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PREFACE.

WHEN the Syndics of the University Press did me the unexpected

honour of proposing to reprint such of my scientific papers as I should
select, they advised me to lean, in doubtful cases, rather to the side of
comprehension  than “to that of exclusion. The selection has given me
considerable anxiety, for (even after the numerous polemical items had, of
course, been set aside) the doubtful cases formed a large majority.

Since I took my degrec the greater part of my time has been spent
in teaching and its necessary concomitants. The rest, except in so far as
it was devoted to the preparation of text-books, has been occupied rather
with fresh mathematical or experimental inquiries than in fully “writing out”
the results of earhier ones.  Thus the present collection presents a very
irregular aspect .—a few only of the papers giving anything like full details,
while the remainder are often of the most fragmentary character, being in
many cases no more than very condensed abstracts.

Among the more detailed papers are the earlier of those in which
quaternions are employed. These were written while I was endeavouring
to familiarise myself with the new calculus, and were, in great part, worked
out before T had any communication with Sir W. R. Hamilton except
through his Lectures (1853), a fascinating book, which, by great good fortune,
I bad taken with me on a vacation tour as a companion for wet days.
When I made Hamilton’s acquaintance a year or two later, through
Dr Andrews, I submitted to him some of the more formidable difficulties
which I had met in the study of his great work, and the hints I thus
obtained were of much use to me in finally preparing these papers for
publication.  As they weceived a cordial imprimatur from Hamilton, with
a notice® recommending them to the attention of students of the subject,
I had no hesitation in deciding to reprint them in the present collection.

* Elements of Quateinions, 1866, p 755 (foot-note)
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But 1 feel that this explanation of their second appearance 1s called for,
as their contents are mainly, as it were, a translation of other men's
investigations into a vastly superior (though at the time they were written
an all-but-unknown) language, not an incursion into unexplored regions of
physics. And, when I wrote them, my practical acquaintance with the
extraordinary resources and flexibility of the new language was still very
limited.

I have not 1cprinted any papers which are not exclusively my own.
Those in which T was associated with Dr Andrews have already been
reprinted in his Life (Macmillan, 1889). But the titles of all such joint
productions, along with slight indications of the nature of their contents,
will be given in a supplementary hst, containing references to nearly all
but the most ephemeral of my scientitic articles.

Several of the papers m the present collection have already been in
part reprinted in text-books, such as my Quaternions, Properties of Matter,
&c.  On the other hand, some of these books (especially Dynamics of «
Particle, which 1 wrote in conjunction with the late Mr W. J Steele)
contain a considerable amount of original work which was not laid before any
scientific Society. No part of that has been reproduced in this collection,
mainly because the bhooks containing 1t have already passed through several
editions. 1 was much inclined, however, to make some extiacts fiom the
last named work, such as for mstance my proof (the first, T believe, which
was given) of Hamilton'’s Theorem of  Hodographic Isochronism, and some
similar investigations  Thesc would have taken the first place in the present
volume, for the order of the various articles has been determined, as a rule,
by their dates. The sole exception is in the cuses wheie there is a senes
of z).‘rtlcles on one subject, such as that which deals with Knots. The carliest
(reprinted) paper of such a series 1s inserted at its proper place, and the
others (each provided with its special date) follow immediately in  then
own relative order.

In preparing the collection tor press 1 have simply vectitied obvious ships
or exaggerations, and printers’ ertors.  Of these by far the most serious have
evidently been caused by cueless 1eplacement of types which had fallen
out during printing. On the other hand, all weterial alterations, however
slight, have been indicated by the use of square brackets, [contwunng the
date of the change]  Under the head of obvious slips I include some of the
choice expressions current in Cambidge in my undergiaduate days —such as
“velocaty” for “speed,” the “equation to a curve,” the “center of a circle,”
and the doubly-dyed “center of yravity” The | __ notation for factorials,
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much in vogue in those days, has been replaced by the ! ; and the very
useful “solidus” has been called in where required.

?/‘I Several of the more condensed Abstracts have been reprinted although
they contain, as bare statements without detail of processes, results which
have not yet been tested by subsequent verification —one or two even
contain speculations which have been shown by myself to be inaccurate as
they at present stand  But these take up little space; and No. XIV,
for instance, which is one of the latter and less defensible class, shows
how 1 was led to make the protiacted expernmental inquiries which are
described in detail in Nos. XXVIIT, XXIX, and XLVIII. It has, on this
account, still a very special interest for myself —and there seems to be
no doubt that it contains at least the germs of an important truth, which
I have not as yet succeeded in putting in an unexceptionable form.

My special thanks are due to the Council of the Royal Society of
Edinburgh, and to Si John Murray of the Challenger Expedition, not
alone for permission to 1eprint the papers which form the bulk of the
present  collection but for the loan of the large nwmber of wood-blocks
employed in their illustration.

Also to Drs C. G. Knott and W. Peddie, former and present Official
Assistants to the Professor of Natural Philosophy in Edinburgh University,
both adepts in Quaternions as well as mm Physies, for the assistance which
they have given me in the reading of the proof-sheets

P. G. TAIT.

CoLrrGr, Epivsuran,
July s, 189%
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I

QUATERNION [INVESTIGATIONS CONNECTED WITH
FRESNEL'S WAVE-SURFACE.

[Quarterly Journal of Mathematics, May, 1859.]

1. Taoucu the following mvestigation of various equations and properties of
Fresnel's Wave-Surface 15 my own, I must premise that I owe much besides the
Caleulus employed to St W. R. Hamulton. 1 was induced to attack the question
by a passage wn his Lectures (p. 687) which, he has smnce informed me, referred
prmapally to the [, «] cquation (28) of which he had long been m  possession,
and at which [ had recently arrived mdependently. The application to this question
ot the separable symbol ot operation of his VIIth Lecture, and the very elegant
symbolical cquation of the wave (39) deduced by its use, were recently communicated
by him to the Royal Insh Academy

Much of the work might have been considerably shortened, such for instance as
that m Art [12], where the system of equations giving the wave by 1its tangent
plane 15 changed to another giving 1t by pomts  But these ongmal methods have
been preserved, partly from a fear of unconsciously borrowing from MS investigations
which Sir W R. Hamilton has lately communicated to me, and partly because, as
they stand, they mtroduce a good many equations whose mterpretation 15 not without
mterest. 1 have not carried the mquiry m any case farther than the mmediate
mterpretation of the various equations. Particulars, such as the directions of vibration
at the cusps and along the ndges, for mstance, can be ecasily deduced without
analysis from the gencial results. I reserve for another occasion simple quatermon
solutions of some interesting problems connccted with the passage of hght through
doubly-refracting media.

As to the Calculus of Quatermons mn general, I must remark, though I have
only very recently taken it wup, that it appears to mec to possess in a marvellous
T. 29 1
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degree the attributes of simplicity and suggestiveness. The treatment of the wave-
surface is perhaps not a question in which 1ts superiority over C(artesian methods is
at once so marked, as it 15 mn all cases where no direction in space is regarded as
preeminent.  Still it 18 worthy of notice that the three dircctions of the axes of
elasticity may be at once reduced to two reference lmes (the wave, or the ray, axes)
and a still farther reduction obtamed by the mtroduction of a certamn linear and
vector operation  Equations (n) and those in 17, 23, and 24 below, belonging to the
Elhpsoids, Fresnel's Surface of Elasticity, and the Wave, are striking mstances of such
simphfication.

A few quaternion results, which will be useful in the subsequent transformations,
may first be noticed

2 If the vector semaxes of an ellipsoid be ai, bj, ¢k (where 1, j, k are the
quaternion rectangular vector umts), its equation 18
S (S Skp)?

“-gj}-‘+ Zf) ( P) e o),

which is in fact the same as the Cartesian equation

_1/‘
a’ b’+ —l.
But Sir W. R Hamilton (Quatermons, p. #67) has shown that 1t may also be
presented 1 the form
T(tp+px)=r*— 13,

where L= "‘)9\/(:_1;‘0') i“/ﬂ%l’f) \/(,b;);:jc‘) A}] ......... .
=8 (GG - 1 )

supposthg a>b>c. ¢ and x are thus vectors perpendicular to the planes of the circular
sections of (a).

It 15 easy to show by actual substitution that with the above values of ¢ «,
we have identically
(Sho)? .Sjp) (SABZ‘_ T‘_(Lp+px)
e Ge—py oo ().

If we have a reciprocal ellipsoid, whose vector semiaxes are o/, j/b, kfc, its equation
18 one of the following

) . T

a* (SipY + b (Sjp): + ¢ (Skpy = (‘f +,f)‘f Dt T
where the first equality is an 1dentity, and ¢, «’ are what ¢, « become when m (B),
l/a, 1/b, 1/c are put for a, b, ¢ respectively.
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If we differentiate (), we get
Sip Sip”  Sjp Sje” | Sko Sk’ _ 8 (sp +p~> (p'e +xp)
a? b2 ¢

(6 — ) )

, (e),
_N(p’ + %) (pe + Kp)

(= oy
which also 18 an 1dentity, whatever be p and p’

A similar  expression may of course be derived from (8). And they may be
verified by actual substitution of the values of ¢, «, or ¢, «’

It 18 easy from equations (8) to show that
T + T =} (& + ¢*),

& — ¢ =ac,
27Tk = ¥ (a? = ¢?),

T(—-r)=%,

T Vie= é’; V(@ = b2y (bt — ¢,

formulz which we shall afterwards employ to interpret certain quaternion expressions

3. Another very usctul form of the equations of these ellipsoids 1s found thus
Let @ be any vector, and let

0 or ¢ = — aisif — bjSj0 — ckSkO

Then cvidently =90 =—auSi0 — b:)80 — c:hSk6
;0'=¢"‘0 =._(:,,.1Nl9—&c t ) (®
§=¢70=—  iSi —&e, and ~o on.|
And we see that (a) and (8) take the very simple forms
Tp=1 or T'¢p~'p= 1‘} )
and Tp=1or Tgp =1 (@

These functions are possessed ot the following geneial and useful property, 6 and
¥ being any two veetors

8.0y =5 ¢m0dryr =8 Gy =8 $rodry ... ..(0),
ma rq

if m+n=p+gq where m, n, p, and q¢ may be any real quantities whatever

1—2
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Hence, for example, .6y =S.0%=8.0% =8.6¢y=&c. Another such property is
S. 000 = $i60Sj08k0 | a™ b™ ¢™ |.
" ar b oo
a? by c¢»
In this notation —¢—*1s Sit W. R. Hamilton’s linear and vector function (Quaternions,
P. 480).
4. If f(p)=0 be the scalur equation of a surface, containing as an arbitrary
constant a vector a which satisfies the equation
a=—1,

it is required to find the envelope of f(p)=0 subject to the varation of a.

Let Svda =0
be the derved equation of f(p) =0, supposing a alone to vary, then we have also
Sada = 0,
and as da is indeterminate these two equations give

allv or Vav=0... .. .. . e e (N

This vector equation 1s equivalent to two scalar equations, and these, combined with
J(p)=0 and @+ 1=0, will theoretically be sufficient to chmmate the three indeter-
mmate sealars mvolved in @, and so to give F(p)=0, the required cquation of the
envelope  This corresponds m ordmary Geometry of Three Dimensions to the finding
the envelope of a series of wurfaces whose common equation mvolves two arbitrary
constants, since @, with the condition Ta =1, contans only two indetermiates

5. Assuming then, m a biaxal crystal, the cxistence of thiee mutually perpen-
dicular™axes of elastieity (Gniffin's Tvact, pp 3, 4), take ¢, ), £ m their directions,
and let a particle of cther be displaced m the direction of =, where

=T . o (D),
and through a space ¢, In a wave-tront whose normal is «, where
@==1 et v O )
We have therefore S T | e o (3
The force of restitution called mto play 1s
t (e Sim + 0w + hSkw) = —tm v (4),

and the 1esolved part of this perpendicular to @ must be, on Fresnel's hypothesis,
perpendicular to the wave-front or | a.
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Hence o (@ViwSiz + b'VjuS)z + ¢ ViaSka) | a,
or @*SiwSiwa + B*SjwSjma + ShwSkma=0... ..c.ooe. v el (5),
or, by (e), 8. (Vwa + wax') (wt' + =) =0,
or Sdma’m =0, oiviiiiiiies et e (6),
or, by (3) or (5), N ETam =0 et vt e aee . (6)).

These cones of the sccond order (6) and (6') are cut by (3) in two common
generating hnes; and, if = be onc of these, the form of the equations shows that
wa 15 the other. Hence, for any given wave-front there are two dwections of wibra-
twn perpendicular to each other.

6. By (6) 8. w/ma’'=0
Hence a, «', and w/w are coplanar, and as = +a 1t 18 cqually mehmed to Via
and Vi'a.

For of I', K', and A be the projections of ¢, «, a on the umt-sphere, BC' the
great cuwele whose pole 18 A (AI'C and AK'B bemng arcs of great circles), we are

to tind for the projections of the values of & on the sphere pomts P and P, such
that 1f I'P be produced till 1§Q=172’, @ may he m AK'. Hence, evidently, CP=PB

or CFP =P B, which proves the above, since the projections of Via and Vi'a on the
sphere are points b and ¢ in B(", 90" distant from € and B respectively.
7. O1 thus Swa=0,
S.olV.a=d=0.
therefore azw=V.aV.a'nc’ (where z 15 a scalu)
=V.aV.aViex'

== VioxK —aS.aViwk',
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therefore Sk —z)w = ( +aSia) Sk'w + (¢ + aSk'z) S'w.
Operate by 8¢ and we obtain

(z + NdaSk'a) Si'w = {a* — (Sa)?} Sk'=

=T"ViaSu'=.

Hence, by symmetry,
Se'w TVia= Sim T*Vi'a
S'm Nk’ :

Si' o Sk'w

or TViat TViea =%
Y J O\ _
S5 (pyat Trea) =
and as Swa=0,

w=U(UViat UVKa) . R (M

The planes of polarization, therefore (whose normals on Fresnel's hypothesis are =
and wa respectively), bisect the ungles contained by planes passing through the normal
to the wave-front and the optic wies (¢, ')

8 The force of restitution (4) resolved along the direction of displacement 18
ta {a* (Sim) + b (Y= ) + ¢* (Ska)},
(9] —tw {0 (Srm) + ... = tow’
Hence the normal velocity of propagaton is
v=y[@(Stm)+ J=k =) T((w+od)=Tm.. . (8)
But . I*(lw+ o)== k) o' + 45w Sk's

_ ' et 2(S JKa)y .
=W F rEg vavea Y O

But (It =8 ViaVea=—V: ViaVk'a=(S Jka),
therefore TH(w+ )= =&Y F2(T+8). ViaVia. v o (9)

Hence, 1f v v/ be the squares of the velocities of the two waves whose vibrations
are perpendicular to «,
ni—vi=4( =) T. ViaVea
o™ -~
o s8I dasin k'a

Or, the diference of the squares of the velocities of the two waves varies as the product
of the sines of the angles between the mormal to the wave-front and the optic azes (¢, x)
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9. For the tangent plane to the wave-surface of Fresnel, we have theretore
Sap=—-v=—("=) "I (Vo+ox)=—Tm (10)’
w=U(UV/a + UVk'a) (7 -
at=—1 @)
From (10) and (7) we might ehmmate =, and so reduce the determination of the

required equation to an application of the method of 4. But, as this process would
lead to results of considerable complexity, 1t 15 advisable to take a ifferent course

10. It 18 easy to form dircctly the equation of the recwprocal of the wave-
surface, or the surface of normal slowness,

For the length of the perpendicular from the origm on the tangent plane to
Fresnel's wave 13, by (10), (8),
(K= T (dw + wx').
Therefore, 1if p be the vector of the pomnt i the surface of normal slowness which
corresponds to the tangent planc (10) to the wave,

Up=a .. .. .. <. (11,
;;IS=(1:"— T (Ve +wk) . . AN (12),
or, by (9), 7};, == ) = (=P TF2(T £ 8). ViaVi'al.
Hence (K= By == kP F2T+8) VipVip
(or, by an obvious transformation,)
=18 =) p)*+(TVip 7 IV .. . . (13)

We shall leave this result in the mecantime, in order to obtan the cquation of
this surface 1n a form independent of the (¢, «°) transformation

11. By the help of 3, 1t 15 evident that, sice by (3) ma 1s a vector, (3) may
be written thus
S. gwa=0 .. . . - (14)

Hence the equations for determining that of the surface of noimal slowness may be
written, rememberng (10), (11), and (12),

Swp =0

Nogmp=0 | . . o),
I's =1 &

Tslp =Tw

from which it 15 required to ehminate w. This we mght now proceed to do, but it
secms preferable to form for the wave-surface 1tself the equations correspondng to (15),
and we shall thus perform the ehmination for both surfaces at once
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12, With the present notation the equations, of the tangent plane to the wave,
and the conditions, are

Sap =-Tw (10)

Swa =0 3)
S wwa=0 (5 or (14! .. T ¢ ()}
a =-1 (2 ‘
= ==1 (1) )
Hence af d=da, = =dw,
Sdw =-Sw'a

S.dew=—Sa'mg— 8. w’as_l
Sa'a =0 i

therefore oaN.waVew = — d'Naw

=-maN w'ma—waN.waw —(V.almwSe'a =) wSawSe'a
But, by (10), Salp = ,[!! No'm,
and, by (1), Sa'w =0

Hence, by (A), « bemg a scalar,

am = ;,; Sew - {ma + Vaw| N wap — aSwpSaw . (1)
Operate by S =ma 0=—S.wap {me? — =] . ... .. . . (18)
Hence, generally, S.map=0 ... R (19).

Attendapg to (19), and operating on (17) by S.= and S «,

@ = Tgﬁ'ag l

2
0= S 4 Tamp e (20)
And (17) becomes o e = 71,2; —aSTp ot e e s (21).
Operating on (21) by S p, S pa, and S =p separately, we obtam
Smp =0 ... e e e (22),
N.map =0 ... C e e, (23),
S @Ep=0 ccvieis et (24).

From (22) and (23)
yp==zVaz.
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Operate by S.a
yI'w = 1I"Vawm.

...... S.=
Wap=—y B (by (20)= - eSeg;
therefore y = 1w,
and I"e=1TVaw,
theretore T*elp = 1aTVawm,
or Tplm=Twm ....... [

Put now for simplicity

therefore z=o0lw

and @ = n’:TgJ

And our system of equations, freed from differentials, becomes,

trom (22), Swp =0
(24), S @wp =0
(26), Tw =1

(26) and (25), Tolw = 'I'w’

...(26)

.27

A glance at (27) and (15) shows that the cquation of the Wave-Surface differs
fiom that of the surface of normal slowness mercly by the substitution of () for (=), &c.,
ot of 1/a, 1/b, 1/c for «, b, ¢ respectively . and hence, by (13), onc form of the equation

of the Wave-Surface 1s
(=P ={S(—x)pl*+(IT'Vip F TVkp). ..

. (28).

13 We may obtamn another form, which corresponds to the ordinary Cartesian

equation, m the following manner

By (27) uw = pVap

where u is a scalar,
= pNap — @p.

Operate by S.é wa? = (Sép) — @%p°
= Viap
But by (29) w = p*V:ap

= up'w*=u by (27)
Hence, « =1 and
w=pSdp — @p* ... ...
T.

..(29),



10 QUATERNION INVESTIGATIONS

Operate by S.:¢ A
Niw = Sip Sap — p*Stw.

But = :, vy (O,

therefore (l bzw Sip Sap,

and simlarly with j and &

(L.

Multiplying by Sp, Sjp, and Sko respectively, and remembermy that

SipSiw + SjpSjw + SkpSke = — Spw =0
by (27), we have
« (Sp)? + b (Yp)
@+pt " btpt

which m Cartesian coordinates 1s, at once,

[0 by
@ = b’— IR

(where 7 =2+ y* + 2*) the well-known form

It 15 evident that from (15) we mght have deduced fo
slowness an auxiliary equation sumlar to (30), viz

w = pSmp — wp? .
and thence found tor the equation of that surface

Spy . (Skpy
(S | (Ypy | (Skp):

T+ap 1409 1'+c-'p“=0

@),

the surface of normal

..(30",

. (31,

14 It may be mteresting to effect the ehmimnation of @ between (30) and the
fint equation 1 (27) without cmploying dircetly 2, j, & or ¢, x  For this purpose

operat® on (30) by S.p and S.p successively, and we obtain

Sw (p = pSpp + pp*) =0
Sw(p— pp* +pp)=0F.
Also Newp =0
Hence S.p(p—pSpp+pp?) (p—pp* +pp’) =0,
or S.ppp—pS ppp —SppS. ppp +p*S . ppp — S ppp=0 . . (32),

which, by the formule i 3, 18 casily reduced to Fresnel’s onginal torm

(24 2+ 28) @k By + 02%) — a2 (b + €)= b (0 o ) P — ¢ (a? + bY) 22+ e = 0,

if we put Sip=—a2, &c. and note that

S

Sﬂ.;gg =(a+b)(b+c)(c+a)
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15. Fresnels construction of the Wave by pownts.

By (27) S.éwp = 0.
This 18 equivalent to
No'ed =0
So'w=0F.
Sw'p = OI

Now these are the equations we should tind 1t we were to make Tw a maximum
or mmmmum under the two conditions To=1 and Swp =0, p bemng supposed constant,
1e. to find the greatest and least radn vectores of a diametral section of the ellipsoid
To=1 made by the planc Swp=0. Combming this with the two last cquations of
(27) we sce that 1 the ellipsoid, whose semwazes are a, b, ¢, be constructed, and f
through ats centre perpendwculurs be drawn to each dwmetral section, and thew lengths
be made equal to the semwases of the section, the locus of their extrematies is the Wave

And 1t 15 obvious fiom (15) that the suiface of normal slowness may be constiucted

in the same manner from the ellipsold T'& =1 whose semiaxes are 1/a, 1/b, 1/e.
P 124

16 These ellwpsnds are reciprocal — This 18 easily seen thus Tw=1, therefore
S&w’ =0, and hence the notmal » =x@. Operate by So

Swr=1=0sS0w6 =ve*=—x,
therefore V=m @ i e eee e e e e eeeans o ()
Hence for the reciprocal surface
T=@,
whenee T=0,
and therefore wt=wi=—1,
or Tes=1

[

17, Fresnel's surface of elasticity is constructed by taking on each vector from
the origm a portion proportional to the square root of the resolved part of the force
of restitution corresponding to a gwen dwplacement parallel to the vector

It then p be a vector of this surface, evidently

Tp=T Up,
or T ="Tp,
or finally TeMH=1 .. . .. ... RN ()]

Comparing this with Tw=1, 1t is clear that condirectional radun of the surface
of elasticity and of this ellipsoid are reciprocal in length, which gives one means of
constructing the former

2—2
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It is known also to be the locus of the foot of the perpendicular from the centre
on the tangent planc to the other clhpsoid T@=1. In fact by (u) v m the latter
s —a,

therefore v =(— @) =p of the required locus,
or pl=—a.

therefore P NH=-0,

and T(p~*)=1 as before.

The locus of the foot of the perpendicular from the centre on the tangent plane
to Tw=1 may smilarly be shown to have the cquation T(p~")=1, and to have with
To =1 condirectional 1adir of reciprocal lengths,

18 It may be proper to give the interpretations of some of the cquations
noticed incidentally in these processes.

(14) for mstance shows that @ + wa or that ma + =, that 18, the force of vestitution
Jor either direction of displacement m a plane front 1s perpendicular to the other
direction ; or, iterpreting 1t directly, the force of wvestitution, the duwrection of displace-
ment, and the normal to the front are coplunar, which latter 15, however, only another
way of expressing the condition from which (14) or (5) was obtamed

(19) shows that the rwy, the normal to the front, und the dwrection of wvibration
are coplanar, or, the direction of wbration s the projection of the ray on the wave-front
(23) throws the force of restitution into the same plane

(20) shows that the part of the force of restitution which s perpendiculur to the
wavefront s the product of the wave-velocty, and the projection of the ray-velocity on
the wave-front.

This 19 meluded in the two followmg which are given at once by (22) and (25).

)

The directwon of ray-pr

pagation s pery lar to the force of restitutron.

That force is proportional to the product of the ray-, and wave-, velocities.

19 The form (28) of the equation of the wave 1s well adapted for the cexhibition
of the cusps and ridges on which comical refraction depends

If we suppose for mstance
TVip="TVkp eeeer e e eereree creeeneeeaenas (33),
(28) gives at once
NEe=6)p=2 (K=t iei e civer s e e . (34),

or, the wave surface intersects the cone (33) in two cowcident curves on each of the
parallel planes (34), which latter therefore fouch the wave along those curves. That
the curves are curcles will be scen by putting (33) m the form

(%2 = 2) p? = (Snp)? = (Sep)? ... (33,
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whence, by (34),
P=FS0C+re)p..

the equations of two spheres passing throngh the centre of the wave, on which also
lie the curves 1n question

Taking the lower sign,

and therefore the vector of 1ts centre is + ‘:1 , and 1ts radus 18 7 L':

Also, as

—-SG—K)(t+a)=n—1¢,

the plane (34) (lower sign) passes through the other extremity of the diameter drawn
from the centre of the wave Hence diameter of circular ndge on wave

=TV.(c+x)U( ~x)

2TV |
= Y'(L;K)= tby 2}
_ V(= lﬁ)b\/(li‘ —¢) 35)

Also (33") may be put m the form
Ne+we)pS(—K)p=—(k=1¢)p’,
showing that the cyclic normals of the nternal cone are ¢+« and ¢—x These are
also evidently sides of the cone. And 1t 15 to be noticed that ¢—«f|¢’ onc of the
optic axes o1 lmes of single wave-veloeity.
The angle of the cone m the plane of ¢, « 15 evidently
cos =S . U—x)U(c+n)
K= . 9
T=-)T(c+x) tby 2}
b’l
TV (@ + ) =)’

=cos™!

= cos™!

which may be venfied by notmg that the optic axis of length b 1 the cyche
normal and terminates m the cirenlar ndge. Hence, angle of cone 1 plane of ¢, « 1~
V(e = ) v

W= by @),

tan~'.
which agrees with the above.
20 If m (28) we suppose p to comeide mn direction with ¢ or & we find only

one value of Tp U and Uk are therefore the lmes of single ray-veloaity It 1s
sufficient to consider one of them. Let therefore

po=rUu
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Then (k= vy=2a* {s,—(iz-,:—,f) b Ve U:}
- ;:‘ {(&* = Sek)* — Vi)
=—2* (¢~ 28k + 1),
K- . e
or = 7 (=) (taking the pogitive sign),
and therefore ;( = UL =bU. (by 2.

To study the nature of the surface near the extremity of this vector put
pP=p+=

Substituting 1 (28), and keeping only terms which contain the first power of T'w
(thus supposing T'w to be indefinitely small), we have casily
=8k + ) Siw — 8kw FIVikTVie=0 ...oooov cevninnnns (36),

which is evidently the equation of a cone ot the sccond order.

For the sides of this cone, which he in the plane of ¢, «, we sec at once that
Ve 18 one, and corresponds to the upper sign. Assume for the other v+ ¢Vix and

we find

2T Vue
Ti(—«x)’
The angle of the cone (in ¢, &) 18 therefore

cos? 8§ U Vi) U I:LVUC {T;A(ﬁt:vé) + l}]

— cos-. [ S. U{Tﬂz(r,m )t 1}-]

-1

=cos™'. W"‘_}
{ NI

—ac
=cos™ “ba(at+ ¢ — ) {by 2}

=

Equation (36) being written for a moment
S¥w=—VUm cvverenen vt e e . . (36",

it 18 required to find the equation of the complementary cone, or that whose sides
are perpendicular to the tangent planes to the former.
(36') may be written
S¥w + Suw = it

therefore S’ (888w + 1Siw — w¥) = 0.
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Hence sw= 888w + uSiw — w® or 888w —.Viw is a side of the new cone, as it is
obviously perpendicular to = and to =’

Therefore 8w = 818 88w ;
S
or Sw=ux ;!-—:——;’ H
Suw
80 that LVaw=m(SS;S—w);

therefore by (36)
SiwSw {(— &) + 288:8] — 0?8483 =0,

which, 1if we notice that

os_ 1% T (0 —«)
Sd="— T

s TuT (e —x)
and G- &= TV
it 18 not difficult to reduce to
NewS (¢ + 620 = 200} 0 — T2 (L —K)=0 .0 e el 37,

of which ¢ and (¢4« -2« are the cyche normals, These lmes are evidently
perpendiculm to the tangents at the cusp to the circle and cllipse m the section
of the wave by the plane of (i, &), since

N.w V=0,
. I'Vie | " =
and S {LVH‘—2‘T’(L— Py (e + x) e — 202} = 0.

21. The process m 20 gives the jfour cusps on the wave, but that in 19 gives
only two of the crcular 1dges. The others however are easily found by the con-
sideration that the clhipsoid equation, and analogously that of the wave-surface, retains
its form if the tensois of « and » be interchanged but their versors preserved

22. To find surfuces whose intersections with the wave touch the lines of vibration.

Let p’ be the tangential vector to such a curve of imtersection, then

pll=la by (26).

But Spw =0 by (27);
therefore Sp;_:’ =0,
whose integral 18 evidently
Tp=C,
a set of ellipsoid. tric with, simlar and ilarly situated to, Tw =1, that from

which the indes-surface was constructed.
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22, To find surfaces whose intersections with the wave cut the lines of wibration
at right angles.

Here evidently

'l wa.
But Swap=10,
therefore Spp’ =0,
or Tp=C........... B, (38).

This is the cquation of a set of spheres about the origin as centre, and we shall find
presently that their curves of intersection with the wave are spherical comcs.

23.  As before
o = pSap — @p® (30),

or (¢*+ p*) @ = pSap.
Operate by S.p(¢’+p’)“ and we have at once
Sp(e*+p)p=1.0cce. . . e e een(39),

the symbolical equation of the wave-surface, already referred to.

24. This may be put in the following forms -

S+t p(@ +pip=1,

or T +p)tp=v(=1),
or P_asp ¢ni pzp =1,
. . ¢ + 2 — b2
that igy p—a,gpi’ &ip,‘ﬁ =1,
h sp &
whence kp¢,+p,p-0 .................................... (40),
and finally V@ + ) P=0 i (41).

If we seek the imntersection of the wave with the concentric sphere (38), we find at
once, by (39),

Sp(¢'=Chtp=1,
a central surface of the second order, generally an hyperboloid, or
Sp(C¢* - 1) p=—p?,

the equation of a cone of the second order.
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25. Writing (39) in the form

8pa =1.ccciuiiiiiiiiiiiiiiiiiiiiieeaes ceeit e (42),

we have g = (" +p") ' p,
or P=(P+p) T it (43).
Differentiating, S(pa’ + p'e) =0,
and p'=(¢*+p*) o’ + 208pp’;
therefore o =(¢*+p) 7 (p' = 208pp). oot e (44),
and So (p' = 208pp’) + Sp'e =0,
or 28p" (6 —=po?)=0........ .. ... ... Ce e (43),
and if v be the reciprocal of the vector perpendicular on the tangent plane, let

aw=0—-port=aVpo........... e e (46);
we have aSpr =2 =1 - p'e*=V*o;
therefore v=a(Vpa)....... e e
Hence Sve = 0}
and S.vpa =0

which show, first that o is in the tangent plane, and second that it is coplanar with
v and p; o is therefore the direction of vibration, or

ollw, therefore ¢’a=¢,tﬂvp,pll ¢ ||l w,

whence (40) becomes Smp =0, (22), which shows that the eéuation of the wave 18 an
expression of the fact that the ray is perpendicular to the force of westitution. This
remark is due, I believe, to Sir W. R. Hamilton.

26. It may be noticed n passing that from (13) we should evidently find for
the index-surface

T=pSWP — WP eeiiiiiit i (48),
whence, as before, S.p(@2+p) TP =1 i (49),
the symbolical equation of the latter, which differs from that of the wave merely by
the change of ¢* into ¢-2, or of a, b, ¢ into 1/a, 1/b, 1/c.
Also from (38) and (14) we might at once deduce by a similar process
Ba(P*+ &) a=0.iiiiieinn s (50),
which in the ordinary notation is the well-known equation

» m? n

a—etp-ptap=
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27. Equation (46) is convenient for the investigation of the directi of the lines
of curvature at any point of the wave.

Differentiating, we obtain
av' + a'v=0q" = p'a® -~ 2p8ac’
But for a line of curvature (Quat. p. 598)
S.p'w' =0.

Operating then by S.p'v, we have
S.p' (¢ = po®) (¢’ — p'o* — 2p8ad’) =0,

or 0=28.p'co’ - 28.p'cpSaa’ —a*S. p'po’
=80p8S. p'oa’ —2804'S. p'ap — a8 . p'pa’
=8.a(pS.p'aa’ -~ 25'S.p'ap — aS.p'pa’)
=80 ('S . pad’ — 'S . p'ap).

(For p'S.pac’ =pS.0d'p’+aS.d'pp +3'S. pap);
therefore 0=_80p'S. pad’ + Saa’S . pap’=8.p'aa'Vpa.
Let (¢*+ p’)'o =1, aud substitute for ¢’ from (44),

0==S80p'S. pa (¢*+p°) (p' — 20Spp")
+ 87 (p' = 208pp’) S . pap’.
But p'+v; thereforc p =aa+yVpo
=0 + y0 suppose
Hence Spf = Saf =0.
Let (¢*+p*)0=pu; and therefore Sou=S6r. Hence

0 = a¥T0*S0r — 16567 — ayTaT6 {;,; S0u — IT" Sar}

-
Also p' =alaUc +yTOUS
Hence if 8 be the angle at which the line of curvatuie crosses o (the line of vibration)
tan 8 =" 5—:0 .
And with this the above equation gives
Io e Su ge Sor
0= l—tan‘ﬂ—tan/s__T.o_
tan 98 = 2 tan 8 270TaS6r

—tan?B " Te*S0p — T9:Sor

28 .(¢* + p)tUa (¢* + p") U Voo )
= (B AT Vo]t — (88 b gy Tlali +orroes oo ,
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which cannot = 0 unless

8br=8.par=28.p(¢*+p) 7 p($*+p*)p=0,

or, by 3, 1 1 1 | Sip Sjp Skp =0,
111
dt+pt B+ c+p |
[ 1 1 1!
L@ty ey @ o
or 111 | Sip Sjp Skp =0
' @ b ¢ -‘
Pat b oo

Hence the lines of curvature do not generally comcide with those of vibration.

Queen's College, Belfast, April 2nd, 1859.

3—2
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IIL

NOTE ON THE CARTESIAN EQUATION OF THE
WAVE-SURFACE.

[Quarterly Journal of Mathematics, August, 1859.]

THE equation of the wave-surface

AR =0 s s i s ) }
where P=a8F P42 (2) ,
may be written thus-
b%ﬁd-T,' O A S ®) } .
wherc‘; PI=a® 4 DY+ G2 (4)

I am not aware that this transformation has been given before. I was led to it by
a quaternion process, not however so simple as the obvious algebraic verification.

Of course the corresponding equations of the index-surface, or the reciprocal of (1)
with respect to

B AP H2=D e i e (5)

may be written

e L JO—— o
where M= P+ 2% s e (2)
or e 80 =0 e s @)

bo ™

P Y. 7 ’

where =t %—, H G e (4)
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These equivalencies give a very simple proof of the following theorem, due, I believe,
to Pliicker.

“The wave-surface 18 its own reciprocal with respect to an ellipsoid whose semiazves
are ¥/(bc), ¥/(ca), and /(ab).”

The equation of this ellipsoid is

bom, b,
and the reciprocal of (7) with respect to (5) is the point
E= bic 7' = &c.

Hence the reciprocal with respect to (5) of the reciprocal of (1) with respect to (6)

has the equation
e
3 = (BcE + &)

which is (8’) or the index-surfa.ce, proving the theorem in question.

+ &c. =0,

It 18 evident that the circles of contact on the wave correspond in this process
to the conical cusps; and indeed (6) cannot pass through a cusp unless (substituting
in (6) the coordinates of the cusp)

¢ -0 o BP-c
b asotaba—e "
or (b=a)(b—c)=0,
which can happen only in uncrystallized bodies or umaxal crystals.

The transformation (3) shows at once that the indez-surface may be changed into
the wave by « process of lineur deformation (i.e. of compression or extension in different
degrees parallel to the three axes), that in fact by which the ellipsoid

beat+cay +abz®=1 ... voiiiiin i (8)
. a?
is changed to ot z/a +3 b e S PO (6),

namely, by putting x/bc for «, &c.

Hence it is evident that the indea-surface is its own reciprocal with respect to the
ellipsoid (8)

The above 1s only one of a host of easily assignable transformations of (1).

Queen’s College, Belfast, May 27th, 1859.



22 [

III1.

QUATERNION INVESTIGATIONS CONNECTED WITH ELECTRO-
DYNAMICS AND MAGNETISM.

[Quarterly Journal of Mathematics, January, 1860 ]

1. THE following pages are intended to show, i the particular cases of the
mutual action of galvame currents, and of the forces exerted by permanent magnets
on each other, the superiority of the Caleculus of Quaternions over the ordinary
analytical processes of Geometry of Three Dimensions. I have followed therefore very
closely the method already employed for the action of currents, based as 1t 18 on the
seemingly legitimate assumption that the action between two elements of currents is
m the line joining them.

- . .
I intend to give, on another occasion, some more general quaternion investigations,
in which no such assumption 13 made.

A comparison betwcen the processes employed in this paper and those of Ampére
(Théorie des Phénoménes Electrody iques, &c., many of which are well given by Murphy
m his Electricity) will at once show how much 18 gained in simplicity and directness

by the use of Quaternions.

The same gain in simpheity will be noticed 1 the investigations of the mutual
effects of permanent magnets, where the resultant forces and couples ure at once
introduced in their most natural and direct forms.

Somewhat of the conciseness of the method 18 lost by the necessity of going
out of the way to prove results in Quaternions, a step which would not be requisite
if the Calculus were more generally known.
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2. Ampére’s experimental laws may be stated as follows-

I. Equal and opposite currents in the same conductor produce equal and opposite
effects on other conductors, whence it follows that an element of one current has no
cffect on an element of another which lies in the plane bisecting the former at right
angles.

II. The effect of a conductor bent or twisted in any manner is equivalent to
that of a straight one, provided that the two are traversed by equal currents, and
the former nearly coincides with the latter.

III. No closed circuit can set in motion an element of a circular conductor
about an axis through the centre of the circle and perpendicular to its plane.

IV. In similar systems traversed by equal currents the forces are equal.

To these we add the assumption already referred to (1), and two others, viz
that the effect of any element of a current on another is directly as the product
of the quantities of the currents, and of the lengths of the elements.

3. Let there be two closed currents whose quantities arc a and a,; let o, a
be elements of these, a being the vector joining their middle points. Then the effect
of @ on & must, when resolved along a,, be a complete differential with respect to
a (i.e. with respect to the three independent variables involved in a), since the
total resolved effect of the closed circuit of which o’ is an element is zero by III

Also by I, II, the effect is a function of T'a, Saa’, Saa,, and Sx'a,, since these
arc sufficient to resolve ' and a, nto elements parallel and perpendicular to each
other and to a. Hence the mutual effect .

=aa, Uaf (Ta, Saa’, Saa,, Soa)),
and resolved effect =aa,f SUa,Ua.

Also, that action and reaction may be equal m absolute magnityde, f must be
symmetrical 1 Saa’ and Saz, Again o (as differential of a) can enter only to the
first power, and must appear n each term of f.

Hence J=ASda, + BSaa'Saa,.

But, by IV, this must be independent of the dimensions of the system. Hence 4
18 of —2 and B of —4 dimensions in Ta. Under these circumstances,

7],—'& {ASaa,Sa’a, + BSad’ (Saa,)?}

18 to be a complete differential, with respect to a, if da=a’. Let A = C/Ta? where C is
a constant depending on the units employed Then

d <2_%¢i> = 'Tlia Sa,
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C
or B= foe
and the resolved effect
= (oo {(Saa,)’} ¢ Saa,

2Ta, W T —— (— a*Sa'a; + §Saa'Saa,)

= Caa, TS«;‘, o (S. Vaa'Vaa, + 4 Saa'Saa;).

The factor in brackets is evidently proportional in the ordinary notation to

(sin @ sin @ cos & — } cos @ cos 6').

4. Thus the whole force is
Caa,a (Saa,)’ Oaa..a (Saa’)’
d =5 dl )

2 Saa, Te |~ 28ad
as we should expect, dia being =a,. (This may easily be transformed into
ZCua,,Uadd (Ta),
(Ta)*

which is the Quaternion expression for Ampére’s well-known form.)

5. The whole effect on a, of the closed circuit, of which a’ 18 an element, is

Caa, [ @, ((Saa,y

therefore 2 f Sﬂﬂ;d{ T
Cau,, (aSaa, V.a Vaa’
e

between proper limits. As the mtegrated part is the same at both limits, the effect 1s

- C(w., Va,8, where 8= Vaq dea

and depends on the form of the closed circuit.

5. This vector B, which is of great importance in the whole theory of the
effects of closed or indefinitely extended circuits, corrcsponds to the line which is
called by Ampére “directrice de laction électrodynamique” It has a definite value at
each point of space, independent of the existence of any other current.

Consider the circuit a polygon whose sides are indefinitely small; join its angular
points with any assumed point, erect at the latter, perpendicular to the plane of
cach elementary triangle so formed, a vector whose length is w/r, where w is the
vertical angle of the triangle and r the length of one of the containing sides; the
sum of such vectors is the “directrice” at the assumed point.
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6. The form of the result of (5) shows at once that if the element a, be
turned about its middle point, the direction of the resultant action 8 confined to the
plane whose normal is B.

Suppose that the element a, is forced to remain perpendicular to some given
vector &, we have Sa, =0,

and the whole action in ite plane of motion is proportional to T'V.8Va,8.
But V.8VaB = —a,SB3.
Hence the action is evidently constant for all possible positions of a,; or

The effect of any system of closed currents on an element of a ductor which
18 restricted to a given plane 18 (in that plane) independent of the direction of the
element. [The force-component in the plane is §~'V.8Va,8=—8"a,885 1897.]

7. Let the closed current be plane and very small Let e (where Te=1) be
its normal, and let y be the vector of any point within it (as the centre of gravity
of 1ts area); the middle point of «, being the orgin of vectors.

Let a=ry+p; therefore a'=p’,
Vad' _ (V(y+p)p

Tat = T (y+py
Iv—,r,fV('Hp)P'{ + —TTY;}
to a sufficient approximation.

Now (between limits) [Vpp' =24e,

where A is the area of the closed circuit.

and

Also generally (see Art. (13))
[Voyp'Syp = § (SypVoye + v Vv [Vip')
= (between limits) AyVeye

Hence for this case B= —-(2 +3';,1;7€)

.

8. 1If, instead of one small plane closed current, there be a series of such, of
equal area, disposed regularly in a tubular form, let & be the distance between two
consecutive currents measured along the axis of the tube; then, putting ¢ =ze, we
have for the whole effect of such a set of currents on a,

o e )

Vaﬂ (between proper limits).

C’Aaa,
T2z
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If the axis of the tubular arrangement be a closed curve this will evidently vamsh.
Hence a closed solenowd ewerts mo influence on an element of a conductor. The same
s endently true if the solenoid be indefinite in both directions.

If the axis extend to infimty in one direction, and «, be the vector of the other
extremity, the effect
_ Cdag, }_’g,fy,.

2z Ty’
and is therefore perpendicular to the element and to the line joining it with the extremity
of the solenoid It 1s emdently wwersely as Ty and directly as the sine of the angle
contained between the direction of the element and that of the line joining the latter
with the extremity of the solenoid. It is also tnversely as wx, and therefore directly us
the number of currents in unit of the ams of the solenoid.

9. To find the cffect of the whole circuit, whose clement is a«,, on the extremity
ot the solenoid, we must change the sign of the above and put a; =+, therefore
c. P
effoct = — CAsa [Vowye
2 Toys®
an integral of the species considered m (5°), whose value 1s easily assigned mn par-
ticular cases,

10. Suppose the conductor to be straight, and indefimtcly extended m both
directions.

Let h¢ be the vector perpendicular to 1t from the extremty of the solenoid, and
let the conductor be iln, where T¢=Tp=1.

Therefore Yo=hE+yn (Where y is a scalar),
Voyyo=hy Vi,
to P
and tWe 1ntegral m (9) 18 th{f_w (71‘5;1;")7‘:’;%7;
_Cdaa,

The whole effect 15 therefore

Vag,

zh
and 18 thus perpendicdar to the plane passing through the conductor and the eatrematy
of the solenoid, and vares inversely as the distance of the latter from the conductor.

This 15 exactly the observed effect of an indefinite straight conductor on a
magnetic pole, or particle of free magnetism.

11. Suppose the conductor to be circular, and the pole nearly in its axis. [This
18 not a proper subject for Quatermons. 1890 ]

Let EPD (fig. 1) be the conductor, AB 1ts axis, and (' the pole; BC' perpen-
dicular to AB, and small n comparison with AE=h the radius of the arcle
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Let AB be ci, BC=0bk, AP =h(jx+ky)
a) _ fcos) 5., [cos
where y} - {sinj EAP= {sm} ¢
Then CP =ny=ci+bk—=h(juo+ky)
E

Fig 1

And the effect on C o

Voy'
Ty’
wh fo' {Ch - by) i+ @y + ik}

(c*+ b+ — 2th)‘

where the integral extends to the whole circuit.

»

11'. Suppose in particular C to be one pole of a small magnet or solenod CC’
whose length is 2/, and whose middle pomt is at (¢ and distant ¢ from the centre of the

<
conductor Let CGB=A. Then evidently
a=c+lcos A,
b=1IsinA.
Also the effect on C becomes, if ¢;*+ b+ h*= 42,

. 3hby | 15 hbiy? )
Aaf(?’{(h—by)z+c,:q+c.yk}{ +”1i* + 2) }i‘l_+"'\

h? 30 3e,bh 15 hbn
—7;(21— a7t o4ty gt >

since for the whole circuit [0y=2m 2,._,‘ (n e
fe'ymﬂ =0,
[G@zym=0.
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If we suppose the centre of the magnet fixed, the vector axis of the couple
produced by the action of the current on C 1s

IV (tcos A + ks A)f;’:y—y

1rh sin A . J’2_ 3b- 15 h’b‘_ 3¢,b cos é
42 [ 412 4T Arem! A
It A, &c. be now developed 1 powers of I, this at once becomes

whilsm A L, Ei_cl_fps__A_+ 15¢% cosA 3
T R (T+ 1y e+ ke

_3ksmA 15 hPsintA (c+lcosA)lcosA(1_aclcoqA)}

e R ¢+ &+ I

¢+ h?
Putting —! for ! and changing the sign of the whole to get that for pole (', we
have for the vector axis of the complete couple

4nhil sin A A 34— W) (4— 58 A) +&e
(ct+ hz)i i (c*+ 2y
which is almost exactly proportional to smA if 2c=h and I be small

On this depends Gaugain’s modification of the tangent galvanometer. (Bravais—
Ann. de Chumie, Xxxvi1L 309.)

12, As before, the effect of an indefimite solenod on a; 18
Cdaa, Vay
2 " Ty
Now suppose a, to be an clement of a small plane circuit, § the vector of the centre
of gravity of its area, the pole of the solenoid being orign
Fct y=38+p, then a,=p"

_ CAaa, [V.(3+p)p
"oz T8 +py

_CAdaq as,sse,)
= s @t Tw )

where 4, and ¢ are for the new crcuit, what 4 and e were for the former (7)

Whole cffect therefore

Let the new circuit also belong to an indefimte solenoid, and let & be the vector
jJomng the poles of the two solenoids. Then the mutual effect 13
(dAaa, [1 & 3888
o, j(’Tss*‘T& )
CAAaa, 8, o Us,
T 2w, (T T (T

a.r,
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which is exactly the mutual effect of two magnetic poles. Two fimte solenoids then
act on each other exactly as two magnets, and the pole of an indefinite solenoid acts as
a particle of free magnetism.

13. The mutual attraction of two indefimtely small plane closed circuits, whose
normals are e and e, may evidently be deduced by twice differentiating the expression
Us .

5 for the mutual action of the poles of two indefimte solenvids, making dé n one
ifferentiation ||e and m the other |e.

But 1t may otherwise be calculated directly by a process which will also give us the

couple mnpressed on one of the circuits by the other, supposing for simpheity the first to
be circular.

In fig. 2 let A and B be the centres of gravity of the areas of A and B,
e and ¢ vectors normal to their planes, ¢ any vector radwus of B, AB=4.

Fig 2.

Then whole effect on o', by (7),

A
“rgzer o e e e
{ Vo' kl + 3Sﬁa') + 3V;§Sﬂe (l 5_%[;17) BVOI"g,SJG 3 I{o’;;:ﬂe}
But, between proper limats, (0 bvmg now any constant vector)
[Va'nSba=—A,V.qVoe,
for generally [Va'nSa=—%(VnaSo + V.9V .0 |Vad').

Hence after a reduction o two we find the whole force exerted by 4 on the
centre of gravity of the area of B,

3(3+o’)b’(ﬁ+a’)e}

x ‘;,g {,8 (See, + ﬁ}gf/;sﬁe') + €SB + e,Sﬁe} .

This, as already observed, may be at once found by twice differentiating UB/TR
In the same way the vector moment due to A, about the centre of gravity of B,

. %J J’V.,(V 4 3Vo8585)

)
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These expressions for the whole force of one small magnet on the centre of
gravity of another, and the couple about the latter, seem to be the simplest that
can be given. It is easy to deduce from them the ordinary forms For instance, the
whole resultant couple on the second magnet

3V Be SBe
T(Vee+ >t
« 313‘ )
may casily be shown to comncide with that given by Ellis (Camb. Math. Journal, 1v. 95),
though it seems to lose in smplcity and capability of interpretation by such modifi-
cations

13. The above formule show that the whole force exerted by one small magnet
M on the centre of gravity of another m, consists of four terms which are mn order,

1st. In the line joumng the magnets and proportwonal to the cosine of their mutual
anclination.

2nd.  In the same line and proportional to five tumes the product of the cosines
of their respective inclinations to this line

3rd and 4th. Parallel to {;}} and proportional to the cosmne of the inclination of

M Lo
! } to the jowing line.
{m
All these forces arc m addition iversely as the fourth power of the distance
between the magnets.

For the couples about the centre of gravity of m we have—

Ist. A couple whose aais is perpendicular to each magnet and which is as the
sine of their mutual inclination.

2nd. A couple whose axis iz perpendicular to m and to the lne joining the
magnef§, and whose moment is as three times the product of the sine of the inclinatwn
of m, and the cosine of the inchnation of M, to the joumng line

In addition these couples vary mversely as the third power of the distance
between the magnets

These results afford a good example of what has been called the internal nature
of the methods and results of Quaternions, reducing as they do at once the forces
and couples to others indcpendent of any lines of reference, other than those ncces-
sarily belonging to the system under consideration

To show their ready appheability, I take a Theorem due to Gauss

If two small magnets be at right angles to each other, the moment of rotation
of the first 1s approzimately twice as great when the axis of the second passes
through the centre of the first, as when the azis of the first passes through the centre
of the second.
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In the first case ellB+e;
¢,
therefore moment =g T (e, — 3ee,) = 1, ,3' I‘ee,
In the second 6flB+e,
therefore moment I'CB’ Tee,. Hence the theorem.

14, Again we may easily reproduce the results of (13), if for the two small
circuits we suppose two small magnets perpendicular to their planes to be substi-
tuted. B is then the vector jomning the mddle points of thesec magnets, and by
changing the tensors we may take 2¢ and 2¢ as the vector lengths of the magnets.

Hence evidently the mutual effect

% U U U
“37[5(/3*'6—‘:)— T,(ﬁ—e -6)+ TQ(B—€+€:)— T,(B+e+e;),
which 18 eaaly reduecible to

588edN,
jB (bee, > €€ tBe’) + 6,88 + eSﬂe,} as before,

1,3» T3

if smaller terms be omntted.

If we operate with V ¢ on the two first terms of the unreduced expression,
and take the difference betwcen the result and the same with the sign of ¢, changed,
we have the whole vector axis of the couple on the magnet 2e,

3 Ve,B SBe

Vee+ ~ as before.
TR E

r'-l
g
15. A theorem which Ampere used for a time as one of his fundamental

expernments, 1s—A circular conductor cannot set wn rotation about its ams another
conductor of any form whose extrematies are wn that ams.

Let a, be an element of the circular conductor,

between proper lnmmts. And whole moment, about axis, of force on a, oc Say,

(Sa
o« (890 44 veen limits.
Tad
But at the extremities Saa, =0, since they he in the axis. Hence there is no
force tending to rotate the element o« about the axis, and consequently a, exerts
none to turn the moveable conductor.
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16. We might apply the foregoing formula: with great ease to other cases
treated by Ampwie, De Montfeirand, &c.—or to two finite circular conductors as in
Weber's Dynamometer—but in general the only difficulty 1s in the integration, which
even 1n some of the simplest cases involves Elliptic Integrals, &c., &e.

17  Quaternions give a simple method of deducing the well-known property of
the magnetic cuives.

Let A4, A’ (fig. 3) be two magnetic poles, whose vector distance =2a 1s bisected
m 0, QR an indefinitely small magnet whose length is 2p’, where p=OP. Then
evidently, taking moments,
Vptap _ Vip—a)p

'T—(?+.a)‘ - ‘T(p —a)
L)\
'
A 0 A’
Fig 3

Operate by §. Vap,
Sap’ (p + @) — Sa(p+ ) Sp’' (p +a) _

% {same with —a},

T(p+a) T
v P - ! . _
or S aV (P +a) U(p+a)=+ (same with —a},
16 * S.adU(p+a)=+ S adU(p—a),

S.a{U(p+a)+ U(p—a)} =const,

or cos OAP + cos OA’P = const .
the property referred to

Queen’s College, Belfast, October 31st, 1859
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IV.

QUATERNION INVESTIGATION OF THE POTENTIAL OF A
CLOSED CIRCUIT.

[Quarterly Journal of Mathematics, Oct. 1860.]

LET F(y) be the potential of any system upon a unit particle at the extrennty

of .
F=C v e e oo o (D)
15 the equation of a level surface.
Let the differcntial of (1) be
Sowdy=0 ... ... ... . L L L (2)

then v is a veetor normal to (1), and is therefore the direction ot the torce

But, passing to a proximate level surface, we have

S, w8y =8C.
Make &y = av, then —alvt = 8C,
o 5C

or ~Tv= T8y"

Hence v expresses the force in magnitude also.

Now by Art. 7 of my Paper on Quaternion Investigations connected with Electro-
dynamics (p. 25 above), we have for the vector force excrted by a small plane closed
circuit on a particle of frce magnetism the expression
A ( 37S'ye)

,

oy

o
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omitting the factors depending on the quantity of the current and the strength ot
magnetism of the particle.

Hence the potential, by (2) and (1),
1 3SydySye
acAny‘(Sed'y+ Ty *),

ASey
x -7—,';3- s
o area of circuit pm]ec,lt;;:l perpendicular to y

x solid angle subtended by circurt
The constant 15 omitted 1 the integration as the potential must cvidently vamsh for

mfimte values of Ty

By meany of Ampére’s idea of breaking up a hmte cirewmt mnto an mdefimte
number of indehnitely small ones, 1t 15 evident that the above result may be at once
extended to the case of such a finite closed circmt

Queen’s College, Belfust, February 22, 1860
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NOTE ON A MODIFICATION OF THE APPARATUS EMPLOYED
FOR ONE OF AMPERES FUNDAMENTAL EXPERIMENTS IN
ELECTRODYNAMICS.

[Proceedings of the Royal Society of Edinburgh, Feb 18, 1861.]

My attention was recalled by Principal Forbes’s note (read to the Royal Society
on January 7Tth), to his request that I should at leisure try to repeat Ampere's
expernment for the mutual repulsion of two parts of the same straight conductor, by
means of an apparatus which he had procured for the Natural Philosophy Collection
i the Umversity. Some days later I tried the experiment, but found that, on
account of the narrowness of the troughs of mercury, 1t was 1mpossible to prevent
the capllary forces from driving the floating wire to the sides of the vessel. I there-
fore constructed an apparatus i which the troughs were two inches wide, the arms of
the float bemg also at that distance apart. Making the experiment according to
Amptre’s method with this arrangement, I found one small Grove’s cell sufficient to
produce a steady motion of the tloat from the poles of the pile, i fact, the only
difficulty n repeating the expernnent hes in obtaining a perfectly clean mercunal surface

Two objections have been rawsed aganst Ampere’s terpretation of this experiment,
one of which is mtunately connceted with the subject of Prmcipal Forbes’s note. This
s the dufficulty of ascertamning exactly what takes place where a voltaic current passes
from one conducting body to another of different materal. It 1s known that thermal
and theimo-electric effects gencrally accompany such a passage. To get nd of this
source of uncertainty, I have repeated Ampére’s experiment i a form which excludes
1t entirely. In this forn of the experiment the polar conductors and the float form
one contimnuous metalhc mass with the mercury mn the troughs. the float being formed

5—2
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of glass tube filled with mercury, with its extremitics slightly curved downwards so
as to dip all but entircly under the surface of the fluid; and the wires from the battery
being plunged into the upturned outward cxtremities of two glass tubes, which are
pushed through the ends of the troughs so as to project an inch or two inwards
under the surface of the mercury A little practice is requisite to success in filling
the float and immersing it in the troughs without admitting a bubble of air. This
float, being heavier than the ordinary copper wire, plunges deeper m the fluid, and
encounters morce resistance to 1ts motion, but, with two small Grove's cells only,
Ampére’s result was easily reproduced, even when the extremities of the float rested
in contact with those of the polar tubes before the circuit was completed. It is
obvious that here no thermo-electric effects can be produced m the mercury, and I
have satisfied myself that the motion commences before the passage of the current
can have sensibly heated the fluid in the tubes.

The other class of objections to Ampire’s conclusion from this experiment, depending
on the spreading of the current in the mercury of the troughs, is of course not met
by this modification. I have made several experiments with a view to obviate this
also, but my time has been so much occupied that T have not been able as yet to
put them in a foom suitable for commumication to this Society
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FORMULAZ CONNECTED WITH SMALL CONTINUOUS DISPLACE-
MENTS OF THE PARTICLES OF A MEDIUM

[Proceedings of the Royal Society of Edinburgh, April 4, 1862 ]

ALTHOUGH most of the results deduced m this Note have been long known,
I venture to offer it to the Society on account of the extreme simphcity of the
analysis employed, and the consequent msight 1t affords us into the connection of
various formulz. I intend on a future occasion to give large further developments
especially bearing on physics. I employ the calculus of quatermons throughout, but
where some unusual expressions occur, I have given them in their common Cartesian
form, as well as 1 the quaternion one.

1. If Fp=Clvvrrris it e 1)
be the equation of onc of a system of surfaces, and if the differential of (1) be
Sovdp=0 coviiiiiiiiiiiiiiinin o C e (2),

v 15 a vector perpendwular to the snrface, and its length 1s tnversely proportional to
the normal dist two tive surfuces. In fact (2) shows that » 1s
perpendicular to dp, which 1s any tangent vector, thus proving the first assertion.
Also, since 1n passing to a proximate surface we may write

S vdp =3C,

we see that F(p+v18C)=0C+3C.

This proves the latter assertion.

It is evident from the above that if (1) be an equipotential, or an 1sothermal,
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surface, —v represents in direction and magnitude the force at any point, or the
vector-gradient of temperature. And we see at once that if
d d d

V=id—x+j@+kdz- ............................. (3),

.. @ d 4 .
giving Vis— dap Ty T e e e 3)y,
then v=VFp........ e e e e (4).

This is due to Sir W. R. Hamilton (Lectures on Quaternions, p. 611).

From this it follows that the efect of the vector operator V, upon any scalar
Sunction of the vector of a point, is to produce the vector which represents in magnitude
and direction the most rapid change in the value of the function.

Let us next consider the cffect of V upon a vector as

o=+ +kl. e (3).
We have at once Va=—(g£+3—;+% —i(gg—%)—&c.

and in this semi-Cartesian form it is casy to sec that—

If o represent a small vector displacement of a point situated at the extremity of
the vector p (drawn from the origun)

8.Va represents the consequent cubical compression of the group of points in the
inity of that idered, and

V .Va represents twice the vector azis of rotation of the same group of points.
. d d d
Similarly 8.oV=—~ (E &t dy + {a;> ==Dy vcvrviinr i ),

or s equivalent to total differentiation in wirtue of our huving passed from one end
to the other of the vector o.

The interpretation of V' oV is also easy enough, but 1t is not required for the
present investigation.

2. Suppose we fix our attention upon a group of ponts which originally filled
a small sphere about the extremity of p as centre, whose cquation referred to that
point 18
Tw=€ocecooririiinreririnineeeeen e 8).

After displacement p becomes p + o, and by (7) p + © becomes p+o+0—(S.0V)o.
Hence the vector of the new surface which encloses the group of pomts (drawn from
the extremity of p + g), is

0, =0 = (8. 0V) 00t [P (9).
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Hence w is a homogeneous linear and vector function of e,; or

0 = ¢w,
m Sir W. R. Hamilton’s notation, and therefore by (8)

T, =€ueverenrannnn e s ——— (10),

the equation of the new surface, which is evidently a central surface of the second
order, and therefore, of course, an ellipsoid (Cauchy— Ezercises, vol. 11.).

We may solve (9) with great ease by approximation, if we remember that To is
very small, and therefore that in the small term we may put o, for w—i.e. omt
squares of small quantities; thus,

o=w,+ 8. oV)a . .. . Ceveen e (1)

Or if we choose we may obtain the exact solution very ea.sll'y Operating on (9)
with 8.4, S j, 8.k, we get

Siw, = Sw (i + VE), &e. =&
Hence  wS.(G+VE) G +Vn)(k+YE) = V.(j+Vn) (k +VE) Siw, + &

From this we may easily verify the former expression by omitting products of £, 7, &

Thus w(—l—h):[i(l+h)—$:] Sia, + &e + &e,
_dE_ dn_d¢
where T de + dy + dz’
, . do .
Or = — (1w, + &c.) + (8 w,z)&+&c
=w, +(S.w0,V) 0, as before......... ... C e s,

Thus 1t appears that the equation of the ellipsoid may be written

T{w+SoV)a}=e... . .. ... e ... (10)

3 The differential of this equation 1s
S {@ + (SwV) ¢} {do + (SdwV) ¢} =0,
whence, omutting the sccond order of small quantities, the normal vector 1s
o + (SwV) ¢ + VSwa.
To find the axes we must therefore express that the normal 15 parallel to w, or
po=(8wV)o +VSws . .... . .. v e (12),

where p 18 an undetermined scalar.
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The most obvious method of solving this equation is to operate in succession by
8.4, §.j and S.k We thus obtain,

pliw = SwVSic + $iVSwa,
&e. = &e.

. . d
Or, remembering (5), S.w (In +VE+ ag) =0,

p is therefore a root of the equation
8. (pi+ VE+ )(pJ+Vn+dy)(pk+V:+ 7)=0

or, as it may evidently be written,

dg  df dn dE dE |
PH2G LRg gt [T 0 13).
dt | dn oy dt
Gtae Py mtay
dE dt  dy . dt at
wte @tdy Pria

A value of p having been found from (13), the direction of the corresponding axis
1 given by

w![V.(pt+Vf+3§)(]+Vn+ZJ) ........................ (14).

3a. As a very simple example of distortion, suppose p to represent the position
of each particle with regard to a centre attracting according to Newton’s law,
and let o the vector of distortion be a small constant multiple of the vector force.
Then

m
= C (the potential).

Hence a‘="71',:lJ ?, where g is very small,

gmlp+o)

. when p becomes p+o, p+w becomes p+ o+ Th+ay Tw is exceed-

ingly small, this may be written
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Hence o, =w + “,’% (w +3p ,,Sj%?) , and an originally spherical surface Tw =e (8) becomes

after distortion approximately

( S
T «{w —-‘%% (@+ 3p ;’P’fj} =e,

a spheroid of revolution whose axis is p, as indeed 13 evident.

4. In this latter case we sce at once that VVo =0, and it is easy to show
that in general, if the small displacement of each pownt of « medium is in the direction
of, and proportional to, the attraction exerted at thut point by any system of masses,
the dusplacement 15 effected wnthout rotation. For if Fp=C be the potential surface,
we have Sodp a complete differential—ie, 1 Cartesian co-ordinates &dw + ndy + ¢dz
18 a differential of three independent vamables. Hence the vector axis of rotation

T (%—-:g) + &c., vanishes by the vanishing of ecach of 1ts constituents, or VVa =0.

Conversely, if there be no rotation the displacements are in the direction of, and
proportional to, the normal vectors to a series of surfuces.

For 0="V.dpV Vo =(8dpV) ¢ — VSadp.

Now, of the two terms on the right, the first 15 a complete differential, since
it may be written — Dg, o (see (7)), and therefore the remaiming term must be so.

Thus, in a distorted system, there is no compression 1f
8Ve =0,

and no rotation if VVe=0; and evidently merely transference if o=a, a constant
vector, which is one case of Vo =0.

In the important case of o =¢VFp there 18 evidently no rotation, since Vo =eViFp
is cvidently a scalar. In this case, then, therc arc only translation and compression,
and the latter is at each pomnt proportional to the density of a distribution of matter,
which would give the potential Fp. For if » be such density, we have at once
V:Fp = 4mr (see (8)). This suggests a host of physical analogies which we cannot
enter upon at present.

5. Kecping still to the meanming of o as the vector of displacement, as we have
seen that Vo =g+, where s 1s the condensation of the particles near the extremity
of p, and ¢ the doubled vector axis of rotation of the group—we may apply the vector
operation a second time. Thus,

Vig=Vs+Vs

Now, our former results enable us to assign meanings to these expressions. Vs
is the normal-vector to any of the surfaces of equal condensation. The scalar and

T 6
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vector parts of V. represent the compression, and the doubled-axis of the rotation,

quent on the displ t of cach point through a space represented by « Also
it is easy to see that Vig 18 a pure vector. Hence
8.YVVa=0.

If therefore there be two simular media, and the particles of one be slightly dis-
placed in a continuous manner—the particles of the other being displaced through vectors
proportional to the rotations at each pownt wn the first mass—this displacement takes
place without condensation.

And, as VVVs=0, we have the other result, that if the particles of the second
medwum be displaced through wvectors representing the direction and rate of most raprd
change of compression w the first, such displacement will take place without rotation
But this is merely another way of stating the first proposition mn 4.—(Compare
Thomson, “On a Mcchanical Repr tation of Electric, Magnetic, and Galvanic Forces”—
Cambridge and Dublin Mathematical Journal, vol. 11.; and Maxwell, “On Physical Lines
of Force ”—Philosophical Magazine, 1861—62.)
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VIL
NOTE ON A QUATERNION TRANSFORMATION.

[P1oceedings of the Royal Society of Edinburgh, April 6, 1863.]

THE following paper gives an idea of the natuie of the physical applications of
quaternions to which I referred m a previous note [VI. above], but which other
avocations have, as yet, prevented me from developing mto a form and bulk suitable
for publication m the Society’s Transactions The equations I now give form the
basis of the investigations m question, which I hope to present tq the Society in
detail on some future occasion.

1 If the vector of any pomt be denoted by

p=tw 4 y+ks i i s (1),

there are many interestmg and 1mportant transformations depending upon the effects
of the quaternion operator

upon various functions of p. When the function of p 18 a scalar, the effect of V is
to give the vector of most rapid increase. Its effect on a vector function is indicated
brietly in my former note.

2. I shall commence with one or two very simple examples, which arc not only
interesting, but, as we shall see, very uscful mn subsequent transformations

Vp=(i(%+&c.)(n+&zc.)=-—3 e 3),
6—2
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_(; & y_ iztjytke _p _
VTp= (@ it &c.) @y opa ot /S ),
V(Tey=n(Tp) . VTp=n(Tp)" 2. p.eeerrerrereeiireerncnennad (3),
L __ sy
and, of course, v @y = " UTpywia reeessesssemsemsssessssssssennense (5),
1 Uy
whence v 7 =- 71%, =- Tlf; ..................................... (6),
21 __gUp_
and, of course, v: T,= -v Tp= 0 ittt e (6
Also, Vo==83=TpVUp+VTp.Up=TpVUp-1,
. 2
therefore VUp=- Tp e, (7).

3. By the help of the above results, of which (6) is especally useful (though
obvious on other grounds), and (4) and (7) very remarkable, we may easily find the
effect of V upon more complex functions,

Thus VSap=—V (az+ &C) == turerrererriiiiins cerieees ceennins (8),
VVap=—=VVpa=—V (pa—82)=8a—a=2a .c0.eeerrrrrrnnn. 9).
Vap _ 2« _30Vap _ _ 2ap’+3pVap _ap’—3pSap
Hence] v T =T~ T - T e (10).
. Vap _ p*Sado — 3SapSpsp Sadp  3SapSpdp Sap
Hence S. SV[‘_ l'f;"—_——Tp"_—I'p—_—sTp’ ......... (11).

This is the principal transformation alluded to in the title of this note. By (6)
1t can be put in the sometimes more convenient form

N5V 728 V"” = 554V %p .................................... 2).

And 1t is worthy of remark that, as may easily be seen, S may be put for V 1n the
left-hand member of the equation. [This follows at once from K (ap)=pa. 1897.]

We have also

YV Bpy =V {BSyp — pSBy +yS8p} =— ¥8 + 388y — By =8By ..ccvenrns (13)
Hence, if ¢ be any self-conjugate linear and vector function of the form

PP =SV . Bpy+Mpueiiiniiiiiiiiiiiiriieniieies e (14),
then Vep =8By ~3m =8calar .......cccovvrerrurierninns ool (14).

Hence, an integral of
Vo =scalar constant, 15 o =¢p...c.cccrerriiininiinniiinnd (15).
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If the constant value of V& contain a vector part, there will be a term of the
form Vep in the cxpression for o, which will then express a distortion accompamed
by rotation.

Also, a solution of Vg=a (where ¢ and a are quaternions) 15 ¢ = St + Vep + ¢p.

It may be remarked also, as of considerable importance mn physical applications,
that, by (8) and (9), V(S+3V)ap=0, but I cannot cnter at present nto details on
this point.

4. In this brief note, I shall not give any more of these transformations, which
really present no difficulty, but I shall show the ready applicability to physical questions
of one or two of those already obtained, a property of great importance, as it may
now be asserted that the next grand extensions of mathematical physics will, in all
hikelihood, be furnished by quaternions.

Thus, if o be the vector-displacement of that point of a homogeneous elastic sohd
whose vector 1s p, we have, p being the consequent pressure produced,

Vp+Via =0 oervriees o e ...(16),
whence S88pVia = — S8pVp = 8p, a complete differential. . (160
Also, generally, p=kSVa,

and if the solid be incompressible
SVo =0ueieeiiiiiiiiiiniann

Thomson has <hown (Camb. and Dub. Math. Journal, 11 p 62), that the forces
produced by given distributions of matter, electricity, magnetism, or galvamec currents,
can be represented at every point by displacements of such a sohd producible by
external forces. It may be useful to give his analysis, with some additions, m a
quaternion form, to show the insight gained by the simpheity of the present method.

Thus, 1f Sedp =38 lp, we may write each equal to — S8V ZI'P This gives
1
e=-V Tp

the vector-force cxerted by one particle of matter or free electricity on another. This
value of o evidently satisties (16)* and (17).

Agam, if S. 8pVo=8%?,’:, etther is cqual to

—~8.8V V;” by (11).

Ty

Here a particular case is ¢=——g:—’:, which [IIL above, § 12] is the vector-force

exerted by an element « of a current upon a particle of magnetism at p.
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$ —
Also, by (10), V IT’;f=2— T:i _5&5'5; , and the same paper shows that this is the
vector-force exerted by a small plane current at the origin (its plane being perpen-
dicular to @) upon a magnetic particle, or pole of a solenoid, at p. This expression,
being a pure vector, denotes an elementary rotation caused by the distortion of the
sohd, and 1t 15 evident that the above value of o satisfies the equations (16), (17),
and the distortion is thercfore producible by external forces. Thus the effect of an
element of a current on a magnetic particle is expressed directly by the displacement,
while that of a small closed current or magnet is represented by the vector-axis of
tho rotation caused by the displacement,

Sap

Tp**

It is evident that o satisfies (16), and that the right-hand side of the above equation
may be written

Agam, let S8pVir =8

Vap
- 8.8V T

Hence a particular case is V¢=—-E;;E, and this satisfies (17) also Hence the
corresponding displacement is producible by external forces, and Vo 1s the rotation
axis of the clement at p, and is seen as before to represent thc vector-force cxerted

on a particle of magnetism at p by an element a of a current at the origin.

It 15 interesting to observe that a particular value of o 1n this case is
a
=-3V -
T 3VSaUp 7p’

as may easily be proved by substitution.

. 3 Sap
Agam, if Sdpa =—138 Tp
. Sap
we have evidently o=V T
Now, as Sap is the potential of a small magnet a, at the origm, on a particle

Tp
of fice magnetism at p, o is the resultant magnetic force—and repiesents also a possible
distortion of the elastic sohd by external forces, since Vo = V?e =0, and thus (16)' and
(17) are both satisfied
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ON THE LAW OF FREQUENCY OF ERROR.

[Transuctions of the Royal Society of Edinburgh, Vol. xx1v.
Read 3rd January, 1865.]

1. IT has always appeared to me that the difficulties which present themsclves
1 nvestigations concerning the Frequency of Error, and the deduction of the most
probable result from a large number of observations by the Method of Least Squares
(which 18 an immediate consequence of the ordinary “Law of Error”), are difficulties
of reasoning, or logic, rather than of analysis Hence I conceive that the elaborate
analytical 1nvestigations of Laplace, Poisson, and others, do not in anywise present
the question in its mtrinsic simplieity. They seem to me to be necessitated by the
unnatural point of view from which theiwr authors have contemplated the question. It
18, undoubtedly, a difficult one, but this 18 a strong reason for abstaining from the use
of unnecessarily elaborate analysis, which, however beautiful in itself, does harm when
it masks the real nature of the difficulty it is employed to overcome. I becheve that,
so far at least as mathematics is concerned, the subject ought to be found extremely
simple, if we only approach it in a natural manner.

2. It occurred to me lately, while I was writing an elementary article on the
Theory of Probabilities, that such a natural process might possibly be obtained by
taking as the basis one of the common problems in probabilities, viz.—To find the
relative probabilities of different combinations of mutually exclusive simple events in the
course of a large number of trials.

3. In fact, this 1s really the basis of Laplace’s investigation, an elegant, but very
troublesome piece of analysis, With the view, apparently, of attaining the utmost
possible generality, he considers an crror to be made up of an infimte number of



[

starting, that these

nother, which is, to

result finally arrived

given finite error is

ntributions, combined

~wow, thougn 1t 1s not a harsh

umte effects should be, in certain cases, the results of

.active operations with infinite quantities, 1t does appear unlikely in

wue exureme, that fimte effects should be due to such operations in a far greater measure

than to operations with fimte quantities It is true that Laplace subsequently shows

that the same law will be arrived at by assuming any law of probability for the

contributions to the error from each separate cause, provided positive and negative errors

of equal amount are equally likely, but it is the complexity, not the sufficiency, of his
processes, which I think requires attention.

4. Gauss' mvestigation 13 founded on the assumption, that the arithmetical mean,
of the results deduced from equally trustworthy observations, is the most probable value
of the quantity sought So far as I can see, Elhs* has satisfactorly shown that this,
however apparently natural, 1s not justifiable as an & priori assumption In fact, it
would seem that we have no mght to assume that, because errors of equal magntude
and opposite signs are equally hkely, their sum will vanmish m a large number of trials,
any more than that the sum of their third or fifth powers will vamsh Why the first
powers should be chosen, appears to anse from the extreme simphcity of the requisite
operations; yet, though complexity of calculations is undesirable, it must be submitted
to, if necessary for the evolution of truth. The principle of the arithmetical mean has
been adopted, among a multitude of others equally likely, just as we might suppose
a calculator to insist on gravity varying as the direct distance instead of 1ts inverse
square, on the ground -that the problem of Three Bodies would then become as simple
and its solution as exact, as they are now complicated, and at best only approximate.
“La nature ne sest pas embarrassée des difficultés d'analyse, elle wa évitdé que la
complication des moyens,” in the words of Fresnel.

5. It is with some hesitation that I communicate the present paper to the Socicty;
for 1 have not devoted much time to the study of the Theory of Probabilities; and
I know well how easy it is to fall into the gravest errors of reasoning on such a subject,
from the fact that D’Alembert, Ivory, and many others, have published investigations
and proofs (sometimes 1n 1ts most elementary parts), which are now seen to be entirely
fallacious.

6. I proceed to show how I think the principle, above (§ 2) enunciated, may be
applied. The most direct method would be, of course, to assume any one set of causes
of error whatever, and to determine what will, in the long run, be the chance of each
separate amount of error as due to their joint action. Supposing this to be determined,
let us try to combine the probabilities of error from any indefinite number of scts of

* Cambridge Phil. Trans, v p. 205.
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possible causes; and, if this process should lead to a defimte law of error, such will
be the law to which, by an inverse application of the Theory of Probabilities, we should
expect each separate observation to be subject. But this process, which is analogous
to that of Laplace, though not identical with it, cannot easily be carried out, for it
essentially involves in its first steps the assumption of a law of error which it is the
object of the investigation to determine. We must try a less direct method.

7. We shall, thercfore, investigate what must be, in the long run, the chance
of any combination whatever of independent events, and consider the deviation of this
combination from the most probable combination as the Error, and the ratio of its
probability to that of the most probable combination, as the function which expresses the
Law of Error. If we find, as we proceed, that the law thus arnved at, is (in jform
at least) totally independent of the number, variety, &c., of the several simultaneously
acting causes, we shall thus have a very strong argument in favour of the correctness
of the process; whose real difficulty, be 1t remembered, 1s logical and not mathematical.
The mathematical processes to be employed below are, of course, known, and will be
found in most treatises on Algebra; but, for the present application, 1t will be
convenient to put them in a form shghtly different from the usual one.

8. Taking the simplest case, let us suppose a bag to contain white and black
balls, whose numbers are as p:gq, where p+g=1. The chance of drawing a white,
and B black, balls in n(=a+B) drawings, replacing before each drawing, and dis-
regarding the order in which they appear, 1s

li?/; PP e [T (1)

This is a maximum, when a: 8 :: p: ¢, which, when n is mdeﬁmtely great, can
always be exactly attained. Thls maximum value is

pn qn ‘pl'"q"" .................. reen e e e e (2)
The ratio of these two numbers is
n!
a,g, D o LN (3).

Now, according to the principle above assumed, we must treat a—pn, the deviation
from the most probable result, as measuring the error in some observation, while the
expression (3) measures the probability of 1t, as compared with that of the most
probable result. To introduce the ordinary notation, let # be the error, and y the
(indefinitely small) probability of that error, then, 4 and m being constants,

Q= PR =M ervrnerrainernienreiseeiieneinienonennes (4),
while y may be expressed as the product of (3) mto d, that is, by (4),

1 !
y=4 pn_qn Il R —— ).

prn+mzlgn—m
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When n is a large number, the value of this is easily found from Stnling’s Theorem,
viz,

1.2.3.. n=n! —~/.!7rn“"‘*s‘”(l+%+&c)

where the inverse powers of n may be neglected if n is large For (5) thus becomes
A p")pﬂ+i+mt (qn)qnﬂ—mz
y= (p" + "L‘T)pni-mz+] (qn — /nu)qn-mz-i’g

1
=4 ——T Tl
2\ P+ inz+ n—Inz+i
(1 ma.) (1 mz\ e

p~u - =

Y
Hence,

ma

logy— logA=—(pn+mw+x})logkl+—~\ (qn-m.a+1})log( nn)

qn

mz  mia?  mird
== (pn+mz+4%) {:mi = o + 3 - &c}

—(qn—mz + :}){

mia? (1 1\ m2* /1 1y mézt/1 1
(R (DG

ma _ ma? m’a,“__&
qn 2w 3g'n ¢

P g/ 6t \pt ) 1200 \p ¢
_mz (1 1 miz* 41 |1
271 (1—’—5>+ 4 (;,+q,)+&0.

The first term of this expression is finite when mz is of the order 2*; and in this
case the other terms in the first lhine are infimtely small, bemg of the orders
n=3, n71, &ec. respectively. The latter remark applies to the second line of the ex-
pression, which depends upon the } in the exponents. When me is of an order
higher than n}, it is obvious from the undeveloped form that the expression must
be infinitely large, and negative. Hence, generally, we may neglect all but the first
term, and we have therefore

migd

y= Ae

..8),

which is the ordinary expression

9. This shows that, as is well known, the chance of a result differing z from the
most probable combination 1s, in this very simple case, represented by a number propor-
tional to e~#** times that of the most probable event. But if we now consider, not one
but, any number of causes conspiring to produce the observed result, we find that the
law is still precisely the same in jform, and this whether the most probable event be the
same as regards each cause or mot. And it is this fact which appears completely to
justify the proposed method of regarding the question.



vm.] ON THE LAW OF FREQUENCY OF ERROR. 51

10. For, if the various causes all tend to produce the same most probable event, its
probability will be, by (6),
B=Ad,4,4,... Ayeeoveveviinininiiiiiiiiniriean (7),

while that of a result, whose error is #, will be
Y=Yals oo Yo= R~ rtimt TS gemM e 8)
(where M= p + po+ps + ... + ),
which is the same form as (6).

If the most probable result, as depending on the several sets of causes, be different
for each, the formula (6) becomes, for any one cause,

y=Ae P e ceveee(9),
where 4 is the (small) chance of the most probable result, which is, of course, #=1.

The chance of any particular value of z, as due to the simultaneous action of all
the causes, is now

y=d, . A hEM = T (10),
which may, of course, be put in the form
:y-ﬂe"M("r)2 ................................ P (11),

where the most probable result is now

ac-I‘=’u"7‘+"W’+'" +my
ot et

while A=A,.. A '+ Fuyl) M

(where, as before, M = p, + po+ ... + )
is 1t3 probability.
If we take this as our pomt of departure for the error #, we must write z for
-1, and we have
Y= M s e evrreeeees (12),

for the form of the law of error, which is precisely that of (6) deduced from the simplest
conceivable case.

11 Another remarkable confirmation of the vahdity of the process suggested above,
is to be found mn the fact that not only are the curves expressed by equations such as
(6) and (9) compounded, by multiplication of corresponding ordinates, into another of the
same class, whatever be the positions of thewr axes of symmetry, but that the same
principle holds good m three, four, &c., dimensions also

Thus, any number of hills on the plane of zy, represented by equations such as
e=de#lE=aP+ =B 13),

give, by multiplication of their corresponding ordinates, another hill of the same general
form, the values only of the constants being changed

7—2
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[Many curious geometrical results may be derived from this construction. One of
the most singular is the fact that the projection on zy of the line of intersection of any
two surfaces whose equations are of the form (13) is a circle, and that another such
surface (viz., that whose ordinates arc mean proportionals between those of the former)
can be described, passing through the curve of double curvature of which this circle is
the projection But, besides being foreign to our subject, these thcorems follow at once
from well-known propertics of circles.]

12. Returning to equation (12), it is obvious that & and M must be conneected,
since we have to satisfy the condition that the probability that the error lies between
infinite positive and negative limits is certainty. Hence, as we may write

RAe MP8z iiiiiiieiies seeraernatneraernnarand (14),
for the chance that the error lies between « and « +8z; we must have
+2
af P T (15).
o .
But we know that f e Vdy=+vm,

which reduces (15) at once to the form

a J%:l ........ RPN ¢ 1) §

the required relation.

18 It is obvious from (12) that large errors have less probability when M 18
large; that is when A is small, if we put

1

M=F'

Hence h becomes an indication of the comparative accuracy of the process whose errors
we are testing, and it 15 thus desirable to retain it in the expression for the law
of error.
1
By (16) we have A=—r,
y (16) e
and therefore, by (14), we obtain
3

1w

h N

for the chance that the error lies between « and z+ 8z, the usual expression.

oz,

14. It only remains that we give an idea of the accuracy with which this law of
error is approximated to, in cases such as we have assumed as the basis of our reasoning,
even in a very small number of trials. For this purpose we take the case of 20 tosses
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of a coin. Here the most probable result is, of course, 10 heads and 10 tals, and the
chances of the various possible combinations are the terms of the expansion of

(l + 1)”
272 °
If we erect these as ordinates at successive distances, cach cqual to umt, along a line,
we may graphically represent their relative values by a curve drawn, liberd manu, through
their extremities. The area of this curve will evidently approximate to unity, which is the

exact value of the sum of the areas of the rectangles of unit breadth, each of which
15 bisected by one of the ordinates laid down from the expansion.

To find the corresponding curve of error, notice that the maximum ordinatc is

20.19..11 1 _ 184756 _
1.2..10 " 25— 1048576 ~ " 1762

Taking this as the value of h—l_ we have for (12) the expression

v

= 1 10258
Y=ggp5e e et e (17).

The following table shows a few of the values of y from this formula, compared
with the corresponding terms 1n the binomial: it is sufficient for our purpose, as it
would not be worth while to take the trouble of calculating the areas of the curve of
error corresponding respectively to the rectangles above mentioned.

z y from (17) y from Binomial Difference
0 01762 01762 00000
1 01598 01602 - 00004
2 01193 01201 - 00008
3 00733 00739 — 00006
4 00370 00369 + 00001
5 00154 00148 + 00006
6 00053 00046 + 00007

15. Nothing 18 better calculated to show the general soundness of the method we
have adopted in this paper, than the fact of the excessive closeness of the above
approximation : the case having been specially chosen as one in which we could hardly
have expected more than a rude rescmblance to the law of error.
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IX.

ON THE APPLICATION OF HAMILTON'S CHARACTERISTIC
FUNCTION® TO SPECIAL CASES OF CONSTRAINT.

[Transactions of the Royal Society of Edinburgh, Vol xxiv.
Read 20th March, 1865.]

1. ONE of the grandest steps which has ever been made in Dynamical Secience
is contained in two papers, “On a General Method in Dynamics,” contributed to the.
Phulosophical Transactions for 1834 and 1835 by Sir W. R. Hamilton. It is there
shown that the complete solution of any kinetical problem, mnvolving the action of a
given conservative system of forces, and constramnt depending upon the reaction of
smooth gwiding curves or surfaces, also given, 1s reducible to the dctermination of a
single quantity called the Characteristic Function of the motion. This quantity 13 to
be found from a partial differential equation of the first order, and second degree,
and 1t has been shown that, from any complete ntegral of this equation, all the
circumstances of the motion may be deduced by differentiation. So far as I can
discover, this method has not been applied to inverse problems, of the nature of the
Brachistochrone for instance, where the object aimed at is essentially the determina-
tion of the constramnt requisite to produce a given result. It 1s easy to sec, however,
that a large class of such questions may be treated successfully by a process perfectly
analogous to that of Hamlton, though the characteristic function mn such cases 1s
not the same function (of the quantities determining the motion) as that of the
Method of Varyng Action.

2. It 15 unnecessary to enter into any great detail with reference to the present
subject, because any one who is farmbiar with Hamilton's beautiful investigations
will have no difficulty m applying them, with the requsite slight modifications, to
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the subject of this paper. I shall therefore content myself with a brief explanation
of the application of the method to the problem of the Brachistochrone, and a mere
indication of some other curious problems which are easily solved in a simlar manner.

3. The problem of the Brachistochrone for a single particle 1s, 1 its simplest
form, as follows :—

Fund the form of the (smooth) constraining curve along which a particle wnll pass,
under the action of a given conservative system of forces, from one given point to
another in the least possible time, the initial speed being given.

The problem may easily be complicated by supposing, for instance, the terminal
points not to be defimtely assigned, but to lie cach on a given surface- still farther,
by supposing the initial spced to depend, according to some given law, upon the
coordinates of the mmtial point, and so forth. But such complications introduce
analytical difficulties of the quasi-arithmetical kind merely, not of a physical nature:
and we leave them to those who are curious in such matters.

4. In symbols, if v be the time of passing from @, y,, 2 to x, y, z, we must
have
%2 dg

Zo, 90,20 U

T=

a minimum : subject to the sole condition
=2(H-V)

where H is the whole cnergy, and V the potential of the system of forces on unit
mass at the point z, y, z.

Hence, taking the variation,
dds  dsdy
& =f (7 T ) '
But dsdds = dzddz + dyddy + dzddz,
and v =8(H—-V)=Xd8z+ Yoy + Z8z + 8H,

if X, Y, Z be the component forces on unit mass at z, y, 2. Thus we have

af=[» (% 504% sJ+~sz)—aHf§]

()

where the whole, mtegrated or not, is to be taken between the given hmits.
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If the limits and the initial speed be fixed, the first part of the expression for
8t disappears; and, that the integral may vanish, we must have

dz
dt Xdt
d(F)+7’, Y S e (A),

with similar equations in y and 2z This is simply the ordinary result given in
treatises on kinetics.

But if we consider the effect of the alteration of the hmits, or of the imtal
energy, we have

& 1ldsz &t 1 da
&= v S_xo=—(3’7ﬁ)o’
&e. &e. b ).
and & __(mw: ds
SH™ Jayea®’

5. Hence, if 7 could be found as a function of 2, ¥y, 2z, «, %, 2, and H, it
is obvious that its partial differential coefficients with respect to these quantities
would give the motion completely.

But, neglecting altogether the initial limit, we see that

() + (g + (' = Gy + (G + ()
1 1
=v;=2(H:“V‘) ................................. (2)

6 It can be easily shown, by a process similar to that employed for Varying
Action®, that, if any ntegral of this cquation can be found, 1ts partial differential
coefficients with respect to , y, z are respectively equal to the corresponding speed-
components of the velocity, in a curve which is a brachistochrone for the given forces,
each divided by the square of the speed.

A complete integral of (2) must of course contain, besides H, two arbitrary con-

stants «, B. If, then, 7 be a complete integral, the equations of the brachistochrone
are easily shown to be

dr dr

aa=g, JB=%. ...................................... 3);

where & and 3 are two new arbitrary constants.

Also we have the relation

dr  (dt_ (ds
A ;,=_fﬁ ................................... (4.

* Thomson and Tait's Natural Philosoply, § 828, or Tait and Steele's Dynamics of a Particle (2nd edition),
8§ 252, 263.
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7 Beforc proceeding farther with the theory, we may apply the results alread)
obtained to one or two well-known problems; commencing with the ongmal case
proposed by Bernoulli.

8 To find the brachistochrone, when gravity is the only vmpressed force, and the
purticle has the speed due to a fall from a given horizontal plane.

Taking the axis of y vertically downwards, we have

V==gy.
Also, we may write H=gu.
Hence (z:)z + (gg)" + (g) = 5!;-(;11—?/ )

This equation is obviously satisfied by

I N ——

(d?) dz
But %‘:— = d; (by §4)= z:
(172) dt

Hence Z—’::%, that 1s the path is w @ vertical plane. We may take this as the

planc of zy. Hence our equation becomes

G_:) * (Z'T/) = ZgTal% )

We may now write dr _ va ) .
g { x
gl;)-_ 1 ( 1 _1)) ............................. (5),
(dy 29\a+y b
where b 15 an arbitrary constant.
By (5) we have, at once, “/2—9"=;/£b+fdy \/;::3/—% ........................... (6).

Hence the equation of the brachistochrone is (by § 6)

% = const,

a1 d;
or C——IF}+b—2 7_1___17'
a+y b

that is, changing the constant, and effecting the integration,

————— b 2(a+
Clw—w—J(b—a+y)(a+y)+§ve'*~'“ —@b—l)
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the common equation of the Cycloid, the speed at any point being that due to a fall
from the base.

In this case we have evidently

dr _ j‘ds__ld‘r_ 1 dy
dH~ F—g}du__2~/2—y7f «/"1 1
(a+yy at+y b

The above (at first sight apparently too hmited) assumptions
dr dr
a= g =

and the consequent reduction of the question to a plane problem, may seem to require
~ome justification. This is easily supphed, thus: in the equation

dr\* | /dr\* | (dr\? .
() +(G) + (@) =
the direction-cosines of the tangent to the brachistochrone, at the point @, y, z, are

by (1),
1

_ldr i 1dr
, =Fde

Fdy’ "EFRde

-
[

m=

At the adjacent pomnt @ + 8z, y + 8y, 2 + 8z, where we have, of course,

2 & ¥ s
I m  n
dr  dT dr dr
A =8+ — Sy + 8z
the value of I b l’=d'z do dady Y7 dads
F+oF
dr ds(drdr  dr dr dr dr
_rlw+f(dwdA.';"+dyd,rdy+dz d.zdz)
- F+oF
dr  (dF
@@
- +

which shows that the curve is in a plane parallel to the axis of y.
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9 To find the Brachistochrone when the force is central, and proportional to a
power of the distance; the speed being also proportional to @ power of the distance,
that is, being the speed from infinity if the force is attractive, from the centre if it is

repulsive
Here v=2(H- V)=£'r.:
and the central force at distance r is evidently
_aV__
dr T T2
Thus (2) becomes ((—I‘I)2 + (d’r)’ + (qr)z =
da dy) dz, ®

or, changing to polar co-ordinates,

(an) +35 (2o) + e () =

It 1s obvious that we must take (‘%:0,

which shows that the path iy in a plane pasang through the centre of force.
above equation will then be satisfied by

dr gy fr
a6~ dr P

Henee we have T=af +fd1',\/r"-a_j,
wo
2a P _ Vua)
=a0+“+2~ 1;\/Fa:‘—1—009 1 St +C.
rt)

And the cquation of the brachwstochrone 1s

a0ty /-t o 2]

n+2 pat nty
IS 2
qul‘*..
2a ;l,aI v 1
tate )T e ot e
,=1 r3 ,\/l — far
pa ey
2 Via
= -_——— =1
6 n+2 008 S
r? ’
nts
or r 2 =Juasce 71;2 6-a),

8—2

The
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while the equation of the free path is

r\* 5> n—2
Ve = T2
(a) cos — (CE¥:))

The above integration fails 1n the case of n=—2; that 15, when the force is
repulsive and directly as the distance, the spced vanishing at the centre of force. But
m this case

1
=af /\/——” Cr,
T=af+,/  —atlog Or

and the equation of the brachistochrone is

A=0- la - log Cr,
_._.a'-'
; M

the logarithmic spiral. Eliminating » between these equations, we see that the time
18 proportional to the polar angle.

Since a defimte form has been assigned to the expression for the speed in
this problem, 1t 18 obvious that H 13 given, and therefore that there 1s no v‘%;

The assumption dr _ 0

dé

15 easily justified, in the case of any equation of the form

() + £+ e (-

if F be a function of » only. For

dr dir dir d*r
s(a):drd&&\udmsuww.
dr _ o, dr dr _ ,,rdf dr 5, rsinfdé
But dr_F dt’ rdf~ dt ' rsinOdé ’ Tdr
dr 8 (dr dr 1dr d°r 1  dr dr 8t (dF
Henco s(d&)‘ﬂ {d;m+ﬁa9dpda+mad&}=7 (R)=°

That is, unless F' contains ¢, g‘; 18 necessarily a constant, 8 suppose.
But, m the present case, if we give this constant any value but zero, we introduce
a problem much more general than that proposed, for the expression for the reciprocal
of the square of the speed becomes
™_ 8
p rsm?f’
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10. As an example of a tortuous curve we take the following:

Determine the form of the brachistochrone when the speed at any point of space is
proportional to the distance from a given lne.

Taking the line as the axis of 2, our equation obviously becomes
dr\* dr\* | /dr\* @
(%) *(:TJ) +(JZ) =Fry

dr
dz~

Hence =a,

and, substituting this, and changing to polar co-ordmates 1n a plane parallel to zy,

() 5@ =5

dr
Hence we may take 40 =8,
. dr 1
and there remains d:= ” [ — B — .

Integrating, we have
T=az+B0—Ja* = Flog [\[u”r—ﬂ-'_'_ “:;-E_ a:] +Jar— B — .

By equating to constants the partial differential coefficients of r with respect to a
and B, we obtan the two cquations of the brachistochrone

Ao _ ar
[a* /3"+Ja“ }ga_az,.z

Juz - B s

and B= 6‘+~/a2 ﬂ,log I_ \/"N —a].

The former of these is the equation of a sphere, as may be seen at once by
putting it m the form

a(z=B)=Ja =B — Jar = g = ar*
The remaining equation, by altermg the value of 48, may be reduced to the form

—— Jar o -
W — 3 Vol sB gy NP
2~/‘a,'§=,.(, L hem | R ;s))

which is at once recognised as a cylinder, whose base is onc of Cotes’ Spirals.

Also, if we remark that, by (1),
dé nd dr 3 _Bv

TaT e @ a
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dé

P
we sce that cos Y = —-=

B
a

= const,

where 4 is the inclination of the element 786 to the corresponding eclement 8s of
the brachistochrone. That 18, the brachistochrone cuts all circles on the above sphere,
whose planes are parallel to zy, at a constant angle. (Lomodrome.)

11 It is easily seen that r=C
is the equation of an Isochronous surface.

a (@) @
(da: _ (d _ (dz)
S TR

dt dt dt
the brachistochrone cuts all such surfaces at right angles.

Also. since

And the normal distance between two consecutive ochronous surfaces 18 propor-
tional to the speed in the brachistochrone of which it forms an clement. For, of
course,

8s = vdr
12. Generally, puttng T= (:g) (d.r) (—t) — 1)
we have 2H-V)= @
and X=- (:%r) =— 2&_, (jg S < vees e e cmveenenes sa ®),
with similar cxpressions for ¥ and Z
Also, by (1), we have ii{ =@c‘—i‘", &e }
i ;i]'r{__ [@dt ) B PN (1) 8
Hence Z:‘ = dit (\& z;)
S A T . R (10).
B e (ae) =G e 4 de
SN TN T BT

which is the ordinary formn of the equation of the brachistochrone, (A) in § 4.



x.] TO SPECIAL CASES OF CONSTRAINT. 63

dT dr d /dr\ dr d /dv\ dr d /dr
Also a =2 {da: dt (dx) + dy dt (dy) Yz dt (3:)}
{dr d¥  dr dT | dr d@}
=T lde de Tdy dy Tds dz] o .

dz dz +dy dy tdz dz A12).

The above value of “ii becomes therefore

dz_ 1 d¥_ 1dr (dr dm+d_71@+l£‘f(i_@}
At~ 2@ de  Tde|de do  dydy dz dz{°C T T
which (8) reduces to the form

d 2dr |, dr dr dr
E‘='X+@Ent (X +Ydy+1dz}

L(13),

(14).

: . dy dz
And we have, of course, sunilar expressions for dt{ and di

13. We may thus easily prove the fundamental propeity of brachistochrones given
in most treatises on dynamics.

The pressure on the curve, due to the motion, is equal to that due to the impressed
Sorces

For (14) may be written

& odz dz ,dy dz
@"_A+‘ltw{¥ atVat dt}
_ du |, dz dy dz
X2 X v +st}
. , do dy dz
_A—7<1X— (X v 2 )}
de lll/ dz
Now X -~ P Y + 7= PR the component of the impressed forces along ds. Hence

de [

X (X G eviery),

Y- ZZ(Xd;“’dj*‘dz) "di(xa; v+ Zz)

are the rectangular components of the component of the impressed force perpendicular
to the path

But, if R be the force of constraint, \, u, » its direction-cosines, we have by
ordinary kinetics
d*x

JF_’X R, &e.
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A

Hence RA=2 {X - (X 5= & 4 Y dz)}, &e., &c.,

ds
and therefore the whole pressure is double that duc to the impressed forces.

From the above follows also the well-known thcorem, that the osculating plane of
the brachistochrone contains, at each point, the resultant of the vmpressed forces. For 1t
has been shown that this resultant coincides in direction with the centrnifugal force,
and the latter of course lies in the osculating plane.

14.  Another, and perhaps simpler proof of the theorem above is furnished directly
by (10). Thus, squaring and adding the three equations of that form, after substituting
m them from (11), we have

(8 G (5 5]
1 dT (drdT  drdT  drdT
Td {drda dy dy t@ dz}

+ () ) + () + (@)}
~ml) + @) ()] -e % @D e (@) ©
by (1) and ] = g {(‘%) + (“fgc) + (dg)} =X 4 T*+ 75 by (8.

Hence the whole acceleration is equal to the resultant of the impressed forces; and
therefore the component of the acceleration, normal to the curve, must be equal to
that of the resultant of the impressed forces; from which the theorem follows at once
if we can show independently that the resultant of the impressed forces hes m the
osculating plane. This 18 easily done as follows. We have

8x=%tzz;, &ec., by (9)
Hence 8‘a=@:8( ) @8@ &e.

Now, by (8) and (11), 8 (:;) &c., are proportional to the direction-cosines of the resultant

force, which thereforc lies 1n the common plane of two consecutive clements of "the curve.

15. The cquation of the surfaces which are orthogonal to the path 18 /
=0,

and that of equipotential surfaces V=0Ch /'
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That these may comncide we must have

T=¢(V),
where ¢ 15 any function whatever.
e WO ) ()
If we write V= VEH=V)$V)AV=A (V) cer eevrreerrerreerecnnnn 15),
this becomes (‘fg)’ + (‘Z{) + (QE)" et .16).

A complete primitive of this equation is, of course,
VY =lz+my+nz—p,
where p 18 any function of I, m, n, and
P4meni=1
The gencral primitive, equated to a constant, 18 therefore obviously the equation of a
series of surfaces such that the normal distance between any two consecutive members
of the serics 18 cverywhere the same. It is evident from (15) that the surfaces thus

found are 1dentical with the 1sochronous and cquipotential surfaces, when these coincide
The equations of thewr orthogonal trajectory, that is, of the free path which 1s also a

brachistochrone, are therefore,
(d})‘) o+ (d})’ ) Sy+ (d‘fr)

o dz =8V =8C...... )
GANCANCA AT A T R
Hence Sz =8C (dtv) e

and, therefore,

=804 G 3+ () 8+ () 3} + 50 (37)

But, substituting the values of 8w, &c., from (17), this becomes

1—(80)*{( )(‘g) Kd}f)(gu}ﬁ (@ )(iﬁl)}wc(ﬂ{}j)

and the first part vanishes, by (16).

S _ &y J &z _ &C
Hence o= 5y = 8: = 50"

which show that when the path 1s sxmultnneous]y a free path and a brachistochrone,
it 18 necessarly rectilinear.
™ 9
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This might have been inferred at once, from the theorem of § 13, which shows
that if the free path be a brachistochrone, there can be no pressure due to the
motion, te., no curvature. But the above investigation is given as containing curious
additional information. It shows, for instance, that if the force be the same at all
points of each of a series of equipotential surfaces, the lines of force are rectilinear.
Also, that if the flux of heat be constant per unit of area over each one of a series of
1sothermal surfaces, though not necessarily the same for all, the propagation of heat
takes place in straight lines And, as particular cases of these theorems, if the force
or the flux of heat be the same throughout a given space, the attraction, or the
flux, therein takes place in parallel lines.

16. Hamilton’s equation for the determination of the Characteristic Function
(4) in the case of the free motion of a single particle is

(’%)’ + (‘flf;)' + (‘fg)' “2H =V oo N (8).

The comparison of this with (2) suggests a useful transformation. Introducing in
that equation a factor ¢, an undetermined function of &, y, 2, we have

(o g;)% (o %)’+ (s ‘j-:)'= 2-(%,5

If we make 0= (Theeereerriiiiinr it (20),
and 2-(71‘9_ L T S @1),
(19) becomes ( B (d‘z;ﬂ)’ + (BN c2 (B =V e @2

Here it is obvious, by (18), that ¢(r) is the action in a free path coinciding with
the brachistochrone, and that 2 (H,— V) is the square of the speed in this path.

Hence the curious result that, if = be the time through any arc of a given
brachistochrone, the same path will be described freely under the action of forces whose
potential i8 V,, where

_yyo P
2(H, - V)= 2(H-V)
¢’ being any function whatever ; and ¢ () representing the action in the free path.

17. The simplest supposition we can make is that ¢'(r) 18 constant. In this
case the speced in the free path is inversely proportional to that in the brachis-
tochrone at the same point, and the action in the one is proportional to the time
in the other. In fact, as Professor W. Thomson has pomted out to me, in this
case the investigation may be made with extreme simplicity, thus—
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In the brachistochrone we have
J’ ds .
; a4 minimum.

Putting v = }—}, and considering v as the speed in the same path due to another
(easily determinable) potential; we must have
f vds & minimum.
This is the ordinary condition of Least Action, and belongs, therefore, to a free path.
Hence, since the cycloid is the brachistochrone for gravity, and since in it v*=2gy,

it will be a free path if v’=2g%/, that is for a system of force where the potential

is found from

1
H, - V,=I§§/~.
: av, _dv_ 1
This gives s =0, & =iy

In other words, a cycloid may be described freely under the action of a force
towards, and inversely as the square of the distance from, the base, and the speed
at any point will be the reciprocal of that in the same cyclond when it is the
common brachistochrone

This result is easily verified by a direct process \

18. But we have, by§ 16, an 1nfimte number of other systems of forces under
which this cycloid will be deseribed freely.

For by § 8 we have, putting a=0, since the base is now the axis of z,
— @ 171
~/2g-r=vb+fdy,\/s—/—b
=7 —bcos /2+;\/§ Vh—y+C
Vb Vo b y

Hence, whatever be ¢, the cycloid 18 a free path for the system

b (msery/fey/fiied)

29y

v=2(H,- V)=
19 The converse of the proposition in § 16 1s also curious. Taking Hamilton’s

equation (18), we have,

¢ Ay {(‘%)' + (‘%)' + (‘%)} =2 (H = VY (A eerrerrrerenenn23).
9—2
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Comparing this with (2), we see that T=¢(4) is the brachistochronic expression
for the time in a path which is a free path for potential V. The requisite potential
is now found from

WI%-T) = 2(H = VY (@ (A rereereererercceresorerens (@4).

Hence, if A be the action in a given free path, the same path will be a brachisto-
chrone for forces whose potential is V,, determined by (24), V being the potential in the
Jree path.

Thus, the parabola (z—@y=4a(y—a)
is the free path for v*=2gy. And the action is given by
1 2
— A= 5@ —a)
\/25‘4 w\/a+3(y a),

Hence this parabola is the brachistochrone for

1
2H,-V)= . .
== gy 5 ap

In the simplest case ¢'(4)=1, and we have
_dni_, av,__ 1

de - dy ~  4gy*”
Hence, by § 17, the parabola 1s a brachistochrone when a cycloid 1s the free path.

20. Again, if »=2 (5 - 11) ............... L 25),

where H and p are essentially positive, the free path 1s an elhpse of which the
origin (the centre of force) is a focus.

This ellipse is the brachistochrone for the potential V;, and whole energy H,,
where

C
2(_H,_v;;=2(§'”)'

Cr
or Vi=H, - s (u=Hr
This corresponds to a central force
v o cHr
dr ~ 4(u—=Hr) " 4(u—Hr)

_ O
4(p— Hry'
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; o
The speed at any pomt is i )’

In the ellipse, we know by ordinary kinetics that

2 1
v’=;¢(7;—‘~l>.

Comparing this with the above formula (25) we have

LA
H—2a.

Hence the speed in the free ellipse is

v-—-;\/g,\/g-a—;—z ............................. (26).

That in the same ellipse, when it is a brachistochrone, is, as above,

e JE
"IN Sa—HY VeV 2a-r
But if we refer 1t to the other focus of the ellipse we have

rn=2a—-r

- =, /% ,\/ 2a—n
Hence %= " P (27)7

Comparing (26) and (27), we have the singular result that a planet moving
freely about « centre of force in the focus of its elliptic orbit is describing a brachis-
tochrone (for the same law of speed as regards postion) about the other focus. The
reason of this remarkable property, as well as of the connccted one that while the
time in an elliptic orbit is (of course) measured by the arew described “about one focus,
the action 1s measured by that described about the other*, is easily traced to the fact
that the rectangle under the perpendiculars from the foci on any tangent 1s constant.

21. It follows from Hamilton’s investigations, that in the free cllipse we have
[
2 (% H)dr
b_g) -
2 (r H) r

where o depends upon the excentricity of the ellipse by the formula

A=

al= 2";{(1 —é).

* Tait, Proc. R S.E., March, 1865, or Tamit and Steele’s Dynamics of a Particle (2nd edition), § 258,
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The theorem may therefore be generalized as follows:—The free ellipse will be a
brachistochrone, if the speed be given by

1
2 (5~ B) ¢ @)

where ¢’ is any function, and A4 is the integral last written. By differentiation with
respect to r, we get the law of central force requisite.

v=2(H, - V)=

But results of this nature may be deduced to any desired extent, without more
trouble than the requisite integrations involve.

22. The examples immediately preceding are but particular cases of the following
general theorem, which is easily seen to be involved in the results of § 16, 19
If we have two curves, P and Q, of which P s a free path, and Q a brachisto-
chrone, for a given conservative system of forces; P will be a brachistochrone for a
system of forces for whith Q is a free path:—and the action and time in any arc of
either, when 1t is described freely, are functions of the time and action respectively, in
the same arc, when it s a brachistochrone.

23. It is easy to see, that there exists a very singular analogy between the
processes we have just given, and those suggested by certain problems n optics.

Assuming, for an instant, the exploded corpuscular theory of Light, Varying
Action is at once applicable to the determination of the path of a corpuscle. On the
other hand, if we assume, as our fundamental hypothesis, that light takes the least:
possible time to pass from one point of its path to another, the foregoing investiga-
tions would be directly applicable to find the path in a medium whose refractive
index (on which the speed depends), at any pomt, is a given function of the co-
ordmates; in other words, in a heterogeneous singly refracting medium.

In the beautiful mvestigations of Hamilton, on the Theory of Systems of Rays
(Trans. RIA., 1824—32), the path of a ray is assumed to be a straight line in
any one medium. Here the speed depends only upon the direction of the ray, as
in homogeneous doubly refracting media, and the problem has no analogy with the
conservative case which 1s treated above.

24. As an instance of an optical problem I take the following, due I believe to
Maxwell*, If the refractive wndex of a medium be such a function of the distance
Sfrom a given pownt that the path of any ome ray s a circle, the path of every other
ray 1 a circle; and all rays diverging from any onme point converge accurately in

th Or, m ther form, find the relation between the speed and the distance
from the centre of force that the brachistochrone may always be a circle.

* Cambridge and Dublin Math. Journal, 1x., p. 9.
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The symmetry shows that our investigations need involve only two dimensions.
Taking the centre of force as pole the equativn of a cirle is

7?4+ 2ar cos (§ — &) = p* — a?, =b* suppose.

Hence A =0 — cos™ b :’f.
Zar

This is obviously the equation before written (8), in the form

da =a.
Hence T=af- fda com U7
2ar
But, if v be the speed (the reciprocal of the refractive index in the optical problem),
dr\* 1 dr\* 1
() +7a(¢—a) =
dr 1 a’ _ b4
Hence =N e - fd« cos’ L J-d“rd{4a’rijkﬂ't;5f’} .

But v 1s not a function of a, so that we get by differentiation with respect to
that quantity

a
r? b
1 @ 7r/{dar— (0 — )}
B g
This 1s casily reduced to vla? = ey ey .

4(@+b)" 4

The condition, that v is a function of r and absolute constants
at once to two conclusions: b is an absolute constant; and so 18 2pa, for which we
may write ¢. a is therefore inversely as the diameter of the circle; and .
b
=

From the form of the cquation of the path it is obvious that —J* is the rect-
angle under the segments of any chord drawn through the centre of force.

Hence, 1 the optical problem, if a ray leave, in any direction, a pomt distant
r from the origin, it will pass through another point in the prolongation of r, distant
2
l: from the origin; and, in the kinetic problem, there is an infinite number of

brachistochrones (circles all, and the time being the same for all) when two points
thus related are taken as the imtial and final points.
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25. Such examples might be multiplied indefinitely. For instance, if the refractive
mdex of a mcdium be mu*sel;, proportional to *he square root of the distance from
a given pomt, the path is a parabola about the point as focus; that every ray may
be a cardiold whose cusp is at the point, the square of the refractive index must
be inversely as the cube of the distance: and so on.

26. The processes of § 4 may of course be applied to innumerable problems
besides the determination of the form and properties of brachistochrones, but I shall
content myself with an example or two. Thus, if we take

®= f F(u)ds
as the characteristic function, we have

d®_ f(v) dz ae_ [,
T i &c., and dl'f—ff (v) dt.

Of this, besides the casos f(v)=v, and f(v)=%, which we have already considered,

the most curious is that where
;”2
f)= 9

that is, when the space average of the kinetic energy ¢ @ mintmum. In this case,

({85 -n-

d a _ .

and T
Agam, 1f we take b= f F(z, y, 2) f(v)ds

dd _ Ef d.z g J‘

= , &, and Ff (v)dt.
Hence, 1f F(z, v, z)=Ci°;5("$)P_t‘,

do

we have = ct,

so that there is an infinite number of values of the characteristic function, besides
that of Hamilton, which give the time through any arc of the orbit by their dif-
ferential coefficients with respect to H.

27. Enough of this; I conclude with the remark that various investigations in
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Statics supply us with excellent examples 1 our subject®. Take the common catenary,
for instance, its equation is found by the conditions

fyds= minimum, and fds = constant,
the axis of y being directed vertically upwards.
This gives 5[y +ards=o.

Hence the catenary 1s the free path of a particle whose speed 18 given by
v=C(y+a);

that 1s, if the force be in the dircction of, and proportional to, the ordinate, and
repulsive from the axis of # In the same way we see that the catenary is the
brachistochrone if the speed be inversely as the distance from the axis; that is, if
the force be attractive, and mversely as the cube of the distance from the axis.

* Compare Thomson and Tait’s Natural Philosophy, §§ 581, 582,
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X.

NOTE ON THE REALITY OF THE ROOTS OF THE SYMBOLICAL
CUBIC WHICH EXPRESSES THE PROPERTIES OF A SELF-
CONJUGATE LINEAR AND VECTOR FUNCTION.

[Proceedings of the Royal Society of Edinburgh, February 18, 1867.]

HaMIiLTON has shown that if ¢p =ZSaS8p+ Ap,
where a and B are given vectors, and A a given scalar, we have
(¢* —m,¢* + mp—m)p=0,
where m, m,, m, are scalars depending only on ¢.

When the function ¢ s 18 own conjugate, i.e. when
Spga =Sadp,
p and o being any vectors whatever, the vectors for which
(=9 p=0, or ¢pllp, or Vpdp=0,

form in general a real and definite rectangular system. This, of course, may in
particular cases degrade into one definite vector, and any pair of others perpendicular
to it; and cases may occur i which the equation is satisfied for every vector.

Suppose the roots of m,=m+mg+myg*+g*=0 to be real and different, then

ép=g1p, 1
bpa= gaps J where p;, p,, p; are definite vectors.

bps = Gaps
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Hence 9:9:8p:ps = Spr ppa
= Sp1¢’ps, or =Sp.d'py,
because ¢ is 1ts own conjugate.

But s =gsps,
¢’P\ =gy,
and therefore 9:9:8p1p2 = 9:°Sp1pa = 9:*Spsps 5
which, as g, and g, are by hypothesis different, requires
Spips=0.
Similarly Spaps=0,  Spyp,=0.

If two roots be equal, as g,, g;, we still have, by the above proof, Sp,p,=0, and
8pips=0 But there 13 nothing farther to determmne p, and p,, which are therefore
any vectors perpendicular to p,.

If all three roots be equal, every real vector satisties the equation

(@=-9)p=0
Next, as to the reality of the three roots when the function 18 self-conjugate.
Suppose gy +h,/—1 to be a root, and let p,+a,/—1 be the corresponding value

of p, where g, and k, are real numbers, p, and o, real vectors, and ¥—1 the old
1maginary of algebra.

Then ¢(Pﬂ+01J;T)=(ga+"2~/‘ i)(Ps+¢a~/-_l).
and this divides 1tself, as in algebra, mto the two equations .
bps = gapr— Iy,
baa=hipy + ga0,.

Operating on these by Sa.,, Sp, respectively, and subtracting the results, remembering our
condition as to the nature of ¢

Say bp.= SP2¢'T:;
we have hy (0 + p2)=0.

But, as o, and p, are both real vectors, the sum of their squarcs cannot vanish.
Hence h, vamshes, and with 1t the impossible part of the root.

10—2
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XI.
NOTE ON A CELEBRATED GEOMETRICAL PROBLEM.

[Proceedings of the Royal Society of Edinburgh, April 29, 1867.]

THE following problem, orginally proposed by Fermat to Torricelh, To find the
point the sum of whose distances from three given points is the least possible, seems
to have given considerable trouble to the older mathematicians, and even m modern
times (see Gregory's Examples, p. 126) to have been solved m a very tedious manner.
Simpler solutions have since been given (e.g. Cambrdge and Dublin Mathematical
Journal, viL p. 92), but none, to my knowledge, so direct as that indicated by
Quaternions. The object of this note 18 to show the simpleity of the quaternion
method.

If a, B be the vectors of two of the given pomts, the origin bemng the third,
and if p be the vector of the required point, we must have (by the conditions of
the problem)

Tp+T(a—p)+ T(B—p) a minimum,
Hence S[Up-U(a—p)=U(B~p)ldp=0,
for all values of Udp. Hence the versor sum 1n square brackets must vamsh identically.
The immediate interpretation is, that Lnes parallel to p, p—a, p— B, form an equilateral
triangle. The required point 18 therefore mn the same plane as the three given points,
and their distances, two and two, subtend equal angles at it, which is the well-known
solution.

Equally simple 18 the quaternion solution of the same problem if more points than
three be given. Let their vectors, to any ongin, be %, B, v, &c., and let p be the vector
of the sought pomt. We have

= T(a— p)=mmmum,
from which, as above, SU@=P)=0eee ceeeiiieniieeiieens e .
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Hence, if wmt forces act at the required pownt, in the lines joimng it uith the
given points, these forces are in equilbrium. Or, m another form, a closed equilateral
gauche polygon may be drawn whose sides are parallel to the lines joining the sought
point with the given ones. This opens up some very curious geometrical speculations,
which I have not time to pursue,

That there is but one point whose vector satisfies equation (1) may easily be proved
by quaternions, but even more easily by the following reasoning Consider the system of
unit-forces, just mentioned, at any two pownts, one of which satisfies the problem. It 1s
obvious that, if these forces be referred to the line joining the two points, each will be
less inclined to it at one than at the other, so that, as at one they produce equi-
librium, at the other they must have a finite component in the ditection of this line.

The quaternion investigation at once suggests the following kinematical solution of
the problem. Suppose an nextensible string to be passed through a small movable ring,
then through small rings at two of the fixed points, then again through the movable
ring, and so on—one end of the string being fixed to the movable ring when the
number of given ponts 18 odd, and to the first fixed ring when the number 1s even.
When the string is drawn tight, 7.e when the sum of the lengths jomming each fixed
ring to the movable one 18 a minunum, the movable ring will evidently be 1n the
position of the required point. Also, since the tension of the cord 1s the same through-
out, the movable ring 1s kept 1 equilibrium by a set of equal forces 1 the directions
of the hnes jowning 1t with the given ponts, which 1s the condition above found.

This kinematical process, cqually with the quaternion one, whose form directly
suggests it, gives casily the solution of the more general problem,—To find a pont
such that m times its distance from A, together with n times 1ts distance from B,
&c., may be a minimum



78 [x.

XII.

NOTE ON THE HODOGRAPH.

[Proceedings of the Royal Society of Edinburgh, December 16, 1867 ]

THE object of the present Note is to show, by a few examples (of which, however,
the last is the only one of any real importance), how casily the geometrical 1deas
supplied by Hamlton’s beautiful invention of the Hodograph enable us to dispense
with analytical processes in the cstablishment of some of the fundamental propositions
connected with the motion of a single particle, besides many others which are merely
curious, and also how they help us to understand the full bearing of some of the
analytical methods. Some of the simplest of such geometrical investigations are given
in Tait and Steele’s Dynamics of a Particle, and will not be reproduced here; though
a few of the results will be assumed,—as, for instance, that when the acceleration 1s
directed to a fixed pomnt, and varies inversely as the square of the distance from it,
the hodograph 1s a cucle, and the path a conic section, of which the pomnt is a focus.

1. If the figure represent an ellipse and its auxliary circle,
P it 18 known that the circle may be considered as the hodograph
corresponding to planetary motion i the ellipse, but turned through
a night angle. In fact, if YPZ be a tangent to the ellipse at P,
SY’ 1s proportional to the speed at P, and perpendicular to 1t
i direction. The actual speed bears to SY' the ratio of u to ka,
in the usual notation

Hence the tangent at Y’ 1s perpendicular to SP (the direction of acceleration),
and thus we have an immediate proof that SP is parallel to Y'CZ. But by this
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means we also get at once, and without analysis, the two well-known and pecuhar
first integrals, in the form

- x
Y =’7: (; + e) »
which cannot be directly deduced from the equations of acceleration

pa Hy

5=—F, y=—7'3.

[The equation of the orbit is, of course,
h=a:y—y.'i:=!]'—:(r-*-ex),
from which we see that hr=pa(l—e)]

2. The only central orbits whose hodographs also are described as central orbits,
are those in which the acceleration vanes directly as the distance from the ceutre.

Let S be the centre, P any point 1 the path, p the corresponding pomnt in the
hodograph, p’ that in the hodograph of the hodograph. Then Sp’
1s parallel to the tangent at p, which again 1s parallel to SP. Hence
PSp’ is a straight line. Also, since p belongs (by hypothesis) to a
central orbit, the tangent at p’ 18 parallel to Sp, ve, to the tangent
at P. Hence the locus of p’ 1s similar to that of P, and therefore
Sp’ is proportional to SP. But Sp’ represents the acceleration at P
Hence the proposition

3. If II be the acceleration m a central orbit, II' that required
for the description of the hodograph as a central orbit, A, A’, the
moments of momentum, and r, », the radii vectores m the two orbits,

e

H1Y = B

In the figure above let S¥== and Sy=w" be the perpendiculars from S on
the tangents at P and p, p and p’ the radii of curvature at P and p, then

r_r

T w

ho

Also the speed at p 1s m="5.
, o
But, since we have O=r -.—
p =

(as we see by cxpressing 1t 1 terms of the angular velocity of Sp), if Sp’ be called
7', we have

=

|

ﬂ:
CARE
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Hence, as

NOTE ON THE HODOGRAPH, [XII.
wr'=h, «r' =V,
_h kot A

e Y=

nm

Or, more sumply, if v be the speed in the orbit, we have, by expressing the
centrifugal force n terms of the normal component of the acceleration,

l_)_' nT
P
Hence L& =1I = .
p r
[This 1s the well-known formula = h,, '?3 ]
= dr
Thus nmw =t B i

because from

we have at once

o’ =rw=h

7 = wa'pp.

4  Again, if the hodograph be a circle described with umform angular velocity
about a point 1 1ts circumference, the path is the cycloidal brachistochrone.

For, 1f AP be the cyclod described by the point P of the circle SP rolling

uniformly on the line AS, the spced at P 18 proportional to
SP, and the direction of motion 1s perpendicular to SP. Hence
the hodograph (turned through a right angle m its own plane)
may be represented by the circle SP, described with umforin
angular velocity about the pomnt S. That the motion is due
to constant acccleration perpendicular to AS 18 obvious from
the fact that, 1f Pp be drawn perpendicular to AS, SP* o Pp

5 If the orbit be central, and be a crcle described about a pomnt in 1ts
circumference, the hodograph 1s a parabola described about the focus with angular
velocity proportional to the radius vector.

For, if S be the centre of force, P the point in 1ts circular orbit, p the corre-

k3

P

sponding pomt of the hodograph: ¢p, the tangent to the
hodograph at p, must be parallel to SP; and, therefore, if
SQq be the tangent at S, the triangle pSq (bemng similar to
PSQ) 1s 1sosceles. Thus the locus of p is a parabola. Also
the angular velocity of Sp, being the same as that of PQ, 1s
double that of SP, and is, therefore, inversely as SP. But
the length of Sp is inversely as the perpendicular from S
upon PQ, we., inversely as SP.
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6. A pomt describes a logarithmic spiral with umform angular velocity about
the pole—find the acceleration.

Since the angular velocity of SP and the mchination of this line to the tangent
are each constant, the linear velocity of P 13 as SP.
Take a length PT, equal to nSP, to represent it. Then
the hodograph, the locus of p, where Sp 15 parallel, and
equal, to PT, 15 evidently another logarithmic spiral simila
to the former, and described with the same uniform
angular velocity, Hence pt, the acceleration required, 1s
equal to eSp, and makes with Sp an angle equal to SPT
Hence, if Pu be drawn parallel and equal to pt, and wv
parallel to PT, the whole acccleration Pu may be resolved into Pv and vx, and Pou
is an 1sosceles triangle, whose base angles are each cqual to the angle of the spiral
Hence v and vu bear constant ratios to Pu, or to SP or PT'

The acccleration, therefore, is composed of a central attractive part proportional
to the distance, and a tangential retarding part proportional to the velocity

And, if the resolved part of P’s motion parallel to any linc in the plane of the
spiral be considered, it 1s obvious that i 1t also the acceleration will consist of two
parts—one directed towards a pomt i the line (the projection of the pole of the
spital), and proportional to the distance from it, the other proportional to the speed,
but retarding the motion

Hence a particle which, unresisted, would have a simple harmonic motion, has,
when subject to resistance proportional to 1ts speed, a motion represented by the
resolved part of the spiral motion just described.

If a be the angle of the spiral, @ the angular veloaity of SP, we have evideutly
PT.sma=SP.w, so that e=nsma.

rr: w w?*

Hence Py=Pu=pt= SP Sana T = it SP=n*.SP,
and v = 2Py cosa= 2:’:‘0: “Pr=r PT (suppose).
Thus the central force at umt distance is n'= gf::u , and the coefficient of resistance
s b= 20 cos a
sin a

. 27 .
The time of oscillation 1s evidently Pl but, if there had been no resistance,
the properties of simple harmonic motion show that 1t would have been 2:-, so that

- . A
it 15 increased by the resistance n the ratio coseca: 1, or = «/ nt— 3

T. 11
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The rate of diminution of SP is evidently

@ Cos a
sina

PT.cosa=

. .k
that 18, SP dimnishes 1 geometrical progression as time increases, the rate being 3
per unit of time per umt of length. By an ordinary result of arithmetic (compound

interest payable every mstant) the diminution of log SP m umt of time 1s Ié
This process of solution 18 only appheable to resisted harmonic vibrations when

. k k .
n is greater than 3 When » 18 not greater than 3 the auxiliary curve can no

longer be a logarithmic spwral, for the moving particle never describes more than a
finite angle about the pole. A curve, derived from an equlateral hyperbola, by a
process somewhat resembling that by which the logarithmic spiral 1s deduced from a
circle, must be introduced; and then the geometrical method ceases to be simpler
than the analytical one, so that 1t 1s useless to pursue the mvestigation farther, at
least from this pomt of view.
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XIIL.

PHYSICAL PROOF THAT THE GEOMETRIC MEAN OF ANY
NUMBER OF POSITIVE QUANTITIES IS LESS THAN THE
ARITHMETIC MEAN.

[Proceedings of the Royal Society of Edwbnrgh, 16 February, 1868.]

Ir a number of cqual masses of the same wmateral be given, at different tem-
peratures, and enclosed m an envelope 1mpervious to heat, they will finally assume a
common temperature; which 1s the arnthmetic mean of the mitial temperatures, if the
material be one whose speaific heat does not vary with temperature

But they may be brought to a common temperature by means of reversible thermo-
dynamic engines cmployed to obtam the utmost amount of work from the mmtal
unequal distuibution,  This question was first vestigated by Thomson (Phil. Mag.
1853, “On the Restoration of Energy fiom an uncqually heated Space”), and the
application of his method to the present problem <shows that the final common
temperature of the masses, when as much work as possible has been obtamned from
them, 18 the geometric mean of the mtial temperatures, but this nvestigation intro-
duces the condition that the temperatures must be measured from the absolute zero

Obviously the whole eneigy restored 15 proportional to the excess of the arthmetic
over the geometric mean

Far more complex analytical theorems may easily be proved by means of the
above process; for instance, if #,, fy,..., ¢;, ¢, . be any positive quantities, we have

ati+ct,+ ... . !
L)t
PR U

11—2
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XIV.

ON THE DISSIPATION OF ENERGY.

[Proceedings of the Royal Socety of Edinburgh, 16 February, 1868 ]

THE paper contans some curious applications of the principle of dissipation to the
conduction of heat, the connection of heat and electricity, thermo-clectric currents, the
electric convection of heat, &c. But m this abstract we confine ourselves to one very
simple case of the conduction of heat, as the hypothesis on which 1 is mvestigated
is fundamentally assumed 1n all the other applications.

If an infinite plate be kept permanently heated in layers, cach of equal tempe-
rature throughout—the temperature nsing gradually from one side to the other—the
hypothesis is made that the temperatures of any three contiguous layers (of cqual
thickness) so adjust thcmselves that the least possible energy can be restored from
the system of three. From this 1t immediatcly follows that if 2, be the thickness
of the plate, ¢, and ¢, the (absolute) temperatures of its sides; and if the specfic heat
be the same for all temperatures between #, and ¢: the temperaturc ¢ at a distance
« from the side at ¢, will be

t=t,,€ﬂz' logt.llo.

But if & be the conductivity of the substance, at temperature ¢, we have for
the flux of heat

f=k:l‘-iacu.

This must be the same throughout the plate, because there is equilibrium of
temperature, and thercfore

1
th_'
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The only published experiments, so far as 1 am aware, by which this result can
be tested, are the very valuable series by Forbes (Trans Roy. Soc. Edin, 186%), which
are, unfortunately, confined to iron. They agree uncommonly well with the above
theoretical result, as the following short table shows:—

t k kt
290° C. 00164 476
330° 00130 424
400" 00110 440
440° 00105 458
476° 00100 476
3617 00090 504

No account has, m this abstract, been taken of the alteration of specfic heat
with temperature, which 1s as yet only approximately known, but which 1s apphed
m the paper to account completely for the increase of Akt with temperature. As to
the mecrease of kt at the low temperature of 290°C, 1t may be remarked that the
first two or three numbers m Forbes' table are (as he pomts out) probably much
less accurate than those which follow them, on account of the temperature at which
they were obtained, which was but httle above that of the atmosphere
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XV.

ON THE ROTATION OF A RIGID BODY ABOUT A FIXED
POINT.

[Transactions of the Royal Society of Edinburgh, Vol. Xxxv  Received October 13th,
Read December 21st, 1868 ]

ALTHOUGH 1t is very mmprobable that there remaimns to be discovered any new, and
at the same time simple, fact connected with a question which has been elaborately
treated by many of thc greatest mathematicians of this and the preceding century,
the employment of a new mathematical method may cnable us to present some of
their results in a more mtelhgible form, and with far less expenditure of analytical
power than has litherto been deemed nccessary, and 1t may give us such an msight
mto the question, that we shall be able easily to discover the mutual relations among
the various processes which have been alieady employed, so far, at least, as these
differ in principle, and not merely in the peculiar co-ordinates assumed for the purpose
of simphfying the equations Such a method 1s that of Quatermwons, which seems to
be expressly fitted for the symmetrical evolution of truths which are usually obtained
by the ordinary Cartesian mcthods only after great labour of calculation, and by modes
of attack so indirect, and at first sight so purposeless, ay to bewilder all but a very
small class of readers. Quaternions afford so clear a view of the nature of the question
they are applied to, that even the student, if he have some hittle knowledge of them,
can often see why a transformation 1s made, whose object he would have been unable
to discover had the problem been masked i the unnecessarily artificial difficulties of
Cartesian geometry, or the outrageously repulsive formule of spherical trigonometry.

By far the most elegant and most easily intelhgible representations of the motion
of a solid body yet discovered, are due to Pomsot With the followng extract from
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his splendid work, Théorie Nouvelle de la Rotation des Corps (Liouwille's Journal, 1851),
I most cordially agree,—though 1t appears to me that, when he does condescend to use
analytical methods, he 1s by no means so happy as others have been, who, trusting
to mathematical analysis alone, had not the benefit of his beautiful geometrical re-
presentations. But in perusing the extract, let the rcader bear 1n mind that a quaternion
equation is quite as suggestively intelligible, to thosc who understand it, as any
geometrical diagram can possibly be. In fact, I mught almost say, that 1t 13 more
readily telligible than diagrams usually are, for, in reading a work 1illustrated by
figures, we have generally to go through a laborious explanation of what the figure
is intended to represent before we can make use of 1t for further developments. On
the other hand, a purely quaternion formula draws, as 1t were, its own figure 1 the
reader’s mind, and saves him at least the trouble just mentioned. In this way every
onc has his figures drawn so as best to smit himself, and 1s not perplexed by having
to pick up the priciples on which they have been drawn for him by another, very
probably of a different mode of thought. Still, such words as the following, when
properly apphed, not to quaternions but, to ordiary so-called analysis, must always
convey a much-needed warning —*Gardons-nous de crore qu'une science soit faite quand
on l'a rédmte & des formules analytiques. Rien ne nous dispense d’étudier les choses
en clles-mémes, ¢t de nous bien rendre compte des idées qui font Lobjet de nos
spéculations  N’oublions pont que les résultats de nos calculs ont presque toujours
besoin d'étre vénfiés, d'un autre cdté, par quelque raisonuement simple, ou par lex-
périence. Que s le calcul seul peut quelquefos nous offrir une vérité nouvelle, 11 ne
faut pas croire que, sur ce pomnt méme, Pesprit n'aib plus men & faire. mais, au
contraire, 1l faut songer que, cette vérité étant indépendante des méthodes ou des artifices
qui ont pu nous y conduwre, 1l existe certamcment quelque démonstration sunple qui
powrait la porter & Iévidence: ce quu doit étre le grand objet et le dernier résultat
de la science mathématique” . . . . . “Ce n'est qu'une apparente fécondité d= cette
méthode de pur caleul qu'on appelle assez improprement analyse. Car s les théorémes
sont déjd connus on découvre bien vite les transformations A faire pour que les
dquations y répondent, mas quand on n’a aucune 1dée de ces théoremes, on ne
transforme guére qu'au hasard, et le plus souvent on n'arrve & ren. La vrawe
analyse cst dans lexamen attentif du probléme & résoudre, et dans ces premiers
raisonnements qu'on fait pour le mettre en équations. Transformer ensuite ces équations,
cest-d-dire les combimer ensemble, ou en poser d'autres évidentes que l'on combme avee
elles, n'est au fond que de la synthése, & moms que I'dée de chaque transformation ne
nous soit donnée par quelque vue nouvelle de Vesprit, ou quelque nouvean raisonnement,
ce qui nous fait rentier dans la véntable analyse. Hors de cette vole lumneuse, il n’y
a donc plus d'analyse, mais unc obscurc synthése de formules algébriques que 'on pose,
pour ainsi dire, I'une sur lautre, et sans trop prévorr cec que pourra donner cette
combmaison. Voila les 1dées nettes quil fant attacher aux mots‘ et c'est au fond ce
que tout le monde parait sentir, puisqu'on dit trés-bien une heureuse transformation, ct
quon ne dit point un hewrewr rasonnement, ni une heureuse analyse.”

I was led to the following investigations by a desire to simphfy, if possible, by
a symmetrical process, the usual modes of treating the rotation of a ngid body The
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methods ordinarily employed are essentially unsymmetrical, e.g. the determination, by
means of three angles, ot thc position of the body at a given time, when 1its angular
velocities about 1ts principal axes are given, or can be found It was not till after
my investigations were ncarly completed, and the chief fundamental equations had been
communicated to the Brtish Association at Norwich, that I became aware of the
existence of Professor Cayley’s admirable Second Report on Theoretical Dynamics*, which
contans an 1mmense amount of valuable information, especially bearing on the present
subject.  From this I found that the notion of attaning symmetry, by secking the
single 1otation which would bring the body from some mitial position to its actual
position at a giwven time, which had been suggested to me by Hamilton’st beautiful
results, 1s due to Euler, and I also found that, by the help of certan formula duc
to Rodnigues, Cayley has completely solved the question in the Cumbridge Mathematical
Journal, vol. 111. (1843)}. Comparative symmetry, however, 1s only attained by means of
a brilhant display of analytical power at a great cxpense of time and bewilderment
to the ordinary reader In the Philosophical Magazine, 1848, 11, Cayley has translated
some of his formule into quatermons, and has thus arrived, though by a very circuitous
route, at the fundamental kinematical equation of the present paper (§ 7 below). He
does not give 1t 1n 1ts simplest form, and he remarks that he has “not ascertamned
whether it leads to any results of mmportance.” Under these circumstances, I have had
no hesitation in laying this paper before the Society, for although many of 1ts more
important results have been otherwise obtained, few, with the exception of those due
to Hamilton (which will be given in thewr turn), have hitherto been arrived at so
casily or in such simple forms.

As symmetry has been the particular object which I have had m view, by far the
greater part of the investigation bears upon the determiation of the quatermon, by
which the transition can at one step be effected from any imtial position to the actual
position of the body at a given time; and a good many results have been retamed,
which are of wmore mtcrest as properties of quaternions, than as regards their connection
with the physical question. In the kincmatical part of the paper, to which I proceed
as a necessary prelimmary, I have exhibited, for faciity of comparison with other works
on the subject, the values of this quatermion mn terms of the various sets of co-ordinates
usually employed This, I need hardly say, does not lead to very smmple or clegant
results; but the fault is due, not to quaternions, but to the wunnaturalness and want
of symmetry of these common methods of attacking the problem. On the other hand,
nothing can be neater than the set of formule which are suggested directly by
quaternions

* Report on the Progress of the Solution of certamn Special Problems of Dynamics —Biit dsx Report, 1862.
+ Proc. R. I A4, 1846. See also §§ 1 and 4 below
¥ Soe also Cambridge and Dublin Math Journal, vol 1 (1846)
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§§ 1—14. Kinematics of a Rigid System with one Point fived.

1. If e represent the mstantaneous axis of a ngid body, its length bemg employed
to denote the angular velocity about it, then, = being the vector of any pomt of the
body, drawn from a point n the axis as orgin, we obviously have (using Newton’s
convenient notation)

&= ‘?g = V@ it (1)

This formula was long ago given by Hamulton.

2. Every infinitely small displacement of a Rigid System, one point of which is

fized, takes place about an instantaneous axis

Let », @, be the vectors of any two ponts of the system, referred to the fixed
pomnt as origin, then, whatever displacements may occur, we must have (on account

of the ngidity of the system)
Tw =const, 1o, =const, Swew,=const
Hence, differentiating with respect to ¢,
Swir =0, S=mw,=0, Sow, +Svz, =0
The first shows that = = Vew,
where e 18 some vector.  With this the third gives
S.w(Vew, —w,)=0,
which must be true for all values of w. Hence we have also
@, = Vew,
This 18 consistent with the sccond of cquations (2), so that the existence of the
instantaneous axis is proved. From the fact of 1ts existence follows at once the
representation of the motion, m every case, by the rolling of a cone fixed in the mgd

system upon another cone fixed m space. The case of fimte displacements will be
treated farther on (§ 5 below).

3. To find the wnstantaneous axis, when the wvectors, and vector-velocities, of any two
pownts of the system are grven.

Here we have to find e from the two equations
o= Vew, o, = Vem,.
They give by mspection Voo, = — eSow, = eSww,,
TT, — T,
= S(ow - wm)

T. 12

or, more symmetrically,
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4. If q be any quaternion, the operator
9C g™

turng the vector, quaternion, or system, to which it is applied, about the aaxis of q
through double the angle of q.

This was onc of Hamilton’s early* discoveries in his new calculus, but it was
independently obtained by Cayley (only a month or two later)+ by the help of the
formule of Rodrigues already referred to. Converscly, when its truth has been
established by an 1ndependent process, these formulee may be at once derived from
1t: not only far more simply, but even in a somewhat improved form.

The quaternion g may obviously be considered as a mere versor, since 1ts tensor

does not appear in the operator ¢( )¢7% and a glance at the annexed figure proves,

-/
7
” g

7’ 4 .,
7’7" 77 14

by the multiplication of versor arcs, the theorem above stated. (See Tait’s Quater nions,
§ 353, or Hamilton's Lectures, § 282, and Elements, § 308 (9).)

5. In quaternions we have, of course, whatever be ¢ and 7,
(qr)—] = r*l q—l
Hence q.r( )rtigt=qr( ) ()

which shows how to combimne any two rotations into a single one

6. Given the initwl and final positions of any two vectors of « rigud system,
drawn from the fived point; to find the quaternion operator by which the rotation
can be effected. Let them be a, B8, #, B;, and let ¢ be the required quaternion,
then

g =, QB =B,

or qr=ayf, B=1g wreererr sereiines et e, (3)
Hence S(a—-a)g=0,8(8-8)g=0,

or Vgl V(a—a)(B~8)

as we might at once have secn by the geometry of the question

Hence qg=z+yV(a—a)(B—RB).

* Proc. R. I. 4., November 11, 1844, + Phal. Mag, Feb. 1845.



XV.] ON THE ROTATION OF A RIGID BODY ABOUT A FIXED POINT. 91

By the help of this, the first of equations (3) becomes
0 =w(“““1)+?l{V(a“ a)(B-B).a—q V(a—a.)(B—B,)I
or O=z+yS(a+a)(B-4)

[The second of equations (3) merely gives us a condition which is equivalent to
this, because

S(at+a)(B-B)==8a-a)(B+B)
or SaB = Sa,8,.]
Thus, finally, g=y{=S@+a)(B-B)+V(a—a)(B-RB)}
=—yl(B-B)a+u(B—AH)]

where, as was to be expected, the tensor is left mdeterminate.

7. Given the instantaneous axis in terms of the time, it is requwed to find the
single rotation which wnll bring the body from any wmtal position to us position at a
given tume. .

If a be the initial vector of a point of the body, = the value of the same at
time ¢, and ¢ the required quaternion, we have
T=QAQ7 . . s e e s (4).
Differentiating with respect to ¢, this gives
& =qaq~' —qaq §q~", i
=4¢7' .29 —qagt 4g
=2V.(Vgy™. qaq™)
But o =Vew="V.eqaq™"

Hence, as qag™ wmay be any vector whatever in the displaced body, we must
have

This 1s the fundamental kinematical relation already referred to. Cayley's*
quaternion form of it (which will be understood by the help of § 13 below) is

Lo d.
x (ip+jg +kr)=2 ?1!5 A+
where A=1+N+ju+hkv

8. The result of § 7 may be stated i even a simpler form than (5), for we
have always, whatever quaternion ¢ may be,

. dU
Vig = dtq (Ugy

* Plil. Mag., Sept. 1848.
12—2



92 ON THE ROTATION OF A RIGID BODY ABOUT A FIXED POINT. [XV.

and, therefore, 1f we suppose the tensor of ¢, which may have any value whatever,
to be a constant (umty, for instance), we may wnte (5) in the form
€1 =2 trrrrriieiriniiniiii e (6).

An immediate consequence, which will be of use to us later, is
q-97'eq=2q ..... e e (7).

9. It may appear to some that the demonstration of § 7, founded on the
differentiation of quaternions, 13 not very convincing. For such it is easy to put it
m an expanded form in which no process of differentiation of a function of a
quaternion is alluded to—though in principle 1t is the same proof.

Let q become g+7 in the indefimtely short interval = Then the change of
position of the extremity of

@ = qag™*
may be expressed either as

.

Vem. T or as (¢+7)a(q+7r)"—qaq™
Hence
V. egag = (g+ r)alg+r)7 - gag,
=q[Q+g ' r)a(l + ¢ ) —alq,

= T*ﬁ‘i?‘r’) A+ Na@+K.qn) -1+ A +K.qMajg
2
= P DV (V) g

But » is the change of ¢ 1n time 7, and we may therefore write
r=gqr.
Substituting, expanding, and neglecting small quantities of the orders 7° and
upwards, we have
V.eqag'=2qV (Vg iq.a) g™
=q(Vgg.a—aVgigg™
=9V §)q qag7 — g~ g (V' @ g
= Vi quq~ = qag. Vg™
=2V (Vyg™ q2g7™)
the same equation as mn § 7
9% [Inserted Dec. 19th, 1868] A geometrical mvestigation may also easily be

given, if for no other purpose than to serve as an instance of the justice of my
introductory remarks on dingrams as compared with quaternion equations
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Let @, @ be the poles, on the unit-sphere, of the versor angles BQE', BQ'E’,
whose bounding ares intersect in E'; and let P, P’ be the poles of these bounding

ares, 4 the pole of Q@B [A coincides with the projection of O, the centre of the
sphere]  Then evidently ﬁ(:q) and tﬁ“'(= ¢') are the versor arcs, corresponding
to the above versor angles. Obviously the pomt £’ is deduced from a pomnt e on
the other side of the sphere [whose projecuion comeides with that of £7], by a
rotation about ) thiough double of BQE’, or about @ through double of BQE".
Henee we have obviously

OF' = qUeq™ = ¢ Oeq'.
Thus a rigid body may pass from the postion ¢ ( )g™ to the poution ¢’ ( )¢,

whatever be ¢ and ¢/, by a rotation about OE’ Also, by ¢ ( )¢ @ remains fixed,
but by ¢ ()¢~ it moves to R, where £QE'R=2/QE'Q =2, POP

Hence if OF'=—Ue=(Ue)™, the versor arc PP’ may be expressed by either of
the equal quantities

2P
(Ue) » =q'¢

But the actual rotation about € is 2PP’, because @ moves to R. Hence 1f we put

q =q+§dt + &,
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we have Tedt=2PF,
Tedt
and thus 1+4q™ 8t + &e =(Ue) = =cos §E2T €+ Uesin 8~t2Te
€
=1l+38+&

Hence, as in (6), when &t is indefinitely small

2§ =e.

10  To express q wn terms of the usual angles ¥, 6, ¢.
Here the vectors ¢, j, & in the omgmnal position of the body correspond to 04,

3

N
Ny

A4

OB, OC, respectively, at time £. The transposition 13 cffected by—first, a rotation
about k; second, a rotation 6 about the new position of the line originally comnciding
with j. third, a rotation ¢ about the final position of the lne at first comciding
with &

Let 7, j, & be taken as the mitial directions of the three vectors which ai time ¢
terminate at A, B, C respectively.

The rotation + about k has the operator

v
ET()RT"
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This converts j into 5, where
v ¥
n=k"jk "=jcosy —isiny.
The body next rotates about 5 through an angle §. This has the operator
2 _e
7 ()07,
It converts & 1nto
8 L
=¢=qrkn r= (cos g+ 7 sin g)k (cosg—n s Z)
=4k cos 6+ sin @ (¢ cos Y +j sin Yr).
The body now turns through the angle ¢ about ¢, the operator being

3 _é
OIS
Hence
LA 4
7=§”’n”k"
cos +{nng) (cos +memn, )(cosf+kmng)
¢ 0. v ]
co8 +§'sm;z caszoos—ﬂ-l»coszsm2+smlcos—(jcosw—zsln¢)+sm sm-(:cosw+_1~un\ti
[3 0 os ¥ [ ¥ 14
(cos +rsm2)[cos2cou§—xsmzsm2+;sm2co~ +Lcou s :I
=cos? Yian@emPen? e ®om % oos ¥ 6 60y
cos cos 5C08 5 +ung BIn o BN S 80 0 cos ¥ S1u ) 81N 5 CO8 7 sin § in ¢~ smzcos)smzcosv

¢ an ¥ ® 008 ® 0os ¥
+t (-cos‘zmn‘zamz-Hamicos2

2

%2 con? + e ® con % con ¥ % n®an? % onf ¥
+7 (cos2 smzcos— +smé cosécoa2 mn&sm\b-smz smésmzcoso s 5 co-uzx,m s 6cos Y

¢ 0 ¢ oo ¥
+h(coazcouzsm2+s\n2coszcoe2

—eos® ¥ s ? o~y 0 =¥ 0 P+ 08
=co8 2 0032+lsln 2 sm§+Jcos 2 sm2+Lsm Py 0052.

which is, of course, essentially unsymmetrical

2

95

v ?n % cos ¥ P os o ¥
008 ;a1 0 cos Y —sin o 8111 5 €08 €08 §+8In 5 cos , s G an fsin ¢

)

?an%sn ¥ 2anfcos¥ )
cosﬂ+sml sIn g8 g 8n 6 81 Y +s1n 2am‘2¢oszmn0cos‘[«

11. To find the usual equutions connecting ¥, 0, ¢ wnth the angular velocities about

three rectangulur axes fized in the body.

Having the value of ¢ m last section in terms of theshree angles, 1t may be useful
to employ 1t, in conjunction with equation (6) of § 8, partly as a venfication of that
cquation  Of course, this 1s an cxceedingly roundabout process, and does not in the

least resemble the simple one which is 1mmediately suggested by quaternions.
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We have 2§ = eg = {0,04 + 0,08 + ©,0C} ¢,
whence 207§ = ¢ {0,04 + @,0B+w,0C} ¢,
or 2¢ =g (1w, + jo, + kwy).

This breaks up into the four (equivalent to three independent) equations

2(}11(0034”-\1' 0! g):-m,sind);‘#sing-—w,cosé—;lrsmg—w,sin?—;—‘kcos

(A o

2 (% (sm = ¥em g) = wcos ?——' ¥ cos ; — w, S0 4 j ¥ cos g + w; cos ?_ljf sin

4
2
6
2
6
2

2d1 (cosd’_#fsm g): m,sin¢+¢cosg+w,cos¢;\kcosg—w,sin?—;‘ksini

& — . = .
3 *Cﬂsg>=-w:cm~ 3 ‘ksmg+wgsmé 2‘155mg+wu.cos?-}§icoqg

]

From the second and third eliminate ¢ — v, and we get by mspection
0 . 6
cos§.0=(m,sm¢+w1cos¢)cos—,
or é=w,sm¢+mz COSP vvinniiiinininnnn. e e e (8).
Sumilarly, by climinating  between the same two equations,
s g(¢—\[})=wamng+w, cos ¢cosg-— w, sin ¢ cos g
And from the first and last of the group of four
cosg(¢+\l})= w,cosg—w, cos ¢ sin g+ @, sin ¢ smg

These last two equations give
¢+ ¥cosf=ow..... e e e D)
¢ 080 + ¥ = (— w, cos ¢ + w, s1n p) s1n 6 + w, cos 0
From the last two we have
Ysinf=—w cosd+ w,sing ... ... v e (10).
(8), (9), (10) are the forms i which the equations are usually given.
12. The essential want of symmetry, in the system of three angles usually employed,

has led me to try various other systems. None of them, however, were quite symmetiical,
and I therefore mtroduce only one of them here

Suppoese the position of the body to be determmned by the angles ¥, 6, ¢, through
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which it has been made to turn about three rectangular axes which are fixed m it,
and which may be considered as
IE @, dt, % ,dt, % @,dt respectively,

@,, ®,, & having values 1n general different from ,, w,, w,, but easly dedncible from
them

C
ke
&
g B
: 77 7
A
J

The essential difference between this process and the ordinary one (just tieated),
consists 10 usiug rotations about eack of the three axes fixed m the body, mstead of
one about one axis, followed by another about a second, and then a final rotation about
the first axis instead of the third.

We have first a rotation ¥ about 7, next 8 about the new position of j, and finally
¢ about the final position of k.

v ¥
1™ ( )¢ " 18 the operator due to the rotation about

It converts j mto n=jcosy + ksiny,
and & into kcos yr —jsin .

Next, the operator due to the rotation 6 is

6 e
()",
and this converts kcosyr —j sm  into -
¢=1isin 0+ (kcosy —jsiny)cos b.
¢ 0y
—trprer=(cos® 4 ts 9) ( 4 0\ (eos ¥ ¥

Thus g=f"n" "= (0052 + {am2 €05 5 + 7810 3) (C"S§ +1 810 2) .

T. 13



98 ON THE ROTATION OF A RIGID BODY ABOUT A FIXED POINT.

[xv.

Substituting the above values of ¢ and =, multiplying out and arranging, we find

finally
¥

. . 6
q=cos?cos€cos‘k—sm?sm~sm—-

2772772 2772772

L/ 6 ¥ . 0 ¥
(cos @ cos o ¥ PeinZcos ¥
+i(cos g cos g gm 5+ s 5 sin 5 cos 2)
+j (cos%aingcoa 2‘ —amgcos gsm 7..")

¥

+k (cos ¢ sin q sin - +8in ‘écos g cos %) .

2772 2772

The expressions for o, w, @, in terms of ¢, 6, ¥ and thewr differential co-

efficients are not very simple, and can scarcely be of any use.

We see by the equatian of § 11 that

-0, =28, 7.
If we put g=w+iwx+jy+ ks
this gives — o, =2 (2l — wi + yZ — 2y)

from which the required expression may be obtained

I have not cxammed the question, but I fancy that to deduce the constituents
of the above value of ¢ by means of spherical trigonometry would not be very

©asy.

18, To deduce expressions for the direction-cosines of a set of rectangular azes wn

any position in terms of ratwnal functions of three quantities only.

Let a, 8, vy be unit-vectors 1 the directions of these axes

Let ¢ be, as 1n

§ 7, the requisite quaternion operator for turmng the co-ordinate axes mto the

position of this rectangular system. Then
g=w+at+yj+zk
where, as 1 § 8, we may write
l=w+at+ y'+ 2%
Then we have = w—m -y — 2k,
and thercfore

a=quq7 = (wi -z — yk + 2)) (w — o — yj — 2k)

=W+ 2 - y*—22) i+ 2 (wz + ay)j+ 2 (zz —wy) &,

where the coefficients of 4, j, k are the direction-cosines of « as required. A similar

process gives by inspection those of 8 and +.
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As giwven by Cayley, after Rodrigues, they have a shghtly different and
somewhat less simple form—to which, however, they are easily reduced by putting

w=2=Y_2_1

uwov ot
The geometrical interprotation of either set is obvious fiom the nature of quaternions.
For (taking Cayley’s notation) if ¢ be the angle of rotation. cosf, cosg, cosh,
the direction-cosnes of the axis, we have

q=w+afi+yj+zk—cosg+sing(icosf+jcosg+kcosh),

50 that w=cosg
[

w=a1n§cosf
8

y=smgcos g

z= mecosl

=smgy a

From these we pass at once to Rodrigues’ subsidiary formulw,

x=w—z=scc“2
r=7 = tan g cos f
w
&c = &e

14 In the system of three angles, corresponding to that usually employed in
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astronomy—viz., 0 the longitude of node, ¢ the inchnation of orbit, = the angle from
node in plane of orbit—to find the quaternion operator.

Here we relapse into the essential asymmetry of the method of § 10. First,
a rotation & about j, second, a rotation ¢ about the new position of k; third, a
rotation 7 about the final position of what was originally j. The connection of this
process with that of § 10 is sufficiently obvious.

L] L]
Here j~ () j ~ is the operator for 8, and converts &k mto
— 6. .. 8 0 .. 8
O, =n= (cosé +jsin 2) k (cos 3—Jsin 2)
=1sin 6 +kcosf.
Next, the operator for ¢ 13

s _®
7( )n ",
and converts j into

OB=¢= {cos 5 +sm ? (z sin @+ & cos 0)} {cos g —sin g(i sin 6 + 4 cos 0)}

=-—18in ¢ cos 6 + j cos ¢ + k sin ¢ s 6.

Hence we have
7 ¢ 8
q=¢ 9 g

—[ms +em g ( um¢cos€+;eos¢+knm¢sm0)] %cos +sm (lsm0+Lcosa)]» (cos +J 8 )

¢ in? [ ? 0s )
j ¥in , +) Cos 5 sm2+ksm2cas;2)

:[con;+nn;(—1 810 ¢ €08 0 +J €08 ¢ + k 8in ¢ s1n 0)] (cosg’cosgﬁsmk

T+0 o 6-r ¢ 6

10 -7 ¢
=cos OB +18I0 = BN g +g 8

4 - Ten?
3 cos‘j+hcos~2/ sng.

As a verification, we have by § 11

04 = qig™
= (w2 y2- 2 1+ 2 (w2 + vy) g+ 2 (s - wy) k
_[cos(o-wr)cos’?-conw -r)sm’¢ n+eosrsmw+[sm(0 -r)sm’g—sm(o-t-r)cosm]h
=(coB 6 008 7 cO8 ¢ — 81N 81N 7) 1+ €O8 T8BIN ) + ( — 8in § cO8 7 08 ¢ — o8 § 8in 7) k.

The coefficents of %, j, %, 1n this are the usual expressions for three of the
direction-cosines. The other six may be obtained by the same process.
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To express the angular velocities about Od, OB, OC i terms of the three
angles 6, ¢, 7, we have at once
o =28 i
=2 (0w — wi + yz — 23)
=—fcosTsmp—smr

And the others can be found n a similar manner

§§ 15—60. Kunetics of « Rypnd Body unth one Point Fized.

15 Having premised these kmematical theorems, we pass to the consideration
of the motion of a rigid mass. It was of course at once obvious to Hamilton
(Proc. R 1. A 1847), that if = be (as m § 7) the vector of the portion m of the
mass referred to the fixed pont, B the vector-force acting at m, Lagrange’s general
equation of motion takes m quaternions the form

Y Vo (nw—£)=0,

or, 1f we put v=2.Vag
so that 4 denotes the vector-couple acting on the body,
S.mVem =9 s s e e (1)

This 18 our sole dynamical equation

16 Integrating once with respect to t, we have, putting .
y=Mpdt o C e . (12),
S.mVew=9y.
where, 1f we please, we may omut the V, as =ww 1s necessarily a vector

Now, by the kinematical relation m § 1, if e be the vector instantaneous axis,
we may write (13) as

SomwVem=vy. oo cooe viv e oo e (14)

17 From these ecquations Hamlton has deduced, m an extremely simple way,
many known results of great intercst. For iustance, if Y vamsh, e, if there be no
apphed forces, 4 18 u constant vector, and (operating on (14) or (13) by S.¢)

Sey=2.m(Vew)’=Smw*=—h.. ... v e (15),
a constant, by the principle of conservation of energy.
Of these equations Sm(Vemp=—~h?

denotes obviously an ellipsoid fixed mn the body, and such that e 1s a radius-vector
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of it. The tangent plane to it at the cxtremity of e is easily seen to be the fixed
plane
Sey =—1I2

Hence we have at once Powsot’s beautiful construction of the motion, by the rolhng
of the central ellipsoid on the nvarable plane. But this, although extremely elegant,
18 not well adapted to assist us n the determination of the position of the body
n space after a given time

18. In most of the investigations which follow, we shall use the form (14) as
given by Hamilton; and we shall omit for the present the consideration of whether
v 18 a constant vector or not.

19. Let a be the imtial position of @, ¢ the quatermon by which the body
can be at one step transferred from its initial position to its position at time ¢ Then
@ =qaq”"
and Hamilton’s equation (14) becomes
3. mgaq™ V. eqagt =1,
or T .mg{aS. agleq — g reqat} g =1y,
Let dp=3.m(aSap —a%) ..cooev iieen oL e .. (16),

where ¢ 18 a self-conjugate lincar and vector function, whose constituent veetors are
fixed in the body in 1ts nitial position. Then the previous equation may be written

qp(qeq) g =1,
or $(q7'eq) =q7'yg.

For simplicity let us wrte

q7leg=1
. . A ¢ )
qyg= t}

Then Hamilton’s dynamical equation becomes simply

=8 e C e . (18)
20. It 13 easy to sec what the new vectors # and § represent. For we may write

(17) w the form

""1'7‘1_'}. e e e e, .Qry,
v=q8""

from which it 1s obvious that = 1 that vector in the imtial position of the body

which, at tume ¢, becomes the nstantaneous axis in the moving body. When no forces

act, y 1 constant, and ¢ is the initial position of the vector which, at time ¢, 1s

perpendicular to the mvariable plane.
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21. The complete solution of the problem 18 contained m cquations (7), (17),
(18)*  Wnting them agamn we have, attending to (17), while mtroducing 5 instead
of e mto (7),

=2 ... . it oo . e (D,
yg=qb. .. .. e e e (17),
=t . e e, ..(18),
We have only to eiminate ¢ and 9, and we get
24 =qd7 (¢7'YG) .+ v e L (19),

m which ¢ is now the only unknown, g, 1f variable, being supposed known i terms
of ¢ and ¢ It is hardly conceivable that any simpler, or more casily interpretable,
equation for ¢ can be presented until symbols are devised far more comprehensive
in their meamng than any we yet have.

22. Before entering nto considerations as to the integiation of this cquation, we
may vestigate some other consequences of the group of equations in §21. Thus, for
mstance, differentiating (17), we have

vg+79=95+q8
and, elimmating ¢ by means of (7)

vim + 2494 = gnt + 29,

whence E=Vin+q9q,
which gives, m the casc when no forces act, the forms

E= Vel v e . 20),
and (as ¢=¢9), ¢n=—V.n¢y. . [ 1 5%

To cach of these the term ¢7'yg, or ¢7’¥rg, must be added on the nght, if forces act

23, It is now desirable to examme the formation of the function ¢. By 1its
defimtion (16) we have

¢p="2 . m(aSap — a’p)

=—2.maVap.
Hence —Sppp =X . m(TVap),
* To these 1t is unnecessary to add
Tq=constant,

as this constancy of Tq 18 proved by the form of (7). For, had Tq been variable, there must have been
a quatermon 1n place of the vector ». In fact,

d . y
7 (T0?=25 . iKq=(Tq)’ Sn=0.
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so that —Spgp is the moment of wertia of the body about the vector p, multiplied
by the square of the tensor of p. Thus the equation

Spgp =— I,

cevidently belongs to an ellipsoid, of which the radu-vectores arc inversely as the square
roots of the moments of inertia about them®, so that, if 7, j, £ be taken as umt
vectors in the directions of 1ts axes respectively, we have

Sigi =— 4,
Sigi =—B b s s, (22),
Sk =— 0,

A, B, C, being the principal moments of wmeitia. Consequently
¢p = — {AuStp + BjS)p + CkSkp}
Thus the equation (21) for n breaks up, 1f we put

............... (23).

=10+ jo, + ko,
mto the three following scalar equations
Ad,+(C = B) 0,0,=0,
Bo, + (4 - ) w,0,=0,
Coy +(B - 4)w,=0,
which are the same as those of Euler. Only, it 1s to be understood that the equations
Just written are not primarily to be considered as equations of rotation. They rather
express, with reference to fixed axes in the imitial position of the body, the motion
of the extremity, ,, w,, w; of the vector corresponding to the instantaneous axis m
the moving body. It, however, we consider @, w,, , as standing for then values m

terms of w, @, y, z (§27 below), or any other coordinates employed to refer the body
to fixed axes, they are the equations of motion

Similar remarks apply to the cquation which determmes ¢, for if we put
=17, + )@, + ke,
(20) may be reduced to three scalar equations of the form

=, + (}C'_ z,) =, =0.

24. Euler's equations in thewr usual form are easily deduced from what precedes.
For, let

ep=qd(a7'r) g™

whatever be p; that 1s, let ¢ represent with reference to the moving principal axes

* For further nformation about this equation, see Hamilton, Proc. R. I. A., 1847, and Elements of
Quatermions, p. 755. Also Tait, Quaternions, § 367 (3rd ed. § 887).
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what ¢ represents with reference to the principal axes in the initial position of the
body, and we have

té=qp(qéq) g =qd () g™

=qlg™ =qV (&) g
=—qV(n¢n)q™
=-V.g¢(n)q?
==V.qmqqp (g eq) g™
=-V. epe,

which is the required expression.

But perbaps the simplest mode of obtamning this equation is to start with Hamiltow’s
unmtegrated equation (11), which for the case of no forces is simply

2. mVew=0.
But from @ = Vew
we deduce @ =Vew + Vew

= we? — eSew + Véw,
so that 2. m(VewSew — éw? + wlém) = 0.
If we look at equation (16), and remember that ¢ differs from ¢ simply i having
w substituted for @, we see that this may be wntten

Vege + pe =0,
the cquation before obtamned. The first mode of arriving at it has been given because
1t leads to an interesting sct of transformations. for which reason we append. other two

By (17) v=q8"
therefore 0=gq . qtg + qbg— — q9%7'qq™
or gl =2V . yViq
= Ve

But, by the begining of this section, and by (14), this 1s agamm the equation lately
proved.

Perhaps, however, the following 1s neater®.
By (14) pe=1
Hence ¢é=—pe=—3.m(aVew + wVew)
==32 . moSew
==V.eZ . muSew
= — Vege.

* [Inserted Dec. 19, 1868.] I have lately found that Hamilton, 1n his Elements of Quaternions (1866), has
obtaned this equation in & manner almost identical with that last given.

T 14
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25. However they are obtained, such equations as those of § 23 were shown long
ago by Euler to be integrable as follows,

Putting 2 |ww,0dt =3,
we have Aop=A02+(B-C)s

with other two equations of the same form. Hence

ds
2dt = T >
Jem T ey
so that ¢ 18 known m terms of s by an elliptic integral. Thus, finally, » or ¢ may
be expressed in terms of ¢, and in some of the succeeding investigations for ¢ we
shall suppose this to have been done. It 13 with this integration, or an equivalent
one, that most writers on the farther development of the subject have commenced
their mvestigations.

26. By § 16, y 1s evidently the vector moment of momentum of the rigid body,
and the kinetic energy is, as m § 17,

— 33 . ma? = — §Sery.

But Sey=S.q""eqq yg = Snt,
so that when no forces act

St &= Sngn =12
But, by (17), we have also

T¢=1Ty, or Té¢n="Ty,

so that we have, for the equations of the cones described mn the mmtial position of
the body by % and § that 1, for the cones desciibed in the moving body by the
mstantaneous axis and by the perpendicular to the invariable plane,

W+ pSE g =0,

k2 (¢n) +*Sndpn = 0.
This is on the supposition that 4 and % are constants. If forces act, these quantities
are functions of ¢, and the equations of the cones then described mn the body must
be found by eliminating ¢ between the respective equations. The final results to

which such a process will lead must, of course, depend cntirely upon the way in

which ¢ is involved m these equations, and thereforc no general statement on the
subject can be made.

‘
27. Recurring to our cquations for the determination of g, and taking first the
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case of no forces, we see that, if we assume 7 to have been found (as in § 25) by
means of elliptic integrals, we have to solve the equation

qn=24°*,
that is, we have to integrate a system of four other differcntial equations harder
than the first

Putting, as in § 23, 7 =1w, + jw, + ko,
where w,, @,, @, are supposed to be known functions of ¢, and
q=w+1x+jy+ ke,

. 1 dw _dr_dy _dz
this system is (lt wW=X=Yv~= 2z

where W=—-wz —oy—owgz
X= owtoy—wz
Y= ow+wz-—wm
Z= ow+or—oy,

or, as suggested by Cayley to bring out the skew symmetry,

X= . WY — .2 + W0,
Y=—ww . +wz+wmw,
Z= wgx—wy . +ouw,

W=—-wr—o0y—owc

* To get an idea of the nature of this equation, let us integrate it on the supposition that » is a

constant vector By d and sul we get
24 =qn=14n'q
Hence g=Q, cos I;’ t+Q,8m 7%’ t

Substituting 1n the given equation we have
Tn Ty
In Q,sm t+(}‘cos—t Q, eos—t+Q‘sm—t

Hence Tn Q,=Qn,
=Tn.Q=0m,
which are wirtually the same equation—and thus
q=0Q (cou I;’H- Unsin 1‘}' t)
Ty
=Q; (Un) ™ .
And the nterpretation of ¢ ( )g~! will obviously then be a rotation about 5 through the angle tT7, together

with any other arbitiary rotation whatever ~Thus any position whatever may be taken as the imtial one
of the body—and @, ( )@, brings it to 1ts required position at time t=0.

14—2
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Here, of course, one integral is
w? + 2* + y* + 2* = constant.
It may suffice thus to have alluded to a possible mode of solution, which, except
for very simple values of 7, involves very great difficulties. The quatermon solution,

when 7 is of constant length and revolves uniformly in a right cone, will be given
later.

28, If, on the other hand, we eliminate 7, we have to integrate
997 (77'vg) = 24,

s0 that one integration theoretically suffices. But, in consequence of the present
mmperfect development of the quaternion calculus, the only known method of effecting
this is to reduce the quaternion equation to a set of four ordnary differential
equations of the first order. It may be interesting to form these equations.

Put g=w+w+ )y +kz,
and o =ta+jb + ke,

then, by ordinary quaternion multiphcation, we easily reduce the given equation to
the following set:—

dt _dw _dz_dy _d
}=T;‘,f=7=_-'!=zf ................................... (24),
where W=—oB -yB-28 oo X= . yC-:B+ud

X= wA+y0--B Y
= wiB+ A -2l Z= B-y& . +uwl
w

Z= w®@+aB-yA& = 2@ -y — 2O
and a =:14;[a(W’—(c’—yi_za)+2w(az+by+cz)+2w(b,_cy)]
”=11§ [b (w? — 2* — 3 - 2°) + 2y (az + by + ¢2) + 2w (cz — a2)]
1

=t [ (w? = 23— 32— 2%) + 22 (az + by + cz) + 2w (ay —bz)]
W, X, Y, Z are thus homogeneous functions of w, z, y, z of the third degree.
Perhaps the simplest way of obtaining these equations 1s to translate the group
of § 21 into w, @, y, z at once—instead of using the equation from which ¢ and

7 are eliminated.

We thus see that n=1& + j18 + kC.
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One obvious integral of these equations ought to be
w?+ &+ y* + 2* = constant,
which has been assumed all along. In fact, we see at once that
wW+aX +yY+2Z2=0
identically, which leads to the above integral.

These equations appear to be worthy of attention, partly b of the homo-
geneity of the denominators W, X, ¥, Z, but particularly as they afford (what does
not appear to have been sought) the means of solving this celebrated problem at
one step, that 1s, without the previous integration of Euler’s equations (§ 23).

A set of equations identical with these, but not in a homogeneous form (being
expressed, m fact, in terms of x, A, u, v of § 13, instead of w, z, y, z), is gven by
Cayley (Camb. and Dub. Math. Journal, Vol. 1 1846), and completely integrated (n
the sense of bemng reduced to quadratures) by assuming Euler's cquations to have
been previously integrated. (Compare § 27.)

Cayley’'s method may be cven more easily applied to the above cquations than
to hs own; and I therefore leave this part of the development to the reader, who
will at once see (as in § 27) that &, 2B, & correspond to w,, w,, w; of the %
type § 23

29. It may be well to notice, in connection with the formule for direction
cosines 1m § 13 above, that we may write

A= ‘% [a @+ 2* — y* — 2%) + 2b (zy + wz) + 2¢ (22 — wy)],
B =113[2a(zg/—wz)+b(w’—:c*+y’—z’) +2¢ (yz + wx)),
<= é[2a(.:;z+wy)+2b(yz~uu:)+c(w’—:c’—y’+z”)].

These expressions may be considerably simphfied by the usual assumption, that
one of the fixed umt-vectors (¢ suppose) is perpendicular to the mvarable plane,
which amounts to assigning definitely the mitial position of one line in the body; and
which gives the relations

b=0, ¢=0.

30. When forces act, 4y is variable, and the quantities @, b, ¢ will in general
mvolve all the variables w, 2, y, z, t, so that the equations of last section become
much more comphlicated. The type, however, remamns the same if 4 nvolves ¢ only;
if 1t nvolve ¢ we must differentiate the equation, put in the form

v=29¢("" g,
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and we thus easily obtain the differential equation of the second order
¥=4V.0 (O + 206 (V.7 D
if we recollect that, because ¢~'¢ is a vector, we have
S.qg=(9r

Though remaikably simple, this formula, in the present state of the development
of quaternions, must be looked on as intractable, except in certain very particular
cases,

31. Instead of solving the differential equation (7) of the group n § 21, having
previously eliminated 5 from it by means of the other two, we may solve the second
equation of the group,

for ¢, and treat n as known in terms of {. § of course, is to be regarded as found
by the processes of §§ 23, 25. As this mode of attack leads to a determination of
g by a set of three new differential equations, instead of the four of § 27, 1t may
be useful to consider it briefly, but only for the case of 4 =constant. Its interest
seems to be derwed entirely from the quaternion mvestigation to which 1t leads.

32. In consequence of (17), just cited, we may write
GRS+ L cvririeieie e e e (25),
which will be found to satisfy that equation, whatever value 18 assigned to 8.

But & is really not unrestricted in value; for, 1if we exhibit 1t as the sum of
two vectors, thus

8=8+38,
of which 8, satisfies the equation 78, +8,¢=0,
or, which 1s the same thing, the par

88, (y+ )= 0}
Va(y-=0

we see that &lly=¢

satisties both. [Thi~ depends on the fact that 7¢=1".] Hence 8 must be deprived
of 1ts resolved part parallel to y—¢: or we must have

S8 (Y =8)=0 everereerieerereeieies e (26).

33. By differentiation of (25) we have
q=vd+ 8¢+t
Substituting in (7) we have
2 (vh + 8¢+ 88) = 8y + 8ty
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But, § 22, E=Ven
whence tn—2t=nt
and the above equation becomes
(S +88) =480 + 8nleeriiiieieiieeet e «27),
of which a particular solution 18 evidently
28 = 8.

But this must be completed by the addition (to the second member) of a solution
of the equation

yr+1§=0,
smce any such term m the value of & would disappear from the differential
equation

Such a solution is easly found, by putting —¢ for ¢ mm (17), and attending to
§ 32, mn the form

P A= AL cuien erreees eveerens e (28),
with (as in § 32) the condition Sy+¢)Aa=0.... (29).
Hence, finally, 28 =8y + yA—-AL.. (30),
which, by taking the scalar, gives

S(y=80A=—=88ceeiiir ciiies ivir e .. (3D).

34 By differentiation of (26) we have
S(y—t)8=588t=8.5¢n.
Substituting the value of § from (30) we have
S.(y=8)8n+28.ytA=28. 8¢y,
or 28 . yfA==8 (y+8)8&... .. e . (32)
From (29), (31), and (32), we find A by the usual quatermon process m the form
288 (y=0) @+ V==V =@ +HS.(v+ D=2V (y+) VoylSen,
or AV == VolS . (v + D)+ (y =) (P +Sy8) S8n.eeevveerneennnnns (33),
where, 1 transforming the last term, we must recollect the equation TI'¢=Ty.
From this we deduce at once
2(yA— A Vgl == (yVyt = Vot DS (y + O 8+ [y (v = ) = (y = ) £ (v* + Sy) S8,
or 2(yA=AD Vigl=(v =) (P +Sy5) 8. (v +£) dn + 2 (v — v§) (" + 5v8) Sbn,
or, finally, remembering that
Veyl = Syl — 482 =Syl — o,
2(yA - AD) (Syf =9 = (Y =) 8. (v + §) Sn + 2(y* —v§) Sdn
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35. Substituting this in (80), we get, after a slight transformation, consisting in
omitting the scalar parts of the right-hand side, whose sum is zero,

28(Syt =) =(Syf =) Vén+ 1 (y = §) 8. (v +1) 8n = VoyliSn.
This may easily be put in the simpler form
W=Von—V.(y+ ) V. (=) rrerreeereiieenrrenns (34).

Reduced to scalars, this gives three linear differential equations of the first order,
the coefficients bemng functions of . These can, of course, be reduced to depend
upon one lnear differential equation of the third order with coefficients functions
of t.

36 As a verification of the preceding work, we may try whether the result 13
consistent, as it ought to be, with the condition (assumed throughout)
Constant = (7'g)* = 2428+ 28 . y8¢8.
This expression gives, by differentiation,
0=—89yE + 2 (v* — Syt) S88 + 4.9y8Sy8
Substituting for § its value from (34), we have
0=—8SyE+8. 8y8Sen+ 258 (S. y8n—4S. (v +¢) &n)
=88yt + 5. 8yESEn + Sy8S . y8n — $y8S. ¢
=—8SyE+ 8.8 (nS. 488+ ¢S . nyd +4S. tn8}
=8yt +85.8(89. ytm)
which is true, because by (20) t=Vn.
87. Another mode of attacking the problem, at first sight entirely different fiom
that in § 19, but in reality identical with it, is to seeck the linear and vector function

which expresses the Homogeneous Strain which the body must undergo to pass fiom
its initial position to its position at time ¢.

Let @ =xa

a bemg (as in § 19) the initial position of a vector of the body, = its position at time ¢.
In this case x is a lincar and vector function. (Quatermons, § 355 [3rd ed. § 376])

Then, obviously, we have, =, being the vector of some other point, which had
initially the value aj,

Nww, = 8. yaxa, = Saq,
(a particular case of which 1s Tw = Txa=Ta)

and Vaw, = V. xaxa = x Vaa,.
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These are necessary properties of the strain-function x, depending on the fact that in
the present application the system 1s rigid

38. The kinematical equation o= Vew
becomes xa = Vexa,

(the function x bemng formed from x by the differentiation of its constituents with
respect to t).

Hamilton’s kinetic equation InmwVew =4y,
becomes 2. myaVexa =r.
This may be written 3. m(xaSexa —ea?) =1,
or S.m(aSay'e—xte.a)=x""7,

where y 1s the conjugate of x

But, because Sxoaxa, = Saz,,
we have Saa, = Sy xa
whatever be a and a,, so that xX=x"

Hence Z.om(aSayte—xTe.a)=x""y,
or, by § 19, by le=x"y

39. Thus we have, as the analogues of (17), (17'), the equations

Xe=n
xr=4

and the former result xa = Vexa

becomes x& = Vxuxa=xVnya

This is our equation to determine y, n bemng supposed known To find 7 we
may remark that

¢n=1¢
and = ;:'Y
But xxla=a,
50 that xXx"'e+ X;C.:’ a=0
Henee f=—xix
==—Vixy=Vin=V{"¢,
or b0 =— V17¢W
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These are the equations we obtained before. Having found 7 from the last we
have to find x from the condition

X x2 = Vna

40. We might, however, have ehmmated 7 so as to obtan an equation containing
x alone, and corresponding to that of § 21. For this purpose we have

n=¢ E=¢Tx7'y,
8o that, finally, X x2=V¢xya,
—~
or xa=Vytadg-ixTy,
which may easily be formed from the preceding equation by putting y~'a for a, and
_
attending to the value of %~ given m last section.
41. We have gwen'this process, though really a disguised form of that m §§ 19,
21, and though the final equations to which 1t leads arc not quite so eauily attacked m
the way of integration as those there arrived at, manly to show how free a use we
can make of symbolic functional operators i quaternons without 1isk of error. It
would be very nteresting, however, to have the problem worked out afresh from this

pomt of view by the help of the old analytical methods as scveral new foms of
long-known equations, and some uscful transformations, would certainly be obtaimed.

42. As a verification, let us now try to pass from the final equation, m y alone,
of §40 to that of § 21 in g alonc.

We have, obviously, & =qag~ = xa

which gives the relation between ¢ and x

[It shows, for mnstance, that, as (8 being any vector whatever)

SBxa = Sax'B,

while SBxa = SBgag™ = Sag™ By,
we have XB=q"8q,

and therefore that xxB=q(@'Bpg =45,
or X =x7 as above.]
Duifferentiating, we have qaq™ — qag™ ggt = xa.
Hence X' X2=q"gu—ag'g

=2V.V('¢)a
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Also e Xy =97 ),
so that the equation of § 40 becomes
V. V(g a=V.¢ (g yq) q,

or, as « may have any valuc whatever,
2Vg g=¢" (7 v,

which, 1f we put Tq = constant

as was origimally assumed, may be written

29 =997 (97" v9)
as m §21

43 Let p be the vector joimng the extremity of e to the mtersection of ry with
the mvariable plane  Then

ptay=ce
Operating by S.y, and remembering the condition

Sey = — b,
we have oyt =— I
I
so that P=€+'7_.'1

In the imtial position of the body this vector, considered as being drawn from the
fixed pomnt, was

. I .
TEGeF SaT
bt
= “+ —
1+ ¢

=(s+D)e

In the initial position of the body, therefore, this vector passes thiough the inter-
section of the ellipsord

k-t N
y ~1 —_ -1 ~1 s =N ==
8 (97 5) oo () =St
with a second ellipsod T (4>-‘ + %2__)—1 o=Tt="Ty.
It therefore lies on the cone

¥ <¢“ + :—Z)_‘ ap™! (4)_‘ + ";) ) o+ S (¢“‘ + ]7:) E a (4)" + f;—:)ﬂ c=0,
15—2
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ha\-1
or So (¢“+;‘) a=0.

[We might have saved the last seven lines by noticing that
Syp=0

in the present position of the body, mnvolves
Sto =0

in the itial state, which, with the value of ¢ mn terms of & above, gives the result
at once.]

44. This cone 18 scen at once to be normal to the -cone in the mmtial body,
viz, by §26,

R
St~ &= ,’,C’,

e *
SRS ALY

The vector ¢ constantly changes so as to be perpendicular to ¢ Hence m the moving
body, the vector p, which is always i the plane through the fixed point and per-
pendicular to «, belongs to a cone of which v is a normal, and which therefore rolls
on that plane. But the cone also slides, because the vector p which 1s in contact
with the plane is not the mstantaneous axis of the body. This construction for the
illustration of the motion is also dne to Poinsot, and the complete analytical solution
of the problem has been given, from this point of view, by Rueb and Jacobit. It
18 easy to see that the angular velocity of the sliding motion 15 the constant resolved
angular velocity of the body about the fixed lme v, which has the value

. _
—SeUy = Ty

45. When two of the moments of mertia of the rigid body are cqual, 2.e. when
the symbolical cubic in ¢ or ¢ has two equal roots, all the previous dynamical work

* In fact any equation such as Spyp=0,
where y 18 a ooustant self-conjugate hnear and vector function, gives

Sypdp=0,

whence v=yp

where » represents the normal-vector For its locus, we have
p=yly,
and by substitution for p and yp n the given equation, we have
Svy1v=0.
+ See Cayley, B. A. Report, 1862.
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becomes immensely simplified. In fact, if we now take a, B, y as umt-vectors comnciding
with the principal axcs of the moving body, we have by (23)
¢p = — AaSap — BBSBp — BySyp.
But = —aSap — BSBp — ySvp,
so that tp=Bp—(A=B)aSap ... cc.coeeevers irriiiiiineeneiiin (35),

and thus depends upon the position of the ome vector a. We may attempt to determine
the motion without at first introducing the consideration of the quatermion which has
been our principal object of study in this paper

46, The general cquation of § 24

¢é =— Vepe
becomes, by substituting for ¢ from (35),
Bé — (A — B)aSaé=— (A — B) VaeSae .. . Lo (36).
Operating by S a, we have Saé=0
Omtting, therefore, this term from (36) and operating by S.e, we have
See=0,
whose integral 15 € = constant = — Q*, suppose . .. . e e . (38).
But we have always by §1
a= Vea,
because a is fixed in the body
From this we see that Seat =0

This, taken i conjunction with (37), gives
Saé + Sea =0,
whose integral is Sae = constant, = —  cos B, suppose .. .. o (39).
Equation (36) may now be written
Bé=—(4—B)QacosB,

or Be =— (A — B) Qa cos B + constant vector.
But we have always, by (14), (see § 24)
PE=1,
or, by (85), (36), (39), Be+(A-B)aQcosB=ry. . ... . . (40)

So that the constant vector is .

Thus we scc that a and e are always coplanar with 4, and that each remamns
constantly at the same inclination to it.
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47 Operating on (40) by S.¢, S.a, S.v, respectively, we have

— B0~ (A4 - B)Qrcost B = — I,
~BQcos B — (A4 — B)Qcos B=Say,
—Bh*+(A - B)SayQcos B=rp,

and these give, m order,
(A cos? B+ Bam? B) Q=13
—AQ cos 8= Say,
—(A%cos® B+ Bsin? B) P =n2

The first and third determmme B and € in terms of the given constants /
and Ty, and the sccond gives the valuc of the constant nchnation of a to the
fixed line g

Introducing —¢?, whith is umty, as a multiplier of «* m the third equation,
and adding to 1ts members the squares of the corresponding members of the second,
we have

- B sin* 8= V'ay.

48, We get equations 1mmediately denvable from these by secking at once
the equations of the fixed and rolling cones, by which the motion may be ex-
hibited Thus the locus of € m the body, i.e, the rolling cone, has by (14) and (38)
the equation

QTpe = TyTe,

which may be tiansformed as follows—
Q* {B'e* — 2B (A — B) Sae — (A — By Sae} = — ¢,
Q} (Bt — (A? — B?) S*ae) = — '€’
(B*Q? + %) 2 — (A% — B*) Q* Sae =0,
and finally € cos? B + Stae=0
This might have been written down at once by ispection of (38) and (39)

The locus of € 1 space, i.e, the fixed cone, has the equation

Stye + 3’% e=0.

49. In the preceding solution we began with the very simple equation for e,
which 1mmediately presented 1tself. Let us now apply to the same problem the
general equation of § 21, viz,

2§=q¢~1 (g7 vg):
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Here, of course, we have

1 ... 1 ... 1
¢~ p=— 7 1Sip — 5 jSjp — 5 kSke,

-(4-L)ish e

. 1 1y. . 1
Hence 2=¢ {(E - 4)iS i v+ g w}
which, because a=qiq™,
becomes e=2¢g = (;{ - 3?) aSay + 11; v

which 18 (40) of § 46, as we see by substituting for Say from § 47

50. Employmg this value of e in the kinetic equation

@ = Vea,
1
we have a=—BV—ya.
Hence a'=—1Va——1—V Voya
gVva=m VvV
=f’.za_l,gm,
B BT

of which the mtegral 18 obviously
a='y"Savy+/ccos%7~t+ A sin ];;Yt,
where k and A are vector constants of integration.
The two last terms must be, together, equal to

77 Ve,

and, as they vanmish alternately, the tensors of « and X must be equal

unless
Ska=0

the tensor of this part of a will vary. Hence

a=—UySaUy+ TVaUy. (chos?t-;. U sin II;Yt>
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Also

Let us, for smmpliaaty, take the usual 2, ), k of quatermons as comnciding with

Uy, Uk, U, and let
—SaUy=cos B.
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Then TValUy=smB.
Ty
Also let B
Thus we have a=1cos B +(jcosnt + ksmnt)sin 8
whence

2q¢~ =~ (B— A) nB cos B [icos B+ (j cos nt + k sin nt) sin 8] + m
= 2a1 + 2b(jcos nt + k sin nt),

where 2b=~nB (1_3 - H) cos @sin B

‘2<z=—nB(B ;)005-13+n-n (sm’ﬁ+§cos’,3)

51. For the complete solution of the problem, 1t remains that we integrate the
cquation above, which wo may wnte as

q=[ai+b(jcos nt + k sinnt)]q
=(at +bm)q ...on.. e rerrererietaee o eeeeae teeraeraeenas (41),
if we put @ =jcosnt+ ksin nt

This gives at once the following results, which are necessary m the elimination of
= by differentiation,

wl=—1 & =no,
T =N, 167 =—n,
= =—n'w.
Also, because S =0,
we have (a1 +bm)=—(a*+1?).

Dufferentiating (41), and simphfying at every step by the above auxihary equations,
we have

g=(w+bw)q
g=—(+b)q+biyq
g=—(a*+0%) q—-br’mq+bn(aw—tr)q

q=—(a*+b i = (bn* — bna) wq + (bn* — Ima)( w+b)q b‘n(—u+bc)q

=—(a*+ 1) g — (bn? - 2bna + ba? + b%) &g + bn?g

Eliminating wq from the last equation by means of the second, we have for the
determiation of ¢ the linear equation of the fourth order with constant coefficients

g+ [2(@+ %)+ nr— 2na] g + [(a? + b)Y + (@ + 1%) (2 — 2na) = b'n?] g =0 ...... (42).
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Assume, as a particular integral, q="Q€™,

where @ is an arbitrary, but constant, quaternion, and € 1s the base of Napiers
Logarithms Then we find for m the equation

m+[2 (a? + %) + n? = 2nal mi + (¢* + b* = na)* = 0,
or mi+a?+ b*— na = + J—mn.

Hence m is 1maginary, so we may write

m=p /-1,
and our equation gives wt pn=a’+b*— na,
n n\*
whence p.=;t§j;\/(a—§) +0
By § 50 this may be wntten
Ty B
p-tﬁ{l + (1- E)cosﬂ} ........................... (43).

These values may be called +u,, + u,, and we have
Pt =0

52. The complete solution of the equation (42) 1s therefore
q==0Qco8 it + Qsm pt + Q,co8 pit + Q,s1n ot

This, however, 18 far too general for the solution ot the original problem, for 1t
mvolves swteen arbitrary constants instead of fowr But 1t 13 a mere piece of ordinary
analysis to find twelve of these in terms of the other four.

Thus, let us wite Q=H +Ia+J,j+ Kk
Q=H,+Ii+J.j+ K4,
Q=Hi+Ia+J,j+ Kk,
Q=H+Ii+J,j+ Kk

If these values be substituted in the above expiession for ¢, and the resulting value
of q be used m the equation
G =[ai+b(jcos nt+ksinnt)]q,

we find, on replacing products of sines and cosines of multiples of ¢ by sums of sines
or cosines, two sets of terms. One of these 18 of the type

cos(n— )¢,

which, being equal to COS pst,
T 16
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may be allowed to reman m the equation. The other set is of the type

cos ("’+l“1) t
and the terms introducing it must vamsh identically.

This consideration gives us the following relations among the sixteen constants
above
L=H, H,=-1, J,=-K, K,=J,

I,=H, H=-I, J=-K, K=J;
so that the values of eight are asmigned in terms of the remainder.
Next, by equating coefficients of each such distinct term as

1cos ut, ksin p,t, &e.,

we obtain sixteen additional equations, of which, however, cight are mere repetitions
of the other eight. Rejecting them, we find the remamnder to be

bH, = (¢ — ) K, bK, =~ (a—m) H;
0l =(a—u) by =—(a—p) 1y
by =—(a—-m) 1, bl =(a—p)J,
VK, = — (a — ) H, bH, = (a — ) K.

These are, again, identical m pairs; for cach pawr contaming the same two
constants agree with the others in giving

a—pm _ b”

-b  a-w
or @+ 0= (p + pg) @ + papty = 0.
But, by (43), we have ot pa=1n

2 2
#wz=% - (a - ;)'-b’
and the condition 1s satisfied 1dentically.

The final value of the quaternion in the case of the umform rolling of one
right cone on another is therefore

q=(H,+ I+ J,j + Kk) cos unt
—(I, - Hii + K, j— Jik) sin ¢
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B+ T =L = Hycos wt

-u;l"‘(.f,—K,l—H,j+I.k)smu,t“

Putting g=w+1z+jy +kz,
the ordinary differential equations, corresponding to that just solved, are
% = — az — by cos nt — bz sin nt,
& = aw + bz cos nt — by sin nt,
9 =bw cos nt + b sin nt — az,
£=Dbw sin nt + ay — bz cos nt.

By substitution in these the above result may be venfied.
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53. Consider, as an example of applied forces, @ homogeneous solid of revolution
moving about a fived point in its axis, which is not its centre of gravity To deter-

mane the motwon.

If «, a unmit-vector, represent at time ¢ the position of the axis of the sohd, we
may choose the tensor of #, a vertical vector, so that the couple due to gravity is

Vay Hence the equation of motion 1s, §§ 24, 22,
¢é+ Vepe = Vay.
But ¢p=Bp - (A — B)aSap,

so that Be— (A — B)aSaé — (A — B) VeaSae= Vary.... cccoovvenn .

This, with the kinematical relation

= Vet oon v i e

contains the complete solution of the problem

* The tensor of ¢ has been d t A dingly we find by this formula

(D),

- 2 - 2
[H, cosuyt - I smp.ll-o-" b"‘ (K, co8 pgt = J; sin uztj] + [I. €08 , t+ H, sin u,t+ﬂ' b‘»“ (/1 008 pyt+ K, sin p,t):l

- 2 - 2
+ I:J‘ cos pyt- Ky smpt~ ",'_.B’f! (I, 008 p,t - Hy sin u,t)] + I:KI CO8 pyt+J; 810 oy ¢ —~ ‘Lb!ﬁ (H, 008 gt + I s1n y.,t)]

SN S A SIS (’L‘b"‘)’]

= :, .}
=(H2+I12+J2+ K% (l a ‘l‘c) .

16—2
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54. Operating on (44) by S.a, we have

Saé=0.
But, by (1), we have Sae=0.
Hence Sae = constant = (... een (45)

(that is, the angular velocity about the axis of revolution of the solid is constant)
and (44) is reduced to the form

Bé—(A—=BYQi=Vay coverreerreerieseeneererrand (46).
But, by (45) and (1), ea=0+4,
or €=—DA+ A& . oiirrreiieninn e e s e (47).

Since aa is a vector, we have (as in § 30)

Saa=—a...

so that the substitution in (46) of the value of e from (47) gives

BVoaa— AQa=Vay.... .cccocevvrrrininn vnnnnns

e (49),

an extremely simple equation to determine a It is curious to remark that this is
the equation of motion of a simple pendulum, disturbed by a force constantly per-
pendicular to the cone described by the string, and proportional to the rate at which
the area of the surface of the cone 18 swept out by the suspending cord. When
A=0 it becomes that of the undisturbed motion*, and gives a number of curious
theorems relating to the curvature of the general path of a simple pendulum. These
we need not at present consider; though we may mention that the corresponding
equation for the motion of Foucault’s pendulum may be written 1 the form

Va(a+ B)=eVaB,

where 8 is a vector known in terms of ¢

55. If we supposc a determined n terms of ¢ from cquation (49), (46) gives e
1 the form

Be=(4—B)0a— V.'yfadt.
This equation may be obtamed, even more simply, from (47).

* If m be the mass of the pendulum bob, a the vector representing the string, & 1ts tension, and v
the acceleration due to gravity

ma=my - TUa,
o1, elmnating , Vaa=Vay'.

It 18 well to observe that this 18 the equation of motion of a pendulum bob, acted on by no forces, if
—~v' be the acceleration of the pomt of suspension.
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56. But, without finding either a or ¢ we may deduce various facts connected
with the motion. Thus operating on (46) by S. e, we get

BSeé=S . eay = Sya,
which gves Be'= 2Srya F O it i v s (30).

Also, by operating on the same cquation by S.y and integrating, we have

BSye—(A =B)QSya=0C, .eecovves ceviir viiiieeeeens (31),
which may be written 1n the form
Sepy=8ype=C\ ccovvrrrvrveiinnens oo e oo L (B1)
BSye - C,
- 2_9 -
By (50) and (51) Belv..(A —B).Q+C’

<o that e is a vector of a fixed sphere, of which however the centre 1s not at the
fixed point.

57. From (49) we have at once, by operating by S.y and mtegrating,

BS . qua=AQSya+C'... ... ... oL (32)
Also, operating by S Viya,
BS.yaVaa = AQS .y — (Vayy... . ... ... ..(33),
or B (— Sya — SyaSaa) = AQS . yaa + a'y* — S?ary
_ A AQcr

] Sryz+fB — 5= S?ary,
by (52)

This may be written

i 28ya + C A AQC

— - QT A \J Y = 82
B[ Sy = Sy (= 0= ﬂ B St g Stay,
which leads, by mtegration, to the ordinary cxpression for Sya m terms of an clliptic
function. It 1s to be observed, however, that this quantity 15 not one which the
quatermon calculus dircctly pomnts out as an object of reseaich. the proprety of sceking

a m the first place bemng clearly indicated.

58 From the above cquations all the ordinary results connected with this problem
may be at once deduced by any one who has a httle skill in quaternmon analysis-
but the determination of the quaternon which gives the position of the body at any
time does not appear, so far as I have yet examined the question, to lead to any very
simple expressions,

If we could, gencrally, integrate equation (49), ¢ would be at once given by (47)
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and the determination of the motion would be reduced to comparative simplicity. The
equation for the direct determination of ¢ may be formed as follows, but it is not so
simple as that for a.

From the equation
Be— (4 —B)QVea = Vay,
we have, by operating by V.e, the result
BVeé — (A — B) Q (ae® — €2) = Qy — aSve,

BVee + (A — B) e — Oy
(A=B)Qe = Sye

The condition a=Vea

which gives a=

gives, by substituting this value of a,

BVeé+(A—B) e~
(A—-B)Qe—Sye

= B(ée? — eSee) — U Vey.

BVee +(4 - B) Qe — e = (5 (4 — B) 0Seé — Sye)

59. Processes very similar to these may be applied to the motions of the Gyroscope
and to Precession and Nutation. I confine myself at present to the formation of the
equation for the latter question, reserving for another communication the details of the
solutions of these threc problems; as they involve some curious and delicate points of
quaternion analysis

60. To form the equation for Precession and Nutation. Let a be the vector, from
the centre of inertia of the earth, to a particle m of its mass. and let p be the
veetor of the disturbing body, whose mass is M. The vector-couple produced 1s evidently

Up-a)
ME. mVﬁT’(p—a)
- _Vap
—Mz'mT’(p—a)
Va 1
= M2 T e
T (1+? )
T " T
=M2.m;,?f’(l—3&(£+&c)

no farther terms being necessary, since ;E is always small 1in the actual cases presented
in nature. But, because a 18 measured from the centre of nertia,

Z.ma=0.
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Also, as in § 19, ¢p =3 . m(aSap —a’p).
Thus the vector-couple required is

M

75 V. pdp.

T pep

Referred to co-ordinates moving with the body, ¢ becomes ¢ as m § 24, and § 24 gives

V. poo
= =3Mf LN
pe=1y 1%

Introducing the value of ¢ from §53—ie, assuming that the earth has two principal
axes of cqual moment of inertia, we have

Be— (A — B)aSue — 3M (4 — B) f VapSap 5,

T
This gives, as in § 54, Sae = const. = 0,
whence e=—Oa+ aq,
so that, finally, BVeii — AQa = ’;ﬁl{ (4 = B)SapVap.

The most striking peculiarity of this equation is that the form of the solution
15 entirely changed, not modified as 1 ordinary cases of disturbed motion, according
to the nature of the value of p

Thus, when the nght-hand side vamishes, we have the equation (49) with the
restriction that the body moves about its centre of inertia (easily seen to be identical
with that at the begmmmng of §50); which, in the case of the carth, would represent
the rolling of a cone fixed in the carth on one fixed in space, the angles of both
being exceedingly small.

If p be finite, but constant, we have a case nearly the same as that of the top
in §§ 53, 54, the axis on the whole revolving conically about p.

But if we assume the expression
p =r(jcosmt + k cos mt)

(which represents a circular orbit described with uniform velocity) a revolves on the
whole comcally about the vector 4, perpendicular to the plane in which p lies.

I hope, on a future occasion, to give detailed solutions of these problems, to a
sufficient degree of approximation.
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XVI.

NOTE ON ELECTROLYTIC POLARIZATION.

[Proceedings of the Royal Society of Edinburgh, May 31, 1869.]

THE following note refers to some experiments instituted at the request of
Mr Dewar, who asked me to determmne the polanzation of the Palladium electrodes
whose singular bchaviour he recently described to the Society.

I had just obtammed one of Sir W. Thomson’s most recent forms of quadrant
electrometer, and 1t occurred to me that this must be the proper nstrument for
determining polarization, as 1ts indications are not affected by electric resistance, and
give directly—that 1s, without assuming the truth of Ohm’s law for reverse elec-
tromotive forces, and the consequent mnecessary determmations of resistance—the
quantities required. The method employed by Wheatstone, Poggendorff, Buff, and
others, assumes that the whole electromotive force 1 the circuit 18 the algcbraic
sum of those of the decomposing battery and of the electrodes,—an assumption
whose truth some may consider to require proof, and which 1t 15 certainly useful to
venfy by an independent process Agam, after the decomposing action has ceased,
the resistance of the films (of gas or oxide) which arc deposited on the electrodes
may change i value. That neither of these circumstances produces any marked
effect 13, however, amply proved by the numbers which follow, which, though given
only as first approximations, are within the limts of difference of the results given
(from galvanometric determinations) by former experimenters.

The experiments were all made 1n my laboratory, mainly under my own direction,
but sometimes under the eye of my asuistant, Mr W. R. Smith. Able assistance
was rendered by several of my practical students,—two months ago by Messrs
Russell Smith and J. C. Young, more recently by Messrs Browning and Nichol.
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As the polarization in most cases diminishes with very great rapidity from the
instant of breaking contact with the decomposing battery, and as (for this and other
reasons) the mode of measurement by the first swing of the index-needle of the
electrometer is not deserving of much confidence, it was necessary to devise a process
by which the electrometer could be charged at leisure up to any desired potential,
and then, for an instant only, placed in connection with the electrodes. The apparatus
I employed bears a certain analogy to the Wippe of Poggendorff, but differs from 1t
in some essential particulars, both of construction and mode of working.

In a plate of vulcanite, or other good nsulator, ten holes are cut as below,
and filled with mercury. Those marked E are connected with pairs of opposite

quadrants of the electrometer, P with the electrodes, B, with the dccomposing
battery, and B, with the auxibary (or charging) battery. Also metallic connection,
as indicated i the sketch, is permanently established between the two central holes
and the holes connected with the electrometer.

The rocker consists of four wires, supported on an insulating bar of vulcanite,
the two outermost having three pomnts, the middle one longer than the others, and
the two inner being similar, but wanting one of the extremities. When the four
middle stems dip vertically into the four central mercury cups, the other stems do
not reach the mercury in any of the other six cups. If the instrument be inchined
to the right the four prongs cnter the holes to the right—thus simultaneously
connecting the electrodes with the decomposing battery, and the electrometer with
the charging battery. When the mstrument inchnes to the left, the electrodes are
shunted from the decomposing battery on to the electrometer,—the latter having
just before, by the same action, been cut off from the charging battery, and thus
left charged.

The modus operandi is simply this:—Leave the rocker leaning to the right by
its own gravity, decomposition and polarization going on; adjust the wires B, to
different points in a wet string (or a narrow canal of water) closing the cireurt of
the charging battery, work the rocker quickly to the left, and allow it instantly to
fall back again—a process which need not occupy more than a small fraction of a
second; yet which must not be performed too quickly, on account of the inertia

T 17
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(small as it is) of the ncedle and mirror of the electrometer. If the deflection of
the electrometer be suddenly increased or diminished by this action, slide one of the
wires B, along the wet string, a little farther from or nearer to the other, and rock
again,—continuing this process till a charge is found which leaves the electrometer
at rest when the rocking to and fro is performed. Reverse a commutator attached
to the wires FE, and repeat the operation. The difference of the scale readings in
these two cases gives a number proportional to the electromotive force of the
polarized plates—(I say difference, because the scales commonly used with Sir W.
Thomson’s instruments are, to avoid confusion, graduated from one end to the other,
as they ought to be, instead of being graduated opposite ways from the middle).
To enable this measure to be reduced to absolute units, a normal Damell’s cell was
applied at intervals, during each day’s work, directly to the electrodes of the electro-
meter, then reversed; and the difference of the readings was tabulated as representing
1ts electromotive force.

In the earlier experiments I used a plate of gutta-percha in which the ten
holes were bored, but for a time discontinued its use on suspecting that it sometimes
led to irregular working of the apparatus by imperfect insulation. The cups were
then separately mounted on sulators three inches high, but this was not found to
be an improvement of any consequence; and the holes are now made in a small,
but thick, plate of vulcanite

In this note the numbers presented must be looked upon only as first approxi-
mations; but the apparatus has now been carefully constructed by an instrument
maker, and Mr Dewar has begun an claborate series of experiments with it, from
which valuable results may soon be expected. In the trials which have as yet been
made we employed a temporary apparatus, rudely built up of wires, sealing-wax, and
gutta-percha. We have rather been endeavouring to determine whether the process,
complicated as it is by the inertia of the movable part of the elcctrometer, the
quickness with which the rocking can be conducted, and the rate at which the
polarization begins to diminish as soon as the polarized plates are detached from the
decomposing battery, 13 capable of being made to give good results, than m actually
attempting to get such. So far as I can yet sce, the first of these complications is
alone lkely to cause any serious embarrassment; and should such be the case, which
I do not anticipate, a form of experiment a little more laborious than that above
described, and which I have already once or twice tried, seems to be well adapted
to meet it.

The following are, for the most part, means of a great number of determinations.
The electrolyte was usually dilute commercial sulphuric acid, 1 part acid to 10 of
water; and to the lead and other impurities it was found to contain, we may
ascribe the fact that the results were not very accordant from day to day, so that
it was not easy to deceide how to take the means, Mr Dewar is now working with
substances chemically pure, and obtains much more constant results.

The unit employed is the electromotive force of an ordinary Daniell's cell. The
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Grove's cells used m the electrolysis had (very coustantly) an electromotive force
about 174 times as great.

I. FRESHLY BURNED PLATINUM PLATES

No. of Grove's cells in decomposing battery . 1 2 3 4 8
Resulting polarization . . . 164 198 201 212 230

II. PLATINUM 4+, PALLADIUM —.

Cells . . . . . . 1 2 4
Polanzation . . . . 150 182 185

TII. PALLADIUM 4, PLATINUM —

Cells . . . . . 1 2 4
Polarization . . . . . 160 192 191(9)

IV. WrrH THREe CELLS

. Platinum +, Iron -, Platinum -, Iron + . Iron Plates.
Polarization . . 16 A "

V  ALuMINTUM PLATEs.

Cells. . . . . . 1 2 3 4 6
Polanzation . . . 109 217 244() 401 520

The last results are very remarkable, showing, as they do, from aluminmum
electrodes a reverse electromotive force of more than five Damell's when six Grove's
are m circmt The polarization alters so rapidly during the electrolysis (in the case
of alummium) that I cannot be certain that the numbers above given represent
fully the maximum cffect. Various other combinations have been tried, but are being
repeated by Mr Dewar.

17—2
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XVIIL.

ON THE STEADY MOTION OF AN INCOMPRESSIBLE FLUID
IN TWO DIMENSIONS.

[Proceedings of the Royal Society of Edinburgh, March 21, 1870.]

WHILE discussing some of Mr Smith’s* applications of Maxwell’s ingenious 1dca
of representing galvanic currents by the motions of an imagmary fluid, I was led
to the present investigation. I have since found that, as was only to be expected,
I had been anticipated in a great many of the results I obtained:—especially by
Stokes, in the Trans. of the Cambridge Phil. Soc. 1843. Still 1t appears to me
that I have a few novel results to communicate.

If yr=const. be the equation of a current-line, Stokes has shown that
ayr | dwy
dz? + dy? =f¥)
where f is an arbitrary function.

By the integration of this equation various singular results arc obtained, especially
as to the nature of the families of curves which can be lines of flow.

The equation of hnes of equal pressure is then formed, and from it corresponding
results are derived. A curious result is obtained when the motion is irrotational,
m which case there 1s a velocity-potential ¢, and we have

* [The reference 18 to Proc. R.SE. vu. p. 79, where there 18 a remarkable paper, “On the Flow of
Electnaity wn Conducting Surfaces,” which seems not to have received the attention 1t deserves., The
Author, the late Prof. Robertson Smith, was for a short time Official Assistant to the Professor of
Natural Philosophy m Edinburgh U y, and of course directed his mamly to ph 1
subjects. 1897.]
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Psc_zi’ (d¢) +(dy)

d’¢ L+ 90
da T dy y

Here the elimimnation of ¢ gives us

dilog P 49 d’log P _
dz* dy

=0
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The method is also applied to certain cases of wmotion which, though not steady,
can be treated as 1f they were steady—viz, cases in which a given state of motion
1s propagated in the fluid by translation or rotation; so that to a spectator moving
m a given manner in a plane parallel to the fluid, the motion appears to be steady.
Thus, for instance, we can treat as steady motion the case of two equal parallel

vortex-filaments rotating either in the same or in contrary directions.

[It is easy to see that, because

& o _ =0,
de dy?
d rldw - de 1do
we have drl g + } d/ ldJ dz’
d _dg dd
and dy log {( ) + (d/)} P t.:m 1 /da,

whence the theorem above,
But the reason for it appears even more clearly, thus-—
b=f(z+w)+ F(z—y),
dp\? | /de\? - T i
so tha P=<d—2)+(£> =(fHFP=-(f - Fy=4F,

and log P 1y therefore of the same form as ¢. 1897.]
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XVIIL

ON THE MOST GENERAL MOTION OF AN INCOMPRESSIBLE
FLUID.

[Proceedings of the Royal Society of Edinburgh, March 21, 1870 ]

THIS 18 a quaternion investigation into the circumstances of fluid motion,
especially with reference to the case of vortices. The method employed 18 very
simlar to that which I gave to the Society in 1862 (No. VI. above).

It 18 shown that if ¢ be the vector-velocity of a particle of flud, so that
o =1u+jv + kw,

and if we introduce the operators D, and 8, such that

d +ui+1} d +wi=gt+8,,

D=t @t gyt

together with Hamilton’s operator
.d , .d d
V=’Ld-70+jdé+]ud—-z,
the equations of fluid motion and of continuity are
vVP- —} Vp = D.a}
SVe =0,
where 7 15 the density, and P the potential of the apphed forces.
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The principal transformation is effected by means of the curious theorem in
kinematics

V (VDo — D,Vi)==8500 — VVaSVs . covvnenn v v e . (D).
Thus, for instance, we have from the equation of motion
VVD,s =0,
because V* (P—%) is obviously a scalar. The above theorem then gives
DVg = 8,0,

which proves that if Vo 1y ever zero for any particle of the flud 1t must remamn
so for that particle.

As an additional mstance of the simplicity of the method employed, the following
may be given m this abstract .—

If 7 be the instantaneous axis of the element of fluid, whose veloaty 15 o, we
have

Vo =-2r.
But SVig =0,
whence - %V‘a’ =VVr,
1
and -39 V-0 4+ V=2V Vr.

This contans the solution of the problem, treated by Helmholtz, to determine
the lincar veloaity of each flmid particle, when the angular velocity 1s given.

[In the original the last term on the mght of equation A, above, was un-
fortunately omtted. Though there were obvious printer's errors also, the omission
was probably due to a premature introduction of the physical condition

SVo=0.
The absence of the term did not, of course, affect the physical results which

follow. A later Note, of date June 4th, 1888, will supply some detail about the
transformation above. 1897.]



136 [x1x.

XIX.
ON GREEN'S AND OTHER ALLIED THEOREMS.

[Transactions of the Royal Society of Edinburgh, Vol. xXvI. Received April 29th,
Read May 16th, 1870.]

I was originally attracted to the study of Quaternions by Sir W. R Hamilton’s
1ngeniously devised and most valuable operator
.d , .d d
V=1d—z+]@+kzz,
to which he called special attention (Lectures on Quaternions, § 620) on account of its
promise of uscfulness in physical applications. But I soon found that in order that
its full power may be apphed, in general investigations, 1t 15 ry that we should
have processes of definite integration, of the kinds required m physics, applicable to
quaternion symbols and not merely to scalar variables. I often consulted Hamlton
about this want, and he promised to endeavour to supply it at some future time I
fancy that shortly before his death he must in sume way have supphed 1t, though he
certainly did not print, nor does he appear even to have wutten, anything on the subject
In one of the last letters I received from him, he said that he mtended to conclude
the final chapter of his Elements, which 18 devoted to physical applications, by some
sections on the use of the operator mentioned above. That chapter remamns unfinished,
and as Hamilton rarely wrote down the steps of even a complex tram of mathematical
reasoning until he had mentally completed it, it is to be feared that this portion of
his investigations 1s entirely lost. So far as the analytical aspect of Quaternions is
concerned, this loss 18 very serious indeed, for there can be little doubt that Hamilton’s
solution would have been of immense value from the purely mathematical point of
view, [From a letter of Hamilton’s, quoted in his Life (11 194), 1t appears that
in this idea I was altogether mistaken. 1889.]
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I have recently succeeded to a certain extent, by a sunple, though not very direct,
process, m supplying the want—so far at least as to cnable me to use quaternons
in 1nquines connected with potentials—and have thus amived at very simple proofs of
Green’s celebrated theorem and various allied results, some of which appemr to be new
and valuable. The quaternion caleulus can, m consequence, be apphed without loss of
1ts enormous special advantages to various general theories, such as Attractions,
Spherical Harmonies, Fluid Motion, &, & Curiously cnough, [ find that T had almost
arnved at onc of the geneial theorems given in the present paper so long ago as 1860
(“Quatermon  Investigations connected with Electrodynamies and Magnetism,” No. IIT.
above, §§ 7, 13, Also last sentence of No IV. above), but though I then gave a speeal
case I did not see that a very slight modification of my work would have enabled
me to generahise it I was then secking to derive from my foomule the well-known
physical result, and not thinking of extending the calenlus itself.

Even the httle advance that 1 have made in the present paper has enabled me
to sce, with a thoroughness of comprehension which I had despared of attamng (at
least by Cartesian processes), the mutual relationship of the many singular properties
of the great class of analytical and physical magmtudes which satisfy what 18 usually
known as Laplace’s equation. This 1, of course, duc solely to the smphety and
expressiveness of quatermons in general

1. In what follows we have constantly to deal with integrals extended over a
closed surface, compared with others taken through the space enclosed by such a surface,
or with integrals over a lumited surface, compared with others taken round 1its bounding
curve The notation cmployed 1s as follows. If @ per umit of length, of surface, o1
of volume, at the pomt =y z, @ being any quaternion, be the quantity to be summed,
these sums will be denoted by

[fQds and [[jQds,

when comparing integrals over a closed surface with others through the enclosed space,

JIQds and [QTdp,

when compmiing integrals over an unclosed surface with others round its boundary.
No ambiguity 18 likely to arse from the double usc of

[1Qds,

for 1ts meaning in any case will be obvious from the mtegral with which 1t 1s compared.

and by

2 I have aheady shown (No. VI above) that, if o be the vector displacement of
a pownt ongmally situated at

p=1w+)y+kz,
then S Vo

cxpresses the merease of density of aggregation of the pomnts of the system caused
by the displacement. (See Appendiz to this paper.)
T 18
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3. Suppose, now, space to be umformly filled with points, and a closed surface X
to be drawn, through which the pomts can freely move when displaced

Then 1t is clear that the increase of number of points within the space X, caused

by a displacement, may be obtained by either of two processes—by taking account of
the mcrease of density at all pomnts within =, or by estimating the excess of those
which pass inwards through the surface over those which pass outwards These are

the principles usually employed (for a mere element of volume) m forming the so-called
“ Equation of Continmty”

Let v be the normal to = at the point p, drawn outwards, then we have at
once (by cquating the two different expressions of the same quantity above explained)
the equation

(1S . Vads = [[S. o Uvds,

which 18 our fundamental equation so long as we deal with triple mtegrals

4. As a first and very simple example of its use, suppose o to represent the
vector force exerted upon a umt particle at p (of ordinary matter, electmeity, or
magnetism) by any distribution of attracting matter, electricity, or magnetism partly
outside, partly mside X. Then, 1f P be the potential at p,

c=VP,
and if » be the density of the attracting matter, &ec., at p,
Vo = V2P = 4o,
by Poisson’s extension of Laplace’s equation.
Substituting in the fundanental equation, we have
dar [[frds = 4 M = [[S . VPUvds,

where M denotes the whole quantity of matter, &c., inside = This 15 a well-known
theorem,

5. Let P and P, be any scalar functions of p, we can of coursc find the distribu-
tion of matter, &c., requsite to make either of them the potential at p, for, if
the necessary densities be r and 7, respectively, we have as before

V2P =47y, VP, =d47r,.
Now V.PP,=PVYP, + PVP,
and V2. PP,=PVP, + PV*P + 28 .VPVP,
But, by the fundamental theorem,
Jfv:. PPds=[fS.(V.PP) Uvds = [[S.(PVP, + PVP) Uvds.
Substituting the above value of V:. P, this becomes
JI8.(PVP, + P,VP) Uvds = [[[(PV:P, + P,V:P) ds + 2[[fS . VPV Pds.
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But, obviously, we have also by the fundamental thcorem
[JS.(PVP, = PVP) Uvds = [[f (PV2P, = PNP)ds,
and the two latter equations give
[(1S. VPV Pds =~ [[[P,V*Pds + [[P,S.VPUvds,
=~ [[[PY:Pyds + [[PS.V P, Uvds,

which are the common forms of Green’s Theorem. Sir W. Thomson’s extension of 1t
follows at once from the same proof.

6 If P, be a many-valued function, but VP, single-valued, and if £ be a
multiply-connected * space, the above expressions require a modification which was
first shown to be necessary by Helmholtz, and first supplied by Thomson For simpleity,
suppose X to be doubly-connected (as a ring or endless rod, whether knotted or not)
Then if 1t be cut through by a surface s, 1t will becomne simply-connected, but the
surface-integrals have to be increased by terms depending upon the portions thus
added to the whole surface In the first form of Green’s Theorem, just given, the
only term altered 18 the last. and 1t is obvious that 1if p, be the wncrease of P,
after a complete cwewmit of the rng, the portion to be added to the right-hand
side of the equation s

nfIS VPUvds

taken over the cutting surface only  Smula modifications are cauly seen to be
produced by cach additional complexity m the space X,

7. The mmmediate consequences of Green’s Theorem are well known, so that 1
take only one nstance

Let P and P, be the potentials of one and the same distribution of matter, and
let none of it be within 2. Then we have

[[(VP): ds = [[PS.VPUvds,

so that if VP 18 zero all over the surface of =, 1t 13 zero all through the mterior,
ue, the potential 15 constant mnside ¥ If I be the velocity-potential in the nrota-
tinal motion of an 1mcompressible flud, this equation shows that there can be no
such motion of the fluid unless there 15 a normal motion at some pait of the bounding
surface, so long at least as ¥ is <imply-connected

Agam, 1if 2 15 an equipotential swiface,
JI[(VPYds = P[fS.VPUvds = P[[[V*Pds
by the tundamental theorem But there 1s by hypothesis no matter mside X, so this
shows that the potential 15 constant throughout the intertor Thus there can be no

* Called by Helmholtz, after Riemann, melufuch zusammenhingend  In translating Helmholtz's paper
{Plul Mag 1867) 1 used the above as an Enghsh equivalent Sn W. Thomson in his great paper on
Vorter Motion (Trans RS I 1868) uses the expreseion * multiply-continuous ”

18—2
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equipotential surface, not including some of the attracting matter, within which the
potential can change. Thus it cannot have a maximum or minimum value at pomnts
unoccupied by matter.

8 If, in the fundamental thecorem, we suppose
a=Vr,
which imposes the condition that S.Vo=0,

1.e, that the o displacement is effected without condensation, 1t becomes
[/8.VrUvds = [[fS.Vrds = 0.

Suppose any closed curve to be traced on the surface X, dividing 1t into two parts
This equation shows that the surface-integral is the same for both parts, the difference
of sign bemng due to the fact that the normal is drawn n opposite directions on the
two parts. Hence we see that, with the above lmmtation of the value of o, the
double mtegial is the same for all surfaces bounded by a given closed curve. Tt
must therefore be expressible by a single tegral taken round the curve. The value
of this integral will presently be determined.

9. The theorem of § 4 may be written
[[fV*Pds = [[S. UyV Pds = [[S (UvV) Pds
From this we conclude at once that 1f
o=1P+jP, +LP,

(which may, of course, rcpresent any vector whatever) we have

[IV*ads = [[8 (UwV) ads,
or, if Vig =1,

[ffxds = [{S(UvV~) 7ds.

This gives us the means of representing, by a surface-integral, a vector-mtegral taken
through a defimte space. We have already seen how to do the same for a scalar-
integral—so that we can now express n this way, subject, however, to an ambigmity
presently to be mentioned, the general ntegral

[lfads,
where ¢ 18 any quaternion whatever. It 1s evident that it 1s only in certain classes

of cases that we can ewpect a perfectly definite cxpression of such a volume-integral
in terms of a surfacc-integral.

10. In the above formula for a vector-integral there may present 1tsclf an ambigmity
mtroduced by the mnverse operation
v

to which we must devote a few words. The assumption

Vig=1
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is tantamount to saying that, as the constituents of o are the potentials of certain
distributions of matter, &c., thosc of = are the corresponding densities each multiplied
by 4ar.

If, therefore, T be given throughout the space enclosed by =, o is given by this
cquation so far only as 1t depends upon the distuibution within 3, and must be
completed by an arbitrary vector depending on three potentials of mutually independent
distributions exterior to .

But, 1f ¢ be given, 7 is perfectly definite. and as

Vo =V-i7,
the value of V=1 15 also completely defined These remarks must be carefully attended
to i usmg the thecorem above since they mvolve as particular cases of their apphea-
tion many curious theorems m Flud Motion, & To these, however, I shall not
further allude here, as I propose to make them the subject of a separate communication
to the Society. [Sce, however, dppendic to this paper, § 25. 1897.]

11. We now come to relations between the resalts of integration extended over
a non-closed surface and round 1its boundary.

Let o be any vector function of the position of a point. The lne-ntegral whose
value we seck as a fundamental theorem 1s

J8.adr,
where 7 15 the vector of any point in a small closed curve, drawn from a point within
1t, and m 1ts plane
Let o, be the value of o at the ongin of 7, then
cg=0a,—-8(1V)a,
(No. VI above, sce also Appendiz to this paper), so that
[S.odr=[S.{e,— 8(1V)0a,} dr
But Jdr=0,
beeause the curve 1s closed, and (Tait on Electro-Dynamics, &c. No 1II above, § 13),
we have generally
[8.798. 0 dr=48.V (807 — o, [V.7d7).
Here the mtegrated part vamshes for a closed ciremt, and
V. rdr =ds Uy,

where ds 15 the area of the small closed curve, and Uv 1s a umt-vector perpendicular

to 1ts planc. Hence
f8.odr=8.Va,Uv.ds.

Now, any finite portion of a surface may be broken up into small elements such as
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we have just treated, and the sign only of the integral along each portion of a bounding
curve 1s changed when we go round it in the opposite direction Hence, just as
Ampere did with clectric currents, substituting for a fimte closed ciremit a network
of an infinite number of infinitely small ones, in each contiguous pawr of which the
common boundary 1s described by cqual currents in opposite directions, we have for a
finite unclosed surface

[S.odp=[[S.VaUyr.ds.

There is no difficulty m extending this result to cases in which the bounding curve
consists of detached ovals, or possesses multiple pomts. This theorem seems to have
been first given by Stokes (Smith’s Prize Examination, 1854. Secc also Thomson and
Taw’s Nat Phid. § 190 (j); and Thomson on Vortex Motion, Trans RSE, 1868-9,
§ 60 (¢)), where it has the form

[(adz + Bdy + vydz)=[[ds {l (Z—'; - ?if) +m (g: - ZZ) +n (gf - j—v;)} .

It solves the problem suggested by the result of § 8 above.

12. If o represent the vector force acting on a particle of matter at p, —S.adp
1epresents the work done while the particle is displaced along dp, so that the single mtegral

JS.adp

of last section, tahen with a negative sign, represents the work done during a complete
cycle  When this integial vamshes it 18 evident that, if the path be divided into
any two parts, the woik spent durmg the particle’s motion through one part 1s equal
to that gained in the other. Hence the system of forces must be conservative, e,
must do the same amount ot work for all paths having the same extremities

But the cquivalent double intcgral must also vanish. Hence a conservative system
is such that
[fdsS.VeUr =0,
whatever be the form of the finite portion of surface of which ds is an eclement.
Hence, as Vo has a fixed value at cach point of spacc, while Uv may be altered at
will, we must have

VWo =0,
or Vo = scalar.
If we eall X, ¥, Z the component forces parallel to rectangular axes, this
extremely simple equation 13 equivalent to the well-known conditions

r{X_dY_O dX_dZ_O dg_(k\'_o

dy de” " dz dy O da dz

Returning to the quaternion form, as far less complex, we see that
Vo = sealar = 4arr, suppose,

implies that o=VP,
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where P is a scalar such that V2P = 4mr;
that is, P is the potential of a distribution of matter, magnetism, or statical elcctricity,
of volume-density r.
Hence, for a non-closed path, under conservative forces
—[S.adp=—-[S.VPdp
— [S(dpV) P
[dgpP = [dP (scc Appendiz)
= P-P,

depending solely on the values of P at the extremities of the path.

18. A Veetor theorem, which is of great use, and which corresponds to the
Scalar theorem of § 11, may easily be obtained. Thus, with the notation already employed,

[V.adr =V {a,— 8 (7V) a,} dr,
==[S (V) V.adr.
Now V.V (Vrdr.VYg,= 8(V)V.odr+S8(d1V) Vra,
and d{S (V) Vo], = S@EVYV.odr+8(drV) Vo,
Adding, and omitting the term which is the same at both hmts, we have
[V.edr==V . (V UwV)ayds.
Extended as above to any closed curve, this takes at once the form
[V.adp=—[fdsV.(V.UvV)a.
Of course, 1n many cases of the attempted representation of a quatermon surface-
mtegral by another taken round its bounding curve, we are met by ambiguities as

m the case of the space-integral (§ 9): but their onigin, both analytically and physically,
18 1 general obvious.

14. TIf P be any scalar function of p, we have (by the process of § 11, above)
JPdr = [{P,— 8 (V) P} dr
=—[8.7VDP, dr.

But -~V (Vrdr.V)=d7S 7V -18 d+V,
and d(r87V)=dr8.7V + 78.d7V.
These give JPdr ==} (v81V + [V (Vrdr .V)) Py=dsV. UywVP,.

Hence, for a closed curve of any form, we have
JPdp = [[dsV . UyV P,
from which the theorems of § 11, 13 may easily be deduced.
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15. The above are but a few of the simpler of an immense host of theorems
which any one with some knowledge of quaternions may easily work out for himself,
by developing a little farther, or applying to other combinations, the processes just
cxplamed. I shall, therefore, give no more of them until I have an opportunity of,
at the same time, showing their ready appheability and great value 1n physical
investigations.

Appendic, udded June 3rd, 1870.

16. At the stance of Prof. Kelland, to whom this paper was referred, I append
a slight sketch of some of the properties of the operator V, of which so much use
has been made 1n the foregoing paragiaphs. Most of the results now to be given
have been already published by myself, but the mode in which they were formerly
deduced has been abandoned for one more purely quaternionic.

17. It may perhaps be useful to commmence with a different form of defimtion
of the operator V, as we shall thuy, if we desire 1t, entirely avoid the use of ordinary
Cartesian co-ordmates.  For this puipose we wiite

S.aV =—d,,

where @ is any umt-vector, the meaning of the right-hand operator (ncglecting 1its
sign) being the rate of change of the function to which 1t is apphed per umt of
length in the direction of the umt-vector a If a be not a unit-vector we may treat
it as a vector-velocity, and then the right-hand operator means the rate of change
per unit of tume due to the change of position.

Let a, B, 4 be any rectangular system of unit-vectors, then by a fundamental
quaternion transformation
V = - aSaV - BSBY — ySyV = ad, + Bds + vd,
which is identical with Hamiltons form given above (Lectures, § 620.)
18 This mode of viewing the subject cnables us to sce at once that the effect

of applying V to any scalar function of the position of a point is to give 1ts wvector
of most rapid increase. Hence, when it is applied to a potential u, we have

Vu = vector-foree at p.
If » be a velocity-potential, we obtain the velocity of the fluid element at p;

and if u be the temperature of a conducting solid we obtain the flux of heat. Finally,
whatever series of surfaces 1s represented by

u=0C,

the vector Vu 1s the mnormal ‘at the point p, and its length 1s inversely as the
normal distance at that point between two consecutive surfaces of the series.
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Hence it is evident that S.dpVu =~ du,
or, a8 it may be written, -8.dpV =d;

the left-hand member therefore expresses total differentiation in virtue of any arbitrary,
but small, displacement dp.

19. To mterpret the operator V.aV let us apply it to a potential function =
Then we easily see that u may be taken under the vector sign, and the expression

V@@V)u=V.aVu
denotes the vector-couple due to the force at p about a point whose relative vector
is a
Agam, if ¢ be any vector function of p, we have by ordinary quaternion operations
V(aV).c=8.aVVes+aSVe — VSac.

The meaning of the third term (in which it 1s of course understood that V operates
on o alone) is obvious from what precedes. It remains that we explain the other
terms

20. These volve the very important quantities (not operators such as the
expressions we have been hitherto considering),

S.Vo and V Vo,

which occur very frequently in the preceding paper. There we looked upon o as the
displacement, or as the velocity, of a pomt situated at p. Let us now consider the

group of pomts situated near to that at p, as the quantities to be interpreted have
reference to the deformation of the group.

21, Let 7 be the vector of one of the group relative to that situated at p
Then after a small interval of time ¢, the actual co-ordinates become
p+to
and p+T+t{ic~-8S(V)a}

by the dcfinition of V in § 17. Hence, 1f ¢ be the hnear and vector function
representing the deformation of the group, we have

¢pr=7—-tS(7V) 0.

The farther solution 1s rendercd very simple by the fact that we may assume ¢ to
be so small that its square and higher powers may be neglected.

If ¢’ be the function conjugate to ¢, we have
¢T=1—1tVSro
Hence pr=3(¢+¢)T+i(d-¢)7
== LS (V) o + VSra] =L V.V Ve,
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The first three terms form a self-conjugate linear and vector function of 7, which
we may denote for a moment by wr. Hence

¢pr=wT —% V.7VVa,

or, omitting ¢! as above, T =mT— % V.wrVVo.

Hence the deformation may be decomposed into—1st, the pure strain =, 2nd, the rotation
t
3 VVe.

Thus the vector-azis of rotation of the group is
}VVa.

If we were content to avail ourselves of the ordinary results of Cartesian investi-
gations, we might at once have reached this conclusion by noticing that

(A _dny o dE_ ey cdn_dE
Voo =i (g -a) iz~ @) +H(a-a)
and remembering the formule of Stokes and Helmholtz.

22. In the same way, as

we recognise the cubical compression of the group of points considered. It would be
eagy to give this a more strictly quatermonic form by employing the definition of
§ 17. But, working with quaternions, we ought to obtain all our results by their
help alone; so that we proceed to prove the above result by finding the volume of
the ellipsoid into which an originally spherical group of points has been distorted in
time ¢,

For this purpose, we refer again to the equation of deformation
¢pr=7—t8(7V) 0,

and form the cubic in ¢ according to Hamilton's exquisite process. We easily obtain,
remembering that #* is to be neglected ¥,

0=¢"—(3—t8Vo)¢*+(3 - 2tSVs) ¢ — (1 —tSV0),
* Thus, in Hamilton’s notation, A\, 4, v bemng any three non-coplanar vectors, and m, m,, m, the
ooefficients of the cubie,
-m8 . Mw=8 .9\ ud’y
=5.(A~tVSAs) (1~ 19 Sua) (v — 1V Sver)
=8 .(\ = tVS\o) (Viw - tVuV Sva + tV»V Spg)
=5 .\ —t[S. wVSAG+5 . AV Spa+ S . \uVSva]
=8. 0w~ t8S.[AS. wV +uS . VAV +v8 . AuV]o
=8 \ur-tS. M8V,
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or O=(¢p—1)(p—1+tSVa),

The roots of this equation are the ratios of the diameters of the ellipsoid whose
directions are unchanged to that of the sphere. Hence the volume is increased by
the factor

1-tSVe,

from which the truth of the preceding statement is manifest.

23. As the process in last section depends essentially on the use of a non-
conjugate vector function, with which the reader is less likely to be acquainted than
with the more usually employed forms, I add another investigation.

Let w=¢r=1—tS(7V) 0.
Then r=¢'m=w+tS(aV)eo
Hence since if, before distortion, the group formed a sphere of radus 1, we have
Tr=1,
the equation of the elhpsod is T'{w +tS(wV)a}=1,
or @+ 2ASwVSwa =~ 1

This may be written S.oyz=S8.w{w+tVSms+tS(aV)o}=~1,
where y is now self-conjugate.

Hamilton has shown that the reciprocal of the product of the squares of the
semiaxes 18
- 8. yirjk,
whatever rectangular system of unit-vectors is denoted by 1, j, k.

Substituting the value of x, we have
— 8. [t 4tV + t8 (V) o] (j + &e.) (k + &c.)
=—8.{i +tVSioc +tS (iV) o} [+ + 20SVo — tS (:V) o — tVSic}
= 1+ 2t8Ve.

The ratio of volumes of the ellipsoid and sphere is thercfore, as before,
1
Jirasee Y
mS =S Aplugv+S ugrpA+8.r¢A¢'n
=8 A (Viw ~ tVuV Sv + VvV Suo) + &e.
=5\ — 8 . AuY oo — £ . AV Spo + e
=88 \av ~ 2SVoS v
—-mgS A =8 . Mup'v + 5. wp N+ S . \p'n
=8. 0w~ 1S MVSve+&e.
=85 Muw = tSVaS . M.
19—2
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24. Before concluding I may append a generalised form of Green’s Theorem,
which is obviously fitted to be of use in quaternion vestigations. If we put
T=1P +jP' + kP,
we easily see by the equations at the end of § 5 that
JI8 (VP,.V) 1ds = — [[[P,\V*rds + [[P,S (Uv V) 7ds,
=—[[[rV*Pds + [[rS. VP, Uy.ds.

As a particular case, let P, = Sap
so that VP, =1iSia + jSja + kSka = — a,
ViP, =0,
we have JIf8 (aV) 7ds = [[[SapV*rds — [[S2pS (UrV) 7ds,
=[f=S.aUvds.

Any constant may be added to the value of P,. The additional terms thus introduced
must vanish, so that the “generalized form” above gives, as in § 9,

JlfV3rds = [[S (UvV) 7ds.
As another verification, suppose T constant, and we have
Jf8.aUvds =0,

which is obviously true. Interesting results are obtained by treating this by the
processes of § 8, 11.

25. From one of the thcorems above—viz.,
JII8 (aV) 7ds = [[78 . aUvds,
we have by the formula of § 17  [[fVrds = [fUv.7ds,

a considerable extension of the fundamental theorem of § 3, which iy, in fact, only
its scalar part. It might have been obtained, however, as the reader will easily see,
by a much more direct process. The vector part

[fVVzds=[f[V(Uv.7)ds,
as we sece by the meaning of VVr m § 21, is of great importance mn physical applica-
tions, especially in connection with Electricity and with Fluid Motion. When
r=VP,
where P is a scalar, the left-hand member vanishes, and the value of the nght-
hand member himited to a non-closed surface 18 then found as in § 14

26. Again, let P, =p?
which gives VP, =-2p,
Vip, = 6.
We have —2f[§8 (pV) rds = — [[[p*V2rds + [[p*S (UvV) 7ds

=—6[frds— 2[frS . pUvds.
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Now if the constituents of = be homogeneous functions of p of the nth degree, we
have for any one of them
S.pVE=—n§,
so that under these circumstances
(n+ 3) f[frds = — [frS . pUvds.
Of this a particular case is (n+ 3) [[J€ds = — [[£S . pUvds,
which suggests many curious theorems.
27. As a verification of it, let the closed surface = which determines the himts
of the integrations be itsclf
£=C,
which, of course, subjects the form of £ to further limitations.
The right-hand member 15 obviously equal to
3C x vol. of Z,

because —8.pUv is the perpendicular from the origin to the tangent plane at p to
the element ds. The left-hand side may be broken up into a set of shells bounded
by surfaces whose equations are

E=eC,
where e varies from 0 to 1. [This follows from the assumption that § 18 homogeneous.]
The volume of the surface corresponding to any value of e is obviously

e x vol. of .
Hence ds = 8¢'de x vol. of =,

5o that the left-hand member of the equation above becomes
1
(n+ 3)J. 3Ce"t?* de x vol. of = =3C x vol. of %,
0
and the proposition 1s proved.

28. A very mteresting case is when
1
3 =Tp”

i which case n=—3, and our equation appears to become

(3-3)[”?,—;=0=—ﬁs.g; Usds.

It is obvious, however, that there is an infinite element on the left hand, when
Tp=0, ie, when the origin lics inside 3; and it is easy to see that the correct
result is a simple case of the well-known equation of § 4. In fact, thc expression on
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the right denotes, as is evident, the whole spherical opening subtended at the origin
by 3. Its value is therefore O if the origin be without =, and 47 if within—3 being
supposed to be simply-connected.

29. As a final example let us suppose in § 26 that & is a Spherical Harmonie.
Then, in addition to the condition of homogeneity there given, we have the condition

ViE=0,
and the general equation of the section referred to gives
2n fffkds = [[p*S . UvVEds,

so that, with the help of the final equation of § 26, we have for any closed surface
whatever
[18. Uv (2npk + n+ 3p*VE)ds = 0.

This integral, whose value is obviously the same for all surfaces bounded by a
given closed curve, can be reduced to the form

int6 £
f f(Tp)m 8. 0wV <qn— 11) ds,
(Tp)n+a
where ¢, is any quaternion which satisfies the condition
VVg,=0.

This is susceptible of various remarkable transformations, both as a double and as a
single integral ~But this digression might be indefinitely extended, and perhaps has
already gone too far

30. The essential bass of the whole of this theory is the great invention of
Hamilton, by which it is made possible to represent as a vector-operator the square
root of Laplace’s operator

which has not yet been done by any but quaternion symbols, at least in a symmetrical,
easily intelligible, and practically useful form,

It 18 rash to make any definite assertions on such matters, especially when a
writer of such extraordinary fertihty, knowledge, and power as Sir W. R. Hamilton
is concerned, but to the best of my knowledge the greater part of the results given
above 18 my own, Hamilton’s treatment of V, so far as I am aware of its having
been published, will be found in Proc. RI.A., 1846 and 1854, (in the latter of
which there 18 a very curious and interesting proof of Dupin’s Theorem,) and in his
Lectures on Quaternions, § 620, My own is to be found in Quarterly Math Journal,
October, 1860, Proc. R.S.E., 1861-2, 1862-3, and Elementary Treatise on Quaternions,
§ 317, 319, 364, &c., 418, 421-8, Ex. 24 to Chap. 1x. and 10 to Chap. X1
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XX.

NOTE ON LINEAR PARTIAL DIFFERENTIAL EQUATIONS.

[Proceedings of the Royal Society of Edinburgh, June 6, 1870.]

du du

. du

THE equation P &t Q d—y+ R dz=0

may be put in the very simple form
8 (eV)u=0,
if we write a=1P +jQ+ kR,
.d  .d d

and V=1,dx+]a_y+]czz,.

This gives, at once, Vu =mVéo,

where m 18 a scalar and 6 a vector (in whose tensor m might have been mcluded,
but it 13 kept separatc for a special purpose). Hence

du = - 8(dpV)u
=—mS.0adp
=-8.60dr,
if we put dr=—mV.odp
so that m is an integrating factor of V.odp. If a value of m can be found, it is

obvious, from the form of the above equation, that § must be a function of = alone;
and the integral is therefore

u= F(r) = const.
where F is an arbitrary scalar function.
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Thus the differential equation of Cylinders is

S@V)u=0,
where a 18 a constant vector. Here m =1, and
u=F (Vap).
That of Cones referred to the vertex is
S(pV)u=0.
Here the cxpression to be made integrable is
V. pdp.

But Hamilton long ago showed that
dUs_ydo V. pdp
Up p (Tpy~’
which indicates the value of m, and gives
w=F(Up) = const.

It is obvious that the ‘above is only one of a great number of different processes
which may be applied to integrate the differential equation. It is quite casy, for
instance, to pass from it to the assumption of a vector mtegrating factor instead of
the scalar m, and to derive the usual criterion of integrability. There 1s no difficulty
in modifying the process to suit the case when the right-hand member 15 a multiple
of w. In fact it seems to throw a very clear hght upon the whole subject of the
integration of partial differential equations But I have not at present leisure to pursue
the subject farther than to notice that if, instead of S(cV), we employ other operators
as S(aV)8(1V), 8.4V1V, & (where V may or may not operate on u alone), we can
pass to lLinear partial differential cquations of the second and higher orders. Simlar
theorems can be obtained from vector operators, as V(aV).
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XXI.

NOTE ON LINEAR DIFFERENTIAL EQUATIONS IN
QUATERNIONS.

[Proceedings of the Royal Society of Edinburgh, December 20, 1870 ]

THE generally non-commutative character of quaternion multiplication mtroduces nto
the solution even of hnear differential cquations with constant (quatcernion) coefficients,
difficulties of a somewhat novel character. To some of these which have presented them-
selves to me 1 many 1nvestigations, I wish to draw attention in the following note, but
want of leisure prevents my attempting at present either to classify the numerous
curious forms which may be met with m physical mquiries, cven when these lead to
mere vector equations of an order no higher than the second, or to develupe the subject
of the curious functional equations which are incidentally mvolved.

1. The mtegration of an equation such as
g+mg=a,
where m is a scalar (usually a function of #, which 1s assumed throughout as the

independent variable), and ¢ an unknown quaternion, 15 obviously to be effected by
the ordinary method, multiphcation by e/md

2. But if a be a quaternion, the ntegration of
q+ag=d,
even when @ 1s constant, requires a lttle care, unless we boldly treat @ as m was treated
in the preceding section. This, no doubt, gives the correct result, but the process
requires to be defended  Assume therefore r to be a factor which makes the left-hand
member ntegrable Then we must have
F=ra,

T. 20
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or, if  be a proximate value of 7,
r=r+78t=r(1+adt).
Hence, dividing the finite interval ¢ into a great number of equal parts, and taking the
limit
n
r=rL, (1 + a;t>
n
= rpedt

where 7, is an arbitrary but constant quaternion.

Now we have
€8t = ¢S5+ TVa UVa) - gt(m+na), suppose
ont
=enta 7,
Hence the solution of the given equation is
et mt
ema T g=[ema” a'dt,

the arbitrary quaternion constant r, having disappeared, but a new one being mntroduced
by the integration on the right.

When « is variable, the tensor of 7 1s easily seen to be €53, but its versor, s, 15 to
be found from the equation ’
§=sVa

the fundamental relation between the instantaneous axis and the versor of rotation of
a rigid body (No. XV. above, § 7).
When r is a vector, § suppose, we have
6 =Va,
whence, as above, 8 = Vb,elaat,

3. In the succeeding examples we restrict ourselves to equations for the determina-
tion of unknown wvectors, as we thus avoid the introduction of the quartic cquation which
has been shown by Hamilton to be satisfied by a linear function of a gquaternion. This
would appear, for instance, in the solution of even the simple equation

§+agb=c
where a and b are constant quaternions, though, of course, 1ts use may be avoided by
employing a somewhat more cumbrous process.

4. Suppose we have
ptdp=u
where ¢ is a self-conjugate linear and vector function with constant constituents.
Operate by §.8, and we have
S8p+ 8. ppd = S8a.
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The left-hand side is a complete differential if

§=¢s.
The general integral of this equation may be written as
=8,

where € is another hinear and vector function; but 1t 13 not necessary to discuss here
the vahdity of such a result, deduced as 1t must be by a process of separation of
symbols  [See Tait's Quaternions, § 290, 3rd ed § 307.] For, on account of the properties
of ¢, we may assume (since but three distinct and non-coplanar values of 8 are required)

S=an
where 7 is a constant unit-vector, and @ a scalar function of ¢. This gives
gn =¢n.
The values of 5 are therefore umt-vectors parallel to the axes of the surface
Spdp=1,
and thosc of E are the roots of the auxiliary cubic mn ¢. Call them o, 7, 5; and

1, s gs respectively, then the values of & (into which no arbitrary constant need be
mtroduced), are of the form

348
Thus, finally, =—Sn8mp
= — e 0ty [fertSnadt + C].

5. If, in the equation of (4), we suppose a constant, we may easily apply a process
similar to that of (2).

For p=p+pdt=(1-38t.¢)p+adt
Hence, as a 1s constant,
[ t\
-1

p=Lm(l _tf>"P«+L, W ‘T
=e"%p,+¢7'a

where p, (which 18 arbitrary) has been mercased by ¢'a. It is easy to show that this
agrees with the final result of (4), and the coincidence 1s so far a justification of the use
of the method of separation of symbols.

The verification of the general result of (4), where a is variable, can also be
effected by this method, but not so readily.

20—2
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6. Let us take the linear equation of the second order with constant coefficients
(equivalent to three simultaneous linear equations in scalars of a very general form)
P+ o+ yYp=0,

where ¢ and Y may, or may not, be self-conjugate,

If they be self-conjugate, this represents oseillation under the action of a force
whose components, m each of three rectangular directions, are made up of parts pro-
portional to (though not necessarily equimultiples of) the displacements in these directions.
The resistance parallel to each of three other rectangular directions depends in a similar
manner on the corresponding components of the velocity.

The operator n the left-hand member may be written
d\: d d d
(a) "“"%*"“(;zﬁx)(?tt”’)’
suppose, where y and 6 are two new linear and vector functions.

Hence, comparing, we must have

x+6=¢
x0 =1,
or, climinating 0, Xy =xd

a curious and apparently novel species of equation fxom which to determine the function .
\

[We might have arrived at 1t, by a somewhat More perilous but shorter route, by
assuming as a particular integral of the given cquatiol the expression

p=ep,]

<

If we take their conjugates in addition to the two ecuations connecting 6 and y, we
see at once that all four are satisfied by assuming these two functions to be conjugate
to one another, provided ¢ and - are self-conjugate. Hence in this special case we

may write
x=1}~¢+V‘e}
=3¢V €f’

It only remains that we should find ¢ and the rest of the solution 18 to be effected
as in (4) or (5).

\

We have 1lr=x0=%2+1}(V‘e¢—4>V.e)—V.eV. - "‘\

When ¢ 13 a constant scalar, 1¢ when the resstance is in the direction of motion
(which is the case generally in physical applications), the middle term vanishes, and
we have

V,eV.e=%'—‘{/',
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or, as it may be written,

In fact, in this case, ¢ and x are commutative in multiplication, so that the
equation in yx may be solved as an ordinary quadratic.

Even this very particular case involves a smgular question, though not one of
such difficulty as that of the general problem above We have, in fact, to solve an
equation of the form

o =w,
where » is a given, and = a sought, linear and vector function. This leads to an
equation of the sixth degree in = with pairs of roots equal but of opposite signs.
The coefficients of the cubic mm = are formed by the solution of a biquadratic
cquation®.

* Suppose the cubic 1n w to be o+ 9w+ g, w +9,=0,
the given equation enables us to write 1t 1n either of the (really identical) forms
(@+9)w+9,@ +9,=0,

or @ (w+y) tgw+g,=0,
2
whence w= (W N q') ,
w+g;
or @+ (20,-0%) W+ (- 2099 0 - 9.2=0
If the cubic 1n w be @l me? +mw +my =0,

we have by companson of coctheients

2y -9 -m, mP-2g.=my, gP=-m

g:f=my
90 that g, 18 known and a=>" - ’
P
9y = - O m)?
where Sh=m m,

The values of g being found, @ 18 given by the expression above

A sumilar process may easily be apphed to the general equation of (6), but it may be well to exhiit
the present simple case m 1ts Cartesian form.
Let Swn=p,, Swy=p,, Swh=py,
Sur=qy,  Sey=qy Sjwh=gs,
Shwr=71y, Skwy=r,, Shwk=rg.
Also let w=¢S1+88) + Sk,
whele a=1z; +)r, +kry,
B=uwy +Jy3 +hy,
Y=z 45 +ha,
then the problem reduces itself to the determmation of the mine scalars z, y, z, &c, from nme equations
of the second degree, of which we write only the first three —viz.
2T+ 23=py,
ToTy +YgTy + 2373 =Pas
T3+ YsTa+ 2373 =Py
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In fact, if we apply the members of the general equation above to ¢ we have

V. e¢e=2(¢—%) €

This leads to the two equations

S.e¢(\]r—% e=0,
which, belonging to two cones of the second degree, give mn general four values of e

7. The interest of the general question before us, from the analytical point of view,
lies mainly in the determination of the two unknown linear and vector functions x and
6 from the equations

x+0=9¢,

xX6=1
each of which 1s 1n general equivalent to nine or 1n certain cases siz (not, as m ordinary
quaternion equations, four, or as in vector equations three) simultaneous scalar equations.
They have also a physical interest, inasmuch as they include the problem of finding
two homogencous strans, such that the vector-sum of their cffects on any vector shall
represent the cffect of one given strain on that vector, while the effect of their
successwe performance 1 a given order on any vector shall be equivalent to that of

another given stram. It 1s curious to comparc this with the physical meaumng of the
differential equation from which thesc forms arc derived.

If g be one of the roots of the symbolical cubic in x (of which two will m this
case generally be imaginary) and 5 the corresponding unit vector, such that we have
three conditions of the type

x=97=0,
we have (@*—gd+¥)n=0.
The vectors, which satisfy this and the two simlar equations, arc (all three) sides (real
or imaginary) of the cone of the third order
8 pgpyp =0.

One curious result, which 1s casily derived from the equations above, 1s that, if
a solid experience a pure stram, the planes 1n which any three, origmally rectangular,
vectors are displaced intersect in one line.
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XXIIL

ON SOME QUATERNION INTEGRALS.

Part L
[Proceedings of the Royal Society of Edinburgh, December 20, 1870.]

IN my paper on “Green’s and other allied theorems” (XIX. above), I showed that
[Pdp = [jdsV . UvVP,

where P 1s any scalar function of p, and the single integral 1s extended round any
closed curve, while the double integral cxtends over any surface bounded by the curve,
v being 1ts normal vector.

Writing e=1P+jQ+iR
this gives at once fodp = [fds(S. UwNa -V .(VUV)a),

of which the scalar and vector parts respectively were, in the paper referred to, shown to
be equal.

From these equations many very singular results may be derived, some of which
form the first part of the subject of the present commumication.

Let o be a vector which, having continuously varying values over the surface
question, becomes Udp at its edge. Then
—[Tdp = [[dsS . UwVa,

there being no vector part on the left-hand side. This gives the length of any closed
curve in terms of an integral taken over any surface bounded by it.
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We have evidently TpdTp =—Spdp,
whence JPdTp=—[P8. Updp = — [{dsS.UvV (PUp).
Hence JodTp =— [(dsS.(UpUwV) o,
2
for VUp=- TP .

Now if Tp be constant over the boundary, se. if the bounding curve he on a sphere
whose centre is the origin, we have for any surface bounded by 1t

[dsS . (UpUwV) o =0,

whatever be the value of the vector o.

Agam, if o be a function of Tp only, we have
JodTp=0

for all closed curves. Hence, whatever be the vector-function ¢, and whatever the
surface and 1ts bounding curve, we have always

[fdsS.(UpUwV) ¢ (Tp)=0.
* . .
But, generally, we have also from the chief formule of this paper,
18 . UsNiods — [[S. UwVS. Vods=[S. Vadp,
and [JUSsPds — {8 U .V Pds=[V (dpV) P,
giving finally [V . UVeds— [[S. UN VVads=[V.V (dpV) o

These results appear to be of considerable importance for physical applications, and
are particularly mteresting, because they mvolve the operator (indicated merely in my
former paper)

V(dpV).

The paper contams several applications and modifications of these theorems

[The concluding portion of the above Abstract contained some strange madvertences,
ansing from an attempt to extend the application of the formule in an unwarrantable
direction. (The proper method had alieady been given in Nos. I1L and IV. above.)
Attention was called to this matter in the Abstract of Part II which follows; and
I have thereforc modified the later part of the Abstract above, to a considerable
extent from data there supplied for the purpose, and not otherwise repinted. 1897.]



XXIL ] ON SOME QUATERNION INTEGRALS. 161

Parr I [Read June 3, 1872)]

Commencing afresh with the fundamental mtegral

JIfS.Vads =[S . Uvads,

put o =uB

and we have I1(S.BV)uds =[fuS.BUvds;

from which at once JIVuds = ffullvds .. ..... ... .cooeee e (a),
or [fVrds =[fUv.7ds  ....... ... N ()}

Putting w7 for 7, and taking the scalar, we have
TS EY) . u+18 Vryds = ffu,S. Uvrds
whence (S8 @V)o+a8.Vr)ds=[[a8. Uvrds ...(c)

As one example of the important results derived from these simple formule, I
take 1 this abstract the following, wviz.:

[iV.(V.aUv)rds = [[oS. Uvrds — [[UvS. ards,
where by (¢) and (a) we see that the right-hand member may be written
=[f(8.(V)o +a8.VT—VS ar)ds
=—fffV.V(VO)TAS wrvvrviiiiiiiiiiiiiiiiiiieiiiiins e e (d)

This, and similar formulm, are apphed in the paper to find the potential and
vector-force due to various distributions of magnetism. To show how this 1s introduced,
I bricfly sketch the mode of expressing the potential of a distribution.

T. 21
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Let o be the vector expressing the direction and ntensity of magnetisation, per
unit of volume, at the el t ds. Then if the magnet be placed mn a field of
magnetic force whose potential 18 w, we have for its potential energy

E=—[[[S(oV) uds
= [ffuS(Vea)ds— [fuS. Uvads.
This shows at oncc that the magnetism may be resolved mto a volume-density
S(Veo), and a surface-density —S. Uve. Hence, for a solenoidal distribution,
S.Vo=0.

What Thomson has called a lamellar distribution (Phil. Trans. 1852), obviously

requires that

8 odp
be integrable without a factor, .., that
V.Ve=0.

A complex lamellar distribution requires that the same expression be integrable by
the aid of a factor. If this be u, we have at once

V.V (ug)=0,
or S.aVe=0.
We see at once that (d) may be written
—[f[V.(V.eUv)yrds=~[[[V.TV.Vads— [[[V.cVrds + [[[SoV . 7ds

Now, if 7=V(%>, where » is the distance between any external point and the

element ds, the last term on the nght 1s the vector-force exerted by the magnet
on a unit pole placed at the pomnt. The second term on the right vamshes by
Laplace’s equation, and the first vanishes as above 1f the distribution of magnetism
be lamellar, thus giving Thomson’s result in the form of a surface mtegral.

Another of the applications made 1s to Ampere’s Duwrectrice de lactwon électro-
dynamique, which (No. IIL above, § 5) is the vector-integral

Vedp
Tp*
where dp is an clement of a closed circmt, and the integration extends round the

circmit This leads again to the consideration of relations between single and double
integrals, as in Part I of this paper.

Returning to the electrodynamic integral, note that 1t may be written
1
- f V (V).
so that, by one of the last formule of Part I above, its value as a surface integral is

[fs. qu.v;ds—ffvyvéds. ‘
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Of this the last term vanishes, unless the origin is in, or infinitely near to, the
surface over which the double ntegration extends. The value of the first term is
seen (by what precedes) to be the vector-force due to umform normal magnetisation
of the same surface

Again, since VUp=-— 1_' ,
we obtam at once - 2[[[%%=fﬁs’ UpUvds,

whence, by differentiation, or by putting p+ a for p, and expanding n ascending
powers of Ta (both of which tacitly assume that the omgin 1s external to the space
mtegrated through, e, that Zp nowhere vamshes), we have

] a5 o

and this, again, involves

f sl - f ° S . UyUpds.

The interpretation of these, and of more complex formulx of a similar kind,
leads to many curious theorems in attraction and in potentials Thus, from (@)

we have m% —ffprd ‘ﬂwvig,

which gives the attraction of a mass of density ¢ in terms of the potentials of volume
distributions and surface distributions Putting

o =1t +jt, + kt,,

this becomes jf Y’_d‘_fff UPT;‘R f UVT:dS'

By putting o =p, and taking the scalar, we recover a formula given above; and by
taking the vector we have

V{[UvUpds = 0.

This may be easily verified from the formula
JPdp = V[[Uv.VPds,
by remembering that VTp = Up.

Agam if, in the fundamental integral, we put

o =tUp,

we have fﬁs(’,v)t 2]]]“‘; ftS. UvUpds.

21—2
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XXIIL
ADDRESS TO SECTION A OF THE BRITISH ASSOCIATION.

[British Assocration Report, Edinburgh, August 3rd, 1871]

IN opemng the proceedings of this Section my immediate predecessors have excreised
their ingenuity mn presenting its widely differing component subjects from their scveral
points of view, and in endeavouring to coordmate them. What they were obliged to
leave unfimshed, it would be absurd in me to attempt to complete. It would be
impossible, also, 1 the limits of a brief address to give a detailed account of the
recent progress of physical and mathematical knowledge Such a work can only be
produced by separate nstalments, each written by a specialist, such as the admrable
“Reports” which form from time to time the most valuable portions of our annual
volume.

I shall therefore confine my remarks m the mamn to those two subjects, one in
the mathematical, the other in the purely physical division of our work, which are
comparatively famihar to mysclf. I wish, if possible, to induce, cre it be too late,
native mathematicians to pay much more attention than they have yet paid to Hamiltons
magnificent Calculus of Quaternions and to call the particular notice of physicists to
our President’s grand Principle of Dissipation of Energy I think that thesc are, at
this moment, the most important because the most promising parts of our field

If nothing more could be said for Quaternions than that they enable us to exhibit
mn a smgularly compact and elegant form, whose meaning is obvious at a glance on
account of the utter inartificiality of the method, results which 1n the ordinary Cartesian
coordinates are of the utmost complexity, a very powerful argument for their use would
be furnished. But ity would be unjust to Quaternions to be content with such a
statement ; for we 7‘fe fully entitled to say that n all cases, even in those to which
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the Cartesian methods seem spccially adapted, they give as simple an expression as
any other method; while mn the great majonty of cases they give a vastly simpler
onc. In the common methods a judicious choice of coordinates is often of immense
importance 1m sumphfying an investigation; m Quaternions there 1s usually no choice,
for (except when they degrade to mere scalars) they are in general utterly independent
of any particular directions 1n space, and sclect of themselves the most natural reference
lines for each particular problem. This 1 easly illustrated by the most elementary
instances, such as the following.—The general equation of Cones involves merely the
direction of the vector of a pomnt, while that of Surfaces of Revolution is a relation
between the lengths of that vector and of 1ts resolved part parallel to the axis; and
Quaternions cnable us by a mere mark to separate the ideas of length and direction
without introducing the cumbrous and clumsy square roots of sums of squares which
are otherwise nccessary.

But, as it scems to mec that mathematical methods should be specially valued 1n
this Section as regards their fitness for physical applications, what can possibly fiom
that pomnt of view be morc important than Hamilton’s V? Physical analogies have
often been mvoked to inake intelligible various mathematical processes Witness the
case of Statieal Electricity, wherein Thomson has, by the analogy of Heat-conduction,
explammed the meamng of varous important theorems due to Green, Gauss, and others;
and wherem Clerk-Maxwell has employed the properties of an imagmary incompressible
hqud (devoid of ertin) to illustratc not merely these theorems, but even Thomson’s
Electrical Images [In fact he has gone much further, having apphed his analogy to
the puzzling combinations presented by Electrodynamics] There can be little doubt
that these comparisons owe ther birth to the small mtelhgibihity, per se, of what has
czy:’-'.h%’ which appears ahke in all theories of
attraction at a distance, m the steady flow of heat m a conductor, and 1n the steady
motion of incompressible fluds  But when we are taught to understand the operator
itselt we me able to dispense with these analogies, which, however valuable and
beautiful, have certamnly to be used with extreme caution, as tending very often to
confuse and mislead. Now Laplace’s operator 1s merely the negative of the square of
Hamilton’s V, which is perfectly inteligible m 1tself and n all its combmations, and
can be defined as giving the vector-rate of most rapid increase of any scalar function
to which 1t 18 applied—giving, for mstance, the vector-force from a potential, the
heat-flux from a distribution of temperature, &c. Very simple functions of the same
operator give the rate of increase of a quantity mn any assigned direction, the conden-
sation and elementary rotation produced by given displacements of the parts of a system,
&c.  For instance, a very elementary appheation of V to the theory of attraction
enables us to put one of its fundamental principles in the following extremely suggestive
form:—If the displacement or veloaity of each particle of a medum represent in
magnitude and direction the electric force at that particle, the corresponding statical
distribution of electricity 1s proportional everywhere to the condensation thus produced.
Again, Green’s celebrated theorem 13 at oncc seen to be merely the well-known equation
of continuity expressed for a heterogeneous flud, whose density at every pomnt 1s

been called Laplace’s Operator, $+
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proportional to one clectric potential, and 1its displacement or velocity proportional to
and m the direction of the electric force due to another potential. But this is not
the time to pursue such an inquiry, for it would lecad me at once to discussions as
to the possible nature of electric phenomena and of gravitation. I believe myself to
be fully justified in saying that, were the theory of this operator thoroughly developed
and generally known, the whole mathematical treatment of such physical questions as
those just mentioned would undergo an immediate and enormous simplification; and
this, m its turn, would be at once followed by a proportionately large extension of
our knowledge®.

And this 18 but one of the clauns of Quatermons to the attention of physicists.
When we come to the mmportant questions of stress and strain in an elastic sohd, we
find again that all the elaborate and puzzling machinery of coordinates commonly
employed can be at once comprehended and kept out of sight in a mere single symbol—
a linear and vector function, which 18 self-conjugate if the stramn be pure. This 18
simply, 1t appears to me, a proof cither that the elaborate machinery ought never to
have been introduced, or that 1ts usc was an mdication of a comparatively savage
state of mathematical civilization. In the motion of a ngid sohd about a fixed point,
a quaternion, represented by a single symbol which is a function of the time, gives
us the operator which could bring the body by a single rotation from 1ts imtial
position to 1ts position at any assigned instant. In short, whenever with our usual
means a result can be obtammed m, or after much labour reduced to, a simple form,
Quaternions will give it at once m that form; so that nothing is ever lost in pomt
of sunplicity On the other hand, mn numberless cases the Quaternion result is
immeasurably simpler and more mtelligible than any which can be obtamed or even
expressed by the usual methods. And 1t is not to be supposed that the modern
Higher Algebra, which has done so much to simphfy and extend the ordinary Cartesian
methods, would be ignored by the general employment of Quaternions; on the contrary,

1 1

* The following extracts fiom letters of Sir W. R. Hamil have & p general 80
thet 1 do not hesitate to publish them'—**De Morgan was the very first person to notice the Quaternions
in print; namely i & Paper on Triple Algebra, m the Camb. Phil Trans, of 1844 It was, I thnk,
about that time, or not very long afterwards, that he wrote to me, nearly as follows:—¢I suspect, Hamulton,
that you have caught the right sow by the ear!’ Between us, dear Mr Tait, I think that we shall begin
the sHEARING of 1t''” “You might without offence to me, consider that I abused the lcense of hope,
whmh may be indulged to an inventor, if I were to confess that I expect the Quatermons to supply,

i not merely methods, but also physical suggestions, And, 1 particular, you are quite
welcome to smile 1f 1 say that 1t does not seem extravagant to me to suppose that & full possession of
those & priort principles of mine, about the multipl of wvectors (includ the Law of the Four Scales
and the conception of the Extra-spatial Umt), which have as yet been not much more than hunted to the
public, mMioRT have led (I do not at all mean that n my hands they ever would have done so) to an
AxTicieaTion of the great discovery of OERsTED.”

“It nppenrs to me that one, and not the least, of the services which quaternions may be expected to
do to ical analyms Ily, 18 that their introduction will compel those who adopt them (or even
who admut that they may be reasonably adopted by other persons) to conmsider, or to admut that others
may usefully inquire, what common grounds can be established for conclusions common to quaternions and
to older branches of mathematics.”

* Could any thing be simpler or more satisfactory? Don’t you feel, a8 well as think, that we are on a
right track, and shall be thanked hereafter? Never mind when.”
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Determinants, Invariants, &c. present themsclves in almost every Quaternion solution, and
mn forms which have received the full benefit of that simphfication which Quaternions
generally produce. Comparing a Quaternion nvestigation, no matter in what department,
with the equivalent Cartesian one, even when the latter has availed itself to the
utmost of the improvements suggested by Higher Algebra, one can hardly help making
the remark that they contrast even morc strongly than the decimal notation with the
binary scale or with the old Greck Arithmetic, or than the well-ordered subdivisions
of the metrical system with the preposterous no-systems of Great Britam, a mere
fragment of which (in the form of Tables of Weights and Measures) forms perhaps
the most effective, 1if not the most ngenious, of the many instruments of torture
employed in our elementary teaching.

It is true that, m the eyes of the pure mathematician, Quatermons have one grand
and fatal defect. They cannot be applied to space of » dimensions, they are contented
to deal with thosc poor three dimensions in wihich mere mortals are doomed to dwell,
but which cannot bound the limitless aspirations of a Cayley or a Sylvester From
the physical pomnt of view this, mstead of a defect, is to be regarded as the greatest
possible recommendation. It shows, in fact, Quaternions to be a special instrument
so constructed for applcation to the Actual as to have thrown overboard cverything
which is not absolutely necessary, without the slightest consideration whether or mno 1t
was thereby being rendered uscless for applications to the Inconceivable.

The late Sit John Herschel was one of the first to perceive the value of Quater-
nions, and there may be present some who remember him, at a British Association
Meeting not long after their invention, characterizing them as a “Cornucopia from
which, turn 1t how you will, something valuable is sme to fall” TIs 1t not strange,
to use no harsher woid, that such a harvest has hitherto been left almost entirely
to Hamulton himsclf? If but half a dozen tolerably good mathematicians, such as
exist m scores in this country, were seriously to work at it, instead of spending (or
rather wasting) their time, as so many who have the requisite leisure now do, in
going over agam what has been already done, or m working out mere details where
a grand theory has been sketched, a very great mmmediate advance would be certain.
From the majority of the papers m our few mathematical journals one would almost
be led to fancy that British mathematicians have too much pnde to use a smple
method while an unnecessarily complex one can be had. No more telling example of
this could be wished for than the insane delusion under which they permit Euchd
to be employed in our elementary teaching. They seem voluntarily to weight ahke
themselves and ther pupils for the race, and a cynic might, perhaps without much
njustice, say they do so that they may have mere self-imposed and avoidable difficulties
to face instcad of the new, real, and dreaded ones (belonging to regions hitherto
unpenetrated) with which Quaternions would too soon enable them to come into contact.
But this game will certainly end in disaster. As surely as Mathematics came to a
relative stand-still i this country for nearly a century after Newton, so surely will
1t do so again if we leave our eager and watchful rivals abroad to take the imtiative
in developing the grand method of Hamilton. And 1t is not alone French and Germans
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whom we have now to dread, Russia, America, regenerated Italy, and other nations
are all farly entered for the contest.

The flights of the imagination which occur to the pure mathematician are in
general so much better described mn his formule than in words, that it 18 not
remarkable to find the subject treated by outsiders as something essentially cold and
uninteresting, while even the most abstruse branches of physics, as yet totally ncapable
of being populanzed, attract the attention of the uninitiated. The reason may perhaps
be sought in the fact that, while perhaps the only successful attempt to invest
mathematical reasoning with a halo of glory—that made in this Section by Prof.
Sylvester—is known to a comparative few, several of the highest problems of physics
are connccted with those simple observations which are possible to the many The
smell of hghtning has been observed for thousands of years, it required the sagacity
of Schonbemn to trace it to the formation of Ozone Not to speak of the (probably
fabulous) apple of Newton, what enormous consequences did he obtain by passing hght
through a mere wedge of glass, and by simply laying a lens on a flat plate! The
patching of a trumpery model led Watt to his magmficent imventions. As children
at the sea-shore playmg with a “roaring buckie,” or m later lfe lazily puffing out
rings of tobacco-smoke, we are 1llustrating two of the splendid researches of Helmholtz.
And our President, by the bold, because simple, use of reaction mstead of action, has
echipsed even his former services to the Submarine Telegraph, and given it powers
which but a few years ago would have been deemed unattainable

In experimental Physics our case is not hopeless, perthaps not as yet even alarming
Still something of the same kind may be said in this as in pure Mathematies If
Thomson’s Theory of Dissipation, for instance, be not speedily developed n this country,
we shall soon learn 1ts consequences from abroad The grand test of our science, the
proof of its being a reahty and not a wmere inventing of new terms and squabbling
as to what they shall mean, 1s that 1t 18 ever advancing. Therc 18 no standing still;
there is no running round and round as in a beaten donkey-track, coming back at
the end of a century or so into the old positions, and fighting the sclf-same battles
under shghtly different banners, which is merely another form of stagnation (Kmetic
Stability mn fact). “A httle folding of the hands to sleep,” m chuckling satisfaction
at what has been achieved of late years by our great expenmenters, and we shall be
left hopelessly behind. The sad fate of Newton’s successors ought ever to be a warmng
to us Trusting to what he had done, they allowed mathematical science almost to
dic out m this country, at least as compared with 1its immense progress in Germany
and France. It required the umted exeitions of the late Sir J. Herschel and many
others to render possible m these 1slands a Boole and a Hammlton. If the suceessors
of Davy and Faraday pause to ponder even on their achievements, we shall soon be
agam n the same state of ignominions inferority Who will then step i to save us?

Even ay it 19, though we have among us many names quite as justly great as
any that our mnvals can produce, we have also (even i our educated classcs) such an
immense amount of ignorance and consequent credulity, that it seems matter for
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surprise that true science is able to exist. Spiritualists, Circle-squarers, Perpetual-
motionists, Believers that the earth is flat and that the moon has no rotation, swarm
about us. They certainly multiply much faster than do genuine men of science. This
is characteristic of all inferior races, but it is consolatory to remember that in spite
of it these soon become extinct Your quack has his little day, and disappears except
to the antiquary. But in science nothing of value can ever be lost, 1t 18 certamn to
become a stepping-stone on the way to further truth. Still, when our stepping-stones
are laid, we should not wait till others employ them. “Gentlemen of the Guard be
kind enough to fire first” is a courtesy entirely out of date; with the weapons of
the present day it would be simply suicide

There is another point which should not be omitted in an address like this. For
obvious reasons I must speak of the general question only, not venturing on examples,
though I could give many tclling ones. Even among our greatest men of science in
this country there 18 comparatively little knowledge of what has been already achieved,
except of course in the one or more special departments cultivated by each individual.
There can be httle doubt that one cause at least of this is to be sought in the
extremely meagre interest which our statesmen, as a rule, take in scientific progress
While abroad we find half a dozen professors teaching parts of the same subject in
onc University (cach having therefore reasonable leisure), with us one man has to do
the whole, and to endeavour as he best can to make somecthing out of his very few
spare moments. Along with this, and n great part due to 1t, there 13 often found
a proneness to believe that what seems evident to the thinker cannot but have been
long known to others Thus the credit of many valuable discoveries is lost to Britain
because her philosophers, having no time to spare, do not know that they are discoveries.
The scientific men of other nations are, as a rule, better informned [certainly far better
encouraged and less over-worked], and perhaps likewise are not so much given to
self-depreciation. Until something resembling the *Fortschritte der Physik, but in an
umproved form, and pubhished at smaller intervals and with much less delay, 1s
established in this country, there is little hope of improvement in this respect. Why
should science be imperfectly summarized m lttle haphazard scraps here and there,
when mcre property has 1ts elaborate series of Money-articles and exact Broker’'s Share-
hsts? Such a work would be very easy of accomplishment: we have only to begin
boldly; we do not need to go back, for in every year good work 1s being done at
almost cvery part of the boundary between, as it were, the cultivated land and the
still unpenetrated forest—cnough at all events to show with all necessary accuracy
whereabouts that boundary lhes.

There is no nced of entering hcre on the question of Conservation of Energy;
it is thoroughly accepted by scientific men, and has revolutiomzed the greater part
of Physics. The facts as to 1its history also are gencrally agreed upon, but differences
of a formdable kind exist as to the deductions to be drawn from thew. These are
matters, however, which will be more easily disposed of thirty years hence than now.
The Transformation of Energy is also generally accepted, and, m fact, under various
unsatisfactory names was almost popularly known before the Conservation of Energy

T. 22
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was known in 1ts entirety to more than a very few. But the Dissipation of Energy
is by no means well known, and many of the results of its legitimate apphcation
have been received with doubt, sometimes even with attempted ridicule. Yet 1t appears
to be at the present moment by far the most promising and fertile portion of Natural
Philosophy, having obvious applications of which as yet only a small percentage appear
to have been made. Some, indeed, were made before the enunciation of the Principle,
and have since been recognized as instances of it. Of such we have good cxamples
in Fourier's great work on Heat-conduction, in the optical theorem that an mmage can
never be brighter than the object, in Gauss’s mode of investigating electrical distribution,
and in some of Thomson’s theorems as to the energy of an electromagnetic field
But its discoverer has, so far as I know, as yet confined himself in its exphcit
application to questions of Heat-conduction and Restoration of Energy, Geological Time,
the Earth’s Rotation, and such like. Unfortunately his long-expected Rede Lecture has
not yet been published, and its contents (save to those who were fortunate cnough
to hear it) are still almost entirely unknown.

But there can be httle question that the Principle contams unpheitly the whole
theory of Thermo-clectricity, of Chemical Combination, of Allotropy, of Kluorescence,
&c., and perhaps even of matters of a higher order than common physics and chemstry.
In Astronomy it leads us to the grand question of the age, or perhaps mote corrcctly
the phase of life, of a star or nebula, shows us the material of potential suns, other
suns i the process of formation, m vigorous youth, and in every stage of slowly
protracted decay. It leads us to look on each planet and satelite as having been at
one time a tiny sun, a member of some bmary or multiple group, and even now
(when almost deprived, at least at it~ surface, of 1ts original energy) presenting an
endless variety of subjects for the application of 1ts methods It leads us forward in
thought to the far-distant time when the materals of the present stellar system shall
have lost all but their mutual potential energy, but shall m virtue of it form the
materials of future larger suns with thewr attendant plancts Finally, as 1t alone 1s
able to lead us, by sure steps of deductive reasoning, to the necessary future of the
universe—nccessary, that 1s, if physical laws for ever remain unchanged—so it enables
us distinctly to say that the present order of things has not been evolved through
infinite past time by the agency of laws now at work, but must have had a distinctive
begnning, a state beyond which we are totally unable to penctrate, a state, in fact,
which must have been produced by other than the now acting causes.

Thus also, 1t is possible that n Physiology 1t may, ere long, lead to results of a
different and much higher order of novelty and interest than thosc yet obtained,
immensely valuable though they certamly are

It was a grand step in science which showed that just as the consumption of
fuel is necessary to the working of a steam-cngine, or to the steady light of a candle,
so the living engine requires food to supply its expenditure n the forms of muscular
work and animal heat. Still grander was Rumford’s early anticipation that the animal
18 & more economic engine than any lifeless one we can construct. Even in the
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explanation of this there is involved a question of very great interest, still unsolved,
though Joule and many other philosophers of the highest order have worked at it.
Joule has given a suggestion of great value, viz. that the animal resembles an electro-
magnetic- rather than a heat-engine; but this throws us back agam upon our difficulties
as to the nature of electricity. Still, even supposing this question fully answered,
there remains another—perhaps the highest which the human intellect 1s capable of
directly attacking, for it is simply preposterous to suppose that we shall ever be able
to understand scientifically the source of Consciousness and Volition, not to speak of
loftier things—there remains the question of Life. Now it may be startling to some
of you, especially if you have not particularly considered the matter, to hear 1t
surmised that possibly we may, by the help of physical principles, especially that of
the Dissipation of Energy, some time attain to a notion of what constitutes Life—
mere Vitality I repeat, nothing higher If you think for a moment of the vitality
of a plant or a zoophyte, the remark perhaps will not appear so strange after all.
But do not fancy that the Dissipation of Energy to which I refer is at all that of
a watch or such-like picce of mere human mechamsm, dissipating the low and common
torm of energy of a single coiled spring. It must be such that every lttle part of
the hving orgamsm has 1ts own store of energy constantly being dissipated, and as
constantly replemwshed from external sources drawn upon by the whole arrangement in
their harmomious working together. As an illustration of my meamng, though an
extremely inadequate one, suppose Vaucanson’s Duck to have been made up of exces-
sively small parts, each microscopically constructed as perfectly as was the comparatively
course whole, we should have had something barely distinguishable, save by want of
instincts, from the living model  But let no one magine that, should we ever penetrate
this mystery, we shall thereby be enabled to produce, except from hfe, even the lowest
torm of life Our President’s splendid suggestion ot Vortex-atoms, if 1t be cerrect, will
enable us thoioughly to understand matter, and mathematically to investigate all its
propertics. Yt its very basis implies the absolute necessity of an intervention of Creative
Power to form or to destrtoy one atom even of dead matter The question really
stands thus'—Is Life physical or no? For 1if 1t be in any sense, however shght or
restricted, physical, 1t 1s to that extent a subject for the Natural Philosopher, and for
hun alone, Tt would be entircly out of place for me to discuss such a question as
this now and here, I have mtroduced 1t merely that I may say a word or two about
what has been so often and so persistently croaked against the British Association,
viz that 1t tends to develope what are called Scientific Heresies No doubt such
charges are brought more usually aganst other Sections than against this; but
Section A has not been held blameless It scems to me that the proper answer to
all such charges will be very simply and easily given, 1f we merely show that in our
reasonings from observation and experiment we nvanably confine our physical conclusions
strictly to matter and cnergy (things which we can weigh and measure) 1 their
multiform combmations Excepting that which 1s obviously purely mathematical, whatever
18 certamnly neither matter nor energy, nor dependent upon these, s not « subject to
be discussed here, even by implication. All our reasonings in Physics must, so far as
we know, be based upon the assumption, founded on experience, that i the umverse,
whatever be the epoch or the locality, under exactly similar circumstances exactly
22—2
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similar results will be obtained. If this be not granted there is an end of Physical
Science, or, rather, there never could have been such a Science*. To use the word
“Heresy” with reference to purely physical reasonings about Geological Time, or
matters of that kind, is nowadays a piece of folly which even Galileo’s judges, were
they alive, would shrink from, as calculated to damage none but themselves and the
cause which of old they, according to their lights, very naturally maintained.

There must always be wide lmits of uncertainty (unless we choose to look upon
Physics as a ily finite S ) concerning the exact boundary between the
Attainable and the Unattainable. One herd of ignorant people, with the sole prestige
of rapidly increasing numbers, and with the adhesion of a few fanatical deserters from
the ranks of Science, refuse to admit that all the phenomena even of ordinary dead
matter are strictly and exclusively in the domamn of physical science. On the other
hand, there is a numerous group, not in the slightest degree entitled to rank as
Physicists (though in general they assume the proud title of Philosophers), who assert
that not merely Life, but even Volition and Consciousness are mere physical manifes-
tations. These opposite errors, to neither of which 18 it possible for a genuine
scientific man to fall, so long at least as he retans his reason, are easily seen to
be very closely allied. They are both to be attributed to that Credulity which is
characteristic alike of Ignorance and of Incapacity. Unfortunately there is no cure;
the casc is hopeless, for great ignorance almost necessarily presumes incapacity, whether
it show itself in the comparatively harmless folly of the Spiritualist or in the pernicious
nonsense of the Materialist.

Alike condemned and contemned, we leave them to their proper fate—oblivion;
but still we have to face the question, where to draw the line between that which
18 physical and that which is utterly beyond physics. And, again, our answer is—
Experience alone can tell us; for experience is our only possible guide. If we attend
earnestly and honestly to its teachings, we shall never go far astray. Man has been
left to the resources of his intellect for the discovery not merely of physical laws,
but of how far he is capable of comprehending them And our answer to those who
denounce our legitimate studies as heretical 18 sumply this,—A revelation of any thing
which we can discover for ourselves, by studying the ordinary course of nature, would
be an absurdity.

A profound lesson may be learned from onc of the earliest little papers of our
President, published while he was an undergraduate at Cambridge, where he shows
that Fourier's magnificent treatment of the Conduction of Heat leads to formula for
its distribution which are intelligible (and of course capable of being fully verfied by

* It might be possible, and, if so, perhaps interesting, to speculate on the results of secular changes
in physical laws, or in particles of matter which are subject to them, but (so far as experience, which 18
our only guide, has taught us since the beginming of modern science) there seems no trace of such. Even
if there were, as these changes must be of necessity extremely slow (becluse not yet even suapecterl) we may
reasonably expeot, from the analogy of the history of such & q P in the
discovery of Neptune, that our work, far from becoming impossible, will memly become considerably more
difficult as well as more laborious, but, on that account, all the more creditable when successfully carried out.
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experiment) for all time future, but which, except in particular cases, when extended
to time past, remain intelligible for a finite period only, and then indicate a state of
things which could not have resulted under known laws from any conceivable previous
distribution. So far as hecat is concerned, modern investigations have shown that a
previous distribution of the matter involved may, by its potential energy, be capable
of producing such a state of things at the moment of its aggregation; but the example
is now adduced not for its bearing on heat alone, but as a simple 1llustration of the
fact that all portions of our Science, and especially that beautiful one the Dissipation
of Energy, pomnt uuanimously to a beginning, to a state of things incapable of being
denived by present laws from any conceivable previous arrangement.

I conclude by quoting some noble words used by Stokes in his Address at Exeter,
words which should be stercotyped for every Meeting of this Association.—“ When
from the phenomena of lifc we pass on to those of mind, we enter a region still
more profoundly mysterious......Science can be expected to do but little to aid wus
here, since the instrument of research is 1itself the object of investigation. It can but
enlighten us as to the depth of our ignorance, and lead us to look to a higher aid
for that which most nearly concerns our wellbeing.”
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XXIV.

NOTE ON A SINGULAR PROPERTY OF THE RETINA.

[Proceedings of the Royal Society of Edinburgh, Jan. 15, 1872]

WHILE suffering some of the annoyances scemingly inscparable from re-vaccination
at too advanced an age, I was led to the curious observation presently to be
described. I was unable to sleep, except in “short and far between” dozes, from
which I woke with a sudden start, my eyehids opening fully I found by trial that
this state of things became somewhat less intolerable when I lay on my back, with
my head conwiderably clevated. In this position I directly faced a gas jet, burning
not very brightly, placed close to a whitish wall, and surrounded by a ground glass
shade, through which the flame could be prominently perceived The portions of the
wall surrounding the burner were moderately illuminated, and hyperbohic portions
above and below somewhat more strongly. I observed, on waking, that the gas flame
scemed for a second or two to be surrounded by a dark crimson ground, though
itself apparently unchanged n colour. Gradually, after the lapse of, at the very
utmost, a couple of seconds, everything resumed its normal appearance As this
phenomenon appeared not only to be worthy of observation m atself, but to furnish
me with something definite to reflect upon, which 1s far the best alleviation of
annoyances similar to those from which I was suffering, I determined to watch 1t,
transitory as it was, feelng assured that I should have many opportumties of
observing 1t After two mghts’ practice, I found mysclf getting dangerously skilful
m reproducing 1t, and decided somewhat reluctantly, that I must give jt up. What
I observed, howcver, has already been almost completely described as having been
seen on the very first occasion I endeavoured to prepare myself to note any possible
difference of colour in the crimson field, as distinguished from mere difference of
intensity of illumination, and I could perceive none. I also endeavoured to ascertain
the nature of the transition from this state to the normal one, but this was so



XX1v.] NOTE ON A SINGULAR PROPERTY OF THE RETINA. 175

exceedingly rapid that I could form no conclusion, and I found that under the
necessary circumstances of the observation, viz, as 1t could be made only at the
instant of awakening, it was impossible for me to estimate, even approximately, the
duration of the crimson appearance.

Several possible modes of explaining the phenomenon at once occurred to me.
Of these, however, I shall mention but three, and give reasons for rcjecting two of
them, while not pretending to specify them in the order in which they occurred to
me, It cannot be ascribed to any visual defects m my eyes, which are normal as
to colour sensations, and very perfect optically. Ist, I imagined it might be due to
light passmg through the almost closed eyelid, or through a portion of the eyeball
temporarily filled with blood. Besides feeling certan that my eyes were fully open,
I had the additional argument against this explanation, that I could not reproduce
the phenomenon by carefully and gradually closing them, and that I am not aware
that an effdsion of blood in any part of the cye could possibly disappear so rapidly.
2nd, It mght be duc to diffraction either by my eyelashes or by small particles,
whether on the cornea or 1 the transparent substances of the eye, coarse enough
to produce ncarly the same tmt for some distance round the flame. This 1s negatived
by several considerations, among which (in addition to those urged agamst the
preceding cxplanation) 1t 18 only necessary to mention agam the facts, that the
colour 18 not one which can be produced by diffraction under such circumstances,
and that 1t appeared to be the same on the more illummated, as well as on the
darker part ot the field. 3rd, I suggest, as a possible explanation, but one which
1s more specially 1 the province of the physiologist than of the natural philosopher,
that the retma (or the nerve cells connected with 11?) partakes of sleep with the
other nerve cells, by which that phenomenon has been accounted for, and that on a
sudden awakening, the portions connected with the lowest of the primary forms of
colour are the first to come into action, the others coming into play somewhat
later, and almost simultancously This would completely account for the  pecubar
cumson colour, and for 1ts umifornmty of tint over the whole field, excepting the
gas flame itself, the comparative mtensity of whose light may easily be supposed to
have simultancously aroused all the three sensations in the small portion of the
retina on which 1t fell, though 1t s just possble that 1t also may have appeared
crimgon for an exceedingly short period I am not aware of any experiments or
observations having been made with reference to the subject of this note, and I
hope to have no further opportumties of making them, at lcast in the way in which
these were made, but the pomnt 1s a curious one, and worthy of the carcful attention
of all who may be forced to consider 1t. Professor Clerk-Maxwell informs me that
he and others have obscrved that the lowest of the three colour sensations 1s the
first to cvanesce with fantness of light, and that it has been asserted to be the
most sluggish m responding to the sudden appearance of light. This, however, 18 not
necessarily antagonistic to my ecxplanation, but will rather, if my explanation be
correct, tend to show a greater nterval between the awakening of the red, and that
of the other colour sensations than that above hinted at.
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XXYV.

ON ORTHOGONAL ISOTHERMAL SURFACES. Parr L

[Trans. R.S.E. 1873-4. Rcad Jan. 2, 1866; Revised and Improved, Jan 15, 1872]

THE following pages contain, in a comparatively compact form, pait of the substance
of a volumious paper read to the Society six years ago Of that paper, which cmployed
ordinary analysis alone, only a few pages had been put m type when I succeeded m
overcoming a formidable difficulty which had presented itself i my quaternion treatment
of the subject. I therefore withdrew the paper in order that 1t might have the benefit of
the simplification which quaternions always give; but 1t 15 only of late that I have found
time to complete part of the translation into the new language From the circumstances
under which the paper has thus been produced, ¢, j, k come forward with undue prominence,
a thing to be regarded (in Hamilton’s words) “as an inelegance and imperfection n
this calculus, or rather 1n the state to which it has hitherto been unfolded.” Immense
as 18 the simplification already attained, 1t 1s clear that in many places still more is
attainable. But I have not postponed my paper till 1t should receive this final polish,
partly because the time I can devote to such inquiries 1s extremely limited, and partly
because I think that several of the results obtained, and of the modes of obtainng
them, are new and remarkable. Besides, a question of this order of difficulty 1s
admirably adapted to show 1n what respects quaternion methods require improvement.
There must be some simple mode of deducing (13) and (21) below from (7) without the
explcit use of 1, 5, k, but I have not yet been fortunate enough to discover it. [This
has been, to some extent, supplied in later papers:—Decc. 1877, and Dec. 1892. 1897.]

I append to this introduction, for comparison, a few extracts from the paper in
its original form.
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dAgNT | (dg\? | (dE\?
a Let (E +(17y +(dz-> be wnitten O¢,

dg dy  dE dy  df dy
dxde T dy dy + @ » D& )

and d¢ d¢ dt » alg m -
dx’ dy’ dz
dy dp dy
dz’ dy’ dz
4 dfdg
v’ dy &
Then, D& =D, )=D( £€)=0,
% ag g
dr dy dz
= =
dy dy dy dy | ldn an |
dy’ dz & di d? dy
dg ode | | deode | | ac &
dy’ dz d:? dr L di? dy
d¢ d¢ d¢
d1 dy d: 1
or T SR S T <, Suwpose

«()

with two simlar sets m n and ¢

() ()

e _dE _da dE da d¢ da
b Smce A*ITU_JE_-F;II’/_:’? +4l; T
“(ar) () ")
dr, dy. dz
we have at once A=u0f=r0n=r0{
da
()
Hence u=: i _ 8
dE ag’
dr
dt (. ¢
or 1 da d dg\ _do J:)
Kﬁg_ )= o
(a2)
which gives by ntegration loga=C+1logO¢.
Thus, finally, a=4/0E0n0¢.
0,70
e, Thus we have u=«/ Zléf’ &e.

d da d da

da
. +4 - + . =0,
z?"E dy ZQ_E d g\
a Ja‘) d dy) d dz

But, identically,

&

T.

23
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df g\, d/ dE\, d dg) _
or d.v(" (ﬁ) +dy (“ dy) & (" dz)=%
or wo— D (u, £)=0,

with similar equations m v, n and w, ¢

d Now 1if ¢=c bo one of a system of surfaces 1sothermal as well as orthogonal, we must have,
by the above equation,
D (u, £)=0,

But the orthogonality gives D(y, £)=0, D(¢{, &)=0,

and the elimnation of ¢ among these three equations gives A(w, n, {)=0, 7¢ Dby the property of
functional determinants, u i3 a function of n and ¢ alone Thus wo have

N

o

a well-known relation, &ec.

1. Consider the equation T.{¢+f(h))He=1,
or, a8 it may be written, S.olp+fWte==1.... .. . (),

where ¢ is any sclf-conjugate linear and vector function, of which 1, j, k are the principal
vector directions We assume that the roots of Hamnlton’s equation

M,=0

are fimte and different from one another, so that cylinders, surfaces of revolution, &c,
are excluded from (1)

For any assigned value of o, (1) gives in general three values of f(h) and therefore
of b Omitting for the present the consideration that each value of f(h) may give
more than one value of h, these values may be any assigned functions of the position
of a pomt in space, because, when they and the function f are assigned, the squares
of the constituents of o (or, what comes to the same thing, the values of ¢* So¢o,
So¢?c) can at once be found in terms of them, by a system of three linear equations.

In this first part I confine myself to cases in which cach of these squares is

positive, so as to avoid for the present the use of biquaternions.

2. For any assigned constant value of h, (1) represents in general a surface whose
normal vector, V&, is given by

S BThS. oy =25 (5. Z-:-q,—xa) S @),

4 being written for convenience m place of ¢ +f(h).
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Now 1f h,, h, be the other two values of A given by (1) for a particular value
of o, the conditions of orthogonality of the surfuces h, hy, hy, are of the form

0=S8 VAVh =%. s 7y ‘17 S L )
where vi=¢ +/ (hy).
3. The three equations (3) may be put m the new form
8. pias (do- o, do \I'F'U) 0, %o,
whence p (gz S. \[r_‘tr) V. ey e o o 0 e ().
4. But, by the nature of self-conjugate linear and vector functions,

CR 1 g
S.¥lay e =S oyl =f(T)::f(’l) S.o(t=¥Ne=0 ...(5),

with two other equations of the same kind  These give (when the values of h are
different) three equations of the form
Yo | V.o, o o e oo .. (6),

where, of course, we may dispense with the V"

5 By (4) and (6) we see that we have three equations of the form

. (d d,
Voo |2 (E 8.0 v,
do do do
and these show at once that do’ dy' dz

are rectangular vectors whose tensors are equal For
7S.aBy=aS. Byt + BS.yar + ¢S . aBr

15 the only decomposition of 7 parallel to a, B, g respectively, and we have here the
equation
7 || aSar + BSBT + ¥SyT,

holding good for the three non-coplanar vectors ¥~'o, ¥, ™', Y, 'a, and therefore true
for all vectors. Hence we must have

al VBy, Bl Vya vl Va8,
of which any two include the third as a necessary consequence, and in all three of

which the coefficient of proportionality is evidently the same The only exception to
this 18 when

zg | ¥a, &e.
But, in this case, by (2) Vh ||+, &,
and we have series of rectangular planes.
23—2
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6. Hence there must exist a scalar function w, and a quaternion ¢ (which may
obviously be taken as a mere versor), such that

% i o,
or, in one expression, do = uqdpq™ ..... st ie i ee s e s saaiees (7).

Thus it appears that, in order that (1) (with the limitations above imposed) may
represent a triple series of orthogonal surfaces, ¢ must be such a function of p that,
if the extrermties of a sct of values of p form the corners of an mdefimtely small
cube, those of the corresponding values of o (drawn from a common origin) form the
corners of another such cube, and that, therefore, the passage from p to o 1s that from
one mode of dividing space into indefimtely small cubes to another.

Whatever, therefore, may be thought of the logic of the investigation above, it 1s
worth while to pursue the inquiry thus suggested, by developing the consequences of
the equation (7) to which 1t has led us.

7. From the equations just written we see that if
c=tE+in+kl . .. «(8),

the direction cosines of gig~* are
1df 1dy 1

ude’ wdz’ wds’
From these, and other six of similar form, we see that the direction cosines of 7 re-
ferred to qig™, ¢jg, qkg™ are

1dg  1dE

1 1
dz’ w u

dE
wdr' udy dz’

and similarly for those of j and k.

Hence it follows that VE Vg, V¢ form a set of mutually perpendicular vectors
whose common tensor is u.

The same result may be obtaned as follows: —

ve=-(zlfz+j;%+kdiz)Sia
== u (S gig™ +jS . 1qjq7 + kS . igkq™")
=—u(S rig+)S.997"vq + kS . kg~'rq)
= UGG s e e e e e ()
Hence we have ~dE=uS.qigdp,
of which the condition of integrability 1s

V.V.ugtig=0.
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Thus » and q must be determined so as to satisfy the equation
V.Viuglag=0.ccccc oiiiiiininnes o e, (10),

whatever constant vector be represented by a.

We may state our present conclusions in the following simple form In order
that (1) may represent a triple series of orthogonal surfaces, 1t is necessary and sufficient
that the constituents of o satisfy three cquations of the form (9) 1c¢, that when

severally equated to constants, they represent three serics of surfaces which together
cut space into cubes.

8. As a venfication of (9) we see that it and the simlar expressions for Vy
and V& give

—do=u(Sq M qdp +..oonviinnnnniin )
= —ugdpg™,
which 18 equation (7).

9. Performmg the operations mdicated mn (10), 1t becomes
o [+ dg . . d
V(Vu glagy+uV. 3% (u]“a (',Z — g «TZ q"aq) =0,

Vu . dg
or V. I lag + 23V oV .q7laqq lda;_o’

(this smplhfication being permitted because (§ 6) the tensor of ¢ may be regarded as
unity) or, finally,

Vu . dy . dq
c oy Tleg -2 aqS ig! (ﬁ +22. (8. ¢ 'aq) ¢ (El, =0,
which may be written

V —
v 7:1 qag +2¢7'agS (V. q) = 2% . (8. <1“¢7«1i)d;’d;l 7=0,

or V. Vuu g +2¢q7'agS (Vg . ) — 28 (¢'aqV) ¢ ¢=0
Here a has the values ¢, ), k, so that if we wrte
qlag =17, &c,
we have three equations of the type
-V Vl:f+2i’S(Vq—' LQ)—-28GV) g g=0....... . .(11).

From these we have

- Z.i'V.i'V:—6S.Vq"q+2Vq—1.q=0,
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or V;“ —38(Yg.q) + Vg g=0.

Hence SVgt.q9)=0

and Viu V(g q)=—Vg.q= _V‘qq_“’ ........................ (12),
or, finally, Voug=0.ciiiiiies e i (13).

10 But this is not the only relation between u and ¢ For by (12) we may
write (11) i the form

-V (Vg.qqag) g7 =28 . (¢7'agV) g7 =0t i, (14)

It 18 obvious that, by adding the three equations of this form, each multiplied by
a proper scalar, we may derive from them three equivalent ones of the form

V(Vg'.qi) g +28(@V) g =0.... . e (13)
This may be written by the help of (12) m the form
2 U v =V V=Y
d;q__ Vg ig=V.1 "=V.iVlgu . ......(~16),

and we thus see that the constancy of the tensor of ¢ 13 recognised.
Differentiating again after multiplying mnto ¢, we have

2 d’q_—l= Vv logu)@:l+ V. ;vV logu.q™

=4(V.iVieguyg+V. 1. Vlogu q

Adding the three equations of this form, we have

— 2V = (Vogul g heeiiiiiiiiiis ot criieiees e 17),
for obviously V:logu 1s a scalar.
But we have also Vougm=0 .. ot (18),
which gives Viegu.q+Vg'=0
—1
and Vilogu.q+ Z.4(V log w) d:t’x +Vg1=0,
or Vilogu.q' + 42 .1 (Vilegu)V 2V logu) g7t + Vg1 =0,
which may be simplified into
Vilogu.g' +(Viogu)y g+ Vg =0. ..coornninnnnnnnnn(19)

Together, (17) and (19) give
Vilogu.q™ - Vig =0 }
V2rlogu + (V logu)'=0
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The latter of these equations may be written

V(@9 igw=0=9 (%)),

ut
or finally VEud) =0 corviiiiiiiiiiiis e e veeees e e (21).

11. Hence w# 18 the square of the potential of some distribution of matter, none
of which is contamed m the space occupied by the surfaces.

Hence the only strict solution, ie, the only one that holds at every point of
infimte space, 18
« = constant,

and, of course, ¢ = constant
From this we have VE=uqig =u (ia, + jb, + ke,)
E=c +u(mz+ by+cz)

Thus the constituents of o, separately cquated to constants, give the equations of
three series of mutually perpendicular planes cutting space into cubes, for w 1s the
same for all When we turn thc axes so as to be perpendicular to these planes
respectively, and adopt a suitable origin, we have

E=ux, n=uwy, {=uz
whence = up,

and thus cquation (1) gives m this case the confocal surfaces of the sccond order.

12. We omat for the present, in consequence of the remark at the beginning of
last section, other obvious solutions of (21), such as

u5=S¢p, or ud=SEIV-19p g0

But if we admit that at ome pomnt of space there may be a particle of matter of
mass m, we have, of course,

so that Vy q=
which gives as a particular integral — ¢7'= Up

2
Hence, in this case, do =ugdpg™=— ;’,’L), (2Up8Updp + dp)

m? . 20dTp _ d,
=- Tpr (2pSpdp — dpp*)y =+ m? (—71—,;,"—) - ’l'—:;’) ,
or a=mp,

The corresponding surfaces are the electric images of the confocal quadries, taken
from the common centre, and include Fresnel's surface of elasticity.
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13. It follows, from what we have just proved, that the only orthogonal surfaces
which divide all space into indefinitely small cubes are planes and their electric 1mages,
or images of images, &c. These are all, therefore, included in a triple series of spheres
having a common point, and thewr centres in three rectangular axes passing through
that point.

In fact, 1f i (7) we put for o

o' =(c+71)7",
we have ‘fli =— da‘ a &e.,
£
whence c{l{: ‘(iij =g SZ: % =0, &ec.,

and T g‘f_ =T :ild T c(lla'r = ul'o™
Hence the eclectric 1mage of any orthogonal system 1s also orthogonal; and, if the
system cut space into cubes, so does the image.

14 We are now prepared to introduce the conditions that the surfaces (1) shall
each be isothermal. If A, hy, h, represent their temperatures, these conditions are simply

Veh=0, V=0, Vih=0.ccooerrrrrvrrruns ver oo .. (22).
To express these in another form we must now differentiate equations (2).
15 By (2) we have
Sey*o.f’ (h)d —QS' 1]r"

This gives

230 0 G =28 oy £ ) (1) + sove. ) (52
wSay=ra () =28 T yo 498 8Ty 00 s iy O
lahmmatmg et from these equations, we have
“‘?'_di:“"“’s Y ST dﬂ‘
N.oyto VT g oyre TRV g s oy
dz S¥e

+As¢¢—w/(h)—=2s dz,~,u—1 ct25.% \]1‘“——-—43 dﬁ«;r-* Foopie

Now, whatever vector @ may be, we have by §§ (5), (6)

do do’ do
—ww = 8. ;f‘s dy dzs'dz’”
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so that, if @ be any other vector,
dd' da'

-8, 0w = ).S oS —
Adding, then, the three equations, of which that contaimng ZZ: 1s given above, we find
g S ‘I"’ oy le_ LS S ey
2 TP A _
+8uiS. .oy sa oya a2 O a‘\lr"
= 28 Vigyric + 258 ‘1"4«—- VLI m;f ,

where the term m V% of course vamishes by (22). This is seen at a glance to be
oquivalent to

)f -1 J ‘I
— das? 7 (l) =-2S Vo 0-}-2‘35 ‘JI‘ l‘:,

The last term herc 1s seen at oncc, by Hamilton’s beautiful thcory of lincar and vector
functions, to be equivalent to

23 =17 = — 2(A,, 1_ - _1 __l._
2w ES . it = — 20 u +j(h)+B+f(h)+U+f(h)) ................

if A, B. C be the constants of ¢ Callng the expression m brackets for the present
H, we have

—11+21/; ((,"))} “lsveyo L (24).

The left-hand member, 1f multiphed by f*(k)dk, 1s the differential of a function
of b oonly If, as m § 11 we have

o= up, w=constant,
the right-hand side vanishes, and integration gives

vh - [ f (h)dll. ) ) dj
oh=], Jia

W) BrFWCH W) Ly,

If ¢ have the value given in § 12, equation (24) 1s obviously not satisfied. Thus
confocal quadrics arc the only 1sothermal orthogonal surfaces included in equation (1)
with our present hmtations.

16. It is interesting n 1tsclf, and will be useful for the second part of this
paper, to ehmimnate o from (24) by the help of our previous equations. For this
purpose we may write (2) m the form

Py () Vh=23 (5.7 ¥ o)
=2uX (1S .1 Yt ag)
=—2uq7l Y aq .. e e (25),
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the tensor of which is Tyaf' (h) TVh =2u.
But it is shown i (29) below that Vu=g¢'Vegq,
so that (25) gives Yo f' (h)S.VuVh =2uS . Vo ya,
77 (h)
=
or, by (24), % ( H+2 ) (h)}) reoere e (26).

The three equations of this form give

3. Yo () VhS ViTu=205 Vb (-~ H+2 1 (”)),

iy
or, by (26) and (3), ~4uVu=2E f () Vh (- H+2 {ﬁ, ((}’:))})
Opemtlné by S.dp, this gives
2d—“=—2f'(h)dh( Hio LB )
w (Fyp)’

of which the integral, by (23), is
0"~ 2logu = [2log /' () log {4 + £} (B+F () (C+F (W],

N f®
or, if we write J{A +f(h)} B+f(Tj-7(7l3 [0 F T (27),
then J =SFR)F () FR) oeeeeeiiviieeens ceeees aeeans (28).

17. The following is the first quaternon method that occurred to me. I give
it here, though it is considerably more prolix than the preceding, because it exhibits,
incidentally, many curious propertics of the system o, u, ¢ above defined.

Starting again with equation (7), we see that it gives
Vg =qVug™ —2ugs (V. Vg ng) q

This, as we shall see immediately, may be reduced to

—qVug . L (29).

18. From (7) we obtan at once
1 &e _dg. . . _dg | lduds
u dady dyzq‘_ql‘ql@ql‘*u’dyda;’

4 1 . du

dq - -
dyq T+ qig 13‘5/'

= Lo —
=gy~ T4

1 do _dg. _ _dg ~du
wdyde = &l TV g T g
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Comparing the last two values, we have

1 die g dg  tdu _dq ]dn .
2 Ty 2Valy Itugg=" VIV gty ae (30).
Operating by 8.k, we have L dq _ = 8.1 _,dq
P g by K.k, S.jq dj gt

From this, and other equations similar to it, 1t 1s obvious that
. d _,dyg
i L =8.jq ~1‘if1_.s kgt =0 © e d(81)
For we should find, as their common value, the expression of their sum

L dg o dg g
S.zq“dg+b.]q‘a§+A\kq‘%—z.

19. Also, from (30) and the other similar ecquations, we have the following
series of values—

ldu_oq k—-xd

udy

1du . dg

ﬁdz=2S.zq‘@

1du _.dq

nds~ 280G, -
e 25 iy g [

wda™ dy

1du g dg

Tudy” =247

1du_ . _dq
Tude =BT gy

These give three equations of the form

_dg_ 1/ du @
Vg ]d_z_2{z(‘7 dz ™ dy)

which enable us at once to make the transformation assumed in § 17 above, and

may be all summed up mn the following—n which the omission of the V is duc
to the remark 1n § 6 that the tensor of ¢ may be assumed constant—

2V.qdg=2¢""dg =~V .(dpV)logu ...... . ... (33).

This is the equation determining the quaternion which gives the position of a ngid
body in terms of the vector-axis of instantaneous rotation. (“On the Rotation of a
Rigid Body about a Fixed Point,” No. XV. above.)

24—2
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20. But by § 6, we have

(] =G = -

(ig‘{lqﬁsddd¢_gd_¢d0’_0 e e e e (34)
Pdedy Cdyde” Udz de”
From these
qdodio _  du
dede™ " "du
do d'c do do du
Sdgaﬁ”szrwy =gy
Sdo' dio _ do dc _ du
dz dw? de dedz = " dz’
. . da dudo  dudo  duds
which give —a? a2 = u( dedot &y dy + 35 de,

_2ududo- du do duda-+gz'ltda->
R P (d.ndz+del/ dz dz)

From the three equations of this form we obtam, first,

wVig=u (% Z—z + % :—; + (dLI; ((lt:) .................. (35)
and, secondly, three equations of the form
d /1 do 1 /dudo  dude  duds
E—w(uﬂ da, =_§’(dz de T dydytde dz)
These are summed up in
‘%({}1;’;) =£‘,(&}? ‘fdg) A - T e )}

which express some of the conditions of orthogonality of the three series of surfaces
given by equation (1).

21. To obtain the others, remark that by (30) we have

1 & ,dq  1du 3 _dq ]u
al d'vdyq—_2V IV‘IldJ‘Fd@——?V.]Vq‘ _(l—.’c’
A %) idu : du
or -q ldddyq—V.lV_IV.lOgu+;dg—/=V.]Vzv.logu+‘11‘d—z,
and that cach of the two latter expressions may be written
idl‘ jdu
1433/ udz’
dia do du  do du
H _1/dodu dodu
onee dady u<dz Ty dz) ................................. @3,

and there are, of course, other two vector equations of a sunilar form.



XXV.] ON ORTHOGONAL ISOTHERMAL SURFACES.

From these we have nine scalar equations of the form

i (dj du + % a¢ du)
dzdy ~ u\dzdy "~ dydz' "~

. d(ladf\_(1 d¢  2dudf,
Now 25 a0) = (o dody ~ 5 dy o)
_1y/dkdu dE du)
Tw (ﬁy dz dzdy
Symmetry shows from this that
1dE 1 dg
dy (u’ da:) Tde (u’ dy)

which is one of another set of nine equations, three each for & 7, &

.. (38)

....(39),

22. Now, by (36), it 13 obvious that we may write, @, being a new variable,

1df_dwy 1dE_dw, 1dE_d'm,
wdn dydz’ wdy deds’ wde dady” "
and thus (39) becomes
d*a, __ d’n,
dyds = " deds” "

with two others in =, and three each in w,, =,.

. _ d'a,
Putting o= g dyds’
these give by differentiation

diw, _ _ diw,
dy  da?
do, _ _ o,
d2 ~  dy?
dPw, _ dw|
da? ~ 7 dz

so that all three quantities vamsh. Henee we have

3,
W= d_gb—d:/r(‘i} = 2hayz + 2lyz + 2mzz + zy + 2ax + 2by + 2z + e,

where &, I, m, n, a, b, ¢, ¢ are absolutely constant.

1 g‘i hatyz + 2xyz + mza? + na*y + ax® + 2bxy + 2czz + ex + £, (y, 2),
i— :Tgs =hazy’z + lyz + 2mayz + nay? + 2azy + by* + 2cyz + ey + £, (2, @),
1

5 Zz = hayz* + ly2* + mz'z + 2nayz + 2az2z + 2byz + c2* + ez + £y (z, y),

.(40),

.. (41),

From this, and (40), we have

..(42).
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In the other set of three, we have by the same process

o

0 = Syy'=Sy'y" = Sy"y
0=28p (Vyma+Vyy, —€y—ey}=......

0 = p* {ee' + Sy'm + Sy — Syay'} — 28 pSyip — 28ypSy'p + SyapSyip = ... ..

0= Sp{ V't Vo' +€mt ey} =i, creeeannn e e
0 = Sy’ = Sy/'y” = Syi'm.

[xxv.

We might casily have obtamed this last sct of cquations from that which preccded. by

a species of differentiation, p being constant, and dy=+/, dy' =¢", &c

24. From these we conclude that, if they exist at all, 4, o, v", and o, 7/, ", form

rectangular systems with equal tensors. In terms of them we obtain
~m=  kp—€y ey =  cy+ey —ey”
—w= et o —en'=—ev+ oy + &
—p'=—fnt ey tap'= dy— ey + oy
where « and ¢ are scalar constants to be determined.

Expressing, from these, 4, in terms of 4, 7, ¥, we have

n=—g+ €_Bf (e + &)y + (€ +xe") o +(ee” — ke) v},

i

where D= e, k, —e |=k{K+e+e+e".
—-¢, ¢ « 1
Now, the above expressions for ,, &c., show that
Ty, =Ty, &e.,
hence by expanding and simplifying
0=c%f(x’+e’)(2—?—t—’c).
This admits of no values but k=Fec,
and k=e=¢€=¢€=0.,

The first of these three values of x gives

n=-r &,

and thence, by the equations at the end of § 23, leads to an 1mpossibility, which requires
that all three sets of vectors v, 4, 4, shall be null, and thus gives no solution. A

similar nugatory result is obtained from the second.
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The third thus shows that the only solution 1s

1
@ VE =, &
1
Hence v &= 0,
and, finally, a=—u(WSyp + 38/ 'p + kSv"p),

where 4, 9/, 7" form a rectangular system with equal tensors, whose common value
must obviously be the reciprocal of »  But we have seen that

doe da do
ds’ dy’ dz’

also form a rcctangular set of vectors with equal tensors. Hence
(S + (Sioy ) + (Sim) ") = () + (Sjn P + (P = o
0 = Siy,Sjy, + Sry/'Sjyi” + Siy"Sjy”, &e.
These equations also are satisfied 1dentically, and we therefore have, as before,

o =ugpq~!

where u and ¢ are cach constant.
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In the other sct of three, we have by the same process
0 = Sy = Sy'y" = Sy"y
0=238p {(Vyms+Vyy —ey—ey}=......
0 = p* {ed’ + Sy'm + Sy — Sy} — 25v'pSip — 28ypSyi'p + Sy.pSysp =
0 = Sp{Vy'yet Vo +€mten’}=iiininnnnninns reerer e
0 = Sy =Sv'm” = Sy/'n.

We might casily have obtamned this last set of cquations from that which preceded. by
a species of differentiation, p being constant, and dy=¢/, dy' =¢", &c

24. From these we conclude that, if they exist at all, v, 4, 4", and #,, 4/, v, form
rectangular systems with equal tensors. In terms of them we obtain

- = Ky — €'y + €y = oy + ey —ey”
—y= oy — ey =— €'y + oy + ey
— =t ey Fay = dy— ey + o,

where « and ¢ are scalar constants to be determined.

Expressing, from these, 4, in terms of v, ¥, 4, we have

n=-—y+ c—;f (K +e) g+ (e€ +re) o +(ee’ — xe) "},

& —€, ¢
where D= ¢,

= Kk, —e |=x{K+E+e+e".
—-€, e « ‘
Now, the above expressions for ry,, &c., show that
Ty, =Ty, &ec,
hence by expanding and simplifying

=tk _ot«
0 D (2 +¢) (2 ) .
This admits of no values but

and ]
The first of these three values of x gives

¥ =—r, &c.,

and thence, by the equations at the end of § 23, leads to an impossibility, which requircs

that all three sets of vectors v, #,, v, shall be null, and thus gives no solution. A
similar nugatory result is obtained from the second.
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The third thus shows that the only solution is

1
b VE =m, &
1
Hence V=0,
u
and, finally, a=—u(WSyp +jSv'p + kSy/"p),

where 4y, ', y” form a rectangular system with equal tensors, whose common

must obviously be the reciprocal of w But we have scen that

do do do

do’ dy’ dz’

also form a rectangular sct of vectors with cqual tensors  Hence

(S -+ (Sin) + (S = (G + (S F + (") = ...

0 = Svy1Sjy; + Sey/'Spy + Sin" ", &e

These equations also are satisficd identically, and we therefore have, as before,

o =uqpq™
where u and ¢ are each constant.
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XXVIL
NOTE ON THE STRAIN-FUNCTION.

[Proceedings of the Royal Society of Edinburgh, March 4, 1872]

WHEN the linear and vector function expressing a strain is self-conjugate the
strain is pure. When it is not self-conjugate, 1t may be broken up into pure and
rotational parts in various ways (analogous to the separation of a quaternion into
the sum of a scalar and a vector part, or into the product of a tensor and a versor
part), of which two are particularly noticeable. Denoting by a bar a self-conjugate
function, we have thus either

d=v+V.e( ),
p=g=( )y oré=7 q( )¢
where e is a vector, and ¢ a quaternion (which may obviously be regarded as a

mere versor).

That this is possible is seen from the fact that ¢ mvolves nine independent
constants, while ¥ and % each mvolve six, and ¢ and ¢ each three If ¢ be the
function conjugate to ¢, we have

F=¥-V.e( )
s0 that 2\}=¢+¢’
and 2V.e( Y=dp—¢

which completely determine the first decomposition. This 1s, of cowse, perfectly well
known in quaternions, but 1t does not scem to have been noticed as a theorem n
the kinematics of stramns that there is always one, and but one, mode of resolving
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a strain into the geometrical composition of the separate effects of (1) a pure stramn,
and (2) a rotation accompanied by uniform dilatation perpendicular to 1ts axis, the
dilatation being measured by (sec 6 — 1) where € 18 the angle of rotation.

In the second form (whose solution does not appear to have been attempted)

we have

$=9=( )¢
where the pure strain precedes the rotation, and fiom this

¥==.q"( )q
or m the conjugate strain the rotation (reversed) 1s followed by the pure stram.
From these

$¢=%.47 (7 ( )g g
=3,

and T 18 therefore to be found by the solution of a biquadratic ecquation, as m
foot-note to XXI. § 6, above. It 1s evident, indeed, from the identical equation

S.odgp=5. pp'ds
that the operator ¢'¢p 18 sclf-conjugate

In the same way
$¢'( =g (' ( g’
or T (PP g == (17p0) = ¢'d (37'p9)
which show the relations between ¢¢', ¢'¢, and ¢.
To determine ¢ we have
Pp-g=q®p
whatever be p, so that
8. Vq(p—=)p=0,
or S.p(¢' —5) Vg=0,
which gives (¢ —=) Vg=0
The first of these thiee equations gives cvidently
Vgl V. (¢—&)a(p—=)8

whatever be « and B; and the rest of the solution follows at once. A smilar
process gives us the solution when the rotation precedes the pure strain.

25—2
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[Addition, read March 17, 1873.]

The author gave an account of the mode in which he had treated the Strain-
Functi in an el tary Treatise on Quaternions, soon to be pubhshed, mainly
from the pen of Professor Kelland

The cocfficients of the cubic in ¢ are deterrined casily from the condition that
homogeneous strain alters the volume of every part of a body in the same ratio.

A careful examination is bestowed upon the case of three real roots of the
cubic; especially with regard to the distinction between the results of a self-conjugate
strain and a rotational one.

The separation of the pure and rotational parts of a strain 18 very fully treated,
and as special examples, the strain of a ngid body and a simple shear are analysed.
Funally, the following problems are solved :—

Find the conditions which must be satisfied by the simple shear, which 1s cupable
of reducing a given strain to a pure strain.

Fund the relation between two lnear and vector functi whose e appli-
cation produces rotation merely.

All this 18 independent of the differential calculus, but as the following results
regarding the stress-function require 1ts aid, they cannot be introduced into the work
referred to. They will appear, with cxtensions, in the second ecdition (now printing)
of the author’s Treatise on Quaternions.

At any pomt of a stramed body, let A be the vector stress per unit of arca
perpendicular to 2; u, and », the same for planes perpendicular to j and % respectiely.

Then, by considering an indefinitely small tetrahedron, we have for the stress
per umt of area perpendicular to a unit vector w, the expression
ASiw + uSjw + vSkw = — ¢o,

s0 that the stress across any plane 1s represented by a linear and vector function of
the unit normal to the plane

snfinit

But if we consider the equlibrium, as regards rotation, of an ly small
rectangular parallelepiped whose edges are parallel to 7, j, k, respectively, we have
(supposing that there are no molecular couples)

V(N+jp+kv)=0,
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or SVigi =0,
or V.Vép=0.

This shows that ¢ is self-conjugate, or, in other words, involves not ninc distinct
constants but only six.

Consider next the cquihibrium, as regards translation, of any portion of the
solid filling a simply-connected closed space. Let » be the potential of the external
forces Then the condition is obviously

[ (Uv) ds + [fdsVu =0,

where v 18 the normal vector of the element of surface ds.

Here the double integral extends over the whole boundary of the closed space,
and the triple mtegral throughout the whole mterior.

To reduce this to a form to which the method of my paper “On Green’s and
other Allied Theorems” (No. XIX. above) is dircctly applicable, operate by S.a where
@ 18 any constant vector whatever, and we have

[18. palvds + [fjdsSaVu =0,
by taking advantage of the self-conjugateness of ¢. This may be written
[[fds (S.Véa+S.aVu) =0,
and, as the limits of integration may be any whatever,
S.Vpa+ 8.aVu=0..ccccc.eeein. eer———— N (1).

This 18 the required equation, the indeterminatencss of a rendering 1t equivalent to
three scalar conditions.

As a verification, 1t may be well to show that from this cquation we can get
the condition of equilibnum, as regards rotation, of a simply-connected portion of
the body, which can be wntten by inspection, as

IV .pgp (Uv) ds+ [f]V.pVuds =0
This is easily done as follows :—(1) gives
S.V¢o +8 oVu=0,
if, and only if, o satisfy the condition,
8.¢(V)o=0.
Now this condition is satisfied if

o= "Vap,
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where a is any constant vector For

S.¢(V)Vap==8.aVdp(V)p

= S.aVV¢p=0.
Hence f[fds(S.V¢Vap+ 8. apVu) =0,
or JIdsS.appUv + [[fdsS . apVru = 0.

Multiplymng by a, and adding the results obtammed by making « m succession each
of three rectangular umit vectors, we obtain the required equation.

Suppose o to be the displacement of a poiut originally at p, then the work
done by the stress on any simply-connected portion of the solid 19 obviously

W=[fS.¢(Uv)ods,
because ¢ (Uv) 15 the vector force overcome on the element ds.
This is casly transformed to

W =[S, Vods.
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ON A QUESTION OF ARRANGEMENT AND PROBABILITIES.

[Proceedings of the Royal Society of Edinburgh, January 6, 1873 ]

MANY of the common illustrations of probabilities are taken from games m which

cach hand, or trick, must necessanly be won by one player, and lost by the other

It

becomes an interesting question to inquire what modification 18 introduced if we contem-
plate the possibility of a hand, or trick, bemg drawn—i.e. not won or lost by either

player The only difficulty hes in taking account of the hmiting conditions

In the game of golf, for nstance, where each hole separately may be won, halved,
or lost, we have the following question.  When a player is 2 holes “up,” and y “to play,”

m how many ways may he win?

Let this number be represented by P ,. Then obviously

Popi,wir=Poio y+ Prps, y+ Py y.
If Py, y=a®b
be a particular mtegral, we have
ab=a'+a+1,
so that Py, =200 (a +1+ (1;)” .

Now the conditions are obviously
P, =1, if 2>y;
and P_,=0,1f 5y
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Faihing in several attempts to determine fully the special form of P, , from these con-
ditions, I had recourse to a graphical method, which will be given below. But before
I do so, I take another mode of integration, which leads easily to special numerical
results.

Suppose y=z+n,
then the equation becomes APy cin= Pris z4n+ Pop, z4n

from which it appears that if we can find expressions for Py, and Puyy 40 We can
deduce by summation that for P, zim.

Let us first put n=0; we have
AP y=Prpn s+ P 2=2,
since, obviously, each of these quantities is umty. Integrating, we have
P, =2z,
no constant bemg added, since it is clear that
P,,=0
Agan, by the fundamental equation, putting n=1, we have
AP pii=Prpyoirt Peyr, zna
=1+2(z+1)
Ppopn=a+z(e+1)+C
=@+1p=a(c+)+(z+1)
for we have obviously P,,=1
Next, APy, zpa= Pryo, g4+ Pop, v
=2(x+2)+(x+2)+(z+1)(x+2),
Pra= 2@+ 1) @42+ 5o+ D)@+,
no constant bemg added, for P, ,=3
Simlarly,
P, ,+,=% (@ +1)(w+2)(x+ 3)+-; (x+2)(z+3)+ 112ac(a:+ 1) (z+2)(z+3),

for P,

=P ,+P,,+ P, ,=4+3+1=8
Pyori= g(m 2)(a:+3)(w+4)+2—2(m+1)(a:+2)(w+ 3) (e +4) + 616 z(z+1)(z+2)(z+ 3)(x +4)

for Py =P, + P+ Py ,=11+8+4=23
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We may now, in conformity with these expressions, assume

B, c,
P, g = {A"+ w"+w(a;:- 1)

+ ..}x:c-;:l- R XN
Now, if y=a+n, the original equation of differences gives
AP:, z4n = Pz+=, z4n + Px+|, z4n

where A 1efers to @ and not to n. By the assumed value of P, 5, this becomes

m+1)4, nB, (n=1)C,
[ “ +,¢-(4+1)+a,(./:,+l)(.r+2)+"']"'”-"1"'""Hl
_ B, - -
—[All_’+w+‘7+(-t+2)('+3) 11+"....¢+n
B, Cay 1 -
+[A"_‘+a+l+(r+l)(:+2) 1 sk
whence, equating coefticients of like factorials, we have
(+1) A, =4,
nBy= B, + A,
(n=1)Cp=Cuey+ By,
(n=2)D, =D, +C,_., &, &ec.
Let m+1)'Ady=ay, n'B,=8,, (n=1)'Ch=1r,, &c,

then these equations become
Ap = Oyymy

Bunr=Bu+ tusy |

Yat1= Yu + Bia ‘
b

Sni1= &n +Yu ) 8y =Yg, = Y &

Thus we have

a, 1 = 1 Z\: .
Pz’z+"={(n+1)!+ . Da"+a}(‘n;~vl).—(n—l)! (D) oy, + ...}-l‘(d +1)...(z+n)
1 (n+T)n (E): ot ) @(a.‘+1) (z+n)

s
"'{“"" Zz D™ a@+1)\D - 2. (_nTl)
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__1 fz4n. n+"(_)"‘+a:+h .+l ) }
(,5)"‘ 1.2..0-1\D Tizlw (D o
D

by
— S
(&)

. b} .
for no negative powers of p e to be retained, as a, is a mere constant

The trouble of carrying out this process is considerable, depending on the deter-
mination of the constants in cach fimite integral so as to satisfy the limiting conditions
of the problem. To a few terms we have

Prpin= @+m)! { 20 — ’ii*‘_] _op(+Dr
 x+ 24+ (2n +(n—2) S@t) T

(=1)'(n+1)!
By a slight modification of the pieceding process we get in succession

AP_,' = P—xz“), z+a P—m—n. 24

S \ztn
(1+3)
_ D _ (=t (n —4)(z -—])(n—‘?)(:—l)
Py opin= =gty =¥ ; '
3 (z)n—x @ (w+1)'(n—l)1{1+(n ) 9 (o+2)(2+3) }

The graphical method to which T referred above comsists simply in supposing the
various values of P, , to be written cach at the point whose co-ordinates are the values
of  and y. If to fix the ideas, we suppose the axis of & to be horizontal and that
of y vertically downwards, then the fundamental equation shows that by adding together
any three contiguous numbers in a horizontal line, we produce the number immediately
under the middle one of the three.

The limiting conditions show that all the numbers along the hne
z+y=0,
and those between 1t and the negative part of the axis of z, arc zeros; while those along

y=uw-1, y=c-2, y+z=1,

are each equal to 1.
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Hence we have the figure

0000001100 00.2
0000012110 00

000 0138 441100 . (@)
0001 4 811 9 8 1 10

001 5132328216 8 11

01

6 19 41 64 77 70 50 26 10 1
&e. y &e.
where the numbers prnted in darker type are inserted by the rule given above. This

18, of course, in one sense a complete solution of the problem, but the results may
easily be put m an analytical form

Had we had zeros along the hne
y=z-2

we should have had the following scheme mstead of that above

0O 1 0 -
01 1 1 0
012 3 2 10 ().
01 3 6 7 6 310
0141016191610410
&e y &e

Hence the part added by the umts along the lme

y=x-2
is 0 e
01
011 2
01 24 883  coveennnn (c)

01379106 4
¥ &e
26—2
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This, again, differs from (b) shifted one place downwards, by
0 .

12
433

- O 2o
0 - O O
-

1/ &e.
But 1t is obvious that this 1s a repetition of the same one place diagonally down-
wards to the right.

Also (b) is obviously the coefficients of the powers of a in

a (a +1+}>"
a,

for the several positive integral values of y  Call the tern in «® m this, ze the
. 1\
coefficient of a* 1n (a+1 +E) , Ay, and that at 2, y n the scheme (¢) Q. ,, then
Qs y= Qo ym1 = Az, s
and thus Pry=de o+ Qzy
=Ap y+Ag ya+ Aoy yut..nn
This pomts to a very simple way of constructing the values of P, , from those of A4, ,.

In scheme (b), add to the number i any position that immediately above it, and
also those lying mn the left-handed upward diagonal drawn from the last named, their
sum 18 the number in the corresponding position in (a). Thus 16+ 6 +3 + 1 = 26.

If D refer to # and D" to y, we have

1 1 1
P“'F(l ot oot pa +)

1) A

Az, ¥
=(1 +

It is to be observed that, since if one player wins the other must lose, P_, ,
13 the number of ways in which a player may lose, when he 18 =« “up” and y
“to play.”

The number of ways in which the game may be drawn, is also a solution of the
same equation of differences, but the hmiting conditions are now obviously independent
of the sign of x: and are, taking it positive,

P, ,=1if z=y,
Py y=0 if z>y.
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Hence the values arc represented by the following scheme—
010 ez
01110
0123210
01386 76310
&e. y  &e.

Thus the value of P, , n this case 18 the cocfficient of a®

(a+1 +1)y.

a

Hence the number of different modes i which the game may finish, when one
of the players is @ “up” and there remain y “to play” is, callmg R, , the co-

v
efficient of a* (a+1+ ;) )

[(0+3)0 )+ ] e

while the number of different ways of fimshing 1f the whole y holes are played out

18 3V

There are very many curious properties of the nwnbers we have denoted by

Py oy, Ag oy Qe 4 Thus, for mstance, 1t 18 easy to see that

QI,1=QE,2'—'1) Ql\,‘l=QJ. +1
Q=0 +1, =01,

all of which are ncluded 1n

&e.,

Qz, v= Q:s—z, u (= 1)
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THERMO-ELECTRICITY *.

[Nature, Vol. vi]

THE subject I have chosen is one intimately connected with the names of at
least two well-known members of this University—the late Prof. Cumming and S
William Thomson. It possesses at present peculiar mterest for the physicist, for,
though a great many general facts and laws connected with 1t are alrcady expen-
mentally, or otherwise, secured to science—the pioneers have done little more than
map the rough outlines of some of the more prominent features of a comparatively
new and almost unexplored region. Some of its experimental problems are extremely
sumple, others seem at present to present all but insuperable difficulties. And 1t does
uot appear that any further application of mathematical analysis can be safely, or at
least usefully, made until some doubtful points arc cleared up experimentally.

The grand idea of the conservation, or indestructibility, of eneigy .—pomted out
by Newton m a shoit Scholum a couple of centuiies ago, so far at least as the
progress of experimental science 1 his time enabled him to extend his statements.—
conclusively established for heat at the very end of last century by Rumford and
Davy, and extended to all other forms of energy by the splendid researches of
Joule :—forms the groundwork of modern physics.

Just as, in the cye of the chemist, every chemical change 13 merely a rearrange-
ment of indestructible and unalterable matter; so to the physicist, every physical
change 1s merely a transformation of indestructible encrgy, and thus the whole aim
of natural philosophy, so far at least as we yet know, may be described as the
study of the possible transformations of energy, with their conditions and hmitations;
and of the present forms and distribution of energy n the umwverse, with their past
and future.

* Abstract of the Rede Lecture delivered in the Senate House, Cambridge, May 23, 1873
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It 18 found by experiment that some forms of energy are more easily or more
completely transformable than others, and thus we speak of higher and lower forms,
and arc introduced to the enormously important consideration of the degradation, or,
as 1t is more commonly called, the dissipation, of cnergy. The apphcation of mathe-
matical reasoning to the conservation of energy presented no special difficulties which
had not, to some extent at least, been overcome in Newton's time: but it was
altogether otherwise with the transformations of energy. And 1t is possible that, had
1t not been for the wonderfully original processes devised by Carnot in 1824, we
might not now have secured more than a small fraction of the immense advances which
science has taken during the last thirty years.

For a transformation of heat we must have bodies of different temperatures.
Just as water has no “head” unless raised above the sea-level, so heat cannot do
work except with the accompaniment of a transference from a hotter to a colder
body. Carnot showed that to reason on this subject we must have cycles of opera-
tions, at the end of which the working substance 1s restored exactly to 1ts imtial
state. And he also showed that the test of a perfect engine (ve the best which 1s,
even theorctically, attainable) 13 simply that it must be reversible By this term we
do not mean mere backing, as i the popular usc of the word, but something much
higher—wiz. that, whereas, when workmg directly, the engme does work durmg the
letting down of heat from a hot to a cold body, when reversed, it shall spend the
same amount of work while pumpmg up the same quantity of heat from the cold
body to the hot one As a reversible engime may be constiucted (theoretically at
least) with any working substance whatever, and as all reversible engines working
under similar circumstances must be equivalent to one another (since each 13 as good
as an engme can be) 1t is clear that the amount of work dervable from a given
amount of heat under given circumstances (¢e the amount of transformation possible)
can depend only upon the temperatures ot the hot and cold bodies employed. In
this sense we speak of Carnot’s Function of Temperatwie, which 15 as unpenshably
connected with his name as is the Dynamical Equivalent of Heat with that ot
Joule.

Building upon this work of Carnot, Sir W. Thomson gave the first absolute
definition of temperature—that 18 a defimtion ndependent of the properties of any
particular substance. Perhaps there 1s no term in the whole range of science whose
meaning is correctly known to so few even of scientific men, as this common word
temperature It would not, I think, be an exaggeration to say that there are not
six books yet published m which it 1s given with even an approach to accuracy
The form m which the defimtion ultimately came from the hands of Joule and
Thomson enables us to state as follows the laws of transformation of energy from
the heat form.

1. A given quantity of heat has a defimte transformation equivalent.

2. But only a fraction of this heat can be transformed by means even of a
perfect engine: and this fraction 18 DEFINED as the 1atio of the range through which
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the heat actually falls to that through which 1t mght fall—were 1t possible to obtain
and employ bodies absolutely deprived of heat.

This definition has two great advantages. 1st, The utmost amount of work to
be got from heat under any circumstances of temperature is determined by precisely
the same law as that assigning the work to be had from water under similar
circumstances of level. In this case the sea-level corresponds to what is called the
Absolute Zero of temperature [It 15 well to observe here that it is the potential
energy of the water, not the quantity of water itsclf, which corresponds in this
analogy to the quantity of heat. In this sunple remark we have all that 13 necessary
to correct Carnot’s reasoning m so far as it was rendered crroneous by his assumption
of the materialty (and consequent indestructibility) of heat] 2nd, Temperatures thus
defined correspond, as Thomson and Joule have shown by elaborate experiments, very
closely indeed with those given by the air-thermometer—the absolute zero being
about 274° of the Centigrade ~cale below the freezing pomnt of water I have made
this digression as I shall have frequently to use the word temperature, and I shall
always employ it i the sense just explamed [except when I use a qualfying C. 1897)

The subject of Thermo-clectricity of course includes all electric effects depending
on heat, but in this lecture I shall confine myself to the production by heat of
currents m a circmt of two metals.

The transformation of heat into the cnergy of current electricity was first observed
by Seebeck in 1820 or 1821. His paper on the subject (Berlin Ac, 1822-3, or
Pogg. v1) 18 particularly interesting, as he gives the whole history of his attempts
to obtamn a voltaic current from a crcut of two metals without a hqud, and the
steps by which he was led to sce that heat was the active agent in producing the
currents he eventually obtained. In this paper Seebeck gave the relative order of a
great number of metals and alloys in the so-called thermo-electric series, and showed

that several changes of order occurred among them as the temperature was gradually
raised.

In a note attached to this paper, Seebeck recogmses that in this further
discovery he was anticipated by Cumming (who scems, in fact, to have made an
independent  discovery of Thermo-electricity). Cumming showed that when wires of
copper, gold, &c., were gradually heated with 1ron, the deflection rose to a maximum,
then fell off, and was reversed at a red heat

[Seebeck’s original experiment and Cumming’s extension of it were exhibited.]

You see that, keeping one of the copper-iron junctions at the temperature of
the room and gradually heating the other, I produce a current which increases m
mtensity more and more slowly till 1t reaches a maximum, then falls off faster and
faster tall at last it vanishes and thereafter sets n the opposite dircction. We are
still far below the melting point of copper, yet further heating up to that pomt
produces but little additional effect. The reason of this will be apparent from some
facts to be described towards the end of the lecture. At the moment of maximum
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current the two metals are thermo-electrically Neutral to one another.—The tempera-
ture in the present case is about 280°C.

Secbeck ponted out that bismuth and antimony (to the choice of which he had
been led by a very curious set of arguments) were very far removed from one
another 1n the series, and therefore gave large effects for small differences of tem-
perature. This is still taken advantage of in the Thermo-electric Pile, which, when
combmed with a sufficiently delicate galvanometer, 13 even now by far the most
delicate thermometer we possess. It has recently enabled astronomers to detect and
measure the heat wiich reaches us from the moon, and cven from the brighter fixed
stars.  In the skilful hands of Forbes and Mellom this instrument was the effective
agent 1n demonstrating the identity of thermal and luminous radiations—a step which,
as regards the simplification of science, 1s as 1mportant as the discovery of magneto-
electricity , a step which was completed by Forbes when he succeeded 1n polansing
1adiant heat

But when we come to look at this question from the pomt of view of trans-
formation of cnergy, we have to ask where 1s the absorption, and where the letting-
down of heat, to which the development of the current considered as a rise of
energy is due  Very 1emarkably, an experiment of Peltier supphes us with at least
part of the answer. Peltier showed that, given a metallic junction which when heated
would give a current 1n a certamn direetion, then provided a battery were interposed
i that circwit (imtially at a umform temperature) so as to send a current n that
direction, the passage of the cuirent cooled the junction, while a reversal of the
current heated 1t This, considering the circumstances under which 1t was made, and
the deductions siee  drawn fion. 1t, 15 one of the most extraordinary experimental
discovertes ever made  Water was frozen, m an experiment by Lenz, by means of the
Peltier effect

Here then s a reversible heat effect, and to 1t we may reasonably assume that
the laws of thermodynamies may be applied, although from the very nature of the
expermment the reversible effect must always be accompanied by non-reversible ones,
such as dissipation by heat-conduction, and by heat generated in consequence of the
resistance of the circmt. The latter of these 1s i general small mn thermo-electric
researches, but the former may have large values

It 15 known from the beautiful experiments of Magnus that no thermo-electric
current can be produced by unequal heating in a homogeneous circuit, whatever be
the varations of section—a negative result of the highest importance Sir W.
Thomson, to whom we are indebted for the first and the most complete apphcation
of thermodynamics to our subject, showed that the existence of a neutral pomt
nc tates the cxistence of some other reversible effect besides that of Peltier. And
even 1f the circuit varied 1n section, the result of Magnus, just referred to, showed
that this could only be of the nature of a convection of heat by the current between
portions of the same metal at different temperatures. Thomson’s reasoning 1s of the
very simplest character, as follows .—Suppose the temperature of the hotter junction

T 27
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to be that of the neutral pont, there is no absorption or evolution of heat there;
yet there is evolution of heat at the colder junction, and (by resistance) throughout
the whole circuit. The energy which supphes this must be that of the heat in one
or both of the separate metals, but reasoning of this kind, though it proves that
there must be such an effect, leaves to be decided by direct experiment what is the
nature and amount of this effect in each of the metals separatcly. By an elaborate
series of ingenious experiments Thomson directly proved the existence of a current
convection of heat, and (curiously enough) of opposite signs in the first two metals
(iron and copper) which he examined. In his own words, “Vitreous Electricity carries
heat with it m an unequally heated copper conductor, and Resmous Electricity carries
heat with it in an unequally heated 1ron luctor.” This stat t is not very
eagsy to follow. It may perhaps be more mtelligible in the form—In copper a
current of positive electricity tends to cquahse the temperature of the point 1t is
passing at any instant with that of the point of the conductor which it has just
left, t.e, when 1t passes from cold to hot 1t tends to cool the whole conductor: when
from hot to cold, to heat 1t, thus bchaving lhke a real hqud in an irregularly
heated tube. The effects 1 won are the opposite, and Thomson therefore speaks
of the specific heat of electricity as being thus positive 1n copper and negative 1n
won. He gives a very remarkable analogy from the motion of water m an endless
tube (with horizontal and vertical branches), produced by differences of density, due
to differences of temperature Here the maximum density of water plays a promment
part. Neumann has recently attempted, by means of the laws of motion of fluids,
and the unequal expansibility of different metals, to give a physical explanation of
thermo-electric currents. But, not to speak of the fact that positive electricty 18 by
him considered as a real flud, there are the fatal objections that his method makes
no provision for the cxplanation of the Peltier, or of the Thomson, effect; and therefore
cannot be looked upon as having any useful relation to the subject. Similar remarks
apply to the atteapt of Avenarius to account for thermo-electric currents by the
variation with temperature of the electrostatic difference of potentials at the points
of contact of different metals.

By employing the thermo-electric pile instead of the thermometers used by
Thomson, Le Roux has lately mecasured the amount of the specific heat of electricity
m varous metals, and has shown that 1t is very small, or altogether absent, in lead.
Strangely enough, though he has verified Thomson’s results, he does not wholly accept
the theoretical reasoning which led to their prediction and discovery.

One of Thomson’s happiest suggestions connected with this subject 18 the con-
struction of what he calls a thermo-electric diagram. In 1ts carliest form this
consisted merely of parallel columns, cach contamning the names of a number of metals
arranged in their proper thermo-electric order for some particular temperature. Lines
drawn connecting the positions of the name of any one wmetal in these successive
columns indicate how it changes its placc among the other metals as the temperature,
is raised. Thomson ponts out clearly what should be aimed at in perfecting the
diagram, but he left it merely as a prelimmnary sketch. The importance of the idea,
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however, is very great; for, as we shall see, the diagram when carefully constructed
gives us not merely the relative positions of the metals at various temperatures, with
the temperatures of their neutral points, but also gives graphic representations of the
specific heat of electricity in each metal in terms of the temperature, the amount
of the Peltier effect, and the electromotive force (and 1ts direction) for a circuit of
any two metals with given temperatures of the junctions. In short, the study of
the whole subject may be reduced to the careful drawing by experiment of the
thermo-electric diagram, and the verification of Thomson’s thermodynamic theory will
then be effectcd by a direct determmation either of Peltier effects or of specific heat
of electricity at various temperatures, and their companson with the corresponding
mdications of the diagram.

The diagram is constructed so that abscissw represent absolute temperatures, and
the difference of the ordinates of the les for any two mectals at a given tempera-
ture 18 the electromotive force of a circuit of these metals, one of the junctions
bemng half a degree above, the other half a degree below, the given temperature.

It will be seen by what follows that nothing but dircct measurement of the
value of the specific heat of electricity at various temperatures can give us the actual
form of the line representing any particular metal, but 1f the hne for any one
metal be assumed, those of all others follow from 1t by the process of differences of
ordinates just described So that 1t 15 well to begmm by assuming the axis of abscisse
as the lme for a particular metal (say lead, in consequence of Le Roux’s result);
and 1f, at any future tume, this should be found to require change, a complex shearing
motion  of the diagram parallel to the axis of ordinates will put all the hnes
sinultaneously nto thewr proper form.

Thomson’s theoretical investigation may be put m a very simple form as follows —
Let us suppose an arrangement of two metallic wires, one end of each of which 18
heated, their cold cnds bemng umted, and i which the cirewit can be closed by a
shding piece or ring, always so placed as to jomn points of the two metals which
are at the same temperature . Let & be the clectromotive force in the ecrcuit, TI
the Peltier effect, and o,, o, the specitic heats of electricity 1n the two metals.
Then, 1f the shding pece be moved from points at temperature ¢ to others at ¢+ 8¢,
the first law of thermodynamics gives by inspection the equation

SE =J (811 4+, —a,8t),
and the sccond law gives
YA
0=38 (?) + 7%t

These equations show at once that, if there were no electric convection of heat,
or 1if it were of equal amount n the two metals, the Peltier effect would always be
proportional to the absolute temperature, and the electromotive force would be pro-
portional to the difference of temperaturcs of the junctions, so that there could not
be a neutral point in any case. In fact, the lnes 1n th’e\diagmm for all metals

27—2
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would be parallel: and, on the former of the two hypotheses, parallel to the axis of
abscissa.

Eliminating o, — o, between the equations, we have

sr=7 %5,

Now, by the coustruction of the diagram, %? is the difference of the ordinates

of the les for the two metals at tempcrature t. Hence, whatever be the form of
the lines for two metals, the Peltier cffcct at a junction at temperature ¢ 15 always
proportional to the area of the rectangle whose base is the difference of the ordinates,
and whose opposite side 18 part of the axis of ordinates corresponding to absolute
zero of temperature. This area becomes less and less as we approach the neutral
pont, and changes sign (ie, is turned over) after we pass 1t; the current being
supposed to go from the same one of the two metals to the other in cach case.

The electromotive force 1itself, being the itegral of it—}f between the linmts of

temperature, 18 proportional to the area mtercepted between the lines of the two
metals, and ordinates drawn to correspond to the temperatures of the junctions
respectively.

Again, the second of the preceding equations shows us that the difference of
specific heats n the two metals 18 proportional to the absolute temperature and to
the difference of the tangents of the inclinations of the hnes for the metals to the
axis of abscisse. If we assume this axis to be the line of a metal n which the
electric convection of heat 1s wholly abscent, the measure of this convection in any
other metal 18 simply the product of the absolute temperaturc mto the tangent of
nclination of 1ts line to the axis. Thus, if the thermo-clectric hne for a metal be
straight, electric convection 1s in it always proportional to the absolute temperature;
and 1t is positive or negative according as the hne goes off to infinity in the first
or in the fourth quadrant. If the hnes for any two metals be straight, and if one
junction be kept at a constant temperature, the electromotive force will be a para-
bolic function of the temperature of the other junction—the vertex of the parabola
being at the temperature of the neutral point of the two metals, and 1ts axis bemng
parallel to the axis of ordinates.

For the benefit of such of my audiencc as are not famliar with mathematical
terms, I may give an illustration which 1s numencally exact. Let time stand for
temperature, years corresponding say to degrees. Let the ordinate of one of the
metals represent a man’s income, that of the other his expenditure. The difference
of these ordinates represents the rate of increase of his capital or accumulated savings,
which here stands for electromotive force. As long as income exceeds expenditure,
the capital increases; when income and expenditure are equal (Ze) at a “neutral
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point,” capital remains stationary, ndicating, in this case, a maximum value; for
succeeding years expenditure exceeds income, and capital is drawn upon

Guided by considerations of Dissipation of Energy*, I was led some years ago to
the hypothesis that specific heat of electrcity must be, like thermal and electric
resistance, directly proportional to the absolute temperature. If this were the case,
the lines mn the diagram would be straight for all metals. and parabolas would be
the graphic representation not only of clectromotive force, but of the Peltier effect,
m terms of the temperature of a junction And I found by actual measurement of
curves plotted from cxperiment, that, within the range of mercury thermometers, the
curves of electromotive force for junctions of any two of iron, cadmum, zine, copper,
silver, gold, lead, and some other metals, are parabolas with thewr axes vertical, the
differences  from  parabolas bemg 1 no case greater than the inevitable errors of
expermment and the deviation of mercury thermometers from absolute temperature
If, then, the lne for any one of these metals be straight within these limits of
temperature, so are those of all the others This makes the tracing of the diagram
withmn these lmits a very simple matter mmdeed And an casy venfication 1s furnished
by the fact that from the parabolas for metals 4 and B, and A and C, we can
draw the lines fo B and C, assuming any hne for 4, and we can then compare
the temperature of the itersection of these lmes with that of the neutral pomnt of
B and C as found directly Another verification 1s supphed by the tangents of the
angles at which these parabolas eut the axis of abscisse, for the sum of two of them
ought 1n cvery case to be equal to the third.

In fact, if we assumne, m accordance with what has been said above,
Jo,=ht, Jo,=kit,

where & and &, are constants, Thomson’s formule give at once
JL;=-j (y—kydt, or JI=(k—k) (T ,—0)t

where 7', (the constant of integration) 18 obviously the temperature of the neutral
point.

Also E=Jf!;[dt=(lc.—k,)f(7';.u—t)dt

) t+¢,

==k (t-t) (L= 5

where ¢, is the temperature of the cold junction. This 1s the parabolic formula
already mentioned.

Comparing with the parabola us given by observation we get the values of
k,—k, and T, Similarly we obtamn k,—k, and T,;. Hence we may calculate

* [The only simple way 1n which the conditions of No. XIV., above, can be reahized (while the eurrent
rases or lowers the temperature all along the wire) 18 by making the changes dircetly proportional to the
baolute) D 1 1897 ]
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k;—k;, and (by the second equation above) the value of T}, from the relation
=) Ty o+ (ky—K) Ty s+ (ks = k) T, 5=0.

Thus we have the means of verification above alluded to—for the equation just written
expresses the relation among the tangents of the angles at which the three para-
bolas cut the axis of abscisse.

[It is to be remarked that if the circuit consist of onec and the same metal,
we have
ky=k,, T=w, (k,—k) T=r suppose,

whence JI =7¢, *

which shows that the electric convection of heat may be regarded as an infimtesimal
case of Peltier effect between adjacent portions of the same metal at infimtesimally
ditferent temperatures.

Also, on the same hypothesis, we have
E=1(t-t)

which seems to accord with the result of some experiments made for me by Mr
Durham [Proc. RS.E, viL. 788], in which the deflection due to the contact of the
hot and cold ends of the same wire was shown to be proportional to the difference
of temperatures and ndependent of the actual temperature of either.]

Endeavouring to extend the investigation to tcmperatures beyond the reach of
mercury thermometers, I worked for a long time with a small air-thermometer, of
which the principle was suggested to me by Dr Joule. But this mvolved very great
experimental difficulties, due mainly to chemical action at high temperatures, and, after
much unsatisfactory work, I resolved to make one thermo-electric junction play the
part of thermometer in observing the indications of another In fact, an exceedingly
elegant result follows at once from the preceding formula, 1f we suppose the speeific
heat of electricity to be proportional to the absolute temperature m each of four
metals, and then draw a curve whose ordinate and abscissa are the simultancous
galvanometric indications of pairs of these metals, with their hot and cold junctions
respectively at the same temperatures. For if 7 be the difference of absolute tem-
perature of the junctions, we have

z=AT+ B
y=Cr +Dr

where the four constants depend upon the nature of the metals and upon the absolute
temperature of the cold junction. These equations give

(Da— Byy =(CB— AD)(Cx — Ay)

which is the equation of another parabola, also passing through the origin, but with
its axis no longer vertical.
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A simple proof of this theorem 1s furnished by the motion of projectiles m vacuo.
Suppose a particle to move under gravity, and subject, besides, to another constant
force parallel to a given horizontal line—its path would have both ordmate and
ubscissa parabolic functions of the time. But its path might also be found by com-
pounding into one the two accelerations, and as each of these is constant in direction
and magnitude, their resultant will have the same property, and thus the resultant
path is a parabola. Tried mn this way through ranges of temperature up to a ved
heat, I found that while some pairs of circuits gave excellent parabolas, others were
far from domg so, sometimes in fact giving curves with pomnts of contrary flexure.
I was on the point of recurring to the air-thermometer, when I noticed that in
nearly every casec m which the curve was not a parabola, iron was one of the metals
employed, and, by the help of some alloys of platinum, T was cnabled to get an
iden of the true cause of the anomaly, and afterwards to venfy it by an independ-
ent method The cause 1s this, that while, as Thomson discovered, the speeific heat
of electricity 1n 1ron is negative at ordinary temperatures, 1t becomes positwe at some
temperature near low red heat, and remains positive till near the melting pomt of
won, where 1t appears possible, from some of my cxpenments, that it may agamn
change sign. Thus the line for iron, straight at ordinary temperatures, passes down-
wards from the first quadrant to the fourth, and thence rises mnto the first again.

To recur to our analogy, an income represented by the iron line 15 one which
for a number of years steadily dimmshes, rcaches a mimmum, and then steadily
increases  If this be associated with a steady expenditure, the fluctuations of capital
will depend upon the comparative values of the expenditure and the mmmum income.
If the expenditurc be less than the mmmum income, the capital will go on, increasing
slower and slower to a certam pomt, then faster and faster; there will be no stationary
pomt, but there will be a point of contrary flexure. If the eapenditure be just equal
to the mmmum 1mcome, the pomt of contraiy flexure will be also a stationary point
If the expenditure be greater than the mimmum income there will be a maximum
of capital, then a pomnt of contrary flexure, and then a mmmum; the maximum
and mimmum bemg the stationary pomts corresponding to the two occasions on
which the expenditure equals the mcome The maximum and mimmum will obviously
be farther apart, and smaller, the larger 1s the expenditure compared with the minimum
mcome

The latter part of these statements is well exhibited by the behaviour of circuits
of 1ron, and various alloys of platinum with Irdium, Nickel, and Copper

[Some of these, involving two, and i onc case three, neutral pomts, were shown.]

In cach of these cases there are obviously two neutral points, at least Now
supposc the two junctions raised to the temperatuies of these two ncutral points
respectively, and we have a thermo-electric current maintained entirely by the specific
heat of electricity, as there is obviously neither absorption nor evolution of heat at
either junction. Still further, suppose (as is very nearly the case with one of the
alloys I have just used) that the specific heat of electricity 13 null in the metal
associated with 1ron, and we have the very remarkable fact of a current maintained



216 THERMO-ELECTRICITY. [xxvL

in a circuit, without absorption or evolution of heat at either junction or in one of the
metals, but with evolution of heat in one part of the second metal and absorption in
another part. This suggests immediately the idea that ion becomes, as it were, a
different metal on being raised above a certain temperature. This may possibly have
some connection with the Ferricum and Ferrosum of the chemists; with the change
of magnetic properties of iron, and of 1ts electric resistance, at high temperatures.
Dr Russell has kindly enabled me to venfy these properties n a specimen of pure
won prepared by Matthiessen. T find similar effects with Nickel at a much lower
temperature. The method of control which T employed to satisfy myself that these
peculiaritics are due to iwron and not to the platinum alloys, requires a httle explana-
tin. It depends upon the fact that by the help of two metals made into a double
arc (wires of the two being stretched smde by side, without contact cxcept at the
¢nds) we can explore any portion of the field between the lines for these two metals
by simply altering the ratio of the resistances mn the two parts of the double arc.
Such a complex arrangement gives a line passing through the interscetion of the
lines of the two constituents, and dependimg for 1ts position on their relative vesist-
ances. I shall not, at this stage of my lecture, trouble you with the formula which
gwes the lhne for the double arc in terms of the resistances of the two metals and
thew lines, but sumply show the expetiments with the help of a gold and a palla-
dium wire, the onc having the specific heat of electricity positive, the other negative,
while their neutral powt 1s considerably below the temperature of the room. Between
their hines 15 meluded the pecuhar portion of the iwon hine, and by making shots at
1, as 1t were, m vanous directions from the neutral pomnt of gold and palladium,
we shall be able to study 1ts bearings.

[Several of these experiments were shown, till finally the gold wire was melted ]

L have here wires of iron, gold, and palladiam, bound together at one end, which
18 to be the hot junction. One end of the galvanometer coil 1 connccted with the
free end of the iron wire, the other shdes along a long copper wire which connects
the free ends of the gold and palladium wires By shding it towards cither I
dimimish the resmistance of that branch of the double arc and 1increase that in the
other—ie I give that branch of the double arc the greater unportance in the com-
bination

Throwing the greater part of the resistance mto the palladium branch, I find a
neutral pomnt at a moderate temperature, but I cannot reach a sccond without
melting the gold. Throw more resistance mto the gold, the first neutral pomnt occurs
at a higher temperature than beforc, but a sccond 1s attainable. By still farther
increasing the resstance 1 the gold the two neutral pomnts gradually approach one
another, one msing n temperature the other descending, until at last we reach a
maximum-minimum, the result of the confluence of the two pomnts. The line for the
double arc 1s now such as to touch the iron line. Still further increase the resistance
of the gold, and we find a mere pomt of inflexion, the galvanometer indications
having constantly rsen, though at a retarded and then accelerated rate, during the
heating of the junction.
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Two of the platinum alloys which I employed with iron seem to give lincs almost
exactly parallel to the lead line—i.e. m them the specific heat of electricity is practically
nml. When a crcuit is formed of these alloys the current therefore depends upon
the Peltier effects at the junctions alone, and 1s sensibly proportional to the differ-
ence of their absolute temperatures, thus furmshing a very convenient thermometer
for the approximatc cstimation of high temperatures®. I am at present engaged in
drawing the thermo-electric diagram n terms of tcmperatures as given by this com-
bination, and the reduction to absolute temperatures will finally be effected by a
companson of this temporary but very convement standard with an air-thermometer.

* This 1dea had been a lttle more fully developed in a paper read to the British Association m 1871,
‘The following abstract 1s from the Procecdings of Sections &t that Meeting, p. 48

NOTE ON THERMO-ELECTRICITY

It results from Thomson’s vestigations, founded on the beautiful discoveries of Peltier and
Cumnung, that the graphic representation of the electromotive force of a thermo-electric circuit, n
terms of temperatures as abscissw, 18 o curve symmetrical about a vertical axis, This 1 have found
to bo, within the himits of evpermmental error, a parabola n each one of a very extensmive series of
mvestigations which | have made with wires of every metal 1 could procure To venfy this result
with great exactness, and at the same time to extend the tmal to temperatures beyond the range
of a wmercurial thetmometer, I made a graphic representation, 1 which the abscissa were the successive
indications of one circuit, the ordinates those of another, the temperatures being the same m both
It s easy to see that 1f the separate arcwmits give parabolas (as above) m terms of temperature,
this process also should lead to a parabola, the axwy, however, bemg no longer vertical This severe
test was well borne, even to temperatures approaching a dull red heat Unfortunately, 1t 1s difficult
to procure wires of the more infusible metals, with the P of pla and pallad; 80 that
I have not yet been able to push this test to very high temperatures I hope, however, with the
kind assistance of M H. Samte-Claite Deville, to have wires of mickel and cobalt, with which to test
the parabolic law through a very wide range

Parabolas bemg sunuilar figures, 1t 1s easy to adjust the resistances m any two circuits 8o as to
make their parabolas (in terms of temperature) egual When this 1s done, 1f the neutral pomnts be
different, 1t 13 obvious that by making them act mn opposite du'ectmm; on a differential galvanometer
we shall have deflections durectly proportional to the temy fle ey of the |

It 14 a curous result of this mvestigation, that, supposing the parabolic law to be true, the
Peltier effect 18 also expressed by a parabolic function of temperature, vamshing at absolute zero.

1 was led to tlus mqury by a hypothetical appl of the Dissip of Energy to what
Thomson culls the electric convection of heat, and my result 18 venfied (within the range of my
experiments), that the speafic heat of clectriceity 18 directly proportional to the absolute temperature
It 13 scarcely necessary to pomnt out that the above results appear to promse a very simple solution
of the problem of measuring high temperatures, such as those of furnaces, the melting-pomts of
rocks, &
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XXIX.

FIRST APPROXIMATION TO A THERMO-ELECTRIC DIAGRAM.

[Transactions of the Royal Society of Edwnburgh, Vol. xxvil. Read December 1, 1873.]

IN the Session of 1867-8 I communicated to this Society a paper on the Dissipution
of Energy, of which only a very brief abstract was published 1n the Proceedings. [Ante
No. XIV.] The main feature of that paper was the suggestion, as at least a valuable
working hypothesis, that even in cases of the steady motion of heat, electricity, &e.,
the unexhausted energy is probably as small as possible, consistently with the conditions
of each form of experiment.

Applied to the conduction of heat, this hypothesis was shown to lead to the result
that thermal conductivity is inversely as the absolute temperature, a result closely
agreeing with the experimental determinations of Forbes. A similar result follows (from
the hypothesis) for electric conductivity, where it has long been known from experiment
that the reswstance is nearly proportional to the absolute temperature. As the latter
experimental law, however, 13 subject to numerous exceptions, notably i the case of
alloys, 1t was found necessary to troduce considerations of molecular change (such as
alteration of specific heat, &c., with temperature), so that I determimned to apply Forbes’
methods as well as electric testing to other pure metals than iron, and also to an alloy
such as German silver. The reduction of my observations 1s still far from complete,
but I have already stated to the Society that the change of thermal conductivity by
temperature in German silver is, like that of electric conductivity, certanly much less
than 1n 1ron.

These experimental determimations involved very great difficulties of various kinds,
80 that 1t was mnot till 1870 that I had an opportunity of testing experimentally the
working hypothesis above mentioned in its application to the very curious phenomena
of thermo-clectricity. After a few experiments, however, 1 found that (at least within
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the limits where mercury ther ters can be employed) the so-called Specific Heat
of Electreity 18 proportional to the absolute temperature, precisely the result indicated
by the hypothesis The following note 1s reprinted from the Proceedings of the Society
for Dec. 19, 1870 :—

“In a paper presented to the Society in 1867-8 I deduced from certain hypo-
thetical considerations regarding Dissipation of Energy results connected with the thermal
and electric conductivity of bodies, the electric convection of heat, &c. As these were
all of a confessedly somewhat speculative character, I printed at the time only that
connected with thermal conductivity, which I had the means of comparmng with ex-
periment, and which seemed to accord fairly with Forbes’ experimental results. But
the assumption on which this was based was essentially involved in all the other
portions of the paper.

“With a view to the testing of my hypothetical result as to electric convection
of heat, several of my students, especially Messrs May and Straker, last summer made
a careful detcrmination of the electromotive force in various thermo-clectric circuits
through wide 1anges of temperature Their results for a standard iron-wire connected
successively with two very different specimens of copper, when plotted, showed curves
so closely resembling parabolas that I was led to look over my former investigations
and determmne what, on my hypothetical rcasoning, the curves should be. This I had
entirely omitted to do I casily found that the parabola ought, on my hypothesis,
to be the curve 1n every case, and I made last August a numerous and carcful set of
determinations with Kew standard mercurial thermometers as an additional verification

“My hypothetical result was to the effect that what Thomson (Trans. R.S.E. 1854,
Phil  Trans. 1856) calls the specific heat of electiieity, should be, like thermal and
electric 1csistance, dircctly proportional i pure metals to the absolute temperature, the
coefticient of proportionality being, for some substances, negative.

“ Hence, using Thomson’s notation as in Trans RSE, we have for any two metals

Joy=hkt, Jo,=kt,
where k, and k, are constants, whose sign as well as value depends on the properties
of each metal, o,, o, are the specific heats of electricity, and J 18 Joule’s Equivalent

“Thus, introducing thesc values into Thomson’s formula, we have

(k.—lc,)t:J(.,l_,,)=J(It_l_%lt})’

where II 1s the Peltier effect at a junction at absolute temperature ¢ Integrating,
we have

C=(h—kye=J3,
or I =t~y -0,

where ¢, is the constant of integration, obviously in this case the temperature at
28—2
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which the two metals are thermo-electrically neutral to one another Hence the Peltier
effect may be represented by the ordinates of a parabola of which temperatures are
the abscisse, the ordinates bemng parallel to the axis of the curve.

“The clectromotive force in a circuit whose junctions are at absolute temperatures
t and ¢ is then represented by

B=J [ V=g - )2 - - @3]

= (b= k)t = 1) [to - ‘7?2:5,] .

This, of course, is agamn the equation of a parabola. That t—t' is a factor of £ has
long been known, and Thomson has given the results of many experiments tending

to show that t,,—t——-;—i is also a factor. But 1t was not till the experiments in my

Laboratory had been carried on for some months that I was referred by Thomson to
a paper by Avenanus (Pogg. Ann. 119), mn which 1t is experimentally proved (partly
i contradiction of an assertion of Becquerel) that in a series of five different thermo-
electric circuits the electromotive force can be very accurately expressed by two terms
of the assumed series
E=b(t,—t)+c(t>—t)+......

where t, and f, ure temperatures as shown by the ordimary mercuiial thermometer.
It follows from this that (neglecting the difference between absolute temperatures
and those given by the mercurial thermometer) £ has no other varable factor than
those above given

“Curiously enough, Avenaris, whose paper scems to have been wntten mamly for
the purpose of attempting to explan (by the consideration merely of the cffect of
heat on electricity of contact of two metals) the production of thermo-clectrie currents,
does not allude to the fact that the above equation represents a parabola  In fact
he gives several figures, mn all of which it 1s represented as a very acemately diawn
semwcwrcle.  He makes no application of his empirical formula to the determination of
the amount of the Peltier effect, not does he scem to recogmse the existence of what
Le Roux has called ‘Veffet Thomson, which 18 indispensable to the explanation of the
observed phenomena.

“All the curves plotted by Messis May and Straker, which were derived from
ron, copper, and platinum alone, as well as my own, which mecluded cadmum, zne,
tin, lead, brass, silver, and various other substances (sometimes arranged with a double
arc of two different metals connecting the hot and cold junctions) were excellent
parabolas. When the temperatures were very high, the parabola was shghtly steeper
on the hotter than on the colder side This, however, was a deviation of very small
amount, and quite within the limits of error introduced by the altcred resistance of
the circuit at the hotter parts, the deviations of the mercury thermometers from
absolute temperature, and the non-corrcction of the indication of the thermometers for
the long column of mercury not immersed m the hot o1l round the junction.
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“To settle the question rigorously, 1 have been for some time experimenting with
an arrangement sometimes of double metallic arcs, sometimes of two separate thermo-
electric circuits acting on a differential galvanometer—a second object being to obtain,
if it be possible, an arrangement capable of replacing with sufficient accuracy the
air-thermometer in the measurement of very high temperatures, and where very exact
results are not required.

“In fact, if the formula above be correct, we have for two circuits with ther
junctions 1mmersed in the same vessels
. t+ ¢ T .t
E=a-t)(a-"3%), E=we-n(t-"5"),
8o that if the resistances mn the circuits be made as @ to «, their resultant effect
on the differential galvanometer will be proportional to

(t—t) (t—t).

“It 1s obvious that so far as these factors are concerned, the most sensitive
arrangements will be such as have ther neutral pomts farthest apart. On a future
occasion I hope to lay the results of my new experiments before the Society They
appear to promise to be of great use m furmshing an casily working and approxi-
mately accurate substitute for the air-thermometer in an mquiry on which I am
engaged respecting  specific heats and melting ponts of various igneous rocks, &c.,
while the companson of the indications of two such arraugements at very high tem-
peratures will give the means of determining whether the quantities called & above
are really constants.’*

A ycar later (Dec. 18th, 1871) the following commumcation, giving rough matenals
for the construction of a thermo-clectric diagiam, was made to the Society, and
appeared n the Proceedings —

“For some time back T have been endeavowing to prove, by experiment, through
great ranges of temperature, the 1esult announced by me in December last, viz, that
the electromotive force of a thermo-electric encuit 1s in general, unless the temperature
be very high, a parabolic function of the absolute temperature of either junction, that
of the other being mamtamed constant

“For moderate ranges of temperature the experiment presents lttle difficulty, but
when mercurial thermometers cannot be employed, a modification of the experimental
method must be made. T have employed in succession several such modifications, of
which the following are the chief:—

“The simplest of all 1s to dispense altogether with thermometers, and to employ
two thermo-electric circuits, whose hot and whose cold junctions are mmmersed 1n the
same vessels; and to plot the curve whose abscissz and ordinates are simultaneous

* In Pogg. Ann. 1878, Heft 7, which has Just reached this country, there 1s another paper on this subject by
Avenarius, 1n which he altogether deserts his earlier assumptions and line of reasoning, and comes to conclusions
somewhat 1esembling those Just quoted from my paper of 1870.
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readings of the electromotive forces in the two circuits. In every case I have tried
the curve thus obtained 1s almost accurately a parabola, most of the few deviations
yet observed bemng mn the case of silver and other metals at temperatures not very
much below thewr melting points—under circumstances, in fact, mn which we should
naturally expect that the law would no longer hold. There are, also, cases in which
the whole electromotive force 1s so small, even for very large differences of tem-
perature, that very much more delicate apparatus would be required for their proper
vestigation. And there arc cases in which the neutral point is so far off that for
moderate ranges of temperature the curves obtamned are sensibly straight lines. [
ntend to examine these cases with care—the former by using more dehcate galvano-
meters, the latter by employing metals which are practically infusible The difficulty
ot obtaining wires ot such metals has been the chief one I have had to face.

“1t we assume the experimental curve to be a parabola, then 1t is easily seen
(Proc. May 29, 1871) that in each circuit the electromotive force must be a parabolic
tunction ot some function of the absolute temperatures of the junctions. And, as n
the 1ron-silver, iron-zine, 1ron-copper, won-cadmium, &c., circuits, this function has been
proved to be simply the absolute temperature itself (at least, within the range of
mercury thermometers), 1t 18 probable that such 1s the general law, at least for ranges
ot temperature short of those which materially alter the molecular structure of the
metals employed

“The second method consisted m employmg two paws of circuits, all four hot
Junctions bemg in the same heated substance, and all tour cold junctions kept at a
common temperature. The members of each pair acted on a differential galvanometer (as
explained in Proc. Dec. 19, 1870) 1n such a way as to chminate the term containmg
the square of the absolute temperature In this case the readings of the galvanometcrs
should be simply proportional to one another, and lkewise to the differences of
absolute temperature of the junctions The method 1s exact m theory, but by no
means easy 1n practice, especially with the very hmted number of metals capable
ot resisting a high tempeiature which I could manage to obtam. That a very exact
and useful ther tric arrang t can be made on this principle admits of no
doubt, when we examme the results of the experiments

“The third method consisted 1 assuming the parabolic law, and the following
consequence of 1t which follows directly by the use of Thomson’s general formule.
These may easily be reproduced as follsws:—Suppose a shding ring or clip to be
passed round the wires, so as to press together pomnts of the wires which are ac the
same temperaturc, t. Its effects are known by experiment to be zal, whatever be its
material.  Let 1t be shd along so that the temperature of what 18 now effectively
the hot junction becomes ¢+ 8, then the two laws of thermodynamics give, respectively,

8K = J (811 + (o, — 03) 8t),
and 0= 81;: +2 }“‘ St.

Here E 15 the electromotive force, II the Peltier effect at a junction at temperature
t, and oy, oy, are the specific heats of electricity in the two metals.
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I
«Henco 8E=J(8ll—t8-t)=Jl;~18t.

Introducing the hypothesis, obtamned from considerations of Dissipation of Energy (Proc.
Dee. 19, 1870), that
Joy=ket, Ja,=kst,
I _dr

we have JT = d; = (ka—hky) (T — t),

where T\, 18 the well-known ‘neutral point.’

“ Also E=(k,,_k,)(t_¢,)(q' _‘_;5),
since it vanishes for ¢=#4, the temperature of the cold junction. Now, if the neutral
pomt be between such limits as 0° C. and 300° C., the cxact dctermination of 1t 1s
an easy matter, and this exact knowledge of it greatly facilitates the determiation
of “if, which cannot be wvery accurately found by drawing a tangent to the plotted

curve. For 1f one junction be at ¢, the other at 7, we have
=4 (ko — k) (Tap— t)

E, and T, —t are easily measured on the expermmental curve, and thus k, — &, 18 found.
The following values have thus been (roughly) calculated from observations. Where the
necutral pomt was not reached. 1t 1> put n brackets. The umt for ks—ky 18 3 or 4
per cent less than 2 107 of the electromotive force of a good Grove’s cell.

T . ka—hp ! | T ha=hy

Fe—Cu (bad) | 265 C | - 000147 B Fe—Al (387) C - 0:00105
—Cu (good) . 260 |- 0014 w ,» —Arg. L (1357) — 00045

» —Cd 1159 I~ 00209 i Cu (bad) —Cd | —(28) — 00081
» —Zn | 199 — 00189 g » —Zm —(146) ~ 00048
\ —Ag L2350, -~ o015l & N —Ag (687) [—
» —Pb 357 . - 00112 ‘ » (good) —Pb | -(213) |+ 00016
»» —Brass | (318) ~ 00127 | Pb—Cd ) — 00096
»—Pt Io(519) | — 00083 : ,» —Pd ' —(188) + 00080
,» —Sn I8 .~ 00094 ‘; " f —(78) ~ 00060
»—Pd ‘ (1908) | - 00029 h » —Ag | -(262) ~ 00026

“Now 1t 1s an 1mmediate consequence of the second law of thermo-dynamics, that
as Peltier effects are reversible with the direction of the current, and are the only
sensible thermal effects when a very feeble current passes through a thermo-electric
circuit all of whose parts are at onc temperature, we must have

n
ET=0,
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or, assuming the parabolic law,
2. (ka—ky) (Tap—t)=0.
This holds for any number of separate materials n the conductor. As ¢ is the same
throughout, the terms involving 1t evidently vamsh identically, but therc remains the
equation
2. (ka—kp)Tap=0
establishing a relation between the specific heats of eclectricity in a number of metals
and the absolute temperatures of the neutral ponts of each junction of two of them
Other relations may be obtained by altering the order of the metals if there be more
than three—but they are all virtually contamed n the formula for three, which we
write at full length,
(ko — ko) Tap + (kp — ke) Too + (ke — k) T'ea =0.
From the direct experiments of Le Roux on “leffet Thomson,” as he ecalls 1, it
appears that & is null i lead®* At all events, smecc Thomson showed that 1t has
opposite signs 1 iron and copper, we may imagine a substance for which k=0. We
may now construct an improved “Thermo-electric daagram™ to represent these relations
numerically, employing the line for this substance as our axis of absolutc temperatures;
while the ordinates perpendicular to it give, for this substance employed with any
other m a circuit of two metals, the values of l;l—, or (!d_lt? or (what comes to the
same thing) the clectromotive force of a circuit whose junctions are both very nearly
at ¢, but have a small constant temperature difference. This quantity corresponds with
what has been called the thermo-electric power of the circuit

“The two oblique strasght lmes m the diagramt belong to the metals a, b,
respectively.  The tangents of their inchnation to the horizontal axis (the le of
the supposed metal for which k=0) are ks, ky—and they cut it at the ponts T,, T,

1|, dE
e

T, vty T, ta Ty t

b
* Annales de Chimie, 1867, Vol. x, p 277.
+ [A Note, which has not been reprinted, was appended to No. XXVIIT In its diagram lines parallel to the
temperature-axis were drawn from d and d’, as well as from ¢ and ¢/, and thus the area ¢’d'dc was de-
composed 1nto the (algebraic) sum of its four constituents, the two Peltier, and the two Thomson, effects. 1897 ]
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where they are neutral to it, cutting onc another at a point A whose abscissa is
their own neutral point Ty. The only change which would be introduced, by taking
as horizontal axis the line corresponding to a metal for which & does not vanish,
would be a dislocation of the diagram, by a simple shear. This follows at once
from the equation of one of the lines—

y=ka(z—"To).

“The diagram gives the Peltier effect at the junction of « and b for any
temperature ¢,, by drawing the ordmate at ¢, and completing a rectangle cc'gf’ on
the part intercepted, 1ts opposite end being at absolute zero. The area of this rect-
angle 15 to be taken positively or negatively according as the corner corresponding to
« is nearer to, or further from, the horizontal axis than that corresponding to b, the
current being supposed to pass from a to b.

“The electro-motive force mn a circuit of the two metals @ and b, with 1ts junctions
at ¢, and f, vespectively, 18 found by drawing ordinatcs at these temperatures, so as
to cut off tmangular spaces Acc’, Add’, whose vertices are at the neutral pomnt The
difference of the aeas of these spaces, cdd’¢’, is proportional to the electro-motive
force  When the higher temperature ¢, 15 above the neutral point, the clectro-motive
force 1s the difference of the areas Acc’, Ae¢. The case above mentioned. m which,
by a differential galvanometer, we get rid of the terms wmn #, 1s obviously a process
for making the curves of two separate complex arrangements mto parallel straight lines

“In conclusion, 1 may give a few instances of the comparison of results of
calculation of the ncutral pomnt of two metals from their observed neutral points, and
differences of A, as regards iron, with calculation of the same neutral pomnt from the
portion of the curve (assumed to be a parabola) which expresses their eclectro-motive
force within ranges of temperature where mercurial theimometers can be apphed.

“Thus with Fe, Cd, Pb, we have from the iron circuits 000112 — 000209 = — 0 00097,
while the direct experiment with Cd, Pb gave — 000096,

“The neutral pomnt, as calculated from the data for the iron circuits is —69°C.,
while the calculation from direct experiment gives —74°C.

“When the quantities to be found are very small, as for instance in the case
Ag—Cu, we cannot expect to get a good approximation by itroducing a third
metal. In fact, mtroducing Fe we find indirectly 000147 — 000151 =— 000004, while
the direct determination gives — 0'00006.

“ Again with Zn and Cu, indirectly we get
— 000042 and —144°C,
Directly — 000048 and —146°C.

“Scveral of the other groups give results as closely agreeing with one another
as these, others are considerably out.

T. 29
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“The numerical dcterminations above are founded entirely on a series of experi-
ments made for me by Messrs J. Murray and R. M. Morrison. Mr W. Durham is
at present engaged in determiming the electro-motive force of contact of wires of
the same metal at different temperatures, with the view of inquiring nto 1its relation
to ordinary thermo-electric phenomena which appears to be suggested by some of the
formule above given.”

Mr Durham’s results were published in the Proc. R.S.E. (June 17th, 1872), and
showed that in the case of platinum, the only metal he examined, the integral
deflection of a somewhat massive galvanometer needle is independent of the absolute
temperature of either wire, and proportional simply to the difference of ther tem-
peraturcs. This was the result I had expected from the formule given above (p 223),
for if

ko =k,
we have . Top=0,

but consistently with these we may have
(ke = k) Ty =,
a finite quantity. Hence E=Jr(t-t).

Various other communications on the subject were made by me to the Socicty,
and published in the Proceedings, but of these I need quotc only the following,
of date Junc 3rd, 1872, as 1t shows a mnovel difficulty which 1 met with, and which
prevented me from publishing carlier an_ attempt at constructing a thermo-electiic
diagram :—

“Having lately obtained from Messrs Johnson and Matthey some wires of plati-
num, and of alloys of platinum and iridiam, I formed them into circuits with iron
wire of commerce, and noticed that with all, excepting what 1s called *soft’ platinum,
there is more than one neutral pomt situated below the temperature of low white
heat, and that at higher temperatures other ncutral points occur. This observation
is, in 1tself, highly interesting, but my first 1mpression was one of disappointment,
as I mmagined it depended on some peculiarity of the platinum metals, which I had
hoped would furmsh me with the means of accurately measuring high temperatures
(by a process described in previous notes of this series). As this hope may possibly
not be realised, I can as yet make only rough approximations to an estimation of
the temperatures of these neutral pomnts.

“So far as I am aware, the phenomenon discovered by Cumming and analysed
by Thomson has hitherto been described thus: When the temperature of the cold
Jjunction 18 below the neutral pomnt, the gradual rasing of the temperature of the
other produces a current which increases in ntensity till the neutral pont is reached,
thenceforth diminishes, vanishes when one junction 1s about as much above the
neutral pomnt as the other 18 below it, and 1s reversed with gradually increasmng
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intensity as the hot junction 1s farther heated To discover how my recent observa-
tion affects this statement, I first simply heated one junction of a circuit of iron
and (hard) platinum gradually to whiteness, by means of a blowpipe, and observed
the indications of a galvanometer—both during the heating and during the subse-
quent cooling when the flame was withdrawn. The heating could obviously not be
effected at all so uniformly as the cooling, but, making allowance for this, the effects
occurred 1 the opposite order, and very nearly at the same points of the scale m
the descent and m the ascent. [I have noticed a gradual displacement of the
ncutral points when the junction was heated and cooled several times m rapd
succession, but as my galvanometer, though 1t comes very quickly to rest, 18 not
quite a deud-beat wstrument, I shall not farther advert to this pont till I have
made cxperiments with an instrument of this more perfect kind, which 1s now being
constructed for me.] The observed effect of heating, then, was a mse from zero to
110 scale divisions when the higher temperature was that of the first neutral pomnt,
then descent to 95 at a second neutral pomnt, then ascent to a third, descent to a
fourth, neither of which could be at all accurately observed, and finally ascent until
the junction was tused

“With an alloy of 15 per cent 1iridium and 85 per cent. platinum, the galvano-
meter rose to 535 at a neutral point, then fell to —50 at a second, then rose to a
third, at —39'5, and thence fell, but I could not observe a possible fourth neutral
point on account of the fusion of the iron. As shown on the plate, the first of
these occurs at about 240°C of a mercurial thermometer.

“With another alloy supposed to be of the samec metals, but of which I do
not yet know the composition, also made into a junction with iron, the behaviour
was nearly the same, but the readings at the successive neutral pomts were
28, — 137, —132. The temperature of the first 1s about 200°C. by mercurial ther-
mometer

*An ron-palladium ciremt showed no mneutral points within the great range of
temperatures mentioned above; though 1t showed a remarkable peculiarity which must
be more closely studied, as 1t appears to pomnt to the cause of the above effects n
a property of 1on. It was therefore employed to give (very roughly) an indication
of the actual temperatures in these cxperiments. But as for this purpose it is
necessary to measurc the simultaneous indications of two circuits whose hot and whose
cold junctions are respectively at the same temperatures, I was obliged to employ a
steadier source of heat than the naked flame. I therefore immersed the hot junctions
i an 1ron crucible contamng borax glass, subscquently exchanged for a muxture of
fused carbonate of soda and carbonate of potash, but, to my surprise, the former of
these substances at a red heat disintegrated both the platinum and the alloy, and
thus broke both circuits without sensibly acting on the iron, while the mixture
(evidently by the powerful currents discovered by Andrews, Phil Mag 1837) interfered
greatly with the ndications of the thermo-electric circuit, as will be scen by the
dotted curve wn the wood-cut. [I may remark here that the deviations of this curve

29—2
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from its form when these currents are prevented are quite easily observed and plotted
by the process next to be mentioned, so that the study of the Andrews effect may
be carried out with great accuracy by my method] Finally, determining to dispense
altogether with fused salts, which conduct too well besides acting on the metals,
I simply suspended a red-hot bombshell, vent downwards, in such a way that the
hot junction was near its centre. This arrangement worked admirably, until a white
heat was required, for this melted the shell. In its place a wrought-iron tube (an
inch in bore, four inches long, half an inch thick, and closed at the upper end) has
been substituted, and answers excellently. It does not cool too fast for accurate
reading at the higher temperatures, and by elevating 1t by degrees from over the
hot junction we can make the cooling fast enough at the lower ranges. In fact,
I believe that if I do not succeed in getting a sufficient number of practically
infusible metals to construct my proposed thermometric arrangement, I may be able
to make a fair approximation to temperatures by simple time observations madc with
the hot tube, surrounded by some very bad conductor, such as sand, where the surface
in contact with the air 13 always comparatively cool, and where therefore we can
accurately calculate the rate of cooling.

“Curves I, II, IIL, in the woodcut were drawn by means of this apparatus.
The hot junction consisted of an 1on wire, a palladium wire, and (for the several
curves in order)—I. Hard platinum, IL Pt 85, Ir 15; IIL. The other alloy of Pt

™~ m
240°C

IL
200°
,//
-

and Ir. The free ends of the palladum wire, and of the platinum or alloy, were
joined to iron wires, and the junctions immersed in test-tubes filled with water resting
side by side in a large vessel of cold water. The other ends of thesc three iron
wires, and the wires of the galvanometer, were led to a sort of switch, by meauns of
which either circuit could be instantly made to include the galvanometer. Readings
were taken of ecach circuit as fast after one another as possible (with the galvano-
meter I employed about 65 ds was the y interval), and the mean of
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two successive readings of one circuit was taken as bemng at the same temperature
as that of the intermediate reading of the other.

“The indications of these curves are very curious as regards the effect of even
small impurities on the thermo-electric relations of some metals. It is probable, from
analogy, that the curve for iron and pure platinum, in terms of temperature, would
be (approximately, at least; even if it should be the iron, and not the platinum
metal, which is represented by a broken or curved line) a parabola with a very
distant vertex. And 1t appears probable that when the wire of curve IIL is analysed

1t will be found to contain even a larger percentage of irdmm (?) than that of
curve IL

“T find by tracing these curves on ground glass, allowing for the difference
between temperatures and the indications of an Fe-Pd circuit, and superposing them
on a nest of parabolas with a common vertex and axis, that they can be closely
represented by successive portions of different parabolas (with parallel axes) whose
tangents coincide at the ponts of junction, though the curvature 13 necessanly not
continuous from one to the other. Hence, as at least a far approximation to the
electro-motive force in terms of difference of temperature in the junctions, we may
assume a parabohc function, which up to a certain temperature belongs to one parabola,
then changes to another without discontinuity of direction, and so on.

“Hence either the iron, or the hard platinum and the platinum-indium alloys,
will be (approximatecly, at least) represented on my form of Thomson’s thermo-
electric diagram (ante, p. 224) by broken lnes, of which the successive parts are
straight. This, contrasted with the (at least nearly) straight lines for pure metals,
scems to show that some bodies take successively different states (i.e., become different
substunces) at certain ‘critical’ temperatures, retamning their thermo-electric properties
neatly unchanged from onc of those critical points to another.

“The curve marked IV. in the woodcut was obtamed by plotting aganst each
other the simultaneous indications of the alloy of curve III and 1ron, and of the
alloy of curve IL and 1ron, so as to avoid any disturbance from possible peculiarities
of palladum. Then, to obtan an 1dea of the sharc taken by iron i the results,
1t was found that the electro-motive force in a circmit formed by the two alloys, or
by either with hard Pt, 1s (for a very great range of temperature) sensibly proportional
to the temperature difference of the junctions.

“The same result 1s casilly seen from the plate, if we notice that the difference
of corresponding ordinates m any two of curves I, IL, IIL, is nearly proportional
to the corresponding abscissa. Now, 1t seems a less harsh supposition that the lines
representing platinum and 1ts alloys are nearly straight and parallel, while that of
iron 1s a broken lne, than that the latter should be straight and the former all
broken at the same temperatures On the other hand, this latter hypothesis would
make k alternately negative and postive in 1ron, while the former would only
require the platinum metals to have values of & alternately less and more ncgative
than that of iron.
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“I may add that none of the above-mentioned effects can be due to altered
electric resistance of the heated junctions, because the galvanometer resistance was
about 23 BA. umts, while that of the won and platinum wires together was n
each case not more than one such unit. The palladium-iron circuit was so much more
powerful than the others that a resistance coil of about 146 B.A. units had to be
nserted 1n its course... ."

To this paper was added during printing the following postseript —“I have since
made out that the lines of the diagram are approximately straight, and parallel to
the lead line, for the platmum metals, that of hard platinum being below the lead
line, while those of most of the other alloys are above it, and that the multiple neutral
pomnts depend upon the pecubiar sinuosity of the lne for iron. 1 have also obtained
curious results of a somewhat similar kind with steel wire. The method I employed was
to explore the part of the thermo-electric diagram included between the lmes of gold
and palladium, by making a multiple arc of these two metals, and varying the ratio
of their separate resistances But I reserve details until I have carefully exammed
the behaviour of nearly pure iron.”

The peculianty thus exhibited by iron I afterwaids found to be also possessed
by mckel, and with the farther advantage that the changes of sign of specific heat
of electricity occur 1n that metal at temperatures within the range of mercury
thermometers. (Proc. R.S.E., May 1873.) These results I developed n the Rede
Lecture of 1873, a full abstract of which was printed i Nature [ante, No XXVIII],
and to this I refer the reader for some speculations as to the connection of these
phenomena with known chemical and magnetic relations, as well as for a great deal
of additional matter connected with Thermo-electricity, but not so directly connected
with my present subject, the construction of a Thermo-clectric Diagram.

I have given this résumé of a few of my former papers to show how I was led
to attempt the construction of a thermo-electric diagram, by the result of cxperiments
originally devised to test the truth of a hypothetical apphcation of the Dissipation of
Energy.

The following results were obtained maimnly during the summer of the present year,
the experiments being in great part made by Messrs C. E. Greig and C. G. Knott
in my laboratory The extracts above show sufficiently the nature of the processes
employed, so that but a very few remarks necd be made about the thermo-electric
diagram (Plate 1), which 1s constructed from them, and embraces the greater part
of the temperature-region n which mercury thermometers can be used. Metals
like bismuth and antimony are quitc beyond the capabilities of even a double plate
on this scale.

1. A very small amount of impurity, or even of permanent strain, 1s capable
of considerably alterng the line of a metal in the diagram; so that I have given
in general a sort of average position to each hne, and have not attempted absolute
exactness where it was obviously not requisite nor even desirable. N 18 the alloy
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of 15 Ir, 85 Pt described in the last extract above, M 1s the other alloy Nos 1,
2, 3 denote platinum-iridium alloys containing respectively 3, 10, 15 per cent. of the
latter metal. These were prepared for me from purc metals by Messrs Johnson and
Matthey, as 1 fancied from the behaviour of M and N that I might get a seres
of alloys whose lines should be parallel to that of lead The result does not for
the present appear encouraging.

2 I have not yet been able to arrive at any definite conclusion with regard

to the form of the dotted portions in the lincs of mickel and of German silver.
In fact, had 1t not been that the palladium line intersccts that of nickel near the
middle of the most interesting region, I might have missed altogether the detection
of the peculiantics of mckel, though I was led to seek for them near that region
by induction from those of iron. It 1s obvious, in fact, from the diagram, that had
copper, gold, won, &c, been associated with nickel, the modification due to these
peculiarities would have been only a very small fraction of the whole electro-motive
force, and mght easily have been attributed to errors of observation. As it is, my
best specimen of pure mickel has been destroyed by exposure scveral times to a
white heat, and T must wait for another before I can resume this part of the mqury

3. Having made no direct experiments on the electric convection of heat
lead, I have retamned 1ts line as the axis, on the authority of Le Roux above alluded
to  As already stated, this is a question mvolving the actual specific heat of electricity
in each metal, not the difference of the specific heats in any two metals, which is all
that my experiments furmsh,

Subject to these remarks we have the following table of the values of %, whose
contents arc represented graphically in Plate I, and where the umt of eledtro-motive
force employed 1s neaily 107 of a Grove’s cell. The tangents of the mclinations of the
hines 1n the plate may be reduced to the corresponding numerical values of £ n terms
of a Grove's cell by the factor 4 x 1073,

Fe — 00247 cd + 00218
Steel — 00171 Zn + 00122
M — +00000 Ag + 00076
Pt Ir (No. 1) — 00028 An + 00052
Pt Ir (No. 2) — 00068 Cu +-00048
Pt Ir (No. 3) — 00032 Pb 00000
N — 400000 Sn 400028
Pt (soft) — 00056 Al +00020
Pt N1 — 00056 Pd —-00182
Pt (hard)  —-00038 N1 (to 175°C)  — 00260
Mg —-00048 Ni (250°—310° C.) + 01225
Arg — 00260 N1 (from 340°C.) — 00260

Plate II. shows directly the galvanometric indications of circuits 1ncluding
various iron and steel wires; one of which is a ribbon of pure iron, prepared by
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Dr Matthiessen, kindly put at my disposal by Dr Russell. The other specimens
of 1ron consist of two from the ordinary stock in my laboratory, and a third
(probably, from 1ts position so close to that of Dr Matthiessen, very pure) which
I owe to Sir R. Christison, who has used portions of it for chemical testing for
more than thirty years. It was, therefore, prepared at a time when morc care was
employed to secure purity than in the present day. The circuits were completed by
the platinum alloy called N above, whose line is nearly parallel to that of lead,
but a little above 1t The temperature scale is the temporary one given by the
galvanometric indications of the two platinum alloys M and N Their hines are drawn
as almost exactly parallel in Plate I, but they intersect at some temperature about
a white heat; so that to reduce the diagram to something roughly corresponding to
absolute temperatures, the whole must be extended parallel to the temperature axis,
and in ratios continually increasing for higher ranges of temperature The experimental
work on which this diagram is based has been performed almost entirely by Messrs
C G. Knott and C. Michie Smuth, and 1ts general accuracy may be estimated by the
smoothness of the curves obtained: particularly as all the observed pomts which do not
he ezactly on the cmives have been nserted in the diagram

The pomnts of contrary flexure in these curves correspond to the pomts of
change of sign of speafic heat of electricity in the specimens of iwron and steel,
and 1t 18 obvious that 1t 18 a matter of great difficulty to estimate with precision
where they lie. The wire called B Thin shows so remarkable a resemblance to steel
m 1its thermo-electric propertics—though 1t 1s certamly not stcel—that, as a verifi-
cation, I tried the electro-motive force of a circuit formed of 1t and of B Thick
which so nearly coincides with purc iron. The result 1s given by the lower curve
m Plate IL, which is casily seen to be in entire agreement with the curves m
the upper part of the plate, the ordinates of onc being the differences of those of the
other two

In Plate IIL I have endeavoured, by drawing tangents to the curves of Plate
IL, to construct (to the same distorted temperature-scale) the thermo-electric diagram
for N, and the various specimens of iron and steel. It will be scen that all of these
specimens have at least two changes of sign of the specific heat of electricity It
18 to be remarked, however, that as the heating of the junctions was cffected by
means of a white-hot ron cylinder (as described in one of the extracts above), the
diagram belongs to specimens of iron and steel which have been raised to a white heat
and are cooling. This process generally produces a marked change in the thermo-electric
properties of steel, though a very shght one 1n those of iron

In the same Plate, IIL, I have attempted (by means of the parabolic law, assumed
for M, N) to approximate to the diagram for pure ion in terms of absolute tempera-
ture The result 1s indicated by a double line, which may be compared with the lne
for nickel in Plate I, to which it has more than a mere general resemblance. But
this figure also shows one way of forming a thermo-electric circuit which shall give a
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current without any Peltier effect at either junction, and without electric convection of
heat 1n one of the two metals concerned

Note—Since this paper was read to the Society I have seen n the Phil. Mag.
for December 1873 a paper by Prof Barrett, in which he recalls attention to Mr Gore's
singular observation regarding the sudden changes of length which take place in an
iron wire at a low red heat, and adds his own very curious discovery of the sudden
glow which occurs simultaneously with them I have for some time been seeking
for other physical changes, besides the well-known magnetic ones, and the above
described  thermo-electric  ones, which may be expected to take place in iron about
this temperature A brief note on the change of electric resistance of 1ion appears
in Proc R.S.E. (Dec 16, 1872) as a first ivstalment which I hope soon to be able
considerably to extend

[The lines of Na, K, and Co have been serted in the reprnt of the Diagram from the
following data, given to the Royal Society of Edmmburgh on Maich 2, and 16, 1874; and March 6,
1876, respoectively.

Na X Co
Sp Heat of Electricity - 00212 — 00066 - 00585
Neutral Pont (with Pb) — 20" C. (with Arg) - 20 (with Pb) — 228°

With reference to some remarks m the two preceding articles, the following investigation of the
first effects of a current on the distribution of temperature i a conducting wire may be appended

Let the wire at a point z have, at time ¢, the absolute temperature », and let its electric resistance
and the temperature-gradient be both small, so as to avod, as far as possible, remstance-hcating and

t The heat developed per umit of tune 1n the portion 8v 13 measured from one pomt of view
by 05;)81‘, where ¢ 13 the water-equivalent per umt of length  But 1t 1s also proportional to —odv,
e to — kv:f;&v, and to the strength of the current. Thus we have the equation

do _ 1 ydl'
Y™ ar
m which @ may be treated as constant
it
The complete mtegral 18 v=f (z——(; n),

where f 18 an arbitrary function, expressing the distribution of temperature at ¢—0
Generally, while ¢ 15 small, this gives the relation
>
g
a
In particular if, mmtially, we have throughout a uniform temperature-gradient
v=er,
then, while none but thermo-electric processes are sensibly at work,

. er
" Ttket/a®

Thus, in the standard case (when e and % are both positive) the temperature-gradient becomes loss
steep ; and 1t does so because the temperatures are simultancously diminished mn the same ratio. 1886.]

T. 30
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XXX.

NOTE ON THE TRANSFORMATION OF DOUBLE AND
TRIPLE INTEGRALS.

[Proceedings of the Royal Society of Edinburgh, December 1, 1873.]

1 Ir we have two equations of the form
fu, v, & 1)=0,
F(u, v, & 7)=0,
u and v are given as functions of £ and #, or vice versd Here either u and v, or

£ and 5, may be the ordinary Cartesian « and y, or any given functions of them

Now, 1f we write with Hamilton, since we are deahng with two independent
variables only,

.d  .d
V=iZtiay
d d d d
we have V=Vu(n+Vv(—I;=V§-'—d—s+Vq&;, ........................ (1)

The proof may be easly given in a Cartesian form by operating by 8¢ and §j
separately. For the former operation gives

d_dud dvd_dfd dnd
o= dedu Tdede dadE T dndy’

equations mamfestly true
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2. Now, the elementary area included by the curves u, u+8u, v, v+ &v, is easily
seen to be [See, for instance, No. VL above. 1897]

Sudy
TVVuVo'

Hence we have the following transformations of a double integral extended over a

glven area .—
[[Pasiy= [P rrene= ﬁpﬂf,igi;v?

But by (1) we see at once that

TVVEIn=| dE  dE | TV VuVy,
r du’ dv
Ly dn
!du ' dv
whence, of course, the general proposition
d¢ dt [de dv |=1,
du’ dv | dE’ dE |
dn ,‘ du n'v |
;ilt l \ dn ‘

and the common transformation

ffpda‘d‘z/=ffp!] %’L, ?[-7'] | dudw.

| dy dy
[ du’ dv

3  Dealing with triple integrals, V takes the ordinary Hamiltoman form, and an
additional term 1s added to each of the members of (1), which thus at once gives
us the mode of introducing V into any system of curvilinear co-ordinates.

The clement of volume included by the surfaces w, w+8u, v, v+ 8y, w, w+ duw,
18 easily seen to be expressed by
Sudvdw

S VuVoVw

Hence we have the following—

_ dudvdw dEdndg
[[[ Pasdyas = [[[ 2 Gz =[] 7 s Sgugee-
From these we have, besides the more complex transformation from w, v, w, to £ #, &
30—2
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the common one

[[[ Pasdyas=-[[[P| &, %, % | dud,

dy dy dy
du’ dv’ dw
dz dz dz
du’ dv’ dw
and also the general theorem

| dE dE dE | | du du du (=1

du’ dv’ dw dE’ dn’ dt

dy dy dy dv dv dv

du’ dv’ dw dg’ dn’ dt
¢ df db | jdw dw dw
| du’ dv’ dw | | dE’ dn’ dE
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XXXI.

NOTE ON THE VARIOUS POSSIBLE EXPRESSIONS FOR THE
FORCE EXERTED BY AN ELEMENT OF ONE LINEAR CON-
DUCTOR ON AN ELEMENT OF ANOTHER.

[ Proceedings of the Royal Socwety of Kdinburgh, December 1, 1873 ]

IN the Quart. Math. Journal for 1860 (No. IIL. above), I gave a quaternion process
for obtaiming m a very simple manner, from Ampere’s experimental data, his well-known
expression for the mutual action between two elements of currents. As one of the
data the assumption was made, after Ampére, that the action is a force whose
direction 1s that of the line joining the middle points of the elecments, 7e, 1t was
assumed that the necessary cquality of action and reaction holds, not merely for two
closed circuits but, for cach pair of elements of these crcuits I promised n that
paper to pubhish a more general imvestigation, m which no such assumption should
be made, but I was prevented from domg this by having seen a reference to a
memorr by Cellerter, m which 1t was stated that such an investigation had been
given. I did not, till very recently, succeed m getting any nformation about that
memotr, none of which seems indeed to have been printed except a very brief extract
m the Comptes Rendus for 1850, vol. xXXX., giving no details: but the subject was
recalled to my memory by Clerk-Maxwell's Treatise on klectricity, &c., in which there
18 an 1nvestigation of the possible expressions for the forces which satisfy Ampire’s
data without necessarily satisfymng his assumption.  Both of these authors make the
undetermined part of the expression depend upon a single: arbitiary function. My
mnvestigation leads to two. The question is onc of comparatively lttle physical 1m-
portance, but I give this investigation for 1ts extreme simpheity.

The following is, as nearly as I can recollect, my original process, which has, at
least at first sight, nothing 1 common with that of Clerk-Maxwell.
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1. Ampere's data for closed currents are briefly as follows —
I Reversal of either current reverses the mutual effect.

II. The effect of a sinuous or zig-zag current is the same as that of a straight
or continuously curved one, from which it nowhere deviates much

III. No closed current can set n motion a portion of a circular conductor movable
about an axis through its centre, and perpendicular to its plane

IV. In similar systems, traversed by equal currents, the forces are equal.

2. First, let us investigate the expression for the force exerted by one element on
another,

Let a be the vector jomning the clements a,, @, of two circuits; then, by I, IL,
the vector action of a, on &' is linear in each of a;, @, and may, therefore, be expressed as

. o,
where ¢ is a linear and vector function, into each of whose constituents a, enters
hnearly.
The resolved part of this along o' 1s
S. Uda,
and, by III, this must be a complete differential as regards the circuit of which a

is an clement Hence,
¢’ =—(S.a,V)ya’ + Ve'ya,,

where ¥ and yx are hnear and vector functions whose constituents involve a only.
That this 1s the case follows from the fact that ¢a’ 1s homogencous and linear
each of a, a. It farther follows, from IV. that the part of ¢a’ which does not
disappear after mtegration round each of the closed circuits 18 of no dimensions 1n
Ta, Ta, Ta,. Hence x 1s of —2 dimensions in Ta, and thus

paSaa, + qa,  rVag,

X0="Tpg Y pat e
where p, ¢, r are numbers.
Hence we have
, , pVdaSaa,  qVda, rV.d'Vaa
¢ = — 8 (V) yra +2 T *+ ”a‘x+ T .

Change the sign of a« in this, and interchange a’ and a;, and we get the action of
o on «, This, with o and «, again interchanged, and the sign of the whole changed,
should reproduce the original expression—since the cffect depends on the relative, not
the absolute, positions of «, a;, a’. This gives at once,

p=0, ¢=0,
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rV.dVaa,

and ¢ =—8 (a,V) Y’ + Ta s
with the condition that the first term changes its sign with a, and thus that
Yo' = aSad'F (T'a) + a'F (Ta),
which, by change of F, may be wntten
= aS(@V) f(Ta) + < F ('),

where f and F are any scalar functions whatever.

rV o' Vaz,
Tod ?

Hence ¢a’ =—8(0,9) [aS («'V) f (Ta) + a'F (T2)] +
which is the general expression required.

3 The simplest possible form for the action of onc current-element on another
18, therefore,
, rV.dVaa
a = -, .

¢ I'aa
Here 1t 15 to be observed that Ampere’s directrice for the circuit a, is

Vaa,
=] gz

0

the mtegral extending round the circumit; so that, finally,

¢a’ = —rSaqV., Va'é.

4. We may obtan from the general cxpression above the absolutely symmetrical
form,
rV daa
e

if we assume f (Ta)=const., ¥ (Ta)= ;& :

Here the action of o' on a, 15 parallel and equal to that of & on «  The forces,
m fact, form a couple, for @ 18 to be taken negatively for the second—and their
common direction 1s the vector drawn to the corner « of a spherical triangle abe,
whose sides ab, be, ca i order are bisected by the extremities of the vectors Ud’,
Usa, Ua,. Compare Hamilton’s Lectures on Quatermons, § 223—227.

5. To obtan Ampere’s form for the effect of one element on another write, mn
the general formula above,

f(Ta)= Tfa, F(Ta)=0,
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1., aSaa V.a'Vaa,
and we have S8 =- Sa,V [-— T | T

ﬂSgi' _ aSa,uf’ 3aSaa’Saa, . _V-E",VE'
Ta Te ~  Ta* Ta

2 3
=+ ;1.25 (a”Sa,a’ - %S«a’Sua.)

2 ’ 1 y
=— T;, (S. Vad' Vaa, + 3 Saa’baa.) s

which are the usual forms,
6. The remainder of the expression, containing the arbitrary terms, is of course
stall of the form
=8 (V) [aSaV. f(Ta) + «F (Ta)].

In the ordmary notation this expresses a force whose components arc proportional to

(1) Along a,

(Note that, in this expression, 7 1s the distance between the elements.)

, dF

(2) Parallel to o, &’
d

(3) Parallel to a, _d—.):' .

If we assume f=F=—{, we obtain the result given by Clerk-Maxwell (Zlec-
tricity and Magnetsm, § 525), which differs from the above only because he assumes
that the force exerted by one element on another when the first 1s parallel and the
second perpendicular to the hne joming them 1s equal to that exerted when the first
18 perpendicular and the sccond parallel to that lie.

7 What precedes 1s, of course, only a particular case of the following interesting
problem —

Required the most generul expression for the mutual action of two rectilinear
elements, each of which has dwolar symmetry in the direction of its length, and which
may be resolved and compounded according to the usual kwnematical lam,

The data nvolved n this statement are equivalent to I. and IL of Ampere’s data
above quoted  Hence, kecping the same notation as i §2 above, the force exerted
by @, on o must be expressible as

¢,
where ¢ 15 a linear and vector function, whose constituents are hnear and homogeneous
in a;; and, besides, involve only a.
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By interchanging « and o, and changing the sign of @, we get the foree exerted
by o on & If in this we agamn nterchange a, and o, and change the sign of the
whole, we must obviously 1eproduce ¢a’.  Hence we must have ¢a’ changmg 1ts sign

with a, o
¢a’ = PaSa,a’ + QaSaa,Saa’ + 11,80’ + Ra'Saa,

where P, @, R, R arc functions of Ta only
8§ The vector couple exerted by a, on & must obviously be expressible i the

form
V.dwa,

where @ 15 a new hnem and vector function depending on a alone. Hence 1ts most
gencral form 1s
wa, = Pa, + QaSaa,,

whete I and Q are new functions of Ta only. The form of these functions, whether
the expression for the force or for the couple, depends on the special data for cach
particular case. Symmectry shows that there 18 no term such as

R Vaa,.
9 As an cxample, let @, and & be clements of solenowds or of umformly and
hnearly magnetised wires
It 15 obvious that, as a closed solenoid or ring-magnet exerts no external action,
pa’ =— SV ., ya
Thus we have mtioduced a different datum m place of Ampere’s No. ITT But
the case of solenowds the Third Law of Newton holds—hence
¢a’ = Sa,VSa V. ya,
where x 15 a lmear and veetor function, and can therefore be of no other form than
af (1'a).
Now two solenoids, cach extended to infinity m once direction, act on one another
like two magnctic poles, so that (this being our equivalent for Amptic’s datum No. 1V)
a
X2=P g

Hence the vector force exerted by one small magnet on another 1~
a

pSa,VSa'V . T

10 For the couple exerted by one clement of a solenoid, o1 of a umformly
and Iongn,udma,lly magnetised wire, on another, we have of coursc the cxpression
V dwa,

where & 15 some linear and vector function.
T. 31
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Here, in the first place, it is obvious that

3
wa,:—Sﬂ,V.m,
for the couple vanishes for a closed circuit of which a, is an element, and the
ntegral of wa, must be a linear and vector function of a alone. It is casy to sce
that in this case

F(Ta) < (Tay.

11. If, again, a, be an element of a solenoid, and « an element of current,
the force 1s

¢’ =— 8,V . e,
where Yo' = Pa’ + QaSaa’ + RVaa’

But no portion of a solenoid can produce a force on un element of current in the
direction of the element, so that

¢a’ = Va'ya,,
so that P=0, Q=0
and we have ¢a’ = — Sa,V (RVad').

This must be of —1 lincar dimensions when we integrate for the cffect of one pole
of a solenoid, so that

.
R=F,.

If the current be straight and infimte each way, its equation being
a=LR+ 2y,
where Ty=1 and SBy=0,

we have, for the whole force exerted on it by the pole of a solenoid, the expression

+® dz
Pﬁvf_m (—Tﬁ’+a:"5‘_
which agrees with known facts.

—2pB~ly,

12. Swmilarly, for the couple produced by an clement of a wolenoid on an
element of a current we have
Vo'wa,,

where wa,=—Sa,V Ya,

and it 18 casly seen that

ra
V=
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13. In the case first treated, the couple exerted by one current-element on
another is (§ 8, above)
V.dwa,

where, of course, +wa, are the vector forces applied at cither cnd of « Hence the
work done when o' changes its direction 1

- 8. 8dwa,,

with the condition S.a'da =0,

So far, thereforc, as change of direction of a’ alone is concerned, the mutual
potential cnergy of the two elements is of the form

S dwa,
This gives, by the expression for = mn § 8, the following value

PSd'a, + QSaa’Saa;.

Hence, integrating round the circmit of which «, is an clement, we have (On Green's
and other Allied Theorems, § 11, No. XIX. above)

[(PSo'a, + QSaa'Sae,) = [[ds,S . Un,\V (Pa’ + QaSaa),

=>Uds,S. Uy, (a;"i” - a’aQ) )

=(fds,S Uy,Vaa'®,

P
where b= Ta +Q

Integrating this round the other circuit we have for the mutual potential enecrgy of
the two, so far as it depends on the expression above, the valuc

ffds,S . U, [Vaa'd
= —[[ds,SUn [fds'V V (UvV)ad

= f ds, f s’ {SU», Uv (20 + Tad) + Saly'Sally, %}

But, by Ampere’s result, that two closed circuits act on one another as two magnetic

shells, it should be
1
f f de, f f S IST

- f f da, f f as (8. UnUv s+ 38TV Sall, 7}_”) ,
31—2
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Comparing, we have

LIPS |

Ta*
3 _ oy ’
= T'ad i
- 1 , 3
giving P =- T P = T

which are consistent with one another, and lead to

Id 1

Tat 9=~ o
Hence, 1f we put Q=.l__ "
’ 2nTa®’
1+n
we get P=§r-era )
and the mutual potential of two el ts 15 of the form
Sa'a Soa'Saq,
L4 m) 2+ @ =m) 7,

which 1 the expression employed by Helmholtz i hs recent paper  (Ueber die
Bewegungsgleichungen der Electricitat, Crelle, 1870, p. 76)
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XXXII.
ON A SINGULAR THEOREM GIVEN BY ABEL.

[ Proceedangs of the Royul Society of Edwbw gh, December 21, 187+ ]

THE theorem in question, m 1its simplest form, s
N |t by @ dE
0=, e, Ly

Abel's proof of it involves the propeities of the gamma-tunction, and requires that
/7 (E) should be capable of development i powers of £ (Guwres, 1. 27.)

Independently of the teresting kmetic appheation  for which 1t was  ongmally
designed, this result 15 very curons, as suggestmg a torm of the square 100t of the
operation of simple mtegration. In fact 1t gives

d\~! Lo )
((IJ')‘( )= \/wlo \/:—~rl//

Seeking to obtamm an clementary proof ot Abels 1esult, which should at the
same time be applicable to any function, whether developable or not, T hit upon the
simple expedient of inverting the order ot the two mtegrations We thus get the
proof immediately in the form

ff dyf (&) dE H 1§ dedy
Vo= y\/J E N E‘\/l—y‘\/l/ £

Now 1t 15 known (and a simple gcometrlcnl proof is ecasily given) that

\/T—J\/l/—
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Hence the integial becomes at once
= [f @ -f (0]

Numerous cxtensions and applications of the theorem are given

As one cxample of these extensions the following, which assigns an cxpression
1
for (f )" , may here be given—-
o
da, da, d, . y
f"-v'“*‘n... o dn f S OE _pp, B @ -fO)

O (=) " (@) ™ ° (=B "
1
Here E = —-«-i{_e_l —
(l—e) ™ e

and therefore

l)[‘ 1) r ) ( ()I‘ n—l) )
Bl e (1‘ (2)( € g - r<g)" =)
R
- W
The theorcm given by Abel is easily scen to be the particular casc of this

when n=2, for then e
(r )=

Another form of the above multiple mtegral is easily scen to be

”‘f el » de 1 e, n de, f‘f’(e.e,. .. e, de,
3 - e | B L
10

- - B
0 n-1

a1- ) B &;) " (1—en) E

and curious expressions for ((Zc) " (when n 15 even) may be obtamed by cvaluating

the integral
o de, (v da wi de (7 f@)dE
o =D 0 2m=1)(n-T) **"*** o T T2y T =N~
(@ —ay) ™ - ‘”) m (Tpy — @) ™ ( -§ ™

where m is any real qua.nhty whatever.

Other instances of the use of this process were adduced, but those just given
are sufficient for an abstract like the present.
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XXXIII.

ON A FUNDAMENTAL PRINCIPLE IN STATICS.

[Proceedings of the Royal Society of Kdwburgh, December 21, 1874 ]

THE prmeiple that, while additional constraints cannot disturb equilibrium, un-
necessary constraints may be removed without disturbing cquihbrium, 1s of very great
use in the statics of fluids and of elastic and flexible bodies But 1t seems not to
have been made use of to the extent its importance deserves

My attention was recalled to 1t when attempting to comparce the shares taken
by gravity and cohesion m resisting the tendency of the so-called centrfugal force
to split a planet The problem wlich first proposed itself was to determine the
gravitation attraction of onc-half of a umform sphere upon the other

The sextuple mtegral which a dircct solution of this problem would require may
be entirely dispensed with, and its place supphed by a simple single mtegral, if we
magine a thin film of the solid on each side of a diametral plane to be converted
(without change of bulk or density) into an incompressible liquid.

Or we may commence with a sphere of homogencous incompressible hqud. If @
be its radius, p its density, it is easily shown that the whole pressure normal to
any diametral planc—which 18 of course the attraction of the hemspheres on one
another—is

, s

If cach hemsphere were collected at 1ts centre of inertia the attraction would be

4\ .
(,—;) times as great.
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The centnfugal force tending to spht the planet across a diametral plane through
the axis (it 1s casily shown to be greater per umit of area on a diametral than on
any other plane) 1s

1
b ‘
4-lrpm’a.,
where @ 15 the angular velocity of rotation The ratio of these 1s
+
3P
aw?
or the ratio of gravity to centrifugal force at any pomt on the equator  Hence, so

far as gravity 1s concerned, the earth would sphit across a mendian if 1t were to
revolve more than seventcen times faster than it does.

It is known that, if the ecarth revolved seventeen times faster than 1t does,
centrifugal force would just balance gravity at the equator. The relation of this fact
to the above statement depends upon the geometrical proposition that the volume of
a very small shee from the surface of a sphere 1s half the product of its thickness
by the area of its base

And cohesion would not sensibly alter this state of things, for, assuming the
carth’s dameter to be 8000 miles, 1ts mean density 55, and the weight of a cubic
foot of water at the surface 63 lbs, while the average tensile strength of its materials
18 taken as 500 Ibs weight per square inch, the cohesion between the hemispheres 1s

shown to be only th part of their gravitation attraction.

1
25,410
Even if we made the extieme assumption that the tensile strength is (throughout)

that of steel, cohesion would 1n the case of the eatth be only about “l)ot.h of

gravitation attiaction between hemspheres,

Ax a consequence, a planet of the earth’s mean density and the above assumed
tensile strength 18 held together as much by cohesion as by gravitation 1if its radius
18 :g—th of that of the earth, or about 25 miles If of steel’'s tenacity 1t would

V25,410
have a radus of about 409 miles
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XXXIV.

ON THE APPLICATION OF SIR W. THOMSON'S DEAD-BEAT
ARRANGEMENT TO CHEMICAL BALANCES.

[Proceedings of the Royal Society of Edinburgh, February 15, 1875.]

A CONSIDERABLE amount of time 1s lost i making an accurate weighing on
account of the slowness of osaillation of the balance when the loads are nearly equal —
and this loss of time 1s nearly proportional to the delicacy or sensitivencss of the
balance

Hence 1t becomes a matter of importance to endeavour to bring the balance
speedily to rest without, 1f possible, impamring 1ts sensitiveness'—as thus much time
and labour would be saved in weighing

Several methods of applymg gascous friction for this purpose have been tried by
me of late. By far the most successful consists 1n suspending from the beam, either
within or beyond the scale-pans, two very hght closed cylinders which fit closely (but
without touching) mnto two fixed cylinders open at the top only. Apphed to a long
and massive beam with considerable loads 1 its scale-pans, which vibrated for some
minutes when disturbed, this trial apparatus brought 1t to rest after, at most, three
half vibrations,

It 18 now evident that, with a damper properly constructed on this plan, there
is practically no himit (so far as rapidity of weighing alone 1s concerned) to the length
which may be given to a balance-beam, and, of course, no limt to the consequent
sensibihty of the instrument

A very instructive hydrokinetical illustration 1s afforded by this instrument The
closed cylinder, exactly balanced inside the cylinder open at the top, 18 made to ascend
briskly by a gentle current of air blown even vertically downwards on the centre of 1ts
upper end.

T. 32
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XXXV.

ON THE LINEAR DIFFERENTIAL EQUATION OF THE SECOND
ORDER.

[Proceedings of the Royal Society of Edinburgh, January 3, 1876.]

THIS paper contains the substance of investigations made for the most part many
years ago, but recalled to me during last summer by a question started by Sir W.
Thomson, connected with Laplace’s theory of the tides

A comparison is instituted between the results of various processes employed to
reduce the general linear differential equation of the sccond order to a non-linear
equation of the first order The relation between these equations seems to be most
easily shown by the following obvious process, which I lit upon while seeking to
integrate the reduced equation by finding how the arbitrary constant ought to be
involved in 1ts integral.

Let u and v be any functions of z,

du dy
g tdt P o .
e G i ),

where B and A, and therefore their ratio C, are arbitrary constants. The elimination
of C from (1) must of course give a differential equation of the first order in £

,_ W+ O+ C\?
We have £= u+Cv — (ui(fv) :
Now we have, by adding and subtracting multiples of (1), &c.,

,_ W+ P4+ Qu+ C(v"+ Pv+Qu) (v +Cv'\? .
&= il (Vo) P
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whence, if 4 and v are independent integrals of the equation

Y+ Py +Qy=0.cccccriiiiriiiiinniiiiiniiiiiienneaenans (),
we have the required equation

E+E+PE+Q=0,

and the process above shows why 1t takes this particular form.

But (2) gives y=Au+ By
as the complete integral, so we see that ,
Y- E
Yy

Various clagscs of cases in which this form 1s integrable are given, of which the
following 18 one —

Let £=7+Q, then the eqnation becomes integrable in the form

N S
P+mn+1"

provided PVQ +; 3{2 =mQ,
e~IPaz
ie., ,\/QA—_”LF 1Pz g

The next subject treated is the effect of the alteration of sign of P or @ m (2).
This 1s 1llustrated by the cquation
y'tay £y=0,
which 1s ntegrable or at least reducible to quadratures for any of the four combi-
nations of sign

The always integrable case where

P=(C-2)Q

18 next examined

Another portion of the investigation deals with certain 1wfinite but convergent
sertes, whose sums can always be expressed i terms of the integral of a lnear
differential equation of the second order

Consider, for mstance, the expansion
’ 1 1
:z+z_(1+]w+ AP ) ) (1 e ) s .

= 3 P,z" suppose
)ﬂ+l n+2

Obviously we have P, =p*P_, = o F—(m + ITnt 91 +

From this at once % =P,_,, whence Pp=(fdp)*Py....ccc00vvirririinaninn. vees(B)



252 ON THE LINEAR DIFFERENTIAL EQUATION OF THE SECOND ORDER. [XXXV.

d (P, _PJ“"_‘ =" ‘i "
Also A (P}‘)_P""" whence P,=p ( dp) Py (6).
Ehminating P, between (3) and (6), we obtain
d\» . d\»
P”=(873) P (@) Preooreseeeseeeee e .

This equation 13 thus true for all positive integral values of m, and 1ts form at
once shows that 1t is true for negative integral values also. It is very singular that such
a series of equations of all orders should have a common solution. But it depends upon
the fact, which I do not recollect having seen in print, that

d d\t_rd\* rd\»
(da:xfi&) =(dx) x (d—z) ’
This can be verified at once by applying it to #™; as can also the companion formula

(w d%: a:)" =z" (gz)” "™,

Suppose we had, instead of (5) and (6),

dQ. -
TQq- = Qe et e et e e aeaeas (8Y),
o @W=0Q ®
dq QP Q) =" Qnr e X
we should find the same equation (7) for @, as for P,. In fact, as is easily seen,
Qn= P,.
Other pairs which ahke give the equation
d\* _./d\*
RF(E;) - »(47) Rt oeeeeeereee e, )
dR, d (R, R,
are ar =B g ()=
das,

and B S d% (785) = 5™ S

We thus get the two distinct particular integrals of each of the corresponding differcntial
equations

More generally,

and P, = (di

whence P, = (i)'p" (;}_))" P,._.,.
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Changing n—» to m, this becomes
d\™" d)" A i)’"‘Pm
Pu=(E) @) 7 G G o
which, when m =0, agrees with (7). Here n may have any positive mntegral value not
less than m. When we write n=m we have merely a truism. If we put n=m+1,

we arrive at the same result as we should have obtained directly from the first forms of
the cquations (5) and (6) All these series satisfy differential equations of the form

dy dy
@ - (n—1) =Y
Corresponding properties are easily proved for the series forming the coefficients of
the various powers of # 1 the expansions of expressions hke
pomi L pr+
€ ™, ¢ 'z, &, &

It is easily seen that what has been called P, above 1s the infimite series

3 3
L ) T S—— @),
and that quite generally if
—14+ P P P
=1+ 1™ + 1m, 9m + 1m Qm gm + &e.
d\r( d\mymt
we have I, = (di)) (p (ap) ) 10,

whatever positive integer be represented by m. Of this the simplest case 18 II,=e?,
where of course

d\»

(d]i) 1L, = IL.
Again, just as the solution of this equation has the property

€? €1 = ePte,

so it is easy to see that we have m (8)
F@f@=f®+9.

where the bracket over p+g¢ 1s employed to indicate that in the cxpansion we must
square the numerical coefficients of cach term of a power of this binomal, 7e,

p+g=p+q
pHE =p+g+2pg
PHE =P+ +3(pg+pg),

p+q =p'+ ¢+ 4 (pg+pg) +6pg,
&e., &e.,
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and a similar property, though of course involving higher powers of the coefficients,
holds for each of the functions II, above

For the product of any two similar expansions (with different variables) 1s easily
seen to have all its numerical coefficients raised to any given power when those of
the separate expansions are so raised.

The paper contams also an account of various attempts to solve the general
equation of the second order, of which the following may be noted.

&y

a Transform to e -Xy=0,
1dy

and evaluate f 7 da dz®
. 1 dy
at once, just as 7 d.z

is evaluated. The difficulty is reduced to finding the value of

dy\?
J1(&) .
where a single operation is to be effected [Sce a sort of comverse of this notion in
No. XXXII, above. 1897.]

b. Transform to ;Lf:.'_ =X

and express this by the help of an auxihary operation in terms of a merely artificial
quantity z, so that

‘;i +E= S z,

and then all equations of the kind considered can be reduced to the very simple form
dE | b
dz + £2= A=

If this were ntegrated, the only remammng difficulty would lie in the separation
of symbols from the quantities they operate upon.
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XXXVL

ON A POSSIBLE INFLUENCE OF MAGNETISM ON THE
ABSORPTION OF LIGHT, AND SOME CORRELATED SUBJECTS.

[Proceedings of the Royal Society of Edwnburgh, February 7, 1876.]

ProrEssor G. Forbes’ paper, read at a late meeting of the Society, and some
remarks made upon it by Professor Clerk-Maxwell, have once more recalled to me
an experiment which I tried for the first time rather more than twenty years ago,
i Queen’s College, Belfast. I have since that time tred it agan and agam,
whenever I succeeded 1 getting mmproved diamagnetics, a morc powerful field of
magnetic force, or a more powerful spectroscope. Hitherto it has led to no result,
but 1t cannot yet be said to have been fairly tried I mention 1t now because I
may thus possibly be enabled to get a medium thoroughly suitable for a proper
trial.

The idea is briefly this,—The explanation of Faraday’s rotation of the plane of
polarization of hght by a transparent diamagnetic requires, as shown by Thomson,
molecular rotation of the luminiferous medium. The planc polarized ray 1s broken up,
while in the medium, into its circularly-polarized components, one of which rotates with
the ether so as to have its period accelerated, the other against it m a rctarded
period Now, suppose the medium to absorb one definite wave-length only, then—f
the absorption is not interfered with by the magnetic action—the portion absorbed
in one ray will be of a shorter, n the other of a longer, period than if there
had been no magnetic force; and thus, what was orginally a single dark absorption line
might become a double line, the components being less dark than the single one.

Other allied forms of experiment conunected with this subject were discussed
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XXXVII.

FORCE*.

[Nature, September 21, 1876.]

It was not to be expected that at short notice I could produce a lecture which
should commend itself to the Association by 1ts novelty or orginality. But n
science there are things of greater value than even these—namely defimteness and
accuracy. In fact without them there could not be any science except the very
peculiar smattering which is usually (but I hope erroneously) called “popular” It 1s
vain to expect that more than the elements of science can ever be made n the
true sense of the word popular; but 1t is the people’s right to demand of ther
teachers that the information given them shall be at least defimte and accurate,
so far as 1t goes And as I think that a teacher of science cannot do a greater
wrong to his audience than to mystify or confuse them about fundamental piinciples,
so I conceive that wherever there appears to be such confusion it is the duty of a
scientific man to endeavour by all means 1 hs power to remove it Recent criticisms
of works mn which I have had at least a share, have shown mec that, even among
the particularly well-educated class who write for the higher literary and scientific
journals, there is wide-spread ignorance as to some of the most important elementary
principles of physics. I have therefore chosen, as the subject of my lecture to-night,
a very elementary but much abused and misunderstood term, which meets us at
every turn 1 our study of natural philosophy.

I may at once admit that I have nothing new to tell you, nothing which (had
you all been properly taught, whether by books or by lectures) would not have been
famibar to all of you. But if one has a right to judge of the general standard of
popular scientific knowledge from the statements made in the average newspaper—

* Evening lecture by Prof Tait at the Glasgow meeting of the British Association, Sept. 8.
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or even fiom those made m some of the most pretentious among so-called scientific
lectures—there can be but few people in this country who have an accurate know-
ledge of the proper scientific meaning of the httle word Force.

We read constantly of the so-called “Physical Forces”—heat, hght, electricity, &c—
of the “Correlation of the Physical Forces,” of the “Persistence or Conservation of Force”
To an accurate man of science all this 18 simply error and confusion, and I have
full confidence that thc inherent vitality ot truth will render the attempt to foree
such confusion upon the non-scientific public quite as futile as the hopelessly ludicrous
endeavour of the Times to make us spell the word chemistry with a Y instead of
an E. It 1s true that in wmatters such as this last a good deal depends (as Sam
Weller said) “on the taste and fancy of the speller”—and sometimes even absolute
arror 18 of httle or no consequence, But 1t 18 quite another thing when we deal with
the fundamental terms of a science. He who has not exactly caught thewr meaning,
18 pretty certamn to pass from chrome mistakes to frequent blunders, and cannot
possibly acquire a defimite knowledge of the subject

In popular language there 13 no paiticular objection to multiple meanings for the
same word The context usually shows exactly which ot these 15 intended—and their
existence is one of the most fertrile sources of really good puns, such as those of
Hood, Hook, or Barham  And there is no reason to object to such phrases as the
force of habit, the force of example, the force of circumstances, or the force of public
opimwon.  But when we read, as I did last week, i one newspaper, that the “force”
ot a projectile from the 8l-ton gun has at last reached the extraordinary amount of
1,450 feet, i another that the “foree” of a ball from the great Armstrong gun,
lately made for the Itahan government, 15 expected to average somewhere about
30,000 foot-tons—and 1 a third that the water in the boiler of the Thunderer “would
m a second of time generate a ‘force’ sufficient to raise 2,000 tons one foot high”—
we see that there must be, somewhere at least, if not everywhere, a most reckless
abuse of language In fact we have come to what ought to be scientific statements,
and there cven the shghtest degree of unnecessary vagueness 1s altogether intolerable.

Perhaps no scientific Enghsh word has been so much abused as the word “force”
We hear of “Accelerating Force,” “Moving Force,” “Centrifugal Force,” “Living Force,”
“ Projectile Force,” “Centripetal Force,” and what not  Yet, as Wilhamn Hopkims, the
greatest of Cambridge teachers, used to tell us—*Force 15 Force”—ue, there 1s but
one 1dea denoted by the word, and all force 1s of one kind, whether 1t be due to
gravity, magnetism, or electricity This alone serves to give a prchmmay hmt that
(as I shall presently cndeavour to make clear to you) there 1s probably no such
thing as force at all! That 1t is, in fact, merely a convenient expression for a certamn
“rate.” If anyonc should imagme that “3 per cent” 18 a sum of money, he will
soon be grievously undeceived. “3 per cent.” means nothing moic or less than the
vulgar fraction 135 True, the “Three Per Cents” usually means something very
substantial—but there the term 1s not a scientitic one. Think for a moment how
utterly any one of you, supposed altogether ignorant of shipping, would be puzzled
by such a newspaper heading as “ The White Star Line” or “The Red Jucket Clipper.”

T. 33
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No doubt some of our scientific terms approach as near to slang as do these; but
we are doing our best to get rid of them.

A good deal of the confusion about Force is due to Leibnitz and some of his
associates and followers, who, whatever they may have been as mathematicians, were
certainly grossly ignorant of some elementary parts of dynamics, insomuch that Leibnitz
himself is known to have considered the fundamental system of the Principic to be
erroneous, and to have devised another and different system of his own. This fact
18 carefully kept back now-a-days, but it 7s a fact, and (as I have just said) has
had a great deal to do with the vagueness of the terms for Force and Energy in
some modern languages. In fact, m their modern dress the Vis Vawa, Vis Mortua, and
Vis Acceleratriz of that time have, 1n some of their Protean shapes, hooked themsclves
like Entozoa into the great majority of our text-books

Before dealing more definitely with the proper meaning of the word “Force” 1
must briefly consider how we become acquainted with the physical world, and how
consequently it 1s more than probable that some of our most profound impressions,
if uninformed, are completely erroneous and misleading.

In dealing with physical science 1t is absolutely necessary to keep well m view
the all-important principle that—

Nothing can be learned as to the physical world save by observation and expere-
ment, or by mathematical deductions from data so obtaned

On such a text, volumes mght be wntten, but they are unnecessary, for the
student of physical science feels at cach successive stage of his progiess more and
more profound conviction of 1its truth He must rcceive 1t, at starting, as the
unanimous conclusion of all who have m a legitimate manner made true physical
science the subject of their study, and, as he gradually gains knowledge by this—
the only—mecthod, he will sec more and more clearly the absolute impotence of all
so-called metaphysics, or d priwors reasoning, to help hun to a single step in advance.

Man has been left cntirely to himself as regards the acquirement of physical
knowledge. But he has been gifted with various senses (without which he could not
even know that the physical world exists) and with reason to cnable him to control
and understand their indications

Reason, unaided by the senses, is totally helpless in such matters. The indications
given by the senses, unless terpreted by reason, arc utterly unmeaning. But when
reason and the senses work harmoniously together, they open to us an absolutely
illimitable prospect of mysteries to be explored This 1s the test of true science—
there is no resting-place—each real advance discloses so much that 1s new and easily
nccessible that the investigator has but scant time to co-ordinate and consohdate his
knowledge before he has additional materials poured into his store.

To sight without reason, the universe appears to be filled with hght—except, of
course, in places surrounded by opaque bodies.
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Reason, controlling the indications of sense, shows us that the sensation of hght
18 our own property ; and that what we understand by brightness, &c, does not
exist outside our minds. It shows us also that the sensation of colour is purely
subjective, the only difference possible between different so-called rays of light outside
the eye being merely in the extent, form, and rapidity of the vibrations of the
luminiferous medium

To hearing, without reason, the air of a busy town secms to be filled with
sounds  Reason, mnterpreting the indications of sense, tells us that if we could SEE
the paticles of air, we should observe among them simply a comparatively slow
agitation of the nature of alternate compressions and dilatations superposed upon their
raprd motions among onc another. And our classification of sounds as to loudness,
pitch, and quality, 15 merely the subjective correlative of what n the air-particles 1s
objectively the amounts of compression, the rapidity of its alternations, and the greater
ov less complexity of the alternating motion

A blow from a stick or a stone produces pain and a bruise, but the motion of
the stick or stone before 1t reached the body 18 as different from the sensation
produced by the blow as 15 the alternate compression and dilatation of the ar from
the sensation of sound, or the etherial wave-motion from the sensation of light.

Hence to speak, as the great majority even of “educated” people do, of what
we ordmmanly mean by hght or sound, as existing outside ourselves, 18 as absurd as
to speak of a swiftly-moving stick or stonc as pamn. But no inconvenience 1s occa-
sioned if we announce the mtention to use the terms light and sound for the
objective phenomena, and to speak of their subjective cffects as “luminous impressions”
or “nowe,” as the case may be In this case there 18 outside us encrgy of motion
of cvery kind, but 1 the mind merc corresponding impressions of brightness and
colour, nose or harmony, pain, &ec., &c.

As another instance, 1t is obvious that wec must be extremely cautious mn our
mterpretation of the immediate evidence of our own senscs as to heat.

Touch, 1 succession, various objects on the table. A paper-weight, especially if
16 be metallic, 1s usually cold to the touch; books, paper, and especially a woollen
table-cover, comparatively warm. Test them, however, by means of a thermometer, not
by the sense of touch, and in all probability you will find httle or no difference in
what we call their temperatures. In fact, any number of bodies of any kind shut up
m an nclosure (within which there 1s no fire or other source of heat) all tend to
acquire ultimately the same temperature. Why, then, do some feel cold, others warm to
the touch ?

The reason is simply this—the sense of touch does mot inform us directly of
temperature, but of the rate at wlich our finger gains or loses heat. As a rule
bodies m a room arc colder than the hand, and heat always tends to pass from a
warmer to a colder body. Of a number of bodies, all equally colder than the hand,
that one will seem coldest to the touch which is able most rapidly to convey away
heat from the hand. The question, therefore, is one of conduction of heut And to
assure ourselves that 1t is so, reverse the process: let us, wn fact, try an expervment,

33—2
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though an exceedingly simple one; for the cssence of experiment 18 to modify the
circumstances of a physical phcnomenon so as to increase its value as a test. Put
the paper-weight, the books, and the woollen table-cloth into an oven, and raise them
all to one and the same temperature—considerably above that of the hand. The
woollen cloth will still be comparatively cool to the touch, while the metal paper-
weight may be much too hot to hold. The order of these bodies, as to warm and
cold, in the popular sense, is in fact reversed; and this 18 so because the hand 18
now recetng heat from all the various bodies expernnented on, and 1t receives most
rapudly from those bodies which 1n their previous condition were capable of abstracting
heat most rapidly However it may be in the moral world, in the physical umverse

the giving and taking powers of one and the same body are strictly correlative and
cqual.

Thus the direct indications of sensc are in general utterly musleading as to the
relative temperatures of different bodies.

Tn a baker's oven, at temperatures far above the boiling pomnt of water (on one
occasion even 320° F.,, so high indeed that a beef-steak was cooked 1n thirteen
minutes), Tillet in France, and Blagden and Chantrey in England, remained for
nearly an hour m comparative comfort. But though their clothes gave them no great
mceonvenience, they could not hold a metallic pencil-case without being severely burned.

On the other hand, gieat care has to be taken to cover with hemp, or wool, or
other badly conducting substance, every piecc of metal which has to be handled in
the intense cold to which an Arctic expedition 1s subjected, for contact with very
cold metal produces sores almost undistingmishable from burns, though duc to a
dircctly opposite cause. Both of these phenomena, however, ultimately depend on the
comparative facility with which heat is conducted by metals.

Even from the instance just given, you cannot fml to see that there 15 a
profound distinction between heat and temperature. Heat, whatever 1t may be, 1s
SOMETHING which can be transferred from one portion of matter to another; the
consideration of temperatures 1s virtually that of the mere CONDITIONs which dctermine
whether or not theie shall be a transfer of heat, and in which direction the transfer
is to take place. Bear this carefully in mind, because it has most important analogies
to the results we meet with in considering the nature of Force,

It has been defimtely estabhshed by modern science that heat, though not material,
has objecti {7 in as complete « sense as matter has.

This may appear, at first sight, paradoxical; but we must remember that so-called
paradoxes are merely facts as yet unexplained, and therefore still apparently incon-
sistent with others already understood m their full significance.

When we say that matter has objective existence, we mean that it 1s something
which exwsts altogether independently of the senses and brain-processes by which alone
we are informed of its presence. An exact or adequate conception of it, if it could
be formed, would probably be something very different from any conception which
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our senses will ever cnable us to form; but the object of all pure physical science
18 to endeavour to grasp wmore and more perfectly the nature and laws of the
external world, using the imperfect means which are at our command—reason acting
as mterpreter as well as judge, while the senses arc merely more or less untrust-
worthy and incompetent witnesses, but still of inconceivable value to us becanse they
arc our only available ones.

Without further discussion we may state once for all that our conviction of the
objective reality of matter is based maimly upon the fact, discovered solely by exper-
ment, that we cannot in the slightest degree alter its quantity We canuot destroy,
nor can we produce, even the smallest portion of matter. But reason requires us to
be consistent in our logic, and thus, if we find anything clse 1 the physical world
whose quantity we cannot alter, we are bound to admit it to have objective reality
ag truly as matter has, however strongly our senses may predispose us against the
concession. Heat therefore, as well as light, sound, electric currents, &c., though not
forms of matter, must be looked upon as being as real as matter, sumply because they
have been found to be forms of cnergy—which in all 1ts constant mutations satisfies
the test which we adopt as conclusive of the reality of matter. We shall find that
this test fails when applied to force.

But you must again be most carefully warned to distinguish between heat and
the mere sensation of warmth, just as you distinguish between the motion of a cndgel
and the pain produced by the blow. The one 1s the thing to be measured, the other is
only the more or less imperfect reading or mdication given by the instrument with
which we attempt to measurc 1t 1 terms of some one of 1ts effects So that when
your muscular sense impresses on you the notion that yon are exerting force as in
pushing or pulling, you ought to be very cautious mn forming a judgment as to what
18 really going on, and you ought to demand much farther evidence before admitting
the objective reality of force

Until all physical science 1s reduced to the deduction of the inmumerable mathe-
matical couscquences of a few known and simple laws, 1t will be 1mpossible altogether
to avoid some confusion and repetition, whatever be the arrangement of its various parts
which we adopt in biinging them before a begmner. But when we confine ourselves to
one defimte branch of the subject, all of whose fundamental laws can be distinetly
formulated, there need be no such confusion Here in fact the mathematician has it all
m his own hands. He is the skilled artificer with his plan and his trowel, and the
hodmen have handed up to him all the requsite bricks and mortar.

[Prof. Tait gave a quotation 1n support of this view.]

Whether there is such a thing as force or mot I shall consider presently But
m the meanwhile there can be no doubt that it 1s a convement term, provided it
be employed in one definite sense, and one only. Let us then first see how it 1s
to be correctly used. Here we cannot but consult Newton. The sense in which he
uses the word “force,” and therefore the sense in which we must continue to use
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it 1f we desire to avoid intellectual confusion, will appear clearly from a bref con-
sideration of his sumple statement of the laws of motion.

The first of these laws is: Kvery body continues in its state of rest or of uniform
motion in a stratght hne, except in so fur as it is compelled by tmpressed forces to change
that state

In other words, any change, whether 1n the direction or in the rate of motion
of a body is attributed to force. Thus a stone let fall moves quicker and quicker,
and we say that a force (viz, the weight of the stone, or the earth’s attraction for
1t) is continually acting so as to increase the rate of thc motion. If the stone be
thrown upwards, the rate of its motion contmually diminishes, and we say that the
same force (the stone’s weight) 18 continually acting so as to produce this dimmution
ot speed. So far, none of you probably feels the least difficulty. But we have got
only half of the information on this pomnt which Newton's first law affords. You
sce the moon revolving about the ecarth, and the earth and other planets revolving
about the sun—approximately, at least, in cieles. Why 1s this? Thewr dirvections of
motion are constantly changing; m fact, a curved lme is mcrely a lne whose
direction changes from point to point, while a straight line 13 one whose direction
does not change, but to produce this change of dircction force is required just as
much as to produce change of spced. That 1s supphed by the gravitation attraction
of the central body of the system. The old notion was that a centripetal force was
required to balance the so-called centrifugal force, 1t being imagined that a body
moving m a crcle had a tendency to fly outwards from the centre! Newton's
simple faw exposes fully the absurdity of this. If a body 15 to be made to move
in a curved line nstead of 1ts natural straight path, you must apply force to compel
1t to do so, certainly not to prevent it from flymng outwards from the centre, about
which 1t 18 for the moment revolving. In fact, incrtia means, not revolutionary
activity, but dogged perseverance, and just as you must apply force in the direction
of motion to change the rate of motion, so must you apply force perpendicular to
the direction of motion to change that direction.

Newton’s second law 18 now required: Change of motion is proportional to the
umpressed force, and takes place in the direction of the strawght line wn which the
Sorce acts.

Mark here most carefully that this onc simple law holds for all kinds of force
alike. There is no special law for gravitation-force and others for electric and magnetic
forces. All are defined alike, without reference to their origin.

Motion, as Newton has previously defined it, is here used as a technical scientific
term for what we now call momentum. It is the product of the mass moving into the
velocity with which 1t moves. “Change of motion,” thereforo, is change of momentum,
or the product of the mass of the moving body into its change of velocity. Now a
change of veloaity 1s 1tselt a velocity, as we see by the science of mere motion—
kinematics—the purely mathematical science of mixed space and time.
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Newton’s words, however, mmply more than this. Of course, the longer a given
force acts, the greater will be the change of momentum which 1t produces; so that to
compare forces, which 1s the cssence of the process of measuring them, we must give
them equal times to act—or, m scientific language, we must measure a force by the
rate at which 1t produces change of momentum Rate of change of velocity 1s called m
kinematics acceleration. Thus the measure of a force 18 the product of the mass of
the body moved mto the acceleration which the force produces in 1t This 18 the
so-called Vis motriz, or “moving force” of the Cambridge text-books —the so-called Vis
acceleratriz, or “accclerating force,” being really no force at all, but another name
for the kinematical quantity acceleration which I have just defined.

Umt force 15 thus that force which, whatever be its source, produces unit momentum
i unit of time. If we employ British umts—umt of force 15 that which, in one second,
gives to one pound of matter a vcloaity of one foot per sccond Here you must carefully
notice that a pound of matter 18 a certam mass or quantity of matter. When you buy a
pound of tea, you buy a quantity of the matter called tea, equal m mass to the standmd
pound of platinum. The 1dea of weight does not enter primarly into the process
In fact, the use of an ordinary balance depends upon one clause of Newton’s law
of gravitation—which tells us that m any locality whatever, the weights of bodies
are equal if then masses are equal The weight of a pound of matter varies from place
to place on the carth’s surface—it depends on the attracting as well as the attracted
body. The mass of a body 1s 1ts own property The earth’s attraction for a body,
or the weight of the body, 15 a force which produces in 1t in one second, a veloeity
which (i this latitude, and at the sea-level) 18 about 32:2 fect per sccond. So that,
m  Glasgow the weight of a pound—which we take as our standard of mass—is
rather more than thirty-two umts of force, or, what comes to the same thing, the
British unit of force 13 about the former weight of a penny letter—half an ounce.

Some people are mn the habit ot confounding force with momentum. No one having
sound ideas of cven eclementary mathematics could be gumlty of this or any <inmla
monstrosity. He would as soon, as Hopkms used to say, measure heights m acres,
or arable land in cubic mles. But to show to a non-mathematician that it 15 really
monstrous to confound force and momentum, 1t suffices to change the system of umts
employed 1n measuring them, when 1t will be found that, if numerically equal for
any one systemn of umts, they arc necessarily rendered unequal by a mere change of the
umt employed for time. Now two things which are really equal to one another must
necessarily be expressed by the same numerical quantity whatever system of units be
adopted. Let us try then umt of force and unit of momentum, as defined by pound,
foot, second, umts: and see what alterations & common change of these fundamental
units will make in their numerical expression.

Umt momentum is that of onc pound of matter moving with a velocity of one
foot per second. Unit force is that force which, acting for onc second, produces in
unit of mass a velocity of onc foot per second. In each of these statements you
may put an ounce or a ton, mnstead of a pound, and an inch or a mile in place
of a foot, and their relative valuc will not be altered. But suppose we take a
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minute instead of a second as the umt of time One foot per second 1s sixty feet
per minute—so this change of the time unit increases sixty-fold the nominal value
of thc momentum considered But in the case of the force our statement would stand
thus:—What we formerly called unit of force is that which, acting for one-sixtieth
only of our new umit of tune produces in a mass of one pound, sixty-fold the uew
umt of velocity. In other words the number expressing the momentum is increased

sixty-fold, while that representing the force is increased three thousand six hundred
fold.

In fact, whatever be the system of units you employ—if you increase in any
proportion the unit of time, the measure of a momentum 15 ncreased, m that proportion
simply, while that of a force 1s increased in the duplicate ratio. The two things
are, therefore, of .quite dissimlar nature, and cannot lawfully be equated to one another
under any circumstances whatever

The mathematician expresses thiy distinction at once by saymng that momentum
18 the time-integral of force, because force is the rate of change of momentum,

But what I have already said as to the meaning of Newton’s two first laws leaves
absolutely no doubt as to the only defimte and correct meamng of the word force.
It 15 obviously to be applied to any pull, push, pressure, tension, attraction, or repulsion,
&c, whether applied by a stick or a string, a chain or a girder; or by means of
an invisible medium such as that whose existence 15 made certain by the phenomena of
light and radiant heat, and which has been shown with great probabihity to be capable
of explaining the phenomena of electricity and magnetism

I have already mentioned to you that the notion of force is suggested to us
by the so-called muscular sense, which gives us a peculiar fechng of pressure when
we attempt to move a piece of matter. To get a notion of what 1t really means we
must agan have recourse to physical facts mstead of the uncontrolled evidence of
the senses. Almost all that 1s required for this purpose 1s summed up for us in the
remaining law of motion. Beforc we take it up, however, let us briefly consider the
position at which we have arrived

We have seen how to get rid of two gratuitous absurdities—the so-called centri-
fugal force and accclerating force, and we must proceed to exterminate living force.
Cormoran and Blunderbore have been disposed of, but a morc dangerous giant remains
More dangerous because he 18 a reality, not a phantom like the other two. What-
ever force may be, there 18 no such thing as centrifugal force, and accelerating force
18 not a physical idea at all. But that which 1s denoted by the term lving force,
though 1t has absolutely no night to be called force, 13 something as real as matter

itself. To understand 1ts nature we must have recourse to another quotation from
the Principia.

Newton’s third law of motion is to the effect that—

“To every action there is always an equal and contrary reaction; or, the mutual
actions of any two bodies are always equal and oppositely directed.”
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This law Newton first shows to hold for ordinary pressures, tensions, atiractions,
impacts, &ec., that is for forces exerted on one another by two bodies, or their time-
integrals. And when hc says—“If any one presses a stone with his finger his finger
is pressed with an cqual and opposite force by the stone,” we begin to suspect that
force is a mere name—a convenient abstraction—not an objective reality.

Pull one end of a long rope, the other bemg fixed. You can produce a prac-
tically wnfinite amount of force, for there 18 stress across every scction throughout the
whole length of the rope Press upon a movable piston n the side of a vessel full
ot liqud. You produce a practically infinite amount of force—for across every ideal
scetion of the hquid a pressure per square inch 18 produced equal to that which you
apphed to the piston. Let go the rope, or cease to press on the piston, and all
this practically infimte amount of force 1s gone!

The only man who, to my knowledge, ever tried to discover experimentally what
might be correctly called conservation of force, was Faraday. He was not satistied with
the mode of statement of Newton’s law of gravitation, in which the mutual attraction
between two bodies 18 sad to VARY inversely as the square of their distance from
onc another. When the distance between two bodies 1s doubled, their mutual attrac-
tion falls off to onc-fourth of what 1t formerly was. Faraday seriously set to work
to determinc what became of the three-fourths which have disappeared, but all his
skill was insufficient to give him any result Faraday's msight was so profound that
we cannot assert that something may unot yet be discovered by such experiments,
but 1t will assuredly not be a conservation of force.

But Newton procceds to point out that this thid law 1s true in another and
much higher sense  He says:—

«If the action of an agent be measured by the product of its force wnto ats
velocty, and of, sumlarly, the reaction of the resistance be measured by the velocitres
of us several parts wnto thewr forces, whether these arwse from friction, cohesion, weight,
or acceleratwon, actwn and reaction, w all combinations of machines, unll be equal and
opposite.”

The actions and reactions which are here stated to be equal and opposite, are
no longer simple forces, but the products of forces nto their velocitics; ie., they are
what arc now called rates of doing work, the time-rate of increase, or the increase
per second of a very tangible and real soMErHING, for the mcasurement of which
rate Watt 1ntroduced the practical umit of a horse-power, or the rate at which an
agent works when 1t Dhfts 33,000 pounds 1 foot high per minute agamst the carth's
attraction

Now think ot the difference between raising a hundredweight and endeavouring
to raise a ton  With a moderate exertion you can rawse the hundredweight a few
feet, and in s descent 1t might be employed to drwe machwnery, or to do some other
specres of work But tug as you pleasc at the ton, you will not be able to hft 1t,
and therefore, after all your cxertion, 1t will not be capable of doing any work by
descending again

T. 34
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Thus it appears that jforce 13 a mere name, and that the product of a force
into the displacement of its point of application has an objective existence. In fact,
modern science shows us that force is merely a convement term employed for the
present (very usefully) to shorten what would otherwise be cumbrous expressions; but
it is not to be regarded as a thing, any more than the bank rate of interest (be it
2, 2%, or 3 per cent.) is to be looked upon as a sum of money, or than the birth-
rate of a country is to be looked upon as the actual group of children born in a
year. Another excellent instance is to be had from the ranfall We say rain fell
on such a day at the ratec of an inch in twenty-four hours. What can be an inch
of ramn? especially when we mean a linear, not a cubic inch But therc 1s no con-
fusion or absurdity here What is implied is that, if it had gone on raining at that
rate for twenty-four hours, and 1if the ramm (hke snow) remained where it fell, the
ground would have been coated to the depth of an inch.

In fact, a simple mathematical operation shows us that 1t is piecisely the same
thing to say —

The horse-power of an agent, or the amount of work done by un agent in each second,
18 the product of the force tnto the average velocity of the agent,

and to say—
Force is the rate at which an agent does work per wmit of length.

In the special 1llustration of Newton’s words which I have just given, the resistance
was a weight, that of a hundredweight or of a ton When the resistance was overcome,
work was done, and 1t was stored up for use i the raised mass—mn a form which
could be made use of at any future time

Following a hint given by Young, we now employ the term ENERGY to sigmfy
the power of doing work, in whatever that power may consist The raised mass, then,
we say possesses, in virtue of its elevation, an amount of cnergy preciscly equal to
the work spent m raising it This dormant, or passive, form is called potential energy.
Excellent stances of potential energy are supphed by water at a high level, or with
a “head,” as 1t is technically called, 1n virtue of which 1t can in 1ts descent drive
machinery, by the wound-up “weights” of a clock, which in their descent keep it gomng
for a week, by gunpowder, the chemical affinities of whose constituents are called into
play by a spark, &c, &c

Another cxample of 1t is suggested by the word “cohesion,” employed in Newton’s
statement, which must obviously be taken to include what are called molecular forces
n general, such as, for instance, those upon which the elasticity of a sohd depends.

When we draw a bow, we do work, because the force exerted has a velocity;
but the drawn bow (like the raised weight) has in potential energy the equivalent
of the work so spent. That can in turn be expended upon the arrow, and what
then ?

Turn, agam, to Newton’s words, and we see that he spcaks of one of the forms of
resistance as arising from * acceleration.” 1In fact the arrow, by its inertia, resists being
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set in motion, work has to be spent in propelling it, but the moving arrow has that
work in store in virtue of 1ts motion. It appears from Newton’s previous statements
that the measure of the rate at which work is spent n producing acceleration is
the product of the momentum into the acceleration in the direction of motion, and the
encrgy produced 1s measured by half the product of the mass wnto the square of the
velocty produced in it. This active form is called kinetic energy, and 1t 18 the double of
this to which the term wis wwa, or hwng force, has been erroneously appled.

As 1nstances of ordinary kinetic energy, or of mixed kinetic and potential energes,
take the following:—A current of water capable of driving an undershot wheel,
winds, which also arc used for driving machinery ; the energy of water-waves or of sound
waves, the radiant energy which comes to us from the sun, whether it affect our nerves
of touch or of sight (and therefore be called radiant heat or light) or produce chemical
decomposition, as of carbonic acid and water in the leaves of plants, or of silver salts
photography (and be therefore called actinism), the cnergy of motion of the particles
of a gas, upon which 1ts pressure depends, & [When the motion 1s wvibratory the
energy is generally half potential, half kinetic.]

These explanations and definitions being premised, we can now translate Newton's
words (without alteration of their meammng) mto the language of modern science, as
follows -—

Work done on any system of bodies (in Newton’s statement the parts of any
machine) has s equivalent i work done agawnst friction, molecular forces, or gravity,
if there be no acceleration, but if there be acceleration, part of the work is ewpended
e overcomang the resistance to acceleration, and the additional kinetic energy developed
15 equivalent to the work so spent

But we have just seen that when work 18 spent against molecular forces, as 1o
drawing a bow or winding up a spring, 1t 1s stored up as potential energy. Also 1t
18 stored up 1 a similar form when done against gravity, as in raising a weight.

Hence 1t appears that, according to Newton, whenever work is spent 1t 1s stored
up either as potential or as kinetic energy, except, possibly, n the case of work done
agamst friction, about whose fate he gives us no mformation Thus Newton expressly
tells us that (except, possibly, when there 1s friction) work s indestructible, 1t 15
changed from one form of energy to another, and so on, but never altered in quantity.
To make this beautiful statement complete, all that is requisite 18 to know what
becomes of work spent against friction.

Hete, of couise, cxperiment is requisite Newton, unfortunately, seems to have
forgotten that savage men had long since been in the habit of making 1t whenever
they wished to procure fire. The patient rubbing of two dry sticks together, or (still
better) the driling of a soft piece of wood with the shghtly blunted pomnt of a hard
prece, 18 known to all tribes of savages as a means of setting both pieces of wood on fire
Here, then, heat 15 undoubtedly produced, but it s produced by the ezpenditure of
work. In fact work donme agamst friction has its equivalent in the heat produced

34—2
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This Newton failed to see, and thus his grand generalisation was left, though on one
point ounly, incomplete. The converse transformation, that of heat into work, dates
back to the time of Hero at least. But the knowledge that a certain process will
produce a certain result does not necessarily imply even a notion of the “why”;
and Hero as lhttle imagined that in his wmolipile heat was converted into work, as do
savages that work can be converted info heat.

But whenever any such conversion or transference takes place there is necessarily
motion: and the mere rate of conversion or transference of energy per unit length
of that motion is, in the present state of sci very conveniently called force No
confusion can amse from using such a word in such a sense. On the contrary, there
18 always a gain n clearness when compactness can lawfully be mtroduced.

Rumford and Davy, at the very end of last century, by totally different experi-
mental processes, showed conclusively that the materiality of heat could not be
mamtained, and thus gave the means of completing Newton’s statement which, still
farther extended and generahsed rather more than thirty years ago by the magmificent
experimental work of Colding and Joule, now stands as onc massive pillar of the fast-
rising temple of science .—known as the law of the conservation of energy

The conception of kinetic energy is a very simple one, at least when visible
motion alone is nvolved. And from motion of visible masses to those motions of the
particles of bodies whose energy we call heat, is by no means a very difficult mental
transition ~ Mark, however, that heat 18 not the mere motions but the cnergy of these
motions, a very different thing, for heat and kinetic energy n general are no more
“modes of omotion” than potential cnergy of every kind (including that of unfired
gunpowder) is a “mode of rest!” 1In fact a “mode of motion” is, if the word motion
be used in its ordinary sense, purely kinematical, not physical, and if motion be used
in Newton's sense, it refers to momentum, not to energy

The conception of potential energy, however, 1s not by any mecans so easy or
direct In fact, the apparently direct testimony of our muscular sense to the existence
of force makes 1t at first much easier for us to conceive of force than of potential
energy. Why two masses of matter possess potential energy when scparated—in virtue
of which they are conveniently said to attract one another—is still one of the most
obscure problems mn physics. I have not now time to cnter on a discussion of the
very ingenious idea of the ultramundane corpuscles, the outcome of the life-work of
Le Sage, and the only even apparently hopeful attempt which has yet been made to
explain the mechanism of gravitation. The most remarkable thing about 1t is that, if
1t be true, 1t will probably lead us to regard all kinds of cnergy as ultimately kinetic,

And a singular quasi-metaphysical argument may be raised on this point, of which
I can give only the barest outline. The mutual convertibility of kinetic and potential
energy shows that relations of equahty (though not necessarly of identity) can exist
between the two, and thus that their proper expressions involve the same fundamental
upits, and 1 the same way. Thus, as we have already seen that kinetic energy
involves the unit of mass and the square of the linear unit directly, together with
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the square of the time unit inversely, the same must be the case with potential
energy; and it seems very singular that potential energy should thus essentially involve
the unit of time if it do not ultimately depend in some way on energy of motion

[Prof. Tait then gave instances of the inaccurate use of the word Force.]

To lude—In defe of y, which is the sine qud non of all science, we
must be “zealous,” as it were, even to “slaying.” And, as all the power of the
Times will not compel us to put a y instead of an e into the word chemist, so
neither will the bad example of Germany and France, though recommended to us
with all the authonty which may be attributed to an ex-president of this Association,
succeed in 1nducing us to attach two or more perfectly distnct and incompatible
scientific meanings to that useful httle word, *force,” which Newton has once and
for cver defined for us with his transcendent clearness of conception.

I have now only to ask your indulgence for the crudeness of this lecture. All
I can say 1s that in preparing 1t, I have donc my best, under circumstances of time,
place, and swrroundings, all ahke unpropitious But the chance of bemg able to back
up, however imperfectly, my old friend, Di Andrews, in whose laboratory I first
learned properly to use scientific apparatus, and whose sage counsel impressed upon
me  the paramount mmportance of scientific accuracy, and above all, of scientific
honesty—such a chance was one which no surroundings (however unpropitious) could
have induced me to forego.
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XXXVIIL
SOME ELEMENTARY PROPERTIES OF CLOSED PLANE CURVES*.

[Messenger of Mathematics, New Series, No. 69, 1877.]

THE closed curves contemplated are supposed to have nothing higher thun double
ponts. By infinitesimal changes of position of the branches intersecting in it, a triple
point i3 decomposable into 3 double points, a quadruple pont into 6, and generally
an z-ple pomnt into ai‘(;g ?21) double points

I A closed curve cuts any infinite unknotted line 1n an even number of points
[Infinite here implies mcrely that both ends are outside the closed curve]

For, if it be broken anywhere, as at A (fig 1), both free énds are on the same
side of the infinite linc.
II. The same is true if the mfinite line be knotted

For, as there 1s nothing higher than a double pomnt, the, knotted line may be
opened up mto an unknotted one (as in fig. 2) without changing the circumstances.

It is an interesting problem to find the number of such modes of opening a
given knot. An extension of ths problem leads to the questiyn of the number of
essentially distinct ways in which a closed curve may be broken up into separate
closed curves, knotted or unknotted (fig. 3). )

III. If any two closed curves cut one another, therc is an ev\en number of points
of intersection. i

* Communicated to Section A, at the 1876 Meeting of the British A!I\Foiauon.
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For there must be points of one of them at least in the outer boundary of the
complex figure. Open it at such a pomt, and the line becomes mnfinite in the sense
of I above (fig 4).

IV. In going continuously along a closed curve from a point of intersection to
the same point again an even number of intersections is passed.

For (a) If the partial path cross itself, 1t must pass twice through each such
intersection.

(b) As regards the rest, the two parts may be considercd to be separate closed
curves as m III

V. Hence, in going 1ound such a closed cuive we may go alternately above and
below the branches as we meet them (fig. 5). Strictly speaking, we have only now
arrived at Knots; and, mn what precedes, we ought to read ‘autotomic’ for ‘knotted’

VI By IIL the sdame proposition is truc of a complex arrangement of any
number of sepaiate closed curves superposed mn any manner (fig 6).

VIL. In passmg from the interior of any one cell to that of any other—in any
system of superposed closed curves—the number of crossings is always even or always
odd, whatever path be taken.

For any path from the exterior, through each of these cells to the exterior
agamn, has an even number of crossings. Varying only the part of this path between
the two cells, 1t must have always an even or an odd number of crossings.

VIIL. Hence, the cells may be coloured black and white in such a way that
from white to white there 1s always an even number of crossings, and from white to
black an odd number. Such closed curves thercforc divide the plane as nodal lnes
do a vibrating plate (fig. 7)

The development of this subject promises absolutely endless work—but work of
a very Interesting and useful kind—becanse it is intimately connected with the theory
of knots, which (especially as apphed in Sir W. Thomson’s Theory of Vortex Atoms)
is likely soon to become an important branch of mathematics.
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XXXIX.

ON KNOTS.

T'ransactions of the Royal Society of Edwnburgh, 1876-7. Revised May 11, 1877
Y Y ° (/ Y

THE followmng paper contans, in a compact form, the substance “of several some-
what bulky communications laid before the Society during the present session The
gist of each of these scparate papers will be easily seen from the abstracts given m
the Proceedings. These contain, m fact, many things which I have not reproduced
m this digest. Nothing of any mmportance has been added since the papers were
read, but the contents have been very much simphfied by the adoption of a different
order of arrangement and long passages of the carlier papers have been displaced
i favour of short general statements from the later oncs. With the exception of the
portion which deals with the mamn question rmsed, this paper 18 fragmentary n the
extreme Want of leisure or press of other work may justly be pleaded as one
cause, but there 18 more than that. The subject 15 a very much more difficult and
mtricate one than at first sight one 1s inclined to think, and I feel that I have not
succeeded 1n catching the key-note. When that 1s found, the various results here
given will no doubt appear in their real connection with one another, perhaps even
as immediate consequences of a thoroughly adequate ption of the quest

I was led to the consideration of the forms of knots by Sir W. Thomson’s
Theory of Vortex Atoms, and consequently the pont of view which, at least at first,
I adopted was that of classifying knots by the number of their crossings, or,
what comes to the same thing, the wveshgation of the essentially different modes of
jomng pownts w a plane, so as to form sngle closed plane curves wnth a gwen
number of double points.

The enormous numbers of lines in the spectra of certain elementary substances
show that, 1if Thomson’s suggestion be correct, the form of the corresponding vortex

T. 35
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atoms cannot be regarded as very sumple. For though there is, of course, an infimte
number of possible modes of vibration for every vortex, the humber of modes whose
period is within a few octaves of the fundamental mode 1s small unless the form of
the atom be very complex. Hence the difficulty, which may be stated as follows
(assuming, of course, that the visible rays emitted by a vortex atom belong to the
graver periods):—“ What has become of all the simpler vortex atoms?” or “Why
have we not a much greater number of elements than those already known to us?”
1t will be allowed that, from the point of view of the vortex-atom theory, this 18
almost a vital question

Two considerations help us to an answer. First, however many simpler forms
may be geometrically possible, only a very few of these may be forms of kinctic
stability, and thus to get the sixty or seventy permanent forms required for the
known elements, we may have to go to a very high order of complexity. This leads
to a physical question of excessive difficulty. Thomson has brietly treated the subject
in his recent paper on '*Vortex Statics®,” but he cannot be smd to have as yet
even crossed the threshold But secondly, stable or not, are there after all very many
different forms of knots with any given small number of crossings? This is the
main question treated in the following paper. and 1t seems, so far as I can ascertain,
to be an entirely novel one

When I commenced my mvestigations I was altogether unaware that anything had
been written (from a scientific pont of view) about knots. No one m Scction A at
the British Association of 1876, when I read a little paper (No. XXXVIIIL above) on
the subject, could give me any 1eference, and 1t was not till after I had sent my
second paper to this Society that I obtained, mn consequence of a hint from Professor
Clerk-Maxwell, a copy of the very remarkable Essay by Listing, Vorstudien zur
Topologiet, of which (so far as 1t bears upon my present subject) I have given a
full abstract mn the Proceedings of the Society for Feb. 3, 1877. Here, as was to be
cxpected, T found many of my results anticipated, but I also obtained one or two
hints which, though of the bricfest, have since been very useful to me. Listing does
not enter upon the determination of the number of distinet forms of knots with a
given number of intersections, i fact he gives only a very few forms as examples,
and they are curously enough confined to three, five, and seven crossings only; but
he makes several very suggestive remarks about the representation of knots in general,
and gives a special notation for the representation of a particular class of “reduced”
knots. Though this has absolutely no resemblance to the notation cmployed by me
for the purpose of finding the number of distinct forms of knots, I have found a
Jlight modification of 1t to be very useful for various purposes of illustration and
transformation. This work of Listing’s, and an acute remark made by Gauss (which,
with some comments on 1t by Clerk-Maxwell, will be referred to later), scem to be
all of any consequence that has been as yet wntten on the subject I have acknow-
ledged in the text all the hints I have got from these writers, and the abstract of
Listing’s work above referred to will show wherein he has anticipated me.

* Proc. RS.E 1875—6 (p. 59) + Gottinger Studien, 1847.
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Part I

The Scheme of « Knot, and the number of distinct Schemes for each degree
of Knottiness

§ 1. My investigations d with a recognition of the fact that in any
knot or linkage whatever the crossings may be taken throughout alternately over
and under. It has been ponted out to me that this seems to have been long
known, if we may judge from the ornaments on various Celtic sculptured stones, &ec.
1t was probably suggested by the processes of weaving or plaiting I am indebted
to Mr Dallas for a photograph of a remarkable engraving by Direr, exhibiting a
very complex but symmetrical hnkage, m which this alternation 18 maintained
throughout  Formal proofs of the tiuth of this and some associated properties of
knots wil be found m the httle paper already referred to®. They are direct con-
sequences of the obvious fact that two closed curves i one plane necessarily intersect
one another an even number of times It follows as an immediate deduction from
this that i going continuously round any closed plane curve whatever, an even
number of intersections 13 always passed on the way from any one intersection to
the same again  Hence, of course, it we agree to make a knot of 1t, and take the
crossings (which now correspond to the intersections) over and under alternately,
when we come back to any particular crossing we shall have to go under if we
previously went over, and wce versd  This 15 virtually the foundation of all that follows

But 1t 15 essential to remark that we have thus two alternatives for the crossing
with which we start. We may make the branch we begin with cross under instead
of over the other at that crossing  This has the effect of changing any given knot
mto its own 1mage m a plane mror—what Listing calls Perversion. Unless the form
be an Amphichewral one (a term which will be explamed later), this perversion makes
an ossential differcnce 1n 1ts character—makes 1t, m fact, a different knot, capable
ot being deformed 1nto 1ts origmal shape.

Listing speaks of crossings as deatotrop or laeotrop If we think of the edges
of a flat tape or mdia-rubber band twisted about its mesial line, we recognise at
once the difference between a right and a left handed crossng (Plate IV fig 1.)
Thus the acute angles n the tollowng figure are left handed, the obtuse, right
handed, and they retain these characters if the figure be turned over (ze., about an

axis in the plane of the paper):—

but in 1ts image in & plane mirror these characters are interchanged.

* No XXXVIII above.
35 —2



276 ON KNOTS. [xxxIX.

§ 2. Suppose now a knot of any form whatever to be projected as a shadow
cast by a luminous pomnt on a plane The projection will always necessarily have
double pomts®, and in general the number of these may be increased—though not
always diminmished—by a change of position of the lummous pomt, or by a distortion
of the wire or cord, which we may suppose to form the knot. This wire or cord
must be supposed capable of being bent, extended, or contracted to any amount whatever,
subject to the sole condition that no lap of it can be pulled through another, 7.e, that
1ts continuity cannot be interrupted. There are, therefore, projections of every knot
which give a minimum number of intersections, and 1t is to these that our attention
must manly be confined. Later we will consider the question how to determine this
minimum number, which we will call Knottiness, for any particular knot, but for
our present purpose it 15 sufficient to get rid of what are necessarily nugatory wnter-

t 26, 1 cctions which no alteration of the mode of crossing can render
permanent. These crossings are essentially such that if both branches of the string were
cut across at one of them, and their ends reumited crosswise, so as to form two separate
closed curves, these separate curves shall not be linked together, however they may
mdividually be knotted, £, that 1f they arc knots thcy are separate from one another,
50 that one of them may be drawn tight so as to present only a roughness i the
string  For in this case the nugatory crossing will thus be made to bound a mere

loop.

[We may define a necessarnly nugatory crossing as onc through which a closed,
or an mfimtely extended, surface may pass without meeting the string anywhere but
at the crossing. Or, as will be seen later (§ 20), we may recogmse a necessanly
nugatory crossing as a point where @ compartment meets itself.]

In the first two of the sketches subjomned all the crossings are necessarily nugatory ,
n the third, only the middle one 18 so.

® O

Now these diagrams, when lettered i the manner forthwith to be explained
(see, for instance, Plate V. fig. 1), present respectively the following schemes —

A4BB| A
ACBBCA | A
ACBDCBDAEGFEGF | A.

* Higher multiple points may, of course, oceur, but an infinitesrmal change of position of the luminous
point, or of the relative dimensions of the coils of the knot, will remove these by sphtting them 1nto a number
of double pomnts, so that we need not conmder them.
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These and similar examples show that m a scheme a crossing 18 necessanly
nugatory, if between the two appearances of the letter denoting that crossing there
18 8 group consisting of any set of letters each occurring twice. The set may consist of
any number whatever, including zero. For our present purpose 1t will be found suffictent
to consider this last special case alone, we., the same letter tunce wn succession denotes a
necessarily nugatory crossing

§3 If we affix letters to the various crossings, and, gomg continuously round the
curve, write down the name of each crossing in the order m which we reach 1t, we
have, as will be proved later, the means of drawing without ambiguity the projection
of the knot. If, in addition, we are told whether we passed over or under on each
occasion of reaching a crossing we can, again without any ambiguity, construct the knot
m wire or cord. Passing over 13, m what follows, mdicated by a + subscribed to
the letter denoting the crossmg—passing under by a — Any spectfication  which
mcludes these two pieces of information is necessanly fully descriptive of the knot,
and when it 15 given in the particular form now to be explamed we shall call 1t the
Scheme

If i accordance with § 1 we make the crossings alternately over and under, 1t 15
obvious that the odd places and even places of the scheme will each contamn all the
crossings.  As the choice of letters 1s at our disposal, we may therefore call the
crossings in the odd places A, B. C, &c, in alphabetical order, starting from any
crossing we please, and going round the knotted wire i any of the four possible ways,
1e, starting from any crossing by any of the four paths which lead from 1t, put the
successive letters at the tiist, third, fifth, &c, crossings as we meet them  Then 1t
18 obvious that the essential character of the projected knot must depend only upon
the way wn which the letters are arranged wn the even places of the scheme — Of course,
the nature and reducibiity (ie, capabihty of bemng simphfied by the removal of
nugatory crossings) of the knot itself depend also upon the subseribed sgns  [In
general there will be fowr different schemes for any one knot, but m the simpler cases
these arc often identical, two and two, sometimes all four.]

§4 Here we may remark that it 1 obvious that when the crossings are alternately
+ and — no teduction 1s possible, unless there be essentially nugatory crossings, as
explamed m § 2. For the only way of getting rnd of such alternations of + and —
along the same cord is by untwisting, and thiv process, except n the essentially
nugatory cases, gets rnd of a crossing at one place only by mtroducing it at another
It will be seen later that this process may m certain cases be employed to change the
scheme of a knot, and thus to show that in these cases there may be more than fom
different schemes representing the same knot, though, as we have alrcady seen, a
scheme is perfectly defimtc as to the knot it represents Hence, wn the first part of
our work, we shall suppose that the crossings arc taken alternately + and —, so that
no reduction is possible. But 1t will afterwards be shown that, cven when all essentially
nugatory crossings are removed, 1t 13 not always necessary to have the regular alter-
nation of + and — in order that the knot may not be farther reducible. It 15 easy
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to sec a reason for this, if we think of a knot made up of different knots on the
same string, whether separate from one another or linked together  For the irre-
ducibility of ecach separate knot depends only upon the alternations of + and —
wself, and the two knots may be put together, so that this condition 1s satisfied in
the partial schemes, but not in the whole. As therc cannot be a knot with fewer
than three crossings, we do not meet with this difficulty till we come to knots with
s1x crossings. And as there can be no linking without at least two crossings, we do
not meet with linked knots on the same string till we come to eight crossings at least

§5. We are now prepared to attack our main question.

Ghiven, the number of s double points, to find all the essentwally dufferent forms which
a closed curve can assume.

Going round the curve continuously, call the first, third, &c, mtersections A, B, C, &c
In this category we evidently cxhaust all the intersections. The complete scheme 1s
then to be formed by properly interpolating the same letters mn the even places, and
the form of the curve depends solely upon the way i which this 1s done.

It cannot, however, be done at random  For, first, neither A nor B can occur m
the second place, B nor C n the fourth, and so on, else we should have nccessanly
nugatory 1intersections, as shown i § 2. Thus the number of possible arrangements
of n letters (viz, n.n—1 .2.1) 15 1mmensely greater than the number which need
here be tried. But, secondly, even when this s attended to, the scheme may be an
impossible one. Thus, the scheme

ADBECADBEC|A
18 lawtul, but

ADBACEDCEB|A
i8 not.

The former, m fact, may be treated as the result of superposing two closed (and
not self-mtersecting) curves, both denoted by the letters A D B E C A, so as to make
them cross one another at the pomnts marked B, C, D, E, then cutting them open
at A, and joining the free ends so as to make a continuous circuit with a crossing
at A.

But 1n the latter scheme above we have to deal with the curves A D B A and
C E C E, and in the last of these we cannot have junctions alternately + and — as
required by our fundamental principle. In fact, the scheme would require the pomt C
to lie simultaneously inside and outside the closed circuit A D B A.

Or we may treat AD BA and CE D C as closed curves intersecting one another
and yet having only one pomnt, D, in common

Thus, to test any arrangement, we may strike out from the whole scheme all the
letters of any one closed part as A——A4, and the remaining letters must satisfy the
fundamental principle, ue., that they can be taken with suffixes + and — alternately, or
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(what comes to the same thing) that an even number of letters intervenes between the
two appearances of each of the remammng letters.

Or we may strike out all the letters of any two scts which begin and end similarly,
ey, A..X, X...4, the two together being treated as one closed curve, and the test must
still apply.

More generally, we may take the sides of any closed polygon as A—X, X-Y, Y-Z,
Z— 4, and apply them mn the same way But in this, as in the simpler case just given,
the sides must all be taken the same way round mn the scheme itself.

A simple mode of applymg these tests will be given later, when we ae dealing with
the question of Beknottedness

It may be well to explam here how a change of the crossing selected as the 1nitial
one alters the scheme.  Take the simple case of making B the first, and reckommng on
from 1t. Then B becomes A, &c, and the scheme, which may be any whatever, suppose
for example

AFBLCEDH
becomes (by witing for cach letter that which alphabetically precedes it)
NEAKBDCG .

o1 beginmng with A, AKBDCG
Hence the letters ¥ L K H, ..

m the even places of a scheme are equivalent to
K D G .. E

ve, we may change each to the precedmmg letter taken m the cycheal order of the
alphabet and put the first to the end, or vice versd, without altering the scheme  An
arrangement of this kind is umque (reproducing itself) if the letters are in cyolical order,
and if the number of letters be a prime, any arrangement 1s either unique or is reproduced
after a number of operations of this kind ecqual to the number of letters If it be not
prime, arrangements may be found which will reproduce themselves after a number of
operations equal to any one of 1ts ahquot parts

Another lawful change is this —Begin from the A the even places and letter as
usual, ve., start from the same crossing as hefore, and in the same direction round the
curve, but not by the same branch of the cord or wirc This will be evident from an
example Beginning at the second A, and lettering alphabcetically every second crossing,
we have the suffixed letters,

ADBACFDBECFE|A
F A B C D E
Now write the samc equivalents for the same letters in the odd places, and the scheme

m its new lettering is
AFCADBFCEDBE|A
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or the following are equivalents in the even places
DAFBCE
DFEBAC,
and each ot these has, of course, five other equivalents found by the first of these two

Pprocesses.

But we may also start from the same intersection A by either of these paths, but wn
the reverse direction round the curve  To cffect this we have only to read the scheme
backwards, beginning at either A, and changing the lettering throughout mn accordance
with our plan  Thus, taking the last example,

ADBACFDBECFE|A

F E D C B |A
we keep the terminal A unchanged, and wnite B, C, &c., for the 2nd, 4th, &e., preceding
letters.  We have thus, as 1t were, the key for translating from the upper line to the
lower. Apply this key to all the letters, and then write the result in the reverse order

Thus we get
ACBECFDBEAFD|A.

This new scheme has for 1ts even places
CEFBAD
which 1s equivalent (in this particular case) to the second of the two direct schemes just

gven, viz —

DFEBAC.

Finally, if we read tlis reversed scheme from the A in the even places, 1ts even
letters become
EAFCBD
which (in this case) 18 the same as
DAFBCE
the even letters of the orginal scheme
The notation we shall employ 15 this—do, de, 7o, re, signifying the even places of
the four cases
d o the dwect scheme, read from A 1 the odd place
d e the diwrect scheme, read from A 1n the even place
r o the reversed scheme, read from A in the odd place
7 e the reversed scheme, read from A in the even place
and we shall denote by an appended numeral the number of times the operation above
has to be performed Thus, in the example just given it will be found that
ro=de?2
re=do?2.
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§ 6 With one intersection or two only, a knot 1s thus impossible, for the crossings
must necessarily be nugatory. Hence we commence with three. And here there is but
vne case, for by our rule we must write A, B, C in the odd places, and we have no
chowce as to what to interpolate 1n the even ones. Thus the only knot with three
intersections has the scheme

ACBACB|A

One of 1ts two projections 18 the “trefoil” knot below

For four tersections our choice in the even places is restricted to C or D for
the second, D o1 A for the fourth, &c., as expressed below,
C D AB
DA B C

Now, 1f we take (' to begin with, we obviously must take D next, else we shall not
get 1t at all  Sumilarly A omust come third. And if we begin with D, we must cnd
with C, so that this case also 1s determmatc The only possible sets, therefore, are
given by these two rows as they are written. But 1t is obvious that, as they are mn
cyclical order, the full schemes will be identical if one be read from the beginming,
the other from the A in the cven places. Thus they represent the same arrangement,
and the sole knot with four mterscctions has the scheme

ACBDCADB|A

One of its two projections 18 given by the annexed figure :—

7 When we have five interscctions, our choice for the cven places mn order 1~
limited to the following groups of three for each, viz.:—

C D E AB
DE A BZC

E A B C D
T 36
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This gives the following thirteen arrangements:—

1)
(2)
(3)
(4)
(3)
(6)
(7)
(8)
(€))
(10)
(11
(12)
13)

CDEAB
CEABD
CEBAD
CAEBD
DEABC
DEBAC
DEACB
DAEBC
DAECRB
EDABC
EDACB
EDBAC

E A BCD.

[xxxix.

Now ot these (1), (5), and (13) are umgque, (6), (7), (8), and (10) can be obtained
from (2) by cyclical alteration of the letters and bringing the last to be the begmnmg,

and by the same process (4), (9), (11), (12) may be deduced from (3)

Hence the only possible forms are included in the following arrangements tor the

letters in the cven places:—

CDEAB
CEABD
CEBAD
DEABC
EABCD

Of these the 1st, 3rd, and 5th violate the conditions laid down 1 § 5 above
there are but two schemes for five imtersections, viz. —

ACBECADBED|A,

of which this 15 one of the four forms

and ADBECADBEC(C]A,

one of the two forms of which 15 the pentacle or Solomon’s seal,

Hence
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§ 8. The casc of six intersections gives the following choice .—

C DEF AB

D EFAZBUC
E F ABCD
F A BCDELE

I found, by tnal, that there are 80 possible arrangements included 1n this form, and
that the following 20 alone are distinct. I have appended to cach the number of
apparently different forms i which it occurs among the 80 arrangements —

1 CDEFAB Unique 1t. EF A BCD Ungque

2. CDF B A E Six forms 12 DF A B CE Six forms
3. CDF A BE Six forms 13. CF A BDE Six forms
4 CDAF BE Six forms 14 D F A CBE Six forms

5 CDBF AE Three forms 15 D F B A CE Three forms
6 CEFBAD Six foms 16 CF B ADE Six torms
7. CEF A BD Six forms 17 CA F B D E Six forms

8§ CEAF BD Three forms 18&. C A BF D E Three forms
9 DEFABC Unque 19. D AF CBE Two forms
10. CFEBAD Two forms 20 F ABCDE Unique

Of these, all but (5), (6), (7), (8), (12), (14), (15), (18), violate the conditions of
§ 5, and therefore do not correspond to real knots  Of those excepted the schemes
agree m pairs when the branch first taken fiom the stating-pomt 1s changed.

Hence there are only four forms of 6-fold knottiness. These are as follows:—
(@). (5) and (18) agrec m gving the scheme
ACBACBDFEDFE|A,

of which one form 1s the followmg —

This form consists of two separate trefoil knots.

(B). (6) and (14) give the scheme

ACBECFDBEAFD|A,
36—2
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one form of which is as follows:—

(y)  From (7) and (12) we have

ACBECFDAEBFD]|A,
which has as one form

(8) (8) and (15) give

AUCBECADFEBFD| A,
of which one form 18

§ 9 The casc of seven mtersections is the only other to which T have found lewsure
to apply this method. As T did not see how otherwise to make certain that I had
got all possible forms, I wrote out all the combinations of seven different letters, one
from each column (in order) of the scheme—

C D EVF G AB
D EVFGABC
EF G A BCD
F G A BCDE
G A B CDEF

These I thus tound to amount to 579. Then, by the help of an improvised
arrangement of cardboard, somewhat resembling Napier's Bones, I rapidly struck off six
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of cach equivalent sct of 7. Thus 87 forms in all were left, viz, one form from each

of 82

13*
14
15.*
16.

17+

19.
20.*
21
22%
23
24.*

[

o 1o
P=J S
*

133

groups of seven, and 5 unique forms. Herc they are—

CDEFGAB | 3. CEBGDATF 59. CAFGBED
CDEGABF 3. CEBAGDF 60. CAFGDBE
CDEAGBF } 3. CFGABDE 6l. CAFBGED
CDEBGAF 33* CFGADBE 62 CAGBDETF
CDFBGAE 34* CFGABED 63* CABGDEF
CDFGBAE | 3. CFGBAED 4. DEFGABC
CDFAGBE | 3. CFGBADE 6. DEGABCTF
CDGFABE | 3. CFGBDAE 6. DEGACBF
CDGFBAE 8* CFAGBDE 6T*DEGBACF
CDGABEF 39* CFAGDBE 6. DEGCABF
CDGBAEF W0*CFAGBED 69. DEAGBCF
CDAGBEF 41 CFABGDE 70 DEAGCBF
CDABGEF 42. CFABGED N*DFGABCE
CDBAGEF 43 CFBGADE 72*DFGACBE
CDBGAEF 4. CFBGDAE 7 DFGBACE
CEFGABD 4. CFBGAED 74 DFAGCBE
CEFGBAD 46. CFBAGED 75. DGABCEF
CEFGADB 4. CFBAGDE 7% DGACBEF
CEFAGBD | 4 CGEBADF 77 DGBACEF
CEGFBAD ‘ 99 CGEBDAF 7. DGBCAEF
CEGFDAB , 50 CGFABDE 79. DAGBCEF
CEGABDRK—; 5. CGFABED 80 DAGCBEF
CEGADBEF | 32*CGFADBE SI*EFGABCD
CEGBADF | 5 CGFBADE 82. EGABCDF
CEGBDAF 4 CGFBAED 3*EGABDCF
CEAGBDF 5. CGAFDBE 8 EGACBDF
CEAGDBF 36 CGABDEF 85* EGBADCF
CEABGDF 5. CGBRADEF 8. FGABCDE
CEBGADF 3. CAFGBDE 8. GABCDEF

On testing these by the rules of § 5, I found that 22 only, viz, those marked
with an asterisk, correspond to real knots.

§ 10 When we study thesc groups by the method of § 5, we find that more
than one of them correspond to different readings of the scheme of one and the same

knot.

Of course that knot will be the least symmetrical which has the greatest number
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of essentially different schemes. The following grouping has thus been arrived at (the
notation is that of § 5 above) —

do de X re

I{ (4) 1,(63) (63) 6,(4)
108 6,.(15) s 1,313
IL 17y 3,(83)  5(83) 2,37
II (20)  3,(85)  3,(85) (20)

IV. (22)  6,(33) (22)  6,(33)
V. (24) 39) (26)  5,(52)
VI (34) B4 6,34 6,3
VIL (38) (67) (©7) (38)

VIIL (40)  6,(40)  6,(40) (40)
IX. (71) an (71) (1)
X (12 (12)  5(12)  5,(72)
XI. (81 (81) (81) (81)

(14) (14) (14) (14)

Thus 1t appeas that the knot V., represented by any of the tour schemes (24),
(26), (39), and (52), 1~ devod of symmetry, while VI, VIII, IX.. X, XI have the
highest symmetry. No number has been m this table affixed to (14), because 1t 18
only acadentally a 7-fold knot It is represented by the third figme m § 2 above,
and when the nugatory crossmng 1~ removed, it becomes (a) of the 6-fold type, § 8
Also 1t will be noticed that (4) and (63), although theit common scheme differs from
that ot (13) and (15), arc included with them under I. The reason 15 that the knot
represented is a composite one, consisting of a 3-fold and a 4-fold knot, and that either
may be shipped along the string or wire mto any position whatever relative to the
other ~ Bub even with this licence it appears that there are only 4 really distinct
schemes.

In the second and third rows of figures of Plate 1V. projections of each of these
classes of 7-fold knottiness ate given, with the number of the class attached.

§ 11. But the knots rcpresented by thesc eleven formns are not all distinet. It
will rcadily be seen that (by the process of inversion of § 15 below) II, when formed
of wire, with crossmgs + and — alternately, may be brought into the form (whose
perversion will be found in Sir W. Thomson’s paper on “ Vortex-Motion,” T'rans. R.S. E.,
1867-68, p. 244)
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while IV. may be modified nto

These are two of the three figures of 7-fold knots given as examples by Listing,
and he has stated, though without any explanation, that these two forms are equivalent,
1.e., convertible mto one another. Hence IL. and IV. form but one class of 7-fold knot.

How to effect this transformation has been already hinted mn § 4 It is merely
the passing of a crossing from one loop of the string to another (which mtersects it
twice) by a twist through two nght angles And the diagrams 3, 6, 7 of Plate IV
show the nature of this transformation, as well as of two others which I have since
detected, viz, that of III. mto V., and of VI mto VII. Hence there are m reality
only ewght distinet forms of 7-fold knottiness.

Thus, as the result of the last six scctions, we have the following table —
Knottiness, 3, 4, 5, 6, 7.
No of Forms, 1, 1, 2, 4, 8.

§ 12. T have not attempted the appheation of the preceding method to formns
with more than 7 intersections.  Prof Cayley and Mr Mwr kindly sent me general
solutions of the problem, “ How many arrangements are there of n letters, when A cannot
be wn the first or second place, B not wn the second or thwd, dc.” Their papers, which
will be found n the Proceedings R.S E * of course give the numbers 138, 80, and 579,
which I had found by actually wnting out the combmations for 3, 6, and 7 letters.
But they show that the number for 8 letters s 4738, and that for 9, 43,387, so that
the labour of the above-deseribed process for numbers higher than 7 nses at a fearful
rate 1 cannot spare tume to attack the 8-fold knots, but I hope some one will soon
do it There 15 httle chance of anything more than that, at least of an exhaustive
character, being done about knots in this direction, until an analytical solution 15 given
ot the following problem —

Form all the distict arrangements of n letters, when A cannot be first or second,
B not second or third, &c.

[Arrangements are said to be distinct when no one can be formed from another
by cyclic alteration of the letters, at every step bringmg the last to the head of the
vow, as in § 5] Ths, I presume, will be found to be a much harder problem than
that of merely finding the number of such arrangements, which 1tself presents very
grave difficultics, at least where n 1s a composite number. In fact it 18 probable that
the solution of these and similar problems would be much easier to effect by means

* 1877, p 388, and p. 382,
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of special (not very complex) machimery than by direct analysis. This view of the case
deserves careful attention.

In a later section it will be shown how, by a species of partition, the various
torms of any order of knottiness may be imvestigated. But we can never be quite
sure that we get all possible results by a sem-tentative process of this kind. And
we have to try an immensely greater number of partitions than there are knots, as
the great majority give links of greater or less complexity.

§ 13. But even supposing the processes indicated to have been fully cairied out
for 8, 9, and 10-fold knottiness, a new difficulty comes in which 1s not met with, except
m a very mild form, mn the lower orders. For when a knot 18 single, e, not composite
or made up of knots (whether mterlinked or not) of lower orders, any deviation fiom
the rule of alternate + and — at the crossings gives it, in general, nugatoly crossings,
m virtue of which it sinks to a lower order. But when it is composite, and the
component knots are separately irreducible, the whole is so. Thus there are more distinct
Jforms of knots than there ure of their plane projecti For instance, the first species (a)
of the 6-fold knots (§ 8) may be made of three essentially different forms, for the separate
“trefol” knots of which it is made may (when neither 1s nugatory) be both nght-
handed, both left-handed, or one right and the other left-handed. This species 13
thus, fiom the physical point of view, capable of fuinishing three quite distinct forms
ot vortex-atom  And 1t will presently be shown that i each of these forms 1t 15 capable
of having regular alternations of + and —, or a set of sequences at pleasure.

At least one knot of every even order 1s amphicheiral, i.e., right or left-handed
mdhfferently, but no knot of an odd order can be so. Hence, as there 13 but one
3-fold knot form, and one 4-fold, therc are two possible 3-fold vortices, nght and left-
banded, but only one 4-fold. A combination of two trefoll knots gives, as we have
seen, three distinet knots; that of two 4-fold knots would give an 8-fold, with only
one form When a 3-fold and a 4-fold are combined, as m Class L of § 10, there are
two distinct vortices, for the trefoil part may be nght or left-handed. Thus 1t appears
that though we have shown that there are very few distinct outlines of knots, at least
up to the 7-fold order, and though probably only a very small percentage of thesc
would be stable as vortices, yet the double forms of non-amphichewral knots give more
than one distinct knot for each projected form into which they enter as components.

Parr 1L
The number of Forms for each Scheme.

§ 14 A possible scheme being made according to the methods just deseribed,
with the requsite number of intersections, let it be constructed m cord, with the
intersections alternately + and —. Then [since all schemes nvolving essentially nugatory
crossings, hike those mentioned n § 2, must be got rid of, as they do not really possess
the requisite number of intersections] no deformation which the cord can suffer will
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reduce, though 1t may increase, the number of double ponts. Tf 1t do increase the
number, the added terms will be of the nugatory character presently to be explamned
If 1t do not increase that number, the scheme will m general still represent the altered
figure. For, as we have seen, the scheme 18 a complete and defimte statement of
the nature of the knot  But, as already stated, mn certamm cases the knot can be
distorted so as no longer to be represented by the same scheme

All deformations of such a knotted cord or wire may be considered as being effected
by bending at a time only a limited portion of the wire, the rest being held fixed.
This corresponds to changing the pomt of view jpimtely with regard to the part altered,
and yet infintesumally with vegard to all the rest. This, it is clear, can always be
done, as the relative dimensions of the various coils may be altered to any extent
without altering the chatacter of the knot In geueral such deformations may be
obtamed by altening the position of a lummous point, and the plane on which it
casts a shadow of the knot  Any addition to the normal number of ntersections
which may be produced by this process 1s essentially nugatory. A 1s casily seen,
it generally occurs m the form of the avodable overlapping of two branches, giving
contunations of sign

The process pomted out m § 11 gives a species of deformation which 1t 1s perhaps
hardly far to class with those just deseribed, though by a shght extension ot mathe-
matical language such a classification may be made  strictly accurate It may be
well to present, m passing, a somewhat different view of the application of this method
Thus, 1t 18 obvious at a glance that the two following figures are mere dustortions
of the sceond form of the 4-told knot figured m § 17 below .—

Gy )

Also 1t will be seen that by twisting, the dotted parts bemng held fixed, either of
these may be changed mto the other, or changed to 1ts own reverse (as from left
to nght)

We may now substitute what we please for the dotted pats. I give only the
particular mode which reproduces the two forms stated by Listing to be equivalent .—

Another mode of viewmng the subject, really depending on the same prineiples,
consists 1 fixing temporarily one or more of the crossings, and considering the 1m-
possibibity of unlocking mn any way what 1s now virtually two o1 more sepurate

T. 37
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interlacing closed curves, or a single closed curve with full knotting, but with fewer
mtersections than the original one.

Another depends upon the study of the cases of knots m which onc or morc
crossings can be got rid of. Here, as will be seen m § 33 below, 1t is proved that
continuations of sign are in general lost when an intersection 1s lost, so that, as
our system has no continnations of sign, 1t can lose no mtersections.

§ 15. Practical processes for producing graphically all such deformations as are
1epresented by the same scheme are given at once by various simple mechanisms,
Thus, taking O any fixed point whatever, let p, a point m the deformed curve, be
found from its corresponding point, P, by joining PO and producing it according to
any rule such as

PO Op=ua?,
or PO +O0p =a, &e., &c.

The essential thing 1s that points near O should have images distant from O,
and vice versé And p must be taken i PO produced, clse the distorted knot 1s
altered from a right-handed to a left-handed one, and vice versd, as will be seen at
once by taking the mmage of the crossing figured mn § 1 above,

It 18 obvious, from the mode of formation, that these figures arc all represented
by the same scheme,—for the scheme tells the order m which the various crossings
occur,—and it 18 easy to show that they give mefely different views of the same
knot The simplest way of domg this 15 to suppose the knot projected on a sphere,
and there constructed 1n cord, the eye bemg at the centre  Arrange so that onc
closed branch, eg, A A, forms nearly a great circle Lookmg towards the centie
of the sphere from opposite sides of the plane of this great circle, the coil presents
exactly the two appearances related to one another by the deformation processes
given above. What was made the closed branch from the one pomt of view 18 outside
1t from the other, and wvice versd. In fact, because the new figure is represented by
the samc scheme as the old, the numbers of sides of the various compartments are
the same as before, and <o also is the way m which they are jomed by thew
comners. The deformation process is, in fact, simply onc of Ayping, an cxcellent
word, very madequatcly represented by the ncarest equivalent Enghsh phrase “turning
outside mn”

Hence to draw a scheme, select in it any closed ciremit, eg., A...A—the more
extensive the better, provided 1t do not include any less extensive one. Draw this,
and builld upon 1t the rest of the scheme. commencing always with the common
point A, and passing cach way from this to the next occurring of the junctions
named m the closed arcuit, [It 15 sometimes better to constiuct both parts of the
rest of the scheme dnside, and then mvert one of them, as we thus avoid some
puzzling ambiguities.] Inversions with respect to various origins will now give all
possible forms of the scheme, though not necessarily of the knot.
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§ 16. Applyng these methods to the “trefoil” knot (§ 6)

&P

we easily see that 1if O be external, o be inside the inner three-sided compartment,
we reproduce (generally with much distortion, but that is of no consequence, § 2)
the same form, but if O be m any one of the two-sided compartments, we have
the form

This agam 1s reproduced from itself 1if O be external, or be within either of
the two-sided compartments  But 1t gives the trefoil knot if O be placed mside either
of the three-sided compartments.

Here notice that the angles of the two-sided compartments are left-handed, and
those of the three-sided nght-handed 1n cach of the figures The perverted or right-
handed form 1s ot cour-c

&P

and 1ts sohitary deformation 1s the perversion of the other figure above

§ 17 When we come to the deformations of the single 4-fold knot

we obtain a very singular result. If we place O external to the figure, we sumply
reproduce 1t; but if we put O mside the two-sided compartment m the nuddle we
get the perversion of the same figure.

Again, 1f we place O n either of the boundary thiee-sided compartments we get

37—2
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but if we place it mn ether of the dnterior three-sided spaces we get the perversion
of this last figure.

Thus this 4-fold knot, in each of its forms, can be deformed into its own per-
version. In what follows all knots possessing this property will be called Amphicheiral.

§ 18. The first of the two 5-fold knots (§ 7) has the followng forms:—

X 00 ®

These T found were long ago given by Listing as reduced forms of a reducible
7-fold knot, and 1 have now wubstituted for my former diawing of the second form
his more symmetiical one.

The sceond of the 5-fold knots has only two forms, viz -—

w O

§ 19 Plate IV figs. 2, 3, 4, give vanous forms of the 6-fold knot distinguished
as a in the classification m § 8 It will be scen that m the first of these the
crossings are alternately over and under, but that 1t 15 not so m the others

And m fig. 8 we have a collection (not complete) of forms of various species
of the 7th order, drawn so as to show thewr relation to a lower form—the trefoil
knot. It will be scen that in none of these 18 the comnection merely apparent, the
tiefoil part having its signs alternately + and — 1t those of the complete knot have
this alternation  But 1f, for instance, we had drawn the fine hne horzontally through
the tretorl, so as to divide each of the mpper two-cornered compartments mto two
three-coinered ones, we should have got No. II of the 7-fold forms, and the origmal
tieforl would have been rendered only apparent

§20  In my British Association paper, No. XXXVIIL above, I showed that any closed
plane curve, or set of closed plane curves, provided there be nothing higher than double
pomts, divides the planc mto spaces which may be coloured black and white alternately,
hike the squares of a chess-board, o1, to take a closer analogy, as the adjacent elevated
and depressed regions of a vibrating plate, separated from one another by the unodal
lnes (Plate IV. figs. 9 and 10). I afterwards found that Listing had employed n
his notation for knots, m which the crossings arc alternately over and under, a repre-
<entation which comes practically to the same thing, depending as 1t does on the
fact that mn such a knot all the angles in each compartment arc cither right or
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left-handed, and that these right and left-handed compartments alternate as do my
black and white ones.

T have since employed a nethod, based on the above proposition, as a mode of
symbolising the form of the projections of a knot, altogether ndependent of 1ts
reductbihty. I was led to this by finding that Listing’s notation, though expressly
confined to reduced knots, m which each compartment has all its angles of the same
character, 18 ambiguous: 1 the sense that a Type-Symbol, as he calls 1t, may m
certain cases not only stand for a linkage as well as a knot, but may cven stand for
two quite different reduced knots icapable of beng transformed into one another*
The scheme, already descitbed, has no such ambiguity, but 1t 1s much less casy to use
m the clasaification of knots  Hence, followmg ILasting, I give the number of corners
ot each compartinent, but, nnhke him, only of those which are black o of those which
are white. But I conncet these m the dhagram by hnes which show how they fit into
onc another m the figure of the knot.  An mspection of Plate IV. figs. 11 and 12
(species VIL of sevenfold knottimess) will show at once how diagrams are armved at,
either of which fully cxpresses the projection of the knot m  question by means of
the black or of the white spaces omgly. The connecting hnes 1 the dingrans
evidently stand for the crossings m the projection, and thus, of course, cither diagram
can be formed by mere spection of the othert, and the rule for drawing the cmive
when the diagram is given is obvious. Thus the annexed diagram shows the result of
the process as apphed to a symmetrical symbol.

An nspection of one of these diagrams shows at onee

(1) The number of jommg hnes 1s the same as the number of crossings.  Hence,
as cach hne has two ends, the sum of the numbeis 1cpresenting the number of corners
m cither the black o1 the white spaces 15 twice the number of crossings

(2) Every additional crossing mvolves one additional compartment, for the abolition
of a crossing runs two compaitments to one. But where there 15 no crossing there
are two compartments, the mside and outside (dmples, m Listing’s phraseology), ot

* Proc RS E. 1877, p 310 (footnote), and p. 325.
+ Some further 1illustrations of this will be found n the abstiact of my paper on *‘Links,” IMoc RS E
1877, p. 321
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what must then be merely a closed oval. Thus when there are n crossings there are
n+2 compartments

(3) No compartment can have more than n corners. For, as the whole number
of corners in the black or white compartments 1s only 2x, if one have more than n,
the rest must together have less, and thus some of the joinmng hnes in the diagram
must unite the lurge number to itself, i.e., must give essentially nugatory intersections.

As an illustration, let us use this process in giving o sccond cnumeration or
delineation of the forms of 7-fold knottiness. The numbering of the varous forms is
the same as that already employed in §§ 10, 11 above.

3 [
a_=_64l i —3 3—2—
N2

The second form of this symbol 1s particulaily mteresting as consisting of two
parts  This accords with the composite nature of the knot.

35— 3 3
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The relations of equivalence in pars among six of these forms, which were

pomted out in § 11 and in Plate IV. figs. 5, 6, 7, are cven more cleaily seen as
below -—

3-—4—3 - 3 — S
w \./\/
11 1V,

2
5 = 4 / \
||\2/ _ 5 — 4
3 -
b
111 A%
R —Y 2 2
I | |
44— 4 _ 4 == 4
\,” N7
Vi VIl

where the mode of passmg from one torm to the eqmvalent one 15 obvious,

§21. A tentative mcthod of drawing all possible systems of closed curves with a
given number (1) of double pomts 18 thus at once obvious.

Write all the partitions of 2n, m which no one shall be gicater than n and no
one less than 2. Jom each of these sets of numbers into a group, so that cach number
has as many les termmating m 1t as 1t contains units. Then jom the mmddle pomts
ot these lmes (which must not mtersect one another) by a contmuous lne which
intersects 1tself at these middle pomts and there only.  When this can be done we
have the projection of a Anot. When more continnous hnes than one are required we
have the projection of a linkage.
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To give simple examples of this process, let us limit ourselves to 4 and 3
nteisections,

The only partitions of 8, subject to the conditions above, me

1 + 4
@ 4 2 2
3 3 3 2
4) 2 2 2 2

Now the number of black and white compartments together must in this case be 4+ 2.
Hence there are but four combinations to try, viz, (1) and (4), (2) and (2), (3) and
(3), (2) and (3). Of these, the last 1s impossible, the others are as in Plate V.
fig 16 The third 1s the amphicheiral knot already spoken of, and the second may
for the same reason be called an amplachenal link

The partitions of 10, subject to our rule, are

503
53 2
10402
+ 33
42 2 2
3322

2 2 2 2 2

and the four figues (Plate V. fig 17) gve the only vahd combmations of these
The third and the fitst are the knots already deseribed (§ 18), the othas are links

§ 22 The sphencal projection alrcady mentioned (§ 15) will in gencral allow us
to regard and exhibit any knot as a more or less perfect plart. It does so perfectly
whenever the coil 15 clear, e, when all the windmgs of the cord may be regarded
as passing in the same direction round a common vertical axis thrust through the
knot When the coil 1s not clear some of the cords of the plait are doubled back on
themselves Thus by drawing the plait corresponding to a given scheme we ean tell
at once whether one of its forms 1s a clear corl or not.

Let us confine our attention for a moment to clear corls. It is ecasy to sec that
If the number of windings 1s even the number of crossings is odd, and vice versi.

Various proofs of this may be given, all depending on the fundamental theorem
of § 1, but the following one 1s sumple enough, and will be uscful in some other
apphcations

Furst, in a clear coil of two turns there must be an odd number of intersections.
For thete must be one intersection, and the two loops thus formed must have their
other intersections (if any) in pans
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Now begin with any pomnt in a clear coil, where the curve intersects itself for
the first time, The loop so formed intersects the rest in an even number of points.
Hence every turn we take off removes an odd number of intersections. Thus, as
two turns give an odd number (or, more simply, as one turn gives none), the
proposition 18 proved.

Thus, to form the symmetrical clear coil of two turns and of any (odd) number
of intersections, make the wire into a helix, and bring one end through the axis in
the same direction as the helix (not in the opposite direction, as in Ampere's
Solenoids), then join the ends. [The solenoidal arrangement, regarded from any point
of view, has only nugatory intersections.}

§ 23. A very curious 1llustration of the irreducible clear coils which have two
twins only is given by the cdges of a long narrow strip of paper. Bend it, without
twisting, till thc ends meet, and then paste them together. The two edges will form
separate non-linked closed curves without crossings.

Give the slip one half twist (ie. through 180°) before pasting the cnds together.
The edges now form one continuous curve—a clear coil of two turns with one
(nugatory) crossing

Give one full twist before pasting. Each edge forms a closed curve, but there

arc two crossings. The curves are, in fact, once linked into ouc another. (See Plate
IV. fig. 13.)

Give three half tunsts before joining. The edges now form one continuous clear
coil with three intersections.

Two full tuists give two separate closed curves with four crossings, 7e, twice
hnked together. (See Plate V. fig. 12)

Five half tunsts give the pentacle of § 7 above. And so on In all these
examples, from the very nature of the case, the crossings are alternately + and —.

§ 24 Now suppose that, 1n any of the above cxamples, after the pasting, we
cut the slip of paper up the middle throughout its whole length.

The first, with no twist, splits of course mnto two separate simple cucuits,

That which has half a twist, having originally only one edge, and that edge
not being cut through in the process of splitting, remains a closed curve. It is, mn
fact, a clear coil of two turns, which, having only onc intersection, may be opened out
into a single turn. But in this form it has two whole twists, half a twist for each
half of the original strip, and a whole twist additional, due to the bending into a
closed circuit.

That with one whole twist splits, of course, into two interlinking single coils,
each having one whole twist.

That with three half twists gives, when spht, the trefoil kuot, and when flattened
out 1t has three whole twists.

T. 38
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From two whole twists we get two single coils twice linked, each with two whole
twists, This result may be obviously obtained from a continuous strip, with only
half a twist. One continued cut, which takes off a strip constantly equal to one
quarter of the original breadth of the slip, gives a half twist ring of half breadth,
ntersecting once a double twist ring of quarter breadth. A second cut splits the
wider ring into one similar to the narrow one, but there is now double linking.

§ 25. A good many of these relations may be cxhibited by dipping a wite,
forming a two-coll knot, into Platcau's glycerine soap solution, and destroying the
film which fills up the clear interior of the coil. Neglecting the surface curvature
of the remammng film, 1t has twists simlar to those of the paper strips above
treated, and the integral amounts of twist show how far thc wire-knot 1s, if at all,
reducible,

This mode of regarding a clear coil of two turns, as, in certain cases, the con-
tinuous edge of a strip of paper whose ends are pasted together after any odd
number of half twists, is one of many ways in which we are led to study all clear
coils as specimens of more or less perfect plaiting, the number of threads plaited
together being the same as the number of turns of the coll. Another mode m
which we are led to the same way of regarding them 1s by supposing a cyhnder
to be passed through the muddle of the (flattened) clear coil, and then to expand so
as to draw all the turns tight As there can be only a fimte number of inter-
sections, we have always an infinite choice of generating lines of the cylinder on
which no mtersection lies. Suppose the whole to be cut along such a hne and
rolled out flat. It would, of course, be a more or less perfect plait, but with a
special characteristic, depending upon the fact that ¢ is formed from one continuony
cord or wire.

Call the several laps of the cut cord @, B, v, & Then we may arrange the
cut ends anyhow as follows:—a to o, o to ¢ € to B, 8 to 8, & to a if there be
but five; and similarly for any other number, ezhausting all before repeating any one
oftener than once. We may now, after having settled thewr order, change their
designations, so as to name them, as they occur, in the natwal oider of the alphabet.
Thus any such plait may be represented by a diagram as m Plate IV. fig. 14,
where the dotted parts may cross and recross m any concetvable way, but must
begin and end as above

The number of ways in which such coils can be cxhibited in plaits essentially
distinct from one another 1s therefore, if n be the number of laps, n—1n—-2......2.1.

All the other possible arrangements, n—1 times the last written number, correspond
to links or, at all events, to more than one continuous cord.

§ 26. From this point of view another notation for clear coils may be given
the form

ayBa
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Here a, 8, g...... are, as above, the several strings plaited, so that in the coil B 1s
the prolongation of a, y that of B, &c, and a that of the last of the series. The

a . . .
expression 8 means that a crosses over 8. It is somectimes useful to indicate whether

a crossing takes place to the right or left. This is done by putting + or — over
the symbol. Thus the four crossings above may be more fully written as

O

ayB a

BayB™
The properties of this otation were examined in detsil in my first paper, but as
they are more curious than useful, I merely mention onc or two.

Thus the combination just wiitten cannot be simplificd 10 itself, but
fm—— ——

ayya vy
BaBR™ ga ¥

This notation requires care For instance, the terms
aa
BB

are sumply nugatory, and may be cancelled. But, on the other hand, the terms
af

Ba
usually add to the beknottedness of the whole scheme.

When the scheme 18 not compatible with a clear coil there occur terms of the
form
'3

a,
and the apphcation of this method becomes very troublesome.

§ 27. A question closely connected with plaited clear coils 15 that of the numbers
of possible arrangements of given numbers of intersections m which the cyclical
order of the letters i the 2nd, 4th, 6th, &c., places of the scheme shall be
the same as that m the 1st, 3rd, 5th, &c, te, the alphabetical. Instances of such
have already been given above. In the first scheme of § 5, for example, the letters

m the even places are
DEABC.

Here the cychcal order of the alphabet 1s maintained, but A is postponed by two
places. It is easy to see that the following statements are true.

Whatever be the number of mtersecti a postp t of no places leads to
nugatory results.

A postponement of one place is possible for three and for four intersections only.
38—2



300 ON KNOTS. [xxxIx.

Postponement of two places is possible only for (four), five, and cight—three for
seven and ten—four for nine and fourteen—five for (eight), eleven and sixteen,—six
for (ten), thirteen, and twenty, &c. Generally there are m all cases m postponements
for 2n+1 intersections, and for 3n+2, or 3n+1 ntersections, according as n is even
or odd. The numbers which are itahcised and put in brackets above, arise from the
fact that a postponement of » places, when there are n intersections, gives the same
result as a postponement of n—r—1 places. (It will be observed that this cychcal
order of the letters in the even places 18 possible for eny number of intersoctions
which is not 6 or a multiple of 6.]

When there arc n postponements with 2n+1 interscctions the curve 18 the
symmetrical double coll, Ze., the plait is a simple twist.

The case with 3n+2 or 3n+1 ntersections 1s a clear coill of three turns,
corresponding to a regular plait of three strands.

Figures 16, 17 of Plate IV. give the diagrams corrcsponding to the latter case
for n=2, 3 respectively; e, with 8 and 10 crossings. The diagrams 15 and 18,
constructed according to the same plan for 6 and 12 intersections, show why there
are no multiples of six in this form of coil. In fact, whenever the number of
crossings in this three-ply plait is a multiple of 6, the strands are separate closed
curves.

Parr IIL
Methods of Reduction.

§ 28. Before taking up the question of the complexity of a knot, a word or two
must be said abont the methods of reducing any given knot to 1ts simplest form.
I have not been able as yet to find any general method of domg this, nor have
I cven discovered, what would probably solve this difficulty, any perfectly general
method of pronouncing at once from an inspection of 1ts scheme or otherwise, whether
a knot 18 reducible or not It 13 easy to give multitudes of special conformations in
which reduction can always be effected; but of these I shall give only a few, with
the view of showing their general character.

One very simple case of such reduction has already been given, viz, where a
letter occurs twice n succession

For, 1f we have as part of a scheme, the letters

...PQQR....

the corresponding part of the coil must have the form shown 1n Plate 1V. fig. 19.
Whichever way the crossing at Q is effected, the loop can be at once got mnd of,
and 1t is thus nugatory, because the scheme shows that 1t s not intersected by any
other branch
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If we put in the signs of the crossings, they must obviously be different for the
two Q's; and thus in
...PQQR....

+ -
we may treat them as +Q—Q=0, and obliterate Q altogether.

An immediate conscquence of this 1s, of course, that any group such as
...PQRRQP....

whatever be thc number of letters arranged in this form, may be wholly struck out.
Cases corresponding to this have been already figured in § 1.

§ 29. Another useful step mn simplification occurs when we have a scheme con-
taimng the following terms:—

+4 --
for then both P and Q may be struck out

[N.B—The order of P and Q need not be the same at each occurrence, the
cssential thing 1s that they should twice occur together, and with like signs. This
cxplanation shows that the process is not coufined to clear coils]

For the corresponding part of the diagram must cvidently be of the form shown
in Plate IV. fig 20, since the scheme shows that there arc no intersections
between P and Q on either branch. Hence, as P and Q have the same sign for
cach branch, one branch may be shpped off from the other without otherwise
altering the col. :

If a smgle turn of the coll pass across between P and Q, the only ways m
which it can prevent the shpping off just described are that shown m Plate IV.
fig. 21, and the same looked at from the other side, e, with all the signs changed.

Hence m the scheme

.PRQ....PSQ. ...RS ....
L

(where the order 15 agam mdifferent mn cach of the groups) we can always leave out
P and Q, unless R be negative and S positive, ze., unless this part of the scheme
has in itself the greatest possible number of changes of sign.

But when we can thus strike out P and Q, 1t 1s necessary to observe that m
RS or SR, which maust occur at some other part of the scheme, the order is to be
changed Thus

..PRQ...... PSQ....RS....
4+ —+= -
is simplified into LR S........ SR.......
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§30. Such a portion as that figured in Plate IV. fig. 22 evidently goes out of
itself, whatever be the character of B; 7.e, the whole of 1t

...ABC ABC.....

may be struck out of any scheme. In fact, whichever sign be given to B, § 29 applies
and removes two of the intersections. Then § 28 disposcs of the remaining one.

This is merely a particular case of the general and obvious theorem, that any
portion of a coll which may be treated as a separate coil, and which, if alone, could
be reduced, may be reduced wn situ.

A morc general theorem, which includes the preceding, is that, if in
.ABC....GHA..... .

the signs of B, C,...G, H, where they occur between the two A’s, are all ahke, all
these intersections, mcluding A, may be struck out. This is quite obvious, because 1t
indicates a complete turn of the coll entirely above or below the rest. When one or
more of B, C, G, H has a different sign from the others, a less amount of simplifi-
cation is usually still possible.

Along with this we may take the case of fig. 23. Here we have

....PQRPS ... .RQS......
——t++ —+-
If the sign of P were changed these parts of the scheme would contain alternately
+ and — The scheme obviously loses three intersections, and becomes
[ o N Q..... .
- +

If the signs in the complete knot, with the exception of that of P, were all
+ and — alternately, there will generally be farther reductions possible

§ 381. A glance shows that the first of the diagrams, 24, 23, Plate IV, can be
reduced to the second. Hence in the scheme of a knot

....... PQRP......QR.....
- -+
may be simphfied mto oo . QRLLL L RQ
+- + -

[N B—The essential pomnt 18 that P and Q should have the same sign, and R
the opposite If Q and R had the same sign they might both be struck out, § 29.
But if P and Q have different signs, as also Q@ and R, no simplfication can be effected,
though, as has been shown m § 11, a change of scheme is practicable.]
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§32. The scheme

....ABC....EFG......AMN....PQG...
+H+ +++ - -

always admits of striking out A and (.  But special consideration is necessary as to
what i to take the place of B,C,... E, F. Their substitutes will all be positive, and
may be called m, n,...p, ¢, since they are in number the same as M, N,... P, Q—
irrespective altogether of the number of B, C,... E, F. In fact, M and m, Nand #, ...&c.,
lie (as near one another, in pairs, as we please) on the several turns of the coil which
mtersect the arc AM.. .QG.  And m,n, ...&c, arc on the opposite side of that
arc from B, C,... F.

§33. There are numberless other special rules, but those just given are among
the simplest, and they are in general sufficient for coils with only a moderate number
of mtersections. With the present notation 1t is not easy to classify them, or to show
how they may be exhibited as particular cases of more gencral rules. We will
therefore, for the present, employ them only for the simplfication (where possible) of a
few diagrams of knots. But it must be particularly noticed that the simplifications
above arc mainly such as tend to remove continuations of sign from a scheme, none of
them but the first being appheable to a scheme whose signs present no continuations.

§ 34.  Kaamples.
. I AEBFCGDAEKFLGDHBKCLH]|A
et T Tk T S A,
This is, of course, rendered irreducible by changing the sign of B. It 1s figured
Plate V. fig 1.

[If we were to change the sign of F, L, H, the knot would acqure a great
merease of beknottedness, and would consist, 1n 1ts simplest form, of a pentacle and a
trefoil knot linked together, as in Plate V fig. 25.]

(¢) Now ..EBF... EKF....BK....
tH+ —t— =
become B KLL KB ...
+ o+ -

() Two intersections being thus lost, the knot has now the foim, Platc V hg. 2,
with the scheme

ABCGDAKLGDHKBCLH|A
—t—t—t ettt ——— -+

Now in ....... DAKLG.....

with G before or D after, we can at once get rid of K, L, if A be put close to G
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(¢) Hence the scheme becomes
BCAGDAGDHBCH|B
b — ==+
and the knot 1y as in the figure 3, Plate V.

Now HB....HB... goout (§ 29).
—-—— 44

(d) The scheme is now
CAGDAGDC]|C
——t— -+
so that C goes out by § 28, and we have finally
AGDAGD]|A
— 4+ —+ -+
the trefoil knot.

II. The knot figured m Plate V. fig. 4 has no beknottedness.
III. That in fig. 5 is reducible to the trefoil.

These are left as exercises to the reader.

Part IV.
Beknottedness.

§ 35. Recwrring to the two species of five-crossing knots discussed m § 18, we'
easily sce that there is less entanglement or complication in the first species than m
the second. For if the sign of either of the two crossings towards the top of the
first figure be changed, it 15 obvious that it will no longer possess any but nugatory
crossings. But 1f we change the sign of any one crossng i the pentacle, that
crossing, and one only of the adjacent ones, become nugatory, so that the knot
becomes the trefoil with alternating + and — This, in turn, has all its ntersections
made nugatory by the change of sign of any one of them Thus one change of sign
removes all the knotting from the first of these knots, but two changes are required
for the second.

In what follows the term Beknottedness will be used to signify the peculiar
property i which knots, even when of the same order of knottiness, may thus differ:
and we may define 1t, at least provisionally, as the smallest number of changes of
sign whach wnll render all the crossings wn a given scheme nugatory. This question is,
as we shall soon see, a delicate and difficult one. It is probable that 1t will not
be thoroughly treated until one considers along with it another property, which may
be called Knotfulness—to indicate the number of knots of lower orders (whether
interlinked or not) of which a given knot is 1 many cases built up. But this term
will not be introduced in the present paper.
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§ 36, It may be well to premise a few lemmas which will be found useful in
cxumining for our present purpose the plane projection of a knot.

(2) Regarding the projection as a wall dividing the plane mto a number of fields,
if we walk along the wall and drop a com mto each ficld as we reach 1t, each
ficld will get as many coms as 1t has corners, but those ficlds only will have a comn
in cach corner whose sides are all described 1n the same direction round. For we
enter by one end of each side and leave by the other The number of cons is four
times the number of mtersections. and two coins are in each corner bounded by
sides by cach of which we enter, none m those bounded by sides by each of which
we leave. Hence a mesh, or compartment, which has a coin in each corner has all
its sides taken in the same direction round, and we see by fig. 6, Plate V, that
this iy the case with twists i which the laps of the cord run opposite ways, not
if they run the same way Compare this with the remarks of § 35, as to the two
spectes of 3-fold knottiness

(B) To make this process give the distinetion between crossing over and crossing
under, we may suppose the two coms to be of different kinds,—silver and copper for
mstance.  Let the rule be-—silver to the right when crossing over, to the left when
crossing under. Then, however the path be arranged, of the four angles at each
crossing, one will have no coms, the vertical or oppoute corner will have two slver
or two copper coins, the others one copper or one silver coin each

It 15 easily scen that a reversal of the direction of gong round leaves the single
coms as they were, but shifts the pair of coms mto the angle formerly vacant: also
that 1 all deformed fgures the circumstances are cxactly the same as in the origmal
Hence we may divide the cossings mto silver and copper ones, according as two
silver o1 two copper coms come together  And the cxcess of the silver over the
copper crossings, o1 wice versd, furmshes an exceedmgly simple and readily apphed test
(not, however, as will soon be scen, m atself absolutely conclusive of identity, though
absolutely conclusive agamnst 1t), which 18 of great value in arrangmg 1 family
groups (those of cach family having the same number of silver crossings), the various
knots having a gwven number of ntersections

(y) Or, still more simply, we may dispense altogether with the copper coms, so
that, gomg 1ound, we pitch a com into the field to the mght at each crossing over,
to the left at cach crossing wunder. When the coins are m the same angle the
clossing is a silver one, when m two vertical angles it 1s copper. Each of these
three processes has its special uses

§ 87. This process, thus limuted, 18 obviously mtimately connected with that
required for the estimation of the work necessary to carry a magnetic pole along the
curve, the curve bemng suppused to be traversed by an electric current Hence 1t
ocewrred to me that we might possbly obtain a defimte measurement of beknotted-
ness in terms of such a physical quantity . as 1t obviously must be always the same
for the same knot, and must vamsh when there is no beknottedness To make the
measure complete, we must record the numbers of non-nugatory silver and copper

T 39
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crossings separately, with the number to be deducted as due merely to the coiling
of the figure. This last is a very important matter, and will be dealt with later.

§ 38. When umt current circulates in a smple circuit, 1t is known that the
work required to carry unit magnetic pole once round any closed curve once linked
with the circuit 1s +4m Instead of the current we may substitute a uniformly and
normally magnetized surface bounded by the circuit. The potentinl cnergy of the
pole m any position 18 measurcd by the spherical aperture subtended at the pole by
the circuit, but its sign depends upon whether the north or south polar side 1s
turned to the pole. Hence the pole has no potential cnergy when 1t 15 situated m
the plane of the cirewmt but external to it, and the potential energy is +2m when
the pole just reaches the planc of the circuit internally.

In fact the electro-magnetic force exerted by an element da of a umt cuirent,
on a unit north pole placed at the origm of a, is
Vada
Ta
or, a8 we may write 1t,
1
V.daV 1o
This 15 1dentical mn form with the cxpression for the differential whose mtegral,
taken round a closed circuit, is Ampere’s Directrice®.

Hence the clement of work done by the closed ciremit while the pole deseribes
a vector da, 1s

« Vada . 1
BW-—-——b.Sa~ T =8 SafdaV Ta =

But, if dQ be the spherical angle subtended at a by a httle plane area ds,
whose unit normal vector (drawn towerds the origin of a) 18 Uy, obviously

S. UvUa . 1
=" e ds=—b.UuV71,—adJ.

Now, m the gencral formula (No XIX above, p. 143)
—[Veda=[[dsV.(VUWV)a,

dQ

put o=V ;v&
(Vada . , 1 Y 1
and we have j T =lds (va-Ta_vAsU.,v Ta)
= [jastv¥: ! 1 va.
Ta
Now the double integral always vamshes while T 1s finite, and we have therefore
sw=[Frade_y savn=—s0.
o

* “El d. and M tism,” 8§ 5—8, Auté, p. 24
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That is, the work done during any infinitesimal displacement of the pole 19
numenically equal to the change in the value of the spherical angle subtended by
the ciremt The angle 1s, of course, a discontinuous function, 1ts values differing by
4o at points indefimtely near to onc another, but lying on opposite sides of the
uniformly and normally magnetized surface whose edge i the ciremt. Thete s,
however, no discontinuity m the value of the work, for the element of the double
mtegral 15 finite, and equal to 4, when Ta=0

Gauss* says (with date January 22, 1833).—“Eme Hauptaufgabe aus dem Grenz-
yebret der Geometria Situs und der Geometria Magnitudims wird die sein, die Um-
schlingungen zweier geschlossener oder unendlicher Limen zu zdhlen” And he adds
that the integral

ﬂ (' = 2) (dyd2’ — dedy’) + (§ — y) (dzds’ — dud?’) + (2 = 2) (dady’ — dyrlx')
/ (@ =y + (= yr+ (& =2
cxtended over both curves, has the value

4onr,

where m 1s the number of hnkings (Umschlingungen)  This is obviously the same
as the mtegral of —8W above, viz .—

g

extended round each of two closed eurves, of which da and 8a are elements

§ 39 A very excellent mvestigation, by means of Cartesian co-ordinates, will be
found 1 Clerk-Maswell's Electricity and Magnetism, §§ 417—422 Tt 15 there shown
that the above integral may vamsh, cven when the ecireuits are imseparably hnked
together  In tact m may vanish cither beecause there is mno 1eal linkmng at all, o
because  the number of linkmgs for which the electro-magnetic work 19 negative 1
the same as that for which 1t 1s posttive  For our present apphcation this 15 of
very great consequence, because 1t shows that the electro-magnetic work, under the
encumstances with which we are dealing, eannot m all eases measure the amount ot
beknottedness  In tact the processes, soon to be deseribed, enable us, without trouble
tov any given lnkage, to find the value of m 1 Gauss’ formula, but therc are
spectal ambigmities when we try to apply the process to knots

§ 40 To construct the magnetized surface which shall exert the same action on
a pole as a current in any given closed crcmiv does, we may either
suppose a cylmder extending to infimty m one direction (say for
defimteness, upwards from the plane of the paper), and having the
cucwt for 1its cdge, or we may form, as 1n the figure, a fimte
autotomic surface of one sheet, having the cwrewmt for 1ts edge In
dealing with the two cuives of Gauss’ proposition our procedure 1s
perfectly definite, but when one and the same curve is to be the current and also

* Werke, Gottingen, 1867, v p. 605
39—2
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the path of the pole, there 15 an ambiguity n estimating the electro-magnetic work.
To clear this away we requirc a definite statement of how the pole moves along
the curve itself. For if its path screw round the curve +4m must be added to the
work for each complete turn. As an illustration, suppose
we bend, as m the figure, an mdia-rubber band coloured
black on one side, so that the black is always the
concave suiface, and so that onc loop is the perversion
of the other, we find on pulling 1t out straight that
1t has no twist. If both loops be made by overlaying, when pulled out 1t becomes
twisted through two whole turns This illustiates the kinematical principle that spiral
springs act by torsion. An excellent instance of 1ts conmection with knots 18 to be
seen m the process employed m § 11 For if we have portions of a cord, as 1 the
diagram (Plate V. fig 7), the puling out ot the loop m the upper cord changes
the arrangement, as shown iv the second figuie

A practical rule, which completely mects the Gaussian problem, may ecasily be
given from the consideration of the cylhnducal magnetized suiface above mentioned.
Go round the curve, marking an arrow-head after cach crossing to show the direction

- which you passed 1t Then a junction hike the following gives

+4m for the upper branch, and nothmg for the lower (which, on
X this supposition, does not pass through the magnetic sheet)  Change

the crossing from over to wnder, and this quantity changes sign

The junction figured above would, m our first allustration, be a
silver one  But a still simpler process 18 to go round, as m § 36 (y), puttmg a
dot to the mght after each crossing over, and vice rersd

§ 41. Now, m oider that ow 1ule when apphed to Anots wmay give no work
where there 18 no beknottedness, we must make the required expression such as to
vanish whenever all the interseetions are nugatory.  Those which ae nugatory only
m consequence of thewr signs are m pans, silver and copper, and wil take care ot

themselves, as we see by special examples hke the following  Henee

the ouly pait to conreet for 1s that depending on the number of
Y/@\% whole turns, and the sketch of the india-tubber band above shows

that the work at the vertex of cach <uch partial closed cireuit
18 simply not to be counted, 7e, that the 4w, which would be 1eckoned for each
~uch crossing by our 1ule (positively or negatively as the case may be), is to be
conaidered as made up for by the corresponding screwing of the pole 10und the curve.

§ 42 There must be some very simple wmethod of determimng the amount of
beknottedness for any given knot, but I have not hit upon 1t I shall therefore
content myself with a few remarks on the subject, some of which are general,
others applicable only to certamn classes of forms, There seems to be httle doubt
that the difficulty will be solved with ease when the truc method of attacking
amphicheiral forms is found

1. To form from a given projection the knot with the greatest amount of
beknottedness, it 15 clear that we must in general so arrange the crossings over and
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under as to make «ll the crossings simultaneously silver or copper ones. And when
this is done, a projection will give greater beknottedness for the same number of
crossings the smaller is the number of crossings which have to be left out of account.
Thus the simple tunsts (or clear coils with two turns) are the forms which, with a
given amount of knottiness, can have the greatest beknottedness. For in them (sce
§ 41) only one crossing has to be left out of the reckomng. Even a regular plat
if of more than two strands cannot have so much beknottedness as it would acquire
with the same amount of knottiness if two of 1its strands were first twisted together,
then a third round these, and so on  And thus also cntirely nugatory forms hke
the two first cuts 1 § 1 can have no beknottedness, for all their crossings have to
be left ont of the reckor.ng

As an llustration, take the figure (Plate V  fig. 8) where the supposed
number of loops may be any whatever The free ends must, of course, be jomed
externally,

If we make the crossings alternately + and — 1t will be scen ab a glance that
a change of one sign (fe, that of the extreme crossing at either end) removes the
whole knotting, so that there 15 but one degree of beknottedness  The crossimgs m
this figure are i three rows Those mm the upper row are all copper (the last, of
course, becomes siver when 1ts sign is changed), and thewr number 1s n the number
of loops. Kach of the other rows has »n—1, and all of them are <lver. Thus when
the onc sign is changed there we n—1 copper crossimgs, and 2n—1 wlver. By
pullmg out the nght-hand loop we change n to n =1, so that one copper and two
stlver crossngs are lost  After n—1 operatins hhe this thete remamns only one
(stlver) crossing. It 15 easy to sec fiom this that the crosangs to be omitted n the
reckomng  of beknottedness (as n § 41) must be the lower row. To prove “that 1t 1s
so, study the beknottedness when the crossmgs are made so that the upper row are
copper, silver, copper, &c, alternately, and those of the two other rows, silver, copper,
silver, &e., alternately. 1t wall be easily scen that with five loops there ae two
degrees  of beknottedness, &c., and thus that our rule 15 correet It 15 a curtous
problem to mvestigate the torsional and flesural rigidities of a wire bent - thas form.

To give the greatest beknottedness to o knot with the same  projection, it 15
obvions that all we have to do 18 to make the copper crossings into <ilver ones,
e, change the sign of cach of the wpper row of crossmgs. This gives fig. 9 With
five loops it has four degrees of beknottedness,

Another cxcellent 1llustration 1s given by the colls of the class figured in Plate
1V. figs 16 and 17, which have been already deseribed (§ 27). A full vestigation
ot the higher knottmesses of this class (especially when fully beknotted) would well
repay the trouble it would mvolve.

As they are all amphicheral, and 1in cach case the crossings are divisible nto
two sets, those of each set being m all respects alike, while those of different sets
differ only as to silver or copper, 1t 15 no matter (so far as testing beknottedness 1y
concerned) which crossing we suppose to have 1ts wign changed



310 ON KNOTS. [xxx1x.

In the 8-fold amphichewral of fig. 16 the change of any one sign reduces the
whole to the irreducible trefoil knot (§ 16), right or left-handed according as we have
changed one of the four outel, or of the four mner, crossmgs in the figure. Hence
it has two degrees of beknottedness. But if we change the signs of one set of crossings
(Plate V. fig. 24) so as to make all the crossings alike silver (or copper), we find
the knot irreducible, though with continuations of sign, but with three degrees of
beknottedness. And 1t 1s easy to see that 1t can now be analysed into two right-
handed trefoil knots linked together as shown in the other part of the figure. But
the linking is left-handed Had it been right-handed we should have had + and —
alternately, and thus we could not have transformed back to the form with continua-
tions of sign (§ 4).

Sinunlar remarks apply to the 10-fold amphicheiral plut (Plate IV. fig. 17)
Change of any one sign reduces it to the third form of 6-fold knottiness (y, § 8),
which has only one degree of beknottedness. Hence the 10-fold plait has but two
degrees of beknottedness when its signs are alternate. If we make all 1ts crossings
silver (or copper), as an Plate V. fig. 25, 1t has four degrees of beknottedness;
and the reason 1s obvious from the other half of the figure, where 1t 1s seen to be
made up of a pair of irreducibles—a pentacle and a trefoil, onco linked together.
There is one degree of beknottedness for the trefml, one for the lnk, and two for
the pentacle. The trefoil and pentacle are right-handed. the hnk left-handed, else we
should not have had the continuations of sign which the figure must show.

A very curious illustration of this is to be found mn the excepted cases, where
the number of crossings 1s a multiple of six. From the two figured (Plate IV figs.
15, 18) it 18 obvious that all of these are formed by three unknotted closed cuives, no
two of which are hnked together, yet the whole is irreducible, having alternate signs.
Hence we require a third term to complete our descriptions—knotting, hnking, lock-
ing (7).

To give the greatest amount of belinkedness to these figures, let us suppose the
ovals taken all the same way round, and arrange so that all the ciossings shall be
silver Then we have continuations of sign (Plate V. fig. 26) as m the knots of
the same series. But whereas Plate [V. fig 15, 1if made of wire, 1s particulaly
stiff, the new figure is emmently flexible. This seems to have been practically known
to the makers of chain armour

The 9-fold knot of Plate V. fig. 15 has its crossings so drawn as to be all
copper. Three must be left out of reckoning for the coiling, so 1t has three degrees
of beknottedness

But 1if we made the crossings alternately + and — we should find zero for the
corrected electro-magnetic work—three copper and three silver crossings remamng.
Change, then, the sign of any one of the three outer or mner crossings, and the
whole reduces to the 4-fold kuot. Hence it has two degrees of beknottedness,

If the crossing whose sign 18 changed be neither an outer nor an inner one,
the result is a very singular 8-fold knot (irreducible, though having continuations of



XXXIX.] ON KNOTS, 311

sign), differing from that of fig. 24, Plate V. i the fact that its component trefoil
knots are unsymmetrically linked together. And it has but one degrec of beknotted-
ness, while that of fig. 24 has three.

I have called attention to this example because of its bearings on the question

of the numbers of different irreducible knots havng the same projection, which we meet
with as soon as we reach 8-fold knottiness*.

2. To remove all beknottedness from a projection it is only necessary to make
every crossing in its scheme + (or —) when it is first met with, reading from any
point whatever. For then the several laps of the coil are, as it were, paid out n
succession one over the other. When the beknottedness of a scheme so marked 18
calculated (as i § 41), « will be found that there is always at lcast one choice of
a set of crossings such that, when these arc omitted from the count, the electro-
magnetic work is zero.

As an illustration take the very simplest form, the trefoil knot, with the suffixed
signg determined by this rule. The scheme is

—_t - — 4+ -
ACBACB|A.
+++-==—|+

Now, by § 41 we arc cntitled to leave out of count either A, B, or C. Leaving
out cither A or B gives zero for the electro-magnetic work, as 1t ought to be; but
leaving out C gives — 8.

3. The only way in which we can have the intersections + and — alternately
while every letter is + on 1ts first appearance, e, when there 15 no beknottedness,
18 obviously the wholly nugatory scheme

A A BB, &c.
+—+—

§ 43 To 1llustrate these methods let us take again the 5-fold knots (as m § 18)
whose schemes are

FAFF A+
ADBECADCEB|A,
k-t —t -t =+
ADBECADBEC|A.
—F =t =t — =+

The lower signs refer to over or under, the upper to the electro-magnetic work, or
to the silver-copper distinction

Hence to determine the electro-magnetic work we must divide cach scheme into
independent circuits, na one of which includes a less cxtensive one; and omit from
the reckoning the work for the terminal of each such cirewit, and for each of the
interscctions which 1s not included m any onc of the separate circumits. There are
usually more ways than one of duing this. Sometines these agree n their results

* [This very interesting question has since been discussed, for 8-fold and for 9-fold kuottiess, by Prof. C. N.
Little (Ihans. R. S. E. xxxv., 1889). 1898.]
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but the rule for choosing which to omit is to take them such that with their proper
signs, and the rest with any signs whatever, they may be capable of making each
letter positive on its first appearancc. But there are cases even when the knot is
not amphicheiral 1 which this process cannot be carried out These occur specially
when a part of the knot forms a lower knot with which the string is again linked.

In the first of the two schemes above there 1s but onc independent non-auto-
tomie eircurt, which may be taken as

ADBECA.

In this all the itersections arc included, so that the whole work is to be found by
leaving out that for A only; e, it is — 167

But 1n the second scheme we may take the two circuits
BADB and CADC,

and E 15 not weluded in either. Hence we must leave out of count the work for
B, €, and E. This 18 found to satisfy our test, and thus the whole work is only
- 8.

This is an nstance m which the estimate by the electro-magnetic process exactly
agrees with the result of simpler considerations, as given i § 35 above

§ 44 It will be found that the alteration of five signs 1s sufficient to remove
the knotting from the annexed figure, and the stages of operation of the various
modes of reduction show that this form can be regarded as made
up of sumpler knots intersecting one another on the same string
These separate knots are virtually independent, and to change all
the signs m any one of them does not i cases like this necessarly
sumplify the knot  Uncorrected the work 18 — 13 x 4w  Corrected
1t 18 —~ 10 x 4, which agices with the removal of the beknotted-
ness by change of five signs only.

If the sign of the onc unsymmetrical crossing be altered, four changes of sign
will suffice; for the uncorrected work is — 11 x 4o, corrected 1t 18 — 8 x 4w, corre-
sponding to four changes of sign

§ 45. It is clear from what precedes that the Gaussian integral does not, except
m certamn classes of cases, oxpress the measure of what may be called, by analogy
with § 85, Belinkedness. It may be well to examine a simple form of link with all
it~ possible arrangements of sign to sce what the tegral really gives m cach of
these. Let us choose for this purpose two lemniscates having four mutual erossings
suggested by the edges of the band shown m fig. 13, Plate IV

If we supposc the signs to be made alternately + and —, as in Plate V. fig. 10
the form is a six crossing one, and irreducible. The silver or copper character of the
self crossings does not depend upon the directions in which we suppose the lemnis
cates to be described, that of the mutual crossings does. We thus have, from anothe
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point of view than that of § 41,-a proof that these are to be left out of account
m the reckomng.

The four crossings of the two curves are copper, if these curves are supposed to
be described in the same way round; those of the separate curves (which do not
count) are silver Hence the work is —16m, or two degrees of belinkedness.

Change the sign of any one of P, Q, R, S, that and the adjacent one slip off,
U and V become nugatory. The linkage 1s the simplest possible, and the integral
is 8.

Change the sign of either or both of U and V. In either of these three cases
both become nugatory, and the whole takes the form of two doubly-linked ovals, with
the integral = — 167, (Plate V. figs 12, 13.)

If the signs of both R and S be changed the value of the integral 1s obviously
4(2—2)m, for R and S have become silver, while P and Q remain copper.

If i addition the signs of U and V be both, or neither, changed, only one
crossing 18 got rid of, and the hnk may be put in the form (Plate V. fig. 14)
It cannot be farther reduced, because the crossings are alteinately over and under.

But if the sign of onc only of U, V be changed, it will be secn that there 1s
no hnkmng (Plate V. fig 11). Here the integral vanishes becausc there is really
no work, not as 1 the last case, where there are equal amounts of positive and
negative work

§ 46 This gives a hmt as to the reckoning of beknottedness from the silver
and copper crossings in the cases where we have found a difficulty. After omitting
from the reckoming the crossings which belong merely to the outhme of the figure,
there must remain an even number of crossings (§ 22). Hence, whatever numbers be
silver and copper respectively, the excess of the one of these over the other must
be an cven number (zero included) In general, half thus number is the beknottedness.
But when the knot, or even part of 1t, is amphicheiral there 1s usually more beknot-
tedness than this rule would give. And, in particular, there may be beknottedness
when the number is zero In this casc the number of silver (and of copper) crossings
is even, and is double the degree of beknottedness.

As T have already stated, I have not fully investigated this pomt, and therefore
for the present I content myself with giving two instructive examples from the six-fold
knots. The observations which will be made on these contain at least the germ of
the complete solution.

The form y (of § 8) 13 not amphicheiral. As there drawn, it has four copper and
two silver crossings, the latter bemg the interscctions of the loop with the trefoil; but
the scheme shows that two copper crossings must be omitted from the reckoning, one
of these being necessarily that which is uppermost in the figure. If the sign of this
last be changed, the knot opens out, so that it has but one degree of beknottedness.
Hence, in this case, the two copper and two silver crossings correspond to one degree

T 40
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of beknottedness only. But if we change the sign of any one of the other three copper
junctions the knot sinks to the 4-fold amphicheiral, retaining its one degree of be-
knottedness.

In the amphicheiral form B (of § 8) there are three silver and three copper cross-
ings. As the figure is drawn, these are to the rght and left of the figure respectively;
and either crossing at the end of the lower coil may be left out, along with any one
of the three on the other side. Thus there remain, as in the former case, two silver
and two copper ones. This corresponds to one degree of beknottedness, as in the last
case, for the change of sign of either crossing at the end of the lower coil unlooses
the knot. But if any one of the other four crossings (alone) have its sign changed, the
whole becomes a right or left-handed trefoil knot, retaining, as in the former example,
its one degree of beknottedness.

To give the greatest beknottedness to these forms, we must alter two signs in (y)
and three in (8). In each case one crossing is lost, and the form becomes the pentacle
(§ 7) with its two degrees of beknottedness.

ParT V.

Amphicheiral Forms.

§ 47. These have been defined in § 17, and several examples have been given, not
only of knots, but of links, which possess the peculiar property of being transformable
into their own perversions.

The partition method (§ 21) suggests the following mode of getting amphicheirals:—
Since the right-handed and left-handed compartments must agree one by one, and
since (§ 20) the whole number of compartments is greater by two than the number of
crossings, the number of crossings must be even. Let it be 2n, and let py, pa,...Pnya be
the partitions. Then our selection must be made from the numbers which satisfy

Ditpate.... + Py = 4m,
no one being greater than the sum of the others. If a set of such can be grouped
as in § 20 so that the other set for the complete scheme shall be the same numbers
with the same grouping, we have an amphicheiral form. The words in italics are necessary,

as the following example shows; for here the black and white compartments have the
same set of partitions but not the same grouping, and the knot is not amphicheiral : —
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But a different grouping of the same set of partitions gives the amphicheiral form

below

But an easier mode of procedure, though even more purely tentative, 1s the follow-
ing:—If a cord be knoticd, any number of times, according to the pattern below,

&

it is obviously perverted by simple tnversion. Hence, when the free ends are joined
it is an amphicheiral knot. Its simplest form is that of 4-fold knottiness. All its forms
have knottiness expressible as 4m.

The following pattern gives amphicheiral knottiness 2 + 6n.—

&b

And a little consideration shows that on the following pattern may be formed
amphicheiral knots of all the orders included in 6n and 4+ 6n.—

[Saa8

Among them these forms contain all the even numbers, so that there is at least
one amphicheiral form of every even order

Many more complex forms may easily be given. See, for instance, Plate V. figs.
18, 19, 20. Some are closely connected with knitting, &e.

An excessively simple mode of obtamning such to any desired extent is to start
with an amphicheiral, whether knot or link, and insert additional crossings. These must,
of course, be inserted symmetrically in pairs, each in the original figure being accompanied
by another which will take its place in the perversion or image.

Thus, taking the simplest of all amphicheirals, the single hnk (Plate V. first of
figures 27), we may operate on it by successive steps as in the succeeding figures.
40—2
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The second, third, and fourth are formed from the first by adding, the fifth and
sixth from the fourth by removing, pairs of crossings. The third, like the first, is
a link; the others are knots.

Figures 28, Plate V., give another series, of which the genesis 1s obvious. The
protuberances put in the first figure, for instance, show how it becomes the second.
The fifth of fig. 27, and the second and fourth of fig. 28, all alike represent the
amphicheiral form (8) of § 8. But we need not pursue this subjcet.

§ 48. It will be seen at a glance that the first pattern in last section gives for
two loops (i.e, four crossings) the knot of § 6, while the third pattern as drawn 1s
simply 8 of § 8 In this form of the knot, the two dominant crossings (§ 46) are
those in the middle, and mere inspection of the figures shows that the whole knotting
becomes nugatory if the sign of either of these be changed.

It might appear at first sight that amphicheirals of the same knottiness, formed on
such apparently different patterns as the two first of last section, would be necessarily
different. But the very simplest case serves to refute this notion. For the lowest
integers which make

dn =2+ 6n

give 8 as the value of either side. Figs. 22, 23, Plate V., represent the corresponding
ampbhicheirals, apparently very different, but really transformable mnto one another by the
processes of § 11. Fig. 21, Plate V. represents another 8-fold amphicheiral form,
suggested by a somewhat similar pattern. I hope to return to the consideration of
this very curious part of the subject, and at the same time to develop a method of
treating knots altogether different from anything here given, which I recently described
to the Society®.

After the papers, of which the foregoing is a digest, had been read, I obtamned
from Professors Listing and Klein a few references to the literature of the subject of
knots. It is very scanty, and has scarcely any bearing upon the man question which
I have treated above. Considering that Listing’s Essay was published thirty years ago,
and that 1t seems to be pretty well known in Germany, this is a curious fact. From
Lasting’s letter (Proc. R.S. E. 1877, p. 316), it is clear that he has published only
a small part of the results of his investigations. Klemnt himself has made the very
singular discovery that in space of four dimensions there cannot be knots.

The value of Gauss' integral has been discussed at considerable length by Boeddicker
(by the help of the usual co-ordinates for potentials) in an Inaugural Dissertation, with
the title, Beitrag zur Theorie des Winkels, Gottingen, 1876}

* Proceedings R S.E., May Tth, 1877,

+ Mathematische Annalen, 1x. 478.

1 Professor Fischer has just shown me an enl d copy of Boeddicker’s hlet above ioned
Twenty pages are now added, mainly referring to the connection of knots with Riemann’s surfaces, and the
title is altered to Erveiterung der Gauss'schen Theorie der Verschlingungen, Stuttgart, 1876,
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An Inaugural Dissertation by Weith, Topologische Unter g der Kurven-Ver-
schlingung, Zurich, 1876, is professedly based on Listing’s Essay. It contains a proof that
there is an infinite number of different forms of knots! The author points out what
he (erroneously) supposes to be mistakes in Listing’s Essay, and, in consequence, gives
as something quite new an illustration of the obvious fact that there can be irreducible
knots m which the crossings are not alternately over and under. The rest of this
paper is devoted to the relations of knots to Riemaunn’s surfaces.
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XL.

ON KNOTS. Parr IL

[Transactions of the Royal Society of Edinburgh, Vol. XXx11. Read 2nd June, 188¢.]

ONE main object of the present brief paper is to take advantage of the results
obtained by Kirkman®, and thus to extend my census of distinct forms to knottiness
of the 8th and 9th orders; for the carrying out of which, by my own methods, I could
not find time. But I employ the opportunity to give, in a more extended form than
that in the short abstract in the Proceedings, some results connected with the general
subject of knots, which were communicated to the Society on January 6, 1879, as well -
as others communicated at a later date, but not yet printed even in abstract.

I Census of 8-Fold and of 9-Fold Knottiness

1. The method devised and employed by Kirkman is undoubtedly much less
laborious than the thoroughly exhaustive process (depending on the Scheme) which was
fully described and illustrated in my former papert; but 1t shares, with the Partition
method, which I described in § 21 of that paper and to which it has some resemblance,
the disadvantage of being to a greater or less extent tentative. Not that the rules
laid down, either in Kirkman’s method or mm my partition method, leave any room for
mere guessing, but that they are too complex to be always completely kept in view.
Thus we cannot be absolutely certain that by means of such processes we have obtained
all the essentially different forms which the definition we employ comprehends. This
is proved by the fact that, by the partition method, I detected certamn omissions in
Kirkman’s hst, which in their turn enabled him to discover others, all of which have
now been corrected. And, on this ground, the present census may still err in defect,
though such an error is now perhaps not very probable.

* The ion, Descrip and Co! ion of Knots with fewer than Ten Crossings. Trans. R.S.E. xxxu,
+ No. XXXIX. above.
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On the other hand, the treatment to which I have subjected Kirkman's collection
of forms, in order to group together all mere varieties or transformations of one special
form, is undoubtedly still more tentative in its nature; and thus, though I have grouped
together many widely different but equivalent forms, I cannot be absolutely certain that
all those groups are essentially different one from another.

Unfortunately these sources of possible error, though they tend (numerically) 1
opposite directions, and might thus by chance compensate one another so far as to
make the assigned numbers of essentially different forms accurate, cannot in any other
sense compensate. In other words, there may still be some fundamental forms omitted,
while others may be retained in more than one group of their possible transformations.
Both difficulties grow at a fearfully rapid rate as we pass from one order of knottiness
to the next above; and thus I have thought it well to make the most I could of the
valuable materials placed before me; for the full study of 10-fold and 11-fold knottiness
seems to be relegated to the somewhat distant future.

2. The problem which Kirkman has attacked may, from the point of view which
I adopt, be thus stated:—“Form all the essentially distinct polyhedra® (whether solids,
quasi-golids, or unsolids) which have three, four, &c., eight, or nine, four-edged solid angles.”
Thus, in his results, there is no fear of encountering two different projections of the
same polyhedron; or, in the language of my former paper, no two of his results will
give the same scheme. Thus there 18 no one which can be formed from another by the
processes of § 5 of my former paper.

3. But, when a projection of a knot is viewed as a polyhedron, we necessarily
lose sight of the changes which may be produced, by twisting, in the knot itself when
formed of cord or wire; a process which (without introducing nugatory crossings) may
alter, often in many ways, the character of the corresponding polyhedron. This subject
was treated in §§ 4, 11, 14, &c. of my former paper. But it is so essential in the present
application that it is necessary to say something more about it here. It would lead
to great detail were I to discuss cach example which has presented itself, especially in
the 9-folds; but they can all be scen in Plate VI, by comparing together two and two
the various members of each of the groups.

The following example, however, though one only of several possible transformations

is given, is sufficiently general to show the whole bearing of the remark, so far at least
as we at present require it.

* This word is objectionable, on many grounds, in the present connmection. But a more suitable one does
not occur to me; and the lifl (given 1n brackets) will prevent any misconception. Of course no pro-
Jection of a true polyhedron can be cut by & straight Line in two points only.
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It is obvious that either figure may be converted into the other, by merely rotating
through two right angles the part drawn in full lines, the dotted part of the cord
being held fixed. Also, the numbers of corners or edges in the right and left-handed
meshes in these two figures are respectively as below:—

55332 d 64332
443322 " 433332, .

These numbers would necessarily be identical if the forms could be-represented by
the same scheme. As will be scen by the list below, § 6, these are respectively the
second, and the sixth, of the group of equivalent forms of number viit of the ninefold
knots. (See Plate VI)

The characters of the various faces of the representative polyhedra (so far at least
as the number of their sides 1s concerned) are widely different m the two cases.
[Mr Kirkman objects to this process that it introduces twisting of the cord or tape
uself. No doubt it does, or at least seems to do so, but the algcbraic sum of all the
twists thus introduced'is always zero; 7 e, by “ironing out” the tape m 1ts new form,
all this twist will be removed. I have often used a comparison very analogous to this,
to give to students a notion of the nature of the kinematical cxplanation of the equal
quantities of + and — electricity, which are always produced by electrification. If the
two ends of a stretched rope, along whose cylindrical surface a generating line is drawn,
be fixed, and torsion be applied to the middle by means of a marlinspike passed
through it at right angles, onc half of the generating line becomes a right-handed, the
other an equal left-handed cork-screw. Thus the algebraic sum of the distortions is
zero. And, in consequence, if the rope be untwistable (the Unwersal Flezure Joint of
§ 109 of Thomson and Tait’s Natural Philosophy) and endless, the turning of the spike
merely gives it rotation hke that of a vortex-ring. Such considerations are of weighty
import in many modern physical theories ]

As will be seen, by an examination of the latter part of Plate VI, even among
the forms of 9-fold knottiness there are several which are capable of more than one
different changes of this kind. Some of these I may have failed to notice. But it is
worthy of remark that the 8-folds scem, with two cxceptions, to resemble the 7-folds
in having at most two distinct polyhedral forms for any one knot.

4. Kirkman’s results for knottiness 3, 4, 5, 6, 7, when bifilars and composites are
excluded, agree exactly with those given m my former paper. I have figured these
afresh in Plate VI, in the forms suggested by Kirkman’s drawings, omitting only the
single 6-fold, and the single 7-fold, which are composite knots.

As will be seen in the Plate, where they are figured in groups, there are but
18 simple forms of 8-fold knottiness Besides these there are 3 not properly 8-fold,
being composite (i.e, made up of two separate knots on the same string); either two
of the unique 4-fold, or a trefoil with one or other of the two 5-folds. These it was
not thought necessary to figure, especially as they may present themselves in a variety
of forms.
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And the Plate also shows that there are 41 simple forms of 9-fold knottiness
Besides these, and not figured, there are 5 made up of two mere separate knots of
lower orders, and one which is made up of three separate trefoils.

5. Thus the distinct forms of each order, from the 8rd to the 9th inclusive, are

1 number
1, 1, 2, 4 8, 21, 47;

or, if we exclude combinations of separate knots,
1, 1, 2, 38, 7, 18, 41

The later and larger of the numbers in these series, however, would be considerably
mcreased 1f we were to take account of arrangements of sign at the crossings, other
than the alternate over and under which has been tacitly assumed, for these are, in
certan cases, compatible with non-degradation of the order of knottiness. This raises
a question of considerable difficulty, upon which I do not enter at present. Applications
to one of the 8-folds and to one of the 9-folds will be found in my former paper,
§ 42 (1).

Another interesting fact which appears from Plate VI 1s, that there are six distinet
amphicheiral forms of 8-fold knottiness at least if we include one, not figured, which
consists of two separate 4-folds, mn which case we must consider that therc are two six-fold
amphicherrals, the second being the combination of right and left-handed trefoils, described
m § 13 of my former paper. Thus the number of amphicheirals 1s, in the 4-fold,
6-fold, and 8-fold knots respectively, either 1, 2, 6, or (if we exclude composites), 1, 1, 5.
All but two of these 8-fold amphicheirals were treated in my former paper, two having
been scparately figured, and the other bemng a nere common case of the general forms
of § 47.

Finally, as a curious addition to the paragraphs on the genesis of amphicheiral
knots, given 1n my first paper, I mention the following, which is at once suggested
by the amphicheiral 6-fold :—Keeping one end of a string fixed, make a loop on the
other, pass the free end through 1t and across the fixed end; pass the free end again
through the external loop last made, then across the fixed end, and so on indefinitely.
The second time the fixed end is reached we have the trefoil (1f the alternate over and
under be adhered to), the third time we have the amphicheiral 6-fold; and, generally,
the nth time, a knot of 3(n—1) fold knottiness, which is amphicheciral if n 18 odd.
Three of these were, incidentally, given in my former paper.

But, reverting to the main object of my former paper, we now sec that the
distinctive forms of less than 10-fold knottiness are together more than sufficient (with
their perversions, &c.) for the known elements, as on the Vortex Atom Theory.

6. From the point of view of theory, as suggested mn §§ 12, 21, of my former
paper, it may be well to give here the partitions of 2n which correspond to true knots—
for the values of n from 8 to 9 inclusive. The various partitions, subject to the proper
conditions, are all given, in the order of the number of separate parts in each, thosc

T. 41
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which have a share in one or more of the true knots, as given in the Plate, are
printed in larger type.

n=3 n=6 (contd.) n=28 (contd.) n=9 n=9 (contd.)
33 42222 772 29 663222
222 33222 763 972 65322
222222 754 963 64422
664 954 64332
n=4 n="T 655 883 63333
— _— 8422 873 55422
44 77 8332 864 55332
422 752 7522 855 54432
333 743 7432 774 54333
2222 662 7333 765 44442
653 6622 666 44433
644 6532 9522 822222
n=5 554 6442 9432 732222
—— 7322 6433 9333 642222
1) 6422 5542 8622 633222
532 6332 5533 8532 552222
442 55622 5443 8442 543222
433 5432 4444 8433 533322
4222 5333 82222 7722 444222
3323 4442 73222 7632 443322
22223 4433 64222 7542 433332
62222 63322 7533 333333
53222 552322 7443 6222222
n=6 44223 543322 6642 5322222
- 43323 53332 6633 4422222
66 33332 444322 6552 43323222
642 422222 44332 6543 3333222
633 332222 43333 6444 42222222
563 2222222 622222 55563 33222222
543 532222 5544 222232222
444 n=8 442222 93222
6222 — 4333232 84222
5322 88 333322 83322
4422 862 4222222 75222
4332 853 3322222 74322
3333 844 22222222 73332

The whole numbers of available partitions are thus in order:—
2, 4 7, 14, 23, 40, 66.
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Of these there are employed for knots proper only
2, 1, 4, 4, 12, 17, 386,

respectively. The remainder give links, or composite knots, or combinations of these

(See Appendia.)

To enable the reader to identify, at a glance, any knot of less than 10-fold
knottiness, I subjomn the partitions corresponding to each figure in Plate VI It is to
be remembered that (as in § 15 of my former paper) deformations which are compatible
with the same scheme, however they may change the appearance of a knot, do not alter
the partitions, But it is also to be remembered that identity of partitions, alone, does
not necessarily secure identity of form.

The 3, 4, 5, and 6-folds may be disposed of in a single lme.

n=3 n=4 n=>5 n=6 |
33 442 55 543 552 r
222 332 3322 , 22222 4332 , 33222 , 33222 |

Here the bar indicates not only that the right and left-handed partitions are alike
i number and value, but also that they are simmlarly connected, i.e., that the knot
is amphicheiral.

For the Sevenfolds, we have

L 1L IIL

5333 4433 5432 5432 5432 4433
43322 7 43322 43322 33332 44222 44222
Iv. V. VI VIL

644 5522 662 7
332222 44222 332222 2222222

For the Eightfolds,

L IL IL

54322 54322 54322 53382 44332
33332 53332 O 44332 43333 44422 44422
Iv. V. VL VIL
5443 54322 or B 6532 6532 o
333322 44332 O 52322 44332 333322 433222 43333
VIIL X X. X1
6433 5443 5542 54322 54322 55222 53222
433222 7 433222 433222 44332 54322 44332 54322

41—2
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XII XIIL XIV. XV. XVL XVIL  XVIIL
6532 655 763 754 772
54322 433222 8322222 3322222 3322222 55922 3322222
Finally, for the Ninefolds, the list is

L 1L

44433 63333 63333 54333 54333 44433 44433

433332 533322 O 443322 7 533322 O s43322 O 533322 O 443322
1L Iv.

54333 44433 54432 54432 54432 54432

443322 O 443322 533322 " 533322 ¥ 443322 7 443322
V. VL VIL

44442 64332 or 55332 or 64332 or 55332 1* 54432 34432

443322 443322 443322 *F 443322 443322 433332 °F 433332

VIIL
64332 55332 64332 55332 55382 64332
443322 °F 443322 " 533322 " 533322 7 433332 ¥ 433332

IX. X XL XII

54432 5553 5544 64422 64422 64422 64422

443322 3333222 3333202 433332 °* 333333 " 533322 7 443322
XIIL XIV.

55422 55492 55422 65322 65322 65322 65322

443322 °" 533322 °F 433332 433332 °7 433332 " 533322 7 443322
XV. XVIL

65322 55832 55392 65322 7632 7682 7632

443322 °" 443322 O 543222 7 543222 3333222 °F 3333222 " 4332222
XVIL XVIIL

64332 64332 54432 54432 64332 54333 54432

533322 °* 443322 ' 533322 O 443322 543222 7 543222 7 543292

XIX. XX
55422 or 55422 55332 . 54432 54432
533322 O 443322 543222 7 543202 " 543222

* [See Part IIL. below, § 20, p. 844; and fig. L, pl. VII 1898
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XXI. XXIL

7443 7443 6543 6543 7533 6633 7533 6633

4332222 ' 3333222 °" 3333292 “T4332222 4332222 " 4332202 " 3333222 °F 3333222
XXIIL XXIV. XXV.

6543 5553 6552 6552 64422 44442 44442 64422

4332222 " 4332222 4332222 ' 3333222 443322 T 543222 O 443322 ' 543222
XXVIL XXVIL XXVIIL

66222 66222 66222 44 6543 7533 6543

443322 " 543222 T 443322 4422992 T 4422292 4332222 7 4332222
XXIX. XXX. XXXL

64422 64422 7542 7542 65322 55332

543222 ' 443322 4332222 ' 3333222 543222 7 548202
XXXIL XXXIIL XXXIV. XXXV.

44442 64422 7632 6633 7542 554 44433

552022 " 552222 44229222 7 4422922 4422292 " 4422222 333333
XXXVI XXXVIL XXXVIIL XXXIX. XL XLL

666 864 882 66222 7722 99

33229222 33229992 33229999 552222 4422999 299922992

It will be seen that the above hst suggests many curious remarks Thus, in the
eightfolds, we have two different amphicheirals, cach having the partitions 44332.

Again, we have Zgz: for a knot which 18 not amphicheiral, as well as 54322 for one

54322
44332
for two quite distinct knots. All these apparent difficulties, however, are due to the
incompleteness of the defifition by partitions merely (i.e, as by Listing's Type~Symbol).
For, in addition to this, it is requisite that we should know the relative grouping of
the right-handed or of the left-handed partitions.

which 18 amphicheiral. (See § 47 of my former paper.) And we have standing

In the Plate I have inserted the designations given in my former paper to the
various forms of 6-fold and 7-fold knottiness:—and I have also appended to each form
the designation of the corresponding figure in Kirkman’s drawings.

The Plate contains a great deal of information of a kind not yet alluded to m
this paper. It gives, for instance, an excellent set of examples of Knotfulness. This
term implies (§ 835 of my former paper) “the number of knots of lower orders (whether
nterlinked or not) of which a given knot is built up.” It is to be understood as applied
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to simple forms only; for we have set aside, as composite knots, all such as have any
one component separable, so that it may be drawn tight without fastening together
two laps belonging to one or two of the other components.

Thus, as a few of the examples of 2-fold knotfulness among the 8-folds, we have
vI. and XI (3-fold and once-beknotted 5-fold);
and 1. and V. (each two 4-folds); while
11, 1x., and X1v. are different forms of two (linked) 3-folds.

Among the 9-folds we have, for instance,

xxX. and xxxur (4-fold and clear coiled 5-fold),
xvt. and XxVI (3-fold and & 6-fold),
XIV., XV., XVIIL, and XXV. (4-fold and once-beknotted 5-fold).

But we have also
. IV, XIIL, XXIIL, and Xx1v. (Imked 3-fold and 4-fold),
XX., XXVII (two 3-folds, linked, and with one kink).

The analysis of self-locked knots, such as 1v. and viL of the 8-folds, and 1, IX, X,
X1xX., &c., of the 9-folds, is considered below.

II.  Beknottedness.

7. The question of Beknottedness (on which I have occasionally made short com-.
munications to the Society since my papers of 1876-7 were printed n a brief condensed
form) has been again forcibly impressed on me while endeavouring to recogmse identities
among Kirkman's groups. I still consider that 1ts proper measure is the smallest number
of changes of sgn which will remove all knottiness. But, shortly after my former paper
was published, I was led to modify some 1deas on the subject, which were at least
partially given there. I had been so much impressed by the very singular fact of
the exi of amphicheiral forms, that I fancied their properties might in great
measure explain the inherent difficulties of this part of the Subject. I have since come
to see that'this notion was to some extent based on an imperfect analogy, due to
the properties of the 4-fold amphicheiral, and that the true difficulty is connected with
Locking.

8. The existence and nature of this third method of entangling cords were first
made clear to me by one of the random sketches which I drew to illustrate Sir W.
Thomson’s paper on Vortez-Motion [Trans. R.S. E., 1867-8]. I had not then even
imagined that the crossings in any knot or linkage could alwuys be taken alter-
nately over and under, though I found that I could make them so in all these
sketches. The particular figure above referred to again presented itself, among others
possessing a similar character, while I was studying the peculiar group of plaited knots
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whose schemes contain the lettering in alphabetical order in the even as well as in the
odd places. (See §§ 27, 42, of my former paper.) But I soon saw that, though I had
first detected locking in those members of the group of plaits where three separate
strings are involved, essentially the same sort of thing occurs m the other members
of the group, though they are also proper knots in the sense of being each formed

with a single continuous and endless string. And, as the above very sumple example
sufficiently shows, we can have locking, independent of either knotting or linking, with
two separate strings. For it is clear that the irreducibility of this combination depends
solely upon the sign of the central crossing. There is no real linking of the two
cords, and there is obviously no knotting. But if the sign of any one of the crossings,
except the central one, be changed, the whole becomes the simple amphicheiral link,
the linking having been introduced by the change of sign. [This, as will be seen in
§ 14 below, is an excellent example of a case in which the key-crossing of a locking
18 also a root-crossing of a fundamental loop.]

9. We may thercfore define, as one degree of locking, any arrangement, or in-
dependent part of an arrangement, analogous to that above (whether it be made of
one, two, or three separate strings), the criterion being that the change of one sign
unlocks the whole. But it is well to notice, again, that if, in the above figure, we
change the sign of any crossing except the central one, we have one degree of linking
left, and that this has in reality been tntroduced by the change of sign. This remark
extends, with few exceptions, to more complex cases.

10. Thus, though the following 8-fold knot (which I reproduce from No. XXXIX.
above, § 47, p. 314) does not, at first sight, appear to depend on locking, we have only to

make a simple transformation (as ante, § 3) to reduce it to the symmetrical form m
which the single degree of locking is at once evident. It was by considering this knot,
.
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with its (quite unexpected) single degree of beknottedness, that I first saw the true bearing
of locking in the present subject. (It is given as X. of the 8-folds in Plate VI.)

Other excellent instances of the same difficulty are the following. The first of
these is completely resolved, the second changed to the 8-fold, while the third becomes
apparently two linked trefoils, all by the change of the single crossing in the middle
of the lock. But with the 9-fold knot (which is merely a different projection of Plate
VL, fig. XXxv.) the trefoils are so linked after this operation, that the change of sign
of one crossing of either resolves the whole. This is, however, much more easily scen

g 8 @

by at once changing the signs of the middle and of the lower (or the upper) crossing,
for the whole 18 thus resolved. [This course is at once pointed out by the process
of § 13 below, if we choose as fundamentul crossings the three highest in the figure.]
Hence the beknottedness is 1, 2, 2 in the last three figurcs respectively.

11. Another instructive example is afforded by the 8-fold knot below, which 1s
figured as 1v. on Plate VL:—

At a first glance it appears to be made of two once-linked trefoils, and therefore to
have three degrees of beknottedness. But a little consideration shows that neither
the trefoils nor the link have alternations of signs (., there 1s neither knotting
nor linking), but that the whole is kept from resolution solely by the lap of cord
which has been drawn as a straight line in the figure. This forms, as 1t were, the
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tail of a Rupert's drop; break it, and the whole falls to pieces. A change of sign
of either of the interior crossings on that lap makes one trefoil; of either of the
4 lateral external crossings, the 6-fold amphicheiral; of the upper crossing, the 4-fold
amphicheiral; and of the lower axial crossing, the 5-fold of one degree of beknotted-
ness, All these modes of resolution lead to the result that the knot is of 2-fold
beknottedness.

12. It is now obvious why, in consequence of locking and not of amphicheiralism
as I first thought, the electro-magnetic test fails 1 certain classes of cases to indicate
properly the amount of beknottedness. For it is clear that in pure locking there is
no electro-magnetic wc.k along the locked part of any one of the three courses in-
volved. Hence, for the part of a knot or link which is locked, the electro-magnetic
test necessarily gives an incorrect indication of beknottedness, Perhaps it may be
said that, in such cases, beknottedness 18 not the proper name for this numerical
feature of a knot:—but it 13 obviously correct if defined as in § 7 above.

13. A simple but thoroughly practical improvement on the methods given in my
first paper for the graphical solution of Gauss’ problem (extended) 1s as follows:—
Draw the knot or link, as below, with a double hne, like the edges of an untwisted
tape, and dot (or go over with a coloured crayon) one of the two lnes. Now it

is easy to scc that, of the four angles at a crossing, one angle is bounded by full
lines, and its vertical angle by dotted lmnes. These will be called the symmetrical
angles. Also it is clear that the electro-magnetic work has one sign for the crossings
when the symmetrical angles are right-handed, and the opposite sign when they are
left-handed. Thus we can at once mark each crossing as r or [, silver or copper,
at pleasure. If the figure be a knot, and if we cut it along a hne dividing a
symmetrical angle, re-uniting the pairs of ends on cither side of that line, the whole
remains a knot (still with alternations of over and under if the original was so),
but of knottedness at least one degree lower. When the line divides an unsym-
metrical angle, the whole becomes (after re-uniting the ends, as before) two separate
closed curves, in general linked and, 1t may be, individually knotted. [When we treat
a link in this way at any of the lnkings (ie., where two different strings cross onc
another), it becomes a knot. It 1s curious that by this process a knot is equally
lLkely to be changed into & knot or into a link, while a link always becomes a knot.]
This method has the farther advantage of showing at a glance the various sets of
crossings which we may choose for omussion (in the electro-magnetic reckonmng), as
due merely to the codling of the figure, not to knotting, linking, or locking. For
each such crossing must belong to a simple K'ﬂ\__which, for reference, we will call
T, 42
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Jundamental. Such a loop is detected immediately by its having (throughout) the
full line or the dotted line for its external boundary, and therefore is necessarily
closed at a symmetrical angle. If we now erase these fundamental loops in succession,
till no crossings are left, the crossings at their bases form one of the groups which
may be tried. When part of the knot has locking, it is sometimes necessary to try
more than one of these groups before we arrive at the true measure of beknottedness,
As this is a matter of importance, it may be well to discuss it a little farther.

14 When there is no beknottedness (whether true, or depending on linking or
locking), the electro-magnetic work, with the proper correction for mere coiling, 1s
certainly nil. But this proper correction requires to be found, and where there is
locking its discovery sometimes presents a httle difficulty. When there 18 no locking,
all we need do is to draw the knot afresh, beginning at a pomnt external to each
of the fundamental loops, and making each crossing posive when we first reach it,
It is evident that the fundamental loops or coils will now be simply lad on one
another. The signs .of all the crossings on any one loop may be changed, while
that of the base of the loop is immaterial, and this process may be carried out with
some or all of the other fundamental loops in any order. Compare the various signs
in any state thus produced with those (alternate or not) of the original knot, so as
to find the smallest number of changes necessary for its full resolution. The sign
of the crossing at the base of each fundamental loop is simply to be disregarded.
Another mode of going to work 18 to alter the signs at pars of pomts where two
fundamental loops cross, so as to diminish as far as possible the necessary number
of real changes of sign. But we must be very careful in using this process, to see
that it does not introduce locking.

15. When there is locking in part of the knot, the real difficulty is met with
only if the crossing or crossings, which form as 1t were the key of the locked part,
must also be taken as the base or bases of fundamental loops. In this case we
commence the fresh drawing of the knot at a point exterior to the locking, but on
the fundamental loop of which one of the key crossings forms the base. This ensures
that the completion of the fundamental loop is effected by the last of the operations
on the locked part. But the application of the method can be lcarned far more
easily from an example or two than from any rules which could be laid down. Thus
the following drawings represent the results of this method as applied to two of the
knots already figured. In the first of these the two lower external crossings are taken
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for the fundamental loops, and we see that the knot (if originally over and under
alternately) requires for its full resolution only the change of sgn of each of the
two crossings which lie in its axis of symmetry. But, if we had chosen the crossings
last mentioned as bases of fundamental loops, we should at once have felt the difficulty
due to locking.

In the second, all four crossings in the axis of symmetry close fundamental loops;
but the change of the sign of the lowest of these, alone (which is the key of the
locked part), is required for the full resolution.

42—2
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APPENDIX.

Note on a Problem in Partitions.

(Read July 7, 1884.)

IN the partition method of constructing knots of any ovder, », of knottiness, we have
to select from the group of partitions of 2n those only in which no part is greater than =,
and no part less than 2.

Thus, as given in the text, § 6, we have for sevenfold knottiness the series of partitions
of 14;—but they are now arranged below in classes according to the value of the largest par-
tition.

77 662 564 4442 33332 2222222
752 653 - 5522 4433 332222
743 644 5432 44222
7322 6422 5333 43322
6332 53222 422222
62222

It is an interesting inquiry to find how many there are in each class, for any value of n.
The number of classes is obviously »—1; and, if we remove from each the first partition
(i.e., that which is not inferior to any of the others), the remaimnders form a new set of
classes of partitions which we may designate as

Py Piis Pipy o+ Pha .
respectively ;—where p; is defined as the number of partitions of s, in which no partition is
greater than 7, and none less than 2.

‘Without explicitly introducing finite differences or generating functions it is easy to
calculate the values of the quantity p];—and to put them in a table of double entry which
can be developed to any desired extent by the arithmetical pr The hod
is similar to one which I employed some years ago for the solution of a problem in
Arrangements (No., XXVII. above).

Tact

In the first place we see at once that if r>3

p=p-

Thus, 1f » denote the column, and s the row, of the table in which p] occurs, all
numbers in the row following p, are equal to it. Thus the values of p] enable us to fill
up half the table. In the remaining half ~ is less than 2; and by a dissection of this class
of partitions, similar to that which was given above, we see that

Pl=P Pt oo Pt P+l
where the two last terms obviously vanish; and the first term 1s obviously 1 in the case
of r=s, unless » <2, when 1t vanishes.

Hence, if the following be a portion of the table, the crosses being placed for the various
values of p], né/ or not,
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Values of 7.
012345¢678
0 ++ + 4+ + + + H+
1 + +++ ++ G+ +
- 2 + + ++ +F + 4+ 4
S
83 + + ++E + + + +
,%4 ++ +D+ + 4+ + 4
> 5 + +C + + + + + 4+
6 + B+ + 4+ 4+
7 A+++K++LL

it will be seen at a glance that the above equation tells us to add the numbers A, B, C,
D, E together, to find the number at K. This is quite general, so that L, in the second last
column, is the sum of A, B,..., H, and all the numbers beyond it, in the same row, are
equal to it. In the table on next page, each number coiresponding to the first L is printed
m heavier type, and its repetitions are taken for granted.

Thus it is clear that simple addition will enable us to construct the table, row by row,
provided we know the numbers in the first row and those in the first column. Those in
the first and second columns are all obviously zero, as above. The rest of the first row
consists of units. These are the values of p, i.e, the first term of the expression above
for p, Hence we have the table on the following page, which is completed only to »=17,
with the corresponding sub-groups.

From the table we see that p}=8. Hence the partitions of 18, subject to the con-
ditions, are in number

8+11+11+14+10+8+3+1 66,
which agrees with the detailed list in § 7 above.

[The rule is to look out the number p}, and add 1t to all those which le in the
diagonal line drawn from it downwards towards the left. But the construction of the tablo
<hows us that this is the same as to look out p;, at once]

) Similarly we verify the other numbers of partitions given in the text.

And it is to be remembered that p} 13 the number of required partitions in which =
occurs, and that every one of the class p!7 has for its largest constituent n—r. Thus, looking
in the table for p] and the numbers in the corresponding downward left-handed diagonal, we

find the series
4 6 5 5 2 1,

which will be seen at once to represent the dissection of the partitions of 14 given above.

The investigation above was limited by the restriction, imposed by the theory of knots,
that no partition should be less than 2 But 1t is obvious that the method of this note
is applicable to partitions, whether unrestricted, or with other restrictions than that above.
The only difficulty hes in the bordering of the table of double-entry. Thus, if we wish to
include unit partitions, all we have to do is to put unit instead of zero at the place r=1,
$==0, and develop as before. Or, what will come to the same thing, sum all the columns
of the above table downwards from the top, and write each partial sum instead of the last
quantity added, putting unit at every place in the second column.

Similarly, we may easily form the corresponding tables when it is required that the par-
titions shall be all even, or all odd.
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Table of the values of p], the number of partitions of s in which no one is less than 2,
nor greater than r.

W 0T W ~O

(The values of v are in the first row, thoss of s in the first column.)
1 2 3 4 5 6 7 8 91011 12 13 14 15 16 17

0 0000000000000 0O0O00O0O0O00O0OOOOOOO O

=Y

10 11 11 12 .

11 12 13 13 14

16 18 19 20 20 21 .

10 13 17 19 21 22 23 23 24 .

13 19 23 27 29 31 32 33 33 34

20 26 30 34 36 38 39 40 40 41 . .
17 26 33 40 44 48 50 52 53 54 64 b5 .
18 27 37 44 51 55 59 61 63 64 65 65 66
36 47 58 66 73 77 81 83 8 8 87 .
10 23 36 52 64 75 83 90 94 98 100 102

14 28 47 64 82 95 107 115 122 126 130

12 29 49 72 91 110 123 136 143 150

16 34 60 86 113 134 154 168. 180

14 36 63 96 126 155 177 197

19 42 78 115 155 189 220

16 44 80 127 171 215

21 50 97 149 207

19 53 102 166

24 60 120
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From what has been stated in the previous pages, it is easy to see how to extend this
table; forming the successive terms of each row by adding step by step upwards to the
right along a diagonal, thence upwards to the top, zig-zag along the row of heavier type
as soon a8 it is reached.
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XLL

ON KNOTS. Parr IIL

[Transactions of the Royal Society of Edinburgh, 1885.]

(Chapter I. read June 1st, Chapter II. July 20th, 1885. One change, small but important, was made
during printing. It is described at the end of the paper.)

THE following additional remarks are the outcome of my study of the polyhedral
data for tenfold knottiness, which I rcceived from Mr Kirkman on the 26th of last
January. My main object was, as i the first chapter of Part IL, to determme the
number of different types; as well as the number of essentially different forms which
cach type can assume, as distinguished from mere deformations due to the mode of
projection.

This study has been a somewhat protracted one, in consequence (1) of the great
number of tenfold knots, (2) of the very considerable number of distortions of several
of the types, many of which are essentially distinct while others present themselves
m pairs differing by mere reversion, and especially (8) of the fact that the polyhedral
method often presents some of the distinct forms of one and the same type projected
from essentially different points of view (of which, n the present case, there are some-
times twelve in all). Reason (3) depends on the fact that Kirkman’s method occasionally
builds up various forms of one type on different bases of a lower order, and it really
involves additional labour only; but great care is requisite to avoid confusion as regards
(2), and m consequence I may not have fully reduced the final number of distinct
types. [At the end of this paper I shall give a simple 1llustration of the nature of
this special difficulty.]

The fact that I was dealing with knottiness of an even order induced me to
commence the testing of the materals at my command by picking out the Amphi-
cheirals. This led to some new considerations of a very singular nature, which are
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treated in the first of the following chapters. The second deals with the tenfolds as
a whole.

1. Various Orders and Classes of Amphicheirals.

1. As one form of check on Kirkman’s results, I sought for an independent method
of forming all the amphicheirals of a given order. But, as will be seen below, we must
be careful in this matter, which is not so simple as I first thought. I therefore com-
mence by recalling the original defimtion of an amphicheiral.

In § 17 of my first paper I introduced it thus:—

An amphicheiral knot is one which can be deformed into its own perversion.

The word “deformed” was here used in the sense of alteration of form by mere
change of point of view, or mode of projection; a process which leaves the number
of corners in each mesh, and the relative positions of the various meshes, unchanged.
This defimtion implies that the right and left handed meshes are similar in pairs and
similarly situated in congruent groups; and 1t will be adhered to for the present, though
we shall afterwards find that there are at least three other senses in which a knot
may be called amphicheiral, and shall thus be led to speak of different orders and
classes of amphicheirals. The above definition will then be considered to belong to amphi-
cheirals of the First Order and First Class.

2. Suppose an amphicheiral knot to be constructed in cord, and extended over
the surface of a sphere which swells out when necessary so as to keep the cord tight
like the netting on a gazogene. Let its various laps be displaced until the several
corresponding pairs of right and left handed meshes are made equal as well as similar.
Trace its position on the sphere. Now suppose it to become ngid, and move it about
on the surface of the sphere. We can again bring it to comncide with its former trace,
but in such a way that cach left-handed compartment now stands where the corre-
sponding right-handed one was, and each right-handed where 1ts corresponding left-handed
was. Now such a displacement, as we know, can always be cffected by a finite rotation
about a diameter of the sphere as axis.

This axis, of course, cannot terminate (at either end) inside a mesh, else that com-
partment could not be shifted by the rotation to the original position of the corresponding
one of the other kind. Hence either end of the axis must be at a crossing, or midway
on the lap of cord passing through two adjoining crossings. A little consideration
shows that if one end be at a crossing the other also must be at a crossing, and the
whole must be a link. This is easily seen from the fact that, if one end of the axis
be at a crossing, the four meshes which meet there must each exactly fit that next
it when the whole is turned through a right angle; and the series which immediately
surrounds these must possess a similar property, &c., &c. Thus the whole sphercal
surface must be covered with a pattern which consists of four equal and similar parts,
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each of which takes the place of the preceding one at every quarter of a rotation
about the axis. And four laps of the string must therefore proceed all in the same
way from one end of the axis to the other; since, if we can trace one lap of the
string continuously from one crossing to the other, exactly the same must be true of
the other three. [Of course, if the string cannot be traced from one crossing to the
other, there must be two separate strings at least.]

Hence, for a true knot, both ends of the axis must be the middle points of laps;
and therefore—

There must be two laps, at least, in every amphicheiral knot, each of which 18 common
to a pair of corresponding right and left handed meshes; and when the whole s sym-
metrically stretched over a sphere the middle points of these laps are at opposite ends
of a diameter.

3. With regard to the middle point of either of these laps, the various pairs of
corresponding right and left handed meshes are situated at equal arcual distances
measured in opposite directions on the same great circle. Hence if the whole be opened
up at the middle point of either of these laps and projected on a plane symmetrically
about the middle pomt of the other, the halves into which the plane figure is divided
by any straight lmne passing through the Iatter point are congruent figures applied on
opposite sides of that lne as base, the pont being, as 1t were, a centre. There are,
thus, at least two ways of opeming up any amphicheiral knot so as to exhibit this
species of quasi-symmetry.

What precedes 1s on the supposition that the system of right, or of left, handed
meshes can be applied to itsclf in one way only. If there be, as happens m some
specially symmetrical cases, more than one way of doing this, there is a corresponding
increase in the number of pairs of common laps, as defined in the preceding section.

It has also been assumed above that, on the sphere, the systems of right and left
handed meshes are not only similar but congruent. The question of the possible existence
of knots in which the system of right hand meshes shall be the reversion of the left
hand system will be considered later.

4. Wec now obtain a perfectly general, though of course in one sense tentative,
method of constructing amphicheirals of any order. Think of the result of § 3 as to
the congruency of the halves of the knot when opened at either of the pair of cor-
responding laps. As a continuous line necessarily cuts the projection of a complete knot
in an even number of points, the half figure which is to be drawn on one sde of
the common base must meet it in an odd number of points because one lap has been
opened. Let these be called, in order, A, B, C, &. Then, to form the half figure,
these points must be jowned in pairs, the odd one forming one end of the line whose
other terminal 13 at the broken lap. These jomning lines, and that with the free end,
must be made to intersect one another m a number of points equal to half the
knotti of the amphicheirals sought. Every mode of doing this gives a figure which,
when its congruent has been applied on the other side of the base, possesses the
amphicheiral quasi-symmetry above described.

T, 43




338 ON KNOTS. PART IIL [x11

5. To ensure that the figure shall be a knot, and not a link or a set of detached
figures, the following precautions are necessary. If A’, B, C, &c, in the congruent
figure correspond to A, B, C, &c, in the original, they will be adjusted to one
another as follows. (The case of five is taken as being sufficient to show the general
principle.)

A BCDE

E D C B A.
Now if B be joined with D, however the joining line be linked with the others, B will
be joined to D’; and these parts will form, together, one closed circuit, so that the
figure is not a knot. Similarly if A and E be joined. Similarly if A be joined to B,
and also D to E. If C be the terminal of the free lap, so will C’, and again we
have a figure consisting of more than one string.

It will be observed that the common characteristic of these excepted cases 13 that
each possesses at least partial symmetry in the mode in which points to be joined
are selected from the group. Hence the rule for selection is simply to avoid every trace
of symmetry.

Even when this is done the final result may be a composite knot, ie, two or
more separate knots on the same string. These can be detected and removed at
once, 8o that it is not necessary to lay down rules for preventing their occurrence.

Repetitions of the same form from different points of view form the only really
troublesome part of this process. These are inevitable, as we sce at once from the
fact that there may be several essentially different ways of cutting the complete
quasi-symmetrical figure into congruent halves by lines meeting it in the same odd
number of points. But 1t may also often be cut by one such line in onc odd number
of points and by another in a different odd number.

Still, with all these inherent drawbacks, the mcthod is applicable without much
labour to the tenfold amphicheirals; and 1t fully answered my purpose.

6. I had proceeded but a short way with the application of this method when
I found that there may be more than one distinct hicheiral belonging to the same

type.

One example of this had been already given in §48 of Part I while I was
dealing with amphicheirals, and again in Part IL in my census of eightfolds (Type V.),
but I had carelessly passed it over as a special peculiarity probably due to the fact
that the knot in question, though not composite, was constructed of portions each of
which possessed, all but complete, the outline of the fourfold amphicheiral. From the
point of view taken in § 4 above, however, the reason of the property is evident.
For if the half knot, when the extremities of the strings are all held fixed, be
capable of a distortion which shall change the relative positions of some of its meshes
or the numbers of their corners, the same can of course be done with the congruent
half. The whole preserves its type, and is still amphicheiral, but it becomes an
essentially distinct form.
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It will be seen that there is one type of tenfolds which has four different
aniphicheiral forms; another contains three; while there are four types each with
two forms, The remaiming seven amphicheiral types are either unique forms or have
no amphicheiral distortion.

7. We are now prepared for one extension of the definition of an amphicheiral
gwen in § 1 above. But we prefer to establish a new and independent definition:—
thus

An amphicheiral knot of the First Order and Second Class is one which can be
distorted into its own perversion.

Under this defimtion every distortion of an amphicheiral knot is included, even
although it be such that its right and left handed meshes do not correspond to one
another in pairs For, whatever be the distortion, and whatever parts of the knot be
affected by it, an exactly similar distortion might have been apphed to the congruent
parts of the original amphicheiral. These two distorted forms are, of course, capable
of being distorted one into the other:—and that other is its perversion.

Every amphicheiral knot of the first order and second class corresponds to, and
can be distorted into, at least one of the first class:—but the converse is not neces-
sarily true.

8. Whether there are other classes of amphicheirals of the first order besides
these I do not yet know. I have made attempts to construct a specimen of a supposed
Third Class which should have the property of being changed into its own perversion
by the twisting of a sngle, limited, portion, while the result could not be obtained
by any simpler method. Such forms, if they exist, must in general be Incapable of
distortion into amphicheirals of either the first or the second class. This search has
been fruitless. Among the requirements which 1t introduces, is the necessity for an
ordinary amphicheiral 1n which fwo pairs of corresponding right and left hand meshes
shall have one common corner, a condition which does not seem to be satisfied except
by the simplest (amphicheiral) link, in which indeed it must be satisfied, as there are
but four compartments in all. But this gives no satisfactory solution.

9. We may now take up the curious question raised in the last paragraph of
§ 8 above.

A simple method of producing arrangements in which the group of left handed
meshes is similar to, but not congruent with, that of the right handed follows at
once from the fact that, if one end of a diameter of a sphere trace a figure of
any kind, the other end traces a similar and equal but (except in special cases of
symmetry) non-congruent figure. These figures can, if we choose, be taken so as
together to form one closed curve; and this, along with a great circle of the sphere,
forms a link of two cords possessing the required property. On the plane we can
carry out this construction by describmg any figure within a circle, along with 1its
inverse as regards the circle but on the opposite side of the centre; and arranging

43—2
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so that these may join into a continuous curve linked with the circle. But this
arrangement remains @ link when we unite the new curve with the circle by so
introducing new meshes as to leave the whole possessed of the required property.

Or, we may trace any curve on a hemisphere, and its image (in the common
base) on the other hemisphere. These, together with the great circle separating the
hemispheres, give another link solution.

It is clear, from the essentially limited nature of the spherical surface, that these
two methods give the only possible solutions of the problem:—ie, when the cor-
responding right and left handed meshes required by the conditions are made equal
in pairs, the lines joining similarly situated points in them must cither meet in one
point (which, of course, must be the centre of the sphere), or they must be parallel.

10. As I did not at once see how to obtain solutions corresponding to unifilar
knots by means of either of these mothods, I asked Mr Kirkman whether he knew
of a polyhedron which possessed the requisite property. The first he suggested to
me corresponded, as I easily found, to a trifilar which belongs to the results of the
first method above:—i.e., one of its cords being taken as the circle, the other two
were inverses of one another with regard to 1t. But, as soon as he mentioned to
me that the polyhedron, corresponding to a composite knot consisting of two separate
once-beknotted 5-folds on the same string, satisfies the special conditions of the present
question (though inadmissible on other grounds), I saw why I had faled in obtaimmng
unifilars by the first of the two methods above. For the purpose of avoiding trifilars
from the first I had always made the curve traced by either end of the moving
diameter (in the process of § 9 above) cross the great circle wherever it met it, .so
as to join that traced by the other end. No insertions of new meshes could then’
reduce the whole to a unifilar without depriving it of the property for which it was
sought.

11. But if we make the closed curve traced by one end of the moving diameter
touch the great circle in one point, the point of contact must of course be regarded
as a crossing, while the circle and the closed curve necessarily fuse into one continuous
lme. The same happens with the curve traced by the opposite end of the diameter.
Thus we may obtain with the greatest ease any number of unifilars satisfying the
conditions. And it 18 clear that, by a slight extension of the definition above, all
such knots will be brought under the general term amphicheiral. To make them
true knots, ve., not composites, the curves traced by the ends of the diameter must
mtersect one another, which implies that they must each cut the great circle in two
points at least besides touching it at one or more. Hence the lowest knottiness in
which they can possibly occur is 10-fold; e, 2 points of contact with the great
circle, 4 intersections with it, and 4 intersections of the two branches

This process fails when applied in connection with the second method of §9, for
it brings in triple points which cannot be opened up into three double ones without
depriving the whole figure of the desired property.
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12. The 10-fold, whose genesis is described in last section, has the form shown
in Plate VIL fig. D, where the great circle is made prominent. It is easily recog-
nised as the ordinary amphicheiral, fig. 31, of Plate VIIL. The reason why it figures
in both categories is that the arrangement of the right or left handed meshes, being
symmetrical, is not changed by reversion. Thus every ordinary amphicheiral, which is
in this sense symmetrical, belongs also to the new kind of amphicheirals with which
we are now dealing.

Plate VIL fig. A shows a 12-fold knot, which is its own inverse with regard
to the part drawn as nearly circular, and which 18 not amphicheiral in the ordinary
sense

Equal distortions of two corresponding parts give it the new form fig. B, which
18 also its own inverse with regard to the circular part.

But if, as in fig. C, we perform one of these distortions alone, the form is no
longer its own inverse. But 1t 18 certainly amphicheiral, in the sense that it can
be distorted into 1ts own perversion. This is effected, of course, by undoing the
single distortion which produced C from A, and inflicting the other of the pair of
distortions which, together, produced B from A.

13. Thus there arc at least four different senses in which a knot may be amphi-
cheiral.

A (a) Those in which the systems of right and left hand meshes are similar and
congruent.

A (B) Unsymmetrical distortions of any of the preceding, when such exist. [When
the distortion 1s symmetiical the knot remains one of A ()] .

B (a) Those m which the systems of right and left hand meshes are similar
but not congruent.

B (B) Unsymmetrical distortions of any of the preceding. [When the distortion
is symmetrical the knot remains one of B (a)]

A and B may be spoken of as different Orders, the First and Second; a and B
as Classes, Farst and Second. As already stated, the knot of fig. D belongs to both
orders. But no knot can belong either to both classes of one order, or to the first
of one order and the second of the other.

14. In fig. (D) the 10-fold (fig. 31) of §11 1s drawn so as to cxhibit its sym-
metry. And we thus 'see at a glance that there are at least two ways (indicated
by heavier lines, one continuous, the other dotted) mn which we can choose the laps
which are to form the circle with regard to which 1t is its own inverse.

Fig. 38 of the 10-folds, which by reason of its symmetry belongs to both orders
of amphicheirals, can have 1ts circles shown as in figs. (E) and (F).

15. But if we take a non-symmetrical knot of the kind B (a), such as fig. A
above treatcd, we obtain some still more striking results as to the number of ways
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in which we can choose the laps which form the circular portion. In this figure
corresponding right and left handed meshes are marked with the same letter.

Thus, if we throw out the right hand mesh, d, from the contents of the circle
and take in the left hand d instead, the figure (drawn to show the new circle)
becomes fig. G.

If we throw out f, and take the amplexum instead, we obtain fig. H.

But, if we throw out from the circle g, ¢, and ¢, and take instead of them the
corresponding external meshes, the figure takes the curious form K. Here the full
line is the new boundary between the two halves of the figure. This new boundary,
as well as the entire figure, 18 easily seen to be its own inverse with regard to the
part bounded by the heavier portion of the full line. This, however, is only one of
four ways in which it might be selected from the full line alone. Such modifications
are very curious as well as numerous, but we cannot pursue them here.

16. In the upper rows of Plate VIL I have given the amphicheirals of the
first class, up to the tenfolds inclusive. They are drawn on the principle of §4
above, and the first form in which each presented itself has been preserved A
comparison of these, with the corresponding figures as drawn in Plate VIIL directly
from Kirkman's results, is very instructive.

[Added, Oct. 19, 1885 —Though the general statement in § 11 above is true from
the point of view there taken, there is a possibility of evading it. Thus, if we draw
a figure like E, Plate VIL, but with a four-pointed star inside, we get vii. of the
8-folds; which is thus shown to be an amphicheiral of the Sccond, as well as of the
First, Order. But, if we try a three-pointed star, we get the simplest trifilar locking;
as in Part L §42 (1), and Part IL §8.]

II. Census of Ten-fold Knottiness.

17.  Omitting composites, the number of separate types of 10-fold knottiness
is, as shown in Plates VIII, IX. 123. Of these 48 are umgque, while the remaining
74 give 315 distinct forms, 364 individuals in all. The largest number of distinct
forms for one type is 12; and there are two such groups. One type which furnishes
a group of 10, has 4 of them amphicheirals of the first order and first class, the
remainder of the second class.

Each of the figures is drawn in the special deformation n which it is presented
by the polyhedral method, and, for reference, the corresponding designation of the
knot in Kirkman’s list is appended to it.

18. Of the 107 partitions of 20, under the limits imposed by the nature of a
knot, 52 only are utilised; the rest belonging to links, composites, &c. These
are as below; each being followed by a distinctive letter, which will presently be
employed (for brevity) in place of it.
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For knots with 6 right handed and 6 left handed meshes:—

653222 A 544322 F
643322 B 543332 G
633332 C 533333 H
554222 D 444332 K
553322 E 443333 L

For 5 meshes of one class and 7 of the other:—

77222 @ 65432 1 5522222 a
76322 b 65333 m 5432222 B
75422 ¢ 64442 n 5333222
75332d 64433 p 4442222 8
74432 ¢ 55532 ¢ 4433222 ¢
74333 f 55442 r 4333322 ¢
66422 g 55433 s 3333332 9
66332 h ’ 54443 ¢

65522 k 44444 u

For 4 of one and 8 of the other:—

8732 a 7652 f 43322222 6
8633 b 7643 g 33332222 «
8552 ¢ 7544 h
8343 d 6653 k
142 e 6554 1

And for 8 of one and 9 of the other:—

992 p 965 s 332222222 A
983 q 875 ¢
974 r 776 u

19. In Part IL of this series I arranged the types of each degree of knottiness
in the order in which their respective deformations first appeared in Mr Kirkman’s
lists. This had the disadvantage of mixing up together types with very different
relative numbers of right and left handed meshes. On the present occasion I have
taken in the first rank the knots which have an equal number of meshes (six) of
each kind, next those which have respectively 5 and 7, 4 and 8, &. This will
considerably simplify the process of seeking for any particular ten-fold in so long a
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list. The arrangement of the various types in each rank, however, follows somewhat
closely the order of their earliest appearance in the first list which I got from
Mr Kirkman, that upon which I commenced the present work.

To identify any 10-fold, all that is necessary is to count the numbers of corners
in the respective right and left handed meshes, look out the contracted expressions
for the corresponding partitions of 20 in § 18, and then search below for the symbol,
or pair of letters so obtained. Their order, of course, is immaterial, as it can be
altered by a mere change of mode of projection. If the symbol occur more than
once, a closer examination must be made, account being now taken of the way in
which the right, or the left handed, meshes are coupled together. This is easily
done as in §20 of my first paper.

20. The number of distinct forms which I detected as not contained in
Mr Kirkman's first list of 10-folds bears a far smaller ratio to the whole than was
the case with the nine-folds. I consider that this is due not to my remissness, but
to Mr Kirkman's improvements in his methods, %.e, rather to the non-existence than
to the non-detection of omissions; and I think 1t is improbable that any distinct
variety of a recognised type has escaped detection. Thus in the present census some
types may be omitted (this is more likely to be true of unique types than of others);
and I may have, as already indicated, grouped in two or more smaller detachments
the varieties of one and the same type. But the possibility of either defect is due
to the somewhat tentative nature of the methods employed.

The guarded way in which I spoke (Part II, § 1) of the completeness of -the
Census has been justified by a recent observation made by Mr Kirkman, viz, a
9-fold not included either in his list or in mine. Fortunatcly this knot, figured as fig.
L, PL VII, is not a new type but a distinct form of type VL of the 9-folds as
shown in the Plate attached to Part II. My methods ought to have supplied this
additional member of a group, of which some forms had been furmished by Kirkman ;
but I had not, at the time, much readiness in applying them. The labour of the
10-folds has made me much more skilful than before in this matter.

21. In the following list, the order is the same as in the plates. The symbols
for each knot are so written that the second, in all cases, corresponds to the group
of meshes to which (as the figure happens to be drawn) the amplex belongs.

The various Types of Ten-folds with their distinct Forms.

Six right and six left hand meshes; 24 non-unique types, 14 unique; 133
individual distinet forms in all. Amphicheirals of the first order and first class are
marked by a bar over the symbol instead of a repetition.



XLL]

Nooo e

11
14

17.
20.
24.
31.
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C, G, GC, GG, CG, KC, KG, G, GK, K. 2. FC, GF, GF, GF.

HB, LB, BC, GB, BG, KB, HF, FC, FG, LF, GF,FK.

GE, KE, GE, GE, BK, GB, GB, KB, BG, GB, EK, EG.

FF, KB, FB, BF, FF, FK. 6. GE,LE, KE.

FE, FG, FB, EB, EG, EE, FE, FG, FB. 8. FK,KF. 9. F, FF, F. 10. GF, KF.
BF, KE, BB, GF, KG, GB, EF, KB, BE. 12, LF,LF,FH. 13. KG, K G.
B, E, G, EB, BG, EG. 15. A, EAE 16 BB, FB, KB, KF, FB, FF
GF, GF. 18. FD, DB, KD. 19. FA, KA, FA, GA, GA, EA.

BA, KA, KA,AF. 21, GA,GA,AF,BA. 22 FB B F 23 DB, FD.
EA,AA 2. KG. 2. G 27. F. 28. LK. 29. K. 30. LG.
F 32EF. 383 FE 34 EF 35 D 3 AD. 37. & 38 H

Five meshes of one kind, seven of the other. Forty-three non-unique types,
twenty-one unique—200 distmct forms m all.

39.
42.
45.
48.
51.
55.
58.

61

65.
69.
74.

79

86.
94,

€3, €8, €p, P, 8, 8y 40. em, em, ¢f. 41. €, e, 4l ve, ne, l, &I, Lo, eC, IL.

Lq, ol €l, yg, eg, Ll 43. ¢f, em, ep, €3, of, ym, o8, yp, pt, 8, tm, {f. 44, se, te
&d, &b, eh, eh, ed, ed, hE, dE. 46. &, ¢l nl. 47, ky, ek, 9k, k.

€h, ed, em, kB, mB, dB 49. e, Le, me, e, Lo, ec. 30 gy, e9, 89, &g.

&b, &b, £b, be, b 52. Bb, €b, hB, eh, ¢h, eb. 53 er, Br, el, €, B, 18.  54. pe, te
sB, tB, mB, sB, pB, sB. 56. 8f, &, 8. 57. wy, yn, en, en.

Lr, 1y, ee, e, Le, er. 59. 81, 8q. 60. ee, ey, by, €, L1, .

ee,el, et, 1B, 68,18 62 B, pB 1B, el ep,ce. 63. ek, by, Lk. 64 Bl Bg, sB.
B, ec, er, Be. 66. «b, Bb, b 67. dB, mB, Bl 68. dB, Bl, sB.

€9, gv- 70. &d, 18, 71. Br, B, eB. 72. I8, 7B. 73. pa, ta, la, ra.
ec, T3, e, ¢ 75. ek, Bk. 76. B, ec. 77. ea, ea, aB. 78. bB, hB.
Be, ec. 80. ra, ac 81. ha, ab. 82. fu. 83, se. 84, et 85. &t
&r. 87. ns. 88. pt. 89. er. 90. fn. 91 e 92. re. 93. &
m§ 95 re. 96. el 97.le. 98. . 99. eh. 100. k. 10L. 8. 102. aa.

Four meshes of one kind, eight of the other. Seven non-unique types and eight
unique—twenty-five distinct forms mn all.

108. «f, 6f. 104. «a, «a, fa. 105. «d, «g, d6, gb. 106. xc, fe. 107. 4d, 16.
108. 6b,gf.  109. 6L 6h. 110, kk.  11L le 112 «h. 113, xg.
114 6k 115. 6f. 116 fe. 117. aé.

Three meshes of one kind, nine of the other. Six unique types.
118 u 119 A\q. 120. Ap. 121. As. 122. ar.  123. At

T.

44
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22. The nature of the special difficulty hinted at in the beginning of the
paper will be easily seen from the simple case illustrated by the four figures M,
Plate VII. They denote various forms of the type 40 of Plate VIIL

It will be noticed that the crossings A, B, C may, one, two, or all, be changed
from one lap of the string to the other, as shown in the second figure. Also D
may be transferred to a position between A and B, or between A and C. There
are thus two positions for each of A, B, and C; and three positions for D; giving
24 combinations in all. But it is clear that we need not shift D at all, so far as
the outhme of the figure is concerned; for a mere rotation of the whole in its own
plane (as A, B, and C are similar to one another) will effect this. Then a change
of B will merely give the reverse of the figure obtamed by changing C. Again, by
inverting the first figure about a point in the inner mesh, we get the sccond. If
we had changed C, and then inverted, we should have got the same figure as by
changing simultaneously A and B. By changing C alone in the first, we get the
third; but by shifting D in the first we get the fourth; and these two are obviously
each the reverse of, the other. Thus the 24 figures reduce to the three shown in
Plate VIIL As another example, take the third form of the third type of 10-folds
ag given in Plate VIII. Two of the crossings on 1ts cxternal boundary can be shifted,
but each to one other place only. The form itself, and the same with one or both
of these crossings shifted, give a set of four; each of which can take five new
forms by the shifting of other crossings. But it will be found that the 24 forms
thus obtained are identical in pairs ;—thus reducing to the 12 given in the Plate.

23. Mr Kirkman informs me that he has nearly completed the enumeration
and description of the polyhedra corresponding to the umifilar 11-folds. I hope,
therefore, at some future time to lay before the Society the census of 11-fold
knottiness. This was the limit to which I ventured to aspire nearly two years ago,
in a paper* which, I am happy to think, directed Mr Kirkman’s attention to the
subject.

24, It must be remembered that, so far as these instalments of the census
have gone, we have proceeded on the supposition that in each form the crossings
have been taken over and under alternately. But, as was shown in § 13 of Part I,
as soon as we come to 8-folds we have some knots which may preserve their
knottiness even when this condition is not fulfilled. These ought, therefore, to be
regarded as proper knots and to be included in the census as new and distinct
types. This is a difficulty of a very formidable order. It depends upon the property
which I have called Knotfulness (Part I. §85, IL § 6), for whose treatment I have
not yet managed to devise any but tentative methods.

To show, by a single case (even though not thoroughly worked out), of how
great importance is this consideration, I have appended to Plate VIL the five figures
N; with the nature of ecach crossing indicated. The numbers affixed show the
positions they occupied in the census of 8-folds, when the crossings were alternately
over and under. Then they were all unique knots, incapable of any change of form.

* «Listing’s Topologie,” § 22, Phil Mag., Jan. 1884, [To be reprinted below. 1898.]
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Now they are capable of being changed into one another. The linked trefoils in
N, xiv. are perversi of one th But we may have them of the same kind,
and the link such that there shall be continuations of sign. This was briefly treated
in Part I. § 42, 1. How many new types may by this process be added to the
census, I have not yet made out with certainty even for the 8-folds.

P.S—I may introduce here, as a note on Part I of this series of papers, a
remark or two with reference to the three-ply plaits treated there; in § 27 as fully
knotted, and mn § 42, 1, as fully beknotted. ~Furst, it is obvious that the 4-fold, as
first drawn in § 17, should have been repeated in Plate V. at the head of the
series of figures 13, 16, 17, & It is the case of 3n+1 of § 27, with n=1.
Secondly, with its crossings arranged as in fig. P, Plate VIL of the present paper,
1t should have come in before figs. 24 and 25 of Plate VI, Part I, in a form
reducible to the ordinary trefoil. Fig. 25 of that Plate puzzled me much at the
time when I drew it, for I could not account for the production of a 3-fold and a
5-fold (linked) from a figure possessing a pecular kind of (cyclonic?) symmetry
round an axis. The figure 18 accurate, but I now see that 1t gives an erroneous
impression of the true nature of the knotfulness. The correct idea is at once obtained
from Plate VIL, fig. Q, of the present paper. The knot is an irreducible trefoil,
with a sccond of the same character tied twice through one of its three-cornered
meshes,

(Added, September 3, 1885)

Three days ago I received from Mr Lockyer a copy of a most interesting
pamphlet “On Knots, with a Census for Order Ten,” a reprint from the Trans
Connecticut Acad, vol. vir, 1885. The author, Prof. Little of the State University,
Nebraska, has made an independent census of 10-fold knots; employing the partition
method, with some new special rules analogous to those in Mr Kirkman’s recent
paper. So far as I can judge from a first hasty comparison of the mere number
of types and forms in each class, therc are important discrepancies between this
census and my own One of these, at least, 13 due to a shp on my part; and, as
my paper was not printed off when I detected it, I have taken the opportunity of
correcting 1t both in the text and in the corresponding Plate I had failed to notice
that the two forms which now appear under No 109 really belong to one type.
Hence I have had to reduce by one the number of the distinet 10-fold types which
was origmally given in my paper. I hope in time to make a full comparison of the
two versions of the census. Meanwhile I may note that there is one omission, and
also one duphcate, in Class VI. of Mr Little’s version. This duplicate has led him
to insert one type too many.

More than a month ago I received from Mr Kirkman the full polyhedral data
for the census of 11-folds, which I hope soon to undertake. The number of forms
is so great, and the time I can spare for the work so limited, that I cannot
promise 1t at an early date. [This arduous work was kindly undertaken by Prof Laittle,
who, in 1890, gave the 357 types in Plates I, II, Trans. RS.E., vol. XxxxvI, 1898.]
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XLIL

NOTE ON THE EFFECT OF HEAT ON INFUSIBLE IMPALPABLE
POWDERS.

[Proceedings of the Royal Society of Edinburgh, January 29, 1877.]

SEVERAL years ago Professor Dewar gave me a specimen of silica m a state of
exceedingly minute division, which had been produced in Dr Playfar's laboratory in
the preparation of fluosilicic acid. I noticed at the time how much 1ts great mobility
is increased by heating—so that 1t behaves almost like a hquid. And I fancied
that I observed close to the surface a thin stratum of what might by the same
analogy be called a vapour; conssting of particles thrown up and falling back again,
like the little drops thrown up at the surface of soda-water. I was inclined to
ascribe these phenomena to heat directly—supposing that the particles were fine
enough to behave, though in a very imperfect way, as the knetic theory assumes
the particles of a gas to behave. However this may be, the extreme mobility of
such powders when heated on a platinum dish; and the fact, noticed by chemusts,
that a bath of calcined magnesia is capable of propagating waves when heated; seem
to show that valuable results might be obtained by secking for ecvidence of inter-
diffusion as the result of experiments made by very long-continued heating of vessels
contuining fine silica and magnesia orignally in separate strata. I have brought this
before the Society in the hope that (as it can hardly be classed as a laboratory
experiment) some of the Fellows, who may have access to a suitable furnace which

is in activity the greater part of the year, may be induced to give the experiment
a fair tral



XLIL) 349

XLIIL

NOTE ON AN IDENTITY.

[Proceedings of the Royal Society of Edinburgh, June 4, 1877.]

WHATEVER be p and g it is obvious that

1_1,9=p 1
P 9 q p

Hence -1-=1_+q_‘:'_pi(l+qﬁﬂ,1)’
P 4 @\ @ P

and so on. Finally we sec that
1= l+1LT_P ‘l+g‘__p ‘_q}.:. . 1 +
p Q Ea q- T 92 qs

BT WP =P 1 =P a-p tamp 1
GQ Qs Gn— qn Q@ Q2 Gn

absolutely without any restriction on the values of the quantities involved.

>

b

It is obvious that an immense number of curious results mn the form of sums
of series, &c. can be derived with great case from this expression and from vanous
modifications of it. I give, therefore, only a few very simple examples.

Take gy, ., &c., as the first n of the natural numbers, and the series becomes

1y p-l p=1p=2_

}—’_1 g Ty T
b=l p=2 p-n-1 ,p-1 p-2 p-nl
O Ty "5 2 " p’
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whence at once the sum of the first n+1 terms of the expansion of (1—1) is seen
to be
& p-1 .1’__2 R Seiiy
1 2 " on

We obtain merely the same result if we take ¢;, ¢;, &c., as any set of consecutive
whole numbers; but from the theorem 1tself it is easy to obtain the equality,

Pligphr p+r prr+l ptr pts-1

r{1+r+l+r+l' ree et T

_ptr p+r+1 p+s
r T+l s

Next, write the general 1dentity as follows :—
ot ala) Ta b o)
e GG G2 -G-2)
If in this we write cach letter for its reciprocal we have
pea+de-0+ Lo-0 -0+,

of which a particular case is the curious formula

perea(i-Yea(i-D (-

n (1-;1)) (1_;) (1_’%‘3) p(l—}l—))...(l—;—D.
1 =cos @ + cos 20 (1 — cos 8) + cos 3¢ (1 — cos 6) (1 —cos 260) + ...
+cosnf (1 —cosd)...(1 —cos(n—1)6)
+ (1 —cos 8) (1 — cos 26) ... (1 — cosnf),
of which a very interesting case is given by nf = 2.

Another 1s

As a final example we have the singular formula
11, oy, 3D
z—y =z x(@+1) z(@+1)(z+2)
whence 1t follows that, subject to the introduction of the remainders as above (which
vanish if the series are extended to infinity, and if >y),

(1 Yy, Y@+ )(1 yy-1) )
2 z@+1]) 2@+ (@+2) @ w(w+1) w(w+1)(a:+2)
1 ¥ ¥ @+1)
z’(w’+l)+a,‘(:c’+l)(w’+2)+ """
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By another application of the formula we may easily obtain finite expressions
for the sum of the series of which two successive terms are

y@+D..(g+r=1) o y@E+D .. (y+7)
z(@+1)...(e+s-1) z(@+1)...(z+38)"

I obtained the first expression above by integrating by parts a power such as
4771, but the following mode of obtaining it shows at once its nature.

Let there be a number of independent events, 4, B,... N, whose separate
probabilities are @, B, ... ». Then the chance that one at least of them occurs is

1-A=a)(1=8)...(1=»).

But we may obtamn another expression for the same result by wnting the chance
that any one (say A4) occurs, adding to that the chance that another (say B) occurs
while 4 does not occur, then that C' occurs and neither 4 nor B, &c. This gives

a+B(l—-a)+y(A-a)1=8)+...

Equating these two expressions we get an identity which is easly transformed into
that first given.

But its truth is much morc easily seen 1f we wnite «' for (1 - a), &, when the
last given form becomes

1-adBy..=1-d+(1=-B)d +(1—¢)dB +...

which is an obvious truism. The method scems well worth the attention of any one
with leisure and some analytical skill.

July 24—Mr Muir has kindly given me a reference to Crelle, vol XIL p 354,
where 1t 15 stated that the above identity in one of its forms is i Schweins’
“ Analyse,” p 237. This work I have not seen. Mr Muir adds that no developments
or applications of the theorem are made.
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XLIV.

NOTE ON VECTOR CONDITIONS OF INTEGRABILITY.

[Proceedings of the Royal Society of Edinburgh, December 3, 1877.]

(1) THE relation
do = ugqdpg™

ensures that the tensor of do shall always be w times that of dp. Hence, if p be
the common vector of three series of surfaces which together cut space into_cubes,
o possesses the same property. (See § 6 of my paper “On Orthogonal Isothermal
Surfaces,” No. XXV. above, p. 180. In what follows this paper will be referred to
as Q)

We may suppose the tensor of g to be any constant, unity say. Then, from
Te=1,
we have S.dgKq=8.dgq* =0
Thus, it appears that g™.dq and its equal —dg™.q
are vectors.

(2) From the given equation we have
iq-uqiq" and gg=quq".
dz dy

d'c d dg™

From these q dzdy q= +2uV 111—3:q=]dw+2uV_7 3 ¢

From the three equations of this form we obtain by the operations S.i, 8j, Sk,
nine scalar equations, of which the following are three:—
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du dg?
2—-2’1&8 k ‘—i q,
du _ dg!
dy= "S-k

s. ;‘1 g=-8.:%"

The last of these, with its two similar equations, shows that

d‘f'q=s ,_dy_q S, k@:

which express Dupin’s theorem for this particular case.

(8) If we put for simplicity

the equations of last section give at once three like

Ui,
80 that dg.q' =V .dpVv ceerrriiriiniiiiiiineeiieiiia [2 (33)),
and Vg'.¢q=Z2. 1V1Vv-—2Vv——v—uu,
or Voug =0 errerererreenes et e as)
(4) But we have, by differentiation, from the second equations of § 3,
L
a d}/ de * dy=dy V.iVy,
LU _dy
dyd'c *ly dada’ IV
Subtracting, and noticing that
1
Wl
_, dg dq . d d
1721 121 = 3 -_—1 = “
we have W e g V.(sz 1dy) Vo=V.V(kV)Fo,
or —28(kVv) . Vo=V V (kV) Vo.
Three like this give at once (Vo) =—-Vu
or 0= 2uVu — (Vu) = 4T3 (uh).eveeeecs e [ (21)]

T 45
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(5) But if, instead of combining the last set of three, we equate to zero the
scalar coefficients of i, j, k separately in each, we have three equations of each of
the following forms:—

2 dvdv _ dv  dw_ dw_ _ 2 (dv)’.

Gy~ dedy’ & dpT " \dz
Transformed to u, they become \
dudu_  dh
dedy” ~ dedy’
d | d dw\ | (du\? duy?
v (a;a"a;a) =(a) *+ () - (@) &

The integrals of the first three are obviously

&e.,

ldu_x, 1du_, 1du

w dz Cawdy waz=%

where the right-hand members are functions of x, 7, z respectively. Thus
! _x-v-z
u

and the first of the second set of three equations becomes

(X" + ¥ 4+ X"+ 2u¥") = ut (X2 + V- 29),

or X'+ Y'=—u(X"+Y"+ 2%
Thus X'=Y"=2"=C,

1 c "
and 1;=-—E[(w—a)’+(y—b)’+(z—c)’]+(.,

or, as we may take the origin where we please,
u o —‘l'—"

CTp*+ D’

This is, therefore, the only value of u which satisfies the conditions of the problem, and

the last equation in § 4 above shows that C' or D must vanish If C vanish, » and ¢
are both constant.

(8) If D vamsh, we have by § 3 above
_ Vu dp _ _
—-dq.q"-V.dpél; ——V—p———dUp (Up)™.

This gives g=alp

where « is any constant versor.
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Also do= ;,:’, aUpdp (Up)'a-

=—ad (ip') @,

8o that o is the Electric Image of p rotated through any angle about any axis through
the centre of the reflecting sphere. (Q § 12)

(7) If the equations of any three systems of orthogonal surfaces be
F,=C, F,=C, F,=C,
we may obviously wi'te for the flux of heat through each the expressions
VF=ugig, VF,=ugig, F,=ughe;
so that we have three equations of the form
v (ulqiq—l) =,
where a,, a,, a, are scalars, which separately vanish when the systems are isothermal.

Expanding the last equation we have

v . . . .
i+ Vg g7 gig” 4 gV =28 (g g g7 =T
or, writing Qg =1,

Yy, . . . a
—14'+28 'Vgq'-28 ('Y 1=
w b 25 Vg (Vg =4
We obtain Dupin’s Theorem in its most general form by operating by S.7, 8.5, S. &'
on this and the two similar equations respectively. It is thus expressed as three
equations, of which one is
S.¢S(i'V)q.q'=0.

Again, by multiplication by ¢, and by adding the other two equations multiplied by
j' and K respectively, we obtain also

sV osisi Y oy Vgt 429 =3 BY
u %, o

Vu a1t
s v 1 1o _ 33
or "u+2V'qu +2Vq.¢q zu,’
whence S.Vqq™ =0,
and 2!‘-‘+4-Vqu-‘=—E‘3"
u 0
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When the systems are isothermal as well as orthogonal, this equation may be put
in the singular form—

V [(uym)g)=

The results given in this section were laid before the Socxety in May, 1876, but were
mislaid, with other papers then read.

(8) The great desideratum in the application of quaternions to problems such as
those just treated, seems to he in the discovery of the general solution of the equation

Vr=0,

where » is a quaternion Unfortunately this seems to depend ultimately upon Laplace’s
equation, treat it how we may. It is easily seen to be equivalent to the kinematical
problem of finding a displacement which shall produce no compression, but shall produce
a rotation whose vector axis is derived from a potential.

The nature of the difficulty is also easily seen m another way, for, when we try to
find the conditions of integrability of such an equation as

V. ndp=dy,
we may, of course, make the assumption
du=¢dp
where the coefficients of ¢ are functions of p. This gives at once
Sadp = S. ¢'adp,
so that V.V¢a=0

whatever constant vector be a.

Suppose this satisfied, we have the farther condition

V. pdp =dy,
or 8. ¢'V(a\)dp = Sady,
so that, whatever be a, V.V¢' (Var)=0.

Taken in conjunction with the former condition, this shows that V may here be con-
sidered as operating on A only,

In this very particular case, however, we find at once that A must be constant, and

that dp = ¢dp = idu + jdv + kdw.
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XLV.

NOTE ON A GEOMETRICAL THEOREM.

[Proceedings of the Royal Socrety of Edinburgh, January 7, 1878.]

IN Trans. RS.E. (1864-5) Fox Talbot proved very simply, by means of a species of
co-ordinates depending on confocal conics, the following theorem, at the same time
asking for a simple gcometrical proof.

If two sets of three concentric circles, with the same common difference of radii,
intersect one another—the chords of the arcs intercepted on the mean circle of each series by
the extremes of the other ure equal

A properly geometrical proof may possibly be obtained by showing that the middle
points of these arcs arc equidistant from the line joining the centres It 1s, of course,
quite easy to build up a quasi-geometrical proof, but Talbot’s would be much better.

The following investigation shows the nature of the theorem, and gives some elegant
constructions.

Let d be the common difference, b and ¢ the mean radi, and ¢ the distance
between the centres. Then the square of one of the chords is easily seen to be

p=20 (1 ~cos (6 £ 0)),
where ¢ and 6 are given by
(b—dy=a*+c*—2accos 8,
(b+dy=a*+c*— 2ac cos €.
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The expressions for the other chords differ only by the interchange of 5 and c.
Elimination gives at once

, ad+—-(b-dyp a+c—(b+dy
p’=2c’{l— S0 . ac

¥ {1 - (#xes aﬁb;d)')}* {1 - (e Grdy *}*}

=ﬁ{4(«z’+d‘)(b’+ ) =2 (8 - —2(ar -y

F 2 (40" = (@ + o = (b= d))} (40— @+ o* = (b + PP
=2 anzoan),

where A and A’ are the areas of the “inscribable” quadrilaterals, crossed and uncrossed,
whose sides are a, b, ¢, d. This, of course, proves Talbot’s theorem.

Hence P =4(,4, z“ A)‘,

a remarkably simple expression. The two values of p are given at once by Talbot's
diagram, and the rectangles under their quarter sum, and difference, respectively, with
the distance between the centres, give the areas of the quadrilaterals sbove mentioned.
Or, better, the triangles whose angular points are the middles of the arcs respectively, and
the centres, have areas equal to half the sum and half the difference of the quadri-
laterals.

The symmetry of these expressions shows that in Talbot’s theorem any two of the
four quantities employed may be interchanged—the lengths of the corresponding pairs
of equal chords being always inversely as the quantity chosen for the distance between
the centres of the two series of circles.

Again, it is easy to see that we have by the above equations

, .0 8
A=a.cam§cos§,

g .6
A—accosgsmi,
so that, construct the figure how we will with four given lines, the ratio of the
tangents of the halves of the pair of angles corresponding to 8, &, is constant. This
is the relation between True and Excentric Anomaly. And we have also the very
simple expression

Ad'= #ein fsin @,
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so that the product of the areas of the crossed and uncrossed quadrilaterals 1s equal to
the product of the areas of the (construction) triangles whose sides are

a, ¢, b—d,
and a ¢ b+d,

respectively. Here agamn the letters may be interchanged at will; which, mn 1tself, 18 a
curious theorem.

While seeking a quaternion proof of the above theorem, I hit upon the following
result. Given two opposite sides of a gauche quadmlateral in magnitude and direction.
If one of these be fixed, and 1f the diagonals are to be of equal lengths, the locus
of either cnd of the other 1s a plane.
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XLVL

NOTE ON THE SURFACE OF A BODY IN TERMS OF A
VOLUME-INTEGRAL.

[Proceedings of the Royal Society of Edinburgh, January 21, 1878.]

IN § 25 of my paper on “Green's and other Allied Theorems” (No. XIX. above)
I gave the following relation between a volume and a surface integral, the limits being
determined by any simply connected closed space:—

[[[eras = [[vvras.

If in this equation we assume 7 (which is arbitrary) to be equal to Uy at every point
of the surface, we have
r=Uv=UVP

where P=C is the (scalar) equation of the surface, The equation then becomes
[[[eo @ ds=- [[as
Applied to the ellipsoid—
@ ¥

-
#tete=b

this gives for the whole surface the expression—

ff dzdydzg (%,+§,)+§(},+$)+§(al.+$)

B g A\ '
(;+§+3

the limits being given by the equation of the surface
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XLVIIL

NOTE ON THE STRENGTH OF THE CURRENTS REQUIRED TO
WORK A TELEPHONE.

[Proceedings of the Royal Society of Edinburgh, February 4, 1878, Deferred from
January 7.]

PERHAPS the most singular fact connected with the teleph 18 the ive
feebleness of the currents which suffice to work it. I have had no opportunity of
testing any but rough arrangemcnts set up by present or former students of my
own, so that I cannot judge how far my results may apply to the mstrument as
sold.

1. A striking illustration of the fecbleness of the currents required is furnished
by using a Holtz machine driven wvery slowly, without condenser, and with 1ts terminals
so close that the discharge 1s barely audible, and certainly invisible except in the dark.
When insulated wires were led from thesc terminals to the telephone (placed in a
distant room) the effect was very curious. The instrument gave a hissing sound, quite
comparable 1 intensity with that which was produced directly when the terminals of the
machine were widely separated, one connectcd with the ground and the other with a
large conductor discharging by brushes into the air, the machine being turned rapidly
The telephone continued to give audible sounds with slow turning, even when the
terminals of the machine (somewhat tarnished) were pressed into contact

2. To measure roughly the intensity of the current, I placed one prong of an
unmagnetised tuning-fork about half an inch in front of the sending telephone, and
measured by a microscope and scale the extent of its vibrations when the note just
ccased to be audible to a listener at the receiving telephone. Next I substituted for the
recerving telephone an exceedingly dclhcate astatic galvanometer, with very small moment

T. 46
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of inertis, and measured the swing produced by one definitely assigned motion of the
prong of the tuning-fork, By means of a known thermo-electric couple, I determined
the strength of the current corresponding to the observed swing. The result is, of
course, only a very rough approximation. It is that a single Grove’s cell would produce,
in a circuit of somewhere about a billion B.A. units resistance, a current sufficient, if
reversed 500 times per second, to produce ar audible sound in the telephone I
employed.

3. Several attempts at explanation of the action of the telephone have been given
here and elsewhere, and others are promised for to-night. For my own part, I think
there are at least three separate causes at work in the telephones I have used.

There can be no doubt that the inventor’s own explanation 1s, at least to a certamn
extent, correct. For we can easily dispense with the magnet in the receiving telephone,
using merely a thin iron disc in front of a coil. And Mr Blyth has, I believe, found
that we may make the disc, even in this case, of copper, and yet have transmission
(though very feeble) of intelligible sounds.

But this cannét be the full explanation. For it does not attempt to account for
the peculiar nasality of the transmitted speech. Without going more closely into the
matter, the difference of quality between an open and a closed pipe suggests a certain
amount of constraint as the cause. And we know that the sounds in the original
telephone of Reiss were produced by molecular motions due to magnetism in soft iron.
Mr Blyth has shown conclusively that molecular motion in the magnet itself has a
large share in the results, because he has successfully substituted other metals than
iron, and even non-conductors, for the disc, and in certain cases finds that he can
dispense with the disc altogether.

Besides this, however, it seems to me that there is a third cause, which in certamn
cases is more effective than either of the others. This 1s suggested by the fact that
(at least with the instruments I have tried) high notes, even of comparatively small
intensity, are much more clearly transmitted than low notes,—indicating that the rapidity
of the molecular change has a great deal to do with the result. In fact, in this
respect, the telephone is really a variety of the so-called curb-key, giving very sudden
reversals,

These considerations have led me to fancy that rapid change of form in matter,
whether paramagnetic or not, may probably be capable of detection by the telephone,
for the associated electric currents may be in certain cases powerful enough to
produce audible sounds. I am at present engaged in a series of preliminary experi-
ments on this subject.
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XLVIIL
THERMAL AND ELECTRIC CONDUCTIVITY.

[Transactions of the Royal Society of Edinburgh, Vol. XXVIIL]

(4§ 1-18, Read March 18, 1878—Revised (from a Shorthand Writer's extended Notes) December 4, 1878.)
(§§ 17-23, Read June 3, 1878)

THE following paper contains the results of an inquiry which has occupied me
at intervals for somewhere about ten years. It was carried out in part at the expense
of the British Association, and I have already reported results to that body in 1869
and 1871. But these provisional reports referred to very short ranges of temperature
only, and the expernments were made with faulty thermometers, for which I had not
the corrections which had been carefully determined by Welsh at Kew.

The inquiry arose from my desire to extend to other metals the very beautiful
and origmal method which Principal Forbes devised, and which the state of his health
prevented him from applying to any substance but iron. Forbes' experiments gave
a result so very remarkable, and (as it seemed to me) so theoretically suggestive,
that I wished to extend them to other pure metals, and also, in one or two cases
at least, to alloys.

I believe that Principal Forbes had at least two reasons for undertaking his in-
vestigations:—(1) When he commenced his inquiry, there was no really accurate or
trustworthy determination of the absolute conductivity of any body whatever for heat.
(2) Forbes had himself, n 1833* and subsequent years, pointed out a very remarkable
analogy between the conducting powers of metals for electricity and for heat, and had
shown that these were almost precisely proportional to one another—that is to say,
that the list of the average relative conductivities of different metals for electricity

* Proc. R.S.E., 1. 5.
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differed, from that of their relative conductivities with regard to heat, certainly not
more than did the several electric lists furnished by different experimenters, and certainly
less than did the corresponding thermal lists. Hence it was natural to suppose that
temperature might have a marked effect on thermal conductivity, as it was known to
have such an effect on electric conductivity.

The great merit of Forbes' method® is, that it seeks the conductivity in terms
of 1ts definition; instead of seeking a value of the conductivity which will best satisfy
the integral of Fourier's equation formed on the hypothesis of uniform conductivity,
and of loss of heat from the surface of the bar in direct proportion to the temperature-
excess above the surrounding air. Although Forbes' paper has been printed in the

Transactions of this Society+, I may make a few additional remarks on the methods
he employed.

He used for the first part of the experiment, what he called the statical experiment,
a bar of ron, 8 feet long by 1} inch square section. One end of this was raised to
a high temperature by means of a pot contaning melted solder, whose temperature
was maintained nearly constant for cight or nine hours. The rest of the bar was
exposed to the air ‘of the laboratory, and of course parted with a portion of the
heat conducted to it partly by radiation, partly by convection. It was found that
after about eight hours a stationary distribution of temperature was attained, in which
the net gain of heat in any section of the bar by conduction was just neutrahzed by
the surface loss. This temperature distribution was then accurately determined. In
the second or dynamical experiment, a shorter bar, of exactly the same transverse
dimensions, was employed; not, however, for the conduction of heat, but for the
purpose of ascertaining at what rate its heat was lost by radiation and convection
at different temperatures. For this purpose the bar was heated as uniformly as
possible, once for all, and then allowed to cool in the air, its temperature being
noted at measured intervals of time. The introduction of the experiments with the
shorter bar was the main point of great importance in which Forbes improved the
experimental part of the determination. And, as regards the subscquent calculations,
1t need only be said, to show the improvement he introduced, that had he followed
Biot’s mode of procedure he would probably have failed to discover that thermal
conductivity (in some cases at least) depends on temperature. As I have already
said, though Forbes’ results were confined to iron, they were the first of any real
value to the absolute measurement of thermal conductivity.

§1. Viewed in the light of the results attained, I do not now think so much
as I was originally disposed to do of one of the chief reasons which led me to the
present inquiry. But that does not in any way matter to my other chief reason;
for, though an attractive hypothesis has been shown to be untenable, at all events
without very considerable restrictions, some valuable and even curious measurements
have been made. Forbes' results for iron have been, in all but one particular, closely
reproduced by myself, but their most striking pecuharity, the falling off of conductivity

* Report B.4., 1852, t Trans. R S.E., 1860-61, and 1864-5.



XLVEL THERMAL AND ELECTRIC CONDUCTIVITY. 365

with rise of temperature is, so far as I yet know, confined to the single metal
which he experimented on. I had fancied that as the numerical results given by
him seemed closely consistent with a conductivity varying inversely as the absolute
temperature, such might be generally the case. Inquiring into possible physical
reasons for this, I saw that if it were assumed that, in the steady linear propagation
of heat, the amount of available energy of the heat in three successive shces of a
solid, of equal thickness, were always the lowest possible, consistent with the conditions
of the experiment, Forbes’ result would follow, and would give, in fact, an excellent
instance of dissipation of energy. [See No XIV above. 1898.]

§ 2. The subjects I set myself to inquire into were definitely these—

(1) Whether in pure metals there is always a decrease of thermal conductivity
with a rise of temperature. And for this purpose I chose the metals copper and
lead, because we can easily and at small expense procure them in large quantity
and in a state of great purity.

(2) Whether different specimens of the same¢ metal may not differ in thermal
conductivity, at least as widely as they are known to do in electric conductivity,
and for this purpose, in consequence of Sir W. Thomson's* remarkable observations
on the electnc conductivity of copper, I selected copper.

(3) Whether an alloy, such as 18 chosen for resistance coils because 1ts electric
conductivity changes little with change of temperature, does not show a similar small
change of thermal conductivity; for this purpose I chose the alloy, German silver,
which is frequently used for such coils.

(4) A fourth question, which I have not yet answered, was whether there may
not be some conduction-peculianty in a substance whose specific heat varies little with
temperature. This was suggested to me by the theoretical notions aboye alluded to,
and probsbly falls with them. For such a purpose there can be no doubt that the
best substance is platinum, because its specific heat is known to alter very little; and
Messrs Johnston and Matthey were kind enough to offer to provide me with a bar
of platinum of the same dimensions as Forbes’ wron bar, at the comparatively small
expense of working the material into the necessary form and working it down again.
The value of the material of such a bar, 1t may be well to mention, would have
been about £2000.

§ 3. The results I have hitherto published in the Reports of the British
Association were, of course, strictly preliminary. For, besides the ‘want of scale-errors
for my thermometers, another great difficulty felt at the commencement of the
cxperiments was that of mamtaining a nearly constant temperature in the source of
heat for the statical experiment. At the time I gave those provisional reports, I
had operated only with temperatures not much higher than that of boiling water,
through a range, in fact, barely sufficient to indicate with certamnty a change of
conductivity even in iron,

* Proc. R.S., 1857 (June 15).
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§ 4. Shortly after Forbes published the full result of his experiments on iron,
another excellent and novel method, quite distinet in principle from his, was described
by Angstrdm". Of that method I availed myself, with the help of the various bars
and thermometers obtained for the present inquiry. In Angstriim’s method it is so
much more easy to calculate out the results, and derive the conductivity from the
experiments, than in that of Forbes, that I have already—in 1872-73+—communicated
to the Society the results obtained by this method, though I had years before made
some of the experimental determinations required by Forbes’ method, whose numerical
consequences are only now produced. But my ther b though excellent for the
use of Forbes’ method, were not nearly delicate enough for the proper application
of that of Angstrtm. It requires, for its successful carrying out, the very accurate
reading of small changes of temperature. Hence the results of 1872-73 can be looked
upon as at best but very rough approximations. One great defect of ‘xngst.ﬁim's
method, as compared with that of Forbes, hes in the assumption (which forms part
of 1ts necessary basis) that the rate of surface loss is proportional directly to the
excess of temperature over the surrounding air. Even for the moderate range of
temperature employed 1 Angstrom’s experiments}, this is not nearly correct. Hence,
and for other reasons (for instance, his equations being formed as if % were constant),
I do not accept his statement that the thermal conductivity of copper falls off as
the temperature rises, as one which his method was competent to decide. Even with
Forbes' much superior method, a range of at least 100° C. is absolutely necessary to
settle such a point.

I have had several reasons for delay in publishing the results of these experiments.
For the most part, the experiments themselves were made eight or nine years ago,
but for the delay with regard to the caleulations I am not wholly responsble. Since
I obtained the assistance of Mr Evans, however, there has been no unnecessary delay
in the computati Experi tal difficulties of various kinds were, however, constantly
cropping up. Besides the difficulty already alluded to, of maintaining a steady tem-
perature of the source of heat, a very peculiar difficulty arose from the behaviour
of the thermometers. These, after being exposed to high temperatures and cooled,
showed a gradual rise of the zero points; and, 1 some of those which have been
most frequently exposed to the highest temperatures, the zero point has risen as
much as about five degrees. There were also very great difficulties about the heating
of the short bar for the cooling experiment. Here my results were very different (at
gh temperatures) from those of Forbes. Again, the lead and copper, and sometimes
(in extreme cases), even the iron and German silver, when highly heated, become
oxidised, and the coating of oxide on the surface promotes radiation, if not also
convection; and as the surface becomes oxidised to different amounts at different
temperatures no one set of experiments with the short bar is strictly comparable with
anything but one part of the long bar. That difficulty is not so much felt in the
case of the iron, still it is felt to a certain extent mn the case of all the metals
tried. My results are all somewhat uncertain on this account. This uncertainty, and
means of removing it, are discussed 1n § 13.

* Pogg. Ann., 1862. Phil. Mag., 1868, 1. + Proc. R.SE. 1 Pogg. Ann., Band 118, 1868.
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Another reason for the delay that has occurred in producing the results has been
my endeavouring—to a certain extent fruitlessly—to give the results in terms of
absolute temperature, by the help of air-thermometers. Much time has been spent on
that work, yet, even with the assistance of Dr Joule and others, I have not been
able to get a really good set of determinations. The real difficulty lies in the fact
that the holes cut in the bars for the insertion of the bulbs of thermometers are
necessarily so small, that it is not possible to construct any efficient air-thermometer
which can be made to take the place of the mercurial ones.

I have been assisted in the experimental part of the work by several of my
Laboratory students; but most especially by my mechanical assistant, Mr T. Lindsay,
who has been throughout the inquiry as valuable to me as was his father to Forbes.

§ 5. The results now given are founded, some of them on experiments made
before 1871, and some on experiments made last year. The calculations have all
been carried out with care and accuracy by Mr Evans (who used the processes
described by Forbes), and their results have been verified by myself, partly by
graphical methods, partly by various devices for interpolation, and in the majority of
mstances by calculation also®. But, as will be seen, I content myself at present with
the statement of probable values only. I have only now arrived at nearly definite
conclusions as to the best mode of working, after having pushed to the extreme
admissible limit every part of the process,

Before giving the results, it may be well to detail with some care the particulars
in which my apparatus and modes of experimenting differ from those employed by
Forbes.

* One of these interpolation methods 18 so easily applied, and (in consequence of the usual nature of
the statical curves) gives results so fairly approximate, that 1t must be mentioned here as of great use if
only 1 checking the results of the more complex caleulations,

Let vy, vy, vy, v,, be the observed temperatures shown by the four thermometers, placed at intervals of
three 1nches on the long bar. Let w be the number of degrees lost per minute by the thermometer in the
short bar, when its temperature-excess above the air 1s nearly that of }(v,+vy). Then the conductinty at
the temperature } (v,+v;), in terms of the umts employed in § 15 below, is very approximately

w
8o, -0 vs+v) "
(This formula assumes third differences of v, to vanish.] With a single bar of 20 inches, or so, in length
(with four or more holes three inches apart), to be used alternately for the statical and for the dynamical
experiment (in the former with its free end artificially cooled), I believe that very fair determinations of
thermal conductivity may be made in a few hours by the use of the above formula. Had I known ths
ten years ago I should not have undertaken the and ion of Forbes’ i under
condutions ezactly sumilar to his. But, on the other hand, had I not undertaken this work, I should probably
not have fallen upon this simple method.

I believe that it may be found apphicable even to stout wires or rods, the temperatures being observed

by a thermo-electrio process. Thus these determimnations may be made for very rare metals, and also for

\: of very low i I hope, with the assistance of a party of my Laboratory students, to
get a large number of metals examined by this method during next winter and summer sessions.
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§ 6. With regard to the bars employed—The iron bar experimented on was that
last made for Forbes' experiments. My chief object in employing this bar was, of
course, to ascertain how nearly I could reproduce Forbes' results; with the view of
obtaining, as far as I had the means of doing so, a check upon my own work. A
couple of copper bars were procured for me, at the instance of Mr Willoughby
Smith, from a firm largely engaged in furnishing copper cores for submarine cables.
These were of the same dimensions as Forbes' won bar but, while one (Crown) was
made of copper of the highest electric conductivity, the other (C) was made of copper
of the worst conductivity. The only difference in construction between these copper
bars (as well as the other bars which I employed) and Forbes’ iron bar, consisted
m the necessary protection of the metal from the mercury which was employed to
surround the bulbs of the thermometers when inserted in the holes. For this purpose
1t was necessary that the holes should bc lined with iron; and, therefore, little cups
like the heads of arrows are sunk into the copper, lead, and German silver bars.
The thickness of the iron shell 1s so small that it is not sufficient to influence in
the shghtest measurable degree the progress of the heat along the bar. The copper
was 1n the hard state. I propose, at some future time, when some of the desiderata
after-mentioned are supplied, to have these bars annealed and repeat the measurement
of their conductivity.

Along with the copper bars just described, I received some specimens of wire
for electric testing. These wero said to be made of the same materals. My experience
of them has not been satisfactory, as different specimens from the same material
show considerable differences in electric conductivity. I therefore defer the consideration
of the electric conductivity of these materals till I have time to test for this purpose
the long bars themselves,

The German silver bars, long and short, were cut from an exceedingly fine
casting, procured for me by the late Mr Becker. Its transverse section is of exactly
the same dimensions as the others. The bars of lead were cast by Messis Milne,
and are in all respects like the others, save that the bar for the statical experiments
18 not so long. It required special additional supports to prevent flexure.

The bar of gas-coke upon which some experiments have been made, was sawn
from a block of coke obtained from Mr Young of the Dalkeith gas-works. The bar
18 exactly of the same transverse section as the other bars employed, but though
only a few inches m length, 1t was found sufficient. Even with the highest
temperature applied at one end, after 10 hours exposure, there was scarcely any
perceptible heating at the further end. The same bar served first for the statical
experiment, and then was heated again for the cooling experiment.

§ 7. In procuring the thermometers, on whose accurate indications the whole
value of the expernnental work depends, I availed myself of the assistance of
Dr Balfour Stewart, who was then director of the Observatory at Kew. Two sets of
thermometers were made under his supervision, one set with long range and short
degrees, the other with short range and long degrees, and all were tested by him.
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I had wished as far as possible to carry out Forbes' idea that it was better to use
thermometers, even if they did not show the zero point, which even at high
temperatures exposed only a small quantity of mercury in the stem, than to have a
long column exposed to the air, with its temperature of course very different at
different parts. Dr Balfour Stewart, however, told me that, so far as he knew, it
was impossible accurately to graduate thermometers under these conditions, and he
advised me to take the thermometers as he could make them and guarantee them,
namely, mercurial ones, made of proper glass, carefully divided by graduating instru-
ments at Kew, and showing 0° C. As this is a point of wital importance, I append
in a foot-note an extract from Dr Stewart’s letter®.

I have already spoken of the circumstance that when the bulbs of some of these
thermometers had heen heated several times to over 200° C. and especially when
heated more than once to nearly 300° C. their indications began to be permanently
altered 1n the way of increase; and in some of them which had been exposed mn
the holes or bores, closest to the source of heat, where they had been often raised
to a temperature of 300° centigrade, it was found that the permanent alteration of
zero was as much as 5 degrees. As 1t appeared that the probable nature of the
distortion was a permanent shrinkage of the bulb, I calculated what should on that
supposition be the behaviour of the instrument at different temperatures; and by
comparing its indications step by step with those of another of the thermometers
which had not been distorted by violent heating, I found the results of calculation
verified. The altered instrument loses slightly to the other, so that at 800° C. it is
little more than four degrees m advance instead of the five it had at zero.

But, after all, this change of error (for the altered instruments were used for the
higher temperatures only) can be easly allowed for in correcting the readings for
scale-errors; and it is very small in comparison with other inevitable errors of the
determination. To mention only one of these, a very shght inexattitude in the
position of the hole bored for one of the higher thermometers would involve a more
serious error. And, in the mercury, or fusible metal, in each hole there is a most
peculiar distribution of temperature, due to the fact that one side of the hole is
very considerably hotter than the other.

§ 8. I have already mentioned the very great difficulty encountered in obtaining
a properly uniform source of heat in the statical experiment. I tried various processes

* Eaxtract from a letter, Dr STEWART to Prof Tair.

“Kew OBSERVATORY, 8th December 1868.
“We have come to the conclusion that each nstrument ought to go down as low as the freezing
point.
“It is possible, no doubt, starting with an nstrument that includes the freezing point in order to
the d , and afterwards taking out some mercury, to produce instruments that
begin to reguster only at high temperatures. But there 18 an element of uncertainty introduced in taking out
the mercury, which may not only cause a constant error, but an error of scale value.

(Si1gned) “B. STEWART.”

T. 47
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depending on boiling points, and all sorts of gas regulators, without success, until I
got a very valuable suggestion from Dr Crum Brown. The principle is excessively
simple, but in working it was found to be almost perfect. It rendered quite unnecessary
the constant watching described by Forbes. All that was required was a reading of
the whole set of thermometers every hour or half-hour.

The following extract from my note-book tells its tale sufficiently :—

Gas lit at 6.25 A.M.
12h. 25m. pM. 1h. 1lm. 1h. 51m. 2h. 58m.
Temperature at hole nearest source, 299 301 30111 301

In fact, during the last three hours of the experiment referred to, the temperature,
though about 300° C., varied by only about one-tenth of a degree. This was actually
less than the change of temperature of the air of the room. Of course this, and a
few others like it, are exceptional cases, but not possible, even as such, with any
other arrangement I have tried. As a rule, a change of at most three degrees in
the temperature shown by the thermometer nearest the source (and this change a
very gradual one) was the utmost fluctuation during the last three hours in the great
majority of the experiments. In the few cases in which there was a greater change,
it was traced at once to the “burning-down” of one or more barrels of the six-
barrelled Bunsen I employed. In such cases, the experiment was at once stopped,
and the record crossed out.

Nothing more satisfactory could have been expected in a matter so very difficult
as that of regulsting the gas supply, when, as all know, in a town like Edinburgh,
the pressure is sometimes varied arbitrarily by an amount almost equal to one-third
or one-fourth of the whole; and where, especially towards dusk, there are very sudden
changes, partly due to increased pressure in . the
gasometers, partly to the rapid lighting of many
burners. The process employed by Crum Brown
is to cut off, or increase, the supply of gas to a
small gasholder by a sort of valve which acts
almost instantaneously. The valve consists of an
india-rubber tube, which is just on the point of
being nipped—that is, being bent over so as almost
completely to close it. A very slight motion of
one end effects the difference between nipping and
comparative openness, so that when this tube is
appended to one of the weights of the gasholder,
it iaintains a perfectly regular pressure in the
holder. In fact, it was not possible to observe,
from half-hour to half-hour, any variation of level
of the inverted vessel

The theory of this application is that, where
absolute regularity or steadiness cannot be had, the
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best substitute for it is extreme stability of equilibrium. There is, no doubt, a constant
change going on, but any displacement produces such a disproportionately great force
of restitution as practically to keep everything steady.

§ 9. Another source of great difficulty, which had been fully felt by Forbes,
was the heating of the short bar. The method he finally adopted is perhaps not
applicable, except to iron: at least when high temperatures are required. He plunged
his won bar bodily into a bath of melted fusible metal. The bar was wrapped in
paper to prevent too sudden an abstraction of heat from the melted metal. I first
tried to heat the bars by means of a sort of air-bath, but I found that in such a
bath they all became oxidised before the temperature was sufficiently raised. I
endeavoured to overcome this difficulty by putting successive covers on the bath,
making it, in fact almost air-tight, and passing a uniform current of dry carbonic
acid gas through it

These methods proved comparative failures, and the simple process ultimately
adopted consisted in taking a brass gas-pipe, pierced along its upper sde by a
number of holes at equal intervals from one another. This burner was connected
directly with the gasometer and produced a row of little jets. As these were of
gradually diminishing intensity (in consequence of diminishing pressure), the tube was
slightly inclined upwards from the gasholder. The bar (previously raised to a
temperature of about 100°, by radiation from a fire to prevent deposition of moisture
from the flames) was placed over 1t in a horizontal position on a sort of rack, on
which it was kept turning round and round, until it was very uniformly heated;
being occasionally turned end for end. It was found that when the bar was not
heated above 200° C, but Ittle oxidation was produced during the time required for
the heating. When it was necessary to raise the temperature higher, the nature of
the cffect on the surface was described by its colour, which was noted and compared
with the effect found to be produced on different parts of the corresponding long
bar by its more gradual heating. It would be very easy to burn a mixture of gas
and air, and so to a great cxtent get rid of the possibility of smoking the surface,
but practically it was found that no insuperable difficulties were introduced by taking
the ordinary coal-gas. But, for a reason presently to be mentioned, the short bars
had always to be raised to a temperature much higher than that at which the
readings of the thermometers commenced. Thus all my results must necessarily be
a little too large, as the cooling was in every case observed on a bar more oxidised
than the portion of the long bar which had the same temperature.

§ 10 With reference to the estimation of the true temperature of the bulbs of
the thermomcters from the readings of a variably heated stem, the great difficulty
experienced was one felt by Forbes also—one which he endeavoured to get rid of
by detaching arbitranly a column of mercury, and throwing it up into the little
bulb at the top of the thermometer, thus working from an arbitrary zero. Dr Balfour
Stewart told me it was almost impossible to get trustworthy results from the
thermometer so treated, and I determined to take my chance of the insufficient
heating of the column of mercury in the thermometer, which was not directly

47—2
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immersed in the mercury in the holes in the bar. I do not think very much error
can be introduced by this, for the following reasons. If we calculate for a temperature
of 250° C.—which is nearly the highest used in the greater number of the experiments—
the utmost error that can be introduced in the indications of the thermometers used
is somewhere about 10° C. That is to say, the highest temperatures were read at
the most 10° less than they would have been if the whole thermometer had been
exposed to the same temperature, This correction of 10° at 250° diminishes at lower
temperatures, and increases at higher nearly as the squdre of the excess of temperature
above the freezing point But as the same thermometers, or exactly similar ones,
were employed, under precisely® similar conditions, in the short bars as in the long
ones, the difference between the corresponding errors in the two associated experiments
must have been at most a fraction of a degree even at the higher temperatures.
The numerical results, therefore, are stated in terms of the temperatures so read, and
these involve (from this cause) an error in defect, of somewhere about 10° at 250° C.,
and varying for other temperatures as above stated. I have preserved all the notes
of experiments, as well as the thermometers, as 1t may ultimately be possible to get
an air-thermometer which will enable me to reduce the determinations to a more
accurate standard; but until that can be done it seems hopeless to expect to improve
(in this particular) the method I have employed, however important might be the
results,

§ 11. There is one respect, and one only, in which my results have been found
to be not quite consistent with those of Forbes. This is in regard to the law of
cooling of the short bar in terms of the temperature. Forbes, in fact, called special
ttention to this question, and he evidently felt considerable surprise at the result he
obtained, for he tried it over and over again with the same conclusion. Although he
pointed out that the initial uniformity of temperature of the heated bar would tend
to produce the appearance of such a result, Forbes expressed himself as convinced
that the curve representing the rate of cooling of the short bar in terms of the
temperature begins to be straight about 150°C., and then bends over so as to become
convex upwards. I have carried it considerably farther, in fact, up to estimated
temperatures of at least 800°C., without finding the slighest trace of convexity. It
is obviously essential that this discrepancy should be explamed, and I think it
depends on the fact that Forbes did not heat his short bar much above the tem-
perature (200° C. or thereabout) at which the readings commenced. Under these
circumstances the flow of heat from the interior of the bar is for some time retarded;
in fact, till a state of things is arrived at in which the temperatures at different
dwstances from the axis or from the ends of the bar cease to undergo a rapid
relative change, the inserted thermometer does not indicate the true loss of heat by
the bar. I thmk that this explanation is borne out by the fact that Forbes' results,
with a bar of smaller section and length (in which the abnormal state is of shorter
duration), agree more nearly with mine, so far at least as change of rate of cooling
is concerned.

* Jan. 18, 1879. In epite of the contents of § 11*, now added, this is nearly true of my experiments,
for the highest of the thermometer readings 1n the cooling bars were not used 1 the calculations.
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I easily reproduced Forbes' results by heating the bar only to the temperature
at which the readings commenced. But to avoid this source of error I always, when
it could be done, raised the temperature much above the point at which readings
were to begin, so as, in fact, to read only when the normal state of cooling had
been arrived at. In some of my experiments with iron the bar was heated to such
an extent that mercury boiled furiously when put into the hole—and I had to
employ fusible metal instead. In all cases I obtained results resembling those of
Forbes during the first few minutes of cooling.

The following short table illustrates this difference, as well as the fact stated
m § 9 that my numbers are all a httle too high. The first column gives the
temperature-excess over the air; the second contans the rate of cooling as given by
Forbes; the third column contans results obtained (for the same temperatures) by

a rough graphic method from my own numbers. The rates are m degrees C. per
minute :—

Rates of cooling of Iron Bar.

Ratio.

20° 0275 029 1:06
50° 080 085 106
100° 1-84 195 106
160° 318 345 109
200° 378 460 1-22
260° 452 650 144

I have every reason to believe that Forbes’ results, in this matter, for tem-
peratures under 150° C. are more exact than mine, especially as his bar was not
exposed to air during the heating. Thus it would appear that my numbers are,
throughout, about 5 or 6 per cent. too high. The really vital difference between our
results appears i the three last numbers in the column of ratios.

[§ 11*.  Added, January 1879.]—I was so well satisfied with the explanation given
above, as in character thoroughly consistent with the observations, that' I did not
work out its numerical consequences. While the paper was passing through the press,
however, I tried to estimate the time required for the disappearance of the abnormal
state, and arrived at conclusions which are not quite consistent with this mode of
accounting for the difference between Forbes’ results and my own. To make this

statement intelligible, a short account of Fourier's treatment of the problem is
necessary.

The equation for the cooling of an infinitely long cylinder, in which the
temperature depends only upon the distance from the axis, is (assuming conductivity
constant)

dw  1dv\ _dv
E(gtra)=a
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This linear equation Fourier integrates by assuming as a particular integral
V= e—mlu
where u is a function of » only. We thus have

du ldu m
aetra e

The surface condition (assuming rate of surface-loss to be proportional to excess

of temperature over air) is
du
k() + hwe=0.

From the first of these equations we have u in terms of m and = The
second gives an infinite number of real positive values of m, say m,, m,, &c, in
ascending order of magnitude, in terms of 7, (the radius of the cylinder), &, and k.
Now h is easily found (approximately) from the rate of cooling, and k is known.
Hence we determine the values of m, and have

v= A ™t + AU+

where the coefficients (4) are to be calculated so as to make v agree with the
initial state when ¢=0.

Without doing this, however, it is obvious that the proposed explanation given
above depends for its validity on the supposition that m, is not enormously greater
than m,; for, if it be, the abnormal terms due to the original uniform heating will
disappear with very great rapidity.

A rough calculation showed me that m,/m, for the iron bar hes between 2000.and
3000. Hence the bar is barely out of the bath before these abnormal terms have
become insensible. The effect due to the finite length of the bar is easily calculated
by the help of Fourier’s method for a cube, which applies to a rectangular parallel-
epiped of any dumensions, symmetrically heated. It depends on the fact that the
temperature at any point can be expressed as the product of three functions, each
containing the time and one only of the coordinates. I owe this hint to Professor
Chrystal.

Calling 2a, 2b, 2c the edges of the parallelepiped, this method leads to the
following expression—

sin na cos nz sin n'b cos n'y g ) ( sinn”ccosn’z )
= \ A COSNL  _nse ~kn'at N7 ¢ COS ~kn/rat
v=G640% (2na, +sin 2na, ) : <2n’b +sin 2n'b ' € ’

2n"c + sin 2n"c

”

where the values of n, %/, n” are the roots of

na tan na ha
a 5’

and v, is the imtial uniform temperature.

, n _hb o, , _he
nbtannb—F, nctannc—f,
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With the data contained in the present paper, it is easy to obtain from the
above the following values of -—" corresponding to a uniform initial temperature (v,)

of about 200° C, the bar bemg l} inches square, by 20 inches in length, and only
the slower vanishing terms being retained :—

Iron........ e — 0:0235¢-095t (1 — 0 068e—01nt)
Copper (Crown) ...... — 0:0262¢~0%¢ (1 — 0 06¢==),

Hence the rate of cooling is diminished initially as regards the longitudinal flux of
heat by above 5 per cent. in both bars. [The omitted terms reduce this by one-
fourth, at first.] In copper this 18 diminished to 1 per cent. (less than the errors of
observation) in less than two wminutes, so that it cannot be traced in any of the
observations, as certwnly two minutes must elapse after the heating before readings
can commence. In iron the error is reduced to 2 per cent. after about six minutes;
so that to this cause is duc a part, but only a small part, of the difference
between Forbes’ results and mine. For the initial sluggishness of cooling. is exhibited
by copper as well as iron, so that there must be another and more effective cause
besides longitudinal cooling.

I next tried (but without the least hope that it would help me) whether the
discrepance might not be due to the fact that Fourier assumes k to be constant.
If we assume (for thc range of temperature employed)

b O

a+v
which is not far from the truth, the equation is no longer linear, even for the
mfinitely long cylinder*. But I found that this would not account for the result to
be explained, and that no substitution of a more accurate law of coolmg than that
adopted by Fourier would remove the difficulty.

Thus I was driven to seek the mam cause of the phenomenon in the ther-
mometer, not in the bar, and I traced it. to the fact that the mercury in the bulb
is all but fully heated almost at once, but that the final adjustment in the bulb
and stem takes place more gradually. No previous heating of the bulb will much
help in such a case.

To test this explanation I heated the short iron bar, and immersed a thermometer
bulb at once in one of the holes, reading it, as usual, cvery minute. After six
minutes had elapsed, I inserted a second thermometer i a hole very near the first,
and read it at half time between the continued readings of the first. After another
period of six minutes a third thermometer was inserted close to the others. The
result has fully verified the correctness of my conjecture. The following table,

* It is interesting, however, to know that it can be transformed into

'  1dep\_ ¢ d¢
ah“(dr’+;d_r) @

which differs only by the factor ¢ on the right from the jon for d
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graphically calculated from the readings, explains itself A refers to the first-mentioned
thermometer, B to the second, C' to the third. The thermomecters were read as soon
as they ceased to rise.

Rates of cooling of the same bar, simultaneously indicated by ther ters
whose bulbs had been tmmersed for different periods.

Temperature-excess. A B c

210° C. 515

200° 498

190° 475

180° 442 410

170° 406 3-89

160° 370 361 328
150° 333 328 318
140° 2:96 291 2:88

Nore.—For this expe}iment the bar, which was much d d, was not polished previ to heating;

80 that the numbers are necessarnly larger than those n § 11 above. This does not affect the relative results

In each of these columns the differences are obviously least at the top, and
the corresponding points of inflection in the curves of cooling are obviously at
temperatures which are the lower, the colder was the bar when the thermometer was
inserted Also, it will be observed that the thermometers arrive more quickly at the
true temperature the lower it is—t.e., the shorter the column of mercury in the stem.
Another experiment gave analogous results with a copper bar. Thus the main
ditference between Forbes’ results and mine is fully explained. T

One result of this discussion is that in heating the short bars 1t is more
important to prevent oxidation than to secure absolute uniformity of heating.
Another is that the hypothesis of uniform temperature in the cross-sections of the
long bar is practically very near the truth.

§ 12. In the treatment of the Statical Curves 1 have always used, as Forbes
did, the formula
Bz
logv=4 - T4 i
It 1s easy to work with, and its results are usually accurate within the unavoidable errors
of other parts of the determination.

‘Where, as with the iron and the German silver bars, the nature of the problem
admitted it, I have constructed graphically each of two curves of statical distribution
for the same metal (with the solder at very different temperatures), and, to the
same absciss® as the values of v, the calculated values of dv/dz. One of these drawings
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was on tracing paper, and was superposed upon the other, with the view not
merely of detecting possible errors in the calculations, but also of testing how far
the results might be trusted. On this point I have no remarks to offer further
than this, that the values of dv/dz for the lower temperatures, must, when they
are small, as a rule be determined graphically.

When the highest temperature (observed) was over 300°C., 1t was impossible to
reconcile it with the curve deduced by means of the above formula from the indications
of the three ding ther ters. As this was obviously due to the rapid expansion
of mercury near its boiling point, the irreconcilable observation (sometimes as much
as 10° above the curve mentioned) was not taken into account.

§ 13. The Curves of Cooling were at first treated in the same way. But they
had to be broken up 1nto several sections, and 1t was not easy to decide (without
great additional labour) how to obtain the most trustworthy value of the rate of
cooling at a point common to two sections, from the more or less discordant values
obtained from the separate formule for the sections.

I next tried to treat them by taking three points with abscisse in arithmetical
progression, and determining the common quantity to be subtracted from their ordinates,
50 that the intervening arc might be treated as logarithmic. [Forbes used the logamthmic
curve, but he endeavoured to make it pass through three points without subtraction from
their ordinates.]

This is a very good method so far as results go, and might be applied to all
the different curves required for these experiments. But I found that, though the
details which 1t involves are easy, cven practised calculators were liable to get confused
with their multiplicity.

Finally, for my own revision of the whole work, I adopted the fqllowing method.
I constructed a curve, usually with 5™, 10™, and 20™ intervals for the abscisse, whose
ordinates were fth of the changes of temperature during the 5@ periods, or #th of
the changes for the 10" periods, &c The scale for ordinates was usually much larger
than that for abscisse. The ponts so determined did not, of course, give a very
smooth curve (especially where ive readings at intervals of 1™ or 2" came to
be within one or two tenths of a degree of a division on the scale), but it was very
easy to draw a smooth curve so as to equahze the errors, and the ordinates of this
curve are at oncc the desired values of rates of cooling. This process has proved
exceedingly successful. It is very much less tedious, and much less hable to large
error, than any other at all accurate one—and 1ts results compare favourably with
those obtained by the other methods above. I believe that this process, applied to
the cooling of bars, especially if one be of platinum, will give good results as to
change of specific heat with temperature

I have already stated that as the short bars were always necessarily heated much
above the temperatures at which their cooling was observed, my results are a httle
too large. The only really serious case is that of the copper bars. But for these the

T. 48
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curve of cooling was observed through the same ramge for very different degrees of
initial heating, and it was found that the only effect of oxidation was to increase all
the ordinates through that range in a slowly increasing ratio, so that the assumed
correction for oxidation was easily made, and probably pretty accurate. I cannot,
however, feel certain that I have in all cases applied it rightly. It is not at all
easy to promounce on an equality of oxidation of two bars (so far as our present
purpose is concerned) unless both be employed for the cooling experiment.

Forbes expressed an opinion (which I do not share) against electro-plating the
bars to prevent oxidation. I intend to try this method; and also, if possible, the
wrapping of the bar in thin sheet irom, so as to employ Forbes’ bath of solder. I
have made several experiments with bars smoked. The method promises well, except
perhaps in the case of copper, but the calculations are not yet effected.

§ 14. The Statical Curves of Cooling were constructed exactly as deseribed by
Forbes. But there are two remarks of some importance to be made upon the mode
of obtaining their areas.

In the first place, they are not even approximately logarithmic, except for small
intervals,. And even then the axis 13 not usually the asymptote. Their area between
two ordinates is usually greater than that of a logarithmic with the same axis and
passing through the two corresponding points.

Secondly,—It is a matter of great difficulty to determmc what to allow for the
portion, in theory infinitely long, but finite n area, which extends beyond the point
of lowest observation of temperature on the long bar:—except in the case of the copper
bars, where the temperature was kept at the further end lower than that of the
surrounding air. The end of the bar was introduced into a large vessel of gutta-percha
full of water, which was constantly renewed from below by means of a pipe connected
with a large cistern. Thus the values of du/dz were never very small at any observed

part of the bar.

The question here raised is a very important one. It 1s not at all probable that
the thermal conductivity should, in all the substances I have examined, begin to change
very much more rapidly below 50°C. than it had been changing during the whole
range to that point from 200°C. or even from 300°C. Hence, when I found the
conductivity to be well represented between these limits (in terms of the temperature)
by a straight line, I have ignored (as almost certainly due to errors inseparable from
the method employed) the somewhat marked and rapidly increasing curvature, which
is indicated in many cases, for the lower 20° or 30° of observed temperatures. I
justify this proceeding on the ground that (in addition to the fact that the areas, the
smaller ones especially, are underrated by treating the curve as logarithmic) very slight
differences in the quantity allowed for the infinitely prolonged area (a quantity whose
value we can only guess at) make all the difference between a rapidly increasing
curvature and a rapidly dimmishing one (sometimes even with a point of contrary
flexure), while barely affecting the run of the higher and much more extensive part
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of the curve. This remark does not require (as will be seen) to be apphed to the
case of iron, which appears to be a thoroughly exceptional one,—though manifest
indications of it are to be seen in Forbes’ diagram of the conductivities of the bar
when naked and when covered with paper. Another cause may have some effect here.
The excesses of temperature above that of the air are so small that an inevitable error
of even 0”1 may produce a serious effect on the calculated result.

If I have sufficient leisure, in the course of next session, I hope to settle this
pont by using a cold water bath applied near the middle of each of the iron, German
silver, and lead bars, the source of heat being kept at as high a temperature as in
the experiments already made. I now beheve from experience that in measuring
conductivity, at whatever temperature, things ought to be arranged so as to avoid any
very slow flux of heat. And I also think that, especially for very good conductors,
such as copper, the bars should be smoked.

§ 15. With these observations I submit the following values, by no means as
final even so far as my own work is concerned but, as probably fair approximations
to the truth. The units are the foot, minute, and degree centigrade, the unit of heat
being that required to raise the temperature of a cubic foot of the substance by
1°C,, at each of the specified temperatures. [See the end of this section.]

IroN
Tewperature C. Conductivity. F.
0 00149 (00190)
30 00138 00131
100 00128 00115
150 00121 00107
200 00114 00100
250 00109 00094
300 *00105 00089
350 *0:0102

The two numbers marked with an asterisk are merely probable deductions from the
curve representing the others. They are mtroduced to show the difference in character
between my results and those of Forbes, due mainly to the difference in our estimates
of the rate of cooling at high temperatures. The column headed F. is (graphically)
mterpolated from Forbes' table (Trans. R.S.E., 1864, p. 102), which refers to the same
bar under the same conditions. This table does not extend below 17°C., so that the
number in brackets 18 to some extent conjectural. It is inserted to illustrate what I
have said in § 14 above as to the rapid change of conductivity indicated when
temperature excesses are small.

My numbers seem to pomt to a temperature, somewhere about red-heat, at which
the thermal conductivity of iron (measured as above) 18 a mimmum,—but this is

altogether uncertain.
48-—2
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COPPER.
Crown, C.

Q 0076 0054
100 0079 0057
200 0082 0060
300 0085 0083

I have already (§ 13 above) stated that uncertainty must attach to all these
determinations of conductivity of copper at high temperatures on account of the different
amounts of oxidation of the short bars and of different parts of the long bars. The
small increase of conductivity with rise of temperature, here shown, may depend upon
too great a rate of cooling having been adopted for the hotter parts of the long bars.

GERMAN SILVER

0 00088
100 00090
200 00092
300 00094

The several experiments on German silver, both statical and dynamical, did not
show so satisfactory an agreement as those on the other bars. A set of mean values
is therefore given.

LEAD.

0 00152
100 00160

The experiments on lead have not been conducted through a sufficient range of
temperature to make the change here indicated certain.

The experiments on gas-coke proved a failure. The method is not adapted to
substances of such low conductivity.

To convert these numbers to the usual unit of conductivity, they must be
multiplied by the specific gravity and the specific heat of each substance: and also
by the number of pounds in a cubic foot of water, if heat is to be measured in the
usual thermal unit. The former constants I have as yet determined only roughly, and
not for very great ranges of temperature. I necd scarcely, therefore, add that in the
calculations no heed has been taken of the change of specific heat with temperature.
This would increase the values of k at higher temperatures, and thus reduce the change
in conductivity in iron, and increase the small changes indicated for the other substances.

§ 16. As the above results, though the outcome of a very protracted investigation,
are, for reasons already stated, only provisional, I do not think it necessary to print
the details of the observations, graphical constructions, or calculations, Several points
must be thoroughly cleared up before more definite statements can be made, Mean-
while the MS. of the whole work is placed at the disposal of the Society.
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§ 17. To determine the electric conductivity of the bars above deseribed, I
employed, in succession, three different methods. The results of these separate methods
agreed with one another quite as well as did results by any one method made on
different portions of the same bar. The German silver bar is the least uniform of the
metallic bars, portions of it of 10 inches length at different parts varymg through a
range of as much as 5 per cent. in their ductivity, Slight defects in the casting,
some of which are visible at the surface, of course easily account for this. I give the
average value,

Neither the absolute nor the relative electric conducting powers of these bars were
found to agree at all well with those of wires (said to be of the same matenal) which
were furnished to me along with them. Hence some of my earlier statements to the
British Association (especially with regard to copper) were inaccurate. The fortunate
circumstance that 1 had no wire said to be of the same matenal as the Forbes iron
bar, led me to test all the thick bars themselves for their electric conduectivity.

§ 18. The first process I employed was that described by Sir W. Thomson
(Proc. R.S. 1861) The principle of the method will be casily seen from the following
diagram.

R T R

u ]

2 R 72 R T2
—\

The bars to be compared are placed parallel to onc another, and connected by a
small resistance D at one end, while the poles of a single cell £ (sometimes short-
circuited) are applied to the other ends for a period usually very short. Points 4, 4',
B, B, are jomed by resistances, sumlarly dwided m C, ¢". and these latter points
arc connected with the terminals of a sensitive galvanometer whose coil has a resistance,
large 1 comparison with that of any other part of the arrangement

Under these conditions, if 7 be the current m the battery, the current in the
galvanometer coll is (to a sufficient approximation),

ag=bp (a _ @\
g{a+b (a+b a+/3)cf
Here the resistances are AC=a, CA'=b, BC'=a, CB'=8, AB=p, A'B'=q, BDB' =¢,

galvanometer =g. If, for instance, a=b, a=4, very exactly, and if we adjust B’ till
there is no deflection, we have then

pP=q
ie, AB and A’'B’ have equal resistance. For accuracy by this method we must have,
as Thomson has pointed out, a/b= a/8 very accurately, and ¢ very small.
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§ 19. The second and third methods which I employed require a differential
galvanometer. This was very exactly adjusted, before the experiments, by putting the
coils in multiple arc, and using the cell on them without a shunt. The exact balance
was obtained by means of a box of resistance coils inserted in one or other of the
branches. This being done, I connected one coil with 4, B, and the other with 4’, B.
Here the effect is approximately proportional to

i(1E0_,229),
9 9
where g and g’ are the resistances in the galvanometer coils, and ¢ is the ratio of
their deflecting forces on the needle when equal currents pass through them. The
adjustment above described makes, very accurately,

g=e
and the joint effect on the needle is therefore as

i
1P
Shifting B’ as before' till there is no deflection, the resistances AB, 4’B’ are equal.

§ 20. But I find by trial, that by far the most expeditious and simple method
is to connect the coils of the differential galvanometer directly with A, B and 4’, B.
Here the deflection 18 accurately proportional to

9+q g+p
so that the resistance c is not involved. I found, in fact, that I could, without sensible
alteration of the balance, put for ¢ (which, in addition to short portions of the thick
bars, was usually a brightly polished cube of copper of the same section as the bars,
and clamped very tightly botween them), a short thin wire, which became red-hot when
the current was allowed to pass for a few seconds. Nothing but absolutely perfect
adjustment could have made this possible when using the other methods.

In my expermments the most unfavourable case gave
9 > 30,0004,

80 that ¢ and p are practically equal when there is no deflection.

§ 21. I employed the bar C. of inferior copper 1n all these comparative experiments.
But the conductivity of the German silver bar 1s so much less that 1 could employ only
10 nches of it, as against 7 feet of the inferior copper. I therefore endeavoured, by
experiments on short lengths of the two copper bars, to find approximately the
correction required, in consequence maimnly of the breadth of my contact pieces, very
slightly, perhaps, in consequence of the great section of the bars. Here are the results
in inches,—
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C. Crown. Ratio. Mean of
4A'B'. 4B. U d C C d
49'66 857 1726 1732
4847 *83'5 1723 1729
41°47 7125 1718 1725 799
188 322 1713 1728 [ !
1665 *28-46 1709 1731
925 157 1697 1729
[Nore,—In the experiments marked with an asterisk the arrangement was altered by shifting the crown
bar to the other coil of the g The of these with the others 18 a good guarantee of
the of the ad, and the d of the method 18 seen 1n the fact, that no observation

deviates 80 much as } per cent. from the mean. This 18 a striking verification of what was said above about
the small effect of the b les bored in the bars, for the nippers were placed qute at random 1n the various
experiments.]

The contact pieces were nippers of polished copper, 042 inch broad, which were
casily slipped along the bars, and were tightened on them by screw clamps when the
final adjustment was nearly arrived at.

It appears from the column of corrected ratios above, that 1t 18 only nccessary to
subtract 04 inch (the sum of the half breadths of the mppers, the wires being soldered
to them symmetrically) from each of the measured distances to secure almost perfect
uniformity. Thus I was led to see that the influecnce of the section of the copper
bars is almost undiscoverable by such experiments.

§ 22. For the Forbes iron bar the following results were obtained (but with the
correction 02 inch) —

Ratio.
Fe. C. Uncorrected. Corrected.
20 43 3715 374
10 373 373 379
5 184 368 379

For German silver (mean of several experiments at diffcrent parts of the bar, with
correction 02 inch)—

Ratio.
G. 8. C. Unecorrected. Corrected.
10 841 841 856

For lead (also with the correction 0'2 nch),—
Ratio,

Pb. C. Uncorrected, " Correoted. -
14 937 669 677
10 669 669 6-80

These experiments were repeated for me by Mr D’Arcy Thompson, who used,
as contact pieces, plates of copper pressed edgeways against the long bars in planes
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perpendicular to their axes. His results differ in no case from mine before the third
significant figure

§ 23. Taking the inferior copper as unit, both for thermal and for electric con-
ductivity, we find the following table of conductivities at ordinary temperatures, with
the rough results as to specific gravity and specific heat referred to in § 15 above:—

Thermal. Electric.

Copper (Crown) A 3 1729
» G . . . . . 1-00 1-000
Forbes' Iron . . . . . 029 0264
Lead . . . . . . 012 0149
German Silver . . . . . 014 0117

The agreement of these numbers is by no means so close as is generally stated;
but this is no longer remarkable, for it 18 well known that the electric conductivity
of all pure metals alters very much with the temperature, while we have scen that,
as regards thermal conductivity, there is but slight change with either copper or lead,
though there is a large change with iron This accords with some results of my own
on the electric conductivity of iron at high temperatures (Proc. R S.E., 1872-3, p. 32),
and with the results of the repetition of these experiments by a party of my laboratory
students (Proc. RS.E., 1875-6, p. 629).

The only alloy treated above, violates, as was to be expected, Forbes’ rule for pure
metals, for it seems to be superior to lead in thermal conductivity, while decidedly
inferior to it as regards electric conductivity.

§ 24. The chief results of these papers may be thus briely summansed —
1. The thermal conductivity* of iron dvminishes as its temperature is raised.

This accords with the statement of Forbes, whose numbers for temperatures between
50° and 150° C. are probably very accurate.

2. At temperatures above 150° C. the diminution of conductivity of iron is less rapid
than that assigned by Forbes. The conductinty seems to reach a minimum somewhere
about red-heat

8. The thermal conductivity of copper and lead changes much less than that of
iron with rise of temperature, and probably in the sense of increase instead of diminution.
The same s true of German silver

4. Electrically bad copper conducts heat worse than electrically good copper—but not
in the same ratio.

5. The metals examined have the same order as conductors of heat and of electricity.
The alloy violates this arrang t.

* [Had I been writing this paper afresh, instead of merely reprinting it, I should of course have used
the term Th 1c Cond y (after M or Thermal Difuswity (after Kelvin). But the whole
context, specially the last paragraph of § 15, clearly defines what 1s meant. 1898.]
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Postscript—As I have not given the experimental data for the first part of this
paper, I may state here the peculiarity upon which the above deductions chiefly
depend

The law of cooling is nearly the same (to a constant factor) for iron and the
two kinds of copper throughout the range of temperatures employed.

But the statical curve for iron differs considerably from that for copper. The ratios
of the temperature-excesses at intervals of three inches along the long bars increase
at higher temperatures in iron much faster than in copper. In fact, the inferior copper
almost realises Lambert’s result.

ADDITION TO XLVIIL

[IN July, 1887, I wrote the subjoined Introduction to a paper by Professor Crichton
Mitchell on the “Thermal Conductivity of Iron, Copper, and German Silver,” which
appears in the Trans. of the Royal Society of Edinburgh, vol. XxxxurL It is given here
because 1t briefly narrates how the work described in the preceding paper was subse-
quently followed up. 1898.]

Shortly after I read to the Society my paper on “Thermal and Electric Con-
ductivity ” [No. XLVIIL above], in which I stated that the results were “by no mesans
final, even so far as my own work is concerned,” I was requested by Sir Wyville Thomson
to undertake the examination of the “ Pressure Errors of the ‘ Challenger’ Thermomcters.”
This investigation led to another on the “Compression of Sea-Water,” and allied subjects,
which is not yet finished. Meanwhile, though I had prepared everything for my
promised repetition of the experiments on Thermal Conductivity, the bars formerly used
having been nickelised, &c, I found that it would be impossible for me to carry out the
investigation. I therefore asked Mr Mitchell, who, as Neil-Arnott Scholar, had already
done good and careful work on Thermal Conductivity in my Laboratory, to repeat the
experiments under the altered conditions. I put at his disposal all the apparatus which
was employed m the former research. The Government Grant Committee allowed a
sum for the payment of a computer to reduce the results, and the observations were
at once commenced. The results are now laid before the Society, and are probably
as good as the method and the thermometers employed can furnish.

As regards the method, one grand defect is the uncertainty as to the relative
amounts of surface loss of heat in the two parts of the experiment. The nickelising
has, to a very great extent at least, removed the part of this uncertainty which was
due to oxidation of the bars; but there remains another part, not at all easy to reckon
and allow for, which depends on the fact that each thermometer in the long bar is
maintained for hours in a nearly constant state of graduated temperature throughout
its stem, while the corresponding state of that in the short bar not only varies rapidly
as the cooling proceeds, but probably always materally differs from it. No attempt
has been made to correct the results so far as this cause of error (which 1s probably
of no great importance) is concerned. It is clear that its effect will be to make the

T. 49
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rate of cooling a little too small at the lower, as compared with the higher,
temperatures.

Another defect, which indeed Forbes pointed out, is due to the very small tem-
perature-gradients towards the colder end of the long bar. Mr Mitchell has carried
out my suggestion of an artificial cooling of the middle of the bar, and it is highly
interesting to compare together the results he has obtained with and without this
cooling.

Kngstrom expressly stated (Pogg. Ann., cxviL 1863) that no account need be
taken of the change of specific heat with temperature. In my paper above referred
to, I said that it appears that, in iron especally, this change produces a very consider-
able effect on the estimated values of the conductivity. In default of better data,
Mr Mitchell has used those given (after Nichol and others) in a short paper in Proc.
RS.E. [Reprinted, as Addition IL, below. 1898.] The importance of this correction is
shown by the comparison of the results obtained from it with those obtained when it
is not apphed. Mr Mitchell’s experimental results are given in such a form that any
subsequent improvement in these data can be taken advantage of without further
experiment, and with very little trouble in the matter of calculation. The fact that
the various short bars were exactly similar in surface in his experiments has enabled
him to make a rough test of the accuracy of these data.

In the paper above referred to, [p. 390, below], I showed that the consideration of the
nse of specific heat with temperature would destroy if not overcome the apparent fall of
conductivity of iron at higher temperatures. But I had not then the means of properly
applying the correction without repeating about one-half of the laborious calculations
incident to Forbes' method. Mr Mitchell has in his calculations taken account of this
consideration: and it must be regarded as one of the chief features of his paper that
he has thus shown that iron does not form an exception to the law that ordinary
metals improve in thermal conductivity as theiwr temperature is raised.

As T am responsible for the methods employed by Mr Mitchell in the experiments
and calculations, though not for the calculations themselves, I must state here the
directions given and the grounds for them, at least in so far as they introduce
processes differing (to any considerable extent) from those used by Forbes or by
myself.

1. As to the empirical formula (B) for the statical curve, in the spocial case of
the iron bar when there was no artificial cooling.

This I obtained by plotting the logarithms of the temperature-excesses as ordinates,
the abscisse being distances along the bar. The curve so obtained was nearly straight
at the lower temperatures, and became rapidly more curved at higher temperatures.
I therefore treated it as a branch of a hyperbola, and found its asymptote. Thus
the form of the empirical expression was suggested at once.

2. The allowance for the unequal heating of the stems of the thermometers was
obtained thus:—
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Let v be the observed temperature (not the temperature-excess), w the true tem-

e, and in d with § 10 of my paper e=10/250°=000016. From the

result, of Mr Mitchell's comparison of the two thermometers, one partially, the other

wholly, immersed in a paraffin bath, I have been confirmed in my assumption of an
error of 10° at 250° C. Then we have

w=v+ev

Thus, for the true temperature-gradient in the statical experiment,

dw
= —(1+2 )dx‘

Similarly, for the true rate of cooling, we have
dw dv
dt —(l+2w)<7?‘

The quantities on the right-hand sides are given by the experiments, or deduced
directly by graphical methods or calculation.

For the statical curve of cooling it is easy to see in this way that each instalment
of area must be multiplied by
142" + v

where v, and v, are the limiting temperatures of the instalment.

It is clear that this correction increases the gradicnt at any point of the bar n
o greater ratio than that in which it increascs the total arca of the corresponding
part of the curve which expresses the flux of heat; so that its effect must be to
diminish the estimates of conductivity at higher, more than at lower, temperatures.

3. I was much surprised at the first results obtained by Mr Mitchell for the
rates of cooling at high temperatures. At my instance he has repeated this part ot
the oxperiment in a form similar to that which I had employed, and certainly less
likely to entail error, and the data thus obtained have been incorporated in the paper,
in so far as they relate to the specified tables [The remaining small difference
between our results may be due to an overestimate in my 6 p.c. reduction for
oxidation.)

4. There still remams a possible source of error, due to the thermometers them-
selves:—Kew Standards though they be. This arises from the way in which the
200° C. and 300° C. points were determincd at Kew. The tubes having been carefully
calibrated before filling, the standard ponts 0° C. and 100° C. were directly determined
in the usual manner. But the positions of 200° C. and 300° C. were determined by
taking successive portions of the tube whose volume (cold) corresponded to that of the
portion (also cold) from 0° C. to 100°C. I have not the means of making allowance
for this defect, which will probably mar all experiments of the kind until suitable
air-thermometers are employed.

49—2
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5. The fact that the values of conductivity deduced from experiments on the iron
bar, when its full length is employed, differ so considerably from those obtained when it is
artificially cooled in the middle, appears to be intimately connected with a remark made
in my paper (§ 14) that “in measuring conductivity, at whatever temperature, things
ought to be arranged so as to avoid any slow flux of heat.” It seems that, even after
the lapse of eight hours, the steady state of temperature has not been reached in the
colder parts of the long iron bar.

6. As the numerical data, concerning speecific gravity and specific heat, which
Mr Mitchell has (in default of better) been obliged to employ, are only rough estimates,
I asked him to test them by finding the ratios of the rates of cooling of copper and
iron at various common temperatures The surface material was the same in the two
bars, and their dimensions cqual, so that the amount of heat lost 1 a given (short) time
must have been the same for cach at the same temperature. The ratio of the rates
of cooling should therefore be constant for all temperatures if, and only 1f, the rate
of change of specific heat with temperature be the same for each of the two materials.
The result does not seem to favour the accuracy of the assumed data, but the process
employed is not by any means an accurate one.

7. As my determinations of the relative electric conductivities of the bars had been
verified by Mr I)’Arcy Thompson, there is no necessity for their repetition. But, using
them, with Mr Mitchell's results for thermal conductivity, my comparative table [ante,
p. 384), should be altered (subject, of course, to correction for improved values of specific
gravity and specific heat) to something like the following:—

Thermal. Electric.
Copper (Crown) RN . 15 1729
. (C) . . . 10 1-000
Forbes’ Iron . . . . 023 0264
Lead . . . . 012 0149
German Silver . . 013 0117

ADDITION IL

NoTe oN THERMAL CONDUCTIVITY, AND ON THE EFFECTS OF TEMPERATURE-CHANGES OF
SpeciFic HEAT AND CONDUCTIVITY ON THE PROPAGATION oF PLANE HEAT WAVES.

[Proceedings of the Royal Society of Edinburgh, February 7, 1881.]

IN the great majority, at least, of investigations (experimental or mathematical)
connected with conduction of heat, it has been assumed that the known changes of
specific heat of metals do not require to be taken into account. Thus Angstrém says,
even in his paper on the Change of Conductivity with temperature (Pogg. 118, 1863):—
“Da indess diese Verinderungen, soweit man sie kennt, wenigstens innerhalb der bei
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den Beobachtungen vorkommenden Temperaturgranzen, nicht bedeutend sind,..... S0
milssen dieselben den Werth des Warmecoefficienten nur unbedeutend afficiren kinnen.”
In my paper on “Thermal and Electric Conductivity” [No. XLVIIL above, p. 380], I
said that “the change of specific heat with temperature would increase the values of k at
higher temperatures, and thus reduce the change in conductivity in iron, and increase
the small changes indicated for the other substances.” But I had not at hand the
means of applying these corrections. Recent discussions as to the comparative merits
of different experimental methods have led me to investigate the amount of this effect,
by the aid of the best data I could procure. A comparison of these seems to leave
no doubt that the specific heat of iron increases by somewhere about .45 of its amount
for each degree of rise of temperature; at least from 0° to 300°C., between which
limits the investigations of conductivity have hitherto been carried on.

Besides this result, which I have gathered from various scientific journals, I may
adduce from my Laboratory Book for 1868 the following determinations: which were
made with great care by the late Mr J. P. Nichol, by mcans of the method of
mixtures, The nature of the process employed is such that the results must all err
in defect, and the more so the higher the temperature. The iron was heated sometimes
in oil, sometimes in paraffin.

Specific Heat of Iron.

Mean.

15° to 100° C . . . 0'1154‘
01127

0'1158[ 01152
01168
15° to 150° C. 01193
01189
01186

15° to 200° C . . . 01208
01214
01218

15° to 250°C. . 01234
01240
15° to 300° C. . . . . 01274
01276

01189

01213

01237
} 01275

From the first two of these means we find that the specific heat at 15° is 0109
nearly, and that it increases by rigth for each degree.

Now, Forbes' experiments on iron indicated that the quantity kfc, the ratio of the
conductivity to the thermal capacity, diminishes by about gizth part for each degree from
0°C. to 200°C. Hence it is clear that, in this case at least, the alteration of specific
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heat cannot be neglected in estimating that of conductivity. For it follows from the
numbers just given that the diminution per 1° in the conductivity of iron is really
only about ggysth of the whole amount. My own experiments with Forbes' bars gave
an average change of k/c less than that due to the increase of ¢ alone, thus indicating
an increase of conductivity with rise of temperature. Angstrbm’s result, on the other
hand, is considerably greater than that of Forbes. But the range of temperatures he
employed was not above forty degrees. For reasons pointed out in my paper above
referred to, I consider Forbes’ estimate of the value of kfc, from 0° to 150°C., to be
probably very near the truth. In other metals the change of specific heat is usually
less than in iron. But so is also that of kfc. It would thus appear that we cannot
yet state positively that there 1s any metal whose conductivity becomes less as its
temperature rises; and thus the long-sought analogy between thermal and electric
conductivity is not likely to be realised

In the method devised and carried out by Forbes, the change of specific heat
must be attended to during the calculations. Thus we cannot, without going over
again the whole numerical work connected with what he called the Statical Curve of
Cooling, estimate accurately what will be the effect of this element upon the values
of the conductivity.- But we can easily show that its influence upon Angstrom’s results
is to be calculated, at least approximately, by the simple process above.

To avod the error introduced by supposing rate of surface loss to be proportional
to », we take (instead of a bar) a plane slab heated and cooled periodically over onc
surface.

The equation for the consequent distribution of temperature 1s

-l (2)
dt  dz \ da/°
If we assume ¢=0¢,(1+ av),

k=Fk (1 - B),

where « and 8 are small positive constants;

k
and put k==,
Co
V=Uu+ o,

where & depends upon first powers of a and 8 only, higher powers being neglected, the
equation splits into two as follows:—

j’:—-xg;=—x(n+ﬁ)u%—xﬁ(zg)ﬂ ........................ @
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For our present purpose it is sufficient to take
u = — Bz 4 Ce=™ cos (2km* — max),

which satisfies (1), and shows the ultimate effect of a persistent simple harmonic
application of heat to one side of the slab, whose temperature is taken as our temporary
zero; the other side being kept at the temperature — Bs, where s is the thickness
of the slab. Here s must be supposed so large that Ce~™ is insensible, else the value
of u would be so complicated that (2) would become unmanageable.

Substituting the above value of = in (2), and integrating, we obtain the value
of w. It consists of three parts.

We have, first, terms containing # only :—
8B +8 et
These terms show how the mean temperature is altered throughout.
Next, we have the single term
ﬁj;ﬁg Cte=2m2 cos (4nm?t — 2ma),
This is a small wave of half period, which we need not farther consider.

Finally we have, as the modification of the original wave,

Ceme {(ﬁ_—fﬁ_’ Bz+™ (a ; A Bx’) cos (2km — mx) — ?Yl’.ga;' 8) Ba?sin (2em* — mw)}
These terms, when combined with the harmonic part of the assumed value of w, may
be put in the form

Ce=™% cos (2xm* — mx),

where m,=m(l—?2—38B—a:ﬁBz),

m,,=m(l—a:§Bz).

We thus see the effects of the introduction of the quantities a and 8 upon the
amplitude and phase of thc wave; and it is cvident that they are of the greater
consequence the greater is the difference of mean temperatures at the sides of the slab.

Hence the only legitimate mode of applying Angstriim’a method is to keep the
mean temperature the same throughout the slab, This can easily be effected.

It is obvious, moreover, from the values of m, and m, above, that f&ngstrijm’s
method gives the value of k/c for the mean of the mean temperatures indicated by the
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two thermometers. Only, there is always the extraneous factor

a—38
T+ B

which is usually very nearly unity.

I have worked out by the above method the case of two harmonic waves (in the
value of u), one of half the period of the other. New terms are thus introduced
into m, and m,;. They are such as to seriously affect the values of these quantities
when @ is small, but they rapidly diminish by increase of .

If the new term in u be
Demavd cos (dam’t — maz /2 + E),

the additional terms in m, are

L7 yE— B D on

i D= bluX—2v2——_—1~ o € eVBeos X.
Those in m, are formed from these by making the first term positive, and interchanging
the sine and cosine ‘of

X=mz(y2+1)-E.

It appears from this investigation that &ugstri)'m's method, when apphed with
proper precautions, is theoretically capable of giving very good results. But it is
probable that, in practice, the thermometers will have to be supplanted by thermoelectric
junctions and a good dead-beat galvanometer. The best thermometers, when employed
for rapidly varying temperatures, work by sudden starts.
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XLIX.

NOTE ON ELECTROLYTIC CONDUCTION.

[Proceedings of the Royal Society of Edinburgh, April 15, 1878.]

It 18 commonly said that there is a resistance to a current at the surface of
contact of a solid conductor and an electrolyte. Some good authorities, however, say that
we have as yet no proof of this, as the effects observed may be due to polarisation alone.
It is obvious that, if the reverse electromotive force due to polarsation contain a
term directly proportional to the strength of the current, the ordinary methods of
measurement would not enable us to distinguish this from the surface resistance above
mentioned. For, in the expression
_2(®
“I@&y
if the numerator contamn a term of the form —el, it may be expunged, provided e be
added to the denominator.

I

To clear up this point I have recently made a number of experiments. These
have led me to some curious results bearing on the theory of clectrolysis, which I
propose to bring before the Society on a future occasion. At present I refer to
them merely so far as to say that they seem to establish the existence of the surface
resist above tioned. But I was led to see that 1f a slip of platinum be
inserted between the clectrodes of a decomposing cell it ought, except in extreme
cases, to produce almost precisely the same result as a similar and equal slip of glass
or mica. This was ecasily verified. Here we have the singular result of a marked
diminution of the current by the imsertion into the electrolyte of a substance which
is in itself a much superior conductor. Even when the platinum completely closes the
path from one electrode to the other, so as to form two decomposing cells instead
of one, a comparatively small hole made in it at once modifies its function from that
of common electrode to each of two decomposing cells towards that of a mere obstruction
in one cell. It is an interesting experimental inquiry to trace the intermediate stages
between these two states, as a pinhole in the platinum is gradually enlarged. What-
ever, then, be the behaviour of the particles of an electrolyte, they do mot behave
like little pieces of platinum. [This question is treated in a later paper. 1898]

T, 50
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NOTE ON A MODE OF PRODUCING SOUNDS OF VERY GREAT
INTENSITY.

[Proceedings of the Royal Society of Edinburgh, July 1, 1878.)

Two years ago I had an opportunity of making from the deck of the steamer
“Pharos” some observations on the performance of the fog-siren at Sanda, off the Mull
of Cantire. The instrument 1 worked by air at about 1} atmospheres pressure; and,
though driven by a powerful amr-engine, sounds for 7 seconds only per minute. One
obvious defect of such an arrangement I saw to be the waste of energy in producing
a current of air through the trumpet of the siren along with the oscillations. It then
occurred to me that a regular alternation of puffing and sucking—exactly analogous to
the air-disturbance produced by a drum—must be a much less costly source of sound.
I have since constructed a siren on this double action principle, the air in the trumpet,
which acts as a resonator, being put alternately in connection with reservoirs of com-
pressed and rarefied air. The small model has given very good results, and a larger
one is in progress. The only defect which my model showed was a waste of energy
in the form of pulsations in the tubes leading to the exhausted receiver and to that
containing compressed air. This can be very greatly reduced, but I do not yet see
how to get rid of 1t entirely, unless it be possible to make both receivers so exactly
as to act as additional resonators to the siren. If this can be carried out in practice
there will be no energy spent except in sound. It is obvious that the principle just
described is approximated to in practice whenever steam is employed in a siren:—the
vacuum being produced by the condensation of the steam.

Another device of a somewhat different character was suggested to me by the
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experiments described in the preceding paper®. After trying, without much success,
to reduce the intensity of the siren notes by filing the edges of the apertures, it
occurred to me that I might usefully intensify them. I therefore had copper plates
soldered perpendicularly to the revolving disc, so as to increase instead of diminishing
the virtual thickness of the edges of the apertures. The result was very striking.
Such a siren gives a sound whose intensity is not sensibly increased by a powerful
blast from an organ bellows. It produces strong currents of air through the holes in
the fixed disc, whose direction in general depends upon. the direction in which the
rotating disc is made to revolve; and especially does so when the copper plates are
mclined to the surface of that disc. When the discs are both furnished with these
plates, turned in opposite directions, the result is stil more striking. Various other
modifications have occurred to me, and are now under trial, especially one for pro-
ducing currents alternately in opposite directions through the holes.

By bringing up a flat platec towards the instrument, the quality of the sound is
altered in a remarkable manner, and to such an extent that 1t seems well adapted
for rapid Morsc-signalling  As this instrument requires no work to be spent except
in turning it, a very large number may be kept continuously at work at once by
the same cxpenditure of power as is required for the intermittent roaring of a single
fog-siren,

* [*On certain Effects of Periodic Vanation of Intensity of a Musical Note. By Professors Crum Brown and
Tait.” The sound was admitted through apertures pierced in a fixed plate and 1n another which rotated in close
contiguity to 1t; and the experiments were interfered with, when considerable angular speed was given to the
latter, by 1ts dircct action as a sort of siren 1898 ]

50—2
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OBITUARY NOTICE OF JAMES CLERK-MAXWELL.

[Proceedings of the Royal Society of Edinburgh, December 1, 1879 ]

WHEN I first made Clerk-Maxwell's acquaintance about thirty-five ycars ago, at
the Edinburgh Academy, he was a year before me, being in the fifth class while I
was in the fourth

At school he was at first regarded as shy and rather dull; he made no friend-
ships, and he spent his occasional hohdays in reading old ballads, drawing curious
diagrams, and making rude mechanical models. His absorption in such pursuits,
totally unintelligible to his schoolfellows (who were then quite innocent of mathe-
matics), of course procured him a not very complimentary nickname, which I know
is still remembered by many Fellows of this Society. About the middle of his school
career, however, he surpnsed his companions by suddenly becoming one of the most
brilliant among them, gaining high. and sometimes the highest, prizes for Scholarship,
Mathematics, and English verse composition. From this time forward I became very
intimate with him, and we discussed together, with school-boy enthusiasm, numerous
curious problems, among which I remember particularly the various plane sections of
a ring or tore, and the form of a cylindrical mirror which should show one his own
image unperverted. 1 still possess some of the MSS. which we exchanged in 1846
and early in 1847. Those by Maxwell are on “The Conical Pendulum,” “ Descartes’
Ovals,” “Meloid and Apioid,” and “ Trifocal Curves” All are drawn up 1n strict
geometrical form and divided into consccutive propositions. The threc latter are
connected with his first published paper, communicated by Forbes to this Society
and printed m our Proceedings, vol. I, under the title “On the Description of Oval
Curves, and those having a plurality of foci” (1846).
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At the time when these papers were written he had received no instruction in
Mathematics beyond a few books of Euclid, and the merest elements of Algebra.

The winter of 1847 found us together in the cl of Forbes and Kelland,
where he highly distinguished himself. With the former he was a particular favourite,
being admitted to the free use of the class apparatus for original experiments. He
lingered here behind most of his former associates, having spent three years at the
University of Edinburgh, working (without any assistance or supervision) with physical
and chemical apparatus, and devouring all sorts of sciéntific works in the library®.
During this period he wrote two valuable papers, which are published in our
Transactions, on *“The Theory of Rolling Curves,” and “On the Equilibrium of
Elastic Solids.” Thus he brought to Cambridge in the autumn of 1850 a mass of
knowledge which was really immense for so young a man, but in a state of disorder
appalling to his methodical private tutor. Though that tutor was William Hopkins,
the pupil to a great extent took his own way; and it may safely be said that no
high wrangler of recent years ever entered the Scnate-House more imperfectly trained
to produce “paying” work than did Clerk-Maxwell. But by sheer strength of intellect,
though with the very mmimum of knowledge how to use it to advantage under the
conditions of the examination, he obtamned the position of Second Wrangler, and was
bracketed equal with the Senior Wrangler in the higher ordeal of the Smith’s Prizes.
His name appears in the Cambridge “Calendar” as Maxwell of Trimty, but he was
originally entered at Peterhouse, and kept his first term there, in that small but
most ancient foundation which has of latc furnished Scotland with the majonty of
the Professors of Mathematics and Natural Philosophy in her four Universities,

In 1856 he became Professor of Natural Philosophy in Marischal College,
Aberdeen; in 1860, Professor of Physics and Astronomy in King’s College, London.
He was successively Scholar and Fellow of Trinity; and was elected an Honorary
Fellow of Trinity when he finally became, 1n 1871, Professor of Experimental Physics
m the University of Cambridge. There can be no doubt that the post to which he
was ultimately called was one for which he was in every way pre-emmently qualified;
and the Cavendish Laboratory, erected and furnished under his supervision, remains
as remarkable a monument to his wide-ranging practical knowledge and theoretical
skill as 1t is to the well-directed munificence of 1ts noble founder.

If the title of mathematician be restricted (as it too commonly is) to those who
possess peculiarly ready mastery over symbols, whether they try to understand the
significance of each step or no, Maxwell was not, and certainly never attempted to
be, in the foremost rank of mathematicians. He was slow in “writing out,” and
avoided as far as he could the intricacies of analysis. He preferred always to have
before him a geometrical or physical representation of the problem in which he was
engaged, and to take all his steps with the aid of this: afterwards, when necessary,

* From the University Library lists for this period 1t appears that Maxwell perused at home Fourer's
Théorie de la Chaleur, Monge's Géométrie Descriptive, Newton's Optics, Willis’s Principles of Mechamism,
Cauchy’s Caleul Différentiel, Taylor's Scientific Memows, and many other works of a high order Un-
fortunately no record is kept of books consulted in the reading-room.
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translating them into symbols. In the comparative paucity of symbols in many of
his great papers, and in the way in which, when wanted, they seem to grow full-
blown from pages of ordinary text, his writings resemble much those of Sir William
Thomson, which in early life he had with great wisdom chosen as a model.

There can be no doubt that in this habit, of constructing a mental representation
of every problem, lay one of the chief secrets of his wonderful success as an
investigator. To this were added an extraordinary power of penetration, and an
altogether unusual amount 'of patient determination. The clearness of his mental
vision was quite on a par with that of Faraday; and in this (the true) sense of
the word he was a mathematician of the highest order.

But the rapidity of his thinking, which he could not control, was such as to
destroy, except for the very highest class of students, the value of his lectures. His
books and his written addresses (always gone over twice in MS.) are models of clear
and precise exposition; but his estempore lectures exhibited, in a manner most
aggravating to the lstener, the extraordinary fertility of his imagination.

During his undergraduateship in Cambridge he developed the germs of his
future great work’ on “ Electricity and Magnetism” (1873) in the form of a paper
“On Faraday's Lines of Force,” which was ultimately printed in 1856 i the Trans.
of the Cambridge Philosophical Society. He showed me the MS. of the greater part
of it in 1853. It 18 a paper of great interest in itself, but extremely important as
indicating the first steps to such a splendid result. His idea of a fluid, incompressible
and without mass, but subject to a species of friction in space, was confessedly
adopted from the analogy pomted out by Thomson in 1843 between the steady flow
of heat and the phenomena of statical electricity.

In recent years he came to the conclusion that all such analogies, depending.as
they do on Laplace’s equation, were best symbolised by the quaternion notation with
Hamilton’s V operator; and in consequence, in his work on clectricity, he gives the
expressions for all the more important physical quantities mn their quaternion form,
though without employing the calculus itself in their estabhishment. I have discussed
in another place (Nature, vol. Vil p. 478) the various important discoveries mn this
remarkable wotk, which of 1tself is sufficient to secure for 1ts author a foremost
place among natural philosophers, I may here state that the main object of the
work is to do away with “action at a distance,” so far at least as electrical and
magnetic forces are concerned, and to explain these by means ot stresses and motions
of the medium which is required to account for the phenomena of light. Maxwell
has shown that, on this hypothesis, the speed of light is the ratio of the electro-
magnetic and electro-static units. Swnce this ratio, and the actual speed of hght,
can be determined by absolutely independent experiments, the theory can be put at
once to an exceedingly severe preliminary test. Neither quantity is yet fairly known
within about 2 or 3 per cent, and the most probable values of both certamnly agree
more closely than do the separatc determinations of cither. There can now be little
doubt that Maxwell’s theory of electrical phenomena rests upon foundations as secure
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as those of the u;xdulatory theory of light. But the life-long work of its creator has
left it still in its infancy, and it will probably require for its proper development
the services of whole generations of mathematicians,

The next in point of date of Maxwell's greatest works is his “Essay on the
Stability of Saturn’s Rings,” which obtained the Adams' Prize in 1859. In this
admirable investigation he shows that it is dynamically impossble that these rings
can be cither solids or conti liquid ; the only other available hyi)othesis,
viz,, that they consist of a multitude of discrete parts, each a satellite, must therefore
be the correct one.

Another question which he treated with great success, as well from the experi-
mental as from the theoretical point of view, was the Perception of Colour, the
Primary Colour se sations, and the Nature of Colour Blindness. His earliest paper
on these subjects bears date 1855, and the seventh has the date 1872 He received
the Rumford Medal from the Royal Society in 1860, “For his Researches on the
Composition of Colours, and other optical papers.” Though a triplicity about colour
had long been known or suspected, which Young had (most probably correctly)
attributed to the existence of three sensations, and Brewster had erroneously*
supposed to be objective, Maxwell was the first to make colour-sensation the subject
of actual measurement. He proved expermmentally that any colour C (given in
intensity of illumination as well as in character) may be expressed in terms of three
arbitrarily chosen standard colours. X, Y, Z, by the formula

C=aX+bY +cZ.

Here @, b, ¢ are numerical cocfficients, which may be positive or negative; the sign
= means “matches,” + means “superposed,” and — directs the term to be taken to
the other side of the equation.

The last of his greatest investigations bore on the Kimnetic Theory of Gascs.
Onginating with [Hooke and] D Bernoulli, this theory was advanced by the successive
labours of Herapath, Joule, and particularly of Clausius, to such an extent as to put 1its
general accuracy beyond a doubt. But by far the greatest developments it has received
are due to Maxwell, part of whose mathematical work has recently been still further
extended 1 some directions by Boltzmann, In this field Maxwell appears as an
experimenter (on the laws of gascous friction) as well as a mathematician. His two
latest papers deal with this bianch of physics, one is an extension and simplification
of some of Boltzmann’s chief results, the other treats of tho kinetic theory as applied
to the motion of the radiometer.

He has written an admirable text-book of the “Theory of Heat,” which has
already gone through several editions, and a very excellent elementary treatise on
“Matter and Motion” (See, again, Nature, vol. XvL p. 119) Even this, hike his
other and larger works, is full of valuable matter, worthy of the most attentive
perusal not of students alone but of the very foremost scientific men.

* All we can p say to be 18 some of the principal by which B s

view was maintained, for the subj haracter of the triplicity has not been absolutely demonstrated.
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Of his other scientific work, which extended over the whole range of physics, I
may specially mention the following papers —

On the transformation of surfaces by bending, Camb. i’hil. Trans., 1854,

The discovery of the production of double refraction in viscous liquids (Proc. R.S.,
1873), a late consequence of some of the results of his early paper of 1850.

A general theory of optical instruments, Quart. Journ. of Math., 1858,

On reciprocal figures, frames, and diagrams of forces, Trans. RS.E, 1872. For this
paper he obtained the Keith Prize.

His share in the construction of the British Association units of electric resistance,
and in the admirable reports of the Committee. Also his experimental
verification of Ohm’s law.

For further particulars recourse must be had to the Royal Society’s Catalogue of
Scientific Papers.

To these may now be added his numerous contributions to the latest edition of
the Encyclopedia ' Britannica— Atom, Attraction, Capillanty, &ec.; and the laborious
task of preparing for the press, with copious and very valuable original notes, the
Electrical Researches of the Hon. Henry Cavendish. This work has appeared only
within a month or two, and contains many singular and most unexpected revelations
as to the early progress of the science of electricity.

The works which we have mentioned would of themselves indicate extraordinary
activity on the part of their author, but they form only a fragment of what he has
published, and when we add to this the further statement, that Maxwell was always
ready to assist those who sought advice or instruction from him, and that he has
read over the proof-sheets of many works by his more intimate friends (enriching
them by notes, always valuable and often of the quaintest character), we may well
wonder how he found time to do so much.

Maxwell's early skill in versification developed itself in later years into real
poetic talent. But it always had an object, and often veiled the keenest satire under
an air of charming innocence and naive admiration. No living man has shown a
greater power of condensing the whole substance of a question into a few clear and
compact sentences than Maxwell exhibits in his verses. As an exceedingly good
example of his style we may quote the lines written for the portrait of Cayley, now
in Trinity College, Cambridge.

“Q wretched race of men, to space confined !
What honour shall ye pay to him whose mind
To that which lies beyond hath penetrated ?
The symbols he hath formed shall sound his praise,
And lead him on through ummagmed ways
To conquests new in worlds not yet created.
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“First ye determinants, in ordered row
And massive column ranged, before him go,
To form a phalanx for his safe protection.
Ye powers of the nth roots of - 1,
Around his head in endless cycles run,
As disembodied spirits of directi

“And you ye undevelopable scrolls,
Above the host wave your emblazoned rolls
Ruled for the record of his bright inventions,
Ye cubic surfaces, by threes and nines,
Draw round his camp your seven-and-twenty lines,
The seal of Sol m three d

“March on, symbolic host, with step sublime,
Up to the flaming bounds of space and time ;
There halt, until, by Dickenson depicted

In two dimensions, we the form may trace
Of him whose mind, too large for vulgar spaoe
In 2 di flourished unrestricted

Other exquisite specimens are given in Nature: especially good is his “ Lecture
to a Lady on Thomson’s Reflecting Galvanometer.” One of the few others which
have been printed was secured by John Blackwood for his Magazine, where it
appeared under the title “ British Association, 1874,” in November of that year.

It is to be hoped that these scattered gems may be collected and published,
for they are of the very highest interest, as the work during leisure hours of one
of the most picrcing intellects of modern times. Every one of them contains evidence
of close and accurate thought, and many are in the happiest form of epigram.

I cannot adequately express in words the extent of the loss which his early
death has inflicted not merely on his personal friends, on this Society, on the
University of Cambridge, on the whole scientific world, but also, and most especially,
on the cause of common sense, of true science, and of religion 1tself, in these days
of much vam-babbling, pseudo-science, and materialism. But men ot his stamp never
live in vain; and in one sense at least they cannot die. The spirit of Clerk-
Maxwell still lives with us in his imperishable writings, and will speak to the next
generation by the lips of those who have caught inspiration from his teachings and
example.

Scotland may well be proud of the galaxy of grand scientific men whom she
numbers among her own recently lost ones; yet even in a company which icludes
Brewster, Forbes, Graham, Rowan Hamilton, Rankine, and Archibald Smith, she will
assign a place in the very front rank to James Clerk-Maxwell.

[This sketch appeared again, with considerable changes, mainly in the way of
further development, in Nature, Vol. Xx1. 1898.]

T, 51
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MATHEMATICAL NOTES,

[Proceedings of the Royal Society of Edinburgh, January 5, 1880.)

(@) ON A PROBLEM IN ARRANGEMENTS.

WHILE making some algebraic problems last summer for an examination, I devised
the following question:—

“A schoolmaster went mad, and amused himself by arranging the boys. He turned
the dux boy down one place, the new dux two places, the next three, and so on till
every boy’s place had been altered at least once. Then he began again, and so on;
till, after 306 turnings down, all the boys got back to their original places. This
disgusted him, and he kicked one boy out. Then he was amazed to find that he had
to operate 1120 times before all got back to their original places. How many boys
were in the class?”

It is clear that one of the factors of the number of turnings down 18 (n-—1),
where n is the number of boys in the class. The factors of 306 are 18 and 17,
and those of 1120 are 7, 10, and 16. If we try 17 as the original value of n—1,
16 will be the value for one boy less: from which it appears by a tentative process
that the class consisted of 18 boys. But it 1s interesting to examine the nature of
the question more closely. It is intimately connected with one of the problems
suggested in my paper on “Knots” (No. XXXIX. above, § 5, pp. 278 sq.). If we
know the arrangement of the boys—after one of them has for the first time been
turned to the foot of the class—the processes given in that paper lead easily to
the complete solution.

Now it is easy to see that the particular arrangement just mentioned can be found
diagrammatically as follows : —



mt] ON A PROBLEM IN ARRANGEMENTS. 403

Write down the numbers 121
Put the double of the middle number to the right of it, and the next lower number to
the left. Thus
132401

Operate in the same way on the numbers last introduced, and we have
1536274381

Continue in this way, and arrange these groups in successive order, leaving out the final
1 from each. We thus have the series

1,2, 1,8 2 4 1,5,8,6 2,7 4 81,9, 5 10, 3, 11, 6, 12, 2, 18, 7, &

Strike off the firs* n — 1 of these numbers (n being the number of boys), and the
next n rep t the arrang t of the class after all have been displaced: the
numbers designating the several boys by their original places. Hence we have the
key for translating the series into the ive dera ts

5

Another curious mode of gettmg this series is to begin with 1, then prefix 1, and
insert 2, as below :—
121

Again prefix 1, and insert 2, 3, 4, then

1213241,
and so on indefinitely.

It is worthy of remark that this series gives the integral of the equation

Uz = Uz
with the conditions Uy =ax+1,
w =1;

t.e., the solution of the following question :—

“Arrange an infinitc row of numbers, those in the even places being 2, 3, 4, &c.,
so that if the first (n—1) be struck off (n being any integer) the next » may consist of
all the natural numbers from 1 to = inclusive.”

Another result which these numbers present 13 the following :—Every positive integer
can be expressed, in one way only, by the sum of a finite number of terms of one
of the infinite set of series

1+2+4+ 4+ 8+16+
243+ 6+12+ 24+
4+ 5+ 10+ 20 + 40 +
6+ 7+ 14+ 28+ 56+
8+9+18+36+ 72+
&e., &c.,
51—2
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the partial sums for each being the several places occupied in the above series by
each particular integer. This, however, is obvious when we consider that the sum -of
(n+1) terms of any one of these series is of the form

2r+1)2r-1,
and that this expression can be made to equal any given positive integer by one definite
pair (and one only) of values of 7 and n.
Thus we see that we may write
Uy =%(1+z+1),
where the bar under z+1 means that it is to be divided by the highest power of 2
that it contains.

The numbers of operations, for classes of different numbers of boys from 2 to
25 inclusive, are in order as follows:—
2, 4, 9, 20, 30, 36, 28, 72 36, 280, 110, 108, 182, 168, 75, 1120, 306,
432, 190, 140, 4410, 2772, 2530, 1440.

The calculation of the numerical value of any particular term is easy, but I have not
attempted to express the general law of this very curious series. It seems, however,
to be well worthy of attention, especially from the pomt of view of the expressions
for numbers in the binary scale.

(b)) ON A GRAPHICAL SOLUTION OF THE EQUATION Vpgp=0. -

This equation has been exhaustively treated in our Transactions by M. G. Plarr.
The present note is a mere sketch of a graphical solution. Let ¢ be divided into
parts, one self-conjugate, the other not, then

¢p=3+V.¢
and the given equation may be written
Tp+ Vep=ap.
Hence S.p{(F—z)a+ Vaej =0

whatever be a. Let @, 8, v be the principal umt-vectors of the pure strain %, and
a, b, ¢ (in descending order of magnitude) the associated scalars. Then the equation for
@ is, at once,
8. (@) a+ Vae {(5—2) 8 + VBe} {(c - 2)y + Viye} =0.
This may be wntten as
(#—a)(@—b)(x—c)—e(z+ 8. Uz Ue) =0.
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Thus the problem is reduced to finding the limiting value of Te for any given value
of- Ue, 8o that the above equation may have all its roots real. This leads by the
ordinary methods to a cubic in Te, but the expression is rather complicated.

For variety let us adopt a graphic method. It is obvious that the extreme values
of —8.UemwUe are a and c.

Let the curve represent the equation
y=(2-a)(z-b)(z—c)

and let OD represent any assumed value of —8.UemUe. D must lie on the fimte
line AC. From D draw, as i the figure, a tangent DP to the curve; and suppose a
simple shear to be applied to the figure; parallel to the axis of y, so as to make
this tangent coincide with the axis of z. The equation of the curve after the shear
will obviously be

<
y=(x—a)(z—b)(z—c)+tan PDA (z— OD)
and it will touch the axis of #. Comparing this with the equation above, we see that
we have for the maximum value required
Té = tan PDA

The absolute maximum of Te 18 obviously when the pomnt of contact is the point of
nflexion of the curve (whose abscissa 13 }(a+b+c¢)), and the least values when D
coincides with C or with A. These values are easily seen to be, 1 order,

a—c [ 1b+c a-b b—c
,\/1 ;, s ) 5 , and B
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LIII.

NOTE ON THE THEORY OF THE “15 PUZZLE.”

[Proceedings of the Royal Society of Edinburgh, June T, 1880.]

[AFrER this note had been laid before the Council, the new number (vol IL
No. 4) of the American Journal of Mathematics reached us. In it there are exhaustive
papers by Messrs Johnston and Story on the subject of this American invention.
The principles they give differ only in form of statement from those at which I
had independently arrived. I have, therefore, cut down my paper to the smallest
dimensions consistent with intelligibility—P. G. T.] .

The essential feature of this puzzle 1s that the circulation of the pieces is
necessarily in rectangular channels, Whether these form four-sided figures, or have
any greater (even) number of sides, the number of squares in the channel itself is
always even. (This is the same thing as saying that a rook’s re-entrant path always
contains an even number of squares. This follows immediately from the fact that a
rook always passes through black and white squares alternately. The same thing is
true of a bishop's re-entering path, for it is a rook’s upon a new chess-board formed
by the alternate diagonals of the squares on the original board) That there may
be circulation in the channel, one of its squares must be the blank one.

Hence an odd number of pieces lics along the channel, and, therefore, when
they are anyhow displaced along it, so that the blank square finally remains unchanged,
the number of interchanges is essentially even.

Thus to test whether any given arrangement can be solved, all we need know
is how many interchanges of two pieces will reduce it to the normal ome. If this
number be even, the solution is possible. To find the number of interchanges, we
have only to write in pairs the numbers occupying the same square in each
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arrangement, and divide them into groups, such as :’ f; Z, which form closed cycles.

Here there are jfour pairs in the group, which correspond to three interchanges,

because Z Z is one interchange.

Dr Crum Brown suggests the term Aryan for the normal arrangement, with the
corresponding term Semitic for its perversion. Similarly Chinese would signify the
Aryan rotated right-handedly through a quadrant, and Mongol Semitic rotated left-
handedly through a quadrant.

Now it is easily seen that Aryan 18 changed mto Semitic, and Chinese into
Mongol, or wvice versd, by an odd number of interchanges. Similarly Aryan and
Mongol, and Semitic and Chinese, differ by an even number of interchanges.

Hence any given arrangement must be either Aryan or Semitic. The former can
be changed into Mongol, the latter into Chinese. ’

Unless the 6 and 9 be carefully distinguished from onc another every case is
solvable, for if it be Semitic the mere turming these figures upside down effects one
mterchange and makes it Aryan.

The principle above stated is, of course, easily applicable to the conceivable, but
scarcely reahsable, case of a rectangular arrangement of cqual cubes with one vacant
space
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LIV.

NOTE ON A THEOREM IN GEOMETRY OF POSITION.

[Transactions of the Royal Society of Edinburgh. Read July 19; revised
November 13, 1880.]

IN connection with the problem of Map-colouring, I incidentally gave (Proc.
RS.E 1880, pp. 502, 729) a theorem which may be stated as follows:—

If 2n points be joined by 3n lines, so that three lines, and three only, meet at
each point, these lines can be divided (usually in many different ways) into three
groups of n each, such that one of each group ends at each of the points. T

Fig. 1, Plate X., shows such an arrangement (drawn at random) with one mode
of grouping the lines, indicated by the marks Q, |, II.

The difficulty of obtaining a simple proof of this theorem originates in the fact
that it is not true without limitation. For it fails when an odd number of the
points forms a group connected by a single line only with the rest, as in fig. 2;
and, though we may cnunciate the theorem in a form in which it is universally
true so far as the lhteral interpretation of the words is concerned, we do not, so far
as I can see, thereby facilitate the proof: while we deprive the theorem of its full
generality. For the projection of a polyhedron cannot have a group of points joined
to the rest by two lmnes only; and yet the theorem is true for such a diagram.
The altered form is as follows :—

The edges of any polyhedron, which has trihedral swmmits only, can be divided
into three groups, one jfrom each group ending in each summat.

But a diagram such as fig. 3, for which the proposition is obviously true, is
excluded from this enunciation, unless we agree to apply the term polyhedron to
solids such as (for instance) an ordinary cylindrical lens with two edges and flat ends.
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Hamilton's Icosian Game is a particular application of this theorem, the corre-
sponding figure being a projection of a pentagonal dodecahedron. It was suggested
to him by the remark, in Mr Kirkman's paper on Polyhedra (Phil. Trans. 1858,
p. 160), that a clear “circle of edges” of a unique type passed through all the
summits of this polyhedron.

In this note I sketch, each very briefly, a number of different ways of considering
the question.

1. The simplest mode is to join, two and two, in s.,ny way whatever, the points
of the system, by lines additional to those already drawn, neglecting any new
intersections which may thus arise. The figure has then un even number of points,
with four lines drawn to each; and can therefore be regarded as formed of super-
posed (not self-cutt’ng) closed circuits, each of which cuts another in an even number
of points. The new lines must be so grouped that in the circuits which contain
them they alternate with les originally in the figure. It will be seen in § 2 that
this proves the theorem at once by the help of those circuits which contain none of
the new lines. But the application of this method to particular cases is by no
means easy; for we may have to try several combinations before we obtain a
solution of the kind desired.

2. Assuming, for a moment, the truth of the proposition as given in the first
statement, 1t 18 obvious that the lmes of any two of the groups together form a
closed polygon or polygons, each of an even number of sides: and, conversely, when
(as just shown) we have such circuits, the proposition is true. (The italicised words
show at once the reason for the exception to the theorem. For if the single joining
line be part of a polygon, that cannot be a closed one; and, if it be not part of
a polygon, there must be at least two polygons with an odd number of sides each.)
When there are more polygons than one, the letterings of the alternate sides of one
of them may be interchanged, and we thus get, by combining these separately with
the third set of = lines, a couple of new solutions. If cither of these consist of
more polygons than one, this process may be again applied, and thus we have two
more solutions. Hence it is always possible to obtain a solution in which two
assigned sides of one compartment of the diagram shall form parts of the same
even-sided polygon. (From this consideration, as appears in § 5, we have another
direct proof of the theorem.) Hence, also, it would appear that, as this breaking
into different sets of polygons cannot go on indefinitely, there must always be at
least one solution which consists of a single polygon: provided, at least, that we
keep to projections of polyhedra, for the statement is obviously not true of diagrams
like fig. 3. But on this point I am not yet certain; and I pass it by for the
present, as it is not of importance to the proposition, though it would be of great
consequence to the making a perfectly general puzzle on the plan of the icosian
game.

8. A glance at the groups of connected figures of Plate X. (in which the
polygon or polygons are bounded by double lines), will show better than any words
of description the nature of the processes which I have just indicated.

T. 52
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Fig. 7 has a very large number of solutions, twelve only of which are drawn.

» 8 is merely fig. 1 a little distorted. The additional line, which distinguishes it from fig. 7,
makes it essentially unsymmetrical.

» 9 is essentially the same diagrain as that of the Losian Game.

» 10 is merely fig. 3; with one additional line, causing one at least of the two-sided compart-
ments to be jomned to the rest by three lines, This at once makes the solution with
& single polygon possible.

N.B—When a figure is symmetrical about any axis, the perversion of any solution is also a solution.

4. Or thus: when a set of points are joined so that two, and only two, joining
lines meet at each point, these lines must obviously form one or more closed
polygons. Hence, in the case before us, by limiting the selection to two out of the
three lines drawn to each point, we can always, in many different ways, form a
polygon or polygons. If the number of sides in each of these is even, the main
proposition is at once proved; for the alternate sides of the polygons belong to two
of the three groups—the unused lines forming the third group. Such solutions must
evidently be possible in all cases, with the exception of that already excluded. This
knowledge, however, does not at once help us to a practical solution of the problem
in any particular case. We must, therefore, look at the result more generally.

If the selection we have made gives more than one polygon, two or other even
number of them may have an odd number of sides each. Suppose there are but two.
If these be connected by one line only, we have the excepted case above. If they
be connected by three, or a larger odd number of lines, we may always proceed as
is indicated in figs. 6. 6a shows the two odd-sided polygons. 6b and 6¢ show how,
neglecting the points C and C’, we form even-sided polygons passing through them
and including AB and A'B’ respectively. Finally, 64 shows the result when the two
latter figures are joined. Thus the proposition is proved by actually effecting the
decomposition into polygons of an even number of sides. Hence it is true for any
even number of points (the excepted case excluded) if it is true for smaller even
numbers of points. But it is obviously true for two, for four, and for six, points.

5. Another mode of reaching the same conclusion, is to pass from a case of
2n points to one of 21+ 2 by drawing a new line terminating in any two sides of
one of the even-sided polygons of the former case (§ 2). That polygon remains
even-sided, but its sides must be relettered; and then we have one or more solutions
of the new case.

In fact, by temporarily suppressing, two by two, points and their joining line
(always taking care that the figure left shall not belong to the excepted case) we
can reduce any case, however complex, to the four points for which the proposition
is always true. [Or we may suppress one line, and divide the figure into two odd-
sided polygons passing respectively through its ends. On restoring the line, these
two polygons give a solution.]

6. Practically, in every case, the simplest mode of solution is to begin at any
point, and go through all (through some, perhaps, more than once) till we return
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to the starting-point. Then treat, as mot gone over, all the lines which have been
gone over an even number of times. This process is very easily learned by trial,
the only special rule to be attended to being that we must never isolate a point.
Should two odd-sided polygons be thus obtained, we may either begin afresh:—or go
over a second time, attending to the above rule, part of the region of the figure in
which these two polygons are contained It is easy to see the conmection of this
method with the idea of a galvanic circuit of unit strength circulating (say right-
handedly) in each of the polygons:—and the treating of any new or unused line as
a conductor which can, when necessary, be split into two traversed by equal and
opposite currents. It is probable that the known laws of such currents in a network
may lead to the proof of the existence of a single polygon when the figure is a
projection of a polyhedron.

7. Another method is suggested by Mr Kempe's solution of the map-colouring
problem (Nature, vol. Xx1. p. 399). As the number of districts is, necessarily, n+ 2,
and the aggregate number of their sides 6n, there must always be at least one
district with fewer than six sides. Now, one side may be erased from a district of
two or of three sides, and restored again, without altering the nomenclature of the
remaining lines, Similarly, either pair of opposite sides of a four-sided district may
be erased, and afterwards restored. But when we erase any two non-adjacent sides
of a five-sided district, a condition is thereby imposed on the nomenclature of the
remaining lines, with which I do not yet see how generally to deal

8. An immediate consequence of the theorem is that, mn any network of
triangles (however many lines meet at a point) the sides of cach triangle belong one
to each of three groups mto which the whole set of lines can be divided. The
theorem itself follows, conversely, 1f this proposition be independently proved

9. In No. 494 of the Astronomische Nachrichten, Clausen has a problem closely
connected with the present subject. It refers to the minimum number of separate
strokes of a pen by which a given figure consisting of lmes can be drawn. Listing,
in his Vorstudien zur Topologie, has shown how to find this minimum number by
counting the points at which an odd number of lines meet. In our present proposition,
if one polygon can be found containing all the points, it and one of the unused lines
together form one penstroke, and the remaimng group of n—1 unused lines forms
the rest. If there be two polygons, they and one of the unused lines together form
one penstroke. And so on.

10. To apply the result above to the problem of map-colouring, insert a new
district surrounding each point of the map where more than three boundaries meet.
Then divide the boundaries, which now meet in threes, into three groups as above.
(The excepted case obviously cannot arise.) Now let O separate the colours A and B,
or Cand D; |, 4 and C, or B and D; and ||, 4 and D, or B and C; and the thmg
is done. For we may now suppose the inserted districts to become smaller, till they
vanish,

52—2
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LV.

ON MINDING'S THEOREM.

[Transactions of the Royal Society of Edinburgh. Revised June 23, 1880.]

THE following paper contains a short digest of investigations communicated to the
Society on several occasions during the past, and the present, session. The work had
been for some months laid aside, but my attention was recalled to it by Professor
Chrystal's valuable paper®, in which he treats Minding’s Theorem as an example of
Plicker's methods, and also by the help of Rodrigues’ co-ordinates. I am induced
to publish a few of my results in full, as I think that a comparison of the analysis
employed by Chrystal, with the very different analysis employed by myself, .may be
useful as well as interesting, especially from the point of view of the simplicity of
the quaternion method. Even when the quaternion processes arc written out at full
length, they are 'in general shorter than the most condensed forms of ordmary
analysis; and there can be no doubt that they are much more easily interpretable
mto the corresponding geometrical ideas.

A hagtily-written proof of the main theorem, somewhat on the same lines as the
first of those now given, was printed in the Proceedings of the London Mathematical
Society, No. 147. But the present version is much simpler; and it is requisite for
the intelligibility of the rest of the paper which, I repeat, is given mainly for the
sake of the quaternion processes involved.

I commence with a few prehminary transformations. This would be altogether
needless if quaternion methods were at all as familiar to the majority of mathematical
readers as are the more usual ones.

1. In what follows we have a good deal of use to make of certain propertics
of linear and vector functions, so that some of the less obvious of them are here
briefly stated.

* “On Minding’s System of Forces.” Trans. R.S.E. xxix. p. 519.
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Let a), @, &c., B;, B, &c, be any two sets of vectors, and let us consider
the vector

If we operate by V.o, where o is any vector whatever, we have
Vok=V.sZVBa
=2 (aSBo — BSuc)

if V.e be the impure part of the strain
G=ZA8B( ) werrerrrerrnirererenieens e s (4).
Hence if ¢ be put (as can always be done) in the normal form
E8i()+28 () +68k(),
where 1, j, k form a rectangular unit system; we have
k=2VBa=V(@+n+kO) .coovvvrrnniiiiiiiiiiiiienn (5).
In the particular case which we shall chiefly require, it will be found that there

is a certain vector 8 such that

$B8=0.
Hence we may write ¢ n the form
¥Sy()+888()

where v, 8§ are any two unit vectors perpendicular to cach other and to B. If, now,
we change

g to ycos¥ +8sin,
and 8 to —ysmY +3cosy,

(which are still umt vectors, perpendicular to one another, and to B)

N 4 becomes ' cos¥—& sin®,
and & ” 7' sm Y+ & cos V.
These are at right angles to one another if
tan 2% = 8?53—5,

This always gives real values of 9, corresponding to two definite directions at rght
angles to one another. Hence we may always take

G=0/Sy( )HEEE( ) eererreererenererieres e @)

where y and & are as before, and o and & are vectors at right angles to one
another.
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Another point to be borne in mind is that rotation of a rigid system may
be expressed by a special linear and vector function, x, which possesses the following
characteristic properties ;

Sxax8 = SaB,
(of which a particular case is
Txa="Ta,)
and } VxaxB =xVaB.
Also the conjugate of x is its reciprocal, or
X=x"

These premised, we may attack the question.

2. When any number of forces act on & rigid system; B, at the point a;,
B, at a,, &c., their resultant consists of the single force

B=3p

acting at the origin, and the couple

If these can be reduced to a single force, the equation of the line in which
the force acts is evidently

17T ) 7 SO (5)

Now supposc the system of forces to turn about, preserving their magnitudes,
their points of application, and their mutual inclinations, then Minding’s Theorem,
proved (in Crelle’s Journal, vols. XIv., XV.) by an excessively elaborate process, assigns
certain fixed curves in space, each of which is intersected by the line (5) in every
one of the infinite number of its positions.

8. To prove this, and to find the curves in question, we may proceed as
follows :—
Operating on (5) by V. B, it becomes
pB'— BSBp=9B - ¢B
with the notation of (2). Now, however the forces may turn,
¢8 =Z2aS88

is an absolute constant; for each scalar factor a8 SB.B is unaltered by rotation.
Let us therefore change the origin, e, the value of each @, so as to make

2aSBB =0,
6., GB=0.eeriiriirecriciiiininaes C e e (6)

Thus we see that ¢ may be expressed in the form given in (4') above.
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4. Equation (5) is now
) bVBp=Voyy' + V35 ...... evssnenses vt e (5"
where b is the tensor, and 8 the versor, of S

The condition that the force shall lie in the plane of the couple is, of course,
included in this, and is found by operating by §.8. Thus

S8y —8)=0...ccceu.. e (7).

We have here all the data of the problem, and solutions can only differ from one
another in the mode of attacking (5) and (7). The most purely quaternionic mode,
so far as Hamilton devcloped his calculus, seems to be the following:—

Writing (7) in .he form
Sy(8+ VBy)=0,
we have at once

ty= VRS + BVBY, }
whence t8=— VBy' +BVRS,

where ¢ is an undetermined scalar.
By means of these we may put (5°) in the form
tVBep=V.B(Vy¥ +4'SyB + &585B)
=V.8(Vy¥ - =B),
where w=—nySy ()-888()

Let the tensors of o' and & be e, ¢ respectively, and let B be a unit vector
perpendicular to them, then we may write

bip=aB+ee —®B .vcrrinriiins e, (8).
Operating by (= — )7, and noting that
=8'=0,
we have
_ ae '
bt(w—z)‘p:—/S—?ﬁ'. ............................. (8).

Taking the scalar of the product of (8) and (8') we have

BOSp (w — ) p = — - (a8 + 0,8y — SBe.

But by (7') we have
B=SBwB+el+6>—266888 coitvireeriiiiiiinienind )
so that, finally,

BSp(w—a)yp=—14+ (ﬁ'—‘—‘”)z—fe’;‘”’ ....................... (10).
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5. Equation (10), in which # is given by (9) in terms of B, is true for every
point of every single resultant. But we get an immense simplification by assuming
for @ either of the particular values ¢? or ¢ For then the right-hand side of (10)
is reduced to negative unity, and the equation represents one or other of the focal
conics of the system of confocal surfaces

Sp(w-h)”p=—-%,,
a point of each of which. must therefore lie on the line (8). This is Minding's
Theorem.

6. A singular form, in which it can be expressed, appears at once from equation
(5. For that equation is obviously the condition that the linear and vector function

=bpSB( )+ 'Sy () +888()
shall denote a pure strain.

Hence the following problem :—Given a set of rectangular unit vectors, which may
take any tntial position: let two of them, after a homog strain, b given
vectors at right angles to one another, find what the third must becoms that the strain
may be pure. The locus of the extremity of the third is, for every initial position,
one of the single resultants of Minding’s system; and therefore passes through each
of the fixed conics.

Thus we see another very remarkable analogy between strains and couples, which
18 in fact suggested at once by the general expression for the impure part of a
linear and vector function.

7. The scalar ¢, which was introduced in equations (7'), 1= shown by (9) to be
a function of B alone. In this connection it is interesting to study the surface of
the fourth order
Srar — (e +67) 7° — 206, TrS8 =1,
where 'r=%,84
But this may be left as an exercise
Another form of ¢ (by 7’) is Syy’ + 888

Meanwhile (9) shows that for any assumed valuc of B there are but two
corresponding Minding lines.

If, on the other hand, p be given there are in general four values of 8. For
variety we may take a different mode of attacking equations (7) and (3'), which
contain the whole matter. In what follows b will be merged in p.

8. Operating by V.8 we transform (5') into

p+BSBp=—(ySyB+8SEB) .vvvrrniiiiniiiiiin, (5").
Squaring both sides we have
PP §Bp = SBEB weverererrerrerererriereseierraens 1.
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Since B is a unit vector, this may be taken as the equation of a cyclic cone; and
every central axis through the point p lies upon it. For we have not yet taken
account of (7), which is the condition that there shall be no couple.

To introduce (7), operate on (5”) by S.4 and by 8.8, We thus have, by a
double employment of (7),

Sy'p+ SyBSBp = SWB} a2
S8p + SEBSBp = Saf] 11 X

Next, multiplying (11) by SB=g, and adding to it the squares of (12), we have
p*SBwB —28BpSBwp — Spwp=—SBwB ..cccecvvniiiiiiiniinnns (13).

This is a sccond cyclic cone, intersecting (11) in the four directions 8. Of course
it is obvious that (11) and (13) are unaltered by the substitution of p+y8 for p.

If we look on B as given, while p is to be found, (11) is the equation of a
right cylinder, and (13) that of a central surface of the second order.

9. A curious transformation of these equations may be made by assuming p,
to be any other point on one of the Minding lines represented by (11) and (13).
Introducing the factor —@B'(=1) in the terms where 8 does not appear, and then
putting throughout

Bllpi=p « v r i (14),
(11) becomes

=+ S =8 (= p) T (pr—P) - cveeeeeeeerririiinn ar’).

As this is symmetrical in p, p;, we should obtain only the same result by putting
p for p in (11), and substituting again for 8 as before.

From (13) we obtain the corresponding symmetrical result .
(0= Spp) Sprmpy + (pi* — Sppy) Spwp = — Spp.S (o — p) = (01— p) = 8 (pr — p) @* (1 = p)-..(13).

These equations become very much simplified if we assume p and p, to lLe re-
spectively in any two conjugate planes; specially in the planes of the focal conics,
so that S&p =0, and Sy’p,=0.

For 1if the planes be conjugate we have
Spwp, =0,
Spw?p, =0,
and if, besides, they be those of the focal conics,
Sppr = — SB'pSB P,
Spw'p = e *Spwp, &ec.,
and the equations are
=+ 8% =8pwpi + Spmp. e (11”),

and P Spiwpy + p'Spwp =~ Spywp, ~Spwlp .. ceeiiiiiin e (13").
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From these we have at once the equations of the two Minding curves in a variety
of different ways. Thus, for instance, let

pr=p¥
and eliminate p between the equations We get the focal conic in the plane of
£, o. In this way we see that Minding lines pass through each point of each of
the two curves; and by a similar process that every line joining two points, one on
the one curve the other on the other, is a Minding line.

Another process is more instructive. Note that, by the equations of condition
above, we have
S S
S’PP) = ( ST _ Pl’) (‘ %? - P’) .
3

el
Then our equations become
SpwpSpwp _ p?+ e pi+el
T edet T ea SPEP——.~ Spwp =0,
and (p* + &%) Spywp, + (pi* + &) Spwp = 0.

If we eliminate p* or p? from these equations, the resultant obviously becomes
divisible by Spwp or Spwp, and we at once obtain the equation of one of the
focal conics.

10. In passing it may be well to notice that equation (13) may be written in
the simpler form

8. pBpw B + Spwp = SBwB.
Also it is easy to see that if we put
0=pSBp— (= +p)RB

886=0,

we have (11) in the form

and by the help of this (13) becomes
6* = Spwp.
This gives another elegant mode of attacking the problem.

11. Another valuable transformation of (5”) is obtamned by considering the linear
and vector function, x suppose, by which B, v, 8 are derived from the system
B, Uy, U¥. For then we have obviously

p=axB + xoxB i e, e (87)
This represents any central axis, and the corresponding form of the Minding
condition 18
S.yxw 8 =8. Sxmiy
Most of the preceding formule may be looked upon as results of the elimination of
the function y from these equations. This forms probably the most important
feature of such investigations, so far at least as the quaternion calculus is concerned.
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I employed the equation (5"') as the basis of an investigation, one or two of
whose results were communicated last session to the Society®. I will now give the
main features of that investigation.

12. It is evident from (5”’) that the vector-perpendicular from the origin on
the central axis parallel to x8 is expressed by

T=xwiyB.
But there is an iofinite number of values of x for swhich Ur is a given versor.
Hence the problem;—to find the maximum and minimum value of 7'r, when Ur
is given—ie., to find the surface bounding the. region which is filled with the feet of
perpendiculars on central azes.

We have
Tri=—8.xBwx8,
0=T+8.x8 Ur.
Hence
0=8. 4wy,
0=_8.x8Ur.
But as 78’ is constant
0="5.x%8%8"

These three equations give at sight
(w+u)x8 =vUr,
where u, % are unknown scalars, Operate by S.x8" and we have
- Tr—u=0,
so that Sr(m+7m)r=0.

This differs from the ecquation of Fresnel’s wave-surface only in having @+ 72
instead of =w+4717? (i.e., Tr for %r) , and denotes therefore the reciprocal of that
surface. In the statical problem, however, we have

=B =0,
and thus the corresponding wave-surface has zero for one of its parameters.
[If this restriction be not imposed, the locus of the point
"‘=X¢X/9',
where ¢ is now any given linear and vector function whatever, will be found, by
a process precisely similar to that just given, to be
8.(r—¢B)gP+ ) (1—¢'8)=0,
where ¢' is the conjugate of ¢. This, however, has nothing to do with Minding’s
Theorem.]

* Proc. Roy. Soc. Edin., 1879, p. 200.
53—2
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13. As the reader may not feel secure of results derived by the differentiation
of a vector function operator, it may be well to obtain the result of last section
by a more usual process.

We obviously have by (5")
T= 7S‘y’ﬁ + 888’3,
or, as in (11),
= SB8=p.
But also ¢
SBUr=0.

B=-1

To make T'r a maximum with these conditions, we have
SB=B=0
S8Ur =0

8SBB8 =0
and, by elimination of 8 and B among these equations, we have as before
Sr(w+ 7)1 r=0.

The first of the undifferentiated equations 1s that of an elliptic cylinder of variable
magnitude but constant form and position, the second a diametral plane, and the
third the unit sphere. Obviously there is one maximum and one minimum value of
Tr. These occur when the variable ellipse given by the first and second equations
touches the fixed circle given by the second and third, It may do so internally or

externally, and consequently the resulting equation gives two values of Tr for each
value of Ur. )

14. This is, in fact, in quaternions identical with the second process employed
by Professor Chrystal. For, by writing 7 for p+8S8p 1 (11) it becomes

=88=B,
and in the same way (13) becomes

7= Srer=-8Ba"8.

These, translated into Cartesian scalars, are Chrystal’s equations (8) and (9) (Second
Method, Trams. R.S.E., xxi1x., p. 523). They may be obtained directly by a process
similar to that in section 8 above. Chrystal's first method is, of course, included
mn the solutions afforded by the use of .

I may remark, in conclusion, that the process of section 4, leading to an
equation like (10) above, seems to be the most natural method of applying quaternions
to questions connected with congruencies.
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APPENDIX.
Ox soME Space-Locl

[Proceedings of the Royal Society of Edinburgh, March 21, 1881.]
L]

(Abstract.)

THE class of problems treated is one to which considerable attention has been
pad of late, as for instance by Glaisher and others in this country, and by Mannheim,
&c., abroad.

Two years ago (Proc. R.S.E. 1879, p. 200), i connection with Minding’s Theorem,
I investigated the space-locus of the feet of perpendiculars from the origin on the rays
of a complex. These were found to fill the space bounded by the two sheets of
the reciprocal of a Fresnel's wave-surface. The method I employed 18 capable of very
extended application in the same direction, and the following general process is
applicable to all the problems I have seen treated by the authors above referred to

Let p=a+aB,
where I8=1,
be any ray of a complex; and let the scalar condition determining a pomt on it be

F(p)=0

This determines # in terms of &« B, and the number of independent scalar variables
is reduced by two additional data, such as a relation between a and B (eg,

S.aB=0), or a relation among the values of « (eg., f(@, @, ...)=0), according to
the naturc of the complex

We have now to make Ta a maximum or minimum, subject to the additional
condition that

Ua = constant.
This gives rise to three scalar cquations which may be written”
S.88=0,
S. Bv, =0,
S.8r,=0,
or, finally, 8. Byw,=0,

e, B is coplanar with », »,, which are usually normals to surfaces at the points of
ntersection with a ray of the complex. This 18 one of the chief points of Mannheim's
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treatment of the subject. When, as is often the case, the surface on which the
complex is made to depend is an ellipsoid °

S.p¢p=1,
the last written equation usually takes the form
B+ydB+2a=0,
or C - 1a
whence -1=28.a(yp+1)"a

In this equation y and z depend upon T, so that the space-locus is closely connected
with Fresnel's wave-surface, whose equation is capable of a very remarkable series of
transformations, depending on the properties of the expression

S.a(p+g)*a
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LVI

A ROTATORY POLARIZATION SPECTROSCOPE OF GREAT
DISPERSION.

[Nature, Vol. xxir, 1880.]

I HAVE just had an opportunity of trymg, on a fine aurora, an instrument for
measuring the wave-length of monochromatic light in terms of quartz-rotation of its
plane of polarization. My apparatus is, as yet, very roughly put together, so that I
got no measurements of any value, but to-night’s experience has shown me that the
method, while simple in application, is capable of very great accuracy.

The construction of the instrument will be easily understood from the anuexed
rough sketch. The course of the light is with the arrows. N is a Nicol, S an
adjustable slit, L a lens at 1ts focal distance from S, @ a plate of quartz cut
perpendicularly to the axis, P a double-image prism, and E a small direct-vision
spectroscope, which may be dispensed with when absolutely monochromatic light is
to be examned.

When the instrument 1s properly adjusted by dayhght the two images of §
formed by P are parts of a straight line, so that E gives two spectra sde by side.
These are crossed by dark bands, which arc numerous in proportion to the thickness
of @, and move along the spectra as N is made to rotate.

In observing a bright-line spectrum the slit is to be made as wide as possible,
subject to the condition that no two of the differently-coloured images shall overlap.
We have thus a pair of juxtaposited rectangles for each of the bright lines, and
the angular positions of N, when the members of the several pairs are equally bright,
are read off on a divided head. I find by trial that a division to 2° is quite
sufficient.
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A first set of readings is taken with a plate @ (permanently fixed in the
instrument) 5 or 6 millimetres thick. Then an additional plate of quartz 100
millimetres or more thick is introduced between @ and L, and a second set of
readings is taken. From the readings with the thin plate we find approximately the
positions of the spectral lites, and the more exact determination is obtained from
the readings with the thick plate.

This is the chief feature of the instrument. The actual error of any one reading
is not more than 2°, but when a thick plate is used the whole rotation may be
from ten to twenty or even thirty circumferences. By thus increasing the thickness
of the quartz plate very little additional loss of light is incurred, while the inevitable
error forms a smaller and smaller fraction of the whole quantity to be measured.

The graduation of the instrument is to be effected by very careful measurements
upon a hydrogen Geissler tube, and comparison with the known wave-lengths of the
hydrogen lines.

An observer furnished with this instrument (which is not much larger than a
pocket spectroscope) and with a long rod of quartz, will be able to make measurements
of any required degree of accuracy.
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LVIL
NOTE ON A SINGULAR PROBLEM IN KINETICS.

[Proceedings of the Royal Society of Edinburgh, March 7, 1881.]

THE following problem presented itself to me nearly thirty years ago I cannot
find any noticc of 1t 1n books, though it must have occurred to every one who has
studied the oscillations of a balance :—

Two equal masses are attached to the ends of a cord passing over a smooth pulley
(as i Atwood’'s macline). One of them s slightly disturbed, in « wvertical plame, from
its position of equilibrium. Find the nature of the subsequent motion of the system.

The interest of this casc of small motions is twofold. From the peculiar form
of the equations of motion, 1t 18 of exceptional mathematical difficulty. This 1s
probably the rcason for 1its not having been given as an cxample in Kinetics. And
from the physical point of view 1t presents a very beautiful example of excessively
slow, but continued, transformation of mixed potential and kinetic cnergy into kinetic
energy alone.

If » and 6 denote the polar coordinates of the disturbed mass, we have
(supposing the curvature of the pulley to be large) by Lagrange’s method—

25 — rfi = — §96°,
(%(7‘9) =—grb.

Writing 4gr for », and 6~2 for 6, these become—
r—rf=—6,
:lit (r*d) = — 2r6.
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Hence, the motion of the disturbed mass 18 [of] the same [character] as that of
a particle of unit mass under forces — 6 along, and — 20 perpendicular to, the radius
vector.

[The work done by or against this system, along any arc of a curve, is the
difference between the values of r6* at its ends.]

Changing to rectangular coordinates (¢ vertical), and maintaining the same degree
of approximation as before, we have—

2=,
ettt reeen(1).

2,
1--2)

The first suffices, without farther analysis, to show that the vertical acceleration
of the disturbed mass is persistently downwards. Hence, the result of the disturbance
must be the continuous transformation of the mixed potential and kinetic energy,
of the vibration originally given to the disturbed mass, into kinetic energy of
translation of the whole system.

The equation of energy is easily seen to be—
2
t@+rp+i=c;
3
and here the term ?/:E has an infinite series of successively diminishing maxima.

From some rough calculations I find that the amplitude of y increases, but
much more slowly in percentage value than does z; so that the maximum inclination
of the vibrating part of the string to the vertical constantly diminishes.

It would be interesting to obtain an approximate solution of the equations (1),
and to compare the motion of the vibrating mass with that of ¢ simple pendulum
whose cord is uniformly lengthened. The cquation for the latter case has been fully
treated by Fourier in his Théorie de la Chaleur.

When both masses (in the original problem) are simultaneously disturbed, it
appears from the equations of motion that that mass whose end of the cord vibrates
through the greater angle will have downward acceleration. As this in the former
case was found to be accompanied by a diminution of the angle, the angle of the
ascending mass should increase; and thus it would seem that after a time the
downward acceleration will change sign. Thus (if the string were long enough) the
vertical motions of the system would be oscillatory. But this curious result cannot
be verified without proceeding to a formal approximation. I have not found time to
carry out this laborious but not difficult work,

Another variety of the problem is easily formed by seecking the requisite ratio
of the two masses, so that the motion shall be wholly periodic, with a period equal
to that of the vibration of the disturbed mass. This is, relatively to the above, a
very simple question,
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LVIIL

ON MIRAGE.

[Pransactions of the Royal Society of Edinburgh, Vol. xxx. Read December 5, 1881.]

I was led to the following investigations while seeking an elementary, and at
the same time instructive, application of Hamulton’s General Method in Optics*. They
were completed in all but a few of their numerical details before I met with the
remarkablc paper by Wollaston+, in which the subject of multiple atmospheric
mages scems first to have been treated by a sound physical method. Wollaston’s
experiment with a long bar of iron raised to a high temperature suggests undoubtedly
the true explanation of at least many of the curious phcnomena seen by Vince,
Scoresby§, and others. But he seems to have thought that sufficient temperature-
differcnces for the natural production of the phenomena could not exist mn the
atmosphere ; and thus the latter part of his paper, in which he tries to explain
them by the agency of aqueous vapour, presents a singular contrast to the strength
and correctness of the earlier part. A good deal of what follows is implied, if not
dircctly stated, in Wollaston’s paper, but I think there is sufficient novelty in what
remains to justify my bringing 1t before the Society.

The subject 18 one which offers immense facilities for the construction of elegant
“Problems,” but I have confined myself to the simplest hypotheses which (while
enabling me to obtain exact results) promised to throw hght upon it:—feeling that
anything else would be out of place in endeavouring to explain a class of phenomena
which have probably never occurred twice in exactly the same way. I have, however,
shown at least the gemeral nature of the alterations to which my results would be

subject in q of modification of the assumptions.
* Trans. R. I. 4., 1833, + Phil. Trans., 1800.
1 Phil. Trans., 1799. § Greenland, and Trans. Roy. Soc. Edin., 1x and x1.

54—2
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1. Most of the images seen by Scoresby were inverted, and elevated above the
apparent position of the object seen directly, and each series of them (when there
were more series than ome) can be explained at once by the exist of a horizontal
stratum of air in which the rate of diminution of refractive index in ascending is
greater than that in the air immediately below. [This is merely the sort of arrange-
ment which, as is perfectly well known, produces the mirage of the desert; but
turned upside down.] But the chief phenomenon figured by Vince, and also in a few
cases by Scoresby, involves an inverted image with a direct image above it. In
some other cases observed by Scoresby, the direct or the inverted image alone was
seen, the object itself being situated far below the horizon. Some excerpts from
Scoresby's figures (which are themselves composite) are given in Plate XI, fig. 1. A
comparison of these observations with Vince’s diagram of the supposed courses of the
rays seemed to me to show that a single transition stratum may be capable of giving
either a single image, direct or inverted according to circumstances, or an inverted
image with a direct image above it. As, mn at least the greater number of the
observations to which I have referred, both the object and the spectator seem to
have been below the transition stratum which caused the phenomena, I do not think
that Wollaston’s square bottle with two interdiffusing liquids presents a fair analogy.
For, with that arrangement, the rays enter and emerge from the transition stratum
by its ends, and not by its lower side, as, from Vince’s diagram, they would appear
to do in nature.

I propose to return to the consideration of this arrangement of Wollaston’s.
But meanwhile .I will sketch (1) the mode in which I was led to see that, under
proper conditions, a simple continuous law of refractive index may lead to the
formation of three images, (2) how the consideration of the mode in which these
are produced in a medium whose refractive index varies to four-fold or more of, the
mioimum value, led me by necessary steps to see how they can be produced in the
lower atmosphere whose refractive index can vary, even in extreme cascs, by only
1/40,000 or so.

2. To fix the ideas, we will begin with a particular case, which is a thoroughly
illustrative one so far as theory is concerned, and is also nteresting as 1t reproduces,
with singular accuracy, the exaggerated diagram by which Vince endeavoured to
explain his observations.

The ordinary characteristic of a maximum or mmmimum is that it differs from
neighbouring values of the function by a quantity depending on the square of the
mcrement of the independent variable. Assuming then, without any inquiry as to
the other physical cir t , the exist of a medium whose refractive index
is rep d by the equation

W= a4y,

it 18 clear that y =0 18 a plane of minimum refractive index.
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Hamilton’s equation for this case is, T being the characteristic function,

(&)

since it is obvious that the path is in a plane perpendicular to y=0.

A complete integral is
1-=az+fd_1/ Vo vy — .

Hence the equation of a ray is

Y
2 — o

d:
O=o-af

[This result might, of course, have been at once obtaincd from the corpuscular
theory. For its principles give

. (2).

b=a, §=VOty-a)

Equation (2) has two distinct forms according as a iz greater or less than «.
These are separated by the limiting form when a=a, viz..—

y = Cye?le,

a logarithmic curve asymptotic to the axis of 2. When « 1s less than a, the ray
passes through the planc y =0, and we nced not consider 1t further.

We may thereforc assume
o =a’+ 7',

and it is obvious that y cannot be less than 5. With this expression for «, the
mere form of the equation (2) shows that the curve has a vertex at the point
y=n, and that 1t is symmetrical about the ordinate through that point.

We must remark, in passing, that this property of symmetry about an axis, at
the extremity of which is a vertex, is common to groups of rays in all media m
which the refractive index depends only on the distance from a particular plane:—

the groups which possess it being those which ecither do not reach that plane, or
pass through it more than once.

3. Let us now consider only rays which have vertices, and which pass through
a particular point =0, y=b. Then if £ be the a-coordinate of the vertex, equation
(2) becomes

E=vat g j: ;/y‘f-"Tm ....................... SRR ).
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This is the equation of the Locus of Vertices of all rays (having vertices) which
pass through the pomnt 0, b. We may write it in the form

—_— -—nt
E=Va ¥7ilog b-t\%:——" ............. ceerenne e e (3).
To draw the corresponding curve we may construct, for different values of b, the set
of curves
* peng(tey/B1
E‘—log(ﬂ-}- 17-1) ..... et n e (@),
or 2—b=e"+e“ﬂ
”’

The ordinates of these curves are proportional to the reciprocals of those of a
common catenary.

Next construct, for the given value of @, the equilateral hyperbola whose
equation is
¢ =T,
Then we have, at once, for any given value of 7,
E=£F. ,
For the purpose of carrying out this process we have tabulated as below, a few
rough numerical values:—and by the help of these the curve (4) has been drawn,

along with (3), in three forms; for b=2a¢, b=4a, and b=6a. See fig. 2. In each
case (4) is represented by a dotted curve, (3) by the corresponding full curve.

7 b N/lfj N/—;’L’ \/1 7 ;
b log(ﬂ+ b 1) 1 ¥ ity (ratio)
10 05

00 © 3 05

005 369 099 051 051
01 299 099 051 031
02 2:29 098 054 055
03 187 095 058 061
04 157 092 064 070
05 132 087 071 082
06 110 08 078 097
07 089 071 086 120
08 069 06 094 1'56
09 047 044 103 2-36
10 00 00 112 ©

4. Let us digress to consider what we learn, in any case, from the form of
the Locus of Vertices.
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It is obvious that if instead of the special law of refractive index assumed
in the preceding section, we had written quite generally

w=r@,

(3) would have become

while (2) would have been (for rays passing through the psint 0, b),

dy -
O=z—a| =i, e @).
THNFyp-a

The new forn of (2) shows that, for a given valuc of y,  increases with
increase of a; provided no vertex is rcached. For the denominator of the differential
is less, and the integral is multiplicd by a greater factor, than before. Hence two
contiguous rays from the same point cannot again intersect till one, at least, has
passed its vertex. When the vertex is included within the limits of integration, (2')
may by the symmetry of the ray be written

O L. LI Ay
af:«/f(y)—a’ 2afy~/?(ﬁ——a‘ +af Vf(y)— o

Now the middle term (as we have seen) is positive, and increases with a, if
y>b. Hence the second intersection of the rays which have the common point 0, b,
is at a pomnt where y>b, if and only if, £ increases as « increases; 4, if the line,
drawn from the vertex of the ray nearer to the minimum plane to that of the
other, leans back towards the first common point of the two rays. The converse is
easily seen to hold, by taking the second point of intersection as the starting-point
and reversing the rays. Hence, if the minimum stratum be horizontal, two neighbour-
ing rays, issuing from a common point below 1t, and originally directed above the
horizon, mtersect again before they have got back to the level of their former
intersection, 1f their vertices be at a part of the curve of vertices where the tangent
leans backwards over the starting-pont, and vice versd. This proposition is, in fact,
obvious from a mere inspection of the diagram fig. 3, in which the dotted curve is
that of vertices, the eye being at E.

To apply it to the case of phenomena such as those observed by Vince and
Scoresby, suppose the strata of equal refractive index to be horizontal. Then two
rays slightly inchined to one another, leaving any point in a common vertical plane,
will in general intersect one another before they again reach the level of the
starting-point, if, and not unless, the vertex of the higher ray be horizontally nearer
to the starting-point than that of the lower ray; ie., if the part of the curve of
vertices concerned leans fowards the starting-point. Also, as is well known, when two

rays shghtly inclined to one ther, cross once between the eye and the object, the
image formed is an inverted one.
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5. Hence the following graphical method for finding the number and characters
of the images of an object situated at the level of the eye. Trace the curve of
vertices for all rays leaving the eye in the vertical plane containing the object.
Draw also a vertical line midway between the eye and the object. The intersections
of this line with the curve of vertices are the vertices of all the paths by which
the object can be seen, when the eye is in the assigned position. Or, what comes
to the same thing, but (unlike the simpler construction) admits of application to an
object at any level, draw the curve of the vertices as before, and then draw another
for an eye placed at the object. Their intersections determine the vertices of the
rays giving all possible images.

It is easy to see that, at the intersections with the vertical line midway between
eye and object, the curve of vertices, if continuous, must alternately lean from, and
towards, the eye, e, the images secn are alternately erect and inverted; their
number depends of course upon the form of the curve of vertices; which, in its
turn, depends not only upon the law of refractive index in terms of level, but also
upon the position of the eye. [This alternation of images does not necessarily hold
when eye and object are at different levels.]

Thus, as has long been known, the vertices of all the coplanar paths in which
a projectile, fired with a given velocity, can move, with different elevations of the
piece, lie in an cllipse whose major axis (double the minor axis) 1s horizontal. The
lower half of this ellipse leans from the gun, the upper half towards it, and these
correspond to angles of elevation of the picce, respectively less and greater than 45°
In the former case (when the elevation 1s less than 45°), a slight increase of
clevation increases the range on a horizontal plane, so that the new path 1s wholly
above the old one; which, however, would intersect it wunder thc horizon. In the
latter case a slight increasc of elevation shortens the range, so that the two paths
must intersect before reaching the ground. ’

6. Recurring to the imagined medium in which
w=a+ 3,
we see by fig. 3 the paths of the rays by which the three images of AB are seen
by an eye placed at K. This figure, as already remarked, is (with the exception of

the ntroduction of the curve of vertices) almost identical with that of Vince in the
Phil, Trans. for 1799.

But it is easy to see that, although this shows the possibility of three images
in the relative positions observed by Vince, it 18 m no way capable of explaining
his observation. For the existence of three images, in such a medwm, requires (as
I have found by an approximate method)* that b be at least =368a. Hence the

. — R
* When %:0. we have 1+:,= \/1 -Z;log (i—;+\/; - l). Plotting the curves whose ordinates (in
terms of 5) are expressed by these two quantities, we find that they touch when b=8-68a.
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refractive index at the level of the eye (Va'+1*) must be at least 38 times that
in the minimum stratum. And the distance at which an object on the horizon
requires to be situated, in order that there may be three images of it, lies within
exceedingly narrow limits, unless the refractive index at the level of the eye very
greatly exceed this lowest admissible value.

7. The possibility of three images of an object at the level of the eye evidently
depends on the existence of three values of y, for the same value of z, in the curve
of vertices. It is therefore necessary that we should study the question from this
point of view.

On thinking of the relative forms of the curves of vertices in fig. 2; the first
of which gives onlv one image, the second and third (in certain cases) three:—I saw
that the point of inflexion, on which the triple value of y depends, is due to the
gradual diminution of curvature of the ray near the eye (for rays of a given
inclination to the vertical) as the eye 13 placed lower in the medium. Hence any
ariang t which 1 the curvaturc of the lower parts of the rays will increase

this effect.

In fact, the portion ABC of the ray OB (fig. 4) is congruent with the ray abe,
if only the tangents at A and a be parallel. Hence the point B would be shifted
to b if the ray Oa were straight (or at all events, less curved than OA) and the
angle at a equal to that at 4.

Thus 1t was at once obvious that the curve of vertices (fig. 5) in the stratum
above RS, might be made asymptotic to that line towards the right of the figure
(the eye being still at 0), if only the stratum below it were of uniform refractive
index, or at least of a refractive index dimimshing so slowly with increased height
that a ray from O could intersect RS at a practically infinite distance. This at
once showed me the general nature of one mode of explanation. The curve of
vertices QPQ' 1 the stratum RU will now be asymptotic, towards the right, to both
RS and TU, and therefore can be cut m two points by a sufficiently distant vertical
These points correspond to Vince's two upper images, the third and lowest 1s seen
by rays which have not reached the upper stratum, and for which the corresponding
branch of the curve of vertices is the horizontal line OM, passing through the eye.

8. To repeat:—the conditions requisite for the production of Vince’s phenomenon,
at least in the way conjectured by him, are, a stratum in which the refractive index
diminishes upwards to a minimum (or, at all events, nearly to a stationary state);
and, below it, a stratum in which the upward diminution is either considerably less
or vanishes altogether. The former condition (the fall to a nearly stationary state)
secures the upper erect image, the latter the inverted image. When the former is
not present, we have the phenomenon so often observed and figured by Scoresby.
This requires merely a change from a slowly dimimshing refractive index to a more
quickly diminishing one, and may occur simultaneously in more than one horizontal
layer. Turned upside down, this arrangement gives the ordinary mirage of the desert.

T. 55
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When this condition is not present, but only the stationary state, we have Vince's
upper erect image without the inverted one. This is figured several times by
Scoresby.

9. If, instead of a plane of minimum, we have a plane of maximum, refractive
index, we may assume
w=at=y
An investigation precisely similar to the preceding gives for a ray passing
through 0, b the equation .

z=~/&'_:_qf(sin"‘g—sin"é).
n 7.
Each ray therefore is a harmonic curve, whose lovel line is in the maximum

stratum, and which passes through that stratum an infinite number of times. The
locus of vertices is

E=Vai—p (cos" %-4- mr) .

Here n is to be taken positive when n (any integer) is even, and negative when
it is odd.

The following rough table suffices to determine the general form of this curve
m the particular case a=5b It is shown in fig. 6; and it has been foreshortened
for convenience of representation.

b 2 osmi? §
n T n b
=0 n=1
. .

10 00 +00 98 98
095 02 +098 88 1076
09 029 +139 833 11113
08 041 + 198 770 1166
07 051 + 242 716 120
06 059 + 278 664 122
05 067 + 305 611 1221
04 074 + 320 546 1186
03 080 + 297 +47 1041
025 084 +19 25 63
02 087 00 00 00
01 093 ves
00 100

The general problem of determining the images is, in this case, a very com-
plicated, though not difficult, one; but it becomes much simplified if we assume as
before the object and eye to be at the same level. It is obvious that a vertical
line, midway between the eye and the object, will cut the curve of vertices an
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infinite number of times, both above and below the maximum stratum. Thus there
is in such a case an infinite number of images, which are seen by rays which
have crossed the maximum stratum an even number of times, in which zero may
be included. These must each have one, or some other odd number, of vertices
between the eye and the object, and the horizontal distance between two such
vertices is
mNat— 7’

which is therefore less for thab one of two rays which Intersects the maximum plane
at the greater angle.

In nature, of course, the number of images depending on a law like this must
always be finite, because the utmost percentage change of refractive index in the
lower atmosphere 1s very small. But, independent of equilibrium considerations, there
is the farther objection that it cannot be reconciled with the appearances seen by
Vince and Scoresby. For these were, in the main, very similar to one another for
all distances of the object beyond certain hmits; while with the present assumption,
the appearances presented by an object moving to successively greater distances
would exhibit a species of quasi periodic change which I have nowhere seen described.
And, if we keep to probable changes in the refractive index of the atmosphere, this
law will give only one image:—not, of course, in the true direction of the object:—
but erect, and therefore not properly coming under the designation of “mirage.”

10. After trymng a number of assumptions as to the law of refractive index in
the transition stratum, I finally chose for detailed examination the following.—

p.’=a’+e’cos"%y.

This seemed to me particularly worthy of investigation, for it must be at least a
fair approximation to the state of matters ncar the common boundary of two inter-
diffusing fluids, or of two masses of the same fluid at different temperatures. This
follows from the facts that:—it gives a stationary state at y=0, with a maximum

refractive index; and another at y=», with a mmimum index. Near y=§b there 18

a stratum of greatest rapidity of change of index. This hypothesis has also the
advantage of leading to equations which can be treated by the ordinary elliptic
integrals.

With this law it follows that, if the eye be in the plane y =0, the equation
of the curve of vertices is

et = a’+e'cos— ——ﬁ
R b

Ccos = — COB—*

“/2 -b \/a’+e’cos T F (sm 2b)
55—2
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The equation of the path of a ray is

ez= «/a‘+e‘col—l \/

cos -*’-COS-—-

42 b\/a’+e‘cos i F(sm 35 qb)

where sin™¥ =gin 277

o =Singysing.

We have also

and, for y =0, this takes the value
.y
¥/2.esin 9%

————
\/a’+e’cos7—rb3

For the application of these formule the following little table has been prepared :—

;—7 % cosec - 7:1 F, (k) f‘__(g
00 © /2 /2
01 639 158 160
02 324 161 169
03 2:20 166 187
04 170 174 2118
05 141 185 270
06 124 201 367
07 112 224 574
08 105 260 1153
09 1012 326 4224
095 1:003 394 16417
0975 100077 462 65085
10 1:000 @ ®

The headings explain themselves. The last column is required, as will soon be
seen, for the determination of the magnitudes of the images, as compared with that
of the object when seen (at its true distance) through uniform air.
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11. Let us now extend the formule of § 4 to the case of a stratum of depth
¢, in which the refractive index is constant (=¥f(c)); surmounted by another of
thickness b, in which the index is Vf (y).

The equation of a ray, passing from the origin, which we now take in the lower
surface of the inferior stratum, is
= =

While y is not greater than ¢, this is the straight line

——
RYCEES

But when y is greater than ¢, we have

I rieeresesersesssasisesncencncns 2”).
Vf'(’c)—a* fmﬁ— @)

Also, for the branch of the curve of vertices which 18 1 the upper stratum (the
other branch being, of course, the axie of x),

__ V)

o [ =
{ORIO) oNF(y)=F ()
Fig. 5 has been roughly traced from this formula and the curve of fig. 2.

12 In the next following cquations, recwiring to the form

# =+ ¢ cos fb'—l’,

we will simplify matters by making @=1, and altogether neglecting the terms in ¢
when they are added to others not contammng e This will be fully justified, so far

as air is concerned, in a subsequent section.

By §§ 10, 11 the equation of the curve of vertices 1s

ef = —, cosec ;Z + b\/g H —d¢ .
. \/l —sin? 7 % sm’¢
If we write
= sin 77 - P00
k=sin o= oo

where 8 is the inclination of the straight part of the ray, this becomes

ok = 72—-—{" 2p (L)} °§.
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Differentiating, and eliminating 8k, remembering that 6 is always very small (so
that sec 6 =1 practically), we have )
¥__ w2 @ E', (k)
5 mlc{k +S Rk kn}

By means of these expressions we can easily calculate the relative apparent vertical
heights of the various images.

For, if there be a small object, of height A, at a distance 2f in a horizontal
direction, it will be seen direct (through the stratum of uniform density) under the
angle

h
%

But the mmage is obviously seen under the angle 86, corresponding to rays

which, leaving the eye, pass through 1ts upper and lower points. If 2(f+ 8f) be

the range of the ray through the upper pomt of the object, we obviously have (to
a sufficient approximation),

h=25¢ tan 0 =24/2 . ek3E;

and thus we find
ao=—-—3£"
2«/2.ekd0

Hence the ratio, of the apparent altitude of the image to that of the object as

seen directly, 18
4
— - _.ﬁb._ -G
V2. ek pr

In passing, we observe that, as it is easy to see, the multiplier of A in the above
expression for 80 represents the divergence or convergence of the pencil which
reaches the eye from a point of the image. It expresses convergence when its
value is positive,

13, Let the value of ¢ be given, @ suppose; then we have, to determine k,
the equation

V2 .1r65-'=j]:.
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The short table (§ 15) which follows shows that this equation gives two real
values of k (say & and k) for all values of a exceeding a certain limit. For the
quantity §f is infinite alike for =0 and for n=»5, and has one minimum only.
The angular separation of the two corresponding images of a point on the horizon is

V2. 8k, —ky).

This quantity must obviously become less as the object approaches the spectator,
for the values of £ become more nearly equal. Its utmost value is ¥/2.e.

14. If the object be now raised above the horizon, let its coordinates be 2a, k;
then for either of the rays which pass through an image

20= 2§ — hcot 6,
h
°' =2U-T5 ok
V2o

h
we Ty

By the process of § 13, above, we find that the ratio of the apparent heights of
the image and object is now

h

_ J; ~ 9ke
Ee 2 ’
Fonee

c

which agrees with the former result when h=0.

By a well-known optical theorem, the result would have been the same if the
object had been left where it was, and the eye had been elevated through a
height h.

It is well to observe here that, as the eyc and object are not now on the
same horizontal line, we can no longer conclude without special investigation that
only three immages will be produced. But this opens up a new question, somewhat
more complex than those with which we are engaged. I may recur to it on some
other occasion. For the present I confine myself to repeating the remark, that if
we draw the curve of vertices as before, and in addition draw that corresponding
to an eye placed at the object, the intersections of these two curves give all the
possible vertices. This is the obvious modification which the process requires, when
the eye and object are not at the same level. In the present case, we see at once
by this process that no new images come in.

15. The following numerical values have been calculated for the purpose of
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illustrating these formule. The symbols employed are the same as in the analysis
above :—

° [
b=10¢c b=c b-ﬁ b-TO_O
4 Ff & F & §f & F &
00 w =1 o - 10 ® -10 0 - 10
01 51'7 - 263 2324 - 116 20140 —102 2011 - 10
02 424 — 499 1339 - 134 10149 -103 1020 - 10
03 402 -1473 1025 — 1'38 725 -105 695 - 101
04 402 +1195 883 — 197 569 -—108 538 — 101
03 415 + 332 815 - 297 481 —-113 448 — 101
06 441 + 151 791 -1391 429 -121 392 - 102
07 484 + 073 801 + 231 397 -141 357 — 108
08 553 + 032 850 + 038 382 —-252 336 — 107
09 683 + 009 969 + 013 383 +083 325 - 135
095 819 + 0026 1102 + 003 394 +014 323 +6059
0975 956 + 0007 12:39 + 001 407 +003 324 + 033
10 © 00 e + 00 o 400 o + 00

16. We must now consider, so far as is necessary, the physical propertics of
air:—and observations which have been made as to actual changes of temperature
at different elevations above the earth’s surface. There is no necessity for dealing
with very exact physical data, because we must make assumptions as to distribution
of temperature which cannot, at the best, be more than rough approximations. All
that we can attempt to show is, that the observed phenomena are of a character
and on a scale compatible with the known properties of air, with observed chdnges
of temperature in the atmosphere, and with the arrangement we have suggested for
the production of these phenomena.

Thus, although aqueous vapour dimmmshes the refractive index of air, the practical
effect is so minute at its utmost that we neglect it-—a very shght change in our
assumption as to temperature would be sufficient to make up for it.

Assume, then, for air at 0°C. and 760 mm.,

1
o= 1000294 =1+ g o

Assume farther, what is only approximately true, that the refractive power depends
on the density alone, and is proportional to it:—i..,

- 1 p
H—1+3400Po'

The next assumption:—that the air is practically in hydrostatic equilibrium, when
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such phenomena are observed :—is probably not far from the truth, except in the
case of the mirage of the desert. It gives

w__ ..
dy~ 9p;
or, with the laws of Boyle and Chatles,
d (ot
A

Now 1f H =26,000 feet, be the “height of the hc " here,” we have

4 PHCTE,

Po=Rpds = gp,H,
so that the hydrostatic equation becomes
ldet__»p

t, dy H’

or, to a sufficient approximation,

Instabilhity occurs when gfl is posmtive. Hence the greatest rate of fall of
temperature, per foot of ascent, which 18 consistent with stability 1s

dt_ t_ 214
dy~ ~H~ ~ 26000
or —1°05 C. per hundred fect.

Glasher*, 1n a captive balloon, on two occasions out of twenty-seven, obscrved
the fall of temperature in the first hundred feet to be 1°8 F. and 1"9 F. respectively.
On other three of these occasions it was 1°7F, 1°5F and 1”3 F. respectively.
The first two correspond almost exactly to the 1705 C. above computed for a
stratum of uniform refractive index. The temperature near the earth’s surface was
on thesc occasions 73°6 F. and 76°2 F., or, roughly 24°C. The greatest rise of
tcmperature per 100 feet of ascent, which he observed on any of these twenty-seven
occasions was 03 F. only. It seems from what follows, therefore, that on none of
these occasions would Vince’s phenomena have been possible.

17. To fix the ideas, let us now assume that the first 50 feet of air 1s of
uniform density, and that next there 1s a stratum of 50 feet thick in which the
refractive 1ndex is given by

 (y — 50)

2 — 3 ] M
w=a+ecos—Ig,

* B. A Report, 1869, p. 87



442 ON MIRAGE. [Lvmm

y being measured from the surface of the earth. Since we may look on u as
practically unity, we have by the formulae above

lda_ 1 ldp__ 1 ( 1ds )
wdy - 3400 p, dy 3400\H t, d.
Hence, by our assumed law of refractive index,
1dt_3400me' . m(y—50)
BYLa™ 2 50 50

Hence the greatest rate of change of temperature per foot of ascent (at
y="T5 feet) is
274 x 34me* — 0:0105.

The whole change of temperature, from the bottom to the top of the stratum, is
274 x 3400¢* — 0°53.
Both of these quantities are in degrees centigrade.

18. To get an idea of the magnitude of ¢), we note that, by Scoresby’s
observations, the elevation of the images above the horizon 18 usually about 10 or 15
minutes of arc at the utmost. Hence, by the value of % in § 10, we may assume
as an upper limit,

V2. "’250'

or © e=0000008.

With this, the greatest rate of rise of temperature in the assumed stratum 18
0%22 C. per foot of ascent, and the whole rsc is about 6°9C. These quantities,
moderate as they are, would be greatly diminished by our relinquishing the assumption
that the density in the lower stratum is constant.

But even this indicated rise of temperature with elevation has been actually
observed. Thus Glaisher* gives, for July 17th, 1862,

Time. Altitude. Temperature. By Gndiron Thermometer.
10.30 A.M 19,415 feet 38°1 F. 38”1 F.
10.35 A.M. 19,435 feet 430 F. 42°2 F.
10.39 A.M. 19,380 feet 37°0 F. 36°5 F.

The greatest difference here observed is as much as 5°F. m 20 feet; 7e, at
the rate of 125 F. or 7° C. per 50 feet, precisely what is required above.

* B. A. Report, 1862.
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19. We have another and independent mode of testing whether this value of
e accords with observation. For Scoresby tells us that, only on rare occasions and
then only slightly, were objects at four miles’ distance affected The usual distance
was 10 to 15 miles. Now, by the table in § 15 we see that the nearest object of
which an image can be formed is distant

50V2

e

79 feet;
or, with the above value of e, about 12 miles.

There is thus a fair agreement, so far at least as thesc tests can tell us,
between the results of our hypothesis and observation.

The table in § 15 shows that, with the same value of e, and the same thickness
of the lower stratum, as before, but with the assumption of a transition stratum of
a thickness of five feet only; the distance of the nearest object of which an image
could be formed would be about sx miles only. A still farther reduction of the
thickness of the transition stratum reduces this least distance still farther; but it is
clear from the table that there is a limit somewhere about five miles. This would
be still farther reduced if we supposed the lower uniform stratum to have a depth
of less than 50 feet On the other hand, we see that an increase of thickness of
the transition stratum mtroduces distances greater than are consistent with observation;
unless, indeed, the thickness of the lower stratum be at the same time reduced. In
the table §f and €& depend upon the ratio of b to ¢; £ is proportional to c.

20 The columns headed & in the table of § 15 give, as shown in § 12, the
magnitudes of the images relative to that of the object scen directly. They show
that the inverted image 1s always taller than the object. This is consistent with
Scoresby’s observations. When the object 1s not near the cnitical distance, however,
this magnification is not considerable:—even if we assume a 50-foot transition
stratum. On the other hand, the erect image, except when the object is not far
beyond the critical distance, is much smaller than the object. Moreover, as is
obvious from §§ 12, 15, this image is seen by converging rays No doubt they are
so mnearly parallel as to be capable of producing distinct vision in a normal eye,
but the remark is necessary as showing how different, in some respects, is the
phenomenon from one of Wollaston’s imitations of it. Both images become infinite :—
i.e, there is simply “looming”:—when the object 1s situated at the critical distance.
And, as the tables show from the result of § 13, the ratio of the distance between
the images to the apparent size of the objcct seen directly, increases as the object
recedes beyond the critical distance. All this seems to accord completely with Vince's
and Scoresby’s observations. The only additional remark I need make is that possibly
Scoresby, from insufficient telescopic power, failed to see (or at least to recognise as
part of the phenomenon) the upper erect image, when the object was much beyond
the critical distance. The table shows the great rapidity with which its height

56—2
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diminishes as the object recedes. The disparity between the images depends of course
upon the fact that we have assumed a law which places the plane of most rapid
change in the middle of the stratum. This may often not be the case in nature.
It might be useful to work out the whole again, assuming a law (for the transition
stratum) which would place the plane of most rapid change considerably out of the
middle of the stratum. But I cannot attempt this at present. The results of § 14
seem also to be in complete accord with Scoresby’s observations at Bridlington Quay,
which are the only detailed ones I have met with i which the point of view was
shifted to or from the transition stratum.

21. For an approximate estimate of the effect of the earth’s curvature on
these phenomena, let us suppose the same law of density as before; but let the
strata be now level, te, spheres concentric with the earth. The path of a ray mn
the lower stratum will still be straight, but the angle at which it meets the
transition stratum (@ ++, suppose) will now be necessarily greater than 1ts original
nclination () to the horizon. See fig. 7.

If R be the radius of the earth, we find to a sufficient approximation,
(R+c¢)cosy — R= Ry,

c _¥
or 0= Jor 2
As 0 cannot be negative, the greatest value of ¢ 1s

% 1

R~ 460

nearly ; ¢ being 50 feet, as before. If we wnte 11) for this quantity, we have

1
Wh= — —py,
Po= 3 ¥

whence, by giving pyr the values 1, 09, 08, &c, we easily obtain the following
table :—

[ 0+
00000 00022
00002 00022
00005 00022
0-0008 00023
00012 00025
00016 00027
00023 00032
00033 00040
00053 00057

00110 00112
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Now if we take the value of e as in § 18, we have 0004 for the greatest
value of 6+ 4, which is consistent with the rays not passing through the transition
stratum, This corresponds to

1 ,
6=00033 =z =12’ nearly.

Hence, with this value of e, other assumptions remaining the same, even the
upper erect image could not (on account of the earth’s curvature) be elevated more
than about 12’ above the horizon, and the nearest object of which multiple images
could be formed would be at a distance of about 13 miles. Greater values of e
might remove this difficulty, but they would introduce greater changes of tem-
perature. This stows, therefore, that the assumption of a lower stratum of uniform
density is untenable. If there is to be a simple arrangement in that stratum,
it must therefore be such that the refractive index diminishes with elevation,
but, of course, less rapidly than in the lower half of the transition stratum.
The effect of this would be to shghtly raise the images, and to reduce the ertical
distance.

Instead of the upper image, consider the lower one. This would be, at its
Sfarthest, within the distance of the wisible horizon as scen from an elevation of
50 feet. Hence no inverted image of the hull of a vessel could be seen if it
were more than 18 miles distant, and even then 1t would be seen horizontally.
The only ways of reconciing this with Scoresby’s observations are (1) to assume
that the lower uniform stratum is much more than 50 feet thick; (2) to assume
that it is not uniform, but gives rays a concavity downwards The former alternative
is inadmissible on several of the grounds already mentioned; so we are agam forced
to assume the latter, which certainly holds 1f the temperature throughout the lower
stratum be constant.

22 In order that the above calculations may be applicable to the phenomena
shown by inter-diffusing solutions, it is nccessary that the length of the vessel in
which the solutions are contained be great emough to allow all rays (by which the
images are seen) to enter and escape from the transition stratum by one of its
horizontal surfaces, and not by 1its ends By using a vessel nearly 4 fect long,
containing a layer of weak brine diffusing nto pure water above, I have verified the
general accuracy of the results just given For those rays which enter or escape by
an end, the calculation is by no mecans so simple, and trial shows that the law
determming the relative magnmtudes of the images 1s considerably modified. On the
other hand, when the vesscl is so short and the rays so nearly horizontal, that cach
ray, while passmg through the vessel, may be supposed practically to move in a
stratum of uniform rate of change of refractive index, a very simple calculation
suffices to give the general nature of the phenomena produced. For the curvature
of a ray, in the vessel, may now be regarded as constant throughout. Here
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J. Thomson’s formula* is immediately and usefully applicable. For, if 8,, —6;, be
the angles the ray makes with the horizon just after entering and just before
escaping, we have
tdp
6,+96, “udy’
where t is the length of the vessel. But, if 6, —#6,, be its directions before
entering and after escaping, we have approximately,
s

6= w6, 6 =ud,.

Thus the whole change of direction is
Y d
6/+8/=~tg,

depending only on the rate of change, not on the value, of the refractive index.
Parallel rays, passing nearly horizontally through such a vessel, will all be bent m
the direction in which the refractive index increases:—but that which passes through
the stratum of most rapid change of index will be the most bent, so that the
illuminated portion of a sufficiently distant screen on which the rays fall will be
terminated by a spectral band of which the violet is outermost. Measurements of the
position of this band, from day to day, from hour to hour, or even (in some cases)
from minute to minute, will give an extremely accurate mode of measuring the rate
of diffusion. To interpret their indications, however, a determination must be made
of the law which connects the refractive index of a muxture of the two fluids with
the relative proportions in which they are mixed. And it may not always, or even
usually, be the case that the stratum of greatest rapidity of change of refractive
index is necessarily coincident with that of most rapid diffusion. From the former,
however, the latter can always be found, and, so long as the original layers of the
fluids remain in part unaltered by the diffusion, the knowledge of the plane and
rate of greatest diffusion is sufficient for the complete determination of the other
circumstances. I believe that many important questions connected with diffusion may
be speedily and accurately investigated by this very simple method. I propose to
give a detailed account of 1t, with experimental results, to the Society on a future
occasion.

23. In order to calculate roughly the number, position, and dimensions of the
images visible to an eye looking through the media nearly horizontally at a distant

* B. 4. Report, 1870. Thomson finds by a sumple process, for the curvature of & ray in a non-
homogeneous medium, the expression
1_1ldg
P mdn’
where n is measured towards the centre of curvature. The result is seen to follow immediately from the
eorpuseuln theory (in wh(oh p=t) by multiplying both sides by w3, for it is thus found to be merely the
a le 1n the d perpendicular to its path. It is really involved in
Prop I. of ‘Wollaston’s pxper (Phul, Trans., 1800).
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object, all that is necessary is to draw the caustic, as in fig. 8. It consists, so far
as the transition stratum is concerned, of the two (practically) equal and similar
curves AB, A’B’; which touch the stratum above and below, and have as common
asymptote the path of the most deflected ray. So long as the eye is not within
the region BAC, only one image is seen. But from any point within this region
two tangents can be drawn to the caustic, and a line can be drawn to the object
so as to pass altogether below the stratum. Thus there are three images. In order
that the middle one may be distinctly visible, the eye must be 10 inches or so
beyond the point of contact of the corresponding ray with the lower caustic. Then
the image is an inverted one. The others are always direct. [It may be remarked,
in passing, that the intersection of the ray AC with the screen 18 always definite
and measurable.]

Here the dpper image is always seen by diverging rays, the middle one by
diverging or converging rays according to the position of the eye. Contrast this
with the results given in § 20. This middle image changes 1ts direction far more
rapidly than the others when the cye is moved vertically. It coincides with the
upper image when the eye, gradually moved downwards, reaches the line DB. When
they meet, both become blue and then disappear by moving the eye farther down.
On moving the eye upwards, the middle image approaches the lower one, and they
unite and disappear when the eyc rcaches the lme DC. These results are easily
venified by trial, and I have mentioned them only with the view of bearing out my
statement, that this form of experiment, unless the tank be long enough, does not
give results the same as those of Mirage.

(Read 19th June, 1882.)

A few days ago, while finally preparing the above pages for press, I had
occasion once more to consult Wollaston’s paper, and inadvertently took down the
wrong volume of the Phil. Trans. In it (the vol. for 1803) I found another paper
on Mirage by Wollaston, in which hc speaks of certain articles by Woltmann and
Gruber, and regrets his inability to vead German This led me to consult the
Register-band of Gilberts Ammalen; and I thus learned the existence of a very
elaborate memorr by Biot* which I had never seen referred to, and in which the
subject of mirage is exhaustively treated both by calculation and by long seres of
exact measurements of the phenomena as seen by Mathieu and Biot at Dunkirk, and
by Arago and Biot at Majorca The previous work of Gruber, Woltmann, Busch, and
others, 18 carefully summarised by Gilbert mn vol. XL of his Annalen (1802) in notes

* Mém. de UInstitut, 1809 ; Récherches sur les Réfractions extraordinauves qui ont liew pres de Uhorizon.
I presume that my having been al h of the t of this memoir 1s connected with the
faot that 1t 18 umntelhgible without the plates, and that these were not issued along with it. For in each
of the three first libraries which I consulted, that of the Society being one, this volume of the Mém. de
VInstitut 18 devord of plates. Biot’s memoiwr, however, was 1ssued also as a separate volume, and a copy
of this, containing the plates, I procured at last from the Cambridge Umversity Library.




448 ON MIRAGE. [Lvim

to his translation of Wollaston's great paper of 1800. A good deal of Biot's work
is thus seen to have been anticipated. It may be well to quote here Gilbert’s
remark as to the priority of explanation of some of these phenomena—think of it now
as we may:i—

“In der That 1st Wollaston der Erste und Einzige, der die Spieglung aufwirts mit Glick zu
erkliren unternommen hat, ob er gleich auch hierin noch sehr viel zu thun ibrig lasst.”

Biot, on the other hand, gives Wollaston credit only for the physical, as distinguished
from the mathematical, parts of his paper. He says:—

“Sous le rapport de la physque, son travail ne lawsse rien & désirer.”

Biot has considered the subject from a point of view somewhat similar to that
which I had adopted, and anticipated of course the great majority of the more general
results at which I had arrived. I was occasionally almost startled as I looked through
his memoir, to find how closely (even mn mode of stating them) I had reproduced
some of his main ideas. His whole treatment, for instance, of the ordinary mirage of
the desert :—on the assumption that the square of the velocity of a luminous corpuscle
is proportional to the height above the ground, but only through a limited stratum,
together with the important effects of limitation of the stratum:—is almost the same
as mine, except that he (inconveniently I think) uses the caustics m preference to the
curve of vertices, though he also notices the latter as the courbe des minima In con-
sequence, I had all but made up my mind to withdraw my paper, before I had looked
more than half-way through Biot’s long memoir; for, though I found herc and there
statements which I think naccurate, these are of very small consequence compared with
the whole. But 1t was otherwise when I read farther, where Biot gives his tentative
explanation of Vince's observation. There I found our assumptions to be so entirely
different 1 character that, being farly satisfied with my own, I thought I might still
reasonably produce them with their results My paper, therefore, appears as it was
presented to the Society, except in so far as (a) a part of the introduction, (b) the
detailed examination of the ordinary mirage of the desert, (c) n discussion of the singular
outline sometimes presented by the setting sun, and (d) a few minor remarks, are
concerned. These parts have been simply struck out, the first as historically imperfect,
the others as practically a mere reproduction of what had already been satisfactonly
done by Biot, who had many opportunities of observing and mg the ph
As to the ordmury mirage, however, there can be no doubt that the discovery of t,he
existence of four images, when the eye and object are both above the hot stratum,

is far more easy by means of the curve of vertices than by the caustics employed
by Biot.

I transcribe some of the morc important parts of Biot's remarks on Vince's
phenomenon, premising that it was of course impossible for him to have been ac-
quainted with Scoresby’s observations, at least at the time when his memoir was wrntten.
I fancy that, if he had seen these, he might have felt some doubts as to the
accuracy of his inference that the rays, in their course to Vince's eye, were probably
ot first concave upwards; and this to such an extent as to make a vessel, which
was situated close to the ordinary horizon, show only its top-masts above the apparent
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horizon. He does not advert to the certainty that, had this law held over the
nearer parts of the sea, Vince would have seen inverted images under ships within
the visible horizon. None such are described. After quoting the passages in question
I shall add a few comments on them. To make them as intelligible as possible, I
have reproduced Biot's hypothetical figure, it is numbered as fig. 9 in Plate XI.
In many respects the following passages are obscure, but to clear them up (if it
can be done at all) would require a thoroughly careful perusal of the whole minute
details of Biot’s volume, and for this I have not been a..ble to find leisure.

Je cros pﬂuvon‘ expliquer par la méme théore les phénoménes des tnplos u:unges obsarvés par
M. Vince et dont j'ax déjd parlé plus haut. Quand je dis explig
4 une méme cause, & une méme forme de caustique, telle que h disposition des unages, et leur
marche relative quand elles wabawssent ou qu'elles wéldvent, soient des conséquences nécessaires de
la forme supposée. Car admettre, comme I'a fait M. Vince, autant de lows différentes de densité
quil y a d'images visibles, ne me parott pomt une 1 les
respectifs des 1mages restent arbitrares, tandis que, d’apres la deecnpt:on q\nl en donne, ces
mouvemens avoient entre eux des rapports détermmnés.

Malheureusement M. Vince n’a pas observé l'élément le plus ire pour lexplication de
ces phénoménes, Je veux dire la dépression apparente de I'horizon de la mer. De sorte que lon ne
peut pas affirmer a prior, s les trajectores, dans leur partie inf¢ e, étorent ou

vers la surface des eaux. Cependant je crois pouvoir conclure quelles étoient convexes d’aprés
plusieurs ragons que jo vas développer

Ainsi, pendant lobservation du phénoméue, qu se fit depuis 4 heures 4 du sorr jusqud
8 heures, la température de l'air devoit avoir considérablement diminué, surtout dans les couches
supérieures, par leffet de labaissement du solel. Maiws la surface de la mer n'avoit pas da se
refroidir aussi vite. Elle pouvoit donc alors et devoit probablement se trouver plus chaude que l'air,
ce qui donne des trajectoires convexes dans leur partie inféreure, et une densité crowssante du bas
en haut, jusqu’d une petite hsutaur- aprés quor Imfluence de la mer devenant moms sensible, la
densité devoit aller de en comme 2 lord e, et babl swvant une loi
beaucoup plus rapide, taht & cause de labaissement subit de la bempéramre, qu’a cause de la
chute des vapeurs aqueuses qui devoit on résulter, et qu par leur accumulation et par le froid
qu'elles produisoient en se préupitant pouvolent contribuer i ter la réfraction dans les h
qu'elles t. Ceos t sont confirmées par plusieurs remarques de M. Vince lui-méme

Je twe encore dos observations mémes une autro preuve que les trajectoires n'étorent pas
convoxes dans toute l'étendue de leur cours, comme cela auroit eu leu 81l n’y avoit eu dans l'air
quun seul état de densité décrowsante de haut en bas. Cette preuve consiste en ce que les deux
mmages supérieures dont la plus haute dtoit directe et lautre renversée, ont ¢té plusieurs fois
complétes, clest-A-dire que la vaisseau y étoit représenté tout entier depuis le sommet des mAts
jusqu’au corps méme du bitiment Or, d'aprés les expériences que nous avons fates sur lo sable
4 Dunkerque, s1 ces deux images eussent été données par des traj t vers
la mer, ces eussent ement formé une que qui se seroit élevée au-dessus de
la surface de la mer & mesure qu'elle s'éloignoit de l'observateur. Cette caustique auroit donc caché
de plus en plus les parties inférieures du vaieseau A& mosure qu'il s'éloignoit, et par bqt les
deux 1mages de ce o pas été ple « « « « + On peut encore prouver par
les observations de M. Vince que la caustique n'étoit pas formée d'une branche unique, mais de
deux branches chstmctes réunmes par un pomt de rebroussement et dont la plus basse alloit

11 s'approct de la surface de la mer A mesure quelle s'dloignoit de l'observateur.
Cor puisque M. Vmce & vu des 1mages pl de vai x qui se touch par le corps méme
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du bAtiment, il falloit bien qualors le vaisseau reposit sur la caustique; et comme il en a vu
aussi d’autres qui se touchoient par le sommet des maAts, il falloit bien qu'alors le vaisseau se

trouvit sous la ique et la hit par le t de ses mAits. Enfin, puisque les images
d'un méme vaisseau données par ces deux branches s'écartoient continuell Tune de l'autre, &
mesure que le vail ’éloignoit, les deux branches de la ique #'éloignoient donc aussi lune
de Pautre; ce qui indique une forme . . . . . qui seroit donnée par la combinaison de deux
décroissemens de densité contraires.

Cette q déduite immédiat des observations s’ dant avec Pétat déoroi de la

température, et avec toutes les apparences que nous avons discutées, je crois pouvoir admettre comme
une chose trds-probable que, par Texcds de chaleur de la mer, & Pépoque od a observé M. Vince,
les couches inférieures de Pair se trouvoient dans un état de densité crowssante de bas en haut,
jusqu’d une petite haut d de laquelle les d allolent de nouveau en décroissant par
suite de l'abai do la pé e, avec assez de rapidité pour donner des images par en haut.
D'aprés les élévations données par M. Vince, nous devons placer lobservateur dans ces couches
supéneums, car 1l dit avoir observé le phénomeéne & 25 et & 80 pieds de hauteur Nous avons déja

éoéd t les bi de ces deux états contraires, et 'on a vu qu'elle explique
trde-aisément los images multiples observées au Desierto de las Palmas et & Cullera, phénoménes qui
paroissent avoir le plus grand rapport avec ceux que M. Vince a déerits. Nous supposerons donc,
conformément & lendroit cité, que la caustique avoit une forme VRV’ (fig. 9). . . . . . Sat
AMH la circonférence de la terre, O l'observateur, OMV la trajectorre limite tangente & la surface
de la mer. Il #agit dlexaminer les phénomenes résultans de cette loi.

La supposition que nous venons de faire sur la nou-sphéricaité des couches n'est point gratuite,
car M. Vince remarque que des vasseaux également élevés au-dessus de I'horizon apparent présentorent
des app: trés-di , souvent pl images, comme nous venons de le dire, quelquofois
deux seulement, linférieure constamment droite, la supérieure renversée, d’autrefois enfin on n’en
apercevoit qu’une seule directe et reposant sur l'horizon. Les cbtes de Calais qui présentolent aussi
des phénome ffroient aussi les mémes variétés, quelquefois on les voyoit doubles, un
mxf-ant aprds elles étoxent invisbles. Toutes ces apparences sont contrares & I'idée d'une sphéricité
parfaite des couches d’air qui produisoient ces phénomdnes, et I'on congoit en effet quétant le
résultat d'un équilibre non stable, 1ls peuvent difficilement s'accorder avec une forme constante.,

On this I would remark, generally, that I think Vince %is here rather hardly
treated. It seems to me, on comparing the two explanations, that the reproach of
“autant des lois différentes qu'il y a d'images visibles” is not merited by Vince, and
would perhaps more justly apply to his censor. It is certainly most unfortunate that
Vince did not note the level of the apparent horizon; though, unless he had done
so from a great many different heights above the sea, I fall to see how the
observation would have helped to decide between the various possible explanations.
Biot evidently expected a depression, for he states as much in reference to the
elevated patches of sea and the “heavy fog” which Vince observed; yet this is
inconsistent with his own figure! But the following passage from Vince’s paper (in
which I have italicised some words) seems to have escaped the notice of Biot.

“The usual refraction at the same time was uncommonly great; for the tide was high, and
at the very edge of the water I could sce the cliffs of Calais a very considerable height above the
horizon ; wh they are frequently not o be seen 1n clear weather from the high lands about the

place. The French coast also appeared both ways, to a much greater distance than I ever observed
1t at any other time:

Now, one of the most striking of Vince's observations was that of a ship (hull
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down) with an inverted image above it, both projected on the confused image of
the French oliffs as a background. If Biot's explanation were correct, this background
must have been visible by rays of a truly schlangenformig character (as Gilbert calls
them), for they must have been at least fwice (more probably thrice) concave down-
wards; with a convexity downwards, somewhere between the spectator and the ship
(and probably another between the ship and the French coast). It seems much more
likely that the ship’'s hull was really beyond the ordinary horizon, and that the
French cliffs were visible by rays originally concave upyards so as to rise up, as it
were, behind the ship; and then concave downwards, according to the theory I have
propounded, from the ship to the spectator.

Biot's memoir shows, throughout, the pervading influence of his almost daily
observations of rrys which were concave upwards, because passing very close to the
ground over extensive surfaces of hot sand. If his explanation of Vince’s observation
were correct, there would have been an inverted image (of a part of the top-mast)
under the lowest of the three images, and objects comparatively near hand would
have been affected as well as those at a considerable distance.

But there is much more to urge against Biot's view of the phenomena in
question. Vince cxpressly states that “the evemng was very sultry” As his obser-
vations were made at heights above the sea, varying from twenty-five to eighty feet,
it is pretty clear that this sultriness was not due to the exceptionally high tempera-
turc of the surface of the sea. Biot, in fact, allows that the effects of this were
only sensible “jusqu’d une petite hauteur.” But then he assumes (contrary to Vince's
statement) a rapid descent of temperature at higher levels. This he looks on as
developed, how he does not tell us, by the cold produced by vapour in condensing!'
Besides, 1f this werc true, 1t would make the diminution of density upwards less,
mstcad of greater than usual, and the optical results of such an arrangement would
be in contradiction to his explanation .

It is much to be regretted that Vince’s description, like his drawings, is of the
very roughest character It 18 quite otherwise with those of Scoresby. There can be
no doubt whatever that Biot’s mode of explanation is altogether inapplicable to the
majority of Scoresby’s observations

I quote a single passage®, which 1s apparently decisive.

“A dense app m the atmosph arose to the southward of us . . . . When 1t
came to the S.W. of us, I first noticed that the horzon, under this apparent densmity, was
considerably elevated. . . . Two ships lymg beset about fourteen mles off, the hulls of

which, before the density came on, could not be wholly seen, seemed now from the mast-head not
to be above half the distance, as the horizon was visible considerably beyond them ”

Had the arrangement of strata here been as Biot supposes in Vince’s case, only
the top-masts would have remained visible, the apparent horizon would have come
in front of the hulls, and there would have been inverted images of nearer objects
visible under the objects themsclves.

* Sooresby’s Arctic Regions, 1. 387 (1820).
57—2
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It will be noticed that these observations were taken over a surface of tce
in which the vessels were “beset.”” The sun is said to have been *“powerful,” but
the lowest strata of air, in contact with ice or ice-cold water, must have been
colder than those above them. The haze, or “density” as Scoresby calls it, probably
consisted of minute drops of water, and would thus be much raised in temperature
by the sun. In connection with this I may mention that when a trough, in which
brine has been diffusing for some time into water, is suddenly and roughly stirred
for a short period, it settley in a few minutes into a large number of strata of
different densities. Something similar must hold in the case of air irregularly heated,
and thus we have a very probable explanation of the series of inverted images
figured by Scoresby. The strata which produced these, in all likelihood produced
direct images also, but (except on very rare occasions) so small in vertical dimensions
as to have escaped observation. In the absence of wind such strata, once formed,
would last for a long time, mn consequence of the very small thermal conductivity
of air. I might also refer to an interesting case of inverted images seen from a
balloon by Tissandier*®. The height at which the balloon was situated is not stated
expressly, but from the context it must have been somewhere about 6000 feet. This,
of course, proves the existence, at a great elevation, of a stratum in which there
was a comparatively rapid diminution of refractive index with increasing height.

I will quote, in conclusion, Scoresby’s account of his remarkable observation of
an isolated inverted image of a ship, which was situated far beyond the horizon.
His drawing is reproduced as the second of the series in fig. 1. The obvious and
simple explanation of this is what has already been mentioned for Tissandier’s
observation, though, of course, it could also be accounted for by an infinite number
of different laws of refractive index, all of more or less ingenious complexity.

“The phere, in q! of the h, being in a highly refractive state, & great
many curious app were p ted by the land and icebergs. The most extraordinary effect
of this state of the atmosphere, h r, was the distinct inverted image of a ship in the clear
sky, . . . . the ship itself being entirely beyond the hormzon. . . . . It was so extremely
well defined, that when examined with a telescope by Dollond, I could distinguish every sail, the
general ‘rig of the ship, and its particular ch H h that 1 fidently p d 1t
to be my Fathers ship, the ‘Fame,’ which it afterwards proved to be; though, on comparing notes
with my Father, I found that our relative position at the time gave our distance from one another
very nearly thirty miles, and some leagues beyond the limit of direct visiont.”

It seems hard to reconcile the clearness of definition in this case with any
other than a stable state of equilibrium of a transition stratum. The mirage of the
desert, where the equilibrium is essentially unstable, is always exceedingly unsteady.

Biot makes a point, to which I have not yet alluded, from Vince’s statement
that the inverted image appeared to rise as the object moved farther away. His
mode of explaining this, however, savours of the “autant des lois différentes” &c.;
and, besides, the result follows quite as directly from my explanation as from his.

* Glaisher’s Travels in the Air, p. 297 (1871).
+ Scoresby’s Journal of a Voyage to the Northern Whale Fishery (1828), p. 189.
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Vince's observations were by no means precise enough to make this point certain;
besides, he speaks of the top. ts and not of the hulls; and, from the diminution
of the image as the distance increases, it may be quite true that the top-masts
appear to rise in the inverted image while the hull really sinks. At any rate it is
assuredly nmot so in the majority of Scoresby’s careful figures. In fig. 1 several
examples are shown of multiple 1mages of ships at different distances in nearly the
same direction; and in all it will be observed that the inverted ima.ge of the hull
i8 lower as the vessel is farther off. Also that in the upper direct image the hull
appears to rise as the vessel recedes.

[Feb. 10, 1883.—I have to acknowledge the kindness of Mr J. W. L. Glaisher
in venfying, and in some important instances correcting, the numerical values given
in § 10 and 15. My own original calculations, made for the most part with four-
place logarithms only, were insufficient to give accurately the values of @& close to
the critical point. The reason is obvious from the form of the expression for that
quantity as given in § 12, above.]

[The main results of the preceding paper are given, in a less techmical form,
in Nature, XXviIL. p. 84, “State of the Atmosphere which produces the Forms of
Mirage observed by Vince and by Scoresby.” 1898.]
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LIX.

SOLAR CHEMISTRY.

[Nature, Vol. xx1v., October, 1881.]

THE researches of Mr Lockyer, and others, summarised by him in recent numbers
of Nature, have to a great extent complicated the aspect of this grand problem,
which appeared so simple to Stokes and Thomson in 1852, and to Stewart and
Kirchhoff a few years later.

I wish to consider briefly, what are these new and puzzling complications of the
solar problem, and whether we may not still preserve our belef mn the existence of
essentially different elementary atoms, which 13 the bass of the beautiful Vortex
Theory. For it seems that to hazard (however naturally) such a step as 18 involved
in assumed dissociation of the (so-called) elements, before we make certain that no
less serious hypothesis will account for the observed facts, is contrary to the spirit of
Newton's Regule Philosophands.

The most prominent of these complications seem to be—

(1) The variations of the relative brightness, width, &c., of the lines in the
spectrum of a particular subst: in depend on the source and circumstances
of its incandescence.

(2) The so-called “long” and “short” lines (These, as will be seen, are pro-
bably a case of (1).)

(8) The fact that, mn the spectra of sun-spots, some lines supposed to be due
to a particular element indicate rapid motion of the glowing gas; while others,
supposed due to the same element, give no such indication.

(4) The (at least apparent) coincidence of lines in the spectra of two or more
elementary substances.
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To these may be added :—

(5) The remarkable peculiarities of star-spectra; especially the paucity, and the
breadth, of the lines in the spectra of white stars.

As regards (1), let us consider a sounding body with a large number of different
modes of vibration, exposed to impacts either periodic or at least with an average
period. The relative intensities of the various notes which it can give will obviously
depend upon the period of the impacts. Now this is precisely the case of a particle
(I use the word to avoid misconception) of a glowing gas. "The average number of blows
it recetves will depend on (a) the number of particles per cubic inch (and also upon
whether there be another gas present or no, a point of very great importance), and
(b) the temperature, which is directly connected with the speed of the particles.

Change the aensity, the temperature, the admixture with foreign substances, or
any two, or all, of these; and the average period of the battering to which a particle
is subjected may be so altered as to elicit from it in any required ratios of relative
intensity the various simple rays it can give out.

It will readily be seen that this may account for all of the phenomena of classes
(1) and (2) above.

(8) may be accounted for in many ways. I mention only one, as my object is
merely to show that we are not yet compelled to accept dissociation of so-called
elements even in its mildest form. Other modes of escape, though not quite so
simple, present themselves.

What is seen in a sun-spot is the integral, as 1t were, of all that is taking
place (as regards both radiation and absorption) in many thousand miles of solar
atmosphere, containing the same substance under the most varied conditions. That
portions in which certain lines of that substance are prommnent over others may be
at rest relatively to the observer along the line of sight; while others, in which
(from different density, temperature, or admixture, as above explained) other lines are
specially prominent, may have large relative velocities, is certain. This would at once
account for these singular observations.

As to (5) we must remember that in a star-spectrum we have, as 1t were, a
triple integral. For we mnot only integrate through the depth of the atmosphere, but
also over the whole surface of the star; spots, hurricanes, and rotation of the whole,
included. This is equivalent to the superposition of innumerable separate spectra, no
two of which may have any one individual line in the same place or of the same
breadth, &c. Feeble lines may, in fact, entirely disappear under such treatment.

(4) If not due to want of dispersive power in the apparatus, this may be
legitimately attributed to inevitable impurities. It is only in “tall talk” (or in
advertisements) that any human preparation, elementary or not, can be spoken of as
“chemisch rein” And we all know how famnt a trace of impurity can be detected
by the help of the spectroscope.
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Even in the last resort, I see nothing to hinder the existence of exactly equal
vibration-periods in two perfectly distinct vortex-at: though their occurrence is
extremely improbable,

If we could get an absolutely transparent gas; ome, therefore, which could give
no radiation under any circumstances; the study of the behaviour of a given quantity
of hydrogen mixed with different proportions of it in a vessel of given size, and
subjected always to the same conditions of incandescence, would give us invaluable
information. '



LX.

THE PRESSURE ERRORS OF THE CHALLENGER
THERMOMETERS.

Challenger Narrative, Vol. 11, Appendix A.
[Plate XIL)

THOUGH the contents of the following paper have been, with the sanction of
Sir Wyville Thomson, communicated at intervals during the last two sessions, and in
particular on April 4th, 1881, to the Royal Society of Edinburgh, they are now
published for the first time. The brief abstracts which have appeared in some scientific
journals have given an inadequate, and by no means accurate, account of my method
and results.

The subject is the reduction of the deep-sca observations which were made on
the Challenger, n so far as these are affected by pressure. The thermometers employed
had protected bulbs, but the stems, in which therc were certamn aneursms?!, were
wholly unprotected. The determination of the necessary pressure coirections is of great
importance, especially in the bearing of the results upon ocean circulation and other
grand points of physical geography;—and when, at Sir Wyville Thomson’s request, I
undertook the inquiry, 1 resolved to carry it out with a degree of accuracy suitable
at once to the capabilities of the thermometers employed and to the magmtude of
the issues nvolved.

In the course of my work several improvements, which may be useful m future
investigations of a smilar kind, have suggested themselves; but my primary object
was simply to find how to obtain the most trustworthy results from a set of

1 From dvedpuoua, & widening or swelling (dvd and edpis); mot, as 15 sometimes stated, d-vevpos (without
sinews). Hence the word 18 correctly nsed for the pecul m the th
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observations already made, the instruments with which they were made having been
put. in my possession.

The work has extended through a very considerable time, having occupied my
leisure moments for a large part of each of the last three years. The nature of the
difficulties which were successively met with and overcome will be easily seen from
what follows without further preface.

The whole matter looks cuncommonly simple now that the instrumental and other
difficulties have been discovered and met, and I have recently repeated the investigation
in a tenth of the time it originally cost me. The data given in columns 7, 8, 9, 12,
and 18 of the Table in Appendix E below, are (with the exception of those for
one thermometer in which the mercury column had been accidentally broken) those
obtained in this repetition of the inquiry. They were found to agree so well with
the earlier data that it was considered unnecessary to print these.

I found myself at the beginning of the inquiry very much in the position of a
chemist who has given to him a mixture containing half-a-dozen absolutely unknown
elements, all in very small and in nearly equal quantities, and who is required to
determine the nature and properties of each, and also the proportions in which they
occur in the mixture.

A great many very curious offshoots have sprung from the inquiry, some of which
are of real scientific importance. For instance, the determination of the amount of
heat developed by exposing to very high pressures, under different circumstances,
various kinds of substances. This question, so far as I am aware, has as yet been
treated (even theoretically) only for moderate pressures. Again, there is the very curious
question, What is the cause of the breaking of a piece of glass or other fragle body,
under hydrostatic pressure? Does it break in consequence of uniform compression, or
of shearing, or of extension only; and at what amount of compression, or shear, or
extension, does it give way? And there 1s the very important practical question of
the accurate measurement of pressures greater than can readily be compared with the
weight of a tall column of mercury. Amagat has successfully worked with a column
of mercury of more than 1000 feet in height, corresponding to a pressure of about
3 tons weight per square inch. But there 1s a limit, to experiment in this direction,
which he has nearly reached. The simple and eas:ly manageable apparatus described
below has been found capable of giving results of considerable accuracy up to pressures
of 12 tons weight on the square inch, and will probably be apphcable much farther.

After some consideration I have decided to give, first, a general account of the
whole work 1n terms which will be easily intelligible to all readers; and then to
develop at length special parts of the inquiry which have scientific interest, either
pure or practical, but which are not of a nature to be easily comprehended except
by specialists. Of course I reserve for the latter part the proofs (experimental or
mathematical) of the statements now to be made.
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For conveni this subject is arranged as follows:—
The Pressure Corrections supplied to the Challenger along with the Thermometers
Construction of the Thermometers.

Wholly protected Instruments. Their Defect.

Individual Peculiarities of some of the Challenger Thermometers.

Captain Davis Mode of Testing ; and his Correction for the Mazimum Side. (With
this Appendix C.—Heating of Water by Compression.)

Consequent Correction for the Minimum Side.

Theoretical Determination of the Direct Effect of Pressure. Experimental Verification.

(With this Appendix A.—On the Accurate Measurement of High Pressures.)

The Aneurisms. Their Objects and Effects. (With this Appendix B.—Calculation
of the Effect of tn Aneurism.)

Imploding and Exploding of the Thermometer Bulbs.

Description of the Apparatus for applying Pressure. (Extended m Appendix D.)

Accurate Measurement of great Pressures. (Also Appendix A.)

Internal Pressure Gauges

Euxternal Pressure Gauge.

Results of the Experiments The true correction for pressure is very small

Sources of the large effect obtained in the Press.

Final Conclusion from the Investigation. (Detailled i Appendix E.—Tabular
Synopsis of the General Results of Expervment and Calculation.)

These we will now take 1 order

The Pressure-Corrections supplied to the Challenger along with the Thermometers.

When I was first asked to examine the thermometers I judged from the appear-
ance and naturc of the protection over the bulbs, that very shght corrections only
would be required, even for the greatest pressures to which they had been exposed.
But Sir Wyville Thomson told me that a correction of at least half a degree Fahr.
had been assigned for them for every mile under the sea. This correction had been
gwven him by Captain Davis of the Admuralty, who had in his experiments' the
assistance and advice of such exceedingly able experimenters as the late Professor W.
Allen Miller and others.

Hence, although it appeared to me at first sight ncredible that any such correction
should be required for thermometers with protected bulbs, I considered it absolutely
necessary to try Captain Davis’ experiments over again, under the same conditions as
those which he had adopted in conjunction with Professor Miller. My object was, of

1 «QOn Deep-Sea Thermometers,”” by Captain J E. Davis, RN (P di; oy the M
April 1871)

gical Society,
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picce of steel, so that they can be set by means of an external magnet. The large bulb
on which the temperature effects are mainly produced is protected by an exterior shell
of glass strong enough to resist a pressure of at least 5000 fathoms of sea-water; that
is to say, approximately, somewhere about six tons weight per square inch. This
external shell is nearly filled with alcohol. The main difference between this and the

first invented form of protected thermometer, which (so far as I know) was introduced
by Sir William Thomson?, is simply that the bulb only is protected, the stem being
1 “The Effect of Pressure in Lowering the Freezing.point of Water experimentally demonstrated,” by

Professor W. Thomson (Proc. R.S.E., February 1850). See also the paper by Parrot (1833) quoted below.
In this a p d th ter was doubtedly ployed ; but the p ing sheath was part of the wall
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exposed, and therefore the effects produced directly by compression are due solely to the
stem of the instrument: unless, indeed, there be a strain produced on the protected
bulb (altering its volume) by the wry-neckedness of the protecting shell.

Now, as a rule, till quite recently, practical workers in glass supposed that no effect
at all would be produced by pressure upon an ordinary thermometer stem, simply
because the external diameter is so much greater than the internal; and, in fact, so
little was the nature of the effects of hydrostatic pressure known to practical glass-
blowers that one of Mr Caselly's workmen undertook in 1869 to furnish Captain Davis
with thermometers whose bulbs should be so thick as to “defy compression™! It will
be secen presently that such an idea is entirely absurd:—that, however thick is an
unprotected thermometer, it will still have its indications altered by compression, and
very nearly as much as a thinner one, unless that be extremely thin. So far as the
Challenger instruments are concerned, the only effect that can be expected to be
produced directly by pressure 1s the diminution of the bore and length of the narrow
tube, and the consequent forcing of the hquid which occupies it to fill a greater length
in it. I made at starting a rough calculation of the amount of effect of this kind
which was to be expected; taking average data as to the compressibility and rigidity
of -glass. I found' it to be a small fraction only of a degree for each ton-weight of
pressure, except on those thermometers which had very short degrees. It was clear
to me, therefore, that (unless the wry-neckedness already mentioned was the cause)
the larger part of Captain Davis' result was not due to pressure directly.

Wholly protected Instruments. Their Defect.

For the purpose of comparison with the Challenger instruments, so far as regards
the effect on the unprotected stem, Sir Wyville Thomson sent me two mercmy
thermometers constructed after Sir William Thomson’s device. In these instruments
the whole, bulb and stem alike, is enclosed in a strong glass tube, nearly filled with
alcohol. The effects of pressure on these instruments were very much smaller than
on the thermometers of the Challenger. This result was so unexpected that I at first
thought 1t due to defects in the new instruments. But, as will be seen later, it 1s
quite consistent with the final result of my investigations. It 1s, however, very difficult
to obtain good results from these instruments under the circumstances in which I
was working. Their recording adjustment 1s constructed on a new plan, m which a
hittle portion of mercury is detached from the rest; and separated from it by a small
quantity of air, which does not move it until compressed to a definite amount. To
set the index before an observation, the instrument has to be swung round somewhat
sharply at arm’s length. It was scarcely ever possible under these circumstances to

of the compresgion apparatus and was not attached to the thermometer itself. From a reference in this paper
1 was led to consult Lenz’s observations on deep-sea temperatures. He appears to have measured these temperatures
by bnngmg to the surface, with great care, a considerable quantity of water from each depth. There was
8 1 the coll with a bulb of extra thick ; but no ding index was employed
80 a8 to show what was 1ts indication under pressure.
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adjust it to the temperature of the water in the press. The indices in the Challenger
thermometers, on the other hand, comsist each of a piece of enamel with a couple
of hairs attached to it so as to fix itself in the tube and retain a record of the
observation. They have also a little piece of needle inside, and can thus be moved
from the exterior by means of a horse-shoe magnet, so that the adjustment can be
made at pleasure, and without any slteration of the temperature. The thermometers
are plunged for some hours in the water in the press, and the indices are set in
an instant while the instrument is partially lifted out for the purpose. With the other
instruments one might spend days before he could get them introduced, except after
special cooling, into the press with the index suitably adjusted to the temperature of
the water. The whole difficulty might have been avoided by putting an excecedingly
small piece of iron or steel wire above the index, to be acted on by a sufficiently
powerful magnet.

Thus, although these instruments are absolutely perfect so far as regards immunity
from pressure (and in other essential respects which will be mentioned later), it is
not easy to work with them under the circumstances of this investigation.

Individual Peculiarities of some of the Challenger Thermometers.

The Challenger thermometers are not all exactly similar to one another. Some of
them have their degrees very much longer than others, others have the extraordinary
pecuharity that the degrees upon the maximum side are nearly half as long again as
those on the minimum side, and sometimes it is the reverse. In one of the instruments
which was occasionally used in the deep sea, the length of a single degree on the
maximum side is only about three-fourths of a millimetre, and thus a reading to a tenth
of a degree is not to be looked for. But on account of this unexpected peculianty, this
particular instrument was of use, as will be seen later, in demonstrating that the effects
produced in the press were due partly to heating, partly to compression Several
instances of useful peculiarities of a similar character were detected, and utilised.

In fact, tho instruments cannot be said to do more than furnish rough and ready
means of approximating to temperatures within about a quarter of a degree, or in the
most favourable circumstances a tenth of a degree Fahrenheit. Had they been more
nearly what would be called “scientific” mstruments, they might have altogether failed
on account of the rough treatment to which they were necessarily subjected during
use. Letting them down into the sea presents in general no great difficulties, but
when they have to be hauled on board agan they are subject to jerks and shocks,
and sometimes swing through large arcs at the end of the lead line. Such misadventures
are unavoidable at sea, and are excessively unfavourable to accurate results, because
the index is necessanly not fitted so tightly m the stem that it may not in a few
oscillations be sensibly displaced. And there 1s a defect inseparable from the use of
movable indices:—viz.,, that the reading of the mercury column is sensibly different
according as the index is, and 18 not, in contact with it. The capillary convexity
affects the m?.ximum and minimum indices in opposite ways.
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Further, I may observe (though it does not affect my work) that in these
thermometers the scale is at some distance from the mercury in the stem, and no
provision is made for avoiding parallax or personal equation. By merely altering the
position in which one holds the thermometer, it is possible to read the temperature
whether by the mercury column or the end of the index next it, to an amount different
in some of the thermometers by as much as a quarter of a degree, and in the great
majority of them by as much as a tenth. Thus if we get readings consistent within
a tenth of a degree we get all that the instruments are capable of furnishing. I
have therefore always read the thermometers in exactly the same position and (when
so much accuracy was attainable) only to the nearest tenth of a degrec. And I have
always made my comparisons between successive positions of the index; the only
readings of the mercury directly being taken roughly to find whether any permanent
temperature-change had been produced in the water of the press by pressure or
otherwise, during the course of an experiment

A great many different materials were tried for the framing of the thermometers-
and vulcanite was finally chosen, having been found to answer the purpose exceedingly
well. Wood warped, and metal was unsuitable for various reasons. It is rather curious
to find, as will be seen below, that this substance was one of the main causes of the
very large amount assigned to the pressure-correction.

Captain Davis' Mude of Testing; and his Corrveution for the Maximum Side.

It 18 necessary to look somewhat closely into the mode n which Captain Davis
conducted his experiments, in so far at least as it differs from the one I afterwards
employed; in order that we may be able to form an 1dea how, with nearly all the facts
before him, he yet failed to get their proper interpretation Take, for nstance, the way
in which he attempted to determine the correction which 1s due to the heating of
water by compression. This, of course, affects the thermometers while in the hydrostatic
press, but not when they are let down into the sea. When the water in the press is
compressed with the thermometers in 1t, 1t becomes hotter as the pressure increases (so
long at least as its temperature is above 4° C. or 392 Fahr, that of its maximum
density). This is quite analogous to the heating of aih 1 a cylinder when a piston 1s
suddenly forced down; when, as every one knows, tinder can be kindled by the heat
developed. So water is heated by compression, but not to anything hike the same extent.
But it is necessary to remark that the amount of heating of water by a given compression
depends in a very curious manner upon the origmnal temperature of the water. For
water taken at its maximum density 18 neither heated nor cooled by compression, but it
is heated by compression if it 1s at a temperature higher, and cooled if it 1s at a
temperature lower, than that of the maximum density. One set of Captamn Davis'
obgervations were made in water at temperatures near, but under, the maximum density
point: in which, therefore, very little effect can be produced, even by very great
pressure (and that little should be cooling, not heating), and he combined these with
a number of other observations made at temperatures approaching 55°F,, in which a



‘x--‘ THE PRESSURE ERRORS OF THE CHALLENGER THEEMOMETERS. 465

paratively large t of heating is produced even by moderate pressures. The
average of the results of these determinations was taken, but, unfortunately, Captan
Davis struck out before taking the average all those observations which appeared to
give much larger effects than the others, taking them as being obviously erroneous.

When we sift out from the observations all those made nearly at any one
temperature we find they agree fairly enough with the theoretical result of the com-
pression. But observations made at different temp es were included in the group
from which the average effect was deduced. Such an avemge has no physical meaning.

As this is a point of some importance, I shall give a graphic representation of
one set of the observations, those made with one of Sir William Thomson's thermo-
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meters; showing which were rejected, the average thus obtained, what ought to have
been obtained, and also the strict theoretical result. In the diagram above, pressures
are measured in fathoms of sea water along the horizontal line, and the corresponding
changes of temperature, shown by one of thc completely protected thermometers, are
represented by vertical lincs. The centres of each of the series of white and black
spots inserted in the diagram represent the various observations made by Captain Davis
and Professor Miller at temperatures near 55°F.

If we suppose that all these observations had been made n precisely similar
circumstances, a fairly approximate way to get the average effect indicated would have
been to draw a lme through the series of spots in such a way that the average
distance from 1t of those which lay above, should be equal to that of those lying
below. This would have shown a rise of temperature of the water in proportion to
the increase of pressure, but its amount would have been considerably under the
trath. But the experimenters used only the white spots; and by the help of these
drew the full line in the figure as indicating thewr average; thus obtaimng a very
slow increase of heating by pressure.

T, 59
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By the help of Sir William Thomson’s' formula for the heat developed by com-
p , I have calculated what t of heati g should have been obtained in these
expenments, on the supposition that the pressure is applied with sufficient suddenness
to let the full effect be produced on the thermometers before there is any sensible
absorption of heat by the walls of the pressure vessel: and on the farther assumption
(not, as will be seen, justified by experiment) that there is no heating of the glass
proteccing sheath by p e. It is represented by the dashed line in the figure,
and it is certainly very remarkable that this line (the true one) runs through the
group of rejected observations, paying as it were no attention whatever to those which
were retained! The formula referred to is discussed in Appendix C below; but, as
will be seen at a later stage, the effect on the protected thermometer is not due solely
to the heating of water by compression.

Captain Davis concluded from two sets of observations, one at 35°F. and the
other about 89°F., that little attention need be paid to the heating of water by
compression, (obtaining, in fact, the dotted line), and thus that the effect observed in
the hydraulic press was due mainly to direct pressure, and would, of course, be ex-
perienced by the ther ters when they were let down into the sea.

The officers who managed the thermometers of the expedition, were, in consequence,
furnirhed with corrections for each thermometer, all of the order already indicated, i.c.,
akout half a degree for each mile under the surface of the sea. These corrections
were, of course, for the mazimum side of each instrument.

Consequent Correction for the Mintmum Side.

Looking at the thermometers, it seemed to me perfectly evident that this correc-
tion, if it was to be applied at all, must be applied in very nearly the same amount
both to the maximum index, for which it was determined, and also to the minimum.
Any difference between these two must be due solely to the effects of temperature
upon the column of mercury which lies between the two indices, and of pressure on
the tube containing that mercury. Unless the heating effect were confined to the space
between the indices, the former is provided for by the graduation of the instrument
iteelf; and it was quite certain that the two together could not produce an effect
amounting to more than a small fraction of the degree and a half for three tons
pressure.

Therefore, as all the readings of the Challenger thermometers were taken from
the minimum index, they were subject, according to my interpretation of Captain
Davi¢’ results, to a correction of very nearly half & degree Fahr. for every mile
of depth.

Now, even if the heating effect on the water in the press had been correctly
determined, the result would have led to a deduction of at the utmost only about
one-fourth of the whole correction, thus still leaving a very formidable correction indeed.

1 “OntheA of Temp g Changes of Pressure in Fluids,” by Professor W. Thomson
(Proc. R. S., June 1857).



kx._‘ THE PRESSURE ERRORS OF THE CHALLENGER THERMOMETERS. 467

Theorstical Determination of the Direct Effect of Pressure. Experimental Vm'ﬁoatio».
I therefore calculated the effect of pressure on a ther ter tube, the

best data for the compressibility and the ngxdmy of glass. The investigation is given
in Appendix A to this paper. As the matter is of considerable importance, I have
developed the formule sufficiently for application to any case of the kind which 18
likely to occur. The result, so far as is required for the present argument, is that
the internal capacity of a glass tube (whose walls are thick in comparison with the
diameter of the bore) is reduced by about igysth part for each ton weight (per square
inch) of pressure applied from without; the ends being closed. Hence, if such a tube
be partly filled with mercury, with an index above it; the index should be displaced
by tfpoth of the length of the column of mercury for each ton weight of pressure
applied to the ou.side of the tube.

I tried the experiment with a thermometer tube, the length of the mercury column
being as nearly as possible a metre, and I found for every ton weight of pressure to
which the tube was exposed the index was displaced by one millimetre, the ygth part
of the length of the column precisely, being far more nearly than I had expected the
result I had already calculated from theory. Since, then, there is only a change of
one-thousandth in the length of the column, it is quite obvious that the amount of
effect produced upon the column of mercury in the Challenger thermometers (which
is not above a sixth or a seventh of a metre in length at the utmost), that is to
say, the whole correction-difference between the maximum and minimum indices is a
matter of a sixth or seventh of a milhmetre; or in general very nearly the same
fraction of a degree of the scale. Thus it is proved in two different ways that the
correction supplied by the Admiralty, if it is to be applied at all, ought to be applied
almost in its entirety to the minimum index

The Aneurisms. Their Object and Effects

There 15 another pecuharity of the Challenger thermometers which leads to a
slight—but only a slight—modification of this statement, viz, that at the lower end
of each of the two vertical columns there is an aneurism on the tube, These form
a sort of secondary bulb, making the tube faulty again after the primary bulb has
been protected. Their effect is shghtly to increase the effective length of the column
of mercury.

I learned from Sir George Nares that the object of these aneurisms, and of
another which is situated close to the bulb, is to prevent the indices from being
jammed at the bends of the stem, or forced into the bulb, when the instrument is
exposed to very high or very low temperatures. They seem to be in every respect
bjectionable, especially as the ity for them would be entirely removed by adding
a.n inch or two to the length of the instrument; or, if they must be retamned, by
protecting them and using more powerful magnets. Their presence produces an effect
large compared with their apparent importance. The sketch subjoined represents, on a
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large scale, one of the most highly developed of the more effective of these aneurisms,
that which is situated close to the main bulb of the instrument.

By reason of the convexity of the thermometer tube the diameter of the bore
appears from the outside to be considerably larger than it really is. In fact a very
simple geometrical construction shows that the ratio of its apparent diameter to its
real diameter is that of the refractive index of glass to unity, 4.6, it appears to be
about 1'6 times its actual diameter. So that even when the aneurism, and the liquid
filling it, appear to occupy the whole diameter of the tube, they only occupy 1/1'6 or
about two-thirds, so that even in this extreme case the walls of the aneurism are
not usually very thin. The percentage diminution of volume of the middle portion
of the aneurism is in such a case (roughly) 50 per cent. greater than that of the
unaltered tube.

The real mischief done by the aneurism is not due mainly to thinness of the
walls and consequent greater liability to distortion by pressure; it is due to the fact
that the aneurism, in consequence of its greater section, contains a much larger quantity
of mercury than does an equal length of the tube; and therefore that a small per-
centage dimmution of its volume will produce a marked displacement by the outflow
into the narrow tube. Several of the aneurisms I have measured produce a disturbance
of the index corresponding to that produced by at least five times their own length
of the tube.

In some of the more exaggerated ones it actually produces an effect on the maxi-
mum and minimum index equal to that due to the extension of very nearly one-half
of the mercury column in the thermometer. But this, though easily remediable, is
not a defect of much consequence. [The calculation of the effect due to an aneurism is
given in Appendix B]

Imploding and Exploding of the Thermometer Bulbs.

In connection with the breaking of some of the thermometers, as a result of
pressure whether in the press or in the sea, 1t may be well to describe the curious
nature of the effects produced by pressure upon the material of a tube, according as the
pressure is applied from without or from within,

First, with regard to the thermometers themselves, which are exposed to external
pressure, but have comparatively very slight pressure applied in the interior of their
bore; and second, the corresponding effect when pressure is applied, as in the press
itself, from the inside and tends to stretch the walls. [This second case has occurred
with one or two of the Challenger thermometers also. Its source is usually defective
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strength of the terminal bulb of the maximum end of the tube, This bulb implodes, then
the pressure is applied to the interior of the protected bulb, which, in its turn, explodes.)

In the diagrams below, the first three figures refer to part of the walls of the
glass tube, which is exposed to pressure from the outside, but has no corresponding
pressure applied within. The effects of pressure indicated are those in a transverse
section of the tube. The circles represent (on a large scale) transverse sections of very

small spherical elements of the glass wall of the tube, the first close to the outside,
the second in the middle of the wall of the tube, and the third close to the inner
surface. The ellipses which are drawn along with the circles represent (of course, with
much exaggeration) the corresponding transverse sections of the ellipsoids into which
the spheres are distorted by the external pressure. The sphere near the outside is com-
pressed in all directions, but much less in a radial direction than it is in a direction
perpendicular to the former. The greatest amount of compression 18 tangential as it
were, and the circular section of the sphere has been compressed into an ellipse which
has a major axis in the radial direction very nearly equal to its original length, while
the minor axis is very considerably reduced, The second figure refers to a small spherical
portion inside the glass wall originally situated at a distance from the axis equal to 16,
times the internal radius of the tube. (It is curious that the number.1'6, though
obtamned from a totally different source, should be so nearly the same as that already
quoted as the refractive index of the glass) The little spherical element at that place
suffers no radial compression, but there is considerable tangential compression. Close
to the interior surface of the glass tube we find large compression in a tangential
direction and actual extension in the radial direction, These diagrams have been
purposely exaggerated to make the effects visible. They represent what would be the
effect of a pressure of 650 tons weight per square inch, provided glass could stand such
a pressure and still continued to follow Hooke'’s law; and the outer radius of the tube
has been taken as 22 times the inner. But they give all that is really required, viz.,
the character of the distortion at different points in the wall of the tube.

The next three figures represent the corresponding changes in spherical elements
of the same cylindrical tube exposed to pressure from within, All portions of the tube
are now extended tangentially and compressed radially, but the amount is greater on
each layer as it is nearer the interior surface.

It is now easy to see how it is that a glass tube is broken by the application
of pressure from without. The effect is, of course, produced first at the interior
surface. For the compression is the same for every portion of the glass, but it is
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accompanied by shear, which increases towards the innmer surface; and it is probably
the resulting extension which produces the effect. But when a tube is exposed to

pressure from the interior there is dilatation of the walls, which aids the shear. Thus
we see why a thin tube is so much more capable of resisting external than internal
pressure. It is probable that, in the case of glass, the element which first gives way
is not so much crushed as torn asunder. If so, the tube which is compressed from
without is in a much more favourable condition for resisting than that in which the
pressure is applied internally. For, in the first, the whole substance of the walls is
compressed, and thus the linear extension produced by the shear is in part counter-
acted. In the second, the whole substance is expanded, and the linear extension due to
the shear is aided. As will be seen in Appendix A, the case of very thick tubes is
considerably different.

Description of the Apparatus for applying Pressure.

Sir Wyville Thomson handed over to me, with the thermometers, a press which
was made for him before he started in the Challenger, and which he had carried all
round the world; but when we made some preliminary experiments with it, we found
it to be objectionable in many ways. It was in the first place not safe at-high
pressures, although an attempt had been made to strengthen it by surrounding it with
massive rings of Swedish iron. As the experiments had to be conducted in College,
and to a great extent by students who volunteered their services, this was a fatal
defect; though I believe that the danger from the bursting of a hydrostatic press
has been usually very much exaggerated. The bursting of the cylinder itself would
probably be unattended with danger; but some of the nuts and connecting pieces
had occasionally been projected with great violence.

A slight numerical calculation shows that a cubic foot of water at a pressure of
one ton weight to the square inch 13 capable of doing only about 1210 foot lbs. of
work in expanding, the reason bemng that although the pressure is intense, the amount
of compression it produces is exceedingly small. But a cubic foot of air at a pressure
of a ton weight to the square inch is capable of doing nearly 1300 times as much
work in expanding. Hence the danger of having large quantities of air in the press
before the compression 1s begun.

Another defect of the apparatus was the comparatively small m\enor bore, which
did not admit of the proper carrying out of my sch for ing es—

P
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the Bourdon gauge having shown itself quite untrustworthy. Besides, two ther t
at most, could be exposed to pressure simultaneously, even when no gauge was inserted
along with them.

The apparatus which Sir Wyville Th finally obtained from the Woolwich gun
factories, through the intervention of the Admiralty, was in fact a Fraser gun with
a few adaptations made to suit it to the purposes of the investigation. The gun, which
is shown in the Plate, on a scale of one-eighth the full size, was made of a cylinder
of mild steel, round which were shrunk two successive wrpught-iron coils, The effective
interior is 4§ inches in bore, and nearly 4 feet long.

This cylinder was guaranteed to be safe under pressures up to 18 or 20 tons
weight per square inch, and we have for various purposes already worked up to pressures
of 11 and 12 to.s [The official memorandum concerning this apparatus is given in
Appendix D.]

The rest of the apparatus, to fit it for our immediate purpose, consisted of a

tightly-fitting steel plug which was forced into the upper end of the cylinder after
the thermometers and other apparatus had been inserted, and the whole had been filled
with water, The plug was forced down by the weight of an assistant standing on
it, while a stop-cock at the bottom of the cylinder was kept open for the escape of
water, until a massive steel key could be put in through a slot in the side of the
cylinder to lock the plug in its definite position.

To the lower end of the steel cylinder was adapted a series of fittings by means
of which it could be connected with a powerful force-pump, and simultaneously with
a gauge whose construction will be afterwards described. The gauge enabled the ex-
perimenters to know at every stage of the operation what amount of pressure had
been reached in the interior of the cylinder. The pump was worked at first by hand.
Of late a more powerful pump has been procured, and it can be fitted when necessary
to the gas-engine of my laboratory.

Only one real difficulty was met with in working this apparatus; viz, the difficulty
of making the plug fit perfectly tight. At first, when 1t came from Woolwich, the
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gases ab high pressures. Amagat’s data were obtained in the most direct and satis-
factory manner, inasmuch as he measured his pressures by means of an actual
column of mercury extending sometimes to 300 metres, and more. All other means
of measuring pressure are as it were valueless in comparison with this. We know
by these experiments the compressibility of nitrogen, and of air, up to pressures of
at least 2} tons weight per square inch, with almost all desirable accuracy.

All that was necessary therefore in order to determine the pressures in the
operating cylinder, and thus to calibrate the gauges employed, was to compress once
for all a quantity of air, measure the volume to which it. was compressed and the
corresponding indications of the gauges, and then by the help of Amagat’s tables
compute the pressure actually attained The apparatus I employed for this purpose
is figured in section in the diagram below.

—
— L

This apparatus, filled with dry air, was allowed to come exactly to the temperature
of the water inside the compression apparatus; then, the lower end of it bemng
dipped into a large vessel of mercury, 1t was let down full of air into the compression
cylinder and pressure was applied. The effect was of course to compress the air,
force up the mercury until it gradually filled the vessel and forced, the air entirely
mto the smaller bulb. After a few trals we found roughly what amount of pressure
was necessary in order just to commence thc forcing of mercury into the small bulb.
The mercury forced in was weighed; then the capacity of the small bulb was
determined by weighing its content in mercury. The difference of these weights is
the weight of mercury, which would occupy the same volume as did the air when
compressed. Finally, the onginal volume of the air was found by weighing the
whole apparatus, first empty, then filled with water, and, most important in view of
Amagat’s results, the barometer and thermometer were carefully observed at the
instant when the apparatus had its lower end placed in the vessel of mercury.
Mr Kemp, who made thcse mstruments for me, suggested and carried out the great
improvement of inserting a small triangular pyramid of glass into the choked part
of the bore (as shown in the small sketch). The effect is to break the mercury
(which must be very clean) into exceedingly small drops. In this way the actual
compression of the air was determined with a limit of error, represented at the
utmost by the ratio of the volume of one of the small drops of mercury formed at
the obstruction to the whole capacity of the small bulb. By working simultaneously
with three instruments of this kind, even this very small error could be in great

T 60
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liminated :—and, practically, the pressions were measured far more accurately
than was at all necessary for the purpose in hand. For greater accuracy a larger
apparatus would be required. This, however, was quite unnecessary. And the requisite
limit of accuracy in the experiment rendered it unnecessary to correct for the
alteration of volume of the smaller bulb consequent on the pressure to which it was
subjected.

In my later experiments a long carefully-gauged tube of 15 mm. in bore was
substituted for the small bully This tube was coated internally with an excessively
thin film of metallic silver thrown down by sugar of milk. The process was arrested
the moment the film became visible by reflection. This film is at once dissolved
by the mercury up to the point which it reaches at the greatest pressure, and
leaves a perfectly sharp and nearly opaque edge from which to measure. This device
has proved so very successful that I have now substituted it for the indices in all
the pressure gauges (shortly to be described) which are employed for very accurate
measures, And I am at present engaged in measuring, by comparison of a glass
gauge and an air gauge both fitted in this manner, the compression of various gases
at pressures up to fourfold those applied by Amagat.

Internal Pressure Gauges.

The next step was to find some plan of construction for an instrument which,
having its scale determined once for all by comparison with the air-gauge, should
ever afterwards serve instead of it, thus affording a ready measure of pressure.
Liquids are obviously better fitted for this purpose than solids, if only on account
of thewr absolute homogeneity and their greater compressimhty But, unfortunately,
two liquids must be employed, since a record must be kept:—the apparatus being
surrounded on all sides by 9 inches of iron:—and, as will be seen in Appendix E, all
my trials with two liquids were more or less unsatisfactory The very fact that I was
dealing with thermometers whose bulbs were protected from pressure, at once sug-
gested an unprotected thermometer as something perfectly well suited to the purpose
so long as the glass might be trusted to follow Hooke's law. [I have since found
that the invention of such an instrument, to be used as an élatdrométre, is due to
Parrot! His investigation of the effects of pressure is wholly incorrect, as it takes
no account of distortion; but the device, and the recognition of the fact that its
indications are proportional to the pressure, are wholly his]

These instruments, which, like the thermometers, are fitted with a needle-index

with hairs attached, have only one defect, which is that they act like thermometers
as well as pressure gauges. That defect I managed to remove almost completely by

1 «¢ Expéri de forte jion sur divers corps, par M. Parrot” (Mémoires de U'Académie Impériale
des Bciences de St Petersbourg, 6me Série, tome ii.,, 1888). The pages are headed * Parrot et Lens,” and
it was by mere accident (seeking in the Royal Society’s Catalogue of Scientific Memoire for a reference to
Lenz's thermo-electric writings) that I lit on the paper. I was much surprised at some of the statements
it contains, till I found at the very end & footnote by Lens, in which he disclaims all responsibility for
the writing of the paper, and for the conclusions drawn in it.
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the simple device of enclosing in the bulb a closed glass tube which all but fills it.
The liquid then occupies only a small space between the interior tube of glass and
the exterior tube forming the bulb, and is as ready as ever to give indications of
pressure, while it is not in sufficient volume to be more than slightly disturbed even
by a serious change of temperature.

—__

As will be seen in Appendix A to this paper, it is quite easy, by comparing
two instruments of this kind in which the ratios of the internal to the external
radius of the cylindrical bulb are different, to find by trial through what range its
indications are strictly proportional to the pressure, Thus all the requisites of &
perfect gauge, so far as the experiments required, were met by this simple apparatus.
That I have obtained a sufficient accuracy in the graduation of these instruments
is proved by the close agreement between my results for the volumes of air at
different pressures as measured by means of them, with the volumes corresponding
to these pressures in Amagat’s table. If Boyle’s Law had been even approximately
true for these high pressures, this mode of verification would have been fallacious.
It would, however, be easy to make an independent verification, by sinking some of
these instruments, each thoroughly imbedded in a mass of lard (as a protection from
shocks), to a measured depth in the sea. This idea is worthy of consideration,
especially if the gauge be made to register by means of a silvered tube. The only
probable cause of error in such a case would be the breaking of the mercury column by
a jerk, and to this all other forms are at least equally liable.

Exgternal Pressure Gauge.

But it was necessary not merely to measure accurately the pressure applied, but
also, for the sake of the thermometers, to provide that the pressure should not be
carri®y too far; and for that purpose it was indispensable to have an exterior indicator
of pressure.

This was furnished by a thin cylindrical steel tube enclosed in a cavity bored
in a large block of iron, the interior of the steel tube being full of mercury and
the narrow space between it and the large iron block also full of mercury. This
exterior space was connected with the pressure apparatus. The pressure then throughout
the whole of the space exterior to the steel cylinder was the pressure in the pump.
The steel cylinder was therefore compressed from the outside. In the neck of the
steel cylinder, which was screwed into the surface of the block, there was luted a
vertical glass tube., It was exposed to no pressure, but the mercury in 1t rose, by
the compression of the steel cylinder, and the height to which it rose could be easily

60—2
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measured. Comparative experiments were made several times by putting one of the
glass gauges, whose scale had been carefully ascertained, inside the apparatus, while

this newly-described gauge was also connected with it. In this way the external
gauge was accurately calibrated. But, lest an accident should happen to one of the
gauges, or to its index (as sometimes was the case) no experiment was made without
the presence of at least three gauges, The way in which these worked together
during the whole course of the experiments is the best possible proof of their value
This form of gauge, also, is greatly improved by inscrting a glass tube (closed at
both ends) into the bulb; for the temperature changes produced by pressure in
mercury are greater than those in water at ordinary temperatures.

Results of the Experiments. The true correction for pressure is very small.

Having described the apparatus I proceed to the results. As soon as I applied
pressure to the Challenger thermometers I found I reproduced pretty nearly the
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results obtained by Captain Davis,. I had already seen one proof that at least a
large part of the result was in . by not due directly to pressure. The
experiment with the long thermometer tube showed thiat my theoretical calculations
had been correct. The question thus became:—Is this a pressure effect of any kind;
and, if so, how does it originate? and if it is not a direct pressure effect, to what
i8 it due? There are many ways of answering such questions. One answer was
furnished by one of the thermometers (A 3), whose degrees (especially on the
maximum side) are very short. The whole effect (in deg'rees) on this thermometer
was not very markedly greater for a given pressure than on the others, as it would
certainly have been had the effect been entirely due to pressure directly. Another
is, if it be not a direct pressure effect it must be a heating effect. With Sir
Wyville Thomson's permission I got from Mr Casella, the maker of the Challenger
thermometers, a couple of others of exactly the same form and dimensions, but with
the bulbs plugged after the manner of the gauges already described, so as to diminish
their susceptibility to changes of temperature. When I put one of these into the
pressure apparatus along with one of the Challenger thermometers, I found the effects
on the new form very much smaller than on the old. Thus it was at once proved
that the effect could not be due to wry-neckedness produced by the fitting on of
the protecting bulb; which would have been an effect due to pressure directly: but
that 1t must be an effect due to heat. That is to say, it was now completely
established that the large results obtained by Captain Davis are due in the main to
causes which can produce no effect when the thermometers are let down gradually
into the deep sea; they are due to causes connected with the thermometers, and
perhaps also with the pump, but solely under the circumstances of a laboratory
experiment,

Sources of the large effect obtained in the Press.

Now comes the question (no longer umportant to the Challenger work, but of
great scientific interest), What are these various sources, and how much of the effect
is due to each? First of all we have seen that the water in the press is heated
when pressure 18 applied. Using Sir William Thomson’s formula I found the amount
of that heating should be about 005 F, at 43°F, 0°16 at 50°, and only 0>3 at
59°, for one ton of pressure. [These numbers, as will be seen in Appendix B, are
rather too small. We do not yet kmow to what extent the temperature of the
maximum density point of water 1s lowered by pressure.] These cannot be expected
to be fully shown upder the circumstances of the experiments, and even if they
were fully shown the greatest of them represents only about one-half of the whole
of Captain Davis’ result, there must therefore be some other cause.

I next thought of the heat produced by pumping water into the pressure vessel.
That vessel, as is shown in the cut, is connected to the pump by means of a long
narrow tube of copper, leading to another long narrow tube in the lower end of the
vessel. These tubes were from gth to f;th inch in bore, and nearly three feet in
length. To estimate roughly the heat developed by the pumping, I calculated that
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about 300 strokes of the pump had to be made in getting up & pressure of about
three tons, each stroke through about 2 feet, and with a mean or average pressure
of about 20 lbs. weight. If the whole work done in that way had been expended
in heating the water, the temperature effect would have been about 0°3 F., as it
was due to 12,000 foot lbs. of work done on about 30 lbs. of water. But this is
an overestimate, and besides a very large portion of the heat actually developed is
given to the pump and the connecting tubes, and much of the rest is at once
conducted away by the walls of the massive cylinder, and thus the rise of temperature
due to this cause is exceedingly small.

The direct compression of the thermometer tubes already referred to accounts for
on the average about 025 F. per ton pressure, so that there is still a considerable
part of the whole result to be accounted for. I saw at once that it must be due
in part at least to the glass protecting bulb, and perhaps also in part to the
vulcanite on which the thermometers are mounted. In order to verify the latter
hypothesis I took one of the Challenger thermometers and embedded the bulb of it
(protecting case and all) in a mass of lard. I was sure the lard would act as a
perfectly plastic body under these great pressures, and so could do no harm to the
bulb. The result far more than answered my expectations, because by a pressure of
not more than 3 tons the effect on the lard-covered thermometer was over 5° F.

This showed me at once that we were working in a new sort of world, where
all things had properties very different from those they show under ordinary pressures,
and thercfore I began to think it possible that the vulcanite might have a large
share in the residual effects.

In order to test the pomnt I took one of the Challenger thermometers on which
I had already made numerous concordant experiments, and removed it from its vulcanite
sheath.  After replacing the scale, I performed with 1t exactly the same experiments
as before. The result was unmistakable. The effect of pressure was notably diminished
by the absence of the vulcanite. This is a source of error which may differ greatly
in efficiency in the different thermometers, according to the quality of the vulcamte
and 1t3 exact position relatively to the protected bulb.

The remaining part of the error, due to distortion of the glass protecting bulb,
has given me much more trouble than all the others together. Its amount cannot be
calculated, so far as I know, for it is a case of shear and compression combined,
whereas in the case of vulecanite it was a pure compression. I made some determinations,
however, by opening the protecting bulb, and substituting mercury and other liquids,
and sometimes air alone, for the alcohol which it originally contained. The general
conclusion from such experiments was, that a small amount of the whole observed effect
18 due to the glass protecting bulb.

To make this more certain I surrounded the protecting bulb with a test tube
filled with pounded glass, and I found the heating of this glass by compression, in

spite of the heating of the glass of the protecting bulb, produced a decided increase
in the observed rise of temperature.
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Thus it appears that there are no less than five different causes which contribute
each its share to Captain Davis' result. Of these, one is independent of the others,
and would produce 1ts full effect even if they were not present. The other four give
effects which are not cumulative, and it would be very troublesome to try to assign
to each its exact share of the result when two or more act together. Fortunately, it
will be seen that we do not require to attempt to solve this problem.

(1) First is the direct cffect of the external pressure upon the exposed part of
the thermometer tubes. This, in general, will be found very small, except in tubes
where there are large aneurisms, The whole effect of 3 tons pressure on a Challenger
thermometer without ancurisms, at temperatures near freezing pomt, so far as the
minimum index is concerned, would be only about 3 one thousandths of 30 degrees
or so, that is 90 thousandths or at most 01 of a degree for 3 tons pressure. That
is an amount which, in consequence of the necessary crrors of reading the thermometers,
may be entirely neglected, and, unless there are large aneursms, there will be little
need for pressure corrections even in six miles of sea.

The other parts of the observed effect were

(2) Heating of water. This I observed to follow very nearly, according to Thomson’s
formula, the original temperature of the water. By comparing the pressure effects on
the same thermometers during summer, and during winter (for which latter the late
continued frost was of particular service, and enabled me to work for many days at
the temperature of the maximum density of water), I found the results to vary in
accordance with calculation,

(3) Heat due to friction during pumping. This from its very nature was un-
avoidable unless we could have got an apparatus into which (by enormous pressure)
the plug could have been forced directly. This could not, however, have been done m
my laboratory, even 1if the apparatus had been adapted to such a form of experiment.
But it was very easy to calculate the extreme possible amount of this effect.

(4) The peculiar heating effect due to the vulcamte mounting. I verified this effect
of vulcanite by taking a thermometer which had no vulcanite about it and measuring
the effect produced upon it by a definite pressure, and then putting loosely round the
bulb (in a test-tube, which had itself been previously experimented on) a small quantity
of vulcanite 1n thin plates. I found that so little as 8 grammes of vulcanite round the
protecting bulb raised the effect produced by a pressure of 32 tons weight from 0°3 F.
to 1°1F. The vulcanite was i thin strips about a millimetre and a half in thickness.
The effect of the vulcamte on the Challenger thermometers (in the hydrostatic press)
must, from the mode of their construction and mounting, mn all cases be considerably
greater than this,

Under these circumstances, we mght without farther inquiry fairly attribute the
whole outstanding effects to the massive vulcanite slabs on which these thermometers
are framed. But there still remains

(5) The most difficult question of all, the temperature effect produced by pressure
upon the protecting bulb, which is under different circumstances altogether from the
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vulcanite; for the vulcanite is simply compressed, while the glass sheath is under
pressure on one side and not on another, and is therefore subject to shear as well.
In its interior the glass is extended in a radial and compressed in a tangential
direction. Nobody has yet made any approximation to an answer to the question what
effect in the way of heating or cooling will be produced by deformation which consists
partly of compression and partly of change of form. We know that in indiarubber a
cooling effect is produced by traction, and it may happen that a similar change of form
in glass also produces a reductjon of temperature. This is a question, however, which is
not capable of answer by the help of my present apparatus,—though it will probably be
answered by experiment before theory is able to touch it. The results of my experiments
on the thermometers with plugged bulbs show that, on the whole, a heating effect
results from the combined compression and shear in a bulb exposed to external pressure
only. This has been verified by cutting down a thermometer, an exact counterpart of
the Challenger thermometers but withont aneurisms, taking out the greater part of the
mercury and inserting a second (now a maximum) index in the minimum side of the
tube. When this instrument was stripped of its vulcanite, the effect of pressure at 40° F.
was considerably greater than that due to compression of the tube.

But it doés not require to be taken mnto account so far as the Challenger
thermometers are concerned.

Final Conclusion from the Investigation.

The final conclusion is that only one of these five causes, which are active in
the laboratory expcriment, can affect the Challenger thermometers when let down into
the sca, namely, pressure. There 1s there no heating of water by comprexsmh; there
18 no heating by pumping; there is no heating of vulcanite, because the thermometers
are let down so quickly that the water which surrounds them is rapidly changed,
and thus each little rise of temperature 18 at once donc away with as the thermo-
meter passes through a few additional yards. For the same reason, also, the effect on
the protecting glass, which 1s a heating effect on the whole, is all but done away
with step by step as 1t 13 produced. All these four causes, therefore, which made
Captain Davis’ correction so much too large, are vahd only for experiments in a
laboratory press, and not for experiments in the deep sca. Therefore, as a final
conclusion, I assert that, if the Challenger thermometers had had no aneurisms, the
amount of correction to be applied to the minimum index would have been somewhat
less than 0705 F. for ecvery ton of pressure, ie., for every mile of depth. All the
thermometers which have large aneurisms have had special calculations made for them,
but m no case does the correction to be applied to the minimum index excced 0™14
or about jth of a degrce per mile of depth. [The results of the special calculation
for each thermometer are given in Appendix E. These refer to temperatures about
50° F.; for lower temperatures somewhat less correction is necessary, as the part of
the tube to which the effect 18 due is then a little shorter.]
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Various singular results were met with in the course of the experiments, especially
in connection with the crushing (in some cases) or the explosion (in others) of one
or two of the thermometers. In one of these cases the copper tube surrounding the
instrument was considerably distorted. I learn that the same thing occurred to the
copper sheaths of the thermometers which were crushed n deep water during the
Challenger voyage. The explanation of this occurrence will be found in Appendix D,
to which I refer for the description of other singular phenomena observed durng the

course of the inquury. .

The preliminary experiments connected with this investigation were carried on
mainly by students working in my laboratory, but all the experiments on which the
preceding conclusions were founded were carried on by myself with the very efficient
assistance of Mr R T. Omond and of my assistant Mr Lindsay. I have been singularly
fortunate in having at hand the mechanical skill of Mr Chalmers and the glass-
blowing skill of Mr Kemp. To these able artificers I am indebted for the prompt
and thorough manner in which they have executed the various novel forms of
apparatus required in the course of this protracted investigation.
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APPENDICES.

APPENDIX A.

ON THE ACCURATE MEASUREMENT OF HIGH PRESSURES.
[Mainly from Proceedings of the Royal Society of Edinburgh, 1879—80.]

IN the course of an examination of some of the Challenger deep-sea thermometers, I
have recently had occasion for measurements, accurate to one or two per cent., of pressures
such as five or six tons weight per square inch. The ordinary gauges showed themselves
to be quite untrustworthy, and it was necessary to devise some plan of whose accuracy the
experimenter can feel assured. The following process has proved completely successful, and
is capable of any desired degree of accuracy.

Simple methods based on the compression of gases, such as air or nitrogen, are of the
highest value wherever they can be adopted; for the law of compression of these bodies
is known with great accuracy (at least for one definite temperature) from the measurements
recently made by Amagat, in which the pressures were directly reckoned in terms of a column
of mercury. A simple form of gauge, n which the column of mercury compressing the gas
into a small bulb at the extremty 13 made to break off at a constriction in the connecting
tube, enabling us (by weighing the mercury forced over into the bulb) to measure the
compression very accurately, suffices amply for all pressures up to a ton weight per square
inch, or even farther.

But this instrument becomes rapidly less and less sensitive at higher pressures; so that,
though the law of compression for a considerably extended range is now known, for pressures
above a ton something else is required. Besides, this method 13 very laborious, and there-
fore is not to be employed oftener than 13 absolutely necessary.

Hooke’s Law now comes to our assistance. An instrument resembling a thermometer in
form supplies the next step. Its bulb is all but filled by & glass tube closed at cach end, and
it is thus practically unaffocted by the changes of temperature produced in such experiments.
Over the mercury in the stem is a long column of alcohol in which the index moves, and the
rest of the tube contains alcohol vapour only. The bulb is made cylindrical for several
reasons ; the chief being to secure umiformity of thickness, which 1s practically unattainable (or
at least unverifiable) in a sphere. By properly choosing the thickness of the cylinder in
proportion to its bore, and its volume as compared with that of an inch of the fine tube, the
sensitiveness of this gauge may be made as great or as small as we please. And, by employing
two or more, with bulbs of nearly the same internal dimensions, but differing considerably from
one another in the thickness of the cylindrical walls, a very important advantage is secured.
For, under the same pressure, the maximum amounts of distortion of the glass are greater
in the thinner bulbs, and thus these begin to deviate from Hooke’s Law at pressures under
which the thicker ones are still following it accurately. Thus, by comparison, we can easily
find through what portion of its range each instrument gives effects strictly proportional to
the pressure. The thinnest of these has the unit of its scale determined by comparison with
the nitrogen gauge.
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When this method has to be extended to pressures such as would crush glass, recourse
must be had to steel. A ber of steel instr , in their turn, can have their scale
units determined accurately from one another, each from a thinner one; until we come to
the thinnest, whose unit is exactly found by comparison with one of the thicker of the glass
instruments. We have thus a series of gauges, each of any desired sensitiveness, capable
of reading accurately pressures up to those for which steel at the interior of a thick tube ceases
to follow Hooke's Law.

To illustrate this process, and to show what amount of sensitiveness is to be expected
from an instrument of known dimensions, I append an apPfroximate solution of the problem
of the compression of a cylindrical tube with rounded ends The exact solution would be very
difficult to obtain, and would certainly not repay the trouble of seeking it. I content
myself, therefore, with the ption that all transverse sections arc similarly distorted ; which,
of course, involver their continuing to be transverse sections.

Let ¢ dehote the displacement of a transverse section originally distant z from one end,
and let p be the change of r the original distance of any point of the section from the
axis. Then, as it is obvious that the principal tractions are along a radius, parallel to the
axis, and in a direcnon perpendicular to each of these, we have at once*

i 'etl_ﬂﬂ"ﬂ!l "“ﬂx"’“ﬁ"f‘n —‘="ﬂ1 St + el

1 1 1 1
308 e ok

where e=

Here 716 is the compressibility, and = the rigidity, of the material of the tube.

In addition we have for the equilibrium of an element bounded by coaxal cylinders,
planes through the axis, and planes perpendicular to it,

d
== ar (1) ;

and the approximate assumption above gives %i: constant.

From these five equations ¢, ¢, t;, p, and ¢ are to be found.

2
They show that ¢ is constant, and its value must therefore be —II a,"a —; where II is the
%
pressure, supposed to be wholly external.
With the surface conditions, t,=—1II when r=a,,
= 0 , r=a,

we determine the arbitrary constants, and it is easy to see that
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* Thomson and Tat, Nat. Phil. §§ 682, 683,
61—2
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These quantities express the change per unit of length: (a) tangentially to a ti
of radius »; (b) radially for the same section; and (c) longitudinally for all parts of the tube.
They indicate a strain made up of two parts: a uniform compression of

o _a
% ai-ag

o o a' o
m all directions; and a shear of ltﬂ P

in the plane of a transverse section.

The diminution per unit volume of the interior of the cylinder is

() - a TGl

When II is a ton-weight per square inch, the value of the quantity

1.1
n(5z)
is, according to the best determinations, somewhere about g%y for ordinary specimens of flint
glass, and about, ;oA for steel. This expression is very simple, and enables us at once
to calculate the requisite length of bulb, when 1ts internal and external radii are known,
which shall have any assigned sensitiveness when fitted with a fine tube of a given bore.
To obtain great sensitiveness, increasing the diameter of the bulb is preferable to diminishing
its thickness, as we thus preserve its strength; and we have seen how to avoid the com-
plication of temperature corrections.

It is obvious from the expressions above that the change of unit volume is the same
throughout the whole of the substance of the walls of the tube, having the value
ol
% a‘t_aaa'
But the shear is greater as 7 is less. Its greatest value is therefore at the interior surface,
where it is
I a
1 *5 e
Tt is here that the tube first gives way to pressure, and it does so probably because of
radial extension. For the expression (b) above, is, for glass, numerically per ton of pressure
w1 et 1
a,,’—-a.,,’(SIOO 7 3200/)°
This vanishes, or there is no radial compression, whatever be the external pressure, when

r= Sa, =1'6a,, nearly,

4./2
as stated in the text above. It is worthy of notice that this expression is independent of a,,
and thus that, in all tubes, if the outer radius exceeds the inner at least mn the proportion
of 16 : 1, there is a cylindrical element whose thickness is not diminished by compression,
and its radius is in all cases 16 times that of the inner bore. For all values of » less
than this there is radial extension, and its utmost value is at the inner surface, where for
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T tons pressure it amounts per unit of length to about

T el

5300 a’-a,*”
From some experiments made for the purpose, I find (Proc. R.S.E., 1881) that ordinary lead
glass gives way when the shear is about 1+ .}y (coupled with yisth of compression in all
directions). It is not clear whether it is the shear or the mere radial extension (in this
case =y}y;) under which the glass yields. This question is of importance when we consider
internal pressure. At any rate, it follows that no tube (of this kind of glass), however
thick, can stand more than about 14 tons external pressure. [The calculations here given are,
of course, based on the assumption that glass accurately follows Hooke’s Law until it gives
way. This is certainly not quite exact, but we do not yet know the amount of the
deviation. I hope to approximate to it by the comparison of gauges of different thickness.
But the true eftects cannot largely differ from those based on the assumed generality of
Hooke’s Law.]

‘When the pressure is internal we have
p_ Ilaq 1 o 1) dp _ Ma} (1 a1 d¢ Al'Ia., 1
r a’-a) 3% o dr” a?—ai\3k~ A ‘lri)’ dz” a; —a“’3k’

whence the corresponding conclusions may be drawn. In particular, the increase per unit
volume of the substance of the tube is

0 o

k al—a?’
which, in thick tubes of small bore, is very small compared with the compression produced
by the same pressure applied externally. Also the increase per umt volume of the interior is

lIa,, ( a,‘ l)
d—al\k aln

In very thick tubes of narrow bore this is roughly TL’ the value of which in glass is about

tovy only for one ton pressure. Also, according to the two separate hypotheses above, the
utmost internal pressure which a tube of common lead glass can stand is either 8} or
14 tons. If it breaks by shearing alone, it iy equally resisting to external and internal
pressures, if by mero extension, 1t resists external pressure more than internal in the pro-
portion of about 5 : 3.

‘When the pressure is the same outside and inside the cylinder, we have

p_ I d¢ i

P deT W

and the diminution per umt volume of the interior is, as in Orsted’s experiment,

I
i
The value of this in flint glass is, for one ton pressure, about 9700
When there are, simultancously, pressures II, external and TI, internal, we have
p_ 1 Mya~The! IL-T,  al’al fl§ 1 Wya! - Ma?

3%  a’-af M (at-a) T3 ai-a?
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whence the increase of unit volume of the walls is at every point
1 I,a,’ — Ia)*

Eoaioay
and the shear in the transverse sections
o, -1, a:’aa
o (@-e) P
The increase of volume of the interior is
o
lﬂoa,'-r[,a,'_'_ﬂ. m af .
k a’—a) n  a’—a}’
which agrees with the special results above when II, or II, is made to vanish.

1 ——

For a spherical bulb the equations are reduced to
-, £=‘ﬂ1+("f)tn

d
2rt,= 2 (P4,

and we have for external pressure II

P a) 1 a1l
PRt SO (3/; r‘4n)

As a verification of these formulm, in addition to the simple one described in the text
above, I had an apparatus constructed of ordinary lead glass of the following dimensions:—
Length of cylindrical bulb, 745 mm. Ratio @, : @, =87 : 219. The weight of mercury filling
424 mm. of this bulb was 167 grm. To the bulb was attached a smaller tube of which the
mercury filling 68 mm. weighed 1'43 grm.

2
Hence we have . S BT A
@' —a,
Also the content of the whole bulb in mercury is Z;i 167 grm. = 2934 grm. Hence a pressure
of one ton-weight should force into the narrow tube (%‘;2934 )0'348 grm. of mercury.

gty =) 16mm-55,  Comparing this with the

result of experiment, we had the following remarkably satisfactory numbers:—

This ought to displace the index through (

Tons. Caloulated. Observed.
09 149 146
14 231 21-2
31 513 489

There was no glass tube in the interior of the bulb, so that the slight discrepancies between
the several ratios of calculated to observed effects are mainly due to effects of temperature.
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APPENDIX B.
CALCULATION OF THE EFFECT OF AN ANEURISM,

The above formuls contain all that is necessary for work of this kind. But there is
one special application about which a little farther explanation is necessary.

In calculating, for the general table in Appendix E below, the effect of the aneurism
nearest to the principal bulb, which is the only one of importance, I have taken the
following plan, )

I assumed the section of the aneurism through the axis to be bounded by a simple
harmonic wave curve complete from trough to trough, which agrees very exactly with its
apparent outline as seen through the wall of the tube. Hence, if 2a¢ be the greatest diameter
of the aneurism, 2’ the diameter of the tube, and / the length of the aneurism, its volume is

7 (30 + 2ab + 369

Or, if we write n for the ratio @ : b, tho aneurism adds to the volume of mercury in the
part of the tube containing it an amount equal to that contained in a length

3n?+2n -5
=5 21,

of the unaltered tube.

It has been stated in the text that the diameters of the aneurism and of the bore
appear magnified in the same proportion. Henco it was only necessary to measure them
carefully, 1n terms of any common unit, by means of a small telescope with a t
eyepiece, in order to find the value of n in the above expression

I have not thought it worth while to attempt the complex problem of calculating the
effect of pressure on the aneurism, having simply assumed that the volumes of all parts of
the bore are dimimished in the same proportion, viz. by yggsth for each ton-weight of
pressure This makes all my numbers in the 11th column of the table too small. But the
error is of no consequence excopt for one or two of the instruments, in which the aneurism
appears almost to fill the whole external diameter of the tube; and, even then, it will in
no case affect the first figure of the tabular result. A somewhat greater error (also in
defect) affects the numbers in the 10th column, for I have not taken account of the
aneurisms at the bends of the tube. These are, however, in all cases much smaller than that
first referred to, and the numbers for the maximum index are of no great practical
importance

APPENDIX C
HEATING OF WATER BY COMPRESSION.

In the paper referred to in the text, Sir Wilham Thomson gives for the rise of
temperature of a fluid, the pressure on which is suddenly raised from p to p+w, the general
expression 7’—6 w. Hero ¢t is the absolute temperature of the fluid; e its coefficient of ex-
pansion, and K its average capacity for heat, under constant pressure, between p and p +w.

J is Joule’s equivalent.
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The value of ¢, as given by Kopp’s experiments, is nearly

t-278

72,000’
for tempemt.um within 20°C. of the maximum density point. The mean of the experimental
def tions of Matthi Pierre, and Hagen, makes it about 5 or 6 per cent. greater.

For the Centigrade scale the value of J is 1390 foot-lbs. An atmosphere of pressure
is nearly 2117 lbs. weight per square foot; and K is about 63'45 (the number of pounds
of water in a cubic foot).

.
Hence it follows that, for one additional atmosphere of pressure, the temperature of water
is raised (in degrees Centigrade) by about

t(¢-278)
2,850,000
Now 66°F. is 13°3 C., for which ¢=287-3, and the rise of temperature produced by a ton-
weight per square inch is 014 C. or 0°25 F.

This is the statement in the text.

From the above formula we find the heating effect of one ton pressure on water at
50° F. to be nearly 0™16 F.; and for each degree above or below 50° F. this number must
be increased or diminished by about one-tenth of its amount.

This expression is very easy to recollect, and 1t gives the results with ample accuracy
throughout the whole range of temperatures (40°—60° F.) within which my experiments were
conducted.

It is to be observed that Thomson’s formula is strictly true for small pressures only.
No account has been taken of a possible lowering of the temperature of maximum density,
or of a change of expansibility, under pressure. Nor is 1t known how a considerable increase
of pressure affects the thermal capacity.

APPENDIX D.
THE APPARATUS EMPLOYED.
The plate appended shows in section and in elevation the Fraser gun in which the
thermometers and gauges were exposed to pressure. The following memorandum from the

Royal Gun Factories sufficiently explains the material, mode of construction, and dimensions
of the instrument. The plate is copied from the sketch which accompanied the d

“ Memorandum on the Construction of Testing Cylinder for Sir Wynlle Thomson.

“No. 1. Intertor tube is made of mild steel, similar to that used for inner tubes of
guns, and containing a very small amount of carbon. The tube has been tempered in oil, and
its limits of elasticity when in tension are about 30 tons per square inch. The ultimate
tenacity of the metal 1s about 45 tons per square inch.

“No. 2. The key and plug are made of similar material, and have also been tempered
in oil, and their limits of strength correspond to those of the inner tube.
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“No. 3. The intermediate coils B and B' were made by coiling a bar
of this section round a cast-iron mandril, and then welding this coil into a |
compact hollow cylinder, open at both ends, and the fibre of the iron running
round and round the circumference of the cylinder

“The extertor coll ¢ was made in a similar manner, on a larger mandril from a bar
of this section, and coiled mn the reverse direction to the inner coil.

“The cylinders were then bored and turned

“The steel cylinder 4 was turned ‘01 of gn inch larger than the interior of
the intermediate coils B and B'; the coils were then heated to expand them,
and were put on to the steel cylinder and allowed to cool. When cold, the
exterior of B and B' was turned ‘02 of an inch larger than the interior of the cylinder C,
which was then heated and put on the cylinder B-B'.

6"

"

“The strength of the iron of which the coils are made 15 about 20 tons circumferentially,
and 10 tons mn a longitudinal direction with the cylinder.

“No 4 The mner steel cylinder A was subjected to” hydraulic pressure before the outer
cols were shrunk upon it, of about 2} tons per square inch, i order to test the general sound-
ness of the metal.

“No. 5 The cylinder in 1ts present condition may be worked with safety up to 18
or 20 tons per square inch. Of course the breaking strength, calculated 1n the resistance
of the several parts of the cylinder, is very much greater.

“No 6 The weights of the several parts are as follows:—

Tons cwts. qrs lbs

“Cylinder . 3 1 0 0
Key . . . . . 0 0 3 14
Plug . . 0 o0 1 27
Total 3 2 1 13
«17/2/79 (Signed) € W. YouNGHUSBAND, M Gen'"

The instrument was erccted m a basement room on the north sde of the College, on
a stone slab 18 inches thick, which was supported by a large mass of concrete mmbedded in
the ground below the floor, and 1n no way connected with the building.

A wooden platform, 3 feet 9 in. high, was erected round the instrument to facilitate
access to the chamber from the top. When very high pressures were to be applied, & wooden
screen, lined with sheet-iron, was erccted under the platform as a defence against nuts or
other pieces of metal, in case part of the lower fittings (by far the weakest part of the
whole) should give way. This precaution was taken ) of an id which
had happened with the old pressure apparatus. Although no great pressure had been reached,
a screw was stripped, and the nut projected with considerable violence

The nature of these lower fittings will be scen at once from the woodcut annexed A
block of iron, with lateral attachments for the pump and for the external gauge, was fixed
by three powerful vices to the external flange of the steel core of the pressurechamber
It was pierced by a hole of ;th inch diameter, cxactly mn lhne with the hole i the
steel cylinder above This hole was closed below by a screw-tap, so that by withdrawing
the tap a steel wire could be easily passed into the pressure-chamber in case of obstructions

T. 62



490 THE PRESSURE ERRORS OF THE CHALLENGER THERMOMETERS. [Lx.

in the narrow tube. This hole was intersected at right angles by another bore, communi-
cating at its ends with the lateral attachments. To prevent leakage where the block was

)

pressed against the lower flange of the steel cylinder, we first employed & leather washer.
But for this we afterwards substituted a washer of block tin This was found to work
admirably. Copper washers are employed at smaller junctions. The tubes connecting the
apparatus with the pump and with the external gauge are of copper, half-an-inch in diameter,
and yyth inch in internal bore. The pump has a bore of 025 inch; and the piston, which is
a solid steel rod with a sharp cup-shaped end (hike the large plug) has a stroke of 2:16 inches.
At the usual rate of working of the gas-engine, there are 44 strokes per minute. All these
fittings were executed in Edinburgh after the arrival of the main tube from Woolwich.

The plug was supported by block and tackle from a strong beam fixed in the walls of
the apartment, 5 feet above the upper end of the pressure apparatus,

The key was originally planed true to the slot, but 1t was deemed prudent .to reduce
(very slightly) its depth; lest, under great pressures, it might flex at the plug and become
permanently jammed.

During the winter session, when the temperature conditions were most favourable, I was
in general unable to find time for more than one experiment each day. But the great
capacity of the pressurechamber enabled me to operate on five thermometers at once, three
gauges and ti other apparatus being also introduced. At least one thermometer was
common to every two batches of five thus operated on.

The mode of conducting an experiment was as follows : —

The thermometers, gauges, &c., to be operated on had been left all night, in light
tinned-iron cans, in the pressure-chamber, which was full of water. The cans were lifted
out, full of water, and the thermometers and gauges were then taken out one by one and
read, after the indices had been adjusted by the external magnet. The instr ts having
been restored to the cans, these were at once lowered into the pressure-chamber, which
occasionally required to have a small additional quantity of water put in. This was taken
from a vessel which had been kept standing beside the pressure vessel all night. The plug,
carefully coated with a mixture of tallow and oil, was then let down into the cylnder,
and pressed down by hand as far as possible. Then ome of the working party mounted
(by means of the tackle) on the top of the plug, which was thus gradually forced in by
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his weight, till it just passed the slot. At that instant another of the party opened the
screw-tap below, to allow the escape of water. A third mounted on the platform, and with
a marlin-spike occasionally gave a slight rotation to the plug in its descent; so that when
it was home there should be a clear passage for the large steel key through the slots in
the walls of the tube and in the plug. The moment that tho key was shot in, the screw-tap
below was closed, the external gauge read, and the gas-engine turned on. After a little
practice the observer at the external gauge could give a signal to throw off the engine, so
that the pumping should be stopped exactly when the desired pressure was reached.

The thermometers, &c. were then left under full presfure for about three minutes only ;
during which interval the pressure, when originally three tons, lost at the utmost about
1'5 per cent.—usually, however, not more than about 08 per cent. A pressure of three
tons, when there were no air-gauges in the pressurechamber, was generally reached in six
or seven minut s. After the three minutes’ interval the screw-tap was very slowly opened,
so that the relaxation of pressure usually occupied from one and a half to two minutes.
[When the tap was less slowly opened, the isswing stream of water was at a temperature
many degrees higher than that of the iron 1—an excellent inst of what was said
in the text above about the heat developed by friction in narrow channels.]

I have satisfied myself, by trials both with this large apparatus and with the smaller
one soon to be described, that, for the object I had in view, nothing was to be gained by
prolonging the exposure of the instruments to pressure. A very slight additional compression
might probably have resulted, but it would in all cases have produced much less effect on
the thermometers than that due to changes of temperature in the room towards afternoon,
especially with several persons working for a considerable time round the apparatus  This
was the case when we were working at an initial temperature of 40° F., when water is not
heated by pressure. When we worked at temperatures of 50° F. or upwards, it would have
been vain to oxpect anything from protracted pressure, for the sudden rise of temperature
m the water 18 soon greatly dimimshed by the good conducting power of the steel gun,
and the large capacity of three tons of steel and iron, as compared with that of 25 lbs
of water Thus the mercury in the thermometers falls away from the index,—so that, even
if a farther compression took place under continued pressure, the index would not be
affected by 1t. This cooling explains, to a great extent, the apparent leakage described in
the last paragraph.

After the pressure had been let off, our most formidable difficulty presented itself, viz,
the extraction of the plug with as little as possible of a jerk, and (especially when there
were air-gauges in the instrument) with as little exhaustion of pressure as possible. To do
this with perfect steadiness, and with the requsite slowness imposed by the great length
and very small bore of the lower aperture, a powerful screwjack would have been required.
But, though I have an instrument of the kind, I determined to do as well as I could
without it, as the necessary fittings would have been not only expensive, but exceedingly
cumbersome, and would have greatly extended the time required for cach experiment. The
method adopted was to haul the tackle tight, but not so tight as to start the plug, and
then, by pinching two laps of the chan together, to produce the desired result There was
always about }th or 1th of the air sucked out in this way from our air-gauges, except
when we took the precaution of putting into the chamber before commencing operations
a large inverted vessel full of air. This works well enough in some respects, but 1t is
objectionable for several reasons, especially the heat developed in compressing air. Another

62—2
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mode was to force out the plug by reapplying pressure after the key had been extracted.
This was, of course, a very tedious operation as, even when no air-gauges were in the
apparatus, at least 900 strokes of the pump were required :—for the section of the plug is
16 square inches, and it had to be raised 56 inches, the pump inserting Jyth of a cubic
inch of water at each stroke. Any other mode of meeting this difficulty would have involved
a weakening of the apparatus, which could not be permitted.

The smaller pressure apparatus, already alluded to, is figured in section in the woodcut.
Tts bore is one inch in diameter; and its » when the plug is in, is about nine cubic
inches. A single stroke or two 'of the pump only is required to produce in it a pressure
of three to four tons. The important feature in its construction is the large flange by which
the lower end, with its fittings, is attached. Between the flanges two large leather washers
(carefully sosked in wax) are compressed by means of six powerful screws. Their object is
to enable us to insert a thermo-electric junction in the pressure-chamber, the other junction
of the circuit being outside. In the sketch the covered wires (copper and iron of 23 gauge,
two of each metal) are seen twisted together and extending up the chamber in a corkscrew
form with the junction at the top. This arrangement enables the experimenter to raise the
Junction above the top of the cylinder when he wishes to fit 1t into a mass of any substance
which is to be tested for the heat developed by compression. The wires pass out, each by
itself, and are laid in a serpentine form between the leather washers. A day or two after
it was first set up, this app leaked iderably at the flange, but by tightening the
screws a second time it was made, and stil remains, almost perfectly water-tight even up
to five and six tons pressure.

By means of this apparatus I have measured directly the rise of temperature, produced
by pressure, in a great variety of substances. Some of my results will be found in the
Proc. R.S.E., May 188l. I do not insert them here, but content myself with mentioning
that they fully bear out the results already obtamned with vulcanite and lard by means of
the larger apparatus.

One or two other remarks as to the behaviour of the thermometers under pressure may
conveniently be inserted here, as they serve to explain some of the results obtained during
the expedition.

On the first occasion on which one of the thermometers gave way, we were much
surprised at the loudness and musical quality of the sound produced. The whole mass of
iron and steel vibrated like a bell in q of the (comparatively slight) sudden relaxation
of pressure, On another occasion, just as a pressure of three and a half tons had been

hed, the whole apparatus gave a strong, protracted musical sound, which continued until
the screw-tap was opened. This was probably due to a species of hydraulic-ram behaviour
on the part of one of the valves of the pump. These are little conical pieces of steel, with
the points much elongated, which are ground accurately into conical beds, and fall back into
their places by gravity. It was not observod that this powerful vibration had in the least degree
altered the position of the indices in the thermometers or gauges which were in the pressure-
hamber. Their indi agreed perfectly with those of the preceding and succeeding day.

T made a number of experiments with the view of determining the amount of distortion
at which glass gives way, with the view of finding the limit of strength of a glass tube,
and also the ratio of external to internal diameter to secure it against any assigned lower
pressure.
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The approximate results of these experiments are given in Appendix A, but I allude to
them now 1n consequence of a curious fact obsorved, which gmives the explanation of a singular

occurrence noticed on board the Challenger The walls of the tubes, when they gave way,
were crushed into fine powder, which gave a milky appearance to the water in the compression
apparatus, But the fragments of the ends were larger, and gave much annoyance by
preventing the valves of the apparatus from closing To remedy ths inconvemence, T enclosed
the glass tube n a tube of stout brass, closed at the bottom only, but was surprised to
find that it was crushed almost flat on the first trial. This was evidently due to the fact
that water is compressible, and therefore the relaxation of pressure (produced by the breaking
of the glass tube) takes time to travel from the inside to the outside of the brass tube;
so that for about 5dsgth of a second that tube was cxposed to a pressure of four or five
tons weight per square inch on its outer surface, and no pressure on the inner. The
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impulsive pressure on the bottom of the tube projected it upwards, so that it stuck in the
tallow which fills the hollow of the steel-plug. Even a piece of gun-barrel, which I substituted
for the brass tube, was cracked, and an iron disc, tightly screwed into the bottom of it
to close it, was blown in. I have since used a portion of a thicker gun-barrel, and have
had the end welded in. But I feel sure that an impulsive pressure of ten or twelve tons
weight would seriously damage even this. These remarks seem to be of some interest on
several grounds, for they not only explain the crushing of the open copper cases of those
of the Challenger thermometers which gave way at the bottom of the sea, but they also
give a hint explanatory of the,very remarkable effects of dynamite and other explosives
when fired in the open air. [It is easy to see that, ceteris paribus, the effects of this
impulsive pressure will be greater in a large apparatus than in a small one.]

APPENDIX E.
TABULAR SYNOPSIS OF THE GENERAL RESULTS OF EXPERIMENT AND CALCULATION.

The first four columns of the table give the numbers by which the various thermometers
were distinguished, 1 in my Laboratory, 2 on board the Challenger, 3 by Captain Davis,
4 by the maker Mr Casella.

The series of thermometers A l,.... A 26, though they were used on board the Challenger,
are the private property of Sir Wyville Thomson, and were not uniformly stamped, as were
the Challenger thermometers proper, with their numbers on the copper cases. Hence, when
they were obtained from Captain Tizard, it appeared necessary to put on some distinguishing
mark, and the titles X, LV, 4, &c, were the chance devices on little tablets which were
at once affixed to each of the instruments which had no outward distinguishing mark. I
have since found the means of recognising, without uncertainty, each of the instruments.

The fifth column gives the correction supplied to the Admiralty by Captain Davis for
those thermometers which he tested. The correction 1s, in all cases, for 2500 fathoms With
reference to the numbers in this column, the following extract from a letter addressed to
me by Captain Tizard (of date 11th January, 1881) must be kept well in view.—

“The method employed by Captain Davis, in experimenting on the thermometers, was
to place in the press, with the instruments on trial, one of Phillips’ thermometers, enclosed
i a tube on Sir William Thomson’s principle. He took it for granted that this perfectly
enclosed thermometer would not be affected by pressure, but that any alteration of its index
would be due to the generation of heat in forcing the water into the press. The alteration
of its index, which was always of very small amount, was deducted from the alterations in
the indices of the instruments on trial, and the differcnces assumed to be the errors of the
thermometers at a given pressure. But, as I mentioned to you before, this alteration was
always on the maximum side of the tube, and not the minimum. Consequently 1t appeared
to us to require considerable modification.”

On this it is necessary to remark that the indication of the Phillips’ thermometer (as
is obvious from the text above) is not due to heating of the water in the press alone, but
also to the heating effect of pressure upon the strong protecting tube. Thus I have no
direct means of comparing my results quantitatively with those given by Captain Davis.
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Under the circumstances, I have done what appeared to me best for obtaining a rough
somparison. I have given in column 7 the observed effects of a pressure of three tons
(nearly 2500 fms.) on each thermometer. In column 8 the tempemcurea are given, and in
column 9 the correspondi t hange (by Th ’s formula.—Appendix O, ante).
Column 6 gives the dlﬂ'erences of the numbers in columns 7 and 9; and these differences
may be roughly compared with those of Captain Davis in column 5. There is a general
agreement, but my reduced numbers are, on the whole, rather greater than those of
Oaptain Davis.

This may be ascribed, in part, to the fact that in Capsain Davis’ apparatus (as I under-
stand) the water was pumped in from above, and thus the heat developed by friction did
not affect his results. And it may be due in part to inadequate measurement of pressure,—
a point which was impressed on me from the very commencement of my work. I have
learned from Mr Casella that the pressure gauge employed by Captain Davis has been broken;
so that it is impossible now to verify his scale of pressures. To show how possible is a
serious mistake in this matter, I append a parison of the indications of the very elaborate
gauge attached to the old Challenger apparatus with those of my steel external gauge
already described. The scale of the Challenger gauge is divided to cwts. on the square inch.
My gauge gives very nearly 20 mm. per ton; so that, for a rough comparison, we may take
1 mm. as equivalent to 1 cwt. The two instruments were simultaneously attached to the
pump, and the pressure was therefore the same in both at each reading. There can be no
doubt whatever, from repeated comparisons with glass gauges of all sizes and shapes, that my
gauge follows Hooke's law with great accuracy. The only possibility of serious error is in
the actual value of the unit. This important determination has, however, been very care-
fully repeated by the aid of Amagat’s numbers and the indicati of the silvered gauge
already described ; and the result is as above stated

Steel Gauge Challenger Gauge.
Millimetres, Cwts. per sq. in. Ratio.
0 0
5 0 00
9 12 0-13
15 87 058
20 139 0-69
30 236 078
40 350 087
50 470 094
60 587 0-98
70 7 102

The comparison was repeated several times with almost exactly the same results.

It is quite clear that the Challenger gauge does not follow Hooke’s law. It lags behind
the steel gauge at first (does not give any indication, in fact, till the pressure is nearly
50 atmospheres), then gradually gans on it, and, at pressures greater than 3} tons, appears
to leave it rapidly behind. The instrument 1s, however, graduated up to 4 tons only. My very
first experiments with this Challenger strument, in which I used a simple form of mano-
meter, showed that it was not trustworthy, and led me to make various trials for the purpose
of getting a proper mode of measuring high pressures.
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[Inserted, July 8, 1881 —After recently examining a number of gauges of the Bourdon
pattern, some constructed to read to 600 atmospheres, I again tried the old Challenger gauge.
The result was very remarkable. Four successive trials agreed very closely with each other
in giving

Steel Gauge. Challenger Gauge.
Millimetres. Cwts. per gq. in Ratio
0 0

10 106 1-06
20 20-3 102
30 v 310 1-03
40 428 107
50 541 108
60 657 109
70 787 112

A comparison of these, with the numbers of the former trials, shows that all the readings
are increased by somewhere about 7 cwts This seems to show a definite slip of one of the
bearings, or possibly a new arrangement of the teeth gearing with one another in the two
toothed arcs. But whatever be the cause, the untrustworthiness of the gauge is obvious.]

Columns 10.and 11 give the pure pressure effect on each of the thermometers, as calculated
from the measured dimensions of each instrument and of its principal aneurism by the help of
the formule in Appendices A and B. The numbers given for the maximum side of each instru-
ment are all slightly too small, as I have not allowed for the effects of the (comparatively
trifling) aneurisms at the bends of the tube. Those given for the mimmum sde are the only
ones of real importance; and, in calculating these, all accessible details have been carefully
attended to. One or two of the instruments were entirely smashed, so that no trace of the
main aneurism was left In such a case the correction has a + inserted after it. In the
other broken instr ts the i was still measurable, and the correction has been
udequately determined.

The remaining columns of the tablo give the scale errors of the thermometers at 50° F.
These were determined casually in the course of the work, by comparing with a Kew Standard
the thermometers for trial next day, which were (for this purpose) kept for some hours in a
steady stream of water, These numbers are not given as exact, though they are probably very
near the truth. I have noticed that the scale error, n a thermometer with two hquids in contact,
varien within considerable himits at any one temperature, according as the thermometer has been
raised to that temperature from a lower one, or cooled down to 1t from a higher. I found an
excellent illustration of this 1 some of my glass pressure-gauges, where (for the purpose of
allowing the interior plug to be seen) T at first employed a transpatent hquid n the bulb, with
a short column of mercury in the stem to move the index TIn some of these instruments,
after they had been several times exposed to high pressures, a film of the transparent liquid
entirely surrounded the column of mercury, which could then move pretty freely, even i the
narrow tube, under the action of gravity Of course this mode of construction was at once
given up.

There seems to be no necessity for the printing of the records of the very numerous
experiments which have been made on the various thermometers. In the text above, I have
said enough to show that the true pressure correction to be applied to the deep sea observa-
tions is exceedingly small, and m column 11 of the annexed table it is calculated with all



1 2 8 4 5 [} 17 8 9 10 1 12 13 14

H True Pressure
.. § 5 85 Corrections for Rough
.! B 2 d E a =@ | 3tons at50°F., datermmmon
El g 8 | §' gl g > g_g caloulated from | of scale-error,
= z |4 S 279 2 b E_ the dimensions of | st 50° F , the
s Maker's [© 3 & 88 E 8 35| each instrument, | 1ndices being Remarks
iy Number | § pe Eg and of its puna- | drawn away from
4 - 2 Y
5 a ‘!g‘& 5@ E E |54 palaneurism the mercury
2 4 a P (Negative)
ilé & i< & 8% d
5 =Py 3k T
D | Maximum | Mivhoum | Maximum | Misimu
n T 171117,429 | 13 | 1386 | 21 56 074 | 082 | 031 -06 +07
72 | 72 |72|18120 | 14 0m2 | o028 {“"P""’“’ 14/5/80. Aveurism
7 | 7 ||z | 15|15 |28 | 56 |08 | 080 | 038¢[(+05) | -01 { Mercury elightly broken on
maximum side,
81 BL [81)17011 | 18 | 146 22 | 55 074 070 (038 | -05 +03
83 83 | 84| 18,059 15 [ 148 ] 22 5450 072] 070 | 026 +05 +075
94 04 |94 ) 17715 11|13 21 56 08 057 | 022 02 +01
Al Al 17,705 5 21 525|106 062 025 00 -045
vII A2 17,714 068+ | 018+ Completely smashed, 6/7/80.
A3 A3 17,7118 156 | 24 | 57 084! 088 | 028 | -01 -05
v, Ab 17,707 16 22 525| 06 062 | 021 -015 | -025
X AT | 17,712 15 | 22 54 |07 076 | 038 | -005 | +005
AB A8 17,721 18 {19 52506 05 | 018 +005 | <015
XX AY 17,709 158 ] 24 562083 086 | Q41 +0-1 +01
Vi Al 17,706 128119 53 062| 077 [ 031 00 -025
All A1l é 17,702 13 |21 56 08 070 024 -02 -02
+ a2 oo 16 |23 |54 |07 | 080 |031 | -015 | 1015
B j Exploded after mending,
*Nil A3 O | 17,908 077 | 033 17/7/80  Captain lelni
% reoords it brokeu, 23/3/15.
v |A15|2 1780 061+| 02+ | -04 | +04 | Completely smashed, 9/7/80
4
Al6 |A16 § 17,904 1781 24 | 53 062| 076 | 031 +015 00
’ (Maximum index sticks, and
LI Al17 ; 17,704 062 022 +005 00 1 mercury passes 1t
A18 |ALB |4 | 17479 15 21 525] 06 061 029 -015 | +025
Al) [A19 | 17,914 138 22 565] 082 072 ‘ 029 +015 | -005
i
XL A2 | 17,901 133 | 205| 545|072 | 066 028 +045 | +065
LV. |A22 i 17,009 13 | 21 56 08 069 032 -0l -07
|
I A2 ‘ 17,441 17 25 56 08 076 | 0-36 00 07
A2 A2 17,006 14 22 56 08 076 | 0-32 -02 +01
01 01 23,824 1211818 53 062 057 | 029 +005 | +005
I
02 02 23,326 10| 080 | 16 55 074 | 056 | 018 +01 -03
05 05 23,329 10113 19 525006 | 052 | 021 +025 | 015
06 08 23,330 10 | 128} 19 53 062 | 063 | 028 +005 | +0:25
[Thu 18 1n all respecta hke
*XXIIIL | 87,741 09| 17 555|076 | 044 | 013 +03 +02 the others, except that
| | there are no aneurisms

* Nal and III were handed to me by Mr Muriay , XXIII came direct from Mr Casella The remainder were sent to me by Captain Tizard.
T. 63
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necessary accuracy. I have already said that no fair comparison can be drawn between the
numbers in columns 5 and 6. There is & general resemblance between them, and that is all
that could be expected where the modes of obtaining them were so different.

As regards the numbers in column 7 of the table, the remainder, when the corresponding
number for the maximum index in column 10 is subtracted, ought to be nearly the same for
all the ther if the vulcanite supports and cover were similarly applied to each. The
differences among them are manly due to this cause, and it is somewhat surprising to find that
they are so nearly alike

I have so often mentioned Amagat’s determinations of the volume of air at different
pressures, as the basis of the whole of my measurements, that it is well to give, as I have
done in fig. 3 of the plate, a graphic representation of them. The horizontal axis gives pressure
of air in atmospheres,—the vertical gives the corresponding densities, or (what comes to the
same thing) the pressures calculated from the densities by assuming the truth of Boyle’s law.
It will be seen that the straight line, which would represent densities in terms of the actual
pressures, if Boyle's law were true, lies below the curve at first'—i.e. air is more compressible
at first than Boyle’s law would make it. At about a ton (or rather 140 atmospheres), its
volume is exactly that which Boyle’s law would give, and at higher pressures its com-
pressibility falls farther and farther short of that assigned by the law But the error caused
by assuming Boyle’s law to hold good up to one ton pressure is, at its greatest, only about
1 per cent.; and this occurs considerably under 100 atmospheres. Practically, my gauge unit
was determined at pressures at which Boyle’s law is almost exactly true.

Finally, it may be interesting to mention that a fairly approximate determination of the
compressibility of water was made by counting the number of strokes of the pump required to
produce a measured pressure in the interior of the large apparatus.

END OF VOLUME I
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