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INTRODUCTION

Expository books on the theory of Lie groups generally confine
themselves to the local aspect of the theory. This limitation was
probably necessary as long as general topology was not yet sufficiently
well elaborated to provide a solid base for a theory in the large. These
days are now passed, and we have thought that it would be useful to
have a systematic treatment of the theory from a global point of view.
The present volume introduces the main basic principles which govern
the theory of Lie groups.

A Lie group is at the same time a group, a topological space and a
manifold: it has therefore three kinds of “structures,” which are
interrelated with each other. The elementary properties of abstract
groups are by now sufficiently well known to the general mathematical
public to make it unnecessary for such a book as this one to contain a
purely group-theoretic chapter. The theory of topological groups,
however, has been included and is treated in Chapter II. The great-
est part of this chapter is concerned with the theory of covering spaces
and groups, which is developed independently from the theory of
paths. Chapter IIT is concerned with the theory of (analytic) mani-
folds (independently of the notion of group). Our definition of a
manifold is inspired by the definition of a Riemann surface given by
H. Weyl in his book “Die Idee der Riemannschen Flache”; it has,
compared with the definition by overlapping system of coordinates, the
advantage of being intrinsic. The theory of involutive systems of
differential equations on a manifold is treated not only from the local
point of view but also in the large. In order to achieve this, a defini-
tion of the submanifolds of a manifold is given according to which a
submanifold is not necessarily a topological subspace of the manifold
in which it is imbedded.

The notions of topological group and manifold are combined
together in Chapter IV to give the notions of analytic group and Lie
group. An analytic group is a topological group which is given a
priori as a manifold; a Lie group (at least when it is connected) is a
topological group which can be endowed with a structure of manifold
in such a way that it becomes an analytic group. It is shown-that, if
this is possible, the manifold-structure in question is uniquely deter-
mined, so that connected Lie groups and analytic groups are in reality
the same things defined in different ways. We shall see however in
the second volume that the difference becomes a real one when complex

vi



viii INTRODUCTION

analytic groups are considered instead of the real ones which are
treated here.

Chapter V contains an exposition of the theory of exterior differen-
tial forms of Cartan which plays an essential role in the general
theory of Lie groups, as well in its topological as in its differential
geometric aspects. This theory leads in particular to the construction
of the invariant integral on a Lie group. In spite of the fact that this
invariant integration can be defined on arbitrary locally compact
groups, we have thought that it is more in the spirit of a treatise on Lie
groups to derive it from the existence of left invariant differential
forms.

Chapter VI is concerned with the general properties of compact
Lie groups. The fundamental fact is of course contained in the state-
ment of Peter-Weyl’s theorem which guarantees the existence of
faithful linear representations. We have also included a proof of
the generalization by Tannaka of the Pontrjagin duality theorem. A
slight modification of the original proof of Tannaka shows that a
compact Lie group may be considered as the set of real points of an
algebraic variety in a complex affine space, the whole variety being
itself a Lie group on which complex coordinates can be introduced.

The second volume of this book, now in preparation, will be mainly
concerned with the theory and classification of semi-simple Lie Groups.

In preparing this book, I have received many valuable suggestions
from several of my friends, in particular from Warren Ambrose,
Gerhardt Hochschild, Deane Montgomery and Hsiao Fu Tuan. Iwas
helped in reading the proofs by John Coleman and Norman Hamilton.
I have also received precious advice from Professor H. Weyl and
Professor:S. Lefschetz. To all of them I am glad to express here my
deep gratitude.

C. C.
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Some Notations Used in This Book

I. We denote by ¢ the empty set, by {a} the set composed of the
single element a.
If f is a mapping of a set A into a set B, and if X is a sub-set of B,
-1

we denote by f (X) the set of the elements aeA such that f(a)eX. Ifg
is a mapping of B into a third set C, we denote by g O f the mapping
which assigns to every aeA the element g(f(a)).

We use the signs \, 7 to represent respectively the intersection
and the union of sets. If E, is a collection of sets, the index o running
over a set A, we denote by Uau E. the union of all sets E, and by
Naea Eo their intersection. We denote by 6,; the Kronecker symbol,
equal to 1if 7 = jand to 0 if 7 # j.

IL. If G is a group, we call “neutral element” the element e of G
such that es = o for every oeG.

We say that a sub-group H of G is ‘“ distinguished ”’ if the conditions
0eG, 7eH imply ror—1ell. ~

If ¢ = (a,) represents a matrix, the symbol H = @ stands for the

determinant of the matrix; dpe stands for the trace of the matrix.

If M, N are vector spaces over the same field K, we call product
of M and N, and denote by M X N, the set of the pairs (e, f) with
ee, feN, this set being turned in a vector space by the conventions

(e,f) +(¢/yf) = (e +¢,f+ 1)
a(e, f) = (ae, af) for aeK.

III. Topology. We call topological spaces only the spaces in which
Hausdorf separation axiom is satisfied.

A neighbourhood of a point p in space % is understood to be a set
N such that there exists an open set U such that p6U (. N; N need
not be open itself.

The adherence A of a set A in a topological space is the set of
those points p such that every neighbourhood of p meets A. Every
point of A is said to be adherent to A. We shall make use of the
possibility of defining the topology in a space by the operation 4 — A
of adherence (cf. Alexandroff-Hopf, Topologie, Kap. 1).

Intervals. If a and b are real numbers such that a < b, we denote
by Ja, b[ the open interval of extremities @ and b. We set la, b] =
la, b\ {b}, [a, b] = ]a, b[ U {a}, [a, b] = la, b] U {a} v {b}.



CHAPTER 1
The Classical Linear Groups

Summary. Chapter I introduces the classical linear groups whose study
is one of the main objects of Lie group theory. The unitary and orthogonal
groups are defined in §I, together with a series of other groups. Their funda-
mental property of being compact is established.

Section II is concerned with the study of the exponential of a matrix.
The property for a matrix of being orthogonal or unitary is defined by a
system of non-linear relationships between its coefficients; the exponential
mapping gives a parametric representation of the set of unitary (or orthogonal)
matrices by matrices whose coefficients satisfy linear relations (Cf. Proposi-
tion 5, §II, p. 8). The reader may observe that the spaces M, M MS3,
Mk which are introduced on p. 8 all contain YX — XY whenever they
contain X and Y. Although we could have given here an elementary expla-
nation of this fact, we have not done so, on account of the fact that the
full importance of this result can only be grasped much later (in Chapter IV).
In the cases of the orthogonal and unitary group, the linearization can also
be accomplished by the Cayley parametrization (which we have not intro-
duced); however, the exponential mapping is more advantageous from our
point of view because it preserves some properties of the ordinary exponential
function (Cf. Proposition 3, §IV, p. 13).

Sections III and IV are preliminary to the result which will be proved
in Section V (Proposition 1, p. 14). Hermitian matrices are defined in
terms of the unitary geometry in a complex vector space (unitary geometry
is defined by the notion of hermitian product of two vectors, just as euclidean
geometry can be defined in terms of the scalar product). Proposition 2, §III,
p. 10 shows that the unitary matrices are the isometric transformations of
a unitary geometry.

The proposition which asserts that the full linear group can be decomposed
topologically into the product of the unitary group and the space of positive
definite hermitian matrices (Proposition 1, §V, p. 14) is the prototype of the
theorems which allow us to derive topological properties of general Lie groups
from the properties of compact groups. A similar decomposition is given
for the complex orthogonal group (Proposition 2, §V, p. 15).

Sections VI and VII are preliminary to the definition of the symplectic
groups. The symplectic group is defined to be the group of isometric trans-
formations of a symplectic geometry (Definition 1, §VII, p. 20). In §IX, we
construct a representation of Sp(n) by complex matrices of degree 2n. The
consideration of the conditions which the matrices of this representation
must satisfy leads to the introduction of a new group, the complex symplectic
group Sp(n, C). It can be seen easily that Sp(n, C) stands in the same rela-
tion to Sp(n) as GL(n, C) to U(n) or as O(n, C) to O(n). A proposition
of the type of Proposition 1, §V, p. 14 could be derived without much diffi-
culty for Sp(n, C). However, we have not found it necessary to state this
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2 THE CLASSICAL LINEAR GROUPS [CraP. I

proposition, which is contained as a special case of a theorem proved later
(Corollary to Theorem 5, Chapter VI, §XII, p. 211).

§I. THE FULL LINEAR GROUP AND SOME OF ITS SUBGROUPS

The n-dimensional complex cartesian space C* may be considered
as a vector space of dimension n over the field C' of complex numbers.
Let e; be the element of C* whose ¢-th coordinate is 1 and whose other
coordinates are 0. The elements e;, - * - , e, form a base of C»
over C.

A linear endomorphism « of C* is determined when the elements
ae; = Z[_,a;e; are given. There corresponds to this endomorphism
a matrix (a;) of degree n; we shall denote this matrix by the same
letter a as the endomorphism itself. Conversely, to any matrix of
degree n with complex coefficients, there corresponds an endomorphism
of C*, .

Let @ and 8 be two endomorphisms of C*, and let (a;) and (b,,)
be the corresponding matrices. Then a o 8is again an endomorphism,
whose matrix (c;) is the product of the matrices (a;;) and (b;); i.e.

(1) Cii = Zp_10ibi;

We shall denote by 9.(C) the set of all matrices of degree n with
coefficients in C. If (a;,)edM.(C), we set b;,;_na = a;, and we associate
with the matrix (a;,) the point of coordinates by, * + - , bnin C*. We
obtain in this way a one-to-one correspondence between 91,(C) and
C™. Since C* is a topological space, we can define a topology in
MA(C) by the requirement that our correspondence shall be a homeo-
morphism between 91,(C) and C".

Let € be any topological space, and let ¢ be a mapping of G into
MA(C). If teG, let a;)(t) be the coefficients of the matrix (f). It is
clear that ¢ will be continuous if and only if each function a,,(t) is
continuous.

It follows immediately from this remark and from the formulas
(1) that the product o7 of two matrices o,  is a continuous function
of the pair (s, ), considered as a point of the space M,(C) X M.(C).

If @ = (a;), we shall denote by ‘a the transpose of a, i.e. the matrix
(ai;), with aj; = a;. We shall denote by & the complex conjugate
of @, i.e. the matrix & = (d;). It is clear that the mappings a — ‘a,
a — & are homeomorphisms of order 2 of 9M,(C) with itself. If « and
B are any two matrices, we have

“(af) = 'B'a o = aB
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A matrix ¢ will be called regular if it has an inverse, i.e., if there
exists a matrix ¢! such that so~! = o7 '¢ = ¢, where ¢ is the unit
matrix of degree n. A necessary and sufficient condition for a matrix «
to be regular is that its determinant EI be # 0.

If an endomorphism ¢ of C* maps C* onto itself (and not onto
some subspace of lower dimension), the corresponding matrix ¢ is
regular and ¢ has a reciprocal endomorphism o~

If ¢ is a regular matrix, we have

l(o.—l) = (la)-—-l 6—1 —_ (a.—l;
If ¢ and 7 are regular matrices, o7 is also regular and we have
(67)™! = 71g71!

It follows that the regular matrices form a group with respect
to the operation of multiplication.

Definition 1. The group of all regular matrices of degree m with
complex coefficients is called the general linear group. We shall denote
it by GL(n, C).

Since the determinant of a matrix is obviously a continuous func-
tion of the matrix, GL(n, C) is an open subset of IM,(C). We may
consider the elements of GL(n, C) as points of a topological space,
which is a subspace of 9,(C).

If ¢ = (a;) is & regular matrix, the coefficients b; of ¢—! are given
by expressions of the form

bij = Ayjo|™

where the A;’s are polynomials in the coefficients of o. It follows
that the mapping ¢ — ¢—! of GL(n, C) onto itself is continuous. Since
this mapping coincides with its reciprocal mapping, it is a homeo-
morphism of order 2 of GL(n, C) with itself.

The mappings ¢ — @ and ¢ — ‘¢ are homeomorphisms of GL(n, C)
with itself. The first but not the second is also an automorphism of
the group GL(n, C).

If oeGL(n, C), we shall denote by o* the matrix defined by the
formula

0’* = la.—l
We have
(o7)* = o*r* (6% = (0~Y)*
Hence, the mapping ¢ — ¢* is & homeomorphism and an automorphism
of order 2 of GL(n, C).



4 THE CLASSICAL LINEAR GROUPS [Crar. I

Definition 2. A malrix o is said to be orthogonal if ¢ = & = o*.
The set of all orthogonal matrices of degree n will be denoted by O(n).
If only ¢ = o*, o 18 satd to be complex orthogonal; the set of these matrices
will be denoted by O(n, C). If only @ = o*, o is said to be unitary. The
set of all unitary matrices will be denoted by U(n).

Since the mappings ¢ — & and ¢ — ¢* are continuous, the sets
O(n), O(n, C) and U(n) are closed subsets of GL(n, C). Because
these mappings are automorphisms, O(n), O(n, C) and U(n) are sub-
groups of GL(n, C). We have clearly

0(n) = O(n, C) ™ U(n).

Definition 3. We shall say that the matrix o s real if its coefficients
are real, i.e. if ¢ = a. The set of all real matrices of degree n will be
denoted by M,(R). The set M, (R) NGL(n, C) will be denoted by
GL(n, R).

Therefore, we have also

O(n) =GL(n, R) ™ O(n, C)

The determinant of the product of two matrices being the product
of the determinants of these matrices, it follows that the matrices of
determinant 1 form a subgroup of GL(n, C).

Definition 4. The group of all matrices of determinant 1 in GL(n, C)
18 called the special linear group. This group is denoted by SL(n, C).
We set SL(n, R) = SL(n, C) ™ GL(n, R); SO(n) = SL(n, C) M O(n);
SU(n) = SL(n, C) ™ U(n).

It is clear that SL(n, C), SL(n, R), SO(n), SU(n) are subgroups
and closed subsets of GL(n, C). They may be considered as subspaces
of GL(n, C).

Theorem 1. The spaces U(n), O(n), SU(n) and SO(n) are compact.

Since O(n), SU(n) and SO(n) are closed subsets of U(n), it is
sufficient to prove that U(n) is compact. A matrix o is unitary if
and only if ¢ = ¢, where € is the unit matrix (in fact, this condition
implies that o is regular and that ¢* = ). If ¢ = (a;), the equation
s8¢ = ¢ is equivalent to the conditions

Z,a;:Gjx = Oix
Since the left sides of these equations are continuous functions
of ¢, U(n) is not only a closed subset of GL(n, C) but also of 9M,(C).
Moreover, the conditions 2,a.d,: = 1 imply |ay| € 1(1 £ 4, § < n).
It follows that the coefficients of a matrix eeU(n) are bounded. If we
take into account the homeomorphism established between 91,(C)
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and C™, we see that U(n) is homeomorphic to a closed bounded subset
of C*. Theorem 1 is thereby proved.

§II. THE EXPONENTIAL OF A MATRIX

Let a be any matrix of degree n, and let u be an upper bound
for the absolute values of the coefficients zij(a) of a. Let 2{"(a) be
the coefficients of a?(0 < p < »; we set a® = ¢ = the unit matrix).
We assert that |z{”(a)| & (nu)?. This is true for p = 0. Assume
that our inequality holds for some integer p 2> 0; then

zF+0 ()| = [Zea® (@) zhi(@)| € n(np)Pu = (np)tt
which proves that the inequality holds for p + 1.

It follows that each of the n? series 2=, ;, z{P(a) converges uni-
formly on the set of all a such that |ziy(a)] € u. In other words, the
series € + % + g-! + - -|— —I— - - is always convergent, and
uniformly so when a remains in a bounded region of the set 9M.(C).

1
Definition 1. We denote by exp a the sum of the series Z¢ e

The function exp a is thus defined and continuous on 9,(C) and
maps M,(C) into itself.
Proposition 1. If ¢ is a regular matrix of degree n, then

exp (cac™!) = o(exp a)o!
In fact, we have ca?s~! = (cac~?)?, and hence exp (cac™!) =

s i (a0~ 2)? = ZPo (F a”)a‘ l=g¢g (Eo o a")o' 1 = g(exp a)o .

Proposition 2. If Ny, - - - , N\, are the characteristic roots of o, each
occurring a number of times equal to its multiplicity, the characteristic
roots of exp a are exp Ay, * * * , €Xp An.

We shall prove this by induction on n. It is obvious for n = 1,
because then « is a complex number. Now, assume that n > 1 and
that the proposition holds for matrices of degree n — 1.

Let N\, be a characteristic root of «; then there is an element a # 0
in C* such that aa = \;a. Let e, be the point whose coordinates are
1,0, - -+, 0. Because a » 0, there exists a regular matrix ¢ such
that ca = e;. Then cac—'e; = \e,; in other words,
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where the *s indicate complex numbers and & is a matrix of degree
n — 1. We have

cale™l = | . (-

0
and therefore

exp A *.....%
0

exp (cac™!) = (exp &)

0

If Xy, - - -, N\u are the characteristic roots of &, those of «, which
arc the same as those of gas™!, are Ny, Ny, © © + | N\.. The proposition
being true for matrices of degree n — 1, it follows that the character-
istic roots of exp & are exp Az, -+ - -, exp 4, and those of exp (cac™1)
are exp A\j, exp Az, © * + , exp N\,. But these are also the character-
istic roots of o(exp a)o~! (Cf. Proposition 1) and hence of exp a.
Proposition 2 is thereby proved.

Corollary 1. The determinant of the mairiz exp « is exp Sp a.

This follows at once from the facts that the trace and the deter-
minant of a matrix are respectively the sum and the product of the
characteristic roots.

Corollary 2. The exponential of any matriz is a regular matriz.

Proposition 8. If « and B are permutable matrices (i.e. if af = Ba)
then exp (a + B) = (exp a)(exp B).

Since @ and 8 are permutable, we can expand (a + B)? by the
binomial formula:

» ak Bp—k

1
P! (a + B)F = =} m(p_ —-k-)!
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Therefore, for any integer P, we have

sy lat o (z’; %’;) (z‘; %) + R,

where Rp is the sum Zq.n of/k! 8'/1), extended over all combinations
(k, 1) such that max (k, I) > P, k + 1 < 2P. The number of these
combinations of indices is P(P + 1). On the other hand, if 4 is an
upper bound for the coefficients of « and g, the absolute value of any
coefficient of of/k!B'/l! is at most n(nw)t/k!(nw)!/l! < (npo)?/P!,
where po is some number > 0. It follows that the coefficients of RBp are
smaller than P(P + 1)(nuo)??/P! in absolute value and that Rp tends
to 0 as P increases indefinitely. The formula to be proved is an
immediate consequence of this fact.

Corollary. If ¢ is a real variable and o a fired matriz, the mapping
{ — exp ta 18 a continuous homomorphism of the additive group of real
numbers into GL(n, C).

If « is any matrix, we have clearly

exp (‘a) = t(exp a); exp & = exp a
It follows from the Corollary to Proposition 3 that we have also

exp (—a) = (exp o)7L

Proposition 4. There exists a neighbourhood U of O in M,(C) which
is mapped topologically onto a meighbourhood of e in GL(n, C) by the
mapping o — €xp .

We represent a matrix a€,(C) by the point of C*" whose coordi-
nates are the coefficients x;(a) of « (these coefficients being arranged
in some fixed order). From the uniform convergence of the series
Zeaf /P! it follows that the coefficients yij(a) of exp a are integral
analytic functions Fy(- - - ,@u(a), * + *) of the coefficients of a. It
is clear that the terms of degrees < 2 in the Maclaurin expansion of
Fu,(- + + ,om, + + ) are &, + x;,. It follows immediately that the
Jacobian of the n? functions F;, with respect to their n? arguments is
equal to 1 when z = 0(1 € k, I < n). By the theorem on implicit
functions, we know that the mapping of C* into itself which assigns
to the pomnt of coordinates x;; the point of coordinates Fy,(* - * , i,
-+ +) maps topologically some neighbourhood of the origin onto a
neighbourhood of the point of coordinates yi, = &;. Proposition 4
follows immediately.
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Definition 2. A matriz a is said to be skew symmetric if ta + a = 0,
skew hermitian if ‘o + a@ = 0.

We shall denote by M* the set of skew symmetric matrices, by
M* the set of skew hermitian matrices, by M3 the set of matrices of
trace O and by M?® the set of real matrices.

Lemma 1. We can find a neighbourhood U of O in M,(C) which
satisfies the following conditions: 1) it is mapped topologically onto a
neighbourhood of € in GL(n, C) by the mapping a — exp «; 2) the trace
of any acU s smaller than 2w in absolute value; 3) the condition acU
tmplies —atU, taclU, acU.

Let U, be a neighbourhood of O which satisfies the first and second
conditions; we denote by — U, the set of matrices —a with agU,,
and we define similarly tU,, U;. The sct U = U, (=U,) M (tUy)
M [, satisfies the conditions of Lemma 1.

Proposition 6. Let U be a neighbourhood of O in M,.(C) which
satisfies the conditions of Lemma 1. The sets MS ™ U, M* MU,
MSOMANU, MEDU, MENDMSOU, MEN MANNU, MR M8
NN M» U, M* U are mapped topologically under the mapping a —
exp a onto neighbourhoods of € in the following groups: SL(n, C), U(n),
SU(n), GL(n, R), SL(n, R), O(n), SO(n), O(n, C).

We know that the mapping a — exp a maps every subset of U
topologically. If aeM®, we have exp a& SL(n,C) by Corollary 1
to Proposition 2 above. If aglf?, we have ‘(exp o) = exp (‘a) =
exp (—a) = (exp a)~!, which proves that exp « is complex orthogonal.
In a similar way, we prove that, if aeM** then exp « is unitary.
Conversely, if exp ag SL(n, C), acU, the conditions exp (Sp a) = 1,
|Sp a| < 2rimply Sp a = 0, whence acM3. If exp a€0(n, C), aclU, we
have ‘atlU, —aeU and exp (‘a) = exp (—a), whence ‘a = —a and
agM?®. In a similar way, we see that if aeU and exp ais unitary, then
agM*, If « is real, exp a is also real; conversely, if aeU is such that
exp « is real, we have exp o = exp @ whence « = @. Proposition 5
follows immediately from these facts.

The sets M3, M*» M® M5 ™ M MB N M8 MEM M MR M8
™ M, M* may all be considered as vector spaces over the field R
of real numbers; as such, their dimensions are 2n? — 2, n? n? n? — 1,
n? — 1, n(n — 1)/2,n(n — 1)/2 and n(n — 1) respectively. We have
therefore proved:

Proposition 6. In each of the groups GL(n, C), SL(n, C), U(n),
SU(n), GL(n, R), SL(n, R), O(n), 8O(n), O(n, C) there exists a neigh-
bourhood of the neutral element which is homeomorphic to an open set
in a real cartesian space of suitable dimension. These dimensions are:
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2n? for GL(n, C), 2n* — 2 for SL(n, C), n? for U(n), n* — 1 for SU(n),
n? for GL(n, R), n* — 1 for SL(n, R), n(n — 1)/2 for O(n) and SO(n),
n(n — 1) for O(n, C).

$III. HERMITIAN PRODUCT

As we have already observed, the space C» may be considered as
a vector space of dimension n over C, with the base {e;, : - - , e,}
introduced in §I, p.-2. In this section, we shall use the notation
az (instead of za) for the product of a vector a by a number z; this
notation will be preferable when we come to quaternions.

Definition 1. Let a = Zlez; and b = ZTeu; be vectors in C*. We
define their hermitian product a - b by

a'b = 2%u

We define the length of a to be the number ||a|| = (a - a)! = (Z"22)".
We see immediately that ||a|| > 0, ard that ||a|| = 0impliesa = 0.
The number a - b is, for a fixed, a linear function of b; i.e.

a:- (b1u1 + bzuz) = (a . b,)ul + (a '\bz)'MQ

However, if b is fixed, a - b is not a linear function of a, for we have
b-a=(a-b)

(a1z1 + azzz) ‘b = (8.1 . b)Z, + (az . b)22

Definition 2. A veclor a is called a unit vector if ||ja]| = 1. Two
vectors a and b are said to be othogonal if a-b = 0. A set of vectors
18 said to be orthonormal if every vector of the set is a unit vector and any
two different vectors of the set are orthogonal.

Proposition 1. Let ai, « + + , an be m linearly independent vectors.
Then there exists an orthonormal set {by, * - - , bn} such that, for each k
(1 £ k < m), the sets {ay, * * -, ar} and {by, - - - , bi} span the same
subspace of C™.

We proceed by induction on m. Proposition 4 holds for m = 1;
in fact, we have a, # 0, and we may define b; to be a,||a;||~%. Assume
that m > 1 and that Proposition 1 holds for systems of m — 1 vec-
tors. Then, we can find vectors by, + - * , bm_, such that, for every
k< m —1, the sets {ai, - - -, a:} and {by, - - -, bi} span the
same subspace of C». Now let us consider the vector ¢ = a, —
22 'bi(b; - am). Because a, is linearly independent of a;, - - -,
@m-1, ¢ does not lie in the space spanned by ai * * -, am. We
define b, to be c|c||~!. Obviously, ||ba|| = 1 and (using the orthogo-

whence
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nality of by, + * + , bm_1)y
bm bi = (8m - bi — an - b)llc||71 =0

which shows that b, is orthogonal to by, - -, bm—. Then {by,
-+ bn} is an orthonormal set which spans the same space as
{a;, - * * , an} 2 Proposition 1 is proved for systems of m vectors.

Corollary 1. Any vector subspace of C* has an orthonormal base.

Corollary 2. Any unit vector a of C* belongs to an orthonormal base
of C™.

In fact, a may be taken as the first element of a base of C. If we
apply to this base the construction of the proof of Proposition 1, we
obtain an orthonormal base of ' whose first element is a.

We shall now consider the matrices of degree n as endomorphisms
of C, in the way which was explained in §I.

Proposition 2. A necessary and sufficient condition that a mairiz o
be unitary is that ||oa|| = ||a|| for all acC". This condition tmplies
that oa - ¢b = a - b for any two vectors a and b in C™.

First, let @ = (a,) be any matrix. We have ae; = Z,e,a,, whence
d; = (ae,) - e, We have also tae, = Z.e,a,, whence a, = e (‘ae))
and (ae;) - €; = e; - (‘ae,). It follows easily that

(1) (aa) - b = a - (‘ab)

for any two vectors a = 2.e,a;and b = Zeb;.
If ¢ is a unitary matrix, we have sa-ob = a - (%acb) = a ‘b,
and, in particular, ||oa||? = ||a||2, whence ||oa|| = ||a
Conversely, assuming that this condition is satisfied for every a,
we have

(ca 4+ ob) - (sa + ob) = (a + b) - (a + b)
whence

ga-cb +ob-sa=a-b+b-a.

Replacing b by 4/ —1 b, we have also
dga'ob—ocb-ca=a-b—b-a

whence ca-ob = a*b = a - ‘ssb. We have therefore a - (b — ‘@sb)
= 0 for every a, whence b = ‘gob (we may for instance take a =
b — ‘@ob). The formula b = ‘gob being true for every b, ‘o is the unit
matrix, which proves that ¢ is unitary.

Because the set {e;, ' - -, e,} is orthonormal, it follows that
the set {oe;, - * - , ge,} is orthonormal for every unitary ¢. Con-
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versely, let {a;, - + - , a,} be any orthonormal set; then there exists
a matrix ¢ = (ai,) such that oce; = a;(1 £ 7 < n). Since

0€; o€ = E,dj;a,-k = a;" a = 5;%

we see that ¢ is unitary. In particular, we obtain

Proposition 3. If a vs a unat vector, there exists a unitary matriz o
such that e, = a.

We shall say that a vector a = Z;e.x; is real if its coordinates z;,
Xy, * * *, T, are real. If a and b are real vectors, the number a - b
is also real.

Proposition 4. A matriz o is orthogonal if and only if the two
following conditions are satisfied: 1) ca-ob = a-b for any two real
vectors a and b; 2) if a is any real vector, sa s also real.

These conditions are certainly satisfied if ¢ is orthogonal, since
in that case ¢ is unitary and real. Conversely, let us assume that
the conditions are satisfied. Let a = Z;e;x, and b = Z,e;y; be any
two complex vectors. Since e;, * - * , e, are real vectors, we have

¢a b = E.,:Z‘,-y,(ae.- . ae,) = Zi,i,yj(e.- . e,) =a-b

and hence ¢ is unitary. Since ¢ is also real, it is orthogonal.

The process of orthonormalisation which was used in proving
Proposition 1, if applied to a system of real vectors, leads to real
vectors. Hence:

Corollary 2a to Proposition 1. Any real unit vector belongs to an
orthonormal base of C™ composed of real vectors.

In the same way that we proved Propesition 3, we derive:

Proposition 3a. If a is a real unit vector, there exists an orthogonal
matrix o such that ce, = a.

§IV. HERMITIAN MATRICES

Definition 1. A matriz « is called hermitian if ‘a = a.

The reader will observe that the mapping a — ‘& is not an auto-
morphism of GL(n, C) and that the hermitian matrices do not form a
subgroup of GL(n, C).

Proposition 1. A matrix a 18 hermitian if and onlyif ca b = a - ab
Jor any two vectors a and b in C™.

In fact, if « is hermitian, the result follows immediately from
Formula (1), §I1I, p. 10. Conversely, if the condition is satisfied,
and if b is any vector in C*, we have a-ab = a -‘ab for all aeC»,
whence ab = ‘ab and a = ‘a. '
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Proposition 2. If « is a hermitian matriz and o is unitary, coo™’
is again hermitian. Moreover, there exists a unilary matriz oo such
that ooacy! is a diagonal matriz. If « is real, oo may be assumed to be
orthogonal.

The first part of the proposition follows at once from the fact that
Hoaoc) = {0~ ")talc = o*ale = 3&0~ = gao L

We shall prove the second part by induction on the degree n
of the matrix «. It is obvious for n = |. Assume that » > 1 and
that our assertion holds for matrices of degree n — 1.

Let )\, be a characteristic root of a. Then there exists a vector
a; % 0 in C» such that eca; = \a;; multiplying a; by a number 0,
we may assume that ||a,|| = 1. Hence, there exists a unitary matrix s,
such that ¢.a, = e; (Proposition 3, §III, p. 11). Set a; = o1a07’;
then e, is hermitian and moreover we have a;e; = \e;.  Suppose that
ae; = Zeas (1 <1< n). We have aiy = Ay, a1 =0 (2 < j < n);
since a; is hermitian, we have a;, = a,;. It follows that X, is real and
that a;; = 0 (2 £ j £ n). Knowing that A, is real, we see that, if
« is real, we may assume a, to be real (the coordinates of a, have to
satisfy a system of linear equations with real coefficients); we may
therefore assume in this case that o, is orthogonal (Proposition 3a,

§III, p. 11).
The matrix «; has the form
M O..... 0
0
oy = a;
0

where &; is a hermitian matrix of degree n — 1 and is real if « is real.
By our induction assumption, there exists a unitary matrix &2 of
degree n — 1 such that §:@6.! is a diagonal matrix; if « is real, &,
may be assumed to be orthogonal. We denote by o2 the matrix

g2 =1 . 02
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which is obviously unitary. If oo = 0401, 0o is also a unitary matrix
and is orthogonal if « is real. Since ogaoo~! is a diagonal matrix, we
see that Proposition 2 holds for matrices of degree n. Moreover, our
proof contains the following result:

Proposition 3. The characteristic roots of a hermitian matrixz are
real numbers.

We shall say that a vector a is an eigenvector of a matrix a if a is a
unit vector and if aa = \a, where X is a number; \ is necessarily a
characteristic root of @. We shall say that a belongs to-the root \.
If « is a diagonal matrix, the vectors e;, - - * , e, are eigenvectors
of &, and conversely. If ais an eigenvector of a, and if ¢ is any regular
matrix, oa is an eigenvector of cas~'. Hence, an equivalent formula-
tion of Proposition 2 is the following:

Proposition 4. If « is a hermitian malriz, the space C* has an
orthonormal base composed of eigenvectors of a.

Definition 2. A hermitian matriz « is called positive (semi-definite)
if tls characteristic roots are all 2 0; tf none of these roots is equal to 0,
a 18 called positive definite.

If @ is a hermitian matrix, exp « is also hermitian, because we have
t(exp @) = exp ta = exp & = (m). Moreover, each characteristic
root of exp a is of the form exp A\, where \ is a characteristic root of a,
and hence real (Proposition 2, §1I, p. 5). It follows that exp a is a
positive definite hermitian matrix.

Conversely, let 8 be any positive definite hermitian matrix. We
know that there exists a unitary matrix o such that, if we set a; = oe;
(1 £ ¢ £ n), we'have Ba; = wa; with y;real >0 (1 £ 7 < n). Weset
A = log ui (1 € ¢ € n) and define a matrix a by aa; = \a; (1 £ ¢ < n).
We have o~ 'ase; = \e, which shows that ¢ 'ac is a real diagonal
matrix, hence hermitian; then a« = o(¢—'ac)s~! is hermitian. More-
over, we have (exp a)a; = (exp \)a; = pa,(l <7 < n), whence
exp a = .

We assert furthermore that the representation of 8 as the exponen-
tial of a hermitian matrix is unique. In fact, let &’ be any hermitian
matrix such that exp o’ = 8. Let a’ = Za, be any eigenvector of
o', belonging to a characteristic root \’ of «’. Then we have pga’
= (exp a’)a’ = (exp \')a’ = Zai(uir;), which proves that z; = 0 if
wi # exp M. Let 4o be an index such that x;, » 0; then we have
ui, = exp N = exp A\, whence \' = ), since A’ and \,, are both real.
On the other hand, we have «a’ = Zai(z:log ) = N'a’' = oa’.
Since o' produces the same effect as o on each of its eigenvectors, it
follows from Proposition 4 that « = o’ We have proved:
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Proposition 6. The mapping o — exp a maps in a unwalent way
the set of all hermitian matrices onto the set of all positive definite hermitian
matrices. .

This mapping is clearly continuous. We shall prove that it is
topological. Infact,let (By, -+ ,Bp * * * ) beasequenceof positive
definite hermitian matrices which converges to a positive definite
hermitian matrix 8. The characteristic polynomial of 8, converges
to the characteristic polynomial of 8; it follows that the characteristic
roots pip * ° * , Mnp Of B, (arranged in a suitable order) converge to
the characteristic roots 1, * * * , ua of 8. Since u; > 0 (1 £ ¢ £ n),
the numbers log u:, remain bounded when p increases indefinitely.
It follows that, if a, is the hermitian matrix such that exp a, = 8,
the characteristic roots of «, remain bounded. For each p, there
exists a unitary matrix ¢, such that o,e,6;' = 8, is a diagonal
matrix, whose diagonal coefficients are the characteristic roots of a,;
hence the coefficients of §, remain bounded as p increases indefinitely.
Since ¢, is unitary, any coefficient of o, is <1 in absolute value.
Therefore the coefficients of «, remain bounded and the sequence

(ay, * * *, ap, * * + ) belongs to a bounded i.e. compact, subset of
M.(C). It follows that we can extract from the sequence (a;, * + *
ap, * * + ) a subsequence which converges to a matrix «. Since

ta, = @&, We have also ‘a = & and « is hermitian. The exponential
mapping being continuous, exp a is the limit of a subsequence extracted
from (81, - - -, Bp, * * * ), whence exp a = 8. But we know that
the representation of 8 as the exponential of a hermitian matrix is
unique; therefore all convergent subsequences of the sequence (a,

-, ap * * ) have the same limit . It follows immediately that
lim,_, » @, = @. 'This proves that the mapping a — exp a is topological.

A hermitian matrix « = (a;;) is obviously determined by the
knowledge of the coefficients a;; (which must be real) and a;; for
i < j (which may be arbitrary complex numbers). Hence the set
of all hermitian matrices is homeomorphic to B* X C*»~D/2 j.e. also
to R~. We have proved

Proposition 6. The set of all hermitian matrices of degree n and the
set of all positive definite hermitian matrices of degree n are both homeo-
morphic to R*. The mapping a — exp a 18 a homeomorphism of the
first of these sets onto the second.

§V. REPRESENTATION OF GL(n,C) AS A PRODUCT SPACE

Proposition 1. Any regular matriz r may be written in one and only
one way as the product v = oca of a unitary malriz ¢ and a positive
definite hermitian matriz o.
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We consider = as a linear endomorphism of the vector space C".
If a is any vector in C*, we have (Cf. Formula (1), §III, p. 10) .

a-(r)a=ra-ra = (ir)a-a 2 0

By Proposition 1, §IV, p. 11, it follows that the matrix a; = %ris
hermitian. Moreover, if a is an eigenvector of a;, corresponding to a
characteristic root u, we have p(a-a) = ra-ra, whence p 2 0.
Since ‘77 is regular, it is a positive definite hermitian matrix.

By Proposition 2, §IV, p. 12, there exists a unitary matrix » such
that vay»~! is a diagonal matrix §,. Since the coefficients of the
diagonal of 8§, are real positive numbers, there exists a real diagonal
matrix 8 such that 82 = §;; moreover, the diagonal coefficients of &
may be taken to be positive. It follows that a = »~'é» is a positive
definite hermitian matrix and that o? = a;.

We set ¢ = ra~!, whenceo* = 7*(a~)* = 7~ "%a = 7—'a. We have
a? = & = 7, whence ‘r—'a = fa~! = &; o is unitary, and we have
T = 0O«

Suppose now that o101 = 020, With ¢; and o unitary, a; and a;
positive definite hermitian. We set o3 = o5'0y; then o3 is unitary
and we have oza; = as. It follows that as = ta = ta'ss = ooy’
and o) = a07'0sa; = al. By Proposition 5, §IV, p. 14, we have
a; = exp Bi1, @z = exp Bz, where 8, and B; are hermitian matrices, and
consequently exp 28, = a} = aj = exp 28;. By Proposition 5, §IV,
p. 14, it follows that 28, = 28, 81 = B: and a; = as. Hence o3
is the unit matrix and o1 = o2, which completes the proof of Proposition
1.

Remark. It follows easily from Proposition 1 that a regular matrix =
can also be written in one and only one way in the form r = ao, where
o is unitary and o positive definite hermitian.

Proposition 2. Any complex orthogonal matrix p may be written in
one and only one way in the form o (exp \/—1 B) where o 18 a real
orthogonal matrixz and where 8 is a real skew symmetric matriz.

By Proposition 1, we have p = ¢, where ¢ is unitary and « her-
mitian positive definite. The orthogonality condition ‘pp = e gives
tatec = a~l. We know that a can be represented in the form exp B,
with a hermitian B8,; hence a—! = exp (—p.) is again hermitian. The
matrix ‘e, and therefore also ‘oo, is unitary. Since ‘o = exp (‘8) is
hermitian, the uniqueness assertion in the remark which follows Pro-
position 1 gives ‘oo = ¢, ‘a = a~!. Since ‘s = ¢, ¢7'd = ¢ we have

= &, which proves that ¢ is real orthogonal.

The equality ‘a = a~! gives exp (*81) = exp (—pB1). Making use
of Proposition 5, §IV, p. 14, we see that {8, = —@,, i.e., B is skew



16 THE CLASSICAL LINEAR GROUPS [CHAP. 1

symmetric. Since also ‘8, = B;, we have B,'= —8,.. If we set
= 4/ —1 B, B is real skew symmetric.

Conversely, any real orthogonal matrix is also unitary, and, if 8
is real skew symmetric, 4/ —1 8 is hermitian and exp v/ —1 8 is positive
hermitian. Hence the umqueness assertion of Proposition 2 follows
from Proposition 1.

The factors o, a of the decomposition of T given in Propositz'on 1 are
continuous functions of r. In fact, let (ry, - -+, 7p, - - ) be a
sequence of regular matrices which converges to a regular matrix 7,
and suppose that 7, = o,a,, 0,¢U(n), a, positive hermitian. Because
U(n) is compact, the sequence (o1, * * + , g, * - *) has a subsequence
which converges to a limit oel/(n). The corresponding matrices
a, = o,'1, clearly converge to the limit & = ¢~'7. Since the sct of
positive hermitian matrices is obviously closed, a is positive hermitian.
Since ¢ and 7 are regular, a is positive definite. But there exists only
one decomposition of 7 in the product of a unitary matrix and a
positive definite hermitian matrix. It follows that all convergent
subsequences of the sequence (o1, - - - , 65, * - *) have the same limit
o, which proves that lim,_, , 0, = ¢ and lim,_, ., @, = a. Qur assertion
is thereby proved. It follows easily that the matrices ¢ and 8 of
Proposition 2 are continuous functions of the complex orthogonal
matrix p.

The set of all positive definitc hermitian matrices of degree n is
homeomorphic to R (Proposition 5, §IV, p. 14). The set of all
skew symmetric real matrices of degree n is obviously homeomorphic to
Rr»=0/2 Hence we obtain the following results:

Proposition3. The space GL(n, C) is homeomorphic to the topological
product of the spaces U(n) and R*. The space O(n, C) is homeomorphic
to the product of the spaces O(n) and Rr»—1/2,

§VI. QUATERNIONS

The algebra Q of quaternions is an algebra of dimension 4 over
the field R of real numbers, with a base composed of 4 elements
eq, €1, 2, e whose multiplication table is given by the following formulas:
2

(1) eo; = eieo = ¢€;; e; = —ep; ee; = —eje; = e

(1 £14,4,k < 3; the mapping 1 — ¢, 2 — j, 3 — k is assumed to be an
even permutation of the set {1, 2, 3}). Therefore, a quaternion q
may be expressed in the form 22_,a:e,, with real coefficients ao, a1, a., as.
Addition and multiplication are defined by the usual distributivity
laws and the formulas (1).
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From these formulas we see at once that e, is the unit element of Q.
Moreover, it is easy to check that (ewe,)er = eejer) (0 € %, 4, k < 3);
hence Q is an associative but not commutative algebra.

If ¢ = aseo + Zi.,a:e:is a quaternion, we denoté by ¢* the quaternion

q* = aceo — =L aie;

and call ¢* the conjugate of q.

We have q¢* = ¢'¢ = (Zia})eo. The number Za? is a non negative
real number which can be equal to 0 only if ¢ = 0. This number is
called the norm of ¢; it is denoted by N(q).

If ¢’ is another quaternion, it is easy to see that

(ag + bg)* = ag* + b(¢);  (g2¢)' = (¢)'¢
(¢ =4q
We express these facts by saying that the conjugation ¢ — ¢* is an
involutory anti-automorphism of the algebra . We have

N(gq')eo = 99'(qq")* = q(N(q")eo)q* = N(q")eoN(q)eo

N(gq") = N(@N(¢)
From the existence of the norm, we deduce that Q is a division algebra,
i.e. that every quaternion ¢ ¢ 0 has an inverse ¢~! such that gg™!
= ¢7'q = eq, namely ¢! = (N(g))™"¢".

Let C; be the set of quaternions of the form aceo + a.e1 (with a,,
a:1€R). The sums and products of elements of C; are in C,; if geC,
and a€R, then ageC,. Hence C, is a subalgebra of Q. If we assign
to every element aoeo + @,6,6C; the complex number ao + a; v/—1,
we clearly obtain an isomorphism of C; with the field C' of complex
numbers.

Since @ contains a field isomorphic with C, it can be considered
as a vector space over €. To be more specific, we shall make the
following definition: if geQ and x = ao + a1 v/ —1 €C, gz will represent
the quaternion g(aeo + aie;). We have
(@+d)x=qz+qz; qxz+2)=qz+ ¢

q(zz') = (gz)z’ = (gz)x
and these formulas show that Q may be considered as a vector space

over C (we write the multiplier £ to the right of ¢ for convenience).
Any quaternion ¢ = Zjase; may be written in the form

g = eo(ao + ar v/ —1) + ex(as — as v/ —1)

It follows immediately that @ is of dimension 2 over C.

whence
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To every quaternion q there is associated a mapping T, of @ into
itself, defined by the formula T,(¢") = gq¢. We have T'4(q1 + ¢3) =
T«(q)) + T.(gs); furthermore, we have clearly (¢¢")z = q(¢'z) (where
z€C); it follows that T.(¢’z) = T,.(¢')x, which shows that T, is an
endomorphism of @, considered as a vector space over C. Assuch T,
can be represented by a matrix of degree 2, whose coefficients are defined
by the formulas

T y(e0) = eoxn1 + €3z
Ti(e2) = eox1z + €3Tas
In particular, we have

Lo = ((1’ (1)) To = (3/ - 0_ \/_—1_)_
=) Gy oY)

v r -y
7"ot+“w = (y g)

On the other hand, we have T4, = T, 0 T,. It follows that the
mapping ¢ — T, is a representation of the algebra @ by matrices of
degree 2 with coefficient in C.

Finally, we observe that

whence

(2) (6o + e2y)* = e — ey
whence T, = 'T,.

§VII. SYMPLECTIC GEOMETRY

Let Q be the algebra of quaternions; n being some integer > 0,
we denote by @" the product of »n sets identical with Q. An element
(ay, - * -, a.)EQ" (a.6Q, 1 £ 7 < n) will be called a (quaternionic)
vector; a;, * * * , a, will be called the coordinates of this vector. The
addition of vectors is defined by the addition of the corresponding
coordinates; if a = (a1, * * * , a.) is a vector and ¢e@, we denote by
ag the vector (aig, * * -, a.g). The vectors obviously form an addi-
tive group with respect to addition. Moreover, we have

(a1 + as)g = aig + axq;  alg:1 + ¢2) = aq1 + age
a(qig2) = (ag1)g:

where &, a;, a; are vectors and ¢, qi, ¢z are quaternions. (We coulc
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also define the left multiplication (¢, a) — ga; however, we shall not
use this type of multiplication.)

Ifa=(a, - -,a,)andb = (by, -+ - -, b,) are vectors; we shall
define their symplectic product a - b to be the quaternion

a- b = 2:‘_1a:b.

This product has properties which are similar to those of the hermitian
product introduced in §I1I. We have -

(a1+a2)-b=a1~b+a2‘b,
a'(by+b;) =a-bi+a-b;; a-(bg) = (a*b)g
(ag) b = ¢'(a* b)

We have a-a = 2! ,a,a; = ||a]les, where ||a|| is a real number 20
which is called the length of a. This length is always 0 if a £ 0.

A vector subspace of @" is a subset MM such that the conditions
acIR, beIN and ¢e@ imply a + beIN and ageM. Ifa, - - - ,asarea
finite number of vectors, the set of all vectors of the form a,g, + - - -
+ anqn(qa, * * * , @x€ Q) is a vector subspace of Q* which is said to be
spanned by a5, - - - , a, If moreover the condition Z}a;q; = 0 implies
1= - =q,=0,wesay thata,, - - - , asarelinearly independent.

In particular, the space Q" itself is spanned by the n linearly
independent vectors e;, * - - , e, where e;is the vector whose j-coordi-
nate is 5.‘,60.

Exactly as in the usual case, it can be proved that:

1) every vector subspace I of @* can be spanned by a finite
set of linearly independent vectors; such a set is called a base of the
space IN; -

2) all bases of MM have the same number of clements, called the
dimension of IN;

3) if M’ is a vector subspace of M, the equality dim M’ = dim M
implies M’ = M.

An endomorphism of Q" is a mapping ¢ of Q" into itself such that

o(a + b) = sa + ob; o(aq) = (ca)q
for any a, beQ" and ¢eQ. Such a mapping is obviously entirely
determined when the vectors
oe; = Zi_18j

are given. Hence, the linear endomorphisms of Q" are in a one-to-one
correspondence with the matrices (¢;;) with coefficients in Q. We
shall denote by the same letter ¢ the endomorphism itself and the
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corresponding matrix. If ¢ = (¢g;) and = = (r;) are two of these
matrices, we denote (as usual) by o7 the matrix (s;) with

8ij = ZRm1QikTki

and then we have o7 = ¢ O 7, i.e. (o7)a = o(ra) for every vector a.

If ¢ is any matrix, either there exists a vector a ¢ 0 such that
oa = 0, or ¢ has an inverse matrix ¢~! (i.e. o™! = ¢~ 'c = ¢, where ¢
is the diagonal matrix of degree n whose diagonal coefficients are all
equal to ep). In fact, if the condition a 5 0 implies ¢a # 0, ¢ is an
isomorphism of Q" with a subspace I of @"; hence dim M = dim Q*,
whence M = Q». It follows that o has a reciprocal mapping, which is
obviously also an endomorphism ¢~

The set of all matrices of degree n with coefficients in @ will be
denoted by 9.(Q).

- A matrix ¢eM,(Q) is said to be symplectic if ||oa|| = ||a|| for every
acQ". Exactly asin §III, p. 9, we can prove the following facts:

1) if ¢ is symplectic, then oa - b = a - b for any two vectors a, b
in Q~;

2) a necessary and sufficient condition for ¢ to be symplectic is
that to* - ¢ = ¢, where ¢ is the unit matrix defined above. .

Therefore, if ¢ is symplectic, the condition ca = 0 implies a = 0;
o has an inverse, which is obviously ‘et. We have also o - ‘ot = ¢,
which shows that ¢! is also symplectic.

It follows easily that the symplectic matrices form a group.

Definition 1. We define the symplectic group for the dimension n
(denoted by Sp(n)) as the group of all matrices oM, (Q) such that

sga‘ocb=a-b

holds for any two vectors a and b in Q.

Definition 2. A vector a is called a unit vector if the length of a is 1.
The vectors a and b are said to be orthogonal if a-b = 0. The set of
vectors {ay, * * * , &} is said to be orthonormal if we have a; - &, = d;;eo.

For instance, the n basic vectors ey, - - * , e, form an orthonormal
set.

Proposition 1. Let a1, - - - , an be m linearly independent vectors
in Q». There exists an orthonormal set {by, - - - , bm} such that, for
each k (1 £ k < m), the set of vectors {by, * + -, by} spans the same
subspace as {a;, * - * , ai}.

The proof is entirely similar to the proof of Proposition 1, §III,
p- 9.
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On the basis of Proposition 1, we can obtain the following result
by an argument similar to one used in §III:

Proposition 2. If a is any unit vector in Q", there exisis a sym-
plectic matrix o such that ce, = a.

§VIII. THE I;INEAR SYMPLECTIC GROUPS

Let us again consider the vector space @ which was introduced in
the previous section. If a = (a1, - * -, @.)€Q", we may represent
a;in the form a; = eor; + €sTny., where z; and z,; are complex numbers
(1 €7 < n; Cf. §VI, p. 16). We assign to a the vector a’ of C*
whose coordinates are 3, + * * , Tn, * * * , Z2a. This correspondence
preserves addition. Moreover, if a corresponds to the vector a’eC?",
then a(ue, + ve;) corresponds to the vector a’(u + v v/ —1) (where
u and v are real numbers), because we have

ai(ueo + ver) = a(u + v/ —=1) = ewxi(u + v/ —1) L
+ estari(u + v 4/ =1)

It follows immediately that there corresponds to every endomorphism
o of Q* an endomorphism ¢’ of C?* such that

sga —d'a if a—a

Moreover, to the product or of two endomorphisms ¢ and r of @"
there corresponds the product ¢/’ of the corresponding endomorphisms
of C?n,

The correspondence ¢ — ¢’ gives an isomorphism of Sp(n) with a
subgroup of GL(2n, C). The latter group will be called the linear
symplectic group. The set of elements of the linear symplectic group,
being a subset of GL(2n, C), may be considered as the set of points
of a subspace of GL(2n, C). Hence, we may introduce in Sp(n) a
topology such that the mapping ¢ — ¢’ is & homeomorphism. When
we speak of Sp(n) as a topological space, we shall always have this
topology in mind.

We shall now determine algebraically the linear symplectic group.
Let ¢ = (gi;) be any matrix in Sp(n), and let o’ = (rw) (1 < k, 1 S 2n)

be the corresponding matrix in GL(2n, C). If a' = (z1, * * * , Z2m)
is any vector in C?", o’a’ is the vector (£;, - * * , Z2a) With
(1) T = Zrun

Suppose that a’ is the vector which corresponds to a vector aeQ™.
Let b be another vector in Q" and let b’ = (y1, * - * , ¥1) be the
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corresponding vector in C?*. Then, we have, by an easy computation,

a-b = coZi"Ly; + €220 1(TYirn — TitnYsi)
= eo(a’ * b’) + 221, (2Yitn — Topnli)

Moreover, we have a’b’ = (§, * * * , §24), With
(2 T = ZPman

Since oa - ob = a - b, we see that the linear substitutions (1) and (2),
performed on the variables x and y, leave unchanged the quantities
2%y and ZP(TYien — Tirnys). The first property shows that o’
belongs to U(2n); we shall express the second by saying that ¢’ leaves
invariant the bilinear form Z}(Z¥fitn — Tisns)-

Conversely, let ¢’ be a unitary matrix which leaves invariant the
expression Z?(TiYiqn — TixnYs). We may assign to ¢’ a mapping ¢ of
Q" into itself such that ¢'a’ corresponds to sa if a’ corresponds to a
(under the correspondence which was established above between
vectors of Q* and of C**). We have s(a + b) = sa + ob and oa - gb
= a-b (where a and b are arbitrary vectors in @*). This does not
yet prove that ¢ is an endomorphism of @"; we still have to show that
(ca)q = o(ag), where g isany quaternion. It will be sufficient to prove
that b - ((sa)g — o(ag)) = O for any beQ". We have
(o¢) - ((ca)g — o(ag)) = ((o€) - (sa))g — (o¢) - o(ag) = (c- a)g

—(c-ag) =0
which proves our assertion. We have proved

Proposition 1. The linear symplectic group is the group of all
unitary matrices in GL(2n, C) which leave invariant the bilinear form

SHUTYirn — Tipnls)-

This group is obviously a closed subset of GL(2n, C). Hence:

Theorem la. The space Sp(n) ts compact.

Let us now consider the set Sp(n, C) of matrices ¢’€Mz,(C) which

are not necessarily unitary, but which leave invariant the bilinear form
S™Zdizn — Tirnys). Now, the matrix J of the coefficients of this

bilinear form is
0 €n
7=, §)

where e, is the unit matrix of degree n. Thus our condition may be
expressed by the equality

3 to'Jo' = J
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Since the determinant of J is = 0, it follows immediately that any
matrix o’eSp(n, C) is regular. Moreover, the product of two matrices
of Sp(n, €) and the inverse of a matrix of Sp(n, C) again belong to
Sp(n, C). Hence Sp(n, C) is a subgroup of GL(2n, C).

Definition 1. The subgroup of GL(2n, C) composed of the matrices
o’ which satisfy condition (3) is called the complex symplectic group and
is denoted by Sp(n, C).

We have seen in §II that the matrices of a suitable neighbour-
hood of € in GL(2n, C) can be represented in the form exp X, with
XeM,,(C). We shall now investigate under which condition we have
exp XeSp(n, C).

The condition f¢’Je¢’ = J may be written in the form %’ = Jo'~1J1,
Since J(exp X)~WJ~! = exp (—JXJ~!) and exp ‘X = ‘(exp X), we
see that we shall certainly have exp XeSp(n, C) if X = —JXJ!, or
JX 4+ tXJ = 0. Conversely, let U be a neighbourhood of 0 in 91,,(C)
which satisfies the conditions of Lemma 1, §II, p. 8, and let U, be
the ncighbourhood U ™ JUJ™L. If we observe that J2 = —e and
that tJ = —J, we sce that U, also satisfies the conditions of the lemma,
and that furthermore JU;J~! = U,. It is clear that the conditions
XeU,, exp XeSp(n, C) imply JX + ¢XJ = 0.

The matrices X for which JX + tXJ = 0 form a vector subspace
& of M,,(C). If we write X in the form

_ (X1 X2
= (5 %)

where X, X,, X3, X4 are matrices of degree n, the condition JX + ¢XJ
= ( gives

X4 = '—"‘X], Xa = 'Xa X2 = ‘XZ

It follows that & is of dimension n? 4+ 2n(n + 1)/2 = 2n? 4+ n over
C'; © may also be considered as a vector space of dimension 2(2n2 + n)
over R.

The matrices XeU, for which exp XeSp(n) are the matrices of &
which satisfy the supplementary condition ¢X + X = 0. They form
a vector space of dimension 2rn? 4 n over the field of real numbers.
Therefore we have proved

Proposition 2. In each of the groups Sp(n), Sp(n, C) there erists a
netghbourhood of the meutral element which is homeomorphic with an
open subset of a cartesian space of suitable dimension. These dimen-
stons are 2n? + n for Sp(n) and 2(2n® + n) for Sp(n, C).
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Now, let Y = {y;;) be any matrix in 9.(Q); set

(0) [¢)] (2)

yi = yPeo + yPer + yPes + yVesw, v, ¥, Y ER)

= e + ¥ V=1) + es(¥ — yP V=D (1<4,j<n)
Let X = (zi;) (1 € 4,j < 2n) be the corresponding matrix in 9Mz4(C).
Ifa’ = (z1, * - -, Z2a) is the vector in C** which corresponds to the
vector a = (ay, * * * , @,) in @, then Xa’ is the vector which cor-

responds to Ya. Set Ya = (4, - - -, @n), X&' = (&, * -+, Fon);
we have

a; = eox; + e2Tnyi a; = eoT; + exknyi

T = 2?,:11'.,13,‘ a; = Ef_ly.,a,-

It follows by an easy computation that

T =¥ + ¥ VT e =~y — v V-1
Tarii = Y@ = UP V=i Tarimi = 45 — 95’ V=1 (1S 4,j<n)
It follows immediately from these formulas that, if a matrix Xe,.(C)
satisfies the conditions !XJ + JX =0, X + X = 0, it is the cor-
responding matrix of a matrix Yed,(Q) which satisfies the condition
tYy + Y =0.

The mapping which assigns to every matrix in 9.(Q) the cor-
responding matrix in 9M:,(C) is an isomorphism of the ring M.(Q)
with a subring of 91,,(C). On the other hand, this mapping may be
used to define a topology in 9,(Q) (we require our mapping to be a
homeomorphism). If Ye,(Q) and if X is the corresponding matrix

. w 1 T
in Ms.(C), the convergence of the series 2, Pl X7 implies the con-

. o 1 o 1
vergence of the series 2, ! Yr. Wesetexp Y = Z, 2 Yr. Let9

be the set of matrices Ye,(Q) such that ¢Y 4 Y* = 0; it follows
from what we have said that the mapping Y — exp Y maps some
neighbourhood of 0 in 9) topologically onto a neighbourhood of the neutral
element in Sp(n).



CHAPTER II
Topological Groups

Summary. Chapter II is concerned with the properties of groups which
result from the existence in these groups of a topology. Section I contains
the definition of a topological group, of a topological subgroup and of products
of topological groups. It turns out that, in many cases, the study of a topo-
logical group in a neighbourhood of the neutral element will give valuable
information on the whole group (Cf. for instance Proposition 5, §III, p. 35;
Theorem.1, §1V, p. 35; Theorem 3, §VII, p. 49 and Proposition 2, Chapter
IV, §XIV, p. 134). In view of this, it is important to characterize locally
the topological structure of a topological group: this is accomplished in §II.

If O is a closed subgroup of a topological group &, the cosets modulo
form a topological space (¥/9. The spaces which can be obtained in this
way are called homogeneous spaces. The definition of such spaces is the object
of §III. One of the reasons of the importance of homogeneous spaces is
that they provide the most general representations of groups as transitive
groups of transformations (satisfying certain topological conditions). In
particular, the spheres are homogeneous spaces relative to the linear groups
which were introduced in Chapter I. A good part of the knowledge we have
of the topology of these groups is derived from this fact (Cf. Proposition 3,
$IV, p. 33 and Proposition 5, §X, p. 59).

If O happens to be a distinguished subgroup of &, then /9 is not only
a space, but also a topological group. These factor groups are also considered
in Section III.

Section IV is concerned with the connectedness properties of topological
groups. The essential fact there is contained in the statement of Theorem 1,
p. 35 which allows us in many cases to pass from the local to the global in
the study of a topological group.

If & is a connected group, the elements of a neighbourhood V of the neutral
element form a set of generators of . Following the idea of studying a
group locally, it is natural to inquire whether it is possible to construct all
relations between these generators when the law of composition of the group
is known only in V. Section V introduces the study of this question and
correlates it with the notion of local isomorphism of topological groups.
Examples are given which show that, in general, the answer to our question
is negative. .

A more profound study of the problem requires the development of a num-
ber of purely topelogical considerations centering around the notion of cover-
ing space. Sections VI, VII, VIII and IX are concerned with the elaboration of
this notion and its applications to group theory. Following an idea of
H. Cartan, we have departed from the usual method of using closed curves
in order to define simple-connectedness. We feel that the notion of covering
space (as introduced in Definition 3, §VI, p. 40) is the essential notion;
roughly speaking, we define a simply connected space as a space which cannot
be covered any more (Definition 1, §VII, p. 44). It seems to us that the
main property of simply connected spaces is what we call the principle of

25
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monodromy (Theorem 2, §VII, p. 46). Theorem 3, §VII, p. 49 states
the main property of simply connected groups; it is again a principle of exten-
sion from the local to the global. It should be noted that the proof of Theorem
3 gives a typical example of the method of application of the principle of
monodromy.

In §VIII, we define the notion of Poincaré group for spaces which admit a
simply connected covering space. The Poincaré group is the group of auto-
morphisms of the simply connected covering space, playing therefore a role
similar to that played by the Galois group of an algebraic extension. It is
shown that the Poincaré group of a topological group is always abelian and may
be identified with a subgroup of the center of the simply connected covering
group. In section IX, we prove the existence of simply connected covering
spaces for a large class of spaces.

In section X, we determine the Poincaré gFoups of some of the classical
groups. The method consists in using the fact that the groups in question
operate on spheres. Proposition 5 then yiclds an algorithm which allows us to
proceed to an inductive determination of the Poincaré groups. However, the
-case of SO(n) cannot easily be completely settled by this method. Although
it is possible to prove by purely topological methods (making use of the notion
of the second homotopy group of Hurewicz) that the Poincaré group of SO(n)
is of order 2 for n 2 3, we have prefered to follow an algebraic approach by
actually constructing the simply connected covering group of SO(n). This is
accomplished in Section XI by making use of the algebra of Clifford numbers.

The algebraic properties (center and ideals) of Clifford numbers are
established by an elegant method which was communicated orally to me by V.
Bargmann. We then define the spinor group (Definition 1, p. 65) and we
prove that this group is the simply connected covering group of SO(n).

§I. DEFINITION OF A TOPOLOGICAL GROUP

A topological group ® s the composite object formed by a group G
and a topological space B which satisfy the following conditions: 1) the
set of points of B 1s the same as the set of elements of G; 2) the mapping
(0, 7) = ar~t of B X B into B is continuous. The group G is called
the underlying group of the topological group ®, and the space B is called
its underlying space.

Any notion which is either group-theoretical (such as being abelian,
for example), or topological (such as being connected, or compact, etc.)
has a meaning when applied to a topological group.

It is clear that the mapping 7 — 7! of a topological group @ onto
itself is a homeomorphism and that the mapping (¢, 7) o7 of @ X ©
onto & is continuous. Conversely, these two conditions together
imply condition 2) above.

Examples of topological groups

1) The additive group of real numbers is the underlying group of a
topological group, whose underlying space is the usual space of real
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numbers R; in fact, the difference x — ¥ is a continuous function of the
pair (z, y) of real numbers.

2) The group GL(n, C), with the topology which has been defined
on it in §I, Chapt. I, p. 2, gives a topological group, which we shall
denote also by GL(n, C).

3) Let G be any group, and let 8B be the discrete topological space
whose set of points is the set of elements of G. The group G and the
space B together make up a topological group. Such a group is called
discrete.

We shall now indicate how we can construct new topological
groups, starting with those which we have already defined.

Subgroups of a topological group

Let H be a subgroup of a topological group ®. The set of elements
of H is also the set of points of a subspace of @, and this subspace
forms with I a topological group 9, which will be called a topological
subgroup of ®.

For instance, the groups GL(n, R), O(n), O(n, C), U(n), SL(n, C),
SL(n, R), SO(n), SU(n) (which were defined in §I, Chapt. I) are the
underlying groups of topological subgroups of GL(n, C). The groups
Sp(n), Sp(n, C) (which were defined in §VII, Chapt. 1) are the under-
lying groups of topological subgroups of GL(2n, C).

Products of topological groups

Let (®,) be a family of topological groups, e running over some set
of indices. Let G, and B, be the underlying group and the underlying
space of ®,. The direct product G = II.G, is a group, and the product
B = I1,YB, is a space. The group G and the space L have the same
set of elements. The mapping (s, 7) @ o7 ! of B X B into B is
continuous. In fact, the a-coordinate of ar~! is g477", if 0o and 7, are
the a-coordinates of ¢ and 7; o.73" is a continuous function of the pair
(04, Ta), Which is itself a continuous function of the pair (s, 7). There-
fore, every coordinate of o7~ is a continuous function of the pair (o, 7),
which proves our assertion. ’

It follows that the group G and the space 8 give rise to a topological
group ®&, which is called the product of the groups ®,, and which is
denoted by I, ..

For instance, the additive group of elements of R" is the underlying
group of a topological group which is the product of n groups identical
with R and whose underlying space is the usual cartesian space R™.
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§II. LOCAL CHARACTERIZATION OF A TOPOLOGICAL GROUP

Let G be a group. To every element 7€G there are associated two
mappings of G onto itself, namely the left translatzon T,, defined by
T.e = 10 for every ¢€@, and the right translation T,, defined byT g
= gr. We have

ang = Tn o Tf:; anz = Tn o Tfl

Moreover, T,-: is the reciprocal mapping of 7T,, and TX, is the recip-
rocal mapping of T,

If G is the underlying group of a topological group &, the mappings
T., T* are continuous mappings of @ onto itself and so are their
reciprocal mappings. Hence T, and T¥ are homeomorphisms of ®
with itself.

‘ It follows that, if we know the complete family U of neighbour-
hoods of the neutral element ¢, we can obtain the complete family of
neighbourhoods of any point ¢ by applying either of the operations
T,, or TF to the sets of V. This means that the topology of @ is
entirely determined when the family U is given.

But, of course, this family U cannot be given arbitrarily; it has to
satisfy certain conditions:

1. The intersection of any two sets of U lies in V.

I1. The intersection of all sets of U is the set {e}.

III. Any set containing a set of U lies in .

IV. If Ve, there exists a set V.V such that ViV, C V. This
follows at once from the continuity of the function or at (e, €).

V. The family of sets V such that V€U coincides with V. This
follows at once from the continuity of the function ¢! at e.

VI. If 060G, the family of sets ooVoy', with VeV, cotncides with V.

This last property can be proved in the following way : the set of all
neighbourhoods of oo coincides with the family of sets of the form ooV
(Ve); therefore, every set of the form Vao(VeD) can also be written
in the form ¢oV’, V'€, and conversely.

We shall now prove that, if we have in a group G a family U of
subsets which satisfies conditions I, II, III, IV, V, VI, we can introduce
in @ a topology which makes G a topological group and for which ©
is the family of neighbourhoods of e.

Let U be the family of subsets U of G which satisfy the following
condition: if U, then U contains some set of the form oV (¥eV). It
is clear that any union of sets of U belongs to U and that Geu, ¢eu.
It follows immediately from I that the intersection of two sets of U



§$111] HOMOGENOUS SPACES. FACTOR GROUPS 29

belongs to A. Let V be any set in U, and let U be the set of elements
o€G which have the following property: there exists a set V,€U such
that ¢V, ( V. We shall prove that Uel. In fact, assume that
oelU, oV, ( V, V1e0. Let V3 be a set of U such that V.V, C V,;if
7€V, we have 7V, ( V, whence 7eU, oV, ( U, which proves our
assertion. If we observe that the sets of U are permuted among
themselves by any left translation T, we see that any set of the form
oV, Ve, contains a set Uel such that seU. Let a9, o1 be two distinct
elements of G; we can find a set V,€0 such that o5's1 does not belong
to V1. By IV and V, there exists a set V such that VV—1 ( V; it
follows easily that V N o7'e1V = ¢, whenceaoV N a1V = ¢. Wecan
find sets Uy, U, in AU such that oo€U,, 0.6U,, Uo C 0oV, U ( a.V,
whence Uy U, = ¢. It follows that we can define a topology in G
in which U is the family of open sets. It is clear that the family of
neighbourhoods c¢f a point ¢€G in this topology is the family of sets
oV, Veu.

It remains to prove that the mapping (s, ) — ¢! is continuous.
Let (o0, 70) be a point of G X G, and let oor5'V be a neighbourhood of
ooty (i.e. VeV). Let V, be a set in U such that V,V, ( V; by VI,
the set 73'V, may be written in the form V,r5'(V,€0). We have
(0’0V2)(Vr‘1'0)_1 = O'OVQT.(;JV[ C 60T51V1V1 C 0'0T6_1V, which proves our
assertion.

A subset U’ of the complete set of neighbourhoods U of a point p
in a topological space is said to be a fundamental system of neighbour-
hoods of p if every sct of U contains some set of U’. To the conditions
I, IT, I11, IV, V, VI for the set of neighbourhoods of € in a topological
group, there correspond the following conditions for a fundamental
system of neighbourhoods of e:

I'. If V.eV’, V1€V, there exists a set V€V’ such that Vs ( Vi Vo

II'. The intersection of all sets of V' is the set {e}.

IV'. If VeV, there exists a set V1€V’ such that V.V C V.

V'. If VeU', there exists a set V1€V’ such that VT (C V.

VI'. If Ve, 04€G, there exists a set V1€V’ such that ooVies* C V.

§III. HOMOGENEOUS SPACES. FACTOR GROUPS

Let ® be a topological group, and let § be a closed subgroup of ®.
We say that two elements o, 7 are congruent modulo $ if the left
cosets ¢, 79 coincide. This is obviously an equivalence relation
among elements of @, and the corresponding equivalence classes are
the left cosets modulo .



30 TOPOLOGICAL GROUPS [CaaPp. 11

To every pe$ we associate the corresponding right translation T,
of ®. A necessary and sufficient condition for o and r to belong to the
same coset modulo 9 is that there should exist a pe$ such that T T =T
The operations Tp form a group of homeomorphisms of & onto itself.
Moreover we observe that the set of all pairs (¢, r) for which
there exists a pe® such that Tho = 7 is a closed subset of @ X ©,
since it is the reciprocal image of § under the continuous mapping
(0, 7) = o7 'r.

More generally, let 2 be a topological space, and let H be a group
of homeomorphisms of 8 onto itself. The group H defines an cquiv-
alence relation in B, two points p and ¢ being considered as equivalent
if there exists an element neH such that np = ¢. Assume that the
subset v of B X B which is composed of the pairs (p, ¢) such that p
is equivalent with ¢ is closed in B X B. Then, we shall define a
topology in the set K of equivalence classes. Tet U be the family of
those subsets O of K for which the set Uxeo X is open in 8. It is
clear that any union or finite intersection of sets in U belongs to U, and
that KeV, ¢eV. Let U be any open subset of B; then the set of classes
X which have an element in common with U belongs to 0. In fact, let
O be this set, and let p be a point of Uxeo X. The point p belongs
to a class X which has a point ¢ in common with U; there exists an
element neH such that p = nq. The set 7(U) is open, contains p and
is contained in Uxer X, which proves that the latter set is open. Let
X1, X be two distinct cquivalence classes, and let a, be a point of X;
(¢ =1,2), Then (a, a;) does not belong to v; since v is closed, there
exists open sets Uy, Uz in B such that (ay, az)el’y X Us, v 7 (Uy X Uy)
= ¢. Let O; be the set of equivalence classes which have at least
one point in common with U; (i = 1,2); we have 0,60, X,e0, (¢ = 1,2)
and 0, N0, = ¢. It follows that we can define a topology in K
in which €U is the family of open sets. Let @ be the mapping which
assigns to every pe® its equivalence class; it is clear that @ is a con-
tinuous and interior mapping of L onto K.

Returning to the consideration of the group ® and of its closed
subgroup §, we see that we can define a topology in the set of all
cosets modulo $. Let ®/9 be the topological space obtained in this
way. The space ®/9 is called the factor space of & by . Any space
which may be obtained in this way by means of a topological group ®
and a closed subgroup of ® is called a homogeneous space.

The mapping which assigns to every ¢€® its coset modulo 9 is
called the natural mapping of & onto /9. We shall denote this
mapping by «. ’
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If z = 0e®/D and 6@, 709 is a coset modulo $ which we denote
by rz. This shows that any element 7¢® defines a mapping of /9
onto itself; in other words, the group ® operates on /9.

If ye®/9, there always exists a 76® such that 7z = y; therefore,
® operates transitively on /9. A necessary and sufficient condition
for the equality 7z = x to hold is that 70€0 9, whence r€e$o~!. There-
fore, if x = @(s), the group of elements + which leave z invariant is
aDo L

Now, we prove that the mapping (o, ) — oz of @ X (&/9) onto
®/9 is continuous. Let U be an open subset of /9, and let U,
be the set of pairs (o, ) such that czeU. We have to prove that U, is

-1

open; let (oo, o) be a point of Uy, and let V be the open subset @ (U)
of . If 7is any point such that &(ry) = x, V is a neighbourhood of
oo7o; therefore, there exist open sets V,, Va such that o€V, 70eVo,
ViVe C V. Let Uj be the set a(V5,); since & is an interior mapping,
U, is open in &/9. Therefore V,; X Uj is open in & X (8/9);
moreover, we have (oo, o)V X Uj;, Vi X Uy ( U,, which proves
that U, is a neighbourhood of (oo, o). It follows that U, is open.

In particular, if we fix ¢, the mapping z — ¢.(z) = oz of G/D
onto itself is continuous; ¢,-: is the reciprocal mapping of ¢, and is
also continuous. It follows that, for every fixed o, ¢, is a homeo-
morphism of &/9 onto itself.

Let f be a mapping of ® into some set X. If the value of f(o)
depends only upon the coset ¢ of o, we can define a mapping f,
of &/ into X such that f = f; 0a: we set fi(e®) = f(s). Sup-

pose that X is a topological space. Then, if f is continuous, f; is
-1

also continuous. In fact, let Y be any open subset of X; theset f1(Y)
coincides with w( f (Y)). Since f is continuous, f (Y) is open, and

therefore also fl(Y), which proves that f, is continuous. If f is
an interior mapping, so is f1; in fact, if U is an open subset of &/9,

f1(U) coincides with f( (U)) which is open because @ is continuous
and f is interior.

Proposition 1. If © and ®/9 are compact, the group ® is compact.

In fact, let ® be a family of closed subsets of & which has the finite
intersection property (i.e. every finite sub family of ® has a non-empty
intersection). We have to prove that the intersection of all sets of ®
is not empty. We may assume without loss of generality that the
intersection of a finite number of sets of ® belongs to ®. Let ¥ be
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the family of the sets &(F), for Fed; ¥ is a family of subsets of /9
and has the finite intersection property. Since ®/9 is compact, it
contains a point  which is adherent to all sets of ¥.

Let U be any neighbourhood of the neutral element e in @, and let
oo be an clement of G such that @(oco) = . Then &(Uoy) is a neigh-
bourhood of z, and therefore meets all the sets o(F), Fed; it follows
that, if Fe®, we have F N UsoD #= ¢, or U'F Moo # ¢. Let &,
be the family of sets U~'F M 609, F running over all sets in ® and U
over all neighbourhoods of e¢. Then ®, has again the finite intersec-
tion property. In fact, if Fy, - - -, Fng® and Uy, - + -+, Un are
neighbourhoods of ¢, the set (Y., (U;7'F, M 00) contains U=F M 0D
(where U = N, Usand F = (., F;), and the latter set is not empty
because Fed and U is a neighbourhood of e.  But o is homeomorphic
to O, and therefore compact. Consequently, there exists a point
o100 which is adherent to all sets of ®,, and, a fortiort, toall sets U~'F.
If we keep F fixed and let U run over all neighbourhoods of ¢, U™!
also runs over all neighbourhoods of ¢, and it follows that ¢, is adherent
to F. Since F is closed, we have ¢,6F; Proposition 1 is thereby proved.

Spheres as homogeneous spaces

Let us consider the group ® = O(n), withn 2 2. Those matrices
c€® which are of the form )
0

Qu

(1) o=

obviously form a closed subgroup  of ®. The matrices ¢ which
occur in the matrices ¢e9 are clearly the matrices of O(n — 1); it
follows immediately that § is isomorphic (as a topological group)

with O(n — 1).
Let us now consider the real matrices of degree n as endomorphisms
of the vector space R", in which we select the base (e; * - -+, e,)

composed of those vectors whose coordinates consist of n — 1 zeros
and a 1. If ¢ is any element in O(n), we set a(c) = oe,. Since o
is orthogonal, a(s) is a unit vector. If ¢e9, then oe, = e,. Con-
versely, if ce, = e, and if ¢ = (z;), we have zj, = §;.(1 £ j £ n).
Since ¢ is orthogonal, we have 2% iz, = 1; since zn, = 1, it follows
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that z.; = 0 for ¢ < n, whence ge. Therefore, a necessary and
sufficient condition for the equality a(s) = a(¢’) to hold is that
o'ec®. The element a(s) depends only upon the coset = of ¢ modulo
©; we may therefore set a(s) = a(z).

The set of unit vectors aeR™ is the unit sphere 8"~! of dimension
n — 1. Hence, we have an obviously continuous mapping z — a(z)
of /9 into 8~~1. Moreover, this mapping is univalent. Proposition
3a, §III, Chapt. I, p. 11 shows that every aeS»~! is the image of some
element z€®/$ under our mapping. Since @/ is compact (being a
continuous image of O(n)), the mapping z — a(x) is topological.

We may identify O(n — 1) with the subgroup 9, and get the follow-
ing result:

Proposition 2. The factor space of O(n) by O(n — 1) is homeo-
morphic with S*1if n 2> 2.

We observe next that, if aeS*—!, there always exists an element
0€80(n) such that oe, = a.' In fact, let us select an element ¢,€0(n)

with the required property;if [of = —1, we replace oy by ¢ = o109, with
p

-1 0..... 0
0 1..... 0

gy =
0 O0..... 1

We have 0eSO(n), ce, = a. Therefore, we have

Proposition 2a. If n 2 2, the factor space of SO(n) by SO(n — 1)
1s homeomorphic with S~

If we observe that the set of unit vectors of C* is homeomorphic with
S2"—1 we obtain, by entirely similar arguments,

Proposition 3. The factor spaces of U(n) by U(n — 1) and of SU(n)
by SU(n — 1) are homeomorphic with S for n 2 2.

Finally, let us consider the group Sp(n), withn > 1. The elements
of Sp(n) are matrices of degree n with coefficients in the division
algebra Q of quaternions. Let us introduce the vector space Q" over
Q, as we did in Chapter I, §VII, p. 18. Those elements ceSp(n)
which leave the basic element e, = (0, + + + , 0, 1) invariant are the
matrices of the form (1) with eSp(n — 1). They form a subgroup
of Sp(n) which we may identify with Sp(n — 1).

We have defined (Chapt. I, §VIII, p. 21) a one-to-one cor-
respondence between Q" and C?*; this correspondence allows us to
introduce in Q* a topology, and the operations of Sp(n) are continuous
mappings of Q* (with this topology) onto itself. The images of e,



34 TOPOLOGICAL GROUPS [CraP. 1T

under these operations are all the unit vectors of Q*, as follows from
Proposition 2, §VII, Chapt. I, p. 21. On the other hand, Formula
(2), §VIII, Chapt. I, p. 22 shows that the unit vectors of @ are
those which correspond to the unit vectors of C?"; they are the ele-
ments of a set which is homeomorphic with S4*~!, Hence:

Proposition 4. The factor space of Sp(n) by Sp(n — 1) is homeo-
morphic with the sphere 8=, if n 2 2.

Factor groups

Let us now consider the case where 9 is a closed distinguished sub-
group of ®. Let G and H be the underlying groups of @ and $; then
the factor group G/H is a group whose set of elements is the set of
points of the space ®/9; the natural mapping @ of ® onto &/9 is a
homomorphism of G onto G/II. We shall see that the group G/II,
together with the space /9, gives a topological group. Let z, and
yo be elements of G/H ; we set zo = xoy; " and we denote by U an open

subset of ®/9 containing zo. Let oo, 7o be elements of G such that
-1

J:(ao) = xo, @(19) = Yo; then & (U) is an open set in @ and contains
oory’. It follows that there exist open sets V,;, V. in ®, such that

UoEVl, To€V2, V. V C @ (U) The sets U; = w(Vl), Uz = w(Vz)
are open in /9, and the conditions zeU,, yeU; imply xy—'€U, which
proves that the mapping (z, y) — 2y~! of (§/9) X (&/9) onto ®/H
is continuous.

The topological group which we have defined is called the factor
group of ® by 9; it is denoted by &/9.

For instance, let H be the subgroup of R* composed of the points
with integral coordinates. The group H is obviously a closed discrete
subgroup of R*. The factor group R*/H is called the n-dimensional
torus and is denoted by T*. The group T'! is also denoted by T'; it is
homeomorphic to the circumference of a circle in R2. It is easy to
see that T is isomorphic (as a topological group) with the product of n
times the group 7T'.

Let ¢ be a continuous homomorphism of a topological group ® into
some other topological group ®,. The kernel of this homomorphism
(i.e. the set O of elements of & which are mapped upon the neutral
element by o) is a distinguished subgroup of ®, and is closed because
¢ is continuous. The element ¢(¢) depends only upon the coset ¢$
of ¢ modulo 9, and hence ¢ defines a continuous homomorphism ¢; of
®/9 into ®¥;. The homomorphism ¢, is univalent, but it should be
observed that ¢, is not necessarily a homeomorphism.
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Proposition 6. Let ¢ be a homomorphism of a topological group &
into a topological group ®1. If ¢ is continuous at the neutral element
e of ®, it is continuous everywhere.

Let oo be any element of ®, and let ¢(s0) V1 be a neighbourhood of
¢(c0) in ®,; (V. being a neighbourhood of the neutral element in ®,).
By assumption, there exists a neighbourhood V of € in @ such that
(V) C Vi, whence ¢(0oV) (C ¢(00)V1, which proves that ¢ is con-
tinuous at ao.

§IV. COMPONENTS OF A TOPOLOGICAL GROUP

Proposition 1. The component of the neutral element € in a topolog-
ical group @ is a closed distinguished subgroup of ©.

In fact, let K be this component, and let = be an element in K.
The right translation associated with 7= being a homeomorphism of
® onto itself, the set K7!is connected and contains 777! = ¢; it follows
that K=—* ( K, whence KK~ ( K, which shows that K is a subgroup
of . Now, let p be any element in &; the mapping ¢ — pop™! is a
homeomorphism of @ onto itself. It follows that pKp~! is connected;
since eepKp~1, wehave pKp~! ( K, which proves that K is distinguished.

The factor group ®/K is called the group of components of ©; its
elements are the cosets of K, which are also the components of &. If
the group © is locally connected (i.c., if there exists a conneccted
neighbourhood V of €), the group ®/K is discrete. In fact, the image
of V under the natural mapping of & onto &/K is a point (because
V ( K) and is a neighbourhood of the neutral element in &/K
(because the natural mapping is interior).

Theorem 1. In a connected topological group, any neighborhood of
the neutral element is a set of generators of the group.

In fact, let V be a neighbourhood of the neutral element in a con-
nected group ®, and let H be the subgroup generated by the elements
of V. If oeH, we have also VocH ; therefore H is an open set. But,
any open subgroup H of a topological group ® is also closcd, for every
coset modulo H is an open set, and H is the complement in @ of the
union of the cosets different from H. It follows that the set H is
open and closed in @; @ being connected, and H being not empty, we
have H = ©. .

Remark. More generally, we have the following result: Let ® be a
topological group, and assume that V is a connected neighbourhood
of the neutral element e in ®. Let W be any neighbourhood of e;
then, any element ¢V may be written in the form gi0s * * * om, with
€W (1 £ i< m) and o105 * + - i€V (1 £ ¢ < m). To prove this
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result, we may assume without loss of generality that W = W—!
and that W ( V (if these conditions were not satisfied, we would
replace W by a smaller neighbourhood). Let E be the set of elements
of V which may be written in the form indicated above. It is clear
that, if o€ £, we have also sW ™V ( E; therefore E is relatively open
in V. Let oo be a point of V which is adherent to E; then ¢oW has a
point ¢ in common with E. We have gigeW—' = ¢W, whence ook,
which proves that E is also relatively closed in V. Since eeE and V
is connected, we have E = V, which proves our assertion.

Proposition 2. Let & be a topological group, and let $ be a closed
subgroup of ®. If the group O and the factor space /9 are connected,
then & is connecled.

In fact, assume that @ = U V, where U and V are non empty
open sets. The natural mapping of ® onto &/9 maps U and V onto
open subsets U; and V, of /9, and we have &/ = U, Vi It
follows that U, M V; contains at least one element ¢19 of &/9. This
means that 0,9 meets both U and V. We have 19 = (a19 " U)
v (019 V). On the other hand, ¢,9 is homeomorphic with $, and
hence connected. It follows that U and V have at least one point in
common in ;. Proposition 2 is thereby proved.

Lemma 1. The sphere S*(n 2 1) is connected.

S» is the subset of R**! defined by the equation

x%_'_ e +xi+l=1

Let E be the set composed of the points of S* for which z,,1 2 0. If
we map the point (z1, + + - , Zay1)eF upon the point (1, * - - , x,)eR™,
we clearly obtain a homeomorphism of E with the set B composed
of the points (z1, - - -, z,) such that =2 x? < 1. The set B* is
obviously connected; hence E is connected. Similarly, the lower
hemisphere E’ of S, defined by the condition z,,; < 0 is connected.
Since n 2 1, the set E N E’ is not empty. It follows that S* is
connected.

Lemma 2. The groups SO(1), U(1), SU(1), Sp(1) are connected.

The groups SO(1), SU(1) contain only their neutral elements. The
group U(1) is the multiplicative group of complex numbers of absolute
value 1; it is homecomorphicto 8!, and hence connected. The group
Sp(1) is the multiplicative group of quaternions of norm 1. A
quaternion of norm 1 may be written in the form aceo + aje1 + azes
+ ages, with Z}_sa! = 1. It follows easily that Sp(1) is homeomorphic
with 83, and hence connected.
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Proposition 3. The groups SO(n), U(n), SU(n), Sp(n) are all con-
nected for n 2 1.

This is proved by induction on n, making use of Proposition 2,
Lemmas 1 and 2 and of Propositions 2a, 3, 4, §1II, p. 33.

On the other hand, the group O(n) has exactly two connected com-
ponents. In fact, it contains a matrix of determinant —1, namely

-1 0..... 0

0 1..... 0
gy =

0 0....... 1

Since the determinant is a continuous function which does not vanish
on O(n), O(n) cannot be connected. On the other hand, O(n) con-
tains SO(n) as a distinguished subgroup of index 2. Hence it has
exactly two connected components, one of which is SO(n), and the
other the set of orthogonal matrices of determinant —1.

§V. LoCAL ISOMORPHISM. EXAMPLES

Let ® be a connected topological group, and let ¢ be the neutral
element of . We know that any neighbourhood V of € is a set of
generators of & (Theorem 1, §IV, p. 35). We shall now inquire
about the relations between these generators.

Let us assume that we have an analytic apparatus which permits
the computation of products o7 only in the case where o, 7 and o7 lie
in V (we shall see later that this situation arises in many cases).
Then, to each pair (o, ) of elements of V such that or €V, there
corresponds a relation ¢r = p between our generators of &. The
question is: are all the relations which hold between elements of V
consequences of relations of the type we have just described?

We shall see in a moment that the answer to this question is
negative in general. Before doing that, we shall first formulate our
problem in a different, but equivalent, way.

Definition 1. Let &, &, be two topological groups. A local tsomor-
phism of & into &, is a homeomorphism f of some meighbourhood V
of the neutral element ¢ of ® onto a meighbourhood V. of the neutral
element €1 of V1 which has the following properties:

1) the conditions oV, 1€V, areV imply f(or) = f(0)f(7);

2) the conditions o€V, 7€V, f(o7)eV 1 imply oreV.

In terms of this notion, our original question may be formulated
as follows: f being a local isomorphism of @ with ®,, is it always pos-
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sible to extend the domain of definition of f to all of ® in such a way
that f becomes an isomorphism of the underlying group of & with the
underlying group of &,?

We shall give two examples which show that this extension is not
always possible:

1) Let ¢ be the mapping which assigns to every real number z its
residue class ¢(z) modulo 1; let f be the contraction of ¢ to the interval
]— %, + 4. Itisclear that fis alocal isomorphism of R into T. But
f cannot be extended to an isomorphism of B with 7', because these
groups are not isomorphic.

2) Let us consider the group Sp(1), i.e. the multiplicative group
of the quaternions ¢ = aeo + ber + cea + des such that a® + b + ¢?
4+ d? = 1, To every such quaternion ¢ there is associated a linear
mapping T, of Q (the algebra of quaternions) onto itself, defined by
the formula 7 ,(r) = ¢rqg~'(reQ). We have

T () = qrig™t = (@) rgt = (To()

because ¢* = ¢~'. It follows that 7, maps onto itself the set P of
pure qualernions (a pure quaternion is a quaternion of the form
ziey + xse2 + x3e3); in fact, the pure quaternions p are characterized
by the condition p. = —p. If

To(x1e1 + w202 + T3e3) = xier + whes + Ties
we have
’ <3
(1) T, = 2'1‘=-lail(Q)xi

Let 6(g) denote the matrix (a;(q)). We have Tqp = 13 0 Ty whence
0(qq") = 0(q)0(q’). Hence the mapping ¢ — 8(q) is a representation
of Sp(1) by matrices of degree 3. '

If r, v are any two quaternions, we have T (rr") = T (r)T(r").
Since the coefficient of e in the expression of (Z3z.e:) (Z3yie)) is — Ziawys,
we see that the linear substitution (1), performed on the variables
z and y, leaves invariant the expression Ziry: In other words, the
matrix 6(q) is orthogonal.

We know that Sp(1) is connected (Lemma 2, §IV, p. 36). The
mapping ¢ — 0(q) being clearly continuous, it follows that 6(g) belongs
to the connected component of the neutral element in O(3), i.e. to
S0(3). We shall now prove that 8(Sp(1)) is the whole group SO(3).
An easy computation shows that

1 0 0
0(Cos Nep + Sin Ney) = (0 Cos 2A  — Sin 2)\)
0 Sin 2) Cos 2\
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It follows that 8(Sp(1)) contains the group g: of all rotations around
the z,-axis; similarly, we would see that 6(Sp(1)) contains the group g,
of rotations around the z,-axis. Our assertion will therefore be proved
if we show that g, and g, generate SO(3). Let r be any rotation, and
let M, be the extremity of the unit vector of origin O carried by the
z1-axis. We can find an operation s; of g such that s;(rM,) is a
point of the zixs-plane; this point being at unit distance from the
origin, we can find an operation s;gg: such that s,syrM, = M,; it
follows that sssir€g1, which shows that r is in the group generated by
g1 and ga.

Let us now determine the kernel of the representation q¢ — 6(q).
If 6(q) is the unit matrix, ¢ must commute with every pure quaternion,
in particular with ey, e2, 3. 'We see at once that this condition implies
b=c=d=0, whence a = +1. It follows that the kernel of our
representation consists of the two quaternions ey, —eo.

Let V be a compact neighbourhood of ¢, in Sp(1) such that —eo does
not belong to VVV—1; then § maps V in a continuous univalent way.
Since V is compact, the contraction of 8 to V is a homeomorphism of V
with some subset of SO(3). We shall prove that (V) is a neighbour-
hood of the neutral element in SO(3). let V. be an open neigh-
bourhood of e, in Sp(1) such that V; C V. The complement A of
Viw (—eo) V1 in Sp(l) is compact. Let U run over all compact
nelighbourhoods of the unit matrix in SO(3); if the family of sets

6 (U) ™ A had the finite intersection property, there would exist a
point g€A such that 6(q)eU for every U, whence 6(¢) = E (the unit

matrix), and this is impossible. Since any finite intersection of sets
-1
of the form 6 (U) M A is again of the same form, it follows that there

-1
exists a neighbourhood U of E in SO(3) such that 6 (U) M4 = ¢,
-1 S—1

whence 6 (U) C VU (—e)V. Since U = 0(6(U)) and 6(V)
= 0((—eo)V), it follows that 6(V) ) U, which proves ourassertion.

Let f be the contraction of 0 to V. 1If geV, ¢'eV, f(qq’)ef(V), there
exists an element 7 in ¥ such that f(qq’) = f(r), i.e. q¢'r~' = +eo. Since
—eo does not belong to VV V-1, we have ¢¢'r~! # —eo, whence q¢’ =
reV. It follows that fis a local isomorphism of Sp(1) into SO(3).

Suppose now that it would be possible to extend f to an isomorphism
0’ of Sp(1) with SO(3); since 6 and 6’ are both homomorphisms and
coincide on V which is a set of generators of Sp(1), we would have
6 = ¢’, which is impossible, since 6(—eo) is the unit matrix.

Let H be the subgroup of Sp(1) which is composed of the elements
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eo, —eo. There corresponds to 6 a continuous univalent homomor-
phism 6, of Sp(1)/H onto SO(3). Since Sp(1)/H is compact, 6, is
also a homeomorphism. Hence, we have proved

Proposition 1. The group SO(3) is isomorphic (as a topological
group) with the factor group of Sp(1) by the subgroup composed of the
elements eo and — e.

A necessary and sufficient condition for the equality 6(q) = 6(q")
to hold is that ¢ = +¢’. If we represent ¢ = aey + bey + ces + des
by the point (a, b, ¢, d)&S?, we see that SO(3) is homeomorphic to the
space obtained by identifying the pairs of antipodal points on S3,
i.e. to the three dimensional projective space.

§VI. NOTION OF COVERING SPACE

Definition 1. A topological space is said to be locally connected if
any neighbourhood of any point p of the space contains a connected
netghbourhood of the point.

Proposition 1. In a locally connected space, every component of an
open set is an open set.

In fact, let K be a component of an open set U. If peK, Uisa
neighbourhood of p, and therefore U contains a connected neighbour-
hood V of p. Since K is a component and V "N K = ¢, we have
V ( K, and p is interior to K. Proposition 1 is thereby proved.

Remark. It follows immediately that any neighbourhood of a
point p in a locally connected space contains an open connected neigh-
bourhood of the point.

Definition 2. Let f be a continuous mapping of a space B into a
space B. lA subset E of ¥ is said to be evenly covered byl.‘B (with respect

to f) if f(E) is not empty and every component of f (E) is mapped
topologically onto E by the mapping f.

Itisclear that any set whichisevenly covered is ipso facto connected.

Definition 3.. Let ¥ be a topological space. A covering space
(B, ) of B is a pair formed by a connected and locally connected space B
and a_continuous mapping f of B onto B which has the following prop-
erty: each point of B has a neighbourhood which is evenly covered by B
(wrth respect to f).

It is clear that a space cannot have a covering space unless it is
connected and locally connected. Conversely, if 8 is a connected
and locally connccted space, B admits at least one covering space,
viz. (B, €), where ¢ is the identity mapping.

If (B, fisa covering space of B, f is an interior mapping. In fact,
let U be an open set of 8§, and let p = f(P) (with pel’) be any point of
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f(0). The point p has a nelghbourhood V whlch is evenly covered

by 8. Let ¥V be the component of P in f (V); then V" U is rela-
tively open in V. Since f maps V topologically onto V, the set
f7N0)is relatively open in V, and is therefore a neighbourhood
of p. Since f(V N 0) ¢ 10y, f(0) is a neighbourhood of p, which
proves our assertion.

Lemma 1. Let f be a continuous mapping of a locally connected
space B into a space B. Let P be a point of B, and let I{ be a neighbour-

hood of p = f(p) in B. The component V of p in f (V) is a neigh-
bourhood of P in B.

-1
The set V contains an open set U such that peU. Wehave pe f (U);
-1 -1

let U be the component of pin f (U). Theset f (U) is open because
fis continuous; U is open by Proposition 1. Since U V,Lemma 1 is
proved.

Lemma 1 shows that, if (B, f) is a covering space of B, f is a local
homeomorphism, i.e. every point of B has a nelghbourhood which is
mapped topologically by f. This condition, however, is not sufficient
to make (B, f) a covering space of B, as will be shown by the following
example. Let fi be the mapping of R into T which assigns to every
z2ER its residue class modulo 1;°it is easy to verify that (R, fi) is a
covering space of T. Let fo be the mapping of R? into T2 which is
defined by fa(x, y) = (fi(x), f1(y)); here again, it is casy to see that
(R?, f») is a covering space of T2 Let now, B be the space obtained
by removing one point from R?; B is connected and locally connected.
If fis the contraction of f; to B, f is a local homeomorphism and maps
B onto 7'?; nevertheless, (B, f) is not a covering space of T2

Lemma 2. Let f be a continuous mapping of a space B into a
space B. If E is a subset of B which is evenly covered by B (with respect

to f), then every connected subset F of E is also cvenly covered. The
-1

components of f (F) are the interseckions of the components of f (E) with
f (F).
-1
Let E, be the components of f (E), » running over some set of
-1

indices. Set F, = B, ™ f(F). Then f maps F, topologically onto
F, which proves that F, is connected. Conversely, any connected
-1 -1

subset of f (F) is contained in some component E, of f(E): Lemma 2
is proved.
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Lemma 3. Assume that (B, f) is a covering space of the space B.
If p is any point of B, every neighbourhood of p conlains an open con-
nected neighbourhood which is evenly covered by B.

Lemma 3 follows immediately from Lemma 2 and Proposition 1.

Lemma 4. Let f, be a continuous mapping of a locally connected
space B into a connected space B. Assume that every point peDB has a
netghbourhood which is evenly covered by V. (with respect to J1). Let
B be a component of B, and let f be the contraction of fy to B. Then
(B, f) is a covering space of B, and B is open in B,.

We first prove that f(B) = 8. Let p be a point of B, and let

V be a neighbourhood of p which is evenly covered by B;. Let V, be
-1

the components of fi(V), » running over a set of indices N. If a
set V, meets B, it is entirely contained in 8, whence

-1
B (V) = Uen?,
where N’ is the set of indices » such that V, N8 = ¢. It follows
that, if V meets f(QS), we have V ( f(B);in particular, if p is adherent
to f(SB), then p is interior to f(B). It follows immediately that f(B)
is open and closed in EB whence f(B) = B, since B is connected.

The components of f (V) are the sets 7, for »eN’, because each ¥,
-1

is a maximal connected subset of f1 (V), and, a fortior:, of f (V).
It follows that (B, f) is a covering space of 8. The fact that B is
open follows immediately from Lemma 1.

Lemma 6. Assume that (B, f) is a covering space of the space .
Let X be a connected and locally connected subspace of B. If % is any

component of f (%), % is relatively open in f (X); tf g is the contraction
of fto X, (%, g) s a covering space of %.

Let p be a point of %, and let V be an open neighbourhood of p
which is evenly covered by 8B (Cf. Lemma 3). Since X is locally
connected, we can find a connected.neighbourhood X of p with respect

-1
to X'such that X ( V. The components X, of f (X) are the inter-
-1 -1
sections of f(X) with the components V., of f(V) (Cf. Lemma 2).
If §, is the point of X, which is mapped on p by f, p, is interior to V,
- -1
and X, is therefore a neighbourhood of $, with respect to f (¥X). It
-1
follows easily that f (¥X) is locally connected, and that every point of

-1
X has a neighbourhood which is evenly covered by f (¥X) with respect



§VII] *  SIMPLY CONNECTED SPACES 43

-1
to the contraction of fto f (¥). Lemma 5 then follows from Lemma 4.

In Definition 3, we have required the space B to be locally con-
nected. The following lemma describes the situation which we obtain
if we omit this condition.

Lemma 6. Let B be a connected and locally connected space. Assume
that a space B has a continuous mapping f onto B such that every point
of B has a neighbourhood which is evenly covered by B with respect to f.
Let X be the family of subsets of B which can be represented as unions of
components of open sets of B. Then X can be taken to be the family
of open sets of a space B’ which has the same points as B. The space B’
18 locally conncected. Every point of B has a neighbourhood which s
evenly covercd by B’ with respect to f.

It is clear that any union of sets of X is in X and that every open
set of Bisin K. It follows that, #; and P, being any two points of B
distinet from each other, there exist sets K, and K, in & such that
ijlekl, f)gekz, Kl m Kg = d).

Now, let K, and K, be any sets in X which have a point $ in com-
mon. It follows immediately from Lemma 2 that p = f() has an
open connceted neighbourhood Us in ¥ which is evenly covered by 8
with respect to f.  On the other hand, we can find open subsets U; of
% such that the component of p in U; is conltained inK: ¢=1,2).

Let K be the component of #in Uy ™ U, ™ f (Us). Then K belongs
to X, contains P and is contained in K; ™ K, This proves that
R, ™ R,ex; the first assertion of Lemma 6 follows immediately from

-1
this. Let K; be the component of p in f (Us); then K is also the
component of $ in U, N U, N K; DBy assumption, f maps K;
(considered as a subspace of B) topologically onto Us. Hence K;
is locally connected and therefore K is relatively open in K;. Taking
K, = R,, we see that the topologies induced by B and ¥’ on the set
K; coincide with each other, and this proves that %’ is locally con-
nected. Furthermore, it is clear that Us is evenly covered by 8 with
respect to f. Lemma 6 is now completely proved.

§VII. SIMPLY CONNECTED SPACES. THE PRINCIPLE
OF MONGDROMY

In conformity with the general notion of isomorphism, we shall say
that two covering spaces (Bi, f1) and (B, f2) of the same space B
are tsomorphic if there exists a homeomorphlsm ¢ of B, with B, such
that f1 f2 O o.
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Definition 1. A space B is said to be simply connected if it is con-
nected and locally connected and if every covering space of B s wsomorphic
to the trivial covering space (B, ¢), where e is the identity mapping.

The word “every,” used in connection with the class of all covering
spaces of a space B, might arouse the suspicions of a trained logician,
because the notion of ‘“all” covering spaces involves in particular the
notion of all sets with a given cardinal number. We shall avoid this
difficulty by showing that, B being given, we can construct by legiti-
mate logical processes a set € of covering spaces of 8 such that any
given covering space can be proved to be isomorphic to one of these.
We may then restrict the meaning of the “every” of Definition 1
to only those covering spaces which are elements of C.

Let pobe a pointof B. We construct the set = composed of all finite
sequences S = (po, Uo, 1, Uy, = * * , Pny Un, Pay1) composed alterna-
tively of points p, and of open sets U; and which satisfy the following
conditions: 1) the first term of S is po; 2) both p, and pi;1 belong to
U; (0 < ¢ < n); 3) the last term of S is a point. Let (B, f) be a
covering space of B; we shall prove that the cardinal number of B
is at most equal to the cardinal number of . Let =’ be the subset
of 2 composed of the sequences S = (po, Uo, Py, Uy -« vy Pay Un
Pnt1) Which have the property that each U is evenly covered by B
with respect to f. Let {, be a fixed point of 8 such that f(fo) = po.
If Sez’, we define px (1 < k £ n + 1) by induction on k in the follow-
ing way: pk being already defined, we denote by U the component

of pr in f (Uk), and we denote by Pi.1 the point of [, which is
mapped upon pry1 by f (Fi contains one and only one point with this
property because U, is evenly covered). We denote the point
Pnr1 by ©(8); ¢ is a mapping of Z’ into 8. We shall prove that this
mapping is onto B. Let p be a point of B; the point p = f(p) belongs
to at least one open set U which is evenlyl covered by ¥ (Lemma 3,

§VI, p. 42), and the component U of pin f (U) is open (Proposition 1,
§VI, p. 40). If U meets o(Z'), it is entirely contained in ¢(Z’).
In fact, assume that ¢(S) = § is a point of U, with S = (po, Us, P,
Uy * * *, Pny Un, Pny1)€Z’. Then payr = f(§) is in U and, r being
any point of U, the sequence S, = (po, Uo, p1, Uy, * * =, Pny Uan,
Pas1, U, 7) belongs to 2’; the point 7 = ¢(S,) belongs to U, and
f(7) = r, which proves our assertion. It follows that every point of B
which is adherent to ¢(Z’) is interior to ¢(Z’); therefore, ¢(2’) is open
and closed in B, whence ¢(2') = 8. We conclude that the cardinal
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number of B is at most equal to the cardinal number of Z’, and,
a fortiori, of Z.

We can legitimately speak of the set of all topological spaces
whose points are elements of = (such a space is determined by giving
a subset A of 2 and a family of subsets of A). We may therefore
construct the set of all pairs composed of a space ¥ whose points
belong to T and of a mapping of 8 into B. Finally, we may single
out among these pairs those which are covering spaces of B; we
obtain in this way a constructible set € of covering spaces of 8. It
follows from what we have said that any given covering space of B is
isomorphic to a member of the set €.

The following lemma is sometimes useful to prove that a space is
simply connected:

Lemma 1. Let (B, f) be a covering space of a space B. If B
contains an open set A which is mapped in a univalent way onto B by
f, then f is a homeomorphism of B with V.

Since f is continuous and interior, the contraction of f to 4 is a
homeomorphism of A with 8. Therefore, we have only to prove
that A = $B; this in turn will be established if we show that A is
closed in B. Let $ be a point of B which is adherent to A, and let
V be a neighbourhood of f() which is evenly covered by B. We

-1

denote by ¥V the component of pin f (V); both ¥ and the set V' = 4
-1

™ f (V) are mapped topologically onto V by f. On the other hand,
V is a neighbourhood of p (Lemma 1, §VI, p. 41) and therefore
meets A; it follows that VNV’ = ¢. Since V' is connected, we
have V’ C V; since f maps V in a univalent way, we have V' = V,
PeA ; Lemma 1 is thereby proved.

Proposition 1. If B, and B, are simply connected spaces, the space
By X By 18 likewise simply connected.

It is clear that B, X B, is connected and locally connected. Let
(W, f) be a covering space of By X Bs; by a horizontal fiber we shall

-1

mean a component of a set of the form f (B, X {v2}), with some
-1

02683, by a vertical fiber, a component of a set of the form f ({v1} X Bs),
with some 9:68;. It follows immediately from Lemma 5, §VI, p. 42
that f maps every horizontal fiber topologically onto 9B, (and every
vertical fiber topologically onto B;). Let B be a fixed vertical fiber.
We denote by A the union of the horizontal fibers which meet %BJ.
It is clear that f maps A in a univalent way onto 8, X 8B,. Proposi-
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tion 1 will follow from Lemma 1 above if we can prove that A is open
in L.

Let €, be a horizontal fiber which is contained in A, and let E be
the set of points of B, which are interior to A. The set E is relatively
open in B;. If we can prove that E is closed and not empty, it will
follow that E = §, and that A4 is open.

Let w be any point of By; if f(w) = (vy, v2), we can find connected
neighbourhoods V,, V; of v, v, with respect to 8B, 8. respectively
which are such that V1 X V,is evenly covered by 8. Let W be the

component of w in j' (Vi X Vo). TIf (v, v2)eV1 X Vi, we set V1(v))
-1

=W f(V1 X {v3}), Vo)) = W f ({01} X Va); f maps Vi(v3)
topologically onto V; X {vi} and V,(}) onto {v}} X Vi It follows
that V,(v;) is contained in a horizontal fiber B;(v}) and that V,(»})
is contained in a vertical fiber By(v]). The fibers Bi(vh) and Ba(v))
have in common the point of W which is mapped upon (v}, v;) by f.
On the other hand, we have

(1) W = Uuyev, Vl(v:) = le’EV, Vz(v{)

Assume first that w is the point where B; meets B2; then Ba(vy)
coincides with B, whence B,(v;) ( A for all vieV,. . It follows from
Formula (1) that W ( A, whence weE': E is not empty.

Assume next that w is adherent to E, then V(vs) has a point w’
in common w1th E. We set fw') = (v, vs). We can find a neigh-
bourhood V5 of v, with respect to B, such that V5 C V, and that

W f({vl} XV ) is contained in A. If vzeVz, the horizontal

fiber §,(vy) meets A, whence 8, (1)2) ( A. The set W f (ViX V3)
= W’ is the union of the sets Vl(vz) for all v2eV2, whence W’ ( A.
Since W' is a neighbourhood of w, we have weE, which proves that £
is closed. Proposition 1 is thercby proved.

We shall now prove the fundamental property of simply connected
spaces:

Theorem 2 (Principle of monodromy). Let B be a simply connected
space. Assume that we have assigned to every pe® a non empty set E,
(E, is an abstract set, not related to B). Assume furthermore that we
have assigned to every point (p, q) of a certain subset D of B X B a
mapping ¢pq of E, into E,, in such a way that the following conditions
are satisfied:

1) The set D s a connected neighbourhood of the diagonal in B X B
(the diagonal is the set of all pairs (p, p), peB);
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2) Each ¢y, 18 a one-to-one mapping of E, onto E ;; ¢pp ts the identity
mapping;

3) If ¢pay Pary ©pr are all defined, we have ¢y, = @gr O @pq. Then
there exists a mapping ¢ which assigns to every peB an element Y (p)eE,
in such a way that ¥(q) = ¢pq(¥(p)) whenever ¢,, is defined. More-
over, if po 18 a given point of B, ¥ may be selected in such a way that
¥(po) is any preassigned clement ey of E,, and ¢ is then uniquely
determined.

Let ¥ be the union of all sets {p} X E,, for pe8. We shall dcfine
a topology in V. Let u be the family of those subsets  of V which
satisfy the following condition: if (p, e,)eU, there exists a neighbour-
hood N of p in B such that N X N ( D and (g, ¢peep)el for all
geN. Tt is clear that ¥ and the empty set belong to U, that any
union of sets of U belongs to U and that the intersection of two sets
of U belongs to .

Let & be the mapping of ¥ into B which is defined by a(p, ¢;) = p.
The following statements follow immediately from the definition: if

U is an open subset of B, @ (U) belongs to u; if Teu, &(0) is open.

Let U be an open subset of B such that U X U ( D. Let pbea
point of U and let e, be an clement of E,; we denote by U(p, U, e,)
the set composed of the (g, ¢pq(ep)) for geU. This set belongs to u.
In fact, let (g, ¢pq(ep)) be a point of U(p, U, e,); if r is any point of U,
¢@pay ©qr and @, are defined, and we have

(r, ‘F’qr(‘qu(ez?))) = (r, ‘Ppr(ep))Eﬁ(p, U, ep),

which proves our assertion.
Let (p, e,) and (p’, €}y) be distinct points of V. If p # p’, we can
find open sets U’, U" in B such that pel’, p 'eU", U’f\ U’ =

We have (p, ep)ew (U’), @, e,,)f-:w [, (U') ™ e (U") = ¢.
Assume now that p = p’, whence ¢, # ¢),. If U is an open set con-
taining p such that U X U ( D, the sets U (p, U, ep) and U(p, U, €,)
belong to U and are disjoint because the mappings ¢,, are univalent.
It follows that U can be taken as the family of open sets in a topology
on V. Let B be the topological space obtained in this way. It is
clear that & is a continuous interior mapping of 8 onto B.

Every point pe® has alconnected open neighbourhood U such that

UXU (D. Theset @ (U) is the union of the sets U(p, U, e,) for
all e,eE, (because each ¢,, maps E, onto E;). These sets are open
in B and ® maps each of them in a univalent way onto U. It follows
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that @ maps each U(p, U, ¢,) topologically onto U. Since U is con-
-1

nected, the scts U(p, U, e,) are the components of & (U), and U is
evenly covered by $# with respect to &.

Let 8o be the component of (po, ego) in @, and let & be the con-
traction of & to Bo. By Lemma 5, §VI, p. 42, (Bo, @o) is a covering
space of B. Since BV is simply connected, @ is a homeomorphism.
We define the mapping ¢ by

-1

ao(p) = (p, ¥())

Let D* be the set of all pairs (p, ¢)eD such that ¥(¢) = ¢,.(¥(p)), and
let (p1, ¢1) be any element of D. We can find open connected neigh-
bourhoods U, and V, of p; and ¢y such that Uy X Uy ( D, Vi X V,
( D, Uy X Vi ( D. Assume that U, X V; has an element (p;, ¢2)
in common with D*, i.e. ¥(g2) = @p,0.(¥(p2)). Theset T(ps, Uy, ¥(p1))
is connected, and therefore contained in By, whence

(1) ¥(p2) = 0pp(¥(p1))

The mappings ¢p.p,y .01 Prian Paian e eing defined, we have

(2) v(g2) = ‘me(‘l’mm(‘p(pl))) = ﬂ"plq:(\P(pl)) = ‘quq-:(‘qun('l’(pl)))

On the other hand, we have (by the same argument which was used
to prove (1)):

3) ¥(q2) = ¢4.0(¥(q1))

Becausef¢pp,q, is a one-to-one mapping of K, onto E,, it follows from
(2) and (3) that ¢, (p1)) = ¥(q1), ie. (py, qr)eD*. It follows
immediately that D* is relatively open and closed in D, whence
D* = D.

It .remains only to prove the uniqueness of the mapping y. Let
¥’ be any mapping which satisfies the same conditions as ¢ (includ-
ing ¢'(po) = e;’,o). Let A be the set of points p such that ¢'(p) = ¢¥(p);
we know already that A is not empty. Let p be any point of 8 and
let N be a neighbourhood of p such that N X N ( D. Assume that
N has a point p; in common with 4 ; then ¢, ,(¢'(p)) = ¢¥'(p1) = ¥(p1)
= (¥ (D)), whence ¢(p) = ¢'(p). It follows immediately that A is
open and closed in 2B, whence A = B. Theorem 2 is proved.

Definition 2. Let & be a topological group. A local homomorphism
of ® into a group H is a mapping n of a neighbourhood V of the neutral
element of ® into H which satisfies the condition that n(or) = n(o)n(r)
whenever o, T and ot belong to V.
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Theorem 3. Let & be a simply connected topological group. Let q
be a local homomorphism of ® into a group H. If the set on which n 13
defined is connected, it is possible to cxtend n to a homomorphism of the
whole of & into H.

Let V be the set on which 7 is defined. We denote by D the subset
of ® X & composed of the pairs (s, 7) such that 7e—€V. It is clear
that D is a neighbourhood of the diagonal in ® X &. Moreover, D
may be represented as the union of the sets {¢} X Vo, 0e®. Since
each of these sets is connected (and meets the diagonal of & X @,
which is connected), it follows that D is connected.

If (¢, 7)eD, we denote by ¢,, the mapping a — n(re~!)a of H into
itself. If (o, 7), (v, p) and (o, p) are all three in D, we have

eoo(a) = n(po o = n(pr™)n(r6™ ) = @rp(pop(@))

We can therefore apply Theorem 2 and obtain a mapping ¢ of & into
H such that y(e) is the neutral element of H and such that

¥(r) = n(re=")¥(0)

whenever 7¢—1€V. Putting ¢ = ¢, we see that ¢ coincides with % on
V. The formula ¢(fe) = ¢(¢)¢(c) holds when {eV. Since @ is
connected, every pe€® may be written in the form ¢; - - - ¢ with
¢eV(1 €4 < h) (this follows easily from Theorem 1, §IV, p. 35 if
we observe that V ™ V—1is a neighbourhood of ¢). An easy induction
shows that

Y& o s s o) =¥ - - Y(EWY(o)

Putting ¢ =&, we get ¢¥(p) = ¥(f1) « + - ¥(&n), whence Y(po) =
VY(p)¥(o):¢¥ is a homomorphism. Theorem 3 is thereby proved.

Scholium. Let ® be a simply connected topological group. If a
connected topological group &, s locally isomorphic to &, ®, is tsomorphic
to the factor group of ® by a discrete subgroup of the center of ®.

Let # be a local isomorphism of a connected neighbourhood of the
neutral element e of @ into &,. Then 5 can be extended to a homo-
morphism ¢ of & into &;. Because ¥ is a homomorphism and is
continuous at the neutral element, ¢ is continuous everywhere.
(Cf. Proposition 5, §III, p. 35.) The set ¢(®) is a subgroup of &,
and contains a neighbourhood of the neutral element e; of &;; ®,
being connected, it follows that ¢(®) = &, (Cf. Theorem 1, §IV,
p. 35). Because ¢ maps a neighbourhood of ¢ in & onto a neighbour-
hood of € in ®;, ¥ maps any open set onto an open set. It follows
easily that O, is isomorphic to ®/K, where K is the kernel of y.
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There exists a neighbourhood of ¢ in @ whose intersection with K
contains only ¢; therefore K is discrete. The fact that K belongs to the
center of ® follows from

Proposition 2. A discrete distinguished subgroup K of a connected
topological group ® belongs to the center of &.

et k be any element of K. Let N be a neighbourhood of « in ®
such that N YK = {«}, and let V be a neighbourhood of ¢ in ®
such that V«V-! ( N. Because K is distinguished, we have gxko=! = «
for alloeV. The elements of @ which commute with « form a subgroup
G’ of ® which contains V. Since ® is connected, we have ¢’ = .
Proposition 2 is thereby proved.

§VIII. THE POINCARE GROUP, COVERING GROUPS

Let ¥ be a space which admits a simply connccted covering space
(i.e. a covering space (B, f) such that B is simply connected). We shall
then prove that this covering space is unique, except for isomorphisms.

We must first prove

Proposition 1. Let T be a simply connected space. Let B be a
space, and assume that (B, f) is a covering space of B. Let ¢ be a con-
tinuous mapping of W into B. Then there exists a continuous mapping
@ of W into B such that ¢ = fo@. If wois a point of B and if Po
is any point of B such that f(Po) = po = ¢(wo), ¢ may be constructed
80 as to map wo upon Po, and is then uniquely determined.

Let %, be the set of pairs (w, p)e8 X L such that o(w) = f(#). The
contraction to %; of the projection of T X B onto W is a continuous
mapping ¢ of %; onto W. If weB, we can find a connected neigh-
bourhood V of p = cp(ulv) in ¥ which is evenly covered by B; let V,

be the components of f (V), » running over some set of indices. Let

W be a connected neighbourhood of w in L such that (W) ( V; if

w'eW, we denote by @, the point (v, p.,), where $, is the point of V,

defined by f(p.) = ¢(w'). The mapping w’ — @&, maps W continu-

ously upon a subset W, of %, and ¢,(@.) is the point w’. It follows
-1

that ¢, maps W, topologically onto W. The set y,(W) is the union
-1
of the sets W,; if W’ is any connected subset of (W), the mapping
-1

(w, ) — P maps W’ onto a connected subset of f (V), i.e. upon a

subset of some V,. It follows that the sets W, are the components of
-1
¥1 (W) and that W is evenly covered by ¥; with respect to ..
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Let X be the component of (wo, Po) in %;, and let ¥ be the contrac-
tion of ¥1 to ¥. By Lemma 5, §VI, p. 42, (%X, ¢) is a covering space
of W. Since W is simply connected, ¥ is a homeomorphism. We

-1

can now define ¢ by the formula ¢ (w) = (w, g(w)). It is clear that
# has the required properties. The uniqueness of @ will follow from

Lemma 1. Assume that (SB, f) is a covering space of a space B.
Let ¢, ¢’ be continuous mappings of a connected space L into B such
that fo o = fO ¢'. If o(we) = ¢'(wo) for at least one point wy, then
e =¢.

Let A be the set of points such that ¢(w) = ¢'(w); A is clearly
closed and not empty. Lemma 1 will be proved if we can show that 4
is open. If weA, then v = f(p(w)) has a neighbourhood V which is

-1

evenly covered by 8. The component V of o(w) = ¢'(w) in f (V)
is a neighbourhood of ¢(w) in B (Cf. Lemma 1, §VI, p. 41). It
follows that there exists a neighbourhood W of w in ® such that
o(W) C V, (W) C V. Because f maps V topologically, w'eW
implies p(w') = ¢'(w'), whence W ( A: Lemma 1 is proved.

Remark. The statement of Proposition 1 is to a certain degree
similar to the principle of monodromy. In fact, Proposition 1 can
be deduced from the principle of monodromy in the case where we
assume that B is normal. ,

Let now (B, f) and (¥, f/) be simply connected covering spaces
of a space B. Let p be a point of B, and let $, ' be points of T, B’
respectively such that f(p) =p, f(p') = p. By Ploposmon 1,
there exist continuous mappings; ¢ of B into L', and ¢’ of ¥’ into -B
such that

ffoe=f  foe=f; @) =9; @) =5

Then, ¢’ O ¢ is a continuous mapping 0 of B into itself such that

fo o8 =jand 6(p) = p. By Proposition 1, 6 is the identity mapping

of B. In the same way, we see that ¢ O ¢’ is the identity mapping
-1

of B’. It follows that ¢ is a homeomorphism and that ¢’ = ¢. We
have proved

Proposition 2. If a space B admits a simply connected covering
space, it admits only one (except for isomorphisms).

"Let us furthermore apply our previous con51derat10ns to the
case where B = @', f = f. We see that, if §, p' are points of B
such that f(p) = f(p'), there exists a uniquely deﬁned homeomorphism
@ of B with itself such that f0 ¢ = f, o(p) = #'.
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Definition 1. Let B be a space which admits a simply connected
covering space (B, f). The group of those homeomorphisms ¢ of B with
ttself such that fO ¢ = f is called the Poincaré group (or fundamental
group) of B.

The Poincaré groups of any two simply connected covering spaces
of the same space LB are isomorphic (as follows immediately from
Proposition 2). If we think of the abstract group which is isomorphic
to the Poincaré group of any simply connected covering space, we call
this group the Poincaré group (or fundamental group) of B. We have
proved

Proposition 3. Assume that the space B admits a stmply connected
covering space (B, f). If p, p' are points of B such that (') = f(p),
then there exists a uniquely determined operation of the Poincaré group
of B which maps p upon p'.

Lemma 2. Let B, B, be two spaces; assume that (B, f;) is a covering
spaceof B; (1 = 1,2). Ifweset f(i1, 5) = (f1(1), f2(B2)), then (By X Bs,
f) is a covering space of By X Bb.

Let v = (v5, v2) be any point of B; X V.. We can find a nelgh-
bourhood V; of »; with respect to B; whl(,h is evenly covered by 8;

(z =1, 2). If V;is any component of f (V) (z =1, 2), f maps
Vi X Vz topologically onto V; X Vi The set V', X Vz, being con-
-1

nected, is contained in a component V of f (V; X V3); the projection
-1
of By X B, onto B, maps V into a component of f;(V;), whence
-1

V= I:_’] X IZ,. Any point of f (Vi X V3) belongs to a set of the
form V; X V,; it follows that the sets V1 X V3 are the components of
-1

J (Vi X Vy) and that V, X V; is evenly covered by $; X B, with
respect to f. Since B;X B, is connected .and locally connected,
Lemma 2 is proved.

Proposition 4. Assume that the spaces- Bi, Ba both admit simply
connected covering spaces. Then By X B, admits a simply connected
covering space and its Poincaré group is isomorphic to the product of
the Poincaré groups of B, and B,.

Let (B, ) be a simply connected covering space of B; (i = 1, 2).
If we define the mapping f as in Lemma 2, (8, X Bs, f) is a covering
space of By X Bs, and is simply connected by Proposition 1, §VII,
p. 45. Let F; be the fundamental group of (s, f;) ¢ = 1, 2); if
@:€F;, the mapping ¢ of B, X B, into itself defined by (@1, 2) = (¢1(F1),
¢12(7)) clearly belongs to the Poincaré group F of (B; X B, f). The
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mapping (@1, ¢2) — ¢ is easily seen to be an isomorphism of Fi X F,
with a subgroup of F. If (#, 92) and (#}, #;) are any points of B, X B,
such that f(7,, #;) = f(#), 9;), we have fi(#) = f,(#)) (¢ =1, 2), and
there exists an element ¢;eF; such that ¢i(5;) = #;.. The operation @
of F which corresponds to (¢1, ¢2) maps (71, #2) upon (], 7). Taking
Proposition 3 into account, it follows that the mapping (¢1, ¢2) — ¢
maps Fy, X Fq onto F. Proposition 4.is proved.

Let us now consider the notion of a covering space in the case
where the space which is covered is a topological group.

Definition 2. Let & be a topological group. By a covering group of
®, we mean a pair ((55 f) composed of a topological group & and of a
homomorphism f of ® into ® such that (®, f) is a covering space of ®.

Proposition 5. Assume that a topological group & has a simply
connected covering space (®, f). It is then possible to define a multipli-
cation in & which turns the space ® into a topological group and the
covering space (&, f) into a covering group.

Let € be the neutral element of ®, and let é be any element of &
such that f(§) = e. The space & X ® is simply connected (Proposi-
tion 1, §VII, p. 45); by Proposntlon 1 above, there exists a continuous
mapping ¢ of & X & into & such that f(e@E, 7)) = fG)(f(#)Y,
o(, © =& We have f(o(d, €) = f(@) and ¢(¢, € = & Making
use of the uniqueness statement in Proposition 1 (applied this time
to the mapping ¢ — f(¢(, €))), we conclude that ¢(7, &) = 3. We set

=9 7) 0 = oG, ™)

whence f(#!) = (f(#)7Y, f(e*¥) = f(@)f(). Making use again of the

uniqueness statement in Proposition 1, we derive.easily the formulas

(67)p = ¢(#p), 6é¢ = é@ = ¢. The continuous mapping & — 66~ maps
-1

the connected space ® into the discrete space f (¢) and maps & upon
itself, whence 6—! = §&; in the same way, we would prove that -5 = &
It follows that our law of composition (3, 7) — &7 turns & into a
topological group: Proposition 5 is proved.

The law of composition which we have defined in & depends upon
the choice of &. Neverless, we shall prove

Proposition 6. If a topological group admits a simply connected
covering group (®, f), this covering group is unique except for isomor-
phisms; i.e. if (&', f) is an other simply connected covering group of ®,
there exists an isomorphism 0 of the topological group & with &' such that
f=fo00.

Let ¢ &, e be the neutral elements of &, &, ® respectively. We
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can find neighbourhoods V, V', V of & &, e such that the contractions
of f, f/ to V, V' are local isomorphisms of these sets with V. It
follows that we can find a local isomorphism 8 of ¥ with ¥’ and a local
isomorphism 8’ of 7’ with ¥ such that 6’ © § and 6 © ¢ are the identity
mappings of V, V' respectively and furthermore such that f 06
coincides with f on V. By Theorem 3, §VII, p. 49, 6 and ' may be
extended to homomorphisms of & into & and of &' into & respec-
tively; we shall also denote by 6, 6’ these extended homomorphisms.
Because V, V' are sets of generators of ®, &' respectively (Theorem 1,
§IV, p. 35), @ © 6 and 6 O 6 are the identity mappings of ® and &
respectively. It follows that 6 is an isomorphism of ® (considered
as a topological group) with . Moreover, since f and f’ © 8 are both
homomorphisms of & into ®, they coincide everywhere. Proposition 6
is thereby proved.

Proposition 7. Assume that the topological group & admits a simply
connected covering group (®, f). Then the Poincaré group of © is
isomorphic to the kernel of the homomorphism f; in particular, this group
1s abelian.

Let D be the kernel of f; if 8eD, the left translation ¢, associated
with & in ® is a homeomorphism of & with itself such that f 0 ¢; = f.
It follows that ¢s belongs to the Poincaré group of (®, f). Making use
of Proposition 3 above, we see easily that the mapping § — ¢; is an iso-
morphism of D with the Poincaré group of (®, f). Proposition 7
then follows from Proposition 2, §VII, p. 50.

$IX. EXISTENCE OF SIMPLY CONNECTED COVERING SPACES

Definition 1. A space B is said to be locally simply connected if
every point of B has at least one simply connected neighbourhood.

Observe that we do not require that every ncighbourhood of the
point should contain a simply connected neighbourhood.

A locally simply connected space is of course ipso facto locally
connected.

Theorem 4. Let B be a connected and locally simply connected space.
Then B has a stmply connected covering space.

We select arbitrarily a point v:€®8. By a specified covering space
of B we shall mean a triple (8, #°, f) such that (8, f) is a covering
space of B and #° is a point of ¥ with f(@) = v.. Two specified
covering spaces (B, 7, f) and (B, 7, f1) are said to be of the same
type if there exists a homeomorphism 5 of ¥ with B, such that f; 0y
= fand n(#°) = #]. We know that we can construct a set of covering
spaces of B such that every covering space is isomorphic to one of
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them; it follows easily that we can construct a complete system of
representatives (B, 72, f.) for all types of specified covering spaces
(a running over some set of indices). Let %, be the subset of the
product space II,B, composed of those elements z = (- + * & * * )
for which the f.(7.) are all equal; if zeX,, we denote by f*(z) the
common value of the elements f,(7.). It is clear that f* is a continu-
ous mapping of ¥; onto B and that the point x° = (- - - 8% - -+ )
belongs to X.

Let v be a point of B, and let V be a simply colnneeted neighbour-

hood of . We denote by V.., the components of f. (V), » running over
a set of indices N, which depends on a. It follows immediately
from Lemma 5, §VI, p. 42 tht fa, maps each V.., topologically onto
V.
Now set Z = II.N,; if {eZ, we denote by ¢(a) the a-coordinate of ¢
and set
=% NV ap

Let f; be the contraction of f* to V;. It is clear that f; is univalent

and continuous. On the other hand, if veV, the a-coordinate of

-1

fr (v) is the point of V4 ;r(«) which is mapped on » under f.; this point is a
-1

continuous function of », and it follows that f; is continuous. There-
fore f; is a topological mapping of V; onto V. In particular, we see
that V; is connected. Clearly,

-1
7*(V) = Uses V¢
If we assign toeveryz = (- - + ¥, + * -)€X; the element g, (x) = ¥,

we obtain a continuous mapping g, of ¥; into B,. The set g (V.. v)

is the union of the scts V; for which {(a) = ». If R is any component
-1

of f*(V), gX(R) is a connected subset of f. (V) and is therefore con-
tained in some V,,. It follows that each V; is a component of f *(V)

and that the components of g, (Va ,) are the sets ¥; such that {(a)
From the facts that f; is a homeomorphlbm and that f, and ga are con-
tinuous, we deduce easily that g,, maps V; topologically onto V,.¢w.
Let X} be the space which has the same points as ¥,, and, for open
sets, the unions of components of open sets of X, (cf. Lemma 6, §VI,
p. 43). Then ¥, is locally connccted. Every point of 8 has a
neighbourhood which is evenly covered by %; with respect to f*;
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every point of 8, has a neighbourhood which is evenly covered by r
with respect to g.. Let % be the component of z° in %;, and let f
and g, be the contractions of f* and gxtoX. Then (%, f) is a covering
space of B and (%, g.) is a covering space of B, (cf. Lemma 5, § VI,
p. 40). Theorem 4 will be proved if we can show that X is simply
connected. .

Let (%, ¢) be a covering space of . We shall see that (¥, f 0 ¢)
is a covering space of B. Let z be any point of X, and let V be a
simply connected neighbourhood of f(z) in 8. Denote by V the

-1

component of z in f (V); then it follows from Lemma 1 and 5, §VI,
p. 40 that ¥ is a simply connccted neighbourhood of z in X and is
therefore evenly covered by % with respect to ¢. This proves our
assertion. :

Let #° be a point of £ such that (&%) = z°. Then (%, %, fO ¢)
is a specified covering of B, and, as such, it is of the same type as
(B., %, fa) for some a. There exists a homeomorphism h of B, with
¥ such that (fO ¢) Oh = f. and h(3)) = #°. We set ¢ = ¢ O h; then
(8., ¥) is a covering space of . We have ¢(92) = zoand fO ¢ = fa.
In order to prove that ¢ is a homeomorphism, it will be sufficient to
prove that ¢ is a homeomorphism. The mapping g O maps Ba
continuously into itself, and we have fa O (gaO¥) = fOY = fq,
(9« © ¥) (%) = 7. By Lemma 1, §VIII, p. 50, it follows that g5 o ¢
is the identity mapping of B, which proves that ¢ is univalent.
Since (B, ¥) is a covering space of %, it follows that ¥ is a homeo-
morphism. Theorem 4 is thereby proved.

§X. THE POINCARE GROUPS OF SOME SPECIAL SPACES -

Proposition 1. The additive group R of real numbers is simply
connected.

Let (R, f) be a covering group of B. We can find a neighbourhood
V of the neutral element in B which is mapped topologically by f
upon an interval ]—a, +af in R (witlll a > 0). Because f is a homo-

morphism, the elements of V" f(1—a/2, +a/2[) commute with
each other. It follows that B is abelian; we shall write the law of
composition in R additively. Let d be an element of B such that

f@) = 0; we may write d in the form dy + - - - + ds with dieV
(1<i<h). Set f(d) =di; we havedi + * - - +dn=0. Let k
be an integer such that |[k~'(di + - - - +di)| <a (1 £ 7 < h), and

let %; be the element of ¥ which is mapped upon k~'d; by f. Because
f is a local isomorphism, we have f(Z: 4 « « + 4+ &) = f(&) + - - -
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+ f(#) = 0, whence & + - - - + & = 0 (where 0 is the neutral ele-
ment of B). Again because f is a local isomorphism, we have d; = kZ;,
whenced = Zd, = k2% = 0. This proves that fis univalent. Propo-
sition 1 is thereby proved.

Lemma 1. Assume that (B, f) is a covering space of the space B.
Let A and B be two closed, connected and locally connected subsets of B
which are both evenly covered by B with respect to f. If A B is
connected and mot emply, the set A UIB 18 evenly covered by B,

Let A, be the components of f(A4), v running over some set of
indices N (we assume that A, = A, for » % »'). Set C = A N B,

-1

A,M f(C) =C,; we know that f maps A, topologically onto 4;
it follows that f maps C, topologically onto C. In particular, C, is
connected; as such, it belongs to a uniquely determined component

B, of f(B). It is clear that B, # B,, for » # ' and that every
-1
component of f (B) occurs among the sets B,. We set K, =40 B,,

~

L,=U .,';e,K.'; R, is clearly a closed set. We haveL = Uy 4,)
v (Uyysr B,); we know that A, is relatively open in f (A) and that

B, is relatively open in f (B) (Cf. Lemma 5, §VI, p. 40). It follows
that the sets U, ., a, U,,,,é,, B,, and therefore also L,, are closed.

Because K, U L, = f (A U B), K, is relatively open and closed

-1
in f(4 U B). It follows that the scts K, arc the components of
-1

f (A B). If f, is the contraction of f to K,, (K,, f,) is a covering
space of A\ B (Lemma 5, §VI, p. 40). On the other hand, f, maps
K, in a univalent way. In fact, assume that f(p) = f(p’), with B,
p'eR,. If p, p’ belong to the same one of the sets A, B,, we have
clearly p = p'; if not, we have f(p) = f(p')eC and again p = p’
because f, maps both [f, and B, in a univalent way. Tt follows that f
maps K, topologically onto A \_ B: Lemma 1 is proved.

Proposition 2. Any inferval in R is stmply connected.

Let us consider first the case of the half-open interval, 8 = la, b]
(where @ < b). Let (B, f) be a covering space of 8. There is then
some closed neighbourhood [¢, b] of b evenly covered by 8. Now
Ja, b [is homeomorphic to RB. It is easy to see that ]a, b [is evenly
covered by B. Select a ¢’ such that ¢ < ¢ <b. Then la, ¢'] is
evenly covered by 8. The set ]a, ¢'] D¢, b] = [c, ¢'] is connected
and not empty. Therefore, using Lemma 1, we see that B is evenly
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covered by 8. It is then easy to sce that B is simply connected. A
similar argument now applied to a instead of b shows that [a, b] is
simply connected. Proposition 2 is proved.

Corollary. The product of a finite number of intervals in R is simply
connected.

It follows that an open or closed ball in R is simply connccted
(the open ball of center p and of radius r is defined to be the set of
points whose distances from p are <r; the closed ball is the adherence
of the open ball).

Proposition 3. T'he Poincaré group of S! is tsomorphic to the additive
group of integers; if n > 1, 8™ vs simply connected.

S! is homeomorphic to 7', which is the factor group of It by the
group of integers. Since R is simply connected, the Poincaré group
of T is isomorphic to the additive group of integers (Cf. Proposition 7,
§VIII, p. 50). If n > 1, we denote by A and B the subsets of R»*!
defined by the conditions

A: Tap1 2 0, il =1
B: Zop1 $ 0, Sl =1
The mapping (x1, * * * , Tn, Tnp1) = (X1, * * +, z,) maps A and B

topologically onto a closed ball in R”; it follows that A and B are simply
connected. The set A/ B is homcomorphic to S*!, which is
connected for n > 1. Proposition 3 follows therefore from Lemma 1.

Proposition 4. Let ® be a connected and locally connected topological
group, and let © be a closed locally connected subgroup of &. Let o
be the component of the neutral elementin O. Then there exists a mapping
f of &/ into &/ such that (&/Do, f) s a covering space of &/9.
If © is distinguished, (&/Do, f) ts a covering group of &/H.

Since § is locally connected, we know that £, is relatively open
in ® (Proposition 1, §VI, p. 40). It follows that there exists a
neighbourhood V of the neutral element in & such that V-'V " §
( 0. We may assume without loss of generality that V is open and
connected.

Let @ and @, be the natural mappings of & onto /9 and &/,
respectively. If ue®/Do, u is a coset modulo Do, say u = oco; this
coset is entirely contained in the coset ¢ modulo . If w = ¢, we
set w = f(u). Then f is a mapping of &/Ho onto &/H. Since &
and @, are both continuous and interior, it is easy to sce that f is
continuous and interior.

If 0c®, we set W(s) = w(cV). We select a complete set of repre-
sentatives A for all cosets of § modulo $o; we have § = UsesdDo.
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The set f(W (o)) is the union of the sets Ws(¢) = @o(cV5), $eA. Each
of these sets is mapped onto W(s) by f. The sets Wi(c) are mutually
disjoint and each of them is mapped in a univalent way by f. In
fact, assume that @(or1d) = @(o728’), 71,726V, §,6’'eA. We have o716
= o198'n, 789, whence 7;'r; = §96~1. On the other hand, 8'né-!
belongs to §, whence 751 eVIV Y ( Ho. If we assume & = &,
we see that 7€9o (we know that D, is a closed distinguished subgroup
of 9; cf. Proposition 1, §IV, p. 35), whence wo(o718) = @o(0728),
which proves that each Ws(n) is mapped in a univalent way. If, on
the other hand, we assume that ®(0718) = @o(o728’), we have Do,
whencee 896718’ Dod~! = (8'Dod’ 1) (8'67Y) = Dod’6~'; we therefore have
Dod' 671 Ho # ¢, whence & = 5. This proves that the sets Wi(o)
are mutually disjoint.

Each Wi(o) is open in ®/$,; therefore f maps Wi(s) onto W(o)
in a continuous, interior and univalent way, i.e. topologically. Since

each W;(o) is connected (it is a continuous image of ¢V ), we see that
-1

the components of f (W(s)) are the sets Wi(s). If follows immedi-
ately that (&/9,, f) is a covering space of &/9.

If  is a distinguished subgroup of ®, $, is also distinguished.
In fact, if 0e®, coo~! is a connected subset of § and contains the
neutral clement, whence e©oo~! ( Po. Furthermore, the mapping f
is clearly a homomorphism of &/$, onto &/9. Proposition 4 is
thereby proved.

Corollary 1. The notation being as in Proposition 4, if &/ is
simply connected, then O s connected.

In fact, if ®/9 is simply connected, f must be univalent, whence
S = Ho.

Corollary 2. Let ® be a connected and locally connected topological
group. If, © is a discrete distinguished subgroup of ®, and if f is the
natural mapping of & onto &/, then (O, f) is a covering group of &/ 9.

Using the notation of Proposition 4, it is clear that &/9o = ©
and that the mapping f which has been constructed in the proof is
the natural mapping of & onto &/9.

Proposition 6. Let & be a connected and locally connected topological
group, and let © be a closed locally connected subgroup of ®. Assume
that &/ is simply connected and that & and O are locally simply con-
nected. Then the Poincaré group of ® is isomorphic to a factor group
of the Poincaré group of 9.

Il,et (®, g) be a simply connected covering group of @. We set [5)

= g (9); it is clear that g maps every coset of & modulo $ onto a coset
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of @ modulo § and maps two distinct cosets onto two distinet cosets.
Let @ and @ be the natural mappings of @ and @ onto /9 and @/ 9
respectively; we see that there exists a univalent mapping g* of /9

onto ®/9 such that _
9*(a(@)) = a(g(3))(70®)

From the fact @ and & are continuous interior mappings, it follows
immediately that g* is also continuous and interior. Therefore g*
is a homeomorphism, from which we conclude that ®/$ is simply
connected.

The group P is locally connected. In fact, let V be a neighbour-
hood of the neutral element & of & which is mapped topologically
by g. The set (V) ™  contains a locally connectedl neighbourhood

W of € = g(¢) with respect to $. The set V" ¢ (W) is homeo-
morphic to W, and therefore locally connected; this set being a
neighbourhood of & with respect to , our assertion is proved.

It follows from Corollary 1 to Proposition 4 that § is connected.
Let go be the contraction of g to §; it follows from Lemma, 5, §VI, p. 40
that (§, go) is a covering group of .

The Poincaré group of ® is isomorphic to the kernel F of the
homomorphism ¢, and we have F ( H. Let now (94, g1) be a simply
connected covering group of §. It is easy to see that we can find
a local isomorphism % of a connected neighbourhood W, of the neutral
element of §, into a neighbourhood of the neutral element of § such
that go(n(p)) = g1(p) for all peW,. By Theorem 3, §VII, p. 50, we
can extend 7 to a homomorphism k of §; into §. The set of elements
pe®; for which go(h(p)) = ¢1(p) is a subgroup of §; and contains W;
by Theorem 1, §IV, p. 35 it follows that this set coincides with S,
whence ¢go 0 h = ¢;. Let Fy and H be the kernels of the homomor-
phisms g; and h respectively; the kernel of go being F, it is clear that
F is isomorphic to F,/H. Since F, is isomorphic to the Poincaré group
of O, Proposition 5 is proved.

It follows immediately from Propositions 3 and 5 that the Poincaré
groups of SO(n) (for n 2 3), SU(n) and Sp(n) (for n > 1) are isomor-
phic to factor groups of the Poincaré groups of SO(n — 1), SU(n — 1)
and Sp(n — 1) respectively (Cf. Propositions 2a, 3, 4, §III, p. 29).
The group SU(1) contains only one element and is therefore simply
connected. The group Sp(l) is isomorphic with S? and therefore
simply connected. Thus:

Proposition 6. The groups SU(n) and Sp(n) are simply connected
for every n 2 1.
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The Poincaré group of SO(3) is of order 2 by Proposition 1, §V,
p. 35. Therefore, for every n > 3, the Poincaré group of SO(n) is of
order either 1 or 2; we shall prove in the next section that this group
is actually of order 2.

We pass now to the consideration of U(n). We represent by p(¢)

the matrix
exp2r+/—1¢ 0..... 0

The matrices of the form p(p) form a subgroup g of U(n) which is
isomorphic with 7''. Let ¢ be any matrix of U(n); then E' is of
absolute value 1, and therefore there exists a number ¢ such that
o = p(e)r, 7€SU(n). Since g ™ SU(n) contains only the unit matrix,
every oceU(n) may be written in one and only one way in the form
o = pr, peg, 7€SU(n). The mapping (p, 7) — pr of g X SU(n) onto
U(n) is continuous and univalent; since g X SU(n) is compact, our
mapping is a homeomorphism, and we have proved

Proposition 7. The underlying space of U(n) is homeomorphic to
T* X SU(n). The Poincaré group of U(n) ts isomorphic to the additive
group of integers.

§XI. THE CLIFFORD NUMBERS.

Let K be a field of characteristic 2. We shall construct an
algebra o over K, which will contain a unit element ¢, and which

will be generated by e, and by n other elements ey, + + - , e, (Where n
is any integer >0) such that the identity
(Zlize)? = —eo2l 2}
holds for any x,, - - - , z.6K; i.e. we shall have
(1)  eoeo = eo; €e; = eey = ¢;; e, + ee; =0 @ #3)
e = —e (1<4,j5<n)

It follows easily that every element of o will be a linear combination
of eo and of the productse;, - - - ¢, with1 < 41 < -+ + <in < n.

We now proceed to the actual construction of 0. To every subset
A of the set N = {1, 2, - - - | n} we associate a symbol es, and we

consider these symbols e4 as forming a base of a vector space over K.
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This vector space has therefore the dimension 2". If A and B are
two subsets of N, we denote by A + B the set of those elements which
occur either in A or in B, but not in both. If jeN, we denote by
p(4, j) the number of elements 7ed such that ¢ 2> j, and we set

p(4, B) = Zesp(4, j) ¢(A, B) = (—1)r@4.m
We define the multiplication of the basic elements e4 by the formula
eses = {(A, B)eays

We shall prove that this multiplication is associative. Let & be the
field of characteristic 2 with 2 elements 0 and 1;if A ( N, we denote
by fa the mapping of N into & defined by f4(2) = 1 if 1€, f4(z) = 0
if 7 does not belong to A. Since I + 1 = 0, we have farz = fa + f3,
whence fusmie = fa + fo + fe = farro and (A + B) + C = A +

(B + 0).
On the other hand, we have
p(4, B+ C) = Zesrep(4, j) = p(4, B) + p(4, C) (mod. 2)

p(4 + B, C) = Zeep(4 + B, j) = p(4, C) + p(B,C)  (mod. 2)
and it follows that (e.en)ec and es(esec) are both equal to

i'(A, B){(B, C)f(A) C)e(A+B)+C-

We have therefore defined an associative algebra o over K. If we
set e = eq4, €, = ey (1 £ 7 < n), we have
€s = €6, ° * * 0, lf A={’i1,"',7:m}, 'I:1<”‘<'im.
and the formulas (2) hold.

The elements of the algebra o are called the Clifford numbers.

Now we shall determine the center of o0 and the ideals in 0. To
every h(l £ & € n) we associate the lincar mapping @, of o into
itself defined by @,(r) = 3(xr — erres). We shall compute Qi(es);
denoting by s(A4) the number of elements in A, we find ecasily that:

if s(4) =0 (mod. 2), then Qi(es) = 0 if heA, and Qu(esd) = e4
if h does not belong to 4;

if s(A) =1 (mod. 2), then Qu(ca) = e4 if heAd and Qu(es) = 0if A
does not belong to 4. .

Let Q be the linear mapping @, 0 - - - 0Q,. If n = 0 (mod. 2),
we have Q(eo) = ey, Q(ea) =0 for A # ¢. If n =1 (mod. 2), we
have Q(co) = eo, Q(en) = en, Q(ea) = 0 for A # ¢, N. It follows in
particular from this that ey belongs to the center of 0 if n = 1 (mod. 2).

Let ¢ be the center of 0. If zec, we have Qi(x) = z for every A,
whence Q(z) = z. It follows immediately that ¢ = Ke, if n is even,
and ¢ = Keo + Key if n is odd.

Let now a be any ideal # {0} in o, and let * = Z.cses be any
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element > 0 in a. Assume that c4, # 0; then €7} x = Zucjes belongs
to a, and the same holds for Q(ez,z). We have ¢ #= 0. If n is even,
we have Q(ez'z) = cleo, whence eoza and therefore a = 0. We have
proved

Proposition 1. If n is even, the center of the algebra of Clifford
numbers is Keo (where K 1is the basic ficld). The only ideals in the
algebra are {0} and the whole algebra.

If n is odd, then Q(ezlx) = cheo + cyen. It is easy to see that
¢} = (—1)»+b2 If (—1)*+D72 jg not a square in K, the center
¢ = Keo + Key of 0 is a field; since a M ¢ is an ideal # {0} in ¢, we
have a " ¢ = ¢, whence @ = 0. Assume now that (—1)~t0/2 = j2,
jeK. Then the elements u = %(eo + jev) and v = §(eo — jen) are
orthogonal idempotents in ¢ (i.e. u® = u, v = v, wv = 0), and we
have ¢ = Ku + Kv. The ideals # {0} in ¢ are Ku, Kv and ¢. It
follows that a contains one of the clements u and v. Assume that a
contains u; if there exists an element yea such that z = yv # 0, then
a M ¢ contains Q(ezlx) = Q(ezy)veKv (observe that » belongs to the
center, whence Q(z2v) = Q(2)v for every z). It follows that, if uea, we
have either a = {0} or av = {0}. In the latter case, we have clearly

= pu. We have proved

Proposition 2. If n ¢s odd, the center of the algebra of Clifford num-
bers is Keo + Key. If (—1)*®+D/24s not a square tn K, the only ideals
in o are {0} and 0. If (—1) »+D72 = j2 jeK, the ideals in o are {0},
o, ou and ov, where u = ¥(eo + jen), v'= (0 — jen).

If zeo, the mapping y — 0(x)y = zy is a linear endomorphism
of the vector space o over K. After having arranged the basic ele-
ments e4 in a certain order (in an arbitrary way), we can represent
this endomorphism by a matrix of degree 2*; we shall also denote this
matrix by 6(z). We obtain in this way a representation of the algebra
o by matrices; this representation is called the regular representation.
We shall denote by A(z) the determinant of 6(z). If n is odd, we
denote by K’ the field obtained by adjunction of 4/ —1 to K; the linear
combinations of the elements e4 with coefficients in K’ form an algebra,
which is the algebra o’ of Clifford numbers over K’. The matrix 6(z)
may be considered as defining a linear endomorphism of o’. If we set
u' = ¥(eo + jew), v' = %(eo — jen) (where j is an element of K’ such
that j2 = (—1)*®+D72) it is clear that 6(x) maps into themselves the
subspaces 0'u and o'v of o’; we shall denote by 6'(z) and 6”(z) the
contractions of 8(x) to o’u and o'y, and by A’(z), A" (z) the determinants
of the endomorphisms 6'(z), 8’(x). If D is any one of the functions
A, A’, A", we have D(zy) = D(z)D(y).
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An element z€o is said to be regular if it has an inverse, i.e. if there
exists an element z—'eo such that zxz~! = 7'z = e,. If x is regular,
we have A(r)A(z!) = 1, whence A(z) # 0. Conversely, if A(z) # 0,
6(x) is a regular matrix, and therefore 6(x) maps o onto itself in a
univalent way. It follows that there exists an element 2! such that
zx~! = eo; we have z(r'x) = 2 = xeo, whence also 7'z = e, z is
regular.

We shall now assume that the basic field K is the field R of real
numbers. The regular elements of o form a multiplicative group which
we shall denote by o*. The contraction of 6 to o* is a faithful rep-
resentation of o*.

If zeo*, the mapping y — zyx—! is an endomorphism of o, which
we may also represent by a matrix ¢(z). The mapping z — ¢(z) is a
representation of o* whose kernel is the intersection of o* with the
center ¢ of o.

If we assign to an element x = Zscae4 of 0 the point of E?" whose
coordinates are the coefficients ¢4 (after having arranged the sets A
in some order), we obtain a one-to-one correspondence between o and
R?. We may define a topology in o by the requirement- that this
correspondence shall be a homeomorphism. The operations in o
(addition, multiplication between elements of o, multiplication by real
numbers) are obviously continuous with respect to this topology.
Furthermore, if 2€0*, 2! is a continuous function of z. In fact, we
have seen that 2! is the unique solution of the equation 8(z)y = eo;
since the coefficients of the matrix 6(z) are linear functions of the
coefficients ¢4 of z, the coefficients of x~!, expressed as a linear combina-
tion of the basic elements e, are rational functions of the quantities
c4 and the denominators of these functions are equal to A(z). Since
A(z) # 0 on o* z~!is a continuous function of z on o*. It follows
that 0*, considered as a subspace of 0, becomes a topological group, and
that 6 and ¢ are continuous representations of o*.

We observe furthermore that the mapping z — 6(z) not only is
continuous, but is a homeomorphism of o with some subspace of the
space of all matrices of degree 2 with coefficients in B. In fact, we
have 6(x)e; = x, which shows that the coefficients of x are also the
coefficients of a certain column of the matrix 6(z).

We have
2 m
o(eo+x+"‘—2’—!+ e +sz!) = 0es) + 0(2) + 5 (0@)* + - - -

+ 1 (B@)"
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If m tends to infinity, the right side tends to exp 8(x). Therefore
eo+z + 22/2!+ - - - + z™/m! tends to a limit, exp z, such that
6(exp ) = exp 8(x). We have exp (x +y) = (exp z)(exp y) if vy = yr;
in particular (exp (—z)) = (exp x)~!, which shows that exp zeo*.
We have (by Corollary 1 to Proposition 2, §II, Chap. I, p. §)
A(exp x) = exp Spl(z) # 0.

We shall now compute y¢(exp ). The mapping y - zy — yx
is a linear endomorphism of o, which we denote by X (x). Let yo be
any element of o, and set y(t) = (exp tx)yo(exp (—tz)), where ¢ is any
real number. We have

y(t + k) = (exp hx)y(t)(exp (—hx))
= (eo+ hx + - - Yy)(eo — hr + - - )
whence .

dy

dy _ .. yt +h) —y@®) -
gt = limiso h =

zy(t) —y()z = X()y()

We know that the solution of this differential equation (which is
equivalent to a system of 2" linear homogeneous differential equations
for the coefficients of y(t)) is given by the formula y(¢) = (exp tX(x))yo.
Therefore we have

v(exp tr) = exp (tX(x)).

Let M be the vector subspace of o which is spanned by e;, + - - , en.
We shall consider the set of those elements zeo* which are such that
¥(x) maps I into itself. This set is obviously a subgroup of o*.

Definition 1. Let G be the group of elements xeo* such that ¥ (x)(IM)
(M, A(x) = 1 and (¢f nts odd), A'(x) = A" (x) = 1. The component
of eo in G (considered as a topological subgroup of o*) is called the spinor
group. This group will be denoted by Spin (n).

If z is any element of o* such that y(x)MM C M, the contraction
of ¢(x) to M is an endomorphism of M which we shall denote by ¢(z).
If o(x)e; = Z,.,ane;, we have o(z)(ZL,1.6;) = Z.,6,(Zi105,). Since
¥(x) is an automorphism of the algebra o, we have ¢ (x)(Z7z.¢:)? = (¥(x)
(Zrmien)? = — 22 (Zh,anx:)? - eo, whence 22, (2 a,2,)% = Zhy2f. It
follows immediately that ¢(x) is represented by an orthogonal matrix
in terms of the base f{e1, - * + , e.} of M. Therefore, we have o(G)
C O(n); the mapping z — ¢(x) being clearly continuous, we have
¢(Spin (n)) C SO(n). We shall prove that ¢(Spin (n)) = SO(n).

Denote by I, the vector space spanned by the elements e,e; with
i#j (1 <14, j<n). The dimension of this space is n(n — 1)/2,
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We have

0 i k=i,
X(e.-ej)e;, = 26,‘ if =1 (1 $ 'I:, j, k S n, 1 # ])
—26.' if k= j

It follows that, if zeMs, we have X(z)M C M. We have proved
that y(exp tx) = exp tX(x); it follows that eI, implies Y(exp tx)M
C M for every t. We have Sp 6(cie;) = Sp 6(e.)6(e;) = Sp 6(c)0(e;) =
Sp 6(ee,); since ee; + e,¢; = 0, we have Sp 0(e.e;) =0 (1 < 4,5 < n;
i # 7). By the same argument, we sec that, if n is odd, Sp 6'(e.e,)
= Sp 0(e,e;) = 0. Making use of the formula Iexp UI = exp SpU, we
see that zeM, implies A(exp z) = A’(expz) = A”(expz) = 1. It
follows that zeI, implies exp txeG for all real ¢, and therefore also
exp z € Spin (n). If zeM,, we denote by X,(x) the matrix which
répresents (in terms of the base {e1, - - + , e.} in M) the contraction
to M of the endomorphism X (z). Since exp tX1(x)eS0(n) for every ¢,
X (x) is skew symmetric; the cquality Xi(x) = 0 implies that x belongs
to the center of o, whence x = 0. It follows that z — Xi(z) is a
univalent linear mapping of M. into the space of skew symmetric
matrices of degree n. On the other hand, M, and the space of skew
symmetric matrices of degree n have the same dimension n(n— 1)/2;
so the latter is covered by the mapping. Since exp X1(z)ee(Spin (n)),
it follows by Proposition 4, §IT, Chapt. I, p. 5 that ¢(Spin (n))
contains a ncighbourhood of the neutral element in SO(n). DBut
¢(Spin (n)) is a subgroup of SO(n), and SO(n) is connected; by
Theorem 1, §1V, p. 35, we see that ¢(Spin (rn)) = SO(n).

Let ¢ be the contraction of ¢ to Spin (n). The mapping ¢; of
Spin (n) onto SO(n) is obviously continuous. This mapping is also
interior. In fact, let ¥V be a neighbourhood of e, in 0. Since the
function exp z is continuous, there exists a neighbourhood U of 0 in
M, such that exp xeV for all zel/. We know that, if X runs over all
clements of ‘a neighbourhood of 0 in the space of skew symmetric
matrices, the set of the corresponding elements exp X is a neighbour-
hood of the neutral element in SO(n). Therefore (VM Spin (n))
contains a neighbourhood of the neutral element in SO(n), which
proves our assertion. It follows immediately that SO(n) is isomorphic
(as a topological group) with the factor group of Spin (n) by the
kernel F of the homomorphism ¢;.

The elements of G which are mapped upon the unit matrix by ¢
are the elements of G ¢ (where ¢ is the center of 0). If ais a real
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number, we have A(acy)) = a?"; therefore, the only elements of the
form aep, which belong to G are +¢,. If n = 1 (mod. 4), we can write

aeo+ben = (@ — v/ —1b)u+ (a + v/ —=1bJ

where u = 4(eo + v/ —1en), v = 3(e0 — v/ —1en); since u is the
unit element of ou, we have A’(u) = 1, from which it follows easily
that A’(aeo + bex) = (@ — v/ —1b)?"", and similarly A" (aeo + bew)
= (a + 4/ =10b)2"". It follows that ¢/ D@ is the group of elements
aey + bey such that (@ +/—=10)2"" =1, it is a cyclic group of
order 2+71,

If n =3 (mod 4), we find in the same way that A’(ae, + ber)
= (a + b)?"", A”(aeo + bey) = (@ — b)¥"". It follows that ¢ G
is composed of the clements +eq, 7.

In any case, the group F, which is a subgroup of G M ¢, is a finite
group. It follows that F is discrete; therefore (Spin (n), ¢1) is a
covering group of SO(n). An easy computation gives exp teico
= (cos t)eq + (sin t)eieq; it follows that —eo = exp weieqs€ Spin (n),
whence —egel. Since F contains an element s£e,, the group SO(n)
cannot be simply connccted. But we know that the Poincaré group
of SO(n) is of order at most 2 for n 2 3. Therefore we have proved

Proposition 3. T7he Poincaré group of SO(n) is of order 2 for
n 2 3. The group Spin (n) is simply connected if n > 3.



CHAPTER II1

Manifolds

Summary. The manifolds to be considered are exclusively ‘analytic
manifolds.” They are defined in §I; our method of definition seems slightly
preferable to the method of Whitney in that it is “intrinsic”; i.e. it does not
require a posteriort identifications.

We define in §IV the notion of tangent space to an abhstractly given
manifold; to every analytic mapping ® of a manifold U into another manifold
1w is associated a differential mapping d® which maps the tangent space to U
into the tangent space to W. The differentials of functions are considered
as a special case of these differential mappings.

In §V, we introduce the notion of an infinitesimal transformation, which is
defined as a law which assigns to every point of the manifold a tangent vector
at this point; we define the ““bracket operation’’ for infinitesimal transforma-
tions, and we discuss the effect of a mapping on this operation.

In §§VI, VII, VIII we study the notion of a distribution on a manifold
V. A distribution is defined as a law which assigns to every point P of U
a sub-space 9Mp of the tangent space at P. An integral manifold of this dis-
tribution is a sub-manifold of U which admits 9 as tangent space at any
one of its points P. The existence of such integral manifolds depends upon
certain integrability conditions, which we express by saying that the distribu-
tion must be “involutive” (Definition 5, §VI, p. 85). We prove in §VII
that the condition of being ‘“involutive’’ is actually sufficient for a distribution
to have integral manifolds. The integral manifolds are first obtained locally;
then by a topological process of *piecing together,” we construct in §VIII
the ““complete’’ integral manifolds in the large.

In §IX we consider those manifolds for which the second axiom of denu-
merability of Hausdorff holds true. We use this axiom only to prove Propo-
sition 1, §IX, p. 94; but do not know whether this axiom is necessary even
there.

§I. AXIOMATIC DEFINITION OF A MANIFOLD

Let B be a topological space. We denote by p a point of 8, and
consider k + 1 real valued functions, fo, fi, * - * , fr, which are all
defined in some neighbourhood of p. We shall say that f, is analytically
dependent on fi, *+ + - , fi in the neighbourhood of p, or around p, if there
exists a neighbourhood V of p and a function F(uy, - - - , ux) of k real
arguments, such that the following conditions are satisfied:

1) The functions fo, f1, - * * , fx are defined on V.

2) The domain of definition of F includes all systems of values of

the form uy = fi(q), * * * , we = fi(q), for geV.
68
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3) If qeV we have

folg = F(u(), -+ -, fl@))-

4) The function F is analytic at the point ur = fi(p), * * *,
= fi(p).! Let us now assume that B is connected and that we have
assigned to each point pe®B a class @(p) of real valued functions, sat-
isfying the following conditions:

I. Each function in G(p) is defined in some neighbourhood of p (this
neighbourhood may depend on the function).

II. Any function which depends analytically around p on a finite
number of functions in G(p) 18 itself in G(p).

IIL. It s possible to find an ordered system (fi, - * * , fa) of func-
tions in Q(p), a neighbourhood V of p, and a number a > 0 with the
following properties:

1) The functions f1, * * * , fa are defined on V.

2) If we assign to each point geV the point ®(q)eR™ whose coordinales
are £y = f1(q), * * * , Ta = fa(q), the mapping ® is a homeomorphism of
V with the subset of R* composed of the poinis (x1, * * * , T.) such that

‘xl - fl(p)‘ < a, T, ‘xn - fn(p)l <a.

3) If qeV the functions f1, * * * , f belong to G(q), and every function
in G(q) depends analytically on f1, + + + , fa around q.

Under these conditions we shall say that we have defined a man:-
fold V.2 Therefore, to define a manifold we must first give a topolog-
ical space ¥ and then select for every point pe® a certain class @(p)
of real valued functions.

The space B is called the underlying topological space of the mani-
fold. The class @(p) is called the class of analytic functions on U
at the point p.

The underlying space B of a manifold cannot be an arbitrary
topological space for we have required that it be connected and it
follows from III that every point of 8 has a neighbourhood which is
homeomorphic to a cube in some cartesian space.

1 This means that F may be represented in a neighbourhood of this system of
values by a convergent power series

* This definition is equivalent to the classical one given by Whitney in * Differ-
entiable Manifolds”” (Annals of Math., vol. 37, 1936). It should be observed
that we limit ourselves to the consideration of analytic manifolds.
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We observe that, if an ordered system (fi, - - - , fa), a neighbour-
hood V, and a number a > 0 have the properties 1), 2), and 3) of
condition III, these properties also hold if, without changing a or V,
we perform an arbitrary permutation an the functions fy, - - -, fa.
On the other hand, property 2) implies that the functions fy, - - - , fa
are distinct. Thercfore properties 1), 2), 3), are properties of the
finite set {f1, + - - , f»} (and, of course, of V and a).

Definition 1. If the properties 1), 2), 3), of condition I1I hold
for the system (fy, + - -, fn), the neighbourhood V, and the number a, we
shall say that the finite set {f1, - + * , fa} s a system of coordinates on V
at the point p, and that V s a cubic neighbourhood of p with respect to
this system of coordinates. The number a is called the breadth of the
neighbourhood V with respect to the system of coordinates {f1, - * - , fa}.

Remarks. 1) If {fi, - - -, fa} is a system of coordinates at p,
and if V is a cubic neighbourhood of p with respect to this system, the
set {f1, * * +, fa} is also a system of coordinates at cvery point of V.

2) If {f1, - - -, fa} is a system of coordinates at p, any neighbour-
hood of p contains a cubic neighbourhood with respect to this system.

3) If fis a function which is analytic at p on U, there cxists a
neighbourhood V of p such that fis also analytic at every point ¢geV.
In fact, let {fi, - - -, fu}] be a system of coordinates at p; there exists
a neighbourhood V1 of p such that f, fi, - - -, f. are defined on V,and

(1) flo) =0, - - -, (@),  for  ¢eV,y,

where f*(u1, * * * , u,) is a function of » arguments, which is analytic
at the point u, = fi(p), - + *, u, = fu(p). This function is also
defined and analytic at all points of a neighbourhood U of this point in
R*; we can find a cubic neighbourhood V of p with respect to the
system {fi, + - -, fa} such that V' ( V, and such that ¢V implies
(filg), * + -, fa(@))eU. Then fis analytic at every point geV.

We shall say that (1) is the expression of f in terms of the coordi-
nates fi, - - -, fa. Itshould be observed that the function f* actually
depends on the way in which the functions of the system of coordinates
are ordered.

Proposition 1. Let {zi, - - - , x,} be a system of coordinates at the
point p on the manifold V. Let fi, + + *, fn be a finite number of
functions, belonging to Q(p). In order that {f,, * - + , fu} should be a
system of coordinates at p, the following conditions are necessary and
sufficient:

1) m = n, and,

2) of fi = f: (%1, * * +, xn) is the expression of fi; in terms of the
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coordinales x1, * * * , X, the functional determinant,

DY, -, f)
D(xly v ’xn),

is # 0 for x1 = 21(p), * * * , Ta = Za(P).

1) The conditions are necessary. In fact, if {fi, - -+, fm}
is a system of coordinates at p, the function x; may be expressed
in the neighbourhood of » as a function «, = ¢.(f1, - -+, fu), where
g.(u1, * * +, um) is a function of m real arguments, defined and
analytic in a neighbourhood of the point u, = fi(p), * * * , Um = fu(p).
Moreover we have

@, - @) =u (1S9 <m)
a(fi@®, - @) =a QSIS )

where i = (uy, * * *, Unm), £ = (21, - -+, x,) are points of L™,
R» respectively, belonging to sufficiently small neighbourhoods of
flo = (fl(p)’ e ,fm(p)), Yo = (xl(p)r et yxﬂ(p))- We have

*
9 9
2,(f~') (ﬂ) — b, 1<i<m,
6.1:; Lo auk Uo

3 af
Ei (__gk)v (-‘f]—> = 6"” 1 S k S n.
o,/ it \0x; /1o

*

aft

ax,

Let us set a; = ( > . From the first set of equations it follows
Lo

that the linear equations Zju,4; = b, have a solution whatever the
right-hand sides, by, * - -, b, may be. Thercfore we must have
m < n, and the matrix (a,) is of rank m. Similarly the second set
of equations gives n < m; therefore m = n and # 0, which proves
that the conditions are necessary.

2) Conversely, let us assume that the conditions 1), 2) are satisfied.
Let V be a cubic neighbourhood of p with respect to the system {a,

*, .}, and let a be the breadth of V. Taking a small enough,
we may assume that the functions fi, + - -, f. are defined on V and
analytic at cvery point of V. The implicit function theorem gives
the following: there exist two numbers, a; > 0, b > 0 such that if
Y1, * * * , Ya are n real numbers satisfying

(2) ly. — @) <b (1 <i<n)
the equations .
f;’ (xl, e 7xn) =Y
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have one and only one solution (z, - * + , z,) which satisfies the
conditions
lz: — zi(p)| < au.

Moreover, this solution is given by equations of the form

X = gi(yly Tty yﬂ)

where the functions g1, - * + , g. are analytic in the cube Q defined
by the inequalities (2).

We may assume without loss of generality that a; < a. If we
assign to every point y) = (y, - - -, y.)€Q the point &(y)eV whose
coordinates are z; = ¢,(y1, - * -, ¥a) (1 £ ¢ £ n) we have

L@W) =y (A Si<n).

It follows that @ is a homeomorphism of Q with a subset W of V. We
can find a number a; such that 0 < a; < a; and such that the con-
ditions |z: — z.(p)| < @z (1 < 7 < n) imply |f(z1, « * + , za) — fi(p)|
< b. Therefore W contains all the points geV for which the inequali-
+ ties |x,(¢) — x:(p)| < a2 hold, which proves that W is a neighbourhood
of p. If reW, each of the functions zi, + + + , x, depends analytic-
ally on fy, - + -, fu around r, since we have

zi(g) = ¢:(f1(9), * - -, falq)) (eW;1 <7 < n),

It follows that any function fe@(r) depends analytically on fy, - - - , fa
around r. We sce that properties 1), 2), 3) of condition III hold
for the system (fi, - - -, f), the neighbourhood W, and the number b.
In other words, {fi, + - -, fu} is a system of coordinates around p, and
W is a cubic neighbourhood of p with respect to this system.

Corollary. If U is a manifold and peV, the number of functions
in a system of coordinates at p is the same for all systems of coordinates
al p.

This number of functions is called the dimension of V at p. This
number does not depend on p. In fact, it follows immediately from
Remark 1, p. 70, that p has a neighbourhood V such that the dimension
of U is the same at all points belonging to V. For every integer
n > 0, let U, be the set of points of U at which the dimension of U is n.
Then the sets U, are all open; they are mutually disjoint, and every
point of U belongs to one of them. Since UV is a connected topological
space the sets are all empty except one; this proves our assertion.

The common dimension of ‘U at all its points is called the dimension
of V.
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§II. EXAMPLES OF MANIFOLDS

Let V be a set on which are defined » real valued functions, f,,
+ -+, fa with the following property: if we assign to every element
peV the point ®(p)eR" whose coordinates are fi(p), - * - , f.(p), then
the mapping p — ®(p) is a univalent mapping of V onto an open
connected subset of R».

Under these conditions there exists a manifold U whose set of
points is V and which is determined by the property that the func-
tions fy, + - -, fa form a system of coordinates on U at each point of
V. In fact, since & is univalent, there exists a topological space B,
whose set of points is V, and such that ® is a homeomorphism of 8
with the subspace ®(V) of R*: the open sets of B are the sets which
are mapped by ® onto open subsets of B*. The topological space B
is connected. If pe®B let @(p) be the class of real valued functions
defined on neighbourhoods of p and depending analyticallyon f, - - -,
f» around p. It is a trivial matter to verify that the assignment
p — G(p) satisfies conditions I, IT and III of §I. Therefore this
assignment defines a manifold U, and fy, - - -, f. obviously form a
system of coordinates at any point of V.

If the set V is equipped a priort with a topology, and if & is a
homeomorphism of V, the topological space defined above coincides
with the one given a priori; the latter space is the underlying space
of the manifold we have constructed.

For example, if we take V = R» with its usual topology, and take
for fi, - -+ -, fa the coordinates in X", we obtain a manifold whose
underlying space is R*. This manifold will also be denoted by R".
A function f, defined in a neighbourhood of a point peR", is analytic at p
on the manifold R* if, when expressed as a function of the coordinates,
it is analytic at the point 1 = z1(p), * * * , Tn = Ta(p).

A manifold which can be obtained by the above procedure has the
property that there exists a set of real valued functions, defined on the
whole manifold, and forming a system of coordinates at every point
of the manifold. There exist, however, manifolds which do not have
this property. In this connection we mention the following problem,
which seems to be of the utmost difficulty: If U is a manifold, does
there exist a finite set of real valued functions, fi, - * -, fy, defined
and analytic at all points of U, and having the property that at each
peV some subset of the set {f1, - - - , fv} is a coordinate system at p?
In fact, it is not even known whether there always exists on a manifold
a non-constant function which is everywhere analytic.
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_We shall now construct a manifold whose underlying space is the
one-dimensional torus T, i.e. the factor group of the additive group
R of real numbers by the group Z of integers. Let ¢ be any point of
T1; ¢ is a residue class of R modulo Z, i.e. it consists of a real number z
and all other real numbers which can be obtained from z by addition
of arbitrary integers. If f(z) is a periodic function of period 1 it
takes the same value at all points z of the residue class r; we may
denote this value by f(x), and then f becomes the symbol of a function
defined on 7. In particular, the functions sin 2, and cos 27x are
real valued functions defined on 7.  Let G(xro) be the class of functions
defined in neighbourhoods of o in 7" and depending analytically
around ro on sin 2, cos 2xr. It is casy to sec that the assignment
to — @(ro) satisfies conditions I, 11 and III of §I. Hence it defines
a manifold, which we shall also denote by T. If the residue class Zo
does not contain § or § the function sin 2x¢ is a system of coordinates
at ro; if it does not contain 0 or 4 the function cos 2wy is a system of
coordinates. It is easy to sce, however, that no function can be a
system of coordinates at every point of 1",

Let U be a manifold, U a connected open subset of U, and G(p)
the class of analytic functions at p on V. If we assign to every peU
the class of functions of the form f o I, where f is any function in Q(p)
and I is the identity mapping of U into U, we clearly obtain a manifold
q whose underlying space is U. Such a manifold is called an open
submanifold of V.

Definition 1. Let U, W be manifolds and let & be a mapping of V
into W, where V is some neighbourhood of the point peV. The mapping ¢
is satd to be analytic at p if the following condition is satisfied: if g s any
function on W which is analytic at ®(p) then g © ® is analytic at p on V.

Suppose furthermore that ® is a homeomorphism of UV with W.
Then @ s called an a:talytz'c 1somorphism of V with W if both ® and its

reciprocal mapping ® are everywhere analytic.

Suppose that W is a given manifold, that 8 is some topological
space and that ® is a homeomorphism of B with some connected subset
U of W. Then U is the underlying space of an open submanifold U of
Ww. We may define a manifold U, whose underlying space is B, by the
condition that @ shall be an analytic isomorphism of U with 4. To
do this we merely assign to each pe®B the class @(p) of functions of the
form f 0 ®, with f any function which is analytic at ®(p) on U.

Remark. A homeomorphism ® of a manifold U with a manifold
W may be everywhere analytic without being an analytic isomorphism.
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In fact, let us take for U the manifold R of real numbers, as defined
above, and for ‘W the manifold which has the same underlying space
as U, but which is characterized by the fact that the mapping x — ¢(x)
= z? is an analytic isomorphism of R with W. Let ® be the identity
mapping of R into W; ® is clearly an everywhere analytic homeo-
morphism of R with W. Since the function x is analytic at 0 on R
but not on W, & is not an analytic isomorphism. This example also
shows that distinct manifolds may have the same underlying space.

Proposition 1. Let ® be a mapping of a manifold U into a manifold.
W. In order for ® to be an analytic tsomorphism of U with W it is
necessary and sufficient that the following conditions be satisficd: 1) & is
a homeomorphism of U with W, 2) if p is any point of U, and if {yy, - + - .
Yn} 18 a system of coordinates on W at ®(p) the functions y, 0 ®, - - -,
Yn O @ form a system of coordinates at p on V.

1) Suppose that ® is an analytic isomorphism and let ¥ be its
reciprocal mapping. If f is analytic at p on U, fO ¥ is analytic at
®(p) on W, and hence depends analytically on ¥, - - -, ¥, around
&(p). Since f = (fo ¥) o0&, f depends analytically around p on the
functions y, 0 ®, - - -, y,0®. It follows that, the functions y, © ®.
-+ -, ¥y O ® form a system of coordinates at p and that if W is a cubic
neighbourhood of ®(p) with respect to the system {yi, - - -, ¥n},
V(W) is a cubic neighbourhood of p with respect to this system.

2) Suppose that the conditions 1), 2) are satisfied. If g is analytic
on W at ®(p), i.e. if g depends analytically around ®(p) ony1, © * * , ¥a
then g 0 ® depends analytically on y,0®, - - - | y, O P around p,
and hence g 0 ® is analytic at p. This shows that ® is everywhere
analytic. If fis any function which is analytic at p on U, f depends
analytically around pony,0®, - - - |y, 0®. Hence fO ¥ depends
analytically around ®(p) on the functions (yg10P) oV =y, - -« ,
(4n 0.®) O ¥ = y,, which shows that fo ¥ is analytic at ®(p) on
W. Therefore ¥ is everywhere analytic, and hence & is an analytic
isomorphism,

§III. PRODUCTS OF MANIFOLDS

Let U and W be manifolds of dimensions m and n respectively,
and let B, W be their underlying topological spaces. The cartesian
product B X W is a connected topological space which we shall now
make the underlying space of a manifold.

Let (p, q) be a point of B X W(peB, ¢e¢BW). We denote by Q(p),
®(q) the classes of analytic functions at p and qon B and W respectively.

We denote by @, @, the projections of B X B onto B and T
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respectively (@1(p, ¢) = p, @:(p, ) = q). Let C(p, q) be the class
consisting of the functions f © @:1(fe@(p)), g © @2(ge®(g)) and of all func-
tions which depend analytically on these around (p, ¢). The assign-
ment, (p, ¢) — €(p, ¢), defines a manifold whose underlying space is
B X W. In fact, the class C(p, q) obviously satisfies conditions I
and II of §I. In order to verify that condition III holds we choose
systems of coordinates {r;, * * * , Zm} on U at p and {y1, * * * , Ya}
on W at q. If ais a sufficiently small positive number we can find a
cubic neighbourhood V of p with respect to the system {z1, - - * , Zm}
and a cubic neighbourhood W of ¢ with respect to the system {y;,

*, Yn}, both of breadth a.

We set 21 =210@®1, * * *, Zmn = Tm O D1, Zmy1 = Y10 Wy, * * *
Zmin = Yn O @2. The functions 2y, * * * , Zmya are defined on V X W
and belong to C(p’, ¢’) for every (p/, q eV X W. Every function
of the form fo &;, fe@(p’), depends analytically on 2y, « * -, 2m
around (p’, ¢’), and every function g O @,, ge®(q’), depends analytically
ON Zmy1, * * ° , 2Zmyn around (p’, ¢’). Hence any function in €(p’, ¢’)
depends analytically on 2y, * * + , Zm4n around (p’, ¢’).

Finally, if we assign to a point (pi, ¢1)€V X W the point of Rm+»
whose coordinates are zi(p1, 1) = x1(p1), * * * , zZn(D1, Q1) = Zu(py),
Zni1(P1, 1) = Y1(q), * * *, Zmia(D1, €1) = ¥a(g), we clearly obtain a
homeomorphism of V X W with a cube of sidelength a in R™+=.
Therefore condition IIT holds.

The manifold obtained in this way is called the product of the
manifolds U, W and denoted by U X W. We may, in the same way,
define the product of any finite number of manifolds.

If U, W, € are manifolds, then, strictly speaking, the manifolds
(OXW) XX, VX ((WXX) and U X W X X, are not the same.
However, between any two of them there is a natural analytic iso-
morphism. For instance, the mapping ((p, ¢), r) — (p, (g, 7)) is an
analytic isomorphism of (VU X W) X X onto VU X (W X &) while the
mapping ((p, q), r) — (p, ¢, r) is an analytic isomorphism of (U X W)
X X ontoV X W X .

The manifold B* defined in §II is obviously the product of =
manifolds identical with R. If we construct the product of » mani-
folds identical with 7'* we obtain a manifold whose underlying space
is the n-dimensional torus; we shall denote this manifold by 7.

§IV. TANGENT VECTORS. DIFFERENTIALS

Let U be a manifold of dimension 7, p a point of U, and G(p) the
class of analytic functions at p. By a tangent vector at p we shall
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mean a mapping L of @(p) into the real numbers which satisfies the
following two conditions:

1) L is linear, i.e. for any two functions f, g in @(p) and real numbers
a, b we have L(af + bg) = aL(f) + bL(g),

2) L is a differentiation, i.e. for any two functions f, g in Q(p) we
have L(fg) = (L(f))g(p) + f(p)(L(9)).

If L is a tangent vector and f is a function in @(p) the number
L(f) is often called the derivative of f in the direction L.

If L, L' are tangent vectors to U at the point p, it is clear that
(for any X\, N'eR) the mapping

f=L(f) + NL'(f)

is again a tangent vector to U at p. Hence the tangent vectors at p
form a vector space, called the tangent vector space to U at p.

Now let {zj, - -+ -, x.} be any coordinate system at p. If f
is analytic at p, f has, in some neighbourhood of p, an expression in
terms of these coordinates: °

f(@) = f*(x:(q), -+, 7a(q))

where f*(uy, + - -, un) is a function of n real variables, defined and
analytic in a neighbourhood of the point uy = z1(p), * * - , Ua = Za(p).

i) af*
To simplify the notation we shall write k) when we mean ———-] .

9z; ou; ui =2z,(p)
Then it is trivial that for any choice of real numbers Ay, + - - , N\, the
mapping of @(p) into the real numbers defined by

' 3
f— 2 —i N
o,

is a tangent vector at p. Now we shall prove that every tangent
vector at p is of this form by showing that if {z,, - -+, Ta} is any
coordinate system at p, and L any tangent vector at p, we have, for all

feG(p),
) L) = =2 L)

al‘,'
This relation is also significant because it shows that a tangent vector
is uniquely determined by the values it assigns to the functions of a
coordinate system.
To prove (1) we first remark that it is trivial that every tangent
vector maps every constant function into 0. If fis any function in
@(p) then we can express f (in a neighbourhood of p) in the form:
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f=a+ai(xs— ) + -+ - + an(za — )
+ 2o — xd) (2 — 2)gs

with the functions g,;in’ @(p), and where 28 = z,(p), * - , 2] = z.(p).
Applying L we find

2) Lf=aLxy—2z) 4+ -+ 4+ a.L(xa — z0)
+ L(E:g-l(xt - x?)(xi - x;))gu)
= oLz, + - ¢ 4 a.Lx, + Z7_ L((x, — ) (x; — x}))gi,)

Then, making use of the differentiation property of a tangent vector,
we have

L((x, — x:)) (x, — x;('))gu) = ((z.(p) — x?)L(xi - xjn)
+ (z(p) — 2))L(x, — 7)) + (Lg.,)((x.(p) — ) (x,(p) — 7))
=0

a
Hence (2) { because a; = 5%) yields (1).

1
If we'set

L =2 a<ig<w

we obtain a tangent vector L, for which L,(x,) = §,;. These n tangent
vectors are linearly independent, since (Z;\,L,)(x;,) = \,. Moreover,
if L is any tangent vector, we have L(z,) = (2,L(z,)L,)(z,) (1 £ j £ n),
and hence L = Z,L(x,)L;. It follows that the tangent space is an
n-dimenstonal vector space.

Now let W be a manifold and let & be a mapping of U into W,
analytic at the point peV. Let, moreover, L be a tangent vector to
U at p, and g be any analytic function on W at the point ¢ = ®(p).
If we set

@) M(g) = L(g o ®)

we clearly obtain a tangent vector M to ‘W at g. It is also clear that
the mapping, L — M, is linear.

Definition 1. The mapping which assigns to every tangent vector
L to U at p the tangent vector M to W at q, defined by (3) s called the
differential of the mapping ® at p. It is usually denoted by d®, or dd,.

Suppose now that ¥ is a mapping of W into a third manifold o,
and that ¥ is analytic at ¢q. If A is any function on & analytic at
r = ¥(q), the functions (h0 ¥) 0 ® and h O (¥ O ®) coincide in the
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neighbourhood of p. It follows at once that
d(¥ 0 d), = d¥,0dd,

Proposition 1. Let U and W be manifolds. Let ® be an analytic
mapping of V into W, and let p be a point of V. Suppose that d®, is a
univalent mapping of the tangent space to U into the tangent space to “W.
Then, if {y1, * * * , Ym} 18 a system of coordinates at ¢ = P(p) on W, it
s possible to select from the set of functionsy, 0 ®, + + + , Yym O ® a subset
containing n functions which form a system of coordinates at p on .
Moreover, if {x1, + - -, xa} 18 any system of coordinates at p on U, there
exisis a system of coordinates z1, - -+ * , z2m al ¢ on W such that x; coincides
in the neighbourhood of p withz,0® (1 £ j < n).

In fact, the function y, © ® can be expressed in the neighbourhood

of p in the form ¢,(xy, * - -, z,), where ¢, is a function of n real

variables, analytic at the point z; = z:(p), * * -, T, = 2.(p). We
de, .

shall show that the rectangular matrix o is of rank n. Sup-
Xy/ z=z(p)

dp; . . . .
pose that 0 = 27\ (bﬁ) (1 £7< m) is a linear relation
X/ z=2(p)

between columns of this matrix. Let L; be the tangent vector
to U at p defined by L,(xx) = &; (1 £j, k< n), and let L be

the vector Z\,L,, We have L(y, © ®) = Z\, a:. o= 0 whence
17 z=2(p

d®(L)y; =01 <2< m). It follows that d®(L) = 0; since d® is
univalent, we have L = 0, Ay = A\ = - + + = \, = 0, which proves
our assertion.

We can select n indices, 41, * * * , 7., from the set {1, - -+ -, m}
so that the determinant formed from the rows with indices 3, . . . , %a
is not 0. It is then clear thaty,, o®, - - - , y,, © ® form a system of
coordinates at p on V.

We can express z; in the form z; = ¢,(y;, 0%, - -+, ¥, 0®)

in the neighbourhood of p; the ¥,’s are analytic functions of » real vari-
ables and their functional determinant does not vanish for y,, = y;,(q).

We set z, = ¢,(yi, * * * , %) (1 £ 7 < n) and take for 2,41, = * * , 2m
those functions y; whose indices 7 do not occur among 2y, *+ - -, %n.
Clearly {z1, - * +, zm} is a system of coordinates at ¢ on W, and

z,0d=u1x,(1<j< n).
Remark. We see that, under the assumption of Proposition 1, there
exists a neighbourhood of p in V which is mapped topologically under ®.
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Definition 2. A ._mapping ® of a manifold UV into a manifold W
18 said to be regular at the point peV if ® is analytic at p and d®, is a
univalent mapping.

Proposition 2. The notation being as in Proposition 1, suppose that
the image under d®, of the tangent space to U (at p) covers the whole
tangent space to W (at ¢ = ®(p)). Then if {y1, - * * , Ym} s a system
of coordinates at ¢ on W, the functions y10®, - - -, Yy, O & are part
of a system of coordinates at p on V.

Let ), - + -, z, be the functions of a system of coordinates at p
on V. Here again we may express y, © ® in the form ¢,(x1, = * -, Za)
in the neighbourhood of p, and we shall show that the rank of the

. d¢, . dy;
matrix (—¢) is m. In fact, let z,_ly‘( “’) =0 be a
Xy / z=z(p) ax; z=z(p)

relation between the rows of this matrix, (1 < 7 < n). Let M; be
the tangent vector to W at ¢ dehned by M () = 6.,, (L £14, k< m).
By assumption, there exists a tangent vector L; to U at p for which

d®(L;) = M,; we have Z, (z‘pk Li(x)) = Li(ye © ®) = ds. If we

Xy 7 =zt p)
multiply by u: and sum for £ = 1 to m, we obtain w; = 0, which
proves our assertion. We may assume without loss of generality
that the determinant formed from the first m columns of our matrix
is not 0. The functions y,0®, * * + , Yn O P, Tpyy, * - * , T form a
system of coordinates at p on V.

Remark. It follows immediately that, under the assumption of
Proposition 2, the image under ® of any neighbourhood of p in U covers a
netghbourhood of q in W.

Proposition 3. The notation being as tn Proposition 1, suppose that
d®, is a linear isomorphism of the tangent space to U (at p) with the
tangent space to W (at ¢ = ®(p)). Then there is a neighbourhood V of
P which ts mapped topologically by <ll> onto a netghbourhood W of q in W;

moreover, the reciprocal mapping ® of W onto V is analytic at q.

This is an immediate consequence of Propositions 1 and 2.

Proposition 4. Let & be an analytic mapping of a manifold U into a
manifold W. If the differential of ® is 0 at every point of U, then &
18 a constant mapping (i.e. ® maps V onto a single point of W).

Let p be a point of V. Let {y1, * *+ * , ym} be a coordinate system
at the point ®p on W, and let W be a cubic neighbourhood of ®p with
respect to these coordinates. Let {xi, * - + , z,} be a coordinate
system at p on U, and let V be a cubic neighbourhood of p with respect
to the coordinates x such that ®(V) ( W. If ¢eV, we may write
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yi(®q) = Fi(zi(q), - -+, za(g)), where the functions F; are analytic
in the cube defined by the inequalities |z; — z:(p)] < a (where a is
the breadth of V). If qeV, denote by X;,, the tangent vector to U at
q which is defined by X; sz, = 64. We have

F;
g;: (x:(q), * * + , 2a() = Xy, 0®) = (dPy(X:.o))y; =0

It follows that the partial derivatives of the functions F; are equal to 0
and therefore that the functions F; are constant. This means that &
maps V onto the point ®p.

To every point reW we associate the set U, of points pe0 which
are mapped on r by &. It follows from what we have proved that
each U, is open. On the other hand, the sets U, are mutually disjoint
and the union of all these setsis V. Since VU is connected, there can be
only one set U, which is not empty. Proposition 4 is thereby proved.

The differential of a function

A real valued analytic function f, defined on U, may be considered
as a mapping of U into the manifold R of real numbers. Its differ-
ential at p is a linear mapping of the tangent space, £, to U at p into
the tangent space M., to R at zo = f(p). Since M, is a one dimen-
sional linear space over R, spanned by the vector M, defined by
My(x) = 1 (considering = as a real valued function on R), we may
identify M., with R itself by identifying M, with the number 1.
This makes df into a linear function defined on €, and with real values.
It follows directly from the definitions that

df(L) = L(f).

If fi1, f2 are analytic functions at p on U we have d(\1f1 + Maof2)(L)
= Mdfi(L) + Nodf2(L). Hence the differentials df, for fin @(p), form a
linear subspace of the space of all linear functionson®. Ifz,, * -« ,z,
form a coordinate system at p, their differentials dz,, + + - , dz, are
obviously linearly independent. Hence the space D of differentials
is of dimension n, and coincides with the space of all linear functions
on .

The preceding shows that the spaces € and D may be considered
as dual vector spaces.!

1 The dual space of a vector space£ over a field K is the set of all linear mappings
of £ into K. If & is of finite dimension, it may be identified with the dual of its
dual space.
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Product manifolds

Let V3, V2 be manifolds of dimensions 71, n; and let VU = V1 X U,
be their product. Let p1 be a point of V1, p2 a point of Vs, and p be the
point (p1, p2). We denote by 21, €, € the tangent spaces to Vi, V2, U
at p1, P2, P respectively.

Let, moreover, @; and @ be the projections of U onto U, and V..
To every vector LeR there corresponds vectors L = dwi(L)ERs, L,

= day(L)eRs. Let {x1, * - -, s} be a coordinate system at p, on
Oy, and let {y1, *+ * *, ¥} be a system of coordinates at p, on V..
The functions 2z; = 2, 0@y, * * *, 2, = &n, O @1, Zn41 = Y10 Wy,

“ + ) Zpyny = Yn, O @2 then form a system of coordinates at p on .
Let Li, Ls be arbitrary vectors in €1, €, respectively. There is a
vector LeR defined by the equalities

L(z)) = Li(zy), - -+, L(za,) = Li(zs,);
L(zm+l) = L2(yl)) Tty L(z1~|+m) = L2(yﬂz),

and it is clear that d&(L) = L1, d@(L) = Ls. Since there can be
only one vector L for which these equalities hold we sec that we may
identify € with the product of the spaces £, and ..

We have alrcady identified the tangent space to the manifold B
of real numbers at any point with R itself. Hence we may identify
R' with the tangent space to the manifold R".

§V. INFINITESIMAL TRANSFORMATIONS

Definition 1. Let U be a manifold. A vector field X on U, (also
called an infinitesimal transformation), is a mapping which assigns to
every point p a tangent vector X (p) to U at this point.

Let f be any function defined and analytic at the points of some
open subset U of V. Setting g(p) = X(p)f for peU we obtain a
function defined on U, which we shall denote by Xf. If for each
analytic f the function Xf is also analytic we shall say that X is an
analytic infinitesimal transformation.

If U is an open subset of U on which there exists a system of
coordinates {21, * * * , .}, there always exists an analytic infinitesimal
transformation defined on U7. In fact, let f be any function analytic
at a point peU; we can express fin the neighbourhood of p as a function

*

. 0
f*@y, - -, xa) of 2y ¢+ -, za Setting Xu(p)f = <i‘> we obtain

or i/ p
a tangent vector at p, and the mapping p — X.(p) is clearly an analytic
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infinitesimal transformation defined on U. Moreover, if we set
%

X.(p) = ( 2l ) (1 <7 < n) we obtain n analytic infinitesimal trans-

formations which are linearly independent at every point of U. If
X is any other infinitesimal transformation defined on U we can write

X in the form X(p) = Z,A.(p)X.(p) where A,, - - -, A, are n
functions defined on U. If X is analytic, the functions A,(p) are also
analytic, since A, = Xz; (1 <7 < n). Conversely, if 4,, * + +, An

are n functions defined and analytic on U, it is clear that X = ZA4,X;
is an analytic infinitesimal transformation on U. Since (Xf)(p)

* d
= ZA.(p) (%) , we shall call ZA; oz the symbol of the infinitesimal
i/ p )

transformation X.
If X and Y are analytic infinitesimal transformations defined on a
manifold U, the operation YX = Y 0 X is not in general an infini-
tesimal transformation. For instance, if U = R™ and if X and Y are
of of oY

defined by Xf = }1’ Yf = 652—; we have YXf = P

» and the

62

mapping f — ( —-> is not a tangent vector to B (here p is a point
a.tla.l,'z P

in B*). However, the operation U = YX — XY isalways an analytic
infinitesimal transformation; the proof of this consists in a straight-
forward verification (which we shall omit) that U(p) satisfies the
conditions 1) and 2) in the definition of a tangent vector. In terms
of a coordinate system {z1, * + + , x,} at a point p we can write (for
Je@(p)) Xfand Yfin thenelghbourhoodof pintheforms ZA; y, -,

f* af*
Zn) Py SBi(zy, * * +, Tn) Fyy Then, we find that

i

oA aB’.") <af*>
1 = .. * G40 X2 b
0 (Us = 2 (B‘ 0x; 4; 0x;/p» \02,/ p

This expression for Uf yields a second proof that XY — YX is an
analytic infinitesimal transformation.

Definition 2. If X, Y are analytic infinitesimal transformations
on U, then the infinitesimal transformation U = YX — XY will be
denoted by, [X, Y].

This bracket operation, which assigns to every pair of analytic
infinitesimal transformations (X, Y) the infinitesimal transformation
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[X, Y], is a law of composition for the infinitesimal transformations.

We also see immediately that, if @ is any number and X an infini-

tesimal transformation, then ¢X is again an infinitesimal transforma- .

tion, and, if X, Y are infinitesimal transformations, thensois X 4 Y.
The bracket operation is distributive with respect to addition:

[a1X1 + (th, Y] = al[Xl, Y] + a2[X2’ Y]
(X, a1Y1 + a.Y3] = alX, V1] + aJ[X, Yy

(for a3, a:€R, and X, X1, X, Y, Y3, Y, infinitesimal transformations).
However, it is not associative: in general we have [[X, Y], Z] # [X,
[Y, Z]). Tt is easy to prove that it satisfies the following identities:

(X, X] =0
. x, v), 21 + [[Y, Z], X] + [[Z, X], Y] =0

for any analytic infinitesimal transformations X, ¥, Z. The first of
these identities gives [X + Y, X+ Y] =0 = [X, Y]+ [Y, X],

whence

[y, X] = —-[X, YI.

The second, is called the Jacobi identity.

Let ® be an analytic mapping of the manifold U into some mani-
fold W. Let X be an infinitesimal transformation on U and Y be an
infinitesimal transformation on W. We shall say that X and Y are
®-related if, for every point peV, we have

d@p(Xp) = Y‘l’p'

If & is everywhere regular, there can exist at most one infinitesimal
transformation X on U which is ®-related to a given Y on W, since
then X, is then entirely determined by d®,(X5).

Let , be the tangent space to U at p. Its image under d®, is a
subspace &, of the tangent space Map to W at the point ®p. If an
infinitesimal transformation Y on ‘W is ®-related to an X on U, we
must necessarily have Ys,e&, for every peD.

Proposition 1. Let ® be an everywhere regular mapping of a manifold
V into a manifold W. If pev, let, ¥, be the tangent space to U at p and
set &, = do,(R,). If Y is any analytic infinitesimal transformation on
W such that Ye,€8, for every point peV, then there exists one and only
one analytic infinitesimal transformation X on U which is d-related to Y.

Under our assumptions, we can find for every pel an element
X ,e8, such that d®,(X,) = Ys,. We have to prove that the assign-
ment X:p — X, is an analytic infinitesimal transformation. From
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Proposition 1, §IV, p. 76 it follows that we can find a system of
coordinates {yi, - * ', ym} at ®p on W such that {y,0®, - - -,
ya © @} is a coordinate system at p on U (m, n being the dimensions
of the manifolds W, V). If ¢ is in a sufficiently small neighbourhood
of p in U the equality d® (X ;) = Ys, gives

X y:i0®) = Yagyi = (YUi)eq,

i.e., the function X(y; 0 ®) coincides in a neighbourhood of p with
Yy;0®. Since Y is analytic on W, Yy; is analytic at ®p; hence
Yy; © ® is analytic at p, and X (y; © ®) is analytic at p, which proves
that X is analytic at p.

Proposition 2. Let ® be any analytic mapping of a manifold U into
a manifold W. Let X1, X2 be analytic infinitesimal transformations on
V, and Y, Y., analytic infinitesimal transformations on W. If X; is
d-related to Y; (1 = 1, 2), then [X,, X 4] 18 ®-related to [V, Yl

Let p be a point of U, and let g be a function on W, analytic at the
point ¢ = ®p. The fact that X;, Y, are ®-related (: = 1, 2) may be
expressed by the formula

(Xi(go @)y = (Yig)ew

or
(Xi(g © 9))p = (Yig © @)y,

which holds for any point p’ in a suitable neighbourhood of p in V.
Hence

(YeY19)ey = (X2(Y1g © 9))p = (X2X1(g O ®))p.

We obtain a similar formula by interchanging the indices 1, 2; sub-
tracting we then find

(Y4, Yilg)ew = (X1, X2l(g O ®))p
whence [Y1, Y3], = d®,([X1, X2],), which proves Proposition 2.

§VI. SUBMANIFOLDS. DISTRIBUTIONS

Definition 1. Let U be a manifold. A manifold W is called a sub-
manifold of U if the following conditions are satisfied: 1) the set of points
of W is a subset of the set of points of V, and 2) the identity mapping of
W into U 18 regular at every point of W.

For example, an open submanifold of U (as defined in §II, p. 73)
is a submanifold in the sense of the present definition. In the case
of an open submanifold W of U the identity mapping of W into U is
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also a homeomorphism, but it is important to realize that this is not
always the case for an arbitrary submanifold of V. It is true, how-
ever, that this identity mapping is always continuous.

Let I be the identity mapping of a submanifold ‘W into a manifold
0. If peW, and if f is a function analytic at p on U, the function
foI isanalytic at p on W. This function will be called the contraction
of the function f to W. From Proposition 1, §IV, p. 76 it follows
that we can find a coordinate system {zi, - -+, .} at p on U such
that the traces z;01, * +*, 2mOI of 2y, * * *, Tn on W form a
coordinate system at p on W (where m is the dimension of W). Let g
be an analytic function at p on ‘W ; then g may be expressed, in a neigh-
bourhood of p in W, as a function g*(.101I, - - -, tmnO ) of the
coordinates ;0 I. If we set f(q) = g*(x1(9), -+, zm(@), f is
analytic at p on U, and f © I coincides with g on a neighbourhood of p
in Ww. Therefore, any function which is analytic at a point peW
coincides in a neighbourhood of p on W with the contraction of a function
which 1s analytic at p on V.

However, it is not always true that a function which is everywhere
defined and analytic on W coincides with the contraction of a continu-
ous function on V.

Let £, be the tangent space to U at a point p which belongs to the
submanifold W. The mapping dI, maps the tangent space to W
at p isomorphically onto a vector subspace 9, of ¥, The space M,
is also called (although improperly) the tangent space to W at p.

Let X be any analytic infinitesimal transformation on U, such that
X e, for every point peW. Since I is everywhere regular, there
exists one and only one analytic infinitesimal transformation ¥ on W
such that X, = dI,(Y,) for all pew. "The infinitesimal transformation
Y is called the contraction of X to W. From Proposition 2, §V, it
follows that if X1, X, are analytic infinitesimal transformations on 0,
and Y,, Y, their contractions to W, [V, Y] is the contraction of
(X1, X

Definition 2. An m-dimensional vector subspace of the tangent
space to a manifold U at a point p is called an element of contact of
dimension m of V. The point p is called the origin of this element of
contact. A law which assigns to every point peV an clement of contact
of dimension m and of origin p is called an m-dimensional distribution.

1 For instance, a non-compact one parametric sub-group of T* may be con-
sidered as the underlying set of points of a manifold which is analytically iso-
morphic with R%. The identity mapping of this manifold into 7% is analytic and
regular everywhere, but is not & homeomorphism with a subspace of T2
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Let us denote by 9 a distribution of dimension m on U, and by
91, the m-dimensional subspace which is assigned to the point p by 9n.

Definition 3. We shall say that the distribution I is analytic at
the point p if the following conditions are satisfied; there exists a netghbour-
hood V of the point p and a system of m infinitestimal transformations
Xy, * + ¢, Xm, defined and analytic on V, such that, for every point
qeV, the vectors (X1)q, * * * , (Xm)q form a base of the space WM,. The
system {Xi, - - -, Xu} 18 then called a local base for the distribution
around the point p.

Remark. There do not always exist analytic distributions on a
manifold. For instance, it can be proved that there is no analytic
distribution of dimension 1 on a sphere of dimension 4.

Since there always exists on a manifold of dimension n an obvious
distribution of dimension n, it follows from the preceeding remark
that, given an analytic distribution, it is not always possible to find a
system of analytic infinitesimal transformations which forms a base
of the distribution at every point.

Definition 4. Let I be an analytic distrebution on a manifold <.
A submanifold W of U is called an integral manifold of I if, for every
point peW, M, coincides with the tangent space to W at p.

Let 9 be a distribution, and let X, X be infinitesimal transforma-
tions, defined in a neighbourhood V of a point p,, and such that (X),,
(X2), both belong to M, for all points peV. If po belongs to an
integral manifold W of 9, X, and X, have contractions Y,, Y, to W;
therefore [X;, X,] has the contraction [V, Y3]; it follows that [X,,
Xo]p€Mp,. This shows that certain conditions must be satisfied if a
distribution is to have an integral manifold through p,.

We shall say that an infinitesimal transformation X, defined and
analytic in a neighbourhood of a point p.eV, belongs to the distribution
o if we have X,edM, for all points p of this neighbourhood. For
instance, any infinitesimal transformation of a base of 9 around p
belongs to M.

Definition 6. We shall say that the analytic distribution I s
tnvolutive if the following condition s satisfied: if two analytic infinitesimal
transformations X1, X, defined on the same open set, both belong to I,
the infinitestmal transformation [X 1, X,] also belongs to M.

From the preceding remarks, it follows that, if every point of UV
belongs to an integral manifold of 9N, M is necessarily involutive. In
the following sections we shall be concerned mainly with the proof of
the converse of this proposition.

We shall conclude this section with the proof of:
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Proposition 1. Let = be a set of analytic infinitesimal transforma-
tions defined on a manifold U, with the following properties: 1) the space
M, spanned by the vectors X ,(peV, XeZ) has the same dimension, m, at
all points peV; and 2) if X, YeZ, the infinitesimal transformation [X, Y]
may be expressed as a linear combination of a finite number of elements
of Z, the coeffictents being functions on V. Then the assignment p — M,
is an analytic involutive distribution.

Let po be a point of U; we can find m elements Xy, + + -, X of
2 such that (X1)p, * * * , (Xm)p are linearly independent, and hence
span 9M,. Let {z, - - -, z.} be a coordinate system at p,. The

rectangular matrix whose coefficients are the functions X;z; (1 <7 <m,
1 < j < n) is of rank m at po; being continuous, it is also of rank m
at all points p of some cubic neighbourhood V of p,. It follows that
the distribution 9N is analytic, the elements X,, - - - , X, forming a
base of M around pe.

Let X be any analytic 1nﬁn1te81mal transformation defined on a
neighbourhood of po and belonging to 9. We may assume that X
is defined on V, and that X, = 27,0:/(p)(X;),. We assert that the
functions g,(p) are analytic on V. In fact, they satisfy the linear
equations

¢)) (X21)p = Z,9i(p)(Xjzr)» I <k=mn),
whose coefficients are analytic on V; moreover, the matrix of the
coefficients of gi(p), - - -, gm(p) has rank m at all points of V. In

the neighbourhood of any point peV, the values of the functions g;(p)
may be found by solving a suitably selected system of m equations
from (1), and this proves their analyticity.

Let Y = Zh,X; be another analytic infinitesimal transformation
defined on V and belonging to 9. We want to prove that [X, Y]
belongs to 9M. It is obviously sufficient to carry out the proof in the
case where X = ¢gX,;, Y = hX;, for g, h any two analytic functions on
V and ¢, j any two indices between 1 and m. We have

X, Y] = YX — XY = MX;9)X: + ghX;X; — ghX;X; — g(X:h)X;
= (A(Xi9))X: — (9(X:h)) X; + ghlX;, X;].
But [X;, X;] is a linear combination of elements in = and hence belongs
to M; it follows that [X, Y] belongs to M, which proves Proposition 1.
§VII. INTEGRAL MANIFOLDS OF AN INVOLUTIVE DISTRIBUTION
(LocAL THEORY)

Let U be a manifold, and let {x,, - - - , z.} be a coordinate system
at a point peV. Denote by V a cubic neighbourhood of p with respect
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to this system, and by a the breadth of V. Let m be any integer <n,
and let £my1, © © -, £x be m — m numbers such that |&mis — Zmia(P)|
<a (1 $£h<n—m). Denote by S; the set of points g¢V whose
coordinates satisfy the conditions

Tmin(q) = Emin A< hSn—m).

We can define a manifold §; whose set of points is S; by the condition
that the contractions of zi, - - -, zm to ¢ shall form a system of
coordinates at every point of ;. It is obvious that §; is a submanifold
of V. We shall say that $; is the slice of V defined by the equations
Lmih = £m+h (1 < h s n — m)-

Theorem 1. Let IMN be an analytic involutive distribution of dimension
m on a manifold of dimension n. If p is any point of V, there exist a
coordinate system {x1, - * + , za} at p and a cubic neighbourhood V of p
with respect to this system which satisfy the following conditions: 1)
x(p) = 01 £ 1 < n);2) let a be the breadth of V and let Emy1, = * * , &n
be any n — m numbers such that |&mn] < a (1 £ B < n — m); then
the slice of V which is defined by the equations Tmsn = Emin (1 £ kb <
n — m) s an integral manifold of IN.

We first prove

Lemma 1. Let X be an infinitesimal transformation which is defined
and analytic in a neighbourhood of a point peV and which is such that X,
# 0. Then there exist a coordinale system {yi, * *+ + , ya} at p and a
cubic neighbourhood W of p with respect to this system which satisfy the
following conditions: y:(p) = 0 (1 £ ¢ £ n); X 18 defined on W and
coincides on W with the infinitesimal transformation whose symbol
(wtth respect to the y-coordinates) is 8/dy;.

We can find a coordinate system {z;, - * *, 2,} at p such that
X,21 # 0. Let Z be a cubic neighbourhood of p with respect to this
system on which X is defined and analytic, and let ¢ be the breadth
of Z. If qeZ, we have X2, = F,(z1(q), * * *, 2.(q)) (1 £ 17 £ n),
where the functions F; are defined and analytic in the cube defined
by the inequalities |2; — 2;(p)| < ¢. We consider the following system
of differential equations:

dz; .
(1) 5 = FiGu e 2) (1<9<n)

Making use of the existence theorem for systems of analytic differ-
ential equations, we obtain the following result: there exist a number
b, such that 0 < b; < ¢ and a system of n functions ¢,(y1, * * * , ¥a)
(1 £ ¢ £ n), defined and analytic in the cube Q, specified by the
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equalities |y < b1 (1 € ¢ < n) such that: 1) |gi(yy, - = -, ya)| < ¢
whenever (y1, * * * , ¥a)€Q1; 2) the equations z, = ¢,(f, 2, * * * , Yn)
represent a solution of the system (1) with the initial conditions
10, y2 * - -, ya) = 21(p), @i(0, y2, * * * ,yn) = y» + zi(p) fori > L.

We shall prove that the functional determinant D(gy, * * * , ¢a)/
D(yy,. * * * ,ya)is #Owheny, = - - - =y, =0. We have

a
(ll> = Fl(zl(p)r T, Z,.(p)) = X217 0
Y1/ o
On the other hand,if j > 1, (3¢;/dy,)o = 8, because ¢,(0,ys, * * * ,Ya) =

(1 — 81)y: + 2z.(p). Our assertion follows immediately from these
formulas.

It follows that there exist a coordinate system {y;, - -, ya.} at p
and a cubic neighbourhood W of p with respect to this system such
that W (C Z and 2.(9) = &.(y1(q), * * +, ya(q)) for every qeW. If
geW, we have

Xz =Fi(z2:(Q), -+ -, 24(9)) =

whence X = 9/dy,in W.

Now, we proceed to prove Theorem 1. Let {Xy, - - -, X} be
a base of I around p. We have (Xi1), # 0, and we may apply
Lemma 1 to X,. Let {y1, - - -, ya} be a coordinate system at p and
W a neighbourhood of p which satisfy the conditions of Lemma 1
for X, W being furthermore taken so small that (X1),, * + *, (Xm)q
form a base of M, at every point geW. It is clear that, if m = 1,
the slice of W which is defined by the equationsyz = &, =« * ,¥yn = &n
(where &, - - -, £, are any numbers which are smaller in absolute
value than the breadth of W) is an integral manifold of I, which
proves Theorem 1 in the case where m = 1. To prove Theorem 1
in the general case, we proceed by induction on m. Assume that
m > 1 and that Theorem 1 is true for distributions of dimension
m — 1. It is clear that we can find m — 1 functions A, + - + , Ap,
analytic on V, such that (X, — A:X)y1 =0 (2< 7 < m). We set
X = X; — A;X;; then (X1),, (XD * * +, (XL), form a base of M,
at every point geW. Let X be the slice of W defined by the equation
y1 = 0. If ¢geX, the vectors (X)), (2 £ 7 £ m) are tangent to X at g;
it follows that X3, - - -, X/ have contractions X,, + + -+, X, to .
If gex, the space spanned by the vectors (X2)q, - * -, (Xm), is the
intersection of M, with the tangent space to & at ¢. The distribution
M, ¢ — M, is clearly analytic on €. On the other hand, it follows

22 @, - s va@)
Y1
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immediately from Proposition 2, §V, p. 82 that 9t is involutive.
Since M is of dimension m — 1, we may apply our induction assump-
tion to M. We can find a system of coordinates Zs, * - - , Tm at p on
o and a cubic neighbourhood V of p with respect to this system with
the following properties: Z;(p) = 0 (2 £ 7 £ n); if &myy, = -, £n are
numbers smaller in absolute value than the breadth a of V, then the
slice §; of V which is defined by the equations Zmis = Emin (1 < b
< n —m) is an integral manifold of M. We may furthermore
assume that a is at most equal to the breadth of W. Let V be the set
of points ¢geW which satisfy the following conditions: the point ¢’
whose coordinates are (0, y2(q), * * - , ¥a(q)) liesin V and |y1(g)| < a.
If geV, we set z1(q) = y1(q), z:(q) = Z.(¢’) for ¢ > 1. It is clear that
{1, -+, T} is a coordinate system at p and that V is a cubic
neighbourhood of p with respect to this system. Moreover, since
za(g), *+ * *, za(q) depend only upon ys(q), * - *, ya(g) and =zi(q)
= y1(g), the symbol of X (with respect to the coordinates z, * - * , Zn)
iS a/ axl.
We have X1Zmin = 0 (1 £ 2 < n — m), whence

i}
5;— (X:-’L'm+h) = XIX:zm-}-h = [X:; Xl]x""l‘"
1

Since M is involutive, we have [ X}, X1] = gaX1 + ZP.g;X; where the
functions g;; (1 < ¢, 7 < m) are analytic on V. Therefore,

@ S (Xlen) = S )

X1

Since any §; is an integral manifold of M, we have Xixmm = 0 on
%, i.e. for z; = 0. Considered as functions of z;, the functions
X'Zmin (1 £ 7 < m) satisfy the linear homogeneous differential system
(2). Tt follows from the uniqueness theorem for systems of differential
equations that X'z.,» = 0 identically on V. This means that any
slice of V defined by a system of equations of the form Zmis = &mia
(1 £ h € n — m) is an integral manifold of M. Theorem 1 is thereby
proved for distributions of dimension m.

Proposition 1. Let M be an analytic involutive dzstrzbutzon on a
manifold V. If two integral manifolds W and W’ of M have a point p
in common, there exists an integral manifold of M, containing p, which
18 an open submanifold of both W and “W'.

We use the notation of Theorem 1. Let $o be the slice of ¥V which
is defined by the equations Tmis =0 (1 £ 2 < n — m). It will be
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sufficient to prove that any integral manifold W of I which contains p
has an open submanifold which is also an open submanifold of .
Since the identity mapping of W into U is continuous, the set
V M W is relatively open in W. Because W is locally connected, the
connected component C of p in V/ W (in the topology of W) is a
relatively open subset of ‘W.! Therefore, C is the set of points of an
open submanifold € of W, which is an integral manifold of IN.
Denote by X, the infinitesimal transformation whose symbol (with
respect to the coordinates x, - - -, x,) is /dx;. Then, if ¢V, the
vectors (X1)q, * * * , (Xm), form a base of M,. On the other hand, if
geC we know by Proposition 1, §IV, p. 75 that we can select m of the
functions x,, - + -, r, whose contractions to € form a system of
coordinates at ¢. Since Xixmuy =0 1 <7< m, 1S h<n—m),
none of these functions can be of index >m, which proves that the

contractions of &1, + - -, s to @ form a system of coordinates at any
point of €.
If gee, the vectors (X1),, * - * , (Xm), form a base of the tangent

space to C at ¢. The equations X;xns = 0 imply that the differential
of the contraction of zmx to @ is 0; therefore each function .4 is
constant on € (1 £ h < n —m) (Cf. Proposition 4, §IV, p. 75).
This means that € is a subset of $o. Because the contractions of
zy, * * *, Tm to C form a system of coordinates at every peint of €, @
is an open submanifold of §o. Proposition 1 is thereby proved.

§VIII. MAXIMAL INTEGRAL MANIFOLDS OF AN INVOLUTIVE
DISTRIBUTION

Let U be a manifold, and let I be an analytic involutive distribu-
tion on V.

We shall now study the integral manifold of I in the large, instead
of limiting ourselves to the consideration of a neighbourhood of a
point of V.

Let V be the set of points of V. We shall define a new topology
on the set V. Let O be the family of those subsets of ¥V which may
be represented as unions of collections of integral manifolds of I; ©
may be taken as the family of open sets in a topology on V. In fact

1) Any union of sets of © obviously belongs again to 0.

2) Let O, O; be any two sets of 0, and let p be a point of 0; M 0.
Then there exist two integral manifolds W;, W2 of I both containing
p, and such that W, C 0,, W, ( 0,. Proposition 2, §VII, p. 88

1 In fact, if geC, there exists a connected neighbourhood of ¢ contained inw MV,
and therefore also in C.
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shows that Wi, W, have in common an integral manifold W which con-
tains p. We have pewW ( 0, ™ O,, which shows that 0, ™ 0, € 0.

3) Any open subset U of U belongs to 0. In fact, let p be a point
of U;there exists an integral manifold W of I such that peW. SinceWw
is locally connected, the component of p in W ™ U is an open subset
of W1; as such, it is the underlying space of an open submanifold W,
of W, and W, is clearly an integral manifold of I with pew,( (.
This proves that Ue0. It follows in particular that Veo. Further-
more, we see that if p; # p., we can find sets O,, O, in 0 such that
21801, p2€0;, 01 0, = ¢.

Let B* be the topological space defined by the family of open sets
0. We shall prove that, if W is any integral manifold of I, W is a
subspace of B8*. Let p be any point of W. Then:

1) Any neighbourhood of p with respect to W contains an open
submanifold of W ; this submanifold being an integral manifold of M, it
is a set of © and is therefore a neighbourhood of p with respect to B*.

2) A neighbourhood of p with respect to 8B* contains a set O such
that pe0, 0c0; taking into account the definition of O, we see that O
contains an integral manifold W, of I containing p. According to
Proposition 2, §VII, p. 88 W, W contains a neighbourhood of p
in W.

From 1) and 2) it follows at once that W is an open subspace of B*.

Let ® be any connected component of B*, this connected com-
ponent being considered as a subspace of B*. We shall prove that B
is the underlying space of an integral manifold of 9.

In order to do this, we first select for every point peV some integral
manifold W' (p) of M containing p. [f pelW, W'(p) is an open con-
nected subset of B*, whence, W (p) ( W. .We denote by G@(p) the
class of real valued functions which are analytic at p on ‘W’(p). These
functions may be considered as functions defined on neighbourhoods of
pin W. We assert that the assignment p — @(p) defines a manifold
on W. The conditions I, IT of §I, p. 68 are obviously fulfilled; the
neighbourhood V which occurs in condition IIT being selected as a
neighbourhood W’ in W’(p) which satisfies condition IIT for W’(p)
the conditions III, 1), 2), are fulfilled. As for III, 13), we observe
that if geW’, the manifolds W’(p), W’(¢) have in common a submani-
fold which is an open submanifold of both, from whlch it follows
immediately that condition ITI, 13) is satisfied.

Let W be the manifold defined on ® by the assignment p — @(p).
If peWw, W (p) is clearly an open submanifold of W, and therefore W

1 Cf. footnote 1), p. 92.
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is an integral manifold of . It is obviously independent of the
choice of the manifolds W’(p). Since we have W'(p) ( W we see
that any integral manifold of 8 which has a point in common with
1w is an open submanifold of W.

We have now proved

Theorem 2. Let U be a manifold, and let M be an tnvolutive dis-
tribution on V. Through every point peV there passes a marimal
integral manifold W(p) of M, i.e. an integral manifold which is not a
subser of any larger integral manifold. Any integral manifold containing
p is an open submanifold of W(p). -

Remark. The maximal integral manifolds are obviously uniquely
characterized by the properties stated in Theorem 2.

§IX. THE COUNTABILITY AXIOM

 Thus far we have not required that the underlying space of a
manifold U should satisfy the Hausdorff countability axioms. These
axioms, however, hold fox the manifolds which we shall consider
later, and this fact has certain important consequences.

Let us call a subset of a manifold U which is a cubic neighbourhood
of one of its points, with respect to a suitable coordinate system at the
point, a cubic subset of V. It is clear that the countability axioms
hold in U if and only if U can be covered by a countable collection of
cubic subsets. An equivalent form of this condition is given by the
following:

The countability axioms hold in a manifold U if and only if U can be
represented as the union of a countable family of compact subsets of V.

In fact:

1) Suppose that the countability axioms hold in V. Then U
can be represented as the union of a countable family of cubic subsets.
Each of them is homeomorphic to a cube in R*, where n is the dimen-
sion of U; since a cube can be represented as the union of a countable
family of compact sets, the same holds for V.

2) Suppose that U is the union of a countable family (K,, - - -,
K., - + *)of compact subsets. Every point of K has a neighbourhood
in U which is a cubic set. Since K, is compact, it can be covered by a
finite number of these cubic sets. This being true for every m, U can
be covered by a countable family of cubic sets.

Now let us consider an involutive distribution 9t on a manifold .
As we have seen (Theorem 1, §VII, p. 88), every point peV has a
neighbourhood V which can be decomposed into slices, each slice being
an integral manifold of M. Let W be the maximal integral manifold
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containing p. Then, the intersection ¥V M W is the union of a certain
set of these slices. Since two different slices are disjoint, a compact
subset of W can meet at most a finite number of the slices. If the
countability axioms hold on W, it follows immediately that the
intersection ¥V /W is the union of at most countably many of these
slices.

Let So be the slice containing p. Then, obviously, S, coincides
with the connected component of p in W " V, this connected com-
ponent being taken in the sense of the topology of W. But, if VW
contains at most countably many slices, S, is also the connected
component of p in the set ¥V /W, in the sense of the topology of V.
In order to prove this, we may assume that V is a cubic neighbour-
hood of p with respect to a coordinate system {z1, * * - , z.} such that
each slice of V is represented by cquations of the form

Trp1 = Tepr(pr), 0, Tu = Ta(py),
p1 being a point of the slice. Let'® be the mapping of B® into E»—
defined by @(x1, - * -, #s) = (X431, * * *, £,). Under our assump-

tion, @ maps VW onto a countable subset of R*". Since & is
continuous, it maps every connected component of V /W (in the
sense of the topology of V) onto a connected subset of B»—. Now any
connected countable subset of £*~" must clearly consist of a single point;
this proves that any connected component of V /W coincides with
a slice.

Proposition 1. Let I be an tnvolutive distribution on a manifold V.
Let W be an integral manifold of M. Suppose that ¢ is an analytic
mapping into V of a manifold W and that the image under ¢ of the set of
points of U is a subset of W. If the countability axioms hold on W, ¢
s an analytic mapping of U tnto W.

Let s be a point of U, and p = ¢(s) be its image in W. We select
a system of coordinates {x1, - - * , .} at p on U and a cubic neigh-
bourhood V of p with respect to this system, with the same properties
as above. Since ¢ is continuous, there exists a cubic neighbourhood
U of s (with respect to some system of coordinates at s on U) which is
mapped by ¢ onto a subset of V. Moreover, since {7 is connected, the
same thing is true of ¢(U). Therefore ¢(U) is a connected subset of
VN w (in the topology of V). It follows that ¢(U) is contained
in the slice Sy of the intersection V /™ W which contains p.

If f is any function which is analytic at p on W, then f coincides on
a neighbourhood of p in W with the contraction of some function f,
which is analytic at p on V. The function f; O ¢ is analytic at s on U,



96 MANIFOLDS ‘ [Crae. III

since ¢ is an analytic mapping of U into V. If we choose U so that ¢
(U) is in the domain of definition of fy, ¢(U) will also be in the domain
of definition of f (since ¢(U) ( So), and the functions f © ¢, f1 0 ¢ will
be defined, and will coincide, on U. Therefore f © ¢ is analytic at s on
U, which proves that ¢ is an analytic mapping of U into W.

Proposition 2. If the countability axioms hold in a manifold VU,
they also hold in any submanifold of V.

To prove Proposition 2 we shall first establish the following lemmas.

Lemma 1. Let B be a connected space. Assume that there exists
a family {V.) of open subscts of B with the following properties: a) the
countability axioms hold in every V., considered as a subspace of B, b)
there are at most countably many indices B such that Vg meets a given V,
of the family, and c) we have UV, = B. Then the countability axioms
hold in B.

. Let ao be any index such that V., # ¢; we shall say that an index
a is attainable in h steps from a if there exists a sequence (ayg, - - -,
a;) of h + 1 indices, beginning with ap and ending with s = «, such
that Ve, Ve # ¢ (1 <2< h). Let Ax be the set of indices «
which have this property. We shall prove, by induction on &, that
A, is countable. This statement is true, by assumption, for A = 1.
Now assume it to hold for k; if agA41, there exists an index BeA, such
that V. Vs £ ¢. There are only countably many indices 8 in A,
and, for each of them, there are only countably many indices « with
Ve Vs #% ¢; this proves our statement for h + 1. Let A be the
set Uz, Ax; A is then a countable set. We set V = Uaea Va; Visan
open subset of ¥ and the countability axioms hold in V. Let p be any
point adherent to V'; then p belongs to some V,. Since V, is open, we
have V"NV, # ¢, whence V, " Vg = ¢ for some BeA; if BeA,, we
have ag€Ant1, Vo ( V, peV, which proves that V is also closed. Since
9B is connected we have V = B: Lemma 1 is proved.

Lemma 2. Let B be a connected and locally connected space.
Assume that B can be covered by the union of a countable family of open
subsets Vi, (k = 1, - - ) which have the following property: any com-
ponent of any one of the sets Vi satisfies the countability axioms. Then
the countability axioms hold in B.

Let Vi.a be the components of Vi, a running over a set of indices
A;. Taking Lemma 1 into account, it will be sufficient to prove that,
k, m and aeA) being given, there are only countably many indices
BeAn for which Vie ™ Vg # ¢. The set Vi ™ Vi,a is an open sub-
set of Vi,q;since the countability axioms hold in V., the set Vi M Vi
has only countably many components K, (p = 1, + - ). Each K, is
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a connected subset of V., and therefore belongs to a uniquely deter-
mined component, Vmgs, of V.. Let 8 be any index such that
Via™ Vs # ¢; if p is a point of Ve ™ Vas, p belongs to one of the
sets K,. This set K,, being a connected subset of V,, and having a
point in common with V. is contained in Vg, whence 8 = 8(p), which
proves our assertion.

Lemma 3. Let B be a connected space. Assume that there exists
a continuous mapping ¢ of B into R with the following property: p being
any point of B, there exists an open subset V of B, containing p, which is
mapped topologically under ¢ onto an open subset of R?. Then the
countability axioms hold in 8.

We can find a countable set {U;, + - +} of open subsets of B¢ with
the following property: r being any point of R4, any neighbourhood of r
contains some set U/;. We may furthermore assume that the sets Uy
are connected. If k£ is any integer >0, we consider the family of
those open subsets V.. of B which are mapped topologically onto Uy
under ¢; a runs over a set of indices A; which may be empty for some
k. We assume that Ve 7 Vig for a # 8. If Vi, has a point in -
common with Vs, we have a = 8. In fact let ya, ¥s be the mappings
of Uy onto Vi, Vis respectively which are reciprocal to the mappings
induced by ¢ on these two sets, and let W be the set Ve ™ Vig.
Assume for a moment that W has a boundary point p in Vi,,; then
we have p = lim p,, where (p.) is a sequence of points of W. We
have therefore, ¢(p) = lim ¢(p,) and Ys(e(p)) = lim Ys(e(p,). For
any point g€ W we clearly have y5(¢(q)) = ¢, whence ys(o(p)) = lim p,
= p; on the other hand the point ¥s(¢(p)) is in Vi and hence is in W.
This shows that peW, which, because W is open, is a contradiction.
Therefore W has no boundary point in V;.; this latter set being con-
nected (because it is homeomorphic to Uy), we have W = V;... The
same argument would show that W = Vg, whence « = 8. Because
the sets V.. are open it now follows that they are the components
of Vi = Uaes, Vine. Furthermore, it is clear that the countability
axioms hold in every V. and that every point of ¥ belongs to one
of the sets V. Therefore, Lemma 3 follows from Lemma 2.

Lemma 4. If U is a d-dimensional submanifold of R, the countabil-
ity axioms hold in V.

Let z; (1 £ ¢ € n) be the contractions to U of the coordinates in

Rr. LetI = {4y, - - -, 24} be any set of distinct numbers between 1
and n, and let V; be the set of points of U at which the functions
x.-":, SICEER i, form a coordinate system on U; V; is an open subset of U,

and every point of U belongs to one of the sets V;. Let V'’ be any
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component of V; and let ¢ be the mapping of V' into R? defined by
eo(p) = (i), - -, zh(p))(peV’); it follows immediately from
Lemma 3, applied to the space V' and the mapping ¢, that the count-
ability axioms hold in V’. Lemma 4 then follows from Lemma 2.
We can now prove Proposition 1. Since the countability axioms
hold in U, we may cover U by a countable number of open subsets
Vi (1 < k < o), each of which is a cubic neighbourhood of some point
of U with respect some system of coordinates at the point. Set
Wi = Ve W, where ‘W is a submanifold of V. The sets W, are
open in W. If W} is a component of Wy (in the topology of W), Wy,
considered as a subspace of W, is the underlying space of an open
submanifold W; of W. Considering V; as a subspace of U, it is the
underlying space of an open submanifold Vs of V, and W}, is a sub-
manifold of V. Since Vy is a cubic neighbourhood with respect tosome
system of coordinates, Uy is analytically isomorphic to an open sub-
manifold of R* (where n = dim V). [t follows that W is analytically
isomorphic to a submanifold of A*. By Lemma 4, the countability
axioms hold in ‘W;. By Lemma 2, the countability axioms hold in W.



CHAPTER IV
Analytic Groups. Lie Groups

Summary. Chapter II was concerned with the study of groups which
are at the same time topological spaces. Now, we shall consider groups
which are at the same time manifolds; this leads to the notion of an analytic
group, which is defined in §I.

The most important new concept brought about by the introduction of
analytic groups is the concept of the Lie algebra, which is defined in §II.
To every analytic group there is associated a Lie algebra, and the relation-
ships which may hold between analytic groups have their counterpart in
the corresponding relationships between Lie algebras. Thus, the analytic
subgroups of an analytic group G correspond to the subalgebras of the Lie
algebra of G (Theorem 1, §IV, p. 107), and the analytic homomorphisms
of an analytic group G into an. analytic group JC correspond to the homo-
morphisms of the Lie algebra of G into the Lie algebra of 3¢ (Theorem 2,
§VI, p. 111). The analytic groups which are considered here are not
necessarily closed subgroups and are not necessarily topological subgroups,
although they are submanifolds. It is shown in §V that, if an analytic
subgroup is closed as a set of points, it is necessarily a topological subgroup.
If § is a topological subgroup of an analytic group G such that the con-
nected component of the neutral element in § is the underlying topological
group of a closed analytic subgroup of G, the homogeneous space G/ has a
structure of manifold which is defined in §V. If 9 is distinguished, G/
is an analytic group. It is shown in §VII that the Lie algebra of G/ is a
factor algebra of the Lie algebra of G.

The notion of exponential mapping for matrices can be generalized to the
case of an arbitrary analytic group. Thus, the elements of the Lie algebra
of an analytic group G can be used to represent parametrically the elements of
a neighbourhood of the neutral element in G. The definition of this general-
ized exponential mapping is the object of §VIII. The exponential mapping
is used in §IX to complete the indications which were given in §VII on the
homomorphisms of analytic groups.

In §X, it is shown that the addition and bracket operation in the Lie
algebra correspond (approximately) to multiplication and the building of
commutators in the group.

In §XI, it is shown that an analytic group G has a representation by
linear transformations operating on the Lie algebra of the group. From this,
one can deduce that an analytic group whose Lie algebra has no center
# {0} is at least locally isomorphic with a subgroup of the linear group.
Furthermore, it is proved that a given Lie algebra can be represented as the
Lie algebra of some analytic group provided its center contains only 0.
That this proviso is not really necessary will be proved much later (in
volume 2).

In section XII, it is proved that the commutator subgroup of an analytic
group is the underlying group of an analytic subgroup, the derived group.

99
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An analytic group bears tpso facto the structure of a topological group;
it is shown in §XIII that the analytical structure (and in particular the Lie
algebra) is uniquely determined in terms of the topological structure (Theorem
3, p. 129). This remarkable fact holds only for real analytic groups, not
for groups with complex parameters (Cf. volume 2). To avoid the con-
dition of connectedness which was involved in the notion of manifold, we
define a Lie group to be a locally connected topological group ® such that the
component of the neutral element in ® is the underlying topological group
of some analytic group (which is then uniquely determined). It follows
from this last fact that we may use freely the concept of Lie algebra when
dealing with Lie groups.

In section XIV, we derive a ufficient condition for a topological group
to be a Lie group. Our result is a slight generalization of the result of Car-
tan according to which any closed subgroup of a Lie group is a Lie Group.

In section XV, we show that the group of automorphisms of any algebra
whatsoever on the field of real numbers is a Lie group. From this, we deduce
that the group of automorphisms of a connected Lie group is a Lie group.

§I. DEFINITION OF THE NOTION OF ANALYTIC GROUP. EXAMPLES

Definition 1. An analytic group s a pair (U, G) formed by a mani-
fold UV and a group G which satisfy the following conditions: 1) the set
of points of U coincides with the set of elements of G; 2) the mapping
(o, 7) — o1 of the manifold V X U into U is everywhere analytic.

The manifold U is called the underlying manifold of the analytic
group. The underlying topological space of U is also called the under-
lying space of the group. Since every analytic mapping is continuous,
the pair formed by the underlying space and the group G is a topo-
logical group, which is called the underlying topological group of the
analytic group. This topological group is obviously connected and
locally simply connected.

The additive group of R*, associated with the manifold R* which
was defined in Chapter III, §II, p. 73 is an analytic group which we
shall again denote by R».

We now consider the group GL(n, C). If ¢ = (r;i(c)) is a matrix
in this group, we denote by z[,(s) and z},(¢) the real and imaginary
parts of x;,(¢). If we assign to ¢ the point ®(¢)eR?*" whose coordinates
are the numbers z/,(¢), };(c) (arranged in some fixed order), we obtain
a homeomorphism, &, of GL(n, C) with the subset of E**' composed
of the points for which

T4+ A/ =1z =0

This set is open. On the other hand, the group GL(n, C) is connected.
Hence we may define a manifold U whose underlying space is the
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underlying space of GL(n, C) by the requirement that the 2n? functions
zl;, i shall form a system of coordinates at every point of U (Cf.
Chapter I1I, §1I, p. 73).

The quantities z/;(s71), z;; (¢7—!) may be expressed as rational func-
tions of the z};(¢), z};(r), ij(s), #;(r), and the denominators of these
rational functions are 0 on GL(n, C). It follows that the mapping
(s, 7) — or~! is analytic, which proves that the pair formed by U and
GL(n, C) is an analytic group. This analytic group will again be
denoted by GL(n, C).

Finally, let us consider the torus group 7T, i.e. the factor group
of R by the group of integers. We have defined the topological space
T! as the underlying space of a manifold 7", and we have seen that the
functions cos 2rr, sin 2x¢ are everywhere analytic on 7! and that, at
each point, one of them is a coordinate on T''. The formulas

cos 2r(r — 1)) = cos 2r¢ cos 2wy + sin 2r¢ sin 2wy
sin 2x(x — 1) = sin 27¢ cos 27y — sin 27y cos 2wy

show immediately that the manifold 7" and the group T, considered
together, make up an analytic group, which we shall also denote by T.

Now, let G and 3C be two analytic groups, U and W their underly-
ing manifolds and G and H their underlying groups. Then the product
G X H is a group, and the set of elements of this group is also the set
of points of U X W. Let ((g, 7), (01, 1)) be a pair of elements of
G X H, with ¢, 016G and 7, 7:€H. The mapping ((s, 1), (1, 71)) — ((o,
o1), (r, 71)) of (U X W) X (VU X W) into (U X V) X (W X W) is
obviously analytic. The mappings (s, 01) = 007", (r, 71) = 777! of
U X U into UV and of W X W into W are analytic by assumption. It
follows easily that the mapping ((s, 1), (r, 71)) — (ooT", 77") of
(U X V) X (W X W) into U X W is analytic. Hence the same is
true of the mapping ((o, 7), (o1, 1)) = (o, 7)(o1, 1)~ = (oo7?, 777")
of (U X W) X (UXW) into U X ‘W. This means that the pair
formed by the manifgld 0 X W and the group G X H is an analytic
group, which we shall call the product of the analytic groups G and 3¢
and denote by § X 3. We can define in a similar way the product
of any finite number of analytic groups.

§II. THE LIE ALGEBRA

Let G be an analytic group. We denote by g, the tangent space
to G at the point ¢. If ¢ and 7 are any elements of G, there exists a
unique element p(p = 70~!) such that the left translation associated
with p maps ¢ on 7; we denote this left translation by ®, = ®,,-,.
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It follows immediately from the definition of an analytic group
that the mapping £ — £ ! of G into itself is analytic. Hence the
mapping £ — p&, which is obtained by performing successively the
mappings ¢ — £ and & — p¢l, is also analytic: every left translation
in an analytic group is an analytic isomorphism of the underlying
manifold with itself.

It follows that the mapping ®, has a differential d®, which maps
g, isomorphically onto g..

Definition 1. An infinitesimal transformation X on G s said to be
left invariant if, for any ¢, 7€G, we have

d(prrle = Xf

Let € be the neutral element of . In order for X to be left invari-
ant it is sufficient for the equality d®,X. = X, to hold for every r€gG.
In fact, assume that such is the case; since ®,-, is the reciprocal
mapping of &, d®,-: is the reciprocal mapping of d®, and we have
X, = d¥,-.X,, whence

X, = d®,(d®,-X,) = d(®0 &,-)X, = d®re-1Xo.

It follows immediately that, given an element X.eg., there cxists
one and only one left invariant infinitesimal transformation X which
takes the value X, at e.

We shall now prove that every left invariant infinttesimal transforma-
tion X s analytic. Let oo be any element of . We select a system
of coordinates {z1, * - * , x,} on G at oo and a cubic neighbourhood V',
of ¢¢ with respeet to this system. There exists a cubic neighbourhood
V2 of g9 such that the conditions 6€Vs,, 7€V, imply goy'reV,. Let o
be any element of V,; we have X,x, = (d®u0p-1X o), = Xoo(X) O Prop1).
The functions (s, 7) = r.(ooy'7) are defined and analytic on V, X Vg
we have zi(s, 7) = fi(ci(0), - * -, 2Za(0), 22(r), -+, 2.(r)), where
the functions fi(y1, * * *, ¥, 21, * * *, 2,) arc analytic in their 2n
arguments in the neighbourhood of the system of values yx = zi(vo),
2 = 2i(o0) (1 £ k < n). Wehave

Xox; = 2L(Xoo;) (a—ﬂ)
az,- 9,09
where the indices ¢, 0o mean that the partial derivatives are taken for
Yr = 2i(o), 2 = x(00) (1 £ k £ n). The quantities X,x; are con-
stants, and (9f/92,)s.0,, considered as a function of ¢, is analytic at 0.
Therefore, the functions X,x; are analytic at oo, which proves that X
is analytic at go.
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Let X and Y be any twoleft invariant infinitesimal transformations.
We have

dq)fc'l([X, Y]v) = [d‘brc"l(X), d@fﬂ'l(Y)]f = [X, Y]y

which proves that [X, Y] is also left invariant.

The left invariant infinitesimal transformations of § form a vector
space g of dimension n over the field of real numbers (where n is the
dimension of G). Moreover, the conditions Xeg, Yeg imply [X, Y]eg.

Definition 2. Let K be a field, and let g be a vector space of finite
dimension over K. Suppose moreover that there is given a law of compo-
sttion (X, Y) — [X, Y] in g with the following properties:

1. Itis bilinear, i.e.

[a1X1 -+ aQXQ, Y] = al[Xl, Y] + a2[.X2, Y] ((11, agéK;X, Y, Xl, Yl,)
(X, a1Y1 + a2Y o] = ai[ X1 V1] + ao[ X, Y] X, Yaeg

2. It satisfies the following conditions: [X, X] =0, [[X, Y], Z]
+ [[Y, Z], X] + [[Z, X], Y] = 0 (for any X, Y, Zeg). Then g, equipped
with this law of composition, is called a Lie algebra over K.

Remark. It follows immediately from the definition that

[X, Y]+ [V, X]=0 (X, Yegp);
because

0="[X+Y, X+ Y] =[X,X]+[X, Y] +[Y,X] +[Y, Y]

In terms of this definition, we see that the left invariant infini-
tesimal transformations of an analytic group § form a Lie algebra
(whose dimension is equal to the dimension of §) over the field of real
numbers. This Lie algebra is called the Lie algebra of G.

Instead of the left invariant infinitesimal transformations, we might
have considered the right invariant infinitesimal transformations. If
¥, is the right translation associated with an element r, the right
invariant infinitesimal transformations Y are characterized by the
condition that Y, =-d¥,Y, for any 76€G. Let J be the mapping § — ¢!
of G into itself. It is clear that J is an analytic isomorphism of the
underlying manifold of G with itself. Let X be any left invariant
infinitesimal transformation; we assert that the infinitesimal trans-
formation Y defined by Y, = dJ(X,-) is right invariant. In fact,
we have '

av,Y, = d¥.(dJ (X)) = d(¥.0 )X,

But ¥, 0 J maps an arbitrary element £ into ' = (r—1§)~!, whence
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V,o0J = J o&,-,.. Therefore,
' d‘PTY‘ = dJ(d@f_lX() = dJ(Xf"l) = Yf

which proves our assertion.

The right invariant infinitesimal transformations also form a Lie
algebra. But, since dJ([X1, X.]) = [dJ(X}1), dJ(X,)], this new Lie
algebra is isomorphic with the Lie algebra of left invariant infinitesimal
transformations, and hence does not give any further information
about the structure of G.

§III. EXAMPLES OF LIE ALGEBRAS

Let us first consider the additive group R of real numbers. If we
denote by z the coordinate in R, there exists an infinitesimal trans-
formation X on I? defined by X,z = 1 (for all agR). This infinitesimal
transformation is left invariant. In fact, let &, be the translation cor-
responding to an element a; then &b = b + a, (d®,Xo)z = Xo(z O P,)
= Xo(x + a) = 1 = X,x, which proves our assertion. It follows
that X is a basic element of the Lie algebra of R, which consists of all
multiples AX of X(\eR).

Now, let G and 3¢ be analytic groups, and let g and § be their
Lie algebras. We know that the tangent space to § X 3C at a point
(o, 7) of this manifold may be identified with the product g, X b, of the
tangent spaces g, and ), to G and 3¢ at ¢ and 7 respectively. Let X
be a left invariant infinitesimal transformation on G and let Y be a
left invariant infinitesimal transformation on 3¢. If we assign to
every (o, 7)€G X 3C the tangent vector (X,, Y,) to G X 3C at (o, 7), we
obtain an infinitesimal transformation Z on G X 3¢. We shall prove
that Z is left invariant. Let &, and &; denote the projections of
G X3 on Gand on3C. The vector Z,,, is determined by the conditions

d(:)lzg,f = Xq d‘:’zza,-r = YT

Let ®,, ¥,, O,., be the left translations associated with ¢, 7, (¢, 7) in G, 3¢
and G X 3C respectively. We have

(:)109,.7=‘p¢06)1 ‘:’2001.1 = \I'ro‘:’2
whence, if ¢, n represent the neutral elements in G, 3C,

do1(d8, Zen) = db.(dirZ.,) = d®.X. = X,
do3(dO0,Zer) = AV,(dieZey) = AV, Y, = Y,

This proves that Z,, = dO,.Z..,, and therefore that Z is left invariant.
On the other hand, if Z and Z’ are two analytic infinitesimal trans-
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formations on § X 3¢, we have dafZ, Z'] = [daZ, da:Z'] (2 = 1, 2).
This leads us to the following definition:

Definition 1. Let g and | be two Lie algebras over the same field K.
Let us define the following law of composition in g X b:

(X, v), (X', Y] = (X, X'], [Y, Y'])

We then obtain a Lie algebra whose underlying vector space s the product
of the underlying vector spaces of @ and Y. This Lie algebra is called the
product of ¢ and b and ts denoted by g X b.

We have proved that the Lie algebra of the product of two analytic
groups 1s the product of the Lie algebras of these groups.

The definition and the result may easily be extended to the case
of the product of several Lie algebras or analytic groups.

In particular, we see that the Lie algebra r» of the analytic group
R~ is the product of n Lic algebras identical with the Lie algebra v of
R. Now, if X, X’ are any two elements of r, we have [X, X'] = 0;
hence the same is true of the Lie algebra of ",

Since T is of dimension 1, its Lie algebra is also of dimension 1, and
is therefore identical with r. If we call T the product of n analytic
groups identical with 7", we sce that the Lie algebra of 7™ is t™.

We shall now find the Lie algebra of GL(n, C). The coefficients
z;(o) of a matrix ¢€GL(n, C) are complex valued functions, whose real
and imaginary parts z,(¢) and z/; (¢) are analytic functions on GL(n, C).
If X is an analytic infinitesimal transformation on GL(n, C), we set
Xz = Xzl + v/ —1 Xz}

With every left invariant infinitesimal transformation X on GL(n,
C) we associate the matrix (a;(X)), where a;,(X) = Xy (1 < 4,
j € n) and where ¢ is the neutral element of GL(n, C). We obtain in
this way a linear mapping of the Lie algebra gl(n, C) of GL(n,C) into the
vector space IM,(C) consisting of all matrices of degree n with real or
complex coefficients. (IM,(C) is a vector space of dimension 2n? over
R). If a,(X) = 0 for all (¢, j), we have X. = 0, because: he 2n?
functions z);, !/ form a system of coordinates at e. Since X is left
invariant, it follows that X = 0. Our linear mapping is therefore a
linear isomorphism of gl(rn, C) with a subspace of M.(C). Since
gl(n, C) and M,(C) are both of dimension 2n?, the image of gl(n, C) is
the whole of IMN.(C).

It remains to compute the matrix (a;([X, Y])) when (a:;(X)) and
(a,;(Y)) are known, X and Y being two left invariant infinitesimal
transformations. We have X,z;; = d®,Xxi; = X(x,; © ®,), where &,
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is the left translation associated with an element 0¢GL(n, C). Hence
Xoziy = Zxw(o) Xy = Zixu(o)ar(X)

If we consider X,z;, as a function of ¢, we have
Y (X)) = Eka.k(Y)ak;(X).

Let us denote by X, ¥ the matrices (a., (X ), (a,(Y)); then the matrix
whose coefficients are the numbers Y,(X,z,) is ¥X, and the matrix
whose coefficients are the numbers X (Y,z,) is XY. Tt follows that
the matrix which corresponds to [X, Y]is Y.X — XV.

Therefore, the Lie algebra of GL(n, C) is isomorphic with the space
of all complex matrices of degree n, this space being equipped with the
following law of composition: [X, Y1 = YX — X7.

More generally, if K is any field, the set of all matrices of degree n
with coefficients in K can be turned into a Lie algebra over K by
defining the bracket operation by the formula [X, ¥] = ¥YX — X7.

Let g be a vector space of finite dimension over a field K, and let
{X4, + -+, Xa} be a base of g over K. If we want to define a law of
composition which will define a structure of Lie algebra on g, it will
obviously be sufficient to give the expressions for the elements [X,, X|]
(1 <14,j < n),say

(X, X)] = ZienXs

The constants c;;x are called the constants of structure of the Lie algebra

with respect to the base {X,, +++, X,}. These constants cannot be
chosen arbitrarily. In fact, we must have

(1) (X, Xi] + [X, XiJ =0

(2) (X, Xol, X} + [[Xi, Xil, X} + [ X, X4, X;] =0

and hence )

(3) Ciox + Ci = 0

(4) Zh(c.,,.c;.k, + cixnCru + ckthchzl) =0 (1 s i; jy k: l s n)

If K is of characteristic > 2, these conditions are not only neces-
sary but also sufficient to insure that the law of composition defined
by the constants ¢, will have the properties described in Definition 1.
In fact, assume that conditipns (3) and (4) are satisfied, and let
X = ZxX;, Y = Z9:X;, Z = 2zX; be any three elements of g.
We have [X, X] = Zyzx[X,, X;] = 0 because [X;, X,] + [X;, X;] =0
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and

[[X) Y]a Z] + [[Y; Z]y X] + [[Z) X], Y] = Zilkxiylzk([[Xiy Xi]) Xk]
+ [[XJ') Xk]’ Xl] + [[ch; Xl]y XJ]) =0

which proves our assertion.

Moreover, it will obviously be sufficient that the conditions (1)
hold for 7 < j and that the conditions (2) hold for ¢ < j < k.

The construction of all Lie algebras of a given dimension over say
the field of real numbers is thus reduced to a purely algebraic problem.
The proof of the fact that to every Lie algebra there corresponds an
analytic group is very difficult and must be postponed to the second
volume.

§IV. ANALYTIC SUBGROUPS

Definition 1. Let G be an analytic group. An analytic group
3¢ s called an analytic subgroup of G if the following conditions are
satisfied: 1) the underlying manifold of 3¢ is a submanifold of the under-
lying manifold of GQ; 2) the underlying group of 3C ts a subgroup of the
underlying group of G.®

Let 3¢ be an analytic subgroup of G. We denote by g the Lie
algebra of G and by g, the tangent vector space to G at a point ¢€G. Let
b be the set of elements Xeg such that X, belongs to the tangent space
he to 3¢ at the ncutral element e. Let o be any element of 3C; if
®, is the left translation associated with ¢, ®, induces an analytic
isomorphism of the underlying manifold of 3¢ with itself. It follows
that d®,(h.) is the tangent space §, to 3¢ at ¢. If Xeb, we have X &b,
for all ¢€3C, and therefore X has a contraction to the submanifold 3¢, and
this contraction is a left invariant infinitesimal transformation on 3C.
If X and Y are in §), we know that [X, Y] also has a contraction to 3C;
in particular, we have [X, Y]e).

Definition 2. Let ¢ be a Lie algebra. A subset V) of g ts called a
subalgebra of ¢ if the following conditions are satisfied: 1) b is a vector
subspace of g; 2) the conditions Xef), Yebh imply (X, Y]eb.

With this terminology, we see that the set § introduced above is a
subalgebra of the Lie algebra g of G, and that this subalgebra is
isomorphic to the Lie algebra of 3¢ (an isomorphism being obtained by
assigning to every Xeb its contraction to 3¢). We may therefore
identify the Lie algebra of 3¢ with a subalgebra of g.

Conversely, let ) be any subalgebra of g. To every ¢€G we assign
the subspace §, of g, composed of the elements X, for Xeh. We
obtain in this way a distribution 9% on G which is obviously analytic.
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If {X1, "+, Xa} is a base of B, the infinitesimal transformations
X, + + +, Xnform a base of I around every point of G. Remember-
ing that b is a subalgebra, we see immediately that the distribution I
is involutive. Let 3C be the maximal integral manifold of the distribu-
tion I containing the neutral element e. If ¢ is any element of 3¢, the
left translation ®, is an analytic isomorphism of the underlying mani-
fold of 3¢ with itself. Since d®,), = ,,, this analytic isomorphism
leaves the distribution 9N invariant. It follows immediately that
&, permutes among themselves the maximal integral manifolds of .
If o3¢, $,-» maps 3¢ on a maximal integral manifold which contains
®,-0 = ¢, whence ®,-3¢ = 3¢. It follows that the set of points of 3¢
is a subgroup H of the underlying group of G, and that, if ¢cH, &,
induces an analytic isomorphism of 3¢ with itself. We wish to prove
furthermore that the mapping (o, 7) —or! of 3¢ X 3 onto IC is
analytic.

We know that the mapping (s, 7) — o7~! is an analytic mapping of
3¢ X 3¢ into G (because 3¢ X 3C is clearly a submanifold of G X G).
Therefore, making use of Proposition 1, §IX, Chapter III, p. 94, we
see that it will be sufficient to prove that the countability axiom
holds in 3¢. Since 3C is a submanifold of G, it will be enough to prove
that the countability axiom holds in § (Cf. Proposition 2, §IX,
Chap. III, p. 94). Let V be a cubic neighbourhood of the neutral
element ¢ in G with respect to some system of coordinates at e. Since
V is homeomorphic to a cube in some cartesian space, it contains a
countable depse subset E. Let D be the group generated by the
elements of E; then D is countable. We shall prove that G is the
union of the sets 8§V, 8eD; this will clearly prove that the countability
axiom holds in G. Let ¢ be any element of G. Since G is connected,
the elements of V form a set of generators of G, and we may write o
in the form ¢ + + * ¢* with ox€V, @ = 1 (1 £ k < h). For each
k we can find a sequence (6;,,) of elements of E which converges to ox.
Set 8, = 6, - - - 6,; then we have lim, ,, 8, = ¢. Since eV~ is
a neighbourhood of ¢, there exists an integer n such that 8,80V,
whence 0€8,V. Since §,&D, our assertion is proved.

We have therefore proved that 3C is an analytic subgroup of G.
The subalgebra of g which is associated with 3C by the construction
which was indicated at the beginning of this section is obviously b.

Conversely, let 3¢’ be any analytic subgroup of G whose Lie algebra
ish Then it is clear that 3¢’ is an integral manifold of the distribution
M and therefore that 3¢’ is an open submanifold of 3¢. Since 3¢’
contains ¢, it contains a neighbourhood of ¢ with respect to 3¢. Since



§V1 CLOSED SUBGROUPS 109

3¢ is connected, the elements of any neighbourhood of ¢ form a set of
generators of 3¢, whence 3¢’ = 3¢. We have proved:

Theorem 1. Let G be an analytic group. If 3¢ is an analytic
subgroup of G, the Lie algebra of 3¢ may be considered as a subalgebra
of the Lie algebra of G. Every subalgebra of the Lie algebra of G is the Lie
algebra of one and only one analytic subgroup of G.

Remark. The maximal integral manifolds of the distribution I
which was introduced in the course of the proof are clearly the cosets
o3C obtained from 3C by the left translations in G.

§V. CLOSED ANALYTIC SUBGROUPS

Let G be an analytic group of dimension m, and let 3C be an analytic
subgroup of G of dimension n. We assume furthermore that the set
of points of 3C is closed in the underlying space of G. We shall prove
that, under this condition, the underlying space of 3C is a subspace of
the underlying space of G, and therefore that the underlying topological
group of 3¢ is a topological subgroup of the underlying topological
group of G.

Since 3¢ and its cosets are the maximal integral manifolds of an
involutive distribution on G (cf. §IV, p. 107), we can find a system of

coordinates {z;, * * * , m} at the neutral element ¢ on G and a cubic
neighbourhood V of ¢ with respect to'this system which have the
following property: a being the breadth of V, if £,44, - -+, &m are

any m — n numbers such that |£,4] <a (1 $j<m— n), the slice
S; of V characterized by the equations z,,; = E,,+, 1<£j<m—n)is
contained in some cosct modulo 3¢ (ef. Theorem 1, §VII, Chapter III,
p. 88). The sct 3¢ ™ V consists of at most countably many slices S;
because the axiom of countability holds in 3¢ (cf. §IX, Chapter III,
p. 94). Let = be the set of points (£,41, * = * , £m)eR™ " such that
S¢ ( 3. Since 3¢ is closed, = is relatively closed in the cube defined
by |z, < a (1 £ j £m — n) (the z,,;'s being taken as coordinates
in R»"). Since = is countable, it has at least one isolated point £°.
Let oo be a point of Sz, If W is a sufficiently small neighbourhood
of ¢ with respect to 3¢, ooW is a neighbourhood of ¢y with respect to
Sg.  Since £° is isolated in E, there exists a neighbourhood V'’ of e
in g such that o)W =3C Moo V’. It follows immediately that, o
being any point of 3¢, the neighbourhoods of ¢ with respect to 3¢ are
the intersections with 3¢ of the neighbourhoods of ¢ with respect to G.
This proves that 3¢ is a subspace of G.

At the same time, we see that every point of = is isolated,
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and therefore that V /N3¢ ( S, provided a is small enough, where S,
is the slice which contains e.

Now, let $: be a closed topological subgroup of G which contains
3C as a relatively open subgroup (which implies that the component of
the neutral element in §, is 3¢). If a is small enough, we shall have
VN (3, and therefore VN O, = S,. We assert that there
exists a number a; > 0(a; < a) with the following property: if the
numbers |£.4,, |£,,,] (1 £ j < m — n) arc all < a4, and if the points
E=(bntr, - ", Em), £ = (E:H-l’ R f:n)ERm_” are distinct, then
the slices S¢, S, belong to distinct cosets modulo ;. In fact, the
neighbourhood V having been so chosen that V /™ 9, = Sy, let V,, V)
be cubic neighbourhoods of e such that V,V, C V, V'V, ( V,; we
assert that the half-brecadth a; of V, has the stated property. In
fact, let ¢ and 7 be two elements of V; which belong to the same coset
modulo ;. Wehaver g€V, M 91 = Vo Sy, whence aer(Ve M So).
But VM8, is connected and (V" 8o) ( ViV ( V; therefore
o and 7 belong to the same component of 79, NV, i.e. to the same
slice S¢, which proves our assertion.

Since 91 is a closed subgroup of G, the homogeneous space G/ 91
has a natural topology (Cf. §III, Chapter II, p. 29). We denote by
@ the natural mapping of G onto §/9:. Let F be the subset of V
defined by the conditions

231=O, Ty, II?,.=O, |xﬂ+1|<al (lsjsm_n)

Then @ maps F in a continuous univalent way; since F' is compact,
this mapping is topological. Since &(F) contains the image under &
of the cubic neighbourhood of breadth a, of ¢, @(F) is a neighbourhood
of &(e) in /1. We have proved

Proposition 1. Let 3¢ be a closed analytic subgroup of the analytic
group G. Then O is a topological subgroup of G. Let 1 be a closed
topological subgroup of G which contains 3C as a relatively open subgroup.
Then there exists a subset F of G which contains the neutral element e, s
homeomorphic to a closed cube in a cartesian space and is mapped
topologically onto a neighbourhood of &(e) in G/91 by the natural mapping
@ of G onlo G/D.

We shall now define the notion of analytic function at a point p of

the space G/9:1. Let f be a function defined on a neighbourhood of p,
-1

and let ¢ be any point of the set & (p). The function foa = g is
defined on a subset of G which can be represented as a union of cosets
modulo $,;, and we have g(pr) = g(p) if 7€91. Therefore, if ¢ is
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analytic at g, it is also analytic at every point of the form o7, 7691,
-1

i.e. at every point of @ (p). If this is the case, we shall say that f
is analytic at p on G/9:. Let @(p) be the class of functions analytic
at p. The classes @(p) have obviously the properties I, II of §I,
Chapter III, p. 68. The set F being constructed as above, denote
by W the set of interior points of @(sF). If geW, we set y,(q) = Znti(p),
where p is the point of F such that @(ep) = q. The mapping ¢ — (y1(q),
© * *, Ym—n(q)) maps W topologically onto a cube in ™ "; the func-
tions y; are analytic'at every point of W and conversely, every function
which is analytic at a point ¢¢W is analytically dependent around ¢
on the functions yy, * * - , Ym-n. It follows easily that we can define
a manifold whose underlying space is §/91 and such that @(p) is the
class of analytic functions at p on this manifold. It is this manifold
which we shall from now on denote by G/$:. If I is the set of points
of ' whose coordinates are < a; in absolute value, the contraction
of @ to I is an analytic isomorphism of I (considered as a submanifold
of G) with an open submanifold of G/9:.

To every peG there corresponds a homeomorphism of G/9; with
itself which maps a point p = @(¢) on pp = &(ps). The mapping
(p, P) — pp s an analytic mapping of G X (G/D1) into §/H:1. In fact,
po = @(oo) being any point of G/91, let @* be the reciprocal mapping
of the contraction of @ to ¢oI. Then o* is an analytic mapping of a
neighbourhood of p, into § and we have pp = @(pa*(p)) if p is in this
neighbourhood, which proves our assertion.

§VI. ANALYTIC HOMOMORPHISMS

Definition 1. A homomorphism H of an analytic group G into an
analytic group 3C is called an analytic homomorphism if it is an analytic
mapping of the underlying manifold of G into the underlying manzfold
of 3C.

Let H be an analytic homomorphism of G into 3¢. Let X be any
left invariant infinitesimal transformation on §. Denote by ¢ and 7
the neutral elements of G and 3C respectively; then dH X, is a tangent
vector to 3C at . Denote by Y the left invariant infinitesimal trans-
formation on 3C such that Y, = dH.X.. Then we assert that

(1) YH,, = dH.,X.y

for any ¢€G. Denote by ®, the left translation in G which maps eon o
and by ¥y, the left translation in 3¢ which maps 7 on He. From the
fact that H is a homomorphism, it follows immediately that H o &,
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= ¥y, 0 H. Therefore

dH.X, = d(H 0 &)X, = d(Vu, 0 H)X. = d¥n(dH.X.) = d¥sY,
= Yllv

which proves our assertion.

The formula (1) means that Y is H-related to X (Cf. §V, Chapter
III, p. 82). We set Y = dH(X). We know that, if X and X' are
any two left invariant infinitesimal transformations on G, then

dll([X, X']) = [dH(X), dH(X)]

(cf. Proposition 1, §V, Chapter 111, p. 82).

Definition 2. Lef g and §) be Lze algebras over the same ﬁeld K. A
mapping A of g into Y is called a homomorphism if a) it is a linear
mapping; b) we have A([X, X']) = [A(X), A(X")] for any X, X'eg.

We see that to every analytic homomorphism H of G into 3C there
corresponds a8 homomorphism dIf of the Lie algebra g of G into the Lie
algebra § of 3¢. We shall now examine whether the converse of this
statement holds true.

Let A be a homomorphism of g into §), and let e be the subset of
g X b composed of all elements of the form (X, AX)(Xeg). Since A
is a homomorphism, we see easily that e is a subalgebra of g X b.
We know that g X § is the Lie algebra of g X 3¢ (Cf. §III, p. 104).
Let & be the analytic subgroup of § X 3¢ whose Lie algebra is ¢ (The-
orem 1, §1V, p. 107). Let & be the projection of G X 3C on G, and
let @, be the contraction of @ to & The mapping & is clearly an
analytic homomorphism of & into §. Moreover, if Xeg, d®] maps
(X, (AX),) on X,, which shows that d&, maps the tangent space to &
at (¢, 1) in a univalent way onto g. (the tangent space to G at ¢). It
follows that we can find a cubic neighbourhood U of (e, 1) with respect
to & (relative to some system of coordinates on &) which is mapped
topologically by &} onto a neighbourhood of ¢ in § (cf. Proposition 3,
§IV, Chapter I1II, p. 76). Let \ be the reciprocal mapping of the
contraction of @, to U; then X is a local homomorphism of g into &.
If the group G is simply connected, this local homomorphism may be
extended to a homomorphism (which we also denote by A) of G into
& (Theorem 2, §I1X, Chapter II, p. 54). Since A O @] coincides with
the identity on U and since & is connected, A 0 &} is the identity
mapping and therefore &; is a homeomorphism of & with §. Let &
be the projection of G X 3C on3C; then H = & O \is clearly an analytic
homomorphism of GintodC. If X is a left invariant infinitesimal trans-
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formation on G, we have d\(X,) = (X, (AX),), das(X. (AX),)
= (AX),, whence dH(X) = AX.

Assuming that there exists an analytic homomorphism H of G into
3¢ such that dH = A (we have seen that this is the case if G is simply
connected), we shall prove that H is uniquely determined. In fact,
let H' be any analytic homomorphism of G into 3¢ such that dH' = A.
The mapping ¢ — 6(¢) = (¢, H's) maps isomorphically the underlying
group of G onto a subgroup E’ of the underlying group of G X 3C.
Furthermore, 6 is a regular analytic mapping of G into § X 3. We
can define an analytic group & whose underlying group is E’ by the
condition that 6 shall be an analytic isomorphism of G with &§. The
identity mapping of & into § X 3C may be represented in the form

-1

0o 6 and is therefore analytic and regular. We conclude that &
is an analytic subgroup of § X 3¢. The mapping @; © 6 is the identity
mapping of G onto itself; the mapping @. © 8 coincides with H'. It
follows that, if Xeg, we have dw:(d6(X)) = X, dw(di(X)) = dH'(X)
= A(X), whence d6(X) = (X, A(X)). This shows that the Lie
algebra of & coincides with the Lie algebra e constructed above and
depends only on A. Therefore the group &' is also uniquely determined
by A, and the same is true of H'.

We have therefore proved

Theorem 2. Let G and 3C be analytic groups, and let ¢ and § be
their Lie algebras. If H is an analytic homomorphism of G into 3C, there
corresponds to H a homomorphism dH of ¢ into Y such that, X being any
element of g, the infinitesimal transformation X and dH(X) are H-related.
If H and H' are analytic homomorphisms such that dH = dH',then H =
II'. If G 1s simply connected, every homomorphism of g into ¥ can be
represented in the form dH, where H is an analytic homomorphism of G
tnto 3C.

The restriction that § be simply connected cannot be removed.
In fact, we have seen that 7! and R have the same Lie algebra r. It
is clear that the identity mapping of r into itself cannot be obtained
from any homomorphism of T into R, since the only homomorphism
of T into R is the one which maps every element upon 0.

However, the proof has shown that the following result holds in
every case: o every homomorphism A of g into V) there corresponds a
local homomorphism H of a neighbourhood U of ¢ in G into 3¢ which is
analytic at every point oeU and which salisfics the condition dH(X,)
= (AX) uo for every Xeg and ocU.

To conclude this section, we observe that a homomorphism H of an
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analytic group G into an analytic group 3C is certainly everywhere
analytic if it is analytic at . In fact, we have H(ow) = H(dso)H (o)
and our statement follows from the fact that the left translations in G
and JC are analytic isomorphisms of these manifolds with themselves.

§VII. FACTOR GROUPS OF AN ANALYTIC GROUP

Let G be an analytic group, and let § be a topological subgroup
of G which satisfies the following conditions: § is closed in G; the
component of the neutral element in $ is the underlying topological
group of an analytic subgroup 3¢ of G and is relatively open in 9.
Then we have already defined a structure of manifold on §/9. Now,
let us assume furthermore that 9 is distinguished. Then G/ has a
structure of group. We shall prove that the group ¢/$ and the
manifold G/9, taken together, form an analytic group.

The mapping (p, p) = p~p of § X (§/9) into G/H is analytic
(cf. §V, p. 109). Moreover, since § is distinguished, p~'p depends
only upon the coset ¢ modulo $ which contains p, and p~'p = ¢~ 'p.
Let @ be the natural mapping of G onto G/$. We have seen in §V
that, given a point ¢;'€G/9, there exists an analytic mapping &* into
G of a neighbourhood of ¢5' such that a(®*(¢g~!)) = ¢=' when ¢~!isin
this neighbourhood. We have ¢~'p = @*(¢~1)p, which proves that
the mapping (p, ¢) — ¢~'p is analytic, and therefore that G/ is an
analytic group.

Denote by & the group G/ and by ¢, b and f the Lie algebras
of G, 3¢ and X respectively. By Theorem 2, §VI, p. 111 there cor-
responds to @ a homomorphism d& of g into . We know that there
exists a submanifold I of G, containing the neutral element and such
that the contraction of & to I is an analytic isomorphism of I with an
open submanifold of & (cf. §V, p. 109). It follows that every tangent
vector to X at @(e) is the image under da, of some tangent vector to §
at e. In other words, we have da(g) = I.

Let b1 be the set of elements Xeg such that da(X) = 0; b, is a
vector subspace of g of dimension < m — (m — n) = n (where m
and n are the dimensions of G and 3 respectively). On the other
hand, & maps 3¢ onto @(e). It follows immediately that d&(X,) = 0
for any Xeb, whence § ( bhi. Since b is of dimension n, we have
b = b. From the definition of §; it follows immediately that the
conditions Xep, Yeg imply [X, Y]ebh.

Definition 1. A vector subspace ) of a Lie algebra g is called an
tdeal in g if the conditions Xeb, Yeg imply [X, Y]eh.
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Let §) be an ideal in the Lie algebra g. Let Y? and Y be two ele-
ments of the vector space g/). If Y, and Y, are elements of g which
belong to the cosets Y7 and Y; respectively, the element [V, Y]
belongs to a coset which depends only upon Y: and Y;, as follows
from the formula

[Yi+ X, Yo+ Xo] = [V, V3] + [V, Xo] — [V, Xi] 4 [X,y, X
=[Y, Y] (mod b)

(if X, and X, belong to §). If we denote by [YT, Y: ] the coset which
contains [Y;, Y], we see immediately that the law of composition
Yy, Y3 — (YT, Y] defines a structurc of Lie algebra on g/h. The
Lie algebra defined in this way will again be denoted by g/5.

Returning to the consideration of the group G/, we observe that,
if Xeg, do(X) depends only upon the residue class of X modulo §, and
therefore that do defines in a natural way a linear isomorphism & of
a/bh onto . Since do is a homomorphism, § is an isomorphism of the
Lie algebra g/h with . We have therefore proved:

Proposition 1. Let G be an analytic group, and let © be a closed
distinguished topological subgroup of G. Assume that the component
of the neutral element in O is relatively open in O and is the underlying
topological group of an analytic subgroup 3¢ of G. Let g and ) be the
Lie algebras of G and 3C respectively; then Y is an ideal in ¢ and the Lie
algebra of G/ s isomorphic with g/%.

We shall prove later that, if 3¢ is an analytic subgroup of g (not
necessarily closed), the Lic algebra of 3¢ is an ideal in the Lie algebra
of G if and only if 3¢ is distinguished in G.

§VIII. THE EXPONENTIAL MAPPING. CANONICAL COORDINATES

Let G be an analytic group, and let g be the Lie algebra of g. We
shall consider the analytic homomorphisms into G of the additive
group I of real numbers. If we denote by ¢ the coordinate in R, the
Lie algebra v of R is spanned by the infinitesimal transformation L
defined by Lt = 1. If fis an analytic function on R at a point ¢, we
have L, f = (df/dt).,.

If X is any element of g, there exists a homomorphism of t into g
which maps L on X. Since R is simply connected, there corresponds
to this homomorphism an analytic homomorphism ¢ — 0(¢, X) of R
into G (cf. Theorem 2, §VI, p. 111). If f is an analytic function on g
at the point o9 = 0(y, X), we have

) X = (L8 20)
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Suppose for instance that G is the group GL(n, C). Let z;(0) be
the coefficients of a matrix ¢€GL(n, C). We may represent an element
X of the Lie algebra of G by the matrix (X.z,) = X (cf. §III, p. 104).
The matrix (X.z,) is then equal to ¢X for any ¢eGL(n, C). The
coefficients of the matrix 6(¢, X) are analytic functions of ¢; if we denote
by df(t, X)/dt the matrix whose coefficients are the derivatives of the
coefficients of 6(f, X), Formula (1) gives
(2) 4o, X) _ o¢, X)X

dt
On the other hand, we have (0, X) = ¢ (the unit matrix). The
solution of the differential equation (2) with the initial condition
0(0, X) = eis

0, X) = exp tX

(Cf. §1I, Chapter I, p. 5). This leads us to the following generali-
zation:

Definition 1. Let X be an arbitrary element of the Lie algebra
g of an analylic group G. Let L be the element of the Lie algebra t of the
group R which s defined by Lt = 1 (where t is the coordinate in R).
Let t — 0(t, X) be the analytic homomorphism of R into G whose differ-
ential is the homomorphism of t into g which maps L upon X. We shall
denote the element 0(1, X) by exp X.

The exponential mapping is therefore a mapping of g into g. We
have clearly

exp (1 + )X = (exp t1X)(exp £:X)
exp (—tX) = (exp tX)!

Let {X,, - - -, X.} be a base in g¢. We may express each Xcg
in the form X = ZMu;(X)X;. We can define a manifold on the set g
by the condition that u,, - * * , u, shall form a coordinate system
at every point of this manifold. The manifold obtained in this way
is clearly independent of the choice of the base {X,, - - -, Xa.}.

Now we shall prove that the exponential mapping is an analytic
mapping of the manifold which has just been defined. Let {y,, - - -,
¥} be a system of coordinates on G at the neutral element ¢, such
that yi(e) = 0 (1 £ ¢ < n), and let W be a cubic neighbourhood of e
with respect to this system. Let ui, - + -, u, be any real numbers;
there exists a number ¢ > 0 such that exp tZ?u;. X €W for |t| < t.
Let T(ui, * * +, us) be the least upper bound of the numbers ¢,
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satisfying this condition. If [t| < T'(u), we set
y,(exp tZu.X;) = F;(t; u)

(where u stands for the n letters ui, - - -, u,). If s€W, we have
(X9)ey; = Uii(yi(a), = - -, yYn(o)), where the functions U(yy, - - * ,
yn) are defined and analytic whenever |y:] < a (1 £ k £ n) (where
a is the breadth of W). It follows from the definition of the exponen-
tial mapping that

dF;
dt
In other words, the equations y; = Fi(t; u) (1 £ ¢ < n) represent, for
|t| < T'(u), a solution of the differential system
M el e <<
Furthermore, we have F,(O;u) =0 (1 < ¢ < n).

Now, we apply the existence theorem to the system (1), and we
obtain the following result. There exist two numbersd > 0andc¢c > 0
and n functions F (¢; u), which are defined and analytic in the domain
defined by the conditions |ux| < b (1 £ k < n), |t| < ¢, and which
have the following properties: 1) Fi (0;u) = 0 (1 £ ¢ £ n);2) \F!(t; u)
< a; 3) the equations y; = If‘f (t; u) represent a solution of the system
(1). Making use of the uniqueness theorem, we conclude that the
equalities Fi(¢, u) = FX(¢; u) (1 €< n) hold provided lu] < b
(1< k<n),lt| <min {¢, T(u)}. It follows immediately from the
definition of T'(u) that

l.u.b.|,|<r_,-(u)(max1<.-g,.|F.-(t, u)l) =Qa

t;n) = 2 wUg(Fi(t; ), + -+, Fat; w)

Making usc of property 2) of the functions F;, we see that T(u) > ¢
provided |ux] < b (1 £ k¥ £ n). On the other hand, we clearly have

< Fi(t; 1) = F;(\t; u)
provided [t| < [N[7'T(u). It follows easily that the functions Fi(1; u)
are defined and analytic provided |ux| < bc (1 € k £ n). This shows
that the exponential mapping is analytic at the origin of g.

If X is any element of g, there exists an integer M > 0 such that
M-1X is contained in some open neighbourhood of 0 on which the
exponential mapping is analytic. Since

exp Y = (exp MY )M
we see that the exponential mapping is analytic at X.
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Now we shall see that the exponential mapping is regular at the
origin of g (note that it is not true in general that the exponential
mapping is everywhere regular). In fact, let X; be the tangent vector
to g at the origin which is defined by the conditions Xu; = &; (1 < j
< n). It is clear that the differential of the exponential mapping
maps X; upon (X:).. Since the vectors (X;), form a base of the tangent
space to G at ¢ our assertion is proved. It follows immediately
that there exists a coordinate system {zi, - - - , 2.} at e on G such
that the equalities z,(exp ZwurXx) = us (1 £ ¢ < n) hold provided
|lui], + + +, |un| are sufficiently small.

Definition 2. Let {Xi, - - -, X.} be a base of the Lie algebra
of an analytic group G. A system of coordinates {z,, - - - , zn} at the
neutral element € of G is called a canonical system of coordinates (with
respect to the base { Xy, - - - , X,}) if the equalities zi(exp Zu:X:) = u;
(1 £ @ < n) hold whenever |uil, + + * , |ua| are sufficiently small. Let
a be a number such that our equalities hold whenever |ui] < a (1 < 7 < n).
A cubic neighbourhood of breadth < a with respect to the coordinates
Zy, * * *, Ta 18 called a canonical neighbourhood of e.

S$IX. FIRST APPLICATIONS OF CANONICAL COORDINATES

Proposition 1. Let & be an analytic homomorphism of an analytic
group G into an analytic group3C. If X is any element of the Lie algebra
of G, we have

w(exp X) = exp (do(X)).

In fact, let L be the infinitesimal transformation of the additive
group R which is defined by dt - L = 1 (where ¢ is the coordinate in R),
and let 8 be the mapping ¢ — exp tX. We have d6(L) = X, whence
d(w 0o 0)(L) = do(X). If 6’ is the mapping ¢ > exp ¢ - do(X) of R
into 3¢, we have also d0'(L) = da(X); it follows that &/ = @ © 0, which
proves Proposition 1.

Corollary 1. If the mapping & of Proposition 1 s univalent, it is
also everywhere regular. ‘

In fact, assume that do(X) = 0 for some X in the Lie algebra
of §. We have @(exp tX) = a(e) for every teR; since & is univalent,
we have exp tX = ¢ X = 0, which proves that da is a univalent
mapping. Corollary 1 follows immediately.

Corollary 2. Let 3¢ be an analytic sub-group of G, and let §) be the
Lie algebra of 3¢. If U i3 a metghbourhood of 0 in Y, the elements exp X,
for XeU, form a neighbourhood of the neutral element in 3C.

This follows immediately from Proposition 1, applied to the
identity mapping of 3C.into G.
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Corollary 3. The notation being as in Proposition 1, let us assume that
g and b are the Lie algebras of G and 3C respectively. Then @ maps G onto
the analytic subgroup of 3¢ whose Lie algebra is the tmage of g under do.

Since da is a homomorphism of g into §, dw(g) is clearly a subalgebra
i of h. Let 3 be the corresponding analytic subgroup of 3. The
elements of the form exp X, Xeg, form a system of generators of G.
It follows that the elements w(exp X) = exp da(X) form a system of
generators of ®(G). But these elements also form a system of gen-
erators of 3 by Corollary 2.

Corollary 4. The notation being as tn Proposition 1, let n be the
kernel of the homomorphism d, and let N be the analytic subgroup of G
whose Lie algebra is n. The group N is the component of the neutral
element in the kernel My of @ and s relatively open in N;.

If Xen, we have (by Proposition 1), w(exp X) = expda(X) =9
(the neutral element of 3¢). Thercfore, it follows from Corollary 2
that 9 C N1. Let B be a neighbourhood of the zero element in §
which is mapped topologically under the exponential mapping of § into
3¢; let A be a neighbourhood of the zero element in g such that da(A)
( B (dao, being a linear mapping, is clearly continuous). If an
element XeA is such that o(exp X) = exp do(X) =19, we have
do(X) = 0 whence Xen, exp Xex. Let V be the image of A under
the exponential mapping of g intoG. Then V is a neighbourhood of the
neutral element in G and we have %, ™V (C 9. It follows that the
underlying group of 9 is relatively open in R,. This group is there-
fore also relatively closed in ;. Since N, is clearly closed in G, the
set of points of 9T is closed and N is a subspace of §. Corollary 4 is
thereby proved.

In §IIT, we have defined the set 9M,(C) of all complex matrices
of degree n as a Lie algebra. The set M? of the real matrices of degree
n is clearly a subalgebra of 9,(C); the same holds for the set M* of
matrices of trace O, because, if X and Y are any two matrices in 9,(C),
we have Sp([X, Y]) = SpYX — SpXY = 0according to a well-known
property of traces. The set M* of skew-hermitian matrices is also a
sub-algebra. In fact, assume that X +¢X =0, ¥ +tY =0, and
set Z =YX — XY: we have

7 = {(YX) — {(XY) = X'Y —V'X = XV — ¥X = -2.

Proposition 2.  Each of the groups SL(n, C), U(n), SU(n), SL(n, R),
80(n) is the underlying topological group of an analytic sub-group of
GL(n, C).

We write down the proof for SO(n) only, since the other groups may
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be treated similarly. The set M® ™ M* ™ M*is a sub-algebra of gl(n,
C). Let 3¢ be the corresponding sub-group. By Proposition 4, §II,
Chapter I, p. 5, together with Corollary 2 above, we see that there is a
set W which is a neighbourhood of the neutral element in both 3¢ and
SO(n). Since 3¢ and SO(n) are both connected, W is a set of gen-
erators for either one of these groups, which proves that 3¢ and SO(n)
have the same elements. In particular, the set of points of 3C is
closed in GL(n, C), and therefore 3¢ is a sub-space of GL(n, C) (cf.
§V, p. 109), which proves Proposition 2.

From now on, the notations SL(n, C), U(n), SU(n), SL(n, R),
SO(n) will refer to the analytic groups which have been defined in
Proposition 2.

It can be proved in the same way that Sp(n) is the underlying
topological group of an analytic group; the same argument could be
applied to Sp(n, C) if we knew that the latter group was connected,
which we shall prove later.

§X. CANONICAL COORDINATES OF PRODUCTS AND COMMUTATORS

Let G be an analytic group. We select a canonical system of
coordinates {zi, z2, * * * , z.} at the neutral elements e of G. Let V
be a cubic neighbourhood of e with respect to this system (whose
breadth we denote by a), and let V', be a cubic neighbourhood of ¢, of
breadth a;, such that V,V, C V.

If o, 7€V, we have

2i(07) = fuz1(0), * + * , Zal0); 21(7), -+ -, TWl(7)),

where the functions fi(y1, ¥z, * * * , Yn; 21, * * * , 2,) are analytic-in
the domain defined by |yi| < a1, || < @a1. They can be expanded
in power-series in yi, ¥, * * *, Yn, 21, 22, * * * , 2, and those power
series converge for |yi| < as, |2i| < az (where a; < a;). We write

f" = E?’.oP-'l(yx, Y2y © * ° y Yr;21, 2, * * °, Z,.)
where Pj;; is a polynomial of degree ! in 2y, 25, - * + , 2z, whose coef-
ficients are analytic functions of yi, ys, * -+, y». We have r =
exp Zzi(r)X;; we set 7(u) = exp Zuzi(r)X;, and we have
(1) zi(or(w)) = ZFPalzr(0), * * * , Zal0); 1(r), * - -, zalr))u!

provided |z:(c)| < as, |2i(7)| < @, |u| < 1.
On the other hand, if f is any function which is analytic on V,, we

have
df (o7 (u))
u

d = ((zxi(T)Xi)f)"(u)'
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Let us set T = Zzi(r)X:. By applying our formula to the functions
TS, T, - - - , we get
d'f(or(u))

dul = (T’f)n(u),

and therefore the Taylor expansion at u = 0 of f(or(u)), considered
as a function of u, is

flor(w) = (o) + Zp 2 T (Tf),

If f=z; and |z:(0)] < @2, |7.(7)] < @2, the formulas (1) show that
this series in u converges for |u| < 1, and that

Pil(xl(o'); Tt 27,.(0‘); xl(T)) v ;xn(T)) = il'i(TlI.'),.

Now we set 8§ = Zzi(0)X;, 0(f) = exp tS. If g in an analytic func-
tion at ¢, the Taylor expansion in ¢ of g(o'(t)) is

gle(®)) = g(e) + Z¢ (S ).

1 k'
Applying this formula to the functions (7"z.),, we finally get

(2) xi(‘"') 2R 1m0 k'“ (S T'x;)e.

and these formulas hold for |z,(0)| < a3, |zi(7)| < a2 (8° and T° stand
for the identity operators: 8% = TY = f).

The quantity (S*T",). is a polynomial of degree k - I in the
quantities z1(e), * * -+, Za(0), 1(7), * - * , za(7) ; therefore the formulas
(2) give the Taylor expansions of the functions z,(s7).

Let f(o, 7) be any function analytic at (¢, ¢) on § X G. If the Taylor
expansion of f(e, ) by means of zi(c), *+ * * , Za(0); 21(7), * * * , Zal7)
begins with terms of total degree h in these 2n variables, we shall say
that f is of order h at (e, ¢).

If we observe that z.(0) = zi(e) + E‘” (S*z;)e,” zi(r) = xi(e)

k!
+ z? ll—' (T'x;:)e, the formulas (2) give
3) zi(a"") = z,(0) + z(r) + (STzl')e + Rl.i(o'; 7')7

where R, is of order 2 3.
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The difference z,(c7) — zi(e) — zi(r) is of order 2 at (e, €); more-
over it vanishes if either o or 7 coincides with e.
It follows that

4) zi(or) — xi(0) — 2.(r) = Z}poii(0) (1) Asiir(a, 7)

where A;;, is analytic at (e, ¢€).

Replacing ¢ by o7 and 7 by 7! ¢~! 70, we have
zi(re) — x.(o1) — 2.(77 %0 10) = 2,x,(07)2p(T7 0" 70) A (0T, 7707 '70).
Since z,(r~'¢~!r¢) vanishes when either 7 or ¢ coincides with e it must
be of order 2 at least, which shows that the difference z,(r¢) — 2:(o7)
— zi(r7'%¢"rg) is of order 3 at least. On the other hand, we have,

by (3)

—1

z,(r0) — z.(07) = ([S, Tlx)e + Rii(e, 7) — Ri(7, 7).
whence
(5) z.(r%r0) = ([S, T)x)e + Raa(o, 7)

where R, is of order 3 at least.
We have 7(r~'¢~'7¢) = ¢~ '7¢; hence, by (4), we get

zi(e~r0) = (1) + ([S, Tlx))e + Rs.i(o, 7)

where R;; is of order 3 at least. Changing ¢ in ¢~!, and observing
_that [T, S] = =[S, T, we get

(6) zy(o107t) = z,(7) + ([T, Slzv)e + Ras(o, 1),

with R, of order 3 at least.

§XI. THE ADJOINT REPRESENTATION

Let G be an analytic grou'p, and let g be the Lie algebra of Q.
By an analytic endomorphism of § we understand an analytic homo-
morphism of G into itself. If an analytic endomorphism is also an
analytic isomorphism of the manifold of G with itself, we say that it is
an analytic automorphism of G. It is clear that the analytic auto-
morphisms of G form a group A.

Let a be any element of A. Then da is a homomorphism of g
-1
with itself. Moreover the formula @ O a = e (the identity mapping)
-1

shows that d( « ) is the reciprocal mapping of da. It follows that da
is an automorphism of g, i.e. it is a linear mapping of g onto itself
such that da([X, Y]) = [da(X), da(Y)] for X, Yeg. The mapping
a — da is obviously a linear representation of A. This representation
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is faithful; in fact, assume that da(X) = X for all Xeg; by Proposition
1, §IX, p. 118 we have a(exp X) = exp X: a leaves invariant the
elements of a neighbourhood V of the neutral elementin G. Since Gis
connected, it is generated by the elements of V, and « leaves invariant
every element of G, which proves our assertion.

Let now o be any element of G; we denote by a, the mapping
1 — 070! of G into itself. Clearly a,€4, and the mapping ¢ — a, is a
homomorphism of G into A.

Definition 1. The mapping ¢ — do, is called the adjoint representa-
tion of G.

Proposition 1. The adjoint representation of G is an analytic
homomorphism of G into GL(n, C).

Let {X1, Xe, - -+, X»} be a base of gand let {z;, - + - , z.} be a
canonical system of coordinates relative to this base. If

da,(X.-) = Ey_laji(a')Xi,

the matrix which represents ¢ in the adjoint representation is (ay(0)),
If 7 = exp tX;, we have oro™! = exp Z}_,ta;i(c)X; by Proposition 1.
$IX, p. 118. Therefore the quantities ta;(¢) are the canonical
coordinates of oro! (if ¢ is small enough). By formula (6), §X, p. 120,
we know that these coordinates are analytic functions of ¢ at ¢, which
proves that the adjoint representation is analytic at ¢, and therefore
also everywhere (cf. remark at the end of §VI, p. 111).

Let A be the adjoint representation. Then dA is a homomorphism
of g into gl(n, C). Let X be any element of g; dA(X) is a matrix X*
and the matrix A (exp tX) is exp tX*. Therefore .

A(exp tX) — E
t

X* = limy,g

where E is the unit matrix. By formula (6), §X, p. 120, we have
(A(exp tX))(Xi) = X + [ X, X] + 2(2)

where ¢(f) remains bounded when ¢ — 0. Therefore X*, considered
as a linear endomorphism of g, maps any element ¥ = Za;X,on [Y, X].
Now let g be any Lie algebra over a field K. If n is any integer,
the matrices of degree n with coefficients in K form a Lie algebra
gl(n, K), in which the bracket operation is [X, Y] = YX — XY7.
Definition 2. If g 7s a Lie algebra over the field K, we call a homo-
morphism of g into gl(n, K) a representation of g (in K, of degree n).
Let X be any element of g, and let P(X) be the mapping ¥ — [Y, X]
of g into itself. If we select a base in g, P(X) may be represented as a
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matrix of degree n = dim g. The mapping X — P(X) is clearly
linear; moreover

[Y, (X, Xo]] = —[Xy, [Xs, Y]] - [Xy, [V, Xi]] = (P(X,)P(X))
— P(X)P(X1))Y,

whence P([X, X,]) = [P(X,), P(X1)] which proves that P is a represen-
tation.

Definition 3. The mapping which assigns to every Xeg the linear
endomorphism ‘P(X) of g defined by P(X)Y = [Y, X] for all Yeg is
called the adjoint representation of g.

Returning now to the case where g is the Lie algebra of an analytic
group G, we seec that the mapping denoted above by dA is the adjoint
representation of g.

Let 3¢ be any analytic sub-group of G, and let § be its Lie algebra.
It is clear that ¢3Co—! is also an analytic sub-group of G whose Lie
algebra is the image of § under the mapping da,. Therefore a neces-
sary and sufficient condition for 3¢ to be distinguished is that § be
transformed into itself by every operation da,, ¢€G. This condition
may be put in another form. Assume that it is satisfied: then, if
Xebh, we have (A (exp tY))(X)eh for every ¢, whence

A(exptY) — E

[X) Y] = liml—bO ¢

Xeh

and b is an ideal in g. Conversely, assume that § is an ideal in g; let
Y be any element of g, and let Y* be the matrix which represents Y
in the adjoint representation of g. We have Y*(§) ( bh;ifo = exp Y,
we have da, = exp Y*, whence de,(h)) ( h. But the elements o for
which da,(H) C b obviously form a sub-group of G; this subgroup
contains all the elements exp Y, Yeq, i.e. it contains a neighbourhood
of the neutral element in G. Since G is connected, our subgroup is the
whole of G, which proves that 3¢ is a distinguished sub-group.

We have therefore proved the following result, which was an-
nounced in §VIT, p. 114:

Proposition 2. If 3¢ is an analytic sub-group of the analytic group
G, a necessary and sufficient condition for 3C to be distinguished is that
tts Lie algebra be an ideal in, the Lie algebra of G.

The kernel of the adjoint representation of the group g is clearly
the center of G. The kernel of the adjoint representation of the Lie
algebra g (i.e. the set of elements X&g which are mapped on O under
the adjoint representation) is the set of elements Xeg such that
[X, Y] = O for every Yeg.
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Definition 4. If g is a Lie algebra, the center of g is the set of the
elements Xeg for which [X, Y] = 0 holds for every Yeg.

The center of a Lie algebra is clearly an ideal.

The following result is an immediate consequence of Corollary 4
to Proposition 1, §IX, p. 118:

Proposition 3. Let €, be the center of an analytic group G, and let €
be the connected component in €, of the neutral element. Then € is
the underlying group of a closed analytic sub-group of G whose Lie
algebra s the center of the Lie algebra of G.

Now let g be any Lie algebra over the field R, and let us denote by
P the adjoint representation of g. Then P(g) is a sub-algebra of
al(n, C), and therefore there exists an analytic sub-group of GL(n, C)
whose Lie algebra is P(g) (cf. Theorem 1, §IV p. 107). On the other
hand, P(g) is isomorphic to g/c, where ¢ is the center of g. Therefore
we have the following result:

Proposition 4. If g is a Lie algebra over the field R, there exists an
analytic group whose Lie algebra is isomorphic with g/c where ¢ 18 the
center of g.

It follows in particular that if the center of a Lie algebra g con-
tains only the zero element, there exists an analytic group whose Lie
algebra is isomorphic to g. The result remains true for any Lie
algebra, but is considerably more difficult to prove.

§XII. THE DERIVED GROUP

Let g be a Lie algebra over a field K. The vector-space spanned
by the elements of the form [X, Y], with Xeg, Yeg is obviously an ideal
in g.

Definition 1. T'he ideal spanned in a Lie algebra ¢ by the elements
of the form (X, Y], (Xeg, Yeg) is called the derived algebra of g. It1is
generally denoted by ¢'.

A Lie algebra is said to be abelian if the element [X, Y] is equal to 0
for any two elements X, ¥ of the Lie algebra. The derived algebra
of any Lie algebra g is characterized by the following properties:

Proposition 1. If g’ is the derived algebra of g, the factor algebra
a/a’ is abelian. - Conversely, if b is any zdeal such that g/Y vs abelian, §
contains the derived algebra.

In fact, let X, Y be two elements of g and let X, ¥ be their cosets
modulo §. The condntlon “[X Y] = 0 for all X, Y is equivalent
to the condition “[X, Y]eh for all X, Y,” and this proves proposition 1.

Now let G be an analytic group, and let g be its Lie algebra. To
the derived algebra g’ of g there corresponds an analytic sub-group
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g’ of G, which is called the derived group of G. It is always a dis-
tinguished sub-group, but not necessarily closed.

Let a be the factor algebra g/g’. If d is the dimension of a, a is the
Lie algebra of the additive group R? There exists a natural homo-
morphism @ of g onto a, which maps any element X onto its coset
@(X) modulo ¢’. There exists a neighbourhood U of the neutral ele-
ment ¢ in G and a continuous mapping ¢ of U/ into R4 such that

o(er) = ¢(0) + o(r)  ifa, 7, a7eU
e(exp X) = exp o(X) if X is sufficiently near 0.

Therefore ¢(er0~'71) = 0 if o, 7 are sufficiently near e. But ore~7!
can be written, for o, 7 sufficiently small, in the form exp X (o, 7),
where X (o, 7) tends to zero when o,  tend to e. Since ¢(exp X (o, 7))
is the neutral element of R? we have &(X(s, 7)) = 0, X (o, 7)€¢’ and
oro~'771€G’ when o, 7 belong to a sufficiently small neighbourhood U,
of ein G. Since G is connected, the elements of U, constitute a set of
generators of G, and it follows easily that ¢’ contains the commutator
group € of G, i.e. the group generated by all the commutators gro—17!
for o, 7€G.

We shall prove that, conversely, every clement of G’ belongs to €.
Since G’ is connected, it is sufficient to prove it for the elements of a
neighbourhood of € in G'.

We can find a finite number of pairs (Y., Zy), - -+, (Y, Z,)
of elements in g such that the elements U, = [Yy, Z,] - - -, U,
= [Y,, Z,] form a base of ¢’. Let U,y1, - * +, U, be n — r elements
such that {U,, U, + - -+, U,} is a base of g. We select a canonical
system of coordinates, say {ui, us, * -+, ua}, with respect to this
base. Let V be a cubic neighbourhood of e with respect to this system.

We set gi(s) = exp sY;; n(t) = exptZ;; (1 =4 =r) and pi(s, t)
= g;(s)7i(t)o7 (s)r71(t). The functions wui(p,(s, t)) are analytic at
s =t=0. We write

ui(pi(s, 1)) = tay(s) + t?bii(s) + - - -

where the functions a;;(s), bii(s), - - - are analytic at s = 0. More-
over, since U; = [Y;, Zi], it follows from formula (5), §X, page 120,
that '

. a:;:(s
lim,_,o "i) = —d.

Therefore we can find a value s; # 0 of s such that exp sX;eV

for [s| = |81 and that #= 0.



§XIII] TOPOLOGICAL INVARIANCE 127

We set pi(t) = pi(s1,8) (1 S ¢ £7), and

p(ty, by« = -, t) = pa(t)pa(ls) - - - pe(tr).
Then we have '
du(p(ty, - - - tf))) _
( a1; o = ai(s1)
and U a(p(ty, b2y * = - , 1)) = 0if |t&4] - - -, |t are sufficiently small,
(1 £h £n—r7r). The second formula is true because p(ty, &2, * * * ,

t,) belongs to the commutator group, and hence also to §'.
Since Ia.-,(s)l #% 0 the theorem on implicit functions shows that

every element ¢&V such that u,.1(0c) = * * * = u.(¢) = 0 may be
written in the form p(t), ¢z, * * -, t,) provided |ui(s)], - * -, |u.(o)]
are sufficiently small. But these conditions all hold for the elements o
of a suitable neighbourhood of ¢ in §’. Since p(¢y, ¢, - - - , t,) always

belongs to the commutator group of G, our assertion is proved.

Remark. If the group G is simply connected, there corresponds
to the projection & of g onto g/¢’"a continuous homomorphism H of G
into R%. 'The kernel of this homomorphism is a closed sub-group of G
whose Lie algebra is ¢'. The connected component of € in this group
coincides with G’; on the other hand, this component is obviously a
closed sub-group. Hence: If G is a simply connected analytic group,
the commutator group of G is a closed sub-group.

The assumption that G is simply connected cannot be removed in
this statement, as can be shown by examples.

Exactly by the same method as was applied to G’, it can be
proved that if G is a simply connected analytic groups, and if b is an
tdeal in the Lie algebra ¢ of G, the analytic sub-group of G whose Lie
algebra is Y) is always closed, provided there exists an analytic group whose
Lie algebra is tsomorphic to g/%.

§XIII. TOPOLOGICAL INVARIANCE OF THE LIE ALGEBRA

We shall prove in this section that two analytic groups which
have the same underlying topological group coincide also as analytic
groups and, in particular, have the same Lie algebra.

Let G be an analytic group; we select a canonical system of coordi-
nates {z1, 23, * - - , 7.} at the ncutral element ¢ of G, and we take a
cubic neighbourhood V', of € with respect to this system. Let a, be the
breadth of V4.

Lemma 1. Let a be a number such that 0 < a < a1, and V be the set
of points o€V, such that |zi(0)] < a (1 £ ¢ € n). If an element o€V,
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18 such that |zi(c)| L a1 —a (1 £ 7 < n) and that o, o2, - - -, oF all

belong to V, we have |z:i(c)| < % and zi(e") = lzi(e) 1 <1< n 0L
< k). '
Let us set X = Zz:(s)X;, where {X,, - - - , X,} is the base of the

Lie algebra g of G corresponding to the system of coordinates {z;,
-+, Z»}. We know that exp tXeV, for all values of ¢ such that
ltzi(e)] < a1 (1 €7 < n). We may assume ¢ # ¢; we then define a
number ¢y by the equality ¢ - max (|z.(¢)|) = a;. We want to prove
that ¢p > k. There exists an integer & such that h < ¢, < h + 1, and
we have o* = exp hXeV,, z.(o*) = hx (o) (1 £¢< n). If 7 is an
index such that t|z:i(¢)|] = a1, we have h|r.(s)| 2 a1 — |zi(0)| 2 a
and therefore o* does not belong to V, from which it follows that ¢, >
h > k. Hence, for 1 £ 1 < k, we have 2:(¢") = z,(exp IX) = lzi(o);
if we set I = k we obtain |z,(¢)| < %-
Remark. The equality zi(¢!) =
—k <1<k
Now let © be a continuous homomorphism into G of the additive
group R of real numbers. The notation being as in Lemma 1, we can
find an interval | —{y, ¢ (with ¢; > 0) such that ©(¢)eV if ¢ belongs to
this interval. We set fi(t) = z;(0t) (—t1 < t < t));if k is a sufficiently
large integer, we have |f,(k~1t)] < a1 — a (1 £ 7 < n). On the other
hand, since © is a homomorphism, we have 6(f) = (6(k~t))*, whence

1) = k. ({)

t 14
fi (l E) = If; (%) = El fi(®) for k sufficiently large and |I| < k.

lzi(c) obviously holds also for

Since the functions fi(t) are continuous, it follows immediately that
Li(t't) = ¢f,(@t) (for |¢'] £ 1). Let ¢ be any fixed number 0 in the
interval ]—¢#,, t[. We have O(f) = exp #;'X, where X = Zf,(t,) X;
and this formula holds for |t| < |¢]. Since the mappings ¢t — 6(¢),
t — exp i;'X are both homomorphisms, the formula holds for all
values of ¢, which proves that © is analytic.

Proposition 1. Every continuous homomorphism H of an analytic
group G tnto an analytic group 3¢ s an analytic homomorphism.

Let {Xi, + + -, X.} be a base of the Lie algebra g of §. The map-
ping ¢t — H(exp tX;) is a continuous homomorphism of R into 3c;
hence there exists for each 7 an element Y; of the Lie algebra of 3¢ such
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that H(exp tX;) = exp t¥;. We have

(1) H((exp t1X1)(exp t:X3) - - - (exp t.X,)) = (exp t:Y,)(exp .Y3)
- - - (exp t,Yn).

Let zy, 23, *+ + -, za be the canonical coordinates on G corresponding
to the base {X1, Xs, - - -, Xa} of g. If|ts|, - - -, |ta| are sufficiently
small, the element (exp ¢,X;)(exp £:X,) - - - (exp £,X,) will be in a
canonical neighbourhood of the neutral element and its coordinates
e1(ty, *  c y ), -t @n(ty, - -, ta) will be analytic functions of

(V]
ty, + ¢, te. If ti = 841, we have ¢; = §;;f, whence (—(f—)
i

0,000 0
D(ey, @2, = -+, ¢n)
D(tly 2 7tn)
forty =18 = - -+ =1t, =0. Itfollowsthat thereis a neighbourhood
V' of the neutral element such that every ¢&¥V may be written in the
form (exp #1.X,)(exp t:Xs) - - - (exp t,X.), where the numbers ¢y, i,
-+ +, t, depend analytically on ¢. Formula (1) shows at once that
the mapping ¢ — H(c) is analytic at the neutral element, and there-
fore everywhere.

The announced result now follows immediately:

Theorem 3. If two analytic groups G, G' have the same underlying
topological group, they coincide.

In fact, all we have to do is to apply Proposition 1 to the identity
mappings of G into G’ and of G’ into G: these mappings are analytic,
and therefore they are mutually reciprocal analytic isomorphisms.

Definition 1. A locally connected topological group & is said to be
a Lie group if the connected component of the neutral element in ® s
the underlying topological group of an analytic group G:.

If such is_ the case, we know by Theorem 3 that G, is uniquely
determined. Its Lie algebra is also called the Lie algebra of ®.

A Lie group is always locally cartesian (i.e. there exists a neighbour-
hood of the neutral element which is homeomorphic to R~). It has
been conjectured by Hilbert that, conversely, every locally cartesian
group is a Lie group. This conjecture has been proved to be true
under some restrictive conditions; for instance we know that it is true
for compact groups and also for abelian groups. Although it seems
almost certain that it is true in general, the proof will probably require
a set of completely new methods of approach.

Every discrete group is of course a Lie group (of dimension 0).
The linear groups which were discussed in Chapter I are all Lie groups.

Therefore the functional determinant isequal to 1



130 ANALYTIC GROUPS. LIE GROUPS [CrAPR. IV

The center of a Lie group is a Lie group. The product of a finite
number of Lie groups is a Lie group. In the next section, we shall
prove that every closed topological subgroup of a Lie group is a Lie
group.

§XIV. A CRITERION FOR LIE GROUPS

i’roposition 1. Let & be a locally compact topological group which
admits a continuous univalent homomorphism H into a Lie group 9.
Then ® itself is a Lie group.

Let § be the set of all continuous homomorphisms of the additive
group Rinto ®. To every O¢§ there corresponds an element ¥ = Y (0)
in the Lie algebra § of  such that

H(6l) = exp tY (teR).

The elements Y (0) corresponding to the various elements O&j
form a sub-set h; of ). We denote by r the maximal number of
linearly independent elements which can be found in b; (r may be
zero). We construct a base {Y;, Yo, - - -, Y,} of §) whose r first
elements Y,, Y, - - -, Y, belong to h;. There corresponds to this
base a canonical system of coordinates {y1, ¥s2, * * * , ¥a} at the neutral
element 7 of $. Let V, be a cubic neighbourhood of y with’respect to
this system.

Since H is continuous, there exists a compact neighbourhood U
of the neutral element e in & such that H(U) C Vi. Let B be the
boundary of the set U; B is a compact set and does not contain e.
Since H is univalent, H(B) does not contain 5. Therefore, there
exists a number a > 0 (smaller than the breadth of V,) such that the
inequality max; |y;(Ho)| > a holds at every point o€B. Let!Vibe:the
cubic neighbourhood of breadth a of ».

If = is any element of V,, we set d(r) = (Z7y2()) .

Lemma 1. Suppose that a sequence of elements ax # ¢ in U con-
(Hor)
d(Ho‘k)
converges to a limil u; when k — . Then Y = Zu;Y; belongs to §,
and, if © is the corresponding element of §, we have 6(£)eU for |t| < a.

For every k, there exists a largest integer [, which has the following
two properties: (1) Lid(Hor) < a; (2) for any integer m such that
0 £ m £ Iy, wehaveopelU. Let o’ be any cluster point of the sequence
(o¥); since Lkd(Ha:) < a, we have |Ly:(Hoi)| < a (1 € ¢ < n) whence
(Haw)™ = H(c})eV; moreover, y:(Hq') is a cluster point of the numer-

verges towards e in such a way that each one of the sequences
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ical sequence (lxyi(Ho:)), which shows that |y:(He')| < a (1 £ 7 £ n).
In particular, no cluster point of the sequence (¢¥) can belong to B.

For every k, either we have (I, + 1)d(Hox) > a or or*! does not
belong to U. Let K be the set of integers for which the second event-
uality occurs. If K were infinite, the elements o¥, for k€K, would form
an infinite sequence which would have a cluster pointo €U (because U is
compact). But, since ¥t = o¥s;, lim o, = ¢, ¢’ would also be a cluster
point of a sequence of elements belonging to the complement of U.
Hence, ¢’ would belong to B, which is impossible. Therefore, if &
is sufficiently large, we have Lid(Ho:) < a < (It + 1)d(Ho:), whence
lim lkd(Ha‘k) = a.

Let t be any number such that 0 < ¢ < a. For each k, let my be the
largest integer such that m; < a='tlx. Then m; < I;, whence |myy:(Hoy)|
<a (1 £7<n) and oeU. Tt follows that (Hor)™eV and that
yile?) = muy(Hor) (1 £ 7 < n). We have lim my/li = ta™),
lim 4, d(Hox) = a, whence

lim my,(Hox) = tu; Q1=t1=n)
which shows that
(1) lim H(o}7*) = cxp Ztw;Y; = exp tY.

On the other hand, since U is compact, the mapping H, which is
continuous and univalent, maps U homeomorphically. Hence we
may conclude from (1) that the sequence ¢3* has a limit o(f) m U
and that

2) H(o(t)) = exp tY.

Replacing the sequence o; by o7 (67 €U ‘if k is sufficiently large), we
see that there also exists an element o(—?)eU -such that H(o(—t))
= exp (—tY).

The element o(t) is now defined for |t| < a, and the equality (2)
holds for these values. It follows 1mmed1ately from this equality
that the conditions || < a, |ta] < @, |t1 + t2| < a imply o(ty + &) =
a(t1)o(tz). Moreover, a(t) is a continuous function of ¢.

Since R is simply connected, there exists a continuous homo-
morphism © of R into & such that 6(f) = ¢(¢) for |¢| sufficiently small.
The corresponding element Y (0)eh is clearly Y. Since we have
H(6t) = exp tY for all ¢, we have 6(t) = ¢(¢) for |¢{| < a, which proves
Lemma 1.

Corollary. Let © be an element of §; f Y(0) = Zv;Y,;, we have
O(t)eU for |t| < a(Zv?) 1
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This follows at once by applying the lemma to the sequence
or = O(k~'t) with u; =-vy(Zv}) "L

We shall now prove that b, is a vector space. First,if Y = Y (0)eh,
and agR, aY belongs to §; because it corresponds to the continuous
homomorphism ¢ —0(at). It remains to prove that, if Z, = Zu;Y;,
Z, = Zv;Y; both belong to 91, Z; + Z, also belongs to §;. Let
0,;, 0: be the continuous homomorphisms of R into & such that
Z, = Y(91)7 Z, = Y(ez) We set .

or = 0,(k1)0:(k~1) (1 £ k< ).

For k sufficiently large, o:eU. Moreover, we have y:(HO:(k™'))
= uk™, y,(HO:(k™1)) = vk~'. By formula (3), §X, p. 120, we get

Yi(Hor) = k~*(us + v)) + k%A, (k)

where the functions 4 (k) remain bounded when k increases indefinitely.
We may assume without loss of generality that Z, 4+ Z, = 0;
then we have o 7 0 for k sufficiently large, and

d(Hoy) = L(Z.(u, + v))! + A(k)k—?

where A(k) remains bounded. It follows from Lemma 1 that
(Z(us + v)2)H(Z1 + Z5)eh, and therefore also Z; + Z»eh; which com-.
pletes the proof of our statement that b, is a vector space.

By making use of the corollary to Lemma 1, we see that any
elément of the form exp Z7u.Y; is the image under H of an element of
Uif Zu} < a

Let U, be the set of the elements ceU such that y,1(Ho) = + - -
= y.(Ho) = 0. We assert that U, is a neighbourhood of € in ®.
If |ual, |us|, * -+ -, |u.| are sufficiently small, the element

(exp Zu:Y)(exp 2 w:Y;)

belongs to V and its coordinates may be expressed as analytic func-

tions Y,(u1, * * * , un) Of uy, * * + , us. If u; = 6;u, we have ¥; = d;u,
whence
A D R
(.!_) - 5._1_ and ( (‘pl; "p )) = 1.
au,- w=0 D(ul, ct ,un) Um0
It follows that there exists a system of coordinates (21, 23, * * * , 2»)

on 9 at n such that the formulas
Zy((exp ZiusY)(exp ZpusYs)) = ug 1<:<n)
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hold whenever |uj] < b (1 £ 7 < n). Let V;be a cubic neighbourhood
of » with respect to this system; we assume that V, is of breadth < b
and is contained in V.

We assume for a moment that U, is not a neighbourhood of .
Then there exists a sequence ox of elements of U not belonging to U,
such that lim o, = ¢, HoxeV,. We have lim z;(sx) = 0; for k sufficiently
large, the element exp Zizi(ox)Y; is the image under H of an element
o¢U; moreover, since lim exp Zizy(ox)Y; = 7 and H is a homeo-
morphism of U into V, we have lim o, = ¢¢ We set

ok = (oh)"lo.

For k sufficiently large, we have o ¢l/. Since o}el/;, we have o} = ¢
for k sufficiently large. Moreover, we have

Ho} = exp 27 2(Hai) Y
and hence

yHol) = + -+ =4 l6}) =0,  y.u(Hol) = 2,(Hor)
A=h=E=n—r).

By replacing if necessary the sequence ox by a sub-scquence, we may
y«(Hoy)

have
d(H O’k)

assume without loss of generality that the sequences

limits u; (1 <t £ n) (because ‘%—(—ljﬂz < 1)- We have clearly
d(Hez)

Uy=uU= -+ =2 =0, 2 u’=1 By the lemma, it follows

that the clement 27, ,u;Y; belongs to b, which is a contradiction with

the fact that {Y,, - - -, Y,} is a base of b,.

Therefore, our statement that U, is a neighbourhood of €is proved.

If oeUy, we have IIo = exp Zjy(Ho)Y;,. We set z;c) = y.(Ho)
(1 £7 £r). The mapping which assigns to ¢ the point {z.(c),

-+, (o)} obviously maps U,; homeomorphically onto a sub-
set of R" which contains the cube defined by the inequalities |z;| < a
(1sis).

There exists a number a’ > 0 such that the conditions |yi(m1)| < a’,
lyi(re)| < @ imply 7173'€V. If we denote by U the set of elements
oeU: such that |zi(0)| < a’ (1 £4¢ <), the conditions ¢y,0,eU’
imply ¢107'eU, and the functions zi(e107") may be expressed as func-
tions of zi(e1) * - - x.(01), Zi(0s), - - * , z:(o2); these functions are
defined and analytic for |zi(a1)| < @/, |zi(o2)| < a'.

The fact that ® is a Lie group will follow if we can prove
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Proposition 2. Let & be a topological group. We assume that there
exists a neighbourhood U of the neutral element e in @ and a system of n
real valued functions xi, Zs. *+ * + , Tn defined on U, with the following
properties: (1) the mapping ¢ — (z1(s), * * * , Za(0)) s @ homeomorphism
of U with the cube Q in R™ defined by the inequalities |zi| < a (1 < ¢ < n),
a being some number > 0; (2) there exists a number ' > 0 (a’ < a)
and n functions fi(uy, Uz, * * ¢, Ua; V1, Uz, * * *, Un), deﬁned and
analytic in the domain defined by the inequalities |u,| < a’, |vi] < o,
1=si=n0) such that the formulas o7 €U, xi(o7™t) = f, (xl(a),
za(0); xl(r), -, xa(7)) hold under the conditions |zi(c)| < o/, lx.(-r)l
<ad (1=21= n). Then & is a Lie group.

Let ®; be the connected component of € in . Since U is a neigh-
bourhood of € and is connected, &, is obviously open. It is sufficient
to prove that ®; is a Lie group. Therefore we may assume without
loss of generality that © itself is connected.

We denote by ¢, the left-translation associated with ¢ in @, and
by @(s) the class of real valued functions defined in neighbourhoods
of ¢ in @ and which depend analytically on the functions z; 0 ¢!,
T30 @o~), + + +, &, O ot around ¢. We assert that the assignment
¢ — Q(0) defines a variety whose underlying space is ®.

The conditions I, IT of §1, Chapter III, p. 68, are obviously satis-
fied. Since ¢, is a homeomorphism of & with itself, the properties (1),
(2) of condition III hold in our case. It remains to check the
property (3). Let U’ be the set of the elements {7 such that |z.(¢)|
< a'; U’ is a neighbourhood of e. Hence ¢ U’ is a neighbourhood of ¢.
Let 7 be any element of this set; we have r—l¢ = ¢eU’. We have (z,
0 o) (p) = x(07) = (oY) = 2, Yp) = fulw(ETY, - - -,
2,(£7Y); z1(p7 ), © © +, a(p'7)), these formulas holding provided
= 1pelU’, perU’. This proves that the functions z; O ¢, belong to
Q(o); thus property (4) holds.

The assignment ¢ — @(¢) defines therefore a manifold §. It is
obvious that the mapping (s, 7) = 7! of G X G into G is analytic
at the point (¢, €)€G X G. We have yet to prove that it is everywhere
analytic.

It follows immediately from the definition that every left-trans-
lation ¢, is an analytic isomorphism of the manifold G with itself.
The same applies to the right-translation ¢, associated with o; in
fact, let us first assume that |z;(¢)| < @’ (1 £ 7 < n). The mapping
J :r — 7~ 1is clearly analytic at ¢, and ¢, is obtained by first performing
J, and then the mapping r — 7~'¢ which is analytic at ¢ provided
|ri(e)] < @’ (1 £ 4 = n). The formula Y, = 70 = ¢,,(r5'r0) shows
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that . is analytic at every point 7o if s€U’. But U’, being a neighbour-
hood of € in the connected group ©®, is a system of generators of ®.
Hence any element ¢e® may be written in the form o102 + + - o4 With
el (1<j<k). We have ¢, =¢,,0¢,_,0 - Oy, which
shows that ¢, is an analytic mapping.

Now, in order to prove that the mapping (o, 7) — o7! is analytic
at every point (oo, 79), We write .

o1l = ao(og'e) (r5'r) " r5 .

It is obvious that the mapping (s, 7) — (6500, 75'7) of § X G into
itself is analytic at (oo, 70). Since ¢, and y,, are analytic mappings,
and since the mapping (o, 7) — o7~ ! is analytic at (e, €), it is also
analytic at (a0, 70).

Therefore G is the underlying manifold of an analytic group, whose
underlying topological group is &, and this completes the proofs of
Propositions 1 and 2.

Corollary. Every closed subgroup of a Lie group is a Lie group.

In fact, a Lie group being locally compact, the same holds for every
closed subgroup of a Lie group.

We observe also that it follows immediately from Proposition 2
that any topological group which is locally isomorphic with a Lie
group is itself a Lie group. If O is a Lie group, ® is clearly locally
simply connected. Therefore, if @ is connected, it admits a simply
connected covering group (&, 1), and we see that @ is a Lie group.

§XV. GROUPS OF AUTOMORPHISMS

Let H be a subgroup of GL(n, C). Denote by z;(s) (1 £ 2,j < n)
the coefficients of a matrix ¢¢GL(n, C). We shall say that H is an
algebraic subgroup of GL(n, C) if there exists a set of polynomials

Pu(- -+, x,;, + ) in n? arguments (a running over some set of
indices) such that the conditions

oeH
and

Pa(- - - ,z5(0), - - ) =0  (forall &)

are equivalent. For instance, SL(n, C) and O(n, C) are algebraic
subgroups of GL(n, C), and Sp(n, C) is an algebraic subgroup of
GL(2n, C).

Denote by zj;(¢) and z;{(¢) the real and imaginary parts of z,(c).
If we can find a set of polynomials Qs(- - - zj;, zi; * * ) in 2n? argu-

ments such that the conditions eIl and Qs(- * - zii(s), i (a), - * )



136 . ANALYTIC GROUPS. LIE GROUPS (Crae. IV

= 0 (for all B) are equivalent, then we say that H is a pseudoalgebraic
subgroup of GL(n, C). For instance, GL(n, R), SL(n, R), O(n), SO(n),
U(n), SU(n) are pseudo-algebraic subgroups of GL(n, C); Sp(n) is a
pseudo-algebraic subgroup of GL(2n, C).

It follows immediately from the Corollary to Proposition 1, §XIV
p. 130 that any algebraic or pseudo-algebraic subgroup of G’L(n 8))
is a Lie group (when it is considered as a topological subgroup of
GL(n, C)).

Now, let g be any algebra over the field B of real numbers; i.e. g is
a vector space of finite dimension n over R in which there is defined a
bilinear law of composition (X, ¥) — XY (we do not require any other
condition than bilinearity for this law of composition). The auto-
morphisms of the algebra g clearly form a subgroup % of the group of
automorphisms of the underlying vector space of g (i.e. of GL(n, R)).
Let {X1, - -+ -, X,.} be a base in g; with respect to this base, every
automorphism « of g is expressible by a matrix (also denoted by «).
Set

a(X) = 2t0:X; (1 <3<

Then the conditions which express that a is an automorphism (i.e. the
conditions a(X,X;) = a(X;)a(X;) can be expressed by a certain
number of algebraic relationships between the coefficients a;; (which,
furthermore, must be real). It follows that % is a pseudo-algebraic
subgroup of GL(n, R) and is therefore a Lie group. We shall determine
the Lie algebra of this group. Let a denote this Lie algebra. Then a
is a subalgebra of the Lie algebra of GL(n, R), and the elements of a
can therefore be considered as matrices of degree n with real coeffi-
cients, i.e. also as linear endomorphisms of the underlying vector
space of g. Let A be a matrix belonging to a. Then, for every real ¢,
exp tA is an automorphism of g, whence

(exp tA)XY = ((exp tA)X)((exp tA)Y)

for any X, Yeg.
Let E be the unit matrix; then

(E+tA+2A)XY = (E+t4A + PA)X)((E + tA + 124,)Y)

where A, is a matrix whose coefficients remain bounded when ¢
approaches 0. It follows easily that

(1) A(XY) = A(X)Y + XA(Y)
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Any linear endomorphism A of g which satisfies (1) is called a
derivation of the algebra g. We have seen that every matrix Aca
is a derivation of g. We shall see that the converse of this assertion
holds true.

Let A be a derivation of g. We have

1
AP XY) = 2y i"’—j' Ai(X)AN(Y) -

where the summation is extended over all pairs (¢, j) such that < 2 0,
J20,i4+j=p (weset A° = E). Write

1 |
Z—;A'(X). ﬁA’(Y) = Eleiika

We know that the coefficients of A* are smaller in absolute value than
M, where M is some constant. It follows easily that the double
series Zi|Aiyx| are convergent, whence

(exp tA)XY = zi—l'A"(X) j—l'Al(X) = ((exp tA)X)((exp t4)Y)

which proves that exp tA€¥, whence Aea. We have proved

Proposition 1. Let g be any algebra over the field of real numbers.
Then the derivations of g form a subalgebra of gl(n, R) (where n is the
dimension of g), and this algebra is the Lie algebra of the group of auto-
morphisms of g.

Assume in particular that g is the Lie algebra of a simply connected
Lie group ®. Let a be any automorphism of g; then there corresponds
to a a continuous homomorphism 6 of @ into itself such that a = dé
(cf. Theorem 2, §VI, p. 111). Since « is an automorphism, it has a
reciprocal mapping o’ which is also an automorphism. Let 6’ be the
continuous homomorphism of & into itself which corresponds to o';
then d(0 0 6') = a 0 o’ is the identity mapping of g. It follows that
0 0 ¢ is the identity mapping of @. In the same way, we see that
0’ 00 is also the identity mapping of ®. It follows immediately
that 6 is an isomorphism of @ (considered as a topological group) with
itself (i.e. it is an automorphism of the underlying group and a homeo-
morphism of the underlying space with itself). Such a mapping is
called an automorphism of the group ®. Conversely, we see easily
that to every automorphism 6 of ® there corresponds an automorphism
a = df of g. Therefore we have proved:
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Proposition 2. Let ® be a simply connected Lie group. Then the
group of automorphisms of & is isomorphic with a Lie group whose Lie
algebra 1s the algebra of derivations of the Lie algebra of ®.

Denote by 0, the automorphism of & which corresponds to an
automorphism a of . If Xgg, we have 6, (exp X) = exp a(X), which
shows that 6,(exp X) depends continuously on a, for X fixed. Since
® is connected, any ¢€® may be written in the form ¢ * - - o) where
each ¢, is of the form exp Y;, Y.gg. It follows immediately that
0.(c) depends continuously on « for ¢ fixed.

Now, let & be a connected Lie group which is not simply connected,
and let (®, f) be a simply connected covering group of @. Let 6 be an
automorphism of &. Then 6 0 f is a continuous homomorphism of €]
into @. Denote by ¢ and & the neutral elements of ® and @ respec-
tively. By Proposition 1, chapter I, §VIII, p. 50, there exists a con-
tinuous mapping & of & into itseclf such that fo § = o fand 8() = &
The mapping (3, 7) — 8(67)(8())"'(8(¥))~* maps continuously the
connected space & X ® into the kernel F of f, which is discrete. It
follows immediately that 8(67)(6(¢))~'(6(z))~! = ¢, which proves
that 8 is a homomorphism of & into itself. Let ¢’ be the reciprocal
automorphism of §; then, in the same way, there corresponds to 6’ a
continuous homomorphism & of & into itself. Furthermore, we see
immediately that there exists a neighbourhood of & in & on which
both 80 & and & © 8 coincide with the identity mapping. Since &
is connected, § 0 & and & o 8 both coincide with the identity mapping
of &, which shows that 8 is an automorphism of ®. Furthermore, we
clearly have 8(F) = F.

Conversely, let 8 be an automorphism of & such that 8(F) = F.
Let o be any element of ®, and let & be any element of & such that
f(@) = 6. Then the value of f(6(3)) depends only upon ¢, not upon
the choice of . If we set 8(c) = f(6(3)), we see easily (by arguments
of the same type as above) that 6 is an automorphism of &. There-
fore, the group of automorphisms of @ may be identified with the
group of those automorphisms of & which map F into itself. Since
F is closed, it follows from the remark which follows Proposition 2
that this group is a closed subgroup of the group of automorphisms
A of @ (in thestopology which makes A a Lie group). We have
therefore proved that the group of automorphisms of any connected
Lie group is tsomorphic with a Lie group.



CHAPTER V

The Differential Calculus of Cartan

Summary. §§I and II are algebraic in character; their object is to con-
struct the Grassmann algebra 2 associated with a given vector space m
For reasons of convenience we have arranged: the construction in such a way
that the dual space of M (and not M itself) is contained in A; i.e. the elements
of Y are alternating contravariant tensors.

In §III, we define the exterior differential forms of Cartan on a manifold
and their differentiation. These forms behave in a contravariant way under
an analytic mapping (this is why we introduce the notation “8,” which is
considered as dual to the “d”’ of Chapter III). The operation 4 is proved to
commute with the differentiation (formula (4), §III, p. 146).

In §§IV and V, we apply the differential calculus of Cartan to the theory of
Lie groups. The notion of left invariant differential form is defined; the left-
invariant differential forms of order 1 are thg¢ forms of Maurer-Cartan.
Their differentiation is determined in terms of the Lie algebra by formula (2),
§IV, p. 152. It is shown how the forms of Maurer-Cartan can be explicitly
constructed (in canonical coordinates) if the Lie algebra is known. A very
simple example shows how it is possible to arrive by this method at an explicit
construction of the law of composition in the group. However, it should
be observed that, if one does not insist on using canonical coordinates, there
are simpler methods to get the same result which we shall discuss in volume II.

The remainder of the chapter is concerned with the integration of differen-
tial forms on a manifold. Only forms of the highest dimension are considered
(which means that we do not prove the generalized Stokes’s formula). ~ After
having defined the orientation of a manifold (§VI), we construct the integral
of a function with respect to a differential form on an oriented manifold (§VII);
the construction is based on a very useful lemma of Dieudonné. In §VIII,
we define invariant integration on a group which will become the main tool
in Chapter VI.

§1. MULTILINEAR FUNCTIONS

Let K be a field, and let My, M, + - -, M, be r vector spaces over
K, of dimensions my, * * * , My

Definition 1. An r-linear function on My X M X + - + X M, 18
a mapping M of this set into K such that M(ey, - - -, €/) 1s a linear
function of any one of its arguments when the r — 1 others are kept fized,
1.e. we have

M(ey - * * , €1y a€; + a'e)y €y * -, €)
= aM(ey * * -, €i_1y €)y €iy1y * © ° ) €r)
+ a'M(ey * - -, €y €€ty ,€)
if a, a'eK.
139
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Let Mi;, M: be two such r-linear functions. Then the functions
a:M, + a:M;, which maps (e;, - - -, e,) into aiMi(ey, * -+, €,)
+ a:Ma(ey, - -, €,) is clearly again an r-linear function.

Let {a,1, - - - ,aim]} beabaseof M;. Ife; = Zxya; (1 £ 5 < my;
z;€K), and if M is an r-linear function, we have

(¢)) M(ey - - -, €) = 22y 20, - - - i My - * -, ),

which shows that M is entirely determined when the quantities
My, * * +, a,;) are determined. Conversely, these quantities
may obviously be taken arbitrarily in K. It follows that the r-linear
functions form a vector space over K of dimension m; - - - m,.

Now let N1, Nz, - - - , N, be a new system of vector spaces over K.
Let M be an r-linear function defined on M; X My X -+ + X M,,
and let N be an s-linear function defined on N; X Ny X + -+ - X N..
Then the function A defined on My X M2 X « + + X M, X N1 X N
X+« XN, by the formula

2 A(eh EERN - H fi, - - - ,f,) = M(elr et ’er)N(fl) s, ),

(for e.cIM;, £;eM;) is clearly an (r + s)-linear function.

Definition 2. The function A defined by formula (2) is called the
Kronecker product of M and N it is denoted by MN.

The following properties of this operation are obvious:

1) It is linear with respect to each argument, i.e.

(alMl + 02M2)N = a;MN + azMzN, (ay, a«zeK)
M(alNl + (IQN2) = alMN1 + a2MN2,

2) If By, PBs, - - -, Pi is a third system of vector spaces over K,
and if IT is a t-linear function defined on By X P2 X - - - X B, we
have

(MN)II = M(NII).

If r = 1, the r-linear functions on M, are simply the linear mappings
of M, into K.

Definition 3. The vector space composed of the linear mappings of a
vector space M into K is called the dual space of MM and denoted by M.

If {a;, * * -, an} is a base of M, to every 7 (1 < ¢ < m) there
corresponds an element o€’ which is defined by the conditions ¢;a;
= §;;. Moreover, these m elements of MM’ form a base of PM’, which is
oalled the dual base of the base {a;, * * - , an} of M.

Let a be any element of M. Then, if we consider ¢(a), for eI/,
as a function of ¢, we obtain a linear function ¢, on I': Yo = ¢(a).
Moreover, the mapping a — ¥, is clearly a linear mapping of M into
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M’ = (W)'. If a = Zra;is # 0, there exists at least one eI’ for
which (a) ¢ 0,—for instance ¢ = ¢; if 2; # 0. Therefore we have
va # 0, and the linear mapping a — ¢, is univalent. Since I and
M’ have the same dimension, this mapping is a linear isomorphism
of M with M. We may call it the natural isomorphism of M with M.

It follows in particular that any base in 9’ is the dual of some base
in M.

Proposition 1. Let My, My, - - -, M, be r veclor spaces over K.
Let {@u, @2, * * * , ¢im} be a base in the dual space M; of M;. Then
the my + - - m, elements ¢y, * * * ori, (1 $ja <Myl S a<r)
form a base of the space of r-linear functionson My X M2 X - X M.

In fact, let {a:1, * + - , aim, ] be the base of M of which {e:1, @iz,

*, ¢im,} 1s the dual base. We have

PP " Pri, Bk Aokttt Brk) = GikOik, - ¢ Ok,
which, by comparison with formula (1), proves Proposition 1.

$II. ALTERNATE FUNCTIONS

We shall now consider r-linear functions A defined on the product
M of r vector spaces identical with a given vector space I of dimen-
sion m! over a basic field K which is assumed to be of characteristic 0.
Let ©, be the space of these r-linear functions, for r 2 1. We shall
denote the set K, considered as a vector space of dimension 1 over K, by
Do. Let us form the set 112 ,H,. An element of this set is a mapping
which assigns to every r 2 0 an element A,£9,. We shall consider the
subset © composed of those elements of I2H, of which almost all
coordinates A, are equal to 0 (i.e. all except a finite number). If A
=(A0; Ay om0y Ay e ) andM=(Mo, Ml’ v yMr) ©T ')a're

any elements of O and if a, beK, the element *
aA + bM = (aAO + bMO) aAl + le, oty aAr + an ° )

also belongs to ©. It follows immediately that O is a vector space
(of infinite dimension) over K. An element of O is called homogeneous
of order r if all its coordinates are zero except perhaps the r-coordinate.
Such an element may, without trouble, be identified with its r-coordi-
nate. If we make these identifications, the element A = (Aq Ay,
-, A, - +) may be written in the form 2PA,. (The symbol Z§
stands for Z§ where R is an integer so large that A, = 0 forr > R.)
In §I we have defined the product A,M, of an element A,£9, by
an element M,e9,, provided rs >-0. If, for instance, r = 0, Ao is an
1 These r-linear forms are called ‘‘r-times contravariant tensors.”
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element of K, and AM., is also defined since 9, is a vector space over
K. The same remark applies if s = 0. Moreover, the formula
(AMIN: = A,(MN)(A£D,, MiD,, Nie®:) remains valid if one or
more of 7, s, ¢ is to 0. -

We may now define the product AM of any two elements A = ZA,,
M = 2M, of O by the formula

AM = E:._oArMn
This means that the t-coordinate of AM will be
(AM)t = 2r+-=tArMa

This obviously vanishes if ¢ is sufficiently large, when AMeO.

It is a trivial matter to verify that © becomes a ring under this
multiplication. If E is the element (1, 0, - - -, 0, - - *), E is the
unit element of this ring.

We shall now define an operation in §,, which we call alternation.
Let A, be an element of §,, and let @ be any permutation of the set
{1,2, - - -, r}. The function A? defined by the formula

AZ(ey, + -+ ,€) = Ar(eam’ Tt )

obviously again belongs to §,. Moreover the mapping A, — A? is a
linear mapping of 9. into itsclf. We now define an operation 4.,
called alternation, which maps any A,e9, on

1 ,
A.(A) = 1 Zae(@)A;,

this sum being extended over all permutations @ of the set {1,2, - - -,
r}, with ¢(®) = 1 for even permutations @, and e(®) = —1 for odd
permutations @. If r = 0 or 1, we set A.(A;) = A..

If A = 2Z2A, is an element of O, we set A(A) = Z¢A,(A,). Then
A is a linear mapping of O into itself.

We denote by 3 the set of elements AeD for which A(A) = 0.
It is clear that & is a vector subspace of ©. We shall now prove
the remarkable fact that J is actually an ideal in ©. In other words,
the condition A(A) = 0 implies A(MAX) = A(AM) = 0, for any MeD.
It is clearly sufficient to prove this for the case where A = A,£9,,
M = M.e9.. Setting N,,, = A,4.(AM,), we have

(r 4+ )Nralesy - - -, €r10)

= zaé(é)Ar(e&(m e ,ea(,))M.(ea(H_l,, Ty eﬁ(r+c))
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where the summation extends over all permutations & of the set
{1, - - - ,r 4+ s}. Let G be the group of these permutations, and H
the subgroup composed of those which leave the elementsr + 1, - - -,
r + s unchanged. Let us consider the sum

Zoeaon€(@)Ar(€apyy * * y €an)Ma(€airpnyy = * - » €ogrin)

extended over all permutations & of a certain coset @H. If we set
€suiy = Ji (1 £ ¢ < r), this sum may be written in the form

e(‘:’o)Ml(ecﬁo(r+l)9 Tty ed»o(r+n))(Ea’mf(a’l)l\r(fa'(m Ty 5'(r)))’
since e(@w’) = e(@o)e(@’). But the operations of H induce the
complete set of permutations on the set {1, - - - , r}, and hence the

second factor is 0. It follows that A,,,(A,M,) = 0, and we can prove
in the same way that A4,,,(M,A,) = 0.

It follows that the set /& of the residue-classes of O modulo &
is again a ring. It is also a vector space over K. We claim that
it is of finite dimension. In fact, let us choose a base {1, @3, * * * ,
¢m} in the dual space M = H; of M. If ¢ is any element of M’, we
have ¢%€3. Infact A(e?) (e, €2) = (F)(e(e1)p(es) — o(ez)e(er)) = 0.
It follows that o + 0 = @) ((0i + ¢))? — of — )Y (1 £ 4,
j < m).

Let (p? be the residue class of ¢; modulo §. We have

* ok * % *
P P; = TPy (‘Pi )2 = 0.

It follows that a product o;, cp: + + + oF does not change if we perform
an even permutation of the factors, and is changed into its negative
if we perform an odd permutation. Morcover, it is equal to 0 if any
two factors are equal. This certainly happens if r > m.

We have seen that the elements ¢;¢;, * © * @i, form a base of
O-if r > 0.1 It follows that ., ( §if r > m, and that every element
of O/ is a linear combination of the elements

E*; oron + + - op  withiy < -+« <, $m,

where E* is the residue class of E. There being 2™ such elements,
/3 is a vector space of dimension at most equal to 2. We shall
see a little later that the dimension of /& is exactly 2™,

For the moment, we shall exhibit a complete system of repre-
sentatives of the residue classés of O modulo &.

1 Cf. Proposition 1, §I, p. 139.
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Definition 1. An r-linear function A, is said to be alternate if

A? = e(@)A,
for every permutation & of the set {1, - - - , r}.
(If »r = 0 or 1, any element of §, is considered to be alternate.)
Similarly, an element A = (Ao, “ o, Ay o) of O s said to

be alternate if every coordinate A, is alternate.
If A is an arbitrary element of O, A(K) is alternate. In fact, we
have, for r >0, A9,

(A.(A))* = r—l' Se(&)A%® = ‘(“"’) Se(@0@) A% = e(@0)A,(A,)

where @, is any permutation of the set {1, -, r}.
Moreover, if A is slready alternate, we have A(A) = A. In fact,
if r > 0 and if A, is alternate, we have

A.(A) = = za(w)A = A,

It follows that the operation A is idempotent: A4 = A.

Proposition 1. Any element AeD can be represented in one and only
one way as a sum, M + N, of an alternate element M and an element
Nes.

In fact, we have A = A(R) + (A — A(A)); A(Q) is alternate, and
we have A(A — A(A)) = A(A) — AA(A) = 0, which shows that
A - A(L)eg. Conversely, suppose that A = M + N, with M alter—
nate and Nel. We have AR) = AM) + AN) = A(M) =
whence N = & — A(R).

Let % be the set of alternate elements in . Then % is obviously
a vector space over K, and Proposition 1 shows that there exists one
and only one element of % in any given residue class of D modulo &.

If 41, + + -, 4 are indices with 1 < 4, < + + + < ¢, £ m, then the
element A,(¢;, - © - ¢,) is alternate. It is equal to
1 -
ﬁ Zae(@)0ati) oty * * * Gat,)
where the sum is extended over all permutations @ of the set I = {3,

*, %}. Tt follows from this expression that the elements A,(g,,
* *_¢i,), corresponding to the various subsets I of r elements from the
set {1, - - -, m}, are linearly independent. Since the residue class
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of A.(gi, ~ - «p.,) modulo & is the same as the residue class of ¢;, -

i (1 e. qo: c e o), it follows immediately that the () elements
on * @y (for 1€ 4 < - -+ <4, = m) are linearly independent
in D/ 3.

The product AM of two alternate elements of is in general not
an alternate element, as can be verified easily from examples. How-
ever, there exists one and only one alternate element which belongs
to the same residuc class as AM modulo &, namely the element 4 (KM)
Therefore we may define a law of composition in % by the formula

AoM = A(AM)

We shall call this law of composition the Grassmann multiplication.
It is clear that the vector space ¥, equipped with this law of composi-
tion, becomes an algebra over K, isomorphic with ©/%.

Definition 2. The algebra composed of the alternate multilinear
functions, with the Grassmann multiplication as the law of composition, is
called the Grasgmann algebra of the space M.

It follows from our previous considerations that the Grassmann
algebra is of dimension 2™ over K. It contains a unit element E, and
contains the dual space M’ of M. Moreover, if {¢1, * * * , on} is a
base of I, the elements ¢1, * * - , om form a set of generators of the
Grassmann algebra. We have

¢i0pi=0
¢i0gi+ ¢;i0¢; =0, (1<14,j< m

and the elements ¢;, O ¢;, O - - + O ¢; corresponding to the various
subsets {7y, - - -, 7} of the set {1, - - -, m} (withé; < - -+ <4,
< m) are linearly independent; every element of the Grassmann
algebra may be written as a linear combination of E ind of such
elements. An element of the Grassmann algebra which is an alternate
r-linear function is said to be homogeneous of order r (if r = 0, i.e. the
element is in K, we adopt the convention of calling it a 0-linear form).

APPLICATION. Let ¢4, ¥2, - + -, ¢, be any r elements of .
If we take r linear combinations

6 = Z_jap; (1Si<),
of these elements, we have
6,060,000, = ;hmp,n SRR = KT/

as can easily be verified.
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If r = m,and if 1, - - - , ¥m are linearly independent, they form a
base of IM’, and we know that ¢, Oy, 0 - - - Oy, # 0. If nowris

arbitrary and if ¢y, - - - , ¢, are linearly independent, we can find
m — r elements ¥,41, © + -, ¥m of M’ such that ¢1, - - -, ¢y, Yoy,
++*, ¥m are linearly independent. We have y, 0y, 0 - - - Oy,
# 0, which proves: )
Proposition 2. If ¢y, -+ - -, ¢, are r elements of M', a necessary

and sufficient condition for their linear independenceis that ¥, O Y, O
oy, # 0. Moreover, if we replace these elements by linear combinations
of them, their product in the Grassmann algebra is multiplied by an
element of K. _

If M is an (n — r)-dimensional subspace of M, the elements e of
N may be characterized as those which satisfy r linear equations,

(1) Yi(e) = - -+ =u(e) =0,

where ¥y, * + -, ¥, are linearly independent clements of 9¥’. More-
over, if the formulas (1) define N, any other set of r equations of N is
obtained by replacing ¢, - + - , ¢, by r linearly independent linear
combinations of them. Therefore the subspace ! may be character-
ized by the product ¥, Oy, O - - - O, and this product, conversely,
is determined by N, except for a constant factor.!

3

§III. THE DIFFERENTIAL FORMS OF CARTAN

Definition 1. Let U be a manifold and let p be a point of V. The
Grassmann algebra associated with the tangent space to U at p is called the
Cartan differential algebra at p.

We shall denote this algebra by €,.

Definition 2. If we assign to every point p of a subset A of U a
homogeneous element of order r in ,,, we obtain what ts called a differential
Jorm? of order r defined on A. A differential form of order 1 is also
called a Pfaffian form.

A differential form of order 0 is therefore simply a real valued
function, and we know what it means to say that such a function is
analytic at a point p of the domain of definition. We shall now
extend this notion to a differential form of any order.

An element of order 1 in €, is an element of the dual space to the
tangent space ¥,. But we have already seen that this dual space

11t was precisely in order to handle analytically the linear varieties of any

dimension that Grassmann developed his “geometrical calculus.”
% Also called “exterior differential form.”
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is the space D, of differentials at p.! Let {z), - - - , 2.} be a coordi-
nate system at p; then, for every point g of a neighbourhood of p, the
differentials (dzi)q, * * + , (dza), form a base of D,. Let & be a
differential form of order r, defined in a neighbourhood of p; we may
express the value 6, of 0 at a point ¢ in the form

(1) aq = Zu"l e i.(q)(dxl'x)q g---n0o (dx"r)'b

this summation being extended over all combinations {3y, * - - , 4,}
suchthat 1 <4, < - - - <4, < n

We shall say that the form 0 is analytic at p if the functions w;,..;,
are all analytic at p. To justify this definition, we have to show
that it does not depend on the particular coordinate system used.
Let {1, + - -, z,} be some other coordinate system at p. We
may express Ti, * * * , T, in the neighbourhood of p as functions
fulxy, « -+, ah), -+, falxl, + - -, z.) of the new coordinates z’,
and these functions are analytic at the point z; = zi(p), - - -
z, = z,(p). We have, for g sufficiently near p,

’

e = 20 () e

i) [ . 9 [ ’ .
where (5i,) is the value of 5%, for z; = z](¢) (1 £ j < n). Hence
9

? )

D ty Juy ° ’
0 = zu......-,<q)(D((f fo ot {c’)) (@)oo - - - 0 (dz)),

m

where the summation is extended over all systems (i1, + + + , 7
ji, © ¢+ ,Jd)suchthat i, < - - - <4, 51 < -+ <j. If weset

e .i,u.',,,,.-,(q)( D(fs, f'v Y 1))

D(:l:“, ja T ;x;,'r)

ug,'lj:...ir(Q) ==

we have
0(‘1) = Eil...iru;:-..ir(Q)(dxgn)a o---0 (dx;r)Q‘

If the functions wus,...;, are analytic at p, then the same is of course
true for the functions wu..;, which justifies our definition of ana-
lytic differential forms.

Similarly, if the functions w;,..., are continuous at p, the functions
uj,..;, are also continuous. In this case we shall say that 6 is con-
linuous at p.

1 Cf. Chapter III, §IV, p. 76.
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We shall now define the operation of differentiation on differential
forms. Let 6 be a differential form of order r, which is analytic at a
point peV. If r = 0, 6 is a function on U, and its differential at p has
already been defined. In the general case, we define the differential,
(d6),, of 6 at p to be the element of €, defined by

(do)ll = z(duilmir)ﬁ o (dxi'l)v g---n0 (dxir)i"

Here again we have to show our definition is independent of the
coordinate system.

Before doing this, we shall first prove a certain number of proper-
ties of the differentiation operation defined by (2) with respect to the

special system of coordinates {x;, * * - za}.
If 6,, 62 are forms of order r, and a,, a; are real numbers, we have
(2) (d(a101 + a20s)), = a1(db1), + az(dbs),.

Now, suppose that €, # are differential forms of orders r, s, both
analytic at p. They are both defined in some neighbourhood of p
and if we assign to every point ¢ of this neighbourhood the element
6, 0 7, we obtain a differential form 6 0% which is clearly analytic
at p. We assert that its differential at p is

3) (d(6 o))y = (dB), O 1, + (—1)70, O (dn),

Suppose first that » > 0, s > 0. Making use of (3) we see that
it will be sufficient to prove the formula in the case where 6, 4 are given
by formulas of the type

0(q) = u(g)(dzi,)q.0 - + + O (dxs),
7(q) = v(Q)(dz;), O « - + O(dz,,),,

withiy < + - - <1%,01 < * -+ < J, uand v being analytic functions
at p.

If the sets {2y, - - -, %}, {ji, = * * , 2.} have an element in com-
mon we have 6 0n =20, (d6), 09, =0, 6,0 (dn), =0, and for-
mula (3) is proved. If not,let k4, - - - , krys be the elements of the set
{{, * * * %r J1, * * * Js}, arranged in ascending order. We have

(0 0)g = eu(q)v(g)(dan)e O - + - O (dak,,.) o

where eis +1 or —1 according as the permutation

(il"'irjl <o g,
by © o kkrgr © 0 Ky
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is even or odd. Hence

(d(6 o n))p = e((du)pv(p) + u(p)(dv),) O (dzx,), O - - O (dTw,,.)»
= db, 01y + u(p)dv, O (dxi), O - - - O (dxi,)p O (dz;,)
= N = N (.

= db, 0, + (—1)"8, O dn,

since dv, O (dx:)p, = — (dxi)p O dvp.

If s =0, r >0, we have 7, = v(g), where v is analytic at p, and
we may assume that 6 is given by the same formula as above. We
have

(d(0 0 1)y = (duw(p) + u(p)dvy) O (dzi))p O - - - (dae)p
= df, Onp + (—1)70, O dy,.

A similar argument proves formula (3) if r = 0. Therefore our for-
mula is established in every case.

In particular, if w;, we are Pfaffian forms which are analytic at p,
we have

4) (d(w1 D w3))p = (dwi1)p O (w2)p — (w1)p O (dws)y
It follows easily that if wy, + - -, w, are Pfaffian forms, all analytic
at p, we have
(6) (w1 0w O - - - D))y
= ZI(—1)"Yw1)p O * -+ O (wi-1)p O (dwi)p O (wi1)p O + - + O (@r)p

Let f be any function on U, analytic at p. If we assign to any point
g at which f is analytic the element df,£€, we obtain a Pfaffian form
df, the differential of f. In the neighbourhood of p we may express f
as a function f*(z1, - - - , z.) of the coordinates z. If ¢ belongs to
this neighbourhood we have
af*

@) = 21 (5;) (@),

. af* . .
Since the functions % are analytic at the point z, = z.(q), - - -

1

zn, = xa(q), df is analytic at p. We have

a?f %
@), = Za (W) (d2)y O (dz)p.
If we observe that
62f % a‘lf %k

332,‘333; - 823.'33},'

(dzj)p O (dzi)p = —(dz,), O (dz;)»
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we find
(6) d(df) = 0.

By formula (5) we see that if f, - - - , f, are functions analytic at p,
then

Q) ddfio - - - adf,) =0.

We are now able to prove our differentiation operation is inde-
pendent of the coordinate system. Let {z}, - - -, .} be any other
system of coordinates at p, and let us denote by the symbol d’ the
operation of differentiation defined in terms of this new system. This
operation has the same formal properties as d.

If @ is a form of order r > 0, expressed by formula (1), we have, by

@)
(d'0), = Z(d'(wip...i,dws, O + - + Odxi))p.

By formula (3) we have

(@ (wigy...idxi, O dx;, 0 - - - Odxs)),
= (@'Uisip...i,)p O (dzi, Oday, O - - - Oday,),
+ iy, (d (dzi, O dai, 0 - - - Odz;)),

For any function f, we have d’f = df, by definition. Hence dx;, O
Odx;, = d'z;, 0O + - - O0d'x;, and the second term in our last formula
is zero, by (7). The first term is equal to (du,l a0 p(dzi)p O
0 (dxi,)p, which proves that (d’6), = (d6),.

The differentiation property expressed by (6) may be extended to
any differential form: if 8 is any analytic differential form, we have

d(de) = 0.

Let 6, be expressed by formula (1) at any point g of some neighbour-
hood of a point p where 6 is analytic. Then

(d6)q = 2(dui,...i,) ¢ O (dxi)q O * =+ O (dai,) g,
whence d(d6) = 0, by formulas (6) and (7).

The Effect of a Mapping

Now let ‘W be another manifold and let & represent an analytic
mapping of W into V. If g¢W and p = ®(g), d®, is a linear mapping
of the tangent space I, to ‘W at ¢ into the tangent space &, to U at p.
Let €, and D, be the Grassmann algebras of U and ‘W at the points
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p and q respectively. We shall see that there corresponds to d®, a
dual mapping 6%, of €, into D,.

A homogeneous element 6 of order r > 0 in €, is an alternate
r-linear form (L, - - -, L,) on &,. Let My, - - -+, M, be any r
elements of M,; we set

1) 6:(My, - - -, M,) = 6(d®M,, - - - ,d®M,).
It is clear that 6, is an r-linear alternate form on I, ; we set
50,0 = 60,(0) = 0,

We obtain in this way, for every r > 0, a linear mapping of the
set of homogeneous elements of order r in €, into the set of homo-
geneous elements of order » in D,. If r = 0, a homogeneous element
of order 0 in €, is a real number 8, and in this case we simply set
8P,0 = 0. If 6 is a non-homogeneous element in €,, we represent 8
in the form 6m 4 62 4 - - - 4 6™, where 6 is homogeneous of order
ri, and we set %,0 = Z;0P,0".

Hence ¢, is a linear mapping of €, into D,. It is also a ring-
homomorphism; i.e., we have

(2) 0P,(0r 0 6°) = (89,07) O (58,0°)

if 6, 8* are homogeneous elements of orders r, s in €,. In fact, we
have

(0 0 6*)(Ly, Ls, - * * , Lyya)

E\w
=2 (1‘ '(i‘)s)! 0"(Lm1), Tt La(r))o'(La(rH)r Tt L&(r+-))

where the summation is extended over all permutations @ of the set
{1, - - -, r + s}, and where ¢(®) is +1 or —1 according as @ is even
or odd; (2) then follows immediately from the defining formula (1).

Let us take a coordinate system {z;, - - - , z,} at p on V. Then
(dz:), (1 € ¢ € m) is a homogeneous element of order 1 of €,, and
we have

(dz:) p(d®M,) = (d(x: © ®)) M,
for every M M, It follows immediately that
3 8®,(dx:), = (d(z:i © ®)),

We can now let ¢ vary on the manifold W. Let 6 be an analytic
differential form of order r on U. Then the assignment ¢ — ®,0
defines a differential form on W, which we may denote by é®6. It
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follows immediately from (3) and from the analytic character of the
functions z; © ¢ that é#0 is analytic on W. If

0p = Zui...,(p)(dxi)p O -+ - O (dai)s

is the expression of 6, we have (simplifying our notation by writing
2,0 d = y5)

, (620)q = Z(Wiy..i, O D)o(dyi)q O * * + O (dyi)e
Hence

(d(820)) ¢ = Z((d(ti,...;, © ®)) g O (dyi)o O * - - O (dys,) e
If we observe that

(d(ti,..q, © ®) g = 6B,(duiysi,..s,) 84
(dyi)q = 5@,,((1:0.-)1.,1
we see that

4) d(500) = 5®(do).

§IV. THE FORMS OF MAURER-CARTAN

Let G be an analytic group. We denote by ®, the left translation
associated with an element 0€G If 0 is an analytic differential form
on G, the same is true of ®,0.

Definition 1. The form 6 is said to be left-invariant if éP,0 = 6
for all o€g.

If this is the case, we have 0, =-3®,-.0,, which proves that 6
is uniquely determined when 6, is known (e being the neutral element
of G).

The left-invariant differential forms of order 0 are the constants.

Definition 2. A left-tnvariant Pfaffian form is called a form of
Maurer-Cartan.

-Let w be a form of Maurer-Cartan and let X be a left-invariant
infinitesimal transformation. The value w, of @ at an element ¢ is a
linear function on the tangent space to G at ¢; therefore the symbol
w.(X,) has a meaning. We assert that «,(X,) does not depend on o.
In fact, we have w,(X,) = (§®s-10)(Xs) = (we) (AP, X,) = w(X.).

Conversely, let w. be any linear form on the tangent space at e;
if we set w, = 8®,-10,, the assignment ¢ — «, is a Pfaffian form on G,
and we have w,(X,) = constant, for any left-invariant infinitesimal
transformation X. We have (8®,,we00) (Xo) = woeo(dPs, X o) = Wooo(Xooo)
= w(X.) = ws(X,), from which it follows that w, = §®,,w.. for any
00eG: w is invariant. We shall prove that w is also analytic. Let us
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take a system of coordinates {z;, - * * , z.} at an element 6,€G and a
base { X, - - -, X.} for the Lie algebra of . If ¢ is sufficiently near
to oo, we may express w, in the form ZA;(¢)(dz:),, and we have

(1) o(X;) = Zidi(0)(Xiz)e (@=1, - ,n).

The left hand sides of these equations are constants. Since (X),,
-+ +, (Xa)s are linearly independent, the determinant

(X2

does not vanish, and the linear equations (1) may be solved for
Ay(o), - - -, Au(s). Since the functions (X;z:), are analytic at o,
the same is true of the functions A,(c),—which proves the analyticity
of w. )

We see that, if n is the dimension of G, there exist exactly n linearly
independent forms of Maurer-Cartan, say wi, * * * , wa. It is clear
that, if the a;.. are any constants, Za;. . .w;, O+ Ow;, is a
left-invariant, differential form of order r, and that any left-invariant
differential form of order » > 0 may be written in this form.

Any left-invariant differential form 8 of order r > 0 may be con-
sidered as an r-linear alternate form on the Lie algebra g, of G, by
setting 6(Yy, - - -, Y,) = 0((Y1)e, - - -, (Yr)e). We may there-
fore identify the left-invariant differential forms with the homogeneous
elements of the Grassman algebra associated with g.

If » is a form of Maurer-Cartan, we have %, dw = dé®,0 = dw,
and dw is also left-invariant. We shall prove that

@ lo(X, ¥) = @)X, Y1),

where X and Y are any elements of g.
Using the above notation, we have dw = 2dA; O dx;, whence

do(X, Y) = () Z:(dA(X)dai(Y) — dA(Y)dxi(X))
= () 2:((X4:) (Yz:) — (YA)(Xz)).

On the other hand, we have £A;Yx; = constant, whence
0 = X(24:;Yn) = Z(XA,)(Yz)) + ZA:«(XYx),

and similarly,
0= Z(YA)(Xxz) + ZA:(Y Xx).
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We may therefore write

do(X,Y) = 3)ZA«(YXz; — XYz))

('L') EA%([X) Y]xt):

which proves (2).

Let {X), - - -, X,} be a base of the Lie algebra g. We can find a
dual base {w;, * + * , wa} for the forms of Maurer-Cartan, i.e. a base
such that w:(X;) = 8; (1 £ 7,7 < n). We have

(X, X5l = ZwcinXe

where the ¢ are the constants of structure. It follows from (2)
that dwu(X;, X;) = (3)cir- Taking into account the equalities
cir + cie = 0, it follows that

(3) Id“”‘ = (%) Zi,iCispws O w,-l.

Let {x1, + + -, za} be a system of coordinates on G at the neutral
element ¢, and let ¥ be a cubic neighbourhood of e with respect to this
system. If o€V, we can write (w;), in the form

(@)e = 2714ii(@i(0), « + -, 2al))(d2i)e (G =1, - - ,m),

where the function Ai(z, - - - , x,) are defined and analytic in the
domain defined by the inequalities |z; — z:i(¢)| < a, a being the breadth
of V. We set

wi(z, dr) = Z;Aq(z)dx;.

If aoeV, the functions zi(swr) = y.(¢) are defined and analytic in a
neighbourhood of e. The left-invariance of w, gives the relations

ZiAi(y1(0), y2(o), - - -, Yn(e))(dyi)e
= Z;Aij(z1(0), * - -, Zal0))(dz))e

The functions yi(s) may be expressed as functions yi(zi(e), - - -,
za(0)) of the z-coordinates of o (these functions being defined and
analytic provided the quantities |2,(¢) — z;(¢)| are sufficiently small

(1 € 7 < n)), and the functions yi(zy, * = * , a), * * - , ¥ (2, -,
z,) satisfy the equations
4 wi(y, dy) = wi(z, dz)|,

which are called the equations of Maurer-Cartan.
The determinant [4;(z,, - - -, z,)| does not vanish for |z, — zi(e)|
< a. Therefore the equations (4) yield expressions
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i . .
(5) % = Fii(yl’ Ty Yy Xy, ’x") (1 s HJ S n)’
]

. . .. Oy .
for the partial derivatives % as functions of the y’s and z’s.
i

On the other hand, we have
(6) Yi(xa(e), © + + , Ta(e)) = 2i(o0) (@E=1,---,n).

Therefore, when the expressions w,(x, dz) of the forms of Maurer-
Cartan are known, the problem of determining the functions z,(so0)
is reduced to the integration of the equations (5) with the initial
conditions (6). The problem depends itself on the integration of
systems of ordinary differential equations.

§V. EXPLICIT CONSTRUCTION OF THE FORMS OF MAURER-CARTAN
IN CANONICAL COORDINATES

Let § be an analytic group, g its Lie algebra and {X,, + - -, X,}
a base of g. There corresponds to this base a canonical coordinate
system! {z;, + + -, x,} at the neutral element e of G. Let {w), - - -,
wn} be the base of the forms of Maurer-Cartan defined by w,(X;) = 6.
We want to determine the expressions

wl(x, dx) = E;;].An(xl, T yxﬂ)dxf

of the forms w, in terms of the coordinates z.

Let us observe first that the mapping (1, - - - , ) — exp 2z X;
is an analytic mapping of the whole of R” into G. We may denote
this mapping by the notation “exp.” The forms 2A,(z)dz; are the
forms (8 exp)w,. It.follows that the functions A,;(xi, * * + , Ta) are
defined and analytic over the whole of R™.

To every element Xeg there corresponds an analytic homo-
morphism Ox of the additive group R of real numbers into G, and
80 xw, is an analytic Pfaffian form on R. We denote by ¢ the coordinate
on R, and by L the left-invariant infinitesimal transformation of R
defined by L(t) = 1. Then dOx(L:) = Xe,w, whence (80xw:)L
= w,(X) = a,if X = Za,X;. It follows that

00 xw; = aidt
Let Oy be the mapping, ¢t — (ai, + * - , aut) of R into R*~. We have
Ox(l) = exp Gz(t), whence
305 (wi(z, dz)) = aJdt,
t Cf. Chapter 1V, §VIII, p. 115.
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which gives the formula

Zhadai, - - -, ant)adt = adt
or

(1) ZiAii(xt, - - -, xRb)Ti = T3 =1 ---,n).

We now introduce the mapping, (¢, z;, * - - ,20) — (¢z}, * + -, tz})
of R**! into B*. Under this mapping, there corresponds to w,(z, dx)
an analytic Pfaffian form w{(z’, ¢, dx’, df) on R*+! whose expression is

wi(a’, t, da’, dt) = Z;A;(xyt, - - -, Zht)(xdt + t dx))
= tZA,(zt, - - -, zt)dz; + xidt,

(making use of formulas (1)).

Since dwr = () Zi,,0x0: O wj, we also have dw, = (&) Zijcinw; O W
In order to abbreviate, we set A, (2}, - * - , zit) = A;(z't); then we
have

0A
dwk = EZAM(.'I: t)dt [m] dx, + E[t —k'l (x t)dt a] dxl + dxk u] dt +
E.,c;,-kw,- a] w,- = Z,,,tc.,kA“(x't)x;dx, odt + Z,—,;tci,-kA,;(x t).’l}:dt (8] dil?z
+ [P

where the terms which are not written do not contain df. Therefore
the identification of the terms which contain dt gives

oAty , .y
An('t) +t “(tx ) =3 Zicin(Ap('t)z; — Aa(@'t)z;) + da

or, since Cijx = — Cjik,
9 , ' '
Py (An(x't)) = o + Zucux;(tA(x't))

Let us consider z}, - * -, z. as fixed quantitics. We denote the
matrix (tAn(z't)) by @(t), and we denote the matrix whose coefficient
in the k-th row and j-th column is Z.c;x; by X’. Then we have

de
dt
where E is the unit matrix. Moreover, we have @(0) = 0.

By the same argument which was used to prove the convergence
of the series which represents the exponential of a matrix (cf. Chapter I,

=E 4+ X'a
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§$II, p. 5), we see that the series
2010 _t__ m’m—l
m!

converges uniformly for £ in any bounded interval. If @'(¢) is its sum,

de/'(t
we have, @'(0) = 0, —% = E 4+ X’'@’; therefore @'(t) = Q(¢).
Putting { = 1, we obtain the following result:
Proposition 1. Let G be an analytic group, and let {X,, - - -, X,}
be a base for its Lie algebra. Let {x1, + - + , 2.} be the corresponding
canonical system of coordinates, and let wy, wa, * * * , wa be the forms of

Maurer-Cartan defined by the formulas w.(X;) = 8;. If wi(z, dz)
= 2! ,A.dzx, is the expression of w; in terms of the coordinates x the
matrix @ = (A;) 1s given by the formula

1
@ = Zp— !
m!
where X s the matriz whose (k, j)-coefficient is 2.cy i,
Remark 1. The series which gives the matrix @ converges for all
real or complex values of the numbers z;, ¢ and the convergence is
uniform for |z,|, |ci;| restricted to any bounded region.

It follows in particular that the functions A;(z;, * - -, z.) can
be extended to integral monogenic functions of the complex variables
X, *° y, Tn.

Remark 2. If we set X = 2z,X;, we have
[Xfy X] = Etcnkszk = - E;C”kl'ng.

The mapping, ¥ — |Y, X]is a linear mapping of g into itself. Making
use of the base {X,, - + -, X.}, we may represent this mapping by a
matrix, and we see that this matrix is —*% where ‘X is the transpose of
xX.

ExamPLE. Let us consider the Lie algebra of order 3 with the law
of composition defined by

09 X1 X,] =0, [Xs, Xo] = X, [Xs X,] = 0.

Here the matrix & is
0 3 —2x2
x=10 O 0
00 0
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(1 F)zs —(%)x:)
ea=[0 1 0
0 o0 1

We have wy = dzy + F)xsdzs — (F)x2dzs, w2 = dre, ws = dzs. The
equations of Maurer-Cartan are

dzy + (F)zsdz: — F)zodzs = dyr + F)y2dys — (3)ysdys,
divz = dyz
dxa = dys,

whence X2 = 0, and

and the law of composition in the group is therefore

r1(o7) = 21(7) + &) (22(0)23(r) — T3(0)22(7)),
z2(07) = Z2(0) + 22(7),
133(0'1) = xa(O') + :173(1‘).

It is easy to verify directly that these formulas define a group whose
manifold is R®. This proves the existence of an analytic group whose
Lie algebra is the algebra defined by formulas (1).

§VI. ORIENTED MANIFOLDS

Let € be a vector space of dimension n over the field R of real
numbers. We know that the space . of alternate n-linear functions
on { is of dimension 1 over R. If B and B’ are two elements of this
space, with B # 0, B’ # 0, we have B’ = aB, a being a real number
# 0. It follows that the elements B 0 in §, fall into two classes,
defined in the following ways: B, and B’ = aB, belong to the same
class if a > 0, to opposite classes if a < 0.

The complex notion formed by giving € and one of these two classes
is called an oriented vector space. The n-linear functions of the class
which has been selected will be called the positive n-linear functions
on the oriented vector space.

Let (L1, * + + , L,) be an element of the product®* = ¢ X 2 X - - -
X ¢ (i.e., a mapping of the set {1, - - -+, n} into ®). If the sct
{Ly, - + -, La} is a base of ® we shall say that the finite sequence
(Ly, * - -, Ly) is an ordered base; every base is thus represented in n!
different ways as the set of elements of an ordered base.

If B is an element # 0 in 9., and if (L, *+ * *+ , L,) is an ordered
base, we have B(L,, + + -+, L,) # 0. The latter number may be
positive or negative; but, if B’ = aB (¢ > 0) is an element of .
belonging to the same class as B, B'(Ly, * * - , L,) will have the same
sign as B(Ly, - * -, Ly,).
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By an oriented vector space ® we mean a pair € = (2, ®) formed by
a vector space € over the field of real numbers and by one of the classes,
R, of non vanishing n-linear forms on € (where n = dim ®). The space
% is called the underlying vector space of & The n-linear functions
belonging to & are called the positive n-linear functions on & An
ordered base (L, - + -, L,) of Qis called an ordered base of € if and
only if we have B(Ly, - - - , L,) > 0 for every BeR.

A given vector space £ over the field of real numbers is the under-
lying vector space of exactly two oriented vector spaces §; and ..
We shall say that &, and &; are oppositely oriented. 1f (Ly, - + + , Ly)
is an oriented base of €;, the same is true of every oriented base of 2
which is deduced from (L, - -+ , L,) by an even permutation of the
basic elements; if, on the contrary, we perform an odd permutation on
Ly, -+ -, L,, then we obtain an oriented base of &,.

Now, let U be a manifold of dimension n. 1If p is a point of V we
shall denote by &, the tangent space to U at p. Suppose that we have
given a law which assigns to every point peU one, say &,, of the two
oriented vector spaces which admit &, as their underlying vector
" space. Assume furthermore that the following condition is satisfied:
¢ being any continuous differential form of order n» on U, if ¢, is a
positive n-linear function on ¢,, then ¢, is also positive on &, for all
points ¢ of some neighbourhood of p. Then we shall say that the pair
formed by the manifold U and by the law p — &, is an oriented mani-
fold of dimension n. The manifold U is called the underlying manifold
of the oriented manifold. The oriented vector space &, is called the
oriented tangent space to the oriented manifold at the point p.

Let 0 be an oriented manifold, and let U be the underlying mani-
fold of U. By an ordered system of coordinates at a point p of V
we understand a finite sequence (x;, - + - , x,) of functions such that
the set {z1, - - , x.} is a system of coordinates at p. If the n-linear
form dz, o - - - Odz, is positive on the oriented tangent space to
U at p, then we say that (21, - - - , ,) is an ordered system of coordi-
nates at p on 0. . If this is the case, (1, + - - , #.) is also an ordered
system of coordinates on U at every point of some neighbourhood of p.

Not every manifold is the underlying manifold of an oriented mani-
fold; for instance, it can be shown that the projective plane is not. A
manifold which is the underlying manifold of some orientable manifold
is said to be orientable. To orient the manifold is to make choice of
one of the oriented manifolds of which it is the underlying manifold.

Let 0 be an oriented manifold, and denote by €, the oriented
tangent space to O at a point peU. Let also ﬁ: be the oriented vector



160 THE DIFFERENTIAL CALCULUS OF CARTAN (Crar. V

space oppositely oriented to &,; then it is clear that the pair formed by
the underlying manifold V of U and by the law p — @: is again an
oriented manifold U*; we shall say that O and U* are oppositely
oriented. The oriented manifolds U and U* are the only ones which
admit U as underlying manifold. In fact, let W be any oriented
manifold which admits U as its underlying manifold. Denote by E
the set of points geU such that €, is the oriented tangent space to W
atq. .If ggE, let (x1, - - , x.) be an ordered system of coordinates on
D at 2 then (xl, -+ -, &) is also an ordered system of coordinates on
both G and W at every point of some neighbourhood of ¢, from which
it follows immediately that E is open. Similarly, let £* be the set of
points 7€V such that the oriented tangent space to W at r is 8, ; then
the same argument shows that E* is open. Since U is the union of E
and E* and E M E* = ¢, it follows from the connectedness of U
that one of the sets E, E* coincides with U, which proves our assertion.

The underlying manifold of an analytic group G is always orientable.
In fact, let wy, *+ * * , wn be n linearly independent forms of Maurer-
Cartan on G (where n = dim §). Then w, 0 + + + O w, is a differen-
tial form of order n on G which is continuous and everywhere # 0.
Hence we may orient G by the requirement that this form shall be
everywhere positive.

Let € and 9 be two oriented vector spaces, of dimensions m and n
respectively and let & and I be the underlying vector spaces of € and
M respectively. Let B be a positive m-linear form on € and let C
be a positive n-linear form on M. Then BC is an (m + n)-linear
form on & X M and is # 0; we may orient € X MM by requiring that
BC shall be positive. It is easy to see that the orientation obtained
in this way depends only upon £ and 9, not on the choices of B and C.
The oriented space obtained in this manner is called the product
of the oriented vector spaces € and M; it is denoted by € X M.

Now, let O and W be two oriented manifolds; we denote by &,
the orlented tangent space to V) at a point peU and by I, the oriented
tangent space to W at a point geW. Let U and W be the underlying
manifolds of U and W; we know that the tangent space at (p, q) to
UV X W may be 1dent1ﬁed with the product of the tangent spaces to
UV at p and to W at q. It is easy to see that the manifold U X W,
together with the law (p, q) — €, X M, gives rise to an oriented
manifold. We shall denote this oriented manifold by 0 X W, and
we shall call it the product of the oriented manifolds 0 and . Denote
by @; and @, the projections of U X W onto VU and W respectively.
Let (z1, * -+, m) be an ordered system of coordinates at p on U
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and let (yl, -+ +, ya) be an ordered system of coordinates at ¢ on W;
then it is easy to see that (z1 0@y, * - -, Tm O @y, ylowz, ey,
Y O @) is an ordered system of coordinates at (p, q) on U X Ww.

§VII. INTEGRATION OF DIFFERENTIAL FORMS

Let U be an oriented manifold of dimension n, and let ¢ be a
differential form of order n on V. We wish to show how ¢" may be
used as an element of integral on .

We shall say that a subset V of U is a cubic set if it is a cubic neigh-
bourhood of some point p with respect to a coordinate system at p.
We shall say that a real valued function f, defined on U, has the
property P if f is continuous and if there exists a relatively compact
cubic set V outside of which f equals 0.

Let f be such a function. We can find a point po, an ordered
coordinate system (z;, * * * , Za) at poon U, and a cubic neighbourhood
V of po with respect to this system such that f is zero outside V.
Let a be the breadth of V, and let @ be the cube in R” defined by the
inequalities |x; — z.(po)| < a. If peV, we may write

op = F(zi(p), * + -+, za(p))(d21)p O - - O (dZn)y,
where f*(z1, ©  * , %a), F(x1, * * * , z.) are continuous functions on Q.

Moreover, the function f*F' is bounded on @ and approaches 0 when
(z1, * * * , T.) approaches the boundary of Q. Hence the integral

(D I = fof*(xy, + * +, &)F(z1, * + + , Ta)dzy - - - doa

is defined. We shall prove that the value of this integral does not
depend on the choice of po, @1, * * *, @, V. Let po be another
point of U, (z}, - + -, 2,) an ordered coordinate system at pg on U,
and V' a cubic neighbourhood of py with respect to this system, such
that f is also zero outside V. We denote by @’ the cube of R* defined
by the inequalities |z} — z.(po)| < a’, where a’ is the breadth of V7,
and we must prove the equality,

(2) fo*(xl’ ©e °‘; )F(zy, © + +y Za)dzy * - - dz,
Ty AR, - 2l dal,

where f*' and F’ are defined by the formulas

@) - - -, z.(p) = f(»)
F'(zi(p), * * + , za(@)(dz}), O - -+ O(dzy), = o5

(for peV’). The function f is zero outside V" V’. Let U, U’ be
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the images of V /™ V' under the mappings, p — (z1(p), * - - , z.(D)),
and p — (z;(p), * * +, 7a(p)); U and U’ are open subsets of Q, Q’
respectively, and the integrals which occur in the formula to be
proved do not change if we restrict the domains of integration to U,
U’ instead of Q, Q'.

If peV M V’, the z'-coordinates, zi(p), * - - , z4(p) of p may be
expressed as functions, g1(z1(p), * =+, Za()), * * -, gal@s(p), * - -,

Z.(p)), of the z-coordinates of p; the functions g,(z1, *+ + - , xa), * * * ,
gn(zy, + © +, z,) are defined and analytic on U, and the mapping,
(131, ) .’B,.) - (gl(xly Tty xn); oty gn(xly T, xﬂ)) maps U

topologically into U’. We set,

D(xly vt ,xn) = D(gl’ e 7gﬂ)

D(xly e ,x,,)

whence

(dz})p 0 = - - - o(da)),
= D(xl(p)) T, xn(p))(dxl)P g---n0D (dxﬂ)n-

Since (x1, * - + , 2s) and (z}, + - - , 2}) are ordered coordinate systems
on the oriented manifold U, we have

Dy, + - - ,24) >0 if (1, * + +, za)eU.

Moreover, we have

F(zl) e yxﬂ) = Fl(gl(x), Sty gﬂ(x))D(xl: Tty xﬂ))

@z = @), ga(@)):

Therefore formula (2) follows at once from the classical formula for
changing coordinates in multiple integrals.
It follows that the number I defined in formula (1) depends only
on fand ¢*. We shall set
Jufer =

and this formula defines the integration of functions f which have
property P.
The following properties are obvious from our definition:

(1) If the continuous functions f, and f, are zero outside the same
cubic set V, we have

Jolasft + asfa)e™ = arfvfie” + asfufae”

(where a; and a, are any real numbers).

and
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(2) If f has property P, and g is any continuous function, then the
function gf has property P.

Now we shall extend the definition of our integration process to a
larger class of functions. A continuous function f is said to be zero at
infinity if it can be represented as a finite sum of functions having
property P. We assert thatif f = fi+ - - - + faandf=f1 + - - -
+ fy are two representations of this kind, we have

(B)  Jofie" + Jufae" + ¢ ¢ ¢ Jofue® = [ufie" + [ofee + ¢ -
+ [ofie”

We shall need the following lemma:

Lemma 1.! Let E be a relatively compact subset of V. There exists
a continuous function u, which is zero at infinity and equal to 1 on E.

Let E be the adherence of E in U; then E is a compact set. We
select at every point peE a coordinate system {z1,, * * * , Zn,»} and
a cubic neighbourhood V, of p with respect to this system. We define
the function u, by the formulas

Ilp(‘I) = 1 — max; {a;llxi.p(Q) - xt-p(p)“ if qu,,,
us(q) =0 if gdoesnot belong to V,

where a, denotes the breadth of V,. Kach function u, is continuous.
Since E is compact, it can be covered by a finite number of the sets V',
say Vo, * * *, V. The function Z*u, is # 0 everywhere on E;
therefore it has a minimum, m >0, on E. We set s(g) = max
{m, Z.up}; the function s(g) is continuous, everywhere 2 m, and

equal to 2, on E. The function u = =% ﬁs'-' obviously has the

required properties.

Now we can prove formula (3). Let E be the set of points at
which one at least of the functions fi, * * « , fa, fi, = * * , fw is # 0;
obviously E is relatively compact, and therefore we may apply our
lemma to E. Let g = ZFg; be a continuous function which equals 1
on E, each function g; having property P. We have fg; = figi + * * -
+ fug. = f1g: + -+ - + frgi; for fixed ¢ the functions fig, - + -, fagi
are all equal to zero outside the same relatively compact cubic set.
Hence we have

(4) z:—lf Uf adip™ = EZ'.J 'Of;gn‘l’"

On the other hand, the functions f.gi, * - - , fagk, for a fixed, are
also all zero outside the same cubic set, and their sum is f.g =f ..
1 This lemma is due to Dieudonné.
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whence
I ‘Uf ap” = 2’1‘.[ ‘Uf ads",

and we have a similar formula for the functions f’. Therefore we
obtain formula (3) by adding the k formulas (4).

We may now define the integral [yfe" of a function f which is zero
at infinity as the common value of all expressions Z.fvfae?, for all
representations of f as a finite sum of functions with property P.

If fi, f2 are functions which are zero at infinity, the functions a.f:
+ a,f, is also zero at infinity, and we have

(5) Jo(ayfs + asf2)e" = arfufie™ + asfufze™

If the differential form ¢" is everywhere positive on the oriented
manifold U, we may assert that the integral (with respect to ¢) of a
non negative continuous function f, null at infinity, is non negative,
and is even positive unless f is identically equal to 0. In fact, it is
clearly sufficient to prove these assertions for a function f which has
the property P; in this case, our assertions follow immediately from the
definition if we observe that the function denoted by F in (1) is positive.

Let (g,) be a sequence of continuous functions on U which con-
verges uniformly to a function g; then we have, for any continuous f
null at infinity,

limp—no f‘l)gpf‘P” = [vgfe"

This is proved by decomposing f into a sum of functions having the
property P and observing that our formula follows immediately from
the definition if f has the property P.

Remark. A continuous function is zero at infinity if and only if
it s zero outside some compact subset of V.

The “only if” is trivial. Conversely, if f is zero outside the com-
pact set E, there exists (by the lemma) a function g = =¥g,, which is
equal to 1 on E, the functions g; having property P. We have f =
2:g:, which shows that f is zero at infinity.

In particular, every continuous function on a compact manifold is
zero at infinity.

Effect of an analytic isomorphism

Let U, W be oriented manifolds, and let & be an analytic iso-
morphism of the underlying manifold of U with the underlying
manifold of W. Let n be the common dimension of U, W. If ¢y
is a differential form of order n on W, é®(y") is a differential form
of order n on U; if p is a point of U such that (y*)s, # 0, we have
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(6®(Y"), # 0. But, if ("), is positive on W, (6®(y")), may be
either positive or negative on V. If for any point p and for any y"
such that (y*)ep # 0, the form (§&(¥™)), has the same sign as (¥")s,,
we shall say that & preserves the orientation.

An equivalent formulation of this condition is the following: if
the functions (yi, - - -, y.) form an ordered coordinate system at
®(p) on W, the functions {y, 0®, - - -, y, 0 ®} form an ordered
coordinate system at p on V.

Let & be an orientation preserving analytic isomorphism of U
with W, y* a continuous differential form of order n on W, and f a

continuous function, zero at infinity on V. Since ® is a homeomorph-
-1

ism, it follows immediately from the remark made above that fo &
is zero at infinity on W. We assert that we have the formula

(©6) [ofo2(") = [w(fO ® )

It is obviously sufficient to prove this formula in the case where f
is zero outside some relatively compact cubic set, V, of V. In this
case we can find a point p,eV and an ordered coordinate system,
(x1, * * -, xa) at po on U such that V is a cubic neighbourhood of p,,

say of breadth a.
-1

Since & preserves orientation, the functions y; = z,0 &, + - -,
-1
Yn = 2,0 & form an ordered coordinate system at ®(po) on W.
Moreover, the set (V) is the cubic neighbourhood of breadth a of
®(po) with respect to this system.
We can express y* in &(V) by the formula

W™ e =Fyi(g), - -+, yn(@)(dy1)a T + - - O (dYn)q
On the other hand, we have, for peV, f(p) = f*(xi(p), * * - , z.(p)).
We have
(5‘1>('P_"1))p = F(z1(p), - * + , 2a(p))(dzx1), O + - + O (d2a),

(fo @)y =r*wi(), - * -, ya(0).

It follows immediately that the ordinary multiple integrals which
give (by definition) the values of the two sides of (6) are really the
same integral, which proves formula (6).

Integration on the product of two manifolds

Now let U and W be oriented manifolds of dimensions m and n
respectively. We suppose that there are given an m-linear differential
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form ¢™ on U and an n-linear differential form ¢» on W. We form the
product U X W, and denote by &,, @, the projections of U X W onto
U, W respectively. Then dw;1(¢™) and dw@.(y") are differential forms
on U X W; hence éw,(¢™) O da.(¢*) is a differential form of order
m 4+ nonV X W. We shall denote it simply by ¢™y". If o™ and ¢y
are continuous, so is ¢™y".

Let f = f(p, q) be a continuous function which is zero at infinity
on U X W. Then, for each fixed g, the function f,(p) = f(p, q),
considered as a function on U, is zero at infinity. In fact, if C is a
compact subset of U X W such that f = 0 outside C, &;(C) is com-
pact, and, for every gsW, f, is zero outside @,(C). We shall prove
moreover that

(7) Joxwfe™™ = [w([ofee™y"

(we observe that [yf¢™ = 0 if ¢ does not belong to @.(C)).

The sets V X W, where V, W are relatively compact cukic sub-
sets of U, ‘W are open in U X W. The argument used in the proof
of the earlier lemma shows immediately that there is a continuous
function, g, equal to 1 on C, which may be expressed as a finite sum
=*g;, where each g¢; is zero outside one of the sets V X W. We have
f/ = fg = Z%g,, and therefore it is sufficient to prove (7) under the
additional assumption that f is zero outside some set of the form
V X W, where V, W are relatively compact cubic subsets of U, W.

By assumption, we can find points p.€V, €W and ordered coordi-
nate systems (z1, * * * ,Zn), (¥1, * * * , Yn) &t Po, go 0N UV, W such that
V, W are cubic neighbourhoods of p,, go with respect to these systems.

If peV, ¢eW, we have f(p, @) = f*(xi(p), * - * , zu(P);y2(0), = * -,
Ya(0)), ¢p = F(i(p), - * -, 2a(p))(dz1)p, O - - - O (dzm), and 2
=G, - -, ya(@)(@y1)eD -+ - O(dya)e. If we set 2 =
O @y, Y; = ¥; O @s, we have

(¥ w0 = F(zip), « * *, 2a()GW1(@), * * -+, ¥a(D)) (2D 5.0

0 - 0(den)ee 0 [dy)ee 0 - 0 (@Yo
Hence
Joxwfo™pn
= fQ’XQ"j(xl, C y Tmy Yy o, yn)F(xly C Ty xm)G(yly e :yn)
dz, + - - dx,,.dyl e dyn

where Q' is the subset of R™ defined by the inequalities |x; — z;(po)|
< @, and Q" the subset of R" defined by the inequalities |y; — 3,(q0)|
< a", a’ and o'’ being the breadths of V, W.
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Therefore we have

Joxwfemyr
= IQ"(IQ'f(xlr Ly Tmy Yy vyn)F(xly ctt ’xm)dxldxz vt dxm)
G(yy, = - -, yn)dyrdyz - - - dya

and this is exactly the assertion of formula (7).

§VIII. INVARIANT INTEGRATION ON A GROUP

Let ® be a Lie group, and let &, be the component of the neutral
element € in . Then ®, is the underlying topological group of an
analytic group Go. We have already observed that the underlying
manifold Gy of an analytic group is always orientable. If w;, wy, - - -
w, are n linearly independent forms of Maurer-Cartan, (n being the
dimension of Gp), w; Dwe O + + + O w, = " is a continuous differential
form of order r on Gy, which is everywhere = 0. We may orient
Go in such a way that ¢ is positive everywhere. This being done,
we have an integration process on G, for the continuous functions
which are zero at infinity.

Let oo be any element of Gy, and let &,, be the corresponding left
translation. Since 6®,,(¢") = ¢", ®,, is an orientation preserving
analytic isomorphism of Gp with itself. Therefore we have, by
formula (6), §VII, p. 161

ng‘P" = fgo(fo :pﬂo)‘Pn

which we may as well write in the form

.’-Qof‘on = fQo(f o (IJV,,)‘P"

In this formula f represents any function which is zero at infinity on &,.

It is easy to extend the definition of integration to functions which
are zero at infinity on © instead of &, (i.e. continuous functions,
zero outside some compact subset of &). Let f be such a function.
In every connected component &, of & we select a point a.; for each
a we define a function f, on @, by the formula

fa(r) = floar) 7@

Each function f. is zero at infinity on ®,. Moreover, only a finite
number of these functions can be > 0. In fact, let C be a compact
subset of ® outside of which f is zero. Since ® is a Lie group, ®, is
open 1n @ and the topological group &/, is discrete. The image of
C under the natural projection of & onto &/®,, being a compact
subset of a discrete set, is a finite set,- which shows that C meets at
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most a finite number of components of ©, say G, G, *© * , Ga.
If @ # ai, as, * - * , o, the function f, is identically zero. The sum

2af9ofa¢’"

therefore has a meaning. We assert that its value is independent
of the choice of the elements s.. Let o7, be some other element of ®.,
and let f; be the function defined by f.(r) = f(o’r), (r€®,). We have
fa(®) = falo7'0i7). We set o7'a), = ¢./; this is an element of ®,, and
we have

JguJat® = [gufa © oo™ = [g.far”

which proves our assertion.
We can therefore define the integral of f over ® by the formula

f@f‘pﬂ = Eafgofa‘ga"

This integration obviously has the properties expressed by formulas
(5) and (6) of §VII, p. 161. Moreover, if ¢ is any element of &, we
have

Jofe" = [fo(f 0 &.)en

where @, is the left translation associated with o. In fact, if we set
g = [0 %, we have g(r) = f(o7), gua(r) = f(oaor). If @ is the coset
of 7.0 modulo ®o, we have f(s.07) = fs(o5'0a07) and o5 'c.06®,, whence
Jogap" = [®ufoe™ Since G = G0, O runs through the set of all
components when ®, does so, which proves our formula.

Finally, we observe that we have oriented G, in such a way that
" represents an everywhere positive differential form. It follows
that if the function f is everywhere 2 0, we also have [gfe" 2 0. It
is sufficient to prove this for a function f which vanishes outside some
relatively compact cubic subset, V, of . We can find a point peV
and an ordered coordinate system (zi, - - -, z.) at po on ®, such
that V is a cubic neighbourhood of p, with respect to this system. If
we have, for peV,

(") = F(zi(p), - - -, 2a(P))(d21) O - + + O (dan),,

the positiveness of ¢" implies that F(z,, - - + , z,) is a positive func-
tion. Hence the formula which defines [@,fe" in this case shows
immediately that the integral is 2 0 if fis > 0. Moreover, if f is
- everywhere 2 0 and somewhere 0 we have

Jefer > 0.



§VIII] INTEGRATION ON A GROUP 169

A convention of notation

When some left-invariant differential form ¢” of order n has
been selected, and is thereafter kept fixed, the integral [@fe" is often
denoted by [@f(r)dr, where the symbol 7 of the variable of integration
may be changed, as usual, provided there is no conflict with the rest
of the notation.

With this notation the invariant character of the integration is
expressed by the formula

Jef(r)dr = [@f(or)dr

where ¢ is any element of ©.

Effect of the right-translations

Let oo be a fixed element in . We consider first the mapping
T — ooy = O,(r) of ® into itself. This mapping induces an
analytical isomorphism of the analytic group Go with itself. There-
fore 80,,(¢") is again a left-invariant differential form of order n. As
such, it can be written in the form c(a0)¢”, where c(oo) is a constant
depending on go. Therefore, if f is any function which is zero at
infinity on &, we have

-1
Jo (o 04)e" = co)fefe
or

6y Jof(o5 ro0)dr = c(o0) fefe"

Since O,,, = O, 0 0,, we have c(o1) = ¢(oo)c(o1). On the other
hand, it is quite casy to see that the function ¢(oo) of oo is analytic
at the neutral clement, and in particular is continuous. Since the
mapping gy — ¢(go) is a homomorphism of @ into the multiplicative
group of real numbers, it is everywhere continuous.

Formula (1), combined with the left-invariance of our integration
process, gives

2 : Jof(rao)dr = c(o0)f®f(r)dr.

The case of a compact group

If ® is compact, the constant 1 can be integrated over ® with re-
spect to any left-invariant differential form of order n, and ¢ = [@l - ¢"
is a positive constant. Replacing ¢ by c¢~'p", we see that it is always
possible to normalize our integration process in such a way that

fol do = 1.
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We shall always assume that this has been done when we deal with
integration on a compact group.

If we apply (2) with f = 1, we find c(oo) = 1: the left-invariant
integration on a compact group is also right-invariant.

Let ¢: be the right-translation corresponding to an element pe®.
Since ¢: commutes with any left-translation, 8¢: o" is again a left-
invariant form; the integration process defined by ¢" being right-
invariant, we must have 8¢: o™ = o™ o™ itself is right-invariant.

Now let J be the mapping ¢ — ¢! of @ into itself; 8J¢" is a right-
invariant differential form of order n, whence 8J¢" = k¢*, with k
constant. Since [gl-dJ¢" = [gl-¢" =1 we have k = 1, 8J¢" =
¢", which gives the formula

J6f(e~")de = [@f(0)do.



CHAPTER VI
Compact Lie Groups and Their
Representations

Summary. The chapter begins with an exposition of the simplest features
of the general theory of representations. In order to be able later to apply
notions and results in the theory of representations of Lie algebras, we intro-
duce the general idea of an “S-module,” where S is any set whatsoever. We
interrupt the exposition in §II in order to prove as soon as possible the essential
fact that every representation of a compact Lie group is semi-simple.

In §§VII, VIII, IX, we develop the ideas which center around van Kampen’s
and Tannaka’s theorems. The main emphasis is placed on the construction
of the complex Lie group which corresponds to a given compact Lie group.
It follows from Tannaka’s theorem that a compact Lie group & may be
defined as the group of the ‘‘representations’ of the set 9 of representations
of &; we obtain the corresponding complex Lie group by dropping one of the
conditions which were included by Tannaka in the notion of ‘‘representation
of R,” viz. the one which refers to imaginary conjugate representations.
Our method shows in a natural way the fact that the associated complex
group is topologically equivalent to the product of & and a cartesian space;
this is a particular case of a theorem of Cartan.

In §XI, we give the proof of the famous Peter-Weyl theorem. In §§XII,
XIII we are concerned with some simple applications of the Peter-Weyl
theorem.

§I. GENERAL NOTIONS

Let S be an arbitrary set of elements. By an S-module on a field K
we mean a pair (P, P) formed by a vector space P of finite dimension
over K and a mapping P which assigns to every element ¢€S a linear
endomorphism P(¢) of B. It follows that an S-module is an additive
group with two domains of operators, one being the field K and the
other one being the set S.

Two S-modules (B, P) and (P’, P’) are said to be isomorphic if there
exists a linear isomorphism I of P with P’ such that I o P(s) = P’(s)
o I for every o€8. .

In particular, we shall have to consider the case where S is the
set of elements of a group G. We denote by ¢ the neutral element of
G. An S-module (P, P) is called a representation space of G if the
following conditions are satisfied: 1) P(e7) = P(¢) ©P(r) for any
elements o, 7 of G; 2) P(e) is the identity mapping of P. It follows
immediately that P(¢—') is then the reciprocal mapping of P(s). If
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(B, P) is a representation space of the group G, the mapping P is
called a representation of G. The dimension of P is called the degree
of P.

Remark. The correct notation for an S-module or a representation
space is the notation (P, P). However, we shall often use the symbol
P alone to indicate the S-module (or representation space); this
notation should be considered as an abbreviation of the complete
notation, and should be avoided when there is danger of confusion.

Let (B, P) be a representation space of a group G. If we select a
base {e;, - + -+ , €4} in P, we may represent each linear endomorphism
P(o) (for 0€@) by a matrix P(¢) = (z;), of degree d, whose coefficients
are given by the formulas

P(a)e.' = 2?_11,10,'

-We have P(or) = P(0)P(r), P(e) = E (the unit matrix).

Conversely, any mapping P of G into the set of matrices of degree
d with coefficients in K is called a representation (of degree d) of G
provided the conditions P(s7) = P(0)P(r), P(e) = E are satisfied. If
we wish to distinguish between representations by linear endo-
morphisms and representations by matrices, we shall speak of
abstract representations in the first case, of mairicial representations
in the second case. If the matricial representation P is derived from
the abstract representation P by selecting a base in the representation
space of P, we shall say that P is a matricial form of P and that P is an
abstract form of P. Clearly, any matricial representation has at least
one abstract form and every abstract representation of degree > 0
has at least one matricial form.

Two abstract representations P, P: of a group @ are said to be
equivalent if their representation spaces are isomorphic. Two matricial
representations Py, P, of G are said to be equivalent if there exists a
regular matrix v such that

Pa(e) = +Pi()

holds for every ¢€G (this implies that P, and P, have the same degree).
The following statements are easy to prove: if the matricial representa-
tions Py, P, are equivalent, they have a common abstract form and
every abstract form of P, is equivalent to every abstract form of P,;
if P, and P; are equivalent abstract representations of G of positive
degree, then any matricial form of P, is equivalent with any matricial
form of P,.
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Let (B, P) be any S-module. A vector subspace Q of P is said to
be ¢nvariant (with respect to P) if we have P(¢)Q ( Q for every o€S.
This being the case, the contraction P,(s) of P(s) toQ is a linear endo-
morphism of Q; the pair (Q, P,) is an S-module, which is called a sub-
module of (P, P). Moreover, if e is an arbitrary vector in P, the
residue class modulo L of P(¢s)e depends only upon the residue class
e* of e. If we denote the residue class of P(c)e by A(s)e*, then
A(0) is a linear endomorphism of P/Q, and the pair (P/Q, A) is an
S-module. If P is a representation space of a group G, and if Q is an
invariant subspace, (B, P1) and (B/Q, A) are also representation spaces
of G.

Let Q be an invariant subspace of an S-module (B, P) of positive
dimension. We may select a base (e, * * *, e;5) in P such that
the elements e;, - - - , e, form a base of Q. If ¢&€8, the matrix which
represents P(o) with respect to the base e;, - - - , e; has the form

_ pl(d) N(U)
P(""( 0 AG)

where P;(¢) and K(¢) are square matrices of degrees r and d — r
respectively and where N(o) is a rectangular (r, d — r)-matrix. The
matrix P,(c) represents the contraction of P; to O (with respect to
the base {e1, - - + , €,} in Q); the matrix A(s) represents the endo-
morphism of B/ which corresponds to P(¢) (with respect to the base
of B/Q formed by the residuc classes of €,;1, * * * , €4).

Now, let B, Q and R be three invariant subspaces of some S-module.
We have the following ‘‘homomorphism theorems,’’ due to Fr. Noether:

LIfR (Q (B,Q/R vs an tnvariant subspace of B/R, and P/Q
18 1somorphic to (B/N)/(Q/N).

II. The spaces P + Q and P N Q are invariant, and P + Q/Q s
isomorphic to P/P N Q.

Moreover, the isomorphisms whose existence is asserted are
“natural isomorphisms’’; i.e. they can be defined without reference
either to the set S or to the mapping of S in the set of endomorphisms
of the S-module under consideration.

For the proof of these facts, we refer the reader to van der Waerden,
Moderne Algebra, I, Chap. VI, p. 148.

Definition 1. An S-module P is said to be simple if it is of dimension
> 0 and if the only invariant subspaces of B are {0} and B.

This definition includes in particular the definition of a simple
representation space of a group G. Such a representation space is
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also very often called srreducible. The corresponding representation
of G is also said to be simple or irreducible. A matricial representation
of a group @ is said to be simple or irreducible if an abstract form of it
is simple.

Definition 2. An S-module s called semi-simple if it can be repre-
sented as a sum of simple sub-modules.

Remark 1. The sum of a collection {Q.} of subspaces of a vector
space is the set of vectors of the form Z_e., with €.6Q.,, only a finite
number of the vectors e, being ## 0. It is clear that a sum of invariant
subspaces of an S-module is an invariant subspace.

Remark 2. An S-module of dimension 0 will be considered as
semi-simple; such a module can be considered as the sum of an empty
collection of sub-modules.

Proposition 1. A semi-simple S-module P can be represented as
the direct sum P = 2:_Q; of a finite collection ® = {Q,} of simple
sub-modules. Moreover, if we have a representation of this kind, and if
L is any tnvariant subspace of B, then there exists a sub-collection ®, of ®
such that P is the direct sum of Q and of the sum of the sub-modules
belonging to ®,.

By assumption, P is the sum of some (finite or infinite) collection
¥ of simple sub-modules. We take a base of P, and we represent
every element of this base as a sum of vectors belonging to the sub-
modules of the collection ¥; in this way, we sce that B can certainly be
represented as the sum of some finite collection ¥; of simple sub-
modules. Among all finite subeollections of ¥ which have the property
that the sum of their terms is B, we seleet one, say ®, with the smallest
possible number of elements. Tet Qi - - -, Qu be the distinet
elements of ®. We have P = = 0, We assert that this sum is
direct. In fact, assume that we have a relation of the form £, + - -
+ f, =0, with £eQ, (1 <7< h). We have feQ: DN (Q: + -+ - -
+ Q). Now, Q; N2+ - - - +LQ,) is an invariant subspace of
Qi;if wehad Q; N Q2 + - - - +Qu) =Ly, Q1 would be contained
inQz+ - - +Qs and Q2+ - - - + Qs would be equal to P, in
contradiction with our choice of ®. Since Q, is simple, we have
Q1N (24 - -+ +Q4) = {0}, f; = 0. In the same way, we see
that f; = 0 (1 £ ¢ < k). Our assertion is thereby proved.

Now, let Q be any invariant subspace of . We consider those
subsets &’ of & which have the property that P is the sum of Q and
of the sum of the modules of ' (for instance &’ = ®). Among these
subsets, we select one, say ®,, with the smallest possible number of
elements. If Q,, - - -, Q,, are the elements of ®, an argument
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entirely similar to the one used above shows that P is the direct sum
of Q,Qy, * * + ,Q,,

Proposition 2. Let B be an S-module which has the following
property: if L is any tnvariant subspace of P, there exists an invariant
subspace Q' such that P is the direct sum of Q and Q'. Then P is
semi-simple.

Let P be the sum of all simple sub-modules of B. By assumption,
P is the direct sum of P, and of an other invariant subspace R. If
we had dim R > 0, R would contain some simple sub-module (for
instance, an invariant subspace of R of smallest positive dimension
would give a simple sub-module contained in 9%). But any simple
sub-module is contained in P; and P, R = {0}: the assu nption
dim R > 0 leads to a contradiction. It follows that 9 = {0},
P = Pu

Proposition 3. Let B=2D:14+ - - Q=014+ - - +Qp be
two representations of a semi-simple S-module P as a direct sum of
simple S-modules. Then we have h = h' and there exists a permutation
@ of the set {1, + - -, h} such that Q. is isomorphic to Qf, (1 < ¢ < h).

We shall construct the permutation & Suppose that @(z) is
already defined for ¢ < k (where k¥ < h) and has the following prop-
erties: a) @(¢) = @(j) for 7 < j < k; b) Qf, is isomorphic to Q;
(for 2 < k); ¢) we have

P = .2,<k£):-,(;) + 2
We consider the invariant subspace
D = Ei<AQ;(i) + 2i>kD|'

By Proposition 2, there exists an invariant subspace Q' which is the
direct sum of a certain number of the spaces Q} and which is such that
P is the direct sum of Q and Q. Therefore L is isomorphic to B/Q,
i.e. to Qi It follows that Q' is simple and thercfore that Q' is one
of the modules Q;, say Q' = Q.. Since Q3; ( Q for ¢ <k, we
have jo # (?) for 7 < k. We define @(k) to be the number j,. It is
clear that the function @(z), now defined for 7 < k + 1, satisfies the
conditions a), b), ¢) above (with k replaced by k£ + 1).

Because we can define the univalent function @ on the set {1, - - -,
h}, we must have b’ 2 h. Since the two decompositions play symmet-
ric roles, we have also b’ < h, whence h = h’. Proposition 4 is there-
by proved. .

Now, let P be the representation space of a semi-simple represen-
tation P of a group G, and let A be any irreducible representation of G.
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If we decompose P into a direct sum of simple subspaces, we may count
the number of these subspaces which yield representations which are
equivalent to the given representation A. It follows from Proposition
3 that this number is independent of the particular decomposition
of B which is used. The number in question is called the number of
times that the representation A ts contained in the representation P.

Proposition 4. Let (B, P) be a simple S-module over an algebraically
closed field K. Assume that all the endomorphisms P(c) (0€S) mutually
commute. Then P is of dimension 1.

In fact, let ¢ be any element of S. Since K is algebraically closed,
there exists an element 4K and a vector e # 0 in B such that P(s)e
= ue. Let Q be the set of vectors e satisfying this condition.
It is clear that Q is a vector subspace of P. Furthermore, if €8,
ec, we have P(o)P(r)e = P(r)P(¢s)e = uP(r)e, whence P(r)ecQ, which
means that Q is invariant. Since P is simple, it follows that Q = P.
In other words, for every o&S, there exists an element u(s)eK such
that P(sc)e = u(o)e for every eeP. It follows immediately that any
vector subspace of P is invariant. Since P is simple, it coincides
with the subspace generated by any vector e ¢ 0 in P, whence
dim P = 1.

§II. REPRESENTATIONS OF COMPACT LIE GROUPS

Let & be a topological group. By a (matricial) representation
of  we mean a continuous homomorphism of ® into either the group
GL(n; C) (“complex representation’’)—or the group GL(n; R) (‘“real
representation’’).

Theorem 1. Any real representation of a compact Lie group is
equivalent to a representation by orthogonal matrices. Any complex
representation s equivalent to a representation by unitary matrices.

Let us consider the case of a complex representation P of a compact
Lie group ®. We set

a1(e) = *P(@) - P(o)

The matrix ai(o) is always hermitian positive definite (cf. the proof
of Proposition 1, §V, Chapter 1, p. 14). The coefficients of a;(o)
are continuous functions of ¢ on ©.

We shall now make use of the invariant process of integration on ®,
normalized as usual by the condition [gl - do = 1 (cf. §VIII, Chapter
5, p. 167). We set

) = f@al(a)da
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(i.e. the coefficients of a; are the integrals over ® of the coefficients of
ai(¢)). Since we have ‘ai(0c) = @i(s) for every o, we have also ‘a;
= &:a; is hermitian. If a is any vector in C* (where n is the degree
of our representation) we have

a‘aa = [ga-ac)ads

Since (o) is positive for every o, we have a - ai(s)a 2 0, whence
a - aj;a 2 0; this proves that a, is positive. Since a;(0) is definite, we
have a * a1(¢)a > 0 provided a # 0, whence a * a;a > 0; we see that a,
is a hermitian positive definite matrix.

If 7 is any fixed element in &, we have

P@)asP(r) = [ePT)P(0)P(e)P(r)do = [@'P(or)P(or)do
= Jo'P(@)P() do = a

in virtue of the invariant character of our integration.

We have seen in the course of the proof of Proposition 1, §V,
Chapter 1, p. 14 that a positive definite hermitian matrix a; may be
written in the form a2, where a is also hermitian positive definite.
We set P'(r) = oP(r)a~!. Since 'd-a =a?=a and P(r)aiP(r)
= a, it follows from an easy computation that the matrix t(aP(r)a1)
(aP(r)a?) is the unit matrix. This means that the representation
aPa~! is unitary.

If now P is a real representation, then o, is a real matrix, and we
may assume a« to be real. It follows that the matrices aP(r)a~! are
real and unitary, i.e. orthogonal, which completes the proof of Theorem
1.

Corollary. Every representation of a compact Lie group s semi-
simple.

By Theorem 1, we may limit ourselves to the consideration of a
matricial representation P of our compact Lie group & by unitary or
orthogonal matrices.

In the complex case, we may consider that the representation
space is C*. Let P be any invariant subspace, and let B’ be the vector
subspace of C» composed of the vectors f such that e -f = 0 for all
ecP. If feP’, we have

e Po)f =Pe-f=Plle-f=0
for all eeP and ¢e®. It follows that P’ is an invariant subspace of
Cr,
We know that e -e = 0 implies e = 0; it follows that PP’
= {0}. )
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Let {ei, - - -, es} be a base P. The vectors fePB’ are those
whose components satisfy the d linear homogeneous equations f - e;
= 0 (1 £ 7 £ d); it follows that the dimension of P’ is at least » — d.
Since P NP’ = {0}, the dimension of P + P’ is at least d + (n — d)
= n. Therefore, we have P + P’ = C». Corollary 1 then follows
from Proposition 2, §I, p. 171.

The argument would be entirely similar in the real case.

$III. OPERATIONS ON REPRESENTATIONS
1. The star representation

Let ¢ be an endomorphism of a vector space P over a field K, and
let P’ be the dual space of P (i.e. the space of linear functions on P
with values in K). If X is any element of P’, we define ‘o(\) to be
the element of P’ which is defined by (‘¢(N\))(e) = A(ee) for every
eeP. It is clear that ‘¢ is an endomorphism of P’. Moreover, if
¢1 and ¢, are endomorphisms of P, we have

t(p1 O @2) = Y2 O gy

Let {ey, - - -, e} be a base of B. There corresponds to this base
a dual base {Ay, © - -, Ao} of P/, such that \;(e,) = 8, (1 £ 4,5 £ d).
If « is the matrix which represents the endomorphism ¢ with respect
to the base {e;, * - - , €4}, then the matrix which represents ‘p with
respect to the base {\;, + + -, N4} is the transpose ‘a of a.

Now, let (B, P) be a representation space of a group G. The for-
mula ‘P(er) = *P(r) 0 P(¢) shows that ‘P is not in general a repre-
sentation of ®, but that the mapping ¢ — ‘P(¢~!) is a representation.
If P is a matricial form of P, then the mapping ¢ — (P(s))* is a matricial
form of the representation ¢ — ‘P(¢—").

Definition 1. If P 7s an abstract representation of a group G, the
mapping o — P(c=") is called the star of the representation P and is
denoted by P*. If P is a matricial representation of G, the mapping
o — (P(0))* is called the star representation of P and s denoted by P*.

Proposition 1. Let P be a unitary matricial representation of a
group G (i.e. a representation which assigns to every oG a unitary malrix).
Then P* coincides with the imaginary conjugate representation P of P
(.e. Pe) = P(@). If P is an orthogonal representation of @, then
P*=P.

This follows immediately from the definitions.

On the other hand, we observe that (P*)* = P for any matricial
representation P.
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2. The addition of representations

Let (P;, P1) and (P2, P2) be representation spaces of a group G.
We construct the product B: X B2 of P1 and P, and we assign to every
¢€Q the linear endomorphism P(¢) of B1 X PB: defined by

P(o)(e1, €2) = (Pi(o)es, Pa(o)es) (&P, - - - 2 =1,2)

It is clear that P is a representation of G. We say that P is the sum
of the representations P, and P,, and we write P = Py 4 Pa.

Let {€m1y * * -, €ma,} be a base in P, (m = 1, 2). Let (a,) and
(bxz) be the matrices which represent Pi(¢) and Ps(c) with respect to
these bases. Then f, = (eu, 0), c o, fd, = (eld,, 0), fd,+1 . (0, ezx),
« oo, fa44. = (0, e2q,) form a base in P; X P2, and the matrix which
represents P(¢) with respect to this base is

(aii) (0)
©0) (e

This leads to the following definition: if « and 8 are square matrices
of degrees d; and d; respectively, we shall denote by a 4+ 8 the matrix

a 0
0 8
of degree di + d.

Now, if P; and P, are matricial representations of a group G,
we shall of course denote by P; + P» the matricial representation which
assigns to every o€@ the matrix Pi(¢) + P2(e). It follows immediately
that, if P;, P2 and P; are three matricial representations of G then
(P14 P») + Ps = Py + (P2 4+ Ps) and (P1 + Po)* = Py + Py, If Py,
P: and P; are abstract representations, the two sides of the preceding
formulas are not equal, but equivalent.

If P, and P, are either abstract or matricial representations, then
P, + P, is equivalent to P; + P;. In fact, assuming P, and P,
to be abstract representations, let (B, P1) and (P, P2) be their repre-
sentation spaces. The linear isomorphism (e;, e;) — (es, €;) of
PB1 X P2 with B2 X P is clearly an isomorphism of (B1 X Ps, P1 + Py)
with (B2 X By, P2 + Py).

3. The Kronecker product

Let (P1, P1) and (B2, P2) be representation spaces of a group G.
Denote by B the space of bilinear functions on P; X P2 with values
in K. Let ¢; (¢ = 1, 2) be a linear endomorphism of P;. If we assign
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to every bilinear form B&®B the bilinear form ¢(B) defined by
V(B)(ey, €2) = B(pi€1, 2€2)  (e£B,, 1 =1, 2)

we clearly obtain a linear endomorphism ¢ of 8. We shall say that y
is the linear endomorphism of 8 which corresponds to the pair (¢1, ¢2).
Let 6; be some other endomorphism of B; (z = 1, 2), and let = be the
linear endomorphism of B which corresponds to the pair (6;, 6,).
Then we see easily that the linear endomorphism which corresponds
to the pair (¢1 0 0y, 20 0;) isw Oy. We may compensate for this in-
version of order by going over to the corresponding endomorphisms
in the dual space B’ of B, because {(xr O y) = 4 O tr,

Definition 2. Let B, and P, be vector spaces over a field K. The
dual space of the space of bilinear functions on P, X Ps s called the
Kronecker product of B1 and P, and s denoted by P x P2.!

Let e; be an element of B, (z = 1, 2). To the pair (e, €2) there
corresponds a linear function on 8 which assigns to every BeB the
value B(ey, ez). But a linear function on 8B is an element of B; x P.
Hence we have a mapping of B; X P2 into P, x P2. We shall denote
by e; x e: the element of B; x P2 which corresponds to (e, e2).

The mapping (e, e;) — e, x €, is not a linear mapping of B, X P.
into P1 x P2, but it is bilinear; i.e. we have

(aey + a'e}) x €2 = ae; x €2 + a'el x e, e, eP,
€1 X (aez + a’e;) = ge; x €z + a’e1 X e'2 a, a'eK

If ¢; is a linear endomorphism of P; (¢ = 1, 2), the linear endo-
morphism % of P; x P2 transforms e; x e; according to the formula

“Y(e, x €2) = ¢i1€;1 X p2€2.

We shall denote % by ¢1 x ¢a.

Now, let (1, P1) and (P2, P2) be representation spaces of a group G.
It follows from what we have said that the mapping ¢ — P,(o) x P2(0)
is again a representation of G. This representation is called the
Kronecker product of the representations P, and P, and is represented
by P: x Ps.

Let {€m1y, * * * , €ma,} be a base in B, (m = 1, 2). Then the did,
elements enxey; (1 72X dy, 1 <j< ds) form a base in P, x P
In fact, since P x P2 has the same dimension as B, i.e. did,, it will be
sufficient to prove that the elements e,; x e,; are linearly independent.
Assume that Ziai€1; X €25 = 0, a.,EK; then E,-,-a.-jB(eu, ez,') = 0 for
every Be®B. For every pair (¢, j) there exists a bilinear function B;;

VIf Py = Pa = P, the elements of P x P are the covariant tensors of order 2.
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such that B;;(en, €x) = 6udy. If we set B = Bij, we obtain a;; = 0,
which proves our assertion.
If ¢, is a linear endomorphism of PB; (2 = 1, 2), we set

e = I8 auen @282 = Z byey
and we have
(o1 x 02) (€1 x €3;) = Zmarbyen x ez

If we set f€+dl(i—1) = €15 X €2;y, We have

(o1 x p2)f, = Z0%c,f,
with .
(1) Citdy (=1 ,k4d,(1-1) = aibi

This leads to the following definition:

Definition 3. Let a = (ax) and 8 = (bj) be matrices of degrees d,
and d; respectively. We denote by a x 8 (and call Kronecker product of a
and B) the matriz (c..) of degree did; whose coefficients are given by
formula (1). If Py and Ps are matricial representations of a group G,
we call the Kronecker product of Py and P, the representation P, x P»
which assigns to every o€G the matriz P,(o) x P2(0).

It follows immediately from our previous considerations that, if «
and B are matrices of degree d, and o’ and 8’ matrices of degree d, then

(aB) x (@'B') = (axa)(BxB')

On the other hand, we see immediately that ‘(a x 8) = ‘a x ‘8.
Therefore, if @ and B are regular matrices, we have (o x 8)* = a* x B*.
Since (a*)* = a, we also have (a x 8*)* = a* x 8.

Furthermore, we see easily that a x (81 + B8:2) = a'x 81 + a x B2.

It follows that, if Py, P, and P, are abstract representations of a
group @, then (PyxP:)* is equivalent to P} x P;, and P; x (P: 4+ P»)
is equivalent to Pix P: 4 PixPs Furthermore, P, x P, is changed
into an equivalent representation if P, and P; are changed into equiva-
lent representations.

Although we do not have a x 8 = B8 x «, the representation P, x P,
is nevertheless equivalent to P x P.. In fact, the representation
spaces of these two representations are isomorphic under an isomor-
phism which maps every element of the form e, x es (with e;e%;,
i=1,2) onto ez x 1. It follows that (P, 4 Ps) x P, is equivalent to
PxxP: -i-PﬂXPao

Another simple argument of the same kind shows that (P, x Ps)
x Ps is equivalent to P; x (P2 x Ps).
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4. A remark on the representation P, x P

Let P, and P, be matricial representations, of degrees d, and d.
respectively, of a group G. Let Q be the set of all rectangular matrices
with d, lines and d; columns; Q is a vector space of dimensiond,d;. Let
us assign toevery ¢€G the endomorphism A, of Q which maps any matrix
atQ on A,a = Pi(e)aP2(c™"). 1t is easy to verify that A,, = A, O A,
(0,7€@) and that A, is the identity mapping of Q if € is the neutral
element of G. Therefore, the mapping ¢ — A, is an abstract repre-
sentation A of G. We assert that A is an abstract form of the represen-
tation P, x P;.

Let us denote by @i4,G-n the matrix in Q which contains a 1 at
the interscction of the ¢-th line and the j-th column and has zeros
elsewhere. The dyd; clements a;pa,-» (1 £ 7 £ dyy, 1 £ £ dy) form
a base of Q. A simple computation gives

Pi(o)a: ra,i-P2(0™"Y) = Zriar(e)bu(e™") ok a,a—1

where (a,,.(a)) and (b,(¢)) are the matrices Pi(¢) and Ps(e). If we set
P, (o) = (b,,(a)), we have b,,(a) = by,(¢~1), and we see that the matricial
form of A corresponding to our choice of a base in Q is Py x P;, which
proves our assertion.

Let P; be an abstract form of P; (: = 1, 2), and let (B;, P;) be the
representation space of P,. The space Q may be interpreted as the
space of linear mappings of P, into P,. From this point of view, A,
may be defined to be the endomorphism of Q which assigns to cvery
atQ) the mapping A,(a) defined by

As(a)(es) = (Pi(o) © a O P2(c7"))es (e2€Ps).

It is easy to extract from this fact a new proof of the equivalence of A
with Py x P;.

§IV. SCHUR’S LEMMA

Proposition 1 (Schur’s Lemma). Let P, and P; be two irreducible
matricial representations of a group G in a field K, of degrees d, and ds
respectively. A mnecessary and sufficient condition for the equivalence of
P: and P, is that there should exist a rectangular matriz « = 0 with
coefficients in K, with d, rows and ds columns, such that Py(e)a = aP:(c)
for every o€G.

If P, is equivalent to P;, we have d; = d; and there exists a regular
matrix y such that P:(¢c) = ¥~ 'P1(0)7y, whence Pi(0)y = yP:(0).

Conversely, let us assume that there exists a matrix a ¢ 0 such
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that Pi(c)a = oPi(s) for every ¢6G. We construct representation
spaces B, and P, for P, and Py, and we interpret « as a linear mapping of
P, into Pi1. Let Q; be the image of P, under this mapping; since
a #0, we have Q. # {0}. The formula Pi(¢)a = aP:(s) shows at
once that Q, is invariant. Since P, is irreducible, we have Q, = PBi.
Let Q. be the set of vectors in B, which are mapped on 0 by . The
same formula as above shows that Q, is an invariant subspace of P..
Since Q2 # P2, we have Q; = {0}. It follows that « is a univalent
linear mapping of P, onto P;, which proves that d, = d; and that «
is a square matrix of determinant > 0. Hence we may write P:(o)
= aP1(s)a~!, which shows that P, and P. are equivalent. Schur’s
lemma is thereby proved.

Let P be an irreducible matricial representation of the group G.
The matrices a such that P(e)a = aP(c) for all 0€G obviously form an
algebra o (i.e., if a; and a, are such matrices, then a; + a2, ajaz and
aa; also have the property in question, where a is any element of K).
It follows from the proof of Schur’s lemma (applied to the case where
P: = P; = P) that every matrix « # 0 in o has an inverse a™!; it is
clear that o—! also belongs to 0. We express this fact by saying that o
is a division algebra. :

Let v be any element # 0 in o, and let Z be the set of elements of o
which may be expressed in the form R(v), R being a rational function
with coefficients in K. It is clear that Z is a field which contains K
and is of finite degree over K (because Z is contained in the ring of all
matrices of a certain degree d with coefficients in K). It follows that,
if K is algebraically closed, we have Z = K, which means that v is of
the form aF, acK, E being a unit matrix. We have proved

Proposition 2. Let P be an irreducible representation of a group G
in an algebraically closed field K. The only matrices which commute
stmultaneously with all matrices P(s), 0€G, are the scalar multiples of the
unit matriz.

Proposition 3. Let A and P be two representations of a group G in an
algebraically closed ficld K, and assume that P is irreductble. If A and
A x P* are semi-simple, the number of times that P is contained in A s
equal to the number of times that the unit representation is contained in
A x P*. .

By the unit representation of a group G we mean of course the
representation which assigns to every ¢€@ the number 1 (considered
as a matrix of degree 1). An abstract form of this representation has
a representation space € of dimension 1 and assigns to every o&€G
the identity mapping of € onto itself.
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Let M be any semi-simple representation of Gin K, and let M = M,
4+ - -+ 4+ Ms be a decomposition of its representation space into a
direct sum of irreducible subspaces. We may assume that I, « - -,
M. are all the terms (if any) which are isomorphic to the space &
of the unit representation (n is an integer such that 0 < n < h).
Then each I with 1 < ¢ < n is spanned by a vector e, 5 0 such that
M(o)e; = e; for every ceG. Conversely, let f be any vector such that
M(o)f = £ for every o. We may write f = 2, ficd:. We have by
assumption Zf; = ZM(o)f;, M(0)f:eIN,; the sum of the spaces IM; being
direct, we have M(o)f; = f, (1 < 7 < h). If ¢ > n, J; cannot con-
tain any vector f; # 0 with this property. It follows that f is a linear
combination of e;, + - - , e,. We conclude that the number of times
that the unit representation is contained in M is equal to the maximal
number of linearly independent vectors e in I such that M(s)e = e
for all o€G@.

We come now to the proof of Proposition 3. The representation A
is equivalent to a sum A; 4 - - - 4 Ay of irreducible representations,
and A x P* is equivalent to A; x P* + - - - 4+ Axx P*. This shows
that it is sufficient to prove Proposition 3 in the case where A is itself
irreducible.

We may take as representation space of A x P* the space of all
linear mappings A of the representation space B of P into the repre-
sentation space ¥ of A (cf. §III, p. 182). The representation A x P*
then assigns to every o€G the mapping A — A° = (A(¢s))A(P(s))~ "
If A = A for all ¢, we have A(¢)A = AP(s), and Schur’s lemma says
that this can happen with an A # 0 only in the case where A and P
are equivalent. Assuming that this is the case, Proposition 2 shows
that all elements A such that A° = A for all ¢&G are the scalar multiples
of one of them. This shows that the unit representation is not con-
tained in A x P* if A is not equivalent to P and is contained exactly
once in A x P*if A is equivalent to P. Proposition 3 is thereby proved.

§V. ORTHOGONALITY RELATIONS

Let @ be a compact Lie group, and let M be a matricial representa-
tion of @ in the field of complex numbers. We shall show how it is
possible to compute the number of times the unit representation E is
contained in M.

We introduce the invariant integration process on @, normalized
as usual by the condition that [@l-ds = 1. We denote by Mo =
J®M(0) do the matrix whose coefficients are the integrals over ® of the
coefficients of M(o).
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We may consider M as a matricial form of an abstract representa--
tion, which we also denote by M. Let I be the representation space,
and let {e;, + - - , e;} be the base in M by which the matricial form M
is derived. If e is any vector in IR, we assert that M(c)Moe = Moe
for every o€G. In fact, we set M(r)e = 2% u;(r)e;. We have

Mee = Zi(feui(r) dr)e;
M(e)Mee = Z:(Joui(r) dr)M(o)e;
Zif@(mi(o)us(r) dr)e;

if M(¢) = (m;(0)). But we have

Zimsi(o)ui(r)e; = M(e)M(r)e = M(or)e
= E;u;(mr)e.-

and our assertion follows from the formulas

Joui(or) dr = [gui(r) dr

Conversely, if f is any vector such that M(¢)f = f for every ¢€G,
we have clearly M = f. It follows that the vectors feI? such that
M(o)f = £ for all oG are exactly those vectors which are of the form
Moe, geR. In other words, the number of times that the unit representa-
tton 18 contained in M is equal to the rank of the matriz M.

Now, let A and P be two irreducible representations of @ in the
field of complex numbers. We set

M(e) = A(o) x P*(o)
Mo = [eM(0) do

We know that the unit representation E is not contained in M if A
is not equivalent to P and that E is contained exactly once in M if A is
equivalent to P. Hence, M, is the null matrix in the first case, and
is a matrix of rank 1 in the second case.

The coefficients of M(s) are the products of the coefficients of
A(o) by the coefficients of P(¢—1). It follows that, if A and P are not
equivalent, we have

foa(e)b(e=t) do = 0

where a(c) and b(s) are arbitrary coefficients of A(s) and P(s) respec-
tively.

In order to investigate the case where A and P are equivalent, we
shall assume that A = P and that A is a representation by unitary
matrices (we know that, in any case, A is equivalent to a representation
by unitary matrices). Let & be a representation space for A, and let
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{ey, - - -, e} be the base in € which gives rise to the matricial
representation A. We know that we may consider the space M of
linear mappings of ® into itself as a representation space for A x A*
= M. Let 6;; be the element of M which maps e; upon e, and e; upon
0 for ' £ j. Then we have

M(@)6i; = A(0)0;A(0c™Y) = Zuaw(e)au(o~")0n

if A(O') = (a.-k(o')).

Let ©, be the identity mapping of ® into itself (i.e. ©; = 2.0:).
We know that the scalar multiples of 0, are the only mappings of &
into itself which commute with every A(¢), 0€G. It follows that Me©
is a scalar multiple of 0, for every OsI?. We conclude that

f@ak;(ﬂ)au(d_l) do = 8);16.','

where ¢;; is a number which does not depend on k. We know that,
J8f(e) do = [@f(e~') do for any continuous function f on ®. There-
fore we have

J ®a,(0)ar(e™?) do = Oricsy

Comparing our two formulas, we conclude easily that ¢; = 8¢ with
some constant ¢. The value of ¢ can be determined; in fact, we have
clearly M(¢)0: = 0, for every o, whence M¢©; = 0,, and it follows
immediately that ¢ = d-. .

Let us now observe that, if A is a representation by unitary matrices,
we have a;(67!) = a,(0).

Definition 1. Let ® be a compact Lie group. Any function on ®
which appears as cocfficient of some irreducible representation of ® by
unitary matrices is called a simple representative function on ®. Any
linear combination of simple representative functions is called a repre-
sentative function.

We have proved

Theorem 2. Let f and g be two simple representative functions on a
compact Lie group ®. If f and g appear as coefficients in two inequiva-
lent irreducible representations, we have [@f(s)g(c=") do = 0. Iffandg
are coefficients of the same irreducible representation of degree d, the
tntegral [©f(c)§(o) do is equal to d=' if f = g and to 0 if f # g.

§VI. THE CHARACTERS

Definition 1. Let P be a matricial representation of a group G.
The trace of the matriz P(c), considered as a function of the element
0€Q, ts called the characler of the representation P.
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Proposition 1. Two equivalent representations have the same
character. If ¢ and v are conjugate elements of G and if x is the character
of any representation of G, we have x(o) = x(7).

Both assertions follow immediately from the formula SpaBa—!
= SpB, where a and B are matrices, « having an inverse.

It is clear that the relationship of equivalence between representa-
tions defines a division of the set of all representations into classes of
mutually equivalent representations.

Definition 2. A class of representations of a group G is a set of
representations which is composed of all representations equivalent to one
of them.

It follows from Proposition 1 that to every class of representations
of the group @ there is associated a function defined on @, the character
of any representation of the class. This function is called the char-
acter of the class.

Let &, and &2 be two classes of representations of a group G in a
field K. From what has been said in §III, it follows that:

1) the star representation P* of a representation Pef®,; belongs to a
class £ which depends only on R1;

2) the sum P; 4 P; of a representation P&, and a representation
P:€f®: belongs to a class f1 + £ which depends only on £, and R3;
moreover 8 + f1 = f1 + K3

3) the Kronecker product P, x P: belongs to a class £, x ®2 which
depends only on £, and 2; morcover, £: x £1 = R x K.

Furthermore, the operations of addition and Kronecker multi-
plication are associative in the domain of the classes of representations,
and the Kronecker multiplication is distributive with respect to
the addition. However, the classes of representations do not form a
ring, because subtraction is generally impossible.

Let us denote by xgq the character of a class of representations R.

Proposition 1. If R, and R: are two classes of representations, we
have -

Xpup, = Xg, T xg,

Xg.xe, = X@.XQ,
In fact, if @ and B are matrices, we see easily that Sp(a 4 8) = Spa
+ SpB, Spa x B = (Spa)(SpB).

If a class of representations contains an irreducible (a semi-simple)
representation, every representation of the class is irreducible (semi-
simple). We then say that the class itself is irreducible (semi-simple).

Every semi-simple class & can be represented in the form Z:R;,
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the z;'s being non negative integers and the R;'s being irreducible
classes. The number z; is the number of times that a representation
of the class ®: is contained in a representation of the class ® This
number depends only upon & and &;; it is called the number of times
that R is contained in .

Proposition 2. Let &, and 8 be two irreducible classes of represen-
tations of a compact Lie group ® in the field of complex numbers. The
integral '

I@XRI(”))-(,Q,(U) do

tsequal to 0 if R # Kaand to 1 if &, =
In fact, if P; is a representation of the class K(E=1, 2), Xg, (o)

is the sum of the elements of the main diagonal of P;(¢) and our
statement follows immediately from Theorem 2, §V, p. 186.

Corollary 1. The number of times that an irreducible class &, of
representations of a compact Lie group is contained in a class § 1is
equal to

I@XQ(U))_(@,(U) do

In fact, if we write ® = Z.z:R;, we have xg = Zirixp and our state-
ment follows immediately from Proposition 2.

Corollary 2. Two classes of representations of a compact Lie group
cotncide if and only if they have the same character.

In fact, Corollary 1 shows that, if two classes  and &’ have the
same character, every irreducible class is contained the same number of
times in & and in &’.

§VII. THE REPRESENTATIVE RING

Definition 1. The representative ring of a compact Lie group ® is
the ring generated over the field of complex numbers by the coefficients of
all representations of .

In other words, the elements of the representative ring are the
complex valued functions on & which may be expressed as poly-
nomials in the coefficients of the representations of .

More generally, let & be any set of representations of . We shall
denote by 0(8) the ring generated by the coefficients of the representa-
tions belonging to &.

If &, &; are two sets of representations, we shall now find under
what condition it is true that 0(&;) = 0(8,).}

We shall say that the set € is closed if the following conditions are
satisfied:
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1) If P.e§, Psg8, then also Py + P.g8, Py x P.c8

2) If an irreducible representation P is contained in a representa-
tion belonging to &, then Pss.

3) A representation which is equivalent to a representation belong-
ing to & belongs to &.

Let &, be any set of representations of @. Let us consider the set
F of all irreducible representations which are contained in representa-
tions of the form A;x - - - x A, with A,68, (1 £ ¢ £ h). IfP,and P,
belong to &, then every irreducible representation which is contained
in Py xP; also belongs to §. Let & be the set of representations
which are equivalent to representations of the form P; + - - - + Ps
with P,eF (1 € 7 < k). It is clear that & is closed and is the smallest
closed set of representations which contains &;.

Proposition 1. Let & be a sct of representations of & and let & be
the smallest closed set of representations containing &,. The ring 0(8,)
cotncides with the set A of all linear combinations with complex coefficients
of coefficients of irreducible representations belonging to 8.

Let P be any irreducible representation belonging to & Then
there exist representations Aj, + - - , A in &, such that P is contained
in A; x © * © x As, i.e. there exists a regular matrix 4 such that

y(Arx - - - xA)y'=P+ N

where N is some representation. Lvery coefficient of the representa-
tion Ay x - - - x Ax is a product of coefficients of the representations
Ay, - ¢ -, A, and hence belongs to 0(8;). It follows that the coeffi-
cients of P + N (and in particular those of P) belong to 0(&,), whence
A C 0(81).

If A is any representation belonging to &, the cocfficients of A
belong to A. In fact, we know that A = 6(P, + - - - 4 Py)é!
where 6 is a regular matrix and where Py, - - - , P; are irreducible
and belong to &. '

If P and P’ are two irreducible representations belonging to &,
we have P x P’eg. 1t follows that the product of any coefficient of P
by any coefficient of P’ belongs to A, from which we deduce immedi-
ately that A is a ring. Since A ( 0(&;) and every coefficient of a
representation of the set &; belongs to A, it follows that A = 0(8;).

Proposition 2. Let & and & be two sets of representations of .
A mnecessary and sufficient condition for the equality 0(8;) = 0(8&;) to
hold 1is for the smallest closed sets of representations containing &, and
&, respectively to be equal.
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Proposition 1 shows that the condition is sufficient. To prove
the converse, let us assume that there exists an irreducible representa-
tion’ P which belongs to the smallest closed set containing &; but not
to the smallest closed set containing &;. Let f be any coefficient = 0
of P. 1If gis any coefficient of an irreducible representation belonging
to the smallest closed set containing &, we have, by the orthogonality
relations,

(1) J89(0)f(0) do = 0
It follows that the same formula holds for any geo(8,). Since
J®7(0)f(0) do > 0,

the function f does not belong to 0(8,), whence 0(8;1) # 0(82).

Definition 2. We say that a set & of representations of ® contains
sufficiently many representations if the smallest closed set containing &
18 the sct of all representations of ©.

It follows from Proposition 2 that this will happen if and only if
0(8) is the whole representative ring. Moreover, it follows from the
proof of Proposition 2 that, if & does not contain sufficiently many
representations, there exists an irreducible representation P of ®
such that (1) holds for every geo(8) and for every coefficient f of P.

Proposition 3. If ® admits a faithful representation P, the set
{Po, Po} contains sufficiently many representations (Py denotes the
the imaginary conjugate representation of Py).

We denote by do the degree of Py and we set Po(c) = (z:i(c))
1 <47 < do)

Lemma 1. Let f be any continuous function on & and let a be a
number 7 0. The ring generated by the 2di functions x;(s), Zi(c)
contains a function fy such that |f(a) — fi(e)| < a for all ¢€®.

We denote by ¥ita-0 (), Yirdi—v+42(¢) the real and imaginary
parts of the coefficients of a matrix ¢ of degree do (1 < ¢, § < do).

The representation P, maps ® in a continuous univalent way onto a
subgroup &, of GL(do, C). Since ® is compact, Py is a homeomorphism
and ©, is compact. To every ¢€® let us assign the point ¢(o)eR2
whose coordinates are the numbers y1(Po(c)), * * - , y2a2(Po(c)). We
clearly obtain a homeomorphism ¢ of @ with a compact subset K of
R, The function f; = f O ¢! is a continuous function defined on
K. From a well known theorem in topology! it follows that f, may be
extended to a continuous function defined on the whole of R¥'; we

1 Cf. Tietze’s extension theorem, Lefschetz, Algebraic Topology, 34.2, p. 28.
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still denote by f, this extended function. Since K is compact, it is
bounded; let M be an upper bound for the coordinates of the points
of K. By the Weierstrass approximation theorem, we know that there

exists a polynomial Q(yi1, * + - , y242) = Q(y) such that the inequality
If2(y) — Q)| < a
holds for all points y = (y1, * * * , yaay) such that ys] < M (1 < k

< 2d}). We define the function f; by the formula

f1(0) = Q(Y1(Po(0)), * + -, Y2ap(Po(0)))
Then we have |f(¢c) — f1(e)] < a for all ¢&@®. + Since

Yiraa-D(§) = F(2a(§) + £:4(8))
Yirdi—0442(8) = — F /=1 (z(5) — Zi;(¢))

the function f; may be expressed as a polynomial in the functions
xy(0), £i;(¢). Lemma 1 is proved.

Now, we can prove Proposition 3. Assume for a moment that
the set & does not contain sufficiently many representations. From
the remark which follows Proposition 2, it follows that there exists a
continuous function f # 0 on @ such that (1) holds for every geo({P,,
Po}). Let m be an upper bound for the absolute value of f. Since
J®f(0)f(¢) do > 0, we can find a number @ > 0 such that

am < [@f(0)f(0) do

By Lemma 1, there exists a function figo({Po, Isoi) such that |f(s)
— fi(e)| € afor all ce®. It follows that

|[6f(0)f(e) do| = |[e(f(e) — f1(0))f(0) do| < am

which gives a contradiction. Proposition 3 is thereby proved.

Remark. It follows from Lemma 1 that, if ® is a compact Lie
group which admits at least one faithful representation, then every
continuous function on may be approximated as closely as we
wish by a function belonging to the representative ring of @. Later
on, we shall prove that this result holds independently of any
assumption on the existence of representations and we shall derive
from it the existence of a faithful representation.

Now, let $ be a closed subgroup of our compact Lie group ®. If
P is a representation of ), the contraction to  of the mapping ¢ — P(c)
is a representation of , which we shall call the contraction of P to §.

Proposition 4. Assume that a compact Lie group ® admits at least
one faithful representation, and let  be a closed subgroup of ®. Then
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every irreducible representation of O is contained in the contraction to O
of some representation of ©.

Let Po be a faithful representation of & and let A, be the contraction
of Po to . Then A, is a faithful representation of §, and therefore
the set {Ao, Ao} contains sufficiently many representations of §. It
follows that every irreducible representation of © is contained in
some representation of the form Ayx * - * xAoxAox * * * X Ao.
But any such representation is clearly the contraction to $ of some
representation of ©.

Proposition 5. Let & be a compact Lie group which admits at least
one faithful representation and let © be a closed subgroup of ®. If
O #= O, there exists at least one irreducible representation of ®, distinct
Jrom the unit representation, whose contraction to © contains the unit
representation of 9.

Let us select a representation Pg in each class & of equivalent
representations of ®. Denote by f(i, j; PR®) the coefficients of Pg.
Every function f of the representative ring o of ® may be written in
the form

f = 320G, §; P)G, j; Pg)

where & runs over all classes of irreducible representations and the
a(?, j; Pg) are constants of which only a finite number are 0.
Making use of the orthogonality relations, we obtain

(2 J®f(e) de = a(1, 1; E)

where E is the unit representation.

Let us assume for a moment that the contractions to § of the
representations Pg s E never contain the unit representation of $.
Then the contraction of each f(z, 7; Pg) to © will be a linear combina-
tion of coefficients of irreducible representations of §, and, if Pg > E,
this expression will involve only coefficients of irreducible representa-
tions of $ distinct from the unit representation.

By the same argument which was used in proving (2), we see
that we shall have

I(f; ©) = a(1, 1;E) = [¢f(o) do

where I(*; ©) is the invariant integral over the compact group 9,
normalized as usual in such a way that I(1; §) = 1.

The equality I(f; ©) = [@f(¢) do, which holds for all functions
J of the representative ring o, holds also for every continuous function
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on @, since such a function can be approximated as closely as we wish
by a function of o.

Since  # ©, there exists a continuous function f on @ which
satisfies the following conditions: 1) f vanishes everywhere on 9;
2) f does not vanish identically on ®.! Then we have I(ff; §) = 0,
J@&f(0)f(¢) do # 0, which brings a contradiction.

Let us now return to the study of an arbitrary compact Lie group
®, without making the assumption that @ admits a faithful represen-
tation.- Let M be the set of those elements ¢€® which are represented
by unit matrices in all representations of &. It is clear that N is a
closed distinguished subgroup of &. We denote by ®&; the group
&/N. Every representation of & maps N upon the unit matrix, and
hence defines a representation of &,. Conversely, every representa-
tion of @, will correspond to a representation of ®. It follows that
the representative rings of ® and &, are isomorphic.

Furthermore, if ¢ is any element of &; other than the neutral
element, there exists a representation P of &; such that P(s) is not
the unit matrix. We shall deduce from this fact that &, admits a
faithful representation.

Since @, is a Lie group, there exists an open neighbourhood V,
of the neutral element ¢, in &, which does not contain any subgroup
of ®;;2 we denote by F the complement of V; in ®,. If P is any
representation of ®;, we denote by N(P) the kernel of the representa-
tion P. It is clear that N(P) is a closed subgroup of &; and that the
intersection of the groups M(P) for all representations P is the set
{e1}. Hence we have

NP(RP) NF) = ¢

Since F is compact, there exists a finite set {Py, + - * , Px} of repre-
sentations of ®, such that N, NP:) NF) = ¢. It follows that
NE, NP.) C Vi; since the left side of this inclusion is a group, this
group must be {e;}. It follows immediately that P, 4+ - - - 4 P«
is a faithful representation of @,.

From this, we deduce easily.

Proposition 6. Let & be a compact Lie group. There exists a
representation P of & with the following property: every element of the
kernel of P s also mapped upon a unit matriz by any other representation

1Let ¢ be an element of & not contained in . The function defined on
9 \U {o} as being equal to 0 on O and to 1 at  may be extended to a continuous
function on @ (cf. L.c. note 1, p. 190).

2 This follows easily from Lemma 1, §XIII, Chapter 1V, p. 127.
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of ®. The coefficients of the representations P and P form a system of
generators of the representative ring of ®.

The last statement follows from Proposition 3, applied to the group
®: = ©/N, where N is the kernel of P.

SVIII. THE ALGEBRAIC STRUCTURE OF THE REPRESENTATIVE RING

We shall denote by @ a compact Lie group and by o the representa-
tive ring of ©.

If P is any representation of ®, we shall denote by d(P) the degree
of P and by (i, j; P) the (i, j)-coefficient of P (1 < ¢, j < d(P)); o is
therefore the ring generated by all functions of the form f(i, j; P).
We know that there exists a finite set of representations of ® which
contains sufficiently many representations; if {P;, - -, Py} is such
a set, the functions f(z, j; Pi) (1 < 7,7 < d(Pi), 1 < k £ h) form a set
of generators of 0. We wish to find the algebraic relations which
hold among these generators.

It will be convenient to introduce new independent variables
u(t, j; P) (1 £ 4, j € d(P), P running over all representations of ®).
Let u be the ring of polynomials in the variables u(z, j; P) with coeffi-
cients in C (there are infinitely many variables, but cach polynomial
contains only a finite number of them). There exists a homomorphism
of u onto 0 which maps each u(s, j; P) upon the corresponding f(z, j; P).
Let a be the kernel of this homomorphism. We propose to determine
a by exhibiting a set of generators of this ideal.

To every representation P let us assign the matrix U/(P) of degree
d(P) whose coefficients are the u(i, j; P). Among the polynomials
belonging to a, we find in particular the following ones:

1) The coefficients of the matrices U(P; 4 Ps) — (I/(Py) + U(P2)),
UPP1x P:) — U(P1) x U(P2) for all possible choices of the representa-
tions Py, P,;

2) the coefficients of the matrices U/(yPy~1) — yU(P)y~., where v
is any regular matrix of degree d(P);

3) the polynomial u(1, 1; E) — 1, where E stands for the unit rep-
resentation of ©.

Proposition 1.  The polynomials listed under the headings 1), 2), 3)
form a set of generators of the ideal a.

Let a; be the smallest ideal containing the polynomials listed in
1), 2), 3). We have to prove that a; = a.

Let us select a representation in each class of equivalent irreducible
representations; let {P.}aca be the set of representations obtained
in this way (A being some set of indices). We assert that every
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polynomial in u is congruent modulo a; to some finite linear combina-
tion of the variables u(s, j; Po) (1 < 2,7 € d(Pa); a€A). It is sufficient
to prove this for the constant 1, for each variable u(z, j; P) and for the
products of any two of these variables. We have 1 = u(l, 1; E)
(mod a,), and E is certainly one of the representations P,. If P is any
representation, there exists a matrix v such that P = y(Po, + « - -
F Py (ay, + + ¢, au€A); it follows that the coefficients of U(P)
are congruent modulo a; to the corresponding coefficients of y(U (Pe,)
+ -+« 4+ U(P,))y~!, which are themselves linear combinations of
the variables u(z, j; P.). Finally, we observe that (s, j; P)u(?’, j/; P")
is a coefficient of U(P) x U(P’) and is therefore congruent modulo a,
to a coefficient of U(P x P’), i.e. also to a linear combination of the
variables u(z, j; Pa). Our assertion is thereby proved.

Let P be any polynomial in the ideal a. We have

P = 2a(i, j; 0)u(i, j;Pa)  (mod ay)

where the a(7, j; )’s are constants. It follows that Za(z, j; a)u(z, j; Pa)
€a, whence Za(i, j; a)f(¢, j; Po) = 0. Multiplying by 7k, I; Pa)
and integrating over the group, we obtain (by the orthogonality
relations) a(k, I; @) = 0 for all combinations (k, [; «). It follows that
Pea,; Proposition 1 is proved.

If we know any system of generators {z1, * *+ -, za} of the repre-
sentative ring o, we may obtain the algebraic relations among these
generators in the following way: we express each f(7, j; P) as a poly-
nomial in the quantities z, and we substitute these expressions in the
relations among functions f which result from 1), 2), 3).

We shall now study the homomorphisms @& of the representative
ring o into the field of complex numbers. If 2y, - + -, 2, form a
system of generators of o, a homomorphism & is uniquely determined
when the numbers ®(z;) = a4, *+ *+ *, @(2m) = am are given. These
numbers cannot be taken arbitrarily but must satisfy the relations
P(ay, * + -, an) = 0, where the P(z1, * * ¢, zm) = O are the relations
which hold among 2;, - + ', 2, in 0. It follows that the homo-
morphisms of a into C may be identified with the points of the alge-
braic variety defined by the equations P = 0.

Definition 1. Let o be the representative ring of a compact Lie
group ®. The set of homomorphisms of o into the field C of complex
numbers s called the algebraic variety assoctated with &. This variety
will be denoted by M(S).

If a system of generators {z1, - - - , za} is given, the set of points



196 COMPACT LIE GROUPS [Cuap. VI

(@(z1), * - -, @(2m)) (0EM(B®)) is called the model of IM(G) correspond-
ing to the generators z;, - * - , zm.

Definition 2. Let 9N be the set of all representations of a compact
Lie group ®. By a representation of R we understand a mapping ¢
which assigns to every PER a regular matriz {(P) of degree equal to the
degree d(P) of P, in such a way that the equalities

(1) ¢P14P2) =Py + ¢P2); §P1xP2) = ¢(P1) x $(P2);
' Py = v Py

hold for any representations Py, P2y P of ® and any regular matriz vy of
degree d(P). )

Let & be any homomorphism of the representative ring o into C.
Let u assign to any representation P the matrix ¢;(P) whose coefficients
are the numbers &(f(¢, 7; P)) (1 £ 7, j € d(P)); we obtain a mapping
"¢» which assigns a matrix to every element of R.

Proposition 2. If aeIN(®), the mapping {5 is a representation of
R and the mapping & — ¢ 18 a one-to-one mapping of M(O) onto the set
of representations of N.

The conditions (1) are obviously satisfied for {;. In order to
prove that ¢; is a representation of R, it will therefore be sufficient to
prove that ¢{;(P) is a regular matrix. We have P*(s) - ‘P(s) = 1 (the
unit matrix) for every c€®. It follows that

2,06, 3; Pk, 5;P) = 6u (1 S 4,k < d(P)
Since @ is a homomorphism, we have
2,6(fG, §; P¥))a(f(k, j; P)) = du
whence ¢z(P*) - t¢z(P) = 1, which proves that {z(P) is regular and that
(2) ta(P*) = (Fa(P)*

If &;, @, are distinct elements of IM(®), there exists a representative
function f(z, j; P) such that @, (f(z, j; P)) & @:(f(¢, 7; P)); it follows that
¢a,(P) # &, (P).

Finally, let ¢ be any representation of ®. To each vanable
u(z, j; P) let us assign the number &(u(¢, j; P)) which stands at the
intersection of the i-th row and the j-th column of {(P). Since the
variables (%, j; P) are algebraically independent, @ may be extended
to a homomorphism (also denoted by @) of the ring of polynomials
in the variables u. Since { is a representation of R, the polynomials
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in the categories 1), 2) above are obviously mapped upon 0. More-
over, let E be the unit representation; then {(E) is a number = 0
which is equal to its own square in virtue of the equality Ex E = E.
It follows that {(E) = 1, whence w(u(l, 1;E) — 1) = 0.

By Proposition 1, the polynomials of the ideal a are all mapped
on 0 by the homomorphism &. Since o0 may be identified with the
factqr ring of a in the polynomial ring, we see that @ defines in a natural
way a homomorphism & of o into C. It is clear that ¢ = ¢;. Proposi-
tion 2 is thereby proved. -

Remark. We have incidentally proved that, if ¢ is any representa-
tion of RN, then we have

¢P*) = PH*

for any representation P of .

Let ¢4, ¢2 be any two representations of R. We see immediately
that the mapping P — ¢1(P)¢3'(P) is again a representation of 9. It
follows immediately that the representations of i form a group.

Definition 3. Making use of the correspondence established by
Proposition 2 between the elements of M(®) and the representations of R,
a group structure is defined tn M(®). The group obtained in this way
18 called the algebraic group associated with .

We shall now introduce a topology in 9M(®). To every set of
generators {21, * -+, za} of 0 there corresponds a model M, of M(®),
and the elements of M (M) are in a one-to-one correspondence with the
points of this model. Since M. ( C™, M, carries a natural topology
(induced by the topology in C™); the one-to-one correspondence
between M, and M (®) therefore defines a topology in M(®). We shall
sce that this topology does not depend upon the choice of the model
M,. Let M, be an other model, defined by a sct of generators {z},
+++, zm}. Then each z can be expressed as a polynomial in 2},

, Zm, and each z,, can be expressed as a polynomialinz;, * - |, z,.
It follows immediately that the correspondence between points of M,
and M. which correspond to the same element of M (®) is a homeo-
morphism, which proves our assertion.

Let {Pyy, * + - ,Pa} bea system of sufficiently many representations
of . We set Po=Pi+ -+ +Pi+Pi+ - +P» and we
denote by d, the degree of P,. We know that the d? functions f(z, 7; Po)
(1 £ 7, j £ d) form a set of generators of 0. Let us assign to every
EIM(®) the matrix ¢z(Po), which we also denote by @(Po). It is
clear that we obtain a representation of the group 9M(®) by matrices
of degree dy. Since the functions f(i, j; Po) give rise to a model of
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M(V), this representation is faithful and is'a homeomorphism. It
follows immediately that the topological structure and the group
structure on M(Y) combine to define M(O) as a topological group.

More generally, if P is any representation of &, the mapping
@ — {z(P) is a representation of 9M(®). We shall denote this represen-
tation by P.

Proposition 3. Let P be a representation of & whose coeffigients
form a system of generators of the representative ring of @. Then P maps
M(S) onto the set of all matrices (x.;) which have the following property:
if P s any polynomial such that P(- - - f(z, j; P) - - *) = 0 identically,
then P(- + - z; -+ *) = 0.

In fact, if @eM(®), the coefficients of P(&) = &(P) are the numbers
o(f(Z, j; P)). Since @ is a homomorphism, the equality P(- - - f(s, j;
P) - - -) = 0 implies P(- - - a(f(s, j;P)) - - -) =0. .

Conversely, let (z,;) be any matrix which satisfies our condition.
Since the elements f(z, j; P) form a system of generators of the repre-
sentative ring o, our condition implies the existence of a homomorphism
@ of o into C such that &(f(z, j;P)) = z; (1 < 4,7 < d(P)). It follows
that the matrix (x;;) is equal to @(P), which completes the proof of
Proposition 3.

Remark. It can be proved that, if P is any representation whatso-
ever of ®, then P maps 91(®) onto the set of those matrices which are
regular and satisfy the condition stated in Proposition 3. We shall
omit this proof, which is a little more difficult.

Corollary. The algebraic group associated with & is a Lie group.

In fact, this group is isomorphic (as a topological group) with a
subgroup of GL(d; C) which is defined by algebraic relations between
coefficients and is therefore closed in GL(d; C). At the same time, it
now becomes clear why we have called this group the algebraic group
associated with ®.

§IX. TOPOLOGICAL STRUCTURE OF THE ASSOCIATED GROUP

Let ® be a compact Lie group, and let 9M(®) be its associated
algebraic group. If fis any function belonging to the representative
ring 0 of O, then the imaginary conjugate f of f also belongs to o.
The mapping f — f is an automorphism of o which changes every
complex constant into its imaginary conjugate. Now, let @ be any
homomorphism of o into C; it is quite easy to verify that the mapping
J— &(f) is again a homomorphism of o into C. We shall denote this
new homomorphism by a*.
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Let P be any representation of . We have
(1) P(a) = &) = o)

where P is the imaginary conjugate representation of P. It follows
that (&@2)* = @@, Since (@*)* = @, the operation * appears as an
automorphism of order 2 of the group 9M(®). This automorphism is
obviously also a homeomorphism of M (®) with itself.

It follows that the set of elements @ for which @ = &* is a closed
subgroup ®, of M(®).

Let ¢ be any element in @. The mapping f — f(o)(feo) is clearly
a homomorphism @, of o into C. 1f P is any representation of @, we
have P(a,) = @,(P) = P(0); it follows that the mapping ¢ — &, is a
continuous homomorphism of & into M(®). . This homomorphism
maps & onto some compact subgroup ®; of M(®). Since f(¢) = f(o),
we have &, = @, whence ®: ( @,. We shall prove that &; = ©..

Proposition 1. Let & be an element of M(®) such that & = &,
¢ being the automorphism defined by (1). Then there exists an element
o€® such that &(f) = f(o) for every feo.

We first prove

Lemma 1. The group ®&, is compact.

Let Py be a unitary representation of & whose coefficients form a
system of generators of 0. We have, for any aed(®),

@*(Po) = @(Po) = a(Py) = (@(Po))*

(cf. Remark after Proposition 2, §VIII, p. 197). Therefore, if @ = &,
the matrix @(Py) = Po(®) is unitary. On the other hand, P, is a
faithful representation of M(®) and therefore maps ®,; topologically
onto a closed subgroup of GL(d(P,), C). Since this subgroup is con-
tained in U(d(Py)), it is compact, which proves Lemma 1.

Since @, and ®; are compact Lie groups, in order to prove that
®, = ©;, we may apply the criterion of Proposition 5, §VII, p. 192.
Let A be any representation of ®,; the contraction of A to ®; is a
representation P of @,;. Assuming that P contains the unit representa-
tion of ®,, we want to prove that A contains the unit representation of
®:. There exists by assumption a regular matrix v such that

1 0....0
0
YA(@)y"t=|. M()
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for all ¢€®. Let fuu(®) be the coefficients of the representation yAy—!
of & (1 £ k, 1< d(A). Making use of the representation Py intro-
duced in the proof of Lemma 1, we denote by x;;(®) the coefficients
of the representation Py of 9M(®). The contraction of P, to ®; being
a faithful representation of ®;, we know that the functions z;;(a),
Z,j(®) form a system of generators of the representative ring of ®.
It follows that we have, for @e®,,

Ju(@) = Fu(- - -, 24(®), 25(®), - - )
where each Fi; is a polynomial with complex coefficients. We have
Fu(- -, 24(®), £,(@), * * *) = du (0e®)

On the other hand, we have x,(o.) = f(¢, j; Po)(o) for all ¢¢® and
zy(@) = o(f(7, j; Po)) for all @e®,. Since @ = @*, we have Z;;(®)
= &(f@, j; Po)). Since @ is a homomorphism, the relations

Fu(- - -, G, 5; Po)y G, 35 Po)y + 1) = 8u

imply Fu(: « -, 24(@), £,(@), - + ) = 8y, which proves that
1 0...0
‘YA((:))'Y—l = * * ¥ (6)5@1)
* *' . *

and hence that A contains the unit representation of &,. Proposition 1
is thereby proved.

In the case where @ has at least one faithful representation, the
representation Py which was used in the proof is faithful. It then
follows immediately from Proposition 1 that ®, is isomorphic with ®
(as a topological group).

Proposition 2. If the compact Lie group & admats a faithful repre-
sentation, the group M(G) is homeomorphic to the product of ® and R,
where n 18 the dimension of ®.

We make use again of the representation P, of @ which was intro-
duced in the proof of Lemma 1. Under our assumptions, P, is faith-
ful. The corresponding representation P, of M(®) maps topologically
this last group onto a linear group $, and maps the elements of &,
onto unitary matrices. Furthermore, the argument used in the proof
of Lemma 1 shows immediately that the following statements hold
true: if 7 is any matrix in §, then 7* also belongs to 9; if = is unitary,
then r represents an element of &,. On the other hand, it follows
from Proposition 3, §VIII, p. 198 that $ is an algebraic group. Propo-
sition 2 will therefore follow from
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Lemma 2. Let  be an algebraic subgroup of GL(d; C) such that
the condition 76D tmplies r*€9. If 7 is any matriz in O, and if 1 = op
i8 the representation of r as the product of an unitary matriz ¢ and a
posttive definite hermitian matriz p, then we have c€9, pe. The group
18 homeomorphic to the product of " U(d) and R*, where n is the
dimension of © M U(d).

We can find a matrix x such that p; = ppu~! is a diagonal matrix;
the coefficients of the main diagonal of u are positive real numbers.
We may write p1 = exp oy, with

where a1, * * * , aq are real numbers.

The group $: = uPu~! is obviously also algebraic. We have
p? = (v%)~41&9, whence p2e9, and p¥*e®, for every integer k.

Let F( + - zi; - - ) = 0 be any one of the algebraic equations
which define $1, and let F'(xy, - - - , z,) be the polynomial deduced
from F by the substitution z; = 0 if ¢ # j, xzii @ x;. We have

(1) F'(e2km’ Ty eﬂm‘) =0 k=0, %1, £2, - - )

We shall deduce from (1) that F’(e*s, - - - | ¢*) is identically zero.
In fact, we would otherwise have F’(et, - -+ -, ') = Zhpetdn,
where each A, is a real exponent and b, % 0. Assuming that A,
> Ay > - -+, we should have

|b 162"A‘| > | Zm> 1b,,.e”‘“"‘|

for |k| sufficiently large and k of the same sign as A,: this would be in
contradiction with (1).

In particular, we have F'(e, - - -, e%) = 0, whence p€9:,
peD, and ¢ = 7p~1e9, which proves the first part of Lemma 2.

Since ¢ and p are continuous functions of r, § is clearly homeo-
morphic with the product of § ™ U(d) and of the set H of all positive
definite hermitian matrices contained in §. The proof of the first
part of Lemma 2 shows that a matrix peH is of the form exp «, where a
is a hermitian matrix which has the property that exp tae9 for all
real or complex t. The matrix 4/ —1 « is skew hermitian, whence
expt\/—1ae9 N U(d)if tis real. This means that 4/ —1 ¢ belongs
to the Lie algebra g of ™ U(d). Conversely, let 8 be any matrix
such that 4/ —1 Beq; then, we have exp ¢3¢ when ¢ is purely imag-
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inary. LetG(- - - zi;; -+ - +) = 0 be any one of the algebraic equations
which define . If we substitute for the z;’s the coefficients of
exp I8, G(* + + i * + +) becomes an entire function of ¢ which vanishes

identically when ¢ is purely imaginary. This function therefore van-
ishes identically, whence exp {86¢9. The matrix 8 is hermitian because
4/ —1 B belongs to the Lie algebra of U(d); it follows that exp (8
is positive definite hermitian if ¢ is real, whence exp t8e¢H. We know
that the mapping 4/ —18 —exp B8 maps g topologically onto H,
which proves the second part of Lemma 2.

It follows immediately from Proposition 2 that 9N(®) is a group
of dimension 2n. Moreover, it follows from the proof of Lemma 2
that ¢ and 4/ —1¢ have no element s 0 in common. Therefore,
g + v/ —1 g is a vector space of dimension 2n. Since it is obviously
contained in the Lie algebra of §, it must coincide with it. This

proves:
Proposition 3. Let & be a compact Lie group which admits a faithful
representation, and let {M,, - - - , M,} be a base of the Lie algebra of .

Let [M;, M;] = ZiciixMr be the corresponding equations of structure.
The Lie algebra of the assoctated algebraic group IM(®) has a base
{My, - -+ ,M, M, - - -, M.} such that

[AI.‘, M,] = Ekc.,kMk, [M:, AI;] = —Ekciichk,
(M;, M}] = ZweinM,

§X. EXAMPLES

We shall determine the associated algebraic groups of the linear
groups which were introduced in Chapter I.

The associated algebraic group of U(n) is obviously GL(n, C).

Let us now consider the group SU(n). The identity mapping
Po of SU(n) into GL(n, C) is a representation of SU(n). It follows
from Proposition 3, §VII, p. 190 that the coefficients of P, + P,
form a system of generators of the representative ring o of SU(n).
If 0eST(n), we have Po(s) = (Po(s))~" and [Po(s)| = 1; it follows that
the coefficients of Po(¢) can be expressed as polynomials in the coeffi-
cients of Po(¢c). Therefore, the coefficients of P, alone form a
system of generators of 0. Let Py be the representation of the associ-
ated algebraic group of SU(n) which extends P, and let § be the
image of the associated group under P,. Since SU(n) C 8L(n, C),
it follows from Proposition 3, §VIIT, p. 198 that & ( SL(n, C). We
have dim $ = 2 (dim SU(n)) = 2(n? — 1) = dim SL(n, C), which
proves that $ is the component of the unit matrix in SL(n, C). By
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Lemma 2, §IX; p. 201, we know that SL(n, C) is homeomorphic
with (SU(n)) X R*™; therefore we have = SL(n, C). Since P,
is a faithful representation, we may say that the associated group of
SU(n) is SL(n, C).

The identity mapping of O(n) into GL(n, C) is a faithful representa-
tion of O(n) by real matrices. It follows that the coefficients of a
matrix in O(n), considered as functions on O(n), form a system of
generators of the representative ring of O(n). It can then be seen
easily that the associated algebraic group of O(n) is O(n, C) and that
the associated algebraic group of SO(n) is O(n, C) ™ SL(n, C), which
is a subgroup of index 2 in O(n, C).

The group Sp(n) is the group of unitary matrices ¢ of degree 2n
such that t¢Jo = J, where

0 e
7= (L 3)

€, being the unit matrix of degree n. It follows that the condition
o€Sp(n) implies El2 = 1. On the other hand, we know that Sp(n)

is connected; it follows immediately that ¢eSp(n) implies B = 1.

Following the same procedure as in the case of SU(n), we see that the
cocfficients of a matrix of Sp(n), considered as functions on Sp(n),
form a system of generators of the representative ring of Sp(n). The
associated algebraic group of Sp(n) may therefore be identified with a
subgroup of Sp(n, C). If 7 is a matrix in Sp(n, C), we have t2J7 = J,
whence (*7)*J*7* = J*;but J* = J and (*7)* = *(7*), whence 7*eSp(n,
C). By Lemma 2, §IX, p. 201 we conclude that the associated
algebraic group of Sp(n) is Sp(n, C). At the same time we prove
that Sp(n, C) is homeomorphic with Sp(n) X R+ which proves, in
particular, that Sp(n, C) is connected and simply connected.

§XI. THE MAIN APPROXIMATION THEOREM

We have already seen (Lemma 1, §VII, p. 190) that, if @ is a
compact group of matrices, then any continuous function on @ may
be approximated as closely as we wish by a function belonging to the
representative ring o of . As we announced earlier, this result holds
also for arbitrary compact Lie groups. We shall now prove this
fundamental result, which is due to H. Peter and H. Weyl.

Theorem 3 (Peter-Weyl). Let ® be a compact Lie group and let f
be a continuous function on ®. If a is any number > 0, there exists
in the representative ring of & a function g such that |f(s) — g(o)| € a
for all o€®.
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We shall denote by § the space of all complex valued continuous
functions on ®. Since ® is compact, every function fe§ is bounded.
We shall denote the maximum of the absolute value of f by M(f).
We have clearly

M(af) = la|lM(f)  (aeC)
M(f+g9) < M)+ M(g)

We can make § a metric space in which the distance of two functions
fand gis M(f — g). A subset ® of § is said to be bounded if there
exists a number A such that M(f) < A for all fe®.

The oscillation of a function fef on a subset E of @ is the least
upper bound of the numbers [f(¢) — f(7)| for all o, 7€E.

A subset ® of § is said to be a set of equicontinuous-functions if, for
every number ¢ > 0, there exists a neighbourhood U, of the neutral
element in & such that, f being any function in ® and ¢ being any
element of ®, the oscillation of f on the set ¢U, is < a.

Lemma 1. Let ® be a bounded set of equicontinuous functions, and
let a be a number > 0. If a subset &, of & is such that M(f — g) > a
for all pairs (f, g) of distinct elements of ®,, we may conclude that ®, s
finile.

Let A be a number such that M(f) < A for all fed. If ¢oe®, the
set of numbers f(s0) (for all fe®) is contained in the compact region
of the complex z-plane which is defined by the inequality |¢| < 4. It
follows immediately that there exists a finite subset ¥, of ® with the
following property: to every fed there corresponds a function fi&y,,
such that the inequality |f(so) — fi(co)] < a/6 holds true. Let o
be any point of ¢oUss; we have

1$@) = £ € If0) = fea] + 1f(o0) = fion)] + filew) = i@ <5

On the other hand, to every pair (f, g) of functions of ®, we may
associate a point ¢ = o(f, g) such that |[f(c) — g(o)| 2 a. If ¥q
contains m functions, there cannot exist more than m? pairs (f, g)e®,
X @, such that o(f, g)€soU.ss because otherwise there would exist
one of these pairs, say (f, g), such that |[f(s) — fi(s)| < a/2, |g(s)
— fi(e)| < a/2 with the same f,e¢,,, and this would imply |f(¢) — g(o)|
<a.

Since ® is compact, it can be covered by a finite number of sets
Vi, - - -, Vy each of which is of the form o¢Ug6. Since there are
only a finite number of pairs (f, g)e®, X ®; such that o(f, ¢)eV:
(1 £ ¢ £ N), we conclude that ®, is finite.
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Lemma 2. If a sequence of functions belongs to a bounded set of
equicontinuous functions, it 18 possible to extract from it a subsequence
which converges uniformly on ®.

In fact, let 4 be any integer > 0. We can construct a finite
subset &, of & with the following properties: 1) if f, gé®,, we have
M(f — g) 2 1/u; 2) if f is any function in &, there exists a function
ged, such that M(f — g) < 1/u.! Let now (fu) be any sequence of
functionsin ®. We denote by M, the set of all integers > 0. We shall
define by induction on u an infinite subset M, of M, Suppose that
p 2 0 and that M, has already been defined. Then, since &, is finite,
there exists a function g,,1€®,,1 such that the inequality M (fm — gus1)
< 1/(s + 1) holds for infinitely many integers meM,; M,,, will be the
set of these integers. We select in each M, an integer m, 2> u. Since
M, C M,forv > p, we have M(fm, — gu) < 1/pty, M(fmy — gu) < 1/n,
whence M (fm, — fm,) < 2/u. It follows immediately that the sequence
(fmu) converges uniformly on ©.

We shall now introduce in § an operation which is a generalization
of the scalar multiplication defined in Chapter 1, §III, p. 9. If f
and g are any functions in {, we set

f-9 = Jef(0)g(o) do

where the integral is the invariant integral defined in §VIII, Chapter V,
p. 167, normalized by the condition [gl do = 1.-

The following properties are obvious:

1) For g fixed, f- g is linear in f, i.e. we have (aifi + asf2) - ¢
= a1(f1 9) + as(f2 - 9) (a4, a:€0).

2) Wehaveg-f=f-¢g

3) If f> 0, wehavef-f > 0.

We shall let ||f|| denote the number (f-f)! If a, b are any
real numbers, we have (af + bg) - (af + bg) = a*(f - f) + 2abR(f - g)
+ b%(g - g), where R indicates the taking of the real part. Since this
expression ig 2 0 for all real a, b, we have

R D2 NG-9  ie (R < - lgll

Let ¢ be a real number such that exp (\/—=18)(f-¢g) = |f-g|. If
we replace f by (exp 4/ —1 8)f in our inequality, we get the Schwarz

! Let fi be any function in §. If f, - - -, f. are already defined, and if there
exists a function f such that M(f — f;) 2 1/u for 1 £ ¢ € r, we select such a
function and call it f,41. This inductive process cannot be continued indefinitely
(because of Lemma 1). If it stops with f,, we may take &, = {f), - - - , f.}.
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tnequality:

If - gl < 1A llgll

On the other hand, we have ||f +gll2=f-F+ 2R(f-9) + ¢ ¢
< A2 + 201l llgll + llgll2 = (1Al + llgl])?, which proves Minkowski’s

tnequality:
If + gll < 11l + llgll.

Now, let k(s, 7) be a complex valued continuous function defined
in ® X ® which satisfies the condition

k(e, 7) = k(r, a).

If f is any function in {, we shall denote by Kf the function which is
defined by the formula

Kf(o) = Jok(s, 1)f(r) dr

We shall prove that Kf belongs to §. Let a be any number > 0.
There exists a neighbourhood U, of the neutral element ¢ in & such
that the inequality |k(op, 7) — k(o, -r)l < a holds whenever peU,. In
fact, there would otherwise exist three sequences (om), (pm), (rm) of
elements in ® such that limu, wpm = €, |k(Ondm Tm) — k(om ™m)| 2 @.
Since ®is compact, the sequences (o) and (r,,) would have subsequences
converging respectively to elements o, r and we would have |k(ce, 7)
— k(o, 7)| 2 a, which is impossible. If p belongs to U,, we have

(n \Kf(op) — Kf(0)| < afolf(r)| dr = a(L-|f]) < allfll

which proves the continuity of the function Kf. Moreover, if A
denotes an upper bound for the values taken by k on ® X ®, we also
have

2 |Kf(0)| € Afelf(n)ldr < AJifll

These two inequalities prove

Lemma 3. The operator K maps the set of all functions fe such
that ||f]| € 1 onto a bounded set of equicontinuous functions.

Another property of the operator K is expressed in the formula

®) Kf-g=F-Kg

which is entirely similar to the formula which expresses the hermitian
character of a matrix. In order to prove (3), we observe that

Kf- g = [e(ok(o, 1)f(r) dr)j(e) do = [exsk(o, 7)f(r)§(o) do dr
= [of()(fok(r, 0)§(0) do) dr = f- Kg
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We shall say that a number ¢ is an “eigenvalue” of the function k&
if there exists in § a function ¢ # 0 such that K¢ = cp. Any such
function is called an eigenfunction belonging to the value ¢. "Our
next step will be to prove the existence of eigenvalues.

It follows immediately from (2) that ||Kf|| < A||fl|. Hence the
numbers ||Kf|| remain bounded when f varies in the set of functions
fsuch that ||f]] = 1. We shall denote by ||k|| the least upper bound
of ||Kf]| for ||f]| = 1. TItis clear that ||Kf|| < ||k|| ||f]| for any function
fes5.

Lemma 4. The number ||k|| is the least upper bound of the values
taken by Kf - f when ||f]] = 1.

If |Ifll =1, we have |Kf-f| < |[Kf|l|Ifll € |||l In order to
prove the converse, let ¢ be the least upper bound of |Kf - f| for ||f]| = 1.
It follows immediately that |Kf-f| < c||f||? for any f. Let f and ¢
be two functions such that ||f|]| = 1, ||g]| = 1. We have

Kf+g-G+9=Kf f+Kg-g+Kf-g+Kg-f
=Kf-f+ Kg-g+ 2R(Kf-g) < cllf + glI?
KF=9) - (—9) =Kf-f+Kg-g—2RKf-g) 2 —cllf — gll?
whence 4R(Kf - g) < c(llf + gl12 + [If — gl|) = 2¢(If1I* + llgl|*) = 4¢
If we assume Kf # 0 and take g = ||Kf||~'Kf, we obtain ||Kf|| < ¢

This last inequality holds also if Kf = 0. We have therefore proved
that ||k|| = c.

Lemma 6. One at least of the numbers ||k||, —||k|| is an eigenvalue
of the function k.

We can find a sequence (f») of functions in § such that ||fa|| = 1
and such that Kj, - fu tends towards one of the numbers ||k[|, —||k||.

We set ¢ = limp, o Kfm * [

Replacing if necessary the sequence (f.) by a subsequence, we may
assume without loss of generality that the sequence (Kf.) converges
uniformly on ® to a function ¢, which clearly belongs to § (cf. Lemmas
2, 3). We therefore have limp_, » M(¢ — Kfn) = 0.

We observe now that the operation f -+ g is continuous with respect
to the metric defined by M. In fact, we have [|f]|? = [@f(r)f(r)
dr < (M(f))? whence |(fi — f2) - (g1 — g2)| < lIfr = fall llgr — gl| €
M(fr — f)M (g1 — go).

Since Kfm - fm is real, we have

Kfm = cfall? = IKSfull? + 2l|fnll2 — 26(KTn - fu)

and the right side tends to ||¢||? — ¢? as m increases indefinitely. It
follows that ||¢|| 2 |c|, whence ¢ 7 0 provided ¢ % 0. On the other
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hand, we have ||Kfal|? < ||k||2 € ¢? and therefore the right side
of our formula is < 2¢2 — 2¢(Kfm - fm), & quantity which tends to
0 with 1/m. We conclude that limn, . ||Kfm — ¢fm|| = 0 and there-
fore also limp_, o ||[K(Kfm) — cKfm|| = 0. Since limm—, . ||Kfn — ol
= 0 we have limp_, ., M(K(Kfn) — K¢) = 0, whence

[|IKo — co|| = limm_, o ||K(Kfm) — cKfm|| =0

which proves that K¢ = co. Lemma 5 is therefore proved if ¢ = 0.
If ¢ = 0, we have ||k|| = 0, Kf = 0 for every f and Lemma 5 is then
trivial.

We shall say that two functions ¢ and ¢ belonging to § are orthog-
onal to each other if ¢ - ¢ is equal to 0.

Let ® be the set of eigenfunctions of k& which belong to eigen-
values % 0. We can find a subset ®* of & with the following proper-
ties: a) if ¢ and ¢ are in ®* and ¢ # ¢, then ¢ - ¢ = 0; b) we have
[lel| = 1 for every ged*; c) ®* is maximal with respect to the proper-
ties a), b) (i.e. it is impossible to imbed ®* in a properly larger subset
of ® for which @), b) hold).!

Lemma 6. Let a bea number > 0. There are only a finite number of
functions in ®* which belong to eigenvalues greater than a in absolute
value.

In fact, let ¢;, * -+, ¢x be functions of ®* such that K¢; = cig;,
sl >a (1 <7< h). We have K(p:i — ¢;) = cipi — cjo; whence
[1K(ps — @)||? = ¢ + ¢; > 2a%. We know that M(K(e: — ¢)) 2
[|K(os — ¢j)]| > @ v/2. Lemma 6 then follows from Lemmas 1
and 3.

Lemma 7. Any function f in ® is a linear combination of a finite
number of functions in d*.

Let ¢ be the eigenvalue to which f belongs, and let ¢y, - - - , on
be the functions of ®* belonging to c. Wesset f/ = f — Z2_.(f* ¢i)ei.
Since Kf = ¢f, K¢; = ¢, we have also Kf' = ¢f’. Moreover, f is
orthegonal to ¢1, + -+, ¢». Let ¢ be any function of ®* distinct from
@1, * -, on; then ¢ belongs to an eigenvalue d # c. We have
[y = 1/d(f' - Ky) = 1/d(Kf' ¢) = c/d(f'+¢¥) whence [ -y =0.
We see that f’ is orthogonal to every function in ®* If we had
f' # 0, the set composed of ®* and of the function ||f’||~Yf would still
have the properties a), b) above, which is impossible. Therefore
S’ = 0, which proves Lemma 7.

It follows from Lemma 6 that ®* is a countable set. We arrange
the elements of * in a sequence (¢,) (1S p< o or 1 £ p < po

1 This follows immediately from Zorn’s lemma.
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according as to whether ®* is infinite or finite), and we denote by c,
the eigenvalue to which ¢, belongs. We observe that, if Z,c.¢, is a
finite linear combination of functions of ®*, we have ||Zc,pu|| = Z|cu|2

Lemma 8 (Bessel’s Inequality). If f is any function in §, the
series Z,|f - ¢u|? is convergent, and its sum is < [|f]|2.

We set g = f — Zugi(f* ou)ew, where ¢ is any positive integer if
&* is infinite, and is at most equal to the number of elements of &*
if ®* is finite. We have g;* ¢, = 0 (1 £ p £ 1), from which it follows
eagily that

1112 = llg[* + Zugil S+ eul?

which proves Lemma 8.

Lemma 9. If fe§, the series Z,(Kf - ¢,)pu converges uniformly on ©
to the function Kf.

We have

SIKS - 00w = ZUES - o) "2 = Zi(f - Kgy) 222

Cu Cu

= z{(f o) Ko, = K(Ei(f Pu) Pu)

whence, making use of (2),

M(Zf(Kf S’u)‘l’n) A“Z(f ‘PP)‘PF” = A(”'f ‘P#P)

and it follows from Lemma 8 that the right side tends to 0 as ¢ and J
increase indefinitely (in the case where ®* is infinite). Therefore
the given series does converge uniformly. There remains to prove
that its sum is K.

We set kn(o, 7) = k(a, T) — ,,_lc,.<p,.(o)¢,.(1) Since each ¢, is
real, we have k.(c, 7) = ka(r, ¢). If ¢ is any function in §, we have
K.y = Ky — Zic.(¥ * ¢.)¢s (where K, is defined for k., as K was
defined for k). It follows that K. :¢u = K¢ o, — (¥ * ¢u)
=y Ko, —c,(@ @) =0 if 1 < p < n In particular, if ¢ is an
eigenfunction of K, belonging to an eigenvalue d # 0, we have
Vv ou=0 (1< psn), K = K,y =dy and ¢ is an eigenfunction
of K belonging to d. It follows that ¢ is a linear combination of the
functions ¢, for whiche¢, = d. Wehavey = 2.0, and b, = ¢ - ¢,,
whence b, = 0if » £ n. Let a be a number > 0; if n is choosen to be
larger than all indices p for which |c,| > a (there are only a finite
number of these indices), we may conclude that |d| < a, whence, by
Lemma 5, ||[Ka|| € a. It follows that lim,_,, ||[Kaf|| = 0 (if ®* is
infinite; if ®* is finite, K,f = 0 if n is the number of elements in &*).
But K.f = Kf — Zp_,(Kf * ¢u)¢w, Whence ||Kf — Zu(Kf - o)l = 0,
which completes the proof of Lemma 9.
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Lemma 10. If the function k(o, 7) vs of the form x(¢~'r), where
X ts a continuous function on & such that x(6=') = x(¢), then every
etgenfunction of k belonging to an eigenvalue ¢ % 0 is a representative
Sunction on @.

If f is any function in § and pe®, we denote by f¢ the function
defined by f?(¢) = f(ps). Assume that f is an eigenfunction of k
belonging to an eigenvalue ¢ 0. We have

cfr(e) = Jox(o~p'n)f(r) dr
= Jox(e='7)f(er") dr' = Jex(o~'7")f*(x") dr"

in virtue of the invariant character of our integration process. Hence
f# is again an eigenfunction belonging to ¢. We may assume that the
functions of the set ®* which belong tocare ¢, - * * , ¢». By Lemma
7, we have

' 0! = Zgil)ei  gilo) = & o

Let P(p) be the matrix (gij(p)). Since ¢f** = (¢72)* we have P(pps)
= P(p1)P(pz). On the other hand, since each ¢; is continuous on the
compact group @, it is also uniformly continuous on @; it follows that,
for every a > 0, there exists a mneighbourhood U, of the neutral
element e in & such that M (¢! — ¢;) < a whenever peU,. It follows
that lim,.. ¢ij(p) = lim,e ¢ ¢; = &, = g,(¢). The mapping p
— P(p) of & into the set of matrices of degree h is therefore a con-
tinuous representation of @, and the functions g;, are representative
functions. But we have ¢i(p) = ¢f(e) = Z}.,0.i(p)¢,(€), which shows
that each ¢; is likewise a representative function. Lemma 10 is
thereby proved.

Lemma 11. Let x be a continuous function on & such that x(oc?)
= %(0), and let a be a number > 0. Then there exists a representative
Sunction g of ® such that M(x — g) < a.

Let K be the operator associated with the function k(s, 7) = x(c=).
We determine a neighbourhood V of the neutral element such that the
inequality |x(c='7) — %(e™")| < a/2 holds for all reV. We can
construct a continuous function f, with real non negative values such
that fi(e) # 0, fi(c) = 0 if ¢ does not belong to V. The number
J = fofi(r) dr is = 0; we set f = J=f;, whence [gf(r) dr = 1. We
have ‘

Ix(e) = Kf(o)| = |x(o") — Kf(o)| = |[o(x(e™) — %(e~'7))f(r) dr| <g

Making uses of Lemmas 9 and 10, we see that there exists a representa-
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tive function g such that M(Kf — g) < a/2. Itfollows that M(x — g)
< a, which proves Lemma 11.

Let now f be an arbitrary continuous function on ®. We set x1(o)
= f(@) + J(@), x:(e) = /=1 (f(0) — J(0)), whence xi(c™") = xi(o)
(¢=1, 2) and f=4(x1 — vV —1x2). Since x; and x: may be
approximated as closely as we want by representative functions, the
same holds for f. Theorem 3 is thereby proved.

§XII. FIRST APPLICATIONS OF THE MAIN APPROXIMATION
THEOREM

Theorem 4. A compact Lie group admits at least one faithful
representation.

Let ® be a compact Lie group. Making use of Proposition 6, §VII,
p. 193, we see that, in order to prove that & admits a faithful represen-
tation, it is sufficient to prove that, if ¢ is any element of ® distinct
from the neutral element ¢, there exists a representation P of & such
that P(s) is not a unit matrix. Let f be a continuous function on @
such that f(s) # f(¢). Since f can be approximated as closely as we
want by representative functions, we see that there exists a representa-
tive function which takes distinet values at ¢ and ¢, and our assertion
follows immediately from this fact.

Proposition 1. If O s a closed subgroup of a compact Lie group ©,
any trreducible representation of O is contained in the trace on O of some
representation of ®.

This follows at once from Theorem 4 above agd from Proposition 4,
§VII, p. 191.

Theorem 6 (Theorem of Tannaka). Let R be the set of all repre-
sentations of a compact Lie group ®. Let &, be the set of all representa-

tions ¢ of M which satisfy the supplementary conditions ¢P) = ¢(P),
where P s any element of N and where P is the imaginary conjugale
representation of P. If we define a multiplication in &, by the formula
¢182(P) = £1(P)¢2(P), ®1 becomes a group. Let o be any element of ®
and define the representation ¢, of R by {+(P) = P(¢). Then the mapping
¢ — ¢, 18 an 1somorphism of ® with ©,.

This follows immediately from Proposition 1, §IX, p. 199 and from
Theorem 4 above.

Corollary. Let ® be a compact Lie group of dimension n. Then the
assoctated algebraic group of ® is homeomorphic to the product of ®
and R».

This follows immediately from Proposition 2, §IX, p. 200 and
from Theorem 4 above.
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Proposition 2. Let f be a continuous function on a compact Lie
group © such that f(o) = f(ror™) for any o, 7€®. If a is any number
> 0, there exists a function fi which is a linear combination of char-
acters of irreducible representations of ® such that |f(c) — fi(c)| < a
for all oe@®.

Let P be any irreducible unitary representation of ®&; denote by
gii(e) the coefficients of P(s). We have

gii(ror™") = Zugi(r)gri(o)gii(v?)

and g;i(r~1) = §i;(r). Making use of the orthogonality relations, we
obtain

f@gi(rer= ) dr = 0 if t1#]

J®gii(ror™) dr = d~'x(0)

where d and x are respectively the degree and the character of the
representation P.

We know from the general approximation theorem that there exists
a function f, of the representative ring of & such that |f(¢) — f2(o)] < a
for all ¢e®. It follows that |[@f(rer=1) dr — [@fe(rer?) dr| < a.
Since f(o) = f(rar~'), we have [@f(ror™') dr = f(s). On the other
hand, f; is a linear combination of coefficients of irreducible unitary
representations of ® and therefore the function fi(c) = [@f2(ror?) dr
is a linear combination of characters of irreducible representations of
®. Proposition 2 is thereby proved.

§XIII. COMPACT ABELIAN GROUPS

Proposition 1. A compact connected abelian Lie group ® of dimen-
ston n 1s isomorphic (as a topological group) with the n-dimensional
torus T™.

In fact, let g be the Lie algebra of ®. Since ® is abelian, we have
[X, Y] = O for any elements X and Y of g. It follows that g coincides
with the Lie algebra of R». Since R*is simply connected, the universal
coveringgroup of ®is R*. Butitis well known that a compact connected
group which is locally isomorphic with R® is isomorphic with T,

Let ¢ be a real number modulo 1 (i.e. a residue class of the additive
group of real numbers modulo the group of integers), and let = be a
real number whose residue class modulo 1 is z. Since the value of
exp (2r v/ —1 z) depends only upon g, we may set

exp 2r v/ —11) =exp 2r+/—112)
The mapping £ — exp (2r v/ —11) is clearly a representation of 7'
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Any element ¢€T" may be represented in the form (g1, * - * , L),
with eT* (1 €1 < n). If we set Pi(c) = exp (2r v/ —11:), each
P; is a representation of T». Moreover, P=P;+ - -+ 4P, is a
faithful representation of 7. If m,, - - - , m, are any integers, the
mapping ¢ — exp (2r v/ —1 Zam.z:) is a representation of T which
we shall denote by P - - - P™. We have P;! = P; (1 £ ¢ £ n);if
my, * -+ -, m, are all positive, P{ - - - P7» is the Kronecker product
of m, times the representation Py, - - - , m, times the representation
P..

We have P = P;7' 4+ - - -+ 4 P3%; by Proposition 3, §VII, p. 190,
the set {P, P} contains sufficiently many representations of 7" It
follows that every irreducible representation of 7" is contained in
some representation obtained by Kronecker multiplication of P and
P, each taken a suitable number of times. It follows immediately
that every irreducible representation of 7' is of the form P - - - P™
with suitable integers my, * -+, My,

In the case of 7" the irreducible representations are of degree 1.
Therefore, the Kronecker product of two irreducible representations
is likewise irreducible. It follows that the irreducible representations
form a group under the operation of Kronecker multiplication, the
inverse operation in this group being the passage to the imaginary
conjugate representation. This group 3R is the product of n times the
additive group of integers by itself. It is easy to see directly that T
is isomorphic with the group of all irreducible unitary representa-
tions of RN: this is a particular case of the famous duality theorem of
Pontrjagin. This fact can also be deduced from Theorem 5, §XII,
p. 211; the latter theorem is therefore a far reaching generalization
of Pontrjagin’s theorem. '

Let us finally observe that the application to T of the theorem
of Peter-Weyl yields the following well known approximation theorem:

Let f(x1, *+ - + , xa) be a continuous function of n real variables which
18 periodic of period 1 with respect to each variable. Given any number
a > 0, there exists a trigonometric polynomial (i.e. a function of the form
g(x1, © + +, xa) = Ze(my, + + -, m,) exp (2r v/ —1 Zimsx:)) such that
If(xy, © -+, 2) — gy, + -+, za)| £ aforall values of 1, + - + , Zn.
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