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PREFACE

TH1s book is mainly concerned with three aspects of elasticity theory
which have attracted considerable attention in recent years, and is not
intended to be an exhaustive treatise. Many important topics, such as
the torsion and flexure of beams, energy methods, and the theory of
elastic stability, are omitted because they have already béen extensively
discussed in other books. The three main topics considered here are
finite elastic deformations, complex variable methods for two-dimen-
sional problems for both isotropic and aeolotropic bodies, and shell
theory, the laiwna topics peing contined to classical innnitesimal elasti-
city. In addition, some mention is made of three-dimensional problems
for isotropic and hexagonally aeolotropic bodies. Throughout the book
emphasis is placed on the use of general tensor notations in which
general theories can be expressed in an elegant and compact form, and
which are of considerable help in the solution of special problems,
particularly for finite deformations. Vector notations are also used with
tensors whenever appropriate.

A number of books on tensor analysis are available, but since workers
in the field of elasticity are still often unfamiliar with these notations
we have included a summary of tensors in Chapter I. By restricting the
discussion to a three-dimensional Euclidean space it is possible to pre-
sent a comparatively simple account of the relevant theory. The main
properties of two-dimensional surfaces are then deduced by regarding
such surfaces as being embedded in three-dimensional Euclidean space.
Tensor analysis can then be extended to general Riemannian spaces
without difficulty, but this extension is not required here. The advan-
tages of the presentation of tensor analysis from a restricted point of
view seems to be sufficient to justify the sacrifice of some generality.

Chapter II contains an account of the general theory of elasticity for
finite deformations, using the notations of Chapter I. Special attention
is given to the formulation of stress-strain relations for an isotropic
body. Chapter III contains solutions of a number of special problems,
mostly for incompressible isotropic bodies, the majority being obtained
in a general form which is independent of the choice of strain-energy
function. A number of these solutions have been found to have prac-
tical application for rubber-like materials, but discussion of such applica-
tions is not included in the book.

In Chapter IV a theory of small deformations, which are superposed
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on finite deformations, is given, again making no assumptions about the
form of the strain-energy function. This theory is available for both
compressible and incompressible bodies and a number of special prob-
lems are solved. The advantages of tensor notations are again evident
in this chapter.

Chapter V contains the classical infinitesimal theory of elasticity
which is deduced as a special case of the general theory developed in
Chapter II. Once again, tensor notations are used, so that specialization
to particular coordinate systems is then a straightforward matter. In
this chapter stress-strain relations are deduced for aeolotropic as well as
isotropic bodies. The chapter closes with the solution of some three-
dimensional problems for both isotropic and hexagonally aeolotropic
bodies.

Chapters VI and VII deal with plane strain and plate theories for both
isotropy and aeolotropy and are first developed in tensor notation. 'By
. specialization of this general form of the two-dimensional theories it is
possible to introduce complex variable notations in a consistent and
natural manner, so that complex combinations of stresses appear by
using tensor transformations from rectangular-cartesian to complex co-
ordinates. Two-dimensional problems are discussed in Chapter VIII for
isotropic bodies, and in Chapter IX for aeolotropic bodies for plane
strain, and for plates deformed by forces in their planes, using some
powerful and elegant tools of complex function theory. Problems of
transverse flexure of plane plates are not discussed in detail since many
of these problems are analytically similar to those occurring in plane
strain. In Chapter VII, however, an extension of the classical theory of
flexure of isotropic plates, due to Reissner, is considered, and a special
problem is solved in Chapter VIII, using this theory.

Some of the general methods of solution of two-dimensional problems
given in Chapter VIII are due to Muskhelishvili and other Russian
writers, and this chapter (and § 1.14 to § 1.21) owes much to a book by
Muskhelishvili, Sengular Integral Equations (Moscow, 1946), which was
translated by J. R. M. Radok and W. G. Woolnough (Australia, 1949).
At the time of writing, this book, translated by J. R. M. Radok, has
received wider publication by P. Noordhoff (Groningen, Holland, 1953).
In addition, another important book by Muskhelishvili, Some Basic
Problems of the Mathematical Theory of Elasticity, translated by J. R. M.
Radok, has just been published by P. Noordhoff. Reference is made to
the Russian version of this book in footnotes to Chapter VI but the
book has not been available to the present writers.
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In footnotes on page 185 of Chapter VI references are given to pioneer
work by Lechnitzky in two-dimensional problems for aeolotropic bodies,
and references to work by other Russian writers are contained in the
paper by Sokolnikoff which is quoted on page 185. The work on aeolo-
tropic materials by Russian writers has not been available to the present
authors so that it has not been possible to refer to it adequately in this
book. For this reason reference is often made to papers which have
appeared in British journals but it is recognized that Russian authors
may frequently claim priority.

The last chapters of the book X-XIV, are devoted to the theory of
shells ; here emphasis is placed on the formulation of a gener~1 theory
and only a few special problems are discussed. Once more the value of
tensor notations is evident. The theory of shells given in Chapter X
differs in some respects from existing theories. Attention is restricted to
a first approximation, which, it is believed, is satisfactory for many
problems which arise in practice.

It is a pleasure to thank Professor I. N. Sneddon for help in proof-
reading, Miss M. J. Haining for typing all the manuscript, and the Press
for their care and attention in getting the book into print.

Thanks are due to the Royal Society for permission to reproduce
Figures 9.1-9.4 from their Proceedings.

A E. G.

W. Z.
January 1954
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I
MATHEMATICAL PRELIMINARIES

THIS chapter contains a summary of some important definitions, rela-
tions and formulae of vector and tensor calculus, functions of a complex
variable, and Fourier integrals, which are essential for our treatment
of the theory of elasticity. We have not included proofs of all theorems
and formulae but it is hoped that sufficient details are given so that the
reader may understand the remaining chapters without being forced
to make constant reference to other mathematical books.t

1.1. Indicial notation. Summation convention. Kronecker delta

Consider symbols which are characterized -by one or several indices
which may be either subscripts or superscripts,} such as 4;, B}, 4;,
B, ete. Sometimes it is necessary to decide the order of the indices
when subscripts and superscripts occur together and then, for example,
we write A%; where the dot before j shows that j is the second index

and 7 the first.
Unless otherwise stated Latin indices represent the numbers 1, 2, 3.

Thus, A% represents any one of the three elements A, 4%, A3%and 4,
represents any one of the nine elements Ay, A5, A3, Aoy, Agg, Az, Agy,
A32’ A33' . '

Systems of elements which, like 4?, depend on one index only, are
called systems of the first order, and the separate terms A, 42, 43 are
called the components of the system. Systems of the first order have

one or other of the two forms
At B,.

t More detailed treatments of vector and tensor calculus are given, e.g., by A. Duschek
and A. Hochrainer, Grundziige der Tensorrechnung in Analytischer Darstellung, vol. i
(1948), vol. ii (1950), Vienna; L. A. Eisenhart, An Introduction to Differential Geomeiry
(Princeton, 1947); A. J. McConnel, Applications of the Absolute Differential Calculus
(London and Glasgow, 1947); F. D. Murnaghan, Introduction to Applied Mathematics
(New York, 1948); J. L. Synge and A. Schild, Tensor Calculus (Toronto, 1949); I. S.
Sokolnikoff, Tensor Analysis (New York, 1951); C. E. Weatherburn, An Introduction to
Riemannian Geometry and the Tensor Calculus (Cambridge, 1938). The method of
presentation of tensor calculus given in this chapter differs, however, in some respects
from that of other writers. §§ 1.14 to 1.21 on complex variable theory were written
with the help of a book by N. I. Muskhelishvili, Singular Integral Equations (Moscow,
1946), translated by J. R. M. Radok and W. G. Woolnough (Australia, 1949).

Reference may be made to E. C. Titchmarsh, Theory of Fourier Integrals (Oxford, 1937),
for the results of § 1.22.

t It is understood that indices as superseripts are not taken as powers.

5237 B



2 MATHEMATICAL PRELIMINARIES Chap. I

Systems of the second order depend on two indices and can be of the
three types Ay, Aijor Aji, A,

and there are nine components in each system. Similarly, we have
systems of the third and higher orders.

A single element ¢, which has no indices, is called a system of order
Zero.

Expressions which consist of a sum are formed by the following
summation convention, unless stated otherwise. Any term in which the
same index (subscript or superscript) appears twice stands for the sum
of all such terms obtained by giving this index its complete range of
values. The following examples illustrate this convention:

3
AiB; = S AiB, — A'B,{ A*B,+A°B, |
=1

3 ’ (11.1)
Alg= 3 Aty = AN+ A% A%
3 3
Aﬁxixj =22 Aiixixj = Ay 2l + At + Ay 2l
i=15=1
] + Ay 22l A gy %24 Ay 223+ (1.1.2)

+ A gy 2321+ A g 2322+ A gy 2323

Since the repeated index is summed it follows that we may substitute
for the particular letter used any other letter without altering the value
of the expansion. Thus

AB; = A’B;.

No summation is carried out if the same index is repeated more than
twice as, for example, in A%B,;. On the other hand, when more than
one summation is necessary, different summation indices are taken, as
in example (1.1.2).

It may be mentioned that it does not, of course, follow from an
equation of the type AiB, — AiC,

that B; = C;, since both sides of the equation represent the sums of
three different terms. 7

A special meaning is given to the symbols 8} which are called Kro-
necker deltas. The Kronecker deltas have the following values:

$=0 (+j) }

. _ (1.1.3)
% =1 (i =j, jnot summed)
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We therefore have
 Sl=l=8l=8 =8 =8 =0,
=208 =28 =
The Kronecker delta is sometimes called the substitution operator
since, for example,

8‘;;(1]. = di, Ska” e akJ'. (1.1.4)

1.2. Transformations of coordinates

We denote by 6° three independent variables whose differentials are
dfi. We also introduce the convention that partial derivatives of a
function with respect to the independent variables are denoted by a
comma. For example,

o4
P 3_02’
04,

Ajii = g0

ame, = P4
ST

Let us now suppose that the variables §¢ are transformed into a set
of new variables ¢ by any arbitrary single-valued functions of the form

g = 9i(01, 62, 63). (1.2.1)

We assume that the arbitrary functions possess derivatives up to any
order required and also that the transformation (1.2.1) is reversible.
We therefore have the inverse transformation

6f = 6¢(6, 62, 63), (1.2.2)
and we assume that the functions 6% are also single-valued.

The transformation of differentials df? and df¢ follows immediately
from (1.2.1) and (1.2.2), so that

d@::@dw} 1.23)
dfi = cjdbi |’ o
4 of 06!
where ‘ & =g ¢ = o ‘ (1.2.4)

The functions in (1.2.4) are related by the equations

bk = cjcf =8, (1.2.5)
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from which the values of ¢! can be calculated when ¢} are known, and
vice versa, prov1ded that the functional determinant

¢ = |éi| # 0.
This last condition holds because our transformations are assumed to
be reversible.
From (1.2.3) we see that the transformation of the differentials is
a linear one, while the transformation of the variables #¢ in (1.2.1) is,
of course, not linear in general.

1.3. Invariants. Tensors
Consider a system 7' of functions (of any order) whose components
are defined in the general set of variables §° and are functions of 61, 62, 63,
If the variables 6° can be changed to §* by equations (1.2.1) we can
define new components of 7' in the general variables 6 which are func-
tions of 81, #2, 63, and if the components of 7' in the two sets of variables
are related by certain rules, which we now examine, the system of
functions 7' is called a tensor.
I. A system of order zero may be defined to have a single component
é in the variables 6/, and a single component ¢ in the variables 6. If
(01, 02, 83) = (61, 62, 63), (1.3.1)
that is, numerically equal at corresponding values of @, 6%, then the
functions ¢ and ¢ of the 6”’s and 6”s respectively are the components
in their respective variables of a tensor of order zero. This system is
also called a scalar invariant or scalar. For brevity we shall say that
é (or §) is a scalar.
II. A system of order one may be defined to have three components
At in the variables 6/ and three components A¢ in the variables . If
Al = ¢t dd, ' (1.3.2)
then the functions A4(61, 62, 63) and A%(f1, 62, 6°) are the components in
their respective variables of a contravariant tensor of order one. For
brevity we shall say that A? (or A?) is a contravariant tensor of order
one.

III. A system of order one may be defined to have three components
A, in the variables ¢ and three components 4, in the variables 6. If

A_‘i - C{A‘,’-, (1.3.3)
then the functions A,(6%, 62, 63) and A,(#, 62 63) are the components in
their respective variables of a covariant tensor of order one. For brevity
we shall say that 4, (or 4,) is a covariant tensor of order one.
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IV. A system of order two may be defined to have nine components
A in the variables 6° and nine components A% in the variables §?. If
Al = ¢, ¢l Amn, (1.3.4)
then the functions Ai(6!,62, 63) and A% (6,62, 6%) are the components
in their respective variables of a contravariant tensor of order two. For
brevity we shall say that 4% (or A4%) is a contravariant tensor of order
two.
V. A system of order two may be defined to have nine components
4;; in the variables 6 and nine components A,; in the variables 8. If

Ay = Pt s (1.3.5)

then the functions A4,,(6",62, 63 and A4;(6", 82 63) are the components
in their respective varlables of a covariant tensor of order two. For
brevity we call 4;; (or Zij) a covariant tensor of order two.

VI. A system of order two may be defined to have nine components
A#; (or A;%) in the variables 6% and nine components 4%; (or 4;¢) in the
variables 8¢, If i, = g ordm,

A i gt oen A m}

m )

(1.3.6)

then the functions A% ;(6%, 62, 6%) {or A4;7(6,62,6%)} and A¢;(8",62,63) {or

A;%(6,62,6%)}) are the components in their respective varlables of a
mmed tensor of order two. For brevity we call A%; (or A4%;), and 4;¢
(or A4;%), mixed tensors of order two.

The order of the tensor is derloted by the number of indices and the
type of tensor (contravariant, covariant, or mixed) by the position of
the indices, so that we frequently refer to tensors (e.g. 4% A4;;, 4;°),
and omit explicit reference to the order or type.

In a similar way tensors of higher orders may be formed. Forexample,
mixed components A% ;;(6', 62, 63) and A% (8%, 62, 6%), in their respective
variables, of a tensor of order three, are related by the law

Aty = clejc, ATy, (1.3.7)
Again, we often omit the word component and refer to a mixed tensor
Aty (or A% ;) of order three, or simply, a tensor A%y, and similarly for
tensors of any order or type.

From (1.2.3) we see that the differentials d6* transform according to
the law for contravariant tensors so that the position of the upper index
is justified. The variables 6 themselves are in general neither contra-

variant nor covariant and the position of their index must be recognized
as an exception. In future the index in non-tensors will be placed either
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above or below according to convenience. For example, we shall use
either ¢ or 0,.

‘We notice that each component of a tensor in the new variables is
a linear combination of the components in the old variables. Conse-
quently, if all components of a tensor are zero in one system of variables
they are also zero in all other systems of variables which can be obtained
by transformations of the type (1.2.1) and (1.2.2).

It also follows immediately from the definitions (1.8.1) to (1.3.7) and
the relations (1.2.4) and (1.2.5) that all functions of the form

AiB,  AVB,

15
ete., are invariants, if, for example, using an obvious notation, we
define A°B,— A‘B,  A9B; = A9B,.

We observe that components of tensors satisfy the group property
under general transformations of variables. In other words, if the
transformation relations exist when the variables are changed from 0;
to 8, and when they are changed from 6, to 6;, then they also exist
when the variables are changed from 6; to 8,. This property follows
easily from the forms of the transformations.

We may notice at this point the arbitrary character of tensors. We
may take as the components of a tensor in a given set of variables any
set of functions of the requisite number. We then define components
in any general system of variables by the equations expressing the law
of transformation for that particular tensor. Because of the group
property we then know that the components of our tensor expressed
in a general system of variables will always transform according to our
tensor rules.

1.4. Addition, multiplication, and contraction of tensors

The operations of addition and subtraction of tensors apply only to
tensors of the same order and type and lead to tensors of the same
order and type. For example, if 4% and B’ are contravariant tensors
of order one then C? defined by the equation

Ci = A4 Bt
is also a contravariant tensor of order one. Or again, the difference
of A%, and Bty leads to a mixed tensor C%;; of the third order where
O%jk = A"Ejk'—qujk-
The equations AV = B

are said to form a tensor equation, that is, if they are true in one system

[y
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of variables they are true in all other systems. This follows at once
from the definition of a tensor since components in one set of variables
define one unique tensor.

The multiplication of tensors leads to tensors of higher orders. For
example, if we multiply 4; and By, we get the tensor

Cijr, = A; By,
of order three.

Another operation applied to tensors is the operation of contraction.
Let us consider the mixed-tensor A%, of order three. If we make the
indices £ and 7 the same so that the tensor becomes A%, and if we
remember that the repeated index is to be summed, we see that the
new system has its order reduced by two. It can be shown from (1.3.2)
to (1.3.7) that the new system forms a contravariant tensor of order one.

We see that any combination of the operations of addition, subtrac-
tion, multiplication, and contraction on tensors produces new tensors,
and these operations are called tensor operations. We often recognize
the tensorial character of a system of functions by observing that they
are formed by a combination of these operations on known tensors.

Finally, we mention another important rule concerning tensors. If,
for example, we have a system of nine functions 4; such that

Aypat = By
for every contravariant tensor a’, where B; is known to be a covariant
tensor, then R
’ A(ij) = AIJ

is a tensor. This result can be generalized to apply to tensors of any
order and type.

1.5. Symmetric and skew-symmetric tensors
If we are given the tensors A%, 4;; it may happen that each com-
ponent is unaltered in value when the indices are interchanged, so that

Aii = A%, Ay = Ay (1.5.1)

The tensors are then said to be symmetric. More generally, a tensor
of any order is said to be symmetric in two subscripts or superscripts
if it is unaltered when the two indices are interchanged, and the tensor
is completely symmetric if the interchange of any subscripts or super-
scripts leaves it unaltered. The tensor 4 of the third order which
is completely symmetric will, for example, satisfy the relations

Aijp = Agg = Ajip = Ajpy = Apyy = Agys. (1.5.2)
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On the other hand, a tensor is skew-symmetric if the interchange of
two indices alters only the sign of the components so that, for example,

Al = — 47 A;=—A4, (1.5.3)
In this case we deduce immediately that
At = 0, 4;; =0 (i =j,jnot summed). (1.5.4)

Similarly, a tensor of any order may be skew-symmetric with respect
to two indices, or may be completely skew-symmetric in all indices.

It can be shown that if a tensor is completely symmetric or skew-
symmetric in one system of variables it is so in every system.

Every second order contravariant or covariant tensor may be
expressed as the sum of a symmetric and a skew-symmetric tensor.
For example, the tensor 4;; may be written

Ay = $A+4;)+3A4,;—4;5), (1.5.5)
where the tensor §(4;;+4;;) is symmetric and the tensor §(A4;,—A4;;)
is skew-symmetric.

1.6. Curvilinear coordinates

The coordinates a2 or z; referred to a right-handed orthogonal carte-
sian system of axes defines a three-dimensional Euclidean space (see
Fig. 1.4). We introduce general coordinates 6; by the transformation

015 = 0i(x1,x2,x3), (1.6.1)

where 0, are arbitrary single-valued functions of the cartesian coordi-
nates z; which we suppose possess derivatives up to any required order
and which are independent of each other. We assume that the trans-
formation is reversible so that we can solve for z;, giving

xi == .’L‘i(ol, 02, 03), (1.6.2)
where the functions in (1.6.2) are single-valued. Since the transforma-
tion is reversible the determinant of the transformation
ot
007

is not zero.}

With the above assumptions we see that to each set of values of z;
corresponds a unique set of values of 0;, and vice versa. Hence the
variables 8; determine points in the defined three-dimensional Euclidean
space. We may therefore represent our space by the variables 6,

t For some transformations, however, exceptions to this may be allowed at certain
points.
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instead of by the cartesian system z;, but the space remains, of course,
Euclidean.

We now consider the geometrical significance of the coordinates 6.
The relation 0,(x,,x,, #3) = constant is the equation of a surface and
as the value of the constant varies we get a family of surfaces. In other
words, corresponding to ¢ = 1, 2, 3 we have three families of surfaces
and the point of intersection of one member from each of these families
determines a point P of the space. The conditions imposed on the
functions 6; ensure that the three surfaces obtained by taking a member
of each family intersect in one and only one point, thus defining the
position of the point uniquely.

We call the surfaces 6, = constant coordinate surfaces and refer to
them briefly as the §;-surfaces. The intersections of these surfaces also
give us three curves through every point P, two of them lying on each
coordinate surface. These curves are called coordinate curves, and 0, are
called curvilinear coordinates (Fig. 1.5).

1.7. Special tensors

We recall from § 1.3 that general tensors may be obtained by defining
their components in a given set of coordinates and then transforming
to a general system of coordinates. Here we define components in a
cartesian system z; and transform to the general curvilinear coordinates
0, by equations of the types (1.3.2) to (1.3.7), using the transformations
(1.6.1) and (1.6.2). ,

Consider first the differentials dx; (or da?) which form the components
of either a covariant or contravariant tensor of order one. In general
coordinates these become

a5 = O g g = O e (L7.1)
ox? o6
oxt o007
P , S . 1.7.2
db; T dz;, dz, P do;, ( )

so that d6’ and df; are contravariant and covariant tensors respectively.
From (1.7.1) we see that we can identify d6’ with the usual differential
of the variables 6; so that the use of the upper index for the differentials
is justified.} _

We next introduce tensors of the second order which are derived
from the Kronecker deltas.} In cartesian coordinates Kronecker deltas

1 See also § 1.3. '
t The Kronecker deltas 8 have already been defined in (1.1.3).
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are defined by the equations
8; =080 =0=08 =1 (i =4 jnot summed)

}. (1.7.3)

We take these Kronecker deltas to define, in cartesian coordinates z;,
the components of covariant, contravariant, and mixed tensors of the
second order. Then, using our tensor transformation rules, we obtain
at once the components of these tensors in general coordinates 6;,. Thus

ox™ ox™ dx™ dxm
Jij = —aﬁ 56—]— mn = ’% ‘597, (17.4)
i 00O G 0006 (1.7.5)
ox™ oxm ox™ oxm
i n i a.m
gt o0t oxm 90" Ox _ st (17.6)

T owm ol M T wm 067

The tensors whose components are defined in (1.7.4) to (1.7.6) are called
the covariant, contravariant, and mixed meiric tensors, the significance
of which will be seen in § 1.9. We note that the mixed tensor g} is
identical with 8} and is therefore constant in all coordinate systems.
It also follows from (1.7.4) to (1.7.6) that the three metric tensors are
symmetrical and that gin g™ — 8. (1.7.7)

Also the determinants of the coefficients g,; and g% are both positive
and equal to

ol ot |2
9= 1941 = | 25;
39, (1.7.8)
1— | 1'J'| — ﬁqj :
g T = o
Equation (1.7.7) may be solved to give
. Di
gii = 22, (1.7.9)
g

wheret D is the cofactor of g,; in the determinant g.

Finally in this section we consider special skew-symmetric tensors
called the e-systems, whose components in general coordinates are
denoted by ¢;;, and €7%. In cartesian coordinates x; we denote these

t Dt is not a tensor in our sense but is sometimes known as a relative or weighted
tensor.
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components by e;;, and e¥* respectively, and these are defined by the
equations
ey = €9 =0 when any two of the indices are equal;
= 41 when 4, j, k£ is an even permutation of the numbers
1, 2, 3;
= —1 when ¢, j, k is an odd permutation of the numbers
1, 2, 3.
For example
e = gy, = €18 = ¢35 = €22 = ey, = 0,

123 — 0231 o312 _
e = €153 = €W = €9q) = €12 = €3, = 1,

€13 = €515 = €19 = g3y = €3 = 3y = —1.
In general coordinates, therefore,
ox® ox? ok
€pgp = -6—0; é—ofg —é——aﬁeijk, (1.7.10)
o0 o0 ot .
= (1.7.11)
or, alternatively, 207 26° 26! ‘
Cijk = 73 o ok T (1.7.12)
y i dad Oxck
it — 0 By o (1.7.13)

= 20r 96° 26’ ©
The right-hand sides of (1.7.10) and (1.7.11) are, however, well knownt
and can be expressed in terms of the determinants

e’ o
06’ ox’
respectively. Hence, using (1.7.8), we find that

and

€rgt = erat\/g
erst . - ( 1.7.1 4)

Vg
Also, remembering that e, and €™ are identical, it is a simple matter
to prove that

erst —_

et = grigiiglhe, .., ot = Gri Goj i €75, (1.7.15)
If |A¥| is the determinant with elements A% then
J J
e”"AEA;A% = IA}]e"’,
eijx AL A3 AY = | Aflery.
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We close this section by adding some useful formulae

e, 90i 9 = 6} (1.7.16)
€pst €55k grigtigk = 6 ’

TGy gu = 2gn} (1.7.17)
€t €51 9597 = 29,

which may be verified by observing that they are tensor equations
which are clearly satisfied in cartesian coordinates. We denote the
product of ¢ and e;;, by
87t = erdle . (1.7.18)
In particular we find from (1.7.15) that
8:;':5 = €mlei.s;l = Jim9snItn emnz?ersl = 2gim gmr = 282: (1-7~19)
on using (1.7,17) and (1.7.7).

1.8. Vectors

In this section we restrict our attention to right-handed orthogonal
cartesian coordinate axes and we consider transformations from one
such system of axes Oz; to another O&; which (apart from additional
constants) can be written

- ozt ox’ _
xt - -8?.’17], xi == é—ﬁl‘,. (1.8.1)
i o
For such transformations ?2 = 8—x., (1.8.2)
ox!  oxt

since each of these expressions represents the cosine of the angle between
Oxz; and 0.1':,-. It follows from (1.3.2) and (1.3.3) that the transformations
defining covariant and contravariant tensors of order one are identical
in rectangular cartesian coordinate systems, and there is no longer any
distinction between covariant and contravariant tensors of order one.
The position of the indices is therefore immaterial and we may write
At = A,

In the same way covariant, contravariant, and mixed tensors of any
order are no longer distinct. Since

OFt ox* ;

Pl 8} (1.8.3)
it follows from (1.8.2) that
ot
| = +1 (1.8.4)
and the sign can be shown to be 4 by considering the identical trans-
formation Z; = x;.
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We now define a three-dimensional vector or space vector to be a system
of functions 4; (or 4%) of order one, one system corresponding to each
rectangular cartesian frame of reference, and the components for any
two rectangular reference frames Ox;, O%;, beitg related by the
equation P

== 4 (1.8.5)
This vector may be represented by a single symbol A where
A = (A1’A2)A3) = (Ai)y

and A, are the components of A with reference to the rectangular
cartesian frame Ox;. The three components (4,, 4,, 4;) for any given
reference frame Ox; may be arbitrarily assigned and then the vector
is determined, the components for any other reference frame OF; being
given by (1.8.5).

The zero vector 0 = (0, 0, 0), obtained by putting 4; = 0, is the same
in all reference frames.

If P, P, are two points whose coordinates referred to the frame Ox;
are z{ and x{® respectively, and A; = x{»—a{1), then 4, are the

—_—
projections of the line segment P, P, on the axes of the reference frame.

Because of the transformation (1.8.5), 4; are the projections of the
same line segment on the axes of any other rectangular reference

frame OZ;. There are many line Segments EI—’: which have the same
projections on the axes Oxz; and the collection of all these equally long
and equally directed line segments gives a geometrical representation
of the vector A, and we write

—_—
A=DPPh, (1.8.6)

A particular representation of the vector occurs when P, coincides with
the origin O and P, coincides with the point P (4; = ;). In this case
the vector of which the line segment OP is a representation, is called
the position vector of the point P (with respect to the origin O of the
Ozx; reference frame). Thus

—_— —>
A = (4,,4,,4;) = PP, = OP. (1.8.7)

The magnitude of the vector A is defined to be
A =|A|=(4,4,) = BB, = OP, (1.8.8)

and is the common length of any line segment which is a representation
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of the vector. We observe that the magnitude is independent of the
reference frame since
T 7 _ Ox™ox"
AA,=""" 4,4

i = gz Zgn
=8A,4,
=A4,4,.

A vector of unit length is called a unit vector.

Let A = (4,), B = (B,) be any space vectors (referred to the frame
Oz;). Then

n -

I. A=8B
if Ai —_ B,,:.
II. The vector sum of A and B is the vector
A+B = (4,1 B,). (1.8.9)

A B
Fr1a. 1.1. Vector addition.

—
If the line segment OP, is a representation of A and the line segment

P, F, is a representation of B then the line segment 0_>P2 is a representa-
tion of A+B (see Fig. 1.1).
If A= (4,), B= (B)),..., N = (I,) are n vectors their sum is

A+B+..+N = (4,4 B,+...+N,). (1.8.10)

To obtain a representative line segment of the sum of any number of
vectors we lay representative segments of individual vectors end to
end; the line segment from the initial point of the first segment to the
terminal point of the last segment is a representation of the sum of the
vectors. Addition of vectors is commutative and associative.

III. The product of a vector A = (4,) by a scalar k is the vector

kA = (kA,). (1.8.11)

This is representéd by any line segment parallel to the line segment
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representations of A and of length |k||A|, the direction being the same
or opposite to that of A according as k is positive or negative.

IV. The scalar product of A and B is denoted by A.B and is defined
as A.B = A;B, (1.8.12)
Since (Ai+Bi)2 = AiAi+ Bi ‘Bl+ 2A’f Bi

is indei)endent of the coordinate axes it follows that the definition of
scalar product is independent of the choice of axes. On choosing a
reference frame whose positive z;-axis has the direction of A we find

that A.B = ABcosd, (1.8.13)
where 0 is the angle between A and B. In particular
A A=4;4;,=|A2= 42 (1.8.14)
V. The vector product of A and B, denoted by A x B, is the vector
AXB = (Ay B3—A3 By, Ay B,—A, By, Ay By— A, By)
= (exA; By). (1.8.15)

This can be shown to be a vector with the help of the transformations
(1.8.1), and equation (1.8.4), since

A, B

r 8

ox?
o’
v oxtoad ok o o
T kg oz ot T e

erstAr Bs = €y

oxk
= 23 (eijkAi Bj)-
A - >
L
Fic. 1.2.

Suppose the vectors A, B are represented by the line segments 5>Pl,

O—P?2 (Fig. 1.2) and let 6 be the angle between 07‘)’1, 0}: where 0 < 0 < 7.
If we choose the reference frame so that Oz; has the direction of A
while Ox, lies in the plane determined by OP,, OP,, its direction being
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such that the x,-component of B is positive, we then have
A= (A, 0,0), B = (Bcos#, Bsin$,0).

—> —>
If 6 = 0 or = the line segments OF,, OP, do not determine a plane and
the x,-axis may have any direction perpendicular to A. Hence

AXB = (0,0,ABsinb). ’
Thud the vector A X B is of magnitude 4 Bsin# and is represented by

the area of the parallelogram with adjacent sides 07’1, 0732. If it is
not the zero vector it is directed along the positive z,-axis. We may
therefore write
AXB =n A4ABsinf (0 <0 <), (1.8.16)

where n is a unit vector perpendicular to the plane of A and B. Also
A, B, n form a right-handed system.

VI. Let A = (4,), B = (B,), and C = (C;) be three vectors. The
scalar triple product of these vectors, which is written as [ABC] is
defined to be

A.(BXC) = Al A2 _A3 = eijkAi .B‘7 Ok, (1.8.17)
B, B, B,
01 CVZ 03

and we observe that this may also be written (AXB).C. Also
[ABC]= —-[ACB]=[BCA]= —[CBA]
=[CAB]=—[BAC]. (1.8.18)

/]

0 B B,
F1c. 1.3. Scalar triple product.

BxC

Since the magnitude of B X C is represented by the area of the
parallelogram of which 0}2, O—IZ are adjacent sides (Fig. 1.3), [A B C]

—> = >
is the volume of the box of which (OP,, OF,, OF,) are adjacent sides.
This volume is positive when the angle between A and B x C is acute,
and negative when this angle is obtuse.
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VII. A set of three vectors A, B, C are linearly independent if, and

Only if, [A B C] #: O,
that is, the only linear combination of A, B, C of the form
AMA+AB4AC

which is the zero vector, is when all the constants A; are zero.

Every set of four (or more) space vectors are linearly dependent.
That is, a linear combination

A A+, B, C+A,D

of the space vectors exists which is the zero vector, where not all the
A’s are zero. Thus if A, B, C are linearly independent,

D =)MA+AB+A;C, (1.8.19)
[DBC] N _[DCA] \ __[DAB]
[ABC]” ® [ABC] " [AB(]

VIII. Every linearly independent set of space vectors forms a basis
for space vectors. The simplest basis is formed by the three unit vectors

where A= . (1.8.20)

il =1, = (1,0,0); i2=1i,=(0,1,0); i=iz= (0,0,1),

(1.8.21)
which are such that [i,i,i;] = 1 and .
i,.i,=1,.1* =ir.i, =i".i* = &, (1.8.22)
i, X1, = 1" X 18 = e,y i! = €™, (1.8.23)
Hence any vector A can be written in the form
A = (A.i)i, = 4,1, (1.8.24)
where A, = A, (1.8.25)
In particular, if R = z,i, (1.8.26)
is the position vector of the point z,, then
z, = R.i,. (1.8.27)
We'also observe that, using (1.8.22) to (1.8.24),
A.B=A,i.B,i,= A,B,35 = A,B, (1.8.28)
AxB = 4,i,x B,i, = e,y 4, B, i, (1.8.29)

in agreement with (1.8.12) and (1.8.15).
6287 (o]
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IX. If a vector A is a function of some scalar parameter ¢, the
derivative of A with respect to ¢ is

oA 04,
== ? 1.8.
ot ( ot ) (1.8.30)
or oA _od,, (1.8.31)
ot ot
In particular, from (1.8.26), -
oR
— =i, 1.8.32
=1 (1.8.32)

1.9. Line element. Base vectors. Metric tensors

) F1a. 1.4. Position voctor and its differential.
Let R be the position vector of a point P whose coordinates are z;

—_—
and let dR denote the infinitesimal vector P@, where @ has coordinates

x;-+dx; (see Fig. 1.4). Then since R is a function of the coordinates x;
and is assumed to be differentiable,

oR .
= = 1.9.
dR = dr, = da i, (1.9.1)

on using (1.8.32). If ds = |dR| is the length of the vector P_é
ds? = dR.dR = dz, dx,. (1.9.2)

Using (1.6.2) we can express the position vector as a function of the
general coordinates 8;, thus

R = R(6,,0,,65) (1.9.3)
and, from (1.7.1), (1.7.2), and (1.9.1),
dR == g dbor = g"db,, (1.9.4)
- oxs, o6

gr—"4s (1.9.5)

where g, = 25 1 o
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We therefore see that the vectors 8,, g" are obtained from the constant
unit vectors i, (or i*) by transformations which are respectively of the
same form as the transformations for covariant and contravariant
tensors of order one. In any further transformation of coordinates we
can always associate two new triplets of vectors with the new coordi-
nates which are derived from g, and g” by covariant and contravariant
types of transformations respectively. We observe that the differential
dR therefore remains invariant, as it should do. The inverse trans-
formations to (1.9.5) are

03
=1 = 6% —
i, =1 =2 0sg Wg (1.9.6)

The vectors g, are called covariant base vectors and 8" are contravariant
base vectors. They are connected with tensors g,,, g™, g5 by the relations

8 -8, =1¢ 8.8=9" 8.8 =¢= 82}
8 =g"8s 8 = 0,58’
which may be immediately verified with the help of (1.7.4) to (1.7.6),
(1.8.22) and (1.9.5). Also, the magnitudes of the covariant and contra-
variant base vectors arc
g, = J@&,8,) = Vgn}
g7 = (g.8") = Vg
where the index is not summed.
Using (1.9.4) the line element ds, which is given by (1.9.2), may now
be written in the form
ds? = dR.dR = g¢,,d07d6® = g df, d03}
= §7df,dos = do,dor |
The reason for the term metric tensor is now apparent.
The line elements along the coordinate curves may be represented
by vectors ds; = g,d0" (¢ not summed), (1.9.10)
with magnitudes ds; == \J(g,;) d6°. (1.9.11)
Referring to (1.9.4) we see that the base vectors g, may also be
written as the three partial derivatives
R
o9
and the vectors characterize the change of the position vector R as

we move along the coordinate curves from a given point P. These
vectors are directed tangentially along the coordinate curves and may

(1.9.7)

(1.9.8)

(1.9.9)

g.=R;=_, (1.9.12)
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be represented geometrically by directed linest as shown in Fig. 1.5.
We may verify from (1.9.12) that the covariant base vectors transform
according to the covariant type of transformation.

F1a. 1.5. Coordinate surfaces.

From (1.9.7) we see that the contravariant base vectors g!, g2, g3
are respectively perpendicular to the planes of g,8,, 8,8,, 8,8,.

We record some other useful results. The vector product of g, and
g, is obtained from (1.9.5) and (1.8.23) and is

8, X8, = €48 (1.9.13)
Similarly 8T X g8 = g, (1.9.14)

The combination of scalar and vector products of base vectors leads
to the following scalar triple products:

[grgsgt] = [gsglgr] = [gtgrgs] = ‘rsl}. (1.9.15)
[grgs gt] — [gs glgr] — [gl grgs] = ¢St
In particular [8:18.85] = Vg, [8'828%] = —v—l!; (1.9.16)

The element of area dS, on the 6,-surface is
dS) = |ds, X dsg| = |, X 85| d6?d6?,
and using (1.9.13) and (1.9.8) this becomes
dS; = \/(gg**) d62d63. _ (1.9.17)
In general, the element of area dS; on the 6,-surface is
dS; = |J(gg¥) didf* (i not summed, i #j %~ k).  (1.9.18)

1 The vectors, of course, depend on the point P so that they are functions of 6;, 6,
and 6,.
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The volume element

dr = ds,.ds, X ds; = [8,8,8,] 6140365 = \/(g) d6"d0?d6°.

(1.9.19)
Finally, if the coordinate curves are orthogonal, then
=g =10 (r #39)
1 1 1 . (1.9.20)
gle —, g2=_—, ¢®=_—, g=gu9
91 a2 933 1922 8as

Consider the expression v"g, where v* is a contravariant tensor of
order one transforming according to the rule (1.3.2), and g, are the
covariant base vectors at a point P of our space which transform
according to the covariant form of transformation (1.3.3). This ex-
pression is therefore an invariant and since it is a linear combination
of the base vectors g, it is a vector. We denote this vector by

V=1, (1.9.21)

Also, using (1.9.7), we have
=g, = v,8", (1.9.22)
where U, = g%, (1.9.23)

and v, is therefore a covariant tensor of order one. From (1.9.22) and
(1.9.7), or from (1.9.23) and (1.7.7), we have
v = g, ' (1.9.24)
In view of (1.9.22) the three elements o" are sometimes called the
contravariant components of the vector v, and the three elements v, are
called the covariant components of v. In our Euclidean space, therefore,
we may regard the contravariant tensor »™ and the associated covariant
tensor v,, which is related to v" by (1.9.23) or (1.9.24), as two different
representations or components of the space vector v. With the help
of (1.9.23) and (1.9.24) we are able to calculate the covariant com-
ponents of a vector when the contravariant components are known,
and vice versa. This means that we have established a process for the
lowering or raising of indices. The word ‘component’ is frequently
omitted and we refer to v, and v" as covariant and contravariant vectors
respectively, but we emphasize that from this point of view they are
not, different vectors but two aspects of the single space vector v.

If W= wg, = w,g’ (1.9.25)
is a second vector the scalar product of v and w is
vV.W = v"w'g,.8, = v,w,8". 8% (1.9.26)
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and using (1.9.7) we see that
V.W = ¢, V"W = g™, w, = v, W" = W, (1.9.27)
The magnitude of v is
V] = J(v.V) = J(g,s270%) = J(g70,0) = WJ(5,0).  (1.9.28)
The vector product of two vectors v and w is
YW = VUG, X B, = U, W BT X B (1.9.29)
and, using (1.9.13) and (1.9.14), this becomes
VX W = €q0w'g! = v, w,8,. (1.9.30)

When the vector v is represented by a
directed line from a point P at which the
values of the vector are calculated, the con-
travariant components v are the components
of v in the direction of the covariant base
vectors, while the covariant components v,
are the components of v in the direction of
the contravariant base vectors. This is illus-
trated in Fig. 1.6, where we have restricted
ourselves to two dimensions for the sake of
clarity.

If 6 is the angle between the vectors v and
w then from (1.8.13), (1.9.27), and (1.9.28),

Fia. 1.6. Contravariant and ~ We find that
covariant components of a
vector (in two dimensions).

Frg VW
‘/(gTS g"lﬂ /Urfusw’nwn) ’

with similar forms in terms of the other components of the vectors.
Hence, if v and w are perpendicular, cosf = 0 and

cos b =

(1.9.31)

Gps V'W® = g™, Wy, = V"W, = v,u® = 0. 1.9.32
rs r 8

1.10. Associated tensors ,

The lowering or raising of indices as applied to the components of
vectors in (1.9.23) and (1.9.24) can be extended to tensors of any order.
Consider the covariant tensor A,, of the second order. If we multiply
it by g™™ and contract with respect to the first index we get the mixed
tensor Ar, = gmA, (1.10.1)

The dot is placed before the s in order to indicate that s is the second
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index and that it is the first index which has been raised. The process
of raising the second index is written similarly

A;™ = g™A,,. (1.10.2)
Lastly we can raise both indices by the formula
A = grmgsng, (1.10.3)

If A, is symmetrical it is a simple matter to see that 4%, and 4;"
are equal and can both be written as A%, the dot being unnecessary.
Also it follows from (1.10.3) that when A4, is symmetrical 4" is also
symmetrical.

Corresponding formulae for the lowering of indices are

| — Arm
A = Gom } (1.10.4)
A;s = gmrAms
and other useful results are
A = gmA; 3 = gsmA"
§7Em = g } (1.10.5)
Ars = gsmAflm = grmAT‘x

These processes may obviously be extended to tensors of any order.
We illustrate the extension by one further example. If A™ is a tensor
of the third order then the second index is lowered by the formula

ATt =g, At (1.10.6)
Sufficient dots are inserted to show that the index has been lowered
vertically. '

All tensors obtained from each other in this way are called associated
tensors. We close this section with two results which are of interest in
this connexion. The equations

ATS‘ == 'BTS 0[ (1.10.7)
are equivalent to the equations
A’:st = B’:sCl (1.10.8)

in which the index r has been raised on both sides of the equation.
A corresponding result holds for lowering an index. Again,

A" B, = A, B, (1.10.9)
where one summation index is raised and another is lowered. Similar
formulae hold in a corresponding way for tensors of any order.

1.11. Canonical form of symmetric tensors
Consider the system of equations

(4yj—kg;mt = 0, (1.11.1)
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where g,; is the metric tensor and 4,; a symmetric tensor. The values
of n? given by (1.11.1) are non-zero, if, and only if,
|4 ;—kgy;| = O. (1.11.2)
Under a general transformation of coordinates this equation is un-
altered in form so that the roots of the equation, i.e. the three values
of k, are invariants. This justifies the use of the contravariant index
for ¢ in (1.11.1).
We now wish to prove that the roots of (1.11.2) are all real. Suppose
that £ = o+ and that the corresponding values of n® are Xi-uut.
If we then equate real and imaginary parts in equation (1.11.1) we

obtain (A;j—ogi; NPyt = 0, (1.11.3)

(Ag—ag)pni—Bg:; X' = 0. (1.11.4)
If we multiply (1.11.3) by p# and (1.11.4) by X, and sum j for 1 to 3,
we obtain by subtraction
B(9:; AN +g,; wip) = 0
if we remember that 4;; is symmetric. But X%, u? are not all zero and
every expression of the form g;;1%7 is positive, hence g,; AN and g;; uuf
cannot both be zero so that 8 = 0. Hence the roots of (1.11.2) are
always real and the corresponding values of n? from (1.11.1) are also
real.
We consider further the case in which the roots of (1.11.2) are distinct.
If k,, k, are two unequal roots and nf,,, nf; are the corresponding values

of n%, then (Ag;—k, g0y, = 0 (r not summed),

(Ay;—kyg;)nis, = 0 (s not summed),
and therefore, since 4,; is symmetric,
(k,—ko)gs; My nigy = O (r, s not summed).

But k, # k,, hence i Wiry Mgy = 0,
so that nf,), nf, are contravariant components of orthogonal vectors.
The three equations (1.11.1) determine the contravariant components of
three vectors n,, corresponding to the three values of £, and these vectors
form a triply orthogonal system.

We now take a system of orthogonal coordinates so that their co-
variant base vectors are in the directions of the three vectors n,.

Equations (1.11.1) then have three solutions which are proportional to
(1,0,0), (0,1,0), (0,0,1). Also §,, =0 if m = n. It follows from

(1.1L.1) that App =0 (m#n),



1.11 MATHEMATICAL PRELIMINARIES 25

the bars denoting the values of g,,,, 4,,, in these special coordinates.
In addition, the three roots of (1.11.2) are

k, = é_" (r not summed),
9rr

so that the non-zero components of the symmetric tensor in our special
coordinate system are §,; ky, oy Ko, a3 ks

We have seen, therefore, that a set of axes may always be chosen
so that the symmetric tensor A4,; of the second order reduces to com-
ponents A,;, Az, Ags which are related to the roots of (1.11.2). This
is the canonical form of the symmetric tensor. The corresponding
directions of the vectors n, are called the principal axes of the sym-
metric tensor.

When the roots of (1.11.2) are all distinct the three principal direc-
tions are unique. Otherwise it may be shown that there exists an infinity
of principal directions.

1.12. Covariant differentiation

In previous sections we have been dealing with scalars, vectors, and
tensors at the same point in space but we now study their properties
when comparing them at different points. If to every point of space
there correspond scalars, vectors, and tensors then we say that these
form respectively scalar, vector, and tensor fields. This leads us
naturally to the study of the differentiation of scalars, vectors, and
tensors. '

Consider first differentiation of the base vectors g, which may be

written :
2R
8ii = zgipg: — Ros = Ry (1.12.1)
It follows thatt 8, =8

These derivatives may be put in a more convenient form. From (1.9.5),
remembering that i, form a set of constant base vectors, we obtain

° 2"
8ii = gigaiin (1.12.2)
and using (1.9.6) this becomes ‘
g, = L8’ = I8, (1.12.3)
where o o
s = B0io6i 060 | (1.12.4)

ng = g”ﬂjs

1 This also follows from (1.12.3).
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It follows from (1.7.4) and (1.12.4) that

zjs - %((hsy"’g]sz gz] s) (l 12. 5)

The symbols I';; and I'}; are called the Christoffel symbols of the first
and second kind respectively.

In a similar way from (1.9.6) we find for the derivative of the contra-

variant base vectors gl = —TIig". (1.12.6)

We notice the following results:

Lijr = Lir = 8,805 = 8,85, } (1.12.7)
Al =T =¢".8,,=8".8;;, = —8:.8;
80 F:r = qu's(gis,r+grs,i"_gir,s)\
= 291'891'8',.
- /
_ 1% %, 1oy (1.12.8)

29 dg,, 00" Ng a6’

and Lot Tiri = Gijre (1.12.9)
In (1.12.8) we have used the result
99
DLS — gg’ls
agis
The Christoffel symbols are not, in general, the components of a
tensor. The transformation law for I'; is found to be

7 00" _ pm 007 00" | 2O
Yogr — "™o0i 8§ o000
When the coordinate curves are orthogonal we have the following
formulae for the Christoffel symbols:

Ty =0 (] #7 #4)

1 o9, .

Ly = 30 (r #1)

1 ag,;

Ly = L= 3 6%’ (L12.10)

=0 (i#j+r#1) ' o
1 a9y, :

ro—= Y
(i, L faa_ 1oloegy

AT g 000 2 obi

Repeated indices in the above formulae are not to be summed.
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Consider now the derivative of a scalar ¢ which we write as

o >
. o d2.11
b Pt (1.12.11)

If & is the value of ¢ when the coordinates are changed to §; then

o _ofoor _ o4 -
o0t — 0"30"— ?'30' =0 ‘ﬁr (1.12.12)

In other words, the partial derivatives of a scalar transform according
to the covariant type of transformation and in this case form a covariant
tensor.

If v is a vector then

ov ov ofr ov

7' 7

o0 = aros T “ogr T

so that v ; = 9v/06 transforms according to the covariant type of trans-
formation. Also, from (1.9.22),

Vi = VitV } (1.12.13)
= ,;8"+7,8";
Introducing (1.12.3) and (1.12.6) we find that
v =18, = v|;8", (1.12.14)
where | = o 4 T8 ,
= it T } (1.12.15)
Urli = /b th Vg

The expressions v”|;, v,|; are called the covariant derivatives of the
components ", v, respectively of the vector v. Covariant differentia-
tion is denoted by a vertical line. Since v, transforms according to the
covariant type of transformation it follows immediately from (1.12.14)
that the covariant derivatives of the components of a vector form a
tensor of order two.

In a similar way we can form the covariant derivatives of a tensor
of order two by considering the derivative of the invariant

T = A4, BB,

where B?, B/ are components of an arbitrary vector. These covariant
derivatives are also tensors and are given by

Aij,r = Afj,r—r?r‘A —IFA,
Aiy), = A% 4T, 4 .,—P;.';Aem . (1.12.16)
Ai]']r = Ai},r‘*'Ff»;nAmi‘*‘F{-mAi'"
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This process of forming covariant derivatives is quite general and
can be applied to obtain covariant derivatives of tensors of any type
and order. For example, the covariant derivatives of the mixed tensor
A" of order three are given by

A':stli = A’-'st,i‘i- F;niA%t—F;?A’:nu_FtrgA’:sm' (1-12~17)

Since covariant derivatives are also tensors, all their indices can be
raised or lowered by the rules developed in § 1.10. For example,

L= g™A..
A’.’.I g A‘.’,”"l, etc. (1.12.18)
A [r —_ grmAw lmJ

It can be shown that covariant differentiation of sums or products
follow the usual rules for ordinary differentiation. Thus

(v)]; = ¢ 0"+ o7, )
(?)"'Ur) ’i = (Urvr),i = vrlivr_l'vrvrli
=0 0,40, 1, (1.12.19)

(Aij+Byj)l. = AyletByl,y
(4 Bm™)|, = Al Bmn+ A, Bmr,

remembering that covariant differentiation of a scalar is the same as
partial differentiation.

Since the components of the metric tensor are constant in orthogonal
cartesian coordinates the corresponding Christoffel symbols are zero,
and the covariant derivatives of the metric tensor vanish in these
coordinates. Therefore the covariant derivatives of the metric tensor

vanish in all coordinate systems. That ist
Tile =9l = g}l = Bjl, = O}. (1.12.20)
g'r=0

This is known as Ricci’s lemma. For a similar reason the covariant
derivatives of the e-systems are also zero. Thus

erstli =0, fmtli = 0. (].12.21)

A direct consequence of these results is that when we are finding the
covariant derivative of any combination of tensors, the metric tensor
and the e-system can all be treated as constants for the purposes of
covariant differentiation.

T These results also follow directly from (1.12.16) and (1.12.5).
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We have now seen how to obtain the covariant derivatives of tensors
and since these are also tensors we can find their covariant derivatives.
The resulting tensors are called the second covariant derivatives of the
original tensors, and we can continue in this way to find covariant
derivatives of any order. Let us examine the second covariant deriva-
tive of the covariant vector v,. After some calculation we find that

Ulg—0pls = R%pq 0y (1.12.22)
WheI‘e Rz_,mt = P%,s—rfs’t-l- :;L F%—P:’sl P%t. (1.12.23)

The function R?,, is a tensor called the Riemann—Christoffel tensor and
it will be noticed that it consists only of the components of the metric
tensor and their derivatives up to the second order. If we lower the
index p we obtain the associated tensor

Rprst = 9pm R’-nrsb (1.12.24)
which may be written in the form

Rprst = %(gpl,rs_{—grs,pt—gps,rt—grl,ps) +gmn(r‘rsm Fptn"" Frtm Fﬂsn)'

We deduce from (1.12.25) that R, satisfies the relations (1-12:29)
R,y = —R,.
an{t = — R, '
Rprst = Rgtp,.

The first two of these equations expresses the fact that R, is skew-
symmetric in p, » and also in s, . We see that there are only six
independent components of R, namely

'R3131’ R3232’ 'R12123 R3132’ R3212’ R3112'

The Riemann-Christoffel tensor is identically zero in a cartesian
coordinate system and therefore it is also zero in all other coordinate
systems which can be established in our Euclidean space. Thus

R?, = 0. (1.12.26)
Formulae for the second covariant derivative of a tensor of order

two are
Ajilrs—Aijler = Ams BTsrg A Bjro }

. 1.12.27
At |rs_’Aﬁ Isr = __Ami_R’t. mra_Aim-Rj-mra ( )
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When the space is Euclidean, as in our case, we see from (1.12.22),
(1.12.26), and (1.12.27) that

A,lg = ‘.41']!3
Ayl = Al 1> (1.12.28)
Aij’rs = 44|,

" This means that the order of covariant differentiation is immaterial.
Let us now consider the differential equation

Alr =0 (1.12.29)

where 4 is an invariant. Using (1.12.18) this equation may also be put
in the form

g7 A, = 0. (1.12.30)
In cartesian coordinates this reduces to

84, =0
or 4, =0, (1.12.31)

which is the well-known potential equation written in suffix notation.
Functions which satisfy (1.12.29), or its equivalent (1.12.30), are called
harmonic or potential functions.

Similarly we find that the differential equation

Al = (1.12.32)
reduces to 4,=0 (1.12.33)

in cartesian coordinates, and this is the well-known biharmonic equa-
tion. Functions which satisfy (1.12.32) are called biharmonic functions.

We conclude this section with the definitions of gradient (grad),
divergence (div) and curl and with Green’s theorem which relates
volume and surface integrals. Thus

gradé = ¢, g’
divF = Fr|, , (1.12.34)
curl A = €4 |, 8,

and we observe that these functions are invariant under general trans-

formations of coordinates. These expressions may be written more

compactly with the aid of the operator V, where
s .

—_— r
V=g

(1.12.35)
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The partial derivative /06" acts on any function following the operator
V. Hence

grad¢ = V¢ = gf%’f

0

divF =V.F=g".

(F*g,)
=g".8, Fslr

o L .
_FI'_«/g(*/gF)" L. (1.12.36)

— _ a 8
curl A = VXA = gTEB—TXAsg

0 s
59; (Asg )
=g'X gsAslr
= €mAs{rgt

In these formulae the partial derivative 9/06" is interchangeable with
. and X but otherwise acts on the complete function which follows
the V operator. We also note that

divgrad¢ = V3¢ = (979!,
1
= 9"l = ;/E(\/gg'%,s),,. . (1.12.37)

If v is a vector defined throuéhout a volume = which is bounded by
a closed surface S, and if n is a unit vector normal to the surface S at
which it is defined, then the usual form of Green’s theorem is

fﬂdivvdT: Lfv.n ds. (1.12.38)

=gr><

Alternatively, in tensor notation this becomes

fjf v’lrdf=jjj Vlé(erg)"dT:J;f vn, @8, (1.12.39)

where n=ngn. (1.12.40)

1.13. Geometry of a surface
We now express the position vector of a point in the special form
R = r+6;a,, (1.13.1)
where r is a function of 6,, 8, only and a, is a vector of unit magnitude
which also depends only on 8,, 6, (see Fig. 1.7). We use the convention
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that Greek indices range over the values 1, 2 while we still require
Latin indices to have the values 1, 2, 3.

R

62,

[
I~

0

Fr1a. 1.7. Position vector of a surface.

The equation ; = 0 determines a surface
r = r(0,,6,). (1.13.2)

The vector a; is perpendicular to the surface and is called the normal
vector. If 6, is kept constant then r describes a curve which lies wholly
on the surface and as the constant varies we get a family of curves
which we call the 6;-curves. Similarly we have another family of curves,
the 6,-curves, along which 6, is constant. We often refer to ;- and
0,-curves briefly as coordinate curves and we call 0,, 6, a system of
curvilinear coordinates on the surface.

We may clearly define other sets of curvilinear coordinates on the
surface and transformations between two different coordinate systems
0,, 6, may be written 6, — 6.(0,,8,))

s 1.13.3
gcx = 60:(91, gz)J ( )

where restrictions similar to those in § 1.7 are placed on the functions
defining the transformation. A theory of tensors of different orders
may be defined for transformations in these variables which is similar
to that already developed for the variables 6, in § 1.3. If we wish to
distinguish tensors in Greek indices from those in Latin indices we call
them surface tensors since they are tensors under a surface transforma-
tion of coordinates.

We observe that d6* forms a contravariant surface tensor of order
one. Kronecker deltas for the surface are defined by

$=0 (a#p) }

1.13.4
8; =1 (x=p, B not summed) ( )
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06> 068

and since T s
s 268 507 — v

(1.13.5)

they form a mixed surface tensor of order two.
Using (1.9.12) we find that the covariant base vectors for the space

(1.13.1) are —a 4b.a
8o = 2l "“‘}, (1.13.6)
8 = a3

where a,=r, (1.13.7)

are called the covariant base vectors of the surface. The form (1.13.7)
shows that a, transform according to the covariant rule for the surface
transformation of coordinates. We notice that

az.a, =0, az.a3 = 1, a;.a;, =0, (1.13.8)

and that when 03 = 0,8, = a,. We now denote the values of g", g,,, 9%,
g by a7, a,,, a™, a respectively when 6; = 0. Tt follows from (1.9.7) that

2,.28 = g, gz, = 0, ags = 1, (1.13.9)
and then, from (1.7.7),
agafr =&, a*=0, a¥®=1 (1.13.10)
Hence all = aﬁf, a2 = a2 = —-(—1-1—2, azzzfﬂ;, (1.13.11)
a a a
where a = |aug| = @y an—al,. (1.13.12)

Again, putting 3 = 0 in (1.9.7) we find

o — 0B — B
at=oaTap  8a = dap? } (1.13.13)
a*.aP =a*, ad=a,
and from (1.9.8)
= = 1
[2a] = (@4-84) \/a"‘“f (x not summed). (1.13.14)
la¥| = J(a%.a%) = va*~

The vectors a® are the contravariant base vectors of the surface and
Ao, a*B are the symmetric metric surface tensors. All these tensors
satisfy the appropriate laws for transformations of surface coordinates.
To prove this consider, for example, a,g. We know that g,, transforms
generally according to the rule

- oo™ o6
Irs = o0 _é@gmn'

5237 D
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If we now restrict the transformation to be the surface transformation
(1.13.3), together with 6, = 6, and then put 6, = 0, we obtain

- 201 o0+
aaB = a—g-& 5G—HGAF, (1.13.15)
which is the required form for a covariant surface tensor of order two.
Since dr — a,df* — a=dd,, (1.13.16)
where b, = a,gdbh, (1.13.17)

the line element of the surface takes the form
ds? = dr.dr = a,gdf°dof = a*Bdo, dﬁp}. (1.13.18)
= 8;"; df, dok = df,do>
Equation (1.13.18) is called the first fundamental form of the surface.
The line elements along the coordinate curves may be represented

by vectors ds, = a,df* (« not summed), (1.13.19)
with magnitudes dsy = yJ(ay,)d6%, (1.13.20)
and the angle ¢ between the coordinate curves is given by

ds,.ds,  ayp
dsydsy  \(a118)
If the coordinate curves are orthogonal then

cos¢ = (1.13.21)

al? = a,, = 0.
The surface element dS is obtained in the form
ds = \/(a)db*d6? (1.13.22)
by putting 8; = 0 in (1.9.18).
The e-systems for surfaces are defined to be the values of €gs, P8
when 0, = 0, and are denoted respectively by g, «*f. Hence

€0 = —€y = V&, 2= —l = 1/va

}. (1.13.23)
€17 — €99 — 511 = 622 =0

Since €

1o transforms according to the rule

_ o0t 067 of%

€rst = 20 90° ol €ijk
we see that, when the transformation is of the form (1.13.3), together
“with 8, = 6,, the transformation for €q4p I8

i} 07 o6r
€ = 597, 208 D
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so that e,g is a covariant surface tensor of order two. Similarly, ¢*8 is

a contravariant surface tensor of order two. We observe that

€xf3 — */(g/a)eozB}
P = (afg)e*f
We also have from (1.7.15)

f = a*Aabrey, }
€af = aa,\aﬁl,_ GAP’
and from (1.7.16) and (1.7.17)
e“ﬁe)‘l‘aa,\aﬁ,‘ =2
€aB €N a*Aabr = 2
a8 = e“)\eﬁl‘a,\“
Aog = €4) €ﬂ“a’\‘”'
We denote the product of € and ), by

83}6 = e“ﬂe,\#
so that, for example,

8B AN = AoB— AP,
In particular, from (1.13.25) and (1.13.26),
83\‘5 = e“ﬁe,\ﬂ = a), ag, ¢*Perr
= aa.ua,\“ '
= &
ng = 2
If we now put 6; = 0 in (1.9.13) and (1.9.14) we obtain
a,Xag = €,p2y
a*x af = ¢oPa,
ag X ag = g, a°
a;xaf = efra,
Also, from (1.9.15),
[2,353;5] = €4, [a%afad] = B,
The scalar product

where

bog = —84.855 = —ag.2,, = a3.a,g = a;.2g,

= [aa,ﬂ a,a,]/ «/a} ’

dr.day = —b,sd6°d6P = —boBdf, df = —bydo, doeP,

(1.13.24)

(1.13.25)

(1.13.26)

(1.13.27)

(1.13.28)

(1.13.29)

(1.13.30)

(1.13.31)

(1.13.32)
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is called the second fundamental form of the surface. The coefficients
b.g, b*# are symmetric surface tensors of order two which are related

by the formulaet bﬁ _ a“'\bﬂ,\ = a5 poA
b8 = a*MR : (1.13.33)
baﬂ = aa,\bg
The invariant 2H = b (1.18.34)

is called the mean curvature of the surface and
K — "’_aﬁ' — blB2—bis2, (1.13.35)

is called the Gaussian curvature of the surface.

The Christoffel symbols with respect to the surface 6; = 0 are found
by putting 6; =0 in (1.12.5) and by using (1.12.7) and (1.13.6).
Denoting these symbols by a bar we have

Fﬁra = %(aaﬁ,y"‘aay.ﬁ —ag,q)

:%Y = a’ahrﬂ}'/\ = aa‘ay,B = aa.aﬂ, = —ay-aa’ﬁ

I'fs = a%.a,5 = —a5.a% = —b3

T‘gs = a3.aaﬂ, = —aﬁ.as,a = baﬁ [ (1.1336)
% =a%a;, =0 L o

- = = a

Mh=0 Tg=0 Th=_%

The values of the Riemann-Christoffel tensor (1.12.23) on the surface
03 = 0 can be put in the form

A — PA T TA .7
oy = Blogy+ 12, Top— T2 ng_ _ } (1.13.37)
Rgaﬁy = Pg%ﬁ_rgﬁ,f"l-‘g; F?nB—thnﬁ Loy
where R)}aﬁy = Fé},’ﬁ-—l‘éﬁ,y-[— Fé"‘,}, Fﬁﬂ—I‘gﬁ F;\l_.},, (] .13.38)

and is called the Riemann-Christoffel tensor of the surface. Since,
from (1.12.26), R)_‘aﬁy vanishes we have

R 5, = T3pT3,—T3,Ts. (1.13.39)
Lowering the upper index we find that
R-)\aﬂy = Q) R—{Laﬁy (1.13.40)

and, in particular,
Faopy = Bagy =0 (a7 not s_ummed)}. (1.13.41)
Bygp = R2121 = —Rzuz = “R1221

T bap, boP are associated surface tensors (see p. 38).
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Hence every non-zero component of R_ozﬁya is equal either to Ry, or
to — Ry, Using (1.13.36), (1.13.39), and (1.13.40) we find that

R1212 = ‘bcxﬂl = bubzz".b%z’ (1.13.42)
and hence, from (1.13.35), the Gaussian curvature becomes

K— %ﬂ-z. (1.13.43)

We may also put K in the form
K =} PR, g, (1.13.44)

which shows that K is an invariant of the surface. This last result is
known as the Gauss equation of the surface.
Since R? g, also vanishes we obtain fromf (1.13.37)

basls = basls- (1.13.45)

These equations are the Codazzi equations of the surface.

Equations (1.13.42) and (1.13.45) have been derived by putting to
zero three of the six independent components of the Riemann-Christoffel
tensor at the surface 0; == 0. The other three components, which must

be zero, are
’ Raaﬂs =0,

which leads to the relations

Iops = 39MGarsdpus | (1.13.46)

Expressions for the derivatives of the base vectors of the surface may
be found immediately by putting 6; = 0 in (1.12.3) and (1.12.6) and
using (1.13.36). These results are known as the formulae of Weingarten

and Gauss. Thus _
a8 = Ihgay+b.pa,

a%g = —Igatt+bga, . (1.13.47)
34 = —bla,
From the last equation of (1.13.47) follows
83,4858 = b b, (1.13.48)
and hence day.da, = b,gbl d6>de?, (1.13.49)

which is called the third fundamental form of the surface.

Let us now consider a vector in the space (1.13.1) which may be put
in the form
v = v*a +v3a
' « } (1.13.50)
= v,a%}vzad

t See (1.13.54) below for the definition of by|; and by,|;.



38 MATHEMATICAL PRELIMINARIES Chap. I
Using (1.13.47) the derivatives of v are found to be
Vo = ()l a—barvs)a?+ (vg o +-bv))2,

= (A|,— b v)ar+ (02 ,+bre 272y

, (1.13.51)
v.a = /U(!,3 aa+113,3 a3
= va:3 aa+v":3 a3
where we have put T
P e = Ux,rrﬁ‘a”#}_ (1.13.52)
o = v)‘,a"'_ri‘w‘ v

In a general transformation of space coordinates v, and g’ transform
respectively according to covariant and contravariant types of trans-
formations. It follows that, when we specialize the transformations to
the surface transformation (1.13.3), together with 8, = 6,, and then
put 8, = 0, we find that v,, a* transform respectively according to the
covariant and contravariant rules for transformations of surface coordi-
nates. We see, therefore, that v, a* (and also v*a ) are invariants under
transformations of surface coordinates, and they are called surface
vectors with covariant and contravariant components v, v* respectively;
or, briefly, v* and v, are called contravariant and covariant surface
vectors. The functions v,|,, v, are called the covariant derivatives
of the surface vectors and these form surface tensors.

Since
v, a% = v*a,

and, from (1.13.13),

a* = a*fag,  a, = .28,
it follows that v = afug, v, == a,g0h, (1.13.53)
which establishes a method for raising or lowering suffixes for surface
vectors.

As in § 1.10 for tensors, associated surface tensors are formed with
the help of the surface metric components a4, a*B, in a manner similar
to that given in (1.13.53) for surface vectors. Examples of associated
tensors have already been given in (1.13.33).

As in three dimensions, we may extend the idea of covariant differen-
tiation of surface vectors to surface tensors of any order. For example

Augly = Aopy—Toy Arg— T}, A
A%, = A%, +T2 4%—T3, 4% . (1.13.54)

A°B|, = A*F 4 T% A4 TE) Ar
All the covariant derivatives of g,,, ¢, €, €* are zero in three-
dimensional Euclidean space, so that, in particular, their covariant
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derivatives with respect to 6, are zero. Hence, putting 8; = 0 we see

that yglr = a%B]) = eogly = €]y = 0. (1.13.55)

By analogy with (1.12.22) and (1.12.27) we find that the second co-
variant derivatives of surface vectors and tensors are given by

Aa[By oc'yﬁ = B 4,
A ogls—Aoplsy, = R-aysA,\ﬁ-i-R’.\pyaAa,\ . (L13.56)
Aaﬁ’yS_AaBISy = R-q‘)\yﬁ AM— Rgt\ya A
This means that in general the order of covariant differentiation cannot
be altered without altering the result. The order is only immaterial
for certain classes of surfaces for which the Riemann—Christoffel surface
tensor vanishes. .
In the special case when the surface (1.13.2) is a plane the vector

a, is a constant unit vector perpendicular to the plane surface. In this
case

a;,=0 (1.13.57)
and hence, from (1.13.32) and (1.13.42)
bog =0, Ry, =0, (1.13.58)

so that, since the Riemann-Christoffel tensor for the surface 6; = 0
vanishes, the order of surface covariant differentiation is immaterial.
We also record the following special results:

P g; = a;=a’
Jop = Qa-88 = Gog,  Jog =3y A3 = 0, gsg=1ag.a3=1]| |
gf=axaf=q% g8=aral=0, ¢g¥=alal=1

v

1.13.59
9= 19:j] = laogl = a, (! )

=0 Thp=0
a,p = Féﬁ a,, - a“,B = —I_‘gAaA
and we see that all geometrical quantities (except R) are independent
of 4.
A corresponding theorem to (1.12.39) exists between an integral
around a curve c on a surface and an integral over the surface bounded
by c¢. Ifuis the unit outward normal in the surface to the curve ¢ then

B
u=u,a% Uy = eaﬁ% (1.13.60)

vads ”v (Nave) , dS = f wy v ds — faﬁv"‘d—oﬁds

(1.13.61)
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1.14. Smooth curves. Holder condition

We now summarize some definitions and results in complex variable
theory which will be used in the solution of two-dimensional problems.
We consider curves lying in the plane defined by a right-handed car-
tesian system of axes Oz, Oy. Unless stated otherwise curves are always
assumed to be simple, that is, they do not intersect.

A smooth arc is defined by the parametric equations

€ = .’t(S), Yy = y(S) (Sa <8< Sb)s
where s,, s, are finite constants and z(s), y(s) are functions, continuous
in the closed interval (s,, s,), with the following properties:

1. z(s), y(s) have continuous first derivatives 2'(s), ¥'(s) in (s,,s,)
and these derivatives never vanish simultaneously. The values of 2'(s),
y'(s) at the ends of the interval are to be interpreted as z’(s,+0),
y'(s,+90), and z'(s,—0), y'(s,—0) respectively.

2. When s, < 8y, 85 < 85, 8 F# 8, then eithert

x(s;) # x(sy) or y(s;) 7 Y(sy).

The points @ and b, corresponding to the values of s, and s, are the
ends of the arc and belong to the arc. When it is necessary to stress
this fact the arc is called closed but when the end points do not belong
to the arc it is called open. For each smooth arc considered, a definite
positive direction is chosen which corresponds to an increase of the
parameter s. The arc with the end points @, b will be denoted by ab,
where the order of letters indicates that the positive direction is from
a to b.

Curves will be called smooth contours if they differ from smooth ares
in that, in condition 2, eithery

x(s;) # x(sy) or y(sy) 7 y(s,)
whenever s, < 8, 8, < 8, 8§; 7 Sy, but
2(sy) = w(s,) y(s) = Yl
x'(sb——O) = CE'(SG—I-—O), 3/'(31)—0) = y,(sa—{_o)'

The union of a finite number of non-intersecting smooth arcs or con-
tours is called a sectionally smooth curve L, which may therefore
consist of several disconnected parts. If arcs form a part of L the ends
of the arcs are called ends of L. Around each point ¢ on L, not coincid-
ing with an end, a circle may be drawn with radius so small that it is
divided by L into two parts lying respectively to the left and right of
L when viewed from the positive direction of L, and they will be

1 Alternatively, both inequalities are satisfied.
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regarded as the left and right neighbourhoods of ¢. If L consists of
contours and is the boundary of some connected region, the positive
direction of L is selected so that, if L is described in that direction,
that region is always on the left or on the right. The part of the plane
which lies on the left will be denoted by S+ and that to the right by
S-.

Let L be a given sectionally smooth curve, « an arbitrary acute angle
(0 < « < 47), and let B, = R(«x) be a positive number depending on
o, but not on the position of the point ¢ on L, such that

1. The part of L, lying within a circle I' with radius B < R, with
its centre at any point ¢ on L, consists of a single arc ab. If L consists
only of a contour the ends @, b of this arc lie always on the circum-
ference of I". If an arc is a part of L one or both of its end points may
be inside I'.

2. The non-obtuse angle between the tangents at any two points of
the arc ab does not exceed a.

Then, for a given angle «, R, is called the standard radius; the circle
T, of radius R, the standard circle; the arc ab, cut out of the curve L
by the circle I}, drawn at any point on it, the standard are.

Suppose $(¢) is a given (complex) function of position on the arc L,
where ¢ denotes both the point (x,y) and the corresponding complex
number ¢ = x-+¢y. The function ¢(¢) is said to satisfy a Holder condi-
tion {H(u) condition} on L, if fqr any two points ¢, 22 on L

l¢(tz)_¢(t1)l < Altz“tll’“: (1-14~1)
where 4 and p are positive real constants.

If L is a sectionally smooth curve then ¢(¢) is said to satisfy a Holder
condition on L if (1.14.1) holds for each arc or contour belonging to L.

1.15. Sectionally continuous functions

Let the function ®(z) of the point z = z-}+iy be defined and con-
tinuous in the neighbourhood of a sectionally smooth curve L, and
perhaps also for points on L. Let ¢ be a point on L not coinciding with an
end-point. It will be said that ®(z) is continuous at the point ¢ from
the left (or from the right) if ®(z) tends to a definite limit ®+(t) {or ®-(¢)}
when z approaches ¢ along any path which remains on the left (or on
the right) of L.

If the function ®(z) is continuous from the left (or right) at any
point of some part L’ of the curve L, then ®(z) is said to be continuous
from the left (or right) on L’. In this case the function ®+(t) {or ®-(¢)}
is necessarily continuous on L’.
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If t is an end-point, @(z) is continuous at the end ¢ if ®(z) tends to a
definite limit as z tends to ¢ along any path which does not touch L.
This limit will sometimes be denoted by ®+(f). Thus, in the case of
end-points, no distinction is made between the limits from the left and
from the right but it will sometimes be said of a function continuous
at an end, that it is continuous at this end from the left and right.

A function ®@(z), continuous in some neighbourhood of a sectionally
smooth curve L and continuous on L from the left and right, including

-the ends, is said to be secttonally continuous in the neighbourhood of L,
including its ends. If the continuity does not extend to the ends a
corresponding reservation is made. The curve will be called a curve
of discontinuity of the sectionally continuous function ®(z).

1.16. Sectionally holomorphic functions

Let ®(z) be a function which is holomorphic in each finite region not
containing points of a sectionally smooth curve L. TFurther, let ®(z)
be continuous on L from the left and from the right, with the possible
exception of the ends, but in the neighbourhood of the ends ®(z) satisfies
the condition o

D(2)| < (1.16.1)

le—cl|*’
where ¢ is an end and C is a positive real constant. Also « is real and
0 < « < 1. Such functions ®(z) are called sectionally holomorphic func-
ttons with curve of discontinuity L; the curve L will sometimes be
called the boundary.

If in the neighbourhood of the point at infinity the expansion

O(2) = % a, 2" (1.16.2)

n=—o
of @(z) contains only a finite number of positive powers of z, then ®(z)
is said to be of finite degree at infinity. If a, is the last coefficient in
the expansion (1.16.2) which is different from zero then the degree of
®(2) at infinity will be said to be equal to k. (We exclude the case
when all a,, are zero, in which case ®(z) = 0 in some region which in-
cludes the point at infinity.) When k£ > 0 the point at infinity
is a pole of order k& of the function ®(z), while for £ < 0 it is a
zero of order k. For k = 0, i.e. when ®(z) tends to a definite limit a,
different from zero as |z| tends to infinity, ®(z) may conveniently be
said to have a pole or zero of zero-order at infinity. Finally, when
k < 0, ®(2) is said to be sectionally holomorphic including the point at
infinity.
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We now recall a well-known property of holomorphic functions. Let
8, and S, be two regions of the plane, bounded by smooth contours,
and having no interior points in common but which meet along some
sectionally smooth curve L, a common part of their boundaries; the
ends of L are not included in L. Let ®,(z) and ®,(z) be functions,
holomorphic respectively in 8, and S,, continuous on L from S, and S,
respectively and with boundary values along L equal, so that

(Dl(t) = (DZ(t);

where ¢ denotes a point on L and ®,(t), ®,() are the boundary values
of the functions ®,(z) and ®,(z). Then the function
O(z) = Dy(2) (2 in 8))
D(z) = Dy(2) (2in Sy) ¢, (1.16.3)
O(2) = O(t) = D,(t) = Dy(t) (2 0n L)

I

I

is holomorphic in 8+, L.

The previous result may be modified in the following way. Retaining
the above conditions we suppose that ®,(z) and ®,(z) are continuous
on L from §; and S, respectively except possibly at a finite number of
points ¢, ¢,,..., ¢,, on L, in the neighbourhood of which

const const

®,(z)] < -0
@) < 2

Then the function ®(z) defined by (1.16.3) is holomorphic in S;+S,+ L
if it is assigned suitable values at the points c,, ¢,,..., ¢,

If now @(z) is a sectionally holomorphic function with a curve of
discontinuity L and if on any part L’ of L, with the possible exception
of the end points of L', ®+(t) = ®-(t), then this part of L may be
removed and the function ®(z) will have a curve of discontinuity L— L.

1.17. Cauchy integrals

We state, without proof, some important properties of the Cauchy
integral
o@) = L [28dt (1.17.1)

271 t—z
L

where the integration is along a sectionally smooth curve or contour
L lying in a finite region of the plane. If the ‘density function’ ¢(t)
satisfies the H(u) condition on L, then the function ®(z) is a sectionally
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holomorphic function, vanishing at infinity, with the curve of dis-
continuity L. Moreover, .

D+ (ty)—D~(to) = (ty)
1 t) dt

O+(tg)+0-(ty) = [ 2L (1.17.2)

mJ t—t,

L

where £, is a point on L which does not coincide with those end points

at which ¢(t) 54 0. If ¢, coincides with an end where 4(f,) = 0 then

D+(ty) = P—(ty) = D(¢,). The formulae (1.17.2) are known as the Plemelj

formulae.

Again, if ®(t,) — % ‘é(t_)td‘, (1.17.3)
0
L

and if ¢(¢) satisfies the H(u) condition on L, then ®+(¢), ®-(¢), and d(t,)
also satisfy everywhere, except in arbitrarily small neighbourhoods of
those ends at which ¢(¢) % 0, the H(u) condition for 4 <1 and the
H(u—e) condition for u = 1, where € is an arbitrarily small positive
quantity.

We observe that the integrals occurring in (1.17.2) and (1.17.3) are
interpreted as the principal value of the Cauchy integrals.

When the Cauchy integral (1.17.1) is taken along a curve L extending
to infinity the above conditions satisfied by ¢(¢) are not sufficient.
When, for example, L is an infinite straight line we still assume that
#(t) satisfies the H(n) condition on L and that it takes the definite
finite value ¢(c0) when ¢ - +o00. Also, we suppose that, for sufficiently
large |t],
#0)— ()| < T (@>0)
which takes the part of the H condition at the point at infinity. The
integral (1.17.1) then has a definite sense if it is understood to be the
limit of the integral, taken over the segment ab, where a and b are
points, tending to infinity, on either side and at equal distances from
some fixed point. The Plemelj formulae still remain true, but the
integral (1.17.1) for ®(z) does not tend to zero as |z| - oco. In fact

®(z) > £16(0)

when |z| - o0, remaining in S+ or S, the upper sign being taken for
S+ and the lower for S-. If ¢(c0) = 0 then ®(z) - 0 as |z| - 0.

Tt is useful for later work to have a simple bound for the modulus
of the derivative of a Cauchy integral near the boundary. As before,
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let L be a sectionally smooth curve and let ¢(t) satisfy the H(n) condi-
tion on L. Consider the derivative of the Cauchy integral

, 1 [ é()dt
D'(2) = ZfiL =2 (1.17.4)
Let , be an arbitrary point on L, such that the distance from ¢, to
the nearest end of L, if the latter contains arcs, is not less than some
arbitrarily fixed number R. Let R, = R,(a) be the standard radius for
L, corresponding to some arbitrarily fixed acute angle «, and p any
positive constant such that

P < Ro, 14 < _R.
When L consists only of contours the condition p < R is omitted.
If the distance of the point z from £, does not exceed p, so that
lz _t()l < P>
and if the non-obtuse angle between #,z and the tangent to L at ¢, is not
less than some fixed quantity 8 > «, then
[D'(2)] < Cle—tolt  (n < 1)}
®'()] < Cllogle—ty)| (uw=1)J
where C is a constant.

If L contains arcs and if the condition that ¢, lies at a finite distance
from the ends does not hold and therefore the condition p << R is
omitted, then, retaining all other conditions on the position of z,

c

()] < Rt (L.17.6)

(1.17.5)

where C is a constant.

The results given in this section may also be used when the density
function ¢(t) of the Cauchy integral (1.17.1) has ordinary discontinuities
at a finite number of points of L, not necessarily coinciding with the
ends. It is sufficient to study the case when L = ab is a simple smooth
arc and () has only one point of discontinuity at c on ab. Let ¢(t) be
some function, given everywhere on the arc ab except possibly at the
point ¢, and let its limits ¢(c—0) and ¢(c+0) exist, when ¢ approaches
the point ¢ remaining on ac and cb respectively. Then the function ¢(¢)
on the closed arcs ac or ¢b will be given the values ¢(c—0) and ¢(c+0)
respectively at ¢. It is then clear how the statement that the function
¢(t) satisfies the H condition on each of the closed arcs ac and cb
separately is to be understood.

Other -types of discontinuity in ¢(¢) may also be included but the
above is sufficient for our purpose.
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1.18. Sectionally holomorphic functions with given discontinui-
ties on contours
Let S+ be a connected region bounded by one or more smooth non-
intersecting contours L,, L,,..., L, of which L, contains all the others
(Fig. 1.8). The contour L, may be absent (i.e. it may be at infinity)

F1e. 1.8. Connected region bounded by
smooth non-intersecting contours.

in which case the region S+ will be an infinite region with certain con-
tours as internal boundaries. The union of the contours L,, L,,..., L,
is denoted by L and S~ is the complement of S+ L. Thus S- consists
of the finite regions Sy, S5 ,..., S, bounded by L, L,,..., L, and, if L,
exists, of the infinite region S5 bounded by L,. If ¢(¢) satisfies the H(u)
condition on L we wish to find a function @(z), sectionally holomorphic
everywhere, zero at infinity, satisfying the given boundary condition

O+(t)—D(t,) = $(t,) on L. (1.18.1)

The problem is immediately solved with the help of Plemelj’s formula

(1.17.2). Thus 1 [ (t)dt
O@) =5 [ 22 (1.18.2)
L

satisfies all the required conditions. The problem has no other solution,
because the difference V'(z) of two solutions satisfies the condition
W+(ty)—¥-(t,) = 0. Hence ¥(z) is holomorphic in the entire plane
and, as it vanishes at infinity, W (z) = 0.

We may generalize this result by finding a function, sectionally holo-
morphic everywhere, except possibly at the point at infinity, having
finite non-negative degree k there, satisfying the boundary condition
(1.18.1) on L. The most general solution is

Oz) = 2—175 ¢t(2;u
L

+Py(2), (1.18.3)

where P,(z) is an arbitrary polynomial of degree not higher” than %.
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This solution may be shown to be unique by a similar method to that
used above.

Similar results hold when ¢(¢) satisfies the H(u) condition on a smooth
curve L which is a union of smooth, non-intersecting arcs L,, Ly,..., L,
with a definite positive direction but in this case we consider a more
general type of density function ¢(¢)

1.19. Functions of classes H and H*
Let L be a union of smooth arcs L,, L,,..., L, whose ends are denoted
by a,, b, in such a way that the positive direction of L, is from a, to
b,; ‘the ends a’ and ‘the ends b’ are distinguished accordingly. When
it is of no importance which end is referred to, it is denoted by e, or c.
The plane cut along L = L,+ Ly+...++ L, is denoted by S; the boundary
L does not belong to S.
A function ¢(t) of the point ¢ on L is said to belong to the class H
on L if it satisfies for some u > 0 the H(u) condition on each of the
closed arcs L, of L (including the ends). If ¢(¢) satisfies the H(u) condi-
tion only in the neighbourhood of some end ¢ of L, including ¢, then
¢(t) is said to belong to the class H in the neighbourhood of c.
If $(¢) satisfies the H(u) condition on every closed part of L not
containing ends, and if near an end ¢ it is of the form
s0) =20 0<a<, (1.19.1)

(t—c)™ .
where $*(f) belongs to the clasy H, then (t) is said to belong to the
class H* on L. If (1.19.1) holds only in the neighbourhood of a given

end ¢ then ¢(¢) is said to belong to the class H* in the neighbourhood
of c.

1.20. Sectionally holomorphic functions for given discontinuities
on arcs

If 4(¢) is a function of the class H* given on L, then

Dz ¢ t) dt
2777,

 (2) (1.20.1)

is a sectionally holomorphic functlon, except possibly at infinity, having
finite degree ¥ > —1 there, and satisfying the boundary condition
O+(t)) —D(t,) = #(¢,) on L,} (1.20.2)
where By(z) is an arbitrary polynomial of degree not greater than %,
while P_,(z) = 0. The sectionally holomorphic function P(z) satisfying
these conditions is uniquely given by (1.20.1). For, if ® 1(2), Py(2) are
t Excluding the ends of L.
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two possible solutions then ¥ (z) = ®,(2)—®,(z), if it is given the value
W+(t) = W¥-(¢t) on L, is holomorphic everywhere in the finite part of
the plane, except possibly at the ends a, and b,. These points can,
however, only be isolated singularities, because near them the degree
of infinity of the function W¥(z) is necessarily less than 1, and hence
¥'(z) is bounded near these points. Thus ¥(z) can be taken to be holo-
morphic in the entire plane, and since at infinity it is of finite degree k
then W'(z) is a polynomial of degree not greater than k.
In particular, for ¥ = —1, corresponding to the requirement that
®(z) vanishes at infinity, the problem has the unique solution
o) = L [0 (1.20.3)

T 2mi t—z
L

1.21. Hilbert problem for arcs

In this section we obtain solutions for two special cases of Hilbert’s
problem for arcs.

ProsreM 1. To find the sectionally holomorphic function ®(z), having

finite degree k at infinity, satisfying the boundary condition
O+t)+xD(ty) = $(tg) (1.21.1)

on a sectionally smooth curve L consisting of a union of ares, where «
is a positive constant and ¢(¢) satisfies the H(u) condition and is given
everywhere on L. We observe that since ®(2) is to be sectionally holo-
morphic it satisfies the condition (1.16.1) at ends ¢ of L and may there-
fore become infinite at ¢ with degree less than 1. We can, however,
also obtain solutions in which ®(z) remains finite at m particular ends
of L.

We denote the ends a,, b, of the ares L, (r = 1,2,...,n) by c,
(s =1,2,...,,2n) in any order and define

ﬁ(z—cr) n —a
Riz) = "4+, Ry(z) = ). (1.21.2)
i T=Ij;[+1(z_cr) ol® 1:1[ (Z—br)

If mis 0 or 2n the numerator and denominator respectively of R(z) are
replaced by 1. The function ,{R(z)} refers to that branch which is holo-
morphicin §,i.e.in the plane cut along L, and which is such that near the
point at infinity the expansion in decreasing powers of z has the form

V{R(2)} = zmn A zmn-lp L, (1.21.3)
The boundary value of \/{R(z)} from the left is denoted by
[VIRB@}]* = J{B@®)} (1.21.4)
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s0 that RO} = —J(R®). (1.21.5)
Also, if we put logk = 27y (1.21.6)

then {R(z)}" denotes that branch which is holomorphlc in the plane
cut along L and which is such that

{Ro()}* >1 as |z| »>o0. (1.21.7)
The boundary value of {Ry(z)}*” on L, from the left, is denoted by
[{Ro(t)}iy]+ = {R,(t)}" (1.21.8)
and therefore [{Ro@)} 7] = M. (1.21.9)
K

If, now, X,(2) = {Ro(@)F7J{R(2)}, (1.21.10)

then X,,(z) is holomorphic in the plane cut along L, and at infinity
X (2) = O(zm—). (1.21.11)

x4 ; _ X5(0)
Also X:) = {Ry@y(R(®), Xnpt)= —2mW (12112
K

and X, (z) is zero at m ends ¢, (r = 1,...,m) whilst at 2n—m ends
¢ (8 = m~1,...,2n) it is infinite of order 1.

We now find a solution of problem 1 which is such that ®(z) is finite
at m ends ¢, (r =1,2,...,m), but may be infinite at the remaining
ends with degree less than 1. Consider the function ®(z)/X,,(z), which
is holomorphic in the plane cut along L, and which,is of finite degree
k+n—m at infinity. Since ®(z) remains bounded near those ends c;,...,
¢,, at which X, (2) becomes zero, then near these ends

(z)
Xon(2)
whilst near the remaining ends ®(z)/X,,(z) satisfies a similar condition
since ®(z) may be infinite of degree less than 1 and X, (2) is infinite of
degree }. Hence ®(z)/X,,(2) is sectionally holomorphic in the entire
plane, of finite degree k+n—m at infinity, and, from (1.21.1) and
(1.21.12), satisfying the boundary condition
D(t) 1+ _ [ D) _Blto)

el [l = A
on L excluding its ends. Here ¢(t)/ X (¢) is a function of the class H*
on L, and from (l 20. 1) the required solution is

const
Iz“cr[a

(< 1),

(7«) 277@ (t—- +Pk+n—m(z) (k+n—m > —1),

5287 E
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or

_ {Bo@)}rJ{R(2)} f( - $(t) dt +
t—z

2mi o)} R ()}
+{Ro(z)}i"\/{R(z)}PkM—m(z) (1.21.14)

where P,,,_,.(2) is an arbitrary polynomial of degree not greater than
k4+n—m and P_,(z) = 0. The solution is also valid for k+n—m < —1
if Pyyn-m(?) = 0 and ¢(t) satisfies further conditions.

ProBLEM 2. The functions @(z) and ¢(t) satisfy the same conditions
as before but (1.21.1) is replaced by

DH(ty) —e2mEPD-(t)) = Bty) (0 <B < 3) (1.21.15)

on L. Also here we shall allow ®(z) to be infinite with degree less than
1 at all end points. To solve this problem we put

ﬁ a,)"B(z—b,)t-B, ' (1.21.16)

where S(z) is holomorphic in the plane cut along L, and

S(z) >z* as |z] >o0. (1.21.17)
As before we put St+(t) = S(t) (1.21.18)
and hence S—(t) = e2mid+AS(¢). (1.21.19)

The boundary condition (1.21.15) now becomes
O+(t0)SH(te) —D(2)S~(te) = (te)S(to), (1.21.20)
and ¢(¢)S(t) satisfies a Holder condition on L. Also ®(z)8(2) is sec-
tionally holomorphic everywhere, except at infinity, where it is of
degree k-+n, and therefore

ose — L [ 5080

2 -, —2 dt‘}“Qk-i-n( )
L

where Q+,(2) is an arbitrary polynomial of degree not greater than
k+n. Also k+n > —1 and @_,(2) = 0. Hence

__ L [8®)0) 5, Qutnl?)
(D(z)“mS(z)L PR dt+ ’g(z) . (1.21.21)

1.22. Fourier integrals

In this section we state, without proof, some properties of Fourier
integrals which will be needed in later parts of the book.
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Let f(t) be of bounded variation in the neighbourhood of the point
{ = x and let the integral f f(¢) dt be absolutely convergent. Then

0 oo]

HWet0He—0) = [ du [ o cosue—o) &

0

_1 f eizu gy f fyeds,  (1.22.1)
2m

If, in addition, f(¢) is an odd function of ¢,
Hf@0)+fa—0)) = % f sin uz du f ft)sinus dt, (1.22.2)
0 0

and, if f(¢) is an even function of ¢,

@

Hf(@+0)+f(x—0)} = % f cos ux du f f(t)cosut dt. (1.22.3)
0 0
When f(¢) is continuous at the point ¢ = « it is more convenient to
state the above results in the following forms:
1. Fourier sine and cosine transforms,

r sin ut ‘ .
Flu) = f,f(t) cos ut dt
" (1.22.4)
J‘ F(u) sin ur g
cos ux
2. Complex Fourier transforms.
= f f(t)e"“’ dt
. - (1.22.5)
— 1 —izu
flx) = o f F(u)e-tzv dy

For many purposes a form of Fourier’s theorem for holomorphic
functions is useful. Let f(z) be a holomorphic function in the region
a <y < b. In any strip interior to a < y < b let

O(eP+92) (x> o0),

flz) = ‘O(e(«““)“) (2 - —o0), (1.22.8)
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for every positive e. Then if

F(w)= J(;ﬂ) ff(z)eizw dz, (1.22.7)

F(w) is a function holomorphic in the region A <v < p where
w = u-tv, and in any strip interior to this region

O(é-9+9%)  (u - c0),

F(w)_—:{ D) (s . (1.22.8)
ic+ o
Moreover, f2) = \/(;ﬂ) f F(w)e=tv* du, (1.22.9)

for every z in the strip @ < y < b, where ¢ is a real constant and
A<ce < p.



I
GENERAL THEORY

I~ this chapter we develop a general theory of elasticity for finite
displacements using the tensor and vector notations which were sum-
marized in Chapter I. A very comprehensive historical and critical
account of the mechanical foundations of elasticity (and fluid dynamics)
has been given by C. Truesdell.t The reader is referred to this article
for a comparison between the various presentations of non-linear
elasticity theory and for an excellent list of references to pioneer
contributions by a number of different writers.

2.1. Displacement vector. Deformation

Let every point of a continuous three-dimensional body, called briefly
the body B, be at rest, at time ¢ = 0, relative to a fixed rectangular
cartesian system of axes x; whose origin is 0. The position vector of
a typical point F, of the body B, referred to o as origin, has the form

r = (%, %, %5), (2.1.1)

and, from (1.9.2), the line element is given by
ds? = daidx’. (2.1.2)
We suppose that the positions of the points of the body B, change
so that at time ¢ a typical poinp F, has moved to P. The point P may

be referred to a new fixed rectangular cartesian system of axes y, wh
origin is at O, and the position vector of P referred to O is (see Fi

R = R(y1, Y2, ¥s)-
The position vector v of the point P relative to F, represer
placement of F, when the points of B, move from their p
time ¢ = 0 to their positions at time . We therefore call

v =R-—r+c \~
the displacement vector, where the constant vector ¢ defines the posi-
tion of the origin O relative to the origin o.

Except for the assumption that the body B, is continuous no other
assumptions have been made about the material of the body or about
the way in which the motion takes place. We now make some assump
tions about the way each point F, of B, moves to its correspondin

+ J. Rational Mech. and Analysis, 1 (1952), 125. Reference should also be made
F. D. Murnaghan, Finite Deformation of an Elastic Solid (New York, 1951).
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position P at time £. This will imply that the material of the body
has certain physical properties, but we shall not, however, discuss the
nature of these properties. Although we are guided to some extent
by physical ideas in making our assumptions, the justification for
applying the theory to physical bodies must rest on the comparison
of results obtained from theory with those found by experiment.

F1a. 2.1. Displacement vector.

We assume that each point P, at time ¢, is related to its original

position F,, at time ¢ = 0, by the equations
Ys = Yi(201, g, X3, 1), (2.1.5)
T = 2;(Y1, Y2, Y3: £), (2.1.6)
where y;, x; are single-valued and continuously differentiable with
*ect to each of their variables as many times as may be required,
5 possibly at certain singular points, curves, or surfaces. The
“ials dy?, evaluated at a given time ¢, are related to the differen-

y the equations
.oyt N

dyt = =L da/, = dyl. 2.1.7
Y=o 0 da oy Y (2.1.7)
, as a result of the motion of the points of By, the relative positions
of neighbouring points of the body are altered, so that the length ds,
of the line element changes to ds, the body B, is said to be strained or
deformed. The strained or deformed state of the body, at time ¢, is
denoted by B. The square of the line element in the strained body B
may then be written ds? — dyidy, (2.1.8)

‘here the differentials dy® are to be evaluated for a fixed time ¢ and are
lated to da’ by equation (2.1.7). If ds = ds, for all points and for
ry time ¢ the body is said to be rigid.
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_ The original body B, may be described by a general curvilinear set
of coordinates 6, so that

x; = x,(0y, 65, 05). (2.1.9)

We may imagine that this curvilinear coordinate system moves con-
tinuouslyt with the body as we pass from the original state B, at time
t = 0 to the state B at time ¢. It will therefore form a curvilinear
system in B so that, from (2.1.5) and (2.1.9),

Y: = Yi(6y, 05, 05, 2). (2.1.10)

Hence, the curvilinear system 6; may be identified with any convenient
coordinate system in either B, or B. '

By using § 1.7 we may define, in B, contravariant and covariant
vectors d6% and df, respectively, from the relation (2.1.9). Thus

;o0 ox!
dgi = -8703 dxi, do; = 50 du;
o0 (2.1.11)
dat = 6—0] d6 dx, = o db;
From (2.1.7) and (2.1.11) we have
oy . ofr
T — 12
dyt = 20 aoi, dft = oy dy’, (2.1.12)

so that d@ remains a contravariant vector under,all transformations
including transformations from coordinate systems in B, to those in B.
It must be emphasized, however, that df; does not retain its covariant
character in B and we shall not make any further use of this function.

Using (2.1.9) and (2.1.10) the position vectors (2.1.1) and (2.1.3) of
the points Fy and P respectively take the forms

R R, 6000 | 113

and the displacement vector (2.1.4) becomes
v = v(0,, 0, 05,t). (2.1.14)
The line elements (2.1.2).and (2.1.8) which correspond to the vectors
(2.1.13) are ds3 = g,;d0*d6, (2.1.15)
ds? = Gy dotder, : (2.1.18)

where g,; and G;; are the covariant metric tensors of B, and B respec-

1 The values of 6; which define a point P, of B, remain fixed with P, as it moves
from its position in ‘B, to its position P in B,
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tively. The functions G;; are found for a given time ¢ and are functions
of ¢t as well as of 6, 0,, 0,.

The covariant metric tensor g;; of B, together with the correspond-
ing contravariant metric tensor g%, are derived, as described in Chapter
I, from the Euclidean space defined by the coordinates x;. These
tensors satisfy the appropriate laws of transformation for all changes
of coordinates of the usual type, including changes to coordinate
systems in B. Similarly, the covariant and contravariant metric tensors
Gy, G of B are derived from the Euclidean space defined by the
coordinates y;, and they satisfy the appropriate laws of transformation
for all changes of coordinates, including changes to coordinate systems
in B,

We found in (1.12.26) that the Riemann—Christoffel tensor of a three-
dimensional Euclidean space vanishes. Since both B, and B are situated
in Euclidean spaces it follows that the components of the Riemann-
Christoffel tensors for each body vanish, so that

oRimn =0,  Rijn = 0. (2.1.17)
The tensor (R, is formed from the metric tensors g,;, g9 and their
derivatives with respect to 6,. Similarly, the tensor R;,, is formed
from @;; and G/ and their derivatives with respect to 6,.

The position vector v of the point P relative to Py represents the
displacement of P after time ¢. Now consider a point Py in the original
body B, whose position vector relative to F, is the infinitesimal vector
dr. The corresponding position of P;in B is P’, where PP’ is the
position vector dR. From Fig. 2.1 we see that the displacement vector

d of Py is given by d = v+dR—dr
and using (2.1.4) this becomes
d = v4dv,

where dv is the differential of v for a fixed time ¢. The vector v may
be expressed in the form

v =8’ = v'g,, (2.1.18)

where g7, ¢, are the contravariant and covariant base vectors of B, at
F,. Hence, using (1.12.14),

d - (Ui-}‘viljdoj)gi, (2.1.19)

which shows that the deformation in the neighbourhood of a point is
a linear function of the differentials d6’.
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We observe that if we write (2.1.18) in the form

v = vi(ga) 2 (2.1.20)

’l«‘b
then the physical components of displacement along the 6;-coordinate
curves in B, are g (2.1.21)

2.2. Strain tensor

The state of strain of the body B is characterizedt by the dlfference

of the squared line elements (2.1.15) and (2.1.16). We write

ds*—ds} = 2y,;d0ido7, (2.2.1)
where vij = $(Gij—94)- (2.2.2)
The functions y,; are the symmetrical components of a covariant tensor
which is called the strain tensor.f When y,; = 0 for all points, ds = ds,
and the body is rigid.

Since y,; is a symmetrical tensor it is always possible, as explained in
§ 1.11, to find a coordinate system in B, such that y; = 0 (¢ 5 j).
Since the coordinate system in B is then orthogonal, G;; = 0 (1 #j),
and hence, from (2.2.2), g;; = 0 (i 54 j), so that the original directions
of the coordinate curves in B, are also orthogonal. The directions of
the coordinate curves in B which are determined by this coordinate
system are called principal directions of strain; the strains in the
principal directions, the components of the candnical form of the
covariant strain tensor, are terlmed principal strains.

With the help of (2.2.2) we can express the covariant metric tensor
of the body B in terms of the covariant metric tensor of the original
body B, and the covariant strain tensor. Thus

Gy = gii+ 274 (2.2.3)
and, from (1.7.16), we obtain the determinant G of the elements G;
in the form
G = {eilher™ @Gy, Gy, Gy
= g+ e (g, G0 Viat 2950 Vis Viet 8V ir Vi Vi), (2:2.4)
where g is the determinant of the elements g;.

+ The strain may be characterized in other ways as is done, for example, by H. Richter,
Z. angew. Math. Mech. 29 (1949), 65.

1 The strein in the neighbourhood of a point can be interpreted in a geometrical way
by a ‘strain quadric’, or more specially by a ‘strain ellipsoid’ or ‘reciprocal strain
ellipsoid’. See, for example, A. E. H. Love, A Treatise on the Mathematical Theory of

Elasticity (ed. 4, Cambridge, 1927), and C. B. Biezeno and R. Grammel, Technische
Drvamik (1939, Berlin).
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A geonietrical meaning of the strain tensor may be seen by finding
the extension e; of a line element ds; along the curvilinear coordinate
curves 6,, defined by

6 — ds;—(ds;)o
‘ (ds;)
Using (1.9.11) and (2.2.3) we get
e; = A(Gi/g:)—1
= J(14+2y;,/9:)—1 (i not summed), (2.2.5)

(¢ not summed).

and we see that the extensions of the line elements along the coordinate
curves are determined by y,;, Y2, V3.

Again, suppose ¢,; is the angle between two line elements ds;, ds; in
the strained body. From (1.9.31) we have

— Gif Lo . .
cos ¢;; = N (¢, j not summed, ¢ £ j),

and, using (2.2.3),

o 9i512y45
Cos ¢y N9+ 2y)(9,5+2y55)}

(¢, j not summed, ¢ # j).
(2.2.6)

In order to calculate the strain components in terms of the displace-
ment vector we write (2.1.4) in the form

R=r+}v—c, (2.2.7)
and observe that

G’L' B3 R,i — r,i+v,i == gi+v,i’ (22.8)

where g;, G, are base vectors in the original and strained bodies respec-
tively. Hence, using (1.9.7) and (2.2.8),

Gif == Gi.G]- —_ gﬁ—}—gi.V’j+gj.v,i+v’i.v,j,
and therefore Vi = 3(8:.V; 48, V,;+V,.v;). (2.2.9)

As in (2.1.18) the displacement vector may be expressed in terms of
the tontravariant base vectors of B,. Thus

V=nu,gm (2.2.10)
and, using (1.12.14), V= v,|;8™, (2.2.11)
where, according to (1.12.15), covariant differentiation means

— ”
vmlt - vm,i—ormi Vpee
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The Christoffel symbols in the last expression are to be calculated for
B, from the metric tensors g,;, g/ of B,. Introducing (2.2.11) into (2.2.9)
and using (1.9.7) and (1.12.18), the strain tensor (2.2.9) becomes

Yii = il tvilitorlivly). (2.2.12)

The strain components in (2.2.12) are expressed in terms of com-
ponents of the displacement vector with respect to B, and their co-
variant derivatives with respect to B,. We may, of course, also express
the strain-components with respect to B. For this purpose we write

r=R-—vi}c
and we obtain the metric tensor of B, in the form
gi,‘i = G,-j——Gz-.V'j—Gj.V’i-I—V’i.V,J-,
and hence ‘yiJ = %(Gi.V,]-—I—Gj.V,i—V’i.V,j). (2.2.13)

The displacement vector, in terms of the contravariant base vectors
G™ of the body B, may be written

v =7V, Gnm (2.2.14)
and its derivative is v, = V,|[; G™ (2.2.15)

The double line denotes covariant differentiation with respect to B,
that is with respect to 6, and G;, so that

V;n“z = Vm,i—"P;'niK? )
where the Christoffel symbols’ I';,; are calculated for B from G,;, G%.

T
From (2.2.13) and (2.2.15) the strain components now become ’

vii = 3l +Vill—= VL), (2.2.16)
which gives the strain components in terms of the components of the
displacement with respect to B.

The components of strain in terms of the displacement referred to
any convenient set of coordinates in either B, or B may at once be
written down from (2.2.12) and (2.2.16) respectively. For example,
the strain components referred to the cartesian system z; in B, may
be found from (2.2.12) by putting 6, = z,, and are

ov,  1([ov\? | [ov,\% | [Ov, 2}
= 6x1+2{(6_x1)“+ 0y + oy |’
. 1{ov, %) +1(8vl vy | vy Ovy | Dy 3@:3)’ ote.

723=§(a73+ax2 2\5y 2y T 0w, Oz, T O, O,

Similarly, when at time ¢ the 6,-curves coincide with the fixed cartesian
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y;-curves, so that 8; = y,, the strain components referred to y; may be
found from (2.2.16). Thus

= 2lley) ) () )
u 9y 2\\0y, + oY, + oYy ’
(61/; 3V) (3V o, oW, o, ol 6V.,)
Y23 = —_— ===l ="} etc.
2\0y;  Oys) 2\0y,0ys Oy, Oys OYs Y,

The mixed strain tensor can be formed in two ways according to the
choice of metric. Using the metric tensor ¥/ we have

and, using the tensor g% for the unstrained body,
yi = gy, = Hg*G,—i). ‘ (2.2.18)

Similarly, the contravariant strain tensor may be formed in three
ways. For our purpose the most convenient definition to take is

¢l = gire] = Gity] = g Gy, (2.2.19)
Using (2.2.2) this becomes
€l = %girst(Grs_grs%
which reduces to €l = }(g"—GY), (2.2.20)
or G = gl —2¢, (2.2.21)
if we use (1.7.7).
Three invariants may be formed from a symmetrical tensor of the
second order. In particular, strain invariants may be obtained from

the mixed strain tensor y; which is defined in (2.2.18), and are the co-
efficients of powers of A in the expansion of the determinant

[AS5 -85+ 295 = [AS5+9™ @, = NB+L N2+ LAFL,.  (2.2.22)

Hence L = 34297 = g7Q,,
I, = 3449+ 2(yLys—vhye)
= }(I3—g™g*" G5 G : (2.2.23)

G
IS +2')’sl = lgrmesl = 5

If the body is incompressible, volume elements are conserved during
deformation so that G = g and

L'=1, (2.2.24)
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Similarly, strain invariants J;, J;, J; may be obtained from the mixed
tensor € which is defined in (2.2.17). Thus

NS5+ 2€f| = INSG+ 0G| = NS XS AT, (2.2.25)

J, = 3—2¢ = g,,G" ’

J, = 3— 4+ 2 I—eel)

= }(J3—Q™G*"G,s G nn) te (2.2.26)

where

Jy = [3i—26)| = 6™ ] =

If the body is incompressible ’
Jy=1. (2.2.27)

The two sets of strain invariants are not independent and we can

show that I, I,, I; may be expressed completely in terms of Jj, J;, J3,
and vice versa. Thus

I L+ LA L) = |Gy, | A5 +g™G,y|
= P‘Grmgms'*_sgl

=\ Grmgms +% &

1 J, J
_ A3(F+A_;+X2+Ja>. (2.2.28)
Therefore, equating coefficients of powers of A, we have
Jl = 2/13» ’]2 = Il/Ia’ Ja = 1/13
or L = doldy, L=d[Jy Iy=1/J]

We shall be mostly concerned with the three invariants I, I,, I;, and
in view of (2.2.26) and (2.2.29) they may be written in the form

(2.2.29)

Il = g"Grs
I, = Gy, L. (2.2.30)
I =Gy

2.3. Equations- of compatibility

The components y;; of the strain tensor, as found in the preceding
section, are not independent but have to satisfy the condition that the
Riemann-Christoffel tensors (R;;;, and R,y of the original and strained
bodies must vanish. From (1.12.25) we may write the components of
_the Riemann-Christoffel tensor of the strained body in the form

R = 3Gyt Giar— Cini— Ginin) + G (T Tt — Lot Tin)-
(2.3.1)
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From (2.2.2) we have Gy = 9ij+2v; (2.3.2)
and, using this, the Christoffel symbols I},; of the strained body become
rsz = %(Girs'}" isr rs,i) = OPrsi+2'}’rsi (2-3-3)

where we have putt '
Yrsi = '%()’ir,:s'l"}’is,r—)’rs,i)‘ (2.3.4)

If we now substitute (2.2.21), (2.3.2), and (2.3.3) into (2.3.1) we obtain
B = oRuutvautvina— Yo a—vin—
— 2™ (o L) (0 Ten) — (o Litom) (0 L)} 4+
+29™ (o Liten Yatm+ o Letm Viten— 0 Ljin Vitem— o Lstem Vin) —
— 4™ (o Litn Yatm 0 Litm Vien— 0 Ljtn Yirem— 0 Lstom ¥ jin
+ 29t Vikn— 2V ikm Yitn) +
+49™™(Vitm Vjten = Yitem Vitn)- (2.3.5)
The conditions (2.1.17), namely
oBiji =0, Rij = 0,
give the following relations between the strain-components:
Yaie T Vira—Yiea—Vitie— 2€™™ (o Tirm) (0 Tysen) — (o Ltom) (o L)} +
+29"™ (0 Lten Vitm+ o Litm ¥ikn— o Ljin Yitom— o Litom Vitn) —
— 4™ (Uit Yitm+oTim Yitn— oLjin Yitem— oo Vit +
+2Yitm Y iten— 2V stem Vitn) +
+49™™MVitm Vjrn—Vikm Vitn) = 0 (2.3.6)

These relations are called the equations of compatibility. As we know
that there are only six independent components of the Riemann-
Christoffel tensor, (2.3.6) reduces to six independent equations.

2.4. External force. Stress tensor

We assume that the body B, is moved to its strained position B by
the action of external forces which may vary with the time.} The
external forces which act on the body B may be divided into two
types.

1. Body or volume forces, which are forces proportional to the masses
of the particles on which they act, and which are determined in magni-
tude and direction by the positions of the particles. If m is the mass
of a particle, the body force may be represented by a field vector mF,

1 vrsi is not a tensor.

1 §§ 2.4, 2.5, however, depend only on the existence of a body B acted on by external
forces. .
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where F is the hody force per unit mass, and we assume that F is a
continuous function. The force of gravity is a typical example of a
body force.

2. Surface forces which are forces acting on the bounding surface of
the body and which may be denoted by P, the vector of the surface
forces per unit area of B. Thus, if dS is an element of area of the
bounding surface, the surface force acting on dS is PdS. We assume
that the surface forces are sectionally continuous functions. The body
forces and surface forces are called the external forces acting on the
body. The acceleration of each point of the body may be denoted by
a vector f which is also assumed to be a continuous function.

We now consider an element AS of a surface which is situated in the
strained body B and which contains within its area a point O of B.
We may think of the portion of the body which is on one side of the
surface as exerting force on the remaining portion across this surface.
We suppose that the force, which is thus exerted across the particular
area AS, is statically equivalent to a force AT at O and a couple AG.
We now imagine that the area AS tends to zero in any manner, keeping
the point O always within it. From physical considerations it is reason-
able to assume that the vector AT/AS tends to a definite limit dT/dS,
and that the vector AG/AS tends to zero. The vector

. AT dT . .
¢ “Alél_?ofg —ds (241
is called the stress vector belonging to the element and represen*
force per unit area of the surface in the deformed body.f W
already assumed that surface forces are sectionally continuc
also assume that t satisfies any other analytical condition w’
be required in our subsequent analysis.

The force exerted by one part of the body 4 on the rem
A’, across the element d8, is, in the limit, tdS. In view o1
third law of motion the force exerted by A’ on A4, across dS, .
limit —tdS. When two bodies are in contact we assume that the na
of the action between them, over the surfaces in contact, is the sau
as the nature of the action between two portions of the same body.

At any point P of the strained body B we construct a parallelepip
which is bounded by the faces 6, = constant, 6,4d6* = constant, -

a tetrahedron whose edges are formed by the coordinate curver

T Stress vectors may also be defined per unit area of B,, but this is not, in
of any advantage.
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of lengths ds;, and the curves P, P,, P, P;, P, P, (see Fig. 2.2), which in
the limit are defined by the three vectors

ds;—ds; = G;d0!—G,df’ (i, j not summed, ¢ 7 j). (2.4.2)

The surfaces 6; = constant of the tetrahedron have areas }dS; and
may be represented vectorially by

Gids;
2/@E

(2.4.3)

Fic. 2.2. Infinitesimal curvilinear totrahedron: - '
Also, the area of P, P, P, is denoted by 1dS and is represented vectorially

by
ndS
=, (2.4.4)
are n is the unit normal to the surface. Hence, since the area P, P, P,
ctorially equivalent to the surfaces 6; = constant of the tetra-
', we have 3
— (2.4.5)
‘ i=1
n; are the covariant components of n, with respect to base
it follows that

n;(G¥)dS = d,. (2.4.6)

m the strained body B a stress vector t, as defined above, is

- ociated with elements of areas which are normal to the unit vector
1. If the coordinates 0; are changed to a new set of coordinates 6,
hilst the unit vector n remains unchanged, then the stress vector t
ninvariant. Stress vectors —t; are also associated with elements of
at P in the surfaces §; = constant. They are not invariant under

ge of coordinates from 6, to 6, if, after such a transformation, we
consider stress vectors —'t'j associated with elements of areas
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We now take moments about the centre of gravity of the elementary
volume, and, since in the limit we may retain only first order terms,

this gives G,xT;=0. (2.5.3)
From (1.9.13), (2.5.1), and (2.5.3) we obtain
€i1k7i7Gk = 0,
and written in full this is ‘
(.’.23_7.32)G1+(731__7.13)(;2_*_(7.12__7.21)0'3 — O.
k]
It follows immediately from this equation that
7 = 17t (2.5.4)
so that the stress tensor is symmetric. Since 7%/ is symmetric it is always
possible, as shown in § 1.11, to find a coordinate system in B in which
74 =0 (i #j). The directions of the coordinate curves in such a
system are called the principal axes of stress and the stresses which
correspond to these axes are called the principal stresses.
The remaining equation of motion states that the (vector) sum of
all the forces acting on the elementary volume equals the mass-accelera-

tion of the volume, where the acceleration may be taken to be that
of the centre of gravity, namely f. Hence, in the limit (see Fig. 2.3)

T, ;+pH = ph, (2.5.5)

where h = fV@. v (2.5.6)
When the body is in equilibrium f = 0 and

T, ;+pH = 0. (2.5.7)

We may express the equation of motion in alternative forms. If

F — FiG, = F,G'
. . } (2.5.8)
f=fiG,=f;G’
then
H = H'G, = H;G!
. . . } (2.5.9)
h = hlGi = hl GL
where
Hi — FiNg,  H, = F,N@
o } (2.5.10)
W= fiNG, =[N
Also, if il = NG, Y} = TiVG, (2.5.11)
then from (2.5.1) T, = yG; = i Gl. (2.5.12)

It should be noticed that the functions defined in (2.5.10) and
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(2.5.11) are not tensors.t Using (2.5.8) to (2.5.12) the equation of motion
(2.5.5) becomes

§ oo Tir -+ pHD = ph, (2.5.13)

or i i— Tl di+-pH; = phy. (2.5.14)
With the help of (1.12.8) these equations may be reduced respectively
o 78l 4 D7t D rii - p P = pf (2.5.15)
73— Dy it T i+ pF; = pf;. (2.5.16)

Using (1.12.16) these may be written more compactly in the tensor
forms 7|, +-p Fi = pfi, (2.5.17)
il +pF; = pf;, (2.5.18)

where the double line again denotes covariant differentiation with
respect to the strained body B.

With the help of (2.4.10) it is possible, of course, to write the equa-
tions of motion in terms of the covariant stress tensor but this form
appears to be of little interest and will not be given here.

The equations (2.5.5), and (2.5.13) to (2.5.18), are alternative forms
of the equations of motion. The most convenient form to use depends
on the type of problem which is being examined, but the equations
(2.5.5), (2.5.17), and (2.5.18) are particularly simple in form.

Equations (2.5.17) and (2.5.18) can also be obtained by first writing
down the equations of motion in rectangular coordinates in the body B
and then observing that (2.5.17) and (2.5.18) are the general tensor form
of these equations when referred to curvilinear coordinates 6,.

Finally, the conditions at the boundary surface of the body at which
the surface forces are prescribed require that

t=P. (2.5.19)
If we express the surface forces P in terms of their components,
P = PIG;, = P,G/, (2.5.20)
and use (2.4.13), the boundary conditions have the alternative forms
riin, = Pi (2.5.21)
or Tin; = P, (2.5.22)

2.6. Virtual work. Elastic potential

When the body is in the strained state B at time ¢ the displacement
v of each point P which was originally at P, is

v = v(0,,0,,0,1).

1 These are sometimes called relative or weighted tensors.
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We now consider any other geometrically possible motion which is such
that, during the same time ¢, the points P, move to P’ and form a
strained body B’, the displacement of P, being of the form

V' = V(gl’ 02’ 93) t)+€w(019 62: 033 t):

where w is an arbitrary vector and e is a real number which we shall
take to be small, so that its squares and higher powers can be neglected

compared with e. We call ew a variation or virtual displacement of v
and write SV = VIV = eW.

This corresponds to the usual definition of variation in the calculus of
variations.t

The variation of v ; is defined to be
3(Vy) = Vii—V; = eW; = (eW); = (V) (2.6.1)

so that 8 and partial derivatives with respect to 6, are interchangeable.
The variations of the covariant base vectors are given by

8G; = 8(8;+v;) = (0v);

if we remember that g, does not depend on v. The variation of the
scalar products of the base vectors are found to be

8(G;.G;) = G;.8G;4G;.8G,.
Hence, using (2.6.1) and (2.2.2), the variation of the strain tensor is
2y,; = 8Gy; = G,.(3V),+G,.(5v),, (2.6.2)
since 8¢;; = 0. a
We now take the scalar product of the equation of motion (2.5.5) with

the virtual displacement dv, and then integrate throughout the body
B to obtain the formula

fff {Ti,t-SV-i—p(H——h).Sv} d01d62de® = o,

or, alternatively,
f f f {(Ti.Sv),t-——Ti.(SV),i+p(H—h).8v}%_—_ 0, (26.3)

where dr, an element of volume, is given by
dr = J(G)d6*d6*dee. (2.6.4)
With the help of Green’s theorem (1.12.39) the first term in (2.6.3) may

t Sec, for example, Courant-Hilbert, Methoden der Mathematischen Physik, vol. 1
(1931), Berlin.
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be transformed into a surface integral taken over the bounding surface
of B. Thus

ffTSv)nng-ka‘f{H —h).5v—T,. SV,L}\/G 0,
S

where n; are the covariant components of the unit normal to the sur-
face. From (2.4.11) and (2.5.1)

(2.6.5)

n:'T,
t= "t 2.6.6
NG (2.6.6)

and, substituting this in the first term of (2.6.5) and using (2.5.2), we

obtain the equation

” 8v)dS+fff (F.5v) dT-fff{phSV—{—T (5v) ‘}«/G

(2.6.7)

The left-hand side of this equation represents the virtual work, during
a virtual displacement, of the body forces and the surface forces acting
on B, and we denote it by 8*4, so thatt

§*A4 — j f (P.5v) dS+ f f f p(F.8v) dr, (2.6.8)
S T

P being the value of t at the surface of B.

In order to be able to evaluate the surface integral in (2.6.8) we
assume that the surface forces are prescribed over parts of the surface
and that the surface displacements are prescribed over the remainder
of the surface. If the variation of v is then chosen to be zero where the
surface displacements are prescribed, the surface integral is zero over
these parts and may be evaluated over the remainder of the surface
over which the surface forces are known.

From (2.6.7) and (2.6.8) we see that the virtual work of the external
forces may also be written in the form

S — f f f {ph. SV 4T, (5v) 3 9% - (2.6.9)

and, using (2.5.1) and (2.5.6) this reduces to
*4 = [[[{pt.3v+7G;.(5v) ) dr. (2.6.10)

t The star on §* indicates that §*4 is not the variation of a function 4.
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Since 7%/ is a symmetric tensor

4 = || f {pf.8V+379[G;. (8v) ;4G (3v),;]} dr

or $*A— f f f p(f.8v) dr = f [ f 713y, W(Q) d61d62d63,  (2.6.11)

if we use (2.6.2).

We now consider the right-hand side of (2.6.11) which we denote by
6*U, so that

*U = f f f (5*E)py(G) d6*d62d6s, (2.6.12)

where O*E = (1% [p) dy,;. (2.6.13)

We confine our attention to a body B which is such that, for all
virtual displacements, 6*k is a complete differential of a continuous
single-valued function E depending only on the state of strain of B
at time ¢, the initial metric tensor g,;, and tensors which represent the
physical properties of the body B,. Thus we write

the dependence of £ on g;; and the physical tensors being understood,
and therefore oF

*E = 8E = _——Sy,;. (2.6.15)

0735

When these conditions are satisfied the body B, is said to be elastic.}

The variations 8y;; of the strain tensor are arbitrary, except that
dyij = Byjs, so it follows from (2.6.13) and (2.6.15) that

0 [ 4 2E).

=i (aYij + Pji

In (2.6.16) differentiation with respect to y,; is understood to be per-

formed holding all other components of the strain tensor constant,

including y;;. Since mass elements are conserved in a virtual displace-

ment 8(py(G) d6*d62d6%) = 0,
and (2.6.12) may be written in the form
SU = f f f (SE)py(@) d6'd62d6® = 8 j f f Epy(@Q) d6*d6°d6°.

(2.6.17)
Hence U= f f f pEJ(Q) d6'd6°d63 (2.6.18)

(2.6.16)

apart from an arbitrary additive constant.

t See, for example, G. Hamel, Theoretische Mechanik, p. 194 (1949, Berlin/Gottingen /
Heidelburg).
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The function E is called the elastic potential of the body (per unit
mass) and it can be shown from thermodynamical considerations that
E does, in fact, exist in at least two physical cases, either when the
changes which take place are reversible, and isothermal, or when they
are reversible and adiabatic,t the corresponding functions K being, in
general, different functions. These two possibilities cover many im-
portant practical problems. When a body performs small reversible
vibrations the changes are approximately adiabatic. On the other
hand, if the passage from the original state B, to the strained state B
is made slowly so that the body remains almost at the same temperature
as the surrounding medium, then the change of state is approximately

isothermal.

2.7. Variational, work, and energy principles
When the body B, is elastic and an elastic potential exists we see
from (2.6.11) and (2.6.16) that, since dy,; = dy;;,

%4 — f f f OB Sy @) derdraee+ f f f p(f.5V)(@) dordeedes,

or, using (2.6.15) and (2.6.17),
5*4 = U+ f f f p(£.8v)\(@) d61d62d6°. (2.7.1)

We integrate this last result between two arbitrary times {, and ¢,.
Thus

ty i t
f $*A dt = f SUdt+ f f ( f (£.5V)py(G) dO1d02d6ds.  (2.7.2)
to to fo °7

The last integral may be transformed by partial integration. Using

f = o2v/o?, and remembering that the mass element p,/(GQ) d6'd6?d6? is
independent of ¢, we obtain

t
t{ / f | €-8v)p(@) dbrdera6ds

[ f f f (w SV) d01d62d03]’1~

to

_ f f f f (3" %V) (@) dorderaesdt.

1 For reversible adiabatic changes K is the internal energy of the body and is ex-
pressed as a function of the components of strain and the (constant) entropy. When
rhanges are reversible and isothermal then E is the froe energy which is expressed as
a function of the components of strain and of the (constant) temperature.



2.7 GENERAL THEORY 73

We now suppose that the variation 8v is such that it vanishes at time
t, and ¢, so that

FI1] ey avarasa
to T

123 t,
- f f | f j %‘Z’ .5(%:_')pJ(G) d6'd6%d6%ds — — f SKdt, (2.7.3)
to T ta

. 1 av\2
where K= f f f (_)t) pJ(G) dBd62ds® (2.7.4)
¢,

is the kinetic energy of the strained body B, and
SK — f f f 88_: -S(Z—Z)N(G) d0'd0°46°. (2.7.5)

Equation (2.7.2) now becomes
t

ty 181
tf $*A dt :t{ SUdt—t;[ SKdt

ty 1y
or fS(K_U) i+ fs*A dt = 0. (2.7.6)
!o '0

If the external forces can be derived from a potential energy function
{2 then $*4 = —5Q (2.7.7)

and (2.7.6) reduces to the simple form
tl ’1
f SK—U—Q)dt = § f (K—U—Q)dt = 0, (2.7.8)

where K— U—Q is called the Lagrangian function.

Equation (2.7.8) is the analytical expression of Hamilton’s principle,
which says that the variation of the integral of the Lagrangian func-
tion, between times ¢, and ¢;, takes a stationary value, provided that
the variation of the displacement vector is taken in such a way that it
vanishes at the times ¢, ¢,.

If the strained body B is in equilibrium then f = 0 and the virtual
work (2.7.1) of the external forces acting on the body becomes

3*4 = 8U,

1 The function U represents the total potential energy of the body due to straining.
E is sometimes called the strain-energy function and U the total strain-energy of the

body.
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and, if (2.7.7) still holds,
S(U+Q) = o. (2.7.9)

This states that the variation of the total potential energy U-+Q has
a stationary value.

2.8. Stress-strain relations for homogeneous isotropic bodies
We have seen in § 2.6 that the stresses which occur in an elastic body
are related to the function Z by the equations

) - %p(,a_lg_,_ﬁ), (2.8.1)
yij Oy
where U= f [ f pE\(@) d0'd6%d63 (2.8.2)

represents the total elastic potential energy of the strained body. Since
mass elements are conserved under straining, we have

poNg = pNG, (2.8.3)

where p, is the density of the unstrained body B,. Hence equations
(2.8.1) take the form

i &Q/E(aE %) _ Vg g
V(@ 2 ayij+37ji 2 6')’1‘1'_,_37’1'1‘
where W = p, E is the elastic potential per unit volume of the un-
strained body B,.

At this point it is necessary to make further assumptions if we wish
to obtain an explicit relation between stress and strain. The validity
of the assumptions when applied to physical bodies must be tested by
referring to experiment.} Experimental verification cannot, however,
be carried out directly since strains within a body are not susceptible
to direct measurement. We must therefore assume a law which will
relate stress to strain and the validity of this law must be tested in-
directly. By using the assumed law predictions can be made about
stress and strain in a body and some of these predictions can be com-
pared with experiment.

The relation between stress and strain in the theory which has been
developed so far, is of such a form that an elastic potential W exists
with the property (2.8.4). We may therefore assume values for W and
derive the stress-strain relations from these equations. In the remainder
of this chapter we consider bodies which are of constant density in the
unstrained state, and which are homogeneous and isotropic. A body is

(2.8.4)

o2

1 See also § 2.1.
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said to be elastically isotropic, or, more simply, ¢sotropic, if the elastic
potential W depends only on the three strain invariants I, I, I;and
on scalar functions of the coordinates ;. If these scalar functions are
constants the body is said to be elastically homogeneous. If, therefore,
the body is homogeneous and isotropic

W = W, L, I). : (2.8.5)
Alternatively, we could say that W depends only on the strain in-
variants J;, J,, /3 since these are related to I, I,, I, but (2.8.5) is more

suitable for our purpose. From (2.8.4) and (2.8.5) we obtain the stress
tensor in the form

G) ) oW oW
2 ¥l = 2
A/ (g T 3Yﬁ+57n

ok S O (e O) OO Py
ol \0y;; ~ oyjl ~ 0L \oyy;  Oyy) oIy \oyy  Oyy
From (2.2.18) and (2.2.23)
ol oh = 4g"
Ovi; Wi
ol | oL, _ A(giigrs—girginy @, L, (2.8.7)
Oys;  Oyy
oL | ol _aGav 4I, Qi
Ovi;  Ovp g :
and therefore (2.8.6) becomes  *
71 = Qgii W Bii 4 pQrii, (2.8.8)
where
2 oW 2 oW ow
O =—__ =, = 2
NI, o1, VLo, P ol L. (2.8.9)

Bi = Il gii‘g irgiaGrs = eirmejsngn Gmn/ g
The three functions ®, ¥, and p depend only on I, J,, and I; and are
therefore scalar invariant functions.
If, in addition to being homogeneous and isotropic, the body B, is
incompressible, the third invariant of strain I; is unity and we only

know the value of the strain energy funetion W in terms of I, and I,
when I; = 1. Thus

IS == l, W == W(Il,Iz). (2.8.10)
The stress-strain equations (2.8.8) retain the same form but now
o—2W W (2.8.11)

oI’ ol,’
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and p cannot be evaluated from (2.8.9) since it is the value of the
derivative 2(0W/aol;) at I; = 1. The function p is an unknown invariant
function which represents a uniform hydrostatic pressure, and p will
be found from the equations of equilibrium and the boundary condi-
tions.

We shall not be very much concerned here with particular forms for
W but we mention that for certain incompressible rubber-like bodies
a strain-energy function of the form

W = C(I,—3)+Cy(1,—3), (2.8.12)
where C}, C, are constants, postulated by Mooney,} appears to be very
suitable. The form (2.8.12) for W represents the first two terms in an
expansion of W in a double power series of I, —3, I,— 3 and the necessary
and sufficient condition that W > 0 is that C, > 0, (, = 0. When
C, = 0 the expression for W reduces to a form which Rivlin] uses for
a so-called neo-Hookean solid, and this form has also been obtained
theoretically by Wall, Flory, Treloar, and others. The reader is referred
to a book by Treloar§ for more detailed discussion of the properties
of rubber-like materials.

Before proceeding to Chapter III, in which we solve special problems
for bodies which are homogeneous, isotropic, and incompressible, we
close the present chapter by adding a summary of the more important
notations and formulae.

2.9. Summary of notations and formulae

6, Coordinate system which moves with the body.

gij» 99 Metric tensors of the unstrained body.

g Determinant of the components g,;.

Bi|;, Bi|; This denotes covariant differentiation of any functions B,...,
with respect to 6; and g,,,,.

Gy, @i Metric tensors of the strained body.

G Determinant of the components G;;.

Bi||;, Bill; This denotes covariant differentiation of any functions Bi,...,
with respect to 6; and G,,,,.

Po Density of the unstrained body.

p Density of the strained body.

g, 8! Covariant and contravariant base vectors of the unstrained
body.

1 M. Mooney, J. Appl. Phys. 11 (1940), 582.
1 See references at beginning of Chapter III.
§ The Physics of Rubber Elasticity (Oxford, 1949).
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Covariant and contravariant base vectors of the strained
body.

Displacement vector. :

Covariant and contravariant components of v referred to
gt, g, respectively.

Covariant and contravariant components of v referred to
G?, G, respectively.

Covariant strain tensor.

Stress vector.

Contravariant and mixed stress tensors referred to the
strained body.

Physical components, along base vectors G;, of the stress
over each coordinate surface.

Stress vectors for each coordinate surface.

Unit normal to surface over which t acts.

Covariant and contravariant components of n referred to
G!, G, respectively.

Surface force vector.

Covariant and contravariant components of P referred to
Gi, G, respectively.

Body force vector, per unit mass.

Covariant and contravariant components of F referred to
G?, G, respectively. '

Acceleration vector. *

Covariant and contravariant components of f referred to
Gi, G, respectively.

Virtual work of external forces.

Elastic potential per unit mass.

Elastic potential per unit volyme of the unstrained body.

Total elastic potential energy for the body.

Kinetic energy of the strained body.

The state of strain at a point of a body is determined by the covariant
strain tensor

Yij = %(Gij—gij) (2.9.1)

and this may be expressed in terms of the components of the displace-
ment vector in the two forms

Yis = 30l Fv;l4+v"10,05), (2.9.2)
Yiy = %(KII;+KI|¢—V’IIJ’;II;)- (2.9.3)
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The components of the strain tensor are not independent but are
related by the equations of compatibility (2.3.6).

The state of stress at a point in the body is determined by the sym-
metric stress tensor. The contravariant stress tensor 7%/ and the mixed

stress tensor 7} are related to the stress vectors t; by the equations

ti \/G’ii = TiiGj = T} G’j. (2.9.4)
This can be written in terms of physical components of stress. Thus
S G
t, = 0'~j—j—, (2.9.5)
1 ]; T, ‘\/ij
where 0, = (@] QP (2.9.6)

and we remember that o;; is not a tensor. The stress vector t at a
point in a given direction n is related to the contravariant and mixed
stress tensors. Thus

t = 7iin,G; = 7in;GI. (2.9.7)
The equations of motion have been obtained in the compact form
T, ;+pH = ph, (2.9.8)
where
T; = t,(GGY), (2.9.9)
H = FVQ, (2.9.10)
h = fV@. : (2.9.11)
The equations of motion have the alternative forms
7l|+pFi = pf, (2.9.12)
Ti+pF; = pf;. (2.9.13)
When given surface forces are applied at the boundary surface of
the body t=P, (2.9.14)
or, alternatively, +iin, = P, ] (2.9.15)
ring = P, ~ (2.9.16)
The virtual work of the external forces was found to be
$*A = f f f {of .SV 7Sy, ) (@) dO1d92d6e. (2.9.17)

When a body is elastic an elastic potential exists with the property

. oK oF 1 g ow oW
il — B(_+_) — U/(") (_+_) (2.9.18
2\0yy;  Oyu) 2N \G)\Oyy  Oyy )



2.9 GENERAL THEORY 79

For homogeneous isotropic elastic bodies

W = W, I, L) (2.9.19)
and 7 = Bgii+ W Bii 4 pGi, (2.9.20)
where
2 oW 2 oW ow
= < , == 7 p = 2vl,—
VI, oI, VI, oI, al,
3 7h 8 %2 L (2.9.21)

mn

Bii —= Il gi}' _girgstrs — é eirmea'sngrs G

and I,, I,, I, are the strain invariants, given by

L = gm@G,
I, =g¢,,GI }. (2.9.22)
I, = Glg
When the body is incompressible
I =1, W = W(l, L,). (2.9.23)
The stress-strain relations (2.9.20) have the same form but now

ow ow

® = 26_11_, ¥ — 251;. (2.9.24)

When the virtual work of the external forces can be derived from a
potential energy function

8*A4 = —35Q, ~ (2.9.25)

and in this case the variation of the total energy of the body has a
stationary value when the body is in equilibrium. Thus

S(U+Q) = 0, (2.9.26)
where U= f f f pE\(G) d61dg2d6s. (2.9.27)

Hamilton’s principle for an elastic body is

t
8 f (K—U—Q) dt = 0. (2.9.28)
to
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FINITE DEFORMATION: SOLUTION OF
SPECIAL PROBLEMS

I~ this chapter we consider the solution of certain problems for bodies
which are homogeneous and isotropic and we are mostly concerned
with incompressible bodies.f The method used throughout is to assume
that the strained body B is obtained from the unstrained body B, by
suitable displacements and then to find the system of forces which is
necessary to maintain the equilibrium of B. This means that we shall
find in each problem a state of equilibrium under a certain system of
forces, but the possibility of alternative states of equilibrium under the
same system of forces should be borne in mind. Readers may refer to
the summary at the end of Chapter II for the various formulae and
equations which are used.

3.1. Uniform extensions

In the first part of this section we are concerned with a compressible
material and we take fixed cartesian axes (x,y,z) to define the un-
strained body B,, and identify the 0,-coordinates with (z,y,2) so that

0, =2, ==, 0, =2, =1y, 0y = x5 = 2. (3.1.1)

We now consider a strain in which a unit cube of B, whose sides are
parallel to the axes is deformed into a cube of dimensions A;, Ay, A,
parallel to the x-, y-, z-axes respectively. The coordinates of the strained
body B may be referred to a fixed cartesian set of axes y;, which coin-
cide with the axes (x,¥,2), so that

Y= A7, Yo = Ay, Ys = A3z (3.1.2)
The components of the metric tensor for the unstrained and strained
bodies are respectively

g =9% =08y, g=1, (3.1.3)
A2 0 0 A2 00
G,.,c-_—[o Y 0}, Gik:[o A5 o], G = X2,
0 0 A3 0 0 232
(3.1.4)

1 Most of the problems in this chapter have been discussed by R. S. Rivlin, Phil.
Trans. A, 240 (1948), 459, 491, 509; A, 241 (1948), 379; A, 242 (1949), 173; Proc. Roy.
Soc. A, 195 (1949), 463 ; Proc. Camb. Phil. Soc. 45 (1949), 485. The method of solution
which is given here, however, differs from that used by Rivlin. See also A. E. Green
and R. T. Shield, Proc. Roy. Soc. A, 202 (1950), 407.
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and the strain invariants (2.9.22) are
L=N+3428 L= NB+M8+08A, L= A8A.

3.1.5
It follows from (2.9.21) that @, ¥, p are constants and that ( )
PLESHT B\ 0
BE=1| 0 24X o | (3.1.6)
0 0 AZHA2

Hence the stress components 7% which are given by (2.9.20) are
constants, and the stress equations of equilibrium (2.9.12) are satisfied
when body forces are absent. Using (2.9.20) the physical stress com-
ponents (2.9.6) are found to be
oy = Ml = B0 X3+ +p
Top = 7% = RO+ +p

(3.1.7)
ogg = A7 = MO +NBAH-AH) Y +p
01 = Oz = 03 = 0
With the help of (3.1.5) these may be rewritten in the form
oy = NO—-MNMY+p')
Ogp = BO—RXY 4’ ¢, (3.1.8)
o33 = MO—N ¥ +p’
where p' = p+WVI,. (3.1.9)
When the body is incompressible the stresses (3.1'.8) may be further
reduced to o1y = NO—¥/X4p, (3.1.10)
ete., since AZAZN: = 1. (3.1.11)

For the particular case of simple extension under a force parallel to
the x-axis, Ay = A3, 0,5 == 043 = 0 and, hence, for a compressible body,
from (3.1.8),

P = —A04+ANY, (3.1.12)

and o1 = (A—AH(D+AZY). (3.1.13)
For an incompressible body A3 = 1/, and therefore

o = —1A)@+F/A). (3.1.14)

3.2, Simple shear
Consider a body B, which, in the undeformed state, is a cuboid whose

faces are = ta, y = +b, z = +c, (3.2.1)

where a, b, ¢ are constants and where the coordinate system in B, is
the same as that given by (3.1.1). If B, is subject to a simple shearing
6237 G
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deformation, in which each point of the material moves parallel to the
z-axis by an amount which is proportional to its y-coordinate, then the
final coordinates of the point which is initially at (z,y,2), referred to
cartesian axes y; which coincide with the axes (z,y,z2), are

h=2+Ky, =Yy Ys=2 (3.2.2)
where K is a constant. A section by the plane z = constant of the
unstrained and strained bodies is shown in Fig. 3.1.

c D c
L,

x

D

4 B A’ B

Fic. 3.1. Simple shear of cuboid.

The components of the metric tensor of B, are again given by
(3.1.3), and the components of the metric tensor of B are now

14K —K 0
gr—| —K 1 o, @G=1,

0 0 1

1 K 0
G - [K |
0 0 1
s (3.2.3)
and the strain invariants (2.9.22) are
L =I,=3+K, IL=1. (3.2.4)

Also
24-K2 —K 0

—K 2 0 ] . (3.2.5)
0 0 21K
Once again it follows that @, 'V, and p are constants and, if the body

forces are zero, the equations of equilibrium are satisfied.
From (2.9.20) the components of stress are found to be

7 — @4 2+ KH¥+(14K2)p

Bik —

22 =0+ 2¥+p

8 = O (2+ KW +p . (3.2.8)
™ = —K(Y+p)

728 — 781 —

It should be remembered that these contravariant components of the
stress tensor refer to surfaces 6; = constant in B, i.e. to surfaces which
in the unstrained state are parallel to the coordinate planes z, v, 2.
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Since 72 = 73! = 0 there is no stress across any plane z = constant
provided 733 = 0, that is
p=—0—-(24+K?Y, (3.2.7)
and in this case the non-zero stress components (3.2.6) reduce to
il = — KO (24-K)¥)
%2 = —K?¥ . (3.2.8)
12 = K{®+4 (14 K?)¥}
The surface forces which must be applied to maintain this state of
stress may be found from (2.9.14), (2.9.15), and (3.2.8). Consider first

the surfaces which were originally at # = +a. The unit normal vector
to the surface in the strained state, which was originally at x = a, is
Gt

n =55, (3.2.9)
so that ny = (1+ K24, qy = ng = 0. (3.2.10)
The surface force acting over the surface x==a is given from
(2.9.14), (2.9.15), and (3.2.10) by the vector

_ leGk

= Ry
so that the tangential component of surface force (along B'C") is

P.G, KM4(14+K%)m2 K@+

(3.2.11)

= Y = 2,12
NGy, 14 K2 1+ K2’ (3.2.12)
and the normal component of surface force is
P.G! M K04 (24 KV}
VT T TRET T IpK (3.2.13)

The unit normal vector to the surface in the strained state which
was originally at y = b is defined by

G?.
n= Wi n, = 0, ny =1, ng = 0, (3.2.14)
and the surface forces are defined by the vector
P - Tszk'
Hence the tangential component of force (along D'C’) is
P.G_ uyg=_ got+w), (3.2.15)
VG,

1 The tangential and normal components are here the resolved parts of P in these
directions. :
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and the normal component isf
I:/'T(:: — % — RO, (3.2.16)

We see that the state of shear described by equation (3.2.2) cannot
be maintained by tangential tractions applied to the surfaces y = 4-b,
x = -a, as in the case of small deformations of infinitesimal elasticity.
It should be remembered that the components of surface traction
(3.2.12), (3.2.13) and (3.2.15), (3.2.16) refer to unit area of the surface
measured in the deformed state of the body.

The problem of biaxial shear in the (z,y) and (,2) planes can be
solved in a similar manner.

We have now considered the simplest problems of finite deformation
for which rectangular coordinates are suitable and it will be observed
that we have specified the state of deformation by reference to coordi-
nates of points of the initial or unstrained body B,. It would be just
as easy, however, in these examples, to consider coordinates of points
in the strained body B as reference points, since we know the form of
B. In the next sections we consider problems for which cylindrical
polar or spherical polar coordinates are more suitable and in these
problems it is slightly more convenient to take points in B as reference
points, since the stress equations of equilibrium have their simplest
form in these coordinates. This is only possible because we can guess
the form of B. When the form of B is not known ab initio (as is the
case in general problems) we then usually need reference points in B,
Unless stated otherwise attention in the following sections is confined
to incompressible bodies so that I, = 1. ’

3.3. Pure torsion of a right circular cylinder

We consider a cylinder which in the undeformed state has a length !
and radius @, and we consider a torsional deformation of the cylinder
in which planes normal to the axis remain plane and suffer only a pure
rotation proportional to their distance from one end of the cylinder.
The body remains cylindrical in form and in the strained state will have
a length [ and radius a in view of incompressibility.

The curvilinear coordinate system 6, in the strained state of the
cylinder is taken to be a system of cylindrical polar coordinates (r, 8, 2)
so that

T T

y, = rcosé, Yy = rsind, Ys =2

1 The tangential and normal components are here the resolved parts of P in these
directions.
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and the cylinder occupies the region » <a, 0 <2z <1 in both the
strained and unstrained states. The y;-axes are taken to coincide with
the z,-axes and, with the above assumptions about the deformation,
the point (r,0,2) in the deformed state was originally at (r,0—yz,2),
where i is a constant. Hence

x; = rcos(0—y2), x, = rsin(@—yz), 3= 2. (3.3.2)
From (3.3.1) and (3.3.2) the components of the metric tensors are
found to be

1 0 0 1 ;) 0

G‘l:k = [0 7‘2 O:I, Gik = O —2- 0 5 (3-3.3)
00 1 r
0 0 1
1 0 0

1 0 0 1
Jir = [0 r? —yrt ] gk =10 ¢2+r_2 g|. (38.3.4)
2 2,2
0 —rt 1-y% 0 J ]
Since G=g=r? (3.3.5)

the incompressibility condition I, = 1 is satisfied and the strain in-
variants I;, I, are, from (2.9.22),

I = I, = 34422, : (3.3.6)
and therefore ® and ¥ are funttions of only. Also
24-%r? 0 0
Bt —| o ¢2+§§ yl. (3.3.7)
0oy 2
Hence, from (2.9.20) and (3.3.3) to (3.3.7),

T = O (2447 +p

r22 = (14+y22) D+ 242V +p . (3.3.8)
™ = 042¥+p
= YO4Y), P=r2=0

When the strained cylinder is in equilibrium, and body.forces are
zero, the equations of equilibrium (2.9.12) become

=0

or 7tk L T 7% 4 Tk 70 = 0, (3.3.9)
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and the only non-zero Christoffel symbols, derived from the metric
tensor of the strained body B, are

Th——r, Th=Th=1. (3.3.10)
From (3.3.8) to (3.3.10) we obtain
Z{@+ @y p)—yir® = 0
P_%_,
o0 oz
Hence p depends only on r and is determined, apart from an arbitrary
constant, by the equation

(3.3.11)

r

p = ~cb_(2+¢2r2)l1f+¢2frcb dr. (3.3.12)

The unit normal to the curved surface of the cylinder is directed
along the vector G! so that

1
n— % = G, ny =1, Ny = ng = 0. (3.3.13)

Hence, if the curved surface » = a of the cylinder is free from applied
stress the boundary condition (2.9.15) becomes, on using (3.3.13),
=0 (r=a; k=1,23). (3.3.14)
This condition is satisfied identically when k& = 2, 3, and, when k = 1,
it follows from (3.3.8) that
p = —O—QHHYE (= a).

Hence, (3.3.12) may now be written
.

= —O— (24 Y222 f r® dr. (3.3.15)
At the end z = [ of the cylinder the unit normal is parallel to G3
and therefore
G3
= g =
The forces which must be applied at z =1 are therefore, from

(2.9.15), Pl—o, P2 = 72 — @+ V)

n G3, ng = 1, Ny = Ny = 0. (3.3.16)

P3 — 138 — lpz{ fﬂb dr—rnP‘} . (3.3.17)

a
Similar forces, only in opposite directions, must be applied over the
end z = 0.
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The physical components of stress at any point may now be written
down from (2.9.6), (3.3.8), and (3.3.15). Using an obvious notation

N

oy =7 =¢? [r®dr

a

gy = 122 = ¢2{ fr(b dr+r2®} | (3.3.18)

r
Og3 = T8 = 1/12{ ( r® dr——r”l’}
a
093 = 118 = Yr(@+Y), o3 = o= 0
The distributed surface tractions have physical components (0, rP2, P3)
over an end of the cylinder, and are statically equivalent to a couple M
about the axis of the cylinder and a force N parallel to the axis, where

aQ a
M =2 f P2 dr = 2m f PO+ ) dr
° ° . (3.3.19)
N = 2n (rP" dr = 2mﬁ2frdr{ fx(I) dx—r”l"}
0 0 a

These formulae may be written in alternative forms. We see from
(3.3.6) that I, I, depend only on r and therefore W is a function of r.

Hence, writing R = 7%, we have
I = I, = 3+y2R,
aw _ oy ow .
2R =Y (azl I ) PO,
and the formulae (3.3.19) for the resultant force and couple become

3

o AW, 2w o
- fRd—RdR_:p-{a(W),za f WdR}, (3.3.20)
0 ° 0

a?

N = —}m? [ R@+2¥)dR
B

as

= —WM—}m* [ R¥ dR

a?

= —yM+}m? [ RO dR. (3.3.21)
o

This completes one of the simplest problems associated with a circular
cylinder. We now go on to consider more general types of displace-
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ments which can be sustained by circular cylindrical tubes. These
displacements may conveniently be divided into two groups which will
be examined in §§ 3.4 to 3.6 and §§ 3.7 to 3.8.

3.4. Simultaneous extension, inflation, and torsion of a cylin-
drical tube
We consider a circular cylindrical tube which in the unstrained state
is of length /, and has external and internal radii a,, a, respectively.
We shall assume that the tube is strained by the following successive
displacements:

(i) a uniform simple extension of extension ratio A, parallel to the
axis of the tube;

(ii) a uniform inflation of the tube in which its length remains
constant and its external and internal radii change to r;, = p, a,
and r, = p,a, respectively;

(iii) a uniform simple torsion in which planes perpendicular to the
axis of the tube are rotated in their own plane through an angle
proportional to the distance of the plane considered from one
end, the constant of proportionality being i.

We take as reference frame cylindrical polar coordinates (r,6,z) in
the deformed body which are defined in (3.3.1). Then the point (r,0,2)
was initially at the point (p, 6—iz,2/)), where p is a function of r only,
and the points of the undeformed body are given by

x; = rQcos(0—yz), xy = r@sin(6—yz), x5 = 2/,
) (3.4.1)
where, for convenience, we have put

p(r) = rQ(r). (3.4.2)
The components G, G of the metric tensor of the strained body are

again given by (3.3.3) and the components g, for the unstrained body,
obtained from (3.4.1), are

(Q+rQ,)? 0 0
Jore = 0 r2Q? —yr2Q® |, (3.4.3)
0 —¢72Q2 ¢,27~2Q2+ 1/A2
where @, = dQ/dr. The incompressibility condition I, = 1 gives
g=GQG =2
or (Q+7Q,)rQ = Ar, (3.4.4)

and, integrating, this becomes
p=rQ = A(P+K)}, (3.4.5)
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where K is a constant. Since p = a, when r = p,a,, and p = a, when
7= Haly AK = aj(1—2u3) = a3(1—Auj). (3.4.6)
If A is positive K may be either positive or negative according as Au?
is less or greater than unity. If A is negative, then K is negative and
p3ai > pia? or r, > r;. This means that the tube is turned inside out.

If A is positive, then 724 K is positive for all values of r between r,

and r;, and if A is negative, 24 K is negative over this range of r.
Using (3.4.3) and (3.4.5) we find that

[A%/Q2 0 0
gik == 0 7.2Q2 ‘—SIITZQ2
| 0 ——l/lTZQ2 1/127'2Q2+ I/A‘Z
Q22 0 0
ge—| o ymeq 2;2 a (3.4.7)
L 0 Y2 A2
and from (2.9.22), (3.3.3), and (3.4.7) the strain invariants are
A2 1
L = ?2 + Q2+}‘2+‘/‘2>\27’2 I, = @g‘i‘ Q2+XQ+¢272Q2-
(3.4.8)
Also, from (2.9.21),
@ 0o
Bik — 0 Lo e g | 349
)\272 yZQZ
0 be? @
Q* |

The components of the stress tensor 7i* are now obtained from
(2.9.20), (3.3.3), (3.4.7), and (3.4.9) in the form

= &9 (rlﬁ @@+
222 — [y2)e 1 A2 22|y o P
b +72Q ©+ AT2+}?§2+¢’ Q Tl (3.4.10)
= X0 (@ gy ¥+
™ = YNOHYQY, 13l = 712 =0

The equations of equilibrium again reduce to (3.3.9) where the
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Christoffel symbols are given by (3.3.10), and hence, from these equa-
tions and (3.4.10),

oo+ %e+ (et e +imey)+

2 ] 0)) A\
+<%___é_¢2,\2r2)?+(gz_@)7 =0 . (3411)
ap _ 810
0~

J

The pressure p, therefore, depends only on r and is given by

p— _.%2;_1’ _ (Alﬁ Q2+¢2r2Q2)‘F—~L(r)+H, (3.4.12)

where H is a constant and

Lir) = f {(Q2 1y 2)®+(Q )‘2)?}””. (3.4.13)

A Q
From (3.4.8)
ar, 21 @ A 1
i = ;(r'ﬁ—@ﬁ@awwr“’)
dl, (3.4.14)

2 A3 2 ’
o ;()\—Qz—’Qz—l‘Qi-l"‘/’?Mz)

and hence (3.4.13) may be expressed in the alternative form
A d 21 d, 22 2% .
L(r)—éf {( dr+)\r rQ“)qH—(—%_{F? rQ4+2A¢‘ r) }
. _ F(1 A o o\l 47
= W= Wi [[{(- o+ [ gurt ) )
" (3.4.15)

Using the value of p given by (3.4.12), the non-zero components of
the stress tensor in (3.4.10) become

711 = H—L(r)

rirtt = HeLir)+ g -+ 9920+ (5, — @2) ¥
7 = H—L(r) + ()\2— %_)cp + ((722_ - x/z2r2Q2)‘P‘
SR ——

£ (3.4.16)
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The unit normal to the surface » = r, of the deformed cylinder is
again given by (3.3.13) so that the components of the stress vector
acting over this cylinder, namely,

Pk — 7ikp,
reduce to
Pl = ("), = H—L(r) = H, Pt = P3=0.
If there is no traction on this surface
H = 0. (3.4.17)

The unit normal to the surface r = r, of the deformed cylinder has
the opposite sign to that given in (3.3.13), so that, over this surface

— Pt = (W), = H—L(ry), P2=P3=0. (3.4.18)

The surface traction on the inner surface r = r, therefore reduces to
a (physical) radial component R, , measured positively along the out-
ward drawn normal to this surface, where

R, = —L(ry) (3.4.19)
if we use the condition (3.4.17). If the traction over this surface is zero
L(ry) == 0. (3.4.20)
On the plane end of the tube, the normal to which is G? we have
Pl =71 =0, P2 = 732 = X204 QY
P =73 = H—L<r)+(Az_g_:)®+(%;_%2_¢zrw2)\lf (3-4.21)

The physical ¢ ar s of stress are (0,7P2, P3) so that the resultant
couple M about the axis of the tube is

M = 2r f (rP2)r dr = 2mp f PO QW) dr,  (3.4.22)

and the resultant longitudinal force is
N =2 [ Prir
T3

1

— o fL(r)r dr 42 f {(Az—%)¢+(§i—;—z—¢w@2)‘¥}r dr

T2
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assuming that H = 0. An integration by parts gives

dr

—2fL(r)rdr—rzL )+ frz

O e

hence, when E, = 0,

N=n f {(2;\2_.%?_&_&)\2 2)<p+( o e 2¢2r2Q2)‘I’}r dr.

(3.4.23)
In the more general case when R, # 0,

N= wf{(z,\hf\i:_%é_w@ 2)(1)+(Qz it Q2—2¢2r2Q2)‘l"}rdr—

71

Q A dr .
— 3 f {( A Qz ¢:2A2r2)¢)+ (Q Qz) ‘F} 7. (3429

3.5. The deformation of a cylindrical rod
If we take a, = 0 in the previous section we obtain the solution of
the problem of simultaneous extension and torsion of.a circular cylinder.
Since p must then vanish when r = 0 we see from (3.4.5) and (3.4.6) that
K =0, Q = A, By = 1/VA (3.5.1)

Equations (3.4.22), (3.4.24) yield

M = 2m) f D) dr

(3.5.2)
N = 2W(A_~) f OD+W)r dr—mhj? f D+ 2¥)S dr
From (3.4.8)
L=2gligae, L= ooy
(3.5.3)

ahy _ e dly _ e — g2 ’
dR = Y2A%, ﬁl_l/“\’ R=r



3.5 SOLUTION OF SPECIAL PROBLEMS 93

and therefore
dw dI1
dE = +\FdR

Thus equations (3.5.2) become

YAND+P). (3.5.4)

dW 2 - <
u=2 ¢ W RaR - lﬁ[g(W),:,,_ f W(R)dR}, (3.5.5)

0

2 dW dW

m\z/c
=:/72( )@) e AR—n dRRdR j‘FRdR

=21 ——A%.){(W»-n—<W>,:o}—w{r%<W>,vn— f W )

’”A‘/’ f YRR

4

om( 1 gl
= i+ (1= =01 — T [ wRaR. 50
0

When A = 1, i.e. the torsion is unaccompanied by extension, equa-
tions (3.5.5) and (3.5.6) reduce to (3.3.20) and (3.3.21) respectively.

If y = 0, i.e. the torsion is zero, then M = 0 and, from the second
of equations (3.5.2),

1 ¥
N = wag(A_ Xé) (<p+ "X>¢__0’ (3.5.7)

since ® and ¥ are constants when ¢y = 0. Also, from the first of
equations (3.5.2),

(%),H - %”a%<¢+‘§)¢=o' (3.5.8)
LEquations (3.5.7) and (3.5.8) yield
(ﬁb)“ =2 (3.5.9)

This law relates the force necessary to produce a large simple exten-
sion, with the torsional modulus for a small torsion superposed on that
simple extension, and is independent of the particular form of the strain
energy function.
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3.6. Tube turned inside out
When ¢ = 0 and there is no traction on the curved surfaces of the
tube the conditjon (3.4.20) gives, on using (3.4.13),

2 2
f (% QZ)(cDJr,\z\F) (3.6.1)
L2
This equation may be written in a different form. From (3.4.14), when
=0, al, .. dI,  222[Q%. 1\/A
i | Bt Sl [ R | b |
dr dr r \A2  @%\@? ’
and, from (3.4.5),
A K KA

—_— l _e——— = — =,
Q2 72+K P2
Hence, (3.6.1) reduces to

C AW c AW
dr — 27 =0 3.6.2
f i r=0 or fp P dp , ( )
P ay

and integrating by parts this becomes

a’l(W)p =a, a’2(W .‘.Wd-R (363)

where R = p2.
If, in addition, the total force on the ends of the cylinder is zero,
N = 0, and hence, from (3.4.23),

" -

f {(2)@ f: %2)¢+<§—%+Q2)‘P‘}r dr—=0.  (3.6.4)

s]
Equation (3.6.4), together with one of the equations (3.6.1), (3.6.2), or
(3.6.3), are the equations for the determination of the extension ratio
and changes in the radii of the tube when it is turned inside out and
rests in a deformed state under the action of no forces over the curved
surfaces and no resultant force over the ends of the cylinder.

For further discussion of this problem when the strain energy func-
tion takes the special form (2.8.12) the reader is referred to the original
paper by Rivlin.} In this paper Rivlin also discusses the simultaneous
torsion and extension of a tube using the special strain energy function

(2.8.12).
t Phil. Trans. A, 242 (1949), 173.
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3.7. Simultaneous extension, inflation, and shear of a cylindrical

tube .

We now suppose that the body described in § 3.4 is subjected to the

following successive deformations:

(i) a uniform simple extension of extension ratio A;

(ii) a uniform inflation of the tube in which its length remains
constant and its external and internal radii change to r; = p;a,
and 7, = p,a, respectively;

(iii) a simple shear of the tube about its axis, in which each point
moves about the axis through an angle ¢ which is dependent
only on the radial position of the point;

(iv) a simple shear of the tube, in which each point moves parallel
to the axis of the tube through a distance w which depends
only upon the radial position of the point.

We again take cylindrical polar coordinates (r,6,2) in the deformed

body as defined in (3.3.1), with corresponding components of the metric
tensor given by (3.3.3). The initial coordinates are then (p, ¥, {) where

p=p(r) = rQU), 0=g+d(), z=Ntu(), (371
and hence
x, = rQ(r)cos(0—¢), ;= rQ(r)sin(0—4¢), 3= {z——w(r)}/)\.

(3.7.2)
From (3.7.2) we have ’
(Q+rQ R+ Qg+uils —rQ%, —w, ¥
Ju = —r2Q%, r2Q? 0o |
—w,[A? 0 1/A2
and the incompressibility condition g = G = r* gives
QQ+rQ,) = X. (3.7.3)

As in § 3.4 this leads to
p = rQ = {Nr*+K)}, (3.7.4)

where K is given by (3.4.6). Using (3.7.3) and (3.7.4) we find that the
components g;;, g°* of the metric tensor of the unstrained body become

2 2
Gtreat —red —3|
i = —72Q2¢r erz Y ’ (375)
w, - 1

~e 0 X
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% @4, Q*w, ]
A? A2 AZ
) 2 1 2 2
g”‘ — Q)\?r erz_‘_ Q ‘ibr Q (ﬁ,'w,. (3.7.6)
Qw, Q% w, QW
| % ¥ Yt
Also, from (2.9.22), (3.3.3), (3.7. 5) and (3.7.6) we have
erz 7 Q*wr )
Q2+ S N + o + D
= —Q—2+A2+X2—+r2¢§+w§
[ (3.7.7)

1 A2 2
I = Q2+)T2+Q§+72Q2¢3+%

— Q2 1 AZ A2 2 A2
= @yt gut N

where the alternative forms for I;, I, are obtained by using, from
(3.7.4), the results

¢, — % w, — %‘i’ (3.7.8)
The components of the contravariant tensor Bi* are found, from (2.9.21),
to b _ \
one 11=—1——I—Q2 B2 — Q24 B Yr
,\2 ’ T 22
B22 Q2¢2 w% (3 7 9)
r2Q2+A2r2+ +XT2 e o
Q2+ Qg-l erz(ﬁT + A2 ’ BZ3 = O J
Hence, from the stress-strain relations (2.9.20) we obtain
D
S O
Q%2 1 “w?
rirt? = (Qg_,_r ggd)) + (‘Q—ﬁ-ﬁ-l- 72Q2¢3+)\—2>‘F+P
» = e+ G+ (@ gt r@e+ ¥4 L B700)
12 @ ¢r + Q% ¥
2w o w¥ 2 ()
78] Q + Az ) 723 = ————Q ¢;\:UT )

where, by symmetry, p is a function of » only.
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In the absence of body forces the equations of equilibrium are equa-
tions (3.3.9) and, using (3.3.10) and noting that the components of the
stress tensor are functions of r only, we find that

drl 1202 )
—_—t =0
dr r
12 12
%r__{_ﬁl;_:o L. (3.7.11)
d7.13 1.13
dr U r
The last two equations give
2
312 — _‘?’ 713 — g}\g, (3.7.12)

where B, D are constants. Equations (3.7.10) and (3.7.12) yield

. 2B
b= r3Q} D4 A%Y)
2D

L T

r(@@+Y)
It is seen from (3.7.7) that I,, I, depend on ¢,, w, and since, in general,
® and W are functions of I, I,, equations (3.7.13) are non-linear
differential equations for the determination of ¢ and w as functions
of ». We must therefore assume definite forms for the strain energy
function W in order to make further progress. If W is given by

(2.8.12) then @ and ¥ are constants and are given by

® =20, V=20,

(3.7.13)

From (3.7.4), é% - )Tfi%'z = _%—g, (3.7.14)

and so (3.7.13)"becomes

dé E_ d_w _ Dr
iQ = TARCANCQ & APt K)IG1Cr

and therefore

B Q

e S R (3.7.15)
S T2
2(AC,+-Cy) (C, Q3+Cy)r3
where B’ and D’ are constants and where
@y = @y7s. (3.7.186)

6237 H
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If we now suppose that w and ¢ are zero at r = r, and that w = w,,
¢ = ¢, when r = r, we obtain

B' =0, D' = o, ]
_ __)‘K(C1+)‘202)¢0, D= 2()‘01"}'202)1”0 ~ b, (3.7.17)
log(@,/@s) log {(01 Q1+02)7"1}
. (CLQ3+Cy)re
where a, = Q7. (3.7.18)
From (3.7.15) and (3.7.17) we have
’ Q ’ { (Q2C1+C2)72} ‘
= ¢/ log X, = w)log |~ AT 3.7.19
p=dloggy vl gty T
where we have put
A S o 3.7.20
O F T [COFaR (37.20
(C, @3+Co)r3
Substituting from (3.7.17) and (3.7.20) in (3.7.13), we obtain
g, — o 200+ Cyhwy (3.7.21)

A TG TRG)
The first of equations (3.7.11) yields
dp . d n_ 72722_711
e (_l;(T )+ "
and with (3.7.10) this becomes

p= —2(A 540+ +

12 f{(Q2+’2Q2¢’ Qz)(0+0 A2)+0A72"}_. (3.7.22)

Introducing the expressions (3.7.21) into (3.7.22) and performing the
integrations with the help of (3.7.14), we obtain

(o A
— (A2 2hlog -+ 2 43102 2210g @)
_AGACHCw [0 Q*
A0y @2+ Cy) {
where F is a constant of integration.

We now consider the surface tractions. For the curved surface
r = r; the unit normal is given by (3.3.13) and therefore, from (2.9.15),

P{cl) = (le)r=rl’

1o, (A2+Q2)} +F, (3.7.23)
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the suffix (1) referring to this outer surface in the deformed state. Thus

C,
Ph) = 2{ Q1+0 (A2+Ql)} +P1
Py = 2R GHG N, 1;36’2}\ %o - (3.7.24)
1
p3 4(C; A 1-Cy)wy
W= A,
where Py = p(ry).

For the curved surface r = r,
n=—-G!'= —G,,

and Py = —(1%),_p,.
The initially plane ends of the cylinder deform into the surfaces
z = +N-+tw(r)

and the unit normal to the first of these surfaces is
dz 3
(_d—G +G ) _ —w,G'4-G?
T AR (el
(i)

Hence, using an obvious notation,

(1+wd)tPly) = —w, 7114713 ’
—w,(20, Q*+p)
(1w Ply = 0,77
—20, @%b, w, L, (3.7.26)
(1—}—wf)"-’P?3) = —w, 7134733

2
= 20,0%420,(Q*4 gt Q) 49

(3.7.25)

I

The forces which must be applied to the curved surfaces of the tube
are:

(i) normal surface tractions R, and R, per unit length of the tube
measured in the deformed state, acting respectively on the
surfaces r = r; and r = r,, in the directions of the outward
normals to these surfaces, .

(ii) an axial couple M per unit length of the deformed tube, acting
on each curved surface,

(iii) a longitudinal force L, per unit length of the deformed tube,
acting on each curved surface.
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These are given, from (3.7.24), by

R, = 27r Py, = 27’“1{ G Q1+20 ( +Q1)

2Q, Q1}
+2C (MQ +Q2) Qg} . (3.7.27)

M = 2m3(r, PR) = —4nK (C,+C, X)) A
L = 2ar, P}, = 8m(Cy A+Cy)uwh/A2

20, @,

.R2 = —"2'7772P%2) == 277&2{

The surface tractions (3.7.26) must also be applied over the ends of
the cylinder in order to produce the deformation considered. It should
be noticed throughout this analysis that the hydrostatic pressure—and
therefore the forces R, and R,, given by (3.7.27)—are undetermined
to the extent of an arbitrary constant. The value of the constant can
be determined if the conditions at the ends of the cylinder are investi-
gated in detail. Its value does not, however, affect the couple M and
the tangential force L given by (3.7.27).

3.8. Shear of a cylindrical tube

We now consider a special case of the previous section in which the
tube is not extended and not inflated so that u;, = u, = A = 1. Hence'
Q@ = @, = @, = land, from (3.7.4), K = 0. Equations (3.7.13) become,
on using (2.8.12),

B D
. — L w = 3.8.1
b= o Ot O (350
Integrating these equations, we obtain .
B , Dlog(r/a,) '
= —c———+B, w=__"172_] 3.8.2
P= "sgropet gtq 0 B8

Taking w =0 and ¢ = 0 when r = a,, and w = w,, ¢ = ¢, when
r = a,, as before we obtain

B
.DI — 0, _BI [ —
— (Ci+-Cy)w, B— 2(C1+-Gy)aial dy
log(a,/a,) ’ ai—aj
$oaf az __ wylog(r/a,)
Hence ¢ = al—a‘3 ~3) w = m—. (3.8.4)
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If we put @ = A = 1 in the equation (3.7.22) for p, we have

p =2 f {(C,H-Cy)r2¢7+C, w?‘}d?r

(B OD
(Cy+Co)r* " (Cy+-Cy)4r?f r

B? C, D?
T 2(0,4-Cp)rt (C,+C, )2r2+ (3.8.5)

where F is again an integration constant. Also

2B 2D
P(ll) = 2(01+202)+p1, P(l) = 1 — P?l) = E: ) (3_8.6)

Ry = 2na,(2C,+4Cy+p,), M = 4nB, L = 4nD
The results (3.8.6) are found by the same process as that which led to
(3.7.24) and (3.7.27). The tractions over the ends of the cylinder are

again given by (3.7.26), where ¢, w are now given by (3.8.4).

3.9. Rotation of a right circular cylinder about its axis

As in previous sections we use cylindrical polar coordinates (r, 0, z)
to define the points of the cylinder in the strained state, and the cylinder
of incompressible isotropic material has its axis along the z-axis. The
state of stress of the cylinder when it is rotated about its axis with
constant angular velocity w is identical with the stress system which
would be produced in the cylinder if it were stationary under the action
of a body force of magnitude rw? directed along the r-axis, provided
that the boundary conditions remain unaltered, and we shall consider
this equivalent problem to avoid the use of rotating axes.

Assuming that in the strained state there is a uniform extension A
along the z-axis so that the point (r,0,z) was initially at the point
(r',8,2/)), the incompressibility condition implies that ' = r+A, since
we must have 7%z = r'%2/A. The initial coordinates of the point (r,0,2)
are therefore

x, = rJA)cosl, x, = rJ(A)sinh, x5 = 2/}, (3.9.1)

since the z;- and y;-axes are taken to coincide. From (3.9.1) we find
that
1

- 0 0
A
g =1, 1 , (3.9.2)
Ar?
0 0 A
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while the metric tensor G of the strained body is given by (3.3.3).
A little calculation suffices to show that (2.9.21) and (2.9.22) now give
1
A+ % 0 0

Bik — , (3.9.3)

A1
2T X
0 0 2A
L=xt2 L=yl (3.9.4)
1= ’{"x» 2 = +}\‘2- .
From (3.3.3), (3.9.2), and (3.9.3) we see that
. . . 1\ -,
g‘tk_ Gtk/)\, lec__ <A+A2)le
both reduce to tensors which have a constant component correspond-
ing to ¢« = 3, k = 3, all other components being zero. Hence
g, = o, Bik|, = 0. (3.9.5)
Since I;, I, are constants it follows that @ and V" are constants, and
hence, from (2.9.20) and (3.9.5),
Tik|, = Gikp . (3.9.6)
If we now put F* = (rw?, 0,0) and f* = 0in (2.9.12), and use (3.9.6), we
find that the equations of equilibrium reduce to

op 2 90 _9p

L = =-2=0 3.9.

or Pres 00 oz ’ (3.9.7)
and it follows that p = —3priw?+t B, (3.9.8)

where B is a constant to be determined. With the help of (3.9.2), (3.9.3),
and (3.9.8) the stress tensor (2.9.20) becomes

Al 202 512+ }\+_1_ ¥ —lor2w?+ B
. A A2
738 = A0+ 22V —}pr?w?t B

72— 81 — 12 —

(3.9.9)

On the curved surface of the cylinder, which we suppose to be
free from traction, n = G! = G, so that the boundary conditions

(2.9.15) reduce to A0 (r= /W), (3.9.10)
where a is the initial radius of the cylinder. Hence

pt? @ 1
B =P _x_()\+xé)\y', (3.9.11)
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and, using (2.9.6), (3.9.9), and (3.9.11) we obtain the physical com-
ponents of stress in the form

Oy = Ogp = 71 = 12322 — P—:’-(W_ﬂ)
pw® 1 1 . (3.9.12)
R (X rz) + (AZ-—X)(D-{- (A—F)‘P‘

Og3 = 031 = 033 = 0
We see from (3.9.12), or alternatively from the boundary conditions

(2.9.15), that the surface tractions on the plane ends of the cylinder
consist of a normal tension of magnitude

p (A o e Do L)
g (A r )+()\ A)(D L (A )\2) v, (3.9.13)
If the traction on each end of the cylinder has no resultant then

alvyA

f Nrdr =20

0
or, using (3.9.13),

(A2—%)<D+(/\ )l}ur”“‘“ — 0. (3.9.14)

Unless explicit expressions are assumed for @, ¥ it is difficult to
discuss the nature of the roots of this equation. In the case of the
Mooney material, however, when the strain energy is given by (2.8.12),
equation (3.9.14) becomes

MA-EA3+ (r2—1)A—Fk = 0, (3.9.15)
where n? = pw?a?/(8C,), k = C,/C;, and k > 0. When k = 0 equation
(3.9.15) has one positive real root provided n? <1, i.e. provided
pw?a? < 8C;. When k > 0 equation (3.9.15) always has only one real

_positive root. We shall assume therefore that equation (3.9.14) has a

unique positive real root A = A, in the general case.
Substituting A = A, in (3.9.12) we find that the stresses are

w
011 = Og3 = ,12—(X_72)1
1

om =2 (E2) |

When the strain is infinitesimal A; is slightly less than unity and,
to the order of approximation of the infinitesimal theory, we may put
A, = 1 in (3.9.16), obtaining the classical results for the special case
when the material is incompressible.

(3.9.16)
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3.10. Symmetrical expansion of a thick spherical shell

We identify the curvilinear coordinate system 6, in the strained body
with a system of spherical polar coordinates (R,0,¢) which has its
origin at the centre of the shell, so that .

h=E =0 =4 } (3.10.1)
y, = Rsinfcos¢, y,= Rsinfsing, y, = Rcosb) '
and '
1 o0 0
0 1 0
Gk == R? , G = R*sin?0. (3.10.2)
1
0 R2sin%0

We assume that the displacement of the unstrained body possesses
spherical symmetry so that the point (R,0,$) was originally at the

point (r,0,¢) and we write
Q(R) = r/R (3.10.3)

for convenience in the algebra. The internal and external radii of the
shell in the unstrained and strained states are denoted by r,, r, and
R;, R, respectively. For incompressibility we must have

r— R = r}— R} = r}— R} (3.10.4)
3__ p3
and therefore Q(R) = (1 —{—ﬁ?ﬁ&)% (3.10.5)

Taking the z;-axes to coincide with the y;-axes we have, using
(3.10.3),

x, = R@sinfcos¢, x, = RQsinbsing, z; = RQcosd.

(3.10.6)
From (3.10.5) we deduce that
aQ 1(1
49 _ ﬁ(@_g), (3.10.7)
and using this result and (3.10.6) we find that
Q4 0 0
0 1 0
gik = 'R’zfg‘z , g = R*sin?. (3.10.8)
0 0 1

R2Q?sin?%0
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We also have, from (2.9.21) and (2.9.22),

2Q2 0 0
@, 1
Br—| * ®migm ° |, (3.10.9)
Q41
0 0 v -
@*R%sin%

h=@tg L=ty

The stress-strain relations (2.9.20) give, with the help of (3.10.2),
(3.10.8), and (3.10.9),

= QD202 p

(3.10.10)

722 — 733gin20 — F;(_)Q§+(Q2+ —Q}“i) _;Igz__}_ % . (3.10.11)
28— 31 _ 12 J

In the absence of body forces the equations of equilibrium of the
strained spherical shell are (3.3.9), where the non-zero Christoffel sym-
bols of the second kind are now

I'l, = —R, I'ly; = — Rsin?, I'}; = —sinfcosb }

1 cosf
My=Th=5 Th=-

R

R

sin 6
(3.10.12)

The second and third equations in (3.3.9) show immediately that p
is a function of r only, and the first equation of equilibrium reduces,
with the help of (3.10.12), (3.10.7), and (3.10.11) to

5+ @ o+ 2@ a 2@ —DoL2{o— 4

Integrating and using the rule of integration by parts we obtain

) =0. (3.10.13)

—Qz(Q2(D—|—2‘P‘)+2J9{ Q3+1)®+(Q+Q2) }dQ (3.10.14)

and the function p is determined apart from an arbitrary constant.

If 11, is the normal pressure on the inner surface of the shell, the
unit normal to which is n = —G; = —G?, the boundary conditions
(2.9.15) on this surface show that
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at R = R,, and using the first of these equations together with
(3.10.11) and (3.10.14) we find that
P = —QQ*®+2V)+K(R)-1I,, (3.10.15)
where 0
r
=2 34+1)0 = L.
| {@tnore+glvfae o —1

1
@ (3.10.16)

The physical components of stress may now be determined from
(2.9.6) and (3.10.11), and we obtain

o, = ™1 = K(R)—1I,

03y = 035 = R¥2 — R2%%gin2

s e,

Og3 = Oy = 013 = 0

. (3.10.17)

The boundary conditions (2.9.15) and the equations (3.10.17) show
that if II, is the normal pressure on the external surface of the shell

then I, = II,— K(R,). (3.10.18)

Since we can express R, in terms of R, by the incompressibility condi-
tion (3.10.4), this equation serves to determine R, if the difference in
pressure II;—II, and the form of the elastic potential W are known;
alternatively, it gives the value of II;—II, when R, is known.

It may happen that the outer radius of the shell is infinite and the
body is then an infinite solid containing a spherical cavity. In this
case a possible form of the boundary condition at infinity is that the
stresses vanish there, and noting that Q(R) - 1 as R — oo we sec from
(3.10.17) that this condition will be satisfied if

Hl = K(w):

provided @ and ¥ are finite at infinity.
The expression (3.10.16) for K(R) can be put into a different form
From (3.10.10) we have

dl,  4@*—1)(*+1) dl,  4@*—1) 1
Q=" @ ag= @ (Q+Q2)’
and therefore
dw  2(@Q3—

T~ | @snet o+ )
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Hence, using (3.10.5), (3.10.16) can be written

Q
KBy — [ @ AW 40 _ f R3+r1R3R3)deR.

Q"-—-l dQ dR
(3.10.19)
Putting B = R, in (3.10.19) and remembering (3.10.4) we find that
1 3U
K(R,) = 3 —= .10.2
(B) = sy g W (R) W (B)— ), (3.10.20

Ity
where U = f 47 R*W dR is the total energy stored elastically by the
R
body. Using (3.10.4) again, (3.10.18) and (3.10.20) give

%W(Rf—r?)nl——gw(RQ——r:‘;‘)Hz = UA-4mriW(R,)—§mr} W(R,).
(3.10.21)

For a Mooney material when W is given by (2.8.12) equation
(3.10.16) for K(R) can be integrated to give

K(R) = C(@"+ 4.Q)-|—.‘202(Q2 _ 3)_01(1 +‘£) _202(;?_ 2>\1),

o/ "Wy
(3.10.22)
where Q=" L g nra—emy. (31023
'Rl A1
The non-zero physical components of stresses in (3.10.17) then become
2 1, 4
o1 = CQ4Q)+20,( Q2 — Z) 05 + | — ]
, Q A A
_202(;«2_ 2)\1)—111
! L. (3.10.24)

o))

D 1 )
gt )2y
The radial stress o,; is @ monotonic increasing or a monotonic decreas-

ing function of R according as A; > 1 or A; < 1. The stress o,, (or
03;) has a turning value when

dazz 2
= 4C, 1—Q3)+4 —] =0.
75 10—+ ricfpg)

If C, = 0 this equation has no real root so that for a neo-Hookean
material oy, (and oy;) attain their maximum and minimum values on
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the surfaces of the shell. When C, # 0 we have to consider the roots
of the equation

QU@ —1)2+ Q] H-k(2—@Q%) = O,
where k = C,/C; > 0. If this equation has a positive root @ = @’ then

@?% > 2and. 3
— r2 '3 ¢
b= QY Q*+1+ 5oy

For rubber-like materials k is usually taken to be less than unity and
in this case we see that maximum and minimum values of oy, and o33
are attained at the surfaces of the shell.

Equations (3.10.17) and (3.10.18) can be used to derive the approxi-
mate formulae for the stresses when the strain is infinitesimal and it
is found that their values agree with those obtained from the classical
theory.

We close this section by using the above results.to obtain the corre-
sponding formulae for a thin spherical shell. In this case we put
7y = r1(1+¢), where € is small enough to allow us to neglect second
degree and higher terms in e. Denoting the extension of the shell by A,
so that R, = Ar;, we have from (3.10.4)

R, = Ary(14-€/A%)
approximately, A being considered large compared with . It follows
that ro 1 .
h=p=y ®Q=g = {l—{-—s 1—1/2%)}),  (3.10.25)
and we see that @,—@), is of the same order as e. Hence, to the first
order in ¢, we have from (3.10.16) -

K(_Rz)=2(Qz—Q1){(Q3+1)®+(Q+Q2) } : (73.10.26)

R=R,

|>s

Ty

Introducing the values (3.10.25) of @, and @, into this equation and
using (3.10.18) we find that, for a general value of W,

1 1)((I))R:R,qt(h_;g)(v)mm}. (3.10.27)

11, H2—2e((A Y

3.11. Flexure of a cuboid

Suppose that in the undeformed state of the body it is a cuboid
bounded by the planes x; = a,, #; = ay; ¥, = 4-b; 3 = 4-c and let
a,—a, = 2a. The cuboid is now deformed symmetrlcally with respect
to the #,-axis so that:

1. Each plane initially normal to the x,-axis becomes, in the deformed
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state, a portion of a curved surface of a cylinder whose axis is the
Z5-axis.

II. Planes initially normal to the x,-axis become in the deformed
state planes containing the x;-axis.

III. There is a uniform extension A in the direction of the xs-axis.

Ty

+6

—b
Fia. 3.2. Flexure of cuboid.

We take cylindrical polar coordinates (r,6,z) to define the strained
body and we identify the curvilinear system 6, with these coordinates
so that, if the y,-axes coincide with z,-axes,

by=r, O=0, O=z

, . (3.11.1)
, y, = rcosf, Y, = rsiné, Yy = 2]
The assumptions I to III imply that if the point (r,6,2) was
originally at (2, %,, ¥3) then v
x, = f(r), x, = g(0), X3 = z[A. (3.11.2)
From (3.11.1) and (3.11.2) we obtain
Lo o Lo
G’ik =0 72 0 s Gk =10 ;é 0 , G = 7'2, (3.11.3)
0 0 1 0 0 1
2 0 0
0 g§ O
Gir = o 1l
0 0 5

and the incompressibility condition gives
fr95 = »r?,

L) A
so that = g0 A,

where 4 is a constant and suffixes denote differentiation. Hence, since
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the flexure is symmetrical with respect to the x;-axis,

n=f0)= 14"+, m=g®)=2. (3114

If r, and r, (r; > r,) are the radii of the curved surfaces of the

deformed body, which are initially the planes z; = a, and z; = a,
respectively, then

4a Ay 1i—a, 7}
A= _——"_ =21 12 115
r2—r2’ r3—12 (3.11.5)
From (3.11.3) and (3.11.4) we now find
A¥* 0 0 T 1
a2 a2 00
0O — O )
Jix = 42 g = Az ,  (3.11.6)
1 0 @ O
0 0 0 0 X
and, from (2.9.21), (2.9.22), (3.11.3), and (3.11.6),
I‘:Z“2+ X o
, (3.11.7)
o= A5
A2 )
FA27-2+)\2 0 0
Bik — 0 2+A272 0 . (3.11.8)
a2
i 0 W+A2r2-

With the help of (3.11.3), (3.11.6), and (3.11.8) the stress-strain
relations (2.9.20) give

D 21 )
il = A2 5+ (Zgﬁ—f'ﬁ)\y‘*‘})
A2
22 A2 7
TN +< T 2)1 +r2 (3.11.9)
38 — Az(p_*_(ATTZ_{_Azrz)\p_l_p

28— 31— 12
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When body forces are absent the equations of equilibrium again
reduce to (3.3.9), with Christoffel symbols given by (3.3.10). From
these equations it follows that p is a function of r only and that

drit (r42 1
EF‘( 2 A 3)@”‘2\” =9
or, after an integration,
(0] A2 1 : rA4?
p =~ sa (st [ (5 — )t
(3.11.10)
Now, from (3.11.7),
ary  1dl, (rA® 1
T 2(7\2—_[1_273), (3.11.11)
hence ,
_ d A1 ow dI, oW dlI,
p= “W‘(L&Trﬁx&)w f (7 ar g, dr) ’
() A2 1
S (Zéﬁhé)\wr W)+, (3.11.12)

where K is a constant. The non-zero stresses in (3.11.9) now become

M= W)+ K
s — (477 OHXW)+ W+ K
rr?t = (S A“( A2+ WK |

L, 3.11.13)
:rEl_+W+K (31119)

A2 2\
255 — (,\2 e )(q>+ . F)-}—W—i—KJ

The unit normals to the surfaces in the deformed state which were
originally normal to the x,, z,, z, axes are + G, = +G!, +-G,/r = L+ rG?
and 4G5 = 4 G3respectively. It follows from (2.9.15) and (3.11.9) that
the surface tractions are normal to the surfaces on which they act.

Onr=r, P! = W(r)+K. (3.11.14)
On the plane end which was initially the plane z, = b,
aw  W+K
2 _ — - . 9. .
Pr=—m g (3.11.15)

On the surface z = Ac,

ps ()\2 S 2)(®+A/\’2\F)+ W+K. (3.11.16)
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If we denote the normal tensions applied to the surfaces r = r,,
r =17, by R, and R, respectively; to the surfaces which are planes
through the z-axis by ©; and to the surfaces normal to the z-axis by Z,
we have »

R, = W(r)+K, Ry, = W(ry))+K }
dW
= P2 = P — -
O=r L (3.11.17)
A2y
Z=Ps= ()\2 Am)(clur i )—l—W—l—Kj
If R, = R,, W(r) = W(r,) =W, (say), (3.11.18)

and if, further, R, = R, = 0, so that the curved surfaces are free from
applied traction, we have
K = —W,.
The resultant force F' acting normally on a surface which is initially
at ¥y = 40 is given by

F=2x f @ dr = 2[r(W+EK)]. (3.11.19)

If the curved surfaces are free from applied force so that (3.11.18) is
satisfied and K = —W, we have, from (3.11.19), F = 0, i.e. the forces
acting on each of the surfaces initially at x, = b are statically equiva-
lent to a couple, as is evident from considerations of symmetry. The
couple M acting on each of the surfaces is given, with K = —W,, by

M= 2/\cfr® dr = /\c[(rl——rz 2frW dr] (3.11.20)

Since W is a function of I, I, it is seen from (3.11.7) that the relation
(3.11.18) can be satisfied if

(3.11.21)

If the radius of one of the curved surfaces is given, this equation com-
pletes the definition of the deformation.

In the special case when there is no extenswn in the a;-direction,
A= 1and

L=1I= 1-1-14%2 = I (3.11.22)

+ A2 2
Then W is a function of I and, provided that it is a monotomc function,
it follows from (3.11.18) that

(I)r=r, = (I)T=Tg’
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which gives A2 = 1/(r,r,). If A?has this value, the line which is not
changed in length in the flexure has in the final strained state a radius

7o, Where 7o = (r 7o)t (3.11.23)

3.12. Experiments on rubber

Some of the general solutions of special problems which have been
given in this chapter have been usedt to interpret the load deformation
curves obtained for certain simple types of deformation of vulcanized
rubber test-pieces in terms of a strain energy function W. The experi-
ments showed that oW /oI, was approximately independent of both I,
and I, and that oW /o1, is independent of I, and falls with increase of ,.
The reader is referred to Rivlin’s paper for a full discussion.

On referring to equation (3.5.9) we see that the ratio of the force
required to produce a large simple extension in a circular cylindrical
rod, to the torsional modulus for a small torsion superposed on the
simple extension, is independent of the particular form assumed for the
strain energy function. This remarkable result has been confirmed by
experimental tests on circular cylindrical rods made from vulcanized
rubber.t A generalization of this formula is given in (4.3.31) for
cylinders with arbitrary constant cross-sections. '

Theoretical calculations concerned with thin plane sheets} and thin
shells§ have been compared with experiment by Rivlin and Thomas,
and by Adkins and Rivlin. Further experiments on the mechanics of

rubber are reported by Gent and Rivlin.j
1 R. 8. Rivlin, Phil. Trans. A, 243 (1951), 251.
t R. S. Rivlin and A. E. Thomas, ibid. 289.
§

J. E. Adkins and R. S. Rivlin, ibid. 244 (1952), 505.
|| A. N. Gent and R. S. Rivlin, Proc. Phys. Soc. B, 65 (1952), 118, 487, 645.
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SMALL DEFORMATIONS SUPERPOSED ON
FINITE DEFORMATION

MosT of the problems which were considered in Chapter I1I were solved
exactly without any assumptions being made beyond those of homo-
geneity, isotropy, and incompressibility, and some solutions were valid
for compressible bodies. It was only possible to solve these problems
exactly because of some symmetry in the deformation which reduced
the equations of equilibrium to ordinary differential equations in one
variable. In this chapter we consider unsymmetrical deformations and
we obtain certain types of approximations to the exact theory. We
begin by presenting a general theory of small deformations which are
superposed on a known finite deformation of a compressible homo-
geneous isotropic body.t -

4.1. General theory .

Adopting the notations and formulae which are summarized at the
end of Chapter II we consider a deformation of the unstrained body B,
which is such that the state of strain and stress at any time differs
only slightly from the state in a known finite deformation of B,. We
suppose that the points F, of the body B, are displaced to P’ and form,
at time ¢, a strained body B’ which may be obtained by an infinitesimal
displacement of the points P of a strained body B, where the deforma-
tion of the body B, to the body B is assumed to be completely deter-
mined. The state of the body B is described as in Chapter IT so that

the displacement vector Z;o?? may be written
V(8y, 0,05, 1)+ W (6, 0,04, 1), (4.1.1)

where v is the displacement vector P:,“I_’) and € is a constant which is
small so that squares and higher powers of ¢ may be neglected com-
pared with e.
The covariant base vectors of the coordinate system 6, at points P’
of the body B’ are denoted by G;+¢G] = r;+V;+ew, so that
G, =w,. (4.1.2)
The displacement vector w may be expressed in terms of components
in various ways, the most convenient for our purpose being
w = w,, G" = wnG,, ‘ (4.1.3)
t See A. E. Green, R. 8. Rivlin, R. T. Shield, Proc. Roy. Soc. A, 211 (1952), 128.
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so that w,,, w™ are the components of w referred to base vectors at

points P of the body B. Hence
G, =

1 m”i

Gm = w|,G,,. (4.1.4)

The covariant metric tensor of the body B', evaluated at a given
time ¢, is
Gij+eG; = (Gi+¢G)). (G;+<G)),
so that, to the first order in e,
G = G;.G;+G;.G] = wj;+wi; (4.1.5)
if we use (4.1.4). The contravariant metric tensor of B’is G/+eG",

and sipce we have
(GG (G 4-eG'ik) = 8,

Mt folws that Gi; G40, G'F = 0.
Alt%gatively, solving for G'¥ we obtain
G = —Q@irGiq,,. (4.1.6)
Jhe contravariant base vectors at P’ in the body B’ are
Gi+4eG'l = (G+4€eG")(G; +€Gj),
and therefore Gl = QIG;+G'IG;. (4.1.7)
If the determinant of the metric tensor components G ;-+eG; is
denoted by G+ G’ then
(GH(Gyt-eGip) = 35407 Gly| = |07(G+<6') = 1e s,
and, therefore, to the first order'in e,
G = GGIqy;. (4.1.8)
The strain invariants associated with the body B’ are I;-elj,
I +ely, I,-el;, where, from (2.9.22),
Iit-ely = g(Gy+eGyy)
Ltely = gp(Gr+eG™)(Tyt-ely) |, (4.1.9)
Iitely = (G+<G')jg
_and, to the first order in ¢, this gives
Iy = gmG,
I = g,{(G I+ Gm15) ¢ . (4.1.10)
Iy = @'lg = L, GYG
For homogeneous isotropic materials the elastic potential for the
body B has the form (2.9.19). For the strained body B’ the potential

becomes W(I,+el}, L+el), 13+51;).
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The scalar invariants ®, ¥, p which, for the body B, are functions of
1,, 1,, I become functions of I,+el;, I,+el;, I;-+-el; for the strained
body B’, and may be denoted by ®+€®’, ¥V, p-+ep’. By Taylor’s
expansion, to the first order in ¢, we obtain

l_ 7 ’a(D
o = 18—I‘+123—I‘+138—1"
, oV
=15 aIJr 231+ 331

r_ pop . Op
p = Ilall+12312+13

~and, using (2.9.21), these may be written

O = AI'+ FI+EI,— .2‘1%1;
3

P — FI;—}—BI;—}—DI;—;PI—I’ L, (4.1.11)
3

p' = L(BLADI+Cly) + L p I

where
Lrew L _sew o sew
NI, 813’ VI, oI2 ’. VI, 012 (€.1.12)
D__z__ 2w g2 W F_ia‘ﬂ’W
BRVACI A BRVAIA N ~ WL el el,

The elastic potential W which appearsin (4.1.12) is given by (2.9.19) and
depends only on I,, I,, I,. The functions 4, B,..., F are therefore in-
variants which depend only on I, I,, I,.

For an incompressible body the potential is a function of Z and I,
only, and also I; = 0. The invariants 4, B, and F can still be found
from equations (4.1.12), where I, is put equal to 1, and from (4.1.11) we

have O = AI+FI, ¥ = FI,{BI, (4.1.13)

but »" cannot be found from the elastic potential and is a scalar in-
variant function of the coordinates for each value of the time ¢.
The tensor B/ in (2.9.21) becomes B/4¢B'# for the strained body
B’, where
B = (gUige—girg) Gy, = eirmeiing, G g (4.1.14)
Similarly, from (1.12.4) and (1.12.5) the Christoffel symbols for B’ are

tj + Esz = %(G"‘I" EG'”){GM’J'*' st,i u,a+ e( G;z j+GsJ ) G;j,s)}:



4.1 FINITE DEFORMATION 117
and therefore, to the first order in e,
I = 307Gy 51 Goji— Gy ) 3G (G 4 Gy s— ). (4:1.15)

The symmetrical stress tensor for the strained body B’ is 7%/+4er'¥,
referred to curvilinear coordinates 6, in B’, where, from (2.9.20),

7'l = giiQ’ 4 BUY'+ BV 4 G'iip+ Qiip'. (4.1.16)
If the contravariant components of the body force and acceleration
vectors for B’ are respectively Fi-4eF'/, fi+ef'l, referred to base

vectors G;+€Gj, and if p-+€p’ is the density of B’, then the equations
of motion for B’ which correspond to (2.9.12) for B are

7ot €'t 4 (Tt eTg) (7 -+ €' i) (T e D (e er'0)+
+(p+ep’)(Fi+eF'7) = (p+ep’)( fi+¢f").

Hence, using equations (2.9.12), we have, to the first order in e,
| 74 Drir - T rii 4 pFlip' FY = pf i p'fl. (4.1.17)
Also, as mass elements are conserved,
* (ptep W(G-+eG') = pG,

ro P 411
so that ) ek (4.1.18)
When surface forces are applied at the boundary surface of B’ then
the boundary condition (2.9.15) becomes

(e’ (n;4-en;) = Pi4-eP'd, (4.1.19)

where n;+en; are the covariant components of the unit normal to
the surface of B’, referred to base vectors Gi4eG'® and Pi{-eP'd
are the contravariant components of the surface force vector. The
surface condition (4.1.19) may be reduced to the first order in €, but
it is generally more convenient to leave the condition in the form
(4.1.19).

4.2. Small deformation superposed on finite uniform extensions
We now assume that the body B, is deformed into the body B by
uniform finite extensions along three perpendicular directions and that
B is maintained in equilibrium without the aid of body forces. [The
strained body B’ is then obtained from B by superposin small
deformation of the type described in § 4.1. We take our mo¥ing cookdi—
nates 6; to coincide with a fixed rectangular system-of coordinates
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(%,¥,2) in the strained body B, the axes being directed along the three
perpendicular directions. Thus we have

0, =, 0, =1y, 0, = 2. (4.2.1)

If the rectangular axes x; which define points P, of the unstrained
body B, are taken to coincide with the axes (x,y,z) then

Zz

4.2.2
Al’ ( )

_ - Y - °
xl - )\29 xs )\33
where A;, A;, A; are the constant extension ratios. It follows from
Chapter II that

_ -
— 0 0
2
M ) X 0 0 .
g:5;=]0 Y] 01, gl = [O A2 ], g:)\—?ﬁ)ﬁ’ (4.2.3) .
2 1723
1 0 0 A2
0O 0 =
i %
and Gi.’f =GV = 81']:’ G = 1, Gm = Gm’ F:'] = 0. (424)

Also, from (2.9.22),
L= X+X42 L=MNA+80N+80 L= N8N
(4.2.5)
and from (2.9.21) we see that @, V', and p are independent of x, ¥, z
and
B = X03H0), B = NN B = M)
e g g b (4.2.6)

The stress components 7/ for the body B are given by (2.9.20) and are
7 — ONH AN A +p)
72 — O NN+
8 = O+ +p |

F12 — 23 .81

2
1
2
2

(4.2.7)

so that the stress equations of equilibrium are satisfied when body
forces are zero.

From (4.2.4) and (4.1.3) we see that w,, = w™, and from (4.1.5) and
o o

, i

i ow;
— Qi = Gi]. = 537+55§' (4.2.8)
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Equations (4.1.10) now reduce to
I’_2()\2 -|—)\ + p e )

I, = 208+ 7o+ 20808+ X) ;+2A§<A%+A%)§j>,

I, = 2282 (a"+ +-_)

where we have written

wy = U, Wy —= , Wy = W.

119

(4.2.9)

(4.2.10)

The coefficients A, B,..., F in (4.1.12) are constants and the tensor

B'ii, which is given by (4.1.14), has components

B = 2)\2()\2 +Azaw), B2 — 2,\2</\2 + X2 )

302

33 oxe[ye % | ye O e . __ye)e0w v
B ZA(A e J) B A)\(J+ax

193 __ __)2)2 ow 31 _228w ou
5 AA(@Z+J B Wi+ |

L, (4.2.11)

and substitution in (4.1.16) from (4.1.11), (4.2.3) to (4.2.11) shows that

the components of the stress tensor 7'/ are given by

ou

n o
= 115,
ox

+12 +13

T

ou ow
22 — ¢, Cop — Coq ——
T 21 3x+ 2zay+ 237,

v

ou ow
'8 = 031 + B2, + 835,

(4.2.12)

(42.13)
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o1 = — 7+ 24X+ 2 BM(Z4A2)2+ 20N MM+ 4DX AT AZO24-22)+
+4EM M A2+ 4FA(2122),
Cry = —OX+WA(AZ—A2) -+ p+ 24X N3+ 2 BN AZ(A3+-A2) (AB+-A2) -
+20M 2323+ 2DX M A3(03 A3-+A3 A2+ 222 22) +
F2EX 4N+ 2FA AN+ A2 202),
(4.2.14)

€22, C33 being obtained from ¢,;, by cyclic permutation of AL A, Ay and

7', 72, 73%; and ¢y, ¢, being obtained from c,, by cyclic permutation
of A, Ay, A3, Also

Coy—Cqp = 71— 722
— 722__7.33

s2—Cog = , (4.2.15)

€13~ Cy = 73—
Cag = —¥AA—p
Cs5 = —VAZA—p ¢. (4.2.16)
Cos = —VA}A—p

When the body is incompressible I; = 1 and I; = 0 so that we have
NN = 1, +6”+3w (4.2.17)

and the stress tensor components are obta,med from (4.1.16), (4.1.13),
(4.2.3) to (4.2.11) in the form

’ ’ a a 3 ]
T =p +%1£+“125§+%3%
’ ’ a a a
TR =p +a12£+a225—;+a23£ L: (4.2.18)
3 4 ?_zf ov ow
TS = piag, ax+a23@+a336—zj
where
ay = —2p+224{d+ B+N)2+2F (+ X))
gy = —2p+2XM{A+ BOZHA)2 2 F(\3-+22))
gy = —2p+2)4{4+ BOZ+X)2+2F (2 X2)} . (4.2.19)
Oa = DAY+ A+ BOGHROSHM) +FO3+38+233 [

g = 2)\2/\2{‘F+A—|—B(/\ FADA4-A3) - F(A3+ AZ3+:222)}
= 2A2A2{‘F+A+B(/\3—|—/\ YA3+23)+ F(A3+-234222) )}
The rema,lt}mg stress components are given by (4.2.13) and (4.2.16).
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From equation (4.1.15) we have
’ ’ 2w,
Fi}' = %(G ,J+GT),1/ Gij,r) = 5@73_‘5]4
and since we have already assumed that F/ = 0, f/ = 0, the equations
of motion (4.1.17) reduce to
3‘7"” ,”, a wj —
2 T g T aetaer o
if we also take F'/ = 0. If we interchange the summation indices in
the last term and remember that the stress components 7%/ are constants
this equation may be written in the form
0 .
16 . qr 0 T = pf"i. 4.2.21
am( e 2 a9,) = of (4.2.21)
For some purposes it is more convenient to have the stress com-
ponents in the strained body B’ referred to rectangular cartesian
coordinates y; which coincide with the axes (z,%,2). Thus

y,,: = 0i+€wi, (4.2.22)

and we denote the components of the stress tensor referred to y;-axes
by t*{-€t'”,1 these being related to the stress components 7¥4-er'¥ by

(4.2.20)

the tensor transformation

, oy, oy ,
tTS t 1'8 _Jr S(mn mn
T = g ggn T T

.

r O '
<8m+€80m) (8“’ +e 30") (rmn - er' M), (4.2.23)
Thus, to the first order in ¢,

s = 778 1'rs — 'rs +Tms o
and we see that the equations of motion (4.2.21) take the alternative
form 6 t”e

A — ofr, (4.2.25)

Wr 1 prm gjn (4.2.24)

where, since fr = 0, ¢f'" are also the acceleration components along
the y,-axes. This result may also be obtained by observing that the
equations of motion of the body B’, referred to y,-axes, are

0
{rs /78 = 'r’
oy T et”) eef

and, using (4.2.22) and remembering that the stresses #" are constant,
this reduces to (4.2.25) when we retain terms up to the order e.

1 These are a]sé physical components of stress referred to y;-axes.
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We now examine conditions to be satisfied at a boundary surface
of B’ at which surface forces are prescribed. Suppose such a surface
is given in the parametric form

F(01a021 03) = F(x: Y, Z) = 0, (4'226)

and let n be the unit normal to this surface so that
n = (n,+en,)(G"+€G").

Equation (4.2.26) is to be interpreted as the parametric equation of
the surface. The coordinates y; of a point on the strained surface are
given in terms of the parameters x, y, z by means of equation (4.2.22).
Referred to y;-axes the unit normal to (4.2.26) has direction cosines
proportional to 2F/dy;. A simple tensor transformation shows that the
covariant components n,+en, of n, referred to G"4-¢G', are

’ oF oy, oF
n,tenl, = k537i ‘a}% =k, (4.2.27)
where k is a scalar. Since n is a unit vector it follows that
{8F oF
20" 06

or, to the first order in e,

' Groye G)} —1, (4.2.28)

oF oF (aw, 8103)

1 o0r 06*\o6® " o6r )
b= o 74y 14-e ST : (4.2.29)
o6m ogm a0m ogn

The contravariant components of the external force at the surface
(4.2.26) of B', referred to G;--<Gj, are therefore
Pit-eP'i = (19 +er'V)(n;+en;) = k(’r“—}—ef"'j)g—g;. (4.2.30)
Alternatively we can refer the components of surface traction to the
y;-axes. If these components are denoted by Q¢+’ then

i "N__ O 1w e[ 0w\ OF
Q —I_EQ = (P""*" P ") 60 k(T J—'}‘G’T J)<81+€ ég])‘a—g;, (4.2.31)
and therefore
. ,.0F |[oF oF\}
=" (Wn é‘e”ﬁ)
JOF oF oF (ow, , ow
ri i W\ L, (4.2.32
Qi — o6 L@ 6wi 0 a0 808(303 + 60') ( )
~ [oF 9F\} 560 T , OF oF
0™ oom 20% 207
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4.3. Small twist of a cylinder superposed on finite extension

We now apply the general theory of §§ 4.1, 4.2 to the solution of a
particular problem.t We suppose that the unstrained body B, is a
cylinder of constant cross-section R, whose generators are parallel to
the xj-axis, the plane ends of the cylinder being 2; = 0, z; = I,. The
cylinder is first deformed into another cylinder B by a uniform finite
extension of extension ratio A; = A along the z,-axis and by equal finite
extensions of extension ratio A, = A, = p along the other axes. With
the notation of § 4.2

=2, ay=Y, =7 (4.3.1)
®
and the cylinder B has length I = AJ,. We shall only consider the case

where the cylinder B is maintained in equilibrium by a force parallel
to its axis so that, from (4.2.7),

7 = 722 = QN ) = O } £3.2)
738 = QA2 29" N2u2+p
or, eliminating p,
8 = (N—u)(P+Wu?) = H (say). (4.3.3)

The cylinder B now receives a small twist about the z-axis so that
we assume the displacements w, to have the form

u=—yz, v=zz, w=¢,vy), (4.3.4)

and we take the parameter e to represent the amount of twist per unit
length of the cylinder B. It follows from (4.3.4) and the appropriate
formulae in §§ 4.1, 4.2 that

0 0 qs.r'_?/
— G = G} = [ 0 0 gby—{—x}, (4.3.5)
¢‘v‘—y ¢I/+x 0
G =1 =Ty Iy =@ =W = p' =0, (4.3.6)
Bt — _,\2M2G;j, (4.3.7)

T8 = —(V2A%u+p)(4,+2) = p¥(O@+Vu?)(¢,+2)
T = — (PN p) (b —y) = pH(@+ V) (b—y) - (4.3.8)

G QG * NG - ST J

t This problem was originally solved without the aid of the present general theory
by A. E. Green and R. T. Shield, Phil. Trans. A, 244 (1951), 47.
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Suffixes in (4.3.5) denote partial differentiation with respect to  and y.
From (4.2.24) and (4.3.4) we have

133 — 133 — H’ 11— 22 —

§/98 — 7/28 | 2738 131 — 7131:_y,r33 , (4_3_9)

P11 — 122 — 33 — 12 —

80, using (4.3.3) and (4.3.8), we see that the only non-zero components
of stress referred to y;-axes which coincide with the x;-axes are

{8 = (@-LWpe) (2, +A2)
{31 = (@4 Fp?) (2, —AY) |- o (4310)
£ = H

The equations of motion (4.2.25), with f'* = 0, are therefore satisfied
rovided
P Vi = dyptdyy = 0. (4.3.11)

We now consider the boundary conditions. We suppose that the
curved surface of the cylinder in the strained state is the surface

F(x,y) = 0, (4.3.12)
where the surface F(ux,, px,) = 0 (4.3.13)

was the curved surface of the cylinder in the unstrained state. Equation
(4.3.12) is to be interpreted as the parametric equation of the surface.
The coordinates y; of a point on the strained surface are given in terms
of the parameters z, ¥y by equations y; = z;,+ew;, where w; are given
by (4.3.4). If the bounding surface (4.3.12) of the strained cylinder is to
be free from applied traction then P/+eP’ = 0, and from (4.2.30) and
(4.3.12) (tY4-er"V)Fy+- (1% 4-€r'?)F, = 0,

where suffixes denote partial differentiation with respect to « and y.
In view of (4.3.2) and (4.3.8) we see that the boundary conditions are
satisfied when j = 1, 2 and the remaining condition when j = 3 reduces

to (p— ) F+(p,+2)F, =0 on F(x,y)=0. (4.3.14)

The displacement function ¢(x,y) is therefore a plane harmonic func-
tion in any cross-section of the strained cylinder B, subject to the
boundary condition (4.3.14) on the boundary of a cross-section of B.
Any cross-section of the original unstrained cylinder B, is bounded by
the curve (4.3.13), and the equation (4.3.11) and the boundary condition
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(4.3.14) may be written in the forms
2% %

A
0
(3_;51‘—#25”2) +(B;f +r xl)a_ =0 on F(ux;,px,) = 0.
We may therefore write

$(2,y) = p2w' (24, 2,), (4.3.15)

where w’(x,x,) is the classical torsion function for a small torsion of
the unstrained cylinder B,. The function w’ therefore satisfies the

equation PP
Fw' | Fw_ (4.3.16)
ox? ' oxd
and also the boundary condition
ow' oF ! or
x| = =0 4.3.17
(axl xz) 8x1+ (6902 + 1) 2 ( )

on the curved surface of B,,.

Since the surface tractions on the curved surface of the cylinder are
zero the cylinder is maintained in equilibrium by forces over its ends.
The end z, =1, of the unstrained cylinder becomes the surface
z = | = Al in the strained state. If the components of traction on this
surface referred to y;-axes are Q*-+¢Q’¢ then, from (4.2.32), (4.3.4), and
(4.3.8),

F=r=1, =0 =0, 1 (4.3.18)
1= +'B8_Hy, Q'? = "84 Ha, Q=0
The element of area of the surface z = [ is, from (1.9.18),
dS = J{(G+€G')(G®+eG'33)} d61d6?,
and using (4.2.4) and (4.3.5) this reduces to
dS = d6'd6? = dxdy. (4.3.19)

Denoting the components of resultant force over the end of the cylinder
by Y?, referred to y;-axes, we have

Y= £ [ (Qi+eQ) dudy,
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where R is the region in the (z,y) plane enclosed by the curve
F(x,y) = 0. Hence, substituting from (4.3.18),

Y= ¢ [ [ {u@+¥p?)($,—y)—Hy} dady,
R

Y2 = ¢ [ [ (u2@+¥p2)($,+a)+ He} dudy,
R

= 'Lfdedy.

These expressions for ¥ may be simplified. Since ¢ is a plane harmonic
function of x and y,

JJ y) dedy = ff { [x gby—}—x)]} dxdy
= [ e{($—Et By +2)F) ds,

where the line integral, which is evaluated over the boundary of the
region R, vanishes in view of the boundary condition (4.3.14). Similarly

[[ @b +2) dedy = [yl —9)EA+($,+2)F,} ds = 0.
Hence
Y= —eHA,  Y?=cHA, Y3=HA = Hp’4,,
(4.3.20)

where A, A, are the areas of the cross-section of the strained cylinder
B and the unstrained cylinder B, respectively, and

A, = LJ y dady, 4,= }U x dxedy. (4.3.21)

The moments M1, M2 of the total traction on z = l about axes through
the point y; = (0,0,) and parallel to the y,-axis and y,-axis respectively,
are given by

M = [ {ya(@+¢Q")— (=@ + Q-1 45,
R -

M2 = [ [ {ga—D(@+eQ )~ (@ +<@ )1 45,
R

and, neglecting second-order terms in ¢, these become

M =H f J’ (y+elz) dady = HA,+<lHA,
R

) (4.3.22)
M= —H | [ (z—ely) dudy = —HA,+<lHA,

R
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The moment M3 of the traction on z = [ about the y,-axis is given by

M = [[ (@4 €Q?) —y,(@'+<@)} dS
R
or, to the first order in ¢,

M = e [ [ {H@*+y)+p2@+ ¥ (b, +2)—y($,—y)]} dedy
R

= eH I+ eu?(@+VYu?)s, (4.3.23)
where T — J‘ f (@?+y?) dady 1 .
# . (4.3.24)
8 = [[ @4y +as,—vh) dxdyj
R
Using (4.3.1) and (4.3.15) we see that
S = uiS,, I = pil, (4.3.25)
where I, = ff (x}+23) dz, du,
Iy
, , : (4.3.26)
Y ow ow
Sy = ff (x%—&—xgﬁ-xl—a—x«z—xz 555;) dxydzx,

so that I, is the moment of inertia of the unstrained cross-section R,
about the wx;-axis and S, is the geometrical torsional rigidity of the
unextended cylinder when subject to a small twist. The function S is
known for a variety of cross-sections from classical theory and can be
evaluated when the classical boundary value problem defined by equa-
tions (4.3.16) and (4.3.17) has been solved.t It is well known that the
geometrical torsional rigidity S, is independent of the axis of torsion,
but the twisting couple M3 in (4.3.23) depends on the axis of torsion,
which is here taken to be the x;-axis, because of the term containing /.
If H, which is given by (4.3.3), is positive, and A > p, then M3 is least
when I (or 1) is least, that is when the axis of torsion coincides with
the line of centroids of the cross-sections of the unstrained cylinder B,
(or of the strained cylinder B). In this case, 4, and A, are zero and,
from (4.3.20) and (4.3.22), we see that Y1, Y2, M1, M? all vanish.
From (4.3.3), (4.3.23), (4.3.25), and (4.3.26),

M3 = epH( D4V p?){N2L,—p*(L,—S,)} (4.3.27)
It is knownif that S, < I,, and the equality sign holds only when the
cross-section is a circle or a circular ring bounded by two concentric

T See, e.g., I. 8. Sokolnikoff, Mathematical Theory of Elasticity (New York, 1946).
t J. B. Diaz and A. Weinstein, Amer, J. Math. 70 (1948), 107.
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circles. Hence we see from (4.3.27) that when the cylinder is not a
circular cylinder or circular cylindrical tube, the twisting couple will
be zero, to the first order in € at least, when

S
T A

provided p4(®+'¥u?) is finite for this value of A.

The value of y is given in terms of A by (4.3.2) and cannot be deter-
mined explicitly unless the particular form for the strain energy is
known. For most bodies, however, it is probable that u will be greater
than unity when A is less than unity and the cylinder is compressed in
the direction of its length, and in this case a value of A may exist for
which (4.3.28) is true.

When the body is incompressible u = 1/4A and equation (4.3.28)
becomes v L—5,

I, ’
and the value of A determined by this equation is independent of the
particular form of the strain energy function which is used.

From (4.3.20) and (4.3.27),

YS_ (er—1)4,

We = Ty— (TSt (4:3.30)

<1, (4.3.28)

(4.3.29)

and this relates the force necessary to produce a large simple extension
with the torsional modulus for a small twist superposed on that simple
extension. When the material is incompressible (4.3.30) becomes
Y3 A—1/A%4,
- , 4.3.31
Wije = Ty Uy S a3

and, in this case, the relation is independent of the particular form of
the strain energy function which applies to the body.

When the cylinder is circular I, =S, = }nat, 4, = na?, where a is
the radius in the undeformed state, so that (4.3.31) reduces to

a?Y3

M3e

which was obtained previously in (3.5.9).

= 2(A—1/22), (4.3.32)

4.4. Solution in terms of potential functions: compressible case
We now return to the general theory of § 4.2 and develop a general
method of solution for problems in which the finite extensions are
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maintained by equal forces in the z,- and x,-directions so that

A =2 =p, Ag = A,
and, from (4.2.7),

1 = 722 — Qp2 WA\ H-p2)+p

73 = QA2+ 29 A% 4-p
From (4.2.12) to (4.2.16) and (4.4.1) we have

, ou ov ow )
T = Cna-!-clz@“f‘cm‘é;

ow

, ou ov
T8 = 012%4"011@4-0135; (,

, ou  ov ow
'3 = cal(a +—) Tl

%
, ou  ov\ )
712 = %(011—012)(87/-}‘5;:)
, o ow
' = 644('6;4-5?7) t
ow  ou
31, (W U
T c“(ax +6z) )

A

where the coefficients ¢,,,... now take the values

¢y = — 114 2ut{A + B(A2 4 p?)2+ CApt-+

+2DAu(A24-p?)4- 2 EA%2 -2 F (\2-p?)}
¢y = —OpP+WpP(u?—2%)+p+ 2p4{d+ B+ p?)*+
+ CNpt -+ 2DX (N2 p?) + 2 EN 2 - 2 F (A2 +p?)}

€3 = —Op2HYpr(A—pu?)4-p+

+2022{ A + 2 Bu2 (A2 p2) + CA2uS+-
DA (3N p?) + B4 u2) -+ F(A24-32))

Cg3 = — 134204 A +4 But+ Opd+4Dus+

+ 2Bt 4F )

en—eiy = (M@ ) = 11—
c1—C1p = —2(¥pul+p) .

Cy = —FNuP—p
5287 K

(4.4.1)

(4.4.2)

(4.4.3)

(4.4.4)

. (4.4.5)
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Also, from (4.2.24), <
1 — 22 1.11’ 133 — 7.83’ 12 — 23 — 31 — 0, (4_4_6)
ou ou  ov
1 = 1y o7 P12 — 12y 1 (Y%, 97
T ox T (6y+8x)

ov ow ov
22 — 22 9 %Y e — 23y 119% | 3 L (4.4
= 7'22{ 27 o 7847 o +7 pn ( 7)

ow ow ou
£33 = /384 9,33 7% 131 = 77314 ;11 33

4 4 o0z 4 4 ox 4 oz )
and with the help of (4.4.3) and (4.4.4), equations (4.4.7) become

, ou ov ow )
g1 = du'a;"l-dm'a?/‘f“dlsa

ou ov ow
22 — g~ i it 4.
123x+d113y+d13 o2 f: (4.4.8)
ou v ow
433 o v ow
dm(ax+ay) +nge |
’ ou ov
P2 = %(dn—d12)(a~y+5;)
, v ow
S d448_z+d55 oy ) (4.4.9)
ou ow
31 — —_ _—
¢ das Em +ds5 -
where dyy = ey +271, dyy = cg31-27%
dig = €y, dyz = Cy3, dg = C5
dyy—dyp = €1y —Cyp+ 2711 = 2u¥(O+FA2) (4.4.10)

dyy = Cgq+7% = AP +¥p?)

dgs = Cqqt+ 711 = pX(@+Wp?)

dss—dyg = Cgy—Cy3 = dyy—dyg = 71 —7% |

Equations (4.4.8) and (4.4.9) are in some respects similar to the-
corresponding equations in infinitesimal elasticity when the material is

hexagonally aeolotropic.}
We try to find a solution of the elastic equations of equilibrium in

which the displacement components (u, v, w) have the form
8¢ 8</> o
= =L, =k, 4.4,
u V=g U=ky (4.4.11)

ox’

t See § 5.12.
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where £ is a constant. It follows, from (4.4.8) and (4.4.9) that
ST e AN Ma SRR S

1262

, R
vr = dy S Sk, O

2 18752
, 0 0
38 = ( hi st ¢) +kdgg 6—3;

, 0
12 = (dll_dIZ) ax;by

L (4.4.12)

, 0
'8 = (d44+k dsa) 53/*252

, o
¢l = (d44+k dﬁs)%

J

If the strained body is in equilibrium the stress equations of equilibrium
(4.2.25) with f' = 0 are satisfied provided

62
a1y Vi$-+{dyy+k(dis+dss)} ?)g =0
o (4.4.13)
(g dag+-lgs) V3 -y _4% 0

A suitable three-dimensional non-zero solution of these equations can
be found if they are identical, and this occurs if

k(d13+d55)+d44 kdsq
du kd55+d31+d44
This gives a quadratic equation
d11d55 V2+{(d13+d55)2—d11 daa‘“d44d55}"+dasd44 =0 (4.4.15)

for v with roots v, and »,. The possible functions ¢ are then solutions
of the equations

(4.4.14)

(V%-}—v )gba 0 (x=1,2; « not summed), (4.4.16)

where Vi = —ai & ,
. oy
and the corresponding values of k are k, and ,.
In its present form the theory is valid for a body which is homo-
geneous and isotropic in its unstrained state and we may proceed to
write down the appropriate values of the stresses and displacements
in terms of the functions ¢,. We shall not, however, continue this

(4.4.17)
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general discussion here but will consider the special case of an incom-
pressible body in more detail in the next section.

4.5. Solution in terms of potential functions: incompressible
case
When the body is incompressible we have, from (4.2.17) and (4.4.1),

ou ov  ow
A2 =1, Rl B 4.5.1
Iz 8x+8y+ P (4.5.1)
and the scalar invariant p is found in terms of stresses from (4.4.2).

Also, from (4.2.18), (4.2.19), and (4.5.1), we find that

Mmooy, %y g )
T = p'+a 8x+ﬁ 5y
ou ov
122 __ o/ e e
T =0 —}—B ax—}—aay - (4.5.2)
133 ___ 7 _a_/‘_l_)
TE =ty
where
o = —2WA%P—2p+ 202 (u*—A){A + Bp?(\>+-p?)+ F(A*+-2u?)}
B = 2p*(p2—M){¥ + A+ Bu(p2+4-22) 4 F(2u242%)} - (4.5.3)

y = — 2¥ AR 2p 4 20(N—p2)( A+ 2 But+3Fps?)

The remaining components of stress /12, 723, 731 are still given by
(4.4.4), and we note that

611—612 = OL—B, 044 - _.lP,A2}L2_p. (4.5.4)
From (4.4.7) and (4.5.2),

ou ov)
tlll e —_— b_
p+ta ax—l- oy
’ X 0
1% =p +b_—az+aé_; ts (4.5.5)
ow
33 _ o/
¢ P +C—az
where a = a2, b=2R8, ¢ = y42+3, 4.5.6
Y

the components ¢'12, ¢'23, #'31 being given by (4.4.9) and

dy—dyp = a—b, dy=N@+¥p?), dsi = p¥(@+¥u?).
(4.5.7)
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The method of solution is now similar to that used in § 4.4 for the
general compressible material. Assuming the displacements to be of
the form (4.4.11) we have, because of the incompressibility condition

(4.5.1), ,
Vig+kS ‘f’--o : (4.5.8)

Also, from (4.4.9), (4.5.5), (4.4.11), and (4.5.7),

v 3 0% )
11 pe?
=p'+a aoat o
2
% = p'tb ¢+ g
b (4.5.9)
12 = (a—b) - %
oxoy
y 7]
B = (d44+k 5")6sz
31 — (d kd l
t (daa+ 55)3261:

The stress equations of equilibrium (4.2.25) (with f'" = 0) are now
satisfied if, using (4.5.8) and (4.5.9),

o( ., 2%
éz—v{p +(d44+kd55—ka)—a?} =0,

0,

I

of ,
@{P +(dgg+kdgs—ka )‘5‘4‘;}

%{p'+(c_d“—kd55)k%2‘f;} _o.

These equations can be integrated in three-dimensional form if
dyu+tkdss—ka = k(c—dy—kdss),

or kg g+ k(dyy+dss—a—c)+dy = 0. (4.5.10)

If k,, k, are the roots of (4.5.10) then possible functions ¢ are solutions
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of the equations
32
(V%—I—Ica 55)‘!’« =0 (x=1,2; « not summed). (4.5.11)
The displacements (4.4.11) are therefore

= ;;2(¢1+¢2)» V= 5%(‘1’1'}‘9{’2): W = '3%("71 $1+kads),

(4.5.12)
and also

, 0% 02
p = (1510‘_‘]‘71dﬁs“‘dm)-%l"l‘("32‘1‘702dsﬁ“dem)—;iz2
, (4.5.13)

95 02 ¢z
= k1(k1d55+d44—0) -|'k (ky ds5+dgg—

apart from a constant which represents a hydrostatic pressure. The
stress components 7' can now be found in terms of the functions ¢,, ¢,
by substituting in (4.4.4) and (4.5.2) from (4.5.11) to (4.5.13), and we
have

= (55+ )V2¢1 (d55+ )V2¢2

ool

(d55+d44)V%¢1+(d55+@)V%¢2—

N .

'8 = fo (ky dgs-t dgg — 27%9) ¢1+k (k, d55+d44——2-r33 0 ¢2

e 0 ¢ 4 ¢2
= (a_ﬁ)(aa_gl}—i_ax@y)

T8 = 044{( +k1) 4 ¢1 ( +k,) i 452}

_ o o
#o = a1k 2+ (k) 22 J

Also, from (4.5.9) and (4.5.11) to (4.5.13), we find that the components
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'8 of stress are
= (d + 4‘)V2¢1+( 55+d‘“)V‘f’¢z+
29, | %,
Hb—a )(3y2 a_yf)
42(%+%ﬁwﬁ{ﬁ+%ﬁwﬁ

b, | O,
+(b—a)( ax21+'a_x_2) (4.5.15)

0
9 — byl dog-+ du) T2 1 Ry g ) 202

r 0 ¢1 0 ¢2
t=- b)(6x8y+ax6y)

'8 = (k, d55+d44)—i+( kydss+dyy) y¢

0
M~w%ﬁwpi+w%+M5§

The above results become comparatively simple when we take the
Mooney form (2.8.12) for the strain energy function. For this case

® = 20, | ¥ = 2C,
‘ A=B=F=0 :
and hence, from (4.5.1), (4.4.2), (4.4.10), (4.5.3), (4.5.6), and (4.5.7),
a = 42(C)+Cyp?), ¢ = 4A(C1+Cy p?)
gy = 2X%(Cy+C, p?), dss = 2uX(Cy+-Cy p?) - (4.5.17)
S a=a—2m1, y=¢c—278, b =B = 40, uX(u2—A?)

(4.5.16)

The quadratic equation (4.5.10) for k becomes
w2 — (A2 p)k 422 = 0
and therefore k£ has the values
=1 k=N_Ll_ (4.5.18)
B
4.6. Indentatiox; problems

The theory of the preceding section will now be used to solve prob-
lems in which we take the component of stress 73 to be zero. From
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(4.4.2), since the body is incompressible, this implies that the scalar
function p is given by
p = —A(D+2¥u?), (4.6.1)
and therefore 1 = 72 = (u2—22)(D+Fpu?). (4.6.2)
We suppose that the strained body B, which is obtained from the
unstrained body B, by the finite deformation of § 4.4, occupies the
semi-infinite region z > 0, and the final strained body B’ is obtained
from B by the small indentation of the plane surface by a rigid punch.
The plane boundary is the surface

F(z,y,2) =2=0,
and oF/o6m = 83, It follows from (4.2.29), (4.2.30), and (4.2.32) that
on this surface

i 3. 1§ 13§
¢ T ’ . ? T } (4.6.3)
Pi=0, Pi = 73
The surface force vector P—{jeP’ on the final strained surface of the
body B’ is PP’ = (PiteP)(G;+¢G))

and the components of traction tangential to this surface are propor-
tional to
(P+eP). (Got€Gl) = (PiteP'i)(Gotelly) = e (a=1,2)
to the first order in e.
If we assume that the surfaces of the punch and body B’ are ideally

smooth so that the frictional forces are zero, and if the remaining part
of the boundary z = 0 of B’ is free from applied force, then along the

whole boundary P18 = /B =0 (z=0), (4.6.4)

and we see from (4.6.3) that this implies
Q1=Q?*?=P1=P*=0 (2=0). (4.6.5)
From (4.5.14) and (4.6.4) we have
0, oy
(1 2 = 0).
(1+k,) % + (1+k,) %2 0 (z=0)
This condition is satisfied if we putt

vk vk
¢1 = T—}—_;cx(x’ Y, zl)a ¢2'= —H——sz?X(x’ Y, 22)
' * ,. (4.6.6)
21 = —E— 2o = —z—
1 k) Y/

+ See § 5.12 for a similar method of solution for hexagonal aeolotropic bodies.



4.8 FINITE DEFORMATION 137
where, because of (4.5.11),
V2x(x,y,2) = 0. (4.6.7)

If we restrict our attention to rigid punches which have an axis of
symmetry in the direction of the z-axis, and which are moved parallel
to this direction, then the remaining boundary conditions on z = 0
require

w=o X80 _ g0y (2 —aryr <3

0z
ey (z, . 0) (4.6.8)
78 = ZXH DT az’zy’ =0 (r2=2%+y?>rd
where k, ,
g = _——_—
1+k, 14k, (4.6.9)
— (kl d55+d44)\/k1_ (k2d55+d44)Vk2 ’ o

1+k, 1+k,
and where 7, is the radius of the circle of contact between the punch
and the surface z = 0 in the strained body B’. The known function
¢f(r) defines the shape of the punch. We will not examine the problem
in detail here but will consider only the distribution of stress under
the punch. For this we need the value of 92y/022 at z = 0 which is
given byt

o%*x(z,y,0 _ tS(t)
T rdr f J({E—r?) 7‘2) a4 (r<ro)
L, (4.6.10)

Y

nd’r J —t2

if f(r) is continuously differentiable in 0 < r < 7.
As an example we consider the small indentation by a rigid sphere

of radius R so that f(r) = b+1—12/r2, (4.6.11)

where b is a constant to be determined. The actual displacement of
the surface under the punch is

ew,_o = eb+e(1—r[rd), (4.6.12)

and hence, approximately,
72 = 2Re. ‘ (4.6.13)

From (4.6.10) and (4.6.11) a simple calculation gives the value of

1 Reference should be made to § 5.8 where these results are derived.
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%x(z,y,0)/0z® for r < ry, and if we remember that the stresses must
be finite at r = r,, we have b = 1 and

2x(x,y,0 8,/(ré—r2?
: __’i%zj’__) .L/(%.z__) (r < 1o). (4.6.14)
0

The total pressure N exerted by the punch is

16€KT 8k 13
= — 3 e T 0 iR} 4.6.15)
N=—[[eQvdudy = 0= 23 = 2R,  (46.15)
where d = 2¢ = 7}/R is the maximum depth of penetration by the
punch.

The substitution of (4.5.17), (4.5.18), and (4.6.9) in this expression
shows that for the special case of the Mooney material the total pressure
is

( 3+ 1)
If we put p = 1 in this expression and remember that 6(C;+C,) is then
the value of Young’s modulus E for this material for small strains, we

find that N — $EQR,

which agrees with the classical valuet for an incompressible material
in which Poisson’s ratio is 0-5.

The value of N given by (4.6.16) is zero when p is approximately %
and is negative for values less than . This result indicates that, when
a body is bounded by a plane surface and is acted on by an all-round
compressive force in planes parallel to the bounding surface, the equi-
librium becomes unstable at certain critical values of the compressive
force.

4.7. Small bending of a stretched plate

In this and the next section we develop approximate theories for
the small stretching and bending of a plate which has first been ex-
tended finitely by uniform stresses 71, 722 in its plane. In order to -
avoid undue complications in the analysis we restrict our attention to
incompressible bodies although the more general compressible body
may be discussed in a similar manner. Using the notation of § 4.2 we
suppose that the unstrained body B, is bounded by the parallel planes
3 = —+h,y, where h, is a constant, and that it is first extended finitely

1t J. W. Harding and I. N. Sneddon, Proc. Camb. Phil. Soc. 41 (1945), 16.
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by uniform forces in the ;- and x,-directions only, so putting 733 = 0
in (4.2.7) and eliminating p,

M= (B-A)@+FN), 12— (3 2—A§>(<I>+‘FA%>} wrl)
p= —O+Y N+ S
We also repeat here the incompressibility condition (4.2.17),
ou  ov
= 0. 7.2
A =1, 6x+6y+ (4.7.2)

The stress components 7' are given by (4.2.13), (4.2.16), (4.2.18), and
(4.2.19), the value of p being given by (4.7.1), and if we eliminate p’
and use (4.7.2) we find that

11788 2{2(<I)+‘F)\§))«§+(A%—A§)2(A+2FA§+B)\g)}a—z-}- \
4 2{ON-HEA X+ (B —AB) (A — M)A+ F(3-+A) -+

+ B
TR 7'8 = 2N WAI NSt (, (4.7.3)

+ =22 —A)[A + FQ2+22)+ BX2 )\g]}g_’; i

+2{2(¢+WA§>A§+<A;—A§>2<A+2FA%+BA%>}§—Z J

ne 232 )\
#it = ) )

F2 )\2((1)—{—‘}")\2)( z_{__i;)) . (4.7.4)

o= -2+ 2

Remembering that 711, 722 are the only non-zero components of %, we
find from (4.2.24)

il = 11, 122 = 722 t* = 0 otherwise,
ou ow
P 11y 9 11 9 18 — 13y 11 9%
T ox’ ToT ox
£/22 — ;22 9,22 g"_” 23 T'za_l_,rzza_w L, (4.7.5)
) Y
£98 — /33 {12 — 12 L1 6v+ 220 6y
J
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so that, using (4.7.3),

U o )
gu__gss — o 9% it
11 ax+cl2 oy
, , ou ov
12238 — 0125&_]_6225& L (4.7.6)
ou ov
t/12 =c 2_ AZ__
ee( 26y+ lax)J

where

€1 = 2(A34+-A)(D+WA2)+2(A2—A2)%(4A +2F)3+ BAY)

Cyp = 2(PAZHWAIAZ) +2(A2—A2) (N2 —A2) {4+ F(A3+A3)+ BA3 A3}
Co = 20342 (O TN+ 20— M)A +2FA3+ BM)

Ceg = D+TA2

these coefficients being different from those defined in previous sec-
tions. It is convenient to repeat here the equations

L (4.7.7)

ot ot At
ay

e o= a® o1 (4.7.8)

ox oy 0z

o o' 8t’33

Ty T T

which must be satisfied if the final strained body B’ is in equilibrium.
We now suppose that after the finite extension of the plate by
stresses 711, 722, the plate is bent by small transverse forces which are
antisymmetrical about the plane z = 0. The faces of the deformed
plate are the surfaces z = 45, where
h = Aghg = ho[(A; Ap),
and if we impose the boundary conditions
T8 =78 =, 738 =38 = Flq (2= +h), (4.7.9)
where ¢ is a function of x and y, we see, from (4.2.32), that
P=@=@=0, Q@'=Q%=0, @°=TFiq (z=+h).
(4.7.10)

Stress resultants and stress couples may be defined in a variety of
ways. We consider the stress couple about the y-direction defined by

G, +e@, = f (1 et 1)y, dys, (4.7.11)
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where the integration is through the thickness of the deformed plate,
taken with respect to y; keeping y, and y, constant. Since #!! is constant

f tysdy, = 31 y3]

and, from (4.2.22) y; = z-+ew(x,y,2). Owing to the factor ¢ outside
the term w(x,y,z2) in y; we may consider  and y to be constants in
this expression instead of y,, y, and therefore, to the first order in e,

z=+h

f 1y, dyy = er[zw(x, y, 2)], g
Also, to the first order in €, the term
e Py

can be evaluated by replacing y; by z and integrating with respect to
z from —h to h. Thus, finally,

h
G, =0, G = ™ zw]+ J.t’nz dz, (4.7.12)
~h

where [zw] = hw(x,y, h)+hw(x,y, —h).
Similarly, we may define other stress couples G,+¢@;, H,,+¢H,,, and
we find that
G, =0, G, = ™ 2w]+ fht’”z dz,

. - ) (4.7.13)
Hy=0, Hp=[t"%d J

—h

We define stress resultants N,+eN;, N,+€N;, by
Not-eN, = [ (U3+et') dy,

N,+eN, = [ (2-+et'™) dy,,
so that, to the first order in e,
N,=0, N,= fht'wdz
—n (4.7.14)
Y

h
N,=0, N,=[tBd
Y 3

Other stress resultants will be defined in the next section when we con-
sider the further stretching of the plate instead of bending.
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The first two equations of (4.7.8) are now multiplied by z and inte-
grated with respect to z from —4 to %, and the last equation in (4.7.8)
is integrated directly with respect to z from —A to hA. Then, using
(4.7.5), (4.7.12) to (4.7.14), and the boundary conditions (4.7.9) we find
that

oG,  oHy, ) o)
e Ty e
3ku+?§_ N, =0 | (4.7.15)

These equations are of the same form as the classical equations for the
transverse bending of a plate, but the stress couples have different
forms. If we eliminate N7, N,, we have

2@y, 99 °H,, 0@,
—q =0. 4.7.16
ox* F+2 oxdy = oy? 1 ( )

From (4.7.6), (4.7.12), and (4.7.13),

<

2h3 i ov
/33 11
ft 2 dz+—- ( ax+"12ay)+’ [220]

ft’ssz dz‘*”"“(cm +Can )+722[Zw] r (4.7.17)

, 2h3
Hpy = — 3 66()\2 + 18)

where we have put

n
0 = 52—3 f uz dz, 7= 2-27; f vz dz. (4.7.18)

- ~r
The numerical factor 24%/3 in (4.7.18) is chosen so that if u, v are
proportional to z then %, ¢ are respectively equal to the constants of

proportionality.

If we multiply the second and third equations in (4.7.4) by (1—=z2%/h?)

and use the rule of integration by parts we have

> f(l——) 29 gy — A2(®+\FA2)< L +5)

h L (@7.19)
Z“?;z f ( ) 79 dy — Az(d)—l—‘P‘)@)(—Zf +a) |
—-h
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where 4, ¥ are given by (4.7.18) and where

o= f ( )w dz. (4.7.20)

This process avoids the introduction of unknown values of u, v at
z = -+h, and the definition of @ is such that if w is independent of z
then @ == w. From (4.7.20),

n
2h17)——§ z_—ziwz=+h_§ z—z—3 ?El-)dz
I L WETE) i 3h%) &2
“h

h
3 3
=+ [ (o) Gt )
—h"

if we use (4.7.2), and therefore

3
3 28 \(ou  ov
= 2 0 — — _— ) — _
[zw] = 2k 5 f (z 3 hz)(ax—l— 8y) dz
h

The integral in this formula is of the order h3(di/ox-+-05/0y) so that we
evaluate it approximately, as far as terms of this order are concerned,
by assuming that « and v are proportional to z. This gives

[w] = 2hiv— 4? (az+2_z>. (4.7.21)

If we substitute this value of [zw] into the expression for & in (4.7.17)
and use (4.7.19) to eliminate % and ¢ we obtain

2k

2.7 2 3
G, = 2k711w——3—(c Gl 8w) 4

h
st o +——-711V2w+ ft’33z dz+
o)

h

B[ [(Bey—6r1) 0710 | (Soyy—6r) 2r'm) (1 2%\

1o f © 1Y) oz | (@+TN) ay; ~m) %
%

As in the corresponding classical theory (see Chapter VII) we now
neglect the last two terms in this expression for &, and obtain approxi-

mately 233 ( o5 oD

G = 2h7‘11’w—-? 11 ax2+ 12 ay )+—— llvz (4’.7.22)
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In a similar way we have approximately

2 2
G, = 2h722w—%(012 a@;‘;_{_ 226 w) —I-—7'22V2
o1 (4.7.23)
Ha'w = ——3— ee(AT -+ 2)5—'37

With these values (4.7.22), (4.7.23) of G, &, Hy,, equation (4.7.16)
can be written

oY %D
6x4+ 3x26y2+ 3 4+ T w—l— 258 (4.7.24)
where
2R3 27,3
a = T5_(5011—6¢11), ¢ = 3(5022—67-22)
(4.7.25)

3
b= 2 (pora h Seagg 1M —3(r11-+72)
T, — ohell, T, — 2hro

When the two finite extensions A,, A, are equal (and therefore, by
(4.7.2), both equal to 1/vA;) then (4.7.24) takes the simple form

aVid—TV2w+q = 0, (4.7.26)
where

2h° 11 A — (x D)2
a =T:)'(0611—6T ), = _;\—4 (©+1A7)

1 . (4.7.27)
0 = 2(A§+A—4)(<D+‘F)\§)+2(A% ,\4) (A+2FX+BX) J&

1
T =T, = T, — 2t

o4
BT v/ LN A W
8x2+8y2 1= gaT 8x28y2+8y4

and Vi =

As an example we solve (4.7.26) for the case of a circular sheet,
stretched finitely by a uniform all-round tension 7' in its plane so that
it becomes a sheet of radius r,. The sheet is then clamped at its edge
and is subject to a constant small transverse pressure uniformly distri-
buted over a face of the sheet. If the resultant transverse force is

denoted by W then W
g =— (4.7.28)

g
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and, changing the sign of @ so that it is measured positively in the
direction of W, W

aVio—TViw = —;, (4.7.29)
e
together with the boundary conditions
_ ow
w =0, = 0 (r=r,), (4.7.30)

where r = ,/(224-y?). The solution of (4.7.29) subject to the boundary
conditions (4.7.30) may be found by elementary analysis. If we sup-
pose that 7' > 0 and put n® = T'r%/a, then

7T Iy(np)—Iy(n)

T = 10—+ T (4.7.31)

where p = r/ry and I(z), I;(x) are modified Bessel functions of the first
kind. We notice that when 7' = 0, n = 0 and the limiting form of
(4.7.31) gives W (r2—12)2

R L 4.7.32
Y 512mr2 B ( )

where E is Young’s modulus for small strains, and this is the classical
result for an incompressible material. On the other hand, if we con-
sider the limiting form of (4.7.31) as » - co (which corresponds to
h — 0) we have T .
w T 1(1—p?), (4.7.33)
and this is the result for the small transverse displacement of a uni-
formly loaded membrane which is stretched to tension 7.

If T < 0 the result corresponding to (4.7.31) may be expressed in

terms of Bessel functions Jy(z), Jj(x) of the first kind.

4.8. Generalized plane stress superposed on finite extension
We now consider the deformation produced by small forces in the

plane of the plate superposed upon the finite extension of the plate

described in § 4.7, the faces of the plate being free from surface traction.
We define stress resultants by

T,eTy = [ (4et™) dys
TyteTy = [ (@24et'®) dy, | (4.8.1)

Byt eSy = [ (B2e12) dy,

5237 L
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where the integration is through the thickness of the deformed plate
keeping ¥, and y, constant. To our order of approximation we have

h
T+ el = Metewl,2 e [ 11 d2
—h .

n
= 2hrllt et w]+e J 11 dz,
=~
where [w] = w(z, y, h)—w(z,y, —h),
A
so that T, = 2hs11, T, = J' ' dz4-r1[w]. (4.8.2)

=h
In the same way we obtain

h
Ty = 9hs®, Ty = [t detr2w]
—: (4.8.3)
S == 0, S;y S f t'12 dz
~h

xy

Since the faces of the plate are free from applied stress
B =78 =0 (z= 4h),

and if we integrate the first two equations of equilibrium in (4.7.8) with
respect to z from —A to A and use this condition we obtain

oT,, o8,
a—ﬁ—a;“”:"

4.8.
5, o, _ (4.8.4)

xU

The form of these equations is the same as the form of the classical
generalized plane stress equations.
h

h
We now write U= fu dz, V= f vdz, (4.8.5)
“n

~h
and if we integrate the incompressibility condition (4.7.2) with respect
to z from —h to b we get

[w]= ——=——. (4.8.6)

The stress component ¢33 = 7’3 is zero on the faces of the plate, and

)
as in the classical generalized plane stress theory we neglect f t'33 dz
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compared with T, T,, S;,. With this assumption, equations (4.7.6),
(4.8.2), (4.8.3), and (4.8.6) give

T = (o= 20 4 (e 1) 2
, oU av
TU ] (612—‘722)—6;-—*-(022_722)—‘/ £ (4.8.7)
. oU ov
Spy = ces()‘ga_y'l*}\% ‘5';) J
These equations can be rearranged to give
aU ’ ’ ]
Pl 811 Tot+31: T
v ) ,
Ey— =8 Tot80 Ty 1, (4.8.8)
ov y
2 oy ‘l‘)‘z = 856 Sy
where
Con 22 Cos—rll
S = 22AT ) 832 = HA
TH—¢ T2—c
81 = A 12, . 891 = A 12 (e
1 \
Se6 = —> A = (e =) (Coa—7%) — (C1a—71)(¢12—7%) )
Ces
(4.8.9)
The stress equations of equilibrium (4.8.4) will be satisfied if we put
. _ 0% . _ P 9 ¢
=L S, = 4.8.10

where the stress function ¢ is a function of x and y. If we also write
{ = a+tuy, { = a—iy,

then equations (4.8.10) are equivalent to

’ 1’ 62 ’ ’ e T4 3
Tw+Ty=4aC;S, T — T+ 2i 8, = '4a§ (4.8.11)

The elimination of U, V from the relations (4.8.8) gives us

A”a_z(s +s T,)+A (sl T+85 T)— Py
23y2 11 12 la 2\°21 * x 22 603 3y ’
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that is, if we use the expressions (4.8.10) for 717, T, S,

o4 o4 o4
A%‘S%gﬁ‘*‘(A%821+}‘§sl2+'366)5:1%"2"‘)‘%811‘8% =0. (4.8.12)
This equation is analogous to the corresponding equation for
generalized plane stress in an orthotropic material, and we may employ
complex variable techniques to solve a variety of problems. We leave
the discussion, however, at this point, and refer the reader to Chapters

VI and IX.
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INFINITESIMAL THEORY

THE classical or infinitesimal theory of elasticity has been established
for many years and has been used for the solution of a variety of
problems.t Here we regard the classical theory as a limiting case of
the general theory of Chapter II and we present the results-in tensor
notation for a general curvilinear system of coordinates ;. Solutions
of the fundamental equations for an isotropic body are given in terms
of harmonic functions and these functions are used to solve a few three-
dimensional problems. Solutions of the equations for hexagonally aeolo-
tropic bodies are also given.

5.1. Strain

We assume that the components of the displacement vector v and
their derivatives with respect to 6, are infinitesimals of the first order
and we neglect squares and products of these infinitesimals in com-
parison with their first powers. With this approximation the covariant
strain tensor (2.2.9) and (2.2.12) becomes

Yi; = 2(8;-V;+8;-V,)

= §(v3l;+v;l)- (5.1.1)

From (2.2.10) and (2.2.14), ‘
Vm =, gn" (gm+v,1n)

= 0,0, 0",
and hence, neglecting second-order terms,
V, = o, (5.1.2)
and, using (2.3.3); we find that
Vil = vl (5.1.3)

It follows immediately that the form (2.2.16) for y;; also reduces to
(5.1.1). The components of the strain tensor are, therefore, infinitesimals
of the first order.

Using (2.2.19) and (2.2.21) we see that the two forms (2.2.17) and
(2.2.18) for the mixed strain tensor are equal when second-order terms
are neglected, so that = o = gimy, (5.1.4)

1 Reference may be made, o.g., to A. E. H. Love, 4 Treatise on the Mathematical
Theory of Elasticity (ed. 4, Cambridge, 1927); I. 8. Sokolnikoff, Mathematical Theory of
Elasticity (New York, 1946); S. Timoshenko and J. N. Goodier, Theory of Elasticity
(ed. 2, New York, 1951).
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Also, from (2.2.19), ¥ = gimginy, = = gimyd (5.1.5)
where % is now written for ¥,
The differential of the displacement vector is
av = v,|;doig?,

and this may now be expressed in the form

av = (y;+wy;) dbigt, (5.1.6)
where w;; = §(3l;—v4l:), (5.1.7)
w;; being a skew-symmetric tensor. We observe that the derivatives

of w;; can be expressed entirely in terms of derivatives of y,,, by the

formulae
wi]’lm = yinzlj—)'jmli' (5.1.8)

When a body suffers no strain, then y;; = 0, and hence, from
(5.1.6), the skew-symmetric tensor w,; represents a small rigid-body
displacement. In this case we denote the corresponding value of dv

by dw, where AW = w,, dig!. (5.1.9)
Since w;; is a skew-symmetric tensor, we may write

Wy = ers,a)r, (5.1.10)
or, alternatively,

¥y, = e,y = 28] " = 2w/,
if we use (1.7.19). Rewriting this we obtain
Wl = ey, (5.1.11)

so that equations (5.1.11) or (5.1.10) define the components of an in-
finitesimal vector w, where
» = wlg, (5.1.12)
If we now form the vector product w x dr, and use (1.9.30), (5.1.10), and
(5.1.9), we have WX dr = €0 d6°g!
= wtsdosg’
= dw. (5.1.13)

We see, therefore, that when we have an infinitesimal displacement in
which there is no strain the differential of the displacement vector dw,
which is given by (5.1.13), is obtained by a rigid body rotation of the
vector differential dr (which remains constant in length). The vector
representing the rotation is w whose components w’ are defined by the
skew-symmetric tensor wy.
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From (2.1.19) and (5.1.6) we see that, in the general case, the deforma-
tion in the neighbourhood of a point is determined by the expression

d = v+dw-+y,; doig:, (5.1.14)

where v = v;8%, , (5.1.15)

and dw is given by (5.1.9) or (5.1.13). Thus every infinitesimal deforma-
tion is composed of a translation v, a rotation dw, and a strain y;;.
The translation v and rotation dw are rigid-body movements.

When second-order quantities are neglected, the extension e; of a
line element ds; is (see (2.2.5))

e; = it (5.1.16)

and the angle ¢,; between two line elements ds,, ds; along the coordinate
curves 0; and 6; in the strained body, given by (2.2.6), reduces to

o8 ¢;; = CO8(y;—ay;) = Yis 7 (gyt.:]/; g;"“ Vssl93) (@ #7),
1955

where ;; is the angle between the line elements ds); and ds); in the
unstrained body and
Y gy = Pi;— Py

Since COS ;= x/(gg-l:iqn) (¢ #73),
9

and since o;; is an infinitesimal of the first order,

COS(t/I{j—OAﬁ) == CO8 ¢’ij+aij Sin l/l,ij,
and we see that

: 24— 955(Vail95itv5sl95) ;.
sin gy = 4 qi(/z’g/il) Viildss) (g 7#J)
udy
or oy = 2y45—9ii(Vasl 9sitv4il933) G #j). (5.1.17)

(915955915 915)
If the elements ds();, dsq); along the coordinate curves 6,, 6; in the
unstrained body are at right angles, then g;; = 0 (¢ # j) and
2y45 ) A ]
Olps == —— (?/ # ).
“ NG1:955) 7
We now calculate the change in the volume element when the body
is moved from the unstrained to the strained position.” The change of
volume element is characterized by the expression
NG —Ag
Ng
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which is called the cubical dilatation or simply the dilatation. Using
(2.2.23) and the assumption that y,; is infinitesimal, we find that

VG —Ag A/(G) ; .
= —_ -—l = : = q'm ime
%7 7 Yi=9g"Y

With the help of (5.1.4) and (5.1.1) this reduces to

VG — D
v T = vi= g"yim = V'), (5.1.18)

The dilatation for infinitesimal strain is therefore equal to the invariant
yi or v7|,.
The mixed strain tensor y{ may be written in the form

¥i = 77, (5.1.19)
7= 7= }
¥ = 387
The dilatation corresponding to 7% is

where
(5.1.20)

V=%—vi=0,
so that the part of the strain which is given by 7} is without dilatation,
which means that the volume is unchanged by this part of the deforma-
tion. Also, if we form the covariant tensor

Vis = Imi ¥ = 39mi 7% = 394575

we see that, for orthogonal coordinates in which g,; = 0 (2 # j),

i =0 (¢ #7).
In this case the corresponding value of «;; is zero, so that the angle
between orthogonal elements along the coordinate curves is unaltered

by this deformation. We see, therefore, from (5.1.19) that every strain
consists of a strain y} without change of volume, and a strain y%.
Since Onjs = grs(orgj)’
and, for infinitesimal strain,
€l = ‘yij = gimgjnymn'

the equations of compatibility (2.3.6) reduce to
Yt Viea—Yiea—Yaik— 2¥rst (0L 1) (0L — i) (L5}
+200% Yarit2 VB Vikon—2 0Lt Vikm—2 oVt Viim = 0, (5.1.21)
when the strain is infinitesimal, where

Yikem = 3Vmipt Ymki— Virm)- (5.1.22)
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Equation (5.1.21) can be put in the alternative form

Yalitvila— Yl g—valae = 0, (5.1.23)
and this form of the equations of compatibility may be obtained more
directly from (5.1.8) by observing that

Valje—Yirlip = @uliy = owlji
= Yilik—Yikla-
5.2, Stress
Using (2.2.8) and (2.2.21) we may write (2.4.9) in the form
t/(g7—2¢7) = 79(g;+v;) = 7i(8,+V,) (g7 —27),
and if y;; and v ; are infinitesimals of the first order this reduces to

t; Vgt = 1iig; = 1ighg, = 7igl (5.2.1)
if we neglect these infinitesimals. Also (2.4.10) becomes
T’l:j = gir T;". (5.2.2)

Equations (5.2.1) and (5.2.2) show that we may refer to axes in the
unstrained body when we are examining the state of stress, associated
stress tensors 79, 7i, r;; now being related with the help of the metric
tensors g/, g,; of the unstrained body B,.

In a similar way the formulae (2.4.11) to (2.4.15) reduce to

. i L .
t = len,‘:gj = Tjnig] == ——i/;‘,f, (5.2.3)
t = tig, = t,8), (5.2.4)
tj = ‘rijni, tj = 'T;: ni, (52.5)
3

g,
t. — g....i.’ (5.26)

) ]_Zl v ,\/g”_
0;; = (9531977, (5.2.7)

The covariant vectors #, in (5.2.3) are now the components of the unit
normal vector n with respect to the base vectors gi of the unstrained
body. The physical components of stress are o;; and these are not, in
general, components of a tensor. The functions defined in (2.5.1), (2.5.2),
and (2.5.6) become respectively

T, = J(gg*)t; = J(9)r8; = (g)7i&’, . (5.2.8)
H = Fvy, (5.2.9)
h = fvg. (5.2.10)
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Also the expressions (2.5.8) to (2.5.12) become

F = Fig, = F,g;, (5.2.11)
f=fig, = f.g, (5.2.12)
H — Hig, — Hg (5.2.13)
h = hig, = h,g/, (5.2.14)
Hi = Fivg, H, = F; g, (5.2.15)
ht = fivg, hy = fi~g, (5.2.16)
Y = gy, g = g, (5.2.17)
R (5.2.18)
Since po Vg = pNG,
we see that P =Py (5.2.19)

to the first order of approximation. Also, to the first order,
LY = oI

When the displacement vector and its derivatives are infinitesimals
of the first order we see that, neglecting these infinitesimals, the equa-
tions of motion (2.5.5) and (2.5.13), (2.5.14), (2.5.17), (2.5.18) reduce
to the following forms:

T,,;+pH = ph, (5.2.20)

Wi 4 Dy ir4-pIli == phd, (5.2.21)
i i—Thii+pH; = phy, (5.2.22)
7|, 4pFi = pf1, (5.2.23)
ool = oy (5.2.24)

The Christoffel symbols in (5.2.21) and (5.2.22) are to be calculated, of
course, from the components of the metric tensor of the unstrained
bodyt B,; and the covariant differentiations in (5.2.23), (5.2.24) also
refer to the unstrained body B,. The equations of equilibrium corre-

sponding to (5.2.20) are T, +pH = 0. (5_2.'25)

Finally, we also re-state the conditions (2.5.19) which must be satis-
fied at the boundary surface of the body when surface forces are
prescribed. Thus t—=P (5.2.26)

1 Since all Christoffel symbols which will be used now refer to the unstrained body B,,
the suffix 0 can be omitted without confusion. Similarly p now refers to the density
of B, ’
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and expressing P in terms of its components

P = Pig; = P;gJ, (5.2.27)
we have the alternative forms
Tijni = P]
, } (5.2.28)
’T;‘ ni = Pj

It should be remembered that all functions are now referred to coordi-
nates in the unstrained body B,.

5.3. Stress-strain relations
When the strain is infinitesimal the relation (2.9.18) between the
stress tensor 79/ and the elastic potential W becomes
2 l(i’.'f n ?LV)
) 2\0y; %y
In Chapter IT we restricted further discussion of the stress-strain
relations to those bodies which were homogeneous and isotropic. In
this chapter we are considering only infinitesimal theory, but we wish
to include in our discussion bodies which are not necessarily isotropic.
The elastic potential W is invariant under all transformations of coordi-
nates, and a suitable form to assume for W, which is consistent with
approximations already made about infinitesimal strain, is

W = constant- Eliy;;+ 3 Eiirdy .y, , (5.3.2)
where, without loss of generality, we may assume that Ei and Eiirs
have the symmetric properties

B9 — Eji’ Biirs — Riirs — Rlijsr — Ersii, (5'3.3)
The functions E%, Ei do not depend on y,;, and since W is invariant
they must be tensors. If W is taken to be zero when the body is in the
initial state B, in which y,; = 0 then the constant is zero.
From (5.3.1), (5.3.2), and (5.3.3) we have
7l = Fi Riirey (5.3.4)
We confine our attention to a body which at time ¢ = 0 is unstrained
and unstressed.t Hence E¥ is zero and
7il = Kiirey (5.3.5)
The expression (5.3.5) gives us a general relation between stress and
(infinitesimal) strain, and we call the coefficients Ei® the elastic coeffi-
cients of the body. They depend on the metric tensor g,; of the un-
strained body B, and on the physical properties of B,. The functions

(5.3.1)

1 This means, for éxample, that no stresses are induced in B, by its manufacture or
by the action of body forces at ¢ = 0.
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Eiis are coefficients in an expansion of the elastic potential in terms
of components of strain, and W exists (at least) for an elastic body
which undergoes either isothermal or adiabatic changes of state. In
general the corresponding physical constants (and therefore- elastic
coefficients) are different for these two cases. Numerical differences
do occur in the elastic coefficients which have been found by experi-
ments involving either isothermal or adiabatic changes of state, but
for many purposes these differences are not great and can be ignored. ¥

Using (5.3.5) we see that the elastic potential W can be written in

the forms W = 3BTy y,, = iy, (5.3.6)
Since associated tensors for infinitesimal displacement and displace-
ment gradients are related with the help of the metric tensors g;;, g%/

of the unstrained body, we can express the elastic potential (5.3.6) and
the stress-strain relations (5.3.5) in the alternative forms

W = 3B y;v™ = 3By vy = driiv7 = drivd, (5.3.7)
= Bly®, 1y = By = By, (5.3.8)
The associated tensors Eii, K,  possess symmetric properties similar
to those given in (5.3.3). For example

E;{s = grmgsnEUmn = E}é = Eé; - E!@;’ (5.3.9)

the order of the pair of suffixes 7, j, in relation to the pair of suffixes
r, s in EY being immaterial.

In order to examine the properties of the elastic coefficients in more
detail, we refer all functions to the rectangular coordinates z; in the
unstrained body B,. In this system of coordinates there is no distinc-
tion between contravariant, covariant, and mixed tensors and we denote
the strain tensor] by e,;, the stress tensor by #;;, and the elastic coeffi-
cients by ¢. Because of the symmetric properties (5.3.9),

) = cfi = clf = off = e, (5.3.10)
the additional relation ¢l = ¥
holding because the coordinates are rectangular. The elastic potential
function (5.3.7) becomes

W = %Cgeﬁem, (5.3.11)
a/nd t” = C;.‘é e’.s. (5.3.12)

If the density of the original body B, is constant and if the elastic
coefficients ¢, are constants, we say that the body is elastically homo-
geneous. In this case the covariant derivatives of the general elastic

+ See A. E. H. Love, loc. cit., p. 149.
1 The strain tensor e;; need not be confused with e;j;, defined in Chapter I.
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coefficients EY are zero, so that

E%lt =0, Eiire), = 0, Eia'rslt = 0. (6.3.13)
When the body is homogeneous the coefficients ci are constants and
they define the physical properties of the body. In general these
constants depend on the orientation of the rectangular axes z; at each
point of the body. If, however, the expression for the elastic potential
W always has the same form whatever the orientation of the rectangular
axes ,, then the elastic coefficients are constants which are independent
of the axes and the body is said to be elastically isotropic or, more
simply, isotropic. Otherwise the body is said to be aeolotropic or aniso-
tropic. The above definitions of homogeneous and isotropic bodies for
infinitesimal theory are equivalent to those given in Chapter II.

In the remainder of this chapter we restrict our attention to bodies
which are homogeneous in the above sense so that equations (5.3.13)
hold. Similar results, however, hold for non-homogeneous bodies. The
assumption of homogeneity and isotropy when applied to a body leads
to reasonable agreement between experiments and theoretical results
for a wide variety of materials, despite the fact that most structural
materials are formed of crystalline substances and very small portions
of such substances are not isotropic. The agreement is explained by
the fact that the dimensions of most crystals are small compared with
the dimensions of the entire body and that they are distributed
chaotically, so the behaviour of the entire body is isotropic.

Materials such as natural crystals and wood are aeolotropic. Symmetry
of structure of the general aeolotropic body may introduce relations
among the elastic coefficients and we now discuss some particular cases
of elastic symmetry.7

5.4. Elastic coefficients

In general, remembering the symmetric properties (5.3.10) we have
21 elastic coefficients ¢ for an aeolotropic body. The 21 coefficients
may conveniently be represented in the following table:

At B di o
o o
g B

o1z (5.4.1)

1 Full references may be found in A. E. H. Love, loc. cit., p. 149; p. 149, for other
types of symmetry.
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If the coordinate system z; is changed to another rectangular cartesian
system Z; then the coefficients ¢ become ¢4, and, in view of their tensor
character, m p= om s
_ %, ox; 0%, 0%, e, _(5.4.2)
if we remember (1.8.2). Also, the relation between the components of
strain e,; referred to the x;-axes, and the components ¢,, referred to the
I;-axes, is 0% o
by=—-2e,. 5.4.3
™ owyoxy Y ( )
For a general aeolotropic body the elastic potential W is a function of
all the components of strain so that

W = Wiy, €an: €33, €13, €33, €31)- (5.4.4)

(a) Symmetry with respect to a plane (13 coefficients)
Consider a change of axes
T, = @, Ty == Xy, Ty = —x3. (5.4.5)

With this-change of axes

o, oi
T & =1.2 et QU
3xa (¢4 (a ’ )’ axa - 3

and €af = €ap> €33 = €33, by = —€3 (0, B=1,2).

Also, the elastic potential W, which is an invariant, can now be ex-
pressed in terms of the strain components ¢,,.. If the expression for W
in terms of ¢, can be obtained from (5.4.4) simply by replacing e,, by
é,, then the body is said to be elastically symmetrical with respect to
the plane z; = 0. In this case W must be restricted to the form

W = W(eyy, €gs, €53, €33, €33, €13 €03, €19)- (5.4.6)
Hence, from (5.3.11),
=B =g =cB=0 (0,85=12). (5.4.7)

In other words, all coefficients which contain the index 3 either once
or three times, vanish. The scheme of coefficients now becomes
11 .11 .11 11
cii C2 Cci3 0 0 ey
22 22 22
ez ¢z 0 0 cff
32 0 0 33
23 .23
¢33 ci3 0
o

clz (5.4.8) .
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(b) Symmetry with respect to two orthogonal planes: Orthotropy
(9 coefficients)
A body is said to be elastically symmetrical with respect to two
perpendicular planes z; = 0 and z, = 0 if, when the axes are changed

to T = —ux, Ty = Xy, Ty = X, (5.4.9)

in addition to the transformation (5.4.5), the elastic potential W in
terms of €, can be obtained from (5.4.6) simply by replacing e,, by é,,.
This implies that W as given by (5.4.6) must now be restricted to the
functional form

W = W(eyy, €29, €53 €1y, €33, €31, €12 €23 €31)- (5.4.10)
In particular, when W is given by (5.3.11), all coefficients ¢¥ in the
scheme (5.4.8) which contain the index 1, either once or three times,
must vanish. The coefficients therefore reduce to 9 given by

et el ek 0 0 o0

c32 ¢ 0 0 0

¢ 0 0 o0

¢ 0 0

a3 o
ci2 ' (5.4.11)
An examination of (5.4.10) shows that elastic symmetry with respect
to two orthogonal planes implies elastic symmetry with respect to a
third plane which is orthogonal to both the original planes. Also, since
the body is homogeneous, it follows that it then has three orthogonal
planes of symmetry at each point, and such a body is said to be ortho-
tropic. Wood materials may often be thought of as orthotropic. This

is not an exact physical property of wood, but the assumption that wood
is an orthotropic body is a good approximation for many purposes.

(c) Hexagonal system (5 coefficients)
This is obtained from an orthotropic body if, after a change of axes

of the form
. %y = 2, C0o8 a1, 8in o

Ty = —x;8ina+x,c08 ¢, (5.4.12)
Ty = Zg

the elastic potential W in terms of ¢,, can be obtained from (5.4.10)
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simply by replacing e,, by é,. The values of 87;/0x, which correspond
to (5.4.12) are

0F, 0f, o, oEy .

—_ = —= = COS «, —_— = —— = 8INq,

ox,  0x, 0x, ox,
651_82':2_853_8'3__0 %—1
oxy Oxy ox, dwy oxy

and, from (5.4.3),
&1y = €y, OS2+ 26,5 CO8 aSiN ort€gp8iN%x |
épp = €5, SIN2— 26, COS o SIN -5, COS%x

€3 = (ezz—ell)COSaSina—|-em((3082a_sin2a) |

(5.4.13)
€13 = €13 COS af-€y38iN
€93 = —€y38iN €93 CO8
€33 = €g3 . J
It follows that, for all values of the angle «,
€11+ €99 = €11+ €90, €11 og— 629 == €41 €oo—€3
n+t 2%2 _121+ 222 ) 11 €22 _12 1122 12}, (5.4.14)
€131 €33 = ef3tea, ;] = ley]
and therefore W, as given by (5.4.10), must reduce to the form
W = W(ey1+€a0, €11 Cas— €3, €33, 13133, [€55])- (5.4.15)

.When W is given by (5.3.11) and the elastic coefficients are those given
in (5.4.11), then the form (5.4.15) for W implies that

B — e B=c ) 5416
it = o, i = Heli—ad)’ '
For a hexagonal system the scheme of coefficients (5.4.11) becomes
i ;o 0 0 0
¢t ot 0 0 0
3 0 0 0
g o 0
3 0
Heli—ctb) (5.4.17)

(d) Isotropic bodies (2 coefficients)

If the elastic potential W is unaltered in form under all possible
changes to other rectangular cartesian systems of axes, we have already
said that the body is ¢sotropic, W in this case being a function of the
strain invariants. Alternatively, if we specialize from the hexagonal
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system in (c), W must be unaltered in form under the transformations

T3 = xzc08 -t sinw

Ty = —azsina+a, cosa p, (5.4.18)
Ty = Ty

and _— .
Ly = X, CO8 x+T38ina
Ty = —xy8inat+a5c08x . (5.4.19)
L= J

In other words, W when expressed in terms of é,, must be obtained
from (5.4.15) simply by replacing e,, by ¢,.. By analogy with section (c)
it is seen that for this to be true under the transformation (5.4.18)

A1 . 122 11 __ .33

Coy == Cq; Cy3 = €3

22 33 11 33
} (5.4.20)

clf = clf = delt—l)
1t follows automatically that W is unaltered in form under the trans-
formation (5.4.19). The coefficients now reduce to two, namely, ¢! and

cil in the scheme

il i i} 0 0 0
cii i 0 0 0
cit 0 0 0
W) o L0

, eti—ep) 0

Mell—cl)  (5.421)

It can now be verified that W is unaltered in form under all possible
changes to other rectangular coordinate systems, i.e. it is the same
function of ¢,, as it is of ¢,, when w; is changed to ;.

The elastic coefficients ¢} for an isotropic body referred to rectangular
cartesian coordinates in the unstrained body, have been obtained in
the form (5.4.21) which may be expressed in the alternative notation

A2 A A 0 0 0
A2 A 0 0 0
' A2 0 0 0
pr 0 0
p 0
. " (5.4.22)
where A= ci} u = 3(cl}—chd). (5.4.23)

5237 M
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The elastic coefficients B4, in general coordinates, are now given by
the tensor transformation

00° 067 oxP oxt .. -
2 gmn 4.24
o™ o0 007 05 (5 )
From the table (5.4.22) and the symmetric properties (5.3.10) we see
that we may express the coefficients ¢ in the compact form

ii
-Er's =

i) = ABUB,,+ (518 + 51 5)). (5.4.25)
Hence, in general coordinates, we havet
Bl = \giig,,+-p(8} 81481 8)), (5.4.26)

since this tensor equation reduces to (5.4.25) when the coordinates are
rectangular cartesian coordinates. This result also follows immediately
from (5.4.24) and (5.4.25), and is the general form for the elastic coeffi-
cients for a homogeneous isotropic body. The constants A, p are the
elastic constants of Lamé and these are sometimes put in the alternative
forms

P i R (5.4.27)

(I+n)(1—27) 2(1+n)

where the constants £ and 7 are called Young’s modulus and Poisson’s
ratio respectively. The Lamé constant y is known as the shear modulus
and the relation (5.4.26) is often expressed in terms of u and 5. Thus

B = uoiol 8550+ 2 g, (5.4.28)
—29
since A 2 (5.4.29)
1—29

From (5.3.5) and (5.4.28) we find that the stress-strain relation for
an isotropic body takes the form
9

= g g 2 g (5.4.30)
K

1—2

and this may also be written in the alternative forms

S

7 = 2u (yn‘ T 1_’:7277 guy;)

P« . 'I’) : «
7= zp(y;.+t__§77 S}y;) . (5.4.31)

Ty = 2#«(71‘;‘ + -l_—%—ﬁ 9s; V:)

t This result may also be obtained from the assumption that, for homogeneous
isotropic bodies, the elastic potential W is a function of the strain invariants.
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We may also express the components of strain in terms of the com-
ponents of stress. Thus

Ey,e = {(149)9:r 9js— 191 Grs)rV
= (l + 77)7-1‘8_ NYrs T:;

) (5.4.32)
Ey; = (149)r5—nd 7
By = (1+49)rm—ng7}
From (5.4.31) and (5.1.18) we have immediately
= 2u ——-1+‘77- vy = 2p Ji:"— v,
1—27 1—2q
Ly , (5.4.33)
L /)
or v IT yﬂ' 2#(1_*_1))"-7'

which gives an important relation between the strain invariant y; = v"|,
and the stress invariant 7.

When the material has no symmetrical properties it is still, in general,
possible to express components of strain in terms of components of stress
by solving equations (5.3.5) or (5.3.8) for y,,. Thus

Yrs = EjrsTU = Frl'{s Tijs (5'4'34)
where EirsFy,, = Ef Fi, = 8,8, (5.4.35)

The symmetrical properties of the tensors Fy,,, Fi are similar to
those of E;;,,, E¥ so we shall not consider them in detail. We observe,
however, that if the elastic coefficients FiJ are denoted by s¥% when

referred to rectangular cartesian axes then
T .
Sip = 81y == Sy = iy = 8, (5.4.36)

and the strain-stress relation (5.4.34) becomes

em = 8:’7 ti}' (5.4.37)
Also the elastic potential W is
W = §siit, b, (5.4.38)

5.5. Differential equations for an isotropic body
In the previous sections we have found that the classical theory of
elasticity is governed by the following equations: the equations of
motion, which we repeat here in the form
74| 4pF7 = pff, (6.5.1)
and the stress-strain relations
71 = Riirsy, (6.5.2)
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where, for an isotropic material,
Etirs — 'u{gifgfﬂ_}_g‘isgjr_l_l 27’2 gijg”’}, (553)
—=<n
Also, the components of the strain tensor y,, may be expressed in terms
of the displacements by the formula

Yrs = 3(0]sF04,). (5.5.4)

The system of equations (5.5.1) to (5.5.4) must be satisfied at every
interior point of the body. At the bounding surface of the body certain
boundary conditions must be fulfilled. When surface tractions are
prescribed at the surface riim; — P, (5.5.5)

and this is usually described as the first boundary-value problem.
Alternatively, we may prescribe displacements at the surface of the
body and this gives us the second boundary-value problem. We have
a mixed boundary-value problem when surface tractions are prescribed
over one part of the surface and displacements are prescribed over the
remaining surface of the body.

We note that on account of the linearity of the equations (5.5.1) to
(5.5.4) the principle of superposition is applicable.t Thus, suppose that
under the influence of external forces F™J and accelerations f® we
find stresses and displacements 7V, »{1); and corresponding to external
forces F® and accelerations f® we obtain stresses and displacements
7@, y{?. Then, because the fundamental equations are linear, it follows
that stresses 7047 and displacements v{")+v{? correspond to body
forces FWi4 F@i and accelerations f®7if@i,

It can be provedj that if a solution of the system of equations (5.5.1)
to (5.5.4), subject to one of the sets of boundary conditions mentioned
above, exists, then the solution is unique. It must be remembered,
however, that these equations can only be used for practical problems
as long as the displacements can be regarded as infinitesimal. When
displacements are small, but not infinitesimal, the infinitesimal theory
presented above is no longer applicable and in many practical problems
there may be several possible forms of equilibrium corresponding to the
same systems of external loads.

It is possible to express the equations (5.5.1) to (5.5.4) in alternative
forms, some of which we now consider. We first substitute (5.5.2) into

1+ It must be emphasized that the principle of superposition is not valid for finite
displacements considered in the second chapter, because the equations are not linear.

1 These proofs can be found in most of the books already mentioned, e.g. see I. S,
Sokolnikoff, p. 92; loc. cit., p. 149, for references.



5.5 INFINITESIMAL THEORY 165

(5.5.1) and use (5.5.4), noting also from (5.5.3) that

_ Eijrs“ = 0.

Thus Eiirsy |+ pFi = pf, (5.5.6)
which is a set of three differential equations for the three components

v, of the displacement vector. If we now use (5.5.3), equations (5.5.6)

become lf'i_+P_ﬁ2 _ of (5.5
1-29 " p  p

if we use the notation described in (1.12.18). Taking the covariant
derivative of (5.5.7) with respect to 8; we get

vl pFlly _ pfl

1—29 " p po

assuming that p is constant. Since

Wi+

CAWE S

v = oI, = vl

this last equation reduces to

2(11:")2):;] |7 Pﬁ:,j _ PJ: ’f' (5.5.8)

If we further assume that the body forces and accelerations obey the
laws Fij; =0, fi; =0, (5.5.9)
then vifT; = 0, ' (5.5.10)
or, using (5.1.18), "yf[:ﬁ = 0. (5.5.11)

From (5.4.33) and (5.5.11) we also have
7Hr = 0. (5.5.12)

On comparing equations (5.5.11) and (5.5.12) with (1.12.29) we sec that
the dilatation y¢ and the stress invariant 7¢ are harmonic functions
provided equations (5.5.9) are satisfied.

Again, we find from (5.5.7), that

. r|J% 7| e
oy Ul Pl el (5.5.13)
129" p 2
If all components of the body forces and accelerations in rectangular
cartesian coordinates are constants then

Fil;=0, fi;=0 (5.5.14)
i

— =0.
1—2q

and hence v
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But, from (5.5.10), we find that

- viE=0,
therefore vt = 0. (5.5.15)
This shows that when equations (5.5.14) are satisfied each component
of the displacement in retangular cartesian coordinates is a biharmonic
function (see (1.12.32)).

So far we have obtained equations which involve only the com-
ponents of the displacement vector. We now proceed to obtain equa-
tions which contain only components of the stress tensor. For this
purpose we combine (5.4.32) and (5.5.4) to give

:U'(vs|r+vr!s) = Tps— T_?_—n grs‘r%,

and raising the suffixes 7, s on both sides of this equation we get

plorfpoefr) = e L grert (5.5.16)
1479
This leads at once to
p(o gl = 7ol — g (5:5.17)
I+9
From (5.4.33) and (5.5.7) we find, respectively,
. 1—29
2upt|Ts — 1|78 5.5.1
vt % ————1+7} 75", (5.5.18)
. VI p
slir . __ v E(Fsir—fsr 5.5.
vl = — g — P f) (5.5.19)

and, interchanging » and s,
'y

1—2q9

ol = —

— L (Fris—frps). (5.5.20)
w

The displacement v” can be eliminated from equations (5.5.17) to (5.5.20)
to give

rs |t 7.::;|rs __719'87%“; _ , ris_ folr_ fr
Tl = AP F ==, (5.5.21)

if we observe that o | = o),
Equations (5.5.21) are a set of differential equationst for the com-

ponents of stress 7. Equations (5.5.21) may be expressed in a slightly
different form if we eliminate 77|:. Thus, if we lower the suffix r in

t These may also be obtained from the equations of compatibility (5.1.23) and the
equations (5.4.32) and (5.5.1).
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(5.5.21) and contract by putting r = s, we obtain
1—
1+

and, substituting for 7| in (5.5.21), we have

,’; Tl = —p(Fr|,—f71,), (5.5.22)

T\rs . :
ol T TP g — ) p(Br e B[], (5.5.23)
1479 11—y ,

If the relations (5.5.14) hold, then, using (5.5.12), we obtain from
(5.5.23) the equations

7‘81]——0

and hence, using (5.4.32), Yl = 0.

When, therefore, equations (5.5.14) are satisfied, all components
of the stress and strain tensors, referred to retangular cartesian
coordinates, are biharmonic functions.

5.6. Solution for isotropic bodies in terms of potential functionst
When body forces are zero and the strained body is in equilibrium,
the equations (5.5.7) for the displacements in an isotropic body become

(1—2q9) i+ |} = 0, (5.6.1)

and, with the help of (5.1.1) and (5.4.30), stresses may be expressed
directly in terms of displacements by the formulae

-—”2~gﬁgrs)<vr|s+vsm 1
—en

= M(girgjs _|_1

(5.6.2)

T/U
= — gl g g, A=

In the special case of rectangular cartesian coordinates z; = (z,y,?2) in
which the components of displacement are denoted by (u,,u,,w,), we
have, from (5.6.1),

0 0 0
(1—2q)V2 <uz,u,,,uz>+(ax e a=o
(5.6.3)
8u

A=_2 u”+_

Also, the components of the stress tensor 7%/ become physical com-

ponents of stress o,;, and we adopt the notation o,,, 0,,, 0, 04z 0z 04y

t See J. Boussinesq, Applications des Potentials (Paris, 1885); J. Dougall, Trans.
Roy. Soc. Edinb. 41 (1904), 129 ; 49 (1914), 895; H. Neuber, Kerbspannungslehre (Berlin,
1937; Michigan, 1944). A number of writers have used these potential functions for special
problems. Among recent contributions may be mentioned papers on the stress concen-
tration around an ellipsoidal cavity by M. A. Sadowsky and E. Sternberg, J. Appl.
Mech. 14 (1947), 191; 16 (1949), 149.
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Hence, from (5.6.2), remembering that g% = 8% for rectangular car-
tesian axes,

Tag _ MB  O  op O%  Ouy]
2u 1—2y9 ' oz’ " oy 0z
ow _ _MA Oy O O, | O
2 1—-2 oy’ T oz ' ox
K Yk L. (5.6.4)

o MA | Ou, crm,,__8’¢¢y_+_émun
2u 1-29 " &’ w  ox ' oy
ou, ou, ou,
A=_"24_¥ "2
6x+8y+8z

Similarly, we may obtain expressions for stresses in terms of displace-
ments referred to any other suitable system of axes. We record results
for one other important special case, namely, cylindrical polar coordi-
nates (r, 0, z) for which

1 0 0 1 0 O
gy = [0 7 0f, g¥=10 5 0f, Ag=rv
0 0 1 o 0 1 L (5.6.5)
1
= —r, F%2:F§1=;

the remaining Christoffel symbols being zero. We denote the physical
components of displacement by (u,,up, u,) so that, from (2.1.21) and

=
(5.6.0), u’r — vl’ uo —— 7'02, u: = ’[)3_ (5.6.6)

The physical components of stress o;; are given by (5.2.7), and we
replace o;; by the notation o,,, gy, 0., 04,, o,,, 0,9, S0 that

o, = T, ogg = 7%, O,y = T3 } (5.6.7)
og, = 7, 0, = 73, 0,9 = 172
Hence, from (5.6.2), (5.6.5), (5.6.6), and (5.6.7),
9’_,1 _ 'r]A % 0g, 1 8uz 6u0
2u 1—29 o’ w  rof oz
oo _ _mA [ 1fowg N o O Ou,
2 1—27 r<ae+“” L@ T
.. (5.6.8)
% _MA_ | 2U, 9 10U, oup up
2u 1—29 o2’ w raodor r
ou, u,  1ouy ou
A=y D 2970 2
br + r + r 06 + oz J
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Solutions of equations (5.6.3), and therefore of (5.6.1), can be found
in a variety of forms in terms of harmonic functions, and we shall refer
to these as basic solutions. A simple calculation enables us to verify
at once that these solutions satisfy (5.6.3).

Solution A
a 0 0
2 Uys Uy, Wy) = | 5=5 =5 —
lthzn 2y, ) (ax By az) (5.6.9)
V2F = 0, A=0
In general vector and tensor forms this solution becomes
2uv = grad I
KV =8 } (5.6.10)
2pv; = Fy

We record the corresponding stresses for rectangular and cylindrical
polar coordinates:

o F o*F 2F )
O =g CwTOw= Tgm Tm =g
L _@®F _@#F _2F
Ve oyor’ T row’ T oxdy
o 1o o
or’ r o0’ oz
o2F o0*F
Opp = e’ 0, +0gg = el
o _Y@F  _#F 13F 10F
0 = 7 9602’ " oroe’ 0= ored 1% 90 |

2}*‘(%1-, Ug, uz) = ( o (56.11)

Solution B

0 0 0
2 == —_— — R — —
f"(uz: uy, uz) z(ax’ ay: aZ)Z [0) O: (3 47])Z] L
oz (5.6.12)

ViZ=0, pA=—(1—2)_

In general coordinates

2pv; = 22— (3—4n)Z %_ (5.6.13)
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Hence
2uu, ——z% 2uu 2% ‘
Hh = %% whe = %
27 o7 27 oZ
0xz~z'a}‘§_2 ‘a“"’ a'zx'l"ayy: —2872471—5;
LA oZ 027
ozz__z-a?—2(l——-r))-a;, Oy = bx—ay
27 oZ 027 oZ
—=z—— _ (1—2n)2Z2 =2 ——(1—=29) =V, .6.
v z.@yaz ( ”)ay’ Oz zaxaz ( ")axf (5.6.14)
027z oZ 27 oZ
Opp = ‘6‘73“2"78—2’ O togg = _z?);i_‘h’a—z
2 27 (1—29) 0% 027 oz
—_—- =2 — (1= —_
%: = 7 200z r o ¢ zaraz ( ) or
o ? 2Z 107
0= \arao— 7 0 J
Solution C
2uluguy ) = 2, 2 2\ X [(3—49)X,0,0]]
F' x Py Yz) T %’8‘1/’52 * 77 » Yy
0X '
2X — 0 = —(1—29).- = . .6.15
VX =0, pa——(1-2) % b (5.6.15)
2uv; — aX ;— (3—dn)X 2%
pv; = xX ;—(3—47) Py J
Solution D
opulaty, ) = (2, 2 )y [0, 3—4n) 7, 0] ]
H e ”’z"yax’ay’az ’ K
VY =0, pA=—(1—29)%F . (5.6.16)
oy (
o,
2p; =yY,i—(3—4’q)Y§9/.i
J

The stress components corresponding to solutions C' and D are omitted
but may be obtained if required from (5.6.4) and (5.6.8).

Solution E
0 0
et 1) = (é;Z’ _8‘ﬁ’ O)

V& =0, A=0 , (5.6.17)
uv = curl(fz,; %)

pot = e,z
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164 o 1
Ky = 2’ pUg = %
9 O 9
Teo = 6x6y Tw =T Bxay % =0
2 2 2 2
O'VZ= -—ﬂ-, O’zz a¢ 0.131[ asl; a*‘ﬁ
020% 8y3z oy* ox r (5.6.18)
2% 29
= ereo rog o =0
%) 1 2%
%0 = T Grez’ e = 7 260z
pa 1002 1
W rer ort T2 900 )

Other solutions of type £ exist in which the displacement vector is
the curl of a vector with components (4,0, 0) or (0,4,0) referred to
axes (x,¥,2).

5.7. Problems depending on one harmonic function
An interesting class of problems in which the shearing stress vanishes
at all points in a plane, say the plane z = 0, can be reduced to classical
problems in potential theory. Thus, if we combme golutions 4 and B
and put
F=0=29)¢  Z= g‘;ﬁ Vi = 0, (5.7.1)

which is possible since both F and Z are harmonic functions, we have

2p, —z—¢+(1 )gﬁ

2pu, =z5~é%+( - )a¢

2/%—22—:-?— (1 )-Zif

2pu, _zéaz_ai ( )2—;'{>

2uue—r§%’— ( 277)%
T
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&3 0?
Ozt Oy = Oppt-0pg = —za'??'— (1"'277)3‘??
9% 0%
= —27n) —
Ty axayaz+( K oxdy
L0 0%
T = e T R
L. &
Tve = 3y622’ T =
83q5 %, (9% 0%
I = e T ot ( = 022

From (5.7.2) we see that, provided the various limits exist as z — 0,
the values of the stresses and displacements on the plane z = 0 are

Oy =0y, = 0
— 32‘#
%2 = "oz . (5.7.3)
2
Zpay = —2(1—n)= ¢

If, therefore, the shear stresses vanish on the plane z = 0, and either
the normal stress o,,, or the normal displacement u,, have prescribed
values on z = 0, we see that the problem reduces to the determination
of a potential function o¢/0z with prescribed values for 0¢/dz, or 8%4/822
on z = 0. The solution of some problems may be completed with the
help of Hankel transforms.t Perhaps the most interesting cases arise
when the boundary values at z = 0 are of a mixed type, and we consider
briefly, in the next section, the problem of the indentation of a plane
surface of a semi-infinite medium by a rigid punch. The solution is,
however, obtained without the aid of Hankel transforms.

5.8. Indentation problems

We shall suppose that a perfectly rigid solid of revolution of prescribed
shape, whose axis of revolution coincides with the z-axis, is pressed
normally against the plane z = 0 of a semi-infinite elastic medium
z > 0. The strained surface of the elastic medium will fit the rigid body
over the part between the lowest point and a circular section of radius a.
Weassume that the shearing stress vanishes at all points of the boundary

1 An account of problems solved by this method has been given by I. N. Sneddon,
Fourier Transforms (New York; 1951).
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z = 0, the z-component of surface displacement is prescribed over the
region r < @, z = 0 and the normal stress is zero on the remainder of
the boundary. Thus, for z = 0,

/) (0<r<a)
=0 (r > a) . (5.8.1)
=0,=0 (0<r <wx)

Oz

Also, all components of stress and displacement tend to zero as z — co.
The third boundary condition in (5.8.1) is satisfied by the stress
system of § 5.7, and the first two boundary conditions give

ow
=0 > , (5.8.2)
w=fr) O<r<a
where w(r,z) = 1= a_(,s V2w = 0. (5.8.3)

p oz’

We see, therefore, that the problem is reduced to an equivalent problem
in potential theory in which we are required to find the potential due
to a perfectly conducting disk 0 < r < @, z = 0 which is maintained
at a given potential symmetrically distributed about its centre. To
solve this problemt we consider the function '

g(t) dt
\/{r2+ z+it)?%}

w(r,z) =

1) dt
3 f ez SR

where ¢(t) is a real continuous function of ¢ and where, for 0 <t < a,

2+ (z+it)?} = et Jri4-(z—it)?} = et (€ > 0) (5.8.5)
£2cosn = r24-22—t2, Esing =22 (0< <7 } o
We also add the notation
Jr2+(z+1ia)? = R,, Jr*+(z—ia)?} = R,
R,=Ry=pe* (p=0,0<v <) . (5.8.6)

picosv = r2422—a?,  p’sinv = 2az

1 The method of solution in this section is derived by combining ideas from the
following papers: E. T. Copson, Proc. Edin. Math. Soc. 8 (1947), 14; A. E. H. Love,
Quart. J. Math. 10 (1939), 161; A. E. Green, Proc. Camb. Phil. Soc. 45 (1949), 2561;
E. R. Love, Quart. J. Mech. and Appl. Math.2 (1949), 428.
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When z = 0 we observe that

i+ @+t = Jir4-(—it)? = Je2—)  (r>1)
R, = R, = \J(r*—a?) (r > a)

(i) = — {24 (e—it)?) = i(2—r?) (r <) | (5.8.7)
R, = —R, = iJ(@®*—r?) (r <a)
and, when r = 0,
N+ (z+it)¥ = 2+t it (z—it)?} = z—it } (5.8.8)
Ry = o€ = z-t1a, R, = o™ = z—ia

The function w(r,z) given by (5.8.4) is real and the Laplacian of this
function can be expressed by means of the appropriate differentiations
within the integral sign, provided the integrands so obtained are con-
tinuous functions of (r,z,¢). This is so provided no denominators
vanish, that is t £ fizgr (0 <t<a),
and these conditions are satisfied everywhere except on the disk z = 0,
r < a. Hence w(r,2) is harmonic everywhere, except on the disk z = 0,
r < a, since the Laplacian of the integrand is zero for each value of .

We now show that «(r,z) is continuous for normal approach to the
disk as z - +0. Suppose first 0 < r < a. Then

[r24-(2t9t)?| = 224-r2—i2 if 2 < r?
2 rZ__t2,
[r2+4(2it)?] = 2—r2 if 2 > %
whatever real value z may have. Thus, for 0 <¢ < a,

g(?) < lg(?)]
i+ ()2}| =)’

and so by the theorem of dominated convergence, as z > -0,

(5.8.9)

J‘«/{ﬂ—}— (z41)%} f\/rz——t2
This establishes the continuity of w(r,z) on the disk, except at r = 0.
The square root on the right of (5.8.9) is to be understood as the limit

of that on the left; it is thus the positive root if ¢ < r but Li,/(t*—r?)
if t > r. It follows that (5.8.4) reduces to

g(t) dt

i
V(rz i [ g(reosg)dé (0 <r <a), (5.8.10)
0
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when z > 0. In the case r = 0, (5.8.4) becomes

1 (gt)ydt 1 [ g(t)de zg(t) dt
Ef 2+t +§J z—it f 24 = img(0),
0 0 0

as z — 0, by the usual argument.t This shows that at r = 0 (5.8.10) still
gives the correct interpretation of (5.8.4) to make it continuous at all
points on the disk.

Finally, since {r2-+(24t)%} > r24-22—a? when 0 <t < a, we see
that

Jo(r, ) ﬁﬁygﬁﬂjngm

and hence w(r,z) = O{(r2+2%) -1}
at infinity.

Remembering (5.8.7) we see at once that when z = 0 the first
boundary condition in (5.8.2) is satisfied. In view of the continuity of
w(r,z) on the disk the second boundary condition in (5.8.2) gives

Y g dt
= [ IOL o < f <), (5.8.11)
JJ(r —1?)

If we assume that f(r) is continuously differentiable in 0 < r < a this
integral equation can be solved by elementary analysis. Thus

[ oferydr [ rdr g(t) dt
\/(“2—7’2) ‘\/ rl__t?)
R rdr
f ot ”“f Tw=r)r—o)
0

%wfmnm,

0
the change of order of the integrals being valid under the conditions
stated. Hence

t t
g(t):?f% ftz +i‘f5(t(2’ L0dr 5812

When g¢(t) has been found from this equation the value of w(r,z)
follows from (5.8.4) and the displacements and stresses from (5.7.2) and

t T. J. T’A. Bromwich, An Introduction to the Theory of Infinite Series (London,
1908), p. 443.
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(5.8.3). In particular, the distribution of normal stress under the

punch is 3
g [dw(r,2) 5.8.13
(Gzz)z=0 =1 7’{ 72 }z—-o' (5.8.13)

This formula may be evaluated by observing from (5.8.4), for points
not on the disk, that

ow (z-+at)g(2) dt (z—1t)g(2)
% or 6r|:f N2+ (z+it) 2}+ f - (z—at 2}]

and by arguments similar to those used earlier in this section we may
show that, as z — 0 on the disk, :

dw\ 12 C () dt
2),. TOr (t2—r2)’
r
a
w0 tg(t) dt
(1—x) r@r J2—r?)’

Hence (002)emp == (h.8.14)

5.9. Indentation by flat-ended cylinder

The simplest example of the theory of the previous section is that
of a flat-ended circular cylinder of radius @ which penetrates a small
depth € below the level of the undisturbed boundary z = 0. Thus

f)=c (0<r<a), (5.9.1)
so that, from (5.8.12), g(t) = ‘-25, (5.9.2)
ke
and, from (5.8.14),
2ue . E
(022)em0 = — an ° (5.9.3)

m(1—n)/(a®—r?) = —77(1_,72)4(“2_,,2)’

where E is Young’s modulus. The total force exerted by the cylinder
on the elastic medium is

2K
P = ma?p = —2ﬂf Oueomo T dr = —%7‘12 (5.9.4)

and we may therefore express (5.9.3) in the form

pa (

(02)e=0 = — Wjﬁ) 0<r <a) (5.9.5)
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In order to evaluate stresses at any point in the medium we have,
from (5.8.4) and (5.9.2),

w(r,z) = —

J‘«/{r‘—{— z+zt)2}+ fJ{r‘—{— z—1t)?}
ezl gRﬁ—z—I—za

T R,4+z—ia

(5.9.6)
if we use the notation of (5.8.6), and hence, using (5.8.3),

¢(: )_

L {(e+ia)og(Ry+2-+ia)— Ry—(:—ia)log( Ry +2—ia)+ Ry}
(5.9.7)

if we remember the conditions to be satisfied at infinity. It is now a
simple matter to express all the required derivatives of ¢ in terms of
the real quantities p, v, o, 4 defined in (5.8.7) and (5.8.8). The reader
is, however, referred to Sneddont for a more detailed discussion of this
and other similar problems.

( 7)

5.10. Distribution of stress in neighbourhood of a circular crack

We consider an infinite elastic medium containing a circular crack
0 < r < a, in the plane z = 0, which is opened by a symmetrical
normal pressure. The distribution of stress is the same as that in a
semi-infinite body 2 > 0 when its free surface is subject to the boundary

conditions - =0
Oy = Uyz -

o, = —p(r) (0<r <a) (5.10.1)
u, =0 (r > a)

on z == 0. The first condition is satisfied by the stress system of § 5.7
whilst the remaining boundary conditions give, on z = 0,

_?_?5 =0 (r > a)
“ (5.10.2)
0
H—pn 0<r<a
Since ¢ is harmonic these conditions may be replaced by
o4
w0 > , (5.10.3)

¢="hr) (0<r<a)

1 loc. cit., p. 172.
5237 N
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where h(r) is a particular integral of the equation
d*h  1dh
drr U rdr

which is continuously differentiable in the region 0 <7 <a. The

problem has therefore been reduced to a boundary-value problem for

a potential function which is the same as that studied in § 5.8, if w(r, 2)

in that section is replaced by ¢(r, ).

In particular, we note that

a
1—n(dd 1—n @ tg(t) dt
o lemeg)  1=n 8 5.10.5
(uz 2=0 (az )zzo }Lr or (t2__7.2)’ ( )

T

—p(r) (5.10.4)

n

where g(?) is given by

¢ ¢
2d [ rh(r)ydr 2 2t [ B'(r)dr
= — — —-—————:—} 0 — — T . r.10.6
9) wdt ) J(2—r?) 7 U )+7r f\/(tz——rz) (5 )
0 0
We consider briefly one example of a circular crack opened by a
uniform normal pressure p, so that a suitable integral of (5.10.4) is

h(r) = —1Po7*+ APy, (5.10.7)
where A4 is a constant. Hence, (5.10.6) gives

g(t) = % (24 —22).

The constant A4 is determined by the condition that «, in (5.10.5) must
be finite at » = a so that

A =1a,  g(r) =P a2—r) (5.10.8)

w

The solution of the problem may now be completed by straightforward
calculation but details are left to the reader who may also refer to
Sneddon.t This problem has been used by Sneddon in connexion with
the Griffith theory of rupture in three dimensions.f

The analysis of § 5.7 may be used to solve problems in which there
is no rotational symmetry about the z-axis.§

5.11. Notation
The values of the strain components e, used in §§ 5.3, 5.4, when
referred to rectangular cartesian coordinates z; differ from those defined

1 loc. cit. p. 172.

1 See also R. A. Sack, Proc. Phys. Soc. 58 (19486), 729.

§ See A. E. Green and I. N. Sneddon, Proc. Camb. Phil. Soc. 46 (1950), 159; A. E.
Green, loc. cit., p. 173.
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by many writers,t when r = s. If we denote the axes by Oz, Oy, Oz and
the components of displacement by (u,, u,,u,), then strain components
are often defined as

ou, ou,, ou,
Crx = 7> Cyy = > €rr = 4
0 0 7
v y ® . (5.11.1)
ou 8u ou,  ou
= ,,+ O = 6x 7 =y ta

Also, if the stress components are denoted by o,,, 0,,, 0, 0,s, 0y 0y
then the general stress-strain relations for an aeolotropic body (see
(5.3.12) or (5.4.37)) are expressed in the matrix forms

S11 S12 S13 S14 S15 S16 || Oux
So1 Saa Sa3 Saq S5 Sgg || Oyy
(Cogs €, €ony €1y €.y €)= S31 S32 Sz S3q S3z Sz || Oz
XX CYyyYs “wey Yyzy Yexr Yaxyl T )
Sa1 Sz Sz Sua S5 Sse || Oy
S51 Ss2 S53 Ssa Ss5 Sse | | Oun

| Se1 Se2 Se3 Sea Se5 Seed LTy
(5.11.2)
or
[¢11 Ciz €13 €y 15 Cig| [€rn ]
Cos1 Cop Co3 Cpy Co5 Cog || €yy
(s Oy Tazs Tyan T Ty) = C31 C3a C33 C3q O35 Cgg|| €y ,
€y Cap Cg3 Cyq Cgy5 Cyg || €y
Cs1 Cs2 Cs3 Cpy Cs5 Cse )€
1 Ce1 Ce2z Ce3 Coa Ce5 Cepl _e:cuj
(5.11.3)

If we compare these equations with (5.3.12) and (5.4.37), and use
(5.11.1), we see that

_ _ 1 — o1
S1 =8I, 812 = Sk, 83 = i}

—_ — — 11
S14 = 2533, S5 = 281}, 835 = 2sl}

833,  Spg = 833, Sy = 2s%
2532 o (5.114)

Sag

I

22
Sy5 = 2813, Sp4

33 _ — 0,33 — 9,33
S35, Sy = 2833, 8y = 2533, 836 = 2833

S33
— 4423 — — 423
Sgq = 4833, 845 = 4833, 84 = 453

— 413 _ — 4.l2
855 = 4813, 856 = 4513, 8¢ = 4513 )

t See A. E. H. Love, loc. cit., p. 149.
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and — 1 — cl1 11
C1y = €11, Cip = Cg3;, €13 = C33 ]

— a1l _ ol _ l1
€14 = Cg3, Cj5 = €33, C14 = C12

22 — a22 _ 22
Cga == C33, Co3 = C§3, Cgq = Ci3

_ 22 — 22 i
Co5 = €13, Cog = C1a re (5.11.5)
.33 33 _ .33 __ .33
C33 = €33, Cgq = Ca3, C35 = C13, C3¢ = C12

__ 23 — .23 __ .23
Cyy = €23, Cq5 = €13, C46 = C12

__ .18 _ 13 — a2
Cs5 = C13, Cs6 — C12» Cge = Ci2 J

5.12. Potential solutions for hexagonally aeolotropic bodies

We adopt rectangular cartesian coordinates (z,y, z) with components
of displacement (u,, u,, u,) and components of stress g,,,...,..., 05, Then,
using the scheme (5.4.17) of elastic coefficients for a hexagonal aeolo-
tropic body, and the notation of § 5.11, we have

ou, ou, Ou ]
Ory = 11 5z + 12 3y +013 2’ Oys = 044(?;*1“8—;)
ou ou ou, ou,
Oyy = clﬁﬁ‘i‘cna‘;-l”cm—éfa O 044(3x+ 8z) -
u, ou ou, ou
Op = c13( 4 u)+ 335 62 Ozy = ‘3(011—012)(7y£+€;) )
(5.12.1)
Substituting these values in the equations of equilibrium
do
T Ty
ox T oy
oo,
a;y W+ =0, (5.12.2)
6%2 + + : -0

we have

&%y,
cna‘f‘l‘%( 012) + Ty 322 +

[%(cu'f‘clz) +(013+c44)—] =0, (5.12.3)
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%u,
%(011“‘612) e + 11755 6y2 s+ 44—67+

0 ou ou,
+5§[%(011+012)—a—5 (c137+Caa) az] =0, (b.12.4)

0%u, 0%, ou,  ou,
044(-6‘9;25 )+ 3332+(13+ 44)62(6x+6y)_0 (5.12.5)
We assume that a solution of these equations may be found in the

form
ux=%, u,y=6—¢, uzzk%, (512.6)
ox oy

where k is a constant. Equations (5.12.3) and (5.12.4) are satisfied if
cu(aj; )+{C44+k(013+044)} =0,
and (5.12.5) is satisfied if

33,9 azz

(013+C44+k044)(i (é-l'a ¢)+ i = 0.

A suitable three-dimensional non-zero solution of these equations can
be found if the equations are identical, and this occurs if

k(cy3+Ca4)+Cas _ kg - (5.12.7)
n kcgg+C13+Caq
This gives a quadratic equation
€11 C4a V2 +[015(2044+C15) — €1y Cg]v+-Ca3¢4g = O (5.12.8)

for v with roots vy, v,. The possible functions ¢ are the solutions of the
equations

2
(VHV“%)% =0 (a=1,2; a not summed),

and the corresponding values of k are denoted by k,, k,. Hence the
complete forms for the displacements of this type are .

3 0 0
— ($1+¢2), Uy = oy ($1-+2), U, = é(k1¢1+k2¢z)’

(5.12.9)

R
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and the corresponding stresses, found from (5.12.1), are

0%,

o2 o2
Oy = (61155+c125?;—2)(¢1+¢2)+013(k1 222 +k,

Oy

Oyy = ( 12575 2+ ugs )¢1+¢2 +C13( 15, =5 +k, 522

0 0
Opp = 013V%(¢1+¢’2)+033( 1 6¢21+ 2 8,3;2)
4 952

0%,
= (kyCy3—v1C13) 55 522 (ky 33— Vzcm)

Ory = (ei—

1)z (o)

_ o, o,
ow—cu{( ) o (k) 28]

e = el () 22+ (1) 20

022

PR

0 ¢2)

)

Chap. V

L, (5.12.10)

J

With cylindrical polar coordinates (r,6,2) equations (5.12.9) and

(5.12.10) become

= 2(‘f’1"}‘<152)s Uy = 7‘39 (b1-+b),

02 1o 1 o2 0
= [clld W 12(7‘ 87’+1 802>] $1+bs) +013( ¢1

02 1 o2
og9 = [0126 51 11(7, 6r+ﬁ 6795)](‘1’1‘*“752)‘}‘013(

1 22 1 0
g (611_612)[; Py 80] (f1+2)

10 1o
ote = cu (1) 01+ (k) 2]

o = cu (k) SR (1410 e

3¢1

82

0
u_—klgll

Tk 23¢z
62¢2>

2 022

(5.12.11)

The roots of equation (5.12.8) may be either real (with the same sign)
or complex conjugates; they are real, for example, in the case of mag-
nesium but are complex conjugates for zinc.¥ The same statement

holds for the corresponding values of k,, k.

Using the equations

(5.12.10) and (5.12.11) a number of problems have been discussed by
t See H. A. Elliott, Proc. Camb. Phil. Soc. 44 (1948), 522; 45 (1949), 621.
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H. A. Elliott1 and R. T. Shield.f Here we restrict our attention to
indentation and crack problems and show that they can be reduced
to the solution of a classical potential problem, as was found to be
possible for isotropic bodies.

If we put§
VVZ ¢
¢ = l+k —®(x,y,2,), ¢y = —I_—FIC—ZQ)(Q:, Y,2), (5.12.12)
where V2O (z,y,z) = 0, 2y = 2[Wyy, (5.12.13)
then, from (5.12.10),
oP@,y,2,) 0P, y, 2,
Tus = 0448 0z oz ’
3/ 1 2
o = a(D(x J’ 21) a(D(.L‘, .7/9 22)
w My 0z, oz, '

Hence, when z = 0 (and therefore 2, = z, =: 0), we see that the shear-
ing stresses o,,, o,, are zero. The remaining stresses and displacements
may be expressed in terms of ®, and we observe, in particular, that

onz=>0
’ 0 (D (x, vy,
0o = B J )
, (5.12.14)
d)(x, Y;2)
U, == ot —- ]
oz
where
B = kyCy—viC1s  kyCa—vaCig o= ey ek _
(k) Vv,  (IHhg)Vry L+ky 14k,
(5.12.15)

Since ®(z,y,2) is a harmonic function the expressions (5.12.14) for the
values of the normal stress and displacement on the plane are now
similar in form to those given in (5.7.3) for an isotropic material. The
solutions of indentation and crack problems in §§ 5.8, 5.9 may therefore
be made available at once for the corresponding problems in hexagonal
aeolotropic bodies, in order to determine the function ®(x,y, z).||

When v, 4, are complex conjugates (and also k,, k,) care must be
taken to check that the final expressions for displacements and stresses
are real, but this usually presents no difficulty.

t See footnote on opposite page.

t R. T. Shield, Proc. Camb. Phil. Soc. 47 (1951), 401.

§ When »,, v, are negative or complex conjugates we choose Vv;, ¥v; to be complex
conjugates with positive (or zero) real parts.

|| Punch and crack problems for hexagonal aeolotropic bodies have been solved by
H. A. Elliott Proc. Camb. Phil. Soc. 45 (1949), 621 using Hankel transforms. The
method of this section was used by R. T. Shield, ibid., for elliptical crack and punch
problems.



VI
THEORY OF PLANE STRAIN

Ix elasticity, as in other branches of mathematical physics, it is often
difficult to find an explicit solution of a given three-dimensional prob-
lem, but its analogue in two dimensions can frequently be solved. The
theories of plane strain and generalized plane stress, and the classical
theory of the transverse flexure of thin plates are well-known examples
of two-dimensional theories. In these theories, as far as isotropic bodies
are concerned, the biharmonic equation has a central place, and many
solutions of this equation have been obtained with the help of real
variable analysis.T The presentation of two-dimensional elasticity, and
the solution of special problems is, however, greatly simplified by the
use of complex variable techniques. Moreover, the range of problems
which can be solved is greatly extended. The first use and development
of the methods of complex function theory in two-dimensional elastic
problems was made by M. Kolossoff and N. I. Muskhelishvili,{ and
their ideas are expounded by the latter writer in two books.§ Much
of the earlier work of these writers was overlooked in this country so
that independent development of the use of complex variable methods
for elasticity by subsequent writers contained some duplications.||

The development of two-dimensional theories and the solution of
problems for aeolotropic bodies was somewhat later than for isotropic

t For example, see A. E. H. Love, loc. cit., p. 149; E. G. Coker and L. N. G. Filon,
A Treatise on Photo-elasticity (Cambridge, 1931); S. Timoshenko and J. N. Goodier,
loc. cit., p. 149.

1 M. Kolossoff, Comptes Rendus, 146 (1908), 522; 148 (1909), 1242; 181 (1925), 24;
184 (1927), 512; 193 (1931), 389 ; idem, Z. f. Math. u. Phys. 62 (1914), 384. M. Kolossoff
and N. I. Muskhelishvili, Annales de I'Inst. Electrotechnique ¢ Pétrograd, 12 (1915), 39.
N. I. Muskhelishvili, Bull. de I’ Acad. des Sci. de Russie, 13 (1919), 663 ; Math. Ann. 107
(1932), 282; Z. angew. Math. Mech. 13 (1933), 264; C. R. Acad. Sci. USSR, 3 (1934), 7,
73, 141.

§ N. I. Muskhelishvili, Some Fundamental Problems of the Mathematical Theory of
Elasticity (ed. 3, Moscow, 1949); Singular Integral Equations (ed. 2, Moscow, 1946),
translated by J. R. M. Radok and W. G. Woolnough (Melbourne, 1949). Further
references are given in these books. Unfortunately some of the publications and the
book on elasticity are not readily accessible in this country. The present authors have,
however, received great help from a copy of the translation of Singular Integral Equations.

|| See, e.g., A. C. Stevenson, Proc. Roy. Soc. A, 184 (1945), 129, 218 (publication delayed
by the war); Phil. Mag. 33 (1942), 639; 34 (1943), 766; 36 (1945), 178. L. M. Milne-
Thomson, J. London Math. Soc. 17 (1942), 115. A. E. Green, Proc. Roy. Soc. A, 180
(1942), 173; A, 184 (1945), 231 (publication delayed by the war); Proc. Camb. Phil. Soc.
41 (1945), 224. S. Holgate, Proc. Roy. Soc. A, 185 (1946), 35; Proc. Camb. Phil. Soc.
40 (1944), 172,
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bodies and pioneer work in the use of complex variable techniques was
due to Lechnitzky.t This work was also not readily available in this
rountry so that independent developments by other writers did not
contain any reference to it.}

For convenience the two-dimensional work of this book has been put
into four chapters, VI, VII, VIII, IX. In the present chapter attention
is restricted to the fundamental equations for plane strain for both
isotropic and aeolotropic materials, the solution of speeial problems
being postponed until Chapters VIII and IX. Chapter VII is con-
cerned with plate theory. Tensor calculus notations are retained as
long as possible so that the complex variable aspects of the theory then
appear naturally by specializing the coordinate system to complex
coordinates.

6.1. Coordinate system
We use the notations of § 1.13 and express the position vector R of
any point of the unstrained body§ in the special form )

R = r(0,,0,)+0,a,, (6.1.1)
where a; is a constant unit vector perpendicular to the plane surface
63 = 0. We also choose the rectangular axes x; so that

0, == 5, : (6.1.2)
and the origins of the vectors R, r and the axes z; coincide. The 6,-

curves then lie in the (2, z,) plane. All the formulae developed in § 1.13
are available here, with the extra conditions (1.13.57) and (1.13.58) that

a,, =0, bug = 0, Ry = 0. (6.1.3)

t S. G. Lechnitzky, Appl. Math. Mech. (Prikl. Mat. © Mekh.), 3 (1936), no. 1; 1 (1937,
new series), no. 1; 2 (1938), 181; 5 (1941), 71; C. R. Acad. Sci. URSS, 3 (1936), 3;
4 (1936), 111; Anisotropic Plates (Moscow, 1947); Theory of Elasticity of an Anisotropic
Body (Moscow, 1950). These publications have not been available to the present writers.
Other references for aeolotropic and isotropic materials are contained in a paper by
I. S. Sokolnikoff, Bull. Amer. Math. Soc. 48 (1942), 539.

1 A. E. Green, Proc. Roy. Séc. A, 180 (1942), 173; Phil. Mag. 34 (1943), 418; Proc.
Roy. Soc. A, 184 (1945), 231, 289, 301 (publication delayed by the war); Proc. Camb.
Phil. Soc. 41 (1945), 224. C. B. Smith, U.S. Dept. Agric., For. Prod. Lab. Mimeo. 1510
(1944). D. Sherman, Appl. Math. Mech. (Prikl. Mat. © Mekh.), 9 (1945), 347. V. Mor-
kovin, Quart, Appl. Math. 1 (1943), 116; 2 (1945), 350. S. Holgate, Proc. Roy. Soc. A,
185 (1946), 50; Proc. Camb. Phil. Soc. 40 (1944), 172. See also G. H. Livens and R. M.
Morris, Phil. Mag. 38 (1947), 153. For earlier work using real variable analysis see
A. E. Green and G. I. Taylor, Proc. Roy. Soc. A, 173 (1939), 162; A, 181 (1945), 181
(publication delayed by the war). A. E. Green, Proc. Roy. Soc. A, 173 (1939), 173.
The first of these papers contains references to other writers who mostly solved problems
for a restricted type of aeolotropy.

§ Since we are using infinitesimal theory here we refer all functions to the unstrained
body, so that R need not be confused with the notation of Chapter II.
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Since the Riemann-Christoffel tensor for the plane surface 6, = 0 is
zero, it follows that the order of covariant differentiation w#th respect
to the surface coordinates 6, is immaterial. For reference we repeat
the results (1.13.59):

8y =TI,=3a, g3233:a3

Jup = 3523 = @48,  Jo3 = 8,.33 =10, @33 =2a5.23=1
g =axaf —=q*f, g®—axa’—=0, g¢gB=a%atl=1}, (6.1.4)

g = 9| = lasgl = @, Iy =0, F%s =0

aa,ﬁ = F‘)’\‘IB a)\. a“,ﬁ = —Fg)‘ aA

J

and we observe that all geometrical quantities (except R) are inde-
pendent of x;. Christoffel symbols with .respect to the 6, = 0 surface
are denoted without ambiguity by ng, with the bar omitted, where

Tg, = a¥Tpy,  Tpa = dapg,+an,g—ap,)

A __1—3_\/2 . (6.1.5)
A Va 06>

6.2. Airy’s stress function
Consider the state of stress in a body which is such that

798 — (), (6.2.1)

and all other components 728, 733 of the stress tensor are independent
of 6,. We shall see in § 6.3 that such a state of stress arises under
conditions of plane strain. Then, from (5.2.8),

T, = J@)rPag, T, = J(a)r%a, (6.2.2)
and since the functions T; are independent of 6,, the equations of equi-
librium (5.2.25) become

T, +py(@F =0, (6.2.3)
where F must now be a two-dimensional body force vector in the

variables 8,. In many practical problems the body force vector may
be derived from a potential function, so we assume here that

F=—-U,a" (6.2.4)

where U is a scalar invariant function of the coordinates 6, and 6,.
The equations of equilibrium (6.2.3) may now be written in the form

Ta,a_'/’*/(a)U,a a*=10
or _ {T,—py(@)Ua%}, = 0, (6.2.5)
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since, from (6.1.4) and (6.1.5),
J(@)Ua%} , = {U,a*+ U}, a*—UI'% a'}va

— J@U,a
From (6.2.5) we see that we may express T in the form
T, = J(@)ery,+py(a)Uas, (6.2.6)
where ¥ is a vector in the plane §; = 0. If
X = xPag, (6.2.7)
then %Xy = x°|, 2, (6.2.8)
and hence T, = J(@)e*xP|, ag+py(a)Uax. (6.2.9)

Therefore, with (6.2.2) we have

m%Pag = v 4P| agt-pUac.
We take the scalar product of both sides of this equation with the base
vector a? and, replacing A by 8, we obtain

78 = eryB| 4 pUacP. (6.2.10)

The tensor 7°f is, however, symmetric, so that e7*xf|, = e"Px%|,, and
we may therefore put P = P, (6.2.11)
Hence 7B — eY“ePB¢| +pUa“ﬁ = aneﬁpqg; +pUa°‘ﬁ (6.2.12)

where ¢ is a scalar invariant function of 6,, 6, and we recall that the
order of covariant differentiation is immaterial. The function ¢ is
known as Airy’s stress function. Equations (6.2.12) may also be written
in the alternative forms

= 5“,7,¢|”+PU5“
¢|aﬁ y€gpTP—pUaqg 1. (6.2.13)
gb’ﬁ = 6% 77”——pU8ﬁ

The vector x may be interpreted physically in the following way.
Consider any curve 4B which lies in the plane z; = 0 and does not
intersect itself, and suppose that positive direction along the curve is
from 4 to B (Fig. 6.1). The curve 4B separates the plane into two
regions 1 and 2 which lie immediately adjacent to AB, and the force
exerted by the region 1 on the region 2 across an element ds of 4B is
—tds measured per unit length of the x;-axis. Since the stress vector t
lies in the plane z; = 0 we see, from (5.2.3), that

n, T,

t= x/a
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where n, are the covariant components of the unit normal vector n
-at any point of AB, directed from the region 1 to the region 2. The

A%e

B

1 —tds

l y,

Fie. 6.1. Force vector on curve separating regions 1 and 2.

>xl

total force P exerted across a part 4P of the curve 4 B, measured per
unit length of the z,-axis, is therefore

P a]a

A
P
= — [ nalerx,+pUa%) ds, (6.2.14)
)
if we use (6.2.6). Referred to cartesian axes x, the components of n
are (dx,/ds, —dx,/ds), and therefore, by a tensor transformation,

doP .
Mo = €og - (6.2.15)
The expression (6.2.14) for P now becomes
d6p
= — f €aple”x,, FpUaY) - ds
P
B
f i 7 ds— pf Un ds
A
=X—p f Un ds, (6.2.16)
A

apart from an arbitrary constant vector which may be absorbed into
x since this does not affect the stresses. In the absence of body forces
we have the simple formula

P =y. (6.2.17)
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The moment about the z;-axis of the forces exerted by the region 1
on the region 2 across 4P, measured per unit length of the xs-axis, is-

M= f[rxxlﬁ]zg—ds—pr[rxn]ds

= [I'XX]A ' (2, XX] ds dS—Pf Ueaﬁ[rxa“]—ds
Now, from (6.2.7), (6.2.11), and (1.13.30),
a,Xx = xf[a.xap] = e,pxPa’
= aﬁepﬁqspas ¢aa3’

and rXy = eaﬁar"‘xﬁa" = €48 e”ﬁr"‘tf),p a,
= 1%, a3,
where r =r*a, =r,a% (6.2.18)
Also €8T X A% = €,47\[a X 2]
= eaﬂrAeA“aa
= —7g2,.

Hence, apart from an arbitrary constant which may be absorbed into
¢ without affecting the stress distribution,

P
B &
M= {ra¢’a_¢+pf Urﬁ%i-ds}aa, (8.2.19)
A
and is therefore a couple of magnitude
= 1% ,—d+p f Urﬂ—— ds (6.2.20)

about the z,-axis. When the body forces are zero this becomes

M =red ,—¢. (6.2.21)
If the curve A B is a single bounding curve of a body and this curve
is entirely free from applied forces then, in the absence of body forces,

x =0, rig —¢ =0, (6.2.22)
at all points of this curve. From (6.2.7) and (6.2.11) we see that = 0
gives $,=0, $,=0, (6.2.23)

at all points of AB and this implies that ¢ is constant on 4B. By
taking this constant to be zero we see that the conditions (6.2.23) may
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replace (6.2.22) at all points of a single bounding curve of a body which
is free from applied stress, provided body forces are zero.

6.3. Isotropic bodies
From (5.1.1) and (5.4.31) we see that the stress tensor 7}, is related
to the displacement vector »* by the formulae

%= 2#(7%+ 1_7721’ %ﬂ>, (6.3.1)

'}’}c = %gir(vrllc_*_vklr)’ (632)
when the body is homogeneous and isotropic, and the deformations are

infinitesimal.
We now consider a state of strain called plane strain in which

v* = /Ua(el, 62), ’03 == O- (6.3.3)
It follows from (6.3.1), (6.3.2), and (6.1.4) that
—_ — — A3 S
Yr3 = 7’7‘ '}/ =Y r Ya , (634)
78 = 7§ = 7'?,‘ =0

all other components of the stress and strain tensors being independent
of x;, and that

T8 = 2#(75+ — % ,m)
7§ = 10 (alg+ugl)
= $(v¥[g+vgl%)

2pm 2

1—29 2 ]
covariant differentiation being with respect to the two variables 6,
with Christoffel symbols given by (6.1.5). By contracting with respect
to the indices «, 8 in the first two equations of (6.3.5) we have

I

2u ' 2u
(s P MY 4 —_ U px K
7 i—2, VX 1_27)’0 [ (6.3.6)

and hence, solving for 'y%‘,
2uyy = 75—773;7;\ = p(v*|g+-vg|®). (6.3.7)
Also, from (6.3.5) and (6.3.6),
4 5 = & (6.3.8)
Covariant differentiation of (6.3.7) with respect to a contravariant index
B and covariant index « gives

31— 85 A8 = (v fat-vgl3),
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or, since vg|%f = v“! lap,
¢gi§—m|ﬁ = 2u*f, = (1—2n)r2lf,
if we use (6.3.6). Hence
58 = (1—n)r3l8. (6.3.9)

Since 7% is zero and all other components of stress are independent
of 8;, we may use the results of § 6.2 and, from (6.2.13), we have

7§ = 857 $lo+pUSS. (6.3.10)
From this equation it follows that
= ¢la+2pU
vz|ﬁ = $lf+20U 2 : (6.3.11)

5k = 8 z¢|€z+pU|a =pUR
the term & },’¢]5P bemg zero since ¢{§g is symmetrical in y and « (or B

and p). If we now substitute the results (6.3.11) in (6.3.9) we obtain
the differential equation

$138 2mUM_ (6.3.12)
-
for ¢. Also, from (6.3.8) and (6.3.11)
73 = 175 = n($lg+2p0). (6.3.13)
In the absence of body forces (6.3.12) becomes °
'¢;gﬁ =0, (6.3.14)

provided 7 # 1, so that in this case ¢ is a plane biharmonic function.
In the general case we may put

¢ = (i:in U+, . (6.3.15)

where i is a scalar biharmonic function so that
ylaf = o, (6.3.16)
and where U’ is a scalar which is a particular integral of the equation
U'le="U. (6.3.17)

In order to solve problems of plane strain we must find a function
which satisfies the biharmonic equation (6.3.16) and also suitable
boundary conditions. In many cases the solution of problems is greatly
simplified with the help of complex variable notations which we intro-
duce in the next section.
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6.4. Complex variable
We define complex coordinates (z,Z) by the formulae

2 = x;,+1x,, Z = x;—1ix,, (6.4.1)

and denote covariant and contravariant base vectors in this system of
coordinates by A, and A% respectively. The position vector r may

then be written r = 2°A, = 2, A% (6.4.2)

For completeness we also use the notation 22 = x;. By tensor trans-
formations
2 oz .
2l = 8_xlx1+5c—x2 = 2y}, = 2,
22 = & 1+ x2 = 2, —ir, = %,
oz,
so that the complex coordinates (z Z) may also be denoted by z* If
4, denotes the covariant metric tensor in complex coordinates, then
the square of the line element has the form

ds?* = dx;dx; = dzdz-+dxgdz,
= A, dzdzP+dz3dz3.
Hence A, =1, A2 — 2, VA = 13
A=Ay = A1 = A2 = 0, A = |4,

where 4°f is the contravariant metric tensot in complex coordinates.

In the rectangular cartesian coordinates x; we denote the components
of the displacement vector by u, (= u’) and the stress tensor by ¢,
(= t; = t*) and we observe that these functions are also the physical
components of displacement and stress. In the system of complex
coordinates 2! we denote the contravariant components of the displace-
ment vector by D¢, the covariant components of the displacement
vector by D,, and the contravariant, mixed and covariant stress tensors
by T, T4, T,, respectively. We shall be concerned mainly with 7'
and D! but the associated forms of these tensors may be obtained
immediately with the help of the metric tensors (6.4.3).

The tensors D, T'® can be expressed in terms of u; and £, respectively
by the appropriate tensor transformations. Thus

(6.4.3)

.02
— k
Dt = a—xku
8 __ o7 Etmn
ox™ ox™

: (6.4.4)
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and written out in full these become

D= D'=u+iu,, D*=D =u—iu,, w= D= u,,

(6.4.5)
TH = t,—tpo+2it, |
T = by, —ty—2ityy
TP = b,y | (6.4.6)

T3 = t13+1ly
T = tyg—ity

T3 = g,

if we remember that u’ = u;, ¢ = t,,. We observe from (6.4.5) and
(6.4.6) that when the indices 1 and 2 are interchanged in D and 7'
the functions are changed into their complex conjugates, and, for con-
venience, we have introduced the notation D, D for D', D? respectively,
where a bar denotes the complex conjugate.
In applications to special problems we shall usually modify the above
notation and replace the coordinates x; by
x, = x, Xy =1, Xy = 24, (6.4.7)

P

where Z is used to avoid confusion with the complex variable

z = x41y,, Z = x—1y. (6.4.8)

We shall denote ¢,, by o,,,..., o, but in these stress components we
write z instead of Z since there is no risk of confusion and since, in two-
dimensional elasticity, we mainly use only the components o,,, o,
0., We also replace 72, T4, T2, u,, u, by O, ®, ®, u,, u, respectively
so that O =T o to,

b =T" = o,,—o0,,+2io,,

V=18 =g¢,+ic,

D = u,+1u,

(6.4.9)

The metric tensor which corresponds to the complex coordinates (6.4.1)
has constant components so that covariant differentiation in this coordi-
nate system reduces to partial differentiation. In particular, equations
(6.3.17) and (6.3.16) become

APV g = U,  ADAPup g, — O,

5237 o
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and using (6.4.3) these may be written

U’
4- — — 6.4.10
020Z U, ( )
4,
4 ¢ = 0. (6.4.11)
02020703

Equation (6.4.11) may be integrated immediately to give
b = 20(2)+2Q(2) +w(2)+ @ (2), (6.4.12)

where Q(z), w(2) are arbitrary functions of the complex variable z, and
Q(2), @(Z) are respectively their complex conjugates, making ¢ a real
function. We shall frequently refer to Q(z), w(z) as complex potentials.
The complete expression for ¢ is

$ = zﬁ(z)+zﬂ(z)+w(z)+a(z)_£’(i__3’7_) U (6.4.13)
-
The contravariant form of (6.3.10) is

,Taﬁ — eayeﬁp¢|yp+p(]a/1l9, (6.4.14)
and, from (6.3.5),

2
roB — i-_i;’;a"‘valy—f—y(aﬁyv“fy—{—a"‘yvﬁly). (6.4.15)

If we now interpret equations (6.4.14) and (6.4.15) in complex coordi-
nates we obtain

e oD
— — 4y =
N I (6.4.16)
O =12 a2 Loy 2 (3D 8_2)
o020 1—27 —29\0z 0z
and with (6.4.13) and (6.4.10) these give
@_p(l—Qn) otU’ nsN_ s
R e
oD @D\  2p(1—2y) 2U’
(6z n ) P G+ 20— @ )+ ),
where Q'(z) = dQ(z), Q@) = d Ei), ete.
dz z




6.4 THEORY OF PLANE STRAIN 195

These equations may be integratedt to give

(1—-—21;) 8U

uD =
1-q

5+ 3= —E)—a'(E).  (6.4.17)

From (6.4.13) and (6.4.16) we find that the complex stress tensor is
given byv  4p(1—2y) U
T 1—y 020z

()

—40(E)+a"(2)}
- . (6.4.18)
0= IB__y_’_Ht{gz'(z)JrZi'(z)}
Also, from (6.3.13) and (6.4.6),
T3 = tgy = T2 = 70, (6.4.19)

We recall from (6.2.23) that, when body forces are zero, a single
bounding curve of the body is entirely free from applied stress if

¢,1 =¢p=0.
In complex variable notation this can be replaced by the single condi-
tion
_,
o0z
or 2Q (2) +0(2) +w'(z) = 0. (6.4.20)

Returning to the case when body forces are present we may express
the resultant force (6.2.16) and resultant couple (about the origin)
(6.2.20) in complex variable notation. If the resultant force P has
components (X, Y) along the ,- and x,-axes respectively then a simple
tensor transformation gives

P = (X4+iY)A,+(X—iY)A, = PA,+PA,, (6.4.21)

and the base vectors A , are constant in magnitude and direction. Also,
from (6.2.7) and (6.2.11),

% = 2z(6¢A1 % A ) (6.4.22)

1 Alternatively, equations (6.4.16) may be integrated to give the results (6.4.13) and
(6.4.17) for ¢ and D directly. Thus, from the first equation of (6.4.16),

%
w0+ 2 _ a1 o),
and, taking its conjugate,
— 0 -
pD+28 — 41— 0o,
We may now eliminate D, D from these equations and the second equation of (8.4.16)

to give P (1—20) 220
e - _p —an ’ Yy
G = T 1=y e T @Y.

Hence we obtain the result (6.4.13) for ¢ and then (6.4.17) for D.
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If we now interpret (6.2.16) in complex coordinates we find that

P = 2A _‘Lzmz —<é+pzA ( U dz—piA, f Uds (6.4 23)
and hence

P=X4i¥ = 21_‘*i+pz [o dz

2ip(1—27) 3U'
1—7

= 2LV (2)+ Q)+ &' (3)] — —+pi f Ude. (6.4.24)

Again, interpreting (6.2.20) in complex coordinates gives

M =z- "5 ‘f’ —¢+3p J U(z dz+7 dz), (6.4.25)
or
= 25{Q'(2)+ Q' ()} -+ 2w’ (2) 20" (2) — w(2) — @ (2)+

1—29) (p, U _oU’
+p(1_nn)(U 2 — )+éprzdz+zdz) (6.4.26)

In many problems we require stresses and displacements to be single-
valued and, from (6.4.17) and (6.4.18), we see that the conditions for

this are [Q()+EE =0

[0z +a" (@)L =0 , (6.4.27)

[(8—47)Q(z) —20 (2)— ()] = ©

provided the particular integral U’, together with its derivatives up to
the second order are single-valued. In (6.4.27) the square brackets
[]j denote the change in value of the function inside on passing once
round a contour in the conventional positive sense which keeps the
area enclosed on the left, the contour lying entirely in the body. By

differentiating the last equationf in (6.4.27) with respect to z and 2
we see that the three conditions may be replaced by

[Q'(2) ]A == [w"( z)]j = 0}
(3—47) [ ]A a@ )

When these conditions for single-valued stresses and displacements
are satisfied, equations (6.4.24) for P and (6.4.26) for M, when applied

(6.4.28)

1 We have already.assumed that these derivatives exist and it may be proved that
differentiation may be carried out inside the square brackets.
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to a contour, reduce to

P = 8i(1—n)[Q)]4—2p f 2 as
s U o , (6.4.29)
M = 20 (2)+565 () — eo(z)— (D) A+ pi f (E‘a“z‘zag) ds
N

where we have assumed that U satisfies sufficient
conditions for the application of Stokes’s theorem,
the integrals in (6.4.29) extending over the area S
enclosed by the contour.

In the above work we have assumed that o¢/oz,
0¢ [0z are continuous everywhere in the elastic body.t
If these functions have finite discontinuities at a
point C of a boundary but remain one-valued and
continuous in the neighbourhood of this point in
the body, then C is a point of application of a con-
centrated force. If we cut anindefinitely small semi- Fia. 6.2. Singular
circle ¢"DC” from the body (Fig. 6.2) then the PO Z’;rgg“"d‘“y
resulting force acting on C’DC” becomes in the limit )

o ,
Py— Xo+i¥y — zz[g;f] — [V E) Q)T D)), (6.4.30)
o
if we assume that the body forces give no discontinuity at C. Also, if
# is continuous at C' there is ho concentrated couple there since, from
(6.4.25),
c —
M = [ziqé—}—é?—?— ] = %l[ZPC—EPC] = xCYC—yCXC,
oz oz o4

so that M is the moment of the force (X,Y,) about the origin.

6.5. Conformal transformation

The usefulness of the complex variable solution of the plane strain
problem may be extended by the help of conformal transformation.
For this purpose we suppose that the 6, -curves form an orthogonal
system which can be derived by conformal transformation from some
known orthogonal system (e.g. the x,-curves), and we put

C = Cl = ‘91+i92» Z: Cz = 01—@'02’ f = 01, "] = 92
, (6.5.1
§3 = 03 = Xy = 23, z = Z(C), gz = Jel€ ( )

1 Except possibly for a finite discontinuity after a complete circuit of a contour.
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where J and ¢ are real. The coordinates (¢,7) are used instead of
(61, 6,) for convenience in later work. The square of the line element

becomes ds? — Jgdgldgz__,_dggdc;;
= J¥d0'd0'+d62d0%) 4 dz3d23. (6.5.2)

The metric tensors a,g, a*® which correspond to the 8, -curves there-
fore have the values

all = a2 = 1/J2, a2z — Q
The contravariant displacement vector and the contravariant stress
tensor which correspond to the complex coordinates {* are denotedt by

V=7, V=7, Vi=w
and Y respectively, so that

P pe_ A,

(6.5.3)

= 6.5.4
a0 g a6m a6n " ( )
Hence Vi = pl402, V2 = vl—ap?, V3 = 43, (6.5.5)
Y1 — 1122 95.12) )
Y22 — 1122 912
Y12 — 11 22 :
T Tt (6.5.6)
Y18 — 131 ;.28
Y23 — 13,28
Y33 — 33 )
Also, tensor transformations give
.o o 028
e Tre = Ymn 6.5.7
D gk 5 amare - (6.5.7)

8o that
D = JeiV1 = Jei<V, D = Je-iy2 — Je-icf
O =T — Jzezzq'u, D — T2 J2e-2i€Y22 733 —. .38
0 = T2 = J2Y12 Y = 18 — JeieY13 P — 7128 — Je—ieY23
(6.5.8)

Physical components of stress referred to the 6,-curves, which are
denoted by o, are given by (5.2.7) in the form

Ot = A/(’”") , (6.5.9)

t V', V2 have different meanings from the same symbols used in Chapter II.
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and therefore, using (6.5.3) and (6.1.4),

= Jot — — J2.22 _ — J2.12
oge = oy = Jr Oy = Oy = J27%, ogy = 019 = JPr
b}
Of, = Op3 = J713, Opz = Opg = Jr8, O,y = Ogg = T3
(6.5.10)

where suffixes £, 7, z will usually be used instead of 1, 2, 3 in applica-
tions in which the coordinate system is (§,7,Z). We now see from
(6.4.9), (6.5.6), (6.5.8), and (6.5.10) that

0 =0, O =eced, W=y, (6.5.11)

where O = o3+ 05 = g+

Q' = 01— 0912107, = ogg—0,,+ 20y, . (6.5.12)
V' = o13-+t0y = 0g,+10,,

Finally, we denote the physical components of displacement along
the 6,, 0, (or £, n) curves by wu,, u, so that

ug = viNgy; = Jot, U, = VNG, = Jo, (6.5.13)
Equations (6.4.5), (6.5.5), (6.5.8), and (6.5.13) then give
ugtiu, = JV = e7D = e~ (u,+iu,). (6.5.14)

We are now able to express the physical stress and displacement
components referred to f,-curves in terms of complex functions. If

Q@) = fO), (@) = g(0),
then, from (6.4.17), (6.4.18), (6.5.12), (6.5.13), and (6.5.14),

ottt oy = £+ HRE) D G)

_rU NN/
= lro G0, 6519
Ogg— O+ 200¢y = fl—i g—z-{————ll__:") 22—2-4@"(5)—4@"(2);
dp(1—27) df 0 R,z AL,
=1 55‘3{3{}— 7 at{ 7 O+34 (E}, (6.5.16)

plwgtiu,)

B = e L
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From (6.2.2), (6.2.14), and (6.2.15) the resultant force acting across
the arc AP of any curve is given by

P
- — f cap 70 dOB. (6.5.18)
A
If A, are the covariant base vectors referred to complex coordinates
2z, Z then
! ot
M =A, 75 (6.5.19)
so that P
ozH
P—— f cus T A, dP.
A
Hence, using (6.4.21),
P
P = X+i¥ — — j g™ 3; d06, (6.5.20)
A

If we now specialize the 6 -coordinates to the orthogonal system (&, n)
defined in (6.5.1), and use (6.5.10) we have

P
oo @
P = [{[owsi+ong) dr—{oengg+omg) de)- @521
A

In particular the force exerted across an arc of the coordinate curve
¢ = constant becomes

P
. . dz
P(y) =1 f (ogg+iogy) 7 dn, (6.5.22)
P n
since on this curve g—; = — ‘:—Z .

6.6. Properties of complex potentials for isotropic bodies
From § 6.4 we see that if the stress field is given, the real part of
Q'(2) is determined and hence Q'(z) is determined except for a purely
imaginary constant ¢C'; and Q(z) except for additional terms
1C2+a+1B.
It follows that w”(z) is completely determined and hence w(z) except
for additional terms (o +if oo Hip".

If we replace Q(z) by Q(z)+1C2+a+1p
and w(z) by w(2)4 (o' F13B')2+" +1iB",
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the stress system is unaltered, but, from (6.4.17),

wD = original uD+4(1—2)iCz—a' +if'+(3—4n)(a+1B),

(6.6.1)
the additional displacement representing a rigid-body displacement of
the whole body. If the displacements are given everywhere, not all five
constants C, a, B, , B’ are disposable and only one of the pairs «, B
and o', B’ can be chosen arbitrarily.

When the region S occupied by the (two-dimensional) body is finite
and simply-connected, then we suppose that the state of stress is such
that Q(z), w(z) are holomorphic in the open region S; the stresses and
displacements are then single-valued. When § is multiply-connected,
suppose 8 is bounded by one or more smooth non-intersecting contours
Ly, L,,..., L, of which L, contains all the others. The contour L, may
be absent (i.e. it may be reducible to the point at infinity) in which
case the region S will be infinite with certain contours L,, L,,..., L, as
internal boundaries. If we require stresses and displacements to be
single-valued then in view of (6.4.28) we assume that

a+1iby,

Y= 2 5m—z

+Q(2),

where the point z, is inside the contour L; (and therefore outside S)
and where Q(z) is holomorphic in § except possibly at infinity. Also
a, and by are real constants. Hence

n

Qz) = Z (ag+7b;)log(z—2;)+Q2(2).

Around any contour Lj enclosing L;, and not cutting the other con-
tours, Q(z) increases by i(a;+tb;). It follows from (6.4.28) that

w'(z) =

i Z (ar—ibp)log(z—2) +wy(2),
k=1

where wy(z) is holomorphic in S except possibly at infinity.

Now let the contours Lj tend to the contours L; except that points
of discontinuity of Q(z), Q'(2), »’(2) on L, (at which isolated forces may
act) are excluded by small semicircles whose radii tend to zero (see
Fig. 6.2). Then the resultant forces exerted on the contours L,, given
by (6.4.29), are

P, = X+l = —8(1—n)(az+1by),
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when body forces are absent, and therefore

Qz) = E—ﬁ——— Z Py log(z—2)+Qy (2)

(6.6.2)
’ _ 3—47) S _ ’
w'(z) = 16r(1—7) ;Pklog(z 2)+wo(2)
When the region § is infinite then, for sufficientlylarge |z,
_ Plogz
Qz) = — 16—77—(——+¢0(
, (3—4n)Plogz
w'(z) = 1—677(—1—_*—%
where P=X+1¥ = Z P, (6.6.3)
k=1

and (X,Y) is the resultant force acting on all the boundaries L,, L,,...,
L,. The functions ¢4(z) and q(z) denote holomorphic functions which
for sufficiently large |z| may be developed in Laurent series. If the
stresses are to remain bounded at infinity,

#u(e) = (BiCptatip42tBry

Uie) = (B 4o 45Ty
Thus, for large |z|,
Q(z) = (B4+1C)z— _Ii(l_q_g__z_)+ + ﬁ+0() ‘
, (6.6.4,
o) = (B+i0")s (31———64’(’)P B2 otif +0(

and from (6.4.18), in the absence of body forces,
0 =8B = N, +NV,,
® = —4(B'—iC") = (N,— N,)e*™?,
where N,, N, are the principal stresses at infinity and o is the angle

between N, and the axis Ox.
If w, is the rotation at infinity,

w. o Yov_ou\ 1(eD &D
"7 2\ oyl Z\ez ),

so that w, = H=1)C (6.6.5)

M
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We observe that the displacements are only bounded at iﬁﬁnity if
B=0=B=0=X=Y=0,

and then (z), w’(z) are holomorphic at infinity. The displacements are
not bounded at infinity if the resultant of the external forces on the
boundaries is different from zero.

If the stresses at infinity are not bounded but have known values we
can modify the above by adding suitable terms

S Bricw, 3B
r=2

to Q(z), w’(z) respectively.

—R +R
Fra. 6.3. Half-plane bounded internally by smooth non-

intersecting contours. ,

When the region S is bounded by a single closed curve L and extends
to infinity, then, if the stresses and rotation are zero at infinity,

26 =~ g+ O3

w'(z) = T(g’_(i’l)i;+o(_)
for large |2].

The results (6.6.4) and (6.6.6) do not in general hold if part of the
boundary of the region § is in the finite part of the plane and the rest
of the boundary extends to infinity. For example, suppose S is bounded
internally by the contours L,, L,,..., L, and externally by the real axis
y = 0, from x = — R tox = R, and the semicircle |z| = R in the upper
half-plane, where R — oo (Fig. 6.3). Suppose the resultant stress over
L,, L,,..., L, and the real axis from x = — R to Ris P = XY, then
the resultant stress exerted over the semicircle [z2| = R is —P as
R > 0. Alternatively, the force exerted by the material inside the

, (6.6.6)
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semicircle across its boundary is P. For large [z|, we assume that

Q'(z) = A:}—@Ib+0(1 ), Q") = _A+zE+0(zl_3)’

27z 22 2722

_ A' B’ 0(1)

wl/ z il
(2) 2m2 22’

if stresses and rotation vanish at infinity. If, in addition, any stresses
which are applied to the boundary of S along the real axis are O(1/z?),

then 2{Q @)+ (@) +20 (@)+3" (@)} > O,
as |x| - oo, so that A+ill+A'—iF' = 0,
or A = —A, E =E.
Also, applying (6.4.24), in the absence of body forces, to the semicircle
2] = B gives P— X4i¥ — —2(A+iE).
Hence, for large |z|,
Q@ =L 1ol
TIm O\
5 1 (6.6.7)
@'(e) = ;T;JFO(;E)

We now derive the corresponding theory for aeolotropic bodies.

6.7. Aeolotropic bodies

We recall from (5.3.12) and (5.3.10) that the stress-strain relations
for a homogeneous aeolotropic body referred to rectangular cartesian
AXOS T are tik = Cf’i Crs> (67'1)
where ¢k = ok = ¢kl = ¢k = (I3, (6.7.2)
We now restrict our attention to bodies which are elastically sym-
metrical with respect to the plane x; = 0 so that, from (5.4.7),

cgﬁ = cé’é = o3, = ¢34 =0, (6.7.3)
and the elastic coefficients ¢ reduce to the 13 independent coefficients
given in table (5.4.8).

When the body is in a state of plane strain perpendicular to the
xs-axis, the displacements, referred to general coordinates, are given by
(6.3.3) so that, referred to z;-axes,

Uy = Uy (%5, ), Uy = Uy(Ty,T), uz =0 (6.7.4)
and therefore eg; = 0, (6.7.5)

all other components of strain e,g being independent of z;. It follows
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that all the components of stress are independent of z, and, remember-
ing (6.7.3), \
tap = CafOy  laa=0, ty=cley, (6.7.8)
the independent coefficients cf\‘ﬁ being
cif, b ol ol i b (6.7.7)
If we define six independent coefficients
sit, s sih s si B (6.7.8)
by the equations cj’\‘ﬁ skl = A o7, (6.7.9)
then equations (6.7.6) may be solved for e, in the form
eop = Sty (6.7.10)

This result may now be written in general form by referring the stress
and strain to the two-dimensional general coordinates 6, with corre-
sponding metric tensors a,g, a*f. Thus

v = Ffwe,  yf = J(a*MB|)1-aPhoe))), (6.7.11)
and we also remember that the stress tensor can be expressed in terms
of Airy’s stress function ¢ by (6.4.14), so that

708 — 6“763P¢]yp+pUa“B. (6.7.12)

For aeolotropic bodies it is now convenient to develop the theory
by working with complex variable coordinates which were defined in
§ 6.4. If we use the notation of § 6.4 and also denote the value of the
tensor F g‘ﬁ by Sj’\‘ﬁ referred to complex coordinates then

02% 028 ot oxn
af . goy P Y€ 9L O
Agl\;l. an axp ax'}’ 'dz/\ az# . (6.7.13)

With the help of (6.4.3), equations (6.7.12) and (6.7.11) may now be
interpreted in complex coordinates. Thus

92 — 2 2
(D.—_-—4d¢’ (D:_43¢ @:4_6.31

b 2 U’
0503’ PP dei TP
(6.7.14)
aD 11 Sll— 11 ]
2—8_2 = Si P+ 830 +2810
aﬁ 22 22 H 22
2~ = SHO+SET+28%0 . (6.7.15)
oD oD -
5, T3z = SO+ 81D +2810 |
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The coefficients S}’(ﬁ satisfy the symmetrical conditions
S — sy — s — 5% (6.7.16)
and, from (6.7.13) and (6.4.1),
St = S = Hel+sB+4si—2s8h)

83z = s+ o3 —4sif— 23+ usii—4is})

SE = S8 = eH—sBt2isi ) b, (67.17)
S13 = H6li+sgi+253))
S2— 8% SB— SH— S

where a bar denotes the complex conjugate.
Eliminating D from equations (6.7.15) gives

2 - o2 —
72 SO+ 8330 +-2510) + — (Si1 0+ SH O+ 257 0) —

o2 -
—2— (S 0+ S5 T+2580) = 0,

and, substituting from (6.7.14),

L3 4
0 ¢_4Sll o (ﬁ +2(81}~+2S12) 84¢ 4812 6445 _{_S2284¢

o2t 1252305 1 onpze T Mogpzs T Tllpz

BU U 62U
~ p(sgngr sull - 28}5%). (6.7.18)

When body forces are absent the equation for ¢ reduces to

11
S22

Sl 94?5_4311 ¢ +2(S1+2813) &*é 4512 &'¢ +Szz@ =0,

oA ooz a2022  Mazozd T Mozt
(6.7.19)
and in the rest of this chapter we shall only consider this case. A solu-
tion of (6.7.19) of the form ¢(z}yZ) exists provided the complex constant
y is a root of the equation

Byt — 481y 4+ 284 258y — 45y + S8 — 0. (6.7.20)

We observe that if y is a root of this equation so is 1/ and we may,
in general, denote the roots by

Y Y2 1/771’ 1/7721 (6'7'21)

provided v # 1, Yo ys = 1. (6.7.22)
Also, since ¢ is a real function the general solution of (6.7.19) is

¢ = Q2)+Q,) +w(z,)+ a(2,), (6.7.23)
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where = -
f 2 = z—Hﬁf, = f+):1z } (6.7.24)

2y = 2+y5%, = Z+y,2

and where the roots y,, y, of (6.7.20) can be selected to be those roots

with modulus less than unity so that
vl <1, lygl < 1. (6.7.25)
When condition (6.7.22) holds the equation (6.7.19) is of the elliptic
type and (6.7.23) represents a satisfactory general solution. If, how-
ever, either y, or y, is complex and has modulus equal to unity, then
the solution (6.7.23) changes its form since the equation (6.7.19) becomes
hyperbolic. We can, however, show that condition (6.7.22) must always
be satisfied. The elastic potential W can be expressed in the form

W= %” ik}’ik,

Z
Zy

and since y,, is zero here
W= %T"‘B‘yaB = §04,0p, Ff\‘ﬁTA“T‘yp.
In complex variable notation this becomes
SW = SO+ SID2 48120228 0D 451100 +-451100.

(6.7.26)
Now suppose that one root of (6.7.20) has modulus equal to unity and
put D\ o) _
= —= —_— e — )2 —
y ( d>) 3’ 0% = 00,

where @ (and therefore ®) is noh-zero. Hence, from (6.7.20),

SPO24 SHL P2+ 481202+ 28 OB 451100445100 = 0,
for some non-zero value of ® (and therefore of ® and ©). But, from
(6.7.26), this means that W vanishes for a non-zero value of ®, ®, and
©, which is impossible since W is essentially positive. We see that
(6.7.20) cannot have any roots with moduli equal to unity, and there-
fore condition (6.7.22) is always satisfied.

It may happen that ¢, = v,, in which case the form of solution (6.7.23)
must be modified. We shall not, however, deal with this case separately
since, in special problems, we may deduce by a limiting process any
special results which are required.

One special case is, however, worthy of notice. If the body is ortho-
tropic with respect to the three coordinate planes x; = 0, then ¢} and
¢33 are zero and the coefficients (6.7.7) reduce to four, namely,

11 11 12 22
cii, C3p, Ci3,  Chs. (6.7.27)

T 21, 2, must not be confused with those defined in (6.4.2).
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It follows that we then have, in general, four non-zero coefficients

sii, i, sif, s, (6.7.28)
and the coefficients (6.7.17) reduce to
Sit = S8 = (i 2+4812—28%%)
S22 = SiI = (s +s —2s82
11 22 ( 11 22) (6,7,29)

Sip=SBE=S88=581i= 1(311—335)
Sig = H(sii+s33+ 283
The equation (6.7.20) for y then has real coefficients and becomes a
reciprocal equation so that either
(@) 7= 71 V1= Yo

or ®) 7= Y2 = Y2
that is y, and y, are either complex conjugates or real.

We return to the general solution (6.7.23) and substitute this value
of ¢ in (6.7.15) with the help of (6.7.14), remembering that U = 0.
Thus

83]_: —2(SH yi— 2512y, - SRQ (2471 2)—
—2(S1— 28171+ SHAQ" (Z+712)—
—2(SHy3—281 ya+ S (2+y22)—
—2(SH— 28572+ 83 730" (+722),
aaD_}_@alz) —4(S1} 3 — 28 v, +88)Q" (21, 2)—

—4(81i— i%)71+8%§)’%)nﬂ(5+7713)—
—4(S1ivi— %33’2‘*‘8%5)‘“”@‘{"}’2@_
—4(S}E—28%5 7o+ SE 73)@" (Z+722)-
If we remember that y, and y, satisfy (6.7.20) we may integrate these
equations to give

D = 8,Q'(2,)4p1 Q' (2)) 48, @' (25) +-p2 &' (25), (6.7.30)
where
8 = _2<811‘)’1 2‘3%‘)’1‘}‘8%)/7’1: P1= —Q(SH %}714"8%%)’%) }
8 = _2(8117/2 Sg?’z“f‘S%%)/’)’z’ P2 = _2(SH ié‘fﬁ"szz)’z)
, (6.7.31)

Also, from (6.7.14) and (6.7.23),
0 = )G AT ]
0= 4'y1Q"(zl,)+4)71§”(2'1)+4y2 " (25) 447, &"(Z,)



6.7 THEORY OF PLANE STRAIN 209

The resultant force and couple exerted by the material inside a closed
curve on the material outside, across an arc 4P, are found from
(6.4.21), (6.4.23), and (6.4.25). Thus

. ta . ’ = ’ e i
P = X4i¥ = 2% — 2,0 ()40 ) 4y ) +5 ),

(6.7.33)

M= zg;f +zg§_ — 2, Q)5 0(5) — Q) —0(E) +

2y ' (25) 172, &' (2) —w(25) —33(Z,).  (6.7.34)
If the displacements and stresses are single-valued then
[DI4 =0, [®]4 =0, [0]4 =o. (6.7.35)
It follows also thatt

4 4
(- [ -
oz 4 oz 4

and if these conditions are combined with the last two in (6.7.35) we
see that, in general,

[Q"()]; =0, [w"(2,)]4 = O. (6.7.36)
As in § 6.4 a concentrated force acts at a point C of a boundary if

o¢/oz, 04/0Z have finite discontinuities at C but ¢ is continuous there.
For later use we see from (6.7.17), (6.7.20), and (6.7.21) that

Y1¥Ye _ % — St
717: SB Sh (6.7.37)
481 = SE(1+72+1/y1+1/ys)
Also, from (6.7.31),
81‘—82 — 8_1“‘8_2 — __2(SH__ Séi) )
Yi— Y2 Y1 Ve Y1Y
Y2P1 ~71Ps2 _ '}7261—'}?1% — 2(8}{—»5’%%)71)72) L, (6.7.38)
Y1i— 72 Y172
0y —y4 0 — Sii - -
720 N el €2= a2 {71+72”‘7172(71+')’2)}
Y1— 72 Y1— Y2  Y17V2 /
and 5 5 (yi—ya) (1= 7 (L—71 72) SR (y1 72)
1—Y1P1 = (y1—7a) Y171)(1—v172)8%/(y172
Sy—y2p2 = —(71-72)(1—7172)(1“)’2)72)85%/(71‘)’2) (6.7.39)
51“')71101 = (‘}71_')72)(1—’}’1?71)(1—77172)85%/(71)’2) '
sz“'fzpz = —(‘)71_')72)(1“71772)(1_‘}’2)72)‘8%/(7172)

1 We have already assumed that these derivatives exist.
5287 P
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6.8. Properties of complex potentials for aeolotropic bodies
If the stress field is given we see from (6.7.32) that

71Q"(21) -y, w'}(zz)

is determined except for a purely imaginary constant :C. Hence, again
using (6.7.32), Q’(z,) is determined except for a term

1O(1 =y, Vo) (1 =71 yo)(2+y: 2
(r1—v2)(L—=y1717272)
and w’(2,) is determined except for a term

(= 7)1 =1 73)(2 -+ 2)
(11— 7)(L—=71717272)
where «, o/, B, B’ are real constants. If we replace Q'(z,) by Q'(z,) plus
(6.8.1), and w’(z,) by w’(2,) plus (6.8.2), it can be verified from (6.7.32)
that the stress system is unaltered. From (6.7.30), however, it is found
that the displacement D contains an additional term
183 KCz
Y172
where a’, b’, ¢/, d’ are constants which can be expressed in terms of
the elastic constants of the material, and K is a real constant which
can be expressed in terms of v, and y,. From (6.7.37) we see that
S33/(y1y,) is real. The additional displacement terms (6.8.3) therefore
represent a rigid-body displacement. If the displacements are given
everywhere, not all five constants C, «, o', B, B’ are disposable and only
one of the pairs o, 8 and o, B’ can be chosen arbitrarily.

When the region S occupied by the body is finite and simply-con-
nected, then we suppose the state of stress is such that Q(z,), w(z,) are
holomorphic functions of z,, z, respectively in the open regions §,, S,
of the z,- and z,-planes which correspond to S; the stresses and dis-
placements are then single-valued. When S is multiply-connected,
suppose S is bounded by one or more smooth non-intersecting contours
Ly, Ly,..., L, as described in § 6.6. If we require stresses and displace-
ments to be single-valued then in view of (6.7.36) we assume that

” < IIr ”
Q'(zy) = er m‘{'go(le),

) ¢ atip, (6.8.1)

+o +if, (6.8.2)

+a'atbo’+c'B+dB, (6.8.3)

” < Kr v
w'(2p) = ; m’i“”o(zz),

where z;, = 2,+,%,, 2,, = 2,+7,%,, and z, is inside the contour L,.
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Also H,, K, are complex constants and Qy(z,), wy(z,) are holomorphic
in the regions §;, S, of the 2,- and z,-planes respectively which corre-
spond to S, except possibly at infinity. Hence

, 1 < /
V() = 5 21 H, log(z;—2,,) +Q(z,) 054

, IS .
w'(2g) = Py 2 K, logfe,—2,,) 4-wy(2,)
r=1

Around any contour L, enclosing L,, and not cutting the other
contours, ()'(z,) increasest by ¢H, and w’(z,) increases by iK,. Since D
is single-valued on each contour L; it follows from (6.7.30) that

8H—p H+8,K,—p, K, = 0 (r=1,2,.n). (6.8.5)

Now let the contours L; tend to the contours L, except that points
of discontinuity of Q'(z;) and w’(2,) on L, (at which isolated forces may
act) are excluded by small semicircles whose radii tend to zero (see
Fig. 6.2). Then the forces on L,, given by (6.7.33), are

b= X,.-{-’LY,. = ‘_‘2(71]:[1—Er+72 Kr—Kr)‘ (6.8.6)

Equations (6.8.5) and (6.8.6), together with their complex conjugates,
are in general sufficient to determine the constants H,, K., in terms of
the forces P,.

When the region 8 is infinite t}xen, for sufficiently large |z],

’ H ’
Q'(z)) = é;logzl_}_qso(zl):

' K ,
w'(2y) = %logzz‘f"/’o(zz),

where H=3SH, K=3K, (6.8.7)
. r=1 r=1
and ¢(21), Yio(2,) denote holomorphic functions in the regions S, S,

respectively which for sufficiently large |2| may be developed in Laurent
series. If the stresses are to remain bounded at infinity,

$o(zr) = (B+iC)y+atif4 2P 1+ B,
x//ozz B’—{—zO" 2oFo’ i’ +°‘1+"81 - R

1 We remember that |y,| < 1, |y,| < 1.
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where B, C, B', (' are real constants. Thus, for large ||,

Q) = (B+i0>z1+ff—logz1+a+iﬁ+0(l—)
“ , (6.8.8)
w'(zy) = (B'—|-zC’)z2+——logz2—}—cx +8’ +0( )
and from (6,7.32)
N+N, = dyy(B+iC)+47,(B—iC)+dyy( B'+iC")+47,( B'—iC") }
(N,—Ny)etic — —4y}(B-iC)—4(B—iC)— by} B +iC")—4(B'—iC")
(6.8.9)

where N, N, are the principal stresses at infinity and « is the angle
between N, and the z-axis. Also, if w, is the rotation at infinity,

w. . 1{2D 2D
o 2\ oz 0z |2]—c0
so that

2wy = (3,—y1 p1)(B+1C)+(71p1—8,)(B—iC)+
+@a—y2p2) (B’ +1C")+ (7 p,—8,)(B'—iC").  (6.8.10)
Equations (6.8.9) and (6.8.10) are, in general, sufficient to express B, C,
B, (" in terms of N, N,, o, and w,. We observe that the displace-
ments are only bounded at infinity if
B=C=B =0 =0, H =K =0,
or N, = N, = wy = 0, H=K=0,
and then Q'(z;), w'(2,) are holomorphic at infinity. The displacements
are not bounded at infinity if the external forces on the boundaries
have a resultant different from zero.
If the stresses at infinity are not bounded but have known values,
we can modify the above by adding suitable terms
m m
rz2 (Br'l_q‘or)zi" rzz (B;"’"'LO;)Z%
to Q'(2,) and w’(2,) respectively.
When the region is bounded by a single closed curved L and extends
to infinity, then if the stresses and rotation are zero at infinity

Qe = 5-+0(3)
vl (6.8.11)
w’(zy) = 2“1:2;4- ( ) _
where — — =
&H_“H+%K Pk =0 }, (6.8.12)
P=X+4¢Y = 2(H—y,H+K—y,K)

and P = XY is the resultant force on L.
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The results (6.8.8) and (6.8.11) must be modified when part of the
boundary of the region S is in the finite part of the plane and the rest of
the boundary extends to infinity. For example, as in § 6.6, we consider
the region represented by Fig. 6.3, and we use the notation described
for this figure. Then, for large |z|, we assume that

" 4 1
() =51 +0(3)
, 6.8.13
B (6.8.13)
w'(2) = %—zz-i- 'z-g

if stresses and rotation vanish at infinity. If, in addition, any stresses
which are applied to the boundary of S along the real axis are O(1/x2),

then lim 2(©@—®) — 0,

|x|—>c0

8o that, from (6.7.32),
yA+A+y, E+E = 0. (6.8.14)

Also applying (6.7.33) to the infinite semicircle |z| = R in the upper
half-plane, using (6.8.13), gives

P= —y At A—y, B4 L.
With (6.8.14) this becomes

P = —2(y, A4y, E) = 2(A+E). | (6.8.15)
Equation (6.8.15) may be solved for 4, K, to give
Py, P Py, P
A=_"0r"  p_L17NnC (6.8.16
20— 2i—72 )
Hence, for large |z|,
" Py, P 1
) = — g Lol
. 1__}_) . 1 ! (6.8.17)
” Y1 *
2,) = —— 1710
@' (z2) 47 (y1—v2)2, (ZE)
6.9. Orthotropic bodies .

In § 6.7 we indicated that when a body is orthotropic with respect
to the coordinate planes x; = 0 then the values obtained for y are
either real or else complex conjugates. For such bodies certain simpli-
fications can be made. If we put

14y _a—l

oq = ——

= ~Hn onoqe 6.9.1
1—"}” '}’—a+13 o) = (/\'_' :)7 (')

1=y,



214 THEORY OF PLANE STRAIN Chap. VI

then from (6.7.29) we see that the equation (6.7. 20) for y reduces to

533 ot —2(s35+2s13)a®+-s1] = (8.9.2)
and we see that
di=otd =il ) 693)
a3+as = of+ad = 2(sii+ 2s13)/s22 }

Also, from (6.7.29), (6.9.1), and (6.9.3), the constants 3, §,, p;, p, in
(6.7.31) reduce to

81 = (I-+y1)Ba—(1—y1)Bys 82 = (14-y2)B1— (1—72)B,
p1 = (1+y)Be+(1—y1)B1 P2 = (L+y2)Bi+(1—72)B:

where By = si—sad, By = sii—siBad (6.9.5)

} , (6.9.4)

In general, as shown in § 6.7, two cases arise:

(a) Y2 = Y15 Y1= Y2
so that y,, v, are complex conjugates, and we also recall that |y,| < 1,
lysl < 1. It follows that the corresponding roots oy, oy of (6.9.2) are
complex conjugates and have positive real parts. Also

1§1 = By, 51 = &y, P1 = po- (6.9.6)
() Y1="71 Y2 = V2
so that y,, y, are real and must also be numerically less than unity.

It follows that the corresponding values of «;, o, are real and positive

and that B;, Bs, 8;, 8, p1, po are all real.
For both cases we may solve equations (6.8.12) for I, K and express
the results in the form

4(od—od)si H = (1+o,)(By X +1B, Y /o) }
4of—od)sB K = —(1+ap)(By X+ ¥ [op)
Also, if the rotation w, at infinity is zero, then equations (6.8.9) and

(6.8.10) may be solved for B, B’, C, (', and in both cases () and (b)
we find thatt
32(“5&:‘2‘11)32“0) — i(od—o)(N,— Ny)o sin 2o’ + “
+ (gt 1)3{(Ny+ Do) (1+3) 4 2y(Ny — Np)cos 2/}
32(cf—af)(B'+1C")
(ap+1)2
— (o +1)¥{(Ny+ Vo) (14-93) + 271 (N, — Np)cos 207}

1 In these equations the angle between N, and the z-axis is now denoted by &’
instead of a.

(6.9.7)

r. (6.9.8)
= (e —o)(N,—N,)oz 1 8in 20 — ’




VII
PLATE THEORY

THE general three-dimensional theory of stress systems in plane plates
is one of considerable analytical difficulty, but some useful practical
information about the distribution of stress can be obtained by intro-
ducing approximations which reduce the problem to one of two dimen-
sions. We consider two-dimensional theories of stretching and bending
of plane plates in this chapter.tf We again retain tensor notations as
long as possible and specialize later to complex variables. The reader
is .referred to the introduction of Chapter VI for a brief account of
original work in the use of complex function theory for two-dirhensional
elasticity. :

We adopt the notations of § 6.1 and consider a plane plate which is
bounded by the plane faces

03 =y = +h = 114,

where we restrict our attention to plates of constant thickness ¢ = 2h.

7.1. Stress resultants and stress couples

We now suppose that the plate is in a state of stress and that the
displacements are such that we may use the infinitesimal theory of
Chapter V. Instead of examining the state of stress in detail at every
point of the plate we introduce stress resultants and stress couples.
For this purpose consider the coordinate surface §, = constant. From
§ 5.2 we see that the force acting on an element of area in this surface is

T, d6%d63,
where T, = (g9 )ty = (g)7 gy, (7.1.1)
and the length of the corresponding line element of the middle plane
vy = 0 is  (agy) d6? = (aat) d62.

The stress across the surface §; = constant may therefore be replaced
by a physical stress resultant n;, and a physical stress couple m,,

1 Some complete three-dimensional solutions of special problems indicate that
generalized plane stress theory for the stretching of an isotropic plate is likely to give
reasonably accurate values for the average stresses. See A. E. Green, Phil. Trans. A,
240 (1948), 561; A. E. Green and T. J. Willmore, Proc. Roy. Soc. A, 193 (1948), 229;
E. Sternberg and M. A. Sadowsky, J. Appl. Mech. 16 (1949); 27. See also A. E. Green,
Proc. Roy. Soc. A, 195 (1948), 533,
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measured per unit length of the middle line of the plane z; = 0, which
is in the surface 6, = constant, where

h
1
By = f T, dz,

" L (7.1.2)

m =— [ @xT,),dx

I_J(aall)f 3 X 11)%30%5
h

Similarly, stress resultants and stress couples may be defined for the
surface 0, = constant. Stress resultants and stress couples over the
surface 6, = constant, measured per unit length of the line 8§, = con-
stant, x; = 0, may be defined by the general formulae

N, M

n,=—-.—%_

\/(aaaa)’ m, = :/"(a—a%‘)‘! (7.1.3)

(a; X T g de,. (7.1.4)

h
where N, = me deg, M, =
~h .

ST

The stress resultant n and stress couple m per unit length of a line
of the middle plane, whose unit normal in the plane is

u = u,a%, (7.1.5)
may be obtained by a process similar to that used in Chapter II for
the three-dimensional stress vector t, the corresponding results being

2 . 2
n=>u,n,Va*, m=>u,m, va** (7.1.6)
a=1 a=1

These formulae show that n, va** and m va** transform according to
the contravariant type of transformation for changes of surface coordi-
nates 0.

From (5.2.8) and (6.1.4)
T; = J(a)r*a,,
so that substituting this in (7.1.4) gives

<

n,Va** = n*a |g*a,, N, = N*a, +Q>a,, (7.1.7)
m, Va** = m*a; X a,, | M, = M“Paaxap, (7.1.8)

where Nop = n"‘Na, Mo = m*va, Q> = q*Va, (7.1.9)
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and 3

noP = f 7P da,, (7.1.10)
—h

>

mep = [ 7%, day, (7.1.11)

>

h"

¢ = [ 3 da,. (1.1.12)
~h
We observe that n®, m*" are both symmetrical in « and p. Also, from

(7.1.6), (7.1.7), and (7.1.8)
n = u(n%a,+q*ay), m = u,m*ayxa,. (7.1.13)

With the help of (1.13.30) the expressions (7.1.8) may be transformed

into
m, Va** = e, m¥at, M, = e, Mrat, (7.1.14)

which, written in full, become
m, = (m!a?—m!2al),/(a/a'), M, = (M1a2— M'2al)vg
m, = (m'?a®?—m?2a'),/(a/a®?), M, = (M%a®*—M 22a1)\/a} '
(7.1.15)

The functions defined in (7.1.10) to (7.1.12) are all surface tensors,
the surface here being a plane. The components of the symmetrical
contravariant tensor n* and the components of the contravariant
tensor ¢~ are called stress resultants and shearing forces respectively,
and are related to the (vector) stress resultants n, by the formulae
(7.1.7). The components of the symmetrical contravariant tensor m*°
are called stress couples and are related to the (vector) stress couples
m, by (7.1.8). Mixed and covariant tensors NG Nogs Mg, Myg, 4o MAY
be formed with the help of the metric tensors a,g, a*f. Since n*°, m»
are symmetrical we may write the mixed forms without ambiguity as
ng, ms.

In order to find the physical components of n, and m, we express
these vectors in terms of unit base vectors along the coordinate curves
0, = constant. The physical stress resultants, physical shearing forces,
and physical stress couples are denoted respectively by n¢g), ¢ M(ap)
the brackets indicating that these physical components are not tensors.
Hhos n,=m i-{—n i-}- a

@ = Man T e 7 - 9033

I . (7.1.16)

m, = m(oa)w-l-m(az) ol
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Comparison between these equations and equations (7.1.7) and
(7.1.15) gives immediately -

nep = 1°B\(agg/a®®), g = g*/a>e, (7.1.17)
Mgy = miyf(aa??/alt) = mu\/ (@ /a') = m'Y/(aa,,/ay,)
My = —ma, Mgy = Mg
Mygg) = —m?®(aa't/a®) = —m?/(ay/a%?) = —m?®,/(aay,/a,,)
(7.1.18)
Q
o $
Ps w'?b

a? )
,-curve > el.c\n‘\’e
Ne21)
\, / 21 \a‘ l Mgy
N(29) M9y
F1c. 7.1. Physical stress resultants. F1a. 7.2. Physical stress couples.

The meaning of these physical stress resultants and couples is seen
by examining (7.1.16), and they are illustrated geometrically in Figs.
7.1 and 7.2. The physical stress resultants g are directed along the
covariant base vectors of the middle plane of the plate, and g, are at
right angles to the plate. The physical stress couples m,g are couples
about the contravariant base vectors of the middle plane. Nep I8
symmetrical in « and B, and my = —my,,.

7.2. Loads
We consider the external forces acting on the faces of the plate.

The boundary conditions at these faces require that the forces per unit
area acting on the faces should be

[t3]xx =h [_ ts]za =-~h
We replace these surface forces by a resultant force
p= [t3]xa=h_[t3]zs=—h = [tB]’ih (7'2'1)
and a couple s = [(ag X ty)z, ], (7.2.2)

about the point (6, 8,, 0) of the middle plane, where p and s are measured
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per unit area of the middle plane of the plate. From (5.2.8) and
(6.1.4) we see that (7.2.1) and (7.2.2) may be replaced by

P S
P= Va, S = %, (7.2.3)
where P = [T,]*,, S = [(a; X Ty)a;]" 5. (7.2.4)
Also, as T; = 4/(a)r%*a,,
it follows that
p = p’ay+pa,, P = Play} Pa,, (7.2.5)
s = (a3Xag)sP = eg sPat = Sla?—Stal }’ (7.2.6)
S = (a3><aB)Sﬁ = €g) Shal

where P = peva, P = pHa, 8% == s%a, (7.2.7)

¥ = [7'3"‘]"'_}’, p = [733]h_h, §% = [73"‘2:3]h_h. (7.2.8)
The function p is a surface invariant and p®, s* are surface contra-
variant tensors.

The components of p, s referred to unit base vectors are denoted

by P S Tespectively and are called the physical components of the
loads. Thus

a a
P = P 7&1— +10(2>;/ai +P@ a3
11 22

" a2 (7.2.9)
S = So a0 n
Comparing these with (7.2.5) and (7.2.6) we obtain
Plo) = PNy, P = Ps (7.2.10)
s = sW(aa®) = s'Way;,  Sp = —si/(aall) = —s2ay,.
(7.2.11)

The physical components p,), s, are not components of tensors and
this is again indicated by enclosing the suffixes in a bracket.

7.3. Equations of equilibrium

In the absence of body forces the equations of equilibrium (5.2.25)
are T;; = 0. (7.3.1)
Equations of equilibrium in terms of stress resultants and stress couples

may be obtained directly from (7.3.1). If we integrate (7.3.1) with
respect to x; between the limits 4% we obtain

h
J. Ta,a dz3+[T3]h_h =0,
)
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and using (7.1.4) and (7.2.4) this becomes

N,.+P=0. (7.3.2)
With the help of (7.1.7) and (7.2.5) equation {7.3.2) takes the form
NeB ,ag+NePag ,+Q* ,a;+ PPag+ Pa; = 0. (7.3.3)

From (6.1.4) ag, can be expressed in terms of a,, so, equating to zero
the coefficients of a; in (7.3.3), we have

NeoB M Nery-PB—0
ot Loa NP } (7.3.4)

Q% AP =0
Using (6.1.5) and (7.1.9) we see that the equations (7.3.4) may be
reduced to noB|_+pf = 0, (7.3.5)
o tp =0, (7.3.6)

where we have the usual notation
st W
2*la = 9o+ T3P

for covariant differentiation with respect to coordinate curves 0, =
constant in the middle plane.
We now take the vector product of (7.3.1) with x;a; and integrate
with respect to x,. After an integration by parts this gives
h h

[ lasx Tyl deg— [ [a5x Ty] deg+{(2g X To)z]", = 0.
<k =h
Hence, using the definitions (7.1.4), (7.1.9), (7.1.12), and (7.2.4) we have
M,,.—[2;X2a,]@*+S =0. (7.3.8)
From (7.1.8) and (7.1.9)
Moz,oc =M ap,oz[a3 X ap]+M ap[a:i X ap,o:]

= [aa X ap](Map’a_[_MaA[‘g)\)
= [a3x a,Jm*|, Va, (7.3.9)

where, as before, covariant differentiation is with respect to coordinate
curves in the middle plane. Hence, since

S = [a;xa,]s"Va,
we find from equations (7.3.8) and (7.3.9) that
moB| ,—gP+sf = 0. (7.3.10)

Equations (7.3.5), (7.3.6), and (7.3.10) can also be obtained by first
finding the results in rectangular cartesian coordinates and then
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generalizing to curvilinear coordinates by tensor rules. The above
method of derivation, however, provides other formulae (e.g. (7.3.2) and
(7.3.8)) which are sometimes useful.
For convenience we collect together the equations of equilibrium
(7.3.5), (7.3.8), and (7.3.10) for stress resultants and couples:
naﬁla+pﬁ =0

9%, +p=0+. (7.3.11)
m“ﬂ|a—qﬂ+sﬂ =0

7.4. Stress-strain relations for isotropic plates
Stress-strain relations have been given in a variety of forms in
Chapter V, the most convenient for our purpose here being

2WYry = {girgks T ik grs:T ’ (7.4.1)
+
or 2yl = 77— 11 8%, (7.4.2)
where the strain tensor is given by
rs = %(Kls"{"zlr) (7.4.3)
The displacement vector is here denoted by
V= Kgr’

the components being denoted by V, instead of v,, sinée v, is used for
another purpose in this chapter.
When the metric tensor has the special form (6.1.4) we see that

2.““)’(1/3 = aw\aﬂp‘———ﬂ—afaﬂa,\ )‘I"'—___‘r’ a BT 33

1 w 1

1 + , (144
2y = Toﬁ‘_T%, %3+

‘ Y0z = AT, 2495 = 7§
' , 7.4.5
Quygy = 79— L ; (@ng P47 (7.4.5)
and vop = 3(Valg+Valo)s (7.4.6)
Yoz = 3(VastV0)- (7.4.7)

V, is a covariant surface tensor, V; is a surface invariant, and the vertical
line denotes covariant differentiation with respect to the (plane) surface
coordinates 6, using Christoffel symbols (6.1.5). In particular we
observe that V|, = ¥, ,.
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7.5. Stretching of isotropic plates: generalized plane stress
We consider a plane isotropic plate which is acted on by forces in its
plane so that the plate is displaced symmetrically about its middle
plane z; = 0. We also suppose that the faces of the plate are free from
applied stress. Then, from (7.3.2) and (7.3.11),
Nyo =0 or n*B|, = 0. (7.5.1)

The equation satisfied by N, is the same as the equation (6.2.3) satis-
fied by T, in plane strain when body forces are zero. Also, since the
displacement is symmetrical about z; = 0,

g% = Q*=0, (7.5.2)
so that N, = Nefag — \(a)nora,, (7.5.3)
The relation (7.5.3) is of the same form as (6.2.2) if T, is replaced by
N, and 8 by n®8. We see therefore that all the work of § 6.2 on Airy’s
stress function when body forces are zero has its analogue here. Hence,

quoting the corresponding formulae, we have
N, = J(@)er*x, = y(@)er*xF|, ag, (7.5.4)

'nO‘B B anQBP(ﬁ‘yp

= 3541

, (7.5.5)
Plap = €ayegpn?”
blg = dgpnb
where X = xPag = Pp ag. (7.5.6)

Also the resultant force and couple on any section of the plate normal
to its plane are _
P=x } (7.5.7)
M = ra¢,a—¢

If we now integrate equations (7.4.4) with respect to x; through the
thickness of the plate, and use (7.1.10) we have

2uFop = (@arOg,—0yg @y, M —ottyp ‘13}

, (7.5.8)

or 2u7f = ng—o8i(m+4°)
h h '
where ¢® = f ™drg,  Vp=1% f (ValgtValo) dizs, (7.6.9)
-h —~h

and | o=—1_, (7.5.10)

1479
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Also, from (7.4.6),

yaﬂ = %(Ualﬁ_*“vﬂla) } (7.5.11)
78 ="
h
where vy = fVa deg. (7.5.12)
=

In order to make further progress we must introduce some additional
assumption. We suppose that the state of stress is such that g2 is small
compared with n*8, so that, from (7.5.8),

2y = ny—odgnl, (7.5.13)
which is seen to have the same form as equation (6.3.7) provided ™ VB
and the constant » are replaced by ng, ¥g. and o respectively. The
plate is then said to be in a state of generalized plane stress.

We may now conclude that all the analysis for plane strain (in the
absence of body forces) can be applied at once to generalized plane stress

by a simple change of notation and by replacing 5 by o = n/(147),
keeping p unaltered.

7.6. Stretching of aeolotropic plates: generalized plane stress

We consider a plate acted on by the same system of forces as
described in § 7.5 so that all the results (7.5.1) to (7.5.7) apply at once
to the present case when the plate is no longer isotropic. We also
restrict our attention to those plates which are elastically symmetrical
about the middle plane x, = 0. It follows from (5.4.37) that, referred
to cartesian axes x;, the stress-strain relations are

€5 = ity (7.6.1)

where 8tk = gkt = gkt = gk — g78 (7.6.2)
and, by analogy with (5.4.7),

s = st = o) = s = 0. (7.6.3)

The conditions (7.6.3) are. satisfied because of symmetry about the

plane z; = 0 and reduce the number of independent coefficients to 13.

If we transform to general coordinates 6, in the (x;,2,) plane, still
retaining the third axis 63, then (7.6.1) becomes

yik = Fikqra . (7.6.4)
where F¥ satisfies the conditions
Pomgeriert |

P =FY=Fp=FH=0

(7.6.5)
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By integrating equations (7.6.4) with respect to z; from —% to A we
find that 798 = Fn 4 F3B g, ‘ (7.6.6)
where 78 = a*aPry),

and 7, is given by (7.5.11). If we now neglect ¢* compared with the
stress resultants n*8, equation (7.6.8) reduces to '

78 = Fsfne. (7.6.7)

This equation is identical in form with (6.7.11) which was obtained for
plane strain provided we replace y*8, r°8 by £, n*, but it must be
remembered that the coefficients F{E (and s3£) have different values
from those defined in § 6.7. From this point the theory may be
developed in exactly the same way as the theory of § 6.7 for plane
strain and results for plane strain are immediately applicable to
generalized plane stress for plates by a simple change in the values of
the elastic coefficients.

7.7. Transverse flexure of isotropic plates: Reissner’s theoryt
Since the equations of infinitesimal elasticity are linear, the stress
distributions which are symmetrical about the plane z; = 0 can be
considered separately from those which are antisymmetrical about
x, = 0. Here we imagine that the plate is loaded in a general anti-
symmetrical manner on its faces and we evaluate the stress-couples
m®B and the shear stresses ¢* which are associated with the transverse
bending of the plate. From (7.3.11) the relevant equations of equi-

librium are m“ﬁia—qﬁ-!-s‘s =0
. (7.7.1)

¢*lotp =0
We also make use of one of the equations of equilibrium for stresses,
namely, 733 478, = 0, (7.7.2)

We assume that the shear stresses 73* through the plate may be
represented approximately by a quadratic expression in z,, so that,
remembering the boundary conditions (7.2.8) and the formulae

(7.1.12), we put . 3qa(1 x§) sa(l_3x§)

e [ | B (7.1.3)

h)

+ This theory was originally obtained by E. Reissner by a variational method:
J. Math. Phys. 23 (1944), 184; J. Appl. Mech. 12 (1945), 68; Quart. Appl. Math. 5
(1947), 55. An alternative derivation was given by A. E. Green, Quart. Appl. Math. 7
(1949), 223.
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It follows from (7.7.2), the second of equations (7.7.1), and the boundary
conditions (7.2.8) for 733 that

3p(x 3
Tasr_%(_,?s_s%)_{,s ‘0‘(323 zg) (7.7.4)

The stress-strain relations (7.4.4) and (7.4.5) may be solved for 78,
7%3 in the form

af — 9 af af, N ,aB.33
! 4 g “y)+bm“’}, (1.7.5)
703 — 2#‘)/0‘3
where yoB = LaXaBr(V)|, 4V, 1) (7.7.6)

From the first of equations (7.7.5) we may evaluate m®f, which is
defined by (7.1.11), in terms of certain ‘weighted displacements’

h
3
Wo = 533 f Vy x4 das, w* = a*w), (7.7.7)

where the definition (7.7.7) has been chosen so that if V, is approxi-
mately proportional to x5, then the factor of proportionality is equal
to w,. Thus, using also (7.7.4),

2uh
me® — 20t +,)3) + o 0By 4

na*f(2h%p" k3|
1—y\ 5 15

). (7.7.8)

The second of equations (7.7.5) may be written
78 = paH(Vr+ o). (1.7.9)

We have already introduced ‘weighted displacements’ (7.7.7) and this
suggests that equation (7.7.9) should be multiplied by a term 3 and
then integrated through the plate, since, after an integration by parts,
we reproduce the weighted displacements w,. This process, however,
also introduces unknown values of V) at the faces of the plate, so to
avoid this we multiply (7.7.9) by 1—a2/h? before integration. Then,
using (7.7.3) we obtain, after an integration by parts,

al
q* = %8"‘—4—5“ ha (wr—+wy), (7.7.10)
. . )
] %\y: 4 7.7.11
where . W= — 525 3%s. (7.7.11)

5237 Q
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The numerical factor outside the integral in (7.7.11) has been chosen

so that if 7} is constant then this constant is equal to w.

b}
From (7.7.10) w = —wP+ (q —-i) (1.7.12)
and, if we substitute this in (7.7.8) and use (7.7.1), we have

| maﬁ=_ﬂ‘1’_(w|aﬂ+ "7 aaﬂwl)‘)
—7

af A
+li52(sqa;ﬂ+6qﬁfa_sa|ﬁ_sﬁ|a)_Mﬁ_s_@, (7.7.13)

15(1—n)
From this and from equations (7.7.1) we obtain
2h? h? 4uhd
B2 gBl2 = B__.._____6 Bisx|B4(1—n)sB|2} — 1 w|2P

(7.7.14)

and differentiating this covariantly with respect to 8 and again using
(7.7.1) gives

4uh a Ly C—mhEplitseife)
3( ) |aﬁ p—s |a+ 15(1 77)

In many problems the derivatives of any order of the loads p and s*
with respect to fg are of the same order of magnitude in the thickness
of the plate as the loads themselves, so that, if A is small, we may write
(7.7.15) and (7.7.14) approximately as

—0. (7.7.15)

Dw|3f—p—s*|, = 0
7.7.16
qﬁ—g;b—qﬁl?: = 83~lezﬂ} 7719

4uh3
where D=_"F* 7.7.17
3(1—n) ( )
Also (7.7.13) and (7.7.12) become
m* = —D{(1—n |*ﬁ+na°‘ﬁwl)\}+—(q B+gBl®), (7.7.18)
w = —w[>«+3_9.. (7.7.19)
' 5uh

This approximation is equivalent to neglecting 733 in the stress-strain
relations.
The second equation in (7.7.1) shows that we may express ¢f in the

form QP = R|§A+€ﬂf\x,)ﬂ (7.7.20)
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where y is a scalar and R is a particular integral of the equation
p= _R(%)\c (7.7.21)
If we substitute (7.7.20) in (7.7.16) we find that

2h?
BAly — 2 |
€ (X 5 X la)

where we have neglected 2h%p|B/5 compared with R|f. Alternatively

+ R = sB—Duw|28, (7.7.22)
A

2
(x5 x)| = sme?— Ri=—Dwr?) (7.7.23)
5 A
o 242 A A
and hence (X—Tx[g) \ = 63)\851 , (7.7.24)
since egA(R|EA+Dw|3P) = 0.

In the rest of the chapter we restrict attention to problems for which
sP is zero. Equation (7.7.24) then shows that y satisfies either of the
equations op2

xh=0  x——Fxh=0
We now replace equation (7.7.20) by
¢f = RIP 4N+, (7.7.25)
where  and ¢ are scalars,} and
X2 = Patendlf
A .
hzd"h =0l (7.7.26)
2
‘/’——5—1/‘& =0
Remembering that s = 0, equation (7.7.22) becomes
- $IP+RI} = —Du|f,
and therefore Dw|t = —d—R|%, (7.7.27)

if we absorb an arbitrary constant in the function ¢. Also, from
(7.7.18) and (7.7.25), neglecting the term of order h2R|}F,

2
meP = —D{(l—n)w|‘*ﬂ+na“ﬁwtﬁ}+-2—§~(2¢l°‘ﬁ+ea*«/l|§+eﬁ*¢li),

but, since ¢ and A%w are the same order of magnitude in the thickness
h, we may write this approximately as
| 2h2 :
mo = —D{(1—)wiBt-naPuld} + (€ -+ ).
(7.7.28)

t ¢ need not be confused with Airy’s stress function used earlier in this chapter for
the stretching of plates.
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With the help of (7.7.27) the equation (7.7.25) for g8 may be written
in the alternative form

qﬂ = GBA(IJ,/\—D’W]ﬁA. (7.7.29)
Finally, putting $* = 0, we may write (7.7.19) approximately in the
form BA .
wh — — w30 (7.7.30)
5ph

where we have neglected terms of the type h2w|8* compared with w|f.

For transverse flexure of the plate we see, from (7.1.6) and (7.1.7), that
the force per unit length exerted across any curve in the plate whose
unit normal is given by (7.1.5), ist

n = q%u,a,, Uy = Gaﬂ%egﬁ, (7.7.31)
and this is a force of magnitude

N = q*u,
normal to the plate. The resultant force normal to the plate of the
forces on an arc AP of a contour ¢ in the plate, acting on the material

outside ¢ (see Fig. 6.1), is therefore of magnitudej

P
F= f q*u,, ds, (7.7.32)
A

which, with (7.7.20), becomes

P P 208
— o o
F = f R}*u, ds+ fe eaﬂX,A'Eg‘ds
4 4
P P
= [ RiYuy ds+ [ xgd6P,
4 4
P
or F = [R&“ua ds+x, (7.7.33)
A4

apart from an arbitrary constant which may be absorbed by x since
this does not affect the stress distribution.

If the distribution of load p on and inside a contour ¢ is continuous,
then we can choose an integral E of (7.7.21) which is continuous and
which has continuous derivatives of the fourth order. The resultant
force on the complete contour ¢ then becomes, by Green’s theorem,

F=[x]i— f p d8s. (7.7.34)
S

t ne*p = 0 here. 1 The force is directed along —a,.
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The second term in (7.7.34) represents the total load on the portion
of the plate enclosed by c so that, in this case,

[xli=o.

If, however, we can find a neighbourhood of the contour ¢ through-
out which there is zero load, we can choose the particular integral R of
(7.7.21) to be identically zero throughout this neighbourhood, so that
the resultant force on the contour ¢ becomes

F = [x]4. (7.7.35)

If the total load inside the contour ¢ is non-zero, then [x]4 no longer
vanishes. For example, the load distribution may be zero everywhere
inside ¢ except at an isolated point at which an isolated load acts.
The corresponding value of R is zero everywhere, except at the isolated
load, and the function xy must contain a singularity at the load which
is such that —[x]4, taken around a contour ¢ enclosing the load, is
equal to the load.

The moment about axes at the origin of the forces and couples,
exerted by the region 2 on the region 1 across 4P (Fig. 6.1), is

P
K= f (m+-rXxn) ds,
A

where, from (7.1.6), (7.1.8), and (7.7.31),
m+rXn = u,m*ey, aP+rq%u, ay X a
= Uy (M —qord)ar

= u(mA—qray, efra,,

P
so that K= f&g’é(m"‘x—q“r)‘)a,\p a, doP. (7.7.36)
4

7.8. Notation

As mentioned in Chapter VI we frequently abandon tensor notations
in applications to special problems and we use rectangular coordinates’
x, y, Z, and curvilinear coordinates (¢, ) in the (, y)-plane. Also com-
plex variable notations are again used so that

2= x+i?/, Z= x_iy’ = §+i7]’ Z = g—i"]; (708'1)
and we suppose that z, { are connected by the transformation
e=20), B Jgee (7.8.2)

14
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For convenience we repeat the formulae (6.4.9), (6.5.11), (6.5.12), and
(6.5.14):

0= 2wzt Oy P = am—ow-}—.?iaw, Y = 0,410y,
0 = oggt o, Q' = afg—aw—l—%ofn, Y = U§z+’l:0'nz
0 =0, D' = Qe-2ie
Y = We-ie, Ug+ou, = (uy+tu, et
In rectangular coordinates z, y, Z the stress couples m®8 and shear
stresses ¢~ are denoted by

(7.8.3)

h h h
¢,= [0.2d2, G, = [o,2d2Z, H,— fazyz dz
—h —h -h
. ‘ . (7.8.4)
N, = [o,dz, N, = fayde
~n ~h

The corresponding (physical) stress couples and shear stresses in curvi-
linear coordinates are

h h h
G = [ox2d2, G,= [o,2dZ, Hy= [oy,Z2dz
=h ) -
. . (7.8.5)
N, = [ o dz, N = (o,dZ
_!; ¢ n __!; ]
We also use the abbreviations
h A
A= [024dZ = @.+G,
—h .
h
r= f ®ZdZ = G,—C,+2iH,, (7.8.6)
Iy 3
h
¥, = f‘l“ dZ = N,+iN,
_.h J
B )
N = [0zdz = @+6,
—h
h
I'= [©ZdZ = G;—G,+2iH,, |, (7.8.7)
~h
h
¥ = f‘F dZ = N;+iN,
Iy 3

so that AN = A, IV = Te—%e, Yy = Yye e (7.8.8)
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7.9. Integration in terms of complex potentialst

The equations for the small transverse deflexion of an isotropic plate
may be partly integrated in terms of two complex potentials. Thus,
using the notation of § 6.4, the second of equations (7.7.26) may be
written 2%

P i 0,
and therefore ¢ = 4D{Q'(2)+Q'(2)}, (7.9.1)

where ((z) is a general complex function of z and the constant factor
has been chosen for convenience in later stages of the integration.
From (7.7.27) and (7.9.1), using § 6.4, we obtain

2w 1 2R , )=

5 D 82—82_9 ()—Q'(2),
and therefore

w = — R/D—20(2)—2Q(2)— w(2) — @(2), (7.9.2)

where w(z) is an arbitrary function of z.

We are now able to write down the complex components of the
stress couples m®8, shear stresses g%, and displacements by interpreting
(7.7.28), (7.7.29), and (7.7.30) in complex coordinates z, Z, and we may
then transform to general complex coordinates {, { by an exactly
similar process to that used in § 6.5 for plane strain. Using the metric

components (6.4.3) which correspond to complex coordinates z, Z and
observing that the components of m*8 in these coordinates are I, A, T
we have, from (7.7.28), (7.9.1), and (7.9.2),

A= -4D(1+?7)a =
— (1£n)VERH4D(1+ )@ () +T@), (7.9.3)
2 2
P = —4D(1—y )3_”’ Lﬁi”zz‘/;
— 41—y ) +4D (1= )" (2)+ " }_16’”15;, (7.9.4)

where, in (7.9.3), V% denotes the two-dimensional Laplace operator
4(0%/020%). Also, from (7.7.29) and (7.9.2),

¥ = 2 ai‘_zpav W
o0z
9 a¢ +2ﬂ£+spﬁf'( 3), (7.9.5)

t See A. E. Green, loc. cit., p. 224.
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and, denoting the complex components of w* by 4,--14,, we have, from

(7.7.30), w6 o
i 4, = —22% W 9.
Uyt vy 9% buh oz (7.9.6)
If we interpret (7.7.26) in complex coordinates and use (7.9.1), we

have
X _®_ 4ipar(z),

oz 0z
ox 3',/1 "
2 = +4 1DQ"(Z),
so that X = ¢+4zD{Q z)—Q'(2)}, (7.9.7)

apart from an arbitrary additional constant.
The resultant force (7.7.33) on an arc AP of a contour becomes, in
terms of complex coordinates,

B3R #R
F =4 f {az%zd — iz | Y DTG -G} (7.9.8)

If the arc AP lies in a neighbourhood of the plate throughout which
the load is zero and the corresponding value of R vanishes, then
(7.9.8) I‘educes tO F — lll+4'l:D{Ql(2)—Q’(z)}. (7‘9.9)
Again, if the components of the couple K about the z- and y-axes

are (L, L’), and if A, are the complex covariant base vectors, then
= (L+iL')A,+(L—iL)A, = KA,+KA,, (7.9.10)

and, from (7.7.36) and (6.4.2),
P

K = Lill = § [{(A—2F,) de— (I —2¥) dz}.  (7.9.11)

A
Substituting for A, T, ¥, from (7.9.3) to (7.9.5) gives

P P
K=“2(1+,7)§_2@_ 33R}dz f{Z(l—n)@—M@i—z} it
A A

20% 0220% 072 020%
Pr
+D [ 2(14+9)Q )+ (2] — 4:Q"(2)} d2—
A
P

—D [ 2(1— )" (2)+ " (3)]— 42" (5)} dz—

—1

o o . h262¢:
{z——dz-{-z dz— 5 }
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and apart from an arbitrary additional constant{ this reduces to

P
K= —2(1~n) +4z§£_ SJ-z—aa—thz-[-

02202
4
+2D{(3+)Q(2) — 22Q(2) + (14-1)2'(2) — (L— )" (2)}+
e {?ﬁ & 4,} (7.9.12)
if we use the last equation in (7.7.26) in the form
8h% 0%
o (7.9.13)

If the distribution of load p over the interior of a contour ¢ is eon-
tinuous then the complex couple K exerted across ¢ by the material
outside reduces to

K = fpzdS—H[——-—f—— zﬁr

N
+2D[(341)Q(z)—22Q(2) +(1+ 7)Y (B) — (1— &' ()] (7.9.14)

The first term is an integral over the area enclosed by the contour ¢
and represents the (complex) moment of the load p about the axes.

If the arc AP lies entirely in a heighbourhood of the plate which has
no load on its face, then R = 0 and the complex couple (7.9.12) becomes

X i [sm o ¢]

+2D[(3+ 7)Qz) — 2 (2) +(1+ e (2)—(1— (@), (7.9.15)

The above theory expresses the stress couples, shear stresses, and
displacements in terms of two harmonic functions Q(z), w(z) and a
function ¢ which satisfies equation (7.9.13), so that on each boundary
in the plane of the plate three boundary conditions are required. For
example, if the displacement is given on any boundary, then 4, i,
and w take preseribed values. On the other hand, if the applied stresses
are prescribed on the curve ¢ = constant, then

o+ ¥o = 2N, N 4T = 2(Gp+-1Hy,) (7.9.16)

1 This constant can be absorbed into the complex potentials. See § 7.10.
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are known on this curve. Alternatively, we may express these boundary
conditions in terms of the resultant force and couple exerted across an
arc AP of a contour, using (7.9.8) and (7.9.12). It is, however, more
convenient to replace (7.9.12) by

K+izF = 2D[(3+9)Q(z)— (1—n){zQ'(2)+&'(2)}]+

N

8ih? oy SR
W o(1—m)PZ_ .
T % 8_[ o7 " fa 755

(7.9.17)

If the plate is unloaded on its faces and a single contour ¢ in the
plate is free from applied stresses then, from (7.9.8) and (7.9.17) we
have »

Y+ 4D[Q'(2)—Q'(2)] = 0
2
Y D(e+n0e——nE@@+a@] =o [ 119

7.10. Properties of the complex potentials
If the complex potential Q(z) is replaced by Q(z )—l—iO’z—l—a—}—iﬁ and
w(z) is replaced by w(z)+(a'+18)2+a"+1B", where «, o', B, B, &, B’,
C are real constants, the stress system given by (7.9.3) to (7.9.5) is
unaltered, but, from (7.9.2) and (7.9.6), w and 4,44, become

w = original w— (a+ao'—if+18")2— (a+a'+iB—1if')Z 247,
@11, = original (@,-44,)+2(at-o' +iB—if’),

the additional displacement representing a rigid-body displacement of
the whole plate. If the displacement is given everywhere not all the
constants a, o', «”, B, B’ are disposable and only one of the pairs «, B
and o', B’ can be chosen arbitrarily. The constants C, 8” can always be
chosen arbitrarily since they do not affect the stresses or displacements,
and we shall usually replace these constants by zeros.

We assume that the load on the plate is distributed over a finite
number of non-overlapping simply-connected regions, so that p is
continuous inside each region and zero outside. Inside each loaded
region the function R, which is a particular integral of equation
(7.7.21), together with its derivatives up to the fourth order, may be
chosen to be continuous and single-valued. Outside these regions R
is identically zero. It follows from (7.9.2) to (7.9.6) that, if the stresses
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and displacements are to be single-valued, then
A A A S
e [ B
oz 4 0z 4 0Z 4
[QEE=0 [QE+aEE=0 [o"@];=0l (101
[w(2)+@(2)+2(2)+2Q(=)] g = 0
[o'(2)+02(8) +2Q(2)] g = © J
where []:: denotes the change in value of the function around any

contour lying entirely inside a loaded region of the plate, or entirely
inside an unloaded region of the plate. Also, partial derivatives of the
above functions, if they exist, satisfy the same conditions. Hence

]

4
and since, from (7.7.26), at points inside the plate,
8h% 9%
5 oz0z

it follows that [z[:]j == 0. Therefore ¢ and its derivatives up to the
second order (at least) must be single-valued in each loaded or unloaded
region of the plate.

When the above conditions for single-valued stresses and displace-
ments are satisfied, the resultans force and couple on a contour ¢ lying
entirely in a loaded region of the plate become, from § 7.9,

F=_— f p dS—8iD[Q'(2)]
5 , (7.10.2)

K=i f pz dS—8D[&'(2)]
S

if the load is continuously distributed over all the interior of c. If the
contour c lies entirely in an unloaded part of the plate, the correspond-
ing results are

F = —8iD[Q'(2)]4 } (7.10.3)

K = —8D[&' ()]

When the plate S is finite and simply-connected and has a continuous
distribution of load over its entire surface, then we suppose that Q(z),
w(z) are holomorphicin the open region S, and that yanditspartial deriva-
tives up to the second order are continuous and single-valued in the
open region S; the stresses and displacements are then single-valued.
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The case when the load is distributed discontinuously over a finite
simply-connected plate may be included in the following discussion on
multiply-connected regions.

When 8§ is multiply-connected, suppose S is bounded by one or more
smooth non-intersecting contours L,, L,,..., L, of which L, contains
all the others. The contour L, may be absent (i.e. it may be reducible
to the point at infinity) in which case the region § will be infinite with
contours L,, L,,..., L, as internal boundaries. For the present we
assume that the region § is unloaded. If we require the stresses and
displacements to be single-valued in the open region S then, in view
of (7.10.1), we assume that i and its derivatives up to the second order
are continuous and single-valued and

Q6 = > g )

where the point 2, is inside the contour L, (and therefore outside S)
and where i;(2) is holomorphic in § except possibly at infinity. Also
a,, b, are real constants. Hence

Q'(2) = Z ’—H —___Tlog( z—z,)—l—glf0

r=1

and since [Q'(z)+'(2)]4 = 0 it follows that b, = 0 and

a2 < ¢,+1id,
Q) = 2 Tlog(e—2,) + Z 2 log (r—2,)+(2),

(7.10.4)
where c,, d, are real constants and ,(z) is holomorphic in S except
possibly at infinity. Using the last but one result in (7.10.1) we find
that

w(z) = Zl % 2log(z—2) + Z % log(z—2)+w0l2),

(7.10.5)
where a,, are real constants and w(z) is holomorphic in S except possibly
at infinity.

Around any contour. L, enclosing L, and not cutting the other con-
tours, Q’'(z) increases by ia, and &’(Z) increases by —i(c,+id,). Now
let the contours L, tend to L, except that points of discontinuity of i,
Q(z), w(z) on L, are excluded by small semicircles. Then, since the plate
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is unloaded, the total forces F, and couples K, on each contour are, by

(7.10.3), F — 8D,
e } (7.10.6)
K, = 8iD(c,+1d,) A
Hence, (7.10.4) and (7.10.5) may be written in the forms
- F & ik,
_— r —_ ) r
Qfe) = Z Toop?l0se—2)— D> s logla—2)+ Q)
: = =1 . (7.10.7)
< ik, 1 < a;l
w(z) = Z o7 logle—2)+ 2 5=log(z—2,) +wi(2)
When the region § is infinite, then, for sufficiently large |z],
Qz) = 6 D(leogz—zKlogz)—{—Q( )
- , (7.10.8)
w(z) = Tom Dzlogz—}—K log z+w,(2)
where F=3F, KE=3SK, (7.10.9)
r=1 r=1

so that F is the resultant force normal to the plate acting on all the
boundaries L,, L,,..., L, Also K represents the total (complex)
moment about the - and y-axes of the couple acting on these con-
tours. The constant K’ is real and the functions Q,(z), w,(z) denote
holomorphic functions which, for sufficiently large |z|, may be developed
in Laurent series. From (7.9.3), (7.9.4), (7.9.5), and (7.10.8) we see that,
in general, the stress system will become infinite at infinity unless the
resultant transverse force vanishes. If the resultant force F vanishes
the displacement w given by (7.9.2) becomes infinite at infinity when the
resultant couple K is non-zero; but even when both F and K vanish
the displacement w may still become infinite at infinity due to the
presence of a term K’logz in w(z) which contributes nothing to the
stress system at infinity.

Suppose now that the resultant transverse force ¥, on each boundary
L, vanishes. Then a, = F = 0 and if the stresses are to remain bounded
at infinity we have, for sufficiently large |z|,

_ iKlogz al‘Hﬂl
Qz) = ——I—S——D—+BZ+ atif4+——— ( 2)
() = ’Klegz_*.K'logz-{— Ly (7.10.10)
167D

Y B0 (B et 0(%) |
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the constants B, B’,... in (7.10.10) being real. If M,, M, are the principal
stress couples at infinity and « is the angle between M, and the axis
Oz, then, provided ¢ and its derivatives vanish at infinity,

M,+M, = 8(1+9)DB }

(M, — M,)e%* = 4(1—5)D(B'—iC") |
If the stress couples at infinity are not bounded but have known values
we can modify (7.10.10) accordingly.

When the region S is bounded by a single closed curve L and extends
to infinity, then, if the stresses at infinity are zero,

(7.10.11)

, 1K 1
2@ =— 16tz+0(25)
o e (7.10.12)
w'(e) = mw(@)

for large |z|.

The results (7.10.4) to (7.10.12) may also be used for a plate bounded,
externally by a contour L, and internally by contours L, L,,..., L,
and loaded over a finite number of non-intersecting simply-connected
regions which are bounded by contours L, ,,,..., L,. The previous
formulae then apply to the region S bounded externally by the contour
L, and internally by L,, L,,..., L,.

If the whole surface of a multiply-connected plate is loaded, some
modifications are required in the formulae (7.10.6), but the rest of the
discussion of the complex potentials is similar to that given above.

The above results are also modified if part of the boundary of the
region S is in the finite part of the plane and the rest of the boundary
extends to infinity. Suppose S-consists of the (unloaded) region of
Fig. 6.3, which was described in § 6.6, and let K = L+-iL’ be the
resultant couple exerted over L,, L,,..., L, and the real axis, the re-
sultant transverse force over the same boundaries being assumed to be
zero. The resultant couple exerted on the material inside the semicircle
|z = R across its boundary is then K = L+:L’. If stress resultants
and stress couples vanish at infinity, then, for large |z|, we assume that

, A+iE 1 " - A+iE 1
Q) = 27z +0(?)’ V@) = — 2722 +0(-z—3)’

, 'y 2T 1
w" (Z) = 4 +1’E +0(;é)’

27z

where A, E, A’, B’ are real constants. We also assume that 2y, and
its derivatives up to the second order all vanish for large |2|. If, in



7.10 PLATE THEORY 239

-addition, we anticipate (7.13.7) and .(7.13.10) of classical theory in
§7.13, and assume that G, and y—H,, are O(1/2?) on y = 0, then

lim 2@, = 0, lim z(x—H,,) = 0,

|]—>c0 |z|—>c0

o that, from (7.9.3), (7.9.4), and (7.9.7),

B4+nd = (1—n)d4’,  (B+n)E= —(1—9)E"

By applying (7.9.12) to the semicircle |z] = R in the upper half-plane,
and remembering the conditions imposed on ¢ for large |z|, we obtain

K = Di[(3+9)(A+iE)+(1—n)(A'—iE")].

. K
Hence A—H,E = m)a
¢
A4 —I-'LE = —ma
and, for large |z|,
‘ K 1
Q) = -,____+o(—)
4w D(3 2
o <K+")z Zl (7.10.13)
W'(E) = — m—pu—_wﬂ“o(z‘z)

For many practical problems a further simplification of the theory
can be made which we consider in the next section. *'

7.11. Classical bending theory: isotropic plates

If the shear resultants ¢~ are such that derivatives of ¢* with respect
to fg are of the same order of magnitude in % as ¢* itself, then we can
write the second equation of (7.7.16) approximately in the form

¢* = s*—Dwlf, (7.11.1)
and then (7.7.18) becomes
mB = —D{(1—n)w|*+naPuwl}), (7.11.2)
whilst w satisfies the equation
Dw]ﬁ%-—p—s“la = 0. 4 (7.11.3)

These approximations mean that we have neglected terms in m*# con-
taining the shear resultants ¢* which appear after we have substituted
for w? in terms of w[* and ¢*. We may therefore write (7.7.19) in the

approximate form w = —wl, (7.11.4)

when shear loads s* are zero.
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An equivalent statement of the above theory is obtained if we neglect
the function i so that, when shear loads s* are zero, the formulae of
§ 7.9 become

w = — R|D—20Q(2)—2Q(2)—w(z)—&(Z)
= (1+n)V2R+4D(1+n HQ'(2)+Q' ()}

—4(1—77) +4D (-} @) +a"(z) p- (T.11.5)

N

av1

Y, = +8DQ"(z)

Since we now have only two potential functions at our disposal we
can no longer impose three boundary conditions at each boundary of
the plate. If, for example, the plate is clamped at its edges, then w
and 4,, %, vanish there. From (7.9.6), when = 0, the vanishing of
%, and 4, implies that

ow ow

Moo, o, 7.11.6

oz 0z ( )
and, for a single boundary, these conditions include the condition that
w is zero. We may therefore replace the boundary conditions by the
single (complex) condition

w_ oy, (7.11.7)
oz
' 1 oR

—= z)+2Q) "(z) = 0. 11.8
or D% +Q(z)+zQ ()4+w'(z) =0 (7 )
Alternatively, at a clamped edge, we may write the boundary condi-

tions as ow .
w =0, — =0, (7.11.9)
on .

where ow/én is the outward normal derivative of w at the boundary.
When the plate is unloaded on its face but is bent by forces over its
edges, then the condition (7.11.8) at a clamped edge becomes

Q(2) 429/ (2)+w'(z) = 0. (7.11.10).

Comparing this with the boundary condition (6.4.20) at a stress-free
edge in plane strain (or generalized plane stress) we see that there is
an analogy between problems of the bending of thin plates which
are clamped at their edges and problems of stretching of thin plates
which have stress-free boundaries. If, however, the plate extends to
infinity, some differences arise in the forms of the potential functions
for large |z|. ‘
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We encounter difficulties in the boundary conditions when given
stresses are applied at the edges since the three conditions (7.9.16) do
not obviously reduce to two. In order to obtain the correct boundary
conditions we consider the virtual work equa,tlon for the flexure of a
plate.

7.12. Virtual work and elastic potential for flexure

If the displacements V, are approximately proportional to the ;-
coordinate then, in orthogonal cartesian coordinates z,, the sections
x, = constant, x, = constant in the plate rotate by amounts —w,, w;
respectively during pure flexure of the plate (see 7.7.7). Hence, in
general 0 -coordinates a section of the plate receives a vector rotation

0 =a;xw, (7.12.1)
where w = w,a% (7.12.2)

Also, if the transverse displacement is approximately constant then
the middle surface of the plate receives a displacement wa, during
flexure.

Now consider a virtual displacement dwa; and a virtual rotation

30 = az; X dw, (7.12.3)
of the middle plane of the plate, where
dw = dw,as, (7.12.4)

and dw, dw, are the variations of w and w, which are defined in
(7.7.11) and (7.7.7) respectively. We take the scalar product of equation
(7.3.2) with 8w a, and the scalar product of (7.3.8) with 8@ and add and
integrate over the middle plane of the plate. Thus

[f {(Na,a+P).a38w+Ma,a.ae+s.ao_Q«[a3xam].se}%g —o,

(7.12.5)
where the surface element of the middle plane is

dS = \J(a)d61de?.
Equation (7.12.5) may be written in the form
f f {(N,.2,80) ,+(M,.80) ,+P.a,5w}S.50—N, as(Sw)a
—M,.(50) ,—Q4a;xa,]. 80}4 =0.

rane »
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We now suppose that the middle plane of the plate is bounded by
one or more closed curves which we denote by ¢, the unit normal at
any point of ¢ being u, where

u = u,a*
From (7.1.3) and (7.1.6)
Uy N _ %M,

va ' R

and using these results, and Green’s theorem, equation (7 .12.5) becomes

f(n'.a38w+m’.80) ds+”P.a33w_+”s ae

= f f {Na.aa(Sw),aJrMa.(se),awa[aaxaa].w}%, (7.12.6)

n—

where ds is the line element along ¢ and n’, m’ are the values of the
stress resultant and stress couple at the curve c. Alternatively, equa-
tion (7.12.6) may be written

3*4 = 6*A4,+8*4, = 3U, (7.12.7)
where $*4, = f (n'.a,5w+m’.50) ds (7.12.8)
is the virtual work of the forces and couples acting along c,

8*4,, ”pswds+ H $.50 dS (7.12.9)

is the virtual work of the loads acting on the middle surface of the plate,
and

3U = H {N""a“(aw)’“+Ma'(59),a+Q°‘[aa><aa].Be}%,
(7.12.10)

The total virtual work of the external forces is therefore 6*4 and U
is the total potential energy of the body due to straining.
From (7.1.7), (7.1.8), (7.1.9), and (7.12.3),

N 25(8w) o = @*(3w),a»
M,.(30), = y(a)m*[agxa,].[azX (8W),]
= J(@)m®ra,. (dw) ,
= b(@ymra,. (3W) . +a,.(3W) ],
the last result following because m* is symmetric. Hence

Ma'(se),a = «/(a)m“ps’?ap,
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Where Mop = HAa- W42, W]
= Byl w,ly). (7.12.11)
Also Q[agxa,].80 = Q+a,.dw = Q*dw,.
Equation (7.12.10) therefore becomes
8U = J' f {moe 8, +q*(Bwy +-8w,,)} dS. (1.12.12)
We now restrict further discussion to the classical theory of bending,
for which Wty = 0. (7.12.13)
Also, from (7.12.11) and (7.12.13),
Nef = —W|ag- (7.12.14)
Hence, equation (7.12.12) becomes
8U =8 f f W(a) d6'd6, (7.12.15)
where SW = m*B g, (7.12.16)

W being the elastic potential per unit area of the middle surface of
the plate. Since the plate is elastic W is a complete differential and

ow
W = 8%58%‘5’ 3148 = 37y
W being a function of 7,5 Also
U= ” W|(a) d61d6?, (7.12.17)
and moP = -1-(-3—14—,— ﬂ) (7.12.18)
2 3")::,8 anﬂa

From (7.11.2), (7.12.14), and (7.12.18) we find that the elastic potential
for the flexure of an isotropic plate is

W = }D{(1—n)aaPr-na*Barelw| g wl),, (7.12.19)
where D is given by (7.7.17). Also, we may express W in the form
W = dmebr,g. (7.12.20)

7.13. Boundary conditions

In §7.11 it was pointed out that difficulties occur in finding the
correct boundary conditions at a free edge of the plate in classical
bending theory. We now determine these conditions by examining
the virtual work 8*4, of the forces and couples acting along an edge c
of the plate (see 7.12.8).
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For this purpose it is convenient to express m in terms of a tangential
and normal component at each point of the curve ¢ (see Fig. 7.3).
Thus

m = ([a;xu]4 Hu, (7.13.1)
¢ and we denote the value of n by
n = Na,. (7.13.2)

Also if 8/os, @/on denote derivatives along the
tangent and normal to ¢, then

H
ow ow

W, = “a%—%suﬁ-a;, (7.13.3)
and, using the approximation w, = —w,, equa-

tion (7.12.1) becomes

Fia. 7.3. Stress couples 2 P

on boundary. _ a.xul+%u 7.13.4
0 an[ax]+as' (7.13.4)

Hence

08w 0 ow
m.80+n.azdw = —GW+H_5;+N8w

odw , @ oH
= —GW—}-&(HSw)-{-(N—-a—S)Sw, (7.13.5)
and %4, = f {(N'-—aH )Sw— G’a—s—@} ds, (7.13.6)
0s on

since H'w is single-valued. Formula (7.13.6) shows that the virtual
work of the external stresses is equivalent to the virtual work of a
flexural couple G’ and the virtual work of a force N'—(0H’/os). This
indicates that at a boundary where stresses are prescribed

, oH ., oH
¢=¢, N-T=N-T, (7.13.7)

where G’, H', N’ are the externally applied stress couples and shearing
forces. :

When the faces of the plate are entirely free from stress then, from
(7.7.20),

0 40 0 0
@ — 0By p = ®Blyp X __epn uA X\ _ oy, X 1 49X
T =cTxp=c« {uﬂan B 58 U T 5
(7.13.8)
and | N=%¢=%, (1.13.9)
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since e*Pujug = 0 and u,u* = 1. It follows that we may replace the
conditions (7.13.7) by

6=, x—H = y'—H’ (7.13.10)

at a boundary where stresses are prescribed.

The values of the resultant force F and couple K acting on an arc
AP and given by (7.7.32) and (7.7.36) respectively are altered for the
classical bending theory. Thus the resultant force F normal to the
plate acting on an arc AP of a contour ¢ is

P P
F=des— f%{ds, (7.13.11)
4 4
and using (7.7.33) this becomes
P
F = f RP*u, ds+y—H. (7.13.12)
4

Since ¢ is now zero, x in (7.13.12) is, from (7.9.7), given by
x = 4D[Q'(2)—Q'(2)]. (7.13.13)

The couple K about axes at the origin acting on the arc 4 P consists
of contributions from tangential couples of magnitude G together with
couples about the axes due to the stresses N—(0H /0s) normal to the
plate. Thus

K= f {m—Hu—}—r X [n—%%laa]}ds. (7.13.14)
Now

frxa:,%ids-{- fHuds
P 03 P
— [Hrxa,f’— fHaﬁxas%ds+ fHu ds = [Hrx a,]’,
A A

and the other terms in (7.13.14) have been reduced previously to the
form (7.7.36). Therefore

P
K= f Sgu(m?—qrV)ay, 2, dOF—[Hr x 2. (7.13.15)
A
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When stresses are prescribed at the boundary of a contour, then from
(7.13.11) and (7.13.14) we must have

P P
F= des—H - J'N’ ds—H', (7.13.16)
A A
P
K= J'{m-i-N[rx a,]} ds—H[r X a,]
A

P
= f{m'+N’[rxa3]} ds—H'[r X ag), (7.13.17)
A

where a dash denotes the values of the externally applied forces and,
except in the integrals, r is the position vector of the point P. We have
taken H = H' at the point 4 since from (7.13.7) we see that the addi-
tion of an arbitrary constant to H does not affect the boundary con-
ditions. At first sight equations (7.13.6) and (7.13.17) appear to give us
three boundary conditions instead of two, but only two of these are
independent. We replace (7.13.17) by

K—F[rxag] = f{m—}-N[rxaa]} ds—[r X a,) fPN ds

P r
= f{m’—}—N’[ran]} ds—[r X ag] [N’ ds. (7.13.18)
4 4

Since this equation is true for all points P on the contour, it follows
on differentiation with respect to arc length s that

P
2 a9
2 (R—Flrxa]} = m—[a,xa;] f N ds
A
o [
= m’——[aaxaa]% f N’ ds,
A
3 P
or 2 (K~ Flr xa,]} = m—u f Nds
A

P
—m'—u fN' ds, (7.13.19)
A

where u is the unit normal to the contour at P and

u=c¢e (—M—Ba“—a ><ad0'g
T Bgs C T BT
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If we now take the scalar product of equation (7.13.19) with u, we obtain
P P
H— [ Nds=H'— [ N'ds,
4 .4

since H = m .u, and this is the third boundary condition (7.13.16). The
two equations (7.13.18) are therefore sufficient when stresses are pre-
scribed at a boundary.

The function K— F[r x a,] has components K-4-izF and K—izF
when referred to complex base vectors A;, A, and these have already
been evaluated in (7.9.17) for the general bending theory of an isotropic
plate.} For the classical bending theory

K+izF = 2D[(3+m)Q(z)— (1— )}z () + &' (2)}]— 2(1— )%g_

P
SR
—8 f 97705 dz -8z f 57 _dz, (7.13.20)
4 4
on putting ¢ = 0 in (7.9.17).

When the stresses and displacements in the plate are single-valued,
then the formulae (7.10.2) and (7.10.3) for the force and couple acting
on a contour ¢ in the plate are still valid for the classical bending theory.
The discussion of the complex potentials in § 7.10 also remains true for
the classical theory since it is independent of the function ¢ .

When the transverse load on a plate is zero and the plate is bent

by given tractions at its edges we see, from (7.13.20), that the value

of
3

06— e -5 6)

is prescribed at the edges of the plate. On the other hand, if body forces
in plane strain are zero and the displacements at the edges of the plate
are prescribed, then

(3—49)Q(z)—2Q'(2)—&'(2)

takes given values at the edges of the plate. The two problems are
therefore analytically similar. If the plates extend to infinity, some
differences arise in the forms of the potential functions for large |z|,
but this does not introduce any essential difference in the methods of
solution of the two problems.

1 We see from (7.13.18) that K— F[r X a,], when expressed in terms of stress resultants
and stress couples, has the same forms for general and classical bending theory.
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7.14. Bending of aeolotropic plates

We again consider plates which are elastically symmetrical about the
middle plane x; = 0 so that we may use equations (7.6.1) to (7.6.4). We
restrict our attention here to plates which are bent about the plane
¥y = 0 by antisymmetrical normal pressures only so that sf# = 0 and
equations (7.7.1), which are valid for aeolotropic plates, become

mFlo—gP = 0 } (7.14.1)
Ple+p =0
As in (7.7.20), the second equation in (7.14.1) may be satisfied by
¢* = Ry, (7.14.2)
where. p= —R|%. (7.14.3)

Eliminating ¢* from (7.14.1) gives

me| g+p = 0. (7.14.4)

We shall also only develop here a theory which corresponds to the
classical bending theory of isotropic plates. From (7.6.4) and (7.6.5),

aﬁ — C!B o .33
Y = Fspwt P } (7.14.5)
yo3 = 2F{3 M3

and yB = JaaPr(V3],4-V,1) } (7.14.6)
yo3 = %a""\(%,ﬁ-vz\,a)

We multiply the first equation in (7.14.5) by x, and integrate with
respect to 3 from —#, to A. Thus, using (7.1.11) and (7.7.7),
Qhaﬂaﬂ :
3

= Fsfme, (7.14.7)

h
if we neglect ,. 73323 dxs compared with mM, where
~h

0 = a*afiy, } (7.14.8)
)

Naf = %(wa‘ﬂ‘*'wﬂloc
We observe that this definition of Nqp agrees with (7 .12.i1). We also
multiply the second equation in (7.14.5) by (3/4h){1—(z2/h?)} and

integrate through the plate so that, after an integration by parts, we
have, using (7.7.7) and (7.7.11),

>

3 2
jaNw +w)) = 57 ( —%) F$3 38 da,

>
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h
2
or w)+wy = ?%ﬂ f ( —%)F‘i‘gf’“’ dxg.

If we now substitute w, from this equation into (7.14.7) and neglect
terms of the order

p 2
Z [o3
2 f ( —ﬁ)Fng"a da,
compared with m we see that this is equivalent to the assumption
W) = —w) (7.14.9)
which we found to hold in the classical bending theory for isotropic
plates. Using the result (7.14.9) we find, from (7.14.8), that
Nap = _wlaﬁ } 7
. 14,10
1’°‘ﬁ = -—a"‘)\aﬂ#whp. = —-w]O‘B ( )
For most purposes it is convenient to express m®? in terms of 7M.
To do this we define elastic constants Eiﬁ by the equations
ES FR — 5538, (7.14.11)
so that, from (7.14.7),
2h3 2h3
meB — 5 Ef v = —TEﬁﬁw]M. (7.14.12)

For applications to practical problems it is useful to notice that the
formulae corresponding to (7.14.11) in rectangular coordinates are

5 e = 538F, (7.14.13)
so that we have six coefficients
i, ot o} ol o} B, (7.14.14)

defined in terms of six independent coefficients
sih sk St 13 s s (7.14.15)
We also observe that

B = oy — ofy = = M (7.14.16)

The coefficients E"A‘ﬁ, ci‘ﬂ are not the same as those defined in Chaptér V.
From (7.14.4) and (7.14.12), we have, at once,

2h3 0
_3_E,\ﬁw|§'§ =p, : (7.14.17)

since the coefficients E;ﬁ are such that E‘)’(ﬁ| , = 0, and this is a fourth-
order differential equation for w. This equation may be integrated
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with the help of the complex variable notations of § 6.4. If 58 .. denotes

the values of the elastic coefficients E’)\ﬁ in complex coordmates, then

wp _ 02 02 0af 0an

M= 5p 57 02A ok 4 (7.14.18)
8o that o8 = Of = ofs = 0%, (7.14.19)
and Ol = O = Heli+efieci—2a) )
Cl = H(cH+cBi—4cl—2ckl+ dicll—dicl2
C3 = O} = Hcll—cB4-2icll4-2icl?) Lo (7.14.20)
O3 = Heii+oi+2c3)
011 = sz Cﬁ = 011 - '%5 J
Equation (7.14.17) may be written in the form
2h3
Také’annE;ﬁwhﬁgn = p, (7.14.21)

and interpreting this in complex coordinates with the help of (6.4.3) gives

w -
cuTyraon Yy cptaom T+

ow  3p

+4 C}%a a'3+ CHm = g5 (1:14.22)
When p = 0 this equation is similar to equation (6.7.19) (apart from
a change of sign in two terms) and therefore the complementary
function of (7.14.22) may be written

= Qz+y,2)+QE+712) ety 2)+6(E+7,2),
(7.14.23)
where y,, y,, 1/y;, 1/7, are roots of the equation

2y4+408 2+ 2(C4-201)y2 4 408 y+ O3} =
(7.14.24)

and y,, y, are chosen so that |y,| < 1, |y,| < 1. By an argument similar
to that used in § 6.7 we can show that v, %, # 1, y,7, 5 1, a condition
which is necessary for the equation (7.14.22) to be elliptic. As in §6.7
special cases of the general result (7.14.23) may occur in practice but
these can be considered in an exactly similar fashion.
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Using the notation of § 7.8 and interpreting (7.14.12) in complex
coordinates we have

8h? o*w o*w o*w
A= _2lorl® 90122 % 139 W
3 (022 gar T2+ Ol 322) 714.95
L 1o G Cac e L e
- 3 22 022 12%"‘ llﬁ
whilst, from (7.14.1), Y, = %g—}-%g (7.14.26)

Hence, when the load on the plate is zero,

8h3 ” - - "y=
A = — - {2087+ CHivDQ () +(CB 7+ 2013 7.+ CIHQ" (2)+
H(CE+20E v+ Cli vdw" () +H(CR 73 + 201 72+ C1&" (2,)},
(7.14.27)
8h3 ” ~ ¢ - "=
= — 5 {(CE+ 200y, + CHvDQ" () +(C 7142017, + O (3) +
+(CH+20T3 v+ Ol yd)o" (22) +H(CH 734201 72+ C11)6" (2,)},
(7.14.28)
8h3 m A miz m T =z ¢
Yo = —-—g-{'yl by Q7 (20)—ky Q" (Z)) +ya kow" (25) —kp 0" (25)},  (7.14.29)

&

where

‘

ciri 1 . C?2.2 1 1
ky = —2—2(*—""—71—Y2)— 117’1()/1_},2_____?)
Y1 Ve

4\y; 72 4
curl 1 _ 22,2 1 1 . (7.14.30)
2 = '412(————71—72)——%&(72"‘)’1—?—’:)
Y2 Y1 Y1 72
2y = 247, %, 2y = 2+, %

In deriving (7.14.29) we have used equation (7.14.24) and the relations
4012 1 1
‘“‘6—.212} =n+=-—+r+=-
4(;111 711 7l (7.14.31)

1

ke S SN Bl Ny SN Bt

Cé% 71+y1+7/2+y2

which follow from (7.14.24).
We can write (7.14.2) in the form

Xa = eﬁa(qﬂ—aﬁpavalpM)
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and in complex coordinates this becomes

dx i{_ 33R}

A= -8

0z . 2 02°0z (7.14.32)
o _ 1t \p'_g_aa_R

2 2| " " oz0%2

When the load on the plate is zero we see, from (7.14.29) and
(7.14.32), that, since y is real,
4’&’?/3 ” 7. s ” 7. =r(z

apart from an arbitrary additional constant.
Again, from (7.9.11) and (7.7.33),

P P
K+izF = } [ {(A—2%,) de—(D—2%,) d2}+izy-+iz f RPou, ds
A 4

so that, when loads on the surfaces of the plate are zero,
P
K+izF =} f (A dz—T dz+2ix dz), (7.14.34)
i

if we use (7.14.32) in the form W, = —2¢(9x/0Z). Substituting in
(7.14.34) from (7.14.27) to (7.14.29) gives

K+iaF = —%@{Alﬂ’(zl)—}—mﬁ’(z'l)+A2w’(z2)+p2u')’(z'2)}, (7.14.35)
where
A = —2(CHyi+ 201 y1+CL) vy, p = —2(CH+2CH 7,4 CLiv3) }
Ay = —2(CHY3+2CRva+CR)ve,  pa = —2(CH+2CH 7+ CH 7))
(1.14.36)

On the other hand, the cartesian components of stress resultants and
couples are

2h3( .. 0w 2w | 2w\ )
G, = —?(cﬁw'?cgw + 20%@)
2h3( .o 0%W 2w 2w
G = —F(C%ﬂ"%—z + Wm)
H 2R3 1 0% 1, 0w 9012 2w (7.14.37) :
W= " Cugc—z‘—f‘czzwﬂ' Cm%

v =

_2q,  oH,, _¢H,, , 86,
No=rt7" M=73"1%
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The discussion in § 7.12 on virtual work depended on the equations of
equilibrium and the equations (7.12.13) and (7.12.14), and all of these
equations are valid for aeolotropic plates. It follows that (7.12.18) holds
for aeolotropic plates, but W is now obtained from (7.14.12) in the form

h3
W= 'gEaﬁAF"’aﬁ Mp
. , (7.14.38)
= 'é' Eaﬁ,\“wlaﬁwl/\p

together with (7.12.20) which is true for both isotropic and aeolotropic
plates. .

The boundary condition at an edge of an aeolotropic plate at which
forces are prescribed can also be expressed in the forms (7.13.7),
(7.13.10), or (7.13.18), the last form of the boundary condition reducing
to (7.14.35) in complex variable notation when the loads on the plate
are zero. If we compare (7.14.35) with (6.7.30) in plane strain, we see
that the problem of flexure of an aeolotropic plate at which edge forces
are prescribed is analytically similar to the problem of plane strain
(or generalized plane stress) when displacements at boundaries are
prescribed. A similar correspondence exists between problems of flexure
of an aeolotropic plate which is clamped at its edges and a plane strain
(or generalized plane stress) problem when the stresses applied to the
boundaries are zero. ‘

To complete the problem of flexure of an aeolotropic plate we must
discuss the properties of the complex potentials, the conditions for
single-valued stresses and displacements, and the form of the potentials
for large values of the arguments when the plate extends to infinity.
Such a discussion is, however, very similar to that carried out in Chapter
VI for plane strain in aeolotropic bodies. Also, we have already dis-
cussed the corresponding case for isotropic bodies, so we leave details
to the reader. It will be found that there are some minor differences
in the forms of the complex potentials at infinity for a plate under no
resultant transverse force, from those in plane strain, but this makes
very little difference to the type of analysis used for solving correspond-
ing problems.



VIII

PLANE PROBLEMS FOR ISOTROPIC
BODIES

Ix Chapter VI we developed the theory of plane strain for isotropic
bodies and in Chapter VII we showed that a similar theory arose for
generalized plane stress in a plate deformed by forces parallel to its
plane. In addition, it was shown in Chapter VII that the classical
theory for the transverse flexure of a plane plate is similar in many
respects to the theory of plane strain. In the present chapter special
problems are discussed for plane strain and generalized plane stress for
isotropic bodies, mainly with the help of complex function theory.t
The analogous problems which arise in the classical theory of transverse
flexure of isotropic plates may then be solved by similar methods but
no further details are given here. Instead, we discuss one flexure
problem using the more general theory of Reissner.

We begin by collecting in § 8.1 all the formulae which we need for
applications of the theory of plane strain or generalized plane stress,
and we restrict our attention to problems for which the body forces
are zero. In many problems it is known from complex function theory
that the solutions obtained are unique so that no general uniqueness
theorems are proved.

8.1. Formulae for plane strain and generalized plane stress
If (x, y) are rectangular cartesian coordinates and z = -1y, we have
from Chapter VI, when body forces are zero,

pwD = p(u,+iu,) = kQ(2)—20'(2)—a'(2), (8.1.1)

0 = -+, = 4{Q'(2)+0'(2)}, (8.1.2)

® = ¢,,—0,,+2i0,, = —4{20"(2)+&"(2)}, (8.1.3)

0y —i04, = 2{Q'(2)+Q'(2)+2Q"(2)+&" ()}, (8.1.4)

P = XY = 2i[2Q'(2)+Q(z)+&'(2)], (8.1.5)

= 2Z{Q'(2) + Q' (2)}+ 20’ (2) + 20" (2) — w(2) — &3(Z), (8.1.6)

where, for plane strain, Kk = 3—4n. (8.1.7)

In Chapter VII we saw that, with a different notation, similar equations

1 References to original work using complex function theory in elasticity are given
in the introduction to Chapter VI.
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hold when we consider a plate under generalized plane stress in its
plane provided -
k= 3—do =1, (8.1.8)
I+7
Here we shall use the above notation for either plane strain or
generalized plane stress so that, for example, o, in plane strain is the
actual force per unit area, but o,, in generalized plane stress is force
per unit length of the line x = constant in the (z,y) plane.
If we have a conformal transformation of the form

z = 2(a), o= éb, { =&+, (8.1.9)

where (£, 1) are a system of orthogonal curvilinear coordinates, then,
from (6.5.15) to (6.5.17),

;L(ug+w,,)=(f"fﬂd—?)*{xf(a> P @-27@), 6110

o dzds dz
ctetom = oucton = 4o @ +ET@), 611
055—077,0—}—21:0‘&] = g—ﬁ E—;(O’xz-—o’yy-—*— 2?:0‘:"/)
6do d dcr - :
T KGR ACARE)
where Q(z) = f(o), w(z) = g(o). (8.1.13)

The introduction of the complex variable o as well as { is convenient
in applications in which we transform a region to the inside, or out-
side, of a unit circle in the o-plane. From (6.5.22) we also have

P
P(y) = f (a§§+ia§,,)%dn (8.1.14)

4

on the curve £ = constant, or

oP(7) dz
an" iloge-+iog) 7. (8.1.15)
In particular, when we have polar coordinates (r,6) given by
2 =0 = e; — reio, r = ef, 7] = 0, -d—E = 1, (8.1.16)
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then ml(u,+iug) = e":G{KQ(z)—zQ'(E)—w’(i)}, (8.1.17)
ortoge = 4{Q'(2)+Q'(3)}, (8.1.18)
o, —0get+2i0,y = —4{5Z§"(z)+§@"(5)}, (8.1.19)

0, tio,g = 2{9’(z)+§'(5)-m"(2)_§ @"(2)}, (8.1.20)

P
P@O) = — f (0,,+i0,g)rei® d, (8.1.21)
A

equation (8.1.21) holding on curves r = constant.

When the region S occupied by the body extends to infinity and is
bounded internally by one or more non-intersecting closed curves lying
entirely in the finite part of the plane, then from (6.6.4), for large |z|,

o P 1
Q'(2) = B+z0—m+0(§)

— , (8.1.22)
w"(2) = B'+iC’ __kP +0 1
- + 4m(k+1)z 22
when the stresses are bounded at infinity, where
8B = N,+N,, 4(B'+1C") = —(N;—Ny)e~%i«,  (8.1.23)

In (8.1.23), N,, N, are the values of the principal stresses at infinity
and « is the angle between N, and the z-axis. Also (x+1)C/u is the
rotation at infinity and P = X +44Y is the resultant force acting over
all the internal boundaries.

When the stresses and rotation vanish at infinity

P 1

- 10

4”(K+1)z+ (22) (8.1.24)
. xP 1 ’ o
@) = erme o)

The above results do not hold when a part of the boundary of the
region S extends to infinity. Suppose § is the half-plane, either y > 0
ory < 0, and P = X41Y is the resultant of the external forces acting’
on the boundary Oz and the other boundaries which are in the finite
part of the plane. Then, when stresses and rotation vanish at infinity,

Q'(z) = —
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and any applied stresses on the boundary Ox are O(1/«?) for large ||,

() = —5-+0(3)

41rz

N 1
@) = =+0(3)
8.2. Change of origin

If the origin is changed from the point z = 0 to 2z, = z—c = 0, the
displacement D is given by the two expressions

uD = kQ(2)—2Q'(Z)—&'(Z)
= kQy(21) —2, (%) — &1(2)),
where Q,(z;), w,(?;) are the complex potentials corresponding to the
origin z = ¢. Hence

){Q(2) —Qy (2,)}—2{Q'(2) — Q1 (5)} — &' (B) + @1 (%) — cQy(Z,) = O,
so that Q(z) = Q,(z,), w(2) = wy(2)—EQ,(2,). (8.2.1)

(8.1.25)

8.3. Isolated force and couple in infinite plate

Suppose an isolated force P = X+iY and couple M act at the
origin in an infinite plate. If the stresses and rotation due to this force
and couple vanish at infinity, formulae (8.1.22) suggest that we assume
for Q(z), w(z) the values

Plogz
Q6 = — ret
- «Pzlogz
w(z) 477_(Kd}_l)—{-Alogz

By considering any circuit surrounding the origin we can verify at
once from (8.1.5) and (8.1.6) that we have an isolated force P and
couple M at the origin if

2mi(A—A) =
We see that the term containing the real part of A does not contribute
to the force or couple at the origin and we therefore take our funda-
mental complex potentials for a force P and couple M at z = 0 to be

Plogz
Q(Z) = —_
Anlet) _ : (8.3.1)
w(z) = «kPzlogz  iMlogz

47(k+1) 4
The stresses and rotation corresponding to these potentials vanish at
5237 8
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infinity, but the displacement there is infinite. Also the stresses and
displacement are infinite at the origin.

Using (8.2.1) we see that for a force P = XY and couple M at
the point z = ¢ in an infinite plate

__ Plog(z—c) ‘
(=) = 4n(k+1) (8.3.2)
w(z) = kP(z—c)log(z—c) Pélog(z—c)+iMlog(z—c) S
- 47(k+1) ‘ 47(k+1) 4

8.4. General complex potentials for infinite plate

We shall suppose that the infinite plate is acted on by a finite number
n of isolated forces P, = X,+1Y, and couples M, (r = 1,2,...,n) at the
points z = z,. There are no other singularities of stress or displacement
in the finite part of the plate, and at infinity the distribution of stress
is supposed to be known. If the complex potentials are denoted by
Qy(2), wy(z), we have, apart from terms giving a rigid-body displacement,

K+1 Z P.log(z—2z,)+ zA 2, (8.4.1)

1 & m
- P.zZ log(z— r
F E 2, log(z—2, —|— E M, log(z— ,)+r§2B,z ,
(8.4.2)

where the (complex) constants A,, B, have known values. For example,
from (8.1.23), if the state of stress at infinity is uniform and the rota-

tion vanishes there,
84, = 84, = N,+N,
! 1 =N+ 2 } (8.4.3)
8B, = —(N,—N)e-%is

the remaining constants A4,, B, being zero.

8.5. Isolated force at boundary

Suppose an isolated force P = X +14Y acts at the point C (2 = ¢) on
a boundary of the body (see Fig. 6.2). We wish to determine the singular
part of the complex potentials due to this force and therefore assume
that Q(z), w(2) contain terms

Q(2) = alog(z—c), w(g) = B(z—c)log(z—c)+ylog(z—c),
where w, f, y are complex constants. We saw in § 6.4 that if the stress
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function ¢ is continuous at z = ¢ there is no isolated couple at this
point. Therefore o4y = 0

The discontinuity in 0¢/0Z at C must be finite and, applying (8.1.5) to
a curve C'DC” cut out of the material, as the eurve shrinks to zero so
that C lies between C’ and C”, we find that

atpf =0, P = —2m(a—p).

Thus the singular parts of the complex potentials are

Q) = — —]?—log(z—c)
(8.5.1)

w(?) = — (z—c)log(z— c) -|- —_— log(z—c)

If the isolated force P acts at the point z = ¢ on the boundary of
a hole which is cut out of an infinite plate, then, in view of the forms
(8.1.22) for Q(2), w'(z) at infinity, we see that the complex potentials
must contain terms

Plogz P z—c
26 = — gt~ )
kPzlogz Pz, [z—c
Péi—Pc, [2—c
REr=— (7) J

where the origin of coordinates is inside the hole. Further terms must,
of course, be added to satisfy the complete boundary conditions over
the hole.

When an isolated force P acts, at the origin, on the boundary of the
semi-infinite region y > 0, then, putting ¢ = 0 in (8.5.1), we see that
these potentials must contain terms

Qz) = —glog z
(8.5.3)

w(?) = —Iizlogz
47
In this case, however, we find from (8.1.4) that

. P/l _l_ Pz 1\ -
W =537 Tl T3

and this vanishes everywhere on the boundary y = 0, where Z = 2,
except at the origin. The potentials (8.5.3) therefore give the distribution
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of stress due to an isolated force P acting at the origin on the
boundary y = 0 of a semi-infinite region which is otherwise free from
stress.

If we use polar coordinates, we find from (8.1.18) and (8.1.19) that

77(0,,+0gg) = —2F cos(6—e),
(0, — 0gg+210,9) = —2F cos(f—e),
where P = Fei¢ and is a force of magnitude F acting at an angle ¢
to the z-axis. Hence

.

wro,, = —2F cos(0—e), 0, = ogg = O. (8.5.4)

When a general distribution of stress is given along the boundary
y = 0 of a semi-infinite region, the corresponding complex potentials

can be found by integration. We will not,

y however, consider this method further here but

will examine problems connected with the half-
28 plane in more detail in the next sections by
other methods.

A slight modification of the complex poten-
tials (8.5.3) enables us to solve the problem of
an isolated force P = Fei¢ acting at the vertex
of an infinite wedge bounded by the lines § = -8 (see Fig. 8.1). Thus,
assuming

Fic. 8.1. Infinite wedge.

Q) = —Z-I:—Tlogz
_ , (8.5.5)

w(z) = ZL;T-zlogz

where L is a constant, we apply (8.1.5) to any circuit » = constant in
the wedge from § = —pB to § = B8 and obtain

2LB-+ Lsin2B = =P,
2LB+ Lsin 28 = =P,

or (L+L)(2B+sin 28) = 2nF cose } (5.5.6)
(L—L)(2B—sin 2B) = 2ni Fsine
Hence, from (8.1.18), (8.1.19), (8.5.5), and (8.5.6) we have
- — __2F(cosfcose n sinﬁgine:
" r |28+sin2B ' 2B—sin 2B (8.5.7)

0,9 = 0gg = 0
and the solution is therefore satisfactory for a wedge which has zero
applied stresses over its edges.
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8.6. Extension of complex potentials for half-plane}

Consider a body which occupies the upper half-plane y > 0 which
we call the region S+, the boundary y = 0 of the body being denoted
by L. We define complex potentials Q(z), w(z) which are holomorphic
in this half-plane except possibly at infinity. The functions

II(z) = Q(2), (I)(Z) = w(2),

are then holomorphic for points z belonging to the lower half-plane
8-, since when z is in S-, Z belongs to S+. Alternatively, if

Q2) = (2, y)+1Q(2, y),
then Q(z) = Q,(x, —y)—1Qy(z, —¥).
We now extend the definition of Q(z) to the whole complex plane by
putting Q@) = —V(2)—a'(z) (zin 8. (8.6.1)

This extension of Q(z) to the lower half-plane is chosen so that the

functions Q(z) are the analytical continuations of each other through

the unloaded parts of the boundary where P = X --iY = 0 (see (8.1.5)).
If z belongs to S+, then 2 belongs to S— so that, from (8.6.1),

Q) = —z2Q'(2)—a'(8) (zin S*),
or @'(2) = —Q(2)—2Q'(2) (2 in S). (8.6.2)
Also, differentiating thié with respect to Z,
@"(Z) = —Q'(2)—Q'()—zQ"(2) (zin 8*). (8.6.3)

With the help of (8.6.2) and (8.6.3) the formulae (8.1.1) to (8.1.5)
become, for z in S+,

uD = kQ()+QE)+E—2)'(3), (8.6.4)
Oputoyy = HQ @)+ (2)), (8.6.5)
Opu— Oyt 2iog, = HQ O @) +HE—2X (),  (8.6.6)
oy — 10, = 2{Q'(2) —Q'(2)+ (2 —2)Q"(2)}, (8.6.7)
P = X+iY = 2i{Q(z)—Q()+ (—2)Q'(3)}. (8.6.8)
We also observe that
p,%g = kQ'(2)+Q'(2)4 (Z—2)Q"(2). (8.6.9)

t See N. I. Muskhelishvili, Singular Integral Equations, loc. cit., p. 1.
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When the stresses and rotation vanish at infinity in the half-plane
S+, we see from (8.1.25) and (8.6.1) that Q'(z) = O(1/z) at infinity in S-
and hence 1

Q(z) = 0(5), (8.6.10)

for large |z| in the whole plane S+4-8-.

8.7. First boundary-value problem for half-planef

In this problem the external stresses are given at all points of the
boundary L of the half-plane S+, and we can conveniently divide the
problem into two parts. In the first we suppose that the whole of the
boundary L is free from applied stress and that a distribution of stress
with known singularities exists in S+ such that stresses and rotation
are zero at infinity. For example, we may have known distribution of
isolated forces in S+. We therefore suppose that the complex potentials
Qo(2), wy(2) define a stress system which has singularities only in S+
and which is such that

, P 1
o4 = ~ e+ (8.1.1)
" kP 1 ’ o
wo(2) = 477(&-{—1)2—*_0(;2-)

for large |z|. We now wish to find complex potentials (,(z), wy(2) so
that the combined potentials

Q) = QR +UE), o) = w@)teye),  (8.7.2)
give zero applied stress on L and, for large |z, from (8.1.25),

, P
Q(2) = ”‘Z?ﬁo('{z)

o £+0(l) (8.7.3)

47z 2

1t follows from (8.7.1) and (8.7.2) that Q;(z) and wj(z) are both O(1/z)
for large |z| in S+. If, therefore, the definition of Q,(2) is extended by
(8.6.1) to ‘
h(e) = i } (2 in S-), (8.7.4)
1(2) = —0(2)—2Q4(2) — 54 (2)
then }(z) is defined in the whole plane and is O(1/z) at infinity. Also-
wy(2) = —Q,(2)—2Q4(2) (zin S*). (8.7.5)

t See I. N. Sneddon, Fourier Transforms (1951) for an alternative method of solution
using Fourier transforms.
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From (8.1.4),7(8.6.7), and (8.7.2),
ayu—iaa:y = 2{91(2)—91(5)-{—@—2 Q’;_(E }+
+2(Q4 () +- Do)+ %2+ B (2)).  (8.7.6)
If we assume that .
limyQ;(2) = limyQ;j(z—1iy) = 0, (8.7.7)
y—0 y—0

and that the limits [Q}(x)]*, [Q(%)]~ exist on L, then, if the applied
stress on L vanishes,

(@] —[ Q)] = — Q) —Ty(w) —ay(w) (@)  (8.7.8)
for all points x on L. From the definition of the complex potentials,
Qy(2), we(z), and from (8.7.1), we see that the right-hand side of (8.7.8)

satisfies sufficient conditions (see § 1.18) for us to write the (unique)
solution Q;(2) of this equation, which vanishes at infinity, in the form

o) — — L [ 0T+ 340

T m t—z

Also, using § 1.17, it can be verified that the condition (8.7.7) is then
satisfied.

From (8.7.1) we see that the integral (8.7.9), taken along the infinite
semicircle either in S+ or in §-, vanishes, so we may evaluate (8.7.9)
by residue theory. The function Qy(z)+2Q4(z)+@g(2) is regular in S+
and Q(2) is regular in S-. Hence ' :

(8.7.9)

Q) = —Ty@)—= DA —ai(z) (zin 89
@ (2) = Q2) (z in §-) |

This solution could also be written down by inspection from (8.7.8). It
follows from (8.7.10) that

Qy(z) = —20y(e)—a@y(z) (2 in %) }
Q,(2) = Qy(2) (zin 8°)
apart from non-essential constants.

From (8.7.11) and (8.7.5) we obtain the complete potentials (8.7.2) for
the half-plane S+ in the forms

Q(2) = Qoz)—2Q(2) — ()
w'(2) = w)(2)—T(2)—2Q(2) L (81.2)
= wo(2)—CQ(2)+2Q(2) +22Qg(2) +235(2)

We observe from (8.7.1) that Q'(z), w"(2) have the correct forms for
large |z|. The complete expressions for the displacement and stresses

(8.7.10)

(8.7.11)
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now follow from (8.1.1) to (8.1.3), and (8.7.12). In particular, since the
applied edge stresses are zero, it follows from (8.1.2) that the value of
o, On the edge is given by
O = — {0 (2)+ a0 (2)+ wp(2)+ (@)}, (8.7.13)
Before considering applications of the above work, we complete the
theory by solving the problem of the half-plane with a given distribu-
tion of applied stress on the boundary L and with no singularities in
the half-plane §+. We suppose that the applied stresses are O(1/x2)
on L, and if the stresses and rotation vanish at infinity then, for large
|z], from (8.1.25), the complex potentials Q(z), w(z) are such that

(8.7.14)

On the boundary L we assume that
oy = P(2), 9zy = 4(®), (8.7.15)

where p(x), q(x) and their derivatives p’(z), ¢'(x) satisfy the H-con-
dition on L, and 2p, 2%, 23p’, 2%’ satisfy the H-condition in the
neighbourhood of the point at infinity.

We indicate two methods of solution. In the first method} we con-
tinue the definition of €(z) into S- as in § 8.6. It then follows from
(8.7.14) that Q'(z) = O(1/z) in the whole plane, and, from (8.6.7),

[Q @) —[Q'(@)] = Hp@)—ig@)}, (8.7.16)
provided ' limyQ"(%) = 0 (8.7.17)
y—0

and provided the limits [Q'(x)]*, [Q'(x)]~ exist. The required (unique)
solution of this boundary-value problem is, from § 1.18,

@

vy L[ p()—1q(?) .
Q(z)_m f.__t:z__dt, (8.7.18)

and stresses and displacements may then be found from (8.6.4) to
(8.6.6). We see, from § 1.17, that the condition (8.7.17) is satisfied.
In the second method of solution} we put

V(z) = 4Q'(2)+2:Q"(2)+2w"(2)
W(2) = 22Q"(2)+ 2" (2) }

t N. I. Muskhelishvili, loc. cit., p. 1.
t A. E. Green, Proc. Camb. Phil. Soc. loc. cit., p. 184, and W. G. Bickley, Phil. Trans.
A, 227 (1928), 383.

(8.7.19)
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so that Q@) = HV (&)~ W) } (5.7.20)
w'(2) = AW (@) —3{V' () —W'(2)} | o
and we observe, from (8.1.4) and (8.7.15), that
ReV (z) = p(w), ImW(z) = q(x) (8.7.21)
on the boundary L where z is real. Also, from (8.1.25),
V(z) = 0(2), W(z) = 0(%), (8.7.22)

for large |z|. In (8.7.21) ReV(z) denotes the real part of V(z) and ImW (z)
denotes the imaginary part of W(z). It follows by a well-known result
that

1 [ p(t)de 1 [y
Ve == [B2Z we = f R E )

From (8.1.2), (8.1.3), and (8.7.20),
Opatayy = V&I — W)+ T ()~ W)
Opp—Oyy—210,, = —2W(2)+(z—2){V'(2) — W'(2
and, on the boundary y = 0, .
Orat-oyy = V@) — W)+ (@) — W)
—0,,—2i0,, = —2W(x) }

We now consider some applications of the theory of this section.

. (8.7.24
>}} (8:7:24)

(8.7.25)

axa;

8.8. Isolated force and couple in semi-infinite body
If an isolated force P = X 44iY = Fe'c and an isolated couple M act
at the point z = ¢b in S+, then, from (8.3.2),

Plog(z—1b)

Qy(2) = ——2BEW)

o dmct-1) (8.8.1)
_ kP(z—ib)log(z—ib) ibPlog(z—ib) iM .

o) = e T T a1y Ty 08 )

The complete distribution of stress and displacement may now be
obtained from the complex potentials (8.7.12) and (8.8.1). Restricting
our attention to the value of the edge stress, we have, from (8.7.13),
. 2 [(B—K,s o b2 3—x _, 4 Mbx
Tae = 7r(x2+b2)2l(1+1<b v )xX—( o 1+Kx by m(x24-b%)%’
' (8.8.2)
Results for continuous distributions of forces in S+ may be found by
integration.
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8.9. Examples of given applied stresses on boundary of semi-
infinite body ‘

ExaMpLE 1. As a first example we consider the problem of a uniform

distribution of normal and shear stressony = 0 fromz = —a toz = a.
Thus p(x) = —p, g@) =q (o <a) } 89.1)
p@) =0, q@) =0 (lz] >a)]’

where p, ¢ are constants, and, from (8.7.23),
W, z2—a q, 2—a
== -——l == = . 8. .2
Ve = Llog2, W) = LiogZ (8.9.2)

F1c. 8.2. Bipolar coordinates.

If we write 2—a = ry e, z-}-a = r,ei®s (see Fig. 8.2), it follows im-
mediately from (8.7.24) that

2 2 7

Oprt0,, = —?])(01—02)—;?10g;1
2

. (8.9.3)

Oz Oyt 200,y = (M)(ezie,_em,)_ﬁ logﬁ-|-i(02——01)
™ ™ Ty
These results may also be obtained at once from (8.7.18), (8.6.5), and
(8.6.6). In the special case when ¢ = 0 equivalent results were found
by Okobut by a different method.

The limiting case of the above problem when ¢ - 0 and p, ¢ both

tend to infinity in such a way that
2ap > 7Y, 209 > — X,
where X, Y are constants, is of some interest. From (8.9.2)
Ve > -, We 2,
w2z 2

and hence (8.7.20) gives

’ P ” P
Q'(z) = — i w'(2) =

T 4n2’

1 8. Okobu, Science Repts. T'6hoku Imp. Univ. 25 (1937), 114.
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which agrees with the complex potentials (8.5.3) for an isolated force
P = XY at the origin on the boundary.

ExamprLE 2. In this example we suppose that the applied shearing
stress is zero so that g(x) = 0, and that

pa) = ——T (el <a>}

m(a?—a?)t
=0 (2| > a)
where Y is constant and is the total normal pressure exerted on the

strip. In this case p(x) does not satisfy the H-condition at x = --a, but
the formulae (8.7.23) are still valid, and therefore W = 0 and

e dt
Ve =5 f T (8.9.5)

By (a*—?)t for |t| < a we understand a positive quantity, and (a2—z2)t
is that branch, holomorphic in the plane cut along (—a,a), taking
the positive value on the upper side. Also, for large |z| this branch is
—1z+0(1). Now

(8.9.4)

a

1 dt

i t—z)(a2 tz)* Zm (t—z)(@2—e2)¥’

taken clockwise round a contour A surroundmg the cut. Since the
contour integral taken round the infinite circle vanishes, it follows at

once that
1

1
mi f (t—2) @~ (@)
Y Y

(@2 —22)F  im(P—ad)t

and therefore V(z) = —

(8.9.6)

Hence from (8.7.20) the corresponding complex potentials are

Q(z) = —glog{z+(z2—a2)*}

= _il,log{z—}—i(az—zz)*}

Y i , (8.9.7)
, ) 2 '
o) = | g~ onl a1

= g[(—a-z—ézz—); —1 ].Og{z-}-i(a}__zg)}}]
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apart from constants, and stresses and displacements are then given
by (8.1.1) to (8.1.4). In particular we may verify that the y-component
of displacement, w,, on y = 0, is constant when |z| < a and that the
stx;esses are

)
Ozt 0y = ~ar )*sm 1(6,+96,)
172
‘ (8.9.8)
. 2Yr?sinf .
Oga—Oyy+ 2004y = — ¢~ 0401 +61)

8.10. Second boundary-value problem for half-plane

Here the values of the displacements are given at all points of the
boundary L of S+, and as in§8.7 we consider two cases. In the first
case the edge displacements are zero and we seek complex potentials
(8.7.2), where (2), wy(z) define a given stress system which has singu-
larities only in S+. If we extend the definition of Q,(z) to the whole
plane by (8.7.4), then, from (8.1.1), (8.6.9), and (8.7.2), the derivative
of the total displacement at any point of the plate is

B2 — Qi(a) +4(E) + E—2ITTE) RO (o) — 4 2) — (2 — 3y ).

(8.10.1)

Hence, making assumptions similar to those in § 8.7, except that the
special form (8.7.3) is deleted, it follows that, if D = 0 on the boundary,

Q@) HQ@)] = —xQq(x)+ Q@)+ (x)+ (),  (8.10.2)
for all points  on L, where Q)(z) vanishes at infinity. To solve this
equation we put A(z) = kQ4(z) (2 in 8%),

A(R) = —Qi(2) (2in §),
so that (8.10.2) becomes
A+ (@)—A~(x) = —rQy(x)+Qp(x) +2Qg(x) +@g(),

and A(z) vanishes at infinity. Hence, by § 1.18, the (unique) value of
A(z) is

4) = - f {040+ )50 + 40}

This integral may be evaluated by a process similar to that used in
§ 8.7, and we find that

A(2) = kQ(z) = Do) +20(e) +G4z) (2 in 8%)

’ , } (8.10.3)
A(z) = —Q1(2) = xQq(2) (2in S-) )
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We could also obtain this result by inspection from (8.10.2). By integra-
tion of (8.10.3) we have
KQy(2) = 20(D)+ o) (= in §+) }
Q,(2) = —ry(2) (2in 8-)

apai‘t from non-essential constants, and hence, with the help of (8.7.5),
we see that the complete complex potentials for the half-plane S+ are

- Q(2) = Qy(2)+Qy(2) = Qo(2)+{20%(2) +@0(2)} /i .
'(2) = wy(2)+wy(z) = wy(2)—(2)—2Q(2) - (8.10.5)
= wy(2)+1Q(2) — {202(2) + 22 (2) + 230 (2)}
Displacements and stresses now follow from (8.1.1) to (8.1.4).

When the displacements take given values on the boundary L we
assume that stresses and rotation vanish at infinity, and that

Uy = g,(), Uy = gs()- (8.10.8)

(8.10.4)

We assume that g¢}(x), gs(x), g1(x), gs(x) satisfy the H-condition on L,
and z%, a%g,, 23], %, satisfy the H-condition in the neighbourhood
of the point at infinity. Two methods of solution are again possible
which are analogous to those used in § 8.7 for prescribed stresses, but
we restrict our attention to one method here. If the definition of
Q(z) is continued into S— by (8.6.1), then Q'(z) = O(1/z) in the whole
plane for large |z|, and if the boundary values of the derivatives of
the displacement equal the derivatives of the boundary values, and if
(8.7.17) is still satisfied, then, from (8.6.9),

Q@) HHQ (@)] = ulgh(@)+igy(@)}- (8.10.7)

This equation may be solved by a method similar to that used for
equation (8.10.2) so that

Q) = f 710 +-iga(t) 5, (zin %)

27wt t—z
-, L. (8.10.8)
Q@) = -t fﬁ(—t)tél—gé(—t-)dt' (2 in §-)

— 0

The special forms (8.7.3) are not valid here and the resultant force
over the boundary may be infinite. Detailed examination of particular
problems is left as an exercise since it follows lines similar to those
indicated for the first boundary-value problem.
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8.11. Mixed boundary-value problem for half-planej

Let L = L,+..+L, denote a finite number of segments L,
(r = 1,2,...,n) of the boundary Oz of the half-plane S+, and let the
displacement components be given on L and the external stress com-
ponents on the remaining part L’ of the boundary. The problem here
can be reduced to the case in which the external stress components
Oy Oz given on L', are zero, if we have already solved the first
boundary problem of § 8.7.

We assume therefore that

oy =0, Gy =0 on L', (8.11.1)

and on the rest of the boundary L the displacement D takes prescribed
values. For simplicity we restrict our discussion to the case in which
L contains only one segment with end-points a, b and

D = u,+iu, = g(x) = 9,(x)+1ig,(2), (8.11.2)
g(x) being a given function on L. We shall assume that g(z) has a
derivative g'(x) which satisfies the H-condition on L.

We adopt the notation of § 8.6, where Q(z) is defined in the whole
plane and Q'(z) = O(1/z) for large [z|. We assume that the limits
[Q'(x)]*, [Q'(x)]~ exist for all points x of the z-axis, except possxbly
at the points a, b, and that

limyQ"(z) = hmyﬁ”( y) =20 (8.11.3)
y—>0
for all # not coinciding with a, b These assumptions may be verified
when the solution of the problem is obtained. From (8.6.7), (8.11.1),
and (8.11.3) it follows that
[Q' ()] —[Q(2)]- = 0
on L', so that we may assume that Q'(z) is holomorphic in the whole
plane cut along L. From (8.6.9) the remaining boundary condition
(8.11.2) on ab gives
K[Q'(2)]++[Q'(x)]- = pg'(x) on L. (8.11.4)
The problem (8.11.4) is a particular case of the Hilbert problem which

was solved in § 1.21. The general solution which admits the possibility
that Q’(z) may be infinite at the ends a, b, with degree less than 1, is

b
WReN [ g O(ROP . H{Riz }r
Q(z)"szR(z)}*f t—z){Ro(t)}il’dt+ Ry &Y

+ N. L. Muskhelishvili, loc. cit., p. 1.



8.11 PLANE PROBLEMS FOR ISOTROPIC BODIES 271

where H is a complex constant,

2wy = log(1/«), (8.11.6)
and R(z) = (z—a)(b—2) } (8.1L.7)
Ry(2) = (2—a)/(z—b)

By {R(2)}* we understand that branch which is holomorphic in the plane
cut along ab, taking positive values {({—a)(b—t)}! on the upper side
of ab. For large values of |z|

{R(z)}t = —iz40(1). (8.11.8)

Also {R,(2)}” is a branch, holomorphic in the same region and tending
to 1 as |z] — 00, and {R,(t)} denotes the value of {R,(z)}*” on the upper
side of ab. '

If we assume that the total force P = X +1Y is given on the segment

ab, then, since P

li "(2) = —
@gﬂw w

it follows from (8.11.5) that
- (8.11.9)
4
The simplest application of the theory of this section is to the pressure
of a foundation on soil in which the soil is supposed to adhere to the
foundation, sliding being excluded. If the base aof the foundation is

straight and the body only moves vertically, then
9(x) =ik,  ¢'(x) =0,
where k is a real constant, so that

_ 1P{(z—a)/(z—b)}

Q') = T (8.11.10)

The values of stresses and displacements may now be found from
(8.6.4) to (8.6.6).

The work of this section may be generalized to apply to the problem
of given displacements on more than one segment L, of the z-axis.

8.12. Punch problems

These problems are similar to those of the previous section but now
we assume that friction is negligible and we have the boundary condi-
tions

0, =0  everywhere on Ox} , (8.12.1)

oy =0 on Ox outside ab
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and on ab only the normal component of displacement is given, so that
u, = f(x). (8.12.2)
We again restrict our discussion to a single segment ab for clarity but
the general case of n segments can be discussed in a similar manner.
We also assume that f(x) has a derivative f'(x) satisfying the H-condi-
tion on ab. A slight adaptation of the work of the previous section
could be used to solve the punch problems, but we use an alternative
method which will also be available for solving ‘crack’ problems in
later sections.
If we adopt the notation of § 8.1 we can satisfy the condition that
o,, vanishes everywhere on Ox by taking
w’'(2) = Q(2)—2Q(2), w”"(2) = —2Q"(2). (8.12.3)
It then follows from (8.1.1) to (8.1.4) that the displacements and stresses
are given by

D = kQ(2)—Q(z)+ (F—2)Q'(2)

v — e -mete-ae
OpztOyy = 4{9'(2)+Q'(i)}
Cpg— Oyt 20y, = 4(E—2)0"(2)

g (8.12.4)

Oy =iy = 2 )+ () + (2 ()}
In particular, provided ,
lim y0'(2) = 0, lim 503" (2) =0, (8.12.5)
y—0 y—0

we have, on the boundary Ox, where y = 0,
pD = kQ(z)—Q(2)
M%i) = K ()-TE) . (8.12.6)
= Oy = Q' (2)+ (@)}, Oy =0

We see from (8.1.25) that for large 2]
Q') = ——+ (zz)’ (8.12.7)

if stresses and rotation vanish at infinity, where Y is the total normal
force on the edge Oz, the total tangential force X being zero.

The function Q(z) in (8.12.4) is defined in the half-plane S+. We now
define Q(z) for the half-plane S- by taking :

Q(z) = —Q(2) o 0
Q') = _ﬁ,(z)} (zin 8-), (8.12.8)

g,
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and hence

QF) = —Q(3), Q') = —-Q'(2) (zin 8¥).  (8.12.9)
It follows from (8.12.7) that Q'(z) = O(1/z) for large |z| in the whole

plane, and the displacements and stresses (8.12.4) may now be written
in the forms

pD = kQ(z)+Q(E)+ (:—2)Q'(2) )

2 o a0

0 to,, = H{Q'(2)—Q'(2)}
G_M——O'W~}—‘.’ia'w = 4(z—Z2)Q"(2)
oyy—tay, = 2{Q'(2)—Q'(2)+(2—2)Q"(2)} |
Also, from (8.12.6) and (8.12.9), provided (8.12.5) is sa/cisfied,
oD
D = Q 4 Q z 5 — == ) <
WD = 0@ +00),  pL = (@40 | sz
O = 0y, = 2{Q'(2)—Q (z)}, oy =0
on the boundary Ox. Using the second boundary condition in (8.12.1) we
now see that [Q,(x)]JF_[Q,(x)]‘ -

on Ox outside ab, so that Q’'(z) is holomorphic in the whole plane cut
along ab, and vanishes at infinity. Also, from (8.12.2) and (8.12.11),

- (8.12.10)

[Q' ()] +-[Q(2)]~ = g‘;’“{_’—i@ on ab. (8.12.12)

The general solution of this problem in which we allow the possibility
of infinities in Q'(z) of order not greater than one at the points @, b is

(see § 1.21)
[OROY
n(~+1 z)}*f t+{ 2P

where R(z) is given by (8.11.7) and {R(z)}! is defined in § 8.11. We can
verify that the condition (8.12.9) is satisfied provided H is a real
constant.

The total applied force on the segment ab may be found by consider-
ing the coefficient of 1/z in (8.12.7) and (8.12.13). Hence

H = -—z (8.12.14)
4z’

The above solution of the punch problem assumes that the segment

of contact ab between the punch and the half-plane was given before-
5237 T

Q') = (8.12.13)
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hand. This corresponds to the case in which the punch has the form
shown in Fig. 8.3 (i) and the force is such that the corners 4, B of the
punch come into contact with the elastic body, the presence of the
corners A, B of the punch explaining the infinitely large stresses at
the points a, b of the half-plane coinciding with A4, B.

A B
U\ Bl — \/—
aVb a b
(i) (i)

Fic. 8.3. Punch on half-plane.

When the punch has no corners or when the applied force is not
sufficiently large for the corners 4 and B to meet the elastic half-plane,
then the ends @ and b of the region of contact are unknown beforehand.
The problem can, however, be solved by adding the condition that the
stresses at @ and b are finite. In this case it is, perhaps, more convenient
to write down immediately from § 1.21 the solution for Q'(z) which is
bounded at the ends @ and b. Thus

b
o MRV [
Y= e j 2 EO) (81219

and this solution vanishes at infinity if

.[U— %ﬁnp 0. (8.12.16)

The total normal pressure ¥ may be found by considering the coeffi-
cient of 1/z in (8.12.15), remembering (8.12.7). Thus

qna
K+1f{ (8.12.17)

8.13. Indentation by rectangular block
We consider two examples of the theory of the previous section.
The first is the indentation of a semi-infinite elastic medium by a rigid
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rectangular punch so that

f@)y=d, (8.13.1)
where d is constant. In this case, because of symmetry, we can take
a = —1, b =1, but we cannot obtain a solution which gives a finite

value of Q'(z) at z = +1. We therefore return to the more general
solution (8.12.13), which, with (8.12.14) and (8.13.1), gives

N Y . Y
YO =~ — " dn(2—D) (8.13.2)
and, integrating,
Q(z) = -—grlog{z—i—(zz—lz)*}
, (8.13.3)

I

= — g log{z+-i(12—22)t}

apart from an arbitrary additional imaginary constant.

We observe that (8.13.3) agrees with the value given in (8.9.7) for
the problem of a given pressure distribution (8.9.4) on y == 0 which
was seen to produce constant normal displacement on y = 0 for
|z| <I. The general stress components may be written down from
(8.12.10) and (8.13.2) and agree with those given in (8.9.8). Inparticular,
we notice from (8.12.11) that, on the boundary,

Y
ze = 0w = T (le] <) ) (8.13.4)

=0y, =0 (2| > )

ag

O':ca:

8.14. Indentation by circular block

. 2

Here we take f@) = d—;_R, (8.14.1)
which corresponds to the case of a rigid circular punch of large radius
R. Because of symmetry we can again take @ = —I, b = | and we

use the solution (8.12.15) for Q’(z) which is finite at the ends a, b of the
arc of contact of the punch with the elastic half-plane. The condition
(8.12.16) is automatically satisfied and (8.12.17) gives

l
4 Bdt  2mul?
V=i | wow = arne (8142

-1

and, from (8.12.15),

pl2—22)t t dt

Q'(z) = —wR(K+1) l (tA_z)(lz__zz)}.
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The integral may be replaced by an integral taken clockwise along a
simple contour surrounding the segment —I, I. Thus

f tdt t dt
t—2)(P—p)t (t—2)(—)¥
=1

and since the contour integral taken around a large circle in an anti-
clockwise direction is equal to —=, we have, by residue theory,

1
tdt iz
| e = et
-1
so that ¥
Q'(z) = —5 —— {(12—2?) 41z}
- (8.14.3)
= M e
=57 {(z2—1%)t—2}
From (8.12.11) and (8.14.3) we see that the stresses on the edge
y = 0 are oY 2\
p— = 1—'*
ez = Ty wl( 12) (<) (8.14.4)
Oup = Oy = 0 (le] = 1)

In a similar way we can discuss the indentation of a semi-infinite
medium by punches of other shapes, but we leave further examples to
the reader.

8.15. Cracks

The effect of cracks on the distribution of stress inside a solid body
has an important application in a theory of rupture proposed by
Griffith. He assumes that the bounding surfaces of the solid possess
surface tension and that, when a crack spreads, the decrease in the strain
energy is balanced by the increase in potential energy due to this surface
tension.

A variety of boundary-value problems associated with cracks may
be formulated, but we restrict our attention to two cases which we
consider in this and the next section. In both cases we consider an
infinite two-dimensional medium containing n collinear cracks situated
along the segments L, = a,b, (r = 1,...,n) of the real axis, and we shall
suppose that all components of stress vanish at infinity and that there

t A. A. Griffith, Phil. Trans. A, 221 (1921), 180; Proc. Intern. Congress Appl. Mech.
(Delft, 1924), 565.
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is no resultant force over any crack. This means that

Q) = 0(%), o'(2) = 0(.2), (8.15.1)
at least, for large |z|.

We suppose that the cracks are opened symmetrically about the -
axis, by a given normal distribution of displacement along the line
segments L = L, L,+...4 L, in the first problem, and by a given
normal distribution of pressure in the second problem. Owing to the
symmetry about the x-axis we can replace these problems by equivalent
problems stated for the half-plane S+ (y > 0). Thus

ProBLEM 1
Oy =0 everywhere on Ox
u, =0 on Ox outside L ¢, (8.15.2)
u, = f(x) on L
and
ProBLEM 2
0y =0 everywhere on Ox
o,, = —p(x) on L , (8.15.3)
u, == 0 on Oz outside L

where f(x) and p(x) satisfy the H-condition on L.

Since o,, = 0 everywhere on, Ox for both problems we may use the
results (8.12.4) and (8.12.6). Here, however, we define Q(z) in the half-
plane S- by the formulae

Q(z) = Q(2), Q'(z) =Q'(2) (21in S-), (8.15.4)
instead of by (8.12.8) so that
Q) = Q), QE) =0'(E) (zinSY.  (8.15.5)

It follows from (8.15.1) that Q(z) = O(1/z) in the whole plane for large
|z], and, from (8.12.4) and (8.12.6), that

uD = kQ(2)—Q(2)+ (E—2)Q'(2) )

B 2D — D))+ (- ()
0xz+ayy = 4{QI(Z)+Q'(E)} ’ (8.15,6)

— 0oyt 2i0,, = 4(2—2)Q"(2)

0121}

0y —10ay = AL (2)+Q'(3)+(—2)Q"(2)
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and, on the boundary Ox,
uD = kQ(2)—Q(Z2)
2ipu, = (e 1){Q(2) —Q(2)} , (8.15.7)
02z = 0y = 2{Q'(2)+Q'(2)}, Oy =0

provided the usual condition (8.12.5) still holds.

8.16. Crack of prescribed shape

We wish to determine the distribution of stress which will produce
a crack of prescribed shape and we therefore take the boundary condi-
tions of Problem 1in § 8.15. The remaining boundary condition (8.15.2)
imposed on u, gives, using (8.15.7),

QH(x)—Q-(x) = 2inf(@) on L

k-1 < (8.16.1)
Qtx)—Q-(x) = 0 outside L
and hence, since ()(z) vanishes at infinity,
_ k. [fe)d 8.16.2
Qz) = pa b e (8.16.2)
L

We consider one example in which we have one crack extending from
x = —atox =aand

fl@) = A(1—2*/a®) (|z| <a),

-where A is a constant. Hence, from (8.16.2),

uA e
2(e) = ma2(k+1) f t—z dat
—a

= __&_ 2 2__ 2 —a 8.1
= ek ){ az-+(:2—a )10gz+a}. (8.16.3)
It follows from (8.15.7) that the stress applied at the crack is
- 16p4 z a—x
= T ralk+1) 90 T < . . .
Tyy ﬂd(x+1){1+2aloga+x} <z <a) (8.16.4)

8.17. Cracks opened by given pressure

Problem 2 in § 8.15 gives the boundary conditions for cracks opened
by a prescribed normal distribution of pressure p(z) on the series of
cracks L, (r = 1,2,...,n). Hence, from (8.15.3) and (8.15.7),

[Q'(2)]*+[Q'(x)]- = —3p(x) on L }

8.17.1
Qt(x)—Q-(x) = 0 outside L (8.17.1)
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It follows that Q’(z) is holomorphic in the whole plane cut along L,
of order 1/2% at infinity, and satisfies the first condition in (8.17.1)
on the cracks L. The solution may therefore be written down with the
help of the theory of § 1.21. For simplicity we restrict further discussion
to a single crack ab so that the general solution of 0(1/2?) at infinity,
which allows the possibility of infinities at the edges of the cut of order
not greater than 1, is

1 D{RM}
"(2) = — dt, 17.2
Y6 = — e f i—z (8.17.2)
a
where {(R(z)}! is defined in § 8.11. It can be verified that the condition
(8.15.5) is satisfied.
The simplest example is that in which a crack —l <z <,y =01is
opened by a constant pressure so that

p(x) = p,
1

, p -ty
= — A 7.
V) = — ey f i—2 (8.17.3)

-1
The integral in (8.17.3) may be evaluated as in § 8.14 by replacing it

by a contour integral, which gives

Q) = —ip{1+(l2—ﬁ%}

where p is a constant and

- —1pli_ % __
Ip{ (22—l2)#} . (8.17.4)
Q@) = —}pl—ile—2)%
— —iple— 1)
It then follows from (8.15.6) that

S Qp{ - cos(0—}0,— 16, —1}

(ry7e)?

it sin 6 , (8.17.5)
, iplPrsing .0 o
O'zx—aw—}—%oxy = W— egt(a +02)
and, from (8.15.7), on the boundary y = 0,
Opg = Oyy = —P (lz] < l)_
e ||
Tzz = Ty = p{(xT—ZE)_*_l (=l >0 (8.17.8)

2D ety (12l <1
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The formula for w, in (8.17.6) shows that a uniform pressure p opens
the straight crack into an elliptical crack.

If we superpose on the above solution a uniform stress

Oy = D Opy = 0, O = 0,
we can find the effect of a crack on the distribution of stress in a body
which is under uniform tension p at right angles to the crack. The
reader is referred to Sneddont for the application of this theory to the
Griffith condition for rupture and for a more detailed numerical dis-
cussion of the stress distribution.

The general solution for a number of collinear cracks can also be
obtained by the methods of this section, but we leave detailed discussion
at this point. The effect of two cracks on a uniform tension has been
discussed by Willmore.]

8.18. Circular regions
The methods of solution for problems of the half-plane used in
previous sections may be extended to the case when the elastic body
is a circular disk or an infinite region bounded internally by a circular
hole. We consider first an infinite region bounded internally by a circle
of radius @ whose centre is at the origin of coordinates. We denote the
region |z| > a by S+ and the region |z| << a@ by S~ so that, according to
our convention, positive direction along the circle |z| = a is clockwise.
Complex potentials Q(z), w(z) are defined for the region S+ and we
continue the definition of Q(z) to the region S-. If z is a point in S~
then a?/Z is in S+ and we put
Q) = —2Q'(a2/z)—&'(a?/2) l
Q) = (@) + LU @) + 5 W) (@i 57, (18D
where O’ (a?)2) = Q'(a?/z), @' (a?f2) = w'(a?/Z)
are defined for z in S-. It will be seen later that the definition (8.18.1)
has been chosen so that the function Q(z) in S~ is the analytical con-

tinuation of Q(z) in S+ through the unstressed parts of the circle
|z] = a. 1t follows from (8.18.1) that

Q(?;) — _%fn'(z)—ca'(z)
o - (z in S%),
Q’(g) = —TEHE) 4 580)

1 I. N. Sneddon, Fourier Transforms (1951).
1 T. J. Willmore, Quart. J. Mech. and Appl. Math. 2 (1949), 53.
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or, solving for &'(Z) and &"(2),
2 2
&'(5)= —Q(%)_%ﬁ'(i)
(zin St). (8.18.2)

al

a\ a?~, . a’~,, .
20 (E)J,é_zﬁ -3

Hence, from (8.1.5), and (8.1.17) to (8.1.20),

@"(Z) =

P— X4i¥ = Qi{Q(z)—Q(%Z)-{-( _“;f)ﬁ'(z)}, (8.18.3)

w(u,+1ug) = G_io{KQ(z)—i—Q(-a;) +(3;_z)ﬁ'(5)}, (8.18.4)

o, +opp = 4{Q'(2) +Q’(é)}’ (8.18.5)

2
0, —0gg+210,9 = ~—Z—Q (?—)—gﬁ’(z')Jr‘i(%z—é)ﬁ"(z), (8.18.6)

2

2z

Optio,y = 20z )——Q’( )+2(1__){Zi —ZV(E). (8.18.7)

We also make use of a formula obtained by deriving the cartesian
components of displacement with respect to §. Thus, from (8.1.1) and
(8.18.2)

,L%%) = iz{KQ’(z)—l-Q'(a;) +§(1—Z—'§)c6”(2)}- (8.18.8)

8.19. First boundary-value problem for circular hole

When the stresses are given at all points of the circle |2| = a we can,
as in § 8.7 for the half-plane, divide the problem into two parts. In
the first part we suppose that complex potentials Qy(z), wy(z) define
stresses and displacements which have singularities only in the region
S+ outside the circle |z| = a and which are such that for large |z|

Pl
QO(Z) 4 ( O_lg_i) + z +ZO
51 , (8.19.1)
, «Plogz
wo(?) = 477(1(—}—1 + z rHiCy)2

where P = X4-iY is the total resultant force on the circle at infinity
due to Qy(z), wy(z). Also, when |2| is small, we assume that

Qo(2) = c+1d+0(2) }

. (8.19.2)
wp(z) = ¢'+id’+0(2)
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We now add a stress system, derived from complex potentials Q,(z),
w,(2), which is such that the combined complex potentials

Q2) = Qo(2)+Q(2),  w(z) = wylz)+wy(2), (8.19.3)
give zero applied stresses at the boundary |z| = a, and, for large |z],
Q(2) and w(z) take the forms (8.19.1). The complex potentials Q,(2)
and wj(z) therefore both vanish at infinity. If we now extend the
definition of Q,(z) to the region S- by formulae of the type (8.18.1)
we observe that Q,(z) will be finite at the origin, and from (8.1.5) and
(8.18.3),

i QAz)—Ql(‘—’;) + —“;)ﬁ;(z)+Qo<z>+zﬁa<f>+caa(z'>- (8.19.4)

It follows from (8.19.4) that if the boundary |2| = a is free from applied
stress then

QFH (1) — Q5 (1) — ——Qo(t)—tﬁ;,(%?)—u';(,(a—;-z), (8.19.5)

for all points ¢ = ae® on the circle [z| = a. In deriving (8.19.5) we
have, of course, made the usual assumptions about the existence of
limits Q; (), Q7 (t) and we have also assumed that

2
hm(z— ;)Ql(z) = e’”hm('r_—) 1(re-i0) = 0.

r

r—>a r—a

Since the validity of assumptions of this type can always be tested
when we have derived the solution, to avoid continual repetition we
shall usually make similar assumptions in future without further
statement.

The (unique) solution €, (z) of (8.19.5) which is holomorphic every-
where (except on |z| = a) and which vanishes at infinity is

Q(z) = -—:2—717;” ()+tfl( )+a;,( )}zi (8.19.6)
L

where the integral is taken around the circle |z| = a in the clockwise
direction. To evaluate (8.19.6) we observe that Qy(a?/t) and @y(a?/t) are
regular functions for || > a and, from (8.19.2),

tQ’( )+a,;,( >_ (c—id)t-+0(1)

for large |t, so that

%f{ ( )-|-'6( )}td_tz_ (c—1d)z+-constant,
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the integral being taken in an anticlockwise sense around the circle at
infinity. Hence, by residue theory, (8.19.6) gives
2 2

Q,(z) = (c—id)z—zﬁ{,(%)—a;(a?) (z in 8+

Q,(2) = (c—id)z+Qq(?) (2in S-)
apart from an arbitrary constant which may be ignored. The results
(8.19.7) could also be written down by inspection from (8.19.5) if we
remember (8.19.2) and that €,(z) vanishes at infinity (or is constant
there). The total complex potentials for the region S+ are therefore

Qz) = Qo(z)—zﬁf,(?;) —da{,(g;) +(c—id)z

,  (8.19.7)

a2

w'(z) = w{,(z)—go(—) +a;§6(a;) — *,  (8.19.8)

2
“4§‘j” a?\ a*_,[a?\ 2a%
) aft)
if we use formula (8.18.2) for @;(2). Displacements and stresses can
now be written down using (8.1.17) to (8.1.20). In particular, on the

boundary of the circle, since o,, = 0 there, we have

ogg = 80+4zQ$(z)—|—49—2§§3(a—2)+4—zng(z)—|—4—22¢f)g(g§). (8.19.9)
2 z a Lz z
Applications of these results will be given in §'8.20 after we have
completed the theory by considering problems in which the applied
stresses at the boundary take the prescribed forms

0,10, = p(t)+iq(t) (t = ae!d), (8.19.10)
where p(t) and q(¢) are real functions. To solve this problemt we suppose

that the state of stress is derived from complex potentials Q(z), w(z), so
that if stresses and rotation vanish at infinity

o P 1
26 =~ gt o)

P . , (8.19.11)
w'(z) = 4r(k-| 1)z+0(g§)

for large |z| where P = X -+4Y is the resultant force at the hole. We
define Q(z) in the region S- by (8.18.1), so that, using (8.19.11),

kP
dn(k+1)

t This method is given by N. I. Muskhelishvili, loc. cit., p. 1. An alternative
solution by the same author is given in Z. angew. Math. Mech. loc. cit., p. 184.

limzQ'(z) = (8.19.12)
2—0
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Also, from (8.18.7),
[0 —[Q'()]- = Hp)+igw)}: (8.19.13)
Hence, provided p(¢), q(¢) satisfy suitable conditions on the circle,
Qe = L [pO+i®) 4 <P (8.19.14)

4mi t—2z d7r(ke-+1)2’
L

where the integral is taken clockwise round the circle |z| = a. Displace-
ments and stresses may now be evaluated from (8.18.3) to (8.18.7).

As in the half-plane problems in § 8.7 we can also solve the problem
of prescribed non-zero stresses at the hole in terms of two potential
functions V(z) and W(z).f We put

2
V(z) = 40()—2Q"(2)— 2% w'(2)
“ , (8.19.15)
222
a?

W(z) = 22Q"(z) +

w”(2)
and observe from (8.1.20) that

ReV(z) = p(1), ImW(z) = q(¢), (8.19.16)
on the circle |z2| = a. From (8.19.15)

Q') = HV @)+ W)

” . (1/2W(Z) a2 , , ) (8.19.17)
w'(z) = — 5= — AV @+ W)}
and using (8.19.11) we see that, for large |2/,
Pz . 1
V() = — —5——é+e+zf+0(_)
2rlet-1)a L, (8.19.18)
k Pz

W) = g pae—i+0(]) |

where ¢ and f are real constants. From (8.1.18), (8.1.19), and (8.19.17),
ontogg = V(@) +W()+V(2)+W(E)

02T (5 2 _ _ , (8.19.19
oot Zicsg = — Z (z—)-l-(%— '){V'(5)+ W'(z)} ( )
and, on the circle |z| = a,
oo = VOHWLTOLTEL g g
0y —0ggt 210, = —2W(2)

1 W. G. Bickley, loc. cit., p. 264, and A. E. Green, Proc. Roy. Soc. A, 180 (1942), 173.



8.19 PLANE PROBLEMS FOR ISOTROPIC BODIES 285

Expressions for V(z), W(z) can be written down by means of the well-
known Schwarz formula. Thus, from (8.19.16) and (8.19.18),

_ K Pz P\ 1 (ze¥4a . ‘
V(z)= M(?_?)_}_Qﬂf o i p(aey)dy———fqaeY
0

2w *
K v (2 Y4a :
W)= 27(k+- 1)(a2 + ) +5n 27 f ze—iy_aq(ae ”) d'y"_ f (ae) dy

(8.19. 21)
Alternatively, for some purposes, it is more convenient to represent
V(z) and W(z) by power series which may be obtained from (8.19 21)
or written down independently. Thus

e =- (:+1( _) i Wkt

K o0
W) = 5——— T (a2+ ) z -U +zTn

where

, (8.19.22)

27

n 1 f p(ae®)cosnd db, 8, = 1 f p(aet)sin nd do
T ™
0 0
27 2w
q(ae)cosnf df, U, = f q(aei)sin nd db
’ ™

0

2w
Ry = Uy = 5 | plac?) a0
2m
0

27

¥

| =

3
I
RN
O%

L (8.19.23)

- 27
—&=%=ifmww
2 )
0

so that 8,, R, and U, T, are respectively the Fourier coefficients in

the expansions of p(aei), g(ae?) in Fourier series. Hence

p(t) = p(ae) = R+ i (R, cos n+-8, sin nh)
n=1

(8.19.24)
q(t) = qlae®) =

Ty+ 3 (T, cosnd+ U, sinnb)
n=1

The stress distributions resulting from applied surface forces of the
forms (8.19.24) may be obtained from (8.19.20) and (8.19.22)
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8.20. Effect of circular hole on given stress distributions

In this section we briefly indicate the solution of two problems using
the first part of the theory in § 8.19. If a uniform distribution of stress
is transmitted from infinity, then from (8.1.22) the values of Q4(2), we(?)

are Q(z) = H(N+1) }
wi(z) = —H(D—Np)e~2x |
where N;, N,, « are defined after (8.1.23). It follows immediately from

(8.19.2) that 8¢ = N;+N, and from (8.19.9) that the value of the hoop
stress ogy at the stress-free hole is

ogp = Ny+ Ny —2(N,— Vy)cos 2(6—a), (8.20.2)

from which well-known special cases may be derived immediately. In
a similar way other distributions of stress transmitted from infinity
may be discussed. Here, however, we leave detailed discussion of special
problems, except that we close this section by considering the distribu-
tion of stress due to an isolated force and couple in the presence of
a stress-free circular hole.¥

If a force P = X+iY and couple M act at the point z = —k where
k is real and k > a, then, from (8.3.2) and § 8.19,

(8.20.1)

log(z+k)
Q. (z) = — o\ T%
o dmleet-1) (8.20.3)
() = kP(z+k)log(z+k) Pklog(z+k) . iMlog(z+k)| =
OO T e ) dm(e4]) 4
and, using (8.19.2), c= —4-:—7(2(—;—1—). (8.20.4)
TTK\K

The general stress distribution may now be obtained from (8.19.8),
(8.1.18), and (8.1.19), but restricting our attention to the hoop stress on
the edge of the circle we find from (8.19.9), after straightforward simpli-
fication, that

wk(k+1)(a2+ k2 2ak cos 0)%0gg/(2F) = w{ak®cos(30—e)+
+k*(k2+2a%)cos(20 — ) +ak(a® 4 2k?)cos(6 —e)+a%k? cos €} +
+k%(k2—a?)cos(20 -+ €) —a2k? cos(20 —e€) +ak(k?—2a?)cos(0+¢) —
—ak(a®+2k?)cos(0—e)— (a4 k24 ak?)cos e+
+k(xc+1)(M/F)(k?sin 20+2aksin6), (8.20.5)
where P = X44Y = Feie, (8.20.6)

t 8. Holgate, Proc. Camb. Phil. Soc. 40 (1944), 172.
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8.21. Prescribed forces at circular hole

We have already given the solution of the problem of prescribed
stresses at a circular hole which have the form (8.19.24). Here we -
consider one example which can be put in the general form (8.19.24),
but a more compact result can be obtained by using the integral forms
(8.19.21) for V(z) and W(z), or by using (8.19.14). We take

pO)=p, q)=¢q (6 < < 2)}, (8.21.1)
p(t) =0, q(t) =0 otherwise
where p, q are constants. It follows from (8.19.14) that
Y —_aeia
Q@) = <P ptig)z—ae (8.21.2)

T dm(k+1)2 4w Cz—aeit’

If stresses and rotation vanish at infinity, the form of Q'(z) for large
|z| is given by (8.19.11) so that, comparing coefficients of 1/z,

P _ <P Pt i
o) e ) T am @O
or P = X+iY = ia(p-+ig)(e?fr—ei). (8.21.3)
We may now write (8.21.2) in the form
—aeifs
Q'(2) «P P zae (8.21.4)

= e log ",

dm(k+1)z + 4ma(et— i) 8 e
and stresses and displacements are obtained immediately from (8.18.4)
to (8.18.6). We consider in more detail a limiting case of this problem

in which the applied forces are concentrated at a point § = § on the
circle. We assume that

6,0, =B, P —> 00, q — o0,

in such a way that the resultant force P remains fixed and is then an
isolated force at 6 = 8. Hence, from (8.21.4), in the limit

«P P
0 L S N— 21.
) dn(k+ 1)z dm(z—aeP) (8.21.5)
Tt follows from (8.18.5) by straightforward reduction that on the circle
el = a

__ F (2xcos(f—e) | sin(}043B—¢)
"""‘_{ K1 sin }(0—B)

™

since o,, = 0 when 6 = B. In (8.21.6) we have put P = Fe'c. The
above results may be deduced by using the functions V(z), W(z) which
are defined in § 8.19, but this is left as an exercise for the reader. The

} 0 £p), (8.21.6)
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special result (8.21.5) may also be obtained by using the? formulae
(8.5.2). From these formulae the function Q'(z) must contain terms
P P 1 1 kP P

) = — dm(kt+1)z Er(z——aeiﬁ—z) = dn(kt1)z  4m(z—aeP)’

and these terms alone satisfy the boundary condition
w1 Vol = 0 (0 #B),

so that, from (8.19.13), the boundary is unstressed at all puints not
coineiding with 6 = B. It follows that we have, as in (8.21.5), the com-
plete potential function Q’(z) for an isolated force at § — B.

Results for a general distribution of isolated forces at the circle can
now be obtained by summation.

8.22. Second boundary-value problem for circular hole

When values of the displacement are prescribed at the edge of the
circular hole |z| = a, we again consider two cases. In the first case
complex potentials Qy(z), w,(z) define a given stress distribution which
has the properties defined in § 8.19 and we choose complex potentials
(8.19.3) so that the total displacement at |z| = a is zero. As in § 8.19
we extend the definition of the complex potential Q,(z) to the whole

plane by formulae of the type (8.18.1). The total displacement is given
by (8.18.4) and (8.1.17) in the form

ptting) = e 0{c,e)+0,(%) + (£~ +
+KQO(z)—zﬁg(z)~a;(z)}. (8.22.1)
If the displacement at |2| = a is zero, then, with the usual assumptions,
KO (O)+QF (1) = —Qy(t) + 1, ( )+cr)a( ) (t = ae),

(8.22.2)
and Q(2) is finite at z = 0 and vanishes at infinity. By writing

A(z) = ky(2) (2in S),
A2) = —2) (zin §),
quation (8.22.2) becomes

A= A0) = - T )+aa(“2)

-5 sl

wind hence
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the integral being taken clockwise round the circle |z| = a. This
integral is similar to (8.19.6) and may be evaluated in the same way,
so that we have

A(z) = kQ,(2) = —(c—1id)z-}+20Y ( )-{—cb{,( ) (zin S+)

A(R) = —Q,(2) = —(c—1d)z+xQy(2) (2 in 8-)
Using the formula (8.18.2) for wj(z) we see that the total complex
potentials for the region S+ are

Q) = Qyf2) 42 Q'(“ )+iw;,(“_2)_(.c—id>z

z 4 K

. (8.22.3)

T M T Lo B

KZ z KZ z

i i‘f Q"((f) n (cmzd_ c—zd)a2
K z

k23 \z

Displacements and stresses may now be found from (8.1.17) to (8.1.19).

As an example we consider that a uniform distribution of stress is
transmitted from infinity and that Qy(z), wy(z) are given by (8.20.1).
It follows from (8.19.2) that

= NN,  d=0, (8.22.5)
and hence (8.22.4) gives the total complex potentlcxls Q(z), w(z) as
follows:

Q(z) — (N]_"*‘ZVg)Z (M—-4N2)a/2e2la N
NN Kz 320\ (e 1)(N, 4 Ny)a? | (8.22.6)
’ IV _9ix a*e 11 o
w (2) _T_(ze 27 + — ) K— 8; A ]

The corresponding stresses and displacements can be obtained from
(8.1.17) to (8.1.19). In particular, at the edge of the circular hole,

T

o *5;_#_1 (N N;) +2(N,— Ny)oos 2(0— )}

oap — 3“"{K(z\71+1\72)Jr2(N1—Nz)eofs 20— b,  (8.22.7)

01‘0 = (fi_”(z___z,\:m 5][’1 2(9 )

When the displacements take prescribed non-zero values on |z| = a
we assume that the cartesian components u,, u, take the values

u, = gy(t),  w,=gy(t) (t = aed), (8.22.8)
5237 U
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where ¢,(t), 9,(¢) are real functions. We also assume that 7:(2), g5(t)
have first derivatives g;(¢), g5(t) satisfying the H-condition on the circle
|2| = a. We can solve this problem by introducing two complex func-
tions which are analogous to the functions V(z) and W(z) used when
stresses were prescribed on the boundary, but here we restrict our
attention to the first method which uses the single complex potential
Q(z) which is defined in the whole plane in § 8.19. It follows, as in
§ 8.19, that formulae (8.19.11) and (8.19.12) hold for large and small
|z| respectively, and from (8.18.8)

QO H[QO] = plgi()+igy(0)}, (8.22.9)

on the circle ¢t = aei?. Hence

oy — P [ ig(t) o, kP .
kQ'(z) = %‘[ o dt P payy (z in S+)
x 040 » , (8.22.10)
R L Yy K ©oao
) = 2m‘f = Uty ¢S
L

the integrals being taken clockwise round the circle |z| = @ on which
t = ae?. Values of stresses and displacements may be found from
(8.18.4) to (8.18.6), but further discussion of special problems is left to
the reader since such a discussion is similar to that indicated in § 8.21
for special examples of the first boundary-value problem.

8.23. Mixed boundary-value problem for circular hole

The fundamental mixed boundary-value problem for a circular hole
arises when the displacements u,, u, are given on the arcs a, b,
(r=1,2,...,n) of the circle 2| = a and the external stresses on the
remaining part of the boundary. With the help of the solution of the

first boundary-value problem in § 8.19, however, we can considerinstead
the slightly simpler problem in which

D = u,+iu, = g(t) = g,(t)+igy(t) on L }’ (8.23.1)

g, =0, ge=0 on L’

where L consists of the n arcs a,b, and L’ is the rest of the bounding
circle.

Using the theory of § 8.18, and making the usual assumptions, we
see from (8.18.7) that the second boundary condition in (8.23.1) gives

[0 —[QO] =0 on L,
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so that Q'(z) is holomorphic in the plane cut along L, but, as in § 8.19,
when stresses and rotation vanish at infinity,

"oy P 1
Q'(z) = ) +1)z+0(;§), (8.23.2)
. P
1 2) = ————. 23.
for large |z|, and ELI; 2Q'(2) ywpa Y (8.23.3)

Using (8.18.8) the first boundary condition in (8.23.1) gives
QO[] = pg'(t) = plga(t)+iga()}, (8.23.4)

on L. The problem is therefore reduced to a special case of the Hilbert
problem in which Q'(z) satisfies the condition (8.23.4) on the arcs L,
and also the conditions (8.23.2), (8.23.3) at infinity and at the origin
respectively. We may write down a general solution with the help of
§ 1.21, but for simplicity we consider the case of a single arc ab. If we

admit solutions in which Q'(z) is infinite at @, b with degree less than
1, then

ey B fb ¢ (O(R(}

N{R(z)}* kP
2mci{R(z)} ) (¢— dt +

D Ry(t) ] (R} " dm(et 1)’
(8.23.5)

where the integration is clockwise along the arc al) of the circle, and
where N is a constant,

2my = log(1/k), (8.23.6)
and
R(z) = (2—a)(b—2)
— . 8.23.7
Rye) = 2= } (8.23.1)

By {R(2)}! we understand that branch which is holomorphic in the
plane cut along ab, such that
lim {R(z)}}/z = —1, (8.23.8)

|z2l—>c0
and by {R,(2)}*” a branch, holomorphic in the same region, which tends
to 1 as [z] > co. Also {R(t)}}, {R,()}" denote the values of the specified
branches as z >t from S+ (i.e. outside the circle).
If the total force P exerted on the segment ab is given, then, in view
of (8.23.2), we have
P kP N
dn(k+1)  4m(k+1) ¢
or ' v="'2 (8.23.9)
4 -




292 PLANE PROBLEMS FOR ISOTROPIC BODIES Chap. VIII

Other types of boundary conditions may also be considered at the
edge of the circular hole, but we leave the discussion at this point.
Problems concerned with circular disks may be solved by methods
similar to those used for the circular hole. We indicate, briefly, in
the next section, the solution of the first boundary-value problem for
a disk.

8.24. First boundary-value problem for a circular disk

The region |z| < a is now denoted by S+ and the region |z| > a by
S-, so that the positive direction along the circle |z| = a is anti-clock-
wise. With this notation for S+ and S-, the definitions of Q(z), w(?)
follow exactly as in § 8.18 and the displacements and stresses are given
by (8.18.4) to (8.18.8).

Following the plan of § 8.19, we first suppose that complex potentials
Q,(2), wy(z) define stresses and displacements which have singularities
only in the region S+ inside the circular disk |z| = a. We also assume
that these potentials produce a self-equilibrating system of stress so

that, for large |2/, 1
)

Qy(2) =

i = By Bt o) |

where Bj, B,, Cj are real constants. The coefficient B; of 1/z is real
since there is no resultant couple over any large circle. We add a stress
system derived from complex potentials Q,(z), w,(z) which is such that
the combined potentials
Q(z) = Qo(2)+£24(2), w(2) = wy(2)+w,(?), (8.24.2)

give zero applied stresses at the boundary |z| = a of the disk. The
complex potentials ,(z), w,(2) also give rise to a self-equilibrating
system of stresses, and we suppose that, for small |z|,

2)(2) = aptoy 240(2%) }

wj(z) = O(2)
By a convenient choice of the arbitrary constants «', 8”in § 6.6 we may
always take w;(0) = 0 and this has been done in (8.24.3).

We now extend the definition of Q,(z) to the region S- by formulae
of the type (8.18.1) so that ;

Q,(2) = —zﬁi(g;)-—cﬁ'l(a;) (zin 8-), (8.24.4)

(8.24.1)

(8.24.3)

a?\ a? . ’
and hence @1(Z) = —QI(E)——Z—Q’I(E) (z in St). (8.24.5)
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It follows from (8.18.3) and (8.1.5) that
P

57 = )= (5) + (- = T Qe+ D E) a3,

Hence, if the boundary of the disk is free from applied stress, we have,
with the usual assumptions,

QF (1) —Q (t) = —Qo(t)_m;,(ﬁtf)_ wo(“;) (8.24.6)

for all points ¢ on |z| = a. Also, from (8.24.3) and (8.24.4), we see that,
for large |2|, 1
Q,(z) = —&oz—&laz—{—O(;). (8.24.7)

The solution ,(z) of (8.24.6) which is holomorphic everywhere,
except on [2| = a and at infinity where it behaves like (8.24.7), is

Qy(z) = -—aoz—ala2-—___f{ +t§,( )+d»6( )}til_t
(8.24.8)

where the integral is taken anti-clockwise around the circle |z| = a.
To evaluate this integral we observe that Qu(a?/t) and @y(a?/t) are
regular for |t| < a, Q) is regular for |¢{| > a, and Q(f) = O(1/t) for
large |t|. Hence

Q (2) = —28) @ — @ a* —&yz—a,a? (2 in S+)
ne 0(? 0 'z") 0T } (8.24.9)
Q,(2) = Qy(2) —&g2—a, a® (zin S-)

and the total complex‘potentials for the region S+ are

Q) = Qo(z)—zﬂa(%z)—aa(%?)_&oz_&l "
w'(2) = w;,(z)—ﬁo(%z)Jr L. (8.24.10)
2__ (a2 4 2 4 2 « &
T

From (8.24.1) and (8.24.9), when |z| is small,
, - 2 1Cy)z
O(z) = "O‘o———-"—z--*-nj
and comparison with (8.24.3) gives

B, _2ABy—iCy)

% t&y = — -5 oy =
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Since the imaginary part of the constant o, only gives rise to a rigid-
body displacement we may put

__5 _ _ 2ABy—iCy)

m=—ph, = — (8.24.11)

and ignore the imaginary part of a,.

Displacements and stresses may now be written down using (8.24.10),
(8.24.11), and (8.1.17) to (8.1.20). The stress on the edge of the disk
r = a reduces to

2

4B’ 4 n ” ” 2
0902'62_14-4290(2)-}-—“—?2 ( )+— wo(2 )+——<50(a)
(8.24.12)

since o,, = 0 on r = a. It is now a simple matter to write down the
edge stress in a given problem. For example, if we have a force
P = X+41Y at the point 2 = z,(|2,| < a), balanced by a force — P and
a couple — M at the centre z = 0 of the disk, where

M = Li(zy P—%, P),
then, from (8.3.2),

Qle) = — g logle—2)—log )
T I )
. v g 1 82413
’ 0
wile) = gy logle—s0)loga) 4 T -
Also, from (8.24.1), } _
B — =D& Ptz P) (8.24.14)

8ar(k41)

The evaluation of the edge stress ogy, using (8.24.12), is left as an
exercise.

To complete the first boundary-value problem for the circular disk
we consider a disk under the action of prescribed edge forces

oFio,g = p(t)+iq(t) (¢t = ae'd), (8.24.15)

which are self-equilibrating. Here p(t), g(¢f) are real functions. We
suppose that the stress in the disk is derived from complex potentials
Q(z), w(2) such that, for small |2|,

Q') = By+By2+... }

(8.24.16)
w'(2) = 0(2)
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where B, is a real constant and B, a complex constant. We define Q(z)
in the region S~ (|2| > a) by (8.18.1) so that, when |z| is large,

Qz) = —Boz—~ﬁla2+0(§). (8.24.17)
Also, from (8.1.21), (8.18.3), and (8.24.15),
Q) —Q-(t) = S@E)+iT(t) (t = aef), (8.24.18)
t
where S(t)+iT(t) = 3 f {p(t)+iq(t)} dt. (8.24.19)
Hence, provided S(¢), 7'(¢) satisfy suitable conditions on the circle,
Q@) = L f SO+7() dt—B,2—P, a2, (8.24.20)
2m t—z

where the integral is taken anti-clockwise around the circle |z| = a.

An alternative solution of the problem of prescribed stresses at the
boundary of a disk |2| = a can be given in terms of two potential
functions V(z), W(z). Asin (8.19.15) and (8.19.16) we put

V(@) = 4Q'(z)—2zQ”(z)—2—z:w”(z)
o “ , (8.24.21)
W) = 20°() +25 o) ]
so that, on the circle |z| = a,
ReV(z) = »p(t), ImW(z) = q(t). (8.24.22)
Also Q) = HV @)+ W)} }
vy @2W(2) %, ) , (8.24.23)
w'(z) = —2—22—“—47{17 (2)-+W'(2)}
and, from (8.24.16), for small values of z,
V(z) = 4By+2B,2+0(?) } (8.24.24)
W(z) = 26,21+ 0(z%)
From (8.1.18), (8.1.19), and (8.24.23),
o togg = V(z)+ W(z)+7(2)+ W(Z)
2TV (5 2 _ — , (8.24.25
e—aay-tio — =2 201 (2 2)(Pe) W) } (5:2222)
and, on the circle r = a,
Omton = VO +WEHT(E)+TE) L e
0np—0gg+2i0, = —2W(2)
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Expressionsfor V(z), W (z) can be found by using the Schwarz formulae

27 ) ae?r—z A
0 . (8.24.27)

2m
i (ae+z
W) = o r aei)’—zq(ae 7)dy

V() = o f 9EVH2 ) aei) dy

The functions V(z) and W(z) may also be represented as power series

Ve = Bt 3 (R,—iS,) 5

3 ) , (8.24.28)
W@ = 3 (U, +iT,) =
n=1 a
where
b 2 I
1 0 L[
R, = - plae?¥)cosnb db, S, = = | p(ae®)sinnf d6
w
1 2w 2m
T, = _.fq(aew)cosne s, U, = lfq(aew)sinn() do }, (8.24.29)
m e
1 2 2m .
Ry = 5= | plae® at, [ ataety a0 — o
27
0

and, in view of (8.24.24),

R, = U, 8 = —1T. (8.24.30)
The coefficients R,, S, and U,, T, are respectively the Fourier coeffi-
cients in the expansions of p(ae‘”) and q(ae') as Fourier series. Hence

plae®) = R 4 i (R, cosnb+-8, sinnb) ]
n=1 (8.24.31)

q(ae) = 3 T,, cos nb-+ U, sin nf) r

8.25. Curvilinear polygonal hole
We now turn our attention to some problems connected with stress
distributions in an infinite plate containing a hole of general curvilinear
polygona,l shapet given by |o| = 1 (or £ = 0) in the transformation
z = eB(mac+bo™), o=, { = &+, (8.25.1)
where a and b are real constants, @ > b, and 8 is an angle which deter-

mines the orientation of the axes. The subsidiary transformation ¢ = ¢!

t See A. E. Green, Proc. Roy. Soc. A, 184 (1945), 231; A. C. Stevenson, Phil. Mag.
34 (1943), 766.
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is useful as it provides us with curvilinear coordinates (£, n) such that
the boundary of the hole in the z-plane is given by the circle o6 = 1
in the o-plane, i.e. by £ = 0. We observe that 2'(c) = nef(a—b/om+1)
has zeros only in the region |o¢| < 1, and Z’(1/0) has zeros only in the
region |¢| > 1. We consider briefly special cases of (8.25.1).

L.

(i) (ii)
Fic. 8.4. Polygonal hole: (i) n = 3,a = 3b, B = 0; (ii)n = 3,a = 3b, B = }m.

L.

Fic. 8.5. Polygonal hole: n = 2,a = 2b, B = 0.

When the hole is circular and of radius a the transformation is given
byn=1,b=p8=0.

For an elliptical hole whose semi-axes are a’, b’, where

a' = a+b = ccoshe, b’ = a—b = csinhe,

we have n = 1, the major axis being at an angle 8 with the z-axis.

The curve for which n = 3, @ = 3b represents approximately a square
with rounded corners. When B = 0 the ‘sides’ of the square are in-
clined at angles of +}7 to the coordinate axes, and when B = }= the
‘sides’ are parallel to the axes (see Fig. 8.4).

An equilateral triangle with rounded corners is represented approxi-
mately by n = 2, a = 2b, the orientation of the triangle for 8 = 0
being shown in Fig. 8.5.
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We make use here of the formulae (8.1.9) to (8.1.15). We denote the
region |o| > 1 in the o-plane, which corresponds to the region outside
the polygonal hole in the z-plane, by S+ and the region |¢| < 1 by
8-, so that positive direction along the circle |o] = 1 is clockwise.
Complex potentials f(c), g(c) are defined for the region S+ and we
continue the definition of f(o) to the region 8-. As for the half-plane
and circle, we form our definition of f(c) in S so that it is the analytical
continuation of f(¢) in 8+ through the unstressed parts of the boundary
circle |o| = 1. If ¢ is in 8-, then 1/G is in S+ and we put

flo) = 2] '(;/a)/:“)g'(l/“) (o in S-), (8.25.2)
where F(ljo) = f(1/5), Jj(1/o) = g(1/3). (8.25.3)
Replacing o by 1/ in (8.25.2) we have :
£(1/5) = —A1/9) f_,“)“Lgl( %) (oin 8%), (8.25.4)
Z'(o)

or, solving for §'(5),
§'(6) = —2(6)f(1)5)—2(1/3)f'(6) (o in S+). (8.25.5)
Using this result we may express (8.1.10) to (8 1.12) in the forms

ptug-+ing) = (2O fta) 4 10016) +1201/0)— o)1 2, (s250)

0§§+0,m——4{f (Z) J; (_)} (8.25.7)
. G d G -
Ogt— Oyt 200, = — p e )do{[ o)—z(1l/G )]f_,z ; f(l/cr)}. (8.25.8)
Also, from (8.1.5) and (8.25.5),
5 = flo)=f1jo)+ o) —=1/ap L. (5.25.9)

8.26. First boundary-value problem for polygonal hole

As in previous cases, when stresses are prescribed at a boundary we
divide the problem into two parts. In the first part we suppose that
complex potentials fy(c), go(o) define stresses and displacements for a
plate which does not contain a polygonal hole. We now add a stress
system derived from complex potentials f;(c), g;(c) which is such that
the combined complex potentials

fl@) = fole)+fil0),  g(o) = go(0)+91(0) (8.26.1)
give zero applied stresses at the boundary |o| = 1 of the hole. Also,
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fi(o) and g,(o) are potentials which produce zero stresses and rotation
at infinity and zero resultant force over the hole, so that

’ 1 ” l
filo) = 0(;—2), gi(o) = 0(0—2), (8.26.2)
for large |o|. We put
filo) =3 4,02, (8.26.3)
r=0

for large |o], and observe that

Fijo) =S A0, - (8.26.4)
=0
for small |g]|. ' '
We now extend the definition of f,(s) to the region S- (jo] < 1) by
a formula of the type (8.25.2), so that ‘

fule) = =2 3(;,/(‘;)/351“/") (o in 8-, (8.26.5)

From (8.26.4) and (8.25.1) we see that this definition of f;(o) implies
that f,(c) has a pole at the origin of ¢ of the form

0

(o) = _62‘/3 (nac—+ba—") z o2,

a ba"’”l

so that the principal part of f;(o) at the pole o = 0 is

2if n—-3
filo) = *bza A.om42n (0> 3). (8.26.6)
r=0

The resultant force P acting on any arc of the hole |¢| = 1 may be
obtained from (8.25.9), (8.1.5), and (8.26.1) in the form

'§=f1(0)—f1(1/5)+{Z( )—#(1/3) }flfi Hhlo) + 587 {0) I(

(8.26.7)

Hence, making the usual assumptions about the existence of various
limits, we see from (8.26.7) that if the boundary of the hole is to be
free from applied stress then

- 20Fo(1/8)  go(1/2)
fHO—=fT ) = —fol)— =00 °(1/t (8.26.8)

where ¢ denotes a point on the circle |o| = 1. The solution of (8.26.8)
which is sectionally holomorphic, except at the origin where it takes
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the form (8.26.6), and which vanishes at infinity, is

[0+ 0T 5(1/t) +§6(1/t} dt b g e

t—o na

hile) = 7t Tz (1) e

2m
(8.26.9)

the integral being clockwise around the unit circle |o| = 1. The second
term in (8.26.9) is replaced by zero if n < 2.

Owing to the presence of the factor 2'(1/¢) in the integrand of (8.26.9)
it is not very convenient to attempt to evaluate the integral in terms
of the general functions fy(o), go(c) as was done in the case of the-
circular hole. We therefore leave the evaluation of fi(s) to special
problems in § 8.27 and consider next the second part of the first
boundary-value problem for a curvilinear polygonal hole in which
stresses take prescribed non-zero values at the boundary of ‘the hole.

We suppose that the prescribed boundary stresses take the forms

ogetiog, = p(O)+igt) (¢ =€), (8.26.10)
where p(t), q(t) are real functions, and we suppose that the state of
stress is derived from complex potentials f(c), g(s) so that if stresses
and rotation vanish at infinity

, P
f(o) =— W

/(o) = 0(3)

for large |o|, where P is the resultant force at the hole. We extend
the definition of f(o) to the region S- by (8.25.2) and see from (8.26.11)
that f(o) has a pole at ¢ = 0 with principal part’

ZBO’

(8.26.11)

betiP  beBNTS
fle) = 417(K—}—l)naa”“1 na Byo (n=>3)
i r=0 . (8.26.12)
be2iBP ‘
fO) = gt yoa =2

From (8.26.10), (8.1.14), and (8.25.1),

t
P(t) =1 f {p(t)+ig(t)meila—bi-—n-1) dt  (t = etn),

(8.26.13)
and, with the usual assumptions about the existence of various limits, we
have from (8.25.9)  ry(py f-t) = —3iP(). (8.26.14)

The solution of this boundary-value problem can only conveniently be
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written down when the prescribed forces at the hole are self-equilibrat-
ing so that P = 0 and f(o) vanishes at infinity. If for the present we
consider this case, then, remembering (8.26.12), we have

P(t)dt be TP
f(") = —G

t—a na
r=0

B,g™+2-n, (8.26.15)

the integral being clockwise around the unit circle ¢ = e™. The second
term in (8.26.15) is replaced by zero when n < 2.

If the prescribed stresses at the hole are not self-equilibrating and
have a resultant force P, then f(o) does not vanish at infinity. In this
case, from (8.26.13), we write

81;‘7 ) — —neblat—bt-m{p(0)+ig()
on the circle ¢ = e, Also, using the result
7, .0 ._0 »
=i — — 16— = ef+in
P 10 oy 16 5 (o = eb+),

we have, from (8.25.9),

1 0P(t) — of (o _éf,(l/&) { ‘(o )_Z(l/a }f G)

2 o ¢ JZ'(6)
— {e(o)—2(1/3) }55%{ z_(z_;}
and hence, with the usual assumptions,
[F'@)—[f@®] = R(), (8.26.16)
where R(t) = JneiB(a—bt—2-1){p(t)+1q(t)} (8.26.17)

The function f’(o) vanishes at infinity and is sectionally holomorphie,
with discontinuity given by (8.26.16), except at the origin, where, from
(8.26.12), f'(o) has a pole with principal part

__n)be2zBP bezlﬂn —
o) = 477(K+1)7w«0" na Z (r4-2—n)B, o™ (n = 3)
6p '=° . (8.26.18)
, _ bem B
f‘“’““m (=2

The function f'(o) is therefore given by

(o) R(t)dt | (1—n)be?P  be2if n-3
2m t—ao 4m(k+1)nac® na

(r+2—n)B, o1,
r=0

, (8.26.19)
the integral being clockwise around the unit-circle £ = ¢7. Whenn = 1
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the second and third terms in (8.26.19) are replaced by zero. When
n = 2 the third group of terms is replaced by zero.

8.27. Effect of polygonal hole on given stress distributions

Using the notation of the previous two sections we suppose that an
infinite plate containing a stress-free polygonal hole is in a uniform
state of stress at infinity, so that

8fo(0) = (M +DNp)z }

8.27.1
8g4(0) = —(Ny—Np)e~2z? ( )

where N,, N,, « are defined after (8.1.23). Since we only require the
stress system corresponding to the potentials (8.27.1) to be uniform
for large values of |z|, and hence for large |o|, we could take the funda-
mental potentials to be

8fy(a) = (N;+N,)naetba,
8g,(0) = — (I, — Ny)n2a2e2if-2icg?,

but it is found that the form (8.27.1) is more suitable for our purpose.
Using (8.27.1), it follows from (8.26.9) that

7100) = =g [ (O Bget)— @ — Mo o

beZiﬂ n—3

na
r=0

A, om+2n (8.27.2)

the integral being clockwise around the unit circle ¢ = ¢ in the o-plane.
The terms apart from the integral in (8.27.2) are replaced by zero when
n < 2. The various terms in the integral in (8.27.2) may be evaluated
either by residues inside the unit circle or by residues outside the circle
together with an integral over the infinite circle. Thus

4f\(0) = — (N4 Np)2(0) + (N, + NpJnaebo+ (N, — Ny)nao—le2ix—if —
21:B n—3 _
4be z A,om2n (cin §%), (8.27.3)

r=0

na
4f,(0) = (Ny+Ny)naeto— (N;— Ny)be?ia-ifon —
2ig =3 _
_4l:a z A,om2 " (cin 8-). (8.27.4)

r=0
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If we now compare (8.27.3) with the expansion (8.26.3) for f(o), valid
for large |o|, we have

be2iB _ N, — N.\nae2te—ip ]
g B _ 4,

b(n—2)e*f4,
A na -
An—l = }(lvl'lf'lvz)nbelﬁ

» =0 otherwise

and hence

n2a?

Ao{l __b2(n—2): = — Ina(N,— N,)ezia-iB
(n = 3). (8.27.5)

n2a?

2(n—
An—a{l-b——*—(n 2)} = —1b(n—2)(N;— Np)e-2ix+3if
We may now obtain all the components of stress and displacement
from (8.25.6) to (8.25.8), (8.27.3), (8.27.4), and (8.1.10) to (8.1.12),

together with (8.27.1). We restrict our attention, however, to the hoop
stress at the boundary of the hole which is given by

1(?) fol?)
on = {0+ L+ 5
evaluated at ¢ = e, since ozt = 0. Consider first the case n < 2, so
that, from (8.27.1) and (8.27.3),
8{Fo(0)+f ()} = (Ni+NyInaet-+ (N,-+ Nynbeifg—n-1
—2(N,— N,)naeie~iBg-2,
Therefore, a straightforward calculation gives
{a®+b2—2ab cos(n+-1 )y, = (N4 N,)(a?—b%)—
—2(N;— N, }{a*cos (29— 20+ 28) —ab cos[ (n— 1)n+2x—28]}.
(8.27.7)
When n > 3 additional terms containing the constants 4, must be

used in (8.27.3) where the constants are given by (8.27.5). Hence the

terms in the edge stress o,y Which must be added to those in (8.27.7)
are given by

{1_b2(n 2)
n*a?

(8.27.6)

}{ a?+b%—2ab cos(n+ Dn}oy,

= — ML%—)M{@(I — %)cos[(n— 1)n+20—28]—

—bz(l-—;ll)eos(277——2a+2ﬁ)}, (8.27.8)
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so that the total edge stress o,, for n > 3, obtained by adding contribu-
tions from (8.27.7) and (8.27.8), is -

{n— (n—2)b%/(na®)}{a®+b*>—2ab cos(n+1)n}o,,
= (N, N)(@—b)n— (n—2)6%(na?)}—
— 2(N— Ny){[na?— (n— 2)b¥]oos(2n—2a-+26) —
—2ab cos[(n—1)n+2a—2B]}. (8.27.9)

From the general fornulae (8.27.7) and (8.27.9) we can at once deduce
various special cases. For an elliptical hole we put a+b = ccoshe,
a—b = csinhe, and n = 1 in (8.27.7) so that

(cosh 2¢—cos 27)o,, = (N;+N;)sinh 2¢—
— (N — N, ){e?< cos(2n—2x+2B)—cos(2«—2B)}.  (8.27.10)

If we have a tension 7 parallel to the major axis, then putting
B=a= N, =0, N, = T in (8.27.10), the edge stress becomes

_ nsinh 2e+41—e% cos 27
m cosh 2e—cos 2y

(8.27.11)

For a tension 7' parallel to the minor axis, = o« = N, = 0, N, = T, and

. Tsinh 2¢—14-€% cos 29

= 8.27.12
m cosh 2e—cos 27 (8.27.12)

For a shearing force § parallel to the axis of the ellipse, B = 0, « = %=,
N, = —N, = 8, and
28e?€ sin 27

—_——— 8.27.13
ke cosh 2¢—cos 29 ( )

a

An approximately equilateral triangle with rounded corners is given

by » = 2, a = 2b, B = 0 and is orientated as shown in Fig. 8.5. If a

tension 7' is then applied parallel to the z-axis, the edge stress isobtained
from (8.27.7) by putting Ny = T, N, = « = 0. Hence

o — T(3—8cos 2n+4cos n)

27.1
m 5—4 cos 3y (8.27.14)

For a tension 7' parallel to the y-axis, Ny = o« = 0, N, = T, and

_ T(3+8cos2y—4cos n)

= 8.27.15
Tm 5—4cos 3y (8.27.15)

If the hole is approximately a square with rounded corners we must
use formula (8.27.9) with n = 3, a = 3b. If B = }= the sides of the
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square are parallel to the axis as shown in Fig. 8.4 (ii) and for a tension

T parallel to the z-axis N; = T, N, = « = 0. Thus the edge stress is

o — 4T (1+2-7sin 27)
M7 5—3cosdy

(8.27.16)

When the force applied at infinity is a shearing stress S then o = },
N, = —N, = 8 and the edge stress becomes

o — —278 cos 29
™7 2(5—3cosdn)’

. All the formulae (8.27.11) to (8.27.17) for edge stresses are compara-
tively simple to evaluate numerically.}

(8.27.17)

8.28. Prescribed forces at polygonal hole

We consider briefly one example in which the prescribed forces at
the hole are self-equilibrating so that we may use (8.26.15). Suppose
two isolated forces 4-X act parallel to the x-axis at points ¢ = 1.

Then Pty=X (0<n<m) (t == ei) (8.28.1)
e e’l. , ,‘ .
Pty=0 (#m<n< 2#)}
and, from (8.26.15),
X, o1 b2 2~
f(g-) = Z;log—-o_—l— oy Bro" n
o , (8.28.2)
, X pe2iB "= —
f (a') ] _277(0'2—1)— :La; Z (T+2—n)Bra’r+l——n
=0

the terms containing the constants B, being added when n > 3. If we
compare (8.28.2) with (8.26.11) for large |o|, we have

- 28 _ A
B,— (r4-1)be* B, , = _X (r even)
na 2
=0 (r odd) L (r=0,1,.,n—3;
_ —r—2)be-2B X n = 3),
By Mra“; B= 2 (n—rodd)
=0 (n—r even) |
(8.28.3)
X
B, = ——
r=—3, (reven) } (r > n—3). (8.28.4)
=0 (r odd)

T See A. E. Green, loc. cit., p. 296.
5237 X
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Since oz = 0 at the hole, except at the isolated forces, the value
of the hoop stress at the hole is given by

_ 4o fo — g
a,m_4{z,_(t) Z’(t)} (t = ein), (8.28.5)

except at # = 4-1. Hence, from (8.28.2),
2X (asin(n+B)-+bsin(ny—p)
= < 2). .28.

T wnsinn{ a?+b2—2ab cos(n+1)y } ( )} (8.28.6)

When » > 3 additional terms containing the constants
B, (r=0,1,.., n—3)

must be used in (8.28.2), these constants being given by (8.28.3). The
evaluation of the extra terms required in the hoop stress is left as an
exercise.

For an ellipse whose major axis is along the z-axis, the hoop stress
for a pair of equal and opposite isolated forces at opposite ends of the
major axis is obtained by putting 8 = 0, » = 1 in (8.28.6). Thus

2X(a+b) . 4X cosh¢

Tm = (@1 b*— 2ab cos 2n) ~ mc(cosh 2e —cos 27)

(n # 0,m).
(8.28.7)

If equal and opposite forces Y act at opposite ends of the minor axis
of an elliptical hole, we can evaluate the hoop stress in a similar manner.}
Thus

. 2Y (@a—b) _ 4Y sinh e
T = m(a@?+b*—2ab cos 2n) ~ mc(cosh 2e—cos 27)

(m # Linm).
(8.28.8)

8.29. Distribution of stress in infinite wedge]

We consider the distribution of stress in an infinite wedge (Fig. 8.6)
which is bounded by the lines § = —+«, the origin of coordinates being
at the vertex of the wedge. It is convenient to use a conformal trans-

formation
d d

dz~ dl’
which transforms the boundary lines § = 4+« of the wedge into the
lines 7 = 4« in the {-plane, and the interior of the wedge into the
region (Fig. 8.6 (ii)) between the lines » = 4-a. The constant a denotes

z = aeb, &= logg, n = 0; 2 (8.29.1)

1 A. E. Green, J. Appl. Mech. 14 (1947), 246,
1 An alternative solution of wedge problems using Mellin transforms is given by
C. J. Tranter, Quart. J. Mech. and Appl. Math. 1 (1948), 125.
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the distance from the vertex O of two points B, C on the boundary
lines of the wedge, and these transform into the points (0, «) and (0, —«)
respectively in the {-plane. From (8.1.18) to (8.1.20) we have

optogg = HQ'(2)+Q'(2)}, (8.29.2)

0, —0gg+2i0,9 = —4{z§"(z)+§a)"(z)}, (8.29.3)

ogg—ic g = 2{9'(z)+§§'(z)+z§"(z)+.§a"(z)}. (8.29.4)

0 B A
Iﬂ
— §
(0] « D

(i) (ii)
F1a. 8.6. Infinite wedge: (i) 2-plane; (ii) {-plane.

We suppose that the surface stresses are prescribed on the boundary
lines of the wedge so that
0gg = p1(§)3 09 = ql(f) (0 = a) }
ogg = Pa(€), o9 = q(§) (6= —0)
If the stress distribution on the faces of the wedge is such that the
stresses and rotation vanish at infinity in the wedge, then, for large |z|
or large positive ¢,
Q) = 0(L), Q'(z) = O(e?), Q"(z) = O(e%)
@' =0(), &"() = 0(%

(8.29.5)

}. (8.29.6)

We also assume that, for small |z| or large negative ¢,

Q) = 0(z), Q'()= 0(1), Q") — 0(1)}

_ R g (8.29.7)
@(E) = 0(E), &"(F) = 0(l)

To solve the wedge problem we make use of Fourier integral theorems
for holomorphic functions and we assume that the various functions
used satisfy sufficient conditions for the validity of our solution (see
§ 1.22). The correctness of such assumptions can be checked when we
have obtained the solution of a given problem.
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Let

$(s) = [ Qee)etts i
- , (8.29.8)

oo

P(s) = f &' (2)eils dg

then F(—s) = f Q(2)eile de, (8.29.9)

and, in view of (8.29.6) and (8.29.7), these integrals converge if
0 < Im(s) < 1. (8.29.10)

Since z(d/dz) = (d/d{) it follows, by integration by parts, using (8.29.6) and
(8.29.7), that

f 2 (2)eiés dg = —isd(s)em,

.of Q' (2) 20 (2)}ess dE = —sPP(—s)eRin-m,

0

f 26" (Z)eide dE = —isp(s)e~".

Hence, multiplying (8.29.4) by aef+¥%s and integrating with respect to
¢ from —oo to oo gives
s )14 )e- o iss)em-i1 — f (opp—io,g)eb s de.

(8.29.11)

In particular, if this equation holds for y = +a, from (8.29.5) it follows
that

s6b(s)—isPeRi200f( —g) - se-2a)(s) = “‘” e fus)—igy(s)}
, (8.29.12)
s(s)—isPe2ixi2and(—g) { setunf(s) = 19 '““{fz (s)—iga(s)}
where
Ful8) = [ @)k dE, gyls) = [ qul€)et P dE (a = 1,2).
- - (8.29.13)

Equations (8.29.12), together with their complex conjugates, are
sufficient to determine the functions ¢(s), #(s). In order to avoid undue
complications in the algebra it is convenient to consider separately the
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cases for which the applied stress system is symmetrical or anti-sym-
metrical about the line § = 0, and is such that either the shearing
stresses or the normal stresses are zero. For symmetrical systems in
which the shearing stresses vanish

fo8) = fils) = f(s),  ga(8) = gu(s) = O, (8.29.14)
and eliminating i(s) from (8.29.12) gives
4s{p(s)sinh 2sa+F(—s)ssin 20} = ia(eir+as—e—ix-as)f(s),
Taking the conjugate of this equation and changing s into —s gives

45{¢(—s)sinh 2sa+p(s)s sin 2a} = sa(eir+as—e—ia-as) f(s),

and hence
I T ia(eia+ocs_e—-ioc—as)f(8)
Ps) = (—9) = 4s(sinh 2sa+ssin 2a) (8.29.15)
Also, from (8.29.12),
Ys) = — Ao )L ifE) (8.29.16)

4s(sinh 2sa s sin 2a)

To obtain the stresses at any point we observe from § 1.22 that the
formulae inverse to (8.29.8) and (8.29.9) are

0 +-ic
Q@) = - [ (s)e-its ds,
27
—o041c¢
o +1ic
Q@) = 1 F(—s)e—ile ds
2m
—oo+ic
w+-1ic
53 =2 [ pis)etds,
27
—o+ic

where 0 < ¢ < 1. Moreover, we may differentiate these integrals under
the integral sign. Hence, from (8.29.3) and (8.29.4),
, o+ic
(ot ags) = — f {sp(s)e% -0 4-s(—s)e-Oo+10)e~s ds,
7T—w+’lc
, o+ic

7(0,,— g+ 2i0,9) =_% f {8(1+is)P(—s)e=0o+i0—gif(s)e~Os-10)e~ils dg,

—o+ic
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and using (8.29.15) and (8.29.16), these become

o -+1ic
%r(“rﬁr“eo) = f {Q(s)+iP(s)} f(s)e~ ds, (8.29.17)
—w+4ic
or w+ic '
- (On—oapt2ioy) =1 f (L4-i8){P(s)— R(s)}f(s)e~¢* dis,
—o0+1ic

(8.29.18)
where
(sinh 20545 8in 2a) P(s) = sin(x—6)cosh(a+6)s+sin(a+-0)cosh(a—0)s)
(sinh 2as--s sin 2a)Q(s) = cos(a— 0)sinh(a+60)s+cos(x+-8)sinh(a—0)s .

(8.29.19)

The symmetrical case for shearing forces and zero normal forces and
the unsymmetrical cases can be dealt with in a similar way.

As an example of the above theory we consider the problem of a
constant symmetrical normal distribution of stress on each boundary
of the wedge acting over a length b of each face so that

Pié) =py(6) = —p (=B <KEK0)

mo-ne-o () 1 e
71(§) = qa(é) = ©
and b = a(l—eP). (8.29.21)
From (8.29.13) and (8.29.14)
0 __p—(1+is)B
f(8) = —p f (LI & == _p(l—e ) 1:@_; ). (8.29.22)
. -B .
Formula (8.29.18) now becomes
%@ (0, —0gp+-2i0,9)
0 +1¢
= —3 J‘ {P(s)— R(s)}(1—e~1+ih)e=ils ds (0 < ¢ < 1).
—o0+1ic¢

The integrand has a pole at s = 0 and no other poles in the region
0 < Im(s) < 1, so we may replace the integral by one along the real axis
from — o0 to oo, less 74 times the residue at s = 0. Hence, after straight-
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forward reduction,

wr

L m(1—e~B)sin o cos 6
2ap -

20-}-8in 20

(0, —0pg) = —
— Ofo {sin és—e—Psin(¢+4-B)s}P(s) ds (8.29.23)
6
%‘;" — j?{cosfs——e*ﬁcos(f—}—ﬂ)s}R(s) ds. ©(8.29.24)
Similarly, we find fsom (8.29.17) and (8.29.22),

m(1—e—P)sina cos 6
20+8in 2« o

r
2(t_p (O'rr+090) = —

i Q+sP
— | {cos és—eBcos(é-+B)s} = | ds—
] (r%)

P—sQ
1-}-s2

— J‘{sings—e‘ﬁsin(f—kﬁ)s}( )ds. (8.29.25)

8.30. Overlapped circular holes

A problem of considerable interest is that of two overlapped circular
holest in an infinite medium in which the stresses at infinity are
uniform. For this problem we use the transformation

2 =idacothll, (= &+in, ) (8.30.1)
which maps one circular arc AX B on to the line y = « and the other
circular arc AY B on to the line » = —f in the {-plane, the region

outside the circles being transformed into the inside of the strip in the
{-plane between these lines (see Fig. 8.7). From (8.30.1) we can verify
the following results:

a
J
2+Z = 2Jsiny, ZZ—a? = 2ad cos g

2z _ cosh{+-cosqy b (8.30.2)
a>  cosh¢—cosny

z = J(sinn+¢sinh §), = cosh§—cos 7

z_)2_zg as (—>0

4

1 This section is a'modification of a péper by C. Ling, J. Appl. Phys. 19 (1948), 405.
See also E. Weinel, Z. angew. Math. Mech. 21 (1941), 228.
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If the radii of the circles are each equal to b then f = « and
AB = 2¢ = 2bsina. (8.30.3)

‘We saw in § 6.4 that, in the absence of body forces, Airy’s stress func-
tion ¢ satisfies the biharmonic equation and we expressed ¢ in terms

B X 4
7= a

. 7 = _-ﬁ
B Y y:|
(i) (ii)
Fia. 8.7. Overlapped circular holes: (i) z-plane; (ii) {-plane.

of two harmonic functions Q(z), w(2). Here we make a change of nota-
tion and put ¢ in the form

2¢ = a(z+2){Q2)+Q(2)} -+ (22— a?){w(2) +& ()}

Hence
X = (-% = {Q(2)+Q(2)}sin n+{w(2)+o(Z)}cos n = fsin n-+g cos 7,
(8.30.4)
where f and ¢ are real harmonic functions satisfying the equations
o B\ f a\f
(23_952+5y—2)g =0 or (8§2+ ) = 0. (8.30.5)

If the stress at infinity consists of a uniform ‘tension N, parallel to
the z-axis and N, parallel to the y-axis, then the corresponding stress

function ¢, is do = 1N, (22—a?)—L(N,— N,)(2+2)2,

(V;— N, )sin2q

bo
d = s = N _ .
an Xo= o7 10087 2(cosh £—cos 7)

We observe that when n — 0 (£ # 0) then y, — N,.

The function ¢ = logzZ, which represents an all-round pressure at
the origin, is a possible stress function, and therefore a possible value
of x is

(8.30.6)

cosh{—cos g
coshé-fcosy’

We now take the complete stress function for the problem of over-
lapped circular holes in an infinite plane under uniform tensions parallel

X = % — (cosh é—cos q)log (8.30.7)
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and perpendicular to the line of centres of the holes to be

cosh £ —cos 7
cosh £+ cos 7

+ (€, n)sin n4-g(€, n)cos 1. (8.30.8)

The term N,cos7 in (8.30.6) has been combined with a term of the
type (8.30.7) so that the resulting contribution to x in (8.30.8) vanishes
as & > 400. The coefficient of this term is also replaced by a constant K.

We shall now restrict our attention to the case when the circular
arcs are equal so that the stress system is symmetrical about the z-
and y-axes, and therefore about the £- and n-axes. We shall complete
the solution by expressing x in (8.30.8) as a Fourier cosine series. We
proceed formally and then we can check from our final solution that it
is completely satisfactory from the mathematical point of view.
Suitable forms for f and g, since they are harmonic, are

+ K {2 cos n+(cosh § —cos n)log +

flé,n) = ff (s)sinh s7 cos s¢ ds,

g(&,m) = | g(s)cosh sn cos s ds.

{Q&.HS

We must now express the remaining terms in (8.30.8) as Fourier cosine
integrals and for this purpose we observe that

- cos s dé msinh sy
= 0< , 8.30.9
f coshé+4cosy sinhsmsing 0<n<m) (8.30.9)

a result which may be obtained by contour integration. From this we
have also

© cossédf  msinh(m—n)s
_ 0<n<m), (830.10
f coshé—cosy  sinhswsing (O0<n<m, ( )
0

and therefore

3 sin n sin g _m cosh(%—rr—— 7)8
f (cosh £—cosq + cosh ¢+-cos n) cos s df = cosh }sm
0 4

0 <n<m). (8.30.11)’
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Integrating this with respect to » gives

v cosh {—cos _ wsinh(37—n)s
flOgcoshf—I—cosn 008 £ df = — scosh Jsm 0<n <)
(8.30.12)

Combining this with (8.30.9) we have

i cosh £ —cos g 2¢08 7
j {log coshé+cosn coshé-cos n}cos s ¢

msinh (37—n)s 2wsinhsncosy
—— - 0L , (8.30.1
scosh }sm sinh s7sin 7 O <n<m), (83013

and integrating this with respect to 7 gives

- cosh é—cos
2 — —_— = d
f { cos n+-(cosh §—cos n)log cosh £ Tcos 77}cos s& d¢
0
____2mscosncoshsy wsinh(3m—x)s[ cosy ssin 7
(s2-+1)sinh s 8(s24-1)  |cosh iws ' sinh }ns

0<n<m). (8.30.14)
If we now invert this by Fourier’s inversion formula (1.22.4), we

obtain
coshé—cosn

2 cos 7+ (cosh £ —cos 7)log Gosh £ 1005 7

0
ssin g cosm ]sinh({m—mn)s 2scosncoshsy
=2 _

J {[sinh ims * cosh %m] s(s241) (s*1 1)sinh s cos s§ ds

(0 < n<m). (8.30.15)
Also, inverting (8.30.10) gives

- sinh(7 —n)s cos s¢ sin 7
2 ds = ———L (0 < ).
f , sinh sz d coshé—cos g O<n<m
0 (8.30.16)
Hence (8.30.8) may be written

F T ssin N cosn sinh(3m—n)s 2scosncoshsy
== 2 — —
X K f {[sinh $ms * cosh %—n-s] s(s2+1) (824 1)sinh s7 0os s¢ ds

@

N . sinh(m—n)s cos s&
(Ny—DNy)sin g f hen ds+

0
©

+ f {f(s)sin » sinh sn4-g(s)cos 7 cosh sn}cos s ds,  (8.30.17)

0
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and we assume that f(s), g(s) are such that this expression for y is valid
for 0 <9 <o

By grouping together various terms in (8.30.17) we may write y in
the simpler form

X = f {F(s)sin n sinh sn+ G(s)cos n cosh sy — (N;— N,)sin  cosh sn+
0

2K sinncoshsy 2K cosnsinhsy
s?+1 o s(s2+1)
where F(s), (/(s) are arbitrary functions to be determined.
We must now satisfy the condition that the hole is free from applied

stress and owing to the symmetry we need only satisfy this condition
for the hole » = a. At a stress-free hole n = «,

}cos sé ds, (8.30.18)

0
b2,
7’
or, alternatively,
X = 2_" —0 (n=a) (8.30.19)
n

These conditions can be satisfied if
F(s)sin a sinh sa 4 G(s)cos « cosh sa— (N; — N, )sin « cosh sa -+
2K sin « cosh sa 2K cos asinh s
241 s(s2+41)
(s sin o cosh s+ cos a sinh sa) F(s) 4 (s cos asinh sa—sin « cosh sa) G(s) —
— (N, —N,)(s sin a sinh sa+- cos « cosh sa)+2( K /s)sin a sinh sa = 0.

If we solve these equations for F(s), G(s), and substitute in (8.30.17) we
find that y takes the form

=0,

sinh sa cos 8¢ ds—

4K s cosh(a—7)ssin n--sinh(a—7)scos
x= 8(82-1)(sinh 250+ s 8in 2a)

0

s cosh 87 sin(a—7)+sinh 7 cos(a—7)

—4K i
Ksina f (s%2+1)(sinh 2sa-}s sin 2a) cos 8¢ ds+
0
s cosh s7 sin(a— 7)sin « — cosh sa sinh(ax— 7)s sin U
AN, —
TUN—R) f sinh 2sa+} 8 sin 2«

XcossEds (0<n <o)
(8.30.20)
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The unknown constant K must be determined by the condition at
infinity that if » — 0 and subsequently ¢ — 0, the value of y tends to
N, (see 8.30.6). Hence

o] [-o]

(sinh2so— s? sin%x) ds _
J 8(s?+1)(sinh 280 ssin 2«) +2(N— D) f
0 0

ssinx ds
sinh 2sa+ssin 2o

(8.30.21)

It is not difficult to verify that the form (8.30.20) for x, valid for
0 < 1 < a <, satisfies sufficient conditions for the validity of the
various differentiations under the integral sign which are required.

1°

Fic. 8.8. Overlapped equal circular holes:
(i) a< $m A>0; (i) a> 47, A<O.

To evaluate the stress at the edge of the hole we observe from § 6.5

that o O dLdl J2(624‘> 92¢>)

O T = O 0w = g T 3 oz
and since o, —Oandgb_?é E;—;;__Oatn-—a,

a 92)()
o
( §§) J(a") n=a

(0¢¢)y=a = 4(cosh {—cosa)sina f

0

or

N,)s(s—cot a coth sa)
s1nh ‘)sa—}— ssin 20

X sinh sa cos s§ ds.  (8.30.22)

For convenience, the points on the rim of the hole may also be
denoted by A and 0, where (see Fig. 8.8)
1+Acosd
A+cosf °

The limiting cases of the above results o = 7, « = 4= correspond
respectively to a slit in a plane and to a single circular hole. The

A = cosa, éoshg = (8.30.23)
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limiting case a = 0 corresponds to two complete circular holes tan-
gential to each other. From (8.30.23), when « - 0 we have A > 1 and

¢~ 0and £/o — tan 10.

Hence, putting so = u and 442K = K’ in (8.30.21) and (8.30.22) we
have, for holes tangential to each other,

[+

, r (sinh?u—u?) du B w du .
f u3(sinh 2u - 2u)+ AM—N) f sinh 2u+2u M,
0 0 (8.30.24)
£ K'—2(N,— N,)Ju(u—cothu) .
— gec?l 1— 4V
(0¢¢)n=a = sec? 30 f TR sinh w cos{u tan 36} 'du.
0 (8.30.25)

The stress at the edge of the hole may now be evaluated from
equations (8.30.21) and (8.30.22) for the three cases of all-round tension,
longitudinal tension, transverse tension, when o £ 0, the correspond-
ing values for « = 0 being obtained from (8.30.24) and (8.30.25). The
reader is referred to a paper by Lingt{ for numerical results but some
values are quoted from his paper, for unit stress at infinity.

All-round | Longitudinal | Transverse
tension. tension. tension.
Stress at Stress at Stress at
A o 6=0 0= in =0
1 0° 2-894" 2-569 3-869 Tangential holes
05 60° 2-524 2-630 3-493
0 90° 2-000 3:000 3-:000 Single hole
—0-5 120° .. .. 2101
—1 180° .. .. 1-000 Slit

8.31. Notch or mound and straight boundary .

By a slight adaptation of the work of the previous section we can
find the effect of a circular arc notch (Fig. 8.9) cut in the straight edge
of a semi-infinite body under tension 7' parallel to the straight edge.}
Using the notation of § 8.30 the straight edge is = 0 and the circular
arc notchis n = a (0 < a < m). A circular arc mound on a straight edge
is given by 7 = a (7 < a < 27). Although the boundary curve of the
body consists of two parts, the straight edge and the circular are, it is
still a single boundary and since it is free from applied stress we may

t loc. cit., p. 311.

i C. B. ng,J Math. Phys. 26 (1947), 284. See also E. Weinel, Z. angew. Math.
Mech. 21 (1941), 228.
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take the boundary conditions to be

ox ‘
=0, 2L =0 = 0, ). 8.31.1
X P (m a) ( )
X
-« q d  —
Y A B Y

F1c. 8.9. Circular arc notch in straight edge.

Putting N, = K = 0, N, = T in (8.30.8) we see that a suitable stress
function y is ‘

. T sin%y ‘. .
X = m)+ f {sin n[ Fy(s)sinh sn+ Fy(s)cosh sn]+
0

+-cos [ f(s)sinh sn+- Gy(s)cosh sn]}cos s¢ ds, (8.31.2)

where F(s), Fy(s), f(s), Gy(s) are functions to be determined. The condi-
tion (8.31.1) on n = 0 is satisfied if

GZ(S) = 0) FZ(S)'{—Sf(S) = 0’ (8313)
provided we may differentiate under the integral sign. Then, using
(8.30.16) and (8.31.3), the expression (8.31.2) may be written

x = T'sinq f

0

sinh(m—m)s cos s¢
sinh sz

ds -}

4 f {sin y[ F}(s)sinh sn—sf(s)cosh sn]+f(s)cos 5 sinh sn}cos s¢ ds,
0 .
or, more compactly,

X = f {F(s)sin 7 sinh sn+-f(s)cos n sinh sn+
’ +[T—sf(s)]sin ) cosh sn}cos s¢ ds, (8.31.4)

where the original arbitrary functions have been reduced to arbitrary
functions F(s), f(s) which are to be found by the boundary conditions
on n = a. We observe that the form (8.31.4) cannot be used for the
boundary condition dx/0n = 0 on n = 0 since the derivative of the
Fourier integral of the first term in (8.31.2) is not valid for n = 0. If
we now assume that we may differentiate (8.31.4) with respect to 7 at
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7 = a we may determine F(s), f(s) from the boundary conditions on
n = a, and if these values are substituted in (8.31.4) the final result is

=T J‘ sinh(x— 71)s sinh sa sin —s sin a sin(x—n)sinh s9

cos sé ds
sinh2sx—s28in%x ¢

for x. (8.31.5)

The stress at the edge of the notch is now

a 02
CAYMINES <7 5,7)5)
=

— 27(cosh £—cos a) J’ 8(s cosh sa sin a«—sinh s« cos «) cos & ds.

sinh%sa— 2 sin%u
0 (8.31.6)
The limiting case of a circular notch which touches the straight edge
is given by « — 0, and in this case, by an argument similar to that used
in the previous section,

(0¢¢)y= = T sec?}0 f
0

u(u cosh v —sinh «)
sinh2y—u?

cos(u tan 30) du

(8.31.7)
The stress at the lowest point of the notch or mound, i.e. at £ = 0
or § = 0, is

(0s0)eo = 2T(1—cos ) J‘ (s cosh sa sin a—sinh s« cos «) ds (x % 0)

S

sinh2sq—s?sin2x

‘__ TJ‘u(ucoshu sinh ) du (x = 0)

sinh2y—u?

(8.31.8)

If d is the depth of the notch or height of the mound, then the stress
concentration factors (s.c. factors) at the point § = 0 are recorded in
the accompanying table. These results are quoted from Ling.

Using bipolar coordinates a number of other problems have been
solved for a region bounded by non-concentric circles, for an infinite
plate containing two circular holes and a semi-infinite plate containing
a single circular hole.t

t See e.g. G. B. Jeffery, Phil. Trans. A, 221 (1921), 265; C. B. Ling, J. Appl. Phys.
19 (1948), 77; A. C. Stevenson, Proc. Roy. Soc. A, 184 (1945), 129. For other problems
of stress distributions in plates containing circular holes see R. C. J. Howland, Proc.
Roy. Soc. A, 124 (1929), 89; A, 148 (1935), 471 ; Phil. Trans. A, 229 (1930), 49. R.C.J.
Howland and R. C. Knight, Phil. Trans. A, 238 (1939), 357. R. C. J. Howland and
A. C. Stevenson, Phil. Trans. A, 232 (1933), 155. A. E. Green, Proc. Roy. Soc. A, 176
(1940), 121. K. J. Schulz, ‘Doctor’s Thesis’ (Delft, 1941), Proc. K.N.A.W. 45 (1942);
48 (1945).
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a® dja s.c. factor
0 0 3-999 Tangential hole

30 3732 3-882

60 1-732 3-568

90 1-000 3-:065 Semicircular notch
120 0-577 2424
150 0-268 1-707
180 0:000 | 1-000 Unnotched plate
210 —0-268 0411
240 —0-577 0-039
270 —1-000 —0-096 Semicircular mound
300 —1-732 —0-076
330 — 3732 —0-021
360 — o0 —0-000 Tangential mound

As already indicated in the introduction to this chapter all the
problems solved here have analogues in the classical theory of trans-
verse flexure of plates but further details are left to the reader. We
close this chapter by considering one problem which can be solved
using Reissner’s theory and we begin by recapitulating the main results
of § 7.9.

8.32. Reissner’s theory of flexure: circular hole
Using the notation of § 7.9 the displacements, stress resultants, and
couples are given by

w = — R[D—20(2)—2Q(2) —w(2)—&(Z)

ow 61 of
Tty = =2 g5
= (149)ViR+4D(14+9){Q'(2)+Q'(2)} {
"= —rrf = 16.h2 62
I' =4(1—9) —52--|—4D(1—77){2Q (2)+a"(2)}— ; 52%0
¥, — 8V R (2)— 2z~£
0z J
(8.32.1)
where 8h2 82¢: (8.32.2)
: 5 0208

Also, from (7.9.18), if a single-boundary is free from applied stress and
the plate is unloaded on its faces, then

Y+ 4D (E)— Q' ()} = 0
47/5" all‘—i—D[ (84+7)Q(z)—(1—n {zﬂ 2)+a'(Z)} =0 [’

on that boundary.

(8.32.3)
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We consider the special problem of an infinite plate containing an
unstressed circular hole [z]| = a bent by uniform couples at infinity so
that, from (7.10.10) and (7.10.11), for large |z|,

(M, M)z
8(1+m)D

o (M—M)er A (1
“’“’*w*ﬁ”(&)

provided ¢ and its derivatives vanish at infinity, where M,, M, are the
principal stress couples at infinity, « is the angle between M, and the
axis Oz, and 4 is a real constant. We adopt the semi-inverse method
of solution and assume that suitable forms for the complex potentials
and the function i are

Qfz) = +0(1)

, (8.32.4)

_ (My+M,)z | B+iB,
) =ga T
v (M—DMe~¥ey A A 4id,
() = fi—mD 2T Dz L. (8.32.5)
= {(01'4""02)6%0“*' (CL—1Cy)e 28} K y(€)
rv10
=

The function chosen for ¢ satisfies equation (8.32.2) and vanishes at
infinity if K,(¢) is the Bessel function of the second kind which vanishes
for large positive ¢. The arbitrary constants B,, B,, 4,, 4,, C}, C,, 4
in (8.32.5) are all real. If the boundary » = a of the circular hole is
free from applied stress, we may apply the boundary conditions (8.32.3),
using also the results

ge-i0% _ % 1% }
oz or rob (8.32.6)
fK'z(f) = —2K2(f)“‘%52{K2(§) “Ko(f)}
Thus, adopting the notation
av10
== (8.32.7)

and uhderstanding that all Bessel functions have argument p, we find,
5237 Y
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on equating the coefficients of ¢2¥ and e—2 and the constant term to
vero, that (CutiCy) Ky —4i(By—iBy)jat = 0,
(Ci—1Cy)Ky+4i(B,+1B,)[a* = 0,
D(1—n)A— (M, + M,)a?/4 = 0,
{8Ks/u*+ Ky— Ko} (0, +1Cy) +2i(1—)(B,—iBy) a®—
—2i(1—n)(4;,—14,)/a* = 0,
2(Ky— K)(Cy—1Cy)+4i(3+7)(By 40 By) a2 —i(My — My)e?™ = 0.
Solving these equations we have

_ (My— My)a?K, e

Bt = T Kot 2Ry
Oy+iC, = f‘i% L. (s.328)
A +id, — (M, — M){(3— ) Ky — 2K, +16p 2K, Jatetix
H{(1+9)Ky+2K,}(1—n) J
If we now transfer to polar coordinates with the help of § 7.8 we see
that since G4-Gy = A = A,

and @, = 0 at 7 = a, the stress couple Gy at the hole is
Gy = 4D(1+ Q)+ T'E),
and with the help of (8.32.5) and (8.32.8) this becomes

2(1+4n)(M,—M,) K, cos 2(6—a) .
1+ 7))K2+2K0

When p = av10/(2h) is large the following asymptotic expansions
for K,, K, may be used:

o= )3}
o= oo

Jim Gy = My4-My—2((1+2)/(3+ )}y — D)eos 2(6—a),
(8.32.10)

Gy = My+M,— (8.32.9)

Hence

which is the result for classical thin plate theory.
On the other hand, for small values of g,

lim K,/K, - oo,
n—>0
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and consequently

lim Gy = M;+M,—2(M,— M,)cos 2(6—«). (8.32.11)
alh—0 ’

For further discussion of these results the reader should refer to the
original paper by Reissner.t The problem of a rigid circular inclusion
in a plate bent by uniform couples at infinity may be solved by a
method similar to that used here, taking boundary conditions

w=1uq,=1u,=0 (r=a)

One aspect of this problem has been solved by Hirsch} and a numerical
discussion has also been given by him.

1 E. Reissner, J. Appl. Mech. 12 (1945), 68.
1 R. A. Hirsch, ibid. 19 (1952), 28.



IX

PLANE PROBLEMS FOR AEOLOTROPIC
BODIES

I~ this chapter we consider some problems of plane strain or generalized
plane stress in aeolotropic bodies. As indicated in Chapter VII many
of the problems have analogues in-the classical theory of bending of
thin aeolotropic plates, but such analogues are not discussed here since
they may be obtained with the help of the theory of Chapter VII.
Complex variable methods are used throughout this chapter.t

9.1. Formulae for plane strain and generalized plane stress

We first summarize from Chapter VI the formulae which are needed
for plane strain, assuming that body forces are zero. Let (x,y) be
rectangular cartesian coordinates and let

z = x+y,_. Z=2x—1y
2y = 24+ %, 2, =Z+vy,2 ¢, (9.1.1)
2y = 2F727%, 2y = 2t 7,2

where Inl <1, lya] < 1, (9.1.2)

and y;, y, are roots of equation (6.7.20). Airy’s stress function ¢ is
then b = Q)+ D)+ olzo)+3(E), (9.1.3)
and the displacements and stresses are
D = utin, = 8, Q@) +p 0 (E) 43,0/ () 49 3'(E), (9.1.4)
0 = 0ypt0y, = 491 Q"(21) + 47, Q" (2) + 47, 0" (25) + 47 3"(2,),
(9.1.5)
D = 0, — 0yt 20y, — —4yEQ(5)— 40 (5)) — by " () — 457(3y),

(9.1.6)
o'yy':—iczy = 271(1‘}‘71)9”(21)4‘2(1 +}71)§”(7:1)+

+2y,(1+75)0"(25) +-2(1+7)@"(Z,),  (9.1.7)

where the complex constants 8, 8,, p;, p, are given in (6.7.31). Also
the resultant force and couple (about the origin) exerted across an arc

t References to original papers are given in the introduction to Chapter VI.
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AP of a curve are
P=X+i¥ =2 Z_g = 2i[y1Q'(zl)+n'(z'1)+y2w'(zz)—i—u')'(iz)],
(9.1.8)
_ o o
M =2z 6—z+z a—z-—-qﬁ
=2 Q'(21)+51§I(51)—Q(21)—ﬁ(él)‘{’zz W' (29) + 2, @' (2;) —w(2) — 3(Z,).
(9.1.9)

The above formulae are suitable for plane strain provided the
constants y;, y,, 8, 85, p;, py are defined in terms of elastic coefficients
c3f by equations (6.7.9), (6.7.17), (6.7.20), and (6.7.31).

For a plate under generalized plane stress in its plane similar formulae
are valid provided, for example, stress is interpreted per unit length
of a line in the middle surface of the plate and provided the constants
Y1» Ya» 01, 85, py, py are now defined in terms of elastic coefficients sﬁ‘ﬁ
(equation (7.6.1)) through equations (6.7.17), (6.7.20), and (6.7.31).

If we have a conformal transformation of the form

z=20), o=—éb, [=¢tiy,

where (£,7) are a system of orthogonal curvilinear coordinates, then
displacements and stresses are obtained from (6.5.14) and (6.5.12) in
the forms

, 5 do dZ\} Lo
ug+u, =4(g Eg ag)g(um—}—my)
Ogtt+ 0Oy, = 05 toy, e (9.1.10)
. o do dZ ,
ogg— 0y, +2i0g, = g H‘—: (—ig(au-—aw-}— 2i0,,)

Also, from (6.5.22),

P
. . d2 oP(n) . . dz
P(n) = Zf (0'§§+W§n) % dn, 77"— = @(0§§‘|‘W§n) (—l;’
A
(9.1.11)
on the curve ¢ = constant.
In particular, for polar coordinates (r,6),
z=oc=¢e=rel, r=e =9y
u+iug = e~ O(u,+iu,) (9.1.12)

Oy t0gg = Oppt Oyy

0, —0gg+2i0,g = e~20(0,,—0,, +2i0,,)
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and, on the curve r = constant,

P
P() = — f (0ypti0,9)reid df, oP(6) _ — (0,,+i0,)re®.
4

20
(9.1.13)

When the region occupied by the body is bounded internally by one
or more non-intersecting closed curves lying entirely in the finite part
of the plane, then, from (6.8.8),

” . H l
Q"(z,) = B+@C+2——+0(—§)
72y 22
X NE (9.1.14)
when stresses are bounded at infinity and rotation vanishes there,
where, from (6.7.39), (6.8.6), (6.8.7), (6.8.9), and (6.8.10),
P=X+1i¥ =2H—y,H+-K—y,K) }
8H—p H+8,K—p, K =0 ’
N+, = 4y, (B+i0)+47,(B—iC)+ dyy(B'+iC") + 47, B —iC"),
(9.1.16)
(N,— Ny)etie — —4y}(B+iC)—4(B—iC)—4y}(B'+iC")—4(B'—iC"),
(9.1.17)
(I=y1 7 {1 —72) 1 —y1 72)(B+iC)— (71— 72) (1 =71 yo)(B—iC)}—
—(1—y2 72 {1 —v2)(1—F1y2)(B'+1C") —
—([71—7a) 1=y P2)(B'—0C")} = 0. (9.1.18)
In equations (9.1.14) to (9.1.18) P is the resultant force acting over
all the internal boundaries, V;, N, are the values of the principal stresses
at infinity, and « is the angle between N, and the z-axis. Equation

(9.1.18) holds when the rotation vanishes at infinity. When stresses
~ as well as rotation vanish at infinity, then, for large |z,[, |2,],

" H 1

"(2g) = £+0(51§)

272y

(9.1.15)

, (9.1.19)

where H, K are still given by equations (9.1.15).
When the region S occupied by the body is the half-plane, either
y=>0ory<0,and P = XY is the resultant of the external forces
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acting on the boundary y = 0 and the other boundaries which are in
the finite part of the plane, the above results are altered. Thus, if
stresses and rotation vanish at infinity, and any applied stresses on
the boundary y = 0 are O(1/«?) for large |z|, we have, from (6.8.17),

Qll(zl) - M.}.O(l)

4m(y,—v2)% 2

nN P4y, P 1
w'(ea) = 4”(71_72)22+0(;g)

, (9.1.20)

for large |z,], |2,].

9.2. Orthotropic plates: numerical calculations

In this chapter we shall see that many results for aeolotropic bodies
are strikingly different from those for isotropic bodies. In order to
illustrate this difference we shall give a few graphical illustrations of
results for some of the problems which are discussed, and we shall
restrict such illustrations to problems of generalized plane stress in
planks made of either oak or spruce wood. These materials are chosen
because they possess a very high degree of aeolotropy. The planks are
cut parallel to the grain of the wood. The direction of the fibres (which
are parallel to the core of the original tree trunk) is taken as the axis
of y. With this orientation of the saw cuts, the axis of z is in the
direction which is perpendicular to the fibres and also to a plane which
passes through the central core of the tree. The appropriate elastic
constants s¥ are defined in (7.6.1) to (7.6.3) and their values, taken
from a paper by Horig, are reproducedt in Table 1.

TABLE 1
SH '933 3;% 5}3 oy 0y 71 Y2
Oak 1015 | 172 —0-87 | 32 2:3067 | 1053 | 0395 | 0-026
Spruce 155 0587 | —0-33 | 2:875 | 4-112 1249 | 0608 | 0111

The corresponding values of «;, oy, y;, ¥, may be found from (6.9.2)
and (6.9.1) and are recorded in Table 1, and it is seen that they are all
real. It follows that these specimens of oak and spruce woods come
under the analysis of case (b) of § 6.9 and that B;, B,, 8, 8, p;, p, are

+ H. Horig, Ingen. Arch. 6 (1935), 8. We remind the reader that the elastic constants

a,‘,«; may be expressed in terms of the more usual elastic constants sy, (m, n = 1, 2,..., 6)
with the help of § 5.11.
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also real. We recall, therefore, from § 6.9, that

_ a1 el 2,22
71—a1+1, '}’2~a2+1: ay o =
B, = V—oc%/.l,, Bz = V—O‘Ef‘ » (9.2.1)

8, = (1+y1)B— (1—y1)By, 8y = (I1472)Bi—(1—72)B;
p1 = (1+y1)Be+(1—y1)By pz = (14+y2)Bi+(1—2)Be

and (2 —aduH = (1-og)(Bs X+iB:Y Joy) }
42— ad)uK = — (1) (By X +iB,Y o) )

where, to avoid continual repetition of indices, we have put

(9.2.2)

sii=A sB=p, s = (9.2.3)

Also, equations (6.9.8) for the constants B, B’, €, " may be solved
to give

8(y1—y2)(1—y172) B = (14+93)(Ny+ Ny) 4 2y,5(IVy — Np)cos 2
8(y;—ya)(1—y, 72) B’ = — (193N + Np)— 2y, (N, — Ny)eos 2 , (9.2.4)
8(1—93)C = 8(1—y3)C" = (N;— Np)sin 2«

where here o denotes the angle between N, and the z-axis.

9.3. Isolated force in infinite platef

The required complex potentials for an isolated force at the origin
in an infinite plate are suggested by (9.1.14). Thus, if the stresses and
rotation due to this force vanish at infinity we take

H
Q(Zl) = %Zl IOg 21
, (9.3.1)

K
w(zy) = 3% log 2,

where H, K are given by (9.1.15). By applying (9.1.8) and (9.1.9) to
any circuit surrounding the origin we can at once verify that (9.3.1)
is a satisfactory form for the complex potentials corresponding to an
isolated force at the origin. The displacements and stresses may be
obtained from (9.1.4) to (9.1.7) but here we record only the results for
the special case of the orthotropic plank described in § 9.2, using values
for H, K given in (9.2.2). Moreover, the stresses are best represented

+ See A. E. Green and G. I. Taylor, Proc. Roy. Soc. A, 173 (1939), 162, and A E,
Green, Phil. Mag. 34 (1943), 416.
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in polar coordinates (r,8) with the help of (9.1.12). Thus

_ 2(nH 71[? y: K ‘}721?
0rr+000 = ﬂ_( 2 + 51 -+ 23 -+ 2-2 s
. 26"2‘9 2K K
0, —0gg+ 210, = — ( + "I"‘y2 += z )
2

and using the special values (9.2.2) for H and K for an orthotropic plank
we find, after some reduction,
2n(af—o)ura,,

— Xcosh ay Ba{od —3— (a3 —1)cos 260} oy By{od —3—(a§—1)cos 26}
of 41+ (af—1)cos 26 o2+ 1+ (a3 —1)cos 26

4 ¥sin 0[,81{3a1 1+4(of—1)cos 20}  By{3af—14-(af—1)cos 20}]
o f{of+14(af—1)cos 20}  op{aZ+ 1+ (aZ— 1)cos 26}
(9.3.2)
2(oy +o)rogy = (v poy ocz)(X cos -+ 1510 3), (9.3.3)
O Qg
. Y cos @
27 (o +ap)uro,g = (v+poy az)(X sinf — — ) (9.3.4)
1%

The stresses due to an isolated force in an isotropic plate can be
obtained from the above results by taking the limit as o; = ap — 1.

Radial diagrams representing the values of (r/P)o,. and (r/P)o, for
planks of oak and spruce are shown in Fig. 9.1 for the cases when the
resultant force P acts along and perpendicular to the grain.t The
corresponding results for an isotropic plate whose Poisson’s ratio is
0-25 are included in these diagrams for comparison. A force acting at
a point of a sheet of spruce, in the direction of the grain, produces a
high stress along the radii which are nearly parallel to the grain but
very little radial stress in directions which differ from this by more
than about 30°. At the same time the radial-tangential stress o,q is
extremely small, its maximum value being only 0-0368 of the maximum
radial stress. This may be compared with the corresponding ratio 0-231
for an isotropic material whose Poisson’s ratio is 0-25. When the force
is applied perpendicularly to the grain the radial stress o,. is not a
maximum in the direction of the applied force, being greatest at an
angle of approximately 75° with this direction and therefore more nearly
in the direction of the grain. In this case the ratio of the maximum

T These diagrams were given by A. Ii. Green and G. I. Taylor, loc. cit., p. 328.
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shear stress to the maximum radial stress is very much greater than
in the previous case, being about 0-764. The results for oak are of a
similar nature but as oak is not so highly aeolotropic as spruce the
effect of the grain is less striking.

0 01 01 93
Fic. 9.1. Polar diagrams showing radial stress o, and shear stress o,9. Radial
distances give

(la) —(r/P)ors, P acting parallel to the grain
(1d) (r/P)osg, P acting parallel to the grain}

(ley —(r/P)oyr, P acting perpendicular to the grain
(1) (r/P)oyg, P acting perpendicular to the grain}
(18) —(7/P)oyy, isotropic material (y = 0-25)

(le) (r/P)oyg, isotropic material (p = 0-25).

The diagrams 2a, 2d, 2¢, 2f represent the corresponding results for spruce.

9.4. Isolated force at boundary

Suppose an isolated force P = X+¢Y acts at the point ¢ (z = ¢)
on a boundary of the body (see Fig. 6.2). We know that at C the
stress function ¢ is continuous, and that if we apply (9.1.8) to a curve
C’'DC” cut out of the material, as the curve shrinks to zero so that C
lies between C' and C”, we must obtain the isolated force P which
acts at C. It is not difficult to verify that the necessary singular parts
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of the complex potentials are

Q) = — 24P o o Blogley—c—n0)
47(y1—7y2) (9.4.1)
Pty P ) ) o
w(zy) = —i-z-l-—-—(zz—c—yzc)log(zz—c—yzc)

4n(y1—va)

If the isolated force P acts at the point z = ¢ on the boundary of
a hole which is cut in an infinite plate, then, in view of the forms (9.1.19)
for Q(z;), w(2;) at infinity, we see that the complex potentials must
contain terms

H P+7 P - (Z —Cc—Yy 6).
Q(z,) = =2z logz, — — 1727 (2. —c—m, é)log|™ 1
( 1) 2 1 g 1 477(')’1'—')’2)( 1 71 ) g 21 y
w(zy) = _K_zzlogz2+ M(zz_c_yzé)log(zz——c—hé)
2m dm(y1—7e) 2y

(9.4.2)
where the origin of coordinates is inside the hole and where H, K are
given by (9.1.15). Further terms must be added to satisfy the boundary
conditions over the hole.

When an isolated force P acts at the origin on the boundary y = 0
of the semi-infinite region y > 0 then from (9.4.1) we see that the
complex potentials must contain the terms

Qz)) = _Zz(ﬂz—g—)zllogzl
T\Y1— Y2
_ (9.4.3)
_Pinl
oled) = gt ogs

From (9.1.7) we find that the corresponding value of o,,—ts,, is zero
everywhere on the boundary y = 0 except at the origin. The potentials
(9.4.3) therefore give the distribution of stress due to an isolated force
P acting at the origin on the boundary y = 0 of a semi-infinite region
y > 0 which is otherwise free from applied stress.

Using polar coordinates we find from (9.1.5), (9.1.6), (9.1.12), and
(9.4.3) that

oty — NP P)_ 7P+ P) | 7a(P4ni P) 7P+, P)
rr 00 = — - —\ = = — =
m(i—y)t =75 m(n—ra2e  m(Pi—72)%
0 —0gg+ 20y .
_ e (P+y, P) |, P4y P 3(P+y, P) P+flP}
™ | ()’1—'}_’3)21 (271"‘)72)51 _(71"‘)’2)?_2 (‘}71:')72)52
— ___')’1(P'+‘}’2 P)__')71(P+')72 P) | vo(P+y P) | 75(P+7, P),
m(n—y YA vz (V)%
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and hence ogy = 0,y = 0 and
7r{l+y; 71+ (y1+71)c08 20+i(3, —y,)sin 26} x
X {147, 7o+ (ya+72)c08 20+3(y,—,)sin 26}o,,
= —XQ2(1—y1 717272)+ (r1+v2) (1=71 72) + 71+ 72) (L=, ) Jeos 6 —
— 1 X{(71+7) (1 +y172)— (11 +72) (147, 7,)sin 64
+Y{—2(1 =y, 7172 72) + (1 +72) L—71 72) + (71 +72) (1 —7172)}sinf—
—t¥{(71+72) (1471 72)— (11 +72)(1+7, 7a)jcos 6. (9.4.4)

In the special case of orthotropic plates, discussed in § 9.2, when y,,
y, are real, this formula reduces to

mr(14yi+4 2y, cos 20)(1+y2+ 2y, cos 20)a,,
= —2(1—y;7)(1+y;)(1+y,) X cos 6 —
—2(1—y; 7)) (1 —y;)(1—yp)Y sinf. (9.4.5)

The result wro,, = —2X cos §—2Y sin 0
for an isotropic plate may be obtained from (9.4.5) by putting y, = 0,
Y2 = 0.

Fig. 9.2 shows a radial diagram for 7o,,/P when an isolated force P
acts normally to the straight edge of a semi-infinite spruce plank in
the two cases when the edge is parallel and perpendicular to the grain.t
The diagram for an isotropic plank is included for comparison.

9.5. The half-plane
We suppose that the body occupies the half-plane y > 0, the boundary
being y = 0. We define two complex variables {;, {, by the affine

transformations 2 —y
€1 = o= + ( 1)@/
1 1
+'}’1 1+71 , (9.51)
29 Y2
= =X
§2 147y, + (1+ )y

and corresponding to each point (z,y) in the half-plane ¥ > 0 we have
one point in each {,-plane (« = 1,2). Moreover, since |y,| < 1, |y,| < 1
we always have

1—y1 7%
Im{, =— "L 4 >0
1 1
(I4y1)( +71) , (9.5.2)
Im§2= 1—v, 9,

— 2’ 9y >0
TEmATTEwAt e

t See A. E. Green, Proc. Roy. Soc. A, 173 (1939), 173, and Phil. Mag. 34 (1943),
420,
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F16. 9.2. Polar diagrams showing radial stress o,, for isolated force at

edge of semi-infinite plate. Radial distances give

(la) —(r|/P)oyy, P acting parallel to the grain for sprdce,

(18) —(r/P)or, P acting perpendicular to the grain for spruce,

(le) —(r/P)oy, isotropic material (n = 0-25).
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where Im {, is the imaginary part of [, so that the points which corre-

spond to (x,y) always lie in the half-planes given by (9.5.2).

Also,

when y = 0, {; = {, = «, so that the real axes of the z-, {;-, {,-planes
coincide, and coordinates along these axes may be denoted by z.

If we put Q(z) = f(L), w(25) = g(L,),
then the formulae (9.1.4) to (9.1.8) become

— Slf’(gl)_!_Plf’(Zl) 8:9'(Ls) | pad'(Lo)

I+, I+, I+v, I+y, ’
— 4y f" (&) 4’)’1f” 51 +4729 (&) 4)729-”(52)
(I+7)? (471 (I+y)? ° (149,)%°

b — 4‘)’1.)” L) 4f"(@) __47’%9”(52) 49" (Zs)
(1471)? (1+?71)2 (14y,)? (1+‘)’2)2’

(9.5.3)

(9.5.4)

(9.5.5)

(9.5.8)
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2 ” 2'” ) ” -'I/
o'yu_wxz/= '}’llf (&) 1f (Z_1)+ v29" (L) (Liz , (9.5.7)
+7 +7 14y, 147,

P__‘ylf/(gl) f Z1 ¥29'(£,) {7’(52)
2 14y +1+‘}’ + 4y, 147 (9.5:8)

We also add the formulae which are obtained by taking the complex
conjugates of equations (9.5.7) and (9.5.8). Thus

2‘ylf” Zl 2f”(€1) 2y-2g” Z ) 29” C2) 9 5 9
1—|—1+1+)’1+ 1‘|‘)’2+1‘|‘2 (9.5.9)

_E _ ?71f’(51)+f +72J '(G) + g (Cz) (9.5.10)

oyytioy, =

2 1+7 14y, 1479

For some purposes it is convenient to express stresses and displace-
ments in terms of two functions (), k({), where

1) = 20f@ | 2r,9¢)

T 14y 14y, (9.5.11)
oy — 20 200 | B
S EEVILE WP
so that
2(71—72)f(5)__h(g)_ k
mAYS A TIANT S v2 k(L)
T4y, (9.5.12)
200=790) _ 40y 4y, k(D)
I+y, 1

Hence, from (9.5.7) and (9.5.9),

Oy — 10z = {Y1 B (L) =y B (L) —n ')’2[]"”(51)—k”(;z)]}/()’l*'}’z)‘*‘
HE G =R G +7: 8 G~ 7 Q)Y (i —72),  (9.5.13)
Uw‘l’i“acu = {hll(zl)“‘h”(gz)‘f‘% k”(zz)_)’z k”(gl)}/()’l_?z)"f‘
+n Q)7 b )= 7B ()~ G/ (r—72).  (9.5.14)
The functions f({;), 9({,) are defined and holomorphic at every point
of the half-planes Im({l) > 0,Im(&,) > 0 respectively, except possibly at
infinity, so that (), k({) are defined and holomorphic at every point

in Im({) > 0. We now extend the definition of these functions to the
whole of the { = £4-in-plane by the formulae

h(l) = —k(Z)
k() = —h({)

k() = n(Q), k(2) = k()

} (n <0), (9.5.15)

where, as in § 8.6,
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and these functions are defined for n < 0, since when { is in the lower
half-plane, { belongs to the upper half-plane. It will be seen later that
these definitions of A({), k({) for 7 < 0 are chosen so that they are
respectively the analytical continuations of k({), k({), for y > 0, through
the unloaded part of the boundary. If{belongsto n > 0, then { belongs
to n < 0, so, from (9.5.15),

Ml = —k()
k() = —h()

and (9.5.13), (9.5.14) become

Oy 10y = {y1 A" ({)— 72 2" (L) — 7 ')’2[’“_”@1)‘k"(zz)]}/(}’l_)’z)—
—{f"(C)— k" (L) +71 2 (L) =7 CH (i —7)s - (9.5.17)

oyytiog, = {B"(5) =" (L) +yi K" (L) — v k" (L)} (i —va) —

— {7 k") —72 K" (L) =71 7B (L) =" (L)} (71— 7). (9.5.18)
When the stresses and rotation in the half-plane y > 0 vanish at

infinity we see from (9.5.3) and (9.5.11) that A"({), k"({) are O(1/{) at
infinity in the half-plane n > 0 and hence, from (9.5.15),

(L) = 0(1),

} (n > 0), (9.5.16)

k"(0) = 0(1), (9.5.19)

4 4

for all large ||.
From (9.5.4), (9.5.11), and (9.5.16) we also have

2_D = {Sl[h'(cﬂ—?’z k'(§1)]“82[k'(§2)"'}’1 k,(c2)]}/(‘)/1'—'}’2)_

~{pu[k (L) =72 B (L) ] —pol ' (L) — 71 R (L)} (51— 7). (9.5.20)
and

2D = {ﬁl[h’(cl)“‘Yz k’(cl)]—ﬁz[h’(cz)—)’l y((z)]}/(’h“yz)“'
~{8[F' (L) =72 1 (L] =8l K (L) =7, P (L)Y (71— 7). (9.5.21)

9.6. First boundary-value problem for half-plane: part 1

As in § 8.7 for isotropic bodies it is convenient to divide the first
boundary-value problem for the half-plane y > 0 into two parts. In
the first part, which we consider here, we suppose that the whole of the
boundary y = 0 is free from applied stress and that a distribution of
stress with known singularities exists in ¥ > 0 such that the stresses
and rotation are zero at infinity. We therefore suppose that the
complex potentials fy(;), go({;) define a stress system which has
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singularities only in ¥ > 0 and which is such that

siie) = S o)

" (1+y)K
gty = SERE o) |

for large |{;] and |{,|, where H, K are given by (9.1.15) in terms of the
resultant force P acting on the plate. We now wish to find complex
potentials f,(Z;), 9,({;) which are such that the combined potentials

J(&) = fol C1)+f1(C1), 9(Zs) = go(Le)+91(L2) (9.6.2)
give zero applied stress on y = 0, and, from (9.1.20), for large |{,|, |/,

Wy — ey ) — — APy P) | o1
1@ = fit)+fi) = — R D of )

" — n _ (It+y2)(P+yy P) 0(l
9"(Le) = 9o(Le)+91(8) = 1n(y1—72)la + C%)

Corresponding to f,({), ¢,(¢) we define A,({), k,({) by formulae of the
type (9.5.11) so that

2y1/1(0) | 2y29:(0)
) = T
. 2f,(2) . 29,(2)
h() = 1-11-)’1 1‘;‘}’2

It follows from (9.6.1), (9.6.2), and (9.6.3) that A7({) and kj({) are both
0(1/0) for large || in n» > 0. If the definitions of (), k,({) are ex-
tended by formulae of the type (9.5.15) to
h’l(g) = "‘751@)
ky(2) = —hy(2)

then %;({), k1({) are sectionally holomorphic in the whole plane, with'
line of discontinuity n = 0, and O(1/{) for large |{|.
From (9.5.7), (9.5.17), and (9.6.2),

2y, fo(&h) + Zl 2y, 90(Ls) 2.‘73(52)
I+y 1+y I+y, =~ 14y

+{71 Fy(8)—v2 P1(Le)—n Y2[k2’I,.(C1)—k,]’.(CZ)]}/(Yl_Y2)—'
—{k (&) — k(L) +71 h1(L) — 7RI} (71 —72)-  (9.6.6)

(9.6.1)

. (9.6.3)

(9.6.4)
+

} (n < 0), (9.6.5)

0y — 10y, = +

s
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Similarly, from (9.5.9), (9.5.18), and (9.6.2),
. — 2‘)71.%@1) 2fo(81) 27729-3(52 2g5(Z,)
wion = REGH I T Tty |
+{h (C1 h”(le‘)’lk”(Cz)—')’zki(gl)}/('}’l—'}’z)—
— {7 k(L) — 72 K1 Go) =71 7o h1(L) — B(D) [} (71— 72).  (9.6.7)

When y -0, {; >z, [,—>2 and if the limits {hj(x)}*, {hi(z)},
{k3(x)}+, {ky(x)}~ exist and the applied stress on y = 0 vanishes, then
(9.6.6) and (9.6.7) give .

ran- — _ 2nfo@) @) 2vagi(x) _ 255()
I —{ni( Y1) o\%) _ 0 6.
(B ) — ()}~ = Try “1t5. Lo 1+y2, (9.6.8)

Ity 4 Ty
where { }*, { }~ denote the limits as y - +0 and y - —0 respectively.
Since %1({), k1(¢) are sectionally holomorphic functions in the whole

{-plane, vanishing atinfinity, and with discontinuities given by (9.6.8) and
(9.6.9), we may write, uniquely, i

, 1 [ s 0, J50) | »as0) , ) d
B = — — , (9.6.10
1(6) m_f { 14y, 1—|—)’1+ L4y, +1+72] C ( )

- f (£30 ,5T50, 60| 7,050

. }d . (9.6.11)
v Uty I Iy, 14y )il

From (9.6.1) we see that the integrals (9.6.10), (9.6.11) taken along
the infinite semicircle in either the upper or the lower half of a ¢-plane
vanish so we may evaluate the integrals by residue theory. The func-
tions f4(£), 95({) are regular for 5 < 0, and f4({), o({) are regular for
n > 0, hence

i — — o) 20

I+y, 147,

Vv
e

2y, o(0) | 2v.95(0) ’ (9.6.12)
" ’)/ 0 ng
hy(L) = 1‘+y1 ] +°y - (n < 0)
and fot (4
" _ __2')'71 g( )__2')72.(;('; ) > 0
B0 = s, 120 (0.6.13
. 2fo(0) | 2g0(0) o
() =3 +°y1 +3 j’m (n <0)

5237 Z
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These solutions could also be written down by inspection from (9.6.8)
and (9.6.9). From the first results in (9 6.12) and (9.6.13), we may,
with the help of (9.6.4), solve for f1({), 93({) to get

(ri—y2)f1(0) — _(1’“')’1'}’2) o(g)__(l—'}’z')’z)%@)
Hn 7 U 9614
(Y1—72)91(8) — (I—=y17). o(C)_I_(l“)ﬁ‘)’z)go(C)
I+, I+7, 14, J
for y > 0. The complete complex potentials f({), g({) may now be

written down from (9.6.2) and (9.6.14) and we may verify, with the
help of (9.1.15), that they have the correct form (9.6.3) at infinity.
Thus

1+‘}’1{(1—'>71)’2)f0(5) (1_')’2)72).‘1-0(5)}
£) = fold)— = =
) = 1d8) Ve I+9 + 1+,
1+72[(1_71)71)f0(6) (1—v172)0(£)
() = () - )
W =0t = "1, T 14
for 7 > 0, and the corresponding displacements and stresses may be
found from (9.5.3) to (9.5.7). In particular, from (9.5.5), the value of
v, on the edge y = 0 of the plate is given by

, (9.6.15)

o — _4(1""}’1'}71)(1—71’}72)f£;( 41—y, 7)) (1 =7, 72) f-o(x)
= (I 4+71)*(1+7)(1+75) (147021 +y)(1+ve)

_ A1y )(1—y, 72)90(%) _A(l—y7)(I—yy 72)Jo()
(I4y2)* (L +71)(1+7,) (1472 (L +y1)(1+y2) ’
(9.6.16)

since o,, = 0 when y = 0.
We consider one example of the previous theory. If an isolated force
P acts at the point z = b, then, from § 9.3,

fo§) = -Ii{(l+y1)C—i(1—)/1)b}10g{(1+y1)C—i(1—71)b}
. (9.6.17)
= ‘—{ 1+y){—i(1— yz)b}log{ 1+y,){—i(1— Yz)b}

The value of the edge stress may now be obtained from (9.6.16), but we
record here only the results for the special case of orthotropy described
in § 9.2 for which y,, y, are real and H, K are given by (9.2.2). Thus

moy 0‘2(“2_0‘1)#°'u

— /92 _ BI ) B2 B
—xX(x2+b2/a% 2?4003 +by(agx2+b2_agmf+b2)- (9.6.18)
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If we consider the limit of this formula as a; > oy — 1, we recover
the result (8.8.2) for an isotropic body.

Numerical results have been given by Greent for a spruce plank
whose edge is parallel or perpendicular to the grain.

9.7. First boundary-value problem for half-plane: part 2

To complete the first boundary-value problem we consider the prob-
lem of the stress distribution due to given stresses, of O(1/x?) for large
|z|, applied to the boundary y = 0. We suppose that the stresses and
rotation in the body vanish at infinity so that, from (9.1.20), the com-
plex potentials f({;), g({;) are such that

” (1 47)(P+y: P)
e e ATl on)
ey — (I+y)(P+v P) O(—) ’ o
IO ="t e
for large |{|. On the boundary y = 0 we assume that
oy =p&), oy =q@), (9.7.2)

where p(x), g(x) satisfy the H-condition and 2p, 2% satisfy the H-con-
dition in the neighbourhood of the point at infinity. As in the corre-
sponding isotropic problem we indicate two methods of solution.

In the first method we define A({), £({) in the region » > 0 by (9.5.11)
and then extend their definitions by (9.5.15) to the region » < 0. It
then follows that A"({), k"({) are both O(1/¢) for all large |{|, and, from
(9.5.17) and (9.5.18),

{h" (@)} —{h" (@)}~ = p(x)—ig(x), (9.7.3)
{E" (@)} —{k" ()}~ = p(x)+iq(x). (9.7.4)
Hence
B w
21" 2v29"(0) _ 1up 1 [ p(t)—ig(t)
149, + T4y, (@) = 2mi f t—{ dt
" . (9.7.5)
2f"0) 29" _ 4 1 [ p(t)41q(t)
1+71+ I+y, H) = 2mi f a

t—{

— 00

From equations (9.7.5) we may find f({), g({), and then the stresses
and displacements are given by (9.5.3) to (9.5.6).

t loc. cit., p. 332.
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In the second method of solution{ we put

2f"(0)+29"(0) = V(0
20 —y)f"(6) | 20—y5)9"()) _ W) }, (9.7.6)
Ity I+,
so that, on the boundary y = 0, from (9.5.7),
ReV(z) = p(x), ImW(z) = q(x). (9.7.7)
Also, from (9.7.1),
vo=oz)  ww=of) 0.7.8)

for large |{]. Tt follows that

Vm=}f%%i o =1 [LE (o9

and we now see that equations (9.7.6) and (9.7.9) are equivalent to
(9.7.5) which were obtained by the first method.
If we solve equations (9.7.6) for f”({) and g”({), we have

dn—y)f"Q)  1— ~Y2p0y—
Iy 4y,) 1+’)’2 O—=W) (9.7.10)

4(')’1_'}’2)9”(5) "
(1+71)(1+72) 1+)’1 V@H—W(C)

and hence, from (9.5.5) and (9.5.6), we can obtain expressions for the
components of stress. In particular, on the edge ¥ = 0 of the body,

o — I=r)(A=y)V(@)—2(1—y, ) W(x)
“ 2(1471)(1+7,)
(1—)71)(1_’)72)7(5”)*2(1—’}71 72) W (z)
. (9.7.11
* 21 7)1 +7) G710
For the special orthotropic material of § 9.2 this formula for the edge
stress reduces further to

0ge = (V@) + V(@) — (0 + o) W(x)+ W(@)]}/(20y o). (9.7.12)

In§ 8.9 two special problems of given applied stresses on the boundary
of a semi-infinite isotropic body were solved. These problems may now
be solved for aeolotropic bodies since the appropriate expressions for

+

t See A. E. Green, Proc. Camb. Phil. Soc. 41 (1945), 224.
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V(2), W(z) are the same. Further details are, however, left as an
exercise. '

9.8. Second boundary-value problem for half-plane

Two cases arise when values of the displacements are given at all
points of the boundary y = 0. In the first case the edge displacements
are zero and we wish to find complex potentials (9.6.2), where fy({),
go({) define a given stress system which has singularities in the upper
half-plane % > 0. The special forms (9.6.3) for f({), g({) are omitted.
As in § 9.6 we define A,({), k,({) by (9.6.4) and we extend the defini-
tions of (), k,({) to the whole plane so that hy({) and kj({) are O(1/{)
for all large |{|. Then, from (9.5.4), (9.5.20), and (9.6.2) we find that the
derivative of the total displacement D is given by

QB _ 3./ 0(&y) P1fo ‘4-1 8290(2) Pzg-g(&)
o 1ty + 149, + 147y, 14y, +
A {8.[R1(L1) —v2 K1(L1)]—8o[ A1 (Lo) —y1 K1(Lo) 1 /{2(y1—va)} —

—{pa[k1(L) — 72 PUC) ] —pol Ki(Le) — 71 P1(L ] 2(7—72)). (9.8.1)
Similarly, using (9.5.21),
oD - Slf-g(ZI) ﬁl.fg(C1)+ 2573 gz pao(Ls) +

ox 1+, 14y, 1+y. 14y,
+{pa[h1(&) — 2 k(L) ]—pal h1(Le) — v K1 (E) A2 (1 —v2)} —
—{8,[k1 (L) — 7 (L] — 8ol K1 (L) — 71 P LT 2(— 7)) (9.8.2)

If D vanishes everywhere on the boundary y = 0, then 2D/ox and
aD/ox are also zero and hence, with the usual notation,

{(81—82)"’1,(-70) —(y201—n 82)k'{(x)}+/{2(y1——y2)}—
—{(PI_P2)ki(x) —(p172—pP2 ')71)}5;(33)}_/{2()71_'}72)}

_81fg(x)_P1fg(x)_3298(x) __pz!i(i(x), (9.8.3)
14y, 1+7;,  l14+%  14+7%

and
{(B1—P)h1(®)—(y2P1—71 ﬁz)k;(x)}+/{2(‘)’1—72)}—
—{(51—52)k;(x) — (72 81—")71 Sz)h;(x)}_/{2(‘)71—‘)72)}

_51f3(x)_131f3(z) 83 G0(x) Pngo(x). (9.8.4)
I4+9, 14y 147 14y
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These equations may be solved by integral formulae as in previous
sections, or by inspectiqn. Hence, for > 0, using (9.6.4),

{(81 hl(g) (Y201—n 2)k” }/{2(‘}’1“ )}

_ 8.f10) | 8:41(0) _ _P1f_$( Pzgt’;(g) (9.8.5)
Ity 14y, 1+7 147’

{(p1 —p2)hi(0)—(ys Pi—n ﬁz)ki(C)}/{z(h—‘)’z)}

I4+y, 14y, 1‘|“}’1 1+)72 ’
and solving these for (), 97({) gives, for » > 0,

(8152—8251)f;(€) _ (3, S1“1"152) S(C) (8252—P252)§3(C)

T4y - 149, 1+y, (9.8.7)
(®172—3:p)1(0) __ (prhri—3:80Ia(0) | (pair =318 (0)
LI+4y, 1+, 147,

The complete stress potentials are now given by (9.6.2) and (9.8.7) for
n = 0, and the corresponding values of the displacement and stresses
may be obtained from (9.5.4) to (9.5.7).

The formulae (9.8.7) simplify when the material is orthotropic (§ 9.2)
and become

_ (“155‘*‘“2/8%).]?0({)’*‘2“1 Blﬂzfio@)
ho) = T
Q1 P2— X Py
. 20y Bl Bs fo(C) +(y B%“‘Wzﬁ%)go@)
gl(c) - i 2 2
oy B —a B .
If we add to these the original stress functions fy({), g,(¢), we find, from

(9.5.5) and (9.5.7), that the stress components at the edge y = 0 of an
orthotropic plate are

(9.8.8)

00 = — aﬂ%ﬁrﬂﬁﬁ%MJ o)+ TN} + o Bfga(@)+ G|
Oyy ffﬁ(;l [ 2B fo(x +f3 (@)} 4 Bafgo(@) +Jo (= (@)}] re
Oy = %%L—mmw @)+ Bulgie) —a(@))]

(9.8.9)
The second boundary-value problem is completed by considering the

case when non-zero values of the displacement are given at the edge
of the body in the form

U, = r(x), uy = 8(x). (9.8.10)
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We assume that r(z), s(x) have first derivatives 7'(z), s’(x) satisfying
the H-condition and %', 22s’ satisfy the H-condition in the neighbour-
hood of the point at infinity. We also assume that stresses and rota-
tion vanish at infinity. Two methods of solution are again possible
which are analogous to those used in § 9.7 for the corresponding part
of the first boundary-value problem but we restrict our attention to one
method here. We define A({), £({) in the region n < 0 as in § 9.5 and
it follows from (9.5.20) and (9.8.10) that

{(81"—82)}&”(%) — (G172 =82y k" ()} /{2(y1—ya)} —
_{(Pl—Pz)k”(x)-(Pl)’—z_Pz‘}71)}"”(90)}”/{2()71—772)} = r'(x)+1s'(2),

and hence, by an argument similar to that used in the previous section,

{(81 ~3,)h"({)— (81 ’)’2_32 ')’1)k”(C)}/{2(71* 72)}

o]

_ 8D 8g"(D) 1 ' (8) 418 (t)
B i+y1 1+y, 2m f—t—_‘,;——dt (n =0), (9.8.11)

— 00

if we use (9.5.11) and (9.5.19) (but not (9.6.3)). Similarly, from
(9.5.11), (9.5.19), (9.5.21), and (9.8.10),

B0 Rg'@) 1 [rO—ise), (n>0), (9.8.12)

I+, | 14y, 2m t—

and then f”({), g"({) may be found from (9.8.11) and (9.8.12), the
corresponding stresses being calculated from (9.5.4) to (9.5.6).

As for isotropic bodies various problems arise of a mixed type.
Here we omit problems corresponding to those of §8.11 and con-
sider only ‘punch’ and ‘crack’ problems corresponding to §§ 8.12 to 8.15
for isotropic bodies.

9.9. Punch problems

In this section and in § 9.10 we consider problems for which the
shearing stress is zero along the whole of the boundary y = 0. We
take k(L) = h(Z) (9.9.1)
so that, from (9.5.12),

2(—y )f (&) (1
'—1—+;—1— = (1—ya)A({)

2()’1“')’2)9(&)____ __
"IN — (b

, (9.9.2)
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and hence, from (9.5.4) to (9.5.7),

= {81(1—v2)h (L) —85(L— 9l (L)} (y1—v2) +
+{P1(1 ‘“’)72)5'(51)"102(1 _’)71)5'(52)}/()71“)72)’ (9.9.3)

_ 2 [nO—=ve) Yall—y1) 5r
© n—rl 1+n G- 1+ (Cz)}

2 [n(—=7a) g 7a(l—71) f "( 9.9.4
el T RG] 009

Wy = {n(1 _Yz)h”(gl)—"}’z(l""}’1);’”@2)}/(')’1“‘)’2)4‘

HA=7)k" ()~ 1—=7)R (L)} (1 —72).  (9.9.5)
Also, on the boundary y = 0 where {;, = {, = { = z,

_ 0,—8:+n 32—7/231h,(c)+p1—Pz+771P2"’72”17é’(f), (9.9.6)

2(r1—72) 2(y1—7e)
oy, = () +R"(D), (9.9.7)
Oy = (I—=y) (A —=y)h"({) (1—771)51'_‘)72)_5”(Z) (9.9.8)
(I4+71)(1+7y.) (14+7)(1+7,)
and the shear stress o,, vanishes.

zy
We now examine the distribution of stress in a semi-infinite elastic

medium y > 0 when the surface is deformed by the pressure against
it of a smooth rigid body so that the boundary conditions on y = 0 are

o

=0 (—0 <z < o), (9.9.9)

o, =0 (x‘<a,x>b)} (9.9.10)

u, = f(x) (@ < <b)

where ab is a single segment of the z-axis. The discussion for n seg-
ments (i.e. n punches) follows similarly. We assume that f(z) has a
derivative f'(x) satisfying the H-condition on ab. Condition (9.9.9) is
satisfied by the system of stresses defined earlier in this section. If the
total normal force on the edge y = 0is Y (the total tangential traction
being zero), and if stresses and rotation vanish at infinity, then, from
(9.1.20), (9.5.1), (9.5.3), and (9.9.2),

Q) = — = §+ (Cz) (9.9.11)

for large |{| in n > 0. The function k({) is defined for 7 >0 and we
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now define A({) for the half-plane » < 0 by the equation A

hl) = —h(l) (n <0), (9.9.12)
and hence ) = =k (4> 0). (9.9.13)

It follows from (9.9.11) that 2"({) = O(1/¢) for large |{| in the whole
plane and, from (9.9.6) to (9.9.8), on the boundary » = 0,

_%%u_ = {B" (@)} +{b" (x)}, (9.9.14)

= {b"(@)}+*—{h"(x)}, (9.9.15)

o — (1—71)(1—7'2 '@t (=77l @)} g g 14

(I+y1)(1+7y2) (1471)(1+7,)
where
§=38
11
= 4822 (2—r1—re— 71— Tt vy (1t 72) 71 7a(vitya) —
Y172

—2y173% ?2}. (9.9.17)

In deriving formula (9.9.14) we have used the results (6.7.37) and
(6.7.38). The first boundary condition in (9.9.10) now gives

W@y —{p" @)}~ =0,

on y = 0 outside the segment ab, so that A”({) is holomorphic in the
whole plane cut along ab. Also, from (9.9.10) and (9.9.14),

@)+ @y = L8, (9.9.18)

on ab. The general solution of this equation, remembering the condi-
tions satisfied by A"({), and allowing for the possibilities of infinities
in A"({) of order not greater than 1 at the ends a, b, is

W) = f TONE, gy

HI
2 (9.9.19)

VIR(D)}

where R({) is given by (8.11.7) and \{R({)} is defined in § 8.11. The
condition (9.9.13) is satisfied if H' is a real constant. By considering
the coefficient of 1/{ in (9.9.11) and (9.9.19) we have

2m S«/{R )}

Y = —2nH'. (9.9.20)
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Alternatively, the solution of (9.9.18) which is finite everywhere and
which vanishes at infinity is

b
" J{R(c } f'(t) dt
h'(8) = E—DVR®) (9.9.21)

a

t) dt

provided m =0, (9.9.22)
and f 0 t’_f_;‘) ) dt (9.9.23)

The solution of the punch problem is now in a form similar to that
given for isotropic bodies in § 8.12, except for the differences in ex-
pressions for the stresses and displacements. We therefore leave the
reader to complete detailed examinations of special problems such as
those discussed in §§ 8.13, 8.14, and we now turn our attention to crack
problems.

9.10. Cracks

As in § 8.15 for isotropic bodies, we consider an infinite two-dimen-
sional body containing » collinear cracks situated along the segments
L, = a,b, (r = 1,2,...,n) of the real axis and we suppose that all com-
ponents of stress and both components of displacement vanish at in-
finity, the resultant force over the entire surface of each crack being
zero. Then, for large |{],

(L) = 0(%). (9.10.1)

If the cracks are opened symmetrically about the z-axis by a given
normal distribution of displacement or pressure along the line segments
L = L+ Ly+...4 L,, we can consider equivalent problems in the half-
plane y > 0. Thus:

ProBLEM 1.
zy = 0 (—o0 < & < 0)
u, =0 on y = 0 outside L ;. (9.10.2)
u, = s(x) on L
PrOBLEM 2. 0py = 0 (—o0 < 7 < )
o,, = —p®) onL , (9.10.3)
u, =0 on y = 0 outside L

where p(z), s(x) satisfy the H-condition on L.
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Since o, = 0 on y = 0 for both problems we may use the formulae
(9.9.3) to (9.9.8) but now we define A({) in the region y < 0 by the

formula MY = kY (7<0), (9.10.4)
so that RO =HRE (n>0), (9.10.5)

and, from (9.10.1), »'({) vanishes for all large |{|. Hence, using (9.9.6) to
(9.9.8), it follows that, when 7 = 0,

Sy _ (@) — @)

oy = (B (@) +{h" ()}~ | L. (9.10.6)
o — L=y =y )R (@)} | (1—5)(1 —7,{h" (@)}~

o (I+y)(147,) (147 (147,)

PronLEM 1. Thesecond and third boundary conditions in (9.10.2) give,
on using (9.10.6),

{W' (@)}*—{R'(x)}~ = 0 outside L

: , (9.10.7)
W —We) =" oz
and hence, since #'({) vanishes at infinity,
s(t dt ‘
=35 J s(t) dt (9.10.8)

ProBLEM 2. Here the conditions (9.10.3), together with (9.10.6), give

(R (x)}++{h"(x)}- = —p(x) on L}

(' (@)}*—{' (@)}~ = 0 outside L (9.10.9)

It follows that A”({) is holomorphic in'the whole plane cut along L,
of O(1/¢?) at infinity, and satisfying the first condition in (9.10.9) on L.
Restricting the discussion for simplicity to a single crack ab, the general
solution which allows the possibilities of infinities at the edges of the
crack of order not greater than 1 is

hll(g) —_

«/{R )}
2mJ{R ) f dt, (9.10.10)

where J{R({)} is defined in § 8.11. It can be verified that condition
(9.10.5) is satisfied.
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The solutions of both Problems 1 and 2 are in forms similar to those
given in §§ 8.16, 8.17 for isotropic materials, except that the stresses
and displacements are now given by the formulae of § 9.9. We there-
fore leave further discussion of special problems to the reader.

9.11. Circular hole in infinite plate
Consider an infinite region bounded internally by the single circular
hole |2| = a. We define two complex variables {;, {, by the trans-

formations 7 =24y =L+ }
2 =2+y7 = Lpty,a?l )’
and the {;-, {,-planes are chosen so that the circles [{,| = a, |{,| = a
correspond to the circle |z|] = @ in the z-plane, and |{;| - o0, [{,| = o
when |z| - 00, Also, since |y,| << 1, |y,| < 1, the singularities of the
transformation from the z;- to the {,-plane, and from the z,- to the
{,-plane,} are inside the circles |{;| = a, |{,| = a respectively. For
convenience we may imagine that the three circles |2| = a, |{;| = @, and
|Z,| = a coincide and are given by
{= 0 =2z=ae¥, zZ = a?[z. (9.11.2)
To every point in the {;-plane, on or outside the circle (9.11.2), corre-
sponds one point in the (z,y) plane on or outside this circle, but the
transformation between these planes is not conformal. A similar corre-
spondence exists between the {,-plane and the (z,y) plane. If we put

' Q'(z;) = f(&); w'(2ze) = 9(La), (9.11.3)
then, from the formulae (9.1.4) to (9.1.8), and (9.1.12),
P = X+1Y = 2i{y, f({) (&) +re L) +3(L))  (9.11.4)
4 f (&) | 4 f(&) n 4y, 9'(L) | 477 (L)
1=y 0/ ' 1=7,a%8 " 1—p,a?/0§ ' 1—y,a¥/83
(9.11.5)

(9.11.1)

o topg =

o'rr——o'00+2i0r0 .
Yif' (&) f,(&) v39'(L2) g-,(&) }, (9.11.6)

. 45{ +
- 2\l—y, @8 1=, 0% " 1—y,a®/(3 1—v,a?/(3

2y (1—y,2/2) f' (L) 2()71—2/z)f’(61)

Urr‘*“iO';-G = 1—")’1‘142/{% 1_,}71“2/512. +
2y,(1—v,2/2)9'(Ls) | 2(7.—2/2)§" (L)
I S S e et B
D= 81f(51) +P1f(51)+82g(ng‘Pzg-(Zz)- (9.11.8)

t i.e. points at which z;({,) = 0, z5({;) = 0.
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If we now define h(2), k(2) by the formulae

h(z) = 2y, f(2)+2y29(2) } (9.11.9)
k(z) = 2f(2)+29(z)
80 that —)f(2) = h(2)— 7, k(2) } (9.11.10)
2n—72)g() = —h(e)+y1 k()

then stresses and displacements may be expressed in terms of A({,),
h(&), Ic(Cl) k(Z,). In particular,

P=')’1 {71 —7Y17Y2 (Cl)—YZh(Z2)+YIY2k(C2)}+
71 {ﬁ L) =72 k(L) — () +7, B}, (9.11.11)
P =" () —rsk (cl)—h@zimk(cg)}—
Y172

°y.z{flE(Zl)—y‘ly'gﬁ(fl)—y'zﬁ(&)ﬂ'ﬂﬂ(&ﬂ- (9.11.12)

"1~

The functions f({,), g({,) are defined and holomorphic at every point

outside the circles ¢, = {, = ae®, except possibly at infinity, so that

h(z), k(z) are defined and holomorphic at every point outside the circle

z = ae® except possibly at infinity. We now extend the definitions of
these functions to the whole z-plane by the formulae

J——— 2
ZZ; _ —:EZZZ; } (2| <a), - (9.11.13)
where, as in § 8.18,
h(@*z) = h(a?[z),  k(a*fz) = k(a?]2),
are defined for |z| < a. If z belongs to |z| > @, then a?/z belongs to
[z] < a, 80, from (9.11.13),
P
z;g;=__;2} (2] > a). (9.11.14)

With the help of (9.11.14) the expressions (9.11.11) and (9.11.12) become

P— h(Ey)— v hLe)+y1 val K(Lo) — (L)) ]} +
+y-1fl%{k(%;)—k(%)ﬂ'zh(‘é—l)-ﬂh(%i)}’ @111
P= -{RC) =Ry k(G — v k() —

N7
sl ) oo
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Similarly, we find from (9.11.8), (9.11.10), and (9.11.14), that

D=——1-—{81[h<z1 k()] 8afh(L) — 7 K+

2tr1—72
+2_(,,—11‘—{P1[7’2 (Zl) (g)]—pz[%h(‘g—j)—k(g)]}, (9.11.17)
D= m’@ [A(Ly)—v2 k(L) ]—pal P(Le) — 71 R (L) ]+

*ageaa )M (c) {g)])-

9.12. First boundary-value problem for circular hole: part 1

We suppose that the circular hole |z| = a is free from applied stress
and that a distribution of stress exists, with known singularities only
in |z| > a, which is derived from complex potentials fy({;), go({s). The
distribution of stress is such that, for large |2|,

Sy =824 3 3 Bricy

, (9.12.1)

_X lOg"+ 2 (BiAiC

90(2) =

where H, K are given in terms of the resultant force P = X+1:Y due
to fo(2), go(2) by (9.1.15). We now add a stress system derived from
potentials f;({;), 9:(¢;) which is such that the combined potentials

fQ) = HG+HAG), 98 = gl o), (9.12.2)

give zero applied stresses at the boundary |z| = a, and, for large ||,

f(2), g(z) take the forms (9.12.1). The complex potentials f1(2), 91(2)

therefore both vanish at infinity. Corresponding to f;(z), g,(z), we define
hy(2), ky(2) by formulae of the type (9.11.9) so that

hy(2) = 29, f1(2)+27,9,(2) }
ky(2) = 2f1(2)+29,(2) '

It follows that k,(z), k,(2) are both O(1/z) for large |z|. If the definitions
of hy(2), k4(z) are extended by formulae of the type (9.11.13) to

hy(z) = —ky(a?f2)
ky(z) = —hy(az)
then h,(2), k,(z) are sectionally holomorphic in the whole plane, of

O(1/z) for large |z|, with curve of discontinuity |z| = a. Also, from
(9.12.4) we see that these functions are finite at the origin.

(9.12.3)

} (2] < a), (9.12.4)
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If the total applied stress at the edge of the circle |z| = a is zero, it
follows that the sum of the values of P obtained from (9.12.2), (9.11.4),
and (9.11.15) is zero, where, in (9.11.15), hy(2), k,(2) replace k(z), k(z)
respectively. Similarly, the value of P is zero at |z| = a. Hence

by (6)—hy(t) = —2y1fo(t)—2y2 9o(t) — 2o(a?/t) — 2G(a?/t)

ke (6)— ks (8) = — 27, fo(a®/t)— 27, Go(a?/t) — 2fo () — 294(¢)
where ¢ denotes any point on the circle [z| = a. As usual ki (¢), A7 (t)
denote the limits of %,(z) as we approach the point ¢ on the circle from

the outside and inside respectively. The unique solution of these
equations is :

hy(z) = —% f {y1f0<t>+y2go<t)+f:,<a2/t>+fio<“2/‘>}tj_%'
L

}, (9.12.5)

) = — = [ U0t n T +aaann ™,
. L

the integrals béing taken around the circle || = a in a clockwise
direction. Consider the integral for k,(z). We observe that f(a?/t),
go(a?/t) are regular for |¢t| > @ and finite at infinity. Hence

am; | e +aein) ;2 = 1,0)+3,00),

0

the integral being taken in the anticlockwise sense round the infinite
circle, and therefore

~5 Lf i+ gt} 2

=—f0(a2/z goaz/z)‘l'fo )+30(0) (I2] = a),

= Jo(0)+4(0) (lz] < a).
Also fy(t), go(t) are regular for |t| < a so that

2mf{v1fo 72002 =0 (el > )
= y1fo(@)+7290(2) (I2| < a).

Combining these results we have
h(z) = —2fy( a’2/z —2§o(a%/2)+2f4(0)4+-2§,(0) ([z| = a) } (9.12.6
ha(z) = 2y1fo(2)+ 2y, 90(2)+2/4(0) )+24,(0) (2] < a)
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Similarly
k1<z) = — 27, fo(a?/2) — 27, Go(@?[2) + 27,0 (0) 427, Go(0)  (l2] = )}

= 2f)(2)+290(2)+ 27, F5(0) +27, 7(0) (2] < a)
(9.12.7)

The total complex potentials for the region [z| > a, given by
(9.12.2), (9.12.3), (9.12.6), and (9.12.7), are

@) = fole)—{(1—7, 'yz)fo(aﬁ/z)—}—(l—y2f2)g'0(a2/z)}/(y1—72) } (9.12.8)
9(2) = go(2)H{(L—y1 71)fo(@?/2) 4+ (L—y1 72)o(@?/2)}/ (y1—72) ’

apart from non-essential constants. The stresses and displacements
now follow from these formulae and from (9.11.5) to (9.11.8). In

particular, if we remember that o,, = 0 at the edge of the hole, from
(9.11.5) and (9.12.8); after a little reduction,

8,8, g
— 41—y, =y PO —) fol2)+ (171 72) (e~20—7) FoE)) +
+4(1 =y, 7 {(1—7, 72)(62{0”71)96(3) + (L=, 72) (e~ 20 —71)Go(2)}
(z = ae®), (9.12.9)
8y = 14y, 71— (y1+71)cos 20+i(y; —7,)sin 20
Sy = 14y, 72— (yat+72)c08 20+1(y, —7,)sin 26

In the case of orthotropic materials considered in § 9.2, for which
1, Yo are real, the formula for the edge stress becomes

(14-y3— 2y, cos 20)(1-+y3— 2y, cos 20)apy
= 4(1—y;y2)(1—%}) {(ew—'h )fo(2) ‘I‘(e'-zw—'}’z)fo @3+

+4(1"‘}’172)(1—'}’2){(9210""}’1)90( )+(e_210—'}’1)90( 2} (2= aew)-
(9.12.11)

where

}. (9.12.10)

We now consider a few special examples.{

9.13. Circular hole: uniform stress at infinity
If a plate containing a circular hole is subject to uniform stress at

infinity, defined, as in § 9.1, by M, N,, and «, then, from (9.1.14), for
large [z,], |2,

Q"(z) = B+1iC, w"(zy) = B'+iC’,
where B, B’, C, C' are given by equations (9.1.15) to (9.1.18). Hence,
from (9.11.3), for large |z|,

folz) = B+iC,  gy(z) = B'+i(", (9.13.1)

+ These examples are taken from A. E. Green, Proc. Roy. Soc. A, 180 (1942), 173.
ee also loc. cit., p. 328; C. B. Smith, loc. cit., p. 185.
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and we see that these potentials have no singularities inside the hole,
and are suitable values to take for f((2), go(z). The edge stress oy at
the hole is now given immediately by (9.12.9) and (9.13.1) and may
be reduced to a form suitable for calculations. We confine our
attention here, however, to the orthotropic material of § 9.2 so that
we may use the simpler formulae (9.2.4) for B, ¢, B’, C’ and the
expression (9.12.11) for ogg. Thus, after some reduction,

(1492 —2y, cos 20)(1-+y3— 2y, cos 20)agy
= (N +p) (L +y) (X +y,) (1 4y, +y2— 1 v2a— 2 cos 20) —
—4{y;+y9— (1 47y ya)cos 20}(IV, sin®x+ N, cos®x) +
: +2(y, ya—1)(N;— Ny)sin 2asin 20.  (9.13.2)

In the special case of a uniform tension T parallel to the z-axis,
N =T, N, = a = 0, and the edge stress becomes

_ TA+y)0+ye)(A+y1+ys—y1 v, —2 08 26)
ogy = . (9.13.3)
(1492—2y, cos 20)(1+yE— 2y, cos 20)
For an isotropic material y;, = y, = 0 and we recover the formula
agg = T(1—2 cos 20).

The distribution of og over one quadrant of the hole is shown in
Fig. 9.3 for the case when the tension is parallel to the grain and in
Fig. 9.4 for the case when the tension is perpendicular to the grain,
for both oak and spruce. The curve for an isotropic plank is included
for comparison. In these figures the sheet is supposed to be in a state
of tension in the direction 8 = 0. The reader is referred to a paper by
Green and Taylorf for more detailed numerical results and for a dis-
cussion on the type of failure which might be expected to arise at the
edge of a hole in a spruce plank under tension.

Another special case which can be derived from (9.13.2) is when the
plate is acted on by a uniform shearing force S at infinity, parallel to
the axes. In this case N, = —8, Ny, = 8, « = {m, and]

48 (v, yo—1)sin 260
700 = (T3~ 2y; cos 20)(1+yE—2y, cos 20)°

(9.13.4)

9.14. Circular hole: uniform couple at infinity
Here we suppose that the plate is bounded by two straight edges
y = —+b, where b is large compared with the radius a of the hole. The

+ Proc. Roy. Soc. A, 184 (1945), 181.
1 See A. E. Green, loc. cit., p. 352, for a numerical discussion of this formula and

>f the formula (9.14.3 ) of the next section.
5237 Aa
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plate is acted on by a bending moment which is such that for large
values of 3 My

Orz = 55 Opy = 0y, =0 (9.14.1)
so that across every section of the plate parallel to the y-axis there is
a pure bending moment of amount M. Restricting consideration to
the orthotropic materials of § 9.2 we may verify from (9.1.5) and (9.1.6)
that the appropriate complex potentials corresponding to the stress
distribution (9.14.1) are

" SMi(141y,)%,
Q"z) = — ’
&) =~ )=l =717
w"(2g) = Sl

1663y — ) (1—72) L —7172)
It follows from (9.11.3) that the values of f(z), go(2) which must have
no singularities inside the circular hole and which must produce the
stress system (9.14.1) at infinity, are
3Mi(1+yy)%
1—Ye)(1—y1)(1—y172)
s(e) — 3Mi(14-y,)%
° 166%(y,—y2)(1—y2)(1 =71 72)
The edge stress may now be obtained from (9.12.11) and, after straight-
forward reduction, we have

Bog _ 3(14y)(1+y:H{(1tystyy)sin6—sin36} o, 5

aM 2(1+y2—2y, cos 20)(1-+y3— 2y, cos 20)

Jolz) = —
1663y (9.14.2)

When y, = y, = 0 we obtain the formula

b3ogg . .
00 __ 3(gin — 14.4
I 3(sin 6 —sin 30) (9 )

for an isotropic material.

9.15. Isolated force near circular hole

We now consider, as a final example of the theory of § 9.12, the
problem of the influence of a circular hole on the stress distribution
due to an isolated force.t Suppose a force P = X+41iY = Feic acts at
the point z = b in the z-plane where, in general, b is complex and
|b| > a. If we denote the corresponding points in the ;- and {,-planes

+ See S. Holgate, Proc. Camb. Phil. Soc. 40 (1944), 172.
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by b, and b, respectively, then, from (9.11.1),
2b, = b‘*"}’lz'f‘\/{(b‘*‘)’lz)z“i')’laz}
2y = bty b f{(b-+ya ) —dypat} b, (9.15.1)
b+y b = by+y,a?/by, b+ysb = by+y,a?/b,
the root signs being chosen so that |b,|, |b,| both tend to infinity with
|b] and so that |b,| > a, |by| > a. The appropriate complex potentials
2(2,), w(z,) for an isolated force at z = b are, from (9.3.1), for an infinite
plate, given by H
Q) = ————
2m(2y—b—y,0)
- K
B 277(22-b—}’25)
The required values of the potentials f,(z), g,(z) must have singularities
which give rise to an isolated force at the point z = b in the plate and
must be regular inside the circle |2| = . From (9.11.1) and (9.15.2),
since f'(£) = Q"(21)(dz1/dLy), §'(Lo) = w"(2,)(d2,/dL,), we see that

(9.15.2)

o (2,)

vy H
Folb) = 5755 (9.15.3)
o(le) = s -
go(&e) = 27(Ly—by)

These complex potentials have the correct singularity at points corre-
sponding to the isolated force in the z-plane and they have no singulari-
ties inside the circles |{;| = a, |{,] = a. The edge stress may therefore
be evaluated at once from (9.15.3) and (9.12.9), where H, K are given
by (9.1.15). For the simpler case of orthotropy we use (9.12.11) for
ogg, and (9.2.2) for H, K but further discussion is left as an exercise.

9.16. First boundary-value problem for circular hole: part 2

We assume that the applied stresses at the edge of the circular hole
take the prescribed forms

0'rr-}"’:o'r@ = P(t)+54(t): (9.16.1)
where ¢ = ae® is a point on the boundary of the hole and (), q(t) are
real functions satisfying the H-condition. In the isotropic case we
indicated two methods of solution for this problem. Here we give the
solution in terms of two potential functions V(z) and W(z). An equiva-
lent solution can be derived by the method of extending the definitions
of the complex potentials f({,), g({,) to the whole plane.t
t This method is used in § 9.20 for an elliptical hole.
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If the stresses and rotation vanish at infinity, then, from (9.11.1),
(9.11.3), and (9.1.19)

18 = 527 +0(5)

X le , (9.16.2)
9'(Le) = E'}‘O(C—g)

for large |{,|, |{;]. We now put
V) = —2“%(1—” 2 -2 (1- 28

. f ,  (9.16.3)
W = (1488 e+ Z (1428 ) )
so that, from (9.11.7),
ReV(z) = p(t), ImW(z) = q(t), (9.16.4)

on the circle |z| = a. If we solve equations (9.16.3) for f'(2), 9'(z), we
obtain

4(yr—y2)f'(2) = (14y,0/22)V (2)+ (1 —y, a*/22) W (2)
4(y1—72)9'(2) = —(1+v,0¥22)V (2)—(1—y,a?2A) W

and using (9.16.2) we see that, for large |2|,

, (9.16.5
) } ( )

V(e) = (H:K) L A+id’ +0( )
, (9.16.6)
wey = EEK2 4 sary 0(-)
a 2

where 4 and A’ arereal constants. From (9.11.5),(9.11.7),and (9.16.5) we
have
+a _ {0y BV )+ A=y, a*/ B W (L)}
o (n— )’2)(1“)’1“2/§2
‘}’1{ (1470 V (L)) + (1 —720%/8}) (51)}__
(71— 72)(1—710%/L3)
__'y2{(1-|-'y1a2/§§)V(§2)-{—(l—ylaz/{g)W ) }_
(r1—72)(1—y20?/03)
72{ 1+Y1“2/Zz 52 1-71 ‘WZ%)W(Zz)} 9.16.7
(F1— 7)1 —720%/53) » )

+
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Y11 —y1 Z/2{(1+v, a®/ )V (§1) + (1 —y, /L) W ( gl)}
2(n— 72)(1—)'1 a*/E)
(11 —22){(A+7, 02/ BV () +(1—7 e )W (L)}
2 —7)(1—7 az/l
_ (=9 Z2){(1 4, a*/ Q) V(L) + (1 =y, a®/ L) W (L)}
2(y1—ya)(1—y,a?/L})
(Ya—2[2){(1+7, a2/Z§)V(Zz)+(1‘)71 QZ/ZE)W@Q}‘
2(71—72)(1—7, 0%/ (3)

At the edge of the circle |2| = a these expressions for the stresses reduce
to

O'".+’l:0'rg ==

+

(9.16.8)

14y, e_2io)(l +v2 e_zig)V(2)+ 2(1—y; v, e—4i0) W(z)

T 21—y e )1~y e-20) +
(147, €20) (147, e20)V (2)+2(1 — 5, 7, e20) W (2)
+ 1 2(1-2—)71621'0)(1-—'}726%0)1 2 , (9.16.9)
o = HV () +V (@)}
W 9.16.10
0rg = -21—@.{ W(z)—W(2)} ( )

When the material is the orthotropic material of §9.2 equation
(9.16.9) becomes

(14, 6-21‘0)(14’72 e—ziO)V(z)+2(1_yl Ve e'4i0) W(z)+
2(1—y, e7%0)(1—1y, e~20)
LU 1 e29) (14, 20 ( (2)+2(1—y, y, ) W (2)
(1—)'1621”)(1 —ygetif)

Expressions for V(z), W(z) can now be written down in a way similar
to that used in §8.19 for isotropic materials. Thus, remembering
(9.16.4) and (9.16.6),

(H+K): H+K

o099 =

(9.16.11)

Ve =— ma? + w2 +
2 iy . 2w
+ z—z_wil (ae') dy—g; f q(ae”) dy
(H+£) H+K 0 o (91612)
W) = wa? + ] +
27
+§f§w+“WM@——fmwr
1]
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or, alternatively,

Ve = - ERE K LS (B, tis) %

ma? 7z
o , (9.16.13)
W) — (H+K)y H+K Z g

ma? + 2 T
where R,, S,, U,, T, are defined in (8.19.23). We also recall that the
applied stresses p(t), q(t) have the Fourier expansions (8.19.24), when
they exist, so that

plae?) = Ry+ i (R, cosnf-+S, sinnf)
=t (9.16.14)
q(ae®) = Ty+ Y (T, cosnf+ U, sinnb)
n=1

We add the solution of some special problems in the next section.

9.17. Examples of applied stress at a circular hole
ExampLE 1. If the circular hole is acted on by uniform normal

pressure p, then
R, = U, = —p, H =K =0,

all other coefficients R,, S,, U,, T, in (9.16.14) being zero. Hence,
from (91613), V(z) = —p, IV(Z) = p, (917‘1)
and, when the material is orthotropic, the edge stress agy at the hole,
which is given by (9.16.11), is

909 __ 1+(71+72)2—3y% 7%‘“ 2(y1+v2) (1 —7, vy)c0s 20— 2y, v, cos 40
P (142 —2y, cos 20)(1 +y2— 2y, cos 20) .

(9.17.2)

For an isotropic material, y; = y, = 0, and this reduces to the simple
result ogy = p.

ExamprLi 2. If a uniform shear stress is applied at the hole so that
it produces a couple G in an anticlockwise direction at the edge of the
hole, then a

S=—Ty=55 H=K=0,

all other coefficients R, S,, U,, T, in (9.16.14) being zero. It follows
from (9.16.13) that
V() e e

=50 W) =—T, (9.17.3)
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and, using (9.16.11), for an orthotropic material, the edge stress opy at
the hole becomes
4Gy, yy{sin 40— (y,;+y,)sin 26}
(1473 —2y; cos 20)(1+y3—2y; cos 26)°
A numerical discussion of the formulae (9.17.2) and (9.17.4) has been
given in a paper by Green.t This paper also contains other examples

of stress distributions due to prescribed applied stresses at a circular
hole.

277(1'20’09 = (9 17 4)

9.18. Second boundary-value problem for circular hole
We first suppose that complex potentials fy(2), go(2) define a given
stress distribution which has the properties defined in § 9.12, and we
wish to find complex potentials (9.12.2) so that total displacement at
|z] = a is zero. As in § 9.12 we define complex potentials A,(z), k,(z)
by (9.12.3) and then extend the definitions of these functions to the
whole plane by (9.12.4). These functions vanish at infinity and are
finite at the origin. If D vanishes at the edge of the circle, it follows
from (9.11.8), (9.11.17), and (9.12.2) that
{(81—82)h (6)—(y28;—y10 1(t)}+/{2(‘)’1“"}’2)}—
—{(p1—p2)ky (¢ )_‘(7’2/’1 7121 (8)}/{2(71—72)}
= —8 fy )—‘Plfo(az/t)“szgo(t)_Pzgo(az/t)- (9.18.1)
Similarly, since D also vanishes at the hole,
{(pr—P2)P1(6)— (yapr—11P2)ky }Jr/{')(?’l_)’z }—
"‘{S — &)k (t)— (728, Py (8)}~{2(71—72)}
= —8, o(“z/t Plfo( 82 Go(@?/t)—pyg,(t),  (9.18.2)

where t = ae? denotes any point on the circle |z| = a.
These equations may be solved in the usual manner to give, with
the help of (9.12.3), for the region |z| > a,

{(8;—82)hy(2)— (20, —7, 8 z)}/{2(y1 ve)}
= 8,/1(2) +8291 = '“Plfo —p2o(a?/2)

- A{Br—PPi(2) — (y2r— 11 P z)}/{2 Y1—72)}
= p1f1(2)+p201(2) = _Slfo a?[z)—8; §o(a?/2)

apart from additional constants. Hence,
(81202 p1)f1(2) = (3¢ S1"P152)‘/?0(“2/@‘*‘(82 82— p2Pa)fo(a?/2)
(81P2—02P1)91(2) = (p1p1—3; S1)fo(a2/z)+(ﬂzﬁ1“‘81 82)Jo(a?/2)
t loc. cit., p. 352.

, (9.18.3)

}. (9.18.4)
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The complete stress potentials are now given by (9.18.4) and (9.12.2)
for |z| > a and the corresponding stresses and displacements follow
from (9.11.5) to (9.11.8).

For an orthotropic material the formulae (9.18.4) simplify with the
help of (9.2.1), so that, adding the original complex potentials fy(z),
do(2), we see that the total complex potentials (9.12.2) become

+ap B a®\  (1+ys)(y+1)B B, - (a®
(2) = z)_o‘l Bz
f&) = A 0‘2/31f oy B3 — ot B P\z
— (1+?’1) a+1)B1 B 7 “_2 o B3+ - (a
g(Z) - go(z) + 0‘132—“2ﬁ2 fO 'l' allgz_azﬁg 0
for |z] > a. Again, the corresponding stresses and dlsplacements follow

from (9.11.5) to (9.11.8), remembering now that y;, v,, 8;, 8,5, py, po are
real.

To complete the second boundary-value problem for a circle we

suppose that the cartesian components of displacement take the
prescribed values

u, = 7(t), u, = s(t) (t = aef), (9.18.6)
at the edge of the hole, where r(t), s(t) are real functions. We assume
that 7(¢), s(¢) have first derivatives '(t), s'(¢) satisfying the H-condition

on the circle |z| = a. The stresses and displacements are derived from
complex potentials f({;), ¢g({,), so that, from (9.11.1), (9.11.3), and

(9.1.19), ey = (C ‘)

K
0
for large |{,|, |{s], if stresses and rotation vanish at infinity. If we define
complex potentials A(z), k(z) by (9.11.9) for |z| > a, then it follows that

o) = B o[
H+K ( )

for large |2|. We now define h(z), k(z) for the region |z] <a by

(9.11.13) so that 2_ [2
b (z) = %k(i)
22 \z

wo-24t)

, (9.18.5)

(9.18.7)

(9.18.8)

k'(z) =

(2| < a), (9.18.9)

2
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and therefore, when |z| is small,
H +K

W (z) = (1)

e (9.18.10)
k(o) = DIERK 7k 1 on)

If we now obtain 2D/#0 and 2D/a0 from the formulae (9.11.17) and
(9.11.18) and use the boundary condition (9.18.6), we find, under
conditions suitable for the existence of various limits, that

{(81—8)h/(t)— (7281 —y1 S)k' ()} {2(y1—72)} —

—{(pr—p)¥’ (t)'—(Pl‘}’z—ch)h ()}~ H{2(71—72)}
= 7'(¢)+es'(t), (9.18.11)
{Br—pP)l' (V) —(yapr—r1 Pk’ (O} {2071 — 7)) —
—{(8;—82)k'(t)— (728, — 71 8)1/ (1)} ~/{2(71—72)}
= 7'(¢)—es'(t). (9.18.12)
Remembering (9.18.10), we can solve these equations by the usual
methods, and we obtain, for the region |z| > a,

{(81—-82)71,'(2)—()/2 81—“}’1 k'(z)}/{2 7’1_72)}
= 8,f'(» +329 (2)
_pH+p K r'(t)+is') 4
_.pltmK 2mf_____ (9.18.13)

3

272 t—
L
{(51_/32)}‘/('2)—(’)’2/31—Vllsz)k'(z)}/{Q(h"")/z)}
= p1f'(2)+p29'(2)
8§ H45,K | 1 [r(t)—is(t)
=2 T2 27722 +2—m;i[ ————t p, dt, (9.18.14)

the integrals being taken clockwise around the circle |z|] = a. Hence,
solving these equations for f’(z), g'(z) we have, for [z| > a,

R AY A (P1ﬁ2_8251)ﬁ+(P p2—d 5 )K
(81P2—82p1)f () = oy 2z 272

+
-I—Qim- f [ﬁz{r'(t)+is'(t)}—32{r’(t)—is’(t)}]t—itz ., (9.18.15)

(8,8, —p1 A )H+(8:8,—pap)K "
2m2

(81P2—38251)9'(2) =

[3: (') —is' O}l O +is O} . (9.18.16)
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Using (9.18.15) and (9.18.16) the stresses and displacements can be
evaluated from (9.11.5) to (9.11.8).

We consider, briefly, one example. If a uniform radial displacement
¢ is prescribed at the hole |z| = a, then

r(t)+is(t) = ce?® = ctfa,

r(t)—is(t) = ce~"? = calt,

and r(t)+is'(t) = ofa,
r'(t)—1is'(t) = —caft®
Hence
fr’(t)—}—is’(t) dt— 0
t—2
L (2] = a),
1 J‘r(t)—zs ) dt ca
2mi t—z Tz
i

and since the resultant force at the hole is zero, H = K = 0. It follows
that

)= @]
7@ (8152 —02py)2* (9.18.17)
g'() = . h

B (81P2—82p1)7*
For the special case of orthotropic material these potentials reduce,
with the help of § 9.2, to
f/(z) — ca‘(“ZBl’~B2)(al+1)
4(0y B3 — oy B})22

1N _ca(al Ba—PB1)(xe+1)
PO = o B )

From (9.11.7) and (9.18.18) we find that at the edge‘of the circular hole

(9.18.18)

{Bz oy gt 20‘1+ 1) :31(‘11 ap+20,+1)+

+(ogag—1)(B;—B,)cos 26} 1 (9.18.19)
_ ¢(1—ay o) (B;—B,)sin 26
’ 2a(oy B3 —o3 )

o = 2a(xy ﬂz“ az f3)
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and, from (9.11.5),

0.+ opg = 2c %
000 a(oy f3—a 1)

% {(0‘1* 1)(ap By—PBs)(c0s 20—y;)  (ag—1)(oty B3—P1)(cOs 20—‘}’2)}.

1+4y%2—2y, cos 20 1+4y2—2y, cos 26
(9.18.20)

These results have been discussed numerically in a paper by Green.f
This paper also contains the solution of a variety of other problems
concerned with displacements and stresses at a circular hole in an
orthotropic plank.

9.19. Elliptical hole in infinite plate
If an infinite region is bounded internally by an elliptical hole, we
consider the transformation

z2=cotdlo, o=¢' [=E+in, (9.19.1)

where ¢ and d are real and positive and ¢ > d. This transforms an
ellipse with semi-axes (@, b) along the axes of coordinates in the z-plane,
into a circle |o| = 1 (or ¢ = 0) in the o-plane, where

a = c+d = kcoshe, b = c—d = ksinhe

}. (9.19.2)
2¢ = kes, 2d = ke

Also the outside of the circle in the o-plane transforms into the outside
of the ellipse in the z-plane. We define two other complex variables
g, 0, by the transformations

2 = 24712 = (ct+yd)o+(d+y )0y }
2y = 2+ypZ = (c+ypd)oy+(d+yac)/oy ’

and the o,-, g,-planes are chosen so that the circles |o;| = 1, |o,] =1
correspond to the circle [o| = 1 in the o-plane, and |o;| - 00, |g,| = ©
when |z| - co. Also, since |y,| < 1, |ys] < 1, and ¢ > d, the singulari-
ties of the transformation} from the 2,- to the o,-plane, and from the
2,- to the o,-plane, are inside the circles [o;| = 1, |o,| = 1 respectively.
For convenience we may imagine that the three circles [o| = 1, [oy| = 1,
and |o,| = 1 coincide and are given by

(9.19.3)

0 =0y, =0 = €, ¢ = 1/o. ©(9.19.4)

t Proc. Roy. Soc. A, 184 (1945), 301.
} i.e. points at which z{(c;) = 0, 25(03) = 0.
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To every point in the o;-plane, on or outside the circle (9.19.4), corre-
sponds one point in the (z,y) plane, but the transformation between
these planes is not conformal. A similar correspondence exists between
the o,-plane and the (z,y) plane. If we put

Q'(z;) = floy), w'(23) = gloy), (9.19.5)
then, from the formulae (9.1.4) to (9.1.8), and (9.1.10),
P = 2ify, f(01)+(61)+729(02) +3(5)}, (9.19.6)
_ 4y, /(o) 47, F'(5,)
T A @ ool | TR~ @7
4)’29'(02) 4'}729-’(62) 9.19.7
T ornd-@tnoeterna-arnom 07
D = 81f(°'1)‘|‘P1f(°_'1)+829(02)+'P2§(&2)- (9.19.8)

Following the plan of § 9.11 we define k(0), k(o) by the formulae

k(o) = 2y; f(0)+2y29(c) } (9.19.9)
k(o) = 2f(0)+2g(0)
so that
2(y1—72)f(0) = h(a)—y, k(o) } (9.19.10)
2(y1—72)9(0) = —h(0)+y, k(o)

Then, from (9.19.6) and (9.19.9), -
P = ily, h(oy)—y, 2 k(o1)—y2 h(02)+y1 72 k(o2)}/(y1—y2)+
+i{l(61)— 72 K(6) —h(5:) +71 (G)} (71 —70),  (9.19.11)
P = —i{h(oy)—y2 k(01)—h(0y)+y1 k(o2)}/ (y1—ve)—
— {71 B(31) =71 72 B(61) — 72 (G2) + 71 72 K(6)} (71— 72).  (9.19.12)
The functions f(s,), g(a,) are defined and holomorphic at every point
outside the circles o; = o, = €™ except possibly at infinity, so that
h(o), k(o) are defined and holomorphic at every point outside the circle
¢ = e, except possibly at infinity. We now define

h(o) = —%(l/a)} ol <1 9.19.13
k(o) = —k(1/o) (ot <1 oA
and, hence, -
h(1/G) = —k(5)
ol > 1). 9.19.14
k(1/5) = —ﬁ(&)} (A‘ =0 I



366 PLANE PROBLEMS FOR AEOLOTROPIC BODIES Chap.IX

With the help of (9.19.14) the formulae (9.19.11) and (9.19.12)
become

P = ’:{7’1 h(oy)—ys h(og)+11 Yz[k("z)—k(0'1)]}/(‘}’1_‘}’2)+

Ao o

P = —i{h(al)—h(02)+y1 k(o) —ys k("l)}/(h_')’z)—

) ) s o

9.20. First boundary-value problem for elliptical hole
We first suppose that complex potentials fy(c), go(c) define stresses
and displacements for a plate which does not contain an elliptical hole,
the singularities of fy(c), go(c) being only in the region |o] > 1. We
add a stress system derived from potentials f;(o), ¢;(c) which is such
that the combined potentials
J(0) = folo)+/1(0), g(0) = go(0)+91(0), (9.20.1)

give zero applied stresses at the boundary |¢| = 1, and, for large |o|,
fi(@), g1(o) both vanish at infinity. The evaluation of f;(o), g,(c) follows
exactly the analysis of § 9.12 if we replace 2, @ in § 9.12 by o, 1 respec-
tively. Hence, from (9.12.8), the total complex potentials for the region
le] =1 are

f(o) = folo)—{(1—y, 72)f0(1/0)+(1_')’2}}72).‘70(1/0)}/(71_‘)’2)}_ (9.20.2)
9(0) = golo)+{(1—y, 771)f0(1/°)+(1—‘}’1 72)Jo(1/0)} (y1—"2)
The stress at the edge of the elliptical hole is obtained from (9.19.7) and
(9.20.2). Thus, since oz = 0 when £ = 0,
1, Ty 0,,/(c*+d?—2cd cos 27)
= 41—y, 7 {1 =1 P (c+y2d)e*1—(d+y2 )] fo(o)+-
+A=7172)(c+Fad)e 21— (d+7,0)]fo(0)}+
+4(1—y, P ){(1 —7, v2) (c+y1 d)ern—(d 4y, ¢)]go(0) +
+ 1=y 7 (c+71d)e~ 21— (d+71 ¢)]0(5)}, (9.20.3)
where o = ¢ and
Ty = (1492 7€) 4 20y F-Fu)ed — (yy-+7,) (€2 dP)cos 29—
—2(L+y, 71)ed co8 2n-+i(y,—7,)(c*—d?)sin 27
T, = (1473 72)(c®+d%)+2(y2+7o)ed — (yo+72)(c*+d?)cos 29—
—2(1 4y, yo)cd cos 27+i(yy—ys) (c2—d?)sin 27)

. (9.20.4)
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When the material is orthotropic these formulae reduce to
{(1+92)(c2-+d)+ 4y, cd—2[y(2+dD) (1493 )ed]oos 27} X
X {(14-53)(e2-+d)+ dyy ed—2yale+d2)+ (14yD)ed]éos 27} X
X 0/ (c®+d2—2cd cos 27))
= 4(1—y; 7o) (1—y{[(c+y2 d)e*1— (d+y2 0)]fo(0) +
+ ety d)e 21— (d-+yz )] fo(6)}+
+ 41—y, 72)(1—¥E{[(c-+r1d)e* 1 — (d+y1.¢)lgo(e) +
ey de21—(d-+y, 0 (6). (9.20.5)

If a plate containing an elliptical hole is subject to uniform stress
at infinity, defined, as in § 9.1, by 2V, N,, and «, then, from (9.1.14), for
large |2, |2,

Q"(z,) = B+iC,  ’(z) = B'+iC",

where B, C, B’, C' are given by equations (9.1.16) to (9.1.18). Hence,
from (9.19.3) and (9.19.5), we see that the appropriate values for fy(o),
golo) are

fole) = (B+i0)c+y1d),  golo) = (B'+iC")(c+y,d),
(9.20.6)

since these functions have no singularities in [o| < 1 and take the
correct values for large |o|. The edge stress at the elliptical hole is
now given by (9.20.6) and (9.20.3). In the case of orthotropy we may
use (9.20.5), where B, C, B’, C’ are now given by (9.2.4). Hence

{(1493)(c2+d?)+ 4y, cd—2[yy(c*4d?)+ (1 +95)cd]cos 27} X
X {(1+y3)(c®+ d?)+ 4y, cd—2[ya(c®+d?)+ (14-y§)cd]cos 29} X
X 0, (c®+d2—2cd cos 27)
= (N+Np)(14y1) 14y {e (41 +ya—y1 v2) +20d(1+y1 v2) —
—d*(1—y;—ya—r172)—2(c+y1d)(c+ya d)cos 2n}—
— {1ty ve @)+ ed(l+y1y,)*—
— (1471 72) 4y, @) (c+y2 @)cos 2n}( N, sin®a+ N, cos 2a) +
+2(y1 o= DNV —N)(c+y1 @) (c+ya d)sin 2asin 2. (9.20.7)

We observe that when d = 0 this formula reduces to (9.13.2) for a
circular hole. Also, when y; = v, = 0 we recover the formula (8.27.10)
for an elliptical hole in an isotropic plate, if § = 0 and we remember
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(9.19.2). Numerical discussion of special cases of (9.20.7) has been
given by A. E. Greent and C. B. Smith.}

The first boundary-value problem for an elliptical hole is completed
by considering the case of prescribed stresses at the hole of the form

0'55‘*‘7:0'57, = p(t)+iq(t) (¢ = em), (9.20.8)
where p(t), q(t) are real functions. We may find the resulting stress
distribution by introducing two potential functions as in § 9.16 for the
corresponding problem for the circular hole. Here, however, we use
the second method and suppose that the stresses are derived from
complex potentials f(c), g(o) defined in § 9.19. If stresses and rotation
vanish at infinity, it follows from (9.19.1), (9.19.3), (9.19.5), and (9.1.19)
that, for large |o|, ( )

f’()-—-z-;&-l—

, (9.20.9)
g'(0) = %‘1*0(0—2)
and, hence, from (9.19.9),

0.2
Hok , (9.20.10)
(o) = 2t +0(12)
wo (o2
for large |o|. If we define A(o), k(o) for the region |¢| < 1 by (9.19.13),
it follows that -
, k(1
h (O‘) == -——————(02/0) -
, (lo] < 1), (9.20.11)
k(o) = 3 (1/0)
and therefore, when |o| is small,
, H+K
Wlo) = 2= o)
(9.20.12)

k(o) = M+0( 1)
From (9.1.11), (9.19.1), and (9.20.8),

Pl =i f {p(0)+iq(0)}(c—d/¢?) d ,
(t = ein), (9.20.13)

P(t) = —i f {p(t)—ig(O)}(d—c[t®) dt

1 Proc. Roy. Soc. A, 184 (1945), 231.
t U.S. Dept. Agric., For. Prod. Lab. Mimeo. 1510 (1944), 40.
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and hence, from (9.19.15) and (9.19.16), under suitable conditions,

hH(t)—h—(t) = —iP(t)}

_ (9.20.14)
k+(t)—k—(t) = iP()

The solution of this boundary-value problem can be obtained in a
convenient form when the prescribed forces at the hole are self-
equilibrating so that H = K = 0, and A(c), k(o) vanish at infinity and
are finite at the origin. For this case

o) =~ [ 20
. %tdt , (9.20.15)
Ho) =5 [ 08

L

the integrals being taken clockwise around the unit circle ¢ = ein.

If the prescribed forces at the edge of thte hole are not self-equilibrat-
ing, then H, K are not zero and we must use the results (9.20.10) and
(9.20.12). Also

oP(t .
220 = —(—apipe)+igw),

aP;t) (dt—c/t){p(t)—1iq(t)},

on the circle £ = ¢, and from (9.19.15) and (9.19.16) we now have,
under suitable conditions,

[2' O —[F' ()]~ = (c—d[*){p(t)+iq(t)} }
[£'®O]-~[k' ()] = (d—c/t*)}{p(t)—iq(t)}

Hence, since h'(c) and k’(c) vanish at infinity and satisfy the conditions
(9.20.12) for small |o|, we have

W(o) = HEX o f (c—d/)p(t)+ig(t)} 4

(9.20.16)

o t—o
i i . . , (9.20.17)
k(o) = Y1 :"}’2 4+ (d—c/t ){p(t)—W(t)} dt

2771, t—ao
L

the integrals being taken clockwise around the unit circle ¢ = e?.
One of the simplest examples is that of a constant normal pressure
applied at the hole so that

pt) = —p, q(t) =0, (9.20.18)
5287 Bb
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where p is a constant. In this problem the resultant force at the hole
is zero so we may use (9.20.15), where, from (9.20.13),

P@) = .—ip(ct+d/l) } (9.20.19)
P(t) = ip(dt+c/t)
Hence
_tp (ct+dft
k(o) = 2 f T—a dt
R ot [ (9.20.20)
=W | WTe
k(o) = éﬂif —o dt

the integrals being taken clockwise around the unit circle ¢ = e,
When o is in the region |o| > 1 these integrals are best evaluated by
residues inside the contour, so that

h(c) = —pd/a, k(o) = —pco. (9.20.21)
Therefore, from (9.19. 10)

—y2)f(0) = p(y,c—d)/o )
2(yl~y2)9(0) = pld—y,0)/o
The evaluation of stresses is left as an exercise.
The second boundary-value problem for an elliptical hole may be
studied by a method similar to that used for the circular hole in § 9.18,
but details of this work are omitted.

(9.20.22)

9.21, Hyperbolic notch

In this section we examine two simple problems associated with a
wide plate which contains two hyperbolic notches (Fig. 9.5).1 We use
the transformation

z = c¢sinh {, { = &+, (9.21.1)

which maps the plate in the z-plane which is bounded by two hyper-
bolas, into a strip in the {-plane bounded by the lines = +«. If 2a
is the width of the plate and p the radius of curvature of the hyperbolas
at the bottom of the notches, then

a = csina, alp = tan’a. (9.21.2)
On the boundary 7 = «

2, = 24y, Z = csinh(é+ia)+cy, sinh(é—ia),
8o that

(2+y,12)* = c*sinh?(¢4-ia)4-c?3 sinh?(¢é —ix) 4 c?y;{cosh 26— cos 24},

T See A. E. Green, Proc. Roy. Soc. A, 184 (1945), 289. Also C. B. Smith, Quart. Appl.
Math. 6 (1949), 452; H. Okubo, Phil. Mag. 40 (1949), 913.
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and
(2-+y12)*+ (1 +y?2)c?+2y, c? cos 2«
= c2 cosh?(£41a)+c?y?2 cosh2(¢ —ia)+c?y,{cosh 2£4-cos 2a}
= c*{cosh(¢é+ia)+y, cosh(é—ia)}?,
{2142y, cos 2a+y2) + 2+, )%} = c{cosh(é+ia)+y, cosh(é—ia)}.
(9.21.3)

Fi1a. 9.5. Hyperbolic notch.

We now consider the stress functions
Q'(z,) = Alog[z,+/{c3(1+2y, cos 2a-+y3)+22}] }, (9.21.4)
'(2,) = Blog[z,+4/{c*(1+ 2y, cos 2a+y5)+23}]
where A, B are constants. By .f{c?(1+2y,cos2a+y})+2}} and
J{c®(1+2y, cos 2a4-y3)+23} we understand those branches which are
respectively z,+0(1/z,) and 2,4 O0(1/z,) for large |z|]. When 9 = +a,
we see from (9.21.3) that '
Q'(2;) = Alog{ceb(ex?* 4y, eTix)}
'(2;) = Blogf{cef(exio-y,eT i)} },
so that (9.1.8) gives
P = 2i¢{y, A+vy, B+ A+ B}-+constant.
It follows that the applied stress on » = 4o is zero if
»1A+y, B+A+B = 0.
We may therefore put
4=Kltr) p_ _ Kdty)
Y172 4 Sy ¢ T
as one solution of this equation, where K is a real constant.

Restricting the remainder of the discussion to the orthotropic
materials of § 9.2 for which y,, v, are real, we see, from (9.21.5) and

(9.21.5)

(9.21.6)
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(9.1.8), that across any section x = constant of the plate there is a
resultant force X given by

2aT = X = £ (105 (1—y)ba— (17 (1—7)b0)

N7 . (9.21.7)
tang, = 1%t tana tan g, = 1= tan«
oIty P ldy,

The constant 7' in (9.21.7) represents the average stress across the
smallest section LL’ of the plate. It is now seen that the potential
functions (9.21.4), where A, B are given in terms of T' by (9.21.6) and
(9.21.7), represent the stress distribution in a plate bounded by hyper-
bolic notches and acted on by equal and opposite resultant forces X
parallel to the z-axis, the boundaries of the plate being free from applied
stress. From (9.1.5), (9.1.10), (9.21.3), and (9.21.4), since o,, = 0 on
each boundary, we have, on n = 4o,

oge{(1+y3)(cosh 2£+cos 2«) -+ 2y, (14 cosh 2€ cos 2a)} X
X {(1+4y2)(cosh 2£+cos 2a)+ 2y,(1+cosh 2£ cos 2a)}
= AT cosh £(cosh 26 +cos 2«), (9.21.8)

A = 8K(1—y,75)(1+7,)(1+y,)sin 20/(aT)

4(71—72)(1_'}’1'}’2)(1+’}’1)(1+)’2)5in 2(!. (9.219)
(I+y1) (1 —7y2)po— (1 +y2) (1 —y1)y

Results for an isotropic materialt may be deduced as a limiting case
from the above results by letting v, — v, — 0. In particular the edge
stress on 5 = 4-a is given by

e — AT cosh ¢ _ 4tana
& ™ Cosh 2¢+cos 2o’ " tan a+to(l+tana)’

where

(9.21.10)

A numerical discussion of the tension problem has been given by
Green for a spruce plank.}
We now consider the complex potentials

Q'(z,) = A'\J{c*(1+ 2y, cos 20+ %) +23} }
 '(2y) = B'\{c*(142y, cos 2a-+v3)+23} ’

1 Given originally by A. A. Griffith, Rep. Memor. Aero. Res. Comm. Lond. 1928, No.
1152. See also H. Neuber, Z. angew. Math. Mech. 13 (1933), 439.
% loc. cit., p. 370.

(9.21.11)
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where A’, B’ are complex constants. From (9.1.8) and (9.21.3) we see
that on the edges 7 = 4-o of the plate
P , . .
e A'y{cosh(§ i) 4y, cosh(§Fia)}+
+ A'{eosh (§Fia)+ 7, cosh(¢+ia)} -+
+ B'y,{cosh(§ £ ia) +y, cosh(§Fic)} -

+ B'{cosh(§F 1)+ 7, cosh(¢ i)},

and this vanishes if
’}’1A’+771*‘I'+72 B'+yp, B = 0,
iA'+A'+y}B'+B =0,

so that the edges n = 4« of the plate are then free from applied stress.
The solution of these equations may be put in the form

A = iK'(l—")’z‘Pz)(l_?l‘)’z)
Y172
B = __'iK,(l—“}’l‘fl)(l—'Vl'};z)
Y1i— 72
where K’ is a real constant. It will be observed that the displacements
corresponding to (9.21.11) become infinite at infinity, but, in view of
(6.8.1), (6.8.2), and (9.21.12), the infinite part of the displacement
represents a rigid-body rotation and may be removed without affecting
the stresses.
For the case of orthotropy, the constants in (9.21.12) become

, (9.21.12)

4 — EK'A—))
y,};(’;z e (9.21.13)
’ ? "
) P S 4
Y1 V2

where K" = K'(1—y,,) is a real constant, and from (9.1.9) we see
that the potentials (9.21.11) then give rise to a constant couple M in
the plane of the plate, across any section # = constant, where

M= 2K"a*(1—y1)(1—y,) [(L—y1) (1 +y,)d, _ (1—y)(1 +v1)éb2
Y172 sin’$, sin’g, '

(9.21.14)

The edge stress oz on the boundaries » = 4« may now be evaluated
from (9.1.5), (9.1.10), (9.21.11), and (9.21.13), where K" is given by
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(9.21.14). Thus, remembering that Oy =0o0n 7y = 4aq
0ge{(1-+3)(cosh 26+ cos 2a) 42y, (1+4-cosh 2¢ cos 2a)} X

X {(14-3)(cosh 2£+cos 2a) 4 2y,(1 + cosh 2¢ cos 2a)}

== F= uM(cosh 2£4-cos 2a)/a?, (9.21.15)
where
p = 8K"a*(1—y, y,)(1—y})(1—y3)sin 2o/ M

4 —y) 1=y, ¥2) 1+, (14 y,)sin 2«
A A = (9.21.16)
sin’p, sin2g,

Stresses for an isotropic materialt may be deduced by the limiting
case y; - y, - 0. In particular the edge stress becomes

wM ____ 2sin2atan’x
(cosh 2¢-+cos 2a)a?’ k= fan ata(tan2a—1)°
(9.21.17)

Numerical results for the edge stress o, for a spruce plank have been
given by Green.}

o = T

t A. A, Griffith, loc. cit., p. 372. Also H. Neuber, Ingen. Arch. 5 (1934), 238; 6 (1935),
133.
t loe. cit., p. 370.
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GENERAL BENDING THEORY
OF SHELLS

I~ contrast to the theory of plates which was given in Chapter VII,
considerable difficulties are encountered in finding basic equations for
shells, particularly when a general theory is required. Many methods
have been used in developing general theoriest and in order to make
any progress a number of assumptions and approximations must be
introduced. The methods used and the approximations which are made
differ with almost every writer and complete agreement about the final
form of the results has not yet been reached.

In this chapter we develop a general theory of shells which is as far
as possible a first approximation and which will be suitable to use for
practical applications. We call this theory ‘bending theory’, as stress
couples due to bending are involved, in contrast to the so-called
‘membrane theory’ where stress couples are neglected. Membrane theory
will be considered in Chapter XII.

10.1. Geometrical relations

We consider a surface M and we denote the position vector of any
point on M by Lr, referred to some origin O, where r is non-dimensional
and L is the smallest characteristic length of M. For instance, L may
be the smallest radius of curvature of M or the smallest length of an
edge of M. General curvilinear coordinates on M are denoted by z,,

x, so that r = r(zy, ). (10.1.1)

At every point of M we erect the unit normal vector a; and we denote

the perpendicular distance of a point on a; from M by x;, so that
xz = 0 is the surface M. We restrict ; to lie in the interval

—1t < xy < M, (10.1.2)
where ¢t = t(x,, %,) is in general a function of x,, 2,. Two more surfaces
are defined by x; = +3t. These surfaces are taken as the boundaries

t See A. E. H. Love, The Mathematical Theory of Elasticity (ed. 4, Cambridge, 1927),
ch. 24; E. Trefftz, Z. angew. Math. Mech. 15 (1935), 101; E. Reissner, Amer. J. Math.
63 (1941), 177, J. Math. Phys. 31 (1952), 109; R. J. Byrne, Univ. California Publ. Math.
(N.S.) 2 (1944), 103 ; W. Z. Chien, Quart. Appl. Math. 1 (1944), 297, 2 (1944), 43, 3 (1044),
120; A. L. Goldenweiser, Akad. Nauk S.S.S.R., Prikl. Math. Mek. 8 (1945), 3; W. Zerna,
Ingen. Arch. 17 (1949), 149; H. Neuber, Z. angew. Math. Mech. 29 (1949), 97; A. E.
Green and W. Zerna, Quart. J. Mech. and Appl. Math. 3 (1950), 1.
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of a body S which includes the surface M. The body & is called a shell,
the boundaries of S are called the faces of the shell, the surface M is
the middle surface, and ¢ is the thickness of the shell.}

The position vector of a point of the shell S may be defined by (see

Fig. 10.1) R — Lrtaz,a, (10.1.3)

¥rc. 10.1. Position vector of a point of a shell.

We now replace the coordinates x; by the non-dimensional coordi-
nates 6;, where

=h, g,=2 g _" 10.1.4

61_.[11, 2 Lz, 3 — ’ ( 0.1. )

and L,, L, are chosen in such a way that 6, and 6, range over intervals
of unit length. Also, from (10.1.2),

—%<03<%:

so that all coordinates 8, are non-dimensional and numerically less than
or equal to unity. If we define a non-dimensional parameter A by the
equation

A= (10.1.5)

L’
then the position vector R in (10.1.3) may be written in the form

R = R(0,,0,,0,) = L{r(6,, 0,)+A0;a,4(,, 6,)}. (10.1.6)

We now obtain relations between certain geometrical functions con-

_nected with the shell § and the middle surface M. For simplicity we

shall assume that the non-dimensional parameter X is constant, but we

shall see later} that our final equations can be used to solve certain

problems for shells of variable thickness, provided that the derivatives
of X with respect to the coordinates in the middle surface M are of the
t We assume that, in general, each face of the shell forms a continuous surface with

no singularity. The same assumption is made about M.
1 See § 10.6.
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same order of magnitude as A. With the help of (1.13.47) we find from
(10.1.6) that the covariant base vectors of § are given by
8, = R, = L(—Af;B)a, }
g; = R; = Ala; ’
where a,, b8 are defined as in § 1.13. It should be remembered that

all Greek indices take the values 1, 2 and all Latin indices take the
values 1, 2, 3.

The components of the metric tensor of § are
9op = ga‘gﬁ = Lz((laﬁ———2)\03 baﬁ—}—Aze% bl';bw\)
Jus = 84-83 =0 _ . (10.1.8)
933 = 83.85 = AL?

From (1.9.15), (1.13.24), (10.1.7), and (1.13.31),

'\/(g/a)eaﬁ = eaﬂ3 = [gagﬁgC}] = )‘Lsepy.(agt_AGS bg)(S%_Aoil b’é),
and, using (1.13.29), we have
2(g/a) = AL3B3f(38— A0, BE) (520, bt

(10.1.7)

B

= AL3(2—2X8; b3A263 833 bE bts)
or h = \(g]a) = AL3(1—2M8, H+X62 K), (10.1.9)
where h is a surface invariant and where, according to (1.13.34) and
(1.13.35), g _ g K — 183£ be by = bl b3—bib3. (10.1.10)

Using (1.7.9) and (10.1.8) the contravariant metric tensor of § may
be put in the following form

99" = 9o 99 = —Guafsn 997 = Gu s
s 1 (10.1.11)
’ a3 AL?
From (10.1.11), provided A is sufficiently small, the contravariant
tensor g*f may be expressed as an infinite power series in Ad,, the first
terms of which are

L2geB = a®B4-200,b°B 3)263borb1-... . (10.1.12)

10.2. Stress resultants and stress couples

We now suppose that the shell S is in a state of stress. According
to (5.2.1) the stress across the coordinate surface 6; = constant may
be represented by a stress vector

ik

t; = ng, (10.2.1)
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where 7 is the contravariant stress tensor. Using (10.1.7), this may
be written in the form

t; = L(o'a,+Ar'3a,)/vg", (10.2.2)

wheret otP = (88— A0, bh)rie, (10.2.3)
When discussing the state of stress in a shell it is convenient to
study stress resultants and couples. For this purpose we consider first
the coordinate surface , = constant which is bounded by two neigh-
bouring normals which are the intersections of 6, = constant and

0,-+d#% = constant with 6, = constant. The force acting on an element
of area in the surface 0, = constant is t, dS;. Using (1.9.18) this becomes

T, d6%d63,
where T; = t/(99'), - (10.2.4)
and the length of the corresponding line element of the middle surface
M is Lnf(a53) d62 = LyJ(aar®) de2.

The stress across the surface 6, = constant may therefore be replaced
by a physical stress resultant n, and a physical stress couple Lm,,
measured per unit length of the middle surface M of § which is in the
surface §, = constant where

3
_ 1 ; 1
hy = j T, a0
o (10.2.5)
1
Lm, = Tfaa) f (agX T,)z, d6®
-3

Similarly, stress resultants and stress couples may be defined for
the surface 6, = constant. Stress resultants and stress couples over
the surface 6, = constant, measured per unit length of the line
6, = constant, 6; = 0, are n,, Lm respectively where

N& M(!
n, = «W’ m, = W’ (10.2.6)
1 x -
and  Ny=7 f T,dfe, M, =" f (4, X T,)0, 465, (10.2.7)
-1 -%

t o' need not be confused with physical components oy, of stress, which are not used
in this chapter.
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The stress resultant n and stress couple Lm per unit length of a line
of the middle surface whose unit normal in the surface is
u=u,a’* .
may be obtained by a process similar to that used in Chapter II for
three dimensions, the corresponding results being
n = Y u,n,\a*, m = > u,m,va**, (10.2.8)
41 o
These formulae show that n,va** and m va** transform according to
the contravariant type of transformation for changes of surface

coordinates. -
From (10.2.2) and (10.2.4)

T; = L(o*ra,+-Xr%ay)Vy. (10.2.9)
Hence, substituting this in (10.2.6) and (10.2.7), and remembering that
az X a, = 0, we obtain

n,Va*® = n*a,+q*a N, = N*a {Q>a;,  (10.2.10)
m, Ve = m*azxa, M, = M>razXxa,, (10.2.11)
wheret ~ N° = n®+va,  M* = m*va, « = qa, (10.2.12)
3
and noB = fha"‘ﬁ des, (10.2.13)
3
i
moB = ) f haoBo, d63, (10.2.14)
<%
3
q* = A fiw«'o‘ des, (10.2.15)
|

the surface invariant » being defined in (10.1.9). ‘
With the help of (1.13.30) the expressions (10.2.11) may be trans-
formed into

m,, Va*® = e, mal, M, = e, Mad,  (10.2.16)
which, written in full, become
m, = |J(a/a)(mM1a2—mi%al), M, = (M1a’—M'a')Va
m, = J(a/azz)(m21a2—m2231), M, = (M*a— M*?al)Va }
(10.2.17)

The functions defined in (10.2.13) to (10.2.15) are all surface tensors.
This is evident from the actual formulae, or it can be deduced from
equations (10.2.8). The components of the contravariant surface tensor

+ These functions are ‘weighted’ surface tensors.
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n*# and the components of the contravariant surface vector ¢* are
called stress resultants and shearing forces respectively, and are related
to the (vector) stress resultants n, by the formulae (10.2.10). The
components of the contravariant surface tensor m*f are called stress
couples and are related to the (vector) stress couples m, by (10.2.11).

\ \ 01‘0111"'
/ Ny O1-curve al l M(32) ©
al
N(g3) M2y
¥i1c. 10.2. Physical stress resultants. Fi1a. 10.3. Physical stress couples.

We are also interested in the components of n, and Lm_, when these
vectors are expressed in terms of unit base vectors. These components
are denoted by n(,g), m(p), g and are called physical stress resultants,
physical stress couples, and physical shearing forces, respectively. It
must be emphasized that they are not components of tensors, and this
fact is denoted by enclosing the suffixes in brackets. Thus

a a
Ny = N7+ Mo =+ B
Nay, Natg, :
9 . (10.2.18)
Lm, = Moy 735 T M2 1
Comparison between these equations and equations (10.2.10) and

(10.2.17) gives immediately

nap = n°\(aggla®), U = q%/Na2e, (10.2.19)
myy = LmYJ(ay/att),  mgy = —Lm'*a } (10.2.20)
Myap) == I/mzlx/a, Mgy = — Lm?22 s/(azz /azz)

The meaning of these physical stress resultants and couples is seen
by examining (10.2.18), and they are illustrated geometrically in Figs.
10.2 and 10.3. The physical stress resultants npg are directed along
the covariant base vectors of the middle surface M, and g, are in the
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direction of the normal to M. The physical stress couples mp are
couples about the contravariant base vectors of the middle surface.

10.3. Loads

Consider an element of middle surface M of the shell which is bounded
by the coordinate curves §, = constant, §, = constant, 6,+df* = con-
stant, and 6,4 df? = constant. At every point along these coordinate
lines normals to M may be erected which, with the faces of the shell,
form an element of volume which we call an element of the shell. The
area of the middle surface of this element is, from (1.13.22),

L2(a) d6"d6?, (10.3.1)

if we remember that the position vector of M is Lr. We replace the
surface forces by a resultant force p, measured per unit area of the
middle surface, and a couple about the point (6,,6,) of M. We shall,
however, restrict our attention to problems for which the couple is zero.
The force p may be expressed in components by the formula

Lp = p*a +pa,. - (10.3.2)

It is also convenient to introduce the notation
Lpva = P = P*a + Paj,, (10.3.3)
where P = p*va, P = pra. - (10.3.4)

The components of p referred to unit base vectors are denoted by
P and are called the physical components of the loads. Thus

a a
p= 10(1)W111 +P(2);7&:—2 + D s

Comparing this with (10.3.2) we obtain
Lpy = p*Nay,,  Lpg = p. (10.3.5)

10.4. Equations of equilibrium

Consider an element of shell as defined in § 10.3. The forces acting
on this element may be replaced by stress resultants and stress couples
as described in § 10.2, measured per unit length of curves in the middle
surface M, and the loads may be replaced by a force measured per unit
area of the surface M. We then consider the equilibrium of the middle
surface of the element of shell under the action of these forces and
couples.
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The force resultant and couple acting on the line element 6, =
constant in the middle surface M are, to the first order, — Ln, ,/(a,,) d6?,
—L*m, /(ay,) d6? respectively, and using (10.2.6) these become

—LN,d¢?, - —L*M,doé>
The force and couple for the curve 6,4d6* = constant in M are,

respectively,
L(N,+N, , d6") d6?, LXM,+-M, , d6")d6>.

LP d6' d6*

LNy Ny 00
\»1,3(Mz*-Mz.zd02) do

— LN, d6?
LM, dft e

— LM, d6! / > \\\*AL‘l(M,»%M,,ldel)de'
— LN, do! L(N,+N, , d6") 462

F1a. 10.4. Vector forces and couples acting on element of shell.

The corresponding results for the curves 6, = constant, 0,4-d6? =
constant in M are
— LN, d6, — LM, do*,
L(N,+N,, d6?) d6?, LA(M,+M,, d6?) do*.
All these forces and couples are shown in Fig. 10.4. Also, the loads

are equivalent to a force L2p /(a)d0'd6? on the element of the middle
surface, and using (10.3.3) this becomes

LP do'do>.
We now examine the equilibrium of an element of the middle surface
under the action of the above system of forces and couples, taking the

limiting case as the area of the element tends to zero. Thus, since the
vector sum of all forces is zero, we have

N,.+P=0. (10.4.1)
Also, since the moment of all forces about any point is zero, we obtainf
M, ,+a,xN, = 0. (10.4.2)

Equations (10.4.1) and (10.4.2) may be expressed in a number of
alternative forms. Thus, from (10.4.1) and (10.2.10),

NoB ag+Nefag ,+ Q> a,—Qbh ag+P =0, (10.4.3)
1 The equations of equilibrium (10.4.1) and (10.4.2) may also be obtained directly

from the three-dimensional equations of equilibrium (5.2.25) by a process similar to that
used in § 7.3 for plane plates.
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where we have used (1.13.47) to express a, in terms of ag. Again, using
(1.13.47) and (10.3.3), and equating to zero the coefficients of ag and
a,, we obtain

NeB T8, Nee—pf Qx4+ PP = 0, (10.4.4)
Nofb g+ Q%+ P = 0. (10.4.5)
If we now recall from (1.13.36) that
1 ova )
Vo 00x T T A
then, with the help of (10.2.12) and (10.3.4), equations (10.4.4) and
(10.4.5) become neB| —bBqxt-pB = 0, (10.4.6)
n%fb g+ +p = 0. (10.4.7)

A similar process of reduction leads to the following alternative forms
for (10.4.2), namely:

(N — MeFbl)ay x ag+ (M8 ,+ T8 M¥—QFja;xag = 0, (10.4.8)

MoB T8 Mer—QB = 0
"‘+A P QA } (10.4.9)

G/\ﬁN B—E/\ﬂMaBba == 0
and meB| ,—qB = 0, (10.4.10)
g —egmofb) = 0. (10.4.11)

In the equations (10.4.6), (10.4.7), and (10.4.10) covariant differentia-
tion is denoted by the usual notation
naﬂla = naﬁ,a—}- FEP noP-+ FanPﬁ
%o = ¢* o+ 30" . (10.4.12)
mB|, = m*B B, mer4-Ts, meP
For some purposes it is useful to eliminate ¢* from (10.4.6), (10.4.7), and
(10.4.10) to get the equations
nof| ,—bBmrx|,+-pf = 0 }
naﬁbaﬁ+maﬁ|aﬂ+p =0
Equations (10.4.6) and (10.4.7) could have been obtained by resolving
the forces on the element of surface in the tangential and normal
directions respectively. Equation (10.4.10) is an equation of moments
about axes in the tangential plane and the equation (10.4.11) is an
equation of moments about the normal. This latter equation, however,

is only equivalent to the fact that the stress tensor +*f is symmetric,
a condition which can be put in the form

€™ = 0. (10.4.14)

(10.4.13)
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To prove this equivalence we solve (10.2.3) for 7*f in terms of o®f.
Thus, multiplying both sides of (10.2.3) by La, and using (10.1.7), we
have rofg = Laﬁf’ap.
Hence, from this and from (1.9.15), (1.13.24), (1.13.30), and (10.1.7),
7084 8, 8] = ALPoPP(3—20; b)) [a, 8, a,]

or hrePe,, = AL2oPP(8K—N0; b)e,,,
and now making use of (1.13.27) and (1.13.29) we obtain

hroB = ALPaPr83y (8k—A0, bk)

= AL3(83—20, 827 bis)aPe.

Using (10.4.14), this leads, after integration through the thickness of
the shell, to equation (10.4.11). It follows that (10.4.11) is an identity
so that the equilibrium of the shell is governed by the five equations
(10.4.6), (10.4.7), and (10.4.10).

10.5. Stress-strain relations
The stress-strain relations for an isotropic homogeneous material and
for infinitesimal deformations were found in (5.4.30) to be

T1k —_— #{gzrgks + gzsgkr 'I" 7) q’l kgrs} Vres

where the elastic constants are u and 7. Since g*® = 0 here, these equa-
tions can be put in the following form:

soB — {g w\ghp - garghl 1 i o aﬂg/\p} A,,—I-% g*Bg%y.,  (10.5.1)
703 = 2ug33gahy (10.5.2)
R e ] (10.6.3)
The component of strain y,; may be eliminated from (10.5.1) and

(10.5.3), giving : 272
7B — BaﬁpAypﬁﬂli‘.’igaﬁfsa, (10.5.4)
-7

where Befrr = p(g“gﬁp-{— gergPA L 1—27’— gaﬁgp)‘). (10.5.5)
-

The covariant strain tensor y,; is expressed in terms of the displace-
ment vector V in (5.1.1) by the formula

Yie = 38V t+8r- V). (10.5.6)
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10.6. Approximation

Up to now all equations are exact in the sense of the classical theory
of elasticity. No assumptions about the thickness of the shell and the
state of deformation have been made (except, of course, that the
deformations are small). The exact problem of the shell is governed
by the equations of equilibrium, the stress-strain relations which can
be expressed in terms of the displacements with the help of (10.5.6),
and by the boundary conditions on the faces and edges of the shell.
In this form the problem, however, is for most practical purposes too
complicated and approximations must be introduced. The approxima-
tions which are made are based on the concept of a ‘thin’ shell which
we define to be a shell for which ¢ is smallt compared with L, or

A=t/L<LI1. (10.6.1)

It does not appear to be possible to proceed from this assumption
alone by mathematical arguments, and further assumptions must be
made which all arise from the physical idea that the shell is thin.
Geometrical functions » and g*# appear in the stress-strain relations,
and, in view of (10.6.1), we shall only retain the first term in powers
of A in the expressions (10.1.7), (10.1.9), and (10.1.12) for these func-
tions. Then, approximately,}

g, = La, ]
h = AL3 ¢, (10.6.2)
ngzxﬁ — aaB
and, from (10.5.5),§ .
BoBeA — %(aahaﬁp_}_aaPaBA_F.lEn_a“ﬁdP)‘). (10.6.3)
-

We modify this expression slightly by using the identities
a*Papr —arcaPr = e*Aebe,
a*BaPr —afrat = €PePA,

+ The deformations, however, must be small compared with the thickness. It does
not seem possible to give an exact discussion on general lines about the significance of
the assumption (10.6.1). It is usually necessary to consider this condition for each
special problem separately, but for many cases where there are no singularities of the
shell and no extreme loading or boundary conditions the theory gives a good approxima-
tion for practical purposes.

1 Some writers retain further torms in the geometrical functions but this does not
socem to have much meaning owing to the approximations which are made in the rest
of the theory.

§ These cquations, and all subsequent equations, are now valid for shells of variable
thickness provided the derivatives of A with respect to 6, are of the same order of
magnitude as A

6237 cc
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Thus B — D Ii:m, (10.6.4)
where Hofrd = HaAabPr4q®raPr v (erePr - e*Aebr)}, (10.6.5)
p el EML (10.6.6)
1—y  1I—p2

and K is Young’s modulus. The tensor H°fPA has the symmetric
properties Hefor — HBop\ — ol — Hpob, (10.6.7)
We now assume that the displacement vector V is given approximately
by V = Lvta,w = L(v+A,w), (10.6.8)
where vV = v, a%}wa,, (10.6.9)
w = w,a, (10.6.10)

and v,, w, w, are independent of 6,. Here v is the non-dimensional
displacement vector of the middle surface of the shell, and, if @ represents

the rotation of normal sections of the shell, then, approximately,
w=0Xa
8 } (10.6.11)
or 0 =azxw

From (10.5.6), using the first equation in (10.6.2), we have, approxi-
mately,

Yap = LP(aqgt+A03w,p), (10.6.12)
where oo = 384V g+ag.V,,), (10.6.13)
wep = $(a,.Wg+ag. w,). (10.6.14)

If we differentiate (10.6.9) and (10.6.10) with respect to 6,, we have
Vo = (@la—bpaw)aP+(w,,+bEv,)ay } (10.6.15)
W = wy|,a?+bfw,a,

The exact expressions (10.1.7) for the base vectors g,, g,, and the
approximate value (10.6.8) for the displacement, give, with the help of

(10.5.6), vas = MLXa,.V o +2,. W), (10.6.16)
and hence, from (10.5.2) and (10.6.16),
W = —(a;.v Ja*+Au-1L2r%a . (10.6.17)

Again using (10.6.15), equations (10.6.13), (10.6.14), and (10.6.17) give
G = %(va[ﬁ_,_vﬁla_‘?baﬁw) }
wop = $(welg+wply)

Wy = —w,—blv,+Au"1L2 P . (10.6.19)

(10.6.18)
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Hence

wop = —H(w]agHw|g) —3 (08 0,) 5~ (05 v,) |+

AL
+?ﬁ(““ﬂ"3'ﬁ+“ﬁp7”3la), (10.6.20)

and therefore, from (10.6.12), (10.6.18), and (10.6.20) we derive the
approximate formula

Yap = %L2{va|ﬂ+vﬁla—2baﬂ w’_)‘az’.(wlaﬁ’i‘wlﬁa)}‘}‘

A2LAG

+5,

3 (aaPTP3lﬁ+“ﬂp7p3la)’ (10.6.21)

where, in view of the approximations (10.6.2) for the geometrical terms,
we have also neglected the terms §AL20,(bv,)|g, and %/\L203(bf9 V)|

From (10.2.3), (10.5.4), (10.6.2), (10.6.4), and (10.6.21) we have
approximately

hooB — AL37-049
= DHFrMo ) —3M05(w| \+w]p )}

ML

3
+ RS et o, )+

a*fr33,  (10.6.22)
-
We now substitute (10.6.22) in (10.2.13) and (10.2.14) in order to obtain
values for n*8, m®B, and, if we neglect in the integrals the terms involv-
ing the shearing stresses %3 and the transverse stréss 733 compared
with n*8 and m*#, we have '

nef = DHPru, (10.6.23)
mef = —3 BHPNw| ) +wl),)
= — BH*Ftw| ), (10.6.24)
EXL
= 10.6.25
where B To(1—77) ( )

From (10.6.23) and (10.6.18)
nf = DHFP\v \—bw), (10.6.26)

if we remember the symmetric properties of H*fp,

Since the shearing stress terms have been neglected in the final
expressions for n*f and m*f, we see that (10.6.17) may be written in
the approximate form ‘

w = —(a3.v,)a% (10.8.27)

Also, since the second and third terms in (10.6.20) have, in effect, been
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neglected in deriving (10.6.21), we see that equations (10.6.19) and
(10.6.20) become, approximately,

Wy = —Wyqy

’ } (10.6.28)
Wap = _%(wlaﬁ_*-w]ﬁa) = '_wlocﬂ

and, with (10.6.27), these imply that

w = —w, a%
V= (vp|m—blmw)al"—l—w,ma3 , (10.6.29)
W, = —w[paaﬂ—bgw’,, a,

approximately.

We have expressed the stress resultants and stress couples in (10.6.26)
and (10.6.24) in terms of the displacement components v,, w of the
middle surface and we observe that n*8, m*f are now symmetric tensors
80 that g =0,  eugmb =0, (10.6.30)
The six equations (10.6.26) and (10.6.24) together with the five equa-
tions of equilibrium (10.4.6), (10.4.7), and (10.4.10) provide us with
eleven equations for the eleven unknown quantities n*8, m*8, ¢, v, w,
and these equations will be sufficient provided the boundary conditions
imposed at the edge of the shell are of a suitable type.

We have seen that the equation of equilibrium (10.4.11) is in fact
an identity when we make no approximations. Because of our approxi-
mations, however, we now find that n* is symmetric and this is in
general consistent with equation (10.4.11) if €)g mePb), is negligible com-
pared with »!%, which is usually the case.

For use later on it is convenient to have alternative forms for (10.6.23)
and (10.6.24). Since n*f is symmetric the mixed form of (10.6.23) is

ng = D(cxg—l—ne"‘)‘elgp oR). (10.6.31)

If we multiply both sides of (10.6.31) by e, €1, we have

o elg’ln%‘ = D(eag eﬁna%‘—}— naz),
or, changing the indices,

€g, e“)‘nf\ = D(nag—l-e"‘)‘eﬂp of),
and hence, from this equation and (10.6.31),

D(1—?)a§ = ng—neleg, m4. (10.6.32)
This may also be written in the form

H:ﬁp)‘nl’)‘

O‘aﬂ = EAL 0 (10.6.33)
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where we have used (10.6.6) and where

H:Bp)\ = %{aa)\aﬁp_{_a’ap “ﬁ,\—’?(%p eﬁ)\—i"eah eﬁp)}' (10634)
In the same way we find from (10.6.24) and (10.6.28),

12H%g \ mPA
wap = —h(Wlygtwlgy) = —wlg = BT (10.6.35)
ENL
10.7. Virtual work and elastic potential
We consider a virtual displacement L3v and a virtual rotation 60 of
the middle surface where

dv = dv a%*+dwa, } (10.7.1)

30 = az X ow, dw = dw,a“
and dv,, dw are the variations of v,, w respectively which are defined

in (10.6.9), and dw, is the variation of w, as defined in (10.6.10). Also,
from (10.6.17), when transverse shearing stresses are neglected,

dw = —{a;. (V) ,ja% (10.7.2)

We observe that (10.7.2) does not necessarily imply the use of the
other approximate formulae given in (10.6.28) and (10.6.29). We take
the scalar product of equation (10.4.1) with dv, and the scalar product
of (10.4.2) with 30, and add and 1ntegrate over the middle surface of
the shell. Thus

f f {(Na,a+P).8v+Ma,a.se+[aaNase]}% =0, (10.7.3)

where the surface element of the middle surface is
ds = L2 (a)d0'do>. (10.7.4)
Equation (10.7.3) may be rewritten in the form

[JAN,.8v) o+ (M,.50) .+ (P.8v)+a, Nase]f

—N,.(OV) . —M,. a}‘f/*s 0. (10.7.5)
We now suppose that the middle surface of the shell is bounded by
one or more closed curves which we denote by ¢, the unit normal in

the surface at any point of ¢ being u, where

u = u,a* (10.7.6)
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Using Green’s theoremt and observing from (10.2.6) and (10.2.8) that

=uocNa m:uaMaz

n va '’ Na

equation (10.7.5) becomes

f (f.5V+T01.90) L ds-+ f f (PQEV) a8

— f f {Na.(av),a+Ma.(ae),a—[aQNaae]}‘%, (10.7.7)
where ds is the line element along ¢ and 1, LT are the values of the
stress resultant and stress couple at the curve c. Alternatively, equation
(10.7.7) is 84 — 3%A,+5%A, = 8U, (10.7.8)
where 5%A4, = f {f.8(Lv)+ Lm. 50} ds (10.7.9)

is the virtual work of the forces and couples acting along c,
$*4, = ” {p.3(Lv)} dS (10.7.10)

is the virtual work of the loads acting on the middle surface of the
shell, and

8U = ” {Na.(Bv),a+Ma.(80),a_[aaNa30]}%§. (10.7.11)

The total virtual work of the external forces is therefore %4, and U is
the total potential energy of the body due to straining. From (10.2.6)
and (10.2.10), .

N, (8%)4 = yla)nora,. (5v) 4+ (N, ag)[ag. (5V),.]
= B@fa,. (8v) o +a,. (57) ) — (N,.a)(a,.5W),
if we use (10.7.2) and remember that n is symmetric. Thus, from
(10.6.13), N (5v), = J@nPsa,,—(N,.a)(a,.w).
Again, from (10.7.1), (10.2.6), (10.2.11), and (10.6.14),
M,.(80), =[M, 3, OW]+-4/(a)ym*(az X a,).[a5 X (W) ,]
= %\/(a)map[ap . (Sw),a+aa . (8w),p]
= J@mssa,,

t Green’s theorem here takes the form

ff (X“«/a),wz;:= LfX“ua ds.
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since m* is symmetric and [M,a;,8W] is zero as a, , is perpendicular
to M, xdw. Finally
[2,N,80] = (a,XN,).(azxdw)= —(N,.a5)(a,.3w).
Hence (10.7.11) becomes
83U = [[ (noFou,g+mfow,g) dS
= L2 f f (nB80,p-+ mFdw,p)y(a) dO1dER.  (10.7.12)

If W = n*Fdag+m*Fow,g, (10.7.13)
then SU.= L% f f W(a) d6ide?, (10.7.14)
and - U= L2 f f W.(a) d61dez, (10.7.15)

W being the elastic potential per unit area of the middle surface. Since
the shell is elastic 6 is a complete differential{ and

SW = %s%ﬁ%swaﬁ,
W being a function of «,g and w,g. Hence, since
dagg = Bogy,  Swypg = Swpgy,
1{eW oW 1{oW = oW
- E(@aaﬁ acxﬁa)’ mef = E(awaﬂ—*_@wlga
From (10.6.23), (10.6.24), and (10.7.13), and using also the approxi-
mation (10.6.28) for w,g,

noB

). (10.7.16)

]

SW = HPPN (Do) 8atg+ Bw,y Sw,g), (10.7.17)
or W = %II“ﬁPA(DOLP)\aaﬁ—i—BwP)‘wmﬁ). (10.7.18)
: ofppd  12mBmeN
1 [P
Also W= 2Haﬁph( L T EeL ) (10.7.19)

10.8. Approximate equations of equilibrium

In § 10.7 the equation of virtual work was established, using the
approximation (10.6.8) for the displacement, exact equations of equi-
librium for stress resultants and couples, and the approximate formula
(10.7.2). It was seen, however, in § 10.6 that in deriving expressions
for stress resultants and couples further approximations were involved
which implied that we could use the approximate formulae (10.6.28)
and (10.6.29). If we now accept the virtual work equation in the form

8*A = 8*A,+8*4, = 8U, (10.8.1)

1 See § 2.6. 1 Resultants and couples are assumed to be symmetric.
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where 8*4,, 8*4,, U are given by (10.7.9), (10.7.10), and (10.7.12)
respectively, and the equations of equilibrium"

maﬁla—qﬁ =0 (1082)

for stress couples, we shall see that the approximations (10.6.28) and
(10.6.29) then enable us to make a simplification in the remaining
equations of equilibrium.

From (10.2.8), (10.2.10), (10.2.11), (10.7.1) we have

3*4, = f {nof Svg+q dw-+meP Swg} Lu,, ds
= ff {nf Svg+q* dw—mB(dw) g}|, 4, (10.8.3)
if we use the approximations (10.6.28) for wg. Also, from (10.3.2),
(10.7.1), and (10.7.10),
8*4,, = f f (p® 8v,+p dw) dS, (10.8.4)
and, from (10.6.18) and (10.7.12),
SU = f f (noB[(80,) |[g—bog S0 —mB(8w) g} S, (10.8.5)

where, in 8U, we have again used the approximations (10.6.28) for wg.
With the help of (10.8.2) to (10.8.5), equation (10.8.1) becomes

[[ {81 4-9P) Bvg+ (b g+q7| ,+-p) 81} dS = 0.
Since the virtual displacements dvg, dw are arbitrary and independent,
it follows that nof| 4 pB — 0
nPbog+q%|otp = 0 }

These equations replace the equations of equilibrium (10.4.6) and
(10.4.7), and, together with (10.8.2), form the equations of equilibrium
which are consistent with approximations which have been introduced
in the stress-strain relations and which are summarized in (10.6.28) and
(10.6.29). It also follows that the vector form (10.4.1) of the equations
of equilibrium has the approximate form

Ny o+P—Qoa;, =0, (10.8.7)

(10.8.6)

equations (10.4.2) being unaltered.

10.9. Edge conditions ‘
In order to find the correct edge conditions we consider the virtual
work done by the forces and couples acting along a boundary curve ¢
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of the shell as given by (10.7.9). Thus

$*4, = L f (@.8v+m.50) ds. (10.9.1)
c

We follow the same procedure as for plate theory in § 7.13 and put

= H
Lm = G[agxu]+Hu }, (10.9.2)
n = n%*a,4nag

where u is the unit normal at a point of the curve ¢, lying in the middle
surface at the point, and given by (10.7.6). The physical components
of Lm are @ and H along the tangent and normal to the curve ¢, and
n is the physical component of n normal to the surface (see Fig. 7.3).
From (10.9.2), (10.2.8), and (10.2.11) we have

G = Lm.[agxu] = Lm*Pu,ug
H = Lm.u = Legym®Pu u} . (10.9.3)
n = q*u,

If 0/os, o/on denote derivatives along the tangent and normal to ¢ in
the middle surface, then

w, = L(u w_ Buﬁé’i’), (10.9.4)
o on a8

and, using the approximations (10.6.28), we have, from (10.7.1),

_ o(dw) 2(dw) )
30 = —L o [aaxu]—}—L—Té_ u. (10.9.5)
Hence,
.50 +8.5v — 7% 8v, 47 sw— G 20%) (5“’) ;i (agf)
and
%4, = L f :ﬁ"‘Sva«}—ﬁ Sw— 3(8“’)+H8(8“’)} ds

—L f {ﬁ,"‘ Sva+(ﬁ_%’) 3w—éa(3~w>} ds  (10.9.6)
08 on

if H 8w is single-valued. We now discuss edge conditions which may
be imposed on a bounding curve of the shell, the total number of
conditions being four for each boundary.

Equation (10.9.6) shows that we may consider the édge forces to
consist of component stress resultants n® along a, and n—(0H/ds)
along a,, together with a tangential couple G.
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(a) Clamped edge
At a clamped edge the displacement is zero so that
v=0, w = 0.
In components this becomes
v, =0, w =.0, w, = 0,

but, remembering the approximations (10.6.28), the last condition can
be replaced by

wy = 0.
This, however, implies that w is constant along the edge ¢, and the

constant may be taken to be zero for a single boundary, so that the
clamped boundary conditions become

V=10, w,=0, (10.9.7)
Alternatively, we may replace these by '
v, =0, w =0, Zi: = 0. (10.9.8)

(b) Stmply supported edge
This is characterized by the conditions

G =0, n.u = n%u, = 0, w=0
} (10.9.9)
v.[a;xu] =0 or ePu,v=0
(c) Free edge
At a frec edge there are zero prescribed stresses so that
=0, n_H_o @g=o. (10.9.10)

08



XI
THEORY OF SHALLOW SHELLS

THE solution of shell problems using the bending theory as developed
in Chapter X often causes considerable difficulties. In some problems
of practical importance it is, however, possible to make further simpli-
fications in the theory, and in this chapter we develop a special theory
for shells which are shallow. '

11.1. Geometrical relations in plane coordinates

We consider the net of coordinate curves on the middle surface M
and we form a parallel projection of this net on to a plane II. The
direction of projection is given by a unit vector e; which is perpendicular
to II. We now have a net of coordinate curves on IT which correspond
to the net on M and we assume that the correspondence is one-one.
The distance between two corresponding points on M and IT measured
in the direction of e; is denoted by Lz = Lz(6,,0,) which is a function
of 0,, 0, and is a surface invariant. Taking Lr for the position vector
of M, where L has the same meaning as in Chapter X, and denoting
by LT the position vector of the corresponding point of II, we have

(see Fig. 11.1) r = F-+ze,, (11.1.1)

where r, T, z are all dimensionless. The expression (11.1.1) is a new
representation of the middle surface M and in general it is possible to
represent every surface in this way either by a suitable choice of II
or by considering a restricted domain of M. Conversely, given any
coordinate system on a plane II and introducing a function z(6,,0,),
we obtain a surface M by means of (11.1.1).

The plane II represents a two-dimensional Euclidean space for which
the special formulae at the end of § 1.13 are valid. Since we are con-
cerned here with both a plane I and a surface M we must change the
notation for II. Thus, base vectors associated with 6 -curves in II are
denoted by e,, e¥, the metric tensors by e,g, e*#, and the determinant
of e,s by e. Christoffel symbols for the surface M are denoted by
f‘aﬁy, ng and for the plane IT by Ig,, g,
We denote the e-tensors for M by é,q, € and for IT by e,g, € s0

that €1 = €5 = €ll = €22 =0,

€19 = —€g = Ve, 612 = —521 = 1/\/8.



396 THEORY OF SHALLOW SHELLS Chap. XI

From § 1.13, and in particular from (1.13.59)

e, = I-"a, ex — eaﬁeﬂ
g = €y.eg,  ef —exef
e = le.g| = €11 €22 — €5
B — goAcBp,
er = e o (11.1.2)
Ly = $(Cayptegy,a—2apy)
1 ove
— pA —
=y Th=_ 50
ea,ﬂ = Péﬁe)“ el!'ﬂ = — g)‘e)\J
Fia. 11.1. Element of middle surfaco M and
its projection on a plane 1I.
Also, from (1.13.30)
e, X e}g = €,8€;3
exxef = e,
e;xe, = e,gef L. (11.1.3)

e3><e°‘ = €aBeB

e;xXe; =0

Since the Riemann—Christoffel tensor for the plane vanishes, the order
of covariant differentiation of tensors in II is immaterial. Thus, e.g.,

Bgnlaﬁ = Bf”lﬂaa

where the bar indicates covariant differentiationt with respect to II.

From (11.1.1) we may now evaluate vectors and tensors associated
with the surface M in terms of corresponding vectors and tensors
associated with the plane II. To do this we again make use of the
appropriate formulae in § 1.13. Thus

a,=7r,=e,}z,6€,, (11.1.4)

t Covariant differentiation with respect to M does not occur in this chapter.
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and from this , g = €apt2,,2p. (11.1.5)
Since, from (1.13.30), agva = a, X a,,
we have, with the help of (11.1.3),

agVe = (eg—z,e%)ve, (11.1.6)
and hence a = e(l+z,2|%). (11.1.7)

We observe that a/e is an invariant. Also
j— €aﬁ
(L)Y

éoB

Eop = eop(l+222 M (11.1.8)
From (1.13.26)

a*f(ltzpz]) = edePuley,+2)2,) = exPfedefizyz,, (11.1.9)
and since a% = aaﬁaﬁ,

a = 2(D‘;,‘e”+z|°‘e3), (11.1.10)

where Dy = 83 +eefregzyz . (11.1.11)
The second fundamental form is, from (1.13.32),

baﬁ = aa.aalﬁ,
which reduces to bog = \/(e/a)(z,aﬁ—I‘éﬁ z))
if we use (11.1.2), (11.1.4), and (11.1.6) and observe that e, .e; = 0.
Remembering that z is an invariant we can put this in the form

bop = (€/a)2]op- ' (11.1.12)

The Christoffel symbols of the second kind for the surface M and
the plane II are related by

Tg, = z(Dg T} +2]%2,)- (11.1.13)

11.2. Stress resultants, stress couples, and loads

Using (11.1.4) and (11.1.6) the stress resultants N, and stress couples
M,, which are given by (10.2.10) and (10.2.11), can be put in the
following forms:

N,= K,+{k*fzge;—qz|P eg}ve, (11.2.1)

M, = H,+4/(e)m*Ezeg X e), (11.2.2)

where K, = K*feg+y(e)g>e;, H,= H*Peyxep, (11.2.3)
and KoB = koBye, kB = n°B,/(ale), (11.2.4)

HoB = hobve,  hof = mor(384-2|,2|F). (11.2.5)
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The loads P on the shell, which are defined in (10.3.3), may be
expressed in terms of base vectors e,, e; with the help of (11.1.4) and
(11.1.6). Thus

P = S%e,+Se,, (11.2.6)
where « _ Do 3
8¢ = Pe—(efa)Pz|*) (11.2.7)
8 = P2z ,+4/(ea) P
or, alternatively, ,
P\(aje) = S—8%z,
. 11.2.8
P = (8ot Sz|%) (11.2.8)
a
For later use we also introduce the notation
S = s*ve, S = sve, (11.2.9)
so that
p = §(s—s“z|a)
(11.2.10)

o — eg o [+ 4 .
pT = (5) (s*+sz] )J

11.3. Approximations for shallow shells

A shell is said to be shallow when z and all its derivatives up to the
second order are small compared with unity.t If we neglect terms
containing squares and products of z and its derivatives compared with
unity, we then find, from § 11.1, the following approximations for shallow
shells:

Ao = €45, B =eP,  a=e, (11.3.1)
€af = €aps éoB = o, ng = F%‘),, baﬁ = z]aB’
: (11.3.2)
a* = e%4-z|*e,, a; = e;—z|, e~ (11.3.3)
Alternatively, we have, from (11.3.3),
e; = az-z|, a% e* = a%—z|%a,, (11.3.4)
approximately.
Again, making the same approximations, we have from § 11.2, for
shallow shells, o8 — poB, 1B — meB, (11.3.5)
P = 8—8%2|,, pe = s*4-s2|%, (11.3.6)
and we shall usually replace (11.3.6) by the further approximation
' P =S, p* = 8% (11.3.7)

t z is non-dimensional.
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Since, for shallow shells, the Christoffel symbols for the surface M
are equal to those for the plane II, and because of the relations (11.3.5),
(11.3.7), and (11.3.2), the equations of equilibrium (10.8.2) and (10.8.6)
reduce to

kBl 4B =0
k*fz| g 4%y ts =0t, (11.3.8)
haBla_qﬁ =0

where covariant differentiation is with respect to the plane II.

11.4. Stress-strain relations
The components of the displacement vector v of the middle surface
M with respect to the base vectors a%, a,, as defined in Chapter X, are
now denoted by ¢, @, whilst v, and w are reserved for the components
of v when referred to base vectors e*, e;. Thus
vV = P a*+wa; = v, e*twe;,. (11.4.1)
With the help of (11.3.4), equation (11.4.1) gives

Fua% @Ay = (4 w2 Ja+(w—v,2|%a,,

so that 5. — v +we|
* e * } (11.4.2)
W= w—v,2z|*
From (11.4.1) V= 0l w e, (11.4.3)
where Vg = v,\,a—l“l;a Vy (11.4.4)

is the covariant derivative of vy with respect to the plane II. Substitut-
ing (11.4.3) into (10.6.13), and using (11.1.4), gives

o = O touhtzhwl,+2l, wl). (11.4.5)
If we remember the approximation (11.3.2) for the Christoffel symbols
of the surface M we see that, in the present notation, the expression
(10.6.28) for w,g becomes
wyg = —W|og = —W|gy
where covariant differentiation is now with respect to the plane II.
Hence, using (11.4.2), we have

Wag = _—wlaﬁ+(vhzlh)1aﬁ'
We recall, however, that in obtaining the approximation (10.6.28) for

wyg We have already neglected terms of the type (b4 9,)|g, so that we

may ignore the second group of terms in w,g and write

. Wag = —W|ag, . (11.4.6)
approximately.
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With the help of (11.3.1) and (11.3.2) we see that, for shallow shells,
equations (10.6.5) and (10.6.34) reduce to

HoBP\ = 1{e®Aept ooPefA 4 p (Ao e2Pef)}, (11.4.7)
Hgon = 3{eanepoteapepr—1(€an €go€ap €p2)}- (11.4.8)

Finally, using (11.3.5), the formulae (10.6.23) and (10.6.24) for stress
resultants and couples become

ke = DH*Frl, (11.4.9)
hoB = BH*fPrw, (11.4.10)
where, as in (10.6.6) and (10.6.25),
3
EAL B ENL

— AL — 11.4.1
= B1—7) (41
Also, from (10.6.33) and (10.6.35),
* A
o = Ezlg%%_[i“i, (11.4.12)
12H%g  hPA
Wag = -—E%%_ (11.4.13)

11.5. Differential equation
The first equation of equilibrium in (11.3.8) can be satisfied by intro-
ducing a stress function ¢. Thus

kaﬂ = ga}’eﬁp(ﬁlyp——Bo‘ls’ (11.51)

where the order of covariant differentiation, which is with respect to
the plane II, is immaterial, and where B* is symmetrical and a
particular integral of the equation

BeB|, = B, . (11.5.2)
From (11.5.1) and (11.4.12),
HY .

Wy = -ﬁ[j—s{ewe%m—mﬁ}, (11.5.3)
and substituting this in the equation

B0, | g2 g W,e) = 0 (11.5.4)
which is derived from (11.4.5), gives, when A is constant,

e*BerP| g,,+AB LePefrz| g w|,,—e*PerPHY, o, B|g, = 0.

(11.5.5)
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Equation (11.5.5) is one partial differential equation for ¢ and w.
In order to find a second equation we eliminate q* from the last two
equations in (11.3.8) to get

kaﬁ2|a3+h°‘ﬁ[aﬂ+8 = 0.

We substitute in this equation for £*6, h*8 from (11.5.1), (11.4.10), and
(11.4.6) and obtain

BeBerew|,g, ,—eePrz| g d|,—s+B*Bz| 3= 0. (11.5.6)

The problem of shallow shells is now governed by the two equations
(11.5.5) and (11.5.6). These equations may be replaced by a single
equation for a complex function. If we multiply (11.5.5) by a constant
k and (11.5.6) by 1/B, and add, we obtain

e*BevP(w | aByp T k| aﬁyp) +kAE Le*rcfrz| of (w lpy lc/\(i?!pE L)

_s_B ﬂz[aB
=B

+ ke P By g, — B g} (11.5.7)

We now choose & to satisfy the equation

1
~ KABEL’
so that k= :};ix, (11.5.8)
. ,\/{12 1—nq '
where /\2EL (11.5.9)
Then, writing f = wtikg, A* = ——A— (11.5.10)

Vi12(1—7?)}

and using the root k = ix, equation (11.5.7) becomes

e*PePf| gyt (i/A*)e0ePr2] g b, = g, (11.5.11)
BBy

where q = ——kns¥|,—= "‘B—}—zKe"‘ﬁeYﬂB (11.5.12)

aylﬁp'
If we use the other value of k given in (11.5.8), we obtain an equation
which is the complex conjugate of (11.5.11). Equation (11.5.11) is a
fourth-order equation for the complex function . The real part of
is the displacement w normal to the plane IT and the imaginary part
of ¢ is the stress function, apart from a constant factor. The values
of k*B, hoB, ¢, and v, follow from (11.5.1), (11.4.10), (11.3.8), and
(11.4.5) when we know w and ¢.
5237 pd
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In the remainder of this chapter we examine the special case of a
shallow spherical cap formed by the revolution through an angle 27
of an arc of a circle about a line in its plane

_ through the centre of the circle O and one end
m of the arc (see Fig. 11.2).

11.6. Geometrical relations for spherical

cap

The radius of the spherical cap is R, the
maximum depth of the cap is &, and r, is the
radius of the bounding circle of the cap. We
take the planell to be the plane of this bounding
circle and we choose polar coordinates (r,6) in
this plane with origin at the centre of the circle
so that (see Chapter X)

Xy =17, xy = 0.

e S bbby

For non-dimensional coordinates (10.1.4) we
F1c.11.2. Coordinate system put
for spherical cap. b, = p = 1/r,, 0y = 6/(2m),
(11.6.1)
where 27 is the range of values of f and 0 < p < 1,0 < 6, < 1.

The equation of the spherical cap is

Lz = R{,/(1—r*/ R?)—1-+h/R}. (11.6.2)

Here we take L = r, and assume, for a shallow cap, that
B=r/R<LI1, hlry <L 1. (11.6.3)

It then follows that (11.6.2) takes the approximate form
2 = hjro—1Bp?, ' (11.6.4)

for a shallow spherical cap, so that z and its derivatives up to the second
order with respect to p and 6 are small compared with unity.
The position vector LT of a point in II is given by

Lt =ri; or T = pi,, (11.6.5)

where i, is a unit vector as shown in Fig. 11.2. We also introduce a
unit vector i, which is perpendicular to i, as shown in Fig. 11.2. It
then follows that

ii = iz
i; = —i; , (11.6.6)
i =i,=0

where derivatives with respect to-6 are denoted by a dot + and deriva-
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tives with respect to p by a dash ’. From (11.1.2), (11.6.5), and (11.6.6)
we have ,

el = f == il
= L (11.6.7)
62 = 27Tr = 27TP12
e, =0
ers = €y, — 2l |, (11.6.8)
€ = —(2m)%i, |
en =1, €1z = € = 0, €2 = (27p)®
€ = €, €y = (2mp)? , (11.6.9)
1
=1, e—ell—0, e2—
(27p)?
e, er— o (11.6.10)
2mp
F%l = el.eLl = Oy Fiz = el.el,g =0
I, = el.e,, = —(2m)?, I3 = e’.e ;=0 . (11.6.11)

1
I‘§2=e2.e1,2=;, [ =e%ep =10

We now calculate the functions H*f} and Hig, from (11.4.7),
(11.4.8), and (11.6.9). Thus

1
Hun — 1 H2222
(2mp)t
Huze n 22 — 1—-1} s (11612)

(2mp)?’ 2(2mp)?

H1112 — H2221 = 0
H’flll =1, ngzz = (2mp)* ]
H¥ypo = —q(2mp)2,  HY%, = 3(147)(2mp)2F.  (11.6.13)

Hfye = H}po =0
Finally, from (11.6.4) and (11.6.11), we have

2ly =21 = zn= —P

2log = 290+ (27)%p2; = —(2m)28p% |

(11.6.14)
2l =2y =0

zIaB = —:Beaﬁ
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11.7. Differential equation for spherical cap
The approximate stress resultants and couples as found in § 11.3 are
now denoted by

Bt=k, K2=ikN=ky, KkR=1F
Rl—=h,  W2=hN=h,  h® =]yt (11.7.1)
*=q, F=q

We restrict discussion to problems for which the loads s* are zero so
that we may choose the particular integrals of (11.5.2) to be zero.

Thus 5% =0, B = 0. (11.7.2)
We also write v, = U, Vy =0, (11.7.3)

for the components of the displacement v, defined in (11.4.1). Using
(11.7.2) and (11.6.9) we have, from (11.5.1),

k, = (¢ +pd")/p?

kg = — (8" —¢"/p)/(2mp?) | (11.7.4)
: ¢
Fo= (2mp)?

Also, from (11.3.8),
, . b,
9 = kr+277hr0+_'— (277)2Ph0

11.7.5
37% (11.7.5)

Qg = hyg+2mhy +—"

The stress couples h*# are obtained from (11.4.6), (11.4.10),and (11.6.12) in
the form

by = — B’ +pw'))p%

B(1— ,. .
ho = =20 ' —w'p)

(11.7.6)
B — B (" +pw’ g
9 = —W pw'+np2w")

Using the notation of (11.7.3), equation (11.4.5), with the help of
(11.6.4), gives
oy = u'—fPpw’
g = 327w’ +0')—vfp—nPpw’ ¢, (11.7.7)
g = 2mv" -+ (27)%pu
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where «), are obtained from (11.4.12), (11.6.13), and (11.7.4) in the

forms gy = (8" +p8)lp— 4"
EXrgoyg = —27(14-7)(¢"" —"[p) . (11.7.8)
Edrgogy = (2m)*(p*¢"— 1" " —npd’)
The formulae (11.7.4) to (11.7.8) show that all stress resultants, stress
couples, and displacements are expressed in terms of the two functions
k¢ and w which are the imaginary and real parts of ¢ given by (11.5.10).

Since, for a shallow spherical cap, from (11.6.14), z|ag = —Peyg, the
differential equation (11.5.11) for ¢ can be written

PIB— BNz = s/ B

if we use the result eePre g — err.

Hence V&— (if/A*)VH) = s/ B, (11.7.9)

where V&) = ¢ = z,b”-{-l/’—-{-l—ﬁ%. (11.7.10)
PP

We conclude this chapter by considering briefly the solution of the
homogeneous differential equation for the case of rotational symmetry.

11.8. Solution of homogeneous equation for rotational sym-
metry

The homogeneous equation for i is, from (11.7.9),

Viy—ie?V3) = 0, (11.8.1)

where e = (B/A*)} = (B/A)H{12(1—n2)}t. (11.8.2)
The general solution of (11.8.1) is

= P+, (11.8.3)

where V2, = 0, V2, —ielf, = 0, (11.8.4)

and this solution is also valid for the general case of no rotational
symmetry.

Assuming rotational symmetry, and remembering (11.7.10), we see
that the solutions of (11.8.4) are

Y = A+ A4,logp, (11.8.5)
Yo = AgIy(epVi)+A, Ky(epni), (11.8.6)

where A,, A,, 43, A, are arbitrary complex constants and Ij(x), K,(x)
are Bessel functions of the first and second kind respectively with
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purely imaginary arguments. It is, however, more convenient to use
the formst I,(xi) = berz+ibeiz

Ky(xvi) = kerx—{-ikeix}.

Substituting equations (11.8.5), (11.8.6), and (11.8.7) in equation

(11.8.3), and separating real and imaginary parts, we obtain, with the
help of (11.5.10),
w = C} ber(ep)+C, bei(ep) 4 C; ker(ep) +C, kei(ep) +Cs+C; log p,
(11.8.8)
Kk = C, bei(ep)—C, ber(ep)+C; kei(ep) — C; ker(ep) +Cy log p+Cs,
| (11.8.9)
where C;,..., C, are real constants. There are only siz essential constants
of integration in these equations. The constant Cy is immaterial as

only derivatives of ¢ occur. Also, since there is no displacement in the
circumferential direction, we have from (11.7.7)

—PBpw’ = ayy—(aasa/p)’/(27)?
when v = 0, and using (11.7.8) this becomes

—EXyfow’ = ¢'[o—nd"—(pd") + 1",

(11.8.7)

or EXxryBuw’ = (V3)'.
Hence EXryfw = V3 constant, (11.8.10)
and comparison with equations (11.8.8) and (11.8.9) shows that

¢, =0. (11.8.11)

To complete the solution of a given problem a particular integral
of equation (11.7.9) must be obtained, and then the constants C,,..., C;
are determined by conditions at the pole of the spherical cap and by
edge conditions at its circular boundary. The reader is referred to a
paper by E. Reissner for further details of special solutions.}

t See A Treatise on Bessel Functions, by Gray and Mathews, second edition prepared

by Gray and MacRobert, 1931, p. 26.
1 J. Math. Phys. 25 (1947), 279,



XII

GENERAL THEORY OF MEMBRANE
SHELLS

IN order to determine the state of stress and strain in a thin shell we
have, in general, to solve the equations of the bending theory as
developed in Chapter X. In many cases, however, the loads are mainly
carried by the stress resultants and this indicates that we may be able
to find, approximately, a particular solution of the equations of the
bending theory by neglecting the stress couples and shearing forces
compared with the stress resultants, in the equations of equilibrium.
The theory obtained from this approximation is called membrane
theory, and, correspondingly, the shell is then called a membrane shell.

In this chapter we deal with the general theory of membrane shells.
In some problems it may happen that the stress resultants and dis-
placements which are found from membrane theory enable us to satisfy
the boundary conditions at the edges of the shell. If this is so we may
regard the membrane theory solution as a complete solution of the
problem. In general it is not possible to satisfy all boundary conditions
by using the membrane theory, and we must then proceed to find a
solution which involves stress couples and shearing forces by using
bending theory. We can, however, regard the membrane theory as an
approximate particular integral of the complete equations, and we may
complete the problem by adding the solution of the homogeneous
equations of the bending theory in which all loads are taken to be zero.
Membrane theory is, therefore, the starting-point in nearly all shell
problems.

12.1. Membrane theory in general curvilinear coordinates

We begin with a brief repetition of earlier results. We remind the
reader that we have used general surface coordinates 6, and that the
middle surface M of the shell is determined by the non-dimensional
vector r = r(f,, 6,). The stress resultants across the surface 6, = con-
stant, measured per unit length of the coordinate curves of the middle
surface, are given by (10.2.6) in the form

N, (12.1.1)

HQ=W.

According to our definition of the membrane theory we neglect all



408 GENERAL THEORY OF MEMBRANE SHELLS Chap. XII

moments and shearing forces, so that (10.2.10) becomes, approximately,

N(! ] N(!Pap — naPJ(a)ap, (12.1.2)

where, according to (10.4.11), )
noeP = P, Nop — Nex, (12.1.3)
The physical stress resultants (per unit length) are, from (10.2.19),
given by i = n*Py(agglac®) (12.1.4)

but n(,g is not a tensor.
The shell is subjected to external loads which were denoted in § 10.3
by p measured per unit area of the middle surface where, from (10.3.2),

Lp = p*a, +pa,. (12.1.5)

We also introduced in (10.3.3) and (10.3.4) the notations
Lpva = P = P*a_+ Pay)
pNa ot “’f. (12.1.6)
P> = p*va, P = pva
According to (10.3.5) the physical components p,, pg of the loads

are given by Ly = p*Vety,, Lpg = p. (12.1.7)

The general equations of equilibrium of the membrane theory are
given by (10.4.1) in the form

N,,+P =0, (12.1.8)
or, using (10.4.3) and neglecting the shearing forces, this becomes
Ne ,ag+NoPag 4P = 0. (12.1.9)

This equation may be further reduced to give
NeB +TB, Nex4 PE =0 1

, 12.1.10

Nefb,g+P =0 ( )
af B =0

o watp } (12.1.11)
n*fbg+p = 0

As usual, nof|, = no 4-T8 nor4- T2 nof, (12.1.12)

and represents covariant differentiation with respect to the middle
surface.

Equations (12.1.11) together with the symmetry conditions (12.1.3)
are sufficient for us to determine the three unknown stress resultants
n°8 and it is not necessary to discuss, at this stage, the displacements.t

t Shells of different materials, but with the same middle surface, loads, and boundary

conditions, and therefore under the same state of membrane stress, may undergo different
displacements.
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This is, of course, a great advantage, particularly as we are often more
interested in the stress resultants than in the displacement.
When we have obtained the values of n®8 from (12.1.11) we can
calculate the corresponding displacements from (10.6.33). Thus
* A
o = S
where, from (10.6.34), (10.6.13), and (10.6.18), _
Higon = Hamag,tag,apm—nlemeg,Tespepn))},  (12.1.14)
a, = ¥(a,.v,+a,.v) }
= 3()|p+0,l,—2b,, ) ’
and V = Lv = L(v,a%}twa,)
is the displacement vector of the middle surface. Apart from rigid
body and inextensional displacements, the displacement components

vy w are completely determined by these equations. Inextensional
displacements are such that

(12.1.13)

(12.1.15)

Ay = 0,
so that the shell may be distorted without any stretching of the middle
surface and thereforc without inducing stresses of the type n*f.

12.2. Membrane theory in plane coordinates

It is sometimes useful to have the membrane theory expressed in
the notation of § 11.1 where results are referred to'a base plane II.
Using the results of §§ 11.1, 11.2; and neglecting shearing and moment
forces we have, from (11.2.1) and (11.2.3),

N, = K, +k*zp/(e)e;, K, = K°Pe, (12.2.1)
where, from (11.2.4),
KoB — LoBye, kB = nB/(ae). (12.2.2)
Also, the equations of equilibrium (10.4.1) become
Koot P+ (k*Fzgve) ,e; = 0, (12.2.3)

and using (11.2.6) and the second equation in (12.2.1), this reduces to
Ko 4 T8 Kret S = 0}
{koBzgve} . +8 =0
where the Christoffel symbols Fﬁa now refer to the plane II. Finally,
with the help of (12.2.2), these equations may be further reduced to
kB| 4P =0, (12.2.5)
z2g kB, +kPz|g,+s = 0, (12.2.6)

(12.2.4)
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where covariant differentiationt refers to the plane II. Also, if moment .
stresses are neglected in (10.4.11), we have

capk?® = 0, (12.2.7)
so that k*f is symmetric. With the help of (12.2.5) we can replace
(12.2.6) by 2| qg kP+Hs—s¥z], = 0. (12.2.8)

The membrane theory of shells has now been expressed entirely in
terms of k*# (or equivalent quantities) and we remind the reader that
since covariant differentiation refers to the plane Il the order of co-
variant differentiation is immaterial. As far as the two equations of
equilibrium (12.2.5) are concerned the shell problem is similar to the
problem of the stretching of a plate, with £*# (which is symmetric in
view of (12.2.7)) and s* for the shell replacing n*8, p for the plate (see
Chapter VII). In the plate problem, however, we have to consider the
state of strain before we can determine the complete state of stress,
but here, in the membrane theory of shells, the theory is completed
by using the third equation of equilibrium (12.2.8). Since the state of
stress in the membrane theory of shells is completely determined by
the equations of equilibrium, we see that plate theory is not a special
case of membrane shell theory.

We saw in Chapter VI on plane stress, and again in Chapter VII,
§7.5, on plate theory, that stresses (or stress resultants) may be ex-
pressed in terms of a stress function ¢. Hence, taking into account
the load term s*, the formulac for k*# which correspond to (7.5.5) are

ko — eayeﬂp¢|yp_AaB }
¢|aﬁ = €ay€ﬂp(kyp+Ayp) ’

where A°f is symmetrical and a particular integral of the equation

(12.2.9)

AeB|, = sB. (12.2.10)
If we substitute (12.2.9) into (12.2.8) we obtain the following differential
equation for ¢: €°"’€sz]°¢5¢|7,, —yq, (12.2.11)
where q = 2z|og A*P—s+5%2|,, (12.2.12)

and ¢ contains the loads acting on the shell.
We have therefore reduced the evaluation of stresses of the mem-
brane theory to the solution of one linear differential equation (12.2.11)

1 Covariant differentiation with respect to the middle surface M will not occur in
this section.
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of the second order for ¢. Having found ¢ we can obtain k8 from
(12.2.9) and then also «,,, since, from (10.6.33) and (12.2.2),

7p?
Ao = %/Z)Hl‘ppw& (12.2.13)
where, from (10.6.13), (11.1.4), and (11.4.1),
aap = 3(Valgtvglatz Wtz gw,), (12.2.14)

and v, w are, according to (11.4.1), the components of the displacement
vector v with respect to the base vectors in 11, and e, respectively.
From (12.2.14) we can deduce the equations

e B(op, | og—212g W1 po) = O, (12.2.15)
which is a differential equation for w since all other quantities in the

equation are known. When w is found we obtain v, from (12.2.14)

simee Valg Vgl = Zotpg—2 4 Wp—2 QW4 (12.2.16)

The boundary conditions to be imposed at the edges of the shell must
be compatible with the differential equation which has been obtained.
for ¢. To simplify the discussion we choose a cartesian coordinate
system in the plane II so that equation (12.2.11) reduces to

21 Poa—2210b12 20001 = - (12.2.17)
From the theory of differential equations it is known that this equation

is of the elliptic, hyperbolic, or parabolic type according as
A = (212)°—21125, ,
is negative, positive, or zero. But, using (11.1.12), we see that
A = (b3a—byy byy)afe,
or A = —Ka?le,
where @ = |a,g| and K is the Gaussian curvature (apart from a constant
factor depending on L). Hence:
1. If the middle surface of the shell has positive Gaussian curvature
everywhere, the differential equation is elliptic.
2. If the middle surface of the shell has negative Gaussian curvature
everywhere, the differential equation is hyperbolic.
3. If the Gaussian curvature is zero everywhere, which means that
the middle surface is developable, the equation is parabolic.
From the theory of differential equations the appropriate boundary
conditions may be imposed which correspond to partial differential
equations of the second order of elliptic, hyperbolic, or parabolic types.}

t+ See Courant-Hilbert, Methoden der Mathematischen Physik, vol. ii (Berlin, 1937),
p. 177.



XIII
THEORY OF CYLINDRICAL SHELLS

BEcAUSE of their simple shape cylindrical shells have been widely
used for practical applications and have therefore received considerable
attention from many writers. Various methods of analysisf have
been used for solving problems of cylindrical shells, but here we derive
the fundamental equations as a special case of the general theory of
shells which has been developed in Chapters X and XII. According
to the usual procedure we first solve the equations of the membrane
theory; this solution may then be used as an approximate particular
integral of the bending theory. In solving the equations of the bending
theory it is then only necessary to deal with an unloaded shell which
is subject to certain boundary conditions along its edges. We consider
in detail completely general edge conditions along generators of a
circular cylindrical shell, but attention is restricted to one set of special
edge conditions over section curves of the shell, which frequently occur
in practice. If the circular cylindrical shell is complete (i.e. it has no
bounding generators) then edge conditions over section curves may be
examined in a more general manner by the theory of Chapter XIV.
Throughout this chapter we only consider general methods of solution
and we do not study problems numerically since detailed numerical
results may be found elsewhere.] The theory of the present chapter,
however, differs from that used by previous writers.

13.1. Geometrical relations
Consider a plane curve, the points of which are given by the position

vector LK = LK(z,), (13.1.1)

where 2, is the length of the arc of the curve measured from a fixed
point. We erect a unit vector i normal to the plane which contains
the curve (13.1.1) and we denote distance along this vector by =z,
measured from a particular curve (13.1.1). The equation

Lr = LK(%;)+,i (13.1.2)

1 See,e.g., A. E. H. Love, loc. cit., p. 375 ; K. Miesel, Ingen. Arch. 1 (1930), 92; U. Fin-
sterwalder, ibid. 4 (1933), 43; F. Dischinger, Beton und Eisen, 34 (1935), 257; A. Aas
Jacobson, Bauingenieur, 20 (1939), 394; R. S. Jenkins, Modern Building Techniques
Bulletin, No. 1 (1947).

1 S. Timoshenko, Theory of Plates and Shells (New York, 1940); W. Fliigge, Statik
wund Dynamik der Schalen (Berlin, 1934); K. Girkmann, Flichentragwerke (Vienna,
1948); H. Lundgren, Cylindrical Shells (Copenhagen, 1949). Other references may bo
found in these books.



13.1 THEORY OF CYLINDRICAL SHELLS 413

determines a surface which is the middle surface M of a cylindrical shell
(Fig. 13.1).

F1a. 13.1. Cylindrical shell.

We call (13.1.1) a section curve of the middle surface and lines parallel
to i are called generators.

Following (10.1.4) we introduce non-dimensional coordinates and put

0, = 0 = a,/s, 0, = & = wyl, (13.1.3)

where L, = [ is the span of the shell, measured between end sections,

and L, = s is the length of the arc of a section (see Fig. 13.1). The

length L which was introduced in § 10.1 is chosen to be I, s or the

minimum radius of curvature of (13.1.1), whichever is smallest.
Using (13.1.3) we get from (13.1.2)

r = K(0)+afi, . (13.1.4)
where av=1/L. (13.1.5)
The unit tangent t at a point of a section curve (13.1.1) is
oK
= L2, 13.1.6
t=Lg (13.1.6)
80 that, from (13.1.4), the base vectors of the middle surface are
al - Bt, 32 - OLi, (13.1.7)
where : B =s/L. (13.1.8)
If R is the radius of curvature at a point of the section curve, then
ot a4
—_ = =3 13.1.9
0x, R ( )

where, as in Chapter X, a, is the unit normal to the middle surface.
Hence, from (13.1.7),
a,, = —fpa, }
A1 =8y, =8, =0
where p = 8/R. (13.1.11)

(13.1.10)
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Also,

ay = B2 @ =0, gy = o 13.1.12
202 ’ (13.1.12)

a = |ap =«
and the contravariant metric tensor becomes

L NP R L WL S N ER R E)
a; B Ggp
It follows, from (13.1.7) and (13.1.13), that the contravariant base
vectors of the middle surface are

al = alla, — /B }

— 22 —
a’ = a?’a, = i/«

all

(13.1.14)

From (13.1.10), we find that the coefficients of the second fundamental
form of the middle surface are

by, = ay.a;; = —pPp, by = az.a;, = 0, byp = a3.255 = 0,
(13.1.15)
and hence
bl = allby, = —
: . n=—plf (13.1.16)

bl=0i=0i=0
The Christoffel symbols of the second kind are given by

I's, = a%.ag,,

and using (13.1.10) and (13.1.14) we find that
T, = 0. (13.1.17)

We close this section by calculating the tensors H®®% and H3gy,
which are defined in (10.6.5) and (10.6.34) respectively, and which
depend only on geometrical tensors associated with the middle surface.
Thus

Hul “11’ He2222 0%, Hue ;%E
s (13.1.18)
1—19
22 1 Huiz . freeen
20262 -
Hfm = 34: H’zkzzz = of, Hfm = “"7042132 } (13.1.19)
Hfm = %(H"?)O‘zﬁz’ H’fm = H;‘221 =0

13.2. Stress resultants, shearing forces, stress couples, and
loads
When examining special shells it is convenient to abandon tensor
notations and introduce alternative notations for stress resultants,
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stress couples, and loads. Thus

!l = ny, 712 = p2l — Nt n22 — ng

'=4qp, F=gq
mil = my, mi2 = m2l — mee, m22 — mg

Pt=1ps PP=1p;

(13.2.1)

\ﬁi/"Mfo

Fiag. 13.2. Physical forces and couples for a cylindrical shell.

The physical components of stress resultants, shearing forces, stress
couples, and loads, which were defined in (10.2. 19) (10.2.20), and
(10.3.5), are now denoted by

nay = Ngy e = ey = Ny, Mgy = N
I =@ do=

, (13.2.2)

may = My,  muy = Mgz, My = Mg, My = M;

ro=5 Po=1L pe=P k
so that, using (13.1.12) and (13.1.13), we have
= ,ang, 1\’5{: = aﬁngf, Arg = a2n§, (13.2.3)
= PBgp, Q¢ = g, (13.2.4)
Mo = 4,8277‘@, Mf@ = —Mg& = Laﬁm%, Mg = —Lasz,

(13.2.5)
LPy=Bpy, LP,=ap;; LP=p. (13.2.8)

The physical stress resultants, stress couples, and loads are shown
in Fig. 13.2 in their positive senses.

13.3. Equations of equilibrium
Using the notation of § 13.1 and § 13.2, and noting, in particular,
that the Christoffel symbols I‘gy vanish, the equations of equilibrium
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(10.8.6) and (10.8.2) become

ong | Ongg _
%‘l— T +ps=0
37‘&9& 37L§ -
8T+5§_+p§ =0

W01 %5 Bong+p = 0,

o0 T o¢
. 8m0 8m9§
=30t 2
_ 8m9§ 8m£
“%“="70 T

Eliminating ¢, and q¢ from (13.3.2) and (13.3.3) gives

0%*my ®mge = 0*m,
206, T = 0.

13.4. Stress-strain relations

Chap. XIII

(13.3.1)

(13.3.2)

(13.3.3)

(13.3.4)

Changing the notation for the components of displacement of the

id rface we put
middle surface we pu v =, vy = u,

(13.4.1)

whilst we retain w for the component in the direction of the normal to
the middle surface. From (10.6.18), (13.1.15), (13.1.17), and (13.4.1), we

have
ov
M1 =5 +Bew

1fov  ou
Ayg = §(a-§+a—0) \

(13.4.2)

e = 2
22 — 8§ J
Using (13.1.18), the stress-strain relations (10.6.23) and (10.6.24)
become D R
ng = (21 %
6 B\p T &
_ D(1—x)

Nge = —&2—32—0‘12 )

e — 2(1’0‘_11 95@)

t= 2 B T

(13.4.3)
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B(1 o>w 7 o*w)\ )
o = “,3_2(/3“2 o0 1o *‘agz)
B(1—y) 22w
ME= T 38 o008

2 2
.
We recall, from (10.6.6) and (10.6.25), that
\EL _ MEL
1——772’ - 12(1—1)2)'
Also, from (10.6.33), or directly from (13.4.3),

a1 = 4o (Bng— oty
II_E/\L 60— N ¢

(L)
EAL O ’

LT

Qgp = 'E:XE (a®ng—nf2ng)

so that, using (13.4.2), we have
ou o, 2 A
T _E'A_L(a ng—nfBing)

o _ 214n)etB  ou

€= T BAL %7 [

Bpw - EBAL (32"0—’7“2725)—— J

13.5. Membrane theory

417

(13.4.4)

(13.4.5)

(13.4.6)

(13.4.7)

As explained in Chapter XII we obtain the equations of the mem-
brane theory from (13.3.1) and (13.3.2) by neglecting shearing forces,

Thus
3n9 5”05 .
20 T 5 o +p9g =0
6n9§ 6n§ _
a0 Tog TP
Bpng—p =0

(13.5.1)

The last equation in (13.5.1) immediately gives the stress resultant ny

in terms of the load. Thus

’)’Lo:%,

(13.5.2)

and we see that ny cannot be influenced by any edge conditions.

65287 Ec
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From (13.5.1)

ngg = — f(%-i—ﬁa) dE+Cy(6) | .

ng = — f f(%z—f—lrpg) dé+Cy(0)

where C,(0) and C,(6) are arbitrary functions of 4.
The displacement components may be obtained from (13.4.7) in the
form

o2 2 otCs(8)
lw\L f me—nfng) dE+ T

(I£n)a2B  2ul,. o2BC0) \, (13.5.4)
“ WL "% o Yt

Bpw = EE\_L (B*ng—mnolng) ——

ov
o0
where Cy(0) and C,(f) are again arbitrary functions of 4.

If we substitute ny from (13.5.2) into (13.5.3) and (13.5.4), and use
the abbreviations

20 = ()5 (13.5.5)
N = %: (13.5.6)
¢ w
Xy = — [ (N +py) d¢
0
£
X, = — [ (Xi+pp) de
0
X, = f {Xo—n(Bla)yN} d g (13.5.7)
0

£
Xy = [ {2047)X,—(«/B)2X;} dé
0

N2 .
X5 = —a-’f-—an—X‘;
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we obtain the formulae

no = N

Ngg = X1—|—01 s (1358)
ng = X,—C; £4+C,

DLy = X403 £4G,£4G,
hi P 3 2
EMNL 2 V.88 = . ) .
E%ﬂ””zxffa{@ %*02%—03ﬂ—&+mq5—ma—q‘
(13.5.9)

The formulae (13.5.8) and (13.5.9) represent the general solution of
the membrane theory of cylindrical shells and it contains four arbitrary
functions C; to C; which have to be determined from the edge condi-
tions. We see from these formulae that it is possible to satisfy certain
edge conditions along the edges { = 0 and § = 1.

When ny = ng; = n; = 0 we have the inextensional solution, and in
this case C; = C, = 0, so that C; and C; determine the inextensional
and rigid-body displacements. In this case

EAL

a4 U = 03

nl 2 .

i"%ﬁfg _—_‘_(%) CiE4+C, b, (13.5.10)
EAL LI .
gﬁ—zﬁpw= (%) C3'§—0;4

and these displacements can be prevented by imposing the conditions
v=0 (£=0,{=1), (13.5.11)

which give C,=0, C; =0.

Hence C; is a constant and represents a rigid-body displacement along

the generators which may be taken to be zero.

Returning to the general solution (13.5.8) and (13.5.9) we see that
the functions C; and C, may be determined by imposing conditions
on the stress resultants ng, ng along the edges { = 0 and ¢ = 1. For
example, we may have

ng = Ty(0), nge=80) (=0o0r £=1), (13.5.12)
* w=ﬂ®@=®}

_ (13.5.13)
ng = T(0) (£=1)
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where T}, 8, T, T are known functions of 6. The conditions (13.5.13),
however, only determine €, to within an arbitrary additive constant
which represents a constant shearing stress resultant ng. This constant
shearing stress may be given a prescribed value on, for example, the

edge ¢ = 0. Thus C, = T(0)
2 )

1

—Ci+C— [ (Xi{+py) dE = T(9),
and therefore ‘

[/} 1
G=10, 0= [{10-T0)~ [ (Xi+py i) 6+,
’ ’ (13.5.14)

where K is the arbitrary constant representing a constant shearing
force.

We now impose the boundary conditions (13.5.11) on the displace-
ment v, so that, from (13.5.9),

04=0

s = K'—1C,+§C1 +
, (13.5.15)

By’ { SN
+(a) bf 2(1+77)01+J[2(1—[—77)X1 (a/B)2X;]d¢ ) db

where K’ is a constant which represents a rigid-body displacement
parallel to the generators of the cylinder.

The membrane solution (13.5.8) and (13.5.9), where the functions
0, 0y, Gy, C, are given by (13.5.14) and (13.5.15), represents a complete
solution of ‘the cylindrical shell problem under the edge conditions
(13.5.13) and (13.5.11) on the edges ¢ = 0, ¢ = 1. In order to satisfy
completely general edge conditions we must obtain the more complete
solution of the bending theory which we now consider.

13.6. Differential equations of bending theory
The equations of equilibrium (13.3.1) can be satisfied identically by

%
ng = ———-———Ag l
o8
02
0%
"0t = T 500¢
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where ¢ is a stress function and .

Ay =jp,, do, A, = f e dE, (13.6.2)
and 6,, £, are arbitrary cor:stants. Substitutif:lg (13.6.1) into (13.4.6) we
got o= 4 L(,s2 el prdgt et é)
oyp = Q_Z_’i)ziz_’gf :;jf L. (13.6.3)

20
EAL( s ’7326—;““2‘45+"’9 2‘49),

Equation (13.4.2) yields the identity

%0y, 0Pty 0%y, 8 *w
age a0t " oged P

by eliminating » and v; using (13.6.3), this becomes

—0 (13.6.4)

" o*w
Vi —BoEAL - = q, (13.6.5)
0&2
a
" 2 . 29" 2 O . 3 6
where V2 = « 602+B o (13.6.6)
6 4, 0 A A0 o282 6p§ 3790
Also, from (13.3.4), (13.4.4) and the first relation in (13.6.1), we find
that 4340, 2
4 ‘B ﬁp % o
Viw 4- B B q’, (13.6.8)
B
where q = 5 (BpAg+p)- (13.6.9)

The equations (13.6.5) and (13.6.8) are two partial differential equa-
tions of the fourth order for the stress function ¢ and the normal dis-
placement w, and these equations govern the bending theory of
cylindrical shells. They may be reduced to a single equation for a
complex function by multiplying (13.6.5) by a constant £ and adding
to (13.6.8), assuming A is constant.t Thus

V4(w+k¢)-kﬁEALp%2{ ;kg)‘fL} ¢+kg,  (13.6.10)

1 This process is the same as that used in Chapter XI.
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and the constant & satisfies the equation

4/34
= —F,
BEEXL —
so that k= +iK, (13.6.11)
2, /{12(1—72)}

h _ (oB) 1201 —n?)} 13.6.12
where K = ( ) L (13.6.12)
If we now put Y = w+iK¢ - (13.6.13)
and use the root £ = 7K, equation (13.6.10) becomes

2 0%
4
Vi — < o =0, (13.6.14)
where Q = ¢'+iKq

}. (13.6.15)
& — Fp(12(1— A
If we use the other value of k given in (13.6.11) we obtain an equation
which is the complex conjugate of (13.6.14). Equation (13.6.14) is a
fourth order equation for the complex function ¢y. The real part of ¢
is the normal displacement and the imaginary part of i is the stress
function, apart from a constant factor K. When w and ¢ are known
we find ng, ng, and n; immediately from (13.6.1); my, mge, and mg from
(13.4.4), and then gy and q; from (13.3.3). The displacement components
u and v follow from the first two equations in (13.4.7).

By using the membrane theory we can, as explained in § 13.5, obtain
a particular solution of a problem which satisfies certain edge condi-
tions. This membrane solution may then be regarded as an approxi-
mate particular integral for bending theory and in order to complete
the solution of a given problem and satisfy all the required boundary
conditions we must obtain the solution of the homogeneous equation
(13.6.14), with Q = 0. We consider some solutions of the homogeneous
equation for circular cylindrical shells in the next section.

13.7. Solution of homogeneous equation for circular cylindrical
shells

The homogeneous differential equation (13.6.14) is
62¢:
V4 13.7.1
y—ict =0, (13.1.1)
where ¢ is constant for circular cylindrical shells. We consider a shell
which has zero loads on its surfaces so that, from (13.6.2),

Po=1p;=Ag= A4z = 0. (13.7.2)
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Also, over the ends ¢ = 0, £ = 1 of the shell we impose the edge
conditions ,
v = 0, w =0, ’n'g =0, . mg =0 (f = 0,1). (1373)

The conditions on the edges 6§ = 0, § = 1 will be considered later.
From (13.4.4), (13.4.7), (13.6.1), and (13.7.2) we see that the conditions
on the ends £ = 0, £ = 1 can be satisfied if

w=0, ¢ =0, %:0, %:0 (€=0,1), (13.7.4)
or P = 0, %z;é, =0 (£=0,1). (13.7.5)

We assume that ), together with its derivatives with respect to ¢
up to the fourth order, each satisfy sufficient conditions so that they
can be expanded as half-range Fourier series in the interval (0,1).
Then, in view of the conditions (13.7.5), we may write

" =n§1¢n(0)sin nmé 0<é<]) W
o _ i nmp, (0)cos nmé 0<é<])
3§ n=1
%%g - _,gl(n#)?l/;n(ﬁ)smnnf 0<é<1) (, (13.7.6)
B S (e (@)cosnnt (0 < £< 1)
853 n=1
% B él(W)“</fn(0)sin nmé O<&<1)

where y,,(0) are functions to be determined. If we substitute (13.7.6) into
(13.7.1) and use (10.1.5), the differential equation is satisfied provided

4, nmpR\2d%), ofpR\* il2J[12(1—7?)] _
W—2( i ) a02 + (nm) (_l_) {(nw)2+T $y, = 0.

(13.7.7)
The general solution of (13.7.7) is the sum of terms of the form

Omn 6m8,

where m is a root of the equation

m4—2(7—b—7%1—2)2m2+(nﬂ)z(e{-e)4{(nn)z-}-i———-—————-lz‘/[m](;t_nz)]} = 0.
(13.7.8)
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The roots of (13.7.8) are

Fy(m+1idy), +y(n.—1il,), (13.7.9)
where y = "";’R — ’%9 (13.7.10)

and

V2 = J{J(1—2a+2a2)+1—a}
V2 = J{J(1+2a+2a%)+1+a}
5 V2 = J{\J(1—2a+2a%)—1+a}
£V2 = (14204207 —1—a} |

o=t A/{«/E(l:f_)]}

T onm Rt
Hence, the general solution of (13.7.7) may now be written
w,(0) = e7rme’{ B, cos(yl; w*)+ By sin(yl; w*)}+
+e~Tm"( By cos(yly w*)+ Bysin(yly )+
+emvmof B cos(yl, w)+ Bysin(yly w)}+
~+e v B, cos(yl, w)+ Bgsin(yl,w)}, (13.7.12)
Ké,(0) = e rme'{ B, sin(yl; w*)— B, cos(yl, w*)}+
+evn’{— B, sin(yly w*)+ By cos(yl, w*)}4-
e o By sin(yl, w)— By cos(yly w)}+
~+evmef{— B, sin(yl, w)+ Bgcos(ylyw)}, (13.7.13)

where hit) = 04,0

w=13+0, w*=1-0 ’
and B,,..., By are real constants. The notation w, w* is introduced for
convenience so that the edges 6 = —4, § = } of the shell correspond
to w = 0, w* = 0 respectively. If the boundary conditions along these
edges may be expressed in suitable half-range Fourier series in terms
of £, we may then determine the constants B,,..., By for each value of
n, and the problem is completely solved.

(13.7.11)

(13.7.14)



X1V
SHELLS OF REVOLUTION

ANOTHER interesting group of shells is shells of revolution and the
governing equations are derived in this chapter as a further illustration
of our general theory. The solution of the equations of the general
bending theory of shells of revolution is difficult, but can, for many
problems, be avoided, since the membrane theory often provides a
satisfactory solution, except for certain boundary conditions which
influence only a small zone in the neighbourhood of the edges. Such
boundary conditions can be dealt with by a special simplified bending
theory which is called edge effect. We therefore first present the mem-
brane theory of shells of revolution.tf We then close this chapter by
obtaining the differential equations for the edge effect and by indicating
briefly their solution for a complete shell of revolution. We refer
readers to other writers for examples which are studied in more detail.}

14.1. Geometrical relations

When a plane curve ¢ with no double points is rotated around an
axis 4 lying in its plane but not cutting ¢, except possibly at an end-
point, we obtain a surface of revolution. In general we suppose that
¢ is rotated through an angle < 27. The curve ¢ is called a meridian
curve and the axis 4 the axis of revolution (Fig. 14.1). If a surface
of revolution is taken as the middle surface of a shell, we get a shell
of revolution.

We introduce the angle x, as a parameter for the meridian curves,
and, using (10.1.4), we put

b=0=afy (y<2m), (14.1.1)

where y is the angle between the planes passing through the bounding
meridians and the axis 4 (Fig. 14.2). If the shell is a complete shell
of revolution, then y = 2.

At every point P of the middle surface we erect a right-handed triad
of unit vectors (i, ,,1;) (Fig. 14.2), where i, is parallel to the axis of

1 The form of this theory is similar to that given by C. Truesdell, Trans. Amer. Math.
Soc. 58 (1945), 96; W. Zerna, Ingen. Arch. 17 (1949), 223; and for a special problem
by F. Dischinger, Bauingenieur, 16 (1935), 374. Other forms have been given, e.g. by
A. E. H. Love, loc. cit., p. 375; H. Reissner, Festschrift Mueller-Breslaw (1912), p. 181.

1 See, e.g., W. Fliigge, loc. cit., p. 412; S. Timoshenko, loc. cit., p. 412; K. Girkmann,
loc. cit., p. 412, Other references are contained in these books. The theory used by
these writers, however, is different from that given here.
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revolution, iz is perpendicular to i, and lies in a meridian plane, and
i, is perpendicular to i, and i,.

The meridian curve through P, lying in the plane § = constant, may
be described by rectangular coordinates (Ly, Lz) in this plane, the
origin of coordinates being on the axis of revolution, the positive
directions of the coordinate axes being i, and i; respectively. The

I—)Lz
Ly

!
!
!
!
!
!
i

y:|

F1a. 14.1. Meridian section of a Fi1c. 14.2. Shell of revolution.
surface of revolution.

characteristic length L is defined later. The non-dimensional coordi-
nates (y,2) of a point P may be represented parametrically by

y=yl), z2==2§, O=¢ (14.1.2)
where we assume that ¢ obeys the condition (10.1.4) and ranges over
an interval of unit length. A special case of our coordinate ¢ is when

¢ = Ly/h, (14.1.3)

where the values taken by Ly occupy an interval of length 4 as shown
in Fig. 14.1. In this case the meridian curve has the form

2z = 2(y). (14.1.4)

The vector r of a point of the middle surface, having its origin at
the origin of the coordinate system (Ly, Lz), has the form (Fig. 14.2),
r = y(£)iy+2(0)is(6)- (14.1.5)
The characteristic length L is either the length of one of the bounding
arcs a,, a,, by, b, (Fig. 14.2) of the shell or one of the principal radii
of curvature of the surface, whichever is smallest.}
tIfa lclosed shell has an apex, this point is often a singularity as, for example, in
a cone. In this case L—> 0 and A = ¢/L— o0 and in the vicinity of the singularity the
theory is not, in general, valid. There may, however, be special cases, for instance when

the shell is subject to certain systems of load, where the theory gives satisfactory results.
For a discussion of these points see C. Truesdell, loec. cit., p. 425.
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As in Chapter XIII we denote derivatives with respect to 6§ by dots
and derivatives with respect to £ by dashes. The derivatives of the
unit vectors i, are found to be

iy = —yi,, ip=0
ij =iy =0 . (14.1.6)
i; = vi,, ip=0
From (14.1.5) and (14.1.6) we have
a, = yzi,, a, = y'iy+2'iy, (14.1.7)
and hence a,, = a; = —y%i,
2, = a; = 8, = y2'i; r. (14.1.8)

Ay = Ay = Y, +2"i;
Using (14.1.7) the metric tensor is found to be
ay = (y2)%, Qg = Uy = 0, Az = y'3+2%, (14.1.9)

and @ = Ay Qg = (y2)*(y'2+2'2). (14.1.10)
Also
1 1 1 1
all — — — , al? = g = 0, L .
ay (r2)° Ay Y42
(14.1.11)
. i . y'i, 42l
and al = glla, — 'y_lz, a? = a?a, = W (14.1.12)
The unit normal vector a, is given by
a;Xa, y'iz—=zi,
A — - , 14.1.13
3 '\/a/ 4(y12+z/2) ( )
and from this and (14.1.8) we obtain
by = ag.a,; = —yRy'[J(y?+27)
by = by = a5.2,, = 0 , (14.1.14)
bay = 85.2,, = (y'2"—y"2)[J(y*+2"%)
M—atthy, — U
R AN VeSS
by =03=0
Py . 14.1.15
b3 = a®?by, = y_“—‘—f y/ : k ( )
(y2+2'3?
’ DY ”
K —btb2—pipez — (Y ry %
b1b2 b2b1 (y12+z/2) (zy/ 2]
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The Christoffel symbols may be calculated with the help of (14.1.8) and
(14.1.12). Thus

I}y =at.a;; =0, I} =alt.a,, =0

’

2
I}, =a%a;, =0, I, =al.a;, = ~
r g 2! L. (14.1.16)
1n=4a%4;; = ——,§‘+—,2
2
l ” l ”
z
sz = a2.a2’2 === ,212,2

Finally we calculate the functions H3g,, from (10.6.34), using
(14.1.9). We have

HYn = (y2)t, Hipon = (y'2+42'2)?
HTmz = —n(y2)*(y"242"%), HYyo = F(14-7)(y2)%(y"2+2"2)
Hfuz = H’zkzm =0
(14.1.17)

14.2. Equations of equilibrium )
For convenience we introduce new notations for stress resultants and
loads and write

N1 = N, N2 = N2 = Ny, N2 = N, (14.2.1)
P = Fa,{F;a,+ Pa,. (14.2.2)

Using (14.2.1) the equation of equilibrium (12.1.9) for membrane
theory may be written in the form .

(N3+Nig)ay+(Nig+ Npay+ Nyaj + 2Ny + Npay + P = 0,
(14.2.3)

If we now use (14.1.8) and multiply this equation in turn by i,, i,, and
ag, we obtain the following equations of equilibrium:

Nj+Nyg+2Z Nog+ Py = 0
| N5§+N;+y_,N§-|-P§ =0t (14.2.4)

N+(zi——)Nf+

J
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These three equations for the unknown stress resultants Ny, Ny, N
may be replaced by a single equation for N;. From the first and second
equations in (14.2.4),

vy
and substituting in this equation for Ny and N, from the last two
equations in (14.2.4) gives

o 2y _2\NET (220 Y\ (YL 22 (Y
N§+(zy’ z) 7 (z+y’) eyt )

’ " me "
Né‘—Ng+2z;N,;§—{%—(y—) }N Y Net+Pj—Pp =0, (14.2.5)

. 2z’ . ’
=P - Z R PP (1425)

When N; is determined from this equation, Ny and Ny follow from
(14.2.4). If we put

_ %
N, = Vel (14.2.7)
equation (14.2.6) becomes
" +hE)d" +Hfelb)p = g, (14.2.8)
Where N ” A
1
fl(f) = _‘a(z ?/’ —z—)
y\zy' 2
AT
fa(é) = o 4(3/,) +5,7 73 L (14.2.9)
Pj—P " —F P Py
‘1=(0— — e g)zfl‘

Equation (14.2.8) for ¢ governs the equilibrium state of shells of
revolution as far as membrane theory is concerned. The function ¢
plays the role of a stress function since all stress resultants may be
obtained from ¢. The stress resultant N is found from (14.2.7) and
then, from (14.2.4),

N, = _(’Z_E/T_z_)zL/_p
2y zlyRy
Ny 4 (F_¥\ ¢ _p
Nog sz,+(z oy oy

The equation (14.2.8) is a partial differential equation of the second

order and it i3 of hyperbolie, elliptic, or parabolic type according as

fl(g) <, >,=0.

(14.2.10)
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From (14.1.15) we see that the above types of differential equations
correspond respectively to shells whose Gaussian curvature is negative,
positive, and zero.

If the meridian curve is given in the formy (14.1.4), we have

y = h/L, Yy =y" =0, (14.2.11)
and all the formulae simplify. Thus, from (14.2.9),
zll
fo =5
7 (14.2.12)
z
hie) = =%

and the differential equation (14.2.8) becomes

” ”

' —Z ¢ —Lg=q. (14.2.13)
Y=
Also, the formulae (14.2.10) are now
z”
No = 5377~
yzf’ ) (14.2.14)
’ z/
Npp= ——L—-+-___P
0¢ 2\/2/'—’_22\/?/' ¢
14.3. Displacements
We introduce the displacement vector v in the form (10.6.9) so that
vV = v,a%f-wa,,
but we change the notation and write
vl == u, 712 = 7.

Using (14.1.15) and (14.1.16), or, alternatively, (14.1.6), (14.1.7), and
(14.1.12), we find from (12.1.15) that

o 2
o = u —I%v—bj;w

oy = B/ 4o —2Thu) b (14.3.1)
gy = V' — I 0—bpw
Also, observing that n = NoB/ ja,

+ We can also have the equation of the meridian curve in the form y = y(z) and
this representation was dealt with in § 12.2. We found there that we can reduce the
problem in this case to a second order partial differential equation for a stress function.
The stress functions of § 12.2 and the present chapter are related. See E. Reissner,
J. Math. Phys. 26 (1948), 290.
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we see that, with the help of (14.1.17), equations (12.1.13) become

\
= m«—/%i/%ﬁ){(w)q%—n(y'%z'zﬂ‘@}

1 2422
( +n)y;«/<(Ly ) Nye L.

Ky ==

(14.3.2)

7) 9
gy == \/_(Z,)‘_z_z—){(y,z'f‘zlz)lvg n(yz 21\70}

J

When the values of N, Nj, Ny have been found from the previous
section, the values of «), are known from (14.3.2) and the displacements
may then be calculated from (14.3.1). We may eliminate u and w from
these equations and obtain a single differential equation for ». From
the first and third equations in (14.3.1) we have

0‘11—1110‘22 =u —bu — I121—121132
b22 b22
and substituting %" from this into the second equation of (14.3.1) gives

R o R e G R AT
22 22

l2b22
b ’
+[(r§1_b_rgz)] — 4, (143.3)

. b ! by

22

When v is found from (14.3.3),  and w can be obtained from (14.3.1).
The equation is simplified considerably if we restrict our attention to
the form (14.1.4) for the meridian curves. In this case

Th— 28Ty = o,
b22
and using (14.1.14) and (14.1.16), equation (14.3.3) becomes
’ I n L 4
vv_(z__|_§7)v'_z_ = _A_:_, (14.3.5)
z oz z oy Y%
zzlll

. , %2, 2 2’
where 4= 20‘12—0‘11—% 0‘22+—z*°‘11+72{;”+(z—”)‘§}0‘22- (14.3.6)

14.4. Special solutions

We restrict our attention to a complete shell of revolution so that
y = 2m and 6 ranges from 0 to 1, and we consider a group of problems
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for which it is possible to assume the following Fourier expansions:

0 N
By = 3 F,sin2nn0
n=1

P = nZonn cos 2nmf L, (14.4.1)
P = E P, cos 2nmt
n=0 J
@ ]
Ny = > Ny, cos2nnl
n=0
Ny= 3 Ncos2umf |, (14.4.2)
n=0
Nyp = i Negy,sin 2070
n=1 J
U= i U, sin 21@770W
n=1
v = i v, cos 2nml }», (14.4.3)
n=0
w = i w,, cos 2nml
n=0 J
¢ = i ¢, cos 2nml
n=0 , (14.4.4)

q= 2 q,cos2nnf
n=0

where Fp,,..., ¢, depend only on £. In practice cosine series for F, P,
Ny, N, v, w, ¢, ¢ and sine series for F, N&,, u are usually sufficient, but
these series may be interchanged if required. In order to satisfy the
differential equation (14.2.8) we multiply this equation by cos2nnf
and integrate with respect to 6 from 0 to 1. Then, assuming that ¢°, P,
F, are single-valued and continuous for every value of 6, we have

1 1
f ¢ cos 2nml df = [¢" cos 2nmb]; — (2nm)? f ¢ cos 2nmf df
0 0

1
= —(2nm)? [g{:cos 2nwf db,
0

1 1
f Py cos 2nnld df = 2nm f Fysin 2nmf dé,
0 0

1 1
f P’ cos2nmf df = — (2nm)? J. P cos 2nm0 db.
0 0
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Hence ¢;+Fn(§)¢n =q, (n=012..), (14.4.5)
o m 3 [y"\2 '
where F ) =""Lory 2y gy, 4(33’/_,) , (14.4.8)
= {(2nw)2Pn+2nn-Pgn—-P;n—g:—an}z\/y'. (14.4.7)
When n = 0,

z¢o ¢ {é” z y zyfll 3z(yll)2} _
Wy WO 20y T 4yt

which may be written

E y)*)¢°} = R

v $o _ (7 ) _G
or T ;_E it =3 (14.4.8)

—(22Pgy+222'F,),

where (| is a constant. If we substitute from (14.4.1) and (14.4.4) into
the second equation of (14.2.10), we have

.- Cl Ew Z’an
N0§ = ‘—"Z-E'—'— £ %COS 2'”/776, (14.4.9)
1‘05 ‘?Sn y" é
n ] B 4.4,
Where 2nr 2y ' \z 2y')zVy Few (14.4.10)

and we have used (14.4.8). Hence
0 ® .
Nog = — 7"‘02(‘5)‘*“ ZlNagn sin 2nnb,

where C, is a function of ¢£. The constant C; must be zero, however, as
N is single-valued for a complete surface of revolution. Also, C, = 0
as we are only considering an expansion of Ny as a Fourier sine series,
so that ®

Nye =nZ1No§" sin 2nm0, (14.4.11)

where Ny, is given by (14.4.10).
From (14.2.7), (14.2.10), (14.4.1), (14.4.2), and (14.4.4) we see that

Ny = o
) z“/y(ﬁ (14.4.12)
_ (¥ 2y n :
Bon = (z )(211)%\/1 —F

5237 Ff
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If we choose the equation of the meridian curve in the simple form
(14.1.4), equation (14.4.5) reduces to

A )& M = 4 (14.4.13)
Also, equations (14.4.10) and (14.4.12) become
M=t ]
Ny, = (2_:;;52_’1/17_& L (14.4.14)
w= =)

When we restrict our attention to meridian curves of the form (14.1.4),
the equation (14.3.5) yields, by a process similar to that used in deriving
(14.4.5),

’ " 2,7 4
" z 2 ' nez 2z An
Vp—|—=+—= v v, = ——- 14.4.15

n (z + zu) n+ 2 n (277)22’ ( )
if we assume that v° is single-valued and continuous, where 4, are
coefficients in the Fourier expansion

0
A =3 4,cos2nnb, (14.4.16)
=0
if it exists. "

Remembering that C; = 0, the equation (14.4.8) reduces to

(?fg) - ﬂ)_ﬁzi;g = =Ly,

2 2

when the meridian curve is (14.1.4), and this equétion may be inte-

grated to give o = {0_ fpfo y' df}z, (14.4.17)

where C is a constant which must be determined by boundary condi-
tions along the edges of the shell. Equation (14.4.17) gives the solution
of the membrane problem when the loads are rotationally symmetrical.

The solution of the differential equation (14.4.13) is particularly
simple when n = 1 since the equation reduces to

"= q,. (14.4.18)

Solutions of (14.4.13) for other values of » have been considered by

Truesdell.t
t loc. cit., p. 425.
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14.5. Edge effect

As explained in Chapter XII, the membrane theory can be used as
an approximate particular integral of the bending theory, so that we
need only consider the homogeneous problem in order to complete the
solution and satisfy all the edge conditions. We have therefore to
examine the case when the shell is free from surface loads and is acted
on only by forces along its edges. The results which are obtained for
complete shells of revolution indicate that there is usually a state of
stress existing near each edge of the shell such that the stress resultants
and stress couples decrease to very small values at short distances from
the edges. We call this special state the edge effect.

Suppose an edge of a complete shell of revolution is given by the
parametric curve 8, = £ = constant. The edge effect is characterized
by the fact that the order of magnitude of all functions is increased
by differentiations with respect to 6,, but the order of magnitude is
unchanged by differentiations with respect to 8, = 6. We therefore
neglect in our equations all terms except those containing the highest
derivatives with respect to 0,.

When the load terms are zero the approximate equations of equi-
librium (10.8.2) and (10.8.6) may be put in the form

noB|, = 0, (14.5.1)
n*fbg+m>f| 5 = 0. (14.5.2)

If we neglect all terms except those containing the flighest derivatives
with respect to 6,, we find that equations (14.5.1) can be satisfied by

nof = exrebry|, . (14.5.3)
Also, from (10.6.18), with the same approximation,
*PePN oo ag+Dap wlrg) = 0. (14.5.4)
From (10.6.24) and (10.6.33) we have
m = — BH | ), (14.5.5)
1

If we now eliminate «,g and n*? from (14.5.3), (14.5.4), and (14.5.6),
and retain only the highest derivatives of ¢ and w with respect to 6,,
we have, approximately,

o4 AELb,; o*w
22)2 1 —
@) oty o = O (14.5.7)
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Similarly, from (14.5.2), (14.5.3), and (14.5.5) we obtain the approxi-

mate equation
1 Fw_ bud_ (14.5.8)

Parts of the solutions of equations (14.5.7) and (14.5.8) are of the

forms b= GO +nB),  w=EHB) L), (145.9)

where f,(0,), fa(6,), 91(6,), 92(6,) are arbitrary functions of 6;, but these
solutions may be rejected since they do not satisfy the imposed condi-
tions about orders of magnitude of derivatives. If we assume that
a?, b,,, and @ are unaltered in order of magnitude when they are differ-
entiated with respect to £, we may write (14.5.7) and (14.5.8) in the

forms
o2 (a®2)? 32¢ AELb
o8 6§2 a
0* (a2)2 22w by —0
Prz a§2 aB ’
and since we have rejected the solutions (14.5.9) these reduce to

%y AHLDb
Y A,

——u w} 0,

(14.5.10)
(azz)z 3_3’9__ bll ‘)b

o2 aB
These equations may be replaced by one second-order differential
equation for a function of the form y+iew, where € is a function of .
For our purpose, however, we eliminate w and obtain

=0

‘!’+4k49/, =0, | (14.5.11)
where _ B aby)t (14.5.12)
ayy At

The general solution of (14.5.11), if k£ is a constant, is
i = e~*§(C, cos k¢+-Cysin k) -eké(Cy cos kE+C, sin kE),
(14.5.13)

where O}, C,, C;, C, are functions of ;. The value of w may now be
found from (14.5.10). We observe that our functions are increased in
magnitude by a factor of order £ when they are differentiated with
respect to £, and k is large of order 1/vA provided /(aby)/a;, is not
small. This condition is satisfied except for shallow shells which must
therefore be dealt with by a special theory, as is done in Chapter XI.
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Since we retained only the highest derivatives of functions with
respect to ¢ in considering the edge effect, it can be seen from (14.5.3)
and (14.5.6) that n'%, n*2, u, v are negligible in our approximation, whilst
n1l is the only surviving stress resultant. Moreover, the stress resultant
n1! does not enter into boundary conditions on the edge ¢ = constant.
The arbitrary functions C;, C,, Gy, C, will be determined by boundary
conditions imposed on w and ow/d¢, or on shearing forces and stress
couples, on the edges £ = constant. The satisfaction of these boundary
conditions does not, to our order of approximation, affect boundary
conditions already satisfied in the membrane theory.
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acceleration, 63, 67, 117.

adiabatic, 72, 156.

aeolotropic bodies, 157, 184, 204, 223, 248,
324 ; see also hexagonal aeolotropy and
orthotropic bodies.

Airy’s stress function, 186, 222.

anisotropic, see aeolotropic.

arc: discontinuities on, 47; Hilbert prob-
lem for, 48 ; smooth, 40; standard, 41.

area, element of, 20, 34.

associated tensors, 22, 38.

base vectors, 18, 56 ; derivative of, 25, 37;
of shell, 377 ; of strained body, 58, 114;
of surface, 33.

bending theory of plates, see plate theory.

— — of shells, see shells.

body forces, 63, 66, 117.

boundary conditions, 68, 117, 154, 195;
for bending of plates, 233, 240, 243, 253 ;
for shells see edge conditions. .

boundary-value problem, 164; see also
half-plane ; hole.

canonical form of symmetric tensors, 23.

cap, spherical, 402.

cavity, spherical, 106.

Christoffel symbols, 26, 36.

circular cylinder: extension and torsion of,
92, 113 ; rotation of, 101 ; torsion of, 84.

— cylindrical tube, see tube,

— disk, 280, 292.

— hole in aeolotropic body, 348, 350, 352,
353, 355, 359 ; first boundary-value prob-
lem for, 350, 356; second boundary-
value problem for, 360.

— — in isotropic body, 280, 286, 287, 320;
first boundary-value problem for, 281;
mixed boundary-value problem for, 290 ;
second boundary-value problem for, 288.

— holes, overlapped, 311.

classical theory, 149.

Codazzi equations, 37.

compatibility, equations of, 61, 152.

complex displacements, 192; potential,
194, 200, 210, 231, 234; stress couples
and shear stresses, 231 ; stress tensor, 193,
194 ; variable 184, 192. .

components of space vector, 13, 21; of
tensor, 4.

conformal transformation, 197.

contour, 40 ; discontinuities on, 46.

contraction of tensors, 6.

contravariant tensor, see tensor.

coordinate curves, 9, 32; angle between,
34. .

— surfaces, 9.

coordinates: complex, 192; curvilinear, 8,
32, 55, 149, 375 ; surface, 32 ; transforma-
tion of, 3.

covariant difforentiation, 25, 28 ; of scalar,
27 ; of e-system 28 ; of metric tensor, 28;
of strained body, 59 ; of tensors, 27, 38;
of vectors, 27, 38.

— tensors, see tensors.

crack, in three dimensions, 177, 183; in
two dimensions, 276, 278, 316, 346.

cuboid, finito flexure of, 108.

curl, 31.

curvature: mean, 36; Gaussian, 36.

curve: smooth, 40 ; sectionally smooth, 40.

cylinder, see circular cylinder.

cylindrical shell, 412.

deformation, see displacement.

derivative, see differentiation.

differentials, 3, 5, 9, 54, 55.

differentiation: of base vectors, 25, 37;
covariant, see covariant differentiation ;
partial, 3; of scalars, 27 ; of vectors, 18,
27, 38.

dilatation, 152, 165.

displacement: finite, 58, 80, 114; inex-
tensional, 409 ; infinitesimal, 149, 151;
physical components of, 57; voctor,
58, 114, 149 ; virtual, 69; weighted, 225.

divergence, 31.

edge conditions for shells, 392.

— effect for shells of revolution, 435.
elastic body, 71; cocfficients, 155, 157;
potential, 68, 72, 115, 156, 241, 389.

elliptical hole, 297, 304, 308, 364, 366.

energy: kinetic, 73 ; potential, 73; princi-
ples, 72.

equations of compatibility, 61, 152; of
equilibrium, 67, 154, 186, 219, 224, 381,
391, 415, 417, 428, 435; of motion, 66,
117, 154.

e-system, 11, 28, 34, 39.

experiments, 74 ; on rubber, 113.

extension of line element, 58, 151; finite,
see finite oxtension.

finite deformation, 53 ; small deformations
superposed on, 114; solution of special
problems, 80.
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finite expansion of spherical shell, 104,

— extension of cylinder, see circular cylin-
der; generalized plane stress superposed
on, 145; small bending superposed on,
138; small deformation superposed on,
117; small twist of cylinder superposed
on, 93, 113, 123; of tubes, see tubes.

— flexure of cuboid, 108.

— inflation of cylindrical tube, see tube;
of sphere, see finito expansion.

— shear, 81; of cylindrical tube, see tube.

— torsion of cylinder, see circular cylinder;
of cylindrical tube, see tube.

force: body or volume, 62; external, 63;
shearing, 217, 380 ; surface, 63.

functions: biharmonic, 30; of classes H
and H*, 47; harmonic (potential), 30;
sectionally continuous, 41; sectionally
holomorphic, 42, 46, 47; solutions in
terms of potential, 128, 132, 167, 171,
180.

Fourier integrals, 50.

fundamental forms of surface, 34, 36, 37.

foundation, pressure of, 271,

Gaussian curvature, 36, 37.

geometry of a surface, 31.

gradient, 31.

Green’s theorem, 31, 39.

Griffith’s theory of rupture, 178, 276, 280.

half-plane, aeolotropic, 213, 332, 334;
first boundary-value problem for, 335,
339; second boundary-value problem
for, 341 ; see also punch and indentation
problems.

— isotropic, 203, 238, 259, 261, 265; first
boundary-value problem for, 262;
mixed boundary-value problem for,
270; second boundary-value problem
for, 268 ; see also punch and indentation
problems.

Hamilton’s principle, 73.

hexaganal aeolotropy, 130, 159, 180.

Hilbert problem, 48.

Holder condition, 40,

hole, see circular, elliptical, polygonal,
square, triangular.

homogeneous body, 74, 156.

hyperbolic notch, 370.

incompressible body, 60, 61, 75, 80, 116,
120, 128, 132, 138.

indentation problems, 135, 172, 183, 271,
343; circular block, 275; flat ended
cylinder 176; rectangular block, 274;
rigid sphere, 137.

441

indices, 1; lowering or raising of, 21, 22,
28, 38.

infinitesimal theory, 149.

invariant, 4.

isolated force, 257, 258, 260, 265, 286, 287,
305, 328, 330, 338, 355; couple, 257,
265, 286.

isothermal, 72, 156.

isotropic body, 74, 115, 149, 157, 160, 190,
200, 221, 224, 254.

kinetic energy, 73.
Kronecker deltas, 1, 9.

Lagrangian function, 73.

line element, 18, 34, 54 ; angle between, 58,
151 ; extension of, 58, 151; in strained
body, 55. -

loads, 218, 381.

magnesium, 182.

membrane theory of shells, 407; cylin-
drical shells, 417; in general curvilinear
coordinates, 407; in plano coordinates,
409 ; shells of revolution, 428.

metric tensor, see tonsor.

Moonecy material, see rubber material.

mound, circular arc, 317.

Neo-Hookean solid, 76.
notch, circular arc, 317; hyperbolic, 370.

orthotropic bodies, 1§59, 207, 213, 327, 329,
332, 338, 340, 342, 352, 353, 355, 358,
359, 363, 367, 371, 373.

physical components of displacement, 57;
of loads, 219, 381 ; of stress, 66, 153; of
stress resultants and couples, 217, 380.

plane problems, for aeolotropic bodies,
324 ; for isotropic bodies, 254.

— strain, 184, 186, 190, 2564, 324.

— stress, genecralized, 184, 222, 223, 254,
324.

plate theory, 215; bending, 224, 239, 248,
254, 320; stretching, see generalized
plane stress.

Plemelj formulae, 44, 46.

polygonal hole, 296, 298, 302.

principal strains, 57 ; stresses, 67.

punch problems, see indentation problems.

Reissner’s theory of plates, 224, 254, 320.

Riemann-Christoffel tensor, 29, 36, 56, 62.

rigid body, 54, 57, 150.

rod, cylindrical, 92.

rubber: experiments on, 113; Mooney
material, 76, 97, 103, 107, 135, 138.
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scalar, 4, 27; product, 15, 21; triple pro-
duct, 16, 20.

semi-infinite body, see half-plane.

shallow shells, 395.

shearing force, 217, 380.

shells: approximate equations of equili-
brium, 391; circular cylindrical 422;
cylindrical, 412 ; general bending theory
of, 375; general membrane theory of,
407; of revolution, 425; shallow, 395;
spherical, 108, 402.

slit, see crack.

square hole with rounded corners, 297,
304.

strain: invariants, 60, 75, 115; principal,
57 ; tensor, 57, 149.

— energy, see elastic potential.

stress: resultants and couples, 215, 377;
tensor, 62, 65, 153 ; vector, 63, 65, 153.

— function, 186, 222.

stress-strain relations, 74, 155, 384,

summation convention, 1.

superposition, 164.

tensors, 4; addition, multiplication, and

contraction, 6; associated, 22, 38;
canonical form of symmetric, 23 ; covari-
ant derivative of, ‘25, 27, 38, 39 ; metric,
10, 18, 28, 33, 55, 115, 377; operations
on, 7; principal axes of symmetric, 25;
relative or weighted, 10, 68 ; skew-sym-
metric, 7; special, 9; strain, 57, 149;
stress, 62, 65, 1563 ; surface, 32, 38 ; sym-
metric, 7.

transformation: conformal, 197 ; of coordi-
nates, 3, 32.

triangular hole with rounded corners, 297,
304.

tube: under finite extension, 88, 95 ; under
finite inflation, 88, 95; under finite
shear, 95, 100 ; under finite torsion, 88;
turned inside out, 89, 94.

uniqueness of solution, 164, 254.
variation, 69.
variational principles, 72.

vectors, 12.

zine, 182.
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