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6.] OF THE FIRST ORDER 9

the given equation can be expressed in a form

7 0 0 4
f(z‘,, cery T, Z,pl, --.,pn)ag )é’%‘) 0)

which involves only derivatives of the first order; and the new
system now contains n+1 equations, involving n+1 dependent
variables with derivatives of the first order.

It may be added that the main use of the property lies in
deducing existence-theorems for equations of order higher than
the first from the existence-theorems which soon will be established
for systems of equations of the first order.

An extended form of the property enables us, not merely to
replace any given system by a system containing only derivatives
of the first order, but also to secure that each equation, which
in the new system involves derivatives of the first order, is linear
in those derivatives. Thus, in the preceding example, additional
dependent variables would be introduced by the equations

0z _ 0Py _
‘a;ﬂ = Pus 5;.0 = Qus»

for w and s=1, ..., n: the original equation takes the form of a
relation
f(wh LR 'Tﬂ) Z, ply ey pn: qll, ey an)=0

among the variables free from derivatives; and the derived
equations

f af n f LSS a}i ?)q;m

+pa a s Al aq,\,. ?).L',

are formed for s=1, ..., n. All the equations are linear in the
derivatives which are of the first order; but it should be noted
that the number of equations in the modified system is larger
than the number of dependent variables, though the conditions
for coexistence are satisfied.

When the number of variables is other than very few, the
extended form of the property tends to be cumbrous. It is,
however, of definite use, as will be scen later (Chap. XVIII), as part
of a method for obtaining integrals of equations of order higher
than the first when they possess integrals that are expressible
in finite terms.
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7. The other of the two properties indicated in § 6 bases the
solution of a system of m partial equations in m dependent variables
upon the solution of one equation (or of more than one equation)
in a single dependent variable in association with algebraic pro-
cesses: the substituted equation or equations usually (but not
universally) involve derivatives of order higher than those which
occurred in the original system.

Reverting to the method adopted in § 5, and applying it for
the purpose of eliminating z,, ..., z, and all their derivatives, we
should have mN equations in the amplified set, while the number
of dependent quantities to be eliminated is (m — 1) NK. Accord-
ingly, let x, be the least value of « for which

m
K< 29
and therefore
(m—1)NK <mN.

The dependent quantities, composed of =z, ..., 2z, and their
derivatives, can be eliminated from the amplified set of equations:
the results of the elimination will take the form of one equation
or more than one equation involving z and its derivatives, the
latter being of order higher than those which occur in the original
system. Moreover, by the algebraic processes, all the dependent
quantities that are eliminated arc expressible in terms of those
that survive. Accordingly, when the solution of the equation or
equations in z, is known, the other dependent quantities can be
regarded as known: and then the solution of the original system
will have been obtained.

It should be added that this property is not of importance
in the general theory: its chief value lies in the fact that it
provides a method which sometimes is effective in leading to the
solution of particular classes of equations.

PREPARATION FOR CAUCHY’S THEOREM: THE FIRST OF THE
SUBSIDIARY EXISTENCE-THEOREMS.

8. We proceed now to the establishment of some positive
results, in particular, to the establishment of Cauchy’s theorem
affirming the existence of integrals of a system of partial equations.
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The system of equations contains the same number of dependent
variables as of equations; in form, it does not include all possible
systems of such a character, but it will be found to include a
large selection of important and representative systems; and the
integrals will be proved to exist, subject to an aggregate of
assigned conditions. For the purpose in view, the method devised
by Madame Kowalevsky* will be adopted, whereby the main
theorem is approached through two existence-theorems belonging
to partial equations of comparatively simple type.

The first of these theorems can be stated as follows :—

Let a set of partial equations be given in the form

2 _ % 5 q. 9%
o s nyr >
0x, J=1r=2 o,

for valuesz=1, ..., m, being m equations in m dependent variables ;
the coefficients Gy, are functions of z,, ..., 2z,, alone. Let ¢y, ..., ¢y,
be a set of values of z,, ..., 2, respectively, in the vicinity of which
each of the functions Gy, is regular; and let ¢y, ..., ¢y, be a set of
functions of a,, ..., @,, which acquire the values ¢,, ..., ¢, respec-
tively when a,=aq,, ..., &, = «,, which are regular in the vicinity
of these values of a,, ..., #,, and which otherwise are arbitrary.
Then « system of integrals of the equations can be determined,
which are regulur functions of @y, ..., x, tn the vicindty of the values
By=Qy, By=Qy, ..., T = Ay, and which acquive the values ¢, ..., .,
when x, = a, ; moreover, the system of integrals, determined tn accord-
ance with these conditions, is the only system of integrals that can be
so determined as regular functions.

9. It is convenient, for the sake of conciseness in the formule,
to write
Xy — Ay = Ys, Zr—C =&, ¢r—cCr=1,
for s=1,...,n,and r=1, ..., m: and then we have to deal with
quantities in the vicinity of zero values of y and &

As the functions G are regular within this vicinity over some
finite region, we select a portion of the region defined by the
ranges

1¢Li<R, 1&|<R, ..., | tu|<R;

* Crelle, t. Lxxx (1875), pp. 1—32.
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and we denote by M the greatest value among the quantities | Gy, |
within this portion of the region selected, M being finite. The
functions G can be expressed as power-series; and if we take

Gijr =33 ... aZ’h Lats...,

where the multiple summation is for all integer values of s,, s, ...
from zero upwards, simultaneous zeros being included, then*

| ijr |/ M
8185... <Ral+.1,+...
(B+s+..) M
= . o U,
8! 8!... Rovtate’

@ fortiori. Similarly, within a selected region of existence of the
functions v, defined by the ranges

|3/zi<P: I}/;;i(P; ceey [yn [<P)
we have
Y =32 Cupgu, oo YT YH e,
where the multiple suramation is for all integer values of u,, g, ...
from zero upwards, simultaneous zeros being excluded ; and then,
if NV denote the greatest value among the quantities | .| within
this region, we have

\ N

PP e
| Cupgps... 1% pratat

(a4 ..0)! N
STl et pEtwet
a fortior:.

If functions ¢ exist possessing the character required in the
theorem, they can be expanded as series of powers of y, in the
vicinity of the origin; having regard to the value they must
acquire when y, =0, we can take them in the form

G=Yu+yYum+ et ...,
where (as the functions ¢ are to be regular in all their variables)
the coefficients Yru, Yy, ... must be regular functions of y,, ¥, ...
within the selected region of existence, and they do not involve y,.
These functions ¢ if they exist, are to satisfy the differential
equations: we substitute them therein, and compare the coefficients
of the various powers of , and, from the fact that the derivatives

* See my Theory of Functions, (Second edition), hereafter quoted as T'. F.,
§ 22.
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with regard to a, (and consequently of %) occur on the left-hand
sides of the equations only, we find relations of the form

PV = 3z,

where the number of terms in the summation on the right-hand
side is finite. Each term Z is the product of four factors:

(1) a coefficicnt @ from the expansion of the functions G :

(i1) a product of the functions v, the second subscript
index A being less than p:

(iii) a first derivative of one of the functions ., the second
subscript index A being less than p:

(Iv) o positive integer.

Now all the functions 4 having their second subscript index
zero, are the functions ¥, ..., ¥,; and their expressions as
regular functions of ¥,, ..., , are known. Hence the relations

PYup =22
give a formal determination of the functions 4, in succession ;
they appear as power-series in s, ..., Y, the coefficients in which
involve the constants @ from the expansion of the functions G, the
constants ¢ from the expansion of the functions , ..., Y, and
positive numerical factors.

When these values are substituted in the y;-expansions of
&y o+, G, expressions result which formally satisty the differential
equations. In order that they may possess functional significance,
these multiple series must converge; this necessary convergence
can be proved as follows.

10. We consider variation in a more restricted range for the
quantities §, given by
R ,_R R
I‘{‘Rni’ {Cel<,,'n“: s |Cm|<“m‘»
50 that

: §|+§2+-'-+§m‘{<R§
and we construct a dominant function* @ in the form

(si+s+.) M
5! 8! Retste EROEE

G=3%2...

*T. F., §23.
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where the multiple summation is for all integer values of s, s, ...
from zero upwards, simultaneous zeros being included. Then the
modulus of any term in @ is at least as great as the modulus of
the corresponding term in Gy, having the same combination of the
variables. Moreover, in the region of variation considered, G can
be expressed in finite terms: we have

M

G= T .
L— g+t + 8

We also consider variation in a more restricted range for the
quantities y,, ..., ¥a, given by

_P_ P
i<y Il <32

so that .
[+ e+ Yn|<p;

and we construct another dominant function 4 in the form

: :l/';““ya“a cery

+pm+..)! N

11' =32Z... ("';2(&;3.'_—_) PI‘1+M3+..
where the multiple summation is for all integer values of u,, us, ...
from zero upwards, simultaneous zeros being excluded. Then the
modulus of any term in  is at least as great as the modulus
of the corresponding term in . having the same combination
of the variables. Moreover, in the region of variation considered,
¥ can be expressed in finite terms; writing

y=3’?+~-+.’7m
we have
Ny 1
p==d -
P y_¥
P
Ny

and the range for the variable y is given by
lyl<p.
11. By means of these dominant functions, a dominant system

of partial equations
Z_% 3¢l
3% j=1r=2 3.%
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is constructed; and we assign, as conditions, that each of the
quantities Z; shall acquire the value ¥+ when ¥ =0. Taking
G and ¥ in their expanded forms as power-series, and applying to
these equations the process applied to the original system, we
obtain equations of precisely the same form as before, to determine
the successive coefficients in the expressions for the variables Z as
power-series in the variables y,, ¥, ..., yn: and the successive
operations for the construction of these coefficients are the same
as before. In these new operations, all the terms in the expression
for any coefficient are positive; the modulus of cach term is at
least as great as was the modulus of the corresponding term
in the former operations; and therefore, if

Zu= ‘I’ + yl‘!"/m + yl‘z‘l",m"' (EXS}
[PV [ 2 PV |
[ Vup [ | ¥ap |-

Hence the series for &, will certainly converge if the series for Z,
converges.

we have

that is,

The values of Z,, ..., Z,, and their consequent expressions as
converging series, can be otherwise obtained. Returning to the
dominant system and using the finite forms for G and , we have
to determine values of Z,, ..., Z,, satisfying the equations

% _ M 2 2 0

-~ )
ayl 1-5 (Z +...+ Zm) j=1r=2 ayT
and such that

-y
ey’
when y,=0. Thus Z,, a function of all the variables, is a function
of the combination of them represented by y, say a function of y

alone, when #,=0; and therefore %5" for r=2,...,n,1s also a
r

function of y alone when y, =0. The differential equations then

shew that %%‘ is a function of y alone when y, =0. Again,
1

differentiating all the equations with regard to %, noting that the

quantities Z and all their first derivatives are functions of y alone

when y, = 0, and applying a similar argument, we find that g.‘,/Z‘s
1
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is a function of y alone when y =0. Similarly, for all the
derivatives in succession. Inserting their forms in

07, y? [0°4,
Zy=[2.),+2 [—i‘] +% | a | e
L3 [ P«]‘J Jl ayl 0 9 8,7/12 0
we see that Z,, if it exists, is expressible as a function of 3, and y.
Now from the equations, we have
0%, _0Z, _ _0n.
3.% a,?/l o 33/1 ’
and therefore, taking account of the conditions that
. Ny
Zy=ly=...=Zp =,
p—Y
Zi=ly=...=Zp,
in general. Denote this common value by Z, which now is a
function of y, and y; then all the equations in the dominant
system are satisfied, provided Z can be determined to satisfy the
equation

when g, =0, we have

0% l—’mZ- %
R

and is such that it acquires the value pliyy when 7,=0. It is

casy to verify that the equation is satisfied by a relation

<1 —m ]Z{) y+ Mm@ —-1)y,=f(2),

where f is any function whatever of Z: and therefore all the
requirements will be met if f can be chosen so as to allow Z to

acquire the value p]ir_yy when 3, =0. For this purpose, the two

equations
(1 —m .f‘{) y=f (),
Ny _
Py
must be the same. The latter gives

__pu
Y=F+w
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which, substituted in the former, gives

=(1-m®) P*
f(u)—(l mR) Niw
being the appropriate expression of the function /. Thus all the

requirements are met by a value or values of Z determined by
the integral relation

Z _ ZN\ pZ
(l—mR>y+Mm(n—1)y,_(l _)N+Z
This quadratic equation has two roots. One of the two roots

becomes gb when 7= 0, and must be discarded as not satisfying

the imposed condmon when 3, =0. The other root is given in
the form

AY
2% o= 2~ {p=9) +mfy—Mn(n -1y}
- [(p—y—m%’y) + M2 (n — 1)y

— 2 =1y dp -y + m o=} |

it can be expanded in powers of y, in the series
Ny Np 1

=—% 4+ Mm(n—1
Py ( )% sy

3

N
+ higher powers of y,.

It is clear from this expression for Z obtained in finite form that
Z can be expanded in a series of powers of y and y,, which con-
verges in a non-infinitesimal range round y=0 and ,=0. When
y is replaced by its value y,+ y;+ ... + yn, the modified power-
series in %, ¥», ..., Yn Still converges in a non-evanescent range
round y, =0, y,=0, ..., y,=0; consequently, the quantity Z of
the required type does exist.

It therefore follows that the quantities Z,, ..., Z,, exist as
determined by the equations in the dominant system; and there-
fore integrals of the original equations exist satisfying the pre-
scribed conditions.

12. The preceding investigation establishes the existence of

integrals which are regular functions of the variables in the
-



18 UNIQUENESS OF THE REGULAR INTEGRALS [12.

selected region; it is easy to see that they are the only set of
integrals which, satisfying the prescribed conditions, are regular
functions of the variables. If any other set existed, being regular
functions and satisfying the prescribed conditions, they would be
expressible in a form

:I» = ‘I’» + yl‘,’,#l +3/1"I"m +...5
when these are substituted in the differential equations, they would
lead to relations

P¥p=32'
for the determination of the coefficients, similar to the relations
P¥up=2Z.

When p = 1, no double-suffix function occurs in Z’, which then is
the same as Z, because the term in ¢’, independent of y, is the
same as the corresponding term in §,: hence

‘l’,ﬂl = ‘I’m .
When p = 2, the only double-suffix functions that can occur in 2’
are the functions ¥y, which have been shewn to be the same
as Yra; hence, for this value, Z’'=Z, and therefore

‘I’/m = ‘I’m-
Similarly for all the coefficients in succession: we find
="t

for all the values of u; and therefore the set of regular integrals
obtained, subject to the prescribed conditions, are unique regular
integrals.

As an example illustrating the general theorem, we require the integrals of
the simultaneous equations

Qu_ q0u
oz 0y’
2 a-uta g,
such that, when 2=0,
u=y (@+ay+ay’+..)=L )
v=y(by +b1y+by?+...)=8 ().
The equations are amenable to the ordinary practical methods. The most
general integral of the first equation is easily found to be

u=f(y+uiz),
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where f is arbitrary so far as the equation is concerned. Also

Eriat P Gl
1 ou
=(”_u);§ %1
and therefore
1
v-u=o"ug(y),

where g is arbitrary so far as the equation is concerned.

To determine these arbitrary functions, the imposed conditions are used.

As
% =f (.:'/ + “2‘”);
and as u=R (y) when =0, we have
R(@y)=f(9)
and therefore, generally,
u=R (y+u).

Laplace’s theorem in expansion can be used to give the explicit expression for
u in terms of z and y: thisis

umR@)+R Q) R O)+5 BB O R D1+ 55 (B0 B @)+

=R (3/) {1 +aR (.1/) T(‘”: y)}v
where T'(w, y) is a series of powers of , the coefficients being functions of y
which vanish if 2 (y) vanishes identically.

Again, as v=2S (y) when z=0, we have

1
S(y)-R(y)=¢ EDg(y),
so that, generally,
11
v—u=e®W) “(S(y)- R
The apparent singularity can be removed ; for
1 1 2T (x, y)

Rly) v l1+zR@y) T(x9)’
where the function on the right-hand side is regular in the vicinity of =0,
y=0. Thus the required integrals are
u=R(y){1+=R () T (=, y)h
zT(z, ¥)
v-u={8 ()~ R (@)} F=EOT =D,

Tn particular, if the imposed conditions should be that =0 and v=8 (y)
when =0, then as R(y) vanishes identically, T'(z, ¥) vanishes. The full
expressions for the integrals are

u=0, v=8(y);
these are easily obtainable directly from the differential equations but not
from the integrals which involve the arbitrary functions f and g.
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13. It should be observed that, throughout the foregoing proof,
there has been a complete restriction to regular functions. The
possibility of non-regular functions, satisfying the equations and
obeying the preseribed conditions, has nowhere been taken into
account and the proof does not shew that it should be rejected as
inadmissible; what is established is that a unique set of regular
integrals exists. In the statement of the argument, it is practically
assumed that the integrals are regular. Thus z, is made to acquire
the value of a regular function of «,, ..., #, when 2, =a,; and this
could be sccured when 2z, is a uniform function of z,, even if «, is
an essential singularity, provided «, then be allowed to approach q,
by an appropriate path®*. If however z; is made to acquire its
value when #, =@,, quite independently of the path by which «,
approaches the position «,, and so also for the other dependent
variables, then it is not difficult to see that the integrals must
be regular under the assigned conditions. For the differential

0z, 02,
g': T o
whatever be the «,-path of approach to a,; when derivatives of the
cquations are formed and suitably combined it could be inferred
0%z, 2y
B’ " o
of z,, ..., #,; and so on, for the derivatives in succession. The
inference that z, ..., 2 are regular functions of @, a,, ..., @, is
then immediate.

equations then make regular functions of a,, ..., z,,

that in like circumstances, become regular functions

The assumption made by ignoring the path of approach of @, to
a, may fairly be described as a customary assumption: it does, in
effect, exclude the consideration of the possibility that «, is an
essential singularity of a uniform function, and it may exclude the
consideration of other possibilities of deviation from regularity.
Yet it is not inconceivable that, in particular instances, such as the
stability of a system in a critical condition, the excluded possibilities
are of importancet: in such an instance, it might be actually the
fact that the variable must approach its value by a specific path
and is not permitted an unrestricted approach to the value.

* See T. F., p. 57 (second edition), Ex. 4.

+ The same considerations occur in connection with the integrals of an ordinary
equation of the first order: see §§ 28—34 in volume 11 of this work, where (§ 34) the
condition given for that case by Fuchs is explained.
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THE SECOND OF THE SUBSIDIARY EXISTENCE-THEOREMS.

14. In the preceding theorem, the only variables which occur
explicitly in the set of partial equations are the dependent variables:
it can, however, be extended so as to allow the explicit occurrence
of all the variables. The extended theorem is as follows :—

Let a set of partial equations be given in the form

2-% 36,06,

awl j=17r=2

for values =1, ..., m, being m equations in m dependent variables;
the cocfficients Gyj, and the quantities G; are functions of all the
variables, dependent and independent. Let ¢y, ..., Cm, @, ..., @y be
a set of values of 2, ..., 2y, @, ..., @, respectively, in the vicinity
of which all the functions G and G; are regular; and let ¢,, ...,
¢ém be a set of functions of «,, ..., #,, which acquire values ¢, ...,
¢m respectively when x, = a,, ..., , = a,, which are regular in the
vicinity of these values of a,, ..., @n, and which otherwise are
arbitrary. Then a system of integrals of the equations can be determ-
ined, which are regular functions of ,, ..., &, in the vicinity of the
values o, =@, Ta=dy, ..., Tn =Gy, and which acquire the values
b1, ..., Pm when x, = a, ; moreover, the system of integrals, determined
i accordance with these conditions, is the only system of integrals
that can be thus determined as regular functions.

The establishment of this theorem can be derived from the
former theorem in a simple manner. Let n new dependent

variables ¢, ..., ¢, be introduced, defined by equations
o _t. o Ok O
da, omy’ O, 0, 6w,~0""’ 3;,_0’

and by the conditions that, when «, =a,,

b=y, ta=oy, ..., ty=2a,.
From the last n — 1 of these equations, combined with the imposed
conditions, it is clear that

b=my, th=a5, .., th=2a,,

in general. Then
o, _ 0oty

8«:1 om, =1,
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8o that
t, = x, + function of z,, ..., &,
= xl’
on applying the imposed condition.
We replace a, ..., #, in Gy, and in G; by ¢4, ..., t,, and denote
the functions resulting after the change by Hy, and H;. Also,

noting the fact that %’ is unity, we take an amplified system of
2

equations
95 _% 3 g %, g
o ~j=21 r§2 Hyr oz B o0x,’
ot _ ot
Oz, Om,
ot
o, =%

fori=1,...,m and p =2, ..., n; and the imposed conditions are
that, when z, =q,,

zl=¢l: zz=¢a; ey Zm=¢m)
1 =0, L=2, ..., L=,

The coefficients in the modified system are functions of the de-
pendent variables; the properties of the modified system, when
account is taken of the imposed conditions, are the properties of
the systems to which the former theorem applies. Hence, by that
former theorem, a set of integrals

Zi= \I’i (‘Tl) Ty eeey -%‘"),

ty =&y,

fori=1,...,mand p=1,...,n, exists; the functions v; are regular
functions of the variables z, and when «, = a,, the functions ¥, ...,
Ym reduce to ¢y, ..., ¢y, respectively; and these regular integrals
are the only set of regular integrals which satisfy the imposed
conditions,

When we substitute ¢,=,, t,=a,, ..., t, = 4, in the modified
system, we return to the original system: the results just obtained
constitute the theorem required.

Note. There is the same kind of limitation as in the former
case (§ 18): it is possible that, for reasons connected with essential
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singularities such as particular modes of the approach of «, to a,,
there may be non-regular integrals of the equations satisfying the
imposed conditions.

Ez. 1. Obtain the integral of the equations

ou ou  Ou
a=u-2v—z~’+2z+(u—20—x’) @-‘-—a—z
o o v
o (u-o-2h 5 + 5

subject to the initial conditions that, when z=0,
—; 2
u=2eY"""1ae7%  p=eW*?
(where a is a constant), in the form
u—20—22=qe”?,

logv={x+y+2+ae™*(1—e-%)4%

(Riquier.)
Ex. 2. Integrate similarly the equations
ou 0u  Ou
a;=2x+(u—2v—x2) (1--2%) 42 (u—2v - 22 @’ +$
o NGOG
== (ﬁ+2v—u)t’+2t(u—2v—m’;a—y +;
at a ot (
a—‘-xiz 2‘(“—2”—.@2)5—3}'{'&
ow ow  Ow
== (#2420 —-u) t’+2t(u—2v—x*)5‘§+gz )

subject to the initial conditions that, when z=0, the variables u, v, ¢, w,
respectively acquire the values

u=2 (y*+2%)+ae™?, w=yi4+A (=1, w=2.
(Riquier.)
Ex. 3. Asan example of the general theorem, let it be required to obtain
the integral of the equation
0z y? 0z
wtyogre oy~
which acquires the value y when z=1.
After the explanations that have been given, it will be of the form

z=y—(z—1D)y1+(x-1B3ys~...;
in order that this may satisfy the differential equation, the coefficients y1, ¥2, ...
are determined by the relation

o ."/2 a.'/u—l y, a.’/n—z 3/2‘ 33/.-3
TSPl yEl dy Ty FIE dy T G-yFIP oy T
4 Y ¥

gy iy T sy
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as may be verified by substituting the expression for z and comparing
coefficients of powers of #—1. In particular,
2

ey

SR N (R W
Py 1 dy \ -y +1) T G-y’
and so on.

The equation is amenable to the ordinary practical method. The most
general integral is found to be

1
(z-y)e¥v=F(2),

where f is an arbitrary function, to be rendered definite by means of the
agsigned condition, which is that z must acquire the value y when z=1.
Hence

1
(1 _.7/) e”=f(.7/)’
and therefore
1
(1-2) e# =f(2),
80 that the required integral is given by the equation
1 1
(1-2z)ez=(x—y)e¥.

But in connection with this equation, it must be specified as that value
of z which acquires the value y when #=1; it is not enough to take any root
of the equation for the integral, because (when x=1) there is an infinitude of
values of z as functions of g, and only one of these is actually equal toy. In
fact, the finite form of the equation, though it includes the required integral,
does not give a unique expression for 2.

Note. It sometimes is convenient* to associate an ordinary equation
d,
=S
with a partial differential equation
0z 0z
/@ 9) 5, =0

It is known that integrals of the respective equations exist. Taking the
equation just discussed, so as to have

2
S (x, !/)=mr
the only regular integral of the ordinary equation, acquiring a value zero when
x=1, is given by
y=0.

* Picard, Traité d’4nalyse, t. 11, ch, x1, § 15.
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Now taking the partial equation and supposing an integral of the ordinary
equation, assumed to exist in the same regular field of variation, to be substi-
tuted in 2z, we have

0z 0z dy

zt oy du™®

that is, z= 4, a constant, for that substitution: and the constant 4 manifestly
can be made zero. Conversely,
z2=0

clearly gives the regular integral of the ordinary equation in the form
y=0.

We can also, by quadratures, obtain the complete primitive of the ordinary
equation in' the form

1
(x-y)e” =0

where ¢ is an arbitrary constant. This cannot be obtained from the regular
integral of the partial equation, by taking

z2=A,

for any value of 4, if we take unlimited variation of y; because y=0 is an
essential singularity for one equation and an ordinary point for the other.
But it can be obtained from the non-regular integral

1
(‘l‘_./'/) ey =f (2),
by taking z=A : the appropriate value of ¢ is

e=F(4).



CHAPTER II.

CAUCHY’s THEOREM.

THE main results in this chapter are associated with theorems establishing
the existence, under assigned conditions, of integrals of systems of partial
equations, the number of equations in a system being the same as the number
of dependent variables: they are conveniently described as Cauchy’s Theorem,
because they have their origin in Cauchy’s investigations* on the subject.
The method adopted is based upon the memoir of Madame Kowalevsky,
quoted in the preceding chapter (p. 11); reference may also be made to the
expositions given by Jordan, Cours d’Analyse, t. 111 (1896), ch. 11, § 1, and
by Goursat, Legons sur Pintégration des équations auw derivées partielles du
premier ordre, (1891), ch. 1.

16. The existence-theorems established in the preceding
chapter can be applied to equations, and to systems of equations,
of representative types; and to such applications we now proceed.
But some passing remarks must be made upon the limitations
that have been imposed. All the equations are linear in the
derivatives of the dependent variables: this character, if not
initially possessed, frequently (though not universally) can be
secured by appropriate transformations. All the coefficients of
the derivatives in the equations have been assumed to be regular
functions of the independent variables (and, in the case of the
earlier theorem, of the dependent variables) within the fields of
variation considered: no result as to the character, or even the
existence, of integrals has been obtained when there is any
deviation from the postulated regularity. The imposed initial
conditions are of a similar type, because they require the assump-
tion, as values, of arbitrary functions of a regular character for a

* Euvres de Cauchy, 1™ 8ér., t. vi1, p. 17, and elsewhere, These memoirs were

published in the Comptes Rendus in 1842 ; his earliest researches on the subject date
back to 1819.
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chosen value of a particular variable: but no result is established
if these assigned arbitrary functions are not regular, in any form
of deviation from regularity. It may be possible (and frequently
it is possible) to transform the equations in such a manner that
another particular variable may be selected as the pivot of initial
conditions, with the appropriate modification as to the arguments
of the functions in the assigned initial conditions; and the
existence-thcorems establish no relation between the integrals
proved to exist in the respective cases. Moreover, the integrals
considered are functions which are regular within the fields of
variation; the limitation to uniformity, instead of to regularity
so as to exclude essential singularities, is (for the almost complete
part) excluded from discussion in the present state of knowledge.

Even within these restrictions, the cxistence-theorems already
proved have a wide range of important applications; some of
these applications will now be taken in succession.

CavucHY’s THEOREM rOrR EQUATIONS OF THE FIRST ORDER.

16. We begin with the simplest casc, being that of a single
equation of the first order in one dependent variable and two
independent variables; taking the latter to be z and y, and
denoting the first derivatives of z with regard to these variables
by p and q respectively, we may consider the equation in the form

S @y 2p 9)=0,

where f will be taken to be regular in its arguments: and we
shall assume that the equation is irreducible. Let z=a, y=5,
z2=c, p=2\, =p, be a set of values satisfying the equation f=0;
of
op
can be resolved so as to express p in terms of the remaining
arguments in a form

p=A=g@&—a,y—bz—c qg—p),

then unless the quantity = vanishes for these values, the equation

say
p=9(y, 29,
where g is a regular analytic function of its arguments. Now, as

of

ap usually involves the variables that occur (or some of them), it
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usually is possible to choose initial values so that s does not

op
vanish: and then the analytic resolution of the original equation
is possible. But it may happen that values of z (if any) and of its
derivatives which satisfy the original equation f=0, that is, which
make f vanish consistently with a relation between 2, #, y and

with derivatives from that integral relation, also make % vanish
similarly: the suggested resolution of the original equation is
then impossible, so that p could not be expressed as a regular
analytic function of =, ¥, 2, ¢.

17. As a first alternative, we assume that the resolution
with regard to p is possible in the form

p=9Y 29),
where ¢ is regular in the vicinity of z=a, y=0, 2=c, ¢=p. We
can apply the existence-theorems, already established, to prove
that an integral z of the equation exists, having the properties :—
(i) 1t s a regular function of z and y within fields of
variation round x=a and y=> given by
lw—al<r, |y—bl<n
where r s not infinitestmal :
(1) when x=a, the integral z reduces to ¢ (y), where ¢ (y) is
a regular function of y within the field |y—b|<r,
acquiring the value ¢ when y=>b, and otherwise arbi-
trary ;
(iii) the integral z, as determined by these conditions, is unique
as a reqular integral.

In order to deduce this result from the former theorems, we
consider a system

o _
o P

9 _9p

0z Oy ’
op _9g Bg 0g 0p
0z Oz azp+8q3y

regarding it as a system in three dependent variables z, p, q.
Applying the second of the existence-theorems (§ 14), we infer
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that integrals of this system of equations exist which are regular
in the vicinity of #=a, y=0, and, when z =a, are such that

z2=¢(y)
dé(y)
1= g

p= g{a, % (), d"b(*’)},

where ¢ (y) is the foregoing regular function of y acquiring the
¢ (y)
dy

value ¢ when y =10, and is therefore also regular, acquiring

the value u when y =b; moreover, this set of regular integrals is
unique. Let the set of integrals of the system, thus known to
exist, be denoted by

2=Z(zy), p=P(zy), ¢=Q(y);
we proceed to prove that z = Z (z, y) satisfies the original equation
so that, owing to its other propertics, it is the announced integral.

As these quantities Z, P, @ satisty the amplified system of
equations, we have

o _
oxr
from the first of those equations, so that
0z
==
Again, we have
0Q_oP
or 0y
from the second of those equations, so that
0Q_20 8Z>
oz~ oy (Z)w
and therefore
0 (07
i (g - @) =©
Hence g—j-—Q is a function of y only, and its value is the same
whatever value be assigned to «. When z=aqa, we have

0Z 0
537—3—&4’( y) =7

d¢ (y)
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from the assigned value of Z, and

d¢ )
Q= dy

from the assigned value of @; hence, when z=a, the value of

%_Q is zero, and therefore

oy
-Q=0

generally, that is,
02

a—g ==
Again, denoting P—g(x,y, Z, Q) by u, we have

P

oP og 3gP og 0P

T 0z 0z 09Z  0Qoy

by the third equation of the system. Thus u is independent of #;
when z =a, its value is

gla v o0 B —gla v o) Y]

on inserting the values acquired by Z, @, P when z=a: this is
zero, and therefore w =0 generally, that is,

P=yg(z,y Z Q)
p=9= Y 2 9.

and therefore
We thus have

0z 0z _ .
a=P =0 P=9@Y Q)

in association with z=2Z(z, y), that is, =2 (2, y) satisfies the
equation

0z 0z
5‘;:9 (.’E, .7/, z, é}):
which is the original equation. Owing to its other properties, by
which it obeys the assigned conditions, £ =Z(z, y) is the integral
required.



18.] EQUATIONS OF THE FIRST ORDER 31

18. Passing now to the other alternative, under which the
equation f=0 cannot be resolved with regard to p because the

magnitude g‘—g vanishes for values of the variables that make f
vanish, we consider the resolubility of the equation f=0 with

regard to q. This resolution will be possible unless the magnitude

A vanishes for values of the variables that make f vanish; when

9q

it is possible, the resolved form will be

q=h(zy,2p)
where A is a regular function of its arguments, in the vicinity of
values (say) z=a, y=b, z=c. An integral of the equation exists
having the properties :—
(1) 1 is a regular function of x and y within fields of
variation round x=a and y=> given by
lz~a|Zr, |y=b|2n
where r is not infinitesimal :
(ii) when y=>, the integral z reduces to yr (x), where ¥ (z) is
a reqular function of x within the field |z —a|<Zr,
acquiring a value ¢ when y = b, and otherwise arbitrary :
(iii) the integral z, as determined by these conditions, is unique
as a reqular integral.

The proof of this proposition is similar to the proof of the
proposition in the case when the equation f=0 was resolved
with regard to p; it will not be set out in detail.

19. Combining these results, it follows that an irreducible
equation f=0 possesses a regular integral with assigned condi-
tions if it is resoluble with regard to p, that it possesses another
regular integral with other assigned conditions if it is resoluble
with regard to ¢, and that each of these integrals is unique under
its conditions. These integrals have been obtained from equations

P=9@y 29, ¢=hyzp)
respectively, which arise from the resolution of f=0 in the
respective cases: but they do not generally represent the whole
of the equation f=0, for if f were of degree m in p and nin g,
there would generally be m equations of the former type and n of



32 EXISTENCE OF (19.

the latter, distinct from one another in their respective sets. Each
such equation determines a unique regular integral under the
assigned conditions, which may be made the same for each equa-
tion in the set. If for the m equations, the respective regular
integrals are
2=0(z,y), z2=0:(%,y), ..., 2=0n(z,y)
then clearly the equation
fe=6i(z, Ptz =0:(@ P} ... [z — O (2, )} =0
gives the integrals of the equation
f@y2pq9)=0,
supposed of degree m in p and resoluble with regard to p, such
that when x=a, z assumes the assigned functional value ¢ (y).
Similarly, if
f@y2p =0
be of degree n in ¢ and be resoluble with regard to g, an equation

=N PHze— N (@ Y} - (2= (2 )} =0
gives the integrals of the equation such that, when y = b, z assumes

the assigned functional value - ().
But it may happen that the equation

f@y 2p =0
is not resoluble with regard either to p or to g, that is to say, it

of of

may happen that the magnitudes p and 3 vanish for values of

the variables which make f vanish. The existence-theorem cannot
then be applied, and so it provides no information as regards
integrals of the equation. We must then investigate independently
the character of those integrals (if any) of the equation

f($, 3/: z, p, q) = 0;
which at the same time are such as to satisfy the equations
o _o U
e 0, 3= 0.
This discussion will come later.
20. The initial conditions imposed upon the integrals, in the

cases where existence has been established, are associated with
particular values of the variable # or of the variable y: a more
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general form can be given to the theorems, by a change in the
independent variables. Let these be changed from z and y to
X and Y, where
X=Xy, Y=Y(, ),

and denote by P and @ the derivatives of 2z with regard to X and
Y respectively. Then if the transformed equation is resoluble
with regard to P, it possesses an integral z (which therefore is an
integral of the original equation) characterised by the following
properties :

@) @t s a regular function of x and y within domains that

are mot infinitesimal :

(i) when X (x,y)=a, the integral acquires a value 6 (x, y),
which vs « reqular function within the domains con-
sidered, which 1is not expressible in terms of X alone,
and which otherwise is arbitrary :

(ii1) the regular integral thus determined is unique for the
branch of the equation given by the resolution with
regard to P.

Note 1. When the equation f(z, y, 2z, p, ¢) =0 is resoluble
with regard both to p and to g, regular integrals are obtained
each of which is unique under the initial conditions imposed.
Such integrals are, in general, independent of one another; if an
integral possessed by the equation resolved with respect to p
proved to be the same as the integral possessed by the equation
resolved with respect to ¢, there must be relations between the
two sets of initial conditions.

Note 2. In each set of initial conditions, a single function
occurs which, within certain very broad limitations, is arbitrary:
subject to the associated conditions, this arbitrary function deter-
mines a regular integral uniquely. We may therefore expect
that, when classes of integrals of partial equations of the first
order are being discussed, one class will emerge characterised by
the occurrence of a single arbitrary function.

This result will be found to be a special case of a more general
result.

Note 8. The equation f(,¥, 2, p, ¢) =0 has been described as
irreducible ; the property has been tacitly used, though explicit
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reference to the irreducibility has not been made after the first
statement.

The reason for assuming the property is practically obvious.
If f (2, y,2 p, q) can be expressed as the product of independent
regular factors, say F and @, and if, in considering integrals of
JS=0, we begin with the integrals of =0, we have

oot Lo
so that, as G is not zero, the critical quantities for the resolution
of the equation are —aa% and 3_5_' We thus, in effect, do consider
separately the integrals of =0 and G =0; and therefore no
generality is lost by assuming the equation as irreducible in this

case.

21. We shall frequently have recourse to geometrical illus-
trations, particularly in the case of equations involving one de-
pendent variable and two independent variables. Such illustrations
limit the range of variation of the variables to real quantities;
they will, however, be found an occasionally convenient method of
statement.

Thus consider the equation f (=, ¥, 2, p, ¢)=0: an integral is
a relation between @, y, and 2, and this can conveniently be inter-
preted as the equation of a surface. We have seen that, under
conditions which do not need restatement for the present purpose,
there is an integral such that, when z = @, the integral acquires a
value ¢ (y). But

r=a, z=¢(y),

are the equations of a plane curve, as arbitrary as is the function
¢ (y). Hence a surface can be drawn that will satisfy the partial
equation and will pass through a plane curve which (within
certain large limitations) can be taken arbitrarily.

Similarly, as regards the modified result of § 20: the equations
X y)=a, 2=0(z, y),

are the equations of a skew curve; and therefore a surface can be

drawn that will satisfy the partial equation and will pass through

a skew curve which (within certain large limitations) can be taken
arbitrarily,
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22. A precisely similar application of the general existence-
theorems in the last chapter can be made when the differential
equation of the first order involves n independent variables: it
will therefore be sufficient to state the results.

Denoting the independent variables by @, ..., #,, and the first
derivatives of z by p,, ..., p. as usual, we take the equation
in the form

f(@, ..., Zn, 2, Py, ..., P)=0,
and we assume it to be irreducible: and we have the following
results.
of

Except for such values of the variables (if any) as make -

op,
vanish at the same time as f, the equation can be resolved with
regard to p,; and if @, =@, ..., Zn =0y, 2=¢, Pi=Ny, ..., P = Ay,

be an ordinary set of values for the equation f=0, so that f is
regular in their vicinity, then the resolved expression for p, is
regular in the vicinity of those values. Let ¢, denote a function
of @, ..., &y, 41, ..., @n, Which is regular in the vicinity of
& =@y, ..., &n = @y, which at a,, ..., a, acquires the value c,, and
which is otherwise arbitrary. Then an integral of the resolved
equation exists, determined by the conditions

(i) 1t is a regular function of the variables within fields of
variation given by
le"al [ (P: seey I Ty — Uy l (P;
where p is not infinitesimal;
(i1) when @, =a,, the integral acquires the value ¢,.

Moreover, the integral of the resolved equation, as determined by
these conditions, is unique.

If the original equation is of degree u in p,, there are u re-

solved equations equivalent to f=0 save when % vanishes with £
each such resolved equation determines a unique integral, subject

to the imposed conditions; if these be ¢, ..., &, then the equation
(z=8)...(¢=8)=0

can be regarded as providing the integral of f= 0, subject to
the imposed conditions.
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The resolution of the equation f=0 is possible with regard to

- . 0 .
each of the n quantitics p in turn, cxcept only when 5{2-: vanishes
with f; and each such solution leads, under corresponding imposed
conditions similar to those used for the resolution with regard
to p,, to similar integrals of the resolved equations and to a corre-

sponding integral of £ =0, unique under the imposed conditions.

Hence, by resolving with regard to one or other of the
derivatives py, ..., pn, We cstablish the existence of integrals of
the equation, uniquely determined by imposed conditions which,
within certain large limitations, involve an arbitrary functional
element,.

This establishment of the existence of integrals of the equation
f=0 is effective except in the single conjunction that all the
quantities

v U ki

op” op” T opa’
vanish for values of the variables which make f=0: in that con-
junction, if it can ocecur, the existence-theorems cannot be applied.
There will therefore remain, as a subject for separate consideration,
the discussion of the integrals (if any) of the equation

f=0,

which simultaneously satisfy the equations

of of

S—=0, ..., =~=0.

op opn

As before, we can deduce the existence of integrals which are

such that, when some relation

p(zy, oo, 2)=0
is satisfied, z acquires a value ¢ (=, ..., z,), where pu and ¢ are
regular functions, and ¢ is not expressible in terms of u alone:

the general condition, necessary for the existence of the integral, is
that the quantity

of ou, o o

F o U o on
op, Ox,  Op, Oz,

te Yo, o,

shall not vanish in virtue of f=0.
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CAUcHY'S THEOREM FOR EQUATIONS OF THE SECOND ORDER.

23. The equation, next in simplicity, to which the existence-
theorems can be applied, is an irreducible equation of the second
order in one dependent variable and two independent variables.
Denoting the second derivatives of z with regard to « and y
by r, s, t, as usual, we may take the equation in the form

Sy 2z pqrs t)=0,

where f will be assumed to be a regular function of its arguments.

Let a, b, ¢, \, ', @, B, v be a set of values of the arguments of fin

the vicinity of which f is regular; then, unless gf vanishes for
»

those values, the cquation can be resolved so as to express r

in terms of the remaining quantities by an equation

rea=g@=a y=bs=cp=Ng-m =B t-v)
say
r=g(~”: 3/) 2; }’) (1, 3, t),

where ¢ is a regular analytic function. Now, as gl; usually in-
volves at least some of the variables, it usually is possible to choose
o
or
of the original equation can be effected. But it might happen
that values of z (if any) and of its derivatives, which make f vanish,

also make 4

or
regard to  could not be effected, and we should have to procecd
otherwise.

initial values so that - does not vanish; and then the resolution

vanish : the resolution of the original equation with

When the resolution is possible, the general theorems can be
applied to establish the existence of an integral z having the
properties :

(1) 7t 1s a regular function of « and y within fields of variation
round a and b, gien by

le—al<p, |y=-b|<p,

where p 1is not infinitesimal ;
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(i) when z=a,then z reduces to ¢,(y) and g%; reduces to ¢, (y),

where ¢, (y) and ¢, (y) are regular functions of y wnthin
the domain |y — b| < p, acquiring the values ¢ and A
respectively when y=>5, and are otherwise arbitrary;

(iil) the integral z as determined by these conditions is unique.

The mode of establishment is similar to that in the case of the
equation of the first order, and so the exposition will be brief.
We consider a system of equations

0z

P
P _

az= "
%g _%p
oz oy’
o _or
oz dy’
o _o
ox oy’

or _9g , 9 0 dg 9p  Og or g ds
éfa‘fﬁa“i“a‘i”% 'af,’ 8_237, a“faj,’
of the same character as in the general existence-theorems; and
we regard the system as involving six dependent variables
2, p, q, 7 8t When the former results are applied, we infer
the existence of integrals of this system of equations, characterised
by the properties:
(i) they are regular functions of # and y within the fields of
variation
lz—al<p, |y=b|<p,
(ii)) when z=a, then

z = ¢ (y),
p=¢(y),
—9 ()
dy ’
dé (v)
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t =d:¢° (Z‘/)
. dy*
r=gfo s h) 0, B0, BY e,

where ¢, (y) and ¢,(y) are the foregoing regular functions:

(i) the set of integrals determined by these conditions is
unique.

Let the set of integrals thus determined be
=2 y), p=P@y), ¢=Q(@y)
r=R(z y), 8=8(@ y), t=T(z y);

then z=Z(z, y) is the announced integral of the original resolved
equation.

The proof is simple, on the same lines as before. From the
first of the equations, we have

0z
5= P,
and therefore
0z _
ox
Similarly
_op_0z
= ow T ot
Again, the third equation gives
0Q _opP
oz~ oy
=2z
"~ owdy’
5o that
0Z
0w (By )‘0'

Thus gg—- @ is independent of z: inserting the values of Z and @

when z = a, we find the value to be zero, so that

oZ

T
and therefore

9z

oy 1
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The fourth equation gives

0S_oR
ox Oy
=5 (3):

and therefore S — aai; is independent of z: its value is zero when

z =a, and so
oP
S = a}/‘ ,
that is,
_op
§= 3?/
e
" ozdy’
. \ . 0°Z .
Similarly from the fifth equation, we have T'— 3 independent

of x: its value is zero when x=a, so that

p P2
oy?
that 1is,
. 0%z
=5

Lastly, writing
v=R-g( ¥ Z P, Q 8 T)
the sixth equation shews that v is independent of x: its value is
zero when z=a, and so v=0 generally. Thus
R-g(y 2 P Q8 T)=0,
that is,
r—9(®¥ 2p qst)=0,
—a_z. r—?i{ s—.@jz_ t—-a’z
9Ty T aa T owoy’ T oy’
with z=2Z(=, y).

0z . ..
where p = P in association

Owing to the other properties, by which it obeys the assigned
conditions, z=Z(z, y) is the integral of the original differential
equation, having the prescribed character.

Thus the existence of an integral of the equation

S, y,2,p,q9 7181t)=0
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is established, save in the case when g/; vanishes for values (if any)

of the variables simultaneously with /. When g{—j does not thus

vanish, the original equation is analytically resoluble: there is one
such integral, subject to the imposed conditions, for each resolved
branch of the equation: and if §, &, ... be these integrals, then

(z=&)(z~&)...=0
provides an integral of the original equation.

Similarly, if the equation is resolved with regard to —and this
will be possible except for such values (if any) of the variables as

of

make 5 vanish simultaneously with f/—and if the resolved form is

t=h(z,y,2,pq,713),
where A is a regular function of its arguments, then an integral z

exists, characterised by the properties:

(1) 2t is areqular function of z and y within fields of variation
round a and b, given by
lz—al<p, |y-b|<p,

where p is not infinitesimal ;

(1) when y=0>, then z reduces to Y, (z) and g—; reduces to

Y (), where \ry (x) and , (z) are reqular functions of
x within the domain |x— a|< p, acquiring the values
¢ and p when x = u, and are otherwise arbitrary ;

(iii) the integral z, determined by these conditions, is unique.

The proof is similar to that of the earlier proposition and so need
not be expounded.

24. It may happen that there are values of the variables for
which the equation is not resoluble with regard either to = or to ¢,
o

so that 8_7‘ 5 éz,
these values the equation f=0 may be resoluble with regard to s.
In that case, we change the independent variables from # and y to

J vanish simultaneously for such values: yet for
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2’ and y'; denoting the derivatives with regard to the new variables
by p', ¢, 7, §, t', we have

ox’ , 0’ oy’ oy’ 007,00y
r-r’(aw) + 2¢ P é—— +t (61‘) +p = 3 +q aw’]
3 o
3— 'ax a:l/ ------
, (0x"\?
t=7r (E—y-') + e

When these are substituted, the new equation will be resoluble
with regard to 7’ except for values (if any) of the variables which

make gf—: vanish, that is, which make
of (0a/\*  of 0a’ 0’  Of (daf
ar (a?:) tos o g Ta (By)

vanish. In the present case, we can choose ' so that it shall

involve « and y; and therefore, even though f and f vanish, the

foregoing quantity will not vanish unless g{vanishes. When g—{

does not vanish, the equation can be resolved with respect to r':
and an integral of the equation exists, uniquely determined by
conditions similar to those in former cases.

This transformation, morcover, shews that the initial conditions
can be modified in all the preceding cases: they can be associated
with an initial value &’ =d’, of course with the appropriate modi-
fications, that is, they can be associated with an initial relation

0(x, y)=a,
where 6 is a regular function.

The existence of an integral of the equation

f@y,zpqr8t)=0

is thus established except for such values (if any) of the variables
as make the equations

f o F_o ¥_
o= 2= 50

satisfied simultaneously with f=0. If this be possible, the exist-
ence-theorem does not apply: and there must be an independent
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discussion of these integrals, if any. This discussion will be
deferred.

In the case of equations of the first order, say in two independent variables

o o

only, we are accustomed to the existence of integrals such that f, 3’ 3

vanish simultaneously. Without anticipating the discussion of the corre-
sponding question for equations of the second order, it is to be remarked
that the four equations

—o. Yo Y_, Y_
f=0, Z=0, -0 =0

may coexist without rendering the elimination of r, s, ¢ possible. An example
is furnished by the equation

(ra®+ 28zy + tyd— 2px — 2qy +22)2 — at (r2+ 283+ ¢2)

4at
ROl

CAUucHY'S THEOREM IN GENERAL,

25. We now proceed to apply the existence-theorems, in order
to establish the existence of integrals of the system of equations

onz, oz, omzy,

55,1—,. =4, 5.’0_,;'=Z” sy m =Zm,
where the quantities Z,, Z,, ..., Z,, are regular functions of the
independent variables x,, ..., @, of the dependent variables z, ...,

Zm, and of the derivatives of the latter of all orders up to (and
including) 7, ..., 7, respectively, except only those derivatives
which appear on the left-hand sides of the equations.

Let a,, ..., a, be values of x,, ..., x, within the field of regular
existence of the quantities Z,, ..., Z,,; and let a number of functions
of z3, ..., z, be chosen, which are regular in the vicinity of q,, ...,
ay, and (subject to certain limitations upon their coefficients about
to be stated) which are otherwise arbitrary. These functions will
be denoted by ¢a,, for

A=1, p=0,1, ..., nn—-1;
A=2 u=01, ..., 7,—1;

........... esessssssssessssccovee

A=m, u=0,1, ..., rp—1
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Then a system of integrals z,, ..., zm of the equations exists,
characterised by the properties:

(i) they are regular functions of , ..., x, n fields of
variation given by
|&~a[<p, [#—@|<p, .oy |Bn—an|<p,
where p is not infinitessmal ;
(i) when x, = a,, the values acquired by the integrals and by
thetr dervvatives are given by the relations
N

9517‘ = ¢Am

Jfor the various values of N and u, it being assumed that
the values of the functions ¢, when &y =ay, ..., Tn=an,
are values of the dertvatives of z,, ..., 2y within the field
of reqular existence of the functions Z,, ..., Zm;

(iii) the system of integrals, thus determined, vs unique.

In order to establish this result, we merely gencralise the

method applied in the preceding special cases of the theorem. We
introduce a number of auxiliary variables

ortettt ZA
A ea e = Parst...
0z, 0z, 0y, .. Parat..

assigning as initial conditions that, when z, = a,, the values they
shall assume are given by the relations

PM',\oo... = [ZA])
Parw... = bars

when r < 7, and [Z,] is the value of Z, when z;, = a,; and we con-
struct the system of equations

OParyw... _ 0Z, '2”' 02
Tom om0

ap,\m...

oz, = DA, 41, 0, 0, w0

Dao... Feees

3Pm¢... = 31);\, r+1, 8—1, t...
oz, 0,

’

these holding for » <7\, 7 + s+ ¢ + ... <7a, $> 0, and for all values
of \; the right-hand side of the first equation is the complete
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derivative of Z, with respect to ,, the derivatives of the included
arguments being modified by the rest of the equations in this
amplified system.

The substituted system of equations conforms to the type
specified in the general existence-thcorems, which accordingly
apply. The system possesses a set of integrals having the pro-
perties:

(i) they are regular functions of the variables =, ..., 2,
within the specified fields of variation:

(i) when 2, =a,, the various dependent variables acquire the

respective assigned values:

(iii) the integrals, thus determined, are unique.

Let the values of z, which occur in this set of integrals, be
Zr=‘PT(wl) reey wn);

for r=1,...,m: these values constitute the announced set of integrals
of the original system of equations.

The method of proceeding is the same as for the simple cases,
Thus we have

aZ)\
a—w; = Pra...s
direct from equations of the substituted system. Again, we have
aPAoloo... - a£§1_99_.:
0z, 0z,
_ azz)\_
"~ Oy 0m,

Thus pagg... — %‘ is independent of @, ; its value is zero when z,=a,,
2

and therefore is zero generally, that is,

8z>‘
gx—z = Pao... -

And so on, step by step: the last step gives
0
Py (Prrpo... = Z2) =0,

so that pa,w..— Zx is independent of «,: its value is zero when
x, =a,, owing to the assigned conditions; and therefore the value
is zero generally, that is,

Par 0. = Zh,
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and therefore we have
oA AN
oz," =4

equations which, for all the values of A, constitute the original
system. These are equations satisfied by

ZA="“‘A(‘Z'1,-..,$"), ();:],“.,m)’

which accordingly are the integrals of that original system. The
properties, which they possess as integrals of the substituted
system, both as regards regular character, values acquired when
#, = a,, and uniqueness, shew that they obey the conditions imposed
in connection with the original system.

A simple illustration is provided by the differential equation of a vibrating
plane membrane, which is
%2 0%\ 0%
2 (92 L TP\
k (w Yop) "
where 42 is a constant : an integral of this equation is uniquely determined by
the condition of being a regular function of 2, 3, ¢, and by the conditions that,
when ¢=0,
0z
z———f(x, ) a-t=g(x) y).

By the nature of the case, the boundary of the membrane is fixed ; hence,
along the boundary, 2z and g; are always zero, so that the regular functions

f(z, y) and g(z, y) have their otherwise arbitrary character restricted by
this general condition attached to the particular problem. But it follows
from the general theorem that, if an integral can be obtained, in any manner,
satisfying the imposed conditions, it is the unique integral, subject to those
conditions.

For example, let the membrane be rectangular in form, having its sides
equal to @ and b: let the equations of the sides be y=0, y=b, =0, z=a,
so that f and g rust vanish for any one of these four relations. Now an
integral of the equation is given by

2=(acos ct+ f sin ) sin Az 8in py,
provided
R (N4 pf)=c:
and this integral will vanish on the rectangular boundary if
sin Aa=0, sin pb=0.

The latter will be satisfied by taking

In m
A
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where 7 and m are integers ; then
B ome
2= 22 ( + "Z’)
and the integral is
z2=(a cos ct + B sin ct) sin l—a—'—t sin m;,rg/

Clearly, the sum of any number of such integrals is also an integral: so that
we have an integral given by

mmy

. l z
Z=3 3 (am CO8 Cymt + Bim 8N €1ppt) Sin — sin -3
m=1

Il M8

~
-

This quantity Z vanishes on the boundary : if, then, the coefficients aj,, Sy
can be determined so as to satisfy the imposed conditions, we shall have the
required integral. Now, when =0,

lnx . mmy
Z=% S ay,sin 22 gin 27
I=1 m=1 im a [ 2
ZM_ z 3 c,mB,,,, sin l— sin w;
ot 1=1 m= b

and these should be equal to f(z, ), g (%, ¥), which accordingly impose
limitations upon the character of the regular functions. The conditions will
be satisfied if

= —z /ff(x, y)Sln—Sln—b—"ld.zd

Bim =ber f f g (2, ) sln——— sin 7Y dxdy

The required integral is uniquely given by the expression

8

. . Awx . mmy
(g COS Cmt + B 81N €}y) 8IN - sin 5

2=
l

Y
3
7 M8

1 1

with the foregoing values for the coefficients a and 8.

Note. It will be noticed that the existence-theorem provides
for the introduction of a number of functions which, within certain
very wide limitations, are arbitrary functions of all the variables
but one, or are arbitrary functions of all the variables subject to an
assigned relation among the variables. In the case of the system
of equations considered in this section, the number of these
functions is

AT+ .o+ Ty,
being the sum of the orders of the highest derivatives that occur.

In particular, if there be only a single dependent variable and
a single equation of order r, the number of arbitrary functions
provided by the theorem for the precise determination of the
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integral is r, the sume as the order of the equation. Special
illustrations have been furnished by an equation of the first
order and by an equation of the second order.

26. In the establishment of the theorem as to the existence
of integrals of the equations
oz, 0™ 2m
a@-_[;} = [l y eeey =
it was assumed that no derivatives of z, of order higher than 7,
occur, and similarly for the derivatives of the other dependent
variables. This limitation is important: it is actually necessary
in order that the convergence of the series (and therefore the
functional significance of the integrals) may be established.

The importance of the condition may be illustrated by a single example *.

Consider the equation
0% 0z

2~
which belongs to the system when associated with imposed conditions to be
satisfied for an assigned value of y; but the limitation is not obeyed when the
imposed conditions are to be satisfied for an assigned value of 2. To see the
effect of the limitation, let it be required to obtain an integral of the equation
which shall acquire a value P (y) when =0, P (y) being an analytic function
of y, regular in the vicinity of y=0. A formal solution is manifestly given by
" din P
2= 2ol dyn
The convergence of the series cannot be established : indeed, the series in
general is not a converging series. To make the series more precise, let

1
P (.7/)=1—_?'/,
which satisfies all the conditions : then
z" 2n !
==yl
1 2n! "
= B e
1=yp=on!(l=y)™
Now it is knownt that p, the radius of convergence of a converging series

Sa,a™, is given by
1

1 .. -
;"‘_‘11::20' an™|;

* Kowalevsky, Crelle, t. Lxxx (1875), p. 22.
+ T. F., § 26.



26.] LIMITATION ON THE FORM 49

hence, if p be the radius of convergence of the series for z regarded as a power-

series in , we have
1
nNE
_ 1 , Lim @2,},—')“
P |l_?/l m=w \ M:

4m _zm
= ———Lim —2,

[1-y|%n=w €
approximately, by the use of Stirling's theorem; thus p is zero, whatever
finite value be possessed by y. In other words, there is no region of con-
vergence for z in the case of the assumed form of P (y).

The question thus suggests itself: what are the limitations upon P(y) that
the series for z should converge? To answer it, we take the equation as
an instance of the equations in § 23: the theorem shews that a regular
integral exists determined uniquely by the conditions that, when y=0,

2=Q (x)= = can,
n=0

0z
5 =R(x) =’n=2-0 kn ™,
where @ (x) and R (x) are regular functions. The formal expression of this
integral is easily found to be

_s :,/2m de (x) y2m+l de

= Zom Tdam T lo@mt )| dam

Hence, when x=0, the value of z is given by

m!

—_— 2m+1 .
t 2 Gy tmyh

m!
S — Cpy?™
m=02m ! my

if the integral is to be given by the former process, this must be the value of
P (y) in the assigned initial conditions.

Let » denote the radius of convergence of the power-series @ («) and
R (x) simultaneously: then, because = c,2™ and I k,a™ are converging series

n=0 n=0
when | # | <7, a finite quantity G exists such that
G G
lcn‘<;;.y lkn|<,'])
8o that we may take
Gy Gv
cn='r°,; ’ kn""ﬁ{ )

where || <1, |v]| <1, while » and v are not zero. If p denote the radius of
convergence of the series of powers of g, then

1
. m! Gulm
p=Lim | oot
=0’

or the power-series must converge over the whole plane. Consequently, the
only functions admissible as values of P (y) in the earlier investigation are
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those which are regular over the whole plane and, when expressed as power-
series, converge over the whole plane in a manner comparable with the series

! !
W21 Gy
Thus possible values of P(y) are given by
P(y)=e,
P(@)=Jo(®),
P@)=Ja(@)

when (in the last example) the real part of » is positive.

27. The equations, in § 25, though not of a completely general
character, constitute a very extensive class; and they are even
more extensive than their explicit form indicates, because of the
possibilities of transformation.

Suppose that, in a given system of m equations, the order of
the highest derivative of 2z, is 7, for A=1, ..., m; then, by trans-
formation of the independent variables, it is usually possible to
secure the explicit occurrence of the derivatives

s ea,

oz’ T omm’
that is, of the highest derivatives with regard to one and the
same variable. If all these occur, no change is needed ; if any are
absent, we change the variables by relations

2y = Q) + A Ty + .. + Qgnn,

for s=1, ..., n, the constant coefficients a being at our disposal
provided their determinant is kept different from zero. Suppose
that the required derivative of z, has not occurred in the original
oz
02,° 05t 0xs" ...
8§+ t+u+...=ry; then, after the transformation, the derivative
onz
oxy™
secure that this negative provision is satisfied; hence the m
equations can be transformed so that the required derivatives
occur explicitly.

equations, but that there is a derivative , where

will occur unless afagfa*... vanishes. We can always
But this result is not sufficient to secure the form of the

equations adopted for the existence-theorem; it must further be
possible to resolve the m equations with respect to the m selected
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derivatives. When the resolution is possible, the resolved equa-
tions are of the form

ran_ Imzm

Owyre~ TV T Qe T
When the resolution with regard to the selected derivatives is not
possible, and is equally not possible with regard to every set of
similarly selected derivatives, the equations do not belong to the
class considered.

As an instance shewing that the form cannot be regarded as
one to which all equations of the type considered are reducible,
take the equations

le +P 8z2 +Psgzs -7z,
Ql az‘ Q? ax QJ azs Z?r
az, 82, 02, .
Rlax +R +R T Zs;

when the transformation
Ty = g ) + ATy + gy
(for s=1, 2, 3) is effected, they have the form

an (P25 + P22 + P, 3”’) =2,
a (@ 25+ 0.2 a”"“ +Q ) +..=2,

az] 622 Bz, _
Qs (Rléa +-R25;1‘,+Raa7'l,) +..=2,
ox,’ oz’ oz,
would be reducible to the selected general form) if

The equations can be resolved for (and therefore

Uty | Py, Py, Py
Qll Q?’ Q3
R,, R, R,
is not zero. But it might very well happen that the determinant

of the coefficients P, @, R should vanish identically ; the resolution
would then be impossible. In that case, it is equally impossible
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02, 0z, 0z
ow,” o)’ O/
with regard to the remaining three derivatives, and so the
cexistence-theorem cannot be applied; but then it is also necessary
that the rclations

to resolve the equations with regard to , and also

Pl) 1)2, P:n Zl =0
Ql) QE) Q.’i’ Z‘Z
Rl; RQr R3r Z3

be satisfied.

Hence the form of equations retained in § 25 is not a com-
pletely inclusive normal form ; but, as already stated, it includes a
very extensive class of equations*,

Ex. Consider the equations

ou ba'v_aX
oz" " 0r ox
,0u ,av_ayl’
Yty =y

where a’s and b’s are constants, X is a function of x alone, ¥ is a function of
y alone.

Effecting the transformations, we easily find that the system can be
changed so as to have the normal form selected, provided ad’ —a'b is not
zero. Assuming this proviso satisfied, the existence-theorem applies and
the integrals certainly exist: they are most easily obtainable by quadrature
from the original equations in the form

au+b'v=X+f(y)}
au+bv=Y+g (z) ’

where f and g are arbitrary functions. To determine f and g in connection
with assigned initial conditions, we take the existence-theorem for the
transformed equations: it would assign values ¢ (yz+8y) and ¥ (yz+38y) to
u and v respectively when az+By is constant, say A, where ad— By is not
zero. Thus

ap (G422 )by (242281 ) (AR )

(- Yy (- 252) (5 e

which determine f and g.

* For a fuller discussion of this matter, sece Bourlet, Ann. de UEc. Norm. Sup.,
3me Sér., t. virr (1891), supplément. The example that follows is taken from this
memoir.
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But if ab’—a'b=0, the resolution is not possible: and the existence-

theorem does not apply. The quadrature is still possible ; and we find

aut+bv=X+f(y),

au4bv="Y+g (),
where 7 (y) is arbitrary so far as the first equation is concerned, and g () is
arbitrary so far as the second cquation is concerned. Assuming for purposes
of illustration that no one of the constants a, b, &, ' vanishes, we have

VLY +f () =b{Y+g(2)};

hence, as there is no relation between the variables # and y, we must have
4 ,
gl@)=75 X-Ve,

b e
f(y)=p ) —bc)

where ¢ is a constant. The two integral equations are now equivalent to one
only ; hence they do not precisely determine the two quantities » and v.
One of these can be taken at will, say

v=0 (%, ¥ ) 5
and then
Y be

R

b X
v=Im ey

which accordingly are integral equations in the case when ad’ - a'b=0.

OTHER CLASSES OF EQUATIONS.

28. The preceding forms of equations are thus not universally
inclusive ; and, in recent years, investigations have been made on
general differential systems, so as to establish the existence of
integrals under assigned conditions associated with wider classes
of cquations. These investigations are mainly due to Méray,
Riquier, Bourlet, Tresse, and Delassus* : their formal complication
is claborate. There are two main issues in this development of
the theory; one is the construction of canonical forms, the other
is the establishment of the existence of integrals of the systems of
equations, the expression of which involves arbitrary constants or
arbitrary functions. And we have seen, by a particular example,

* Many references will be found in von Weber’s article on partial differential
equations in the Encyclopidie der mathematischen Wissenschaften, vol. 11, pp. 299,
300. In addition to these, four memoirs by Riquier may be mentioned; they are
to be found in the Acta Math., t. xx1x (1900), pp. 203—332, ib., t. xxv (1902),

pp. 297—358, Ann. de U'Ec. Norm. Sup., 3™ Sér., t. xvin (1901), pp. 421—472,
ib., t. xx (1903), pp. 27—173.
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(§ 3), that cases may occur in which integrals certainly exist and
cannot contain any arbitrary element whatever.

For such investigations, we refer to the memoirs of the authors
quoted ; and we shall therefore enter into no further detail as to
the existence of integrals of systems of equations in number equal
to the number of dependent variables. There still remain, for our
consideration, the discussion of the integrals (if any) of an equation
or a system of equations in the vicinity of values of the variables
where the functions concerned are not regular, and the discussion
of the integrals (if any) of systems of equations in which the
number of dependent variables is less than the number of equa-
tions. To the former, very little space will be devoted as the
subject is hardly begun: it certainly seems to have claimed no
attention from investigators. The latter is of the utmost import-
ance, particularly in the case when there is only one dependent
variable; it will be undertaken in a succeeding chapter.



CHAPTER IIL

LiNEAR EQUATIONS AND COMPLETE LINEAR SYSTEMS.

For the materials of this chapter, reference may be made to the authorities
quoted in Part 1, ch. 11, of this work, in particular, to Mayer’s memoir, Math.
Ann. t. v (1872), pp. 448—470, and also to chapter 11 of Goursat’s Legons sur
Vintégration des équations aux dérivées partielles du premier ordre. The chap-
ter is devoted to linear equations, either single or in simultaneous systems.

Single equations and systems of simultaneous equations, which are
homogeneous and linear in the differential elements of the variables, have
already been discussed. The discussion of exact equations and exact systems
of this type is given in the first two chapters of volume 1 of this work: the
remainder of that volume is devoted to the discussion of inexact equations
(Pfaff’s problem) and of inexact systems.

THE LINEAR EQUATION '§1 X:pi=0.
i=

29. We proceed to a more detailed consideration of equations
of the first order. Cauchy’s theorem establishes the existence of
integrals having a considerable degree of generality : but it does
not prove that the integrals have the widest degree of generality
possible or that they include all integrals by the appropriate
specification of the arbitrary elements; and the only method which
it provides for the actual construction of the integrals leads to
expressions in power-series. It should be added, however, that
(save for special classes of equations) the method provided in the
proof of the existence-theorem is the only universal mode of con-
structing the integral: but for those special classes of equations
simpler methods can be devised for the construction of the integrals,
while further information can be obtained as to their relative
generality and their classification. In all that follows, we are
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concerned rather with the theory in general than with the practical
solution of particular equations as expounded in text-books*.

The simplest equations of all are those which are linear in the
derivatives; among them, the simplest is the equation

lel +Xopo+ ... + Xopn =0,

when the coefficients X, ..., X, are functions of the variables
Z,, ..., &, but do not involve the dependent variable z. It will
be seen later that every linear equation can be expressed in this
form.,

As usual, we associate with the partial equation the system of

ordinary equations
dz, dz, dw,

X X~ UTX)

by the theory of such equations, their integral equivalent consists
of n — 1 independent equations in a form

Up (Ty, oo, Ty) =Cp, (r=1,...,n=1)

Taking any one of these integral equations, we have
ou, ou,
Ed@]"" een +'E‘d‘1'n—0,

concurrently with the ordinary differential equations; hence

Bu,
n a "

again an integral equation. Now there cannot be an integral
equation independent of the set

=0,

Uy=10C, U3=Cyy +0vy Up—) = Cpy;

so that the new equation is not independent of this set. But it
does not involve any of the quantities ¢; hence, though the equation
holds, it does not hold in virtue of the integral set. It therefore
can only be an identity ; so that the equation

X, g“'+ + X a"'_o

is satisfied identically. Consequently, when we put
z=1u,

* For instance, much of chapter 1x in my T'reatise on Differential Equations,
(8d. edn. 1903), will be taken for granted.
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in the original partial equation, the latter is satisfied identically:
and therefore z= u, is an integral of the partial equation.

Moreover, this holds for all values of r; and therefore there are
n—1 functionally distinct integrals of the equation. But there
are not more than n—1 distinct integrals; that is, every integral
can be expressed in terms of these. Let any integral be denoted by

z=f(2, ..., Tn);
then the equation
L v _
X, s +. +X”aav,,_0
is identically satisfied. The equations
ou, ou,
Xigp + -+ Xu e =0,
for r=1, ..., n —1, are identically satisfied: and the quantities
X,, ..., X, do not all vanish: hence

Je J(f, Uy, oo, u,,_,> -0
\ &y, Loy ovey T
The quantities u are functionally distinct, so that J does not vanish
through an aggregate of vanishing first minors. It cannot vanish
in virtue of z=f, for it does not involve z. It must therefore
vanish identically; and therefore some relation must exist among
the quantities f, w,, ..., u,_,, the relation involving f because
%, ..., Uy are functionally distinct: let it be

S=bu, ..., upy).
Hence the equation possesses exactly n —1 functionally independent
integrals.

If f denote the most general integral of the equation, then
¢ must be the most general function possible: the requirement
is satisfied by making ¢ a completely arbitrary function of its
arguments. Hence of u,, ..., us—y be a set of functionally inde-
pendent integrals, the most general integral of the equation is

gien by
z= ¢(u1; ceey un—'l))
where ¢ is a completely arbitrary function of its arguments.

The arbitrary function ¢, and the functionally distinct integrals,
can be determined so as to satisfy assigned initial conditions
and therefore so as to yield the integral established by Cauchy’s



58 HOMOGENEOUS LINEAR EQUATIONS [29.

theorem. Let a,, ..., a, be values of «,, ..., , in the vieinity of
which all the quantities X, ..., X, are regular; and suppose that
some one of these quantities, say X,, does not vanish for those
values, an assumption that can always be justified by an appropriate
choice of @y, ..., a,. The general initial conditions will be that the
integral z is to acquire a value f(z,, ..., &), when z,=a,, the
function f being regular in the fields of variation considered.

The appropriate arguments can easily be constructed. Let an
integral v,_, be obtained to satisfy the partial differential equation,
subject to the condition that it shall acquire a value «,, when
o, =a,; its value is

Vpy = Xy +(-T1 -a) Pr(x'x_al, Xy = Qgy vuvy, Ty — an);
where P, is a regular function of «, ..., , in the vicinity of the
initial values. Taking this result for r=2, ..., n, we have v,, ...,
Un—1 88 n—1 functionally distinet integrals; and then
z2=f(vy, ..., V)

1s clearly the integral of the equation which acquires the assigned
value f(x,, ..., ,), when ;= q,.

The appropriate arguments can also be constructed from the
associated ordinary equations.

CoroLLARY. After the preceding analysis, we can state the
existence-theorem, in a different but equivalent form, as follows.

If ay, ..., an are values of m, ..., x,, in the victnaty of which all

the coefficients X' in the equation
+Xip+ XS py+ .+ X pa=0

are regular, the equation possesses n—1 functionally distinct inte-
grals, which are regular in the selected region and which reduce to
Ly, «.., Ty Tespectively, when = a,; and if these integrals be z,, ...,
Zn—, any integral of the equation can be expressed in the form
z2=f(z, ..., 2n) by appropriate choice of f.

Ez. 1. Required an integral of the equation

Z1p1+ Zapa+23p3=0,

which shall acquire the value 8 (2, #3), when z;=a,.

To obtain an integral », which shall acquire the value ;, when &, =a,, we
take
n=a+(@—a) (@ - Gyt
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and we find
=_"% =
$1= o’ b2 Pt
8o that
X —a z —a;\?
e - (252
_a
=

We proceed similarly to obtain an integral »; which shall acquire the value

3, when 2;=qa;; we find
a, x:
1)2:'—-—1 3.
Zy

The required integral is clearly
2=6(v1, vy)

-0 <a, Ty a,xs)

If we proceed from the associated ordinary equations, we need two
integrals of the equations
dvy_dz, _dey
xy Xy Z3
these can be taken in the form
u,=£2, Uy =%,
L1 L2
We then require the form of ¢ such that ¢ (u,, u,) becomes 6 (x3, 3), when
2y=a, : hence

(2, 2)=0(u, =),
and therefore
¢ (u1, u2) =6 (aruy, aluZ),

z=c (u1, up)

=06 (ayu;, a1¥s),

that is, the integral is

as before.
£zx. 2. Three given functions u, v, w of z, ¥, z are such that

ou v  ow 0;
oy oy YT
and three other functions ¢, 5, ¢ of the same variables are defined by the
relations @
X oo 0 on_0%
YCu T TTuT e YTa Ty
Prove that the most general values of ¢, 5, ¢ are
oF oF _OH oF
§—8x+08x ”=53;+G>3:y_’ (=&t +05 Bz
where ¢ and A are integrals of the equation
00 o6 06

and F is an arbitrary function of #, , 2.
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n
THE LINEAR EQUATION 3 Xipi=2Z.

i=1
30. Next, we consider the linear equation
Xp+...+Xupu=12,

where X, ..., X,,, Z are functions of the variables a,, ..., @, 2.
We shall assume that any factor, which is common to X, ..., Xy, Z,
has been removed ; it will therefore be unnecessary to take account
of a value of z which simultaneously satisfies the equations

X,=0, ..., X,=0, Z=0,

the differential equation being then satisfied without regard to the
derivatives of z.

With the linear equation, we associate the set of ordinary
equations

do, _do,_ _den_dz
X, X, X, 7
Now whether X, ..., X,,, Z be uniform or not, we shall assume

that there are values of the variables in the vicinity of which
Xy, ..., Xa, Z behave regularly; and then, from the theory of
ordinary equations, we know that the foregoing set possesses n
functionally distinct integrals. Let these be

¢|(‘T1: veey Ty, Z)=ch ceey (ﬁn(l’,, ceey Tn,y Z)=c"’

where ¢, ..., ¢, arc arbitrary constants,

In the first place, any equation

¢r =Cr

gives an integral of the original equation if it involves z explicitly.
As it is an integral of the ordinary equations, the relation

2%, b, , L 0b, ,
a—wldml-i'...'i—a—w—n d«’l’n+—é; dZ—O

is consistent with those equations; and therefore
a¢, 4+ X, B(;b, 799 _
az

Now this is a relatlon between the variables: it clearly is not
satisfied in virtue of ¢, =c,; and therefore it is satisfied identically.
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Taking ¢, =c, as an equation giving a value (or values) of z, the
derivatives are given by

B¢, 0,
ax,,. F23 Pm=0.
When these values of aj’, for m=1, ..., n, are substituted in the

foregoing equation that is identically satisfied, it becomes
0,
—gzl (Z = Xpr— .. — Xupn) = 0.

Now ¢, contains z, so that %i_tf is not identically zero: and %%’

does not vanish because of the equation ¢,=c,, for it does not

b,

contain ¢,: hence e is different from zero. Accordingly, the
equation

Z-Xpy—...—Xupn=0
is satisfied: or the equation ¢,=c,, when ¢, involves z explicitly,
provides an integral of the partial equation.

The same is true for each of the equations ¢ = ¢, provided each

particular function ¢ involves z. Now some of the quantities ¢
must involve 2, even though each of them may not: for otherwise

0,

P would vanish for each value of 7, and the equations

aqs, X, a¢,

would be satisfied identlcally, for r=1, ..., n: we should then have
(¢n - 4>n) —
Lyy oons Tn
satisfied, but not in virtue of ¢, =¢,, ..., ¢pp=1cy: it must be

satisfied identically and therefore, as the functions ¢,, ..., ¢, do
not (under the present hypothesis) involve z, there would be a
functional relation between them, contrary to the fact that they
are functionally independent. Hence, through the integral system
of the ordinary equations, we find an integral or integrals of the
partial equation.

In the second place, let f(¢y, ..., ¢u) denote any arbitrary
Sunction of the quantities ¢, and suppose that the equation

S o $n)=0



62 GENERAL INTEGRAL OF [30.

determines a value or values of z: then f=0 provides an integral
of the differential equation. For the equations

Xl%+...+x a4"+Za<’b’
oz, "oy,

for r=1, ..., n, are satisfied identically; as f is arbitrary, not all

the quantities B%bf; ’8({ vanish ; and therefore, on multiplying

by % and adding for all the values of #, the equation
T

% of 0. % Of 9, noof 0y _
X, = X,z +Z 3%
! o106, 0z, Tt re1 0Oy Bw,. e 18¢, 0z
is satisfied identically. Now the derivatives of z, as determined by
f=0, are given by

n af a¢'r g‘ ?__a__’_'_.
r= la¢ra$m+p r:l a¢r 0z =0,

for all the values of m: when these are used, the identical equation
becomes

_ 3 U _
Z X,pl—...—X,.p,.)El%: % =0.

Now as f contains z, the quantity
3 of 0¢,
r=1 a¢r az
does not vanish identically; and it does not vanish in virtue of
f=0, when f is perfectly arbitrary: hence
Z-X\p—...—Xpopu=0,
or the equation is satisfied. When the values of p,, ..., pn of 2

are determined by f= 0, the equation is seen above to be identically
satisfied : hence f=0 provides an integral of the equation.

Of course, there may be special forms of f such that the
equation f=0 does not determine z: and there may be special
forms of f, such that 5 a?: 9%r anishes in virtue of f=0. In

r=1 r
what precedes, we are concemed with quite arbitrary forms of f.
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31. The integral thus obtained is clearly of a very general
character. A question arises as to whether it is completely inclusive
of all integrals: that is, can the functional form f be so chosen as
to provide any integral that the partial equation possesses? Let
such an integral be known to occur in a form

Y (2, 1, von, Xn)=0;

and let z=¢, ¢,=aqa,, ..., T, = a, be a simultaneous set of values of
the variables, in the vicinity of which 4 is a regular function,
Also suppose that these values are such that, in their vicinity, the
functions ¢,, ..., ¢, are regular, these pr(;viding integrals of the
partial equation as before explained. Now the n quantities ¢, ...,
¢, are functionally independent of one another; and therefore not
all the determinants

0¢s ¢y Oy
0z’ Oz’ "7 Oz,
8¢y 0n O

| 02> 0z’ 7’ Ox,

vanish identically. Two typical cases will suffice for the general
discussion: for the first, it will be assumed that

(b e ba)
a (wl) wﬂ) teey wn)
does not vanish identically ; for the second, it will be assumed that

AC NI

0(2, @y ..., x)
does not vanish identically.

32. In the first place, when the Jacobian of ¢, ..., ¢, with
regard to @, ..., #, does not vanish identically, it is possible to
choose the set of values ¢, a,, ..., a, for 2, 2,, ..., #,, s0 that the
Jacobian does not vanish or become infinite for them, unless the
set constitute a singularity or other non-regular place for one
or more of the quantities ¢. Assuming this choice made, we
then can resolve the n equations

¢r=¢r(z’ &y, '-n‘”n)» (r=1, .., n):

80 as to express a,, ..., &, a8 regular functions of 2, ¢,, ..., ¢, in
forms

T = fm (Z: ¢l) veey ¢n)’
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for m=1, ...,n. Let these values for the n variables be substi-
tuted in Y»=0, so that

Yv=0=(z &, ..., En)
=x(2 ¢, -, Pn);

and now the given integral can be taken in the form y=0. To
obtain the derivatives, we have

ax 5 0y (3¢, 3%,
a2t 2 5e (8.72,,, oz 1”") =0.

Multiply by X,, and add for the values m=1, ..., n: then
ox 2 X 0¢,\ , 0,
% 3 Xopat 3 XH(3 x50+ ( 3 mem) ~o.

m
0z m=1 r=100, 0T, m=1

Now for the integral under consideration, we have

n
3 mem = Z}
m=1
and we also know that the equation

Loy 0% 08
m2=lea m+Z a

is satisfied identically for all values of 7. Moreover, in the

vicinities concerned all the functions are regular, so that the

quantities 5‘—1; are finite in the fields of variation retained. When
r

these relations are used, the above equation becomes

ox _
z2%=

and this equation must be satisfied in association with x =0.
This requirement may be met in three ways.

It may happen that ?)Zz‘ vanishes identically: then z does not
occur explicitly in y, and the expression of x then gives

Y=x (s - bu),

that is, a form of function in the integral f (¢, ..., ¢») has been
obtained so that the general integral becomes the given integral.

It may happen that %’;‘ vanishes, not indeed identically but
only in virtue of xy=0. Then z occurs explicitly in x; and the
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form of the arbitrary function cannot be determined so that the
general integral becomes the given integral.

It may happen that %)zé does not vanish. The condition can
only be satisfied, if Z=0: and this must hold in association with
x =0. Again, z occurs in y; thus, once more, the form of the
arbitrary function cannot be determined so that the general
integral becomes the given integral.

Of these three alternatives, it is clear that the last belongs to
a special set: as the integral is given by Z'= 0, we must have

% + ag =0:
da, " Pmo, =Y
and then the equation
E)Z 0z
Xy oo ¥ gy, =0

must be satisfied, concurrently with Z=0. Moreover, as ¢, =c¢,,
..y ¢u=0, arc a set of n independent integrals of the system
of ordinary equations

day | _dan_dz
X, X, Z°
we have
VA _ ( I)T_‘X
J! i, oo, P b1y -evs Pn
\'Tlr Lyy «s wn) (Z Zyy oo .Z,,)

where z, is omitted from the deriving variables in J,, and
r=1,...,n in turn; hence as Z=0 for the integral under con-
sideration, X, must vanish for the value of z unless J, should
vanish for the value. We have assumed that not all the quantities
Z,X,, ..., X,, vanish for the same value of 2.

The second alternative may belong to a less special set: it will
be illustrated by examples. The first alternative provides the
most general case.

Integrals, which arise under the second alternative or under
the third alternative, may be called special integrals*.

* Sometimes they are called singular. This term, however, is better reserved
for a class of integrals belonging exceptionally to equations of a degree higher than
the first in the derivatives.
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33. In the second place, when the Jacobian of ¢, ..., ¢, with
regard to z, @, ..., @5 does not vanish identically, to take only a
typical case when the Jacobian of those quantities with regard to
2, &,, ..., &, does vanish identically, it is possible to choose the set
of values ¢, a;, ..., @n, S0 that the Jacobian does not vanish or
become infinite for them unless they constitute a singularity or
other non-regular place of one or more of the quantities ¢.
Assuming this dong, we can then resolve the n equations

br=0,(2, T, ..., Tn)

80 as to express the variables z, @y, ..., @» in terms of z, 1y «vey bn

in forms

z2=¢(@, ¢1, ..., Pn),

@p =0 (21, b1, -ovs Pn),
for r=2, ...,n. When these values are substituted for 2, @,, ..., #,
in the equation Y =0 which provides the given integral, it takes
the form

Vv=0=v(s 2, ..., ¥n)
=0 (2, ¢y, o) Pn);
and the given integral can now be taken in the form 6 =0. The
derivatives of z are given by the n relations

26 Ocb, 3¢r
a_w_l r=1 a¢r <a'7"1 az ) 0

r§l f?qfr (g-z: 3¢'rp ) =0

form =2, ..., n. Multiplying these by X, and by X, respectively,
and adding for the various values of m, we have

X, M*él 5 {(m_ S Xn g:;) 9. 3 2 (mem)}

For the integral under consideration, we have
”
m=1
and we know that the relation

2 Xma¢' +Za¢'_0

is satisfied identically. Moreover, all the functions are regular in

all the vicinities concerned, so that all the quantities aa?o, for
r
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r=1, ..., n, are finite in the fields of variation retained. When
these equations are used, the above equation becomes
09
X, i 0;

and it must be satisfied in association with #=0Q. This require-
ment can, as in the preceding discussion, be met in three ways.

It may happen that 96 vanishes identically ; then &, does not

oz,
occur explicitly in 6, and the expression of 8 gives
\P‘=0(¢l: LERS) ¢n))

that is, a form of function has been obtained for f(¢,, ..., ¢n) so
that /= 0 has become the given integral ¥ = 0.

Or it may happen that gg vanishes, not indeed identically but

only in virtue of § =0. Then a; occurs explicitly in 6; the form
of the arbitrary function f in the general integral cannot be deter-
mined so as to particularise the general integral into the given
integral.

Or it may happen that % does not vanish. The condition can
1

then only be satisfied if X,=0; and this must hold in association
with 6 =0. Again, the variable a, occurs explicitly in 8 : thus, once
more, the form of the arbitrary function f in the general integral
cannot be determined so as to make the general integral become
the given integral.

The three alternatives are similar to those in the former dis-
cussion; integrals, that arise in connection with the second or
the third of the alternatives, will be called special, as before.

34. Gathering together these results, we can summarise them
as follows :—
Let ¥ (2, @, ..., ¥n)=0 provide an integral of the partial
differential equation
Xipp+...+Xupn=2,
and let f(¢y, -.., ¢n) = 0 denote its most general integral, f being an
arbitrary function ; then the functional form of f can be chosen so

that f(y, ..., dn) becomes , unless yr s of the type of integral
called special, or unless the value of z provided by ¥ =0 constitutes
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a singularity or other non-regular place for one or more of the
quantities .

It thus appears that the general integral for the linear non-
homogeneous equation, in which the dependent variable occurs
explicitly, is not so completely inclusive as is the general integral
for the linear homogeneous equation, in which the dependent
variable does not occur explicitly.

Instances of the principal portion of the theorem are so frequent
that none nced be adduced here: a few examples will be given to
illustrate the special integrals and other exceptions.

Exz. 1. Consider the equation

rp+yq==2.
Two integrals of the associated equations
dz _dy _dz
z y z
can be taken in the form
2 z

¢‘=.z" br=-;

Y
and the most general integral is given by
I (1, $2)=0.

22
=z2~—=0
v K

It is easy to verify that

provides an integral of the equation. Expressing ¢ in terms of ¢;, ¢, and z,
we find

y=z— z ¢ _\p'
80 that
6\#'_1 L2
0z ¢’

thus “' does not vanish identically but only in virtue of y/'=0, and then

only in virtue of the factor 1— % in y/. Thus the integral given by y=0 is

a special integral; for the form of £ in f(¢;, ¢s) cannot be chosen so as to
make f (¢, ¢P2) become .

It should be noted that f(¢;, ¢s) can be chosen, in a form ¢,2— ¢s,
so as to vanish for the integral provided by y=0: but it does not follow
(and it is not the fact) that f can be chosen so that £ (¢, ¢,) becomes .

Ez. 2. Consider the equation

(z'- L )Pl +Zap2 +23p3=2.
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Integrals of the associated ordinary equations

dx 1 dz ] dx '3 dz
T @y 2y z

Z—an
3

may be taken in the form

and the general integral is
S (@1 @2y $3)=0,
where £ is an arbitrary function.
It is easy to verify that
V=z-2 ~——O

provides an integral of the equation; but the functional form f cannot be
chosen so that f(¢y, ¢z, ¢;) becomes . In fact, we have

_ )t
Veipie b =y,
80 that
’ _?@z"
%%:qsle s <1 zglz—)
W
and —~ does not vanish identically. Taking the value of z given by { and

E3
substituting it in ¢;, we find ¢, =0: so that (,"t vanishes in virtue of this
result, that is, in virtue of ' =0. The integral y»=0 is a special integral.

If, instead of expressing z, 3, 23 in terms of the quantities 2, ¢y, 2, p3
with a view to the transformation of v, we express z, z;, #3 in terms of

21, P1, P2, Py, we find
e

and then the requisite condition is

o
D¢ 1 a‘l, y
in association with ¢/'=0. Now g—t does not vanish identically, nor does
1

it vanish in virtue of y/=0; we must therefore have .X;=0 in association
with Y'=0. This is satisfied: and therefore, as. before, y=0 provides a
special integral of the equation.

E2. 3. Consider the equation

a2\2
zp+2yq=2 (z—?;) .
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The associated ordinary equations are

dz _dy dz
i
2(--7)
of which two independent integrals are given by
l.l’
=

z?
=7,  d=ye V.
The most general integral of the partial equation is
f (¢l) ¢2)=0’
where f is an arbitrary function.
It is easy to verify that
x2
=z—-—-=0
v K
provides an integral of the equation : but the functional form f cannot be

chosen so as to make f(¢;, ¢,) become . Proceeding as in the general
exposition, we have
Vv=:-¢1=V,

o

80 that —5—2—=1 and cannot vanish, shewing that f cannot be chosen for the
purpose. But the quantity Z of the general investigation vanishes for the
value of z given by ¢ =0.

It will be noted that y' does not involve ¢,: the special integral is a
singularity of ¢,.

Ez. 4. Consider the equation*

1+@-a-yhp+g=2.

The integrals of the ordinary equations

o de _dy_dz
14(e-a-yt 1 2
can be taken in the form
¢l = 23/ -2
b=y +2(z—2-yt;
and the general integral is ’
) _ S (1, ¢2)=0.
It is easy to verify that
Y=z—x-y=0

provides an integral of the equation; it is clear that no form of f can be found
which will make the general function f(¢,, ¢;) become . The integral
provided by ¥ =0 is a special integral; and manifestly any set of values,
satisfying =0 and chosen as initial values, constitute a branch-place of the
quantity ¢, and of the coefficient of p in the equation.

As this coefficient is not regular in the vicinity, Cauchy’s theorem does not
apply.

* This example is given by Chrystal, Trans. R. S. E., t. xxxv1 (1892), p. 557.
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86. The discussion of the integrals of the equation
Xxpl +... +‘ann =7

can be associated with the discussion of the integrals of the
equation, which is without the quantity Z and any explicit occur-
rence of z, by means of a simple transformation. Let the integral
be given by the equation

w=u(z, &, ..., 2,)=0,
where, in the circumstances, 1 involves z; then we have

u ou
5 Pun Y = 0.
ou
0z
does not vanish in consequence of %= 0; hence we may resolve
these cquations for p,, ..., p,. Substituting in the original
equation, we have

X

Now

does not vanish identically, and we shall assume* that it

,%+...+X,,a%—li +ZZ—Z=O,

and this must be satisfied identically when a value of z given by
=0 is inserted : in other words, the modificd equation is satisfied,
not identically but only simultaneously with « =0. The modified
equation is of the earlier type: the cocfficients of the derivatives
involve only the independent variables but not the dependent
variable w. Of this modified equation, let

u=0(z, 2, ..., xn)

be an integral; then obviously w=0 will give an integral of the
original equation. But the fact that 8 (2, 4y, ..., @) is an integral
of the modified equation means, as was seen before, that when this
value of u is substituted the equation is satisfied identically. This
limitation is additional to the earlier requirement, which was only
that the equation should be satisfied simultaneously with «=0; it
was not necessary that the equation should be satisfied identically.
We cannot therefore infer from the argument that any integral of
the original equation can thus be obtained from an integral of the

* The significance of the assumption, and the limitation which it imposes,
would need to be examined if the character of the integrals were being determined
solely by the present argument.
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modified equation; and it is clear that any integral so obtained is
a special case of an integral given by

0(z2,a,, ..., 2) —a=0,
where @ is an arbitrary constant*.

Ez. As an example, consider the equation
(.r2+2z‘y)§;—z2g§=y2.
It clearly is satisfied by a value of z given by the equation
z+y+2=0.
But effecting the transformation indicated, viz. taking
u=u(z, x, y)=0,
so that » is a new variable, we have
(22 +2zy) gg - 22 gg +y? %Z=O.
Any integral of this equation, when substituted, is known (by our earlier
argument) to make the equation satisfied identically. If we take
u=r+y+2,
the equation is not satisfied identically ; it can only be satistied for this value

of u simultancously with »=0; but u=2+y+2 is not an integral of the new
equation.

On the other hand, the original equation is satistied by a value of z given
by the equation
y8+13=a,
where a is a constant: and
u=y3+2°
is an integral of the modified equation. Thus the first integral is not given,
the second integral is given, by the method.

The distinction between the two cases can be expressed simply by a
reference to the theory of continuous groups. Let

06 06 06
0\ — (22 00 _ 299, 290
X (0)=(a%+2zy) o 2283/ +yt s
be an infinitesimal transformation.
We have
X (*+2%)=0;

the quantity 3323 is an invariant for the given infinitesimal transformation.
We have
X(z+y+a)=(v+y+2)(x+y-2)

* The limitation was, I believe, first pointed out by Goursat, in § 16 of the
work quoted on p. 55. .
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80 that 2+y+z is not an invariant for the infinitesimal transformation: but

when we have
r+y+2=0,

then, in virtue of that equation,
X(z+y+2)=0;
the equation #+y+2=0 is an mvariant equation for the transformation.
36. Itremains to associate Cauchy’s theorem with the equation;

for this purpose, we have to obtain an integral which, when «, =a,,
reduces to

z2=9 (&3, ..., Tn),
where ¢ is a function, which is regular in the domains of the
values @,=4d,, ..., n = @y, and otherwise is arbitrary.

Choosing a, so that X, does not vanish there, the integrals of
the associated ordinary equations

de, = da, doy= @,y vy di =2 da, de=F-do,
can be obtained, subject to assigned conditions that z,=a,,..., 2, =a,,
z2=g(a,, ..., a;) =c, when z, =@, ; and they have the form
=z +(m—a)v, =c¢,
Uy =5 + (T — @) Uy = @y,
Un=Tn+ (T, — @) Vn = @,
where v,, ..., v, are regular functions of the variables x,, ..., #,, 2.

Now the general integral is
S (U, %y, oon, uy)=0;
or, changing the form of the arbitrary function, we may take
Uy =F (uy, ..., Uy)

as the integral, where F also is arbitrary. When z, =a,, this

equation becomes
z=F(=, ..., 2);

but the value of z when @, =a,, is to be g (x,, ..., @,): and there-
fore when the arbitrary function is chosen so that

F(w'.-; veey '”n)=g(m2: ey &),
and consequently

F(um coor Un) =g (Ug, vy Un),
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we have an integral
=g (U, ..., Un),
which is the integral in Cauchy’s theorem.
Ez. Required the integral of
zp+yq=2

2
which, when z=a, is such that z=%’z.

Two integrals of the ordinary equations

de_dy_dz
x y =
b? .

are taken such that, when x=a, we have y=b, and =g these are easily
seen to be

=22

1"r 40’

=%
U=~ b

Thus the general integral of the equation can be taken in the form

Uy =f (u2)1
where f is arbitrary. When x=a, this equation becomes
z=f(y),
so that, for the required integral,
2
J@)=4,;
and therefore \
.
f (uz)=fc‘ .

Hence the required integral is given by the equation
_u
U= 4¢’
that is,
-

2=-Y

dex’

If, instead of taking Cauchy’s theorem in its simplest form as
associated with an initial value #,=a,, we require an integral
which, when a relation of the form

f(z o, ..., 2)=0
exists among the variables, shall be given by the equation

g(z; wly seey x,.)=0,
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effectively what is required is the determination of the arbitrary
functional form F' in
F (¢, ..., du)=0,

so that the equation may be satisfied without any other relation
solely in virtue of f=0, g=0.

As f=0and g=0 are two relations between n + 1 quantities,
n —1 of these can be regarded as independent: or we may regard
all the n+1 variables as expressible in terms of n— 1 independent
quantities. Taking the latter mode of representing them, let
their expressions be

z =\l/‘ (El, ooy fn—«l);
.’L‘,=\If'r (E;, ceey Enq)a

for r=1, ..., n. When these are substituted in the quantities
¢1: ceey ¢n, we have

¢m=¢m (Z; Ly, oovy mn)
=¢m(‘!’7 ‘\!’l) v ‘!’n)
= $m (Ely very E’II-'I) = ¢m say,
for m=1, ..., n; and these n relations, expressing ¢y, ..., ¢, in
terms of m—1 quantities, are satisfied concurrently with the
relations f=0, g=0. Among these n relations, let the n—1

quantities £, ..., €., be eliminated, and let the result of the
elimination be

G (;ﬁl) AR $n)=0'
Now when f=0 and g =0, we have ¢,, degenerating to ¢,,; and
the general integral becomes

F(&lr AR ‘i’n)"‘:o;

which coexists with f=0 and g =0, but, as now it involves only
the quantities £, ..., £,y, it is satisfied by itself and not in virtue
of f=0, g=0. We thus have

F(‘i’l: (L) J’n)=G(¢_’l» ceey ‘i’n)r

and therefore also

F(¢i, ..., d)=GCG (¢, ..., Pn).

Hence the required integral is given by the equation

G(¢r, ..o, Pa)=0.
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Ez. In examples, the details sometimes are developed in a different way.
Let it be required to find a surface, satisfying the equation

p+yq=2
and passing through the curve

"
Sefedon

The curve can be expressed in the form

let+my+nz=1.

r=a\, y=bp, z=cv,
where
Nppigri=1,
alX+bmp+cnv=1.

Two integrals of the associated ordinary equations are

z
U=-, ’I)=:;;

s

<
]

o
T

so that

cv ¢
au' b

en <

whence
21l 21
"2<1+c72172+3277'2)=1’

cl
v(cn+-1-‘_u+c—;f>=l,

1l 1 ./l m 2
1+0721:[2+b§1_;,=0(1:.i+5+n>.

and therefore

This equation corresponds to the equation G (¢;, ..., ¢,)=0 in the pre-
ceding discussion. In the present case, the required integral is accordingly
given by

e I m 2
Lt gt )
inserting the values of  and v, the equation of the required surface is

z2 2 g2
N +-11/)_2+c—2=(lz+my+nz)2.

COMPLETE LINEAR SYSTEMS THAT ARE HOMOGENEOUS.

37. Before passing to the discussion of the most general
equation of the first order and of degree higher than the first,
it is convenient to deal with a system of simultaneous linear
equations involving one dependent variable. If the dependent
variable occurs explicitly, the equations can be changed, by a
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transformation as in § 85, so that the new dependent variable
does not occur cxplicitly; the number of independent variables
is thus increased by unity. In their transformed expression,
the equations are homogencous in the derivatives; they may be
written

01 01 ou
4, (u)=ay ’a’i““ + ay a;—t + .ot ag =
@, A e
4, (u) = ay au + g 3;4' + g gu—- 0
2 s )

...................................................

du ou ou
Au(u)= alué,;_; +¢l~.m:h'72 + ... +aw5&;= 0

where the cocfficients @, for m and n=1, ..., s, are functions of
the independent variables ,, ..., x; alone. We have to investigate
the conditions under which an integral (if any) can be possessed
by the system ; we have also to devise means for the construction
of an integral when 1t is possessed.

Equations of this type have already, in Part 1 (§§ 38—41) of
this work, received some consideration; but there they arose as
a class, associated with equations linear and homogencous in
differential elements in the variables, and the limitations imposed
upon them were derived from the originating equations. Their
importance, not least owing to their frequent occurrence in various
theories, justifies an independent treatment ; the earlier discussion
will render some abbreviation possible.

The p equations in the propounded system are said to be
independent, when no linear relation of the form

LA (W) + .. +Edu(w)=0

exists, the quantities &, ..., &, being functions of a, ..., z,, and
the quantities 4, (w), ..., 4. (u) being merely the linear com-
binations of the derivatives of . If however, such a relation
or relations should exist, then one or more than one of the
equations 4 (u) =0 would be dependent on the others: an integral
of those others would satisfy the dependent equation or equations;
and so the dependent equations could be ignored for the present
purpose. Accordingly, we shall assume that the equations in the
system are independent.
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It is clear that, if a linear system in s independent variables
contains s equations or more than s equations, the equations can
only be satisfied by having

o, My, ..,

ox, oz,

ou .
oz, = %

and then

u = constant
is obviously the only integral of the system. Having disposced of
systems for which x> s, we shall now assume u <s.

The u equations are independent; but it may be necessary to
associate other equations with them, arising as conscquences of
their coexistence or as conditions of their coexistence. It is clear
that, if the equations

An(w)=0, A.(u)=0
possess a common integral, it makes the left-hand sides vanish
identically ; and therefore the equations

A (A) =0, Ap(Amu)=0,

A, (Anu) -4, (A'mu) =0,
are satisfied for that common integral; that is, the last equation
coexists with A, (u)=0 and 4, (u)=0, when the two latter are
members of a lincar system. But the new equation is found also
to be linear in the first derivatives of w: for the coefficient of
0%u

Oy, 0y
and is (umam, when k& is the same as I; and the coefficient of
——aa—lf—— in A, (Apt) i @inGem + Gentm, When & and ! are different,
o0xy, 0y

and is @y am, when k is the same as I: thus the derivatives of u of
the second order disappear, and only derivatives of the first order
remain. The equation is

0=An(Au)— A (Anu)
- i‘l (A () = An (@rm)] 337“

r=

and so also

in Am (Ag%) 18 G Wn + Gunin, When & and [ are different,

Now this equation may be evanescent, because the coefficient of
each of the derivatives of u vanishes. Or it may be satisfied in
virtue of the original set, as a linear combination of them; it then
is not a new independent equation, and consequently it need not
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be taken into further account. Or it may be not evanescent, and
not a linear combination of the original equations, and yet it must
be satisfied ; then it is a new equation, and it must be associated
with the system.

Similarly for any pair of equations in the system. Suppose
that, by taking all possible pairs, » new equations are obtained so
that there is a system

A, (u)=0, ..., 4, (w)=0, A,,(w)=0, ..., 4., (u)=0.

Again we must take all possible pairs; clearly it will be sufficient
to take each of the first u with each of the last , and all possible
pairs of the last »; all ncw equations are to be retained. And
so on, until the process either provides no new equation or until
the number of equations has come to be s. The latter case has
been dealt with. When the former case occurs, the number of
equations being less than s, the system at that stage is called a
complete linear system. Manifestly, when there is only one de-
pendent variable and there are several linear equations, we have to
deal with complete linear systems. Moreover, the only systems of
this type that require consideration are those in which the number
of independent equations is less than the number of independent
variables.

38. Two properties, possessed by complete linear systems, lead
to simplification in the analysis: they must be established.

In the first place, when a complete system vs replaced by another,
which s its algebraic equivalent, the new system 1is complete. Let
a system

A, (w)=0, ..., 4,.(u)=0,
supposed complete, be replaced by a system

B, (u)=0, ..., B,(u)=0,
where

B (u) = ,,%1 Enn A (0),

for m=1, ..., p, and the quantities £,, are functions of the
variables z,, ..., , such that their determinant does not vanish.

It is clear that the quantities 4,(u) are expressible as linear
combinations of the quantities B, (u); so that, algebraically, the
two systems of equations are equivalent to one another.
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To decide whether the new system is complete or not, we
construct the quantities B,,(B,u)— Bn(Byu); and we have

By (Bau)— B, (Bnu)

= %1 I:Emr Ar{él Eni Ai(u) } |:Em z{:lfmrflr(u)”

=5 £ g bud, (Aot 3 ." S 4, (B As )

r=1i=1

—r.hZ Eopr Eni Ai (4, u)-— Elg,LiAi(f,,,,.)A,(zL).
Combining the first summations In the two lines, we have
A;(d,u)— A, (4;u) as the coefficient of £n, ;5 this quantity is
a linear combination of the quantities 4, (u), ..., 4, (), because
the system is complete : hence these two summations give a linear
combination of the quantitics A (u). Each of the other two
summations is actually a linear combination of these quantities;
hence the whole expression for B, (Buu)— B, (Bnau) is a linear
combination of the quantities A (u). Each of the quantities 4 (u)
is a linear combination of the quantitics B (u); when the values
are substituted, we find that B, (Byu)— B, (B,uw) is a linear
combination of the quantitics B(u). As this holds for all values
of m and n, it follows that the system of equations B, (w)=0, ...,
B, (u)=0 is complete.

In the second place, @ complete system remains complete for
any transformation of the independent variables. Let these
variables be transformed by the relations

w’l‘I:fr(xh vty xa))
for r=1, ..., s, the functions fi, ..., f; being independent of one

another. Then
ou ou ofy , ou of; ou Ofy

oz, = oa, Oz, " ow, O, o, o,
for all values of r; substituting in A, (u) for the quantities %— R

we have

Ay (u)= A" (w),
and 4, (u) is homogeneous and linear in the derivatives

L.
oz’ "7 owy
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As there is no linear relation among the quantities 4, (u),
there can be none among the quantities 4, (u): the equations
A’ (u)=0 are independent. Further, the operation 4, is replaced
by 4,/ having the modified coefficients : thus

Ap(Ayu)= Ay (45 w) = A4, (4, w),
An(Anu)= A, (4,/u)= A4, (4, v),
and therefore
Ap (An'u)— A, (Ap'vw)=Apn(Ayu)— Ap (Apu)
= linear combination of 4, (u), ..., 4, (u),
e A4/ (w), ..., 4,/ (v),

for all values of m and n. Hence the system of equations
A/ (u)=0, ..., A,/ (u)=0 is complete.

39. The first of these properties is used to express a complete
linear system in a canonical form: the second of them will be used
in the establishment of the existence-theorem,

As regards the expression in a canonical form, let a complete
lincar system of m equations be given, involving one dependent
variable « implicitly through its derivatives and m +n independent
variables @,, ..., Ziyn. As the m equations are independent of one
another, they can be resolved algebraically so as to express m of

ou iu_

the derivatives of wu, say 5o’ , linearly in terms of the
1

0%y,
remainder; let their expression be
ou = mEn ou
B‘(“)"a_x,*,:z ) U“a_i;‘o’

fort=1, ..., m.

The system was complete in its earlier expression: hence, by
the preceding property, it remains complete in the changed
expression ; consequently

B.(Byu)— B;(Bou)= 5 £ By (w)

where the quantities £ do not involve u or its derivatives. The
left-hand side of this relation is

"S" (Bu(Uyg) - By (U
a=m+1{ iUy "( " ox,’
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. . . . on ou
and it does not contain any of the m derivatives -, ..., =—:
ox, 0T

. . . ... 0u
whereas the right-hand side docs contain a derivative o, unless &
t

is zero. Hence, in order that the relation may be satisfied, cach of
the quantities &, ..., £n is zero; and it then becomes

m+n ) au
% (Bi(Uy)—B;(Un)} 5;=0‘

g=m+1 8
Now the system is complete, so that no equation of this type is to
be associated with it which is not satisfied in virtuc of B, (u)=0,
..., By (u)=0; consequently, this equation must be cvanescent for
all values of 7 and j, and therefore

B, (Uy)— B;(Uy)=0.
This relation involves the independent variables only; hence it
must be satisfied identically, for all values of 7, j, and s.

Conversely, if this relation be satisfied for all values of 4, j, and

s, then we have

B,’ (Bju) - Bj (B, u) =0 5
and the system of equations B, (u)=0, ..., B,, (u)=0 is evidently
complete. Hence we have the formal result :-—

A complete linear system of m equations, involving one dependent
variable u and m + n independent variables x,, ..., &y iy, and such
that only dertvatives of w occur, the equations being homogeneous in
those derivatives, can be expressed in the form

Bw=24 "% g, 2

0% g=m+1 ' ﬂz =0,
Jor t=1, ..., m; and the conditions, necessary and sufficient to
secure that the system should be complete, are the aggregate of the
m (m — 1)n relations

B:(Uy) = B;(Us)=0,
Jor the values of s, and for the combinations of ¢ and j: each of
these relations must be satisfied identically.

In consequence of the conditions, the equation
B; (Bju)— B; (B;u)=0
is satisfied identically, for all values of 7 and j. A set of equations
possessing this property is frequently said to be in involution.

A complete linear system, expressed in the above form, is some-
times called a Jacobian system.
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40. The preceding investigation gives the formal conditions
for the coexistence of the equations: it gives no information as to
the integral or integrals (if any) of those equations. An existence-
theorem, similar to those in the preceding chapters, is as follows:

Let a;, ..., @myn be a set of values of the independent variables
in the vicinty of which all the coefficients U, in the complete Jacobian
system
0 min ou

SR> Uu gy =0, (t=1, ..., m),

B t (u’) = 2
t  s=m+l

are reqular functions; then the system possesses n functionally dis-

tinct integrals, which are regular functions in the vicinity of the

selected values and which reduce respectively to values @mii, -.., Tmin,

when x, =a,, T,= Ay, «e0\, Tm = Ay

The theorem has been established* when m=1. The inductive
method will be used for the general case; and we shall prove that
it is true for a Jacobian system of m equations in m + n independent
variables, if it is true for a Jacobian system of m — 1 equations in
m +n—1 independent variables.

Accordingly, we make the latter supposition that the theorem
is true for a complete Jacobian system of m —1 equations in
m +n — 1 variables. For brevity, we make a,=0, ..., @nin=0:
all that would be necessary to secure this result would be to take
Yo =Tp— Cy.

The equation

B (=204 "s

» ou
Up=—=0
Ly g=m+1 o 0,
possesses m +n— 1 functionally independent integrals, which are
regular functions of the variables in finite fields of variation round
0, ..., 0, and which acquire values z;, @, ..., Zmsn respectively

at that place; this is a theorem already proved (§ 29). Of these
integrals, m — 1 clearly are given by

U= Ly, Ty, oo, Ty

respectively ; let the remainder be denoted by u =Ym41, ..., Ymsn
respectively, where
3/m+n=$m+a+w1Rm+., (8= 1,..., n),

* In § 29, Corollary.
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Ry, denoting a regular function of the variables ay, ..., 24 In
the assigned vicinity. Reversing these equations so as to express
Lmp1s o> Lgn, WE have
Tmis = Ymts + Ps,
where P, is a regular function of the variables w, ..., %, Yansa,
.. Ymen 10 the vicinity of 0, ..., 0.

Now let the independent variables be changed from @, a,, ...,
Zyngn YO L1, Lyy oovy Ty Yong1s oo s Yonan; W€ know, from the property
established in § 38, that the new system of equations is complete.
Also let the result of the transformation on any integral u be
denoted by v, The effect of the transformation upon B, (w) =0
can be obtained at once: as its m 4+ n — 1 functionally independent
integrals Now are &,, ..., L, Ym41, +-+, Ymsn, Which are the aggregate
of independent variables other than #,, we have

B, (v)=2=0.

For the other equations, we have
ou ?U_ + {' o Bg/m.H
oz;  ox; s=1 aJ,"+, ox;
for1=2, ..., m, and
o {‘. 0V Yms
a5“'m+j s=1 aym+x a‘75'm+)
for j=1, ..., n; hence the equatxon B, (v) = 0 becomes
B‘(v)—é i +a i«ﬂVs ;/"
with new coefficients V,.

The properties of these cocfficients could be deduced from those
of the coefficients Uy : they are most simply deduced by the use of
the known property that the new system B, (v)=0, ..., B,, (v)=0
1s complete. On account of this property possessed by a Jacobian
system (it will be noticed that the new system has the form of a
Jacobian system), we have

Bl ( Vaj) - ‘Bj(VGI) = 0;
for all values of s and j. Now all the coefficients ¥, are zero, and
B, is 527; hence the foregoing condition is
‘1

oV _
0z, =0,
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that is, the coefficients V; do not involve z;. We also have

B; (V) — B;(Va)=0,
for all values of ¢ and j in pairs combined from 2, ..., m, and
for s=m+1, ..., m+n. The modified Jacobian system is

ov
Bl (‘l)) = a.L‘,- = O,
B % ov
g(v) a L - V = 0,

pad
s=m+1 a'/u
fort=2, ..., m.

Now' the last m —1 equations constitute a complete Jacobian
system, for the necessary and sufficient conditions

Bi(Vy) = B; (V) =0

are satisfied; and they are a system in m +n—1 independent
variables @y, ..., @, Y4, -+ Ymin, the variable @; not occurring.
Owing to B, (v) =0, it follows that an integral of the system of
m equations cannot involve #; in the modified set of variables:
consequently, every integral of the system of m equations in the
m + n independent variables is an integral of the system of m — 1
equations in m + n — 1 independent variables, and conversely.

The coefficicnts Vi in the Jacobian system of m — 1 equations
are regular functions of the variables in the vicinity of @, ..., &y,
Ymars o> Yman =0, ..., 0; for they are polynomial combinations of
the coefficients Uy, and of the derivatives of #mys, -ony Ymen with
respect to the original variables, all of which are regular in the
assigned vicinity. By the hypothesis adopted for the systems of
m—1 equations, the Jacobian system of m —1 equations in the
m+n— 1 variables possesses n functionally independent integrals
which are regular functions of the variables in the domain con-
sidered and which reduce respectively t0 %41, ++.» Ymsa, When
2,=0, ..., y=0; let these integrals be

'Us=ym+3+¢m+g, (s= 1, ..., 77),

where ¢ is a regular function of the variables which vanishes,
when @, =0, ..., 2,,=0. It is clear that no one of the quantities
¥, ..., Uy contains z;, so that cach of them satisfies

ov
Bl (’U) = 3.1—?; = 0.
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Consequently, they are integrals of the Jacobian system of
m equations.

Moreover, these integrals satisfy the assigned conditions; for
we have
Vg =Ymys + ¢m+c
=&y t+ mlRm+a + ¢m +85

so that as ¢, is still a regular function vanishing when z, =0,
«.v, T =0, the integral v, reduces to #ms, when we revert to the
original variables and we make 2,=0, ,=0, ..., 2, =0.

The theorem is thus true for a complete Jacobian system of
m equations in m +n variables, if it is true for such a system of
m —1 equations in m+n —1 variables. It is known to be true
for a single equation in any number of variables: hence it is true
generally.

The existence of n functionally independent integrals has thus
been established. When m =1, it is known that an equation in
n + 1 independent variables possesses n, and not more than », such
integrals; the course of the preceding argument then shews that
a complete Jacobian system of m equations tn m+n variables
possesses n, and not more than n, functionally independent integrals.

41. The set of integrals, determined in association with the
assigned conditions of § 40 and reducing to @41, ..., Tmyn for
assigned values of z, ..., Z, is sometimes called a fundamental
system for the assigned vicinity.

As in the case of a single equation, it can be proved that any
integral can be expressed in terms of any set of n functionally
independent integrals: and, in particular, the expression in terms
of the members of a fundamental system is simple.

To prove the first of these statements, let u,, ..., u, denote a
set of functionally independent integrals of a Jacobian system of
m equations in m+n independent variables; so that, with the
preceding notation for the system, the equations

au | m+n au
B = S Up=—"=0,
,(u,) 0z, + s=m+1 * 0z,
forr=1,...,n,and t=1, ..., m, are satisfied. Moreover, they are
satisfied identically, because the quantities w, ..., %, do not occur

explicitly,
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Now, let
U= (&1, oor, Timyn)
denote any integral of the Jacobian system: then the equations
a\P. mtn
—~+ 2 U 0,
O, +a=m+l "a Ty

for t=1, ..., m, are satisfied; and they are satisfied identically,
because yr does not occur explicitly. Hence all the determinants

¥ N oy o
ox,” 7 Owy’ a"L'm+1 P Otmyn
ou, ouy ou, oy
ox,” " Oxy’ 0% v a-ﬂm+n
iy Qup  Duy Ot
ox," " 0z’ Oma O0Zmin

vanish, in association with the integral

u=Y(zy, ..o, Tmin);
but u does not occur explicitly so that, as the determinants cannot
vanish in virtue of that integral equation, they must vanish
identically.  Accordingly, some functional relation must exist
among the quantities Y, u,, ..., %, ; it cannot exist among uy, ..., U,
alone, for these are independent ; and therefore it must involve 4.
Hence it may be taken in the form

V=Fl(u, ..., un),
where f is some function of its arguments.
We thus have a verification of the proposition that the number

of functionally independent integrals in a Jacobian system of m
equations in m + n variables is exactly n.

The form of the function £ is not difficult to obtain when - is
given, if we take a fundamental system of integrals for the set

Uy, ..., Uy. In particular, let the latter be v, ..., vs, Where v,

(for s=1, ..., n) assumes the value Zp1s, when o, =qa,, ..., Tm=10apn;

it is requn'ed to determine the functional form g, such that
\I"(wn cees Tmy Tmgrs «oes -”m+n)=9(vn cees Up)

Let ,=aq,, ..., @ = @y ; this equation becomes

""(al) ceey O, wm-H: seey $m+n)=g(wm+n coey '”m+'n)-
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This is true for all variables independent of one another; and

therefore

Yy, ooy @y Uy, oeny V) =G (0, wons Vn),
so that

\I/\(J,’“ cees Tiny L1y oees 'Trn-f-n):‘!’(”'l’ vy @y Uy een, Uy,

being the required expression in terms of a fundamental set of
integrals,

CoroLLARY. When the preceding results are combined, the
following existence-theorem is obvious :—

Let ay, ..., tpyn be @ set of values of @, ..., Zpin such that,
in their vicinity, all the coefficients U in the complete Jacobian
system

NN s

a‘l't s::‘r;:+l " 8.:,', ’
Jor t=1, ..., m, are reqular functions of the variables; and let
b (2ms1y <evr Tmpn) denote any regular function of ats arguments
in the assigned region of variation, which (except for the requure-
ment of being regular) ¥s arbitrary. Then an integral of the
Jacobian system exists, which is « regular function of the variables
in the vicinity of ay, ..., Wwpn, and which acquires the value
h (mgas <oer @maa)y When oy =, ..., Ty =y,

42. It is a part of Cauchy's existence-theoren that an integral

satisfying the conditions:

(1) that it is a regular function of the variables within the
domain of a sct of values where all coefficients in the
above linear cquation are regular,

(i) that it acquires the value of an assigned regular function
for an initial value of one of the variables,

is a unique integral so determined.  Hence the fundamental system
of integrals of the equation

.
p+Xp+ o+ X Pan =0,
required to acquire values &y, ..., anyy respectively when a = q,

and to be regular functions of the variables, is unique as a set of
integrals.

The inductive proof of the establishment of integrals of a
Jacoblan system shews that, if a set of integrals satistying the
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assigned conditions be unique for a Jacobian system of m—1
equations, a set of integrals satisfying the assigned conditions is
unique for a Jacobian system of m equations. 'The proposition
just quoted indicates that a fundamental system is unique when
there is a single equation: hence a fundamental set of integrals is
unique for a Jacobian system.

Similarly, the integral at the end of § 41, defined as an
integral of the Jacobian system

ou | mEn ou _ 0

‘ 2 Uy =0,

8.1‘, s=m+1 a.l‘,,
for t=1, ..., m, which is a regular function of the variables and
acquires the value of an assigned regular function of @y, «ory @ipga
for initial values of @, ..., @, I8 easily seen to be a unique
integral determined by those conditions.

The property of uniqueness of the integrals is thus cstablished
in connection with the various existence-theorems belonging to
the Jacobian systems. But it must be remembered that the
selected initial values of the varlables are such that all the
coefficients U, are regular in their vicinity: and only on this
hypothesis have the theorems been established.  Separate investi-
gation is necessary for the consideration of integrals (if any) of
the system in the vicinity of a set of selected initial values of the
variables, which constitute a singularity or other non-regular place
of any of the coefficients.

Two METHODS OF INTEGRATION OF COMPLETE LINEAR SYSTEMS.

43. Now that the existence of integrals of a Jacobian system
has been established and that the character of the conditions
which limit an integral has been indicated, it is desirable to have
some means of actually constructing the integral, more especially
it there should be an integral which is expressible in finite terms.
Two methods seem more direct for this purpose than others: one
of these is due to Mayer, the other is based upon the actual stages
in the establishment of the existence of the integrals.

Mayer’s method has already* been expounded: consequently
the discussion need not be repeated, but the results will be restated
for convenience. It is as follows:—

* Vol. 1 of this work, §§ 41, 42.
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To obtwin « set of n independent integrals of the complete

Jacobian system
ou  min ou

2 Ust A= O)

a"r‘t 8=m+1 a.’L‘,,

Jor t=1, ..., m, we trunsform the variables z,, ..., z, by the
substitutions

wt=at+('3/1 - e)ft(!/n cers Ym),
and construct the equation

The equations subsidiary to this single equation, viz.
Y gle eq

— d'z:m_-H — — dwm-}»n

dy, = =... R
A A Yonin

are to be integrated, keeping v, ..., yum as tnvariable quantities : let
the n integrals be
b (Tmt1s oovs Timgnms Y1, oo, Ym) = constant,

Jor p=1, ..., n. Then the set of n independent integrals of the
Jacobiun system are given by the following process: in the equations
¢p (xm+h cves Ty Y1 You ooy ;l/m) = ¢p (Cl» ceey Ony 0, Yoy «oey ym)>
the variables y,, ..., ym are to be replaced by their values in terms
of the variables x,, ..., zn,, and if, in any of the equations,
bp (C1, ovy Cny 0, Yy, ..o, Ym) should be « pure constunt, the changed

equation s
¢p(wm+l) ey $m+m Ly, eeny wm)=¢p(cl) ceey Cny Oy, oeey am)-

These n equations are resolved so as to give c,, ..., ¢, (or n tnde-
pendent functional combinations of them): let the result of the
resolution be

u}d (‘Th teey (L‘m, wm+l) ey wnH—n) = Gp) (l"= 1) sy n))

where Cy, ..., Cn are n independent functions of ¢, ..., Cu: the n
integrals of the original system are

U= (&), ooy Tny Brngry oves Tontn)s (=1, ..., n).
Note 1. The simplest substitutions for the transformation of
the variables appear to be
=14,
Te=a+ (4 — ) Yo,
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for t=2, ..., m; the quantities Y,,, ..., ¥Yuin in the subsidiary
equations are given by
m
Ym+a = Uzu + E) Uat Ye.
t

Note 2. If only a single integral of the Jacobian system is

wanted and not a full set, it can certainly be obtained from any
one integral of the subsidiary system.

Note 3. If any integrals of a Jacobian system are known, they
can be used to modify the system, so as to reduce the amount of
integration necessary to complete the set.  Thus let

W=y, U=Yy, ..., U= Yp,

be known integrals independent of one another, where p <n; and
use these p quantities to change the variables from @y, ..., Zyys to
(say) @, <o, @min—p, Y1, ..., Yp. Then as y, is an integral of the

system, the term Ju must be absent from each equation of the

oy,
modified system: its cocfficient must vanish in order that the
. o e . ou
equation may be satisficd. Similarly for ou Y. Thus there

a"/g ) eeey @1—; .
will be a modified system of m equations: the variables y,, ..., y,
are of the nature of parameters: it involves m +n —p variables
&y, ooy Tnga—ps; and it still is complete. It therefore possesses
n — p integrals ; and these can be obtained, as in Mayer’s method,
by the integration of the n — p subsidiary ordinary equations.

44. In outline, and as regards the theorctic amount of inverse
operations (such as integration) that are required, Mayer’s method
for the integration of complete linear systems is the simplest and
the briefest: but occasionally, for particular systems, the detailed
operations can be complicated. An alternative method of pro-
ceeding is provided by an adaptation of Jacobi’s method of inte-
grating partial differential cquations; the details of the adaptation
are almost dictated by the course of the proof of the existence-
theorem. In details, it frequently is simpler than Mayer’s method,
though the number of inverse operations is greater: but the mere
number of such operations, without regard paid to their intrinsic
difficulty, is not the only trustworthy criterion of practical sim-
plicity.
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The method may be described as that of successive reduction.
Let the system be taken in its canonical form, the first equation
being

m ou
B, (u)— '—+ s U,,la
s=m+1 Ly
This equation in m +n variables has m +n — 1 functionally inde-
pendent integrals; of these, m — 1 are evidently given by ,, ..., Zp,
and the remaining n are provided by integrals of the subsidiary

equations
Aony _ _ Gpin

doy= 2Fmr 2 O ,
Umﬁ-l, 1 Um+n, 1

the quantities x,, ..., 2, being regarded as parametric. If the
integrals of these subsidiary equations are

U (X1, ..., Tmyn) = constant, (=1, ..., 1)
then the n remaining integrals of B, (u) = 0 are given by
U=Ue (2, «..) Tongn) = Up-
Every integral of B, (z) =0 is a functional combination of z,, ...,

Zm, Uy, ..., Uy; the appropriate functional combinations must be
such as to satisfy the remaining equations of the system.

We accordingly make x,, ..., @, u, ..., 4, the independent
variables for the equation B,(¢)=0. If any integral of this
equation be taken in the form

w=f(Ty, ..., T, Uy, onv\ Up),
which 1s also an integral of B, (¢) =0, we have
n

B, (u)-—~‘ + 2 3f B,(u,)=0.

Because the system is complete, we have
B, (Baur) - Bs(Blur)': 0;
but B, (u,) vanishes identically, so that B,(B,u,) =0, and therefore
B, (B,u,)=0.
Hence B, (u,) satisfies the equation B, (u)=0; it may be zero, or
it may be a pure constant: if it is neither of these but is variable,
it is an integral of B,(u)=0, and therefore can be expressed in

terms of x,, ..., &y, Uy, ..., Un. Thus all the coefficients in the
transformed expression of B, (u)= 0 are functions of the m+n —1
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new variables alone. The equation in this form has m +n — 2
functionally independent integrals ; of these, m — 2 are given by
&y, ..., &y . and the remaining n are provided by integrals of the
subsidiary equations
da, = du, du,,
y = St = oa.. = - Jy
B, (1) B, (uy)’
the quantities a, ..., ,, being regarded as parametric.  All the
denominators, if not zero or pure constants, are functions of
@y, o.ry Xpy Uy, eey A5 let the integrals of this set be
Vo (@, o.ny Tony Uy, ..., Up) = constant, (p=1,...,n);
then the n remaining integrals of B, (1) =0 are
U =0, (Ly, ey Tapy Wy, onn,y Uy) = V.

Each of these, as a functional combination of @y, ..., &y, %, ..., Uy,
is an integral of B,(u)=0; and every integral, common to B,(x) =0
and B, («)=0, is a functional combination of &y, ..., &m, v;, ..., Vp.
The appropriate functional combinations must be chosen so as to
satisfy the remaining equations of the Jacobian system.

We now proceed as before: and for the third equation, we
make @, ..., &m, %, ..., v, the independent variables, If any
integral of the equation B,(u)=0 be

u = ¢(‘ll’l:h T ‘xMy ’U], ey 7"1L>:
we have

B =% ?. 395 By (v,)=0.

ory ;1
But, as the system is complete, we have

B, (B,v,)= B, (Byv,) =0,
B,(B,v,)= B,(B,)=0,

because B, (v,) and B, (v,) vanish identically ; therefore By(v,) is a
simultaneous integral of B,(x) =0 and B,(v)=0. Consequently
By (v,) is either zero, or a pure constant, or a function of «, ...,
Lm, Yy, ---, Un; and the coefficients in the modified form of By(u)=0
involve only the variables which occur in the derivatives of ¢.
The position is now the same as in the preceding stage, except
that the number of variables has been decreased by unity.

We pass thus from stage to stage: the integrals at the last
stage are n functionally independent integrals of the system.
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Note. At first sight, it would appear as though the number of
quadratures of ordinary equations, required to make the process
effective, is mn, being n for each stage. But the number can be
reduced, often very substantially, except at the last stage when n
such quadratures are then certainly required. For example, let

W' (2y, ..., Tmin) = constant

be any integral of the subsidiary system of B,(u)=0: then
U= (&, ..., Tmyn) =1 1s an integral of B, (w)=0. Now for
any value of p, we have
B, (Bpu') = By (Byw)
=0,

because B, (') vanishes identically : hence By, (u') satisfies By(u)=0.
If B, («) is not zero and is not a pure constant, it is an integral of
B, (x)=0; if it is functionally independent of «', we may write

u’=B,(«);

and we thus obtain a new integral of B,(u)=0 without any
further quadrature, in the case of each operator B, that leads to a
result of this type.

Again, each new integral so obtained may be similarly treated,
until possibly an adequate number of integrals has been obtained
at the stage. The reduction in the number of quadratures may
thus be made by means of the operators in the remaining equations
of the system at any stage: it clearly cannot be made at the last
stage when no further operator remains for consideration.

Further, if B, (w’) is zero, then u’ is an integral common to
B,(w)=0 and B,(u)=0; when retained as a new independent
variable under transformation of the variables, the integration of
B, (u) =0 will be thereby simplified.

Again, if B,(w) be a pure constant, =a say, and if B, (v'),
derived from a functionally distinct integral of B, (u)=0, be also a
pure constant, = b say, then

B, (bv' — av') =0,
that is, bu’ — av’ is an integral common to B, (u) =0 and B, () =0;

it can be used to simplify the integration of B,(u)=0 at the
appropriate stage.



44.] EXAMPLE 95

Thus the number of quadratures necessary for the method may
be considerably reduced : but even in the most favourable circum-
stances, their number is greater than the number in Mayer's
method.

Ex. 1. As an example, which will be integrated by both methods, con-
sider the system
X\ (2)=a1p, — 22+ 23p3— 2y Py =0,
Xy (2)=aypr — 2y p3=0,
X (2)=a4py — 22py =0,
where p,‘=3a?, for p=1, 2,3, 4. We have
Oy
) X (Xy2)— X2 (Xy2)=0,
X (€X32) - X5 (X2)=0,
X, (X2) = X3 (Xy2)=0,
30 that the system is a complete linear system, being a system in involution.
When expressed in a canonical form, it is

N o
G@=p— oy 2P =0
'y
£()=p:— ; P1=0,
4

_ Ty @t

; 3 =0,
&y I]z + x32

& (2)=ps
Adopting Mayer’s method of integration, we make the transformations

2=y, Ty=Q+Y 1Y F3=G+Y1Ys;

and then the single equation to be considered is

% _yl_,
9 0x4
where
_Ntys(astunys) (@rnyltaed | atnye
Y= 2 PR .
4 I+ (a3 +nys) x4
The subsidiary equation is
d dzy
1+ =0;

and an integral is found to be
{2+ (as+119s)% (a2 +3172)* + 24} = constant.
Accordingly, by the theorem quoted in § 43, we construct the equation
{2+ (as+ 11903 {(aa+7192)* + 28} = aasd,

the right-hand side being obtained by putting , equal to zero in the left ; and
then, replacing the variables z;, z3, 3, we have

(712 + 24?) (222 +24%) = aglag?,
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that is, by the theorem, a common integral is
2=(02 4 242) (22 + 24%).
A more general common integral is
2= F{(x2+2?) (22 +2,2)},
where F'is any arbitrary function.

Proceeding by the other method of integration, we obtain an integral,
other than z, and z3, of

ay vty

172y oyt

Ps=0:
the subsidiary system is

an integral of which is
(22 + 242) (1% + 242) = constant.

We take 2, 23, v as the independent variables, where
v=(2l+zf) (24 17).
But £, (v) =0, so that the second equation becomes
0 _
or,

and any integral common to the first two equations is a function of 3 and v.

0:

We take 23 and v as the independent variables for the third equation.
But £ (v)=0, so that the third equation becomes

0z
2, =
The integral is thus a function of »; a common integral of the system is,

as before,
s=v= (2 + 2% (a2’ +24).

If an integral is required to attain an assigned value g (z,), when z;=aq,
2y=b, r3=¢, it is easily seen to be

Exz. 2. Prove that the system
0=p1+ 22,02+ 37,03+ s + %4 P,
0=y + 222 py + 3233+ %5 P5 + T Po,
0=(3z,% - 25) py + (31 23 — 23) Pa + 321 T35+ (%4 L5 — Zo) Pa+ 3675 + T5 %6 P,
is complete: and find a system of three common integrals.
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COMPLETE LINEAR SYSTEMS THAT ARE NOT HOMOGENEOUS.

45. The complete linear systems that have been considered
are homogeneous in the derivatives of z: and the dependent
variable does not explicitly occur. But it is possible to have
complete linear systems which are not homogeneous in the
derivatives and in which the dependent variable does occur
explicitly. This class of equations is a very special example
of a system of simultaneous equations and can be treated by
the general method devised for general systems: the equations
can, however, be more simply treated by being included under
the class already considered. We take a new dependent variable
such that

u=u(z, &, ..., Tn),
and we transform the equations by means of relations

ou ou

52 P ¥ o= 0

the transformed equations are homogeneous and u does not occur
explicitly. These are amenable to the method already explained :
the conditions of coexistence are at once obtainable; and integrals

will be given by equations
u = constant,
provided u involves 2.

Note. The same warning must be applied about linear non-
homogeneous systems as was applied to a single non-homogencous
equation (§ 35). The method does not necessarily give all the
integrals of such a system, for it may fail to give those which
belong to the residuary class called special.

46. The conditions of the coexistence and the completeness
of the system can be easily obtained from the transformed system.
Thus let a given linear system be expressed in the form

m+n

E, (z)"—‘]’l"' 3

)
=m+

. anpy, =2y,
min

E,(2)=p.+ % anp. =2,
s=m+1

.......................................

+n

E,(2)=pn+ mE AemPs=Zm;
&=m+1



98 COMPLETE LINEAR SYSTEMS [46.

and consider the system

ou min o (7u

B (’lt) -—-"“; + 3=§+l“ﬂ 5}; + Zl a O
ou min ou ou

B,(v) = "‘; + c=§+l a’nb‘a‘?; + Z, 5 = 0,
m+n Bu au

By (u)= 7": + o §+x Usm 5}; + Zma’z“ =0,

the quantities aa, and Z being functions of z, @y, ..., ,. The
conditions of completeness of the latter system are

B.' (a,j) = Bj (a,;),

Bi(Z)) = B;(Zy),
for all pairs of values 4, j=1, ..., m, and for s=m+1, ..., m+n.
But for any value of , we have

0

Br = Er + Zr a_Z »
as a relation between the operators; thus the above conditions
become

Ex(a) + 2,509 = By(an) + 2,08,

E(Z) + 2] az = E; (Z)+ZJ“Z

for all pairs of values i,j:l, w.,myand for s=m+1, ..., m+mn.

These are the conditions, necessary and sufficient to secure the
coexistence and completeness of the system.

We know that the system of equations B, (u)=0, ..., By, (¢) =0,
being a complete linear system of m equations in m+n+1
variables, possesses n+1 functionally distinct integrals. Let a
set of these be taken in the form w,, ..., u,4,, some of which will
certainly involve z; then any integral of the transformed system
can be expressed in a form

u=f(uy, ..., Unp),
and its most general integral will be obtained by taking f as a

completely arbitrary function. It is also obvious that an integral
of the original system will be provided by an equation

u=0,
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if u is an integral of the transformed system which involves z;
hence a very general integral of the original system will be
provided by the equation

Sy, ooy Unyr) = 0.

But for reasons similar to those adduced for a single equation in
§ 35, we are not in a position to declare (and it is not, in fact, true)
that every integral of the original system of equations is included
in the equation f'= 0 for an appropriate form of f.

As the quantities u,, ..., %y, necessary for the construction of
the function f, are simultancous integrals of the system B, (u)=0,
vve; B (w) =0, 1t is clear that either of the two methods (in §§ 43, 44)
effective for the construction of w,, ..., ¥y, can be adopted.

Ex. Let it be required to find whether the equations
1P+ 2P — T3ps+2 =0,
Typr— o petapy +ay=0,
have any common integral.

Expressing these equations in the form

+.Z'21—.Z‘|x3 X124 292y
1 p 3= =
P R otz
212+ 273 92 — T 23
JTETIES gy A 08
P2 PR 2ot

and applying the conditions of the text, we find them satisfied : hence the
equations coexist, and they form a complete system.

To obtain the general common integral, we conatruct the equations

Qu  myz—ym3 Ou Xz Tyx3 0w
o e P iy e Bl il
x| xita Ory  xtta? Oz

ou wz4wamy Ou XZ— Ty X3 OU

3& -.;5‘12+.z‘22 31‘3 .Z'12+.Z'22 az

=0,
which are a Jacobian system. It possesses two functionally distinct integrals:
these are found, by the processes previously explained, to be
U=U =Ly T3+ By, U=Ug=TyTy~ T12.
A gencral integral, common to the two original equations, is given by
1 X3+ Ty2 = P (L3003 — X12),

where ¢ is an arbitrary functional form.



CHAPTER 1V.

NON-LINEAR EQUATIONS: JACOBI'S SECOND METHOD,
WITH MAYER’s DEVELOPMENTS.

For the material of the present chapter, reference may be made to
Jacobi’s posthumous memoir, “ Nova methodus...... integrandi,” Crelle, t. 1X
(1862), pp. 1—181, Ges. Werke, t. v, pp. 1—189; to Mayer’s memoir, *“ Ueber
unbeschriinkt...... Differentialgleichungen,” Math. Ann., t. v (1872), pp. 448—.
470; and to Imschenetsky’s memoir “Sur lintégration...... premier ordre,”
Grunerts Archiv, t. L (1869), pp. 278—474. Mention should also be made of
Mansion’s treatise ¢ Théorie des ¢quations aux derivées partielles du premier
ordre” (1875), Book 11; and of the exposition given in chapters vi and vir of
Goursat’s treatise, already (p. 55) quoted.

47. We now proceed to deal with single equations, and with
systems of consistent equations, of the first order and of general
degree in the derivatives: clearly no generality is lost by assuming
that the equations are irreducible. It will be sufficiently obvious
from the discussion in the last chapter that the construction of an
integral of the equation or of the system of equations is a process
of several stages, ditfering in this respect from the usual construc-
tion of an integral of an ordinary equation; and the difficulty, in
general, is the discovery of the effective inverse operations that
lead from stage to stage.

Now, whatever equation or equations may be assigned for the
determination of the value or for the limitation of the form of a
dependent variable, one permanent relation subsists between a
number of independent variables z,, ..., z,, a dependent variable
z, and the derivatives p,, ..., p, of the latter: the relation is

dz=p,dz, + ... + ppda,.

The quantities p,, ..., p, are themselves dependent variables and
consequently are functions of «y, ..., #,: but it frequently happens
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that they arise as functions of x,, ..., @,, 2, the last variable not
being explicitly known in terms of the independent variables.
Also, there must be only a single functional relation between z, @,
«.us Tn, s0 that the integral equivalent of the preceding differential
relation is cffectively a single cquation among the variables:
consequently, the ditferential relation must be an exact equation.
The conditions necessary and sufficient to sccure this result are
known*: in the present case, they are

O0pu  Opm 0P ) 0Pm _

R T O F S rald)

for the 4n(n —1) pairs of values of m and u from the set 1, ..., n.
Let

d 0 0

dz, = oz, Py,
so that J(f_— is the complete derivative with regard to a,, account
7y
being taken of the cxplicit occurrence of @, as well as of its
implicit oceurrence through z: the neccessary and sufficient con-
ditions become
dp, _ dpm,

dey,  da,’
and these conditions apply, whatever be the quantity z and how-
ever its derivatives py, ..., p, may be determined. When they are
satisfied, the relation
dz=pdz, +... + ppdaz,
is exact : when an integral equivalent is obtained by the recognised
processes of quadrature, that cquivalent is an integral relation
between z, «,, ..., a,.

Now there arc n of these derivatives of z: when regarded for
the purpose of quadrature, they will most generally be determined
by n equations

F\=0, F,=0, ..., F,=0,
where F,, ..., F, will be assumed to be n regular functions of
@y, <oty Tny 2, Pr, oonr Pu Which, so far as they involve p,, ..., pa,
are functionally distinct; consequently the Jacobian

J (E‘._’_';z Fn) , =J say,
Pis oo Pu

* Part 1 of this work, § 11.
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does not vanish identically. In that case, the n equations can
be resolved so as to give expressions for p,, ..., p. as regular
functions of z,, ..., o, z: when these expressions are substituted
in the equations, the latter become identities. Taking two of
these equations, say ¥, =0 and F,=0, thus turned into identities,
we have, on differentiating with regard to ,,,

aF, 3 OF, dp, _
dwm u=1 3]3,« dxm, ’
dF, oF, dp, _
doy 2, ap, day, O
dpm

and therefore, on the elimination of -
m

dF, 9F, dF,oF, 2 o(F, F)dp.

d?v—;n a)m B éz:‘vm a]’m + w=1 0 (Pm pm) Ja;r;
This holds for each value of m; taking it then in succession for
each value of m, and adding all the left-hand sides together, we
have

—

(dF oF, dF, ap)+ 52 (F, F)dp.
m=1pu= 16(1’», pm)d@m

S \ Pu
dz,, ap,,. Ay, OPm

The last double summation can be modified: the terms for which
p=m do not occur: taking a pair of values for u and m from the

set 1, ..., n, and combining them, the summation may be written
& 0(F,, Fy <!i1_’f_ d&@)
wrm0(Pu, Pm) \dz,,  daz,/’

Moreover, it is convenient to use a symbol to denote the first
summation: we write

x (dF, 0F, dF,9F,\ .

(P Fd= 2 (0 5 e o)

and the equation now becomes

’ 0 (F1 ) F, ) dp dpm
F,, 8 (B0 m
[ F] uzm 9 (Pm Pm) (da‘m dz, ) 0.

This holds for all combinations of r and s from the set 1, ..., n.
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SIGNIFICANCE OF THE JACOBIAN RELATIONS.

48. Two inferences can be drawn from this aggregate of
relations.

In the first place, the quantities p,, ..., pu, as determined by
the equations F, =0, ..., F,=0, have thus far merely been re-
garded as variable magnitudes: but, in addition, they are to be
derivatives of z. The conditions, necessary and sufficient to secure
this last property, are

Ap. _ dpn =0:
dz, dz, ’

hence we have
[Fr; Fa] = 07

for all values of » and s. These equations, §n(n — 1) in number,
are thus a necessary consequence of the hypothesis that the quan-
tities p are the derivatives of z.

In the sccond place, if these n (n — 1) equations are satisfied,
then the quantities p,, ..., pa, determined by the equations
F,=0, ..., F,=0, are the n first derivatives of z with regard to
@, ..., y. Assuming the equations to be satisfied, the foregoing
aggregate of relations becomes

2 0(F,, Fy) (dp, dpm)
3 = LR - ) =0,
om0 (Pys Pm)(

day, dez,
for all combinations of » and s. We thus have }n (n —1) equa-
tions, homogeneous and linear in the §n(n — 1) quantities
dpu _ dpu
dz, dz,’
Taking the equations in the form
n % OF,0F, (dp. dp
2 3 OOR (e _dpa)
w=1m=1 ap,‘ apm déb‘m dnfC,‘
which is only a rearrangement, and writing

§ oF, (dp,‘ apn)

m=1 apm dzy, d'z'p./ = Yo
we have
» oF
S =" u=0.
=1 0P, *

This equation holds for all values of » and of s: taking one value
of s, and the n values of 7 in turn, we have n equations which are
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linear and homogeneous in wy, Uy, ..., Uy, The determinant of
the coefficients does not vanish, for it is the Jacobian of the func-
tions F,, ..., F, with regard to p,, ..., p,; hence
Uyg = 0,

for all values of u and s, that is,

3 OF, <i& _ 4Pm> -0

m=10Pm \dtym,  dz,. )
Taking the n values of s in turn, we have n equations which are
lincar and homogeneous in the quantities

dp. _dp, dpu _dpn

do. " da, " doy o,
the determinant of their coefficients does not vanish, for again it
is the Jacobian of F,, ..., F,, with regard to p,, ..., p,: hence

dpu _ dpm

dz,,  da,
for all values of m and u. These conditions have been proved
necessary and sufficient to secure that the quantitics p are deriva-
tives of z; and they are a necessary consequence of the equations

[F,, F,]=0,
which therefore are sufficient to secure that the quantities p are
derivatives of z and that, when their values given by F, =0, ...,
F, =0 are substituted in the equation
dz=pde + ... + pyda,,

this equation is exact.

=O’

If, in particular, z does not occur explicitly in any of the
equations F'=0, then

the equations become

§ (LR RO
m=1 awm apm apm awm

and these are frequently represented by the form

(F,, F,)=0.
Note. All these conditions will equally be required if the equa-
tions determining p, ..., p, occur in the form

Fl=ah ...,F”=((»n,

where a,, ..., a, are constants.
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49. Again, suppose that n + 1 equations, involving py, ..., pn,
2, &, ..., &y, are given. Let them be
G =0,...,G.=0;

t.hey can be regarded as determmmg n + 1 quantities z, p,, ..., Pn
in terms of z,, ..., #,. We proceed to shew that the condltlons

[Gr, Gs] = 0,

for all combinations of » and s from the set 1, ..., n + 1, must be
satisfied, if quantities z, p,, ..., p, are so related that

9 OPm_ 0P,
oom P oz, T om,’
also, that the conditions specified suffice to secure these relations.

When the values of 2, p,, ..., p, are substituted in the equa-
tions G = 0, cach of them becomes an identity; and therefore we
have, from any equation G, = 0 after the substitution,

9G, , 3G, 32 2 3G, op.

0%m | 02 Om w1 0Py ax,,.= 0,
so that
oG, oG, 090G, % 0G,0pu _
a—x;‘-i‘pm oz + == 7z ( pm) 2=1 Pa a”m—O,
or writing
0 0 d

m + P %= (7.;,_,. ,
for all values of m, we have

oG, % 3G, Op. _
¥ (am,,,, P) t O 0w

d-l 'm,
Similarly

G, G, (B, ), g 0G0
de, 0z \Oxy, p=1 0Py 0%m
oG, 04,
Multiplying the former by P’ , the latter by =—— ap * and subtracting
we have "
dG,?9G, dG,0G,  (0G,09G, 3G, 80,)(32. _ )
dy, 3Pm dz,, OPm ( 0z, Pm

0z Opm 0z OPm

0(G,, Gy) ap,.
T ACLAO%
p=1 0 (P,u Pm) a"’f'm
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Summing the left-hand sides of this equation, taken for all the n
values of m in succession, we have

3 (dG,. oG, d@, BG,)

A, 0P A Opim
5 3(G,, G,) 2 % 0(Gy Gy pa
0\Gr, (1 s 2
m=1 0 (Z, pm) <axm > * m=1 ;4.21 a(})m pm) awm

or, again using [@,, (4] to denote the first summation, we have

0(G,, Gy) on 9(G,, Gy) P
rs G v Pm 3 * =
[G ]+ mzl 0 (Z Pm) (aam P ) + m=1 1421 0 (Pm pm) aam

The last summation can also be written

& % 0G,3G, (611“ arm>;

m=1

m=1pu= 1 ap» apm
and therefore we have

a((f,, Ga)
(G G+ % 5 o (e~ )

n oG, 00, (Opu %) _
m2 1 p.zl ap,‘ 0P (awm 0%y 0

If then the quantities z, p,, ..., pn, determined as functions of

@, ..., &, by the n+ 1 equations G =0, be such that their values

satisfy the relations

0Ly 0%,

0z 0pu _ 0P

>

oz L Oxy O,

for all values of m and u, then we must have
[Grt GC] = O 7
and this holds for all combinations of 7 and s.

Conversely, if the relation holds for all the values of r and s,
then the values of z, py, ..., p,, as given by the equations G =0,
are such that the quantitics p are equal to the derivatives of z
and satisfy the necessary relations of the foregoing type. When
[G,, G;] =0, the equation becomes

2 (G, @) (aw ) S 0@, o, (8}),‘ apm)_:();

"lla(zpm) m=1p= 15]’:55; 8_‘7;,._5;,‘
or, if we write

8G,(a

Uppp = —2—
rm F) Bw,,.

-2 G

% 0G, (0p. _Opm
'") + “21 0P (aw,,. 6@) ’

Uy
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we have
oG, =
- =1 mzl pm
for all values of » and s. Taking the n+1 values of s in succes-
sion, and keeping one and the same value of », we have n +1
equations, homogeneous and linear in the n + 1 magnitudes v,,

um-—O

Up, +ov Um. The determinant of the coefficients of these magni-
tudes is
J(Q_l_y vy Gn+1)
Z, pl: L] Pn
which does not vanish, because the n+ 1 equations G =0 are
presumed to determine z, p,, ..., p, as functions of the other
variables; hence all the magnitudes v,, u,, ..., Uy, vanish, that is,
» 8@, [ 0z
£ ()
m=1 apm awm pm

G, ( 0z & 0G, (0p, 3P.n> _
0z (8% - pm) “El 0Py (aa}m - 0z, =0,

the former holding for all values of r, the latter for all values of r
and of m. Taking the latter for a single value of m and for all
the values of 7, we again have n +1 equations, homogeneous and
linear in the n + 1 magnitudes

0z Bp, 8pm apn apm

el Pt TN T
one of which is identically zero; the determinant of the co-
efficients again is the Jacobian of @, ..., Gy, with regard to
2, Py, ..., Pn, and so does not vanish: hence the n + 1 magnitudes
are zero, that is,

0z _~ 0P _Qpﬂ___

o, Pn=0, ox,, o=,

Next, taking all the values of m in turn, the other set of equations

n o, [0z
i = ) =0
is satisfied without providing any new condition: accordingly, we
have the relations

0z Opu _ Opm

Pn= Stm’ Oam  Ox,’

as a necessary consequence of the equations [G,, G4] =0.
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Note. 1t will be noticed that, if the n equations

F=0, .., F,=0,
satisfy all the conditions [F,, F,] = 0 necessary for coexistence, the
determination of a value of z which satisfies them all requires
resolution of the equations and a quadrature: while, if the n41
equations

G, =0, ..., Gy, =0,
satisfy all the conditions [(F,, G,] = 0 necessary for coexistence, the
determination of a value of z which satisfies them all requires reso-
lution of the equations only. The former case could be changed
into the latter by the provision of an additional appropriate equa-
tion: this appropriate equation is actually provided as the result
of the necessary quadrature, with the added advantage that it
gives a relation between z and the variables «y, ..., @, free from
the quantities p,, ..., pa.

50. These two theorems lead to various issues, as regards the
solution of a single equation and of a systemn of compatible equations.
We shall deal with the latter first.

Accordingly, we suppose that several equations

Fi=0,.., F,=0
are given: after the foregoing explanations, we can suppose that
s i3 less than n. It may also be assumed that these equations are
algebraically independent of one another and, at this stage, that
they involve all the variables concerned: also, that it is not
possible to eliminate z, py, ..., pa from among them, so as to lead
to a relation among the independent variables alone. In order
that the given equations may coexist, it is clear from the preceding
analysis that the further equations
[F., F]=0

must be satisfied, for all combinations of ¢ and j from the set
1, ..., 8

One, or more than one, of these further equations may be
impossible: the original equations cannot then coexist as deter-
mining a function z of ,, ..., #, which satisfies F;,=0, ..., F, =0
simultaneously. The case requires no further consideration.

One, or more than one, of the further equations may be satisfied
identically: no condition is thereby imposed upon- the system.
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Similarly, no condition is imposed upon the system when any one
of the further equations is satisfied in virtue of the original
equations,

But it may happen that one of the further equations is not
satisfied, either identically or in virtue of the original equations,
and yet it must be satisfied: it is a new equation, which must be
associated with the original system. Each such further equation,
not satisfied cither identically or in virtue of the original equations
or in virtue of the newly associated equations, must be associated
with the system: let the additional aggregate thus provided be

A )
8+1=0’ "-’ﬁt=01

cach of which, as representing a relation [F}, F;] =0, is an equation
of the first order.

In order that these may coexist with the original system and
with one another, each of them must be combined with every other
and with every member of the original system in the relation
[F;, F;1]=0. Any new equation thus arising is associated with
the increased system: and the process is repeated until the system
is so amplified that the relation is satisfied either identically or in
virtue of the equations in the amplified system. Such a system, on
the analogy of the earlier and simpler case in Chapter 111, is called
complete : if it be denoted by

Fi=0,..,F,=0,

the relation [F;, F;] =0 is satisfied for every combination of < and j
from the set 1, ..., m, either identically or in virtue of the members
of the complete system.

If the original system should be such that z does not occur
explicitly in any equation, the relation [F;, F;]=0 becomes
(F;, F;)=0; and then the complete system is

F=0,.. F,=0,

being such that the relation (F;, F;)=0 is satisfied for every com-
bination of 7 and j from the set 1, ..., m, either identically or in
virtue of the members of the complete system. Moreover, z does
not occur explicitly in any member of the complete system : for it
is not introduced by any of the relations (¥, Fj) =0.
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51. In § 22, it was established that the equation

f(‘zh . wnyzpl)' »Pn)=0
posscsses an integral with one or other of the assigned initial

conditions for one of the values @, =a,, ..., &, =a,, except for
such values (if any) of the variables as satisfy f 0 and also

of o _

2 =0,..,—-=0.

op opn

If these equations can coexist, we must have
of ] [3f of ]
0) ’
l.f 0P op-’ Ops
for all values of , 7, 5, in connection with the n+ 1 equations.

The former condition is

L)L)

me1 |0%m Opm \Op./  Opm dz \Op,
but 58—'{— =0 for all values of m, and thus the condition is
m
s df f

b

E_'l Az, ap,,.ap,.
for all values of u, so that we have n relations, homogeneous

and linear in the n quantities ;f ) e (Tti]: Suppose now that,

if the equations I 0, ..., ¥ _ 0 can coexist with /=0, they
op: Pn

determine py, ..., Pn, S0 that

of of
J op.” " Opa

pl; A1 pn
is not zero; then the preceding = relations can only be satisfied by
af _
Az, =
that is, by
K f
%m +p moz 0,

for m=1,...,n. These are n additional relations: they must be
satisfied by the values of p,, ..., p, 2, provided by the n+1
equations.
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It is easy to see that these relations must be satisfied whether
o _ o
=% o
equations in p,, ..., p,. For the value of 2, and the values of
D1, -., Pn deduced from it, must make f=0 satisfied identically
when they are substituted: hence
of af . i of Op. _

3z, +Pm Flma*;n—

=0 are independent of one another or not, qua

that is,
o of _
al‘ +Pma O)
for all the values of m, which are the conditions in question.

The other set of conditions is

2. o) o, s B} o) =

for all values of » and s.

When all these conditions are satisfied, and when the n+1

equations f=0, o _ =0, ..., o _ =0, determine p,, ..., p,, z as
o Opn
functions of ;, ..., z,, the value of z is cextamly an integral of the

original equation f =0. Clearly, it then is not capable of obeying
assigned initial conditions: for it possesses no arbitrary element
which is at our disposal.

Such integrals are of the class usually called singular: we shall
recur to them later. When they exist, they result from the
elimination of p, ..., p, between

F=0, af_ Lo,
Opn
Ezx. 1. As an example, we may take
f=—ztmpit ..+ Tputd P15 oo Pa)=0;

the additional equations are

109
'()ij =Zm+ B 0,
80 that evidently g must involve all the quantities py, ..., p,,. The relations

o of _
%, TP =0
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are satisfied identically; likewise the other set of relations. Moreover, the
form of ¢ is known : hence, eliminating py, ..., Pa from the equations

. 04
f=9 ‘Tm+gz;l_n=0: (m=1, ..., n),

the value of z given by the resulting equation is an integral of the original
equation. But it contains no arbitrary element.

Ex. 2. It must not be supposed that elimination of py, ..., p, is always
possible among the n+1 equations. Taking a=2, a simple instance is
provided by the equation

f=pat+qy -2 -P'~¢ +$,+~,/ 1=
All the equations
=0 - =0, —BI::O
’ ap £ aq 13
and all the relations

f__ o, o
=0 af‘laz‘o’

ECARTCARFAEARTEY
+ 3y <ap> 3 (a() i 3(1) aq( f>= ,

are satisfied by the two equations

p_q_ _Z%_
z y 2+yi-1

attempted elimination gives no further equation. An integral for the particular

example is clearly given by
#=a(at+yt-1),

where a is an arbitrary constant.

To equations huving integrals of this kind, we shall recur later.

Ture CoMBINANTs (F, @), [F, G’]: SOME PROPERTIES.

52. Before passing to the further consideration of a complete
system of given equations, it is convenient to note a property
of the operation, represented by (F, @) when F and G do not
involve z, and by [F, G] when ¥ and G do involve 2.

Let F, G, H be any three independent functions of 2n quantities
Zyy oeey &ny Pry +oe, Pn; then it is not difficult to verify that the
equation

(F, @ H)+ (6, H)F)+((H, F)G)=0
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is satisfied identically. From this identical relation, one inference
can be made at once. Let u=¢, and u =, where ¢ and - are
functions of @i, ..., Tn, Py, ..., Pa, be two independent integrals of

(F, w)=0,
which is a homogeneous linear equation in u; then
(F, $)=0, (F, ¥)=0,
both equations being satisfied identically. Hence
(F, $)¥)=0, (¥, F) $)=—((F, ¥) $) =0,

and therefore

, (¢, ¥) F)=0,
that is,
. (F(d, ¥))=0.
Thus, taking
u=(¢, ¥),
we have
(F, w)=0.

Now (¢, Yr) may be zero identically, or it may be a pure constant:
in either case, the equation u = (¢, ¥) gives a trivial (and negli-
gible) integral of the differential equation. But if (¢, ¥) be a
variable quantity, then u = (¢, ¥) gives an integral of (F, u)=0;
and if it be distinct from ¢ and from +, it is a new integral. We
therefore have the theorem*:

If u=¢ and u = are integrals of the equation
(F, u)y=0,
then u= (¢, ¥) also satisfies the equation: and if (¢, ¥) be a
variable quantity distinct from ¢ and from +r, then u= (¢, ¥) s a
new integral of the equation.

Another mode of stating this result is as follows: Let f,=0, ...,
Jfm=0 be a complete system of equations which do not involve z
explicitly, so that the relation

(f?‘) ,ﬂ) = O)
Jor all values of r and s from the set 1, ..., m, is satisfied ; and let
u =6 be an integral of the homogeneous linear equation (f;, u)=0.
Then of the velation (fy, f,) =0 is satisfied identically, the quantity
* The theorem is customarily associated with Poisson’s name. It was used by

Jacobi without explicit indication of the limitations, though he uses it only generally,
not universally: see Jacobi, Ges. Werke, t. v, pp. 49, 50.
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w=(f;, 0) also satisfies the equation (f;, u)=0; and it is a new
integral of that equation if, being a variable quantity, it is function-
ally independent of 6.

The result is derived, on the lines of the earlier explanation,
from the relation

((for SO+ (s O.S) +((6, /) ) =0.
For (fi, 6)=0 identically, and (f;, fr) =0 identically, so that
(fo, [0 =0 and ((6, f,) f;) =0: thus u=(f,, 6) satisfies the
equation (f;, u)=0.

The relation (f;, ;) = 0 must always be satisfied ; but if it is
satisfied only in virtue of equations of the system, the inference as
to the significance of (f;, 8) cannot be drawn.

63. Next, let £, g, » be any three independent functions of
2n + 1 magnitudes @,, ..., @n, 2, Py, ..., Pn; then it is not difficult
to verify that the equation

(L, 9161+ [lg: k11 + [Th £ ) = - L1 1) - 210, £1- 211, )
is satisfied identically.

A corresponding inference can be drawn from this identity:
but it is not so completely useful as in the former case. Let w=¢
and u =y, where ¢ and y are functions of 2, ..., zn, 2, Py, ..., Pn,
be two independent integrals of

LS, u]l=0,

which is a homogeneous linear equation in «: then

[fs ¢1=0, [/ ¥]=0

are satisfied identically. Hence also

[/ ¢1¥1=0, [[¥, f1¢]==[[f ¥]¢]=0;
therefore, taking ¢ =g and 4 = A in the above identity, and using
these relations, we have

[ ¥1/1=—3, [¢ vl

v=[¢, ¥],

LA v]—-v—‘f.

or, writing

we have
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Thus, in general, u =v=[¢, Y] does not satisfy the equation
[/, u]=0;

and thus, in general, a new integral of that equation is not obtained.

of

If, however, f does not explicitly involve 2, so that 2= is zero, then

0z
[f v]=0;

hence u = v satisfies the equation. As before, [¢, Y] may be zero
identically, or it may be a pure constant: then u=wv gives a
trivial (and negligible) integral of the equation. But if [¢, 4] is
a variable quantity, then u = [, Y] is an integral of the equation:
and it is a new integral if distinct from ¢ and from +, that is, if
it is not expressible in terms of ¢ and of 4 alone. Hence we
have the theorem*:—

If u= ¢ and w= are integrals of the equation
[f ul=0,
then w=[¢, V] is a new integral of that equation, only +f f does
not explicitly involve z and if [$, Y] is a variable quantity not
expressible i terms of ¢ and  alone.
Another mode of stating the result is as follows: Let f;=0, ...,

fn=0 be a complete system of equations, some at least of which
tnwolve z explicitly, so that the relation

[/ £:]=0,

Sfor all values of r and s from the set 1, ..., m, s satisfied ; and let
u = be an tntegral of the homogeneous linear equation [ f, u] =0.
Then +f the relation [ f,, f,]=0 is satisfied identically and if the
equation f, = 0 does not involve z explicitly, the quantity u = [ fr, ¥]
also satisfies the equation [fi, w]=0; and it is a new integral
of that equation if, being a variable quantity, it s functionally
independent of 3.

The result is derived from the same identity as before. Taking
f=Ff, g=Ffr, =9, we have [ f;, 3] =0 identically and [ £, £,] =0
also identically, so that

(LA £19]=0, [[A, B1f]=0:

* The correct statement of the theorem appears to have been given first by
Mayer, Math. dnn., t. 1x (1876), p. 370.
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also g—‘f =0, by the hypothesis adopted: thus
(LS S1A1=0,
and so u=[fy, Y] satisfies the equation [ £}, u]=0.
The relation [f;, f,]=0 must always be satisfied: if it is
satisfied only in virtue of the equations of the system, the inference
as to the significance of [ £, ¥] cannot be drawn.

64. Now the ultimate object of investigations, connected with
a single equation or with complete systems of equations, is either
the construction of the most general integral that is possessed
or the formation of processes effective for such construction.
Moreover, speaking generally, such processes will be made simpler
by every reduction in the number of inverse operations to be per-
formed and by every increase in the number of direct operations.

It is clear, from the two preceding sets of results, that a direct
operation for the construction of a new integral of (I}, u)=0 will
more frequently be effective than a direct operation for the con-
struction of a new integral of [ £, u]=0: indeed, the latter is
effective only when the equation f;=0 is more limited than is
generally permitted to the system of equations in which it is
included.

We know that it is always possible, by means of a trans-
formation

u=u(z, x,, ..., ,)=0,

to remove the dependent variable from explicit occurrence in an
equation, or in a system of equations, involving only one dependent
variable: the number of independent variables is, however, thereby
increased by unity. When the integral « of the transformed
system has been obtained in the most general form, which com-
prehends all its integrals, a general integral of the original system
is at once deduced from the equation u=0; but this general
integral is not completely comprehensive, for it need not include
special integrals if any such exist. But as has been seen in the
case of a single equation, that is non-homogeneous and of the first
order, the processes adopted for the untransformed equation do
not lead to the special integrals, if any.

Thus there would appear to be no real loss of generality and no
real diminution in the number of integrals obtainable, if we pass
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to a transformed system in which the dependent variable does not
explicitly occur. On the other hand, there is an added element of
effectiveness, because the quantity u = (F,, 8) is often an integral
of (F,, u) = 0, whereas the quantity u=[ f,, 9] requires compliance
with an additional condition in order that it may be an integral of
[fl’ u] =0.

Accordingly, for the immediate present, it will be assumed
that. the dependent variable does not occur explicitly : hence we
have to deal with a system of equations

FI=OI AR -Fm=0»

involving the quantitics x,, ..., @4, Py, .., Pn. We may further
assume that the cquations are lincarly independent of one another,
so that no one of the quantitics F' can be expressed as a lincar
combination of the remainder with cocfficients whether variable or
constant. And after the discussion in § 50, we shall assume that
the system is complete, so that the relation

(F., F)=0

is satisfied, for all values of » and s from the set 1, ..., m, either
identically or in virtue of the equations of the system.

Moreover, after the same discussion, it will be assumed that
m<n. What is required is a value of z satisfying all the equations
of the system: in order to proceed by quadratures, other n —m
compatible and independent equations are needed.

MAYER'S DEVELOPMENT OF JACOBI'S SECOND METHOD,

66. There are various ways of deducing the further n—m
equations that are requisite: one of the simplest of these ways
is Mayer’s development of what is often called Jacobi's second
method.

The m equations in the complete system
F,=0, ..., F=0

are lincarly independent of one another, in the sense that no one
of the quantitics F' can be expressed as a linear combination of the
remainder: thus there can be no effective functional relation among
the quantities F. Consequently, the m equations can be resolved
0 as to express m of the involved variables in terms of the rest.
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In the first instance, let it be supposed that the equations can
be resolved so as to express m of the variables p,, ..., p,, say to
express p, ..., Pm, in terms of all the other quantities involved ;
and let the result of the resolution be denoted by

Dpi— ¢|’(Pm+n vees Py Tyy woey w,,) = 0,
or by
Pi— =0,
fori=1, ..., m. We prove, as follows, that the resolved system of
equations is complete, the original system being complete : that is
to say, the relation
(pr — & Ps— ¢l) =0

is satisfied, for all values of » and of s from the set 1, ..., m.
When the values ¢, ..., ¢m for p, ..., pm respectively are

substituted in all the equations of the original system, each of the
latter becomes an identity. Therefore

OF,, 3 OF, % _
0x; =1 Op 0x; o
for all values of t=1, ..., n: that is,
oF, _ = 0F,3(pi— )
Bx.- k=1 81),, awi

b

for all these values. Similarly, we have

oF, 3 oF. b
op;  k=10pk Op;

for the values j=m +1, ..., n; that is,
oF, _ 2 oF,(pi—o)
op; =10m  Op;

for these values. Also
oF, _ % 0F.0(p~ g
opy  k=10px  Opy

for the values j'=1, ..., m, because for each of these values only a

single term on the right-hand side occurs: hence

oF, _ % 0F, 0(pe—¢w)
o w10 Oy

for the values 1=1, ..., n. And these results hold for all the
values r=1, ..., m.

3

)

>
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Substituting in (F,, F,), we find

_ 3 (oR.0F. _oF,oF.
(&, Fo) = ff: (3_96‘. opi  Op; aﬁi)

_ § % 3 gF oF, {a(pk—¢k)a(pl_¢l)
Z11=1 Ok Opy 0 op:
_3(m—w) 2(pi— 4»)}
op; 0z;
n m’ aF aFg
=3 (o — Dx, p1— o).

k=11= laplc o

Now (F,, F,)=0, for all values of r and of s from the set 1, ..., m

hence
m m oF, oF
D — , pi— ) =0,
bo io 131% ap (pk 4”6 y 2 ¢l)

for all these combinations of values. Taking the relation for one
value of s and for all the values of r, we have m equations, homo-
geneous and linear in the m quantities

l | ap (Pla ¢kr Pl-‘l’l):

for k=1, ..., m. The determinant of the coefficients of these
quantities in the m equations is

J(Fl’ ey Fm)

pl 3 ey pm ’

which, by hypothesis, does not vanish : consequently,
oF,

e - ) - = 0’

ap: (Pe—br, 1= 1)

for all the values of s and k. Taking this relation for all the m
values of s, we again have m equations, homogeneous and linear in

=1

the m quantities
(2= $r, pr— )

for I=1, ..., m; and the determinant of the coefficients of these
quantities in the m equations is again

7 (e,

which does not vanish : consequently,

(P — b1, pi— 1) =0,
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for kand [=1, ..., m. Hence the system of equations

pi—¢:i=0, (t=1, ..., m),
is complete.

It is easy to sce that the completeness of the system of
equations
Pi - ¢i = 0;

for =1, ..., m, is of a special kind. The relation
(pr— e, p—P)=0,
k and ! having any values from the set 1, ..., m, is

G 0§ (0 sl

0=— 2%, I%
Ba;,, + a(lfg +j=m+l 8wj ap] ap, a.’LJ

This relation is to be satisfied, and it clearly is not satisfied in
virtue of the equations

Pi - ¢i = O:
for t=1, .. , m, because it does not involve any of the quantities
P .-, Pm; hence the relations for the modified system are satisfied

identically.

When the relations, necessary and sufficient to sccure the
completeness of a system, are satisfied identically, the system is
said to be tn involution. The resolved system of complete equa-
tions is a system in involution, because each of the relations

(e — e, pi—d1)=0
is satisfied identically *.

Note. Even when a complete system of equations F,=0, ...,
F, =0, is such that z occurs explicitly, a corresponding result is
obtainable. Suppose that the m equations can be resolved with
regard to z and to m —1 of the quantities p, say py, ..., Pm—y, In
the form

z2=¥=0, pp—Y1=0, ..., Puy—VYm=0,

where ¥, ¥y, ..., ¥m—y do not involve z, p,, ..., pm_r; then the

relations
[pi— v, p—¥i1=0,
[" "'"I' - (Px - ‘Pl) e = &y (Pm—l _‘l"m—l)» pi— ‘[’t] =0,

* Sometimes, for convenience, the unresolved complete system is said to be
in involution. :
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are satisfied in virtue of the relations
[F r F l] = 0)
for all values of 7 and j. When the quantities

(pi =¥ pi— V)
are expressed in full, they contain none of the variables z, p,, ...,
Pm_; they cannot vanish, thercfore, in virtue of the resolved
equations: hence they must vanish identically. Similarly, the
quantity

=¥ -z (p=V)—~ - = Tu (P — Ym), Pi— i
vanishes idéntically.
The resolved system can be regarded as a system in involution.

56. In order to obtain common integrals of the system, a
satisfactory method will be devised if, by its means, other n—m
equations are associated with the m equations in the system: and
the remaining stage will be a quadrature with reference to the
variables a,, ..., @,, if the Jacobian of

=}, oo, Pn—bmy  Umprs -oey Un,
(where ,,4, = constant, ..., u, = constant, are the additional n - m
equations) with regard to p, ..., p, does not vanish identically,
that is, if
J (um+1; . __'_"_u'f_t)
Pm+1» LR ] Pn
does not vanish identically. Accordingly, this method requires
the determination of n—m equations u =constant.

Each such equation, as it is to coexist with the equations of
the given system, must satisfy the conditions which are necessary
and sufficient to secure the coexistence: that is, it must satisfy
the relations

(Pl_"’lr u)=0, ..., (Pm_¢1m u’)=0’
which, in effect, are m equations for the determination of u. Now
these equations constitute a complete system of the type con-
sidered in the last chapter. We have

((pr—¢r: u)’ pa"'¢l)"«pl—¢h u)’ Pr— ¢r)+ ((pO - ¢l! Pr— ¢f)! u)=0
identically ; also (p;— ¢s, p, — ¢,) =0 identically for all values of »
and s, so that ((ps— ¢s, p,— @,), ) =0: hence

(p.— bes (Ps — Pss u)) = (Ps — ¢, (pr ~ u)).
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Let
(pi— i, w) = 4; (),
where A; is a linear operator: the foregoing relation becomes
A, (Adu)y=A4,(4,w),
for all values of » and s. This aggregate of relations is necessary
and sufficient to secure that the system of equations 4, (v)=0, ...,
Ay (u)=0, is complete.
Written in full, the equations are

ou + S (alé ¢y ?ﬁ QS?.’) + s 212 % =

B_ac, f=m+1 api azi ox; apt i:1 apf awf ’
KL (@5@?@__%%) $ 0udbm _
8xm ,-=,:+1 8p, Bw; B.Z'i ap; j=1 Bp, aa:,- -

a system of m equations in the 2n variables @y, ..., Zu, P, ..., Pa.

When any integral of the system has been obtained involving any
of the variables p,, ..., pn, the relations p,=¢,, ..., Py = P, can
be used (without affecting its value or its significance) so as to
remove these variables. In the transformed expression for u, we
have

ou ou

=0, ..., =—=

apl 9Pm
that is, we may take the m equations in the form

ou % (0w 0, Ou )\ _
it 2 G o —an o) =0

0,

aa'l i=m+1

....................................