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PREFACE.

AnaryricaT Geometry contains confessedly so many
difficulties for the ordinary beginner that any work that
develops the subject in a more gradual and more cx-
planatory manner than existing text-hooks has a good
raison d'étre.  Noticeably is there such a lack in the
treatment of curve tracing, one of the most usceful branches
of elementary mathematics. It is a general experience that
a large proportion of students can make nothing of this
portion of the subject. We believe that their failure is
solely due to the defective treatment given by their text-
books, and in this work we hope to remove the defect.

In the order of treatment we have followed the classical
work of Salmon more closely than usual in that, after short
chapters on the three varieties of conics, we proceed at
once to the general equation of the second degree and the
classification of curves represented by such an equation.
Curve tracing is thus introduced at a compaiatively early
point.  Afterwards, the treatment of the various properties,
tangent, normal, pmmuetric, ete.,, of conics 1s to a great
extent general, 4.e., the methods apply to all curves of the
second degree. Each of these properties is dealt with in a
separate chapter. This manner of division seems to us to
render the subject much easier for students, though it,
like all others, has disadvantages.

As much help as is considered desirable has been given
in the way of 1illustrative examples, numerous * cautions,”
and hints for the solution of the exercises. In connection
with the first we would impress upon the reader the very
great importance we attach to an attempt on the reader’s
part to solve bookwork theorems and the illustrative
examples for himself previous to reading the proofs given,
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In most cases the reader will not succeed, but the hera it
accruing from the attempf cannot, as all experlenced
teachers know, be over-estimated.

The comparative importance of the sections is mdlcated
by the size of the type in which they are printed, while
the most important pieces of bookwork have also their
section numbers -in dark type (thus 78). Many of the
worked and unworked examples are intrinsically valuable.
These are distinguished by enunciations in dark type. The
forinulae that should be committed to memory are indicated
in the same manner,

The scope of this book is that of the London B.A. Exami-
nation, but it will also be found suitable for the following
examinations :—Oxford and Cambridge Higher Certificate ;
Cambridge Senior and Higher Local ; Oxford Senior Local ;
College of Preceptors Diploma; Science and Art.
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COORDINATE GEOMETRY.

PART 1.

THE STRAIGHT LINE,

1. Coordinates.—Plane Coordinate Geometry is an
application of the principles of Algebra to the geometry
of points, lines, and figures in a plane.

As the methods depend on the use of numbers and
algebraic letters to represent lengths of lines, it must be
carefully noted that in all cases some definite unit of
length must be chosen in terms of which all other lengths
ave expressed. Thus, if a foot be chosen for the unit, the
number 5 will represent 5 feet.

To fix the position of a point in a plane, we must have
some points or lines, fixed in the plane, to which its
position is to be referred. The simplest plan is to refer
its position to two fixed straight lines intersecting at right
angles.

Let 0X,0Y (Fig. 1, p. 2) be these two fixed straight lines
intersecting at right angles, P the given point. Let PM be
drawn parallel to OY to meet OX in M. 'T'o get from O to P
we have to travel a certain distance OM along 0X and
another distance MP parallel to OF. As soon as we know
the lengths of OM and MP we can fix the position of P in
the plane,
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These two lengths are called the Cartesian*ires.-
angular coordinates, or more briefly the coordinates
of the point P. OM is called the abscissa, and MP the
the ordinate, of P. The lines 0X, OY are called the
axes, and 0 is called the origin.

1f OM is x units of length, and MP y units of length—
that is to say, if the abscissa of P is  and the ordinate of
Pis g—then P is known as the point (=, ¢). 0Xiscalled

the dxis of x, and 0Y the axis of y.

Y

Q
Vi P

x' M 0 M X

NV

R s

Y
Fig. 1

Even when we know the number of units of length in
OM and MP, the position of P is not completely fixed until
we know whether OM is drawn to the right or to the left
from 0, and whether MP is drawn upwards or downwards
from M.

We express the directions of these lines by the signs of
the coordinates of P, and we adopt the convention which
obtains in Trigonometry—that is to say, OM is reckoned
positive when drawn to the right from 0, negative when
drawn to the left from 0 ; while MP is reckoned positive
when drawn upwards from M, negative when drawn

" The namo © Cartesmn ~ 18 derived from Descartes, the inventor of this
) stem of coordinates,
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dpwnwards from M. In other words, the’abscisse of
points to the right of 0 are reckoned positive, those of points
to the left of 0 negative ; the ordinates of points above 0
are reckoned positive, those of points below 0 negative.

The compartment lying between the lines 0X and OY
in the figure is known as the positive quadrant, because
for all points in this compartment both abscissa and
ordinate are positive.

Oblique axes.—In order to fix the position of a Jiven
point in a plane, it is sometimes convenient to vefer the
position of the point to
“ oblique axes” — that
i8, axes not inclined at
1'ght angles to each
other.

If 0X and OY be such
axes and P the given
point, we again draw )
PM parallel to OY to
meet OX in M  Then v
OM is the abscissa and
MP the ordinate of 0, Tig. 2.
and the same convention
as to sign is maintained as in the case of rectangular axes.
Tt is usual to denote the angle XQY, included between the
positive directions of 0X and 0V, by w, and this angle
may be greater or less than a right angle

2. To find the distance between two points in
terms of their given
coordinates. Y

Rectangular axes.—
Let the given points
be P (z, y,) and
Q (»3 y,). Draw the
ordinates PM and QN.
Through @ draw QR
parallel to 0X to meet
PM or PM produced
in R.
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Then PQ* = QP’-{—RP’. ~ (Eue- 1. 47)
QR =OM—0N = 2,—23 RP = MP—NQ = y,—y,;
PO = (= x) (= y,)° . (1)
Cor. Taking @ at the origin, 2,=0, 4,=0, and
therefore 0P =22+

Oblique axes.—With the same construction as before,
but _remembering that the ordinates are no longer per-
pendicular to 0X, we have

PQ* = QR*+RP'—20QR . RP cos QRP.
As before, QR =a,—a, and RP = y,—y,;
also LQRP = 7 —o.
PO = (2, =, +(4,—y.)' +2 (0, =) (¥, —¥,) €08 w
v . (2)
Cor. OP* = a '+ y,>+ 2uy, cos w.
Note.—When () is not in the positive quadrant either z,, or y,, or
both, will be negative.  The student should verify by drawing
figures that in every case QR = 2,—a; and RP = y, —y; algebr arcally.

Exercises.
(Exercises 1-4, 8 arc for rectangular axes.)

1. Taking an inch as the umt of length, represgut n a figure the
posations of the following points :—
i (0,0); i (0,1); i1 (0, —1), iv.(1,0);v.(—=1,0); vi. (1,1); vii (1,}),

v, (3, 1) ix (§, = 3); x. (=3, = 1) x1. (=1, %) ; xii (~1, =1)

2. P 18 the point (a, b),  the point (—o, —4&), and R the pont
(b, @), O bemng the orgm. Prove that (i) 0 1s the imddle pomnt of
PQ; (ii.) OP = OR and angle XOP = angle ROY.

3. Ashipis8 miles N. and 6 miles E. of a lighthouse ; another ship is
3 miles N. and 6 miles W. of the same lighthouse Find the distance be-
tween thetwoships; alsothe distance of the firstship from thelighthouse.

4. Find the distances of the point (10, —18) from the ponts (3, 6)
and (—¥6, 2). Show that they are equal.

5. Tind the distance between the ponts (4, 3), (1, 2). (w = 60°.)

6. Find the condition that the point (-, ¥) should be on a circle
whose centre is at the origin and whose radius is a.

7. Find the condition that the point (2, ) should lie on a circle
whose centre is at the point (4, ¢) and whose radius is a.

8. Show that (71, 71), (27, 9), (0, 0), (=13, —1), (—64, 16) all lie
on a circle whose centre is the point (—13, 84) and radius 85,
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)

3. To find the coordinhtes of the point which
divides the line joining two given points in a given
ratio.

Let P (x,, v,) and Q (w, y,) be the given points, and let
R be the point dividing PQ in the ratio & : I, so that

PR_k
RQ U

Let the coordinates of R be (z, y) *

(1) For ¢nternal division, .e., when R lies in PQ.

Draw the ordinates PK, QL, RM, and through R draw a
line SRT parallel to 0X to cut PK and QL in § and T.

0 4t M L X
( Fig 4.
Then OM = 0K+KM = 2,+8R ............ (a),
SR _RT . .
and PR R0 (by similar triangles)
= §>Rkﬁ__AR,: = (..9_7_. .
PR+RQ PQ’
. _PRor—=_* (4 _a
o SR—PQST—IC-}-Z(% ),

* Where the coordinates of a point are unknown 1t is usual to denote them by
the plain letters x and y ; accents and suffixes being generally used when the
coordinates are known,
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[
«

whence, using (a), we have
_ e+l

x= Ie41 (3)
Similarly Y= ]ﬁ.?;!%!

Cor. The coordinates of the middle point of PQ are
(wl+wﬂ 91"‘22) .
2’ 2

(2) For evternal division, i.e. when R hes i PQ produced or QP
produced.

It R divide PQ externally in the ratio % : 7, we have gg = —kf

Now QR = —R(Q algebraically ;
PR _ %

-1

Henco to got the coordinates of R we have only to change the sign

of /1n the expressions already found ; hence

= Joxy—1a, = ky.—ly,
@ 7 Y= y7y s (4).

The student should verify this by drawing a new figure.

The above results are equally true for rectangular and
for oblique axes.

Example (.).—To find the coordwnates of the pont dwidwng the lhne
Jowmng (1, —4), (=3, 2) externally wn the ratio 6 : 5.

Using the above formulwe for external section, the coordinates are
6—3—5(1! 6(2)—5(—4 P
( 63-5 ’ 4)6—5( ); e, =23, 32,

Eaample (iL.).—dssunung the result of Euchd VI. 3, prove that the
wnter nal bisectors of the angles of a triangle meet wn a point.

Let A(z, v), B (a3, y3), C (»,, ¥3) be the vertices of the triangle ; let
the lengths of the sides BC, CA, AB be a, b, ¢; and let the bisectors
of the angles 4, B, C cut the opposite sides in 0, E, F.

Then BD :DC =BA:AC =c:b.
Hence the coordinates of D are M—""ﬂ? , by T,
b+e b+e

The coordinates of A are z,, ¥, ; hence the coordinates of the point /
which divides AD in the ratio 6+ ¢ : @ are

az tbratexs  ay +bys+ey;
a+bte '’ a+b+e '
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A

The symmetry of this result shows that we arrive at the same
ﬂaint | by dividing BE in the ratio o+ @ : b or CF mn theratioa + 6 : ¢c.

euco AD, BE, CF all meet in /.

To verify these ratios geo-
metrically remember that / 18
the centre of the in-circle. If
its radius be 7, we have

Al _ AAIB _ AAIC

ID ~ AIDB — AIDC

= AAIB+ pNAIC
ABIC
—Eorkghr _bte
Lar @

[The student should note
tl s example carefully as an
instance of symmetrical work
The proof depends upon find-
ing a point on AD whose coordinates shall be symmetrical in @, &, and
¢, in 2,, z,, and 23, and 1n y;, ¥3, and y,; that 18 to say, upon so

bxy + ca,)
A ( b+c +
k+1
metrical. We first choose 4 equal to &+ ¢ to clear the numerator of
fractions. The coefficient of #, in the numerator being then 4 and that
of 73 beng ¢, wo must clearly choose 7 equal to . 'The numerator 18
now symmetrical, and the denominator, being @ + 4 + ¢, is symmetrical
also. Hence the choice of the ratio 4 + ¢ : @ is no mero guess work ]

kig. b.

choosing 4 and 7 that the expression shall be sym-

Exercises.

9. Find the coordinates of tho point dividing the join of (-7, 4),
(—6, —5) internally in the ratio 7 : 5.

10. Find the coordinates of the point dividing the join of (6, 3),
(=17, 2) externally in the ratio 1 : 5.

11. Find the ratio in which the join of points (6, 4,), (=1, =7)
is divided by the axis of z.
[Here wo have to find the ratio & : 7 s that the y given by the formulu s zero.]

12. The line joining (2, ¥,) and (z,, ¥,) is divided into 7 equal
parts : write down the coordinates of the 7-th point of section from
the point (2, ¥,).

13. If D, E, F are the middle points of the sides BC, CA, AB of a
triangle, and if the coordinates of ABC are (2, 1), (¥2 ¥2), (3 ¥3)s
show that AD, BE, CF meet in a point G whose coordinates are

DAty Y1 +Yytys,

3
(4 is, of course, the centre of gravity of the triangle.)
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4. To fihd the area of a triangle in terms of the
coordinates of its vertices.

Rectangular axes.—Let the coordinates of the vertices
AB, Cbe (@, y) g
(m?’ :'/2)7 '('TS’ y‘)' Dra}w ‘A'
the ordinates AK, BL,
CM  Then
A ABC = trap™. BK

—trap™. BM
—trap™. CK.

Now trap™ BK -

= ABLK+ ABAK o

=3LK(LB+KA) LT MC K

=3 (0—ay) (Y1 +7). Fig. 6

Reducing the other areas in this manner, we have
AABC =3 {x, y, =,y +ay yy=— a9+ 5y, — >, 93§ (B).

Here we have taken the vertices round the triangle in the counter-

clockwise order. If we take them in clockwise order, we must change
the sign of the right-hand member of equation (5) to get the area.

Cororrary. The area of the triangle ABO = L{x1y/s~a.),
the vertices A4, B, 0 being taken in the counterclockwise order Hence
the interpretation of (5) is that A ABC = A 0AB— A 0CB+ A OCA.

7 Oblique axres—Use the same construction. The ordin-
ates are no longer perpendicular to 0X ; so that
A BLK = LBL x perp. from K to BL = 3BL . LK sin w,
and similarly for the other areas. Then the only differ-
ence 18 in the introduction of the factor sinw in the
areas throughout. Hence
AABC =% {wxyz—a"ﬂ/l +x, Y=y, 4y, —xy, ) sine
......... ,
the vertices being taken in the counterclockwise order
as before. KEquation (5) should certainly be remembered.

Example.—1If the coordinates of the vertices 4, B, C, D of a quadri-
lateral taken in the counterclockwise order are (), y,), (%3, ¥3),
(%ay ¥3), (74 v4) show that its area is

${ Ya—T3y + 2 Ys— Ty Ug+ By Ya— Ly Ya+ 21— 2193},
with the addition of the factor sin w if the axes are oblique. (For
the area is the sum of the areas of the triangles ABC and CB8D.)

X

—x
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I!xerci'ses.

14. Tind the areas of the triancles formed by the following
points : — (@) (3, 0), (=2, 1), (—1, =2). (5) (0,0); (4, 8), (—b, a).
(o) (o m), (0, 1), (»p+g¢, n).

15. Find the area of the quadrilateral whose vertices are the
pownts (3, 5v/3), (—3+/3, 3), (%, —3+3), Gv3. —3).

16. The vertices of a polygon of n sides, taken in order are the
points (), #,), (22, ¥2), (€3, Ys)y eeey (#ny yn). Show that its avea is
%(xl?h +2Y3+ A XTu Y+ xn?/)) "'% (1/11'2 +Yar3+ ... +3/n-lxn+?/u-""l)

5. Polar coordinates.—There is another convenient
system of coordinates by which we can fix the position of
a point 1n a plane Take a
fixad pomnt 0 and a fixed
straight line 0X through 0.

The position of any point
P is known when we know
the length of OP (usually
denoted by » and called the
radius vector) andtheangle
which OP makes with 0X
(usnally denoted by 6 and
called the vectorial angle).
These arc called the polar
coordinates of P. The p"
pomt 0 1s called the’ pole, g 7.
and the line 0X is called the
initial line. The angle 6 is measured, as 1n trigonometry,
in the counterclockwise direction from 0X.

If we turn OP through any number of complete revolu-
tions, we do not alter the position of P.

A negative sign for » would mean a distance measured
in the opposite direction to OP, the bounding line of the
vectorial angle. Hence, if we turn the revolving line
through any odd number of half-revolutions, and at the
same time change the sign of », we do mnot alter the
position of P.

Hence the coordinates of P(r,0) in their most general
form may be written 7,6 £ 2nr or —»,0 £ (2n+1)m.
Tt is usual to choose r positive and 6 between 0 and 2.
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6. To thange from Cartesian to polar coordinutes
and vice versa. .

Rectanqular ares — The ex-
pressions are obvious from an L4 P
inspection of the accompanying
figure.

Clearly

@ =17 cosb
......... 7
y=17rs8inl ™
r=EtVa't+y’
o (8).
f=tan'Y (8)
x

The sign of # is not really ambiguous,
for 6 is given in the form nr+a, as
soon a8 we have chosen any particular
value for 6, tho sign of » follows from Fig. 8.
equations (7).

Obliqgue awes.—In the accompanying figure OP = 7,
LXOP =286, { XMP = v, /. OPM = w—6.

o= rsin(w-—ﬂ)]

.Sinw . (9), /P’
__rsgind j
Y=—-
sin o
r=tv/+y'+2xycosw //
6 = tan-! ¥ 8in w /0 ] X
x4y cosw /
......... (10). Fig. 9. \J

7. To find the distance between two points in terms
of their polar coordinates.

Let P (n,, 6;) and Q (r,, 6,) be the points. Join PQ.
Then  P@* = 0P+ 0Q*—20P.0Q cos POQ.
PQ* = '+ 2,'~2r 2, cos (H,—0))......... (11).

Exercise
17. Deduce this formula from the rectangular Cartesian formula,
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8. To find the area of a triangle in terms ot the polar
coordinates of its vertices. O

Let’ P (’rl’ l)a 0 (7‘2, ﬁ)v
R (7, 6,) be the vertices
taken in the counterclockwise

order, and let the point R lie P

within the triangle POQ. R

APQR ’ ’
= APOQ—AROQ—APOQ, o P-4
APOQ = 5 0P.0Q sin POQ Fig. 10.

= I, sin (6,—6,).
Keducing the other areas in like manner, we have
APOQ = §{»r,sin (6,—6,) 4+, sin (6,—6,)
+rg, 8in (6,—6,) }...(12).

The student should satisfy himself of the accuracy of
this formula by drawing the various figures that may
arise.

Exercises.

18. Represent in a figure, and find the rectangular coordinates of,
the points whose polar coordinates are
5
@2 25 0 =v2, T (@ Ve =T,

19. Find the polar coordinates of the points whose Cartesian co-
ordinates are
(@) =2, =2, (8) V3, —=3; () =5, 0.

20. Find the distances between
(a) (1%, =) and (2 V3, im), (D) (2472, #57) and (2, 3#).
21. Find the areas of the triangles formed by
(a) (1, 3m), (1, §), (V2,8m);5 (B) (3, &m), (2, &m), (1, &m).
22. Deduce formula (12) from the rectangular Cartesian formula.

23. If (ry, 0y), (#3, 60.), (74, 0,), {74, 6,) be the polar coordinates of the
vertices 4, B, C, D of a quadrilateral taken in order counterclockwise,
show that its area 18

3{r1rq 6in (0;—0)) +ryrysin (63— 0,) + v sin (0, 6y) + 747, sin (6, —6,}.
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§

9, Loci and equations.

A locus is the path of a point which moves according
to some fixed rule.

For instance, the locus of a point which moves so as
always to be at a fixed distance from a given point is a
circle. 'When a point is not restricted to oune particular
position, but moves along a line, its coordinates are said
to Ibe current.

f a point moves according to some fixed rule, its
coordinates will always satisfy some corresponding al-
gebraical relation. Thus, if the point moves so as always
to be at a distance @« from the origin 0, its rectangular
Cartesian coordinates will always satisfy the equation

@'+y'=d. (§2)

Corresponding, thevefore, to the curve* traced by a
point moving according to any fixed rule we have an
mvariable algebraical relation satisfied by the coordinates
of every point on the curve, and called the equation of
the curve; and, conversely, corresponding to every al-
gebraical equation connecting the coordinates of a moving
point we have a curve on which the point must lie so
long as its coordinates satisfy the given equation, and
called the locus of the equation.

Thus in the example given above the equation of the circle whose
centre is 0 and radius ¢ is 22+ »2? = a2, and the locus of the equation
a? 4+ 9% = a? 18 a circle whose centre is 0 and radius a.

‘We have considered rectangular Cartesian coordinates
for simplicity, but obviously a curve will also have its
equation in oblique Cartesian and in polar coordinates.
With this mtroduction the following definitions should
be clear :—

The equation of a curve is the algebraical relation
which is satisfied by the coordinates of every point on the
curve.

Couversely, the locus of an equation is the curve the
coordinates of every point on which satisfy that equation.
The curve must contain all the points satisfying this

* The student m st accustom himself to the use of the word ‘“curve” to
denote any hne, or set of hines (straight o1 curved), obeying some fixed rule,
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conditicn ; so that no point off the curve satisfibs the con-
dition. )

The coordinates of the point or points of intersection
of two curves whose equations are given must satisfy
both equations, since any point of intersection is on both
curves. Hence the coordindtes required are found by
solving simultaneously the two equations for x and y or
7 and 6, as the ¢ase may be.

The above definitions and introductory paragrajhs
are of prime importance, and must be thoroughly mas-
tered before proceeding further.

To obtain an idea of the locus of a given equation, we
can take a succession of given values for , and solve the
eq-ation for the corresponding values of y. We thus
obtain a number of different points on the locus, which
we can plot on a diagram (preferably with the aid of
paper ruled in squares). This will serve as a guide to
the locus.

Frample.—Trace the locus z—y = 0.

By the above method we find that the points (0, 0), (1, 1), (2, 2),
(=1, —1), (=2, —2) arc on the locus  These pomts suggest the
bisector of the angle XOY. We have yet to prove that the co-
ordinates of every point on this bisector satisfy the given equation.
This, however, is obvious from Euclid I. 6, hence the bisector 1s the
locus required.,

Exercises.

24, Show that the equations of the axes of 2 and y respectively
wre y = 0 and z = 0.

25. Show that the locus of the equation # = « is a circle, and the
locus of the equation 0 = a 18 a straight line.

26. Show that the lines whose equations are #—y = 5anda+y =7
intersect in the pomt (6, 1).

27. Find the locus of a point, haviug given that the sum of the
squares of its distances from the axes 13 equal to 2.

28 Find the locus of a point the squuare of whose distance from
the point (0, 1) is equal to unity.

29. Find the equation of the locus of which every ordinate is
greater than the corresponding abscissa by a given distance.

30. Trace the locus of each of the following equations :—
(@) 20—y =0. (8) a2+y2 =16. (o) y% =422 (@) 42 = 4.
(e) a?=y. ) wy =0, (9)3z+2y =6.  (B) a?=ay.
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10. To tind the equation of a straight line,

(A) Parallel to an axig.—The equation of a straight
line parallel to axis of @ is y = b, where b is the ordinate
of any point on the line. Similarly 2 = a is the equation
of a straight line parallel to the axis of y, where a is the
abscissa of any point on the line.

(B) Given the direction of the straight line and
tha coordinates of one point on it.

Rectangular axes.—Let () (x, 1y,) be the given point,
and let the straight line make an angle 6 (measured
counterclockwise), with ’
the axis of =  Let
P (z, y) be any point
on the straight line.
Draw the ordinates
QN, PM, and drvaw QR
parallel to 0X to cut
PM or PM produced
in R.

The geometrical con-
dition satisfied by P is

RP = QR tané. Fig. 11.
The algebraical expression of this is
v—y, = (x—uax,) tan 6}

=2 _ Y=
cos 0 gin 0
which is therefore the equation required. This equation
is usnally written in the form
y—y =m(@x=—=x) ...........(14),
in which case the inclination 6 is tan™' m.
If the straight line cuts the axis of y at a height b
above the origin, we can take @ at the point (0, b), and

or

the equation is Y=mMr+D ......oovvvvniennnnn. (15).
And, if the straight line passes through the origin, its
equation is Y=ME oo o coviiienirininnnns (16).

Cor. The coordinates of P are
x,+2cos 6, y,+rsind.
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Ohlique axes.—With the same construction, we have

Y

2PQR =0,
LQPR = 2£Y0X — 2PQR
= w—_0.
PR _  sinf® |
QR ~ sin (v—6)’
so that we have the equa-

tions (13-16) as before,
except that m is now ¢

—.ﬂll—, whence it can / ¢
sin (w—6) Fig. 12,
be shown that the inclination

% = _’)Lgn_“’_ o rveererenes .
an 14+ mcosw an

Example.—The axes beurg wnclined at 45°, find the angle the hne
¥ = 1 (V6 + ~/2) 2 makes with the axis of .

Here w=45° and m = (V6 + +v2);
. tang = msinw 1”7/—22 m__
1+ m cos w 14 m+ V2
. V2
L (V/6+ +/2) Ve+ /2 1
Thus  tan@ — -—A&% = =,
L(VE6+V2)+ 42  V6+3V2 /3
4 = 20°

(C) Given the coordinates of two points on the
straight line.

Let- @, (2, ¥,) and
Q, (x5, ;) be the points,
and let, P (z,3¥be any
point.en the line.

Draw the ordinates
QN, QN, PM, and
draw gﬁél “barallel to
0X to cut PM in R and
o’” 3 in 80

OOORD GEOM.
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The geometrical condition satisfied by P is
0F _ RP.
0 80.
The algebraical expression of this is
= Y=Y i, (18),
Ly=a,  Y,— I
which is the equation required, and holds equally good for
rectangular and for oblique axes.
Eaxample.— Find the equation of the hine jounng (=3, 7), (1, —234).
The cquation required is

y=1 _2=(=3) . y=T _z+3
T A A
. , on reduction, 192+ 8y+1 = 0.

(D) Given the lengths of the intercepts on the
axes.

This is a particular case of (C), but it is better to give
an independent proof.

Rectangular aves,—Let V4
the intercepts on the axes
of  and y be 04 (= «) \
and 0B (=b).Let P (z,y) B

be any point on the line.
The geometrical con-

dition satisfied by P is P
AOBP+ AOAP b
= AOAB.
The algebraical ex-
pression of this is . /
3be+ tay = abd . ~ ]
or 0

M @ A\ =
A/ f
—+X=1 (19).

Fig. 14. _
This equation holds equally good for oblique axes, the only, dif-
ference in the proof being that the factor sin w occurs throug in

the expressions for the areas and therefore cancels out finally, ** 5" w
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(E) Perpendicular form—given the length (p) of
the perpendicular from the origin on the straight
line, and the angle (a) made by this perpendicular
with the axis of .

[ 18 measured 1n the counterclockwise direction.]

Note that, as already explained in polar coordinates, the perpend-
icular p is necessarily positive ; for, if it were negative, a would be
the angle made with the axis of by the direction of the perpendicrlar
reversed (that is, produced backwards through the origin) and not by
the perpendicular 1tself.

\Y
B
P
Q’D
T
U™
5 '\‘ // 2 ¥
M
TN
\Fig. 15.

Rectangular axes.—-Let the straight line cut 0X and 0Y
in 4 and B.

Let OT be the perpendicular from the origin on the
straight line.

Then OT =p, LXOT = a.

Let P (x, y) be any point on the line.

Draw the ordinate PM, and draw ML perpendicular to
OT and MU perpendicular to AB.

Then OT = 0L+ MU = OM cos AOT+MP sin MPU.

Now LMPU = LOBT =90°— £LBOT= LAOT.

Therefore the algebraical equivalent is

xeosatysina=p ...... ... (20).
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Oblique ares.—With the same construction we have, as
hefore, OT = OM cos AOT +MP cos BOT,
and the algebraical expression of this is
xcosaty cos (W—a)=P ........ (21).

(F') The polar equation of a straight line (general
form).

Let OT be the perpendicular
from the pole on the straight
line, and let the polar coordin-
ates of T, as before, be (p, a).
Let P (r, 6) be any point on the

straight Ime. A~
The geometrical condition é’
satisfied by P is 0 ' A\ X
OP cos TOP =0T : Fig. 16.
Now LTOP = £ AOP— 1 AOT = 6—u.
Therefore the algebraical expression of this 1s
7 cos (6—a) =p...... Cerereieraes (22).

Exercises.

31. Prove cquation (18) by using the fact that the area of the
APQ,Q; v zero af P hies on the straight hine @,0,

32 Deduce the Cartesian form (20) from the polar form (22) and
viee versu

(G) Polar equation of a straight line passing
through two given points.

Let A (1, 8,) and B (7, 0,) be the given points, P (1,6)
any pomt on AB.

The geometrical condition satisfied by P is that the
area of the triangle ABP is zero. Hence (§8) the equa-
tion of the straight line is

»», 8in (8,—0,) +» sin (0—0,)+r», sin (6,—0) =0
o : sin (6,—0,) + -’1— sin (6 -6,) + ,l sin (6,—0) = 0
l T (23).
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Exercises.

33. Find the lines through the point (0, 2) making angles 4= and
2x with the axis of #. Also the lines parallel to them cutting the
axis of y at a distance 2 below the origin. Find also their points of
intersection with the axis of «.

34. What are the inclinations to the axis of  of the lines

y=1%4rv3+3 and y = v3.,+37
Show that the line y =« + 3 bisects the angle between them.

35. Show that (-1, 38), (3, 2), (11, 0) lie in a straight line. .

36. If any ordinate parallel to OV cut the straight lines y = mz and
y = mx+ b, the portion intercepted on it is of constant length.

37. Find the equations of the tangents to a circle, whose centre is
the origin and radius +/2, at the twou extremities of a diameter
making an angle 45° with the axis of 2.

32. Iind the equation of the straight line bisecting the line join-
ing the points (5, 3) and (4, 4), and making an angle of 45° with the
axas of ». . -

39. The vertices of a triangle are tho points (0, 0), (2, 4), and
(—6, 4) Tind the equations of 1ts sides.

40. Find the equation of a straight line passing through the pomnt
2, 2), such that the sum of 1ts intercepts on the axws = 9.

41. Find the equation of the line thiough the point @ (2, 3)
making an angle of 45° with the axis of 2, and deternune the length
mtercepted on it between the pomnt @ and the ine v+ y+1 = 0.

42 Find the ratio in which the join of the points (6, 4), (=1, —7)
is divided by the line y + 42 = 0.

43, If w = 45°, show that the linc ¥ = » makes an angle 221° with
the axis 0X ; and, in general, show, by mecans of the formula, that
the line y = 2 makes an angle fw with 0X.

44. If tan w = £ (w being < 1), find the angle that the liney = 5»
makes with 0X.

11. General form of the equation of the straight
line referred to Cartesian coordinates.

All the forms in which we have found the equation
of the straight line referred to Cartesian coordinates are
of the first degree in @ and y. The most general form of
any equation of the first degree in @ and y is

Az+ By+C =0.
This equation, though apparently involving three con-
stants, 4, B, and C, in reality only involves two—namely,
the ratios A/C and B/C.
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12. To'prove that the general equation of the Lrst
degree in x and ¥ represents a straight line.

Let @, (2, ») and
Q, (z;, y;) be the two Y
selected points, P (w, y5)
the third point on the
locus Az+By+C =0.

Draw the ordinates Q,N,,
oW, PM, and draw QRS‘
parallel to 0X to cut 'PM
in R and Q,N,in 8. Then,
since the coordinates of
the three points satisfy /¢
the equation of the locus,

we have
Az, +By,+C=0...cccciiiiiiinnnnn (1),
Az, + By, +C =0 .ciiiiiiiiiininnn, (2),
Aey+ By, +C =0 ...covvviiiinnnn.n. 3)-

From (1) and (2), A (2,—x,)+B(y,—y,) =0.
From (1) and (8), 4 (¥s—a)+DB(y;—y,) =0.

Hence B=%_¥"W, thatis, 0.R _ RP .
Ta—=& Y~ 0.8 80,
Hence P lies on the line joining (,0,, and the theorem
is proved.

Alternative Proof.—The general equation of the first
degree may be written y = —Az/B—C/B, which is of the
form y =ma+b. Now we have found that this last
equation is satisfied by the coordinates of every point on
a certain straight line which cuts the axis of y at a
distance b from the origin and is inclined at an angle
tan-'m (for rectangular axes) or tan™'m sin w/(14 m cos w)
(for oblique axes) to the axis of 2. /

Further, the equation is satisfied by the coordinates of
no other points. For let 2,7, be the coordinates of a
point @ above the line referred to, and let 3; be the
ordinate of the point P on this line whose abcissa is
the same as that of @, viz. a,.
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Then y{ = ma, +b, since (,,y) is on the line
But y; >y, since { is above P.
1y, > may+b.
Similarly, if @ be below the line in question,
1y, <ma,+Dd.
Hence the equation y = ma+b is satisfied hy the co-
ordinate of every point on a certain straight line, but of
no other point; hence it is the equation of a straight liye.

13. Tt follows from the reasoning of the last paragraph
that the points (), y,) and (w, v,) are on the same or on
opposite sides of the straight line y = ma+b according
as the expressions (y,—max;—b) and (y,—ma,—b) have
like or unlike signs; and, since the general equation
Az + By +C = 0 isonly the equation y = ma + b multiplied
throughout by a constant and transformed, it also follows
that the points (x, y,) and (x, y,) are on the same or
on opposite sides of the straight line Axz+By+C =0
according as the expressions

Az, + By, +C and Aw,+ DBy, + C
(that is, the respective vesults of substituting the .co-

ordinates z,, ¥, and 2y, 7,, in the left hand member of the
equation of the straight line) have like or unlike signs

14. The equation Ax+By+C =0 may be written in
the forms

A C @ Y
= —r— - —_ =1,
Y Bx: B and T_‘Q+ my
A B

from which, by comparison with the forms y =ma +b and
x/a+y/b =1, we see that the inclination of the straight
line given by the general equation to the axis of 2 i¢
tan~!(—4/B) if the axes are rectangular and
tan -} (_—A 8in )
B—A cosw

if the axes are oblique; and that the intercepts on the
axes of ¢ and v resvectively are —(C/4 and —(/B.
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15. Theereduction of thé equation Ax+By+( =C to
the * perpendicular ” form acosa+ysina=p (the axes
being rectangular) require’ a little move care. Since the
sum of the squares of the coeflicients of » and y in the
reduced equation has to be unity, we must reduce by

dividing by v/ A'+B. The equation then takes the form

-Ad__. 2 L _ ...
Vit p  JEt B VA +B
Reémembering that p is mecessarily positive [§ 10 (E)],
we see that equation (1) is the correct reduced form when
O is positive, and equation (1) with the signs changed all
through is the correct reduced form when C is negatlve

y =

The perpendicular from the origin is —==—=--

veoeke

¢ ) . o,
—==—=== according as C is positive or negative,

For obligueaxes, comparing the equation Aw+ By+C=0
with @ cos a+ycos (w—a) = p, we have
—pA/C = cos a,
—pB/C = cos (w—a) = cos w cos a+sin w sin a.
—pB/C+pA cos 0/C = sinwsina
and —pAsinw/C = sin wcos a.
Squaring and adding,

t {(A cos w—A)+ A¥sin’ 0} =sinw,

(' sin w B
VA4 B'—24Bcosw

and the reduced form of the equation is

Soop=

A sin w Bsinw .

T V@ +B24Bcosw) . V(A + B —24B cos w) ’
— Osinw @)
A/ (A*+ B*—24Bcosw) " V7

if 0 is positive, and the same equation with all the signs
changed if C ic negative.
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26. To find the perpendicular distance of the point
(', ¢’) from the straight lines « cos a4y sina = p, the
axes being rectangular.

Let AB be the straight i
line, P the point («,y"), / \B
d the required length of =~
the perpendicular NP, P~ \
being assumed to lie on , g
the opposite side of 4B ™~ . ‘
from 0. (N ! 7

Draw A’PB’ parallel to ~ -
AB through P, and draw wx
the common perpendicu- '
lav OTT' from O on AB S ) _x
and A’B’. 9 n AN 74N\

Then QT = p,and angle Fig. 18, -
XOT = « [§10 (K)]. The
perpendicular from 0 on A’B’ is of length OT’, and makes
an angle « with 0X; hence the equation of A'B’ is

zcosa+ysina = 0T = p+d. [§10 (¥)]

The coordinates (a’, ') of P satisfy the equation of
A'B; » a'cosa+y'sina =p+d-

s d=x'cosa+y'sina—p ..... e (24) 3
so that the length of the perpendicular is the result of
substituting the coordinates of P in the expression
@ cos a+ysin a—p.

To verify geometrically, draw PM the ordinate of P,
and MU perpendicular to 0T, and note that equation (24),
interpreted geometrically, becomes VP = OU+UT' —O0T.

Exercises.

45. Find whether the points (1, 1) and (2, 2) lic on the same or on
opposite sides of the line #—3y+5 = 0 :

46 Show that the origin and the three points (1, 1), (0, 3), (3, —3)
are in the four different compartments made by the lines

3242y =1 and H2+3y=2.

47. Reduce (¢ the equation 3z+4y—10 = 0 to the perpendicular
form, the axes being rectangular, (4) the equation 2+ y+4 = 0 to the
perpendicular form, the axes including an angle of 60°.

48 Prove that, for obligue axes, the length of the per-
pendicular from (o', %/’) on o cosa+ ¥ cos (w—ap= 7 ig
’ a cosa+ Y cos(w—a)— ).

7
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17. By reducing the genéral equation Az+By+C:=0
to the perpendicular form, we see that (without regard
to sign) the length of the "perpendicular from (a/,y") on
Aa+By+C=0is

“Jm ............ (25)
for rectangular axes, and
Ax'+By' +C 26
V¥ FP—3AiBcoss) 0¥ (26)

for oblique axes.

18. Bign of the expression for the perpendicular.

So fur we have dealt with the length of the per-
pendicular. We must now consider its sign. It is
evident that this cannot be found by the mere sub-
stitution of the coordinates 2’,7’ in the expression
Axz+ By + C, since the general equation may be equally
well written in either of the forms Az+By+C =0 or
—Ax —By—C = 0. It being therefore impossible to assign
any absolute sign to the perpendicular, we fix its direction
by finding on which side of the given straight line the
point (2’,%’) lies. The simplest plan is to find whether
(«’, y’) lies on the same side as the origin or on the opposite
side, and this is done by substituting in turn the co-
ordinates of (2',%’) and the origin in the expression
Ax+ By+ 0, and observing whether the results have like
or unlike signs (§13).

Example.—Find the perpendiculay distance of the point (a, b) from the
hne zla+y/b = 1, the axes beng rectangular.

The required distance is

[ b
LA A |
d- b __2-1 _
1 1 a?+ B2
Vatr Vi
- ab
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49. To find the angle botween two straight lines
whose equations are given.

Rectangular axes.—Let y = mx+b, and y = mu2+b, be
the equations of the straight lines, 8, and 6, their in-
clinations to the axis of z, ¢ the angle between them.

Then ¢ =6,—0, tanb, =m, tanb,=m,;

) _ tan 6, <tané,
< tang = 1+tan 6, tand,’
M, —m,
14mm,
[Note that, if we reverse the order of the lines, we get for tane

the same value with the opposite sign; that is, the tangent of the
supplement of ¢ ]

Oblique axes.—Here

tan ¢ = creeeennee. (27).

tan 6, = _msinw , tanf, = - 'r)_lﬂ.,_ﬁillwuz .,
1+m cosw 14+ m,cosw
whence
tan ¢ = (m—my)sine (28).
14 (m,+m,) cos w4 m,
Exercise.

49. By reducing the general equation of the straight line to the
‘“ tangent *’ form y = ma + b, show that the angle between the straight
lines whose equations are 4, + Byy+ €, = 0 and Ao + Boy + €, = 018

tan 1 A Bi=ABy o oy (A Bi—d\Bysine
A,Ay+ BB, A\ Ao— (A By+ Ay3B)) cosw+ BB,
according as the axes are rectangular or obhque. ___

The student is advised not to commit this last result to
memory. In working numerical examples in practice, it
is best to reduce first to the * tangent” form, and then
apply formula (27) or formula (28), as the case may be.

Two results, however, should be remembered :
(«) The condition of parallelism (fin ¢ = 0) is
m,=m, or AfAd,=B|/B, ......... (29)
for both rectangular and oblique axes.

(b) The condition of perpendicularity (tan ¢ =)
for rectangular axes is

mm,= =1 or Ad,=-—BB,.. (30),
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Hence the equation of any straight line parullel®to
Az+By+C =0 may be faund by a suitable alteration of
the constant term only (for the ratio A : B remains
unaltered). Any particular line of this series will be
defined by a second condition besides that of parallelism
to Az + By+ C =0, and this second condition will determine
the value to be given to the constant term to obtain the
equation of the particular line in question.

I the axes ave rectangular, the equation of any straight
line perpendicular to Az+By+C =0 may be found by
interchanging the coeflicients of x and y and changing the
sign of one of them, lenving the constant term to be
determined as before.

Exercises.
[Nos. 60-60 are for rectangular axes.]
50, Find the perpendicular distance of the point (5, 4) from the
line aja+yfb = 2.
. 61, Show that the origin is equidistant from the three straight lines
4v+3y+10 =10, 65:—12y+26 =0, 7o+ 24y = 50.

52. Find the coordinates of the vertices of the triangle whose sides
are 3r+y =17, 3y—v =1, and Ty+2+11 =0, and find the lengths
of the perpendiculars from these vertices on the opposite sidoes.

53. Find the angle between the straight lines y— +/3x—5 = 0 and
A Sy—x+6 =0.

54. Find the angle between the straight lines 22—y +1 =10 and
112—(8 +5+/3)y +5+/3 = 0.

55 Find the angle between the straight lmes y = mz+6 and
(m=1)a—(m+ 1)y = (m*~1)d.

56. Find the equations of the straight lines through (=1, —3)
parallel and perpendicular to z+7y = 2

57. Find the equation of the straight line through the origin per-
pendicular to the line joining the pomts (3, —6) and (4, 5).

58. Find the equations of the lmes through the ongin making
angles of 60° with the line 2+ y+v3+34/3 = 0, also the coordinates
of the points where they meet the line.

59. Find the point on the axis of + whose perpendicular distance
from the line 3z + 4y = 12 is 4, and which ix on the side of the line
remote from the origin.

60. Find the coordinates of the foot of the perpendicular from the
point (&, ) on the line y = m2 +b.

61. Find the ccndition that the lines 2v+3y =4, 32—Ay = 2 be
parallel, the angle between the axes bemg 30°
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2. What is the value of % if 3z+4y =5 and 4a+ky =3 are
perpendicular, the angle between the axes being tan-1 &

63. Find the angle between the straight lines whose equations are
y=ux4/8+45 and y = L1 v/3+2, the axes boing rectangular.

64. Find the angle between the straight lines whose equations are
20—y +7 =0 and 3r+6y—8 = 0, the axes being rectangular.

20. Coordinates of point of intersection of two
straight lines.

We have already seen (Art. 9) that the coordingtes
of the point of intersection of the straight lhnes
Axz4 By+0,=0 and 4w+ By+C,=0 are obtained
by solving these two equations simultaneously for  and
y. We find by solving that these coordinates are

1_3192'_'}?2(}1 04, =04,
AB,—A,B,’ AB,—A,B,’

21 Condition of concurrency of three straight
lines.

The condition that the three straight hnes whose

equations are A+ By+0,=0 ..., e (D),
Ap+By+0C,=0 .o .. (2),
Ag+By+C;=0 ... ....... . (3)

should be concurrent 1s that the coordinates of the point
of intersection of (1) and (2) shonld satisfy the equation
of 3; that is

A, (B,C,—B,C) + B, (C4,— C, AN+ C, (4, B,— .14,B) = 0.
The student is advised not to commnt this result and that
of § 20 to memory ; 1t 1s suflicient to grasp and retan the
principle.

The student acquainted with the theory of dcterminants should
observe equation (¢). 'The condition of concmiency requires that

equations (1), (2), and (3) should have a common solution m @+ and y.
Eliminating 2 and y from the equations, the condition for this 1s

Ay, By, O
Ay, By, Gy =
Ay By, Cy
The above equation is simply the expansion of this condition.

Exercise.
65. Find the coordinates of the point of intersection of the straight
lines 42 + 3y = 10 and 3x + 6y = 13.
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22. Eqhation of a straight line passing throagh the
point of intersection of two given straight lines.

The equation

Axc+By+C+k(Ax+B,y+C,) =0 ... (31)
represents, for all values of k, some straight line passing
through the point of intersection of A+ By+ 0, =0
and A4+ By+C,=0.

Wor equation (31) is of the first degree in x and v,
and therefore represents some straight line. Further,
since the coordifiates of the point of intersection of
Ax+By+0,=0 and Agx+By+C,=0 satisfy the
equations of both these lines, they also satisfy equation(31).
Hence that equation represents a straight line through
the point of intersection of the two lines.

By giving a suitable value to %, we can make the
straight line represented by equation (31) satisfy any
second condition.

LExample.—Fund the equation of the straight hine parallel to the axis
of y drawn through the powmt of wtersection of x—Ty+5 =0 and
3r+y—-T7=0.

The equation of any straight hne through the point of intersection
18 of the form

=Ty+6+kBa+y=T) =0 or (143k)a+(k=T)y+5=Tk=0.

If this line is parallel to the axis of y, the coefficient of y is zero;
hence £ = 7, and the equation becomes ¢ -2 = 0,

Exercises,
66. Find the equation of the straight line drawn through the same
point of intersection paral'el to the axis of x.

67. Verify the results of the two preceding Fmblems by finding
the coordinates of the point of intersection of #—Ty+56 = 0 and
Ja+y—T7=0,

23. Following out the reasoning of the last article, the
condition of concurrency may be presented in a form
which is sometimes useful. If we can find three constants
i, m, n such that the expression

! (44 By + C)+m (424 By + Cy)
+n (dx+By+C) ... (33)
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is wdentically equal to zero [7.e. is zero for all values of
2 and y, which requires that lhe coeflicient of =, the co-
efficient of y, and the constant term in (32) should each
be zero when the appropriate values are given to I, m,
and =], then the three lines are concurrent.

For let the first two intersect in the point (2, y').
Then A2 +By'+Ci=0 and A"+ By +0,=0.

But »
L(42'+ By + C) +m (A2’ + By'+ Cy) +n (A2’ + By'+ Cy)
since expression (32) is zero for all values of z and y.

Hence Ag@' + Bgy'+0; = 0.

Hence (2, y) liecs on the third line also; that is, the
three lines are concurrent.

The only use of this method lies in the fact that in
some cases we can fix the values of [, m, and » by in-
spection. The most common case is where the equations
of the three straight lines are given in such forms as to
require us to choose 7, m, and » each equal to unity.

[The student acquainted with the theory of determinants will notice
that we arrive by this method at the same condition as before. For, 1f
expression (32) is tu be identically zero, we have /4, + mAy+nd; =0,

IBy+mBy+nBy =0, ICy+mCy+nC; =0, and the elimination of /, m,
and » gives the equation already found in § 21.]

Ezample.—To show that the strawght lines which bisect the three sides
of a trwangle at right angles are concrrrent.

Choose rectangular axes and let the coordinates of the vertices
Ay By and C %’e (xh l'/l)v (12) yﬂ)r a'?d (xzy Ya)-
The equation of BC [§10 (C)] is

E=% Y=Y
X3—=3  Y=2—U3
or (=2)(Ya—vs) — (Y —yg)(@a—13) = 0 oo, (a),

The coordinates of D, the middle point of BC, are 5212'—"‘3, &i}lé

and the general equation of any straight line through D is
y—"/—"—;—yi‘ = m(x—“—”’—;—ﬂ’) ....... Coresnsnssnens ().

To determine the value of m for the straight line thrdugh D perpend-
icular to BC, we interchange the coefficients of # and y in (@) and
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chango thc sign of one of them. Hence the equation of the line
through D at right angles to BC is

CH xs)(i—~:1—‘) +(y~-—y)(y-"~/?—§~1!'—’)=0 ...... o).

By symmetry, the equations of the lines which bisect C4 and AB at
right angles are

(La‘lx)(@—ﬂgﬁ)+(.’/3—.’/l)(.’/ “3"‘)"0 """" (@)
and (l,_.z.,)(.@ LJ—ZL)+(/1—Ja)(j—Jl—13) 0re ().

Since equations (¢), (d), and (¢) when added together vanish iden-
tically, the lines 1opw~mtul by these ¢quations meet 1n a point.

24. To find the condition that three points may lie
on the same straight line.

Let the coordinates of the points be (ay, 7,), (@ %),
(24, y5). Let Ax+By+C =0 be the equation of the
straight line on which they lie. Then, since the co-
ordinates of each point must satisfy this equation, we

have Az, + By +C=0.....c.c.... ... . . (@),
Az, 4+ Byy,+0=0.0coeiiiiiiininn ),
Ary+By;+C =0........ T, (¢).
From (a) and (b) we have
4 _ B _ (¢

Y TyT Ty Y,

Substituting for 4, B, and ¢ in (3), we have

2y — @y + 2y — g F gy — 2y =0 o (d)
as the condition that the points should be collinear. We
might at once have written down equation (d) as the
required condition, because by § 4 it expresses the con-
dition that the area of the triangle whose vertices are the
three points should be zero.

The student acquainted with the theory of determinants will recog-
nize equation (d) as the expansion of the equaticln z, v, 1| =0,
Ty Yy 1
3 Y3 1

whlch expresses the result of eliminating 4, B, and C from equations
(@), (8), and (c).]
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E: ample (i.).—ABC 13 a triangle.  [he internal biseotovs f the angles
A and B cut BC and CA wn D and E, and the external bisector of the angle
C cuts AB m F'.  Prove that the powmts O, E, F are collinear,

Let the coordinates of A, B, C be (2, ¥,), (2 ¥3), (¥3, ¥-), and the
lengths of the sides BC, CA, AB be a, b, c. 'Then, using the theorems
of Euc. VI. 3 and VL. A, the coordinates of 0, £, and F are (§ 3)

( brg+cxg byt cyy ) (cxs +az; cy3+ay, ) (az] —bzy ay, -bga)

b+e ' b4e [’ ct+a ' c+a /' a=b ' a-b /'
‘We can substitute these coordinates in equation (d), and the result
follows ; but the practiced student will see by inspection of the 1.
o§rdi1)1ates that £ divides DE externally in the ratio c+a : b+o.
(§ 3.

Example (ii.).— More generally, if A’, B’, C' be points taken on the sides
BC, CA, AB of a triangle, pioduced f necessary, so that
BA’ CB AC
AC BA CB
then the points A’y B’, C' are collinear.
For let A’ divide BC in the ratio m : n and let B’ divide CA in the
ratio 2 : 7; then, by the conditions of the problem, €’ must divide
AB in the ratio !:—m, and the proof is the same as in Example i,
with the substitution of !, m, » for a, ), c.

= -1,

Exercises,

68. Find the equation of the straight line joining the point of in-
tersection of the lines 82 +2y—5 = 0 and 42 +3y +7 = 0 to the point
(3, 1).

69. Find the equations of the perpendiculars from the vertices on
the opposite sides of a triangle, having given that the equations of 1ts
sides are 8+ 4+y =2, 2 +2y = 5, 22 —3y+7 = 0. TFind also the point
of ntersection of these perpendiculars.

~

70. In the same triangle find the equations of the lines through the
vertices parallel to the opposite sides

71. Find the equations of the lines which pass through the point
of intersection of the two lines 32 +4y—11 =0 and 7Ty—z—-13 =0,
and are perpendicular respective;ly to the lines themselves.

72. Show that the following straight lines pass through one point :

(b+c)z+ay = d,
(c+a)r+by =d,
(@+d)z+ey =d.,

73. Prove that the perpendiculars from the vertices on the opposito
pides of a triangle pass through one point.

COORD. GEONM, 3
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25. To find the equations of the bisectors of the
angles between the straight lines whose equations
referred to rectangular’axes are
xcosa +ysine,—p =0 and xcosa,+ysina,~p, = 0.

1f («', y') is a point on either bisector, the perpendiculars
from (', y") on the two lines are equal in length. Hence
(§ 16) we have

2’cos a;+y'sina;—p, = = (2’ cos a,+ ¥ sin a,—p,).

Fig 19.

Hence every point on either bisector satisfies one or other
of the equations
xcosa,+ysina —p ==x (xcosa,+ysina,—p,)...(34),
which are accordingly the equations of the bisectors, one
bisector being given by the positive and the other by the
negative sign. .
We must now consider the question of the double sign.
If AB and CD be the given lines, and PP, and P,P, the
bisectors, one of the bisectors (PP, in the figure) will
pass through the compartment AQC in which the origin
lies. Every point on the portion QP, of the bisector is
on the same »side of both the given lines as the origin.
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Now the lengths of the perpendiculars from the origin
on the two given lines (being p, and p,) are the results of
substituting the coordinates of the origin in the ex-
pressions

—(x cos a;+y sin a,—p,)
and — (% co8s ay+y sin ay—p,).

Hence the lengths of the perpendiculars from any
point (a’,4) on QP, are the results of substituting the
coordinates 2/, y° for 2, y in the same expressiohs.
Hence the equation of QP, is

—(®cos ay+ysina,—p,) = —(xcos a, +y sin a,—p,)
or 2 co8 a; + ¥ sina;—p, = @ o8 ¢y + ¥ Sin uy— p,.
Thus the positive sign in (34) corresponds to the bisector
(PQP, in the figure) which passes through the compart-
ment 1n which the origin lies ; and, by similar reasoning,
the negative sign corresponds to the other bisector (P,@P,
m the figure).

Oblique axes.—In the same way the equations of the biscctors of
the angles between the straight lines 2 cos a; + y cos(w—ay)—p, =0
and x cos a, + Y €08 (w— ag) — p; = 0 are
x cosa,+  co8 (w—a)—p) = £ {xcosa,+y cos(w—a)—p.)}
with the same interprotation of the alternative sign as for 1'ectun§5311?:2;'
uxes,

26. To find the equations of the bisectors of the
angles between Ax+B,y+C, =0 and Ax+B,y+C,
= 0.

Reduce the equations to the perpendicular form by
means of §15, and apply the reasoning of the last article.
The equations of the bisectors are found to be for rect-
angular axes

Ax+By+0, — Ax+8y+0C, . (36),
vA4B? VA +B}
and for obligue axes
Ax+By+0, o+ Ax+By+0C,

VA +B'=24B cosw VA +B/=24,B,cos w
Cveee. (37).
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In each® case the sign *which makes the constant
terms on both sides of like sign will correspond to the
bisector which passes thtough the compartment con-
taining the origin. The student should notice that the
factor sin w has been cancelled from each side in reducing
equation (37) from the expressions obtained in § 15.

Example (1).— To find the bisectors of the angles between the lines
3x+4y =T and 8z + 6y = 13, the ares bewng rectangular.

Phe equations of the two bisectors will be included in the formula
3r+4y—T7 82+ 6y —13
A Al AP T AL Aol LY
Ve A/ 82462
or 2(Bz+4y—T) = & (8x+6y—13);
therefore the required equations are
22—~2y+1=0 and 1l4z+14y—27 =0.

Ezample (ii.).—Show that the internal bisectors of the
angles of a triangle are concurrent.

Choose the origin of coordinates within the trangle and let the equa-
tious of the sides BC, CA, AB referred to rectangular axes be

zeosap+ysina;—p; =0 ... . e o (a),
zcosSag+ Y Sinag—py=10......ccc..n. e (0),
zeoBag+ysine;—py=0 .. .. .. ... (o).

The internal bisector of the angle 4 passes through the compartment
in which the origin is situated ; hence its equation is
(2 cos ag+ ¥ sin ay~py) — (2 OB ay + ¥ Bin ag—p3) = 0 ... . (d),
By symmetry the equations of the internal biscctots of the angles
B and O are
(2 oS az+ Y 8in ag—p3) — (¥ cOB ay + ¥ 8inay—p;)) =0 ..... . (8),
and (2 cosay+ysina —p)—(rcosag+ysmay—ps) =0.. ..(f).
Since the total of the left-hand members of equations (d), (¢), and (f)
is identically zero, the lines represented by these equations are con-
current (§ 22).
[Observe that the proof 18 1dentical 1n prineiple with that of Eue, IV. 4]

27. Abridged motation.—In Coordinate Geometry it
is often possible to simplify algebraical processes by the
use of abridged notation. Thus in the above example we
might use the symbols «, 8, and y to denote the expres-
sions

(xcos a;+y sina;—p,), (2 cos ay+y sin a;—p,),

and (2 cos uy +y sin ag—py).
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With this notation the equations of the sides of the
triangles would be a =0, 8:20, y=0. The equations
of the internal bisectors of the angles A4, B, C would be
B'—V =O’ Y—a= Oa “—B = 07

and it is evident that the total of the left-hand members
of the last three equations is identically zero. Plainly
the use of abridged notation cannot alter the proof; it
only serves to shorten the algebraical work.

The student must remember that the simplicity of equations
(d), (e), (f) for the bisectors of the angles depends upon expressing the
equations of the sides in the perpendicular form. When using
abridged notation he should carefully adhere to the established con-
vention, which is to use the letters u, 8, y for the abridgments of the
left-hand members of eguations of straight lines wntten in the
perpendicular form—that 1s, for the abridgments of expressions of
the form (v cosa; +ysin ay—p,) alone. For the abridgments of the
left-hand members of equations of straight lines written in the general
form—that is, for the abridgments of expressions of the form
(Ax + By + C)—the letters u, v, w should be used.

Exercises.

74. Find the equations of the bisectors of the angles between the
straight lines 3v—4y+7 =0 and 120+ 6y—9 = 0.

75. Find the bisectors of the angles formed by the following pairs
of straight lines, and find also the equations of the lines joining their
points of intersection to the origm :—

(i.) ¥y =2x—4 and y = 3x-6.
(ii.) #+y—3 =10 and 7x—y+5=0.

76. Find the internal bisectors of the angles of the triangle whose
sides are the lines

4r4+3y+T7=0, 52412, +20 =0, and 32+4y+8=0.

77. If p, ¢, r, the perpendiculars from a point P on the sides of a
given triangle, are connected by the relation /p + mq + 2 = 0, where
i, m, n are constants, show that the locus of P is a straight line.

[For the equation of the locus 1n the above notation 1s la+mpB+ny =0, and so
18 of the first degree m xand y ]

78. Prove that the external bisectors of two angles of a triangle
and the internal bisector of the third are concurrenc.

[For, choosing the origin within the triangle, and takmg a =0, g=0, y=0
for the abridged equations of the sides expressed in perpendicular form, the equa-
tions of the external bisectors of the angles A and 8 and tae internal bisector
of the angle C are B+y =0, y+a =0, a~B8=0. The theorem follows from
Art, 13, by choosing I = 1’, m==1,n=1,
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28. The homogeneous quadratic equation of the
second degree in x and y represents two straight
lines through the origin.

Let the equation be

az’ +2hay+ by =0 oeeniiiinn e (a).
Solving as a quadratic in 7, we have
—h+ V(IE—ad) —h— vV (h:—ab)
T —y ®

—Zx and y = -

Y=
which are the equations of two straight lines through the
origin. These two straight lines form the locus repre-
sented by equation (a); for the coordinates of any point on
either straight line will satisfy equation (a).

These lines are real if h*> ab, coincident if 7%= ab,
imaginary if A? < ab.

The above results hold equally for rectangular and
oblique axes.

Note carefully that % is the coefficient of 2ay and not
of xy.

29. To find the angle between the two straight
lines represented by the equation

ax’+2hxy40y*=0.

If the equations of the straight lines are y—maz =0
and y—mua = 0, the expression aa®+ 2hay+by?, when
dwvided by b so as to reduce the coefficient of 3* to unity,
must be the product of the factors y —mx and y—mya;

my+my = —2h/b, mm, = afb.

Rectangular aves—If ¢ be the angle between the lines,

tan ¢ = (m;—my)/(1+mym,). (§19)
Now (m,—m,)? = (m,+m)*—4dmm, = 4(h*—ab)/b*;
tang = + 2¥VW =t (38).
a+b

The double sign corresponds to the fact that the angle
between the lines may be equally well taken as being ¢
or its supplement.

The condition for coincidence of the lines is

W=ab.....c......... ..(39);
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that is, that the expression aa’+2hay+by® should be a
perfect square.

The condition for perpendicularity is

a4+b=0 TP C: ) B
Oblique axes.—-Here
b - _(my—m,) sin
an ¢ 14+ (my+m,) cos w+mym,’
whence tan ¢ = =2 VW —ab) sinw .(41).

a+b—2hcosw
The condition for coincidence is A’ = «b, as before.
The condition for perpendicularity is
a+b—2hcosw=0 ... . (42).
The conditions for coincidence and perpendicularity
should be remembered.

30. To find the equatiou of the bisectors of the
angles between the pair of lines «.r*+2/haxy+b# = 0,
the axes being rectangular.

Suppose the lines ave

y—me =0, y—ma=0.

Since from any point on a bisector the perpendiculars

on the lines are equal, we have

Y=mE Y= mar
\/1+ml V1 +mj;?

wheve the upper sign refers to one bisector, the lower one
to the other. Thus the equation

(_J—mla:) - (y= mga,)
14 m? 1+ m,?
represents both bisectors. Now it may be written
(L+m") (y=me)' = (1 +m") (y —mgz)" = O,

or &{mt(l4+md)—m?(1+m?)}

—ay {m, (L m2) =, (Lm0} +y(L+net—1=m,8) =0
or
o (=)= 2ay { (my—mg) (L= mym,)} + 9 (b= myf) = O
oo (@—yh) (my+my) = 2wy (l=mym,), since my—m, £ 0.
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But m,+my, = —2h/b, mm, = a/b,
and therefore the equation becomes
(=) (—20/b) = 2ay(1 - afb)

or (@'—y ) h =ay(a—b);
. x’—yt _xy
i.e., b S e (43).

In this form the equation, which is extremely im-
portant, can be easily vemembered.

Example.—To find the cquation of the lines bisecting the angles between

the paw of lines 3at+ay—2y2 = 0.
222
Using the formula —a—:?;— = 3]:1 ,
2_y2
t th ti A=y A
we get the equation 3o (-2 " 1
or 22—10zy —y? = 0,
Exercises.
79 Find the separate equations of the straight lines whose joiut
equation 18 22— 5y + 6y = 0.
80. State what loci are represented by
(@) 2y = 0. ®) v* = 0. () 42447 = 0.
(@) zy+y? = 0. (e) 2*—2xy+y?2=0. ) ¥*+1=0.
(9) (x—a)2+(y—=b)2=0. (k) ay-32-2y+6=0.

81. Find the angle between the lines whose joint equation is
223 ~3ay+y? =0,
the axes being rectangular.
82. Find the straight linos represented by the equation
Y —xy—6a? =0,
and find the angle between them.
83. Find the angle between the lines represented by the equation
39r2- 962y + 1152 = 0.
84. Show that the pair of lincs 2%+ 2xyseca+ y% = 0 are always
real, and that the angle between them is a.
85. Show from their equation that the bisectors of the angles
between ax? + 2hxy + by? = 0 are at right angles,
86. If @ = &, show that the lines a2? + 2hzy + by? = 0 have the same
bisectors of angles as the axes, and hence that one of the lines makes
the same angle with 0X as the other does with 0.
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31. Change of axes.—To change the origin of
coordinates without chang.ng the directions of the
axes.

Let 0X, OY be the old axes. TLet 0'X’, 0'Y’ be the new
axes parallel to 0X, 0Y. Draw OH and HQ', the abscissa
and ordinate of 0’
referred to the old
axes and let the co-
ordinates of 0’ re-
ferred to the old
axes, be &, k, so that

OH =h, HO' =&.
Let P be any point,
OM and MM'P its
abscissaand ordinate
referred to the old
axes, O'M’ and M'P
its  abscissa and
ordinate referred to ! Fie. ¢

ig. 20.
the new axes.

Let x, y be the coordinates of P referred to the old
axes 2, ¥ )(ts coordinates referred to the new axes. We
wisld to {ransform an equation in 2 and y into the corre-
sponding equation in 2’ and y". Hence we want to express
the old coordinates z, y in terms of the new ones @', y’, so
that the transformation can be performed by direct sub-
stitution. We have clearly

OM =h+0OM, MP=Fk+MP

or =a' +h, y=y+k ... (44).
We have therefore to write (2'+h) for = and (y"+%)
for y in the equation which we wish to transform. We
thus get an equation in a',y’. As 2, are our new
current coordinates, we get our transformed equation by
suppressing the accents in the equation in o', y". Clearly
therefore we can perform the transformation in one step
by writing (z+4) for # and (y+%) for y in the equation
which we wish to transform.

The proof applies equally to rectanguiar and oblique
axes.
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32. To find the condition that the general egyua-

tion of the second degree inay represent two straight
lines.

Let the equation be
ax’+2hxy+oy'+29x+2fy+c =0 ... (45).

[The student should notice this equation. Tt is in reality sym-
metrical, the left-hand member being the form taken by the sym-
metrical expression

ar® 4 by?+ cz* + 2fyz + 29z¢ + 2hay
when z is equal to unity. Consequently,in equation («), f corresponds
toy, g tox, and % to ay. Note that g is the cocfficients of 2z, and
not of #, and similarly with regard to f and 4.]

If equation (45) represents two straight lines, let them
intersect in the point (x,, v,).

Transform the equation by referring it to parallel axes
through (=), 4,); it then takes the form (§ 31)

a(@+a,)’+2h (x+2,) (y+y)+0 (y+ 1)’ +2g (x+,)
+2f(y+y)+e=0 ... (a).

Referred to the new axes the equation is the equation
of two straight lines through the origin, and must there-
fore be a homogeneous quadratic expression in @ and y.
Hence the coefficient of @, the coefficient of ¥, and the
constant term must each vanish in equation (a).

Hence a, +\Qy,+q =0 .. .. (b)),
hae+by,+ f=0 .. ... (o),
az 2+ 2hayy, + by, + 292, 2fy, +c=0 . . (d).

Equation (d) may be written
@, (aw, + by, + ) + 3 (ke + by +f) +gn+fin+o =03
g+ e =0 ...l (6.

Eliminating 2, and %, from equations (?), (¢), and (e), we
have
abe+2fgh—af*=bg’—ch’'=0 . ..... (46),

which is the condition required.
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Equation (46), being the result of climinating », and y, from the
equations

:t;'%:+g =0, hxy+by,+f=0, gx,+fy+c=0,
is, of coupfle, the expansion of the equation |a, A, g| = 0.

hy b,
A

The equation of the two straight lines referred to the
new axes is ax’+2hxy+by? = 0. The straight lines are
therefore parallel to those whose equations referred to
the old axes ave aa®+2hay+by® = 0, and the conditions of
parallelism and perpendicularity are given by the results
of §29, and depend only on the terms of the second
degree.

The result of the preceding paragraph may be verified
as follows :—Kquation (45), if 1t represents two straight
lines, must be the product of two linear factors in « and y.
Hence in solving for y in terms of = the roots must be
rational functions of . Now the equation, rearranged in
descending powers of y is

b’ 42 (ha+f) y+aa’+2gx+c¢ = 0.

Hence L
g = =@+ f) £V (ha+ )’ —b(ar'+2gr+¢).
b

The quantity under the radical must be a perfect square;
re. (B—ab)z®+2(hf—bg)x + (f*—bc) must be a perfect
square ; hence (h*—ab)(f*—Ubc) = (hf—bg)? which reduces

to abc+2fgh—af*—bg*—ch* = 0.

Exercises.

87. Find what the following equations become when the origin is
transformed to the point (1, 1).

(a) 22+ 2y—=3x—y+2=0. ) w—yff=2+y=0,
(¢) ay—2—y+1=0. () A -y*=224+2y =0.
88, Transform the equation % + % ~1 =0 by rveferring it

to parallel axes through the point («, 0).
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89. Transform the equation zcosa+ysina = p by referring it to,
parallel axes through the poiné (p cos a, p sin a).

90. Transform the origin to the point (—g, —f) in the equation
Z2+y + 297+ 2y+c =0,

91. If the equation aa?+ 2hxy +by? + 292 + 2fy + ¢ =/0 represents a
pair of straight lines, show that they intersect in the point
( hf—bg hg—af
ab—1h ab— i3 ) ’
[Solve for x; and y, from equations (4) and (¢).]

92. Perform the corresponding transformation when the equation
does not represent a pair of straight lines.

[Here we can still, by choosing the coordinates of the new origin to satisfy
equations () and (¢), get a transformed equation with zero coellicients for x
and y, but the constant term, instead of vamshing, will be gur; +/y,+¢ where
) = ME@ 7 =7;b—9—_%£; and the transformed equation will be

ax? +Zhry+by’+ab°+zf g ’;‘I;af;; bgP—ch? _ 0.]
Note this result hereafter as an introduction to Chapter VI.
[The student acquainted with the theory of determmants will note in Ex.

2 that the coordinates of the new origin are %, g, and that the trans-

A
formed equation 1s ax?+2hxy +by?+ c= 0 where A =

a,h, g
h, b, f
0t e

and capitals

denote the minors of the corresponding small letters ]

93. Show that the equation 22—y?—2+3y—2 =0 represents a
pair of straight lines, find them, and show that they aie at nght
angles.

94 Draw the locus of the equation (2 +y—1)2—4:2=0, and find
the point of intersection of the lines which it represents.

95. Show that the equation 2252y + 442+ 2 +2y—2 = 0 represents
“a pair of straight lines, and find their point of intersection and theiwr
equations.

96. By transferring the origin to the point (-1, 2) show that the
equation z*+ay—y?+5y—>5 = 0 represents a pair of straight 1 nes.
Then, by changing the origin back again to its original position,
show that the cquation of th§ bisectors of the angles between them is

22—4ayN\-y*+ 102+ 5 = 0.

97. To what point must thé origin be transferred so as to remove
the terms of the first degree idNox’+ 2y + 2y*—Ter-5y+12 = 0, and
what does the equation then become?
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33. To change from one set of rectangula~ axes to
another, the origin being unaltered.

Y
’
xl

U7 1

i

i

(] i

/] M R x
Fig. M.

Let the new axes 0X’, OY be inclined to the old axes
0X, 0Y at an angle 6.

Let the coordinates of any point P referred to the old
axes be (#,y) and referred to the new axes (z',y). As
explained in § 31, what we want to do is to express z and
y in terms of 2" and ¥’.

Draw PM, PM’ perpendicular to 0X, 0X'; draw MR
perpendicular to 0X and M'Q perpendicular to PM.

Then OM = 0R—QM
and PM = RM'+QP.

x = x’cos {—y sin § }
y=u«'sin0+y'cosd

Hence, on suppressing accents, the transformed equa-
tion will be obtained by substituting (z cos 6 —y sin ) for z
and (28in 6+ y cos @) for y in the original equation.

Ezample (1.)—The axes bewng rectangular, show that the equations
connecting the old coordinates x,y, with new coordinates ', y', referred
to rectangular axes wnchined at an angle 0 to the old axes with the new
origwn at the pownt (h, k) are

2= h+2' cosd—y'sing,
y=Fk+2'sin6+y coso.

[This follows by first tmnsrerrmq to parallel axes through (%, k), and then
turning the axes round * or directly from a figure.]
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Ezample 1i.)—Find what the equation 2+ 4y +y* = 0 becomes when
the axes, supposed rvectangular, ave turned through an angle 45°.

Here 4 =45
x'- yl xl + yl
o X = = .
72 YT

Hence E:;’J.f)f + 2 —1’% @+y) , (ﬂv’+2 Y2,
or @ —yP+4(@2—y) + (& +y) = 0;
1.0 6r2—-2y2==0 or 3 = 4 2’ V3.

This equation shows us that the
two lines represented are inclined at u Y Ny
angles of 60° on each side of the line . B i
0X’. Thus, if Q0A, OB be the lines,
we have Y X'

L A0X = BOX = 60°;
AOX = 15° BOY = 15°, AN

giving the positions of the lines re- N
ferred to the old axes 0T X

The reader should verify, by o . -
solving for y in terms of 2, that the s~ . A
equation |

','.24_41‘!/_*_‘1/2: 0 l‘lg. 22. é

really does reprosent two lines one of which makes an angle of 15°
with 0X, and the other the same angle with QY.

Exercises.

98. Find what the following equations become when the point
(=1, 1) is taken for the new origin :—
(i)yz=0, ({1)y=0; mi)lr+my+1=0; (iv)2?=p*=0,
(v.) 322—4ay+y?=0; (vi) 2224 3uy+4y?—x+y+1 =0.

99. Write down the formulse necessary for turning the axes round
through (1.) 30°, (1) 225°.

100. If the axes are turned through an angle tan-'%, express the
old coordinates in terms of the new, alco the new 1n terms of the old.

101. Find what the equation 112°+ 162y —y? = 0 becomes on turn-
ing the axes round through an angle tan—'%.

102. What are the formulee of transformation for turning the axes
round through a right angle? Verify them from first principles.

34. We have seen that it is usually simplest, in effect-
ing transformations consequent on change of axes, to
express the old coordinates (2, y) in terms of the new
(&, y'). There is one case, however, in which it is
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simpler to express ' and 3’ by inspection in terms of
zand y. Suppose we are given an equation, referred to
rectangular axes, in the form

@ (z cos @, + v sin a, — p,)? + b* (x cos ay + y 8in ay—p,)® = a?b?
where a;—a, = 4=, and that we wish to refer the equation
to the straight lines whose equations are

xzcosa,+ysina,—p, =0 and acosa,+ysina,—p, =0
as new axes of @ and y respectively. (Note that these new
axes will not be rectangular unless a,--a, = .
‘We have 2’ = perpendicular from (z, y) on new axis of y
= == (x coB ¢y +y 8in ay—p,).
Similarly 3 = % (2 cos a,+y sina,—p,).
Hence the equation now becomes
a’y 4 bt = o¥b?
or, suppressing accents and reducing
2lad+ 40 =1,

The ambignous sign above merely means that we are
at liberty to choose whichever side we please for the
positive side of either of the mnew axes. IFrequently,
hawever, we shall find that in the transformed equation
2 and y will only occur in even powers, iu which case the
carve will be gymmetrical with respect to both of the
new axes, and the question of the ambiguous sign will be
immaterial.

In performing this transformation the student must
carefully remember to see that the proposed new axes are
at right angles, and that their equations are reduced to
the perpendicular form.

Example.— Transform the equation

(82— 4y—10)2+ 4(42+ 3y + 15)2 = 25 ..e veevnene. (A)
(referved to 1ectangular axes) wn this manner,

The straight lines 3z—4y—10 = 0, 42+ 3y + 15 = 0 are evidently
rectangular, since in passing from the first to the second we have to
interchange the coefficients of # and y, and change the sign of one of

them. Take the former line for the new axis of 2 and the latter for
the new axis of y. To reduce their equations to the perpendicular

form, we must divide the expression inside each bracket by +/32+ 42
or 5. Equation (A) now becomes ——

(Fr—8y—20+ (fre+3y+3)2=1,
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¢
Transforrz ing to the new axes, this becomes y2+ 4272 = 1.

The new equution is therefore 4a2+y% = 1.

Exercise,
103. Transform the equation
(52 + 12y —89)2 = 52 (122— 5y + 62)
(referred to rectangular axes), taking the lines 5+ 12y—389 = 0 and
122 — 6y + 52 = 0 as the new rectangular axes of # and y respectively,
the side of the new axis uf y on which the old origin is situated being
talen as the positive side.

35. To effect any change of axes we replace the
old coordinates by linear functions of the new ones.

I. Let the old axes be rectangular.

Let P be any point ; 0X, QY the old axes and 0'X’, 0'Y'
the new axes.

Let the equations of the new axes referred to the old be

let+my+n =90, lLatmy+n, =0,
and let the angle between the new axes be w.
Then %' sin w = perpendicular from P on 0'X’,
=  hetmytm
V14 m?
Similarly Zsinw= 4 WY o
V1 4+ my!
(We have already explained the meaning of the am.

biguous sign.)
Hence @/, y” are linear functions of 2 and y, say

@=patqytr, y'=petgy+r.
Solving for « and y, we see that # and y are linear func-
tions of &’ and ¥’

II. Let the old axes be oblique and inclined to each
other at an angle Q.

The only variation from the preceding proof consists
in substituting the expressions [,*+m*—2lm, cos @ and
I +md—2Lmycos @ for '+ m? and L'+m, under the
radicals in the denominators of the expressions for
y' sin 0 and %’ sin w,
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36. The degree of an equation cannot be altered by
any change of axes.

I. The degree cannot be <ncreused ; for suppose az'y™
the term of highest degree. It will be replaced by an
expression of the form a(p@' +qy -+n)". (pz’+ gy +75)",
and the degree of the term of highest degree in2’ and ¥
in this expression is I4m, just as in az'y™.

11. The degree canvot be diminished ; for, since on trans-
ferring back again we must get back to the original
equation, the degrec would be increased by this trans-
formation. But, since 2/, y" are linear functions of z and
1, this is impossible by I.

37. If by any change of axes, the origin remain-
ing unaltered, the expression
ax*4+2hxy +by* becomes «'x*+2h'xy+0b'y’,
a+b—2h cosw __a’'+b'—2R' cos o
gin’ w sin’ o’
ab—h _ a'b'—h"?
sin‘w sin’w’
where w, v’ are the angles between the axes in the
two cases.
For the expres.. 3 a? +7*+ 22y cos w denotes the square
of the distance of the point (@, y) from the origin. This
distance remains unaltered, since the origin remains un-
altered ; hence the expression 2°+7? +2wy cos w trans-
forms into ?+y'+ 22y cos . Hence, by hypothesis,
ax’ + 2wy + by  + A (@ + 97+ 2wy cos ) ... (A)
transforms into

Q'+ 2k 2y + b+ A (2 + 1y + 2ay cos ') ..l (B).
Now, if expression (A) is a perfect square—that is to
say, if it is of the form (paz+gy)*—expression (B) must
be a perfect square also; for the transformation consists
in substituting for (p:r+qy) an expression of the first
degree in a 'md (§ 35). The conditions that expres-

sions (A) and (B) should be perfect squares, namely,

(@+X) (b+A) —(h+A cos w)? =0,
(a’+X) (U +N)— (B 4\ cos w')? =

COCR ». GEO. 4

then

and
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must therefore give the same value for A on solution.
Hence, comparing the c8efficients of A* and A and the
constant terms, we have
sinfw _ a+b—2hcosw _ ab—h?
sinfw’ @ +0'—2h cosw @b —h
that is a+d ::gz_l‘o_c_og_u_» = a/+b’—-22h cos o
s1n° o 81n° w
ab—=n _ a'b’'—n*
sin’o ~  sin’o’
Cor. If both sets of angles are rectangular, we have
at+b=a'4+b and «b—N'=a'b'—0"..(48).
Invariants.—The preceding theorem may be stated
in a different way. The result shows that the expressions
a+b—;g§m2 and alz—ﬂh,‘-‘
Sin" w Sin" w
are the same as the corresponding expressions after the
axes are changed, that is, their values are unaltered by
any change of axes. They are therefore called invariants.

..(47).

and

38. To find the equation ¢f the straight lines join-
ing the origin to the points of contact of the curve
ax’+ 3y +oy’+2gx+2fy+c = 0 with the straight
line lx+my+n = 0.

Rune.—Make the first equation homogeneous in 2 and ¥
by the aid of the second equation written in the form

—(lz+my)/n =1,
and we get

oot Q-+ by =2 vy (*0) o (L) < 0

as the required equation. For this equation is a homo-
geneous one of the second degree in 2 and y, and there-
fore represents two straight lines through the origin.
Further, it is satisfied by the coordinates of the points
whose coordinates satisfy the given equations, that is, of
the points where the straight line cuts the curve. Hence
equation (a) is the equation required.
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Erampie.—To find the equation of the straight lines jowi ig the origin
to the pount where the straight bine x + y + 2 = 0 meets the curve

ray+y+z+dy+1=0.
Here - a_gg =1;
and hence the homogeneous equation is
2y +y+ (z+3y)(— ’f-il’) + (f—J'—-”-y: 0,

2 2
or 4(e7+2y +47)—2(x +3y) (z+9) + (v +9)* = 0;
1e. 322 =2ry—y?*=0 or (z—y)(3z+y)=0.

Thus the two lines are ¥—y = 0, 3z+y = 0.

Exercises,

104. Find the equation of the lines joining the origin to the points
in which the hine 2 + 2y = 2 meets the curve 22 + ry + 2y? = 3.
105. Find the egunation of the lines joining the origin to the points
of intersection of the straight linoe 62 + 8y —75 = 0 and the circle
z¢+y? + 62 + 8y = 150.
106. Find the equation of the lines joining the origin to the points

of intersection of the curve 22+ y*—42—5 = 0 and the straight line
y = 3. Explain the result.

1llustrative Examples.

(i) A and Bare two fixed points. Fund the locus of a pownt P ulach
moves s0 that PA? + PB? 1s constant.

Let PA%+ PB: = ¢ Take rectangular axes with AB for axis of #,
and for symmetry take 1ts middle point 0 for origm. Let the length
of AB be 2a. 'I'hen the coordinates of A are (—«, 0) and of B («, 0).
Let (2, ) be the coordinates of P.

Then PA? = (z+a2+y? PB- = (2-a)+y°;
oo PA2EPB =202+ +a?),
a2+ y* = 42—a
That is, OP? = 3c?—a?, or the locus of P is a circle with its centre
at the middle point of AB.

(ii.) Pind the equation of the two lines through the origin
perpendicular to the lines ax ' +2hxy+by* =0, the axes
being rectangularx.

Suppose the given lines are y —myx = 0 and y—myr = 0, 8o that

_ 2h a .
My == 5o, g = oo
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the lines pei pendicular to these are
my+2z=0 and my+z =0 (§ 19)
. . . e
respectively, giving the equation
(myy +2) (mgy +2) = 05

i.e. mymgy® + (my + my) xy + 2% = 0.
Finally, putting in the values of m, +my and mym,, we find, as the
required equation, ba?—=2hzy + ay? = 0.

(iii.) AA’, BB’ me two given finte straight himes. Fund the locus of
potnt P whieh moves so that the sum of the areas APA’, BPB’ 1s constant.

Let this sum be A. Let AA’, BB’ intersect in 0. Take 0AA’ and
O0BB’ for axes of 2 and . These will in general be oblique  Let the
angle between them bew Let 04 = a, 04’ = «/, 0B = 0, OB’ = V.
T.et o’ be greater than a and )" greater than 5. Let 2, v be the
coordinates of P, assumed to lie in the positive quadrant  The
coordinates of the vertices P, A, A’ of the triangle PAA , which, upon
the above assumptions, will occur in the counterclockwise order, are

(z, ¥), (a, 0), (alv 0).

Hence the area PAA’ = 1y(a’'—a)sin w. §4)
Similarly the area PB'B = 4a (V' =b)sinw;
oo dy(@—d)sinw+Lv (V' —0)sinw = 4,

z Y 24
TR A < — 1
d—a ¥—=b (d—a)(V'=0)mnw oF
the equation of a straight line parallel to
T L} T SRR 2).
el Ty crvesnaen 2)
Nore.—When P crosses AA’, y becomes negative, and, in the
analytical work, the area PAA’ becomes negative, the vertices P, A, A’
now occurring m the clockwise order. To interpret this part of the
locus geometrically we must express the condition of the problem as
follows .—The dyference of the arcas PAA’ and PBB’, rcgarded as
having magnitude only, and not sign, is equal in magmtude to A.

or

(iv.) A flagstaf HK on the top of a perpendicular cliff OH subtends an
angle a at each of two pownts A and B distant a and b horizontally wn the
same strarght hne from the base O of the cliff. Prove that the height of
the flagstaff s (a+0) tan a.

Take OAB for axis of z, OHK for axis of y. These axes are rect-
angular.

Then OA =a, 0B =10. Let OH =¢, HK = h,

Then the coordinates of H, K are (0, ¢) and (0, ¢+ 5).

The equation of the line joiming H to a point (2, 0) on 0AB is

Z ¥, (§10 D)
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Tue equation of the line joining K to the same point is

£+__y._¢=1

2, c+p
The angle ¢ between these K
two lines 18 determined by the \
equation ~,\/
c . cth
—_— —
2 % R

tan ¢
z,2

hx, ';‘(‘ H
= el
22+ ch +c? (§19)

or z2—zhcotp+ch+c+0

AR
By the conditions of the / \
problem when ¢ = a, the two 0 B

roots of this quadratic in 2, are
aand f, Fig 23\9
a+b = sum of roots when ¢ = N

== h cot a,
which gives the result required.

[Note that it is not necessary to solve the quadratic for the two
separate values of #,.]

(v) ABCD 13 g quadiilateral. AB and CD meet 11 0, AC and BD in P
and AD and BCfun Q  PQ cuts AB wn M end CD 1 N Show that
1 1 2 1 1 2
R B Y
foA™ o8~ om “* oc” ob~ o

Tet 0OA =a, O0B=10, 0C = ¢, 0D = d.
Take 0AB and OCD for oblique axes of 2 and »

The equation of AD is

zla+yld—1 =0 ... (a),
and of BC

zfb+yle—=1 =0 .. (),
and of AC

zla+yle=1=0 ... (o), A
and of BD

i-1=0 ... (d
z[b+y/ §i O(D)) )
The equation of PQ, which is 20 D

a line through the intersection .
of AD and BC, must be of the g, 24

form (zfa+yld—1) + k(@[b+ylc—1) = Ou.......... . (e)
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Also, since PQ passes through the intersection of AC ard BD, its
equu,txon must be of the form

(z/a+yle—1 )+L 2/b+yld=1) =0 ..covviiinnnnn .

To obtain the equation of PQ we have to choose 4 and X', so that

equations (¢) and (f) may represent the same straight line ; clearly
this necessitates £ =1, 1’= 1; the equation of PQ is therefore

(1/a+l/1:)+/(l/c+ 1/d)—2 = 0.
Where PQ cuts AB, « = OM, y = 0; therefore 2/OM = 1/a+1/b, and
sum.larly 2/ON = 1/ c+1/d.

MISCELLANEOUS EXERCISES ON CHAP. I.

107. Find the coordinates of the points dividing the line joining
(1, 1) and (—3, 4) internally in the ratio 2 : 1 and externally in the
ratio 1: 3.

108 Show that, whether the axes are rectangular or oblique, the
line joimmng (z, y) to (=2, ¥) is bisccted by the axis of y.

109. Traco tho loci (i.) 0 = T, (i) r =3, (iii) sin20 = 0.

110. Find the locus of a point such that the square of its distance
from the pownt (4, 0) is four times the square of 1ts distance from the
point (1, 0).

111. Find the locus of a point the squares of whose distances from
ﬁhe origin and the point (4, 3) are equal.

112. Trace the locus of the equation 4z* = 9y2.

113. Trace the locus of the equation 2%+ y2 = 36.

114, If the axes meinclined at an angle w and P be the point (), v,),
show that, if PM, PN be perpendicular to the axes, then
OM = 2,+y,cosw; ON = 2, cos w+y,.
Deduce the equation of MN.

115. If MN in the last question passes throngh a fixed point (p, ¢),
find the cquation of the locus of P.

116. The equation of a straight lino such that the portion of it
intercepted between the axes is bisected at the point (2y, ¥,) is
z Y
4 V=1
2r, 2,
117. A straight line passes through a fixed point (2, ). Show
that the equation of the locus of the middle point of it intercepted

between the axes is 204 Yo o,
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11¢. Find the tangent of the angles between the followiig pairs of
lines, the axes being rectangular : —
(i.) 2?*=y?=0; (ii.) 222+ 32y—4y* =0;
(iii.) 22 +4ay+9y2=0; (iv.) 2?+2zy+y2 = 0.
Explain the meaning of the tangent being imaginary in the last casc

119 Find the equation of lines joining the origin to the points n

which the line # + 2y = 3 meets the curve whose equation is
224 22y —y2+ 224y +1 = 0.

120. If the chord of the circle 2?+y% = a® whose equation js

iz +my = 1 subtends an angle 45° at the origin, then
4 {a?(B+mh)—1} = {a(2+m?) —2}2

121. Find the coordinates of the six points of intersection of the four
lines 2+y+1=0, 2—y+2=0, 42+2y+3 =0, v+2y—4 =10
taken in pairs. Hence find the equations of the threc diagonals of
the quadrilateral formed by them, and show that the middle points ot
these diagonals ull lie on the straight line whose equation is

522 + 80y —47 = 0.

122. Prove that, the axes being rectangular, the area of the triangi:

formed by the lines y = ma, y = nz, and ax+dy+c =0 is
1 (me~mn)c?
2 (a+bm) (a+bn)’

123. Find the value of % so that 2%+ 2kay+y' + 162 —=5y—36 = 0
may represent two straight lines.

124. Show that the equation 6a2?—1y~—12y2—82+429y—14 =0
represents a pair of right lines, and determine their equations.

125. Show that, if a variable straight line cuts off intercepts on two
given intersecting straight lines such that tha &um of their reciprocal
18 constant, it must pass through a fixed point.

126. If a straight line move so that the sum of the perpendiculai~
let fall upon it from two fixed points (3, 4), (7, 2) is equal to thre~
times the perpendicular from a third fixed point (1, 3), show that
there is another fixed point through which this line always passes,
and find its coordinates.

127. If the equal sides AB, AC of an isosceles triangle be produced
to E, F so that BE.CF = AB?, prove that the line £F will always pass
through a fixed point.

128. Prove that the equation

28+ y3— 3% —3xy? + 622—6y? + 6r+ 6y = 0
represents three straight lines which pass through a point, and draw
a figure showing their positions.

129. Write down the formulee for turning the ases through the

acute angle tan-! 3.
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130. If 2, y be the coordinates of a point referred to obiique axes
0X, 0Y inclined at an angle w, and 2/, ¥’ be the coordinates of the
same point referred to 0X and the perpendicular through 0, then
show by a figure that , _ T+ycosw, ¥ = ysinw.

131. Find the formulee of transformation when the new axes are
3r—4y = 0, x—y + 1 = 0, respectively, the coordinates of the old
point (1, 1) being both negative in the new system, and the angle
between the new axes being acute.

132. A straight line PQ moves so that P always lies on 0X, and @
on 0Y. Also the difference of its intercepts on the axes is propor-
tional to APOQ. Show that the line passes through a fixed point.

133. If the tside AB of a parallelogram AB be taken as 1mitial line,
and the point A as pole, find the polar equations of the diagenals of
the parallelogram,

34. Find the area of the trianglo formed by the three straight lines
dr+dy =1, 32 +4y =1,42+3y = 1.

-135. Find the area of the triangle formed by the lines
ax?+ 2hay +by? = 0 and pa+qy =1
136. ABCD is a parallelogram. EFis drawn parallel to AB and

GH parallel to BC to meet the sides in £, F, G, H. Prove that EG and
FH meot on a diagonal of the parallelogram.

~137 TFind the product of the perpendiculars from the point (p, ¢) to
the straight hines represented by ax? + 2hzy + by* = 0.

138. A number of triangles with a common vertex P are drawn
with bases 4,8, A,B,, , where Ay, A,, ., B,. B,,  ave fixed pomts.
If the swin of the mecas of the tmangles 1s constant, prove that the
locus of P1s a straight line.

139 ABC is a triangle, right-angled at A. If B and C shide on tw»
fixed straight lines at 1ight angles, find the locus of 4.

140 Given the base and the difference of the base angles of a
triangle, find the locus of the vertex.

141 ABCD is a parallelogram  If the angle A and the sum of the
sides arc constants, prove that the locus of € s a straight hine.

142. Prove that aa?+ 2hay +by? = 0 and pa?+ 2qry +ry? = 0 have
a common lme if (ar—bp)2+ 4 (hp—aq) (hr—bg) = 0.

143. A straight line moves so that the sum of the perpendiculars on

it from » fixed points 13 zero. Prove that the straight line passes
through a fixed point.

144. Prove that the angle between one of the two lines represented
by a2+2hay+0y? =0 and one of the two lines represented by
az?+ 2hzy + by? = k(2?4 y?) is cqual to the angle between the other
two straight linés,
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EXAMINATION PAPER.

1. Given the base @ and the vertical angle A of a triangle, find the
locus of the vertex. Verify geometrically.

2. Trace the loci of the equations
(i.) 7 (cos @ + V/3sinf) = +/3a.
(ii.) 7 8in 6 = a.

3. Show that the cquation
As+By+C+k(A’2+By+C) =0
represents a straight line passing through the intersection of the lines
Ae+By+C =0 and Ar+DBy+0 =0
Alvo find what value £ must have in order that it may also pasws
thiough the origin

4. Without finding the coordinates of the point of intersection of
the hues 3142y ~1=0 and 4z+3y+2 =0, find the equations of
the hmes joimng that pomt to (1) the origin, (2) the pomt (=1, 3)

5 The axes of coordinates being rectangular, mark on a diagram
the lines given by the equation (Ta—6y—16) (Ve r 2y —32) =0, anl
find the tangent of the angle between the lines

It the bisectors of the angles between these lines meet the axis
of X at pomts P and @ respectively, show thit PQ 1s 5 units
length.

6. Explam the reason why it is usually moire convement to express
the old coordinates i terms of the new than the new ones m terms
of the old.

7. Find what the equation 22—y? = 0 become. on turning the axes
round through (1) 30°, (1.) 45°

8. If z, y be the coordinates of a point 1cferied to oblique axes
0X, 0Y mclined at an angle w, and ', ¥ be the coordinates of the
same pomt referred to OX and the perpendicular through 0, then
show by a figure that 2" = 2 +ycosew, y' = ysnw, and hence that

Y 2/ Rin w — i’ Cos w
Y= y = ee——
sIm w s ow

9. In the previous question find what the equation
wr-+ 2hxy +by* = 0
becomes when expressed in 2’ and y’, and hence show that the two
lines are at right angles 1f a + 50— 2hcos w = 0.

10. Prove that the lines joining the origin and the points of inter~
section of 512 +12.y -6y +41—2y+3 =0 and w—y—1=0 are
equally inclined to the axes, supposed rectangular.

COORD. GEOM. 5
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TIE CIRCLE AND CONIC.






CHAPTEL L

THE CIRCLE.
1. To find the équation of a circle—that is, of its,
circumference—-referred to its centre as origin.

I. Rectangular axes.—Iiet O be the centre, a the radius,
P{(z, y) any point on the circumference, PH the ordinate

Y
X 0 M| X
Y
Fig. 1.
of P. Since OP = a, the geometrical gondition satisfied
by P is OM*+MP = o
The analytical expression of this is
XdY =@, 1),

which is accordingly the equatjon of the circle.
II. Oblique axes—By similar reasoning to that adopted
in Part I., § 2, we see that the equation required is

4y’ +2xycoswo=a’..... Jeeeeeeans (2).
GROM. PT. 11, B
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2. To'find the general equation of the circle (axes
rectangular).

Let C be the centre and
let its coordinates be A and Y ¥’
k. Let a be the radius

and P(=,y) any point on ' \
the circumference. Draw /-

the ordinates PM and CN, e
and draw CM’ parallel to yd
0X to meet PM 1n M. K z M =

The geometrical con-

dition satisfied by P is k
i

and the analytical expres-
sion of this is

(w=h)'+(y—k) =d*
........ (3). Fig. 2.

Exercise.

1. Verify the last equation as follows :—Write down the equation of
the circle referred to parallel axes through its centre C in the form
22+ y* = a2, and transfer this equation to the axes 0X, 0Y. Re-
member that, since the coordinates of € referred to OX and QY are
(h, L), the coordinates of O referred to the parallel axes through C will
be (—4 —k).

3. liguation (3), when expanded, may be written
4yt —2he—2ky + A+ K —a* = 0;

s0 that the general equation of the circle referred to
rectangular axes is of the second degree with the co-
efticients of 2’ and y* equal and the coefticient of xy zero.
This general equation is usually written in the form

L Py 4208 F2fyte=0 .ivr oune (2.
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Rewriting equation (4) in the form
@+ + @+ s 7+~
and comparing with equation ¢3), we see that equa-
tion (4) represents a ciicle awhose coutre s the pount
(=9, =f) and whose vadius is /4 /2 ¢,

An alteration in the constant term ¢ in equation (4)
will therefore affect the radius, but not the position of
the centre; so that by giving ¢ a series of different valucs
we obtain a series of concentric circles

In the ordimary case the expression ¢'+f?—c¢ =0 will
be positive, since it is the square of the radius. When
it 1s zero the equation will represent a circle of zero
radins with its centre at the point (—g, —f); that is to
say, the point (—g¢, —f) itself.  The locus in this case is
known as a point circle.

When ¢’+f*—c¢ is negative the quantity under the
radical is negative and the circle is wholly imaginary;
that is to say, the equation cannot be satisfied by the co-
ordinates of any real points.

4. Point-circle. — Tho explanation of the fact that when
g%+ f?—c¢*= 0, the equation represents a pomt instead of a continuous
curve should be noticed The equation reduces to (2 4 )%+ (y +f)? = 0,
which is in reality two equations, for, sincea squaie cannot be negative,
each bracket must be separa’ sly zero, so that we are, in fact, furnished
with the two equations 2 +¢ = 0 and y +/ =0, which determne the
point (-g, —f).

5. To find the general equation of the circle
(oblique axes). )

The distance between the points (x, y), (%, k) is the
square root of

(@—h)'+ (y=k)'+2(x—h) (y—Fk) cos w.
Therefore the general equation of the circle referred to
oblique axes is

(z=h)*+ (y—k)*+2(@—1) (y—Fk) cos w = @’,
or
*4+2xycoswt+y’—2(h+kcogw)r—2(hcos w+ i)y
41’420k cos wtLP—a’=0 . (5);
50 that in this case the coefficients of a® and 3* are equal,
and the coefficient of wy s (2cos w) times that of «* or P,
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6. To find the equation of a circle through three
given points. '

Rectangular axes.—Let the equation of the circle be
@+ +2g2+2fy+c=0. This cquation involves three
constants g, f, ¢, which have to be determined. (Hence,
in general, a circle can be found which passes through
three given points.) By substituting the coordinates of
each of the given points in the above equation, we obtain
three simultaneous simple equations in g, f, and ¢, from
which g, f, and ¢ may be determined. 1t is useless to
evolve any formula; all that is necessary is to remember
the method.

Oblique axes—The method is similar, but we start with
a general equation in which the terms of the second
degree are 2*+y’+2xy cos w instead of 2+

Ezample.—Find the equation of the circle which pusses through the
points (20, 3), (19, 8), and (2, —9), the axes being rectangular.

If the equatior be 22 + y* + 292 + 2fy + ¢ = 0, we have, by substitution
of coordinates,

409+ 6f+c=—409, 38¢+16f+ec=—426, 49—18f4 ¢ =—85,
from which g = -7, f =—3, ¢ = =111 so that the equation is

Y 2y —1ldz—6y—111 =0,
or (2—=17)2+ (y—3)% = 169,
a circle whose centre is at the point (7, 3) and whose radius 1s 13,

Exercises.
Nos. 6-9 arc for rectangular axes.

2. Find the equations of the circles, having given—
(a) Centre (3, ), radius } v2. (0) Centre (3, —2), radius 3.
‘ (¢) Centre (0, —1), radius 1.
3. Find tho centres and radii of the following circles *—
(@) 2?+y*+ 42 -4y =1 /) z(@+y-6) =y(@~y+8).
() @+y2+2a(z=y)+a? = 0. a(d) (=—0a)(@—0)+(y—b)(y—d) = 0.
7 (e) {r—=y+a)’+(x+y—a)? = 242,
4. Find the angle between theaxes when 23+ 2y + y*— 4z — 5y —2 = 0

1cpresents a circle, and find the radius and coordinates of the centie
of this circle.

_5. Find the ‘centre and radius of the cirole whose equation is
&4 22y co8w+y* 4 292+ 2fy+¢ =0 referred to oblique axes.
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6. Find the equations to the circles through the following points,
‘and in each case transform the equations to the centre as orgin :-—

(a) (11 0)’ (2, 3)» and (3) —1)’ (b) (hi k)r (}‘1 0)7 (] k)'
() (1, 6), (3, 2), (2, 3). - (@) (a, b), (a, a), (b, b).
7. Find the cquation of the circle—
(@) Passing through (0, 0), and intercepting lengths @ and & on the
axes.
() Whose centre is (%, k) and which passes through the point (p, ¢)

8. Find the locus of a point such that the square of its distanqg
from the origin is equal to its distance from the axis of » multiplied
into a constant . Find its centre 11171' radius.

9. If the square of the distancesfrom the origin ig 2¢ times the
distance from the line # = }a, show that the locus is~a point-ciicle,
and find 1ts position. .

10. Prove that the produoct of the intercepts of the circle

(@—2 )+ (=) +2(r—2) (y—1) cos w = 1
on the axes of coordinates are equal, and hence deduce the result of
Euchd IIT 36.

s 11. The axes being rectangular, show that the points (5, 5), (6, 4),
(—2, 4), and (7, 1) all lie on a cirele, and find its centre and radius.

7. To find the polar equation of a circle.

If the centre is the pole and the radius «, the equation
is clearly » = a. If the centre € is not at the pole, let

0 A A
Fig. 3.

its coordinate be (p, a). Let P(r, 6) be any point on the
circle. Let a be the radius,
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The ggometrical condition satisfied by P is
00*+0P*—20C . OP cos COP = CP?,
and the anualytical expression of this is
p*+7'—2pr cos (6—a) = o',
or, rearranged 1n descending powers of 7,
7'—=2rpcos (0—a)4p'—a’=0 ......... (6),

© 8. If the pole is on the
curcumference,
p=a 4
and the equation reduces to
1 =2 cos (f—a)

P (n¢)

If, in addition, the initial
line passes through the centre,

a=20 0\—// x

and the equation becomes
»=2acos0..(8). Fig. 4.

9. The lengths OP and 0@ ave the roots of the above
equation (6) in r; hence OP.0Q = p*—a® and so is inde-
pendent of the direction in which the straight line OPQ is
dvawn through 0. Note that when 0 is within the circle,
OP and 0Q are of opposite sign; so that the product
0P.0Q is negative. (Compare Kuclid III. 35 and III. 36.)
When 0 is outside the circle, as in the figare, the radius
vector through 0 will meet the circle in real points only
when equation (6) has real roots for #; that is, when
p’cos? (0—a)—p’+a® is positive, or, in other words, when
psin(0—a) <ae, as is geometrically obvious. When
0 is within the circle p<a; hence the expression
ptcos® (—a)—p +a® is positive for all values of 6, and
any straight line through 0 will meet the circle in real
points.

Exercise,

12. Find the centre and radius of (a) 12—67 cos (6—4x)—16 =0,
(8) r2—2r(+/3cos 0 { sin 0) = 5.
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10. Chords and tangents. DEeriNiTIONS.—A chord of
a curve is any straight line joinirg two points on the curve.
A straight line intersecting the curve is also sometimes
called a secant to the curve,

The student accustomed to KEuclid's definition of a
tangent must now familiarize himself with a fresh con-
ception and a fresh definition of a tangent—applicable not
only to circles, but to curves in general. The tangent to
a curve at any point is in reality nothing more than thd
straight line passing through the point and indicating the
direction of the curve at that point. To illustrate this
conception, consider the recently constructed * topsy-
turvy railway ” at the Crystal Palace The tangent to
the carve formed by the
railway at any point P is H
the direction in which the ‘?_)\
wheels of the car are moving
as they pass through P—
that 1is, the direction in
which the wheels would A
leave the curve and start off
through space if the rails
were suddenly withdrawn

as the wheels passed through P /
P DS

At the lowest point L this L
direction is horizontal. At Fig. 5.
the highest point H it is
horizontal and in the opposite direction, while at some
intermediate point 4 on the ascent it is vertically upwards.
We have now explained that the tangent to a curve at
any point gives the direction of the curve at that point.
This direction can only be 1identified by means of a
straight line through the point; for a straight line main-
tains its direction unaltered for a finite distance, whereas
a curve (using the word in the popular sense) takes a
new direction as soon as we travel any distance, how-
ever short, along it. Hence we must conceive of the
tangent to a curve at P as the straight line drawn through
P which marks the direction of the curve at P. Now the
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only inttelligible interpretation of the direction of the
curve at P is the direction in which we travel from P ta
the next consecutive point P’ on the curve—that is, the
direction of the straight line joining P to the next con-
secutive point P’ on the curve. ‘The most convenient way
of arriving at this direction is to take a chord PQ, and to
cause the point ¢ to move along the curve until it
veaches the point P, which is the next consecutive point
w P—that is, until it is on the point of coinciding with
P, then the direction of the curve at P is the limiting
position to which the direction of the ohord tends as the
second point of contact @ moves up to and tends to ca-
incide with P.

Norr.—The student will observe that when @ aotually coincides
with P the dircction PQ becomes indeterminate. To be strictly
accurate, then, we must say that when the point @ moves up to and
is only an mfimtesimal distance from the point P the direction of P
moves up to and 1s only inclined at an infinitesimal angle to its
¢“linuting position when @ coincides with P.”
~ With the above introduction and the above qualifica-
tion the student will be able to understand the following:—

11. DzrinitioN.—* The tangent to a curve at any
point is the limiting position of the chord of the curve
drawn through that point when the second point of inter-
section moves up to and coincides with the first.”

Nore.—The tangent, being a straight line, must be considered as
infinite in both direotions, and in the case of any continuous curve
we shall abtain the same infimte straight line for the tangent at any
point, m whichever dircction we travel along the curve from that
pomnt,

12. If the coordinates of a point P on the curve be
2y, Y, and those of another point ¢ on the curve a, y,,
the equation of the chord PQ is wL_—ZJ =g’—7—3ﬂ (Part I.,

- —
§ 10 C), and the problem of finding "the :aqua:tion of the
tangent at P is simply that of finding the limit to which
the expression (y,—1,)/(x;—=,) tends as the point (x,,y,),
moving along the curve, approaches and tends to coincide
with (@,, ¥,)% remembering that the coordinates of both
points must satisfy the equation of the curve.
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13. To find the equation of the tangent at the
point (»,, ¥,) to the circle a’+’+2¢yx+2fy+c= 0.

Let P be the point (x), ¥,), @ a point (z,, y,) on the
circle near to P.

The equation of PQ is
= =% : e ().
T—X,  @y—a
(Pt. I,§10T)
Now, since P and @ are on the circle,
@ +y + 292, + 2fy +c =0
&' +y,’+292,+ 2fy, + ¢ = 0.
Subtracting
ety =y 2 (ry—2) +8f (ga—y) =0,
or (vy—a) (@ +a, +29) + (a—2) (n+ . +2f) = 0.
U= _tat 2y
Py ot of C e (@)
Hence the equation of the chord PQ 1s
(x=wx) (,+0,+39)+ (Y—v) (1 +y.+2) =0 . (9).
We have now obtained the equation of the chord in a
form which does not become indeterminate when (,, 1,)
moves up to and coincides with (@, y,)
Putting 2, = 2, and y, = ¥,. we have for the equation
of the tangent at (2, )
(z—a) (@i +9) + (y—v.) (1 +/) =0,
ie. a(@+g)+y+f) = +y'+ga+fy,
or, since 2+ y,*+2¢x,+2fy,+ ¢ =0, the equation of the
tangent may be written
x(x,+9) +y (v, +f) +gr+fy,+e=0 .. (10).

This equation may also be written in the form

xx+yy,+9(@+x)+(y+y)+e=0 ... (11),
and so may be derived from the equation of the circle
by writing aw, for a', yy, for ¥, a+a, fors2z, and y+y,
for 2y.
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Exercises.

13. By a similar method show that the equation of the tangent at
the point (), y,) to the curve az®+ 2hzy+by?+ 29z +2fy+¢=0 18
z(ary+ hy, +g) +y (ke + by, + f) + ga, + fy, + ¢ = 0.

14. Find tho equation of the tangent to 2?+y2—42—4y+4 =0 at
the point (2, 4). .

15. Find the equations of the tangents to the circle 22+ y2 = 13 at
the points where z = 2.

15, Find the equations of the tangents 22+ y?—=22—2y = 23 at the
points where it is cut by the circle 2?+ y? = 25,

17. Show that the circles 22 +y? = 25 and 22+y2+82+6y—T75=10
touch each other. — '

18. Show that the equation of the secant joining points (r, ;)
and (vg, ¥,) on the circle a2+ »* = a® may be written

Z(ry+1) +y (Y14 ¥) = Zp+ y1Ya + 2

19, If the equation of the circle is 2+ 42+ 2g2+2fy +¢ = 0, then

the equation of the secant is
a(u+ay+29)+y (1 + 12+ 2) = n2+nyp—e.
20. If the tangents at (x), ;) and (xy, ,), points on the circle
224924+ 292+ 2fy+c =0,
are at right angles, prove the relation
T+ Y1y + g (X4 %) + (1 +42) +97+f2 = 0.

21. The tangent at P to the circle 22+ 32 = ? meets the axes of «

and y respectively in T and ¢, and PM, PN are drawn perpendicular

on these axes: prove that CM .CT = a?, and that CN.Ct = a2
C being the centre of the circle.

14. Normal. DzrinitioN.—The normal at any point
of a curve is the straight line through that point per-
pendicular to the tangent.

15. To find the equation of the normal at the point
&y, ¥,) to the circle «’+y'+2gx+2fy+c=0.

The form of the equation to the circle shows the axes
to be rectangular.

The normal is the straight line through (=, v,) per-
pendicular to (2,4 g¢) +y (4, +f) + (92, +fy, +¢) = 0.

Hence the equation of the normal is

T4 Y%, (Pt.1.,§10 Band §19
oty yif ( § §19)
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Henco the normal passes through the centre (—g, —f),
and therefore coincides with the radius drawn to the
point (a,, 4,). Hence the tangent to a circle is at right
angles to the radius.

[The student must remember that we are investigating tangent

properties of the circle ab wutio, and therefore Euclid’s propositions
must not be assumed. ]

Exercise.
22. Show that the equation of the normal at (z,, ¥,) to the cu'we
22% + 2hxy + by? + 29x + 2fy 4+ ¢ = 0 the axes being rectangular, is
_ z—a Y=y
axl+hyl+y ha, + by, +f

16. By performing the above opemtlons on the equa-
tion of the circle in its qlmplest form 2 +§/ =d’ or by
the direct substitutions ¢ =0, f = 0, ¢ = —a* in the above
equations, we find that the equatlon of the tangent at
(21, y,)) to the circle a*+y* = ' is ax,+yy, = o*; and that
of the normal through the same point is a/x,:y/y,
the normal of course passing through the origin, which
is now the centre of the circle.

Exercises.
23 Find the cquation of the normal at the point (5, 12) to the
cucle 22+ y? == 13.
24. Find the equation of the normal at the point (5, 2) to the circle
2%+ y2—br—4y+4 = 0.

17. To find the coordinates of the points of inter-
section of a straight line and a circle whose equa-
tions are given.

All we have to do is to solve the two equations for

zandy. (Pt.I,§9)

Ezxample.—Find the coordinates of the point of intersection of the
straight line 70—y —25 = 0 and the circle 2°+y* = 25.

Let 2, ¥ be the coordinates required.

From the equation of the straight lime we got y = 72 —25.

Substituting in the equation of the circle we have

22+ (Tz—26)2 = 25,
From which # =3 o0r4, y = —4 or 3.
Hence the cpordinates are (3, —4), and (4, 3).
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18. The result of the operation in § 17 is clearly to give
n quadratic in » for the abscissarequired. This quadratic
will have two roots; corresponding to each root there
will be a single value of y derived by substitution in the
equation of the straight line.

Hence a straight line will cut a circle in two points,
which will be real if the roots of the quadratic are real,
and imaginary 1f the roots of the quadratic are imaginary,
i which latter case the straight line will lie wholly out-
side the circle.

If the roots of the quadratic are equal, the straight
line cuts the circle in two coincident points, and is there-
fore the limiting position of a chord when the points
of intersection become coincident—that is to say, it is
a tangent to the circle. Hence the condition that the
straight line should touch the circle is that the quadratic
obtained by solving for a or #» should have equal roots.

One result should be remembered—namely, the condition
that the straight line y = m«x 40 should touch the circle
at 4yt =al.

Solving for z, we have

2+ (me+b):=a* or 2'(1+m?)+2mba+b’—a*=0.

The condition that this should have equal roots is

(A +m?) (V*—a*) =n* or b*=d*'(1+m?).

Hence the straight lines y = mata V14w touch the
eircle a’+y* = o for all values of m.

Exercises.
25. Show that thecircle 22+ 42+ 2a (2 +y)+a? = 0 touches the axes
of coordinates, and find the points of contact.
Tind the equations of the circles whose centres are at the origin
and which touch respectively :
26. y = %2+ 33. 27. 3z + 4y = 10.
28. Show that the following stradéht lines and circles touch, and
determine the points of contact in each case :—
(@) 2®+y*+r+y =0 and z4+y+2=0.
(0) ¥*+y° =6y and y = #4/3+9.
29. Show that the line y=mr+af{lx /(14 m’)} is always a
tangent to the circle 2?4 y° = 2ay.
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19. To find the condition that the straight line
lx+my4n =0 should touch the circle

'+ y’+2gx+2fy+¢c=0.
The equation of the lines joining the origin to the
points of intersection of the straight line and circle is

n* (@ +yY) —2n (lz+my) (g2 +fy) +c(la+my)* = 0 ... (A).

If the straight line touches the circle, it meets it in
coincident points. Kquation (A) therefore representswa
pair of coincident lines in such a case, and must be a
perfect square. The condition for this is

(clP—2gnl+n®) (cm?—2fmn+n?) = (clm—gmn—fnl)?,
which reduces to

¢ (P4+m?) 40— (fl—gn)'—2fmn—2gul =0 ... (B).

20. Nore —The last equation is unsymmetrical. It is useless to
remember the result—the method only should be remembered As an
example the student should prove by the same method that the con-
dition that the straight line /x +my +#n = 0 should touch the curve

ar?+ 2hay + by* + 292+ 2fy +¢ = 0
is (be—fYHB+ (ca—gY)m2 + (ab—h3n3 + 2 (gh — af )mn + 2(hf - bg)nl
+2(fg=ch)lm =0 (C).
Equation (C) is symmetrical, and equation (B) is the reduced foim
of this symmetrical equation when ¢ =1, 6 =1, A =0.

Exercises.

30 TFind the equations of the tangents to the circle 22+y?+2r =0
which make 45° (measured counterclockwise) with the axis of .

31. Find the equations of the tangents to the circle 22+y* = 25
which are parallel to 3z +4y = 0.

32. Find the equations of the tangents to the ciicle 2%+y? =2
Which are inclined to the axis of » at (o) 120°, (8) —30° (c¢) tan-!5.

33. Writo down the equation of the pair of straight lines joining
the origin ;co the intersections of the line 2/e¢ + y/b = 1 and tho circle
2?4y =%,

Show that, if the line touches the circle, then 1/a?+1/6* = 1/c2.

34. Show that the straight lines joining the origin to the points of
intersection of the circles 22+y: = a? and 22+ 2+ 2(9x+ fy) = 0 are
given by the quadratic equation «?(2?+ y*) —4 (g2 +fy)* = 0.

36. Find the points of intersection of the circles %% +y% = 25 and
2%+ y?—26v + 20 = 0, and show that the circles cut at right angles.
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MISCELLANEOUS EXERCISES ON CHAP. 1.

36. Find the locus of a point which moves so that the sum of the
squares of its distances from (e, 0) and (—«, 0) 18 equal to 242

37. Find the points of intersection of the circles 22+y% =9 and
22492~10249 =0 Fmd the equations of the tangents to both
circles at the points of intersection.

®how that the two tangents at either point are at right angles.

38. Prove generally that the circles
2Z2+yt=a and 2’+y’+220+a2=0
cut at right angles.

39. Find the equations of the tangents to the circle
22+ Y2+ 200 + 20y +¢c =0
which are parallel to the line 32 +4y+7 = 0.

40. Find the cquations of the two tangents to the circle 2? + y? = 25
which make an angle of 30° with the axis of a.

41. Show by any method that, for all values of a, the straight line
7 co8 (0 —a) == pcos a+a touches the circle 12—21p cos 6+ p?—a? = 0.

42. Find the points of intersection of the circle 1 = 4 cos § with the
straight line 7 cos @ = 3. Show that these points together with the
origin form an equilateral triangle.

43. Show that the square of the distance between the two points
{xy, ) and (rg, ¥5) on the circle 22+ y*=a? is equal to
2 (@~ 22— 1Y)

44. Deduce that the equation of a straight line meeting the circle
{n two points at equal distances @ from a point (2, y,) on the circum-
ference is ax) +yy,—a*+ 1d? = 0, and apply this result to find the
equation of the tangent at (2, y)).

45 Find the equation with oblique axes of the circle that passes
through the origin and makes intercepts p, ¢ on the axes.

46. Find the condition that the straight linc az + by = 1 may touch
the circle » = % cos 9.

47. Find the length of the radius of the cirole passing through the
puints (0, 0), (4, a), (5, B).

48. Prove from the equation of the circle that the angles in the
same segment of a circle are equal.
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CHAPTER 1L

—

THE CIRCLE (continued).

21. To find the equation of the chord of contact of
tangents drawn to a circle from a given exterxml
point.

Let P be the given external point, PQ and PR the tan-
gents to the circle from P.

For simplicity we shall work with the equation of the
circle referred to rectangular axes with the centre for
omgm.

St .
P

- /
o |-

Q __—

r X

Y.
Fig. 6.

Let the coordinates of P be ,, ,, and those of Q and R
K, k' and k", k" respectively. (It should be observed that
the coordinates of () and R have no place in the final
result.) The equation of QP, the tangent at Q, is

ah’ +yk' = d’.
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The equition of BP is similarly k"4 yk” = a®.
Since both these lines pass through (a4, %,), we have
ah 4yl =a and a b +yk" = db.
Hence the coordinates (7, k) and (A", k") both satisfy
the equation ax,+yy, = o’, thatis to say, the points @
and R lie on the straight line
reF Yy, =@ .oiiiiiiinennn (1),

wlich is accordingly the equation of QR.

When P is within the circle, no tangents can be drawn
from P to the circle. We must therefore search for a
fresh geometrical interpretation of equation (1), «

(i) It will be observed that, if the chord of contact QR
passes through a fixed point (k, k), within or without the
circle, the coordinates (&, k) satisfy equation (1), and
accordingly we have xh+y,k = o*; that is, the point P
lies on a fixed straight line whose equation is akh+yk = a®
This at once supplies us with a geometrical interpretation
of the equation zh+yk = a’ which is independent of the
position of the point (&, k) relative to the circle, and it
will be seen that, if chords of a circle be drawn through
a fixed point, the locus of the intersection of the pairs of
tangents drawn to the circle at the extremities of the
chords will be u straight line. This straight line is called
the polar of the fixed point, and the equation zh+yk = 2’
represents the polar of the point (h, k) with respect to
the circle #'+4* =a’. The polar of an external point 18
the chord joining the points of contact of the tangents
drawn to the circle from the given external point.

(ii.) Further, it will observed that, if P (x,, %,) lies on
the fixed straight line ah+yk = o® (whether this line
does or does not cut the circle in real points) we have

oh+y ke = d’,
and accordingly the straight line QR whose equation is
@z, +yy, = a’ passes through the fixed point (%, k). Hence,
if from points lying on a fixed straight line pairs of tangents
be drawn to acircle, the chords joining their points of
contact will pass through a fixed point. This point is
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called the pole of the given straight line, and we see that
the co-ordinates of the pole of the straight line zh+yk = a?
with regard to the circle a*+y* = a® ave (k, k). The
pole of a straight line which cuts a circle in real points
18 the point of intersection of the tangents at the points
where the straight line cuts the circle

(iii.) The pole of the straight line zh+yk = a® with
respect to the circle 2’+y*=a® is the point (&, k)
Hence the pole of the straight line #cosa+y sine=p
is the point (a®cos «/p, a*sina/p.) 1f P be the pole, QR the
polar, 0 the centre, 1t is evident that OP is the direction
of the perpendicular from 0 on QR. 1f OP cut QR in P,
OP = p, since OP’ is the perpendicular from the origin on
xcos a+ysina = p.

Further, OP =+/(a®cos a/p)*+ (a®sin a/p)® = a*/p, and
hence OP. 0P = a’.

1f Pis an external point, this result is geometrically
obvious, as follows :—Let PQ be a tangent from P; then
OP'Q and QQP are similar vight-angled triangles, and
therefore 0P : 0Q = 0Q : OP.

Lxample.—If OP cut tho circle in A and B, show that

1/PA+1/PB = 2/PP".

Exercises.

1. Write down the polars of the following points with respect to

the circle 22 +y? = 14:—
(a) (21, —35). (%) (=3, 1). (&) (0, 1).

2. Find the poles of the following lines with respect to the circle
4yt =14:— (a) 3x—y=2. (b)) 2—y=14. (c) 3z =1.

3. Find the pole of the line lr+my = 1 with respect to the cirele
23+ y? = al.

22. If the polar of P passes through 7, then the
polar of 7 will pass through P.

Let the coordinates of P be (2, v,), those of T (g, 7,),
and let the equation of the circle be 2*+1® = o’

The equation of the polar of P is ax,+yy, =a’. Since
the point (z, %,) is on this line, we have z@ +yy, = o’

H}énce the point (z,, ¥;) lies on the line azy+yy, = a’;
that is, P lies on the polar of T,

GUEOM. PT. II, o
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23. General equation of polar.

‘We have worked above with the simplest form of the
equation to the circle, so that the student’s attention may
be diverted as little as possible from the reasoning in-
volved. Similar processes will show that the point
(21 y;) and the straight line

z(@+9) +y(+f) +gu+fy+e=0
‘are respectively pole and polar with regard to the circle
2?4+ y'+ 2924 2fy +¢ = 0.

Nore.—It must be carefully noticed that the equation
of the polar is of exactly the same form as that of
the tangent, and thus need not be remembered separately.
The important difference between the two lines vs that, whereas
wn the case of the tangent (%, y,) was on the curve, no such
restriction s now rmposed.

It follows, of course, that

when a potnt s ON the
curve its polar is the same —
as vts tangent. P

This is also clear from geo-
metrical considerations, because,
as the point P gradually ap- B
proaches the curve, the points
of contact § and R become
closer and closer together, and /

the line joining them ultimately

becomes a tangent to the curve

when T is on the curve. Thus

the tangent is only a particular Fig. 7.
case of the polar.

Exercises.
4. Find the polar of the point (5, 4) with respect to the circle
23+ y?—42-3y = 8.

5. The polar of the origin with respect to the circle
@'+ y'+29x+2fy+e =0
is the line gx+fy+ec=0.
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24. If a straight line drawn through a given point
0 is cut by the circle in the points 4 and B and by
the polar of 0 with regard to the circle in the point

. 1 1 2
0’ then 04t 08 = 00"

Take O for origin with the axes rectangular, and let
the equation of the civcle be @+ 14+ 2gx+2fy+c =0.

Lt 04 =7, 0B =1, 00'=p. Let the straight lin»
0AB be inclined at an angle # to the axis of w.

OI

Fig. 8
Then 7, 7, ure the two values of the radius vector 7,
for which the Cartesian coordinates (# cos 6,1 sin 6)
satisfy the equation of the circle. Writing » cos 6 for a
and r sin 0 for y in the equation of the circle, we see that
7, and r, are the roots of the equation

7*42r (g cos 0+ fsin H) +¢ = 0.
Hence
1, 1 _ntn_ 2(gcos ‘:+1 sin )

"o 7y

Similarly, p is the value of , for which the coordinates
(r cos O, r sin @) satisfy the equation ge4fy+c =0, that
is, the value of r for which »(y cos 84 sm 6)+¢c=0.

X i1
Hence L. 9_90‘*_:111@ :

P
1,1 _¢2 1 .1 _ 2
ot T ™ 0atT o™ 00

L8
This result is usually expressed by stating that any
straight line through a given point 0 is “cut harmonic-
ally ” by any circle and the polar of 0 with regard to that
circle.
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25. To find the lengths of the tangents drawn
from a given point to a given circle.

Let (2, y') be the glven ipomt P, and let the equation
of the given circle be @’+y* + 292 4fy+¢ =

1f PAB be a straight line drawn through‘f"‘t an angle fto
the axis of «, cutting the circle in 4 and B, the lengths PA
and PB will (by Pt.I.,§10B, Cor.) be the values of »
for which the coordinates (2’41 cos 0, ¥+ sin 4) satisfy
the equation of the circle—that is to say, they will be
the roots of the quadratic in
(' + 17 cos 6)*+ (y' + sin 8)*+ 2¢ (2" 47 cos 6)

+2f(y' +rsinb)+c=0
or 2°+2r {(a'4g) cos 6+ (y' +f)sin 6}
42+ "+ 292" +2fy" +¢c =0 (A).
Hence  PA.PB =xa"+4"+2ga"+2fy" +c ...... .. (B),
and so is independent of the direction in which the chord
is drawn through P. (Cf. Euc. II1. 36 )

“When the straight line drawn through P touches the
circle A and B are coincident, and PA and PB become
each equal to the tangent from P to the circle; hence the
square of yhe length of this tangent is

_ " +y + 290 +2fy +c . ...l (2)
—that is, the result of substituting the coordinates of P
in the left-hand member of the equation of the cirele
(written with the coeflicients of #* and y* each unity).

[The expressmn x ‘+J *42ga’+2fy"+ ¢ may be written
(@ +9)’+ (' +1)'—(g"+f*—c),and so1s equal to the square
of the distance of the given point from the centre of the
circle less the square of the radius,

Note.—To impress the method on his memory, the student should
follow out the corresponding process with regard to the curve defined
by the general equation az*+ 2hay+ by*+2ga + 2fy+¢ =0,

If PAB, PAB' be chords drawn through P(z’, ¥’) at inclinations
0, @ to the axis of 2 to meet the curve in A and B, A’ and B/, it will

be found that
PA PB_M, 24+ 202"y + by + 2927 + 2fy + ¢
@ cos® 8+ 2/ cos @ sin 0 + b sin 0

, , ha'y' +by"2 + 292" + 2y’ + ¢
a g B = O UYL 20 Oy o
an P acos? ¢ + 2k cos 0’ sin 6’ + b sin% g’
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so that the ratio PA.PB : PA'. PB’ depends only on the directions of
the intersecting chords, and not on the position of the point of inter-
section. [See § 132].

If the point P is within the circle, the expression
2 +y"*+ 2¢a’ +2fy’ + ¢ = 0 will he negative (for PApand PB
are now of opposite sign) and will represent the rectangle
under the lengths AP and PB with the minus sign pre-
fixed.

Exercises.

6 Find the lengths of the tangents to (a) 22+3% = 20 from
the point (6, 3); (8) (¢—1)*+ (y—2)*= 4 from the origin;
(¢) 222+2y2—b6x—Ty+6 = 0 from (2, 3).

7. Show that the diﬁ‘erel]ce of the squares of the tangents drawn

from a point to two concentric circles is independent of the position of
the point.

26. To find the locus of the middle points of a
system of parallel chords of a circle.
Let the chords be inclined at an angle 6 to the axis of
x, and let the equation of the circle be
. T+ '+ 2gx42fy+c=0 ..o L (D).
Let (@, 4') be the middle point of one of the chords;
then the two values of r for which the coordinates
(2" 47 cos 0, y'+ 7 sin 6) satisfy equation (1) must be equal
in magnitude and opposite in sign, since the two
halves of the chord are drawn in opposite directions from
(2', y'); hence the sum of the roots of equation (A)
§ 25, must be zero— that is.
(@'+¢g) cos 0+ (y'+f)sinf = 0.
Hence the locus required is the straight line
(x+g)cost! + (y+f)sinfd =0 ... .... (3)
which passes through the centre (—g, —f), and is per-
pendicular to the parallel chords, since the perpendicular

from the origin on the line (3) is inclined at an angle
0 to the axis of . (Cf. Euc. I1I. 3.)

Bxercise.

8. Find the locus of the middle points of choras of the circle
#%+y? = 13 which are parallel to 3z +4y—5 = 0.



22 THE CIRCLB,

27. To find the equatmn of the common chord of
the two circles «’'+49y’4+29x+2f;y+c,=0 and

4+ y'+2g,.x+Sfy+¢,=0.

The equation

@+ + 292+ 2fy+c) — (@' +y'+ 202+ 2fy+¢;) =0
reduces to

2(g,—g)r+2(fi—Hy+(e,—c) =0 ... (4),

and is therefore the equation of some straight line.
kurther, it is satisfied by any values of z and y which
satisfy the equations of both circles. Hence equation (4)
is the equation of the straight line which passes through
the pomts of intersection of the circles—that is, the
equation of the common chord. When the circles do not
intersect in real points equation (4) still represents
some straight line. We shall find out the geometrical
interpretation of this straight line in § 29.

28. Radical axis.— DeriniTION. The radical axis of
two circles 15 the locus of points from which the tangents
to the two circles are equal in length.

29. To find the equation of the radical axis of two
circles.

1f (»', 4') be a point on the radical axis, and the equations
of the circles as above, then we have, by § 25,

@’y 20,0+ 2f iy + ¢, = 2"+ + 292"+ 2f + ¢,

or 200,—9) 2 +2(fi—f))y'+ (e,-¢) = 0.
Hence the equation of the radical axis of the two circles
15 2(Ul—!/.')'q"['z(f1_f-:)?l+((/'1—(72) =0...... (5).

This shows that equation (B), in § 27, 1s the equation
of the radical axis of the two circles, an interpretation
which is geometrically intelligible whether the circles do
or do not intersect in real points.

The identity of the equations obtained for the common
chord and radical axis shows that the radical axis of two
intersecting circles is their common chord, or, in other
words, that the tangents to the two circles from any point
on their common chord are equal. Geometrically, this
follows at oice from KEuclid I1I. 36. In particular, the
common chord bisects the common tangents.
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It will be observed since the equation of the line
joining the centres (—g,, —f), (—gs —f,) is
(x+9)/(1—92) = (Y+A)/(fi—12),
that the radical axis is perpendicular to the line joining
the centres.

30. In abridged notation (see Part I., § 27),if §" and 8"
be used to denote the expressions ’+1*+2¢2+ 2f,y+c,
and @’+y’+2g.0+2fyy+cy, the equation of the radical
axis of the circles 8§ =0 and S” =0 may be written
S'-8" = 0; but it must be carefully remembered that the
use of this abridgment assumes that all the terms in the
equation of the circle have been carried to the left-hand
side and the coefficients of 2* and %’ reduced to unity before
we adopt the abridged symbol.

31. General equation of circles having the same
radical axis as two given circles.

The general equation of all circles having a common
radical axis will be 8'+AS"” =0, where 8’ =0 and §" =C
are the equations of any two circles of the system.

For the radical axisof 8’ =0and 8" =018 §'—8"=0;
and, since the coeflicient of 2* or 7® in the expression §™+AS"
is 14A, the radical axis of ' =0 and §8'+A8" =0 is
(remembering the caution at the end of the last paragraph)
S8'—(8"+A8")/(L4+A) =0 or §'—8”=0; that is, the
same as the radical axis of the two given circles.

Now the equation S'+AS” =0 is satistied by the
coordinates of any point which satisties both the equations
8 =0 and 8” =0. When, therefore, the two points of
intersection of the circles S'=0 and 8’ =0 are real,
all the circles pass through the same pair of real points.

When 8'=0 and §” =0 do not meet in real points
we can still solve their equations simultaneously and
obtain two imaginary values of 2 with two correspond-
ing imaginary values of y, which we may regard as
the coordinates of two imaginary points satisfying the
equations 8’ =0 and S” = O and therefore the equation
8 +AS” = 0. Hence we may say that in this case all the
circles of the system pass through the pair of imaginary
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points which are the intersections of §' =0 and 8" =0,
though we cannot represent these points on a figure. It
is clear that the centres of a system of coaxal circles—
that is, circles having a common radical axis—are collinear,
for the line joining any two centres is perpendicular to the
common radical axis.

32. The three radical axes of three circles taken
in pairs meet in a point.

Let the equations .
of the circles in
abridged mnotation
be 8"=0, §”"=0,
8" =0.

The equations of
the three radical
axes are

§'—8"=0,
‘SII—SIII — O’
S///__Sl P O.

Since the three
left-hand members
of the equations
when added together vamsh identically, the three
radical axes meet 1n a point. (Pt. I, §23)

This point is known as the “radical centre” of the
three circles.

Fig. 9.

Exercises.
9. Find the equation of the common chord of the circles
24 yt—dzr+4y—1=0 and 2°+y?+6x—3y—1=0.

10. Show that the circles 224 »2+2y =0, 2?+3)?+2x-y—2 =0,
224+ y*+32—"Ty -6 = 0 have a common radical axis, and find 1t.

11. Find the equation of the radical axis of the circles

24+y2+22+4y+4 =0 and 422+4y2-242+8y+25 = 0,
12. Find the equation of the radical axis of the two circles
B2+y?+20+4y =7 and 22+ y2—6x+2y =5,

and show that it is at right angles to the line joining the centres of
the two circles.

. 13. Find the rodical centre of the circloes 23+ y?—32—6y+8 = 0,
24yl —z—4y+2 =0, 22+ >+ 2r—06y+3 = 0.
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33. Limiting points.— By giving a suitable value to A in
the equation & +A8"=0 wec can make the radius of the circle
& + A8 =0 zero, that 1s, obtain a point.circle as one of the circles
of a coaxal system. We shall find that the equation giving the
necessary value or values of A will be a quadratic, and so there are
in general two point-circles (real or imaginary) which are membera
of a coaxal rystem. These are called the ¢“limiting points’’ of the
system.

To show that the limiting points of a coaxal system are
imag.nary when the circles of the system intersect in real,
points, and real when the circles intersect in xma.gina.ry
points.

The first part of this theorem is geometrically obvious; for no
point-circle could pass through two pomnts at a fimte distance from
each other.

To prove both parts analytically, take the line joining the centres
of the coaxal circles for axis of # and the radical axis for axis of y
(If we take the general equation of the circle to work with in this
instance, 1t will be found that the algebra becomes too complicated
for convenience )

Let (%, 0) be the centre and @ the radius of a circle of the system.

Its equation is (=AY +y2=a® . .. . . . (A)

The equation of the radical axisis » = 0 (B).

Any circle of the system passes through the pomts of intersection
(real or imaginary) of (A) and (B), hence the equation of any circle
of the system is of the form

(=22 +p2—a24+r2 =0 .. ... e . (C)
or 22407+ AN—2h)x+ A% -a® = 0.
If this circle has zero radius, we have
(%;\-— h) ~(ht—a?) =0 or (A=24)2—4(k%—a*)=0.. (D)

Equation (D) will have real or mmaginary roots for A according as
A% 18 greater or less than a?, that 18, according as the distance of the
centre of the circle defined by equation (A) 18 greuter or less than the
radius of the circle, or according as this circle and the radical axis
meet in imaginary or real points. Hence the theorem follows.

The equatwns of the hmiting pownts ave {x+L(A—24)}2+y*=0,
thatis, 2 = —}(A—2k), y = 0 (smnce each ~qnare must be separately
zero, for a square of 2 real quantity cannot be negative), where A 18
to be found from equation (D).

Hence the coordinates of the limiting pomts are ~/A*—a?, 0 and
~Vhi=

Exercise.

14. Find the limiting p&ntﬂ of the system of coaxal circles

2%+ Y2 + Ae—56A—16 = 0.
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34. To find the equation of the pair of tengents

drawn from the point (x,, ,) to the circle
o+ y 4292 +2fy+c = 0.

Let P be the point (z, 7,), PQ and PR the tangents to
the circle. Let S denote theexpression #®+ y*+ 29+ 2fy +¢,
S, denote the expression a,°+y,* 4 292, 4 2fy, + ¢4 T denote
the expression ax,+yy, +g (e+a) +f(y+y,) +c. :

The equation kS —1'(le+my+n) = O denotes a curve
whose equation is of the second degree, and which passes
through the points where S = 0 iscut by 7'= 0 and by
le+my+n=0.

Now T'=0is the equation of the chord of contact QR
of the tangents drawn from P; let lu+my+n = 0 move
up to and ultimately coincide with 1' = 0.

Then the equation kS—1" = 0 denotes a curve whose
equation is of the sccond degree, and which passes through
a pair of coincident points on the circle at @, and
another pair of coincident points on the circle at B—that
is, which is touched by the tangents PQ and PR at
Q and R.

Now the pair of straight lines PQ and PR form agurve
answering to this description, and must therefore be a
member of the system kS—71" = 0, found by ascribing
some particular value to k. The value required is that
value which will make the curve kS—1" = 0 pass through
(2, y,) ; for the curve will then be cut by PQ in three points
(the point P and two coincident points at Q) and by PR
also in three points, and this is impossible for a curve of
the second degree unless the curve consists of the pair of
straight lines PQ and PR.

The value of k requived is therefore found by substituting
the coordinates (xy, %,) for (#,7) in the equation kS—1% = 0.
By this substitution 8 becomes S,, and 7' becomes 8§, also.

kS, —82=0 or k=25,

Hence the equation of the pair of tangents from (z,, ¥,)

to the circle is
S S8=T"=0 ......ceoc._vevrrees (6).
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The student must follow the reasoning of the above
paragraph, which is of prime importance, with great care.
The value of k might have been deduced by applying the
condition (found in Pt.1.; § 32) that the equation

ES—T"=0
should represent two straight lines, but the subsequent
calculation would have been very cumbersome.

35. On account of the importance of the problem another
solution will now be given. 'The coordinates of the
point which divides the line joining (&, y;) to (z,, y,) in
the ratio & : I arve

(kzy+Le)) [(k+ D), (ky,+ly)/(k+D)  (Pt.1, § 3)

By substituting the coordinates of this point in the
equation of the circle we obtain a quadratic in &/l giving
the two ratios in which the line joining (@, y,) and (2,.y,)
18 cut by the circle. If (z,,) 1s on either tangent from
(@, 4,) to the circle, this quadratic must have equal roots.

The quadratic 1n question is
(haey+ L))+ (kyy+ Uy )+ 29 (k+ 1) (key + Tey)

+2f (1) Chyy+ ly) o (k+1)? = O,
or S, + 2kl T+ 1S, =0 . (i),
&+, + 290, + 2fy, + ¢,
'+t + 2920+ 2fy,+c,
Ty = 2, (0 +9) +y: (i +9) + 92+ fy +e

The condition that equation (i ) should have equal roots
is 8,8,—1,,*=0. Hence, suppressing the accents of a,
and ,, the equation of the pair of tangents from (z,, y,) to
the circle is S8,-—-TP=0 . . ... ..... (6),
where S, S}, and T have the meanings given above.

ja!

where

e

R

Exercises.

15. Show, by either of the above methods, and without assuming
the formula established by §§ 34, 35. that the equation of the pair of
tangents from (), #,) to the circle 2?2+ y%= 4’ is

(22 +yr=a®)(2 + 97— 0?) — (22, + yy, — @)° = 0.

16. Find the equation of the pair of tangents frofn the point (5, 6)

to the circle 22+ y°—6x—6y + 14 = 0.
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36. Expression of coordinates in terms of one
parameter.

The coordinates of any point on the circle 2’+4*= o
may be written (acosa, asina) where « is the angle
made with the axis of » by the radius drawn to the point.
the axes being assumed rectangular. This expression of
the coordinates in terms of one unknown quantity «
sometimes simplifies the form of the equations with which
.o have to deal. In particular, the equation of the
tangent at the point (a cos a, a sin a), to which we shall
now refer as *‘ the point a,” becomes

acos @ +ysina = a.

Exercises.

17. Prove that the normal at the point a to the circle 2*+y? = 4*
is Yy = z tan a.
18. Prove that the chord joining the points «, B is
«cos * 1B +ysin atf _ 4 cos 2=B,
2 2 2

19. Prove that the coordinates of the point of intersection of the
tangents at a and B are

(ac()s“+Bscc B, asin %8 geo —B).
2 2 2

20. If the tangents at @ and R meet in P, and if O be the centre
and OP cut QR in P, show that OP. OP' = 0Q*.

37. Inversion. DerrivitioN.—Let 0 be a given point and
P any point on a given curve. On OP take a point P’ so
that OP. OP' = k’ % being a constant quantity. The locus
of P as P trave]s round the given curve is called the
inverse of the given curve with regard to the centre 0
and radius of inversion k.

To find the inverse of a circle with regard to any
point.

Take the given point for origin and let the equation of
the circle refesred to polar coordinates be

—=2rpeos(0—a)+p*=a’...ciiiinnn. (1)
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so that {p, «) are the polar coordinates of the centre and a

is the radius. If (v, 8) be the coordinates of the point

on the inverse corresponding to (r, #) on the circle, we
.4

have »' = k* or r = —.
,
Substituting in equation (1) and dropping the accent of
', we see that the equation of the inverse is obtained by
.2
replacing + by ]: in equation (1), and is therefore

2,2 2
(—k-) —-2~]<v-p cos(f—a)+p* = a’

r r

k‘p’ _ k‘a’
2__02)3 - G)‘z_az)a (2)

2 Kp
or 7°—2 ;-t—rcos (0——(1)—{-{
p'—a p
The inverse is therefore a circle whose centre is the

.2
point ( ."' P

o’ —a?

2
0) and whose radius is kaf—z
o'—a

To explain this equation geometrically, let P" be the
inverse of P, and let OP cut the given circle again in (.
We have OP.0P = k' aund OP . 0Q = square of tangent
from 0 = p’—a’. \
k

p—a

0P =

00;

so that the inverse is a reproduction of the original circle
2
on the scale —,JE(—L;, P’ bemng the reproduction of @, and @’
(the inverse of @) being the reproduction of P.
1f the centre of inversion 0 is on the circle, the equation
of the circle becomes 7 = 2acos (#—a) and that of the
2

inverse 7 ¢os (0 —a) = - ; so that the inverse iz a straight
2a

line perpendicular to the radius through 0. If the radius
of inversion is 2a, the inverse is the tangent at the point
diametrically opposite to 0.

Exercise.

91, If P’ is the inverse of P, show that the tangents to the curve at
P and to the inverse at P’ ure equally inchined to OPP'.
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Illustrative Examples.

(i.) Fwnd the condition that the portion of the lne lv+my = 1 wnter-
cepted by the curele 2%+ 22y cos w+ y% + 292 + 2fy + ¢ = 0 shall subtend a
right angle at the orygin.

If P and @ are the points of intersection, we must find the equation
of OP, 0Q, and put down the condition that the two lines are at right
angles. akmg the second cquation homogeneous by means of the
Jirst, we find that 0P, 0Q are given by

x~+,/2+2x/cosw+2 (9% + fy) (Ix + my) + ¢ (lx + my)2 = 0
or &% (L + 290+ ) + 2xy {cos w+ gm + fl+chu} +y* {1+ 2fm + cm?} =0,

If thewe are at right angles, we have, by Pt I, § 29,

(142904 2% + (1 + 2fm + em¥) —2(cos w + g + f1+ clin) co8 w = 0,
or, on simplifying,

2sin?w + 2/(g—f co8 w) + 2m (f—g cos w) + ¢ ((*+ m?—2im cos w) = 0,
which is the required condition.

(ii.) Prove that the dufference between the squares of the tangents dawn
Srom any pont K to two giwen cwrcles 1s equal to twace the rectongle KE . AB,
where KE 1s the perpendicrlar from K on thew radical axis, and A and B
are thew centres.

Let the coordinates R
of K be 2y, y,.

Let the equations of
the circles be § =0
and 8" = 0, where
S8 =
224 Y+ 29,2+ 2f1y + ¢y
SII —

@+ yP+ 2950+ 2y + oy,
and let §)' and §,” de-
note the results of
substituting the coor-

dinates of K in the ex-
pressions §’ and §”.
Let KC and KD be
tangents from K to the
two circles. Fig. 10.

Then KC* - §/, KD? = §,".
o KC—KD? = 87 =8 orireererrriennnnn. (i),
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The equation of the radical axis is §'~8” = 0, in which the co-
efficient of # is 2 (9, —g,) and that of ¥ is 2(f, - f3).

8 .
Hence KE = ’ \eeeen e (i),
2V (g - 922+ (i—fo)?
(Pt. 1., §17)

‘We are not concerned with the sign of KF. The coordinates of
A are —g,, —f, and those of B are —g,, —f;.
o AB =/ (g, =g+ (hi—fo)? v o(3)e
From (1), (2), and (3) we have KC-—KD? = 2KE . AB.

(iii.) PT,, PT; are tangents dyawn from a pont P to two gwen circles
of a coaxal system. Prove that, as P mnotres round the ewrcumference of
a thard cucle of the same system, the ratro PTy:PT, 1 constant

With the same notation as in the last example, let & =0, § =0
be the equations of the two given circles. The equation of any other
circle of the same system is of the form

SH+AS =0 . v wee (1),
the geometrical interpretation of which is (§ 25)
PT;“" + AP Tg’ =
That is to say, as P moves round the circumference of the circle

defined by equation (1) 57 =+ —A, and 80 18 constant. [Observe
that A must be negativo 1f P T, and PT, are to be real.]

(iv.) Show that the tangent at the muddle pownt of the arc cut off by a&
chord of & curcle 18 parallel to the chord.

Let 2°+ y* = 4? be the equation of the circle.

Let A, B be the extremities and M the middle point of the arc.

‘With the notation of § 36, let A be the point a and 8 the point 8 ;

then M 1s the point % (a + 8).
The equation of the tangont at M is

zeosj(a+B)+ysmi(a+B)=0a .. .coeeeun. .. (1).
That of the chord AB is, by Ex. 18, p 28,
zcosy(a+B)+ysiny(a+pB) =acosf(a—8) ... (2).

As the coefficients of # and y are the same in the two equations, 1t
follows that the two lines are parallel.

(v.) ABCD 1s a quadrilater al wnscribed wn a cucle. AB, CD meet 1 0 ;
AC, BD i P, and AD, BC v Q. Prove that PQ 1s the polar of 0.

Take 0AB, OCD for axes of z and y ; let them include an angle w,
and let the equation of the circle be

2+ 2zycosw+ Y+ 290+ 2fy+e =0 ..oiiiinnnns (1)

Then 0A and 0B are the roots of the quadratic in 2, 23+ 29z + ¢ =0,

and 0C and 0D are the roots of the quadratic mm y, ¥*+2fy+¢= 0,
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Write ¢2 for ¢, and let 04 = m¢, OC = nt.

Then 08 = t/m 0
and 29 = —t(m—1/m);
also 0D = tin
and  2f = —¢(n+1/n). B

The equation of the circle there-
fore becomes A

w224 22y cos w+ yt—(m+ 1/m) ta P
—(n+1/u)ty+t:=0 (2),
and the polar of the ongin 0 with
regard to (2) 18, by Ex. 40, p 33. R ‘c
Bmatmz gl l/’f? y _ t. —Ed()) Fig. 11.

Now PQ is a line through the intersection of AC and BD, and also
through the intersection of AD and BC, hence (Pt. I., § 22)1ts equation
must be of the forms

(afm+y/n—t)+L(xmtyn—2t) =0
and (¥/m+yn—t)+ 4 (xm+y/n-t) =0,
which can only be identical if =1, '=1, hence the equation of
Feis z(m+1/m)+yn+1n)—20=0. . ... . (4),
that is, PQ is the polar of 0.
[Note that ¢ is the length of the tangent from 0.]

MISCELLANEOUS EXERCISES ON CHAP. II

22. Tangents being drawn from the point (x;, ;) to the circle
23+ y? = a?, find the equations of the pair of straight lines joining
thoir points of contact to the centre. If these lines are at right
angles, show that the point (2, %,) lies on the circle 22 + y2=2q2.

23 Show that the length of the tangent from the origin to the
circle 22+ y2+ 292 + 2fy+¢ = 0 18 Ve.

24, Find the radical axes of the following circles taken in pairs :—
22+ yt—32x—06y+8=0,2+ yr—2—4y+2=0,2°+ 32+ 22—6y+3 = 0;
and find the point in which these three radical axes intersect.

25. Show that the length of the tangent drawn from any point on the
circle 2%+ y2+ 292+ 2fy +¢ = 0 to the circle 22+ y%+2gx +2fy+¢ == 0
is V¢’ —e. .

26. Find the locus of the middle points of chords of the circle
gﬁ' +y? = a® which pass through the fixed point (%, %).
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27. Prove that the locus of a point from which the tangents to tweo,
given circles are in a constant ratio is a circle passing through the
points of intersection of the two given circles.

28. Find the coordinates of the radical centre of the three circles
Pyt =9, 2¥+y?-2 -2y =5, and 2’ +y?+4r+6y = 19.

29. Prove that the circles » = 2¢cos (0—a) and » = 2bcos (0 - B)
cut at an angle a— 8.

30. Find the locus of the middle points of chords of a circle passing
through a point on the circumference

31 Find the equation of the circle through the origin and thc
ﬁointa in which the circle 22 + y2 + 42 + 3y + 2 = 0 is cut by the straight

ne 32+ 2y +4 = 0.
32. Find the equation of the tangents from the origin to the circle
(z=p)2+ (y—q)* =12

33. Show that the equations of any two circles can alwayts )39
written as 22+ y2+py+c =0, 22+ y?+qy+¢ = 0. ,

34. Find the condition that one of the circles in Ex. 33 lies entirely
within the other.

35 Prove that the polar of the point (p, ¢) with respect to
22+ y* = a?touches (z—¢)2 + (y —d)? = b if b2 (p’+¢%) = (a*—ep—dg)i.

36. The pole of a straight line with regard to the circle 22+ y* = a?
Yies on the straight line «x + by = 1. Prove that the equation of the
straight line is # —a2? = ¢(y —b6r2), where ¢ is a constant.

# 37. Prove that the distances of two points from the centre of a
circle are in the same ratio as the perpendicular distances of each
point on the polar of the other.

38. Prove that the area of the triangle formed by the tangents
from (p, ¢) to the circle %3+ y* =+2 and the polar of (p, ¢) is

\} r§£2+zﬂ_r2)4}

2+t
39. Find the length of the common chord of the circles
(+e)+(y+d)3 =12 (x+ad)2+(y+c)? =12

40. Find the equation of a circle touching the axes of coordinates
which are at right angles. .

_~ 41. Find the equation to the common tangents tv the circicv
x2+y3—-ay =0, 22 +y“—-b.’6 =0,

42. Find the equation of the circle coaxal with
s 234+ + 292+ 2fy+ec=0, 23+y3+2Gx+2Fy+C =0
and passing through the origin.

43. The base and the ratio of the sides of a triangle are given,
Prove that the locus of the vertex is a circle.

44. Find the loocus of the points of contact of tangents, drawn in a
given direction, to a system of coaxal circles. .

., 45, Prove that, if a series of circles touch each other at one point, all
thewr polars with respect to a given point are concurrent.

GEOM. PT, II, D
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EXAMINATION PAPER A.

1. A straight line of given length (24) is made to slide so that its
extremitios always lie on the axes of coordinates. Find the locus of
ite middle pomnt, the axes being rectangular.

2. If the square of the distance of a point from the origin is 24 times
its distance from the line = = 44, show that the locus is a point-circle,
and find 1its position. The axes are supposed rectangular.

3! Explain what is meant by a ¢‘ tangent to a curve.”

~»¢, The tangent at P to the circle 2°+y? = a2 meets the axes of z
and y respectively in 7 and ¢, and PM, PN arc drawn perpendicular
on these axes. Prove that CM.CT = «? and that CN Ct = 2,
C bemg the centre of the circle.

5. Find the points of intersbotion of the circles 2%2+y? = 25 and
224+ y3—26y + 26 = 0, and show that the circles cut at right angles.

6. Find the value of p in order that the straight line
Zcosa+ysina =p
may touch the circle #?+ y*—2az = 0.

7. Show that the straight y = mz touches the circles
24 y2—=2ax/(14m) +a? =0
and 22+ y2—2by +/ (1 + m%) + b?m2 = 0.
Deduce that the circles themselves touch if @ = +mb,

8. Find the locus of the middle points of chords of a circle which
pass through a fixed pomnt (by taking tlus point for pole). Show
that the locus is independent of the radius of the circle 1f the position
“of the centre remains unaltered.

9. Prove that, if the pole of a straight line with respect to the
circle &+ y? = ¢ lie on the circle 2°+y* = 9¢% the polar is a tangent
to the circle 2%+y% = %:

E)

10, HMom any point 0 a linc be drawn in any direction to meet a
fixed- straight line in the point P, and if a point) be taken in OP so
that .the rectangle OP.0Q = a constant, then the locus of @ is a
cirdle,



CHAPTER III.

THYE PARABOLA.

38. Parabola.—DEFINITIONS.—A parabola is the locus
of a point which moves so that its distance from a fixed
point is equal to its distance*® from.a
fixed straight line.

[Of course we mean only in the plane wheré the Y ,'/
fminc and lineare. Throughout the book all Points, g
ines, and curves considered are in one plane.] s

The fixed point is called the focus k| _ ,(r

and the straight line the directrix.
Nore.—The focus is usually indi- / \

cated by the letter 8, and the foot of X ¥

the perpendicular from & on the \

directrix by the letter X. A
Thus, if P be a point on the curve

and PK the perpendicular from it on Fig. 12.
the directrix, we have 8P = PK.

39. Mechgnical description of the parabola.

From the definition given above we can deduce an easy
method of describing a pmabola

Place a flat ruler with one edge along the directrix XK,
and against the ruler place a tmangular ruler KDN so that;
one edge KD is parallel to the axis of the curve. Fgétenone
end of a piece of thread, of length DK, to D, and the other

* The distance meant is, of course, the shortest distance, i.e., it is the length of
the perpendicular from the point to the given straight line,

\
\,
\
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end to the focus § Then, if a pencil be placed against
the thread and DK so as to keep the thread tight, and the
triangular ruler be moved along in contact with the fixed
flat 1uler, the pencil will descr ibe a portion of a pamb%

For SP+PD
= length of string
=KD = KP+PD;
SP = PK.

The lower portion of
the curve may be de-
scribed by placing the
triangular ruler, &c., in
the dotted position.

Cor~ All parabolas
are of the same shape,
and differ only in size.

From the definition
and construction it is
evident that any two
parabolas are of the
same shape, and that
corresponding lines 1n
them are proportional #%
to their §X-distances, 7e. to the distances of foci from
their respective dueubucc

40 To find the equation of a parabola.

Let 8 be the fixed point and XK the
fixed line, §X being perpendicular to
the divectrix. Take X for origin, X8
for axis of @, XK for axis of y, and sup-
pose that the known length §X = 2a.
1f P (x, y) be any point on the curve,

we havq SP = PK;
8P = PK?, ie. (x—2a) +y =a,
or on reduction
¥ = da(a-a),
which is the required equation.

E‘” li‘w v‘
il
!ltl!m"

0 e

Fig. 13.




THF PARABOL! 37

41. Reduction of the equation of the parabola to
the form y® = 4aax.

If we.take a new origin A at the point (a, 0), z.e. the
middle point of 8X, and axes parallel to the former ones,
to find the new equation we have to replace = by « i a
and y by y in the former equation (Part I, § 31).

Thus the equation becomes

y? = 4o (@ + a—a) = 4aa,
or Y =&ax . .... v (1),

The equation 3® = 4a2 is the simplest form to which
the equation of a parabola can be rednced, and should be
carefully remembered. The axes so chosen are called the
principal axes.

42, Shape of the parabola deduced from its
equation.

Taking A for origin (Fig 15), we have §4 = AX = «,
and the equation is 3* = 4aa. .

Thus y = :!:2\/aw,
so that every positive value of @ gives two equal and
opposite values of ¥ Also, a being supposed positive, when
x is negative ax is negative, and therefore y is unreal.

We immediately infer

(i.) the curve lies wholly to the right of the axis of ¥ ;

(ii ) any line parallel to AY meets the curve in two
points equidistant from the line AX ;

(iii.) from (ii.) we infer that the lme AY or 2 = 0
is a tangent to the curve at A, for it gives two
equal values of %, namely zero;

(iv) as @ increases without limit, ¥ increases without
limit.

These facts enable us to form a general idea as to the
shape of the curve. It touches AY at A, is symmetrical*

* A curve 18 said to be symmetrical with 1espect to a straight line when to each
point of the curve on one side of the hne there 18 a point on the opposute side on the

rpendicular from the pont to the line and at the same distance from it. If
g:e stiaight line be 1egarded as a plane mirror, the portion of the curve on one
side is the image of the portion on the opposite side  Hence every straight hine

erpendicular to the given straight line and terminated by the curve 1s bisected by
&g given straight line,
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with respect to X4, and recedes indefinitely from the axis
of 2 on both sides as in the figure.

Caution.—When « is negative, the curve lies wholly to the left
of the axis of y, but (1i.), (i1i.), (iv.) still hold good.

Axis. Vertex.—DErriniTioNs.—The straight line X4S,
with regard to which the curve is symmetrical, is called
the axis of the parabola, and the point A, in which the
axis meets the curve, is
called the vertex.

If P be a poiut on the
curve, and PN the perpen-
dicular on the axis, then l
PN is called the ordinate L
of P, and, if it meets the
curve again in P, PP’ is
raid to be a double ordi-
nate. The double ordinate X A S N
L8L’ through the focus is
called the latus rectum.
Its length is 4a for, from

.

Yy’ = 4ax, t
we have P’\
LSZ = 4‘(1A8= 4/;9;
s L8 = 2a.
Hence LSL' = 4a. Fig. 16.

Exercises,

1. S8how that the distance of the 'point P (x', ¥') on the
parabola y° = 4ax from the focus ig a+.x'.

2. What a1e the lengths of the latera recta of the following
parabolas :—

(i) 9= 2ax, (ii.) 9®="Tz; (iii.) Ty2—2=07?

8. The distance from the focus of a parabola to its vertex is 3.
‘What is its equation in the simplest form ?

4. Pis a point on the parabola g2 = 10 such that AP makes an
angle of (i.) 45°, (ii.) 30°, with the axis. Find the coordinates of P,
[fn (1.) the ordinate of P equals the abscisssa.]
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43. Piotting parabolas.

As explained in § 39, all parabolas are of the same
shape, and differ only in size (and, of course, position).
The student should become familiar with the shape of the
curve by plotting out (on *squared” paper if possible) a
few as in the following example.

Example.—Plot eut the curve y* = 3z.

If we give z the values

0,1,2 3,4,5,6, 1,8,
the corresponding values of y are
0, £ v3, £+6, £+49, £ v12, + V15, £ V18, £ V21, £ V24,

or 0, £1-7, £25, £3, 35, +389, +42, £46, +49.
Y \ - »—-’4
=

AW X

AN

N

~<¢

—
Fig. 16.

Hence, plotting these points (indicated by dots in the diagram) and

drawing, roughly, a curve through them, we get a fair idea of the shape

of the curve. . . .
Norg.—For the purposes of calculation, it would be easier to give
the values 0, 1, &2, ... to y, and get, as corresponding values of z,

0,4 4 3, oee-

Exercises.
Plot out in the same way the following curves :—
6. (i.) y? = 22, (ii.) y? = 9.

6. @) =i () g =—Ts.
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44. Equation of parabola referred to axes parallel
to its principal axes.—Assuming that the reader is now
familiar with the shape of the curve, we shall show how
to trace a parabola when its equation is given referred to
axes of coordinates parallel to the axis of the curve and
tangent at its vertex.

Evample () Trace the curve y*—2r—2y+5 =0

The equation must be rearranged so as to present the termsinvolving
- a8 a perfect square.

Thus y2—2y = 225,

(y—1)2 = 22-54+1 = 2(z-2). .
Now transfer the origin to the point (2, 1) and the equation becomes
y? = 2r (Part 1., § 31)

[The point to which we transferred is therefore evidently the vertex

of.the curve.]

P 4

Fig.

This is evidently a parabola with latus rectum = 2. It can easi
be traced as 1n Fxg. I’I/). ensily

The student should confirm his work by noting where the curve
cuts the original axes 'Thus, when y = 0, z = 4, and, when 2 = 0,
y?=—2y +5 = 0, which gives imaginary values of y.

Caution.—The transferring of the origin does not alter the shape
or size of the curve, but only alters its position relative to the axes of
coordinates. It is clear that the position of the curve relative to the
new axes of coordinatos is not the same as its position relative to
the old axes of coordinates,
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Ezxample (i1.) Trace the curve 1? = 4ay.
Comparing this equation with y? = 4az, we see that 22 = 4ay is the
same a8 y° = 4az if we exchange
the axes of z and y, 1¢. it is a Y
arabola in which the axis of
1s the tangent at the vertex (and
not the axis of the curve) and
the axis of y is the axis of the
curve (and not the tangent at
the vertex). It is therefore as
in Fig. 18. X 0 X
Ezxample (iii) Trace the curve
22— 20 + Qe B B v
As’ 22 appears in the equation
and not »?, we must arrange the Fig 18.
equation 8o as to present the terms involving « as a perfect square.

I}

Thus (=12 = =2y +3+1 = —2(y-2).
Transferring origin to point (1, 2), we get 2 = —2y.
v ;
............... Yo A
i L'{
4 L 'S d
4 E
E
; <
N \
i

M
" X
Fig. 19.

This i evidently a parabola with latus rectum = 2.

The new coordinate axis of z is the tangent at the vertex, and the
negative portion of the new coordinate axis of » is the axis of the curve.

It cuts the original axis of # where y = 0 and 22—22—3 = 0 or
2=23 or —1 (M, N), and the original axis of y where z = 0 and
Y = 3 (L). The curve is therefore as in Fig. 19.

Exercises.
7. Trace the curve 9y = 2z—4.

8. Show that the parabola y2 = —4az is exactly equal to the curve
¥? = 4az, but is turned in the opposite direction.
[Note that # = ~p gives the same ordinate in the one as r = +p n the other
9. Trace the curve y?= —3z+4, Show that the length of its
latus rectum is 3.
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10. Trace the parabola 3y?~z—18y+27 = 0, and find the length
of its latus rectum.

11. Trace the parabola 2?—4r—8y—12 = 0, and find the length
of its latus rectum.

12. Where is the vertex of the curve »* = 2z+3? TFind its
focus and directrnx.

13. Where is the vertex of the curve (y+2)2=x? Find the
equation of the tangent at the vertex.

14. Show that a point («’, »') is within, on, or outside
the parabola 3’ = 4ax according as y'’ is less than, equal
to, or greater than 4ax'.

15. Is the point (1, 2) within or outside the parabolas y? = 2%,
2? = 2y? Draw a figure in illustration.

16. Show that the vertex of the curve (y—p)? = g (z—1) is at the
point (r, p), and that the latus rectum is ¢.

17. Find the vertices, foci, and directrices of the curves

() y=42F=2(-1), (i) (y+3)? = 2(z+2).

45. Whatever be the axes of reference, the equa-
tion of the parabola is of the second degree, and
the terms of the second degree in # and ¥ form
a perfect square.

In its simplest form the equation is 3* = 4aax.

Now totransform to anyother axes, rectan gularor oblique,
we replace  and y by linear functions of the new coordin-
ates (Part I., §35) Suppose we write L@+ m,y+n, for z,
and lz+myy+mn, for y; then the above equation becomes

(Lp+myy +m,)* = da (La+ my +m),
which is of the second degree.
The terms of the second degree are (lz+myy)?, and
they form a perfect square.

6. If the new axes are rectangular, this may be proved
in a different way. Let (2, y') be the focus 8§, and
lz+my+n=0 the equation of the directrix; then

8P = (2 —2)'+ (y—y)},
and prr = Jrtmytm’ o1, §17)

P +m?
’ , lz+my +n)?
(=)’ +(y—y)' = (—2’+gn’ »)

which is of the second degree in z and y.

Al



THE PARABO’A. 43

Cleared of fractions it becomes
@ +m) {(@—2)'+ (y—y)*} — (e +my+2)t = 0
Now the terms in the second degree in 2 and y are
@+ m) (2 +9) — (la+my)?,
and this equals (ly—ma)?;
therefore they form a perfect square.
Thus, if an equatlon of the second (feolee such as
az’+ 2hay + by’ + 29+ 2fy+c =0
represents a parabola, the terms
av? + 2hay + by
must be a perfect square in 2 and y.
The condition for this 1s ab = &
We shall see in § 52 that the converse of this proposition
is also true, viz , that

If the terms of the second degree form a perfect square,
then the curve is a parabola.

Evample —Fund the equation and the length of the latus rectum of the
par abola whose focus is at the pownt (1, 1) and whose directriz 1s the hne

3z +4y = 1.
If (2, y) be any point on the curve, its distance from (1, 1) must be
equal to its distance from the line 3z + 4y = 1.

Hence VE-1)7+(y—1)2= Sz+4y-1 :
Vi
2522 — 50x + 25 + 25y* — 50y + 25 = 923+ 242y + 162 —6x—8y + 1.
1602~ 24zy + 9y?— 442 - 42y +49 = 0.
The latus rectum is twice the perpendicular from the focus on the

leading to

directrix, v e it is 931 +jz.51:1 =13,
Exeraises.

18. Find the equation of the parabola whose focus is (4, 0) and
directrix z+a = 0.

19 Find the equation of the parabola whose focus is (1, 2) and
directrix 24y—2=0

20. Find the latera recta of the parabolas in Ex. 18 and 19,



44, “9E PARABOLA.

47. A straight line meets a parabola in two points.

Let y=mx+c¢ be the equation of the straight line,
and ' = 4az the equation of the parabola; then to find
the points of intersection we have to solve these two
equations for z and y.

Substituting for y its value in terms of #, we find

(mete) =4az ..oovoiiiiiinnnn (a),

which is a gqnadratic equation for 2 and has therefore two
roots. If 2, and x, be these roots, then these are the
abscisse of the common points, and their ordinates are
given by vy, = mz,+¢, y, = may+c. Thus there are two

points of intersection, viz., (z;, %) and (z,, ¥,).
If m =0, one of the roots of the quadratic is infinite.
Fhere are still two points, but one is at infinity.

Nore.—When the roots
of (o) are imaginary, the
straight line meets the
curve in two imaginary
points.

This proposition may be il-
lustrated as follows:—Let P be
a point on OY, and PQR be a
straight line through P. Sup-
pose this line moves from the
position PY’ in the counter-
clockwise direction to the posi- P
tion PY, m thus changing from
—o through zero to +wx.
Then at first it will cut the
parabola in two points @, Ry, 0
and equation (A) will have real
roots for that value of m corre-
sponding to the position PQ\R,.
‘When the line is in position PQ,
parallel to O0X, m = 0 and one
root is infinite. After this both
roots are real and finite, asin
PQ;Rs, until the line touches the
curve as in position PQ,; then
the roots are equal. After this ¥
both roots .become imaginary,
and the line does not meet the
curve in real points until it comes
again into the position PY,
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48. To find the condition that the line ¥ == mx+c
should touch the parabola ¥’ = 4ax.

If the line y = ma +¢ touches the curve, the two points
of intersection coincide, and thus the quadratic in 2 must
have equal roots. Now it is

(mx+c)t—4az =0
or . m*+2x(em—2a) +* = 0,
and the condition for equal roots is therefore
(em—2a)? = c*n?

or —4dacm+4a®> =0;
em=a or c¢=a/m.
Thus the line Yy = mr+a/m ... e . (3

touches the parabola for all values of m.

Caution.—When m = w, ¢.c., when the line is parallel
to the axis of y, the proof fails, for the equation 1s of the
form @ = ¢, and we cannot eliminate y by means of it In
this case we get one value of @ to two equal and opposite
values of y, but the line = ¢ is not a tangent, except
when ¢ = 0.

49. The parabola not being a closed curve, some lines
may meet it in points which are at an infinite distance
from the origin.

In this case the quadratic for 2 must have one or more
infinite roots. Now it may be written

2. m? 4 22 (me — 2a) + ¢ = 0,
and this equation has an infinite root if
m? =0,
i.e., if m=0. (Tut. Alg., II., § 166)

Thus any line parallel to the axis of a parabola meets the
curve tn one pocnt at an infinite distance.

For both roots of the quadratic to be infinite we must
have m'=0 and mc—2a =0,
leading either to a =0, which is contrary to hypothesis, or
to ¢ = o ; and, if the latter be true, the line is at infinity.

Hence no line at a finite distance meets the curve in
two points at an infinite distance.
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50. Any equation of the form y°=ax+by denotes a
parabola, the axes being rectangular.

This equation can be written
yi—-by = az,
or, completing the square with respect to ¥,

b \? » b2
(=3 ) = et G =a(e+ ),

2
and now, taking the point (-}, +:

£33
equation becomes ! = aX, (Part I, §31)
which 18 an equation of the same kind as that found in § 41, and
therefore denotes a parabola.

) for new origin, the

51. If a point moves so that the square of its perpen-
dicular on one line varies as its perpendicular on another
line, it describes a parabola.

Take the point of intersection for origin and the first line for axis
of . Then the equation of the second is of the form

y—mx = 0.
Hence the equation is  ¢2 = & LZ2L, (Part I., § 17)
V1 +m?
where % i8 a constant. But this equation is plainly of the same form
as y? = pr+qy,

and therefore it denotes a parabola.

52. If in the equation
ax’+2hxy+ by’ +2gx+2fy+c=0

the terms of the second degree (i.c., «x’+2hxy+by?)
form a perfect square, the equation denotes a para-
bola.

For suppose ax*+2hzy + by’ = (ax +fy)*;
then we have (az+By)? = —(292+2fy+c).

Now the square of the perpendicular from (=, y) on the

. . » + By, 2
line aw+[5’y =0 i8 (GZ§+%{') ,
and the perpendicular on 2gz+2fy+c¢=0 is
292+2fy+c

2~/g_’_-t-_;‘:’i
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Hence for points on the curve the ratio of the first to
the second
- (_fﬂfﬁzz_f/ 2+ 2fy +¢
o +ﬁ2 ) \/‘(}24?’2

2V +f
el + /;2 4
which is constant.
Consequently, by § 51, the curve represented by the
equation 1s a parabola.

Exercises,

21. Show thal the equation y* = z+y denotes a parabola, and find
tho coordinates of 1ts vertex

22 Show that the equation #»2 = 2v+4y+1 denotes a parabola,
and find the coordinates of its vertex, also the equations of the

axi8 and the tangent at the veitex.

[By changing the origin, wecan 1educe the equation to the form Y? = 2X Now
X =0 and Y =0 arc the tansent at the vertex and the axis, so we hayve only to

change back to the old ongin }
23. Show that any equation of the form 2? = ar +by denotes a
parabola having 1ts axis parallel to 0¥

24. Show that tho vertex of the parabola in Ex. 23 is at the point

(5-5)
27 4b

25. Find the vertex, focus, and directrix of the parabola 2%=2s+y.
[Fust find the vertex and the length of the latus 1cctum , then use a figure.}

26. Show that the axis of the parabola (ar+By)?+ 292+ 2fy+1 =0
ig parallel to the straight line av+8y = 0.

MISCELLANEOUS EXERCISES ON CHAP. III.
27. Find the equation of the parabola whoso focus 18 at (—1, 1) and
whose directrix is z+y+2 = 0. '
28. Find the latus rectum of the parabola in Ex 27.

29. Find the coordinates of the point of intersection of the line
2 +y = 3 with the parabola 2 = bz.

30. Find the condition that the line y = mz+¢ should touch the
parabola y? = 4a (z+96).
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31. Show that the line y = mz+¢ will touch the parabola
42 = Adx+By+C

. 1 Cm
if ¢=—.(d+Bmp?2+ =,
4md ( ) A
[Eliminate # and find a quadratic for y.]

32. Find the coordinates of the point of intersection of the straight
line 3z—y +2 = 0 with the parabola y* = 2z +1.

33 If P, Q be the points of intersection in Ex. 29, find the
coordinates of the middle point R of PQ.

[Note that, 1f R be (¢, ), P (%), y1), Q (2 ¥a), then § = 3(x;423), and use the
theory of quadratics ) —

34. Find the length of the side of an equilateral triangle inscribed
in the parabola y? = 4ax so that one angular point 1s at the vertex.

35. Find the length of the side of an equilateral triangle inscribed
1n the parabola x? = 4ar so that one angular point 1s at the focus.

36. A straight line through the focus of a parabola mcets the
curve in P and P’. Show that the product of the ordinates of P aud
P’ 18 equal to the square on half the latus rectum.

37. In the same case, the product of the abscissa is always equal to
the square on one-fourth of the latus rectum.

38. Show that any line parallel to #+y = 0 will meet the para-
bola #°+2xy+y*+2x+4y+1 =0 in one point at infinity. Hence
24y = 0 18 parallel to the axis

39. The axis of a parabola 18 zcosa+ysina—p = 0, the tangent
at the vertex is zsina—ycosa =0, and the latus rectum is 4a.
Show that the equation is

(#cosa+ysina—p)? = +4a (2 sina—y cosa)
according to which sido of thy tangent at the vertex the parabola is.

iUse the result PN® = 4A8. AN where PN 1s the perpendicular on the axis and
AN 13 equal to the perpendicular on the tangent at the vertex ]

40. Find the equation of the parabola whose axis is z+y—2 =0,

tangent at the veitex z—y = 0, and latus rectum +/2, the para-
ola lying on the same sido of the tangent at the vertex as the point
2, 1) does.

41, Find tho equation of a parabola having the same axis, vertex,
and latus rectum as the foregoing, but lying on the other side of the
tangent at the vertex.

42, Prove that, if tho straight line Az+uy+v = 0 {ouches the
parabola y%=4pr + 4pg = 0, then must

Ao av—ppd =
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EXAMINATION PAPER I.

1. Show how to find the joint equation of the lines joining the
origin to the points of intersection of
arl+by?+29r+2fy =0 and y = mz+e,
and hence determine the condition that ¥ = ¢ is a tangent to
ar?+ by* + 292 + 2fy = 0.

2, ABC is a triangle. DE is a variable line, parallel to BC, and
cutting AB in D and AC 1in £. Find the locus of the point of inter-
section of BE and CD.

3. Through what angle must the axes, supposed rectangular, be
turned to transform az?+ 2h2y + by’ into @’2*+ &'y?. Deduce a simple
relation between o', ¥/, a, b.

4. Prove that the degree of an equation is unaltered by any change
of axes.

6. As in Example, p. 39, plot out (i.) the parabola 2? = 3y+7,
(ii.) the curve 100y = 42+ 2.

6. Draw the curve a?—2aa +3ay+a? = 0, finding (i.) the equation
of the directrix, (ii.) the coordinates of the extremities of the latus
rectum, and confirm your work by finding the intercepts on the axis
of y.

7. Find the equation and length of the latus rectum of the parabola
whose focus is (—a,0), directrix x+y+2a = 0.

8. Show that the straight line 2+ ny+an? = 0 touches the para-
bola y? = 4az, and find the point of contact.

9. Show that the equation
az®+ 2hay + by + 290+ 2fy +e =0
represents a parabola if A2 = ab.
10. Prove that the area of a triangle inscribed in the parabola
y? = dax =8—la(l~m) (m~n)(n~1)

where /, m, n are the ordinates of the angular points.
GEOM. PT. IL. B



CHAPTER 1V.

THE ELLIPSE.

53. Ellipse.—DEFINITIONS.—An ellipse is the locus of
a point which moves so that its distance from a fixed
point bears a constant ratio of lesser inequality to its
distance* from a fixed straight line

The fixed point is called a focus and the fixed line
the corresponding directrix,

and the constant ratio the K P
eccentricity.

The eccentricity is usually
denoted by the letter e.

For an ellipse, therefore,
¢ is less than 1. T 3

Thus, if P be a point on l
the curve, and P the perpen- g. 21.
dicular from it on the directinx, we have

SP=c.PK. .. ... .. .. (1)

54. To find the equation of an ellipse.

Let 8 be the focus and XK the directrix, SX being
perpendicular to it (Fig. 21)

Take X for origin, and X8, XK for axes.

Let e be the eccentricity, and put 8X = p.

Then, if the point P (whose coordinates are @, ) is on

the curve, we have SP =e.PK;
SP* = . PK?,
e, (e—p)'+4* = '*;
2 (1—e) +y*—2pz+p* =0,
which is the required equation of the ellipse.
* See footn;;e, Pp. 85,
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85. Reduction of the equation of the ellipse to the
2 Pt
form -(g—i— + %7 =1,

By changing the origin, we can reduce the equation
obtained in § 54 to a much simpler form, which is the one
generally used. The equation may be written

(1—¢) {m’—% 2 } +y'+p = 0.
i
Consequently, completing the square with respect to
3 2
we have (l1—e?) {w— 1502} +1f4p? = _1__2:_;2
Now let us take as new origin a point on 8X distant

p/(1—e?) from X, and axes parallel tothe original axes; then,
referred to the new axes, the equation is, by Part 1., § 31

2 2,2 2 2,4
1—e) it o? = P2 — P 2y Y . PE
A-e)a’+y 1-¢ ¥ 718 Or&+1—e’ (A—ed
Now put pef(l—e)? = a
Then the above becomes, on dividing across by af,
5132 2
x —=1:
a? + a* (1—e?) ’
and, putting a® (1—¢) = b,
- x|
this is _a_"+_b_“=1 P ) B
Cor. e=1-"-
p:

Ezxample.—Fwmnd the equation of the ellipse having (1, 1) for focus,
2z—y +1 =0 for corresponding directyix, and eccentricaty 1]+/2.

Here, if P be (2, %), we have 8P? = (z—1)?+(y—1)?; PK = per-
pendicular from P on directrix = (22—y +1) /+/5.

But 8P = 2. PK? = }PK2.

Hence (=12 + (y—1)2 = 252~y +1)?
is the required equation. Simplifying and transposing,.we get

622 + dzy + 9y2—242—18y + 19 = 0.
Exercises.

1. Find the equation of an ellipse having (0, 1) for focus, z+y = 0
for directrix, and eccentricity }.

2. Find the equation of an ellipse having (v/a?—#2, 0) for focus,
¢ = a’/‘\/ @ =02 for directrix, and eccentricity Vai—p? [a.
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56. 8hape of the ellipse.
The shape of the ellipse is easily found from the equation

in its simple form, %, + % =
a
9 ) w%
We have y'=b( —~=.)
pr
and, since y* must be positive, we see that
-'132

1 { ?a

or z cannot be numerically greater than a.
Similarly, ¥ cannot be greater than b.
We have, from the above,

/A
y==% b Val—a2

Fig 22

Hence (i.) @ cannot be nu merically greater than a.
(ii.) @ = %a makes y =0 Thus, since the lines
@ = da make the two values of y equal,
they are both tangents.
(iii.) A value of # numerically less than a gives
two equal and opposite values of y.

Thus the curve lies entirely between the lines z = +a
and x = —a, and every chord parallel to the axis of y is
bisected by the axis of #, 7.c., the curve is symmetrical*
with respect to the axis of 2.

- o . S(;e footnote, p. 37,
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Similarly, from the equation
==+ ;)—L V-,

we infer that the curve lies entirely between the lines
y=+b and y = —b, and is symmetrical with respect to
the axis of .

Further, as one coordinate increases numerically, the
other decrcases numerically ; hence the curve is an oval
of the form shown.

- If A, A’ be taken on the axis of z such that

CA = CA" = q,
C being the origin, and B, B’ on the axis of y such that
CB = CB’ = b,

then AA’ and BB’ are called the major and minor axes
of the ellipse, and the point C is called the centre.

2 2
Cor. The curve -97,1 + g; =1, when b>a, is evidently
a h

an ellipse whose majov axis b lies along the axis of y, and
minor axis a along axis of . Its foci* are, therefore, on
the axis of #, its directrices® are ;;)amllel to the axis of x,
and its eccentricity 1s given by o’ = b*(1—¢?).

Exercises.

3. Sketch roughly, in one diagram, the curves
() 2%9+9%/4 = 1; (ii.) 2+ 4y? = 1; (iii.) da2+2 = L.

4, Find the length of the ordinatcs of each of the curves in Ex.3
corresponding to the middle points of the semi-major axis (CA).

5. Show that a point (n, k) is outside, on, or within the
curve w’/a’+y?/v°=1, according as

r¥a Kb >, =, <1,

':/'217)’ —;[—0) is outside or within
the curves () 24+y2 =1, (i) 22+y34=1;
and illustrate your answer with a diagram.

6. Determine whether the point (

* See enunciation of proposition in § 60,
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57. Equation of ellipse referred to axes parallel
to the principal axes.—In the reduced equation
m?/a2+y2/b? —_ 1
the centre of the ellipse is the origin of coordinates and
the axes of the curve are the axes of coordinates.
Frequently, however, the equation of the curve is given
referred to axes of coordinates parallel to, but not both
coincident with, the axes of the curve. In such a case
there is no difficulty in tracing the curve. In the case of
the parabola, we managed this by transferring the origin
to the vertex of the parabola. In the case of the ellipse
(and of the hyperbola, as in Chap. V.), we transfer the
origin of coordinates 1o the  centre ” of the curve.* The
method of procedure will be seen in the following
examples :—
Example (i.). Trace the curve
(x=1)* , (=2 _
9 " + 1 = 1.
If we transfer origin to tho point C (1,2), the equation at once

becomes ad + ¥ 1. (PartI.,§31.)
9 . ., §31.

SO

This is clearly an ellipse with
axes 3 and 2 along the axes of
coordinates.

Confirm the diagram by find-
ing intercepts on original axes.
z =0 gives

w=2°_,_, - 3,
4
or y=21x4+/2 =388 or '12.
y =0 gives

ﬁfl'g—l)f=1—1, or z=1.

Fig. 28.

Ezample (ii.). Trace the curve 2 +4y?*—22~16y+8 = 0.

Here arrange the terms in 22 and #, together with some numerical
quantity, so as to form a perfect square, and do similarly for the
terms in »2 and y.

Thus (®—22+1) +4 (Y*—4y+4)=9 =0,

or (z—1)2 +4(y—2)° =9,
—9)2

or (zf—-—-’l—-)z + Q’—iﬁ =1,

* See 0‘ut10n on p. 40.
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Transferring origin to (1, 2), we get the equation

2l ,
hagl =1
9ty !
which is evidently an ellipse
with axes 3 and 3, and isus in
figure. It cuts the original

axes z=0
where 4y2—-16y+8 = 0,
or y=2++/2=234or"6;
and y=0 !
where 22—22+8 =0, ol Tl'r o X
t.e. in imaginary points. s Fig. 24.

Example (iii.). Trace the curve 2x-+y?—2y—3 = .t

As in Example (ii.), we collec torms thus :—
223+ (Y1 —2y+1)—4 = 0,

or 22+ (y-—-1)* =4, Y
or £+u = 1.
2 4 >

LD
On transferring origin to the point
(0,1), we get the cquation
£ + l_/_: =1
2 4
This is an ellipse with axes /2
and 2, but evidently the major axis
15 along the (new) axis of y. The
curve is, therefore, as in figure.
Intercepts on original axes are

N

given by z =0,
¥*=2y—3=0 or y=3or -1,
and ¥y =0, r = £ v/} = £1°2. Fig. 25.

Eaample 1v.) Fund (a) the eccentricrty, (b) the coordinates of the ends
of the major ams, (¢) the coordinates of the ends of the wunoy axs, of the
curve in Example (11.), all 1eferred to the origmal axes.

(a) In that curve, a=3 and b=3}

A=1-0a = 1=-(3}/3)2=1=4 =%; .. e= V3/2

(b) The coordinates of C are 1, 2, and ACA’ is parallel to axis of z.
Therefor, since CA = CA’ = 3, the coordinates of A are (1+3, 2) or
(4, 2), and those of A’ are (I1—3, 2) or (=2, 2).

(¢) Since OB =0CB'=} and BCB’ is parallel to axis of y, the
coordinates of B and B’ are, respectively, (1,2+3), (1,2~%), or
L @)
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Exercises.
Trace the following curves:—
7. (x=2)%4+ (y—1)* = 1. 8. (x=1)%9+(y—2) = 4.
9. 22 +4y*—8y = 0. 10. 422+ y2—2y—3 = 0.

11, 22427+ 20—4y—1=0. 12. 15224 4y2—90x+ 32y - 41 = 0.
13-18. In each of the above curves (7-12), find
(i.) the eccentricity ;
(ii.) the coordinates of the ends of the major axis;
(ili.) the coordinates of the ends of the minor axis.

58. Polar equation of the ellipse, the centre being
the pole.

To find the polar equation, we must (by Part 1, § 6)

put x=rcosf and y=rsind
in the equation ;—: + }é; =L
Hence we get  #* (%s:a + %’f) =1,
or _117____002;0 E-i;Tiq v e (B)y

as the required polar equation.

59. Shape of the curve derived from the polar
equation.

Equation (3) can be written

1 1 . 1 1
=g e (55— )
Now, as a > b, L > 1
b a

. k(4 .
Therefore, as 6 increases from 0 to 5 the expression on
the right increases.

Therefore — increases, 7.c., # diminishes, 7.e., as 6 in-
r

creases from 0 to 3=, r steadily diminishes.
The same happens in each quadrant, viz., in passing
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from an end of the major to an end of the minor axis, the
radius vector constantly diminishes.

This affords a good method of tracing the curve, since
we can easily find the distance from the centre in which
any line meets the curve.

Laample (1). In the elhpse whose semr-axes ave 2 and 1, respectrely,
find the length of the 1adius vector from the centrc makung an angle 45° with
the major arus

The Cartesian equation of the curve referred to its major and
minor axes as axes of coordinates is

2 2

Ll

2 1[

Hence the polar cquation, with centre as pole, gives

1 cos?@ , 8in?0 _ } 3
= - —= 2 4 2 =&,
4 1 §

—

2 4 1
Hence r = &,
Ezxample (ii ). In any ellipse the sum of the reciprocals of the
squares of two radii vectores at right angles is constant.
Suppose they are », making an angle ¢ with CA, and r,, making an
anglo (a+ 125) with CA. Then

1 cos®d | sin?
_ 8 [}

i
cos’(0+ 1) sin2(0+ 1) . i
1 _ 2/, 2/ _sin’@ cos?@
3 a? b @? 2N

Hence, adding, we have
1 + 1 _ cos?0+sin?0  cos?0+sin’d

¥t a2 32
1 1
atw

which proves the result required.

Exercises.

19. Find, in the curves of Ex. 3, p. 63, the lengths of the radii
vectores from the centre, making (i.) 46° (ii.) 60°, with the major
axis.

20. Sketch, in one diagram, the curves 43/4+y?=1, 23/9+4y3=1;
find the tangent of the angle the common radius vector makes with
the axis of #, and find the length of the radius vector.
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60. To show that the ellipse has a second focus
and a second directrix.

Since the curve is quite symmetrical with respecb to
ACA’ and BCB’, if we take 8§’ and X’ on ACA’ so that
CS' = 68 and €X' = CX, and draw X'K’ perpendicular to
CX’, then it follows that 8 is a second focus and X'K’
another directrix, and the whole of the ellipse can clearly
be generated from them in exactly the same way as 1t
can from the original focus and directrix.

61. To show that CX = a/e and (8§ = ae.

(i.) Since A and A’ are on the curve, we have

gﬁ, :‘f.%(} (Fig. 26) wervve.e ®
X A ¢ s A x
Fig. 26.

Adding these two results, we have

SA+SA = e (AX+A'X).

But SA+8A' = AA = 2a
and AXKA'X =AX'+A'X = XX = 20X.
2a = 2¢.0X ;
CX=ale ... vvnrnnnn. (4).

(ii.) Again, from (4), by subtracting, we have
SA'—8A =e (A X—AX).
SA—8A =e(AX—-AX),

.., 88 =e.AA or 208 = 2ae,
o 08 = ae. RN ¢ ) B
Cor. CX.C8 = alexae =a' = 04’

62. Latus rectum.—DzerINiTION.—A chord L8L’ drawn
through a focus perpendicular to the axis is called the
latus rectum. Its length is usually represented by 2I.



THE ELLIPSE. 59

The semi-latus rectum 1 = b*/a.

For the chord LSL’ is, of course, L
bisected at 8, and, since €S = ae,
the coordinates of L are ae, I

]

2,2 2
Hence (%:—-l-—ll)—z: 1.

l=0/a ...... (6). Fig. 27.

Example.—An elhpse has a focuws at (1, 1), directriz 3z +4y—32 =0,
and eccentrierty § ; find the coordinates of A, A’y and C, the lengths of the
azes, and the poswtwon of the other focus and dwrectriz. Find also the
equation of the ellipse.

In the first place the equation is clearly

3r+4y—32
TR
Thus 225 {(x—1)*+ (y—1)?} = (32 + 4y —32)3;
.6, 21622 —24zy™+ 209y2 — 2682 — 194y =574 = 0.

Fig. 28.

Again, A and A’ divide 8X internally and externally in a given
ratio 1:3. So we must find X. .
Now, 8X being perpendicular to 3z +4y—32 = 0, its equation is of

the form 42—38y+k =0,
and, since it passes through (1, 1) it is 4r—38y = 1.
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X i3 where this line meets 32 +4y—32 =0,
Hence its coordinates are 4, 5.
Henco Ais « = 9'_IIJ_4 =3 y= ?i%l_’? =2 (PartI.,§3)
Similarly A’ is (-4, —=1).
Again, C 18 the mid point of A4’, and is thus (§, ).
To find the axes wo have
CA =V E-1 + 2%
a=3% and b=av1-¢ =18V1-(3)2 =52
If the other focus be (2, y,), then C is the mid-point of (1, 1) and
(v v). Thus 2 +1=2.§=4%; .- x,=%}.
N+l=2.3=1; .. ;=0
Therefore the other focus is (4, 0). .
The other directrix is parallel to the former, and its distance -from
the centre is equal in magnitude, but opposite in sign, to the distance
of the former. Thus its equation is 3z + 4y = 4/, and we have

3z+dy—K _ _ 3x+4y—32
5 5
Hence % = —#7, and the other directrix is 3z +4y+%% = 0.

where 2 = § and ¥y =1%.

Exercises.
21. With the figure of § 56 show that
88 =AC, CS = a’=0%

22. The semi-axes of an ellipse are 4 and 3 respectively. Find the
lengths of the radii vectores inclined at angles 30°, 45°, and 60° to the
major axis.

23. Find the eccentricity and the latus rectum of the same ellipse.

24. Find the equation of the ellipse whose focus isat (1, 2), directrix

z+y+1 =0, and eccentricity . Find also the length of its latus
rectum,
(! = ex perpendicular from focus on directrix.}

26. Find the lengths of the major and minor axes of the ellipse in
Ex. 24.

26. Find the coordinates of the extremities of the major axis of the
same ellipse.

27. Find the other focus and directrix of the above ellipse.

28. Find the equation of the ellipse whose focus is (4, 0), directrix
3z +4y + 41 = 0, and eccentricity 1.

29. Being given the positions and lengths of the semi-axes of an
ellipse, show how to find the foci and directrices.
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63. The sum of the focal distances of any point on
tho curve is equal to the major axis.

Let the coordinates of P be z,y, PN its ordinate, and
PK, PK’ the perpendiculars to the directrices. Then

SP = ePK = eNX
= e((}X +w)

=e(~':—+w), since CX = —0;—;

B8
Ki /— P K'
X—2s C K ra il
B’
Fig. 29.
SP = a+ex.

Similarly, 8P =cPK =eNX' =e(CX'—CN)

a
=e (—~—w) = a—ex,
e

and hence SP+8P=a+texta—ex;
SP+S8'P=2a

64. Conversely, if a point moves in a given plane
g0 that the sum of its distances from two points in
that plane is constant, it describes an ellipse.

Take the line joining the given points 8,8’ as the axis of
and its middle point C as the origin. Then the coordinates
of 8, & may be represented by (c, 0) and (—c¢, 0).

If (@, y) be a point P on the curve, we have

8P +8'P = constant = 2a, say,
V@—c)+y'+ v (@+c)+y = 2,
and SP+8P >88 or u>ec.
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Transposing, we get
V@—o'+y—2a= -V (@+o) ' +4,
and, on squaring, we obtain
@—c)*+y'—4dav/ (z—c)* + 4 +4a®* = (2 +c)2+9%

Hence, on rearranging and dividing across by 4, we
obtain av/ (z—c)'+ 4 = d*—ca,
and, on squaring again,

a’(z—c)* +y'a* = a*—2a’ca + c%?,

.e. 2 (=) + % = ' —’’ = o’ (¥ —¢?)
2 2
@ y
or =+ >—=1
@ a—c

Since a >e¢, this is an ellipse with the points (¢, 0),
(—c¢, 0) as foci. (See §61.)

65. Mechanical description of the ellipse.—From
§ 64 we can at once deduce the easiest method for the
mechanical description of an ellipse.

Take a thread SP§” and fasten its two ends 8, § firmly
to two nails fixed on the paper.
Then place a pencil vertically K
against the thread so as to keep
it always tight. Move the pencil
about, and it will describe an
ellipse whose foci are 8§ and &’ s s’
and whose major axis Fig. 30.

= 8P+ 8P = length of thread.
Nore.—To describe the lower portion of the ellipse the

whole thread must be brought to the lower side of 8§
and the pencil placed against the upper side of the thread.

Exercises.

30. Find the simplest form of equation of the locus of a point that
moves so that the sum of its distances from two points 8, 8 is 10
where 88’ = 8.

31. Find the eccentricity of the curve in Ex. 30, and the length of
itp semi-latus rectym,
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66. Ellipses are not all of the same shape. (Compare
Corollary in § 39.)

Suppose, after describing the ellipse APA’ with thread SPS’ and foci
8 and &', we fasten the ends of the threads to points ¥, V' on 8¢,
where 8V = §'V’.

Then it is clear that in general VP + V’P is not equal to SP + 8P,
and consequently the curve described by the thread with ¥ and V' as
foci wll not pass through P.

A SV [ v s A
Fig 31.

Similarly it will not pass through any* other point of the ellipse
APA’ except A and A'.

Hence the curve described will be another ellipse with A4’ as major
axis, lying entirely within or entirely witheutt ellipse APA’ except at
A and A’, where they touch. .

Hence these ellipses are not of the sanfe shape, which proves the
proposition.

67. The circle is a limiting case of an ellipse.

11 the two fixed points of § 64 coincide, the locus is clearly a circle
of radius a.

Hence we infer that,
if the foci of an ellipse comnerde, 1t becomes a curcle,
having its centre at the point of coincidence.

This also follows from the equation of § 64, for, if the two pomats
coincide, ¢ = 0 and the equation becomes

24t = ad,
which represents a circle of radius « having its centre at the origin.
Also, since 08 = ae, and in the case of the circle CS = 0, we see that

the eccentrrieity of a curcle 1s zero.
AlsoCX =% = fora circle, and therefore its
e

directrices are at an wfinite ﬂance Srom the centre.

* The curves therefore cannot intersect.
4+ Within if ¥ and V¥’ he in 88 produced, without 1f ¥ and ¥’ he in 88'. This

can be proved by considering the position of P when it i3 on the minor axis, 4.,
when the two parts of the string make equal angles with 88'.
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68. To show that the straight line y = mx+c¢
meets the ellipse x*/a’+0'/y’=1 in two points, real
or imaginary; and to find the condition that the
line should touch the ellipse.

To find the points common to the two loci, we must
solve, simultaneously, the equations

2 2
= mz a Z4+Y =1.
y=me+c an e + b" 1

Putting y=ma+c
in the second equation we have the quadratic for
(ma + c)
al b£ - 1
2
or w‘l(}- )+—2mc..'+ 22-—1 =0.

This equation gives two values of 2, and for each value
of z we get one value of y from

Yy =ma+c;
so there are two points of intersection.

The values of 2 are real, coincident, or imaginary,
according as

m’c? 1 m c? >
=) (1) 2o
(Tut. Alg., 11., § 159)
m* 1 cl

=020,

i.e., according as b R e

9 >
or as a'mﬁ}- b—c? p 0

Therefore, if c= £Vdm+b,
the two points coincide, and hence the lines
y=mxx/n b e (8)
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touch the ellipse for all values of m. The double sign
shows that there are two tangents parallel to y = ma.

Cor. Siunce the ellipse is a closed curve, it is evident
that no real line can meet it at an infinite distance.

This also follows at once from the quadratic for z, for,
if it had an infinite root, we should have

L™ 0, (Tut. Alg. 11.,§ 166
‘_l?+?)?“’ (Tut. Alg.,11., § )

leading to m == ——Z— v =1,

which is imaginary.
Exercises.
32. Find, from first principles, the condition that y = 3z +¢ should

touch the ellipse 2?+4* = 1, and find the coordinates of the point
of contact.

33. Find the equations of the tangents to 2?+4y? = 1 that make
an angle of 45° with the major axis.

34. Find the coordinates of the points of contact of the tangents to
2%/a?+ y?/6? = 1 making an angle ¢ with the major axis, and show
that the line joining these points passes through the centre.

69. The equation of the ellipse is of the second
degree whatever be the axes of reference, and, if the
terms of the second degree be, as usual,

ax’+2hxy+oy’,
then ab > hi.

In its simplest form the equation is of the form
o R )
a Iz
Now, to change to any other axes, we have to replace 2
and y by linear functions of the new coordinates (Part L.,
§ 35) ; hence the new equation is of the form

(he +myy +ny)* (L +mgy +ng)* _
s + B =1.

a
The terms of the second degree are
Lz +my)? + (g +myy)*
3
a s
UDBOM. PT II. ) 4
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viz., the sum of two squares, so that the factors of the
expression ar’+2hxy+by’ must be imaginary, and hence
ab>h,

We can easily verify this by putting in for @, h, b their
values as determined by comparing the two equations,
thus,

WL om m  lmy | lmy
H a—“;g—+ﬁg, b—a3+ﬁ” h" ag'*',gg-
ence
1.2 12 2 2 ! 1 2
oty = (5 ) 30) (1)
(llmg—l,m, )2
af3

which is clearly positive, since it 1s a perfect square.

70. The above result can also be shown as follows when the axes
are rectangular.

Let (2', ¥') be a focus, and 2 cosa+ysmma—p = 0 the corresponding
directrix ; then, if (», ) be on the curve, we have
V(=22 % (y=y')* = ¢ (¢ cos a+y 810 a—p),
or, on squaring,
(x—=2)+ (y=vy)? = E(xcoBa+ysina—p)s,
The torms of the second degree are
a® (1 —¢* co8? a) — 207 8in a o8 a + 42 (1 — e sin?a)
8o that, with the usual notation,
a=1=ccos’a, b =1-¢gin?a, % =-—¢?sinucosa,
whence ab=h? = 1=¢,

which is positive, since ¢< 1.
‘We shall afterwards see (Chap. VI.) that, if ab> A3, the equation

ax? + 2hay + by? + 292+ 2y +¢c = 0

always repregents an ellipse. We have here proved the conveiso of
this proposition.
Exercise.

35. Take the curve 22/9+y% =1 (axes supposed rectangular).
Find its equation when the origin is transferred to the point 1, 1, and
then when, further, the axes are turned through 30°. Confirm § 69
by showing that, in each of the three stages, ab> A2,
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MISCELLANEOUS EXERCISES ON CHAP. 1V.

36. Being given a focus § of an ollipse and the corresponding vertex,
show that the locus of the extromities of the minor axis is a parabola
having its focus at 8.

[Use the relation 88 = AC.]

37. Prove that the line Zr+my =1 will touch the ellipe
2%a®+y%? = 1 provided P+ bm? = 1.

— ~t
38. Find the coordinates of the middle point of the portion of the
straight line #+y = 2 intercepted by the ellipse 322+ 242 = 6.

39. Prove that, if Iz +my = 1 meets 2%/a? + 4?/6% = 1 in real points,
the coordinates of the middle point of the intercepted portion are
el bm
Q2+ b2m2’ 2R+ b3

40. Of two circles one completely encloses the other. Show that
the locus of the centre of a circle touching the inner one externally
and the outer one internally is an ellipse, having its foci at the
centres of the two circles.

{See that the sum of the distances 1s constant ]

41. Find the eccentricity, the length of the latus rectum, and
the coordinates of the foct of the ellipse 4 (r—1)2+3y? = 4, and
represent the curve in a figure.

42. Find the equation of the lines joining tho origin to the points in
which ths line x cosa + 7 sina—p = 0 meets tho ellipse #?/a? + y2/b2 =1,
and hence show that, 1f the intercepted portion of the chord subtends
a right anglo at the centre, it always touches a circle of radius

concentric with the ellipse.

43. Which of the lines 3z+4y+5 =0, 82x+9y—12 =0 lies
nearer the origin? Does either of them meet the curve 24? + 4y* = 3?

44. An endlss string passes round two fixed cylindrical pegs and
round a cylindrical pencil. Taking into account the dimensions of
the cylinders, but supposing them to have equal radii, show that, if
the string be kept tight and the pencil moved, the pencil will describe
an ellipse if the tracing point is at its centre.

45. If V be the mid-point of a chord PP’ of an ellipse, ¥K the
perpendicular on a directrix, and § the corresponding focus, then
8P + 8P = 2:VK.
Deduce that the locus of the middle point of a chord, when the
sum of the distances of its extremities from a focus is constant,
is a line parallel to the minor axis.
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46. If 8, & are the foci of an ellipse, and P any point on the curve
show that tan 3PSS’ tan IPS'S = (1—¢)/(1 +¢).
Conversely, if the base of a triangle be given and the product

of the tangents of half its base angles, show that its vertex lies
on an ellipse having the ends of the base for foci.

4 _ (=) @=¢
[vse tan4 V4 —-li—-)s(s_a) .
17. Find the eccentricities, foci, and directrices of the ellipses
(i.) 22+ 4y? = 6z, (ii.) 422 +4y? == 52.
.48, Prove that, if a bar of given length moves with its extremitios

on two fixed straight lines at right angles, any point marked on it
describes an ellipse.

49, Find the coordinates of the foci, and the equations of the
directrices, of the conic 2?+y? = ¢*(z cosa +y sin a—p)2.

50. Find the equation referred to rectangular axes of an ellipse of
eccentricity :/1—2-, which passes through the origin, and has its focus
at some point of 2?+y?—ax = 0, the corresponding directrix being

z4+y—a=0.

51. Find the equation of the ellipse 2%/a®+y2/62 =1 when the point

(—a, 0) is taken for origin, the directions of the axes being unaltered.

Deduce that the equation y? = 2px + g2 represents an ellipse

if ¢ be negative. Show, further, that the latus rectum is of

length 2p, and that the eccentricity is +/1—g. What does the
equation represent when ¢ =07

62, It ,, #; be the abscissee of the points P, @ on the ellipse
&?/a?+y?/b* = 1, and P;, @, be points on the major ax1s whose abscissee
are ex, and ez, respectively, prove that PQ, = P,).



CHAPTER V.

THE HYPERBOLA.

71. Hyperbola. — DerINITIONS. — A hyperbola is the
locus of a point which moves so that its distance from a
fixed point bears a constant ratio of greater inequality to
its distance from a fixed straight line.

The fixed point is called a focus, the fixed line the
corresponding directrix, and the constant ratio the
eccentricity. Fora hyperbola, therefore, the eccentricity
e is greater than 1.

72. To find the equation of a hyperbola.
[The method is exactly the same as for the ellipse. ]

Let 8 be a focus and XK the corresponding directrix, 8)(
being perpendicular to XK.
Take X for origin and let §
be (p, 0); then, as in the case
of the ellipse (§ 54), we have
SP =ePK;
s 8PP =¢éPK?;
S (=p) 4yt =
or #*(1—e*) 44y —2pz+p* =0, - S
the only difference being that
now e>1, Fig. 32.

,
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73. Reduction of the eq?ation of the hyperbola to
the form @—3/— =1,
a b
[Here again the p:ocedue is the same as in the case of the ellipse.]
The equation just found may be written
A=) {a-2. 725 +yi4p =0,
or, on completing the square with respect to z,
2 ]
(I1—¢") {w— 1“{; } +y'+p' = i_g—é';;
but, as e > 1, we write this

(e—1) (w+ P )—y’—p’=e~gﬂ:

-1 1
Now let"us take as new origin the point [—-p/(e -1),0];
then (=Dat—y = P b {tP = ’4 ‘31 (Pt.1.,§31)
2 __ ﬂ __pe
or TTET (@ ~1*
Now put ple*/(€f=1) = a*;
then, on dividing across by a? the above becomes
w_ ¥,
a® ' ('—1)
and, on making a (e —1) = b}
.. Y
this is -a—2 l-b;—- T ¢ O B
b‘.’
Cor. =1+ ..
a

Ezample.—Find theequation of @ hyper bolawhose dirvectriz 18 22 +y =1,
Socus (1, 2), and eccentrierty /3.

Here, if P (z, y) be a point on the curve, we have
8P = (z—1)2+ (y—2)3,
PK = perpendicular from (r, ) on 22+y—1=10

_2x4y-—1

IV
Hence the equation is

(z=1)3+ (y—2)? = 3 (2r+y—1)* since & =3,
or, on reduction, 722+ 122y —2y2—22 + 14y—-22 = (.
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Exorcises.

1. Find the equation of a hyperbola whose focus is the point (0, 2),
directrix z+y = 1, and eccentricity ~/2.

2. The focus being (v/a+ 7, 0), the directrix # = —%— and
ey

eccentricity ——T--? , show that the equation of the hyperbola is

2 at—yr[02 = 1,
3. If the focus of a hyperbola is at the origin, the directrix the
line # +2 = 0, and the eccentricity 2, find the equation.

4. Show that the equations a2~y?/2=1, 22/2-42/3 =2,
322—4y? = b, ax’—by* = ¢ (a, b, ¢ being positive) all denote hyper-
bolas; and find the lengths of the semi-axes.

[Each equation must be reduced to the form i’—: - g;: 1, eq.,if 208~92 =3,

we have %aﬁ— %’« =1 or é% - %’ =1, and the curve denotes a hyperbola

whose semi-axes are /3, 4/3.]

6. Find the eccentricities of the hyperbolas in Ex. 4.
[Use ¢® = 14b%/a2.]

74. Shape of the curve.—As in the case of the cllipse
1,2 2
(§ 56), the equation —‘;’? — JZ? =
gives us a good idea as to the shape of the curve,
From the equation we have

2
r=v().

and, since #' is positive, we see that 2’/a*€ 1, so that x
cannot be numerically less than a.

Also a:’=az(1+ ﬂb;),

but this gives us no limitation for y, and in fact y can
have any value.
Again, from the equations

y=+2VF—a@ wmd ==L VPHD,
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we infer (1) 2 cannot be numerically less than a;
(2) # =+ makes y = 0;
(3) any value of # numerically greater than a
gives two equal and opposite values of y;

(4) any value of y gives two equal and opposite
values of a.

Q_z
kK T -
B .
- e -
X X 5
B Sa \\\
S 14
\dr-\
Fig. 33.
Hence the curve is symmetrical, with respect to both
axes, and lies entirely outside the lines ® = +a and 2 = —a.

Further, every chord parallel to one axis is of course
bisected by the other.
1f A, A’ be taken on the axis of x, so that

CA =CA' =a,
and B, B' on the axis of y, so that
CB = CB =,

then AA’, BB’ are called the axes. Sometimes the words
“major” and “minor” are applied to them, as in the
case of the ellipse; but there 1s an important difference
in the two cases, for in the ellipse B and B’ are on the
curve, while in the hyperbola they are not. Hence AA’
is more usually called the transverse axis, and BB’ the
conjugate axis. Besides, as b*=a’(¢’—1), when e > +/2,
b > a; so that the name minor is clearly unsuitable. As
before, C is called the centre.

To obtain the shape properly here, it is necessary to use
the polar equation, which we shall now obtain.
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75. Polar equation of the hyperbola, the centre
being the pole.

If we write  =rcos§ and y =rsin @ in the equation

2t~ yz/b’ =1,
. 1 _cos’d sin’f
we at once obtain TE S T T E s (2)
1 .,,/1 1
= g —sin'0 (54 5),

two different forms of the polar equation required.

76. Shape of the curve deduced from the polar
equation.

When 6 =0, r=a; as 6 increases, 1/r diminishes
numerically, and so the curve goes further away from €
continually ; » becomes infinite when 1/r = 0, 7.e., when

cos’f/a® = sin*g/b® or tan6 = b/a.

Thus the radius vector that makes an angle tan='b/a
with the axis meets the curve at an infinite distance.

Hence the part of the curve in the positive quadrant is
as shown in the figure. The radins vector » becomes
greater and greater as its direction approaches the line
for which 6 = tan~'b/a, and, as the curve is symmetrical
in all the other quadrants, it can be drawn completely.

It must be carefully noted that, as 1/7* is negative for
values of 6 for which tan 6 is numerically greater than b/a,
i.e., for values of § between tan~'b/a and the supplement
of this angle, there is no portion of the curve between
the two corresponding lines, for the value of » correspond-
ing to values of 0 between these limits is imaginary. (Seo
Fig 33.)

The values of § which make » infinite are given by

tan 6 = % b/a,
and the lines through the centre which thus meet the
curve at an infinite distance are known as asymptotes.
This, it must be observed, is not the definition of asym-
ptotes which will be given later.

77. Comparison between ellipse and hyperbola.

The reader, while noting the points of similarity between
the ellipse and the hyperbola, must carefully notice the
points of difference. ‘
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(i) The ellipse is a closed curve, while the hyperbola
extends to an infinite distance.

(ii.) The ellipse meets both its axes in real points; the
hyperbola meets one axis only in real points.

(iii.) The centre and a focus are on the same side of
the corresponding directrix in the ellipse, but on opposite
sides in the hyperbola.

Example (1.). In the hyperbola whose transverse and conjugate azes
are 3 and 2 respectwely, find the radw vectores making angles 30° and 60°
with the major azis.

s .1 cos?d sing

The pola tio — 2 Y

¢ polar equation is - 7
1 _3 4 1 1 1
—=ta b= . =." ¢ = .
W9 ET 12 16 ~as T T3

‘When 6 = 30° we have

=60° 1_3 3__2 =4/ 144
‘When 6=60° we have p el S e V¥ or r = 53
Thus » is imaginary in this case, as it should be, for the asymptote
makes an angle tan-12 with the major axis, and, as this is less than
60°, the latter line does not meet the curve in real points.

Example (ii.). The sum of the squares of the reciprocals of
two radii vectores at right angles is constant.
Here, just as in the ellipse, if the extremities be (r, 8) and (v, 8+ %),
1 cos?f _ sin?g

P R 73’
cos7(0+—"—) sin"(0+1) .
R - 2/ _ 2/ _sin’0 _ cos’d.
r: a® b2 a? »

wrtETa T e’
but it must be carefully noted that » and » may be either or both
imaginary.

Exercises.
6. Sketoh roughly, in one diagram, the curves (i.) #%/9—y* =1,
(ii.) 422—9y? = 1, (iii.) 422—9y> = 1.
7. Find the lengths of the radii vectores of the curvesin Ex. 6 that
make angles of 30° and 45° with the transverse axes.

8. Sketch, in one diagram, the curves 2?—y2 =9, 22—4y?=1;
find the tangent of the angle the common radius vector makes with
the axis of z, and find the length of that radius vector.
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78. Equation of hyperbola referred to axes parallel
to the principal axes.

We shall now give a few examples illustrating the
tracing of hyperbolas when the axes of coordinates are
parallel to, but not both coincident with, the axes of the
curve (c¢f. § 57).

Example (i.). Trace the hyperbola

4(2=-1)2-9 (y+8)2=09.
The equation can be written
@-17_ (w+8) _,,
2 1

Fig. 34.
Transferring the origin to (1, —3), the equation becomes
22 7?2

® 1 .
which is a hyperbola with semi-axes whose lengths are § and 1. The
curve is as drawn.

The curve meets the original axis of z where y =0, and
4(x~1)2=9+81, or z = 1443, approx. It meets the original axis
of y, where # =0, and 9 (y+3)*=4—9 = —§, 1.e., in imaginary
points. .

The student should find additional points on the curve by giving
z or y other values, as in § 43.

Ezxample (ii.). Trace the curve
922~ 2y2—182—4y + 25 = 0.

Collecting terms [as in § 57, Example (ii.)] so as to make the terms
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in 2% and # a perfect square, and similarly those in »* and y, we have
9 (1 ~22+1)—2 (y2+2y+1)+18 = 0,

or 9(x=1)2=2(y+1)? = ~18,
or (!/_’;)_f“ - (2:2.1_)3 =1
Transfer the origin to the point
(1, —1), and we get
Y2 ot
9T 2

The curve is therefore a hyperbola
whose transverse axis is along the new
axis of y, the semi-axes being 3, +2
in length.

The intercepts on the original axcs
are given by 922—182+25 =0 and
—2y¢—4y +256 = 0. The former are
imaginary, the latter are —144/22
or ~1+3'7, approximately.

Exercises.
Trace the curves .—
g, BZ1F_(w+d'_
9 4
10. (z+1)2—4 (y—3)2 =8,
11. 422—y2 4162+ 2y—13 = 0.
12. 922—y2—-18+v32+ 36 = 0.

Fig. 35.

13-16. Find the cccentricities of the curves in Exx 9-12. Find
also the coordinates of the ends of the transveise axes with reference
to the original axes of coordinates.

79. The hyperbola has a second focus and a second
directrix.

Since the curve is saymmetrical with respect to the axes, if we take
08 = 0S8 (Fig. 33) and CX’' = CX, and draw X'K’ at right angles to
ACA’, themjust as in the ellipse, & is a second focus, and XK’ the
gog:a;popding directrix, The eccentricity is, of course, the same for

oth foci.

Caution.—It must be noticed carefully that the two different
branches of the hyperbola constitute one and the same curve, and that
with either focus and directrix we can obtain &tk branches of the
curve, and not merely the branch surrounding that focus,
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80. To show that 08 = ae, CX = a/e.
Since 4 and A’ are on the curve, we have
SA = cAX, SA' =cA'X.
Adding these equations, we obtain
SA+8A =c(AX+AX) or SA+8A = r(AX+A'X);

oo 88 = cAA.
Therefore, since 88’ = 208 and A4’ = 20CA,
we have CE=cCA.ccc.. oot it i, 4.
T A X ¢ X A 5
Fig. 36.

Again, on subtraction, we have
SA—8A = c(AX—AX) =c(AX-AX) or AL =cXX,
2.6 CA=1c.CX .ccoeeviinniiiniiiinininnn, (8).
Cor. - C8.CX =a oot vviviiiieiinienin, (8).

8l. Latus rectum. — DErINITION. — A chord LSL’
through the focus perpendicular to the axis is called
the latus rectum.

The semi-latus rectum = d’/a ..................... (7).

The proof is exactly similar to that for the ellipse. (§ 62)

Example.—Find the cquation of the hyperbola whose focus 1s (1, 1),
dwectrix 3z +4y—32 = 0, eccentrierty 8. Also find the coordinates of
the ends of the transverse axs, of the centie, and of the other focus. Find
the two semi-axes.

The equation is easily seen to be, on squaring,
25 {(z—1)2+ (y—1)?} = 9(32+ 4y —32)2,
reducing to 5622+ 2162y + 119y2—16782—2254y + 9166 = 0.
As in Example, p. 69, the equation of 8X (in the standard figure)
18 4r—-8y~1=0,
and hence X is thé point (4, 5). Then A and A’ divide 8X internally
and externally in the ratio 3 : 1, and hence, by the usual formula,
Ais (°2, 4) and A'is (22, 7).
The centre is the mid-point of AA’. and hence it is (28, 32),
Again, since the centre is the mid-point of 88, we easily find that
8 is (31, 10).
Ao da = AA% = (F—12)1+ (T—4) = (332

Hence 4 =13t and b=oved—1=138.2/2=154/2,
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Exercises.

17. The semi-axes of a hyperbola are 4 and 7 units in length, the
latter being the conjugate semi-axis: find the latus rectum, the eccen-
tricity, the distance of the foci from the centre, and the distance
of the directrices from the centre.

18. If 8X = p, show that 7 = pe.
If the focus is (1, 1), the directrix 6z+12y+9 = 0, and the
eccentricity 2, find the latus rectum.

19. Find the semi-axes of the hyperbola in Ex. 18.

20. In the hyperbola —:;—I - %2 =1, find the longths of the radii
vectores making angles 30° and 45° with the transverse axis.

21. Find the equation of the hyperbola having a focus at (-1, 1),
z+y—2 = 0 for corresponding directrix, and eccentricity +5.
Find the latus rectum of the hyperbola.

22. Prove that /= a(#—1).

23. Draw the curve whose equation is 22— 3y® = 5.

82. The difference of the focal distances of any
point on the curve is equal to the transverse axis.

For we have, if P be(z,y) and PN be drawn perpendicular
to the axis,

SP = ePK = ¢ (z—CX) -

a
=0 (o=
e

Kl

) =ex—a
Similarly,
SP=ce (w+—z-)=ew+a.

§'P=SP = 2a...(8). ¥ / P

Thus, for the right-
hand branch,

§P—8P =24, - Fig. 87.
while, for the left-hand branch,
SP~8'P = 2a.
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83. Mechanical description of the hyperbola.—
From § 82 we can deduce a process for the mechanical
description of a hyperbola.

Fasten one end of a flat ruler to the point &', so that
the ruler can refolve round 8§ in the plane of the paper.
Take athread whoselength
isless than that of the ruler,
and fasten one end of it to
8, and the other end to the
free end T of the ruler.
Then, if a pencil P be
pressed against the ruler .
and thread so as to keep Fig. 38.
the thread tight, the pencil, if placed as in diagram, will
describe a part of the upper right-hand portion of the
hyperbola, viz., from the vertex A up to a point P’, where
8P’ is the length of the string.

For §P—8P = (SP+PT)—(SP+PT)
= §T—(SP+PT)

= length of ruler — length of string

= a constant quantity.

The corresponding lower part of the right-hand portion
of the hyperbola can be described by bringing the ruler
below S'SP ; while the same parts of the left-hand portion
of the hyperbola are drawn by fixing one end of the ruler
to g instead of 8, and one end of the thread to 8 instead
of 8.

Exercises.

24, Prove, as in § 64, that, if SP—-8'P be constant, § and
8’ being fixed points, the locus of P is a hyperbola.

25. Find the simplest form of equation of the locus of a point that
moves 8o that the difference of its distances from two points §, &' is
3 where 88’ = 8.

26. Find the eccentricity of the curve in Ex. 25 and the length of
its semi-latus rectum,
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84. To show that the line y = max+c meets the
hyperbola ‘x’/a’—y*/b=1 in two points, real or
imaginary, and to find the condition of tangency.

Here, proceeding exactly as in the ellipse, we find as
the quadratic for the abscisse,

a’ _ (mx+c)’ _ 1

a2 b2 ’
(1  m? me c?
w  e(lom)gme, @ y_q

Also each value of 2 gives one value of y, by means of
y = ma +¢, and hence there are two points of intersection

The values of 2 are real, coincident, or imaginary,
according as

S (3-5) () 20

, 1 ¢ m'> >

€. = 4 = ——-=0 oras b¥*+c—a'm? = 0.

e al + b < + am <
If ¢ = £ Va*m—b3,

the two points coincide, and hence the lines

y=metVE=v .. .. ... (9)
touch the hyperbola for all values of m.
Cor. If m < —b—, the value of ¢ is imaginary, so that a
a

tangent to a hyperbola cannot make a smaller angle with
the axis than the asymptotes do.

If m=4+ i, ¢ =0, and the tangents are
a
b
y== a‘ Z,

and these are, in fact, the asymptotes as found in § 76,

As they meet the curve only at an infinite distance, we
see that an asymptote may be looked on as a tangent
whose point of contact is at infinity.
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85. Asymptotes.—DEFINITION.—A straight line which
meets any curve in two coincident points at an infinite
distance is called an asymptote of the curve.

It must be noted that we have not hitherto given a
definition, but that the asymptotes as found already
certainly possess this property.

86. To find the asymptotes of the hyperbola
x _y_
(AN ik
If y =ma+c be an asymptote, then the quadratic
giving the absciss of the points of intersection must have
both roots infinite.
Now the quadratic is

2
2 (;1- +1"-) —2e™e_ % _1=0,

2 b) ¢ _bT - bz‘
and therefore the conditions for this are
2
—;—, —"'=0 and 2;_’;—0 = 0. (Tut.Alg.11.,§167)

We at once deduce

’m=:i:£, c=0;
a

and thus the only asymptotes are the two already
mentioned, namely, the two lines:

b
Yy = + —a— [ T PR TR TP (10),
o e s ..t y?
and their joint equation is Pt 0.

87. Any line parallel to an asymptote will meet the
curve in one point at infinity.

One root of the equation for z in last article is infinite provided

1 m?
il i

t.e., if m =k -:—;

which is the case if the line be parallel to one of the asymptotes.
GEUM, PT. I @
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Example.—If 20 be the angle between the asymptotes, then
e = gec a,

For tanag = -’i,
a
since the asymptotes are equally inclined to the axes; and therefore
seca = /1 +tan’a = \/"2(’—*7&2 =e.
Nore that 2« is that angle between the asymptotes which encloses
the curve ; the other angle between them is x—2a.

88. Rectangular or eqnilatéral hyperbola.

A hyperbola is said to be equilateral or rectangular when 4 = a,
80 that the cquation reduces to a2—y? = o,

The reason for the latter name is that the asymptotes are at right
angles, for they are now the pair of lines

22—y?=0 or x+y =0, x-y=0.

Cor The rectangular hyperbola hears the same relation to the
hyperbola that the circle does to the ellipse, for these particular forms
are obtained by making the axes equal in the ellipse and hyperbola.

Exercises.

27. Find from first principles the condition that y = pz+3 should
touch the hyperbola #?—4y* =9, and find the coordinates of the
point of contact.

28. Find the equations of the tangents to 22—40y? =9 that make
an angle of 45° with the transverse axes.

29. Find whether the straight line #+y = 2 meets the hyperbola
22—4y? =1 in real points or not.

30. Find the semi-axes of the hyperbola 22?—3y? = 5, and show
that it is touched by the straight line y = 2+ +/3.

31. Show that the straight line #+y = 0 mects tho curve

227+ 3zy +y*+32 +2y = 0
in one point at infinity, and that thelines 2+y+1 =0, 22+y+1=0
both meet it in two points at infinity.

32. Find the value of ¢ in order that the line y = #+¢ mAy touch
the hyperbola whose focus is at (2, 0), directrix 24—y +3 = 0, and
eccentricity 2.

" . 33. Show that the lines #+1 =0, y+3 = 0 are asymptotes of the
‘curve zy+3r+y=0.
34. The angle between asymptotes of a hyperbola is 60°: find its

eccentricity. [Ues omse0e]
= a
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89. The product of the perpendiculars on the
asymptotes from any point of the curve is constant.

The gsymptotes are

zla—y/b =0 and wz/a+y/b =0, (§ 86)
and the product of the perpendiculars from (z,,7,) on them is
r/a—y/b @ /aty/b — a’fa’—y bt 1 _ &

T, T, 1 1,1 i, i e
sty Velw &% @ty

since (@), 7,) is on the curve. Thus the product of the
perpendiculars is always equal tc a®?/(a’+b?).

Exercises.

35. The ordinate through a point P of a hyperbola meets tho
asymptotes in § and @’ and the hyperbola again in P': show that
PQ.PQ = v
[If PM, PM’ are the perpendiculars on the asymptotes, then show that this

ratios PM/PQ, PM//PQ/ are constant. Hence, as PM PM’ 1s constant, so also
18PQ PQ’. To find the constant value, let P be at 4.]

Fig 39.

36. Show that QP QP =",

37. If .a line PRR'P” parallel to the transverse axis meet the
asymptotes in R, R’ and the curve again in P, show that

(i.) PR.RP"=a%; (ii.) PR = R'P"3  (iii.) PR.PR = o’

38. Show that, the further P moves along the branch AP, the
smaller do PM and PQ become ; and that, by taking P far enough
away, they may be made as small as we please.

Thus we see that the curve approaches infinitely close
to its asymptote at a great distance from the centre.
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90. The equation of a hyperbola is of the second
degree whatever be the axes of coordinates, and it
differs from the equation of the two asymptotes
in the constant term only.

‘We have obtained the equations of the hyperbola and
of the asymptotes in the forms \ \

z* 2 g
?—%—z—l =0 and -(;,-—i;=o,
which only differ in the constant term.

To change to any other axes, as usual we have to
replace « and y by expressions of the form lLa+my+n,
and g+ myy+ny, respectively (Part I., §35). Thus the
new equations are
(he+my+n)’  (ha+myy+n,) —-1=0

(12 ﬁl -
(hetmy+n)' _ (het+my+mn)’ _ 0
2 /32 -

and
a

These equations are clearly the same, except for the
constant term wherein the first contains the part —1
which 1s wanting in the second. This proves the result.

It must not be supposed that the difference in the con-
stant term is always unity, for the equations are unaltered
by multiplying them across by any constant, and so the
terras independent of  and y may differ by any quantity.

91. If, in the equation of a hyperbola, the terms
of the second degree are ax’+2hxy+by’, then
ab < 1 X
For, in the equation written above, the terms of the
second degree are

Gz+my)’ _ (L +myy)’
2 2 ’

a
i.e.,thedifferencebetween two squares so that ax®+ 2hay + by’
must have real factors, and the condition for this is
ab < P2
This we can easily show by comparing coefficients, for
we have
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AN A m?  m Lm, lm,

a= ji_/—;?’ b=—;;<_._ﬁg_’ h—.l(:’_l_ 9622’
—}3) = — _l_l_’_n‘l Lm,\?
Hence (ab =1 = ( e ) ,

and is negative, since a square is positive.

We shall see afterwards that, when ab < %?, the equation
ax’+ 2hay + by + 292+ 2fy+¢c=0 always represents a
hyperbola; we have here proved the converse of this

Alternative proof:—

1f MmE+ QY+, =0 and Pz + gy +ry=0
be the asymptotes, since the product of the perpendiculars on them
from a point on the curve 1s constant, we have

PR DYATL PTG Ty
Vi +a? Vit + q5?
a8 the equation of the curve, and this clearly only differs from that of
the asymptotes 1n the constant term

‘We leavo the reader to obtain the equation of the hyperbola whose
focus 18 (&}, %) and directrix 2 cose + ¥ sina—p = 0, and hence to
see that ab < 22, (See § 70.)

92, To find the equation of a hyperbola referred
to the as ptotes as axes.

Let CR, C8 (Fig. 40) be the asymptotes and PM, PN the
perpendiculars from a point on the curve; then we have
seen that the product PM. PN is constant.

Now, if CR be the axis of 2, C§8 the axis of y, and 20
the angle between them, we have

PM = ysin20, PN ==zsinlw;
s @y sin’ 2w = const. = &,
2

1.e., ay = = ¢, say.

sin? 2w
To find the value of ¢ in terms of a and b, we calculate
@y in the simplest case, viz., when P is at the vertex 4 of

the curve.
Draw AV parallel to G8; then

AV. Ve = &
But, since < VAC = £8CA = ¢« VCA,
Ve == VA.
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VA _ sinVCA _ sinw _ 1

Again AC  sinAVC ™ sin2e 2cosw’
Thus ~ cd=AV.ve= A0 _— o
4cos’w %cos’w
v
>
P

OR

Fig. 40.
But tanw = bja or cos’w = a*/(a’+b%);
¢ =1 (@ +19),
«*+ b’
4

and the equation is @y = —— .. ... v (A1)

Alternative proof.—The following proof is very instructive :—

To change to any other axes from the principal axes, we have to
roplace z and y 1n 2%/a? — y*/% = 1 by linear functions of the new
coordinates, say 7,z +2y+n, and  La +myy +ny.

If the new origin is the same as the old, #, = n, =0, for both the
old coordinates vanish when both the new ones do. Hence, referred
to its centre as origin, the equation of the hyperbola is of the form

{hx+my): (L +mey)? _ 1
a2 b o

This is clearly of the form 42?+ 2Hzy+ By? = 1.

Now the line # = 0 has to be an asymptote; therefore the quad-
ratic By*—1 = 0 has both roots infinite, ¢.c.,, B = 0. Similarly, 4 = 0,
and the required equativn is of the form A

2Hxzy = 1 or zy = const., as before.

The value of the constant we calculate exactly as in last article.
The equation is generally written
wy = c* o e woe (13),
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Exercises.
Find what the equations of the following hyperbolas become when
they are referred to their respective asymptotesae axes of coordinates: —
39, 22—y? = ad. 40. 223—-3y? = 5.
41 ar?—by* = ¢, 42. y(z—y) = 2.
43. Find the condition that y = ma +% should touch the Lyper-
bola zy = ¢3.

44. From the result of Ex. 43 prove that every tangent to a
hyperbola is inclined to an asymptote at an angle greater than the
angle between the asymptotes.

MISCELLANEOUS EXERCISES ON CHAP. V.
45. If B be an extremity of the conjugate axis, prove that
082—BC* = a2
46. Find the equation of the hyperbola which hasa focus at (—1,1),
2+y—2 =0 for corresponding directrix, and eccentricity /3.
47. Determine the latus rectum of the hyperbola in Ex. 46.
48 Show that the axis ot # will be an asymptote of the hyperbola
ax?+ 2hay + by? + 292+ 2fy+e =0 if a=g =0.
49. The perpendicular §Q from a focus on an asymptote is equal to
the semi-conjugate axis, and CQ is equal to half the transverse axis.
60, Show that the line ¥ = # + ¢ will touch the hyperbola
2?—2zy—y? =1, provided c¢= +1.
51. The asymptotes of a hyperbola are 2+y =1 and z—y =2,
and the sum of the squares of 1ts axes is 5. ¥ind its equation.
[Note that the asymptotes are at nght angles ]
52. In the hyperbola show that PN?: AN.A'N = BC?: AC*> where
PN is any ordinate.
[PN2 =42, AN.A'N =(z-a)(x+a)]
53. In any ordinate PN to a hyperbola a point @ is taken such

that QN bears a constant ratio to PN. Show that the locus of ( 1s a
hyperbola, having exactly the same transverse axis as the original one.

64. Find the condition that the straight line y = mz+e¢ should
touch the hyperbola 22/a?—y?/b* =1, and deduce that two real tan-
gents can be drawn from a point (z,, 7,), if only ,%/a?—y,%/6?< 1.

[Show that, 1f the tangent passes through (z, ¥), there is a quadratic formed.]}

66. Write down the equations of the asymptotes of the curves

z@+y) =1, 2@-y)=1, yE+y)=2;
and in general show that the asymptotes of
(lz +my) (Vo +m'y) = a?
ure +my =0 and Uz+m'y=0.
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EXAMINATION PAPER IT,

1. Deflne the terms hyperbola, eccentrieity, munor azis, transverse axis,
latus rectum, asymptote.
Prove that in the ellipse or hyperbola the minor axis is a mean
proportional between the major axis and the latus rectum.,

2. Trace the curve 429+ 9y*~42—6y+1 =0, finding its eccen-
tricity, the coordinates of the ends of the major and minor axes, and
the length and equations of its latera recta.

3. Find, from first prinociples, the locus of a point that moves so
that the sum of its distances from two given points is constant

4. Interpret the equation

1 1 ., 1 1
-,-_E—ﬁ_sm G(b-——~),

and deduce the shape of the curve.

5. Show that br—yv/c*—a? = be
is a tangent to the ellipse #2/a® + y?/8? = 1, and interpret the meaning
of c.

6. Show that, if the equation
ax?+ 2hxy + by + 2gx 4+ 2fy +¢ = 0
represents an ellipse, then ab— 42 is positive.

7. Trace the curve 412—y?+42+4y+13 =0, and find the co-
ordinates of its foci.

8. Find the asymptotes of the hyperbola 2%/a?~ y*/b* = 1, and show
that the ungle between them is
(2 8ec-le).

9. State and provea method for describing a hyperbola mechanically.

10. Find the equation of the hyperbola having z+y+1=0 and
27—y +2 = 0 as its asymptotes, and touching the line z = 2.
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CHAPTER VL

GENERAL EQUATION OF THE SECOND DEGREE.

93. In this chapter we shall consider and classify, to a
certain extent, all those curves whose equations are of the
second degree.

As usual, we write the general equation in the form

ar®+2hay + by* + 2gx+ 2fy +¢ = 0.

The reader will note that the equations of the curves
discussed in the last ghree chapters are all of the second de-
gree, and therefore all included in the general form above.

In the cases of the ellipse and hyperbola we saw further
that there was a centre, and that the equation was sim-
plest when that point was taken as origin. We shall now
proceed to show that for the curve represented by the
general equation there is generally such a point.

94. If in a ourve represented by an equation of
the second degree all chords through the origin are
bisected there, then the coefficients of x and ¥ in
the equation must be zero.

The equation of any line through the origin is y = mae,
and this meets the curve

a2z’ + 2hay +by* + 292+ 2fy +¢ =0
in two points whose abscisse are given by the equation
az® + 2hma’ + bm'z? + 292+ 2fma+c = 0
or @ (a+2hm+bm?) +22(9+fm) +¢=0.

Now, if the chord is bisected at the origin, the roots of
this equation must be equal and opposite, Z.e., the co-
efficient of # must be zero. (Tut. Alg., II. § 163.)

Hence g+ fm =0.
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But since all chords through the origin are bisected
there, this equation must hold for all values of m, so that
we must have ¢ =0 and f =0, the required result.

Oonversely, if g=f=0, then all chords through the
origin are bisected there.

For then the equation for theabscisss, got by substituting
ma for y, has equal and opposite roots for all values of m.

95. By a suitable change of origin we can always
bring the equation of the curve to a form in which
the coefficients of « and y are zero unless ad = h’,

Let us take an arbitrary new origin (2/, ). Then, to
find the equation referred to parallel axes through (@, 9),
we have to substitute x+2’ for # and y+3 for y in the
original equation. Hence the new equation is
a(@+a’)'+2h(x+a’) (y+y) +o(y+y)’

+29 (e +#) +2f(y+y) +e=0
or ax’+2hay+by’+ 2z (ax’+hy' +g) + 2y (ha’ + by’ +f)
+ax?+2ha’y’ + by? +2g2’ + 2fy’+¢ = 0.

Now in this equation the coefficients of = and y are
zero if ax’+hy'+9g=0 and h2'+by’'+f=0 ...... (a),
or, on solving by the method of cross multiplication, we

must have %= ¥ _ ,(Tut. Alg.11.,§68
hf—bg ~ gh—af ~ ab— 7’( g-11.,568)
2 — hf—bq . qgh—af
T ab =¥ y T ab—h?
Hence, unless ab = 1%, we can choose finite values of «’
and g’ so that the new equation has no terms in z and .

.€.,

The two equations () can be easily remembered 1f we adopt the
following device :—

LS
Write down the letters « . - a o
a, b, ¢ as the diagonal of a
square containing three dots b b
in each side, thus : : :
Then fill up the vacant spaces
with the letters £, ¢, 2 as indi~ » ’ ¢ - €

cated by the arrow-heads,
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a A
‘We thus get h b
g S

The letters in the first two lines are respectively the coefficients
of 2/, ¥/, and the absolute terms in the equations of (a).

ENRLYS )

Combining the last three articles, we see that,

96. Unless ad = 1/}, there exists a point connected
with a curve of the second degree such that all
chords through it are bisected there.

For we have seen that, if we take the point (a2, y") of
§ 95 for origin, there are no terms in 2 and y in the
equation, and then the previous articles show that all
chords through the new origin are bisected there.

This point is called the centre of the curve, and every
line through it is called a diameter.

Nore.—The student will easily see that all this agrees
with what was said as to the centre in Chaps. IV. and V.

Cor. The coordinates of the centre of the curve are
given by the equations

ax'+hy’'+g =0, hx'+dby’'+f=0..... 1);
and, when the centre is taken as new origin, the equation
becomes

a@’ + 2hay + by + azx’ + 2ha’y’ + by + 292" +2fy" +¢ = 0.

Example.— Write down the equatwons for the centre of the curve

32— 22y +yt—2—=3y+1 =10,
and find the coordinates of the centre.
Here a=3 h=-1, b=1, g==4% f=-%, ¢e=1
T'herefore the equations for the centre

ax+hy+g =0, hrx+dby+f=0
become 3x—y—3 =0, —z+y—5=0,
whence z=1, y=35.
Exorcises.

Write down the equations for the centre, and find the centre, of
each of the following curves:—

1. 23+ 22y + 29?4+ 82 +3 = 0. 2 2'—y—4z+2y =1T.
3 #?-2xy+3x+y+3 =0, 4. +2+y+1=0,
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<

?7. Equation of curve referred to the centre as
origin,

Rure.—The equation referred to the cemtre as origin is
found by substituting half the coordinates of the centre in the
terms of the first degree in the original equation.

‘We have seen that the equation required is

ax® +2hay + byt +ax” + 2ha’y’ + by + 292’ + 2fy"+¢ = 0.

Now the new absolute term is
ax”+ 2ha'y +by"+2gw +2fy’ +c

= a' (a2’ + hy +g)+J (ha' + by’ +f) + g2 +fy +ec

=29 (5)+2(¥) +e,

since ar’+hy’+g=0 and ha'+by+f=0.
But, since the terms of the first degree in the equation
are 2Jv+ZfJ+¢, this proves the rule enunciated above.
This rule is very mmportant, as it shortens the work in
practice—the student should remeniber it.

Example.—Fwmd the covrdwnates of the centre of the curve
3+ ay+ 2 +drx+y+1 =0,
and deduce the equation referred to the centre as orign.
Here wehave a =3, A=}, b=1,9=2,f=1} ¢=1.
The equations for the centre are
ar’+hy'+g9 =0 and A2 +by +f =0,
or 3W+3y+2=0 and I +y+i=
Solving, we find ¥ == ¥ o=—1
ag the coordinates of the centre.

Substituting half these coordinates in the terms of the first degree,
viz., 4z +y, the equation becomes

Seltay+yi+d (=) + (=) +1 =0 or 32+ay+y’—v =0

Exercises.
Find the centres of the following curves and their equations when
the centres are taken as origin :—
5. 322422y ~y24 22 + 4y—1 = 0. 6. 422+y2+2+y+1=0.
7. 2y +2y2+42+3y+17 = 0.
8. In the general case, show that the straight lines sz + Ay +g =0
hx + by +f =0 are diameters of the curve.
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98. New absolute term in terms of the original
coefficients.
In the general case, the new absolute term is
92’ +fy'+ ¢,
and this, written in the form

2 (%) +% () +o
the student should always use in calculation; we may, as
a matter of theory, work out the value in terms of
a, b, ¢, f, g, h. In fact, we have
'y e = 1A —=bg) | f(gh—a
gu' gy o = LGN + LT e
on putting in for 2" and ¥’ their values (§ 95)
— fgh—bg’+ fgh—af’+ abc—ch?
ab—h?
__ abc+2fgh—af*—bg'—ch?
- ab—n? ’
Hence the equation referred to the centre as origin is

- I 2 ohl
ax’ +2hxy +by*+ abc+2fgh afz bg'—ck’ _ o
ab—h
. (2).

Caution.—As we have said, this formula for the new absolute
term should not be used for calculation. The rule proviously given
is much more suitable, as in practice we nearly always require in
addition the coordinates of the centre.

Cor. The new constant term is zero, if
abe + 2fgh —aft—bg*—ch? = 0,
that is, only when the curve of the second degree represents two
straight lines (Part I., § 32). In this case the equation referred to the
new origin is az? + 2hay + by? = 0,
which represents two lines meeting in the origin.

Thus, when the general equation represents two straight lines,
their point of intersection is the point obtained by finding the centre
of the curve in the usual way.

It is, in fact, clear from Geometry that this must be the case; for,
if O be the point of intersection and POP’ a line through 0 such that
OP = OP’, then, whenever P is on one of the lines, so also is P, and
this is precisely the condition that the centre of the curve satisties.
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99. An equation of the second degree can, by a
suitable change of origin, be reduced to the form
Ax'+3Hxy+ By’ = 1,
provided that, in the original equation,
ab £ h and abc+2fgh- af’=bg'—ch® £ 0.
For we have seen that the terms of the first degree in
x and y can be got rid of by taking the centre as origin,
and the equation then becomes
aa? + 2hay + by = ¢,
abe+2fgh—af*—bg*—ch?
~ BOEG A (§98)
Hence, dividing across by ¢, and putting
ald = A, )¢’ = H, b/c’ = B,
we obtain AC+S2Hey+By' =1 .....0000veeene (3).

where ¢'* is

100. By turning the axes round through a suitable
angle 6, we can reduce the equation

A+ 2Hxy+ By’ =1
to the form ar’4 Byt =1,

To turn the axes round through an angle 6, we have
(Part I., § 33) to substitute
xcosf—ysinf for # and zsinf+ycosf for y.

Hence the new equation becomes
A (vcos §—ysin6)*+2H (2 cos §—y sin 0) (z sin 6+ y cosb)
+B(zsinf+y cos )’ =1,
e, a'(Acos’@+2H sin 6 cos+ B sin? )
—2axy {(A—B) sin 6 cos 6— H (cos’6 —sin’6) }
+y* {4 8in’60—2H sin 6 cos 6+ B cos'6} = 1.
Now in this equation the coefficient of 2y is zero if only
(4d—B)sin 6 cos 6 = H (cos®§—sin’6),
2sinfcosd _ 2H

6., if =
"€ cos’@—sin*’d A-B’
2H
= .. (4).
tan 26 4—5 (4)

* Its scéu?l_vslue, 80 long as it is not zero, does 'Iiot affect the ﬁgu?nent.
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Now an angle less than 180° can be determined whose
tangent is any real quantity, and hence this equation shows
us through what angle the axes must be turned to get rid
of the term in zy.

Hence the equation of the second degree can be reduced

to the form al+ Byt =1,

where a = A cos®6+2H sin 6 cos 6+ B sin’4

and 3 = A sin® 0—2H sin 6 cos 0+ B cos®6.
Exercises.

9. Reduce the equations of Exx 5-7 to the form Ax?+2Hry + By?=1.

10 Unless ab = 1%, the general equation of the second
degree represents an ellipse or a hyperhola.

101. Reduction of the equation in actual practice.

Although the quantities a and 8 canz be found by actually turning
the axes round as we have done in § 100, such a process 18 tedious,
and accordingly in actual practice another method 18 adopted, which
we proceed to explamm. On comparing 1t with the last, the reader
will see at once that it assumes that the curve represented 1s & conic,
and therefore cannot replace the method of § 100 in the proof that
the general equation can be reduced to the form

ar?+ Byt = 1.
The method depends on the following lemma.

102. A central conic is met by a concentric circle in four
points which lie by twos on two lines through the centre
equally inclined to the axes of the conic.

This follows at once, since both kinds of central conics are sym-
metrical with respect to their axes, but we can give a formal proof, as
follows. Suppose the central conic is az?+ By = 1, and the circle 18
22+ 4% = »?; then the lines joining the centre to the common points
2?4yt

pas
for this represents a pair of lines through the origin, and both sides
are equal to unity at the points where the curves meet.

Transposing, we get

(a-4) <5 (5-a).
and this equation plainly represents a pair of lines equally inclined to
their axes.

Con. The two lines coincide only when r 18 equal to a sems-azis of the
oonic, and then they coincide in the corvespending axis.

are az? + By? =
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103. To find the equations and lengths of the
semi-axes of the conic whose equation is

Ax’+2Hxy+By* = 1.
(Cantion.—Note carefully that the right-hand side is unity.]

We have seen that such a conic and the circle
w2_+_y'l = ].3

have a pair of common chords equally inclined to the axes
of the conie, and these chords coincide in one of the axes
if » is the length of the axis.

But the equation of the pair of lines joining the centre
to the common points is found by making the first equa-
tion homogeneous by means of the second, and is therefore

A2’ +2Hazy + By = E’f_‘%}f
’

On transposing we get

ot (4 —-}-) +2Hzy+y* (B —%) =0.

Now this pair of lines will be a coincident pair only if
the expression of the left-hand side is a perfect square,
1.e., if -

H'= (,1—%)(B—l) ............... (5).

Thus r is given by the equation
H'=AB—(4+B) % + %
1 1

By solving this as a quadratic in :, we find two roots

which are the squares of the reciprocals of the semi-axes.

Suppose ;-'1; and rl’ are the roots; then r, and r, are the
N L I
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semi-axes, and now
1) 1), ._
(A rl’)w +2Hwy+(B ’_‘1—2)?/ =0
is the square of the equation of one axis, and
—-— l 03 . — l_ 2
(A r])a’ +2Hwy + <B 7’92) =0

is the square of the equation of the other.
The first of these equations, on multiplying across by

(4-2).
becomes

(4 —};)2:0’4-2}1 (A—;l:,)rcy+(‘4 —;1-12) (B——l-a)y’=0

7 LY

or

(A—;%)1w’+2H(A—?ill~z)azy+H“y’ =0,
since (A—;%) (B—Tllg) = M3

Hence the equation of the semi-axis whose length is »,
is (A—;::—Z>w+lly=0 e e (8),
and the equation of the other is, in like manner,

(A—;J;-z)wi-IIy = 0.

Caution.—The student should remember that the lemma (§ 102) pre-
ceding thisinvestigation is a part of the wholeproof,and hence he should
give the lemma in proving the proposition. Further—and this1s very
important—he should carefully bear in mind that the equation we deal
with has unity for its absolute term, and therefore in commencing an
example it is essential to divide across in such a way that the absolute
term becomes unity. If this is not done, we do not get the semi-axes
of the curve in question, but those of a curve of the same shape while
not of the same size. Then finally, by way of checking his work, he
should verify that the axes he finds are actually at right angles.

GEOM. PT. 11, H
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Alternative method for finding the lengths of the semiaxes.
—We can find the lengths of the semiaxes by making
ase of the invariants (Part 1., § 37).

Suppose that a, B are the semiaxes of

art+2hay+by’ =1;
then the equation referred to the axes is
e 12

——+B‘=

Therefore, by some change of rectangular axes,
a:cz+2hscy+by2 becomes ~4+ -

Hence a+bd = + Ej and ab—R* = la

Now, by the theory of quadratic equations,
are the roots of the quadratic in ¢

1,1 1
t—t( +/32)+7‘5=O'
Therefore l and /—35 are the roots of
'—t(a+b)+ab—hrt =0,
the same result as that in (5).

Note that this method only determines the lengths and
not the equations of the semiaxes. But it applies equally
well when the axes are oblique, and, in fact, if w be the
angle between them, we have

1
.?.

— and 1

o /32

a+b—2hcosw __ _L+~1_
sin’w T QB
ab—h _ 1

[S)

1
sinfo o3’
since the @/, 3/ axes are rectangular.

= and Z];'E are the roots of
a+b 2h cos @ + ab—h?

=0
sin® w sin’w

or sinfw—~t (a+b—2h cos w) + ab—12 = 0.

Thus, in this case,

t2
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104. Example (i.). Fund the equations and lengths of the semi-azes of

the conse 52% 4 4y + 2y = 1,
Here, 1f r be a semi-axis, the pair of lines
2
502+ day + 2y = ”—%?

coincide in that axis. Thus » is given by
1 1 1 7
(7~5) (3=5) =4 o L -TF+o=0

1 1
(7‘«7"1) (w-

(A"",}.z‘) z+Hy =0 or (6-— %E)x+2y = 0.
It 22 = 1, this gives 5-1)2+2y =0, te, 22+y = 0.
If »2 =1, the equation becomes (5—6)z+2y, = 1.e,, 2y=z = 0.
Thus the lengths of the semi-axes are 1 and -:}—6, and their equa-

tions are 20+y =0 and 2y—z = 0, respectively,

and the fact that the two are at right angles confirms the accuracy
of the work. [This test should always be applied, at least mentally.)

Example (ii.). To find the equation of the above cone referied to ts azes
as axes of coordinates.

Since the lengths of the axes are 1 and ?/1—(—3’ the equation required is

2 2
Z+%L =1 or 22462 =1,
1 3

where 0X is the major axis and OV the minor axis,

Ezample (iii.). Find the equations and lengths of the semi-axes of the
curve Tad+ 6y —y* = 4.
‘We must begin by dividing across by 4, and then the equation is
102+ gay— 49 = L.
The equation giving the lengths is

(1) (-3) -2 o (3-3) (-4-2)- (3]

1 1 6
11 5 1=0:
M 34 ! !
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N . S s
Seog=lor—§; ,*Eorx/-—a
Thus, one semi-axis being imaginary, the curve is a hyperbola.
The equation of an axis is

(A-— 1-2) z+ Hy = 0.
e

It % =2, thisgives (3-Zo+ly=0 or z-3y =0,

If’%=—}, itgives (1+3)z4dy=0 or 3z4y = 0.

As usual, we note in confirmation that the axes obtained are at
right angles.

Ezample (iv.). Fmd the equation of the above curve referred to ts
sema-axes.
Since the values of 72 are } and —2, the equation required is
22 2 2
T+z—2=1 or 2z’—%—=1,
i.e. 43— 92 = 2,
the transverse axis being axis of 2.
Ezample (v.). To verify that the axes obtawned by the general method
are at right angles.
The axes are

1 1
(A_;x—’) z2+Hy=0 and (A——;zé) z+ Hy =0,

where L and ’—1; are the roots of the equation in ¢,
”* 2
£2—t(4+B)+(4AB—H? = 0.
The two lines are at right angles if only

1 1
(4= (a-3) -,

2

1 1 1
o | A—A (- -v)+ +H? =0,
t.e,, if o + = i
1 1 1
— - = B d = AB—H?
Now ~: +,_2‘1 A+ an PEPE H3,

by the theory of quadratics. Consequently the condition required is
A*—A(A4+B)+ AB-H2+ H* =0,

which is obviously true.
Thus the lines are at right angles, as they should be,
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Exercises.

Find the equations and lengths of the semi-axes of the following
conics, and write down their equations referred to those lines as axes
of coordinates :—

11, 322+ 22y 4 8y2 = 1, / 12, 722 +42y+ 4y = 1.
13. 22+ 2y +y? = 3. 1 1= T20y—54)% = 1.

15. By applying the test for theysigy of ab—}?% determine whether
the above curves are ellipses or hyferbolas. '

16. Show that the lengths of the semi-axes of the conic
(m?+a) 2+ 2mnzy + (WP +a) y? = 1

1 1 . .
are —=--——-. and ——, and that their equations are
Vi nt +a va’ 4

nx—~my = 0, mr+ny =0.
17. The axes of the conic .44?+2Hxy + By> =1 are given by

(A—Lz)xhﬂy = 0, (A——l;)z+lly =0,
" g

are the roots of the quadratic
?—t(4d+B)+ AB-H?=0.

Deduce their joint equation, viz, H (2?—y?) —(4—-B)zy =0, and
show that this follows at once from the fact that the axes bisect the
angles between the asymptotes.

1
where i, =
e

105. Tv show that the roots of the equation wn -’12- are always real.

The roots of the equation

1 1

F - F(A "I-.B)-i-_AB---II2 =0
will be real if (A+ B)?—~4(4AB—H? 0, (Tut. Alg.,11., §159)
1.6, if (4d—B)*+4H* 0.

Now the expression on the left, being the sum of two squares, cannot
be negative, and hence the result follows.

Cor. If the semi-axes are equal, we must have
A-B=0 and H=0;
for then the expression (A —B)*+4H? must be zero.

In this case the equation, of course, represents a circle, for the
ellipse becomes a circle when its axes are equal, and, as we knew
before, the equation of a circle is of the form hero indicated.

The reader might have expected only one condition, for only one
condition is necessary in general to ensurc a quadratic having equal
roots. There are two, because the expression which has to vanish is
the sum of the squares of two real quantities.

-~
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106. The equation Ax’+2Hxy+By' =1 repre-
sents an ellipse if 4B > H? and a hyperbola if
AB < H*.

The quadratic for % is
1 1

4 ,'.2
and we have seen that the roots are real If they are of
opposite signs, the conic is a hyperbola,; if of the same
sign, it is an ellipse (see the forms in §§ 55, 73).

But they are of the same sign or not according as
AB—H?* is positive or negative

Hence, if AB—H? is positive, the equation denotes an
ellipse (a real ellipse if the two roots in 1/#* are positive,
an imaginary ellipse if they are negative); whereas, if
AB— H' is negative, the equation denotes a hyperbola.

Cor. If AB = H?, the equation denotes a pair of parallel straight
lines, for the portion on the left-hand side is a perfect square, say
(az+ By)?, and hence az+pBy =1, denoting a pair of parallel lines.

But it must be noticed that, in the discussion of the general equation,
the case of ab = A? has been left aside throughout.

(A+B)+AB—H’ =0,

107. Supposing the equation of the second degree
represents a hyperbola, to find the equation of its
asymptotes.

‘We have seen that the joint equation of the two asym-
ptotes differs from the equation of the curve only in the
constant term (§ 86) ; hence we have the following

Rure.—7To find the equation of the asymptotes, replace the
absolute term in the given equation by an unknown quantity p,
and then determine p so that the new equation represents two
straight lines.

Example.—Fmnd the equation of the asymptotes of the come
2?—4ay+3y*+ 22—4y+3 = 0.
We have here to find p so that
22—4zy + 3y + 2x~4y+p =0
represents two straight lines. The condition is
3p+8—4—=3—4p = 0, (Part I., § 32)
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go that p = 1 and the asymptotes are given by
2 —4dzy+3yt+2Ww—4dy+1 =0 or (@-3y+1)(z=y+1) =0,
8o that they are the two lines
z2-3y+41=0 and 2—y+1=0.

Exercises.
Find the equation of the asymptotes of the following curves:—
18. 224+ 22y -2y +r+y =0
19. 4224+ May+ T3+ Lle+9y+7 =0. 20 322+xy—y24+2y = 0.

108 Two conics whose equations differ only in the con-
stant term have the same asymptotes.

For, 1n finding the equation of the asymptotes, we use all the co-
efficients but the absolute term, and not, that ; hence the equation found
depends only on the first five coefficionts, and not on the absolute
term

109. Asymptotes of an ellipse.

It will be noticed that we obtain an equation for the asymptotes
whethar the curve is an ellipse or a hyperbola ; the difference between
the cases lies in the fact that, while for the hyperbola the equation
determined for the asymptotes must split up into real factors,
that for the asymptotes of the ellipse splits up only into imaginary
factors, so that the asymptotes of an ellipse are vmaginar y.

110. To find the asymptotes of the conic given by the
general equation.

Following the rule, we have to replace the absolute term by a
quantity so chosen that the new expression is the product of two
factors. Let us then replace ¢ by ¢+ ¢’ where ¢’ has to be determined

Then, since aa®+ 2hay +by* + 292+ 2fy +c+¢ =0
epresents two lines, we have
ab(c+¢)+2fgh—aft—=bg2—(c+ ) A% = 0.
abe + 2fgh— af2—bg® — ch?
ab—hi ’
and hence the equation of the asymptotes is
ax’42hwy+by+2gx+2fy+c— "’m+2fgha—l;if’;_,— byT— ek ox 0,
Cor. I. ¢ =0 if abe+2fgh—aft—bg®—ch? =0,
i.e., if the original equation represents two straight lines.
¢ = o if ab = k3,
i.e., if the equation represents a parabola, and here, as we have seen,
there are no asymptotes at a finite distance (§ 49).

Hence we have ¢’ = —
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Cor. II. The asymptote 2 2 =
parallcl to the pairyof ll)iness a..;;!"' f gk;; ﬁzb{{/;’iyO"- PEsHyre=0 aro
For their equation is of the form
A+ 2hay + by + 292+ 2fy +c+ ¢ =0,
and this pair of lines is parallel to the pair represented by
ax® + 2hzy + by? = 0. (Part I., §32.)

To find the asymptotes, then, we draw lnes through the centre parallel
to the lines ax®+ 2hay + by? = 0.

Cox. III. The equation represents an ellipsc or hyperbola according
as ab > or < A4
For az?+ 2hzy+by® has imaginary or real factors according as

ab > or < A3, i.e. the asymptotes are imaginary or real according as
ab> or < A%, (Cf. §107.)

111. Condition for a rectangular hyperbola.
In this case the asymptotes are at right angles ; thus the lines
az3+ 2hzy + by? = 0
are at right angles, and accordingly the condition is & +& = 0.
(Part I., §29.)

Thus the equation of the second degree represents a rectangular
hyperbola when the coefficients of 22 and y? are numerically equal bat
opposite in sign.

112. To find the asymptotes by inspection.

The asymptotes of a conic may sometimes be found by inspection.
Thus, if the equation be (x+3y) (¢+2y+1) = 4, the asymptotes arc
clearly 2+3y =0, r+2y+1=0, for their joint equation differs
from that of tho curve only in the constant term.

Again, when the terms in 2? and #?® are wanting, the same method
always applies. Thus, to find the asymptotes of

2y +2e—y+4 =0

we write it (x=1)(y+2)+6 =0,
and the asymptotes are plainly #—1 =0 and y+2 = 0.
Exercises.
Find by inspection the asymptotes of
21. z(z+y) = 1. 22. y(y-2) =1. 23. zy+22+3y = 0.
24. 2d+zy+2+y+6 =0. 25, zy +2x—y = 0.
26. (22 +y) = 2 +1. 27. (#=—y) (32 +2y) = 62+ 4y +6.

28. Deduce from the results of Exx. 21-27 the centres of the
respective curves.
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MISCELLANEOUS EXERCISES ON CHAP. VI.

29, Find the coordinates of the centre of the conic whose equation
622 + 62y —5y?—222 + 18y—T7 = 0.

30. Transform the equation of the conic
2622~ 362y + 402 + 10— 28y —47 = 0
to parallel axes through its centre.

31, Transform the equation of the conic
5722 —1602y —23y? = 34
to its principal diameters as axes of coordinates.

32. Find the equation of the diameters of the curve
Ax?+2Hry + By = 1
»assing through its points of intersection with the concentric circle
22422y cosw +y? =12,

33. Prove that the asymptotes of
az+2hxy + by? + 292 + 2fy +¢ = 0
are given by the equation

az? + 2hry + by + 292 + 2fy + ¢ = ax'? 4 2ha’y’ + by'* + 292" + 2fy’ + ¢
where 2/, y’ are the coordinates of the centre.

34. Show that, it az*+2khzy+by®=1 and @'2?+2hzy+¥y* =1
represent the same conic, referred to two different sets of rectangular
axes, then a+b=0a"+¥ and ab—h%=a'4'—73.

Find the equations of the hyperbolas passing through the point
(1, 2) and having the following lines as asymptotes :—

35. 3z—y+1=0, 2+y = 0. 36, 2z =0, y=3.

37. +2y+7=0, 3x—y =4.

38. The asymptotes of a hyperbola being given by
242 = by — 3y? = 0,
find the equation of the axes. ’

39. Find the joint equation of the axes of a hyperbola which has
the straight lines 44?+2Hzy + By?> = 0 for asymptotes.

40. Find the equation of the hyperbola having the same asym-
ptotes as 243 + 2y ~y*—3z+ 3y = 9 and passing through the origin.
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CHAPTER VIL

TRACING OF ELLIPSES.

113. We shall now work out a few examples of tracing
an ellipse when its equation is given in the general form.
On account of the simplicity of the form of the curve,
there is no difficulty in obtaining a very good idea of the
position of the curve when we know its semi-axes in
magnitude and direction, accordinzly, we direct our
attention to finding the semi-axes, and then, by way of
confirmation, we obtain a few points on the curve. All
the necessary processes have been explained in the last
chapter, viz.,
(i) we find the centre of the curve and the equation
when that point is taken as origin;
(ii.) having done this, we proceed to find the lengths
and equations of the semi-axes.

114. Erainple (i.). Drace the curve
362% + 24xy + 29y — 722 + 126y + 81 = 0.
[Nore.—The following must not be re-
garded as a model solution, as the portions
given in square brackets form no radical
part of the proof. 'They are hints which
should always be applied, at least mentally,
to test the accuracy of the work as the
proof is evolved.]

(@) Here ab—A% = 36x29—122 = a
positive quantity. :
[ It is clearly not necessary to determine the = '
actual value of ab—h2.)
Therefore the curve is an ellipse (§ 106.) 1
(8) Theequations giving the coordinates
of the centre are
36x+12y—36 =0, 122+29y+63 =0,
whence z2=2, y=-3.

[After obtarmng the value of x and y as L H
abave, substitute wn the equations to confirm L ) !
your solution.] Fig. 11.

SCALE UNIT
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(c) Substituting half the coordinates of the centre in the terms of
the first degree (see § 97), we get for the equation referred to the

centre 3642 + 24wy + 2942 =72 (1) +126 (—3)+81 = 0
or 3642 + 24y + 29y% = 180
or 302+ Fewy + 4%y = 1. (See Caution, p. 96)

(@) The semi-axes are given by

(4-2)(s-4)
. (2-2)m-2)

= (§103)

(

14, 1

= - =
or it B ,
whence ”=40r9 and » = 2or 3.

Equation of curve referred to its principal axes as axes of coordinates
2y
1s therefore L N
9 4

(¢) The equation of the major or minor axis is
Ly,
(A-— ﬁ)z+Hy = 0.
When 12 =9 (maor axis), this is
3—3r+y =0 or 4z2+3y
when 7 =4 (mwnor axis), this is
(F—Hr+Hy =0 or 32—d4y =0,

[ At this stage, confirm your work by notwng that the two hines found for
axres ave at right angles (Paxt 1., § 19).]

[ The easiest method of drawing the azes at this stage 18 as follows. For
major axis wn this case, put x = 3 (because cocfficrient of y 1s 3), and then
Yy = —4; then plot this pont P relatwe to the new axes, and draw the
line OP through centre of curve and this pownt. For mnor ams, put % = 4
(because coefficrent of y = 4), and then y = 3. Dlot this pomt (Q in
figure), and draw lne as before.)

03

(f) Marking off lengths 3 and 2 along the lines 4x+3y = 0 and
32z—4y = 0 respectively in both directions, we get the ends of the
major and minor axes, and the curve can now be plotted.

[Before actually drawwng the curve, it is best to confirm the work by
Sinding the points in which the curve cuts the original azes +f 1t does so,
and, of not, the points in which it cuts some other suigpble lines.  This we
givein (g).]



108 TRACING OF ELLIPSES.

(9) The curve cuts the original axis of y (+ = 0) where
29y%+ 126y +81 = 0
_ —631./(633—29x81) _ —63440
29 29
[ Note the saving of work by taking an approximate value at this stage.]
y=-'8 or =-—36, approx.
These are represented by N and N’ in diagram.

or Y approx.

\o.? . @

0 G

i 8

| - X ' | | |-

[\ H
B’ -

A

P
Fig. 42

Similarly, the curve cuts the original axis of « where
3623—"T722+ 81 = 0,

which gives ¢maginary values, i.e., the curve does ot cut the axis of z.

These values confirm the drawing of the ellipse tf this has been done by
aid of the lengths of the axes, but it s better to actually mark on the
azes of coordinates the points in which the curve cuts them, and see that
they are consistent with the lengths of the axes of the curve before actually
drawing the curve.]
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Ezample (ii.). Trace the curve whose equation s
) 1142 + 42y + 14y*— 262 - 32y + 23 = 0.
[The following may be regarded as a model solution, but all the
devices adopted in Example (i.) should be adopted here.]
(@) Here ab—h? = 164—4 = 160,
Therefore the curve is an ellipse.

(5) The equations giving the centre are
11z +2y—13 = 0, 2z+14y—16 = 0;
whence z=1 y=1

(¢) The equation referred to the centre is
1122+ 42y + 14y2—26 (3) —32 () +23 = 0
or 1122+ 42y +14y* = 6 or a2 +soy+32y2 = 1.

(@) The semi-axes are
gien by

whence % = § or 2.

[Equation of curve refer-
red to its principal axes is
therefore

22yt

4+ L =1
t ¢
622  by* _ .
or 3 + —é— =1 ,]
7= 4/"6 or /4,
t.e. 78 or ‘63 approxi- .
mately. Fig. 43.

(¢) The equation of the major or minor axis is
(4-5)x+mu=0.
r

When 12 = 3 (major axis), this is
(=3 2+3y=0 or 2+2 =0;
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when 73 = § (mwnor axis), this is
(-$2+iy =0 or 22—y =0;
and the two axes are at right angles, as they should be.

(f) Drawing these two lines (Fig. 43) in our diagram, and marking
off lengths in both directions equal to the respective semi.axes, we get
the points A, A’, B, B’ in the figure.

[1t appears the curve does not meet the original axes. This is con-
firmed by (9).]

(9) When 2 =0 or y =0 in the original equation, the corre-
sponding values of y and » are imaginary. Therefore the curve does
not meet the original axes. It will, however, meet the lines z =1,
y = 1, as these pass through the centre.

[Any other convenient lines might be chosen.]
The former meets it in the points
V21 V21
(b 1e255) (1 =57
and the latter in (1+ ‘/-1—‘1‘6, 1), (- _“ﬁ"“, 1)
or, roughly, (1, 1'65), (1, -35), (17, 1), (3, 1,)
corresponding to the points N, N’, M, M’, and, putting in these four
points, we draw the curve so as to go through them.
Example (iii.). Trace the curve whose equation 18
24y +yt =12,
[Here the origin is the centre, 8o the process is much shorter.]

ab—h? = 12—(})? = a positive quantity, and therefore curve is an
ellipse.
Reducing the absolute term to unity, we write the equation
Fal N L

12 712 7 12
The equation giving the semi-axes is

1 1 1 1 1\?2 1 11 1
(%) (H%) =(s) o s-tm+m=o
whence 2 =240r8;
7 =246 or 242 = 4'9 or 2'8, approx.
The equation of a semi-axis is

1
(A ——r—g)x+Hy =0,
r2 = 24 gives (dy—g)2+5¥ =0 or z+y=0.

12 =8 gives (d5—14)zr +5y=0 or z—-y=0,
and these lines are at right angles, as they should be.
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We now mark the axes in a figure in magnitude and position.
Note also that the lines # = +4 and y = 44 touch the curve.

Fig. 44.
The curve cuts y = 0 where 2 = 12 or # = £24/3 = +3°5, approx..
and similarly it cuts # = 0 where ¥ = 435, approx.
These points are indicaied by M, M’, N, N’ in figure.
Hence the ellipse is as drawn.

MISCELLANEOUS EXERCISES ON CHAP. VII.
Trace the following curves : —
. 203 =22y + 21— 20 —2y -3 = 0.
. 623 —4zy + 9y?—242—22y + 43 = 0.
. 622+ 2y +102—12y + 13 = 0.
o 1722 + 122y + 222 — 400 — 60y + 24 = 0.
6. 1123+ 62y + 19y?— 280 — 44y —26 = 0.
6. 322+ 24/ 22y 4+ 2y2—84/20—-8y + 8 = 0.
7. 22 +ay+y3 = 6.

w» o -

8. Find the equations of the axes of the curves in Exx. 1, 3,5
referred to the original axes.

9. Trace the curve 22+zy+4y? =1, and compare it with the curve
obtained in Ex. 7, thus confirming the necessity of the Cautions in § 103,
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CHAPTER VIIL

TRACING OF HYPERBOLAS.

115. We shall now apply the methods of Chap. VI.
to the problem of tracing a hyperbola whose equation is
given. By reason of the curve being infinite in extent, it
is more difficult to trace .a hyperbola than an ellipse,
although a good deal of the work to be gone through is
the same in the two cases. In the hyberbola it is most
important, in addition to finding the semi-axes in magni-
tude and position, to find the asymptotes and trace them ;
otherwise we cannot be at all certain as to the ultimate
direction of the infinite branches.

The method of work is as follows :—

(i.) Find the centre of the curve and the equation when
this point is origin.

(ii.) Find the magnitudes of the axes and their equation.
.(i1i.) Find the asymptotes and trace them.

Then, in addition, it is advisable by way of corroboration
to find some points on the curve—those on the original
axes of coordinates, if real, will generally suffice, and, if
they are not real, we can very easily find lines which do
meet the curve in real points,
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Ezample (i.). Thace the curve whose equation s
2+ 10ty +y°—122—-12y+6 = 0,

[The note appended to Example (1.), p. 106, applies to this example

also.]

(«¢) Here ab—h? = 1—5? = a negative quantity.

Therefore the curve is a hyperbola. (§ 106.)

(b) The equatigns giving the coordinates of the centre ar(
r4+6y—6=0, Sr+y—6=0;

thence z=1, y=1
[ Confirm your work by substituting the values so founa.”

Fig 5.

() Nubstituting half the coordinates of the centre in the terms of
the first degree, we get for the equation referred to the centre

23+ 102y +42—12.4~12.3 46 =0
or 22+ 10xy +y? = 6
or 30+ 2Pry +3y =1, (See Caution, § 103.)

(d) 'The semi-axes are given by

(44) (a-3) -

. (-3 (-5 &)

-
GEQOM. PT. I1. I
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1 1 1 2
or N
whence 12 =1 or —23

2
[ In @ hyperbola one value of 12 must be negative

This shows that the curve 13 a hyperbola whose transverse semi-
axis1s 1, and whose conjugate semi-axis is /3

(The equation of the curve referred to 1ts principal axes as axes of
coordinates 18 therefore
12 i

1y

=1 or »=2%y‘=1)

(¢) The equations of the transverse and conjugate axes are given by
(A— ~1~>1+I[1/ = 0.
22 )

When 12 = 1 (t1ansverse axis), this s
(d=Dx+iy=0 or r—y =0,
when 12 = —3 (comjuyate axis), this 18
(+3at3y =0 or 24y =0

[ deewuracy of work s confirmed here by the fuct that these lines are
evidently at 11ght angles ]

Draw these axes through the centre ¢, and mark off the ends 4, 4’
of the transverse axis on the transverse axis -y =0, C4 and CA’
bemng each =1

[Do not, i the hyperbola, mark off any lengths corresponding to the
value of the comugate semi-axvs, as thrs would not geve any pownts oN
the curve.  Thas defeet wall be fully atoned for by owr dreunng the asym-
ptotes as m (}) ]

(f) Next, with the centre uas ouigin, the asymptotes are

224+ 102y +y* = 0, (§ 110, Cor. II.)
te, Yy =(—-56£2+/0)2,
or, roughly, ¥y =—'12 and y = —9 92 are the two asymptotes.

‘We can now draw the asymptotes, and we note from the position
of the transverse axis that the curve les withwn the obtuse angle made
by hem

(Confirm your work at this stage by seeng that the aves of the curve
appear to busect the angles between the asymptotes  Ths s most unpor bant. )

(9) Where the line 0X mects the curve we have «# = 5 or 11°5
(giving the points M, M’), and where OY meets 1t we have
y=-50r1l 3 (N, N) Marking these points, there 18 no difticulty
1n getting & very tair idea as to the shape of the curve.

[ The veader should be partiewlarly careful to draw the asymptotes
such a case; otherwise he will find st extremely difficult to get the curve
right i veqions vemote from the centye.]
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Example (ii.) Trace the curve whose equation is
327 +4ay =6
(a) Since (ab—k?) = —4 and is negative, the curve is & hyperbola.

(3) The origin is the centre of the curve, since there are no terms
of the first degree 'We therefore proceed at once to find the lengths
of the axes

(¢) Dividing across by 6, the equation is
3+ 4y = L
The equation for the semi-axes 18

or

or

whence

Fig. 46

Thus the curve is & hyperbola, of which the semi-transverse axis is
v} = $+6 =122, approx., }
and the semi-conjugate axis is /6 = 2:45.
[Equation of curve referred to its principal axes is theretora

T 2 ’ - -
.’_—%=1 or 8-}y =1.]
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() The equation of an axis being

(A—- -%)xo][y: 0,
y

=3 gives (}—3)z+1y or 2—2y = 0 for the transverse axis;
1% =—6 gives (}+3)2+1%y or 22+y = 0 for the conjugate axis,

In verification, we note that these are at right angles.
Draw these lines as in figure, and mark off on z—2y = 0,

0A = QA’ = 1'22, approx.
(¢) The asymptotes are 32+ dry =0
or =0 and 3r+4y=0.

Draw these lines. [Note that the axes of the curve appear to bisect
the angles between the asymptotes, as they should.]

(9) ¥ = 0 meets curve, where
222 =6 or = ++/2, giving points M, M.
z = 0 leads to the peculiar result 0 = 6; but, on writing equatior.

in the form Y= AL R ied

we see that 2 = 0 gives y = o, i.e.,, the curve meets the axis of y
at an infinite distance. This confirms what we have previously
found, viz., that z = 0 is an asymptote.

MISCELLANEOUS EXERCISES ON CHAP. VIIT.

T'race the following hyperbolas:—

. T0°—060ry + 32y°~ 1062 + 68y — 37 = 0.

. 2224 8zy + 2P =20 —2y—5 = 0.

. 622—60ry—19y2+ 48z + 98y —60 = 0,

. 322—8ay—3y?—4x +22y—12 = 0.

. 3222yt 4+ 60 —4y—~b6=0. 6. 36(2°—y?) +482~36y—101 = 0.
LTt by -2 = 4. 8. Gay +8y? = 3.

LB 2y 3=z (2—44/3) +y (2473 +4)—14/3—-1 = (.

B W N e

© =1 o
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CHAPTER 1IX.

REDUCTION OF THE GENERAL EQUATION
WHEN ab = A2

116 General equation when ab = h®. — We shall
now discuss the curve represented by the general equation
in the case which we specially excluded 1n Chap. VI. Aswe
there saw, when ab = &% we are not able to get rid of the
linear terms by taking a mew origin, and consequently
the method previously used will not apply to this case.

When ab = #’, the terms of the second degree

az?+ 2hay + by
form a perfect square, let us say,
(az+By)?,
so that a=d, h=af, b=

and then the equation is
(ar+By)*+2924+2fy+c=0.
We have already scen in § 52 that such an equation
represents a parabola.

117. Tofind (a) the axis and tangent at the vertex
of the parabola given by the general equation, (b) the
length of its latus rectum.

We know that, when a point lies on a fixed parabola,
the square of the perpendicular from it on the axis
varies directly as the perpendicular on the tangent at
the vertex, and, hence, to solve the problem of this
article, we must find two lines, bearing such a relation to
the curve represented by the equation given, and carefully
remember that the two lines have to be at right angles.
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When we have found these the length of the latus rectum
will enable us to determine the size of the curve.

We shall first of all explain the process by means of a
particular example before dealing with the general equa-
tion.

Erample —Fuud (a) the avis and tangen: at the verter, () length of
latus rectum of the parabola

1622 — 242y + 9y —44 v —42y + 49 = 0.

() This equation may be written
(Hr—38y)* = 44r+42y—49 .....cooveen ... . (a).

Now 42-3y and 44r+42y—49 are proportional to the perpen-
diculars from (2,y) on to the lines 4x—3y =0 and 44z + 42y —49 = 0.

Equation () thorefore states that the square of the perpendicular
from any point of the curve on 4z—3y = 0 varies as the perpen-
dicular from that point on 44z +42y—49 = 0. If these two lLines
were at right angles, they would be the two required (§41). They
are, however, not perpendicular, but we can attain our result by the
following mampulation of (a).

Introduce the qnantity A into the left-hand side of (a), thus

(4x—=3y+A)? = ...

This results in the addition of 8Az—6Ay +A? to the left-hand side,
80 that for (4) still to be true we must add the same quantity to the
right-hand side. Thus we get

(42—=3y +A)? = 2 (44 + 8A) + y (42 —6A) + AT —49.
Now choose A so that the hnes
42—3y+A =0, z(44+8A)+y (42-6A)+A2—49 =0
are at right angles.
‘We must then have
4 (44 +87)—3(42—6A) = 0 or 504 50A = 0; (Partl.§19)

A=-—1
Hence the equation may be written
(4r—38y—1)? = 362 +48y—48 = 12 (3z+4y—1) ... (B).

The lines 42 —3y—1 =0 and 3r+4y—4 = 0 areat right angles.
Hence (8) effirms that the square of the perpendicular from a point of
the curve on to the line 4r—3y—1 = 0 varies as the perpendicular
from the same point on to 3z +4y—4 = 0, which is perpendicular to
the former.

Hence (§41) 42—3y—1 =0 is the axis of the curve, and
3%+4y—4 = 0 is the tangent at the vertex,

g
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Caution.—Students are frequently at a loss to decide which of the
two equations represents the axis, and which the tangent at the
vertex. This difficulty can be diminished by a comparison with
Y2 = 4aX, where Y = 0 (the axis of X) is the axis of the curve.
Thus the ¢ square’’ quantity corresponds to the axis of the curve.

(b) The square of the perpendicular on 42—3y—~1 =0 is
(Hx—38y—1)2
I
and the perpendicular on 3r+4y—4 =0 is
32 +4y—4
Therefore the latus rectum 27 or 4a is given by

tr—3y—1° | 3a+4y—4
{ o Y e N CE
but, since (2,y) is in the curve,
(4r=3y—1)2=12(3wv+4y—4) . ..ccoovene .. (B)
From (c) and (8) we get by division
12 =201,

latus rectum = .2,

Since (4r—3y —1)? is positive, it follows that, for every point of
the curve, the quantity 3r+4y—4 must be positive, so that the
curve hes on that side of the tangent at the vertex 3z+4y—4 =10
for which 3x+4y—4 18 positive

But the origin 18 on that side of 3r+4y—4 =0 for which
32+ 1y -4 isnegative (Part I, §13). °

Hence the oiigin and the curve are on opposite sides of
3z +4y—4 =0.

This last point will be found to be of great importance when we
come to tracing a parabola.

Caution.—It equation (1) had appeared in the form
(42 —3y—1) = =12 (3r+4y—4),
for every point of the curve —12(31+ 4y—4) would have had to be

positivo, s.e., 32+ 4y—4 would have had to be negative, and then the
curve and origin would have been on the same side of 3z +4y—4 = 0.

We shall see further illustrations of this point in the next chapter.
The reader should now work Exx. 1-7 at the end of the chapter.

118. General case. 1he general equation, being written
(ax+3y)* =—2qg0—2fy—c,
shows at once that the square of the perpendicular from a
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point on the curve on the line az+fy = O varies as the
perpendicular on the line 292z +2fy+c¢ =0 (§§ 51, 52).
If these two lines were at right angles, they would be
the two required; they are, however, generally nof at
right angles, so we put the equation in the form
(az+By+A) = (—2¢2—2fy —c) + (2ulr + 2By + A?)
= — 22 (g—ah) - 2y (f—BN) —c+ A
We now see that, whatever A may be, the square of the
perpendicular on ax + By +A = 0 varies as the perpendicu-
lar on 20 (g - aM)+2y (f=BN) +c—N =0,
and we therefore pioceed to choose N so that these two lines
are at right angles  The condition for this is
a(g—al)+B(f—BN) =0 or A="FBM
a + ﬁ
‘When X has this value, the square of the perpendicular
on ax+fy +Xx = 0 varies as the perpendicular on
20 (g—aX) +2y (f—=p\) +c—N =0,
and the two lines are at right angles; hence the equation
represents a parabola having the former line for axis and
the latter for tangent at the vertex.
Caution.—In applying this process to an example, the
reader'anust follow out the general reasoning, and not
quote the formuls.

119. To find the latus rectum of the above curve.
If P be a point on the curve, PM the perpendicular on
the tangent at the vertex, and PV that
on the axis, we have e p—
PN = 20. PM,
where 27 is the latus rectum
Now, using the equations above, we
have PN = ““F ﬁl’}}—,
Vv al+ 0
Py = 20 (g=a\) +2y ([—FA) +e—2" ,
2V (g—ah) 4 (F=PA)!  ? s N
and A= E('(]_.tpf

29 )

a4+ 3

Fig. 47.
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(a2t By +0) _ o) 20 (9—ah) +2y (F=B) +o=N' 4
o +p 2v/(g—ar) + (f—pr)

But (2, y) is on the curve; therefore
(ax+ Py +A)? = — 2 (g—ar) —2y (f—PA) —c+A;
hence by division
o1 — 2\/(9—«)\)’ “(F=BN

a +/32
ag+pBf
"2_*_/)1 *

(The sign is of no importance, since we want merely
the length of the latus rectum.)

Now (g —aX)?+ (f—BA)?
= ¢+ =N (ag+B) + A {A (@ +5*) — (ag +B)}
= (@’ +f") (a’+B) — (ag +Bf )*
a4 [3*
[for A (a*+£*)—(ag +3f) = 0]

where A=

= (af=Ba)?*
o+ 3
0] = __2(of ‘5’1),_

(@ 4B} («+57)

= 2(of=Byg)
(a+pY)1
But a = +a, (3= +b;
‘J=2(f«/a,—q«/h)
(4l+b)"

We have given the above with more than necessary
fulness in order to recapitulate the process to some
qxtent ; it is evident, a priors, that the numerators in the
functions first written down are equal, and hence we can
cancel w:thout wrltmrr them down

* Comparmg thh Y’=4aX, m whlch Y= 0 15 the axis, we see that
a2 +B8y+A =0 15 the axis here. (§ 41
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120. Bxceptional case.

Tn discussing the general equation of the parabola, we found that,
for a point on the curve,

(02 + By +A)! = — 25 (g —ah) =2y (f~BA) —c +A%,
and the two lines
cx+By+A =0 and 2x(g—ar)+2y(f—BA)+c—A°

are at right angles when A = %~ Bt

a?+ 8%
If, now, . I—, each = “‘lié‘f =A:
a B o + 8-

g—aA =0 and f—pgA = 0.

Therefore the right-hand side becomes a constant, and the rest of
the proof breaks down.

‘We then have (az + By +A)t = Al—c,
or ar+BY+A = £ Ai—c,
which obviously represents two parallel straight lines

Hence the equation a2’ +2hxy + by + 292 + 2fy + ¢ = 0 1epresents.
two parallel straight lines if

ab =k and ¢gB = fa,
ie., if ab =A% and g+ = fa/a,
ve., if ab =722 and af? = bg?.

This case is very easily recognized at sight ; for, since flg=a/8,
follows that ax+ gy differs from ga + fy only by a numerical factor,
and the equation is of the form

(az + BY)2+ P (ax + By) + € = 0.

Solving the quadratic for ax+ g9, we got two values, and hence
two parallel lines. /

Cox. If, wn addition, \2 = ¢, the two Lines comncrde.

Ezample.— Find what the equation

922 + 24y + 16y2—92r—12y+2 = 0
represents.

This may be written
(B +4y)2=92--12y 42 = 0,
and therefore falls under the head of this chapter.
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Since 92+ 12y = 3 (3r+4y),
it may be simplified further, thus:
(Bz+4y)?—3 Bz +4y)+2 =0 or (3zx+4y—2)(32 4y—1)=0,
and thus represents two parallel lines
3r+4y—2=0 and 3zr+4y—1=0.

1f we had proceeded just as in the parabola, we should ultimately
have arrived at this result; but by noticing the relation at first we
shorten the work.

MISCELLANEOUS EXERCISES ON CHAP. IX.

Find the axis and tangent at the vertex of cach of the following
parabolag* :—

1. ¥* = 3r+2.

S
I

2 z+y+ 1.
. at=wry+l.
4 (e+y)? =3 @—y+1).
5. A +y)f—x+by+4 =~ 0.
© 6. 92+ 24ry + 16y2-981 + 11y—94 = 0.
7. Find the latera recta of the parabolas 1-6.

Discuss the curves represented by the following equations :—
8. 22+ 2xy 4y’ = 4.
9. 222y +y2+Ta—~Ty+6 = 0.

10. (px+gy)?+1x+sy+t =0, wheie L= —‘;—
3
11, 422 +day+ >+ 42+ 2y +1 =0

12. Show that the equation (av+By)?+2¢2+2fy+c = 0 represents
two parallel lines if af —Bg = 0. .
Verify that the condition abe+2fgh—afi~by?—ch? =0 is
satisfied in this case.

* The results of Exx. 1-7 will be required in working the Exercises of Chap. X
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CHAPTER X.

TRACING OF PARABOLAS.

121, We shall now give some applications of the
methods of last chapter to tracing parabolas whose
equations are given If the general equation

a,;r2+2/;‘1'3/+by'—+—2g,(+2fy+c =0
represents a parabola, then ab = 2%

Having satisfied ourselves that this 1s the case, we use
the method of last chapter to find the tangent at the
vertex, the axis, and the latus rectum. The tracing is
not then a difficult matter, but; by way of verification, we
always find a few points on the curve—e.g., those on the
axes of coordinates ; if these are imaginary, we can easily
choose some line which meets the curve in real points.

Example (1.) Trace the curve whose equation
22+ 20y +y?— 60 —2y+4 = 0.

(a) Here ab—h*=11-1'=0;
80 the curve is a parabola.

(6) The square of the perpendicular on the line z+y = 0 varies as
that on the line 6z + 2y—4 = 0, since

(e+y)? =62+ 2y—4¢
These two lines are not at right angles, but the equation may be
written (T+y+A)2=2{€+20)+y (2+21) =4 + A%,
and the lines z+y+A =0, 2(6+2A)+y (2+2A)—4+A2=0
are at right angles if G+2A+2+42A =0,
i.e., if A==2.

(¢) Henco we have (z+y—2)2=2(x—Yy) ... cvrv cernnen . (a),
and the lines 2+y—2 =0, r—y = 0 are at right angles.

Comparing with 12 = 4a X, we see that z+y—2 = 0 is the axis,
and z—y = 0 the tangent at the vertex.
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(d) The latus rectum 4« is given by
(perp. on z+y—2 = 0)2 = 4¢ (perp. on z—y =0)
or (Lttfzy-—- 40 - TZY_
V12412 V12418
da = +/2, since (r+y—2)? = 2(z—y).
(¢) The left-hand side of equation (a), being a square, is positive;
hence the curve lies entirely on that side of the tangent 2 —y = 0 for
which x—y is positive, 1.e., # > y. This is clearly the locer side.

Y

&Y

i Fig. 48.
(f )‘The curve meets x = 0, where
y:—2y+4=0;

whence y is imaginary
Therefore curve does not meet axis of y.
It meets y = 0, where
22-6r+4=0 or z=3x+/5=0524o0r-76, approx.,
corresponding to points M, M’ 1n diagram.

Caution.—Theoretically, when the length of the latus rectum and
the equations of the axis and tangent at vertex have been found, we
have sufficient information to enable us to draw the curve; but, in
a&ual practice, it is much easier to disregard the length of the latus
rectum, and find some other points on the curve, as, for example, in
(f) above.

The fact that the curve is symmetrical with respect to its axis is of
great assistance, but, to get a good idea of the size of the curve, a
number ot points on it should always be marked before tracing.
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Example (ii.). Trace the curve 22— 2sy+y*—22—2y+4 =0,
(@) Here
ab=ht=1.1—(=1)2=0, Y
82 the curve is a parabola.
(6) The equation may be 7,
written N A
. N LS
(@=y)* = 2(z+y-2), *
thowing that the square of the
perpendicular on the line
z—y = 0 varies as the perpen-
dicular on thelinez +y—-2=0. + X
These two lines are actually 01 O

at right angles, so we at once
infer that
the axis of the curve 18 z—y = 0, RN
and the tangent at the vertex
is z+y—2=0. Fig. 49.

(¢) Further, the curve lies on that side of the latter line for which
z+y—2 is positive, while the origin lies on the side for which
z+y—2 is negative, ¢ e., the origin and curve are on opposite sides
of z+y—2 = 0.
(4) To find the latus rectum 4«¢, we have

(perp. on x—y = 0)? = 4a (perp. on 2+ y—2 = 0),
(I—:'/)’ = 4aTHY=2

or

2 A2
but by the equation of the curve (r—y)? = 2(z+y—2). Hence
4a = /2, and this s the length of the latus rectum.

(¢) The axes will be found to meet the curve in imaginary points.
We should theretore find the points of the curve in which it is met by
other straight lines. Since the vertex 1s at (1, 1) (the point of inter-
section of z—y =0 and?z+y—2 = (), it1s clear that, when 2>1,
y is real, so we can find any number of points. Thus 2 =1 gives
y=1lor3, =2 gives y = 3+ +/5, and before drawing the curve
we should mark these points on the figure.

MISCELLANEOUS EXERCISES ON CHAPD. X,

1. Trace all the parabolas in the exercises in Chap. IX.

Trace the following parabolas, finding the axis, tangent at the
vertex, and latus rectum of each : —

2. 422 =4y + Y2+ 22—26y+9 = 0.

3. 224+ 62y +9y* + 162—=5y+125 = 0.

4, 422+ 1220y + 9y*— 20+ 10y + 21 = 0.

5. 2548 —40ry + 16y%+ 62r—17y+16 = 0.

6. (72+99)*+232+11y+12 =0,
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CHAPTER XI.

TRACING OF CONICS FROM THEIR EQUATIONS.

122. In this chapter we shall solve some miscellaneous
examples of tracing curves of the second degree by
availing ourselves of the principles explained in Chapters
V1. and IX.

It is, of course, always possible to trace a curve whose
equation 18 given, for we can obtain as many points as we
like on it, but this expedient alone would be very tedious ;
for example, in the case of the hyperbola, for we should
need a very large number of points to be sure of getting
the curve correctly. Accordingly, in practice we apply
the general principles set forth in the preceding chapters
to acquine a general 1dea of the shape and position of the
curve.

123. We shall begin with some general directions which
will serve also as a convenient summary of the results of
Chapters VI. and IX. To some extent we recapitulate
what has been said in Chapters VII, VIII, X,

Suppose the equation to be, as usual,

ax® + 2hay + by + 2g2 + 2fy +¢ = 0;
then the following method may be used in tracing the
curve :— '

(1) From the value of ab—P’, find the nature of the
curve, viz., ab—h? is positive for an ellipse, zero for a
parabola, and negative for a hyperbola.

(2) If. ab = A? then the tangent at the vertex, the axis,
and the latus rectum must be found as in Chapter IX.,
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and care must be taken to place the curve on the right
side of the tangent at the vertex.

(3) If ab> 1% then find the centre of the ellipse, and the
directions and lengths of the semi-axes. The tracing is
then easy from the simple shape of the curve, but care
must be taken to associate with a length of a semi-axis the
right direction as determined by § 103.

(4) If ab <A, it is quite essentaal to find the asymptotes
and draw them after finding the centre of the curve. The
equation referred to the centre as origin must also be
obtained, and the directions and lengths of the semi-axee
as in the case of the ellipse (The fact that the axes
bisect the angles between the asymptotes affords a good
test of the accuracy of numerical work, in which the
beginner is very apt to make shps.)

If the expression ax®*+2hay+by* has rational factors
(which, in general, is not the case), the equations of the’
asymptotes may be [lound separately by solving the
gquation for the two as a quadratic in y, or guessing its
factors in any way., To get the asymptotes, we have thus
to draw lines parallel to aa’+ 2hay+by' = 0 through the
centre which we have found already. If the factors are
not rational, we may trace the asymptotes from their joint
equation very easily, for we have only to find the points
in which they meet one of the axes, and then join these
pomnts to the centre.

As we have already given examples of drawing the
asymptotes in the first way, in this chapter we shall give
examples of the second. The first method is, however,
the one the reader should use 1n beginning the subject.

If the asymptotes are POP and Q0(Q’, the curve -may lie
either in the angular spaces POQ and POQ or in the
angular spaces POQ" and POQ. As we know which axis
18 the tia.:"verse axis, we can at once settle this, or
finding a single point on the curve will suffice also. After
settling this, we should mark a number of points on the
curve, a8, for example, those in which it meets the axes.
For ofhers give @ the values 1, 2, 3, . ., and solve for y.

It will be noticed that we do not use the ordinary test
for a pair of straight lines. There is 1io need to do this,
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for we ghall see that the equation does represent lines when
we refer it to its centre as origin, for the constant term
will then be zero. Thus, in using the test ab —A?, a pair of
real lines is included under the head of hyperbola, a pair of
imaginary lines under ellipse, and a pair of parallel lines
under parabola.

‘We shall now give some examples.
Ezxample (i.). Trace the conic whose equation 1s
622 + 42y + 6y2—~202x+ 4y + 14 = 0.

Here a = 6, b = 6, b = 2"80 that «b—A? is positive and the curve
is an ellipse.
The equations giving the centre are

6r+2y—10=0 and 27+6y+2 =0,
leading to 2 =2, y=-1.

, Fig. 50.

To get the equation referred to the centre, we substitute half the
coordinates of the centre in the terms of the first degree. The
equation is, therefore,

GEOM. PT. II. K
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622+ 42y +6y2—20x1+4 (-4 +14 =0
or 62 +4ay+6y> =8 or al+2ay+4yt=1.
Hence the semi-axes are given by

(4-2) (3= 2) -

from which -,15 =1 or };
ooor=1o0r V2.
The equation of the first axis (referred to the centre as origin, of
course) is $-D2z+iy=0 or z—y =0,

and the otheris (§—4)z+iy=0 or z+y=0.
For the points of intersection with 0X we have
622—202+14 =0 or z =1 or 4 (M and M in figure),
and it is easy to see that OY meets the curve in 1maginary points.
Hence, marking the centre and drawing the semi-axes, and then
:lloting the points of intersection with OX, the curve can be readily
rawn.
The reader should note that one end of the major axis is on 0X.

Ezample (ii.). Trace the curve whose equation is
92— 242y + 1692+ 320 —T6y + 16 = 0.

Since here ab—h? =9 16—(12)2 =0,
tho curve 18 a parabola  Writing the equation in the form
(Br—4y)? = —322+ T6y—16,
and introducing A in the usual manner, we have
(3z—4y +A)? = —22 (16— 32) + 2y (38 —4A) — 16 + A%
The two lines
8z—4y+A =0 and —22(16—3A)+2y(38—4A)—16+A2=0
are at right angles if
3(16—3A)+4 (38—4x) = 0, i if A=S8.
Honce the axis is 3z—4y+8 = 0,
and the tangent at the vertex
4(42+3y+12) =0 or 4x+3y+12=0,
the final form of the equation being
(8z—4y +8)? = 4 (4—3y + 12).
Thus the curve is wholly on the positive (i.c., the origin) side of
42—-3y+12 = 0,
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the tangent at the vertex, as also follows from the points where it
meets the axia. The latus rectum is given by

(3_x_—-4y/+8) 2‘141—-31/+12
5 5

but (3z—4y+8)2 = 4 (42 —3y +12)
2=t

Fig. 51.
‘Where it cuts the axis of » we have
912 +322+16 =0
~164+4/162—16.9

X =
9
=—+6 or —2'9, roughly (N, N’ in Fig. 51).
‘Where it cuts OY, 4y2~19y+4 =0,
_ 1944997

8
2 0or 45 (M, M in Fag. 51).
Consttuctmg the ta,ngent and axis, then, knowing the points in
which it meets the axis, we can draw the curve fairly acourately.
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Example (iii.). Trace the curve whose equation 1s

202 =2yt —zy—62—Ty—4 = 0.

Here ab— A2 ig negative and the curve is a hyperbola.
Since here ¢ =2, h=—4, b==2, g==3, f==1, c= -4,
the equations giving the centre are
2x—3y—3 = 0, —3x—2y—3 =0,
leading to z =1, = -2,
Referred to the centre C as origin the equation is
203 =2y =2y ~B () —T(—1)—4¢ =0 or 22°—2y—zy =0,
and hence the equation represents two straight lines at, cight angles.
[See Caution below. |
‘Where the curve meets
0X we have
222 —6x—4 = 0;
3+ 17
z = _%.2___
=356 or —*5,
roughly (M and ¥'),
and where it meets 0Y
20+ Ty+4=0;
=711
4
==—28 or —7,
roughly (N and N').
Thus the equation represents two lines meeting 1n the point (1, —2),

so that, joining this point to the points of intersection with either axis,
we have the curve required.

ooy =

Fig. 52.

Caution.—If, in the course of our work, the curve appears to
reduce to two straight lines, we at once apply to the original equation
the test for two straight lines, viz ,

abe + 2fgh — af?t—bg?—ch? = 0.
Here abe + 2fgh —af?—by?—ch?
= 2(=2)(=4) +2(=§)(=3) (=P =2~ P (- 2)(=32= (—4)(-}) ?
= 16—10§-24} +1841 = 0.
Hence the accuracy of our work is confirmed.



TRACING OF CONICS FROM THEIR EQUATIONS. 133

Ezxample (iv.). Thace the conie
(x+2y—2)+4(2v-y+1)* = 45.

We notice that the two lines
2+2—2=0 and 22—y+1 =0

are at right angles, and that the expressions in brackets are pro-
portional to the perpendiculars from a point P (z, y) on the curve to
these lines.

Making the expression in the
brackets actually equal to such )(
perpendiculars, we get

1__+_2y:_2)2 4 (%—wl)’
( vs ] *

5 Vb
= 45
=45 =
If, therefore, we take
z+2y-2=0
(A
and ‘2x—y+1=0} @

as axes, calling them the axis of X
and ¥ respectively, the equation
reads

(perp. from P on axis of X)*
9

3 2
4+ (perp_from P on axis of ¥)*_

9
4

This evidently is an ellipse, with
the lines (o) as axes, and the length Fig. 53.
of 1ts semi-axes are 3 and 3.
2
al
the length of the semi-axis measured along the line corresponding to
y=0, ve along 22—~y +1 = 0. This point should be noticed very
carefully.

To confirm the work, we find the intercepts on the original axes.

Caution —By a comparison with ™, + ;/7 =1, it is seen that 3 is

2z =0 gives (2y—2)*+4 (y—1)? = 45, whence y = 3:36 or —1'36;
y =0 gives (z—2)?+4 (2¢+ 1) = 45, whence # = —19 or 1:2.

*Caution.—The above method is of use only when the equation is
given in the form aR?+bS? = constant,
where B = 0 and S = 0 are two straight lines at right angles. The
process is analogous to the method of procedure in the case of the
parabola,
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Example (v.). Trace the curve 2xy+3zx+4y+4 = 0.

Hero ab—h? = 0—(})? and is negative.

Therefore the equation represents a hyperbola.

The ordinary processes can be shortened here, for we can write the
equation in the form (x+4) (y+3) =8,
and now we see that it represents a rectangular hyperbola baving
#+4=0and y+3 = 0 for asymptotes, and —4, —3 for centre. (In
fact the product of the perpendiculars on these lines is constant.)

Fig. 54.

Referred to the centre as origin, the equation is
xy =8
{for, in order to transfer to (—4, —3), we must write —4 for 2 and
y—3 for y]. From this the tracing is easy, for, giving « successive
values 1, 2, 3, 4,.., —1, —2, —3, ..., we can write down the values
of y and trace the curve.
The equation giving the semi-axes is

1 1\
ﬁ‘(m)=°’

for 4 =B =0 and H = 2.
13 = £ 16.

Thus the real semi-axis is of length 4, and its direction veferred to
the centre as origin 18 #—~y = 0. This gives the ponts 4,4". Tae
other axis is of course the line z+y = 0.

The curve meets the original axes in

y=0, 2 =—4 (M, Fig. 64), and 2=, y =-—1 (N, Fig. 54).
Honce the curve is clearly as in Fig. 64.



TRACING OF CONICS FROM THEIR EQUATIONS. 135

Example (vi ). Trace the curve whose equation 1s
22+ 4wy + 4y + T+ 14y +6 = 0.
This clearly satisfies the condition for a parabola.
‘Writing it in the form
(@ +2y)2+ (T + 14y + 6) = 0,
we introduce A in the usual manner, viz -
(4 2y + A2 =—r(T—27A)—y (14—4A) =6 + A3,
and the two lines r+2y+A =0,
2(T—20)+y (14—4A) +6—=A2 = 0
are at right angles if
T—2A+28—=8A =0, 1¢ if A =34,
Hence the equation becomes
; {(z+ 2y +34)2 = 124 —6 = 6%,
80 that it represents two parallel straight lines, viz. :
z+2+3F = +£24,
or z+2y+1=0 and 2+2y+6 =0
[Confirm this result by applymg the abe+2fgh—... test.]

fx—1

0 "
Y’ x

Fig. 55.

The curve cuts original axis X where 2 =—1 or —6 (M, M’), and
0Y where y = —4 or —3 (N, N').
Knowing these intersections, it is an easy matter to draw the

straight lines.
That the equation represents two parallel straight lines is evident,

a griory, for we may write it in the form
(c+2y)2+T(x+2y)+6 =0,
or (z+2y+1) (x+2y+6) =0.
The above analysis shows that the true nature of the curve is
discovered easily enough in the ordinary process.
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Example (vii.). Thace the curve whose equation 13
4224 120y —y2—402—20y + 24 = 0.

Since ab—h?=4(—1)—36 and is negative, this curve is a
hyperbola.
The equations giving the
centre are
4x+6y—20 =0,
6r—y—10 = 0,
leading to =2, y =2
The equation of the curve i
with the centre as origin is S .
422+ 122y —y* = 36 ~
or #22+2.3ay—d5y? =1,
so that the equation for the
semi-axes 18
1 1 1
"1
leading to 12 =38 or -3¢,
Thus the length of the sem:- '
transverse axis is Fig. 66.
8 _6v2
24/2 4
and its direction is given by
(fg=v5) +7gy =0 or 4r—3y=0.

5 o
162

= 21, roughly,

The equation of the asymptotes is of the form
422+ 122y —y?—402— 20y + ¢ = 0,
where ¢ has to be found from the condition for straight lines.
We easily find ¢ = 60, so the asymptotes are
42? + 12zy — 2 — 402 — 20y + 60 = 0.
Where they meet 0X wo have z = 816 or 1:84;

and where they meet OY y = 2 64 or —22 64.

Marking these points, it is easy to draw the asymptotes, bearing in
mind that they meet n (2, 2).

Where the curve meets 0X we have ‘
22—102+6 =0; .. z=93or 7, roughly.
Similarly, where it meets 0Y
¥ +20y—~24=0; .. y=11or~221
The curve is thus as in Fig. 56.
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Ezxample (vin.). Thrace the curve
(x—2y+1) (x+2y—3) = 6.
This is evidently a hyperbola, having
(2=2y+1) =0, (z+2y—-3)=0
as asymptotes.

We can decide easily in which pair of angles the curve lies by
giving particular values to r or y—e.g , = 0 gives y imaginary and
y =0 gives £ =4 or —2. Or we note that for any point of the curve
#—2y+1 and 1+2y—3 are both positive or both negative, while

for the 0r¢g1n the former 18 positive, the latter negative. The curve
is therefore, not 1n the same angle as the origin.

The 57.

The axes bisect the angles between the asymptotes, and are there-
fore easily drawn. In thisparticular casethe asymptotes x—2y+1=0
and z+42y—3 = 0 are equally inclined to the axes of coordinates, so
that the axes of the curve are parallel to the axes of coordinates.

A few other points on the curve may be found in the ordinary way
and the curve drawn.

The only defect of this method is that it does not readily lend
itself to finding the actual lengths of the transverse and conjugate
axes, or the eccentricity.

MISCELLANEOUS EXERCISES ON CHAP XI.
» Trace the following curves :—
1. 622—2zy—12y2—82 + 29y - 14 = 0.
2. 1123 —4zy + 14y? = 240.
3. 922 —24xy+16y*+ 442+ 8y+5 = 0.
4, 4(#=2y+3)2+9 (3x+y—1)? = 80.
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522 + bxy —Hyt—222+ 18y ~7 = 0.
. (e=2y+1) (z+2—3) =—5.

5763 —1502y—23y* = 34.

L2 —y?—10z+4y—T7 = 0.

© ® =S >

. a?—zy+yt—Ts+8y+18 = 0.

10, (v+2y—2)2—4 20—y +1)* = 45.
11, (4z—y+12) (6—3y +9) = 40.

12. 823~ 2y — 152 + 62 + 46y —35 = 0.
13. 22+ 2:+3y+3 = 0.

14, 422 —120y +9y*+ 82— 06y +1 = 0.
15. ¥+ 2xy+2y = 1.

16. 4 (r—2y+3)2—9 (2r+y~1)? = 80.
17. *+4y+62+3 = 0.

18. (4r—y+12) (r—3y+9) = 108.

19 (—y+1)2+2(x+y-3)2=0.

20. 422—12zy + 9y% + 130—26y = 0,
21. 22+ y2—102 4 6y—2 = 0.

22, 20—y —2y*+5y+2 = 0.

23. 422—122y+9y*—42+6y—5 = 0,

24. (32 +4y—3)2+ (8r—6y +3) = 50.

25, 1522 —23xy~28y?+ 2+ 29y —6 = 0,

26. 224 6zy+ 92+ 52+ 15y +12 = 0.

27. 2643 =361y + 40y% + 104 — 28y —47 = 0.

28. (x+y—2) (x~y+4)+20 = 0.

29. 49224+ 1260y + 812+ 232+ 11y +12 = 0.

30. (£+2y2+3 (x+2y)+2 = 0.

31. 1614° + 4802y —161y% + 289 = 0.

32. 7a?- 60y + 32y —1062 + 68y—37 = 0.

33. 130%+8ry +/3+ 21y + (16 —36/3)2 + {36 +754/3) y+ 144 = 0.
34, 922—2v/3ay+ 11572 (9— v3) 2 —2 (11— v/3) y—2(2+4 + 8) = €.
35. 22+ 8xry +4y3—28r—56y +196 = 0.

36. 323+ 20y +y3—10r—11y+19 =0

37. (% +3y)2+ (6w —2y + 0)* = 40.
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EXAMINATION PAPER IIL

1. Show how to find the coordinates (+/, y) of the centre of the
curve ax?+ 2hxy + by + 29z + 2fy +¢ = 0,
and prove that the asymptotes are given by the equation

ax? 4+ 2hxy + by + 202 + 2fy + 0. = axt + 202"y + by’ + 2927 + 2fy’ +e.

2. A hyperbola has for its asymptotes the lines 22 -y—3 =0,
3x+y—7 =0, and it passes through the point (1, 1). Show that it
will also pass through the point (4, +/19), and that its eccentricity is
Vi+2V2.

3. Explain, briefly, how to determine the nature of the locus repre-
sented by the general equation of the second degree, the axes of
coordinates being rectangular.

4. Interpret the following equations:—

(i) 2?2+ 6oy +9y2+4r+12y—12 = 0; (ii.) 2y—Tx—2y+4 =0

Trace the following curves:—

. (2r—y)? = 5 (x—2y).
(224 3y)2+ 20+ 2y +2) = 0.
. 18022 + 1202y + 14552 — 482 —86y — 23 = 0.

W 3 S »;

. 2522+ 1200y + 144y2—462—9y—11 = 0.

9. Find the equations of the two ellipses that have the lines
3z+y—1=0, 2—3y+2 =0 for their principal axes, their major
and minor axes being of lengths 6 and 4 respectively.

10. Find the conditions that
ax®+ 2hxy + by? + 292 + 2fy +¢ = 0
nepresents two parallel straight lines,
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CHAPTER XII.

CHORDS AND TANGENTS.

124. Chords and Tangents.—In this chapter we shall
discuss some of the properties of chords and tangents,
and, in all cases, we shall look on a tangent as a line
which meets the curve in two coincident points, or, what
is the same thing, as a line intersecting the curve in two
points that are infinitely near together.

125. A line is drawn through a given point in a
given direction: to find the distances from the given
point in which it is met by the conic

ax’+2hxy+ by +2gx+2fy+c = 0.
Let (z;,, 7,) be the given point 0, and suppose the
direction makes an angle ¢ with the axis of .
The coordinates of a point P on the line distant » from
0 are x,+7rcosd, y,+7siné, .
) (Cf. Part 1., § 10, B., Cor.)
and hence, if P be on the curve, we must have
a (2, +r cos )+ 2h (2,+r cos 8) (y,+7r sin )
+5 (y,+78in0)"+ 29 (2, +r cos §) + 2f (y, +rsin ) +¢ = Q.
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This equation contains » in the second degree, and,
therefore, may be looked on as a quadratic giving the
required distances. It is evident a priori that the equation
must be a quadratic, for the line meets the curve in just
two points.

Arranging this equation as a quadratic in 7, we get

7* (@ cos’ 0+ 2h sin 6 cos 0+ b sin’0)
+2» {(ax,+hy,+g) cos 6+ (hx,+by,+F) sin 6}
+ax‘+2hxy,+by +2gx,+2fy,4¢c =0 ... (1).
The two roots of this equation are the required distances.

Nore.—This proof assumes that the axes of reference
are rectangular

In the following articles we shall make some extremely
immportant deductions from the above quadratic, which is
of fundamental importance in the theory of conics.

126. Deductions from the quadratic for ».— One
zero root. I
The equation for » has a zero root if
aw’ + 2hay, + by, + 292, + 2fy, +¢ =0,
which is just the condition that (z,, ,) should be on the
curve. This is as 1t should be, for only in that case can
r have a zero value.

127. Two zero roots.

The quadratic has two zero roots if (z,, %,) is on the
curve, and, in addition,

cos 8 (ax,+hy,+g)+sinb (hx,+by,+1) =0 .. (2).

(Tut. Alg., I1., § 165)

In this case the line is clearly the tangent at (=, v,), for
it meets the curve in two points coinciding with (2, ¥,),
%nd, therefore, the above equation gives the direction of
the tangent at (x,, v,), viz.,
az,+hy,+g . @)

tan = -- ok by F
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128. To find the equation of the tangent at (x,, ¥,).
[Caution.—A formal investigation of the equation of the tangent
shounld embody §¢ 124, 126, 127, 128.]

The equation required is
(y—y) = (z—=,) tan b, (Partl.,, §10,B)
where 6 is the inclination to 0X. By § 127 this is
az,+hy
y—1n = (x—=) (—' hx:;—bﬁ%)
or (z—=) (ax,+hy,+9) + (y—y) (he,+by, +f) =0.
The equation just found becomes, on multiplying out,
@ (az+hy, +9) +y (hay+ by +f)
— (@’ +2hayy, + by, + gy + fy) = 0.
But, since (z,, ,) is on the curve
ar? +2hx, y, + by + 292, +2fy, +¢ = 0,
ax,? 4+ 2hay y, + by + g2+ fy, = — (92, + fy, +¢).
Hence the equation of the tangent finally is
x (ax1+"'?/1+g)+y (hwl"'b?/x'*'f) +gx,+fy,+c=0

. P . (4).

This may be written
axx,+ My, +axy)+byy,+g@+a)+f(y+y)+e=0,
which is derived from the equation of the curve by putting

ax, for 2%, yy, for 4%, ay,+axy for 2xy, -+, for 2z, and
y+1, for 2y. This form should be remembered.

Tangents in the simple cases.
In the parabola y?—4ax = 0 the tangent is yy, ~2 (24) —2a2, = 0

by formula (4), t.2. Y = 2a (@+x) . i, (8).
In the ellipse —z—:- + Z—z =1

the tangent is %?+’%’?=1 R T ()N
In the hyperbola :—: - :'Z; =1 |

itis BBy UYL m 1 vievee eeeereeeenens 7).



CHORDS AND TANGENTS. 143

129. The general method applied to the simple
cases.—To illustrate the application to particular cases,

[T

we shall investigate the “»” quadratic and the equation
of the tangent for the parabola 4* = 4az and the ellipse

3
9.6; + }é; =1. We start from first principles.
a

I. To find the quadratic for “r” for the parabola
3y = daz,
and to deduce the equation of the tangent at the point (2, v,).
If the line be drawn through (=, 7,), and r be one of

the values required, then (by Part I., § 10, B, Cor.) the
point (x,+7 cos 6, ¥, +r sin §) must be on the curve, z.e.,

(y,+7rsin 0)* = 4a (2;+7 cos §),
ie., r'sin’0+2r {y, sin6—2a cos 6} +y,'—daz, = 0,

the quadratic required.
One root is zero 1f
ylg—- 4‘““'1 = 0,

z.e., if (2, y,) is on the curve; another root is zero only if
the line be the tangent at (2, ;). The condition for this

is 7, sin §—2a cos § = 0.
Therefore the equation of the tangent is

t&:ta’nezga

]

T— Y%
R yih—1y’ = 202 —2aw,.
But Y = dax,.

Therefore the equation is
Yy = 2a (z+).
I To find the “r” quadratic for the ellipse
2 2
atE="1

and to deduce the equation of the tangent at the point (x,,v,).
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Here the point (2, +7 cos 6, y,+sin6) must be on the
curve, and therefore

(v, +7rcosb)? | (y,+rsinf)? 1
MO T) 4 R ke

’
a?

. cos’d | sin%f 2,c080 | 7,sinb
2.€.y 7'2 (——QE—- + [)2 )+0 ( Laﬂ — +JLE{_)

T 4 0w _ ) —_
+ (a b 1 %
which is the quadratic required.
One root is zero 1f

2 +3’b;- =0,

i.e., if the pomnt (r,, %) be on the curve; a second root .
can be zero only when the line drawn is the tangent at
this pomt to the ellipse. From the quadratic the
condition for thisis - =

qg,_gq;_@ + ysing _ 0

a

or ta,nﬂ:-—(—l::r.

Hence the equation of the tangent is

3
y:_y_‘:.ta,naz._M

z—x, a2y,
or Z@—m)+ 4 (y—n) =0
2 3
and, since t—‘, + %‘; =1,

this becomes Ty Yho
a b
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Exerclsel.
1. For equation -'25- -F= 1 show that quadmtxc for » is
g (cos*e sm‘o x, coso _ysing smo _
r ( ) ! + I ¢2 L; 1=0.
2. By means of the above quadrahc deduce the equation of the
tangent at any point on the hyperbola ZZ - —b;; =1,
&

3. Find the equation of the tangent to the curve 2?+z+y=3
at the point (1, 1) on it.
4. Write down the equation of the tangents to the curve
322 + 6y + 2y?—6r + 2y —25 =0
at the points where z = —1.

5. Find the points on the curve 2?+zy+y¥=3 at which the
tangents are parallel to the line y = «.
If (1, 1) be such a point, the condition of parallelism gives one equation,
and z,2+x,%,+7,® = 8 1s another equation for x) and y,].
6. A straight lino is drawn through a point 0 (1, 2), making an
‘angle 45° with 0X, and 1t meets the conic 2? +xJ+yl+x+/+1 =0
in P and (. Obtain the quadratic whose roots are 0P, 0@, and show

that oprog-—1122 op.0g -2

7. Show that the line through 0 in Ex. 6 meets the conic in real
points.

8. A line is drawn through the point (-1, 0) making an angle
tan-14 with the axis of . Show that the distances from (—1, 0) of
the points in which 1t meets the conic zy + 2 +y = 0 are roots of the
equation 30r°+166r~169 = 0.

‘What is the geometrical interpretation of the fact that one root
is negative P

9. In Ex. 8 find the coordinates of the middle point of the inter-
cepted portion.

[Find the distance from 0 =3}(0P+0Q), and then use & =z+7cCos8é,
y =y+rsing.]

10. The tangent at P to a parabola meets the directrix at
@. ,Prove that PQ subtends a right angle at the focus.

11. Show that, if a straight line be drawn paraliel to the
axis of a parabola meeting the directrix in M, the curve in
0, and the focal radius parallel to the tangent at 0 in ¢,
then T0 = 0Q.

GEOM. PT. 1I. L
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130. Purther deductions from the quadratic for #.
—One infinite root.

The quadratic for » will have one root infinite if the
coefficient of 7* be zero, that is, if (Tut. Alg., I1., § 166)

a cos’ 8427 sin 6 cos 0+ sin’0 =0 ...... (8),
or btan®8+2h tan 6+a = 0.
This may be looked on as a quadratic for tan §, and we
therefore infer that there are two values of 6 which cause
the line to cut the curve at infinity. Or, in other words,
through any point two lines can be drawn each to meet
the curve in one point at infinity, and they are clearly
parallel to the pair of lines
ad®+ 2hay + by* = 0,

t.e. they are parallel to the asymptotes of the conie.

The lines are real and distinct if ab < %, i.e. if the
conic is a hyperbola (§ 91).

They are coincident if ab=h? <., if the curve is a
parabola (§ 52).

And, finally, they are imaginary when ab > A% that is
when the curve is an ellipse.

All this corroborates what has been already said as to
the lines meeting the three species of conics at infinity.

131. Two infinite roots.—Equation of asymptotes.

In order that both roots may be infinite, the coeficients
of 7! and » must both be zero, that is, we must have
acus0+2hsinfcos 0+bsin®@ =0 (Tut. Alg., 11, § 167)
and  cos 0 (az,+hy,+g) +8in 0 (he, + by, +f) = 0.

Thus, eliminating 6 by substituting the value of tan@
from the second equation in the first, we see that (x;, y,)
cannot be chosen arbitrarily, but must satisfy
b (ax, +hy, +9)*—2h (azy,+ by, + g) (ha,+ by, +f)

+a (hay+ by, +1)' = 0... (a).

Now there can be two infinite roots only when the line
drawn is an asymptote. Therefore (2, y,) lies on an asym-
ptote if condition (a) is satisfied. We therefore infer
that the equation of the two asymptotes is
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b (az+hy+ 9)*--2h (az+hy + g) (he+ by +£)

+a (hz+by+f) =0 ... (B).

We may add that, as the centre is given by
oy +hy,+9 =0 and ha,+by,+f=0,

the two lines av+hy+g =0 and Zr+by+f=0 vepre-
sent two lines through the centre, and therefore the
expression (B), which is homogeneous and of the second
degree, represents also two lines through the centre, as
it, of course, should, since both asymptotes pass through
the centre.

The reader should now verify by actually multiplying
out that this form of the equation of the asymptotes only
differs from that found already (§ 110) by the constant
multiplier (ab—7?).

132. If through a point 0 two chords are drawn
in fixed directions to meet a conic in P, § and P', @,
respectively, the ratio of the rectangles 0P.0Q and
OP.0Q is independent of the position of 0.

liet @}, y, be the coordinates of 0, and suppose the chords
make angles @ and ¢ with the axis 0X ; then, if the conic
be given by the general equation, the lengths 0P, 0Q are
the roots of
7 (@ cos® @ + 2k sin 6 cos 0+ b sin?6)
+2r {cos 8 (az,+ by, +g) + sin 6 (ha, + bu+£)}
+ a4 2ha, y, + 0yt + 29, + 2fy, +c = 0. (§125)
Hence, by the theory of quadratics,

0P.0Q = az,’ + 2hayy, +by,’ + 292, + 2y, + 0 ,
« cos* @+ 2 sin 6 cos @+ b sin*6
and, similaxly,

0P.0Q = it 2hayy, + by’ + 292, + 2y to

@ cos*0’ + 21 sin 6 cos 6+ b sin’ G
Consequently,
0P.0Q __ @ cos’6'+2h sin ¢ cos 6'+b sin’# (10)
0P.00 acos’0+2ns8intcost+bsin’o .
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Since the value of gif—g—g— does not involve 2, or ¥, 1t

is independent of the position of 0, and depends only on
the directions in which the chords are drawn.

Cor. In particular, when P and @ coincide with each
other in T and P, Q’ in T’, then the two lines arve tangents,
2
and we infer that the above ratio is the same as g%-—l
Exercise. «
12 If the conic be a circle, deduce from the above that
0P.0Q = OP'.0Q'. (Euc. ITI. 35, 36)

133. The tangents drawn from any point to a
central conic are in the same ratio as the parallel
semi-diameters.

Suppose the tangents 07, 0T from 0 make angles 6, 6
with the axis of v, and that LCL" and MCM’ are the parallel
diameters ; then, by the general result, we have

0T _ LC.CL" _ acos’¢ +2h sin 6 cos ' +b sin’6’
OT* ~ MC.CM ™~ “acos'6+2h sin 6 cos O+b sin’6’

= (%1 since CL'=CL and CM =CM;
or _ oL
0T = Ch

This result is, of course, obvious for the circle; for, in
that case, the tangents are equal and the diameters
are equal.

Example.— Find the directions of the two Lnes through the pownt (1, 1)
which meet the curve a?—3xy+ 22+ 22 =0 1 one pont at wnfimity,
and find also the fimte pownts wm which they meet the curve.

The distance quadratic is here
(1 +7cos)2—=3(1+7cos6)(1+8in6) +2(1+r8ing)%+2(l +7cosf) =0
or 1"'(00520 3 8in 6 cos 6+ 2 8in?8) + 7 (cos 6 +8in 6) + 2 = 0, ¢
If one point of intersection is at infinity,
¢08268—3 81n 6 co3 6 + 2 8in?@ = 0, whence cot@ = 1 or 2.
The finite rvot is given by
r(cos6+smé)+2 =0,
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s e 1
‘When cotg = 1, this gives » (-3—5 + W) +2 =0o0r r=—4"2,
P 1 2 2/5
When cotd = 2, th ( _> - o 2Y5
en cot @ , this gives r J6+M5 +2=0or; 3
Thus the coordinates of the finite points of intersection
1+7cos0, 1+rsind
1 1
are for cot@ = 1, 1-«/2.7;. 1—\/2.:/—2, e, 0,0;
245 2 2v5 1
for cot 6 = 2, 1——?{—« VL —-—;—/— IV e, —4 &

Hence the lines make angles 45° and tan-1(}) with 0X, and the
finite points of intersection are (0, 0), (—14, 3).

Exercisges.

13. T'wo lines are drawn through the point (—1, 1), each meeting
the curve 2?—4xy+3y2+22r+6y =0 in one point at infinity: find
their directions and the finite points in which they meet the curve,

14. Show that only one line can be drawn through (3, 2) to meet
the curve 2%+ 2zy + 42+ 3z +y+1 = 0 in one point at infinity. Why
is this? Find the finite point of intersection.

15. Find, from first principles, us in § 131, the equation of the
asymptotes to
?la2—y?[b? =1 and 422—22y—38y%+3x+2y = 0.

16. From the result of § 132 show that, if a central conic and
a circle intersect in four points, their common chords are
equally inclined to the axis of the conic.

17. Show that, if a circle touches an ellipse at P and cuts it at @
and R, then PQ, PR, and the axis of the ellipse form an isosceles
triangle.

18. Through a variable point 0 a line is drawn in a fixed direction
‘meeting & conic in P and (. Find the locus of 0 (i) when OP+0Q
is constant, (ii.) when OP. 0@ is constant.
‘What does (1i ) become for the circle ?

[Take the equation of the conic to be of the general form, and use the
direction-quadratic for r.]

0134. We shall now explain another method by which
the equation of the tangent at any point of a conic as
well as some other important results can be deduced.
This method we shall apply first of all to a simple case.
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135. To find the ratio in which" the line joining
two points is divided by the parabola ¥°= 4aw,
and to deduce the equation of the tangent at the
point (x,, y,) of the parabola.

We may remark at the outset that, as the line cuts the
conic in two points, a quadratic may be expected to arise
for the ratio.

Suppose 4 (xy, ;) and B (v, y,) are the two given

points.
If P divide AB so that
AP : PB =k : 1,
then the coordinates of P are
kry+lx,  kyy+1y, Part I.. § 3
K+l 0 k4l (Part T, § 3)

and, accordingly, we have to determine the ratio I : 1 s¢
that this point may be on the curve.
Hence we have

Geyy+1y)* _ 4, kst
(i1 (D)
or (Fyy+1y))" = 4a (hay +1r) (k+1) 5

oo B (g —daa) + 241 (y,y,— 20, —2aa,) + B (1 —daw,) =0,

which is a quadratic equation in the ratio A/l, and gives
the two values of &/l in which the parabola cuts the given
line.

The ratio k/l has one zero value when y’—4az, =0,
i.e., when the point 4 (2, ¥,) is on the curve. The second
value of the ratio can only be zero when (y, ¥,) is on the
tangent at (v, v,). The condition for this 1s

% — 200, —2ax, = 0.
Consequently, the equation of the tangent is

Yy = 2a (2 +a,),
as found before.
Exercise.

Find, by the method of § 135, the tangent at any point of the
ellipse 2%/a?+y*/0* = 1,
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136. To find the ratio in which the line joining
two points is divided by the conic
ax’+2hxy+oyi+2gx+2fy+c = 0.

Ag in § 135, 1f (ay, y,), (2, 3,) are the given points and
k: 1 the required ratio, the pomnt

(km.,—}-l.rl lry.l+ly1)
k+1 k4l

must be on the curve.

. "‘, 14 7’,
The condition for this 1s

a (kwa tlﬂ.’!>2+2h (&x;-}-l@a) ("'3/2 +h 1) +b (kyeitl?lx)’

k+1 k+1 k+1 k+1
kgt Lz, | op (Fya+1y, —
+29( k41 )“f( k41 )H*O’

or, on multiplying up by (k+1)%
a (kay+12)* 420 (lexy+ ley) (kyy + ly) + b (ky.+1y,)*
+2g (k+1) (kry+la)) +2f (k+1) by, +1y,) + o (B+1)2=0.

Hence, arranging this as a homogeneous quadratic in
k and I, we get

K (axy’+2hayy, + by, + 2925+ 2fy, +0) +
2kl {a’”l"’z"'h(ml?/s'f'%?/l)"" by, +g (@ +2)+f(y, + ?/2)+0}
+ I (a4 2ha, iy + by + 292 4+ 2fys +¢) = 0,
or, as we may write it for brevity,
%S, + 8KIT,+ 028, = O ............ . (11),

the coefficient T, being symmetrical in @, ¥, and =, y,
(v.e., it is not changed if we interchange a, with #, and y,
yith y,, simultaneously).

This is clearly a quadratic for % : !/, and therefore on
being solved gives the required ratio.

This result is known as Joachimstal’s.
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Nore.—Representing the general equation ot the second
degree by S =0, we shall frequently use 8, to denote
the result of substituting the coordinates ;, ; for = and
y in the expression S.

Cor If the roots of the quadratic
k\? k _
(—l‘) S;+2 (-—l—) Tow+8 =0

are real, the line meets the curve in two real points P and
@, and if P corresponds to the value k,/l, of the ratio, then
when this is positive P is between 4 and B; when it is
negative P is outside 4 and B.

If t}8 roots are equal, the line cuts the conic in two
coincident points, < e., touches it.

If the roots are imaginary, the line meets the conic in
imaginary points.

We give some examples to assist the reader in appreciating the
important principle just explained.

Example (i.). To find the ratio wn which the hne joning (x5, ;) t
(g, yq) 15 drwrded by the lme Az + By+C = 0.

If % : 7 be the ratio required, then the point

kay+ lny Ry + Uy,
k+1 ' k+l

is in the line, and hence we obtain
A (krg+ ley))+ B (hya+ ly)) + C(k+1) =0
k Aoy + By, + €
or S g i Ty
4 Axy+ Byg+ C
giving the ratio required.

An important result follows at once from this formula. Suppose
(%, 4n) is 4, and (zq,y5) i8 B; then, when 4 and B are on opposite sides
of the line, the line divides 4B internally; consequently the ratio A : 7
is positive; henco Az +By,+C and Ax;+ By,+ C have opposite
aigns: It 4 and B are on the same side of the line, then the ratio
k : lis negative; so Ax + By, +C and Axy+ By;+ C have the same

sign. L
It follows at once that A+ By + ¢ has the same sign for all points

on one side of the line, the opposite sign for all points on the other

;ide,)while it vanishes for all points on the line. (See Part 1.,
13.
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Example (ii.). To find the ratio in which the line jowning the ponts
(3, §) and (6, 7) 1s dwrded by the cwele 22 +y2 = 65,

If the ratio be % : /, then the point
6k+ 220 Tk+ 3

. k+l ' k+1
is on the circle, and hence

(8% + 3802 + (Th+ 302 = 65 (% + )2,

which reduces to 8/2=2k1-12 = 0,
or, on solution, -Z;— = % or — i— .

Thus one point of intersection is internal, and the other is external
and nearer to the first point.
To find the actual points of intersection, we have only to use the
ratio found above. Thus the coordinates of the internal point are
1.6+2.4% 1.7+2.%
1+2 ' 142
or 7, 4)
and the coordinates of the external point are
1 6—4.98 1.7-4.%
1—4 ' 1-~4
or ’87 1,
and it is easy to verify that these two points are actually on the curve.

Exercises.

19. Find the ratio in which the straight line 3z+y =1 divides
the line joining the points (—1, 1), (3, 5).

20. Find the locus of a point such that the line joining it to (1, 1)
is bisected by the straight line 2z+y = 5.

21. Find the ratios in which the lino joining the points (3, ), (%, §)
.is divided by the conic zy—2—y = 0, and find the coordinates of
the points of intersection.

22, Show that, with the notation of § 136, the line joining (z),¥,) to
(%3, ¥o) meets the conic in real, coincident, or imaginary pointsactording
a8 Ti2> = <88,

+23. If 0 be a fixed point, and P any point on a fixed straight line,
show (wifhout taking 0 for origin) that, if OP be divided in a given
ratio at P’, then the locus of P’ is a line parallol to the locus of P\
[Supg:se 018 (&, b) and P’ is (z, ) ; then P divides OP 1n a fixed ratio. Write
down its coordinates in terms of @, b, #, y, and express the condition tbat P
hes on & fixed line.)
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137. To find the equation of the tangent at (x,, 7,)
by means of the ratio quadratic.
The ratio quadratic is
1284 2kIT,,+ IS, = 0.
The ratio k:! has one zero value when S, =0, 7.e
when the point 4 (2, y,) is on the curve This is clearly
as it should be The ratio % : 7 has two zero roots when

not only A lies on the curve but B is on the tangent at A.
The condition for thisis T}, = 0, 7.,

ax, @y +h (@9, +2y5) +by e +9 (@0 +20) +F (i +y) +e =0
or @, (ax,+hy, +9) +y, (hay+by, +f) + g2+ fy, +¢ = 0.
As this is the condition that (x,, ¥,) should be on the

tangent at (2,,7,), it follows at once that the equation of this
tangent is

z (e, +hy +¢) +y (hay+ by +f) + 92 +fy +e =0... (4,
as we have already found by the former method.
This method has the advantage that ¢ applies equally 1well whether

the axes are rectangular or obhque, for we have never assumed any
property of rectangular axes in the proof. (Cf Part1., §3)

Exercises.

24, Write down the equations of the tangents to the parabola
2® = 8y at the points where » = 2, 3, 5 respectively.
25. Write down the equations of the tangents to the hyperbola
22/9—y%4 = 1 at the points where y = 2, 4, ¢ respectively.
26 Find the equations to the tangents to the following curves at
the ends of their latera recta —
(@) 2Y4+y2=1. ) y? = 8pzx; (¢) 92—92% = 9.
27. Find the equations to a tangent to
’ (a) y* = 8z, (0) 42%+9y2 = 18,
that cuts off equal lengths from the axes.
28. Show that the equation of the tangent to the
hyperbola «y = ¢ at the point (x,, y,) may be written
@ Yy
-4+ —=a.
x) Y1
Deduce that, if the tangent at any point of a hyperbola méet
the asymptotes CL, CM in P and @, then CP.C(Q is constant
Also PQ) is bisected at the point of contact.
29. Find the equation of the tangent at any point of the circle
42+ 2xy cosw+y?+ 292+ fy+¢ = 0.
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138. To find the joint equation of the two tan-
gents from any point to a coniec.

[Of course, for a full proof, the ratio gnadratic of § 136 must be
obtained and not assumed ]

If the ratio quadratic has equal roots, the line joining
A (2, 1) and B (a,, y,) touches the conic. This can only
happen when B lies on a tangent drawn from A to the
conic.

The condition for equal roots is

Ty = 8,8, (Tut. Alg., 11., § 159)
and this is therefore the condition that (a,, v,) should be on
the tangent from A4 to the conic. As it is of the second
degree in 2, and y,, it follows at once that there are two
tangents given by the equation obtained by replacing
@y, Yy by @, 77, ¢ e. the equation is
{axe,+h (ey,+x0,y)+0yy +g (e+x)+f (y+y,) +e}?

= {(l.I'2+2’Iﬂ',’l+’l]/‘l+2,([‘l'+2f’}/+('}
X {4+ 2hr, y, + by +2gx,+2fy, +c}
vee e (12).

For the simpler cases, this equation takes the following
forms -—

Parabola, 9’ —4ax; tangents from (a, y,) are

{yp—20 (v | = (y—daz) (y,'—dan).

9

: 2
Ellipse, Z+ 1/—, =1; tangents from (r, y,) are
a /s
w? 7/‘2 x 2 y 2
2 )
((ﬁ + b a’ + n .

{an Ly _q } g
( a? + I”.’,
2 2
- —2.=1; tangents from (), y,) are

Hyperbola,

2 2 2 2 2
axy Yyl (Y )(?”_r_?h _1),
{ ot b 1} ( at b 1 a? b
* The reader should obtain all these equations, starting
from first principles as above.

By way of guidance, we give the investigation for the
ellipse.
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Fxample —To find the equation of the two tangents from the point
x’ Wy
P (2y, y)) to the ellypse & —[f; =1.

If Q (25, ¥5) is & point on either tangent, then the line joining thisto
P cuts the ellipse m two coincident points. Let us find the ratios in
which this line is divided by the ellipse, and put down the condition
that they should be equal.

The coordinates of the point dividing PQ in the ratio % : ! are

hag+ley,  kys+ly,
YR SR
If this is on the ellipse, we have
(Arg+1:)? 1 + (Fys+ly)2 1 —-1-
(k+22 ~ a (B+02 b2 ’
or, on multiplying up by (k¥ +/)2 and collecting terms, we get
o (2 |y NZXe  NY2 R -
L’{—a; s —1}+2/.z {7 + LY -1}+z2 {Tﬂ + —b?-l} = 0.
The condition that this should havé equal roots in 4/l is
nwy , N2 t_(n? Yl x? | y?
(50 ) = (S5 ) (55 ).
This, therefore, is the condition that (23, y,) should be on one of the
tangents sought ; thus the equation required is

2? ¥ 22 oyl = [2% Y% 2
(G + 5 -1) (e bi-1) = (2 g )’
Exercises.

30. Find the equation of the tangents to 322+ 752 = 42 from the
point (11, —5).

31. Find the equation of the tangents from the point (0, ») to the
parabola y* = 4pz.

32. Find the equation of the tangents from the origin to the curve
(x—8a)?[a + y%/b2 = 1.
32. Find the equation of the tangents from (a) (4, 3), (8) (1, 1),
to the ellipse 22/9 +4%/4 = 1. Interpret the latter result.

34. Find the cquation of the tangents from (1, 2) to the conic
2%~ 32y—~2y% + 2—y—2 = 0, and find the angle between them.
[If aa®+2hay+by2+ 292+ 2fy+c = 0 represent a pawr of straight lines, they
are parallel to the straight, lines a2+ 2hzy+by® = 0.]
1S
356. Show that the tangents drawn from the point (z,, %)) to the
ellipse aa?+ by* = 1 are parallel to
(a2® + by?) (a2,® + by 2—1) = (azz) + byy))*
[Pick out the terms of the second degree.]
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139. Equation of the chord joining two points on a
conic, and of the tangent at a given point.

We shall now explain a third method of finding the
equation of the tangent at any point of the curve of the
second degree. This method has the advantage of giving
the equation of the ckord in a very useful form.

Let (x,, ¥,) and (@,, y,) be two points on the conic

ar’+ 2hay + by* + 292 + 2fy+ ¢ = 0.

Consider the equation

a(x=x,)(x=a)+h {(m-—ml) (Y= 1y,) + (c=2c;) (1/"?/1)}
+o(y=u) (y=v.)
= ax’+2hxy + by’ +2gx+2fy+c .. (13).

In the first place, although apparently of the second, it
is really of the first, degree in 2 and y (for it is easy to see
that the terms of the second degree cancel out), and
therefore it is the equation of some straight line.

Next, if we put @ ==a, and y = y,, the left-hand side
vanishes identically, and the right-hand side vanishes,
because (z,, ¥;) is on the conic. Hence (¢, y,) is on the
line ; similarly, (2, ¥,) is also.

Therefore (13) is actually the equation of the line joining
the two points (=, 1,,) (2, ¥,).

If we put o, = @, y, = ¥,, we obtain the equation of the
tangent at (z,, ¥,), viz.,

a(x—a,)"+2h (2—x) (y—y,) +b(y—y)*
= ax’+ 2hxy + by’ + 292+ 2fy +-c.
Squaring out and collecting terms, this becomes
2e(ae,+hy, + 9) +2y (hay+ by, + f) = ax’+2ha,y, +by,* —c¢
== (290 +2fy + o) —e,
since (&, %,) is on the curve.
Hence, on dividing by 2 we get the equation of the
tangent as before :—
zfax,+hy,+9) +y (e, + by, +f) + g0+ fy+c =0 .. (14).

The reader should carefully notice the mode of formation of
the expression in the equation of the chord.

(2) On the right-hund side we place the expression which, when
equated to zero, 18 the equation of the conic.
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(#) On the left-hand side we place expressions depending on the
terms of the second degrec only  The rule for forming the expression on
the left is this -—

Take the terms of the second degiee, replace a? by (x—ux)) (2 -2y,
y2 by (y—y) (y—yo), one half of the ay's by (a—ux)) (y—y,), and the
other half by (2 —a9) (¥ —¥))- -

The point 15, of course, to form an expression which vanishes
identically when 2 = 1, and y = y,, and also when » = a;and y = y,,
8o that every term must contain either £—z, or y—y,, and either z - a,
or y—y, as a factor Further, 1t 18 essential that the terms of the
second degree should be the same on both sides.

Ezamples.—(i.) In the parabola »? — 4az the equation of the chord

is (=) (y—y2) = y*— 4ax.
2 2
(1i.) In the ellipse %) + ';) =1 1tis

Een)@=n) W= =y _ 22 2
a? b at bl

Exercises.

Obtain the equations of the chords joining the points (z,, v, ) (1,. 2)
on the following curves, and deduce the equation of the tangent
at (r), ¥)). Venfy your answers by comparing them with the general
equation

B 2
36. L+L =1 37 ¥ = dax.
a b
38. ay =% 39. az? + 2hay+ by = 1.

40. az?+ 2hay + by + 292 = 0.

140. Comparison of the three methods of finding the
equation to the tangent.

The first, as we have explained it, applies only to rectangular axes,
whereas the second and the third apply equally well to oblique axcs.
But the first has the advantage of giving the important theorems
relating to the rectangle under the segments of chords which cannot
be readily deduced from the second or third.

The second, depending on the ratio quadratic, enables us to find
very easily the equations of the two tangents from a point to a conic.

The third method, although of less importance than the former twe,
gives us a simple method of writing down the equation of the chord in
a form which is very often useful

‘We need hardly say that all three should be remembered, and, once

they are grasped, the rest of the geometry of conics will easily follow
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141. Condition that the line /x+y+1 = 0 should touch
@ conic.

Various methods may be uscd to find this condition. As we have
explained already (§ 68), we may eliminate y, and find the condition
that the quadratic tor .+ should have equal roots. This is the hest for
any simple case, as it starts from first principles.

There is another method which is often useful.

Suppose the conic to bo % + Z =1. If lx + my + 1=0 touches it,

@ 2
lot (), ) be the point of contact.
Asthetangent at (2}, y,) 1s {% + 2o,
@ bt
this line must be the same as the given one, and hence

ofa _y /8 1

l m -1
Thus = —al, y, =—bm;
n? oyl
i WP e
but il

a0 =1
is the required condition. .

2
Simularly, 1f the conic be xz -,
@

<

the condition is A= p*n? = 1.

142. In the case of the parabola y? = 4ax the tangent at (1}, ¥,) 18
Y = 2a(+2,),
and, if this be tho same as Zr +my + 1 = 0, we must have

/AT 2—” = 2axy.
n 2
Heuce x,=——l—, Y= -222;
! !
but y?—4dar, =0,

42" 4 4a—;—=0

‘or am’41=0.

143. Alternative method for finding the condition that a
line may touch a conic.

We shall give an example of another method in a simple case, viz ,
to find the condition that the line z cos a + ¥ sin a —» = 0 should touch
S Y

the ellipse 2t
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The lines joining the origin to the points of intersection are repre-
2 2 i 2
sented by :17_*_‘4/_'__ (xcosaHsma) -0
@ b P
1  cos?a 8in a cos a 1  sin?a
or 22 (;é - p ) — 2zy _mjﬂ_“' + y? (—b? - e ) = 0.
If the line touches the ellipse, these two lines must coincide, t.e.,

ginfgcos’a _ (1 _cos?a) /1 _ sina
a? B ]’

» »’
which, on simplification, gives
pl=a’cosla+b2sina ..............uv.s (18).
Thus the line whose equation is
xcosatysina = ++vacoslatbisinia ... .. (18).
is a tangent to 2%fa? + y?[02 = 1.

Exercises.

41 Find (i.) by the method of § 141, (ii.) by the method of § 143,
tho value of ¢ if r+y = ¢ touches the cllipse 222+ 3y? = 4.

42, Prove as in § 143 that

xcosatysina = £+ a’cos’a—0blginla

is a tangent to the hyperbola «?/a’—y*/b’ = 1.

43. Find the condition that the line a/m + y/n = 1 should touch the
ellipse a2/a?+ y?/b% = 1.

41. Find thewequations of the tangents to the ellipse #3/2+y%/7 =1
that makes an angle of 30° with the axis of y.

45. Find the distance of the origin from a tangent to
5% + a?y? = a?)? that makes an angle of 60° with the axis of y.
46, Show that the condition that Zx+my+1 = 0 should touch the
counic a4 2haxy + by? + 2g9x 4+ 2fy +¢ = 0,
is  B(be —f2) +m?(ca—g3) +n?(ab—1%) + 2mn(gh —af)
+ 20l (hf—by) + 2lm (fg—ch) = 0.

144. The locus of the point of intersection of two
tangents at right angles is a circle or a straight line
according as the conic is a central conic or a parabola.

To solve this problem we write down the equation of
the tangents from the point (z,, 7,) to the conic, and then
expressing the condition that the pair of lines are at right
angles, we obtain an equation in @, and y, which represents
the locus required.
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Thus, in the ellipse % + 'éz =1

the tangents from (), y,) are represented by the equation
e Ly ) o (28 w_
( = 1) < A E 1)( o 1)

and, if the two lines are at right angles, the sum of the
coefficients of #* and y*is zero (Part L, § 29), ..,

ﬁi_l( "/1 ) ./l__!<”'1 yL_)__
« a R b —1)+ o + v 1)=0
or, on simplifying,
1 1
& + T 'b’+ ’b"
al+y’ = a’+
Therefore the locus required is the circle
4y =@+ ........ ceneneen (1D,
which is concentric with the ellipse, and the square of

its radius is equal to the sum of the squares of the
semi-axes.

This ercle is called the director circle of the ellipse,

In the same way, for the ) _/perbola

the locus is the director cu-cle
'+ Yy = =0 .. (18).

For the parabola we take the equation in the form
3’ = daz,
and now the tangents from (z,, ,) are given by
{yp—2a (e+2)}* = (y'—daz) (3°—4ac;).
The coefficients of 2? and 3* are, respectively,

+4a> and y’—y’+4dax;,
M

GEOM. PT. IL.
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The locus is therefore
4a* +y*—y* +daw, = 0
or w+a=0 ............... ceeies (19).

This plainly represents the directrix of the curve (§ 41).
Exactly the same process applies to all equations.

145. There are other useful methods of solving the problem of the
last article.

For example, in the case of the ellipse we have scen (§ 68) that the
line y = max /2 + a?m? touches the ellipse for all values of m.

If the tangent passes through the point (24, 7,), we have

y—mz, = £V B+ @

or (h—may)? = b2+ a2 ;
or m?(a®—z)?) + 2mxyy; + B2—yt = 0.

This is a quadratic in m, and thercfore gives the directions of the
two tangents through the point (), ). 1f the tangents are at right
angles, the product of the roots uy, my = —1.

b2—yy®
e A
whonco 22 +y,? = «*+ 0% leading to the same result as before.
‘We leave the reader to make similar deductions from the equation

y=m + %
m
for the parabola, and from

y = mrt and— ®
for the hyperbola.

146. Alternative method applicable to ellipse and hyperbola.

The line xcosa+ysina=+a?cosla+b?sinta
touches the ellipse 2%/’ + #%/6% = 1 for all values of a.

The tangent at right angles to this one 18 therefore

2 c08 (90° + @) + ¢ sin (90° + a) = +/ a2 cos? (90° + a) + ‘b?shi;l‘?(QO".j—. a),
since the perpendicular to 1t from the origin makes an angle (90°+ o
with the axes. This equation is

—2z8ina+ycosa =+a?simla+ b cos’a.

The locus of the point of intersection is obtained by eliminating a.

This is done by squaring each equation and adding. This gives at

once 'y =a+0,
us before,

.
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147. The equations of the type
y = ma+ v/ a*m? + b3,
= a
Yy = ma+ o

are essentially the easiest ones to use in problems where
we deal with the directions of tangents. Witness, for
example, the ease with which they ave applied to the locus
of the intersection of perpendicular tangents. In all cases
we may regard (z, y) as the point from which the tangents
are drawn, and the equation as a quadratic giving the n’s
of those tangents.

E.g—To find the angle between the tangents drawn

02 2
from (2, 7,) to the ellipse Zﬁ + '7—{)? =1, we remark that
tan 0 = L LT
1+mm,’

wheve m,, i, are the roots of the quadratic
(ypy—ma,)* = a*m*+ b7,

or m? (a*— ) +2ma, y, + b —y,' = 0;
2 V—y?
ml+m,=-—»2—ﬁ/‘—,, MMy = — 'ﬁi.

at—at a’—

Hence (m,- my)?* = (m;+my)*—4m,m, 5
— 4@y’ = (P—ay?) (by— ")
=4 @y
= 2V +dy’—ad'b’)
- ( ad— wlg)a ’
: _ 2Vt rayl 't (@—af)
s tanf = (@—a) Byl tal—ap
;2—“7'_—
20 [5 + 45 —1
T+ (2’ + 3/12) ’
8o that 6 = 0O only when (z,, ¥,) is on the curve, in which

cage the tangents coincide, and 6 = 3= only when (,, y,)
is on the director circle, as already found,
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148. In the ellipse the locus of the foot of the
perpendicular from a focus on the tangents is
the circle on the major axis as diameter.

For this purpose we use the equation of the tangent in

the form Yy = ma+ Vb 4 atm?,
2 2

the ellipse being _a_z 4 bz =1,
a

and we consider the focus (ae, 0).
The equation of any line perpendicunlar to the tangent is

my+x = k,
and, if this pass through the focus in question,
m.0+ae =k
or k = ae.
Hence the foot of the perpendicular is the intersection
f the lines y—ma = Vbt e,
my+a = ae.

If we eliminate m, we obtain an equation satisfied by
the feet of all the perpendiculars, which is, accordingly,
the equation of the locus sought.

Squaring and adding the two equations, we have

@+1H) (A +m?) = b+ *m? + e’
= a*(1+m?), since V* = a’ (1—¢?).
4yt =a’ . . (20),
which proves the result required.

Auxiliary Circle.—DeriNiTION—The circle on the
major axis as diameter is called the auxiliary circle.

In like manner, the feet of the perpendiculars from the
other focus (—ae, 0) lie on the same circle; for all that
is altered is that in the equation of the perpendicular we
have my +x = —ae,
and then, on squaring, this difference disappears.

Exercise.
47. Apply the same method to the hyperbola, and show that the
locus is now 2+ 9% = a2 1.e. the circle deecribed on the trunsverse
uxis as diamcter,
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149. In the parabola the locus of the foot of the
perpendicular from the focus on a tangent is ihe
tingent at the vertex.

Take the parabola to be y® = daw; then the focus is

(": O)

A tangent to the parabola is
a
Y= nmae+ —.
m

The perpendicular on this from (a, 0) is
(r—a)+my = 0.

To find the locus, we have to eliminate m between
two equations

Since the first is equivalent to
my—u = e
and the second to ny—a = —z,
we have nle = —a,
Therefore = 0 is the locus required.
150. The product of the perpendiculars from the

foci of an ellivse on any tangent is equal to
the square on the semi-minor axis.

Let the ellipse be L—z + Z‘ =1;
@

then the foci are (ae, 0), (—ae, 0).
Now any tangent to the ellipse is

@ cosa+ysina =p,

where p= acos’a+1 P sin’a,
The perpendiculars from the foci (—ae, 0), (ae, 0) ave,
respectively, —aecosa—p and aecosa—p.

Hence the product is
p'—a’e® cos’a = a®cos’a + b sin* a —d’¢’ cos’a
= a?cos’a (1 —e?) + b sin’a.
But b =ad(1—¢).
Hence the product = b*(cos’a + sin’a)
=
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Exercises,
48. Apply the same method to prove the proposition of § 150 for the
hyperbola 22ar—y35? = 1.

Prove the proposition for the ellipse by taking the tangent to be
y = ma+ v 8+ a2,

MISCELLANEOUS EXERCISES ON CHAP. XII.

49. Find the condition that the line lz+my = p may touch the
conic y? = 24z + Ba2.

50, A line is drawn through the point (1, 1) in a direction making
an angle tan—1(}) with axis of #  Find the distances from (1, 1) n
which it meets (i) the ellipse 3:2+y* =1,

(1) the rectangular hyperbola 2y = 2
(1ii.) the parabola y? = 2 +2y+1

51. A line is drawn through the point 0 (z}, y,) in a direction
making an angle @ with the axis of X. If 1t meets the ellipse
2oyt .

R 1 in P and @, show that
_ Y+ B—1 — _ 2(#cos6/a®+y,8in6/8?)
0P.0Q = c0s20/a? + 8in2/62’ 0P+0¢ cos?/a? + 8in26/67 ’
1,1 _ 2 (x) cos 8/a?+y, sin 0/4?)
oP  0Q 2,22+ 4, [2—1 '

52. Prove that the equation of the pair of lines which join the

origin to the two points in which the straight line 2—c+ay = 0 cuts
22 oyt 22 . of 1 2 2A ¥
7+—ﬁ——a-_0 18 x( —(wxy+ﬁ—0.

53. Find the equation of the tangent to the circle 22+ y2—2az = 0,
at the point (¢1+cos6, asind) on it.

54, Find the coordinates of the point of intersection of tangents
drawn at the points (¢, '), (", ¥”) to the parabola y? = pz.

55. A line is drawn through the point 0 (x,, »,) making an angle 0
with OX. If it meets the general conic in P and @, show that
1 acos’9+2ksinfcosf+bsin?g
OP.0Q  ar?+2hv iy + by 2+ 292, + 2fy + ¢
Hence, show that, if OPQ, ORS be two lines at right angles
through 0,

1 1
0P 00 * OR.08
is independent of the position of the perpendicular chords and
depends only on the position of 0.
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56. Find what point of tho parabola »? = 4z 18 nearest to the line
y = z+2; also the least distance.

57. If two tangoents to a parabola make angles 9 and ¢ with the
axis, find the locus of their intersection when cot 6—cot 6 = 1.

58. Find the inclination to the axis and the length of that chord

of the conic 222 + 4y + 3y + 52— 64y + 127 = 0
which is bisected at the point (1, 3).

59. Show that the tangents from the point (#;, %)) to the conic
a4+ 2hay + by + 292+ 2fy +¢ = 0
nre parallel to the pair of lines
(ax2+ 2hx,y, + by + 292, + 2fy, + ) (a2 + 2hvy + by?)

= {@ i+ 2 (yy+ 2) + by + g+ fy}
‘Write down the condition that they should be at right angles,
and deduce the equation of the director circle in the form

fa+b)(ar®+2hey + by* + 290 + 2fy + ¢) = (a2 + hy + 9)% + (ko + by + f)%
60. The director circle of a2+ay+y2+2+y =0 is
3@+ +2(x+y—1) =0.

61. When is the director circle to a hyperbola imaginary ?  Inter-
pret your result.

62. Find the locus of intersection of tangents to a parabola »* = 4axz
drawn at points whose ordinates are in the ratio p? : g2

63. A number of ellipses on the same axis major are cut by any
common ordinate. Prove that the tangents at the intersections all
meet in a point.

64. Prove that the secant through (2, y') and (2", y”), points on
the parabola y? = 4ax, cuts the tangent at the vertex at a point whose
ordinate is half the harmonic mean of ' and y"’.

65. Find the point of intersection of tangents to ay = 4% at the
points (¥, #), (22 ¥a)-
66. Two tangents aro drawn to the parabola ¢ =dar from a

point (%, &), and make angles 9, 6’ with the axis. Trove that, if 4 18
constant, then cot 6+ cot @ 1s constant.

67. Prove that the straight lines drawn from the point (& m) to mect
the curve aa?+ 2hxy + by®+ 292 + 2fy +¢ = 0 at infinity are
@ (@=8?+2k (z—§) (y—n)+ b (y—m)® = 0.
Hence (orin any other way) show that the asymptotes of the hyperbola
232y —6)8+Ty~6 = 0 are 2=2y+1 =0 and 22+3y—2=0.
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68. Find the equation of the straight line which passes through the
point (3, 5,) and meets the curve 4z%—12xy+9y%+22+y—64 =0 at
infinity.

Find also the coordinates of the other point in which this
straight line meets the curve.

69. The difference of the ordinates of two points of a parabola is
constant. Show that the tangents at these points intersect in a para-
bola having the same latus rectum.

70. Prove that the tangents to the curves 222+ 3y? = 4,823 —-32 = 1
at the points where the curves intersect are at right angles to each other.

71. Prove that the length of the perpendicular from the origin on
the tangent at any point of the curve 22+ 2kay—y? = ¢ is inversely
proportional to the distance of that point from the origin.

72. Prove that a tangent to a parabola meets the latus rectum and
directrix at points equidistant from the focus.

73. Prove that the parabolas 2 = az and 2? = ay cut one another
at an angle whose tangent is §.

74. P, Q, R are points on a parabola such that their abscisse are in
geometricul progression. Prove that the tangents at P and R intersect
on the ordinate through .

75. Find the locus of the point of intersection of two tangents to a
parabola making a given angle a with each other.

76. If the line joining (z,, ¥,) to (g, #;) pass through a point
common to the line pz+¢y+r» = 0 and the conic

ar? + 2hxy + by + 292 + 2y +¢ = 0,
prove that the equations
k(pg+ qua+ )+ 1(pry+ gy, +7) = 0 and A2S;+ 2kiTs + B3S, = O
have a common root.
Deduce that the equation of the lines joining (z,, 7,) to the
common points is
(a2® + 2hay + by + 292 + 2fy +¢) (p2, + qyy +7)°
=2 (p21+ qur+7) {2 (az, + by, + 9) +y (hay + by, +f)
+g2) +fn +c} {pz+qy+r}
+ {ax,? + 2hayy, + by, 2 + 292, + Uy + ¢} {pz+ gy +7)2 = 0.
P Verify this result when (z,,¥,) is the origin, by the method of § 38,
art I, “
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CHAPTER XIII.

MID-POINTS OF PARALLEL CHORDS.
CONJUGATE DIAMETERS.

151, To find the locus of the middle points of a
system of parallel chords of the conic given by the
general equation of the second degree.

Suppose the chords are all parallel to y = ma.
The equation of the chord joining the points (a,, y;)
and (a,, y,) on the conic is
a(2—m) (z—ay) +h { (@—a) (y=—9) + (@—2) (y—y) }
+b (=) (y—yy) = aa®+2hay + by* + 292 + 2fy +c. (§ 139)
Hence, expanding, collecting terms, and changing signs
throughout, we get the equation
@ {a (@ +a) +h (yi+y,) +293
+y {h(@t2,) +b (i +1,) + 2f}
= ama,+h (2iy,+ ayy,) +bya—c.
This line is parallel to y = ma if
a(@+a)+h (ty)+29
h(w4a)+0 (h+ys) +2f . (PeL.§19)
But, if (X, Y) be the middle point of the chord, we have
2 +a, = 2X and y +y, =2V,
80, that the above becomes (PartI., §3, Cor.)
ak+h¥+g
RX+VY+f
showing that the locus is the straight line whose equation
is ax+hy+g+m (hax+dby+,) =0 ......... 1).

—m,
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152. Becond method of finding the locus of the
middle points of parallel chords.

We use the first method of last chapter.
Let the parallel chords make an angle § with the axis
of @, and be parallel to y = ma, so that

m = tané.

Let the middle point of one of these chords ke (a,, y,).
Then the distances from (x,, ;) of the points m which it
meets the conic are given by the quadratic in 7, viz.,

7* (a cos® 0+ 24 sin 6 cos 0+ b sin®6)
+2r { cos (axr, + hy, +¢) +sin 6 (ha,+ by, + ) }
+ar?+2ha, y, + by’ + 292, + 2fy, +¢ = 0.
Bince the chord is bisected at (v, y,), the distances are
equal in magnitude but opposite in sign, 7.e. their sum
is zero.

The condition for this is that the coefficient of » in the
‘dbove quadratic should be zero, and thus we have

cos 6 (ax,+hy,+ g) +sin 0 (ha,+ by, +f) = 0.
Consequently, since m = tané,
ax;+hy, +g+m (ha,+ by, +f) =0,
or the locus of (a;,7,) is the straight line
axr+hy+g+m (he+by+f) =0 ... (1).

Cor.—For all values of m, this line passes through the
point of intersection of the lines

ar+ly+g=0 and ha+by+f=0

NOW, in the case of a central conic, these two lines inter-
sect in the centre, for the centre is on both of them, and
hence, for a central conic, the locus in question is alwa)s
a diameter of the curve. (See §96.)

If the conic be a parabola, the lines

ax+hy+g =0 and hx+by+f=0

are parallel, so that, for varying values of m, the loci are
parallel straight lines.
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We append separate investigations for the parabola
y'—4az = 0 and the ellipse < + =1

L In the parabola 3* = 4az the quadratic for r is
(yy+78in6)? = 4a (x,+ 7 cos §)
or  *sin*6+2» (y, sin 6—2a cos 0) +y,'—4az, = 0.
If (2;, y,) be the middle point of the chord, the roots
must be equal and opposite, <.e.,
y, sinf0—2acos§ = 0;
. = 2a cot 0;
Therefore for a system of chords making an angle 6 with
the axis, the locus of the middle points is the line
y = 2a cot 0.

II. In the elhpse = + y— =1 the quadratic for r is

(m,-{-rsos 0)? " (y+r ‘sin 6" _ 1
a

cos’d | sin’f\ |, (@ cosG sin 6
or 7'2(7+ bz )+Z ( +ylbl )

+ +”1 —1=0.
If (z,, y,) be the middle poirt of the chord, the

coefficient of » must be zero or
x,cos0 , y sinf _ 0
R g G =0;

a

Therefore the locus of the middle points of the chords,
making an angle 6 with the major axis, is the line
xcos@ | ysinb __ 0
——;‘f B T T
If the lines ave parallel to y = ma, we have tand = m,
and the locus is
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153. Only omne chord of a conic can be drawn
which is bisected at a given point.
The equation of a chord through (z, ¥,) is
T=> _ Y=

costl  sm’
but when the chord is bisected at (z,, ), we have

_ar,+hy+g
tanf = hw1+by1+f (§ 151)
so that there is only one direction for the line, and there-
fore there is only one such chord, and its equation is
y—y, = (z—a,) tan 6,
when tan 6 has the value given; that is, the equation is

(x—a,) (ax,+hy+9) +(y=y,) (ha,+by,+f) = 0..(3).
This form of the equatlon of a chord is often useful.

For the ellipse '1»— + y~ =1 we find at once that it is

= +—J—“’-1 =
and for the parabola i = dax 1t is

Yy —2ax = y,'—2aa,.
The general rule for writing down the equation is “ Put
down the left-hand side as though the equation of the
tangent was required, and then on the right-hand side
place an absolute term so that the line represented passes
through (@, 4,).”

For an illustration of its application see Ex. 1, p. 187.

EBxercises.

1. Find, from first principles, by both methods (§§ 151, 152), the
locus of the middle points of the chords of a%2+xy+2+y = 0 which
are parallel to (i.) ¥ =, (ii.) y = 0.

2. Show that in the parabola #? = 4ez the locus of the middle
points of chords parallel to y = mx is the straight line y = 2a/m.

3. In the hyperbola 22/a?—y2/62 = 1 ueo both methods to show thut
the locus is the straight line y = 4%/a%n.

4. In the general case tLe locus of the middle points of all chords
which pass through the fixed pomt (£, m) is the conic
ax® + 2hay + by? + x (g —ak—hy) +y (f— hE—bn)~Eg—nf = 0.
[Put down the condition that chord bisected at (2, y) passes through (e, ]
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154. Having explained the methods which may be
applied to the general equation, we shall now discuss the
properties of systems of parallel chords in greater detail
for the ellipse, hypexbola and parabola. It will be seen
that, although there is great similarity between the
properties deduced for the ellipse and hyperbola, there
are, nevertheless, important differences, just as, although
the equations are so similar when referred to the principal
semi-axes as axes of coordinates, the forms of the curves
are widely different, and (what is of importance in what
follows) one of the axes does not meet the hyperbola in
real points. The properties for the parabola, as far as we
can treat them in this book, are different from those for
the central conics.

155. In acentral conic, if the first of two diameters,
bisect all chords parallel to the second, then the
second will bisect all chords parallel to the first.

Take the centre as origin; then the equation of the conie
18 of the form ar’+ 2hay + by = 1.

Let y = ma, y = m,a be the two diameters.

Let (a, 1), (@ ;) be the extremities of a chord
parallel to y = max.

As in § 151, the equation of the chord is
a (@—a) (=) +h § (=) (y=yp) + (@—2,) (y—1) }

+b (y—y) (y—w) = aa’+2hay +by'—
and, as it is parallel to ¥y = ma, we have
coeff. of 2 _

coeff. of y
or. a (@ +ay) +h (4 +y,) _ —m,
k(2 +ay) +b (y:+7s)
so that, if (#,y) be the middle point of the chord, we have
a.2c+h. 2 = —m.
h.2z+b .2y

Thus the locus of the middle points of chords parallel
to y =ma is

ar+hy+m(he+dby) =0 or w(a+im)+y(h+bm)=0
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By hypothesis this is y = mz;

_ __a+am
=T +bm
or a+h (m+m)+bmm, =0 ........ (4.

Similarly, the condition that y = ma bisects chords

parallel to y = mx is
bmym+n (m;+m)+a = 0.

But this is the same condition as before. Hence the
proposition is proved. The above condition should be
remembered.

Note.—~The equation of the diameter bisecting chords
parallel to ¥y = ma might have been written down as a
particular case of the general result, viz.,, g = f=0 and
¢ =—1; but it is better to repeat the work, so that only
the equation of the chord has to be remembered.

156. Conjugate diameters.—DEeriNITION.—When two
diameters are such that each bisects all chords parallel to
the other they are said to be conjugate.

As a simple case of conjugate diameters we may men-
tion two perpeundicular diameters of a circle, for each
clearly bisects all chords parallel to the other.

157. The tangents at the ends of a diameter are
parallel to the conjugate diameter.

Suppose 0.0, 0.0: @.Q: (Fig. 58) are a system of
parallel chords, and CP the diameter bisecting them ; then
we have to show that the tan-
geni at P is parallel to each of
the chords.

Now @, and @}, @, and @, ...
are on opposite sides of CP
always, but when the extremi-
ties of the chord are infinitely
close together it becomes a
tangent, and, since its ends are
on opposite sides of CP, when
they coincide they do so.at P.
Thus the tangent at P is the
ultimate position of one of the chords, and hence it is
parallel to 0,05, &c

Fig. 58.
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Exercises.
5. The equation of the chord of the ellipse #2/a? + y2/6* =1 which is

i 8 0 LY 0t 9t
bisected at (2, ,) is il

6. Show, from first principles as in §{ 158, that, if y = ma
bisects all chords of «%a'+y/0* =1 parallel to y = w'»,
then mm’ =—0"/a’,

7. In the case of the hyperbola a2/a?—y2/b2 = 1 show that it1s in
like manner mm' = b2fa,

8. Prove the tiuth of § 157 by analysis.
[Take the conic to be au?+2hzy+by? =1 The tangent at (z;, vy 18
2 (ary+hyy) +y (hay+byy) = 1.
This 18 parallel to y = ma if (axy+hy;) +m (hay+dyy) = 0, tee., if (21, ¥1) 18 on
t1 e conjugate diameter. ]

9. Wiite down the condition that the lines ¥ = mz, ¥ = m 2 sheuld
be conjugate diameters of a2+ ury+y% = 1.
10 Show that the asymptotes of
ad+2hay+6y? =1
arc conjugate diameters of
Aa?+2Hzy+ Byt = 1,
if aB+bA—-2kH = 0.

11. Show that, if the equation to an ellipse be 22° + 3y = 4, the
diameters y = 2« and «+ 3y = 0 are conjugate.

12. Ueing the result of Ex. 6, find the condition that the pair
of lines represented by x4+ 2Hry+ By® =0 should be conjugate
diameters of the ellipse 2%/a? +y%/b* = 1.

13. 8how that the condition that the pair of lines repre-
sented by 4x’+2Hry+4By®= 0 should be conjugate dia.
meters of the conic ax’+42nxy+0oy°=1 is

aB+bA—2hH = 0,
[See § 1565  This result should be remembered. ]
14. In a rectangular hyperbola conjugate diameters are
eyually inclined t> either asymptote.
[Take equation to be 2y = ¢3.]
16. What are conjugate diameters of a cirdde if the circip be

considered as a case of central conics? Show from the formule of
this chapter that they are ut right angles.
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158. Properties of conjugate diameters of the ellipse,
Suppose PCP’ and DCD’ are Y
conjugate diameters of the
ellipse 2%/a?+y3/b2 =1, aand b
being the semi-axes; let P be
(1'19 yl) and D (xz» ?/2)’ 8o that
P s (=2, =)
and D is (—a3 —y))-

L 2Rg Nz . (B).

@ b-
Forlet theequationsof CP and
CD be y=mzx and y = m,x; -
then, since they are conjugaté Fig. 59.
diameters, mymg = —b*/at, (§ 167 and Ex. 6)
But my = Y/xy and my = yolzy;
2
8o that NYs — —é or D% + N¥% o,
2 %9 o a* b
L=+M oand M=FZ L ©@);
either the two lower or the two upper signs being taken.
For by I. we have oo _ _ -”Jﬁ,
Yol b dofa

and, by the properties of proportion, each of these
- M@ty Y1y
ey P V1
The result follows at once. The reason of the ambiguous sign is
that when we take P to be a definite end of the one dinmeter, D may

be either end of the other. 1In our figure the upper sign refers to D
and the lower one to 0.

Cor. Yo =% 2 oy e F
@ b

ITI. The sum of the squares on two conjugate semi-
diameters is equal to the sum of the squares on the

semi-axes . . (7).
For CP? = 22+y2 and CD? = 22+,
a? b
but o = o 7?2 and yl?= i z,2; (by IL.)
2 .
hence 0P1+.00° = zp4ys & yps Boap

53 o 2 2° . g3
= z,9(1+ -‘3) + 42 (1 + ';2) = (—n‘? + 7‘;) (a%+83).
s OP2CD? = a®4 0%, v i i )
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IV. The parallelogram constructed on CP and CD as
adjacent sides is equal to ab ...... .... v .. (8,

The parallelogram = 2ACRD = 2.} (2,y3—2341) = ,Y3— %29,
b a z? oyl
=h ottt o n= ab ("a'—g + ;l;) (by IL.)
= ab, as required.

V. CD? = SP.8'P.

We express both in terms of z,, the abscissa of P. Thus

2 b2 2,2 B2
2 = 224yl = % g2+ Lg?2 =2 1= 2 x2
CD? = 22 + yq RUTt E 0 a(l a2)+ z,

al
= a2—- ‘52—(;—,%?11? = a?—c%,2 (§55)
Again, SP 8'P = (a+ex)) (a—ex)) = a®—e2x)2 (§ 63)
CD? == 8P.8'P..c... cvviviiiiiiiniiiinninn (9).
V1. If p be the perpendicular from the centre on the
tangent at P, then ».CD = av,

The tangent at P (x, ¥,) is
n Y
—(;2 + fbi = 1.
1

p =
¥ at + g/l‘"/lz"’
2 2 2 2
CD? = 22+ y? = 'Z; v+ % 2 = a%? (%— + 3—/1)‘—‘)
a
Hence P.COD=ab .....cooeveririniinininne. (10).

Or VI. can be obtained at once from IV. by noticing that the
tangents at P and O form with CP and CD the parallelogram of IV.

159. Equi-conjugate diameters.

If two diameters of an ellipse be conjugate and equal, they are
.called the equi-conjugate diameters.

‘We leave their properties as exercises for the reader as follows :—

Exercises.

16. In an ellipse the tangents at the ends of the axes
form a rectangle. Show that its diagonals are equi-
c8njugate diameters, and find their equations.

17. If CP, CD are the equi-conjugate diameters, show that
(i.) CP? = CD? = } (a*+32);  (ii.) £PCD = 2tan-!(b/a).
18. Prove that the product of two conjugate diameters is greatest
when they are equal.
GEOM. PT. II. N
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19. Show that the point P (1, 2) is on the ellipse 222+ 3y® = 14.
Find the length (i.) of CP, (ii.) of the conjugate semi-diameter
0D, (1i1.) of the perpendicular from the centre on the tangent at P.
Find also the focal distances of P and the angle between CP
and CD, and hence verify the properties 11T , IV., V., VI. of § 158.
20. Venfy that the point P (1, 1) is on the ellipse 22+ay+y? =3,
and find the coordinates of the extremities of the diameter conjugate
to CP
21. If a P be two semi-conjugate diameters and « the
angle between them, show that
a24-B? = a*+1?, af sinw = ab.
Hence, being given two conjugate diameters in magmtude and
position, show how to find the lengths of the scmi-axes.
22. If, in Ex 21, a=2, B=1, w=30% find ¢ and & to two
places of decimals,
23. If the equi-conjugate semi-diamecters be each 3 unitsin length,
and the angle between them 45° find the semi-axes correct to two
places of decimals.

160 Equation of the ellipse referred to two conjugate
diameters as axes.

The equation must be of the form

A2?+ 2Hzy + By? = 1,

since the centre is the origin (§ 94). But the line y = 0 bisects all
chords parallel to the axis ot y, so that any value of £ must give two
equal and opposite values of y (z.v.)(jn the quadratic for y in terms of
2 the coefficient of y must be zero); hence H = 0, and equation is

of form Ax2+ By? = 1.
Again, let 2¢’ and 2’ be the lengths of the diameters; then in the
equation Ax?24 By? =1
¥ = 0 must make z = %d';
= al"? . similarly, B = .

Thus the equation 18 :—,:“";i; = M. (1Y),

an equation of exactly the same form as when the principal axes are
tftt)ll(en a8 axes; but it must be borne in mind that the axes are now
oblique.

Nore.—The equation of the tangent, of the diameter bisecting
chords parallel to y = m», and the condition that two diameters
should be conjugate are just the same as with rectangular axes.

Exercise.
24. The equation of an ellipse referred toits equi-conjugates
as axes is of the form  «?y%=¢?,
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161. Conjugate diameters of a hyperbola.—If one
of a pair of conjugate diameters of a hyperbola
meets the curve in real points, the other meets it
in imaginary points.

Suppose the hyperbola is

T/ -yt =1;
then the diameter y = ma only meets the curve in real
points if m is numerically less than b/a, for y = bz/a is an
asymptote, and no line further away from the transverse
axis than an asymptote meets the curve (§ 76).

Now the lines y =mz and y = m,z are conjugate

diameters of the hyperbola if

m,m, = b*/a’,
so that, if m;, < b/a, my > b/a, and, if m, > b/a, m, < b/a,
and hence one of the two meets the curve in real points
and the other in imaginary points.

Nore.—A system of parallel chords may be such that the extremities
of any chord of the system lie on the same branch of the curve or on
different branches. In the first case, we can clearly move the chord

arallel to itself so that it becomes a tangent, and hence the conjugate
iameter which passes through the point of contact of the tangent
meets the curve 1n real points, one on each branch  But, i1f the ends
lie on different branches, the chord can never becomo very small

because the branches never come close together. and hence the
conjugate diameter does not meet the curve in real points.

162. In the ellipse we defined the ends of a diameter
conjugate to a given one to be the points in which it
meets the curve. Since, however, in the hyperbola one of
two conjugate diameters is certain to have imaginary
extremities (§ 161), we cannot define them in the same
-way, but must introduce some entirely new considerations.
These we shall explain in the next few articles.

163. Conjugate hyperbola, —DEeriNiTIoON.—The hyper-
bola whose equation is
2 2
. %—%2 ==1 e (12)
is called the hyperbola conjugate to that whose equation
is — = }Lz- = 41

ad b
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164. Properties of a hyperbola and the conjugate
hyperbola.

I. The two curves have their axes in the same
directions, but the transverse axis of the ome is
the conjugate axis of the other, and vice versa.

In fact, bearing in mind that the transverse axis is that
which meets the curve in real points, we see that y =0
is the transverse axis of

z
s th
while it is the conjugate axis of
¥y
@ by

since it meets the latter in imaginary points. Clearly,
z =0 is the transverse axis of the latter.

Fig. 60.

I1. The two curves have the same asymptotes.
The asymptotes of both are clearly

e

a * b’

for to obtain them we equate to zero the terms of the
second degree. (§86.)
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II1. Any line through the common centre meets
one in real and the other in imaginary points,
unless it be one of the common asymptotes.

For, where the line y = ma meets the first we have

(1 m?
# (=) =+
and where it meets the second

2 (}_M) = 1.

a b
Thus the first is met in real points, 7.e. the value of 2*
. ‘tive if 1 md . L
18 positive 1 S, — 5, 18 positive,

and the second is met in real points if

1 _m is negative ;
a Y ’
and hence, unless m = +bla,

one curve is met in real and the other in imaginary points.
The figures of the two curves are thus as shown, the
continuous one being

w? 2
t-go
and the dotted one being
2 2
v oY =,
at b

IV. If a pair of diameters are conjugate with
respect to one hyperbola, they are conjugate with
respect to the conjugate hyperbola.

The lines y =m;z and y = myx are conjugate with
respect to 2l -yt =1
if mym, = b?/a’.

#Ve deduce the corresponding condition for conjugacy
to Bl =/t = -1 or /b'—a’fa® =1,
by interchanging « and y, ¢ and b, and writing 1/m, for m,
and 1/m, for m, [since y =m;2 makes an angle whose
tangent 18 1/m, with the axis of y].
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The requisite condition is therefore
1/m,x1j/my, = @*/b* or mym, = b'/a’,
which is the same as before. Heunce the proposition follows.
We see at once that, of a pair of conjugate diameters
to a hyperbola, one meets the hyperbola in real points and
the other meets its conjugate in real points.
Hence we make a new definition, as follows :—-

1637. Conjugate semi.diameter.—DerinitioN.—If a diameter
PCP’ meet the hyperbola 22/a?—y?/b? = 1 in the real points P, P/,
then the conjugate diameter meets the conjugate hyperbola
2%~ y2/b? = —1 in real points D, D, and CD is called the scmi-
diameter conjugate to CP in magnitude and direction.

Thus the extremities of the conjugate diameter are the points in
which it meets the conjugate hyperbola.

166. To find the equation of the hyperbola con-
jugate to a given hyperbola.
In the simple form, the equations of the hyperbola,
asymptotes, and conjugate hyperbola are
w? l? _ 1 2 _ x‘) y2 _ 1
N N
Now to transform to any other axes, oblique or
rectangular, we use substitutions of the form

r=lLz+my+n, y=~Latmy+tn,

Thus the three equations become (Pt.L.,§35)
QﬂimQ+mY_Qﬁi&giﬂf=L
a b
Gz+my+n)t  (Latmyyt+n)® 0
at - b? -

Gatmytn)' _ (hatmytm)'_
a’ b '

We infer that, to form the equation of the asymptotes of a
Iyperbola, we have to subtract a certain quantity, say A, from
the absolute term, and then, to find the equation of the con-
Jjugate hyperbola, we have to subtract the same quantity N from
the equation of the asymptotes. Note that A is not neces-
sarily unity, for the equations may be each multiplied by
the same quantity. (See § 90.)
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Example.—To find the equation of the hyperbola conyugate to
y+r+y—-4=0.
This equation may be written
(+1)(y+1)—b = 0.
The asymptotes must be (z+1) (y+1) = 0.
Hence the conjugate curve is
(x+1(y+1)45=0 or zy+z+y+6=0.

Exercises.

25. Find the equations of the hyperbolas conjugate to
$at—yi=1, 3xi—y? =2, A2*+2Hry + By? = C, 2y+22+3y+1= 10,
26. Find the equation of the asymptotes of
22 20y —yt 4+ 22+ 4y =
and deduce the equation of the conjugate hyperbola.

27. If CP, CD be two conjugate diameters of a hyperbola, D being

on (t)he conjugate hyperbola, prove that the tangent at D is parallel
to CP.

167 Properties of conjugate diameters of a hyperbola.
Suppose (z), 9,) and (25 ys) are the extremities of two conjugate
semi.diameters CP, CD of the hyperbola
2yl 1,
PoR T R
P being on this hyperbola, and therefore D on the conjugate hyper-
bola, so that we have

. o _ys
a2 2 1 and iy
The proofs of the following properties are almost identical with

those of the ellipse (§ 158), and should be worked as an exercise by
the reader.

N X X k!

(i.) LA 421—5@ =0 e (13).
(ii.) %'. = ‘gz and ?;1 =+ iff_ ...... U | V)
(iii.) CPI—CD? = a®=02 ... .. . coeeviiininn, (15).
(iv.) The pamlleloyram constr ueted on GP and OD as m{;acent srdes 18

equal to ab ... ...... TN crees T C (O

(v.) (l'Dz SP SP an.

(vi.) If p be the perpendicular on the tangent at P, then p CD = asb)
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168. Equation of the hyperbola referred to two conjugate
diameters as axes.

Sinoce the centre is the origin, the equation is of the form

Ax*+2Hzy + By? = 1.

Now any line parallel to the axis of y is bisected by the axis of z.

Therefore any value of z gives two equal and opposite values of
y, and therefore I = 0.

Hence the equation becomes of the form

Aa*+ By? = 1.

The equation of the asymptotes, which are two straight lines

through the origin, is therefore

Aa?+ By = 0.
Therefore, by § 166, the equation of the conjugate hyperbola is
Ax*+ By? = —1.

Now suppose that, of the two diameters, the one along the axis of
z is of length 2¢’ and meets this hyperbola, while the second is of
length 28’ and meets the conjugate hyperbola. Then, when we make
y=0in 4z°+By? =1, we must get

=+ d;
and when wo make z = 0 in 422+ By? = —1, we must get
y==x V.
Hence we have A4a? =1 and BY? =-—1,
L. 22 2
so that the equation is ;5—;’,—&= 1 v e (19)
Exercises.

28. Find the diameter of the hyperbola 22+2y—»? =1 which is
conjugate to z + 2y = 0, and actually verify that, of the two diameters,
one meets the curve in real points, and the other in imaginary points.

29. Show that, if the parallelogram CPLD be completed, then L lies
on one of the asymptotes.

30 If a, B be a pair of conjugate semi-diameters of a
hyperbola, and » the angle between them, show that

a’-f = a4’—»? and ofsinoe = ab.
Hence, being given a pair of conjugate diametersand the angle
between, show how to find the lengths of the axes.

31. In Ex. 30,if a = 43, B=1, w = 30°% find @ and & to twe
places of decimals.

32. The point P (1, 1) being on the hyperbola 322—2y? = 1, with
the usual notation find the lengths of CP, CD, and the angle between
CP and CD.

Verify that P 8P = CD? by actually finding 8P and §'P.
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169. Parallel chords of a parabola.—The locus of
the middle points of a system of parallel chords
of a parabola is a straight line parallel to the axis
of the curve.

We may use the general result, but it is as easy to
work ab wnitio. Take the parabola to be y® = 4az, the
axes being rectangular.

The chord joining the points (a1, 7,), (25 y,) on the curve

is (y—y) (y—y,) = y*—4dax
or y (i t+y) —dax = y,y,
If this be parallel to y = ma, we have
4a
e = m
Y +Ys

Since 3 (y,+7%,) is the ordinate of the middle point of
the chord, that point lies on the line
1 2a
ba=m VT
which establishes the result.

170. Diameter of parabola.— DEFINITION. — A line
parallel to the axis of a parabola is called a diameter of
the curve.

Note that, whereas the diameters of a central conic all
meet in a point, those of a parabola are all parallel to each
other. To make the analogy complete we suppose the
parallel lines to meet in an infinitely distant point, the
centre of the parabola.

171. A diameter bisects all chords parallel to the tangent
at its extremity.

The proof, which is precisely as in the ellipse, we leave as an exer-
cise for the reader.

Exercises.

#3. In the parabola y? = 3z, find the diameter conjugate to chords
parallel to y = z, and find also the coordinates of its extremity.

34. In the parabola y? = 42+ 3, find the diameter which bisects
chords parallel to 22—y = 0, find the coordinates of its extremity, and
verify that the tangent there is actually parallel to the system of
chords,
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172. Equation of a parabola when a diameter and
the tangent at its extremity are taken as axes.
Let the diameter be OX and the tangent 0Y.
To tind to what the general equation
ax®+ 2hxy + by* 4+ 292+ 2fy +¢c = 0
reduces in this case notice that—
(i.) The origin is on the curve;
(ii.) Any value of = should give two equal and
opposite values of y;
(iii.) Any line parallel to 0X meets the curve in
one point at infinity. (§ 49.)
From (i.) we have

7
c=0. 7
From (ii) N
h=0, f=0,
8o that the equation reduces to M i) a X
ax’+by* +2gx = 0. 5
From (11.), when y =0, the
values of z have to be 0 and w; 7 X
hence a = 0 (Tut. Alg., 11, §166),
and the equation is Fig. 61,
by’ +2gx = 0,
which may obviously be written in the form
P = 4a'a.

(The fact that @ = O follows also because the terms of
the cecond degree form a square, and so ab = 0 and b £ 0,
for then the curve would be two straight lines.)

The value of @' n the equation y? = 4a’xr can easily be proved to
be the focal distance of the point of contact, t.e., SO

Draw the focal chord NQ8n parallel Lo OY, meetin.g the curve in N
and n, and the axis of X 1 Q.

Draw NY, ny perpendicular to the directrix, and let 0X meet the
directrix in M.

Then NQ? = 42'0Q.
But NQ = Nn = § (8N+8n) = } (NY +ny)
OM = 20M (by Ex. 11, p. 145)
= 280
. 4802 = 40’ 0Q = 4a’.0M = 4a".80.
s a = 80.
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173. We see, by comparing the results of §§ 160, 168, 172 with the
equations of central conics referred to the principal diameters, that
the form of the equations

xg? y? _ z ]/2

o2 + b2 =1, a?” ik
is the same. In fact, the principal axes are particular cases of the
axes in §§ 160, 168, 172, ¢ g., the major and minor axes of an ellipse
are two conjugate diameters at right angles

=1, ¥ =4dz

Exercise.

35. The tangeunts at points P, P’ on a parabola meet in T, U is the
mid-point of PP, and TU meets the parabolain @, show that TQ = QU.

(Take for axes the diameter bisecting PP’ and the tangent at 1ts extremity
the equation 18 2 = 4«’r, @ bemng the origin, and P, P are (xy, ¥1), (%1, — yl).j

Illustrative Examples.

(i.) To find the locus of the mddle pownts of focal chords of a parabola.

Let (2}, ;) be the middle point of a chord of y? = 4az. Then, by
§ 152, the equation of the chord is
Yy —2ax = y2—2az,.
This must pass through the focus (e, 0), and we must have

y2—2a2, = —2a2,
Therefore the equation of the locus is
y2 = 2a(z—a),

so that the locus is a parabola having the same axis as the original
one, but its vertex is at the original focus (4, 0), and its latus rectum
is 2a.

(ii.) To find the middle pownt of the portion of the line y = mx+c
wntercepted by the come 2%+ y2[b¢ = 1.

The following method is applicable in general : —

Let (2}, 1), (%q, ¥2) be the points of intersection of the line and the
curve. To find the abscissee we eliminate y between the two equations
above, and thus obtain the quadratic

. )3 2
(mz + ¢)? + 2

o1
b P
1, m? 2me c?
2 — bbbt o — .
or x('ﬁ+b2)+ b?x+b? 1=0.

2
Hence z,+x,=._?_;;£‘_'/<_;_2+'%) ,
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but, if ¢, # be the coordinates of the middle point, we have

_ it me 1 m?

¢ 2 b2/(a‘-’+ 1)2)’
m2e 1 m?

n=m§+c=_7/< + b2)+c

Since the ratio »/t does not depend on ¢, this gives another proof
of the fact that the locus of the middle point of a system of parallel
chords is a diameter.

(1ii.) A tangent to an ellypse meets the dvrector curele i P, Q. Show
that, of C be the centre, then OP, CQ are conjugate diameters of the come.

Suppose the equation of the ellipse is

2 .
+ ‘1172 =1, e (i).
Then the equation of the director circle is
22+yt=a2+0% ... .. ey eerees . (i),
The tangent at (z;, ) is ~ + ";’; U 1t ) 8
l

Hence, since C is the origin, the equation of CP, CQ is obtained by
combining (1i ) and (iii.) so as to get an equation homogeneous in
and 4

Therefore the equation is

2yt = (a2+ 9 (”l + bezl)

or 2?2 { (a2+b2)%—-l } +2xyz;by:‘ (a®+ 6%) + 92 { (@ +8)Y --—-l } 0.

But y—mz =0, y—m'z=0
are conjugate diameters if mm’ = —0%/a?
and ! = — coeff. of 23
coeff. of y2

in the above equation.
Therefore the lines are conjugate diameters if

1 N2 1 ; z?
S{@en-1} s {(a‘+b’);‘;—l} =0,

1 1

that 18, if (_L+1/_L)(aa+ by L W 1.1

which is satisfied, since (z,, y;) is on the conic.
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(iv.) Two tangents to a parabola meet the tangent at a fixed pont O n
ponts Q nd R such that 0Q.OR s constant. Fuind the locus of thewr
pownt of wntersection.

Take for axes the tangent at 0 and the diameter through 0, then

the equation of the parabola is of the form
y: = 4ax.

Suppose P is a point on the locus

required , then
00 .0R = const. = &2, say.

Let the coordinates of P be z,, ¥, ;
then the tangents from it to the
curve are
{?/!/1"' 2a(x +2)) }2

= (y?—daz) (y,’—tazy).

To find where these tangents
meet the fixed tangent we must
pu. z = 0, and we find that 0Q, OR
are the roots of the quadratic

(yy1—2a:))? = y* (y,2 —4az))
or y* . daz —daxyy, y+4acr2 =0,
= et
00 OR = e az,.
But 00.0R = 3.

Therefore the locus is given by ez, = A?; or dropping the suffix it is
az = k2, a line parallel to the fixed tangent.

Fig 62.

MISCELLANEOUS EXERCISES ON CHAP XIII.

36. Obtain the locus of the middle point of parallel chords of the
tonic 22+ 2y +y%+ 22 = 0 which are parallel to the line z = y.

37. Prove, in any way, that the locusof the middle points of chords
of az®+ 2hxy + by + 292+ 2fy+0 =0
which are parallel to the axis of « is the straight line ar+Ay+g = 0.

38. The equation of a hyperbola is zy+2¢z+2fy+¢ = 0. Find
the equations of its asymptotes and its conjugate hyperbola.

39. If 8Y, 8'Y’ be the perpendiculars from the foci on the
tangent at a point P to the ellipse «*/a’+4y3/d?= 1, prove
that 8Y.8Y =0v? S8P.SP=CD}
where CD is the semi-diameter conjugate to CP.



190 MID-POINTS OF PARALLEL CHORDS. CONJUGATE DIAMETERS.

40. A line is drawn through a point 0 (), y,) to meet the ellipse
«*/a® +42/b3 = 1 1 the points P and Q. If R 18 the middle point of
PQ, and the chord makes an angle 8 with 0X, then show that

_ _[%icos0 gl,__si_n_g)/(cos‘lo sin? 0)
OR (—————a’ + g =t )
Deduce the coordinates of R.

41. Find the condition necessary in order that the lines
Az +By+C =0, A'2+By+(C" =0 may be parallel to a pair of
conjugate diameters of the ellipse 422+ 9y% = 36.

42. The points on the conic ax?+ 2hry +by?+ 29z + 2fy+¢ = 0, the
tangents at which are parallel to y = mz, are the extremities of the
diametor (az+hy+g)+m(ha+dy+f) = 0.

43. The angle between the equal conjugate diamcters in an ellipse
is 60°. Prove that the eccentricity of the curve 18 §+6.

44. Find the locus of the point of intersection of the perpendiculars
to a pair of conjugate diameters of an ellipse, one drawn from one
focus, the other from the other focus.

45. T'race the curve 2y = bz +ay, and find the locus of the middle
points of the chords parallel to the hine y = 2.

46. Find the locus of the middle point of a focal chord of the
parabola y? = 4az.

47. Find the condition that y = mz, y = m;2 should be parallel to
conjugate diameters of ax?+ 2hxy +by? + 292+ 2fy+¢ = 0.

48. Find the equations of the straight lines conjugate to the z and
y axes respectively in the curve A2?+2Bay+Cy*= 1. Find the
conditions that these lines should coincide, and interpret the result.

49. Interpret the equations i y? = «? referred to oblique
axes inclined at an angle w. Find the lengths of the semi-axes.

50. The axes being oblique, show that the equation 2 = 2cx—kz?
represents an ellipsc, & parabola, or a hyperbola according as % is
positive, zero, or negative. Also the axis of 2 I8 a diameter, and the
axis of y is the tangent at its extremity.

51. The tangents from a variable point P to a conic meets the tangent
at a fixed point A in points Q and R such that AQ.AR is constant.
Show that the locus of P is & straight line parallel to the tangent at 4.

52. PCP', DCD' are any pair of conjugate diameters of a given
ellipse. If @ be the middle point of PD, find the locus of ¢; and
show that the area of the parallelogram PDP’lY is constant. ‘

63. Prove that, if P be any point on a central conic, A and A’ the
oxtremities of the major axis, then PA and PA’ are parallel to con-

jugate diameters.
Does the same property hold for PB, PB'?



MID-POINTS OF PARALLEL CHORDS. CONJUGATE DIAMETERS. 191

54. Chords drawn from any point @ on an ellipse to the extremities
of any diameter PCP’ intersect its conjugate DCD’ in M, N. Prove
that CM .CN = CD?.

55. A series of parallelograms is inscribed in an ellipse whose sides
are parallel to the equal conjugate diameters. Prove that the sum of
the squares on the sides is the same for all the parallelograms.

56. Show that, if the asymptotes of the first of two conics are
parallel to conjugate diameters of the second, then the asymptotes
of the second are parallel to conjugate diameters of the first.

57. Find the equation of the locus of the middle points of all chords
of the conic ax®+2hzy +by? + 292 + 2fy+¢ = 0 which pass through
the origin.

58. Provc that the straight line y = mz bisects all chords of the
hyperbola «y = %% which are parallel to y = —mz.

59. Prove that the pair of straight lines whose equation is
(Ka—ha')a?+ (ab' —a'b) zy + (RO —2'b) y? = O
will be conjugate diameters of az?+ 2kzxy+by? =1 and also of the
conic a'z?+2hay + by = 1.
[Sce Ex. 18, § 157.]

60 Ifa fixed straight line, parallel to either axis of the ellipse, be
met by a pair of conjugate diameters in the points K, L, show that
the circle described on KL as diameter passes through two fixed points
on the other axis.

61. If a pair of conjugate semi-diameters of an ellipse intersect the
tangents at the extremities of the major axis in the points Q, R, then
QR touches tho ellipse. )

62. Through a fixed point, any number of chords of a parabola are
drawn. Show that their mid-points all lie on a certain parabola
whose latus rectum is half as long as that of the given parabola.

63. Show that, if MN is one of a system of parallel chords of an
ellipse parallel to y = mz, and a point P be taken on it such that
MP : PN =1 : 3, then the locus of P is a concentric ellipse.
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CHAPTER XIV,

NORMALS TO CONICS.

[Throughont this chapter the axes of coordinates will be supposed
rectangular. ]

174. Normal.—DeriniTioN,.—The normal at any point
of a conic is the line drawn through that point.perpen-
dicular to the tangent there.

The same definition applies to any curve. As examples,
we may note that the normal at any point of a straight
line is perpendicular to it, and the normal at any point of
a circle is the radius through that point.

175. To find the equation of the normal at the
point (x,, ¥,) on the conic
ax’+2hxy+by'+2gx+2fy+c = O.
The tangent at the point (z,, ;) is
@ (azy+hy +g) +y (hay+ by, +f) + g2+ fy+o =(§0'127
)
Now the line whose equation is
z — Y =k
axy+hy+g  hay+ by +f
is perpendicular to the tangent for all values of %
(Part 1., § 19).
If it passes through the point (2, ¥,), we must have
k= ol _ LAl .
azy+hy+g  hay+by+f
Consequently the required equation is
=X = Y=Y @),

ax,+hy g hxtoytf T
which might have been written down at once.
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176. Particular cases.

The reader should now obtain the following results
from first principles :—

(i.) Parabola, i = dazx;
normal, 2a (J-—J,) +y, (@—2) = 0.
i) Elli , z L — €r— a} Q Y .
(ii.) ipse + x 1; normal =— .1:1/0. "
w2 2
(iii.) Hyperbola, p —34:, =1; normal wl/:' =— zl/b‘é'

177. The equation of the normal to the ellipse
a:g/a2+y2/b2 =1

is a:—a;, =4 72‘ or %% _ =y _ b,
x/a /b L1 Y
. a’x by .
%.e. B / 2 ‘-"I)2 ..................
&, Y (@),

in which form it should be remembered.

Similarly, the normal to the hyperbola is

2, 2
‘."_"c+b_ll=a,’+b’ Creere e (3).
@, Y

Example.— The pownt (1, 2) is on the cone
Zray+yt+r+y = 10,
To find the equation of the normal at that pont.
The general cquation of the tangent at (, y,) is
z(axy+ ki +9) +y (o + o+ 1) + (g7 +fin+e) = 0,
which here becomes
z@:+iy+ D +yGn+n+H+in+in-10=20
or 2220+ + 1) +y (B + 20+ 1)+ 21+, -20 = 0,
i.%. the tangent at (1,2) is 52+ 6y—17=10;
therefore the normal is 6 (x—1)—5 (y—2) =0
or 6zx—5y+4 = 0.
To test the accuracy of his work, the reader should always verify
that the normal actually passes through the given point.
GEOM. PT. IL
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Exercises.
1. Find the equation of the normal at the point (1, 1) on the conic
2242 +x+y = 6.
2. Find the equation of the normal at the point (4, 1) on the conic
220+ 62y + 9y +x+y = A2,
3. Show that the conic
ax?+ 2hzy + by + 292+ 2fy = 0
passes through the origin, and the normal therc is fy—gz = 0.
4. Write down the equation of the normal at any point of the conic
ax? + 2hxy + by* = 1.

Find the condition that the normal should pass through the origin,
and interpret the result geometrically.

5. If the normal at P to an ellipse meet §S in @, and
PN be perpendicular to 88, then show that

CG = >, CN.

6. The normal at P bisects the internal angle between
the focal distances of P.

7. Show that CG = ¢*.CN is true for the hyperbola, but
that the normal now bisects the external angle bhetween
the focal distances.

_ 8. If the normal at P to a parabola meet the axis in G,
and PN be the ordinate, then the subrormat NG is constant.

9. If a tangent and normal be drawn at any point on
a parabola, prove that they meet the axis in two points
which are equidistant from the focus.

10. In the parabola y* = 4az, the normal at (z), ¥,) meets the curve
ugain in the point whose coordinates are

(y?+8c) (?_/_I?ﬁf_t’) )
day? %
[Substitute y3/4a and y2/4a for x and 2’ n equation (1).]

11. If the normal at P(z’,y’) to the parabola »? = 4az meet the
curve again at (J, find the length of PQ.

12. Show that, if the normal to an ellipse at the end of the latus
rectum passes through one end of the minor axis, then

at+ab—82 = 0.
Hence deduce that the eccentricity is given by
etie’—1=0.
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178. If the normal at {x,;, y,) on the ellipse »’/a’*+y*/b° =1
makes an acute angle 8 with the axis of x,"and p be the
perpendicular from the centre on the tangent at that

a’ T e
Since the equation of the normal is
z—z _ Y=y

zy/a? i’
comparing this with the form

point, then cos8="%1, aind =24,

Z=h _ Y=
cos @ 8in @
we have cosf _sing
EN N 02
2
Hence cosf = —T_x:‘/_a——n——_-
\/xr’/a‘ + 30t
. b2
and 8in § = ——y—‘—/~——-

Vapad ey b
But thetangent at (#,,7,) is %—‘ + 3% =1,
1
and hence =4 —————.
. x/:r,"’/a" +y,%/b¢
Hence, as 9 is acute, we have

cos0 = 2%, ging=2U
al b2

(Part I, § 10, B)

........... ceenne (@),

Similarly, for the hyperbola 2%/a?—y?/}? = 1, we have

=P ging =— PN
cosa——aé—, sinf = 22

as the reader can easily verify.

179. Various results can be deduced from the foregoing formule

for cos 6 and sin 6.

I. If the normal at P meet the B
axes in G and F, then

PG = v¥/p, PF = a*/p.
For the coordinates of a point on the l‘
normal at a distance » from P, measured C

inwards, are >

2, —rcosd, y,—1sind,
and these, by § 178, are equal to

z %
2y =1 —;21, n-r 55

Fig. 63.
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If » = PG, the second of these is zero, and therefore
o1 or r= ~—2~
b ?
If r = PF, the first is zero, and therefore
_1 or r=2.
a? P
I1. If we measure lengths PQ, PQ’ ontwards and inwards
each equal to 0D, the semi-diameter conjugate to CP, then
CQ=a+d, CQ =a—d,
and CQ, CQ' are equally inclined to the axes.
In fact, suppose that @ is (¢, ) and @’ is (¢, ') ; then, if d = CD,

o/ ’
E=“J+d%‘, 2=y +a?2,

»
, v, Y
E —-@J—d—a—z—, n =y _d‘b—zy
but pd = ab, (§158)
% 5=z’(1+ k2
é "y ¢
1}4’; n = y' (l+ %) =
Similarly,: ; ,
b & (g
¢ p (a—3),
and 7 = — %(a—b).
Counsequently
CQ* = £ +7?
2 2
=(,,+b)-'(% +%) = (a+B)t; Fig. 64.
. CQ=a+b Swuilarly, CQ = a-b;
and, since A==-T,

¢
the lines CQ, CQ’ are equally inclined to the axes.

III, To construct the axes of an ellipse, having given
two conjugate diameters in magnitude and position.

Let CP, CD be the given diameters ; then, since the normal at P is
perpendicular to CD (§ 157)’; we c;n 'easilyb find @ and ¢, for

Then, by II., the axes bisect the internal and external angles
between CQ and CQ’, and

2a = CQ+CQ', 26 =CQ-CQ

Exactly similar results may be established for the hyperbola by
making use of the corresponding formulse for cos ¢ and sin . These
we leave as au exercise for the reader.
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180. To show that three normals can be drawn from a
given point to a parabola.

The equation of the normal at (+, ¥) is
2ay + 2y, = @141+ 2ayy,

. 72 o s
or, since z; = v this is
a

9 s
ay +zy, = o + 2ay,.

Now if the normal passes through the point (f, g), we have
3
2ag +fyy = U+ 2ay,
4a
9
or 'Z;+!/l(2a~f)—2ﬂy=0,

an equation of the third degree for y. Hence, as there are three roots
(Tut. Alg., I1., § 371), and for each root a point on the curve, there aro
three points such that the normals at them pass throueh a.diven point.

Cor.—If the normals at three points are {6ficgfrent, the
sum of their ordinates is zero.

For in the above equation there is no term in ¥,2, anghﬂee the sum
of the roots is zexo (Tut. Aly., II., §374).

Exercises.

13. The normal at the point (1, 1) in the ellipse 22+3y2 = 4
makes an angle a with the major axis. Find the values of cosa, sina.

14. Find the cosine and the sine of the angle that the normal at
(1, 3) on 4%+ 4y = 2 makes with the majgrjaxm.

156. A chord of a rectangular hyperbola which subtends a right
angle at a given point is parallel to the normal at that point.

s+ 16. Find the coordinates of the points on the parabola y? = 4z the
normals at which pass through the point (3%, —$), and draw a figure
showing three concnrrent normals.

[Here obtain the cubic for y, and to solve notice that one root is unity, so
the others are given by a quadratic ]

17. Determipe the coordinates of the points on the ellipse
22|+ y2/b? ='¥ at which the normal makes an angle of 45° with the
axis of z.

18. Prove that at least one real normal can be drawn .fiom any
point to a parabola. .

[An equation of the third degree has at least one real root.]
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181. Equation to the normal to a parabola in the
form Y = mx+c.

We shall now find the equation of the normal to a
parabola y® = 4az in terms of the tangent of the angle
the normal makes with the axis of 2.

Its equation is of the form

Yy = ma+c.
If it is the normal at (', y’), we have
' = max’+c,

and it is perpendicular to the tangent at (2, ¥'), v.e. to
gy = 2a(@+2);
m=—y[2a or y =—2am;

and * = y?[4a = am?;
sooe=1y —ma’ = —2am—am®.
Therefore the equation of the normal is
Yy = mx—2am—and® ............... (8).
Exercises.

19. Show that the normal at any point of a parabola (terminated by
the axis) is equal to the ordinate through the middle point of the sub-
normal

20. Find the equations of the normals to y? = 4ax that make
angles (i ) 30°, (11.) 44°, (iii ) 120° with the axis.

21. Find the equation of the normal to y* = 4a(z—a) that makes

an angle of 45° with the axis.
[Transfer origin to (a, 0), and finally transfer back agan.]

22. Deduce the results of § 180 from the normal equation 7
Yy = mx—2am—and.

182. Equation of a comic Y
referred to a tangent and the
corresponding normal as axes
of coordinates.

Let the tangent be the axis of

x and the normal the axis of y. -
Then the equation of the conic 0 —

is of the form

ax’+ 2hay + by’ + 292+ 2fy + ¢ X

=0; Fig. 65
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but, since the axis of z (y = 0) meets the curve in two
points coinciding with the origin, the equation

ar*+2gz+¢c=0
must have both roots zero; hence
=0 and c¢=0.
Consequently the required equation is

ar® +2hxy+by'+2fy =0 ..... ...... (8),

a form which is often useful, one advantage being that the
axes are rectangular.

Many properties of conics can be deduced most easily
by using these axes, as, for instance, in the following
example :—

Illustrative Examples.

(i.) Chords of a conic which subtend a right angle at
a fixed point of the curve pass through a fixed point on
the normal at that point.

This is clearly a cuse in which it 18 advantageous to use the tangent
and normal at the point as axes.

Suppose the conic is  ax?+ 2hry + by* + 2fy = 0,
and that a chord is lr+my = 1.

The equation of the lines jowning Q
the extremties P, @ of ths chord to
the origin 0 is (by Part L., § 38)

ar?+ 2hay + byt + 2fy (lx +my) = 0

or ax®+21y(h+f1)+ by (h+2fm) = 0.

But, since this equation represents
two lines at right angles, we have

a+b+2fm=0 (Pt.1.,§29)

or m = — —;ZTQ
Therefore m is the same for all such
chofds.

0
®But Ir+my = 1 meets the normal Tig. 66.
(r = 0) at a point whose ordinate is given hy my=1 or y = an’

which is constant.
Therefore all such chords pass through a fixed point on the normal,
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(1i.) Fund the locus of the pownt of wntersection of two noymals to the
parabola y2 = daz that are perpendicular to each other.

Taking the equation y = mz—2am — an?,
if the normal passes through (4, k), we have
k= mh—2am —amd,

This gives three values for m (say m,, m,, mg), and by the theory of
equations, writing the equation in the form

2a—/
M3+ Lm+—]'~ =0,
weo have MyFmy+mg =0 oiiins i (1),
20~h
My Mg+ MMy + MgMg = “——= Liiiiirinnrrnnnnninnns (2),
a
k
Mgy = = (3).

But, by hypothesis, two of the normals are at right angles, and
therefore mymg = —1.

Therefore, by (3), my = L ;
a

and, substituting in (1) and (2), we have

k
m+mg = — —,
@

k _ 2a—»
—l+(m1+m2); = '—(~

Eliminating m, + my, we get
k2 2a—h

-1 =

- or k%*+3a’—ak = 0.
a? ]

Therefore locus of (%, 1) is

y? = ax—3a.

MISCELLANEOUS EXERCISES ON CHAP. XIV.

23. Find the condition that the line #cosa+ysina—p = 0 should
be a normal to the ellipse 2?/a? + y?/82 = 1.

24. Find the points on the ellipse 2?/a%+ y?/8* = 1, the normals at
which pass through a given point (g, 0) on the major axis.
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26. A distance r is measured inwards along the normal to the
ellipse 2%/a®+93/b* = 1 at any point P, so that pr = m?, where p is
the length of the perpendicular from the centre on to the tangent at
the point. Find the coordinates of the point so obtained in terms of
those of P.

Show also that the locus of the point is the ellipse
ax? By
(@®=—m*?  (B*—m?)?

26. Find the lengths of the normals to 4? = 4az drawn from the
point on the axis distant 8« from the focus,

27. Find the equation of the locus of the intersection of the normal
to the parabola y? = 4az at any point P on it with a straight line
drawn parallel to the axis at the same distance from the axis as P,
but on the opposite side.

28. The normal at (z,, #,) to the general conic passes through the
pnnt whose coordinates are
2 2
Sl (azy+ hyy+9), 91— s (hzy+ byr + f).
29. Show that the line /z+my = 1 will be a normal to the ellipse
. a? b
22fa? 4 y?b2 = 1 if = + ol (a2—02)2,
‘What does this give for the circle?

30. Find the condition for iz +my = 1 to be normal to the hyperbola
22y
- =1

a? b2

31. Find the locus of the point of intersection of the perpendicular
from the focus of a parabola to a normal.

32. If the normals at two points of the parabola »? = 4axr make
angles 6, ¢ with the axis, such that tan 6 tan¢ = 2, show that the
"normals intersect on the parabola.

33. Find the locus of the middle point of the normal P@ to the
parabola »? = 4az.

34. If X, Y be the coordinates of the middle point of the intercept
ofethe normal to 2%/a’+y?/b* = 1 made by the coordinate axes, prove

that @X2 4 BY? = 4 (a2=b9)3,

35. Prove that the distance between a tangent to the parabola and
the parallel normal is a cosec 8 sec? 6, where 0 is the angle which either
makes with the axis,
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36. P isany point on the ellipse % + y_ =1, PQ is drawn parallel

to the axis of z, cutting the ellipse agam at Q. PR is drawn parallel
to the axis of y, cutting the ellipse again at . Prove that the locus
of the intersection of the straight line QR with the normal &t P 18 the

. oy _ (@03
ellipse ;2- + < ( i) "

37. If OP, OP’ be two chords of a conic inclined at angles 8, ¢ to
the normal at a given point 0, prove that, if tan 6 .tan 8’ be constant,
the chord PP’ will intersect the normal at & constant point.

38. In the rectangular hyperbola the portion of a normal inter-
cepted between the axes is bisected by the curve.

39. A chord of a conic moves so that the lines OP, 0Q joining its
extremities to a fixed point of the comc are equally inchined to the
normal at that point. Show that the chord meets the tangent at 0 in
a fixed point

40, If (7, »,) be on the ellipse 2%/a?+ y2/b% = 1, show that

a?  y? (1 1 z?  y? 1
atu s \at e )\t ) am
Hence show that, if the normal at P (z;, y,) meet the ellipse
again in @, we have

(% Yy _ X Yy
(e s) =2 (30 50),

where p is the central perpendicular on the tangent at P and
L 2a%?
r = PQ, so that r= @B
[The coordinates of Q are ;- %‘? o Y- 7’;—”1 7. Put down the condition
that @ 1s on the curve ]
41. Show that the locus of the middle point of the normal P@ to
the ellipse 2%/a?+y3/b* =1 is
2%a® + (1 + )2 y?/b = (1 +¢%)%/4.
42. Show that, if the normal to a rectangular hyperbola at a

variable point P meet the curve again in @, PQ « CP3, where C is the
contre.

43. The three mMormals to a parabola y? = 4ar drawn from the
point (%, 1) meet the axisin @), Gs, and G; respectively. Show that
AG,+ AGy + AG; = 2 (& + a), where A is the vertex ot the curve.

44. Normals are drawn to a parabola y? = 442 from a given pomt
0, inclined at angles 6,, 6,, 9; to the axis. Show that

8Q = a sec 6, sec 6, sec 65.
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EXAMINATION PAPER IV.

1. (a) Find the equation of the chord joining the points’ (p, ¢), (', ¢’)
on the curve may + by?—29x + 2fy —e¢ = 0,
and hence deduce the equation of the tangent at the point (3, g).

(6) Find the equation of the tangents drawn from the point {z,, y,)
to the curve 22?/a®+ %52 = 1. Hence deduce the equation of the
director circle.

2. Prove that the part of the tangent to a hyperbola intercepted
between the asymptotes is bisected by the point of contact, and that
the area cut off is constant.

3. Find the equation of the tangent to the parabola 2 = 4az at a
given point (k, k), and show that one and only one tangent can be
drawn having a given inclination to the axis of symmetry.

Show that tangents to a given parabola which are inclined to
each other at an angle of 45° intersect on a rectangular hyperbola.

4. Find, from first principles, the locus of the middle points of
chords of 312+ 2zy + 42+ Ty+1 = 0 parallel to y = 3z.

5. Define conyugate drameter, conjugate hyperbola ; and prove that the
tangents at the ends of a diameter of a central conic are parallel to
the conjugate diameter.

Find the equation of the hyperbola conjugate to
312 —4ay +22—3y+7 = 0.

6. If tangents be drawn to a hyperbola and its conjugate from a
point on either asymptote, the points of contact will lie at the end of
conjugate diameters.

7. Prove that the difference of the squares on a diameter of a hyper-
bola and its conjugate diameter is constant.

8. Find the equation of a parabola referred to a diameter and the
tangent at its extremity as axes.

® 9. What form does the equation of a curve of the second degree
take when the curve is referred to a tangent and normal as axes ?

10. Show that mormals at the ends of a focal chord of #n ellipse
meet on the straight line through the middle point of the chord
parallel to the axis.
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CHAPTER XV.

POLES AND POLARS.

183. To show that two tangents can be drawn
from any point to a comic, and to find their points
of contact.

The first part of this proposition has already been
proved, for we have found the equation of the two tangents.
(§ 138
(§We s)hall now give another Fvestigation which leads
to an important result.

Let the equation of the conic be
a? + 2hay + byt + 2y +2fy + ¢

=0, ) »
and let 2, 7, be the coordinates &Y
of the point from which the
tangents are to be drawn.

Suppose (m, n) is the point
of contact of one such tangent;
then the eqnation of the tan-
gent is (§ 1%7) Fig. 9% o\

z(am+hn+qg)+y(hm+bdbn+f)+gm+futc=0.

Now, since this tangent passes through the point (2, ¥,),

2, (am+hntg)+y, (hm+bn+f)+gm+fatc =0,
or, on rearranging,

m(azy+hy, +g) +n (hay + by + ) + g+ fyn+e = 0 (a).

This is one equation for the two unknown quantities
m and n, and a further equation 1s, of course,

an®+2hmn+ bt +2gm+2fn+ ¢ = 0......... (B).
Thus, to find the points of contact, we have to solve the
two equations () and (8) for m and n. Since () is of
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the first, and (8) of the second, degree in the unknowns,
we can eliminate m from (8) by means of (4) and obtain
a quadratic for n. We have, thevefore, two solutions,
which we can easily find 1f we want theiwn, and hence there
are two tangents.

We regaxd their points of contacké as found when we
have sufficient equations to determine their coordinates.

184. Geometrical interpretation of the equations.

The two equations (A) and (B) both admit of very
simple geometrical interpretations,

(B), of course, means that the point (m, ») is on the
conic; while (a) clearly means that (m, n), the point of
contact, must be on the straight line whose equation is

z (ax,+hy, +9) +y ey + by +f ) + gy + fyy +¢ = 0.

We infer at cnec that the points of contact are given
by the points of intersection of this line and the conic.

Hence the equation of the line joining the points
of contact of the tangents from (., y,) to the conic is

x (ax,+hy,+g)+y (hoe, by, +F)+ge+fy,+c =0
......... ).

[This holds whether the axes are rectangular or oblique. ]

185. Polar. — DEerINITION. -—
The line joining the points of con-
tact of the tangents drawn from a
given point to a conic is called the
polar of that point with respect to
the conic. 1In Fig. 68 PQ is the
polar of T.

Pole.—The point of intersection
of the tangents at the extremities
of a chord of a conic is called the
pole of the chord. In Fig. 68 T
is the pole of PQ. Fig. 68.

Thus, if a Line be the polar of a point, the pomt is the
pole of the line.
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Nore.—It must be carefully noticed that the equation
of the polar is of exactly the same form as that of
the tangent, and thus need not be remembered separately.
The tmportant difference between the two lines is that, whereas
in the case of the tangent (x;, y,) was on_the curve, no such
restriction ts now tmposed.

It follows, of course, that

when a potnt is ON the curve, tts polar 7s the same
as its tangent.

This is also clear from geometrical considerations, be-
cause, as the point 7 gradually approaches the curve, the
points of contact become closer and closer together, and
the line joining them ultimately becomes a tangent to the
curve when 7 is on the curve. Thus the tangent is only
a particular case of the polar.

186. There is another point in the above connection to
which the attention of the reader must be directed. The
polar of a point has been defined as the line joining the
points of contact of the tangents drawn from a point to
a conic. Now if, for example, the conic be an ellipse and
the point be inside it, the tangents are imaginary. It
appears, however, from the equation of the polar that the
latter is still a real line. The explanation is that, although
it 13 @ real line, 7t does not cut the curve in real points, and
hence the points of contact are imaginary though the line
joining them is real.

An example may make this clearer. The point (3, 3) is inside the
ellipse 22+ 2y* = 36, and the tangents drawn from it to the curve
are accordingly imaginary. Let us actually find the points of
contact and deduce the equation of the line joining them.

Suppose (21, ;) is a point of contact ; then the tangent is

z2y+ 2yy, = 36,
and, accordingly, 3z, +6y; =36 or x;+2y =12,
so that we have to solve the two equations
242y, = 12, 2,242y, = 36.
Eliminating z, and solving the quadratic for ¥, we find
9 = 4£V=2;
and hence, from the first equation, .
» 7 = 4F2V/ =2,
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Hence the points of contact are
(4+2V/ 22, 4-/22), (4—-2/—2, 4+ =2),
and are imaginary, as we predicted. ‘The line joining them is
z—4—24/—2 _y—4+ x/:__-g
W —w
which easily reduces to z+2y—12 =0, a real line.

187. Similar remarks to those given in the last section
apply to the pole of a given line. We have defined it as
the point of intersection of the tangents at the points in
which the line meets the conic. If the line does not meet
the conic in real points, the tangents are imaginary ; but,
as we shall see, they intersect in a real point and the line
has still a real pole. Thus the line 242y = 12 does not
meel the ellipse 2 +2y* = 36 in real points, but its pole is
nevertheless the real point (3, 3), as we have just seen.

188. Equation of the polar in the simple cases.
As particular cases of the general result, we can write
down the equations of the polar in each of the simple
cases, as follows :—
Parabola. #’—4ax = 0; polar, yy,—2a(x+x,) = 0.(2).
22 2

- @ 1. xx, | Yy, _

Ellipse,. 2 + g; = 1; polar, 72‘ + —52—‘ =1.... (3).
N e XX, _ Y

Hyperbola, el 1; polar, ik ~ i 1... (4).

Hyperbola, ay = (*; polar, xy,+xy = 2c .. (5).
In all cases the equation of the polar holds for oblique
as well as for rectangular axes, for in obtaining it we
have only used the equation of the tangent, and this holds
even for oblique axes.
We shall now proceed to find, from first principles, the
polar of (z;, 4,) to the ellipse «*/a’+4%/b* = 1.
[Caution.—With regard to «y = ¢2, it should be noted that,

although the equation of the tangent at (z,,y,) can be expressed in

either of the forms 2y, + 2)y = 2¢%, z/2,+y[y, = 2, the latter equation
does not in general give the equation of the polar. ]
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189. To find the polar of a point with respect to
la* 4y o' = 1.

Let the point be 0 (x, ,), and let the tangents from 0
to the ellipse be 0P, 0@, and their points of contact
(m, n), (m’, n').

Consider the equation

“”1 + ﬂbL | R (0).

Tiys 18 an equation of the first degree, and therefore
represents some straight line.

O(r,,y,)

Q(m,n)

|
Fig 69

Now the equations to the b'mgents at P and @ are
w’m n %7"/ 1
+0 =1 70+ lzﬁ‘ =1;
and, since these tangents pass through (rl, 1), we have
mn CU m \ n'
i hT 4 3’2)2 Ly J;}, =1 ... ().
From (p) we see that the equation (¢) is satisfied by
the values 2 =m, y=mn, and 2=m/, y=1/, respectively.
Therefore % + y—gl =1

represents the straight lme pa.ssmg through (m, n), (m'n"),
i.e. it represents the straight line PQ.
In other words, the equation of the polar of 0 (#, ¥,) is

””’”l+?”/l =1.... e (3).
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199. For the parabola 3*=4ax we may follow the general
method of §§183, 184, or the slightly different one of
§189. Let us use the latter. Let the point O be (z,, v,),
and let the tangents from 0 to the parabola be OP, 00,
and their points of contact (m,n), (m/,n'). Consider the
equation Yy = 2a (@+2) cooeeeins oo eeeen (0.
This is an equation of the first degree, and therefore
represents some straight line. Now the equation of the
tangent at (m,n) is  yn = 2a (x + ), .
and this passes through (v, 7). Consequently

yin = 2 (v, 4m),
which shows that (m, n) is on the line (¢). Similarly,
(m', ') is on this line. Thus the equation (¢) represents
the line joining the points of contact.

191. The polar of any point with respect to a
conic is parallel to the chord of the conmic Iwhich
is bisected at that point.

By § 184, the polar of the point (xy, ) is

@ (ax,+hy;, +g) +y (hay + by +f) +ge +fy,+e =03
and, by § 153, the chord bisected at (ay, y,) is
(z—ay) (awy, +hy, +9) + (y—1) Wi+ by, +f) = 0.

The coefficients of 2 and y j the two equations ave
identical, and therefore the line§ are parallel. Of course,
if the point be outside the conic, the chord bisected therc
meets the conic in imaginary points. .

The result of this aggfcle may be easily established for
the ellipse by referrife the curve to a pair of conjugate
«diameters one of which passes through the point. For,
by § 160, the equation of the ellipse will be

2! 7
o

and the point is (c, 0). The chord bisected there is, by
hypothesis, parallel to the conjugate diameter 2 = 0.
Its polar is ac/a” =1, and is therefore also parallel to
@ =0. Hence the two lines are parallel.

So, for the parabola, we can make use of §172 in a
similar way.

OEOM. PT. 1L b3
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Exercises.
1. Find the equation of the polar of the point (1, 1) with respect to
the conic 224 22y + 22 —=22—4y+1 = 0.

2. Find the equation of the polar of the point (4, }) with respect to
the conic 22ray+yi+x+y+1=0.
3. Find the equation of the polar of the origin to the curve
ax?+ 2hay + by?+ 292+ 2fy + ¢ = 0.
4. Following the method of §§ 183, 184, find from ﬁ;Zt principles
the equations of the polars in the cases given in § 188.

5. Bhow that the equation of a line through the point
P (@, 1), perpendicular to its polar with respect to
x?al4y?b? =1 is olw Uy al—b2,

® 4

‘What does this become when (x,, %) is on the conic ?

6. The perpendicular in Ex. 5 meets the major axis in @, and PN
is perpendicular to the major axis. Show that

CG = 2.CN.

7. Write down the equation of the polar of the point P (r,, ;) with
respect to the parabola 2 = 4a(z +a).

If the polar meet the directrix in T, find the equation of the
line joining T to the origin. Hence (the focus being the origin)
sshow that PST is a right angle.

[Note that the equation of the directrix 18 2422 =0

8. Verify that, although tangents from the point (2, 1) to the conic
22—y? = 2 are imaginary, yet their chord of contact is the real line

20—y = 2.

9. Prove that the tangents from the point (z, #,) to the hyperbola
2?Ja?—y?/b? = 1 are only real and distinct when a2/a?—%?/6? < 1, but
that the chord of contact is the straight line xx,/a?— yy,/6% = 1, which
is real in all cases.

‘We shall now proceed to give some of the reciprocal
properties of poles and polars.

192, If the polar of 4 passes through B, then will
the polar of B pass through A. v

Let A be (2, ,), B (2,,,), and the equation of the conic
az® + 2hay + by + 292+ 2fy + ¢ = 0.
The equation of the polar of 4 is
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@ (ax+hy +9) +y (hay+ by +f) +gu+fi+e =0;
and, since this passes through B, we have

@, (azy +hy,+ 9) + yy (haey + by, +f)
+90+fp+e=0
or aryx,+h (21, +2yy)
+byys+g (@4 ay)
+f (i +y,) +e=0..(x),
an equation which is perfectly A
symmetrical in the two sets of Fig. 70
coordinates, and hence it is also g 10
the condition that the polar of B should pass through A.
If necessary, we can give a formal proof of the latter portion.
The equation (k) may be written
@y (axy+ hya +9) + ) (hzg + by + f) + gg + fyyg + ¢ = 0,
and, as the equation ot the polar of B is
z(arg+hys+g) +y (hay+bys+f) + gaa+ fira+e = 0,

this shows that it passes through the poiwnt A (7, y,), as was to be
proved.

This theorem is easier to see 1f we take the comnic in
oue of the simple forms, as, for example,

e =1
@ T '

For now the polar of (&, y,) i
R 'l/‘l/l — 1
a’ N v ’

and, if this passes through (v, y,), we have
fdy L Nl
a b ’
a relation which is obviously symmetrical, and hence the
pofar of (a,, y,) passes through (x;, v,).
Exercise.

. 10. Prove, in like manner, the above theorem in each of the other
simple cases (§ 188).
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193. Conjugate points. — Derminitio . -— Two points
are said to be conjugate with respect to a conic when the
polar of each passes through the other.

Conjugate lines.— In like manner, two lines ware
conjugate when the pole of each lies on the other.

This last statement involves a theorem to be proved,
namely that,

194. If the pole P of a line p lies on a line ¢, then
the pole ( of the line ¢ lies on p.

For the polar of @ (Fig. 71a), which is g, passes through
P by hypothesis, and hence the polar of P, which is p,
passes through Q, which was to be proved.

e

Fig. T1a. Fig. 71s

[In the diagram, @ is purposely placed off p in order
that the student may not be led to assume from the figure
the result he has to prove.]

195. If a line passes through a fixed point, then
its pole lies on a fixed line.

For let the fixed pz')int be A (Fig. 718), and let its polar be
a. Suppose p is any line through A, and P its pole. Then
the polar of P passes through 4; consequently the polar of
A passes through P, 7.e., a passes through P or P lies on a,
Z.e., the pole of p always lies on a fixed line, namely, the
polar of OE . [See note at end of last section.]
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196. Application to the geometrical construction
of the polar of a point.

The result of § 195 is important, as it affords a means of
constructing the polar of any point. For through the point
A, whether within (Fig, 724) or outside (Fig. 728) the curve,

A

d
\

N
Fig. 72a. Tg. 723,
we can certainly draw chords meeting the conic in real
oints—e.g., M and N, M’ and N'—and the tangents at the
ends of such chords intersect at T, T’ on the polar required.

This leads to an alternative definition of the polar.

We first prove that as a chord turns round a fixed point
the tangents at its extremities intersect on a fixed line.
This line may be defined as the polar of the given point.

The advantage of this method consists in the avoidance
of the use of imaginaries, but, as these enter freely into
the higher parts of analytical geometry, it is desirable to
ree quite early how they occur.

197. If a point moves along a fixed line, its polax
passes through a fixed point.

For it is quite clear that its polar always passes through
the pole of the fixed line.

198. Application to the geometrical construction
of the pole of a given line,

The result of § 197 gives a geometrical construction for
the pole of a line €D in all cases (just as the last article
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did for polars), for some points of the line must be outside
the curve, and from these, e.g., T, T, we can draw real
tangents TM and TN, and 7'M’ and T'N’ to the curve, and
the point of intersection of their chords of contact MN,
M'N is the pole A required. Thus it may be readily
obtained by a real geometrical construction.

Similarly, this may be taken as the definition of the
pole of a line, and the same remarks apply as in § 196.

199. To find the coordinates of the pole of a given
gtraight line.

There are two different methods which we can use.

I. Suppose A and B are two points on the line. Then,
by § 192, the polars of A and B both pass through the pole
of the line A8, and hence their point of intersection is the
pole required. Thus we select two points on the given
straight line, write down the equations of the two polars,
and solve them for their point of intersection.

II. The more usual method is to suppose that (a;, y,) is
the pole required, and then choose @, and ¥, so that the
polar of the point (. ¥,) is identical with the given line.

Eaample (1.). To find the pole of the line lx+my =1 with
respect to the ellipse x%[/a’+y*/0?=1.

Let (2, #,) be the pole required , then the given line must be the
same as aw,/a®+ yy,/0 = 1, so that on comparison of coefficients we
have 1= xyja%, o=y [8%;

ooy =all and oy, = b2m,

Cor. If the pole is on the line, the line must be a tangent. 'The

coudition for this is %+ §2m? = 1.

(i.) To find the condition that the lines lax+4my=1
and lx+muy =1 should be conjugate with respect to the
above ellipse.

Here the pole of the second must be on the first, 1 ¢., the point
(a%ly, b%m,) must be on 7,2 +m,y = 1, and hence the condition required
18 a4+ 0%y my = 1.

(iii.) Fnd the pole of the line 6x+ 9y +4 = 0 with 1espect to the come
a4+ 22y + 3y + 20+ y+3 =0.
The polar of (), y,) is
z@+n+l)+y(n+3y+ )+ i+ =0.
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1f this be the same as 62 + 9y +4 = 0, we must have
fnAHi+l _n+3n+d _n+iy+d
6 9 ¢

and we have to solve for »; and y,.
From the equality of the first and last we have

42, + 4 +4 =621+ 3y, +3 or =27 +y+1 =0,
Similarly, from the second and last
42,412y, +2 =92, + $y,+§ or bz +3fy—~§=0.
Bolving there two linear equations for », and »,, we find z; = 1 and
# = 1, so that the pole required is the point (1, 1).

Exercises.

Find the coordinates of the poles of the lines
11. 3z+4y=15  with respect to 2¢2—y? =3,
12. b6x+y+4 =0 withrespectto 22+22y-32+22+1=0,
13, z—y+12=0 with respect to 2%2+zy+y?=3.

14. Find the equations of the polars of two points P(3,3), Q (4, 4)
with respect to 422+ 9y? = 36, find the coordinates of the point of
intersection R of the polars, and find the equation of the polar of R
Confirm § 192 by showing that this equation 18 the equation of the line
joining P and Q.

15. Prove that the coordinates of the pole of the line iz +my =1
with respect to the conic Aa%+2Hzxy + By? =1 are

Bl—Hm Am—H!
AB—-H?Y AB-HY

16. Deduce that the two lines lr+my =1, Lix+my =1 are
conjugate if Bl — H (Im) + lym) + Amm, = AB—H?,

17. From the result of Ex. 16, find the condition of tangency for
the line /z +my = 1.

200. Polar of the centre.—Line at infinity.
The equation of the polar of the pownt (2, ¥;) with respect to the
general conic is
z(azy + hy +9) + ¥ (hxy + by, + f) +g2,+fin+e = 0.
Now, if (), ¥,) be the centre of the conic, we have
. ary+hyy+g =0 and ko +ép+f=0, (§ 96)
80 that the above equation takes the form
(#x0)+(yx0)+n =0 where 5 =g2+fy+¢
and this equation does not involve either # or y. Let us inquire into
the meaning of this curious result.
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In the first place, wo remaik that the equation of every line can be
brought to the form Iz +my = 1, and for different values of /and m
this represents different lines. Now the intercepts on the axes of
coordinates are, as is well known, 1/7 and 1/m respectively, and hence,
the smaller / and m become, the greater are the intercepts on the axes,
and, consequently, the further away from the origmm is the lne.
Ultimately, when 7 and u are both zero, both intercepts are infinite,
and the line is wholly at an infinite distance. Whenever the co-
efficients of 2 and y are zero, we can reduce the equation to the form
lr+my =1 where land m are zero. Hence we infer that

¢ When the coefficients of » and y in the equation of a straight line
are both zero, the line is wholly at an infinite distance, and is called
the line at wfinity.”’

‘We accordingly interpret the equation of the polar of the centre by
saying that

the polar of the centre is the line at infinity;
or, in other words, the centre is the pole of the line at infimty.

The last paragraph only corroborates and states in another form
what we have already proved while dealing with asymptotes, as
we can seo in the following manner. An asymptote 18 a line which
meets the curve in two pomnts at infimity, ¢.e. it is a tangent whose
point of contact is removed to an infinite distance; but the two
asymptotes meet in the centre, and are therefore the tangents drawn
from the centre to the curve. Hence the polar of the centre, being
thg line jomning the points of contact of these tangents, must be at
mfimty.

Illustrative Examples.

(1.) If the polar of 7 with respect to a conic whose centre
is C meet the line C7 in U, and CT meet the curve in 4,

then CU.CT = CA-
Take for axes CA and CB, the conjugate diameter ; then the point 7
is (2), 0) where CT = z,, and the equation of the ellipse 18 of the form
P
A
a® ' b2
where a = CA and b = CB
The polar of T is

-~
T

%
a? ’
a2
and hence, at U, z = =,
z
@
1.6 CU =—,
)

so that QU.CT = a? = CA®.
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Nore.—Since the cquation of PQ is « = a%/#;, P(Q is parallel to BC,
whose equation is # = 0, 1.e., the polar of T is parallel to the conjugate
diameter. Hence, TP, TQ being the tangents, PQ is bisected by CA
since it is parallel to CB. We infer at once that ‘‘the chord of con-
tact of the tangents drawn from any point is bisected by the line
joining that point to the centre.”’

(ii.) o find the locus of the poles of the tangents to one come A with
respect o another conwe B,

This is a type of question that frequently occurs. To solve it
suppose (z), #,) 18 one of the poles. Then its polar with respect to B
must touch 4 by hypothesis. Thus we write down the equation of
this polar, and then, putting the condition that it should touch 4, we
have a relation between z, and y, which is the equation of the locus
required

[ The rcader should carcfully remember this method of solution.]

E.g, to find the locus of the poles of the tangents of the conic
atla*+y?/ g% = 1 with respect to the conic

@+ 2hay + by 4+ 2924 2fy +¢ = 0.

Suppose (z,, ,) is one of the poles, then its polar is

ey + hy +g) +y (hay+ by +f) gz +fn+e = 0,
and, by hypothesis, this has to touch 2%a?+22/8% = 1.
Now the line lr+my+1 = 0 touches this latter if o224 g2u2 = 1,
but here 1 =%t }'f/‘ 9, m= M‘*'b-l/-‘if,
gx + fy +e go + Jn+e
@ (cay+ hyy + 9 + B2 (hey + by + )2 = (g1 + fyr + o).
Dropping suffixes, we see that the locus 18 a conic whose equation is
@ (az +hy + gP+ B2 (hw + by + f)* = (92 + fy + ).

(iii.) Find the locus of the poles of the normals to the ellipse
2%a? + 9202 = 1.

The equation of the normal at (+/, ¥') is

@z By _ e e
7y =02 (1).
If (, ¢) is the pole of this line, then the line can also be represented
L Y7 _ 1.
by -2 + = 1;
2 2
and therefore %; ;% = - Z; / 'g‘i = a?-42,
whence F4 at y = b

" -y
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But (#/, ¥') is on the ellipse, and therefore
22 ad+ y'2b? = 1;

“ oo}t reem)

or P22 (a2—B%)2 = afq?+ Bp3.
Thorefore the locus of (p, ¢) is
222 (a2— B%)2 = aby? + 8622,

MISCELLANEOUS EXERCISES ON CHAP. XV,

18. Find, from first principles, the equation of the polar of the
point (1, 1) with respect to the parabola y? = 2z.

19. Write down the equations of the polar of the point (1, 2) with
respect to the conics zy+2+2y =0, 22+2y+y2 =1, 22—y? — a2,
ar? 4+ 2hay + by? + 29z = 0.

20. Find the coordinates of the pole of the line lz+my =1 with
respect to (1) #%a?—y?[b? =1; (ii.) 9? = 4ar; (iil.) oy =%

21. Deduce from the results of Ex. 20 the conditions that the two

lines lv+my =1, lz+m'y =1 should be conjugate with respect to
the conics in Ex. 20.

22. Prove that the polar of afocus of an ellipse is the corresponding
directrix.

23. Extend Ex. 22 to the case of a parabola.

24. Tangents are drawn from a_point T (), %,) to the parabola
y? = 4axr. Show that the coordinates of the middle point M of the

chord of contact are X = Zﬁ_‘i_ﬁ, Y =y,

25. Show that the line TH in Ex. 24 is parallel to the axis,

26. The polar of a point T with respect to a parabola meets the
diameter through 7in ¥. Show that the middle point of TV is on
the curve, and that the tangent there is parallel to the polar of T.

27. The polars of a point with resgect to an ellipse and the
(uxiliary circle meet on the major axis of the ellipse.

», 28. From points on a given straight line, pairs of tangents are
drawn to a given circle. Prove that the chords of contact pass
through a fixed point.

29. If a system of ellipses be described having a common axis
major, prove that the polars of any fixed point with respect to them
all pass through a fixed point on the major axis.

Extend the proposition to the case in which the ellipses al}
tonch at the extremities of a common diameter.
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30. Find the pole of zcosa+ysina—p =0 with reference to the
parabola %2 = 4ax.

31. Find the locus of (¢, ') when its polar with respect to »2 = 4az
is parallel to a given line lz+my = 1.

32, If the polar of a point with respect to 22[a2—y3/63 =1 pass
through one end of the conjugate axis of the curve, prove that the
pole will lie on the tangent to the conjugate hyperbola at the other
end of that axis.

33. Find the locus of the poles with regard to the circle 22+ y% = a2
of the tangents to the circle 22+ y2—2a2 = 0.

31, If a straight line touches a circle whose centre is the vertex of
a parabola and whose diameter is equal to the latus rectum, prowe
that the locus of its pole with respect to the parabola is a rectangular
hyperbola.

35. Prove that the locus of the poles of the tangents to the circle
'z—0)2+y? = ¢?, taken with regard to the circle 22+y% = a?, is the
conic (B=8%) 2%+ Y2+ 2a?br—at = 0.

36. Prove that the polars of a point (f, g) with respect to conics
whose equations are obtained by giving 4 different values in
2%+ y? + 2kry = 1 all intersect in a point.

1f (f, g) move on a fixed straight line, prove that the inter-
section of the polars moves on a fixed hyperbola.

37. If the polar of a point with respect to 22'«®+32/02 = 1 touch
the hyperbola whose equation is #%/a®—y?/i? = 1, the locus of the
point is the hyperbola.

, 38. N is the foot of the perpendicular let fall from a point P on its
chord of contact with respect to a given ellipse. Show that the locus
of N is a rectangular hyperbola if P moves on a fixed straight line
through the centre of the ellipse.
, 39. If PQ be the line joining any point P to the ntersection @ of
the polars of P with respect to two fixed circles, find the locus of the
middle point of PQ.

40. If a straight line move so that its pole with respect to a given
circle moves along a given straight line, prove that its pole with
respect to any other circle will also move along a straight line.

41. If the chord of contact of two tangents to a parabola drawn

from an external point be always normal to the parabola, prove that
the equation of the locus of the external poiat is
* Y2 (% + 2a) + 463 = 0.
- 42. Prove that the system of circles with respect to which a given
})oint has the same polar line have a common radical axis, viz., the
inle bisecting at right angles the perpendicular from the point to its
polar.
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CHAPTER XVL

REPRESENTATION OF POINTS ON A CONIC BY
MEANS OF ONE PARAMETER

201. Parameters,—In dealing with questions relating
to points on a conic it is frequently more convenient to
suppose such points to be given by means of one inde-
pendent variable than by two coordinates connected by
an equation. Thus, if we can find simple expressions for
the coordinates of points on a conic in terms'of one
variable quantity, a point on the curve may be looked on
as determined by a definite value of the variable, the
variable being usually called the paramefer.

For example, in the case of the circle #*+#? = a* we muy put
z =acosf, y=asind,

and then to each point on the curve corresponds a different value of 8
which is now the parameter.

It is clearly desirable that for every point on the curve
there should be a value of the parameter, and that no two
points should correspond to the same value of the para-
meter.

Of course, we could express both the coordinates in
terms of one of them, for by solving a quadratic equation
we can express y in terms of x; but, as the expression
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would usually involve surds, it would manifestly be diffi-
cult to work with. 'We may, however, be able to express
both z and ¥ in a simple manner in terms of somz other
variable, and in the three equations first found for the
several varieties of conics we shall, in fact, be able to
obtain very convenient expressions.

202. Simple cases of parametric representation.
1. In the parabola y*= 4ax if we put

Y= 2((;:.}
we get rx=ap )

so that we have expressed @ and y very simply in terms
of the parameter u when (2,7) is on the curve. Moreover,
as each point on the curve has a different ordinate, each
such point corresponds to a different value of p.

As p beginning at — o gradually changes to + o, then
y begins by being —« and gradually changes to +o; so
the point on the curve begins by being at an infinite
distance on the portion of the curve below the axs,
gradually approaches the vertex, and then moves away to
an infinite distance in the portion above the axis.

The value u = 0 corresponds to the vertex, for then

=0, y=0.
1I. The ellipse «*/c’4y*/0* = 1.
Here, if we put x=a«cosf)

y=">a sin ) (3).

the point (2, 7) is on the curve, for then

.\ 2 2
(_7_'_) +(,l> = cos? 0 +sin* 0
a b
=1.

Also, as 6 gradually changes from 0° to 360° the
corresponding point traces out the ellipse in the counter-
clockwise direction. Finally, no two points correspond
to the same valte of 6, because, if both sin 6 and cos 6 are
given, we obtain one value only of 6 between 0° and 360°.
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III. Hyperbola a’/a’—y*[/b’ =1. Here, if we put
x=asecl, y=>btanf ............ (3),

the point (2, y) is on the curve, and to two different points
correspond different values of 0.

If § gradually increases from 0° to360°, the corresponding
point completely describes the hyperbola, but the order
of description should be carefully noted. The point begins
at the right-hand vertex, and moves to an infinite distance
in the upper portion of the right-hand branch when
6 =90°; then it starts from an infinite distance in the
lower portion of the left-hand branch (for now sec 8 and
tan @ are both negative), and, gradually approaching the
left-hand vertex, reaches it when 6 = 180° for then
sech = —1, tan® =0. Then it moves to an infinite
distance in the upper portion of the left-hand branch,
and finally comes back to the starting-point along the
lower portion of the right-hand branch.

‘We may thus speak of “the point u” or “ the point 6"
whenr wo mean the point whose parameter is u or 6.

Exercises.

1. If x=14¢, y=1+1¢, ¢ being variable, show that the point
(#, y) describes a parabola whose vertex 1s at (1, 1), and describe the
motion of the point round the curve when ¢ varies from —w to +w.

[To find the equation eliminate 7.}

2. If x=acos0+¢, y=>bsin0+d, show that (v, y) describes an
ellipse whose centre is at (¢, ), and trace the motion of the point
round the curve as 6 varies from 0 to 2»

3. In the rectangular hyperbola 2%2—y* = «? show that we may put
=asgech, y =wtano.

4. In the ellipse 2%/a?+y?/62 =1 find the parametric angles of
(i.) the ends of the equi-conjugate diameters, (1i.) the ends of the

latera recta.
[Find the coordinates of these points and then find 6.]

203. Application of the method in the case of the
parabola.

We shall now give some illustrations of the use of
representing points on a parabola y® = 4axz by means of

= ap’, y = 2ap.
One of the most striking advantages arises when we re-
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quire the points of intersection of the parabola with other
curves whose equations are given. For, instead of having
to solve two equations for # and ¥, we know that the point
@ = ap?, y = 2ap is on the parabola for all values of g, so
we substitute for @ and y tn the equation of the given curve
their values in terms of u, and there results an equation in p
giving the parameters of the points of intersection.

Example (1.). To find the parameters of the points
of intersection of the parabola y?= 4ax with the line
te+my+n =0, and to deduce the conditions of tangency.

Since for any pomnt on the parabola

z=ap?, y=2ay,
the parameters of the points of intersection are given by
U(au2) +m (2au) +n =0 or p'al- ram+n =0,
which is a quadratic for u, showing that tfisre are two -utersections,
tor to each value of u there answers one point on the curve.

If the line touches the parabola the roots of the quadraiic mpgy
obviously be equal.

The condition for this is

@m? = anl or am? =In.
Example (ii.). A circle meets a parabola in four points, and
the sum of the ordinates of these points is zero.
For the equation of the circle is of the form
24+y2+ 22+ 2y+e =0,
and accordingly, putting 2 = au?, ¥ = 2au, we find an equation of the
fourth degree for u, viz.,
wha? + i (29a + 4a%) + 2ufa+ ¢ = 0.
Thus there are four points of intersection, since the equation in u
is of the fourth degree.
Since there is no term in w3, the sum of the roots is zero.
But 2a times each root 18 the corresponding ordinate; thereforc the
sum of tke ordinates is zero.

204. To find the equation of the chord joining
two points whose parameters are u, and u,.

The chord joining (2, 7,) to (@, ¥,) is
’I{—Ql —_ 92—'91 or yt_2a"l - .zi@}:ﬂl) =——-g

T— Xy w_—-;";lg a (py' —p?) o
“ence Y (uatpm) —2am (pytp) =20 7

oe v (ptp) — 3
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205. Tangent at the point u.—By putting py=p, =p
in the equation of the chord, we deduce the equation of
tgxe tangent at the point whose parameter is u, namely

2J,u 20 = 2au?
ov x=—py+api=0 .. .. ... ... (8).

206. Geometrical meaning of the value of u.

It is useful to know the geometrical meaning of u
the equations r=ap’, y = 2ap.

We can deduce this immediately from the equation of
the tangent, for the angle the tangent makes with the axis
is 1/u, and hence p represents the cotangent of the angle
which the tangent ~! tne point w makes with the axis of the
purabola.

207. We saw in § 48 that the line
y = ma+a/m
touches the parabola for all values of . It is interesting
to compare this with the equation of the tangent at the
point g, whichis  a—py+ap® = 0.
We see at once that the two are identical if
u=1/m.
We might thus have used m as our parameter, and
then we should have
x=a/m’, y=2a/m;
and now m denotes the fangent of the inclination of the
tangent at the corvesponding point to the axis of the
curve. But by using p we avoid fractions
Ezxumple.—If the tangents at two pownts are at right angles, the chord
Jowning thew passes through the focus,
Let the points be u, and uy; then, since the tangents are at right
we have pipg =—1.
'~ning them is
"g) =22 = 2ap by

~ Oy g = @y
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208. Two tangents can be drawn to a parabola from any
point, and, if they are at right angles, the point is on
the directrix.

Suppose the coordinates of the point are z;, ;. The equation of
the tangent at the point u is z—puy+apu® = 0, and, if this pass
through (z,, ¥,), we have

al—py + 2y = 0,
which is a quadratic for u.

There are thus two values of u, giving points on the curve the
tangents at which pass through the given point. If these values are
M1, ug, then when the tangents are at right angles we have

mpg =—1.
But, by the theory of quadratics, uuy = 2,/a; or z)/a = —1, v.e.,
#;+a = 0, or, in other words, the point (2}, ¥,) is on the directrix.

Exercises.
5. Prove that the coordinates of the point of inter-
section of the tangents of a parabola at the points p, and
P2 are apipy @ (o).

[This result 1s extremely unportant }

6. Prove that, if am?, 2am are the coordinates of one end of a focal
chord of a parabola, the coordinates of the other end are
a _2a
m2’
7. In the parabola y? = 4z, find the coordinates of the points for
which the values of the parameter are 1, 2, —4, —14.

8. What is the value of the parameter u for the extremities of the
latus rectum of y? = 4ax?

9. Find the coordinates of the point on the parabola y*> = z the
tangent at which makes an angle 60° with the axis.

10. Obtain the equation of the chord joining two points u), u3 by
putting for (z,, y,), (¥, ¥3) their values in the equation

(y—=1) (¥ —y9) = y*—4ax.

¢ 11. A chord PQ of a parabola moves so that the product of the

tdngents of the angles that the tangents at P and @ make with the

axis is constant. Show that these tangents meet on a fixed ordinate
of the parabola.

Show also that, if the sum of the tangents of the angles be con«

stant, the chord meets the tangent at the vertex in a fixed point,

GEOM PT. II, Q
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209. Normal at any point to the parabola.
The normal at the point u passes through this point,
and is at right angles to the tangent. Now the tangent is

e—py+au® = 0;
consequently the normal at u (ay’, 2ap) is
p (x—ap®)+(y—2ap) = 0
or pety = 2aptap®... . ............ (6).
This equation is practically that obtained in §181.

The student should verify this by comparing the geo-
metrical meanings of m and p.

210. Three normals can bhe drawn from any point to a
parabola. (Of. § 180.)

Let (), ;) be the given point; then the normal at the point u passes
through this point 1f ey + Yy = 2au+ aud
or ald+u (20—2) =Y =0 ciivir i, (a).

Now this is a cubic equation for u, and, consequently, there are
three roots, and, corresponding to each, & point on the curve, the nor-"
mal at which passes through (), ¥,).

Caution.—From the theory of equations, it is known that equation
(o) must have three roots or one root real (not two real or all
imaginary). To these correspond one or three real normals, the others
being imaginary.

Conr.—If p;, uy, ug are the roots of the equation in u, we have

mtpgtpg=0;
Moz + pgp + ppy = (26—2)/a;
Hitaps = e

Of these three equations, the first 18 the condition that the three
normals should meet in a point, for it does not depend on the coordinates
of the points.

It follows at once from 1t that, if the normals at these points be
concurrent, the sum of the ordinates is zero, for this sum is

2a (py + pg + ig)-

The other two equations give the coordinates of the point of
intersection.

Example (1.). If the normals at two pownts A and B of a parabola
intersect on the curve, then the line AB passes through a fized pownt.

Suppose that the normals in the points u), uy meet in a point P dn
the curve whose parameter is u and whose coordinates are z, y. Then
the three values of u corresponding to points whose normals pass
through P are u, uy, u;. Hence, by the above,

g = Yfa = 28u/a = 2u Or pmug = 2.
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Now the chord joining the points u,, u, (4B) is
Y (1 + p) = 22 = 2ap, p,
80 that it meets the axis of the curve in the point
z=—amuy ¥y=0; or (—2a 0);
therefore the chord AB passes through a fixed point on the axis pro-
duced, distant 24 from tke vertex.

Example (11.). 1o find the pownts of the parabola y* = 4z, the normals
at which pass through the pownt (35, —3).

Here @ = 1, and we have 2 = u2, ¥ = 2u.

The normal at any point w18 uz+y = 2u+pud.

Hence, if it passes through (4%, —2), wo have the cubic for u, viz.

wWtu=2)—y =0, e pd—pui+4=0.
This being of the third degree, wo cannot solve it directly; but one
solution clearly is u = 1. Hence the others are given by
wp—3=0,

t.e. they are §, —2 Consequently the three points are
p=lz=Ly=2 pu=}or=Ly=1; p=—} =3 y=-3.

The reader should draw a figure so as to actually see three con-
current normals.

Exercises.

12. The equations of the normals at the ends of the latus rectum
of y?=4r aro 2+y =3 and z—y = 3, respectively. Ry

13. If the normal at u meet the axis in @, find the length A@, and
hence show that the subnormal NG is constant and equal to
the semi-latus rectum.

14. Show that the normal at the point 4 meets the curve again in
the point for which the value of the parameter is — (u2+2)/u.
Write down the coordinates of this point. Draw the figure
for u=1.

15. Find the points on the parabola y2 = 4ax the normals at which
pass through the point (9, —6), and draw a figure.

16. If the normals at P, §, R meet in a point, the sum of the
ordinate of P, @, R is zero.
Hence, 1f the normals at @ and R meet in the normal at a fixed
o Doint P, show that QR i3 parallel to a fixed straight line.

17. From the point x4, on the parabola y2 = 4az, two normals can
be drawn besides the normal at this point, and the paramoters of their
feet are given by W +2 = 0.

[Pub 2 = au;?, y=2au; in cubic for x and note that w =, 18 a root.]
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211. Application to the ellipse.—Eccentric angle.

We have seen that the coordinates of any point of the
ellipse a*/a’4 y*/0* =1 can be expressed in the form

= acosb, y=>bsinb.

The geometiical meaning of 0 is very simple. Suppose,
in fact, that P is the point on the ellipse, corresponding
to a definite value 8 of the angle. Draw PN perpendicular
to ACA’ and produce NP
to P’ such that

PN:PN=a:b;
then the coordinates of P’
are x = acosh,

-’/Z’g’ xbsinf = asinb. |

Thus P' always lies on a
circle called the auxtliary
cirele, its equation being B/

o +y =,

so that the major axis is —
a diameter. Fig. 74.
Further, since
CP =a and OCN = acosb,
6 is the angle NCP'.

Hence, if we describe a circle on the major axis as diameter,
and produce the ordinate of P to meet this circle in P, then
the angle P'GA s called the eccentric angle of the point P,
and the coordinates of P are acos @, bsinb, where 0 ¢s the
eccentric angle. ’

Corresponding points.—DEriNiTION.—P' is called the
point corresponding to P on the auxiliary circle. P and
P’ are sometimes called corresponding points.

Cor. If the coordinates of a point on the ellipse be "y,
the coordinates of the corresponding point on the auxiliary

. a
circle are N
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The method of measuring the eccentric angle must be
carefully noticed. 1f P be a point on the ellipse and P’
the corresponding point on the auxihary circle, then the
eccentric angle of P is the angle ACP' between the positive
direction of the major axis and the radius CP' of the
auxiliary circle.

212. To show that the area of an ellipse whose
semi-axes are « and b is wab.

Suppose the major axis divided into a very large
number of equal parts. Let NN’ be one of these parts,
and draw ordinates P'PN, Q'QN'
to meet the ellipse in P, ), and

the auxiliary circle in P, (. *\R,P Q
Complete the rectangles NN'QR n
and NV'Q'R', and follow out the

same process with respect to -B-\ﬂ Q|
every portion of A4’ R

Since
QN : QN =1 : q,
. rect NN'QR : vect NN'QR
=0b:a. NN

Fig. 75.

>

Similarly, all other such
rectangles are in the same ratio. Thus the sum of the
rectangles terminated by the ellipse bears to the sum of
those terminated by the cirvcle the ratio b : a.

But, when the number of parts is made indefinitcly
large, the sum of the rectangles of the type NN'QR
becomes the area of the upper half of the ellipse, and the
sum of those of the type NV'Q'R’ becomes the area of
the upper half of the circle. Hence

area of ellipse : area of circle = b : a.

® But the area of the circle is ma.

Hence the area of the ellipse = wa?. b
a

=wab ... 7).
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Example.—To find the area of the ellipse A2+ 2Hury+ By? =1,
We need to find the product of the semi-axes.
Now the semi-axes @, b are given by the equation in »
1 1 1 1
(A- 7—2) <B- ﬁ) - or L- L(A+B)+AB-H?=0.

1
Thus ap = AB-H*,  (Tut. Alg 1L, §156)
80 the area = m@b = ———b e,
v AB-H?

[The expression under the radical is positive, since 4B—H?> 0
for an ellipse. )

Exercises.

18. Find the coordinates of the points of intersection of the normals
to the parabola y? = 4ax at the points u, 4 in the form

@ =2a+a(pl+up’+p1%), Y= —aup (u+ ).
19. If the point u approach, and ultimately coincide with, the point
W', show that the point of intersection of the normals is

z = 2a+3ap?, y =—3au’
This, the point of intersection of two consecutive normals, is
called the centre of curvature at the point .

20. The area enclosed by any two ordinates and the ellipse is to the
area enclosed by the same two ordinates and the auxiliary circle as 4 a.

21. If P, @, R be three points on the ellipse and P/, ¢, R the
correspondmg points on the auxiliary circle, then

APQR : APQR =b:a.
213. Equation of the chord of an ellipse joining
two points whose eccentric angles are a and .
The coordinates of the points are
(acosa, bsina), (acosf3, bsmp).
Therefore the equation of the line joining the points is
@—acosa _ a(cosa—cosf)
y—bsina b (sina—sinf)
or bz (sina—sin @) —ay (cos a—cos 3)
—ab (sina cos B—cos « sin ) = 0,
= 2/‘ atp +ay.2sin 28 ﬁ '2:§

os———
—ab sin (a-—[’) =0;
and hence, on dividing across by 2 sin 0—‘—;—6 , we find

or bx.2sin
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b cos +’7 +ay sin ;B —ab cos Tzﬁ 0
a+ﬁ Y gin 2B — o=
or ;cos + T = C08 a P (8)_
Cor. The equation of the tangent at the point a is
?'[ cos a- lj_ gina=1............. (9).

This is obtained hy makm a =0 in the equation of
the chord joining the points «, 3, which then becomes the
tangent at the point a.

214. The equation of the chord joining the points
whose eccentric angles are a+ 8, a — 8 is

—cos ;(@e+Bt+a—p)+ - ——sm (a+/7+a—[)')

= cos 1 (a+B—a+R8),
or ——(a;'-cosa+—3b/—sina=cos,3,
a very simple form.

Again, if 8 be constant in this equation, the chord is
the tangent at the point « on the ellipse, whose axes are
a cos B3, bcos B, so that chords joining two points whose
eccentric angles differ by a constant quantity always
touch an ellipse.

Cor.—If the points % (a+8), 3 (a—pB) be the ends of
a focal chord, the equation of the chord is satisfied by
& = 4ae, y =0, and we have cosf = % e cos a.

215. The product of the perpendiculars from the focna
on the tangent to an ellipse is equal to the square of the
minor axis.

The foci are (ae, 0), (—ae, 0), the perpendwulars from them ou the
tangent at the pomnt a or zcosa/«¢+ysina/b =1 are

ae cos a 1 _@ecosa 1
a a

e e a0d S S
cos%a N sin’a cos’a , sn sin’a

o] e a2 IE0

The product is
1—c2cos’a  op0 _ 1-¢cos?a a2
b3 cos?a + a?sin?a w?(1—¢2) cos?a +a?sinla

= _1-fcosla g9 4o
a? (1—¢2cos?a)
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216. If CP, CD be a pair of conjugate semi-
diameters of an ellipse, both above or both below
the axis of x, then the eccentric angles of P and
D differ by a right angle.

If a, 3 are the eccentric angles of P and D, then the
equations of CP, CD are

y=a bsma and _/—.zbme
@ cos a acosf3’
But, if the lines y = maz and y = m/z are conjugate
diameters, mm' = —b*/a’. (Ex. 6, p. 175)
2
Hence b’ sinasinfB _ __1)_‘;;
@’ cos a cos B o’

cosacosB+sinasinB =0 or cos(a-fB)=

Therefore a—f3 is one right angle or three right angles.
Sice CP and CD ave both above or both below the axis
of a, the difference of three right angles is inadmissible.

Cox. If the conjugate diameters be CP, CD, then, if P

be a, D may be taken to be a+ %

21%7. The sum of the squares of two conjugate
semi-diameters of an ellipse is constant, and the
parallelogram constructed on them as adjacent
sides is also constant in area.

By § 216, Cor., the coordinates of P and D are

. ™ . mw
acosa, bsina and «cos <u+—2 ), b sin (a + 5 )’

or acosa, bsina and —asina, bcosa.
Hence
CP = a?cos’a+b*sin*«, CD* = a’sin’a+b?cos’a;
leading at once to CP?*+ CD* = a’+ b
Again, the parallelogram = 2A CPD
=2.3 {acosabcosa—bsina(—asina)}
= ab (cos’a+sin’a) = ab. (Pt. 1., § 4, Cor.)
Thus both results are proved.
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Exercises.

22. Show that the eccentric angles corresponding to the equal
conjugate diameters are 45° and 135°.

23. In the ellipse 22/a?+y?/b =1 find the cquation of the chord
joining the points whose eccentiic angles are 30° and 120°; also of
that jomning the points whose eccentiic angles are 30° and 60°.

24. Show that the line joining the extremities of two conjugate
diameters of a°/a?+ y?/b% = 1 touches 2%a’+y?/8? = 2.

25. Find the coordinates of the points of intersection of the tangents

at a, 8 in the form
z=acos}(a+B)/cos}(a—AB), ¥ =>~sin} (a+B)/cos} (a—B).

If (a+B) bo constant, show that the locus of (z, ) is a straight line
through the centre, and, 1f (a—pB) be constant, the locus is an ellipse
whose equation 18 2%/a?+ y?/b* = sec?4y where a—B8 = v.

36. If the eccentric angle of P be 8, show that, with the usual notation,

CD? = a?(1—e?cos?d), 8P =a(l—ecosf), 8P =a(l+ecosd),
and deduce that 8P.8'P = CD2.

27 The portion of a latus rectum intercepted between the auxiliary
arcle and the ellipse is equal to the minor axis.

28. The perpendicular » on a tangent to an ellipse makes an angle
with the major axis If P be the point whose eccentric angle is a,
show that CP = p.

{Remember that p? =a%cos?a+bd?sinal

29. Deduce the equation of the chord joining the points a, 8 from

- —- _ _ 2 2
the form (=) (2 —2y) x’ly ) + (:I/——]L‘)bg'l— ) - 1:-5 %é - 1.

30. P and  are two points on an ellipse, and p, g the corresponding
points on the auxihary circle. If the equation of PQ be lr+my =1,
show that the equation of pq is

Lv+m%y= 1.

[Find the equations of both in terms of the eccentric angles of P and Q.]
Hence show that PQ, pq meet on the major axis of the ellipse.
31. Prove that the tangent at any point of an ellipse and

the tangent at the corresponding point of the auxiliary
circle meet on the major axis.
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218. To find the equation to the normal at any
point of an ellipse.

The normal at the point 6 is perpendicular to the
tangent at that point and passes through the point.
But the equation of the tangent is

L cosd + Lsing=1;
a b

therefore the normal is
a

cos 0

_ b .
(x—acos b)) = p (y—"b sin 6)

or ar _ by

cosfd sind

which can also be deduced at once from the equation of
the normal previously given.

=a'=-0' .. ....(10),

219. Four normals can be drawn from any point to an
ellipse.

If the normal at the point @ passes through a given point (z,, v,), we

have any _ by a?— b2,
cosd sné

This is an equation for 6, from which we can determine all the
points on ihe conic the normals at which pass through (2, #,).
Now, to solve an equation containing both cosé and sin@ the

common device is to put tan % =t,
e,
80 that cosf = ] t‘ gin @ = 2¢ ,
1+ 1L+

and hence, putting in these values, we find an equation for ¢.
In our case we get
an(1+3)  by(l+1e2) _ (a?— 1)
1—¢2 2t
or ar) 2t (1 +62) = by, (1 —24) = (a2—02) 2¢(1—¢%).

That is, 4.0y, + 268 (az, + a2—1?) + 2t (az)—a? + b2) — by, = 0. (B)

This equation, being of the fourth degree, has four roots ; each root
gives a value of cos  and sin 6, and hence we see that through any
point four normals can be drawn to an ellipse.

Cautian.—Equation () can have imaginary roots. From the
theory of equations it is known that it has either 4 or 2 real roots,
and hence to these three cases correspond 4 or 2 real normals, the
others being imaginary.
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220. From the last article the reader will have seen the advantage
of putting ¢ =tan}6 in discussing some problems connected with
the eccentric angle. With this value of ¢ we have

1—-22 .
x=acos0=al-+t2, y=>bsind=15%

2
1+
80 that we have represented the coordinates of any point of the curve
rationally in terms of one parameter ¢. This is the secret of the simpli-
fication obtained by introducing ¢, for rational functions are the ones
whose properties are best known. The same remarks apply to the
hyperbola.

’

221. Application to the hyperbola.—In the hyperbola
2’/a’— /b =1, the coordinates of any point can be
expressed in terms of one parameter 6, thus:

x=asech, y=>btanb. (§ 202)

The geometrical meaning
of 6.—Let P be the point e
whose coordinates are
asecl, btanf. Draw the
ordinate PN, and from N
draw a tangent NT to
the auxiliary circle, and
join GT. Then

sec TCN = CN/CT

= xz/a = secl.

Therefore the angle TCN
is equal to the parametric
angle 6 of the point P.

Fig. 76.

Properties of compugate diameters of a  hyperbola.—Some of these
properties can, by the awd of
the angle 6, be obtained more
easily than in the method in-
dicated in § 167,

If CP be a diameter and CD
its conjugate, we have
€oordinates of P are

asecO, btano;
and the
coordinates of D arc
atan@, bseco. Fig. 17,
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(i) .'. CP?*—(CD? = (a2 sec?0 + 2 tan29) — (a® tan26 + 4% sec?)
= (a%—?) (sec?6—tan2)
(ii.) If parallclogram CPKD be completed,
area of CPKD = 2ACPD
= ab (sec’0 —tan?6)  (Pt.1.,§4,Cor.)
= ab
(ni.) The tangents PK, DK are, respectively,
28ecd ytand _ 1

a b !
gztamq_g/sec_:_e: 1
a b ’

Their point of intersection K satisfies the equation
vsecd ytang _ 2 tan @ _ysech
Ta b b
x
@
Therefore K lies on the asymptote.

or = —%, which 18 the asymptote.

222. Normals from any point to a hyperbola.
(i.) In a manner similar to § 218, 1t can be shown that
the normal at the point 0 of a hyperbola is
_sie%a t:.z{)'__: 40t . .. . (11).
(ii.) Thus the points the normals at which pass
through (), %,) are given by

ax, by

= >+
secf " tand " +
To solve this equation, put
tan 30 = ¢;
2 -
then secf = ii{ti’ tan § = 1%,

and the equation becomes
by, t* 428 { @+ V2 +ax,} +2¢ {a*+ VP~ ax,} — by, = 0.
From this equation we see that, just as with the ellipse,
four normals can be drawn from any point to a hyperbola.
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223. We have seen how, in the case of conics, the coordinates of any
point on the curve can be expressed as functions of one variable called
the parameter. Conversely, when the coordinates of a point are
expressed in terms of one unknown quantity, the point lies on a curve
whose equation is found by eliminating this parameter.

Example —If
v=Acos§+Bsn8+C, y= A cos0+DB snb+0C,
show that (x, y) hes on a fixed cone.
Here we have to eliminate 6 between
Acosf+Bsinf+C—2xr =0 and A cosfi B sing+C'—y=0.

Regarding cos@ and sin@ temporarily as two distinct unknown
quantities, and solving, we get

. comg sin 0 - 1
{B(U-y)-B (C-2)} {d'(C=r)—dA(C'—p)} AB'—A'B’
and henco, since cos?f+8n?0 = 1,
{B(C'—y) =B (C—=0) }2+ {4 (C—2)— A (C'—)}? = (AB'— A'B),
an equation of the second degree, so that the locus is a conic.
The terms of the second degree are

(By—B'x)?+ (Ay— A'2)?,
and the factors of this are imaginary, or «b>/22 in the standard
notation; therefore the curve is an ellipse.

Exercises.

32. Find the coordinates of the point of intersection of the normals
at the points whose eccentric angles are 6, ¢ on the ellipse
#%/a? + y*[b? = 1 in the form

«?—02 cos} (8 +¢) "2—b2s' . 8ind(0+¢)
=27 s e =-—-""Csing T2 0T0)
n cosecosd:cos%(o_q’), Y 5 sin sm¢cos%(e_¢)

33. If the point ¢ approach and ultimately coincide with 6, show

that the point of intersection of the normals becomes

a?—)? a?-p?
T = ———co830, y=—
@ b

sin’g.

This, the point of intersection of two consecutive normals at 6, is
called the centre of curvature at that point.

34. Where are the feet of the four normals drawn to an ellipse from
d§ts centre ?

35. Show that, from a point (¢, 0) on the major axis of an ellipse,
two normals (besides the two directions of the major axis) can be
drawn; and find the equation for tan }6 in the form

& (ak +a2—0%) + (af—a3+ 4% = 0.
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36. Show that the line PD in Fig. 77 has a direction independent
of the position of P.

37. From a poin}: (0, ») on the minor axis of an ellipse, two normals
can be drawn besides the two directions of the minor axis. Show
that the equation for # has two roots = 1 corresponding to the ends of
the minor axis, and that the remaining roots are given by

by (2+1)+2(a2—82) ¢ = 0.
Thus show that the two remaining normals are only real provided »
is numerically less than (42—02)/b.

Illustrative Examples.

(i.) The orthocentre of the triangle formed by three
tangents to a parabola is on the directrix.

Take the parabola to be y? = 4ax, and suppose the triangle PQR
formed by the tangents at u;, uz,u3. We have to form the equations of
the perpendiculars from P, @, R on the opposite sides

Now R is the point of intersection of the tangents at u; and p,, and
its coordinates are therefore

apypg, @ (uy + uy). (Ex 5, p. 225)
(o}

Fig. 78.

The perpendicular through it to PQ or 2 —pu,y + au;® = 0 is therefore
p3(@—ap ) + (¥ — @y +pg) = 0.
This meets the directrix where # = —a, and hence
Y= a(u+p)—ps(—a—amps) or y=a{m+pug+ps+mpous}
But this is symmetrical in uy, ug, p3-
Therefore the other perpendiculars meet the directrix in the same
point.
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s 2+1 _ o t+l
WY ey T e

show that (2, y) lies on a hyperbola, and find the asymptotes.

Bxmultiplying up, we gef, two quadraties-for_£,and therefore, on
elimination in the usual way, we find an equation of the second degree
in z and y.

To find the asymptotes, we might proceed from the equation found,
but the following is more instructive.

For a point at infinity, 2 and y are infinite, hence ¢ = 1 or ¢ = 2;
these values give the points at infinity on the curve.

Now, if 2z +my +1 = 0 be an asymptote, it meets the curve in two
points at infinity.

Putting in for # and y their values in terms of ¢, we have
LE+1)+m(t+1)+(¢—1)) (¢=2) =0,

giving the two values of ¢ for the points of intersection. If, then,

lx+my+1 =0 be an asymptote, the roots of this quadratic must be
e‘ther 1,1 or 2, 2

The quadratic is
24+ 1)+t (m=3)+l+m+2 =0;
if it be the same as ¢2—2¢+1 = 0, which has roots 1, 1, we have
+1 _m—=3 _l+m+2

1 -2 1’
from which we find / = 1, m = —1, so that one asymptote is
z—y+1=0.
The other is given by
41 _m=3 _l+m+2
1 -4 A

leading to 7 = —§, m = $, so that the second asymptote is
—32+5y+1 =0 or 32-5y—7=0.

(iii ) To find the equation of the circumewrcle of the trangle formed by

the tangents to a parabola at py, pg, ug, and to show that this curcle passes
through the focus.

The equations of the tangents are
T—y+apw® =0, T—pay+au? = 0, £—pyy +upg® =
Consider the equation
A (@— 9 +aus?) (@ —psy + augd) + Ay (@—pgy + apg?) (B —my + ap?)
+dy (@ -y +om’®) (x—pay + aug?) = 0,
in which the 4’s are numerical factors. Since it is of the second
degree, it represents a conic, and it is easy to see that each term of the
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sum vanishes for the point of intersection of two of the tangents
Therefore for all values of the 4’s it represents a conic circumscribing
the triangle. We have only put down the conditions for a circle,
viz., the coefficients of 22 and %2 are equal, and that of zy is zero.
Thus we get
Ay (V= pgug) + Ay (L= pgp) + Ay (1 — ) = 0,
Ay (ug +pg) + Ay (ua+ p) + A3 ( + pg) =0,

two equations to solve for the ratios of the 4's. On solving in the
usual way, we find

Ay Ay Ay = (pe—p) (L m?) ¢ (=) (1+p5%) ¢ (1= pg) (14 p1g?),
and the equation of the circle can be written down at once. The
reader should see that the factors (u,—ug), (uz—py), (w1 —pug) divide
across, and that the equation reduces to

24y —az (L + popy + paphy + gy bg) — @Y (w1 + pig + 3 — py p g)
+a? (uypg + pypy + gy ) = 0.
It follows at once that the circle passes through the point (a, 0),
s.e., the focus of the parabola.

MISCELLANEOUS EXERCISES ON CHAP. XVI

38. Find the parameters of the points of intersection of the curve
y? = 4axr with the straight line y =wmz+e¢. Deduce the condition
of tangency.

39. If a chord meets the axis of a parabola in a fixed point, the
product of the ordinates at its extremities is constant.

40. The sum of the ordinates of the extremities of each chord of a
system of parallel chords is the same for all.

41. If the tangents drawn from a point (z,, y,) to the curve y? = 4ax
make angles 0, &&with the axis, then show that
Otang = %, tan@+tang = 4.
Aan 6 tan ¢ Py an an ¢ Py
42. From Ex. 41 deduce that the locus of the intersection of
tangents to a parabola meeting at a constant angle a is a conic.
[0-¢ =al]
43. Deduce the equation of the chord of an ellipse joining two

points whose eccentric angles are « and B, by substituting in the
chord equation v

(@=2) (@ ~29) [ @ + (y=1) (y—49) | & = &%[a®+ y7[L3~ 1.

44, Prove that the product of the perpendicular distances of the
focus from any two parallel tengents to an ellipse is constant,
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45. OT is the central perpendicular on the tangent to an ellipse
av the point whose eccentric angle is 6, and CP is the central radius
which 1s inclined to the axis major at an angle 8. Prove that CT=CP.

46. If the tangents to an ellipse at the points whose eccentric
angles are ¢ and 8 meet in the point (+’, '), prove that

tan'} (a—B) = 2'2/a? + y2[b1 1.

47. The normal at the point whose eccentric angle i8 ¢ makes an
angle y with the major axis. Prove that atan¢ = btany.

48. The normal at a point (a cos ¢, b sin ¢) on an ellipse makes an
angle 6 with the central radius vector of the point. Prove that

2ebtan 0 = («’—42%) sin 2¢.

49 The coordinates of any point on a certain curve are expressed
in terms of a single variable ¢, as follows:—

z=1+t+1?, y=1—t+2,
Determine the nature of the curve, and trace it.

50. The length of the chord joining the points whose eccentric
‘angles ate a+B, a—pB 18 DD'sinB, where DD’ is the parallel
diameter.

51. 1f p be the point on the auxiliary circle corresponding to a

point P of the cllipse 2%/a*+ y?/4% = 1, prove that the normals at P
and p meet on a fixed circle.

52 Prove that, whatever value § may have, the locus of a point
whose coordinates can be expressed in the form
Cafmet 2
e 4e0’ @46
is an ellipse.
53. In the ellipse 22/a2+y?/0? = 1 express the condition that the
tangents at 0, ¢ should be at right angles. If ¢, = tan 36, ¢, = tan }¢,
show that the condition 18 2(1—¢,2) (1 —¢5°) + 4a®,ty = 0.

54. If the tungents to an ellipse at the points a, 8 meet in (}, %)),
show that 2 = ac_()s_ﬂa_f_ﬁ_) Y= bSlnht(gilB’) .

’

cos } (a—A) co8} (a—B) ’
also show that in the same case {an a, tan 38 are the roots of the
equation in ¢ zﬁ(l+ﬂ>—~2tl‘+l—"—”‘-=0-
« b a

55. By using 53 and 54 show that, if the tangents drawn from (z;,4,)
to the ellipse are at right angles, then 2,7+ ¥ == a?- 0%, or (7, y,) lies
on the director circle.

86. If P, Q are two points on the ellipse whose eccentric angles are
@1, @3, prove that the tangents at P and @ will intersect on the
auxilary circle, provided

a3 cos’d ﬂ%ﬁ? = a3 cos? ﬁ;;gz + 43sin? 2%.4)2,

GEOM. PT. 1L R
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57. Prove also that in this case (Ex. 56), it P and @’ be points on
the auxiliary circle corresponding to P and @, the chord P'Q" will
touch the ellipse in the point corresponding to the point of intersection
of the tangents at P and (.

58. If the length of the portion of the tangent to an ellipse inter-
cepted between its axes be eqnal to the sum of its semi-axes, prove
that the length of the perpeniicular on the tangent from the centre 18
& mean proportional to the semi-azes.

59. If the coordinates of any point on a curve are given by the
equations # =wtan(6+a), y = btan(6+8), where 6 is varialle,
prove that the curve 1s a hyperbola, and find the position of its
asymptotes.

60. Show that the focal radius to the point of intersection of two

tangents to a parabola is perpendicular to the line joining the focus
and the point 1n which the corresponding chord meets the directrix.

61. A and B are two pcints on the conic 2%/u? + »?/b2 = 1 such that
three times the eccentric angle of the one is equal to the supplement
of the other. Show that the locus of the pole of AB1s a?/22? + [y = 4.

62. Show that the equation of the chord of the ellipse 2/a% + »?/b* = 1
joining points whose eccentric angles are a+ 8, a—8 i8
2 cosafa+ysina/b = cosB.
Prove that the area of the triangle formed by this chord and
the tangents at its extremities = @b sin3g/cos B.

63. If the coordinates (z, y) of any point on a curve are given by
the equations x = ae¥+be-? y = ae®+le?,
find the equation of the curve

64. From O, the centre of an ellipse (whose semi-axes are a, §) a
line CN 18 drawn perpendicular to PN, the normal at any point P on
the ellipse, and PN is produced to 7 so that PN PT = ab. Prove
that the locus of 7 is a circle, centre C and radius a—d.

65. Concentric ellipses (the common centre being at the origin) of
equal area =¢? are drawn whose principal axes are along the axes
of coordinates (supposed rectangular). Show that the equation of
the locus of points on these ellipses at which the tangents make an
angle a with the axis of z is

2y (x—y cot a)?+ ¢t cota = 0.

66. Tangents are drawn from points on the ellipse 2%/a? + y3/b2 = 1
to the circle 2°+y2? = »2. Show that the chords of contact touch the
ellipso @223 + 6%2 = ri.

If 1/r2 = 1/a® +1/43, show that the lines joining the centre to
the points of contact with the circle are conjugate diameters of
the second ellipse.
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CHAPTER XVII.

POLAR EQUATION OF A CONIC, THE FOCUS
BEING THE POLE.

In many questions relating to conics, particularly
those concerning one focus, it 18 very convenient to use
polar coordinates with the focns as pole

In this chapter we shall obtain the equations of conics
in such a system of coordinates, and discuss some of the
easier results derivable from them.

224. To find the polar equation of a conic, the focus
being the pole and the axis through it the initial
line.

Let 8§ be the focus, 8X the perpendicular on the
directrix, and e the eccentricity We shall take the imtial
line iu the duection 8X.

If P be a point on the curve and PN, PK be drawn
perpendicular to SX and the directrix respectively, we

have SP=r and <ZPSX=4:
accordingly, we have to find a relation between these
two quantities ’ %
Now SP=¢ PK =e.N S
= e(SX—8N) P

= e (8X —8P cos ) )K

or r=-e.8X—ercosb.

» Consequently, )
r(14ecost) =e¢.8X; X A N S
= 08X C
" 1+ecost’ " {

which is the relation requiréd. Fig. 79.
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We see at once from this equation that e.8X is the
value of » when 6 = 90° (for then cos ¢ = 0), that is, e.SX
i3 equal to the semi-latus rectum (§ 62). If, as usual, we
denote this by /, the equation is

/
T l+ecost
or %: 14+ecos86. ............. . (1),

7

which is the usual form of the 1equired polar equation.

Cor. If the initial line makes an angle a with the axis
on the lower side, then, i the above,

SN = 8P cos (6 —a),
so that the equation becomes

’L'= 14ecos(f=a) .ocorvenn.. (2).

In fact, the coordinate 6 is now increased by a for each
point.

225. To deduce thé form of the curves from the
polar equation.

Being given the polar equation

% = 1+ecosb,
we can obtain a general idea of the form of the curves
with great ease.

‘We remark, in the first place, that » is infinite only when

l+ecost =0, <e. when cos = —1/e.

This gives no real value of 6 if e be less than unity, so
that the curve can only proceed to infinity when e is equal
to or greater than unity. We infer that the ellipse is a
closed curve, and the parabola has an infinite radius
vector only when cos =—1, 7.e. when 6 =180°% Thre
hyperbola has infinite radii vectores in two directions—
viz., those corresponding to the fwo supplementary values
of 6 derivable from cos 6 = —1/e. Tiese directions are
equally inclined at an angle cos™' (—1/e) to the initial line.
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We may add that these two infinite radii vectores are
the lines through the focus parallel to the asymptotes (for
they meet the curve in a point at infinity), and clearly
each makes an angle sec™'(e) with the direction of X8
produced. This is, of course, equivalent to saying that
the eccentricity is equal to the secant of half the angle
between the asymptotes.

We shall now go through the tracing of the hyperbola
in detail, Jeaving the discussion of the ellipse and
parabola, which are easier in detail but the same in
principle, as an exercise for the reader—an exercise,
however, which should by no means be omitted.

The value of » corresponding to any value of 6 is given

l
b "= T¥oond’
When 6 =0, R
l+e
Suppose 4 is the position of this point.
| / M
- A\
| \ Q

Fig. 80.

As 6 gradually increases, cos diminishes, so that
jpcreases. This continues to be the case until
. 1+ecos 6
becomes zero, when 7 is infinite. Thus we get the upper
portion of the right-hand branch AM.
As 0 increases beyond the value which makes 1+ e cosf
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vanish, 1+e cos @ becomes a very small negative quantity.
Hence r suddenly becomes a very large negative quantity.
That is, the point is now very far away on the lower
portion of the left-hand branch.

As 0 gradually increases to 180° cos6 (which is
negative) increases in numerical value so that 1+ cosé,
while it decreases in absolute value (being negative),
increases numerically, and hence 7 gradually diminishes
in numerical value until § =180°. We have now tra-
versed the lower portion NA' of the left-hand brauch.

Next, as 6 increases beyond 180° cos @ diminishes in
numerical value again and is negative, so that 1+¢ cos@
diminishes and » increases again until it becomes infinite,

_when 14ecos6=0. For this value of 6, which clearly
lies between 180° and 270°, the point is at infinity in the
upper portion of the left-hand branch A'P.

Finally, when 6 increases beyond this value to 360°.
the tracing point graduwally moves from infinity on the
lower portion Q4 of the right-hand branch back again to
A, which it reaches when 6 = 360°. The circuit is thus
complete.

Ezample.— The latus 1ectum of a conic 18 6 and 1ts cccentrrcly 4 Find
the length of the focal chord making an angle of 456° with the mayor axs.

‘We here use the polar equation.

As the semi-latus rectum is 3 and eccentricity 4, the equation is

%: 1+3 cosé.

If PSP’ be the focal chord, then the value of 6 for P is PSX = 45°,
and for P it is the re-entrant angle ASP’ = 225°.

3 1 _ 64/}
Thus op = 1+ 573 and hence 8P = Tiel
- 3 _ 1 _ 62
Similarly, g = 1=g03 0 =gy

Finally, the whole chord = SP + 8P’

g1, 1
= 6‘/2{2¢2+1 * 2~/2—1}

_ s¢2{2‘/2‘1.+ 24/2+1}

7 7
_ove,

48
4/2 = — = 68,
7 7
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226. The Semi-latus rectum is a harmonic mean
between the segments of any focal chord.

We have merely to prove that if PSP be any focal

2 1

chord, then SP SP' (T'ut. Alg.,11.,$210.)

Now suppose the value of 6 for P (ie. LASP) = a;
then that for P 1s m+a. Hence, as the polar equation 1s

lr = 1+ecosb,

‘—S,%—) = 1l+4ecosa, p
Sp,—l+eco<3(7r+u)_1—ecoqa, X—2 %
and, adding these two equations
we have at once
l l P’
IR S .
SP + SP Fig. 81.
2 _1 1

or T = 8P+ W ................... (3)-

Exercises.

1 The equation 1/r= A+ Bcosd denotes a conic for which
I1=1/4, ¢ = B/A.

2. Show that the polar equation of a parabola may be written in
the form 1% cos }6 = a!, where 4« is the latus rectum.

3. Show that the equation 1/r = A+ Bcos6+Csmné may be
always 1educed to the form I/r = 1+ecos(f—a), and hence that it
always denotes a conic.

4. Prove that the equations //r = 1+ccosg and I/r =ecosf—1
represent the same curve.
. . The latus rectum of a conic is 5 and its eccentricity 3. Find
the length of the focal chord making an angle 60° with the major axis.
6. Trace the curves
3/rr=144c0o80, 2/r =1+co88, 3/r =1+2co80, 1/r = 2+3cosd.

7. If PSP’ be a focal chord of & conic making an angle § with the
1 1 _ 2ecos8
—_ d ——
axis, show that SP SP’ l an 3 8P =1

8. With the notation of the last question, show that
PP’ = 2i[(1—¢¥cos? ).
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227. To find the equation of the chord joining the
two points whose vectorial angles are (a+8), (a~p)

on the curve llr = 14ecosb.
[By the vectorial angle is meant the polar coordinate 6
of a point, viz, £ ASP.]
Let r,, r, be the corresponding radii vectores. Then
{ry=14ecos(a+f3), I/r,=1+ecos(a—p3) ... (a).
Now the polar equation of the line joining
. (r, a+5), (ry a—/?')
is
77y 8in (a+ B—a—pP)—ryr sin (0—a—p) + 77, sin(6— a+ P)
=0. (PartI.,§10,G)
Multiplying by I/rr,7, and substituting from (), we get
;l: sin 28— (1 + e cos « +3) sin (§—a +f3)

+ (I +ecosa—p) sin (—a—f3) = 0.
Now

—sin (6 —a+f)+sin (0—a—B) = —2 cos (§—a) sin f3,
and e (cosa—pBsinf—a—p3—cosa+pBsind—a+p)
= ge {8in (0 —23) +sin (6§ —2a)—sin (6 + 23) —sin (6 — 2a)}
= 3¢ {8in (0—20) —sin (6 +2B)} = —e cos f sin 2.
Substituting in the equation of the straight line, we get
% sin 26 —2 cos (§—a) sin B—e cos Hsin2B3 = 0

IN

or = ecosf+sec3cos(6—a) ........... (4).

»

-

228. Alternative proof.—The preceding analysis is
perhaps just a little tedious, and it may be replaced by
shorter methods. Its advantage perhaps lies in the fact,
that it is perfectly straightforward, for we assume the
equation of the line in the most natural form, and then
solve the resulting linear equations in the ordinary way.

The form of the equation found shows that the work
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would be shortened if we started by assuming the line in

the form L= Ccos (6—a)+ 1 cos 6.*
,

Then this equation and I/r = 1+e cos§ must give the
same value of r when § = «+ B, and also when 6 = a—f.

Hence 1+e¢cos (a+8) = C cos B+ D cos (a+/3)
and 1+ ecos (a—fB) = Ccos B+D cos (a—f).

On subtraction we find at once

D =e,

and then on substitution C = sec(3 immediately.

Hence the equation is

—i— = e cos 6+ sec 8 cos (0—a).‘

229, Equation of the tangent at the point a.

If, in the equation of the chord joining a+f3 to a—pf,
we make 8 smaller and smaller, and ultimately zero, we
obtain the tangent at the point a.

Its equation is therefore found by making 3 = 0 in

- e cos 8 +sec 3 cos (0 —a),
’

z.e. it 18 P, cosfi4cos (0—a) ............ (8).
”

Caution.—When the equation of tho tangent is to be found, the
main portions of § 227 or § 228 must first be given.

230. Alternative method of finding the polar equation to
the tangent.

The following method will be found instructive.

The equation of the tangent can be easily obtained by changing into
Cartesian coordinates.

In fact the curve is

—l—=l+ec059 or » = [—ercoso.

r
Therefore, squaring, we have
a2+ y‘l = (l-- ex)’,
the equation of the conic.

* This does represent & straight line, for on multiplying up and changing into
Qartesians 1t 1s of the first degree.
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This equation may be written
22 (1l —et) +y° 4 2ex— I = 0,
and hence the equation of the tangent at (r), ¥} 18-
ax (l—e) +yy +le(x+2)==0

or 2z’ vyy = BE—le(x+2)+eax = (I—ea) (I—ex)

Now suppose the polar coordinates of (¢, ¥') are 1, a, and change
back into polars

Then the above becomes

17, (cos @ cosa +8in @ sina) = ({—er cos ) 7y,
for #, = l—ex’, since (2, ¥) 1s on the curve,
1 co8 (0 —a) = {—ercosl,
I =1{ccosf+cos(8—a)};

leading, as before, to L ¢ cost +cos (0—a)
?

231 Geometrical interpretation of the equation of
the tangent.

Sappose P is the point a, and that T is any point 7, f on
the tangent at P. Draw TM perpendicular to SP, and TN
perpendicular to the directrix.

Then, since
’ tASP =a and 2£AST =0,

TSP = a—0.

'o
T&,\ P

Fig. 82.
Now, by the equation of the tangent
71-, = ¢ cos O +cos (§—a)
or l—ercost = rcos (8—a) = 8T cos TSP = SM,
and [—ercos = ¢.8X —er cost = ¢(SX—rcos8) = e.TN,

Hence SM =eIN;
s SM:TN = 8A:AX.
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Thus the geometrical interpretation of the polar
equation of the tangent leads at once to what is known as
Adam’s property of the conic.

Exercises,

9. Show that the equation of the tangent at the point a when
transformed 1nto Cartesian coordinates 1s

z(e+cosa)+ysina = /.

10. Show that the equation of the perpendicular from 8§ on the
tangent ut the point a is

zsina—y (e+cosa) = 0.

11 Prove that the locus of the foot of the perpendicular from § on
the tangents of the conic is obtained by climinating a between the
equations of the last two examples, and hence show that the equation
of the locus is (l-ex)®+ 2y = 22 + 42

What does this equation represert ?

Illustrative Examples.
(i.) The tangents drawn from any point to a conmic
subtend equal angles at the focus. ‘

Suppose the tangents at P and Q meet in T, then we have to show
that T8 bisects the angle PSQ

Let the points P and Q have vectorial angles « and 8, then the
equations of the tangents TP, T(Q are

%:ecos(Hcos(e—a) Q

and ’l— = ¢ cos 6+ cos (06— B).

To find the coordinates of T, we
have to solve these equations for »
and 0. Subtracting, we obtain at T

once cos (9—a) = cos (§—pB).

Now the angles cannot be equal,
for then « = 8. Hence

0~a=-(0—B) or 6—a= B—¢.

o Thus

LAST— LASP= L A8SQ— L AST,
i, LTSP = (TS, A 3
which shows at once that T8 bisects
the angle PSQ. Fig 83.
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(ii.) The portion of a tangent subtended between the
point of contact and the directrix subtends a right angle
at the focus.

Suppose the tangent at P meets the directrix in T, then we have to
show that PST is a right angle.

For any point on the directrix we have
rcosd = 8X = L or i=(cos(;’, 3
e ?

fox l=1e.8X (by § 62)
Now the tangent at the point a18 T

LA €08 0+ cos (8 ~a),
-

and, where this meets the directrix,
X A S

!
— = ¢cos®.
» Fig 84.

To find the coordinates of T, we have to solve these two equation
for » and & Subtracting, we have
cos (0-~a) = 0;’:
Y ema=i T
a + R

which shows that

LPST = LPSA— £ TSA = §—a = :&:%,

and hence proves the result required.

MISCELLANEOUS EXERCISES ON CHAP XVII,

/12. Show that, if PP’ and @’ be two focal chords of a parabola at
1 1

. 1
les, th — 4 =
right angles, then ot 00 "

13. If the conic I//r = 1+ecos@ be an ellipse, and @, & its minor
axes, show that & = J/(1—¢2) and & = v/ 1=&.
>
14. Find the corresponding’results for the hyperbola.

15. Show that the polar equation of the auxiliary circle of the conic
Mr = 1+ecosf is 13(1—e2)—2lercosf+ 22 = 0.
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16. The general equation of all conics having the same focus and
directrix is 1/r = @ +p cos 8, where p is the same for all conics of the
system.

17. Find three focal radii vectores of an ellipse such that their
lengths shall be in harmonic progression while their angular coord-
inates are in arithmetical progression.

18. If, with the focus of a parabola as centre, a circle be described
passing through the vertex, the rectangle under the intercepts of any
focal chord between the circle and parabola is constant.

19. Find the polar coordinates of the point of intersection of the
tangents at the points a and 8, and hence prove that, if tangents at
P and ( to a parabola meet in T, then 872 = 8P.8¢Q.

20. Find the condition that the line whose equation is
1/r = A cos0+ Bsing
should touch the conic whose equation is //» = 1+e¢cos@.

21. Two conics have the same focus and directrix. If any tangent
to one cut the other in P and , £ PSQ is constant, and cos}PSQ = ¢/’
(¢, ¢ being the eccentricities).

22. A system of conics have the same focus and latus rectum. Prove
that the tangents at all points on a fixed line through focus cut the
latus rectum produced at the same distance from focus.

23. 8 is the common focus of two parabolas whosc vertices are at
A and A'. If A be the mid-point of the straight line §4’, and g’QSPP’
be a focal chord cutting the parabolas in the points @', @, P, F’, show
that 8¢ is bisected at , and that tangents to the parabolas at @' and
P rcspectively are at right angles, and find the locus of their inter-
section.

24. Prove that the locus of the intersections of tangents at the
extremities of perpendicular focal radii of a conic is another conic
having the same focus.
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EXAMINATION PAPER V

1 State (without proof) the chief properties of pole and polar with
respect to a conic  When are two lines said to bc compugate 2
Prove that the pole of any line parallel to an asymptote is on
that asymptote.

2 Find the equation of the polar of (+/, »’) with respect to the
hyperboia zy = ¢t

3. Find the pole of 3z—2y = 1 with respect to the conic
9r% - 8y?—16r+8y+6 —= 0.

4, Explain bow you would obtain geometrically the polar of a point
within an ellipse with respect to that ellipse

5. A puint P 1s such that the line drawn through it perpendicular
tc its polar with respect to the parabola y* = 4ax touches the parabola
#* = 4by  Show that P lies on the line 2ar + by 4 4a? = 0

6. Show that, if two tangents to a parabola make complementary
angles with the axis, their chord ot contact will cut the axisin a fixed
point.

7. Straight lines arc drawn cutting the ellipse 2%/a+ y4b¢ = | so
that the sum of the eccentric angles of the two points in which any of
the straight lines cuts the ellipse 18 constant and equat te 2¢.  DProve
that the locus of the poles of these straight lines is the straight 1ine

ay = brtan .

8. Find the equation of the normal t¢ an ellipse in terms of the
eccentric angle.
Show that four normals can be drawn to an ellipse through a
given point, and find an equation for the inchnation of the
normal to the axis.

9. Prove that the area of the ellips. 22/a¢+y*/6* = 1 is =ab.

10. Find the polar equation of a tangent to a parabola y? = 4az,
the focus being the pole, and reduce it to the form

a
r=asec= rec(6— 2 ).
9 2

Prove that the tangents at the ends of a focal chord of a para~
bola meet at right angles on the directrix.
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CHAPTER XVIIIL.

SYSTEMS OF CONICS.

232. Abbreviated notation.

In this chapter we shall explain some very important
principles connected with the equations of conics.

We shall frequently use the equation in the abbreviated
form

S=0
where S means
az® + 2hay + by + 292 + 2fy + ¢
and we may write S for the same equation in which the
coefficients have dashes, ¢.e. for
a’a*+2h'ay + by 4+ 29" + 2f y 4+ ¢,
In like manner we shall use a single letter to denote
the equation of a straight line, say
u=0,
where u is, of course, an expression of the first degree in
% and y.
Thus we write
u=le+my+n=0C
for the equation.
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233. If S=0 and S =0 be the equations of
two conics, then S4%8 = O for all constant values
of k is the equation of a conic through the points
of intersection of § and §.

For, in the first place, the equation

S+kS =0
is of the second degree since S and & are, aud therefore
it denotes a conic.

D

Fig. 85.

Next, if A be a point of intersection of S=0 and 8’ =0,
then the coordinates of 4 satisfy
S=0 and S =0.
Therefore its coordinates satisfy
S+ES =0,
d.c. the conic S+kS = 0 passes throngh 4.
Similarly, it passes through the other points of inter-
section of S =0 and 8 = 0.
Thus S+£kS" = 0 represents a conic passing through
all the points of intersection of § =0 and 8’ = 0.
The reader will notice the similarity between this reasoning anc
that in § 31.
Exercises.

1.If §=0 and & =0 be the equations of two circles, the
equation S+AS" = 0 denotes a circle through their points of inter
section.

2. If § =0 and § = 0 be both rectangular hyperbolas, show tha
every conic of the system S+AS$’ =0 is & rectangular hyperbols
Deduce that all conics through the points of intersection of twi
rectangular hyperbolas are rectangular hyperbolas.
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234. Two conics intersect in four points, real or
imaginary.

We did not make any assumption in the preceding
article as to the number of points in which two curves of
the second degree intersect. We shall now show that
“ two curves of the second degree intersect in four points,
real or imaginary.”

Suppose, in fact, that their equations are

az? +2hay + by’ + 292+ 2fy +¢ = 0,
a'w? + 2wy + by + 29’z +2fy + ' = 0;
then, to find their points of intersection, we have to solve
these equations for  and y. To do this we arrange them
both as quadratics 1n «, then eliminate 2 and obtain an
equation for y, which is of the fourth degree and therefore
has four roots, real or imaginary.
Thus we have

#.a +22 (hy +g) + by + 2fy+c =0} )
ata +2(Wy+g) +by +2fy+c =0y 7
Eliminating in the usual way, we have
{a.2(Ky+g)—a.2(hy+g)}
{2y +9) Oy +2y+c)—2 (Wy+g) (by’+2fy+0) }
= {a Oy +2fy+)—d (by'+2fy+0)}*,
and this is clearly of the fourth degree in y. Hence there
ave four roots, say yy, Yy ¥, ¥y (Tut. Alg., I1.,§371). Since
we can eliminate 2* from equation (a), and obtain a lnear
equation for 2 in terms of y, it is clear that to each value
of y there is only one value of z.
Thus, if «,, @,, @5, @, be the four corresponding values of
x, we see that there are four points of intersection, viz.,
(@5 91), (2 93), (25 Ys)s (@ ¥o)-

Nore.—Of course, some of these four points may be imaginary.
® is easy to see (Tut. Alg., § 378) that they become imaginary in
pairs.

Exercise.

3: Without using the above analysis, prove the truth of the above
proposition when one of the conics is & pair of straight lines.

GEOM. PT. II. 8
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235. Any conic passing through the four points
of intersection of two given conics may be made
to satisfy one, and only one, other condition.

If S=0 and & =0 be the equations of two conics,
the equation S++S = 0 denotes a conic through their
points of intersection. Since this equation contains the
arbitrary constant k, we can make the conic satisfy one
further condition, the value of  being then determined.

236. Case in which §' =0 is a pair of straight
lines.

If § = 0 break up into two factors, say u.v = 0, then
it denotes two straight lines. Kach of these lines meets
8§ =0 in two powmnts, say A, B and €, D, and then the
equation S+kuw =0

w
v

Fig. 86a. Fig. 863.
denotes a conic passing through the four points 4, B8, €, D.

Suppose, now, that 0 remains fixed, and the line v turns
round so that € approaches and ultimately coincides with
A; then the conic S+kuv=0 meets S=0 in two
coincident points at 4, ¢.e. touches it. ~/

Hence, if the straight lines « = 0 and v = 0 meet on
the conic S =0, then the conic S+kuv = 0 touches.
8 =0 in the point of intersection of » = 0 and v = 0.

Example (i.). Fnd the equation of a come through the ponts of wnter-s
sectwn of the comes 22+xy+y?+3y =0 and 2zy+3y+4 =0, and
also through the pownt (1, 1).

"The equation of any conic passing through the points of intersection.
of the given conics is of the form

Bray+y2+3y+k(22y+3y+4) =0,
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If it passes through the point (1, 1), we must have
6+9% =0 or k=-3%.
Thus the required equation is
(P +ay+y?+3y)—2(22y+3y+4) =0

or 322—2y+3y2+3y—8 = 0.

Example (ii.). Fnd the equation of a conie through the povnts where the
axes mect the conic 312+ 4y +y2 —y + 2=0, and through the pont (—1,1).

The equation is of the form

(822 +day + y2—y +2) + hry = 0,

where 4 has to be determined by the condition that the required conic
passes through (-1, 1).

Hence 1-k=0 or k=1,

Thus the equation i8 322+ 62y + y2—y+2 = 0.

Exercises.

4. Find the equation of a conic through the points of intersection
of 323442 =4 and zy = 5, and through the pont (-1, 2).

*5. Find the equation of a conic through the points of intersection
of 8§ = ax?+ 2hxy + by?+ 29x + 2fy +¢ = 0,
and S = a4+ 2k xy + V2 + 29’2+ 2f 'y + ¢ = 0,
and through the origin.

6. Find the equation of a conic through the points of intersection -
of 2rzy+y? =3 and 222+ay—y?+3z =0

and having an asymptote parallel to the axis of .
[The termns of the second degree must contain y as a factor (see § 110).]

7. Show that two parabolas can be drawn through the four points
of intersection of two conics.

[Here the terms of the second degree must be a perfect square 1 the
resulting cquation. ]

237. Interpretation of u v
S+4ku® = 0. A
Next suppose C and D
both move round the conic
so that C approaches A and
ultimately coincides with it,
evhile D approaches B and
ultimately coincides with it.
Then the conic S+ kuv =0
meets § =0 in two ultimately Fig. 86c.
coincident points ab A, and in two ultimately coincident
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points at B. Also under these circumstances v =0 is
identically the same as « == 0, and we thus sec that

The conic S+4%u’= 0 touches the conic S=0 in
the two points in which it is met by the straight
line = 0.

Conics which touch in two points in this manner are
said to have double contact.

238. Conics touching the axes of coordinates.

The general equation of a conic touching the conic § = 0 where it
is met by thelineuw =01is S+Au? =

Now let § = 0 represent the axes, whose equation is 2y = 0.

Then we see that the general equation of a conic touching the axes
when they are met by the line lz+my—1 =0 is

Y+ A(le+my—1)2=0,
or a8 we may write it, putting 1/A = 2y,
(Le+my—=1)242pey =0 ....covven v unns (1).

239. Parabola touching the axes of coordinates.

The equation of a conic touching the axes of coordinates 1s of the
form (lz +my—1)2+ 2ury = 0

For this to be a parabola the terms of the second degree must form
a perfect square. .

These terms are a2, P2+ 2y (I + p) + y2. m?,
So that 2m2 = (Im+u)2 or u= —2im.

[The root u = 0 is inadmissible, as it leads merely to two coincident
straight lines lr+my = 1]

Thus, since there 18 only one value of u, there is only one parabola
touching the axes in the two points, and its equation is

(lo+my—=1)2~4lnzy=0 or (lx—my)i—2z~2my—1=0,

Thia equation can be put into a remark-
able form.

In fact, since

(lz+my—1)2 = 4bnzy,

wo have I+ my—1 = 42/ Imay,
i.e. Iz 4+ my+2y/ Imay = 1.

Hence, equating the square roots of the
two sides, we get

/lw+\/nty =1.... . (),

where either sign may be taken with each
square root.

Nore.—The parabola touches the axes
where the line 72+ my—1 = 0 meets them.
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240. To find the equation of the tangents drawn
from the point 7 (&, 3") to the conic
ax’+2hxy+ by’ +2gx+2fy+c=0.
1f P, 0 be the points of contact, then the tangents
TP, TQ form a conic having double contact with the given
one at P and Q. But, PQ being the polar of T, its equation
is  z(ax+hy'+g)+y () +by' +f)+ g2’ +fy' +¢=0.
Hence, by § 237, the required equation of the tangents
is of the form
ax’+ 2hay + biy* + 290+ 2fy + ¢
+A {o (a0 +hy' +9) +y (ha' +by +f) +g2'+fy +¢}* = 0.
The value of A is determined by the consideration that
if this equation represents the tangents from T which
both pass through T it must be satisfied by «, v/, the
coordmates of T.
a4+ 2haly’ + byt + 292 +2fy + ¢
+ A {ax+ 2ha'y + by + 292’ +2fy' +c}* = 0.
Thus N=——, - -0 1
a2 + 202"y’ + by? + 292’ + 2fy' +¢
and the required equation is
(ax® + 2hay + byt 4 290 + 2fy +-¢)
(av*+2hay' + by + 292 + 2fy’ +¢)
= {axa'+ 1 (ey' +2'y) +byy' +g (@ +a) +f (y+y) +ef’
as we have already found (§ 138).

Exercises.

8. Write down the equation of the tangents from the point (1, 1) to
the comic 22 +xy+y? = 5.

Find from first principles by the methods of § 240 the equation
of the tangents from the pomnt (2/, y’) to the following conics,
and verify that the results agree with {hose obtained by taking
particular cases of the general result.

9. 22+ Y2+ 292+ 2fy +¢ = 0. 10. y2—4az = 0.
22 g2 22 2
s 1=, R.Z L _1=0
1 a® + b2 a? b2

13. Write down the conditions that the tangents in Exx. 9-12 are
at right angles, and hence deduce the equations of the director circles.
What does the director circle become in the case of the parabola ?
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14. Find the equation of a conic passing through the point (—1, 1)
and having double contact with 322--a2y+2y2+2+y+1 = 0 where
1t meets the axis of «.

156. Find the equation of a conic passing thiough the origin and
through the points in which the straight lmes 2 +y + 1= 0, -3y + 2=0
meet the conic 222+ 3y* = 6.

16. Show that only one parabola can be drawn touching a given
conic in two given points.
[Take lz+my+n =0 as the line joining the two points and find %, so that
the resulting conic may be a parabola ]
17. Show that only one rectangular hyperbola can be drawn
touching a given conic in two given points.

18. Show that the equation of a parabola touching the
axes in points 4, B, distant @, » from the origin may he

reduced to the form :k:\/ ;a:— + \/ .’;.. =1.

19. Further provo that (i.) for the part of the parabola in Ex. 18
within the triangle OAB both positive signs must be taken ; (ii.) for
the part beyond the point A the signs are +, —, and for the part
beyond B the signs are —, +.

20. Find the equation of a parabola referred to the tangents at the
ends of the latus rectum as axes.

[Note that they are at right angles.]

21. 8how that for all values of .1,, 4, 4, the equation

A, A
- +
wcosa +ys8ina,—p, «cosa,+y sina,—p,
A3

=0

x Cos a;+y Binaz;—p;
represents a comic circumscribing the triangle formed by
the three lines xcosa,+ysina,—p, = 0, &c.
[Note that 1t 13 of the second degtec, and that the point of itersection of
any two of the lines1s on 1t.]
22. Find the conditions in Ex. 21 that the equation may represent
a circle, and show that they may be written in the form
A, cos (ay + ag) + Ay 08 (ag + ay) + A 08 (a) + ag) = 0,
A, 8in (a3 + a3) + Ay 8in (a3 + @) + A3 8in (@) + ag) = 0.

[Equate the coefficients of 22 and y? and the coefficient of y and zero, the
axes being supposed rectangular.]

23. Hence, by solving the equations for 4,, 4,, 4, show that the
equation of the circumcircle may be written

8in ‘a,—a3) sin (a;—a,)
xcosa +ysma,—p, «xCo8ay+y 8inaz—p,
sin (a,—a,)

®© COBO,+y 8in a;—p;
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241. Ome conic, and one only, can be drawn through
five given points.

We have seen that we can draw a conic through the
four points of intersection of two conies, and through any
other point in the plane Thus we have obtained a conic

assing through the five points. This can always be done.

It A, B, €, D, E be the points, then through the points
A, B, C, D we have a system of conics, of which the pair of
lines AB, CD is one, and the pair of lines BC, AD another.

Any conic through their common points (4, B, C, D) is
S+kS =0, where

8 =0 is the equation of AB and €D,
8" =0 1s the equation of BC and AD.
Finally, we can find & such that the conic

S+kS' =0

shall pass through £. The equation for k being of the
first degree, only one such conic can be drawn.

The above result can also be obtained thus:—
The equation of a conic is always of the form
ax’+ 2hay + byt + 292+ 2fy +¢ = 0.

Since we can divide across by any coefficient, the
equation contains only five constants actually, although it
apparently contains six.

Hence, since we have five constants at our disposal, a
conie may be made to satisfy five conditions in just the same
manner as a straight line may be made to satisfy two.

If five points are given, then, on substituting their
coordinates in av+ 2hry+by’+2¢2+2fy+c =0,
we obtain five simultaneons equations of the first degree
for the ratios of the coefficients, and these are sufficient to
determine them.

o In general it is quite clear that when a conic satisfies
any condition the coefficients in its equation must satisfy
a certain relation.

In actual practice the method of last article is always

the more satisfactory one to use.
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242. Conics through four given points.

Let the points be 4, B, C, D. Join AB,"CD, and produce
them to meet in 0. Then take the lines 0AB, 0CD for
axes of x and y respectively.

Let O0A=a, 0B=p3, 0C=~, 0D =5.

Then the equation of AC is 0¥
4 Y=
s y 1, c
and that of BD is
z Yy __
2 4Y 1,
B3 VL A 8 X

Also ABis y=0 Fig %
and CD is x=0.

Hence two conics through the four points are

2y =0 and (—%-{v%——l) <—§-+-’%~—1>=O.

Consequently, any other is of the form

(%-}-%—1) (%_-}-%—1) 4+Ary =0 (3).

Exercises.
24. Find the equation of the conic passing through the points
(07 0)’ (l’ 0)7 (Ol 2)’ (2’ l)’ (47 2)'
25. Find the equation of the conic passing through the points
(0, 0), (1,0), (0,2), (2 1), (3,2).
26. One of the other conics is clearly the line pair
(i-{.l—l) (f—-+ -y——l) = 0.
a ) B L%
Find the value of A, which gives this conic.

243. Confocal conics.

We shall now give a short account of the properties of
a system of conics having the same foci. Such conics are
called confocal conies. Many of their properties can be
deduced most easily from purely geometrical considera-
tions, but we shall here confine our attention mainly to
analytical processes.
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244. Equation of a confocal system.—The general

equation of a conic having the same foci as
4yt =1

: a v _

8 w@'4A + V4N L

where A is a constant.

In the first place, any conic having the same foci S and
9§’ as the conic a%a'+y*/b* =1 must have the same
centre, and its axes along the same lines, for SS' is the
direction of the major axis, and a line perpendicular to it
through 1ts middle point the minor axis. Thus these are
the same for all the conics.

i
G

Fig. 89.
Hence the equation of any other conic is of the form
2} ;b = 1.
But C8 = %’ = ¥ —1*; (§ 61)
cod—b = a1,
go that, if a? = a’+\, we have

b= b4\
d th ion s —%- Y
and the equation is m-}- Y =1 . e (4).

245. The reader can easily verify the following state-
ments :—
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If a be greater than b then the conic
. ¥ _
2ty +A T 1
(1) is an ellipse for all positive values of A and for such
negative values of A as are less than b* numerically,
z.e when A > =0
(2) is the line y =0, d.e. the axis of 2, when X =—b*;
(3) is an hyperbola when A < —b* and > —a?;
(4) is the line # =0, 7.e. the axis of y, when A =—a’;
(5) is an imaginary ellipse when A < —a?

246. Through any point in the plane two conics
of the confocal system can be drawn.
Let (ay, y,) be the point Then we have to determine A
at - ¥y 1
a4\ bBP4N T
may pass through the point (a,, %,).

so that the conic

Hence we have - o' yow 1
A@+N 0 BHNT
o1 22 (W +N) + 3. (@ +A) = (a®+A) (B +)N),

e NHA(@+D—a —y?) + B —a¥y - b’ = 0.

This is a quadratic for A, and therefore there are two
values of A such that the corresponding confocal passes
through (a,, v,).

Ezample —Fund the conics confocal with -g- + y_ 1 which pass
through the powmt (1, 1).

Here the equation for A is

2 + 9t _ 1 1 1
244 l+A T At i ’
i.e A24A—=1=0, or A =3}(—=1£+5).
Thus the conics required are
22 y?
—3(+v6)  T—k(1+5)
2 2
d P i
an Y3 (i-wv6)  1-3(1-5)
242 2y2 2% 2y?
= - e =1 + =
or 3—w6 W51 and est VAl

Clearly the first of these is & hyperbola and the second an ellipse.
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247. Of the two confocals through a given point,
one is always an ellipse and the other a hyperbola.

Suppose 3 =0b*4+X. Then, when 3 is negative, the

. a? 2
conic a2+x+i)—21'!;x= 1

is cleaily a hyperbola. When 3 is positive it is an
ellipse.
The equation may be written

@ L%,
b T8 + 5=
and hence, if the conic passes through (z}, 4,), B is given
x, _ 1_/1_‘ -1
by a_wipt s
or B (=1 +8) = B+ (=" +) 4.
i.e B+ (= b —al—y)— (=) y? = 0.

Now a > b, and therefore the product of the roots is
negative (Tut. Aly., II., § 156).

Hence the roots are real, one being positive and the other
negative. Thus one of the conics is an ellipse and the
other a hyperbola.

248. Two confocal conics intersect each other at
right angles.

Suppose the conics are
m? ?/2 _ .’U’ 2 _ 1
ST = 1 and A TEa T
(=, y,) being a point of intersection. Then we have to
show that the tangents at (,,%,) to the two conics are at
right angles.
Now the two tangents are
T ¥ 1 gnd X 4 Yh 1,
@t b e X + B+
These are at right angles if only

@ L ow
a*(a’+A) B (B*+N)

0. (Pt.I,§19.)
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-Now we have
@’y &t o
a”+b’~1 and a"+)\+b"+)\_
Subtracting these equations, we have
1 1 2 (1 1
2 e 2 (2 ) =
@ («ﬁ a2+,\)+y‘ <b2 b“+7\) 0

D n YA

or

F@tN) PN
ot
Ty teeiy =2

But this 1s precisely the condition that the tangents
should be at right angles, and hence the conics cut at
right angles at all their points of intersection.

249. Only one confocal of a given system can be drawn
to touch a given straight line.

Let the equation of the straight line be

. lx+my = 1.
The condition that this should touch the conic
2 v _
aten BrA
is (@2 +A) 2+ (D24 ) mé =1 (§ 141)

Thus there is only one confocal touching the given line, for this
equation is linear in A, aud therefore has only ono root.

Exercises.
27. Of the conics through the point (1, 2) confocal with 222+ 43 =1,
show that 'one is an ellipse and the other a hyperbola.

28. From the property SP+8P = constant show that only one

ellipse having given foci can be drawn through a given point.
Prove the same property for a hyperbola.

29 I?educe the result of § 248 from the fact that the tangent at
any point to a central conic bisects the internal or external angle
between the focal distances. "

30. Show that the conic confocal to 22/2+y%=1 which touches
Z+y =6 is 242/37 + 24%/36 = 1.

31 Find the equation to the hyperbola which passes through the
point (4 cos a, bsin a) and is confocal with the ellipse #3/a? + y3/0% = 1.
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260. To find the locus of the poles of a given straight line
with respect to a confocal system of conics.

2 2
Let d U
EFUAN Y ®)
be one of the confocal system of conics, and
lz+my =1

the given straight line.
Suppose (z,%,) is the polo with respect to the conic (a). Then the
given line must be the same as the polar of this point, 1.e., as
XLy .
ain B (§ 189)
Hence, comparing coefficients, we have

2y =(@+A), y, = (2+A)m.
To find the locus of the poles we must eliminate A between these
equations.

Now %‘—--‘Z—: = a?+ A= (b*+A) = @’

Thus the equation of the locus is
T _Y L grpe
l m

Consequently the locus required is a straight line perpendicular to
the given straight lino.

Now the given straight line touches one of the confocal conics.
Suppose P is the point of contact, and PT the given line. Then P is
the pole with respect to the touching confocal. Hence the locus
required is the straight line P@ through P at right angles to PT.

Cor. If P@ is the locus of the poles of PT, then PT is the locus
of the poles of PG.

Since the two confocals through P cut at right angles, and PT is the
tangent to one, therefore P@ 1s the tangent to the other. Heunce P is
one of the poles of PG, and, as the locus is perpendicular to the line
PG, it must be the line PT

Exercises.
32. Find tho locus of the poles of the line z +y = 5 with respect to
the conics confocal with 222+ 3y2 = 6.
33. If lz+my =1 be the locus of the poles of iz +my = 1 with

2 2
resPect to the confocal system a;’:)\ + bf“\ =1, show that
(a2—82) I = (b2—ad) mm" = 1.
34. Show from Ex. 33 that the rclation between the two lines 18
reciprocal.
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251. Confocal parabolas.

‘We have hitherto confined our v
attention to confocal central conics. /
We shall, in conclusion, say a few
words as to confocal parabolas
Since a parabola has only one
focus, matters are rather different
here. We say that
Two parabolas are confocal
when they have the same focus A\ S X
and the same axis ’ Fig. 90.

252. Equation of a confocal system of parabolas.

Take the common focus § for origin, and the axis for
axis of #. Then we know that, referred to its vertex 4 as
origin, the equation of a parabola is of the form

y* =4Ae where A= 8A.
Thus, changing the origin to 8, the equation becomes
Y= 4\ (x+\) . R € ) B

and this is the general equation required.

We leave the following properties as examples to the
reader; the process in the analogous property for the
central conics will suggest methods of attack.

Exercises.

35. Two confocal parabolas can be drawn through any given point.

36. The two conmfocal parabolas through any pomnt have their
concavities in opposite directions

EThm follows from the fact that the roots of the quadratic 1n A are of
unlike sign.]

37. Two confocal parabolas cut at right angles.

38. The locus of the pole of the straight lne lz+my =1, with
respect to the confocal purabolas y2 = 4A (z+A), is the straight line

mx~ly +mfl = 0.

[Let (x,, %)) be the pole of the line with respect to v? = 4A(z+A); then ‘he
given line must be the same as Yy, —2A% = 2A(x,+2A). Hence see that

=-1 =-W
2,428 = 7 and 2A m.]

39. If, of two lines, the first is the locus of the pole of the second,
then the second is the locus of the pole of the first.
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MISCELLANEOUS EXERCISES ON CHAP. XVIII.

40. If A, B, C, D aro the four points of intersection of two rect-
angular hyperbolas, show that the pairs of lines BC, AD, CA, BD;
AB, CD are at right angles, and hence that the four points form a
triangle and its orthocentre.

41, ABC is a triangle, AD the perpendicular from 4 on BC, and P the
oirthocentre.  Show that DP.DA = DB DC. Hence, taking D for
origin, deduce that all rectangular hyperbolas through the
angular points of a triangle pass also through the ortho-
centre of the triangle.

42. Thelocus of the centrés of the rectangular hyperbolas in Ex 41
18 a circle passing through the middle points of the lines BC, CA, AB,
AP, BP, CP, and through the feet of the perpendiculars.

['This circle 18 known as the nne-pount cirele.)

43. The locus of the centres of all conics through four puints on a
circle is a rectangular hyperbola.

44. Show that the equation of the polar of the origin with respect
to the conic (tfa+yl/y—1)(x/B+y/6—1)+A2zy = 0
is z(lja+1/B)+y (1/y+1/8)—2 = 0.

45. Find the general equation of a conic circumscribing the tri-
angle formed by # =2, y+1 =0, z+y = 0.

46. Find the equation of the circle circumscribing the triangle of
Ex. 45.

47. A given ellipse moves so as always to touch two fixed rect-
angular lines. Find the locus of its centre.

48. Find the coordinates of the centre of the conic
(afm+y/n—1)2 = 2kzry.

49, If S = 0 and & = 0 be the equations of two conics, then the
polar of a point (z), %) with respect to S+AS’ =0 is uw+aw =0,
where © = 0 is the polar with respect to S, and #’ = 0 the polar with
respect to §'.

50. Exhibit, by a diagram, the system of conics ax?+ 2azy + by? = 1,
where a and 4 are constant and A is varable.

61. Find the coordinates of the pownts in which the ellipse
2%a? + y%/6? = 1 intersects the confocal rectangular hyperbola.

52. Show that, if tangents are drawn to a system of confocal conics
from a fixed point on the major axis, the locus of the points of contact
is a circle whose centre 18 on the major axis.

53. The difference between the squares of the central perpendiculars
on two parallel tangents to two confocal conics 18 constant.
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54. The polars of a point P with respect to a system of conics
through four fixed points all pass through another point . Further,
the polars of @ all pass through P.

55. If az?+ 2hxy + by + 292+ 2fy +¢c = 0
and A2+ 2Hey + B2 +2Gx +2Fy+C = 0°
be the equations of the pairs of opposite sides of a quadrilateral
inscribed in a circle, show that II (—a) = A (B—4).

56. If two conics have two points of contact, they cannot meet in
any other point.

57. Find the locus of the points of contact of tangents drawn in a
fixed direction to a system of confocal conics.

58. If § =0, & = 0 denote the circles 224 y2+ 292+ 2fy+¢ = 0,
23+ Y2+ 202+ 2f'y+¢ = 0, the values of %, for which S+48 =0
denotes a point, are roots of the quadratic

(@2+S2~c)+ k(299 + 2ff ' —c—0) + k2 (92 4+ f2—¢') = 0.

69. Find the condition that the straight lime z/a+y/8 = 1 should
touch the parabola which itself touches the axes at the pownts (a, 0),
(0, ).

60. From Ex. 44, rhow that, if 4, B, C, D be four points on a conic,
and AB, CD meet in E, CA, BD mn F, CB, AD in @, then the polar of £
with respect to the conic passes through both Fand G. Deduce that
the triangle £F@ is such that each side is thc polar of the opposite
vertex (a self-compugate trangle).

61. Provo that the locus of the centres of conics passing through
the four points of intersection of two equilateral hyperbolas is a circle.

62. If any two parallel tangents to an ellipse meet a fixed circle
concentric with the ellipse, prove that the other two sides of the
rectangle touch a confocal conic.

63. Prove that the locus of the point whose coordinates are given
by #=acos'd, y = bsin*@ is part of a parabola touching the
coordinate axes; and find the equation of the tangent at a point for
which @ is given.

64. If the two confocal ellipses

2,0 L

atg -1 emd dirt Bia
be cut by the straight line zcos6+ysind = p, and if T and T’ be
the poles of this line with respect to the two ellipses, prove that ¢

TT = A/p.
65. Prove that the polars of a point («, ') with respect to the con-
focals 22(a®+A) +y3(B3+A) = 1

touch the conic Vad +V/ =yl + Va3 =8 = 0.
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CHAPTER XIX.

ENVELOPES.

253. Envelopes. — Suppose the coeflicients in the
equation of a curve depend on a quantity p which is
capable of varation; then when we give u a defimte
value we get a perfectly definite curve, and by varying
m we get a system of curves.

Perhaps some examples may assist the reader in
grasping this idea.

The equation of the straight line

(az+by+c)+p (We+by+e) =0
depends on the quantity u. When p varies we get a
whole system or family of straight lines which, as we
know, all pass through a fixed point (Part 1., § 28).
Again, from the equation

=/1w+i
I

we get a series of straight lines by allowing u to vary, and
each line of the series touches the parabola y* = 4ux
(5 48).
As another example, the equation
@9
c+p  VB+p
rgpresents a system of confocal conics.
Parameter. — DerINITION. — The quantity n is called
a variable parameter, and the system of curves is said to
depend on one parameter.
GEOM. PT. IL T
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254. Ultimate intersections.—If we give p a definite
value p, we obtain a perfectly definite curve. If now
we give to pu a value only differing very slightly from u,,
say p,+e where e is very small, we get another curve,
only very slightly displaced from the former. These two
curves meet in a certain number of points, and when e is
made indefinitely small such points are called ultimate
intersections of the curves.

Thus, in the system

y = pa+a/p
we have a definite line

Yy = mata/m,
and the one obtained by giving to u a value slightly
different from p, is another line very close to the former,
viz., y = (mt+e)zta/(m+te).

Now both these lines are tangents to the parabola
y® = 4az; hence, as two infinitely close tangents to a
curve ultimately meet on the curve, we infer that in this
cagse the ultimate intersections all lie on the parabola
which is touched by the lines. We shall presently see
that this is true in general.

255. Locus of ultimate intersections.

If we take every curve of our system and find its points
of intersection with the curve of the system indefinitely
near it, we get an infinite number of points of intersections
all lying on a curve which is the locus of ultimate inter-
sections.

Thus, in Fig. 91, suppose the curved lines 1,2, 3,4, 5
are portions of five very close curves in the system.
Suppose 1 meets 2 in P, 2 meets 3 in @, 3 meets 4 in R,
4 meets 5in §; then P, @, R, 8 are all on the locus of
ultimate intersections when we make the four curves
come infinitely close together.

256. Each original curve touches the locus 'of
ultimate intersections.

Consider the curve 2 (Fig. 91). It meets the locus of
ultimate intersections, indicated by the dotted line,
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(i.) where it meets 1, 7 e. in P;
(1i.) where it meets 3, 7.e. in Q.

Now when the three curves 1,2, 3 approach indefinitely
close to each other so also will P and @; thus the locus
of ultimate intersections meets the curve 2 in two
coincident points, and hence touches it.

Fig. 91.
Similarly the locus of ultimate intersection touches
every one of the original curves, and on that account 1s
called the envelope of the system

Example.—Let us consider ab umtwo the cystem of straight lines

g/=,ux+i‘— or whr—py+a=0.
M

Giving u two definite values, y, and u,, we obtain two straight lines,
viz., wir—wy+a =0 and plPr—py+a=0.

Hence at their point of intersection we obtain on subtraction

=) o —(u—p)y =0 or (mtu)2r—y =0.

Now, if we suppose u; to become indefinitely near to ) 1n value,
the last becomes 2uz—-y =0,
which is satisfied by the coordinates of the point of ultimate intersection.

(Note that dividing across by u;—pu, enables us to put ug = y
without making the left-hand side vanish identically )

But mir—my+a = 0.

Hence to find the locus of ultimate 1intersection we must eliminate
w, between wrr—wmy+a =0 and 2umx—y =0,

From the second equation we have

My % ’
¥ .Y =0;

hence B gy te =0
i.e., y2—dax = 0.

This is the result we should have expected as indicated in the
previous urticles.
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257. To find the envelope of the curve whose
equation is W’P4+pQ+R =0,
where P, O, R are definite functions of « and v, and
p is a variable parameter.
We shall find the locus of ultimate intersections.
Two curves of the system are
wP+mQ+R=0 and p'P+pwQ+R=0..(a).
The coordinates of their points of intersection satisfy
both equations (4), and hence they satisfy
P (pP—pg) + Q (p—pg) =0,
as we find on subtraction, or
P(m+m)+Q=0.
1f now we make y, differ from p, by an indefinitely
small quantity, their points of intersections become points
on the envelope. Making therefore p, = u,, ultimately we
get 2u,P+Q =0.
Thus to find the locus we have to eliminate yu, between
2u,P+Q =0 and p’P+pQ+R =0

Also P == —2%,
Q5 Q -
i Pmgp @t B =0
‘e, Q*=4PR ..................... (1),

Hence we have the following

RuLe. —The equation of the envelope is obtained by putting
down the condition thut the quadratic equation in the variable
parameter should have equal roots.

258. There is another very interesting way of inter-
preting the result of the last article.

Consider the curves of the system which pass through
a given point. There are clearly two of them, for we
must have WP+uQ+R =0
when the coordinates z,, y, are substituted in P, @, and R,
and, as this is a quadratic for p, there are two curves
through the point (2, y).
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Now, if the two curves through (=,, ,) coincide, the point
(2, y,) lies on the envelope, and the condition that the
curves coincide is that the two values of u found from the
quadratic in p should be equal.

The condition for this is

@ = 4PR,
which is the same condition as in § 257.
Eaample — Fund the envelope of the polurs of a gwen pownt with respech
to a system of confocal cones.
Let any one of the confocal system be
a® ¥
Fin T e
the polar of (z;, ¥,) with respect to this is
F0 o Yo,
az+n b4
Now, to find the envelope, we must regard A as a variable para-
meter. The equation is
(@24 A) (02 +A) — (B2 +A) 22y — (a2 + A) yyp = O
or A+ A (@2 + B2 =z —yy)) + a2’ —blexy —alyy, = 0
and hence, by the rule, the envelope is
(@ + V2~ zz)— yy)? = 4 (a0 — b2z — ayy,).

Since the terms of the second degree are (2z; +yy,)?, this represents

o paraboia  Hence the envelope required 18 a parabola.

Exercises.

1 Two lines of the system m?»—my+a = 0 can be drawn through
any point, and they coincide if the point be on the parabola y*= 4az,
which is the envelope.

2. Prove that the envelopo of the family of straight lines obtained
by giving different values to p in the equation

wu(dz+ By) + L (Bx—Ady)+1 =10
I3

i3 & rectangular hyperbola, and find the lengths and positions of its
axes.

3 A line moves so that the product of its intercepts on the axes is
eoconstant. Show that its envelope is a hyperbola having the axes for
asymptotes.
[Take one of the mtercepts for variable parameter, and express the other in
terms of 1t by means of the given condition ]
4. P is a point on a parabola, PM its ordinate. Find the envelope
of the diagonal MQ of the parallelogram PHAQ.



278 ENVELOPES.

259. Sometimes it is necessary to find the envelope of
a curve whose equation contains two variable parameters,
these two parameters being counected by a further equa-
tion. In simple cases we can obtain the envelope by
climinating one of the parameters from the equation of
the curve by means of the equation connecting the parameters.
Other methods are sometimes applicable, as, e.g., in
Example (iii.) below.

Examples — (i) Fund the envelope of the cwrcle (w—c)+y? = d?,
where 2+d? = A%

Eliminating d, we get

(x—e)2+y? = A%—c® or 2c2—2c.0+y?—k2=0.

The envelope is got by making the roots of this equation in ¢ equal.

Thus the envelope is
22 = 2(y2—k?) or 2?—2y?+2i2 =0,

which is evidently a hyperbola.

‘(ii.) Fund the envelope of a straight line the sum of whose wntercepts on
the coordinate axes 18 constant.

Let ¢ and d be the intercepts, % their constant sum. Then

c+d =k,

and the equation of the line is z/c +y/d = 1.

Eliminating ¢ from these, we gel z/(k—d)+y/d = 1.
or d(k-dy—dz—(k—d)y =0 or d'—(k-z+y)d+ky =0

The envelope is got by making the two values of the varable
parameter ¢ equal, and is therefore

(k—2+y)? = 4ky or a?—2xy+y?—2ka—2ky+k* =0,
which, since the terms of the second degree in # and y form a
perfect square, represents a parabola.
[Compare this proof with that given in § 261.]

(i1i.) The envelope of the curvs
Pcos040Q 8ind = R,
where P, 9, R are functions of the coordinates and 0 is
the variable parameter, is the curve given by
P4+ Q’= R2
Let ¢ = tan}6. Then

cos § = l—ﬂ, NG = - “--
1412 1+

’
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1—2 2
watlra—F
or P(1—-2)+2¢.Q = R(1+22),
i.e. ?(P+R)-2t.Q+(R—P)= 0.

The equation of the envelope is the condition that the parameter
has equal roots.

It therefore is Q= (P+R)(R-P)
or PHHQ*=R? .. e ()

This result is worth remembering, although, as a rule, the student
should in each case work through the process exemplified above.

Exercises.

5. Apply the method of envelopes to show that the straight line
zcosffa+ysind/b = 1 touches the curve 22/a®+y?/42 =1, @ bemng
the variable parameter.

6. Prove that the envelope of the line azcos@+bysing=c is
@4 bR = B,

7 A straight line moves so that the foot of the perpendicular on it
from a fixed point lies on a fixed straight hne. Find 1ts envelope.

[Take the given point for origin, and let the fixed Iine be z4+a=0. Find
the equation of the line joiming the point of intersection of lx+my+1 =0 and
a4a =0 with the origin, and then put down the condition that this hne
should be perpendicular to lx »my+1=0 Theresult 1sa parabola See §145 ]

8. 0X and OY aro two fixed lines, and a variable line AB cutting
them in A and B moves so that A OA+u.0B is constant. Show
that its envelope 18 a parabola.

260. Envelopes in general.—It should be noted that
the discussion of envelopes given in §§ 253-259 applies to
curves generally and is not limited to those whose equa-
tions are of the second degree.

Further, it is clear that, if in the equation of the curve
the parameter u appears in powers higher than the second,
an envelope can be found (theoretically, at least) from
the condition that two of the roots in u are equal.

Ezample.— Find the envelope of the normals to the parabola y* = 4az.
The normal may be written
y = mx—2am—am’ or amdP+m(2a—2x)+y = 0.
By the theory of equations, if m;, mg, 1, are the roots of this equation.
we have my + mg+my = 0,
m g + mymg + moing = (20 —2)[a,
mymgmy = —yla.
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For the envelope, two of the roots in m are equal, say, m; = m,.

Then 2my+my =0 ... .oeoiinnnes TN (1),
my® + 2mymy = (2a—2z)[a v (2),
mimg = —Yla ..oooueeernes el ceeeren (3).

Eliminating mg by means of (1), we get
m?—4m? = (2a—z)/a or m? = (2—2a)/3a,
—2mB = —yla or my=1y/2a.
Eliminating 1, we get, as cquation of envelope,

- 3 2
(x——~23> =m0 = <§%) or 4 (zx—2a)} = 27y3

Nore —The envelope of the system of normals to any curve is
called the evolute of that curve.

Exercise.

9 Find the envelope of the straight line u*2—u?y +¢ = 0, u being
the variable parameter

261. Ifin the straight line lx+my+1 = 0 the coefficients

1, m be connected by a relation
al’+2nlin+bm*+ 2gl42fm+c¢ = 0,

then the envelope of the line is a conic section.

Let us first inquire how many lines of the system pass through a
given point (7, ). We must have

ley+myy+1 =0 and  al24 2him+bm? + 291+ 2fm+ ¢ = 0.

Now, if we make the second equation homogeneous by means of
the first, we obtain

ald+ 2him + bm2—2 (gl + fm)(lz) + my,) + ¢ (lry + my,)? = 0. (Pt.1.,§38)

‘This being a quadratic for the ratio Z: m, it has two roots. Now
when the ratio ! : m is known, the direction of the line is known;
thus the lines through (2, ¥,) are in one of two directions, and hence
there are in general two such lines.

To find the envelope, we have to find the condition that these two
coincide, ¢.e. the above quadratic for the ratio 7:m must have equal roots.

Now the quadratic may be writt en

B (a— 292, + cx,?) + 20m (h— gy, —f, + e, 9y) + m2 (b—2fyy +eyy?) = 03
hence the condition for equal roots is
(a—2gzy +¢2,%) (b—2fyy +ey?) = (h—gy1—fr1 + 2191)?
or (ab =A% + 22y (hf—bg) + 2, (gh—af) + &? (bo—f?) + 917 (ca—g%)
+25,y) (fy—ch) =0,

the terms of degree higher than the second in 2, and #, cancelling out.

Thus the envelope is & conic whose equation is

(be—f3) a3 4+ 2ay (fg—ch) + y*(ca—g?) + 22 (hf - by):?&(zlz;)-q:)o.
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Ezample (1.) A line moves so that the sum of 1ts intercepts on two
Sixed lines is constant.  To show that 1t always touches a parabola.

Take the given lines to bo axes of coordinates, and lz+my—1 = 0
as the equation of the line.

Then the intercepts on the axes are 1/Zand 1/m. Thus

1/14 1/m = const. = a (say), wne. alm—Il—m =0,

Thus the relation between ! and m is of the second degree, and
hence, by the foregoing, the line always touches a conic.

The directions of the two lines through the point (z, ) are given by

alm—(l+m)(le+my) =0 or Pr+in(zx+y—a)+miy =0.
The condition for coincidence is
(x+y—a)? =42y or 22—2zy+y?—2zr—2ay+a®=0,

This clearly denotes a parabola. The equation may be reduced to
the form Vr+ Y+ Ao = 0.

The parabola therefore touches the axes of coordinates.

Ezxample (1i.) A line moves so that the product of the perpendiculars from
two fizxed ponts on 1t 1s constant.  To show that 1t envelops a come.
Take the line joining the given points as the axis of z, and let the

given points A4, B be (¢, 0) (—¢, 0) the axes being rectangular.
The perpendiculars on the line lz+my+1 =0 ale
le+1 —le+1
ovar M Ve
Thus we have 1= const. = 22, say;
&+ m?
oo R m) 42 = 1.
Since this is of the second degree in /and m, the envelope is a conic.
To find the equation we must make the quadratic
O (P+m?) + 22— (e +my)2 =0
have equal roots in //m. The quadratic is
B {82+ 2—a2} —2may + m2 (BB—y?) = 0
and the equation of the envelope is
(B2 +c2—a?) (52—y?) = 2%? or 2%+ y?(B2+ %) = B2 (8% + %),

22 2

1.6 b———2+62 + ’—b; = l.

o Thus the envelope is an ellipsc having +/#%+¢2 and  for semi-axes
and the given points for foci.

Exercise.

10. It the product of the perpendiculars be (—&%), show in like
manner that the envelope is & hyperbola having the given points for foci.
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MISCELLANEOUS EXERCISES ON CHAP. XIX.

11. A straight line forms, with two given lines, a triangle of con-
stant area. Show that its envelope is & hyperbola having the given
lines for asymptotes.

12 A straight line moves so that the difference of its intercepts on
the axis is constant. Show that its envelope is a parabola.

13. Find the envelope of a circle that rolls along the axis of .

14 CP and CD are conjugate diameters of an ellipse. Find the
envelope of the line joining the middle points of the ordinates of
P and D.

15. Find the envelope of the straight line

y = mz+av1+md+c—mb,
where m is variable.

16. A parabola touches the coordinate axes, the equation of the
chord of contact being az+by =1  Prove, by the method of
envelopes, that the line axA +by = A/(A+1) always touches the
curve whatever be A

17. Show that the lines given by the equation
(zcosat+ysina)? = 4 cosa+ Beinla,
for different values of a, all touch the same conic.

18. Deduce, from Ex. 17, the locus of the intersection of two
tangents to a fixed conic, at right angles to each other.

19. If two tangents to an ellipse intersect on the circumference of
a concentric circle, prove that their chord of contact touches another
ellipse

20. A line moves 5o that the sum of the squares of the perpendiculars
on 1t from two fixed points is constant. Show that its envelope 18
an ellipse.

21. Tf the sum of the squares of the perpendiculars on to a straight
line from any number of pouints be constant, the cnvelope of the line is
an ellipse.

22. The tangents at points P and @ on an ellipse are at right angles.
Show that PQ touches a fixed concentric ellipse.

23. The envelope of a chord of an ellipse whose middle point hies
on a fixed line is a parabola. ¢

24. If a page of a book is turned down so that one corner moves
along an opposite side of the page, show that the envelope of the line
of crease is a parabola.
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CHAPTER XX.

HARMONIC SECTION.

262. Harmonic range.—DEFINITION.—Any number of
points in a straight line are said to constitute a range of
points.

F¥our points A, B, C, D are said to form a harmonic
range when two ot them divide the distance between the
other two internally and externally in the same ratio.

AC _AD

Tl o3 TS cereecsesenseenans .

len CB=BD @)

Suppose, for example, that € and D divide the segment
AB mternally and externally in the same ratio; then

g ¢ 2 2
T T T T v
Fig. 92.

A, B, C, D, form a harmonic range and the pair of points
C, D are said to be harmonically conjugate with respect
to A and B.

263. If C and D are harmonically conjugate with
respect to / and B, then 4 and B are harmonically
conjugate with respect to C and D.

For we have, by hypothesis,

AC_ . AD
CB BD’
yith the usual convention as to sign; hence
AC i cB
AD BD’

so that 4 and B divide CD internally and externally in
the same ratio, which proves the proposition.
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Cor. The relation between the points A, B, C, D can

) AC.BD _ _
be written m@‘-— e S . (2),
for AC.BD =1 and BC =-—CB. &

AD .CB
This result should be remembered. To get the numer-
ator, we write down the four points ¢n the order in which
they occur on the line; and, for the denominator, we take
the same point first, and the others in cxactly the reverse

A, C, B, D}
A,D,B,0)°
In consequence of the above reciprocal relation, we shall

frequently say that two such pairs of points are
harmonie.

order, thus

264. To find the relation connecting the distances
of two ‘harmonic pairs of points from any point of
the line.

Suppose the pomnt from which all the distances are

? i Y
B D

|
|8 i
4]

measured is 0, and that the lengths of 04, 08, 0C, 0D
are a;, @,, &, ¥, vespectively  (Of course, distances in one
direction are measured positively, and in the other
negatively.)

Then Ac = AD

CB BD’

Now AC = wg—2, OB = xy—my, &c.,
B 4 BT ,
x,— Xy — T,
for, in general, a distance such as AD is found by suk-
tracting the = belonging to D from that belonging to 4,
and so on.

Hence, from the above equation, we have

(@5~ m)) (w,— ;) — (2, —a,) (23—a;) = O,

so that we get
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or, on multiplying out and collecting terms,
2 (@0, + 1y ,) — 0y 0, — 2y 0y — vy — 2,2, = 0

S (gt agw,) = (kptwy) (gtay) (3).
€or. Conversely, when this relation holds, we have
L= . _ 2T
E:}ia - ;;3;:'5’"4’

and the two pairs of points 4, B and €, D are harmonic.
Thus, if the relation (3) holds for one position of the
point 0, the four points are harmonic, and it holds for all.

265. Particular cases.—By supposing the point 0 to have par-
ticular positions, we can deduce two very important relations from the
last article.

I. Let O coincide with A, then z; = 0, and the relation becomes

2 1 1
2 = + L= =,
X0y = Zg 23+ oOF 7 7, + 2
80 that AB is the harmonic mean between AC and AD. This shows the
connection between harmonic means and harmonic ranges.
Thus AC, AB, AD are in harmonic progression.

II. Suppose 0 is the middle point of AB; then #, =—u, so that
Z, + %3 = 0, and the nght-hand side of (3) 18 zero

Hence Ty, 432, =0 or .,z =z

Consequently, if C and D be harmonically conjugate with respect to
A and B, and 0 be the middle point of AB, we have

0C 0D = 0A = 08°.

Clearly C and D arc on the same side of 0, otherwise 0C . 0D would
be negative. .

This gives an oasy method of finding a point harmonically con-
jugate to C with respect to A and B.

Example.—The distances of four pounts on « line from a fired poirt on
i we b, T4, 8, 9% wuts respectwely.  Find whether or not any paw of
them s harmoncally coigugate to the other par.

The easiest way to do this is to find whether the distances from any
one can be 80 arranged as to be 1n harmonic progression (¢f. L.).
® The distances from the first to the second, third, and fourth are 24,
3, 44. If these can be arranged in harmomc progression, their
reciprocals &, 4, % -can be arranged in arithmetic progression. But
they are clearly in arithmetic progression as written down. Con-
sequently the first and third of the points are harmonically conjugate
with respect to the second and fourth, and vice versa (by I ).
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266. Particular case of harmonic range.— Point at
infinity.

If the two pairs of points A, B; C, D are harmonic, then, when C is
the middle point of AB, D is at infinity.

For, since AC = CB, we must have AD = DB, which can only
happen when the quantities are both infinite, since their difference is
finite.

Hence the point harmonically conjugate to the middle point of A8
is the point at infinity on the line (see §§ 199, 200).

This can also be easily seen from the fact that, if 0 be the middle
point of AB, then 0C.00 = 0A* (§ 265), for the nearer C comes to 0
the further D recedes from 1it, and when C finally coincides with O
D is at infinity.

‘We may state this important result in words, as follows : —

‘“Any two points on a line, the point midway between them, and
the point af infimty on the line form a harmonic range.”’

Exercises.

1. Prove that DC in § 265, Case I. is the harmonic mean between DB
and DA.

2. The distances of four points on a line from a fixed point on 1t
are 3, 4, 5, 3% inches respectively. Examine whether any two of
them are harmonically conjugate with respect to the other two.

3. The distances of four points A, 8, C, D from an origin @ on the
line are z), %5, 3, ;. Show that, if the relation
2 () 2y +w324) = () + %) (73 +2y)
is satisfied for one origin 0, it 18 satisfied for all positions of 0.

4. If C and D are harmonically conjueate with respect to 4 and B,
and 0OA = 2, 0B = 4, mark the positions of D for the positions of C
given by

0C=1,23,4,56, —1, =2, —3, —4, —5, —6.

5. If O be the middle point of 4B, and 0C.0D = }AB’, show that
C and D divide AB internally and externally in the same ratio.

6. If C and D are barmonically conjugate to A and B (Fig. 93),
show that C and D always move in opposite directions.
Of C and D, that moves more rapidly which is the furthgr
away from 0.

7. If € move to €' and D to ¥, where CC’ and DI are very small,

DO _ 0D
show that b—c—; = oc.
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267. The distances of two pairs of points from the
origin 0 being given by the quadratics
a,x*4+2b,r+c,=0C and a,2*42b,x+c,=0,
to find the condition that the two pairs may be
harmonic.
Let 2, z, be the roots of the first quadratic and zg, z, the
roots of the second ; then we know that
2(@@y+ayw,) = (2 +ay) (25+2y) 5 (§ 264)
but, by the theory of quadratics,
2yt ay, = —2b/a,, 2ty = —2b)/a,
2@y = Cyfay, wywy = 0y)a, (Tut.Alg. 11.,156)
and hence 2 (ﬁ + f’—) = (-2_171) (_QL’%)
a  a a, a,
or a,c;ta,e, =200, ................. (4).

Cor. One pair of points can be found harmonic to each
of two given pairs.

For let a;2'+2b,z4+¢, =0 and a,2*+2b,2+c, =0 be
the given ones.

Then, if Aa*+2Bz+C =0 be two points harmonic to
the former pairs, Ac, + Ca,—2Bb, = 0, Acy+ Cay,—2Bb,= 0,
from which the ratios of 4, BB, C may be determined in
the usual way. (Twt. Alg. 11, §68.)

Exercises.
8. The distances of A and B from a fixed point O cn the Line are
given by 22-68+3 = 0.

If 0C = 1, find 0D where C and D are conjugate to 4 and B.

[Let 0D =a, then the two quadratics (z-1)(x-a)= 0, z8-5z+8=(
must be harmonic ]

9. Find the value of ¢ in order that the pairs of points
22422-1=0 and 2?+4x+9=0
may be harmonic.
¢ 10. Find the pair of points which are harmonic to the two pairs
given by z2=1,2=3; z2=4, 2=0.
11 The pair of points harmonic to both a;22+2b24¢; =0 and
@y 2% + 2byz + & = 0 is given by
(17 +8) (b2 + ) — (092 + 8g) (B2 +)) = 0
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269. If two pairs of rays Oa, 08 and Ovy, 08 be such
that onestraight line meets them in two pairsof points
A,B and C,D which are harmonic, then every straight
line meeting the rays is cut harmonically by them.

A, B and C, D ave harmonic points if

AC.BD
-850 1. 2
AD. BC (5.265)

Let p be the perpendicular
from 0 on the given line;
then we have

AC p=2AA0C
=0A.0Csin A0C,

and therefore 5
AC = 0A.00 sin A0C/p,
with similar values for BD,
AD, BC. Fig. 94,
Hence, substituting in the equation above, we have
04.0Csin A0C 080D sin BOD
= r ' p -1
0A.0D sin AOD 0B. 00 sinB0C
P
whence sin 40C . sin BOD —-—1 . (5).

sin A0D . sin BOC
Now this condition does not involve the position of the
cutting line at all, but depends only on the mutual in-

chnations of the rays, and therefore, if it hold for one

cutting line, 1t holds for all. P

270. Pencil.—DEFINITION —A number of straight lines
passing through the same point are said to form a pencil.

The point is called the vertex, and each individual hne
is often called a ray of the pencil.

Thus 04, 0C, 08, 0D in Fig. 94, form a pencil. Such
a pencil is sometimes indicated by the notation O0(ACBD).

Harmonic pencil.—DEeriniTION.—If two pairs of lines
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0Oa, 0B and Oy, 08 meet any (and therefore by the above
proposition all) cutting lines in harmonic points, the pairs
of lines are said to be harmonic, and the four lines Oa, 08,
0Oy, 03 form a harmonic pencil.

Projection.—DEeriniTION.—If we join any point P of
oneline to a fixed point 0 and produce OP to meet another
line in P’, then P’ is called the projection of P.

Cor. I. It clearly follows that, if four points form a
harmonic range, then their projections on any other line
do also.

Cor. IT. The pencil formed by joining any yertex
to the points of a harmonic range is harmonic.

271. Particular case.

From the result of the last article we can deduce one
which is often of great use in examining whether a given
pencil be harmonic or not.

Suppose the cutting line ABCD is parallel to 08; then D
is at infinity, and hence ¢ must be the middle point of
AB. Thus,

If four lines form a harmonic pencil, the portion of a line
parallel to one of them intercepted between two of the others
s bisected by the thurd, and conversely.

For example, the portion of a tangent intercepted
between the asymptotes of a hyperbola is bisected at the
pomnt of contact, and the tangent is parallel to the con-
jugate diameter; consequently any two conjugate diameters
of a hyperbola are harmonically conjugate with respect
to the asymptotes

This can also be seen by analysis, for in the hyperbola

Ax*+2Hzy+ By* = 1
the asymptotes are

A2*+2Hzy + By* = 0,
and the lines az’+2hay+by* = 0 are conjugate diameters
if aB+b4—-2rH =0 (Ex. 10, p. 175).

But this (see §272) is the condition that the lines
should be harmonically conjugate with respect to the
asymptotes.

GEOM. PT. IL U
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272. To find the condition that the two pairs of
lines given by the equations
a,x*+ 20 xy+0,y*=0 and a,'+2N,xcy+b,y'=0
should be harmonic.

Suppose the first pair of lines are Oa, 0B and the second
pair Oy, 05, and further that the line ¥ = 1 meets 0Y in 0’
and the pairs of lines in A, B8, G, D respectively. Then
A, B and C, D must be harmonie.

To tind 0'A, 0'8 we have to make y = 1 in the first
equation ; thus they are the roots of

a, @+ 2ha+b, = 0.
Y o«
of—A G/ D/
/ i
X

Fig 95.

[

Similarly, the second pair 0'C, 0'D are the roots of
aya*+2hy2+ b, = 0,
and, consequently, by a known result, § 267, the condition

is @, 04,0, =2k h, =0 .............. (8).
Cor. I. Suppose that the second pair of lines are the
axes, so that a,=10b,=0,

and the condition reduces to hh, = 0. But &, is not zero;
consequently %, = 0.

Hence the pair of lines ax’+by* =0 are always
harmonic to the axes. N

It follows at once that the lines y—mz =0 and
¥ +ma = 0 are harmonic, for their equation is

y'—mi? = 0,

in which there is no term in xy.
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Cor. I1. If two pairs of lines be harmonic and
one pair be at right angles, they bisect the angles
between the other two.

Take the perpendicular pair of lines as axes of coordi-
nates; then the others are given by

ax’+ by’ = 0,
so that they are clearly equally inclined to the axes.

Exercises.

12 If ABC be a triangle and D the middle point of BC, then 4B,
AD, AC and the line through A parallel to the base form a harmonic
pencil.

13. Two lines and the lines bisecting the angles between
them form a harmonic pencil.

[This follows for any cutting line by Euclid VI. 3. Or a line parallel to one
bisector cuts off an 180sceles triangle, and, as the bisectors are at right angles,
the other bisects the base.]

14. Given three lines Oa, 0b, Oc, prove the truth of the
following construction for 0d such that Oa, Ob and Oc, 0d
are harmonically conjugate. Take any point P on Oc and
draw PM, PN parallel to Oa, 0b meeting 06, Oa in M and N
respectively, and then draw Od parallel to MN.

15. A variable straight line meets any four fixed lines Qa, 08, Oy,
05 in points A, B, C, D. Show that the value of AB.CD is the same

for all positions of the cutting line.

16. Prove that the pair of lines y = 3», y = 4z and the pair
y = bz, 3y = 11z form a harmonic pencil.

[Show that the points in which they meet z = 1 form a harmonic range.]
17. Show that the pairs of lines
224 2y—y* =0 and 3a2l—4ay—y2=10

form a harmonic pencil.

18. Whether the axes are rectangular or oblique the straight lines
Y = mz, y = —mz form a harmonic pencil with the axes.

19. Find the value of A in order that the pairs of lines

3xt+ay—y? =0, 2?+Azy+y’ =0

should form a harmonic pencil.

» 20. The axes being rectangular, show that a pair of lines which
form a harmonic pencil with the imaginary pair 22+y® = 0 are at
right angles.

21, The axes being inclined at an angle w, a pair of linus which

form a harmonic pencil with the imaginary pair 2%+ 2ry cosw +y? = 0
are at right angles,
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273. Harmonic property of the quadrilateral.

In a quadrilateral ABCD BC, AD meet in G; BA, CD
in £; and BD, AC in F. To show that the pairs of
lines GE, GF and GA, GB are harmonic.

Take GBC and GAD for axes; then, if G4 = a, GB = B,

v

G B G c
Fig. 96.

GC =y, GD =9, we can write down the equations of
lines as follows :—

ABis L4+ L =1 ACis 2+ 4L =1
B a , Y a

s P4 Y= e |
C‘Dlsy+6 1 Bstﬁ+3 1

From the first two, we infer that, since GE passes
through the origin, its equation is

(e £-1) (3 4 -1) o

3 [ .
o a(b-Ye(t-Y)o

Similarly, from the last two we see that
. 1 1 1 1y _
In the joint equation of GE and @F there is clearly no
term in zy.
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Therefore the lines GE, GF form a harmonic pencil with
the axes (§ 272, Cor. 1.).

As an exercise, the reader should establish the
following :—

Cor. I. Similarly, by taking E4AB, EDC as axes, we can
show that the pairs of lines EF, EG and EAB, EDC are
harmonie.

Cor. [1. By taking F as origin and BFD, AFC as axes,
we can show that the pairs FE, F@ and FA, FB are
harmonie.

274. Complete quadrilateral and its properties.

The whole figure is called a complete quadrilateral.
To draw such a figure with ease, we first draw the lines
EAB, EDC meeting, and then the pair GBC, GAD meeting.
The reader will do well to notice this, because, if he

E

begins by taking the points A, B, C, D, the various lines
frequently are so nearly parallel that the figure becomes
too large.

It should also be noticed that the three points £, F, G
are, in reality, symmetrical with regard to the quadri-
lateral ABED, for a point such as E, F, or G is where the
line joining any two of the points A, B, C, D meets the
line joining the other two.
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A harmonic pencil of a complete quadrilateral is formed
by the four lines drawn from any one of the three points
of intersection £, F, @

(1) and (2) to the other two points of intersection ;
(3) and (4) to the corners A, B, C, D of the original
quadrilateral.

275. The results of § 273 lead at once to u very interesting con-
struction for finding the point harmonically conjugate to a pomnt
G, with respect to two given points C and D.

For take any point @ and join GC, GD, GG,. Then through C diaw
any line CA meeting GG, in F and @D in A. Join DF, and produce

G

C G D E
Fig. 98.

it to meet GC in B Finally, join BA, and produce it to meet CD
in £. Then E 1s the point required, as follows at once from the
above.

The foregoing construction may appear long and complicated to the
reader, who will probably think that some such process as bisecting
CD in 0 and then making 0G, OF = 0D? is more to the point. In
reality, the construction we have given 18 probably the most important
in the whole of geometry. 'T'his arises from the fact that 1t is effected
by processes requiring the use of the ruler only. 1t may interest the
etugent to analyze the Euclidean constructions, and see for himself
that they all require the use of compasses as well.

A simpler construction is given in Ex. 14, p 291.

Exercise.

22. In the complete quadnlateral of Fig. 97, if EF produced meets
BC in G,, thow that the pairs of points B8, C; G, G, are harmonic.
Hence, having proved that the pencil £ (BFCG) is harmonic,
deduce at once that F (GCG,B) is, that is that F (GCEB) is
harmonic. '

[Tkis all follows from the fact that a line meets a harmonic pencil in a
harmonic range,]
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276. Two conjugate points with respect to a comic
are harmonically conjugate to the points in which
the line joining them meets the conic.

In other words, if A and B be two points such that the
polar of each passes through the other, and AB meets the
conic in P and @, then the pairs of points 4, B and P, Q
are barmonic.

Suppose that the conic is

@+ 2hay + byt + 292+ 2fy +¢ = O,
that 4 is (x, v,), and B (a,, y,). Then the polar of 4 is
aryz+h (2y+ay) +byy+g (@+a) + f (y+y,) +e=0;
therefore, since B (z,,y,) lies on it, we have
ax@+h (@ y,+2,y:) +byiy,+g (@+a) +f (i +y) +c=0.
Now the ratios in which the line AB is divided by the
conic are given by the well known ratio quadratic
S, +2k1T,+ 'S, =0 (§136)
where
Ty = az@y+ 1 (2 g+ 2.9) by + 9@ +a) +f (n+v2) +o,
S, = aa?+ 2hayy, 4 by P + 292, + 2fy, +c,
and S, = ax? + 2ha,y, + by,’ + 292, + 2fy, + ¢

Hence the coefficient of kl is zero, and therefore the two
ratios are equal and opposite, that is P and @ divide AB
internally and externally in the same ratio. This estab-
lishes the result.

277. Alternative proof.

Let 0 and A (Fig. 99) be the two points; take 0 for
origin, 04 for axis of z, and suppose the equation of the
conic is

aw*+ 2hay + by® + 292+ 2fy +¢ = O.

If the conic meets 0X in P and @, then, to find the lengths
of OP, 0Q we must make y zero in the above equation.
Hence 0P, 0Q are the roots of the equation

ar*+2gz+c =0,
go that, by the theory of equations, we have

.1 2
opTog=" ¢
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But the polar of 0 (0,0) is gz+fy+¢=0, and, as
this passes through A, by hypothesis, 04 is given by

gzt+c=0;
ol __ g
.. O—A —— 'c—. P A QX
Comparing the two results, O\C/J
we see at once that
2 _ 1.1 A
04~ OP 00’ Fig. 99.

which shows at once that 0 and A are harmonic conjugates

to Pand @. (§ 265.)

This result may also be stated as follows :—
A Uae through any point is divided harmonically by the
potnt, the curve, and the polar of the point.

Cor. If a line be drawn through a fixed point 0 to meet
a conic in P and (J, and a point R be taken on the line
such that OR is the harmonic mean between OP and 0,
then as the line OPQ turns round 0 the locus of Risa
straight line.

For the point in which the line OPQ meets the polar of
O divides it in the given manner, by the theorem above, and
hence R is always on the polar of 0.

Exercises.

23. Verify that the goints (1, 1) (4, $) are conjugate points with
respect to the conic 22+xy+y? = 4. Find the quadratic for the
ratio in which the line joining them is divided by the curve, and
hence verify that the section is harmonic.

24, Prove that, if the line 4B is divided harmonically by the curve,
then the polar of A passes through B.

25. A, B, C, D are four pomnts on a conic; AB, CD meet in E, BC, AD
in G, and AC, BD in F. Then EF meets AD, BC in G,, B, respectively.
Show, from the properties of the complete quadrilateral, that the
pairs of points @, G,; D, A and the pairs G, G;; C, B are harmonic,
Deduce that the polar of G passes through @, and @; and is therefore,
the line £F.

26. Show that in Ex. 25 the triangle £F@ is such that each side is
the polar of the opposite vertex with respect to the conic.

(Such a triangle is said to be self-conjugate with respect to
the conic.)
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278. Two conjugate lines with respect to a conic
form a harmonic pencil with the tangents drawn
from their point of intersection to the conmiec.

Suppose that 0A, 0B are two lines conjugate with
respect to the conic, that is, such that the pole of each lies
on the other. Then, if OT,, 0T, be the tangents from 0,
we have to show that the two pairs of lines 04, 0B and
OT,, 0T, are harmonic.

Fig. 100.

Let the line 04 mecet the conic in P and @; then, by
hypothesis, the pole of 04 lies on 0B. But the pole of
04 is the point of intersection of the tangents at P and Q.

Therefore these tangents meet on 0B, say at the point R,.

Now P(Q, the polar of R,, passes through 0.

Therefore 7, T,, the polar of 0, passes through R,.

Let T, T, meet PQ in R,. Then, by § 276, R, and R, are
conjugate to 7, and T,

Therefore OR,, OR, form a harmonic pencil with 0T,
0T, (§ 270), ¢.e. the pairs of lines 0A, 0B; OT,, OT, are

harmonic.

279. Alternative proof.—We shall now give a purely analytical
roof of the last theorem, on account of the importance of the theorem
nd fthe instructiveness of the method. .

Suppose the conjugate lines are the axes of coordinates, so that 0 is

now the origin.

As the axes are clearly not, in general, conjugate lines of

az?+ 2hay + by? + 292+ 2fy + ¢ = 0,
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some condition will have to be satisfied among the coefficients. To
find it we must find under what circumstances the pole of z = 0 lies
ony = 0.
Nlow the polar of (¢/, y/) is
@ (az’ + by +g) +y (ha' + by +f) +g2' +fy +¢ = 0,
80 that, for the pole of 2 = 0, we have the two cquations
'+ +f =0, g +fy+¢c=0.
If this point lie on y = 0, we have
ha'+f=0, g+ec=0;
hence fg—ch = 0.
Now the tangents from O to the curve are
. (92 +fy +¢)? = ¢ (az®+ 2hzy + by* + 290 + 2fy + ¢) (§ 138)
or 2% (ae—g?) — 2y (fy —ch) + 9 (bo—f) = 0,
and the term in zy is zero in virtue of the above.

Consequently, from § 272, it follows at once that the pair of tangents
and the axes ate harmonic.

280. As an 1llustration of the foregoing theorem, consider the
conjugate diameters of a central conic.

Conjugate lines through the centre are conjugate diameters, for the
pole of a diameter 18 the pomnt of interscction of the tangents at its
ends. These are both parallel to the conjugate diameter. and there-
fore meet in the point at infinity on the conjugate diameter (§200) ;
therefore the pole of a diameter 18 on the conjugate diameter. Hence,
as stated, conjugate diameters are conjugate lines through the centre.
The tangents from the centre are the asymptotes, and therefore

A paw of compugate diameters form a harmomc pencil with the
asymptotes.

MISCELLANEOUS EXERCISES ON CHAP. XX.

27. Points are taken on a line distant
ay @+ 22y a+z, a+y
24y
from a given point on the line. Show that the first pair are harmonic
to the second.

8. Show that the points where the internal and external bisectors
of the vertical angle of a triangle meet the base are harmonically’
conjugate with respect to the ends of the base.

29. Write down the condition that the pairs of lines

22—y? =0, ax?+2hay+by?=10
may form a harmonic pencil.
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30. Show that there is only one pair of lines harmonic with respect
to each of two given pairs.

31. If the axes be rectangular, and 422+ 22y + By? =0 be the
bisectors of the angles between the lines «a?+2hry+by? =0, then
show that (i) A+B=0, (ii) Ab+Ba—2Hh=0.

By solving these equations for 4 and B deduce thc equations for
the bisectors.

32. Show that two points on the axis of # at distances a, 8 from the
origin are harmonic to two whose distances are given by ax? + 262 +¢ = 0
if aaB+b(a+B)+c= 0.

{Form the quadratic of which a and g are the roots ]

33. If the lines y =mz, y = myzr and aa?+2hay+by2 =0 are

bharmonic, then show that
amymg+ b (my +my) +b =0,

34. Prove that the diagonals of a parallelogram, together with the

liLes joining the middle points of opposite sides, form a harmonic pencil.

35 Given a harmonic range ABCD and any point 0, prove that a
straight line drawn through 8 paralicl to 0D 18 met by 04 and 0C 1n
points equidistant fiom B.

Show also that, 1f abed 18 another harmonic range such that
the straight lines Aa, Bb, Cc meet in a point, then the straight
line Dd passes through the same point.

36. The two pairs of lines y =z, y =myx, y = mgx, y = mqa
MMy M=y g,

Mg—My My —1Ny

[Make the points in which they meet « =1 haxmonie ]

are harmonic, if only

37. If the two pairs of lines y = my @, ¥ = mex; y = mga, y = muz
are harmonic, then so also are the two pairs

= atbm o akbmy y = a+bmy = athmg
c+dmy c+dmg ' c+dmy c+dmy
where «, b, ¢, d are any constants.

38. If four diameters of an ellipse form a harmonic pencil, then so
also do the four diameters respectively conjugate to them.

39. If a triangle be inscribed in a circle, and a diameter of the
circle be drawn at right angles to one of the sides, the remaining two
sides, produced if necessary, will divide this diameter harmonically.

40. Through the origin of coordinates O straight lines are drawn,
any one of which QPQS8 cuts the fixed line lz+my+n =0 at P, and
the fixed conic ax?+ 2h2y +by?+ 292 +2fy+c=0 at Q and §. Prove
that the locus of the point R, which is such that P, @, R, 8 are four har-
monic points, may be expressed thus :—

n(aa?+ 2hry + by* + 294 + 2fy + ¢) = (lw 4+ my + n) (92 + fy +¢).
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EXAMINATION PAPER VI.

1. If S = ax?+ 2hxy + by  + 2971 + 2y +¢
and S =22+ 2 xy+ V2 + 29’2+ 2f 'y + ¢,
show that the equation of any conic which passes through the four
points common to § = 0 and S = 0 is of the form S+AS = 0

The axes being supposed rectangular, show that the condition
that the four common points should lie on a circle 18

hibk =a=b:a—=0
2. Show that the conic represented by
ax®+ by + 2hxy +2f cos?0 .y + 29 8mn?@. xr+¢ = 0,
where 6 is a variable angle, always passes through two fixed points.

3. Find the equation of the circle circumscribing the triangle
formed by 2 =1, y =2, z2—y = 0.

4. Interpret the equation a8 = 7? where a == 0, 8 =0, y = 0 are
tho equations of three straight lines. Show that the equation
2y = A*(r/a+y/b—1)% represents a conic section touching the axes
of coordinates.

5. Find the nature and position of the curve touched by the family
of straight lines represented by the equation

u?(2x+ 3y +4a) +u (3r + 4y + ba) + 6a = 0. .

6. The axes of an ellipse are given in position. Find its envelope
if the product of its axes is constant.

7. Define the term evolute, and find the equation to the evolute of
a parabola.

8. On the straight Iine 0X there are situated four harmonic points
P, Q, R, 8, of which Pand R, ¢ and 8 are conjugate pairs, all the
four points being on one side of 0 Prove that

(OP +0R) (0Q + 08) = 20P .0R+20(Q . 08.

9. If A, B, C, D are four pointsin a plane ; and, if AB, DC intersect at
G; BC, AD at F; and AC, BD at E, then prove that the straight lines
E (BGCF) form a harmonic pencil.

Having given three points in a straight line, find, by a con-
struction which can be made by the ruler only, the fourth
harmonic of one of the points for the other two.

10. In a conic, prove that a straight line, drawn through any poitit,
is cut harmonically by the point, the curve, and the polar of the point.

‘What does the preceding theorem become if the right line is
parallel to an asymptote of a hyperbola or to a diameter of a
parabola, or if the point is at the centre of the conic ?
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CHAPTER XXI.

CROSS RATIOS.

28]1. DeriviTiON.—When four points A, C, B, D are
taken on & straight line (Fig. 101) the ratio

AC.BD
AD.BC
is called the anharmonic ratio or cross ratio of the

range ACBD, and is written (ACBD). The usual convention
of signs is to be observed, e.g. AC = —CA.

L 1 I I |
| | | [

0 A 4 B 1]
Fig. 101.

The method of writing down the fraction should be
observed : in the numerator the points occur in the given
order, while in the denominator the second and fourth
points are interchanged.

In the same way if we have four concurrent lines

04, 0C, 0B, 0D (Fig. 102), the ratio
sin A0C . sin BOD

sin A0D .sin BOC

is called the anharmonic ratio or cross ratio of the

pencil of rays 04, 0C, 08, 0D, and is written 0 (ACBD).
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282. Cross ratios are 0
projective. — Let p be the
perpendicular from 0 on
ACBD. Then we have

AC.p = 2A A0C 8 2

=04.0CsinA0C  ,/
or A0=0A00 sinAOU'
P e 7 /5

Similarvalues can be found Fig. 102.
for BD, AD, BC.

Hent® the cross ratio (ACBD)

_ 04.0C sin AOC x 0B.0D sin BOD
0A.0D sin AOD x 0B . 0C sin BOC
sin AOC. sin BOD

== L = 0(ACGBD).
sin A0D . sin BOC 0(4CBD)

Let now any other transversal cut the pencil in A'C'8'D’,
Then (A'C'B'D"y = 0(A'C'B'D) = 0(ACBD)

= (ACBD).

It follows that the value of a cross ratio is unaltered by
projection (see definition of projection in § 270 : this kind
of projection is called conical projection).

Now it is proved in Geometrical Conics that by means
of conical projection a circle can be projected into any
kind of conic—parabola, ellipse, or hyperbola—and wvice
versa any conic can be projected into a circle. It follows
that any property in cross ratios which can be proved for
a circle is also true for any conic section.

The value of a cross ratio may be expressed thus. Let
A, 0, B, D be at distances a, ¢, b, d from a fixed origin 0
on the line ACBD. Then clearly (Fig. 101)

AC.BD _ (c—a) (d—b)

AD.BC ™ (d—a) (c—b)’
Note that in Fig 101, BC will be negative.
The particular case when the cross ratio = —1 is that
of a harmanic ratio; see § 263, Cor.
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283. Different cross ratios with the same four
points, Given four points on a line, if they are taken in
different orders, different cross ratios are of course obtained.
There are 4P, or 24 orders, but these do mnot all give
different values for the cross ratio. It can be verified at
once indeed on writing down the values that

(ABCD) = (BADC) = (CDAB) = (DCBA),

and similarly for other arrangements. There will thus be
only 24+4 or 6 different values, and these are found to be
related to each other.

LEemma.—It is easily verified, attention being paid to sig?l. that

AC.BD+AB.0C +AD.CB = 0.
For the expression equals
(AD + DC) BD + (AD + DB)DC + AD .08

= AD (BD + DC + CB) + DC (BD + DB
=0

sinca BD+DC+CB = BD+DB = 0.

We have now

_AD.BC _ 1
(ADBC) = 4opr = gDy e (1)

(4BCD) = AB.CD _ AB DC

AD CB —ADBC = (IL),
(ACBD)+(ABCD) =AC-BD+AB.DC _ 4

“AD.BC

by the lemma just proved, or
(ABCD) = 1—(ACBD),

cand so for other arrangements. The reader may verify
as an exercise that if (ACBD) is A, the other five ratios are
e 1 1 A A—1

A I=A =% =1



304 CROSS RATIOS.

284. Bxamples.— If 4, B, C, D are fixed points on a
circle and 0 any other point on the circle, the cross-ratio
0 (ACBD) is independent of the position of 0. This is
immediately obvious, since the values of the angles A0C,
CO0B, BOD, DOA are independent of the position of 0
(Euc. iii. 21).

Projecting the circle into a conic, we have the import-
ant result that the pencil formed by joining four fixed
points on the curve to any other point on it has a
constant cross-ratio.

Again :—

If four fixed tangents be drawn to a conic they
will invercept on any fifth tangent a rgnge whose
cross-ratio is constant. R

For suppose the tangents at the fixed points 4, B, C, D

on a given circle cut the tangent at P in the points L, M,
N, R.  1f O is the centre of the circle,
LLOM = £LOP— / MOP =% L AOP—% £ BOP =% £ AOB,
and is therefore constant. The angles of the pencil
0 (LMNR) are thus constant, and so therefore is the cross-
ratio of the pencil and therefore also of the range. The
theorem is extended to the conic by projection.

285. If two pencils of equal cross-ratio have a
common ray, the points of intersection of the other
three corresponding rays are collinear.

For let PP be the common ray, the pencils being
P(PABC) and P' (PABC):
so that A, B, C are the
points of intersection. If

ossible, let AC cut PB and
%B in two different points
B and B"; and let AC
meet PP in 0. Then,
since the pencils have
equal cross-ratio,

(DAB'C) = (DAB'0),
which is impossible unless
B' and B" coincide. Fig. 103.
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286. Pascal’s Theorem.—If a hexagon (of any shape)
be inscribed in a circle or a conic, the points of in-
tersection of opposite sides lie on a straight line.

Let ABCDEF be the hexagon. Let AB, DE cut in L ;
BC,EFin M; CD, FA in N. Let BC, DE cut at P; and
CD, EF at Q. Join LM, MN.

Fig 104, A

The anharmonic ratio
M (LCDE) = (LPDE) = B (LPDE) = B (ACDE)
* Similarly
M (NCDE) = (NCDQ) = F(NCDQ) = F (ACDE).
But B (ACDE) = F (ACDE) ;
M (NCDE) = M (LCDE),

and since three rays MC, MD, ME are identical, so must
ML and MN be. Hence LMN are collinear.

From Pascal’s theorem we can deduce a method of
drawing a conic through five given points, using a
ruler only. For let A, B, C, D, E be the given points.
Then, in Fig. 104, if any line through £ cut the conic
again in F, the intersections of AB, DE and BC, EF and
CD, FA are collinear.

GEOM. PT. II. X
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The construction for F therefore is;—let AB and DE
meet in [, and BC cut the line through £ in M. Let CD
(E:_ut Llly in N. Then NA will cut the line drawn through

in F.

Since any number of lines can be drawn through £, we
can thus obtain any number of points on the curve, and
then draw the conic through them.

287. Involution.— If on a line 0X we have three
pairs of points A, A'; B, B'; C, ' such that

. 0A.0A' = 0B.08' = 00.0C' = *;
then the cross-ratio of any four of the six points is
equal to that of their four conjugates.

For draw OY perpendicu-
lar to 0X such that OY? = &?
(Fig. 105). Then

0Y:=04.0A,
and hence the circle AYA’
touches O0Y. Hence

LOYA = L 0AY.
In like manner

2.0YB =/0BY;
and hence, by subtraction, Fig 105.

LAYB = A'YB.

Similarly BYCG = B'Y(', &o.; and thus the angles of a
pencil ¥ (ABCC') are respectively equal to the angles of
pencil ¥ (A'B'C'C). Hence the cross-ratios of these pencils
and therefore also of the ranges are equal.

The points A, A; B, B'... it will be observed are inverses with
respect to a circle whose centre is 0.

The points A, A’, ... are said to form a system in in-
volution of which O is the centre. If F, F' be taken on
0X (on either side of 0), so that OF* = 0F* =k, then
F, F' are called the foci of the involution.
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Exercises.

1. If (ABCD) = —1 prove that (ACBD) =2 and (ACDB) =}.

2. If the pencil 0 (ACBD) = 1, prove that two rays of the pencil
coincide. (Use § 282.)

3. If circles described on AB, CD, as diameters intersect at an angle
0, show that the values of the 6 cross ratios of the ranges formed by
the points 4, B, C, D, are

—tan? g, sec? -;—, sin? %, —cot? ~;—, cos? ; , cosec"; .
4. 1£ A, B, C, and A', B', C’ are two triads of points on two straight

lines OABO 0ABC meetmg in 0 such that (0ABC)=(0A'B’ 0’) prove
that AA’, BB’, CC’ are concurrent.

5. On the ellipse 22+ 4y* = 100 are four points A4, B, C, D whose ~
coordinates are (10, 0), (0, —5), (—8, —3), (~10, 0), and P is any
point on the ellipse. Find the cross ratio of the pencil P (ABCD).

6. Given four points 4, B, B’, A’ in one straight line, find the locus
of a point P, such that the angles APB, B'PA’ are equal.
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PROBLEM PAPERS.

Problem Paper 1.

~ 1 Find the coordinates of 4 point such that the line joining it to
the point (2, ¢) is bisected at right angles by the line /z+my+n = 0.

2 A point moves so0 that the sum of the squares of its distances
from two given sides of an equilateral triangle is constant and equal
to 2¢2 Thow that the locus is an ellipse, and find the eccentricity
and the position of the foci.

3. Prove that the tangent at any point of the ellipse 22/a? + y%/6% =1
meets the ellipse 2%/«®+y?/6* = & (where 4 > 1) in two points equi-
distant from the point of contact.

4. Normals are drawn to an ellipse from a given point, inclined at
angles 6, 6,, 85, 6, to the major axis. Show that, if 6 be the inclin-
ation to the axis of the line joining the given point to the centre of

¢he ellipse, tan 6, +tan 6,4+ tan 6;+ tan 6, = 2tang. Vv

5. A circle is described with its centre at the foot of the directrix
of a parabola, and its diameter equal to the latus rectum. Prove that
the locus of the pole of any tangent to the parabola with regard to
this circle is an equilateral hyperbola.

6. Show that the asymptotes of the curve 22+ 2zy—y?—22—2y =0
are z+y~1=£42.y9,
and trace the curve.

7. Determine the locus of the centre of a variable circle which
touches a fixed circle and a fixed line.

8. If &', & be the lengths of CP, CD, conjugate diameters of an
ellipse, and 6,, 8 their inclinations to the axis of #, then

a2 §in 20, + &'t 8in 26, = 0.

9. If from any point on a given straight line tangents be drawn to a
given comic, prove that the sum or difference ot the reciprocals of
the perpendiculars let fall on the line from the points of contact
of the tangents is constant.

10: Show that the equation
1 + 1 1 “

z+y—a x—y+a y—z+a
represents a parabola. Find its focus and directrix.
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Problem Paper 2.

1. Investigate the locus of a point such that the sum of the squares
of its distances from two of the vertices of a given triangle may be
equal to the square of 1ts distance from the third vertex.

2. Prove that, if the straight line Az + uy +v = 0 touches the para-
bola y2—dpr+4pq = 0,
then must A+ Av—pu =0,

3 Pairs of tangents are drawn to the ellipse 2%/a%+y%/0? =1
from points lying on the ellipse

2%t + y¥bt = 1]/a®+1/b2.
Show that their points of contact will subtend a right #figle at the
centre.

4. If (z,, v,) and (g, ¥;) are two points on the ellipse 22/u?+y2/62 =1,
the tangents at which meet in (z, ) and the normals in (¢, n), prove
that a¥ = Frreg and b = yy, y,,
where ¢ is the eccentricity

5. Find the coordinates of the centre, and the area, of the ellipse
whose equation is 22+ 3vy +4y>—282—506y + 196 = 0

6. Show that the axes are tangents to the above curve, and that
the chord of contact is bisected by the line joining the centre to
the origin.

7. From any point on the normal to #%/a® + y2/6> = 1 at the point
whose eccentric angle is a two other normals are drawn to the ellipse
Prove that the locus of the point of intersection of the corresponding

tangents is the hyperbola éxsma+aycosa+ iy = 0.

8. A system of conics have the same focus and directrix. Find the
locus of points the tangents at which are parallel to a given line.

9. If the sum of the ordinates of two points on the ellipse
24/a?+y?[b? = 1 be , show that the locus of the pole of the chord

which joins them is D+ aly? = 2a%y.

10. A point P is taken on the conic whose equation is
(@A) + 2 (0+A) =1
such that the normal at P may pass through a fixed point (%, k).
Show that Pelies on the curve given by
Lo /A il .
y—k w—h hy—kz
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Problem Paper 3.

1. Determine the conditions that the equation
ar?+bxy+cy’ vrdz+ey+f=0
aay represent one straight line.

2. Find the radius, and the polar coordinates of the centre, of the
circle 13—~3r (co8 6+ +/38in8)+5 = 0.

3. Determine the area of the ellipse whose equation referred to
rectangular axes is

(A2+1)22+2(4+C)ay+(C?+1)y* = F.

4. Find«x common tangent to the ellipses
23(a2+ 8% + 9303 = 1
and 2la+y*f(a*+ 82 = 1,
and show that it is parallel to a diagonal of the parallelogram whose
sides are their directrices.

5. Prove that, if «® > 862, a point can be found the two tangents
from which to y?—4az = 0 are normals to 2%-4dy = 0.

6. Trace the curves :—
(i) *+22y+22+y—32z+1=0,
(ii.) 62%—6xy +y*—2y—2x+1 = 0.

7. Find the area of the triangle subtended at the centre of the ellipse
2%/a% + 42/b* = 1 by the chord joining the points whose eccentric angles
are a and B

8. An ellipse with a given point 0 as centre passes through three
given points A, B, C. Show that the area of the ellipse
_ o 4w LMN
VEZ+M+N)(M+N=L)(N+L—M)(L+M—N)
where L, M, N denote the areas of the triangles BOC, COA, AOB.

9. Discuss and draw the curve
222 + 2y + y? = 14z,
and show how the conic 2zy = a (x+y) is situated with respect to
the conic 2xy = a2. ¢

10. A parabola whose axis passes through the centre of a given
ellipse, and whose latus rectum is ¢ of its minor axis, touches the
cllipse at the extremity of the minor axis. Find the equation of the
parabola, and that of the chord of intersection of the two curves.
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Problem Paper &.

1. Form the equation representing the straight lines joining the
origin to the points of intersection of the straight line

zla+ylb =1
and the circle 5 (2°+y2 + br + ay) = 9ab,
and find the condition that they should include a right angle.

2. The equations to two circles are
(-0 + (y—=0)2 = % (2—B8)*+(y—a)? = &
Show that ¢he condition of their touching each other is 2¢* = (a—5)2.

3. PQ is a focal chord of an ellipse, of which BB’ is the psinor axis.
Show that the locus of the intersection of B8P and B’Q is a hyperbola.

4. Two tangents TP, TQ are drawn to the ellipse from the point 7,
whose coordinates are 4, # Show that the area of the triangle TPQ

. R R sf (B, K
is ab(a—2+b—2—1>/(b—2-+§,_;).
5. If two normals to a parabola intersect at right angles, show that

the portion of the one intercepted by the curve ie¢ cut by the other
into two parts which have to each other the ratio 3 : 1.

6. Trace the curve
822~ 22y —15y2 + 62 + 46y —35 = 0.

7. Show that the locus of a point the two tangents from which to
the ellipse #%/a?+ y?/b2 = 1 intersect at an angle equal to the difference
between the eccentric angles of their points of contact 18 one or other
of the two curves

la+y*b=a+b, 2Ya-yb=a—b.

8. Show that the locus of the middle point of the chord joining
the ends of conjugate diameters of 2%/a2+y3/62 =1 is the ellipse

2%a? + Y26t = §.

9. Two points P and ( are taken on an ellipse so that the pole of
the normal at P lies on the normal at . Prove that the relation
between P and  is reciprocal ; and show that, if K be the point of
intersection of the normals at P and @, the line joining K to the pole
of the chord P( 1s at right angles to the polar of K.

10. Being given, of a triangle, its vertical angle a in position and
the sum of 7 times one side and » times the other = ¢, find the locus
of the centre of the circumscribed circle.
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Problem Paper 5.

1. 1f 1+hz+az?+bay+cy?=0

represents two real straight lines, prove that ¢ must be negative, and
find % 1n terms of a, b, ¢.

2. Find the circle passing through (44, 0), (4, 0) and touching 6 = a.

3. Any two perpendicular focal chords of the parabola y* = 4ax
are drawn, and from the middle pownt of each chord a lipe is drawn
at nght angles to that chord. Prove that the locus of their pomnt of

intersectign is ¥ = 2a(x—ba).

4 A chord ot an ellipse subtends a right angle at the centre. Show
that the chord always touches a fixed circle.

5 The normals at the points P, D, extremities of conjugate
diameters, meet the major axisin G, @ Prove that

»
2
2

PG +DG = & (a4 10)

6. If the sum of the eccentric angles of the points of contact of two
tangents to an ellipse 18 constant, what 18 the locus of their point of
intersection ?

7. 1f 9 be the inclination to 8P of the tangent at P to an ellipse,
and ¢ of the tangent at D to 8D the conjugate semi-diameter, then
cot? 6 + cot? ¢

'3 constant.
§ TFind the equation of the circle which passes through the points
whose coordinates are (1, 0), (2, 3) and (3, —1).

Show that the length of the intercept which it cuts off from
the line z—y = 0 18 3 39, approximately.

9. If a chord of a circle subtends a right angle at a given point,
show that the chord envelops a conic.

10. Two parabolas y? = da (z-10)
and 22 = 4a (y=1)

move so as always to touch one another, / and Z being both variable.
Find the locus of their point of contact.
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Problem Paper 6.

1. If ABC be a plane triangle such that tan 4 tan 4B = 2, find
the locus of C if AB be fixed.

2. Find the area of the triangle formed by the lines whose equations
are, respectively, 7co80—c¢ = 0,
rcos (—3im)—3c =0,
rcos0+rsinf+2c =0

3. Find the equation of the common tangent to the parabolas
y? = 4ax and 2% = 4by.
4 TIf the normal to an ellipse at the point P meet the major axis

1 G, and CY be the perpendicular from the centre  on the tangent
at P, 0 the middle point of CG, and B the extremity of the minor axis,

prove that OP = 0Y = 08B.

$. Trace the conics 822+ 22y + 3y’ =8;

and show that the foci of each lie on the other. Also show that the
conics have four points through which they both pass

6. Show that, if through the point (a, 8) on a parabola two normals
to the curve be drawn to meet 1t in the points (o, 8), (a’’, 8”), then

BB’ (@ —~a’)+B B’ —a)+ BB (a—a’) = 0.

7. Show that the locus of the point of intersection of tangents to
22a? 4 y2[b* =1
at the ends of conjugate diameters is the ellipse
2%a? + y?[0? = 2.

8. Show that (ay—bu)i+ k(x—a)(y—8) =0
represents two straight lines, also that they both touch the hyperbola
zy—3tk = 0.

9. Show that the four lines given by the equation
24+ Ta%y + 162%% + Tay®—6yt = 0
form a harmonic pencil.
10 Being given the base of a triangle and the ratio of the rectangle

of its other sides to the sum of their squares, find the locus of the
vertex of the triangle.
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Problem Paper 7.

1. Find the equation of the perpendicular from the point (%, %) on
the line ar+by+c=0;
and find the coordinates of the point of intersection of the lines.

2 Prove that the distance of the point of intersection of the lines
in Q. 1 from the point (%, %) is

{(ak + bk + c)? + (a+ b)2 (h—k)2}¥/ (a2 + 821,
3. A circle whose centre lies on the straight line which bisects the
angle between the coordinate axes touches each of the straight lines

Y Ar+By+C=0, Ar+DBy+D =0.
Find 1ts equation.

4. A is the vertex of a parabola and P, () are any two points on ths
curve. T'he diameters through P, Q meet AQ, AP respectively in U, ¥
Show that UV 1s perpendicular to the axis of the parabola.

5. Prove that the two parabolas
y? = 8ax, %= 2Tay
intersect at right angles and at the angle whose tangent is 5
6. The normal at P meets the tangent at  on the minor axis
Prove that PQ touches the hyperbola
23 ¥ 1
@ (@P—20%) W E—F

7. Find the locus of the mlddle points of all tangents drawn from
the directrix to the parabola y? = 4az.

8. 1f a variable point on a hyperbola be joined to two fixed points
on the curve, prove that the two joining lines intercept a segment of
constant length on either asymptote.

9. Prove that the locus of a point such that the normals to the
parabola y? = dax
at the points of intersection of the curve with the polar of the point
intersect on the parabola is the curve

Y (z+2a) +4a = 0.
10 Prove that the onvelope of chords of an ellipse wiich subtend

a right angle at the origin is a conic whose focus is the origin and
directrix the polar of the origin.
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Problem Paper 8.

1. If az® + 2hxy + by + 292 + 2fy +¢ = 0
represent two straight lines equidistant from the origin, show that
Sfimgt = c(bf2-ag?).
2. Two circles are drawn through the points (e, 5z) and (4a, @)

and touching the axis of y. Prove that they intersect at an angle
tan-140,

3. On QP,, QP,, tangents to a parabola, perpendiculars 8Y), 8Y,
are let fall from the focus. Show that 8Y,.8Y, varies as 8Q.

4. Prove that the angle between the tangents drawn #¥om (z, ¥) to
the ellipso 22[ad+ y?[b2—1 = 0

is tan-1 {Zab Vi3 vy 2—1/ (ﬁ+yz_a2_bz)}_

5. Prove that the area of the triangle formed by three normals to a
parabola which do not pass through one point is
3a? (m+ m’ +m")2 (m—m') (m' —m") (w'"' —m),
where 4a is the latus rectum of the parabola and m, m’, m” are the
tangents of the angles made by the normals with the axis of the curve

6. The equation of a conic is
a?—4zy +y?+ 62 = 6,

Show that it is a hyperbola ; find its centre, the direction and length
of its semi-axes, and the equation of the pair of asymptotes.

7. Prove that the chords which pass through a point (¢’, y’) within
a parabola y?—4ar = 0 and are divided by it in the ratio A : 1 have
for their equation

4{y (y=¢) =20 (t=2) PP A+ (y—y)? (2 —4aa) (A—1)2 = 0.

8. Prove that, if the angle subtended by the chord of an ellipse at
the focus be constant, the chord touches a conic with the same focus
and directrix,

9. Two parabolas have the same vertex and their axes are perpen-
dicular. Find the locus of a point from which a tangent to one is
perpendicular to a tangent to the other.

10. ABCD 3nd AEFG are two squares, £ being on AD and G on BA
produced through A Prove that, if FE produced meets BC in H, then
AH, GC, and FD meet in a point.
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Problem Paper 9.

1 If A+ 2y + 02+ 292+ 2fy+c =0
represents two straight lines, show that the product of the perpen-
diculars from (2, y) on the straight lines is

flow)

V(a=8)2+ 4t

2. Find the locus of a point such that the tangents drawn from it
to two given circles shall have a constant ratio.

3. Find the length of the perpendicular from the point (;, 6;) on
“the line joiping the two points (r, 6), (74, 6,).

, 4. Find the coordinates of the centre of the conic

2—ry+y?—Tr+8y+18 =0,
transform the equation to parallel axes through the centre, and draw
the curve.

L]

. & Prove that, if from any point P on the ellipse 2?/a?+y?/b? = 1
perpendiculars PM, PN be let fall upon the axes, the equation of the
locus of the foot of the perpendicular let fall upon MN from the cuntre
1 _ sec?d 4 cosec?d

is =
a? b2

°
e

7

6. Prove that all chords of the parabola »?~4aez = 0 which sub-
tend a constant angle a at the vertex touch the conic

(v—1a)* + 4y° + 4 cot? a (y2—4ax) = 0.
s 1. Show that the locus of points at which the ellipse 2%/a* + y%/b?= 1
subtends an angle 60° is
3 (a2 + y2=a?—52)? = 4 (2%0° + yPad— a%7).

8. If PQ is a normal chord of the parabola y* = 4az, and if 8 is the

focus, prove that the locus of the centroid of the triangle SP( is
36ay? (3z— ba) — 81y* = 128at. -

9. Show that the greatest angle between two corresponding tan-

gents to the ellipse and the auxiliary circle is
10=b

sin-1-—- .
a+d

10 Two points P and ) are taken one on each of tle coordinate
axes and cquidistant from a fixed point (e, 4). Find the equation of
the locus of the middle point of PQ, and trace the curve.
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Problem Paper 10.

1. A square being described upon the part of the straight line
za+ylb = 1 intercepted between the coordinate axes, find the equa-
tions of the sides and the coordinates of the point of intersection of
the diagonals.

2. If three circles, whose centres are fixed, have for their radii
ri+k, o+ %, r3+ %, find the locus of the radical centre when % varies.

3. The two parabolas y® = 4ar, 2% = 4by intersect at the origin 0
and at P. Show that the tangents of the inclinations to either axis
of OP and the tangents at P are in geometrical progression, and that
the two triangles bounded by the two tangents and one of the axes
are equal in area.

4. Show that from any point (2’, ¥') {three normals, re.? or imagi-
nary, can be drawn to the parabola #®—4az = 0, and that, when the
normals are real, the circle passing through their feet passes also
through the vertex Show that the equation of the circle 18

wayr— L - 2a+a) 2 =0,

5. Prove that, if a, 8 be the inclinations to the axis of z of two
conjugate diameters of the conic az?+ 2kxry +by*+ 292+ 2fy+¢ = 0,

then btana tan B+ % (tuna +tan B) + ¢ = 0.

6. 8, & are the foci of an ellipse, @, (' are points on it, on the
same side of the major axis and such that 8§Q. S’é)’ are parallel, being
inclined at an angle 6 to §§’. Prove that Q0" and the tangent at the
point whose eccentric angle is 6 meet on the major axis.

7. Show that the locus of the point of intersection of equal chords
of a parabola drawn in given fixed directions 1s a straight hne.

8. Find the locus of the centre of an equilateral hyperbola which
passes through three given points,

9. Prove that through any point 1n the plane of an ellipse a con-
focal ellipse and a confocal hyperbola can be drawn, and that, if «, o
be their respective sem1-major axes, the conjugate semi diameter in
the Eﬁl‘la'.mg,of the radius to the point is (a2—a2)} Show that the area
of fhe parallelogram formed by the tangents to the hyperbola at its
four points of intersection with the confocal ellipse is

2%’2-'@2—52).

10. Show that, if a circle touch an ellif;se in two points, the tangent
to the circlg from any point on the ellipse bears a constant ratio to
the perpendicular from the point on the common chord of the ellipse

and the circle.
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Problem Paper 1l.

1. Two variable points P,  are taken on the sides 0B, CA of a
given triangle such that CP : PA = BQ : 0C. TFind the locus of the
mid-point of PQ.

2. Find the length of the chord of intersection of the circles
y? = 4 -2, 2? = 8.’/"‘.‘/21
and the tangents of the angles between the circles at either intersection.

~ 3. Show that the equation to the locus of the middle points of a
chord of a rectangular hyperbola is of the form ’

(22+ 92 (a+2y) + bay = 0,
if the chord is of constant length.

4. P and @ are two pomnts on a parabola the tangents at which
meet 1n T and the normals in N. Prove that the projection of TH on
ghe axis is equal to the sum of the distances of P and @ from the

irectrix.

5. Find the length of the latus rectum of the parabola whose
equation is 922 —24xy + 16y3+ 442+ 8y +5 = 0.

6. Trace the curve 24%2—-3zy—24*+5y+2 =0, and draw its
asymptotes.

- 7. Prove that, if (z, ¥) and (¢, ') are any two points on the
ellipse 2?/a’+¢?/62 =1, then
z 1 y 1 1

—_——— R v

Ady+y  Bzr+d 2y +ay
and hence show that the locus of the middle points of parallel chords
is a straight line.

8. PQis a chord of an ellipse, normal at P. The points on the
auxiliary circle corresponding to P, @ are p, q. Prove that the angle
2tan-1 2_‘{1_2:_?_2

¢

’

pCq must exceed
where e is the eccentricity of the ellipse.

9. If an ellipse be inscribed in a square, prove that the axes of the
ellipse coincide in direction with the diagonals of the square.,

10. A parabola touches two straight lines 04, 0B in A and B.
Show that the portions of any chord which has its middle poiut on
AB intercepted between 04, 0B and the parabola are equal.
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Problem Paper 12.

1. Show that one of the bisectors of az?+2hzy+5y?> = O passes
through the intersection of the two straight lines
art+2hxy + by* + 292+ 2fy+¢ = 0
if h(g?=f?) = g9f (a—9).
2. Find the cosine of the angle at which the two circles
24+93+22+2fy+c=0 and 22+y2+292+2f'y+¢ =0
intersect.

3. Tangents are drawn to the parabola y? = 4az at points whose
abscisse are in the ratio u : 1. Show that the locus of their inter-

section is the parabola %= (y* +u Hlaz

4 Provethat thelength of the chord of the ellipse #2/a? + yB2—1=0
which lies along the line Ilz/a+my/b—1 =0 is
2 S S
oV E+mi=1. Vol + ¥ml,
5. Prove that the lengths » and w of the perpendiculars from the
centre on the tangent and normal, respectively, at any point of an
cllipse of semi1-axes @ and & are connected by the relation

Pa? = (a?—p?) (p2—b7).
Show that the two normals on the same quadrant which are at

a distance w from the centre make an angle cos—!w/(a—5) with
one another.

6. If chords of the parabola y2 = 4az touch a circle whose centre
is at the focus, and radius 4, the locus of their middle points will be
given by the equation

{9 +2a (a—2)}2 = 8 (42 + 4a%).
7. Find the equation of the axis of the parabola
4922 + 1262y + 81y% 4+ 232+ 11y +12 = 0.

8. Trace the curve Y+ 22y + 2y = 1,
and find the equation of the tangent from the origin.

9. Two lines intersect in 0. On the first are taken three points,
Ay, Ag Ag; on the second three others, B), By, B;. 1f the second line
be now caused to rotate round 0, the points 8,, B,, B; moving with it,
show that the area of the triangle formed by the joins A4, 8,, A;B,,
AgB; will vary as the sine of the angle at 0.

10. Show that the tangent and ordinate at any point of the ellipse
5222 4 a%? ='a2b? are harmonic conjugates with respect to the chords
which join the point to the extremities of the major axis.
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Problem Paper 13.

-~ L If ax®+2hxy+ by°+ 29t +2fy+c =0 represents two straight
lines, shoW® that the square of the distance of tly origin from their

point of intersection is c(e+b)=f1=g"
ab—1?

2. The axes AB, AC are inclined at an angle of 60°. A circle
touches AB at P, and intercepts on AC a chord whose length is equal
to AP. Show that the locus of the centre is a straight line, and give
the equation to the circle when AP =¢. —

» 3. Find the coordinates of the points of contact of the common
tangents to the two hyperbolas
22—y? =34 and 2y = 2%
4. The tangent at any point of a parabola makes an angle tan-1u

with the principal diameter, and 3 is the intercept made by the curve
on the normal at the point. Prove that

the latus rectum = — “0__
(1+uk

5. Show that the locus of the middle points of normal chords of
the ellipse #2/a®+ y*/6® = 1 is a curve whose equation is
(0% + a?yz)‘.' (8522 + ,,6‘,/2) = atbizty? (a2~ 52)?_

- 6. Inanellipse  2aba?+ (a2 + 4% y? = (a + D)3,

find the eccentricity, two axes, area, and latus rectum, and find the
equation to the tangent at the extremity of the latus rectum.

7. Draw the curve 8a2+4 12ay+ 1742+ 122+ 34y +17 = 0.

8. If the perpendicular from a point on its polar to a conic passes
through a fixed point on the axis of the conic, show that the locus of
the point is a straight line, *

9. Show that the envelope of the chords of the hyperbola 2y = a?
which subtend a given angle a at the point («/, y’) on the curve is the

hyperbola  «%¢/2+ 4% = 2a%y (1 + 2 cot? a) — 44 cosec? a.

10. Prove that the equation #+y = k+k+/zy represents a conic
section touching both axes. For what value of £ will this conic be a
circle, and what will be the radius of the circle, the axes peing rect-
angular ?
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Problem Paper 14.

1. Through the origin 0 the lines 04 and 0B are drawn, of lengths
a and 5, and inclined to Ox at 30° and 60° respectively : find the equa-
tion to AB.

2. Prove that, if « = a2?+ 2hay + by® + 292+ 2fy + ¢ = 0 represent
a pair of straight lines, the third pair of straight lines through the
four points in which these lines meet the coordinate axes are

cu+4 (fy—ch) zy = 0.

3. If  be the ordinate of any point P on a parabola of latus rectum
4a, the equation of Hhie circle described upon the focal distance FP as

2
diameter is a2+y2—(a+ %;)x—y’y-r g/; = 0.
Show that this circle always touches a fixed right line,

4. If TP, TQ be the tangents from the point T (f, g) to the ellipso
‘22fa? +y?/l*—1 = 0, whose centre is C, prove that the area of the

quadrilateral TPCQ 13 V0 + a2g2— a2,

6. Prove that the equation of the tangents to a conic from a focus
satisfies the condition for a circle.

6. Prove that the normals at the points where the line
wlacosa+y/bsing =1
intersects the conic a%/a?+y?/b> =1 meet at the point whose co-
ordinates are —ctcos’ala, c*sindafd.

7. Trace the curve 1562?—232y—-28y2+2+ 29y —6 = 0,

8. Discuss the curve

1

? + = 2co86+2siné,
p

and find the coordinates of the focus of the curve
(y—2)?2=y+x+l.

9. Show that the sum of the eccentric angles at the points wheie
normals to 22/a2—»%/42 = 1 from a given point mecet the hyperbola
is an odd multiple of two right angles.

10. A tangent is drawn to a rectangular hyperbola whose asym-
Ptotes are the coordinate axes. Its poles are taken with respect to a
series of conics confocal with 2%/a%+42%/82 = 1. Prove that the polars
of all these poles with respect to the comic #%/a’?+y?/¥'? =1 meet in
& point ; also that the locus of such points is a rectangular hyperbola
having the axes of coordinates as asymptotes, and conjugate to the
given hyperbola if 44’02 = (a®—&%3,

GEOM. PT. I, Y
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Problem Paper 185.

1. If a2?+2hzy +by*+ 292 + 2fy+¢ = 0 represents two parallel
straight lines, prove that 42 =ab and &¢® = af? and the distance

N |
between the lines is 2 { ag (2;:;) } .

2. Determine the position of the radius vector drawn through the
focus of an ellipse cutting the curve most obliquely.

3 Tangents are drawn to a parabola, whose equation is y2—4az =0,
from the point (4a, 6a), and the points of contact are joned. Find
the area of the triangle thus formed

4. If the tangents to a parabola include a constant angle of 135°,
find the Jocus of the point of intersection of the diagonals of the
quadrilateral formed by the tangents and the focal distances of their
points of contact.

6. A circle of constant radius passes through the vertex of a
parabola. Show that the normals to the parabola at the other three
points of intersection of the circle and parabola meet in a point, and
that the locus of this point, for different positions of the circle, is an
ellipse of eccentricity § +/3.

- 6. Show that the locus of the middle points of normal chords
to the parabola 2 = 4az is
2axy? =yt + 4a%? + 8at.
7. Trace the curves
(i.) 1442241202y + 26y + T2+ 17y = 0;
(ii.) (Bz—4y+a)(42+3y+a) = a%

8. If ), xy, 23, 2, be the abscissa of four points on the hyperbola,
the normals at which meet in a point, prove that

1 1 1 1
"y =+ =+ - ) =4
(rtrtag+ny) (x, xy oy x4)
9. If (2, #,) is the middle point of a chord of an ellipse referred to
Zo Yo
Zt %z Yo
W W e
of the pole of the chord, a and & being the semi-axes of the ellipse.

10. The locus of a point P such that the tangent PQ to the comic
az?+ by? = 1 subtends a right angle at the centre is
aj2? + bfy? = (a—b)?
If 2, k be the coordinates of @, the point of contact, therthe
chord of contact of P with regard to the conic is ™
axfh—bylk = a—b,

the centre as origin, then are the coordinates
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ANSWERS TO PART L.

(Paces 1-54.)

3. 13 miles, 10 miles. 4. 25. 5. V(13).

6. sty . 7. (am 4 (e = .

9. (-1}, -3 10. (9%, 33). 11. 4:7.
12. {(n—:)xli-?rz}/n, {(r=1) g+ 292}/n. e
14. (@) 7, (0) 5(@+8), () Fp(m—n)—}q(—m). 15. 2

18.
19.
20.
27.
29.
30.

33.
34.
39.
41.

45.

50.
52,
53.
H8.
58.
60.
61.

65.

(@) =1, =1; (8) =1, =15 (¢) 3, —1v3.
(@) 2, 3m; (b) V3, 8w, (¢) 5, m.

(@ V7, () 2. 21. (a) 4, () 33
22442 =2 28. 22+y2—2y = 0.
y = x+a, where a is the given distance.

(a) Straight line through origin and point (1, 2); () circle with
origin as centre and radius 4 ; (¢) two straight lines joming
origin with points (1, 2), (1, —2), (d) two straight lines
parallel to 0X and at equal distances 2 above and below
it respectwely (c) a curve similar to that in Part IL, § 44,
Ex. ii.; (f) the two axes; (g) straight line cuttlng
axes in pomts (2, 0), (0, 3); (%) axis of y and a straaght line
through origin and point (l 1).

y=42V3+2, y=£2+3-235 (~%V3,0), (2v3,0).

30°, 60°. 37. .t+J—:E«/2 38. z—y=1.

y=4,22+3y=0; 22—y =0. 40.2r+y =6 or 2+2y = 6.

2—y+1=10; 3/2. 42, 28 :11. 44, 45°

Same side.  4%. (2) 3z +4y =2, (5) — */ 34 -*f‘-’ =243,

(a—D0)2/ /(a2 +82).

(_4; “'1)1 (3r "2)7 (2r 1) ’ 2“/(10): “/(10), 24/2.

30°, 54. 30° 55. 45°

2+ Ty+22=0, y—T2—4=0. 87. 2+11y = 0.
=0, V3y—2=0; (0, —3), (~3+3, —§). 59. (103, 0).

2 = (b4 mk—mb)[(1 +m?), y = (mh +m*k + B)[(1 + m?). =
k= —4f. 62. 3. 6s. 30°. éa. ot
1, 2. 66.y=1 68. 2l.+13y =76,
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69, Tx—21y+50 =0, 22011y +27 =0, 152+ 10y—23 = 0;
("2157& %%é)

70. 102 —16y +41 = 0, 212+ 7y = 20, 11z + 22y = 49.

71, 42-3y+2 =0, Tx+y = 9.

74, 212+ 77y = 136, 99— 27y + 46 = 0.

75. (i) y—32+6 = £+/2(y—22+4),y = 0.

(ii.) 62+ y=25, 2—3y+10=0, y+ 132 = 0,

78. 92—Ty =3, 162+28y+51 =0, Ta+Ty+15= 0.

79. v = 2y, z = 3y.

80. (@) The two axes; (8) two straight lines both coinciding
with the axis of y; (¢) two ‘‘imaginary’’ straight lines,
z+y+/(—=1) = 0 and x—y+/(—1) = 0, passing through the
orysin, which is the only real pomnt on the locus ; (d) axis of
2 and hne 2+y =0, (¢) two coincident straight lines
2=y =0, (f)two imaginary straight lines, y = & +/(—1),
parallel to axis of 2; (9) two imaginary straight lines,
2—a = + (y—0)+/(—1) passing through the point («, b);
(k) =2 and y = 3.

81. Tan-13. 82. y =32, y+22 = 0; 45° 83. 60°.
87. (a) a°+2y =0, (0) xy—y2 =0, (¢) 2y = 0; (d) a®*—y* = 0.
88. lx+ay = 0. 89. 2cosa +ysine = 0.

90. 22 +y?=fi+g2—c. 93. 2—y+1=0,5+y =2.

94 x+y=1,2—y+1=0; (0,1).

95. (2,1); v—y=1, 2—4y+2=0.

97. (32, 3), *+xy+2y° = 3.

98. (i) #—1=0; (ii.) y+1 =0, (ii.) w+my—l+m+1=0;
(iv)a2-y*—22—2y =0, (v.) 32°— 41y +y* =102+ 6y +8 =10,
(vi.) 222+ Bry +4y*—2x+ 6y +6 = 0.

99. (i) z = 3(¥'v3—Y), y =3 +yV3);
(i) o= —(1/V2) & —¥), ¥ = —(1/v2) (& +¥).

100. = = (1/v/5) (2¢'—y'), vy = (1/V5)(¥' +2¥);

o= (1/V5)(2x+y), ¢ = (15)(—2+2y).

101. 3z° = 4" 102. 2 = —y,y=2. 103. 4* = 4z.

104. 22-8ry—4y? = 0. 105. 3922—96zy +11y% = 0.

106. 3z = 2y, y = 3 meets the curve (a circle) in two coincident
points, 107. (-4, 3), (3, —3).

109. (5, 7). 110. 22+9? = 4. § 111, The two axee.

112. Straight line parallel to axis of « at distance 1 below it.
183. Straight line through origin and (1. 2).
14, /(1 +yco80) T y/(rcosw+y)) = L
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115. p/(z+ ycos w) +q/(x cos w +y) = 1.

118 (i) 0 , (ii.) 4V/41; (ili.) +3; (iv.) 3/ =3 The lines aro
imaginary. 119. 1622+ 372y +4y* =0

121. (“%)%)) (-%, ‘%)’ (—6, 5), (_%‘!:;‘)7 (0, 2), (“%1 9
320+ 10y +43 =0, 6v—y+2 =0, 250429y +5 = 0.

123. 8% or —3. 124. 20—3y+2 =0, Sv+4y= 7.
125. Through (1/¢, 1/¢), where ¢ is the constant.
126. (-7, 3). 129. o = 1 (42'-3y), ¥ = (32 + 4y)

131. 3w —4y = —y'|v/2, a—y+1 = —2'[5;

Yy =y|vV2=-32[6-3, x=y V24254,

133. If lengths of AB, BC are p and ¢, and « be £BAD, AC is
_gsina
gcosa+p

and BDis  r{psin@—g¢sin(6-a)} = pgsina.

134. ;3. 185. 12V/(A—ab)[(ag®— 2hpq + Bp®).

137. (ap?+2hpq + bg?)) V(432 + a=F°).

139. A straight line throught the point of intersection of the fixed

straight lines.

140. If @ = base and a = difference of base angles, then, taking base
as axis of z, locus of vertex is 22+ y*—ar—ay cota = 0.

, 0 =tan-1{gsina/(gcos a +7)},

ExaMinaTioN PAPER (PAGE §5).

1. 23+ y?—aycot A = }a*, taking base as axis of x, and its mid-
point gs origin.

2. (i.) Straight line mcbned at 150° to mmtial hne and distant
1a+/3 from pole ; (ii.) Straight line parallel to imtial hue and
distant ¢ from if.

3. —-¢/C. 4. 10247y = 0, 132+ 8y—11 = 0.

5. &. 7. 22-24/3y—yt= 0,2y =0

ﬁ.' a8in’w, 27+ 2 8in w (A—a cos w)ay + (@ cos? w — 24 cos w + b)y" = 0.

ANSWERS TO PART IIL

Cuarter I. (Paces 1-14.)

2. (a) P+yl—x—y =0. (b)) 22+y*—6a+4y+4=0.
(¢) 23+y*+2y = 0.
8. (“) ("21 2), 3; (b) (8, 8)! 105 (0) ("'”v ”)7 a;
() Mid-point of line joining (a, 8), (¢, d) Rad. = } distance
be.ween the points ; (¢) (0, @), «.
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4. 60°; (1,2); 8
5. (— y+fsmw)/emw, (=f+gsinw)/sinw;
V(92—2fy cos w +f2—c)/sin w.
6. (0) T3+ Ty*—392—15y+32 = 0; 2%+ % = 443,
(8) B +y2—ha—~hy = 0; 23+ = L(A2412),
(¢) 22492 —12(x+y) +47 = 0; 22+ y? = 25.
(@) B*+y*—(a+d)(+y) +2ab =0; 22 +y* = L(a=b)%
7. (@) 22 +y’ —az—by = 0;
(0) a2+ y2—2ha—2ky = p7+q’ 2hp — 2kq.
8. 22+y’—ay =0; (0,3a), —2'!- 9. (2-a)?+y?> =0, (q,0).
11, 22+ y’— 40— 2y—-20 =0; (2, 1), 5.
12. (1) (3,%m),5; (3) (2,47),3. 14. y = 4.
15. 2243y =13, 22-3y = 13. 16 3y—4z = 24, 3r —4y = 24.
23. 12r-5y = 0. 24. y = 2.
25. (—a, 0), (0, —a). 26. 22+ 9% = 10. 27. 22 +y? = 4.
28, (a) (-1, —=1); (3) =33, 3 30. y=2+1+v2
31. 3x+4y+25=0. 32. (a) y+ V32 = £2/2.
(0) 2+ V/3y = +£2vV2,(c) br—12y = :}:13«/2;

83. *b(al+ y?)—c(bx + a/) 0 6. (83, 28), (-%$3. 23)
36. 22+ y? = 0?—al (g, £ ), %;1:4/ =15, 42F3y =0
S9. 3L+4y+3a+4bd:5¢(a3+b’—c) 40. 3y = z+10.

42, (23, 30%, (243, —30°) 45, x‘1+2.LJcOSa+J° -px—qy = 0.
46, B4 +4ak = 4. 47. V(a®+b2—2ab cos a— B)/sin (a—B).

CuarrEr II. (Paces 15-33.)

1. (@) 3z-5y =2; (B)y—-32z=14; (c)y = 14.
2. (a) (21, =7); (6) (1, =1); () (6, 0).
3

(la?, ma?). 4, 62+ 6y = 48. 8. (a) 5, (6) 1; (c) 342
8. 42-3y = 0. 9. 102—T7y = 0. 10. 2—-3y = 2.
11. 322+8y =9. 12, 4r+y =1. 13. (1, 2).
14. (2, 0), (8, 0). 16. (2—5)(y—5) = 0.

22, a? (3 +y?) = (a2, 4+ yn)%

24. z+y =38, 3x=2y+1 =0, 2=1; (1,2).

26, 22+yt-ha—ky =0 28. (1, 1).

30. Circle on radius through point on diamcter.

3l. 22 +y*+ 52+ 2y = 0. 32 12z 4 4N = (gr—py)%
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84. ¢ positive, p and ¢ of same sign. 39. v {4r2-2(c—d)?}.
40. (z—1)3+(y - 7)’ =12, 4l. '+ y?—bz = (bz—ay —ab)?/8ab
42. 22+ y° +ZGC —0 x+2Fc"gfy

44, Taking radxcal axis as axis of # and its mid-point as origin, 2¢ as
length of radical axis between points of intersection of circles,
and m as tangent of given direction with axis of z, locus 18
22~ y2—c? = 2mzy.

ExaminatioN Parer A. (Packe 34.)

1. 22+ y? = @ 2. (a, 0). 5. $3, %5
6. a(l +cosa) or —a(l—cosa).

8. The circle » = p cos (9—a) where (p, a) are the polar coordinates
of the centre of the given circle.

Cuarrer III. (Pages 35-48.)

2. (1) 2a, (ii.) 7; (in.) 4. 8. y?=122z. 4. (i) 10,10; (ii.) 30,104/3.
10. 3. 11, 8. 12 (-4}, 0); focus, (—1,0), directrix, 2+2 = 0.

13. (0, —-2), z = 0. 15, Outside former, within latter
17. (i') (l)4)! (%, 4)7 z=14%, (‘i) (—2)_3)7 - "3)v 22+5=0.
18. /2 = daz 19. 2*—22y +y*—4y +6 = 0. 20, 4a, V2

21. —4, 3. 22. —3,2; axis, y = 2; tangent at vertex, 224+ 5= 0.
23. Equation may be written (2—a/2)? = b(y +a*/4d)

25. (1, —1), (1,—32), 4y+5 =0. 2%, 2222y + y?—8y = 0.
28. 242, 29, }(11F +/85), 3 (-5 4/8H) 80, ¢ = mb+alm.
82. The absciss® are } (—5;{:\/:_2), go the points are imaginary.
33. 1, -$. 34. 8 V3a. 35. 4a (24 V3).
20, 22422y +y2—62—-2y+4=0. 41, 2®+22y+y?—22-6y+4=0.

Examinarion Parer I. (Pace 49.)
1. §17; g% = ac(be+2f).
2. zjc =y[b or z/c+y/b =1, where AB=c and AC = .
8. }tan-1{24/(e—8)}; & +¥ =a+b 4. § 36,
8. (i.) 4y—3a = 0; (ii) (3o, —fa), (—1a, —20); —}a.
Y. 222y +yt—day~2at =0, av/2 8. (an®, —2an). 9, § 52

Cuaprer 1V. (Paces 50-68.)

1. 72°—20y+T7y3~16y +8 = 0. 2. 2%a?+ ¢/ =1,
& (i) & v3; (i) £3v3; (i) 4. 6. On (i), within (ii.),
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18, () 4v3, (i) (0, 1), (h 1); (i) (2 0), (2 2).
18, (L) 3v2; () (1,2, (5,2); (i) (1, 0) (1, 4).
15. (i) 3385 (ii) (2, 1), (=2, 1); (iii.) (0, 0), (0, 2).
16. (1) §v3; (i) (0, =1), (0, 8); (iii.) (1, 1), (~1, 1).
17, (i) $v2; (i) (1, 1), (=38, 1); (ii) (1, v2+1), (1, 1~ v2).
18. (i.) Y5 V165 ; (ii.) (8, 2v/156-4), (3, —[2+15+4]);

(iil') (=1, —4), (7, —4).
19. (i) %5 +/26, 12 v31; (i) 3410, 254713 (ifi) 3410, 3 /7.
20. 7515, 1 V226, 22. 1343, 22, & /61,
23, ivV7, 2/=4%. 24. 72222y +7y*—182-34y+39 =0, 2/2.
25. 842, $v6. 2B, (3,4), 3,4).  27. (3, 2), 3(e+y) = 29.
28. 21622—24ay + 209y —1832-94y—~124 = 0. 30. 2?/25+y?/9=1.

81. ¢, 2U="¢., 82. ¢ = £3/37; (F /37, +.5/37).
. 2 tan a b2
33. y = 2£4+/5. 84, + 2 , .
/ Vb +attanda Vb +altan?a
35. (3}v3x—3y+1)%9+ (32 +3+/3y+1)? = 1. 38. (¢ 9).
41. §, 8, (1, £3+/3). 438. The latter; both.

47. (i) $v3, Bx£3+38,0), 2 =3£2+3. (ii.) A circle; eccentricity
= zero; foci at centre (§, 0); directrices at infinity.

48, Take fixed lines as axes, 6 inclination of bar to 0X; then
#=acos6, y=>sind, where a and b are lengths of the
portions of bar. Eliminate 6.

49, (0,0); zcosa+ysina—p =0, zcosa+ysina+ (1+¢%)/)1-¢)p=0.

B0, 322 —2zy+3y2—2(v3—1)ay =0. B1, 2¥f«?—2x/a+y?b? = 0

Cuarter V. (Paces 6Y-87.)

. 2ey-20+2y-3 =0, 3. 322~y»*+ 162+ 16 = 0.

.1, /25 2, A6 V15, 35, Vcla), V(c[b).

. V3 3105 $vT; Va+6] Vb,

. (1) V=86, 3V =1; (i) &1L, 3v6: (iii.) 3v3, 2+ —10.

. 4770, }4/129. 13. 113, (4,—13), (—2,~1).

14. $v5; (2421, 3), (-2+2—-1, 3).

1B, /5, (V71=2,1), (= ~7=2,1). 16. +/10; (+/3,8), (+/3,=3).

17, 20 = 24}, ¢ = 4765, 08 = /65, CX = }8/65. 18. 2/ = 8.

19. §, £v3. 20, 2v2, 2v/=3.

21. 32%+ 102y + 3y3—24x~16y +16 = 0, 2! = 24/10.

2B, 42Y/9—~4y%556 = 1. 26. §, 20 =54, Q7. p=} /5 ; (--36,—4).

28. y = v+4%+/390. 29, Real. 30. 310, 316,

» -

[ I ]
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82, 120r 4. 84. 3v3. 89.ay =142 40, 2y = 28,

5
24
41, 2y = ¢ (a+4)/ (4ad). 42, 2y =242. 48. L = 2+ —nm.
44. m = sin6/sin (w—0) is negative, and therefore 9 > w.
46. 22+ 62y +y2—162—8y +8 = 0.
a7. 21=246. 5. (z+y—1)(z—y—2)=$.
66. 2=0,24y=0; 2=0,2—y=0; y=0, x+y = 0.

Examivation Parer II. (Pack 88.)

1. §§ 56, 62, 71, 74, 76, 83.
2. ¢e=14+5; Aand A" are (1,3}), (0, 3); B and B are (4, 3), (3, 0);
2l = §; equations of latera recta are y =3}+3+/5 and

y = t—145. 8. § 64, 4. §59.
b. ¢ is ntercept on axis of z. 8. §69. 7. (=%, 24£245).
8. § 86. 9. § 83. 10, (z+y+1)(22—y +2) = 21,

Cuarrer VI, (Paces 89-105.)
1, (-8, 4). 2. (1, 1). 3. (4 2).
4. Centre is on the line 22+ 1 = 0 at an infinite distance.
B. (=% 3), 3P+ 2y—y?+3=0. 6. (=},—); 42+y + {5 =0.
7. (13, —4), 2y+2y2+37 = 0.
9. —di—fuy+gyt=1, —HIP—4{y = 15 —Jpay—py? = 1.
11. }v2, %, 2+y =0, 2—y =0, 222+4y’=1.
12, {3, 1v2; 204y =0, 2—2y =0; 322+8y* =1,
13. V6, v2; 2+y =0, 2~y =0, 2}/6+y*2 =1
14. } V3, 25/ =70, 4z=9y =0, 9244y = 0; 2/27—3[70 = 1.
18. (i), (ii.), (iii.), ellipses, (iv.), (v.), hyperbolas.
18, 22+ 2xy—2y2+2x+y+4 = 0.
19. 422+ 42y + Ty? + 11e+ 9y + 24 = 0.

20. 322 +ay—y?+2y~13 = 0. 21. =0, 24y =0.

22. y=0, z2—y = 0. 28. z+3 =0, y+2=0.

24. 2+1=0, z+y=0. 26. z—1=0, y+2=0.

26, z=0, 2x+y—1=0. 27. 2—y—2 =0, 3z4+2y = 0.

28. (0,0); (0,0); (=3,-2). (=1, 1); (1,=2); (0, 1); (&)
29. (14, 19).  30. 2527—36zy +40y2 = 52.  81. 23/3—y¥2 = 1.
84. Use result of § 104, 38. Bz—y+1)(z+y) = 6.
36, z(y—3)+1=0. 387. (z+2y+7)(Bz—y—4)+36 = 0.
88. Axes bisect angles between the asymptotes ; 23+ 2zy—~y? = 0.
89, (2?—y?) /(A —B) = zy/H. 40, 222+ 2y—y?*—3x+3y = 0.
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1.

CuarreEr VII. (Paces 106-111.)

Centre (1, 1). Equation of major axis referred to new centre is
#—y = 0. Lengths of semi-axes /6 and }+/15 or 2:24 and
1:29. Intercepts on OX = 1'82 and —*82; on OY = 182 and
—-82.

Centre (2%, 2). Major axis 2 = 2y. Lengths of semi-axes } v40,
3420 or 1 27 and -89  Intercepts on OX and OY imaginary.
Intercepts on # = 2 are 2 48 or 85.

. Centre (—1,3) Major axis # = 0. Lengths of semi-axes v

and /2 or 2 24 and 1'41. Intercepts on OX imaginary ; on
0Y = 4-58 and 142

. Centre (¢, ¢). Major axis 2¢+3y = 0. Lengths of remi-axes

1'47 and 1-03. Intercepts on OX imaginary; on OY = 222
and “¢9

. Centre (1, 1). Major axis #+3y = 0. Lengths of semi-axes

249 and 1-76. Intercepts on OX =327, —‘73; on
0Y = 280, —-49.

. Centre (472, 1). Major axis ~/22+y = 0. Lengths of semi-

axes 2 and 1. Intercepts on OX = 2-83, 94. Curve touches
OY aty = 2.

. Centre (0, 0). Major axis 2+y = 0. Lengths of semi-axes 3'46

and 2. Intercepts on O0X = 4245, on OY = +245.

. (@) 2~y =0, 24y—~2=0; (b)) 2+1=0, y-3=0;

(¢) 2+3y—~4 =10, 3x—y—2 = 0.

. Centre (0, 0). Major axis 2+y = 0. Lengths of semi-axes 1 41

and *82. Intercepts on OX =+ 1, on 0¥ =4 1.

Cuaprer VIII. (Pages 112-116.)

In the following () are coordinates of centre, (4) equations of trans-

verse and conjugate axes referred to the centre as origin, (¢) lengths

of

the semi-axes, (4) equations of asymptotes referred to the centre as

origin, (¢) intercepts on 0X, (f) intercepts on 0¥ ;—

1.

(a) =1, ~2. () 3z+2y =0, 20—3y = 0. (¢) 1, 2.
@) =8y =0, Tr—ty = 0. () 15°49, —-34. (f) *45, —2 57.

2. (4) ¥, 3. ) 2=y =0, z+y = 0. (¢) -94. 1°62.

(d) 37324y =0, 2Tz+y = 0. (o) 2'16, - 1'16.

(f) 2 16, —1-16.

(@) 1,1. () 3z-2y =0, 2243y =0. () *58, ‘Tl

(@) 82z+y =0. ‘09z—y =0. () I'l, =91, (f) 445, ‘71,
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4 (1) 2,1. (b)) 242 =0, 22—y =10. (¢ 1,1.
(@) 3s4y =0, 2=3y = 0. (¢) 278, —1-44. (f) 6 74, *66.
6.(a) =1, =1. (5)y=0, 2=0. (c) v2, /3, or 141, 173.
(d) y =x122a. (¢) 63, —263. (f) Imaginary.
8. (¢) =%, =% (V) y=0,2=0. () V3, V3or173, 173,
(d) 2~y =0, 24y =0. (¢) 1'13, —2:45. (f) Imagmary.
7.(a) 0,0, (&) x—3y =20, 3xr+y =0. () *T1, 1-41,
(@) Te—y =0, 24y =0. () £76 (/) Imaginary.
8. (a) 0,0, (b) 3z—y =10, z+3y =0. (c¢) 58, 1'73.
@) y=0, 3x+4y = 0. (¢) Infinite. (f) x-6l.

9. (1) =34, —‘?-1, te. =223, —-14,

() £ =+3y, 324y =0, (c) V2+}v6, r.e., 2°64.
@)y =B£+2) 2, ie. y =3T3z and y = —27z.

() —=2+/3+1k4/14, t.e. 1°28 or —6-2.

(f) V3424 +/6, i.e. 618 or 1:28.

Cruavrer IX  (Paces 117-123.)

1.9y=0, 32+2=0. 2.2/-1=0, 4245 =0

3 22—-1=0, 4y+5=0. 4. 2+y=0, 2—y+1 =0,

5. 24y+1 =0, 2—y—~1=0. 6. 3r+4y—~5=0,42~-3y+7=0.
7.23,1,1,3v2,3vV2,%. 8. Two parallel straight lines z + y = £2.
9. 2—y+1=0, r—y+6 = 0.

0. Two straight lines parallel to pz + gy = 0.

1. Two coincident straight lines.

CHarrer X, (Paaes 124-126.)

2. 22-y+3 =0, 2+2y =0; 25,

3. 243y =0, 3x—5y+25=10; {/10.

4. 2r+3y+1 =0, 32-2y—~10=0; 13.
5. bx—4y+4 =0, 4245y =0; ;41

6. 12+9%+1 =0, 9x=Ty+11 =0; }5+130.

Cruaprer XI. (Paces 127-138.)

1. A pair‘of straight lines 2r+4y—7 = 0, 32—3y+2 = 0 passing
through the point (1%, 1$).
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5.

6.

7.

10.
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An ellipse with origin as centre. Semi-axes = 4'9 and 4.

Equations of axes z—2y =0, 2zx+y =0. Intercepts on
0X =+ 467, on OY =413

A parabola, axis 32—~ 4y + 2 = 0, tangent at vertex 4z +3y + 3 =0,

atus rectum = 1'6. Curve is on side of tangent opposite to
origin  Intercepts on 0X =—4'7, —1, on OY imagmary.
Curve passes through (2, *7), (2, —4 2).

An ellipse with 2r+y—1 =0 as major axis and 2—2y+3 = 0

as minor axis. Lengths of semi-axes = 2, 1}. Intercepts on
0X =11, —8; on O = 309, —-45.

\ rectangular hyperbola with (14, 1§) as centre, with principal
axis parallel to 3:6z+y = 0. Lengths of semi-axes = *89.
Asymnototes parallel to y = 1'772, y = —'572z. Intercepts on
O0X = 47, 3; on 0Y = 3°16, *44.

A hyperbola with —2y+1 =0, 2+2y—~3 = 0 as asymptotes.

Centre is (1,1). One branch of the curve lies on same side of
both asymptotes as the origin. Semi-transverse axis = }+/5,
semi-conjugate axis = +/5. Intercept on 0OX imaginary, on
0Y = 222, —-22. Curve also passes through (2, 2:22),
2, _'22)» (3,25), (3, —'5)! ("‘l, 2:5). (—1, —°5).

A hyperbola with centre as origin and 32+ 5y = 0 as transverse

axis.  Semi-transverse axis = }+/3 = ‘58, semi-conjugate
axis = }v2 ="-Tl. Asymptotes are y =—6-88», y = *36x.
Intercepts on OX =477, on OY imaginary. The curve
passes through (1, -15), (1, —6 67), (2, ‘65), (2, —13'7),
(33, —1), (—2'96, —1), (—-33, 1), (2'96, 1).

. A rectangular hyperbola with (5, 2) as centreand y =2, z=5§

as axes. Semi-axes =v/28 = 5:29. Asymptotes are z—y = 3,
z+y =7. Intercepts on 0OX = 1066, —-66; on 0OY
imaginary. The curve passes through (11, 4:83), (11, — 83),
(12, 6 57), (12, —2 57), (—1, —4-83), (-1, *83), (=2, —6-57),
(-2, 2:57).

. An ellipse with (2, —3) as centre and z—y =5, 2+y =—1 as

axes. Semi-axes = v2or 141, 1+/6 or *82. Intercepts on
0X and OY are imaginary. The curve passes through (2, —4),
2, —2), (1, =3), (3, ~3).

An hyperbola with 22—y +1 =0 and z+2y—2 = 0 as aXes.

Semi-axes = 3 and 3. Centre is (0, 1). Asymptotes are
2=0, 32—4y+4 = 0, Intercepts on OX are imaginary, on
0Y =». Curve passes through (1, 4), (2, 362), (3, 4),
(-6, 6°87), (=1, —2), (~2, ~1-62), (=3, —2), (—~*5, —3 87).
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11, A hyperbola with 4r—y+12 =0, 2—3y+9 = 0 as asymptotes.
Centre is (—$%, $4). One branch of the curve lies on same
side of both asymptotes as the origin. Intercepts on
0X =-=1036, —1'64; on 0¥ = 13 3, 1'7. The curve passes
through (=2, 6:91), (=2, —°58), (—3, 4'8), (=3, —28),
("41 3'45)) (“4’ —4 95), ("5’ -9 27); ("5) 2 6)1 (1» 17),
(1, 2:33).

12. Two straight lines 42+ 5y—7 =0, 223y +5 = 0, intersecting
at (—+, 11). Intercepts on OX =—$,1; on 0Y = §, }

13. A parabola, axis z+1 = 0, tangent at vertex 3y+2 = 0, latus
rectum = 3. Curve and origin are on opposite sides of tangent
at vertex. Intercepts on OX imaginary, on OY =~1. Curve
passes through (-3, —2), (1, —2).

14. A parabola, axis 2z—3y+1} =0, tangent “at vertex,
32 +2y—~3%% = 0, latus rectum = ‘45. Curve and origin are
on same side of tangent at vertex. Interceptson OX = —1-87,
—13; on OY = +33. Curve passes through (-~1, —1),
(—1, '33), (=2, —1-04), (—2, — 06)

15. A hyperbola with (—1, 0) as centre and 1 62—y +1'62 = 0,
2+1'62y+1 = 0 as axes. Semi-transverse axis = *79, semx.
conjugate axis = 1'27. Asymptotesarey = 0, y +22+2 =0.
Intercepts on 0X = o; on OY =—2-41, ‘41. The curve
passes thiough (1, —4-24), (1, 24), (2, —616), (2, —'106),
(=1, £1), (=2, 2:41), (=2, —41).

16. A hyperbola with (—'2, 1'4) as centre and 2:+4y—1 =0,
z—2y+3 = 0 as axes. Length of semi-transverse axis = 2,
length of semi-conjugate axis = 13. Asymptotes are
82—y +3 =0, 424+ 7y—9 = 0. Intercepts on OX imaginary ;
on 0Y = 5'61, —1 34. The curve passes through the points
(1) 12 Ol)) (17 —'3)v (21 19.58)1 (Zv ""44)3 (—1v —6 39)’
(=1, 3 24), (=2, 3:42), (=2, —12-56).

17. A parabola with y+2 = 0 as axis and 2—} = 0 as tangent at
vertex. Latus rectum = 6. The curve is on the origin side
of the tangent at the vertex. Intercepts on OX =—}; on
oY =-1, -3.

18. A hyperbola with 4z—y+12 =0, z—=3y+9 = 0 as asymptotes.
Centre is (—$%7, $1). The origin and curve are in same angle
of the asymptotes. Intercepts on 0X =0, —12; on O0Y =0,
15. Curve passes through (2, 21-97), (2, 1'7), (5, 33:25),
(5, 3 4), (-2, 92), (-2, —2°9), (=5, —10°9), (—5, 4:3).

19. Two s%raight lines 2=y+1 =0, v4y—3 = 0 intersecting at
(1, 2).
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20. A parabola with 22 —=3y+4 =0 as axis and 3z +2y+16 =0 as
tangent at vertex. Latus reotum = :/11—_3 = *28. The ourve

is on the origin side of the tangent at the vertex. Intercepts
on OX = 0, —3:25; on 0Y =0, 2 89. Curve passes through
(=2, 1:17), (=2, —-95).

21. A circle with (5, —8) as centre and radius = 6. Intercepts on
0X =10-20, —-2), on 0¥ = —632, *32.

23. A rectangular hyperbola with (*6, *8) as centre, and 3z —y—1=0,
z+3y =3 as axes, Semi-axes = 126. Asymptotes are
22+y—2=0, 2—2y+1 = 0. Intercepts on OX imaginary ;
on 0Y = 2 85, —+35. Curve passes thiough (1, 2), (1, —1),
2, 2), (2, —2'5), (=1, 4:45), (=1, —+45).

23. Two parallel siraght lines 22— 3y —3+45 = 0, 22 —3y + 145 = 0.
Intercepts on 0X = 172, —*72; on 0Y = —1°15, *48,

24 A parabola with 32 +4y—3 = 0 as axis and 8x—06y—47 =0 as
tangent at vertex. Latus rectum = 4. The curve is on the
origin side of the tangent at the vertex. Intercepts on
0OX =269, —158, on 0Y = 274, — 87. The curve passes
through (1, 1°76), (1, —1°38), (2, *74), (2, —1°86), (3, —-36),
(8, —2-27).

25. Two straight lines 5z +4y—3 =0, 32 -7y +2 = 0 intersecting
at (13, 19). Interceptson 0X =3, —%2; on OY =}, .

26 Two imaginary parallel straight lines 2z 4+ 6y +5 = v/ —23.

27 An ellipse with (1, %) as centre, 22 —3y+1 =0, 32+ 2y~1=0
as axes. Lengths of semi-axes =2, 1, Intercepts on
0X =—1'58, 1°18; on OY = 1-49, — 79.

28. A rectangular hyperbola with z+y—2 =0, 2—y+4 =10 as
asymptotes. Centreis(—1,3). Axesarez+1=0,y—38=0.
Length of semi-axes =+/20 = 4 47.  Intercepts on 0X
imaginary ; on 0Y = 7'57, —1'57. Curve passes through
(=2, 7'57), (=2, —157), (1 or —3, 7:90), (1 or —3, —190),
(3 or —5,9), (8 or~5, —3).

29. A parabola with 7z +9y +1 = 0 as axis, and 92—Ty+11 = 0 as

tangent at vertex. Latus rectum = 3} _ — 088. Curveand

V130
origii: are on opposite sides of tangent at vertex, Intercepts
on 0X and OY imaginary. Curve passes through (-1, 9),
(=1, 52), (=2, 1 95), (—2, 1 03).

80. Two parallel straight lines z+2y+1=0, 2+ 2y+2=0. In-
tercepts on 0X =—1, —2; on 0¥ =—}, —1.
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A rectangular hyperbola with origin as centre and 152 + 8y = 0,
82—15y = 0 as axes. Lengthsof semi-axes = 1 Asymptotes
are ¥ = 3z, y = —z. Intercepts on OX imaginary; on
0Y = £1'31. Curve passes through (1, 3:73), (=1, —3'73),
(1, — 75), (—1, -75).

A hyperbola with (—1, —2) as centre and 3r+2y+7 =0,
2z—~3y—4 = 0 asaxes. Length of semi-transverse axis = 1,
of semi-conjugate axis 2. Asymptotes are 7Tz—4y—1=0,
z-8y—156 =0. Intercepts on 0X =1549, —-34; on
0Y = ‘45, ~2'567. Curve passes through (1, -—2-19),
(1,1-94), (=1, =3-27), (—1, —"72), (—2, —4 45),(—2, —~1-42),
(=3, —594), (3, —1-81).

An ollipse with (2v3—3, —2—3+/3), ne. (196, —4-60) as
centre, and 2+ +"3y+6 = 0, /32—y -8 = 0 asaxes. Semi-
axes = 5and 3 Interceptson OX imaginary; ong)Y = -691,
—+99. The curve passes through (—2, —4-93), (-2, —165),
(-1, —6 11), (=1, —1'12), (2, - 7'9), (2, —137), (4, —8 21),
(4, —2-34), (6, —=7°5), (6, —4-37).

An ellipse with (1, 1) as centre, and z— /3y +(+3—1) =0,
V3x+y—(+/3+1)asaxes Lengths of semi-axes = +/3, v2,
Intercepts on 0X = 2:04, —*41; on OY = 2 02, —*31.

An ellipse with (8, 4) as centre, and 2 414z—y—15'312 = 0,
414z + y—T7'312 = 0 a8 axes. Semi-axes = 8'6, 2 46. Axis
of z is a tangent at z = 14, and axis of y is a tangent at
y =1

An ellipse with (—1, 8) as centre, and (1 + ~/2) 2+ y—(7— +/2)=0,
z—(~2+1)y+(9+8+2) as axes. Semi-axes = 7-39, 3-06.
Intercepts on OX imaginary; on OY = 1-52, 12:48. Curve
passes through (-2, 3 71), (—2, 14°29).

An ellipse with 32—y +3 =0, 2+3y = 0 as axes. Cenwre is
(—*9, *3). Lengths of semi-axes =2, 1. Intercepts on
0X =—~2, 054, on OY = 2, —-154.

ExaMiNaTioON Paper III,  (Pagr 139.)

§§ 94-96.
8522 + 302y + 463 —382— 66y —335 = 0
and 4522302y + 85y% + 122116y — 320 = 0,

h? = ab and af3+bg? = 2fgh.

Ouarrer XII, (Paoms 140-168.)
3z+y—4=0. 4 c+y—3=0,2.+y+4=0.

r=2%3, y=F /3. 9. (=3, —5).
45° and tan-!} with axis; (-2, 0), (=10, —2).
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14. Lineis z+5 =0, curve is a parabola; (—%}, ¢).
18, o¥/a?— g8 = 0;
=3 42—y +3)2+2 42—y +3)(—2=3y+1)+4 (~2=3y+1)2 =0
or - 208x2—104xy —156y2 + 156z + 104y —1 = 0.
18. (i.) A straight line; (ii.) a conic. 19. Internally; 13 : 3.
20, 2x+y =1. 21. 3:2, 3:4, both externally; (2, 2), (3, 3)
24, z—-2y—1=0, 66—8y—9 =0, 2—y—2 = 0.
28, £2v/22+3y+6 =0, £+/52+3y+3 =0, £ V132+3y+9 =0.
26. + V572 =4, 22y+2 =0, 3z /10y =9.
2%7. 2+y+2 =0, 2+y—+/26 = 0.
29, z(2'+y ' cosw+g,+y (2 cosw+y +f)+92 +fy +¢ = 0.
80. 29922+ 2310xy + 2247y% + 27722 — 2940y — 22596 = 0.
81. zr(x—y¥p) = 0. 82. /%22—8a2y? = 0.
83. (2) 28,7 +384ay+ 131y2+ 5122+ 864y +96 = 0;
(8) 32"+ 22y +8y*—8r~18y +13=0, twoimaginary straightlines,
84. 12122— 1562y + 24y° + 702+ 60y —95 = 0; tan-1( 78).
88, 22/a?+ yy,[b* = 1. 87. yy = 2a(z+2y).
88, y, 2+ 2,y =28 or zjz+yly, = 2.
89. z(azy+/1y,) +y (hr +byy) = 1.
0. z(ax,+ by, +9) +y (hay+by) + 92, = 0. 41. 3 v30.
43, 72q2 +m2b? = m23, a4, V3r—y = + 13,
45. 3v/a% + 302 49, Am?+24lp+ Bp* = 0,
80. (i.) —2 6, —21; (ii.) —3-52, *6; (iii.) 42, —1 98.
53. 20894 ysing = a(l+cosb). Ba. vy [p. (v +y").
56. (1,2), 3} v2. B7. y?—4ax = a2l 88. tan-14, 2/5.
61. When a<b two perpendicular tangents cannot be drawn.
82. y2 = (p%q* + 9/ + 2) ax. 6B. 22/ (x1+70) 5 25,192/ (N1 +y3).
@8. 2z—-3y+9 =0, (=& -2).
75. a2tan’a—y?+ 20z (tan%a + 2) + a2 tan%a = 0.

Cuarrer XIII. (Paces 169-191.)

1. (i) 3z4y+2=0; (ii.)22+y+1=0.

9. 2(1+mm)+m+m' =0. 12. a?4+0B=10. 16, y= Lbz/a.
19. CP = v/5; p = J5+/10; sinw = {;+/2. 20. + V3, F3.
223. 2-18, 45. 23. 3-92, 1-62.

28, 322—12+1=0; 322—y?+2=0; 42?+2Hry+ By*+(C =0;
2y +22+3y+11 =0,
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26. 224+ 22y —y2 4+ 2+ 4y +3 = 0; 2" +22y— 9"+ 22 +4y+1 = 0.
28, 3x+4y = 0. 31. 1 52, -56.
32. OP = /2, CD = } /18, sin-1 (25 v26).
33.y=3%; % 3. 34. y=1; (-4 1). 36. 37 +3y+2 =0.
88. 2y + 292 +2fy+8fy—c=0.
40. a?sin 6 (2, sin =y, cos 8) /(a? cos? 0 + 4? sin? @),
—52cos 6 () sin 8 —~y, cos 6) /(a® cos? 0 + 42 sin? @).
41. 944'+4BB' = 0. 44, a%22 + b%y? = a*(a?-0?).
a5. z+y=0. 46, y?=2a(r—a). &7.a+h(m+m')+bnm’ =0.
48, A+ By =0, Br+Cy=0. Condition is B> = 4C. All straight
lines joining two given parallel straight lines are bisected by the
line parallel to the given lines and midway between them.
49. v2asin }w, +/2acos jw. B2. #/a?+y2 =4 9 B3. Yes.
BY7. az?+2hay+byt+gx+fy = 0.
83. 3 (v/a? +my[b%)%+ (1/a + m?[b°) (2%[u® + y2[62—1) - O.

CuarTer XIV. (Paces 192-202.)

1, bx—3y = 2. 2. 6r—3y=2.

4. h(v2—y"?) = (a—b)2’y’. Origin is centre of curve, and normal

passes through centre only when (27, 5') is on an axis.

11. +Va(a+ )} ﬂ/x' 13. 3/v10, —=1/vV10.  14. 2/v/5,1/ V5.
16. (1,2), (1, 1), (& —3). 17. a¥v/ @+ 82, 12/ a? 4 B2,
20. (i.) 32—3+3y = Ta; (ii.) z—y = 3a; (iii.) V3z+y =53a
21. v —y = 4a. 283. p?(a2sin? a + b2 cos? a) = (a2—02)2cos’a sinta
24. a%/(a*~ ;}:b\/(a’ BRI a%gR ] (a2 — 7).

25. ¥ (1—m2/a‘ ¥’ (1 —m?[6?). 26. 4v2a. 27. y* = da(z—4a).

29. (i.) A finite quantlty = zero. No such line can be normal to
the circle 2+ y? = a2 30. /62— b*m? = (a?+ b)2.

8l1. y?=a (z—a). 83. Y¥*=a(r—a).

ExamiNation Parer IV. (Pace 203.)

1. z(dmg—g)+y dmp +bg +f)=gp+Sfg—ec = 0.
3. 22—y2+%Bax +a? 2. 0. & 102+2y+26 = 0.
8. 383 —4zy +2¢0=3y=T} = 0.

GEOM. PT. If,
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Cuarrer XV. (Paces 204-219.)

1. z+y—-2=0. 2. H4z+10y+17 = 0. 3. gz+fy+o=0.
5. The normal. 11, &, -4 13. 1, .
138. -4, % 17. BB—2HIm+ Am?* = AB—H? 18, z—y = 1.
19. 32+3y+5 =10, 42+5y—2 =0, 2—2y = al,
z(a+2h+g)+y(h+20)+g =20
20, (a%, —b*m), (—1[l, —2am/l), (2¢*m, 2%),
21, G =2m’ =1, 1+ +2amm’ =0, 2¢2(m’+0I'm) = 1.
30, —pseca, —2¢ tana.
31, Diameter conjugate to the given direction. 88, »? = 2ax— a3
34. ’—yF =1’ 36. f/(ST—4%), —g/(f?~g"); P—y? = lx—my.
89. The radical axis. [Take this line for axis of ¥, then the circles
are r’+y*+2x+c=0 and 22+y2+2c+¢=0.]

Cuarter XVI. (Paces 220-242)

L (y-1) = (z-1)% 2, (x-0)%a’+ (y=a))s* = 1.
4. (i) 45° &c., (i.) sin~!(b/a) = cos~le, &c.
7. (1, 2)) (49 4)a (év —1>1 (%) ""3)' 8. 1. 9. ﬁ’ %"/3'

10. (uy+pg) y—2x = 2au pq. 13. AG = 2a +ap’.

14, a (v +2)*u?, —2a (u%+2)/p. 16. p=1,2, =3.

23. 2 (V3—1)fa+y(V3+1)[b =2, zja+ylb=}(+3+1).

8 1. Extremities of axes. 38. {—ax/@—me}jam, ¢ =afm.

42. y’—4az = (e +7)*tan’a. 49. 2 (z+y~1) = (x—y)%
82, 22a*+4*/(26%) = 1. B9, r+acot(a—p) =0, y—beot(a—B, = 0.
63. (Wz—ay)? (Vz—by) + («'b—ad’)3 = 0.

Cuarrer XVII. (Paces 243-253.)

5. 33or 74  11. A circle. 14. a = lj(2-1), b=1Uve-1
17, The latus rectum and any two focal chords equally inclined to it
20. (l4d—e)34+ 1*B?=1. 28, rcosd = 3a, a straight line perp. to axis.

ExaminatioNn Parer V. (Pacr 264.)
3. %%
Ouaprer XVIII. (Paars 2656-272)

& 2122+ 3y + Ty? = 43. B8, /S—c8 = 0.
6. 32+ 22y +32 = 3. 8. 1722+ 26xy + 17y2—602--60y i (0 = 0.
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32— 2y—by2+24y+1=0. 18, 522—6zy—6y%+9z~8y = 0.

Va+ /Y = %/8a% or 224+ Y2 =22y ~4 /20 (z+y) +8a% = 0,

243~ 32y + 2y?—22—4y = 0. 25. z(z—y—1) = 0.

(a—B) (y—38)/aBy3.

2%cos?a —y2[sin?a = a3—B%, 32. 5(z~y)=1.
Al(z—2)+ Bl/(y+1)+ C/(x+y) = 0. 46. 23+ y3—32+3y+4 =0.

Circle 22+ y? = a?+ 82, where a and & are semi-axes of ellipse.

mf(2—kmn), n/(2—kmn). 5l. 2 = +£3+2a, y=3+3iv25.

Use § 237. 57 2?4 pry~y? = a?—b?, where p is constant.

+afatBfb = 1.

(Ure p? = a’cos?a + b2sin’a.) 23/(R*—5%) + y?/(R—a?) =1, where
R is radius of circle. 63. z/(acosd) +y/(bsin?g) = 1.

Cuarrer XIX. (Pacms 273-282.)
1/(2+/AB) along the coordinate axes. 4. y?+16az = 0,

. Y2+ 4az = 4a . 8. Az—uy)? = pc(y—c). 9. 4y3 = 9ea?.

(x+y—c)®+0y =0. 13. y(y—2%) = 0, where b is radius of circle.
23a?+ 4202 = 1. 15. (¢—0)2+ (y—¢)* = a®
22/a3(1 + b2[a?) + y2[6%(1 + @%[8%) = 1.

Crarrer XX. (Paces 283-299.)

The first and second are harmonic with the third and fourth.
. %: 0! ®, 6! %’ 4' '2" _1"&’ %’ “78'1 gﬁl, %- 8- %- 9. 5.
224Tx+11 =0 or z = 4 (—Tx vb). 19. 4.

3k2—22 = 0. 29. a = b. 38. A particular case of Ex. 36,
If P, Q are ends of diameter, AP, AQ bisect angles at 4.

. Change into polar coordinates and find OR in terms of OP. 09, 08,

Change into polar coordinates and use 2/0P = 1/0P, +1/0P,.

Examination Parer VI. (Paer 300.)

. The points of intersection of az?+by?+2hzy+2fy+¢ =0 and

gz = fy. 3. 22 +9y2—32-3y+4 = 0.

. 2y = kol 7. 4(x—2a)3 = 2743,

. Cuaprer XXI. (Page 301-307.)

. Tt is th2 circle on the line FF as diameter, FF' being defined as

in § 287. The point O lies on the radical axis of any two
circles through A4’ and 88",
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ProsreM ParEr 1. (Pacr 308.)

1. {(B~mf) g—2lmp—2mn} [ (B +m?),
{(m*—1) p—20mg—2mn} [(B+m?).

3. If base be taken as axis of « and the mid-point of base as origin,
e = 4476 and foci are (0, +/3a3+/6c).

7. Taking given line as axis of # and perpendicular to it through
centre af given circle as axis of 3, equation of given circle is
of the form a2+ (y—5)3 =c*. Required locus are the two
parabolas #2—2 (btc)y +2—c2 = 0.

10. (3a,3a); 2+y =0,

ProsrLem Parer 2. (PaGe 309.)

1. A circle 22+ 42— 2x () + 29— 225) — 2y (v, + y2— 2¢3)
+al+yt+ad+yl—ald—y? = 0,
where the vertices are (zy, #y), (%3, ¥3), (23, ¥3). B. (8,4), 84/ 7T
8., Take directrix as axis of y and focus on axis of z, distance  from
directrix. Then locus is y*—may—az+a? = 0, where m is
the tangent of the angle the given lins makes with axis of «.

Prorrem Parer 3. (Pace 310.)
1. 32 = 4ae, bd = 2ae, 4% = daf. 2. 4, (3, 60°. 8. :wF/(4C-1).

4. ardby = Vat+a® + b4, 7. }absin (a—8).
10. 6224 6by—60°= 0; y = +b (1—652/5a2).

PronrLem Parer 4. (Pace 311.)

1. (5—4b/a)22—8ay + (6—4afb)y? = 0; a = 2b or }5.
10, Take one side as axis of z, vertex of triangle as origin; then
locus is z (m+# cosa)+y .7 8ina = }e¢.

PronLem Parer 5. (Paee 312.)

1. (4ac—0b%)/e. 2. 22 +y?—bdz + (5d cos ax4d) y/sin a + 4d2 = 0.
4. 2 +y? = a2?/(a+ %), 6. bxsiniy = ay cos iy, where v is const.
8. T2+ 7y?~392—16y+32 = 0.
9. Take given point as origin, and circle 2%+ 42+ 292+ 2fy+c =0;
envelope i8 42 (20—f3) + 2fgzy + y? (20 —g%) + 2c92 + 2¢fy + 2 = 0.
10. y8~4dazy + 2443 = 0.
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ProsLem Paper 6. (Pacr 313.)

‘With AB as axis of » and its middle point as origin, the locus of
Cis 82+4cx—y2=0.

. 3(11v/3=5)e. 8. dz+dty+alit = 0.
10.

2492425/ 1—4k% 4 ¢ = 0, where % is the ratio and 2¢ the
base, referiing to base as axis and its mid-point as origin.

Pronrem Parer 7. (Pace 314.)

. bx—ay +ak—bh =0 ;

(0%h —abk —ac) [ (a® + B%), (a*k—abh—be)[ (a®+b?).

8. *+y*+(x+y)(C+D)/(A+B)+3(C+D)?*(4+B)?
7. 2zfa+1 = 3z +a)?[y?. = }(C—D)*/(4%+ B¢).
ProurLex Parer 8. (Pacr 315.)
6. Centre is (1, 2), lengths of axes, 1, +/3; equations of axes
referred to centre, 2—y = 0, z+y = 0; asymptotes, referred
to original axes, 22—42y +y*+62x—3 = 0.
9. (2*+y?) (bx +ay) + (ax—by)? = 0, where 2? = 4ay and y* = 4lz

2. A circle.

are the parabolas.

ProsLem Parer 9. (Pacr 316)

g, 7273 ®in (6;—05) + ry7, 8in (6,—6,) + 7,75 8in (6, — o)
V12 41792 — 21 75 CO8 (6, — 65)

. (2, =3); 22—zy+yd=1. 10. 2?—y?—ax+ by = 0.

ProsrLEM Parer 10. (Pace 317.)

. ax—by—a® =0, ax—by+82 =0, br+ay = abk(a?+¥2); point

of intersection is {} (¢:8), % (b4)}.

. 22 {“ (ro=1g) +¢ (r3—my) +9(7’1"’2)} +2 {b (rg—1g) +d (r5—11)

+f(n "'7)}
= (024 82) (rg—r3) + (24 a?) (rg— 1)) + (2 +S2) (1 —19)
+ (rg—rg) (rs—11) (1 —ra),
where the centres are («, b), (¢, d), (& f).

8. 23 +y9) —(d+b)x+ (c—abfc)y = 0, where the three points are

(4, 0), (6, 0), (0, ¢).
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Prosiem Parer 11. (Pace 318,)

1. Take CA and CB as axes, and CA =a, CB = b ;-then locus is
2zfa+2y/b = 1. 2. §4/6; o 8. 3.

ProeLEM Parer 12. (Pace 319.)

2 (U + 209 —e=0) 27/ {fP+g2—0) (f2+g2-¢)}.
7 T2+9+1 =0. 8. z+y =0.
ProsreM Parer 13. (Pace 320.)

3. (£3v64, Fiv/6a), (£3+6a, ++6a).

6. ¢=(a—1)/+/(a%+ ) ; axes are (a+d)[+/(2ad), (a+0b)/+(a®+18?);
latus rectum = 2+/(2ad) (s + b)/(a* + 8%) ; equation to tangent is
t(a=d)z[v/(a®+ )ty = (a+8)[+v(2a0). 10. k=2, r=2.

Prosrem Paper 14. (Pace 321.)
1. z(a—04’3)—y (av/3—b)+ab = 0. 8. 3 3

ProsLEM Parer 15. (Pace 322.)
2. At ends of minor axis. 8. 2+690a. 4 2+a=0.
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