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PREFACE.

This book is devoted to the intrinsic geometry ot configurations
postulated in abstract space. Generally, the space is supposed
to be of four dimensions: there are, however, three sections dealing
with configurations in multiple space of an unspecific number of
dimensions. The treatment is analytical. Throughout, there is a
preferential selection of processes which, actually used for space of
four dimensions, can be formally extended for use in any multiple
space.

The completely comprehensive amplitude, whether the number
of its dimensions be four or be any greater integer, is supposed
to be uncurved : that is to say, there is the assumption that, along
every direction through every point, a straight line can be drawn
which lies wholly within the amplitude however far the course of
the line be continued in either sense. An equivalent description is
provided by the characteristic property that all the geodesics of
the amplitude itself shall be straight lines.

Such a space is a purely mathematical conception, as strictly
ideal as are the self-consistent mathematical conceptions of the
planar space and the solid space assumed in the axioms of Euclid,
as strictly ideal also as are the equally self-consistent mathematical
conceptions of the elliptic and the hyperbolic triple spaces for which
the Euclidean axiom of parallels is waived. Mathematically, there
is no impassable bar against adventure into spaces of more than
the three dimensions of experience ; nor is there any requirement
that the spaces shall be absolutely uncurved or be specially curved.
The main difficulties consist, of the calculations needed to construct
the analytical expression of properties of the configurations, and of
geometrical interpretation to be given to novel analytical results.
A useful guide to the latter is constituted by the geodesics of the
respective configurations of the various types.

The restriction to quadruple space, here adopted, is imposed,
from a desire to consider, with reasonable fullness, the fundamental
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possibilities which present themselves in the earliest extension of
the number of dimensions beyond the three that are characteristic
of average experience.

Within that experience, there is a sufficiently clear perception
that (what in common parlance is called) ordinary space is a space
of three dimensions. hen specific description is desired, the
dimensions are often described as length, breadtl, height : also, to
use another set of indicative terms, as right-and-left, backwards-
and-forwards, up-and-down. Measurements in these three directions
(but not solely in this group of three directions) are independent of
one another, in the sense that no selected two of the three measures
can be combined to provide the remaining unselected measure.
Further, the three directions in unrestricted combinations suffice
for the expression of all analogous measurements.

Contemplative minds often attain intellectual satisfaction when
they discern correspondences, between their observations of a
external world which they call real, and the results of logical
theory which they call abstract in relation to such observations.
An occasional tendency to interchange the real and the abstract in
such correspondences, as though they are equivalent, can interfere
with strictness of argument, can even prove obnoxious to lucidity
of the statements in which reasoned thought is expressed. Ome
consequence is not rare: confusion is caused in the presentation
of a new theory, launched in the name of science. An obvious
illustration is provided by the notion of a fourth dimension. The
notion was propoundel by the mathematicians: the added dimension,
which they have incorporated in an abstract geometry, is coordinate
in quality and in possibilities with the three dimensions familiar
already in conceptions of triple space. The fourth dimension has
been appropriated by some physicists, for what is called a ‘natural’
geometry, without any requirement as to coordination in quality
and in possibilities with the three dimensions familiar to experience.
Then an external interest becomes aroused in a section of the
unmathematical and unphysical public which, moved by new
scientific generalities, can be titillated by a phrase or be attracted
by a catch-word: its attention can even be arrested by startling
headlines in a newspaper announcing an alleged ‘discovery’ of
a fifth dimension. Attempts, to understand the announcement and
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‘to obtain some comprehension of its significance, are unconditional
failures. The very notion of dimension, in a mathematical sense,
can hardly be formulated in the tabloid shape that is desired. Space
is a fundamental notion, in some sense probably common to all
minds. ldeas as to its nature, that may be acquired after the
earliest vague perception of extension, are founded on conceptions
suggested by observations of the external world. Gradually, the
specification of extension ceases to be unfamiliar, though only after
‘continued reflection : gradually, some nental grasp of the dimensions
of space is attained.

It has long been customary to describe the triple space of
human experience as an uncurved (or flat) space. Sometimes the
description is tacitly based on an assumption that the linear property
is obvious, though there is the usual difficulty of establishing that
property when once the obviousness is seriously challenged. Often
an argument is based upon a fact that all the observations, obtained
by instruments of measurement and subsequently combined by
calculation, accord with the assumption. Yet inferences from such
observations cannot be deemed accurate, beyond the degree of
accuracy of the ohservations themselves. There is a limit of
minuteness below which observations have not been effected; the
magnitudes, to which expression is given in theories of the atom
and of the electron, as yet dety attempts at direct measurement.
Equally beyond the present possibilities of direct measurement
are the generous distances assigned in speculations about the
magnitude of the universe, being untold millions of light-years.
Thus for the very small in theory as for the very large in nature,
the degree of accuracy attainable by measurements imposes a limit
upon the range of knowledge, which can be acclaimed as the result
ot observation and of experiment. Of course, for most scientific
purposes of the type styled practical, a hypothesis, that our triple
space i1s flat, will and does suffice: it is an adequate working
hypothesis. But its efliciency in limited practice does not constitute
a proof that the space of our experience is actually uncurved.

On the other hand, mathematical calculations made in the
various theories of relativity point towards a suggestion that, on
the grand scale, the space of our universe is not uncurved. Suck,
an inference demands consideration. It should, however, be remarked
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that an inference from far-reaching theories, lavishly propounded
at the present epoch, cannot be accepted as established fact, in
the absence of any observations which might constitute a qualified
establishment or might offer a simple verification of the in-
ference.

Nevertheless, the inference is a legitimate consequence of the
theories. Within the restricted range of its hypothetical validity,
it entails other consequences, similarly legitimate and similarly
restricted in validity. The very notion of curvature, for any
amplitude such as a curve or a surface or a region, mathematically
implies some uncurved configuration by reference to which the
curvature is defined and is estimated ; and that implied uncurved
configuration either constitutes, or exists in, some ideal space more
comprehensive than the curved amplitude. Thus the curvature at
any point of a curve, which exists in some Euclidean space of two
dimensions or in some Euclidean space of three dimensions, is
a mathematical measure of the current deviation of the curve from
straightness, the measure being framed by reference to successive
straight lines in the two-fold space or in the three-fold space which
contains the one-dimensional curve.- The curvature at any pomt
of a surface is estimated, initially, by the curvatures of its organic
geodesic curves: and all these curvatures are estimated by deviations
from straight lines in the Euclidean triple space containing the
two-dimensional surface. Later, for reasons which are explicitly
mathematical, it is found convenient to adopt a measure (often
called the Gauss measure) of curvature of the surface: it is the
product of the two principal (maximum and minimum) curvatures
of the geodesics through the point of the surface. Such a measure,
however, is an incomplete representation of the curvature of the
surface: taken alone, it would make the sole measure of a curved
developable surface equal to zero and therefore would make the
measure the same as for a plane. In actual fact, the Gauss measure
is only one of the two principal measures of curvature: another,
and different measure, being the sum (instead of the product) of
the two principal curvatures of geodesics, must be retained in order
to provide for all adequate estimate of the curvature of the surface.
But, for the immediate issue, the important conception is that,
m framing a mathematical estimate of the curvature of a curved
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configuration, we require an uncurved space, more extensive
dimensionally than the curved configuration in question.

Accordingly, if the objective triple space of the universe is
actually found to possess the quality of curvature, whenever and
in whatever way that quality may be revealed by measurement,
the mathematical conception of that curvature would exact the
existence of some further space of ultimate reference. That further
zpace would be more extensive in dimensional range than the three-

imensional objective space of the universe; and, in mathematical
conception, it would be characterised by complete linearity.

Thus there would arise a demand, certainly for one dimension,
possibly for more than a single dimension, additional to the three
dimensions, still possessed by the space of experience, if and after
curvature of ‘ordinary’ space shall have been established. In the
mathematical conception, the additional dimension or the additional
dimensions would be of the same intrinsic extensional character as
the three dimensions alrcady known for space. But, once more,
the contribution of another dimension, thus required through the
mathematical conception of the presumed curvature of the triple
space of observation, is no proof of a corresponding objective
existence of another dimension. At the utmost, there is a suggestion
of further dimension or dimensions: objective existence, if it is to
be accepted in credence, must be established, directly or indirectly,
by observation and (probably) through measurement.

It is not always thus, either in bygone discussions or in current
theories, that the existence of more than three dimensions has
been adumbrated. The mathematician, on the one hand, finds no
difficulty in postulating any additional number of dimensions for
his abstract space: on the other hand, he does not profess to be
dealing with topics other than the properties of abstract space.
But since the days of Lagrange, perhaps even from earlier days,
the objective existence of at least a fourth dimension has claimed
occasional notice from mathematical physicists. Sometimes it has
been as passing a fancy as was Lagrange's statement, which gives
msthetic symmetry to his analysis by a suggestion (never again
mentioned by him) that time can be regarded as a fourth dimension.
In recent days, 1t has assumed the status of an intellectual conviction,
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almost amounting to an article in a creed of relativity, that timé
is a fourth dimension, to be ranked (presumably as coordinate in
quality) with the three dimensions customary in common conceptions
of space.

A mighty stride is needed if we are to pass, from the direct
interpretation of mathematical formulae which purport to represent
relations in nature, forward to an esoteric doctrine that, because
certain lengths (as three constituent variables of one kind) and
time (as one constituent variable of a different kind) are convenient
for a mathematical explanation of the universe, these four constituent
variables must compose an irresoluble order of four coordinate
dimensions. The term ‘ dimension,’ as used to denote the conception
of range in space, seems a misnomer if used equally to denote the
conception of range in time.

There is, of course, the established practice of graphical con-
venience (and also of brevity in description) by which the word
‘dimension’ is substituted for the word fvariable’ But, in the
ordinary exercise of that practice, there is no underlying assumption
that the substituted word then dendtes an ordered extension,
coordinate with the magnitudes similarly represented in an arbitrary
illustrative diagram. Two types of instances may be adduced.

Maintained as a variable, time can be conventionally represented
along a line in a diagram, simultaneously with variables that denote
distances. But other variables, such as temperature, potential,
pressure, statistical aggregates, all of them as completely distinct
from space-variables as is time, can be (and are) conventionally re-
presented also along lines in diagrams. However convenient such
diagrammatic uses may be for mathematical investigation, they do
not constitute either time, or temperature, or potential, or pressure,
or any statistical aggregate, as a dimension isotelic with the ordered
dimensions of triple space.

Again, to cite the purely mathematical use of the diagrammatic
practice of substituting the term dimension for the term variable,
it is a commonplace that the aggregate of all spheres in Euclidean
triple space requires four independent variables for its mathematical
oxpression, these variables being the three coordinates of a centre
and the iength of a radius: such an aggregate is frequently described
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as four-cdimensional, even though the complete configuration occurs
in a three-dimensional comprehending space. Siumilarly, the mathe-
matical expression of the aggregate of straight lines in the same
Euclidean triple space demands four independent variables: their
configuration is frequently termed four-dimensional, in consequence
of the quadruple variation. In such descriptions, the word dimension
is a graphic substitute for the word variable: there is no shadow
of a contention that the four dimensions constitute a combination
bf the customary three dimensions of perceived space with on
added fourth spatial dimension. Whatever convenience may arise
in practice, and whatever advantage may be derived in their
utilisation for the attainment of results, the diagrams are an
imagined representation of entities under discussion and do not
establish the intrinsic ordering of the nature of those entities.
Certainly in abstract geometry, whatever be the number of
dimensions, no discrimination is made among them as regards
significance or capacity for representing suitable magnitudes. From
the beginning it is assumed, usually without passing hint and
without specific mention of the assumption, that the dimensions
are coordinate among themselves, not in the special mathematical
meaning of the term, but in its customary non-scientific sense.
Accurate calculations constitute additional knowledge within the
domain limited by the fundamental pustulates, explicit and implicit;
but a claim for accuracy can justifiably be conceded only within
that domain. In framing explanations of the physical universe,
new definitions may be imported which can utilise calculations
within the domain of abstract geometry; and calculations, thus
based on observed phenomena, may lead to new results of a verified
or a verifiable character. When this end is attained, the explanatory
theory can be regarded as a working hypothesis. But we may not
therefore conclude that certain conventions, incidentally assumed
for the purposes of the calculation, are raised to the rank of
established truths; the safe judgment is that, within the range
tested, the working hypothesis is trustworthy. The history of
human speculations shews that physical theories, necessarily limited
by the degree of accuracy of observations, and modified not in-
frequently by conceptions otherwise alien to their range, fluctuata
with the changing thought of successive generations; they can
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be revolutionised, they can be abandoned, in the light of new
discoveries.

The analytical method, which this treatise employs for the
discussion of the intrinsic geometry of the various types of con-
figuration in homaloidal quadruple space, is substantially an
amplification of the method devised by Gauss in his treatment
of curved surfaces in homaloidal triple space.

There is, however, one supplementary section, which is entirely
devoted to the invariants and covariants of configurations. For
the analysis necessary in the section, Lie's theory of continuous
groups has been applied, in preference to the methods of the
absolute ditferential calculus (the calculus of tensors). Of this
caleulus, developed by Ricci, Levi-Civita, and others, from earlier
investigations by Christoffel, a connected exposition has been given
in Levi-Civita’s book* which contains also several applications to
mechanics, optics, and general relativity. The extension, to n-fold
space, of the Gauss theory of surfaces was initiated by Riemannt ;
and it has provided a tertile field of research for a multitude of
investigators. A systematic accounf of this extended geometry
and of many of its developments has been given by Eisenhart}.
It seems practically certain that every method of dealing analytically
with the invariants of configurations entails elaborate analysis
that apparently is inevitable in some form. What seems to me
the relative advantage of the group-method accrues from one
characteristic property which is possessed by that method alone.
The process requires the integration of a complete Jacobian system
of simultaneous partial differential equations of the first order;
the requisite integration is achieved through a use of the known
algebraical theory of invariantive forms. Every integral of such
a system of partial equations is known to be expressible in terms
of a specific limited number of algebraically independent integrals.
and the adequate aggregate of such integrals is provided, so far as
concerns concomitants for quadruple space, by means of binariants

Lezioni di calcolo differenziale assoluto: an Enghsh translation was published (1927)
by Blackie and Son.

+ In his dissertation cited later (vol. 11, p. 134, footnote).
+ In hia book Riemannian Geometry (Princeton, 1926).
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and ternariants. The geomctrical interpretation of every member
of the aggregate, up to each stage, has been obtained; and thus
every other covariantive magnitude at that stage, whether actually
obtained or not, is expressible algebraically in terms of the
interpreted members of the aggregate, and therefore can have its
value expressed in terms of the fundamental invariants and co-
variants. In other words, the aggregate thus established is adequate
for the expression of all concomitants; and consequently the group-
method provides the means of constructing concomitants directly,
and also of selecting, at each stage, a minimum aggregate of
independent concomitants in terms of which (and in terms of
which alonue) all possible concomitants of the configurations can
be expressed.

The book is composed of five chief’ sections.

The first of these sections, mainly preparatory in scope, is
restricted to the uncurved contigurations which can occur in
quadruple space. they are termed o line, a plane, and a flat, being
of one, of two, and of three, dimensions respectively. One out-
standing feature of the treatment 1s a prevalent use of parametric
representation. in the case of planes by two parameters, and in
the case of flats by three parameters. this representation is of
persistent recurrence in the subsequent ditterential geometry of
curved configurations. The section occupies a larger portion of the
hook than would have been its allotted share, had there been any
accessible volume which presented the special kind of treatment
ot the topics considered.

The second section is devoted to the intrinsic geometry of skew
curves in the quadruple space. By the continued application of
the analysis in the first section, the whole framework of such
a curve, In relation to all the different kinds of its curvatures, is
constructed. A chapter is added. outlining the complete aggregate
of results, analytical and deseriptive, for curves in «-fold space.

The third section is occupied with surfaces existing freely in
(uadruple space: that is to say, the swfaces are 1epresented
analytically solely in that space, without reference to possible three-
dimensional regions which, existing themselves in the quadruple

¥ G b
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space, might contain the surfaces. Some attention is given to
curvature properties of general curves on such surfaces. It appears
that, except for one set of results belonging specially to any surface
in a space which is quadruple (that is, of precisely double the
dimensional range of the surface), the main descriptive and in-
trinsic properties of a surface depend upon the properties of the
superficial geodesics. Indeed, it may here be pointed out that, in
all thecurved configurations, the geodesic lines ave the fundamentally
important elements, alike for surtaces existing fireely in the quadruple
space, for curved regions in that space and tor surfaces lying within
such curved regions: they are as significant as are straight lines
in Euclidean geometry.

The fourth section has been assigned to regions, being curved
triple spaces within the homaloidal quadruple space: but (with
one later exception) only general regions are considered, and no
specific attention is paid to particular regions such as are given
by the simplest algebraical equations. As part of the discussion of
general regions, ample attention is given to swrfaces actually
existing within a region (but not unrestricfedly existing in quadiuple
space, as in the third section) and to curves also existing within
a region.

Properties of the curvature of triple regions within a homaloidal
quadruple space (and, as will be indicated immediately, of primary
amplitudes within 2-fold homaloidal space) call for a passing remark
The consideration of regional geodesics leads to an estimate of
linear curvature of the region in any direction at a point, being
the circular curvature of the regional geodesic through the direction,
and it appears that, at every point, the region is characterised
by three prineipal measures of lincar curvature, with three prineipal
divections for geodesies. Upon the circular curvatwre of regional
geodesics is based the estimate of superficial curvature of the region
in any orientation at the point; and it appears that theie are two
distinct measures of superticial curvature. One of these mensures
is the Riemann measure of curvature of the region: it is an
extension of the customary Gauss measure of cuivatwe for a
surface in triple Euclidean space. The other measure of superticial
curvature of a region seems to have heen ignored or to have
escaped notice: it is an additive measure of the linear curvatures,
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and it is the corresponding extension of the so-called ‘mean’
meusure of curvature for a surface in triple Euclidean space. Further,
each of these two measures of superficial curvature has its own
three, principal values, each of which can he expressed solely in
terms of the three principal measures of linear curvature of the
region; and the orientatious for these respective principal values
are located by the directions of the geodesics for the principal
measures of linear curvature. Finally, at every point, there is
a measure of volumetric curvature of the region, characteristic of
the region at the pomt without regard to orientation of any kiud.
That measure of volunetric curvature is the product of the three
principal measures of linear curvature. it bears the same relation
to a globe as is horne to a sphere by the Gauss measure for surfaces
in tiiple space.

The results, relating to the different cuivatures of a 1egion m
quadruple space, practically compel an addition to this fourth
section, in the form of an outline of the curvatuves of a primary
(v = 1)-told amplitude in homaloidal n-fold space. Again. it is
found that the linear curvature of the amplitudinal geodesic is
fundamental in the discussion. There are «—1 principal values
of that linear curvature ; and there are corresponding . — 1 principal
directions in the amphtude, at right angles to one another. Theie
are two measures of supeificial curvature at every point of the
amplitude—the Riemann measure. and the additive measure.
and each ol these measures has § (e —1) (v —2) priueipal values,
expressible solely in terms of the «— 1 principal measures of linear
curvature, and settled as to orientation by the pair-combinations
of directions of those principal measures. There ave three measures
of volumetiic curvatuire at every point of the amplitude: each of
these measures has its principal values, such principal values being
expressible in terms of the principal measures of linear cuvature,
and the regional orientations for the values are settled by the
triadic combmations of the duections of the principal measures
of linear curvature. There are grades of curvature, of’ successive
spatial dimensions, up to a final (and sole) measwme, which is of
dimensionality 2 —1 and 18 the product of the «—1 prmcipal
measures of linear curvature. For the determmation of the principal
values of every special grade of measure of curvature. and also

b2
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for the determination of the respective associated orientations of
these several principal values, the principal measures of the linear
curvature of geodesics and the corresponding directions of those
principal measures are completely sufficient.

To return to configurations within a region in homaloidal
quadruple space, it is to be noted that, when kinds and measures
of curvature of a surface in the region are considered, two kinds
of linear curvature have to be taken into account. One such kind
is due to the relative deviation between a geodesic of the surface
and a regional geodesic touching that superficial geodesic. The
other kind arises through the circular curvature of that regional
geodesic touching the surface. The two kinds, in appropriate
combinations, give the circular measure, the torsion, and the tilt,
of the geodesic on the surface. It is to be remarked that the same
kind of combination occurs, though the signiticance is somewhat
obscured, for any curve on a smface in homaloidal triple space;
because the Gauss theory takes account of the circular curvature of
the superficial geodesic touching the curve (it is the curvature
of the normal section of the suiface)s and it takes account also
of the deviation of the curve from that superficial geodesie, such
deviation being measured by the geodesic curvature of the curve.

Two chapters have been interpolated between the fourth and
the fifth sections. The first of them is concerned with illustrations
of the general properties of a region when a particular region—
in this instance, un ovoid as represented by the equation of the
second degree analogous to that of an ellipsoid—is selected. The
second of the two chapters is devoted to minimal problems. Through-
out the book, geodesics have an ample share of attention, even if
viewed as a minimal problem in a single independent variable :
accordingly, in this second chapter, minimal surfaces in free space
and in a region (being a problem in two independent variables),
and minimal regions(being a problem in threc independent variables),
are considered, though the problems are not fully resolved for the
regional configurations,

The fifth and concluding section deals with the theory of
invariantive concomitants of all possible types belonging to the
possible general configurations of the varions dimensions- curves,
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surfaces in free space and in a region, and regions. The values
of intrinsic magnitudes, though not the topographical relations, of
any configuration of any number of dimensions in the quadruple
space, must be unaffected by change of site and by change of
orientation of the configuration; and they must remain substantially
unaffected by every modification or alteration in the parametric
representation of the counfiguration. Accordingly, if it is possible
to construct an aggregate of forms, which are invariantive through
all changes of site, all changes of orientation, and all changes of
parametric representation, and which are sufficiently numerous in
each grade as to comprehend all invariantive forms up to that
grade, such a constructed aggregate will contain, actually in explicit
form or potentially by fitting expression, all invariants and therefore
the expression for all intrinsic magnitudes. what remains is the
geometrical interpretution of the expressions which are obtained.
Now Lie’s theory of continuous groups provides the criteria, which
are necessary and sufficient to secure that all these requirements
of invariance are met; that thcory, therefore, is employed. The
concurrent analysis, needed in applying the method, consists of
the construction and the subsequent integration of the necessary
simultaneous partial differential equations of the first order, these
constituting a complete Jacobian system. The algebraical identi-
fication of an adequate number of simultaneous integrals at each
stage is provided by the known results of the theory of the
concomitants of binary homogeneous forms and of ternary homo-
geneous forms; and, at each of the early stages, the constituents
of the respective adequate aggregates are obtained and their
geometrical interpretation is derived. The net result is an in-
dependent establishment, based solely upon the theory of invariantive
forms, of the essential and intrinsic geometrical magnitudes of the
respective configurations.

The corresponding investigation for n-fold homaloidal space,
pursued by the same method with the necessary purely formal
extensions, demandsthe utilisation of afull theory of the simultaneous
concomitants of homogeneous forms in 2, 3, ..., n—1, variables and
in the associated variables of the different classes corresponding
to the sub-spaces of different dimensions within the respective
amplitudes.
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When the included topics of the book are thus specified, it is
only proper to indicate omissions also—at least, those omissions
which definitely belong solely to the selected range of geometry.
There is no question of dealing with comparatively external subjects,
such as the use of multi-dimensional geometry in the theory of
rays in heterogeneous media and in the mechanics of theories
of relativity. There is no discussion ot various attempts to prove
the objective existence of a fourth dimension nor any considera-
tion of the arguments which seek to establish time as that fourth’
dimension. The whole development has been carefully restricted to
solely geometrical relations of configurations in a homaloidal space
of four dimensions, which are coordinate with one another and are
unrestrictedly interchangeable without regard to possible objective
significance. Even so, within this range, not a few important
subjects have been omitted, of which the following may bementioned :
the general foundations of multiple geometry; the modes of re-
presentation (such as conformal and geodesic) of one region in
another; the properties of families of orthogonal amplitudes; the
Levi-Civita theory of geodeslc p'uallels and the characteristic
features of a curved region which is dévelopable into a region of
more restricted curvature such as a flat.

Moreover this recital of omitted subjects does not profess to be
complete. One indeed, which seems suitable for investigation, is
almost urgent. The square of the arc-element of a surface is repre-
sented, analytically, by a homogeneous quadratic differential form
in two parameters. The Gauss theory of surfaces shews that, when
certain conditions are satisfied by the coeficients of that form and
by the coeflicients of an associated form, the arc belongs to a sur-
face in homaloidal triple space. But the inference cannot be drawn,
in the absence of the associated form or under a failure to satisfy all
the conditions: yet, as an isolated datum, the postulated expression
for the arc-element remains appareutly the same in character for
a surface in free quadruple space as for a surface within a curved
region in that space and for a surface in any multiple space. The
same problem is presented by the postulation of the square of the
arc-element in a triple region, as a homogeneous quadratic differen-
tial form in three parameters. What is required is a determination
of the tests for the smallest number of dimensions of that homa-
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loidal space, which shall contain a configuration characterised by
any postulated arc-element represented by means of a quadratic
differential form in two parameters or in three parameters re-
spectively.

The main subject of geometry, outside the section of two
dimensions and of three dimensions associated with the name of
Euclid as the representative of the old Greek geometers, is often
divided into the ranges of metageometry and hypergeometry.

Metageometry for the most part deals with the self-consistent
geometries of two dimensions and of three dimensions, which
emerge when the Euclidean axiom of parallels (or any one of its
modern equivalents) is set aside

Hvpergeometry deals with the geometry of flat spaces of tour
or more than four dimensions and of all types of configurations
in such spaces. Two main directions have maiked the growth of
knowledge in hypergeometry which, in eftect, began during the last
century. The algebraic analysis for «-fold space originated in some
of Cayley’s early papers® in 1844 and 1846. The differential
analysis for n-fold space really originated with Riemann's disserta-
tiont of 1854, though general vector analysis had made an earlier
appearance in Grassmann’s .lusdehnunyslehre of 1844. Some notion
of the extent of literature devoted to hypergeometry may he
derived fiom Sommerville’s bibliography f published in 1911 ; and
some indication of the amount, published since that date, is
provided by the selected papers quoted in Eisenhart’s Ricmannicn
(reometry. As regards the rudiments of the subject. mention may
be made of Schoute’s Jehrdimensionale Gevinetrey.

But I am not attempting even an outline of the history of
the subject. In the comparatively few instances, when previous
investigations have heen of direct assistance to e, due references
are given as a matter of course. Practically, however, while use

* Coll. Math. Papers, Vol 1, No. 11, No. 50

+ *“Ueber die Hypothesen welche der Geometrie zu Grunde hegen,” Gutt. Wiss. Abh.,
Bd. xiii (1866), pp 254-269, and reprinted in the editions of Riemann’s Gesammelte
Mathematische Werke. An English translation 18 due to Clifford, .Mathematical Papers,
pp 55-69.

1 Bibliography of non-Euclidean Gcometry, Unmiversity of St Andrews, 1911.

§ In two volumes, Sammlunc Schubert, Leipzig (1902, 1905)
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has been made of the results obtained in the theories of differential
equations, of groups, and of algebraic invariants, the whole book
has grown in continuous development of its own from first to last,
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