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FREFACE

Functional analysis, namely analysis in infinite-dimensional
spaces, changed its feature by the introduction of the notion of
semi-order, and spectral'tneory got an important part in it, as
the integration theory aid in the classlcal analysis.

Spectral tneory was established first about Hermitean opera-
tors in Hilbert spaces. S.w.P. Steen attempted to modernize
this spectral theory in Hilbert spaces, and constructed a spect-
ral theory in semi-ordered rings. On the other hand, F. Rlesz
sttempted the generalization of Lebesgue's decomposition in the
integration theory, which was established already for totally
additive measures, to finitely aoditive measures, and obtained
a new spectral theory about functionals. This spectral theory
was modernlzed by H. Freudenthal as one in seml-ordered linear
spaces. Modernlzation of these two different spectral theo-
ries wag att;mpted iudepenéently by S.W.P. Steen and H. Freuden-
thal and they estublished it at the same time in 1936. Fur-
thermore we found that these two different spectral theofies fell
into the same contents by modernizatiocn.

The spectral theory in semi-ordered linear spaces constitu-
tes the subject of the present volume. The modernized spectral
Theory indicated just now will be called the first.spectral theo-
ry. which 1s constructed by means of Stieltjés integral, consi-
dering every spectrum as a continuous one. On the contrary
there 1s another type of spectral theory established by the au-
thor, which is constructed by means of Riemann integral in topo-
loglical spaces, considering every spectrum as a point spectrum.
This spectral theory will be called the second spectral theory in

the text. The first spectral theory will occupy Chapter II.



However, after Chapter IiI, we shall be concerned only with the
second spectral theory, which enables us to develop the theory
further.

Totality of bounded continucus functions on a compsct Haus-
dorff space constitutes obviously a semi-ordered ring. Cha-
. ractérization of this seml-ordered ring was considered by many
mathematiclans. This problem will be dlscussed precisely in
Chapter VI, applying the second spectral theory.

Now I wish to say a few words sabout the structure of the
book. It embodles the greater part of a course of lectures
delivered by the author at Tokyo University during 1646-47.
The reader needs only to be acquainted with elementary pert of
classical analysis. I attempted at first to get it published
in Japanese, but did not succeed on account of the present cir-
cumstance of Japan. Then I have translated it into English,
hoping it to be printed in U. S. A.. I have recognized however
that it 1s also impossible in U. S. A.. Accordingly I have
resolved to publish it by photographic process. I think this
book will be a good introduction to the volume I of Tokyo Mathe-

matical Book Series.

Tokyo, May 16, 1880 9{[&;”; Mﬂ)
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INTRODUCTION

i. Topological spaces

For a set A we deiine a € 4 or 4 3 o to mean that a 1is

an element of 4 , und ve snull wiite o €4 or ASa if a is

not contsined in A . For two sets A4 sand B we define
A >B or B €A to mesn that B 1is a subset of 4 , that is,
A includes B .
we shall make use of the notation
{=z: Cw)}
to denote the set consisting of all AL satisfying the condition
C(x) . We denote oy {o.. » B2 ,... § the set composed of
elements @,, @Qq,... , snd the empty set will be denoted by (O,
For & system of sets A, (A € A ) we denote by PM AA the
union of all Aa , by ;I;TA A, their intersectlon, that 1is,
HA Ax ={x. xeAx forall aeA},
b A;:{z: x € A,\ for some AEAf'.

ren
For a seqguence of sets A,, (v=1l, 2,... ) we may write

oo oo

%Av=A1“Az"’"’: :TI'A,=,4,A‘,---.
A set R may be called a space, if we shall be concerned

only with subsets of R , &and then every subset of R may be

called a point set, while every element of R may be called a

point. Let R be a sp‘ace. For every point set A 1in

R we denote the complement of 4 by A“ , that is,

Al=1z: xE AL

Then we have obviously

( = / /= /

%‘Ax) HAAA, (HAAA) ,%'AA

for any system of point sets A, (A € A). For two point set

A end B , if 4 DB, then we denote AB’ by A — B, that 1s,
A-B ={x: 2eA, xEBl.

A space R 1is said to be a topological space 1f open sets sre
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defined in R such that for any system of open sets Ay (A €A )
tke union A%‘ A 1s open; for any two open sets 4 s8nd B t:.he
intersection AB ;.s open; and further the whole space R and the
empty set O are open, i.e., iIf we denote by “f the collection of
all open sets, then ".f satlisfies the topological conditions:

1) Ared (2 e A ) implies A%‘A,‘e"l,

2) A , Bed implies AB € ¥,

3) R, 0et,

A space without topology i1s calied an abstract space. For

an sbstract space R , if a collection of point sets 1 in R
sgtisfies the topological conditions, then it is evident by.defini-
tion that we can introduce a topology uniguely into R such that
"1 coincides with the totality of open sets by this topology.

For a topological space R , a collection of open sets U 1is

said to be a neighbourhood system of R , if we have

= Z_ X ‘
A A>X e !
for every open set A . The totelity of open sets is obviously
a neighbourhood system. We see easily by definition that every

neighbourhood system Y satisfies the pelghbourhood conditions:
1 € Y implies = =
) A.8 p AB = Z e X
2) R=3 X and 0 e,
X et
For en sbstract space R, if & collection of point sets 4f

sutisfies the néighbourhood conditions, then we can introduce uni-

quely a topology into R such that 9 1s a neighbourhood system

of R by this topology. Because, if we denote by %4 the tota-
11ty of point sets A such that

A= Few X
then ’1 satisfies obviously the topological condition 1). We
can conclude by the neighbourhood condition 1) that ’1 satisflies
the topological condition 2), and further by the neighbourhood

condition 2) that 1 satisfies the topological condition 3).
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Therefore we can introduce uniguely a topology into R such that
4 coincides with the totdlity of open sets by this topology, as
remarked just gbove. For this topology it 1s evident by.defi-
nition that ¥f 1is a neighbourhood system of R . On the other
hand, if we can introduce a topology into R such that U 1is a
neighbourhood system of R, then "{ must coincideg with the
totality of open sets by this topology. Accordingly we have

the uniqueness of such topology.

Let R be a topological space and let ‘f be the totality
of open sets in R . Every point set S in R may be consi-
dered itself as a. space. If we put

T = {sx: xet},
then we see euaslly that ",{.s satlisfies the topological conditions.
Therefore we can introduce uniguely a topology into S such that

"1“ coincides with the totality of open sets in § by this to-

pology. This topology in S 1is called the relative topology.
Thus every p.oint set S may be considered itself as a topological
space by the relutive topology. Then we see easily from the
construction of 4* that a point set 4 € S is open in & by the
relative topology if and only if there exists an open set X € ¥
for which we have A4 =8 X, )

For two topological spaces R and ﬁ , 1f there exists a
correspondence between points R 3 & — a_iz '3 ﬁ such that this
correspondence 1s one-to-one, that is, & # £ implies a—i * [a
Kﬁ =R ; and )(ii is open in R if and only if X 1s open
in R , making use of the notation

Xa ={ZE : xex},
then R 1s said to be homeomorphic to R by this correspondence
R?a.—-pa,ﬁeﬁ. ForpointsetsSCKandgcﬁwealso

”»n
shall say that S 1s homeomorphic to & by a correspondence
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S3a — arR e ﬁ » 1f as topological spaces by the relative

A
topology, S 1s homeomorphic to § by this correspondence.

i1. Topological notations
Let R Dbe a topologicsl space and let “f be the totality
of open sets in R . For an arbitrary polnt set 4 , the
greatest open set included in A4 1s called the opener of A
and denoted by A4° , that is,
(1) A= = X,

A>XeX
since every union of open sets is open too, by the topological

condition 1). Every point @& € A° is saild to be an inner point
of A . By definition (1) we see easily that a point a €R

is an inner point of a roint set A if uand only if there exists
an open set X for which we have a € X < A . For every point
set 4 , its opener ,4° 1s obvicusly open, and for every open
set X we have X° =X by definition (1). Thus ws may make X°©
to represent an arbitrsry open set.

A point set A 1s saia to be closed, if its complement A'
1s.open, that is, if 47¢ 7. Witk this aefinitlon we have
that Bvery intersection of closed sets ls closed, since we have

T, A= (Z AL
for any system of polnt sets A,\ (xe A s, Therefore, for an
arbitrary point set A4 we cefine its closure as the least closed

set including A , denoting by A~ , that is,

(2) T = 1L .
A Acx, x'e’
Every point @ ¢ A~ is called a contact polint of A . Wwe see

easily by definition (<) that & point & ¢ R 1s a contact point
of & point set A .f and only if we have AX F 0 for every
open set X ¥ &, For every polnt set A , its closure A~

1s obviously closed, and for every clcsed set X we have X~ = X



by definition (2). Thus we may make X~ to represent an
arbitrary closed set.

For an arbitrary point set 4 we o\bt;sxln immediately b.y
definitions (1) and (2)

(3) A% = A/-, A_":A",
Since the whole space R and the empty set O are open by the
topological condition 3), we have obvicusly

(4) R*=R, 0°=0, R =R, 0O~ =o0.
As A° 1s open, and 4~ 1s closed, we have naturally

(8) A" =4, AT =4,
We have further obviously by definitions (1) ang (<)

(6) A< A <c A,

(7) 4 DB 1implies A°>B°and 4- > B~

For any point sets 4 and B we have (AB)°< 4°B°by the
formula (7). On the other hand, we have 4B > A°K° by the
formula (6), and hence we obtaln by the formuls {7)

‘(AB)° > (A°B*)° = A°B°,

since A°R° 1is open by the topologlcal condition 2). There-
fore we have (AB)°= A°B°for any point sets A4 anc B . From
this relation we cun conciude (A+ B)” = 4~ 4+ B~ Dby duality,

that 1s,

i\

(A+BY® = (A'8 )’
=(A°B°)Y = A 4B =4"4+8".
For every point sets A4 and B we h'ave thus
(8) (AB)° = A°B®*, (A+B)" = A~ 4+ B".

As every union of open sets is open, every intersection of

(A+B)~

closed sets 1s closed, we have obviously
(9) ° .= Z' ° - - = -
(%-AAA) = Ax, (;!LAA) ILAA.
Since we have obviously 4 B < 4~B~ by the formula (6), we
obtein by the formulas (7) and (9)

(AB) < (A B~)" = A"B~.



6
Introduction 11

As A= AB+ AB  c AB + B, We have by the formulas (7), (8),
and (9)

A" C(AB + B/ )" = (AB) 4+ B/~ =(AB)” + B*/,
and hence A~ B® < (AR) B° < (AB) . Therefore we have
for every point sets A4 and B

(10) A" B° < (AB)" ¢ A4~ 8",
From this relation we can conclude by duality

(11) A°+B°<c CA+B)c A°+B~.

For an arbitrary point set A4 we have

(12) A-o—ﬂ = A-‘, A.—O' = A.-.
Because, we have A°°~ > 4~° by the formula (6), and hence

AT 5 A = 4-°
by the formulas (7) and (5). On the other hand we have
A°° ¢ A~ by the formula (6), and hence
A°"° ¢ A° = A"°

by the forrulas (7) and (5). Therefore we obtain the first rela-
tion. We can conclude the second from the first t;; duality.

A point set 4 1is said to be regularly open, if A = A,
Wwe see easlly by the formula (l2) that A~° 1s regularly open
for every point set A . A point set A4 1s said to be nowhere

dense, if A~° = 0. If roth A and B are nowhere dense,

then the union 4 + B 1s nowhere dense too, because we have by
the formulas (5) and (11)
(44 8)™° = (A" 4B )" c(A°+B ") =B"=0

if A°=0, B~ °= 0. A point set A 1s said to be dense,
ir A =KR. For point sets 4 < B , A 1is sald to be dense

in B , 1f A 1is dense in the space B by the relative topology.
A point set A is saild to be a Fg-set, iIf A 1s a union of coun-
table closed sets, that 1s, there exists a sequence of closed sets
A~ (v=1, 2,... ) for which A = .% A: . An open

set A 1is sald to be @-open, if A 1is a Fg-set.



For two point sets 4 and B we define A4 » K€ to mean
A° > BT . Then we see easily by the formula (6) that 4 > B

implies A4 > B , and that we have 4 > A if and only if A 1is

closed and open. Furthermore we have by the formulas (6) and
(7) that A >B > C 1implies A >C, andthet € > A > B
implies C » B . We see easily by the formulas (10) and (11)

that if A, » B, and A, » B, then we have
/4|A1> B,B, 8&nd /414‘/‘!.>51"'B|,,
A topological space R 1is said to be regular, if for every

open set A°® we have

A= A‘Z;x' x* ’
that 1s, if to any point a € 4° there exists an open set xX*®
for wnich we have @& € xX°®* < A4°,

A topological space R 1s said to be a Hausdorff space, 1if
to any pair of different points a and 4 there exist open sets
A° and B° such that a € A°, £e B® and A°BR°=0. In
a Hausdorff s;mce R , every point & 1s a closed set as a point
set composed of a single point {&} , because to any point xt-{ai’
there exists an open set A:_ for which {a}' )A; ? Z and con-
sequently the complement {a-}' is open.

For a point set § , a point set 4 € S 1is open in g by
the relative topology if and only if there exists an open set X °
in R for which A = S X° as remarked already. Hence a point
set 4 € S 1s closed in S by the relative topology, if and only
if there exists a closed set X~ in R for which A4 = 8 X~ .
If A B in R , then we have by the formula (6)

AS D A°S > B~S > BS,
Since B™ S 1s closed in 8 , A®S 1is open in & by the relative
topology, we have 48 » B 8 tn 8 by the relative topology.
Therefore we have that 4 » B in R. implies AS » BS in S
by the relatdve topology. By this fact, we see easlly that if
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R 1s regular, then every point set S 1is a repular space by
the relative topology. For a Hausdorff space, it 1s obvious
by definition that every point set S 18 a Hausdorff space by

the relative topology.

111, Compact sets
Let R be a topological space. A point set A 1is said

to be compact, if to any system of open sets Ax (A € A ) co-
vering A , namely A%‘ A; > A , there exj:ts a finite number
of elements A1, Xz ,..., Asc €/ for which Z_ Ax, 2 A . We
see easlly by definition that for a nelghbourhood system € of
R, if to eny system U, eV (2 € A ) covering a point set
A there exists a finlte number of elements Avy, Aa,..., AneA
for which g'. Ua., = A, then A s compact.

If a point set A 1s compact, then the intersection 4 B~

is compact for every closed set B~ Becuuse, “f

AB” < Azd\ A
then we have A ¢ AB~ i+ 5"c%‘AA’ + B, since B~’
1s open, there exists by assumption a finite number of elements
Av s Ady..., Ax €A for which we have
» .
Ac Z AL, + B,
et

and hence AR~ c i_ A,f‘, Therefore A B~ 1s compact
b=t

by definition.
For a system of closed sets A, (x e A ), if AJI,‘ AL =0

for a compact set A , then there exists & finite number of ele-

mentsS Ay, Aa ye.s; Ay € A for which

ATl AL =0,

yat

Because, if A;I'T A" = O , then we have obviously
€A

- 4 -y
< =
AT A = F AL
Since all AL (A€ A ) are open, there exists by assumption a



finite number of elements A1, Ag,..., A, €A for which
Ac F Al =(F ALY,
that is, A :l":T' Ax; = 0.

We have obviously by definition that for a finite number of
compact sets A, (¥ =1, 2,...; % ) the unlon A+ A+ -+ Aw
is compact too.

Lemma 1. In a regular space R , for an open set pB°,
to _any compact set A4.c B® there exlists an open set x° for which

we have A4 c X° < 8°.

Proof. Since R 1is regular by assumption, we huave
Acp®= = Xx°
8°»rx°

by definition, and hence there exists by assumption a finite num-
ber of open sets X: (v=1, 2,..., » ) such that

Acéx,}' and X° < B® (v=1, 2,..., ®).
For such open sets X,” (¥ =1, 2,..., > ), patting X°= éx:
we obtain A4 ¢ xX°< B°,

Lemme 2. , In a regular space R , to any two sequences 6f

compact sets A, and B, ( ¥v=1, &,... ) such that
- oo oo o= -
(ZA(Z8) =(Z ANE B =0,
there exist open sets A° and B° such that

A°>Z A, B°>Z B, md A°B°=O.

vet

Proof. By virtue of Lemma 1 we can determine two sequences
of open sets X, and. Y,” (v=1, 2,...) consecutively such that
o . -
Ay < X° <(£; By )Y He + V2,
Bu € Y, <(Z AT (X E e XD F X2,
For such open sets X, and Y,° , if we put
] o
AT=Z. X", B =2V,
- ymt
then A® and B°® satisfy our requirement. In fact, it is
evident that
o e ° 5
A )%Av and B >§'B,,

Since we have for every ¥ = 1, 2,...
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X2 4o Yv:|)=0,
Yo (XSHerod X2+ X )=0,

we obtain X. Y,: =0 for every », =1, 2,... , and hence

A°B°=0.
Theorem 1. In a Hausdorff space R every compact set
is closed.
Proof. Let A be a compact set. For a point a & A,

to every point X € 4 there exist open sets U, and V. such that
X€ Uy, &€V, and Us VS =0,

since R 1is a Hausdorff space by assumption. For such U,°
(z € A ) we have obviously

A< 2 T
and hence there exists by assumption a finite number of points
Xy, X2 ,..., Xy for which we have

Ac f_;' U, .
For such points %Xy, Za,..., Xx € 4, putting V°= TV, 'V;Z...V,_'“,
we obtain an open set ¥° for which we have a € V" and AV°=0,
since U, V°=0 for every ¥=1, 2,..., % . Therefore the
complement A’ 1s open by the topological condition 1), and hence
A 1s closed by definition.

A topologicsal space R 1is said to be compact, if R 1is com-
pact as a polint set. With this definition we have obviously
that a point set A 1is compact, 1if 'and only if A 1is compact as
a space by the relative topology.

A'topological space R 1s sald to be locelly compact, if
there exists a neighbourhood system consisting only of open sets
whose closures are compact. Such a neighbourhood system 1is

called a compact neighbourhood system. Compact spaces are

obviously locally compact by definition.

Theorem 2. Every locally compact Hausdorff space is regular
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Proof. ' Let Ul be a compact nelghbourhood system. Since

R 1s e Hausdorff space by assumption, we have

ial= n.;geﬁ X~
for every point a € R . If & € A® for an open set A° , then
we have {a} A®’ = O and hence
TT TA° =
0 € X €Vt X" A o.

Since X~ A°/ 1s closed and compact for every X € %, there exists
a finite number of open sets X, e¥ ( v=1, 2,..., > ) such that
3
T X, A =0, aeXx, (v=1, 2,..., 3¢ ).

=1
For such X, (v =1, 2,..., % ), putting Y* = ﬁ‘ X, , we obtain

=

an open set Y® 3 a for which we have by the formula (10)
- ® -
YT < T xT oc A%,
that 1s, a e Y° < A° . Therefore the space R 1s regular

by definition.

L]
iv. Continuous functions

Let R be a topological space and let & Dbe & function on
R » 1.e., corresponding to every point x € R we have & real num-

ber or £ oo as a fynction value ¢(x) . For £ oo we shall

adopt the following convention: for every real number o we have

—o00 €< o < 00,
oA +(xo0) = (to0)+a = =% oo,
d(2o0) = (oo )k = oo for >0,
~(to0)= Foo, |too|=4+00,
(too)+ (o) =200, (Foo)(koo) =+ oo
(Too)(Foo)= —oo,

A function ¢ on R 1is said to be upper semli-continuous at

a point a € R 1if

9 ) = inf sup x)
x'-m-{ xexe Ity
that 1s, if to any real number XA > ¥(&) there exists an open set
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X° 3 @ such that ¢(x) <A for every point x € X°.
If a function ¥ on R is uppér semi-continuous at every

point @ € R , then & 1is said to be upper semi-continuous.
With this definition we have that in order that a function ¢

on R be upper semi-continuous, it 1s necessary and sufficient

that for every real number ) the point set
{x: PxI<A}

is open. ;n fact, if ¢ 1is upper semi-continuous, then to any
point a. € R such that ¢(a) <A , there exists by definition an
open set X° 3 & such that ¢(x) <A for every point x € X° , and
hence every point of the point set {% : ¥P(x)<A}is its inner
point, that is, this point set is open. Conversely, if the point
set {2 : ¥(x)<A}is open for every real number A , then for any
real number X > ff(a) , putting
X°={x: em@<al},

we have X®3 @ and ¥ (x) <A for every point x € X° , and hence

¢ 1s upper semi-continuous by definitlion. !
From this fact we conclude immediately by duality that a func-

tion ¢ on R 1is upper semi-continuous if and only if the point set

{x: @)z}

is closed for every real number A ,

For a point set S , every function ¢ on R may be con-
sidere.d as a function on S . A function ¢ defined 1n a point
set S 1s sald to be upper semi-continuous in S ,4f ¢ 1is upper
semi-continuous as a function on the space .S by the relative to-
pology. with this definition we have obviously that if a funec-
tion ¥ on R is upper semi-continuous, then 4 =salso is upper

semli-continuous in every point set S .

If a function & Lis upper semi-continuous in a compact set

S , then there exists a point & € § for which we have

PO)= sup ¢ (x).
xes$
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Because, putting o = ;n:% ¢ (x ), to every reai number A < o
tnere exlsts a closed set X 5 for which
Xa8S={{=x: wvx)zar}ls *o0,
since ¢ 1is upper semi-continaous in S by assumption. For
such closed sets X5 (X <o ) we nave obviously
ir' Xx, S *0
for every finite number of reel numbers A, <o { ¥ =1, 2,..., % ),
and consequently we have .
T Xis=#o,
since S is & compact set by assamption. For every point
a € lex; S we have obviously ¢(a) 2 o , and hence
F@a) = :\éxfs @w(x).

A function ¢ on R 1is said to be lower semi-continuous at &

point a. € R , it

) = sup { int <(x)}

X°®3 xex® ’
that is, if to every real number A < ¢ (&) there exlists an open
L]

set X°3 @ such thet @ (x) > A for every point x € X°. Then
we see easlly thet u function ¢ on R 1is lower semi-continuous
at a point @& € R if and only if - ¢ is upper semi-continuous
at this point a € R .

A function ¢ on R 1s saja to be lower semi-continuous, if

¢ 1s lower seml-oontinuous at every point a € R . For a
point set & , a function & defined in 8 1s said to be lower
semi-continaous in S , if ¢ 1is lower seml-continuous as a func-
tion on the space S by the relsative topology. Consldering

— ¢ ’, we obtain similar properties for lower seml-continuous
functlons as we have obtained for upper semi-continuous functions.

For instence, in order that a function ¢ on R Dbe lower semi -

continuous, it is necessary and sufficient that the point set

{x: @)>r}

be open for every real number A ; or that the point sef
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jx: gmx)garl

be closed for every real number A .

A function ¢ on R 1s sald to be continuous at a point @ €R
1f & 1is upper semi-conftinuous and lower semi-continuous at this
point & . A function 4 on R 1s sald to be continuous, if

& 18 continuous at every point a ¢ R , that is, if ¢ 1is upper
seml-continuous and lower semi-continuous st the same time. A
function ¢ 1is sald to be continuous in a point set $§ , if <&
1s upper and lower semi-continuous in S at the same time..

If a function ¢ on R 1is continuous in every open set Sx

for A €A, then ¢ 1is c.ontzinuous in the union &A S . Be-
cause, if & function ¢ 1is upper semi-continuous in every open
set S; (XA € A ), then the point set

{x s e@)<a} Sy

is open for every real number o , &and hence the union

x: xX) < o ° ¢

1 L (x) }&_A Sa

is open too for every real number & . Consequently ¢ 1s upper
semi-continuous in the union *Zé‘ S\, We also can prove like-

wise thut if a function ¢ 1s lower semi-continuous in every open

set S; (~€e A ), then & is lower semi-continuous in the union
Z 52
A function ¢ 1s said to be finite in a point set S , if
- o0 < @(x)<+oofor every point Z e S . A function < 1is said
to be bounded in a point set S , if there exists a positive num-
ber o such that [¢x)| = of for every point Z € 8 .

A function ¢ on R 1s sald to be almost finite, if ¢ 1is

finite in some open dense set. A function 4 1s sald to be
almost finite in a point set S , if ¢ 1s almost finite as a
function on che space S by the relative topology.

If a continuous function ¥ 1is finite in a compact set s
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then ¢ 1s bounded in S . Because, there exist two points
0. and 4 € S for which we have
F@) = zar% ¢, —vc#)::x‘xps {- 2=},

as &n'oved Just above.

We see immediately by definition that if both functions <«
and ¥ on R are upper semi-continuous, then both

Max {¢cx), Wx)} and  Min {e@), va)}
are upper semi-continuous functions on R . Therefore if both
¢ and Y are continuous, then both
Max {¢(x), w(x)} 8nd Min{cem), ¥(x)}
are continuous again. Furthermore we see easily that if both
¢ and Y are continuous and finite, then both
Px) W (x) and LX) + Y (X) (2eR )

are continuous, and tl':at for every contlnuous function ¢ on R ,
all functions | ¢(x) 1Y (v = 1, 2,... ) are.continuous too.

We define the oscilation of a function % in a point set § as

' lo‘sg @¢(x) = ls:xg Lx) - :i(rel!; ¥ =),
Then we see easily that a function ¢ on R 1s continuous if and
only if to any positive number £ there exists a system of open
sets A0 (A € A ) such that
:sa;q(z)<z(xe/l) and ,%'/4;.'=R..

For a function ¢ defined in a point set S , if there exists

8 contin;xous function Y% over the whole space R such that
P(X) = Y(x) for every point x €S,

then such a function Y 1is called a continuous extension of ¢

over R . If a btounded function ¢ on a point set S has a
sontinuous extension over R , then ¥ has a continuous extension,
which is bounded in R too. Indeed, if A < P(X) S P for
every x ¢ S and if ¥ 1s a continuous extension of ¢ over R ,

then putting
Yox) = max { Min{va@,p}, x} (z € R),
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we obtaln a continuous function ¥, , thich is obviously a con-
tinuous extension of ¢ and satisfies the condition
42 Yx)sp for every point x € R,

Extension theorem. In a regular space R , if a closed

set .S 1is included in an open set A° whose closure A4°~ is com-

pact, then every continuous function ¢ on ,§ has a continuous

extension ¥ over R such that y(z) = 0 for =z € A4°.

Proof. We shall consider first the cuse where R 1s re-
gular and compact. Let ¢ bve a continuous function on a closed
set S . Since the totality of rational numbers is countable,
we denote 1t by oy, olg ... . Then there exists a sequence of
open sets X, ( ¥=1, 2,... ) such that ‘

1lx: e@E)<o, } < x°,
X" {x: ) >, )= 0,
and X,° < X,: for of, < om . Indéed, If we suppose that

X,’ yeces X,'_' are determined in such a manner, then, since

"z Px) <ot} = 3 {x: q(z)sd‘_._.:’_}

’-1 >
{z: g >eht=F{x: garzotus L},

tzx: )<, }"c{=: rx)sad},

tx: ¢@) > }"c{x: emx)z A},
there exist by Lemma 2 open sets X,° and Y,” such that
X2T 3 {x: em)<a } € x2,

X2' 3 fzs e@) >ht e NS
"p Doty , Mm=<v .
and X Y= O - For such an open ret X,” we have obviously

<, , pmar

by the first relation

1x: x)<e, }c X", X;<)(: for oy <oty , m<wy,
and by the second relation

X:‘{l: PE)>A, }=0, x,; > X2 for L >y, m<V,

since X, Y, = O 1implies X, ¢ Y,°’.

For such a sequence of open sets XS ( ¥=1, 2,...1, putting
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inf o, for =x € 2_ X,
v = { xn o<
+ oo for z € 3 X.°,
=
we obtain a function % on R . This function Y satisfies.

obviously

12: ¥@)<au}c X2 c{z: %yax)go}
for every ¥ =1, 2,... . Accordingly we have for every real
number §

{2z vx)<§} = Z {2 vx)<o}

=.«Z<;{z: 'v-(z) ®, } = Z. X0,

and hence {x % Y(x) <¥} 1s open for every real number ¥
Consequently Y 1is upper semi-continuous, as proved just above.
On the other hand, we have for every real number g

fz: Y@l g {}s‘lT {2z @) <o, }
{z ! w=x) < eq,}= T XS = TT_X°",
o, >}

ul >;‘ o> ¥
since of, > ofu implles XS, > X;' b) K':, . From this relation
we conclude thl;it the point set { % : ¥ (x)<¥ | 1s closed for every
real number £ , and hence ¢ 1s lower seml-contlnuous. There-
fore ¥ is a continuous function on R . Furthermore Y 1is
a continuous extension of ¢ over R . Because, if ¢ (x) < ot

for a point z € S , then we have x € X, , and hence Y (x) = o,
that 1s, ¥(x) < oty 1implies Y (x) € o, . Conseyuently we have
LX) 2 Y(x) for every point x€ S,
On the other hand, if ¥%(x) < o, for a point x € S , then we have
x € X0, and hence ¢¥(x) <o, , since
X {z: @ >, } =0,
Consequently we obtain likewise that ¥ (x) z ¥(x) for every point
xeS . Therefore we conclude ¥(x) = ¥(x) for x € S.
In a regular space R , If a closed set S is included in an
open set A° and 1its closure A°” 1s compact, then S 1s ob-

viously compact too and there exists by Lemma 1 an open set B®
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such that § ¢ B* € A®. For a continuous function ¢

‘'on S , putting

@P(x) for x eS8,

L) = {
] for x € 4°7 B®°’,

ve tain a continuous function ¢, on S + A°-B°’, since Po
is continuous In S € B® as well as in 4°"B8°' < S’ , and further
B° + S'=R. If we consider the space A°~ by the relative
topulogy, then this space A°~ 1is regular and compact. There-

fore ¢, has a continuous extenslon %, over A°~ , as proved just

nt. For such a continuous extension ¥, , if we put
Y, x) for x € A°~,
voo = | o
0 for x € A°”,

then ¥ 1is a continupus function on R , because Y% 1s continuous
in A° as well as in B°~/ and A° + B°~/=R. Furthermore we
have obviously W% ({x) = ((x) for every point Z '€ s . Therefore
¥ 1is a continuous extension of ¢ over R , and

Y@)=0 for %€ B°c A°,

v. Maximal theorem
As a method for infinite process we are permitted to make use
of the following uxiom due to Zermelo:
Choice axiom. For any space R there exists a correspon-
dence between every point set A4 + O and a point a4, eR such that
A G A,

By virtue of Choice axiom we will prove the following theorem due

to Zorn, which will be applied often iIn this book instead of trans-

finite induction.

Maximal theorem. Let C DYe a condition for a finite num-
ber of points in a space S . If a point set A, satisfies

the condition € , that is, if the condition € ( =i, e ,.ce, Xye)
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is satisfied for every finite number of polnts X¢, Xg ,..., Xy €A,,

then there exists a maximal point set 4 which include A4, and

satisfies the condition ¢ , thut is, there is no other than A

which includes A #and satisfies the condition ¢,

Proof. We can assume by Choice axlom that to every point
set X # 0 there is determined a point = ¢ X corresponding to X,
Let f. be the totality of point sets which include A, and sa-
tisfy the condition c . For a point set A4 € ,f', , 1f there
exlsts a point x € A for which { A, z } € &, , then we obtain a
point @ 4 corresponding to the totality of such points x and
we have

tA,a,le £k, , a,€ A,

We need only to prove thuat tnere exists a point set A€k, for
which there 1s no such c}orresponding point & 4

We suppose that corresponding to every roint set A e&', there
is determined such a point & 4 . We shall consider subsets
£ < £, which satisfy the conditions:

*) R 3 A,

it ) & 3 A implies £ 3 {A, >a}l.,

esei) R > A, (x €A ) implles ﬁ'ié__ﬁ/‘x iIf A,

(A € A ) are mutually comparable, that is, if to every two

elements X, ,x.€/ we have A, > Aa or Ax, © Ax, .
R, sstisfies obviously these conditions. Let R, be the
intersection of all subsets £ < £, satisfying these conditions.
Then we see easlly thut j" also satisfies these conditions, that
is, ﬁ', is the least subset of £, satisfying these conditions.

Let ﬁz be the totality of point sets in &, which are com-
parable with every point aet in &y . Then we have obviously
ﬁ,‘ 9 A, and we see easily that £ , satisfies the condition ).
Furthermore 0€‘1 satisfies the condition ). In fact, for any
Ay € K4 , if we put
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Ky ={A: A,y SAeR JH{A:{A, 24,1 A ek}
then we have obviously &; 2 A, , and we see easily that 0€’3

2

satisfies the condition ). Furthermore ﬁ’a satisfies the
condition ). Because, if £3 34 bdut £; 3{A, a4}, then,
since A, 18 comparsble with every point set of K&, , and since
A ek, implies {A,a 4} €&,, we must have both

ACA, eand {A,ag}>A,,
and consequently A =Agor{A,as}=A,, contradicting the assump-
tion{A,a,} € &4 . Therefors 4, satisfies the conditions
#), %), ###), and hence we obtain &'3 =&, slnce £, 1s the
least subset of £, satisfying the conditions #), ##), ).
Consequently { As, a4, } 1s comparable with every point set A€ &,
that 1s, { Ag, ah}eﬁ'},. Thus K&, elso satisfles the conditions
#), i), s#ex), and hence we obtain likewise &'1 = ﬁ| . Accord-

ingly ﬁ'. is a system of mutually comparable point sets, and hence

putting
A= 2 A,
Ack,
we obtain A, € &" by the condition ). For such A, we

have {A‘,ah }e{, by the condition ##), and consequently we obtain
{4, 2,4} ¢ Ai, contradicting the assumption a4, € Ay . There-
fore there exists a point set A eﬁ', for which there is no point

2 €A such that {A, =} ek,. Such a point set A 1is ob-
viously a maximal point set which includes A, &nd satisfies the

condition C .
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CHAPTER P
SEMI-ORDERED LINEAR SPACES

§1 Linear spaces
As an important i1dea in functional analysls we have linear
spaces. A linear space is s commutative grodp with operators
of all real numbers.
A space R 1is called a commutative group, if for every two

elements @ and £ € R we have o+ £ € R such that

1) o+ f =4+a,
2) (a+4)+c = a+ (4 +cC),
3) to any elements a4 and £ € R there exists at least

an element C € R for which
a=fL+C.
Such an element ¢ € R 1s uniquely determined. Because, 1if
a=4+rc =4£+c/,
then there éxlst: by the postulate 3) € and d € R such that
c=c'+d, c'=a+e,
and we have by the postulates.l) and 2)
C'=are=(brc)re={L+(c'+d)} +e
={(€+cH)+d}l+e = (a+d)+e = (a+€)+d
=c'+d =¢C.

Therefore we denote such € R by a — £ Then we hsave
a=4£ + (a-¢g) -
for every elements 4 and £ €R . Especislly

t =4+ $-4),
and hence we have by the postulates 1) and 2)
& = {{+(e-4)}+Co-8)

= {l+(a-L)}+(4-4)=a+ (4-4).

By the unigueness of & — Q& we conclude conseguently
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a—-a =4€-4
for every elements & and £ € R , that 1s, for every element
@ ¢ R we obtain the seme element A — Q This uniquely
determined element & ~ & 1is called the zero element of R
and denoted by 0
For any element a € R we define —Q to mean 0 — O~ .
Then we have
-(-a)= @,
because 0 = A+ (-a) = (—a)+{- (‘ﬂ)f. Since
4+{a+-)t=a+{L4+(-8)}=0a+0 =a,
we have for every elements @ and £ € R
a+ (-4)=0-4.
We shall denote real numbers by Greek letters in the sequel
A cormutative group R 1s called a linear space, if for every
element @ ¢ R and for every real number ol we have oo € R
such that
4) dipa) =(apla,
5) da+€a.==(o(+P)a.,
6) da 4+ fd = o (a+4),
7) 1a =@,
Since ga +o0a = (0+0)a = 0@ by the pestulate 5), we have
oQ = aa—o@‘-l-.- 0 for every element & € R Therefore we
have Q@ + (-‘1)a, = (1+ (-1))A =00 =0 by the postulates 5) and
7), and hence
e = -a,
Furthermore we have for every elements a and £ € R
L(a-4)=oclo-of,
because

d(o-g)=d(a+(-£)=da +d(-9& = oo — £,
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§2 Semi-ordered linear spaces
Let. R be a linear space. If for some elements @ and

4 € R we have o 2 £ »and

1) & z o for every element a €R,

2) a z 4, zga implies a =4,

3) a z4, 4 2C implles a 2C,

4) a2 l implies da _z_al.ﬂ for every positive number
5) to every a , 4 € R there exlsts an element C € R

such that ¢ 2a and ¢ 2 £,
6) a2z £ 1implies at+c 2z £ +¢ for every element C € R,
then R 1s said to be seml-ordered. We may also write

< { insteadof { 2z a.

Let R be a semi-ordered linear space. An element a € R
is sald to be positive, if & 2z 0 If we denote by R7* the

totslity of positive elements, then we see easily that R* satis-

fies the orfer conditlons:
»

1) R*30,

2t) R¥5a and 3-a implies a =0,

3') R*s o and > £ implies R* 3 a+4f,

4') R* 5 a * tmplies R*39aa for every positive number of
5') to every element ®€R there exist .£ ana ¢ € R*

such that a = £-C.
Conversely we have:
Theorem 2.1. Let R Dbe a linear space. If a subset

R*Y of R osatisfies the order conditlons, then we can introduce

uniquely a semi-ordercinto R , such that R" coincides with the

totality of positive elements.

Proof . If we define & 2 £ tomean a—& € R, then
we have obviously the postulate 6). Furthermore we obtain the

postulates 1)-5) respectively by the order conditions 1')-5').
Therefore R is semi-ordered by definition, end RY coincides
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with the totality of positive elements. Conversely for a semi-
ordered linear space R , denoting by R* the totality of posi-

tive elements, we have by the postulate 6) that a z £ 1s equi-

velent to a—- feRrR*. Therefore such semi-order is uniquely
determined.
Let R be a semi-ordered linear space in the sequeli. A

system of elements @, e¢R (A € A ) 1s sald to be upper bounded,
if there exists sn element £eR such that
ar 5 4 for every A e A,
and then such an element £ 1s called an upper bound of @&, (AeA).
If a system of elements a, (X.€¢ A ) has an upper bound &« € R
such that we have a < £ for every other upper bound 4 of 0O
(x € A ), then we shall say that a, (A € A ) has the least
upper bound @ and we shall write
&= ’\‘{A ®x .
The uniqueness of the least upper bound is obvicusly by definition.
A system of elements Q,€R (A € A ) is sald to be lower
bounded, if there exists an element £ ¢ R such that
a, z £ for every A €A,
and then such an element £ 1s called a lower bound of a,(xeA ).
If a system of elements &, (X € A ) has a lower bound a € R
such that we have a 2 { for every other lower bound 4 of o
(XA €A ), then we shall say that @, (x € A ) has the grestest

lower bound @ and we shall write

ea=0N a,,
reA
The postulate B) says that every two elements @ and £ eR
are upper bounded. We see easily by the postulate 6) that
6 24 18 equivelent to -4 z -,
By this fact we see easlly that every two elements a4 and 4 eR

are lower bounded, since {-a,-4§} 1s upper bounded. But
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every two elements need not have least upper bound nor greatest

lower bound.

Theorem 2.2. implies —a = ~@,); and
ZALCoTem oo 0~=,}‘JA0-4\- impliles —-a 1QA( )3 and
o = * implies —-q = U (-& .
Q\ A lpi-es & AEA( 2
Proof. If o = )\{ & , then we have & 2 a, for
e A
every A € A , and hence -a < ~@a, for every A €A. On the

other hand, if £ < —n, for every A €A , then we have -4 X aj
for all A& A, and consequently — £ = a by the definition of
least upper bound, that is, £ € -0, Therefore we have

- = )fe\A(—-a;) by definition. We also can prove likewise
the other assertion.

By virtue of the postulate 4) we cun prove likewise:

Theorem 2.3. For every positive number &£ , @& =1—{Aao\
implies
oo = U v M .
)‘e/“’(“’l 3 >

and a = /\ &, 1implies
- Aea

' da = Nda, .,
AEA

By means of the postulate 5) we csn further prove lixkewise:

Theorem 2.4. For every element L€ R , @ ==1\{ a
A

implies
a+d =V (o\+4£):
rea
and @ = /\ &x implles
rEA
a+d =N (ax+4£).
RreA

Theorem 2.E. If a, =x\¢,jra"‘°’(l €A), then a = \J &y
Is equivalent to a = \/ Roa x- If a,=Naayl2 €A),
A€A,TET 4 rer
then a = /\ @ 1is equivalent to a = N o, r .
-_— €A AeA, Ter >
Proof. if a.=;L‘/Aa.,” a_.k:-_'yr ay,y (A €A), then

we have obviously & 2 @, y for every A e A and ¥el by defini-
tion. On the other hand, if 4 = Gy, y for every A e and

Y ¢ [7 , then we have by definition £ = @, for every i € A,
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and hence further £ 2 & . Therefore we obtaln o= U Ga,r
Aea,ver

oy definition. Conversely, if

o a*,r, Q= v [P 'g (A €A )s

=nlaj,nr rer

then we have obviously G =2 a, for every A€/ . If § 2 a,
for every A €A , then we have .£ z a,,, for every A eA and rel,
and hence 4 2 a by definition. Consequently we have a = U a,.

We also can prove likewise the other assertion.

Theorem 2.6. it a.=AL€jAa-,\) ‘=er 4, » then we have
a+ 4 = A‘\:/,"_’, (ax + Ly).
If o,-.-AQA o, 4=rQr"£r » then we have
o+ d =, N Cai+ £y).
Proof. irf a =A%/Aa,,. 5 #’tgr' £y , then we have by

Theorem 2.4 and 2.5
a+d = xtej,q (6, +4) =A\e/,‘ {:‘ejr' (ax+4} =M’\‘/,“P(al+4r).

We can prove likewise the other assertion.

If two elements a and .£ € R have the least upper bound
C € R , then we shall write ¢ = a v & The greatest
lower bound of two elements @ and £ € R , 1f 1t exists, will
be denoted by & A 4 . We see easlily by definition that we
have o = av¥{ 1if snd only if & 2 £ ; and that we have

a=oan 4 If endonlyif a =< 4.

§3 Lattice ordered linear spaces

A semi-ordered linear space R 1s sald to be lattice ordered,

1f to every element & € R there exists avo .°* This least
upper bound &\ 0 1s called the positive part of an element 4
and denoted by a* .

Let R be a lattice ordered linear space in the sequel.

Theorem 3.1. To every pair of elements o and £ € R
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there exist both a~v{ and o ~ £ , 2nd we have
(avi)+(and)=a+4.
Proof. by virtue of Theorem 2.4 we have
. ta-L)* + £ ={a-8)vot+4 =L,
that 18, to every two elements & and 4 there exis.ts the least
upper bound a v £ , and hence there exists also the greatest
lower bound @& ~ § by Theorem 2.2, and furthermore wé have
enf=-j—arv-4)}.
Since we have by Theorem 2.4
{ra)vi-2)} +a +_£ = 4vao,
we obtain hence a+ £ = (av ) +(and),
Theorem 3.2. @ = ALQIA a, implies
av 4 =’\\{A(°~;V4)
for every element £ ¢R ; and o =£\A a, implies
o A 4-:;[6‘/\(0”""&)’
Proof. . We suppose @4 = A\ej;\ o . Then we have obviously
avd zarvi for every AeA.
If ¢ 2 o, {—for all A €A , then we have naturally ¢ 2 @, for
every A e¢A , and hence ¢ 2 & by definitlon. Consequently
we have ¢ z & Vv 4. Therefore we obtaln
avig = ;{A(axu‘&)
by definition. We also can prove likewise the other assertion.
Theorem 3.3. For every element £ € R , “"’AL.}A 0 implies
Cnd= M (aind);
and a =[E\Aa.)\ implies
avd=~NC(a, v ).

reA

Proof. We suppose a =;\\(JA . Then we have obviously

ond zarnd for every A € A,
If ¢ 2 a,~{ for all A €A , then we have by Theorem 3.1
c-f+oavd)z@ring)+@arvi)- 4 =aa,
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and hence ¢ —~4 +(a ¥ $) = > for every A €A . Therefore
we have
c-4+avet) zoa,
namely ¢ 2 o+ 4 (v d) = and. Consequent.iy we fxave

by definition
an 4 =A\‘JA(0—;. ~4),
We also can prove likewise the other assertion.

By means of Theorem 2.5 we can conclude easily from Theorems

3.2 and 3.3:

- /
Theorem 3.4. ir a= oy, ya sxk“_ £ v , then we have
ovly= U o, v and =
¢ .aeﬁ,nr'( rv£y) 824 g A“\,J"_'_(a.anlr).

If o= N oy, £L=N 4y » then we have
aren ver —

ave= N (o, vg,) 3 anf= N (axnAs).

reA X6 XA, YEP
Theorem 3.5. For every element o € R we have
o v(-a) z0 and G~n(—0)=s 0.
Proof. Since av 0 >0a and A~ 0 3 0, we have obviously
- R

2(avo)-a > 0.
On the other ha.nd,‘ve have by Theorem 2.4
2(evo)—0 = {(2a)vYolt-a = a v(-a),
and hence a v(-o) 20 . Consegiently we obtain further by
Theorem 2.2
& nE-a) =~ {(-a)yval so.

For every element & € R , the positive part (- a)* of - @
1s called the negative part of o and denoted by &~ We
have then obviously by definition

(-a)" =a*, o)t =",

Theorem 3.6. For every element a € R we _nave

a=aat—-0a", atha =0,
Proof. By definition and by Theorem 2.2 we have
a” =(-a)vo = —~(ano),

and hence we obtain by Theorem 3.1
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at-a- =(av o) +lanl) =a+0 =0,
Furthermore we have by Theorems 3.3 and 3.5
etA b =(av0)A{ca)vol ={ant-aiivo =0.

We obtain immediately by definition:

Theorem 3.7. o 24 implies ot z {*and a-s5 £,
Theorem 3.8. If a=4-¢c, f£.c =0 , then we have
£4=at &and cC=a",
Proof. Since £. C =0 by assumption, we have by Theo-
rem .1

£+¢c = gve.
We obtain consequently by Theorem 2.4
£=(vc)-c =(4-¢c)vo = avo =a*,
and furtner similarly
C=(4vC)-4 = ovic-4g)=o0v(-a)=0",

By definition and by Theorem 2.3 we obtain at once:

Theorem 3.9. For every positive number o we have
L]
(do)' = at, (etr)” = ota”.

Theorem 3.10. For every elements a and feR we have

(a+4)* < at+ £, (+f) " <o+ 4",
Proof. Since & g a* and £ = £* by definition, we have
a+4 s at + Lt s
snd hence by Theorem 3.7
(a+ ) = (a*+47) = ats 2t
Therefore we obtain furthermore
(a+8)” =(-0-42" s (~a)t +(~g)* =" +4£",
By virtue of Theorems 2.2, 3.2, and 3.3 we see esslly:

Theorem 3.11. If a = AL/ o » then we have
_— €A —
+ — + - _ -
at =Y a, and a~ = *f‘\n a,”
f oo = N a,, then we have
- rea EEE—
ot = N a,t and a"= U a,”,

rxeA Aea



30

1 §4
Theorem 3.12. For every elements a gnd £ € R ¥e have

av 4 =(a-8)"+ 4,
onf= & —(a-4)".
Proof. We have obviously by definition and Theorem 2.4
(a-8) + 4L =f(a-¢)v0} +4L =0av{,
and further by Theorems 2.2 and 2.4
a-(a-8)" = a- {(a-4)vo}

= &+ {(4"0-)/‘\0} = -ﬁna,-

§a Orthogonaity
Let R Dbe a lattice ordered linear sgace. For every ele-
ment . € R we define the gbsolute (a| of & Dby
lalt = a* +a~.
Since both At and A~ are positive, we have obviously
lal 2 a* and lal 2 a", !
Therefore we have |a|= 0 1if and only if @ =0,
We have by Theorem 2.6
atra” =(avo)r{¢-a)vo} = avc¢-ad-o.
Since a,‘-'(—a)ga by Theorem 3.5, we obtaln hence
(1) lal = av(-a),
For every positive number o we have by Theorem 3.9
(da)t = aat, (d0)” =",
and for every negative nuamber o we have
(da)? = jaja” , (sa) = ldlat,
Therefore we obtain for every real number o(
(2) It = ldllal,
We have obviously by Theorem 3.10
la+ 4] s 100+ 141,
Consequently we obtain by the formula (2)
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lols latll+|-bl=la+£l+141,
that 1s, |al-I14|xs |a +41. Consequently we also have

4l-lal < la+41,
and hence we obtain by the formula (1)
(3)  flei-14ll g lao+4l=s lal+141.
By virtue of Theorems 2.2 and 2.6 we have
(avf)—(and)=(av4) +{Ca)vc-4)}
(a-4)"(£4-0)v 0,
and hence we obtain by the formula (1)

(4) lo-4Ll=(avg)-(anrnd).

\

i}

Recalling Theorems 3.2 and 3.3, we have by this relation (4)
[tave) —cgve)| ={(av g)vcl —{land)c},
[anc)=(gac)={@vE)ntt- {anddnc},

and hence we obtain by Theorem 3.1 and by the formula (4)

(58) Jtave)-@vOl+ltanc)-cbac)|=la-41.

Consequently :ne have naturally

(8)  [(ave)-(gve)[s la-£l,[(anc)-(4a0) s la-4l.
An element a € R 1s sald to be orthogonal to an element 4€R
if lalA [£]l=0, and then we shsll write
aL g,
With this definition it is evident that a . £ 1s equivalent to £ a.

We have obviously by definition:

Theorem 4.1. If o g and |4l Zlcl, then we have a L (C,
Theorem 4.2. aL § 1implies g 4 £ for every real number o,

Proof. If a L .£ , then we have by Theorem 2.3

(latj+1)0 L (lati+1)4 .,
Since |ola| g [(la|+1)al, |4l ((dl+1)4 | » we odbtein ota o &

by the previous theorem.

Theorem 4.3. IfaLc and £ L C , then we have a+4.LC,
Proof. Since (lalvid|)AlCl=(lalalci)¥(I€lalc]) dY

Theorem 3.3, if aa L¢c and £ . C , then we have
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letv g ¢,
and hence 2(l1alvi¢[)4 C by the previous theorem. On the other
hend we have by the formula (3)
o+ 8l lni+ (4] s 2 (laivl£l),
Consequently we obtain &+ 4 L C by Theorem 4.1.

Theorem 4.4. For o= U a ,orfor a=N & , if
— - Aea rEA
0y 4 4 for every xeA , then we have a 1 £ .,
Proof. we suppose that o =:§é a - Then we have
A

by Theorem 3.11
at =V a,* sand o~ =N a," .
rEAN A€en
If @, L { for every A € 4 , then we have by Theorem 4.1
a~ 4L 4 and A, . £ for every 2 eA .
From tha latter we conclude by Theorem 3.3

atAlel = U (a *~181) =0,
AEA

Therefore we obtaln O = a+t-a~ L £ by Theorem 4.3. We
also can dispose likewise of the case: g = /\ aax. ,
A€A
Theorem 4.5. If a L.£ , then we have

(a+4) =t + £ =a"> £*,
a+4L) ="+ £- =a" VY £7,
la+4£1 = lol+idl=1laiv I4l.

Proof. 1f o L £ , then we have by Theorem 4.1
at L 4, a1 Y, a*t £, a- 14,
Since a*t.L " and #*_\. 4~ by Theorem 3.6, we obtain hence by

Theorem 4.3
a*+ 4% La+4-

thet is, (a*+4£ DA +47) =0. On the other hand, we have

>

by Theorem 3.6
a+ & o=(at+ 8t —(am +47),
and hence by Theorem 3.8
(a+ £)" = a* + 2%, (a+d4) =o0"+47,

Consequently we obtain furthermore by definition
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la+ £l =1a] +141.
Since a* A @"’ =0 , we obtain by Theorem 3.1
a*+ 4 =arv i,
and further similerly
A" +4” = a" v £7, al+ bl = jaiviél,
A system of elements a,e R (X € A ) is sald torbe an ortho-

gonal system, 1f @, L af for every pair of different elements A

and f € A. An ortnopcnal system A e R (x e /4 ) is said ko
be complete, if X AL A, for ell A €A implles X =0 ., In

general, we may say that a system of exlements a,eR (AefN) is
complete, 1f X 4 @, for all X €A implies x =0 . In parti-
cular, an element a € R 1s said to be cogglete, 1f a 1is itself
a complete system, that 1s,.1f x la implies x =0

By virtue of Maximal theorem we see easily:

Theorem 4.€. For every lattice ordered linear space R R

there exists a complete orthogonal system of positive elements.

L]

$& Convergence

Let R be a semi-ordered linear space in the sequel. A

sequence of elements a,eR ( v =1, 2,... ) is sald to be increas-

ing and denoted by a, T,%, , 1f A, < @, € ... . Similarly a
sequence of elements @, ¢ R ( »=1, 2,... ) 1s sald to be decreas-
ing and denoted by a, | o, , If 0,20, 2 «--. Ir oot
and further & = V\Z o, , then we shall write av¢‘:| a Simi-
larly if a,J,::‘ %nd further g = f\:‘ @, , then we shall write
a, L_: o . with this definition we have obviously:

Theorem 5.1. If a, +72, @ , then we have @& ,‘r‘_:‘a for
any partial sequence O, (v=1, 2,...). if a, ,;:la. , then

we have a,,wj,‘” w for sny partial sequence (r=1, 2,...).

L]

G,
By virtue of Thecrem 2.2 we obtain immediately:
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Theorem 5.2. a, 17, o implies -a, |7, -a,
a, |\, %, & implies _a., Tf:' -Q .
Theorem 5.3. If a, .7 a end £, 1,7, 6 , then we have
da, +8 4, T2, o+ R4
for every positive numbers o and £ R
Proof. It 1s obvlous by Theorem 2.3 that a,f”, @ 1implies
ol &, 1',_' oL @& for every positive number A . Thus we need
only to prove that a, 1 RS 1.2, 4 implies
a, + 4. T::| a*‘é.
We have obviously by assumption
a+# 2 0'.,4'—@., for every v=1, 2,... .

If 2 za,+4, for all v=1, 2,... , then we also have
l;a,+,£r for every ¥ ,m=1, 2,...,

because Q, 1”' and £, 17 by assumption. As

-t
QA+ = )
4 "YI* (a. + l}r) _
by Theorem 2.6, we obtain hence x 2z o+ 4. Therefore we
1
have Qa,+ ﬁ,T a+{} by definition.

We also can prove likewise:

Theoren 5.4. I!‘\_a,,[,”'a and 4£V,L:, £ , then we have
oda vl L, xa+pd

for every positive nuubers o and fS .

Let R be lattice ordered in tre sequel. A sequence of

eiements @, €R (v=1, 2,...) 1s said to be convergent to a limit

A € R, if there exlst a decreasing sequence of elements
1 L,,, and an increasing sequence of natural numbers u ,
.( v=1, 2,... ) such thav
|°‘r~"‘0‘-l:§ £, for every m Zpv, v=1, 2,...,
and then we shall write
‘}im" a, =& .
Such 8 limit a € R 1s uniquely determined;, if exists. Becsguse,

1f there exist further £ ¢ R , R3 &, |22, 0 ana £, (v=1, 2,...)
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lau-£1ls &, for everym Zfi, v =1, 2,...,
then for every m 2z lax“uu,f,} we have both
lapm- o lg d and lop-¢éls 4.,
and hence we obtain by tne formula §4(2)

la— 4 ls £ + 4, for every ¥=1, 2,... .
Since £, + 4, L:' 0 by Theorem 5.4, we obtaln consequently
la-£| =0, nemely a= 4.

Theorem 5.5. if a,hT, 0 , orif a, J,:l o , then

we have ,J:H",., a, =a.

Proof. From assumption we conclude by Theorer 2.4

a-a, {2 0 or a.—0 |0

tmi

respectively. Putting 4, = a-a, or 4, =a.-a respectively,

we have hence .f, | =, 0 , and obviousl
v Vez1 ¥y

[am-alg £ for all M2V, ¥=1, 2,...

Theorem 5.6. @,

ir Tu‘ end  1im O, =a , then we
oo
heve a, 1,0, @ - If a ,Ln'

=1

and };l.xLa,=o. , then we

have g, L‘P a.

vzl

Proof. If }_{’m“ak = 0, then there exist by definition

R> f, Lw'o and M, (v=1, 2,... ) sach that
|a‘“.-a.[§ L, for everym M., v=1, 2,... ,
and hence
A-4L, € Qpm € 0+ [v for every mmM,, v=1, 2,000 .
In the case: a, T::' » for anym = 1, 2,... we have
a’fﬁ a+]y for every v=1, 2,... ,
and hence a'“ s i\.‘(a+‘(y)=at by Theorem 2.4. On the other
hand, if « 2 a.r,. for every p = 1, 2,... , then we have
xza- 4, for every vy =1, 2,... ,
and hence A z D (a- £, )= by Theorems 2.2 and 2.4. There-

fore we obtsain a.y 1“’__” @, We also cen dispose likewise of the

,

other csase.

By definition and by Theorem 5.1 we have obviously:
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Theorem 5.7. if 3.1_5. &, = @ , then we have ,1_1..n_1_ Au,=a
for eny partisl sequence Qum, (v 1, 2,... ).
Theorem 5.8. If lima, =o, .1_1’12. 4,=4{, then we

have for every real numbers o and P
Mn, (da,+p4) =0+l
Proof. By sssumption , there exist R34, ,L:‘o, Ka‘&'\l,:.o'
and My , fp (v=1, 2,... ) such that
lop-—als 4, for allm z my, v=1, 2,...,
,4’,_4[54, for all(uzﬂ,,y=l, 2y00cnn
Putting X, = Max{ Mvs fv} » we have then
[(dap+Blu)-(tarpd)ls it d +1plId,
for every M2 Xy, V=1, 2,... . Since ldf&-n—l{g(,&, Voo, ©
by Theorem 5.4, we obtain hence by definltion
Um (xa,+B4)=ca+ Bl
Furthermore we have by the formula §4(6)
[(apv £u) =0 £)1 l@pdu)- (avEu)|+@Y £u) - (av )]
§)&r‘m‘+|4r‘#'§ ‘(y*“v ¢
for every(u =Xy ¥=1, 2,..., and similarly
[(a.,“.‘,er)— (andd|s Lo +4,.

Therefore we also obtain:

Theorem 5.9. If Mma,=0, ln £ =4, then we

have

}iﬂ;‘ (avV£p) = 0-"#,
Um (o, A )= an .
As a special case, putting ﬁ,.—.—o (v=1, 2,... ) we have

that 1im @, =@ implles 1lim a,*=a* Therefore we obtain
vy ->eo v ~Pon

by Theorem 5.8.

Theorem 5.10. If 1lim @, = & , then we have
_— = ¥3oe —_—
+ _ + - - -
Unat =4, Limpa =a", Unm la, | =la],
Theorem 5.11. If lra =a, }Lm“.fb:{ end a, 5 Zu

except for a finite number of v , then we have a g £.
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Proof. From assumption we conclude by Theorem £.9
im (a, Y& )=av 4.
¥V ~poo
Since a,~ 4, = 5, excert for a finite number of ¥ Dby assumption,
vie obtaln by Theorem E£.7
4 = vl—j;n;-'e" =av &,

and hence a < £ .

==
Theorem E.12. ps &gn”a,—;}}.rré_-&,gc and 2, = ¢, 5 £,
exccpt for a finite number of » , then we have ‘}_i'm“ C,.=¢C.
Proof. Except for a2 finite number of v , we have
c,-c s £4.-c¢, C-¢C = cCc-a,

by assumpticn, and hence by the formula §4(1)
[Ce-Cl s |4.—cl+ ic-a.l,
From this relation we conclude similarly as in Proof &f Theorem
E£.8 that ,13’2‘. C.=0C.
We have obviously by definition:

Theorem 5.13. We have }},m a,=a , if and only if

——————— o

. &E,m“}au"al=’0.
For a sequence of elements a,eR (v=1, 2,... ), If
3},‘&(&14’&14‘ --—+a,)=—.a,
o0
then we shall say thst a serles 5 @, 1s convergent with sum a
k=1
and write
oo
o= Qa, Of A= Q4+ Qg+ - -
=)
We have then obviously by Thecrem 5.8:
] 3
Theorem 5.14. If a=2 &, g=23 4, , then we have
————— =1 emy —_—
ot £ g i \
a~+p =%(o(ay+@£,,)

for every real numbers of and F .

We cbtain immediately by Theorems 4.5, 5.6, and 5.9:

Theorem 5.15. If a =2 a, for an orthogonal sequence

e=|

a,eR (v=1, 2,... ), then we have

] o
at = > at = U at
=i

b=

2
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- : - = -
@ =& B sp‘i’1a"‘
oe oo
=z la.l =V lol.

§6 Continuous seml-ordered linesr spaces

A semi-ordered linear space R 1s said to be archimedesan, if

we have —::a,l, 0 for every positive element & € R . If R

vey
i1s archimedean, then we see easlly that we have £ _a L:lo for every
pesitive a € R end for every sequence of numbers £, ‘L:l 0.

Let a lattice ordered'linesr space R. be srchimedean. A
sequence of elements a, € R (v¥=1, 2,...) 1s ssid to be uniformly
convergent to & limit @ ¢ R , I1f there exist s positive element
4 € R and’a sequence of numbers £, l,::‘o and M, (v=1, 2,...)
such that

|a.,“—o.(:__=gvj for every ﬂ;p.,,y:l, 2reae o
With this definition it is evident thst if a sequence of elements
a,€R (v¥=1, 2,... ) 1s uniformly convergent to a limit a €R,
then we have }gn_ a, =0 .

Theorem 6.1. If a lattice ordered linear space R 1is

archimedean, then Um o, = o, Mmoo, =a implies
Aim ol @, =ola,
Proof. From assumption we conclude that there exists a
positive number ¥ such that/d,[g ¥ for everyry=1, 2,... . As
lodya, ~aalg @ llag-al+ ld.-{lo]
s ¥V la-0]+ |d, -otflal,
}};’Llay-—a‘=0, .];l.gl“ld.,—-duﬁ—lso,
we obtain by Theorem 5.12
MUn [eva, - | =0,
and hence 1lim o, @, =o & by Theorem 5.13.
Do
A semi-ordered linear space R 1s seid to be continuous, 1if

every sequence of positive elements a,¢ R (Vv=1, 2,... ) has
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the greatest lower )jound r\' Oy.
ve

Theorem 6.«. If 8 semi-ordered lineer space R 1S con-

tinuous, then to every upper bounded seguence of elements o, € R

(v= 1, 2,... ) there exists the least upper bound g‘ @, , and to

every lower bounded sequence of elements a,e R (+=1, 2,... )

there exists the greatest lower bound f’: [ S
et

Proof. Ifa,g & for every v=1, 2,... , then we have
obviously
-0, z o0 for every v=1, 2,... .

L
Since R 18 continucus by assumption, there exists f\'(a.-ay) by
e
definition, and hence there exists »O @&, by Theorems 2.2 and 2.4.
=1
We also can prove likewise the other assertion.

Theorem 6.3. If o semi-ordered linear space R is con-

tinuous, then R 1is lattice ordered and archimedean.

Proof. Since}a, 0} s upper bounded for every a € P ,
if R 1s contlnuous, then there exists a* by the previous theo-
rem, that 1is, ' R 1s lattice ordered by aefinition. Furthermore,
to any positive element @ € R there exlsts by the previous theorem
s positive element £ € R such that -;',-a. ,L::‘ 4 . Then we have
%ya,\{,:'ii(; by Theorem 5.4, and hence £ ='21f# by Theorem 5.1,
that 1s, £ =0 . Therefore R 1s archimedean by definition.

Theorem 6.4. If a semi-ordered linear space R 1s con-

tinuous, then in order that a sequence of elements a,eR (v =1,

2,... ) be convergent, it 1is necessary and sufficient that there

exist R34, |0 and M, (v=1, 2,... ) such that

|a.r~—o_f|§1y for every /u,p;(u.,.y=1, 2y000
Proot . Ir bl_iim @, = @&, then there exist by definitlon
oo

R>4£,]" 0 ana m, (v=1, 2,... ) such that
lop —a | g 'y for everym g my, k=1, 2,... .
For every natural numbers {4 s P2 ,u, we have then ’

lem—-ap| s [an-a|+tap-—a| s L4,
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and further 24, |7, 0 by Theorem 5.3.

oo
vt

Conversely, if there exist R 3.4, | .,0 and mv (v=1, 2,...)
such that ‘
op- Olyl;’—., te o every /\A,Pg/\.«,,vsl, Cheeny

then we have obvious y for every natural numbers m , f = My

ae -4, 5 apmpaprd .
Thus the seyuence &, (v=1, &,...) 1s uprer bounded. Since
R 1is continuous by assumption, there exists v 0.{. by Theorem

e

6.2, and we have for every x , fzpme s v= 1, Zy.00

Qe — £,
Therefore, putting a =

[‘Lz/u-a(“ E af‘*‘{“'

g w

{rLé“o.(.. j » we obtain similarly
¥

ap -4,
that is, [ap-a = ¢, for every fzpmv , v=1, 2,... , and

WA

o = af""(‘v:

hence 1im a, =0 by definitlon.
v 00

Theorem 6.5. In a continuous semi-ordered linear space R
ifr i a, ls convergent snéd @&, 2 6, 20 for every ,= 1, &,... ,
=21 -
then i 4, 1s convergent too end we have !
L=y o oa
aL >
b v 2 % 46" z0.
o
Froof. If a=35_ @&, , then we huve by assumption
=
0< £|+£L+...+.£y_<__a_ for every v =1, Z,.04 o

Consequently we obtain by Theorems €.2 and £.6 that the serles

Lo oo
S5 B, 1s convergent and ¢ = > 4, = & .
= ewm

L=t

ow
If > (0| s convergent, then we shall say thet a serles
b=t

2 ®, 1is absolutely convergent.

Ly

Theorem 6.6. If & semi-ordered linear space R 1s con-

oo
tinuous, then every absolutely convergent series > a, 1s con-

et

o0
vergent and ]27 a, | = {‘;;Iavl .

oo
Proof . Since 0 < a,* < [ayl, 0% A" 5 la| » if 2 &,
—— = = =1

o oG
1s absolutely convergent, then both 7 «,* und 5. a, are con-
! »21
-
vergent by the previous theorem. Consequently 2 a , is
=1

convergent by Thecrem 5.15, and we have



41
(é‘“V( =(§'a.’—§'a; | = % ot +éa,‘ =Z ladl.

A semi-ordered linear space R 1s said to be universally
continuous, if to every system of positive elements & ,eR(x e A )
there exists the greatest lower bound [e\/« aa . It is evident
that 1f R 1is universslly continusus, then R 1s continuous.

By similar methods used to prove Theorem 6.2, we can prove:

Theorem 6.7. If a semi-ordered linear space R 1s univer-

sally continuous, then to every upper bounded system of elements

&y €R (A2 € A ) there exists the least upper bound A\{A @, , and

to _every lower bounded systern of elements @, eR (X € /A ) there

exists the greatest lower bound /\ &, .
rea

§7 Projectors

Let R Dbe a continuous semi-ordered linear space Iln the se-
quel. By vi‘rtue of Theorem €.2, to every positive elements p
and & ¢ R there exists uniquely an element C € R such that

®Avp 'T::‘ Cc.
This element C will be denoted by [pJa Corresponding to
an arbltrary element p € R , putting
(plx = [ipJx* = Lipila” (xeR ),
we obteln an operator [p] on R , which wlll be called the

projector of an element p ¢ R .

Theorem 7.1. Frojectors EPJ are linear:

lpl(aax+ pg) =R [pla+ F[p]j

for every elements %« , 'jep\ and for every real numbers o P'

Proof. For every positive elements o and 4 eR we have
by definition
@ nvipl 1,7, tpla, AAvIiplT, [pl4d

and hence by Theorem 5.3
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(anvipD)+ (£ ~AVIPDT,D, [pia+cplé.

=1
On the other hand we have by Theorem 2.6
(RaVIP)+($Avipl) = (a+d)n(@+VIP)A (E+vIPDA LVipl,
nnd.consequently we obtaln
(a+4)Avipl < (afnvlpl)+(-£nHPlJ s (@td)~2vipl.
Since we have by Theorems 5.5 and 5.7
Un_ {(a+d)Av Ipl} = n_ fCa+d)2vipi}=Cpllatsb),
we obtaln therefore by Theorem 5.12
lim, {@nvipl) + (4,&”’1)} [pl (at+4),
and hence by Theorem 5.8&
[pla+d) = [pla + Cp1 é
for every positive elements 4. and 4 € R .
For arbitrary elements %« and y. € R , putting
o= (xt+yt) - (x+¥)7,
we obtaln a positive element A € R by Theorem 3.10. Since
(2T+Y*) - (" + y°) = (x+ D7 —Cxe )™,
we have then further
a = (:L"+;‘)— (z+a)‘
As proved jJust now, we obtain hence
[plx* + Tply* = [pla +Lplcx+y)?,
Cplz” +Tply~ = [pla+Tpllx+y)”
Therefore we have by definition
Cplx +Cply = CpJ (z+ Y
for arbitrary elements % and y e R.
For every positive element @ € R and for every positive
number o , we have by definition
(ta)~vipl 1,0, Cpiaa,
and hence we obtain by Theorems 2.3 and 5.3
~AZipl 1o, Lpiea,

Since to any =1, 2,..... there exists a natural number
r‘.

r=1

such that .:‘:- 2 ,A, , We see easily by definition
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anpmpl T/\L:i Cple = &L Cplxa,
On the other hand, since to any V=1, 2,... there exists s natural
rumber /A such that (\A 2 % , we obtain similarly
[plo 2 = Tplsta.
Consequently we have for every positive element 4 € R and positive
number A
LCpla = (pleto
For every positive number ol , since (£ z)¥ = ot z*, () =t 2~
by Theorem 3.9, we obtaln hence for every element X € R
(pIx)= [plaz* —Cpladz” =o(Lpla*-[plz~") =t [Pl Z.
For an arbitrary element X € R we have by definition
(pl-z) =Cplx"— [pIx* = - [plz.
Therefore we have for every real number of
(plax = o (pIx ( xeR )
We have obviously by definition that every projector [Pj is

positive:
‘Ep_] a20 for every positive element a € K ,
and hence [plo z [pl4 for o 2 £,

Theorem 7.2. Pro]ectorﬂ [PJ sre idenpotent: [PJCPJ = L—PJ-
Proof. For any positive element Q. € R we have by definition

and by Theorem 3.2 oo -
Cpl(tpde) = Y, (tpla A vipl) = U {(rl.{'(a-nrlp’))n vipl}

»oi v=1

v

Therefore we obtain by definitlon and Theorem 7.1

Cp3(Cpda) = (pI(plx*~ [pdx-) = [plx* - (plz~ = [p]x

for arbitrary element « € R .

= U {Sl:, (@ Aplplaviph) | = 32' (anvipl)=Cpla,

Theorem 7.3. For every positive elements Df &nd £ €eR

we have
(PIand) =(pland =0an tpl 4.
Proof. Por positive elements @, ,{, ¢ R we have by definition

and Theorem 3.2
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[P]a,,\# = {‘g‘ (a.,\wpl)},\l
= g (-ndAvipl) = (pIland),
Theorem 7.4. For every element % € R we have
(tpyx)*=rpizt, (cplz)” = rp1z”
uthzl cpllzl.
Proof. since Lt~ X7 =0, we have by the previous theorem
tplx* -~ [pl1z” =0.
as [p]z =(plx* -EF]z‘ by definition, we obtain hence by

-

Theorem 3.8
(cp3x)*t=1pIz*,  (CpIz)~ =piz~,
and consequently [[pjl[ [r][zl by definition and Theorem 7.1.

Theorem 7.5. [(PJ 2| s [ for every element x € R,
Proof. We have by derlnition and by the previous theorem

Itplx | = (pliz| = g Uxlavipl) = |21,

=1

Theorem 7.6. If x= AL{A X, » then we have

fplx = U Cp1%xa. .
If x= () X, , then we have

- AEAN
plx = () [plaa,
Proof. If x= \/ %, , then we have (| (x-%3) =20 by
’ - rEA A€n
Theorems 2.2 and 2.4. Since

0g [plx-Cpixa = CpI{R-Xa) s X-%y
by Theorems 7.1, 7.2 and 7.%, we have hence
L (Cplxe - Cplaa) =

and consequently CP]L erxk by Theorems 2.2 and 2.4.

AGA
We also can prove likewise the other assertion.

7.7. ti : lim 2, =
Theorem Projectors [rj are continuous p—)& =X
implies lim [plx, =[pl% .

Proof. If % 2| = d, for pzpmv, v=1,c2,.. 8
R > 4(, J:‘ 0 , then we have by Theorems 7.1, 7.4 and 7.5

[Cp3%p— tPIX| = CplIZu-%] 5 1%u—2| 5 4,
for every M g mM,, V=1, 2,.... Therefore we obtain the assertion.
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Theorem 7.8. p 1l - CPJZ for every elements P , ZER .
Proof . For a positive element Q. €R we have oy definition

and by Theorems 2.4 and 3.3
Ipl A (a- cPJa) = lpl~ {a- u (a.nwpu)}

= {(lrl«o- u (a,nwpl))na.}— u (anvipl)
{ (a+1pl)A (v+1)lPln a}- 3 (a ~vIpl)
= (a,n(u+l)lpl)— U(a—nulpl) =0,
and hence F _L & - Cpla for a z 0. For an arbitrery
element X ¢ R we have therefore
pL x*-CpJaT ana pL z27-(pl27,
and consequently p L % - Cp] X Dby Theorems 4.2 and 4.3.

Theorem 7-9. [P] X _L ; im’gliea z L L'fJ}.
Proof. We have by Theorems 7.3 and 7.4

[Tpdxinlyl = Cplizln14) = Ixln CpIIY] = Izl A 1CPIF I,
and hence [‘rji 4 } 1s equivalent to %z L (pJY.

Theorem 7.10. [ij 1 ‘J—-fp]; for every elements « , ; €R,
Proof. We have by Theorems 7.1 ard 7.3
CpICy - Cply) = Lply - CpI(LpIg) =0,
and obviously « .1 ¢ for every element X éPJ . Therefore

we obtain [pJa L Y — [r]} by the previous theorem.

Theorem 7.11. EPJP =p for svery element P e R,
Prcof. Ae 0% P"’ < lFl , we have by definition

plp* = g' (ptAvipl) =
We also obtain likewise [F] P~ = P~ , and hence by definition
Lplp = (plp* —Cpdp” = P.
Theorem 7.lc. We have [p] =0 if snd only if p L I,
Proof. If p Lo, then we have L P L X Sfor every

y =1, 2,.... Dby Theorem 4.2, and hence we obtain by definition

and by Theorem 7.4
ftpix | = [plizl = L_/1 Clxjavipl) =0

that is, [P] x=0. Conversely, if [p] X = 0, then we have
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by Theorem 7.8
pLx-tplx=1z,
By definition we have obviously that [0]=0. Conversely,
if [pl= 0, then we have p =-0 by Theorem 7.1l1. Thus we have:

Theorem 7.13. We have [pl=0 if and only if p =0,

it P is 8 complete element of R, then we nave by Theorem 7.8
x-Cplx =0 for every element « £ R,
that 1s, [pl=1. Conversely, if [p] =1 , then 1or every
element X L p we have by Theorem 7.12

x= [plx = o0,

and hence P 1s a complete element of R . Therefore we have:
Theorem 7.14. We have [p] = 1 if end only if p 1is
a_complete element of R .
Theorem 7.15. [P]= [dp] for every resl number of # 0,
Proof. If J = 0 , then for a positive element @ € R

‘

we have by definitlon o
o0
dplo = Y, (aavialipl) = Y (o-~vipl) = Cpla,

4]
and hence [alp] = L'p] for ol F 0 by definition.

Theorem 7.16. For every element @A € R we have
[atJa=2at, (1-[a*l)a = -a~,

la-Ja=-a"", (1- ta~Da = at,
Proof. Since @t A" =0, we have by Theorems 7.1l and 7.12
[at]a = [at]at-[o*]a” =at,
(1- (a*])a = (a*-Ca*la*) -(a"-[a*t]a~) =- a~,
We also can prove likewise the other assertion.
Remark. We have proved independently Theorems 7.8 and 7.11.
However, we obtain Theorem 7.l11, putting X = P in Theorem 7.8,

and we conclude immediately Theorem 7.8 from Theorems 7.10 and 7.11.
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§8 Calculus of projectors

Now we shall consider relations between different projectors.
We will prove first the formulas

(1) Cpilgd = [Lp3g] = Lipl~igid.

For every positive element @ € R we have by definition nnd’
by Theorems 7.6 and 7.3 '

(pilgla =1p1 J (anvigl) = g,(wn vitplgl) = [tpigle,
and hence [p] [?] =[fr]f_]by definition. For any positive element
& ¢ R we have by Theorem 7.3
(pllgle = [pla A [§la .
Since @ nvip| ‘T:, fplo, & ~vigl T:, [fja by definition, we
obtain by Theorem 5.9
& av(Iplalgl) = @avip)a(anvig) D, (planlyla,

Therefore we have [lpln lgl]a. = ffJ[f]a for every positive
element & € R , and consequently ff]l'f] = [[pl,.)fl] by definitien.

By virtuq of the formula (1) we have that projectors are mutually
commutative: [P][r(] = [f JCpl. Furthermore we have obviausly:

Theorem 8.1. [p][?] =0 ifandonlyif p.L Z.

For two projectors [p] and [?] we shall write

(pl 2 g1 or [gl=Cpl,

if []’] Xz [f]x for every positive element X € R . with
this definition it 1s obvious that

1) [plz [p] for every element pé R,

2) [Pl zlgd, 1912 0p) smpries Ipl= I3,

sy [plzl¢l, 91 Z [r] impites C[pl 2 Lrl

Theorem 8.2. [pl 2 [?] 1s equivalent to each one of the
following two conditions:

1) (pllgl =491,

2) plg = ¢.
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Proof. Ir [plz [7] , then we have by Theorems 7.2 and
7.3 for every positive elsment @ € R
(gla 2 [pl(fgde) 2z [p1([gle) = [gla,
and hence [13 z Lp3lflz [?J by definition. Consequently we
obtain [§] =[pllg] by 2'), 1f [pl z gl 1t Cp3lgd =147,
then we obtain by Theorem 7.11
(plg = Lpilgly = [439 = 1.
Furthermore, if [F]q = ? , then we have for any positive a € R
Cpla z cpilgia = [CplgJa =[g]a
by Theorems 7.2, 7.5 and by the formula (1), and hence L’FJ P-4 EfJ

by definition.

Theorem 8.3. pl = Ii( implies [p] 2 [7] .
Proof. r |pl 2 Iil, then we have by the formule {1}

(p1lg] = [ipln~lg1 I = Cig1d =091,

and hence [pl 2 [1] by the previous theorem.

For a system of projectors [FAJ (X €/ ), if there exists
8 projector (P_] such th;t !

1) [pl 2Lp,] tor every re A,

2) (912 Up\] for every X e A implies [9] 2 [pJ,
then [p] 1s called the least upper bound of a system [ﬁ\] (2 €M)
and we shall write

BRSNS

The uniqueness of such [p_] is obvious by definition. Similarly
for a system of ‘projectors [pal (X €A ), 1f there exists a
projector {P] such that

1) [pl< Tp) for every 2 eA,

2) [9) 2 [p] for every A e A implies [9] = [p],
then [r] 18 called the greatest lower bound of a system [ F,\]

(X € A ) and we shall write
tp1= ), Inl.

With this definition we have



49
(2) -Lpla (gl = L[pllgl.
Indeed, we have by the formula (1) and by Theorem 8.3
Pl 2 Ipllg]  ana  [41 = C[pIled.
r [r] < (pland < [q], then we have by Theorem 7.3
rla g ir]wa [gla = (pllgla
for every positive element A ¢ R, and hence [r] = [p] f‘i J.
(3) (pAv gl = [ip1v g1l = Cipl+ig1d.
Because, we have obviously by Theorem 8.3
Cipt~i91] &z [pl ana = [g3.
For any positive element @ ¢ R we have by definition
anvipl 2, [pla, aqulT:' rgla,
and hence by Theorem 5.9
(anvip)vianavighH 1,2, [plavipla.
Stnce (@ Avipl)Y (@ aVifl) =a A v(IpIVIgl) by Theorems 3.3
and 2.3, we obtaln thus by definition
Cipivigila = Cpla-YIgla.
Therefore, if [y]z[pJand Z [§1, then we have
trla z [plav [gla = [ipIvigile
for every positive element O € R , and hence [r] = E’P"”Zl].'
Since |plvlil = |p|+|f| gl(lplvtit) by Theorem 3.1, we
have by Theorems 8.3 and 7.15
Lipvig1d s Cipl+lgid s C2ipiv 19l = Dipi~igd,
and hence [IpIv l?lJ = Lipi+lg1].
As proved just now, we have furthermore:
(4) (CPJn[iJ)O-’—‘ lpla.~ CiJa. for every element & & 0,
(5) (CP]V[fj)“—"—[P]aV[?Ja for every element Q@ 2 0.
For every projectors [p] » l'f ] and for every real numbers
A |, e we obtain a linear operator o EP] + f[i] on R as
(LTI +pLqI)x = o CpIX + Pyl % (x € R ).
We have then

(6) (.CpquJ)+(cuan)= CpI+1qd.
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In fact, for every positive element 4. € R we have by the formulas
(4), (5) and Theorem 3.1
(tpa“tgd)a + (TP~ L§la
= ([plav tha.)-r (tpla~nlgla) = (pJa+ gia,
and henace we conclude (6) by definition of projectors.
Theorem 8.4. [r-rf] =[pl+ (?J Af and only if p L 7 -
Proof. 1r F-‘-? , then we have by Theorem 8.1
pln [?J = [pllpl =0,
apd hence by the formulas (6), (3) and by Theorem 4.5
lpl+ 0] = CpIv gl = Lupi+1p1d= DIp+gid = Lp+gpld,
Conversely, if [r] + ['fJ is a projector, then we have by
Theorem 7.3
[p1+lg1 = (er+th)(£;:3+ch) (pI+Tgdl +Acrpacyd,
and hence [r] [7] = » that 1s, p J-f by Theorem 8.1.°
Since [?]p R p— Eijp by Theorem 7.10, we obtain by
Theorem 8.4 and by the formuls (1) ,
Cpl = [tgapl+ Cp-r53pl=[pIlp1 + Lp-tgapl.
Therefore we have
(7 Lpl-Tpll§d = Lp-LpIpl.
QQnsequently we obtain by Theorem 8.2

(8) pl-Cg] = [p-Lgdp] tor [plzlyJ.

Theorem 8.5. Iir I'o} Ae/\’P“ | » then we have
lpla =y [pade for azo.
Proof. For every poaitive element 0. € R we have by

Theorems 3.3 and 2.5
,g. (anAvipl) = »Q. { A\{ (aﬁ”hl)} - AG/‘ {*L‘{' (a"klr*‘)}'
Therefore we obtain (pja = \/, [pala  for a 2 0 by aefinition.
Theorem 8.6. For every sequence -of elements P eR (V=
1, 2,....) there exiats the sroateat lower bound /\ CP»J and
(ﬁtr,])a /\CPJ“' for aga.
Proof. Putting 7=9 (|‘,,|,. [l'oJ‘M) » we have by
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the previous theorem
o0
fgla= U Lipd=Tp.Jjp,1 ] o for azo,
As [ipl=(pdipit Ja =[p,Ja — CpIlpyJo by the formula (7),
we have then by Theorems 2.2, 2.4 and 3.2

Iple - Tgle = N Tpdlpsla
= B, (thIentpla) = Atpe.
Since 0 <9 < ]r,l , we have [7]§ [r'J by Theorem 8.3, and
hence we obtaln by the fornr:j.a (8)
Lp-Tgipde = N Cpla for a 2o,
This relation ylelds obviously [r,— tijF'J < [p, ] for every
V=1, 2,.... Ir [r]g[p]ror all ¥ =1, 2,..., then we have
for any positive element & € R
[rla g Cpio for every =1, 20000,

and hence [rlag[p-[jIpJa for az o, that is, we obtain

rl=< EP,— Lglp, J . Therefore we have bydefinition
Ip-rpipd= TP,
Theorem 8.7. For a sequence of projectors (”] (v=1, 2,...),

if there exlsts a projector EP.] such thet [p,] 2 Lr,J for

every v=1, &,..., then there exists the least upper bound

o2
u\=j| C pv 3 and we have

(g, tpla= YlIpla  toazo,
Proof. Putting p= V] Cpel |Pal , we have by Theorem 8.5
v=

tpie= U (CpIipila  for azo,
As [[p,ij,IJ =[p1lp,] = [p.] by the formila (1) and Theorem 8.2,
we obtain thus

[PJa‘—’ ‘Q' Cp,]a. for azo0.
From this relation we can conclude easlily that CPJ = :(2' [r,_] ,
similarly as*in Proof of the previous theorem.

oo
Theorem 8.8. Ir [pl= L/l Cp.], then we have for every
»=

projector [f ]

Cpitgl= :u; CpICgd .
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Proof. By virtue of the previous theorem we have
L d
[pla = y\g‘ pla for a z o0,

and hence by Theorems 7.6 and 8.7 for every positive element @ € R
o0 L]
(qItpla= U (L[g3lpde) = (Y, p3lp.d )a .
There€ore we have [¢][p] ’}?' Cf]ff,] by definition of projectors.

o
Theorem 8.9. Iir EFJ = Q' [p,.] , then we have for every

projector [q]
IVl = A (CpIviga),

Proof. By virtue of Theorem 8.6 we have

o0
tplo- = /) (pIo for @ 20,
and hence by Theorem 3.3 for every positive element & € R
tplavtgla = N (Lpda Y Tjle).
Therefore we obtaln by the formula (5) and by Theorem 8.6
(CP]VEQJ)O' = [‘\’ { (cp.l ‘/CQJ)“} =i£;\' (EF;«J"C?J/‘}(L
for & g 0 , and consequently L’p]“’[f] = F\° (cp.a~ Cf.‘l).

L=
For a sequence of projectors [}oy] ( v=1, 2,...) we define

lp.] 7,2, to:.mean [pl= Cpalse-o »and [p3], 7, tomean
tplz lpdzeee- 1r [p34,7, send [pl= ’[?' [p.], then we

oo

shall write [p,]T;:' [pl; end if [p. ] end [p] = :f\:’ Cp.], then
we shall write (p.] J,::' L’p] . Then we see by Theorem 8.6 that

t=)

(9) Cpedo 1,27, Cpla for sll a 3o,
if and only if [p.J] Tb‘: CP] ; and by Theorem 8.7 that

(10) tp.yo |5, Cpln for all & 2 0,
if end only 1f [p.34,7, Cpl.

Theorem 8.10.  If [p3 1,7, Cp] ana (9117, Cg3,
then we have

Cp3alfd T2, IpIATg] eme  [pdvrp a7, CPIVOEI.
pey th]‘lv;:' Tp) =nd [g] bt Iy J , then we have
LpIAlg 47, TP ALE)  sad IpvepdlT, Cp1vgl,

Proof. ifr [P,]fb:' Cpl snd C?,J .2, E?J , then we

have for any positive element Q € R. voth
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tpiafZ, tpla wmd [JafT [ple,
and hence by Theorem 5.9 and by the formula (4)

(P IAlpd)a =LpJo-n [1,]&4‘::. Cpla A t?JO- = (CPJ,\[?J)A

for all & 20 , Consequently we obtein by the formula (9)
(PpIAL9IT.2, CpIATed .
We also obtain likewise Lp,]VE?,]’]*‘_‘:' [plv CiJ. By similar

method we also can prove the other assertion.
oo oo
Theorem 8.11. i tpIN,, Cpd s oxtf Cp.3,,, CPI,

then we have

&L_l’x&‘rpyjo.‘—' Cpla for all a eR ,
Proof. ir Cp.] ‘fb:‘ [pl, then we have by Theorem B.7

oo _ A oo _
lple* T, Cplat, Lplo .2 lpla-,
and hence we obtaln by Theorem 5.5 and 5.8

lim, Cp.Ja = (plat - Cple” =Cpla,

T

We also can dispose likewise of the case L[p,] \lr::, Cpl.

Theorem 8.13. Ir N tf"\j P=0 for a positive element
e
pe R, then we have
=0
’QA Cpaitpla for all a zo,

Proof. It N Tpalp=0 for a positive element p € R
h— AeA

then we have by Theorems 2.2 and 2.4
N (otpop) b

and hence we have by Theorem 8.5

lpla = A\'ejn [p- cr,\jpja_ for all & 2 0,
On the other hend we have by the formula (7)

[p-Tpalpla = [pla —[pallpla.
Therefore we obtain ,QA [pg)[r]a,:a for all @ 2 0 by Theorems
2.2 and 2.4.

As an immediate consequence of Theorem 8.12 we have:

Theorem 8.13. LpIP YT, 0 implies CpICpIl,7, 0.
Theorem 8.14. For every elements @ end 4 € R we have

Civial+ talf)*31 1,7, ted,
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Proof. It 1s obvious by Theorem 8.3 that
[ovial+ca34)* 347, .
We have by The::rem 7.16
(1= Covial+ a1 4)%]) (vial+[a14) 3
and hence by Theorem 7.5
U-Uviel+(e14)* 1) el £ - L (Cal- [all(vial+[a1£)*]) L < L 2],
Passing to the llmit, we obtain from this relation
Clvial +Tad )] ol 1,7, 1ol ,
Since we have by the formula (1) and by Theorem 7.4
[L(vial +Cal£)*]12l] = [ Cal(vial + Lal€)*] =[(vial+Ta18)™],

we obtain therefore our assertion by Theorem 8.5.

Theorem 8.18. For every elements a and Je R we have
[(viatl+Cal4)°3) .7 o
Proof. It 1s obvious by Theorem 8.3 that

Cevial+ Tad )71 4,7, .
We have by Theorem 7.16
[tviai+[ad4) ] (viel+[0]14) SO
and hence by Theorem 7.5
(il +ca38)Jiol s - L [(v1al +001£)" 1014 < L )21,
Passing to the limit, we obtain from this relation
[(vial +Ca14)" 210l & 2, 0,
and hence [(vio| +Calé)"] ,L”' by Theorem 8.13, because we
have by the formula (1) and by Theorems 7.4 and 7.1l
(vial+ al4)"Jla] = [ (vial+Cal4)"],
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CHAPTER 11

FIRST SPECTRAL THEORY

§o Stieltjés integral

Let R be a continuous semi-ordered linear space in the

sequel. A system of elements@,eR (g A 5 p ) is said

to be of bounded variation in a closed interval [dt, pJ , if

there exists a positive element 16 R such that we have
é lay, -ax ., 1 =4
for every partition d =3,<A,;< - - - <A,‘=P of [at, P J.

With this definition we see easily that if both systems G-,
and £, € R (¢ = A 5 P ) are of bounded variation in a closed
interval [of, p] , then ¥a,+ Sdi(et s 2 = B ) s of bounded
varlation in (o?, 8] for every real numbers ¥ and . We
see furtl{;r by Theorem 7.5 that 1if a syst.em of elements Q. €R
(e¢ £ A g B ) 1s of bounded variation in a closed interval [a, PJ,
then [pJa, (et 2 £ £ ) 1s of bounded variation in [o, PJ for
every projector [pJ .

A system of elements a,e¢ R (g A < ﬂ ) is s8aid to be
increasing if @, < ap for X\ < £ , or to be decreasing ir
Gy z @p for A< P. With this definition it is evident
that 1f a system of elements @, e R(ot < A § § ) 1s increasing or
decreasing in [e, pJ , then 1t 1s of bounded variation in [ef, PJ_

If a system @ eR (ot 2 A < [ ) 1s of bounded variation
in (o, FJ , then corresponding to every real number 3  such
that o XA £ F » there exists uniquely an element C, € R such
that we have

Mp, &, =Ca
for every segquence of real numbers ) > k,ﬁ:l. Because, for any

sequence of real numbers L>A,T;°ll the sequence of elements

»”’
vz-‘l“hu"a'lvl (=1, 2,...)
= .
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1s upper bounded, since @, (o A < B ) 1s of bounaed variation

in (a2, PJ by assumptlion. Consequently the series
o9
é (ay, ., —08x,)

1s absolutely convergent, and hence naturally convergent by Theorem
6.6. Therefore we have
M aa = 0t o (Ba - aa ),
that 1s, the sequence &, (v = 1, 2,...) 1s convergent for every
sequence A > A, T::, A For every two sequences A > A, T::, A
and A > f, 'T:: A there exists obviously an sequence A > ¥, ’I‘b: A
such that each one of A, and f, (rv=1, 2,...) 1s a partial
sequence of ¥, (v =1, 2,...). Then we have by Theorem 5.7
Mp.os, = Hp Gk =lpor.
Such 8 unlquely determined element C, will be denoted by @ ., .
We also can prove likewise that to every real number A such

that ot € A < @ , there exists uniquely an element d, e R such
that we have
Mp o, =dy
for every sequence of real numbers ) < A.,],:: A, and such an
uniquely determined element d* will be denoted by &3 ,, .
A system of elements a,AeK (o0 <A< +90) 18 said to be of

bounded veriation, if it is of bounded variation in every closed

interval. If for every sequence of real numbers A,'f‘::' + oo

the corresponding sequence of elements 0.,\” (v=1, 2,...) 1s

convergent, then the limit lim G, 1s the same for every
b oo

sequence AVT::' + oo , as proved just above. Such l'l:Lm a
. —~poc v
will be denoted by O 4o . It 1s similer for the notation

O .oo , If 1t exists.
Let &, ¢eR (X s A € P ) be of bounded variation in &
closed interval ‘[el, @J and
é; loex, —ax, _, |l s <
for every partition o = X, <Ay <+ -+ < A, --F of [, pl]



Let a function ¥(x) (g A = P ) be finite ana continuous 4in
[, QJ . Since a closed interval (o, p] is compact as a point
set, we see easlily that every finite continuous function (i) on

[d,?] is uniformly continuous, that is, to any positive number £

there exists a positive number §  such that
12~-figa$ implies [P ~Pp)l< &
For two partition

od = 2,<A,< ...</\‘-:F, 1.,—-1,_'54\,

A= <P <ers< Po=p, fu = fu-es 6,

end for 2,,% §,< 2,);;,_, s T shulr=1,%..,xip=1,2,...

we obtain easily -

! ,Z:. P50, — 0y, ‘,é, ) ap, —ap, s €4
by the usual method in the theory of integrsl. Therefore we
can recognize by Theorem 6.4 that there exists an element Ce R

such that
»,
TN zi: FCEp)rn, —asn, ) =C,
ir o —Af"'”<)‘f“7< e <Af") ,M“F’ Afﬁ,v )‘f‘:y-l < af‘;

Hn Bem 0 eSS A (VI B gl
such en element C 1is called the integral of (1) by a system
Ox€R (elz2gf ) in [+, p] and denoted by
prf(l)da')\ or S "()-)JA 0-‘\.
ot ol
Witn this definition we have ooviousiy
¢ ¥ #
) da, = rida
S." e ch My J!‘fm)da,\
for o R B y adop?ing the convention
Jr Pnjdu, =C.
Let & system 4 ¢ R (-« A<+oc ) be of bounded veriation.
For o finite continuous function ¥ A) (-ee< i <rec), 1If to
every sequence of real numbers #,T:l*w there exists the limit
"
1
t}:DT-c ‘.( ¥ o d"")
then we see eesily that tnis 1!m!t Js uniquely determined, that ls,

there exists the limit

87
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'
1m | ¢orda, .

# > vco

In-this case we define the integral
400
jd 7()-)1“1_
by such limit, end we shall ssy that this integral i1s convergent.
It 1s similar for the integral
ot
{7 eoaday
-a0
if it 1s convergent. If both integrals
o +oo
[* qcrdax ana | @e)daa
-0 [ 4 .
are convergent, then we adefine the integral of 4 (A) by a system
Ay €R (-00< A<+too ) gs
400 o +on
j_._ ¢x)da, = f_u ‘fc,\)‘dn.‘ + L Farda,
and we shall sey that this integral is convergent, or that ¢(A)
18 integrable by a system Q&) (~eo <A <+oo).
With this definition we have obviously that if a function ¢cx)
is integrable by a system A, € R (-oo<iA <+°2), then we have

teo
[ eondas = 1m_ ]: Fda,

g >t
=(F J'". Ada
= L“‘f()«) dai f|‘ v Pc A
for every real number ¥,

If a system of elements a, ¢ R (ol A 58 ) 1s of bounded
variation in [e, PJ , then, putting
0, = {.a., for A>p,
Ao for A <o,
we obtaln a system of bounded varlation @, (o0 < A < +o0),
For such a, (—oo<A<+o0), it 1s evident that every finite con-
tinuous function P(A) (—oco< A <+22) is integrable by a

(-0 <A < too ) gnd we have

(7 ecrday = j: Fardas
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§10 Properties of integral
For a system of bounded variation Qa, € R (oo < A <+o9)
we have obviously by definition
[
(1) S‘ ala>_=a.’—a,‘,
Furthermore we see eesily thet if both functions &(a) and ¥(C2)
are integrable by @, (—00<cA <+e2), thendtfawpv-o\) is
integrable by @&, (-e0 <ax<+o0) for every real numbers X
and f , aix: we have e MV P
(2) ) (a?aupwn)d% =aj ‘rmdauf f_ﬂ ) da,,
~00 -00
and that 1f a function 9 (x) 1is integrable by a system @, as
well as by a system 4* (-0 < A< +o0), then ¢P(A) 1s integrable
by the system oa, + PL\ (-0 < A L+o0) for every reasl numbers
ol and e , and we have
+o0 . <400 +o0
(3) f ex)d(aa,+ ee,)c:ct j P )dax + 'Gf e 4,
-00 -—ae -o0
By virtue of Theorem 7.7 w¢ obtaln obviously that if s function
% (X) 1is integrable by a system B, € R (-00 <A <+e2), then ¥(2)
is integreble Dy the system EP] 05 (—-o0° <A <+09) for every pro-
jector [pJ , and we have
+ oo L
) J_ gondglas = 0p3 [ eoudas
As @, ,—0p ,=(as-ap)+ (a.r—ar_.)-(a.raa_.). we see
easily by definition that
[}
(5) S Fx)do,_, =L?o.)da,+ Pet)(By-8y.,)- WP) (ag- aﬁ-.),
of
and furthermore we obtain lil;e'ise
(6) IP?())da;u= fPnda - $e(a 00— 2t #p)(apeo-ap),
o of
If o system O, ¢ R (-o0<A <+o0) 1s of bounded variation,
then the system Q_, (-9°9<A < +o0) is obviously of bounded
variation too, and we have by definition
‘ -al
SI N ZESTNEING jr F-2)drax .
If & function w (i) 1s finite, continuous, and increasing
in a closed interval [e, P] , then for any system of bounded vs-

riation 0., (-o@ <A< +29), the system a,,,m(«gz\g F ) 1s
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of bounded variation 1ln [«, PJ too, snd we have obviously by definition
wC ’

3
(8) L F(wr))dy Cwery = qul

Next we will consider integrals by an increasing system @a,eR

Fcrrdaa.

(-0 <a<teo ), that 1s, @y = &p for A <P,
We see immedlately by definition:
Theorem 10.1. If ¢aa)z¥cr) for g A £ f , then
we _hgve for any increasing system a, € R (o0 < A <+o0)
,}: P da, z j:v—ca) do, .

Theorem 10.2. For a finite continuous function @ ca)

(-00 <A < +00 ), if there exists s function % (x)  such that

[ecrr] € ¥r) (ro0 <A < to2)

gnd ¥(A) 1s integrable by an increasing system 4, €R (-eo<A < +02),

then (i) 1s integrable by thls system O, (-eo<A <+o°) too

and we have

+00 too
| f erdax | «5J Yceaida,
- 00 -0
Proof. For any sequence of real numbers o< o, T‘”' too ,

we have by assumption
+ o,

bl [ vrt
(a)d =
So Y(r)da, ,Z,—, L
Since we have by the previous theorem

dyyy ey
t L' yayda, = L. Yordes

we obtain by the formula §4(1)

<
Yx)da+ s lw;)da,\ .
[

v

dyay LY}
| L Py das | < J T (x)da, for every k=1, 2,...
v o
Thus we have by Theorems €.5 and 6.6 that '
400 oo o a4t oy
j eordas = 2. L ¢r)da, +J eaday
[ 4 (]
is convergent and
+o00 + o0
L[ eoodas| = f. Fon)dan
o
We also cen prove likewise that
0 r°
¥ da
I j_” eadda, |5 )  ¥oddex,
and the left slde 1s convergent. Therefore ¢ (A) -1is integrable
by G, (-9 <A< +°) and we have the inequality descridbed in

the theorem.
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If a system a, ¢ K (-~00 €A <+2°) s increasing, then both
system Q,,, and 0,., (~e0o<A < +9°2) are obviously in-
creasing too.
Theorem 10.3. For_an increasing system g, eR (-o0 <A<+o9),
if [¢ )| 1is integrable by one of systems 4., , G,,, &and

Qr.p (-00<X <+oo), then & finite contipuous function ¢(r, 1is

integrable by each of @y ,&,4, » Qr-o (-2°<A <+o0 ), and
+eo +oo “+oe
j_n Fo)day = j_” eo)da, _, =J_°‘ gcxyda,,, .
Proof. By the formulas (5), (6) and by the previous theorem

we need only to prove that if. | ¢ca) | 1s integrable by one of &, ,
Qryep » 8nd O0y., (-0°<A<+e0), then for any sequence c(,T‘:'+ee
we have

%}&n (Pt (Bu, = Ga - ) = ‘]‘.LBL lecet ] (a‘-(,oo" adv)‘so)
and for any sequence o, L::‘ - oo we have

Un [€Cat)| (0, = Ba—s) = Lim [Pt [(Og ey = 2a, ) =0,
However, these relations hold obviously, since we have by definition

Plat) (0, ~0g o) |PCx,)|(0g, ., — Q)

ol A
i I‘b“

1 o +1
lecvldax o L lecoida, ,,
-1

§11 Resolutions of elements

For two elements 9. and £4€ R, ifal £-a , then a
1s sald to be a part of £ , and we shall write a< £ or §ra.
With this definition we have obviously that & >a sand & >0 for
every element o €R .

(1) o <4, {<o implies a = 4.

Because, a L £- o , 4L a- £ implies o-4La-& by
Theorems 4.2 and 4.3, snd hence further a— £ =0 by definition.

We have obviously by Theorem 4.5

(2) a< 4 implies lols |41,

Therefore a. < £ L c-4{ 1implies & L c-4 by Theorem 4.1,
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and hence further by Theorem 4.3
a L (c-4)+(f-a)=c—-a,

that 1is, we have

(3) a<4, £<c 1mplies a <C,

We have obviously by Theorem 7.10 for every projector Lpl
(4) lpla < a.

(8) a < 4 implies a =[ald,

Because, & L 4 -a 1implies [aJ({ — a)=0 by Theorem 7.12,
and hence further [a]{ = [a]Ja = a by Theorem 7.11.

We have obviously by Theorem 4.3

(6) a<4£, alc implies a< £+cC,

(7) a<C, 4<c,aLf implies ard<C,
Because, & <C, £ < ¢, a L4 1implies by Theorem 8.4 end by
the formula (5)

[a+4]c = [aJc+[glc =a+¥4,
and hence Qa+ _.f < ¢ by the formula (4).
We obtain immedliately by definitlon

(8) o< 4 implies f-a < 4,

We have obviously by Theorem 4.2 for every real number o(

(9) o < £ implies oo < 4.

(10) a<{<C tmplies c-a »(C-4 wnd C-a > é-a.

Indeed, 0 < { < 1implies ¢ >4 > #—-a by the formla (8),
and hence by the formula (2)
c-41L d-a=(c-a)-(c-¥4), (c-a)-¢4-a)=C-4 L 4-a,
We obtain immedlately by Theorem 7.6 for every projector CPJ
(11) ax ¢ tmplies [pla < [pl4,
and we have by the formula (2) and by Theorem 8.3
(12) w< 4 implies [a] < [4].
We hm‘te\ obviously by Theorem 5.9
Theorem 11.1. ir }-1'1:’ a, =0 snd a, <4 ftor every
v = 1,"% ..., thenwe have a <4 - If Um0, =a
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and g, > § for every V¥ =1, 2,.... , then we have a >4§,

A system of elements ., € R (-0« <+90) is called a _reso-

lution of an element a €R , if

1) @r<0p for A< | &
2) @, 1a left side continuous: Qo = 02,
3) Qoo =0, OQ_.=0,

It is obvious by Theorem 11.1 that if a,€é R (—o0o<c A< too)
1s a resolution of an element @ € R , then we have 2, < & for
every real number A .

We obtain immediately by the formula (11):

Theorem 11.2. If o system @, eR (-2 < A <+eo) 15 8

resolution of an element & ¢ R , then Cplax (o0 <A < +o0 )
1s a resolution of [p_'l @& for every projector [pl.

We have obviously by the formula (9):

Theorem 11.3. 1f a system @, €eR (-0 <A <t+o0) i85 8

resolution of sn element @ € R , then o, (-ce< A <+o0)

is a resolution of o a for every real number of.
We obtain further by the formulaes (6) and (7):

Theorem 11.4. For a resolution @, (-o0c <A< too ) of

an element a € K and for a resolution JA (oo <A < +o0 )

of an element £€ R , if o L 4 , then a,+ 4, (o= <A <+eo)

1s a resolution of a+4.

We can prove easily by tne formula (10) and by Theorem 11.1:

Theorem 11.5. If a system o, €R (-o0 <A <+o0) i3 a

cesolution of an element a € R , thena-a_,, (- <4 <+o0 )

is a resolution of a4 €K ‘too. ¢

Since every part of a positive element is positive by the
[ ]
formula (5), we have by the formula (8):

Theorem 11.6. Every resolution of a positive element 1is

increasing.
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$12 Resolutions of projectors

A aystem of projectors [p,] ¥-o< A < + oo ) is said to be

monotone increasing, if
Il 2lppd for < f,

Ir Ch] (-00< A < +00 ) 18 monotone increasing, then to
any real number A there exists the least upper bound r\(/A CfrJ.
Because, to any sequence of real numbers ) > o, TL:, A there
exiats by Theorem 8.7 a projector [p] such that [ po, 1 T::‘ Lpl,
Then, since to any real number £ < ) there exists &, >f , we
have hence

el 2 [hJ for every real number f < A4,
On the other hand, if [1] 2 [pp] for every real number f < A ,
then we have naturally C7J 2 [P‘,] for every v=1, 2,... , and
hence Cf.] 2 Lpl. Therefore we obtain [p] = PL</A tpel.

We also can prove likewise that to any real number 2 there
exists the greatest lower bound 'Ql Cppl , and we have

Cha, 342, ) Tpe
for every sequence of real numbers ) <« o, L:, AL Therefore
we have: ‘

Theorem 12.1. If a system of projectors Ef*] (-0 <A <teoo)
1s monotone increasing, then we have

CPa, 3T, LY, TP
for every sequence of real numbers A > o} T::, A ; and
4 I h, cped -
for_every segquence of real numbers X <of, |, .o¢ A .

A monotone increasing system of projectors [r,‘] (~roo < A< +o0)

is called a resolution of a projector [p] , 1if

1) Lpad = rg‘\ Cppl for every real number A,
2) L'J = -u“{\{‘r- trAJ’ o -‘—‘.“/;\‘*..CFAJ.
Theorem 12.2. If a system o, €R (-co <A <+o°) 18

a resolution 'of an element a ¢ R , then [a,] (-0 <A<+oo)
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is a resolution of the projector [a] and we have for every real

number A
a = N [agl,
s Ao J [Z3% ¢
Proof. For a resolution G, (-o0 <A <+o®) of an element

a € R , [a,] (~e0o< A< +50 ) 13 obviously monotone increasing
by the formule §11(2) and by Theorem 8.3. As O,_, = 0, Yy
definition, we have by Theorem 5.10

laa, (1,7, lax] for A > L5, X,
and hence by Theorem 8.5

lae] T::. (ax] for A > o, 'T:.', I
Consequently we have [aix] = P‘Z’A [a'fJ by the previous theorem.
We also can prove likewlse ’

(o] = __XK‘_‘_ [ax],
For any sequence of real numbers i < &, J,::, A, since
n, Ga, = By,

we have ja| - |ay |1 [a=]a,,,)» @nd hence by Theorem 8.5

ez

Ciol-low 347 Lial-la,.,1],
On the other hand we have by the formula §8(8)
[tal-law, 1] = [lal-(aadlal] = [a]-[au.],

Lla) = 1a,4e1) =Lial-[are,lal] = [al = [ais., 3.
Consequently we obtain [aa, ] i:, [a,.0]. From this relation
we conclude easily that [@,,, ] ='f>\" [afﬂ . Furthermore we
can prove likewise 0= N  La.l

-0 LA L te0
We have obviously by Theorems 8.6, 8.7 and the formula §11(12):

Theorem 12.3. If a system CFAJ (-0 A< 400 ) 18 a

resolution of & projector C(pl , then [f*Ja' (mo0 <) <+00)
is a resclution of [PJa. for every element & ¢ R.

Theorem 12.4. Corresponding to_a resolution &, (-cc<A <+eo)

of an element @ € R, there exists uniguely a resolution tpal
(-0 < A < +00 ) of the projector [a] such that '
Cpala = & for every real number A,
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Proof. For a resolution a, (-oe <A <+2°) of an element
® € R, putting r,\ = &, , we see easlly by Theorem 12.2 that
[PA] (-00a< A < +c0 ) 13 a resolution of the projector [a] and
satisfies the condition described in the theorem. Conversely,
if for a resolution [pP,] (-o0 <A<+eo) of the projector [a]l we
have Ep;]a.-_— @, for every real number X , then we obtain by
the formula §8(1) and by Theorem 8.2

(axd = [LpaJald = Tpadlal =LCpal,
since [pals(al. Therefore such resolution [p,](-00 <A< +o0)
of the projector [a] 1s uniquely determined.

Recalling Theorem 8.10 we obtain immediately by definition:

Theorem 12.5. Por 8 resolution [p,] (-ee <A <+22 ) of

a projector [P] , we obtain a resolution [73[”3 (mo0< A < +o0 )
of the projector [7][':] for every projector EfJ.

Theorem 12.6. Let a, (-oe € A < toe ) be a resolution
of an element & € R . If s function P(A) (-oo <A <+o°) 18

integrable by &, (-o0 < A < +o° ), then we have for -oo §°‘$P§"‘°‘
[ +50
5‘ v dasr = [ap-0u] j_u Prda sy,
Proof. For -o0 g o < {; S +00, 88 Qu =< a’ by assumption,
we have by Theorem 8.4
Eaf“auj = Ca-'J“ laald.
Since ¢ (A) 1is integrable by a4, (-o < A < +oo) by assumption,
we have by the formula §10(4)
400 + oo
(En,J—ta.J)J Ycx)doy = j Fx)dy (lagl-Ladd)aa,
- oo - oo
On the other hand we- have by the formula §11(5)
Lax]a = &y for every real number A ,

and further by Theorem 8.2 and by the formula §11(12)

[op]l - [aeal for A z B,
(Cagl-lau)lor] = ¢ [ax]- [0a] for & £ Agp,
0 for A <o,

Therefore we obtain by the formula §10(3) R
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S ?cz)d;(can-u.naa
'5 g0 dy (tarla-Toale) = j ?cx)dal.

§13 Integral representation

As a principal theorem in the first spectral theory we have

Theorem 13.1. To every elements a4 and - € R there

exists uniguely a resolution &y (-0 <A < 402 ) of a

such that .
N +00
fa14={- ado,.
-0
Proof. We shall consider first the case where &4 2 0 .

In this case, if we put
a,=[pdo, pr= (Ro- caJg)” (o0 <« A < +00),
then we can prove that @ (-o° < A <+99) satisfies our requirment.
For A <P , since 0< p» 5 Pp, we have [pa] =lpp] by
Theorem 8.3, and hence we obtain by Theorem 8.2
. A=CPA]a-=[PAJ[F’Ja=EPAJaf.
Consequently we have by the formula §11(4)
a4 ap for A< P.
For every sequence of real numbers i >°(,T‘:'A , since rd.'T::. Pa
by Theorems 6.1 and 5.10, we obtain by Theorem 8.5
CPe. 11,7, CPa3d,
and hence @g4, 1,7, &a - Consequently we have G _,= G a,
By virtue of Theorem 8.14 we have pbviously [p,] 11_' (al,
and hence
a, = [plo 1&:| @ .
From this relation we conclude @, = & , because @, (-o0<A <+00°)
is increasing. Since
o P-v = (va-e34)* = (va+[e14)7,
we have [p ] L::' 0 by Theorem 8.15,and hence a., J,m' .
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From thils relation we conclude Qoo = 0 . Therefore @a
(-0 < A < +o0 ) 18 a resolution of & .
Since we have by Theorem 8.7
tpral(ra —ral ) 20,
(1- Cpal)(ra - [al4) € O,
‘we obtain by the formulas §8(1) and §8(8) respectively
() Aoy 2 [padlaléd ="L[arl ¥,
() A(a-02)%= ([0l -Cpallel)d = [a-arld.
For A< § , since ar—a)‘ﬁ. 0.p by the formule 911(8), we conclude
from (#) by the formulas §11(5), §11(12) and by Theorem 8.4
flap-0G>) = Prap-ax]oap 2z [ap-ayIlaplé
= [ap-a,]éd = (rafJ"(@AJ)“,
and, since ap-ajs<a — & by the formula §11(10), we conclude
from (##) by the same formulas and Theorem
Alap-ar) =2 (ap-ar]la-ai)g [ap-ar]la-a,]4
= [ap-ar]4 =(Clapl-C(a:r1)4.
Consequently we have for A < f
X(ap—0x) € [apld—[eald & P (ap-a,),
Thus, for every partltion sl =i, < A< + - - <A,¢-P of [eo, F J,

we have
.3 ”
S A @a -0 )x Laplé-landds Z A (az, ~ax,_,),
=1
and hence we obtuln by detinition of integral
p
5 rda, = [_‘aPJ#— tasd 4,
ol
From this relation we conclude by Theorem lZ.2
>
[ Adar=1im _ (raplé-Coeudd) = 14,
o f3is P
Next we shall prove the uniqueness of such resolution @ ,
(60 € A < 400 )of & . ir
+o0
Lald = J Adca
-0
for another resolution Cj; {(—e0 < A < +oo) of @ , then we

have by the formulas §10(1) and §10(2)
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pma-Clalf = j*: (m-A)dyCa
= J# ((‘,A)‘CA + j;“(rt—)-)dCA\

-0
P

o e = g

As Cy (=00 <A < + o0 ) 1s increasing by Theorem 11.6, we have

[

(A-pmidca .

by Theorem 10.1
ﬂ + o0
S, -Ndex zo, jﬁ (A-mldca g o.
Since we have by Theorem 12.6
~” ~
- = -a)dece
[l am-2)den [epmd [ (u-20dea,
00 oo
]; (A-plder = (a=Cpl Ir‘ (A-pldea,
and further CC,..J[O-—C,“J =0 by Theorem 8.1, we obtain by
Theorem 7.3
~ e de o
f_“ (m-2ddex A fﬁ (rA=pmldta =0,
Therefore we have by Theorem 3.8
,‘
P =(mo-ralg)t = j_.. (pm=-2)de, .
From this relation we conclude by Theorem 12.6
= (" =
EC,AJPP = j-o. (F—A)ACA = Pf" -
Thus we have by Theorem 8.2
CCFJ zlppl for every real number
On the other hand, for any positive number £ we have by
Theorem 10.1 and by the formula §10(1)
m-€
>z
ez
and hence by Theorems 8.3 and 7.15
Cpped 28 [ ECu—¢ 1= ECp-tJ .
Since [Cu] = E\{. [C’._EJ by Theorem 12.2, we obtain hence

(p-2)dex 2z L’:a Eden = ECu-g 29,

[PI‘] = ECPJ for every real number M .
Consequently we have by the formula §11(5) for every real number
Now we can prove the general case. For two arbitrary ele-
ments @ and —@6 R , we obtain uniquely a resolution C 5

(- 08 <« A< +0°) of the positive part &% of a . and a
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resolution €, (- <X <+00 ) of the negative part a~
of & such that
+0c0 <+ 00
co*38= [ adea, ardc-4)={" ades
-0 -0
as proved Just now. Putting
ﬂa’cl'e‘\' (-0 <A < 4o0),

we obtain then a resolution a4, (=00 < A< +°2) of a by
Theorems 11.3 and 11.4, and we have by the formula §10(3)
(a1 =ra*1d +ca-38= [ Adaa,

Such a resolution @, (-00 € A <+e9) of a i3 determined

uniquely. Because, 1if

(a18= ('~ Adfa
for another resolution {,\ (-o0o <« A <+90) of @ , then we have
by the formulas $10(4) and §10(3) !

Ca*38 = {7 x dra*lfa, [a-l-4)= _ AdCa1(- 20,
Since [a*]fa (-o0< A < +°°) is agresolution of &* by Theorem
11.2, (a~J(- fo) (@< A < +e° ) i3 a resolution of a~ by
Theorems 11.2 and 11.3, we obtain ‘

?A=c°~*3‘fx, e, =[a"](-fr) (-0 <A < +o9)
by the uniqueness of such resolutions €, and €, (—ooc < A<+o0),
and consequently we have for every real number A

ar= Co—€x =Ca*Ifr +La-3fa = [alfsr = fa.

Theorem 12.4 says that to a resolution a4, (-so <X <<+eo) of
an element 0. € R there exists unigquely a resolution Lpxrl
(-o0< A < 40 ) of the projector [a] such that

(prlo= 0y ' (~o0< A < +e0 ),
Therefore we obtain by Theorem 13.1 that corresponding to every
palr of elements a and 4 € R there exists uniquely a resolution
Cpx]l (-o0 <X < 4o0) of the projector La] such that
(o1l = jf: A dy Cpada,

Such & resolution [py](—o0 <A< +o°) of [a] 1s called the



Spectral system of an element A €eR by an element

a € R,
In Proof of Theorem 31.1 we find easily that

cr=lrat-rot3jg)lat, ex=[cra-+[If) ]

7
a-*s C*-‘ e,\

(-9 <A < +o0).

Since we have by Theorems 7.4, 7.16 and by the formula §8(1)
[(rat-ra*)g)*]at = [(Aa-4)*](at]a,
[Liaa~+(a-]18)*]a" =

[(-ALa"Ja +Ca-1€)tI[a"](-a)
- [(ra-¢)"1la"Ja,

we obtain hence for every real number A

Therefore we have:

ax=([(aa-&)*Ila*] + [(Aa-£)"]la"])a.

Theorem 13.2.

an _element a € R

is _giveu by

[(ra-£)Jla*] +[Oa-£)"1la-] (-0 <A <+oo),
Theorem 13.3.

For the spectrsl system EFAJ (—oc0 €A < 4+ov0)
of en element £ e¢R by en element o eR , if
we have

@z o , then

+oo _ +o0
a1t = | Adepaia, Calg=- [ adicpaa,

reaiel = _indcpia.

Proof. As proved just in Proot of Theorem 13.1, we have
by assumption

+o0 °
talg= [ adcpda- | a)depadia,

["xd f' 2 d 0
X tpla A~ )  -2dipala = 0,
Therefore we obtain by Theorem 3.8

(a14* = (ra3f)* = | Axdrpde,

and further by the formula §10(7)

(el 4™ = (L2l 4)” = !_:.(—A) dcpada

+00 4+ o0
- adtpale = f X dal-Cp,d)a.
From these relations we conclude immediately

allgl= | _ Ixldcpie.

The spectral system of an element fe¢ R by

71
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§14 Relations between spectral systems
In the following we shall consider relations between spectral
systems of different elements only by a positive element & € R .

However, Theorems 14.1 snd 14.4 hold for an arbitrary element @ €R

( cr. §23).
Theorem 14.1. For_the spectral system [p,] (-eo< A <+o9)
of an element £ ¢ R by e positive element a. € R , if we put
' = - —00 < A <+oo
[g,]\ fa) PC\_LEP,-J ( ),

then (t*] (=00 <A < +o00 ) 1s the spectral systemof -4 by 2 .

+o0
Proof. As [ald = j )-JCF,\JO. by assumption, we have by the
— -0
formulas §10(1), §10(3), and §10(7)
oo +oo
[¢J<—4)=f rd(Ced-Cprd)o = f,m rd(Cal-Lpi D).
-0
Putting €, =((Cal- Ir_;])lL (-0 <« A < +o9), we obtain hence
by Theorem 10.2
+oo
al¢-4)=| xdey,,
-o0
and (,_, (-oe <A <+oo) is a resolatior of & by Theorem 11.E.
Furthermore we see easily by Theorems 2.2 and 2.4 that we have for
every real number 2
- - = - Cpel.
[ex-el =\ (Cal-Tppd)=lal- A  Cpr
We have obviously by Theorem 13.3:
Theorem 14.2. For the spectral system CPAJ (-00 <« A <+o0)
of an element {eR by a positive element a € R , putting
Cpal for A >0
Ez;] = { - ?
o for A < o0,

we obtain the spectral system fﬂ] (~m<A<+oo J)oft £t by 2 .

Theorem 14.3. For a positive number o , if CPAJ(—n<A<*°°

1s the:.spectral system of en element 46& by an element & € R ,

then [P&] (=00 <A < +oe ) 1s the spectral system of o/ £ by & .

00
Proof. Since Ca]‘:! ;\d[r,\]a. by assumption, we have by
o9

-

the formla §10(8)
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‘oo +oe d
[el(chd)= Lwdxd[p‘\:la. = j_.. Ada CP&_J& s
and we see further easily by definition that the system [ Pﬁ‘]
(~00 <« X < +e0 ) 18 a resolution of the projector [al .
Therefore EP_&. ] (=00 < A < +9°0 ) is the spectral system
of &4 by o

Theorem 14.4. If two systems CP)J and [iAJ (o0 <A <+00)

are respectively the spectral systems of elements 4 and ¢ e R

by a positive element a. ¢ R , then putting
3
(r,1= UV C C for rational numbers & ,
31 Sef<a P irJ A0r rational numbers £
we obtain the spectral system [r;] (-o°<A <+o°°) of £+ by a

Proof. ~ By virtue of Tneorem 13.2 we need only to prove
that, putting for every real number A
, P = (Ao -{alg)",
¢x = (Aa - Calc)?,
Y, = (Ra- [aJ(4+c))",
we have [r,] = n\f/<x Cf"][ffl for rational numbers 6 , £ .

\

For such systems p, , ?,ﬁ , and T3 (-co<x<+co0), we
obtain by Theorem 7.16 for every real numbers 6 , P , and X\
6lpsla zlpslé,
Prf,_la 2 [7dlc,
A(1-In)a g (1- 1) al(L+c),
and hence we have
AlpsIlgpd(1-Indda = [pedlppd(1-CHINE+E)
= (1-Ir1)(Lps1Lgpl4 + Cpelgplc)
£ (1-[n)(& [pellgplo+ fLpeIlfpla)
(6+P)(1-Cr1)pellgpla,
that is,{l—(e’+f)}CP¢]'[ir] (1-Lrad)a=0, Thus, if A>6+p,

then we have

i

Er"J[?rJ(i" [r,.‘l)a- =0,
since & Z 0 by assumption. This relation ylelds bv the
‘formula §8(1) and by Theorem 8.2
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Lpe1Lgpl(1-L3)=0,
since [p,]Lf,J(j—[r;J)g La] obviously. Therefore we have by
Theorem 8.2
[peIlgel £ 071] for A >6+f,

On the other hand we have by Theorem 7.16
& (1-Cpsl)a 3 (1-Cpel)tald,
PU-Tgpl)a £ (1- Cgp3)Lalc,
Alrnla z Irad(4d+c),
and hence we obtaln llkewise
{6+P) =2} (1-TpeI)(1-Tgp1)lrila 50,
Thus, 1f A <& +P , then we have (I-Cch)(l—tyf])fr;]o. =0,
and we conclude likewise
(1-Cpe1)(1-TgpI)Iral=0.
Therefore we have by Theorem 8.2
ral(1-Cpel) = [ el for A< 6+§p,
For any rational number § > o0 , we have by Theorem 5.15

7
Q= xl}-;meo é.:” (KP‘,‘J - CP“,-.)Q Ja

U (1=P-ns D Ipele,

oo

since [r,,] (o0 < A < +2° ) 18 a resolution of the projector (al .

For a rational number & such that
rA-E< § <A ,

v

since A - 2§ < (v-1)§ +(§-vE), we have hence by Theorem 7.6
t*on
[ rx-;g ]a' = ‘};./_,, C Y.A—Il. J(I—IP“_.,‘J) cPvt Ja

oo
s ,\.j_., [ f&-vi]crvil o,
and hence we have by the formula §8(1) and by Theorem 8.8&

oo
[V-asd =[TageJla] = Yo tfs-us-nf’n] .
This relation ylelds obviously
[V.2e1 8 ‘*\P}<>~ Crg-J(YpJ for rational numbers €, P,
Here a rational number § >0 may be arbitrary, and we have
o0
nl= }sjt r r,‘_% ],

since [r, ] (-0 <A< +oo ) 1s a resolution of the projector (a].
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Therefore we conclude
[l =°’*‘l:l<}» CPs3Tgp] for rational numvers G , §
for every real number A
As shown jJust sbove, we can discuss the relations between
spectral systems, but it 1s difficult and complicated. We will
however recognize after thet it will become easy and simple, if

we apply the second spectral theory.
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CHAPTER III
SECOND __SPECTRAL __THEORY

§15 Maximal ideals

Let R ~be a continuous semi-ordered llnear space 1in tne

sequel. A set of projectors $ is celled an ideal, 1if
1) &350,
2) & 21p), Cpl =gl implies % 3 [pd,’
3) & 20pl, 210q] implies p 3 [pllg].

An ideal &b 1s sald to be maximal, if there exists no other ideal
including 2

From the postulates 1) and 2) we conclude obvliously that every
ideal J satisfies the conditlon:

(F) [psIlpal ++-LPc)¥ 0 for every finite number of

projectors Lp,J,Cped, ---,[pl€ F.

Conversely we have: Y
Theorem 15.1. If a set of projectors 3. satisfies the
condition (F), then there exists a maximal ideal including g. .
Proof. By virtue of Maximal theorem we see easily that

there exists a maximal set of projectors ? which include g,

and satisfies the condition (F). Such ? is a maximal 1deal.
In fact, we have obviously J 30 . If $3Cp] and (pls Cgl,
then we have £ 3 C?J . Because, if ¥ 3 Ef J, then the set of

projectors {3 ,[?]} satisfies obviously the condition (F), con-
tradicting that ; is a maximal set of projectora satisfying
the condition (F). Finally, if @ 3 [pl ,3 EfJ , then we
have ; 3 EPJ[fJ. Because, if P 3Lpl Cz 1, then the set of
projectors {g ,ip][f]} satisfies obviously the condition (F),
contradicting that 3 is & maximal set of projectors satisfyling

the condition (F). Therefore g is an ideal Dby definition.

Furthermore g— i1s maximal, because every ideal satj- “les the
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condition (F).

Theorem 15.2. In oru>r that an ideal $ be maximal, 1t
1s necessary and sufficient that to any projector L’?J € g there

exists s projector [pJEé€ & for which we have [Pj[f_‘] = 0.
Proof. Let F Dbe an 1deal. If there exists a

projector [¢J € F such that

EPJE?J #* 0 for every projector [p] é} 3
then the set of projectors {g > [?J} satisfles obviously the
condition (F), and hence there exists by the previous theorem
a maximal ideal 1including {3’ > L ] } . Therefore F
i1s not maximal.

Conversely, 1f $ is not maximal, then there exists by
definition an 1deal 3‘, which includes § and does not coincide
with ; , that is, there exists s projector [¢] such that
(gl € 3., but [¢] € g . For such a projector [g 1 we
have obviously by definition of ideal

[pJCfJ:Fo for every projector [plé€ }.

Theorem 15.3. Let éa be_a maximal ideal. ir

& > Ep.'JvrrdV cee M pal,
then there exists ) for which we have ; P) Efy] .

Proof. Ir g 3 Cp.] for every yv=1, 2,..., ¥ , then
there exlst by the previous theorem prcjectors [?,] € }
(¥ =1, 2,..., X ) such that

L'Fy][?,,]=0 for every v=1, 2,..., ® .
For such projectors [g.] (v =1, 2,..., ), putting

g3 = Cgudlgad e« (gl
we have [g] € g. by the postula?e 3), end naturally

Ef—][?] =0 for every V=1, 2,..., X .

Consequently we have by Theorem 8.8

(CPI¥Lpal¥ee. Y peD) gl =0,
and hence (p,J¥ [Pyl ... . VCpel EJ; by the postulates 1) and 3).
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Corresponding to every projector (p] we define Ur” to
mean the set of all maximal 1ideals g 3 Lpl , and naturally

_U[D] = O. .
With this definition we have obviously:
(1) S e UCPJ if and only if £ 3Lp1.
(2) Ueps Uegs = Tgpagga

Because, 1f % € vCrvayJ' then we have } 3Lpl, 3 EYJ by the
formuls (1), and hence g 3 EFthJ by the postulate 3), that 1s,
} 3 ‘(qu] by the formula (1). Conversely, if 3 € _UCrJEt];
then we have 3 3 CPJCfJ , and hence 8 3Cpl, > Efj by the
postulate 2), that is, : € -U;:pJ_UQJ by the formula (1).

By virtue of Theorem 8.3 and by the postulate 2), we have

arcprvirygl

if end only 1f % 3 Cpl or g 3093 . Therefore we have by
the formula (1)

(3) Ucps + Ties = vtmvrg] .

-U‘:PJ > v‘f’ 1s obviously equivalent to TUg,, UCIJ = 'U'ct_,; and
[r]g C?] is equivalent to [PJ CfJ = Cyj by Theorem 8.2. Further-
more vCp:ch- 'U't“ implies [pll91 = L[¢7J. Because, 1f
(g3~ Cf][pJ*Fa » then, since [¢J- (71Cp] 1s a projector by
the formula §8(7), there exists by Theorem 15.1 a maximal ideal
g ERT ] —E?Jlrj . PFor such $ , since

[g1- [gIlpl g [gd, [pllpa(Lgl-Tgilpl) =0,

we have : 3 [g] by the postulate 2), but 2 E) L’,]L'f] by the
postulates 1) and 3), that 1s, P € 'UciJ but F € _UCFJriJ by the
formula (1).

Therefore we obtain by the formula (2):

(4) 'U,;P] 2 vf?-" if and only if C(pl 2 Cf],
Recalling Theorem 8.1 we have obviously by the formulas (2) and (4):
(s) Uep; Uggz=0 1f and only if (p1L31=0, that 1s, pL¢.

Since [p][ij([r]—tp.'l[?])-': 0 , we have by the
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formula §8(¢€)
Lpilgl ™Y (Lpl —Lpilgl) = [p1,
and hence we obtain by the formulas (3) and (S)
Ueps = Teparga + Teps - tpaggas
UEthfJ UCpJ— pigyy = 0.
Therefore we have

(e) ) )

tp1 — Yips -Ucf: = Ut,s—-tpnrp .

§16 Proper spaces

Consldering every maximal ideal as a point, we obtain a space
E , which consists of all maximal ideals. We can introduce
a topology into this space £ such that the totality of 'UCPJ tor
all projectors [ p ] constitutes a neighbourhood system, because
the set of all U[PJ satisfies the nelghbourhood conditions by the
formulas $15(1) and §15(2). This topologicsal aspace FE_ 1s
called the proper space of a continuous seml-ordered linear space
R , and 'Vtr: is called a neighbourhood in the proper space E_

Theorem 16.1. The proper space E. 1s a Hausdorff space.
Proof. If two maximal ideals g, and g,. are different,

then there exists obviously & projector [p,] such that J‘, 3 Cpid
but :,_'5 Lpid. For such a projector [p,] we obtain by Theorem
15.2 8 projector [p,] € 3,_ such that (ps1[psl=0. Then
we have by the formulas §15(1) and §15(5)

FreTepa, A€ Tgpass Tepn TUep,y = 9-
Therefore E. 1s a Hausdorff space by definition.

Theorem 16.2. Every neighbourhood U‘PJ is compact, and

hence ‘U',:'J 1s open and closed at the same time for every [pJ .

Broof. Ir v‘PJ c = _UEP*]' then we have

XEA
| T A Yeps = Tepa Topas }=o0,
and hence by the formula §15(6)
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) T Uepa-cpacpas = O
Ir If‘ Uc” - CPJEPMJ*O tor every tinite number of elements
Ay, 22, 0.0,Ac €A, then we see easily by the formula §15(2)
that the set of projectors
Cpl—Lpllpal (xe A )

satisfies the condition (F) 1in §15, and hence there exists by
Theorem 15.1 a maximal 1ideal $ such that

&3 tpl - (pIlpa] for every €A,
that 1s, P € ITA U(PJ’CPHPAJ by the formula §15(1), contradicting
the telation (#). Therefore there exists a finlte number
of elements Xy,Aa,.-.,A,€/ such that

x

I,T. -UC':]—Ep]fov] =0,
hld

that 1s, T,y C E_I UEPAJ' Thus TUgp; 1s compact by defi-
nition. Since the proper spece E. is a Hausdorff space Dby
the previous theorem, UCN 1s hence closed by Theorem 1, and
Ucp,; is open obviously by definition of topology of E. .

pl

By virtue of this theorem we find that the proper space E

1s 8 locally compact Hausdorff space.

Theorem 16.3. In the proper space E. of R , if a

compact set /4 is included 1in an open set R°® , then there
exists a projector [p] such that
A <€ Tgpy € B .

Proof. Since the set of all 'Uc,,] constitutes a neighbour-

hood system of E. , to every open set R° there exists a system
‘Ucﬂ: (Xx€& A ) such that
o
B® = =2 vc,,,] .

AEAN

Since /4 C 5’ and A is compact by assumption, there exists then

a finite number of elements 11,)‘,,,...,)\,‘5/1 for which we have
Ac 5 T c B®
Z- C PAVJ .

=
For such Ay, Aa,... , A€/, putting [pl= [FA']VEI’A..]V W B
we have by the formula §15(3)
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x®
v‘-’PJ =25 Ueraas
and hence A € Ugy,, < B,

From this theorem we conclude immediately:

Theorem 16.4. To_an open compact set A in_the proper

space E of R there exists uniquely a projector EP] for which
we have A = vtp .

Theorem 16.5. For a sequence of projectors [r,J

(v =1, 2,...) we have
‘ Ueps = (Z Urr.] )_
Af snd only if I[pl = \J Cpvl.
Proof. If [p]l = .\:J.' fl’vl- then we have obviously
tpl z (p] for every V=1, 2,...,
and hence by the formula §15(4)
Tepr 2 ,i:- '(T[P”J .
Since -U‘PJ is closed by Theorem 16.2, we obtain hence
Ty 2 (2 Tepa ).
Purthermore, for any neighbourhood ’U}'J < 'U}’,, (2: (7% )
we have by the formulas §15(4) and §15(5)
[[JS,EP], [i][r,]---a for every y=1, 2,...,
and consequently by Theorems 8.2 and 8.8
(g1 = [g1lpl = v, (pilp.]=0.

vel

Therefore we must have
oo -
-U-CP] = (yzsf v(rv]) .
Conversely, from this relation we conclude by the formula §15(4)
[pl z Lp] for every ¥=1, 2,...,
and hence there exists by Theorem 8.7 a projector tf ] for which
©0
(§l= Y Ip].
For such [2] we have
= U,
'U,t] = (Z- -Urpj) Cpl
as proved just now. Conseguently we have [i]= [r] by the

formula §15(4).
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Theorem 16.6. For a sequence of projectors Lp.1 (v=1,

2,...) we have

Ueps = ( JT, Tep, s )

24}

if end only if [(p]l = A tped.

12 2]
Proof. 'Uq,] =(‘ﬁ' .th.:). is equivalent to

=y
v‘hl - v‘rl = { E,-' (vrp.l - Utp,jvt’,: J } s
and hence by the formula §15(6) equivalent to
pd -
vq».:—:p: = ( ,2,' Utp..’l—tp.:[r»J ).
tpl =ﬁ[p..] is equivalent to
= s
(P|]" [PJ = }tj' (CPIJ—' [PIJEFVJ)’
because for every positive element 2 € K we have by Theorems 2.2,
2.4, 8.6, and 8.7
L _J oo o0
Y, (cpa- Cpidlp) o = (pda— 1) (pllpI0 =(Er.]-[_'\| tpa)a .

Therefore this theorem is reduced to the previous theorem.

Theorem 16.7. For every i-gpen set ,4 in the proper
space F of R , its closure A~ 1is open too.
Proof. We suppose that

A=B,+Bg4--
for a sequence of closed sets B, (v=1, 2,...) and 4 1s
open. For any neighbourhood _UtPJ B Byvcrz is compact by
Theorem 16.2, and hence there exists by Theorem 15.6 a projector

Cpr1 such that
B.Ucpy € Uepy € AT (v=1, 2,...).
Then we have obviously

oo
AUcps = 2, Uepua -

Since we have by the formula §15(4)

Cpl 2 Cp.3 for every V=1, 2,...,
there exists by Theorem 8.7 a projector E{ ] for which

o0

E?] = rL:-Jl CP"]'

Por such (ql] we have by Theorem 16.5
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v[t]'_"- (% vtp,:) = (Avtp:\) =A vcr:)
since 'V;,,; is open and closed at the same time. Therefore
A V‘PJ is open for every neighbourhood 'U‘,_.P:I . On the
other hand we have naturally

A" = = A vc’g >

Per
and consequently A~ 1s open too.

§17 Proper values
Let EDbe the proper space of R . For every element
a € R we have by Theorems 8.1 and 8.4
(al=(a*]+ [a"], LatIlla"]l=o0,
and hence by the formulas §15(3) and §15(5)

Ve = U + T Utars U,

Ca*) ta-1) ta-1 = 0.
Therefore for any point 3 € E we have one and only one of the
three cases:
Y ?E U[n’J ’ 2) ; € vto.J > 3) ge vta-‘J .
Corresponding to each case we define the proper value (q,,#) of

an element @ ¢ R at 3’. as

+ oo for % € Ura.'l,
(e 3)= 0 for & € Ug,,,
et for P € Tea-g.
Since Uges = O , we have naturally
(1) (o, &r=o0,
and we see at once by definition
(2) (e,%2)20 Af and only 1f P € Uc,-y,
(3) (a;3) 50 if and only if £ € Uraeg,
(4) (o, 3) % 0 if and only if % € Ucaa.

Since we have by Theorem 7.4 and by the formula §8(1)
((Cpila)*] = tpilla*], (Cplal = C[pilel,
we obtain by the formula §15(2)
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Veecpzorts = Ueps Vrarss Ueeprag = Teps Teas.

Therefore we have by definition

(s) (e, 2)=(cpla, )  for e Ucpa »
If a z £ , then we have by Theorem 3.7
at 2 4%, a- s 47,
and hence by Theorem 8.3
[at]lz=[4%], (ol s (471,
and consequently further by the formula §15(4)
Urars 2 Uegns s Tta-1 € Ugy-g,

From these relations we conclude by definition that
(n.,;) =0 1implies % € Vrv: , namely (_J)g.) <0
(“13) = ~oo implies (4,33) =-00,

Therefore we have

(6) o= £ implies (o-,2)Z (4, %)

For every positive number o we have by Theorems 3.9 and 7.5
((aa0)*] = [dat] = [a*l, [a]= Cal,
[(~ota)*I=[(aa)FI=LaF], [-etal=[al.

Consequently we have by definition

(7) (dq,,;)=d(a.,;)
for every resl number o , adopting the convention 0O (x oo) = 0.

(8) (o+4,p)= Co, 2+ (£, )
if the right side has any sense. Because, 1if

(a,2)=1+00, (4,82 2’0,
then we have £ ¢ UE@*J by definition and f € Upy-y OY the
formula (2), and hence further by the formula §15(6)
&€ Tears ~ Uears Vet = Uppegrarace-1.

Then we have by the formula (5)

(a+4, 8) = ((Ca*3-La*3r£-1)(avd), £).

As (Lat)-[a*3(47))(a+4) =((a*]-[a*l[¢-3) (at + £7 ) Dby Theorem

7.16, we have hence, by the formulas (5) and (&)
(at4,8)=(ar+d*, £) 2 (o, p) =+,
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since & € 'Ut by assumption. Therefore our essertion (8)

ot]
is obtained in the case: (a,;)s +o0, (4,3) =z 0.
In the case: (a,;):—«:, (4,3) = 0, we have by the formula (7)
(—a.,})-:-roo, (_.@’2)30,
and hence by the previous case
(atd,8)=-C-a-4,p)= “Co P -¢4,3) = (a,3) F (4.5
In the final case: (a.,;) = (4,})= 0 , we have by definition
¥ Uay, F € Tryy,
and hence by the formulas §15(3) and §8(3)
2€ Ueas + Tegy = Uigsoures = Toimisraias
On the other hand, as |a |+ |4!l = |a+£]| , we have by Theorem 8.3
snd by the formula §15(4)
Ttior+ 1411 2 Ycasss.
Consequently we have # € vca.+43' namely (o +4, $)=0 vy
definition. -
By virtue of the formula (6) we have obviously
(av 4, F)z Max -{(5\-;3) , (4, $)} .
ir (a.,g)f_o, (4,$)§ 0, then we have by the formula (3)
&€ Yo, & € Urgeas
and hence by the formulas §15(3) and §(3)
€ Toey + Uy = Vtarzecges = Vcarv 413,
Since pt v gt = (av .£)' by Theorem 3.2, we obtain then
FE Trcavprrans
that 1s, (av~ 4, F)S0 by the formls (3).
Furthermore, if (a., 3 )= (4, 3 )= 0 , then we have by the
formulas §15(3) and §8(1)
&€ Tea-1TUcs-3= Vtarace-1 = Utamng-3.
Since we have by Theorems 3.3 and 2.2
@A d” = (aIY0)A(-4)70)= ((ma)n(-4))Va = (¥4,
we obtaln then ; € 'Uc(a,..&)-_] » that 1s, (a,v_‘,’ ; )= - o0
by definition. Therefore we have
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(9) (av4,3)=1Mex {(a,g), 4, 2)}.
Thus we obtain further by the formula (7)
(and,2)=-(Ccmve-8,2)
= — Max {(-a,3), 4,81} = ¥1n {(a, ), (4: 8]
that 1s, we have
(10) (and,g)=Min { (2,817 (4,23,
Theorem 17.1. For a point £ € Ucqy, i
(A,atd, 5)=(a,p)
for some real number 1, , then we also have
“_a_.,._&,g);- C“’J}) for _every A > A,.
Proof. If (rya+4 ,2) # (a,p) for some real number

A, > A, , then, since by assumption
(R0 + 4, 2)= (o, 0) 0
we conclude easily by definition
(l,a+d,2)-(Ma+4,2) = (a,p),
and hence by the formules (7) and (8)
(A.—A.)(a-,;) = (a,:) 0,
contradicting the assumption A,- A, <.
Theorem 17.2. For a point # € Teay » L
(oot 4, )= -(a,s)
for some real number A, , then we alsoc have
(Aa-r#,:):—(m,;) for every a1 < A,.
Proof. For a point % € Uiy » I
Reat4,2) =~ (o, ),
then we have by the formula (7)
(-2,0o- 4, 3= (a',:),

and hence by the previous theorem

(—Aﬂ---‘,})‘-'-‘ (o, ) for -2 > -2,,
that 1s, we have

(xa.+4,;)=-(a-,g) for every A < As.
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Theorem 17.3. ir p 3 Ucas» then we have

(Aa+é,8)#*0

for all real numbers A up to at most one valus of A

Proof. If (ao+d,8)=(ran+4, £) =0 , then we have
by the formulas (7) and (8)
(AM=2r) (5 8) =0,

and hence X, = A, , since (a,2)* 0 by assumption.

§fi8 Relative spectra

By virtue of Theorems 17.1, 17.2, and 17.3 we see easily that

1f 2 € Ugay, then to every element 4§ € R there exists

uniquely E , Wwhich may be =t oo as well as a real number,
such that
(a, £) for A >¥,
(AG-—", ; ) = { ;
“(a,8) for A <},

Such uniquely determined ¥ is called the relsative spectrum of
an element £ € R by an element a € R at a point $ and

denoted by

(£,5)

The relative spectrum (% » g ) 1s defined therefore only for
&€ T,
With this definition we have obviously:
Theorem 18.1. Iir (Aa.‘.&,a-_ ) =(a,p)+ 0, then we have
Az (% );).
ir ()m.—-l,: )= - (a,;)# 0 , then we have A < (-ﬁ-,;),

Theorem 18.2. For every real number o we hava
A
(T-2)=¢2 (& €Ucay)
Proof. Since we have by the formula §17(7)

(Ro-aa, ) = (A-ot)(ay2)

we obtain ohviously
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(o, 2) for A >4,
(Ao —cto, 2)= {
-, %) for A <o,

and hence (22,2 ) = o by definition.
Theorem 18.3. ({,,3‘) =0 Aimplies
(é’$)=o Eéevtu-
Proof. I (6,2)=0 , then we have by the formulas
§17(7) and §17(8)
(Aa-4,2)=2(a;s %),
Therefore we have obviously
(a-4,3) = { (e:4) for A >0,
~(o5%) for A <o,
and hence (é » 3) =0 for Je Uraj by definition.

Theorem 18.4. For every point 3 € ‘UEP._\'U“J we have
= ( Lpd = . [ [p3é
(4,4)= (B p)= (Ghroa)= (S3E.2).
Proof. For g € U':PJ 'U;:“] we have by the formuls §17(5)
Qa-4,2) = (xcpla—-cp14, ),
. (a.,;)f—'(EpJa,,;),
and hence we obtain by definition
£ pid 14
(%-3)= ( tpia ’

By virtue of this relation we obtaln further

(e3f. )= (2REE "a;)=<—‘ﬂ3i:of>,

cpla cplo-
4 = tpisd = ( tpit
( tpia )é;) ( (PJ(PJa',;) (CPJG"$))
since (pJCpl= (p] by Theorem 7.2.
Theorem 18. 5. For every real number of Wwe have
(5= )‘d(—’;) (F € Tpoy)
adopting the convention 0(toce)=0.
Proof. We shall consider first the case: ol >0 . In

this case, 1if
A > o (% > & ),
then we have naturally .ﬁ— > ( —é— s } ) , and hence by definition
(koa-4,8)= (o> 3.
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Therefore we obtain by the formula §17(7) that

(Ra -l f,2)=(a,¥) i A >t (é:$)-
We also can prove likewise that
(ra—otf,2)=~(a,$) it e (£,2).

Consegquently we have by definition
«§ - £
(T;g)—d(i’ig).
in the case: o >0 . We also can dispose likewise of the
case: & < 0 . The final case: ol =0 1is evident by

Theorem 18.3.

Theorem 18.6. For a point :e vl:a:l , we have
+c _ £ 4
(‘—a_-‘ )@)— (= ’;)‘l’(—a—")g)
if the right side has any sense.
Proof. ir A > (é— ;3 )+ (% :$ ) , then there exists

obviously real numbers & and §f  such that
G—>('ﬁf’3), f>(‘£‘:}), A=6+f.
For such € &nd P we have by definition
(6a—4&,2)=(Pa—-C,8)=(a,8),
and hence b'y the formula §17(8)
(A —(f+c), 2)=((Ga-L)+(fa-C)yp) = (o 2).
We alsc can prove likewlse trhat if A < ({- ,:)+ (% s &b)
then we have
(Aa.—(#«o-C),;)’—‘ - (a')g)-
Therefore we obtain (f%i,; )= ({-,3) +(-f:,@) , by definition,

if the right slde has a sense.

Theorem 18.7. For every real number ol % 0 We have
odf (4
(ﬁ!@)—(;’:J) (g €Uiay).
Proof. Since we have by the formula §17(7)

(reta-af,2)=o (Ao-4,2),
(o, ) = (05,2),
we obtain (g_é-, )= (%,3) by definition, if o %0,
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Theorem 18.8. For every point # € Uco+s , £z c implies
($£.52)z (£-8).
Proof. For a point § € Uga+s , if A > (-ﬁ-: &) , then
we have by definition
(ra—-¢,p)=(a,p)=+oo,
For ¢ ¢ £ , since 1a-C 22a -4 , we obtain hence by
the formula §17(6)
(ho-C,R) = +00 = (0, p),
and consequently A 2 (% > g ) by Theorem 18.1. Therefore
we have
(%’3);(%’;) for 4&C.
Theorem 18.9. For every point 3 € vrn.’l we have
‘"‘ sp) = Mex ({;,;), (&%
dot,2)= wn { (£, ), (£,200

Proof. For every point € U.,+, we have obviously by
FERSEY ot

the previous theorem ,
(52.8) 2 wex { (£, 80, (L.p0).
If A > Max { (_ﬁ—,;), (%_— F )} , then we have by definition
(Ra—-4,¢)= (Aa-c, p2)=(a,3),
and hence by the formula $17(10)
(ra—-4)n (Aa—C) P)= (0, 8).
Since (Aa—-4£) ~(Aa—c)=2Aa-(LY(c) by Theorems 2.2 and 2.4, we
obtain then
(ha-— (8¥C)> &) = (a5 3),
and consequently A 2 (ﬁgs > }) by Theorem 18.1. Therefore
we have for every point 3 € Ura+s
(553)=ux {(£.5), <. p0.
From this relatlion we cen conclude by Theorem 18.5
(52,4) = - (=zea) , )
= - Max { c_,-f,g), (55,80}
=un { (&£,2), (£,8)}.
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Theorem 18.10. For every point Fe L.“ we have
£ —_ 41 _
I(E’})‘_I(%’})“I(Tﬁ’;”: IGI,J_J
Proof. By virtue of Theorem 18,6 we have

- -
(L£.2)=(E£.8)-(£:2),
Ghar= (£.0+ k),
and further by Thecrem 18.3
(£ N
a_,g_)=o or (‘6."5)=° (&€ Ty,
since UE-C’J -Uil'J=0 by the formuls §15(5). Therefore we have
l(é:;)l'—-“(—'{?");), (:E -U;,,J).
For 3 € Utu*J we have by Theorem 18.4
I £
(£:8) = (Fn-3) = Gmog)= (L2
since [a*]a = &t =[a*lla| by Theorem 7.12; and for $ € ‘U'“'-J
we have by Theorems 18.4 and 18. 7
= =-(rt
’37) Ty (a.‘Ja. ’@) ( Tal ’3) - (TJ’J')’
since [a~}a = -a~=-[p7llal by Theorem 7.12. Therefore we have
l(i—,g)[—!(-,{-l,;)l (F€T.y)
Since (1= M‘ ,@) Z 0 by Theorems 18.8 and 18.3, we obtaln hence

(4,200 =1(H 0] = (e, 50,

Theorem 18.11. 4l solo| implies
l(—ﬁ—ag)lgd (2 €Upay).
Proof. 1r |4l < otla|, chen we have by Theorems 18.10,

18.8, and 18.2
4 otla] .
(d.pol=(2s2)s (B88) =
Theorem 18.1%2. For a point #¢ U, T ,, we have
(£-8)=(F:20E58)

1f the right side has any sense.

Proof. By virtue of Theorems 18.% and 18.7 we can assume
without loss of generallty that
c <
(T:J’.)Za, (F:%)=z0.

We shall consider first the case: (o, g) = (#,:.) . In this
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case, if for & real number A
x> (@ )
then there exist real numbers § and G~ such that
£>(58), &>(£:8) x=99,
and we have by definition
(PE-Cr 8)=(4,8), (Sa-4,8)=(a,%).
These relations yield by the formulas §17(7) and §17(8)
(Ra-c, 2)=(P@Er-4)t(PE-C), &)
= f(a,;)+(£,3) = (a,;).
If 0 <A < <%’$ )(_é-, g), then there exist real numbers
f’ and 6 such that
o<p<(£.p), o<s<(£,2), a=vrs,
and we have by definition
(fg’C,aE)=—(#,3), (G'a-—«?,g):-—-—(a.,g).
From these relations we conclude likewise
(Aa-¢c,2) = —(a,g).
it (—%—,3)(%;;)9‘_0 , then we have naturally .; essumption
o= (£,5) <+,
and hence to any negative number A Ythere exist obviously real
numbers § and G such that
p<o, 6>({—,g), A=p6,
Then we have by definition
(PE-C,3)=-(4,% (6a-4,%)=(a,2>,
These relations yleld by the formulas §17(7) and §17(8)
(Ao -C, :) = Pla,p)-(4, $)= - (a,,;),
since f< 0 and (a,;): (8,;) by assumption. Therefore
we have by definition
(£,8)=(5-80E8)-
In the other case: (a-,;) =-(4, g) , we have by Theorem 18.1
(%’;) =0,

because (aa-ﬂ,y)z (o, g) by the formula §17(7). Therefore
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we have by assumption
oé(%:;)<*°": (%)5)(%:?)"0'
Por any positive number X, putting
P <o, G <o, A= PG,
we have by definition
(P4-c)=-(4,%), (ca-4,p)=-(a, ).
These relations yleld by the formulas §17(7) and §17(8)
(Ao —-C, ) = —f(a');)—(l,g) =(a,%),
because - P(a,;):.— —(.{):) =(a,,g)by assumption.
To any negative number ) there exist obviously real numbers
¢ 8nd 6  such that
f>(‘cé"5’)’ s <o, A =6,
and we have by definition
(M—c,y)=(42,;), (6'u—£,3)=—(a.,3).
From these relations we conclude by the fdrmulas §17(7) and §17(8)
(Aa-c, ) =-FPla,p)+4,5)=-(a, ),
because -§ (a.,:) = (4, dq?):,--(a,})by assumption. Therefore

we have by definition
c —_
(x>3)=0.

§19 Relative spectra as functions of g

Every relative spectrum (.‘% ,g) may be considered as a

function on 'Uro‘] l in the proper space E of R

.Theorem 19.1. Por a positive element a ¢ R , if
[plgCa] sand
(7‘; yg)zo for every point F e Uy,
then we have [(pJf 2 0.
Proof. it (%,3) Z 0 for erry 2e€ T,y them

for any positive number § we have by definltion
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(—Ea.—l,:)::—(a,;):—oc for every f € v‘PJJ
since & z 0 Dby essumptlon, that 1is, 3’ € U‘PJ implies
F€ Utica-g)r-3
by definitlion. Therefore we have obviously
Ueps € Uiesa-4g)-1,
and hence by the formula §15(4)
[pl g [(C-Ea-4)"1,
Consequently we obtain by Theorems 8.2, 7.9, and 7.12
p=0CGta-£)"1p L (-ca- 4.
This relation ylelds by Theorem 7.12
pl(-ea-4)=-(pi(-ta-4)"
that 1s, we have for any positive number ¢
-lpléd 2 ECpla.
Therefore we obtain by Theorem 6.3 '
-[pl4 <= 0 , namely (pif{zo.
Theorem 19.2. Every relative spectrum (-‘é— 5 @ ) is s

WA
Q

continuous function on Tp, g,
Proof. For an arbitrary point J, € Ucay , 1if
(‘é‘ > ;a ) < )‘)
then we have by definition
(ra-4,5.) = Coy 2D
In the case: (a.,g,): +o00, we have then by definition
s € vrauz Uco.a.—l)‘l,
re-4, ) =(a, F) for every £e Uy, vcc.\a—JJ“J)
and hence by Theorem 18.1
(";‘{: : )g). for every&P(-'U'ch vccm-oﬁ.
In the other case: (a,? )= —oo, we also obtain likewise
Foe Tioy Tetraar-3,
(-{- p) : ) s A for every 39 ta-3 ‘Ucu_a__‘)-_‘.
Therefore ( %) ax_) is upper semi- continuous at 3., . Since

the point :' ¢ ’U‘cm may be arbitrary, —; > B ) 1s hence

Co-)
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upper semi-continuow¥ in Ugag

Since (:é > g. > is upper semi-continuous 1n 177:&] , &s
proved just now, we see easily by Theorem 18.5 that (—f;, ? )
1s lower seml-continuous in Ug,5. Therefore  ( _:g._.. > 3)
1s continuous in Te,;y.

Theorem 19.3. Every relative spectrum (% P ) 1=

almost finite in Urey , that is, (%, % ) is finite 1in

an open set being dense in ‘Ur“] .

Proof. Since (Li; 5 ; ) 1s continuous 1in U‘cuj by the
previous theorem, the point set
A={g: 1(£.4)]<+o}

1s an open set Iincluded in T

Ca3
For any neighbourhood ‘ULPJC 'Uu] — A~ we have naturally
' I("f."$)l=*"° for every ;5-0:’:,
and hence by Theorems 18.6, 18.5, 18.2, and 18.10

(Lioviel, g )= (L, 2)-v = [(£.5)]-v =+oo
for every f ¢ 'UCPJ and ¥ = 1, 2,.... From this relation
we conclude by Theorem 19.1
(piCidl-viat) z o0,
that 1s,-";[_p][{lg(p]]a| for every y =1, 2,...., and hence
[pllal = 0 vy Theorem 6.3. A8 [(p]<Ca] Dby the formula
§15(4), we have consequently by Theorem 8.2 and the formula §8(1)
(pl= Cpllal = [(pllal] =0,

that 1s, ‘U',_P] =0 . since UE&J — A~ 1s obviously open, we
obtaln therefore A-= 'U(“, that 1s, A is dense in vCo,:l-
Theorem 19.4. For a positive element a. € R , if
pl = (al, !

(%,;)g(%,;) for every JEVcra;
then we have cP]!, 2 (plc.
Proof. By virtue of the previous theorem there exists an

open set A Dbeing dense in U, ,, such that
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l(é:g}l<+oﬂ for every J € A.

Then for every point ; €A Ufp,]'e have by Theorems 18.5 and 18.6

(35, 8)=(£.32)-(&.8) zo0.
Since (—a—,g) is continuous in ‘U'“J by Theorem 19.2, and the
point set A U¢ p3 1s cense in 'U'c'] , we have further

-C
(40' &) zo for every e Uc,,,

and hence by Theorem 19.1

[pl4-¢c) z0 , namely (pl1d = E'pJo.
Theorem 19.5. For a projector [pls Lol ir
(_‘%,3).—_—(_&-,;) for everxd*ge v‘l“"
then we have [p1f = [plC.

Proof. By assumption we have naturally
(%,g)-——'(%,g) for every 2 e ‘UCPJ'U'(“‘*J)
(%,;):(%,:) for every ¢ € Ucp; Uca-a.
For every ;e‘[)’tpJ -Uca*] , since (a*]Jo = &'t , we have then by
Theorem 18B.4
( 0 ¥ ) = ('ﬁ? ' F ),
and hence Cp][a.*]{=[p][a*lc by the previous theorem.
Since [a~}Ja= - A&~, we also have by Theorems 18.4, 18.8&, 18.7
( =} )= (,-, &) for every £ e Ty, Tta-3,
and hence Cpita-3 £ = Lpita-1C by the previous theorem,
Therefore we obtaln (p].{ =(plC » becsuse we have by Theorems
8.2 and 8.4
L‘r)([u*]-*ta’.]) = Cpllal = (pl.
Since I(i,;)l = (18l .

immediatély by Theorems 19.4, 18.11, and 18.4:

,5) by Theorem 18.10, we obtain

Theorem 19.6. |(i,3 )|§o( for every £ ‘e Ueasy T cpa s
Af and only if |[adCpl | < & Cplial.
Theorem 19.7. For & positive element a4 € R we have

Teono-43001 = 1 & (-f‘_”&)"‘ b,
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Veva-trmicas = 12 ¢ (%:3)71} .
Proof. 1r ('447’ 2 )<X , then, as a z 0 by assump-
tion, we have by definition
(A"""“‘)g)= (s £) =400,
and hence * € Up,a_g)r) Urog - Thus we conclude
ig: (. p)<ar}c v
and consequently
{3 (£,8)<2}7C Uppa gyeacan.
For every point J € vwm-—n*ata: , we have by definition
(A-a""g):) = too = (0—’;)
and hence (.‘-g-_- ,3) < A by Theorem 18.1. Thus we conclude

(taa-48)*1Cal,

for every real number )
Tea-grraen € 187 (%’3 Js Al
Therefore we obtain

12: (£.3)<a}= é {p: (L.p)=s2-L}

1
2 »Z:—. Tica-Lra—g£>+3tal.
On the other hand, since ((1—%)0.—&)"’1:,00.—4)' by Theorem
§.10, we have by Theorems 8.5 and 8.8
((a-1)a-2)*3cad 1,2, Cra-4)%3lal,
and consequently by Theorem 15.5 -
Traa-H*ad = (2— Ucux-},)a—u*lw)

bt
ciz: (&£.p)=<arl.
Therefore we obtain

={s: (£.p0=2t .

vC o ~4$)*3le]
From this relation we conclude further by Theorem 18.5

Utt,\'n—{“:ltul_ = Vcc-m«»c)*nm
{32 Ghp<-2t
=4{3: (£.4)> >}

|
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§20 Integral
Let 9(%) be a bounded continuous function on °a nelghbour-
hood 'U,_-P‘J . To any positive number £ there exists a system
of neighbourhoods ch.\: (A € A ) such that

osc Pce) for every A €/
Fe gy, §=st ?
Ueps = &5 Vepane

Since 'V,:P: i{s compact by Theorem 16.2, there exlsts hence s
finite number of projectors f?,] (v=1, 2,..., ®» ) such that

o8sC P) £ for every v=1, 2,..., % ,
£¢ T ) = 4
Ueps = Vg + 17'("3 e+ vtf,‘l.
For such [Y"] (v=1l, 2,..., ® ), putting
[pl=1q.1, Cpl= (3101~ (Lpa3> ooV Cp ) (v =2, 3y.ce, @),
we obtaln obviously a partdition of the projector cpl
[Pl = Cpil+Tpal+ - +0pyl,

such that osc ¢(p)gE for every V=1, 2,..., % . Here
2 € Vep, ¢ ’
(P]‘-'—' [Pi]‘f‘fpzj*""f[rn]

implies [P"][P{‘] =0 for v % M , as stated in Theorem 8.4.

For any two partitiona of [PJ :

»o
Cp]s-%(f.,] R 3%s%crd<f(:)§g zy=i, z,...,:;,
tpi= 2 Cgpd, P TPSE (el 2 S,

snd for #, ‘U';rn,%,e ‘U'cfr: (vel, 8,c.0,0 5 p=1, 2,..., 6 ),
we have

oy

Z, PPl -ré C(Yp) el

= Z: legor—Tqpotlplfula,
since (p,] =F§._?cf,3q,.1, f?rJ"é‘ CpeIlgmd. ir
Cp.ilgml*0,
then we have Up,,, v‘fr’*o by the formula §15(5), and hence
lep)—F (gl s 28

for such ¥ and m . Therefore we obtain

| 2 ecgtpda -(é:_‘ LI Gmla |

£ 18%‘ Cpellgpdlol = 2 & Cpalal.
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By virtue of Theorem 6.4 we conclude hence that to every element
@ € R there exists uniquely an element £ € R such that

1n 5 CCRpy) Lpp, )= 4

 adndadi X}
for every sequence of partitions of (p1:
fPJ=§CP,-,'J (p=1, 2,...)
such that
/
;ésgu_(”w]?(g)ggﬂ( v=l, 2,000, %u 3 m=1, 2y000),

A te =0,
and for arbitrary ;’,vé‘v‘(”‘d( V=1, 2,04, K 3 m=1, 2,...).
Such an element 4 € R 18 called the integral of a function ‘!(@)
by an element &€ R 1in 'U',;',J and denoted by
jcP] Piprdpa,
that 1s,
»
jmﬂpdgu =ln > FqIpIa
for
Cpl = (Pid+ [pedtes -t (Px],
osc  lp)< £ , , € T, (v=1.2,.0., % ),
e Uep,, $12 g tp3
and we have for such a partition of (p]
»
| 2, ¢ tpda ’L,,, Pprdpo] < 260pilaf,
For integral of bounded continuous functions we have following
properties. It 1s obvious by definitlon:
(1) eri dga = cpia -
Recalling Theorem 7.7, since
w® bl
0p1 2. ?i;ncp.Ja, = Z- P(pICpIgIA,
2 (palyl [piga,
we have obviously by definition
(2)  [q] (grdpa = =
4 L,,‘fai & Im‘rcyd,; o = j
We have for tpr= [fj"' [rl
(3) 4 =
fop P@dpa s PRt L, e@dpo.

Because we have by the formula (2)

ff(otzddga..

cth’J
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S 192 a = g3 [ rprdpa, jmzfc;)oga.-_-mjmtfcg)ag_a..
We obtaln immedlately by definition
(4) j‘ J(¢?<3J+FVLJJ)dJa,=e(j ?c;)d;o.-rpf RLOLILY
(8) ], 9@ tarpd) = o | OVTRT R LR
$ince te have by Theorem 4.5
ﬁ.ﬂ PEIpla| = _;“ lecpilcp.alal,

we conclude by definition
(6) 1, #grdpal= Lra l¢cgoldg 1],

We have obviously by definition:

Theorem 20.1. Por a positive element a ¢ R , if
g 2 1}(;) for_every de U‘PJ 5

then we have

St e 2 [ vprige.
By virtue of this theorem and the formulas (1), (6) we ob-
teln immedistely:
Theorsm 20.2. IL 19>l s oL for every g€ Ucps
then we have
ILP P@rdpa| < o (plaf,
We see easily by definition:
Theorem 20.3. i [pjs‘%ff’h,] (p=1, 2,...),
|
3043%"/-»1 st fi?rvcrr.uw‘”’ Frrv € Veppa,
CproICPped= [pp,e] o8 0 for m>p,
then we have for every positive element a ¢ R
»®,
é ¥ o) pda 1,7, J J¥Grdza .
Furthermore we have obviously by deﬂnltion
Theorem 20.4. ped ‘fcg) 20 [for every ; € ’U'CPJ » then
o 2 4 tmplies

vac;u; oz jw ¢eprdp 4,
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§e1 Integration of unbounded continuous functions

We shall now consider integration of unbounded continuous

functions. Let ¢(¥) be a continuous function on a neighbour-
hood 'Ut” , but not necessarily bounded. Putting for v=l, 2,...
v for LR >v,

Rp) | T3 for -V P(¢) <V,
il d for ?(3) <-v,
we obtain a sequence of bounded continuous functions ¢, (%)
(v=1, 2,...) on -U(PJ- If there exists the limit
4= b0 jrp: Tordpa,
then we shall say thst-‘f($ ) 1s integrable by an element a € R
in 'U'(PJ , or that‘: the integral
4= Sm Piprdpa
is convergent.
With tnls definition we obtaln immediately by the formula §20(2):

Theorem 21.1. ps 4 ?(3) is integrable by an element a € R

in ‘U(PJ , then we have for every projector [?J

(qaf,, pdpe = [ e@dprpa =]  eqidpa,

1C¢3
and all appearing integrals are convergent. P14
We see easlly by the formula §20(6):
Theorem 21.2. If ¥cp) 1is integrable by an element a & R

in Upp, , then |#(g)| 1s integreble by |a| in Tc,, &nd
ljcr: fprdp | = Str: IPcgoldp lal,
Conversely we have:

Theorem 21.3. If l9cp>| is integradle by Jo| in Tepss

then ¢ (%) is integrable by a in ch] .
Proof. For a continuous function Cf(;) on UCPJ , since

{g: eqr>0}=212: 2@z i},
the point set {%° ?(3) 70} 1s @ -open, and hence 1its

closure is open by Theorem 16.7. Therefore there exlsts by
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Theorem 16.4 a2 projector [1 ] such that
Tegs = Uepa i3 ecgr>o}.
For such [ll ] we have obviously
‘fCS){ 20 for re 'U,_-,,,

<0 for R € ‘D’t',J - ‘U'q, .
Thus, for the sequence of bounded continuous functions &, (?)'
(v=1, 2,...) defined just above, we have by the formulas (3),
(2), (4), and (5) 1n §20
Sepr Toe@Ap R = Sop 1@l —fcp LA e T
-chj 1. cpoldga - Ccp3- m)] 1. ¢poldg a
(zrfz -cp1) fo,, 19 CpOldg (carsial - ca-tlal)
= (20q1- (p1)((a*]-La-1) jm I cgoidg lof,
Since projectors are continuous by Theorem 7.7, we obtain hence

by assumption

l}_i’m_ epa ?,Lpag:a = (2(71-—[7])(01*.]-[a’J)LPJl‘f(@)Idg laf.
Theorem 21.4. Ir crcg) is integrable by an element @ € R

in ‘U',:PJ , then we have ror Cp.3 T.,=. (p3

lim J‘P Peprdpa = Jcr wgrdpa .
Proof. By virtue of Theorem 21.1 we have for CP'] 'r‘_.‘ p1

Jcpd ¥grdg o = - Cp.3 Stp: ‘f(é’)d} @,
and hence we obtaln by Theorem 8.7
m SCP , T @dpa= tp:j [F@rga —-j L erdpa.
Theorem 21.5. For a concinuous function 7’(;') on ch:'

1f there exists a sequence of projectors(p,] 1‘__" Cp3 such that

‘f(}) is bounded in v"Pvl for every V=1, 2,... @and_the

sequence of elements

| qeprdgeo | (v=1, 2,...)
cp.l
is upper bounded, then Gf(_y) i1s integrable by a in chJ .
Proof. For the sequence of bounded continuous functions

g, (s.) (v=1, 2,...) defined at first, we have.by the formulas
§20(2), §20(6) and by Theorem 20.1
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tp,.]jm 19 (goldg lnl = S‘M 19,148 Lol
< =
s SIP,-J lgcgoldg ol = |fcr”]cpc‘;)doea-l,
since (%) 1s bounded in vcpr by assumption. Therefore

there exists by assumption a positive element £ € R such that

ijp,.l ‘rc:)dga— < £ for every m=1, 2,....
For such 1 we obtain hence by Theorem B.7

JCPJ 1. goldplals ¢ for every y=1, 2,...,
since [P{“J Tf‘:‘ Cpl vy assumption. Therefore lcf(g )| is

integrable by [a| in 'U'(” by definition, and consequently
‘f(;) is integrable by o in v‘PJ by Theorem 21.3.

Theorem 21.6. Ir ¢ is integraeble by an element o € R
in ‘U'(P-1 ,» then (%) 1s slmost finite in ‘Uc'”m_.1 .

Proof. If 4(%) 1s integrable by an element a € R

in chJ , then ]qq&)l is integrable by la| in vCPJ by
Theorem 21.2, snd for the sequence of bounded continuous functions
'f,(.g) (v=1, 2,...) defined already, we have by definition
oo
Jc,,; 19, cpotdptal T2 J 19cgoldg lot,
For a projector [§]1 5 Cpllald, Iif
l‘f(;)|=+o¢' for every ;eTUcfh
then we have obviously
IS (Oi=v for every ;e‘Uch,
and hence by the formulas (3), (4), (1) in §20 and Theorem 20.1
jmwcg)ld;lu z 5"] (6 cprldg lo|
1¢, (plde 1o vdplol = vigilal.
2 Scp v (¥ F & th: } = ?
From this relation we conclude by Theorem 6.3 that [¢llal = 0,
and consequently by Theorem 8.2
g3 = C?][a] = [[f.J|&|]=0»
since [f] s [a] Dby assumption. Therefore ?(3) is almost
rinite in Ugpypay by definition.

Theorem 21.7. If a continuous function ‘f(?) is almost

finite 1in 'Ut',] , then there exists a seguence of projectors
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T2, P2
such that ‘-f(}) is bour‘xded in ‘tJ':,,,.’J for every v=1, 2,....

Proof. By ‘virtue of Theorem 15.3 there exists a sequence

.of projectors [p.,] (v=1, 2,...) such that
{3 lepoisy }vtpj < Ul:r,l cid: legrlav i i-vt.p:! .
For such [PVJ (v=1, 2,...) we have obviously Cp.] ‘T,:, and

o0

(»-1 U‘P"J )= UCPJ )
because ¢ (3) is almost finite in '(7'”aj by assumption.
Therefore we obtain by Theorem 15.5

oo
[P*]Tv-t EPJ
Furthermore it 1s evident by the construction of [p, ] that

|¢f(})l<V+l for everyge ‘U’cr‘_,.
Theorem 21.8. For a projector [P ] , 1if =& continuous

function 7(3) on UfPJ is integreble by an element a ¢ R in
Utplco.:l ,» then () 1s integrable by a. further in vCPJ R

Proof. For the sequence of bounded continuous functions

?,(3) (v=1, 2,...) defined already, we have by the formula §20(2)
C =
Jmm, P prdpa fcm Focprdpa.
Consequently 4}’(3) is integrable by & 1In v‘PJ by definition,
ir 6!(3) is integrable by a in UCPJC“J'

By virtue of Theorems 21.4-8 we obtaln obviously:

Theorem 21.9. In order that a continuous function (f(})
on ﬂ‘PJ be integrable by an element @ € R in Ucp; » it is
necessary and sufficient that there exists a sequence of projectors

“Lp T2, [pita]
such that (f(g_) is bounded in UCr.J for every v¥=1, 2,....,
and there exists the limit

N L (e SETLY
and then this 1limit coincides with the integral

Joo, P A,

cp3
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§ee Integral representation
Now we can consider relation between relative spectra and
integrals. We will prove first the following

Theorem 22.1. 1f a continuous function 4(E) 2on 'U}P;

is integrable by sn element a. € R in Ucp; and

4= jc” Py o,

then we have

(%‘ > 8) = Pgd for every P e Ugpial.
Proof. We shall consider first the case where ?(g) is
bounded in Ug,,; and
2=, ¢go.
For an arbitrary point g, € _U'-'PJC@J , Since ?(3) is conti-
nuous, to any positive number £ there exists a projector [f 1
such that £, € Uy, and
lep)-¢prla € for every f € 'U'c?, .
For such [¢ ] we have by the formlas (1), (2), (4), (6) in §20
and by Theorem 20.1
1tg14 = ¢Cgatplal = | fcm?l{?(;)- g }dg o
= Jrncn [P~ Ppoldplo]| 5 € jqui] dglel

= Elpliglial 5 ¢ C?Jlo.l.
Thus we obtain by Theorem 18.11
[914 — (g, 0091a <&

I ( fgio > o )' ="
Since we have by Theorems 18.2, 18.4, and 18.6

14 - PLd)gla £

( tgla 1=080) = (- 8)- 7@,

we obtain therefore

[(_f:- B - P 5 €.

As the positive number £ may be arbitrary, we conclude hence

(%,:,) = ¢(%,) for every £, € Ucpyras.
Next we shall consider the general case. ir ‘{(g) is

integrable by 2 € R in 'Uc,,, and
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= p)dp o
£= ], vpige
then there exists by Theorem 21.9 a sequence of projectors
Lp3T,, LpiLad
such that @(£) 1s bounded in vrM for every v=1, 2,....
Then we have by Theorem 21.1
jwq’fg)d;w =Lp1d (v=1, 2,...)
and hence by Theorem 18.4

(%,})=(_t_%£);)=?($) for every ;e'U;

(22
as proved just now. Consequently we heve
oo
(-‘é ag) = ) for every ;e‘; _Ug',],

On the other hand we have by Theorem 15.5
oo -
Tepicas =( 2, Tepaa),
and both (-‘g_— ,3) and ¥(p) are contimuous in v‘f‘““’ .
Therefore we obtain
2 _ .
(T > *) = () for every % € -U[PJLA.JO
Theorem 22.2. For_every pasir of elements a. snd feR
the relative spectrum (% »4) is integrsbleby a in Te,,

and we have _{_
= dea,
1é={ (%2
Proof. Since (.‘é— ’ @) 1s almost finite in -Utu] by
Theorem 19.3, there exists by Theorem 21.7 a sequence of projectors
oo
(p3 T, (a1

such that (é, g-) is bounded in U‘PPJ for every V=1, 2,....
For such [r,] (v=1, 2,...), 1f we put

4 = J:r.J(—i— &g

then we have by the previous theorem

(_ﬁ_": ,3) = (—'i— a}) for every # € ULP.J ,
and consequently Cr,],{ = [P'] [, by Theorem 19.5. Since we

have obviously by the formula §20(2)
CPV]“; = 'GV,

we obtain hence by Theorem 8.1l
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" ‘}Hn.‘ l" = tﬂ;]# .
Therefore (‘z’;) is integrsble by & in U a3 by Theorem

21.9 and we have

(a3g = L”(% p)dpa.

§23 Relation between first and second spectrsl theories

We ,shall consider relation between the spectral system
[ax] (-o0<a<+09) of an element £ € R. by an element
A € R and the relative spectrum (%,g) in the sequel. We

will prove firat:
Theorem 23.1. The spectral system [a,] (-eco<A<+o9)

of en element £ € R by an element a¢ R, 1s given by
= . 4 -
TUtary = {&: (——a—:;‘.)<1} .
Proof. By virtue of Theorem 19.6 we have
U((,\w_g)qcv] ={$: ( J.)<}~ }
Urtra--£)" 1a"1 = {3- . (T.F » &) >’l}
Since we have by Theorem 18.4 for every pBint g € 'U(,.q
£
(% g = (L -8) =&,
we obtaln obviously
£ .p)<a} = T 180 (=210
Since we have by Theorems 18.4, 18.5, 18.7 for every 3’_ € Upo-g
(2>§) =(08) = - (£, 5),
we obtain further
‘[:'. -—::&)7 A.} =UQ,J{: -—‘:g)<3-}.
Therefore we conclude by the formulas §20(3) and §20(4)
Utinas- £>*300*1+ [ (-ra--4£)-1Ca"]
=1g: (£, <>
Furthermore, recalling Theorem' 13.2, we have by Theorems 7.4,

-7.16 and by the formula §8(1)
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[(at—g)*Ila*T+ ((-ra"~£)"I(a-]
=[(Ala*]o - [a*Ig)*] + [(r(a-Ja = [a"14)7]
=((ra-LH*Ia*l+ ((An—-4£)"1la-] = [(ar].
Por the apectral system (@ ,] (-e0o<A <+e0) of an element
4 € R by an element a.¢ R , if @, (-oo<A <+o0) 1s & reso-
lution of @& , that is, 1if
Ay = [Lar]o (-e0 <A <+o9),
then we have by Theorem 12.Z2
Ca.,\,.1=£f>\°Ca.“£1 (moo< A< +09),
Theorem 23.2. For the spectral system (a,] (oo <A <+oo)
of an element £ ¢R Dby en element 4 € R such that

[a,,\,,]=e/'\°[a_,w£] (-oo< A <+00),
>
we have
(ra-4,8)=(a,g) %0 If and only If 2 T, .3
(aa-4,8)=-(a,8) +0 if and only 1f ¢ € U = Upp,, 33
Oa-4,2)=0, (o,8)+0 if andonlyif f€ T,  ,-T,.,.
Proof. (La-l,g)‘—' (u,:)*o is by definition equivalent to
®
2¢ Trma-*31 Vtaes * Uriaa-4)-1 Tca-s ©
On the other hand we have by the formulas §15(2), §15(3) and by
Theorem 13.2
_Ucc).a—.t)q _Uta*J + Vruu-l)'J Tea-1 = Tetana .
Therefore we have (Aa,—l,:)=(a.,3)¢0 if end only If £ € Uc,,,.
1r (do.—J,:)=0 > (a,$)#0, then we have by definition
y € Tewa-41, Fe€Tcis.
Then there exists obviously a projector L[pJ] for which

Tepa Viwa-43=0, €T € Ttay.
PFor such [P] we have by the formulas §15(4) and §15(5)
(plista-4L1=0, pls [a],

and hence by the formula §8(1)
(pl(xa~4)=0, namely pad =ellpla .
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On the other hand we have by the formula §10(4)
+oo
tpi4 = [ _Adirpitesde,
and [plla,] (-o0 <.k <+eo) is the spectral system of tpl 4
by [pla . By virtue of the uniqueness of spectral system
we obtain hence
(pllar] = {[PJ for A >e,
o for A s,
and consequently
[pl(Lausol— [0a3) = [pl.
From this relation we conclude by the formulas §15(2) and §15(4)
Ee vrp € Ttaweed =~ Vrows »
Conversely, if £ € Ucp,,,5 ~ Uga,) then we have obviously
Fe vh] » but # € Utwa-4] » Decause we have by the for-
mula §10(4)
(Couvol=Laul)d = Adx ((Aursl—C(aul)larla
= o ((Buse]-[0ul),
that is,
((ogy,1-Caal)aa-4)=0,
which ylelds by the formula §1&(5)
(Ucad“_‘j - vfo...] ) v(dn——‘J =0,
From the fact obtained just now, we conclude finally that
(Aa—4,33= (o, ) %0
is equivalent to
2e Uiy , & € Tcoyy * (vc‘a.*“:l = Tca,s )
and hence we have (Aa - -5,3’)=-La,3')$0 1f and only if
: € vtn-] - vta.*“.‘l >
because we have obviously
Tta1~ Vtayeo1™ Ycas ™ {1 Ttans + (Ttanper - Uro..\:)} .

Theorem 23.3. Por the spectral system [a,] (-o0 <A gtoo)

of an element # € R Dby en element & € R we have
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A M andonlyif €T (Ven,, 35— Tra,ei)s

4
(‘;_':J—): 40 If gnd only if fe T - (‘U‘“:- Tean1lds

~00 € A< ¥ o0

-— OO
£ 1
14md only if £ e_h'ﬂ““ TUtay1.
Proof. Ir (E-,g) = X , then for any positive number

£ we have by definition
((r+e)a-4, pr=(a,p)*0,
((A-e)o-4, 2) =-(a,p)%0,
and hence by the previous theorem

$ € vcn,““ ( Teas - ULa,,-ﬂ)’ vm.M“— Ttor-el

for every positive number & .

Conversely, for any ; € ;T)l'o ( -UCB-,ueJ- 'Uca_‘\_‘:) we have
by the previous theorem
C(us)a.—#,;) =(a,2)#0,
(QA-g)a-4, )= —(a, §)#0
for every positive number €& , and hence(-ﬁ—,}): A by definition,
(-‘é ;;):—‘ +o00 1s by definition equivalent to
(Ao,—#,g):-(a.,;)*-o for every real number A,
Therefore we heve (lf-'- »§)= +0°° by the previous thecrem if and
only if
; € TT“_J - 'U( an3 for every real number A,
We glso can prove likewise that we have (—ﬁ- ,$)= —~o0 if and
only if

e Tia,, for every real number X ,
If we make use of Theorem 23.1, then we also can prove
Theorems 14.1 and 14.4 for an arbitrary element o € R :
For the spectral system [ a,] (-9° <A <+o°) of an element
4¢ R by en element & € R such that
(axrtel= [7\‘ [a),5] (=c0o<Ar <+too)

we have by Theorems 23.1 and 16.6
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vfll] - -Utlr-‘\,v..' = vta;'_ (ﬁl { 3 : (£ ,$)<‘*+—";}_)’
= UuJ(E {g: (é—:})<‘l*‘£’}" )”

=1t

= (S g (E.g)z-a+L})

BT
=(Z i Gps -y
={g: (. p)<2y;

and hence [a] - la_,,,1 (-o0o < A <+00) 1s the spectral system

of — 4 by a by Theorem 23.1.

For the spectral systems [p,] and Lf}.J (o< A < +00 )
respectively of elements I and ¢ € K Dby an element & ¢ R,
putting

nil= Gf‘fJ<A. Cpsllged for rational numbers & ,§,

we have by Theorems 23.1, 16.4, and 18.6
Viry =( S 18 i (5og)<p b )
= (18 (op<sHE (S 8)<p})”
=1g: (Fp)<at,
and hence [r, ] (-o0a <A <+o0) 1s the spectral system of

4+ C by a Dby Theorem 23.1.
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CHAPTER IV
SEMI-ORDERED _ RINGS

§24 Fundamental definition

A linear space R 1s sald to be a ring, if to every elements
a and £ € R there is defined a product ad € R subject to
the postulates:

1) a(fc) =(ad)c,

2) a(fd+c)=ad tac, (d+c)o = ba +ca,

3) (et)f = a(ad) = ot for every real number <

Putting £ =¢ = 0, we conclude immealately from 2)

(1) a0 =oa = 0.
for every a. € R , 1if R 1is a ring.

A ring R 1s saild to be a semi-ordered ring, if R 1is =

semi-ordered linear space subject to the postulate:

4) o z0, 4z0 implies af zo0.

If R 1is a semi-ordered rinpg, then we obtain at once by the
postulates 2) and 4¢)

(2) o z £ 1implies ac zdc, cazcéd for ¢c zo.
Therefore we have for a system of elements 2, €e R (A € A ) and
for an element £ Z0

(3)  (Doax)ds Nok, #(Q0) s N Las,
if voth sides of each inequality have any sense.

If s semi-ordered ring R is lattice ordered, continuocus,
or universally continuous as a semi-ordered linear space, then

R is said to be lattice ordered, continuous, or universally

continuous respectively.

If a semi-ordered ring R is lattice ordered, then we have
for every elements a and 4 € R

(4) lad | = lellél.
Because, as A =a*t—a", £= 4%— 4", we have by the postulate 2)
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ad= (atgt+a-4")— (at4-+a"4"),
and hence further by the postulate 4) and by the formula §4(3)
laélzs o*8*+a- 2 +a*4 +a" 41

(at+a-)(4t + £°) = jall ],

WA

§25 Semi-normal rings

A semi-ordered ring R 1s said to be seml-normal, 1f R 1is

continuous and we have
(at] = 211
for every positlve elements @ and £ € R .

Let R bve a semi-normal ring in the sequel. Then we have

(1) & ~4 =0 implies ad =0.

Because, 1f a ~ £ = 0", then we have by the formula §8(1)
[af]l s (adlé]l =Lla~{]=0,
and hence a4 =0 by Theorem 7.11.
For every element a. € R , as At~ A~ = ¢ by Theorem 3.6,
we have by the formula (1)
atoa- =a"a*t =0,
Since a* 20, a4~ 2 0 , we obtaln consequently
a? = (a*t- a:)" =atat—-a*ta" —-qg-a* +to-a-
= ata* +a-a” 20.
Therefore we have

(2) a zo for every o€ R .

(3) a~f =0 tmplies 0aC~f =Ca~f{=0 for c z 0.
Because, 1If @~ £ = 0 , then we have (a]{{]=0 by Theorem 8.1
and hence by the tormula §8(1) for every ¢ zo

lac~bd="(0cl[4) s (allcI4]=0.
From this relation we conclude & ( ~ 4 = (0 Dby Theorem 7.11.

We also conclude likewise (o ~ £ = 0.

(4) ac~dc=(and), cancd=Cclarbtorczo0.
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Because, 88 (a—(an $)A (4~ (0~ 4))=0 by Theorem 2.4, we have by the
formula (3) for every ¢ z 0
(O-(anl))C A (Ld-(a~¥)C =0,
and hence actn~ ft = Con4)C by Theorem 2.4. We also can
prove likewlise the other equality.
(5) acvdt=(avd)c, Caved=c(a-4£) for ¢ 20 .
Because we have by the formula (4) and Theorem 2.2 for every ¢ z o
-(acvgc) =(-ac)m (-£¢)
((~a)~(-4))C = - (v $oC.

We also can prove likewise the other relation.

(6) (af)t=artf*t+a"£", (ad)-=oatfL +a" £,

Since o f = (a*t£*+a-£7)-(a*€ +0-4*) , we need only
to prove by Theorem 3.6 that

(a*d*+0-£7 )~ (atd " +a"4*)=0.
Indeed, as a*~ 0~ = £t~ £ =0 by Theorem 3.5, we obtain by
the formula (3)
a*ft o £'=0, atd* ~natd~ =0,
and hence a*f* ~ (a*tf” +a-£*)=0 Dby Theorem 4.3. We
also obtain likewlse
a~4L~ A (a*é” +a-4*) =0,
and conseguently by Theorem 4.3
(0*4* +0 47 ) A (ata+a-4t)=0.

From the formula (6) we conclude immediately

(7) ladl=i004l.

Thus, for every elements a and 4 ¢ R we have by definition

[afl=C(lagt]) = [all¢l]ls [(all4],

that 1s, we have

(8) [al]l s (01(4] for every o, 4 €R .,
By the formulas (3) and (7) we have obviously

(9) a L { implies ac L 4, co L 4 for everyceR

For every projector [P] we have
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(10) (tpia)d = a(tpid) =cpi(ad).
Because, 838 a=_(pla + (a -~ Cpia) , we have
af = (cpile)f + (a-(pla)é,

and hence further
(piCad)=Cpi{(Lplo)g} +Lpli(a-rpie)d}.

On the other hand we have by the formulas (8) and §8(1)
[(Cpla)é) s ((plallé] = (pllall4] < Cp],
(pll(a-Cplalg]l s (plla-tplali4] =o0.

Consequently we have by Theorem B.Z and by the formula §8(1)
(pl{(tpla)é} = (Cpla)é, [pl{(a-rpra)d}=o.
Therefore we obtaln (F](a.g)=(Lp]a.).& . We also can conclude

likewlse [p_] (e 4) =a.((P]&) from the relation
(pitad) = (pl{a(Cpld)} +pIl{a(L—cpig)i}.

Theorem 25,1. if a= Af"\ﬁ o, , then we have
w#:kf‘\A axd, £a=Afe\A4aA for every £ zo.
If a= U @& » then we have
e DEEE—
ad =\ ard, fo =\ box for évery £ z 0.
Proof. Ir [}1 @, =0 , then we have obviously for eny £z 0
L3
a4 zo0 for every AeA.

For any positive number § and for an element A, e A , putting
Pr = (ox—ctay,)* (xe A ),
we obtain by Theorem 7.16
+
(prl(ox—Eax,) = (ax—E82x,) 20,
and hence
Cpalo < 1 o -!-a.
Pr 2 S F lpad0a 5 g &,
Since AC\A &, =0 by assumption, we obtaln thus by Theorem 2.3
)AOA [PA] @x, = 0 4
and consegquently by Theorem 8.12
N [p;][a-,\,,‘l(a,\,t) =0 for every element £ 20,
A
On the other hand we also have by Theorem 7.16
(1-tpad)(arx—€E2x,) 50,
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thet 1is,
(1-Cpad)aas EUI-Lpal)aar, 5 Eax,.

For a positive element £ € R, if

g oad for every A €A,
then we have naturally by the formula (4)

g (axn ax,) 4 for every A e,
Therefore we have for every A € A

s {(palarntr)t (1-(pad)(arnor} 4

S {tplas, +E0a 14 = ((pr101,0¢ +50xr, 4
Since we have by the formula (10)
(Cpalon,) 4 = C(padloar,1(2x, 4),
we obtain hence
A/e\/‘ (lpalas,)d =0,
and consequently X < ¢ aa, £ for any positive number &
Therefore we have X g 0 by Theorem 6.3, that is, ,QA AN = 0
implies
. FANISY £ =0 for every element £ = 0.
Ir a —:.A/'\A &, , then we have by Theorem 2.4
A/(:\/\ (ax-0) =0,
and then we obtain
‘ [‘_\A (ar-a)f =0 ' for every element £ z o0,
as proved just now. From this relation we conclude by Theorem 2.4
ofd = [‘\A oy £ for every element £ = 0.
Ir o = >Lej,1 0, , then we have by Theorems 2.2 and 2.4
L\A (—ax) =0,
and then we conclude likewise
ol = x\{A o b for every element £ = 0.
We also can prove llkewlse that a-=‘\/¢\‘ G implles
{fa = L\A 4o for every element £ z 0,
and a = U @, Aimplies
ren Lo = }‘}A fox for every element £ = 0.



Theorem 25.2. if lim a2, =a

we have

r oo
Proof. Ir MUm a,=a , lim £. = 4 , then there

exist by definition sequence of elements £, 4 ., 0 , H, i, o

vs =1

and 8 sequence of natural numbers Mo (v=1, 2,...) such that
low-—als4,, 14"—[[?4“ for m zmy , v=1, 2,....
Then we have by the formula (7) for m z m, .
o b —aél & ldp b —0 bl + {024 —a £
= {Qu—afidpl t1allép—4£1
s L& +141)+ 16l 4,
since li,.ls_ ‘Z‘-o-{ll for every m Z fAc. Ls we have by the
previous theorem
£ (L, +1E72, 0, 124y
we obtaln by Theorem 5.8
N oe
Aok, +141)*+1al ey v ., O

and hence 1lim a, 4, =a & by definiticn.
v —>oa

o

0,

vmt

For every element & ¢ R we deflne u” ¢ R ( » =1,
2,..« ) a8
a'=a, av=a"""'a for v=2, 3,....

With this definition we have obviously by Theorem 25.2:

Theorem 25.3. 1f 1im a4, = a , then we have
Iheorem 5.0 L Lim then we have
~ o — .
1}32-1" = at for every mM=1, 2,....
§26 Null factors, normal factors
Let R Ybe a semi-normal ring in the sequel. An

eiement ¢ € R 1s said to be a null factor, iIf *“=0.

Theorem 26.1. Every null factor n e K sSstisfies
xn =nnx =9 for every xeK ,
Procf. For an arbitrary element X e K , !f we put
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o =(ndixf =vim1)* for ¥=1, 2,...,
then we have (nl] z (¢,] J,::' by Theorem 8.3, and hence there
exists by Theorem 8.6 a projecto:; [fJ such thst
[.34,2, Cgl.

Since we have by Thsorem 7.16

(g 3(Ind1xb—~vinl) = (n)ix{-vIni)* 20,
we obtain by Theoren. 7.5

(piinl g L g dtnlixl s Lxg,
On passing to the limit, we obtain [f Jin| = 0, and hence we
conclude by the formula §8(1) end by Theorem 8.2
lgl="(glin]l = [(illnll =0,

that 1s, we have Ly 1 J,‘:' 0.

Since we have by Theorem 7.16

(1 =ty.)(nlzl ~VviIn) =z 0,

we obtaln by Theorem 8.2

(#) (end-lp.1xl g (1= L1 )vinl) s vin],
As Nt =0 by sssumption, we have therefore by the formulas
§25(7) and §25{10)

Iz =ni(rnlizl) =1l x)+ i ((Ln1-1§.1)I21)

g [plimlxl + v ntl = (9.3 izl

Hence the passage to the limit ylelds nx =20 . We also can
prove likewise X n =0

In this proof we conclude essily from (#) that

(([nl‘£iv1)’xl)z = V"lnl" =,%n% =0,
aa¢ consequently (_Ln.J-iq,J)lll is a null factor too. Therefore
we cbtain by Theorem 26.1, proved just now, and by the formulas
§25(7) and §25(10)
(Lg.Jixi+ ([n]-t‘[.,l)lzl)l' = (g dixt = g, 0124

Since we have by the formulas (10) and (7) in §25

(n3l 23 = (Endix)* = (g 3xl+ (Lnl - Ly =),
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we obtain finally by the formula §8(1) and by Theorem 7.5
(ndlz*] = [(n)lx*] = (g]1(x*] 5 [f.],

and then the passuge to the limit ylelds [n][x*1=/0 There-

fore we conclude by the formula §8(1)

Theorem 26.2. Every null factor m € R satisfles

(nlx*= [(2%)}n =20 for every =z €R .
Theorem 26.3. ((a]l-la*l)a’ 1s a null factor for every

element O € K,
Proof. Since [ui] s (allal=[a] for every element A e R
by definition, we have by Theorems 8.2 and 7.1l1
[uian*=a% = [a%)a.
Therefore we obtain by the formula §25(10)
((ta] - lalJ)w)z = ({al-(a?])a* =0,
that is, ((alJ-Ca%]1)A 1is a null factor by definition.

An element @ € K 1s ssid to be & normsl factor, if (a*]l=(al,

Theorem 2€.4. (at]la 1s 8 normsl factor for every

element @ ¢ R,
Proof. Since (at] < (allal =(al , we have by the
formulas §25(10), §8(1) and by Theorem 7.11
((Ca*]a)*] = [((a*]a*] = (at]=(at)lal= ((a%]al,
Therefore [a?]a is a normsl factor by definition.

Theorem 26.5. An element & € R 1s a normal factor, if

there exists a pair of elements £,c ¢ R such that (al=s [£c],

Proof. For arbitrary elements £, ¢ € R we have by Theo-
rems 2€.1 and 26.3

do = ([£%14)c + ([£I-14*1)4)C = ((£*34)¢,
and hence we obtaln by the formula §8(1) and by Theocrem 7.&

[4c) = [((4*14)C) S [[42141c] =(4*1[£1Lc]s (421,
Therefore if [a] 5 {£c] , then we have

[al-(at] = (a)((a] = [at])
< (43 (a)-Lar]) = [[4*1(La]-(a*))a].

"
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As [£%*](tal-[a*1)a =0 by Theorems £6.2 and 26.3, we obtain
hence [a]-[a?] =0, that 1s, @ 1is a normsl factor by
detinition. |

Theorem 26.6. An element a ¢ R 18 & normal factor, if

and only if @ 1is orthogonel to every null tactor.

Proof. If & € R 1s & normal factor, then we have by

Theorem 26.2 for every null factor =

[aln = (atIn =0,
and hence @ s orthecgonal to 7 by Theorem 7.12.. Conversely,
1f & € R 1s orthogonal to every null factor, then, as (La.]—[a*])a,
{8 a null factor by Theorem 26.3, we have by Theorems 8.2 and 7.12

(al - (a*]l=[[al((a]- (at])e]l=0,

and hence A 1s & normal factor by definition.

Theorem 26.7. An element a € K 1is & null factor, if

and only if a 1s orthogonsl to every normal factor.
Proof. If n € KR 1s » null fsctor, then we have by Theo-
rem 26.2 for every normal fsctor a
(aln = [a?*In=0,
and hence 7 18 orthogonal to every normal factor by Theorem
7.1z, Conversely, 1f 77 € R 1s orthogonal to every normal
factor, then, since (n2]» 1s s normal factor by Theorem 26.4,
we have by Theorems 8.2 and 7.12
(n*] =(ni[nt] = {(nIn2]In]=0
and hence % =0 , that 1s, »n 1s a null factor by definitlon.

Theorem 26.8. If both o. snd £ € R sgre normal factors,

then we have
ad]l=_C(al(4£]
PBroof. If both o and £ €R sre normal factors, then
we see easlly by Theorems 26.6, 4.1, and 4.4 that |a| A~ [£] 1s

a normal factor too. Since we have by the formula §25(7)

(1e1~dD < lanti= 1041,
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we cbtain hence by Theorem 8.3
[1aln141] = [Uainte)*] = [ad].
On the other hand we have by the formula §8(1)
(tal~ni4l]l= (2)[(4] = (ad].
Consequently we obtain [a]{4] = (a4].

A subset M of R 1s said to be a closed subring of R , if

1) o, 4 € Mimplies a4 €M and ola,+{5,£ e M
for every resl numbers o , f ;

2) G_=)‘L6JA0-A, a,ae M (X € A ) implies aeM;
3) w:[é\ﬁa,\, GxeM (x € A ) implies aeM,.

With this definition we see essily that if M 1s & closed subring
of R , then M 1s itself a semi-ordered ring and for every ele-
ment p € M  the projector [Lp]l 1in R coincides with the pro-
jector [pl 1in M . Therefore every closed subring of a
semi-normal ring is itself a semi-normal ring.

For two closed subring M and A of R , if every element
of M 1is orthogonal to every element of A and to every ‘element
A& € R there exist meM and 7n e NV such thet

a = m+n,

then R 1is said to be a direct sum of M &and N . ir R
is a direct sum of M and A , then to any element & ¢ R
there exist uniquely m é M and n ¢ A/ such that a = m+ 7.
Because, 1if

"+ N = m+n, m,meM, n,Nn eEN,
then we have M3 m,—-m = n- ny, € A , and hence

Imy—m|= [n-ny| = lmy-m|An-n,=0,

that is, m; = m &nd My =n.

Theorem 26.9. The set of all normal factors M and the

set_of sll null factors N are closed subringe of R , and R

is a direct sum of M snd AN .

Proof. By virtue of Theorems 4.2, 4.3, 4.4, and the formula
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.§25(9) we conclude immedlately from Theorem 26.6 that M 1s a
closed subring of R . We see likewise from Theorem 26.7
that &/ 1s & closed subring of R . Furthermore for every
element a. € R we have

o =ratla + (Lal-(a*J)a .
Here [a']a 1s & normal factor by Theorem 26.4, and ([al-[a%))a
is a null factor by Theorem 26.3. ‘Therefore K 1s s direct

sum of M and A by definition.

$27 Normal rings
A seml-ordered ring R 1s saild to be normsl, if R 1is

continuous and we have for every positive elements a , £ € R
la£]1=1(all4],
With this definition, every normal ring 1s cbviously semi-normsal,
and hence we have oy the formula §25(7)
[ad] =r(allé]
for every elements 6, £ e€R , 1If R 1s & normal ring.
From Theorems 26.8 and 26.9 we conclude immedlately:

Theorem 27.1. For a seml-normal ring R, the set of all

normal factors constitutes & normal ring.

Theorem 27.2. A normal ring is the same as a semi-normal

ring consisting only of normal factors.

Proof. It R is a normal ring, then R 1is semi-normal
and we have by the formula §25(7) for every element 2 € R
(at]=(la*] = [lal*] = (alla] = [a],
that 1s, évery element & € R 1s a normal factor by definition.
Conversely, if a semi-normal ring R consists only of normal
factors, then K 1s<normal by the previous theorem.
Let R Vbe a normal ring in the sequel. Then we have for

proper values:
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Theorem 27.3. For every elements o, £ e R e have

(a4, %)= (a,8)4, %)
adopting the convention ¢(xec) = (£o0)0 =0.
Proof. In the casei(a,} ) = 0 , we have RN N
by deriniti'on, and since
Tiass = Traares € Tiay,

we obtain hence ;‘é Uagy » that is, (a4,3)=o . Thus
we see that the assertion of the theorem is valid in this case.
We also can dispose likewise of the case: (.4, 3): .

We proceed next to the case: (a, 2) = (4,$)= +o0o. In

this case, since we have by definition
Fe T, F € Tigess
and by the formula §25(6)
(a4)* = a*td"  +a £ 2z a*4",
we conclude .by Theorem 8.3 and by formulas (2), (4) in §15
2 € Ura‘l VIG‘J = vcu’ll"l = —U(a'l’l < vf(l#)’],
that 1s, (a4, ;): +00 . Consequently the assertion of the
theorem is valld again in this case.
In general, if (a,p)= E(+o0), (£,%) = 8 (+ o) , where
£, § = =x 1, then we have by the formula §17(7)
(Sa,(-rp)=(6‘4€,3’) = too .
Thus, applying the preceding case to this case, we obtaln by
repeated use of the formula §17(7)
€8 (o, £)(, ) = (¢a,8)(84,4)=(¢5ad,p) =58 (a4, %).

From this relation we also can conclude the assertion of the theorem.

Theorem 27.4. For every point } € 'U',:‘,_:,“J we have
4c _rcd _
(o 8)=(&H8)=(£,8). .
Proof. For every point ; € Utu]cc) , putting = (7 ,}),

we have by definition
(a,g) for X >%,

(ro-b,8)= {—(aﬂ;) for A <§:
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Making the product with (c,}) we obtain from this relation
(rac-4c,3) = { (ac,p) for A>3,

-(ec, %) for A <$.

in accordance with the previous theorem. Hence we haye
4c

(25-4)>
and the first assertion of the theorem is verified. We also
can dispose likewlse of the other assertion.

Theorem 27.5. For every point g € U‘_ad Cas3 e have

4,4 ,
( e o.:, ) ( f')( 3 S
if the right side has a meaning.

Proof. We assume that the right side of our asserted
equality has & sense. Then naturally
(&, £)*o0, (2, 2)%0,
and we have by Theorem 27.3 for (.4, SE)F 0 .

(a0, 2)*0, (6,000, F)F 0.
Therefore, applying che previous theorem to our case. we obtain
4. Qg ‘# “1
D.. ada &) ; ) ’ ( Z.02 ( ? )
for (4, ,g)r-F 0. Consequently, recalling Theorem lB.ld, we

have the relation

(41»‘1. )_(—__‘&ﬁ CF (4:&2. _‘_é:_,ag)(%,ag)

Oy @y 4. Qg 0y 02
in the case : (4,, ¥ YF0. Concerning the case: (£, & ) =
since (,8..,6’-;,3 )=0 by Theorem 27.3, we have by Theorem 18.3

(k. p)=(%.4)=

a0z
Hence our assertion is verified.

§28 Absolute spectra

Let R Dbe s normal ring in the following, and let E. be

the proper spal€ of R . The absolute spectrum of an element

O € R at a point £ € E 1is defined as
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L9
o b= (L.2) for $ € Tcaa,
(+:8)= ’ =

0 for 3 € Cold.

With this definition the absolute spectrum (-9"— > g- ) 1is defined
all over the proper space E , while the relative spectrum

2
(—% > g.) 1s defined only on the neighbourhood Ur, 3 associated
with the projector (al.

Recalling Theorems 19.2 and 19.3 we obtain:

Theorem 28.1. The sbsolute spectrum (-’:‘— N g) is con-

tinuous all over E and the totality of points ? for which

(Frg)=re o -

i3 nowhere dense in UL'AJ o

We shall enumerate properties of absolute spectra in the sequel.

Theorem 28.2. For every point £ € U g7 Xe have
(& _qr0d - a
(F-8)=(%F8)= (B 5)

Proof. In the case: (a,,g):o , slince

(ed.5)= (4o, 2)=0
by Theorem 27.3, we have obviously by Theorem 18.3
($.8)=(%.5) = (H.5) =0 for 2 e Ty,
In the case: (&, 3) %+ 0 , we see easily by Theorem 27.4 that we
have for every point £ € Ury,
—r0t4 _ (ot =(%,2)
(——’&)“(W’f)— (5:&)=(5>8)
and similarly
a at &
(22 ,3:)~( p)= (L8 = (%8
Theorem 27.3. For every projector [P J we have

|

Lpla
(B2 .4)=(%.7) fox g Top.
Proof. For every point } € 'U,_-rj we have Dby the

previous theorem

(e, p) = (LRl o) = (SF, 2) =(5 08D
since ((pla)p = a.(L'FJP) o p by the formula §25(10) ana
by Theorem 7.1l. .
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Theorem 28.4. We have
(2‘;.-'—:5)=°‘(—%-,$) (—co<ot <4+00),

(e, e)= (2. 0)+ (£.8),

’ k8 =(%.8)(%-8)
if the right side has any sense.

Proof. To any point ; € E. there exists obviously an
element C € R for which (c, g)+o. For such ¢ € R we

have by the previous theorem and by Theorem 18.5
TEoE)=(ZEE ) = A (B, ) = A2 g,
arf® further by Theorem 18.6
(o.-r# §)— (et ac+4c ’d,;)_( d"’)*( $)=(_01_-,5)+(¢f-,5_),
Recalling Theorem 27.5, we obtaln by repeated use of Theorem 28.2
shop) =) = (22 0)E ) =) )

Theorem 28.5. ir ’o" $) 2(,,,3) for every point

:QE , then we have a.;g.

Proof. Ir (%,@)g(i‘.,:) for every £ e E , then
we have by Theorem 28.2 for any positive element C € R
C.3) 2 (Rg) for g T,
From this relation we conclude by Theorem 19.4
telac zrcidc, namely (cl(a-4)Czo0.
Putting ¢ = (a- £) » this inequality yields by Theorem 7.16
{ta-2>-}*zo0.
Since {(a-&)"}"go by the formula §25(2), we obtaln hence
’ {ca-8)"}' =0, '
and consequently
(ca-2)"1=[{Ca-2)}'1=0
From this relation we conclude (a.—-4)" =0 , and hence a—.£ =0,
that 1s, a 2 4.
Theorem 28.6. o =z 4 Aimplies .
(—?—’-,&);(#,;) for every point ;GE
Proof. If a z 4 , then we have obviously ac z £¢ for
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every positive element C € R , and then by Theorem 18.8

oc <
(%) z(% %) for $e Uces.
By virtue of Theorem 28.2, this inequality yielas
o
(5-8) 2(%£.5) for £ ¢ Ue,,.

Since to any point & € E. there exists obviously a positive ele-
ment C € R such that £ € U .3, our assertion 1s verified.

Theorem 28.7. If a continuous function q’(:) on E.

satisfies
(F-8)z e z2(£.5)

over E for some elements a4, £ € R , then there exists an

element ¢ € R for which

=7C
¥ ={5-8)
over E. , and such ¢ € R 1s uniquely detérmined by FF)

Proof. we shell consider first the case: £ = 0 , that
13, we suppose that a continuous function cf’(;) on E. satisfies
(—%»})g gg)zo0 for every geE_
for some positive element & € R . We now put
A={g: v>(%5:8)>F} forv=1, 2,....
Since the absolute spectrum (%— > 3 ) is a continuous function
on E by Theorem 28.1, the point set A,, is open and obviously
by definition included in the nelghbourhocod 'U'(u associated with
the projector [a ] As Upay 1is compact by Theorem 16.2,
the closure A, of A, also 1is compact and clearly Iincluded
in A,+, . Hence there exists by Theorem 16.35 a projector
Cp.1 such that
A~ c vcr.acﬂy“ (v=1, 2,...).
For such (p,] we have obviously
Tepya € Ugpy€ oo v vtrﬂc Uiy (v=1, 2,...),
and for any neighbourhood Upp; € Up,;—( é.' Ucp.1) we have
(%,3_)—.—. +o00 Or 0 for every p € Ucp;.
Since (21:- ,3_) i1s continuous over 'Ul—,,] and the totality of
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the points £ for which (%" 3 )= +°°, 1s nowhere dense in E-
by Theorem 28.1, we must have

(i'ﬁ.-g;)r-a for every £ € Ucp.
Since vttpla.:l C ‘Ur_r._\by Theorem 8.2 and by the formula §15(4), we
obtaln hence by Theorem 28.3

(Ef—;—n—'-;$)=0 for every £ € E ,
and consequently Cpla =0 Dy Theorem 28,5. This relation

yields by the formulas §8(1), §15(4) and by Theorem 8.2
Lpl =(plta] = [(Cplal=0.
Therefore we have
vra] = (b_' rp,;,)—
Recalling Theorem 16.5 and the formula §15(4), we obtain hence
p.117,7, tal.
By definition of A, we have obviously

V+1>(-—-,Jg)>y+1 Tor everyd*;e ch,:l,
and hence by assumption
L)
12 'a.—'__—— =0 for every e Upp, ;.

v‘e obtain thus an element ¢, € R as

)
—f —‘fi—;a (b=1, 2,...).
Cp.] (
For such ¢, € R we have obviously by Theorem 20.1 and by

the formulas (1), (3) in §20

02C,85CLg¢-+> t,s o (y=1, 2,...).
Therefore there exists by Theorem 6.2 an element ¢ € R for which
T ¢ For such ¢ € R we have by Theorem 7.7 and by
the formula §20(2)

(pplC=lin (pulc, = L’ , (%_ al;a, (=1, 2,...),
since ‘Pr“ﬁ]- [Pr] for v = M by Theorem 8.2. Thus we have
by Theorem 22.1

(-—,})—- __i,_(e_)—-)- for every $€V(’J.
This relation ylelds by Theofems 28.2 and 27.5 for every ;ei U,,;
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FE=(5-8)0 2, )= (5, &)NE: §)
=(°;tl»3;) =(%,8).

Since both ¥¢g ) end (—%—, & ) are continuous over E. by

Theorem 28.1, since we have obviously by definition
a = =(L 3
(F28)=9@>=(5,4)=0 for 2 € Ugy,,
and since Ug,, =(A-Z: v‘Pvl )" as proved just sbove, we have thus
?(3)=(—%,$) for every gea,
Now we can prove the general case:
o
(F8)zvrz(£,8) for 2€E .
From this relation we conclude by Theorem 28.6
a,&
(F-8)z wax {(£.8), 0}z usx {p>,0} 20,
(;f‘) &) z Max{-(_‘%.,(?),o} Z Max {—?13),0} Bo.
Both functions  Max {z((;), 0} and Max {- ), g} are obviously

2

continuous over E. . By the case just proved, we obtaln two
elements C, and C, € R such that for every ; e E.
(4

(5>8)= Mex { gy, 01},

(‘C‘T?" y= Max {-(p),0}.
Putting € =C, - (5, we have by Theorem 28.4

c [ c =

(T)@)"'(‘i"‘)&)"(%»f—)—- PR,

The uniqueness of such € € R 1s obvious by Theorem 28.5.

Theorem 28.8. For every elements a, £ e R ¥e have
avé a
(32558) = wax {(%,5), (£, ),
[
(2ot,p)=un {(&, £), (£, p)}.
Proof. By virtue of Theorem 28.6 we have obvlously

(a.\;i,g); uu{(.‘%—,g,),(_‘f_);)} g(un#’$)‘

1
Since  Max {(2{- > 3 ),(.f_,})} 1s a continuous function on E

by Theorem 28.1, there exists by Theorem 28.7 an element C € R
such that
[4
(T’$)= Max {(%’$);(—f—:$)},
For such C € R we see easily by Theorem 28.%5 that ¢ = avd.

We also can dispose llkewise of the other sssertion.
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As an immediate consequence of this theorem we obtain:

Theorem 28.9. For every element a € R we have
a — ¢ 1ol
[(E-e)l=(5F>&).
Theorem 28.10. Every semi-normsl ring R 1s commutative,

that is, we have a4 =4 a for every elements o, £ ¢ R.

Proof. It R 1s a normal ring, then we have by Theorems
28.4 and 28.1
(58 =(F a0t )= (F 05 5) = (B2 3)
over E up to a point set being nowhere dense in E . Since
both (E"TQ, &) ena (!%,g) are continuous over E , we have
hence
(o g) = (%2, 5)
thruout E , and conseguently af=4a by Theorem 28.5.

If R 1s a semi-normal ring, then to every elements a, £¢R
there exist by Theorem 26.9 normal factors »t; , m, and null
factors 7", , My such that

A =mi+n;, £ = Mg+ rig
Then we have by Theorem 26.1
wad = mima, Lo =mym,.
On the other hand, since the set of all normal facfors constitutes
a normal ring by Theorem 27.1, we have
ML Ly = Pig M,

as proved just now, and hence a £ = fa .

§29 Normality

It will be aiscussed in the sequel under what conditions a
continuous semi-ordered ring may be semi-normal or normal.
Throughout this section we shall be conce.rnnd with a2 continuous
semi-ordered ring R alone.

An element o € R is sald to be a continuous factor, if
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we have
lim adf, = 1lim 4o =0
D X » > oo
for every sequence £, .., 0.
with this definition, Theorem 25.2 says that s semi-normal
ring consists only of continuous factors.
If ja| 1s a continuous factor, then 1lim £ = £ 1implies
broﬂ
lm a b, =af and Mn Lo =4a.

Because, 1if .'}H.".a ,& =4 , then there exist by definition a

oo

.=¢0 @nd a sequence of natural numbers

sequence cf elements .£, |
Mv (v=1, 2,...) such that
l—e,.—-4|§f., formzpme , V=1, 2,...,
and then we have by the formula §24(4) for M B M
la bp—oflz lollbu—4(slalls,,
[$po —Fals |du-2Lllals £ 1o,
while laid, |2, 0, 4,101} _,0 by assumption.
An element a € K 1s sald to be a bounded factor, if there
exists u positive number oK such that we have both
. lalp sop and Plals a p
for every positive element p € R , and such < 1s cslled a
bound of & bounded factor Q&
With this definition we see easily that every bounded factor
is 8 continuous factor, and that the totality of bounded facfors
1s a subring of R , 1.e. from bounded factors a, £€ R we obfain
again a bounded factor oo + ‘B—J for every real numbers ol , ﬂ )
and a bounded fector a £ by the formuls $24(4), end furthermore,
if o € R 1s a bounded fsctor, then every element £e€R satisfy-
ing [£|< |lal is a bounded factor too.

Theorem 28.1. In & normel ring R, in order that an

element a. ¢ R be 8 bounded fector, it is necessary and suffie

cient that the gbsolute spectrum (—?—'— N 3’.) be bounded over the

proper space E of R .
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Proof. Let oo € R Dbe a bounded factor and let of be 8
bound of a . To any point ge E. there exists obviously a
positive element € € R such that ; € Utes. For such an
element C € R , since |a|{C < oLc by assumption, we obtain by
Thecrems 28.92, 28.2, and 18.11

(@l =) = (2%, p) s .

Therefore (—1—- >& ) 1s bounded over E .

Conversely, if there exists a positive number o{ such that

I(F7)l = for every § €'E,
then we have by Theorems 28.4 and 28.9 for every element € = 0
( clal

_ ylalc el ) .
&)= (F )= (B piE s p) = (25, 8),
and consequently by Theorem 28.%
cla| =laiC ExC,

that is, & 1s e bounded factor by aefinition.

Theorem 29.2. A semi-normal ring is the same as a conti-

nuous semi-ordered ring consisting only of continuous factors which

are limits of some convergent sequences of bounded factors.

Proof. In & semi-normsl ring, every element 1s a continuous
factors as remarked salready. We can rrove furthermore that every

element is a limit of some convergent sequence of bounded factors.
In proving this fact, since every null factor is obviously 2 bounded
factor by Theorem 26.1, we need only to consider the case of a normal
ring K by virtue of Theorems 26.7 and 27.1. To every positive
& € R there exists by Theorem 28.7 a sequence of rpositive ele-
ments C, € R (v =1, ¢,...) tor which
C,
(=£.8)=wn {(%,%),v} (v=1, 2,...).
For such ¢, ( ¥v=1, 2,...) we have obviously by Theorem 28.%
. o0

azec T, .
Thus there exists by Thecrem 6.2 an element ¢ ¢ R such that

.l cza.
By virtue of Theorem 28,6 we conclude then from €. & C 4 & that
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we have for every point & € E. .
(%:3 )=,1},n;,(%5:$)=(-%)3-),

and hence C = @ by Theorem £8.5. Since a1l €, (v=1, 2,...)
are bounded factors by the previous theorem, it 1s proved thgt every
positive element is a limlt of some convergent sequence of bounded
factors, On the other hand, cvery element @ € R may be written
in the form @ = a*- @~, and hence our :ssertion remains valid for
arbitrary elements.

Next we shall prove that & contlnuous temi-ordered ring sub-
ject to the conditlion described in the theoren 1s 8 semi-normal ring.
For this purpose we must first remark that i1t a positive & eR 1s
a bounded factor, then we have for every positive £e R

[a41s (€1 and [4Lal=(4],
because, if (Ll}gat(. and 4& < o(»@ , then we obtain by Theorems
8.3 anc 7.15
(adls [«4]1=(4] anda (Lalsle£]l=(2].
Secondly, if s positive & € R 1is a 1limit of a convergent sequence
of bounded factors €, e R (¥ =1, 2,...), then, putting

a, = (Crvetve.-vt ) A (v=1, 2,...),
we obtain again bounced factors a, (v =1, 2,...) and

s a, T»:| &,
because we have obviously

050, & IC+[{Cagt---+ [C] (v=1,2..),
and further by Theorem 5.9

W gh\zav Um (¢'~a)= atha=a,
For every positive £ ¢ R , since £ 1s a continuous factor by
assumption, we have hence
0§0-;,€-'_T‘:1a6 and 0 g Ia..,'l',,:' fa.
Consequently we obtaln by Theorem 8.5
(e, 4117, (a4 ] and (40,177, (401,

As gll elements &, {( ¥=1, 2,...) are bounded factors, we have
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[a.£) =[43 end [fa,)s (4],
as remarked just above. Therefore we have for every positlive
element £ € R
(adls(4] ana [¢als €],
1f o< a€R 1s a 1imit of some convergent sequence of bounded factors.
Since every element of R may be 8 limit of some convergent
sequence of bounded factors by assumption, we have for every
positive clements a, £ € R
[a£]=la] ana lagl= (41,
as proved just now, and consequently by Theorem 8.2
[af] = (allat] s (all£],
as we wish to prove.
Since every bounded factor is a continuous factor, we conclude
immediately from Theorem 29.Z:

Theorem 29.3. A continuous semi-crdered ring is semi-normal,

if it consists only of bounded factors.

We shall state consecutl’vely algebralc conditions under whick
a coentinuous seml-ordered ring be normel. In & normal ring we
have by Theorem 8.1 that the relation a f:‘ 0 holés equslly as
well as G~ 4 = 0 for positive elements @ and 2

Conversely we have:

Theorem 29.4. A continuous semi-ordered ring R 1s normsl

1f the relation af =0 1is equivalent to a~4£ =0 for positive

elements @, £ € R,

Proof. Let a and 4§ be arbitrary positive elements of
R . Since we have by Theorem 7.10

(ad ~-talad )~a=0,
we obtain by assumption
(a4 — lalat)a =0,

and hence naturally
(a4 -talaf)ad =0,
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This relation yields by assumption
(ad ~talad)~af =0,
and consequently, since a{ =z o4 — falad4 = 0 , we obtain

a4 -(alad =0, namely ad=tralat.

W

Therefore we have [af ] g [a] by Theorem B.2. We also can
prove likewise (a4 ] = {1 , and consequently by Theorem 8.2
(aéls rall4]

for every positive element &, 4 € R , that 1s, our ring R
is semi-normal by definition. Furthermore our semi-normel ring
R does not contain any null factor except @ , because the
relation a‘ = 0 1implies lo.la's‘ 0 by the formula §25(7), and
consequently by assumption

fa| = laln~lal=0.
Thus our ring R 1s normal by Theorems 26.9 and 27.2.

Theorem 29.5. A normal ring is the same s8s a continuous

semi-ordered ring subject to the conditions:

1) &~ 4 =0 implies ad =20,

2) at =0 impiies a =0,

Proof. A normal ring satisfies obviously the condition 1)
and 2) by the formuls §25(1) and by Theorem 27.2. Therefore
we need only to prove the converse. For positive elements Q-

and £ € R , since
(a—(amn A (b—=(anb))=0,
we obtain by the condition 1)
(a—(and))(4-(and)) =0,
that 1s,
od —(and)d —a(and) + (anf) =0,
if ad = 0 , then, since
0z (ang)dcad, 0soalang)sad,
we obtain hence (& A ‘@)"= 4 This relation ylelds by the

condition 2)
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an~ & =0.
Therefore a continuous semi-ordered ring subject to the conditions
1) and 2) satisfies the condition in the previous theorem, that 1is,
our essertion 1s reduced to the previous theorem.

Theorem 29.6. A contlnuous semi-ordered ring is normal, if

1) @&~ 4£=0 1implies ac~4fc =ca~cd=0 for czo0,

2) to _every positive element there exists a positive

element .{ such that
[al s [addl(fal].
Proof. Let @ and £ be arbltrary positive elements.
For any positive element x satisfying X~ Q& =0 , we have by
the condition 1)
a(d+)AX(f+C) =0 for €20,

and consequently

ob Axc=0 for ¢ 20,
since 05 £ s£ +¢ und 0= C < {£+c Therefore we optain by
Theorem 8.1

laf lfzc]=0 for € 20,
iIf XA 20 . In this relation we can select by the condition
2) C€é€R such that [x] < [=zc] . For such C we obtain
obviously that

laf JIx]=0 if X~ =0,

Since (a § —~(alad )~ O =0 by Theorem 7.10, putting
x=ad-talat,
we obtain hence by the formula $8(1l) and by Theorem 7.1l
at—(alad = (af)(ad—(alad)=0,
that 1s, a4 = [ajaf, and consequently fa{ 1< (a] by Theorem 8.2.
We also can prove likewise [ad] < (4] . Therefore we have

by Theorem 8.2
(ad41s (al[4]
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for every positive elements a and # . In consegquence our
ring is semi-normal by definition. Furthermore our ring 1s
normal. For the condition 2) shows by Theorem 26.5 that every

element is normal.
Finally we consider the case where a continuous semi-ordered
ring has a unit factor, that 1s, an element € satisfying
ae= €a =a for every element O-.
If a seml-normal ring has a unit factor € , then it consisats
only of normel factors by Theorem 26.5, since
[ae]=(a] for every element a .
Therefore we have the following
Theorem 29.7. A_semi-normal ring possessing a unft factor
is normal.

Theorem 29.8. If a normal ring has a unit factor €

then we have

(£,3)=1 for every point FeE.
Proof. If a normal ring has a unit factor € , then we

have obviously for every element a
(al = [(ael g [e],
and hence € 1s a complete element, because € . a 1implies by
Theorems 8.2 and 8.1
[a) = [alle]=0.
Therefore we have by definition Uge; = E. &nd further by Theo-
rems 28.2 and 18.2 for every point F € £
(£-9)=(%-8)= (§-p)=1.

Theorem 29.9. A continuous semi-ordered ring possessing

a_positive unit factor € 1is normsl, if and only if
a~ne =0 implies a=0,
that 1s, if and only if € is a complete element.

Proof. If & normal ring has a unit factor € , then € 1s

a complete element, as proved already in Proof of Theorem 29.8.
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Conversely, 1f a continuous seml-ordered ring has the properties
described in the theorem, then [pl€  1s a continuous factor for
every projector ([ p1 , because £, ,L::‘ 0 implies
os(tpie)d, s ed, =4, |7, o,
oz bpre)sde =4 L7 0,

since 0 g tple g € by Theorem 7.5.

For every projectors tPJ and C?J we have obviously

[pie = (tpie)e = (EpJe)(che) +(lple)(e-tpie),
and further by Theorem 7.8

0 Igln~(tple)(€-g1e) 5 Il ~ (e—(gl€) = 0.
Consequently we obtain by Theorem 7.12
(pilgle = [g1((cprexcyae)).
On the other hand, since ([pl€)(f¢le)s €Ugle)=1[gle , we
obtaln by Theorems 8.3 and 8.2
[tprerugie)) s [fgle] = 1.
Consequently we have for every projectors (p] and 57.1
EPJCfJ e = ((p]C)(L’fJe)_

Now, recalling definition of integral, we have by Theorems
22.2 and 21.1

tpra = §,, (€:§)dgtpre={ (&.pipreldpe)
wpie) §, (&-8)dpe =ccpieda,
that 1s, (PJa.=((r]e Jo.  for every projector [p] . Hence

we obtain by the formula §8(1) end by Theorem 7.11
(o411 =[(lala)g] =[(Lale)ag]
=[[al(a4)] = (allad4] s (al,
Since we also can prove llkewise [af] =< (£ ], we obtaln further
by Theorem 8.2
(afls Calld],
Thus our ring 1s semi-normal by definition, and furthermore normal
by Theorem 29.7.

By virtue of Theorem 29.6 we have obviously:



139

Theorem 28.10. A_continuous semi-ordered ring possessing
a positive unit factor 1s normasl, if snd only if a ~4£ = 0

implies

acnfc =cancd =0 for ¢ z o,
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CHAPTER _ V

EXTENSIUNS

§30 Cut extensions of semi-ordered linear spaces

Let R and ﬁ, be seml-ordered linear spaces. If there
exists a mapping of R 1into ﬁ which assigns to every element
& € R an element aﬁ € i’i such that

1) (du+pl)ﬁ=d~a§+F-&ﬁ for every a, £ € R,

2) D,i 20 1if endonly if a =20,

A
then R 1s sald to be an extension of R by an extending cor-

respondence

1y A
Raa—> a®eR.
~
If R 1s an extension of R by an extending correspondence

n
A
R>a —> aReR , then we see easily that if

~

R R
e = v el or af=nN a,
n €A 2eA
in R for a system of elements @, € R (A € /1 ), then we have

o= VU a or a =
A€ A A/e}« @
respectively, because we have by the postulates 1) and 2) that
R R >
o z 4" in R if endonlyif a4 in R .
If an extension E of a semi-ordered linssr space R by

2 ~
an extending correspondence Rya — a“ € R satisfies further

~
3) R is universally continuous,
R ~
N e, = R =
4) S e=0, ax € R ( JLAE A ), implies [é\ﬁa; 0in R,
5) to every element Qe R there exists a system of ele-

ment @ €R (A € A ), such that

a=N a—xu P

n AEA

then R 1s said to be a cut extension of R .
~
If R 1s a cut extension of a semi-ordered linear space R
s ~

by an extending correspondence R o — atf eﬁ , then R 1is
archimedean by the postulate 3) and by Theorem 7.3, and hence we

heve for every positive element & € R
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o0
which ylelds —‘1; /9 &,_‘o by the postulates 1) and 2), as remarked
already. Therefore R 1s archimedean too. If o = Al‘J‘ [/25%
in R , then we have by Theorems 2.2 and 2.4
QA (a—-ay))=0,

and then N\ (af— a;ﬁ )=0 by the postulates 1) and 4), that is,
AEA

oR = U o}k

AeAN
by Theorems 2.2 and 2.4. Consequently a = U/ a, in R
N ~ xea
implies af= U a.'i . We also can prove likewise that a = /\ a,
ren ~ ~ AeA
o R
in R 1implies gR = Afe\ oa . To every element 2 € R there
A

exists by the postulate 5) a system of elements 2, e R (A € A )

such that

"

~
- = f\ a»AR
AEA

and hence we have by the postulate 1) and by Thecrem 2.2
”~

2

~

a = v (—an)t,
A€AN
Therefore we obteln the following

Theorem 30.1. If a seml-ordered linear space R has s

cut extension k , then R 1s archimedean, and for the extending

3 ~
correspondence R 3> & —> a®e R we _have that

a=U a, o a=/ax in R
AEA AEA

implies aﬁ-;ku a,f or a,“:)o af respectively, and that to every
s . A

element @ € R there exist. two system of elements a, gnd 4,&&

(2 € A ) such that
~ s ~
AL =\ 45 R
For semi-ordered linear space R and R , if there exists
a mapping of R onto f,i which assigns to every element & € R
an element ai € a such that .
R (o(a.+F.g)ﬁ =o<a£+P4",

~ A
ak 20 if and only if @ Z 0 , and to every element, & € R
a

R A
there exists an element & € R for which &© = G , then R 1is

A A A
sald to be isomorphic to R by a correspondence R 3a — alfeR.
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Here the correspondence R 34 —> akR e f'i 1s one-to-one, since
we have @R =0 1if and only if a = 0 Therefore, if R
1s isomorphic to ﬁ , then ﬁ i1s isomorphic to R by the in-

verse correspondence.

Theorem 30.2. If & seml-ordered linear space R has a

cut extension, thén 1ts cut extension is uniquely determined up
to_an isomorphism.

Proof. Let ﬁ and ?{' be cut extensions of R Dby ex-

tending correspondences
Raa — af eR and Ria — aReR
respectively. By virtue of the previous theorem, to every
element G € ’Ii there exist two systems of elements aa € R
(x e A )eand £, € R (¥ € I" ) such that
"~ ~
G = R R
*&x = o =
)rt\n ,: rk(./r‘ 43’
In general, 1f N\ a_f = U 4.}, ther we have by Theorems 2.2 and 2.4
A€n ser ¥ "
N (ax-2.)" =0,
and hence N\ (a, —4,) = 0. From this relation we conclude by
X ¥
the postulate 3)
R
— =0
D0 -2 .
U_4,* by Theorems 2.2 and z.4. Therefore

yer

that 1s, N & =
Aen 4 ~
to every element 4 € R ‘there exists uniquely an element afeRr

such that
~ *_ R
—‘QAO-; “,\ejrv‘gi ) G-AGR.(AGA), 4,6&(3’6!"),
implies afl = n ol =V l,z . For this correspondence

R — aﬁ'é’i,

: 7 ® R_ ®
we also can prove likewise that xr‘\"a,‘ :-vlelr‘lr implies Afé\l‘a,\ _7%'—8, R

~
and hence further that to every element ® € R there exists an

’i_N

element @ € ﬁ for which at =@ .
ir & =Lﬂ @,k , a,eR (A € A ), then we have by Theorem 2.2
€A -
a = _ R
a L\{A( ax)",

and hence by the tact as proved Just above
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~

-~ 3 ~ - P-4
-—a)" = —-a, )R = a,R = AR
( A\El;\( x) *C\A A a”,
and furthermore we have for every positive number ot
AR r Y AR
ol = N(aan)? = « R = R
(ta) aeA * QA @ e,

since oL & = “A(o( a.,,)ﬁ by Theorem 2.3.
a

~ ~ ~ 2
Ifra=Noaok, £=nN 4,‘ , then we have by Theorem 2.6
Y7 Ter

a+4 = N Cox + 40",
’l
and hence we have further
@B+ = naa+40" = Na¥en 4,F =3FR+ ZF,
AT ren yer A~
Therefore we obtain for every elements &, £ € R
~ ~ - -~
(o a +p‘£)R = oak +F‘£w.
Ir a 20 and &:ife\ a®, a,eR (A € A), then we have
A

obviously a, z 0 for every A€ A , and hence
aF = N a ¥ 20,
AEA ~

Conversely, 1if &S 20, A e R , then, for a =LQA af we have

by definition
A~ r
ak = N o, * z0,
rEA
and hence G Z0 for every A € A , which yields a 20 by

definition. Therefore ﬁ 1s isomorphic to R by the corres-

A ~ ARz
pondence R 3 & —> a " € R and we have

(a,a)ﬁ=a.; for every a € R,

We shall prove next that 1f s semi-ordered linear space R
1s archimedean, then R has a cut extension. For this pur,gose
we consider lower bounded sets of elements from R . For two
lower bounded sets of elements A and B , we define A5 B to
mean t}:at every lower bound of A 18 a lower bound of B .

With this definition we have obhviously:

(1) As A for every lower bounded set A ,

(2) A< B , B<C 1implies As C .

A >pB 1implies A< B Dby definition, but we have not
necesssrily 4 >B , even if A g B

For a lower bounded set of elements A , the set of elements
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= X
AzX
1s called a cut generated by AA ard denoted by

(A) or (z: x€A).
J

Concerning cuts, we see easily that )

(3) (A) >(B) if and only if A< B,
and hence (4) >(B) 1s equivalent to (A) < (B). Consequently
we have

(4) (A) =(B) if endonly if A5 B =and B=< A &t the

ssme time.

For every element a ¢ R we obtein a cut (a ) genersted by
the set {a} composed of a single element & , that 1s,

(a) = {z: 1;4*_

For a lower bounded set A we have by definition (a) = A
1_1’ and only if & 1s a lower bound of A Therefore, to
every two cuts (A) and (B) there exists an element & € R for
which *

(a) = (A) sand (a) = (B).
(5) A < B 1implies for every lower bounded set C
(x+2: x€A,2eCls (Y+2: yeB, zel).
Because, 1f & < X +Z for every X € A and Z € C , then we
have for any Z € C
e-25 % tor every x € A,

and hence a-1 g 4 for every Y € B , since 4 £ B by assump-
tion. Consequently, 1f & < x+Z for every xe A and Z ¢ C
then we have a g Y+2z for every ¢ B end z2€¢C

By virtue of the formula (5) we see easily that 4 < B and
C 5 D imply

(ttu: xeA,uel) s (Y+v: YyeB, v eD),
and hence we have by the formula (4) that 1f (A) =(B) and
(¢) = (D) , then we have
(x+u: xeAd,ueC)=(4+v: yeB, vep),
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Therefore we can define the addition for two cuts ¢4 ) and (B) as
A)+(B) = (x+y: xeA, YyeB).
With this definitlon we have obviously:
(6) (A)+(B) = (B) +(A),
(7)) {A) +B)} +(€) = (A)+{(B) +)},
We have obviously by definitlon for every cut (A)
(A) +(0)= (A).
We shall now prove that to every cut (A) there exists uniquely
a cut (B) such that
(A) +(B) =(0),
For any cut (A) , 11 we put
B={-x: (x5 A},
then we have obviously x +yzo0 for every x € A and ¥ € B ,
that 1s,
(x+3: x€A, YeB) = (o).
On the other hand, if a < 7-"’} for every x € A and ¥ € 8 ,
then fer any Y ¢ B we have
a-ysx ‘for every z €A,
that is, (a-4) = A for every ¥ € B Consequently ¥ €58
implies Y -a € B , and hence y, eB implies
Yy-va € B for every v=1, 2,....
Theretore, for any x € A and 4 € B we have
(Lg-!-y(t-rg) for every V=1, 2,....
Since R 1s archimedean by assumption and Z+4 = 0 for every
teA and }e B , we obteln hence a g 0 , and consequently

by the formula (4)

~ (x+Y: zeA, ye€B)=(0),
that 1s, (A) + (B) = (0) by definition. Such (B) 1is uni-
quely determined by (A) . Because, 1if

(A) + (¢) =(0)
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for another cut (€ ) , then we have by the formulas (6) and (7)
() =1(0)+(C) ={(A) +(B)} +(e)
={UA)+(C)} +(B) =(0) +(B)=(B).
Therefore such a cut (B) will be denoted by —(¢A) . with
this notation we have by the formulas (6) and (7) for every two
cuts (A) and (B)

B)+{(A)+{-BI}} = AI+{B)+ {-(BI}} = (A) +(0) = (A),
(8) A< B 1implles for every positive number ol °
(2 : XEA) s (dy: YyeB).

Because, {f & € £ x for every x € A , then we have ;{-a.; X
for every x € A , and hence :’(-a. £ for every 4 € B , since
A< B by assumption. Consequently, I1f & g o x for every

X € A , then we have & édy for every yeB.
We see easily by the formulas (4) and (B) that (A) = (B)
implies for every positive number o
(dx: xeg)=(ay : y€B).
Therefore we define o (A) for a resl number o to mean
DlM):{(dl:xeA) for & 2o,
(~a){- (A} for o < 0.
With this definition we have obviously the following relatlions
for' every positive numbers ol and f
(9) A(A) + A(B) = ot { (A)+(B)I},
(10) A ApA)} =B UA), T
(11) 1(A) = (A),
We have further
(12) A(A)+ BUA) = (a+pIA).
Because we have by the tormula (3) for every cut (A)
ol(A) + p(A) =(dx+(§y Do, yeA) S(+BIA),
Consequently we have 8lso « {—(A)}+ pi- (A)} g(d*[i){-(/')},

This relation ylelds by the formulas (5) and (9)
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(A+B)CA) s A (A)+ BCA).
We see easily turther tha‘t the formulas (9), (10), and (12) remain
valid for arbitrary real numbers « |, P . Therefore the set of
all cuts R constitutes a linear space. Furthermore ﬁ is a
semi-ordered linear space by the formulas (5) and (8).
l/i is an extension of KR by the correspondence
Rya —>(a)€e R .
In fact, we have by definition
(da+pf)= @)+ p(f),
and @& >¢ 1s equivalent to(a) z (o) by the formula (3).
E is universally continuous. Because, 1if
Ay Z () for every A €A,
then we have by definitlon that
(A ;(rze:1 Ap) for every A €A,
and that (A, ) z (X ) for every X €A ixlp.].:!.es(""zé'71 Ap)z(X).
Therefore R 1s universally continuous and
(1) (Z Ax) = ) (A,
1f there exlsts an element & ¢ R such that A, 2 (a) for every
A e N . As an immedlate consequence from (13) we have for
every cut (A)
(14) A)= 1N x),
if "/;\'4 2 =0 1in R , then we have (A) = (0) by the for-
mula (4), and hence by the formuls (14)
4\4(”:‘“ in R.
Therefore R 1s a cut extension of R by the correspondence
R2a — (a)eR.
Thus we have proved:

Theorem 30.3. If a semi-ordered linear space R 1is srchi-

medean,.then R has s cut extension.
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§31 Cut extension of seml-ordered rings
Let R &nd R be seml-ordered rings. Ir R 1s a cut

extension.of R a8 a semi-ordered linear space by an extending

= ~
correspondence R 3 & — af ¢ R , and t‘ur‘ther it
02 = naA, osd=n4F 1w R

rer
implies a,# f\ (ra .&,) , then R 1s sald to be a cut ex-

tenslon of a seni ordered ring R Dby an extending correspondence

Rrsa — aa € iAl .

Let a Semi-ordered ring fli be a cut extension of a seml-ordered
ring R by an extending correspondence R34 —» 03 éi’{\ . Then
we have obviously by definition for every positive elements a, 4 € l’?\

a.345 = (a _&)ﬁ,
and hence for arbitrary elements a, ¢ € R
0f R = (arR_arRygrR o g-R)
= (a*4*)f+ (a~£)% = (a* FOLE (a- 2R
(6*4* +0-4" - a*e —a~2*)R = (a4)F,
It NQx=0, 8,€R (A € A,), then, putting
Gay ER (2 €A, Xe),

we have xf\x af = 0 by Theorem 2.5, and hence for every posi-
> ’

x= Na R
&x vep ¥

2

~

tive element 2 € R , putting
~

I=N 4", 4;eR (S ea ),

Sea
we obtaln by definition

N _(a,, 4% =0,

27,8
On the other hand we have by definltion
~ ’S A
r/\s(a'l,f ‘J)R = a;\‘# >
3
and consequently we obtain by Theorem 2.5

N (a-ar-#s) n{/\(uuzn} /\ﬁJ

PN

Thetrefore Af&\ 8x = 0. implies f\ ax 4 = 0 for every positive
A

element Z € E,. We also can prove likewlse that f\ﬁ o= 0

implies N\ 40.,\ 0 for every positive element 4 e R . if

A€A
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f\o.A—_-a, a,e R (rAen ),
then we have QA o.,j =0 by the postulate 4) in §30, and hence

R pR = RoR_
o4 = efad o
for every positive element £ ¢ R , as proved just now. Con-
sequently we have that
Q‘aﬂ\:‘), a,eR (re N ),
implies A/\A a,f =Af\ f ax=0 for every positive element £ € R.
€ €A
Thus we obtelin:

Theorem 3l.l1. If u seml-orderec ring R has & cut exten-

sion E » then R satlsfles the condition that

N ay =0 1implles Naxg=/\ALor=0 for £ =0,
Aen Aea

Aen
~
R also sstisfles the same condition, and for the exdending cor-

respondence K 3 a —> aa ¢ R we have
afR g% = )R (4, £eR).

A seml-ordered ring R 1s sald to be isomorphic to a semi-
ordered ring ﬁ by a correspondence K > & —> ILE € R , it R
1s 1somorphlic to )% as a semi-ordered linear space by this cor-
respondence and

(a £ )ﬁ =aa#a for every. a, £ ¢ R,

Theorem 31.2. 1f 8 semi-ordered ring R has 8 cut exten-

sion, then 1ts cut extension 1s unlyuely determined up to an

isomorphism.
~ ~
Proof. If both semi-oraered rings R anéd K are cut exten:

sion of K respectively by correspondences
Kaa-—auEeR\ and Raa.-—-a.‘?ei,
tnen there exlsts by Theorem 30.2 a correspondence R 3a —> aﬁie E
such that fz is isomorphic to E as a seml-ordered linear space
by this correspondence, B
(aR ;% = af for every a €R,

~ ~
A = R ak = a R
and a”[e\.«a" ,areR (A € A ), implles a [é\/‘ AT .
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To every positive element a e ﬁ there exists by the postu-

late 5) in §30 a system of positive elements 2, e R (A € A )
A

for which & = N a R . Ir
AEA ~ - E
0l A = a,k os £ =N 4
=0 AQ;-A ’ = ver ¥

-~

r
then we have by definition a £ = Af\r(a.;\ ,&r)n , and hence by
, ,
the fact remarked just above
~ ~ % -4 ~
(@4) = Neax 45)" = a
a,r
- ~ ~e
since we obtaln AR = A’;\A ar®, 2R = 4y by the same rea-
-~ ~
son. Therefore R 1is isomorphic to R as a semi-oraered ring
by the same correspondence.

Theorem 31.3. If a semi-ordered ring R 1s archimedesn

and satisfies the condition:

= impli = = G
Qonmo tmlies Qoi= ) boa-o fx bao,

then R has a cut extension.

Proof. Since R 1is archimedean by assumption, by virtue of
Theorem 30.3 R has a cut extension E as a semi-ordered linear
space by an extending correspondence R > & —> 0.; € ’Q . Then to
every element a e E there exists by Theorem 30.1 two systems of
elements 0, ¢ R (A € A ) and £, € R (¥ € [7 ) such that

R =t -y af
1r [‘\Aok,\a = rlejr';ﬂ'i’ Ga, 4y €RIA €A , K€l ), then we
have ‘\C\‘(a* — 4 ¢ )R=0 by Theorems 2.2 and 2.4, and hence
a/’\'(a., — £,) =0 by the postulate 2) in §30. This relation
ylelds by assumption for every positive element C € R
[)\, (ox—£,)C =0,
and consequently by Theorem 30.1
(\‘,((“’AC)E ~ (4, C/;) =,
that is, ;\QA(O"‘C)E, =U\e/r.(45€)a by Theorems 2.2 and 2.4, since f?:
18 universslly continuous by the postulate 3) 1n §30. Therefore
QAaxaerélpi,ﬁ, Bxr, £yeR (el ,rel” )

implies [\ (a,\(;)“E = \J (45 C )R for every positive element c € K,
AeA ver
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Ifrad=naR=nck , 0sé;€rR (5 €a ), then,
. €A A€A
since we can put by Theorem 30.1
~
~ R
a = >Le//\d" 2
and since we have for every d € 4
~ ~ -~
N (a R - ;R N R
HA( x £¢) )‘{AN(A 458 = AOA((-A 4500,
as proved just now, we obtein by Theorem 2.t
N (@408 = N { N\ bR N {nc cxd
2,8 rve Su{(a\n » 45 } eaiAeA ‘\i‘; . A’,)s*( re) .
. - A = P 2 _ R R
Consequently 1f 0g & A(E\AG,\ -A/DAC,! , Ose=N 4 =45,
then we can conclude

N a:/‘\(C&)R;—‘l‘\(Cd/.
A,r(a‘\'é", xr r e E S A

)

Therefore we can defline the product ) for every positive
elements a4, £ €R as
~ 7 R
a4 = f\ (U"A £4)8
4 = [\ 2,7 . With this definition we

rer ~
see easily that for positive elements of R we have the follow-

PN
for o =N a,k s
AeA

ing relations:
(£¢),

and (R £) = a)f = 3 (x£) for every real number « z 0.

1
o

)t =

538

(

)

If 0< i = N axf = U d," , then we have for every posi-
- P X Y Aea

tive element £ ¢ R
~ ~ ~
&£ = Ncasd)f = v (dad)R,
Aen A€eA
as proved just above, and consequently we have for every positive
elements £, ¢ € R by Theorem 2.6

A R, Ry R R
a (£R+c )= (er($+C)) 23{)(’ (oaaf+a,c)

A

=0 (a,\l%)“-*/\(a.\c)“ =a4f+ack

= U (da 4?)“4— \/(AAL)“ = l/ (d,\(#n)) a(4;+c3).
AeA AeA

Therefore we have for every positive elements 4, ceR

A oA ~ o A~
a(LR+cR)=24%+ac® for 0s A eR,

-~ ~
In general, If 0 ¢ A = :’\ a,\, 0§4 th-“' , aic:;{lcl‘ R
then we have hence by Theorems 2.5 ana 2.6



152

o

A+ = (.‘1-4(114-6;))“

o\l'(f

§31

=N, caau.ncw“i N ACeSrest,

&

A
A ~
A8,0+ VAR

Fea

-~ ~
x4 ALl .

:r, ¥
= f\ (av 43— + a'CK )=,
LS xer
= /\(ﬂ-;ig) + Y(a,co)® =
2, ¥ 2,0 ~
Consequently we nave tor positive elements of R
A A -2 A A
AL +C) = 24 + 2 0C.,

We also can prove likewlse for positive elements of E

~

(2+8)a =L2a +7Ta.

Ir N a,‘ = 0 , then we have for every positive £ ¢ R

e
~ ~ A
[\ b4 =\ ax =0.
€A Aen
~
Because, for aA—:S/\ 05,58, axsecR (2 €
ta

I\A A, =0 , then we have by Theorem 2.5

~

N a R —o
>, 8 X8 ’

~

A, Sea ), 1ir

and hence (\ &, ¢ =0 by the postulate 2) in §30. From this
rAE

relation we conclude by assumption for every positive 4 €R

/\a;;‘ﬁ f\ﬁ“;«,g—a

and hence by the postulate 4) in $30

Nz R = f\ (£a,,s)
Therefore, for every positive element 4 €
£=N 4 R
Ter
we obtaln by Theorem 2.5

-
R

R , putting

27 - Ry Ry _
10/\ o'.lle —AQ/\{G(,'\K(&A’E Ir) }—yfs\r‘{ ’C\‘(au\)f 4ar) f =

and similarly I;\ b ar =0,
Now we can d;rine the product a f of
and 2 € f’(\ as
A% =2 fr+a-E)-(a 4+
with this detinition we shall prove that ﬁ

A -

. At
Since A" A A

arbitrary elements

a-£*).

constitutes & ring.

= 0 ~by Theorem $.6, we have

13)
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a*f'n&'£‘= 2 z‘zﬂ.
Therefore we obtain by Theorem 4.3
(3*2* + 32 ) (B* &~ +a"F*)=0,
and consequently by Theorem 3.8
(22 =02*3*+ a8, @E)- =38 +a-&*
These relations enable us to conclude
WA Z)E)Y =(A*Z*+8-F-)E+ +(RtE- +a-L£*)E-
=G (E*C + 8 E )+ AT (@r e+ E et ) =(a LN,
and similarly ((a Z )yT) =(a (&), Therefore we obtain
for arbitrary elements of ﬁ
(ad)c =actid).
We have obviously by definition for arbitrary elements of ﬁ
af=a‘4-a-f=0af"-83",
Since a*t +,2*+(3-+2)’ =a "+ 2'-4-(3.-1--5)*. we obtain
A*Cre ErCr4(B+ E) = ﬁ’f'-f.@'é‘*-p(o’.‘x*f)*?")
a3 proved already for positlve elements of ﬁ , and consequently
AT+ Tt =(a+£)ET,
as remarked Just now. We also can prove likewlise
B~ +3E-=(a+£)¢"
‘Hence we obtain for arbitrary elements of ﬁ
A+ £ =(a+4)E .
We also can prouve likewlse
ia+c 4 = ta+é).
We can prove further by the similar methods
(x8)f = 8 (t£) =td f
for arbitrary elements a, 4 € R and for eveny real number <X .
Therefore ﬁ constitutes a ring by definitlion. Furthermore 1t
is evident by the definitlon of the proguct of positive elements
that ﬁ 48 a cut extension of K as a seml-ordered ring by the

s ~
same correspondence R ? a — a® e R
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Theorem 31.4. If a semi-ordered ring R 18 archimedean

and satisfies the condition that to every positive element a €R.
there exists a positive number ol such that

axgdax and xa s % for o5z xeR

then R has a cut extension, and 1ts cut extension 1s a semi-

normal ring eonsisting only of bounded factors.

Proof. 1r xf‘\na,.so , a2, € R (xe A ), then, since to
every positive element 4 € R there exists by asswuption a posi-
tive number p such that

0,65 pa and 4&;5?“4 for every A €A,
we conclude easily by Theorem 2.3 for every positive £ € R

A/;\Aa)‘ ¢ = AQAJA:‘ = 0.
Therefore R has a cut extension R by the previous theorem.

To every element a € ﬁ there exists by Thecrem 30.1 a
positive element - € R such that lalg {2.a for the extending
oorrespondence R 3 & —> a? eR . Corresponding to such
R € R there exists by assumption a positive number o such
that

ax £ 4x and XA godX for 0=z eR .,

Then we have by the postulate 2) in §30

A ~ S A R
l&(z“gazﬂ and x“la(gdz for 0 < zeR

.
~

-
For every positive element £ € R, putting by Theorem 30.1

~

_ R
4—{‘\/‘#,\ s £, e R (a2 e A ),
we obtaln hence by Theorem 2.3
A ~ a _ >
a1 £ < d*o"Aa = dl’\,
71 = o
4‘“(§°(,\QA‘€* £.

~ A
Therefore every element . ¢ RK 18 a bounded factor of R by

definitlon. Accordingly f’E is a semi-normal ring by Theo-

rem 29.3.
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A seml-ordered linear space R 1s said to be complete, if R
1s continuous and satlsfies the condition that the serles é Q.
1s convergent for every orthogonal sequence a,¢R (v=1, 2,...).

Theorem 32.1. If a seml-ordered linear space R 1is

complete, then to every seguence of elements p, € R (v=1, 2,...)

there exlists O [p.] 2and we have
r=1
R d
( b\?‘cpyl)a':g' Cp.Ja for 0 0 €R.,

Proof. By virtue of Theorem 8.7 we need only to prove that
to every sequence of elements p, € R (v=1, 2,...) there exists
an element p, € R for which [r,]g [F'J (Vv=1, 2,...)%

For every seguence of elements p, ¢ R (v=1, 2,...), putting

71 = |p:l, ?, = (1~ Cipal+ e+ P13 )CIpalt -+ P )
for ¥ =2, 3,.... , we hsave by the formula §8(8) sand Theo-
rem 8.3

Lol =Cipatr--- +1pdl= Lipid - +lpecsl]
for V= 2, 3,0ceee « Then, since [7,][”1——-0 for v + M by
Theorem 8.2, ?, (v=1, 2,... ) 18 an orthogonsl sequence,
and hence we can put

oo
b= 200
since R 1s complete by assumption. Por such p, € R we
have by Theorems 8.3 and 8.4

(Pod 2 Lgadte-- 409 3= [ipsit---+ipid 2 Lp]

for every ¥ =1, 2,... , as we wish to prove,

Theorem 32.2. If o semi-ordered linear space R 1is com-

plete, then for every element a € R , every almost finite conti-

nuous functlion Cf(g) on Up,q 18 integrable by @ 1in T.,,.
Proof. If a .ontinuous function cf(;) is almost finite

in Ura»] , then there exists by Theorem 21.7 a sequence of projec-

tors rf"']'T:; (a] such that ¥(§) 1s bounded in Ty 4 for
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every y = 1, 2,... , For such [p,] (¥ =1, 2,... ) we have
by the formula §20(3), putting p, = 0 for convention,
gprdea = 3 rde a =1, 2,..
jtm $)dg ,é jwﬂdpﬂ_d?; Lp (v=1, 2,...)

and epIde o ( = 1, 2,...) 1s an orthogonal seguence
JLP{*J‘[P‘“-I] 3 (; M » Ca g q »
because we have by the formula §20(2)

Pprda = (Cppml - (Ppa-
5""']‘("1‘“') §)4¢ Pr Ppe J)S‘Prl“l’p-d ‘ftg)dé’.a;
ana (Lpi-[p, 43 )0(Pul - {pu-11)=0 tor ¥ # m Dby Theorem B.c. Since
R 1s complete by assumption, there exists then the limit
d

lim dy a

el Str—J Tgdp e = ,é,— fcr.]— P11 Py,
and conseyuently CP(; ) 1s integrable by a in T, ; by Theo-
rem 21.9.

We also can prove by the similar methods:

Theorem 32.3. If a seml-ordered linear space R 1s com-

plete, then for every resolution a, ¢ R (-0 <X <+e9) of an arbi-

trary element o € R , every finite continuous function < ca)
(00 <a<+oo) 18 integrable by a, (-ce<ir<+oo).

A semi-ordered linear space R 1s sald to be universally com-
plege, if R 1s universally continuous and satisfies the conditlion
that every orthogonal system of positive elements 1s upper bounded.

with this definition, if & semi-ordered linear space R 1s
universally complete, then to every orthogonal system of positive
elements @, € R (A € A ) there exists ALQIA @, , and hence for
every orthogonal sequence of elements &, €R ( v=1, 2,... ) the
series ;:1 lav| 1s convergent Py Theorem 5.15, and consequently
tRe series :Z:_i @, 1s convergent by Theorem 6.6. Therefore,
i1f a semi-ordered linear space R 3s universally complete, then

R.  1s complete..

Theorem 32.4. If a semi-ordered linear space R is uni-

versally complete, then R has a complete element.

Proof. By virtue of Theorem 4.6 there exists a complete
orthogonal system of positive elements d, e€R ( X € A ). Since
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R 1s universally complete by assumption, there exists by
definition an element C ¢ R for which € 2 &, for every Aed .
Such ¢ € R 1s a complete element, beceuse C L X implies’'dy
Theorem 4.1 Xx 4L @, for every A€ A , and hence 2 =0 ,
since A, ¢ 8 (A € A ) is a complete system.

Theorem 32.5. If a semi-ordered linear space R 1s com-

plete, unlversally continuous, and has a cogglete element, then

R is universally complete.

Proof. Let ¢ € R Dbe a complete element of R . For
an arbitrary orthogonal system of positive elements a,eR (A €A ),
putting '

Qa,, = (L(vicl-0x)*] = [((v=-0icl = ar)*3) (r=1, 2,...),
we obtain agaln an orthogonal system of positive elements
&y, € K (reA ,ve=l, 2,...)
by Theorems 7.3 and 8.2, since we have by Theorem 8.3
Lvici-at1 z[(v-nlcl—ay)* ] (v=1, 2,...).
For such @,,(X €A, =1, 2,...), since we have by Theorem 7.16
[evici - a1 (vicl-an) g o0,
we obtaln for every X € A
Qa,, = [(vict-0ax)* Jaa = vicl,
and het;ce we can put by Theorem 6.7
lys’\({da,\‘y (r=1, 2,... ),
since R 1s unlversally continuous by assumption. Then
.@y (y=1, 2,...) 1s an orthogonal sequence by Theorem 4.4,
and consequently we can put further
oo
& = % 4.4,
since R 1is complete by assamption. For such a we have
obviously & go:,\', for every ¥= 1, 2,... , and hence by Theo-

rem 5.15 for every v = 1, 2,...

v
[(V’LI— a,,)"]a.,\ = f‘q' 0.;'," s a .
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On the other hand we have by Theorem 8.14
[(vicl—a,)*3] 'T::| cel.,

Since [cl=1 Dby Theorem 7.14, we obtaln hence by Theorem 8.7
Wvici=axr*1aa oo, Oa,

and consequently & 2 &, for every A € A ., Therefore R

is universally complete by definition.

$33 Completions

Let R Dbe & continuous semi-ordered linesr space. An ex-
tension k\ of R Dby an extending correspondence R 3 a — aR e'}i

is sald to be a completion of R by this correspondance, 1if

~
1) R 1s complete,
2) af 1L LR if and only if a1 4,
o
3) G-=“Zﬂ-, for an orthogonal seqaence 4, € R (¢¥=1, %,...)
=1
implies
A oo a
ak = a,” ,
39
4) to every element a € ﬁ there exists an orthogonal

sequence a,eR ( + =1, 2,...) for which

~

o
a, = Z" a,“ .
Theorem 33.1. Let fi be a completion of a continuous

seml-ordered linear space R Dby an extending correspondence

‘R‘ ~
R»a — a%e R . Iir
E ~ ~ A~
af z £ zo0, aeR, JfeR ,
then there exists an elsment .4 ¢ R forlwhich { = .£R. ir
a=U ax or a=/ 0 in R,
AeA AEA
thien we have respectively
~ ~ ~ A
afe Uk oo df=noa® m R.
Aea AeA
~ ~
Proof. To every { ¢ R there exlsts by the postulate 4)
an orthogonal sequence £, € R ( v= 1, 2,... ) such that

i =3 4%,

)
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Ifta® 2 420, a€ R, then we have by Theorems 7.2, 7.5, 7.12
~ a ~ ~
af 204 3L =2" 2o,
and hence for every m =1, 2,...
ak z £ 4% ;0.
These relations yield by the postulates 1) and 2) in §30
e24, 20, a;;l, (p=1, 2,... ),
and hence f_ £, is convergent, since R 1s continuous by
v=1

assumption. Putting
oo
4=2 4.,

bd
we have then by the postulstes 2) and 3J)

P L R

For AQA &, =0, a,e R (A €A ), we have obviously a,f‘ 20

for every A € A . 1r
~ R
0 < £ = @, for every A €A,

-~ ~
then there exists an element £ € R for which £ = {*, as proved

just now, For such £ ¢ R we have obviously

0 4 g0ax for every X €A,
and hence £ =0 . Therefore x/e\Aa'\=o , 0rx€R (A €A ),
implies

~

N a,\"—.:o.

reA
If a =x"e) &, in R , then we have by Theorems 2.2 and 2.4
A

Are\n(a—a“)= 2,

and hence ,\QA(O‘R’ a,)\ﬁ ) =0 , as proved just now. Consequently
a,.—.;xe/Aa,..o.,e&(Ac—A ), implies
~ ~
ak = U &AR-
AEA

We also cen prove likewise that a'=>.o,. &, in R implies

ak = N a.f .
AGA
As an immediate conseyuence from this theorem we obtain:

Theorem 33.2. pes ﬁ 1s a completion of a continuous semi-

ordered linear space R by an extending correspondence
A
R>a —» aR ¢ R, then we have for every element a € R
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A a 2 -
atf_ o™, a R pf P lﬂ-li::lu (.
Theorem 33.3. Ir R 1s s completion of a continuous

semi-ordered linear space R Dby &n extending correspondence
o ~
R3ar —>» aR ¢ R , then for any complete orthogonal system of

slements @, € R (A € A )Lg R we obtain again a complete

s ~ ~
rothogonal system a,R ¢ R (A € A ) in R
Proof. It is evident by definition that for a complete

orthogonal system of elements A, e¢R (a4 € A ) in R we obtain
again an orthogonal system 0»,\ € R (X € A ) in f{ . ir

»{ xL (I.A : for every A €A,
then there exists by definition an orthogonal sequence of elements

$, R (v=1, 2, ... )for which

2 =245
and we have by Theorems .18 and 4.1

»ﬂg _.La-,‘ for every A eA,py=1, 2,... .
These reletions yield by the postulate 2)

£, L a, for every A e A ,v=1, Z,... .
Since @, € R (X € A)is a complete system in R by assumption,
we obtein hence 3,, =0 for every + =1, 2,..., and consequently
i = 0 . Therefore a,\i 3 F’i\ (X € A ) is also a complete
system in ﬁ .

Theorem 33.4. Every continuous semi-ordered linear space

has a completion unigjuely up to an_isomorphism.

Proof. Let R Ube a continuous semi-oraered linear space.

Between two orthogonal seguence of finite or countable elements
a, and 4’- e R{(v=1, 2,... ) we define egulvulence
{evt, ~ {41 _

to mean that to every projector [ p] there exists a sequence of

projectors LP(-] T‘“‘I
= 2 lpplay ,/__ [rr.]i for every M =1, 2,... .

Mith this definition the equivalence conditions are satisfied, i.e.

LI’J such that
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1) {avi, ~{avi, .
Because, to every projector tPJ , putting
~ -
Cpul = Y, [andlpl +(cpa —‘g‘tuwlfPJ) (p=1, 2,...),
we have by Theorems 8.4 and 7.12
(PplTpay P,
o
f:_'Lp,.]a, =(p1§i X, ‘(,us 1, 2,... ).
(2) {a.}, ~1i£,}, implies obviously {£,t, ~{a.l .
(3)  {avh, ~{&} > 14h ~1{coh 1mplies {avf, ~{c.}. .
Becsuse, to evei'y project.or Lp] there exist by definition
Cpl,. t“" Lpl. and ff,.. ,,_, Lpl
such that we have for every ,tl-a 1, 2,
-4 on e -
> Lpul w =ZCP,»14 and Z.[f,.w =:Z__”[7,,qu,

=1
oe

and then we obtain by Theorem 8.10 ‘f’r”fr P (pl 8nd

g;‘ (pullgala, = 2:. (ppdlfpld, = Z Cppligu Jen,
Therefore we can conslder clessification by this equivalence.

For orthogonal sequences {@.}, , {£.}. » {¢.}, and real num-
b-er-s o, P , 1f to every projector (Pj there exists a sequence
of projectors Cpr]f"’ [(p] such that we have

dé‘_cr,]a.,-»pz_[p,.]g yi:_‘fp,]c,
for every M = l, 2,..., then we shall write
dfact, #piéf, ~1cth .
with this definition we have that
afal + pllh ~ {eh s @falhv plbif, ~{cs}
{a.t, ~i{all > {4.«}y~{4.ffv
implies {Cvtu ~ [ }, . Because to every projector (’] there
exist by definition sequences fo projectors
Cpmd, (91 Cpldd, Lgu] r___, Cpl
such that
fad
2_ (ppla, + p 2 & ‘:P,-J@., = Er (pede,

o z,lfy,.]a.. +pZ Limlbl = & Cgmles,

ZLP"'JQ.«’%LFAJG,’,) HI 7"14" ,Z.’,c?p,lj‘vl.

eny
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and hemi.e by Theorem 8.10 [pupllgmlCph gy ] T,.:. Cpl end
Z el dlpd 3t 1ee = £ [pullgullpd109< 160,

Furthermore we can prove that to every orthogonal sequences
ta.l, , {4, }, and real numbers o , f there exists an orthogonal
sequence {¢,} such that

t{af, +p{ét ~lc .

For two orthogonal seguences {a.t, ,{&. b, let (p] (v=1, 2,...)
be a seguence of projectors composed of all projectors

(a308ul,  C(avl- J Calténl, (4ul- T Calié]
for all Vv, ®= 1, 2,00 & Then we see easily that

CP"](Pr]:o for v M,

o120, tadtped, (4= (L1pd (v=1, 2,0,
and further [p.la,= 0, Err.],é, =0 for every v = 1, &,.. ..
except for at most one of ¥ respectively. Conseyuently we

have by Theorem 8.11 and by the formula §8(6)

o0 o
ay=;§;'tp,,3a,, 4. =.«‘§' (pnlé. (v=1, 2,...).
For such [(p,]1 (v=1, 2,... ), putting
Cn =t Z ppiat pE I (=1 2,
we obtain an orthogonal sequence {c,h by Theorems 4.2, 4.3, and
7.9. For every projector [p] , putting
4 o
(gp1 =P}{,[Pr](pl + (Lp3 -,g,cp,\.upl) (f=1, &5.ue)y

we have by the formula §8(3) and Theorem 8.4 (¢, ] 'Tr:‘ Cp1 end
S (ge1c P £z ¢
Ié“ fellpm = o = ‘Z__f_'(plf.pr]a,+ pr_‘g_' Cpllpuaié,
ot b3
x = [gpla. + p;ty;l&u
o8
since Lp.1 ([p] —r\{‘fpr]LPJ)zo for every v =1, 2,.... . Con-
sequently we have
oioavt +pidel, ~ et
Therefore we see easily that the set of all ejuaivalent classes of
orthogonal sequences ﬁ constitute a linear space such that
R 2a s{ovh , R 3Z& »{4h

implles for every real numbers o , P

A
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R2aBepfodet ~ fonni, +ipbls.
For two orthogonal seguences {0.§,,{4v}, we shall write
fart, z {44, ,
!f to every projector Lpl there exists a sequence of projectors
[P(.,.)T‘:_:' Lp] such thst
;.:er]a, g;‘;_,l,p,.,”;, tpr=1, 2,... ).

witn tnis cefinition we can prove easily by the similar methods

used just above that

(4) {acq, ~id.y, implies {avt, = {£.4,

(&) Aavh Ziéoth, {4t 2{atf. implies fuct, ~{&.l,,

(6) tact, 2 {41, implies {a.t, +{cot, = 16} +iclb ,

(7) iavt, z &1, implies #iaf, Zo¢{{.}, ror positive number o« ,

For every orthogonal seguence of positive elements {a,f.‘ we

have { a.l, 21et- Because, for every projector Lp] , putting
Lpml= JZ (a. ) pl+(lpl~- LQ' La,][r]) (=1, 2,...),
o0

we have [pr,]'TP {pl eand

=1

é[ﬁ,]a» =Lpl(ait - tau) 20 (ppe=1, 2,.00)0

Conversely, 1t j&.1, 2 {ot, then we have &, =z o [ftor every

V=1, 2,... . Becsuse, to every Q¢ there exlsts by defini-
oo i
tion a sequence of projectors LF/'*JT{.,.,. {ap] such that
Z_ Lppla, zo.

Then, since [P{*] Qp =.Z:.‘£Fl”]a“ by Theorems 8.1 and £.2, passing fo
the 1limit, we obtaln a¢ =0 by Theorems 7.11 and 8.11.

For every orthogonal sequence {a,} we obtain by Theorem 4.1 an
orthogonal sequence {4, }, ana we see easily by definition that

{at, 2 {a.h and {att z {o}.
1f {4}, 2 {a.}, enda {4, }, = {0} for an orthogonal séquence {4, ., ,
then to every projector [ p] there exists by definitlon a sequence
of projector: [pr]’,"{“:. (: ] such that
%:r,]#, z 2 Lpplas (=1, 2,... ).

Then, since > [rr.]zv = 0 , we obtaln by Theorems 5.15 and 7.4

=
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Zirie 2 (Z cppian)t =S pant,

and conseguently {t,&u 3{&.* b, by definition. Theretore we ob-
tain that ﬁ constitutes a lattice ordered linear space by the
seml-order defined just now such that R 3 & 9{@.,}, implies

atsyla’t,, a~st1azf,

(A13{lavt}, ~ {a*, a~},

Furthermore we can prove that ﬁ i1s contlnuous. For this

purpose we must remark that for two orthogonal segquences {a.},

14,1, it a2 14, h;{of, then we have .

oD

@z > (aléu 20 (v=1, 2,... ),
#=

£M=‘=‘ CavJ#{.‘ ([u =1, 2,... ),

i {fg [n.]_-d,ufv’*-"l«@vh.
In fect, if {a.f, = {4.I (o} and ‘%Lpla, 1s convergent for a

projector [P] , then there exists by definition a sequence of pro-
oo
jectors [p/.,.]‘l;‘_l Lp ] such that
; (pplov 2 2 (pulds 20,
and hence we have by Theorems 5.15 and 2.5
oq o0 oo oo
Z cplon= VY pla, = U { Y pedot

oo oo oa oo
-Z—A{l{ugﬁtrf‘:le“f=~KEJ|LPJ£"=.£TLPJ‘£V’
that is, it {a.{, =2 {2.t = {o} and %LPJ @, 1s convergent, then

we have
Ztplanz Ziprd zo0.
Putting P =a, in this relation, we obtain by Theorems 7.11, 8.1
i a, z g_‘cu.:l £p z 0.
Since 5. (a.] £l,, = .‘?, fa.] £r§ 4,. by Theorem 5.15, putting

i=1
oo

P=4p- Z; ta.d L,
we have by Theorem 8.1
[aplp = lapldu — Z (apiladéu =0,

and hence by Theorem 7.12
Cplap =0 for every P= 1, 2,... .

Consequently we obfain p3 4(“ =0 , and hence [4.Tp = 0 Dby
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Theorem 7.12. Therefore we have by Theorem 7.11
-2 et =8ap=o,
that 1s, #r,\ = g_‘ (a,34p for everym =1, 2,... .
For every projector Cpl, putting
(pped = S Lp:té,] +(p1-Tcp174.1)  (m=1, 2.0,
we have LP{‘*J (‘“l [p] and by the fact proved just now
Z{LPlez_fowjtf }= 2‘_ f. Ca, It pl 4
= £ ity = Ztpeide.
Consequently { é [a.14; }V ~ 4{4.}., by definition.
Conversely, for an orthogonal seguence {0..,&, ; Af
2, z 4.z 0 tor every v=1, 2,...,
then we have {a.}, = {4, },g{af. Because, for every projec-
tor [pl , putting
G tpitac1+(cpa- DLpitad)  (m=1, 2,..0),

va

lpml=

we have CP,»]T {p] &nd for every m=1, 2,...

L=1
o0
? Lpplae = 5_ tpla. 2z Z, [peldée 20
Ir {a,.}, 2 {apmeh, g{o} for every m=1, 2,..., thenthere
exists a sequence of orthogonal sequences {#r)y}y ((uf-‘l, 2,...)

such that
{4u,, 1, ~{ap,], for every m=1, 2,...,
a, =z lr’y =0 for every v ,m=1, 2,...,
as remarked just above. Putting €, = f\ £r’, (v=1, 2,... ),

we obtain then an orthogonai ¢quence {C., }, such that
{41,),}, z{c.t, B {otl tor everym =1, 2,...
as proved just now. On the other hand, if
44{“"}' 2 {dv}, = {e} for every m=1, 2,...,
then there exists an orthogonal sequence {e, }V such that
{e.t, ~{det, @Az €, 20 for every v=1, 2,...,
as remarked already. For such {e. l'v we have by th> fact re-
marked just sabove -

'4(\4,11 ?.z %Lﬁr.y:‘er) ev=r2';‘c4fhf']ey'
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Since | 4mv A~ ep=0 for v *§f , we obtain hence by Theorem 7.12
for every m y, =1, 2,...

bp,v 2 LAu,.le, =€, .,
and consequently C, z €,z 0 for every r=1, 2,... . These re-
lations yield {C.t, =z {d.}, by the relations (4) end (5). There-
fore ﬁ is contlnucus by definition.

Corresponding to every element a € R we shall denote by ai
the equivalent class contalning fa} . Then we see easily by
definition that we have for every elements a, £€R and for every
real numbers o , B

(ota-t—p(;)a =o(ai+p€’?,
and a"‘\ Z0 1if and only if o >0 , as proved just above. There-

A
fore R 1s by definition an extenslon of R by the correspondence

2 A
Ryu — aR e R . Furthermore we have proved already that
A ~ - A ~ ~
aR* =a*® | af- =a "  qaR|=(a"®
+
for every element a ¢ R . Since a ~ L =a — (& — £) by

Theorem 3.12, we obtain hence -
(an /R = yR_ (R
= aR _ (aR - gR)* = aR A 47,
Consequently we have tz.”i 1 i.a if and only if a 4 £ .
For an orthogonal sequence of positive elements {a.t, , if
@ ?{a,l, , then we have & 2 a,a for every ¥= 1, Z,... , &s
proved already. 1r .
{@y},g{aﬂ} Z{et for every m=1, 2,...,
then for every projector (pl , putting
Lpel = bQ'LpJM,, 1 +(£p]——~gl Lpllé.1s  (F=1, 2,...),
wé have (p,] Tr:le] and for every f= 1, &,...
;:_' LPfj'éV ’élp.)#y,
as proved already, and hence we obtain

-
2 Lpeld, z Lpplopm for ever™ 2,000,

=1
as proved just above. Consequently we have em 5.15



oo L
Lpeld, ;rglcp,,]a‘,. = %[ppla-v;

b=t
and hence {4,f. = {av}. by definition. Therefore for an
orthogonal sequence of positive elements {a.,}, , if a 2 {a. b,

then we have

[ ] > ao >
= ‘}_J' a"g = Z a'R

=t

o>

For an arbitrary ortnogonal seguence {a.}, , if @ 3 {a.h, then ,

A , A -
since 2% 3 qu,rf,, A »2{az}l, we have thus
. oo ~ >
/\ = 5 ayf“ 5 z_ R)
L= . =1
and conseguently g = ? ¢ a,*“ —a, R ) = E_ a kR
y=| v= *

If a= L_ul for an orthogonel sequence{a,{, , then we
haeve obviously by definition

{Qf ~ ‘;(I,,,‘v‘

A A -~

i L d
trat 1s, a® 3{a.}. , and consequently aR = = a,R , as proved
=1
Juast now.
~ ~
For an ortuogenal sequence Qm € R (p=1, ,... ), if

Qp 3 {tp,u by (m=1, 2,000 ),

then we have for every M= 1, 2,...
A
A = R
af‘ - ; ';L[“:V >
as proved Just above, and hence by Theorem 5.18
il = 2 iaudf = U ’
fapl = 2o idp ™ = L0l
Sirnce ar 4 a I3 r‘or'lu * £ by assumption, we obteln hence an ortho-
gonal sequence 1';64.[“,, ”p,» , and we have
Hapvll, € i b,y (p=1, 2,...),
as remarked already. Accordingly Z [a.,., | 1is ¢ vergent by
Theorem 4.5, and consegyuently Z a.r is convergent by Theorem 6.6.
Therefore R is complete, and hence R 1s a completion of R by
definition.
*inally we shall prove the unigueness of completion up to an
A
isomorphism. Let R and z be completions of & continuous seml-
respectively by extending correspondence

ordered linear space

and R3a —af ¢ R .

R
Raa saf e R
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To every element ae 'F: there exists by the postulste 4) an ortho-

gonal sequence a,€ R (v = 1, 2,... ) such that

-~

oe
a = > a,® >
v=1
and then there exlists by the postulste 1) an element A € R such that
P ~
'd = ayg .
=y
A 4 Fod on
If a = Z_ a R Z “ for two orthogonal sequer.ces
a.,€ R and £, ¢ R (L 1, 2,... ), then we have by Theo-
rems 5.15 and 33.2
D+ = by + ’R\ — -fﬂ A - oo _3 on ~
@ bl‘j‘l & - ‘6 a = vt:l\ a4 = \=/< #, " E]
and hence we obtain by Theorems 3.3 and 32.1
+ R +R o R
A p = o"« A~ ( y\i ay#R)

‘f‘-‘:ﬂr\(a ﬁyf‘ﬂ\).___ u(a"ﬂ‘£¢\ﬂ

~
Since R 1s an extenslon of R by the correspondence R 3 & —>

S ~
ak e R , we obtaln therefore for every (M=l, 2y,ee.

.
Ap = _l(a,. ~47)

v
and hence by Theorem 33.1
+R > +’; *E .
Qo =uL’/’(a‘- ~£, ) ((“=l: 2,000 ).
we also can prove llkewlse
-~ o ~ o~
£ 8= U (@S AalR) (m=1, 2,00,
~ P {
Consequently we obtain by Theorems 2.5 and 3.15
+R o + R + R +R
= = a
%, Qpm o % AT R )

- 5 4%
- »\-jn 4.
We also can prove likewise
-k 4 _E
Za- =Z_£, .

(\ﬁ=| =1

!
(M2
&

~

re
In conseguence, we have proved that Z a == £t8

v
bz Y

gonal sequences a,_.e¢ R and 4.eR (~» =1, 2,...) implles

Eef=Zaf

Therefore we obtain a correspondence R 546 »afe R such that

~

o 2__0.

b=

for two ortho-

for an ortnogonal sequence a’y e R ( =1, 2,... ) implies
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Furthermore R 1s isomorphic to R by this correspondence.
Indeed we have obviously that

Ry R x
(a®)" =a for every element @ € R,

.

~

and that a,ﬁ';o' if and only 1if Azo. Hence we need only
to prove that
>R AR ~
(B +pe) = @8®ep2®
As proved already first, to every two orthogonal sequences
{a,t, ,44.4}. there exists a sequence of projectors [4 prJ
(m=1, 2,... ) such that

(p.1Llppl =0 for v pm,

°~v=z.fh.,]ay, -&,= (Pr]# (v=1, 2,...),
and both serles z_ lPr‘]“* and Z.Cfr:l 4, are convergent fo every
2
m=1, 2,... . Ir
a=3> akt,

=)

then we have by Theorems 5.15 and 2.5
a*=3% a.'R = U 4 U(Cprla,")" }

= "% 2}
H{Z(Erﬁla., Ry,

v

{10 (tppia )R} =

1 e

o9

= U

"= ™~
and similarly

o ~
- \R
=Z 1 Z (pp3ar)®

Consequently we obtaln

oo oo 2 oe A~
- Ry _ R
&= Z A Z U100t = Z(Z cpuian)f,
aince 2 [pr] a, 1s conver;vent.. Furthermore, 1if

=3 2k

S

N

then we obtain likewlse

=Z.(Z TRVISLE

r=

Therefore we have for every real numbers o , p

o B+ F.z = %{d(z CrrJav)AfP(é CFrJ4u)a}
= = (atl;;'cr,,.]ay-a—pg__' Cpedd )R,

2

and hence
A ~ E’ oo oo oo ﬁ"
(ot + p L) =,;;,(“%CPrjav+§;;.,£Pr]&V) )
since [FvJLP‘w]=° for v+ M . On the other haend we have
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(o

M= 21 ch]d., +8 z& tPf“JIU
“,ag.(.i Cprian)® + FE(Z_CP,.-M.J = aa"-qg
Consequently (ot & *PL) =old -rf,&:, as we wish to prove.

§54 Universal completion

Let R be a universally continuous semi-ordered linear space.

An extension R of R by an extending correspondence R 3o —>

aa € ﬁ 1s sald to be a universal completion of R , Iif

A

1) R is universally complete,
"~ A
2) af 1L 2% if andonly if a L £,
3) o =Ak¢JA0.A for an orthogonal system of positive elements

&, e R (A e A ) implies
A [
= o
a xL&jA r? R
4) to every positive element a e R there exists an
orthogonal system of positive &, €¢ R ( A € A ) such that
a = v 0~AR
r€A
Corresponding to Theorems 33.1 and 33.2 we obtain likewise:

Theorem 34.1. Let ﬁ be a universal completion of a unil-

versally continuous semi-ordered linear space R by an extending

correspondence R 32 & — a® € R i
~ ~ ~ ~
al 2 £ 20, aerR, 2¢€R

~
then there exists a positive element .£e¢ R such that £ = ¢ R
i

= or = /N ax
a U @ - xea b
then we have respectivelx
~ ~
R
R - or R= N oy .
a ,E{A G-A er o Lo, O
And for every element a € R we have
., N -~
~ 24 e ~_ R
at® = ot aR= R, lait =1a"1,

Correspdnding to Theorem 33.3 we can prove likewise:

Theorem 34.2. Ir ﬁ is a universal completion of a univer-
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sally contlinuous semi-ordered linear space R. by an extending cor-

respondence R 3a —> a.ﬂ € ﬁ » then for every complete orthogonal

system of positive elements a, € R (X € A ) in R we obtain
3

~

eR (neA )in R .

again an complete orthogonal system @&,

Theorem 34.3. If a seml-ordered linear space R_ 18 uni-

versally continuous and has a complete orthogonal sequence a4, €R

(v=1, 2,... ), then the completion of R 1s_ & universal com-

pletion of R .,

Proof. Let ﬁ be a completion of R by an extending cor-
”~
respondence R 30 —» af e R Since a, e R (L=1, 2,... )

is a complete orthogonal sequence by assumptlion, the corresponding
a." € ﬁ (v=1, 2,... ) is a complete orthogonal sequence in )'i
by Theorem 33.3, and hence, putting
Qo ~
;_ a®,
=g ~ -
we obtalin a complete element ¢ € R in R .
”~
R 1is universally continuous. Because, for any system
, ~
of positive elements £, € R (X € A ) we have obviously
~ ~ ~
<4,\nf‘|°«~|n§{[““ulk (xep ;s pyv=1, 2,...),
and hence there exists by Theorem 33.1 .ﬂ,"r , € R such that
R
",'«,,—"; n/“lavl (reA ,/u.,vz:l, 2yeee)e
Since R 1s universally continuous by assumption, there exists then
»e,‘w = AAJ)"/“'V (f“ , V=1, 25..0 )l
and we have by Theorem 33.1
R
2., = /\(An,v-la-l ) (p,r=1,2...).
~ P
For such 4',,, € R we have obvlously ,&rf, s 4, for every m ,
y=1, 2,... , and hence we obtain an element £ € ﬁ\ as
s _ R ~
£ -#"Jv 4,.,, s 4. for every A €A,
Irf o5 z 5 #A for every AeAN then we have obviously
znlulavl g{,‘,\,«ulayl for every A€/,

and consequently

~ ~
R
inrla.ln < tf‘"" for every m , ¥ =1, 2,...
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From this relation we conclude by definition
~ ~
V(ZApladR)sg 2,
v
On the other hand we have by Theorems 2.5 and 8.5

Yk apiadf) = F 1T (2 Apinf))

bm)
= a1z = 2,

since | €] =5(:)°'|a.[ﬁ by Theorem 5.15 and [£] = | by Theorem 7.14.
Consequently 0 < x = iA for every XA €/ implies z #2 , and.
hence 2 =QA I,\ . Therefore i is universally continuous by
definition. Accordingly ﬁ is universally complete by Theorem
32.5. Furthermore we see easily by Theorem 33.1 that E is a
universal completion of R by the correspondence R 3a —» aie E .

Theorem 34.4. Every universally continuous semi-ordered.

linear space has & universal completion uniquely within an

isomorphism.

Proof Let R be a universally continuous semi-ordered
linear space. By virtue of Theorem 4.6 there exists a complete

orthogonil system of positive elements C, € R (X € A ). Cor-
responding to every C € R we shall denote by LcI1R  the set of
all elements [(¢JX for =« €R . Then we see easily by Theorems
7.1, 7.2, and 7.6 that [cAlR 1s itself a universally continuous
semi-ordered linear space. By virtue of Theorem 33.4 there exists
then a completion EA of [c,]JR by an extending correspondence [C1]K
20 — ai‘eﬁ,\. Since €, 1s a complete element in [caJR by
Theorem 7.12, we see easily by Theorem 34.3 that i‘\ is a univer-
sal completion of [¢,]R by the same correspondence.

We shall now consider systems of elements a,‘e‘k‘,‘ (A€ A ),
denoting it by{a;h , and set the following definitions:

{a\,},‘ = ‘(2A}A if and only If 4, = -2; for every A€ A ;

.({a,}“p{fi,\},\ ={d¢'i.+ﬁfx}, for every real numbers o, [

{arh 2 {j‘kh if snd only 1f da 2 2, for every A€/ .
Then we see easily that the totality of systems {ax })\ constitutes
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a universally contlnuous semi-ordered linear space 'E » and that
~ ~
' = U a ~ _ ~
{aaf, ter'{ t,)},\ or {@atl, _’fe\r‘{an,‘ Fa
if and only if respectively
~ ~ ~ ~
ar= V a =
= b or 23N Fl;\r CTEN for every A €A,
Hence we have for every system { G, ta
+ * - - 2
{aah’ =425, 14t =180t [{Gbi={12s1k
- ~
and we have { a;}‘\ 1 {4,‘}_\ if and only if N
‘5* ®L 3; for every 'Jle/' .
A
R 1is universally complete. In fact, for every orthogonal
~
system of positive elements{ @ t.eR (rer ), 2 (xenr)
i fR
is an orthogonal system of positive elements in 'ﬁ,. for every
% € A , and hence there exists UV @& (Xxe€eA ), for which
rep X
we have obviously by definition
”~ ~
{ "{r arat, 218 b for every fPel’.
that 1s, ﬁ is universaldy complete by definition.
Corresponding to every element a € R we obtaln uniguely
i ”~
{(eeaza)®ry, e R
"~
which will be denoted by a R . Then we See easlly that
5 A PY
(ol o+ P.&)g = o aR .,.F.@“ for every elements a, £ € R,
and that @R >z 0 if and only if a 20 , since €L e R (A €A )
is a complete orthogonal syatem in R . Accordingly ﬁ is an
~
extension of R Dby the correspondence R 3 & —» ak e i .
Since ﬁA is a universal completion of (¢,3R for every
A € A, to every positive element { 71;("\ € E there exists an
orthogonal system of positive elements @, ,€[C,]JR (¥ € r,xeA)
?
for which
-~ r N
0, =V a for ever
it -P e AN Y A €A,
and then we have "
4 = Ry _ R
{n-A }‘\ "9P{ a‘)’,k }‘\ = T\,J). “—r,x 5
as remarked just above.

Irfr a= ‘_Ur.‘a.y for a system of elements @ € R () € rh,
€
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then we have by Theorem 7.6
[c;Jw:r.};’P[Co\]aY for every A €A,
and hence by Theorem 34.1 .
(cc',\]a.)i* =!\61r(cu‘] a.,-)"" for every A €A,
Consequently we obtaln

a,a={(cc.\1a.)i“b\= U {(ECAJG'&) }A = u a., 5
as remarkxed already. Therefore R is a universal completion
of R Dby the correspondence R 3a — a."S € ﬁ .

Finally we shall pr.ve the uniqueness of universal completion
up to an isomorphism. Let ﬁ and 'E be universal completions
of a universally continuous semi-ordered linear space R respec-
tively by extending correspondences

R3a —aReR ana R3a —>aReR.
To every positive element 2 e ?{ there exists by definition an or-
thogonal system of positive elements ax ¢®R ( A € A ) for which
-

a = a‘{/\ a'\K ’ -
and then there exists by definition a positive element * €R tor
which

T=v a,~

ren

ir U af = U l R for two orthop.nal systems 0, e R (A €/

and 4], € R (¥e r' ), then we have by Theorems 3.3 and 34.1

ar" = O.f /\{A

A Rov ef )R
= (a
“aA ) Qe n("_r. r)=7‘ejr' rn#;
for every ¢ ¢ // , and hence
a,=‘up(afn4,) for every peA,
€
We also obtaln likewise
= a for every Y €I,
"y Akt-//\( A A~ 4;) ‘ ¥
Conseguaently we have by Theorems 2. and 3.15

7 3
Vot = U (axr\tx) vV ¢,
AeA rer' AR~
Thus we obtain a corr(spondence ﬁ 3 & — & € R such that
a=u ot
r€n

for an orthngonal system of positive elements &, G”\ (x e A)
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implies

AR R
a =AL{A ox,

and for en erbitrary element & € R

aF = geF_ak

a .
~ {
R 1s isomorphic to T by this correspondence. In fact,
we have obviously that
- [~4
R
ca®) =-'0»i for every a €R,
and that aR® 20 1if and only if @ 20 . Thus we need only to

prove that
aA T ~ ~o
(02 +pf)R = +P4"‘
A ~ A
for every elements a , £ € R and for every real numbers & , f .
~
Ir a. =’~l{Aa£ for an orthogonal system of positive elements
@, € R (XA € A ), then we have by Theorem 2.3 for every positive
number o
a R R
o = UV e = U (a@a),
AEA AeA
and hence by definition
(td ) = U(dcu) = U 0f = « 2%,
Consequently we have by Theorem 3. 9 for an arbitrary element ae R

and for every positive number o

-~ - ﬂi
(da )R =(ad )ﬁ’ (do.’)“-o(("*“ a-R)=adk,
- .
Since (—a )R = a ”"K:-a“ by definition, we have hence

(o a.)i = dai’

for an arbitrary element & € a and for an arbltrary real number o,

For two orthogonal systems of positive elements a, ¢ R
(x€A )and 4,6 R (Y e ), denoting by (e (§ €8 )
the totality of projectors

(ax1C4,3, Cax]-[ Y [é,T0x], [4) —th;l‘ca,\u,J
for every A € A , Y€ " , we see easily that
CPrlCpl=0 for § *p,

e Pslas, 4,=8“Cr‘-]{, for every A e A , v e,
and both A\tjﬁ Cpslaa and ‘}{FCNJ 4y exist in R for every § €4,

@, =
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»

Furthermore if & = 0«3 , ,2 , then we

,\ “r' have by Theo-

rems 4.1 and 2.

~

o = U (CP‘]&;) = U( cr;]a.A)‘
= u (Lp,:l;, = (u cp.,:#r)
These relations yields by Theorem 2.6
”~ 2 R
a+s = sun(x\{,\ CpsIoa +r:}r' Crs34¢)",
because we have by Theorem 3.1 for § +§’

Ay CPedon + 1 [ppd 8y
S aCpelan + U Cps1d, + Y Ipsiday + Y.Lk )4,
= (L\GIAE"JO.A +t(sjrtP” 4r) V(xL{Acr"JDq +tyr'tr"J e,

since we have for § =4 §’

(L LPs1oa+ U Cpsdde ) (Y, EpsrInn + Y Cre1d)=0.
On the other hand we have by definition
R = U( U Cr;]a.;)"

45 U( U an»&r »
and we can prove lixewise
AR L 7F 7
+ C o
o v “‘( 2 Cpslon +*L*/'_cn1 4. )7
Therefore we obtain by definition
= A ~
ARk, ¢r =(a2+2¢)

for every positive elements

»

~

~
a,teR
"~ ~
For arbitrary elements a, £ € R we have obviously
+

' G*+ & + (B +E)»r =14 1 +(3.+-2)*,

and hence we obtaln

- -R AR % +R’
PRI LL RS DALl SIS ARV S R
as proved just now. Consequently we have
~ _n ~ A_Y
'A'+4! '\+l R+4‘r__4£

=<a+4)*’-<a+2r7=<a+4‘)”

as we wish to prove.
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CHAPTER VI

C-SPACES
§as C-functions
Let E Dbe a locally compact Hausdorff space. A boundead

continuous function ¢ on E 1s sald to be a C-function on E
if the point set

fz: jeexdlze}
is compact for every positive number ¢ .

Theorem 35.1. For a compact set 4 and for an open set

B ,if 4c B , then there exists a C-function ¢ on E

such that
1 for z2€ A,
PCx) = {
0 for x €8,
and 0g P(x) s 1 for every point x € E. ,
Proof. Since E 18 a locally compact Hausdorff space by

assumption, for a compact set 4 and an open set 8 , if 4cC B,
then there exists a finite number of open sets U, (y=1, 2,..., 3 )
such that the closure U, is compact for every v=1, 2,..., ®, and
Ac é U, c B.

Then, putting ‘U’sé "U', , we obtain an open set T such that the
closure U~ 1s compact and 4 € U c B,

Since E 18 regular by Theorem 2 in Introductlion, we see
easlly by Extension theorem that there exists a continuous func-

tion ¢ on E such that

1 for xeA,
Px) =
0 for x € U,
and 05 ¢ (x) g | for every point Zz € E . Such a continuous

function ¢ 1s obviously by definition a C-function on E satis-

fying our requirement.
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Theorem 35.2. If 8 seguence of C-functions ¢, ( V=1,

2,...) 1s uniformlay convergent to a function ¢ on E , that is,
if to any positive number § there exists J, such that we have

[fex) - Pcx)|s & for every Vv 2V, and x ¢ E,

then ¢ 1s a C-function on E too.

Proof. We see easily by definition that ¢ 1s a bounded
continuous function on E . To every positive number §&
there exists by assumption V¥ such that

Ifx)-¢m@) | < —;7 g for every point Z €E ,

Then we have obviously

%) 2 P~ i'& for every point x € E
This relation ylelds obviously

{x:ltmizgdeto{xt lvmizetf.
Since ¢, 1is a C-function on E by assumption, the point set
{z: lexrlz e}

i1s hence compact for every positive number & . T'herefore 4
‘s a C-function on E too.

The totality of C-functions on a locally compact Hausdorff
space E 1s called the C-space on E . If E 1is a compact
Hausdorff space, then the C-space on E consists of all bounded
continuous functions on E .

Let € Vbe the C-space on a locally compact Hausdorff space

E . For every C-functions ¢, + ¢ C and for every real
numbers o , g , putting

(¢ +B¥ )(x) = ol pex) +f ¥ (x) for every point Ze€E,
we obtain o ¥+ Fy- € C , because ol ¢+ f ¥ 1is obviously a
bounded continuous function on E &nd we have for any positive
number &

{xi|(@ePepyIrx)z e}
cix: ¢ 2 7;’;,—,-,' P+ {z: wa)lg—,-ﬂ%-m ¥, .

Thus ¢ constitutes a linear space. ! Furthermore, for every
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C-functions ¢, 4+ € C , putting
LY (x) = Pcx) ¥ (x) for every point x e E,
we obtain ¢Y% ¢ € , since we have for every positive number £

fzilevmizefcta: v 5}
Therefore (C constitutes a ring. - :22‘ Fel
We shall define ¢ 2 ¥ for C-functions ¢, % € C to mean
Pex) 2 Y (x) for every point X €E .,
With this detinitioﬁ we have obviously that ¢ 1is a seml-ordered
ring. Furthermore we see easily that ¢ 1s lattice ordered
and we have
LY Y (x) = Max {Fcx) , Wex) },
CAy() = Mn{Pw), ven)}
for every point « € E , and consequently
1P|cx) = | Pl for every point X €E .,
Corresponding to every C-function ¢ € ¢ we define the norm
Pl as
lepll = :\ems [P,
With this definition we have obviously:

Theorem 35.3. Concerning the norm of the C-space € on

E. , we have
1) O HDPH < + oo for every ¢ e C,
2) i =0 implies =0, l.e. PCx) = 0 for every X e¢E

3) 05 ¢< W implies NPUN< YN,

4) ten = paenl,

5) Nt Pll = Jal Il PN for every real number o,

6) Ne+Y Il g Ul +1¥,

7) Y% = Mex {Hepy,nvil} for ¥, % z0,

8) eyl s nenun.

Theorem 35.4. For a system of positive C-functions ¢, e C

(A € A ), Af there exists s C-function % € € such that ¥ Z ¥
 for.every A € A , then there exists a positive C-function ¢ € C
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such that ¢ > ¢, for every A € A and
LN =ffﬁ figa ll

Proof. We have obviously by definition
ol = a& “el‘ﬁcz)l = sup Ll =< vy,

Putting ¢(x)= Min { ¥Cx), ol } ror every X € E , we see easily by
definition that ¢ € C,
? 2 P for evry A enN,
and LR =
We see easlily by definition of the norm that
,1gn_n<r.—-cru=o
1s equivalent to that the sequence ¢, ¢ € ( v=1, 2,... ) is
uniformly convergent to ¢ € C 1in E . Therefore we conclude
immediately from Theorem 35.2:

Theoz-em 35.5. The C-space C on E is norm complete,

1.e. for e sequence of C-functions 4, €€ ( v=1, 2,... ), if

to eny positive nuwber ¢ there exists ), such that
u%—q,..ngs for every Vops Ve s
then there exigts a C-function ¥ € C for which
'].14::." P-PN=0

936 Ortho-normal manifolds

A subset 4 of a linear space R 1is said to be a linear mani-

fold of R , If x, Y € A 1mplies for every real numbers o , [

dx+py e A.
Let R be a lattice ordered linear space. A subset A
of R 1s sald to be & lattice manifold of R , if x, Y e A
implies both
xv Yy eA and x4 €A
A subset 4 of R 1is said to be a linear lattice manifold of

R , if A 1s a linear manifold as well as a lattice one of R
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For a subset A # 0 of R , the totality of the elements
which are orthogonal to every element of 4 1s sald to be the
orthogonal complement of A4 and denoted by A~ . With this
definition we have obviously the following relations:

(1) R*=1{ol, {ol* =R,

(2) Ao>B implies A‘CBJ‘,

(3) Ac A** P

(a)  AA* c{o}.

Since A C A"* by the formula (3), we obtaln A* DA"'u by

the formula (2). On the other hand we have by the formula (3)
At < (AR = At
Conseguently we obtain:
(5) At = 4%,
We conclude immediately from definition:
(6) (A+8B) = A'B*.

A subset A of R 1s sald to be an ortho-normal manifold

of R , if A 1s an orthogonal complement of some subset of R
that 1s, if there exists a subset B of R for whict A = B8+
We see easily by the tormula (5) that a subset 4 of R 1is an
ortho-normel menifold of R 1if and only if A4 = 4** . Fur-
thermore 1t 1s obvious by Theorems 4.2, 4.3, and 4.4 that every
ortho-normsl manifold of R 1s a linear lattice msnifold of R

Let € be the C-space on & locally compact Hausdorff space

E Now we shall consider ortho-normal manifold of C .
Theorem 36.1. To_every ortho<normsl msnifold 4 of C

there exists uniquely an open set P in E such that A con-

sists only of all C-functions on P , that 1s, only of all C-

functions ¢ ¢ C which vanish in the complement P’ , and such

an open set P 1s regularly open.

Proof. For every C-tunctions ¢ A and ¥ € At we

lixave by definltion
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Min {|gcx)l, [y} =0 for every point X €E ,
‘Hence, if we put
Ny = {x:|tol>o0} for every v e A,
then every C-tunction ¢ ¢ 4 vanished in the point set ‘NMy for
every 4 € A* and conseguently in the \mion‘*zﬁ;'L /l/-\., , Wwhich
is an open set, since every C-function 1s continuous over E .
Conversely, if a C-function ¥ ¢ (¢ vanished in VZ‘. . Ny,
then we have obviously by definition 4
¥ e AT = A,
since A s an ortho-normal menifold of € Dby assumption.
Therefore, putting
P=(Z. )"
we obtain a regularly open set P such thst, 4 consists only of
all C-functions on P . F‘urti\ermore we see easily b§7 Theorem
35.1 that to every point % € P there exlsts a C-tfunction ¢ e C
such that
fy) = { and P(z) =0 for every point X € P’
and that to every point ¥ € P~ there exists a C-function ¢ € €
sach that
‘P(}) =1 and ‘i) =0 for every point x € P~,
Accordingly there exists no other open set than P such that A
be composed of all C-functions on it.
By virtue of Theorem 36.l1, corresponding to every ortho-nor-
mal manifold A of € there exlsts uniquely an open set P
such that A 1s composed only of all C-functions on P . Such

an open set P 1is called the characteristic set of an ortho-normal

manifold A of C and denoted by E 4

Theorem 36.%2. To every regularly open set P in E

there exists uniquely an ortho-normal manifold A o _the C-space

¢ such that the characteristic set E‘ of A4 coincides with P
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Proof. Putting @ = P~/ , we have
QR-=P /" =P ° =pP’,
since P 1s regularly open by assumption. Let B Ye the

totallty of C-functions which vanish in P , and let A be the
totality of C-functions which vanish in Q . Then it 1s ob-
vious by de:rinition that every C-function of 4 1s orthogonsl to
every C-function of B , since every C-function of 4 vanisnes
further in Q- and Q~ = P’/. To every point 4 € @ thers
exists by Theorem 35.1 a C-function ¢ on E  such that

ey =1 and P(x) =10 for every point x € Q’)
and such a C-tunction ¢ 1s contained in B since @’ = P~.
Therefore, if a C-function ¢ 1s orthogonal to every C-function
of B , then &% mast vanish in @ , that i1s, ¢ ¢ A . Ac-
cordingly we have A= 8"' by definition, and hence A 1s an or-
tho-normal manifold of the C-space € on E. . Furthermore
it is evident by definition that the characteristic set E 4
of A coincides with P The uniqueness of such A4 is
obvious by definition.

In this Proof we have proved further:

Theorem 3t.3. For every ortho-normsl manifold 4 of

the C-space (C we have

— -
E o = E, 7.

We have obviously by definitlon:

Theorem 36.4. For two ortho-normasl manifolds 4 and R

of the C-space (¢ we have 4 2 8 1if and only 1if E‘ > Eg.

Theorem 36.5. For every two ortho-normal manifolds 4

and B of the C-space C , the intersection A48 is again an

ortho-normal manifold of € and we have
EAB = E,4 Eg .

Proof. It is obvious by the formula (6) that the inter-

section AB 1s again an ortho .ormal manifold of the C-space
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Cc Furthermore we have by the previous the rem
E, s C ELEg.

To every point y, € E4 E g there exists by Theorem 35.1 a C-func-
tion ¢ such that

Fcy) =1 and Px) =0 tor every point X € E4Egq.
Such ¢ 1s contained obviously in A as well as in B , and
consequently in the intersection AB . Accordingly Y e E Eg
implies Y € E 4 by definition. Therefore we obtain E ,o = E Eg.

From this theorem we conclude immediately:

Theorem 36.6. For two ortho-normal manifolds 4 sand B

of the C-space (° we have
AB = {o}
Af and only it E jEg = 0.

For two ortho-normasl manifolds A4 and B of the C-space

C we shall write
A>B or B=< A

ir A contains a C-function <, such that to every C-tunction
Y4 ¢ B there exists a positive number o for which we have

[¥ex)| € o« &) for every point x ¢ E
If A B , then we have 4 O B , because we see easily by
Theorems 4.1 and 4.2 that every C-function of A" 1s orthogonal
to every C-functionof B , if A4 =~ 8.

Theorem 36.7. For two ortho-normal menifolds 4 and B

of the C-space ¢ we have A < B 1f and only if tne closure E"
of the characteristic set E’4 is compact and included in the

characteristic set EB of B

Proof. It A< B , then we have E , C Eg by Theorem
36.4, and there exists by aefinition a C-function ¥, € B such
that to every C-function ¢ e A there exists a positive number

o\ for which
P g ot Yy tr) for every point z € E ,
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Corresponding to such ¥, there exists a positive number §
such that
%ex) 2 € for every point x € E 4.
Because, if there exists a sequence of points x,eéEq (Vv=1, 2,...)
such that
0<‘I‘.(x.,)§T:7, for every v=1, 2,...,
then there exists by Theorem 35.1 a sequence of C-functions &,

(¥=1, 2,... ) such that

V¥ (x) for x=2%,,
f(x) = _
0 for = € E, ,
and 0 2 4. (x)< V% (x.) for every point x € E . For such

¥, (v=1, 2,... ) we have obviously

/] § P (x) S -171 for every point x € E ,
and hence the series é ¢ (x) is uniformly convergent in E .
Accordingly, putting

gy =5 f o0,
we obtain by Theorem 35.2 a C-function < , and we have obviously
for every V=1, 2,...
@x) 2 ()= VHh ) 2 VEY .

On the other hand we have ¥(x) =0 for every point X € Ea,
and hence ¢ € A , contradicting our assumption that there exists

a positive number ol for which we have

|Pex) | g LY, (%) for every point X € E ,
Therefore there exists a positive number £ such that
¥, (x) 2 ¢ for every point X €E 4,
Then we have further
Y(x) 2 €& for every point X € EJ |
since Y, 18 a continuous function on E . Consequently we

have
Egoiz:|%lze}>E, ,

Since the pcint set { z & |¥,(x)| 2 & } 1s compact, E; 1s
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hence compact too.
Conversely, 1if EA‘ is compact and included in E g , then

there exists a C-function %, by Theorem 35.1 such that

1 for x e E,
¥, (x) = { - ’
0 for « € EBJ
and 0s Y,(x) g1 for every point x € E . For such "l-, we
have obvliously % ¢ B and
[Pcxil s udUY, x) for every ¢ € A,

since ¥ ¢ A 1implles «(x) = 0 for every point x € B,.
As an immediate consequence from Theorem 36.7 we have:

Theorem 36.8. For an ortho-normal manifold A4 of the

C-space ( we have 4 < (C it sand only if the closure EA"
of the characteristic set E , 1s compact.

§37 Isomorphisms between two C-spaces

If a locally compact Hausdorff space E1s homeomorphic to
a locally compact Hausdorff space é by a correspondence E 3 X
— lé € /é , and «w 1s a continuous function on E subject
to the condlition

0< LW S mmwe <es,
then we see easily that the C-space 5 on E 1s isomorphic to
the C-space C on E ag a semi-ordered linear space by the
correspondence
£33 >3%C : FCu=wmFx®) tor xeE,
Conversely we have:

Theorem 37.1. If the C-space ¢ on a locally compact

Hausdorff space E 1s 1somorphic to the C-space 8 on a locally

compact Hausdorff space E_ as a semi-ordered linear space by

= A
a correspondence C 9 @ — € e ¢ , then E 1s homeomorphic

to £ by a correspondence E 3> x —» xE € £ such that
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2¥2E) cwx)Px) (ZXeE ,PeC)

for a continuous function w (=) on E. subject to the condition

0< Iinf wc su
By x)=s zepew“') < 400 ,

Proof. Corresponding to every subset A ~f € , putting
a ~
A = {9C : re Al
I~ ~
we obtain a subset A4S of C . Since C 1s isomorphic to

5 as & semi-ordered llinear space by the indicated correspon-
dence, we see easily that 1if A 1is an ortho-normasl manifold of
c , then Ae is agein sn ortho-nrormal manifold of E , and
conversely that to every ortho-normal menifold /T of é there
exists unigyuely an ortho-normal manifold A of C for which
/T = Aa . Furthermore we have AE - 53 if and only 1if
A > B . Therefore we have by Theorem 36.2 that to every
regularly open set P in E there exists unlquely a regularly
open set ’F; in E_ such
Ey,=P implies E ,2 = ]

i.e., if P 1s the characteristic set of an ortho-normal mani-

2

fold A of C , then P 1s the characteristic set of As .
Such )3 will be denoted by PE in the seguel. Then we see
easlly that to every regularly oSpen set B in E there exists
uniquely a regularly open set P in E for which ﬁ = F'g .

With this correspondence P — PE between regularly open
sets P in E and PE in E we have by Theorem 36.%&

(Pa)E = pE qF ,
and further by Theorem 36.6 that
Pg Q,g=0 if and only if PQ =0.

Furthermore we have .y Theorem 36.8 that the closure PE - of PE
is compact ir and only 1f the closure P~ 1s compact, and by Theo-
rem 36.7 that for regularly open sets P snd @ with compn‘ct clo-
sures we have Pg > Qa if and only if P » Q.

For an arbitrary point x e E , let P, (A € A ) be the
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system of all regularly open sets containing x wnose closures

are compact. Then, to every A € A there exists obviously

an element P € A for which P < Pa - For every finite

number of elements A,e¢ 1 ( v =1, 2,..., % ) we have cbviously
PrxiPrys-cPa 0,

and hence P,E PAf ...PE x0. Since the closure P, E —

A
1s corpact for every A ¢ 1 , as remarked just above, we have
hence
EA PAE = I[A PAE— *0,
because to any A e /1 theére exists an element { e A for which
Prg < PAE , as remarked just now. Furthermore ;’24 P,\é
consists mnly of a single point. Because, for any point
e P E

if we denote by a, (¥ e I” ) the system of all regularly open
3ets contalning i whose closures are compact, then there exists
a system of regularly open sets &, (¥ € " ) in E such that

a = Q,E for every ye¢[” , and we also can prove likewise that

;’:{..Qr"' ;qr Q,” # 0,
The system Q), (¥ € 7 ) includes obviously all P, (A eA ),
and consequently @, (¥ ¢ I ) must coincldes with P, (xeA).
Therefore IZA PAE 1s composed only of a single point % which
will be denoted by zg corresponding to the point x € & .
. Then we see easlly that the correspondence
Es»x — x8 ¢ £
18 one-to-one, and that for a regulsriy open set P with a compact
closure P~ we have P 3 x 1if and only 1if PE 3 Lé . Thus E
is homeomorphic to é by thils correspondence E 3 x — ZE € é .
Let g be an arbitrary point of E . Ir ‘V‘(y)>0 for a

C-function ¥ € C, then there exist obviously a positive number

£ and s regulsrly open set P with a compact closure P ~
such that ¥(y) >¢, P 3 Y4 , end
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Y(z) 2 € for every point x € P,
For the ortho-normal wanifold A of C such that E g = P, we
have then that corresponding to every ¢ € 4 there exists a posi-
tive number & such that
A YT > |l
and hence o ¥ & * 2 ey, Consequently, to every C-functlon

A

P € AE there exists a positive number o such that ¢
A
Since EAG = Pg as remarked already, we have thus
¥&+(y8) 50,
and hence naturally 1,&3 ( 3'5‘) >0 . Conversely 1f ¥ 6(33) >0,
theg we can prove likewise that ¥ (; )>o0.
Ir Y(}) < 0 for a C-functlon Y ¢ € , then we have naturally
- ¥%(4) >0 , and hence
—yg(yg)>0, namely 1/-3(}3)<o,
as proved just now. Conversely, we see likewlse that
’I’atyg)<a implies ¥ (y)<o.
Consequently we have ¥ 6( }g) =0 1f and only if ¥ (;) =0.
Ir ?c;)—dvcy)—.—a for two C-functions ¢, % € £ and for
a real number of , then we also have
¢EiyE) o vo(yE) =0,
as proved just now. Therefore, corresponding to every point
X € E. there exists a positive number w (x ) such that
‘fgtz.g):u-)(z)‘f(z) for every ¢ e C,
To every regularly open set P with the compact closure P~ ,
there exists by Theorem 35.1 a C-function ¢, €  such that
¢ cx) =1 for every point X € P~,

For such &, we have obviously
wix) = ‘f.c (x%) for every point Z € P,
2 A
and ‘f,CLLE) i1s continuous in E as a function of x , since E

~ A ~ A
18 homeomorphic to E. by the correspondence E 3 X —» zE ¢ E .
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Consequently wc¢x) 1s a continuous function on E . Further-
more wex) 1s bounded. Because, 1if
wx) 2z w3 (v=1, 2,... )

for some sequence of points z, e £ (v =1, 2,... ), then there
exists by Thevrem 35.1 a sequence of C-functlions <, € C (ve=1,
2,... ) such that
g, (x,)=1 8nd 0< ¢, (x) =1 for every point x € E ,
o
For such ¢, (v=1, ¢,...), the series =_ Ti—t(f"“) i1s uni-
=1
formly convergent in E. , and hence, putting
os
‘f’(.l)=f__—'—sz‘,cx) (e E I,
sy V
we obtaln by Theorem 35.2 a C-fuuction ¥ , and we have for every
v=1, 'é,.-.
g £
)= waner z Vi e =0,
contradicting that ¢ € 1is s C-tunction on é .
a
Considering ¢ (x) = —“7(1—;; b4 ¢ (le ) , we also can prove
likewlise that -a)i(‘:) is bounded in E. . Therefore we
have
0 Inf W) < SUP wW(x) « + o
LEE =

XeE
Theorem 37.2. If the C-space ¢ on a locaily compact

Hausdorff space E 1s isomorphic to the C-space E on 8 locally

compact Hausdorff space E_ as a8 semi-ordered linear space by a

correspondence ( 3 ¢ — 7 5 such that
N =0 for every <+ ¢,

then E. is homeomorphic to E by 8 correspondencé E >x— xE

€ é_ such that

‘f(z):.-(f?(ate) for every ¢#¢ C &and x ¢ E,
Proof. By virtue of the previous theorem there exists a
cc;rrespondence Ezx — xg € é by which E 1s homeomorphic
L é and we have for some continuous positive function v
o E

-

-~ A
PC(x¥) =w(r)f(x) for every fe¢ ( and X ¢ £.
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#e need hence only to prove that w¢x) =1 for every point x ¢ E
To every polnt Y € E. there exists by Theorem 35.1 a c-ru:tion
4 € C such that

"{63)'-.:1 and 0= Pcz) = 1 for every point x ¢ E ,
For such # € C we have obviously by assumption

Wiy) = w (Y Py = ‘fat';é) = ﬂ‘fall =nLnai.

Therefore we obtaln that wc¢x)= 1 for every point x « E.

Considering
1 &, 2
fe)= 55 <=7,
we also can prove llkewise that T.u—‘(_x,—) < 1 for every point X ¢ E,

Consequently w(x)=1 for every point x € E , as we wish to prove.

Theorem 37.3. If the C-space ¢ on a locally compact
Hausdorff space E 1s 1somorphic to the C-space a on a& locally

compact Hausdorff space a as a semi-ordered ring by p corres-

pondence C 3 ¥ — tf‘: € 8 , then E 1s homeomorphic to é\,

by 8 corresrondence E 3 x -—» x € € £ such that

‘f(z,).—.‘fc(z_g) for every € C and x € E,
Proof. We have naturslly by assumption that C 1is 1so0-

morphic to 8 as a semi-ordered linear space by the indicated
correspondence. Thus there exists by Theorem 37.1 a corres-
pondence E 3 X — lE €& by which E. 1is homeomorphic to g-
and We have for some positive continuous function « on E

‘fa(xg) =w (z) PCx) for every £ € C,
To every point y € E there exists by Theorem 3%5.1 a C-function
¢ € C such that ?’(y): 1. For such ¢ € C we have

7€ (y8) ¢ C(y8) = weprwey,

@ #)f g = wip e ey = wey).
Since ( 18 isomorphic to ¢ as a seml-ordered ring by the in-
dicated correspondence, we have further

cr )t ykr = g8yt g Byl

and consequently we obtain
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wiy) =weylwcy) for every peint }eE.
From this relation we conclude easily that w<¢z) =1 for every

point x € E .

§38 Approximation theorems
Let C Ybe the C-space on a locally compact Hausdorff space

E . For a subset 4 of C , a function ¥ on E 1is sald

to be uniformly spproximated by 4 if to any positive number £
there exists a C-function ¢ ¢« 4 such that

. jva) - p)lg & for every point xXeE,
that is, (¥ - Fll< ¢t . Every C-function ¥ € 4 1s naturally
uniformly approximested by A . If every C-function of the

C-space € 1is uniformly approximated by 4 , then 4 1s sald
to be norm dense in £ .

Theorem 38.1. If a linear lattice manitfold A4 of the

C-space € ona locally compact Hausdorff space £ satisfies

the condition that to every different points = and Yy € E

there exists s C-function ¢ e 4 such thst

‘f(l):]) (f(_}),_—_o’
then A 1s norm dense in C .

Proof . Let %, be an arbitrary point of E and let P
be an arbitrary closed set such that P 3 z, . It 1is obvious
by assumption that there exists a C-function &, &€ 4 such that

Golxy) = 1. Corresponding to every positive number & ,
if we put

P={z: %) 2t },
then P, 1s compact, and hence the intersection PP, 1s com-
pact too. Corresponding to every point 76 PP, there exists

by assumption a C-function ‘f; ¢ A such that
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Iy o) =1, Ay(y)=0.
Since OI’”, is continuous over E. , there exists then an open

set ‘U’? 2y such that

‘-f, (x) < ¢ for every point z € Uy.
For such T, we have obviously PP, < ZFP Ty . As PP,
g €PFo

i1s compact, there exists hence a finite number of pointa Y.,
4% s--es Yx for which
PP, < ‘U;' + Uaa.‘;' cee 3 —g,”‘
Por such y,, Faseee '}x , putting
4 = TornTinPyggrmnece nPyu,
we obtaln ¢, € A, ¢, (x,) =1 , and
fcx) < & for every point X € P,
Since Cf, is continuous over E. , there exists an open set
U 3> X, such that
Fo(x) < 1+ & for every point z €. T,
Then, as proved just now, there exists a C-function Y%, ¢ A such
that
¥, (x,)=1 and ¥,(x)<§ for every point = & U.
For such ¥, € A , 1f we put
f=(%~"ti)Vo,
then we have ¥ € A, Plx,)=1,
Pix) < & for every point X €P,
and 0 € ¥(x) < 1+§& for every point X €E
Next, let P Dbe a compact set and let @ be & closed set
such that PQ = O To every point Y € P and every posi-
tive number & there exists a C-function ‘f} € A such that
Iy Cy)=1+1¢,
‘f‘; (x) < € for every point =z e Q)
and 0 < <f, (x) € 1 +§¢ for every point x € E , as proved just
now. Since ‘f} is continuous over E. , there exists an

open set ‘U; 3 Y . such that
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?} (x) >1 for every point x € ‘U'J .
As p 1s compact by assumption, there exists then a finite num-
ber of points i , J2 ,..., ¥ Such that

Pc 2 Ty, .
v
For such Y, , Yo ,.-+» Y » 1f we put
F=Fg Cya P Ly,

then we have

Fex) > 1 for x ¢ P,

Fx) <t for x € &,
and 0g @¢cx) < 1+ & for every point 2 € E ,

Let ¥ ¢ C be a positive C-function. To any positive

number & there exists obviously a finite number of positive
numbers

o=o(a<ol|<o(1<.. '<°(x,

such that of, - &, ., < & (V¥ =1, &,..., »® ) and
0 < Ycu) = Ax for every point we E
Since the point set
{2 Foo zalt (v=1, 2,..c., % }

is compact, and the point set
{x v v s, 4 ( V=1, 2,000y 3¢ )
is closed, we see easily , as proved Jjust above, that there exlsts

a sequence of C-functions ¢, € A (V= 1, 2,..., % ) such that

Fox) > 1 for W(x) z ol ,
¥, x) < = for YOO 2oy,
»
and 0 = & (x)g 1 +7§—x for every polnt X € E . For such

% ¢ A (v=1, 2,..., » ), if we put
.
Fen) = Z'(du"dy_|)‘f',(l) (x e E ),
b=
then we have ¢ € A , and thsat o({,_, < ¥x) = o(r,. implies
=t
CZ‘T(dy“d;——i) ﬁ ?(K)
£ 5 - £
s Sc—anar B 2 -t &
that is, cl‘“_| < Px) £dn + £ if o('M_., < Y(x)g Em
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Conseguently we have for ever; point x € E
o) —yex)i=s 2E,

since A = Ay <L tfor every m = 1, 2,..., X Dby assamption.

M
Theretore every positive C-function ¥ e € 1s uniformly appro-

ximated by A . -For an arbl\m«ry C-tunction ¥ e C , since
we have

"l"zlf'*"\f") '{‘*,’q«'ec’,
and both % * and 4~ are uniformly epproximated by A4 , as

proved just now, we see eas!ly that Y% 41s uniformly approximated
by A too.

Theorem 38.&. If o sabring A4 of the C-space ¢ on a

locully compact Hausdorff sprsce E 8atisfies the conditlion that

to every psir of different points x and % € E there exlsts

8 _C-function f « A such that
Fx, ¥ G0y, F(x)FC,

then 4 1s norm dense in (.

Prool'. Let B be the totallty of C-functlons which are
uniformly apiroximated by A . Then we see easily that B

is a subring of C , and further that 1f & C-functlion & € c
1s uniformly upproximated by & , then 4 1s uniformly appro-
ximatec by 4 , and consejuently < e B . We shall prove
thaet B 1s & lattlice manifold of £ . For thls purpose we
will prove that putting
v~
Ay =1, 0‘.,=-‘f—;—;—‘—°(,,, for V=%, 3,..4,
we have for -1 < A g 1
o0 v.o R
(AL = 2 oy (1- A% )VA,
V=9
and this series 1s uniformly convergent for -1 s A = | .
In fact, since
oy (1= A%} A* 20 for —12As |,

if we put without consideratlion of convergence
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] 2
Y= 2Z, (1= A" A%,
then we have for —1 5 A < 1
2 2 R Y, 2
¥r=z ( u-‘-/""é’ko:f‘in oot N1 =AF)TAK,
On the other hand, since Z+d, =44y—-1)o(,,_, by assumption, we
have
= Z
(zn)yqusx,zt:;o,,«;a d"dl“' VrmER, VRO, MO (zy*"/w)d"d(“

(Av=1) eyl + (2pa= 1ot Ky

= >3
T etp =X, Lzl pr2® vepmr,vz0,mZ1

(2v+ ey + (2pr+1) o Hpa

= =
TltpEnt,vzo,mz0 rapmr=1,020,p420

—_ Z Apfps
- (‘K)k*f‘sx-l, vgo,mzgo v

and consequently o(,o({..= o2 =1, Thus we obtain

Hr‘=K‘.Z'z',/“ 14
¥t = 5 (- an*at = A%,
neeo
snd hence ¥ =|A| , since ¥ zZ 0 Furthermore, since all
functions of A
IAL, el (1-2a) At (v=0,1, 2,...)

are positive contlnuous functions for -1 =< A < { , we see easily
that the indicated serles 1s uniformly convergent for—-t< A = 1.

To every C-function ¢ € B there exists obviously a posi-
tive number ol such that

o PCx)l s for every point = ¢ E ,

As proved Just now, we have then

el = 5 o (1- 2> g0t) et
and this serles 1s uniformly convergent in E . Therefore
| ¢ | 41s uniformly approximated by B , and hence |« ¥] € B.
Consequently we have |¥| € B for every C-function ¥ € B .
Since we have obviously

¢* = FUSI+F),

we obtaln hence that B 1is a linear lattlice manifold of C .

To every two different points ¥, and 3(,_ € E , there exlsts

by assumption a C-function < € B such thsat
FlY) F € (Ya), Py FO.
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For such ¢ ¢ B , if we put

1
LY ) (LY - T(32))

V) = (PR = LI FCEI),

then we have obviously ¥ € B, #(¥,)= { , and YY) =0 .
Therefore we obtain by the previous theorem that every C-function
on E. 1s uniformly spproximated by B and consequently by A4 .

Theorem 38.35. Let C be the C-space on & locally compact

Hausdorff space E and let E be the C-space on a locally com-

pact Hausdorff space E - If & linear lattice manifold A

being norm dense in C 1s isomorphic to & linear lattice manifold

A\ being norm dense in a by a correspondence 4 3 ¢f —» ?? G/f

such that

e = lltfxn for every <« e A R
then (¢ 1s isomorphic to E by & correspondence (C 3¢ —> ?Ee E
such that
ten=ue Su for every ¢ e C
and cfe = (fj for every C-function ¢« € 4 .
Proof. To every C-function ¢ € C there exists by assump-

tion a sequence of C-functions &, € A (v = 1, 2,...) such that
Mo e, - gu=0.
For such ¥, ¢ A (¥v=1, 2,... ) we have obviously
y}"i‘{'”ll b —Sull=0,
and hence by assumptipn
um a4 - g An=o.
Y, ph > e A A
Hence there exists by Theorem 3£.5 a C-function ¢ € € for which
A_ o=
‘}_i.m“ e — ¢ | 0.
Therefore we see easlly that there exists a correspondence C 3 ¢
—> ¢ € ¢ & such that
m i - #u=0, feA(r=1, 2,...)

Py a
implies ‘.}_1_'m“ n t&"— qvc W =0. For such s correspondence we

see easlly that
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(d‘r+p1t)3= acfa-rpya

HeCu =uet for every ¢ e C,
‘fe = q"A for every e A,

and to every C-function & € € there exlists a C-function ¢ € &
for which t;; = ¢C Therefore we need only to prove that
-~
we have ¢ C 20 if and only if ¥ z 0 . To every C-function
4 € C there exists a sequence of C-functions ¢, ¢ 4 ( v =1,
2,.++ ) such that
Mm e —gn=0,
Then, since [f,¥-¢t| < |4, - | by the formula §4{5), we have
35{".,“‘6*—?*”“'”’ £*e A (v=1,2,... ).

Therefore, to every positive C-function ¢ ¢ ¢ , there exists

a sequence of positive C-functions &, € A (¥= 1, 2,... ) for
which

}gn_n?,—-cf“=0, R
and hence lim e 4 — ¢ Cli=0. Then, as ¢4 z 0 ( v =1,
2,... ) by assumption, we obteln @ € Z20. Conversely, 1f

¢€ zo , then we also can prove likewise ¢ = 0.

Theorem 38.4. Let C be the C-space on a locally compact

~
Hausdorff space E and let (¢ be the C-space on a locally com-

pact Hausdorff space é . If o subring A being norm dense

in (¢ 1s isomorphic to & subring /’l\ being norm dense in 8 as

a _semi-ordered ring by a correspondence 4 3 ¢ —-»-Cf‘ € A , then

~ <> ~
C 1s isomorphic to £ by a correspondence C 3¢ — ¥Ce

such that
~ ~
gt =gh for every ¥ € A .
Proof. For an arbitrary C-function % € 4 we have obviously

VY =iy, -V =I1¥IlS
for every posltive C-function & € A . Therefore we have
¥ig A cuvigh, —yAercuvig?

~
for every positive C-function ¢ € A . To every point 4 € E
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there exists by Theorem 35.1 a C-functlon & ¢ € such that
?(‘3) *C Since A 1s norm dense in & by assumption,
there exlsts hence a C-function ¢ € 4 for which ?’;(a) * 0,
For such ¢ € 4 we have obviously '
% >0  and (?")3<ﬁ)#0.
Consequently ve ootain for every point 5.6 é.
vAG = uwn, - ¥AG) s iv,
that 15, || ¥4 = v, We also can prove likewise a‘\"llgll'f;".
Thus we have
ll"f':ll=ll‘+ll for every v e A.
Therefore we obtain by the similar methods as used in Proof of the
previous theorem that there exlists a correspondence C 3¢ — <f€€a
such that
(oi?’-e@b)c = o cpa.,.‘nr?,
gy’ = g€y &
n?éll =lfli for every ¥ €C,
q~a = ¢ A for every ¥e A,
ana to every C-functiou '} ¢ f there exists a C-function ¢ ¢ &
for which (;’ = ‘fé.
For & positive C-function ¥ € C we have obviously /@ € C
and hence there exists by assumption a sequence of C-functions
$, € A + v= 1, & ... ) such that
Hm | =V 1 =0.
From this relation we conclude easily
Mp Har-dfu=0, freAd tv=1, Zyeee )
and hence 3_5_.’m“lil%‘ Y- gy =0 . Since (‘f:.A ) =0
for every V=1, 2,... , we obtaln consequently ?c = o .
We also can prove llkewise that ‘f’E Z0 1implies ¥ Z 0.
Therefore  1s 1somorphic to E as a semi-ordered ring by this

correspondence C ? ¥ — ¢ Cec.
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§39 Characterizations of C-spaces
Let R be a lattice ordered linear space. A functional
el (ae R ) on R 1s sald to be a normon R , if it satis-

fies the norm conditions:

1) 0 2 l0ll <+oco for every element O € K,
2) ftall=0 implies a =0,

3) W all =lajllall for every resl number of s
4) ta+ £l sttan +i41,

s) la| < (€] implies jlai = WLI.

A semi-ordered linear space R 1s sald to be a normed semi-

ordered linear space, if it 1s lattice ordered ané assoclated with

a norm. We see immedlately by Theorem 35.3 that the norm of
the C-space on a locelly compact Hausdorff space satisfies the
norm conaitions. Every normed semli-ordered linear space 1is
archimedean, becsuse, 1if

—:—:0.;4;0 for every y=1, 2,... ,
then we have by the conditions 3) and &) for every v=1, 2,...

tuau=ngau 2 4.

Consequently we obtain 14n =0 , whicn yields .ﬂ =0 by
the condition 2).

Theorem 39.1. If a normed seml-ordered linear space R
satisfies the condition.

(Cy) for every upper bounded system of positlve elements
arxeR (A € A ), denoting by B the totality of its up-
per bounds we have

sup Ul aail = ‘3.21; nxi,

AeA
then R 1s isomorphic to a linesr lsttice manifold A Dbeing

dense in the C-space on s lccally compact Hgusdorff space E

by a correspondence R »& — <, € A such that

Nl = U, 1l for every element a € R,

and such s space £ 1s unlquely determined up to & homeomorphism.
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Proof. By virtue of Theorem 30.3, R has a cut extension
K by an extending correspondence R 3 @ —» a,z € 4 , and fur-
thermore by virtue of Theorem 34.4, i has 8 universal completion
R vy a correspondence R 3 & — & ReR Then R 1s ob-
viously an extension of R by the extending correspondence
x;a.—;aﬁefi: a.;s(,az )f': for every element a. €R ,
and we see by Theorems 30.], and 34.1 that
0 = ’\.‘IA 0 1implies a,i = Al;}" a.,f‘
Furthermore we have by definition of cut extension and universal
completion that to every positive ae ﬁ there exists a system
of positive elements G € R (X € A ) such thet @ =A\ej;| a.,:':_
We shall prove first that putting
D={x: 1xusi, oszeR},
there exists é{o xR 1n R, that is, the set of elements
{xR : xep}

1s upper bounded in 'Pl . By virtue of Theorem 32.4, R has
a completé positive element c . If we put
po= U [(xfF —v E)*1E for =0, 1, 2,... ,
xep

-~ oo

then we have by Theorem 8.3 0 £ p, |, _,, and hence CF.,] l.:: ..
‘Furthermore we have
Cpal,., 0.
Because, there exists by Theorem 8.6 a projector' L'F J for which
o RILT, CRIL
ir [(p) ¢ 2 @R z0 for a positive element @ € R , then, since
we have by Theorem 7.16
[xRo vy (xR —vi) z0,

we obtain by Theorem 7.8 R

R o ((xfF-veriwe) 2R - vértivark,
and consequently . R

1’}{9 i’fﬁf\ wa)k} z U [ RovE )y jva)t,

On the other hand we have by Theorem 8.5
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UV @f-veriva)® = fawmr

zeD . A
ZPIwa)IR =(va)k
R _ R a) R
gzL‘)p{f"(ya')} ",‘L‘{D{" A I
since (f 3 ;[tFJEJZLO«‘J by Theorem 8.3. Thus we obtaln

wa)R = U {xA~Awwar®,
zed
and consequently
va = xuo{ X Ao} for every v=1, 2,... .
L]
Since iz A @)l S Uxl <] for = ¢ D , we conclude hence by

the condition (C,;) that

Hve g 1 .'r every y=1, 2,... .
This relation ylelds obvicusly a =0 . Therefore we have
CP 1 = 0 , becsuse there exists a system of positive elements

O, € R (X € N ) such thsat
AL R
fpic = ;Lejn aam,
as remarked just above. Since ¢ 1s s complete element of E
we obtain consequently (p 1= 0 , that is,
~ o
tp.1 4, ., 0.
As ﬁ 1s complete, putting
had ~ ~
Ec = 2—' (L Peand- [FHJ)C >
=
~ [ ~
we obtein a positive element C, € R . Since [ p, 1, ., ¢ and
{po 1l 2(1_51[5]:(7,"] for every element X €D,
we have for every element x € P
a ee -~ ~ R
xR = _Z-" ([P»-s]-‘ [}'.J)x .
On the other hand we have by Theorems 7.5 and 8.2
~ ~ & -~
(c Po-r 1 - [Py])(l"-—vc)
~ ~ - P -~
=LPa (-1 - [(xR-vE)*])(xR-vE) s 0,
since [F,] 2 [(zi— v )*] by Theorem 8.3. Consequently we
obtain for every element X € D and for every V=1, 2,...
~ ~ 2 ~ -~
(LPr =P DR g v(P,1—-(p)E.
Therefore we nave
xR g €, for every element X €D.
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Now we can put thus
a:: v x*
xép

Kecalling the second spectral theory, if we put

H

Futy) = (_%‘. . ) for every element w € R,
then ¢,(%£) 1s a continuous functlon on Ui, - Farthermore
‘fm(g.) 1s bounded in Tz, for every element & ¢ R . Be-

ceuse for any positive number & =z i\ we have ohvinusly
||%‘— a <1 8and hence | ﬁ-la’( € D.
Accordingly we obtain lg.g( < & €, and consejuently by Theorem 18.11
[
'(fucs)l‘—"(%;gﬂﬁ oL for every point £ e Tiz,,

Therefore we conclude for every element & € R

su
250, | faPrisian,
Conversely, if o > sup 19‘0‘(3)\ , then we have by Theorem
e,

19.6
1 R 5
el = ¢,
and hence we obtain by Theorem 3.3

1.k R LiaR(l = KR R
= laft=U A2~ Lia®1} = Y {xn~ 1ot}
This relation ylelds obviously
L = !
<ol -zLelb{ x A~ Lo,
and consequently we obtain by the condition (C,)
Thau=ggian s
since || zﬂg': jo.i ll <1 for every element X € D . Therefore

>

we have
il = sup 2) (a e R).
e Vci:' Tl
We see easlly by Theorems 18.&, 18.6, and 18.9 that
Fun+ppB)= o Fu(2)+ pLp (2D,
Poc g F)= Mex {Facd), Lo},
Yo g(4)= Min {So ), S 2
For a point 3- € Ugg 3y » If there exists an element & € R
for which 4,(%,) * 0, then to every positive number & <1 there

exists s pagitive element C € R such that
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%(3.)2 {—¢und nci g .
In fact, it 1s evident by assumption that there exists s positive
element @ € R for which ‘fu r_:,) =1 . For such a € R , since
WX~ ®&0lg { for every element x € P , there exlsts by tne con-
dition (C;) a positive element C, € R such that
HColl < -1__1_—[," >
XA 5 C, for every element x €D,

Por such ¢, € R we have by Theorem 3.3

e ol = g xnaf gk,
and hence by Theorem 18.9 R
T80z Wn{t, (2,0 =1.
Therefore, putting ¢ = (1- € )C,, Wwe have
Pc(Po)z 1-E and HCl<T1.
VI:GJ may be consldered as a compact Hausdopff space. For
two points £, and ¥, € Uy, we define £, ~ F; to mean that
CA ()= %(?L) for every element a €R
Then we see easily that this equivalence relstion satisfies the
equivalence conditlons, and we obtaln by this equivalence a parti-
tion space *) E from 'Uclé] ,» 1.e., for any X ¢ E we have
Fa )= FalPa)
for every two points F,, &, € X and for every element & € R
and to every two different X., Xa € E there exists an element
a € R such that
FalPOF FulFe) for Fie Xy, foeXy,
We see further by definitlon of partition space that putting
) = F.(§) for 2eX €E,
we obtain s continuous function 4 (X) on E for every element
o € R.
Since 'U':gj is compact, the partition space E. 1s com-
pact too. Furthermore E. 1s a Hausdorff space. Because

*) See. the page 213.
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to every different points X, and X, € E there exists an ele-
ment a € R for which
ToalXs) ¥ Lo(Xa).
In the case: ¥, (X,) > Ya(X2) , considering a real number
such that .
FolX1) >t > PolXe),
.we obtain two disjoint open sets
X x>} o3 X, and {X: FuX)<a} 23X,
and 1t 1s similar for the other case: ¢, (X,) < FolXs).
If the partition space E contains a point X, such that
f(X,) =0 for every element a €R,
then, taking off such a point X, from £ we obtain a locally
compact Hausdorff space E, such that to every point X € E,
tuere exists en element & € R for which #,(X) * 0 . 1
E. does not contain such point, then we suppose that EE, coin-
cides with E. . Then we see easily that ¥, (X) 1is a C-func-
tion on E, , and that to every two different points X, and X, €E,
there exists an element o € R for which
FalXe) F L,(Xy) and S (X)) #0
It 1s evident by definition of E, that the totality of
C-functions ¢, on E, for every element & € R constitutes a
linear lattice manifold A of the C-space on E, , and that
R 1s 1somorphic to A by the correspondence R 30 — ¥ €A
such that
tall =1 %all for every element 0 € R,
To every two different points X, and X, € E, there exists
an element & € R for which
Fou(Xy) F FalXy).
For such & € R , 1f we put
d = LX), B = FalXp),

then to a positive number
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£ <J2=PL
t+1ipl
there exist positive elements

A, and &g € R such that

oo (X)) 2 1-E, a5 1,

(fa.,_cxi.) 2 t-£,

Hall s,
as proved already.

For such a4, &3¢ R, putting 4= a o
we obtaln an element £€ R for which we have [[£ll < 1 by the
condition (C;) and hence further

12 $e(X0) 2 €4, (X)) 2 1-€,
12 $g(X2) 2 TanlXa)Z 1-E.

Consequently we have

let F5(Xa) =P Totx,)|
z
2

ld= Bl =it~ ?4()(4)) —IP'“‘- Pel X))

k= pl—= € Ckl+18]) >0.
Thus, putting ¢ = 1

(Fpxs)a —~B4), we obtain an '
ol Fg(X2) = BFLeXe) wa pe’
element ¢ € R for which we have

F(X,)=1, S (X)=0.

Therefore A4 1s norm dense in the C-space on E,

by Theorem 38.1.
By virtue of Theorems 38.3 and 37.2, 1t 1s evident that such a space
E, 1s uniquely determined up to & homeomorphism.
Theorem 39.2. If a normed seml-ordered linear space
satisfles the condition:

(Cy)

R

every upper bounded system of positive elements
&) € R (1 € A ) has an upper bound @ € R

such that
all = sup I aa il >
u Ae A ! !

then R 1s isomgrphic to a linear lattice manifold 4 Dbeing

norm dense in the C-space on a locally compsct Hausdorff space
E by a corrgspondence R 3a& — ¥p € A

such that

nag =0%al for every element a,eR,

'and to every compact set P 1in E there exists a positive ele-
ment a € K for which

wnay =1

and o (x) =1 for every point x €P,
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Such 8 space E is uniquely determined up to_a homeomorphism.

Proof. The condition (Cyq) 1s obviously stronger than the
condition (C,). Therefore we have by the previous theorem

that R 18 isomorphic to a linear lattice manifold A being
norm dense in the C-space C on & locally compact Hauasdorff space
E by a correspondence R3a —» ¥ € A such that
Hall =1, | for every element a. €K,
and such a space E 1s uniquely determined up to a homeomorphism.
Let P be a compact set in E. . Since A 1s norm dense in
© , we see easily by Theorem 35.1 that there exists a poaitive
element C ¢ R such that
focx) 21 for every point z € P,
and furthermore that to every positive number & there exists e
prsitive element Ay ¢ R such that
‘fn‘cl) 2 1-¢ for every point X €P,
and 0% Fo,(x)g ! for every point = € E . For such ¢
and a¢ € R , the system of positive elements
cr~ag €R (g >0)
has obviously an upper bound € , and hence there exists by the
condition (Cy) & positive element . ¢ R such that
lallg! end QA 2 C A~ Qg for every positive number £,
sincellC ~ aglt <Al < | for every positive numvber ¢
For such & ¢ R w’e have obviously for every point x € P
Folz) z Min { L (), Fag ()} 2 1-E.
Making ¢ tend to 0 , we obtaln hence
o (2) z 1 for every point X €P,
On the bthér hand, aslall s { , we have &, (x)s | for every point
x € E, Consequently we obtain
et =1 and Y, (x) =1 for every point x ¢P,

Theorem 39.3. If & normed semi-ordered lineer space R

satisfies the condition:
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(Cy) there exists € « U =x and neU=1,
Az 1

then R 1is isomorphic to a linear lattice manifold A Dbeing

norm dense in the C-space on a compact Hausdorff space E Dby
a_correspondence R 36 —» <, € A such that

Ho-ll =3 Ul for every element a € R,

and Yp(x) = { for every point x € E. . Such 8 space E.
i1s uniquely determined up to a homeomorphism.

Proof. The condition (C3) is stronger than the condition
(C‘). Indeed, if R satisfies the condition (Cs), then for any
upper bounded system of positive elements @a,e R (A € A ), putting

ol = :\éal au,
we havello{@ll = o4 and @ o€ for every A € A , that 15, R
satisfies the condition (C,). Therefore we have by the pre-
vious theorem that R 1s isomorphic to a linear lattice manifold
A Dvelng norm dense in the C-space on a locally compact Hausdorff
space E by a correspondence R 3a — &, € A such that

Hai =1 I for every element @& € R,
and such a space E 18 uniquely determined up to a homeomorphism,
Furthermore to every point Y ¢ E there exists a positive element
A € R such that

Co(Y) = 1 and ol =1,
For such @ € R we have naturally € Z & , and hence
Feld) 2 Fuly) =1,

Consequently we have ¥ (%) 2| for every point j € E . Oon
the other hand, as jeli = 1 , we have

Felz) s 1 for every point x € E,
and hence . (x) = | for every point X € E . Therefore E

must be compact, since ‘fe is a C-function on E-
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§40 Characterizations as semi-ordered rings
Let C‘ be the C-space on a locally compact Hausdorff space

E For any C-function ¥ € C we have obviously

Y <Gl and -¥vL siIvU Y
for every positive C-function ¢ € C ; and for a C-function ¥ ¢ &
iIf ¥4 z0 for every positive C-function ¢ €C , then we have
Y &0 . Conversely we have:

Theorem 40.1. If a semi-ordered ring R 1s archimedean

and satisfies the conditions:

(B) to any positiie element a. € R there exists a positive
number o such that we have for every positive element x € R
xa sod X and ax sa2,
(P) az 0 , 1f we have for every positive element X € R
ax Z2 0 and A& ; g,
then R is isomorphic to & subring A4 being norm dense in the
C-space on a locally compact Hausdorff s'pace E . Such a

space E 1s uniguely determined up to a homeomorphism.

Proof. By virtue of Theorem 31.4, R has a cut extension
composed only of bounded factors. Let R be a cut extension

of R by an extending correspondence R 3 & — 0-‘;l € ﬁ- .
Since ﬁ consists only of bounded factors, we see by Theorem 29.3.
that fi is a semi-normal ring. Let /’l; be the totality of nor-
mal factors in ﬁ . Then, by virtue of Theorem 27.1, A”\' is
a normal ring and we have by Theorem 26.4
[CaR )"Jl}i eN for every element o € R ,

Corresponding to every element & € R we consider the abso-
lute spectrum P 2
fup) = (H5 3)
on the proper space E. of N . Then 4a(§) 1s a C-function

A

on E . Because, we see easily by Theorem 29.1 that Pa(2)
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is a bounded continuous function on £ and that for ahy positive
number o{ the point set
18 1vprizal
is compact, since ‘f,,('g ) =0 for every point 3 € Utcaa)'-_] .
y Now we shall prove that R is fsomorphic to the totality of
C-functions ¢, associated with every element a € R by the cor-
respondence R 3a — <,. For every element a € R and for

every real number o{ we have by Theorem 28.4

lq, R gg R
(,“(@)_(E::_i(’“_z__’ 5)—d(£&_z_2& 2) = Bl

For two arbitrary elements a and £ € R we have by Theorems
26.2 and 26.3
(Cafi+ PLIN P

=(0o* | + 128D (IR )T af +(CaR1 - (@R ])aR ) = (caR)* 10k,

and similarly
[(lail + l#"il)".ll"i = ((#a)”:lia s

(aaf) s 8Dt 1ak + 28y =r@f + gR)*jcal + £R),

Therefore we obtain by Theorem 28.4
fup) + rprm(Uehiael s i

~ ~ ' $)

_ CuaRi+ gR)t1aR + £7)

= ( - =28 )

= ( [(aﬁ+£ﬁ)1](o.“+ g > ¥ )= a*4($)

Recalling Theorem 7.12 we see by Theorems 26.2 and 26.6 that both
(oﬁ )" and(li)" are normal factors in R . Therefore we have
by Theorems 26.8, 28.10 and by the formula 525(10).

(1) 3aR)(CCLRMLR ) = [aRrtarceR) ok £R = ((aR 4R )10k R ,
and consequently we obtain by Theorem 28.4 ‘

@Ryryak)(C(£R)*148)
%(*)ﬁ(ps((ta-)_la )1 ,3)

a£)® ) &
= [ad) 1) 1) 3) = FotlP)

Finally it is left to prove that we have
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Yolg) 20 for every point % € =3 »
if and only if a 20 . For every positive element & € R ,
as [( o.a)".'l o.ag 0, we have by Theorem 28.6 Y,()Z0 for every
point % € E . Conversely, 1f (%) & 0 for every point
. X3 E ,» then we have by Theorem 28.5
[(af)t] ak 20.
This inequality ylelds xa =ax zg for every positive element x R,
since we have by Theorems 26.1, 26.3, and 28.10
(x a)i = (au'.)ﬁ = aa zi
= (Laf)rjaR + (ol reafyry)al )R
= (LafrjaR) 2R 5o
Hence we obtain o z 0 by assumption (P), as we wish to prove.
ldentifying all points, at which <, takes the same value
for every element a € R , and removing all points, at which <,
vanishes for every element a ¢ R , we obtain a partition space
E from é . We can prove similarly as in Proof of Theorem
39.1 that this partition space is again a locally compact Haus-
dorff spuce and that ¢, remains again as a C-function or; E-~
for every element a ¢ R . Furthermore it is evident by the
construction of E that to every pair of different points X,
and X, € E there exists an element & € R for which
o (Xa) * S (Xa), FulX,) ®0.
Thus we see by Theorem 38.2 that the totality of C-functions ¥,
for every element a € R 1s norm dense in the C-space on E_ ,
and by Theorems 38.4 and 37.3 that such a space E 1is uniquely
determined up to a homeomorphism.

In this proof, the assumption (P) is used only to prove fhat
9a($) 20 for every point L€ E- implies a z0 . Instead of
the assumption (F), if we suppose that to every positive element
@ ¢ R there exists two positive elements 4 andc e R for

~
which £C Z @ , then ¥(#) 20 for every point $ € E. implies
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@ 2 0 by Theorem 28.5, because aR 1s by Theorem 26.5 a nor-
mal fector of R end consequently a.ﬁ i1s contalned in /1?
Hence we also obtain the following

Theorem 40.2. If s semi-ordered ring is archimedean

and satisfies the conditions:

(B) to any positive element 0-¢ R. there exists a positive

number of such that we have for every positive element x € R
Xxa g dx and A% LoX,

(N) to every positive element & € R there exist two posi-

tive elements £ and ¢ €R such that £¢c z a ,

then R 1s isomorphic to & subring being norm dense in the C-space

on a locally compact Hausdorff space E , and such & space g is
uniguely determined up to a homeomorphism.

Theorem 40.3. If a seml-ordered ring R possessing a unit
factor € 1s srchimedean and satlsfles the condition that to every
positive element a € R there exlsts a positive number of for which
a < o e , then R 1s lsomorphic to a subring being norm dense
in the C-space on a compact Hausdorff space E , and such a space

E is uniquely determined up to s homeomorphism.
Proof. We have obviously by assumption that € z 0 , and

both the conditions (B) and (N) in the previous theorem are sstis-
fled, since et=e . Therefore R 1s 1somorphic to a subring
A being norm dense in the C-space on a locally compact Hausdorff
space £ Dby a correspondence R 3 @ — &, € A , and such a space
E 1is uniquely determined up to a homeomorphlsm. Since A 1is
norm dense in the C-space, to every point X € E there exlsts san
element & ¢ R for which GlX) #0 . As we have
G0 (X) FelX) = FpelX) = %(X)

for every element & ¢ R and for every point X € E. , we obtain
therefore

Fo(x) =1 for every point X € E,
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Since Y, is a C-function on E. , the space E must be compact.

*) For a partition of sn abstract space E  :
E=Z.XA, X;sto for A P ,
Aen
we. obtain an abstract space E idertifying X, (A €A ), that
is, considering .every X, as a point of E . This space E
is called a partition space of an abstract space E . irf E

1s & topological space, then the topology of a partition apace E
of E 1s defined such that a polnt set /T in E is open 1if
and only if the union XZ—I X 1s en open set in E . With

€

thLls definition we see easlily that if s topologicsl space £

1s compact, then every partition space of £ 1s_compact too.
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CHAPTER VII
DILATATORS

§41 i-universal spaces, universal spaces

A topologicel space E "1s sald to be & -universal, if the
closure of every G -open set in E 1s open.

Theorem 41.1. To every sequence of positive continuous

functlions ¢,¢x) (v =1, 2,... ) on a g -universal space E

there exists a positive continuous function ¢, (x) on E such

that we have for every point z ¢ E

Fcx) < £ (x) for every v=1, 2,... ,
and ¢, (x) Z ¢(x) for every point z€ E, if 8 continuous func-

tion ¢ (x) on E satisfies for ‘every point x ¢ E.

Fcx) g F,.Cx) for _every v=1, 2,... .
Proof. As ¢, (x) 18 by assumption s continuous function

on E for every v=1, 2,... , the point set
{2 @ (x)y<ot}
is @ -open for every positive number o , since
f: fex)<a} =rz.,' {=z: %tmgd—# ;.

Thus, putting

oo

E,=2 12! fx)y<et },

=11

we obtain a g-open set E, , and hence its closure E, 1is open,

since the aspace E 1s ¢ -universal by assumption:

Putting
inf o for xz e 2 E_‘ 5
%(z)g Egox
0 for =z € .‘z,_‘ Ea >
we obtain a function % (x) on E . For such ¥, (x) we have
obviously

{x: i<t }=2 EL , ,
’.

£=

tz: ) gol= 1 E]

p=t -(4-.-
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Since E; is open and closed for every positive number oL
we conclude therefore that 4 (x) 1s a continuous function over
E . Furthermore we have for every M= 1, 2,...
{z: )<t t > Ed—_# >{z: %Cl)<d—# },
and hence for every v =1, 2,...
{x: m<ca} 3,‘2__’{1 : %(x)<a<—-# f={z: ox><et},
Consequently we have for every point x € E
fx) g o cx) for every v=1, 2,... .
Por a continuous function (=) on E , if we have for every
point x € E
C(x) € 4 (x) for every y=1, 2,... ,
then we have for every VvV , {Asl, 25.0.
{x: Fex)<o-Lfo>{x: 9’,(.1,)<o<—%},
and hence for every m =1, 2,...
fz: v g «—,—';}:)E‘_#.
Since the point set {x ° @(x) 5o -# } 1s closed, we obtain hence

>

. ' -
{x- Fx)zo-g }DE‘_-#
and conseguently for every M= 1, 2,...
{z- Pex) <ot} D E;_# .
This relestion yields at once
{x: x> <o } 3"2;' Ely ={z: i<},
Therefore we have ¢(x) 5 ¥,(x) for every point x € E , as we
wish to prove.
Theorem 41.2. Let 4 be a @ -open set in a g -universal
space E . Every continuous function on A has a continuous

extension over £ , that 1s, to any continuous function 4 (=) on

A there exists s continuous function ¥ (x) on E Such that

Fix) = () for every point x € 4.
Proof. We shall prove first that the point set

{x: Pxy<o}
is & -open for every real number A Since (=) 1is a
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continuous function on A , there exists a sequence of closed
sets B, (¥y=1, 2,... ) for which .

{z: Pcxrsa-L Y= AB. (v=1, 2,... ),
As A 1s 6°-open by assumption, 1f we put

A= '?_—, Au
for closed sets Au (m=1, 2,... ), then we have
{2 )< } = 57 AuB, ,
and hence { z : ¢cx) <o | 1s @ -open.
Putting
inf su for «x -

veyw {5 TR VT x4

0 for =€ A”,

we obtain a function Y(x) on E , for which we have obviously

Yix) = Pcx) for every point xe A4,
since ¥ (x) 1s a continuous function on A4 . As E 1is
6 -universal by assumption, A~ 1s open and closed. Thus

we need only to prove that ¥ (x) 1s continuous in A~ .

If « >Y%(x,) for a point X, € A4~ , then there exists an
open set U° 3 X, , such that

g B, PP <,

and then naturally W (x) < « for every point x € U°A7 There-
fore W(x) 1s upper semi-continuous in A -

If ot < Y(x,) for a point Z,€ A, then putting

B ={x: @x)<a}

we have Z, € B . Because B 1s G -open as proved Just
above, and hence we have that the closure B~ 1s .open and

closed, and

Sup_ | Py = oL

Je
Therefore we have x, ¢ A~ 87" On the other hand A~ B~’ 1is
open and

Py 2 o’ for every point Y e (A~B™/)A,

Consequently we obtain ¥ (x) = ol for every point x ¢ 4~ B~/,
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Thus 4¢x) 1s lower seml-continuous in A4~ , and hence % ¢x)
is continuous in A~ ..

Recalling Theorem 16.7 we have obviously:

Theorem 41.3. The proper space of every continuous semi-
ordered linear space is ¢ -universal.

A topological space E 1s sald to be universal, if the clo-

sure of every open set in E 1is open agsain.
Corresponding to Theorem 41.1 'we can prove by similar methods:

Theorem 41.4. To_any system of positive continuous func-

Eions #.C(x) (A e A ) on a universal space E there exists a
positive continuous function ¢,¢x) on E such that we have for
every point x € E '

F(x) < o, (x) for every A €A,

and ¢, (x)g ¢(x) for every point «x € E ’ if we have for every
point x € E
Py g b x) for every A €A

for a cuntinuous function c¢z) on E .

We also can prove likewise as Theorem 41.2:
Theorem 41.5. Let A4 Dbe an open set in a universal space

E . ,Every continuous function cn A4 has a continudus exten-

sion over E .

Theorem 41.6. The proper space of every universally con-

tinuous semi-ordered linear space is universal.

Proof. . Let R ©be a universally continuous semi-ordered
linear space and let E Dbe its proper sapace. We suppose that
A is an arbitrary open set in E . For every element pe R,
putting

g

= v =3
4 Vexs € ATeps 1el,

we obtain a positive element 7€R . For such §€ R we have
obviocusly that

Uexs S A Ugyy implies [xJlpl s .
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This relation ylelds by Theorems 8.3, 8.2 and the formula §15(4)
v > T = v
4 2 T Ay, o = AT
Since 'U;i] is closed, we obtain hence
v:g: D(ﬂvcp:)—.
On the other hand, 1f A Ug,, ‘U'c,,=r O , then we have by the for-
mula §15(5) that
© U3 € Avcp,] implies Cxllyllpl=o0,
and consequently by Theorem 7.6
(ylg = (4 C331lzllpl =0
1t Uty € A Ty, ¢ F ’
that is, Uc,J 'U[”.—-a 0O by Theorems 8.1, 7.12, and by the formula
§15(5). Therefore
A UC,J ‘U&;J=0 implies -UC;J vcg: =0,
and hence (A TUc,,)™" < ‘Uc,i/;, . Thus-we obtain
A" Ucps =(A Vch)- = vcp,
and hence A~ U‘PJ is open for every element pe R . Since
A~ = 2. A~ Ucpa,

PER
we conclude therefore that A4~ 1s open.

§42 Calculus of almost finite continuous functions

Let E ©ve a2 & -universal space. If & continuous func-
tion ¥(x) on E. 1s almost finite in E , that 1is, if & (x) 1s
finite in an open set which i1s dense in E , then the point set

{z: lexd)|lcron}
is @ -open and dense in E , since
{z: |Pol<+o0} = é."'_' {x: lPeedlavi}.

Let both ¥(z) and % (z) be almost finite continuous func-

tions on E . For the & -open dense sets
A={2: |Pw)|<+00}, B={x: |%¥x)|<+o00},

if we put.
wix)=Plx)+Y¥(x) for x € AB,
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then wicx) 1s obviously a finite contlnuous function on A4 B
Since A B is 8lsn a & -open dense set, we obtain by Theorem
41.2 a contlinuous extenslon W (%) of w(X) over E . Since
AB is dense in E , such a continuous extension & (=x) is
almost finite and uniquely determined by ¢cx) and Y (x>
Therefore to every two almost finlte continuous functions <« (z.
and ¥ (x) on E there exists uniquely an almost finite conti-
nuous function w(¢x) on E such that we have

wW(x) = PCx) + ¥ (z)

for every point Z ¢ E 1f the right side has any sense. We
define the sum ¢ +°% of two almost finite continuous functions

¢ and ¥ on E b,y such an almost finite continuous function

w We also can define likewise the product ¥ Y¥ of two
almost finite continuous functions ¥ and ¥ on E . Then

we see easily that the totality of almost finite continuous func-
tions on E constitutes a ring.
For two almost finite continuous functicns 4 and % on
E we define Y 2 ¥ to mean that
Px) Z ¥(x) for every point x € E,
With this definition we conclude by Theorem 41.1 that the totality
of almost finlte continuous functions on E 1is a continuous semi-
ordered ring, and for every two slmost finite continuous functions
¢ and Y we have for every point x € E
PV Hlx) = Max { Pex) , WX},
YAY(x)=Mn{ew), ¥}

This continuous semi-ordered ring contains the constant 1 on E

as & unit factor, which is obviously a complete element. Hence
this ring 1s normal by Theorem 29.9. Furthermore this ring 1is
complete as a semi-ordered linear space. Becsuse for an ortho-

gonal sequence of positive almost finite continuous functions <,

(v=1, 2,... ) on E , putting
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A={x: dcxr>0} (v=1,2...),
we obtaln a sequence of mutually disjoint & -open sets A4 .
(v=1, 2,... ). Then, since

Z A
18 also a ¢&'-open set, we see easily by Theorem 41.2 that there
exists a positive almost finite continuous function &% on E-
such that

Plx) =, (x) for every point x € A4,
for every V=1, 2,... . For such 4 we have obviously

L =z L for every v =1, 2,.., ,

and hence there exists »C-;: ¢, as we wish to prove. Therefore

we have proved:

Theorem 42.1. The totality of almost finite continuous

functions on & 6 -universal space constitutes a complete normal

ring possessing a unit factor.
If a space E 1s universal, then we see by Theorem 41.4 that

the totality of almost finite continuous functions on E 1is unil-
versally continuous as a semi-ordered linear space. Fyrther-
more we can prove likewise as in proving Theorem 42.1 that it is
universally complete. Therefore we have:

Theorem 42.2. The totality of almost finite continuous

functions on a universal space constitutes a universally complete
normal ring possessing a unit factor.

Let R be a continuous seml-ordered linear space. Since
the proper space E. of R 1s G -universal hy Theorem 41.3, we
can consider the sum ¢+ and the product <Y for every al-
most finite continuous funetions < and ¥ on E .

Theorem 42.3. If both almost finite continuous functions

¢ and Yy are integrable by an element @ €¢ R in ‘Uc’J ,-then

the sum ¢ + Y also is integrable by a in _UCPJ and
jm(q * v)(g)dga..—.-jq"r(g)o‘;a_ * J:pawg)d3 a.
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Proof. Putting £= j"zcﬂ@)daa , € =LPJ1,.(3)43 o, we
have by Theorem 22.1
[
(—i—:;)""‘{‘”&% (= ’3)""“5’ for % € Uepacad s
and hence by Theorem 18.6
(B, g)=e@)+¥@) = (74 ¥Xg)
*in an open set being dense in v‘P"“" Since both (ﬁi_c > ¥ )

and ¢ + are continuous in Up,g.,), We obtain hence
(f%é, 3) =P+ )E) for every point @ € Uppjtaz,
and consequently by Theorems 22.2 and 21.1
£4C = (pilal(£+c) = fcp;“’““(tfuo“' .
Theorem 42.4. Ir 2= ¥(p)dpa for an almost finite
cp1

continuous function ¥ on 't7’¢_-',J , then in order that an almost

finite continuous function ¢ on U, be integrable by £ in
Ucpy » At 1s necessary and sufficient that the product & L'

be integrable by a in ‘U',:P, , and in this case we have
S P HEI o = jcr: Piprdp 4,
Proof. If ¥ 1is integrable by £ 1in Urp; , then, putting
= ftp gy £,
we have by Theorem 2¢.1
(zc-:g)s:‘f(g) for every point ¥ € 'U'(’]:_“, .
Since 4 = L V(g)dga. by assumption, we also have
3]
(;g. ,$)= 1[-(3) for every point ? € -U[’:La,J.
As (£] < (a] Dby Theorem 21.1, we obtain then
Cc
(%> g)(f;-,g) =¢H(p)
in an open set being dense in 'Uc'u‘]. and hence by Theorem 18.12
[4
(T’$)= cf‘t{-(;) for every point ;eﬂtruu.
Since (€] 5 (4] g (0] by Theorem 21.1, for every point '
3 € vfp:ul but € Ulp]t‘l,
we have by Theorem 18.3

(£.8)=0, wp)=(£,p)=0,

and consequently we obtain

i
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c
‘E’:) = ¢ Y¥g) for every point P € vtp:u»].
Therefore we have by Theorems 22.2 and 21.8
¢ =tpaerc=f ¢ wgdpo.
Conversely, if the product ¢ Y 1is integrable by a 1in 'G'c’,)
then, putting
C = Py cprdra
§ops T CEI 4%
we have by Theorem 22.1
c
(= :}) = ¢ ¥(§) for every point P € vtp:cn);
and hence by Theorem 18.12
[
CTEICTF IERICILTES
in an open set being dense in _U'-Plf-“ , since [£4]1 < [a] as
remarked just above. On the other hand we see easily that
3
a<‘(7,$)|< + oo
in an open set being dense in vtp.l[ 81- Therefore, since
4 —w
(-a—-:s)— Heg) for evely point fev
as remarked already, we obtaln
[
(7°8)=97®

in an open set being dense in v(PJl‘J » and hence by Theorems

tpiten ,

22.2 and 21.8
Lpitdic = jm ¢prig 4,

that 18, ¢(£) 1s integrable by £ in U p, -
cp3

§43 Dilatators
Let R ©be a continuous semi-ordered linear space. FPor a

linear manifold D of R , an operator T x €R (x € D) is
sald to be a linear operator with domain D , if we have
Ttz +py) = ol T+ PTy
for every elements « , ; ¢ D and for every real numbers o , p .
A linear operator T with domain D 1is called a dilatator
in R , 1f
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1) D is dense in R : to every element a ¢ R there

exlsts a sequence of elements a,¢éD (y=1, 2,...) such that
}E’ma. &, = 0,

2) for every projector {p], ae¢D implies (plaeD and
Tcpla = (p1Ta,

3) T 1s closed: ‘}}’m..a.,::a., a.,eD (Vv=1, 32,...)

and 1lim Ta, = £ imply €D and Ta =4,

v —deo
Let T ©be a dllatator with domain D in the sequel.

Theorem 43.1. For an element a ¢ D, Af an almost finite

continuous function () on s neighbourhood vc,; is integrable
by &« and by Ta in ‘Uc’] , then we have
S r@rdpa e D,
T

o TEg 0 = Jm Fprds Ta .
Proof. If ¢(¢) 1s s bounded continuous function on 'IT,:,,‘1
r

then we have by the definition of integral
1m 2 qgorpda = j‘ri Pigpdpa,

E>o0
x
11 =
My Z eqotpaTe = | g Ta,
for partitions of (p] :
CPI=Lpad+Ipad+ e+ [prl,
#oeagcmcf(})ét, 3~‘v¢p.1 (=1, 2,..., ® ).
On the other hand we have by the postulate 2)
»”
TE ¢otpia = 2 4G piTa,
and hence we obtain by the postulate 3)
Sm Pp)dg o €D,
T dp o = dp T
LPJ ¢grdpa fmcrc;> s Ta.
In general, if '-f(:} is an almost finite continuous function
on ‘U‘PJ , then there exists by Theorem 21.7 a sequence of projectors
tp. 11,2, (1
such thet 4($) 1is bounded in Ucp j for every V=1, 2,... .
For such Lp,] ( V=1, 2,... ), putting
o V=1, 2,...
4 = jt";ﬂg)d; : (v=1,2,...),
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we obtain £,e€D and

TL, = ScmzﬂguJ Ta (v=1, 2,... ),
as proved just now. Since q'q) is integrable by a send by
Ta Iin vc,.; by assumption, we have then by Theorem 21.4

Um £, = ICPJ r@rip o,

Mp, Too=f  r@rdp Ta,
and hence we obtain by the postulate 3)

Jepr ¥ @)dp 2 €D,

TS, v@ 4o = jmwg)d; Ta.
Theorem 43.2. For domain p of a dilatator, ae€e D,

lat 2 (4 implies £ € D, snd hence aeD implies
at, &%, JaleD.
Proof. If 14|l €la| , then we have by Theorems 22.2, 18.11
4= (£.p)d4pa,
‘(%,$)l§l for every point $ € Ucug-
Therefore, if e D , | 5 |a| , then we have £€D by the

previous theorem.

Theorem 43.3. For every elements a., £ ¢ D e have
£
174 = § (£.8)dp Ta
Proof. Since (% R g) is an almost finite continuous

function on Ug,, by Theorems 19.1 and 15.2, there exists by Theo-
rem 21.7 a sequence of projectors
tp11.2, (o
such that (% »3) 1is bounded in 'Uc,,,, for every Vwml, 2,... .
For such Lp,] (¥ =1, 2,... ) we have by Theorem 43.1
Ttr.«]#-—‘jtm(ia-,@)d} To (v=1,2,...),
since [p. 1§ =j‘?—1(%,3) d;‘o. by Theorem 22.2. On the other
hand we have by the postulate 2)
Tep3d=(p1TEL (v=1,2,...),
and hence by Theorem 21.9

1Te= (£,3)dpTa.

(€5}



225

Theorem 43.4. To_every positive element peR there

exists s positive element o€ D such that
(o] =(pl and 1 Tal s P

Proof. Since D 1s dense in R by the postulate 1), to
every positive element pe R , there exlsts a sequence of elements
o, €D (=1, 2,... ) for which

}1-!’”.“’ =p-
For such @ve¢D (v =1, 2,... ) we see easily by Theorem 43.2
that putting .
v-1

4y=104lnp, 4,=(1—ﬁ%[a.',3)(|a.,|np) (v=2, 3,...),
we obtaln an opthogonal sequence of positive elements £, € D
(v=1, 2,... ) such that
o o
2L, =P end (%I.«J=(PJ,

r=1

2 -
since ;},DLIG-.I _p and

v
[¢,+...+£,]=cp11_k{'za‘.,] (v=1, 2,... ).
Putting p, =(|IT&| — P y* (wv=1, 2,... ), we heve then by
Theorem 7.16
(PINTEI-P) 20, (1-[pI)ITLl=-pP)soO,
that is,
(pIPs LpIITE], (1-Cpd)p 2(1-CpDITEI.
Furthermore we have obviously p, < | T4, | » and hence by Theorem 8.3
lp12(T4.] (v=1,2,...).
Therefore we have by Theorem 18.11 for every V=1, 2,...
P
Og(m:l- :d‘:‘)é 1 for every polﬂnc:e‘UcPd.
Hence we conclude by Theorem 43.1 that putting
p
C, = - v
v LP»]( T4, *3)‘13 4 (v=1,2... ),
we obtain a sequence of positive elements ¢c,eD(v=1, 2,...) and
Te, = iju]
For such ¢, €D ( ¥=1, 2,... ), since by Theorems 20.1, 22.2,

(‘Tzﬁ;g_)d;‘ri., (v=1, 2,... ).

and by the formula §20(6)
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Cv éff’vli,,,

ITevl= [ (5o’ &)4g 1T =cpap

we have

2

2 (a-tr)4 +c) s ;Jy =p
S UTu-tpDal+ 1 Te 1)

= 3 4. 3(—(p )P+ Tp1p) = F 4.1 pP=P>
and hence puttir:;' o
o= ;( - cpD4, +¢.) ,
we obtain by the postulate &) that a € D and
ITal =] Z(TU-tpDl+Te)l = p.
On the other hand, since by the postulate 2)
(Pl [T4] =((£1T4 ] =sl4.],
P =z £ (v=1,2,...),

we see easily that

("—"T%:T ;:))a

in an open set beilng dense in va-J , and hence
ccb]=[Pv1[4uJ=cPv] ( V=l, 2;-0- )-
From this relstion we conclude by Theorems 5.15, 8.5, and 8.4
- L]
tal = U ((t-tp3)é1+06]) = Y 4] =Cpd.

Theorem 43.5. To every element p e R there exists s

sequence of projectors

oo

Lpo3T.”, Cp3
such that (p.lp € D for every »v=1, 2,...

Proof. By virtue of the previcus theorem, tc every el:-
ment p € R there exlsts an element & € D for which (al=(p].
For such o € D , if we put

po = Cuiai—tpD* (y=1, 2,... ),
then we have by Theorem 7.16
pl(viai—1pt) 20 \ =1, 2,... ),
and hence [[p, P | € VIr| for every V =1, 2,... . Conse-

quently we obtain by Theorem 43.2
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tp.IpeD for every v=1, 2,...,
and by Theorem 8.14
Cp1T. 2, Lal=Cpl.

Theorem 42.6. For every almost finite continuous func-

tion Cf(g) on the proper space E of R , denoting by D the
totslity of such elements a e R that Cftg) is Inteprsble by a in

Uiay » we obtain e diletator T with domain p as

Ta:gcu‘-f(g)a(ga, (o €D ).

Proof. since ¢(p) 1s almost finite by assumption, to
every eiement Pt R there exists by Theorem 21.7 a sequence of
projectors

(p.11,7, TPl
such thsat ‘f’(g) is bounded in U(P']' For such C(p, ] ( v=1,

1

2,... ), () 1s opbviously integreble by (L 1P in -U(P'J ,
and hence
lp.lpeD for every L =1, 2,... .
As hl_i,m"Lp,]p =p by Theorem 8.11, D 1s Jdense In R by de-
finition.
By virtue of Theorem <1.1 we have obviously for every pro-
Jector (_PJ that o€ P implies (pJa € D eond
Tipia=1plTa,
For every element o snd £ € D we ortain s sequence of
projectors
Lp 11,7, Lt +id1]
such thst ¥(4) 1is bounded in UfPJ for every Vv=1, 2,... ,

as remarked just above. Then we have by Theorem 21.1 and by

the formula §20(5) for every real numbers o , {5

(p I Ta+pTE) = o Lr P @rgepf vigdpt

i

dp(aa+g4)
j‘M PEIdp(aa+p ),
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and hence
1im, thch)dgca.u+pl—)=ua.u+|uJ(o<-ra +ATL)
= Tlal+l41Ja+p T+ 411 = Ta+pTE.
Therefore we see by Theorem 21.9 that $(§ ) 1is integrable by
*d +pf in Upo,, g7 » und hence naturslly in ‘U[da‘,’_”,
since
[1ai+1481] 2 [ta+p£],
Consequently we obtein that o , 4 €D implies for every real
numbers o , P
da+ Pt e D,
T(a +8¢) = olTa--c—P‘r.g_
ir }1_.21_0.,. =a , a,eD( m=1,2,..: ), and
}!..n}.‘l'ar = 4 , then there exists g sequence of projectors
Cp 3T, Clai+1£13
such that 4 (}) 1s bounded in ‘(7":'%:| for every v=1, 2,... and
we have by Theorem 7.7
(J..‘:l_lg_ (plop= Cr.,]at;
’1‘3‘_1’ tplon = cpl4.
If we suppose that
[Pl ls for every point 2 € Uy j,
then we have by the formula §20(6) and by Theorem 20.1 for every
element Z € D
| Tepanl= jcml?c;)ldglzl % o CpIixl,
and hence for every Vv, M= 1, 2,...
[Teprop = Tepgals b tpdlop—al.

'Conseq\xently we obtain for every V=1, 2,...

plf= Um Tepja,=T o=
Am Tepgan = Tep. fc"-u”‘fcg)dga }
Therefore we see by Theorem 21.1 that ¢ (3) is integrable by a
in Ug,4 end
=llal+14 =
£ (14 jm vgrdpa,

that is, a € D and Ta = £. Thus we have proved thaet T
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183 s dilatator with domain D
Corresponding to every almost finite continuous function
9¥C(%) on the proper space E of R we obtain by Theorem 43.6
uniguely a dilatator T . This dilatator T will be denoted by
fearag -
Conversely we have:
Theorem 43.7. To every dilatstor -T with domain D

there exists uniguely an slmost finlte continuoys function crt;)
on the proper space E of R such that

= [erdp

and we have for every element a € D

Qa , ?) . ,_f($) for_ every point 3 € 17:‘:.
Proof. For every elements o , £€D we have by Theorems
43.3 and 22.1
4 > 3) ___(%’ £) for every point 2¢€ Up,g,
since({Tal = L[a] Tal = [a] by the postulate 2). As we have

by Theorem 18.12

a —( Ta

})"( 3)(’1—’3)—(——;‘,})

in an open set being dense in ‘U“,“,L.‘.“], we obtain hence
(:5,4, $ )—_—(Ia‘l > ) for every point £ € TUinyrgyrral.

We also obtain likewise

3 )= s } ) for every point } € Tioac1cT4].
e 3 ¢ vcauu e 2 Vtareertrar ¥ Vrayrgacres » o ™
have by Theorem 18.3

fFop)=(T2. =0
Therefore we obtain for every elements a , £ ¢eD
(?.}):(%,3} for every point % € Ucasceg.
Since to every element p € R there exists by Theorem 43.4 an ele-
ment . ¢ D for which (a] =1U(p], there exists hence a function
4(2) on E such that we have for every element & € 7
(f(s):(j_}'_,g) for every point % € U,
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This function ¢ (%) 1s obviously continuous and almost finite

in E by Theorems 19.2 and 19.3, and we have by Theorem 22.2
for every element a € D
To =

j[a.

Furthermore if the intepral

SLPJ wprdg p

is convergent for an element pe R , then there exists by Theorem

J ‘-f‘cge)dé:a. .

43.5 a sequence of projectors
(pedT,2, Lpi
such thut (p,Jp € D for every v¥=1, &,... , and we have
Tipap = I‘P») Feg )Af Lp.3p =JEP.,J Fcgrdp P
for every v =1, 2,... , as proved just now. Accordingly
we obtain by Theorem 21.4
Mp Cpp = Ps
m Trplp = jLPICng)A; [N
and hence by the postulate 3
ped, Tp=jmvc3)dg!°-
Therefore we have by rdefinition
T=fegrdp -

Converselyr, 1f T':'—.S(f(g)dg for an almost finite contlinuous
function Cf(y) on E. , tnen we have by definition for every ele-
ment & € D

Ta = SEM igrdya,
and hence by Theorem 2¢.1

(T—?—:—-, g_) =g for every point F € Ucag.
Since to every element p € R there exists by Theorem 43.4 an
element & € D for which (al=(p 1l , we can recognize nence the
uniqueness of such a function 7(3).

Corresponding to every dilatator T 1in R we obtain by
Theorem 43.7 uniquely en almost finite continuous function ¥ (%)

on the proper space E of R for which
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T={g@ds .
Such a function ¢ (%) 1s called the spectral function of a di-
latator T in R .

§44 Calculus of dilatators

Let R be a continuous semi-ordered linear space. To
every two dilatators T, with domain D, end T, with domain Dg
there exists uniquely a dilatator T, such that

Tga= T,a+ T, for every element a € D;D,
Beceuse, denoting by ¢f, () &nd (% ) the spectral functions
respectively of T, snd T, , we obtain by Theorem 43.6 a dila-
tator T; as
Ta = J(F + Fadprdp -
For such a dilestator Tg we see easily by Tl'.leorem 42.3 that
T;o=Ta +T,a  for-every element O €D,Dy .
" Conversely, we suppose that tnis relation holds for a dila-
tator T3 . To every positive element pPe R there exisi’.s by
Theorem 43.4 positive elements a,e Dy and @z €D, such that
lad=1Lul=1p1].
For such @, ana Q, , v;,v.nr,ing &= @&y ~ &z, we obtain by Theorem
42.2 and by the formulsa §8(1L)
a € byDau , lal={asltaal=Lp],

Hence for the spectral functlcn 73(37 of T3 we have by definition

gie3r= (2% %)

—, Tiu T.a
= .4&_-,;)4-(_%_,3):%(3)-«%(3)
in an open set being dense in U‘-P}' and conseguently

F3(k) =(f+f,(F) for every point f ¢ U‘PJ-
-Since p may be an arbitrary positive element of K , we obtain

thus
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Qs = 1 + S
Therefore such a dilatator T3 1s uniquely determined. Such
Ts 1s called the sum of Ty, &nd T, , and denoted by

T, + Ta,
As proved just now, the spectral function of the sum T, + T4
coilneides with the sum ¥, + ¥, for the spectral functions % (F)
and €, (§) respectively of T, and T, .

For every two dilatators T, and T, we obtain by Theorem
43.6 a dilatator T, as
T o= 4 qucgrdp

for the spectral function < (?) and ?1(3) respectively of T,

and T’. B For such a dilatator T, we have by Theorem 42.4
1—3 a = Toa(Tha ),
if the right side has any sense. Conversely, if this relation

hoids for some dilatator T, , then, for the domain D, end Da
respectively of T, and T, , to every positive element P € R
there exist by Theorem 43.2 positive elements a€¢ Dy and £ €)Dg
such t';hat
(al=(41=1(p1, [Tial = €.
For such ae’D‘ » To (T, a) has a sense by Theorem 43.2, and we
have by Thelrem 4|2.4
Te=TyTa)s | apdpTia=| <agrdpa.
Consequeuﬁ'fy, for the spectral function ‘f;(?) of T_, we have by
Theorem Z2.1
fg) =(RE, 2) = w0g)
for every point P e U o= Tips. ' Since P may be an arbi-
trary positive element of R, we obtain hence by definition
Ty = [ tgrdpy.
Therefore to every two dilstators T, and T, there exists unique-
1y a diletator T, such thet ’
Tsa = 1,(Tha)
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if the right slide has any sense. Such a dilatator Tg 1s called
the product of T, and T; , and denoted by

T T,
Then, as proved just ncw, the spectral function of the product T, T,
coincides with the product ¢, 4, (;) for the spectral functions
9,(p) and 9% ) respectively of T, and T, .

Every real number may be considered as a dilatator with do-
main R . Now we see easily that the totallty of dilatators
in R constitutes a ring, which is lsomorphic to the ring of all
almost finite continuous functions on the proper space E. of R
by the correspondence T — ¢ for the spectral function Cf.,(:)
of a dilatator T

For a dilatator T with domain D we define T ;,o to
mean that .

Ta zo for every positive element @ € D.
If the, spectral function ‘f.,(:) of T 1is positive, that is, if
Tr(@) 20 for every point f €&,
then we have obviously T zo by Theorem 20.1. Conversely
T 20 implies
Frip) 20 for every point P eE,
Because, 1if Cf.,(?,) < 0 for some point 3. € E , then there exist

g positive number & and a neighbourhood ch: 3 p. such that

(f.r(:) s-¢ for dvery point 2 € ‘U(r_b
since Cf,(@) is continuous over E . By virtue of Theorem

43.4 there exists further a positive element @ € D such that
a] =(pl, and Ta has a sense. For such a € D we have
by Theorem 20.1
Ta= [ , $@dpas-sa,
contradicting that T 20 and [a]l=(pl#*o0.
Therefore we have T 2 0 if and only if the spectral func-
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tion of T s positive. By virtue of Theorem 42.1, the tota-
lity of almost finite continuous functions on the proper space E
of R constitutes a complete normal ring possessing & unit fac-
tor. Thus we have:

Theorem 44.1. Totnlity of dilatastors in R constitutes

a complete normal ring possessing a unit factor and is isomorphic

tc the semi-ordered ring consisting of sll almost finite conti-

nuous functlions on the proper space E of R by the correspon-

dence T —» ¥, for the spectral function cr.,.(?) of a dilata-

tor T , thet 1s, we have

Fatispry =% Fr, +BPr,, Fr1, = Fr. e ,

€ r, YT, T I~ Fra, FrimnTa = P, ~» F1a,

— + - -
‘f-r't - cf-r > <f‘l" - (f‘f ) ‘Fl‘fl =l(FT"
Theorem 44.2. For two dilstators T, and T, , if | T,I<gIT.l,

then the domain D, of T, 1is included in the domain D, of T,

Proof. Denoting by ¥,.(% ) the spectral function of a
dilatator T 1in R , we have by Theorem 43.7 that "71'1(3) is
integrable by every element A € Dy in U, . Since | Tl = [Ty !
by assumption, we have by the previous theorem

[Pl = Frrq = Qi = [Pral,
and hence we see by Theorems 20.1, 21.2, and 21.3 that ‘f_r'(g) is
integrable by every element & € D, in Ug,q .« Therefore we
obtain D, C D, by Theorem 43.7.

By virtue of Theorems 19.2 and 19.3, for every palr of ele-
ments & and p € R , putting
{(%:3) for P € Ugp,

for 3 € 'ULPJ,

we obtain an almost finite continuous function ?(3) on E , and

P Q@)=

hence there exists by Theorem 43.6 uniquely a dilatstor, whose spec-
/

tral function coincides with (% ) . This dilatator will be

denotéd by (a|pl , that is,
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(alpl = [ ecgrdy,
if we put
gep)= {(%,3) for F € Tgpa,
0 for $ € Ugpa.
With this definition we have obviously
(1) [olpl =[al0]l =0,
end by Theorem 22.2
(2) lalplp = a.
Recsalling Theorem 18.4, we obtain st once
(3) [fa|pl =Lrplalpl=lalcalp]= (Lplaitalp],
By virtue of Theorem 19.5, we have obviously:

Theorem 44.3. we have

Lalp] = L£1p]

Af and only if [p]a = (pié.
Every projector [ p] 1s obviously a dllatator by definition

and
() C(pi=Lplrl,
since we have
(pla = L”ﬂ(} o for every element a € R ,
and by Theorem 18.2
(_.t-, 3) =1 for every point J € Tepa,
that is, the spectral function of [P] 1s the characteristic
function of the point set 'U'“,:| in E
Furthermore we have for every projector (i 1
() [elpifgd = (Lglalp],
Because, we have by Theorems 18.4 and 18.2
(51%&,$) =(%,;)(%—,}) for every point@é‘(fq’q,)
and hence the spectral function of ((§3a | p] 1s the product of
the spectral function of {a|p] and the characteristic function
of the point set vw in E .
Recalling Theorems 18.5, 18.8, and 18.9, we see easily:
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Theorem 44.4. We have
odtalpl+plbipl=[ara+pfipP],
and if p 20 , then we have )
(alpIVieipl=tav4lipl,
LalplAbIpl=[an~4lpl,
(olpl*= (o*tlpl, Lolp]l = C(a"lpl, lLaiplf=_ClallpI.
Since we have by Thcorem 18.10
\(%;})‘ = (-ll%l- :}) for every point R € Uy,
we obtain by Theorem 44.1
(6) |Lalplf = Cial[1pI],
A dilatator ‘r 1s said to be principal, if there exists a

projector LP ] such that
Tep1=T.
For every pair of elements @ and p € R , the dilatator (a | p1]
is principal, since we have by the formulas (3) and (5)
(a{pitpl = (Cplalp] =(alpl.
If a dilatator T is principai, then there exists by Theorem
43.4 a positive element p€ R such that T(pl=T and Tp
has a sense.
Theorem 44.5. For a principal dilatator T , if T(pl=T
and TP has a sense, then we have
T =(Tplprl.
Proof. Since Tfl’] = T Dby assumption, for the sp_ectral

function ¥, ( g ) of T we have by definition
Py = {(IFE’J) for F € Ucpa,
0 for 32 € Ucpa.
Consequently we have T = [Tplp] by definition.
Theorem 44.6. For a diletator T , if Ta has s sense,
then we have for every element pe R
Tlalpl =LTalp].
Proof. We have by the formulas (3) and (5)
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Tl lpltp] = Tltploa|pl = TLalp],
Since Ta has a sense by assumption..ve have
T(leiplp) = TLpla =(plTe.
Therefore we obtein by the previous theorem
Tealpl=C(lpITalpl=(Talpl,
As an immediate conseguence from Theorem 44.6 we have
(7) latgllglpl=LlQlalpl=Llalpllq].
Theorem 44.7. (clpl 2 T g0 Aimplies T =(Tplpl.

Proof. Since we have by the formulas (3) and (5)

Latpl(1-Lpl)=0 and 1-I[plzo.
if (alp]l 2 T 20 » then we have -
T(1-tpl1)=20,
that is, TPl =T . Furthermore T p has a sense by Theo-

rem 44.2, and hence we obtain by Theorem 44.5
T=[Tplpl.

Theorem 44.8. ‘J’.}.mna.,= o implies lim [a,lpl= La|pl
for every element pe R
Proof. ir ..:l_i’n:.a.,=a, , then there exist by definition

a sequence of elements ., L::, 0 and My ( v=1, 2,... ) such
that
(P N I for p M, ¥=1, 2,... ,
and we have by Theorem 44.4 and the formula (6) for M S M
[[aplp) =(alpIl=Clom-allipi] s[4 11pl].

Therefore we need only to prove [ [1p11 1,7, 0 . If

\ 0 T < 4 1ipt] for every V=1, 2,... ,
then we have for every V=1, 2,...

Tipl g [ AL ptlIpl =LPIAL, = 4.,
and consequently we obtain T(pl = 0, On the other hsand, we
have by the previous theorem

T=[(TIpllIpld,

and hence T =10 * Thus we have [ £, |1pld v'r:.. 0.
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§45 Diletator rings
Let R be a continuous semi-ordered linear space. By

virtue of Theorem 44.1 the totality of dilatators in R consti-
tutes a complete normal ring possessing a unit factor, which will
be called the dllgtutor ring of R . As stated in Theorem 44.1,
the dilatator ring of R. 1s isomorphic to the complete normal ring
consisting of all almost finite oontinuous functions on the proper
space E of R by the correspondence T —» %+ for the spectral
function ¢L(§) of a dilatator T .
We shall consider first projectors in the dilatator ring.
Theorem 45.1 . For every dilatator T we have
L Calpl)T = TCallpl.
Proof. Since the dilatator ring is normal, we have by the
formula §25(10)
(Caipl]T =(llalplI)T
=(CCa(p1pI) T +([Co1pIN1-CPIDT.
On the other hand we have by the formulas (4), (5), (6) in §44
and by Theorem 44.8
(Catpl3Cpl=Cl1al | 1ptII0IpI1IPI]
= 1m_{UP1IIPI A v OB IR}
Um [IplAviel LipL]
(tadlpi 1ip1) =Lallpl,
and by the formulas §44(3), §44(5), §8(1), and by Theorem 26.8

((lalpil(1-Cp1)]=(Clajplllt—1Ipl]
=[(alpl(1-CpN)I=[LalpIpI(1-(pPI=09.

]

Consequently we obtain [[a | p]]T =(allpP1T.
As a speclal case of Theorem 45.1 we have by the formula §44(4):
Theorem 45.2. For every dilatator T we have
(ep1l T = TILpI.

Theorem 45.3. We have [(p1] Z(fR1] 4f and only If LpIZ[Q].
Proof. (Pl (4] mplies [(p11g[Lg]] Dby Theorem 8.3.
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Conversely, 1if ['[p]] FAL 1, then we have by Theorem 4%.2
(pl1=1CCpi3t 20Lq1I 1 =091,
Since the dilatator ring is normal, we have:
Theorem 45.4. For every projectors Lp1 nd (91 we have
(cpilleqi] = [LpILga].
Theorem 45.5. To every dilatstor T and to every projec-

tor (p] there exists a projector [i] such that
[(Cp1ILTI =(r4911].

Proof. By_virtue of Theorem 43.4 there exists an element
a € R such that (a] =[f’] and Ta has a sense. For such

a € R , since
(Tecpi)al = Tep1, (TpHa=Ta,
we have by Theorem 44.4
TPl =(Ta|a].
Therefore we obtain by Theorems 45.1, 45.2, and the formula §8(1)
(CpIILTI=(T(pPI] = [(Tala]]
[(Tallal]l = [{talTal]l= (LTall.

il

Theorem 45.6. The proper spasce E of R is homeomorphic
to the dense open set

2% i

in the proper space é of the dilatator ring of R by a corres-

pondence E 3 § —» FP%e £ such that
{3°: §€ Uit = Uypyy  for every point peR.

For such a correspondence we have

(:_'r_,gb): Fr(p) for every point # € E
for the spectral function Cf.,.(g) of a‘dilatator T
Proof. For every point J € E we have by Theorems 45.3
and 45.4
T Ueepay *+ 0
Tepr?d P ’
since v[[”] is compact. Furthermore we see easlly by Theo-

rem 45.5 that the intersection
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T
Tep3? epll
1s composed only of a single point, which will be denoted by 3’

corresponding to a point ; €eE . Conversely, for every point
e 2 T
4 per  Lepdd
we see llkewise that the intersection

T 7
is composed cnly of a a?r:;l“::olntng , and then we have obviously
3" = ‘Z . For such a correspondence E 3 ; - gDE /E‘_,“ it
is evident that
{g°: ¥« Ul‘.p] }= _U“PIJ for every eiement peR,

and hence E 1s homeomorphic to the open set
) f-{'x Utepas
in E by this correspondence.

To every projector [T] 3 0 1in the dillatator ring there
exists an element peR for which Tp * 0 For such pé& R
we have by Theorems 44.4, 45.1, and 45.2

(Titcpl) = [ Tpal=[L Tplpll
=[(TPIPI]=(LLPITPll = LLTpPpI*o0.
Thus %{ v,_‘,;,, 1s dense in E ,
For an arblitrary point :, e £ , if
(F28°) >
then there exists by Theorems 19.2 and 45.5 a projector [P ] such
that _UCPJ 3%, sand i
(:1':- a.;") >l for every point 2} € Tgpy,
For such [pP] we have by Theorem 19.4
[CPI]T Z &LLPII1,
and hence by Theorem 45.2
Tipl = o [P,
By virtue of Theorem 43.4 there exists a positive element a & R

ach that (a] = Cp]. and Ta has a sense, and for such @ &€ R

we obtain thus
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Ta =(TLpla 2 dlpla =da.
This relatlon ylelds by Theorems 18.4 and 18.8
Ta
L+(3.) =( . 3 )z«
Therefore we conclude (—-‘L, 3,’) S ¥+(%.) for every point $,€ E,
VWe also can prove likewise that
T
(T ;3.0) Z ¥+(§) for every point 2 e E,
Consequently we have ( -_Tr— > 3’ ) = Fr(§) for every point 2 eE,
Theorem 45.7. If R has a complete positive element P,
then the dilatator ring of R 1s s completion of R by an exten-
ding correspondence
R3a — [a]p],
Proof. We see easily by Theorems 44.3 and 44.4 that the

dilatator ring of R 1is an extension of R by the indicated
correspondence. The dilatator ring is complete by Theorem 44.1.
Since we conclude by Theorem 44.4
ltatpil ~lt41PI =Lialnl4tl P],
we obtain by Theorem 44.3 that we have
(alp] L [£1P]
if and only if @ 1 4 , that is, the postulate 2) in §33 1s satis-
fled. Furthermore the postulate 3) in §33 1s obviously satis-
fied by Theorem 44.8.
To every dilatator T there exists by Theorem 43.5 a sequence
of projectors
P11, lP1=1,
such that 'T([ [ p) has a sense for every V=1, 2,... .
For such [p] ( v=1, 2,... ), putting [P,] =0 , we have by
Theorem 44.5 for every v=1, 2,...
TP = (Pead) = [ TUPIP =[PP | P].,
On the other hand we conclude by Theorem 45.2
,,f_-, T(Che) = L) = Tlped = [LPI]T
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for every v=1, 2,..., and further by Theorem 8.5
(P332, 011 =1,
Consequently we obtain
T =2 [TapIp-Lh-3p) P,

that is, the postulate 4) in §33 1s satisfied too. Therefore
the dilatator ring of R 1s a completion of R by the indicatec
correspondence as defined in §33.

Theorem 45.8. If R 1s universally continuous, then the
dilatator ring of R 1s a universal completion of R by an eXx-
tending correspondence

o _ _ -
R0 = o= U Lla*lp] et ipal

for a complete orthogonal system of positive elements p, € R
(neA)in R,

Proof. As R 1is universally continuous by assumption,

we can conclude by Theorems 41.6, 42.2, and 44.1 that the dilatator
ring of R 1is universally complete. Since p, € R (A € A)
is a complete orthogonal system in R, we have obviously
a= Ale/ALP.\]a, for o5 a €R,
and hence we conclude-easily that
=Y
in the dilatator rmmg. Accordingly we obtain by Theorem 8.5
T =AU [ep1lT for every dilatator T Z 0.
For every positijt: elements o and £ € R we have
[alpPalA[£1IPpl=0 for AL F P,
since we conclude by Theorem 45.1 and by the formulas (3) and (5)
in §44 for A % ¢
[Laiprl)[£1Ppl =10)IPAIILPpI4 | Ppl =100 pp]l=0.
Therefore we obtaln by Theorems 44.4, 3.1, and 2.5 for every po-
sitive elements a and £ € R
&Lelala'*'# F 2N =A\‘/A([0' Ipad+ (£ 1pal)
= el (L lpal+ [81pa)) Y aippI LI pel}
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My%_q{([a.lm +LEIPA) (o tppd + LE 1P}
,,\‘{“{culpﬂ +(Llpcat

S RICASIL S

thet is, we have for every rositive elements & und 4 €R
(a+ £)° =2+ £°,

For srbitrary elements a und £ € R, since

(@+8)* +a” +4” =(a+8)"+a*+4",
we obtaln, as proved just now,
+D -D - -D D > D
(+ £)*"° +a" P+ L P=(a+b)P+a*P+ ™",
and hence by definition
(a+4)° =(a+L£)° - (a+4)"P
=(a*%+ £*°)-(a"+£7%)= aP+£P°,
For every positive number ol we have by Theorems 44.4 and 2.3

Galetat Ipal = Y Lot Ipa],

A€
L a- = -
A‘{A[ IP*J dALelALa 'PA]’ ,
and hence (ot @ )° = «<o®, Furthermore it is evident by definition

(-a)’ =-a®,
Therefore we have 1ln general
(sa+ pg) =wa®+p4g°,
Since we see by Theorems 3.4 and 44.4 that we have

- — <+ - —
(A\{A[ﬁ’lPA])f\(i{AL“ IPA])—A\{A[“— ~A0"lpal=0,
we obtain by Theorem 3.8 <0

a'D"' = u [O-*IP,\] = a’b
AeAN

a = U (a-lpal=a"®,
AEA

2

and hence |a°| =la|P for every element a € R,
It is evident that & 2 0 implies a® 20. Conversely,
ir a® 2 0 , then we have
a~® = a’" =o,
and hence {a~ |p,] =0 for every A €4 . This relation.ylelds
by Theorem 44.3

[PrJa" =0 for every X € A,
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and hence o™ -_-.A\.JA (Prla” = 0 , that is, a3 0 . There-
fore the dllatator ring of R 1s an extension of R by the indi-
cated correspondence R 2 & —» a?®.
Wie have further by Theorem 3.12
(&Pl A 141 =1a1® 4 181° = 10 (°=(iaI® - 1£I1P)*
=1a1°- (el - 18D*% = ClalA KI1)®,
and hence aP L £P if and only 1f a L £, that is, the postulate
2) in §34 is satisfled.
If a =3‘lsjr O-y for a system of positive elements a, € R
(¥ €r ), then we have by Theorem 44.4
Laylpal s Lalpal for every ¥ € [,
and hence, putting T = rl.‘lr[&; | Pl , we obtain
05 L0yl pals T<Lo]|pa] for every ¥e [,
Then we have by Theerem 44.7
T =L1LTpal Prl,
and by the formula §44(2)
Cprlay S T pPrlPprJa for every ¥erl”,
Since (prla = r‘ejrtr‘\]a' by Theorem 7.6, we obtain hence
Tpr=LPrla,
and consequently by the formula §44(3)
T =0LTpalPad= LLPaJa]|Pal =(alpal,
Therefore if QO =r\ejr’ Oy for a system of positive elements @, € R
(¥ € ), then we have
(.0'|P>.J='\.Jr[ayln\] for every A €/
in the dilatator ring, and consequently we obtain by Theorem 2.8
0= (aipal =, M o leripad= Y oo,
Thus the postulate 3) in §34 1s sédtisfled.
Let T Dbe an arbitrary positive dilatator. To every A e /A
there .exists by Theorem 43.5 a sequence of projectors
L, 34,2, Lpal

such thet T(1 pa,]pp) has a sense for every L =1, 2,... .
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For such [p,,, ] ( ¥=1, 2,.,. ), putting (Pa,e) =0 , we have
(PAIIT = J LT (PP = (Pa,e-tlPa) | Pa]

vy
as proved already in Proof of the previous theorem. Since

T= VY k1) T

as established just above, we obtain hence

T = en, Hae. CTUPALLIPA = [Pa, 01 Pa))°,
while the system of positive elements

TPa,vIPr = LPr,u-rIPA) €R (A €A, y=1, 2,...)
is an orthogonal system, because

(ChW] —[Pa,u-1DPr €R (A €A, vel, 2,...)
1s an orthogonal system of positive elements, and further we have
by Theorems 7.9 and 8.1
Ta=(alTa L(£41T4L=T4¢,

if o L 4 and both Ta , T4 have any sense. Therefore the
postulate 4) in §34 1s satisfied too, and consequently the dilka-
tator ring of R 1s a universal completion of R by the indica-

ted correspondence R 36 — a° .
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' CHAPTER __VIII

g

CONTINUOUS LINEAR FUNCTIONALS

§46 Bounded linear functionals !

Let R Dbe a lattice ordered”linear spacs. A real valued

functional L¢e) (o € R ) is seid to be a linear functional on
R , if we have
L(oa+88)= &La)+BL(E)

for every elements a , £ € R and for every real numbers o , B-

A linear functional L. on R is said to be bounded, if we
have for every positive element a € R

o;t;pi!x lLx)| <+ oo,

The totality of bounded linear functionals on R 1s called the
assoclated space of R and'denoted by ‘E .

For two linear functionals L and F on R we define
oL + BF as a linear functional on R such that

(uL,+PF)Lﬂ.) = o [(a) "'P F(a) for every element a € R,
With this definition we see easily that the associated space ’E
of R constitutes a linear space.

We define further L. 2 F to mean thst

L(a) 2 F(a) for every positive element & € R |

Then we can prove that the associated space E or R constitutes
@ universelly continuous semi-ordered linear space. PFor this
purpose we shall prove first:

Theorem 46.1. If a functionsl [, 1is defined only for
positive elements of R such that

L(ta +p ) = ot luta) + pL(E)
for every positive elements a , £ € R and for every positive

numbers at , P » then putting for arbitrary elements x€R
Lax)= L% - L")
we obtain a linesr functional /. on R .
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Proof. For a positive number el , since by Theorem 3.9

(da)* = aa”, (RA)" =t~
we have by assumption for an arbltrary element a € R
L(ta) = L(ata*) —L(sta") = & {L(a¥) ~ L)} = YR
Furthermore we have by sssumption
L(-a)= L((-a)*) =L ((-a)") = L(a")—L(a*) = - L @).
Consequently we obtain for .every element @ € R and for every real
number ol
L(ta) = o L(a).
For two arbitrary elements a and £ € R , aince by Theorem
3.6 '
ot+ft +(a+8) =a- +4L +(atd)T,
we have by assumption
LaHD+L(E) + L(a+d;?)= LI+ L&)+ L ((at+d)?),
From this relation we conclude by assumption
L (atd) = L(arl)) - L((a+d))
= Lia%)+ Lg% - L) -L(e) = L L),
Therefore 1: is a linear functional on R .
Let ‘K be the associated space of R in the sequel. Por
an arbitrary element @ € R , if we put
Ple) =, 2up aT(x) for e ga€eR,
then we have obviously for every positive number &
P(a) = o P(a),
For every two positive elements & , & e R we have
P(a.+£)=, sup a(x)z sup RixeP,
1 ogxgoa+d ogxzo 0535
since 0 g2 g0, ofys & implies o5 zeysa+é. on
the other hand, if 0 € Z = & + § , then putting
A= 0NnZ, y=z-x,
we obtain 0 g X 5, zZ==%2+Y% , and
053 =2Z-2 =z-(0nZ)
=(Z-0)Y0 5 évo= 24,
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Therefore we conclude for every positive elements & , £ € R
P(a+4)=_ su
o5 3Bosyse FCETH

= sup Rcx)+ sup Ay = P@)+P).
ogx g O™~ o595t
For an arbitrary element a € R , putting

P(a) = P(a*) - P(a"),
we obtein by Theorem 46.1 a linear functional P on R . This
linear functional P on R satisfies obviously
P2 a and P Z2o.
For a linear functional L on R , if L 2% end L 20 ,
then we have obviously
Lta)z Lex) 2®(x) for oo g x 20,
and hence for every positive element a € R
L(a) z ’:\;pi“ A (x) = Pa),
that 1s, L 2 P. Consequently we have by definition
P=@Tvo = At e¥®,
Therefore the associated space K of R 1s lattice ordered, and
we have for every element @ € R

a
From this relation we conclude by definition

(1) W'a)= sup @ (=) for every positive o €R ,
Oixi

A-(a)=(-K)a)= sup A=),
0osgnga
and hence

1X{(a) = A cx-Y).

0";:?0ﬁ ,iﬂ.
On the other hand, 0 <€ x sa, 0= ,ga. implies
12- 3| = (x-3Y)v(y-2) g &,
end |Z| € & implies
os2tgo, 05z <a, z=2%-17",
Therefore we have
(2) 1T @) = l“‘a'uipa' a(x) for every positive a €R,
Stnce &V ¥ =(&X-F)* +F by Theorem 3.12, we obtain by
the formula (1)
ﬂ'Vz(a)= sup {'a,’c:,)-zcx-)}-d-Z(a)
osxgo



= sup {Bx)+F(a-2)}
rgXg0
that 1is,
(3) AV F(a)= sup {?C(.t)-ff(})} for oz aeR .
~ Gwxay, x,320
Since A A f = - {~@)v(-%)}, we conclude from this relation

(4) Walb(a)= 1nr {&o+dy)} for ozaeR.

o=zxey, %,y 30 :

A system of elements @, € R (XA e A ) is sald to be increa-
sing ond denoted by &, ZX,e¢a» 1f to eveby two elements A and
Aqa€ A there exists an element 2,e¢ A for which

al! v a'la. = ?il..

If a1

req 8nd° a’\\=AlEJA @, , then we shall write

¥ Taea @
Similarly, a system of elements @, € R (A€ A ) 1s sald to be
decreasing and denoted by a’; I»L‘;.e,‘ , 1f to every two elements
Ay 8and A, e A there exists an element A,€ A for which
’&*! ~ Tils. 2 'EA. .

If @a e, 8nd @ =>.QAE" , then we shall write

ax LIGA a.
Theoren 46.2. If R 3 W, Tau\.‘n_d.
sup A,(R) <+ oo for every positive a ¢ R
AEA ’

then there exists an element & € R for which &, Toe & and

sup h(a) = W) for every positive a e R,

Proof. If we put
L) = JSup Arla) for every positive a € R,
then we have obviously for every positive element a € R and for
every positive number &
Lida) = 3 AL () = o gup Aa(n) = oL L(B),
and for every two positive elements o and £ € R
La+d) = sup {13 @+ W)}
= supA{ Tala) + Ap)}

a,pe
= = = L) ALES,
gup Anca) + pup Tp4) =LA
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since to every two elements ¢ and A € A there exists an ele-
ment 6 € A for which
Ba(@) + Ap(4) S Ue (0] + T (£).
Therefore, putting for an arbitrary element a € R
L) = L(a*) — L(a~),
we obtaln by Theorem 46.1 a linear functionsl L. on R . For
such /[, we have naturally
L) = Jsup Aata) for every positive a € R ,
Consequently we have (L — @, Na) 2 0 for every positive element a e R
and hence [ - @, 1s a bounded linear functional cn R by defi-
nition. Since '&'A is naturally bounded, L. 18 a bounded 11-
near functional on R , that is, L € R .
Furthermore, if P 2 G, for every A € A for a linesr func-
tional P on R , then we have for every positive element @ ¢ R
Pla) z sup Aaa) = L(a)
Therefore we conclude L = |/ @, Dby definition.
For every system of positive elements T, € R (X € A ), the
system of all elements
C-Ta)Y (—aay)¥ « - - Y(-Ta,)
for every finite number of elements A.,A;,...,;\,e/\ (v=1, 2,... )
18 obviously increasing and composed only of nepgative elements.

Consequently there exists by Theorem 46.2 an element & € R for

which
- ~ ~ ~
o -—A\t/‘(-‘a;.), namely -—2a -AQA an ,
Therefore we have:
Theorem 46.3. The sssociated space E of R 1s s uni-

versally continuous semi-ordered linear space.

As an immediate consequence from Theorem 46.<¢ we obtain:

() Bx Taea & implies U(a)= glt.lg'ﬁa(a) forogcaeR,

~ ~ ~
(6) ax 'L*z"‘ @  implies @W(a)= ipnf Aa(d) for o3 @ € R.
Theorem 46.4. When R 18 a continuous semi-ordered linear
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space, for a system of elements @reR (A€ ), if

sup | dra)] < +oo for every positive a €R,
then we have
:rg 1Bal(a) < 400 for every positive a ¢ R,
that 1is,
e { I:'\;PGI BAnx)l} <+oe for every rositive a € R ,
Proof. If for some positive element & € R we have

sup ol = ody=4 su a *
Bup oy = 4oe , oAa {mgml LIRS ST R LN
tnen we can determine 2,eé A and x,€éR (V= 0, 1, 2,... ) con-
secutively such that
Adr, &2 Fota,_, 21,
~ v= 1
oL su x
oo 2 g0 | T Z o, 2L,
i
2
l,[g-# @ , there exists by Theorem 6.6 an

1Ea ()l 244, Ixlsa,

Then, since | d:
ve1

element X € R such that

l=2_ ! x,, )

raq d*u- 1

and we have for every V=1, 2,...

v=t ] 1 - 1
x = - romt _—_ X — x
,1; )p-i ~ + o()\n--t v +fz-v A" M+t

1 1 Z" 1
-4 d%/A Mt l - d"v fashal4 241
Therefore we obtain for every v=1, 2,...

~ ~ 1
| Ta, | 2 | Ta (o %)

. 1
ol S rladl

- —~ 1
-] @0 ,{—“ R—_-:p‘-i )| -1 a-a.(,%, e Zpws )|

1 1 2 2
Z mon (g X))~ — o %,

2yl )t =aa, 58

contradicting the assumption: fl:;/:‘l A(x)| < +oo.

As ar immedlate conseguence from Theorem 46.4 we have:

Theorem 46.5. when R 18 continuous, for a sequence of

elements @, ¢ R (V¥ =1, 2,... ), 4f G (x) (¥=1, 2,... ) 1s

nonvercent for cvery element x € K , then there exists an element

JUR
A € K for which
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LX) = lim A, tx) for every element x ¢R .,
Theorem 46.6. When R is continuous, for an orthogonal

sequence of elements Xy €R (vm 1, 2,... ), If the series
-0
S Ey(x)

N e
is convergent for every positive element 2 € R , then the series

ZF @

bms

18 convergent in R .

Proof. Since by assumption
sup | E_ @, () |< +oo for every positive z € R
Cwmi,2,...  b=mq ’
we obtain by Theorem 46.6
€
‘_\: » | “'Z._' Ao f(x) < + 00 for every positive = € R,
On the other hand, we have by Theorem 4.5
s o (-4
| = d | =2 18,1,
T3] bmy

-4 ~
Consequently ‘Z'la.l(x.) 18 convergent for every positive element
-

X € R . Then we recognize by Theorem 46.2 that the series
L4 o~
Z &, |
L ] by

is convergent in 'E , and hence é '&", is convergent by Theorem
6.6.

Let R be a continuous semi-ordered linear space in the
sequel. Let (p] be an arbitrary projector in R . For
every element @ e R we define s linear functional a'tf J on

R as
Tpix) = T (Lp1x) (x e R ).
With this definition we have obviously that ALp] € R for every
element @ € R . By virtue of the formula (1) we conclude for
every positive element a € R
(Zep1)t@) = o?gﬂ'&(;pu) - I Ax) = Atpaca),
end hence we obtain

(1 (Rep)*=TVep), (Apl)" =T 7CpI,

because
(TP = (A pD* = (- ) (pI= T CpI,
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Consequently we have by definition

(8) (X cpll =1 iLpl.

Recalling Theorem 3.12 we obtain by the formuls (7)

(9) (EYBI)pi=TpIvEed, (Zalppl =wpi~Zip1. *

For positive elements @ , f € "R" , we see easlly by the for-
mula (4) that

arpy~CE-Zp1) =0,
and hence we cnnclude by Theorems 4.S£ and 3.3
TpIn 2 = Bpla{ZtpI U Z-Zpn ) =(@tp3n Zipr)vo.

Therefore we obtain by the formula (9)

(10 TP I Z=RnZipl =(aAZpP] for o &, T eR.

From the formules (5) and (6) we conclude immediately:

(1) A, & implies Talplfy, TIP3

a, ‘1&4'5‘" implies‘ AnlpIlae, GLPI .
For every positive element ze E , 3ince by definition
Zr\ vy T::| [EJI:
Zip) A vIBI 1T, LR ICELPD),
Zavacpa( 1o, (2ep1) 2,

we conclude by the formulas (10) and (11) that we have

(12) URIE)p1 =R I Epl) =17 p1IE
for every element ™ € R , and hence this relation remains valid

~
for an arbitrary element £ € R by the formula (7).

§47 Continuous linear functionals

Let R be a continuous semi-ordered linear space in the

sequel. A linear functional L, on R i's said to be conti-
nuous, if

oo
R?»a,l,,.,0 implies m_ L(a,)=o0.
With this definition we see at once that if a linear functional L

on R 1is continuous, then R 3 a, f,o,& or Kidyl,:,d— implies
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ln Lay) = Lea).

Theorem 47.1. If a linear functional L. on R 1is con-

tinuous, then L. 1is bounded, that 1s, L. €eR .-

Proof. If there is a positive element & € R for which

qﬂggcchx)l = +o0,

then we can determine X, ,€R ( =1, 2,... ) consecutively such

that
- 1
L) | = z**'lz_(;;" 2F *a)l,

ILx)l 2 vartt, oA = a.
Then there exists by Theorem 6.2 s positive element * € R for
which

=Epnsibe-a

and we have for every V=1, 2,...

£ 7Rz ! L(E 4= zu)l

Lz 77 %)l 2 | (g z)l —1L(Z 77 %o
1
2. ol gv,

- ¥ _L
contradicting the assumption: 1im [ ( % 727 Xp) =L (2.
Theorem 47.2. For a positive element @ € R , ir
tpd l::" 0 implles
~
lm a(Cpla)=0 for every positive a € R,

then @ 1s & continuous linear functional on R,
Proof. Por a sequence of elements R 2a, L:.o and for a
positive number € , putting
po=(say —a,)* (v=1, 2,... ),
we obtain [p,11,7,[a,] by Theorems 8.5 and 7.15, as P. T2, Eaq,
On the other hand we have by Theorem 7.16 for every v=1, 2,...
tri(tar-a,)zo,
that is, [Pl o, € éELpla,s £ay, and hence we conclude for
every V=1, 2,...
(a,) = ApIa) + AllLad =[P D) r)
< & Ay + &((ad-Lpoy).

8ince (a4] - (P ] L::. 0 , we obtain by assumption
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bl_an:' a((lad—LpI)oa) =0,
Consequently we conclude
Um T 5 ETRD,
As a positive numoer £ may be arbitrary, we obtaln hence
lim @ (a,) =0,
v ~» 0o
Theorem 47.3. If a positive element & € 'E is a conti-

nuous linear functional.on R , then 'E(r) = 0 for s positive

element pe R implies A(pl=0 in I3
Proof. If @LP) = 0 for a positive element p € R , then
we have for every positive element a € R
A(anvp)=0 for every V=1, 2,... ,
since 05 A(Rnvp)g vaIp)=D. As @ 1s continuous by
assumption, we obtain hence
@ (cpia) =0 for every positive a € R,
since wnavpf, 7, Cpla.

Theorem 47.4. If an element @ € 'Rv 1s continuous as a

linear functional on R , then to every positive element a € R

there exist projectors [(p] and {¢] such that
Attal = Tep1, Alal=-2lQl,
(a)=(pI+Lgl, L[pIlgl=0.

Proof. If we put

d = S ®pIa),
then we have 0 g of <+ooby the formula §46(1). If we have
a(pia) >et—-¢, Algia) >ot-§
for two rrojectors CLpJ , (91 and for two positive numbers &£ , $,
then, since by assumption
T (cpIgIe) 5 o,

we obtaln by the formulas §8(3) and §8(6)

R ((tpIvVIg1)a) = R(((pI +197 —[pIgI1)a)

S>(d-8) #(A~8) - ot = ot =(E+E).

There exists hy assumption a sequence of projectors [pv] 5 L[a]
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(y=1, 2,... ) such that
ﬁ(lrr]@)>d--i—, for every p =1, 2,... .
Por such (py] (V= 1, 2,... ), putting
f = ,.,[rr']“' (v=1, 2,... )
ve heave (a] B cy,].],b" by Theorem 8.3. , Since @ 1s continuous
by assumption, - and we have
(LPIV IParIY oo YIpeep Do T Eeda .
by Theorem 8.5, we obtain naturally
augla) = lim T LPIY Pl - o Clpgm]l).
On the other hand, we have for evary.-flslg 2,..0
TPV [peaiT” VP l)a) > ot (S +Lni v v i e )
as esteblished just above. Consequently we obtain
T(gI0) 2 & (5 + —,",—;-.4‘.-.) = ,(-.5'1:1.
By virtue of Theorem 8.6, there exists a projector tpl for
witich
(9ddo., (P,
and then, es [{,Ja ,L::. Lp.10 , we obtain hence
T (Cp.3a) T A,
since @ 1s continuous by assumption. On the other hand we
have naturslly by assumption
. T (Lpola)g .
Consequently we obtein |
& (tppia) = ok,
Then we have for every projector (pJ
& CpaEpIa) = o — T(LpI(1-LPL)O) mO.
Por every positive element A4 € R , since we have by Theorems 22.2
and 18.8
it = | (k.p)pe,
(% >3z o0 for every point £ € Utas,
we conclude hence by Theorems 20.3 and 21.9
Arp 1) = ELpltal$) 2 0.
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‘Therefore we obtain Atplzo in K.
Putting [t.] =.[a.] "[P']‘ we have by assumption for every
projector rpJ]
~@g,30p10) = o - B(EPI+ [1:IIp))2) R 0,
end hence we can conclude likewise that — & (9,12 0. Fur-
thermore we have by the formula $46(10)
GLP) A (~BLf)) = TP IAC-TTh D P 1lpe s = 0,
Since @ (0] = @Lp.] —(~ 3’[?.]). we obtain therefore by Theorem 3.8
and by the forrmula §46(7)
Apd =(T (al)* = T'al,
- &g, 1 =(da1)” = T Lal,

Theorem 47.5. If & linesr functionsl & € R 18 continuous,
then a1l &', @~ , and |Z | are continuous. If a linear func-

tional @ ¢ K 1s continuous and |J&| g 12!, £€ R , then £

is continuous too.

~ .
Proof. If @We€R 1is continuous, then to every sequence

of elements K34, l::‘ 0 there exists by the previous theorem a

projector (p1 g (a,] such ‘that
a‘tad=aCp1,
and then, since [pla, i:‘ 0 by Theorem 7.7, we obtain
~a ~
ulf.’".. aa) = iim a (tpla,)=0,
Therefore & * 1s continuous, if @& 1s continuous. Further-
more, if @ 1s continuous, then A~ end | A | also are conti-
nuous, since
A" =(-2), 1BN=TT+T",
~ > ~ ~
If @ € R 1s contimwous, and |&| 2141, £ € K , then
o0
R 3a, "»gc 0
implies »]'.}ﬂ. ILG.,) = 0 , because
| Zanl =1 2% - £ @l

s 1Z1ca) g 1T 1Cay),
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Theorem 47.6. Por a system of continuous linear functionals
UreR (2eA), 3t T4, & or Ty, & ,then T 1

“continuous too.

Prioof . If @ ‘T,\“ & , then for every sequence of eiements

Raav 5., o0,

to any positive number & there exists an element 3,€ A by the
formule §46(5) such that

W) g Ay, a0 + £
As a—'ﬁ,\,;o by assumption, we have then

12l < [y, (e )|+ (&~ a2, )0) ,

S 1T, @)+ (& -, )0 sl a0l +E,
and hence Eﬁ.!ﬁm.«)ls £ , since @, 1is continuous by assump-
tion. Here a positive number £ may be arbitrary. Conse-
quently we obtailn

‘}_1'!!‘!” |Ta)|=0,
Therefore @& 1is -continuous by definition. We also can dispose
~

likewlise of the cuse: @x daca & -

Theorem 47.7. If a linear functional & € i is continuous,

then }&m. X, =X, implies
1im A (X, ) = ALK,
» ~p oo

Proof. If }}.IL X, =%, , then there exist by definltion
a sequence of elements ., }, o=, 0 and Me (v=m 1, 2,... ) such

that
| Xu-x1gd, forpmgpme, ¥y=1,2,...,
and then we have for MM, V= 1, 2,...
| Taxp) - B | =) T 2p- 2)]
+ - ~ .

S1T0 =)+ (20| £ B Xp- 2+ XU L= 21) SIT 10
Since | @ |- 1s also continuous by Theorem 47.5, we conclude hence
further

MmO (xu)= a(x),
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Theorem 47.8. For s sequence of continuous functionals

@, €R (va 1, 2,... ), Af the. seyuence of real numbers &, (%)
(v=1, 2,... ) 1s convergent for every element x € R , then,

for every sequence of elements

-
R > n’f‘ Lr-! 9,
to_every positive number £ there exists M such that

sup |d, izt for every v=1, 2,... ,
ISXEApm —
and we obtein a continuous linear functionel ® € R as
Tx)=11m T, (x) (zeR ).
v ~peo .
Proof. We suppose that there exist

E)O, 131.&:1 +°°I fv‘ru-|*m

such that we have for every M = 1, 2,...

dim, { ogxgap | a2 - ap 0l } >,
Then, putting
~ ~ ~
4~= a,\,—-ah (v=1, 2,... ),
we obtaln by assumption
~
[
m Lx)= for every element x € R ,
We can determine natural numbers Mg » Vp o, and elements
IP € R (f = 1, 2,... ) .conaecutively as follows: being deter-

mined until £- 4 , we determine first ¢ such that Mp >Mpey,
v {

oa’i“;a,,""‘n‘”“‘rf for all A =1, 2,..., P-1,
since all ]ZLl are continuous by Theorem 47.5; next Mp such
that Vr >VP_‘ Py

~ f R ]
| ‘v'( &((l*vaﬁa-u)’a'f‘;u ))l<7i-_5'

and further by essumption sucn that

~
su >¢& 3
oanga.,..' I#,'(z)l ?
and finally Xp € R such that
l.@,'(‘xf)[>£, 05 Xy 5Qu,.

0
Then, since a.,,'“g x,Vaf"“sa.ﬁ’ and Qpp L'“ 0 , we
obtain by Theorem 6.2 an element X ¢ R as

00
x = ZlxeYap, d-au,,, ),
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For every » = 1, 2,... , since by Theorem 3.1
(tuva_r““)— a’,_‘“ = Xy = ( Xy a'f“’“"),
we have then
”=t
X = ?;T((lpva»,..,,.)-a.,.,,,)
o
X = (X n Repireyy) 4"%';‘"(("? “Omprr) ~ Cppat )
and furthermore
o®
4 ﬁrg—l”((xfu Qpapet )- a‘f‘?#' ) S XaaY Cpges = a'f‘u-u »
08 X n a',“:u-' = a'{“nfl .
Consequently we oQtain for every » =1, 2,...
~ -~ -t
' ’e‘”t(‘) ' ; - ‘ 4»',‘( E—;((lfu a’f‘rv!) - af‘f-f'))l
~ ~ =
"“ Iy,‘('l wx )l - l.‘,“(lxn aru.n)l"“ (Z ((zfvaf‘hl)-a?‘h‘))'

V' panet

- £ - £ _ £ £
2 s + £ y ¥ = )
contradicting  lim 2. x)=o0.
Therefore to every positive numher £ there exist natural
numbers M, and ¥ such that
~ i
su - < = for v Ve .
.,zpﬂ,,‘zr"‘_’ T l< g ¢ £.vzv
On the other hand, since every | @, | is continuous by Theorem 47.5,
there exists s natural number M4 such that
[l
su @, <5 for
aitgar. & col<gé « Isvsu.
Putting M = Max {pMe, M}, we have then
sup |'E’,¢;)|<£ for every v=1, 2,... .
‘Rxgom
From this relation we conclude easily that if we put
L(x)=1im @, (x) (2 € R ),
v —peos

then L. 1s a continuous linear functional on R .

§48 Characteristic sets
Let R Dbe & continuous semi-ordered linear space and let Z

be the assoclated space of R . Corresponding to every element

~

a € z , the closed set

/
( Siae Teps )
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in the proper space E of R 1s called the charactéristic set

of & and denoted by Cx -

With this definition we obtain the following formulas:

(1) Ca= Cig-
Because we have by the formula §46(8) for every projector Cpl

1 Tepal = [Tlcpl.

(2) ca: = @ 1f andonly if & = 0.
Indeed, @ = 0 implies obviously Ca =0. Ir Cz. =0, then
we have for every element Qa € R

Ty € z:,z;'-o -U(r] .

Since ‘Vu] is compact, there exists then a finite number of ele-
ments p, e R ( v=1, 2,..., ) such that
Uy < .t:'. Tepa
From this relation we conclude by the formulas §15(3), §15(4), end

, dctp.i=0 for p=1, 2,-.., ¥ .
by Theorem 8.2
(CPyIvipadY ...¥Y(px1)0] =(a],
and further by the formulas §8(2) and {8(6)
T(LPpI~CPaIY « - -~ PprI) =0,
Consequently we obtain Afal =0.
(3) Cx Up1=0 1f end only ir &ipl=0.

Becsuse, if Cx Uepy = 0 , then we have by definition

Tirn g, Tora,
and hence & [p,] = 0 as proved just now. Conversely, aLpl=0

fmplies obviously by definition
Cax Upa=0.
(4) Cy c vtr:l if snd only if &(PI=0.
Because Cz C Ugpy 1s equivalent to
C,.‘. ﬂ(l—tpj)[p.] =0 for every element &€ R,
that is, by the formula (3)

a(-pillal=0 for every element & €R

(8)  CqgUeps = Cypy-
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Because Cg(p,y; Ugpy =0 18 by the formula (3) equivalent to
TP ApI=20,
and hence by repeating use of the formula (3) equivalent to
(Cx Uip3) Ups = Cx Ugporeps = 0.
A lineer functional @ € R said to be complete incpi1 R , If
@tal =0 1implies (aJ(pl=0.
Then we have obviously by the formula (3)
(6) C‘S’- > 'U",] if and only if @ 1s complete incpIR .
(7) CsxCy =0 implies & 1z,
In fact, 1f Cgx Cg = O , then, since both Cx and C"- are
closed by definition, to every projector (& ] there exist by
Theorem 16.3 two projectors [(pP] and [§1 such that
(aj=t(p1+0g1, LpIlgl=o0,
Cza Ty =0, Cg Upy = 0.
Then we have by the formula (3)
Trq1= Zcpr=o,
This relation ylelds
Tial= A(pl, Zial = £0q1,
and hence we obtaln by the formulas (8), (9), and (10) in §46
T~ IZ D) = | Tl A [LlaT]
=1GLp3ln~ | B9l =UTIAIZDLPIGI =0.

Theorem 48.1. If both @ sand Ze R sre continuous,

then & . { 1s equivalent to
CzCg =0.

Proof. To every element & € R there exists by Theorem

47.4 a projector [P} g (@& ) such that
B -(ED"a] =&~ 1ZDipI .
If || ~IL] =0, then we have by Theorem 3.12
lal=0ai— 11",
and hence for such [p ]
1T el = (X I-1ZDLp],
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that is, 1&I((a]—-(p)) = - 1Z1EP T, . Since
1@1(a3-cpi) 20, 1EILPIZ O,
we conclude therefore
1T (0] —(pD) = I Z1LpI=0.

Consequently we ootain by the formula (3)

CaCz U = Cqg Cqp (Vepy + Toz-tpa ) = 0.
Therefore I&| ~Z| =0 implies C g Cz = 0 , if both @& and

Z GE are contlnuous.

We have obviously by definition:

(8) Cz >Cg 1If and only if @ip1 =0 implies Frpl=0.

Since the associated space R of R 1s by Theorem 46.3 a
universally continuous semi-ordered linear space, we can consi-
der projectors in 7(’ .

(¢)  (X1zLZ) 1mplies Cxz >C7.
In fact, 1f (W3 2 [ 1, then we have {%31Z1 =121 by Theorem
8.2, and hence by definition

(A viEi1, 7, 120,

Consequently we can conclude by the formulas (10) and (11) in §46
thet & (P) = O 1implies L [p] =0, and hence Cxz 2Cg vy
the formula (8).

Theorem 48.2. If both @ &nd £ € R are continuous,

then (&) 2z (£) 1s equivalent to
Ca‘ 2 CZ .

~

Proof. Since (1 - [&J)I 4 @ Dby Theorems 7,10 and 7.11,

we have by the previous theorem

CU-LEJ)Z Caz=0.
ir Cz 2 C«'i , then we have hence

Co-tanzg =0,

since C“_ z ¢ CZ by the formula (8). Conseqguently we

@)
obtain by the formula (2)
(x1£ =42,
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that 1s, L& 3] = (£ ] by Theorem 8.2.
By virtue of the formulas (8) and §46(9) we have obviously
(10) CzCgz 2Cirmi~igr.

~

Theorem 48.3. If both @ s&nd Ze 'E are continuous,

then we hsve
CxCz = CmuniZi.
Proof. If C,al,\|1| -U[p_] = ( , then we have
, (at~ ZiHpl=o0
by the formula (2), and hence by the formula §46(10)
&1~ [ZLp3l=o0.
Therefore we obtain by Theorem 48.1 and by the formula (5) that
Caingt Uepa=0 1implies CzCg Upa =0,
and hence Cg Cz c C,a| ~1Z1 » if both % and £ €R are con-
tinuous Consequently we obtain our assertion by the formula {1
(11) Cainz = Car?.
Because we have by the formula §8(1,

and hence we obtaln the assertion (11) by the formula (¢).
By virtue of Theorem 48.% and the formula (11), we conclude:

o o~ .
Theorem 48.4. If both & and £ € R sare continuous,

then we have
"Calyz =Cagi7 = Cigim .

Since |& IV I.Z| 5 1A! +1Z1= 201V 1E1), we obtain by the

formulas (8) and §46(9)
Comivyzt = Cl‘b:H-IZl'
By virtue of the formula (¢) we have obviously
Ca +Cz < Cmia 2. )
On the other hand, if (Ca, + Ct )U‘PJ =0 , then we have by
the formula (3)
Acpi= Zipi=0,

and hencé by repeated use of the formula (3)
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Crxi+ 1% Ugpy = 0.
Therefore we have:
(12) Ca+Cz =Cxisilh = Cimiv it

Theorem 48.5. If both & and Ze ‘E are continuous,

then we have
Cy-Calyg = Cu—m&nf-
Proof. Since we have by Theorem 7.10
1Z1=1231Z 1+ a-1TMZF 1,
(x11€1 + (1-@nifi,
we obtain by the formula (12) and by Theorems 48.1, 48.4
Cg =CzCy + Cu-w=nz ,

CaCz Cy-anzg =0.
Theorem 48.6. If both & and F ¢ R are continuous,

then to every element 0. € R there exlsts s projector tplsto)

such that

CaCz Uy = CaUps=C7 Tp, -
Proof. By virtue of the previous theorem, both
C;;—C;CZ and CZ—C'ECZ
are closed sets and have no common point with C'ia.' Cz’ . To

every element & € R , since the point set
.cz CZ YUY

is compact, there exists by Theorem 16.3 s projector (P ] such that

/ e
Ca'Cz‘ Uiy € Tgpy €(Cz-CzC3) (Cz -CxCfr) Uua.
For such (P ] we have obviouslylp ] g (& ] and further
UpsCz = Uy Cp = UpaCalf = Uy Ca Cg
since we cun conclude from the ine;juality obtsined jn=t now

Uip1(Cx —C5Cg)= Ty, (Cz - CzCg)=0.
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§4a9 Integration
Let R be a continuous semi-ordered linear spece, and let

% ve the associsted space of R . If e continuous function
q(g) is bounded in a neighbourhood ﬂ‘f’ 3 of the proper space E
of R , then to every positive number £ there exists a partition
of the projector [Pl : [pl={[pJ+Lpal+--< +1 pwi» such that

oac pip) < £ for every v =1,2,..., X,

%€ Uepy
and we have for any point £, € ‘U[Pj(y-'i 2, ..., %)

[ .Zg, 9B pla — j P(grdge | s £0pljal
as estsblished in §20. Then we have for every element ae R
| &, 9@ T (epae) ~T ([ ¢ dga)] 5 £ TICpIIaD),
since we have for every element X ¢ R
1T (i= @7 xt - (z%) -Q"(x) + T x| 5 |0,
Accordingly we obtain
»
1 e )T (fpla) = & ( (F)dpa)
Mo 2 FGOT () =R ([ oepdp
for every partition of F] such that [IpJ = [I“'J* ~]°1]"’ eee +E,b,¢J
ose #) <& (v=1,14,...4%x ), and for every point € Uepq.
3&7".1?\:) < ’ TY P g, cpul
This 1limlt is called the integral of a bounded continuous function
9CE) vy 'E(d; ) in U[P) and denoted by 5 ‘f(;)a (dgpo) .
With this definition we have obvlously
Theorem 49.1. For s bounded continuoua function ¥(p) on
—Uq,] we have SL'pJ ‘;’(:)a’(&ga.) = ﬁ(jm ?(:)d} a),
Theorem 49.2.  For the characteristic set (, of a .

8 bounded continuous function cf’(,&) coincides with a bounded con-
tinuous function "{f’(g) in Cﬁ vEPJ , that 1s, if Cf(,g) = 'q»cx_)
for every point 3 € Cz v tp1 ¢ then we have
S ST Uga) = § FpEUga), |
Proof. If we determine ; € 'UEF J (v= L2, ...,%
such that $, ¢ £, 'U(r, ror C~ tp ¥ O , then we have
2. $Q)T(Lp o) = Z_‘I'Lgv)?i(Cr,JA)
bacnuu, 1r ) =+ ¥(4) ., then we have Cq vcp,] =0 and
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hence E[P,] = 0 by the formula §48(3). Therefore we obtain
our assertion by definition.

By virtue of Extension theorem in Introduction, every bounded
contlnuous function (%) on C-;— v‘P] has a continuous extension
over chJ , that is, there exists a bounded continuous function
Y(F) on 'Uc',lror which ¥(f)= ‘f(g.) for every ?G C’&‘ chJ .
Therefore we can define by Theorem 49.2 the integral of a bounded
continuous function ‘f(;) on C& 17ijby 5(&; a) in chJ as

& = @

Seps TEIE (A3 ) [‘ , Y Edpe)
for a bounded continuous extension 'Y'CJ) of ‘P(;) over Vch .

If a continuous function q’(:) 1s ‘almost finite in Utrl’ then
there exists by Theorem 21.7 s aaquence of projectors [r,] 1" , PJ

-

such that ¥(§) 1s bounded in VCP.J for every ¥=1,c, « o .-+
If there exists a real number o such that we have

i jc ¢ T (dpa)=o
for every such sequence or projectors ff&]'f,,, Cpl , then 4’(3)
is sald to be integrable by 'E(J; a) in 'U'c’,] , and we shall write

ol = PRI)T (dpa

lm §T (dga).
With this definition,.every bounded continuous function (f(g) on
vEpJ 1s not necessarily integrable byﬁ'(d; a) in ‘Vc,,,, even 1if
it has by definition always the integral by 'E(ds a) in 'Ucrj .
However it 18 evident by definition that if a bounded continuous
[nd

function ‘f(;) on Ver 1s integrable by a.(gl?a.) in vCPJ , then
(f(g) has the same integral.

Theorem 49.3.  If [p,]} O dimplies lim |XI((p.Jla=0,
then every bounded continuous function ?(3) on -Uc’:;i‘ integrable

A (dpe) 1o Tcps-

Proof. Since Cf(?) 1s bounded in ch] by assumption, we
suppose that |<p(})| < of for every point # [4 'U'cr_)'. For every
sequence of projectors [r"] Tb,' fr ] , We have obviously
p1-Tp.3 L_“ 0 , and -further by Theorem 49.1
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feps 780 T Cdpa) - Sepos PCEIE oD |
= | a'(jcr:-cm P@rdpe)| g JITICLPI-LPI)IR1),
since we conclude by Theorem 20.2
l Scn cpy T@Vg el = < (3= cpI)lol,
Therefore we have for every sequence of projectors [ r,] T». . cpl
Ma, Irm PP Tldpa) = [’E'J PEIT (dpa),
Theorem 49.4. If an almost finite continuous function cf(g)
1s integrsble by @ (ig a) in 'IJ":',:l as well as in vcfj and
fpicgl = 0 , then ‘f(f) is integrable by a'(dg a) 1in

—UCpJ-rl'QJ end
Sepreces TR T (dp o) = I t3 ,P@)Tdpo) + f R L ION
Proof. If P(f) 1is bounded in ‘U’c’ 3 md
Cp3 1,2, Cpi+iyd,

then ¢ ( &)  1s bounded obviously in T, P as well as in
'Uc'.] g1 and we have by Theorem 8.lq .
tpacpat,., Cpl, Cpcg3 T, 93,

Consequently we obtain by definition
Ma_ [ T TUpa) = [c’ PGITUPO) + [ PR)IT (dpa),
since we have by Theorem 49.1 and the formuls §20(3)

Sepoy COTUg) = | . W;)au;a)d-j,, wa PRIT (dpa),
and ?(?) is by assumption integrable by (d} a) in v‘r’
as well as in vtp .

By virtue of Theorem 49.1 snd the formula §20(5) we can prove
likewige:

Theorem 49.5. If en almost finite continuous function 9'(: )
is integrable by T (dp a) as well as by w(dp 4) 1a Ugs,
then ¢ (4 ) 1is integreble by '&'(Jg (g(a.+F4)) in ﬂCrJ for
every real numbers of , P , and we have
it @ TG p ) =of o@)Tdpa)+p[ eTcipd).

Theorem 49.6. If an almost finite continuous function ?(3)
is integrable by 7 (dp o) as well asby F(dp o) 1z Teps
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then ¢r(4) 1s integrshle by (dﬁ-i-PI)(Jé“') in Ucpy for every

real numbers of , e , and we have
jmmg W@ +pE NApa) = ,ij?:g) adpo) + pjtp;ﬂgmcd;u).

Theorem 49.7. If an almost finite continuous function

‘f'(}) is integrable by ﬁ_"(a(:a.) in v‘PJ , then for every pro-

jector ¢ 3 , €($) 1is integrable

by X @pa) in Tpaga,
bY & (dplgia) in Tppa,
by @cq Wdpa) in Ty,,

and we have further

Sepregy TRIER )= [ e@Tidprgrn) = | ppRegicdg e,
Proof. Ir ‘f(#) 1s bounded in v‘?” as well as in 17:!..]

for every v=1, 2,... and

cp3T,., tpigl, (11,2, p10U-121),
then (f(g) is obviously bounded in v[PvJ +19.1 for every v =1,
2,... , and we have by Theorem 8.10

P1+00 1T, P,
We have further by Theorem 4%.1 and by the formula §20(3)

ey ad wd
J(Mﬂ? Jrpadpa) = fq e Tdpar + [ peprdic ;u)
and by assumption for every such Cpeyl and [Q,‘] ( v=1, 2, )

im 5" rarges T@ITpa) = Jm F@ITdpa),
Therefore there exists the limit ¥%J
e ), PEOE(dpa),
and this limit is the same for every such (p,] (v=1, 2,... ),
that 1s, () 1s integrable by a(dpa) in Uy,
If 9(f) is bounded in Uy, for every ¥=1, 2,... and
o0
th31 T, ., P3,
then 4(f) 1is naturally bounded in v‘-hlfil and we havq by Theo-
rem 8.10

tP30q1 1,7, (PIYT,

it ) See the page 312,
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Since we have by Theorem 49.1 and by the formula §20(2)
L'd4 )Ed a 2 ~
ihut, &radp )"th‘f%)a(-‘gl{lw)- jwufﬂgurg:dga},
and ¢(£ ) 1s integrable by ’a’.‘(i; @) in Uy, tg 3 88 proved just
now, we can conclude that ¢(£) 1s integrable by 3(‘3(‘[3@) as
well as by @L91(dy &) in Uips and we have
jmm‘ﬂpa(dg )=, P@EpgI0)= fop, 7@ T IR ).
Theorem 49.8. If both almost finlte continuous functions

4(%) =and (p) sre integrable by A (dp a) in Ucp, for @ 2o,

@20, snd

@) 2 W) for every point % € Uepa,

then we have

Jm P@ITdpa)z fmwg)'acal;a.).

Proof. We see easily by Theorem 8.10 that there exlsts a
sequence of projectors (P,]T::' CP] such that both Cf(g.) and W(F)
are bounded in Ugp,j for every V=1, 2,... . For such L p, ]
(v=1, 2,... ) we conclude by Theorems 49.1 and 20.1 from the

assumption

Sepy C®)EAgar 2 jm]w@)au‘g @),
and hence we obtain our assertion.

Theorem 49.%. For 0< @ € K , inh order that an almost

finite continuous functlom 4(4) be inteprable by at(dg a) in
‘Uy_,.] , it 1s necessary and sufficient that I‘P(@ )] be integ-

rable by E(al;ml) in Ugpy, and then we have
1§, 9@ Tdpay| s Sopy 1@ T CAgr100).
Proof. Since the point set
oo
{$: 9gpr>0l=ZAF: vprz 11
i1s & -open, the closare {:' Cf(é’) >0 r is open by Theorem 16.7,
and hencs there exists by Theorem 16.4 a projector [ 91 for which
Uiy =180 9@r>0} Tipy,

For such (] we have obviously
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- ?(3:{?'0 for ¥ € Tiqa,
<o for § € Ueps— Urqa.
If €(§) 1s integrable by E(dg a) in Ugpy, then we have by
Theorem 49.8 that 4A($£) 1s integrable by & (dplatla) as well
as by A(dgla-3a) in Ty, and in Tipy (g3 Hence we con-
clude by Theorems 49.4 and 49.5 that [¢P($) | 1s integredble by
W (dgial) in Tpp; and we have

| Sy r@adg | =1 @I Bedpor +f 1@IR(Apean]

s{ le@ITagio) + |

% )iqs oy 1ab)

tpI-1q}

= {pyle@lTdgian.

Conversely, 1f 1¢($)| 1s integrable by @ (dglal) 1in
TUrpy > then we see likewise that |¢(3)] 1s integrable by
it’(dg (a*]lal) as well as by &(dpla~lia|) in Tig; and in Uppyoeq,
and hence ¢ () 1s integreble by.Adpa) in Tgyps,

Theorem 498.10. For 0 & ¢ R , 1f en almost finite

continuous function ¢($£) 1s intepgrable by 'ﬁ,‘(a(g a) in Tgpa,

then [p,],],:lo implies

Adpo) =
lim, L,..u,;"(:) (dpo) =0,

Proof . If ¥(p) 1is integrable by 'E(dg @) in Wpa,
then (¥(R)| is integrable by x (Jg lal) in Ucpa bY the pre-
vious theorem and we have

Rrad ~
{ j"’u”‘f ¥y Ja—)l s J[P_MPJI?Q)I acdpial),

I1f we consider a sequence of projectors {?v]T»:. (P ] such

that [(¢(p) | is bounded in 'qu] for every v=1, 2,... ,

o0
12 2

CqI(CPI = PP )T, 1P,
and hence by definitlon

then, since (p,] 4 0 by assumption, we have by Theorem 8.10

Pl adplal) = 't
. ch.}(cp:—cmm)l placs fmw(g){a(iglu!).
On the other hand we have by Theorems 49.5 and 49.9
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jmlﬂz)l‘&(dglal)—jr L@ T (dpral)

230p3 - (P PI)

= [ a(dpial
(P ~L9 3P 1) + [P ILpvIlg. D lr@)adgiel)

j[P-Jf-Pl lecg)lacdplaid z 0,

since
(LpI - L0 ILPI) +LpILpalp.]

Z (PP - tPgeILp 1) + Lpolg, Jip] = Lpu1Lp].

1 =
‘ Therefore we obtain ul:’m_' hdu,]‘(f(:)'ﬁ(d:lul)-— 0 , and hence

1lim < 'Y
v —pac Il?v?(f] $(#) a(d} G.) =0.
Theorem 49.11. For o < @ ¢ R , Af an almost finite

continuous function cf(@) 1s‘wintegrable by ’d’(d@ a) in ‘ULF 3

and 1f an almost finite continuous function ¥E) on Upr coin-

cldes with ¥(%) 1in the characteristic set C'K of & , that

1s, it
(@)= PR) for every point Pe Cqz Utpy,
then Y(p) is integrdble by A (dp a) in Tp, and
fpr ¥@)E(por= [ e@rEpar.
Proof. If ¥(2) 1s bounded in Ucpy and
Y@l st for every point P € Ugps,
then we have by assumption
{: leprlsot} > Cq Uy,
and hence there exists by Theorem 16.3 a projector (¢ 1 for which
{2:1e@)l<aa+1} Ty 2 Ty 2 Cq Ty,
For such (931 , since ¥l%) 1s bounded in ‘UW, , we have by
Theorem 49.2
S ¥ @ T = Jm P@IR(dp ),
and further by definition
Sy YO TG = | e @rTdpar=o,
since @ (tpl-(9]) =0 Dby the formula §48(3). Therefore, if
'\l'(@) is bounded in -U'-PJ , then we have
Yar@rndgay = | e@rEdpe),
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In general, if Y($) 1s bounded in 17,.’_, for every V=1,
2,... and
P31, 2, P,
then we have for every y=1, 2,...
Sipy ¥ BB UG 0) = j“m g@ITdgpa),
as proved just now. Since we have by the previous theorem

o (. F@r@dpa)= | ¢prddga,

we obtaln hence by definition that "P(g) is integrable by

1]

X @ga) tn T, and
Sy W@ TUpa) = e@)REpar.

If an almost finite continuous function ‘-P(@) is integrable
by @ (dp @) in Tg,, for every element € R , then P(§) 1s
s81d to be integrable by & . If ¢(4) 1is integrable by an
:lement ﬁ'e K , then, putting

L) = L“‘P(g)ﬁ'(d; @) for every element a € R,
we obtaln by Theorem 49.5 a linear functional L. on R , which
@w1ll be denoted by )

Se@radyg

Theorem 42.12. If an almost finite continuous function

®(%) 1s integrable by a positive element @ € R , then

{egradp

is s continuous linear functionsl on R

Proof. If €($) 1s integrable by a positive element Ke'fi,

~

then we see by Theorem 49.9 that |¥(£)| 1s integrable by & and
(f?(;)ﬁ‘ dy@or] = fle@I&dpda)
for every element o € R . Accordingly 'we obtaln by the formula
§46(2)
Ife@rTdpis [le@)iddp.

Purthermore we see easily by Theorems 49.10 and 49.7 that for eve‘ry
::' 0 we have

Um (1@ ® dp@pla ) = Ln hmwcgnzu;a);-o,

sequence of projectors (p,3 |



274

VIII §s0
and hence Il(f @)X dp 1s continuous by Theorem 47.2. Con-
sequently we see by Theorem 47.5 that I?Q)'K d® 1s continuous.

§s0 Integration by continuous linear functionals

Now we shall consider integration of almost finite continuous
functions by a continuous linear functional T e E . For a
continuous continuous linear functional @ € R , since & | 1s
also continuous by Theorem 47.5, we see easily by Theorem 49.5
that every bounded continuous function 1s integrable by & (d$ al.

Furthermore we have:

Theorem 50.1. If an almost finite continuous function

4¢3 is integrable by an element a.eR in v(-PJ , then ?(3’)
is integrable by @« (c(;a) in ‘U‘L” for every continuous linear

unctionsl @ € R , and
: S PRl B, .

Proof. If ¢($) 1is bounded In Trp ; for every r=1,

2,... and

the1t, o, CPI,
then, since @($) 1is integrable by a.€ R 1n-17(’3 by assumption,
we have by Theorem 21.4

}&)meo j{_’,] ?(s)l;a = j"“ ?(?)dga. .
and hence by Theorems 49.1 and 47.7
Ma L, v TdgeI=pp T, vprdpa) =Bl rgrdpa),

Therefore ¢ (§) 1s integreble by &(dpa) 1in Uy, by definition.

Recaliing Theorem ,22.2, we conclude from Theorem 50.1:

Theorem 50.2. For every continuous & € R ,. (_‘é, 2)

1s intepredble by U(dpa) in U, and
j (%a})itd:a) = & (034),

(L2}
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Theorem 50.3. If & linesr functional & e E is continuous,

then in order that an almost finite continuous function 4(g) be

integrable by 'é'.(d-; @) in Ugps , it 1s necesssry and sufficlent
that [« (g>| be integrable by (A {(dg le-1) in TUcpj, and then

we have
~ < -~
[ ‘f(})a-(dgo.)l=\S(”|?Lg)lla.l(-l;(a.|)_
Proof. Since @ € R 1s continuous, to every element a € R

there exist by Theorem 47.3 two projectors (p,] and (§,] such that
tad = [pel +[Fe], [Pollfel=0,
E*m=ﬁthl,_ T o)=L 1.
If 4(£) is integrsdble by @ (dp-a )’ in Uppj , then we see by
Theorem 49.7 that ?(3) is integrable by ELP‘““@"') as well as
by E[?,](dg @) in Ugpy, and

SLP-!(P] f(@)T(dpa)= le q(gli:[P'](‘:“) =J‘"‘PQ}) 'a‘.”(.(g a),

j«.url r@)xTdp a)-.-fm ?@)Hcy.l(d;a)=—jwfr(g)'d“uog ®),
Hence ¢ (g ) 1s integrable by ’E*(d; a ) &8s well as by b:‘(.tg a)
in U(pi , and consequently we obtain by Theorem 42.10 that |‘f(3)l
is integrable by 'd'*(d; {al) ns well ss by ’a.’"(dgla.l) in Ugpy and
l jtr.up] PEIA(dpadl g LP] LI T *(dpial),
w a)| < -
Therei‘pjxc-g. ]I[‘PJ( ; )(T )it (ii{eg)r‘ab.—].:e {:;1 l[ ;’:3{':‘;7& l()d ; il: D1J:L p1 by
virtue of Theorem 49.€ snd
Uy 7@)T o) 5 [, 19@IIEIG 101,
Conversely if [¢ (£ )| 1is integrable by lﬁl(d; 1) tn Tpp,,
then we see by Theorem 49.10 thut ¢($) is integrable by(K((d;‘a.)
in 'U”,) , and hence by Theorem 49.7 that 4($£) is integrebie by
IT(pel(dp @) as well as by|&|g.] (d;a.) in Ugpy. Since
[T ltped = T *(pe] = TUP,I,
18109, 1 = BT = — &g,
we can conclude by Theorem 49.6 that ¢($) 1s integrable by a(d;w‘)
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in v"J -
Theorem 50.4. Por an aslmost finite continuous function

4(F) , Lf there exists a sequence of projectors [p. JN\7, LP]
such that ¢ (2 ) 1s bounded in ‘U“,': for every v=1, 2,... and

V2R, S | PP UB I 101) < oo
for a continuous aeﬁ , then 6{(3) is integrable by 'E(J‘p a)
n

in Ucps-

Proof. ° If @(¢) 1is bounded in -Ulf,-:l for every m=1,
2,... for another sequence of projectors [ nd 1"::' tp J, then,
since l'&‘.l is continuous by Theorem 47.5, we have by Theorem £50.1

238, Jopreqnal TRNTICEpIod) =£7rl|wg>uaw;m).
l?(g)llﬁ((dslal) s jth)‘ ?(g)ll’d'l(d&ln-l) , we obtain hence
wwtg)nal(d;m): lim ﬂcr@)llal(d;mt).

vees Jrp,

Asj
(I BITP
1lim j
(A-D- (3
We also can prove likewise
Ma f, r@IEiEgiel) 5 11m 5, L NATCTILDN
Therefore |¥(%)| 1is integrable byltl(d#lal) in ‘Uir, by defi-
nition, and consequently by the previous theorem (%) 1s integ-
rable by @ (d; a) 1in U,
Theorem 50.E. For two almost finite continuous functions
4(3) snd () , if
1P| 2 | +@)| for every point 2 € Ugpy,
and ¢(2) 1s integrable by @(dpa) in Tp; , then Y(@) is
integrable by Z(A; 4) in Up; for e continuous ®eR , AL
11z 1 ¥ 1n R snd 101z 141 in R
‘ Proof . If ¢($) 1s integradle by & (dpa) in Ugpa,
then |¢($)| 1= integrasble byl&{(dflal) in Uepy by virtue of

Theorem 50.3, and there exists a sequence of projectors
(pe 3T, 2, (P13
such that ¥¢(2) 1s bounded in 'V;,,, for every V=1, 2,... and
Mp, §, 1e@IE IR < + o0,
Ir 1&) 2 11, 1o 2 18], then we have by Theorems 49.1 and 20.4
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for every V=1, 2,....

$ipon 1@ hpinl) =X I([_ 19g)ldpial)
leI(Jw S T IFICL, %2 1dg 11

el l"l‘(})“-‘ l(l‘-}. FADR
Consequently we see by Theorem 50.4 that 1}-(}) is integrable by

o~
I(J") in Uqpy » since 4 1is continuous by Theorem 47.5.

Theorem 50.6. If both almost finite continuous functions

9(p) snd y(g) sre integrable by ﬁ'(g(;o,) in U, for a con-

tinuous @ € R , then (P +4)(g) 1s integrsble by ﬁ(l; a) in
Ups and ]

j"](‘r+v)(g)a(d}a)= J,m‘“#)“"‘?“)* {trl't}-(g)ﬁ(d: a),
Proof. Since both l?(})] and l‘lr(@) [ are integrable

by |u|(43_|a.|) in ‘ULP, by virtue of Theorem 50.3, there exists
by Theorem 8.10 a sequence of projectors (p,]'h:' Lp 1 such
that both ¥ () and ¥ (L) are bounded in ‘U;’yJ for every
=1, 2,... and
Ha, f, | P@NEIdgien) < + oo,
Ma, [ HPIRId ) < + oo,
Since [(¢ + ¥ ) ()| = |9@) + ¥+ @I for every point @ ¢ Ty, and
by Theorems 49.1, 20.1
jm Jer @ lzidpe) 5 le'ranx:(.t}m) + ],;,,nl""Q’|m|(¢}|"~|) ,
we see by Theorem 50.4 that (7*‘*)($) is integrable by t(d; o)
in V;’; . Furthermore, since we have by Theorem 49.1 end by
the formula §20(4)

L+ V@I Tdpa) =le r@IEpo)t [ wgrmdg o,
we obtain by definition

j‘” e+ ¥)Q)TMpa) = jm PRIx(dpar+ er: YQITEpa),

Theorem $0.7. For a continuous &« ¢ ﬁ_’ , in order that an
almost finite continuous function LE) be integrable by &(J: 4£)
in Ugay » it 18 necessary and sufficient that "‘3“%’*) be
integrable by @ (dpa) in Uray , and then we have
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IR SLACT IR {., vp)£,p)adpo).
Proof. Since both rg) and (_é. > & ) are almost

finite, there exists by Theorems 21.7 and 8.10 a sequence of
projectors [p,11,7, (a] suich that hoth (g ) and (-{; £ &)
are bounded in Ugp,; for every v=1, 2,... . For such (p,]
(v=1, 2,... ), sincc we have by Theqrens 2%.2 and 18.10
£
trid=f, (.2l dpa,
thaikl = f 1(E g)ldgiel,
we obtain by Theorem 42.4
£
jLPuJ PET &)dpa = i,,, TErdg 4,
S 12@) (Bup)ldprat= [ jecprldpiel,

and hence by Theorem 49.1

S P®E 2Ty = | PrTWUp L),

tpe3

£ = — -
S 1 7@(Z  2NTULL LD = 17@UIT IR0,
Therefore we see easily by Theorems 50.4 and 50.3 that ?(3) is

integrable by W (dp 4) 1n Uyo, If and only 1if ‘r(;)(.i— > &)
is integrsble by T (dg &) 1in Uy, and then we have by defi-
nition
£ ~
f.,s@(E )E@ga)= o, T@IT UL ).
By virtue of Theorems 50.3 and 49.10 we have obviously:

Theorem 50.8. If an almost finite continuous function

9 (£) 1is integrable by 'I(dg o) in Ty, for a continuous func-
tional L e R, then rp,J{ " 0 4implies

e
1im (R)x(dpa) =
m jm]m g Tdpa)=o0.
Therefore we can prove by similar methods as used in Theorem 49.11:

Theorem 50.9. If sn almost finite continuous function

‘f(}) is integrable by ﬁ(d@ a) in 'U;n for s continuous Ee'k',
and if an almost finite continuous function ‘\[«(3) coincides with

@(p) in the characteristic set Cz of @ , that is, if

V(@)= 9($)  for every point £ e CpT,,,
‘then ¥(2) Ais integrable by X (dpa) in Ugp, &nd
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Jm (T dpa) = jmch)’i.’(dg ).

By virtue of this theorem, if a continuous function ‘fcg)
on Cz Upp, for the cheracteristic set Cx of & has a conti-
nuous extension ¥(£) over Uppy such that ¥ (F) 1is integ-
rable by @(p a ) in Ugp; , then we shall say that L (F)
is integrable by 'ar"(at: a) in Tpp, and we define its integ-
ral as

Jpr T@ITApe) = [ w@rEUpa),
Recalling Theorems 50.3 and 50.8, we can prove likewise a&s

Theorem 49.12:

Theorem 50.10. If 8 continuous function T(p) 1= integ-
rable by a continuous @ € ® ., then '
fegradp

is a continuous linear functionsl on R,

§51 Relative spectra
Let R Dbe a continuous semi-ordered linear space and let E

be the proper space of R . For a point : €eE 8and for =a

projector ([ p,1 such thut UI-P-J 3; » i1f a function & (¢ p1)

of projector (p] is defined for every projector.[p] such that
Uip,s 2 Ucps 2L , then we define the upper limit of P ((p1)

at a point ;eE, as .
1 =
damy Tl = inf | e e(cpaipin)
and the lowerslimit of ¢ ({p3) at a point 3 e E as
iim @ ((pl)= _sup inf ¢ x .
S 5 Tpog U g | CLPOCFD ni

With this definition we have obviously
Iim @((p1) = 1lim C
Z Mn g@rl),

crl-;
Irf Tim Y(cpi)= 1lim (Lp1 ), then this coincided value
(21 ] (r1—>2

is denoted by

1 .
tn-iom; Tirs)



280
VIII §81

We shall consider only continuous linear functionals on R
in the sequel. The totality of continuous linesr functionals
on R will be denoted by rC . Then we see easily by Theo-
rems 47.1 and 47.5 that 'p:" 18 a linear lattice manifold of the
associated space R of R . Furthermore we have by Theorem
47.6 that R’° is itself a universally continuous semi-ordered
linear space, that & € R° 1implies @tpl e R° for every projec-
tor [P} in R , &nd that LEIZ 1s the same in RS as well as
in r for every elements @ , I € Ec.

Let E€ be the proper space of Ef' . We also denote
by 'U‘_z] the neighbourhood in E € associated with a projector
13 1n R°

Theorem 51.1. Corresponding to every point ; ea‘-z'ﬁ* CE'
€

for the characteristic sets Ca. of @ , there exists uniquely

a point $¢e E® such that we have £ €Cx if and only if P e
Ul'&'J , and every characteristic set Ca, is homeomorphic to

the open set

,% Yaepn

being dense in v('ﬁ 3 by the correspondence C-‘ 3 : — : e e'U,.;;.

Proof. Since C'&' Cz ’C(‘E:T by Theorem 48.4, if
CZ 3 } and CI' 3 ; ,
then we have by the formula §8(1)
Caiz & and [(E81F]1=(T1cF1.
As every nelghbourhoqd ULE] is compact, we obtain hence
M U, #0.

c:’: ftal
Furthermore this intersection is composed only of a single point.
Because, 1if sz: 9 g for e point N

Q GCI!-); v['ﬂl »
then we have obviously

‘U,z, ULIJ * 0 for C-‘ 9_; ’
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and hence we conclude by Theorem 48.1 that
Cga; implies Cg.Cx #* 0.
Consequetly v‘,,a; implies Cz 'U‘P, #+ 0 , since for C'I a}
we have by the formula §48(5)
CB‘.U.PJ = Cqa Ui, e
and hence CZ- Ca-,_’,* 0. Therefore we obtain that
U[?J 3 q implies CZ -)J .
Hence we conclude thuat to ever oint e 3 C there exists
y p F €55l
uniquely a point £€ e E€ such that
1Pt = T U.;
: * Crap tal,
and we have Cgz 3% 1f and only if Tz, 2% °.
Por a point 7 € E“ , if
Uigs 29 8¢ Uiaegn 27
then, since we have by the formulas §8(1) and §46(12) .
(acpiytacgll = ([ &cp1)&egl1] =(BrpIgll,

we obtain vcﬁtp g3 39 . As Ca:. U¢py 1s compact, we
have therefore
T CK,VIPJ #¥0 for every point @ € Uz (p,13.

V&, cp13 39
Furthermore this intersection is composed only of a single point.

Because, if
3 . ~
UE‘I'J & for a polnt P e w:ﬂué"l Ca.'Ucp).
then we have C-a.‘U",., Uqga ¥ 0 for qﬁ',tpll 3> @ , and hence
we conclude that
Uia,p1y?q implies Uta'.ipu(a‘.qu *o0,
since we have by the formula §48(5) and by Theorem 48.4
¢ @, Uipa Us = Cz,;p: Ck,cy: = CLa.crn(a'.zg:) .
On the other hand, for any projector[Z] such that V(z] 39 we
have naturally
Uigocp1s V2129,
and there exists a projector [p ] such that
Cx, Cg Urpos = Cgz, Tepy
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by virtue of Theorem 48.6. For such cp ] we obtain by the
formula §48(5) and by Theorem 48.4
c Lz)i.rpd. = Czo‘rj >
and hence by Theorem 48.2
Uizepy = Tpmiwopal = Tiaepa1 Veds 2 2 -
Consequently we obtain
T Uzagn 2 Uia,cpaied,cg1l #0 for every U g, 39.
Therefore we conclude now that
UIQJ 3% 1implles Ut'i.tﬂ] 39,
and hence

idt= I Cx Uy
Viagp13a % b
For such a point } we have obviously by definition that

c
Uia,cp11? @ implies Uetup1 2 & -
Furthermore to every ‘U(z] 3 ¢ there exists a projector (P1
such that
Uigs 2 Yiaapns 272
as proved just sbove. Therefore we can conclude that ¢ = 3°.
Thus to every point U, % the ist 1-
us to every p Qe%i (Zep1l > re exists un
quely a point £ € Cyx such that § = £€, and we have
c
Cx Up1 2% 4f and only if Uigepry ? &eC.

Furthermore to every Ua—]aq there exists a projector (p 1

such thsat
Uizy 2 Upaepnn 29
as proved Just above. Therefore C'K 18 homeomorphic to the
open set
> T
per LBCPI]

oy the correspondence Co 3 § — & ‘€ £° obtained just now.

Here the open set P{_& '(7,_-&”,3 is dense in Ugy j , because

vc’o'.xpn Ug; =0 for every element P €K,

then we have by the formulas §46(12) and §15(5) for every P € R



(Lg1@up3 = I;J(zqﬂ) =0,
end hence [£1& =0 , that 1s, Uz, UZy = O by the formula
§1s(s).
Since- ffc is a universally continuous semi-ordered linear
space, we can consider relative spectra in ﬁ"' . For every

~ —~ —~
elements & and £ € R ¢ we define the relative spectrum of &

—~

by 2 at a point R e CK as the relative spectrum of I by a
at the point 3‘ corresponding to 2 by Theorem 51.1, and de-
noted by( 3) , that 15,
Z.oy=(£.35)  (geCa)
for the corres pondence CZ 3p — 3 e T, iz 1 in Theorem 51.1.
With this definition we conclude immediately from Theorems
19.2 and 19.3:

~
Theorem 51.2. (;‘_ > & ) 1s_sn almost finite continuous

function on C'&' and for every real number ol ¢ 0 We have
oL L _ 2
(LE, p)=x(E,p)=*E8).
Th 51.3. ifr =(& £ int
eorem _(%_,?) (ﬁ’$) or every poin
@6 Ca. , then we have [EJI =[&x1C.

Froof. From the sssumption we conclude by Theorem 51.1
and by definition t.hat. we have _
(£, =(%>7
in an open set belng dense 1n vL‘il' and consequently this re-
lation holds for every roint ¢ € Uga - Hence we obtaln by
Theorem 1¢.5
(G314 =(31¢.
We obtain immedlately by Theorems 18.9, 18.5, and 18.€:
Theorem 51.4. For a positive element @ ¢ 'ﬁ:r' we have
(_4_._.. £ ) = Max {(%— 2 (-—;J:)}
(228, 3)=wn (£, ), JETF 28
(iﬂ‘-‘- 25 aEs ;)+ BE-2),
if the right side has any sense.
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Theorem 51.5. For every point 2 € Cg U, ¥e have
Fepin) Z
1 [ s - o
58 FTere = (70 @)
Proof. We suppose first % € Cge Ueota. Since by

Theorem 48.1 Cz+ C;—-‘:O, there exists a projector € p, J such that
de V‘P.‘l < Upaey and U ,Cx- =0,
For such [p,] we have
A(cpitplo) >0 for every Ugp; 2 & -
Because we have @& (P,] =0 by the formula §48(3) and [pola” =20
by the formula §18(5), and hence
T (cpodtpia) =@ T (Lpacpratyz o,
If T*(tp,1cp3at) =0 , then we have by Theorem 47.3
AT CpIpIati=o,
and consequently by the formula §48(3)
Ca+ Upa Up1 Vtae1 = 09,
contradicting the assumption Ugpy 3 £ .
As e Cye Uyey = C ggory Y assumption, we have e
VLK"] for the correspondence P — %€ Uiz in Theorem 51.1. If
(£.8)=(%:8%) <2,
then we have by definitlion of relative spectra
Tioazx-8*1 28°,
and hence C(xz—z)’ 3% . Therefore there exists a projector
€9 ] such that
$ €Ty, € Ugpy and Ty, 3 Caz->- =0,
as proved just above. For s}1ch 9,1 we have by the formula §48(3
az-ugi=azw-Frtrg.120.
As Ui-t.] c v‘f']c U p+3» "e obtain by Theorems 6.2 and 7.16
(9, Ja =I¢,3a*]a =19,10",
and consequently for every projector ( p]
(A& - §)(q1tpIa) 20,
that 1is,
AT (1g3cpla) 2 £(g,20p10),
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Since @(Ififp3a ) > 0 for every Tip 3 2 es proved at first,

we have hence

£ (13.3tp1a) for every U,

= 238,
Z(ig, 3pIa) v Tepa 2&
Consequently we obtain

W

Az i Zapin)
‘FJ"’J’- a{[p Jja)

for every real number A >( $ ) - Therefore we have
.52 Zapie)

IPJ-': AT
Since we have by Theorem 51.2

&, 8)=-(F 8,

and by definition

e EUpIW g —fGpie)
pisp UAlLpia) P> A(rpla)

and further as proved just now

- Z(cpi1a)
__ 1 —_—t e,
(¢ )2”:13’"; x(pia)
we obtain also

(%’ £)s un £pI2)
p1>p AUpI a)
Accordingly we have for every point £ € Cg+ Trar)

Zaw (%),
P12 ‘E,((P:l&)
In general, if F € U,aq» then putting £ =% 1, s=%x1,

we have

&€ C(e!)* Uusa)'_r,

and hence as established just now

Z(tpisa) £
11 e
(Fisp E&CPITR) (35 &)
Therefore we have by Theorem 51.2

Iapro) _ %
t}]if:: P "(_f ,g) for every point P € Cx TUa;.
We obtain immediately by this theorem:
Theorem 51.6. * ¥We have for every polnt *e C~ -Utp:l
Z cg
( s@) = (af[p] ’3)-’(7 2).

If 2eCy but € v(tJ , then we have

It _
(-—%l: $ ) =0
Theorem ‘51.7. If a continuous function ?(3) on Cz is

integrable by an element & € R = and




286 vIII  §51
£={egradgp,

then we have (£ ] <(%] and

(%,;);—7(@) for every point £ €C .
Proof. To every point ;. € Ca:+ there exists obviously
a positive element & € R such that
Fo € Vtay ‘end Uy Cg- =0.
As Cf{?) is integrable by W , there exists an almost finitse
continuous function ‘\{-(g) on vta: such that '\f-(g) is integrable
by @ (dpa) 1in Ty end
1}(3) =¢R) for every point gecz Tas-
If 9(8,) = ¥(F,)<A , then there exists a projector [p,] = (a]
such that 'Ucr.: E) 3, and
Y(R) < A for every point R € Tp,;-
Por such [ P,], since Wlal=@A*[al by the formla §48(3),
(pl & Cpo] implies by Theorems 49.8 and 49.1
Tupra)=f, ¥@TEpa)= | wgHTWpa)
£ 2§, TApa) = A a(PI0) = AE(PIX),
Since 'a.'(CP]a) >0 for every ‘U,:p, 33, as proved in Proof of
Theorem 51.5, we obt'e_\'in hence
?:%‘]%é)‘ for Fo€ Upy € Tip,3,
and consequently for every real number X > ¢(JF,)
(pI> g, %%%% s4.
Therefore we conclude by Theore:_n 51.5
TR) ?_(:"“E > 3} for every point 3 € Ca-+
On the other hand we also have
-¥ = [cexpads,
and hence we obtain ~
- ?(3.) ;(:%- » 3;) for every poimt 3 € Ca.+ ,
as prbved just now. Consequently we have
rp)=( % 3}) for every point 2 € Coq+,
For every poilnt } € Cu— we have 3 € C(_,d.' ) and
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-Z = Jogr-a)dp.
Accordingly we also obtain for every point 2€ Cg-
‘“3”"‘(“"‘ > 3)=(-f &)
and 1t is evident by the formula §48(12) that Cy = Cp, + Cp-,
8ince W(rp)l =0 implies an]= 0 Dby Theurem 49.7, we
have by the formula §48(8)
C x 2 C,i' >
and hence [ X1 2 [£ ] by Theorem 48.2.

Theorem 51.8. For every elements & , Z € Ec the relative

~

Spectrum (.i » B ) is_integrable by @ &nd
(w1Z = ¢ % sp)Edg.
Proof. To every element G € R there exists by Theorem

61.2 a sequence of projectors {p.] T L] such that (%— N @)

bmy

1s bounded in Cg U¢p,a for every v=1, 2,... and
,,2:—, Cx Tepaa
1s dense in Cy Uia). For such [p,] ( V=1, 2,i.. ), we see
easlly that there exiats a sequence of bounded continuous func-
tions ?,(g) (v=1, 2,... ) such that
fp) =(% »}) for every point P € Co T,
f+d®) = €.(p) for every point § € Ty, ;.
By virtue of Theorem 41.2 we see then that there exists a
continuous funetion (%) on U,y such that we have for
every V=1, 2,...
Pol) = A3 for every point 2 & Upp,;.
Since every ¢, (2 ) 1s bounded in Uipa » To($) 1s obviocusly
slmost finite in Upaq and
% (@)= (.%- s 3) for every point P € Cx Tias-
For every sequemce of projectora [p.] T,: [(a] such that
4,(%) 1is bounded in 'Uc,,d for every V=1, 2,... , putting
z, = Yu(g)ELpIAp  (v=1,2,...),
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we have by the previous theorem cf.,]g (& Cpe3] ana
(Eﬁz—l »R) = FotP) for every point F € Cz T ;.
Accordingly we obtain by Theorem 51.6
v _ Lp.]
(—i—":g)—(:ﬁ%’g) for every point gecx,
and hence by Theorem 51.3 for every Vv =1, 2,...
tZ1Tp1=1T313%, = Z,.
This relation ylelds by Theorem 49.7
@i1fp ) = @ = x )
£ cpe Iz-n S(g)aipidpa) Scp.a foracdpa),
and hence
lim . P @)T(dpa)=(a]L(a).
Therefore ¢, () 13 integrable by ﬁ'(d; a) in Uy and
a d = L& i [/
jm £, @) aEdpay=1T1L@),
Consequently we see by definition that (-‘% » @ ) is integrable

~

by @ and
(a1 = ((£.pradg.
7’ &
§652 Permissible dilatators
Let R be a continuous semi-ordered linear space. For s

linear functional [ on R , a dilatator T with domain D in
R 1is said to be permissible to L. , if
Am o, =0, a,eD (v=1, 2,...)
implies H;n’. L(Ta,)=0.
Theorem 52.1. If a dilatator T with dompin D is per-

missible to a linear functional L. on R , then there exists

uniquely a continuous linear functional T_ on R such that

L) = L(Ta) for every element a €p,
Such & continuous linear functional L': will be denoted by [ T

in the seguel.
Proof. Since D 18 by definition dense in R , to every

element A € R there exists a sequence of elements &, €D ( v=1,
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25.¢+ ) such that
}}.U-lo a, =a.

Conversely if o= ‘}_1_.,:5_ o, , 0, €D (v=1, 2,... ), then
for every two subsequences Q,, &and Qg (v=1, 2,... )
we have obviously

‘}_J;rg‘(a‘f‘v_ary)“—'o, a-r_—afvED (r=1, 2,... ),
and hence

Um {L(Taw)-L(Tap )} =0,
since T 1s by assumption permissible to L. . Consequently
the sequence L (Ta.,) ( =1, 2,... ) 1s convergent, and we see
easily that the 1limit

1s uniquely determined corresponding to the limit }Hx_’a., »

that 1s,
}gn.‘ r, = l'_1.)tr.l" 4, ;5 a,, e (v=1, 2,... )
implies Ll_i.xg‘ L(Ta,)= E.Lm“ L(TL) . Therefore, putting
C@)=2pn [ (Taw) for a=1im a., a,eD,
we obtain a functionsal ﬁ on R . It is evident that such Z
is & linear functional on R . We can prove furthermore that
Z is continuous. In fact, to every sequence of elements

ay ,L::‘O there exist QAv,pu € D( v ,m=1, 2,... ) such that

P}Bn“ O“"(“ = O, for every v =1, 2,... .
For such a.y,r,e D( v, M= 1, 2,... ) we have by Theorem 5.9
+
g'j_'fl., (ahfﬁ AM)=atA~0, =0,,
end by Theorem 43iZ
O-UTFAQVED ( v=1, 2,... ).
Accordingly we have
L(aU)=r]:£l.fl“ L(T(ﬂ,;{» nav)) ( v=1, 2,... ),
and hence there exists a seguence Mo ( v=1, 2,... ) such that
~ + .
| Ltav) = LT (aun ) i< + (b=1, 2,... ).

As 0= a..,f,,y ~ O, § O, we have obvliously
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+
m as,uy A0, =0,
and hence we obtain 3._1’111“ i (a,)=0. Therefore T:. is con-
tinuous. The uniqueness of such L 1is evident by Theorem 47.7.

Let Tf" be the totality of contimuous linear functionals on
R as denoted in the previous section.

Theorem 52.2. In orfder that a dilatator T in R be

permissible to an element A e 'k'c, it is necessary and surficient

~

that the spectral function Cf_r(g') of T Dbe integrable by a ,

and then we have
AT =(qrpradg.
Proof. By virtue of Theorem 43.7 the spectral function
4 +(§) of T 1is almost finite and
T = prdg.

For every sequence of projectors [p,] T,,‘

Lol such that ¥ () is
bounded in ‘U’,_P_, for every v=1, 2,..., we have by Theorem 49.1
Sips T OITPa) = B[ Fr(@)dpo) =T (Tcp.30).
If T is permissible to @& , then we have by the previous
theorem and Theorem 47.7
}}’m_&(Tcp.ua)=3g“ X TUpIn) = KT,
since lim ¢ pvlox =0 by Theorem 8.11. Then fr(P) 1is by
definition integrable by % end
AT =[P p)Tdgp.
Conversely, 1f ¥-(F) 1s integrable by & , then, putting,
Z = {eppradg,
we have Z € Ec by Theorem 50.10, and if ‘f-,-(@) is ¥ntegrable
by an element & € R in Ugaq, that is, 1f Ta has a sense, ,
then we have by Theorem 50.1

a) = a =% .

oy ={  Feg)Bdpga)=2(Ta).

S.nce  lim_ o, =0 implies .]’.1_1;1” {(a.)=0 by Theorem 47.7,
we conclude hence by definition that T 1is permissible to @

if (%) 1is inteprsnle by <
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Theorem 52.3. To_every elements @ , z € R'.'c and every

projector tp3 in R there exists a principal dilatator T

~

such that T 1s permissible to A and
ta1fpl=a T.

Proof. As proved in Froof of Theorem 51.6, there exists

an almost finite continuous function ?(3) on the proper space

E of R such that

z
o= {(-g»& ) for 3 eCyzTUp,,
0 for % € Uepa,

and we have

ta1Zipl= [epradg-
Putting T =ch(@)d$ , we obtain by Theorem 43.6 a dilatator
T whose spectral function coincides with () . By virtue
of the previous theorem, such a dilatator T is permissible to
@ and we have

®T =j?(@)z d? =(5—JZCF‘J.
Furthermor. . since ¢{$) =0 for P € ULPJ , we have obviously
T(pl =", end hence T 1is principsl by definitlon.

Theorem 52.4. In order thst 8 dilutator T in R Dbe

permissible ~oc an element x € 'cm , it 1s necessary and suffi-

cient that there exists an element Ze 7{" such that we have for

the spectral function () of T

(%’ 2) =& tor every point e Cgx, *
and then (&)1 Z =& T.
~ ~c
Proof. If there exists an element .4 € R such that

(-%»@)-?Cf.,(g) for every point 36Ca',
then we see .y Therrems 51.8 and 50.9 thsat ‘f’-,-(@) is permissible
by & and

(@18 = [rpradp.

Accordingly we have by Theorem 5¢.z that T 13 permissible to x

and
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(1 f=a7T,
Conversely, if T 1s permissible to & , then we have by Theo-
rem 52.2
TT =[yrprawdp.
Consequently we obtain by Theorem 51.7
( EE"I > g) = F (&) for every point 2 e€Cgqx .
Theorem 52.5. To every dilatator T 1in R , putting
Ta =aT

~

we obtalin a dilatator = 1in R"‘ , whose domain is c(uwposed of

all elements @ € K¢ to which T is permissible.

Proof. The spectral function ¢ () of T 1.3 an almost
finite continuous function on the proper space E of R by vir-
tue of Theorem 43.7. Furthermore '-f.,-(g )} is almost finite
in Cg for every element & € R . Because, 1f P () 1s
not almost finite in C‘i for some element & € ’Ec , then,
since ({.,-(g) is continuous, there exists a projector LPJ] such
that Cg Uypa ¥ 0 and

| Pe(P)=+00 for every point P e Cqx Urps.
Then there exlsts by Theorem 16.3 a seyuence of projectors ( p,]
(v=1, 2,... ) such that
{1819 isviTp € Tpa{® I Pr@)<v+1} Tipy,
For such tp,1 ( ¥=1, 2,... ), since ‘fT(@') is almost finite
in Ugpj , we obtain by Theorem 16.4
(pAT, 2, LP3,
and hence we have obvlously for every V=1, 2,...
Ca' _U‘P'] =0.
Consequently we obtaln by the formula §48(3)
xip1=0 for every v=1, 2,... ,
and by Theorems 47.7 and 8.11 .
E[PJEO.) = M apia) for every element & € R,

Therefore we conclude a-'CPJ = 0 , and hence by the formula §48(3)
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Cx TUipy =0,

contradicting assumption.

For the proper space ES of R© we have by Theorem 51,1
a correspondence

xTe gf— Ca 3F 3% E
by which Cgz 1s homeomorphic to the open set pZ.m Uizepil
being dense-in Ugxq . Since ¥.(F) 1s continuous and almost
finite in C gz as proved just now, putting
WP = P (F) for % € &Ze_r‘ Cxz,
we obtain an almost finite continuous function V(;‘) on the set
Pegﬁ".ei" ULE(p]]

which ls open and dense in EF .

Since K" 1s universally continuous as remarked in §51, the
proper space E_c of Et is universal by Theorem 41.6. There-
fore we see by Theorem 41.5 that ‘#(3‘) has a continuous exten-
sion over Ec . Thus there exists an almost finite continuous
function “H? ) on Ec' such that we have for every element
xeR®

Y(EC) =Fr(P) for every point 2 € Cwx .
Por such ‘V—(’f) , putting
= j'\f(§ )JE >

we obtain by Theorem 43.6 a dilatator ? n Ec B

ir "F'a’( has a sense for an element Q& € T{'c , then we have
by Theoren:_:v 22.1 v

(B0 =(5F50) = ¥va@r=9=@)

for every point j eCzw = . Then we have by the previous theo-

~

rem taut T 1s permissible to @ and
EaT=(x1Ta = F@jx=Ta.
Conversely, if T 1s permissible to ® , then there exists

by the prevlous theorem an element —& € R such that

(_é_,:_)_ ‘f-r(ﬁ) for every point £ € Cgz.
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For such f € Kc we have for every point 3 € Cg
. - K
) = =-(Z ey c
Y39 = Prp)=(F gl=(5£:58°),
and hence Z
~ [l ~
‘V(?) =(':'K—) ?) for every point g € UC‘EJ-
Therefore we see by Theorem 2c.2 that 1{’(?) is integrable by @&«
in VLEJ , and consequently by Theorem 43.6 that T« hnasa

sense.

§53 Universally continuous linear functionals

Let R be s universally continuous semi-ordered linear space
in the segquel. A linear functional L. on R 1is said to be
anlversally continuous, if R 3 aaid,¢,0 implies

inf | L (& =
Ae/\l (ax)|=o0.
Here the notation Q) ¢A€I\ 0 means that to every two elements A,
and 1, € A there exists an element A,€ A for wnich
Ga, © Q) A Qag,
and ‘fe\d A, = 0, as used already in $46.
If a linear functional L. on R 1is univérsally continuous,

then for every system of elements R 3 O |,., 0, to any positive

A&A
number £ there exists an element A,éA such that &x 5 &
implies
L tad <€,
Because, if to every element A €/ there exists an element A,€ [
such that
|L(er)lz e, &xr, = Qa,
then, putting A, = {a: |L(ax){Z € } , we have obviously
O "'Ae,{, 0 but
[Laa) | 2 € for every X € A,,
contradicting the assumption that Ly 1s universally continuous.

Therefore, if, a linear functional ls on R 1is universally con-



tinuous, then R 3 a, ‘A‘Ao implies

,{-{}f‘ ‘igpa | Leaprl} =o0.

From this fact we conclude immediuately:

Theorem 53.1. Every universally continuous linear func-

tional on R 1is continuous, and hence bounded.

The totality of universally continuous linear functionals on
R %8s called the conjugate space of R and denoted by ‘ﬁ, .
By virtue og‘ Theorem 53.1, the conjugate space R of R 1is in-
cluded in the assoclated space 'E of R . Furthermore -E,
is 8 linear lattice manifold of 7{ . Indeed, for every two
elements @ and I e R , Ryasx J,,Mo implies for every teal
numbers o , B ~
inf | o @(an) + g £laa)]
épqu { sup ta(a,)l}+ lflinf { sup MCa-p)I}-a
that is, we have o( + F@ €¢R for every real numbers ok, P .
As every linear functional & € R is continuous by Theorem 53.1,
to every element & € R there exists by Theorem 47.4 a projector
[pl £ [a] for which
ctial= @alp3d.
>ince R 2 Gadaca 0 implies (PIO L,“A 0 by Theorem 7.6, putting
& = @,, for some element A, € A , we have
inf [ & T(ax)ls inf |B*(an)| = 1nt | a(tpran)j =
reA Casw0,, AE O, _
Hence @ € R implies &'t ¢ B , ana consequem:l,v further @ ~ € R

and I%| € R,

Theorem £3.<. If R3 4, Taeni‘-n—d
sup Ta(a) <+ oo for every positive a €R,
then there exists an element 4 € R for which @y Toea & 2nd
a) = ::R & () for every positive a ¢ R,
Proof. Recalling Theocrem 46.2, we conclude from assump-

tion that there exists & bounded linear functional & on R

such that
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'd".(a)::ga Tala) for every positive a € R,
If R3ay $yer 0 » then for a fixed ¥, € r’ , to.any positive
nu.mber £ there exists an element A,€ A for which
Tag)s Qa,(ap,)+E.
As @ — @), 20, we have for @&, 5 a,,
1T (ap)l s | R, (ap)|+ (T - Ty, )ay)

S0, @) | +(T =T, (A, ) = | Ga, (@p)] + €,
and hence

inf | K (a < inf @A, (Bp) =
nr" ')(‘axiat.'ah Ol + & =€,
since 'c'i;, is universally continuous by assumption. As 8

positive number £ may be arbitrary, we obtaln hence
inf | (ay)[=o0,
Ter .
Therefore @& 1is universally contim;mus, that is, @ € R , and
we have obviously by definition
Bataes &-
From this theorem we conclude immediately:

Theorem $3.3. The conjugate space ﬁ' of R. constitutes

2 universally continuous semi-ordered linear space, and

R 3 @, Trea & implies

a@) = i:\a Ti,‘ ) for every positive a e R ;
R 30Ga {p @ implies
ao) = %25 (o) for every positive a € R.
Theorem 53.4. For every positive element @ € R ,

Raa, T, ,,a implies

a(a a

(@) = it‘xa acan),

snd R 30x},, @ implies

@) = {nf T (ax).

€A
Proof. If R3axTrep &5 then we have by Theorems

2.2 and 2.4

a—ax LAQA o,

and hence by definition for every positive element x e E
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inf @(a - =
i @(a-aa)=y,
thet 1is, 'E(a)=§z% a(ax) . we also cun prove likewise
the other assertion.

Theorem 53.5. For every element @ € R , the characteris-

tic _set Ca of @ 1is open and closed.

Proof. We huve by definition
’
Clar = lluzp-f-_-o U“”’

and hence for every element @ € R

Cixi Utay = ,a"%‘,o vmnp: .

Putting (pli*{, we obtain by Theorem 8.5 for every

=_V
be 1B1p3 =0
positive element X € R
3 u
LPdz itpl=o
and hence by the previous theorem
& (pe1x) =  sup al(c o =
B o fal(cplteix) =0,
Therefore we have |G| (p.]=0. If [&lCcpl =0 for a projec-

tPital x,

tor LPJ , then we have by Theorem 8.3

(al] 2 (p.1 2 [pI(al,
and hence by the formula $15(4)

To1 2 Uepar 2 Tpatas -
Accordingly we obtain

U =T

APy =0 talp3 Cped

From this relation we concluae that Cl;‘ VLRJ is open and closed,

and hence the point set

’
C|a.| Utay = vm] - C.‘S,\ Ttas

is also open and closed. Since we have
Clll = G_Zei C(&l Vm_,’
we see now thst Cl‘ii is open. On the other hand, Cm‘ is

closed by definition, and C.‘ = le by the formula §48(1).
Therefore C'd is open and closed.
Theorem §3.6. If Cgz = Ucay » then we have

[RB1X = ZLad for every element ¥ €R .,
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Proof. iIf Cg = Uiy, then we have by Theorem 48.4
and by ;he formula §48(5) for every element X € R
Casz = Ca Cg = Cxz Tta3 = Cxcas,
and hence [(A1X ] =[Xtal] by Theorem 48.2. Accordingly we
obtsin by the formulas §8(1), §46(12) for every element
[A1R =(ANZIX =[la1x]%
=[(X(al1]X =(XIXlal=%c(a],

As defined already in §48, a llnear functional L. on R 1is

sald to be complete in R , if
Lepri =0 implies (pl=o0.

A universally continuous seml-ordered linear space R 1s
said to be regular, if there exists a linear functlonal AerR
such that & 1is complete in R . In this case, such @& € R
is a complete element of TZ' , because C.& coincides with the
whole space E by the formula §48(6), and hence [a] = { by
Theorems 48.2 and 8.2.

A projector (p]1 1in a universally continuous semi-ordered
linear ’apace R 1s said to be regular, if there exists an ele-
ment Keﬁ such that @ 1s complete In [pJR , that is, if
[(P1R is regular as a universally continuous semi-ordereca 11-
near space. R 1s sald to be locally regular, if every pro-
jector in R 18 regular.

A universally continuous semi-ordered linear space R 1is
sald to be semi-regular, 1f there exists a complete system of
elements p, € R (X € A ) such that [p,] 1s regular for every
A € A, that is the same, if to any projector (pPI1#*0 1in R
there exists an element & € R for which & (p1 # 0 . Be-
cause if @ {(pl# 0 , then, since CI is open by Theorem 53.5,
there exists an element @ € R for which

0% TUway € Cg Ueps = Cxeps s
and hence (a ] 1is regulesr by the fqormula §48(6). We also can
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define that R 1s semi-regular, if the union

Z C
a2eR e
is dense in the proper space E of R .

§54 Canonical spaces

Let R be a universally continuous semi-ordered linear space
and let R be its conjugate space. Recalling Theorem 51.1,

we can prove llkewlse that corresponding to every point

3 € > CK
TeR _
there exists uniquely a point 3‘; € E. for the proper space E
of R such that we have :" € Uy 1f and only if 2 € Oy 5 and

every characteristic set Ca is homeomorphic to the open set

being dense in Uy by the correspondence (; 38 — 3‘ e Uiz,
Since every characteristic set C-& is open by Theorem 53.6,

the system of point sets cﬁcm (% eR , peR ) constitutes a

neighbourhood system of

> Cz.

ae R _
The system of point sets VLECPJJ (X eRrR , P €R ) is obviously
a neighbourhood system of

2 v

aek, per LAcpad -
Furbhermore CE"—PJ is homeomorphic to _UE.KLPJJ by the correspon-
dence
c
Capr 2 2 &« Uizcpi) -
Therefore we have:

Theorem 54.1. Corresponding to every point ; € tz'l CK
€

there exists uniguely a point 3‘ in the proper space E_ of 'p{

such that we have $°€ ¢ Ugz, Lf and only if $ € Cgz , and the
open set

Z ek @
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is homeomorphic to the open set
2 Uiz
Y AT Lacpl)
being dense in E. _LLN’.L‘ELE’_‘L___W’W’ b g :c
Corresponding to Theorem 51.5 we c&n prove likewise:

Theorem 54.2. ° _For every point $ € Cgz Ugay we have

1n  E@PID) _ (L, )
Lri>2 w(tpla)
for the correspondence F — 3 1n Theorem 54.1.

Theorem 54.3. For every point £ € Cg TUca ¥e have
G(pié) i
= = ( - g.) -
trI-»2 alpia) a
Proof. In the case: f, € CE‘ TUtatrs » there exists a

projector (p,1 such that F, € Uepe: € C‘a*vu*l and
®(lp1a) >0 for F, € Ueps € Urp,a,
as proved already in Theorem 51.5. Ir (—‘é— ,:,) < A, then,
since (’f',":) is continuous by Theorem 19.2, there exlists s
projector (¢ 1 such that' £, € Uggy < TUgp,y and
(-'i—', g)<aL for every point e Uggs,
For such [¢1 we obtain(q] £ = A(q 3a by Theorem 19.4, since
L{la =(qitp,la = (gILp,la* =(qla™.
As gy < Cg+, we have @7L¢1= 0 by Theorem 48.1 and by the
formula §48(3), and hence Itq 1 =a "ci 3. Thus we obtain
'aT-_(cQJ (p3£) = XA W(GIpIa) for every element pe€R,
and hence .
a(qicplé)
—————————
Z(gaipin) = A for every Ucpy 25, .
This relation yields by definition
. 2ued)
a2, wa(tkla)

Therefore we conclude

s A.

—_ a(pil) £

i1 _— < X

cn-?:. a(tplo) = (5> &)

Since this relation holds for every element £ € R , we also have

—_ al(c J(--C))
‘Pl’i‘Tso ZApIn) —i’:')'

a(cpid) £
11 —_—1t =
thivp. BlPIE) (F: 8.

that 1is,
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bonsequently we obtaln for ‘every point 3’. € Ca* UTcatl

1tm EUP3IE) £ ).
tpI=Fo B(LPIRX) (&8
In general, to every point g € Ct Uto3, we can determine

£E=x1and § == { such that
Fe C(e'é.)* vLLSa)’J,

and then we have as proved just now

1im _‘.‘:ﬂfﬁlﬁ-)— = (_'e_- > g)
LpI—»E EB®((PISA) so
From this relation we obtain obviously our assertion.

In the following, we suppose that R 1s semi-regulsr.. Then

2 Cgx
aeR &
is an open set being dense in the proper spuce E of R by defi-

nition, and furthermore homeomorphic to the open set

T, -
BeR, peR f_”"u

being dense in the proper spuce £ of ‘R- by the correspondence
Z. Ca 2 —m FC e S U, =
us stacedai&nt Theorem 54.1. Bels por (e
Corresponding to every almost finite continuous function
?(g) on E. , since Py 1s naturally almost finite and con-
tinuous in the open set "ezk' C z , there exists by Theorem 41.5
an almost finite continuaous function Y‘(?) on E uniquely
such that
‘f°(3°) = Pp) for every point P € EZ‘.! Cz.
Similarly, to every almost finite continuous function ‘V‘(?) on
E there exists uniguely un almost finite continuous function
€ (£) on E such that P(P)= %) in E .
Therefore there exists by Theorems 43.6 and 43.7 a one-to-
one correspondence | < _'|= between dilatators T in R

and T 1in E such that

a = =
(1::—. g).—_(Tﬁ.a ) }c) for every point 2 e Cy4 U{;u,)
if both Ta and T & have any sense. By virtue of Theorem

44.1, the dilatator ring of R 1s lsomorphic to the dilatator
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ring of R by this correspondence T &« T Hence we can
identify the corresponding dilatators T «— T gnd denote it
by rI' , that 1is, 4 1s a dilatator in R &as well as g dilata-
tor in R and we have
% +3
(1) ( a“« @)= :%53 F¢) for every point Fe Cx Ttas,

if both T @ end T & have meaning.

Since we have by Theorem 54.2 ror every point Fe Cz Uiaa

T alcpla
1im (cpla) _ (T =~ > 2%),
tpi1ag a(cpia)
we conclude from the formuls (1) by Theorems S51.5 and 51.8

(‘a"a Mal=1a (T &)1 = J( :'\'a“ ,*)Ecn.:ld;,

and hence by Theorem 50.1

Fay={ («—a;)u(d;w) a(Ta).
Therefore we have

(2) Fata)=a(ta),
if both ¥ & end T a have any sense.

If both T & and F & have meaning, then, since we have by
Theorem 45.2 as dilatators

T el s 1T
for every projector (pl in R , (’?'(P])E also has a sense
by Theorem 44.2, and we obtain by the formula (2)
Fapia) = T ((TpDa) = (Tp1)aca).

As the domain of 1’" is dense iIn R by definition, we have hence
by Theorem 47.7

(3) (T a)p1 =(TrpDR
ifr "’f' @ has any sense. As a speclal case we have

(4) aflpl =t(pia
for every elements & € R and P € R,

By virtue of Theorems 41.6, 42.2, and 44.1, the totallty of
dilatators ‘? constitutes a unlversally complete semi-ordered
linear space, whose proper space will be called the canonical

space of R snd R . We see Ly Theorems 32.4 , 41.6 that the
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canonical space of R 1s a universal compact Hausdorff space.
By virtue of Theorem 45.6, the proper space E of R is

homeomorphic to the open set

= T
per P R
being dense &n the canonical space E by a correspondence

E3gp — pP%e¢ E such that we have

~ ~
T Dy s/ T &
(5) ('T' » & ) -(T’ ?) for every point p € Ua,,
if T a has any sense. This dense open set % Uicpiz in

the canonical space E will be denoted by the same notatien E.
as the proper space E of R .

It is similar for the proper space E of }-2_ , 1.e., E
is homeomorphic to an open set E_ being dense in the canonical
space é by a iorreapondencf E El ? - ?De E such that

(&) (-:';—; 59)2(1'&'01 »F) for every point F €TUsa

1f T & has a sense.
For every point $ eﬁzi C & we have by the formulas (1),
€

(5), and (6) for every dilatator "f‘

T c\D T [
(@)= (2",
and hence we obtuin by Theorem 32.2
c,\0 D
7 = for ever oint € (o .
(7 (3%) p 4 Y P k3 “ZH &
Conversely, if gb =23 P for some points § ¢eE end e E,
then we have by the formulas (1), (5), (6) fér every dilatator T
Ta = _ Ta
( x 2 &) - ( o 4 é)
ifr vLiJ 3 5 > 'U}_M 2% and both & , Toa have meaning.
1f we suppose that ? € Uzg but 2 @ Cgz , then there exlsts

a projector C{p ] such that
3 € Urps and Uy Ca = 0.
For sucn (P] we have A [pl =0 Dby the formuls §48(3), and hence,
patting T = Lp] , we obtain by the formula (3)
0= (%, %) = (B2, %) =(L2,3)

contradicting thut we have(.‘.ﬁ%ﬁ,@):l by Theorems 18.2 and 18.4.
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Therefore 3 € Uiz; implies 2 € Cgx. It is evident that
there exists an element @ € R for which ? e Tiag. For such

& € R we have hence 2 € Cx , and further

FP= 2% = (2"

as proved just now. From this relation we conclude 5 = ;c,
since the correspondence § - §D is one-to-one. Therefore
we have
(8) EE = Cz =_Z T
ek % T aR per LBPH

in the»canonical space é
We have obviously by the formula (7)
(9) =2 T
c ® R (& cpll
in the canonical space é , and further by the formula (8)
(10) EUi;s: = Cg,
since we have F e Uiz, If and only if P e Csz.
Since we conclude by the formulas {10) and §48(%)
U1 U1 = U, E Uy = C5 U0y = Cactas = E Ugacars,
we obtaln by the formula (9)
(11) Va1 Vte1 = Uigranl,
and hence naturally
12 E U =2 T
(12) tal x Lacall,

Theorem 54.4. We have

[A1X =% (a] for every element X € R ,

if end only 1if v(.ﬁ] =U£a1 in the canonicsl space E_ .

”~
Proof. If Ty = Ugaqln the canonical space £, then

we have by the formula (10)
Cz = ETia; = Uias,
and hence [A]X = XLa&] by Theorem 53.6. Conversely, 1if
[RIT = X(a] for every element X € R,
then we have & =[aJ& = {3l , and hence Cz € Taqby the
formula §48(4). Or. the other hand, if @& (P11 =0 for a projec-

tor tpl , then we huve by the formula §46(12) for every X ¢ R
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Zlalpl=IEIXIPI = (L RLpIIZE =0,
and hence [al[p) = 0 , since R 1s semi-regular by assumption.
Consequently wechave Cz > T,,by the formula §48(6). There-
fore we concluue C g = U,y and further by the formula (9)
Ca € Uiay = Tiawarz € Cx

in the canonical space £ . Thus we obtain Tia1 = Traaln
the cangnlcal space E. .

For every point § € Uia; 1in the canonical space E_ , we
define the relative spectrum (% > ?) as the same, considering
% as a point in E , that is,

(%,f):(-ﬁﬁ—:g) for?:'@p, F € Uas,
It 1is similai‘ for every‘ point ? G‘U;_al in é_ , that 1s,
(%’§)=(%’§) for §=§°, F €T,

Theorem 54.5. For every point g € Uisy Uray 1n_the

canonical space 'é_ we_have _ _
- ~
L Eaple) _ oy, BIEW) (4,3,
pig T(pIa) (FI> 2 (p1 &) o
Proof. By virtue of Theorem 54.2, we ‘have obviously
L a 7 ~
1m 2P =(£.%).

133 aEpia) 'w

To every projector [p1 in R such thet Tpp; < U3 Vs in

E_ there exists by Theorem 16.4 a projector LF ] in ﬁ such
that Uipy = 'U;'.: in E . For sach [P 1 we have by the
previous theorem

LplZ = XLP) for every element X € R.
Conversely, we see likewise that to every projector LF J in R
such that 'U,_F.] < U(‘é.] ‘U'“L] in E. there exists a projector
Lpl in R for which

(PIZ = T (P] for every element X € R .

Therefore we have by definition
(P11 L) Zpia)
may ———a—— = 1lim,. =,
GBi+F (p1a(n) cpi-d H(CPIX)
Recalling Theorem 54.3, we also can prove llkewlse:

Theorem 54.6. For every point ? € Uagj Uray in the
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canonical space E we have

1im, 2(P1E) L1PITL) _ 4
I+ m(LpIo) ’c;1:133 tF1a() =(F%).

§s5 Reflexivility
Let R be a universally continuous semi-ordered linear space

and let 'R_ be its conjugate space. Since -R_ also constitutes

by Theorem 53.3 a universally continuocus semi-ordered linear space,

we can consider further the conjugate space =R= of R .
.Corresponding to every element o.€ R , putting

(1) G,I('i) = X () for every element X €R

3
we obtain a functional a.i on -R' . This functional D.Ti is
obviously linear. We can prove further that a.i is univer-
sally continuous. In fact, if R 3G Viea 2, then, since

|a." (Al =|arads Tal),
we obtain by Theorem 53.3
tor 1af(@0 | =0.
Therefore a® 1is universally continuous, that is, we have
ai € E for every element a € R,
This fact shows that the conjugate space R of R 1is semi-regular.
We have obviously by the relation (1)
(2) (do+pe)F = xaFapeF,
(3) a2 0 implies a® zo,
If R 1is semi-regular, then we have :
(4) G-Igo implies o = 0.
secause, if o~ # 0 , then there exists an element " eR for
which & (o] * 0 , since R 1s semi-regular by assumption.
For such @ € R we have by Theorem 47.3
alta~3(n") >0,
and hence by the relsation (1) \
a®(IZ)e)) = 1A (la-]&) = — IR Ia NI <0,
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contradicting the assumption a® zo.

The canonical space £ of R and R may be considered by
definition as the canonical space of R and s& , 1If R is semi-
regular. In this sense we have:

Theorem 55.1. If R 1is semi-regular, then for every

element a e¢R we have

Tas = U .8,

in the cencnlcal space £ and

4 2y (2 2) for eve oint % e T,
(F3)=(-x"¢& for every point 2 € Tios.
Proof. If 0.E cFJ:o for some element P € R , then we

have by the formula (1) for every element X € R
(P1%(a) = aR(pIE) =0,
Putting X =Ipila*] —|pila~] , we have then
(p1{IFHLatia) - Ipla"32) } =0,
that 1s, |pl(lal) =0, and hence PL01=0 by Theorem 47.3.
Conversely, if FLG.J' = 0 for some element F e R , then we
heve by the formulas (1) and §46(1%2) for every element T eR
a-i[FJ(i) =[pl1x(x)=L(Plal]lX =o0,
and hence o.f (pi=o0. Therefore we have a.ir,ﬁj =0 if angd
only if PLal =0,
.By virtue of the formula §48(3), aiLFJ = 0 1is equivalent to
Coat Upy =0
in the proper space E of 'ﬁ: , and by virtue of the formule
§54(11), F[o.] = 0 1s equivalent to

Tia3 Upa =0

in the canonical space 2 B Therefore we have
Uias = (Tras )" = ( Ca‘i )'-
~
in the canonical spsce E . Sinoe we have by the formula §54(10)

Cat = f— Uioks
in £ and E 15 dense in £ , we obtsin hence in £
Ttay = (Coqi)” = ( E Ugehy )~ = Twaks.
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For every point: é € U3 U g3 we have by Theorem 54.6
£ (F1&cb)
(£.3)= 15143 (pige

and for every point 5 € U,%, Uiz; we have by Theorem 54.5

FFi1a
45 = 1in. 2% (7] .
(x> §) (Fis3 aR(pIa)
On the other hand, we have by the relation (1)

R = 2= R, o= -
a”(tpid) = (Pla@), S$Rupi1R)=1p1T L),
and 'Umt 'U'“_J in E , 88 proved just now. Consequently
we obtain 7
4 =2 £
(x> ¥)=(x%>
for every point f € Z, Tay Traa. As
( Z TUia; Tiay ) =( E Uiay)” = Utas
in E, » we obtain hence
~ R A
(%33):(%,@) for every point ?e'U“J,
since relative spectra are continuous by Theorem 19.2.

Making use of the notation

—{aai e €R }

we have:
Theorem 55.<. pey R 1s semi-regular, then &i is a 11-

near lattice manifold of ﬁ gnd complete in E , and further if
IZ1g1a®l, &TeR, aer,
then there exists an element 4 € K for which & = £N,

E 3
Proof. If jal sla
have by Theorem 18.11

il, ﬁei 5, @ €R , then we
- .
[ ( 'T:"'i' > 3 MR for every point § € Uas,
and hence we obtain an element { ¢ R as
=

4= Sm](—t%i > ? )A§ &
For such 4 € R we have by the previous theorem and Theorem 22.1
for every point 3 € Ur.a]

(%:3)=(%£:%)= (—— 2),

and hence we obtuin by Theorem 19.5

La®1£% = (af1a .
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On the other hand, as [£1 g (a1 , we have U3 € Tias, and
hence by the previous theorem
Uief; C Uiaky,

Consequently we have La.‘] 2% = &% by Theorem 8.2. Furthermore
1Rl s1af| implies [R] <1a®] by Theorem 8.3, and hence

{af1% = T by Theorem 8.%2. Flnally we obtuin thus £7 = &.

From the fact proved just now, we conclude immediately that

Ri is a linear lattice manifold of ?, . Furthermore ;ne

have for every element a € R

() af*=a*®, 2" =a"k.

Indeed, as proved just now, there exists an element 4 eR for
which af* = £F Then we have by the formula (2)
4% 20, (4-0)® >0,
and hence we obtain by the formula (4)
£zo, 4-a 2o,
that is, £ 2 a*. This relation ylelds by the formula (3)
R +R R+
4% 2 a*f za®",

+R _ gR+ Then we have furthermore

and consequently @
O.E’ = (_a)i-o =(-a)*i = a.’i.

From the formula (5) we conclude easily:

(6) Iail=la'|i»

(1) R v gR=(avel®, af. 2R _(a.g)R.

If an element ﬁeﬁ is orthogonal to every element a."i
(o € R ), then we have by the formula §15(5)

U83; Uar; =0 for every element o € R
in the canonical space é . ir '!:7”-,,J c Uzq in £ for a
projector (P31 1in R , then we have naturally
‘U(;]‘Umnjso (€ R )
in é , and hence by the formula §54(11) for every element a €R
Pa) = a®(F) = aftp1pr=o,

thet is, p= 0. Therefore we conclude U g; = O , and hence
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=0 . Consequently RI is complete in z. .

A universally continuous semi-ordered linear space R, is
sald to be weakly monotone complete, if to every increasing system
of positive elements R ® @axT,,, such that

sup Alar) < +oo for every positive & € R,
there exists an element a. € R for which Qatren @

With this definition we have:

Theorem 55.3. The conjugate space R- of every universally

continuous semi-ordered linear space R ' is weakly monotone complete.

Proof. If R30a Toey ana

Sup 2A(qr) < +o0 for every positive @ € R
for the conjugate space R aof T{ , then we have naturally for
every positive element @ € R

L, T = g alBa e,
since R 3 af 20 by the formula (3). Consequently there exists
by Theorem 53.2 an element & e’ﬁ' for which E; TA"E . There-
fore ‘ﬁ is by definition weakly monotone complete.

A universally continuous semli-ordered linear space R 1is
sald to be reflexive, if R 1is isomorphic to the conjugate space
-k: of its conjugate space ﬁ by the correspondence indicated
in the formula (1): R 3 o — ak e? .

Theorem 55.4. In order that a universally continuous semi-

ordered linear space R be reflexive, it is necessary and suffi-

cient thut R Dbe weakly monotone complete.

Proof. S8ince the necessity 1s evident by the previous theo-
rem, we shall prove the sufficienay. We suppose that R 1s weak-
ly monotone complete. Then R is semi-regular. Becsuse, if

a(pi=0 for every element & €R ,
then we huave V |pl v:' and
a(vipt) =0 for every element @ € R.

Consequently there exists by assumption an element 4 € R for which
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vipl Too £ . For such .{ € R we have obviously
|P[§T‘;# for every ve1l, 2,... ,
and hence p = 0 by Theorem 6.3. Therefore R 1s semi-regular

by definition.

For every positive element Ze 'R,- , putting
=
a 2

A={a: afg

we obtuin an increasing system of positive elements A4 in R by

0< aeR},

virtue of Theorem 55.2. For such A4 4 since we have for every
positive elewent & € R

sup O.(&) = sup a“(a)g a(a)’

aeA ae A
there exists by assumption an element @, € R for which

@, = aL((A a.
For such 4, € R Wwe have by Theorem 53.4 for every positive ele-
ment @ € R
_ E(N)::L‘xa a(a),
and hence a..“(‘a'.) s i(a) for every positive element a eﬁ ,
that is, a.,i < a . By virtue of Theurem 55.2, to every
positive element X € R there exists a positive element I. eR
such that
(% -af). xR = 2R,
For such £,€¢ R we have obviously
a 2 0-.’ + 4,7' =(a,+£.ig,
and hence a, + £, € A by definition of A . Consequently
we have natarally
a" ; a, + '@a »
that is, 0 2 4,, and hence we conclude 4, = 0. Therefore
a - a..'_‘ is orthogonal to every element & R of Ri .
On the other hand, R‘E is by Theorem 55.2 complete in E
Hence we obtain @ = a.i.
Thus we have proved that to every positive element xe E

there exists a positive element o € R for which ai = a .
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Accordingly we see easily oy the tormulas (2), (3), and (4) that
R.  1s isomorphic to ‘E‘, by the correspondence R 3 & —» a."—ei.
From Theorems £5.35 and 55.4 we conclude lmmedlately:

Theorem 55.8. The conjugate space ’p: of every univer-

sally continuous seml-ordered linear space R 1s reflexive.

st3t) For two sequences of real numbers o, &nd P,,
(v=1, 2,... ), If for every subsequences op sand Pe,  ( v=1,
2,... ) the sequence d?u'fpgy (ve=1l, 2,... ) 1s convergent,

then both seguences o, and Py (»=1, 2,... ) are convergent.
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NOTE

The numbers given in the bibliographicel references relate to

the list of cited works which will be found in Bibliography.

§e. The notion of semi-ordered linesr sraces 1s essen-
tially due to Riesz (1), but it was considered first by Kantoro-

vitch (1) in an abstract form.

3. Theorem 3.3 is s generalization of the distributive
law:

(a- £)nc =(anc)v(fat), (@nAd)vC =(avl) A (87C),
which was proved in different meanners by Dedekind (1), by Freuden-
thel (1), by Birkhoff (1), and by Nekanc (1). The proof of Na-
kano (1) coincides essentlally with that of Dedekind (a). The

proof clted in the text is due to Nakano (8).

§4. The formuls (5! 1s due to Birkhoff (1). We csn
prove the formule (€) witfout use of the formula (9. In fact,
we have obviously

a~t g (b+lo-£1)v(c+ta-41)=(8ve)+la-4¢l,
and hence
(@~e)-(4ve) g ja-4l.
Similerly we obtauin
(47e) —e-c)sla-4£1.
Consequently we hsve by the formula (1;
ltave) ~ (40| 5 la-£l.
Replacing a- , £ , ¢ respectively by -a, -4, —C , we
obtain from this relation

jtanc) ~Erc)lsio-41.
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§5. Convergence of 8 sequence of elements was defined
first by Kantorovitch (2) end by Steen (1) in such form that we
- os o0
have lim ov=a., if a = Q‘ { ptéy am} =bk’/'{’/.}y aml This
definition 1s equivalent to the definition in the text, which was
adopted first by Nakano (1). )

There are furthermore three essentially different notions of

convergence. Star convergence by hantoroviteh (2): A sequence
of elements a. €eR( v =1, 2,... ) is =8id to be star convergent

to an element a € R and denoted by
S_A]«"Hno- ar = a -
1f every subseyaence from @&, ( V=1, &,... ) contains g subse-

quence which is convergent to & Individual convergence by

Nakeno (15): a sequence of elements G.eR ( +=1, 2,... ) is siad_
to be individually convercent to an element a. € R and denoted by
, ind-lim a, =a,
if we have for every elements =z sand ¥eR
Mm (a, ~z)v Y =C(anx)V Y.

Star .ndividusl convergence by Nakano (l€): a sequence of elements

A, e€eR (v=1, 2,... ) 1s sald to be star individually conver-
gent to an element a € R uand denoted by
s-ind—}é,m“ a, =0a,

if@a,~n) v, (¥ =1, 2,... ) 13 star convergent to (A %)V §
for every elements X and Y% € R .

For example, the so-celled L,-space (p z { ), namely the to-
tality of measurable functions ¢ ¢¢) such that

J: let) IPdt < + o0

constitutes a semi-ordered linear space, 1f we define ¢ Z ¥ to
mean that we nave €(t) 2 ¥(¢) for 0 £ t <1 up to a point set of
measure zero. In the LP-space, s-}_i_'rr; ¢ = 1s equiva-
lent to

‘v~ o

1
Hr_ | inet) - ey Pde =0
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1nd-3._1’1=. q =@ is equivalent to
m o (t) =)

y-»o0
for 0% t <1 up to a point set of measure zero; and

n-ind-&_i_.::“ h =9
is equivalent to that the measures of point sets
{t:iqw—rwlzéE} W=, o0..)

are convergent to zero for every positive number &£

§6. The notion of uniform co nvergence was Introduced by
Kantorovitch (2). Theorem 6.4 18 due to Kantorovitch (2).
Theorem 6.4, estsblished by Nakano (1), is a generalization of

Cauchy's convergence theorem in classical analysis,

§7. Notlon of projection in seml-ordered linear spaces
was introduced in many different manners, by Riesz (1), Freudenthal
(1), Maeda (1), Nakano (1), Bochner snd Philips (1). Projectors
were defined by Nakenc (1) and discussed precisely. Projection

operators were most generally defined and discussed by Nakano (16).

T §s. ir K is universally continuous, then we can prove
llkewise as in classical snalysis that to every system of bounded
varlation @) € R (d< A € p ) there exist two increasing

systems ‘6’\ and C, € R (o s sE p ) such that

ay= 4~ Cx (ot g 2 gp )
§13. The existence of a resolution @, € R (=00 €2 <+ 0o9)

in Theorem 13.1 was proved first by Freudenthal (1) in the case Q 20

without use of projectors. The uniqueness of such a resolution
was proved by Nakeno (1). Proof cited in the text is due to
Nakano (1). A merit of this Proof 1s to enable us to get =

explicit form of spectral system as Theorem 13.2.
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§15. Representation of a Boolean algebra was discussed
-first by Stone (1) and simplified by Wallman (1). This method

was arplied to projectors to define the proper space.

§i8. Relative spectra were defined by Nakano (2) and dis-

cussed precisely. Chapter III is due to Nakano (2).

§28. Absolute spectra were defined by Nakano (14) and dis-
cussed precisely. By means of absolute spectra we can deduce the
first spectral theory in semi-ordered rings, established first by

Steen (1), as discussed in §23. Chapter IV is due to Nakano (14)

$30. It 1s wellknown that the notion of cut extension was
introduced by Dedekind to define the real numbers from the rational
numbers. This idea was peneralized first by MacNeille (1) to
seml-ordered sets, proving that every Boolesn algebra mey be extendec
by cuts to a Boolean alpebra apain. This method was applied by
Clifford (1) to semi-ordered abellan groups, and further by Nakano

(2) to archimedean semi-oruered linear spaces.

§31. Cut extension of semi-ordered rings was suggested

already by Nakano (2) and discussed precisely by Nakano (14).

$33. The notion of completeness was introduced first-by
Nakano (1), as terminology "vollkommen", and completions were esta-
blished as dilatator extension, c.f. j4¢&.

§36. kelations between ortho-normal manifolds in a C-srace

and thelr characteristic sets were obtained by Nakano ().

$38. Theorem 3.1 was proved by Nakano (5). Arile the
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case for the C-spac. on a compact Hausdusff space was stated inde-
pendently by M. and S. Krein (1) without proof. Theorem 38.2
was proved first by Stone (2) and after independently by Gelfand
and Silov (1) for the C-space on a compact Hausdorff space. An
elementary proof cited in the text 1s due to Nakano (14).

§39. Theorem 32.]1 was proved in different manners by
Nakano (4), (5), and (6). Theorem 3%.3 was directly proved
girst'by M. and S. hrein (1), and independently stated by Kaxu-

tani (1) without proof.

§40. Theorem 40.3 was stated first by Stone (3) without
proof, under stronger assumption, and then proved by Nakano (2),
and by Vernikoff, S. Krein, and Tovbin (1). Generallization of

it, namely Theorems 40.1 and 40.2 are due to Nakano (14).

§41. Theorems 41.1 and 41.4 are due to Nakano (3).

Theorems 41.2 and 41.5 are due to Nekano (8).

$44. Dilutators were defined by Nakano (1) and precisely

discussed by Nakano (1) and (8).

§as. If R has a complete element, then the dilatator
ring may be considered as a completion of R , as stated in Theo-
vem 45.7. Therefore we can deduce the first spectral theory in

R from that in the dilatator rings. Conversely it is evident
that the first spectral tueory in semi-ordered rings 1s obtsined as
that in semi-ordered linear spaces. Furthermore, we see easily
that we can introduce a product into R by dilatuator rings, which

was attempted first by Vulich (1) by a direct method.
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Note

$48. Characterlstic sets of linear functionals were de-
fined first by Nakeno (8) for continuous linear functionals and

then generulized by Nakano (16).

.

' £

§sl. we also can define relative spectra (.35 o )
conversely by Theorem 51.5, c.f. Nakano (8).
§52. Theorem 52.3, obtained by Nakano (8), is a genera-

lization of Radon-Nikodym's Theorem in abstract integral, c.f.

Suks (1).

§63. The notion of conjugate spaces was introduced by

Naxano (8) and discussed precisely.

§55. Theorem 55.4 was proved first by Nakeno (8), and
then proved without use of canonical spaces by Nakano (16).
Furthermore conujugate spaces were dlscussed preclisely by Nekano

(16).
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