reach the highest point
of the path of the body.
It remains to determine the height k to which the body travels. This
may be done by integrating the relation dr/dt = v(f). A somewhat
simpler procedure is possible by taking advantage of relation (7),
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Therewith, the differential equation for v becomes

v ey
g + (k/m)v* dz )

This may be written as

il v - &[5 0+ 2] -

From this, by integration,

2k (g+—v)——z+ca

The initial conditions for the problem state that £ = 0 when v = .
This determines the constant of integration c; as

- ke
C = Q—Eln(g +ﬁvo>.

The highest point x = h is reached when » = 0, and we have

_m k o _m -
h-—ﬂln<g+;n—vo) ﬁlng ﬁ <l+ )

Let ho be the height reached in the absence of friction. We have

2
b =24
and therewith
h _ In(l + ko, '*;k”g/_"_@ ~1- 1 k"° +l<.k12‘2>2:|:
ho kvo/ mg 2 'm‘g 3 mg
As should be expected, friction reduces the height reached by the body.
ExampLE 2. A mass m hangs on a spring (Fig. 1-3). The forces

acting on the mass are the force of gravity and the spring tension. Let L
be the natural length of the spring and let z be the change of length of the
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spring due to the force F, acting at its ends. For small changes of length
z, F, may generally be considered as proportional to z,

F, = kz.

The equation of motion for the mass m is then

0]

Z_tf = mg — kx.
The minus sign in front of the spring force term indicates that when z is
positive the tension in the spring acts as a restoring force on the mass.

In addition to the spring force F, , it is often necessary in actual prob-
lems to include a damping force F;. In many instances this damping
force may be taken to be proportional to the velocity dz/dt of the moving
body. The damping force Fq = c(dz/dt) is in the direction of decreasing
z when dz/dt is positive and so it occurs with the same sign in the differen-
tial equation as the spring force F, .

The differential equation for the motion of m is now

m %;f -+ ( + ke = myg.
This differential equation for z is a linear differential equation with constant
coefficients. Its solution is discussed in Chapter 3.

A device which produces damping proportional to velocity is often
called a dashpot. To indicate the action of a dashpot in the equation of
motion with linear damping, part (a) of Fig. 1-3 is modified in one of the
two ways shown in Fig. 14.

(a)

Figure 14.

ExampLE 3. Two masses m; and m,, resting on a smooth table and
connected by a massless spring of natural length L, are set in motion at
time ¢t = 0 by a force F(¢) applied to m, in the direction of the line joining
the two masses. Determine the positions of m; and m, as a function of
time (Fig. 1-5).
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Figure 1-5.

We apply Newton’s equation of motion to each of the two masses
my and m, . The action of the spring connecting them is taken into ac-
count by two forces F, acting on m; and m; in accordance with part (c)
of Fig. 1-5. These forces F, depend on the change of length of the spring:

F. = f(xz - X — L).

The equations of motion for m; and m, are then

2

m =5 =@ — & — L),

2
dx2

m 2 = @, — 5~ L) + FO.

We see that z; and z, must be determined by solving two simultaneous
second order differential equations. To carry out this solution we must
know the nature of the function f, that is, the characteristics of the spring
connecting the two masses. v

We remark that the solution of such a system of equations is quite
difficult, except when the characteristics of the spring may be taken as
linear. For a spring with linear characteristics,

flag— 21— L) = k-(xg — 2. — L).

The solution of the resulting system of linear differential equations with
constant coefficients may be effected by a method described in Chapter 5.
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ExampLE 4. A mass m subjected to an external force F. is restrained
by two linear springs of the same natural length, with spring constants ky
and k,, in such a way that the extensions of the two springs are identical
(Fig. 1-6). Writing = dz/dt and & = d’z/df’, show that the equation of
motion for the mass m is of the form m& + kz = F. and express the value
of the effective spring constant k in terms of k; and k. .

Let z be the extension of the springs and the distance which the mass
m has moved at time t. Let F; and F; be the forces in the springs. The
equation of motion for m is

mi =F, — Fy — F,,

while the force extension relations
for the two springs are

F1=k11?, F2=,C9'E.

From this

Figure 1-6.

mi + (k] + ICQ)Z = F,,
so that the effective spring constant k is given by ki + ks .

EXERCISES

1. A body of mass m is traveling vertically upward, starting with velocity o .
Assuming a constant gravitational force and air resistance proportional to velocity,
determine the height 4 to which it travels and the time T' it takes to reach this
height.

2. A body of mass m is traveling vertically upward, starting with velocity vy
at the surface of the earth. Neglecting all resistances except the gravitational
pull of the earth, which varies inversely as the square of the distance from the
center of the earth, show that the mass m will keep on traveling indefinitely pro-
vided the inequality vo > +/2gR holds, where R is the radius of the earth.

3. Obtain the value of the effective spring constant k in the equation mi +
kz = O for the system given in Fig. 1-7. The natural lengths L, and L of the
two springs satisfy the relation L, + L; = L — a.

4. Obtain the value of the effective spring constant k& in the equation mi +
kx = F, in the system given in Fig. 1-8.

5. Obtain the equation of motion for the mass m in the system sketched in
Fig. 1-9.
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1-7 Linear motion with variable mass. Newton’s Law, which states
that the rate of change of momentum of a body equals the applied force,
may be applied to bodies with variable mass (rockets, etc.). We show
how this is done for motion along a straight line.

Let mv be the momentum of the body at time ¢. Let Am(v 4+ u) be the
momentum which is added to the body at time ¢ because the body is joined
by another body of mass Am which before joining had the velocity v + u
(so that u is the velocity of Am relative to m). It is assumed that at the
instant of joining, the velocity of m changes from » to » + Av and Am takes
on the velocity of m.

We then have for the momentum of the two bodies:

at time ¢: my + Am(u + v),
at time ¢ + At: (m + Am)(v + Av).

The change of momentum A(mv) during time At is the difference of the two
expressions above:

A(mv) = mAd — uAm + AmAv. 1)
From Newton’s Law, '
t+At
Am) = [ Fa )
4
Combination of Equations (1) and (2) gives us

+Ae

mAv — uAm + AvAm = f F dt. 3)
3
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We now divide by At and then let At tend to zero, assuming that Am,
t+At
Av, and j F dt also tend to zero in such a way that the resulting limits
t
all exist.* In this way we obtain the differential equation

dv dm

for the determination of linear motion with variable mass.

ExampLE 1. A rocket traveling vertically upward has initial velocity
vo and initial mass mo . Its rate of mass loss r is assumed to be constant, and
its lost mass is traveling backward at a constant speed ¢ with respect to
therocket. Itisfurther assumed that the only force acting on the rocket is
the gravitational force mg. How high will the rocket travel before all its
mass is expended?

The wording of the problem indicates that

dm
di

and
v+ u=v—ec
Since m(0) = my we have, furthermore,
m = my — ri.

The force mg is acting in the direction of decreasing distance and, therc-
fore, is introduced into (4) with a minus sign.
Equation (4) now reads

(mo — 7t) %’t) —cr = —(my — ri)g
or
o _ _er
dt  mo—rt g

We integrate and determine the constant of integration such that v = v,
when ¢ = 0. This gives

v=1y —gt —-cln(l —-—T—t>.
mo
* Equation‘ (3) in its original form retains its validity even if lim Am, lim A,

t+A
and lim ./: F dt are not zero. This is of importance in problems of impact
and of collision of two or more finite bodies.
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Integrating once more and taking account of the initial condition z(0) =
0, we have, as the expression for the distance z traveled at time ¢,

z = vt — %gt”+"ﬂ°{1 - (1 —it>[ln(1 - —r—t> - 1]}
r my my

The mass of the rocket will be entirely expended at time 7' = my/r.
When ¢ = T the above expression for z assumes the value

z(T) = vl — %gT° + cT.
A somewhat more complicated expression for the height reached by the

rocket is obtained if we ask at what height a specified fraction of the orig-
inal mass mg, instead of all of it, has been lost.

EXERCISES*

1. A rocket sledge is a vehicle traveling horizontally on straight rails and pro-
pelled by rocket motors. Let the initial mass be my , the initial velocity be zero,
the rate of mass loss be r, and ¢ be the backward speed of the rocket gas relative
to the vehicle. Find the relation between velocity v of the vehicle and time ¢,
if the resistance of the vehicle at speed v is specified by a function f(v). Obtain
v(t) explicitly when (a) f(v) = kv, (b) f(v) = ko2

2. An airplane is assigned to fly at constant altitude through icing atmosphere.
The rate of ice deposition on the surfaces of the airplane is proportional to the
speed v of the airplane. The resistance or drag of the airplane is composed of
two parts: the induced drag is proportional to the square of the ratio of instantaneous
weight W of the airplane and the speed v; the profile drag is proportional to the
product of the profile drag coefficient C'» and v?. Because of the ice deposition, the
profile drag coefficient is changing; as an approximation, let Cp = 4 + BW,
where A and B are constants. Let the weight and speed of the airplane at the
instant & of entering the icing atmosphere be W, and v, .

(a) What should be the necessary propeller thrust F, as a function of time ¢
in order to maintain the speed at the initial value v, ?

(b) If the thrust F, is kept at its initial value Fy, how can we determine the
airplane speed v as a function of ¢ ?

3. When a meteor enters the atmosphere, it is heated by air compression and
air friction and it melts and burns with loss of mass. Let us assume that the
meteor is of spherical shape with variable radius r and has a constant density u.
The air drag is roughly proportional to pv*?, where v is the speed of the meteor
relative to the earth and p is the air density which can be expressed as a function
of distance R between the center of the earth and the meteor, in the form p =
poe*E, py and @ being constants. The rate of loss of meteor mass is proportional
to prv, and the lost mass is ejected in the direction of motion of the meteor (down-
ward to earth) with a speed v relative to the meteor. The gravitational pull per
unit mass at the distance R is k/R?, k being a constant. Assuming that the
meteor starts at B = oo with radius r, and v = 0, obtain two first order differen-
tial equations for » and v as functions of R.

* The authors are indebted to Professor H. S. Tsien for the following problems
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1-8 Electrical networks. The theory of electrical networks deals with
the flow of electrical currents through assemblies of certain basic elements
under the influence of given impressed voltages. The basic elements are:

1. Resistances (—NVNV—)
2. Inductances (—T00—)

3. Capacitances (—)F—)

The current 2, in units of amperes, through one of these elements is re-
lated to the voltage drop e, in units of volts, across it as follows:

1. For a resistance: ¢ = Ri.
di
2. For an inductance: e = L d7

3. For a capacitance: ¢ = C %.

The unit for R is the ohm, for L the henry, and for C the farad. We
shall assume here that R, L, and C are independent of time ¢ and current <.

The analysis of circuits composed of the above elements is governed by
the following two fundamental laws of Kirchhoff.

1. In a closed circuit the sum of the voltage drops across each element
of the circuit is equal to the impressed voltage.

2. At a junction of two or more elements of a circuit the amount of cur-
rent into the junction point equals the amount of current away from the
junction point.

ExaMPLE 1. The simple series, or single loop, circuit (Fig. 1-10). Kirch-
hoff’s second law indicates that each of the three elements of the circuit
carries the same current 7. From Kirchhoff’s first law,

di . 1.
e—Laz+Rz+6,fzdt

or

de
dt
Determination of the current ¢ as a function of time, with the impressed
voltage a given function of time, is seen to require the solution of a second
order differential equation. This differential equation for 7 is called a linear
differential equation, since it is linear in 7 and its derivatives. We speak of
linear resistances, inductances, and capacitances when we wish to indicate
that R, L, and C are independent of <.

a4 di 1.

Figure 1-10.
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ExampLE 2. The simple parallel circuit (Fig. 1-11). Kirchhofi’s
first law, applied to the three closed circuits or loops containing the voltage
source and (1) the capacitance, (2) the resistance, (3) the inductance, gives
the three relations
dis
E .

e=%—, adi, e=Ri, e=1L

Kirchhoff’s second law gives the further relation
t=1+ %+ 1.

If the impressed voltage e is given, the first three of these equations give
us the currents ;, %, and 73, and the fourth equation gives us the “im-
pressed current” ¢. If, on the other hand, the impressed current ¢ is given,
then the four equations may be reduced to one differential equation for the
determination of the impressed volt-
age e. We have

de | 1 1

or

di Jd%e  1de 1
a~ @ Tra T

Figure 1-11.

ExampLE 3. A multiple loop circuit. To illustrate the analysis of
more complicated circuits we consider the circuit of Fig. 1-12. This cir-
cuit has three loops. We designate the elements which belong to only one
loop by a single subscript and the elements which belong to two loops by a
double subscript, and the same for the currents.

Figure 1-12.
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We need six relations to determine the six currents 7, 7, %, %12, 213,

723 . Three of these relations come from Kirchhoff’s first law, applied to
each of the three loops; namely,

) . 1 . 1
e =L1%+ Rz +6— f’hz dt — Clsfim dt,

0 = Ryiz + Lz + Ry iy — f tie At — Ryatya,
. . . 1 d'&s
0=~ ti3 dt — R23123+Ra1'3+-,— 13 dt+L3
0 /13 Cy
or
d (20 dhz 1 . 1. _ de
dtz + R —- +E,1—2112 C—uzla_(ﬁ’
d22 + Lz dz’tz + Rza de3 :'l Rlz diu - O,
dt ( 12
1 di. di d%
C Rzz ’Lza + Rs l& + 7/3 + L, dt? = 0.

The remaining three relations are obtained by applying Kirchhoff’s second
law to the three exterior junction points. We have

te = 11 — Iy, o3 = 1 — 13, i3 = 13 — 1.

The corresponding relation for the interior junction point, %2 4 %13 + 25 =
0, is seen to be a consequence of the relations for the exterior junetion points.

Introduction of 42, 713, 73 from the three current relations into the
three voltage relations leaves us with the following system of three simul-
taneous differential equations for the currents 2, , 7, , %3 :

d‘h d’tl 1 . _ diz _ 1 .]
I: dt’ + R12 + (Cu + b—l-;) 11] + [ R, E C—nh

—Rp % _ -lil] + [ T Ryt Ry + Ri) 2 i J—iz]
L dt Cu 2

[ 1 i
gt [

[L. @ o (g, + Rw) S d’“ (ca + %) i | =0,
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We add the following two remarks to our brief discussion:

(1) Many of the important practical problems in circuit theory involve
nonlinear elements, such as resistances the magnitude of which depends on
the current through the element. Also to be considered are vacuum tubes,
as power producing elements or, if one wishes, as nonlinear negative resist-
ances.

(2) There are important applications in engineering of the mathematical
analogies between mechanical systems and electrical systems. It is
possible to identify the differential equations for each electrical system
consisting of impressed voltages, inductances, resistances, and capacitances
with the differential equations for a certain mechanical system consisting of
impressed forces, masses, dashpots, and springs. In order to predict the
behavior of a given mechanical system, it is sometimes convenient to build
the analogous electrical circuit and to deduce the behavior of the mechan-
ical system from measurements of the current in the analogous circuit.

EXERCISES

Obtain the differential equations for the distribution of currents in the four
circuits of Fig. 1-13.

(¢) (d)
Figure 1-13.



CHAPTER 2
THE DIFFERENTIAL EQUATION OF FIRST ORDER

2-1 Introduction. In this chapter we shall consider differential equa-
tions of the form

F (x, v, %) =0, )

where F is a given function of the three arguments xz, y, and dy/dx. Usu-
ally the solution of (1) will be a relation of the form

Gz, y,¢c) =0, (2)

where ¢ is an arbitrary constant. Simple examples of this occurred in Chap-
ter 1.

Given an expression of the form (2) we may obtain the differential
cquation which is solved by (2) as follows. We differentiate (2) with
respect to z,

oG | G dy _
oz + dy dx ’ @)

and eliminate the constant ¢ from (2) and (3). The result of this elimina-
tion is a relation of the form (1).
For example, when

y—cx+c =0, )
we also have
dy -
3. °¢= 0. (5)
The differential equation which is obtained by eliminating ¢ reads
_dy aly)2 _
Yy dz z+ ( ) = 0. (6

It is customary to call a solution of (1) which contains an arbitrary
constant c a general solution. If we assign a definite value to the constant
¢ then the solution so obtained is called a particular solution.

It sometimes happens that besides the general solution there exist
solutions which do not contain an arbitrary constant and which cannot
be obtained from any general solution by specialization of the constant c.
Such solutions are called singular solutions. As an example it may be veri-
fied that Equation (6), which has the general solution (4), also has the
singular solution y = %a°.

30
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To clarify the meaning of the notion of general solution, let us consider
what the purpose of the arbitrary constant in such a solution is. We
know that the solutions G(z, y, ¢) = O represent a family of curves in a
system of cartesian coordinates z,y. In order to select a specific curve
from this family we must state one additional condition, for instance the
condition that the curve pass through a given point (zo, o). With this
condition, we have as the equation determining c,

G (zo, yo, ¢) = 0. (M)

In a general solution the constant ¢ must occur in such a manner that we
can always obtain one curve of the family (2) which passes through the
point (zo, %o), s0 long as zo and yo are in the range of values z, y for which
the differential equation (1) is valid.
To illustrate, the differential equation
Yy =22
has the solutions
y = 23
and
y =12 + sinc.
So long as we limit ourselves to working with real numbers neither of these
two solutions is the general solution, whereas

Yy = z© +c
is the general solution.

As a further example, abserve that the solution (4) is in fact a general
solution of (6) in the above sense. We find that the condition y(xo) = o
leads to a real value of ¢ so long as yo < 1. This range of zo, ¥o coin-
cides with the range of values z, y for which dy/dz in (6) is real.

EXERCISES

In Exercises 1 through 8, find the differential equation with the general solution
given.

l.y=c 5.y —cx +sink =0
2. y = mz + ¢ (m constant) 6. y = sin(z + ¢)
.22+ +cy=0 T.y =1 +ce™""
4.y —cx +32=0 8. Y2 = 2cx — 4c

9. Show that the differential equation y — z(dy/dz) + %(dy/dz)* = 0 obtained
in Exercise 4 has a singular solution y = %2%2. Isy = —§*/2 also a singular
solution? .

10. On one set of axes graph the parabola y = %z? and the straight lines
y — cx + ¢* = 0 for each of the four values of ¢ = =1, =2, and note that each
of the straight lines is tangent to the parabola.
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2-2 Geometrical considerations. Isoclines. The differential equa-
tion F(z, 5, dy/dz) = 0 has a simple geometrical meaning which can give
us useful information without our solving it. Let us show this first under
the assumption that this differential equation can be written in the form

) 0

where f is a single-valued function. For each pair of values (z, y) we then
have just one value of f.

The solutions of (1) can be plotted as curves in an z, y-coordinate sys-
tem. From (1) we know the slope of the solution curve passing through
any point (z,y). The curves of constant slope, or zsoclines, are the curves
flz,y) = C. Suppose we plot a number of these isoclines and indicate on
them the appropriate slopes by means of short segments of straight lines.
On a given isocline f(x,y) = C, these straight line segments will all be
parallel to one another, each having the slope C. If the isoclines are suffi-
ciently close together, the solution curves of the differential equation will
be nearly straight lines over the distance from halfway between one pair
of adjacent isoclines to halfway between the next pair. Suitable portions
of the straight line segments which we have drawn will give us a qualita-
tively correct picture of the solution curves of (1).

ExampLE. For the differential equation

dy _

3 = )]
the isoclines are the equilateral hyperbolas zy = C together with the two
coordinate axes. In Fig. 2-1 we have plotted the isoclines for C = 0,
+14 +1, +2, +4, together with the appropriate short parallel line seg-
ments. With the help of these line segments we can easily draw a num-
ber of curves which are approximations to solution curves of (2). Among
the family of solution curves we may select a specific curve by prescrib-
ing that it pass through a specified point (zq, y¢), for instance through
the point (1, 1).

In general, the relation F(z, y, dy/dx) = 0 associates with every point
(z,y) not one value, but several values of dy/dz. For example, for the
differential equation

(%) @+ =0, ®)

we have

Yo evE TP @)
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Flgure 2-1.

The isoclines are concentric circles about the origin. We have two sys-
tems of parallel line segments associated with each isocline, one of them
corresponding to the plus sign in (4) and the other corresponding to the
minus sign in (4). The actual approximate construction of solution
curves proceeds as in the simpler case of single-valued dy/dzx except that
now there may be two (or more) solution curves through a given point z, 3.
Care must be taken in the construction of a solution curve to remain within
the confines of one and the same system of line segments.

While the isocline procedure is useful for a qualitative determination
of the solution, it is not in general as practical for quantitative determina-
tions as other approximation methods, such as series solutions or numer-
ical integration procedures.
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EXERCISES

1. Plot the isoclines for C = 0, 14, 34, and 1 for the differential equation
dy/dz = /1 — 2. Oneach isocline draw the appropriate short parallel line seg-
ments. Using these line segments, draw a curve passing through the origin which
is an approximation to the solution curve. Draw one which passes through the
point (0, 1). Compare the two approximate solution curves with the curves of
Txercise 6, Section 2-1.

2. Plot the isoclines for a few values of C for the differential equation dy/dx =
—z/y. On each isocline draw the appropriate short parallel line segments. Using
these line segments, draw a curve passing through the point (0, 1) which is an ap-
proximation to the solution curve through this point.

2-3 Separation of variables. The simplest class of equations dy/dr =
f(z, y) which can be readily solved are the equations in which the variables
are separable. These equations are of the form

dy , M(x) _
Ex_ + W 0. (1)

We have encountered special cases of Equation (1) in the preceding chap-
ter and there solved them by simple integration. We can do the same for
all equations of the form (1) by separaiing variables as follows:

M(=z)dz + N(y)dy = 0. @

Equation (2) can also be written as

¢{th+fN@}=Q

and this shows that the solution of (2) is
[Maz+ [Nay = (3)

We cannot go further unless we know what M and N stand for.
In particular cases we may be able to carry out the integrations and find
y explicitly as a function of 2. An example is given by the equation

&y -+ cos z-¢¥ = 0.
dzx

The general solution (3) becomes -
fe_”dy +fcosxda: =c

or

—e¢?V 4+ sinz = c
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Solving for y, we have

¥ =

sint — ¢

In some cases Equation (1) cannot be solved explicitly for either y or
z. For instance, the solution of

dy , 2’ +oax+p _
dr "y +yy+8

where «, 8, v, and § are constants, is obtained in the form
1
’ +7 -+5./+ +a =

A class of first order differential equations which may be made sepa-
rable by a simple change of variables is

dy y)
Y-y(Y), @
where g is any given function of y/x. The form of this equation suggests

that we set

= (5)

ISR

so as to have the function g depend only on one variable. Suppose we
retain z as the independent variable and consider v as a new dependent
variable. If we can find » as a function of « then, since y = vz, we shall
have y as a function of z, and thus have the solution of our equation.

To find », we note that the relation y = vr implies

dy _ dv
gz = ! +z P . 6)
With this (4) becomes
dv _
v+ xa; = g(v). )

In (7) the variables are separable as follows:

dv dx
Sometimes a given differential equation is not directly given in the form
(4) but intelligent inspection reveals that it can be brought into such a
form. As a simple example of this sort consider the equation
dy

—y/z
2 = -|- Y.
x dr xe Vi
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The substitution y = vr transforms this into

dv —
v+x¢7x-—e + v

or
dr

e dv =",
z

By integration, we have
¢ =Injz|+c
or
v = In(ln|z | + ¢).

The general solution of the given differential equation.is then

y = zIn(n|z | + ¢).

EXERCISES

Solve the equations in Exercises 1 through 9.

dy dy

l.l—za;=0 2,£=-‘/1_y2
3-%+(y—1)cosz=0 4. 1 +2)dy+ (1 +y)dz =0

- ay _ v (¥
5. 1+ x)dy+3yde=0 s.dx_1+w+(x>
dy y_(vy _ N B ~
7'd:c 1+z (T) 8 (B3r2y — 1) dx — Bz — 2 dy=0
‘dr y+x

10. Show that the differential equation
(@z + by + ¢1) dx + (aer + by + ¢2) dy = 0,
with aib; — ashy # 0, can be reduced by the substitution
z=X+a,y=Y +8,
where « and @ are suitable constants, to the form
dY/dX = g(Y/X).

11. Use the result of Exercise 10 to solve
(@ Bz +2y +1)dr + 2z +3y — 1)dy =0,
(b) (x +2y +2)de + 2z — y)dy = 0.

[crap. 2

By making the substitution y = vz and by choosing the value of n appropri-
ately, show that the following differential equations can be reduced to differential

equations in which the variables are separated. Obtain their solutions.
19, % L Lo 13 W L L=
" dx 22ty “dx oz + y2?
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14. Show that the differential equation

Ady ¥
xn-—ldx g i

may be reduced to an equation with variables separated, by the substitution v =

y/z".
15. Solve dz dy

+ =0
Vi-22 V1i-¢
16. Show that the expression

WVIg+yVioa_,

1 + nyZ

u =

is a solution of the differential equation
dz dy
+ =0
V1i-zt V1-¢
[Hint: Try to write du/dz in the form g(z, y)/ V1 — z* and note that g(z, )
=9¢(y,2)]

2-4 Exact differential equations. An equation of the form
u(z,y) =c (1)
evidently satisfies the differential equation

du u
du -—adx-}-a—gdy = 0.

For example, the equation 2* + zy + y* = ¢ represents a solution of the
differential equation

(2r + y) dz + (z + 2y)dy = 0.
Now suppose we have a differential equation
Mdx+ Ndy =0, 2

where M and N are given functions of the two variables z, y. If M and
N are partial derivatives of some function u(z, y) such that

_ ou _ ou
M = &3 N - ay7 (3)
then we can work back and conclude that if (2) and (3) hold, then also
u=c. 4)

In other words, if the given functions M and N are such that there exists
some function u(z, y) for which (3) holds, then the solution of the differen-
tial equation (2) is given by (4). Inthis case, the expression M dx + N dy
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is an exact differential, du, and the differential equation M dz + N dy =
is called an exact differential equation.

A necessary condition on the functions M and N in order that (2) be
an exact equation follows from the relation

L) (6_u> _ 2 @)

oy \ox dx \ oy
oM _ oN -
a—y' = 9z (5)

in the form

Let us see whether this condition is also sufficient or, in other words,
whether when (5) is true we can always find a function « for which (3) is
true. We can certainly find « such that

ou - M 6)
X

is true. The question then is: After determining u so that (6) holds, can
we also satisfy the second of Equations (3)? From (6),

= [ Moz + K, @

where the symbol dz in the integral indicates that we integrate the func-
tion M with respect to x, treating y as a constant, and where K(y) is an
arbitrary function of y. From (7), we have further

ou - oM
w2 Mot w0 = [ Lo+ K. ®)
We now make use of (5) in order to write (8) in the form

du _ [oN

ay ox

We must now see whether setting du/dy = N leads to a contradiction.
Writing du/dy = N in (9), we have

ox + K'(y). 9

K'(y) = ‘;ﬂ oz (10)
Since the partial derivative of the right side with respect to z vanishes,
this right side is, in fact, independent of z and consequently depends only
upon y, and we have no contradiction.
To find the function K we must return to Equation (8) and in it set
du/dy = N;that is, we find K(y) from the equation

K'(y) =N — —-fM oz, (11)

where [ M 3z has the same form as in Equation (.
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Summarizing, we can say that the differential equation (2) is an exact
equation when M /dy = AN /dx and that then its solution is of the form u =
¢, where u is given by (7) and (11).

As an example, consider the differential equation

(32" + 2xy) dx + (az’® + by’) dy = 0.

We have
oM ON
9 =9 9V =9
oy ’ ox ax
Thus the equation will be exact if @ = 1. We then have
Ju _ — 2
Fr M 3z + 2xy,
u = f (32" + 2zy)axr + K(y)

=z + 2%y + K@),
and from this
u

i z* + K'(y).
Since also
g—;=N=xz+by2,
we see that
K'(y) = by’
or

b
K@ = §y3 + co.
The solution of the given differential equation, with ¢ = 1, is then
u Ex3+:c2y+-gy§ = ¢,

where the constant ¢, has been incorporated in the constant c.
It is worth stressing that it is not the function u but rather the relation
u = ¢ which represents the solution of our differential equation.

EXERCISES

Show that the following differential equations are exact and integrate:
1.sinydz + (zcosy + 3y?) dy = 0.
2. (2 +y)dr + (z +ev)dy = 0.
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3.ydz + (z —y*)dy =0
4. sinzcosydr + coszsin ydy =0

Determine for what, if any, of the values of the constants a and b the following
differential equations are exact and solve the exact equations.

5. (y + 28 dz + (az + by¥) dy = 0.

6. (z + my) dr + (az + by)dy = 0.

7. mydz + [(x/y) + azldy = 0.

8. y?dz + (yz + asinz + bcosz) dy = 0.

2-5 Integrating factor. Consider the differential equation

ydr — (z + 9 dy = 0. 1)
We have
M=y, N=—-@+1.
Since
oM oN
—'a—zj_ - 1’ —a—x— - —1’

the equation is not exact. However, if we write Equation (1) in the form
ydz — zdy = ' dy,

and if we recall the formula for d(z/y), we are led to multiply the above
equation by 1/y* (which we can do so Jong as y > 0) so as to have

dz — zd
yoar — T8 _ o dy. )
¥
This, however, is equivalent to
du = 0,
where
2
=r_Y
u 7T
Consequently,
2
T_Y ¢
y 2 ¢ @)

is the solution of (2) and also of (1). What we have done is to change the
nonexact Equation (1) into the exact Equation (2) by multiplication by a
suitable factor. A

This raises the question: To what extent may we reduce other nonexact
equations to exact equations by multiplying the nonexact equation by a
suitable function? In other words, we wish to see in what circumstances
the equation

Mdz+ Ndy =0 )
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with
oM _ oN
dy or
can be made an exact equation of the form

uMdx + uNdy = 0, (5)

where p is a suitable function of x and y. When this is possible we call
u an integrating factor of Equation (4).
The condition for exactness of Equation (5) is
d(uM) _ 3(uN)

dy or
or
gy (W o)

We see that the systematic determination of an integrating factor of a
nonexact equation requires the solution of a partial differential equation
and so we have merely replaced one differential equation problem by
another.

Without going into the question of how to solve the partial differential
equation (6) for u, we may turn the question around and ask for conditions
on M and N such that the integrating factor u is of special given form.
Perhaps the most useful result of this nature is obtained when the equation
for u has a solution which depends on z alone. In this case we have
du/dy = 0, and Equation (6) may be written as '

l@ _ oM /3y — dN/dx )
wdx N ’

Since the left side of this equation depends only on z, the right side must
do the same, and we have the result that we can find an integrating factor
u = u(z) provided the right side of (7) is a function of z alone. In this
case, we set as an abbreviation .

aM/ay; ON/oz = p(@), ®)

and we obtain from (7)
= efp(z)dz. (9)

After multiplication by this factor, the solution of the resultant differen-
tial equation is obtained by the method of the preceding section.
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EXERCISES

1. Show that the existence of an integrating factor of the form u = e%¥p(x) re-
quires that the expression
~aM + aN/ax — oM [ay
N

be independent of y.

2. Solve the differential equation (1/x) dr — (1 + zy? dy = 0.

3. Show that 1/(x? + 1?2) is an integrating factor of the differential equation
(z + y)dz + (y — z) dy = 0, and solve.

2-6 The linear differential equation of the first order. An important
equation for which we have an integrating factor u depending only on z
is the differential equation

W + P@y = QW. (1)

Since both the dependent variable y and its derivative dy/dz occur in
(1) in linear form, Equation (1) is called a linear differential equation.
We may write (1) in the form

[P(x)y — Q)] dz + dy = 0. (2)
Setting
Py—Q=M, 1 =N,
we see that
oM /3y — N /ox _
N
By comparison with Equations (8) and (9) of the preceding section, we see
that there is an integrating factor of the form
S Pdx
= ¢/,

P(x).

m

If we multiply both sides of (1) by this integrating factor, our differen-
tial equation reads

, dy, ,
Srdz | Y — S Pdz
e [ Ir + Py] el Q.

This is equivalent to

(_;i_x [cfl’d:ry] — edez

and the solution of Equation (1) is of the form

)

e_/‘l’dzy = fedeszz + c. (3)
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As an example, consider the equation

dy

=+ ay = bz,

e + ay T
where a and b are constants. An integrating factor is

cj‘ adz — eaz
and by (3) the solution is
euzy=b‘/xeazdx+c‘

Integrating by parts and dividing both sides by ¢, we have

xr

b b —a
Yy = E xr — E + ce .
As another example, take the following:

dy

dx

+ 32°y = 1.

An integrating factor is
ej 3z2dx - ez’

and the solution is

ye’a = /e”dx + c.

43

4

(5)

(6)

Q)

The integral on the right cannot be expressed in terms of a finite number
of known elementary functions. We may, if we wish, evaluate this in-
tegral by numerical methods or by means of term-by-term integration of

the known Taylor series for ¢®’. This series is

Rl

6 9
z'_ 3 z z P
=1+ ST

If we insert the series into (7) we obtain the following formula for the solu-

tion y:

y =e"’[fe”dx+c]
6
c"’[f<1 +x’+%+ ---)dx+¢']

—z8 :04 327 Zw ]
¢ [””zﬂwﬁm*"‘ '

®)
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2-7 Method of variation of parameter for solving linear first order
differential equations. To solve the differential equation

W 1 P@y = Q@ M

the following alternate method may be used. We first solve the reduced
or homogeneous equation

W+ P@m =0 @
by separation of variables, obtaining
Yn = cou, 3)
where
u=¢’ @ 4)

We now choose to write the solution of the complete Equation (1) in
the form -

y = v(z)u(z). (5)

It should be realized that this choice of writing y is nothing but an in-
spired guess. The importance of its success lies in the fact that the same
approach will later be found just as useful in the study of higher order
linear differential equations. Let us realize also that what we have done
is to replace the constant c,, the parameter in the solution of the homo-
geneous equation, by a factor varying with z. This is the reason for call-
ing this the method of variation of parameter.
Substitution of (5) in (1) gives a differential equation for the factor func-
tion v(z):
dv
dz
The second and third terms on the left of (6) cancel each other if account is
taken of Equations (2) and (3), and we are left with

dv

u—+v Z—: + P(x)vu = Q(x). (6)

LU= Q(x). @
From this, by simple integration,
v=[ ¥t ®)
Combination of (4), (8), and (5) gives
y = e"’”"(f Q@)e’  * dz + c). (9)

Equation (9) is, as it should be, the same as Equation (3) of the preceding
section,
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EXERCISES

Solve the differential equations in Exercises 1 through 8.

&y _ e 4y 1

1. dx 1—82 5 dz+y l+ex
dy dz

2. —-y=¢ 6. dy+:ccoty=secy
ay _a m 3 4 2

3. 2z aY=" 7. (x+z)dx+4:cy 2
dy 4

4. Ltey=e 8 ydx— Bz +y)dy=0

9. Show that the differential equation
dy "
2T F@y = Q@y

(which is known as Bernoulli’s equation) can be reduced to a linear differential
equation for u by the substitution 1/y** = u.

dy dy
10. Solve Y= zy? 11. Solve :c’dx — 2 =22y
12. Solve z%+ y=1*Inz
13. The differential equation
df(y) dy _
S+ P@S) - Q@
is a linear differential equation for f(y). Use this fact to solve the equation
dy z
dx+tany Tcosy”
14. Solve
dy iny + sinz cosy = sinz
3, 0my +s y=s

2-8 Clairaut’s differential equation. Clairaut’s differential equation
is a differential equation of the form

y =y + fy), (1)

where f(y') is any function of y’. If f(y’) is linear, thatis, if (') = oy’ + 8,
then Equation (1) is linear; otherwise it is nonlinear.

The principal interest today in Clairaut’s equation lies in the fact that
it gives a convenient starting point for a study of such matters as singular
solutions as contrasted with general solutions.
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An example of Clairaut’s equation is the differential equation
y=yz—y" (2)

In Section 2-1 we saw that the differential equation (2) has the general
solution
y=c — 62, (3)
and we also observed that it has the singular solution
y = i2" (4)
If we sketch the function (3) for various values of ¢, we see that the
graphs give a family of straight lines with z-intercepts ¢ and y-intercepts
—¢.  The singular solution (4) is a parabola with vertex at the origin
and with the y-axis as axis. We now show that each of these straight lines
is tangent to the parabola, and indeed that at each point of the parabola
there is one such line.

In order to see this we first note that the straight line (3) intersects the

parabola (4) whenever

2 2
T =cr—c,

N

that is, whenever z° — 4cz + 4¢® = 0 or z = 2¢ and therewith y = ",

At the point (2¢, ¢°) the parabola (4) has the slope y'(2¢) = 3zle2. = ¢,

which is the same as the slope of the straight line (3). Thus the straight

line (3) is tangent to the parabola (4) at the point (2c, ¢’). As ¢ ranges

over all real numbers, the points (2¢, ¢’) cover the whole parabola. Hence

at each point of the parabola one of the straight lines is tangent to it.
As a general definition, if we have a family H of curves,

y = h(z, ¢,
and a curve C,
y = g(@),

which touches every member of the family H and which, at each of its
points, is tangent to at least one of the curves of the family H, then C is
called the envelope of H. In the example just considered, the singular
solution (4) is then the envelope of the straight lines (3).

We now return to the general form (1) of Clairaut’s equation. In
order to solve this equation we first assume that the function f possesses a
continuous first derivative and that the desired solution y has a second
derivative. We may then differentiate both sides of (1) with respect to
z. We obtain

Y'(@) = (@) + 2y" (@) + 'y (2)]y" @) ()

or

vV @iz + Y@ = 0. (8)
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This latter equation can be satisfied whenever either factor is zero, that is,
whenever

v =0 ©
or

z+f) =0 (10)

The first of these equations gives y’ = ¢, and if we insert this into the
original differential equation (1), we obtain the general solution

y = cx + f(c). (11)

While in the derivation of this solution we required that the given function
f on the right of Equation (1) possess a first derivative, the function (11)
represents a solution of (1) regardless of whether or not f has a derivative,

We now turn to the vanishing second factor in the differentiated Clair-
aut equation. Equation (10), together with (1), may be considered as
parametric representation of this solution if we write

z=—-1W), yv=-yIW)+1y), (12)

y’ being the parameter.
To illustrate, we consider once more Equation (2). The general
solution (3) follows from (11). The singular solution (4), which we pre-

viously obtained more or less by guessing, now follows from (12), which
assumes the form

=2, y=-y=2)—- )=
This parametric representation is readily changed to y = 12*, by elimina-

tion of the parameter.
As a second example, consider the differential equation

y =y'z — )"
On differentiating we obtain

yl - yl + 13_1/” _ (yl)3y”
or

y'lz = @)1 = 0.
From y” = 0 we obtain y’ = ¢, and thus the general solution is
y=cx — i

From z —(y’)* = 0 we obtain y’ = 2z
differential equation, we obtain y = z** —

On putting this into the given
1'% or

y = 3%

This is a singular solution, and we may again show that this is the en-
velope of the family which represents the general solution.
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EXERCISES

Find the general solution and a singular solution for each of the following two
examples of Clairaut’s equation. Also in each example show that the singular
solution is the envelope of the general solution.

Ly=yz—¢ 2.y =y'z — 4@ - 4?

3. Show that for the linear Clairaut equation y = y'z + ay’ + b the solution
(12) is not a singular solution but rather a particular solution.

4. Obtain all plane curves with the property that the portions of each tangent
between the coordinate axes are of unit length.

2-9 Power-series solutions of linear first order differential equations.
A special case. In Section 2-6 we encountered a differential equation
for which the solution appeared in the form of an integral which could not
be evaluated in closed form. On that occasion we evaluated the integral
in question by means of term-by-term integration of the known Taylor
series of the integrand. The series which we obtained for the solution
depended upon our knowing the integral form [Equation (7), Section 2-6)
of the solution of our differential equation.

We shall choose the same equation as a first example for obtaining a
solution in the form of a power series without using the integral expression
for the solution. In so doing we shall become aware of the possibility of
treating in this fashion much more general problems than the particular
example in question. Many of these more general problems will be such
that application of the series method will be the most convenient pro-
cedure, and, in fact, it may sometimes be the only practical one.

In the equation

% + 32y =1 (1

we try to write the solution in the form
y=c+ox+er + o, 2)
that is, we try to determine the coefficients co, €3, ¢z, - - - in such a manner

that (2) satisfies (1).

‘When we write the series (2) we understand it to mean that the solu-
tion of (1) may be so represented in some definite interval around the point
z = 0.The actual size of this interval is of no concern for the moment.

From (2) follows
%=01+262x+303x2+---, 3)

and consequently (1) becomes

(62 + 2cx + Bex® + -+ +) + (Bear” + 3eix” + 3eax’ + ) =1 (4)
or

(o — 1) + 2 + (3¢5 + 3eo)e® + (dei + 3c)z® + --- = 0. (5)
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Now (5) can vanish for all values of z in an interval about the origin only
if the coefficients of every power of z are zero. This gives the following
equations for the determination of the coefficients of the series (2):

a—1=0, 2c, = 0, 3cs + 3co= 0, ©
4c¢i + 3¢ = 0, 5¢s + 3ce = 0, 6cg + 3c3 =0, -
or
a=1 =0 = —c, aa=—3 =0, ¢cs=12co, ---.(7)
We note that no condition is imposed on ¢, and that the first few terms of
the series (2) for y appear in the form
y=@— '+ ) +al -2+ + ) ®)

To show agreement between this result and Equation (8) of 'Section 2-6
it is necessary to insert the Taylor series development of ¢ in the last
line of that equation and to multiply the two series term by term.

EXERCISES

Solve the differential equations in Exercises 1 through 3 by series in powers of z.

@ _ ., &y .. N
1. =Y 2. dz—xy—l 3. x)dz 4y

4. The differential equation

dz
d—t-—at’z-b,

where a and b are constants, may be reduced by the substitutions
z=ay, =4z

where a and 3 are constants, to the differential equation (1). Determine a and 8
in terms of a and b and use this result to write down the series solution of the given
equation.

Obtain the first three nonvanishing terms in the power-series development of
each of the equations in Exercises 5 and 6 in powers of z — 1.

dy
-2 = 2 - A 20 =
5. ] -y 6. ) +32y=1

2-10 Further examples of power-series solutions. While we can
always solve a linear first order differential equation by the method of
Sections 26 and 2-7 (integrating factor or variation of parameter), it will
be helpful to us in the later consideration of higher order equations to con-
sider at this time power-series solutions of certain classes of linear equations
of the first order.
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An obvious generalization of the differential equation (1) of the pre-
ceding section is the differential equation

dy

dx
where the coefficients ao, a1, - - - , bo, by, - - - are given constants, and where
we assume that the two series converge in some interval —R < x < R.

We again assume the solution in the form (2) of Section 2-9 and insert
(2) and (3) of that section into (1) above, giving

(a1 + 20 + 3ca® + -+ +)
+ (a0 + ax + a2’ + ) (60 + ex + e’ + o) @)
=bo+ bz + bx” + - --
Equation (2) can be rearranged to read as follows:

(er + aoco — bo) + (2c: + coer + arco — by)x

+(mtar+ad+ -)y=b+bz+bs+- -, 1)

3)
4+ Bcs + e + @ + aco — b))’ + -+ = 0.

We satisfy (3) by setting in it the coefficient of each power of x equal
to zero. If we write the resulting equations in the form

e = bo — aoo,
2c; = by — aec1 — MG, (4)
3c; = ba — @ca — mer — axo,

we see that the coefficient ¢, remains arbitrary and the remaining coeffi-
cients may be expressed successively in terms of ¢o and the given series
coefficients ag, @1, - - - , bo, by, -

We may note the symmetrical structure of the system (4) as far as it
has been written out and expect from this that the equation determining
a general coefficient ¢, will be

NCn = bny — A1 — QCp2 — +++ — AnrCo. (5)

That this is indeed correct may readily be shown.

It may be recalled that we have assumed that the coefficient series
occurring in the differential equation (1) converge in the interval —R <
z < R. We do not as yet know the interval of convergence of the solu-
tion series. We shall find later (Example 1, Section 2-14) that for this
linear differential equation (1) the interval of convergence of the solution
series is at least as large as the interval of convergence of the coefficient
series occurring in (1).

We have seen that the linear differential equation (1) can always be
solved by means of a power series of the form (2) of Section 2-9. If,
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however, the term dy/dz is also multiplied by a function of z, then this may
no longer be possible. A simple example of this is the following equation:

x% + (@ + a1 )y = 0. (6)

In order to see what kind of series solution we may expect for (6) let
us note that the solution of (6) may be obtained in the form

y = cx "¢ . ()]

We may expand the term ¢ " in powers of z. This gives the solution
of (6) in the form

y =2 "o+ e + cx” + ), ®)
where

_ (o)
!

Cn e

(2

We see that the solution (8) is a power series of the form (2) of Section 2-9
only if ao is a negative integer or zero. In all other cases a new type of
series has arisen.

The foregoing suggests that if we wish to start with a power series solu-
tion of (6) we should modify the series (2) of Section 2-9 as follows:

y = Coﬂ:u + clxv}-l + sz.+2 + cee (9)

where s as well as the coefficients ¢y, ¢;, ¢z, - - - now must be determined
by substitution in Equation (6). In (9) we shall assume ¢, = 0. (If
co were zero and ¢; # 0 we would have the same series with s replaced by
s + 1.) We should expect the determination of s and of the coefficients
¢, to lead to the value s = —ao. Let us illustrate this for a special case
of (6) with ap = § and a, = 2:

w%q“i- &+ 22y =0. - (10)
x

We insert (9) into (10) and obtain

zleosz' ™ + (s + Dex® + (s + e + -+ -]

+ 3+ 22) fewr’ + '™ + ez + -] =0

or, rearranging terms,

eols + P2’ + 15 + Der + e + (s + Pes + 201" + -+ = 0.
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The coefficient of each power of z must again vanish, and so we have
cof(s + 4) =0,
a(@+ %) + 20 =0,
(s + %) + 20 =0,

...................

(1n)

Since ¢; > 0, we must have s = —§ in order to satisfy the first of these
conditions. With this value of s we can then express ¢; in terms of co,
¢z in terms of ¢, etc. as follows:

2
a = —2c, 02=—~2c—1=200;"" (12)

Still more general series than (9) may sometimes have to be used, as is
explained in advanced treatises on the subject.

EXERCISES

By means of series in powers of z, solve the équations of Exercises 1 and 2.

d,
L &%+(1+x+z’+-~)y-$

d, 2 zb
2. ._.g_l,_(z._ +:5£'—-')y=1+$+$2+

dz 3!
3. Solve the differential equation
@ _ ¥y
dz 1-2°

by power series. Carry out the calculations by writing the given differential
equation both in the form

dy
(1—:4:2)dx—y--1—:':2
and in the form
dy 2L b
gp— A+ttt -y =1
(What can you say about the number of terms in the recurrence relations for the
determination of the series coefficients obtained from either form of the differential

equation?)
4. Solve the differential equation

dy y
zda:+ 1—:5"’-0

by means of a series of the form

y=cx* +eaztt 4+ ..., (cox0).
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5. Solve the differential equation

dy y
:';d:l:_l—:c?-0

by means of a series of the form

Yy = cox® + ez’ 4+ -, (co = 0).

6. Obtain a particular solution y, of the equation

zz—i + 1 ila,ﬂ =1
in the form
yp = Co + Cix + Co2? + .-
7. Show that

_¢ ‘fx:?f 12 gj44'2-16
y= [1 ______ ]+[1 3% “53% Tigat b

satisfies the differential equation of Exercise 6 and accordingly is the general solu-
tion of this equation for those values of x for which both series converge.

8. Show that the differential equation 22(dy/dx) + y = 0 does not admit solu-
tions of the form y = cex® + ciz® + --- .

2-11 Power series solutions of nonlinear first order differential equa-
tions. We have seen how to use series of powers of z for the solution y
of linear differential equations. Let us now consider the problem of
applying this procedure to the solution of the nonlinear equation,

W - fa, . (1)

We try again to obtain a solution of the form
y=c+ox+oxr + . @)
Direct substitution of (2) in (1) leaves us with the relation
e+ 2 + 3ca® + -+ = flz, 0 + a + o’ + o). 3)

Instead of attempting to evaluate this relation, let us proceed as fol-
lows. We know that the series (2) can be written in the equivalent form

4 4 (n)
y=y(0)+—y-i(—(!)lx+y-§(—?lxz+..._,_-’_/__;(!ﬂ)z”_,.... )

If we designate the starting value y(0) by yo, then the differential equa-
tion (1) gives us %’(0) in the form

¥'(0) = (0, yo). (5)
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To obtain the higher derivatives y”(0), - - - , ' (0), we differentiate Equa-
tion (1) successively and in the result set x = 0.

It is clear that a necessary condition for the success of this procedure is
the existence of all the derivatives which are involved. This in turn re-
quires that all partial derivatives of the function f(z, y) exist.

The second and third derivatives of the solution function y are given
by the following expressions:

dy _ f fdy _ of af '
dy _ of ) ( of )
dr* 9z ( * 5y ay" T+ 35 dy + y dr
af f 2 of of  (ofY
~H e W U (53) 3 ™

By continuing this process we may obtain derivatives of any order.

ExampLe.  As an illustration, consider the equation

dy
T=lta, 8)
with the initial condition
y(0) = 0. 9)
From (8) follows
y'(0) = 1. (10)
To determine the subsequent coefficients in the solution (4), we calculate
dy _ ., dy
a2 =Y +2-’5!/(-i;, (11)
3
e[y W () 42 ] (12)
dx®
j::—ﬁ( )+6 dJ+6dydy+ d : (13)

In Equations (11) through (13) weset z = 0, ¥y = 0, and ¥’(0) = 1. This
gives us successively

y'0) =0, ¢"0) =0, ' (0) =6 (14)

We see that the power series solution (2) for Equation (8) with the ini-
tial condition (9) begins as follows:

y=z+t'+ - (15)
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Suppose that instead of the initial condition (9) we prescribe the initial
condition

y(0) = 1. (16)
Equation (8) then gives
y'(©0) =1 a7
and equations (11) to (13) give
y'(0) =1, y"0) =4, 30 =12 (18)
The solution series y is now of the form
y=14+z+4"+ 4" +4' + - (19)

We may make the following observations.

(i) The nth derivative of the solution y of the differential equation
(1) can be expressed as a combination of partial derivatives of the function
f(z, y) which occurs on the right of (1). These expressions evidently
become more and more complicated as higher order derivatives of y are
calculated. Consequently it would be desirable to have a somewhat sim-
pler procedure for the determination of the coefficients ¢, in the solution
series (2). Such a simpler procedure will be discussed in the following
section.

(ii) We do not at this stage have any information concerning the in-
terval of convergence of the series solution (4). From a comparison of
the solutions (19) and (15) of Equation (8) it appears possible that the
interval of convergence may be different for different initial conditions for
one and the same differential equation.

EXERCISES

1. Given the differential equation
% = cos(z + ).

Obtain the first few nonvanishing terms of the power series solution of this equa-
tion with the initial conditions (a) ¥(0) = 0, (b) y(0) = x/4, (c) y(0) = =/2.

2. By making the substitution z + y = u the differential equation of Exercise
1 is reduced to an equation in which the variables are separated. Use this fact to
obtain the explicit solution of the differential equation of Exercise 1.

3. Given the differential equation

@a
3 = 03@ + )

with the initial conditions (a) y(0) = 0, (b) y(0) = x/2. Obtain the first few non-
vanishing terms of the power series solutions for these conditions.
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4. Obtain a solution in powers of z for the differential equation

W _ o,
. =+ y
with the initial condition (a) ¥(0) = 0, (b) y(0) = 1.
5. Solve
dy _ .
Fi 1+sinzy

by series in powers of z with (a) ¥(0) = 0, (b) ¥(0) = 14.

2-12 Method of undetermined coefficients. An alternate, and often
more convenient, way of solving the differential equation dy/dr = f(z, y)
depends on first developing the function f in powers of x and y. Let us
assume that we are able to write

fx,y) = Ao + A1z + Aay + A’ + Anzy + Awt + - --
=20 A ™y )

According to Taylor’s theorem for functions of two variables, the coeffi-
cients 4,,, are given by the relation

A, = [6'"+"f(x, y):l""’ @

min! xr™oYy™ _Jymo

but often it will not be necessary to use this general formula.
We take first the case that the initial condition for the solution of the
given differential equation has the special form

y(0) = 0. 3)
With this initial condition the solution series is
y=ocx+cx + . )

Upon substitution of (1) and (4) in the differential equation dy/dr = f,
we have to satisfy the relation

Cl+262$+363$?+ e = Aoo+Alo’l¢+A01(clz+ch2+ )
+ 4wz’ + Anz(oz + e’ + ) + Anlez + o’ + ---)
+ - (8)

To satisfy (5) we carry out the multiplications on the right of (5), and
equate the coeflicients of corresponding powers of x on the left and on the
right. The first three equations obtained in this way are seen to be

= Aw, 2¢; = A + Aucr,

. (6)
3c; = Az + Anci + Aecr + Ance.



2-12] METHOD OF UNDETERMINED COEFFICIENTS 57

We shall not write down the general equation for the coefficients of z".
It is sufficient to see that this equation will give us cs41 in terms of certain
of the coefficients A4 .., and in terms of the previously determined solution
coefficients ¢y, ¢z, -+ , €.

ExampLE. We again take the differential equation

3—%=1+le2

with the initial condition (3). Introduction of the series (4) into the dif-
ferential equation gives

a + 26 + 3c2” + -

I

1 + z(ex + c® + --+)°
1+ ciz® + 2ciex’ + (65 + 2cics)z”
+ (2acs + 2ce)x® + - - .

Equating the coefficients of corresponding powers of x, we have

caq =1, c = 0, c; = 0, 4cy = e = 1, 5¢; = 2¢1c; = 0,
6cs = ¢3 + 2¢163 = 0, Ter = 2c1cs + 20005 = &, - - -
The first few terms of the solution series are seen to be

y=r+i' +da’ 4+

A comparison with the corresponding work done on this example in
Section 2-11, where we obtained the first two of the foregoing three terms,
shows the advantages of the method of undctermined coefficients.

For the general initial condition

y(@o) = Yo, (7)
we modify the form of our series solution for y to
y=yo+cl(x—:co)+02(x——xo)2+ 8)

In the differential equation dy/dx = f(x, y) the function f(z, y¥) must now
be expandable, as follows, instead of in the form (1):

f(x) ?/) = ; ; an(x - xn)m(y - yﬂ)ﬂ- (9)

The use of (9) rather than of the expansion (1) in conjunction with the
initial condition (7) avoids certain difficulties which become apparent if
an attempt is made to use (7) and (1) simultaneously.

If we introduce new variables § and %, defined as

E=z—2, n1=Y—1Y, (10)
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then we have dy/dr = dn/d¢, and we may write
f(xy y) = f(f + Zo, N + ?/o) = ¢(E, ﬂ). (11)

This shows that the transformation (10) reduces the general case of the
initial condition (7) to the special case of the initial condition (1), that is,
our differential equation in the new variables is dq/df = ¢(£, 9) and the
initial condition is 7(0) = 0. The series expansion ¢(¢, n) = Z 2 Baf™n"
corresponds to the expansion (9) in terms of the original variables.

ExamrrLe. We take again the equation

dy_ 9
(E—1+xy,

but now with the initial condition
y(1) = L
We write
z—1=§ y—1=n
and this transforms the given differential equation into

j—'f’=1+(1+s)<1+n)"=2+z+2n+2en+n’+zn*

with the initial condition »(0) = 0. The solution series is taken in the
form

n=ct+ et + -
and the differential equation becomes
o+ 20k + Bck’ 4+ - =2+ £+ 20t + o +00)

+ 2@E+ o + ) + (@f + ek + )
+ bk + ot + )

Equating corresponding powers of £ we have

o = 2, 20 =1+ 2¢, 3¢z = 2¢ + 2¢1 + cf,

4cy = 203 + 26 + 2¢100 F iy -,
and from this

7 =2+ § 4+ 320 + 1+ -

or

y=1+2@-1D+4§ec -0 +%-1)"+H#e- 1)+
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EXERCISES

Obtain the first four nonvanishing terms of the power series solution for the
equations of Exercises 1 through 3.

dy ) _ dy _
l.dx—m+y, y(©0) =0 2.dx-—l+xcosy, y(0) =10

o 9 _
3. 5~ = cos @+y), y0=0

4. Obtain the coefficients of all zeroth, first, and second degree terms in the
development

cos (22 4+ ) =2 Z Amnlz — D™y — D™
5. Use the results of Exercise 4 to obtain the power series solution for
dy/dx = cos (x* +y), y(l) =1
up to terms in (z — 1)3.

By introduction of new variables 5 and £ reduce the initial value problems 6 and
7 to the form dn/dt = ¢(&, 7) with 9(0) = 0.

6.dy/dz =z +y% (@y(l) =2,  (b)y@) =1
7.dy/dx = 1 + z cos y; (a) y(1) = 7/2, ®y(-1) ==

2-13 Convergence of series solutions. In using power series for the
solution of differential equations one is always confronted by the ques-
tion to what extent these series represent the actual solution of the prob-
lem under consideration. It is clear that if the series do not converge,
they cannot be the solution.* One would like to say that the converse is
also true, that is, that a convergent solution series is a solution everywhere
in its interval of convergence. Very often this will be true. There are,
however, some difficulties with a statement of this sort which may be
illustrated as follows. The differential equation

dy |zfor|z| <1
dz " |1for|z| > 1
has as a solution for |z | < 1 the expression y = 3z’. This “solution

series” converges for all values of z but evidently is not a solution of the
given differential equation in the interval |z | > 1.

* However, even if the formal solution series does not converge, it is possible
that certain of its partial sums represent adequate approximations to the solution
In such cases, one generally speaks of an asymptotic development of the solution.
Questions of this sort are considered in more advanced treatments of the subject.



60 THE DIFFERENTIAL EQUATION OF FIRST ORDER [cHap. 2

In spite of a situation of this kind, questions about intervals of con-
vergence of solution series are of basic importance and will be discussed in
what follows. In some instances it is easy to determine exactly the range
of convergence of the series. In other instances it is difficult to do more
than to say the series will definitely converge in some interval z; < z < 72,
but that it may converge in a larger interval.

In those cases where the solution of a given differential equation can be
obtained without the use of series, the question of convergence need not, of
course, be considered. However, if such a solution has a power series de-
velopment, we may study its convergence. This will be useful from two
points of view. It will give us some indication of what to expect in general
from a series solution with regard to range of convergence. Secondly, as we
shall see, we may obtain information concerning the range of convergence
of direct series solutions by suitable comparison tests with the solution of
the differential equations which can be solved without the use of infinite
series.

ExamprLe 1. The linear differential equation

dy _
F=1+y,

with the initial condition y(0) = o, has the solution
y = (14 yo)e — 1.

Since the power series for ¢ converges for all values of z, we know that the
power series solution of the given differential equation converges for all
values of z.

ExampLE 2. The linear differential equation

dy _ y
dxr 1+ 2’
with the initial condition (0) = yo, has the solution
y = yoetun"::
The series
-2 3 4 b
tan=~lz _ z X 7" | 5z
€ —1+$+é—"":‘3—"‘7{|—+y+

is known to converge in the interval —1 < z < 1. 'We see that the range
of convergence of the series solution coincides with the range of conver-
gence of the series for the coefficient function

1

I—_F—x—z=1v—xz+:r4—x°+---
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ExampLE 3. The nonlinear differential equation

dy 2
el
with the initial condition y(0) = yo, has the solution
= __ Y
y=1= Yoxr
The series
l —] 2 2 LY
m— 1.+yo$+?lo$ +
converges for
1
z| < i —.
AT

We note that while for the linear differential equations of Examples 1
and 2 the convergence properties were independent of the initial conditions
imposed on the solution, this is no longer the case for the present non-
linear equation.

The following example requires some knowledge of the convergence
properties of series representing functions of a complex variable.

Exampre 4. The nonlinear differential equation

dy__ 2
35—1"‘2/»

with the initial condition %(0) = yo, has the solution
y = tan (z + tan™" yo).

To obtain the interval of convergence for the series in powers of z rep-
resenting tan (z + tan™" y,), we may look at the behavior of the function
tan (z + tan™" yo) of the complex variable z = z + 4. The series
tan (z 4+ tan! Yo) = Ao+ Az + AZ + ---

converges in the circle | z | < | 2o |, where 2, is the singularity nearest to z =
0, that is, the point nearest to the origin at which the function ceases to be
analytic. In the present case; the only singular points are given by
z+ tan"'yo = £7/2, £3x/2, --- . Consequently, when y, > 0, we have
20 = 7/2 — tan"" yo, and when o < 0, we have 2o = —x/2 — tan™" yo.
We conclude from this that the power series solution of the given dif-
ferential equation converges in the interval

—(x/2 — tan"y) < z < 7/2 — tan"" g, when yo > 0,
and in the interval
—(x/2 + tan yo) < z < w/2 + tan" yo when yo < 0.

The interval of convergence is again dependent on the initial condition.
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EXERCISES

Determine the interval of convergence of the series in powers of z for the solu-
tion of the differential equations in Exercises 1 through 9, all with the initial
condition y(0) = y, .

dy _ dy _ dy_ Y
1.dx—x+y 2.dz—(l+z)y+a 3'd:c_l p
4y _ v By _ v dy _1
4'd:|:=l+:c+a 5'dx 14 2? 6'd:t:_y
dy _ dy 1 dy
== R, — = — 9. = =e¢¥
7(1.1: Ty 8 =y I e

2-14 Comparison tests. A possible way of obtaining information
about convergence of the series solution

’ " (n)
p=y@ + L0 YO0 O
of the differential cgua.tion
dy o
&—1-2 = f(x) ?/) (-')

1s the following. 'We construct a function Y (z) with the property that its
derivatives for z = 0, Y(0), are all positive and, moreover,

| 5™(0) | < Y™(0). 3)

If this is done, the series (1) will certainly converge for all values of x for
which the series

’ 7" (n)
Y(,“)x+Y2(,°)x2+ B Gl
H n:

1!

converges. Let the interval of convergence of the series for ¥ be —a <
z < a. The series for y will converge at least in the same interval. The
actual interval of convergence of the y-series may be larger than the in-
terval of convergence of the Y-series, but we will not be able to say how
much larger.

We have seen in Section 2-11 that the derivatives 4™ (z) of the solution
y of Equation (2) areall expressiblein terms of the function f and its partial
derivatives with respect to z and y. Correspondingly, the derivatives
Y™ (z) of the function ¥ will all be expressible in terms of a function
F(x, Y) and its partial derivatives with respect to z and Y, provided Y is
the solution of the differential equation

‘%’ - Fz, Y). ®)

Y() = Y0 + + - @)
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This observation permits us to conclude that the relations (3) are satisfied
provided all partial derivatives of the function F are positive and the fol-
lowing relations are satisfied:

am+n f(l‘, y)
drm™ oy

< G'n+nF(x, Y):l . ©)

=0 —  Oz™ Y™

y=0 Y=0
What we need to do in any given problem is to find a function F for

which (6) is true and for which the differential equation (5) can be solved

explicitly. The interval of convergence of the Taylor series development

of this explicit solution Y gives us the desired lower limits for the interval

of convergence of the series solution y with which we are concerned.

ExampLE 1. As a first example, let us take the linear differential
equation

Yt @tazt dy=bothat o, 7)

under the assumption that the two infinite series occurring in this equation
converge in the interval —r < z < r. What we intend to prove is that
the solution series

y=co+or+ex’+ - (8)

possesses the same interval of convergence independent of the value of
y(0). In this proof we make use of the fact known from the theory of
infinite series that since ap + a;x + --- and by + bz + --- converge in
the interval —r < z < r the magnitude of the coefficients is limited by the
relation

laul, |5.] < 2, ©
Ty

where 7, may be any positive number less than r and where M is a suitably
chosen positive number. We make use of this fact by choosing as com-
parison function Y the solution of the following differential equation:

. . 2
‘LY=M<1+3+%+ -~->Y+M<1+£+£2+ )
dx I rn i (10)
MO+ 1)
1 — (13/7‘1)'

The solution of this differential equation can be written in the form

1+Y = C(l - f>_m'. (11)

n
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Since the function of z on the right can be expanded in a series in powers of
z which converges for —r; < z < r1, it follows that the series solution (8)
of the given differential equation (7) also converges in the interval —r <
z < r;. Since this is true for every r; < r, we have thus proved that the
interval of convergence of the series solution is as large as the smaller of
the intervals of convergence of the coefficient series in the given linear
differential equation.

ExampLE 2. We consider the differential equation
= f&,y) = 2 2 Amnz™",  y(0) = 0, (12)

where we assume that we have the following bounds for the coefficients
Amn

M

et (13)

‘Amnl S

The relation (13) implies that the series in (12) converges for | z | < a and

ly| <b.
We may choose for comparison the differential equation

ay _ z\" (YY"

which ensures that the fundamental relations (6) and (3) are satisfied.
Equation (14) can be solved explicitly by writing it in the form

ay _ M
dz (1 —z/a)Q — Y/b)’

<1——§>2=aMln<l—Z)+g
Z= 1/14-_—-1 (1—%). (16)

To develop the right side of this in powers of z, we must be able to develop
it first in & convergent series in powers of the quantity (aM/b) In[1 — (z/a)l.
For this to be possible we must have

W (1-2)

Y(©0) = 0. (15)

We have

ol o

or

<1 (17)
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ln(l - g)i < ln(l - ‘-z—l)’ = -—ln(l - '—Z—‘)

for | 2 | < a, we may write instead of (17)
(1 - l_x_l> b
In (1 a = 2aM

Since

or

Since we have |z |/a < 1 for all z satisfying (18), we will have no
trouble from the remaining expansions of {In [I — (z/a)]}" in powers of z.

We have then shown that a series solution in powers of z of the dif-
ferential equation (12) possesses an interval of convergence lz| < p,
where p is at least as large as po, and where

po = a[l — ¢ %M, (19)
The actual value of p may often be much larger than the lower bound
which we have here obtained.
ExampLE 3. The differential equation
dy

_ 2
prie 1+ zy, (20)
with the initial condition y(0) = 0, has the Taylor series solution
y=o+t'+da’ + - 1)

We may choose as comparison function Y the solution of the differential
equation

é—lf =
dr
with the initial condition ¥(0) = 0. The function
Fz, V)= 1+ 20+ ) =142V +2+ 7Y

has been chosen in such a way that Equations (6) are satisfied and the
resulting differential equation can be solved by separation of variables.
The solution is

1+21+ Y1) (22)

Y = tan (z + 3z°). (23)

The interval of convergence of the series solution of the given differential
equation is at least as large as the interval of convergence of the Taylor
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expansion of the function tan (z + 3z°) about £ = 0. To obtain this
interval of convergence, we determine the radius of convergence in the
complex z-plane of the function tan (z + 32°). The singularities nearest
to the origin of this function are given by z + 32> = +x. The plus sign
of the right side gives the smaller radius of convergence. Its magnitude is
Vv1+ 7 —1= 10351

We conclude from this that the series solution (21) of the differential
equation (20) converges at least in the interval

—1.0351 < z < 1.0351. (24)

EXERCISES

1. Given the differential equation
dy 1
dr 1 —uzy
show that the inequality (13) for the coefficients A, is satisfied by choosing

M = 1,b = 1/a, regardless of the value of & > 0. What is the expression for po
and for what value of 'a (approximately) is po largest?

2. Show that for

with y(0) =0,

dy_._ ¥

=T gy With ¥ =0,

where p and ¢ are positive integers, we may choose in (13) M = k?, b—1 = ar, with
a > 0 arbitrary. Determine p, and obtain an approximate value for po, ;max When
(@) k =1, p=1, g =2
M) k=2 p =1, q =1,
@k=1, p=2 q¢=2

3. Show that when

&y _

dx

Equation (13) is satisfied for arbitrary positive e and band M = 1 + ab? Show
that po is largest when a = 1/b? and b® = 3 (approximately) and po, max = .26 (ap-
proximately). [Compare this result with Equation (24).]

1427  y0) =0,

2-156 Further consideration of series methods. In the preceding
section we have discussed the power-series method of solution for the
equation dy/dxr = f(z, y) in the neighborhood of a point x = 2o, y = yo
under the assumption that all partial derivatives of the function f at this
point are finite. It is often possible, however, to obtain series solutions
even when these partial derivatives are not all finite. Special considerations
leading to a change of variables will often result in a suitable series develop-
ment.
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As an example of such a problem, consider the equation

dy _
=1+ vy (1)

with the initial condition*

y(0) = 0. (2)
To obtain an idea of the nature of the solution, we notice that for suf-
ficiently small values of | z | we will have dy/dx =~ 1, and so y = z. If we
make use of this fact to account roughly for the second term, we then
have dy/dz = 1 + z** and y =~ z + 2°°. Putting this approximate
value into (1), we now have

Wi 1 + Va2l T 327) = 1+ 2T F faoh,

Using the binomial theorem, this becomes

Wy 4o {1+» '“’3+§( -")(”’“)+ }

Cnv

e
— 1+x2/3+%x4/3 -—ﬁxﬁla-{- .
and from this, by integration,
y=z+ 32" + e’ — F2” 3)
We observe that Equation (3) is of the form
y = zlao + a2’ + a4 a® + -,

where the a, have suitable numerical values. We should then expect that
if we try at the outset a series expansion of the form

y = 2’les + cx® + ea™ + ex™ + -] )

for the solution of the problem given by (1) and (2), we shall be led directly
to the appropriate values for the exponents s and k and for the coefficients
Cn . . .
Introducing the series (4) into (1), we have the relation

2" seo + (s + k)ez® + (s + 2k)ea™ + - -]
=1+ VzH(e + e1z* + ez + -+ )
=14+ 2" Vo F azt + ex® + - . (5)

*If instead of (2) we have y(a) = b, where both a and b are different from
zero, then evidently no special considerations are necessary. If, however, either
a = 0 or b = 0, then we would again need special considerations.
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We have a constant term on the right, namely unity, and we should then
have the same constant term on the left. This may be accomplished by
setting

s =1, c = 1. (6)
Equation (5) now reads
(1 + k)e® + A + 2k)eaa™ + -+ = 2 V1T + e1z* +.c2% + ---.

To go on from here we apply the binomial theorem to the cube root
term and obtain

(1 + ke + A + 2k)ex™ + ---
=21 + ¥(cr" + cx™ + ---) o)
— $ea" + o™ + - F A+ 0]

In order to be able to match corresponding powers of z on the left and on
the right we must choose

k= 25. ®)

With this value of £ we now equate coefficients of like powers of z on the
two sides of Equation (7) to obtain

1+ %=1,
1+ $e: = 3o ’

9
A+ $es = 3o — 3ci,
Equations (9) give
€ = %7 C2 = '8’57 C3 = —Fg'b'y te (10)
and the series development of our solution is seen to be
y = all + & + f2' — g™ + -], (11)

It is interesting to observe that the approximate solution (3) agrees
with the series solution (11) so far-as the first three terms are concerned,
but the coefficients of the fourth term are different.

The series (11) is, of course, not a Taylor series in = but rather a power
series for the function y/z in integral powers of the quantity z*®.  Thissug-
gests that we should be able to reduce the differential equation (1) to one
where the Taylor’s series method would work directly, by making the
following substitutions:

2P = ¢, g = 2(f). (12)
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We now expect to be able to develop z(¢) as a Taylor series in . To see
this, we introduce (12) into the original differential equation (1). We have

dy _ dydt _d(f*2)/dt

dz didx  dx/dt
M (de/dt) + #%

Qur differential equation now is of the form
%tg—j +z=14+tV2z
or
dz _ § 1 —=z 1/3:|
dt_2[ R & (14)

The initial condition (2), when formulated in terms of z and ¢, appears
at first as an indeterminate form, namely,

2(0) = lim &=

-0

y(x)

The limit on the right represents y’(0), since (0) = 0, and in view of the
differential equation (1) this is equal to unity. Thus the initial condition

onzis

2(0) = 1. (15)
We are now ready to attempt a Taylor series solution
) =1+ct+ e +ot* + -+ (16)
for (14). Substitution of (16) in (14) gives us
e+ 20+ 3c + - =3 —(atot+ ol + o) an

+ 1+ (et + o + -

If we now develop the cube root in (17) by means of the binomial theorem
and then equate the coefficients of corresponding powers of ¢ on the right
and on the left, we arrive at a system of recurrence relations for the coef-
ficients which, while appearing in a different form, agrees with the system
9).

There is one other kind of information concerning the solution of (1)
which we can obtain without difficulty. Our series (11) tells us what the
behaviorof thesolutionis forsufficiently small valuesof | z |. But whatabout
yfor large values of | z |7 Suppose we suspect that for large | z | the func-
tion y behaves like some power of z, in the sense that sufficiently nearly

y = k" (18)
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Then also

dy = fnz"", (19)

If (18) and (19) hold and if » > 0, then certainly for sufficiently large x the
term 1 is small compared with v/zy and we might think of neglecting it.
If this is done, we shall have from (1), (18), and (19),

knz"™t = kg + 08, (20)

Equation (20) can be satisfied by setting

n—1=4n+1), kn=F§K" (21)
or
n=2 k=L 22)
2v2
and consequently
Y= ;\715 z. (23)

From the form of the differential equation and also the series solution
(11), we conclude that the positive value of k must be taken for large posi-
tive values of z and the negative value of k for large negative values of x.
This indicates that the solution of (1) satisfies the limiting relations

lim 2 = 24/9? lim .’L‘2 = — 2\/2' (24)

Z = o X 2 — —o0

These limiting relations may be proved directly. One way to do this
is to transfer ‘‘the point at infinity” to the origin by means of the substi-
tution

r=1,  y@ = u. (25)
When we do this, the differential equation (1) becomes
du 1 u'l®
@~ TF T (26)

If we now proceed as we did at the beginning of this section, we are led to
try a series solution of the form

u=§+§+co+c1t+02t’+-~ (27)
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Putting this into the differential equation (26) and equating to zero the
coefficients of like powers of x, we find in particular

+1
a Wok b= 3. (28)
The problem of calculating the values of a few of the coefficients ¢, is left
to the reader.

It must not be left unmentioned that for a complete solution of this
problem consideration must be given to the continuous transition from
the solution valid for sufficiently small z to the solution for sufficiently
large z. This may be the most difficult part of the problem.

EXERCISES

1. Determine the nature of a suitable power series solution of the form (4) for

% =m+arys,  y0) =0,

where m, p > 0, ¢ > 0 are given real constants.

2. Determine the first three nonvanishing terms of the power series about
z = 0 for

. @_ . - ,(_i;y._ 1/2 _
(a) dz““/’””' y©) =0, () “=2+my'  y(0) =0.



CHAPTER 3
SECOND ORDER DIFFERENTIAL EQUATIONS

3-1 Introduction. We now turn to differential equations which, besides
a first derivative term, include a second derivative term, and which we may
write in completely general form as

f,y,¥,y") = 0. (¢))

In our discussion of first order differential equations we found that some
problems were difficult and that a variety of approaches toward a solution
existed. We should expect that the addition of a second derivative term
will often result in even greater difficulties. While this is indeed so, we
shall find that there are types of second order differential equations which
can be discussed and solved rather completely. This is of particular value
because very many problems in physics and engineering lead to just such
second order differential equations.

To see what degree of generality to expect from the solution of a second
order differential equation, let us first consider the simple example

¥y —z = 0. (2)

By repeated integration, we find that this equation has solutions of the
form

y— 3 +cx+ec =0, 3)

where ¢; and ¢; are arbitrary constants.
Let us now assume that we have a family of solutions of the form

g9z, y,c1,¢0) = 0 (€))

for the general differential equation (1). To determine one specific solu-
tion from such a family we need two conditions. We shall take as these
two conditions the following initial conditions:

y(m) =y, ¥ (@) = yo, (5)

where zo, ¥o, and yo are given. Geometrically speaking, this means that
we intend to single out from the family of solution curves given by (4) one
specific solution curve which passes through a given point ze, o With given
slope ;. The determination of the constants ¢; and c: in the solution
satisfying (5) evidently requires the satisfaction of the following two
relations:

g(zoy Yo, €y, 02) = 07 gt(xoy Yo, Cy, 62) + y(l'gll(x()) Yo, Cyy 62) = 0’ (6)
72
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where the subscripts » and y indicate partial differentiation with respect
to these variables.

In analogy to our treatment of the first order differential equation, we
shall call the solution (4) the general solution of the differential equation
(1) whenever it contains the two constants ¢; and ¢, in such a form that
satisfaction of relations (6) is possible for all choices of xo, %, and Yo which
are compatible with the given differential equation. By compatibility we
mean that we include all choices of zo, ¥, and yo for which the relation

F(@o, Yo, yo, yo) = 0 )

can be satisfied with some real quantity g .

If we assign definite values to one or both of the arbitrary constants in
the general solution, the special solution so obtained is called a particular
solution. For example, the relation y — 3z® = 0 is a particular solution
of y” —z = 0.

Given an expression of the form (4), we may obtain a second order
differential equation of which (4) is a solution by differentiating equation
(4) twice with respect to z:

dg _dg , dgdy

dz 8z+&;¢_ﬁ_0’ ®
d’g 3 ag & g dz/ <dy> ag d’y _
dt ~ 3t +2 dzdy dx dz + dyde ©®

and by eliminating ¢; and ¢, from the three equations (4), (8), and (9).
For example, when

y — cx — e’ — ¢; = 0, (10)

we also have

”

¥y —c— cx =0, y” — cg = 0. (11)

With ¢; = ¥”, 1 = ¥y’ — xy”, the differential equation which has the solu-
tion (10) is seen to be

@) -8+ —y=0 (12)

To see whether (10) is, in fact, the general solution of (12) we consider the
initial conditions

Yo — Ci%o — o — ¢z = 0, Yo — € — € = 0. (13)

Equations (13) can be satisfied with real ¢; and c; so long as the following

relation holds:
0 < P9Z0 — 2o + Yo ﬁﬁk (14)
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On the other hand, (14) is precisely the condition which must be satis-
fied in order that (12) is satisfied with a real value of yo if in it we set
=20,y = Yo, and y’ = yo. We conclude that (10) is, in fact, the general
solution of (12).

In addition to the general solution containing two arbitrary constants,
a second order equation, just as in the case of a first order equation, may
have singular solutions which cannot be obtained from any general solution
by specialization of the arbitrary constants.

For instance, inspection of the differential equation (12) suggests that
it might have a solution of the form y = k2, where k is a constant. Sub-
stitution in (12) shows that the only admissible value of %, besides the
trivial k = 0, is k = . Clearly, the solution

y = gz’ (15)
of Equation (12) is not contained in the general solution (10).

EXERCISES

In each of the Exercises 1 through 10, find the differential equation with general
solution.

1.y =6z +c12? + ¢ 2.y = ¢ c08 2x + ¢g 3in 2z
3.y =c1e¥ +ce ¥ 4.y = (¢c1 + cax)e®

5.y =¢16* + co8inz 6.y = (c; + cpx)}

T y=z4clnz +c 8.z =c [e?dy + c,

9. 22 4+czxy +c2=0 10. y2 =¢1 + ¢c2 x2

In Exercises 1, 2, 3, and 6 above determine ¢, and ¢, so as to satisfy each of the
following sets of conditions:

11.y(0) =0, #'(0) =1 2.9 =1, y(1) =0
13. y(a) =0, y'(a) =0

14. Discuss the problem of satisfying the conditions y(0) = a, y’'(0) = b for
each of the Exercises 1 and 7 above.

15. By assuming y = Az™, find singular solutions of the differential equations
of Exercises 6 and 10.

3-2 Second order equations which are reducible to first order equations.
Some types of second order differential equations can be reduced by simple
substitutions to first order differential equations.
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If in the equation f(z, y,y’,y”) = 0 the letter y does not occur by itself,
so that we have an equation of the form

J@, ¥, y") =0, (1)
then one may consider ¥’ as a basic new variable and write
¥ =p. @)
Equation (1) now reads
f@,p,p") =0, 3)

and this is a first order equation for p.

Note that what we have accomplished is, in fact, a reduction of the
second order equation (1) to two successive first order equations. We must
first solve equation (3) for p and then, having p, in order to get y as a func-
tion of x we must solve (2), which is another (particularly simple) differ-
ential equation of the first order.

As an example, take the equation

y” 4+ ay’ = 0. 4)
From
p+ap=0 (4a)
follows by separation of variables
p=ce =" (5)
and then
y = /pdx = f T dr + ey (6)

If in the equation f(z, y, ¥, ¥”) = 0 the letter 2 does not occur, so that
we have

I, y',y") =0, @)
then we may proceed as follows. We write again
¥ =p, @)

and since now the letter y has a preferred status in the differential equation
it is natural to see whether one cannot introduce a derivative with respect
to y into the differential equation. This can be done by writing

» _dp _dpdy _dp ‘ )

Equation (7) is now

dp '\ _
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This is a first order equation for p as a function of y. After determination
of p we obtain ¥ as a function of z from the first order equation

) (10)

The following example may serve as an illustration:
y" — 2yy’ = 0. (11)
The substitution (8) changes (11) to

dp
pal s = 0. 1
Py 2yp =0 (12)
This is satisfied either by setting p = 0, which gives us the solution
y=c (13)
or by setting
dp _ 2y = 0. (14)
dy
From this,
p = ?/2 + C1, (15)
and then according to (10)
_ dy
T = 7/*171 + e (16)
or
ltan‘y—}— whene¢; > 0
— tant U 4 oo c ’
\/Cl '\/Cl : !
z = % -—-;; + ¢, when ¢; = 0, 17
1 y— VvV —a
——1In —= -+ ¢2, whene¢; <O0.
2vV—a v+ V-a '

In all three cases we may, if we wish, solve Equation (17) so as to have
y as a function of z. The solution y = ¢ obtained in (13) is a particular
case of (17) obtainable by setting ¢, = —c” and 1/¢c; = 0.

Besides the two types of equations (1) and (7) discussed above, there
are some other types of second order equations which can be reduced
directly to first order equations. These, however, are of a more special
nature and will be encountered only rarely.
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EXERCISES

Solve the equations in Exercises 1 through 14.

Lay” +y =0 2.2y +y =1

3.z +2zy =1 4.y +¢y'2=0

5.9 +y'r=1 6. y" — k=0, k=0
T4 +ky =0 k0 8. 4" — k%? =0

9y + k2 =0 10, ¥ — k%% =0

1L y” + k%* =0 12. 4" + 42 = yy'

13. " = yy'?

4. y” +2(1 - y2)y =0, y(0) =0, y'(0) = 1.

<

3-3 The linear differential equation of the second order. A class of
second order equations which is important both because of its many appli-
cations and also because of the extent to which the theory has been de-
veloped is of the form

P(x) (‘f—x’i + ) f[—'j ¥ R@)y = S@). (1)

In this equation P, Q, R, and S are given functions. The equation is
called linear, since it is of the first degree in the unknown function y and
its derivatives.

We will find that once we have solved Equation (1) with the right mem-
ber zero, then there is a simple general procedure for finding the solution of
the corresponding equation with the right member not equal to zero.
Therefore, most of what we will have to say will concern the equation

2
P(x) j—;z + Q(z) % + R(x)y = 0, (2

which we shall call the homogeneous equation or, alternatively, the reduced
equation associated with (1).

Because Equation (2) is both linear and homogeneous, its solutions
obey what we call the superposition principle. By this we mean that if
we have two solutions u; and u, both satisfying (2), then the linear combination

C1 U + €2 Us, (3)
where ¢ and c; are arbitrary constants, also satisfies the equation. The proof
is simple. We substitute (3) for y in the left side of (2) and have

2
P (%2 (cruy + coun) + Q ad; (crur + coun) + R(crus + cous)

d*u du; d’u du
= CI[PH;'*' QF;-I— Rul:|+ Cz[P d.x”;+ Qaf-i- R‘ltz]. 4)
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The right side of (4) vanishes because both u; and u; were assumed to be
solutions of (2) and, therefore, the left side vanishes also. This proves
that (3) is a solution of (2), whatever the values of ¢; and c..

We note as a particular consequence of this result that any constant
multiple of a solution of the differential equation (2) is also a solution of
this differential equation.

If u, and u, are such that neither is a constant multiple of the other,
then it can be shown that the expression ¢; u; + ¢. w; involves two constants
of integration in such a manner that we can satisfy with it the conditions
of arbitrarily prescribed values of y(z,) and y’(zo) so long as these prescribed
values are compatible with the form of the given differential equation.
Consequently, whenever the particular solutions w, and up are such that
netther 1s a constant multiple of the other, then the expression

Y = u1+02u2 (5)

1s the general solution of the given linear homogeneous differential equation (2).
To see this, we must show that we can determine ¢; and ¢, from the
two equations

il

1 wxe) + c2 u(zo) = Yo,

! ’ ’ (6)
¢ wi(xo) + ¢z ua(o) = Yo
This will be possible whenever the determinant
e u2(0) .
/ , (@)
Uy (.‘I‘o) U2 (.'170)

The proof of the fact that this determinant does not vanish can be carried
out in two steps. First, it can be shown (Exercise 7 below) that if z, lies
in an interval in which the coefficient P(x) of the differential equation does
not vanish,* then the determinant

w(r)  ux)

W(x) = (8)

ui(x) us(z)

can vanish for z = z, only if it vanishes identically in the entire interval.
Secondly, one can show (Exercise 8) that if W(x) = 0, then one of the solu-
tions u;, uz must be a constant multiple of the other.

Two functions «; and u, having the property that neither is a constant
multiple of the other over an interval are often said to be linearly inde-
pendent over that interval. The concept of linear independence is of im-
portance in a much more general way than appears here.

* The restriction that P(z,) # 0 is associated with the fact that when P(z,)

is zero the conditions y(z;) = yo, ¥'(xs) = yo may not be compatible with the given
differential equation.
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The function W (z) is called the Wronskian of the two functions u; and
s, in honor of the mathematician Wronski (1778-1853).

We now return for the moment to the nonhomogeneous equation (1).
Let y, be any solution of (1). It is readily shown that the expression
Yp + c1u; + cus also satisfies (1).  Since the conditions

Yp(@o) + crtn(ro) + extz(20) = Yo, ©)
yn(xe) + enti(@o) + cauz(xa) = yo
can be satisfied whenever the corresponding conditions (6) for the homo-
geneous differential equation (2) can be satisfied, it follows that if ciu; + s
is the general solution of the homogeneous equation, then

Y = Yp + cus + coliz (10)

is the general solution of the nonhomogeneous differential equation (1).

A simple consequence of this fact is that the linear differential equation
(1) does not possess any singular solutions.

If equation (1) had a singular solution y,, then y, + cius + couz would
be a general solution, and ¥, could be obtained from this general solution
by specialization of the constants (¢; = 0, cz = 0). Thus, y, would be a
particular solution, and not a singular one.

We finally state a superposition principle for the determination of par-
ticular solutions of the differential equation (1). Let y, 1 be a particular
solution of (1) with 8(z) = Si(x). Let y, . be a particular solution of (1)
for S(z) = Sx(z). A particular solution of (1) for S(z) = k1Si(z) + k2S:(x),
where k; and k, are constants, is then given by y,, = kwp1 + kwps To
prove this statement, multiply the differential equation for y, by & and
the differential equation for y, » by k., add the twoequations, and rearrange
the left side of the resulting equation.

EXERCISES

1. Show that u; = 1 and u, = In z are solutions of the differential equation
(a) zy” + 7y’ = 0. Apply the superposition principle to obtain the general solution
of Equation (a). (Compare Exercise 1 of the preceding section.)

2. Show that u; = 1 and u, = In r are solutions of the differential equation
(b) ¥” + ¥’ = 0. Does the superposition principle yield the general solution of
Equation (b)? (Compare Exercise 4 of the preceding section.)

3. Determine the value of 4 for which y, = Ax?is a particular solution of the
differential equation (c) zy” + y’ = 3z. Use this solution and the result of Ex-
ercise 1 to obtain the general solution of Equation (c).

4. Determine the value of A for which y, = Az? is a particular solution of the
differential equation z%y” + 2xy’ = z® Use this result and the result of Exercise 3
of the preceding section to obtain the general solution of the differential equation
" + 2ry’ = 42 - 7.
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5. Show that u; = % and uz = €% are solutions of the differential equation
y"— 38y’ + 2y = 0. What is the general solution?

6. Determine 4 and B so that y, = Az + B is a solution of the differential
equation (d) ¥” — 3y’ + 2y = 4x. Use this result and the result of Exercise 5 to
obtain the general solution of Equation (d).

7. Show that the function W(z) defined by Equation (8) satisfies the differential
equation

aw
— W =
p iz +Q 0,
80 that W = ce~/@/Pldz,
8. If u, and u; are solutions of the homogeneous equation (2) and if u,(z) = 0,
then

dus/w) _ Wia)
dz  ad

Use this fact to show that if W(x) = 0 in an interval, then u, and u, are linearly
dependent in the interval.

9. Given the differential equation Py” + Qy’ + Ry = 8 in an interval in which
P 0. Show that by the substitutiony = vu it is possible to obtain a second order
differential equation for w with no u’-term present, and determine » and the co-
efficients in the equation for u in terms of the coefficients of the original differential
equation.

10. Calculate the Wronskian for the differential equation in u of Exercise 9.

11. Show that if y satisfies the second order linear differential equation y” +
J(@)y' + g(z)y = 0, then the expression z = y'/y satisfies the first order nonlinear
equation 2’ + 22 + fz + g = 0.

12. Given that y satisfies the equation y” + f(x)y’ + g(x)y = 0, what first
order equation is satisfied by the expression z = y/(z)/[h(z)y(z)]?

34 Solution of the linear homogeneous equation with constant co-
efficients. For the linear homogeneous second order differential equation
we first consider the case when the functions P, @, and R reduce to con-
stants. We assume that the first coefficient is different from zero (other-
wise we would bave a first order equation). We may then divide through
by it and write Equation (2) of the preceding section in the form

2
%+2a3—z+by=0. (1)
We shall assume that @ and b are real. Since the variable z does not oceur
directly in (1), we could reduce this to a first order equation by setting
p = dy/dz and dy/ds’* = p(dp/dy). Tt is preferable, however, to use a
more direct method which also carries over to higher order equations with
constant coefficients.

We start by observing that the function e has the property that its
derivatives are constant multiples of the function itself. So if we intro-
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duce €™ for y into Equation (1) we will be able to factor it out. We tenta-
tively set

y — er:c. (2)
Equation (1) now becomes )
(' + 2ar + b)) = 0. 3)

Since the factor ¢ cannot be zero, the equation is satisfied only when the
second factor is zero, that is, when r satisfies the quadratic equation

r + 2ar + b = 0. 4)
This equation will be designated as the auxiliary equation. We denote by
r; and 7, the two roots of the auxiliary equation:

rn=—a+ Va — b, rn=—a— \Va — b (5)

If we assume that r; and r; are different from each other, then we have,
on using the superposition principle proved in the preceding section, solu-
tions of the form

y = ae’'" + ce™. (6)

Since r; # 1y, the two functions ¢** and €™ are linearly independent and
(6) is accordingly the general solution of the differential equation (1).
When 7, and r; are real, the constants ¢; and c. must also be real if y is
to be real.
Suppose now that 7, is complex. Then, since the coefficients of the
quadratic (4) are real, r; is its conjugate, 7;. Write
n=a+18 rn=f=a—1B @)

where « and 3 are real. In order now to have a real solution y, it will turn
out that the constants ¢; and ¢, will have to be conjugate complex. This
we may show as follows:

?/ = ¢ 6az+i0:r + Cs en:r«iﬂz - eaz{cl eiﬁz + s e——:ﬂzJ
¢™*[ei(cos Br + 7 sin Br) + cx(cos B — 1 sin Bz))
= ¢*[(c1 + c2) cos Br + i(cy — c¢2) sin Bz]. (8)

In (8) the coefficients (c; + ¢;) and i(c; — c2) must be real, and we write,
with two real constants C; and C,,

(4] + Cy = C], 'I:(Cl t Cz) = Cz. (9)
In terms of C; and (', the original coefficients ¢; and ¢, are of the form

G = %(Cl - 1:02), C = %(01 =+ ZCz) = ¢. (10)
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We have thus found that when 7, and 7, are given in the form (7) the real
solution of our differential equation may be written in the form

y = ¢*[C; cos fr + Cq sin Bz], (11)

where C, and C, are arbitrary real constants.
In view of (7) and (10), the real solution (11) may also be written in
the compact form

Y= e + Ge’™, (12)

where ¢; is an arbitrary complex constant related to the real constants
('; and Cy in (11) by means of the first of equations (10).

We may then also say that the real solutions of (1) can always be
taken in the form (6) with the understanding that when r; is a complex
number the coefficient is also complex, and we have r, = 7 and ¢, = é.

ExampLE 1.
&y _
dz
P —4r+3=0, mn=1 r=23;

dy A
4L+ 3y =0;

T

y=ce + ce.
ExampLE 2.
dy _
dz?
P=2r4+2=0rmn=144 rn=1-r73;

y = ¢(Cycosz + Cpsinzx),

dy —

or

y = ¢ T 4 g o007,

EXERCISES

Solve the differential equations of Exercises 1 through 6.

@y _ gdy - y | dy -
l'dzz_ !4+2y—0 2. l"+dr+2‘u_0

&y dy _ dy _
3.”—5dx+6y 0 4.”+4y—0

dy &y dy _
5.12—4y=0 6.12+5l+6y—0
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3-6"The case of equal roots of the auxiliary equation. There is one
case that still needs to be considered, and that is the case of equal roots
of the auxiliary equation (4) in the above section. This arises when

@ =b
and we then have

T =T, = —a.

There is then effectively only one constant of integration in the solution
(6) above, namely, ¢; + c.. Since we need two constants of integration
for the general solution, it becomes necessary to obtain an expression of a
form different from the ¢ which we used in (2). The following result
holds. In the case of two equal roots r, = r, for which the differential
equation (1) in the preceding section may be written in the form -

dy

da?
not only is ¢"'" a solution but also r¢™* is a solution. These two are linearly
independent, and consequently the general solution is

= (o1 + cx)e”. 2

A direct derivation of this result may be carried out by means of a
general method which we consider in Section 3-9.

So long as we do not have the general method, we may obtain the result
as follows. We write Equation (1) in the form

- 2r,d—y + iy = 0, (1)
dx

g—x‘z —-n % - (g—g - rly) = 0. 1M
If we now set
Wty =, )
then we have further
g% —rz=0, . 4)

and we see that the second order equation (1) for ¥ has been reduced to a
succession of two first order equations for z and y. Their solution, by
the methods of Chapter 2, leads directly to the solution (2).

EXERCISES

Solve the differential equations of Exercises 1 and 2.

d’l/ dy _ d"’y dy 25
+y—0 dz:2+5dx+4y_0
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3-6 Further consideration of the second order equation with constant
coefficients. We summarize the results of the preceding two sections in the
following form. The general solution of the differential equation

dy+2a Yty =0, )

with a and b real constants, is of the form

cie”® + ce™”, if a*> > b,

y = (a + cx)e’™, ifa>=b, (2

e**(c; cos Bz + ¢, sin Bz), ifa® < b,
where ¢, and ¢; are arbitrary real constants and

r = -—-a+\/a2~—b, r2=—a—\/(17:_5;
a=-a B=+E—a

It will have been noticed that the procedure which was used to ob-
tain the solution, except for the case of equal roots of the auxiliary equation,
could have been applied to an nth order linear homogeneous differential
equation with constant coefficients, rather than merely to a second order
one. We shall take up this general problem in Section 4-2.

Evidently the qualitative behavior of the graphs of the solution (2)
can be greatly changed by a change of the numerical values of the co-
efficients @ and b. This fact is of great importance for the physical and
engineering problems which lead to the differential equation (1). The fol-
lowing may be read from Equation (2) and is discussed in great detail in
texts dealing with physical applications. When b < @’ and when a < 0,
then at least one of the terms in the solution increases exponentially with
z. WhenO < b < o’ and when a > 0, then both the terms in the solution
decrease exponentially as z approaches infinity. When a® < b, the quali-
tative behavior again depends upon the sign of . 'When a > 0, the solu-
tion curves are waves with exponentially decreasing amplitude. When
a < 0, the solution curves are waves with exponentially increasing ampli-
tude. When @ = 0 (and b > 0), the solution curves are waves with con-
stant amplitude.

We have so far assumed that the coefficients a and b in (1) are real.
This, however, is not a necessary restriction. Even if a and b are complex,
Equation (1) still has solutions of the form

€™ + 6™, a =,
(e1 + exx)e’™, a* = b,

®3)
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where, as before, r; and r; are given by (3). Now, however, the solution
y need not be real, and ¢; and ¢, are two arbitrary complex constants of

integration.
EXERCISES

1. Show that the general solution of
&
d;% + Ny =0,

where A is real, may be written in the form y = A cos(Ax — 6), where A and 6 are
constants of integration.

2. Show that the general solution of

PY g Wy :
dz’+2adx+by_0’ a® < b,

may be written in the form
y = Ae* cos(\/b — @z — 6).
3. Show that the general solution of

£y 2,
dxz—)\y—O,

where X is real, may be written in terms of hyperbolic functions as
y = c1 cosh Ax + ¢ sinh Az.

Solve the differential equations of Exercises 4 through 6,

&y LAy y .dy
4.dx2+(l—z)dx—zy=0 5.dI2—2zdx—y=0
& .
6. EZ +1iy=0
7. Given the two simultaneous differential equations
d?y %2
d_zz—z_oy Ex_z+.l/=0'
Show that the function w = y + iz satisfies
v
e + 1w =0

and use the solution of Exercise 6 to obtain real solutions y and z of the given simul-
taneous differential equations.

8. Given the differential equation y” + 2ay’ + by = 0, where a = a; + 1a,,
b = by + ibs, and ay, as, by, by are real. Derive the two simultaneous second order
equations satisfied by the two real functions y; and y. such that y = ¥ + wy..

9. Using the result of Exercise 12 of Section 3-3, solve the differential equa-
tion 2’ =z 122 + 272 - 2.
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3-7 The equidimensional equation. The equation

&y  ydy | b _
i E%_'-;?y—o’ (1)

where v and & are constants, can be readily reduced to a second order
equation with constant coefficients by means of the substitution

r=ce or t=Inz.

We have

dr  dt dxr dt 2’
gy _dy(dy a2yl
dz® ~ dt \dz dt dz®~ de 22 dt 2

Introducing these expressions for dy/dz and d*y/dxz’ into Equation (1) and
factoring out the term 1/2%, Equation (1) becomes

dy dy _
F+(‘y_])§{-+5y—0'
The solution is then obtained from (1) and (2) of the preceding section,
with
v — 1 = 2q, 5 = b, and t=Inz.

This shows that when vy and é are real the solution will have one of the
following forms:

axr”t + e’ if (v — 1) > 43,
y =4 (a1 + c2lnz)a"™ if (y — 1)° = 4, (2)
z%lcicos (BInz) + exsin (Blnz)],  if (v — 1)’ < 48,
where
=31 —vxV(y—1)?— 4] 3)
and
a=31-7v, B=3VH- (-1 )

Another way of arriving at the foregoing results is as follows. We
know that the derivatives of terms of the form z” are rz"™, r(r — 1)a" ",
etc. Consequently, if we introduce into (1) an expression of the form

y=2
we will have a common factor 2"~ and be left with the algebraic equation

r(r— 1)+ 4r 4+ 6 = 0. (5)
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If we have two distinet real roots r, and r; of this equation we shall also
have, because of the superposition principle, the solution

y=cx" + ca”. (6)

The case of equal roots, or of conjugate complex roots, may be discussed
separately, and the results, of course, must coincide with those listed in
(2). For the result in the case of conjugate complex roots we make use
of the formula

z® = ¢®"* = cos (8Inz) + isin (B1n z).

EXERCISES

Solve the differential equations of Exercises 1 through 4
J‘y 2 dy &y

Lo+ o2+ 5 2y=0 3. 22° 2+3— y=0
@y  ldy n &y
'd;t’-*-x—d_.t—;?‘y—o 4':‘2d.13+y_0
5. Show that the differential equation

Ty vy
d.v"’+a dx+x2‘/ f@

can be written in the form

z—(p+a) a% [:l:" d% (qu):' =f

and determine the values of p and ¢ in terms of v and 6.

6. Use the result of Exercise 5 to find the general solution of the equation

2

%+£%—%y=z’", = (m42)?% =0

3-8 The method of undetermined coefficients. The method of un-
determined coefficients is a simple method for finding a particular solution
of some linear differential equations with the right side not equal to zero.
This method is applicable only for certain forms of the right side: In
comparison with another method, which is applicable no matter what the
form of the right side of the differential equation, it is found to be suffi-
ciently simpler in applications to justify its study.

As an example, consider the equation

+2a +by—<’ (1
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where a, b, and k are constants. Inview of the property of the exponential
function of reproducing itself when differentiated, one thinks naturally that
a particular solution of (1) may have the form

yp = Ae*. (2)

The constant A is the undetermined coefficient which we have at our
disposal in order to satisfy (1). Substitution of (2) in (1) gives

Ae”[K" + 2ak + b] = €, 3)
and consequently we find for the value of the undetermined coefficient
A= 1 (4)
K + 2ak + b°

There is one case, and only one case, in which we have not obtained a par-
ticular integral of (1) in the form (2). Equation (4) is valid only if the
denominator in the right term does not vanish or, in other words, only if
k is not a root of the auxiliary equation (4) of Section 3—4. This restriction
is quite natural if we consider the fact that when k is a root of the auxiliary
equation, then 4¢" satisfies the corresponding reduced differential equation,
Equation (1) of Section 3—4, no matter what value 4 has, and so it cannot
possibly take care of a right side different from zero.

Since a constant 4 in (2) will not give our particular solution in the
exceptional case, perhaps multiplication of ¢** by some simple function of
x will enable us to carry through the procedure. Once this possibility is
thought of, it is seen that it may be possible to get a particular integral in
the form

yp = Aze™. (5)
Substitution of (5) in (1) gives
Aze*k* + 20k + b] + Ae[2k + 2a] = €. (6)

The expression in the first set of brackets vanishes because k was taken to
be equal to a root of the auxiliary equation. Consequently, we are left
with an equation in which €** factors out on both sides, and we have

1
2(k + a)° @

Equation (7) will hold so long as k¥ = —a or, in other words, unless % is a
double root of the auxiliary equation (4) of Section 34. When % is a
double root, ¥ = —a, we cannot possibly have a particular integral of
the form (5), since in this case the function Aze* is a solution of the associ-
ated reduced equation, regardless of the value of A.

A=
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Hayving first gone from ¢** to ze**, one will expect that now the particular
integral may be of the form

yp = Az’ 8)

Substitution of (8) in (1) and use of the fact that k is a double root of the
auxiliary equation give now

4 =14 9)

In summary, we see that if £ is not a root of the auxiliary equation,
then there is a particular solution of the form Ae**. If k is a simple root
of the auxiliary equation, then there cannot be a particular solution of the
form Ae*, but there is one of the form Aze*®. If k is a double root, there
can be no particular solution of the form Ae** or of the form Aze*, but
there is one of the form Az’"**. The procedure for determining the co-
efficient A in the various cases is simple enough so that there is no need
to use the general formulas for 4.

Another important special case in which the method of undetermined
coefficients is applicable concerns the differential equation (1) with ™ on
the right side replaced by a linear combination of cos mz and sin mz.
While we can, of course, replace cosmz and sin mz by 3(e™ + ¢ '™
and —i(e'™ — ¢ ™) and thereby reduce the problem to the case already
discussed, we may also directly set

yp = A sinmx + B cos mx (10)

and obtain the undetermined coefficients A and B by matching correspond-
ing terms on the right and left. There is again an exceptional case, namely,
when the expression (10) is a solution of the reduced equation or, in other
words, when the roots of the auxiliary equation are of the form r = +im.
In this exceptional case the trial solution (10) must be replaced by

yYp = (A sin mxz + B cos mz). (11)

ExampLE. Consider
dzy 2 : ¢
7 T ¥y = cosma, m = 0. (12)
Substitution of (10) into (12) gives
— Am’ sin mz — Bm’ cos mx + Ak’ sin mz + Bk* cos mz = cosmz. (13)
Equation (13) is satisfied if we set

K —-mH4 =0, @& — mB =1, (14)
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and thus when k* ¢ m’ a particular solution of (12) is

COSs mx
Yp = E—m (15)

When k¥ = m® Equation (15) ceases to be valid and we must take y,, as
in (11). Substitution of (11) in y” 4+ m% = cos mz gives

:t:[—Am2 sin maz — Bm? cos mz + Am’® sin maz + Bm’ cos mx]

(16)
+ 2Am cos mx — 2Bm sin mx = cos mzx.
Equation (16) is satisfied by setting
24m =1, 2Bm = 0, 17)
and therewith
Yp = 2%,& z sin maz. (18)

Our last important special case concerns the differential equation with
the right side given by a positive integral power of x, namely,

Yy’ + 2ay’ + by = z". (19)

Since differentiation of positive integral powers of x gives us again positive
integral powers of x, we are led to particular integrals of the form

y=Ax"+ Ax"" + - + A4, (20)
If we substitute (20) into the left side of (19), the coefficients
Ay, Ay,- -+, A, must be determined so that the resulting polynomial on the

left reduces to the single term 2" which occurs on the right. This will
always be possible if the coefficient b in (19) is different from zero. In the
exceptional case when b = 0 we see that the highest possible power on the
left side would be ™, and thus we are led to multiply (20) on the right
by x before insertion into (19). There is one further exceptional case,
namely, the one in which a and b are both zero, but the solution of the
resulting equation y” = z" is obvious.

ExXAMPLE.

y" + Ky = 2%

y» = Az° + B2’ + Cx + D;

yw + Ky, = KAz® + F*Bz' + (64 + KC)x + @B + ¥'D) = 2%,
FA=1 KB=0, KC+64=0 KD+ 2B=0;
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2 6z .

UYp = i\'-g bt Z‘,T’ il k # 0;
5

Yp = g—o, ifk =0

EXERCISES

Solve the differential equations of Exercises 1 through 8.

&y dy

1. —23--—3 y = 2¢** + 3 sinx

dz?
5 Py ,dI/ Vir :
2. ;l_x—“+ a—+2 V2e + /3 cos v/3x
o Py ,dy &y —
J‘dxz+2d;c+y=3cz d$+2 = 4¢
s &y dy or 1 9y
b5 —2dv+y—20()s2x+5111-1+-e

d?y o . oz
6. Iz + 4y = 2 cos 2 + sin x 4 2¢

¢y dy o " dy dy s L o
7.dx2+dx+y—a:+2.c dx‘3+d = z* + 2¢

3-9 Method of variation of parameters. We propose now to show that
there exists a general method of obtaining the general solution of any
linear second order differential equation provided we already know, one
way or another, a certain portion of what we wish to know. We recall
that the general solution of the differential equation

‘“‘+Q Uy Ry =8 (1)

will be of the form
= Yn + Yn, . (2)

where y, is the general solution of the associated homogeneous or reduced
equation, and where y, is some particular solution of the complete equa-
tion (1). The function ¥, is of the form

Y = c + CoUz, (3)

where ¢; and ¢, are the two constants of integration and u; and u. are any
two solutions of the associated homogeneous equation neither of which
is a constant multiple of the other.
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What we shall assume is that we know one of the two functions u; and
uy, say ;. We shall then show how to determine u, as well as y,.

It is sometimes much easier to find part of the solution than the com-
plete solution, as the following example may illustrate. For the equation

2
B2y -1 )
inspection shows that one solution of the associated homogeneous equation
is kz. In this, the parameter k may have any constant value we wish. So
for this equation we may take u; = z.
A second solution of the reduced equation. Assuming that a solution
u; of the homogeneous or reduced equation

P4 oW LRy =0 (5)
dx? “dx

is known, we may obtain a second solution u by the following procedure,
valid in any interval in which P > 0. If k is any constant, we know that
the function kuy(z)-is also a solution of (5). To determine a second solu-
tion us(z) which is not a constant multiple of u;, we tentatively set

up(x) = k(x)ui(z), (6)

where now the factor k is a function of z rather than a constant. In other
words, we consider variations of the parameter k. It is not at all obvious
that writing u, in this form will simplify the problem of obtaining it. This,
however, turns out to be the case, as we shall see.
We introduce (6) and the derived formulas
us = K'uy + kus,

r
us = k"uy + 2k"w’ + kus

@)

into (5). The resultant equation can be arranged in the form
k[Pui + Qui + Rw] + F[2Pui + Qu] + k”’[Pu] = 0. 8)
The first bracket vanishes because u; is a solution of (5). The remainder

of (8) is then a first order differential equation in k’. Its solution is

K o= e—f(2(u;/“1)+Q/P]dx

1 o/ (@I (9)

ui

The function & follows from this by integration and we have

oS @I P
= s + co [ / — dx—l Uy (10)
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In the example (4), wehad P = 1, Q = z and v, = z. Equation (10)
shows that the reduced equation associated with (4) has the general
solution

—r2/2
yn = 6z + ¢ [fex2 dx] z. 1)
As a second example, consider Equation (1) of Section 3-5:

d'y dy '

a? - 27'1 d—i + le - 0- (12)
We have u; = ", Q/P = —2r; and therewith, from (10),
y = ce’"" + ce’'". (13)
EXERCISES

1. Show that y = z is a solution of the differential equation
1 1
vV + Y~ v =0

and use this fact to obtain the general solution.

2. Show that y = z?is a solution of

J”+<—~l>y —y=0

and obtain the general solution.
3. Show that y = z is a solution of

@ 2 E = v] = T o I s =

and obtain the general solution.
4. Show that y = ¢* is a solution of

(H-2)+so (% -v)=E+ 1@ - 1% —sew =0

and find the general solution.
5. Find the general solution of the equation

. .
(d-;%—:; )+z2( 4y>=0.

6. Find the general solution of the equation

a2 —-1d
(d?g nz y>+f()<——gy)

dy n—1)dy LI
e ] R CLEY
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3-10 A particular solution of the complete equation. Having scen how
to obtain a second solution u, of the reduced equation (5) of the preceding
section when one solution u; was known, our next step in the solution of
the complete differential equation is to find a particular solution ¥, in
terms of u; and wu,.

We set

¥p = Ci(@)w(z) + Ca(r)ua(z) (1)
and plan to introduce this and its derivatives
yp = Ciuy + Cauz + Crur + Caue,

¥y = Clus + Cius + 2(Clui + Chuz) + Cruf + Caus,

into the differential equation (1) of Section 3-9. If we do this we find one
differential equation for the fwo unknown functions C; and C,. Since we
need only to determine some one particular solution y,, we are satisfied
with any pair of functions C; and C: which makes (1) satisfy (1) of Section
3-9. Consequently, we may arbitrarily introduce an additional condition
relating Cy and C,.. It would be perfectly possible, for instance, to set
Cz = O.

A more symmetrical procedure, which also has the advantage of carry-
ing over for nth order differential equations, is as follows. As our arbitrary
condition we choose

@)

Ciur + Coup = 0. 3)
This makes (2) have the simpler form

’ ’ ’
Yp = Crur + Cou,

’ /! 13 (4)
y: = Chus + Couz + Clu;, + Cau..
If we now introduce (1) and (4) into (1) of Section 3-9, we have
C\[Pu] + Qui + Ru] + CiPu; + Qus + Ruj) )

+ CiPu; + C3Puz = 8.

The contents of the first two brackets vanish, since u; and u, are solutions
of the associated homogeneous equation. Consequently, (5) reduces to
Chut + Cinty = S ©)
P
in any interval in which P > 0. In (3) and (6) we have two simultaneous
equations for C; and Cz. Their solution may be written in the form
—‘(S/P)uz (S/P)u;

G = =, Cr=——,

ik @)
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where W is the Wronskian

Uy Uy

W= , (8)

’

’
Uux U2

which does not vanish (see Section 3-3). From (7) we obtain C; and C; by
integration. Altogether we obtain by combination of (1) and (7) the fol-
lowing general solution of the nonhomogeneous equation (1) of Section 3-9
in terms of the general solution cju; + cou, of the associated homogeneous

equation
I: /Suz d13+01]u1'r'[f§,1 dx'*‘l'z]uz (9)

In (9) the function W is given by (8) and is different from zero, and Equa-
tion (9) holds in any interval in which P = 0.

ExamrLe. Consider the equation

y”" + y = tan z. (10)
For this equation, we have

U = CO8 T, u; = sin zx, cos T sin z
P =1, S = tan z, —sin z cos
From (7),
Cy = — ftanxsinxdx = sin z — In(sec z + tan z),

Co = fsinxdx = —cosT,

so that
Yp» = —cos z In(sec z + tan z), (11)
and the general solution of ( 10) is

Y = c1cosx + ¢; sinz — cos x In(sec x + tan ). (12)

EXERCISES

Solve the differential equations of Exercises 1 through 6.
1.y" +4y =secx 4.4y -2/ +y=€¢lnz
2.y +3y =secz 5 2% + 3z —y=1/z
3y —y=1/(1+¢) 6.y" +ky =tanz
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Obtain the Wronskian W for the differential equations:

1,
Ty + ¥ +y=0 8. (1—2z%)y —2zy +p(@+1y=0

3-11 Taylor series solution of homogeneous linear differential equa-
tions. We continue to study the second order equation with variable
coefficients. As we now know how to find particular integrals once the
general solution of the associated homogeneous equation has been deter-
mined, we may restrict attention to the homogeneous equation

P& 4 o) Y + Ry = )

For some types of coefficients P, @, and R it is, of course, possible to find
solutions in terms of functions of an elementary nature. The equation
with constant coefficients and the equidimensional equation are examples
of this.

In those cases in which we do not see how to obtain the solutions in
terms of elementary functions, and there are many of these which occur
in applications, it is natural to turn to series developments of one kind or
another. We shall discuss here primarily one type of series development,
namely, power series.

For the sake of convenience we shall in the following discuss series
developments in powers of z. But all we do will equally well apply with
obvious modifications to developments in powers of (x — zo) where z,
has any finite value.

Let us consider the series

=a+oar+ea’+ - @)

and see in what circumstances we can determine the coefficients c, in such
a way that the expression (2) satisfies the differential equation (1).

It is, in general, possible to specify at will the values of y and dy/dz
of a solution of a second order differential equation at a given point z = z,.
This means that in general we shall be able to prescribe arbitrarily the
values of ¢p and ¢, in (2). For the purpose of simplifying the following
discussion it is advantageous to restrict attention here specifically to differ-
ential equations for which this is possible.*

The general coefficient ¢, in the series (2) is given by
y(n) (0)
nl

®3)

* There are differential equations of the form (1) with solutions of the form
(2) for which it is not possible to prescribe ¢, and ¢, arbitrarily. These, however, are
best treated in a different connection.

Cn =
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Consequently, in order to have a development of the form (2) it is neces-
sary that all the derivatives of the function y be finite for x = 0. Let
us see what this means with reference to the coefficient functions P, Q,
and R.

If we write (1) in the form

Qdy
SRRt =0 )

then we see that for arbitrary values of y(0) and y’(0) we shall be able
to determine 3”(0) as a finite quantity only if

Q(0) . R(0) .
P(0) is finite and P0)

in the sense that lim @/P and lim R/P exist.
z-0 z-»0

is finite (5)

This, then, is the first requirement for a series solution (2) with arbitrary
values of ¢y and ¢;.

We shall get the higher derivatives of y by successive differentiations
of Equation (4). Consequently, in order to have all the derivatives ™ (0)
finite, it will be necessary not only that Q/P and R/P be finite at z = 0,
but also all their derivatives. If R/P and Q/P themselves are repre-
sentable by series in positive integral powers of z these requirements will
certainly be satisfied, and it is customary to designate the point z = 0
in these circumstances as an ordinary point of the differential equation.

In summary, we may say that the differential equation

Py" + Qy + Ry =

has the point z = 0 as an ordinary point whenever we can write the coefficient
ratios Q/P and R/P as Taylor series:

%=ao+alz+azx’+ e
(6)
R 2
P bo + bix + bax” + -
Under these conditions the general solution of the differential equation 18 of
the formy = co + cix + cxt” + - -+, with o and ¢; arbitrary.

As regards convergence of the solution series, it can be proved that its
interval of convergence is at least as large as, and in general coincides
with, the smaller one of the intervals of convergence of the series (6).

3-12 Three illustrative examples. As examples of the method de-
scribed in the preceding section we consider in turn the following three
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differential equations:

v —y=0 (1)
Yy —zy =0, )
(1 —2y" — 22y’ + p(p + )y = 0. 3)

In each of these, we write
y=c+ex+or+ e+, )
v =c + 2% + 3¢’ + - +nex" A+ -0, 5)

and

¥ =23+ 32x+4-3ca”+ - +nn—Dea"" + - (6)

ExamprLe 1. Putting (4) and (6) into (1), we have
2 + 322 + 43¢’ + - = co + cx + e’ + -

Equating the coefficients of like powers of z on the two sides of this equa-
tion, we obtain the following conditions on the coefficients c,:
2¢; = ¢co 3:2c; = ¢
4-3¢4 = c2 5-4¢c5 = ¢3 (7)

..........................................

..........................................

We see that no conditions are imposed on the first two coefficients ¢, and
¢1, and for the remaining ones we find

(‘_16 C_‘IC
'2_'20 8_3_!1
11 11
“=13*Tn” *=5a% " 5™
C —._1.__0 Ce. =_.—1____c
2n (277/)' 0 n+-1 (2n + l)' 1

The general solution of the differential equation (1) is then

2 4 3 5
r© , x r© |
?/=Co(1+2—!+i‘!+"'>+Cl<x+§“!+';)‘:,+"'>,
where ¢, and ¢; are arbitrary. If we recall the series developments for
cosh = and sinh z, we see that this agrees with the solution obtained by

another method (Exercise 3 of Section 3-6, with A = 1).
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ExamprLe 2. Introduction of (4) and (6) into (2) gives
2 + 320 + 43¢ + - = e + et + oe® + -

This leads to the conditions 2¢. = 0 and

(3n + ])3"&m+1 = C3n-2,

...........................

99

From these conditions, we see first that ¢o and ¢; may be chosen arbitrarily,

while ¢, as well as ¢, ¢s, ¢, ete. must be zero. We also see that

1 1 1

“=3a% T T T3

Cs = .-1_ C Coy = ....]__ Ce = — A_...!_. ——

tT 43" T 98" 9.86-5327"
1 1 1 1

Cg = ——FC = Co, Cip =

109771097643

Thus the general solution of (2) is

I3 xﬁ xg >
y_c°<1+3_7§+6-5'3~2+ + ...

4 7
x x
+“(”‘+m+7;m+ v
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ExampiE 3. Equation (3) is a differential equation which occurs fre-
quently in physical applications; it is called Legendre’s differential equation.
If we insert the series (4), (5), and (6) into (3), we obtain

[2¢. + 3-2x+4-3ca’+ -+ +n(n— Dez™ 2+ -+ ]
—[22® + 3:2c2° + 4-3cx* + - + n(n — e + -]
—2[eix + 2c2” + ez’ + -+ +neaz” + - ]
+ plp + Diee + ez + e2® + -+ cx” +---] = 0.
Collecting the terms containing like powers of z, we have
[2¢; + p(p + e + [3-2¢:s — 2a1 + p(p + Dalz
+ [4-3¢s — 2¢2 — 42 + p(p + Doz’ + -+
+ 1 + 2)(n + Dews — n(n = Voo = 2nea + p(p + Dea”
+ =0

Equating to zero the coefficient of each power of z, we find that no condi-
tions are imposed upon ¢, and ¢; and that the remaining coefficients must
satisfy the following recurrence conditions:

o= — P.(P_;TJ_) &
_2-pp+D _ _(=DE+2)
3.2 ! 31
=2t 4—pp+ 1 (p—2)(p+3)
‘ 4-3 13
P+ D -2rP+3)

- 27 p4| P (8)
o = 4-3-p(p+1) _@=3)p+4)
’ 547 ° 54 @

_p—-Dp+2@ -3+

51

..............................................

e, =t —p+ D)
n+2 (n+2)(n+ 1) Cn

...............................................
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The general solution of Legendre’s equation, accordingly, is

y = 60[1 _plp+ D ey pp ~ D+ D+ 3) 0 J

2! 4!
boleo PR,

An inspection of the recurrence relation (8) for c,42 in terms of ¢, shows
that when p is a positive integer, or zero, one of the series in brackets in
(9) breaks off and becomes a polynomial. For example, if p = 3, we find
thatcs = ¢ = ¢g = --- = 0. In general, the two series are infinite.

EXERCISES

Obtain the first few terms in the series solution for the equations of Exercises
1 through 6.

Ly +y —zy=0 2. (1 =29y — 2zy’ + 6y = 0

I _:J_ i 0 [Solve this problem in two ways, once by writing the dif-

ferential equation in the form (1 + z%y” — y = 0, and once by writing y”—
(1 —224z—28+ .- )y =0l

3.y —

4. y" —xy’ —y =0 (Forallm > 1, express ¢, in terms of ¢o and ¢,.)
59"+ @+ 1y —ay =0 6.y +z =0

7. Use the result of Exercise 11 of Section 3-3 and Example 2 of this section
to obtain the general solution of the nonlinear equation 2’ = z — z? as the ratio
of two power series in z.

8. By analogy with Example 2, obtain the first few terms in the series solution
of the equation y” — kry = 0.

3-13 Power series expansions at singular peints. In Section 3-7 we
considered a special case of the homogeneous differential equation (1) of
Section 3-11, namely, the equidimensional equation

” Y s 8
?/+5?/+§:§?/=0, (1)

in which v and & are constants not both zero. We saw that the general
solution of this equation was of the form

y = Ciz" + Cuz™ (2)
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so long as r;  ry, and when r, = r; this had to be replaced by
= (Cy 4+ CyIn 2)2". 3

In Section 3-11 we said that the point # = 0 was an ordinary point
of the differential equation

d dy Q dJ .

T P +3 @
if Q/P and R/P were representable as Taylor series about x = 0. Now
the equidimensional equation (1) is of the form (4), but the coefficients
v/ and 8/2” are obviously not representable in this fashion. Consequently,
the point z = 0 is not an ordinary point of Equation (1). This is in agree-
ment with the fact that the solutions (2) or (3) cannot be written in the
form ¢, + ¢,z + ¢:” + --- , with ¢ and ¢, arbitrary.

If the coefficients Q/P and R/P are not representable as Taylor series
about z = O the point x = 0 is called a stngular point of the differential
equation (4). We shall not treat this case in full generality but we shall
consider an important class of such equations.

If we want to characterize a class of equations (4) which includes as a
special case the equidimensional equation (1), we may replace the condi-
tions previously imposed on @/P and R/P [(6) of Section 3-11] by the
following more inclusive conditions: the functions Q/P and R/P are both
representable by power series about x = 0 as follows:

O _a+t ozt an’+ -

r- x ’

) (5)
R _ B+ Bz + B2 + -
P 2t

For the equidimensional equation (1), we have ao = v, 8o = 8, while
all the remaining coefficients of the two series (5) vanish.

The special case of an ordinary point is obtained when ay = 0, 8, = 0,
and 8, = 0 in Equation (5).

When Equation (5) holds, we call the point £ = 0 a regular singular
point of the differential equation (4). The word regular is used to dis-
tinguish between differential equations for which (5) is true and those
for which the representation (5) is not possible. When (5) does not hold,
the point z = 0 is called an irregular singular point and the method of this
section is not applicable.

Examples of differential equations for which z = 0 is an irregular singu-
lar point, and thus outside the scope of the present treatment, are

o, 1
y+;,y—0, (6)
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” 1 7
v +5y+y=0 (7)

Another example is given by Exercise 1 of Section 3-9. The solution
of this exercise illustrates what may happen at an irregular singular point.

Considering the form of the solution (2) and (3) of the equidimensional
equation (1), we might expect that Equation (4) under the conditions
(5) has, in general, two solutions of the form

y=2a(o+ cx+ e’ + ), (8)
or one of this form and one of the form
y=2Inzlo+ ar+cx’ + ). 9)

It will be found that there are either two distinct solutions of the form
(8) or one solution of the form (8) and one solution similar to (9) but some-
what more complicated. Because of the superposition principle, these
may then be combined to give the general solution of (4). In (8) and (9)
we assume that ¢, # 0, since otherwise we would have "' multiplied by
a Taylor’s series in 2. Since we shall apply the superposition principle to
the two particular solutions which we obtain, we may assume a value of
¢o at will. It will often be convenient to set ¢ = 1.

Rather than working out the general formula with the coefficients of
the differential equation (4) given by (5), let us consider the following
equation (which was chosen so as to exemplify the case of two different
values of 7):

22%” + 3zy’ + (2z — 1)y = 0. (10)

To see that this equation satisfies the condition (5), we write it in the
form

—1
’J_ y = 0. (11)

v + % y +

We introduce the series (8) for y, and for the derivatives of y
v =2 eor+al+Dz+er+2)z"+ -], (12)
y" =2 er(r — 1) + ei(r + Drx + ex(r + 2)(r + Dz’ + ---]. (13)

After cancellation of the common factor "%, we are left with the series
relation

cr(r — 1) + ai(r + Dre + e(r + 2)¢r + Dz* + -+
+ 3leor + alr + Dz + cx(r + 2)2° + -+ |
+ (-3 +Deo+ex+ea+eat+---]=0. (14)
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We combine corresponding powers of z and equate the coefficient of each
power of x to zero. This gives us the following system of equations

cr(r — 1)+ 3r— 3] =0,

alc+)r+30r+1) -3 +ea =0,

elr+2)r+ D+ 30r+2) —3l+a=0,

(15)

It is evident that we may go on by simply writing the recurrence relation
W+ BE+E—1+3¢+H - H+a=0 (1)

for all positive integral values of k. (The case & = 0 may be included if
we agree that the quantity c_;, so far undefined, shall be zero.)

We have agreed that ¢o = 0. Consequently the first of equations (15)
requires that

r4+@—-r—3=0. (16)

Equation (16) is ¢alled the indicial equation of the differential equation
(10). Its solutions are

Wi

n = 3, Ty = —1, (17)

and these are the only possible choices for the so far undetermined ex-
ponent r. For either one of these values of r we can now use the remaining
equations (15) to determine successively ¢, ¢, ¢s, - - - in terms of co.

For r, = 1, we obtain

c = '—3

_ [ _ 2 .
02_—%_%_’_%'%_%"—%01—33(/0: (18)
Ca 2 4
Cs“—ig+%_%_1=—¥vcz=—mco,
ete.
For r, = —1, we obtain
Co
G = — 1= 0y
-2
(&}
€ = — ??T“_——%' = —¢ = —2c, (19)
G2 2 4
3 = —; +%.2_%=“§C2=v00,

etc.



-

3-13] POWER SERIES EXPANSIONS AT SINGULAR POINTS 105

We thus have the following two solutions, in each of which we have set
Cy = 1:

w =" — 3¢+ 2" — s’ + - ], (20a)
uy =2 'l + 22— 22" + 42+ - | (20b)
By superposition the general solution of the differential equation (10) is
y= 2"l — 3z + &%2° — g4’ + - |
+ Cox 1+ 20 — 27 + 42" + - . (21)
From the conditions (15), we first determined two values of r, and then
for each such value of r, we determined the coefficients ¢y, ¢, ¢, - - - in terms

of ¢g. The first equation in (15) gave us the indicial equation for the two
values of r. By comparing this equation with the differential equation
writtenin the form (11) we see that the values of r in this case depended only
upon the constant terms § and —% which occur in the numerators of two
coefficients Q/P and R/P.

The general form of the indicial equation for all functions P, @, R for
which (15) holds is readily found to be

P+ (@0 — 1)r + Bo = 0. (22)

In the example (11) this indicial equation had two unequal roots leading
to the two different series (20a) and (20b). We might expect two such
different series solutions whenever the indicial equation has two unequal
roots. This is indeed true so long as the difference between r, and r, is
not an integer. If, however, this difference is an integer, then usually
(but not always) it turns out that one of the two series solutions does not,
in fact, exist. In this case it is necessary, just as in the case r, = r,, to
obtain a second solution by an extension of the above procedure.

EXERCISES

1. Determine which of the following differential equations have the origin as
a regular singular point. Find the roots of the indicial equation for each of those
which have the origin as a regular singular point.

(@) z%” +3zy' + (x+ Dy =0

(b) %" + 3z + (x2 +2 + 1)y =0

(c) z%” +sin z-y’ — 4y =0

(d) %" + (cos 2z — 1)y’ + 2(e* — )y = 0

2. State the nature of the point z = 0 for the differential equations
(8) y” — (sin?2)y =0 (¢) z%y” — (sin?z)y =0

(b) z%” — (sin2z)y =0 (d) z8y” — (sin2z)y =0
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3. The differential equation

&y 1 dy 2 3
da? 1d$+( +x—1+(z-1)2>y=0

has the point £ = 1 as regular singular point. Assuming a solution in the form
¥y =colx — 1)" 4+ ci(zx — 1) 4 ..., obtain the indicial equation and its roots.
4. The equation

dy I S 1 dy

d* " z(z — 1) dx
has the points z = 0 and z = 1 as regular singular points. Obtain the indicial
equations corresponding to each of the two points.

=0

Locate and identify the finite singular pointsof the differential equationsof Exer-
cises 5 through 8.
d*y dy
2 — 22 Y —_ = - =
5. x(1 . z)dxz+2:c(l x)dx y=0

6. z3(1 — z)? Z;z 22%(1 — x) +3y =0

& &

1220 (Y 8ot 0U 1 g U

+ 2% =0

Find the first three nonvanishing terms of each of the two solutions of the form
coz” + izt 4 coxt 4 .o
of the differential equations of Exercises 9 through 12.

9. 2 d2y+x@—(:c+l)y=0

10. z%” + 2y’ + (22— D)y =0
1l zy” + 2/ +2y =0

12. zy” + (¢ — )y’ — ay = 0, ¢ not an integer. (This equation is known as the
confluent hypergeometric equation.)

13. Show that Legendre’s differential equation

dy

dx+p(p+1)y=0 (a)

&
1-2% 5% -
has the point z = 1 as a regular singular point, and obtain the indicial equation
for this point of the differential equation.
Hint. Substitute £ = x — 1 and note that the differential equation (a) becomes

dy 2+ 1dy p(p+1)
Errima pix’"" ®
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Then use the series developments

26+1) 1 EO(EV L (EV
2+ 2 g|1 2 (é) '(2) l
1 ll E(EV (&Y l

to show that the point £ = 0 is a regular singular point of the differential equation
(b), with indicial equation r2 = 0.

and

14. Use the results of Exercise 13 to show that Legendre’s differential equation
(a) has a solution expressible as a Taylor series in powers of x — 1:

y=cot+ao@—1)+ec@—D2+ -

with co arbitrary. Determine ¢, and c; in terms of ¢o .

Hint. The differential equation (b) has a solution expressible in the form
Y = co + cif + caf? 4 - - with ¢, arbitrary. (Why?) Use the series given in
the hint to Exercise 13 to obtain ¢; and ¢y in terms of ¢o.

3-14 More on power series expansions at a regular singular point. The
following example has been constructed in order to clarify further what
may happen in connection with power series solutions at a regular singular
point. We consider the equation

dy 2)dy (b 2>, _
a.x_ﬁ(a—_; Tt E)v=0 (1)

where a and b are constants.
We set

y=cx’ + oz’ + -, =0, (2

with corresponding expressions for ¥’ and y”. Introduction of (2) into
(1) leaves us with the following system of relations for r, ¢o, ¢1, - - - :

cfr(r — 1) — 2r + 2] =0,
al(r + Dr — 2(r + 1) + 2] + clar + 4] =0,
ol(r+2)r+1) = 2(r+2) + 2] + ala(r + 1) + 8] =0, (3)

..............................................................

..............................................................

The indicial equation, which allows ¢ to be arbitrary, is

P =3r+2=0 @)
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with roots
r = 2, Ty = 1. (5)

We see that these roots differ by an integer, so that difficulties might be

expected.
Consider next the second of equations (3), which may be written in

the form
al® — r] + clar + b] = 0. (6)

We see that when r = r; = 2, then ¢; may always be expressed in terms
of co. Inspection of the remaining equations in (3) shows that whenr = 2
all coefficients ¢, may successively be determined in terms of c¢,. This
means that we have always one solution of the differential equation (1),
which we may designate by u;, of the form

w =2 —(a+ 3b)z*+ --- ™)

The remaining case, r = r; = 1, is somewhat less simple. We see that
for r = 1 the coefficient of ¢; in Equation (6) vanishes. We now have two
possibilities in regard to the coefficient of ¢o in (6). Either

a+b=0 @)
or
a+b=0. (ii)

When (¢ + b) = 0, then Equation (6), with r = 1, requires that co = 0.
This is not compatible with our initial assumption (2). Accordingly, we
do not have a solution of the form (2) corresponding to the second root
r = 1 of the indicial equation. We have thus confirmed our earlier state-
ment that if the roots of the indicial equation differ by an integer, then
there may be only one and not two solutions of the form (2).

We now turn to the second possibility, a + b = 0. In this case, Equa-
tion (6) with r = 1 imposes no condition on either ¢, or ¢;. Since ¢ occurs
only in the first two relations in (3), we conclude that ¢, is arbitrary. How-
ever, c; is also arbitrary, since the remaining relations in (3) impose no
conditions on ¢;. In particular, the third equation in (3) gives us

C = — %acl,

and the remaining coefficients ¢, may successively be determined in terms
of ¢;, We have then, as a solution of the given differential equation, so

longasa + b =0,
y=cx + afr’ — daz® + -] ®)

We may note that if @ + b = 0, the function u; given by (7) coincides
with the expression in brackets in (8), and we can say that in the excep-
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tional case a + b = 0 the solution corresponding to the root r = 1 in-
cludes the solution corresponding to »r = 2 and represents the general solu-
tion of the given problem.

We now resume consideration of case (i), for which we have so far only
the solution ;. 'To obtain uz, weuse the method of variation of parameters.
We have, according to Equation (10) of Section 3-9,

—/(Q/P)dz —/fla—2/z]dz
e e
U = Uy ]————2——‘ dr = w " dz (9)
Uy U

="f z'e™ dr =“f e “dzr _
e e D R I (R DR o

We now introduce for ¢ ™* and also for [1 — (a + 3b)z + --- ]* their
Taylor series. Therewith

Up = Uy fx_2[1 —az + &2 + -1 4 2(a + )z
— 3(a+ )% 4+ -] dz

or
w = [ 4 (@t B+ o+ g+ oldr,

where the coefficients a, are constants which may be expressed in terms of
the constants ¢ and b. We now integrate term-by-term and obtain

w(@) = w@) -2+ (@a+ b)) Inz + ax + ax’ + -]
or
uy(x) = (a + b)w(z) Inz 4+ Bix + ,32;1;2 + .-, (10)

where By, 8, - - - are constants which may be obtained by multiplying the
series (7) for u; into the part of u, which is free of the logarithm.

We add the following remarks. (a) Note that the logarithmic term in
u, cancels out when a + 0 = 0. This is in accordance with the result
expressed by Equation (8). (b) Note that the part of the solution having
a logarithmic term is, in fact, more complicated than an expression of the
form (9) of Section 3-13.

EXERCISES

1. Show that ¥ = ciz + c2 In z is the general solution of the differential equa-
tion Inz — 1)y” —27%" 4+ 2% = 0. Is2z = 0 a regular singular point of the
differential equation?

2. Given the differential equation

&y B, o1\, -
dz:2+<a+:c+:c2)y 0.
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(i) Show that the roots of the indicial equation differ by an integer whenever
v = }(1 — m?), where m is an arbitrary integer. (ii) If vy = (1 — m?), with
m & positive integer, show that the smaller one of the two roots of the indicial equa-
tion makes equal to zero both the coefficient of co in the first recurrence relation and
the coefficient of ¢, in the (m + 1)st recurrence relation.

3. Obtain u general solution in the form of power series of the equation y” +
(1 + %+ %y = 0. (Determine the first three nonvanishing terms in each of the
two linearly independent solutions.)

4. Given the equation

dy B 3
d:é+<“+;"4?)y=°~

Show that there is only one solution of the form coz” + ciz™! + -+, co # 0,
unless 32 + @ = 0. When 8% + a = 0, show that the smaller of the two roots of
the indicial equation leads to a general solution of the differential equation. What
is the form of this general solution?

3-15 Bessel’s differential equation of the zeroth order. Bessel func-
tions of the first kind. In this section and the next we consider the series
solutions of Bessel’s differential equation

Ldy
z dx

ay + +y=0 (1)
da? ’
The indicial equation (22) of Section 3-13 becomes here

r =0, (2)

and we have an example in which the two roots r, and r» are equal. By
Section 3-13, since r; = 0, we know that one solution is of the form

m=c+or+ecr+ - 3)

Inserting this into (1), we find that ¢, is arbitrary (but not ¢;!) and that the
remaining coefficients satisfy the following system of equations

= 0,
(2:14+2)c2+¢c=0,
B2+3)st+ea=0, (4)

(4'3 + 4)64 + C; = O,

...................

It is seen that we have
CI=C3= * o =O (5)
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and that the coefficients with even subscripts all obey the recurrence re-
lation

n'en + Cuz = 0, n=2406,-:- (6)
From this,
I
Cr = 0 Cus
1
Cy = ‘—)2742 C,
_ 1
“fT T age™ Q)
................ ,
Con = (— ])" ')222" Co,

...................

These conditions lead us to a particular solution u; which, with ¢ = 1,

is given by
1 x2 1 .’64 1 xs
T <1'>2(>+<2T>2<§)‘z§155<§>+"' (8a)

The function u; is called Bessel’s function of the first kind and of the zeroth
order and is customarily denoted by J o(x) We may write

(=
Jo(z) = f‘;"o n,)z ‘- : (8b)

The reason for calling the solution (8b) a Bessel function of the zeroth
order is the following. Equation (1) is a special case of the more general
equation

dy |, ldy p2> )
Biloi(1-2)y =0, )
which is also of importance for the applications. To distinguish between
the solutions of this equation for different values of p, it is customary to
call the corresponding solutions of this equation Bessel functions of the pth
order.

EXERCISES

1. By differentiation of the differential equation for Bessel functions of order
zero,
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show that J. o(x) satisfies Bessel s differential equation (9) with p = 1, and thereby
establish the result that J o(x) is a Bessel function of the first order.
2. (a) Obtain a solution for the differential equation

d?y 1dy

- - =(

dx'~’+xd:c
in the form
1 4+ + o2+ ---.

(b) The solution obtained in (a) is generally designated by Io(x) and is called
the modified Bessel function of the zeroth order. Show that

Io(z) = Jo(i.t)
3. Show that y = Jo(kz), where k is any constant, satisfies y” + z~ 1y’ +

k2y =

4. Obtain a solution of y” + 7%’ + (1 — 273y = 0 in the form y = 4r +
c,z2 + ¢9z® + --- . This function is designated as J,(x). Show that J,(z) =
—Jo(z).

5. Show that the substitution y(r) = zV2y(z) reduces Bessel’s equation (9)
to the form w” 4 [1 + (3 — p»z~2%u = 0. Use this fact to solve Bessel’s equation
of order 3.

3-16 A second solution of Bessel’s equation. We now obtain a second
particular solution of Bessel’s differential equation of the zeroth order
[(1) of Section 3—-15]. We know that if u;(x) is a particular solution of the
differential equation P d%y/dz* + Q dy/dx + Ry = 0,then a second solution
is given by

—f (Q/P)dx

us(z) = w(z) f dr. (1)

For the equation d%/dz* + (1/z) (dy/dz) + y = 0, with the particular
solution u; = Jo(z), this means that a second solution is given by

-f (dz/x)

wte) = 340 [ gy o = o0 [ i @

To see what type of series expansion to expect for u, we proceed as follows.
By an appropriate application of the binomial theorem, we have

7 1

4 4 2

? x z x .
1+2<_._@+ ..)+3<4_a+...)+...
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Combining like powers of x, we obtain, with suitable coefficients as,
1

[Jo(x)

We put (4) into (2) and have

=1+a2:rz+alx‘+--' “4)

us(z) = Jo(z) f G + ax + a2’ + ) dz ®)

=Jo@)nz+ % ez’ + az'+ -1

We see that us is of the form Jy(z) In z plus a product of two Taylor series
inz. This means that if we introduce suitable new coefficients 8., we may
write

us(z) = Jolx)Inz + B’ + Bz’ + - 6)

In practice, the above procedure is used only to give us the form of the
second particular solution. The values of the coefficients 8, are more
conveniently obtained by direct substitution of (6) in the differential equa-
tion (1) of Section 3-15. To this end, we calculate
duz 1 ’ P 3
— = = Jolx) + Inz Jo(x) + 287 + 482" + ---,

dx T
(7)

2
d Uz

2 ’ ”
ae —-]--ZJo(ir) + ZJo(x) + Inz J5(2) + 28 + 4-382” + - -,
X~ x X

and introduce (6) and (7) into (1) of Section 3-15. With slight rearrange-
ment of terms, this gives

ln:z{.]('f + %J& + Jo} + %J&(x) 4 (28 + 4-382° 4 -+

+%{2ﬂzx+4ﬁqx3+-~'}+{62:62+l34x‘+-"l=0~ (8)

The term multiplying In @ vanishes, since Jy is a solution of the given dif-
ferential equation. Regrouping the remainder of (8) according to ascend-
ing powers of x, we are left with the following relation:

(2 + 2)8: + (348, + 4B, + Bo)z" + - --
+ [(2n — 1)20B2n + 2nB2n + Parngls™ " + - -+ = _g Ji(z)

2.4 2(=1)""2n 4. .
=1_Z_'1_6z2+...+ (n!)zzzn—z 2+... (9)
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From this, we obtain immediately
48, = 1, 168, + B = —%, (10)

and the general relation for the coefficients 8, may be written

—1\rtl
(Qn)zﬂzn + Ben—z = %H%)—zﬁ_l:, n=23 - - (11)

To see what the general form of the coefficient 8., might be, let us calculate
a few of them. From (10),

B = (12a)
Bi=Ts(—%—D=—-71G+ 1 (12b)

w

From (11),
B = g l5oie + o iG + D = s AG+ 3+ D). (12¢)

From this sequence of formulas, we might guess that the general term
B2, 18 of the form -

_ (=)™ (1 1 1 )

B = Gryion Z2@n =% @\n a1t Tt
_(—1)"“(1 1 1 )
“wayr a1t tatl) (12d)

The correctness of this result may be seen by direct substitution in
(11).*

With (12), our particular solution u, as written in (6) is now deter-
mined. It happens that a linear combination of this u, and of u, = Jo is
generally taken as the second particular solution. This linear combina-
tion is denoted by Y,(z) and is called Bessel’s function of the second kind
and of zeroth order. It is of the form

V@) = 2 @) + (v — n2)J(a)]
-2 [(m z y) Jo(a) (13)

‘ 5
T A R R P

* There are more systematic ways of obtaining (12d). One of these would be to
obtain the general solution of (11) by means of the theory of the equations of finite
differences. We note that the present finite difference equation coincides except
for the right side with the corresponding Equation (6) of Section 3-15 for the co-
efficients of J,.
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1.0

0.8

\/ Jo(x)
0.6

0.4

EAVE\VAY SR N) 4

= 0.6
[\ )vn(l')
= 0.8

— 1.0

0 2 4 6 8 10 12
Figure 3-1

In (13) the quantity v is a number, called Euler’s constant, which is defined
as follows:

y = nm(1+ TR SR lnn>= 5772 - (14)
neo \n N — 1 2
Both the function Jo and the function Y, have been tabulated. The
nature of their dependence on r may be seen from Fig. 3-1.
The general solution of the zeroth order Bessel equation (1) of Section
3-15, with two arbitrary constants C; and Cj, is now

y =~01Jo(1') + CgYo(:l:). . (15)

The properties of the functions Jo(z) and Yo(z) have been studied in
great detail. For purposes of the applications, J, and Yo, may be used,
for instance, in a way which is similar to the way the solutions cos z and

-sin z of the equation y” + y = 0 are used.



CHAPTER 4
HIGHER ORDER DIFFERENTIAL EQUATIONS

4-1 Introduction. The first and second order ordinary differential
equations which were considered in previous chapters are special cases of
the general nth order differential equation

dy a7y d”y) _
f(x, Yo g gen) 0. (1)

While the solution of such nth order equations for n > 2 will generally
be more laborious than solutions of second or first order equations, the
methods which may be employed are frequently rather direct extensions
of the methods which are used in connection with second order equations.
This is particularly so for linear differential equations of the nth order.

To see what generality to expect from a solution y = y(z) of the nth
order equation (1), let us make the following observation. If we select
some fixed point £ = o, it appears that we may, in general, preassign
arbitrarily the values of n of the n + 1 quantities y(zo), ¥'(z0), - - -y (zo),
and Equation (1) then furnishes the value of the remaining one. For ex-
ample, in

¥y + 20" +ayy — 1 =0, (2
we may choose o = 1 and assign

y1) =3 vy =2  yQ) =3, 3)

and then the differential equation gives the value of y"(1) as
y'"(1) = —18. 4)

1t is customary to designate a set of conditions of the form
y@) = w, ¥@) =ys -, ¥ V@) = yi", (5)
where yo, Yo, - - - , y$"™ are given quantities, as snitial conditions for the nth

order differential equation (1). As an example, Equations (3) are a set of
initial conditions for the differential equation (2).

The same set (3) of initial conditions is evidently not admissible if we
modify the differential equation (2) to read

@Y + 20" +xyy — 1 =0 (6)

and require that y be a real-valued function. In this sense, we must
always restrict ourselves to sets of initial conditions which are compatible
with the given differential equation.

116
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A solution of a given differential equation with which we can satisfy
all sets of initial conditions which are compatible with it we shall call the
general solution of the differential equation.

To be able to satisfy n initial conditions, the general solution of an
nth order equation will have to contain n parameters or constants of inte-
gration the values of which should follow by evaluating the conditions (5).
To illustrate, the differential equation

"

y" =20
has the solution
y =0+ car+ ca’

and this is its general solution, since by proper choice of the values of ¢,
¢, and ¢; we can always satisfy three conditions of the form

y@o) = yo,  ¥(z) =0,  Y"(@) = w0,

no matter what the values of zo, ¥o, yo, and yo are.
To indicate the corresponding result for the nth order equation (1),
we shall write for its general solution

Yy = y(x) C1, €y vy c'l)' (7)

What we must watch out for is that this expression is, in fact, general
enough to allow us to determine the values of ¢i,- - -, ¢, in such a way that
the conditions

Y(xoi €1, ++, €a) = Yo
, ) ) (8)

Y (1?0; [ PR C,,) = Yo

¥ (@os ey vy €a) = Yo

can be satisfied for all choices of yo, 70, -+, 6"~ which are compatible

with (1).

We cannot in this text attempt a complete treatment of the question
as to when a solution of the form (7) represents the general solution of a
given differential equation (1). We shall, however, see how to answer this
question for the class of linear differential equations

po@)y (@) + pi@)y" @) + -+ Pal@)y(E) = f(2). ©)

For the sake of defining the notion of general solution, it is customary
todeal with the set of initial conditions (5). Inpractice, conditions referring
to both end points of an interval in which the differential equation is to be
solved often occur. In such cases, one speaks of boundary conditions
rather than of initial conditions.
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EXERCISES

Determine the differential equations of lowest order which have the solutions
stated in Exercises 1 through 4.

1Ly =2+ ¢c1 + cox + c36® + cye* 2. y* = cie* +cx + 3
3. e =c¢y + a1z + cxx? + 2° 4.y =z + cier + cx? + ¢

5. To every second order differential equation with general solution cyu,(x) +
cauz(z) corresponds a third order differential equation with solution Cyu? + Couj +
Csuius,. Determine the third order equation which corresponds in this sense to the
second order equation y” + y = 0.

6.

7. Show that the given solutions in Exercises 1 through 4 are general solutions.

9.)
10. Determine all values of a, b, and ¢ for which the initial conditions y(1) = a,
y'(1)= b, y"(1) = ¢ can be satisfied with the solution of Exercise 4.

4-2 The homogeneous linear differential equation with constant
coefficients. The simplest class of nth order differential equations is the
class of linear, homogeneous equations with constant coefficients:

n—l

Tta dz,,ff+ 4 an_l Y+ any =0, (1)

Equation (1) evidently has solutions of the form ¢, for suitable values

of r. Introducing ¢” into (1) and dividing out the common factor ¢,
we are left with the algebraic equation

™+ ar" + o+ e + a. = 0. (2)

Equation (2) is called the auziliary equation of the differential equation (1).
The polynomial on the left of (2) is equivalent to a product of n linear
factors and Equation (2) is then equivalent to

(r — r)(r —r) o (r = ras))(r — 1) = 0. 3)

The constants r; are the roots of the auxiliary equation (2).

If these roots are all distinct, then we have n distinct solutions e™*
e**,- -+, ™ of the differential equation (1).

Since the superposition principle which we proved for second order

linear differential equations also holds for nth order linear equations,
Yy = clcnz + czerzz + . + c”er"z (4)

is also a solution.
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To see whether (4) is the general solution, we consider the initial value
problem

y(m)(xu) = yl()m)) m = 0; e, N 11 (5)

where the quantities y§™ are arbitrarily prescribed. Introduction of (4)

into (5) leads to the following system of simultaneous linear equations for
the constant coefficients ¢n:

™™ + -+ ™ = gy

are"™ 4 oo €™ = yo (6)

.................................

A necessary and sufficient condition for the solvability of (6) with arbitrary
terms on the right is that the determinant

1 1 1
T T2 Tn
o 2 9
A= |1 75 r (™)
_1 - —
T SRR

have a value different from zero. In algebra it is shown that this deter-
minant, which is called Vandermonde’s determinant, is different from
zero if the r,, are all distinct. If we accept this fact, then we have shown
that the solution (4) is the general solution of (1) so long as all the r,, are
distinct.

If the roots 7, of (2) are not all distinct, then the solution (4) no longer
contains n essential constants of integration. For example, if r, = 7y
then the part of the solution cie™” + c¢™" becomes (c; + c;)e™” and the
two constants of integration ¢; and ¢, become one constant of integra-
tion ¢ + ¢.. In the case of the second order equation, where we had
only r; and 7., we found that the solution c,e”* + 66" was replaced by
(er + ex)c™®. It may be verified by direct substitution that if r, =
for the nth order equation (1), this same expression becomes part of the
general solution. ,

We briefly state various other facts relating to the nth order equation
with constants coefficients. If

1"1:7'2: ..-=rm (8)

is an m-fold root of the auxiliary equation (2), then the first m terms in the
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general solution (4) must be replaced by
(e1 4+ cox + -+ + cmz™ Ve

The roots r,, may be complex numbers. If the coefficients a; are real,
then all nonreal roots occur in conjugate complex pairs & + 48 and « — 6.
As in the case of the second order equation, the part of the solution (4)
corresponding to two such roots may be written in the alternative form

e¢"“(A cos Bz + B sin Bx),

where A and B are constants of integration. If o + 8 and a — 8 are
roots of multiplicity m, then we have

e [(Ay+Agz+ -+ Amx™ ) cosfr+ (By + Box + - - - + Bpaz™ ") sin ]

as part of our general solution.

ExampLE 1. The differential equation
ty iy
dr* " dz

has the auxiliary equation

P55t d = - 1D -4 =D+ 1)r—-2)(r+2) =0

+4y =0

Consequently, the general solution is

Y= e + e + e’ + e
ExAMPLE 2.
d'y d’y
%4 - sz + y = 0:
P2 1= (-1 = - D+ 1) =0,
y = (&1 + cax)e® + (cs + cax)e ™.

ExAMPLE 3.
1
.___+4a‘y= s r‘+4a‘= 0,

n = (14 1)a, re = (1 — 7)a, rs = (—1+ 2)a, re=(—1-=1)a,

y = (¢, cos ar + c; sin ax)e™ + (c3 cos ax + ¢, sin ax)e .
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ExampLE 4.
d'y
dr d:r:2
P27+ 1 =0+ 1) = (r— 2+,
y = (&1 + cx) cosz + (¢; + cx) sin .
In each of the foregoing examples the determination of the roots of
the auxiliary equation was readily possible in an explicit manner. It is
evident, however, that often the most difficult part of the problem will be

the determination of the roots of the auxiliary equation. In practice, this
will often have to be done by numerical approximation methods.

+y=0,

EXERCISES

Solve the differential equations of Exercises 1 through 7.

¥y @y dy &y _
l'dx“+3 +3d +y=0 2~dx3+1/-0

&y dly 4 &y 8
3.dx3—-y==0 4d4—ky=0 ) 5'dxs+ky=0
dy Py 4 = &y 4dy =
6. 0% — 2B TSRy =0 Toat W T -y =0

Determine the fourth order linear differential equation with constant coeflicients
with the following roots of the auxiliary equation:

8 n =1, Ty = 2, ryg = 3, Ty =4
9. n = }'2/) T2 = 96; r3 = —13 + i) Ty = _}é -1
10. n = —.35, re = —.83, ry = .25 + 704, ry = .25 — 70¢

4-3 The nth order linear differential equation. We now turn to the
consideration of the nth order linear differential equation

pc(x) Yy pn(x) dxﬂ—l A+ paa() % + pa(@) y = f(x) (1)

and the associated homogeneous equation
py™ + py" "+ -+ pay + Py = 0 2)

in an interval @ < x < b in which the variable coefficients p,, are continuous.

Let wi, us,-- -, um be m solutions of the homogeneous equation (2).
Then, because of the superposition principle, the linear combination
aur + cuy + -+ + cnln also satisfies (2).
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Since the general solution of an nth order differential equation is to
contain n essential constants of integration, we may expect, in analogy
to what we encountered for the differential equation with constant co-
efficients, that the general solution of (2) is of the form

¥y = o+ et + oo+ et 3

If this is to be the general solution, the set of particular solutions
uy, - -+, U, which occur in (3) must be such that we can solve the initial
value problem

y @) =y, m=01--,n—1, (4

for given values of zo, %o, - -, 5" " which are compatible with (2). We

note that if po(z) is different from zero in the interval (a, b), then any
assumed initial values are compatible with the given differential equation.

Introduction of (3) into (4) gives the following system of equations for
the determination of the coefficients c¢..:

a(xe) + -+ + caua(o) = W0
cus(xe) + 0+ Catta(ze) = Y, )
c;u(""_l)(zo) + o c,.uﬁ."””(xo) _ y((,n—l)
A necessary and sufficient condition for the solvability of (6) for arbi-
trarily given values yq, - - -, ys" " is that the determinant
Cw@ e w@)
w (2) s un(z)
W) == | covverrenenneenenens @
W@ e () |

have a value different from zero when z = x.

The determinant W(x) is called the Wronskian of the system
w(a),: - -, un(x).

We do not yet know how to obtain a system ui(z),- - -, u.(z) of par-
ticular solutions with the property that W(z,) == 0. It can, however,
be shown that if W(x,) = 0 for a single point zo in (a, b) and if pe(z) = 0
in (a, b), then W(zx) > 0 throughout the interval (a, b) and consequently
the linear combination (3) represents the general solution in the entire
interval.

The fact that the Wronskian is different from zero in an interval as
soon as it is different from zero at one point xo may be illustrated by means
of the differential equation with constant coefficients. If u.(z) = ™,
then

Wir) = plritret...dradzy
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where A is the determinant defined by Equation (7) of Section 4-2. We
see that if A 0, then also W(z) ¢ 0 for all finite z.

Turning now to the problem of the general solution of the nonhomo-
geneous equation (1), the following facts may be observed. Let y, be
any particular solution of the nonhomogeneous differential equation.
Then, as one may verify by direct substitution,

yp+clu‘l+ Tt +Cnun

also satisfies this differential equation. Since this expression is sufficiently
general to solve the initial value problem so long as ciuy + -+ + ecan,
is the general solution of the homogeneous equation, we have the result
that the general solution of the nonhomogeneous equation is

:l/=:l/p+61u1+ tet +cnum (8)

where ¥, is any particular solution of the given nonhomogeneous equation.

EXERCISES

Given the solution y = (& + car)er + (c3 + cax)e~= of the differential equation
y'V — 2y” + y = 0, show that each of the following initial or boundary value
problems leads to the determination of the constants of integration ¢;:

Ly =1, 30 =y"0) =y"(0) =0
290 =1, ¢0 =y1) =y'1) =0

3. Given the solution y = ¢; cos kx + c; sin kx + cse** + cie~*= of the differ-
ential equation 3"V — kf = 0, k = 0, obtain those exceptional values of k for
which the boundary value problem

y© =1, ¢7(0) =0, yl@ =0, y"(@ =0

does not have a solution. Show that if the first of the four conditions is replaced
by y(0) = 0, the resultant homogeneous system of boundary conditions leads to a
solution y # 0 if and only if k assumes one of the exceptional values.

4. Show that the Wronskian W(z) defined in (7) for the differential equation
(2) satisfies the differential equation

po(zi %—7 + pi()W = 0.

5. Use the result of Exercise 4 to show that if W(x,) = 0 for a single point x,
in (a, b) and if pe(z) 5 0 in (a, b), then W(x) » 0 throughout the interval (a, b).

4-4 The method of variation of parameters. Let
Yo = CUr + -+ + Calls (1)
be the general solution of the homogeneous differential equation

Py ™ + Py + -+ pasy + pay = 0. @
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To find the general solution of the nonhomogeneous equation
py” + oy + o+ Py = S, 3)

one may proceed as follows, in extension of what was done earlier for second
order differential equations.

Write
y = Ci@u + - + Cu(x)u,. 4)
Then
¥ = Cur+ - + Caun + Crus + -+ + Cottm. (5)
As a first condition on the n functions C.., set
Ciws + -+ + Cutty = 0. (6)
Having done this, ¥” becomes
oy = Cl + -+ Ol 4 Gl + - F Chun )
As a second condition on the n functions C,, set
Ciur + -+ + Catn = 0. 8)
Continuing in this way on to the (n — 1)st derivative of y, we obtain
g™ = Ci™ + -+ Ca, m=01,--,n—1, 9)
with the following set of conditions on the unknown functions Cy,- - -, Ca:
Crui™™ + - + Crul™™ =0, m=1---,n—1. (10)

Finally, we have
g™ = Ccl® 4+ - + ol + Cum 4 e 4 ChulMTP (1)

We now introduce (9) and (11) into the differential equation (2). The
resulting equation may be written in the form

Ci(z)[pour ™

+ o+ Paour + paul]

+ C(@)pas” + -+ + poottie + Paue] + -+

+ Cal@)pous” + -+ + Ducttin + Patta]

+ po(@Crd™™" + -+ + Cou ] = fl@). (12)

Since the functions u., are solutions of the homogeneous equation (1),
everything except the last line in (12) vanishes and we are left with the
relation

po@)[Crd™™" + -+ + Cour* "] = f(z). (13)



4-5] THE METHOD OF UNDETERMINED COEFFICIENTS 125

Equation (13), together with the n — 1 equations (10), is seen to be a
system of n simultaneous linear equations for the n functions Ch.

After division of (13) by po(z) (here we use the fact that po(z) = 0),
the determinant of the system is the Wronskian W(z) defined in (7) of
Section 4-3. Since we know that the Wronskian does not vanish in this
case, we are sure that Equations (10) and (13) may be used to obtain the
functions C,,. Having Cy, we find C,, by direct integration and therewith
we have the general solution of the given differential equation.

EXAMPLE. vV —y = f(z).
The general solution of the homogeneous equation is cie” + et + e’ +
cie” . Setting
= (1(2)e" + Co(z)e™ + Cs(x)e™ + Culz)e™™,
Equations (10) and (13) provide the following equations for cy, Cs, O,
and C;:
Cre® + Coe™ + C3e™ + Cie™™ = 0,
Cie" — Che™™ + iCae™ — iCie ™ = 0,
Cie® + Coe™ — Cye™ — Coe™™ = 0,
Cie® — Cae™™ — iChe™ + iChe™ ™ = f(x).

The determinant of this system is

i el‘ e—‘l‘ e‘lz ()— T
(’Z — e—x ie 1z — 1()—‘!;
W = z —z iz —ir = 1 b’t
€ e — —e
& —e T —ie” e "

We shall omit the actual determination of the coefficient functions C;,
Cz, Ca, and C,.

4-6 The method of undetermined coefficients. Considering the fact
that actual application of the method of variation of parameters to nth
order differential equations may involve quite lengthy calculations, it is
worth-while to note that when the right member of the differential equa-
tion is of suitable form we have again at our disposal the method of un-
determined coefficients which we previously considered for second order
equations.

We restrict ourselves here to applying the method to the differential
equation with constant coefficients:

g™ + ay™ P + o + ay = f(2). )]
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Let us first take the case

J@) = ¢ )
and see under what conditions we have a particular integral of the form
y, = Ae™. 3)

Substitution of (2) and (3) into (1) and cancellation of the common factor
¢* leave us with the following equation for the undetermined coefficient A4 :

A" + ak™™ + -+ + Guik + aa) = 1. 4)

We see that this determines 4, provided k is not a root of the auxiliary
equation (2) of Section 4-2.

Tt is possible to show that if k ¢s a root of the auxiliary equation, say
of order m, then instead of (3) we shall have a particular integral of the
form y, = Az™ "¢

In the same manner, we may obtain particular integrals when f(x)
is either cos kx or sin kzx, by writing

:k: —ik:)’ 6_.“'1).

N ot T
sin kr = % (e

A third class of functions f(z) for which the method of undetermined
coefficients is applicable is the class of functions

cos kx = —(c

flz) = ™, m a positive integer. (5)
When f(z) is given by (5), we choose
yp = Ax™ + Az + - + A (6)

We introduce (5) and (6) into (1) and find that we may determine the
coefficients A4 ; by equating coefficients of corresponding powers of x on
the left and right sides of the resulting equation. This will always work
provided the coefficient a, in (1) is different from zero.

When a, is zero, we may replace Equation (1) by its integrated form

dn—l dn 2 m—+1
a;,,—_l—{ +a 1 + Tt Gy = ;n—af—_*-_—l- (7)

and then apply the foregoing procedure. [Note that the constant of inte-
gration which we might add on the right of (7) would contribute a term
to the particular solution y, which is already contained in the general
solution of the homogeneous equation (1) of Section 4-2. It may there-
fore be omitted.] It should be clear how to extend this procedure if in
addition to a, = 0 we further have a,.1 = @2 = -+ = Gaq = 0.

As is the case with the second order equation, it is possible to use the
method of undetermined coefficients for the differential equation with
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constant coefficients for somewhat more general types of functions f(z)
than the cases here considered. These, however, are of little practical
importance.

EXERCISES
Obtain the general solution of the differential equations of Exercises | through 4.
1.

y'V — 2y +y = 3sinkr + 4 coskz
2. y"V 44y =2sin22 + 1 + 322 + 4e*
y
y

v

3.
4.

1 — 2!/" + yl . 21:
”'—y"+y’—y=x"'+3c‘
46 The Laplace transform of the linear differential equation with

constant coefficients. A useful method for solving the nonhomogeneous
nth order equation with constant coefficients,

0+ ag™ + o+ ay = f@), M

is basically as follows. We multiply (1) by a factor ¢ **, where p is a

parameter, and integrate the resulting equation from zero to infinity:

f Y™ + ey + -+ anyldz = _L e " f(x)dz. (2)
0
We call /(; ¢ "*f(z) dx the Laplace iransform of f(x) and write

fo 7% f(x) dz = F(p). 3)

We restrict attention to such functions f(z) for which the integral in (3)
exists for real values of p greater than some constant p,. We similarly
write for the last term on the left of (2)

fow ei’"y(:v) dz = Y(p), . 4)

and we shall not, at this point, worry whether or not the solution function
y(z) is of such form that the integral in (4) exists.
We turn next to the integral [ ¢ ™y'(z) dz, the Laplace transform
Jo

of the derivative 4’. We can express this Laplace transform of y’ in terms
of the transform of y itself by integration by parts, as follows:

f ) e "7y (z) dz = ¢ ""y(x) "+ P f ) e "y(z) dz. ®)
0 o 0
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At this stage we make a further restrictive assumption, namely, that
y(z) is such as to make the integrated portion vanish at the upper limit:

lim ¢ % y(z) = 0. (6)

>0

We then have
[ e v@ ds = —yo + Y. ™)

We can similarly express the Laplace transforms of all the derivatives
y'™ in terms of Y(p), by repeated integration by parts. The result is the
important formula

-/; ¢ y™(z) dz = —[p"y(0) + p"TY(0) + -

+ y" (014 p"Y (p). (8)
For its validity this formula requires in addition to the limiting relation (6)

the following limiting relations:
lim ¢7?%®(2) = 0, k=1,2--,m—1. (9

IO

We now substitute (8), (4), and (3) in the transformed equation (2)
and write this equation in the following form:

"+ ap™™ + -+ + @ap + a.)Y(p)

— @ ap T A e + @u2p + @, 1)y(0)
_(pn—z + alp""s 4+ .- + [y + an-—?)y,(o) - s
_ y(n—l)(o) — F(p). (]0)

In (10) we now make use of initial conditions of the form

Z/(M)(O) = yig'"), m = 0) 1, cee,n — 1, (1])

where the quantities y¢™ are given constants. This means that Equation

(10) gives us the Laplace transform Y (p) of the solution-function y(x),
in terms of the Laplace transform of the right member f(z) and in terms
of the initial values of y and its derivatives, as follows:

@+ ap™™ + -+ + aap + @)Y (p)
= F() + yop" " + o + awo)p" " + ---
+ @+ ™™ + -+ aa) (12)

We note that while the original relations between y(z) and f(x) and the

initial values y§™ are relations involving various derivatives of the un-
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known functions, the corresponding relation between the Laplace trans-
forms of y and f is of an algebraic nature. We shall see that it is this fact
which is responsible for the effectiveness of the Laplace transform method.

ExampLe. Obtain Y(p) for

yvV =y = f(2),
with
y(0) =y, y'(0) =y"0) =y"(0) =0.

rry

Equation (12), withn = 4, 50 = 5’ = yo = Oanda; = a; = a3 = 0,
as = —1 becomes

_F(p) + np’
Y(p) = T_‘_T“

4-7 Some Laplace transform formulas. In order to apply the Laplace
transform method, one needs what amounts to a catalogue of frequently
occurring Laplace transforms. Some of these are very simply obtained
from Equation 3 of Section 4-6.

For example, when

f(x) = 1, then F(p) = f e Pdxr = %, 0<p, (1)
0
and when
__ az — ® (a—p)z — 1
f(x) = ¢, then F(p) fo e dz o a < p. (2)
Furthermore, when
f(z) = cosbx = (™ + ¢ ™), (2a)
then
(1 L \__»P
Flp) = 2<p - ib+p+ib> g 0<p (@)
The latter formula is a simple illustration of the general fact that if

f = C[fl + szz, then F = 61F1 + Cf_ng. (3)
A formula which will be particularly useful in solving differential equa-
tions with constant coefficients is the following:

flx) = 2",  F(p) = @——T”a)—m’ a<p, ()

wheren = 0,1,2, --- .
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A general result of importance is a formula for the Laplace transform
of the following integral:

h(z) = j; zf(x — 8)g(s) ds. (5a)

We state here without proof that the transform H(p) of h is given by the
product,
H(p) = F(p)G(p). (5b)
To illustrate the use of (5) let us find a function h(z) with Laplace
transform
1
He = o= —n
If
o) = o2 ) =y
then, according to (2),
f@) = €%,  gl) =e7,

and, according to (5a),

z
b 8 e
h(ﬁ') j; a(r—a) 8 ds = 6 j(; e(b—a) ds = eaz

b—a

(b—a)s |z br

e — eﬂI

o b—a

In this particular case we can find the same result directly by writing

1 =< 11 >__1,
—a)p—0) p—b p—a/b—-a
and using (3) and (2).

EXERCISES
Determine the Laplace transform F(p) for the functions f(z) in Exercises 1
through 7.

. x
1. sin bz 2. cosh az 3. sinh az 4, / g(t) d¢
0

-

5. 1for0 <z < a,0fora <z 6. ¢ % cos b 7. € **sin br

Determine a function f(z) the Laplace transform F(p) of which is given in
each of Exercises 8 through 12.

1 10 1

8 9. ——— S .
p+4 p(p — 1) P+ a

n % _ 1 __P g 2 _ 1 1
p(p2 + bz) p2 + b2 : pl — a4 p2 —_— a2 p2 + a2
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4-8 Laplace transform solutions. Use of the transform formulas of the
preceding section enables us to solve differential equations with constant
coefficients by going from the transform of the solution, as obtained in
Section 4-6, to the solution itself. This will be illustrated by a number of
examples.

For convenience a short table of appropriate transforms is given below.

J(r) F(p)
1 1
P
n n!
z pn+l
err !
p—a
Znear n!
(p — a)nn
p—a
e** cos br (———-————p S raT,
es* sin bx ————b——
(p — a2+ b
cosh az o z pr
sinh az —3—0——2
P —a
z
[ s~ 9yte) ds F(p)G(p)
Jo
S™(x) pF(p) — p=f(0) — p*¥’'(0) — --- — f@1(0)

ExampLE 1. Solve
V' —y=1 w=1 =0
From Equation (12), Section 4-6, '
@ -1DY=p +0p
or

_ 149
p(p* — 1)

From the table of transforms,
y(x) = —1 + 2 cosh .

2
N N
pr—1

Y

!
P



132 HIGHER ORDER DIFFERENTIAL EQUATIONS [crar. 4

ExampLE 2. Solve the homogeneous equation
y' — 2ay + a'y = 0.
We leave 3 and yo arbitrary and have then from Equation (12), Section
4-6,
(p? — 2ap +a®Y = yop + Yo — 2 ayo
or

y = WP+ Yo — 205
(p—ar
We notice that in order to use our transform table we must decompose
p/(p — a)’ into partial fractions, as follows:

P _ a 1
p— p-aF Tp-a

From

—ayo + Yo Yo
Y= +
(p—aP p-—a
it follows then that
y = (—ayo + Yoz + yoe™.

This gives us an additional derivation of our earlier solution for the case
of a double root of the auxiliary equation. In addition to this, the present
form of the solution incorporates the initial conditions explicitly, instead
of the arbitrary constants ¢; and ¢; which earlier had to be determined

separately.
ExampLE 3. Solve
y'v — k'y =0,
with the initial conditions
w=1 yw=y =y =0
From Equation (12), Section 4-6,

- _1( p P
vl = (et hw):

and then
y = 3(cosh kz + cos kz).
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ExampLE 4. Solve the nonhomogeneous equation
v = Ky = f(@),
with the homogeneous initial conditions
Yo=yo=1y =y =0.
From Equation (12), Section 4-6,

_ F
Y T

We write this expression for Y in the form

Y = F(p)Q(p),

and we know that

is the transform of
g(z) = — (bmh kx — sin kz).

We now use Equation (5), Section 4-7, for the product of two transforms
to conclude from the form of Y (p) that the solution y(z) is given by means
of the integral

y(z) = 2—}& fozf(s)[sinh k(x — s) — sin k(z -- s)] ds.

The same result may of course also be found, with somewhat lengthier
calculations, by means of the method of variation of parameters.

EXERCISES
Solve Exercises 1 through 6 by the Laplace transform method.
1.y +ay =1, Yo = 0
2.y +ay=¢%, yo=1
3.9 +ay =0, y=1 1y =0
4.y" + 20 +by =f(@), Yo=yp =0
5.4" ~y=0, p=p =0, yp=1

6. 9" =3y +3 —y=0 y=yy=0
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4-9 Power series solutions of nth order linear differential equations.
The ordinary point. Application of power series to nth order linear differ-
ential equations proceeds in a manner which is entirely analogous to what
we encountered in the treatment of second order equations. We may
therefore be quite brief.

Given the differential equation

n—l

p@ L 4 p@ T Yt p@ Pt p@y =0, ()

dn

let us first assume that the nature of the coefficients p, is such that we may
write

pm(x) = Z": a'nkxk, (2)

Po(T) k=0

where the series on the right are convergent in some interval |z | < R.
When (2) is valid, Equation (1) is solvable for arbitrarily given values of

y(0), y'(0), ---, _y(""” (0). Therefore, in a power series solution of the
form
y= Z cixj) (3)
F=0

we will be able to assume arbitrarily the values of the first n coefficients
Co, C1y -+ , Cne1, 8nd the remaining coefficients will be expressible in terms
of the first n coefficients.

In extension of what we did for second order equations, we shall call
the point z = 0 an ordinary point of the differential equation (1) so long
as the coefficient functions p..(x) are restricted as in (2).

Substitution of (2) and (3) into (1) gives us

'Z-()ij(j — 1) (] —n+ l)xj—n
+ Zalkx ECJ](] - 1) ] —n+ 2)1:4 n+l

+ 3 andt Zc,m —1) e (—n B

k=0
+ E G Z ¢z’ = 0. (4)
) J=0 .

We satisfy (4) by combining corresponding powers of « and by setting the
coefficient of each power of z equal to zero. In this way we obtain from
the terms multiplying z°:

can! + a106na(n — 1) + GaeCas(n — 2)! + -+ + @qc0 = 0. (58)
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We shall not write out explicitly the corresponding relations coming from
the terms with z°, where ¢ = 1, 2, --- , but we may observe that these
relations are of the form

¢.4: = linear combination of ¢o, 1, - - , Cagizi- (5b)
We see from (5a) and (5b) that co, ¢;,- - - , ¢,_1 may indeed be chosen arbi-
trarily, and c,, cn41, - - may successively be expressed in terms of the first

n coefficients of the solution series.

ExAMPLE. yvV(x) — ay = 0.
Substitution of
y=co+oar+cer + -

results in the relation

c44'+c55'r+q$x + o —fer+ar+ -] =0.
From this,
4 =0 - 6! T
Cy = y, (590 = G, (ﬁﬁ ¢y, 073—! = 0y,
8! n!
684—! =0 o, Ca (ﬁT‘I)' = Cn—b;

We see that ¢, ¢, ¢, and c; are arbitrary, and that the solution series
assumes the form

B Lo, BUILL
= ‘+~+10'5' * 3110151 +]

2 g 20Ty,
+c;_x+6—!x +1—1—!.~6i;c +]

[, 31 5, 318! .
+c’_x+7"!”+‘1'2!—7!x +]
i 4! 4191 | |
+°’_“’3+§””8+mx”+'”]‘

EXERCISES

For each of the following differential equations determine the first few non-
vanishing coefficients in the power series solution of the form (3).

1.y" —zy =0 2.4V — 1% =0
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3.0 —2)" +2zy +3y =0
4. By a suitable change of the independent variable reduce the problem of
solving the differential equations
@ ¥ —ky =0, () gV —katy =0

to Exercises 1 and 2, respectively.

4-10 The regular singular point. We next define a regular singular
point of the differential equation (1) of the preceding section. Again
in analogy to what we did for the second order equation, we say that
the point z = 0 is a regular singular point if the nature of the coefficient
functions p. is such that we may write

Pm(2) - i o P
Po(T) ™ lg O 2",

where the series on the right are convergent in some interval |z | < R.

We now no longer have the possibility of arbitrarily prescribing the
values of ¥(0), ¥'(0), ---, ¥ "(0). Consequently, we cannot in general
expect a series solution of the form (3) of Section 4-9. We can, however,
by analogy with the second order case, expect that we shall encounter
series solutions of the form

y = 3 't G # 0, (2)
i=0

where s is a suitably determined constant, and solutions including terms
of the form

(In z)" X dz™, do % 0. (3)
j=0
Possible values of s are obtained by substituting the solution series (2)
and the expressions (1) for the coefficients p.. into the differential equation
(1) of Section 4-9 and by equating to zero the coefficients of the different
powers of z in the resultant equation. The lowest power of z which occurs
is xl—n. &N

The coefficient of " is
cfs(s — 1)---(s—=n 4+ 1) + bys(s — 1)---(s — n + 2)
+ bas(s — 1)---(s—=n+3)+ -+ +bu] =0. (4)

Since ¢, # 0, the contents of the bracket must vanish. This means that
possible values of s are solutions of an nth degree polynomial equation,
called the indicial equation. This equation has n roots which may or may
not be all distinct.

If multiple roots occur, then we will certainly not have n distinct
solutions of the form (2) and the general solution will always contain
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expressions of the form (3). If all roots are distinct, one might expect n
distinct solutions of the form (2). This, however, is not always so. It
can be shown that only if no two of the n distinct roots differ by an integer
is one assured of n distinct solutions of the form (2). If two or more of
the distinct roots do differ by an integer, then there may or may not be
n distinct solutions of the form (2). In the latter case, it is again necessary
to search for solutions including terms of the form (3).

ExampLE 1.
y" — 7y = 0.
Introduction of
ex' + o' 4
Y cos(s — 1(s — 2)z"° + oi(s + 1)s(s — Dz* > 4 ---

leads to the following relations:

Y

iy

I

0

I

cs(s — 1)(s — 2)
c;(s + 1)8(8 - l) — ¢ =0
s+ 2D+ s —ea =0

..........................................

The indicial equation is
s(s— I)(s—2) =0,
with the roots
=0, s=1 s=2
We find that when s = 0 and s.= 1 we cannot have ¢, # 0, since the second

condition requires that ¢, = 0. Accordingly, we have just one particular
solution of the assumed form, namely,
3 4 5
_ o2 x x 21z 312! [
v= “"["’ tatam T sian Tesam® T ]

To obtain the general solution of the given differential equation, it will
be necessary to consider expressions involving logarithms. This we shall
not carry out here. We remark that we have encountered a case for which
the roots of the indicial equation, while being distinct, differ by integers.
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ExampLE 2.
y" — (ax”' + 27y = 0.
Taking ¥ as in Example 1, we have
cos(s — 1)(s — 22" + (s + D(s)(s — 2" 4 -+
—aex’ + ez + ]+ e + x4+ -] = 0.

From this,
cofs(s — 1)(s —2) —a} =0

alfs+ 1s(s — 1) —al+c=0
s+ 2)(s+1)s—a]+ca =0

The indicial equation is
ss—1)(s—2) —a=0.

To avoid having to solve a general cubic, let us choose a such that one of
the three roots has a given value other than 0,1,2, say

=1
81 = 7

Then

and
s =16 —V13), =106+ V13).

The general solution is

y = C x1/2+§x3/2+ ]
i (6—V13)/4 *!_ , - 4+G-V13)/4 .
+ G _x + §— (824 1)sa(sy — 1) y + ]
[ e 1 VT
C (5+V13)/4 1+ (6+V'13) /4 .. ]
+ Cs -Z +§ — (83 F 1)83(83 — l) r+

EXERCISES

1. Solve the differential equation y’”’ — jx—3y = 0.

2. Given the differential equation y’”’ — ax~3y= 0, show that if a = 24/3/9
the indicial equation has a double root 8 = 1 — (v/3/3) and a single root v =
1+ (2\/.7373) and that the solution is y = cix” + ct® + s Inz.
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3. Given that the differential equation

lﬁ/+Ao+A1£+"'gz_y_’_Bo-I-Bx.t-}*"'@ Co+01xi_'_:

dz? z dr? z? dr + 28 y=0

has a general solution of the form
y = clzal(] + - ) + (;21;‘12([ + - ..) + caxa:f(l + - )

with @, = o, a; = ag, a» # as, show that the coefficients Ao, By, and Cy must be
solutions of the system of linear equations

a,-(a.- — ])(a.- -— 2) + Aoa.-(a; - 1) +Boa. + Co= 0, 1= ], 2, 3.



CHAPTER 5
SYSTEMS OF FIRST ORDER DIFFERENTIAL EQUATIONS

5-1 Introduction. Related to the problem of the differential equation
of nth order but somewhat more general is the problem of a system of »
simultaneous first order equations,

n@ o, Yns YL, e, Ye) = 0,
.............................. (1
Gn@; Y, Yns U, e, Y) = 0,

for the n dependent variables y:,(z), - - -, ¥a(z).

The single nth order equation (1) of Section 4-1 may be seen to be a
special case of (1) by writing in it

v=vy, ¥v=yn ¥ =y - Y=y (2
Equation (1) of Section 4-1 now becomes one of the simultaneous equa-
tions, namely,

S@ Yy Yu ) = 0, (3a)

while the remaining equations of the system follow from (2) in the form

(3h)

The theory of systems of simultaneous equations is usually developed
for systems in which the derivatives yx are explicitly given as functious of
z and of the unknown functions y;, - -, ¥a:

7‘/; = fl(x, Y, ~° yﬂ)y
R RERTEEE 4)
Yn = fn(x, Y, * :'/")'

If we select some fixed point x = o, we may evidently preassign arbi-
trarily the values of the n quantities yi(xo), - - -, ¥n(Zo) S50 long as these
values are in the range for which the functions f; are defined. Equations
(4) then furnish the values of the derivatives y1(zo), =+ , ¥ (Zo).

We call a set of solution functions y, the general solution if with it we
can satisfy all sets of initial conditions

y1(o) = Y10, ", Yn(®0) = Ynoo 5)

which are in the admissible range.
140
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To be able to satisfy n initial conditions, the general solution will
have to contain n constants of integration, the values of which should
follow by evaluating the conditions (5).

To indicate this fact, the general solution of the system (4) may be
written in the form

Y1 =iz 6, -0, Ca),
.................... (6)
Yn = yn(x; €, ", cn)-

What we must watch out for, just as in the previously discussed problem

of the single nth order equation, is that the arbitrary constants ¢, - -,c,
in (6) do in fact occur in such a way that the conditions

hi(@o; 1y <+, €a) = Y1y

....... (7)

can all be satisfied.

While we cannot attempt here to give a complete treatment of the
problem of when a.solution of the form (6) represents the general solution,
we shall show how to answer this question for the class of systems of linear
simultaneous differential equations. An understanding of the relevant
results for the special case of systems of differential equations with constant
coefficients, which we take up first, will be helpful as a guide in the con-
sideration of the more general case.

EXERCISES

1. Write the differential equation y” + 2ay’ + by = f(z) as a system of two
first order equations.

2. Write the system of two second order differential equations
') =ax +by, y'(t) =azx+ Py

as 4 system of four first order differential equations, using the substitution dz/dt =
u, dy/dt = v. i '

Obtain a system of two simultaneous differential equations for y and z with
the solutions given in Exercises 3 through 5.

3. y= Ae® + Aqee, z= 24,e* - A=
4. y= (A1 + Ax)es, z= (34, + 5Axx)e*
S,y+224+ar + =0, B2t+z+y +y+ex+ea=0

6,7, 8. Show that the given solutions in Exercises 3, 4, and 5 are the general
solutions.
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5~-2 Two simultaneous first order equations with constant coefficients.
We now consider as the simplest example of a system of differential equa-
tions the two equations

§g=a.y+a¢.z, ;—E=lny+l).,,z, (1
where a;, az, b, and b, are given constants.

Recalling that the exponential function has the property of having
derivatives which are constant multiples of this function and remembering
our previous work on the single differential equation with constant co-
efficients, we expect to find solutions of (1) for which both y and z contain
terms of the form ¢™. Since now, however, both ¥ and z occur in one
and the same equation, we must modify our previous work on the single
equation with constant coefficients in such a way that we can keep track
of both y and z separately. We do this by assuming as trial particular
solutions of (1) the expressions

y = Ae”, z = Be™, (2)
where A4 and B are suitable constant factors.
Combination of (2) and (1) leaves us, after omission of the common
factor ¢ in both of equations (1), with the following two simultaneous
algebraic equations:

(g — A + a;B = 0,
b + (b — r)B = 0.

@

In order that this homogeneous system of equations for A and B have
solutions other than the trivial solution A = B = 0, it is necessary that
the determinant of the system vanish:

‘ay — 7 a

i L= 0. 4)

b, bo — r
This means that » must be a solution of the quadratic equation
7 — (a1 4 b)r + (@b — ashy) = 0. (5)

In analogy to our previous work, we call this the auxiliary equation of the
system (1).

We denote the roots of (5) by , and r, and assume first that r, # r,.
If we set r = 7, in the simultaneous equations (3) for A and B, the two
equations are compatible and consequently one of the corresponding
constants A, and B, can be chosen arbitrarily and the other will be deter-
mined. We have the same situation for the other root r. and the corre-
sponding constants 4. and B,.
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Since the superposition principle holds for the linear system (1), the
sum of the two particular solutions obtained is also a solution, and we have

y = 4™+ Awe™, z = B + By, ©6)

where exactly two of the four constants A, As, By, and B, are arbitrary.
As for the single linear equation, the case of equal roots of the auxiliary
cquation requires special consideration. In the case of the single equation
it was always necessary. to introduce new types of solutions when the
auxiliary equation had equal roots. It is important to note that with a
system of equations it may or may not be necessary to introduce new types
of solutions. This may be seen as follows. If one of the A’s and one of
the B’s can be chosen arbitrarily, then even if r; = r,, we still have two
arbitrary constants in the solution (6), which is all we can expect. If,
however, only 4, and A, (or B, and B,) can be chosen arbitrarily, then the
solution (6) clearly involves only one arbitrary constant A, + A (or
B, + B.). Consequently, in this case it will be necessary to look for a
second solution of some other form. From our experience with the single
linear equation, we expect that the general solution will be of the form

y = (A + A)e™*,  z = (B + By (7)

and this 1s, in fact, true.

ExamrLE 1. y' =4y — 2, 2 =3y — 2
4—rA4A—-2B=0,
34+ (-1 =B =0,
P —-3r+2=0, =1, ry = 2,
34, — 2B, = 0, 24, — 2B, = 0,
34, — 2B, = 0, 34, — 3B. = 0.
In this case, which is the usual one, we may choose arbitrarily either

Ay or By in the first pair and either 4, or By in the second. We may write
the solution, for instance, in the form -

y = A" + A, z = 346" + Ax™.

ExaMPLE 2. y =y, 2" = 2y + 5.

This example is one in which certain pairs of the constants of integration
cannot be chosen arbitrarily. Instead of going through the steps of the
general procedure, we can solve this system directly by first determining
y In the form

y = A€
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and then determining z from the second equation dz/dx — 5z = 24,¢”
This gives
z = —3A16° + By™.
Evidently, we could not choose A, arbitrary in this example, since it has
to be zero.

ExamrLE 3. Yy = ay, 2 = az.

This is an example where the two roots are equal, r, = r, = a, but
where it is clearly unnecessary to introduce any new type of solution, the
general solution being

y = Ae”*, z = Be™.

This example is very special but it is the only example which illustrates

the case of two equal roots with no new type of solution. When we come

to systems of more than two simultaneous equations, we shall see that this
behavior can occur for systems which are not of such special nature.

ExamrLE 4. y =y, 2 =3y + -

Again, we could first solve for y and then for z. It will be more in-
structive, however, not to take advantage of this possibility, but rather
to follow the method outlined at the beginning of this section. We have

1—-—7rA4+0-B=0,
344+ (1 —-rB =0,
and therewith
a-7"=0o, rno=r = 1.

From this we see that B; and B, are arbitrary and that 4, = 4, = 0.
The solutions of this form are then
y =0, z = (B: + By)c".

It is apparent that we have here a case where solutions of a different form
must be introduced in order to have two constants of integration. In
accordance with (7), we assume the general solution of the form

y = (Adix + Ap)e, z = (Biz + By)e",

where, of course, the four constants A,, 4;, B;, B; must be determined
anew. By substitution in our given system of differential equations, we
find

A+ A+ A, = Az + A:z,
le + B1 + Bz = 3A1:L‘ + 3A2 + B].’E + B2.
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From this,
4, + 4, = A,, B, = 34, + B, By 4+ B, = 34; 4+ B,
and consequently
A, =0, B; arbitrary, B, arbitrary, A, = $B..
The general solution containing two arbitrary constants is seen to be

y = ¥Bie, z = (Bix + By)e".

For later use, let us observe that in each of these examples the solutions
y and z may be written in the form

y = ca(z) + coa(),

2

8
cn(z) + cwa(z), ®)

It

where the pairs of functions u,;, v, and us, v, separately satisfy the given
system of differential equations and where ¢, and c, are arbitrary constants.
In Example 1, we evidently have

T z
w =€, n = $€,

2: 2:
u =€, vy=c¢,

and the results for the remaining examples can be written in an analogous
manner.

EXERCISES

Solve the equations of Exercises 1 through 3.
1.y = —y + 22, =4y + 2
2. y=2y + 2, 2= 22

’

3.y =2 Z =y
4. Show that the equidimensional system of linear differential equations
zy' = ay + a, 72’ = azy + ag,

where the a, are constants, is transformed into a system with constant coefficients
by the substitution z = . '

For Exercises 5 and 6, it is given that the system of linear differential equations
¥ = a@y + ez, 2 =b@y + b()z
has the pair of solutions
Yy=w, zZ=0; Y=1u, 2z=1,

where u, is not a constant multiple of «; and v, is not a constant multiple of v;.
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5. Show the validity of the superposition principle for the given linear system
by showing that y = e + caus, 2 = ety + ey, where ¢, and 2 are arbitrary
constants, are also solutions of the system.

6. Show that the determinant

W(x) =

(73] V1
(1%, (23

satisfies the first order differential equation

aw
i = (a1 + ba)W.
A

6-3 Three simultaneous first order equations with constant coeffi-
cients. Let us next consider the system of differential equations

dy

7{1 = an + anyY: + auys,

dy:

((fl/pi = a2 Y1 + az2yz + a2z Y- ™
dy:

d:li = anih + Gy, + A3 Y3,

where the coefficients a,., are given constants. We look for solutions of
the form

n = Ae”, Y2 = Be™, ys = Ce’™. (2)

Combination of (1) and (2) leads to the following three simultaneous equa-
tions for the constants A, B, and C:

(an — 1)A + aB + aisC = 0,
anA + (a2 — r)B + axC = 0, 3
and + axB + (ass - T)C = (.

A necessary condition for these three equations to have solutions other
than A = B = (" = 0 is the vanishing of the determinant of the system:

ap — 1 ay2 ay3
an ap — T az = 0. (4)
as A3z Az — T

Development of the determinant leads to a cubic for the quantity » which
will have three roots r,, r;, and r;. Corresponding to these values of r,
we will have coefficients A,, By, C1; A, Bs, Cs; A;, Bs, Cs, which will be
related by equations (3), with r replaced by r, 7, and r; respectively.
Since the determinant of the system (3) vanishes for each of these values
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of r, we are sure that one coefficient out of each set A,, By, Cy; As, Bs, Cs;
Aj, B;, C; can be chosen arbitrarily.

If the three roots r1, 72, and r; are all distinct, then this means that in
the combinations

U = All‘r'r + Axf"” =+ A:;Cr“,
y2 — Blerlx + Bzem:c + Bser;gz, (5)
ys = Crie™"" 4 Co™ + Cye™,

we have three arbitrary constants of integration.

If the roots are not distinct, it may still happen that we are left with
three arbitrary constants. On the other hand, it may happen that only
one or two arbitrary constants are left. We then must again find new
types of solutions. We may distinguish the following two cases:

(i) ry =T FE Ty,
(ii) "= Ty = T3

In the first of these, the general solution may contain terms of the form
ze'* and be of the form

(A 1r + Ag)(?”r + A:;lfrsz,
(Biz + B2)e™'™ + Bye™, (6)
(Cx + (72)‘?7'1 + e,

In the second case, the general solution may contain terms of the form
e* "% and be of the form

z'e** and ze

y = (A’ + A + Ay,

Y2 = (B’ 4+ Bar + By)e™"", )
(Crx® + Car + Cy)e’™.

Il

I

I

Y2

Ys

I

Ys

We shall always be safe in assuming the solutions in the forms (6) or
(7) when case (i) or case (ii) is given, although it may turn out that the
coefficients of all terms with ze™* and z’¢™* become zero in the actual
solution. Since the calculations would be much shorter in those cases
if we knew in advance that we did not need the terms with ze™* and
2%"*%, it is apparent that it is worth-while to have rules telling us in ad-
vance what will happen. Such rules applicable for the system of n equa-

tions for n unknowns may be found in more advanced texts.

64 Some illustrative examples. Since the solution for the system with
three distinct roots 7, r,, and r; is straightforward, we omit a numerical
example of this type. It will, however, be of interest to see some examples
of systems of equations for which the auxiliary equation has multiple roots.
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ExawmrLE 1. )
Y1 =25 — 2y — 4y,
Y2 = 21 — 3y — 2y,
y§ = 4y, — 2y, — 6ys.
Equations (3) and (4) of the preceding section become
2—-1rA—2B—4C = 0,
24 + (=3 —r)B — 2C = 0,
44 — 2B+ (—6 — r)C = 0,

and
2—-r -2 —4
2 -3—r -2 = —(r+ 2)*r + 3) = 0.
4 -2 -6 —r
The roots are
"n=ry= =2, r3 = —3.
We take first the single root r; = —3. For this the system of simul-

taneous linear equations becomes
54; — 2B; — 4C; = 0,
24, —2C; =0,
44; — 2B; — 3C3; =0

We may, for example, take B; arbitrary and solve for A; and C; from any
two of the three equations. This gives us

33 &!‘bitl’&l‘y, A3 = Cs = 233.

We take next the double root r, = r, = —2. We see first whether
we can obtain two arbitrary constants from the three simultaneous equa-
tions for 4, B, C with r = —2:

4A.1 - 2B1 bt 401 = 0,
2A1 - B1 - 201 = O,
4A1 - 231 bl 401 = 0.

All three of these equations are the same. Hence we may take any two
of the constants arbitrary, and the other will be determined. For example,

4,, Cy arbitrary, B, = 2(4, — C))
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We see, then, that we do have three arbitrary constants altogether,
two corresponding to the double root and one corresponding to the single
root. Because of this, no new type of solution is necessary; the solution
with three arbitrary constants B;, A, C1 may be written

yl - Alc-- 2r + A;{(’_:‘t - A‘e--h- + 2336—-31"
Y2 = Ble‘h + ,Br;(’—:‘z 2(A1 - Cl)e”z’ + B;;(?—:u,
Ys = C1€_21 + Cge—:" = C]C_h + 2B36—3I.

ExampLE 2. For our second example, we choose one with the same
roots r, = r, = —2, r; = —3 as in Example 1, but of such a nature that
we must introduce parts of the solution of the form ze™*:

= =3ty — ¥
Yo = 5y1— y2 — Ty,
Ys = —y + ¥ — 3y
Equations (3) and (4) of Section 5-3 become
(-3—-rnA+B-C
54 4+ (-1 —r)B - 7C =
-4+ B+ (-3 —-1rC=0.

I
e ©

-3 - 1 -1
5 —-1—r -7 =—(r+2)r+3) =0.
-1 1 -3 -
For the single root r; = —3, the system of simultaneous equations
for the coefficients becomes

B, — C;=0,

54; + 2B; — 7C; = 0,

—A; + By =0.

We may take A; arbitrary and have B; = C; = A;.
For the double root —2, we have

—A1+Bl— Cl=0,
54, + B, — 7C, = 0,
—A1+Bl— Cl=0
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The first and third equations are the same and give B; = 4; + Ci. When
we put this into the second equation, we find A; = C;. If we choose 4,
arbitrary, we shall have B, = 24,, C; = A,. As this form of the solution
corresponding to the double root does not give us the necessary two arbi-
trary constants, we sce that we have a situation in which solutions of a
different form must be introduced. In accordance with (6) of Section
5-3, we set

1= (Ax + As)e™ + Age™,

Y2 = (Bix + Bo)e ™ + By ™,

ys = (Cix + Co)e™ + Cie™™.
No change occurs in the terms with ¢ *"in which B; = C3; = A;. The
other six coefficients occurring with ¢** must be chosen so that the given

system of differential equations is satisfied. Omitting the common factor
—2r -
¢, we find

(—2A2 + A1) - 2A1£C = —‘3A2 + Bz b Cz + .’L'(“3A] + Bl e Cl),
(—232 + Bl) - 2B1.’II 5A2 - Bz - 702 + .’U(5A1 - Bl - 7(?1),
(—202 + Cl) et 20123 = —Az + B2 —_ 302 + ﬂ:(—Al '+' Bl —_ 301)

The terms with z give the same system of equations for the constants
A,, B;, C; which we had before, and consequently we have again A, arbi-
trary and B, = 24,, C; = A;. The terms free of x lead to the following
system of equations:

—As+ By — C: = 4,
5A2+B2— 7Cz = Bl = 2/11,
"A3+B2—‘ Cz= Clel-

The first and third of these equations are identical. We choose A
arbitrary in the first and second of these equations and express B, and (',
in terms of 4, and A, as follows:

B, = §4, + 24, Cy = —34, + A,
With this, the solution of the given system of differential equations is
= (A + A)e™ + Ae™,
Y2 = (241w + 34, + 245)e7™ + A,
Us = (A — 34; + Ag)e™ +Ae™™.

Let us note that in extension of what we found for two simultaneous
equations, we may write our solutions of three simultaneous linear homo-
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geneous equations with constant coefficients always in the form

Y1 = Cn + Cahe + Cotlas,

I

s ClUs + Coltze -+ Callos, (5)

Y = Clilg + Callye + cyug,

.
where each triple of the functions ay, s, wy represents a solution of the
given system, and where ¢, ¢, ¢; are arbitrary constants.
In Example 1, we have

= e, g = 207 uy = 0,
up = 0, Uoy = -2()_:2’, up = ¢ 7,
uy = 2e7Y, Uy = ¢, Uy = 2.
In Example 2, we have
un = xe =, un = (2 + e, un = (@ — e,
U = 0_%, AUp = 20_21, Uz = e—z:’
Uy = e;:;,’ Uyy = (’_h, Ugy = e
EXERCISES

Solve the following systems of differential equations.

dr dy dz
1. o= 2y, s 22, i 20

dr dy dz
2. — = v o= 30— L — = ‘
2. T v, dl 3¢ — 2y, 7 2y + 32
3y, Wl R
STt g TET g TYTE

d dys dys
L3, et S =Sntn + 2
dr de dx

[flint. In Exercise 4 determine one real root of the auxiliary équation nu-
merically or graphically within two-figure accuracy and find the other two roots
from a remaining quadratic.]

5. Show that the expressions
o= andiens + apdenrs + a Ay,
andieni® + andoerr® + apd e,

Y2
gz = andien® + apdierr® + agdaes®,

in which the quantities r,, and .. are given constants and the quantities A, are
arbitrary constants, satisfy the system of differential equations
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any [+4] a3 AmiTy Amaly A3l
dym
Qg1 Qlg2 Olag | —— = | Q21 Q2o Olyg "N
dx
Qa3 Q3 Q33 [e£]) A3y Q33 I
| | |
| an A a3 | fay 248 o3 l
| = !
+ o Gualy Qmals| Y2 + o an G | Ys.
Qg Qg Q33 ‘ Oyl OpoT2 Olp3ls

6-6 Laplace transform solution of simultaneous linear first order
equations with constant coefficients. The method of the Laplace trans-
form, which we introduced in the preceding chapter, is often used for
systems of linear differential equations with constant coefficients.

Let us consider the system

dy; = .
Jy—’=2a,«kyk+f,-(x), J=1-n (1)
X ke=1

with initial conditions
y; (0) = yj.. )

Multiplication of (1) by ¢ ** and integration from zero to infinity leads to
a system of algebraic equations for the Laplace transforms

Vi) = | " y@)e ™ da, 3)

which read, under the assumption that lim e=7=y;(z) = O,

Z—>0

pY; — Y0 = kZ; aje Yr + F;

or
g; (a5 — PO)Ye = —F; — yj0, i=12-,n 4
where
— 1’ ] = k,
b = {o, ik ©

Equations (4) are linear algebraic equations for the transforms Yi. . We
note, by a consideration of Cramer’s rule, that the solution of (4) will be
of the form

Y, = 25 (Fi+ y50)8:(p)
A(p) ’

where A is an nth degree polynomial in p and the Aj; are (n — 1)th degree
polynomials in p.

(6)




5-6] GENERAL PROPERTIES OF SOLUTIONS OF SYSTEMS 153

We may go from the transforms Yi(p) to the solution functions y.(z)
if we can find the right side of (6) in a transform table or if we can break
down this right side into portions, each of which can be found in a transform
table. It is clear that the process of partial fraction decomposition and
Equation (5), Section 4-7, for the product of two Laplace transforms have
an important part in this method of solution.

ExampLe. The system of differential equations
i =4y = 2y + 1,
Ye = 3y — ¥,

with the initial conditions 310 = 1, y2.0 = 2, corresponds to the algebraic
system

pYi— 1 =4Y, — 2Y, + p™),
pYz -2 = 3)’] - Yg.

The solution of the algebraic system is

Y — ‘.-h - (Pw.:-.lzz._—.“ == __p_. T —-:I = i + . - 1.._.__ -
"pp—-Dlp -2 plp -2 2p 20-72)"°
2p’ — 5p + 3 3 1
Y, = p P+ _ +

PTpp—Dl-2) 2p 2p-2°

From the transform table in Section 4-8
n=3+3, p=§ o+ 3

EXERCISES

Solve the systems of differential equations in Exercises 1 through 4.

Ly,=yn ¥=uy;5 Jo=1 ypo=0
2. .1/; = Y2 1/; =y + e, V1o = Yao =0
3.9 =¥ Ys=Y4+e€; Yo=Y =0
4. .7/1 = 2y, .1/; = 2y, ‘.’/:'5 = 2y;; Yo = 1,_ Y20 = Y30 =0

6-6 General properties of solutions of systems of linear differential
equations. We turn now to the consideration of the system of differential
equations

%=m@m+-~+m@%+“”

.................................... (1)
a = pnl(x)yl + ctt + pnn(x)yn + fn(x)’
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where p; and f; are given functions of z, and to the associated homogeneous
system

1= puth + o+ DY,
........................ @)

Let
Yi = Uk, Yo = Uk, 7y Yn = Unk 3)

be a set of particular solutions of the homogeneous system (2) and let us
assume that we have n such sets (k = 1, ---, n). Tt is then easy to show
that the linear combinations

Y1 = CUun + Cupz + - - + Callin,
.............................. (4)

Yn = Cllém1 + Collnz + -+ + Collnn,

with arbitrary values of the constants ¢, - -, ¢, also satisfy (2). This is
the form which the superposition principle assumes for the linear homo-
geneous system (2).

Since the set of solutions (4) contains n arbitrary constants, we expect
that if the particular solutions u; are of sufficient generality we have in
(4) the general solution of the given system (2). We shall now establish
a condition which the functions w; must satisfy in order that (4) does, in
fact, represent the general solution.

We recall that the general solution of (2) is any solution which permits
us to satisfy the set of initial conditions (7) of Section 5-1. Introduction
of (4) into this set (7) leaves us with the following system of simultaneous
equations for the determination of the constants c;:

611111(170) + -+ Cuuln(l'o) = Y10,
.............................. (5)
C]’ltm(ﬁ'o) + - 4+ Cr"llnn(-’l'o) = Uno-

A necessary and sufficient condition for the solvability of (5) with

arbitrarily given terms on the right is the nonvanishing of the determinant
of the system (5). If we write

Unt(T) -+ Una(Z)

(we call this the Wronskian of the system), then we must have W (x) # 0,
and this must be so for all values of z, in the range in which Equation (4)
represents the general solution.
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The necessary and sufficient condition for (4) to be the general solution
of (2) in an interval @ < x < b is then the condition

W(zx) = 0, a<z<hb )

An important fact in this connection is the following. If the individual
solution functions u; are differentiable in an interval a < x < b, and if in
the same interval the sum Py + paz + -+ - + Dnn 18 continuous, then W(x) = 0
in the entire interval, provided W(xo) #= 0 for some single point z, in the
interval (a, b). We are then merely required, in order to see whether (4)
is the general solution of (2), to establish the nonvanishing of W at some
conveniently chosen point zp in the interval in which the functions pji
are continuous.

The proof of the foregoing is accomplished by obtaining a differential
equation for W and by interpreting the explicit solution of this differential
equation.

The derivative of W is given by a sum of n determinants, as follows:

’ ’
Ui * - Uin U * - Uiy ' Uiy * - Uin
, ’ ’
dw U1 * - Uzn Ugr ** - Uzp U1 *°* Ugn
- + + ..+
R B e L I IP
I ’ ’
Up1 = Unn | Un1 *** Unn Unl *°* Unn

In this we write the derivatives uj as linear combinations of wu,, in ac-
cordance with the differential equations (2). In this way, each of the n
determinants becomes in turn the sum of n determinants. Of these
n — 1 are zero, since the corresponding elements of two rows are equal,
except for a common factor. The result is

Un * Uin
aw e Ugy
d—=(Pu+P22+"'+Prm) n v
x .........
Un1 * Unn
or
d
_dg= (pu+ P2+ - + D)W, ®
From this, - -
W(z) = W(xo)e./;o(ru-i'mz-l-..,+pnn)dz, ©)

where 2o may be any fixed point in the interval (a, b). We see that if
W (xo) # 0 then W(z) # 0 throughout this interval. And that is what we
intended to prove.

We return now to the system of nonhomogeneous equations (1). In
the same manner as above, we show that if we add to the general solution
(4) of the associated homogeneous system (2) any set of particular solu-
tions ¥1,p, Y2.p," - -5 Yn.p Of the nonhomogeneous system, we will have ob-
tained the general solution of the given nonhomogeneous system.
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ExampLE. The system of differential equations
o=y — 20, Y2 =3yi—
has the solution

Y1 = ciun + cae, Y2 = CiUz + Caling,
where
Fd 2x T 2x
Uy = ¢, Up = ¢, u21=%c, Uy = € .

The Wronskian of the system is

= —1* # 0,

and this does, in fact, satisfy the first order equation dW/dz = (4 — 1)W.
The values of the constants ¢; and ¢; may be determined from assumed
initial conditions. For example, if

?/1(0) = ]1 yz(o) = 0’
then

‘atea=1, fate=0
and

Cy = —2, Cy = 3.
EXERCISES
1, 2, 3. Determine the constants of integration in the general solution of

Exercises 1, 2, 3 of Section 5-2 by requiring that the solutions satisfy the initial
conditions

(@) y(0) =0, 2(0) = 1; by =1, =201) =2
4. Show that the system of differential equations

.7/; = any1 + a2y, y; = aaly) + any,

where a;p # 0, ay # 0 and (an — ax) — 4ap:az = 0, has solutions of the form
Y = CUn + Calg, Y2 = Gz + Callas,
where
N N — an Tz — an
uy = e, w2 = €7, Uy = ——— €N, Ugy = —— €',
137 a2
and where

e = %((ln + @ + ‘\/(;lu“:@r— 4(112a2|)-

5. Show that the solution in Exercise 4 is the general solution of the given
system of differential equations.

6, 7, 8. Determine the constants of integration in the general solution of
Exercises 1, 2, 3 of Section 54 by requiring that the solutions satisfy the initial
conditions £(0) = 1, y(0) = 0, 2(0) = 0.
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6-7 The method of variation of parameters. To obtain the general
solution of the nonhomogeneous system (1) of the preceding section, we
proceed as follows. We modify the general solution of the homoge-
neous system by writing

n = Ci(@)un + Co(x)ure + -+ + Cn(x)usn,

....................................... (1)
yn = Cl(i)unl + 02(1?)“"2 + M + Cn(x)unn-
From this, by differentiation,
yi = Cruy + -+ + Cown + Crun + -+ + Catttn,
.............................................. (2)

y; = C{unl + R + ('y;urm + Clu;l + v + (/vnu:.”.

We introduce (2) into the given system (1) of the preceding section and
make use of the fact that the sets uy;, us;, - - -, ua; represent solutions of
the associated homogeneous system. This leaves us with the following
system of equations for the determination of the coefficient functions

Cl, ,Cni

C;uu + -+ C:.'Nln = fl,
FLERERRELERITEY SRREEREE (3)
C]unl + - + (/'nurm = fn-

Since the determinant of this system, W(z), does not vanish, we may
solve (3) for the quantities C, - - -,C. The coefficient functions Cy,- - -,C.,
themselves are obtained from this by integration.

It is worth noting that, in contrast to what we encountered in treating
a single nth order differential equation, the n conditions imposed on the
coefficient functions C; are all a direct consequence of the given differential
equations. The method of variation of parameters appears thus in a
somewhat simpler form for systems of first order equations tnan it appears
for the single nth order equation.

ExaMPLE.
v =4y — 2+ filz), w2 = 3y — g2 + fulx).
From Example 1 of Section 5-2,
o= Ce" + O™, gy = 30, € + Cr e
From Equation (3),
Cie" + Coe” = f,
3016 + Coe™ = f,
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and then
¢, = ‘/'czz(flw— I dz, C, = /er(leil_’;%fl) dz,
where
W= —1}¢"
EXERCISES

Using the known solutions of the associated reduced systems solve the following
equations.
Loy, = =i + 2y — &, Yo = 4y + 12 (see Bx. 1, Sec. 5-2).

2. Y1 =ys, Ys = +cosz + 2=  (see Ex. 3, Sec. 5-2).
3. zyl =y, Ty =y + 2 (see Exs. 3 and 4, Sec. 5-2).
4. y; = 2y + z, Ys = 3y — 2, Yy = 2ys + 3y;  (see Ex. 2, Sec. 5-4).
6-8 Taylor series solutions for systems of linear differential equations

with variable coefficients. We found in Chapter 3 that the linear differ-
ential equation

'+ p@y + 9@y =0 0y
possesses a general solution of the form
¥ =co+ cx+ ('-2-"72 + -, 2

where ¢, and ¢, are arbitrary constants of integration, provided the co-
efficient functions p and ¢ could be written in the form

p@) =po+pr+p+ -, q@)=q+a+ae+ - (3)

In these circumstances, the point # = 0 was called an ordinary point of the
differential equation (1). The corresponding results for the single nth
order equation were stated in Section 4-9.

The foregoing is readily extended to systems of ordinary linear dif-
ferential equations. We shall show this for the system of two simul-
taneous linear differential equations

y = P@y + Qx)z, 2 = R(x)y + S(x)z 4)

We call the point £ = 0 an ordinary point for the system (4) if all the
coefficient functions may be developed into Taylor series about the point
xz = 0:

P@)=p+pe+p2+ -, Q) =g+aqz+aer’+ -,

5)
Ro)=rn4+re+rm’+ -, SE=s+saz+sa’+ - (
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Under these conditions we will be able to determine solutions of (4) by
writing
Y= G+ ax + @z’ + -+, z=1by+ bz + b2’ + -, (6)

where ao and by are arbitrary constants of integration.
Introduction of (5) and (6) into the system (4) gives us

ay + 2a0T + 305z’ + - - -
= (po+pr+pz+ )@+ az+ax’+ o)
+ (9o + g + @2" + -+ )b + b + b’ + -+ 0),
by + 2bsx + 3bx® + -
= +rz +rr + -)a + az +oax’ + )
+ (s + s + 82”4 - )bo + bz + b2’ + o).

We now multiply term by term on the right of equations (7) and equate
corresponding coefficients on the left and on the right. In this way, we
obtain the following system of conditions for the solution coefficients
a, and b,:

()

ay = Pode + Gobo, by = reao + Sobo, 8)
2a; = poar + P10 + qobr + @by, ©)
2by = 1oy 4+ mao + sobi + Slbo,
3a; = poasz + pia; + p2a¢ -+ qobe + ¢1b1 -+ gabo,

(10)
3by = roas + r1a; + 200 + Sob2 -+ 8101 + s2bo,
(n 4 1)ans1 = Pola + Pr@n1 + -+ + PaGo
+ Obn+ bn—+"'+ nb,
q 41001 qnbo (11)

(m =+ Dbaga = 7o8n + M1@n1 + -+ + 7allo
+ 8obn + Sibay + -+ 4 Sab,

........................................... \

Equations (8) through (11) show that the solution coefficients ao and
b remain arbitrary and that the other coefficients ai, bi; @a, be; -+ ; Gay,
bn41; - -+ may be determined successively in terms of as and bo.

The extension of this procedure to systems of n equations of the form
(2) of Section 5-6, where each of the coefficient functions pj; can be de-
veloped in powers of z as in (5) above is a simple matter. The actual cal-
culations, however, will often require a good deal of time.
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ExampLE.
=y + 22, 2 = 2zy + 2,
=a+ar+ -, z2=b+bz+ -,

a; = aq, by = by,
2a; = a3 + by = ap + by,
2by = 2a9 + by = 2a¢ + by,
3a; = a» + by = a0 + by,
3b; = 2a; + by = 3ap + 3bo,

(n + 1)an1 = @y + buy,

(n + Dby = 26,1 + ba,
2 8 2 3

y=ao(1+x+2 +et ">+bo<;2*+ , Tt )
: 7

EXERCISES
For each of the following three systems of differential equations, determine
a1, Gz, ag, by, by, by in terms of ao and by in the series developments

y =ao+a.x+a»ﬂ’+aax’+ oy 2 =bo+ bz + bx? + b2 + ---
1.y =ay + 31:’2, = (1 + 2)y
2. =ey + 2 ./+
3. (1 =2y =g =2y
4. Show that the syetem

ry =2y + 2, x2 =3y + 22

has no solution expressible as power series of the form (6) except for the identically
Zero one.
5. Show that the general solution of the system

=2y + 2, x2' =4y + 22

may be obtained by power series of the form (6), although the point z = 0 is not
an ordinary point of the system.
6. Show that the system of differential equations

xy' = (po+pr+ )y + (@ +or+ )2
" =(rot+nz+ )y + (80 +ux + --0)2

has solutions of the form y = apz* + az*** + -+, z = bor* + bzt + ...
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Obtain an equation (the indicial equation) determining admissible values of the
exponent k. In analogy to what was done for the single second and nth order
differential equation, the point z= 0 for this system of differential equations is
called a regular singular point.

Determine the roots of the indicial equation for the systems in Exercises 7, 8,
and 9.

7. 2y'= 2y + 2, x2'= 3y + 2z
8. zy =2y + 2, 2= 4y + 22
9. zy'= ysinz + z-cosz, 22 = 1% + ez

5~9 Taylor series solutions for systems of nonlinear differential equa-
tions. To illustrate the use of power series for the solution of nonlinear
systems of differential equations, let us briefly consider the system
dy _
dr
where f and g are given functions of the independent variable z and the
dependent variables y and z.
In analogy to what we did for the equation dy/dz = f(z, y) we assume
first that the initial conditions are of the form

y©) =0, 20) = 0. @)
Problems with more general initial conditions may be reduced to the
present form.

We assume that f and g are of such nature that series solutions of (1)
and (2) of the form

Y

f@nsd, % gy (1)

@z + @ + - = 2 a7,

J=1

It

- 3)
z2="bzx+ bzt + - =Zb,~xi

J=1
are possible. In general, this means that all partial derivatives of f and g
at the point x = y = z = 0 must exist.
The work of obtaining the coefficients in the solution series is much
simplified if the functions f and ¢ are expanded in the form

[, 9,2) = A + Az + Ay + Amz + Axo’ + Amy2
+ AOMZ2 + Alloxy + Awmzz + Ao"yz + .-
or, written more briefly, ,

0 0 o0

flx,y,2) = :,E 2 2 Armnd'y"e, 4)

=0 M=l nw=0

and

00 0

g(:c, Y, Z) = Z E i Bkﬂmxkymzn' (5)

kw0 mam0 n=0
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We have the following formula:

1 ak+m+nf
kim!'n! [Bx"ay"'az":l;.o,y-o.z-o

Akm,. = (6)

and an analogous formula for Bimn.
Introduction of (3), (4), and (5) into (1) gives the following relations for
the determination of the solution coefficients a; and b;:

ijajxj_l = i i i Apmn " (i a; xj)m (i b,-x")",

j=1 k=0 m=0 n=0 j=1 j=1 (7)
St =3 5 5 B (Sor) (5 be).
J=1 k=0 m=l n=0 J=1 j=1

We must now carry out the indicated multiplications on the right and
equate coefficients of corresponding powers of z on the left and on the right.
By doing this, we shall be able to determine successively the coefficients
ay, bl; az, bz; e

Convergence of the solution series obtained can be investigated simi-
larly to what we did in connection with the equation dy/dz = f(x,y).
In particular, one can show that if the series (4) and (5) converge in the
rectangular parallelepiped |x| < a, ly| < b, |2| < ¢, and if in this parallele-
piped |f| < M, and |g| < N, then the series solutions (3) also possess
intervals of convergence the magnitudes (lengths) of which are bounded
from below by a definite positive expression depending upon a, b, ¢, M,
and N.

ExamrLe 1. We take the system
v =142 + ¢y, =24+ +2

with the initial conditions (2). If we insert the series (3) into the given
system, we obtain

a + 20 +3a* + - =1 + 2+ (i + ar’ + )i + b’ + c )
=14 22 + adi® + (a.zbf + 2a1b1b2)3114 + -
bi+ 26z + b’ + - = 2 + x(ax + a2’ + )+ (b + b’ + 1)
=2+ b + ba® + (ai + b)a’ + Qaa: + bz’

On equating the coefficients of like powers of x in the preceding two
equations, we have

a = 1, b1 = 2, 202 = 0, 2b2 = b],
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3a; = 1, 8by = by 4a, = aibi, 4by = ai + by;

5as = ashs + 2abibs, 5b; = 2a:1as + by;
From these, we find successively
a = 1, b = 2; a; = 0, by = 1; a; = 3%, b; = 1,

a; =1, by = ; as = %, bs = 15;
The first few terms of the solution series are seen to be

y=z+ 3+ + 4"+ -,
=242 + 3+ S+

If we wish to apply this same procedure in conjunction with the initial
conditions
y(zo) = o, z(ro) = 2, (8)

where 2o, 7o, and zp are not necessarily zero, we modify the form of our series
solutions (6) to

kg

y— = 2o —x), z—z= 21 bi(x — za)’ (9)
pim

j=

and we now assume that f and g are expanded in the form

F =25 S Az — 2y — 90"z — 2", (10)

k=0 m==0 n=0

00 00 0

g =2 2 2 Bimlz — 20)"(y — )"z — 2)", (11)

k=0 m=0 n=0

where, of course, the coefficients a;, b;, Aima, and Bims are different from
the corresponding coefficients in (3), (4), and (5).

The use of (9), (10), and (11) in conjunction with-the initial conditions
(8) makes possible a much simpler determination of the solution coefficients
a; and b; than would be the case if we were to work with Equations (3),
(4), and (5).

ExampLE 2. ‘
Yy =14+y+2, 2Z=2+4+z+y, y)=1  2(1)=2

We first expand the two right members in series in powersof z — 1,y — 1,
and z — 2, as follows:

14+y+2
24+zx+y

64 (y—1)+4¢—2) + (z — 2,
44+ @@-1D+ @G-
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If we then insert the series
y—1=al(x—l)+a2(x—-l)2+---,
e—2=bx— 1)+ bz~ 1)+ -
into the given system, we obtain
a + 2a(z — 1) + 3as(x — 1) + ---
=6+ [me— 1)+ a@E—1"+ ]+4bE@ -1
+ bz — 1P 4 ]+ [ae = 1) + bal@ = 1D+ -
=6+ (@ +4b)(x — 1) + (a2 + 4bo + bY@ — 1)' + -+,
by + 2bs(x — 1) + 3bs(x — 1)° + -+~
=44 @—D+la@—1)+a@— 1"+ -]
44 @+ D=1+ az—-1)"+ -

On equating the coefficients of like powers of x — 1 in these two equa-
tions, we obtain

a, = 6, h = 4; 20, = @y + 4 = 22, 20, =a; + 1 =T,
3a; = a, + 4by + b} = 41,  3b; = ay = 11; -
and the first few terms of the solution series are
y—1=6@—D+1Ue-1)’+% -1+ -,
z—2=4x -1+ -1)V+% @z-1D+ -

EXERCISES

Find the first four nonvanishing terms in each of the two series developments
of the solutions of each of the following three systems of differential equations
with initial conditions y(0) = 0, 2(0) = 0.

lLLy=14+y+2, Z=2+4%k+4+y

2.yY=2+4+1z + 2 =1+

3. y=az — 1, =24z 4+ yz

4. Find the first four nonvanishing terms in the solutions series
y=a +a@ -1 +a—-1F%+---,
z =bo+bi(x —1) +bf(z -1+ ---
of the system
y =14z =y 442
with the initial conditions y(1) = 2, z(1) = 4.



CHAPTER 6

APPROXIMATE SOLUTION OF FIRST ORDER DIFFERENTIAL
EQUATIONS AND PICARD’S THEOREM

6-1 Introduction. In the present chapter we shall begin by con-
sidering the problem of obtaining numerical values for the solution of a
differential equation rather than the problem of obtaining an analytical
expression for such a solution. A given analytical expression may gen-
erally be evaluated numerically in some manner, although not always
easily. Sometimes it is preferable not to make use of an analytical solu-
tion but to proceed numerically right from the start; sometimes the
numerical procedure is the only possible one.

To illustrate, the problem

dy y—z=z
= s = = 1
Pl y0) =1 (1)
has the analytical solution

tan™" (g—) =3In &+ ). 2

If we wish y as a function of z, it would appear to be necessary to use
some method of approximation to find numerical values of y for given
numerical values of z.

As a second illustration, take the problem

dy _ 2 _
35—1+x1, y(0) = 0. (3)
We know from Section 2-12 that this problem has a power series solution
y=z+ &'+ &2’+ -, 4

and from Section 2-13 that this series converges in an interval which is
at least as large as the interval —1.035 < z < 1.035. In order to use
this solution to obtain numerical values of y, we would like to know an
answer to the following question. Given the partial sums

Yo = %, Yo = = + 1, Yo =z + ' + &z, ete, (5)

in what interval does a given partial sum represent the actual solution

with an error of no more than, say, 1 percent or 5 percent? A practical

answer to this question is often the following. For an acceptable ap-

proximation to a value y(z;), calculate successively yu)(r1), Y (x1),
165
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Y@ (@), - - -, and continue until three or four successive yu)(z:) agree with
each other to a prescribed number of decimals.

Often numerical procedures other than the use of partial sums of power
series prove convenient. Typical of such procedures for the case of
ordinary integration are the trapezoidal rule and Simpson’s rule.

There exist a substantial number of different procedures for the nu-
merical solution of differential equations. We discuss in the following a
few of the simpler of these procedures for the single first order equation.
Which procedure to use in practice depends on a variety of circumstances,
such as accuracy required, computing time available, computing equip-
ment available, and, at least until the present, preference of the computer.
The rapidly progressing development of large-scale high-speed computing
equipment is an indication of the importance of numerical procedures in
the application of mathematics to the solution of practical problems.
The proper use of such equipment presupposes a working knowledge of
numerical methods.

One of the approximate methods of solution which we consider is an
iteration method. This method can be developed so as to supply a rigorous
proof of the existence and uniqueness of solutions of differential equations.
We shall discuss this existence and uniqueness theorem, known as Picard’s
theorem, at the end of the present chapter. In this discussion we shall
limit ourselves to the case of a single first order differential equation.

EXERCISES

1. Show that the right and the left side of Equation (2) differ by less than one
unit in the second significant figure when

() y(0.1) = 1.00 (b) y(02) = 1.17 (¢) y(0.5) = 1.34 (d) y(1.0) = 1.50

2. Given that a power series solution of Equation (1) isy =1 + = — 2* +
1rd — fat 4 s — lab + ..., calculate yu(z), K = 1, 2, ---, 6, for (a)
z = 0.1, (b) r = 0.2, (¢) x = 0.5, and compare the results with the corresponding
values of y(x) in Exercise 1.

3. Calculate y) (0.5) for k = 1, 2, 3, for the solution (4) of Equation (3).

4. Show that the next nonvanishing term in Equation (4) is 23z'°/1120 and
use this to calculate ¥ (0.5) for k& = 4.

6-2 Simple procedures for first order equations. Given the differen-
tial equation and initial conditions

4

yl = F(xa y), :l/(l'o) = Yo, (l)

the problem is to determine values of y for values of z other than x,. For
any such value z, the corresponding ¥, = y(z,) satisfies the following
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relation:

z1

w—w= [ Fly@) d @

zo
Since we do not know what y(z) is, we cannot find y; by evaluating the
integral in (2). We may, however, find approximate values of y: by ap-
proximating the integral in (2). The simplest such approximation §;
of y, is obtained by neglecting the change of F(z, y) in the interval (zo, ).
This gives

H1 — Yo = F(xo, yo)(x1 — Z0). ®3)
If we set h for 21 — 20 and write F (%o, o) = o, then
9=y + h?/(;o 3"

We see that 4, may be considered a partial sum of the Taylor series y1 =
’ ”
yo + hyo + ¥h'ys + ---.
A simple formula which would seem to be more accurate than (3) is

G — yo = 3[F(xo, yo) + F(21, §1)](@1 — x0). 4)

Equation (4) suffers from the fact that the unknown # occurs on both
sides, so that the task of finding 7 depends on the solution of an algebraic
or transcendental equation. However, since (4) is approximate anyway,
one is tempted to simplify it by introducing on the right that value of
i1 which follows from the simpler formula (3). In this manner we obtain
the further formula

§1 — yo = 3[F (20, yo) + Flzs, yo + (@1 — 20)F (20, yo)}1(@1 — x0),  (5)
which can be written more simply as
%1 = yo + 3hlyo + F(zo + h, yo + hyo)l. (5"

Exampre 1. Find an approximate value for y(0.5) when

vy =y  y0) =1 (6)

x

In this simple example we know the exact solution, which is y = ¢".
Accordingly, -
y1 = y(0.5) = 1.648 - --.

We compare this result with what we obtain from the simple approxima-
tion formulas. '

Equation (3') gives, with o = 1, h = }, 50 = 1,

h=14+4%=15
Equation (4) gives
=1+ 31 + 73
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Since for the present problem this is a linear equation for §;, we can solve
it explicitly and get

=4 = 1666 ---.
Equation (5) gives
=1+ 31+ 1+ 3] = 1.625.

Note that while the use of Equation (3) is associated with an error of
about 10 percent, the use of both (4) and (5) reduces this error to less
than 2 percent.

We have been careful up to now to distinguish, even in writing, be-
tween y; and approximations #; to it. So long as we are clear about what
we are doing, we may in the writing omit the ~ sign.

Since the formulas evidently hold in going from z, to z.;1 as well as
in going from z, to z;, we repeat (3) and (5) once more in the following
form:

yn+l = yn + hF(xm y»), (I)
Ynt1 = Yn + 3h[F (Za, Yn) + F{zs + hy yo + hF (zs, Yyl Im
Exampre 2. Use (I) and (II), with A = 14, to find approximations

for the value of ¥(0.5) when 3y’ = y and y(0) = 1.
With 2o = 0 and h = 14, we have y(0.5) = y.. From (I)

1 5
yp=1+71=7=12,
5 1 5 25
=gtz 3= 16" 1962

From (1I),
. —1+1[1+<1+1)]—1+3—1281--~
=113y 3/|]T " T T ’
a1 1[4, (1, 41
y"3—2+§[§§+(§‘z‘+raz>]—‘-64""'

which compares favorably with the exact value 1.648 . . ..

EXERCISES

1. Given the initial value problem y’ = 1 + 32, y(0) = 0, find approximations
# to the value y = y(x) = 1 by means of Equations (3') and (5).

2. Solvey’ = 1 + 2y/(1 + z), y(0) = 0, approximately, by the use of (I) and
(II) for yi, ¥z, ¥s, Ys, and ys, with & = 0.1. Retain three decimals and compare
with the exact solution.
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3. Solve ¥’ = 1 + zy?, y(0) = 0, approximately for y, ¥2, ¥s, and y, with
h = 1, (a) by means of (I), (b) by means of (II).

4. Solve ¥’ = 1 + z3?, y(0) = O approximately for yi, ¥z, ¥s, ¥4, and y; where
h = 1%, (a) by means of (I), (b) by means of (IT). (c) Compare values of y;
with values of y, in Exercise 3.

6-3 Taylor’s theorem with remainder term. Basic to many formulas
used for numerical solution of differential equations is Taylor’s theorem
with remainder. The theorem may be written in the following form:

V@ = o) + L8 @ — 2 + L @ a4

(m)
+ Y m(;’cn) (.’E _ xo)m + R"‘(x’ 170), (l)
where

Run(z, 20) = 7—}, f @ — 9O de (2)

Equation (1) is valid provided y, 3/, - -, y™ are finite for z = o, and y"*"

is such that the integral in (2) is finite.
Equation (1) is quite simply derived by successive integration by parts.
We start with an integral I given by

1= [ 10 de ®)
z0
A first integration by parts gives

I =

—£3&+mﬂ9&. @)

The constant ¢, is at our disposal. We choose its value in such a way
that the integrated portion of (4) does not involve f(z), that is, such that
(¢ + ¢1)em: = 0. Setting ¢ = —z, Equation (4) becomes

I=(@ -z + [ @-0r@d ®)
We now integrate once more by parts as follows:

I = (o — an)f(an) +[ 8, c]f'(e)

_lI-@;”+ﬂﬂ@% ®

We determine ¢; such that f'(z) disappears in (6). This means that
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¢; = 0 and

1= = 2f) + 5@ = 2@ +3 [ @ -0 @d @
Continuing in this manner, we obtain as a general formula of integration

[0 d = @ = 2f(e) + 5@ = 200 + -

+ ﬁl—, @ — 20)"f " (20) + 1—’1&—, L : (z — O™ ™) de. (8)

All that remains in order to deduce Taylor’s formula (1) from (8), is
to identify the function f(z) with the derdvative y' of the function y for

which Taylor’s formula is wanted.
For what follows it is convenient to write (1) and (2) in alternate

form by setting

To = Zn, T = Tpy1 = T + K, y®(z,) = yP. 9)
With this, _
et P e 4 Ra ) (0)
yn+l - yn 1—! yn é"! yn E‘! yn m xny
and
1 th m_ (m+1)

An important concept in regard to Taylor’s theorem is the order of
magnitude of the remainder term R,(z k). From the mean value
theorem of the integral calculus follows

(m+1) zpth
Rm(xm h) = Z_/__('?"_:_!iﬂl_) Ln (xn + h— f)m d&
hm+l
BCES))

where 6 is some number between 0 and 1. Note that in this form the
remainder term has the same appearance as an additional series term
except that the argument is not the definite quantity z, but the unknown
quantity z, + 6h.

For our present purposes it may be assumed that the function y(z)
is such that | ™| is less than some finite quantity M in the interval
Zn £ £ Zpp. In terms of M we have then an upper bound for the
remainder R, in the form

¥y (z. + 6h), (12)

hm+l

mroit (13)

I Rm(xm h) I <
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We express the dependence of R,, on the interval length h by saying that
R, is of order of magnitude h™*'. A convenient shorthand way of writing
this is

Ro(a, h) = OGR™). (14)
(In words: the remainder term R,, is “oh” h™*'.)

For the purpose of estimating errors made in using numerical methods,
the order of magnitude, so far as interval length h is concerned, is perhaps
the most important. However, the actual magnitude of the denominator
term, here equal to (m + 1)!, and information concerning the value of
M often also play a role.

EXERCISES

1. From which equation in the text is it possible to conclude the relation

[0 de = 56 = 2ot + 1) + [ [+~ £]ro @

and in what way?

2. Show that when | f'(z) | < M the largest possible value of the integral on
the right of the formula of Exercise 1 is at most one-half the largest possible value
of the corresponding integral in Equation (5).

3. By suitable integration by parts derive the formula

[10) d = 5. — @ + 1)

1 T
+g [ 18~ @+ 0 + @) d
z0
4. Show that the result of Exercise 3 may be used to obtain the formula

Ynt1 = Yn + 3yn+1 + yn)h + R(zn, h),
and deduce the form of the remainder term R which corresponds to Equation (12).

6—4 Use of three-term Taylor series formula. A simple and often
quite accurate method of numerical solution of the problem

W Few), v = u 1)
may be based on the formula
Yni1t = Yn + hyn + 307y + YL (@ + OR). (2)

We assume that F is such that all the necessary derivatives exist, and that
h and y’”’ are small enough to allow neglect of the remainder term in (2).
We then have

Ynt1 = Yn + hyn + 3H%y2, (3)
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where
=F (.'C,., yn) (43)
and
” __ dF oF oF dy gﬁ_’ E )
y" h (a> ( ay dx>"'n <ax + Fay Zn ’ (4b)
ExampLE. Given
d .
T=y 0=

dx

calculate y(3).
For this particularly simple example, Equation (3) becomes

Yntr = (L + kb + 30y
Let us choose h = 14. Then
w= 1+ 1+ A
=0+ 1+dn
The magnitude of the remainder term in (2) is

1
66a”

This means that in the interval (zo, 1), B /& 0.003, and in the interval
(x1, 2:), B = 0.004. The sum of these remainders does in fact account
for the difference between the calculated value 1.641 and the exact value
1.648- - - of y(0.5).

1.28125 & y(0.25),
1.641- - =~ y(0.5).

R = 31/"' = éhay =

EXERCISES

1. Inthe formula yny1 = y. + hyn + $h%y. + %) +4 kY'Y (2. + 6h)
express y,,  in terms of F and its partial derivatlves

2. Given that ¥’ = 1 + z cos y, obtain upper bounds in the interval —H <
z < H in terms of H for (a) y"'(x), (b) y"'(z).

3. Given y' = 1 + z cos y with y(0) = 0, use Equation (2) and the result of
Exercise 2(b) to show that y(s%) = 0.105 with an error of magnitude 0.0004 at
most.

6-5 Simpson’s rule as a consequence of Taylor’s theorem. A basic
formula for numerical integration which is known as Simpson’s rule can
be written in the following form

f(£) dt ~ — [f(:c + k) + 4f(x) + flz — W) (1)

z—
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While in general the right side of (1) equals the left only approximately,
Equation (1) is exactly true whenever f(z) is a cubic polynomial. The
more nearly f(£) can be represented by one and the same cubic polynomial
in the interval (x — h, x + h) the more nearly does (1) become an exact
equality.

In what follows we show how an equation equivalent to (1), including
a remainder term representing the exact difference between the left and the
right side of (1), can be deduced from Taylor’s theorem.

To establish contact with Taylor’s theorem as stated in Equations
(10) and (11) of Section 6-3, we write in Equation (1)

® = y'®,

T = Ty, T+ h = Top, T — h =2, y(x) = yn, ete.

Therewith (1) assumes the form
h 7 ! ’
yn+1 - Yn- =~ § [yn+l + 4:’/7: + yn—l]y (2)

and this relation is exact whenever y(x) is a quartic polynomial in the
interval (.1, ZTny1).
To derive (2), we write Taylor’s theorem in the form

Yns1 = Un + hyn + 307N + 30%) 4+ 2ch'yY 4+ Ri(za, B),  (3)
where

1
24

Since we wish to obtain the difference ¥,41 — ¥.—1 We need an expression
corresponding to (3) for the quantity y,—1 = y(zs—1) in terms of y,. From
the derivation of Taylor’s theorem it is clear that we obtain y,; instead
of ¥.4+1 by simply changing k to —h in (3) Accordingly

Yoor = Yn — hyn + 3% — 3% + FhYY + R, —h).  (5)
Subtraction of (5) from (3) gives
yn+1 - yn—l = 2hyn + ‘a‘hs W + R; (6)

where for brevity we have written R = Ry(z,, h) — Ry(zn, —h).
To eliminate y. from (6), we apply Taylor’s theorem to the function
¥’ instead of to y, as follows:

Zyt+h
Rz, b) = f @+ b — %@ d. 4

Ynir = Un + hyn + 30%yn + 3Ry
1 zp+h

+5 (za + h — O ® dt, ]



174 APPROXIMATE SOLUTION OF FIRST ORDER EQUATIONS  [cHAP. 6

and
Yoor = Yn — hyn + 3y — Ry
1 Zp—h
+5 (zn — h — O de. (8)
Addition of (7) and (8) gives
Yntr + Yno1 = 2yn + By + Q, 9)

where @ is a temporary abbreviation for the sum of the two integrals
in (7) and (8). We now solve (9) for 3.  and introduce the result into
(6). This gives

’ h ’ ’ ’ }
Yntt — Ynot = 2h + Wor1 + Yo — 20 + B — 2 Q. (10)
3 3

A slight rearrangement of (10) leads to Simpson’s formula with re-
mander term,

h ’ ’
Yngl — Yn-1 = g [yn+1 + 4’!]1\ + yn—-l] + I?\' (11)

The remainder term Rj is given by

Zp+h _ 4 p p— 3
Rs = f l:(x" th=89 _ _h_(i‘.':_ih__f)] vO @) dt

n

24 18

R R R Gl E)a] ®
S [T s O e e e a g

To apply the mean value theorem of integral calculus to the formula for
R, we write this formula as follows:

zp+h
= [ P — £ Wy d (13)
where
P(xn - Ei h)
(zn — £+ 1) hx. — £+ h)°
24 18 ’ Tn S S S Zn + h) (14)
= _ _ 4 . - 3
@ fo W Moo b2l h<i<an.

Since P(x, — §, h) is continuous and does not change signs in the whole
interval , — h < ¢ < 2, + h we conclude from (13) that

zn+h

Ry = y®(xn + 6h) f Pz, — & 1) dt, (15)

z,—h

where 8 is some number between —1 and 1.
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Evaluation of the integral in (15) furnishes the following simple expres-
sion for the remainder term Rs:

Rs = —sh’y®(x. + 6h). (16)

We note that the remainder term is zero for all quartic polynomials
y(x), since for these y®(z) = 0, identically. This proves the fact stated
previously that the form (2) of Simpson’s rule is an exact relation for all
quartic polynomials.

There are three characteristics of Simpson’s formula (11) which are
significant in the applications to solving differential equations:

(1) The formula involves values of the function y and its derivative
at three successive points. This means that in order to compute y.41 Wwe
must know values of y and y’ at two preceding stages.

(2) Computation of y.41 involves knowledge of Ynite

(3) The remainder term is O(F’) with a numerical factor 4%.

6-6 Application of Simpson’s formula. We illustrate use of the
formula

Ynt1 = Yna + $Hlyna + 4yn + Yni) 1)

for the solution of the problem

Y _ b, ), Yo = v @)

by means of an example.
We ask for the value of () when y(z) is the solution of

dy _ 3 _

For this particular problem it is, of course, easiest to obtain the solu-
tion in analytical form. By separation of variables,

1

Vi-o @

y(x) =

and therewith y(3) = v/2 = 1.41.-.. :
To show the use of Simpson’s formula (1), we take h = §, and then

y(0.25) = y» = yo + 24lyz + 4y1 + vol. ®)

We have yo = 1 and y» = 5, and this reduces our expression for y. to the
following:

ya = 1+ J&lyz + 41 + 1]. (6)
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We now encounter two difficulties:

(1) We must find a value of y;.

(2) Even after that, the wanted value of y, occurs on both sides of
the equation.

The first difficulty occurs only once, that is, once we have calculated
42, we can find ys, ys, ete., based on the known values of y,, y1, and ..
The second difficulty arises at every stage of the computation.

Generally it is possible to find the additional starting value y, from a
power series. Since the formula for y, involves an error which is of order
R®, it is reasonable to calculate y; with an error which is O(h®). Accord-
ingly, we take

v o= Yo+ huo + 3k’ + 3hy + Seh'yo”

=1+ .125 4 .0234 4+ .0049 + .0011 = 1.154.
With this value of y; we have further
y2 = 1.297 + 0.042 . 7)

The smallness of the factor in front of 3 makes it appear as if this term
would be less important than the first term on the right of the equation.
Accordingly, a rough approximation would seem to be y. =~ 1.297 or,
since y. will certainly be somewhat larger than this,

It

Y2 ~ 1.3.

Suppose we introduce this value of y, on the right side of Equation (7).
This makes the right side equal to 1.297 + 0.042 (1.3)* = 1.297 4 0.092 =
1.389, and this shows that the original guess was not accurate enough.
However, if we try 1.39 on the right of the equation, then we have 1.297 +
0.042 (1.39)° = 1.297 + 0.113 = 1.410. Repeating this process once
more, we find that to three significant figures

y2 = 141.

EXERCISES

1. Use Simpson’s formula to obtain a value of y(3¢) for the problem stated in
Equation (3), using again A = 14.

2. Consider the possibility of obtaining by means of Simpson’s formula a value
of y(33) for the problem of Equation (3).

6-7 Equation solving by iteration. In applying Simpson’s formula
to the solution of ' = y* we were led to the algebraic equation y = 1.297 +
0.042 3*, and we solved this equation by a process of successive substitu-
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tions, or tterations. We now consider the application of this process to
more general equations of the form

z = f(z). 1)

We start with a value xo which we think is an approximation to the solu-
tion z of (1) and introduce this value x, on the right. If xyis a solution of
(1), then f(ze) = x. If 20 is not a solution, then f(z,) will equal some
value z; # x,,

z = f(xo). @)
We now take x; and use it to calculate x,, as follows:
zy = f(z1). @)
Repeating this process we write
Tn = f(@n), 4)

and we continue until z, differs from z,, by less than a specified per-
centage. When and if this stage has been reached, we may generally
consider z, as an approximation to a solution z of the given equation (1).

It is simple and instructive to describe the above process of iteration
graphically. We draw the curve y = z and the curve y = f(z). A point
of intersection of the two curves is a solution of the given equation (1).
Suppose we have an approximation z, to the solution. To find z; = f(zo)
we locate z; on the line y = z by a parallel to the z-axis through the point
(%o, f(x0)). Having z;, we find z; = f(z;) in the same manner. It is ap-
parent that for a function f(z) as sketched in Fig. 6-1 the process con-
verges to a solution of z = f(x).

The fact that the same process may also fazl to converge to a solution
is illustrated just as readily by Fig. 6-2.
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It appears that a condition for convergence of the iterative process
may be the condition that the slope f’(x) of the function f(z) be less than
the slope 1 of the function z, in the range in which the iterative process is
carried out.

We shall show that if 7/(z) is less than one in absolute value in a suitable
interval, then indeed the iterative process (4) converges to a solution of
Equation (1).

We begin our convergence proof by considering the difference of two
successive iterations

Ty — Tu = f(@0) — f(@an)- ®)

By the mean value theorem of the differential calculus this may be re-
placed by

Zans = 20 = /(8T = 2o, (©)

where £, is somewhere in the interval (., Zn-1).
We conclude by induction that then also

Tapr = Tn = [ E Enr) - S (E) (@1 — 70). (M)
We now assume that
[ff@)| <M <1 ®)
According to (7), we then have the inequality
| T — & | S M7 |20 — 20| 9)
Since M < 1, this means that
lim (Zo41 — x.) = 0. (10)

Of course, Equation (10) by itself does not guarantee the existence of a
limiting value z = lim... z.. However, the quantitative statement 9),
which we used to conclude (10), may also be used to obtain the much
stronger result of the existence of a limiting value z of the sequence z..
To see this, we write

Zn = (Xn — Tnt) + @na + Zaz) + -+ + (@ — z0) + 20.  (11)

In view of (9) and the fact that M < 1, the series on the right side of (11)
is the partial sum of an absolutely convergent series, and this means
that we have the existence of a limiting value

z = lim z,, (12)

n-»>00

which solves the given equation (1).
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EXERCISES

1. Starting with xy = 1, solve by iteration the equation » = 1 + (1/4x), and
compare the result with an exact solution.

2. Solve x = | — }u for some starting value in the interval (-2, 2).

3. Starting with xy = 2, solve by iteration 2 = 2r/2,

4. Show explicitly that an iterative solution of + = 1 + ax, with 2o = 1,
converges when a < 1 but diverges when 1 < a.

5. Given the quadratic equation 22 — 4z + 3 = 0, with solutions z = 1 and
x = 3, show that if this equation is written as x = 4 — 3/x, the iterative process
of this section, with starting value either 4 or 14, leads to the solution z = 3.

6-8 Iterative solution of differential equations. Picard’s method.
The method of iteration, as described for the algebraic equation z = f(x)
may also be used to obtain solutions of differential equations. We show
this for the problem

d,
=@ ), ya) = w, (1)
which we write in the equivalent “integral equation” form
y@ = w+ [ f6y0) dt @
zo

A crude approximation is y(x) = vy, identically. We substitute this
approximation for y on the right side of (2) in order to obtain a new (and
presumably better) approximation y; as follows:

0@ = o+ [ 16w ®

Proceeding in this manner, we have in the nth stage of the process of
iteration

m@=m+[N%Jmﬁ @

We illustrate this procedure, which is often called Picard’s method,
by a number of examples.

ExawmpLE 1. As a particularly simple illustration, we take the problem

vy =9  y0) =1
or .

ylx)= 1+ fo y() dt.
With yo = 1, we have
y1($)=1+f dt =1+ =z
0
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Next
y,(x)=1+fo I+ 0d=1+az+ 4,

and

ys(x) 1+£(LH+¢mm
=14z+ 322+ 3"

Continuing in this fashion, we obtain

n

X

2
@) = 14+ S+ 5+ + 5,

which is the nth partial sum of the Taylor series for ¢”.

Since the exact solution of the given problem is y = ¢, we see clearly
how for this example the iteration process leads to successively better
approximations to the true solution.

ExampLE 2. The problem
v =9, y0) =1

has the exact solution
y=1-—}_—--x~=l+x+:c"+---, lz| < 1.
An iterative solution of the equivalent integral equation
v =1+ [ ora,
with ¥, = 1, gives

y.=1+fodt=1+x,

" 1+fo (14 0%dt =14z + 2 + 3,

Ys 1+[o (14 + &+ ) de

=1+z+2 42"+ g+ &'+
It appears from the evidence at this stage that y.(x) agrees with the
power series expansion of the exact solution up to the term 2. That this
is in fact generally true can be shown explicitly. It is also found that as
long as | z | is smaller than unity, the numerical value of y.(z) will come
closer and closer to the numerical value of the exact solution y(z) as n
becomes larger and larger.
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ExampLE 3. We now consider a simple example which is designed
to illustrate certain practically infrequent, but theoretically important
occurrences.

The example is

v =Vig ¥y — i, w(0) =0,

in the range > 0. We may start the process of iteration with y,
Then

V= VEFO -4z =0, o =0,

and therewith ; = 0. We see that this result repeats itself, so that every
yn = 0. We should, of course, not be surprised about this, since y(z) = 0
is an exact solution of the given problem.

However, the solution y(x) = 0 is not unique. It is readily verified
that

2
y= —ix

is also a solution of the given problem.

We are tempted to assume that we may “reach” the solution —}z’ by
the iteration process, provided we began with a more suitable function
yo(xz). To show that this is not likely to be true, consider the starting
function

Yo@) = —}kot’

with 0 < ky < 1. We know that when ky, = 0 then y.(z) = y(z) = 0.
We can further easily see that when ko = 1 then y.(z) = y(z) = —}2’.
But what about intermediate values of k? We introduce yo on the right
side of the differential equation and have

i = =31 — VI— ks, %(0) = 0.
From this
u(e) = —tkia’,
where
ki=1— V1 =k

It is readily seen that the value of % also lies between zero and one.
Continuing in this manner, we obtain

Ya(@) = —ha2’,

where

kn=1—= 41— ku,, 0<k.<1l
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The question now arises whether the quantities &, defined in this manner
tend to a limit as n increases, and if so, what this limit is. I.et us write
the recurrence relation for k, in the form

L= ky= (1 — ka)'"™
From this
1—kp= (1 = ko)™
Continuing in this manner, we may express k, in terms of ko, as follows:
1 — ko = (1 — ko)?".
No matter how near ko is to 1, so long as it is actually less than 1, the
limit on the right side is 1 as n approaches «. Thus

lim k, = 0, 0< ke <l

In terms of the iteration procedure for our given differential equation,

this means that with the starting function —1kex® we shall always ap-

proach the solution function y(z) = 0, and never the other solution func-
tion —3z’, so long as ko is actually less than 1.

All three of the preceding examples llustrate the convergence of the
iteration process to a solution function. We do not yet know what con-
ditions must be imposed on the form of the differential equation to be

assured of such convergence.
Further, we do not yet know under what additional conditions con-

vergence towards a unigue solution is assured.

EXERCISES

1. For thedifferential equation problemy’ = z + 32, y(0) = 0, define yo(z) = 0,
z
and y.(r) = f {t + [yaar()P} dt for n = 1,2,3, ---. Determine y:(z), y2(x),
0

and ys(z).

2. The differential equation problem 3’ = 2z(1 + y), y(0) = 0, has the explicit
solution y = e — 1. Show that Picard’s method of successive approximations
with yo(zx) = 0 gives y.(z) = 2% + 24/2! + z/3! + - + x?/nl.

3. The differential equation problem 3’ = 2z(1 +y), y(l) = 2, has the explicit
solution y = 3e=-! — 1. Starting with yo(z) = 2, determine explicitly ¥ (z) and
y2(z).

4. For the differential equation problem y’ = 1 + zy?, y(0) = 0, choose yo(x) = 0
and determine (), y2(z), and ys(z) by Picard’s method. Compare the result
ys(x) with the partial sum yu(z) of the power-series solution in Exercise 4 of
Section 6-1.
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6-9 Existence proof by Picard’s method. A special case. We now
consider the iterative sequence

yn(x) = Yo + j;zf[ty yn—l(t)] d{) n = 1) 2) MY (1)

with yo(t) = ys, for the differential equation problem
?i% = f(.’l', y): Zl(xo) = Yo, (2)

with a view toward using it for a proof of the existence of a solution of (2).

We must show that the sequence of functions y.(x) converges to a
limiting function y(z) which is a solution of (2), or of the equivalent
integral equation

va) = w+ [ 71y ae 3)

To prove the existence of a limiting function

y(z) = lim y.(z), 4
we make use of the fact that y, may be written as a sum of successive
differences:

n—1

Yn = Yo + g (Wi — ¥5)- (5)

This means that convergence of the sequence ¥, is equivalent to convergence
of the infinite series Z(y;411 — y;). We shall see that under suitable con-
ditions on the given function f(z, y¥) we can obtain bounds on the succes-
sive differences which occur on the right of Equation (5) of such a nature
that convergence of the infinite series is assured.

By Equation (1) we have that the successive differences y;11 — ¥;
satisfy the following relations:

@ — 35@) = [ (116, 0] = 11,y ©

Equation (6) holds for all integers beginning with j = 1. Forj = 0
we have as a relation taking its place

w@) —w= :f(t, yodt. @

To make sure that the integrals in (6) and (7) exist we make the as-
sumption

[f@ 2) | < M, (8a)

where M is a positive constant.
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Furthermore, in order to simplify the treatment of (6), we make
the additional assumption

lf(t’ 22) - f(t) zl) I S M I 22 — 21 |, (8b)

which is known as a Lipschitz condition.

For the present we require (8) to hold for all real values of ¢ and z.
We shall later see that an important. refinement of the proof is possible
in which the inequalities (8) need to be satisfied in certain finite ¢- and
z-intervals only.

We are now ready to consider the successive differences (7) and (6).
For the first of these, we have

1w —wl < | [ 156w | <

/ Mdt[ = M|z — x| (%a)
Next, from (6) and (8b)

1@~ u@ < | [ 15600 - 5w a

) — Ilnldt’~

By (9a) this becomes

[ yo(z) — l2) | <

z 2
an-M(t — ) dtt - M"_’”;??ﬂl-. (9b)

We may now proceed by mathematical induction. The form of (9a)
and (9b) suggests that we shall have

0@ — 1) | < w1222l (90)
We shall have established the validity of this inequality if we can show that

(9¢) implies the corresponding relation with j replaced by j 4+ 1. For
this purpose, we again make use of (6) and (8b). We write

@) = 1@ | < | [ 176, 50) - 16 150) | &

< L:Mlyj(t) = 4ia() | dt!

x Jj !

< [M-Mf(‘ ”?°) m
. 7! l

- M’H |-’E - xo"“

GO (%)
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Relation (9d) proves the validity of (9¢) for all values of j.
In view of (9d), the absolute values of terms in the series (5) are smaller
than the corresponding terms in the Taylor series for the function

M|z—zo|
e .

Since the Taylor series for this function converges for all values of (z — x0),
the functions y.(z) converge towards a function y(z) for all values of z,
uniformly in any finite interval.

It is now plausible, but must be proved, that the limit function y(z)
which we have obtained does in fact solve the integral equation (3). To
see what is involved in this proof, we consider the limit, as n goes to in-
finity, on both sides of (1).

v@ = vo+ lim [0, yna®) dt (10)

What we must know now are conditions sufficient to make the follow-
ing interchanges of limiting operations valid:

tim [ £t ua0) de = [ im0, 5a(0) de

n-+0 Ty n>®©

= [ f@, lim y.(8)) dt. (11)
20" mew

In advanced texts on the calculus it is shown that these interchanges
are valid provided (i) that f(¢, 2) is a continuous function of both ¢ and 2
in the range of values considered and (ii) that the convergence of y.(t) to
y(t) is uniform over the interval in question.

We may state the result which we have obtained as a theorem as fol-
lows.

TuEOREM. The ilerative sequence (1) converges towards a solution of the
differential equation problem (2) for all values of x, provided the function
f(x, y) s continuous and bounded and in addition satisfies the Lipschitz
condition (8b), for all values of its arguments.

EXERCISES

1. Given that f(z, y) satisfies the condition | df/dy | < M for all values of z
and y, show that the Lipschitz condition (8b) is also satisfied, with the same con-
stant M.

2. Determine which of the following functions f(z, y) satisfy the two conditions
|fz, )| < M, |df/dy| < M, for all values of x and y.

(a) siny ) e, (c) sinzy
d) @ + )™ (e) e, @y
(8) z/y (h) tanh='(z + y)
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6-10 Uniqueness by Picard’s method. To see whether or not the
initial value problem (2) of the preceding section has a unique solution, we
consider the possibility of two distinct solutions, y and §. In view of
Equation (3) of the preceding section, the difference y(z) — §(x) satisfies
the relation

y@) — 5@ = [ 16 u®) — 6 50 . M

We shall show that the same conditions which assure convergence of
the iterative process, namely,

|ft,2)| < M, (2)
[f@ 2e) — f(t,2) | < M|z — 2], 3)

are sufficient to prove that y(z) — §(z) = 0.
We begin by using (1) and (2) to prove

ly@@) — (@) | < 2M |z — x| (4)
We next use (1) and (3) to obtain

@ — 3@ <| [ M0 — 01 @), )
Combination of (4) and (5) gives us
ly(@) — §(z) | < t — ) dt‘ _ o2 l® z'x“l ()

Equation (6) may in turn be introduced on the right side of Equation (5).
In this way we obtain

| y() — §(z) | < 2M° '”—;,I—‘ @)

Continuing in this manner, we obtain the successively stronger inequalities

Mz —x|

[y(@) —g(x) | <2 —

)

(8)
n=123,---

Since for every finite value of x the right side of (8) tends to zero as n
tends to infinity, we have

y@) — (=) =

for all finite values of . In other words, we have proved uniqueness of
the solution everywhere.
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6-11 Existence and uniqueness by Picard’s method. The general
case. The existence proof for the special case of Section 6-9 depended
on the fact that we could obtain the inequality

@) — ) | < @ = B M
Yi1 Yi = (j + 1)|
for all values of z, thereby establishing existence everywhere. This result
held for the class of continuous functions f (x,y) which satisfy the bounded-
ness and Lipschitz conditions (8) of Section 6-9 for all values of z.

We now wish to sec for what wider class of functions f(z, y) we can
establish (1) for some limited range

|z — 20| £ a. (2)

To this end we consider again the relations
Yin(x) — yi(x) = f Ul v = fl, gy} dt, G =1,2,--+ . @)

Since we do not wish to require boundedness and a Lipschitz condition
for all values of  but merely in a suitable neighborhood of %, we are led to
consider first the possibility of obtaining bounds not for y;.1 — y; but for
Y¥; — Yo, Which is given by

wie) — w0 = [ flt g dt 4)

z9

Solongas|f| < Mfor|t— x| < aandy = yo, we have from (4)

3@ — 50| < M |2 — m| < Ma. 5)

If we now require, in view of (5), that
|ft2)| < M (6)

for

[t —2| L a and |2 — yo| < Ma, ™)

then we conclude next from

0@ — 4o = [ Sl u@) d
zo
that
| y2(x) — o | < Ma ®)
and then, by induction, that
|yix) — | < Ma 9

for |z — x| < a, and all 5.
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Having the bound (9) for y;, we formulate our Lipschitz condition for
(3) in the following manner:

[ f(t,2e) — f(t,z1) | < M |20 — 2| (10)
in the range (7). This allows us to write

@ — 0@ < | [ 100 -0 1a). D

We know from (5) that |y(x) — yo| < M |2 — xo|. If we introduce
this result into (11) with j = 1, we see that

I yolx) — .7/1(37) | <

f]l'[glt—-xoldt‘=%M2|a:—xn|". (12)
EN

Continuing in this manner, we arrive at the fundamental estimate (1),
valid in the interval |z — x| < a.

Having established the inequality (1), the remainder of the existence
proof and also the uniqueness proof proceed exactly as in Sections 6-9
and 6-10. .

We summarize our result in the following form:

THEOREM. The tlerative sequence
z
vale) = 30+ [ St vars(®) at
zo
converges lowards a unique solution of the differential equation problem
3—2 = flz, v), y(@) = w,

for all values of x in the range | x — xo | < a, provided the function f(x, 2)
s continuous and satisfies the two conditions

[fe,2)| < M, |fz,2) = f@,2) | S M |2 — 2|

Jor
|l — x| < a and |z — | £ Ma.

ExampLe. To indicate the scope of Picard’s existence theorem,
consider the following simple example:
dy _ y(0) = 0.
dx
We are interested in finding the largest interval || < a in which the
theorem guarantees existence of a unique solution.
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The boundedness condition on f assumes the form
e <M for |z| £ Ma,

~ and by the mean value theorem this also ensures satisfaction of the Lip-
schitz condition.
The inequality e° < M will be satisfied for all values of |z| < Ma
provided it is satisfied if z = Ma. Accordingly, we must have
In M

M < < =

e <M or e < 7
Since a is positive, M lies in the range 1 < M < . In this range the
largest value of a is obtained if

M = ¢~ 2718,

and Picard’s theorem assures existence of a unique solution in the interval
| 2| < a where

a = ¢ =~ 0.368.

The actual interval in which a unique solution exists is considerably
larger. Since, by separation of variables,
1

y=In ——

y

we know that a unique solution exists in the interval —« <z < 1.

We conclude these considerations with the following observation.
The proof of Picard’s theorem as given requires satisfaction of a Lipschitz
condition both for existence and for uniqueness. In actual fact it is pos-
sible, however, to prove existence by more advanced methods without
requiring a Lipschitz condition. On the other hand, in order to prove
uniqueness a Lipschitz condition or something very similar is required.

EXERCISES

Given each of the following two problems, show that Picard’s theorem ensures
existence of a unique solution in the interval [z | < }3.

Ly =z+, y(0) =0
2.y =1+, 90 =0

3. Show that for the problem y’ = y, y(0) = 1, the constant a in Picard’s
theorem must be smaller than unity.



CHAPTER 7
FINITE DIFFERENCE EQUATIONS

T-1 Introduction. Consideration of numerical procedures for solving
differential equations leads to a subject which somewhat parallels the
subject of differential equations, namely, the subject of finite difference
equations. We shall consider in the present chapter some simple interest-
ing aspects of the field of finite difference equations.

To solve the differential edquation dy/dx = F(r,y) approximately, we
may replace this equation by

Yni1 — Yn = BF(xn, yn), 1)
where
Tpn = Tn1 + h = 20 + nh 2)
and
Yn = y(@n) = y(xo + mh). 3)

The quantities , — x,1 = h and y, — ¥Y.-1 are finile differences of
the independent variable and of the dependent variable.

A more accurate approximation to the differential equation and its
solution, for the same interval length h, is obtained by taking instead of
(1) the relation

Ynt1 — Yn1 = $h [F(@ugs, Yng)) +4F @0, ¥0) + F (@1, Yn1)l- 4)

Equations of the form (1) and (4) which contain finite differences,
rather than infinitesimal differences in derivative form, are often called
finite difference equations.

In our earlier work, equations of this form were solved step by step,
with or without using iterative procedures. In many instances to do so
will be the only practical means of solution. However, we shall see that
there are important classes of finite difference equations which can be
solved explicitly, just as important classes of differential equations can
be solved explicitly.

Problems of numerical solution of differential equations are not the
only sources of finite difference equations. All kinds of recurrence rela-
tions can be interpreted as finite difference equations. The formulation
of physical and chemical problems for systems with many similar com-
ponents generally leads to finite difference equations.

190
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ExampLe 1. The linear differential equation

¥ = a(@)y + B() )]
can be approximated by the finite difference equation
Ynt1 — Yo = (@¥n + Bu)h. (6)
An alternate form of (6) is
yn+l + anyn = bn, (7)
where
aﬂ = —(1 + haﬂ)) bn = th- (8)

The more accurate formula (4) approximates (5) by
Ynt1 = Yno1 = Fhlany1¥Yni1 + Bayr + 4anyn
+ 4ﬂn + an-—lyn--l + Bn—l] (9)
or
an+lyn+1 + AnYn + an—lyn—l = bn+1y (10)
where
ny1 = 1 — 'é'han-H: An = _'§han; a1 = —1— '}ha”—li (11)
bn+1 = %h[ﬁn-l-l + 4Bn + ﬁn—l]'

ExamprLe 2. Obtain a finite difference equation for the general term
in the sequence 0, 1, 1, 2, 3, 5, 8, 13, - - - , each term of which is the sum
of the two preceding terms.

Let y, be the general term of the sequence. Since each term in it is
the sum of the two preceding terms, we have the recurrence relation

Yn = Yn— + Yn—2, (12)
together with the initial conditions
y1 =0, yo = 1. (13)

The numbers representing the solution of the finite difference equation
(12) are known as the numbers of Fibonacci.

EXERCISES

1. Given that in first approximation
Yn = Wnrr — ya)/hy
show that a corresponding approximation for second derivatives is

w = WUtz — 2Ynp1 + yn)/ M2
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2. An alternate form of an approximation for y, is
1
Yn = i [y@n + $h) — y(xn — Fh)].

Use this formula to deduce the following symmetrical approximation formula for
”
Ya:

1
Yo = B [Yn+1 — 2¥n + Yn-1l.

3. A sum of money A, is invested at p percent interest per year. Assuming
that the interest at the end of every year is added to the capital, obtain a difference
equation for the capital A, at the end of n years.

4. Given the linear differential equations

(@ y" -y=0 () ¥ -(>1+2y=0
obtain difference equations for the determination of the coefficients a, in the series

Yy =2Zaz"

7-2 Solution of first order difference equations. A finite difference
equation is called of first order if no more than two successive functional
values, ¥, and y.,1, are contained in it. The most general form of such
an equation is

F(Yny1, Yn, n) = 0, ¢Y)

and just as in the case of first order differential equations, it is not possible
to solve this most general case explicitly.

An important special class of first order difference equations which can
be solved explicitly is the linear first order difference equation. We may
write this equation in the form

Ynt1 = QrlYn + bn- (2)

To solve (2) in a direct manner, we introduce on the right side of it the
equivalent relation

Yn = Qp_1Yn— + bn——l'

This gives us
Y1 = an(an—lyn—l + bn-—l) + bn-

On the right side of this we write
Yn—1 = Qn-2Yn—2 + bn-—‘.’,
and this gives us in turn

Yny1 = an[@s—l(an—zyn—z + bn-z) + b»-l] + b,
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Continuing in this manner, we arrive at the following explicit expression
for y.41 in terms of yo and in terms of the coefficients a; and by:

Ynt1 = (@nGn-1 * - @100)Y0 + (@1 - - @)bo + - -
+ anan—]bu—-2 + a’nbn—l + bm (3)

If we set as an abbreviation

i
aa; - mao = 1] a, 4)

k=0

then (3) may be written more compactly as follows:

n n

b; )
Yot1 = | Yo + Zo —]—J-* ;c[]‘; ay. 3"

The solution (3) contains one arbitrary constani, yo. This parallels a
corresponding result for differential equations.

Formula (3) [or (3')] is based on the assumption that the difference
equation (2) holds for all values of n = 0, 1, 2, ---, with yo given. If
instead of this we have (1) only for values of n starting with some other
value m, with y,, given, then the solution takes the alternative form

n b n
Ynp1 = ym+Z jJ Hak, n=m7m+l""' (3”)
J=m n ax k=m
k=m

As a first illustration of the use of the general formula (3”), consider
the recurrence relation

(o) + s = L —23., O
n) Pon Bon—2 = -(—ng:ﬁz;m, n = 4,9, y

with B2 = 4. We met this formula in Equation (11) of Section 3-16 in
connection with the Bessel function of the second kind. In order to re-
duce (5) to a difference equation of the form (2) we set

Yn = Ban—2- (6)
The relation (5), with the initial condition 8, = }4, then becomes
Yn (__l)n+l _ .
Y41 = — (2‘”)2 + (n|)2 2% g ) n = 2! 3: Y (7)
Y2 = Y4. (8)



194 FINITE DIFFERENCE EQUATIONS [cuar. 7

The solution formula (3”), with m = 2 and

1 _ (_l)n-H
2n)?’ T )2 g’

- (=)™ 27(j)™] (—1)™
yw“h+zwww<ijmw

[ 250

jm2 J

Ap = —

becomes

(9)

On inserting the value y, = % from (8) and simplifying further, we obtain
the expression

(=15~ 1

?/n+1=mj=13, n=23 . (9"

If we return to the original 8’s by use of (6), we have the solution

(_l)n——l n 1

2(n)? =5’ (10)

621: =
which agrees with Equation (12d) of Section 3-16.

Two important special cases of the linear first order difference equation
are the following:
1. First order homogeneous equation with constant coefficient. When

yn+1 = aj ny (1])

the solution (3) becomes yn41 = a"'yo. We may write this result in the
form

Yn = ca”, (12)

where ¢ is an arbitrary constant.
2. Nonhomogeneous equation with constant coefficient. When

yn+l = ayn + bnv (13)

then (3) may be written in the form

m=lo+E 2 ]a (14)

J=0

For future reference we restate the result (14) for the following special
case of Equation (13):

AYn = Yny1 — Yn = by (15)
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Setting @ = 1 in (14) reduces this solution to the form
n—1
yn=c+ 2 b; (16)
=
Solution of a nonlinear equation. To illustrate the possibility of solv-
ing a nonlinear equation, consider the relation
Yni1 = QYr, a # 0. (17)

By successive substitution we obtain

2 4 2 4 8
Yntl = QA Yn] = QA A Yng = -,

and this means that in terms of an arbitrary constant s,
1424224 .. 42n  ontl
Yny1 = @ Yo .

If we further write

1+2+4+2°+ - 4277 = =2"—1, ap=c

Z/n = —(l-’ (18)
where ¢ is an arbitrary constant.
EXERCISES

Solve the difference equations in Exercises 1 through 6.

L Ynpr — 2yn =0 2. Ynp1 = NYn, 0 =123, ---
3. Yntr = n—lym n =1 27 3a e 4. Ynpr = ay,.__+ b
5. Yny1 = Ay, + bn 6. Ynp1 = \/y,.

Obtain a first order finite difference equation which is satisfied by y,, ¢ being
an arbitrary constant, for Exercises 7 through 9.

7. Yo = n + ce 8 Yn =cn + ¢* 9. Yy, = 2" + n/c

10. Show that the solution of the homogeneous equation y,.1 = @,y is

11. Given that u, is the solution of the homogeneous equation un41 = aquy,,
obtain the solution of the nonhomogeneous equation yn41 = @,y. + bn by the
method of variation of parameters, setting y, = C,u,. Observe that C, is a solu-
tion of a first order difference equation with constant coefficient.

12. Show that the difference equation satisfied by the function y, of Exercise
8 also has a solution of the form y, = An? 4+ Bn + C, and determine the values
of A, B, and C.
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7-3 The homogeneous linear second order difference equation with
constant coefficients. We consider the second order equation

Yntz + 2@Yns1 + by, = 0, (1)

where a and b are given constants. We note that Equation (1) is similar
in appearance to the differential equation y" + 2ay’ + by = 0. We shall
find that this similarity carries over to the solutions of the corresponding
equations as well.

Knowing that the first order equation with constant coefficient, yn41 =
ay., has the solution y, = ca”, we consider the possibility of a similar solu-
tion for the corresponding second order equation (1). To this end we
set, tentatively

Yn = B, 2)

where ¢ is an arbitrary constant and 8 a quantity to be determined.
From (2), -

yn—l-l = cﬂ""], ?/n+2 = (‘Bn+2' (3)
Introduction of (2) and (3) into (1) leads to the relation
(8" + 208 + b)eB™ = 0. )

Since ¢8" # 0, Equation (2) is a solution of (1) provided g is a solution of
the quadratic

B8+ 28 + b = 0. %)

In analogy to the corresponding result for differential equations, this
equation may be called the auxiliary equation.

Let 8, and B: be the two roots of the auxiliary equation (5). Both
c87 and cBy will satisfy the given difference equation. Since this equa-
tion is linear, any superposition of the two solutions will also be a solution.
Accordingly, the homogeneous second order difference equation (1) has
solutions of the form

Yn = BT + o857, (6)

where ¢; and ¢ are arbitrary constants and 8; and B, are solutions of the
auxiliary equation (5).

A general solution of the second order linear difference equation may
be defined as a solution which can assume arbitrarily prescribed initial
values o and ¥, through proper choice of the constants ¢; and c;. With
this definition, Equation (6) is readily seen to be the general solution of
(1), provided 81 # Be.

Complex roots of the auxiliary equation. We assume that the coeffi-
cients a and b in (1) are real. Then when B, is complex, B is its conjugate:
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B = a + 1y, B = a — 1. )
To obtain a real expression for the solution ¢,81 + c.8z, we write
a + iy = pet'®, (@ = )" = phetine, (8)
where
p=ad+ and tan ¢ = v/a. 9)
Therewith,

Un = (cre'™® + ™ "*)p"
By further writing
a4c=0C, ile— ) = Cy
where C; and C; are new, real constants, this solution assumes the real form
¥n = (C1cos ng + Casin ng)p”. (10)

It is instructive to see in which way the quantities p and ¢ enter into
the coefficients of the difference equation of which (10) is the solution.
To this end we write the auxiliary equation (5) in the form

B — pe*)(B — pe**) =0, (11a)
or

8 — 2pcos¢p B+ p° = 0. (11b)
This shows that (10) is the general solution of the difference equation

Ynsz = 2p COS & Yns1 + PYn = O. (12)

ExampLE 1. The difference equation
Ynt2 — SYns1 + 6yn = 0
has the auxiliary equation
g~ 58+6=0,

the solutions of which are 8; = 2, 8; = 3. Accordingly, the general solu-
tion of the given difference equation is

Yn = 612'l + 623".
ExamrLie 2. The equation
yn+2 - ‘\/§yn+l + Yn = 0
is a special case of Equation (12). In view of (10), its general solution is

yn = Cycos nw + C, sin {nr.
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Auziliary equation with double roots. When B, = 8, # 0, the solution
(6) no longer has two independent arbitrary constants, and it ceases to
be the general solution. In its stead the general solution assumes the form

Ya = (&1 + cm)Br. (13)

There are various ways of deriving this result, the correctness of which is
readily verified. We outline one method of derivation. When 8, = B,
the difference equation may be written:

Yotz — 2Bns1 + Biys = 0. (14)
Equivalently,
Yns2 — BiYns1) — B1(Yn+1 — Biya) = 0. (15)
We set
Yni1 — BiYn = 2n, (16)
and have
Zup1 — Bz = 0. (17)

We now solve first the homogeneous first order equation (17) and then,
having z,, the nonhomogeneous first. order cquation (16). In this way
we arrive at the general solution (13) of Equation (14).

EXERCISES

Solve the difference equations in Exercises 1 through 4.

L. Yntz — §Unt1 +¥n =0 2. Ynt2 = Ynir — 2Yn =0

3. Ynt2 — Ynp1 +Yn =0 4. Yny2 — 2Ynp1 +2yn =0

5. Determine the nth Fibonacci number, as defined in Example 2 of Section
7-1.
6. Show that the general solution of yn41 — 2y, cosh p + y.—y = 0 can be
written in the form y, = "™ + c6™".

7. Obtain a second order linear difference equation with constant coefficients
which has the solutions

@) Yn = 12" + 23", (b) yn = (a1 + 2m)27, (c) yn = c1 cos an + ¢, sin an,

where ¢; and c; are arbitrary constants.
8. Obtain a second order linear difference equation with variable coefficients
which has the solutions

(8) yn = cn + cm?, (b) yn = af(n) + cxg(n),

¢; and cq being arbitrary constants.

9. Show that the solution (13) of Equation (14) is in fact the general solution
by showing that through proper choice of the constants ¢, and c. the solution may
assume arbitrarily prescribed initial values yo and yi.
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T-4 Systems of homogeneous linear difference equations with con-
stant coefficients. The method of solution for one second order equation
of the form y.42 + 2ayn41 + by, = 0 is readily generalized to apply to the
corresponding kth order equation and to systems of simultaneous first
order equations.

To illustrate, the system

Yn+1 = QYn + bzm 2n41 = PYn + qZn, (1)
can be solved by tentatively assuming
Yo = AB", 2z, = BB". (2

Substitution of (2) into (1) results in the following system of equations
for the coefficients A and B:

(@ — B84 + bB =0, pA + (¢ — 8B = 0. @

Since we do not wish to have both A and B equal to zero, we require
that B satisfy the determinantal equation

- b
e F |=o. (4)

P qg—8

Equation (4), the auxiliary equation, is a quadratic for 8, with solutions
Brand B;. Solongas B # B, which is what we shall assume here, we have
obtained two distinct pairs of solutions in this manner. Because of the
superposition principle for linear systems, we have further that

yn = A1BT + A:83, z. = B1B8i + B:Bs3, 5)

are also solutions of (1), provided that A,, B,, and 8; and A., B;, and B, are
related through (3). It can be shown that so long as 8, # B: Equations
(5) represent the general solution of the system (1).

ExampLE 1. The system
Ynt1 = Yn + 320,  Zpp1 = 2Ys — 2.
has solutions of the form (2), provided
1—-p8A+3B =0, 24 — (1+8)B =0.
The auxiliary equation is |
1-8Q10+p8)+6=0.
From this

B = V7, B = — /7
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and

or
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B, = %(\/7 - l)Al»

The solution of the given system is then
Yo = LHH(VT)™ + Ao(— V)",
32, = (V7 — DAVD" — (VT + DAx(— VD™

By = — ¥(V7 + DA..

B-1DB—-2)B—3)—-4=0

g' — 108’ + 3568° — 508 + 24 = 0.
Accordingly, the desired difference equation is

Ynset — 10Unss + 35Yns2 — 50yny1 + 24y, = 0.

EXERCISES

1. Show that the kth order difference equation

Yntk + QYnpkm + 0+ GrlYnpr + Y, =0

[ouar. 7

ExaMpLE 2. Obtain a fourth order linear difference equation with
constant coefficients which has the general solution

Yn =+ 022'l + 023ﬂ + 614’..

The auxiliary equation leading to this solution will be

has solutions of the form y, = ¢8", where 8 is a solution of the auxiliary equation

B +af + - +aB+ar=0.

2. Solve Ynts — Ynt2 + Ynpr — Yn = 0.
3. Obtain a third order difference equation with constant coefficients which has

the solution y, = (&1 + can + czn?)(—1)".

4. Solve Yn41 = Yn — 42n, Zny1 = 2Yn — 2a.
5. Show that the expressions y, = ¢ifn + Cifn, 2o = cihn + c:k,, where ¢, and

¢s are arbitrary constants and f,, gn, ks, and k. given functions of n, are solutions of
the following system of first order simultaneous linear difference equations:

f n gn Yn
Ynyl =

hn  kn Zn

In gn Yn
Za41l =

hy kn 2,

gn

n

gn

kn

fn-H +

hnt1 +

Ia

gn
Ia

gn

YUn
In+1,

Zn

Yn

Zn

ka1
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7-6 Particular solutions of nonhomogeneous linear difference equa-
tions. Let us consider the nonhomogeneous equation

yn+2 + 2ayn+l + byn = fny (l)

where a and b are constants and f is a given function of n. Equation (1)
is satisfied by setting

yu = yn,ll + .’/n.l’, (2)

where 3, x is the general solution of the associated homogeneous equation
and ¥, is any particular solution of the complete equation.

We know that the general solution of the homogeneous equation is of
the form

Yn.g = CrlUn + Cy¥n, (3)
and we know how to obtain u, and v, for the second order equation with
constant coefficients.

The method of undetermined coeffictents. Just as in the analogous case
of differential equations it is possible to use a method of undetermined
coefficients for certain forms of the right side of (1). The most important
cases for which this is possible are given when f, is a linear combination
of terms of the form ¢", where g is any constant, and n”, where p is any posi-
tive integer.

The following example will illustrate this procedure. The equation

Yni2 — a1 + 6y = ¢" + n
has as general solution of the associated homogeneous equation

Ynw = 012" + 023”-

For a particular solution, we set

ynr = A¢" + Bn + C,

where A, B, and C are constant coefficients which must be determined.

Substitution of ¥, » in the given difference equation leads to the following
relation: )

Ag"l¢" — 5¢ + 6] + Bl(n + 2) — 5(n + 1) + 6n]
+Cl1—-5+6]=q"+n
In order that this be satisfied for all integers n, we must have
Alg' — 59 + 6] = 1,
B[l — 54 6] =1,
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B2 -5+ C[l =5+ 6] =0.

From these equations we have for a particular solution, so long as ¢ # 2
and q # 3,
I S
yn,P q2_5q+6+2+4.

It is clear that when ¢ has one of the values 2 or 3, then A¢g” cannot be
a particular solution, since it is already a solution of the associated ho-
mogeneous equation. It is possible to extend the method of undetermined
coefficients to apply in this case also, but we shall not discuss here how this
is done.

The method of variation of parameters. We shall now show that, just
as in the corresponding case of differential equations, we can always find a
particular solution of (1) by the method of variation of parameters. For
this purpose we assume an expression for y, r in the form

Ynp = Cl.nun + CZ.nvn- (4)

We attempt to detérmine the coefficient functions (), and C,,, in terms
of the function f, in (1).
From (4) follows

Ynt1.p = CraprUats + CongiOnqa. (5a)

The first step toward the solution consists in writing this expression in
the form

Yni1,p = CinUngr + ConVatn
+ (Crns1r — Cra)Ungs + (Crngr — Con)Vnya. (5b)
We now, arbitrarily, prescribe the relation
(Crar = Cra)tngs + (Compr — Caoa)vna = 0. (6)
This leaves us an abbreviated expression for y,41,», namely,
Ynt1.p = CraUnir + Conlnir. (5¢)
From (5¢),
Yni2,p = CraptUnsz + ConitVnya (7a)
The next step consists in writing (7a) in the form
Yni2.p = Ciathnts + Coaniz + (Craa — Cra)tingz
+ (Cont1 — Con)vnta. (7b)

We now introduce y,., from (4), yn41,» from (5¢), and Y,z from (7b)
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into Equation (1). In this manner we obtain
Cl,n(un+2 + 2a u»+l + b un) + Cz.n(vn+2 + 2a vu+2 + b vu)
+ (Cl.n-l»l - Cl.n)un+2 + (C2m+l - C2,n)vn+2 = fu- (83)

Since u, and v, are solutions of the homogeneous equation associated with
(1), Equation (8a) reduces to

(Cl.n+l - Cl.n)un+2 + (C2.n+1 - Cz.n)vn+2 = fn- (Sb)

Equations (6) and (8b) are two linear algebraic equations for Cy .41 —
Ci.» and Csny1 — Ca,. These are solved in the form

—vn+lfn )

Cing1 — Cin = ’ (9a)
Untl Ungl
Uni2  Unyg2
+un+lfn

02.n+l - C2,n = (9b)
un+1 Urn»l
Unte  Ung2

Since we know how to solve the first order equations (9) for C1,» and
C,.», we know then also how to obtain the particular solution (5a) of the
second order difference equation (1).

We note further that at no stage of the derivation have we made use
of the fact that the coefficients 2a and b are independent of n. Conse-
quently the solution (5a) with C;,, and C., determined by (9) is valid
for any second order linear difference equation, provided we have solutions
u, and v, in y,.» for which the determinant in (9) does not vanish.

To illustrate the method of variation of parameters, consider the
equation

Yns2 + 2Yns1 + byn = 0", b0,

where again ¢ is a constant. We shall assume that a® — b = 0, so that
the roots

Br=—a+Va—b Br=—-a—+Va—b

of the auxiliary equation are distinct.
The solution of the homogeneous equation is then

Ynw = bl + 02132,
and the functions u, and v, in Equation (4) for ¥, » are
Un = Br, . = 7.

We introduce these expressions for u, and v, in the first order equations
(9) for the coefficient functions C;, and C:,. Since the determinant in
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(9) has the value

Un 41 Un 41

= Brte:t (B, — By),

Un 42 Un 2

Equations (9) assume the form

’ 1 q"
Crnr — Cin = «BI—_——_ﬁZ B‘,,_H ’
1 q
Cong1 — Cop = — .
BTN T B — By B
Application of Equations (15) and (16) in Section 7-2 then gives
1 - (q)" 1 1— (¢/8)"
Cip = —cr = =
" (B — BBy Eo ) O BB T— (/)
and
Cz'" _ 1 1 - (9/33) + .

T (B — BuB:1 — (g/B2)

In view of (4) we now have as a particular solution of the given difference
equation

1 (B?—q"_ﬁé’—q")
Br— B:\BL— ¢ B:—q
This solution remains valid when ¢ = 8, or ¢ = f,, in which case L’HOpi-
tal’s rule leads to the appropriate form of the result.

:’/n.P =

EXERCISES

In Exercises 1 through 3 use the method of undetermined coefficients to obtain
particular solutions.

1. Yny2 — 5y,.+1 + Gyn =14 n?

2. Yny2 — \/ 2 Yns1 + yn = ¢" (For what values of ¢ does this solution cease
to be valid?)

3. Yntz = Untn + Yn =" (g#7)

In Exercises 4 and 5 use the method of variation of parameters to obtain par-
ticular solutions.

4. Yny2 — SYnp1 + Oyn = n*

1
5. Yarz — (B1 + B)Yns1 + BiBeyn = i

6. Given that u, is a particular solution of the homogeneous equation yay2 +
20aYni1 + bayn = 0. Show that the assumption yn = Cntia reduces the problem
of determining the general solution to two successive first order difference equations.
(Hint: transform the given difference equation into a first order equation for
Dn = C,H.l - Cn.)
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7. Use the result of Exercise 6 to obtain the general solution of y,42 — 28yn 41 +
B*yn = 0.

8. Given that y, = 1 is a particular solution of ypi2 + (@n — 1)Ypy1 — Gtnlyn =
0, obtain the general solution of this equation.

9. Given the system of simultaneous nonhomogeneous difference equations

Yntr = AYn + Bz + fn, 2y = Cyn + Dz, + g0
with solutions
YnH = ClUy,n + Collg p, Zn,H = CiV1,n + ColV2,n
of the associated homogeneous system, show that the assumption
Yn.p = Cinll1,n + Conliz n, Zp,p = Crati,n + Contan

reduces the problem of finding particular solutions of the nonhomogeneous system
to two simultaneous linear algebraic equations for the differences C),n41 — Ci.n,
Cong1 — Co.n.

T7-6 On approximating differential equations by difference equations.
Knowledge of the solution of finite difference equations permits us some
interesting observations concerning methods of numerical solution for
differential equations. We shall consider some typical examples.

ExampLE 1. The differential equation problem

Woty, v =u M

has the solution
¥ = yoe. (2)

A simple method of numerical solution (which of course is not actually
needed since we have an exact solution) consists in writing in (1)

dy ~ Ynel — Yn
(ZEL,“ ~ B )

o = 0, Tap1 = T + B, Yn = Y(Zn). @)

where

In this way we have as an approximation to (1) the finite difference
equation

Ynt1 = (1+hA)ym n=2012- .. (5)
The solution of (5) is

Yn = (1 + h4)"y. (6)
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In order to see to what extent (6) is an approximation to (2), we recall
the fact that lim..o (1 + €)' = e and write (6) in the equivalent form:

ya = wol(l + hA)MF™

wl(1 + ha) ™y,

It is clear that as h tends to zero, the approximate solution (6’) tends
towards the exact solution (2).

(6"

It

ExampLE 2. The nonlinear problem

d
ay =4y, y0) =% =0 )
has the solution
- Yo
Y= T —dya ®)

We note that y becomes infinite as x approaches the value 1/(Ayo).
Let us now see what the effect will be of replacing the derivative y’
by the difference (y.41 — ¥.)/h. Equation (7) is then approximated by

Ynt1 = Yn + hAYyn, n=0,1,2---. 9)

It turns out that we are unable to solve this difference equation in ex-
plicit form. We can, however, starting with a given value of yo, successively
calculate y;, ., etc., as follows:

= Yo+ hAyﬁ = yo(1 + hAy.), (103«)
ye = y1 + hAyi = y(1 + hdy)
= yo(1 + hdyo)[l + hdye(1 + hAyo)], (10b)

and so on. Evidently the successively calculated values of y, will never
assume infinite values. In this sense the approximate solution obtained
ceases to be an acceptable approximation of the exact solution (8), for
values of n in the vicinity of 1/hAys,.

ExampLE 3. We returnto the linear differential equation (1), but now,
instead of using (dy/dz), =~ (Yns1 — ¥.)/h, we make use of Simpson’s
formula,

Ynst — Ynot = 2h(Wns1 + 4yn + yu_1) + R, (11)

in order to approximate (1). Omitting the remainder term R, we obtain
the finite difference relation

Yn+l — Yn—1 = %hA(yn-H + 477. + yn-l): n = 1; 2: MY (12)
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An immediately evident difficulty consists in the fact that in order to
solve (12) we must know in advance not only the value of y, (which we
assume we do) but also the value of . We temporarily overlook this
difficulty and instead find an explicit solution of the linear second order
difference equation (12). Setting, asin Section 7-3, y, = 8", we find ad-
missible values of 8 from the auxiliary equation

(1=M == (1+2) =0, (13)
in which
A = jhA. (14)
The solutions of (13) are

B = 2)‘_"'1____ \’__1)\"'3)‘2, B, = 2_)‘_‘_1_‘/:____1)\'":3”, (15)

and the general solution of (12) is
Yn = cft + Bz, (16)

In order to compare the difference equation solution (16) with the

Azy

differential equation solution y, = yee“™ at the points * = z,, we must
now investigate the behavior of the terms 81 and 87 in (16). We particu-
larly need to know what becomes of them for progressively smaller values
of the interval length h. To this end we expand B: and 8; in powers of
A= }h4,
Bi=1+3+8+ -, (17a)
Bo=—14+X—N" 4 ---. (17b)

In order to have, as in the exact solution yee*™, the quantity Az, =
nhA in the exponents, we now write (16) in the form

Yn = c[(1 + A4 + ‘}thz + - .)‘/"AJAz..
+ (= 1)"[(1 — 3hd + {h® A + - )M (18)

We recall again that lim.., (1 + e)’* = e. This means that for suf-
ficiently small values of A, :

1+ hd + 3WPA* + - )™M e,
(1 — 3hd + 5’47 + - )M e
Accordingly, for sufficiently small values of A,
y” e Azn + Cg( l)u —4:,./3 (19)

We are now ready to arrive at some important conclusions. Evidently
the first term in (16), with ¢; = yo, represents the appropriate approxima-
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tion to the differential equation solution. The second term is an “‘extra”
solution, brought in because the approximating difference equation is of
higher order than the original differential equation. The extra solution
can be made to disappear by an appropriate choice of y; (this choice would
be 1 = yB1). Suppose, however, that we did not know this value of y,
as would be the case if we did not know the explicit solutions both of the
differential equation and of the difference equation problem. In that case
the step-by-step solution of the approximating difference equation (as de-
scribed in Section 6-6) might or might not lead to a good approximation to
the solution of the corresponding differential equation. It would lead to
a good approximation if either (1) the exponent A was positive or (2) »:
was assumed correctly. If, however, A is negative and y, is chosen in-
correctly, then instead of approximating the exact solution yee”™, this
procedure would approximate for sufficiently large z, an oscillating function
with progressively larger amplitude, namely, y. = y:( —1)"e A=,

EXERCISES

1. Obtain a difference equation approximation to the solution of Equation
(1) on the basis of the approximation

Yntr = Yn = Sh(Wss + ¥)-

2. The solution of the nonlinear differential equation (7), according to (8),
assumes the values
Yo
Yn 1-— Ahyon

forz = zn, = nh. Determine a first order difference equation of which this is the
solution, and show that this difference equation agrees with (9), except for terms
of order (h4)%.

3. The system of differential equations

V=2 2Z=-y
with initial conditions (0) = 3, 2(0) = 0 has the solutions
Y = Yo COS Z, 2 = —ypsinz.
Obtain the corresponding solution of the system of difference equations
Yntt — Yn = h2n, 2y — 20 = —hy,
in terms of n, k, and the initial value yo, assuming z = 0.

4. Solve the approximating difference equation problem corresponding to j’ =
2,2 = —y;y(0) = yo,2(0) = 0, on the basis of the formula

farr = In = $h(f e + f2)-



CHAPTER 8
PARTIAL DIFFERENTIAL EQUATIONS

8-1 Introduction. In this chapter we shall consider differential equa-

tions of the form
9z 9z
F(x,1,z,5;,a—?;>=0 (l)

and

8z 9z 3’z 9’z a’z)

= 2 2 )= 2

F<x’ Y% 327 5y’ o2’ dz 9y’ oy ’ @

where F is a given function of its arguments, which are five in number for

Equation (1) and eight in number for Equation (2). A solution of such a

differential equation will be a relation between the dependent variable z

and the independent variables  and y which does not contain any of the

derivatives of z and which is compatible with the given differential equa-
tion.

For example, the solution of

a9z
% _ ®
will be
z = fxy or = 2’y + f(v), @

where f(y) is an arbitrary function.
Similarly, we find that the solution of

\a’z _ i
e = 1 )
will be
z = 2y + f(y) + 9(x), 6)

where both f(y) and g(x) are arbitrary functions.

The two examples suggest that functions of integration should have the
same significance for the solution of partial differential equations as con-
stants of integration have for the solution of ordinary differential equations.

209
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EXERCISES

Find solutions in terms of an arbitrary function of the differential equations of
Exercises 1 through 3.

0z 0z
1.£=xcosy 2.5;—z=y 3.y—a—y+z=cos(:cy)

Find solutions in terms of two arbitrary functions of the differential equations
of Exercises 4 through 7.

12 2 2 2
Fz_ o 5% _,_0 6x2%_,.0 7 %2

oz = gy az? Sy

4.

8-2 First order partial differential equations satisfied by expressions
containing an arbitrary function. Before further consideration of the
problem of solving given partial differential equations, it is instructive, as
in the discussion of ordinary differential equations, to consider the inverse
problem of deriving the differential equation satisfied by a given expression.

Certain simple examples have shown us that the solution of a partial
differential equation should contain one or more arbitrary functions. Let
us consider given expressions containing arbitrary functions and see what
partial differential equations these expressions satisfy.

As a first example, take the expression

z = flx — y), 1)

where f is an arbitrary differentiable function of the argument x — y. If,
for the moment, we set

then we have
6z _dfot _ df
ox dtdx dt 7’ @)
0 _dfat _df
dy dtdy dt ’

and from this, by elimination of df/dt, we obtain the differential equation
which is satisfied by z:

9z |, 9z
wtay=" @)
As a second example, take the expression

z=zf (%), 6))
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where f is again an arbitrary function. Setting
Y-y, ©)
z

we have

dil o
9z _ _dfot _ df

We take df/dt from the second of Equations (7) and f from Equation (5)
and find that z is the solution of the following differential equation:

9z _ df ot df _y
£—f+x ~—f+xm( ._,>, -

z—4+y——2=0. 8)

As a third, somewhat more complicated, expression take
z = oyf@ + y* + 2), 9)

where now z is given ¢mplicitly in terms of the arbitrary function f. Denot-
ing differentiation with respect to the argument 7z + y* + 2’ by a prime,
we have

dz , 9z

Fri uf + xyf '(217 + 22 55);

) s (10)
——i 3 4 . _-z—

3y zf + xyf (2y + 2 6y>'

By elimination of f and f’ from (9) and (10), we obtain the following dif-
ferential equation for z:

2@y + 2) g—i - y(@* + 2) g—; = (¢ — )= (11)

We may note that the three differential equations (4), (8), and (11) have
one thing in common. All of them are linear in the derivatives dz/dz and
dz2/0y. However, while all of them are linear in the derivatives of the de-
pendent variable z, only two of them are also linear in z. First order par-
tial differential equations which are linear in the derivatives of the depend-
ent variable but not necessarily linear in the dependent variable itself form
an important special class of differential equations, which are called quasi-
linear equations.

The fact that three examples of expressions involving an arbitrary func-
tion all lead to quasi-linear differential equations makes it plausible that
we will always obtain a quasi-linear differential equation by eliminating
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the arbitrary function f from an explicitly given functional relation involv-
ing z, y, and 2. We shall now show that this is in fact so.
Consider the relation

Slu(z, y, 2), v(z, y, 2)] = 0, (12)

where u and v are given functions of z, y, z and f is an arbitrary function of
u and ». If we differentiate (12) partially with respect to z and y and ob-
serve that z is supposed to be a function of x and y, we obtain the following

two relations:
of ou 9z af (Ov v oz
au( +'a?3i>+av( +&5§) =0

of du 9z of ) 62)
au( y+az 6y)+av( J+6zay
Equations (13) are a system of two homogeneous linear equations for
9f/du and 9f/dv. In order that there be a solution of this system other

than the trivial solution for which both df/du and 8f/dv vanish, it is neces-
sary that the determinant of the system vanish:

du  dudz  w oz
ax dz ox ar dz dx
ou ou 0z av ov 0z

wTaay oy aay

(13)

= 0. (14)

The developed form of this determinantal equation is
0z 9z

where the coefficient functions P, @, and R are given in terms of u and v,
as follows:

o ou ou  u ou  ou
0z oy or 0z Ay ox

P = , Q= , R = . (16)
o o » o o
0z dy ox 0z oy axl

We see that the relation (12) is indeed the solution of a quasi-linear
partial differential equation (15).

Since a relation of the form (12) always leads to a quasi-linear equation,
we conclude that in order to obtain a first order partial differential equation
which is not quasi-linear, as for example the equation (8z/8z)* + (3z/9y)’ =
1, it is necessary to start with a relation which in some sense is more general
than the relation (12). A discussion of this question may be found in more
advanced texts.
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EXERCISES

Determine a first order partial differential equation satisfied by each of the
following expressions. (In every case f represents an arbitrary function.)

Lz = f(z® — y) 2. 22 = f(z* — y) 3. z = yf(y?/2)
4. f@ + 442 =0 5. f(x*+v5 2+ =0

8-3 Reduction of the quasi-linear partial differential equation of the
first order to a system of ordinary differential equations. We shall now
consider a very elegant method of solution for the quasi-linear equation
through its reduction to a system of first-order ordinary differential equa-
tions. Since the method of solution is so elegant mathematically, it is re-
grettable that very few problems in the applications lead to partial differ-
ential equations of this type.

We have seen in the preceding section that the differential equation

P(x) Y, Z) %2 + Q(x) Y, Z) ’Z% = R(x) Y, Z) (l)

has solutions of the form

flu(z, y, 2), v(z, y, 2)] = 0, 2)

where f is an arbitrary function of its two arguments u and v, provided the
functions u(z, y, 2z) and v(z, y, 2) can be determined from the relations

u o o o ou o
9z Yy ox 0z ay or
= P ) = Q: = R. (3)
w w W w
0z ay or 0z oy ox

We can avoid the necessity of solving these three simultaneous partial

differential equations for » and v by the follewing argument.
the equations

u(z, y, 2) = a,

v(x: Y, z)b = Cy

We consider

)

where ¢; and ¢, are constants, as the equations of two surfaces in space.
In general, these two surfaces will intersect along a curve in space. Let

x = z(t),

y =y,

be the equations of such a curve in parametric form.
From (4) we have the following relations for the derivatives dr/dt,

z = 2(1)

®)
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dy/dt and dz/dt:
dudr , oudy , dudz _
wd Ty Tazadl
wdr  ovd v d ©)
v dz. v dy vde _
ma T dy dt T ad 0

We may solve (6) for two of these derivatives in terms of the third, say for

dz/dt and dy/dt in terms of dz/dt. This gives

O o o
oz Y| dx 0z | dz
o wld
or oy 9z dy )
o o

|9z 9y dy dz 9z | dz
o wfdw
ox oy ox 9z

Now if » and v are to be such that they give the solution of the partial
differential equation (1) in the form (2), they must satisfy Equations 3)
and therefore (7) must be equivalent to the following system:

dz dz

R—==P

dy _ ,dz

dt d
If we omit the common denominator, Equations (8) may be written,

with appropriate interpretation of those cases where any of the functions
P, Q, and R are zero, in the following symmetrical form:

dr _dy _dz )

Retracing our steps, we have that solutions of (9) of the form

u(x’ Y, Z) = C1, 1)(13, Y, z) = C2

also satisfy the relations

ou du ou
55dx+—é@dy+&dz—0,

i) i) dv
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Since these relations must be equivalent to (9), we have further that u
and v satisfy three partial differential equations of the form

o ou
0z ay
= P(x,y, 2), etc.
o
0z ay

However, we know that satisfaction of these equations by u and v means
that the relation

flu(z, y, 2), v(z, y, 2)] = 0,
for f arbitrary, defines solutions z of
0z 0z
P T + Q Fie R.

Finally, then, the solutions of the system (9), when written in the form
(4), furnish the solution (2) of the partial differential equation (1).

ExampLE 1. For the differential equation

9z 0z
3z oy~ 0

we have the associated ordinary differential equations
dr = dy, dz = 0.
Two independent solutions of these are
T—y=c, 2= ca

This means that we have a solution of the given partial differential equation
of the form

f(x -Y Z) = 0.

With another arbitrary function g, we may write this solution in the
alternative form

2 =g —y).

ExampLe 2. For the differential equation

0z 0z
-’55;+y@— az,
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where a is a constant, we have

Two independent solutions of these ordinary differential equations are
2
= cl, — = 02’
xa
and this means that a solution of the given partial differential equation is

(t2)-o

With a different arbitrary function f this result may be written in the

alternate form
— (Y
2= xf(z>.

When a = 1 this brings us back to equations (5) and (8) of Section 8-2.
ExawmpLE 3. The equation
2 9y 02, 02
14y +2)-a—5+a—y---1

is associated with the ordinary differential equations

dr
i’m-z'z = dy = dZ.
A first solution is
2= Y =0

and a second independent solution is obtained from

dx
14+ 9+ (a+y)?

in the form
r—y -3 - Ha+y) =0
in this we eliminate c,, giving us as the second independent solution
c—y-W-¥=c

Therewith we have as a solution of the given partial differential equation

fe—ypz—y-¥-1")=0
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EXERCISES

Find the solution in terms of an arbitrary function of each of the quasi-linear
partial differential equations in Exercises 1 through 5.

0z 0z dz 0z
l.yza—zza—&—xy=0 2.21/—5:;—-5;=0

dz 0z dz 0z dz 9z

—_—e— — =7 — —= 2 . — =1
3. 2y6x 3 z 4. 61:+2I EW 24y 5 8:c+26y

6. Show that the general solution of the differential equation

=+ 4@y + BE) 5 = C@y + DE):

is of the form

1 [@) —2u@) yu() - 2e@)] _
W) W(z) '
where
U@) = (@) + enn(z), V(@) = an() + ema)

is the general solution of the system of equations

dU- 'A% Y ,
E—AU+BV, E;=CU+1)L,
and where
W _ U U2
0 V2

Solve the differential equations in Exercises 7 and 8.

. 0z Oz_ 0z 2y+z20z 4y + 22
t.ax+(y+2z)ay—4y+z 8'6x+ z oy .

84 Determination of arbitrary functions in solution of quasi-linear
differential equations. Just as. in the solution of ordinary differential
equations, the value of arbitrary constants is determined by certain condi-
tions imposed on the solution of the differential equation, such as initial
conditions, so for the solution of partial differential equations it is necessary
to impose appropriate conditions in order to determine the arbitrary func-
tions in the solutions.

To take a simple example, the form of the arbitrary function f in the
solution

z = f(z) (1)
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of the equation

0z

= = 2

=0 @
assumes the form f(z) = z* if we prescribe that the solution of (2) satisfies
the additional condition that

when y = 0, then z = z". 3)

It is useful to interpret this simple situation geometrically. The equa-
tion z = f(z) represents the family of cylindrical surfaces with generators
in the y-direction. The equationsy = 0,2z = 2” represent a (plane) curve
in space, and the solution z = z° represents a parabolic cylinder. We see
that in order to select one specific surface among all solution surfaces of
the partial differential equation we may use a condition stating that the
solution surface pass through a certain curve in space.

There is one exceptional set of space curves for which this procedure
breaks down. This is the set of curves

x = Cy z = g(?/), (4)

where ¢, is a constant and g is a given function of the variable y. Combina-
tion of (4) and (1) gives

g(y) = f(cr). 6]

Either Equation (5) is impossible of solution, namely when g(y) # const.,

or it has solutions when g(y) = c,, but these solutions do not determine the

form of the arbitrary function f. The latter case is again easily understood

geometrically. The equationsz = ¢,z = c; represent a straight line in the

direction of the generators of the cylindrical surfaces, and there is obviously

an infinity of cylindrical surfaces which have one generator in common.
If we write the solution (1) in the alternate form

f (x) 2) =0, (6)
where obviously the meaning of f differs from that in (1), the special sig-
nificance of the curves

@

T = ¢y 4

I
(s]
Doy

suggests that in the solution
flu(z, y, 2), v(z, y, 2)] = O (®)
of the differential equation
9z 9z
p P Q Frie R 9

the curves
aulr u 2\ = r wlr. 1 2) = ¢ (10)
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should have a special significance. This is, in fact, the case. It can be
shown that while, in general, a specific solution surface can be determined
from the family of solution surfaces (8) by the requirement that this specific
surface pass through a curve

x = x(t)) y = y(t)’ z = Z(t), (11)
this is not possible if the curve (11) satisfies one or both of Equations (10).
If one of Equations (10) is satisfied by (11) but the other is not, no solution
exists. If both Equations (10) are satisfied by (11), an infinity of solutions
exists and the form of the function f in the solution (8) remains undeter-
mined.

We see that the curves u = ¢;, v = ¢2 occupy an exceptional position
with reference to the differential equation (9). It is customary to designate
these curves as characteristic curves of the given partial differential equa-
tion. Analogously, the ordinary differential equations dx/P = dy/Q =
dz/R which have the solutions u = €, v = c; are often called the charac-
teristic differential equations associated with the partial differential equa-
tion (9).

EXERCISES

1. Determine the solution of the differential equation

dz 0z
Yor oy 0
with the initial conditions
z =t y =1, z=1t+1.
2. Find three distinct solutions of the differential equation
dz 09z
Y3z~ ay -
with the initial conditions
=2 -0 Yy =1, z = 3.
3. Determine the solution of the differential equation

o oo
or  dy
with the initial conditions
Tz = Ao +A1t, y=Bu+Blt, 2z =Cy + Cil.
4. Determine the solution of the differential equation

12(25 'rzz:c 0
Jax'ay y

with the initial conditions
z=2r,  y=t-1, z=(-1"
[Hint: First write the general solution in the form 22 = g(z* + y?) — )2]
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8-6 Second order partial differential equations of physics. Relatively
little is known, even today, concerning the general theory of second order
partial differential equations of the form

o’z 8z 8z 9z oz )
£ -z =2 =z = (. 1

f(az’ dzxdy’ ay?’ az’ oy’ HhY 0 ®
A somewhat simpler class of second order equations is the class of quasi-
linear equations

a:c'*‘ s+ B o axay + C D, @
where the coefficients 4, B, C, and D are given functions of z, y, 2, 92/9z,
and 9z/9y. But even here the theory is difficult and much further progress
remains to be made. We might mention that a special form of Equation
(2) governs the problem of steady two-dimensional potential flow of a com-
pressible fluid. This problem is of great practical significance since it
describes important effects of compressibility of the atmosphere on the
characteristics of high-speed flight of aircraft.

Certain aerodynamic effects may be analyzed approximately by a very
much simplified version of Equation (2), namely, the equation

2

g,
ay?
where M is a constant which is called the Mach number at which the flight
takes place.* This Mach number is defined as the ratio of the speed of the
aircraft to the speed of sound in the medium in which the aircraft travels.
When M < 1, we have subsonic flight; when M > 1, we have supersonic
flight.t

In many problems it is necessary to take account of changes in all
three space directions z, ¥, and z. The variable z is then one of the inde-
pendent variables, and we must use a different symbol for the dependent
variable. Let us denote this dependent variable by the letter w.

The approximate differential equation for steady subsonic and super-
sonic flow depending on all three space coordinates is

2 622
1= M)+ 3)

2 o'w 62w_
(1 M)ax,+a-y—,+a7—o. ey

* The physicist Ernst Mach was one of the first to study systematically the
effect of compressibility of the atmosphere on the flight of projectiles.

t Equation (3) ceases to be applicable even approximately when M is near
unity, say for 0.9 < M < 1.1. For values of M in this range, which is called the
transonic range, a less simple differential equation must be used. The same is
true when M is large compared with unity, say M > 10. We are then in what is
called the hypersonic range.
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In problems of nonsteady flow (such as flight through a gust) time ¢
becomes a fourth independent variable. The appropriate approximate
differential equation is then

ow | dw 22 3w |, 1 dw
a-wf8y T e gp(le L -0 @
where U is the constant velocity of flight.

Equations (3), (4) or (5) have to be solved in such a way that certain
boundary and initial conditions are satisfied. These conditions follow from
a consideration of the specific problem of flow for which a solution is de-
sired. Since an understanding of these flow problems requires a more de-
tailed knowledge of the theory of flow of fluids (fluid dynamics) than can be
given here, we shall not pursue this particular subject. Instead, we shall
consider the differential equations of certain other problems of a more
classical nature.

8-6 Heat conduction in solids. The differential equation of heat con-
duction in solids may be obtained on the basis of two fundamental laws.
The first of these laws states that the heat content of a volume V of the solid
is given by

fv pcT dV,

where T is the temperature of the element, p is the density, and ¢ is the
specific heat of the material of the solid.

The second law states that the rate of heat flow through a surface S with
normal direction n is given by

/k—dS

where k is the thermal conductivity of the material of the solid. The
minus sign indicates that the flow takes place in the direction of de-
creasing temperatures.

If S is the closed surface surrounding the volume V, we have that the
rate of change of heat content of V must equal the rate of heat flow through
S. This means that we have the relation

d _[,er
b—t-fvchdV—-/Sk%dS )

for the volume V bounded by the surface S. We shall show that evalu-
ation of this relation leads to the differential equation of heat conduction.

We shall here assume that p, ¢, and k are the same throughout the
body, that is, we shall restrict our attention to homogeneous solids.
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For homogeneous solids Equation (1) may be written in the form

oT aT
= 2
o —ds k i —dv. (2

Let us apply Equation (2) in the case where V is the volume of the in-
finitesimal parallelepiped dr dy dz with sides parallel to the coordinate
planes. We then have, for the term on the right of (2),

ar dv = ﬂv dxdydz. 3)
v ot
There are six contributions to the surface integral on the left of (2), one

from each face of the parallelepiped. From the face z = const., since the
outward normal direction is the negative z-direction, we have

aT
-aTL-dS = - —dydz

From the face x 4+ dr = const., since the outward normal direction is the
positive z-direction, we have, considering the change in values in going from
x to x + dr,

Tis = + ﬂal dz + — (gdydz>dx

an ox

Corresponding contributions come from the other two pairs of faces.
Altogether, if S is the surface of the para]lelepiped dz dy dz,

aT o _ (¥T  &T
Jﬁds“<éﬁ+ + & )dxddz 4)

Introduction of (3) and (4) into the relation (2) shows that the differen-
tial equation for the conduction of heat in homogeneous isotropic solids is
of the form

aT
"(ax2 Tt az’) T 2

The coefficient A = k/pc is sometimes called the thermometric conductivity.

o'T

In a mathematically precise derivation of the differential equation (5) from the
basic relation (2) we would proceed as follows. Instead of considering the infinitesi-
mal parallelepiped dz dy dz, consider a parallelepiped with vertices

(Ivylz)) (x +szyyz)r "',($+Ax,y +Ay1z +AZ).
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Applying the mean value theorem of the integral calculus to the volume integral
in (2), we have
oT | . <6T

L qv = —-) Az Ay Az,
, ot ET)

where (¢, 1, {) represents some point belonging to the parallelepiped.

Similar statements apply to the surface integrals over the six faces of the
parallelepiped We substitute the formulas obtained in this way into the relation
(2), divide on both sides by the product Az Ay Az, and then let Az, Ay, and Az tend
to zero. In this manner, we can obtain a rigorous derivation of the differential
equation (5).

To solve a specific problem of heat conduction, we must know, in addi-
tion to the differential equation which governs the flow of heat in the interior
of the body, what happens on the surface of the body. The conditions
which state what happens on the surface of the body are called boundary
conditions. These boundary conditions may be of various forms. The
problem may be such that the temperature is prescribed over the surface,
or the rate of heat flow k T /dn across the surface may be prescribed. A
special case of the latter condition is given when the surface is insulated
so that no heat flows across the surface. Still another condition might be
that the rate of heat flow across the surface is a given function of the dif-
ference between the surface temperature of the body and the temperature
of the surrounding medium.

Further consideration shows that in addition to boundary conditions
we also need an ¢nitial condition. This means that in order to determine
the temperature distribution in a solid for times ¢ > f{ we must know not
only what happens on the surface of the solid for ¢ > f, but also the
temperature distribution in the interior of the body when ¢ = /.

EXERCISES

1. Given a homogeneous, nonisotropic solid with thermal conductivities
kz, ky, k. in the z-, y-, z-directions, respectively, show that the differential equation
for the distribution of temperature T in the solid is of the form

T T T aT
kzﬁ + kﬂW + k‘E-ZT = CPa—t.

2. Given that the thermal conductivities in the z-, y-, z-directions are k., k,,
k., respectively, show that the heat flow intensity through an element dS the
normal n of which encloses angles a, 8, ¥ with the z-, y-, z-axes, respectively,
is given by

aT

oT oT
Ic,cosaa}--}-k,,cosﬁa—}—k,cos‘)’-g;-

[Hint: Apply Equation (1) to an infinitesimal tetrahedron with sides perpendicular
toz,y,2 and n]
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3. Show that the differential equation of heat conduction in homogeneous
isotropic solids, when written in cylindrical coordinates r, 8, 2, is of the form

(62T 16T 1 6T 62T) aT

 Trar TRae Tar) T

8-7 One-dimensional heat flow. It is natural to begin by considering
problems of heat flow for which the temperature distribution is a function
of one of the space variables only, say of the variable z. In this case the
differential equation for T reduces to the following form:

O'T _ oT
Equation (1) determines the temperature distribution in a solid which has
the form of an infinite slab bounded by two planes z = const., under the
assumption that over each of the two boundary planes the temperature is
a function of time only.

Equation (1) may also be applied to the study of the temperature dis-
tribution along the axis of a cylindrical rod, under the assumption that the
sides of the rod are insulated.

Let us first take very briefly the steady-state problem, that is, the prob-
lem of the temperature distribution independent of time. Equation (1)
in this case reduces to the ordinary differential equation

T
@ =
whose solution is obviously
T = ¢ + oz

The two constants ¢, and ¢; may be determined in such a way that T
assumes given values 7; and T, at two bounding sections z = z, and
x = z;. Problems of this sort have been discussed in more detail and from
a different point of view in Section 1-5.

We turn now to the problem of time-dependent temperature distribu-
tions. A basic problem of heat conduction which serves toillustrate one of
the most useful procedures for the solution of the differential equation (1)
is the following. At time ¢ = 0 the temperature T of the slab is a given
function To(z) of the distance x across the thickness of the slab (or along
the length of the rod with insulated sides). Beginning at time £ = 0 and
from then on the boundary planes of the slab (or the ends of the rod) are
kept at zero temperature.

Let the bounding planes of the slab (or the ends of the rod) be at
z = 0and z = L. We then have the znitial condition

0<z<1L, t=0: T = To(z) 2)
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and the boundary conditions
0 <y, z =0, z = L: T =0. 3)

Suitable solutions of the differential equation for 7' may be found by
the method of separation of variables. In this method we seek particular
solutions T', of the form

T, = flx)g(t). 4)
Substitution of (4) in (1) gives
df _ .dg
A pt f ] (5)
or
N7 ®

f g

Now the left side of (6) is independent of ¢ and the right side of (6) is in-
dependent of z. This can be so only if both sides are equal to a constant.
Let k be the value of this constant, which may be called the separation
constant. 'We then have

df _
A @ = kf (73)
and
dg _

Equations (7) may readily be solved for any value of the separation con-
stant k.

Suppose we determine k in such a way that the particular solution T,
satisfies the boundary conditions at # = 0 and x = L. The solution of
(7a) must then satisfy the conditions

f0) =0, L) =0. ®

If we take the general solution of the second order equation (7a) and make
it satisfy (8), we find that the separation constant k must have one of the
following values:

YA

k = _Fny

n=123---. 9
Corresponding to each such value of k we have a function f of the form
= Csin ELE z, (10)

where C is an arbitrary constant.
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With % given by (9), the time function g becomes
g = C*e—lr’n’l/l}, (11)

where C* is another arbitrary constant.

We now combine (10) and (11) in product form according to (4) and
set CC* = C,. This gives us the following family of particular solutions
of the partial differential equation (1):

T, = C. sin’%'xe"*"""”", n=1,2---. (12
Each one of the solutions (12) satisfies the differential equation (1) and the
boundary conditions (3). The only condition which remains to be satis-
fied is the initial condition (2).
When t = 0, we have from (12)

Ty(z,0) = C,sin QE z, (13)
and consequently the initial condition (2) is satisfied by the particular
solution (12) if the initial temperature distribution is of the form To(z) =
C. sin nxz/L.

We see that we have solved the given problem for the class of initial
temperature distributions consisting of n half-sine waves, but as yet not
for more general distributions, such as Ty = cx(z — L).

Since the differential equation (1) is linear, the superposition principle
holds and any linear combination of particular solutions (12) is also a solu-
tion of (1). The most general linear combination of particular solutions
(12) is

T =2 Cn.sin 1—2—" z e ML (14)
n=]
The solution (14) satisfies the boundary conditions (3) term by term. The
initial condition (2) becomes

2. Casin Tz = Toa). (15)

Evidently we have solved our heat conduction problem whenever
To(z) is as in (15), with suitable values of the constants C..

There is no question as to the nature of the function To(z) for which
we have solved our heat conduction problem in the event that the ¢rigono-
metric series on the left of (15) contains a finite number of terms only. Of
more interest is the question of what can be accomplished when we have
an infinite number of series terms. Briefly, the answer to this question
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is that all functions To(z) which are sectionally continuous in the interval
0 < z < L can be represented by a series of the form (15).

To determine the coefficients C, for a given function T'o(z), we proceed
as follows. We multiply both sides of (15) by a factor sin mxz/L and then
integrate between 0 and L. We then have

L
. mw
.[ sin Z zz C, sin X T T r dx —fo sm—L—xTo(x) dz. (16)

We now interchange integration and summation on the left of (16) and
take account of the following relation:

L
0, n = m,
/ sin 28 z sin 2% 2 dr = (17)
0 L L 3L, n = m.
Therewith Equation (16) becomes
2 [* . mmw
C,. = Zfo To(x) sin T zdz, (18)

and we have determined all elements in our infinite series of particular
solutions of the one-dimensional heat flow equation.

Equation (15), with coeflicients as in (18), is an example of a Fourier
series, called a Fourier sine series. The coefficients C, as determined
in (18) are called Fourier coefficients of the function To(z). We remarked
earlier that all sectionally continuous functions in the interval 0 < z < L
may be represented by the Fourier sine series. We must add that this
does not mean that the series obtained is necessarily convergent. (For
convergence we need slightly stronger restrictions on Ty(x).) However,
even if this series diverges, use of it in connection with the solution of
differential equations is possible, as continued study of the subject reveals.

Returning now to our original problem, combination of (18) and (14)
shows that the solution of the heat flow problem stated in Equations (1)
through (3) is of the form

2 —hrin
=i (f To(x) sin — T xdx) sin % ze Mrtade/i2 (19)
If we distinguish the variable of integration from the free variable 2 by
writing £ instead of x for the former, we may write (19) without parentheses
as follows:

— g_ t nws nrx _.)\,t”u“‘z ,
_L,.z::[ T(E)sm d!.-‘sx = . (19"
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As an example of the use of the general solution (19), we determine the
distribution of temperature in a slab of thickness L the faces of which are
at zero temperature and for which the distribution of temperature for
{ = 0 is of the form

T, %iL, 0<az<iL,
To(z) =

T1<2—%i‘i>, IL<z<L,

where T, is a constant.
We have

L
f To(z) sin ™" zdz
o L

I

L L L L
7L sin 3nw

Iren2 ’

Liz g L 2r T
T x sin ¥ xdx+ T,f <2 )sm——xdx
0 12

and therewith

Sim dnw . mw _agtaryr
E % sin — ze "

T(x, t) _—Tl T

EXERCISES

1. Determine the distribution of temperature in a slab of thickness L if the faces
= 0 and r = L are at temperature zero and the distribution of temperature at
timet = 0 is

3r T x
= wani(i-3),

(¢)0for0 <z < x4, Tyforz <z < 2o, 0forr; <z < L.

(8) Ty sin =z + Ty sin =

L

2. Determine the distribution of temperature in a slab of thickness L if the
face z = 0 is at a constant temperature A and the face z = L at a constant tem-
perature B and if for t = 0 we have T = To(z). [Hint: Show that by setting
T(z,t) = A + (B — A)(z/L) + U(z, t) the function U may be determined by
the method explained in the text.]

3. Show that the differential equation
&f/d? +uf =0
has solutions which satisfy the boundary conditions

®) f0) =f(L) =0, ®)FO) =f(L) =0, () f(0) =5(L) =0,
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only for the following values of the coefficient u:

nir? n'r? @n + 1)
(a) u = 75 (b) u= Ii (©) u= iz
where n = 0, 1, 2, 3, -- -, and that the corresponding solutions f are
. nwr nwr . @n + Dz
(a) f = C sin A ®) f = C cos L (¢) f = C sin oL .
4. Show that

-3 AT \(x/L)2n2t
T = nZ=o C, cos I ¢
satisfies the differential equation A 97T /8z® = 9T /3t and the boundary conditions
@T/0x)o = (8T /x)r = 0, and obtain the temperature distribution in a slab of
thickness L when the faces x = 0 and z = L are insulated and the tempera-
ture distribution at time ¢t = 0 is T(zx, 0) = 371(1 — cos 2wz /L).

5. Show that when E Cy cos nwr/l, = Ty(r), the coefficient C, may be ex-

n=0
pressed in terms of the function Ty by means of the formulas

1 r* 2 rt nr
Co = -Efo To(x) dx, Cn = Z.{ To(x) cos T zdz.

[Hint: Multiply the given relation by cos mwz/L and integrate between z = 0
and L.]

6. Use the result of Exercise 5 to solve Exercise 4 with the initial condition of
Exercise 4 replaced by the condition T'(z, 0) = To(x), where To(x) is a given func-
tion.

8-8 Flow of heat in circular cylindrical bodies. Among problems of
heat conduction in solids which are of some practical importance and for
which an exact solution can be obtained are many problems for bodies of
the form of a right circular cylinder. The boundaries of a circular cylin-
drical body are, of course, most conveniently described in terms of cylin-
drical coordinates, and we shall see that the use of cylindrical coordinates in
such cases is an essential element of the method of solution.

Let r, 6, z be cylindrical coordinates defined in the usual way. The
boundary of a cylindrical body of radius e and length L may then be given
by the two planes z = 0 and z = L, and by the cylindrical surface r = a.

As a specific example, let us assume that we have at initial time t = 0
a given temperature throughout the interior of the cylindrical body, and
for all later times ¢ > 0 we have given temperatures over the entire bound-
ing surface of the body. The first of these conditions, the initial condition,
may be written in the form

t=0; 0<r<a 0<56<2r, 0L 2<L, T=Mi(,6,2, 1)
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where f; is an arbitrarily given function. The second of these conditions,
the houndary condition, may be stated in mathematical terms as follows:

Z=0, Osrsay T=f2(7',0,[),
4 > O; zZ = L, O S r S a, 77 = f3(ry 0) t)v (2)
r = a, 0<z<IL, T = fi(6, 2, 1),

where the functions fs, fs, and fy are arbitrarily prescribed.

The differential equation of heat conduction for isotropic homogeneous

solids in terms of cylindrical coordinates is
T 18T [ 19T azT) aT .
*(a?ﬁ“:’éﬁﬁ?ﬁﬁa}‘z = o )
and the problem now is to obtain a solution of this differential equation
which satisfies the conditions (1) and (2). It will be instructive to con-
sider a number of special cases, instead of the general problem (1) through

3).

8-9 Steady-state temperature distribution in circular cylindrical bodies.
Determination of steady-state temperature distributions in circular cylin-
drical bodies requires the determination of solutions of the differential
equation

T , 197 , 19T , &'T

wtratrw e

=0, (m

subject to suitable boundary conditions. As the function T is independent
of time ¢, we have no initial condition.

The following examples will illustrate the nature of the problem and
methods of solution.

(a) Infinite cylinder with T independent of 8 and z. Equation (1) re-
duces to

2
whose solution is
T=co+clnr 3)
For the determination of ¢, and ¢, we distinguish two separate cases:

(i) Solid cylinder of radius a. Since T(0) must not be infinite, we must
set

(‘1=0,

and the only steady-state distribution is a uniform distribution T' = const.
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(ii) Hollow cylinder. l.et r = a and r = b be the walls of the cylinder.
We may prescribe

T(@) =T, T®) =T,

and determine ¢ and ¢; in terms of 7'y and T,. The fact that the expression
(3) for T'(r) becomes infinite for r = 0 is now of no consequence, since
r = 0 is not part of the solid in which the distribution of temperature is to
be determined.

(b) Infinite cylinder with T independent of . We must now solve the
equation

o7

ar?

16T
r or

2
+ 500 =0 @

+ a9*

As for the equation X 8°T/dz° = 9T/at, we utilize the method of separation
of variables by looking for particular solutions of the form

T = f(r)g(6). (5)
Introduction of (5) into (4) gives

770+ 110 o0 + L1907 =

or, separating variables,

1O+ 70 g6
ST CON ©

Since the left side of (6) is independent of 8 and the right side is independent
of r, both sides must be independent of r and 8. We then have

O, IO+

9(6) r=2f(r)
or
9" (6) + kg(6) = 0 . (7a)
and
70+ 116) = E56) = o, (7h)

According to Section 3-6, Equation (7a) has the general solution
9(68) = ¢ cos kb + ¢, sin k6, k=0,
9(6) = ¢ + ¢, k=0,

(8a)
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and according to Section 3-7, the general solution of the equidimensional
equation (7b) is.
J0) = earVE + ¢ rVE, k # 0,

(8b)
fr) =ca+ e lnr, E=0

Up to now we have said nothing concerning the values of the separation
constant k. Restrictions on the possible values of this constant follow from
a physical consideration.

We know that one and the same given physical point in the cross
section of the cylinder may have the coordinates (r, ) and (r, 6 + 27). In
order that T'(r, 6) have the same value, regardless of which of the two repre-
sentations of the point (r, §) we choose, we require that the function g(6)
be of such form that

, g9(6) = g(6 + 2m).
When k = 0, this requires that ¢; = 0, and when k # 0, it requires that
cos /K6 = cos Vk(8 + 2x),  sin v/k8 = sin Vk(0 + 27)
for all values of . These relations are satisfied if and only if
1 = cos Vk 2m,
and this can be so if and only if
VEk = n, n=0, %1, +2 ---.

It is easy to see that the results for negative n are contained in those for
positive n.

We now have particular solutions T = T,(r, 6) of Equation (4) of the
form

T. = (c1 cos n6 + c; sin n6)(csr™ + car™ ™), n=1213, - -,

To = cilcs + ¢4 In ),

(9)

and it remains to see what we can do with them.

Let us assume, for the sake of simplifying the discussion, that we are
dealing with a solid cylinder, so that the line r = 0 is part of it. As we
see no reason for the temperature at » = 0 to be infinite, we set in (9)

C4=0.

We incorporate the constant c; in ¢; and ¢, and indicate that we still have
n at our disposal by writing

ccs = A, c:c3 = B,.
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This leaves us with the following class of particular solutions:
T, = (A, cos né + B, sin nd)r", n=2012- . (10)

Let r = a be the boundary of the cylinder. The particular solution
T, assumes the value

T.(a, 8) = (A, cos né + B, sin nb)a”" (11)

at this boundary. This means that this class of particular solution solves
our heat conduction problem provided the boundary condition is that for
r = a the surface temperature varies with the angle 6 in the special manner
indicated in Equation (11).

Suppose that we have the more general condition of arbitrarily given
values of T for r = a:

T(a, 8) = f(6). (12)
To illustrate, the function f(8) might be
f(8) = | cos 6|
or
10 =g dromnee.
Problems of this sort may be solved—and this was a major discovery some

150 years ago—by superposing particular solutions of the form (10) as
follows:

T(r, 8) = Ao + Zl (A, cos n + B, sin né)r". (13)

Expression (13) is a solution of the given differential equation (4). The
arbitrary constants 4, and B, must be determined from the boundary
condition (12). This is simple to do if the function f(8) in (12) is directly
given as a trigonometric sum:

f(6) = ap+ a1 cos 0 + by sin 60 + as cos 20 + bysin 20 + --- . (14)
Introduction of (13) and (14) into (12) then gives
Ao+ Z(A, cos nd + By, sin n8)a™ = ag + Z(a, cos né -+ b, sin n8). (15)
Equation (15) is to be considered as an identity in 6. It seems reasonable,
therefore, and it can be proved rigorously, that the only solution which is

possible is one where we equate corresponding coefficients of the trigono-
metric functions on the left and on the right as follows:

dy=a, A=2 B = g_ (16)
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With (16) we have as an expression for T
n
T(r, 8) = ap + Z(a, cos nd + b, sin nh) (2) , Y]

and this expression does, in fact, satisfy the boundary condition (12) with
f given by (14).

There still remains the question of what to do if f(8) is not directly given
by the series (14). The answer to this fundamental question is as follows.
Any physically reasonable function f(8) can be developed in a series of the
form (14). To carry out this development, we multiply both sides of (14)
by a factor cos m8 and integrate with respect to 8 from 0 to 2, then multi-
ply both sides of (14) by sin m# and integrate as before. In both sets of
integration we make use of the fact that of all the integrals which arise in
this way the only nonvanishing ones are

2r . 2x 2x
f dé = 2m, f cos2m0d0=f sin® mo d = , m=12, ---.
o o o

With this we obtain the following fundamental formulas for the series
coefficients a, and b,,:

1 2x
T Jo

I

2x
a, L f 1(6) cos né de, n # 0, (18)
m™Jo

2x

bn lf f(6) sin n do.
™ Jo

The series (14), with coefficients determined by Equations (18), is
called a Fourier series and the coefficients a, and b, are the Fourier co-
efficients of the function f(6). Earlier, in Section 8-7, we encountered
a special case of such series, namely, a Fourier sine series. We do not
in this text consider the question of convergence of Fourier series, which is a
problem of great interest. For practical purposes the application of
Fourier series methods is possible in all cases in which the functions to be
expanded in such a series have the property that the integrals defining its
Fourier coefficients exist.

‘EXERCISES

In Exercises 1 and 2, consider an infinite solid circular cylinder of radius a and
a steady-state temperature distribution which is independent of the axial coordi-
nate z.

1. Determine T'(r, 8) if the boundary condition is

(a) T(a,0) = §To(1 + cos ), (b) T(a, 6) = #To(1 + cos’ 6).
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2. Determine T(r,8) for the following cases of prescribed rate of heat flow
through the surface:

9T aT .
(a) (ar),_as 4 cos 6, (b)(ar>r-a=Acos0+ B cos® 6.

2r
State a physical reason why we must have f 0T /07)r—a db = O.
0

3. The expression T(r,8) = Ao + =(A, cos nd + B, sin nf)r " may be used
for the determination of steady-state temperatures in an infinite body bounded
internally by a surface r = a. Use this fact to determine the temperature distribu-
tion in such a body, provided the boundary conditions are

|z2] € o,r =a:T = Cy, cos mf (m a fixed positive integer),
|z2]| € o,7 = o: T =0.

4. Given a solid circular cylinder of finite radius a and finite axial length L.
Let the ends z = 0 and z = L be at zero temperature. Show that Equation (1)
has particular solutions of the form

Tw = sin TLI 2 fu(r, 0)

which satisfy the boundary conditions at both ends of the cylinder.
Show further that the remaining differential equation for f,, has solutions of the
form

fm(r, 8) = cos 18 gmn(r) and  fm(r,0) = sin n8 gm,(7),
and determine the nature of the ordinary differential equation for gm .(r).

5. Using the result of Exercise 4, solve the following boundary value problems
for a steady-state temperature distribution:

(a)0 <r < a, z2=0,L; T =0,

0<z<lL. r = a; T = Tysin wz/L.
Mo<r<a, z=01L; T =0,

0<z< L, r=a; T_= 4Ty(1 + cos8) sin wz/L.

8-10 Infinite cylinder with temperature distribution independent of
0 and z but varying with time. The change from steady-state problems
for the circular cylinder to problems where time variations are to be con-
sidered complicates the analysis somewhat. In view of this fact, we shall
here content ourselves with the treatment of a class of special cases of the
problem for which 7 is a function of = and ¢ only.

We assume that at time ¢ = 0 the temperature in the interior of the
solid is a function of the radial coordinate r only and that for ¢ > 0 the
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temperature on the surface r = a of the solid is a given function of ¢, the
ends of the cylinder being at 2 = =«. Under these conditions T will
be independent of 8 and z and the differential equation (3) of Section 8-8
reduces to the following form:

T | 19T\ _oT
Mo i) o

The initial condition for the solution T'(r, t) may be written
r<a: T, 0) = Tor), 2)

where T(r) is a given function.
The boundary condition for 7'(r, {) may be written

t> 0: T(a, t) = T\(t), 3)

where T(t) is another given function. To describe the method of solution
which is suitable for this problem, we shall limit ourselves to the special case

Ty(t) = 0. 4)

We should expect that when T'(a, t) = O for all ¢ > 0, the temperature 7’
would gradually tend to zero also in the interior of the solid, regardless of
the magnitude of the initial temperatures To(r). In other words, we should
expect that the solution of our problem satisfies the limit relation

lim T(r, 1) = 0

t-»00
for all r < a. The actual solution of the heat-flow problem will tell us in
addition at what rate this limiting value will be approached.

To solve the problem as stated by Equations (1) through (4), we again

employ the method of separation of variables. We first look for particular
solutions of Equation (1) of the form

Ty(r, t) = f(r)g(?). (5)
Substitution of (5) into (1) gives
2
or, separating functions of the variables r and ¢,
\ )+ (/) _ doe -

In (7) the left side is a function of r only, the right side a function of ¢
only. This can be so only when both sides are equal to a constant, the
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separation constant k:

2 2
A (df/dr) +f(]/7')(df/dr) - k, dgédt = k. (8)
The first order equation for ¢g(¢) has the solution
g(t) = Ce*'. 9)

For the determination of the function f(r) we have the second order equa-
tion
d’f  1df _
gt g =0 (10)
Since we expect that as { increases the temperature T decreases, we should
expect that suitable values of the exponent k in (9) would be negative. Let
us assume that this will indeed be so and, in view of the form of Equation
(10), set
B = =, (11)

where « is real, even though as yet we cannot be sure that this is appropriate.
If, however, we do in fact obtain the solution of our problem by restricting
attention to negative values of the separation constant k, we shall then
have justified, a posteriori, our restriction regarding values of k.

Equation (10) now reads

') + ;f’(r) + &f(r) = 0, (10"

and this equation was considered when we studied power series solutions
of second order ordinary linear differential equations. Its solution is of the
form

f(r) = erJo(xr) + cYolkr), (12)

where Jy and Y, are the Bessel functions of zeroth order and of the first
and second kind, respectively.

We see that by combining (9) and (12) in accordance with (5) we have
found particular solutions of the partial differential equation (1) of the
form

To(r, 1) = [aJo(kr) + c2¥olkr)le ™™, (13)

[We have incorporated the constant C in (9) into the arbitrary constants c,
and ¢ in (12).]

We know from our earlier study of Bessel’s differential equation (10’)
that ’

lim Jo(kr) = 1, lim Yo(kr) = =<. (14)

r-»0 r-»0

Since we see no reason why T should be infinite when » = 0, we reject that
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part of solution (13) which becomes infinite when r = 0 by setting in it*
¢ = 0. (15)

This leaves us with the following class of particular solutions of the partial
differential equation (1):

T, = ado(xr)e ™. (16)

To select from the class of particular solutions (16) those which are
suitable for our purposes, we now proceed in the same way as when solving
problems of one-dimensional heat flow in slabs by the method of separation
of variables. We require that the particular solutions (16) satisfy the
boundary condition T(a, ) = 0. This means that we must have

Jo(Ka) = 0. (17)

Investigation of the properties of Bessel functions shows that Equation
(17) is satisfied for an infinite sequence of values k, of .

Let z, be the nth root of the equation Jo(x) = 0, arranged so that
2n < Zny1.  The first few of these roots are, numerically,

22 240, 2552, 132 8.65. (18)
In view of (17), we have

Kn = ﬂ, 19)
a
and if we replace ¢, by ¢, in order to indicate with which value of x we are

concerned, the particular solutions (16) assume the form
T, = caJo (z, %) e, (16"
When ¢ = 0, the particular solutions (16”) become
Ty(r,0) = eado (2 7). (20)

In view of the initial condition (2), this means that our heat-flow prob-
lem is solved completely by the particular solution (16’) provided that the
function To(r) in the initial condition is a constant multiple of the Bessel
function Jolz.(r/a)]. The initial temperature distributions along each
diameter of the circular cross section of the solid which are described by
these functions are as indicated in Fig. 8-1. 'We would expect that of these
only Jo(zyr/a) would be of practical interest by itself. However, just as

* Note that when r = 0 is not part of the physical region under consideration,
as for a hollow cylindrical solid, we are not entitled to omit the part of the par-
ticular solution containing the function Y.
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1.0

/——-—Jo(.‘t] r.a)
Jo(xz7:0)

Jo(xgr.a)

- 1.0 0 1.0

ra

+4+-0.5

—+-10

Figure 8-1.

in the problem of the slab, we may obtain the solution of more general
problems by the superposition principle. If we write

T(rt) = 2 endo (x,. :—z> e"‘f-“"'z, (21)

n=l1

we have a solution of the differential equation (1) which satisfies the
boundary conditions (3), (4) term by term. Since

[
T(r, 0) = Zl caJc (:1:,. :—l> , (22)
it also satisfies the initial condition (2), provided that the constant coeffi-
cients ¢, are such that the infinite series Zc¢,Jo[z.(r/a)] represents the func-
tion To(r).

When T'o(r) is directly given as a sum of the form (22), the solution of
the problem is completed. However, even when this is not the case, as for
instance when To(r) = C[1 — (r/a)’], we may obtain a solution of the
form (21), by way of expressing To(r) as an infinite series of this form,

To(r) = Z: endo (:c,. :—l) (23)
In analogy to what was described for trigonometric series in Section 8-7,
there is a theory for the development of suitable functions in terms of
series of the form (23). A discussion of this possibility is given in books on
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Advanced Calculus, and also in other books which treat what are called
series of orthogonal functions. For our part, we shall merely mention that
for a rather large class of functions To(r), including all of practical interest,
there is a development of the form (23), valid in the interval 0 < r < a, and
the coeflicients ¢, are determined by the following expressions:

=2 1 fo * P To(r) o (: 5) dr. (24)

a* [Ja(@n)J? a

We note that the factors multiplying the integrals in these expressions do
not depend upon the particular function To(r) which is being considered.
Values for the first few expressions J,(z,) which occur in the denominators
of (24) are as follows:

.]1(1?1) = 052, J](x2) = 034, Jl(.’lfa) = (0.27. (25)

To summarize, introduction of Equation (24) into the series (21) leads
to a series solution of the problem as stated in Equations (1) through (4),
this series solution being

~ r

9 = /a rTo(r)Jo (x,. 1—1) dr , e

T, t) == w— e
00 = G & P Jo <x a>e

where the quantities z, are the successive positive roots of the transcenden-

tal equation Jo(z) = 0.

(26)

EXERCISES

1. Write the expression for T(r, t) for a solid circular cylinder, provided that
T(a,t) = 0fort> 0,and T(r,0) = AJo(kir) + BJo(ker).

2. Given a hollow circular cylinder with radii a and b, show that the constants
1 and ¢ in the particular solution (13) can be chosen so as to satisfy the boundary
conditions T'(a, ) = 0 and T'(b, t) = 0, provided « satisfies the equation

Jo(kb) Yo(ka) — Jo(ka) Yo(kb) = 0.
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2. (a) Fp = ks + (ko/v3)(kwogt + Wo)2 + kfA + B(kwogt + Wo)lvg, where
ki, ks, ks are constants.
(b) First solve for W from an initial value problem of the form

WWPW + (1 + (bs/k)AJW)* + (ks/k))BW(W)* — Folu®W* + kik g'W? = 0,
W) = Wo, W) = kign.

Then, v is given by the expression v = (1 Jg)W.
3. 10 — 3uF = k(r/R?) — (3/4m)ki(po/p)r?e ", 7 = —(kapo/Amwu)ve*", where
k, ki, and k; are constants.

SECTION 1-8
For the circuits of Fig. 1-13:

@ ZerLGi-w g6, e=LF
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de d . . 1. . dip
(b) @ Rigt(h-’h) +5(11—12), e=1L a + Ri
de d .. . 1. . @ . . 1,
(e Fria Rb(-l't(h—lz) + -—(11— 12) +Lbﬂz(h ) +'C',;‘¢1
de dip d%y 1
g-Rg tlgteh
dey 1, . . di
(d) -d-tl-a 1+Ra—t(u—1¢), e = _R(h—zz)-i-L'&*t
CHAPTER 2
SECTION 2-1
l.y —zdy/dr =0 2. dy/dx = m
3. (z* — y¥)(dy/dx) — 2zy = 0 4.y — z(dy/dz) + %(ﬂly/dﬂv)3 =0
5.y — z(dy/dr) + sin? (dy/dz) = 0 6. dy/dz = /1 — ¢
7. dy/dx + (y — 1) cosz =0 8. y = 2x(dy/dz) — 4y(dy/dx)?
9. Yes.
SECTION 2-3
l.y =In]cz| 2.y =sin (z + ¢) 3.y =1+ ce™™*
c—z
4'y=1+ca: 5.y =c(l +2)7° 6.y =ztan (In|cz |)
cr’ —1
7.y=zc—x2—-;—i 8.z — 2y =¢

9.In (22 +¢»») + 2tan! (y/x) = ¢
11. (@) 83(y — 1) +4(y = DE +1) +3@= + 1) =c¢

(b) 5z + 2)* + 4(5z + 2)(5y +4) — By + 4 =¢
12. 7 = ce*V’ 13. y = cxe™*¥ 15. 2v1 — i + yV1 — 2*

=c
SECTION 24

l.zsiny +° =¢ 2. 28 +3zy + 3¢ =¢
3. 4zy -y =c 4. cosTCOSY = ¢
5. a = 1, b arbitrary; 4zy + ¥+ byt =c

6. ¢ = m, b arbitrary; 22 + 2mxy + by = ¢

8. Not exact for any values of a and b.

7.a =0;y = e/

SECTION 2-5

2. (1 4y -2y +2)e¥ =¢
SECTION 2-7

1.y =ce* + &~

3.In(@* +9) +2tan”" (x/y) = ¢

2. y = ce* + re*

1
fc:c“+ —zm, axm41
3y,i m—a+1 4.y =1+4ce "
cz™t! 4zt In |z |, a=m+1



244 ANSWERS TO EXERCISES

5 y=ce®+e2ln (1l + ¢ 6.z =ccscy —escyln|cosy |

7.y1 +222 —2Injz| —a? =¢ 8.y —y=c
10. 1/y =1 —x + ce* 1. y = 2%/ (c — 2)
122 1)y =cz +Injz| +1 13.siny =ce ™ +z — 1

14. cosy = 1 + ce ™

SECTION 2-8

l.y=cx —¢, y=xlhzr -2z
2y =cx — 3 —4? y =732+ 4z
4.y =cxx(@/\NT+), 2F+yh=1

SECTION 2-9

1 1 1 1
lLLy=c¢ [1—x+—x2——3—,x3+ --]+2[5x3—ax4+5!:5— jl

=cc® + 2 — 2r + 7?
1 LA
59137 ° ']+°|:1+ tast o

=[x+;x"+-—1-:c9+ 1 13+..,]+cez4/4

2.y=[z+—zﬁ+ z +

59

5-9-1

3.y =c[l + 4z + 8% +122° 4 - -]
4 a= _\’/_3_/71()7 B = —\’/57&

2/b =1t + tatt + ---] +cl + §af + 3(30)%° + ---]
5.y=c+ 1 —0o -1 +31 4+ 17+
6.y=c+ (1 —-3c)x -1 —§1 - - 1)+

sEcTION 2-10

Ly =cofl — ) + 32 — 328 — Jort — -
2.y =co+z + 31 —c)a? +02% + -+
.y=c(l+z+32+33 +§z+825+ --2) +z 4 322 + 38 + 547t

+ ozt + -
4.y =cx Nl — 32 — §2* — ezt — -]

- 1, 3 ., 385
5.y-coz[1+2:z+ x+24628+ ]
21, 421,

B.yp=1-32 —53% ~ 7537

BECTION 2-11
1.@y=x—32%+ -

T V2 1442, 1442,
(b)’.'/==4+21:— n z* - 5
) y=3r -3 +3° + -

2.y =2tan"' (z +¢) —
3. @y=z—32+-- O y=3r-—3+--
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4. @y=3 +&H"+-- Oy=1+z+2"+4 + -
5@ y=cz+3B+ 525 -7+ M y=i+z+i?+I+

SECTION 2-12

lLLy=322+ 2%+ --- Qy=z+d2—rxt— 4 -

.y=z -2 — 3t — L0t + -

4. cos (12 +y) =cos2 — (2sin2)(x — 1) — sin2)(y — 1)
—(sin2 +2cos2)(x — 1) — 2eos2)(x — Dy — 1)
—(Geos2)y — 1D+ -

5.y =14 (cos 2)(x — 1) — §(sin 2)(2 + cos 2)(z — 1)?

— (@2 4+ cos2)?cos2 + [2 — (2 + cos 2) sin 2] sin 2}(z — 1)* + ---
6. (a) dé/dnp =5 +n + 45 + & (b) dt/dn =3 + 9 + 28 + &
7. (@) dt/dyp =1 — (p + 1) sin § (b) défdn =1 — (@ — 1) cos ¢

SECTION 2-13

1. —o <2 < » 2. —w <z < 3. —0o <z < =
4. -1 <z<1 5 -1 <z <1 6. =3y <z < 3yl
7. =2/ | <z <V2/yo | 8. —lyb <z < dyb

9. —eV < < eV

SECTION 2-14

1. po = a(l — ¢ 12%%); ¢ =~ 0.63

2. po = a[l — exp (—1/2k%'*?/9)]
(@) po = a[l — exp (—1/2a*?)], pomax = 0.40
(b) po = a[l — exp (—1/8a%)], po,max = 0.23
(c) po = a[l — exp (—1/2a®)], po,max = 0.45

SECTION 2-15
l.s=1, k=p+gq

2. (@) y =7 + 32 + f52* + - () y =2z + V222 + ozt + -+
CHAPTER 3

SECTION 3-1
l.ay” —y +6 =0 2.y +4y =0 3.y" —4y =0
4. y" — 4y +4y =0 5. (1 —cotx)y” — 2y + (1 +cotz)y =0
6. yy" +y? =0 T.2y" +y =1 8.y —y@)P =0
9. 2% +ay —y=0 10. xyy” + 2 —yy' =0
11. (1) Not compatible. : @2 e=0¢ =13

@) e =%ec= -} (6) Not compatible.
12. (1) a1 = =3, 0 = =2 (2) ¢1 = cos 2, ¢, = sin 2

B) a = 3700 = 36 6) g =1,c20=0
13. (1) = —3/a,c, = —3a.a # 0 (2) ¢ =0,c0 = 0

(3) [ 0, =0 (6) = 0, Cy = 0

14. (1) Solution is possible only if b = 6; in this case c; is arbitrary and ¢; = a.
(7) Solution is possible only if & = 1; in this case c; = O and c; = a.
15. (6) y = Ax'/? (10) y = Az
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SECTION 3-2

lLy=clnlz| + e 2.y =z +aln|z|+ec
B y=In|z|+ar +c 4. y=Inlz+aeal+ec
5y=In|er +ae] + 2 6. y = c1e** 4 cpe=
. __ %
7. y = c1cos kz + ¢ sin kx 8. \/m + ¢ = *zx
W 4= 10[ to=x
—— 2 = Co = x
Ve — i \/Cx + Sy ’
dy
j\/cx—skzy‘ 12 y—1+c1e""+c’ ‘
13. c,_fe F2dy ¢ =1z 4. y = tanh z
SECTION 3-3
lLy=a+cln|z] 2. No.

33A=%y=a+ceh|z|+ {2
1A= yy=axt+e+i®-Th|z]|
5.y = c1e® + o™ 6. 4 =2,B =3;y =2z + 3 + c1e® + c2**

i@l Py p o [B_L(QV_1(Q\ ], -5 arcwrea
v=e ' u+[P4(P 2\r) |“=p° ’

10. W = const 12.z'+hz’+(%'+f>z+%=()

©

SECTION 3-4

L.y = cie® + ce®® 2.y = e7c; cos (34/72) + ez sin (34/T2))

3.y = e + 26 4. y = ¢ cos 2z + casin 2z

5. y = 16T 4 coe2? 6. ¥y = c1e72% + coe3®

SECTION 3-5

Ly = (a + cx)e* 2.y = (a + cwx)e™>="

SECTION 3-6

4, y = 1€’ + c2e7® 5.y = (a1 + car)e®*

6.y = Cle(l—-i)zl\/i + cae(—l+i)zl\/§

7.y = cos 3V22eetVE 4 etV 2 = sin 34/ 22f0e?VE — o tVE

8. 9) + 2aw) - 2o +bun —bip =0, o, sinhzicomshs
Yo + 2a2y; + 2a1y2 + bayn + baye = 0 ) cosh z + csinh =

SECTION 3-7

1.y = z'"c; cos 311 In ) + ez sin V11 In )]
ag+ealhz,n =0
2.y =14cz™ + cx ", nreal,n = 0
az'lcos (vInx) + ¢sin (v In 7)) + cx™[cos (v In z) — ¢ sin (v In )],
ncomplex,n = 0,n = pu + v
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3.y = cz'? + cox? 4.y = 27c, cos 34/3Inz) + c28in 34/3 n2)|

5p=1£Vl-1-4 ¢=ily-1 FV( - 1) - 48]

x n —n
bv=G iy m Tt

SECTION 3-8

1.y =c® +ce™ — 36 — 3sinz + [ cosx
e\/zz

V3 o5 (v/3r)

= e} (—5+v1Nz | copd(—b—y1T)z _
2.y =ce + coe +5+2\/2 76

+ 1§ sin (v/32)

3.y = (a1 + cox)e® + de* 4.y = (a0 + cox)e™* + 21%*
5.y = (a0 + cox)e® — F5 cos 2z — 3} sin 2z + e
6. y = c1co8 2z + cp8in 2z + Jxsin 2z + ysinz + Fe*
7. y = € *c; cos (34/3z) + casin (3V/32)] + 28 — 22 — 4z + 6
8. y=c+ce?®+irt — 322 +2° -2z
SECTION 3-9
e-—-:’/d
1. y = ar + coxe'? 2.y =cx* + czzzf e
3. Y= cl”’*’"’-’"‘f[%z —fzf(z)dz] dz
4.y = ce® + ce® [ [e* /1@ dy 5.y = 1™ + coe'® [ e l="He] gy

6. y = cz” + cix® [ [a= Ve S Ddz] gy
SECTION 3-10
1. y = c1c082z + ca8in 2z + cos z cos 2z + sin 2z[sinz — £ In | tan (37 + 37) |]

2.y=clcos\/§z+025in\/§$—cos\/\—;_zfm:osx dz+sxn\/§3z‘/‘00:0:/fxdz

=la—3z+3ln(+De*+[c— 3In (e +1e* -3
4.y = (1 +ecx)e* +22*Glnjz| -
5. y=car? +cx! — 3z 'In|z|

6. yaclcosk:c+ozsmk:c——fta.n:cmnk:cdx+
7. W =c/z 8. W =c/(1 —2»

sin kz

ftanzcoskxdx

SECTION 3—i2

z3 x( b 2 x{ 5
L y-co[l-l— -5+ ’”20+---]+c;[z-%+%z+—2—;-g5+---]

2.y =cfl — 322 + cifr — 32 - 35— -]

2 2z
3-y—co[l+§—2—4+---:|+01[x+6~§4+---]

Co =_&' _ G - n! 2%
2.4.6--- (2n) _ nl2™ @ =135 @n+ 1) @n+ 1)

4. cn =
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z* ¢ P N T L
5-y'%[1+i‘2-6—o"m+"']+“1[““§+rz+@'3o+“']

7] 2 '
[“f +180 a +[“'+Tz+5"(r4+"']

5y 1+-kﬁ+ukz«+lg,zkszg+...]

61
2 2-5 " 258 . .
ta [:”“LZ!W“L 7T TR ]
SECTION 3-13
1. (@) r = —1 ey r = -2 42 dr=12
2. (a) Ordinary point. (b) Ordinary point.
(¢) Regular singular point. (d) Irregular singular point.
3.7 +3 =0,7 =1i/3, —i/3
4. @) rr—-2) =0 b) 2 =
5. Regular: z =0, 1; irregular: ¢ = —~1
6. Regular: z = 1; irregular: x = 0 7. Irregular: x = 0
8. Regular z =0 ) , )
9.y = Cyall -+ 3x -+ For - -1+ C'.r'l M —2 — 32" -]
2 :r" 1o 2
1/2 ¥ 4 -1/ 3 g
= x'l"zl(,'l sin x -+ Cz cos 2]
1.2 4 L 2‘2 1_4 ‘J
H.w =G [l ST 1'20“l ] + Coz [1 Ty tat
12,y = m[ 14 e p ot 1?—4'---]
. e 1 2
X R .
l—e l—}—a»»—ru_ 1__+a—-r2+n,——('.§: J
1 Cox [ + __r+_ 2 —c 3—c 2
= O M@, e:x) + Cox' ™ MO 4+ a — ¢,2 — ¢;1)
14, e1 = $p(p + 1)eo, c2 = Fecolp — Dpp + D(p -+ 2)

SECTION 3-14
1. No.

|

37 2 / 1 2 4
= = B b dort 1 O - S A

=c.x""zu+Br+~-1+ch“"‘~’[1 —§x+ ]
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SECTION 3-15
3

2. Io(z) = 1+ (32)* + (%x;z"‘ 4. Ji@) = % 1(2%2 3t
5.y = 1_]/2[01 cosx+ Casinx], p = 3

CHAPTER 4
SECTION 4-1 ‘
1. yIV _ 3ylll + 23/" =4 2. ,W/IH + 3yl "o !/,I/" _ (y/)'z =0
3‘ ylll + 3ylyll + (yl)s — 66—-1/ . 0 4 (1 ) 1"’ + xyll — yl + ] - 0
5 ¥y +4y =0 10. a and b arbitrary; ¢ = b — 1
SECTION 4-2

1.y = (c1 + cox + caxde™®

ce™ + (cz cos 34/3z + ¢ sin 14/3z)et=
16" (c2 cos 34/3z + ¢z sin 34/3z)c =
= +(eh + ¢z cos kx -+ c4 sin kx

2.y
3.y
4

<

4
- E elczoon @2n-1)x/8

nenl
[c2n—l cos (ch sin 2n8:_1 1r> + 2 8in (lc:c sin g—~8:~! 1r>:|

= (c1 + cor)e® + (c3 + cax)e™=
Y = c1e" + ce " + c3 08 YT + casin yx + (cs COS 8 + cg 8in 8z)e’™®
+ (cr cos 8z + cg sin dz)e %, where v = (\/as + 1 — a9,

=3VZ(Va +1 + o)

o
<

e
<
|

S.ZZ 1031"§+35d2y 50%+24y=0
10.32{+068f{+0253f—1j+05067%+016054—0
SECTION 4-3

l.ag=3,c6= -3 cs=3%,¢cs =1

2. The system of linear equations is solvable, since its determinant,
& — 6 + ¢72, is different from zero. 3.k =nr/a,n = x1, £2, ---

SECTION 4-5
1.y = (a1 + cox)e* + (c3 + cox)e ™ + (3 sinkr + 4 cos kz) /(1 + k%)?
2.y = (c1cosx + ca8in z)e® + (c3 cos T + ¢4 8in x)e™* + Y 8in 2z
+ 322 + 1 + ge*
3. =22 44z + c1 + ce® + (-36(—1+\/b)z/2 + cq e~ (1+V B)z/2
4. y = c1e®* + cocosT + cgsinz — 2? — 2z + 3ze*

<
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SECTION 4-7
b _ P a
L P+ b 2. P — a? 3. Pt — a? 4. G(p)/p
1 — ¢Pa p+a b
5. = 6. T 8.3¢%=
P+ a?+ 0 @+ o) + b2 ¢

9.6~ 1 10. s‘“a“” 11.1 ~ cos bz

12. (sinh ax — sin ax)/a

SECTION 4-8

l.Ly=(Q1 —e)/a 2.y =€¢%x +1) 3. y = cosax

x
\ﬁf fx — 9™ sin (/b — a?s) ds, ifb—a?=0
- 0

x
f f(xz — s)se=** ds, ifb—~a?=0
)

5.y = }ler — e~t=(cos 34/3z — /3 sin 1/32)] 6. y = Lyoate®

SECTION 4-9

1 x4 ’ z® 2 Eal
Ly=co +a+"' +a -’C+676+'-~ + ¢ $+1"§0+"'
2 1+ __'t_.ﬁ:_ T+ _1_1_ . + x? za_.w_ + -
L ST I B ST I R S

xo

ro( g )

3.y =col —2¥/2 — 2%/8 — 25/20 + 2%/80 + .. ) + e1(x — 5xt/24
— 25/12 — 2%/24 4 ... ) 4 co(2® — T2B/60 — 7x8/120 + - -- )
4. (a) s = k'%z; (b) s = k'/6¢

SECTION 4-10
1.y = arl/? 4 cax® VI 4 g B+VIBIN

CHAPTER 5
SECTION 5-1

¥1 =¥ ¥z = () — by — 2 ays

 =u,y =v,u =ar + by, v = ar + By

sy = —y/3 +2¢/3,2 =4y/3 + 2/3

2ry’ = 2z — 3)y + 2; 2z2’ = —15y + 2z + 5)z
LA+ 4+ 3y + (1 + 222 4 3222 =y + 22

A +z+3x)y + @ +2z2+32)2 =y 4+ +2 42

A N

SECTION 5-2

Loy = A1 + A%, 2z = 24,68 — Age™3"
2.y = (Aiz + A)e*™; z = Ae*

3.y = Ae® 4+ Ase™®; z = Aje* — Age™"
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SECTION 54
= Ae? + (dycos \/_t + Ajsin 4/3t)e!
y=A1e2‘+(A‘ 08 /3t — Az\/—_’-A‘ sin \/—t>c !
As + A3 e

2= A — 5 0s /3t — M-é_—Al sin \/§t) e

2.2 = Ase?t,y = $4:18% + Ape7?, 2z = —FA1e% — FAe7 + At
3.2 = A1 + (A2 + Agt)et, y = —A1 + Age', z = A1 + (A2 + A3 + Ajt)e!
4. yl — Alebh + Aze038:: +A e-—l .88z

= (21/31)A1€%5% + (269/7)A2e%8= — (39/83) Az~ 5=

= (32.5/31)A1€%5% — (180.8/7)A»"¥= — (55.3/83) 43¢~ 18«

2

SECTION 5-5

Lyr =3 +e2),9 =5 -

2.5 = =3¢ + e + APy = —det — T 4 3
8. y1 = —teF + ie7® + Jxer, yp = fe — e + Jae”
4. y1 = 3t + 2(cos v/3t)e!

Y2 = 3 — 3(cos /3t + /3 sin 4/3t)e "
ys = 3¢ — L(cos /3t — /3 sin \/3t)e
SECTION 5-6
L (a) y = 3(¢* — ), 2 = §(26 + ¢)
(b) Yy = ez('t—])’ z = 23“3(3"")
. (@) y =z, z = € (b) y = (2 — NEED, 7 = 226D
3. () y =3 —e?),z =3 +e7
() y = §e=! — 2D, 2 = Fem! f =D

(3

6. x = 3 + 3(cos 4/Bt)e",

y = 3 — 3(cos \/Bt + /3 sin 4/3t)e Y,

z = 32 — ¥(cos /3t — 4/3sin 4/3t)e !
Tr = 82‘, y = %ew _ %6—21’ 2 = __geu + l:100—21 + ge:u
Roz= =14+ =et,y=1—-¢etz=—14+(1 = te'
"SECTION 5-7

1. 0 = (A] - %‘.’L‘ - &)63"' + Az(’r_sz, Y2 = (2A1 - %JJ + .‘,)e‘“’ - A2€_3‘z
2. 41 = (A1 +z — 3)e* + A= — 3cosr,

yo = (A1 + 2 + 3)e* — A + 3sinx
3= -1 +3In|z )z + Ay/x,

yo=(A1+1+3Inlzx — As/x
L =ma—t =t ~in, s = +§ + 32
SECTION 5-8

Ly=a(l+32+02+ ) +b®+---)
z=az +32+3%22+ ) +b(l +02+02>+02 + )

22 y=a(l+z+32+422 + ) +b@+22+2+ )
z=aE+2 +3E 4+ ) bl +2 + 30+ )
3.y =ao(l-+22+ 43+ - -)+ bo(z+ 423+ - - -)
z=ao(2x — 22+ 23+ )+ bo(l —z+§2%2 — 2%+ - -)



252 ANSWERS TO EXERCISES

5. y = ap + a2z = —2a0 + 2a47* (a0, 4 arbitrary)

—k
6. Por . © L=k — (po+ 30k + poso — Togo = 0

0 0 —
7.k =2+ +/3 8 k=04 9. k=01
SECTION 5-9
Ly=2z+32 +383+ 82 + -, 2 =21+ §22 + 3 + §2* + -
2 y=2c+2 +3+ 3+ 2=z + 4% + 2* + 32° + -
3.y=—x+§r3+§x‘—1,,x5+ 2 =20 32— 28 — et
4. y =245 -1 +8@ -1 +5&—-1®+---,

4 49 —1) + 15(x — 1) + &@ — 1)° +
CHAPTER 6

SBECTION 6—1
2. =0.1 0.2 0.5

yl(a:) =1.0 1.0 1.0

yo(x) = 1.1 1.2 1.5

ys(x) = 1.09 1.16 1.25

ya(z) = 1.09133 1.17067 1.41667

ys(z) = 1.09108 - 1.16667 1.26042

ve(z) = 1.09114 1.16837 1.42708

3. k =1:05;k = 2:0.515625; k¥ = 3: 0.516183; 4. 0.516203

SECTION 6—2

1. From Equation (83"): in = w/4 = 0.785; from Equation (5):
I o= w2 + (x/4)Y = 1.026

2. From (I): yn = 0.1, yo = 0.218, y3 = 0.354, ys = 0.508, ys = 0.681;
from (II): y = 0.109, y2 = 0.238,y3 = 0.386, y4 = 0.555, y5 = 0.744;
exact: y(0.1) = 0.11, y(0.2) = 0.24, y(0.3) = 0.39, y(0.4) = 0.56,
y(0.5) = 0.75

3. (a) y1 = 0.25,y2 = 0.504, y; = 0.786, y4 = 1.152
(b) y1 = 0.252, y2 = 0.520, ya = 0.848, ys = 1.355

4, (a«) n = 0-1; Y2 02, Y = 0.301, Y = 0404, Ys = 0.511
(b) Y1 = 0.1,y = 0.201, 5 = 0303, g = 0.408, UYs = 0.518

I

SECTION 6—3
1. Set ¢ = ~(x 4+ x0)/2 in Equation (4).
1 (ot
4 R(za, B) = 5 f [(F — 2.0t — (& — =Dhly""(®) dE

= — 1% (za + 6h) forsomefin0 < 6 <1

SECTION 6—4
rer o*F o°F 3*F oF oF aF\?
Lyn = ax2+ BzaJF+ay2F2+:;;5; (6__1/_) F:L

2. (a) 1 +H + H? (b) 2 + $H + 2H? + I
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SECTION 6—6
1. y(3) = 2.02

SECTION 67

+ 4/2) = 1.207, —0.207

1. By iteration: z = 1.21; exact solution: T = 11
= 227 liMpaw Tn = 4

2. 0.83 3. 1, = 2V
4. r,=14+a+a+--- +a"
SECTION 6—8

1. yi(x) = 22/2, yu(x) = 2%/2 + 2°/20,
ys = 22/2 + 25/20 + 28/160+ z' /4400

3. n@) = -1 +382% y(z) = +

x4 P . S 1
L@ =2 pe)=z+7, w@=z+7+3+15
SECTION 6-9
2. (a; M =1

CHAPTER 7
SECTION 7-1
3. An = <1 + —‘> Au-l
4(a)a——1————a n=23 ...
. n—n(n_l) n—2y = &, 9,

1
(b) @z = %ao, an = ;(}L_:‘i’)‘ (@no2 + an—ﬂ); n=345--

SECTION 7-2
1
1 yn = 2%y 2.y =(n — Dy 3. yn=my;
1—a* .
n. J——
5 g = ayo+bl_a, ifa=1
Yo+ nb, ifa=1 .
N--
5. y1 = ayo; Yn = a o +bZ]a""’“‘ n=23---
Je=1
6. yn = y¥" 7. Ynpr = €Yn +n(l —e€) + 1
8. (.1/»+1 - yn)’ + 2(Ynpr — yn) — Y =0
1—-n
9. yp = 2n n 2u.)
Yn Toei — 24m + (./ +1 = 2Yn)
11. Cnpy = Cn + b ; Co=119 Yn = Un ?-/3.;-"2_1—11'; , n=12 .
Untl Uo Uo jm=0 Uj41

1204 =-% B=0, C=24
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SECTION 7-3
1. Yo = 12" + 227" 2. Yn = 2" + c2(=1)"
3. Yn = c1cos nw + cosin inr 4, Yo = 2M%(c) cosinm + cpsin inwr)
R \/5(1 +\/5>"+5+ \/5(1 - \/5)'-
10 2 10 2
7. (8) Yn42 — SYnt1 + 6yx =0 () Yntz — 4Yn1 +4yn =0

(€) Ynyz — 2cOB@Yn41 + yn =0
8. (a) n(n + Dynsz — 20(n + ypu + (n + 1)(n + 2)yn = 0
() | yn ) g(n)
o1 Jn+1) gln+1)|=0
Ynyz f(n +2) gln +2)

SECTION 74

2. Yo = 1 + C2c08 3nm + c3sin 3nw
3. Ynts + 3yntz + 3ynt1 +yn =0
4. yo = (A, cos 3nwr + A;sin 3nr)7*72,
zn = H(Ar — Asn/T)cos dnr + (Ain/T + Ay)sin Inx]7n2

SECTION 7-5

1. ynp =3 + in + in? 2 Yo = g

¢ -V2q41’

ifq?— v2q+1 %0

3-yn.p=;{_—%q—1*], if g =3 q=2
a, forn=0,1

4. Yop = C1.22" + (2..3", where C1» = L
Yn.p 1 2 1.n c’_z2.z+“ forn =203, -

=1
c, forn—O 1

and Cy = J*

ce + 23’_“, forn = 2,3, -
Jm=1

5. If B1 # Bz, B1B2 = 0: Yn,p = C1.a87 + C2.82,
a, forn =0
where Cy,, = 12
51 ~ B, 6 ,;o J! ﬁ”
c2, for n=10
and ;.5 = 131
“te B mm,@oa'ﬁ“
If Bl = B! # 0- yn.p (Cl.n + ncﬂ.n)ﬁr!

a, for n= 0
n—-l

forn=1,2, -

forn=1,2---

where C;,» =
’Z-% J'ﬂ” forn=12 -
¢z, forn=20
a,ndCz,,.— 1 2l

forn=1,2-..

1
Bl 1—0 lpi,
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6. Doyt — bp—2- D, = 0
Uny2

7. I)n+l - Dn = 07 Dn = do; Cu+l - Cn = dO» Cn = + ndo;
Yn = Cotty = (CO + nd())ﬂ“

Co, forn =0

_ n—1
8.:(/1. C"- CO+Z:D3.’ forn=1,2,""
=0
Dy, forj=1
L= . =
where D5 =1 (<1yDe [T aw, forj=1.2, ---
k=0

9. (C1,n41 — Crm)trnpr + (Conpr — Con)Uang1 = fa,
(Crnt1 — Cradinir + (Cong1 — Con)V2,041 = gn

SECTION 7-6
24+ hA _ Yn
L= 40 =0 2= T

3. yn = yo(1 + AA)"*? cos (n tan™'h), 2, = —yo(l + h%)"/% sin (n tan~lh)

4. Approximating difference equation problem
Ynt1 = COS @ Yn + SiN ¢ 25,
Zn41 = —SiN¢ Yn + COS P 2,

Solution: y, = yo cos ng, 2, = —yo sin np, where ¢ = cos™' (4 — h?)/(4 + h?)

} Yo arbitrary, zp = 0

CHAPTER 8
SECTION 8-1
1. z = zsiny + f(x) 2.2 = —y + ef(y) 3'z=§m_x(yﬂ,2 ‘L;)
4.z = 32 + zf(y) + 9(v) 5.z = f(x)ev + g(x)e ¥
6. z = fYzIHVOR 4 g(y)20-VOL 7.z = ye¥* + f(z) + g(y)
SECTION 8-2
oz az 9z 9z az z
15—+225—=0 2£+2I@=0 32255-'}-]/8—-2
az oz az az
4.zay—y£=0 5. yz;a—:—.xz@-—:cy-o
SECTION 8-3
Lf@+4Ay+4) =0 2.2=f@z+9y)
3. flx + % 3zy +2° +32) =0 4, f(a® —y,a® — 3zy +32) = 0
5. fx — 2,2y — &) =0 7. fle®*(y + 2), é%*(z — 2y)] = 0

8.f[2yxf’,2y_z] -0
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SECTION 84

2\ 1/2
(’c L)+
2. z = f(z + y?) where f(v) is any function for which f(2) = 3;
for example, f(u) = w + 1 or f(u) = Ju or f(u) = 3 cos(u — 2)
3. (4, — Bl)(z bl Co) = Cl(x —y — Ay + BO)
4. 22 =22 + 1 — 2(z® + Y2

l.z=

SECTION 8-7

1. (a) T(x, t) = T, sin% e ML oy sin3% ze MT2ILE)01

(b) T(x, t) = ?%z{:i-lg: ' 1 Sm’l’iﬁ” e—(n2EINILZ)¢

() T(z, t) = 2Ty n: :L [ n’m‘ — cos ”’Zc'*’] sin '}%‘_’3 PN LY
2. T(x, t) = nz-l Cn snnfxe_"('“’")"" + A + (B — A)

where C,, = - [ To(:r) smf z dx + — [( 1)*B — A]

4. T(x, t) - 3T, (1 — cos?i[:ce—"“"/“)t)

6. T'(z,0) = E C. cos%—e—“"/“)"“

n=0

1" 2 "
where Co = 7 .’; Tolx) dx, C, = I fo To(x) cos %rx dx.

SECTION 8-9

1. (@) T(r, 0) = %To(l. +fcoso)

(b) T(r,0) = éTo<1 + - - cos 6+ - r‘; cos 30)

2. () T, 6) ap + Ar cos @

b) T, 6 = as + (A + $B)r cos 8 + ,;B(r3/a?) cos 30
3. T(r, 0) = C,(a/r)™ cos mé
4. A modified Bessel differential equation, namely,

2.2
rzg:,',_,,('r) + "ﬂ:n.n("') - (%’ r2 + n2> gm.n(r) = 0.

Its general solution is of the form

gm.n(r) = ciI, (anz 7') + 2K, (Lnl%r T) ,
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where ¢; and c; are arbitrary constants, and 7/, and K, are modified Bessel func-
tions of order n, of the first and second kind, respectively. (Since the function
K, has a singularity at the origin, the constant c; must be taken to be zero for
solid cylinders.)

5. (a) T(r, 0, 2) = 7 (7(‘10/L) (W ) sin 1Lr z
T ( )2v
To(ma/L) (S‘“ ) ;0 L

17, I:Io(m'/L) Iy(wr/L) cos 0:| sin T

(b) T(T, 0; Z) 2

Iy(ma/L) + I,(mwa/L) L

SECTION 8-10 ]
1. T(r, t) = AJo(kir)e*M + BJo(kar)e—*aMe
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Asymptotic development of solution,
59n

Auxiliary equation, 81, 118, 142, 196,
199, 200

Bernoulli’s equation, 45
Bessel’s equation, 110, 237
Bessel function, 110, 237
Boundary conditions, 117, 223

‘apacitance, 26
Characteristic curves, 219
Characteristic equation, 219
Circuit, single-loop, 26
multiple-loop, 27
Clairaut’s equation, 45
Comparison test, 62
Confluent hypergeometric equation, 106
onvergence, 59, 162, 227

Dashpot, 20
Differences, finite, 191

Electrical networks, 26
Envelope, 46
IEquidimensional equation, 86
Equidimensional system, 145
Exact differential, 38

Exact equation, 37

Fibonacci numbers, 191
Finite differences, 191
Fourier coefficients, 227, 234
Fourier series, 227, 234

General solution, 30, 73, 117, 140, 154,
196, 198

Heat content, 221

Heat flow, 221

Homogeneous equation, 44, 77, 121
Hyperbolic functions, 85

Independence, linear, 78
Indicial equation, 104, 136, 161
Inductance, 26

259

Initial conditions, 9, 17, 72, 116, 196,
219, 223

Integrating factor, 41

Irregular singular point, 102

Isocline, 32

1teration, 176

Kirchhoff’s laws, 26

Laplace transform, 127, 152
Legendre’s equation, 100, 106
Linear independence, 78
Lipschitz condition, 184

Mach number, 220

Ordinary point, 97, 134, 158
Orthogonal functions, 240

Partial sum, 57, 165

Particular solution, 30, 73, 117, 140,
154, 196, 198

Picard’s method, 179, 183, 186, 187

Power series, 48, 134

Quasi-linear equation, 211, 220

Radioactive decay, 9

Recurrence relation, 104

Reduced equation, 44, 77

Regular singular point, 102, 136, 161
Resistance, 26

Rocket, 24

Separation of variables, 34, 225

Separation constant, 225, 231, 237

Simpson’s rule, 172

Singular solution, 30, 74

Specific heat, 221°

Superposition principle, 77, 118, 121,
143, 146, 154, 196, 226, 239

Taylor series, 96, 158, 161
Temperature, 12

Thermal conductivity, 12, 221
Thermometric conductivity, 222
Trigonometric series, 226
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Undetermined coefficients, 56, 87, 125 Variation of parameters, 44, 91, 123,
Uniqueness of solution, 181, 186, 188 157, 195, 202

Vandermonde’s determinant, 119 Wronskian determinant, 79, 94, 122,
Variable mass, 23 123, 125, 154
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