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PreFa ce

Together with a companion volume, Basic Theories of Physics:
Mechanics and Electrodynamics, which appeared in 1949, this book is
intended to introduce graduate students of physics to the funda-
mental ideas on which they can build up the detailed technical
knowledge required of the modern practicing physicist. Aeccord-
ingly, the same attitude toward the meaning of theoretical physics
and its teaching has governed the writing of both books.

The earlier book was devoted to the description of the classical
macroscopic theories. The present book deals with the invasion of
theoretical physics by the atom: Part I is devoted to the classical
theory of heat, from a consistently statistical point of view; Part II
introduces the student to quantum mechanics. Personally, I
believe that an explanation of quantum mechanics along roughly
historical lines is still very much in order. Actually, all predictions
in present quantum mechanics concerning observable facts and
measurements are still made in terms of classical concepts, and as
long as the theory has not developed beyond this point, we all must
understand fully to what extent the classical theories have broken
down and had to be replaced by quantum physical approaches. To
start, for example, with the Bohr atom or with the facts of elec-
tronic diffraction would save a great deal of time, but would require
a rather axiomatic and, from the point of view of the physicist,
dogmatic approach. We must consciously develop in the student
the desire to question, the demand to be shown. And I believe that
a discussion of the rough historical lines along which quantum
mechanics developed will bring out step by step the necessity for
abandoning classical theories. That is why I have given the theory
of heat so much space.

Of all the classical theories of physics, the theory of heat is
undoubtedly the most difficult and, perhaps because of itsintellectual
challenge, to many of us the most fascinating. Unfortunately, a
really adequate treatment is apt to be one that requires a year’s
hard work. I have, therefore, concentrated on laying the founda-
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vi PREFACE

tion of statistical mechanics, and I have derived thermodynamics
(which historically is older than atomistic theories of heat) as the
collection of laws governing canonical ensembles. This approach
justifies itself because it provides the needed logical link with the
foundations of Newtonian mechanics, and, further, because quantum
theory derives its birth from the classical law of equipartition and
not, for instance, from the Third Law of thermodynamics. Even
though I have omitted many of the ramifications, such as the applica-
tion of thermodynamics to chemical reactions and phase transitions,
the determination of entropy from statistical models, and other
applications that remain of the greatest value in physics and in the
neighboring sciences, there remains substantially a semester’s work
to be done in heat before the student can approach the introductory
part of his study of quantum mechanics.

Because many teachers and students will not accept this delay, I
have interpolated at the beginning of Part II a brief summary of
just those concepts required for an appreciation of the equipartition
law and its bearing on specific heats.

The treatment of quantum theories includes both the older theo-
ries of Planck, Bohr, Sommerfeld, and de Broglie, and the presently
accepted theories of wave mechanics and abstract operators. At
this time, quantum mechanics has grown into such a vast network of
procedures and physical theories that it is quite impossible to teach
all that is valuable in less than three terms, and a thorough coverage
probably requires four terms. I have restricted myself to a discus-
sion of the most basic theories and concepts that can be managed in
one term. Essentially, what I have tried to do is to provide the
logical and psychological link between classical and rigorously
quantum-mechanical theories, up to the point where the student
is able to study quantum mechanics in its own right in a special
course devoted exclusively to that subject.

In order to remain within that framework, I have had to forego
my desire to treat many admittedly fundamental notions of quan-
tum mechanics. Among the topics treated are wave mechanics and
the solution of the basic problems (inverse square law and harmonic
oscillator), perturbation methods, degenerate problems, and semi-
classical radiation theory; and transition to the abstract formulation
of the theory in terms of operators acting on state vectors in a
Hilbert space. But I have found it inadvisable to include quantum
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statistics (Fermi and Bose statistics), relativistic electron theory and
spin, and quantization of fields. It is, of course, possible to present
one or the other of these topics concisely at the end of an introduc-
tory course if time is left, but I do not believe that students who have
just been introduced to a completely new set of concepts, to a new
manner of thinking about physical situations, would benefit from
such a presentation. The assimilation of these new theories requires
familiarity with, not merely knowledge of, the foundations of
quantum mechanics. It appears to me that this familiarity in the
great majority of students requires a lapse of some months between
their first introduction to quantum mechanics and the presentation
of the theories applying to identical particles, or Dirac’s theory of
the spinning electron.

Again, I have placed little emphasis on drill in mathematical
techniques throughout the book, but have devoted my principal
effort to a clear presentation of the fundamentals. All the examples
treated are cither intrinsically of great physical importance or, I
hope, particularly suitable for illustrating a difficult point of the
general theory. In general, the majority of students taking an
introductory course in theoretical physics will specialize in some
experimental branch of physics. For them it is not of prime impor-
tance to be able to carry out theoretical computations, but it is
important for them to be able to follow the train of ideas in theoreti-
cal papers bearing on their own problems.

No doubt, physics and physical theories will continue to grow
and to change in our lifetime. I hope that this book will help to
prepare its readers not only to accept but also to contribute actively
to these new departures.

Again I have to thank my colleagues as well as my students at
Syracuse University and at Polytechnic Institute of Brooklyn,
whose stimulating criticisms have contributed to the organization
and presentation of my material. Professor Melber Phillips of
Brooklyn College read the whole manuscript and made a number of
welcome suggestions. The Editorial Department of Prentice-Hall
has managed to put the manuscript through the various stages of
editing and printing under difficult circumstances with the same
care and attention to detail that I have come to take for granted in

past years. P. G. B.
Syracuse University
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Chapter 1

The Kinetic Hypothesis

1.1. Introduction

In ever-increasing measure, modern physics is concerned with
the behavior of the ultimate constituents of our physical universe,
the elementary particles, and with the laws governing their behavior.
Today we believe that the most powerful approach to the physies of
aggregates—solids, liquids, gases—is through a study of the mole-
cules, the atoms, and finally the electrons and nuclear particles of
which these aggregates are composed. In the perfect experiment,
our physical system should be composed of a very few of these
particles interacting with each other. Once we understand such a
system of a few particles, we may extrapolate their behavior and
approach the much more complex system called ‘one mol of hydro-
gen” or even ‘‘one chicken egg.”

Unfortunately, it is very difficult to observe actions of individual
elementary particles, and only since 1900 have the experimental
techniques required for such work been devised. Earlier, most
physical experiments had involved aggregates of very many particles,
none of which was either controlled or observed individually.
Under these circumstances, the behavior and, in particular, the
velocity of any individual particle would differ widely from the
average behavior of the aggregate. If even large aggregates of
elementary particles obviously obey certain laws of nature, the
observed laws must refer to effects that remain after the contradic-
tory behavior of the individual constituent particles has been can-
celed out mathematically by the application of statistical methods.

The systematic development of the methods that can be used to
connect the laws of the aggregates (the macroscopic laws) with
those of the individual particles (the microscopic laws) has passed
through several stages. Because of the laws of the conservation of
linear momentum and angular momentum, it is possible to make

3



4 THE KINETIC HYPOTHESIS [§1.1

assertions concerning the total linear and angular momentum with-
out much information about the internal forces active within the
aggregate. The exploitation of these conservation laws leads to the
development of elastomechanics and fluid dynamies.! The law of
conservation of mechanical energy, on the other hand, can be applied
only in exceptionally favorable cases. It is true, of course, that the
sum of the total kinetic and potential energy of all the constituent
particles is conserved. But although the potential energy belonging
to certain configurations (such as a compressed or a strained state)
can often be ascertained by appropriate experiments, the total
kinetic energy of all the particles does not equal one-half the total
mass of the aggregate, multiplied by the square of the average veloc-
ity, but can readily be shown to be greater than this amount, because
of the random motion of the particles. Indeed, this random motion
may also make some contribution to the average potential energy.

This excess energy residing in the random behavior of the ele-
mentary particles is known as heat. Heat energy in turn is subject
to certain very general statistical laws, the development of which
is known as thermodynamics. Naturally, if we can tell for any given
process how much of the gross mechanical energy is going to be con-
verted into heat energy, or vice versa, then again we can formulate
differential equations governing the future behavior of a body
(aggregate of particles), adding to the mechanical equations certain
supplementary terms that represent the transformation of energy.
As an elementary example, if two ivory balls collide head-on and if
we know their velocities immediately preceding the collision, then
we can predict their motions following the collision, on the assump-
tion that their collision is perfectly elastic (none of the gross kinetic
energy is converted into heat), or else on the assumption that a
specified percentage of the mechanical energy is converted into
heat; the square root of the percentage of gross kinetic energy pre-
served in the collision is known as the coefficient of restitution.

The laws of thermodynamics represent universal rules concerning
the conversion of gross mechanical or electromagnetic energy into
random or heat energy. To be applied in any instance, they must

1 A brief presentation of this approach has been given in the author’s text
Basic Theories of Physics: Mechanics and Electrodynamics (Prentice-Hall, 1949),
in Chapter 3, ‘‘Matter in Bulk.” References to this work will be given in the
form exemplified by “ M&E—Ch.3.”
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be supplemented by information concerning the particular gross
properties of the substances involved, their equations of state. The
equation of state, in the simplest case of a fluid, relates the tem-
perature (or internal energy, if we choose) to the volume and pres-
sure of the substance. This equation of state can be determined
empirically, and in thermodynamics as such, experiment is the only
method of obtaining it. But if every substance, every macroscopic
body, is composed of elementary particles, then the equation of state
must be merely one result of the complex internal-force laws between
the elementary particles. Actually, knowledge of the internal-force
laws should enable us to predict not only the average behavior of the
aggregate but also the deviations or fluctuations about that average.
To explore the relationship between the microscopic events and the
laws governing them and the macroscopic averages accessible to our
unrefined observation is the task of statistical mechanics.

Statistical mechanics enables us to explain the basic laws of
thermodynamics, which within thermodynamics itself play the role
of empirically determined principles, accepted as postulates in the
logical structure of the theory. Besides, statistical mechanics
permits us to predict the equation of state of a substance if we
assume (or obtain from other sources) the force law between the
constituent particles. Finally, statistical mechanics has given rise
to a theory of the random fluctuations of density, pressure, and other
gross quantities, which are always observed in any substance if the
measuring devices permit the determination of these quantities in a
sufficiently small region and if their response is sufficiently rapid that
they do not merely register a time average extended over a long
period.

In the later portions of this book, we shall find that the consistent
application of the tools of statistical mechanics reveals certain short-
comings in the classical laws of nature. These shortcomings have
become the point of departure for modern theoretical physics, which
is characterized by the treatment of atomic and subatomic processes
with the help of a new conceptual approach, quantum physics.

We shall find it necessary to develop statistical mechanics in
great generality and with the help of mathematical methods origi-
nated by Hamilton.! In this chapter, we shall illustrate the poten-

! M&E—Ch.2.
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tialities of the statistical approach with the help of an example
we can carry through with relatively simple mathematical tech-
niques. Such an example is afforded by gases.

1.2. Random motion in a perfect monatomic gas

According to the kinetic hypothesis, the individual molecules of
which matter is composed are continually engaged in motion regard-
less of whether the piece of matter as a whole is moving or at rest.
These individual motions take place in all directions and at various
speeds, so that as far as gross motion is concerned the individual
motions and the linear momenta they represent tend to cancel.
Apart from gross motion, however, the individual motion of the
molecules has a number of important and observable effects. The
motion of the molecules represents kinetic energy, which con-
tributes to the internal energy of the material. By bombarding the
confining walls of a vessel, the moving molecules are responsible for
most of what we observe macroscopically as the pressure of a gas;
if two bodies are permitted to have contact with each other, so that
the molecules at the interface are able to exchange energy through
collisions, there will be a net flux of energy, conduction of heat, from
one body to the other until the energy of molecular motion is shared
by them in a particular proportion (we then say that they are at the
same temperature). In this section we shall derive an expression
for the relationship between internal energy and pressure for a
so-called monatomic perfect gas.

A monatomic perfect gas is an idealized substance in which there
are no forces between individual molecules unless they approach
cach other to within a very short distance, which we shall set equal
to zero. If two molecules ‘““collide” (approach each other close
enough to exert forces on each other), then their collision shall be
elastic; that is, both the lincar momentum and the energy shall be
conserved. This last requirement would be trivial, since in
mechanical processes energy is always conserved, except that in
actual physical processes mechanical energy often is converted into
other forms of energy, such as electromagnetic radiation. We shall
disregard such possibilities, and we shall also exclude the conversion
of energy into internal energy of the molecules. These assump-
tions are satisfied in good approximation by noble gases at ordinary
laboratory temperatures.
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Let us consider a quantity of gas in which we observe no gross
motion, or no macroscopic flow. We may assume, under these
circumstances, that the molecular motion is both homogeneous and
isotropic. By homogeneity we mean that the percentage distribution
of velocities among the molecules of the gas is the same in every
macroscopic space domain within the gas. By <solropy we mean
that in any given portion of the vessel containing the gas, equal
numbers of molecules within any given interval of speed travel in
every direction. Finally, we shall assume, as a matter of course,
that the density of the gas is also constant throughout the vessel.
We shall designate the average number of molecules per unit volume
by n.

Let us call the average number of molecules with speeds less than
v per unit volume n(v). Naturally, the function n(v) increases
monotonically with its argument, and we have

n(0) = 0, n(w) = n. 1)

Because of our assumption of isotropy, we can immediately assert
how many of these velocities will fall within a given infinitesimal
solid angle dQ2. The number of molecules whose velocities lie within
this solid angle and are less than v must be

dn() = n(s) 4% @

By differentiating, we can go a step further and determine how many
molecular velocities per unit volume lie within a specified infini-
tesimal solid angle dQ? and within a specified infinitesimal speed
bracket dv. This number is given by the self-explanatory expression

dn) = 1= n'() db d, @)

where n'/(v) stands for the derivative dn(v)/dv.

Let us designate the mass of an individual gas molecule by m.
The kinetic energy of a single molecule is then given by the expres-
sion § m v2. We shall designate the total kinetic energy of all mole-
cules contained in one unit volume by U. U is then given by the
expression

U=jm [~ n'@) o dv. (4)
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We obtain this expression by multiplying the kinetic energy of one
molecule in a given infinitesimal speed bracket by the number of
molecules per unit volume in that speed bracket and by integrating
the result over the domain of all possible speeds.

Expression (4) represents the kinetic energy residing in the
random motion of the individual molecules. In a perfect monatomic
gas this kinetic energy is the total internal energy. In polyatomic
gases additional kinetic energy may be contributed by the rotations
of the molecules; at higher temperatures, appreciable amounts of
internal energy are contained in elastic vibrations and partial or
complete dissociation; and at even higher temperatures, all gases
exhibit electronic excitation and ionization. In addition, in all real
gases the molecules exert forces on each other at finite distances,
with the result that the total internal energy contains a term con-
tributed by the mutual potential energy. But in this section we
shall disregard all these possible deviations from perfect-gas behavior
and accept expression (4) as the expression for the density of the
internal energy.

The pressure of a gas is the force exerted on a unit area of wall.
Ideally, we can measure the pressure by cutting a small but finite
segment within a plane portion of wall loose from its adjoining por-
tions and by keeping it in place by means of a compressed spring
or other source of measurable force. The pressure is then defined as
the force required to keep the wall segment in place, divided by its
area. The force experienced by the wall segment is, of course,
caused by the molecules of the gas. On striking the wall, a gas
molecule is acted on by nearby molecules or atoms of the wall
material; and if the molecule does not manage to diffuse into the
wall, eventually it will be reflected from it. Because of Newton’s
third law, the law of equal action and reaction, the change in the
linear momentum of the molecule must correspond to an equal but
opposite change of momentum of the wall, unless, of course, other
forces acting on the wall cancel or modify the effect of the impinging
gas molecules. In our hypothetical device, the force exerted by the
gas molecules on the wall segment is just offset by the force of the
compressed spring.

In Fig. 1, we see a single molecule possessing the velocity v, strike
the wall and be reflected from it with a velocity vs. The total
impulse (change of linear momentum) imparted to the molecule is
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m(vy — V1), and therefore the impulse imparted to the wall segment
is

P = M(V]_ - Vz). (5

~

It is by no means to be expected that each molecule will be
reflected from the wall elastically and in accordance with the
so-called law of reflection (of optics), so that the angle of incidence
equals the angle of reflection. Fortunately, we can obtain an
expression for the average amount of
impulse imparted to our wall segment
by all the molecules striking it. For
a perfect gas, the velocity distribution
in close proximity to the wall must be
exactly the same as in the interior of ]
the gas, both for molecules approach-
ing the wall and for molecules travel-
ing away from it. (For a gas with %
forces between the molecules, this
statement requires modification.) To
justify this assertion, we shall consider
a finite-volume element V in close
proximity to the wall segment but not
adjacent to it. Let the distance be-
tween the wall and the near side of /
V, 8, be sufficiently great that no mole-
cule inside V is subject to forces by Fig- 1. Reflection of a mole-

cule by a wall.

wall molecules. Then the molecules

inside V are subject to exactly the same forces as those in some other
volume deep inside the gas-filled space; there are no forces at all
except in very close encounters with other gas molecules. If the
velocity distribution and density of the gas molecules in ¥ should
differ appreciably from that in the deep interior, then collisions inside
V would gradually bring about systematic changes in the velocity
distribution. This follows because we have assumed originally that
the distribution (3) is the equilibrium distribution, that distribution
which tends to reproduce itself in random collisions. Any other
velocity distribution will be altered by a sufficient number of ran-
domly occurring collisions, in the direction that it will tend to ap-
proach more and more the equilibrium distribution (3).

AN

A\



10 THE KINETIC HYPOTHESIS [§1.2

Once we realize that the distribution (3) is the same that will be
encountered in close proximity to the wall, we can determine the
force that will be exerted on the wall segment by finding out how
many molecules per unit time will approach the wall segment and at
which velocities, and how many molecules per unit time will recede
from the wall segment and at which velocities. Moreover, the plane
of the wall segment itself or a plane parallel to it will give us the same
result as any other plane surface in the interior of the gas. For
reasons of symmetry, all velocity (or momentum) components lying
in the plane of the wall segment (or in the plane of an arbitrary sur-
face in the interior) will cancel; that is, equal numbers will enter our
gone of interest with equal speed from all directions. But the
velocity components at right angles to the chosen plane surface will
add, not cancel.

The calculation we require now has been carried out in part in
M&E—Ch.3, pages 72-73. Briefly, the number of molecules in a

particular velocity bracket dQ dv, which equals %r n'(v) dQ dv, must

be multiplied by the velocity component at right angles to the chosen
surface, v - n (where n is the unit vector perpendicular to the chosen
surface), in order to obtain the number of molecules of this particular
velocity bracket that will strike a unit area of the surface per unit
time. The impulse imparted by these molecules equals

dp = %r (v n) mvn'() do dQ. ©6)

This expression must now be integrated over all solid angles and
over all values of v from 0 to . But since we know that all com-
ponents not parallel to n will cancel, we can simplify the integration
by first multiplying the integrand by n. The expression for the
impulse per unit area per unit time—the pressure—will then
become

p=/n'dP=Zl—/w / Wen)?mn'()ddv.  (7)
T Jv=0JQ

This integral can be carried out without difficulty. First we shall
introduce the angle between the two vectors v and n, 6, as an explicit
variable of integration. We can express the solid-angle element dQ
in terms of 6 by means of the well-known relationship

dQ = 2 sin 6 dé. (8)
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(The integration over the other, trivial, angle, which determines the
direction of the v-component parallel to the chosen surface, has
already been performed in this equation.)

The expression for the pressure reduces to

p = m / v2n/(v) dv / cos? 0 sin 6 do
2 Jv=o0 0=0
9

= Zn—/ v2 0’ (v) dv.
3 v=0

Comparison with eq. (4) shows us that our hypothesis concerning
the microscopic structure of the monatomic perfect gas leads to the
conclusion that at all times the pressure must equal two-thirds of
the density of the internal energy. This prediction is borne out
by observation, since for monatomic gases the molar heat capacity
¢, equals in good approximation §R, and therefore the internal-
energy density is $R T/v = $p.

Our result shows that macroscopic relationships can be obtained
from assumed microscopie relationships and that, in fact, assumed
force laws between molecules can be tested by comparing the result-
ing equation of state with the one actually observed. On the other
hand, the power of such elementary methods of approach is exceed-
ingly limited. We have not yect defined the all-important concept
of temperature, nor have we determined the velocity-distribution
function n(r). These two tasks are closcly related. Two bodies
have the same temperature if they will, on the average, transfer
zero energy to each other on contact. The equilibrium distribu-
tion of velocities is the one which tends to reproduce itself in large
numbers of collisions. To define the temperature or to obtain the
equilibrium-velocity distribution, we must formulate a specifically
statistical theory of the events considered: We must he able to tell
what processes will take place on the average if we consider a large
number of similar but not identical situations. In the next chapter
we shall undertake to develop such a theory.

Problems

1. If the average number of molecules per unit volume with a velocity
vector within the infinitesimal brackets dv. dv, dv. is proportional to
e ¥V dy, dv, dv,, determine the function n(v) defined in the text of this
chapter. Consider n as given.
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2. What is the mean kinetic energy of one molecule in the above exam-
ple? Assuming that a thin rigid wall separates two volumes of gas, having
different values for n, m, and the coefficient ¢ in the exponential of the dis-
tribution function above, determine the condition that must be satisfied
if the forces experienced by the wall on both sides are to balance each
other.

3. Assume a slight attractive force between the gas molecules, not
sufficient to change their randomly uniform distribution throughout the
interior of the confining vessel. If the potential of the attractive force
between any two molecules is V(r), determine the average potential energy
of the gas. How will the pressure on the confining wall be affected?



Chapter 2

Statistics in Physics

2.1. The concept of probability. Systems and ensembles

If we wish to formulate a theory that will permit us to predict
probabilities, we had better first define probability. Surprisingly,
many definitions have been proposed in the history of mathematics,
and several have been found suitable for the development of an
extended mathematical analysis. Likewise, there is a certain free-
dom of choice in the definition of probability suitable for applica-
tions in physics.

In many cases, we can hase our definition of probability on some
one ensemble of similar situations. These similar situations are
usually called systems in physics. Suppose for instance, that we
wish to study the statistical problems of interest to life-insurance
companies. Here our unit system is a single person, and the
principal event we are interested in is his or her death. To define
probability, we can study a certain well-defined group of persons, such
as ““all persons born in the United Statesin 1910.” With such a well-
defined set of systems, we can talk about the number of persons in the
ensemble who managed to reach the age of ten years, the number
of persons of male sex, and so on. Instead of focusing our attention
on the absolute number of persons in the ensemble having the
property in question, we may also, and quite conveniently, speak
of percentages. We might, for instance, report that 52 per cent of
all persons born in 1910 were boys, but that in this group the per-
centage of men among the survivors in 1945 was only 47. (These
are not the correct figures; they are cited only for illustration.)
For this case we can now define probability simply as the per-
centage of persons having a specified property. Our previous
statement could be reformulated as follows: Parents expecting a
child in 1910 had a 52 per cent probability of having a boy (and a
48 per cent probability of having a girl). A boy born in 1910 had

13
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only 47/52 as good a chance to reach the age of thirty-five years
as & girl born the same year.

The definition of probability given above is based on the avail-
ability of a specific ensemble or population. Should we choose a
different ensemble, our probabilities for the same events would
change. For instance, should we have determined the percentage
of male births in the whole first decade of the twentieth century, the
numerical value would have come out differently. Or, to mention
a much more practical example, the life-insurance companies can
set aside large reserves because their premiums are based on mor-
tality tables that are out of date; in other words, the ensemble of
the present policyholders lives very much longer than the ensemble
on which the mortality tables are based.

In the above examples there is nothing mysterious about the
concept of probability. In many applications, however, we wish to
operate with probability considerations when we have no simple
ensemble available. Take, as another example, the assertion ‘“In
penny matching, there is an equal probability, at any given throw,
of turning up heads or tails.” Occasionally this statement is cast
in the form ‘‘ Heads and tails have each the a priors probability §.”
What do we mean by such an assertion? Evidently the assertion
is concerned with an observable fact: if we should flip a coin a
large number of times, then we expect that heads will turn up in
about half the number of tries, tails in the other half. But our
assertion is not as precise as predictions in physics usually are; we
must carry out ‘“‘a large number’” of experiments, and then the
outcome will be “about’ half heads and half tails. Percentage-
wise, we can make the further claim that the larger the number of
individual tries, the more closely will the predicted percentage of 50
for either outcome be approximated.

Our assertion deals with observable facts. Therefore it must
be possible to show whether it is correct or false. Suppose we should
flip the same coin 100 times and get tails in 54 cases, heads in 46
cases. This result would not contradict our original assertion,
since in 100 trials the rms! deviation from the most probable
division (50-50) is +5. If we wish to perform a more conclusive
test, we should have to increase the number of trials substantially.

! Standard abbreviation for ‘“root-mean-square.”
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If we carry out 1000 trials, then the rms deviation from the most
probable outcome will be /250 = 15.81 - - - . In other words,
an outcome of 520 tails vs. 480 heads would be consistent with our
original assertion, whereas an outcome of 540 vs. 460 would raise
serious doubts. Actually, our original assertion may be slightly
in error; that is, if the experiment is carried out a sufficient number
of times, there might be a clearly discernible trend favoring one
or the other event. Such a deviation could be caused by a slight
unbalance in the design of the coin or by the dexterous manner in
which the player flips it.

If our assertion clearly concerns observable facts and if its
correctness can be judged in the light of experimental evidence,
why do we make the assertion that both events are equally prob-
able? Why do we not predict that heads will show twice as often as
tails? It is incorrect to claim that our assertion is based on experi-
ence in penny matching. Personally, though I have no practical
experience with any games of chance, in writing the preceding
paragraphs I had no doubts which assertion to put down, and I did
not even do library research in penny matching in order to draw on
the observations of more experienced persons. If we do not draw
on experience, then perhaps we base our assertion on a general
philosophical prineiple, asserting that if a number of outcomes of
an experiment are all possible, then their probabilities are equal? T
do not think that recourse to such a philosophical principle is either
necessary or correct. Actually, we implicitly base our judgment
on the validity of certain laws of nature and on an assumed random-
ness of the detailed starting situations in the individual trials. In
the case of the coin, we assume that if we were to distribute in our
trials the orientation of the coin and its angular momentum evenly
over all possible solid angles, then half of the trials will end with
tails. If the player should realize a causal connection between start-
ing orientation and final outcome and if he should consciously favor
starting situations that end up in outcomes favorable to him, we
should expect a preponderance of favorable outcomes and we should
accuse him of cheating. To make cheating as hard as possible, we
introduce safeguards that will make the causal connection between
the muscular motions of the player and the final outcome of each
trial so involved that the player cannot control the outcome.

I think that we can dispense with the notion of a priori probabil-
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ity if we construct an idealized ensemble of irials. In the case of
penny matching, we could construct such an idealized ensemble by
distributing the possible orientations and angular momenta of the
coin as it leaves the hand of the player, the height at which it is
released, and all the other pertinent variables evenly over all
possible values; the resulting ensemble would consist of an infinite
number of individual trials. In this case the laws of mechanics
would enable us to predict definitely for which ranges of the many
variables we should get heads and for which we should get iails.
Presumably, half of all the trials would end with either result. If
the coin is not balanced, we should be able to predict, after integrat-
ing the equations of motion for each possible set of initial conditions,
how much the percentage of tails will deviate from 50.

Any actual set of trials will then be a subset of the trials com-
posing our idealized ensemble. Let us consider the probable out-
come of an experiment consisting ‘of two trials. We assert that
there is a 25 per cent chance of getting tails twice, a 25 per cent
chance of getting heads twice, and a 50 per cent chance of getting
each result once. This assertion can be interpreted in terms of our
idealized ensemble as follows: Consider all possible combinations
of two trials belonging to our idealized ensemble; then we shall find
that of this infinity of combinations, which form an ensemble of
their own (but depend on our original one in an obvious manner), a
fourth lead to two heads, another fourth to two tails, and the
remaining half to one heads, one tails.

In what follows, we shall operate mostly with hypothetical
ensembles composed of an infinity of individual trials or systems.
In all cases, we shall assume that each member system obeys known
and specified laws of nature. If we endeavor to make statistical
predictions concerning the behavior of a mechanical system, we
shall construct ensembles consisting of similar mechanical systems,
each one composed of the same particles as the actual system of
interest to us. The systems of our hypothetical ensemble differ
from each other by having different initial conditions. As a result,
after a time £, they will have different configurations, and the
corresponding constituent individual particles will have different
velocities. But if we can integrate the equations of motion of our
system for each set of initial conditions, then we can, in principle,
predict the distribution of the systems of our ensemble at the time ¢.
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One of the tasks of statistical mechanies is to abbreviate the neces-
sary calculations for cases of physical interest so that results can be
obtained with a reasonable amount of labor.

To describe statistical properties of ensembles, both finite and
infinite, we do not specify the complete details of every member
system; such a complete description is not feasible in most cases,
nor is it of interest to the physicist. Instead, we have developed a
number of concepts that are useful in that they permit us to describe
important properties of ensembles in terms of quantities which can
often be predicted without a complete integration of the equations
of motion.

Consider a particular dynamical variable of a system, such as the
z-coordinate of a specified particle of the system. If we wish to
catalogue the values of this coordinate for all our systems, then we
should number the systems (if that is possible)! and denote the
value of z in the nth system by z,; knowledge of every one of the
values z, at the time ¢ is the most complete knowledge we could
possibly acquire. But this description is usually too detailed. A
less detailed description is the distribution of z in the ensemble, that
is, knowledge of the distribution function f(x) that specifies how
large a fraction of the x, are less than . The function f(z) increases
monotonically. If z can assume all values from — « to «, then
f(— ) will be 0, and f() will be 1. If z can assume values only
between z; and s, 21 < x5, then f(x) will rise from 0 to 1 between
these two limits.

The distribution function f(z) need not possess a derivative. If
it does (and in most cases we consider, such a derivative exists), then
the function f’(z) represents the density of distribution of z in our
ensemble. The differential f/(z) dx equals the (infinitesimal) frac-

! In an infinite ensemble, it may be necessary to identify the member systems
by means of continuously variable parameters instead of or in addition to
integral numerals, This contingency does not invalidate the concepts about
to be introduced. All that needs to he done to extend the definitions given is
to replace the summations by integrations over the continuous parameters or
by combinations of integration and summation. In every case, Stieltjes
integrals will permit us to carry out the nccessary summation procedures in
a mathematically unambiguous manner, provided only that some bounded
measure for the ensemble as a whole is defined. For example, it must be
meaningful to speak of ‘“‘half of the systems of the ensemble,” and so on. We
shall always make this assumption.
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tion of systems in our ensemble with values of z lying within the
interval - - - = + dz.

Frequently we cannot even determine the distribution function
of z, but we can determine the average value of xz. We call the
ensemble average of x the arithmetical mean of all the values z, and
designate this ensemble average by the symbol (). In terms of

an equation, we have
N
1
(@) = N E:xm 1)

n=1

where N is the number of systems in a finite ensemble. If the
ensemble is infinite, but so that each system can be identified by a
numeral (we call such an infinite ensemble denumerable), then eq. (1)

must be replaced by
N
= lim [1 . ‘
(@) = Jim |N21 xn} @)

This definition of (x) is unambiguous only if the right-hand side
converges absolutely toward its limit. Since such an absolute con-
vergence cannot be achieved for many cases of interest to us, we
shall give a third definition of (z), which is based on the distribution
function f(z):

@=[>__sd@. ®)

This last definition is unambiguous and is equivalent to eq. (1) or
(2) whenever either of these two is applicable. But eq. (3) remains
meaningful if the infinite ensemble is not denumerable but continu-
ous—by far the most important contingency. If f(z) is differenti-
able, then (3) can also be given the form

@=[>__2f@dz (4)

In addition to the average of a given distribution, we are often
interested in its spread, that is, the amount by which individual
values z, may be expected to deviate from the mean. A convenient
measure of the spread is provided by the variance, defined as the
root-mean-square deviation of z from (z). If we form the expres-
sion z, — (z) and form its average for the whole ensemble, we find
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that it vanishes, because there are as many and as great deviations
from the mean in one direction as there are in the other:

@—@n= [

@ = @) di) =0. (5)

But if we square each individual deviation and then form the aver-
age, we form the average of quantities that are all positive, and the
result will vanish only if the individual deviations all vanish, in
other words if all the x, are equal. Therefore we define the mean
square spread by the formula

@) = (@ = @)Y = [
A short calculation shows that
(Az?) = (z%) — (z)% )

The variance is the square root of the mean square spread and is also
called the rms spread.

In addition to ensemble averages, we frequently consider another
type of average, time averages. Since a mechanical system changes
in the course of time, and along with it the values of the dynamical
variables, we can form the mean value of the variable z during a
specified finite or infinite time interval. The expressions

1 t2
| xﬂ”ﬁ—tiﬁ x(t) di,

: L (T
=}Lﬂ: Q—T[_Tx(t) dt’

are called time averages. Time averages apply to an individual
system, and hence the concept of time average is quite independent
of the notion of an ensemble. In the next chapter, however, we
shall become acquainted with a special type of ensemble (quasi-
ergodic ensembles) in which the time average of each individual
system equals the ensemble average, in other words, in which the
spread of the time averages vanishes. To avoid confusion, in gen-
eral we shall use different symbols for the two kinds of average: the
carets ( ) for ensemble averages and the double bar ~ for time
averages.

@ = Nd@. (6

®

81l
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2.2. Liouville's theorem

Consider an ensemble of mechanical systems identical in struc-
ture that at the time ¢, are started with different initial conditions.
The ‘““identical structure” implies equal numbers of the various
types of constituent particles. For instance, we may consider an
ensemble composed of individual systems S, each of which contains
exactly 10%* protons and 102¢ electrons. KEach individual system
represents roughly 1.65 mols of monatomic hydrogen, but without
further specifications we are not yet committed to what extent the
atoms may be ionized at the time #, or to what extent they may
have associated to form molecular hydrogen.

We can represent the initial conditions of each member system
completely by representing it as a single ‘“‘representative point”
in an appropriate phase space, which in our case will have 12 X 10%*
dimensions. As the coordinates in that phase space we can choose
the Cartesian coordinates and the linear momentum components
of each one of the constituent particles. Our system has 6 X 102*
degrees of freedom.! Any canonical transformation will lead to a
new set of canonical coordinates that will be equally suitable
for the description of the system.

In phase space, our system at the time £, is represented by a
single point. Its subsequent history is represented by a curve pass-
ing through that point. The representative point travels on that
curve at a definite velocity. If we call the canonical coordinates
used for the description of the phase space ¢r and py, respectively,
withk =1, - . -, f (f is the number of degrees of freedom of the
gystem), then the differential equations of the curve of the repre-
sentative point are given by the canonical equations of motion,

dq. _ ol dpr _ oH _
T{t——’é‘ﬁ’ 'ﬂ—_a_'qk (k—li.."f)‘ (9)
H (gx, fr) is the Hamiltonian function of our mechanical system. For
all the systems of the ensemble, H is the same function of its argu-
ments, but of course at any given time ¢ the values of these argu-
ments are different for different systems.

There is nothing to prevent us from representing all the systems

1 M&E—Ch. 2.
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of our ensemble in the same phase space. At the time ¢, complete
information about the whole ensemble will be provided by a graph-
ical representation in which each system is represented by one dot
on the graph.! In short, our ensemble is represented by a cloud
of representative points. In the course of time, each one of these
points will travel on a curve of its own. If the canonical coordinates
of a system, g1, - - -+ , qs; D1, *+ + + , Py, are given at the initial time
to, then the equations of motion (9), being first-order differential
equations, determine the further history of the system wuniquely.
Geometrically, this further history is represented by a curve in
phase space, a mechanical {rajectory, and we have the result that
through each “point’’ of phase space there passes one and only
one possible mechanical trajectory. Thus in phase space the
mechanical trajectories form a field (or congruence) of curves, cover-
ing the space completely but only once.

Physically, knowledge of both the gi-coordinates and the
pr-coordinates implies complete information about both initial con-
figuration and initial velocities of our system, and hence the unique-
ness of the mechanical trajectory is not a physically novel result.
In configuration space, the situation is different. A “point” in
configuration space is identified just by the coordinates ¢1, - - - , qy;
knowledge of these coordinates alone is insufficient to determine
the future of the system completely, and thus we have an infinity
of trajectories passing through each point of configuration space,
each trajectory differentiated from the others by its particular
value of the initial velocity ‘“vector’” with the components gy, « « - ,
gr. The fact that the trajectories in phase space form a field (in
the above-defined sense) makes phase space eminently suitable
as the framework in which to discuss ensembles of systems.

We shall now consider an ensemble consisting of continu-
ously infinite systems. At a time #,, we shall assume that they
are so distributed in phase space that there exists a smooth func-
tion u(gr, pr) describing their local density; u(qr, pr) dq1dgs «
dqs; dp1 dpz - - - dp; will be the (infinitesimal) fraction of systems
of the ensemble whose canonical variables at the time £, fall within
the specified infinitesimal brackets. In accordance with this defini-

! The actual preparation of such a graph would encounter certain technical
difficulties, particularly the purchase of multidimensional graph paper.
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tion, the integral of u extended over all of phase space must be
unity. We shall call u the relative density (or simply density) of
the systems in phase space. It is an invariant function with respect
to canonical transformations; that is, the density of systems at a
particular point of phase space is the same in terms of any system
of canonical coordinates. We shall omit the proof of this statement;
it is based on the fact that the Jacobian of all canonical transforma-
tions equals unity.

If we construct an ensemble with a given density function u
at the time #,, then in principle we must be able to predict the
density at any other time ¢, since the motions of the constituent
systems are governed by specific laws, namely, the canonical equa-
tions (9). That the prediction is possible in actual fact and not
only ‘““in principle” is the content of Liouville’s theorem.

To obtain the change of u in the course of time, let us consider
a finite volume clement in phase space which is bounded by coordi-
nate surfaces and which has, therefore, the shape of a multidimen-
sional parallelepiped. Call the coordinate values at the various
bounding surfaces ¢}, ¢V, ¢3, ¢%, - -+ -, P}, PY, - + -, so that the
double-primed coordinate value in each case exceeds the single-
primed corresponding coordinate value (Fig. 2). The fraction of
systems of our ensemble contained in this particular volume element
V is determined by the volume integral

P [ o [T wa e Dda - e (10)

a=¢"1 pr=p's

In the course of time, the value of the integral will change because
of systems crossing the boundary surfaces. The fraction of systems
crossing a coordinate surface depends on the density on that sur-
face, its area, and the value of the velocity component normal to
the surface. For instance, the fraction of systems crossing the
surface ¢/ = constant in unit time is given by the surface integral

q"’ p",
& =[ no / gy v e Prt) Gudge - - - dpy
Q:=Q2 pr=pys (11)

aH)
= . e e p, e d A dp .
«fﬂx ,/;1/ ( ap1 [ &} & d

If the velocity component ¢, is positive on the surface considered,
then the integrand of (11) represents a current out of V; if it is
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negative, then the current is directed into V. A corresponding
expression can be obtained for the fraction of systems crossing the
surface ¢ = constant; it is

e[

In the latter integral, a positive integrand represents systems pass-
ing into V, and a negative integrand systems passing out of V. The

q' ql'
Fig. 2. Volume clement in phase space.

total fraction of systems leaving V in unit time across both of the
two surfaces just considered is given by the difference Iy — I3.
This difference I, can be given the form of a volume integral in
phase space:

o0H
I, = - 2= dg, - - - d
' / / [( apl)a”a (# 9Py a’x] o ps
dqidgs - - - dpy.
/m-qt./;a _/;,,Bql( 6p> o !

All together, there are 2 f pairs of surfaces like the one we have

(13)
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described. If we wish to determine the fraction of systems leaving
V per unit time across all of them, we must add 2 f contributions
like (13); this summation can be carried out easily, since the domain
of integration is the same in all cases, the whole volume element V.
We find for the fraction of systems leaving V per unit time, I, the
following expression:

[=Tit - +1y
a dH d o
= N _ 90 (LN g . . . 4
/«. fp, = [6qk (“ Ips 6m(" 6qk)] & i
14
=/ / [a”’aH aui{[‘]d%"‘dp/ ( )
a Pr e i Opr Opr I

dF
= wma - ap = -

The symbol [g, H] is merely an abbreviation for the preceding
lengthy expression; it is known as a Potsson bracket.!

If we differentiate eq. (10) formally with respect to ¢, we get for
dF /dt the alternative expression

/ fm dq: - - - dpy. (15)

Comparison of the two expressions (14) and (15) for the change of
the fraction of systems in V per unit time shows that they will be
equal for all volume elements in phase space (as they must), includ-
ing infinitesimal volume elements, only if the integrands are equal,
that is, if

%+, M =0, (16)

This equation may be considered as one possible formulation of
Liouville’s theorem.

We can obtain a very suggestive interpretation of eq. (16) if
we go over to the so-called substantive derivative of u. When we
wish to examine the change with time of any quantity in a physical
fluid, we can form the time derivative either at a fixed geometrical

: M&E——pp 33-34.
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point (keeping the space coordinates constant) or at a point that
travels along with the streaming fluid. The first of these two time
derivatives is often called ‘‘local’’; the second, ‘substantive.”
Substantive derivatives are often identified by the symbol D/Dt.
If the velocity is denoted by v, then the local and the substantive
derivative of a quantity w are connected with each other by the
relationship
Dw ow

—D—t=ﬁ+v-Vw. a7

That is because, in any case,

dw = %—’f dt + Vw - dx, (18)
and for substantive differentiation,
dx = vdt. (19)

Let us apply the concept of substantive differentiation to phase
space. We shall call the substantive derivative of any function of
gk, Dk, and ¢ the rate of change relative to an observer who is moving
with the representative points of the surrounding mechanical sys-
tems. In this sense, the substantive derivative of a function
w(qr, Px, t) is given by the expression

at+2[ q’°+ ]

ow ow dH ow oH ow
-—+2[5q—kaﬁ—ap,,a—qk] AT

(20)

In particular, we find that the substantive derivative of the relative
denSit‘y l"(qk) Pk, t);

M=o, (21)
vanishes. If an observer in phase space could ride astride one of the
representative points and thus move along with the cloud of points
that represents our ensemble, he would find that the density of
points in his vicinity would remain permanently constant. Our
cloud of points behaves like an incompressible fluid. This is the
most useful form of Liouville’s theorem.
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Liouville’s theorem enables us to divide an ensemble up into
separate streamlines. Inside a small tube made up of trajectories,
the density remains permanently the same. This fact is independ-
ent of the density distribution outside the tube.

Problems

1. To what extent is it possible to collimate a beam of charged particles
such as electrons with respect to both localization and momentum by
means of electric and magnetic fields in an accelerating device or an elec-
tron microscope, once the particles have been injected into the system?

2. Strictly speaking, an ensemble consists of a number of identically
composed mechanical systems which, of course, do not interact with each
other but exist side by side. The electron cloud in an electronic tube in
which space charge is of consequence is therefore not an ensemble. Never-
theless, construct an approximation in which the electrons can be treated
as an ensemble in a six-dimensional phase space at each stage. (This
approximation method is often called the Hartree method of the self-con-
ststent field. It was originally developed for the treatment of spectroscopic
problems involving atoms with numerous electrons, but its application to
electronic tubes has been carried out with considerable success.)

3. Determine the value of u for an ensemble of hydrogen atoms of which
the center of mass is at rest and the energy of the proton-electron system
lies below — E, assuming that below that energy the density of representa-
tive points in the six-dimensional phase space is uniform.

4. Carry out the same determination for a three-dimensional harmonic
oscillator (mass m, elastic constant k) if the energy of oscillation is to be
less than F,.

6. Prove that the density of an ensemble in phase space is invariant
with respect to canonical transformations.



Chapter 3

Stationary Ensembles

With Liouville’s theorem, we have acquired the principal tool
for developing statistical mechanics. If we have only partial
information concerning the initial conditions of a mechanical
system, we must construct an ensemble in which the spread of
initial conditions reflects the degree of uncertainty of our informa-
tion; our ability to predict approximately the future behavior of
our actual system corresponds to our ability to compute ensemble
averages for the ensemble, and the degree of accuracy of our fore-
cast is represented by the smallness of the variance.

In practice, information about a typical system (such as one
mol of a given chemical substance) is usually available to the extent
that we know the volume available to the constituent particles
and that we know the temperature. The temperature is not a
mechanical but a statistical concept. We determine the tempera-
ture by permitting our system under observation to come into
contact with a ‘“standard” system (a thermometer). If the two
systems are at the same temperature, we shall observe no trend
in the energy flux: on the average, the temperature flow from one
system to the other vanishes. There remains, however, a finite
spread in the value of the energy exchanged. If we can apply
sufficiently sensitive instruments, we shall observe a kind of Brown-
ian motion by the particles in both systems; and if particles of one
system knock against particles of the other system, they will transfer
microscopic amounts of energy in both directions.

Nevertheless, the requirements of practical applications impress
us with the desirability of characterizing statistically the absence of
trends. Here we shall need two different concepts. One is the
internal statistical equilibrium of a system, the state in which we
cannot discern macroscopic motion or other macroscopic changes,
though microscopic (random) motion of the particles continues.

27
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The other concept is thermal equiltbrium between two distinct systems,
the state we usually characterize as that of equal temperatures.
Obviously, there is no point in speaking of the essentially external
equilibrium between two systems unless each one by itself is in
internal equilibrium. Therefore we shall develop the character-
istics of internal statistical equilibrium first.

3.1. Stationary distributions

Our first task is to construct ensembles that reflect the property
of internal statistical equilibrium. The development of the
ensemble in the course of time should exhibit no trend; that is, all
ensemble averages should remain unchanged. Of course this con-
dition is possible only if the density function u(gx, ps, ¢) is independent
of t, if du/at vanishes permanently throughout phase space.t

According to Liouville’s theorem in the form (2.16),2 u will be
independent of ¢ if its Poisson bracket with the Hamiltonian I7 of
the system vanishes; and

f
_ ou 00 dp oH| _
1= 3 o 5~ o] = ®

is the necessary and sufficient condition for an ensemble to have a
stationary distribution, that is, to be in internal statistical equi-
librium. We may express this same condition in different words,
in accordance with eq. (2.21): at the time ¢, the density must be
constant along every curve in phase space that represents a possible
mechanical trajectory. This condition is certainly necessary and
sufficient. It does not imply that the density u must be constant
throughout phase space, and in fact such an ensemble would not be
useful for our purposes. On the other hand, condition (1) is too
complicated to lead to any results that can be interpreted in terms

1If the density function changes even in a limited domain, we can find a
partial domain X in which it increases at the time ¢t. If we now construct as
a dynamical variable w the function which is defined by the specification that it
cquals unity inside X and on the enclosing surface of X, and that it vanishes
everywhere outside, then the ensemble average (w) will certainly have a non-
vanishing, positive time derivative. Therefore, all cnsemble averages will be
constant only if u does not change with time anywhere.

2 That is, eq. (16) of Chapter 2, this decimal form of reference will be used
henceforth.
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of macroscopic properties. We must be able to tell more about u
than merely that it is constant along the mechanical trajectories.

Before we go on, we shall specify the kind of mechanical system
we are interested in. We shall consider a type of system which is
encountered at least in approximation in chemical physics and which
represents the simplest conceivable macroscopic situation: a system
which is thermally isolated but which interacts mechanically with
its surroundings. An example of such a system is a macroscopic
quantity of gas enclosed in completely rigid walls (we shall disre-
gard the molecular structure of the walls themselves). The gas
molecules, on striking the wall, are capable of exchanging momen-
tum with it; after all, they must be reflected in some fashion into
the interior of the gas. DBut their encrgy remains conserved at
each collision, and as a result the energy of the system as a whole
remains constant as well. In other words, in addition to the internal
forces of the system we permit the existence of external forces, but
they must be conservative. Mathematically, such a system is
described by a Hamiltonian that does not depend explicitly on the
time £ but only on the coordinates ¢x, Px. Automatically, the value
of the Hamiltonian, the energy of the system, is constant in time, an
““integral of the motion.”

The energy E = H(q:, pi) is only one of the 2f constants that
completely identify any one of the field of mechanical trajectories
in phase space. Of these 2f parameters (which may be chosen as
the values of the canonical coordinates at a fixed initial time ),
(2f — 1) identify a particular trajectory geometrically, and the
last one determines the location of the representative point on that
trajectory at a particular time. Any set of 2f algebraically inde-
pendent functions of these 2f parameters will itself serve as such a
set of parameters, and they may be chosen in particular in such a
manner that one of them represents the encrgy.

Most of the remaining parameters cannot be determined by
ordinary macroscopic methods of ohservation, and they are usually
unknown. Naturally, if we could determine all 2f parameters of a
mechanical system by some ingenious experimental technique, we
should have converted our problem into one of ordinary analytical
mechanics and divested it of its statistical character.

Ordinarily we make the assumption that the energy is the only
parameter of the 2f that can be determined with any degree of



30 STATIONARY ENSEMBLES [§3.1

accuracy and that all the others are completely unknown. Under
these circumstances we must construct our ensemble of systems
so that the density u in phase space depends only on the energy,
not on any other characteristic of the trajectories—so that, in
other words, for a given value of £ the density is uniform. The
choice of u as a function of E only, u(E), represents realistically the
extent of our ignorance.

Later we shall find that this function u(E) is an exponential
function of the argument E in many important cases. But before
going on with the exposition of the classical theory, we must call
attention to the limitations of the assumption made. Because we
assume that our system is conservative but that nothing about it is
observed except its energy, we represent our information by a
density function that depends on the energy only. If this assump-
tion concerning our knowledge is not warranted by circumstances,
then we must modify the choice of density function.

To illustrate such a possibility, consider a meteorite in inter-
stellar space. Apart from collisions with the very few atoms found
even there (of the order of 1 per em?®) and from electromagnetic
radiations absorbed, scattered, or emitted, all of which we shall
disregard, this meteorite is a completely isolated system. Not only
is its energy conserved, but also its linear momentum and its angular
momentum. Counting each component separately, altogether
there are seven macroscopic quantities being conserved, not just
one, and there are no reasonable grounds for favoring one over the
others. The theory of relativity tells us that the energy with
respect to some particular observer is a function of the energy and
the linear momentum as measured by some other observer. As a
result, it would be much more reasonable in such a case to assume
that the density of the hypothetical ensemble should depend on
four or seven macroscopic parameters, not just one; and exactly
this assumption has to be made if one wishes to formulate statistical
mechanics in a relativistically invariant manner.

Energy surface is a common designation for the (2f — 1)-dimen-
sional subspace of all points in phase space belonging to the same
energy value. Although the assumption of constant density on
each energy surface in phase space cannot be justified for any and
all situations we may encounter, it appears a good assumption for
the typical classical mechanical systems in internal statistical
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equilibrium as encountered in the laboratory. Historically, the
assumption was frequently supported by a hypothesis concerning
the structure of trajectories in phase space, known as the ergodic or,
after a necessary modification, the quasi-ergodic hypothesis. Accord-
ing to this, any two trajectories possessing the same energy but
otherwise chosen arbitrarily, will at least approach each other below
any finite bound, even though they cannot intersect. That is, we
can always find at least two points (one on each of the two trajec-
tories chosen) whose absolute coordinate differences |Aq|, * * -,
|Aqyl, |Apy|, * * + , |Apy| are all less than ¢, no matter how small this
single number e is chosen. If the quasi-ergodic hypothesis is correct,
then a constant u on each energy surface is the only possible choice
consistent with eq. (1), which must be satisfied if the distribution
is to be stationary.

A great deal of effort has gone into the examination of the
quasi-ergodic hypothesis. A few very simple mechanical systemscan
be found that obviously do not satisfy it. We could, for instance,
construct a ‘‘gas’ of particles having a zero collision cross section
with each other, so that they will never interact. If we enclose
this “gas” in perfectly rigid, plane rectangular walls, then each
particle will not change its individual energy in the course of time,
nor will its linear momentum acquire more than eight distinct
values. (On reflection from any wall, two of the linear momentum
components will remain unchanged, and the third will merely
change its sign: all together, there are eight possible combinations
of three signs.) This system is obviously not quasi-ergodic. But
we can make it so if we incline the walls very slightly so that the
angles become incommensurable with the right angle, and if we
replace the noninteracting particles by, for instance, perfectly
elastic spheres with a very small radius. Then the directions of the
particle momenta will be changed slightly each time a particle strikes
three walls, forming a corner, in succession (in a perfectly rectangular
corner, the momentum would be exactly reversed); and at every
one of the rare collisions of two particles they will have a chance to
exchange both momentum and energy. Hence it is probably
correct to say that ‘“‘almost all” conceivable conservative Hamil-
tonians lead to quasi-ergodic systems.

Even when a system is not quasi-ergodic, there is nothing to
prevent us from choosing for u a function that is constant on each
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energy surface, unless, of course, we possess specific information
concerning some other constant of the motion that restricts our
system to part of an cnergy surface. But only a quasi-ergodic
system has the property that every ensemble average at any time ¢
extended over an ensemble that covers one lime surface with a constant
density equals the time average from — « to o of the same quantity
for every individual system on the same energy surface. Suppose we
wish to carry out an ensemble average at a time ¢ of some dynamic
variable w that depends on the coordinates at least piecewise
smoothly. Then we can cover the cnergy surface at the time ¢
with some grating so that the surface is divided up into cells of equal
gize.! If we choose in each cell a point at random and then form the
arithmetical average of the values of w, [w], at these points for all
the cells, the result will approach (w) without limit if we permit the
individual cell sizes to tend to zero. Now if our system is quasi-
ergodic, its trajectory will pass through each cell at least once, no
matter how fine the grating (of course the grating must remain
finite). Thus we can choose our points in the above construction
so that they all come to lie on the trajectory of our system. If we
now form the time average for ¢ from — « to « for any one of the
systems represented by the points chosen, its value will be the same
as for any other point of the set, since they all lie on the same
trajectory and an average extended from — © to « for any one of
them requires integration over the same entire trajectory. Let us
designate this common value by w. If we form the time average

of [w), [w], it will be the same as the “bracket average” of @, [],
since the area of an energy surface is ordinarily finite and the oper-
ation ‘“‘bracket averaging’” requires only a finite summation: in
fact, this double average equals w again. To complete our proof,
let us consider the change of [w] with time. Let every point of our
grating move in accordance with the canonical equations of motion.
Then, because of Liouville’s theorem, the cell sizes do not change
in the course of time,? and the set of points at a time ¢’ has the same

1The area on an energy surface should be measured in terms of (2f — 1)
parameters chosen so that together with E they form a set of canonical coordi-
nates in phase space.

2 Obviously, no representative point can cross a moving cell boundary, so
that tho fraction of systems in every cell remains constant; but since their
der}xlsity in each cell also remains constant, the size of the cell cannot change,
either.
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properties it had at the time . As a result, [w] at the time ¢ must
again approximate (w). The latter, however, is time-independent,
and therefore [w] must be approximately constant. But if it is, it
must equal approximately its own time average, and we have,
finally,

B = [w] = [w] = (). @)

Equation (2) will not hold for a system that is not quasi-ergodic.

After this rather long discussion let us summarize the results
we shall need. We shall generally assume that our systems are
quasi-crgodic and that time averages can be replaced by ensemble
averages extended over one energy surface with constant density.
If we consider cases of internal statistical equilibrium, we shall
represent the extent of our information by means of an ensemble
whose density u is a function of the system cnergy only.

3.2. Composite systems

Frequently we are interested in the statistical behavior of sys-
tems that are themselves composed of clearly separable systems.
We might, for instance, wish to consider a gas that consists of the
more elementary systems called molecules. Or we may consider
two different chemical substances, a mol of water and above it a
mol of helium gas, permitted o exchange heat energy and thus to
come to a common temperature. We shall call a composite system
one that can be considered to be composed of at least two subsystems
that interact more weakly with cach other than the components
inside each subsystem do. More specifically, we shall assume
that at any given instant the energy of the whole composite system
is essentially the sum of the energies of the subsystems, and that the
energy of interaction is negligible. We shall permit some small
interaction to take place, however, so that energy will shift during
sufficiently long time intervals from one subsystem to another. As
a whole, the composite system is to be conservative. The purpose
of this construction is to derive the laws of energy interchange between
weakly inleracting systems.

Let us consider a composite system 2 consisting of n subsystems
8y, ¢+ +, Ss. The first subsystem is to possess fi degrees of free-
dom, the second f2, and so on. We can represent the state of the
first subsystem by means of its Cartesian coordinates zi, + * - , zy,
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and corresponding linear momenta py, * * + , Py, the second sub-
system by means of 2f; similar coordinates and momenta, and
so on. Each one of the subsystems can then be represented as a
single representative point in a phase space appropriate to it. The
phase space Py for the first subsystem has 2f; dimensions, and so
on, with the nth phase space P, being 2f,-dimensional. The total-

n
ity of all subsystems has 2 2 fs coordinates and momenta to
8=1
describe it. But these coordinates and momenta are, at the same
time, a set of canonical coordinates suitable for a description of the

n
composite system =. We can construct the (2 2 f,)-dimensional
s=1
phase space 1I in which = is represented by a single point. The
coordinates used in II are the same as those used in all the spaces
Py - -+, P, We say that the space I is the Cartesian product
of the spaces Py, + + + , P,. Ingeometry this relationship is usually
written in the form

=P XP2X *** XP, 3)

Before going on with the discussion of our physical problem, we
shall look at an example of the ‘Cartesian product’’ that is
familiar to every reader. Consider the x,y-plane and, separately,
the z-axis of an ordinary space. The plane can be considered a
two-dimensional space. Fach point in that ‘“space’ is determined
by the two coordinate values  and y. In the same sense, the z-axis
is a one-dimensional space. The Cartesian product of these two
spaces will be a (2 4 1)-dimensional space so constructed that for
any combination of two points, one in each factor space, there is one
corresponding point in the three-dimensional product space, and vice
versa: for each point in the product space there is a corresponding
set of two points, one in each factor space. Obviously, the ordinary
three-dimensional space has just these properties. For any point
in the z,y-plane and any point on the z-axis, we can find precisely
one point in three-dimensional space that has the same z- and
y-coordinates as the first point and the same z-coordinate as the
second point: it is that point of which the two points in the factor
spaces are the projections. The relationship between II and the
factor spaces Py, - - + , P, is precisely the same.
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For the application of Liouville’s theorem to a composite system,
we shall also require the relation between the measure of volume
in the space II to that in the spaces P,. A volume element in the
space II represents physically a state of the composite system that
is known within certain (finite or infinitesimal, as the case may be)
tolerances. But the state of the composite system is given if the
state of each subsystem is given. For the special case where the
volume element is a parallelepiped with the infinitesimal edges

n

dx, dp, the volume in 2 is simply the product of all these (2 2 f.)
g=1
differentials. But it is also the product of the n volume elements in
the subspaces, the first one being, for instance, dz, - - - dz;,
-dpy * * - dps,. Inother words, in any integration, the infinitesimal
volume element in the space II that is generated by the differentials
of the canonical coordinates is simply the product of the analogous
expressions in the n spaces Py, - + - , P,.

Let us now turn to the Hamiltonian of the composite system, H.
Our original assumption was that the internal interaction of the
individual subsystems is large compared with the interaction
between two different subsystems. At this point, we can give this
assumption mathematical expression. If we continue to use recti-
linear particle coordinates and momenta, the total Hamiltonian
will be a sum of terms with significances as follows: First there will
be the terms quadratic in the momentum components, representing
kinetic energy; then there will be terms representing the potential
energies between particles belonging to the same subsystem; and
finally there will be potential-energy terms belonging to particles of
different subsystems. Of these three groups of terms, we can com-
bine the first two into sets of terms that belong to particular sub-
systems. The set of terms that belongs to the first subsystem we
shall designate by Hj, and, generally, the terms of the sth subsystem
will be represented by the single symbol H,. In the third and last
group, we shall combine all the terms that represent interaction
between the rth and the sth subsystems into a single function h,,.
The assumption concerning the relative magnitude of internal and
external interactions can now be expressed by the requirement that
the sum of the terms h,, is always small compared with the sum
of the terms H,.

It is not particularly difficult to construct composite systems
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satisfying this requirement. Consider, for instance, a composite
system of two loosely coupled harmonic oscillators (undamped
harmonic vibrators). The Hamiltonian

H = I, + I3 + hyy, 4)
with
___1_ 2 ﬁ 2 _ 1, _’f} 2
H1—2ml’x+ 2“1: H, = %p2+ 2“72, )

1112 = €X1 T,

will have the property that for any choice of the canonical variables
whatsoever, the term hi2 will satisfy the inequality

€

lh12| S -\//TIE (]Il + Hz). (6)

Therefore, to satisfy our assumption, we simply must choose the
coupling parameter e sufficiently small. In practice, however,
many composite systems do not satisfy quite so stringent a require-
ment. In the derivations that follow, it is possible to relax the
requirement of loose coupling to an extent that the range of applica-
bility covers a good many situations of physical interest. First, it
it is sufficient for the interaction on cach energy surface of the
composite system to be small, except in regions so small that the
product of surface area (in phase space) and magnitude of inter-
action can be neglected against the product of total energy (for that
energy surface) and total surface area. Furthermore, even that
relaxed requirement need be satisfied only within a fairly broad
range of energies (of the composite system), provided we are inter-
ested in situations that do not require us to pass outside that range.
Take, for instance, a gas. The subsystems can be the individual
gas molecules. The interaction between two gas molecules is
ordinarily small compared with the internal binding energies that
hold the molecule together. But the interaction energies might
be large for the brief instance of a close encounter or a direct
collision. Now it is conceivable that at one instant almost all the
gas molecules are engaged in a close encounter; but this set of
situations occupies a negligible portion of each energy surface, and
hence we may consider a gas as a composite system of only slightly
coupled subsystems. If we lower the temperature sufficiently, the
gas will condense into a liquid, and then the interaction energy will
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certainly be an appreciable fraction of the total energy. But if
we operate on energy surfaces on which the system is gaseous, we
need not be concerned because our assumption does not hold on
energy surfaces far removed.
We shall now operate with a Hamiltonian that possesses the
form
H=YH A+ 33 h (7
8=1 r8=1r<s
with the incquality (satisfied almost everywhere in a certain cnergy
range)
D, e < H. ®)
r<s
Under these circumstances, we can associate energy values—those
of the functions I/,—with the individual subsystems, and the sum
of these subsystem ecnergies will approximately equal the total
energy of the composite system, E:
E ~ 2 Ea- (9)
8=1
The total energy is, of course, conserved. The subsystem energies,
however, will change in the course of time. According to eq. (2.32)
or (2.34) of M&E, the rate of change of H, is determined by its
“Poisson bracket” with the total Hamiltonian 11,

at,
dt

Inasmuch as the function II, depends only on a small fraction of the
canonical coordinates of the system X, most of the terms in the
Poisson bracket will contribute nothing. In fact, if we substitute
for H the expression (7), we find that none of the H, will make any
contribution, for the simple reason that all but one of those terms
have no coordinates in common with H,, and the last one, H,, forms
a zero Poisson bracket with itself. Of the interaction terms h, on
the other hand, only those contribute which have one index equal
to s; and eq. (10) reduces to

e S, el (1)

T#8

= [M,, H]. (10)
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If the interaction terms h,, are small, then the changes in the sub-
system energies E, will be slow, but they will assume large values
if we are willing to wait long enough.

We have worked so far with Cartesian particle coordinates,
because the physical significance of these coordinates is most obvi-
ous. However, the individual terms on the right-hand side of
eq. (7) are conserved by canonical transformations that do not mix
the canonical coordinates belonging to different subsystems. If we
carry out a canonical transformation just in the phase space P,
another just in the subspace P, and so on, the totality of these
transformations (all of which will be assumed to be time-independ-
ent) is a canonical transformation in the phase space II. Because
of the independence of the transformations from ¢, H as well as each
one of the H, remains unchanged in value, and so will the interaction
terms s,

We are now ready to tackle our principal task. Suppose we
construct a stationary ensemble of composite systems > by choos-
ing some density function u(E) in the phase space II. What can
we say about the energy distribution in any one subsystem S,?
The answer will automatically deal with the related problem:
Assuming the composite system Z to be quasi-ergodic, how large a
fraction of its time will a subsystem S, spend in any given energy
range?

To treat this question, we shall replace the density function u(E)
by the energy-distribution function M (E), which we shall define as
the fraction of (composite) systems = with energies less than E.
Like all distribution functions, M(E) increases monotonically with
its argument from 0 to 1. At the same time, we shall call the
volume in II containing all points with energies less than E the
characteristic volume X(E). The characteristic volume is also a
monotonically increasing function of its argument, but for infinite
energies it will tend to infinity. The relationship between u, M, and
Xis

dM _ dX

dE ~ M dE
Though X(E) depends only on the form of the Hamiltonian, the
function M can be chosen at will from among all functions increasing
monotonically from 0 to 1, and its choice, together with X(E), then
determines u(E).

(12)
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In each subsystem 8,, we can construct its characteristic volume
X.(E.,). Because of the relationship between the infinitesimal
volume elements in the spaces P, and the space II,

dX = dX1dX; + * - dX,, (13)

we can set up an integral relationship between the functions X, and
the function X:

_ " dXuE) [T dXy(Es)
X(E)"/El-_w dEy Jp--. dE,

n—1
dX o (En) .
./-E..-_w —dE. dE, - dE,.. (14)

This integral relationship is the key for finding the energy-distribu-
tion functions of the subsystems S,.

The formulas are rather lengthy to write and to read. To
abbreviate as much as possible, we shall use the prime to denote
derivatives of functions of a single argument, and we shall omit
those arguments which are obvious. Equation (14) will then

assume the form
-1

E-
X(E)—/ / f e=1 X, - X,dE, - - - dE,.
El=—=° n—1= — ® Ep=—
(15)

If we differentiate this expression, we get

X/(E)= f - X! X! (E 2 E) dEy - - +dB,_,, (16)

n-1= — ®©

and with the help of this result, eq. (12) can be rewritten in the
form

«© n—1
wE=M®|[--- [x}- - X xX(E- S E)dE,---dE, .|
L[ [ % i x(B= 3 8.) By B
17)
Now what about the distribution function for a single subsystem—
the function M,(E,), which denotes the fraction of systems for

which the energy of the subsystem S, is less than E,? To obtain
M., we must integrate u(E), eq. (17), over all that part of the phase
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space II for which the function E, is less than a certain value. That
integral is

M(E) = [T [Eo-'-. /" y(z’l",E.)

Nm— 0 Ei=—wo En=—w
X, -+ X'dEy - - - dE,. (18)

Equations (17) and (18) together provide the answer to our ques-
tion. If we can work out the necessary integrals, we can tell the
fraction of systems of the ensemble for which the subsystem S,
has an energy less than E,. Before we tackle the general methods
for handling the integrals, we shall illustrate the concepts intro-
duced with a few examples. We shall derive the characteristic
volumes for three ‘‘simple” systems: the free particle in a box, the
harmonic oscillator, and the electron in the hydrogen atom. ILater
we shall calculate the characteristic volume of a composite system
which consists of frec particles in a box. That system may be
considered a model for a perfect gas. For this example we can
work out completely the expressions called for in egs. (17) and (18).

A free particle in a box of volume V possesses a Hamiltonian
which, in rectilinear coordinates, has the form

1 1 . .

Uz, g, 2, pey po, p) = | 2m P2+ Pa+ P2 = 5op* inside the box,
y Iy ©y PVxy PVuy Vi) —

+ « outside.

(19)

The volume of phase space containing all representative points with
an energy less than E can be obtained by integrating separately over
the space coordinates and over the momentum components. The
domain of integration of the spatial coordinates will equal V for
any finite energy bound. The volume in the space of the three
momentum components (‘‘momentum space’’) will have the shape
of a sphere with the center at the point (0, 0, 0) and having a radius

P =V2mE. (20)
Thus the characteristic volume for a single particle in a box is
X(E) = § V2 n Vm¥% E%, (21)

The Hamiltonian of a particle that is bound to a fixed point with
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a harmonic force, that is, a force proportional to the distance from
the equilibrium point, has the form (again in rectilincar coordinates)

1

5 (P2 + P+ p2). (22)

k
H=35@"+y"+2) +
This Hamiltonian is a special case of a central force, and the
technique of integration is the same in all these cases. The general
central-force Hamiltonian is

H=o0)+o- @+ +00) (¢ =VETETa. @)

¢(r) is, of course, the potential encrgy of the particle. That the
potential energy is a function of the distance only from the center, 7,
is what makes the force a central force.! To obtain the character-
istic volume, we separate the integration again into integration in
the space of the coordinates z, y, z and integration in the momentum
space. In coordinate space, the volume containing all points with
a potential energy less than X is the sphere with the radius R(¢)
at which the potential energy assumes that value. In momentum
space, the volume of points whose kinctic energy is less than K is
also a sphere, and its volume equals § v/2 7 m¥% K%. The char-
acteristic volume in phase space must be

XE)=["_ Xx(E—9) dXy9)= [ Xo(E—K) dXx(K),
Xe =3 VErmi K%, X, = r [R(S)P.

For any special function ¢(r) that is given 10 us, we must then
attempt to carry out one or the other form of the integral (24). The
limits of integration are determined by the fact that X x vanishes
for all negative values of its argument.

Returning now to the ITamiltonian of the harmonic oscillator,

1In Newtonian mechanics, a particle will experience a central force when-
ever it is attracted by a single particle that is fixed. Moreover, the general
two-body problem (two particles attracting or repelling each other) can always
be reduced to the form of a central-force problem if we introduce, instead of the
Cartesian particle coordinates, the coordinates of the joint center of mass and
the coordinates of one particle relative to the other or relative to the center of
mass. This technique was illustrated in M&E—Ch. 1, on the example of plane-
tary motion.
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eq. (22), we find that the potential energy equals -;S r? and that the

function X, is, therefore,
3%
X0 =42 (3)" 25)

Because of the formally similar way in which » and p enter into
the Hamiltonian (22), it makes no difference for the integration
which of the two forms (24) we employ. Choosing the first, we get
E
/ (E — ¢)% ¢ do

34
xm =) [,
- ??7 (%)3 [) (1 = 2% % e, (26)

L[ _
(V—ﬂ&: x—E-

The last integral is a dimensionless number. Its value can be
determined without difficulty, for instance if we substitute for z
the new variable x = sin? §. The resulting integral over trigono-
metric functions can be evaluated by means of a short calculation
or by the use of a table of integrals. Its value is 7#/16. », which
has been introduced into the second line of eq. (26), is the resonance
frequency of the oscillator. The final form of X (E) is

xa = § (5)- @)

Our third example is the electron in the hydrogen atom. If we
assume, for the purpose of this calculation, that the center of mass
is at rest, disregarding the contribution of translatory motion to
the energy, then the Hamiltonian for the motion of the proton
and the electron about the common center of mass is

_p_e

T 2m r (28)
The coordinates and momentum components appearing in this
expression are actually relative coordinates and momentum com-
ponents, that is, those of the electron, but are diminished by the
values of the corresponding quantities for the proton. The symbol
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m stands in this case not for the mass of the electron but for the
so-called reduced electron mass, which is defined as

Mmp

m = Mg ————
‘mp + m,

(29)
where m, and m, are the masses of the electron and the proton
respectively.

In our present case, we can again apply the formula (24) for
the central-force case, with the potential energy being equal to
—e?/r. Because the potential energy is always negative and the
volume function X4 infinite for all non-negative values of its argu-
ment, the integral (24) can be finite only for negative values of the
energy E. With the potential-energy volume being

Xo(¢) =dmetlo|™ (¢ <0), (30)

we have, for negative values of E only,

X(E) = ﬁwoéw eS(|E| + K)~3 - 4 /2 = m¥ K% dK

16 ® d
=g Vimimie ‘El’“ﬁ (?%f‘ ®1)
K
(x = IEI’ E < 0)

The numerical value of the last integral is =/8, and hence the func-
tion X (E) for the non-ionized hydrogen atom is

X(E) =4V2rim¥ et |E|% (B <0), 32)

being infinite for £ = 0 and for all positive energies. We can pre-
vent X () from ever becoming infinite if we enclose our hydrogen
atom in a vessel with a finite volume. Then, if the electron becomes
ionized, it remains still confined to the interior of the vessel, and the
system remains susceptible to a statistical treatment.

The preceding example teaches us something about the suitabil-
ity of systems for a statistical treatment that is based on the con-
cept of stationary ensembles. We cannot treat systems that have
characteristic volumes which become infinite for finite energies.
Otherwise, a composite system that possesses even one subsystem
with that property will have the tendency to throw all its energy
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into that subsystem. Let us consider, for a moment, a system
composed of several hydrogen atoms that are capable of interacting
with each other slightly. The characteristic volume of each sub-
system remains finite only as long as the energy of that subsystem
is negative. So let us endow the composite system with a negative
total energy; that is, let us start with a situation where all of the
electrons are firmly bound to their respective protons. If we let
the composite system start with this situation, energy will be
transferred back and forth between the various subsystems; and
if this interaction continues long enough, some one of the hydrogen
atoms will acquire enough energy to become ionized. As soon as
that happens, its electron will leave the neighborhood of its proton
permanently, and the composite system will be effectively reduced
to (n — 1) atoms. Now again, after a time, another atom will
become ionized, and so forth, until there is only one atom left
intact, which has acquired all the negative energy originally dis-
tributed throughout the composite system. Obviously, there can
be no permanent stationary distribution of energy in an ensemble
of this kind.

The situation is completely different if we place our hydrogen
atoms inside a vessel with rigid walls from which no electrons can
escape. In that case also, a certain number of atoms will become
ionized; but the free electrons will cross and recross the interior of
the vessel, and occasionally one of them will approach a free proton
closely enough to be captured. Thus, depending on the number of
hydrogen atoms in the interior and depending on the total energy
of the system, cventually we shall find a stationary distribution of
the ensemble constructed of systems of confined hydrogen atoms, in
which a certain percentage of atoms is intact and the remainder
ionized. The smaller the vessel and the smaller the total energy
available, the greater will be the percentage of intact atoms.

Returning to our general problem, we wish to treat the integrals
in egs. (17) and (18) so that we can make predictions concerning

the percentage of subsystems S, possessing energies less than 13],.
These two expressions contain an integral in common that repre-
sents the characteristic volume of a composite system identical with
2, except that it does not contain the subsystem S,. We shall call
this function Y,, where the index s now refers to the missing sub-
system. Y, is given by the expression
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E“ZIE.-
Y(E) fE:-—w fE =—m/ x=—m/E=—lm Xi... :_l

,+1 * X, dE1 ° (IE.._1 dE,+1 c e dE,.. (33)

The prime attached to the summation symbol that appears in the
last integral limit is intended to indicate that in the sum E, is to
be omitted. In other words, this expression is identical with (15),
except that one of the subsystems has been omitted. The deriva-
tive of Y, is given by an expression analogous to (16),

Y:(E)=f‘°...[f...f‘° X, ... X,

E1=— E.1 Espr En_1=— o
ta e X (E EE ) dBy - - - dBe 1 dEyy - + - By (34)

With the help of this new volume function, eqs. (17) and (18) can be
written in the form

wE) = WE [ [7 | XUB)YUE - B)dB ],

0 E(‘,. © - —
ML(E) = [or_ J L w(B+ By XU(B.) YI(E) dE, dE
. (35)
= [oo_ w® [ XUE) Y(E — E.)dE, dE,

(% - 213 E,E = EI:E)

If we substitute the first expression into the second, we get,

0
finally, for M,(E,) the integral

poo for L XuB) YUE - B dE,

0 - F __ XU(E) Y\(E — E,) dE,
M,(E.) =

dM(E). (36)

The expression (36) represents a considerable simplification.
The distribution depends on an integral over a fraction of which

0
the denominator is independent of E,; this denominator is, in
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effect, a normalizing factor, assuring us that for I%.-—) o the
integrand, and therefore M, itself, tends to unity. Actually, noth-
ing is lost if we specialize the energy distribution of our ensemble
and assume théa,t all composite systems of the ensemble have the

same energy E. M(E) is then a step function, defined by the
0
requirement that its value be zero for all arguments less than E

0
and unity for all arguments greater than E. With such a special
disposition of M(E), eq. (36) takes the form

B 0

o 0 f Xi(E,) Y\(E — E,) dE,

M.(Es, B) = o ; @37)
f_ L Xu«(B) Y(E — E,) dE,

0
in which the percentage of subsystems S, with energies less than E,

depends on EO'., the total energy available E, and, of course, on the
shapes of the functions X, and Y.

Equation (37) is the most concise form we can obtain for the
subsystem energy distribution M,. The nature of the sth sub-
system enters in the form of its characteristic volume X,. But quite
obviously, the energy distribution is also affected by the nature
of the rest of the system Z, and that influence is represented by the
function Y,. We shall now show that for very large composite
systems, that is, for systems consisting of large numbers of sub-
gystems, the function Y,(E — E,) can be approximated by an
exponential function.

3.3. The Boltzmann Factor

In this section we shall study the form of the characteristic
volume of a composite system and apply our results to eq. (37).
Since in this formula it is not Y, itself but its derivative that deter-
mines the partial energy distribution, we shall immediately consider
integrals of the form (16) and (34). These integrals are apparently
s0 awkward because the multiple integrals cannot be represented as
products of single integrals. Thus the relative role played by the
constituent subsystems cannot be ascertained by mere inspection.
Our first aim must be to convert the integral (16) into such a form
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that the individual subsystems enter more simply and, incidentally,
more symmetrically.

This purpose can be accomplished by means of a technique that
is usually called the technique of Laplace transforms and which is
closely akin to the theory of the Fourier integral. If the individual
characteristic volumes (or rather their derivatives X’) had Fourier
transforms, then our task would be extremely simple. But these
functions increase monotonically to infinity for large positive values
of the argument, and hence a Fourier transform is not defined.
Consideration of such examples as (21) and (27) shows, however,
that the function e—*%X[(E,), where a is some arbitrary positive
number, possesses a Fourier transform in many important cases.
In fact, all that is necessary is that X/, vanish for all negative values
of the energy (or at least for all values less than some arbitrary

0
value —E) and that it increase more slowly than the exponential
function. We shall then call the function

ti(w) = [° XiEB)etioon B, (38)

the Laplace transform of X|. Because of the Fourier integral
theorem, X may be recovered from its Laplace transform by means
of the formula

X(B) = %:T. /_: Ea(ws) €™ dusg. (39)

We shall now substitute the Laplace transforms into eq. (16). The
result of this substitution is

) =(&) e [ . ! [ / IT fe)
e

=
W e onm— o 8 1

nel

.'[ wonE+ 3 (w.—wn)E-]
e 1 edwy * * * dw,dEy * * *+ dE 1. (40)

Although the number of integrations apparently has been increased,
the integrand now is the product of a large number of factors, and
each set of variables (E,, w.),8 =1, - + + , (n — 1), appears in only
one factor. Such a separable integral is

I, = _1_ e—iwonEs / £(w,) e E do, dE, (41)
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which equals £,(w,) because of Fourier’s integral theorem. Thus,
we can carry out all but one of the integrations of (40) immediately,
and we are left with the integral

X'(E) = %rc"" / ) ¢ [1 [£.(w)] de. (42)
w== g=1

This expression shows that the Laplace transform of X’(E) is simply
the product of the Laplace transforms of the characteristic volumes
of the constituent subsystems.

We shall use this relationship to determine the characteristic
volume derivative X’(F) of a composite system of which every sub-
system S, has a characteristic volume derivative of the form

X,(E.) = a, E™, n, >0, if E, >0,
X(E,) =0 if E,<0.
That means that free particles in a box as well as harmonic oscil-

lators form suitable subsystems. We shall not assume that the
subsystems are all alike. The Laplace transform of (43) is

£(ws) = am,l(a + dw)= D, (44)

and the Laplace transform of X’(¥) is the product of all the factors
(44). For the function X'(E) itself, with little effort we can get the
expression

(43)

H a’n'! ( én.—{—n-—l)

X'(E) = 2=1 E et (E>0). (45)

n

(En,—}—n—-l)!

8=1

Next we shall substitute this expression into eq. (37), applying
the formula to the system (2 — S,). We need not assume that
S, itself obeys eq. (43). We can dispense with the constant coeffi-
cients in (45), since they will cancel out. The function for the
distribution of ¥, will be

g.. 0 "_2+2"lr
M [ X\B)(E-E)  * dE.
By, B) = = Ty @

E

0
[ JXWE)(E-E) * dE,
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if X'(E) =0 for E, <LO.

Both in the numerator and in the denominator, the principal con-
tribution to the integrals will come from fairly small values of E,,
because, at least for fairly complex systems, with large values of the
exponent, the function Y, decreases so rapidly if E, assumes any
considerable value that the product of the two characteristic
functions will become very small compared with its value for
E, ~0. Asa matter of fact, since we assume that our subsystem
S, likewise has nonvanishing values of X only for positive values
of the subsystem energy, the product will be zero at E, = 0 and
will tend to a maximum for a value of E, that is small compared
with the total energy E; after passing this maximum it will rapidly
drop to very small values. We shall, therefore, expand Y,(E — E,)
into a power series in ascending powers of E,, a power series that will
converge very well in the range of values that make the principal
contribution to the integrals we are interested in.

Furthermore, we shall introduce the quantity

1

y=n_12’n,+1, (47)

which represents the average contribution of each subsystem to the

exponent of E in the expression for Y. Likewise, we shall intro-

duce the average energy per subsystem,
1 o

o | E.

€= (48)

Once we have introduced the quantities » and e into (46),
we shall be able to exhibit separately the effect of the average char-
acteristics of the constituent subsystems (their contributions to the
all-important exponent and their share of the total energy) and the
effect of the total number of constituent subsystems. The expres-
sion (46) will then take the form

, E. (n—1)r—1
X!(E,) (1 - (n——_l_)e) dE,

%.

0 0 0

M. (., B) = L2
fE X'(E.) (1 B )("—m_l dE

o T (n — 1)e :
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. E, ! 1 1

11 1 2

This power series will tend to the exponential series if we let the
number 7 of constituent subsystems increase without changing their
average characteristics » and e. In the limit, we get

lim {M.(E)} = /0

n— ®

(50)

v

L " X\(E)e < dE,

Physically, we can interpret our result as follows: A single system
with a known characteristic volume X, can interact with a very
large complex composite system composed of such constituents as
harmonic oscillators and particles free to move within a finite
region. If we are permitted to increase the number of subsystems
without limit (provided, however, that the percentages of particular
types of subsystems remain unchanged and that the total energy
is increased in proportion to the size of the composite system), then
the energy distribution of the system under consideration S, will
approach (50). The composite system (Z — 8,) is a particular
type of temperature bath. Naturally, we shall want to know how
large the bath must be chosen before the asymptotic expression
(50) is a good approximation of (49). Later we shall also attempt
to generalize the type of constituent subsystem suitable for the con-
struction of temperature baths.

Let us first examine the goodness of the approximation (50)
to the rigorous formula (49). The principal contribution to the
integral comes from a region in which the exponential in (50) is
comparable to unity. Depending on the exact shape of X/, the
approximation of the binomial series by the exponential series needs
to be good only in a region in which the argument (v/e) « E, lies
between 0 and a value f which is greater than one and of the order of
|E,- VY'/V!|. The approximation will be worst at the upper limit.
At this upper limit, both the binomial and the exponential series
will decrease after f terms; if we wish to break off the exponential
veries at such a point that the relative error (error divided by the
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true value of the function) is less than some small number §, then the
standard formulas for rest-term estimates tell us that we shall retain
N (8) terms, where

e AL (N + 0. (51)

Now we can estimate the error produced when we reblace the
binomial serics by the exponential series. The percentage error
produced in the Nth term of the series equals

1 2 N o

This error can be estimated very roughly, but sufficiently well for
a consideration of the parameters affecting our approximation as

AN _ L N (53)

2N 2wn-—1)
provided it is small compared with unity. Suppose, for instance,
that we have constructed a temperature bath of one mol of a near-
perfect monatomic gas. In that case, the number N is § times
Avogadro’s number, or, very roughly, 10%. The discrepancy
between the exponential and the binomial series will, therefore,
become serious after about 102 terms of the series expansion. For
such an enormous number of terms, the error due to the breaking
off of the series is completely negligible if f is small compared to N.
Only when f approaches about $N does it become necessary to con-
sider the error given by eq. (51). Thus in our present case we
should be justified in using the exponential function for a range of f
up to about 10!', On the other hand, f is a measure for the com-
plexity of the subsystem S, under consideration. It is of the same
order of magnitude as the number of degrees of freedom of the
subsystem. Thus, if we brought an organic macromolecule of, say,
10® molecular weight into contact with our one-mol temperature
bath, its energy distribution would be given by eq. (50) with virtu-
ally perfect accuracy.

The introduction of exponential factors into the computation of
energy distributions was first proposed by Boltzmann; accordingly,
we shall call the exponential exp { —(v/e)E,} the Boltzmann factor.

So far, we have derived the occurrence of the Boltzmann factor
for a very restricted situation: that the characteristic volume of the
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temperature bath is proportional to a positive power of the energy.
This result can be extended to all characteristic volumes that possess
merely one property; the integral

I= f_“‘n X!(E) ¢* dE (54)

must converge for each subsystem for all positive values of a.
Under these circumstances, we can derive the Boltzmann formula
as an asymptotic expression that is approached if the temperature
bath is made sufficiently large.

To do so, we shall make use of the so-called central limit thcorem,
which occupies a key position in the theory of probability. The
central limit theorem explains the significance of Gauss’s error
function; it states that if a non-negative function f(x) possesses the
three integrals

L= [ j@)ds, |
XIo= [7 f@)ds, (55)
@+ X0 = [ 2*f(z) da,
then the “integral involutions” f(x),
H@ = [T J@ = ) f@) day,
H@) = [ [7 1@ = 2) Ja = 22) f(@) dea da,

(56)
1@ = [ faale = ) f&) a,
tend, for large values of n, asymptotically to
" _1l(x—nX)?
I e 2 nat (57)

@) > b

That is, if to a “sharp” function, Dirac’s delta function, we apply a
‘““spreading’ process, one in which through an integral transforma-
tion the delta function is spread into the distribution f(z),

@) = [° fe = =) o(z) duo, (58)
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and if we repeat the same spreading operation on the result again
and again, then ultimately we shall get a Gaussian distribution if
only the spreading function itself possesses a ““ center of gravity” X
and an rms spread A. For finite values of n, the approximation
will be best near the center of gravity, nX.

Now let us apply the central limit theorem to the function
e°EX'(E). First of all, it is clear that if the integral (54) converges,
then the other two integrals listed in (55) will converge as well.
That is because for a given value of o we shall always, beyond a
certain positive value of z, have the inequality

L3 2
e <e 2, x> (2—7") ; (59)

a

and since the integral (54) is assumed to converge for all positive
values of the factor a, we have, for sufficiently large values of «/,

© _ w —%z ’ 2’",2
/;, x"e“’dx<L,c2dx<°°, Z>{=)- (60

a

Next, it is clear that the characteristic volume derivative of com-
posite systems is obtained from that of the constituents by integral
involutions. If we introduce in expression (16) the following new
variables of integration

E1=E—SL'1, $1=E—E1,

E2=x1—1'2, $2=E—E1—E2,

(61)

n—1
En—l =Tn-2 — Tu-1, Tp-1 = F — 2 E.,
g=1

X'(E) turns into

0

x@= [ [ XE-wXi@ o) -

T1, 0, Tno1=— ®©
Xﬁ,_l(x,._z - x,,_l)Xﬁ,(x,._l) dx1 ¢ dx,._l. (62)

The same relation holds for the functions e¢—¢* X'(E). We shall
now construct a sequence of ever-increasing temperature baths by
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taking the first temperature bath first once, then twice, then three
times, and so on. This method of constructing the sequence gives
a definite meaning to the requirement that, except for size, all
temperature baths of the sequence be similar. To this sequence
we can now apply the central limit theorem directly; we have, for
the ith temperature bath in our sequence, the asymptotic expression

I% ea(,ﬂ_E) l[ﬂ(! ) — E)2
e

nA?
vV 2ni

Xi(ie—E) ~-0%

(63)
L Irem e (e 1
\/21rﬁ )
I, and €* stand for the integrals
I, = / e* X|(E) dE,
i (64)

=7 / e<® X/(E) E dE.
0 — o

¢ is the total energy, divided by 7. The definition of A? is also
obvious. The last factor in (63) will tend to unity as we let 7 go
to infinity.

The approximation will improve with increasing % (and become
perfect for infinite 1) for the point 7 ¢* and for points which, on an
absolute energy scale, have a fixed distance from 7 e*. Therefore
eq. (63) is valid only if we choose the parameter a so that e* coincides
with & We shall call this choice 8, which obviously is a function
of & If we go with @ = g8 into eq. (63), omit the last factor (since
it will tend to unity when the whole approximation becomes valid),
and substitute the result into eq. (37), all the factors in (63) that
are independent of E will cancel, and we shall be left with

X’(E Ye—o% dE,

L . B=60. (65
[_ _ X\(E)e?™ dE,

M (E., E)

This formula, our final result, again contains a Boltzmann factor.
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3.4. Temperature. Canonical ensembles

The result of our discussion so far is that if a system in which
we are interested is in contact with a temperature bath of sufficient
size, and if the system and the bath are otherwise isolated (so that
the total energy is constant), then the probability of finding the

system with an energy less than ]3. is given by eq. (65). This
distribution function depends on the detailed structure of the
bath as well as on the total energy available, because these two
circumstances together determine the value of the constant 8. But
actually, if we had two temperature baths of quite different chemical
composition available for experiment, then in general two different
values of the total energy would exist, each appropriate to one of
the baths we have, so that we could achieve the same energy distribu-
tion in a particular system by bringing it in contact with either
temperature bath and, in each case, making available the correct
amount of total energy. In other words, we can dispense with all
knowledge of the detailed structure of a bath and the total energy
available if we have some other means of determining 8. Given
knowledge of that parameter, we can predict the energy distribu-
tion of a system brought in contact with the bath, provided only
that we have knowledge of the characteristic volume of the system.
Inasmuch as the bath will interest us only to the extent that it
determines the energy distribution of systems brought in contact
with it, and since the constant 8 is a property of the bath only, not
of the system, from now on we shall characterize baths merely as
having a particular value of this parameter.

If there is a single parameter 8 that determines the energy dis-
tribution of any (sufficiently small) system in contact with a par-
ticular bath, then this parameter must be directly connected with
what we usually call the temperature. As a matter of fact, two
baths having the same value of 8 will, if permitted to interact
thermally, transfer on the average zero energy to each other. We
can verify this assertion immediately if we assume that the thermal
contact is accomplished by means of a (small) system that we couple
alternately with one and then with the other system. Every time
we couple and then uncouple the system with one bath, there will
be a net change in energy of the system (and therefore also of the
bath). But when we consider a large number of these cycles, we
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know that the energies on uncoupling from bath No. 1 will follow
the distribution (65) with a particular value of 8. That distribu-
tion is, of course, identical with the distribution of energies found
at the instants of coupling with bath No. 2, since between uncou-
pling from No. 1 and coupling with No. 2 the energy cannot change.
But when we take the distribution of energies at the instants of
uncoupling from No. 2, that distribution must again be (65), with
the same value of 8 (since we had assumed that our two baths are
cndowed with the same B-value). Hence, on the average the
amounts of energy transferred to No. 2 and taken out of No. 2
cancel. The same result holds, of course, for bath No. 1. It
follows that 8 really has the properties ordinarily associated with a
temperature scale. We must assume that 8 is some function of the
(mercury thermometer) temperature 8, and vice versa.

Let us now return from a consideration of baths to our system,
the one we formerly called S,. We shall say that the system
possesses a temperature 6 if it is in contact with a bath at the
temperature 6(8); this statement means that the energy of the
system, in the course of time, must have a distribution given by the
formula

[ B esom X/(B) QB
== , (66)
[, e X0y

M(E, 6) =

Thus, when a small system has a definite energy (when it is isolated),
it does not have a temperature; when it has a temperature, it has an
energy distribution.

Willard Gibbs showed how we may think of the temperature as
the property of an ensemble of isolated systems, without the benefit
of a temperature bath. His proposal is simple. We must con-
struct an ensemble of (small) systems, the ones we are interested
in, but we must not place all of them on the same energy surface;
rather, we must distribute them on all energy surfaces in accordance
with the formula (66). Then all ensemble averages will be exactly
the same as if each system were in contact with a temperature
bath. An ensemble formed according to this prescription is called
a canonical ensemble.

Let us determine the density of a canonical distribution in the
phase space of the system. If this density be called p(E) (our dis-
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tribution is to be stationary), then the fraction of systems with

0
energies less than £ must be

M) = [*, wm) ax@) = [* umxm e @)

Comparison of the two integrals (66) and (67) for the same function
o :
M(E) shows that the density function u(E) is
cPE

p(E) = - .
[, e x@y am

(68)

The denominator in this formula is independent of E; as we said
before, it is essentially a normalization factor. However, this
denominator is a function of 8 and hence of the temperature 6.
This integral occurs in innumerable reclationships of statistical
mechanics and has been given a name of its own. It is called the
partition function or, less frequently, the sum over the states. The
latter expression is a rather awkward translation of Zustandssumme.
We shall denote the partition function by the symbol Z, so that

7= f_""” e X'(E) dE. (69)

7 is a function of 8; of course, it also depends on the character-
istic volume of the system we are considering. Later we shall
study the change in Z brought about by a change in the mechanical
characteristics of the system [as reflected in the form of X'(E)].
But first we shall form the first and second partial derivatives of Z
with respect to 8. We have

o _ _ f E o** X'(E) dE (70)
aB —w
9% .

and Si=+ | B X(B)dE. (1)

These two expressions enable us to find both the average energy and
the rms spread of the energy of a system for a given value of 6 if
we know the partition function as a function of 8. To this end, we
have to apply eqs. (2.3) and (2.6), which define ensemble averages
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and rms spreads in terms of the distribution function. We find
for the average energy of the system

(B) = f " BdM(E) - /‘_°° E X'(E) u(E) dE

i , ) )
=2/_wEX(E)e—ﬂEdE=——-—= — 5 ™2, (2

and for its mean square spread
L

@my = [ - = [ - @axw e

1922 1 faZ\* o (197

Tz 7 (aﬂ T 98 (2 Bﬂ) @)
92 .

= 5 (In Z).

Thus, if we know the partition function of a system, we can compute
the average energy of the system (for a given 8) as well as its aver-
age energy fluctuation.

We shall apply these formulas to three types of system: to a
single particle in a box, to a composite system consisting of many of
these particles (that is, a perfect monatomic gas), and finally to a
general composite system possessing a Hamiltonian that depends
quadratically on some of the canonical coordinates.

Let us begin with a single particle in a box. We have determined
the characteristic volume in eq. (21). If we substitute this expres-
sion in the defining equation for the partition function, (69), we get

Z = 4+/2 7 V¥ L * ¢P® 1% JE, (74)

considering that X’(E) is zero for all negative values of the argu-
ment. The integral can be converted into a standard type if we
introduce a new variable of integration, x = 4/28E. The partition
function then becomes
7 = dnVm¥ig-ss / Ry = 2 WY m¥gH
0 V2
(75)
In Z = const — gln B.
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The last integral has been evaluated by means of a recursion formula
that can be found in any calculus text. The average energy and its
rms spread are now found to be

B =3 }, (76)
and (AE?) = ggl, = g(E)’,
@B 2 "
EY 3

Equation (76) tells us that the average energy of the particle in a
box is inversely proportional to 8, and this result enables us to
establish a tentative relationship between the parameter 8 and the
so-called gas temperature scale.

In a perfect gas, we know from experience that the energy is
proportional to the pressure, and this result was also derived from
the microscopic model of a perfect monatomic gas in Chapter 1.
The gas scale is based on the pressure (if the volume is kept fixed),
so that the temperature of the gas is defined as being proportional
to the pressure.! Thus in a perfect gas the average energy of the
gas, which must be a multiple of the average energy of each mole-
cule, is proportional to the gas temperature 6,. Therefore we can
conclude that

B =5 (78)

Right now, we shall not bother to determine the constant x. Later
we shall introduce a more fundamental temperature scale than the
gas scale, the so-called Kelvin scale, and then we shall obtain again
a relationship similar to (78). At that time we shall determine the
universal parameter occurring in that equation.

Before we go on to the next example, we shall do something that
we could not have done in Chapter 1, except with a tremendous
cffort: we shall determine the velocity distribution of the atoms in a
perfect monatomic gas. We shall take a macroscopic quantity of

! The constant of proportionality is determined by historic reasons.
Although it would be possible to relate the temperature scale directly to our
parameter 8, setting the constant of proportionality in this relationship equal
to 1, such a scale has never been introduced in practice.
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gas and consider a single atom in it. Once we have established

statistical equilibrium, we may consider the remainder of the gas as a

temperature bath in which this one atom is immersed. Then the
0

probability that our single atom will have an energy less than E is
0
given by the function M(%), eq. (63), which in our case reduces to

[
0 /E e P '\/E dE
M(E) = 2, — (79)

ﬁ) * et/ dE
0
In this model, all the energy is kinetic energy, and ¥ is simply equal
0
to 2—1771, p%  Thus the probability that a given atom will have a linear

0 0
momentum of a magnitude less than p or a velocity less than v is

0

8
P —.—17'1-" 0
O_ﬁ)e‘ pzdp_ 2% s P_2_A:;p,2
M,(p) = - S I _;_.3 m—4 e p*dp,
“prdp

® e 2m
0
0
0 . v _ﬂ v1
M, @) = \[7—2‘_[33“/; e 27 y2 gy,

This probability distribution holds for every atom with the mass m.
Thus M, will also represent the fraction of atoms of mass m in our

(80)

0

gas with velocities less than v. And by differentiating the last line
of eq. (80), we can find the infinitesimal fraction of atoms of mass m
with absolute velocities (speeds) between » and v + dv:

dM, = \Eﬂ” e 2 g2 dy, (81)

This formula for the velocity distribution in a perfect gas was first
derived by Maxwell and is called a Mazwellian velocity distribution.

We shall now go over to our second example, the composite
system of n particles which are almost noninteracting. Applying
eq. (45), right away we can get for the function X, the form

X!(E) = A E, (82)
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since every one of the constants n, equals 4. Thus the partition
function must be

Z = A /(')“0 ¢ BE Fin-1 K = A g /(‘)n e~ rin—1 dg
(x = BE),  (83)
mZ=B->ning,

where A and B stand for constants of no further interest tous. For
(E.) we get

n

(B.) =

[\VIRVL]

=n (F1> (84)

'Cblr—d

This result was to be expected. The average energy of n very nearly
independent systems must be n times the average energy of any
one of them. But for the mean square spread and for the relative
mean square spread we get

(AED) = 3n 3 = n(ABD = 2 (B,

B (85)

This result is merely one instance of the smoothing effect of large
numbers of constituent systems. Although each molecule in a
gas undergoes very considerable fluctuations of encrgy, the energy
distribution of a large number of them is relatively stable; that is,
it is very unlikely that an overwhelming number of them will
assume above-average or below-average encrgies at the same time.
For one mol of a gas, the internal energy will have an rms fluctua-
tion of no more than 10~!2 of its average value, an amount that
can be observed only under very special experimental conditions.

3.5. The equipartition law

Our third application of expression (72) for the average energy
of a system is one in which (at least) one of the canonical variables
qr, Pr appears in the Hamiltonian quadratically. This case is of
great practical importance, because in many important physical
models variables enter in such a manner. For instance, if we use
Cartesian coordinates, then the particle momentum components
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contribute to the Hamiltonian quadratic terms; in the harmonic
oscillator, even the location coordinates enter quadratically. If
we wish to examine a system in which the particles are bound to
each other by elastic forces that tend to maintain fixed distances
between them (such a system is a good model of a erystal), then the
differences between the coordinates of neighboring particles make
quadratic contributions to the Hamiltonian, and so on. We shall
now single out one coordinate that appears in this manner, and
call it z. The Hamiltonian of our system will then have the form

H=1+ %x”. (86)

The function /T depends on the remaining (2f — 1) canonical
coordinates, but not on z. ¢ is some constant. The character-
istic volume X (&) of the system (86) is that volume in which the
sum of the energy terms E and K, (the first being the value of H,

the second being equal to %aﬁ) does not exceed E. The volume

element in phase space equals the product of the coordinate and
momentum differentials, dgr and dpx, and one of theseisdzx. If we
introduce for the product of the remaining (2f — 1) differentials the
abbreviating notation dX, then the infinitesimal volume element
in phase space is dX dz.

Now into the (2f — 1)-dimensional domain of integration whose
volume clement is dX we can introduce a function that is akin to a
characteristic volume, namely, the integral over that region in
which E does not exceed a preassigned value. We shall call this
function X(#). The domain in phase space in which E lies within
an infinitesimal bracket dE and, at the same time, E, lies within an
infinitesimal bracket dE, must have a volume

dX
dz = d <\/§ b)
c
Thus X(E) must be
) E—E: _ _ _ dE’z
X(E) = f X' (E) dE —F= (88)
( E.=0JE VE,

E=~w

I

XU(E) dF dr = \fc % X&) df dL.,
) 87)
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and its derivative X’ comes out as

o dE
X'E=f X'(E - E,) —F= (89)
(E) o ( )\/19,
With this expression, we shall determine the partition function.
We have

E

© © dE,
= —BE X(E - E.) —57
Z(B) ,[E—-—uee /E:=0\<E F)\/bz

=/°° " X'(E") dE’ ./'” ¢ PE: dF-j-z‘ = .\/; ZB) 00
E=— E:=0 \/EZ ﬁ ’
E =E—E,.

In this expression, Z designates an integral that is formed from X’

the same way the partition function is formed from X’. For the

average cnergy we get
a

(B) = = 35 (n 7) =

oln 2 1
1 1
(E:) = gB = EK@,,.

(By + (F.),
(91)

Naturally, the average energy is the sum of the averages of the
two partial energics E and E,. Regardless of the physical sig-
nificance of the canonical variable z, the system behaves mathe-
matically as if it consisted of two cntirely scparate systems, the
one with the ITamiltonian I, the other with the Hamiltonian %x”.
But the remarkable aspect of eq. (91) is that each canonical variable
that contributes just a quadratic term to the Hamiltonian (and
does not appear in it otherwise) adds to the average energy of the
system the same amount of energy, just % « 6;, no matter how small
or how large the coefficient ¢. This law is called the equipartition
law. We shall now discuss some of its implications.

Our previous example, the free atom in a monatomic gas, is a
special case of the equipartition law. The Hamiltonian of a single
mass point consists of three quadratic terms and nothing else, so the
energy per atom should be § « 6,, just as we found in eq. (76). One
mol of such a gas contains N atoms (N being Avogadro’s number,
6.02 X 10%%), so its internal energy should be § N « 6,.
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If we increase the temperature of a body by permitting it to
increase its random motion, without changing its volume, shape, or
other macroscopic characteristics that affect its energy, we call the
amount of energy required to increase the temperature one degree
(of whatever temperature scale we happen to work with) its (¢nternal)
heat capacity. If the body happens to be one mol of a well-defined
chemical substance, then we call this quantity the specific or molar
heat. In gases (where this distinction is important) we speak of the
specific heat at constant volume, c,, to distinguish it from the specific
heat at constant pressure, ¢,. According to our results so far, ¢, for
a monatomic gas should equal § N « if the temperature is measured
on the gas scale. As a matter of fact, the molar heats of all mona-
tomic gases are very nearly constant, equal to § ; R is the gas
constant, roughly 2 calories per degree centigrade or, in cgs units,
8.3 X 107 ergs/°C. Comparison of our result from the theoretical
treatment of the microscopic model with measured values thus
leads to the result that the constant x equals R/N.

The equipartition law enables us to go over to gases that are
not monatomic. Consider a diatomic gas, such as oxygen, O,, or
carbon monoxide, CO. Such a molecule has an encrgy that is
composed additively of its translatory energy and its rotational
energy. The average translatory energy again will be § x 6,. As
for the rotational energy, a diatomic molecule (a dumbbell) has
two degrees of freedom; and if we introduce spherical coordinates,
its rotational energy is given by the expression

= 1 2 1 2
Hew =57 (Po'+'55§?@ P¢)

@5¢5%, —gsosg)mm
where I is the moment of inertia about an axis at right angles to the
line that connects the two molecules. The four canonical coordi-
nates in this partial phase space are 0, ps, ¢, and ps. ¢ does not
occur at all, and pg occurs in such fashion that we can apply the
equipartition law immediately. TFor the remaining term, a short
calculation that runs exactly like all those performed earlier in this
chapter shows that its contribution also equals § k 6,. Thus the
average rotational energy of a diatomic molecule comes out as « 6,,
and the total specific heat ¢, of a diatomic gas must be
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¢, = 4R + R = 3R. (93)
This result is again confirmed by the experimental evidence.

As for gases whose molecules are composed of more than two
atoms, all those whose atoms do not lie on one straight line have an
additional rotational degree of freedom; theory predicts—and
experiment confirms—that the specific heat of such a gas must equal
3R. Thus, the equipartition law predicts with considerable accu-
racy the specific heats of all gases that are nearly perfect.

Unfortunately, we have achieved this success only by the appli-
cation of a discretion that is the better part of valor. We have not
taken into account the complete Hamiltonian of the polyatomic
molecules; if we had, we should have obtained results manifestly at
variance with the facts. Naturally each atom, each molecule con-
tains electrons, whose contribution has not been considered at all.
If we should take them into account in the simplest possible case, the
monatomic hydrogen gas (which is stable at very high tempera-
tures), we should get a very large contribution from the average
energy of these electrons, both the ionized and the non-ionized ones.
But we could argue that very likely our whole picture of the elec-
tronic motion is wrong; and as long as we take a wholly classical
point of view, we are quite unable to account for any of the features
of atomic spectra. In other words, our theoretical result in the
case of electronic motion might be due to a faulty microscopic
model.

But in addition, in polyatomic molecules the atoms are certainly
able to shift their relative positions. There must be strong but
finite forces that tend to restore an equilibrium position. At high
temperatures, molecules will occasionally be strained to the point
that they do not revert to their equilibrium positions; that is when
we observe dissociation.

In a diatomic molecule, the two atoms must attract or repel
each other in such a manner that some particular distance represents
a minimum of potential energy. If we know nothing about the
nature of these forces, we can assume that the potential energy vs.
distance curve looks somewhat like the one in Fig. 3. If we carry
out a power expansion of ®(r) about the point » = r,, we must get a

series like this:
’

B(0) = B0t S =) E it (9
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If we replace the actual potential energy by the function

Eor = o, (95)

=0+

then we shall represent the true Hamiltonian very nearly correctly
for small deviations from the equilibrium distance ro. But D is
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Fig. 3. IHypothetical potential energy of a diatomic molecule.

the potential energy of a harmonic oscillator. 1t is true that this
harmonic oscillator is not tied to a center but to an equilibrium
distance; but a fairly short caleulation shows that for temperatures
that are sufficiently low (large values of 8) the potential energy
makes a contribution that corresponds to a single degree of freedom
obeying the equipartition law. The internal kinetic energy (includ-
ing rotational energy) will make a contribution of § R; and so, with
a potential energy (95), the specific heat of a diatomic gas would be

c=3R+GR+§R) =3R, (96)

even if we disregard completely any contributions from electronic

motion. & is undoubtedly not the correct expression for the poten-
tial energy for any but the smallest deviations from equilibrium
distance. But Fig. 4 shows that at any energy level above the
lowest the actual volume in the partial phase space of the internal
degrees of freedom is likely to be larger than the corresponding
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characteristic volume indicated by (95). As a result, the system
would actually be more often at high energy levels than we have
assumed in using the potential (95). In other words, the specific
heat predicted by eq. (96), if incorrect, should be replaced by an
even higher value!

Today we can understand both the success of the classical
theory and its failure, but only on the basis of quantum mechanics.

total linear momentum

interatomic distance

Fig. 4. Inergy surfaces in the simplified internal phase space of a
diatomie molecule.

Historically, the need to apply the equipartition law “with discre-
tion” was the principal reason for the first attempt at a quantized
theory of nature by Planck. We shall have to say more about these
things in the sccond part of this book. Now we shall relate another
accomplishment of the classical equipartition law.

A reasonable model of a crystallized material is a system of
particles that are held in a certain configuration by elastic forces.
Each particle will have, in addition to its kinetic energy, a potential
energy that is a minimum when that particle has a certain position
relative to its nearest neighbors. Schematically, if we number all
particle coordinates and momenta through from 1 to 3n (if there be
a total of n particles involved), the Hamiltonian must have the form
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(in Cartesian coordinates)

3n
1
H = ‘—‘P? + (I)(xi):
2 2w 97)

K1 = M2 = U3 = My, B4 = U5 = pg = Mg, * ° ° .

The potential energy depends on the configuration, on relative
coordinates only. For certain values of the coordinates, the poten-
tial energy will be a minimum; these values represent the stable
configuration of the crystal lattice. Let the equilibrium value for
x; be y;. Then for small deviations of the lattice configuration
from its equilibrium value, the potential energy will be represented
by the first terms in the multiple power series expansion,
3n

®=d+ 3 2 cir & & & =z — ), (98)

ik=1
and the whole Hamiltonian has the form

6n

H = 5 1k §i Sky
LR (99)

E3nt1 = Py, Eang2 = Po, ¢+ ¢ ¢

Naturally, for physical reasons, most of the coefficients ¢z will be
zero. The Hamiltonian (99) can be ‘“‘diagonalized’’; that is, we
can introduce new variables by means of a linear homogeneous

coordinate transformation,
6n

m = 2 a; &, (100)
i=1
so that in terms of the new variables the Hamiltonian becomes a
sum of squares

6n
H=4%73 cn (101)
k=1

The transformation may not be canonical, but whether it is or not
is unimportant. In any case, we can represent a volume element in
phase space by means of the new coordinate differentials, multiply-
ing their product merely by the (constant) Jacobian of the trans-
formation. To the transformed Hamiltonian we can apply the
equipartition law, and our result is that the energy of a crystal
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lattice due to random vibration must be, at least in first approxima-
tion, equal to 3nkf,. If we have one mol of a substance of which
each molecule contains 7 atoms, then the molar heat capacity of
that substance should be 3R7. This law is known as the Dulong-
Petit law. Measurements have shown that it is satisfied by a large
number of solid substances at sufficiently high temperature. It is
again an indication of the limitations of classical physics that the
Dulong-Petit law is also satisfied quite well by metals, even though
in addition to the lattice points (ions) a metal contains a “gas” of
practically free electrons. If the behavior of these electrons could
be described classically, their contribution to the heat capacity
would be of the same order of magnitude as that of the lattice
vibrations.
Problems
1. Consider a harmonie oscillator in two dimensions whose elastic

constants k, and k, are different. To what extent is this system quasi-
ergodic?

2. Consider the same question for a mass point moving under the influ-
ence of an inverse-square law of attraction (a) if there is no other perturbing
force, (b) if the perturhing force is very small and is also a central force,
(c) if the perturbing force is a very weak uniform field of force (both
magnitude and direction being the same everywhere).

3. The Hamiltonian for the molecules of a gas is approximately
1
= — 12
H=h+ am P + mgz

under the influence of the field of gravity of the earth, and the coordinate
z cannot assume negative values. The function A is the Hamiltonian for
the internal degrees of freedom only. How does the presence of the last
term affect the mean energy of the gas molecules? What about the density
as a function of 2, and how about the velocity and internal-energy distribu-
tions as functions of the elevation?



Chapter 4

Thermodynamics, First Law

4.1. Heat transfer and mechanical work

The discipline of thermodynamics deals with the macroscopic
changes that may be perpetrated on a highly complex system.
These changes are essentially of two kinds. On the one hand, we
can change the total energy possessed by the complex system with-
out changing its other characteristics; we then speak of heat transfer
without the performance of work. On the other hand, it is also
possible to change the gross conditions of the system, for instance
by changing the shape of the volume to which it is restricted, or by
impressing on the system an electromagnetic field. In all these
cases, of course, the HHamiltonian of the system (as a microscopic
system) is being changed in its functional dependence on the canon-
ical variables, and this change will in genecral also result in a
change of total energy. 'These changes we usually call the perform-
ance of work, the word “work’” standing for macroscopically
observable transfers of energy. Naturally, any change may involve
both the performance of work and the transfer of heat.

Macroscopically, we know perfectly well how to characterize
these two types of change. 1In a heatl transfer, we permit the system
under scrutiny to receive or to give off heat to neighboring systems
by conduction or by radiation without experiencing a change in
volume or shape and without undergoing a change in the applied
external forces. The most common performance of work, on the
other hand, consists of compression and expansion. Other types
of work performance include changes in shape (such as the forging
of metals), polarization and magnetization, and dropping through
a gravitational potential. We call the performance of work with-
out simultancous heat transfer an adiabatic process. This name is
only one of several names of Greek origin used in thermodynamics,
and the necessity of knowing the significance of all of them is one

10
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of the more incidental sources of confusion for the beginner in this
subject. We call changes that take place without a change in
volume ¢sochoric, those in which the temperature is being kept
constant ¢sothermal, and those changes where the pressure remains
unchanged zsobaric. It may be of some slight help to the reader to
know that the prefix ¢so- stands for constant, and that while diabasis
is the Greek word for ““passage,” the prefix a- is a ncgative, just
like the English prefix un-. Thus an adiabatic process is one in
which there is no passing over, no transfer (of heat).

In thermodynamics, it is customary to call the energy of a
system, to the extent that it cannot be represented as gross kinetic
energy, gross potential energy, or gross electromagnetic energy, its
internal energy U. TFor any given temperature, this internal energy
is subject to random fluctuations, but its average, in the absence of
gross motion and external forces, is cqual to {(£). In thermodynam-
ics, we usually deal with systems of sufficient size and complexity
that the variance of the energy within the canonical ensemble is
very small compared to its mean value. To this extent, we may
set the thermodynamic quantity U cqual to {£) and consider it a
function of the temperature, without committing an appreciable
error quantitatively. It is because of the smallness of the variance
that we may consider the system variable U a function of the ensemble
parameler 0.

Before we can attempt to translate the macroscopic terminology
of thermodynamics into the language of statistical mechanics, we
must make one more reservation. Thermodynamics deals with
complex systems and their changes; but each of these systems iy
always considered as represented by a canonical ensemble. Thus
at any given moment we must have statistical equilibrium or at
least a very good approximation to equilibrium. Therefore we
must restrict ourselves to the consideration of processes that take
place sufficiently slowly so that at each stage the system can be
approximated by an equilibrium state. It is often said that thermo-
dynamics treats infinitely slow processcs. We must imagine that
if necessary cach member system of the ensemble can be coupled
(loosely) to every other member of the ensemble to reestablish the
canonical distribution of energies whenever in the course of a finite
process the deviation from canonical distribution becomes appreci-
able. Furthermore, we must assume that measurements will nor-
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mally determine time averages of the quantities in question, so that
every observation and measurement actually determines an average
of a stalionary, canonical distribution.

This restriction is necessary if we are to be able to describe a
system in terms of macroscopic parameters only and if we are to
make predictions in terms of these same parameters. It has often
been objected that thermodynamies cannot deal with fast changes
in which the systems of an originally canonical ensemble will assume
an (instantancous) distribution that is far from being canonical.
This objection is probably well taken. In using thermodynamic
methods, we must keep this restriction in mind and guard against
applying thermodynamic laws uncritically where they might not
hold.

A canonical ensemble is completely known if its Hamiltonian
funection is given to us and if we know, in addition, the value of the
parameter 8. Changes that take place must, therefore, be changes
in one or the other of these characteristies, or in both. If a system
exchanges energy with its surroundings without changing its volume
or its shape and without any change in the external macroscopic
forces, then its Hamiltonian as a function of the canonical coordi-
nates in phase space must remain unchanged. Heat transfer
without the performance of work must be reflected in the representa-
tive ensemble by a change in the value of 8 only.

When we deal with the most common subjects of thermodynamic
investigations, gases and liquids, a pure heat transfer can be char-
acterized by the fact that the volume remains unchanged, where
constancy of gravitational and clectric potentials, ete., is taken for
granted. The dependence of the internal energy, (E), on 8 is, there-
fore, called the 2sochoric dependence of the energy on 8. Since 8 is
usually replaced by some other temperature scale (the gas scale, for
instance), the most common measure of this dependence is the
isochoric heat capacity, C,, defined as the isochoric derivative of the
internal energy with respect to the adopted temperature,

_XE) _dgoE) _ _dBda*InZ
Co = 96 do a3 do 9B M

How can we characterize the performance of work in terms belong-
ing to statistical mechanics? In a change of any type, the systems
of our ensemble must be interacting in some fashion with the out-



§4.1] THERMODYNAMICS, FIRST LAW 73

side world. In the absence of such interaction, the systems form a
stationary ensemble, and nothing can change. If our systems are
coupled “loosely’ with the outside (that is, if the contribution of
the interaction terms to the Hamiltonian is always small compared
with the energy of the system), interaction with the outside world
either can be known in detail, or it may be purely random; finally,
it may be a mixture of both. Let us illustrate the significance of
these distinetions by means of an example. Consider a gas which
is enclosed in a vessel whose walls are rigid, except for one window.
We shall use this window to install interaction devices. Let us first
install in this window a piston held in place by strong springs, and
have the molecules of our gas impinge on one side of this piston
and on the other side the molecules of some other gas that is also
otherwise confined by perfectly rigid walls. The piston will be sct
swinging by the impinging molecules, and in turn it will tend to
impart momentum to the gas molecules in amounts determined
by its instantancous motion. This type of interaction will impart
to the system we are interested in encrgy by means of random
processes exclusively. Nevertheless, there is a trend in the change in
encrgy: If the auxiliary gas is at a higher temperature than the first
gas (if its B-value is smaller), then it will tend to transfer energy
to the first gas; if its temperature is lower, it will draw off energy.
This statement will be proved by a detailed computation below, but
first we shall give an example of the other type of interaction. Sup-
pose that again we install a piston, but by means of a weight we
press this piston toward the interior of our gas (in this instance, we
do not require a second gas). Then, depending on the magnitude
of the weight, the average acceleration duc to the impinging gas
molecules will exceed the force of the weight, will be less, or will
be equal. Accordingly, the piston will carry out an average net
motion away from the gas, into it, or none at all; and at the end of
this process (when the piston has come up against a built-in stop,
let us say), the gas will occupy a different volume than it did before.
Its Hamiltonian H and its characteristic volume X (E) will be new
and different functions, and the process just described will belong
to the second type: we have performed work on the gas.

In more general terms, the performance of work corresponds to a
microprocess that changes the Hamiltonian (as a function of the
canonical coordinates) of the system and its characteristic volume.
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In view of the general theorem of mechanies that the rate of change
of the encrgy of a system with time-dependent Hamiltonian equals
the partial time derivative of 11,

dlf oH
T (2

[see M&E, eq. (2.35), p. 34], the same change in the Hamiltonian
carried out on every system of a canonical ensemble leads to a
change in energy given by the integral

dEy 1 (ol _,,
o <7 f ETRAARS 3)

or, if we wish to eliminate the time scale and write our expression
simply in terms of a variation of the Hamiltonian H,

ona(E) = :,2‘/ 81 (qx, px) e~ PH (o (X, 4)

Before we go on with the general theory, let us return to our
example of the piston forming part of the boundary of a perfect gas.
We shall now carry out the necessary calculations that confirm our
intuitive assertion that the piston will transfer energy to the gas
both when it is used to compress the gas and when it merely is
permitted to swing between two gas volumes at different tempera-
tures. If the piston is capable of swinging only in the direction
normal to its face, we can determine the energy transferred between
the piston and an individual gas molecule by solving a collision
problem between two bodics in one dimension only (since there is
no exchange of momentum in the direction parallel to the face of
the piston) and by assuming that the collision is perfectly elastic.!
Call the mass of the gas molecule m, that of the piston A1, and their

' An inelastic collision between two macroscopic bodies is one in which
part of the gross motion is converted into random motion of the constituent
molecules.  In atomic eollisions, we call an 7nelastic collision onc in which
some of the energy of translatory motion is converted into some form of internal
energy, whether rotational, vibrational, electronie, or nuclear.  In our example,
it is of course quite possible to have inelastic collisions: some of the gas mole-
cules might be adsorbed on the surface of the piston, the piston will heat up,
andsoon. However, all these complications contribute nothing to our problem,
and we shall work with a (nonrealizable) piston that is internally completely
rigid and merely capable of moving on guide rails us a whole.
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velocity components at right angles to the piston just before the
collision » and V, respectively. Immediately after the collision,
their velocity components will be given by the formulas

=20 — v, V=25 -7V,

_ mv—I—MV (5)
T mF M

where 7 stands for the velocity of the common center of mass of the
system piston-molecule. Since we are interested in the transfer of
energy in the collision, we shall determine the difference in kinetic
encrgy of the gas molecule before and after the collision. For this
increase in kinetic energy of the gas molecule as a result of its
collision with the piston, we find the expression

vl

AT = Zg ®'? — 1?2 = 2mi(d — v)

(nzf'f‘]’u) (v + MV)(V — v) ©)
AmI v,
= W'zl-“ﬂl)"[ SV (M - m)vV]

Again, both » and V represent velocities prior to the collision.

Having obtained this general expression for the energy transfer
during an individual collision, we must evaluate the average transfer
of energy during a large number of collisions. The time average
of the piston velocity, taken over a period long enough to average
over the random fluctuations in piston velocity, will be denoted by
V. We can assert confidently that positive and negative deviations
of V from V are equally probable, since V depends on previous
collisions, but not the one just taking place. Therefore we can
assert that the average energy transferred from the piston to the
system of gas molecules per collision equals

(A1) = (m4-T-]‘]{I) [M =y —%(M - m)<v>17], )

where the double bar denotes time averages and the carets an
average over all the molecules of the gas that strike the piston. We
are now ready to treat separately the several situations in which we
are interested.
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If the piston is held in place by a sufficiently strong spring, the
collisions will set it swinging, but they will not produce a permanent
dislocation of the piston, and the average of the piston velocity
(including the sign) will vanish. As a result, the last term in eq. (7)
will be zero, and the average energy transferred per collision from
the piston to the gas will be proportional to the diffcrence between
the average kinetic energy of the piston and the average kinetic
energy (normal to the piston) of the individual gas molecules. If
there were only one gas and the piston, the condition of statistical
equilibrium would be that this difference vanishes—a result that
also follows directly from the equipartition law. But let us consider
the case of the piston between two volumes of gas. Denote the
quantities belonging to the second gas by primes. Then, if the
numbers of gas molecules striking the piston from either side per
unit time are n and n’, respectively, the kinetic energy accumulated
by the piston per unit time must be

. dnmM [ m dn'm’M [ m' "
Te= (m+M) ( >_"“ Vl)* (n +M)2(< 2>_“ )

7 (nmXp?) + n'm'¥p'?)) — 2(nm + n'm’) V2

®)

If the piston is to be in a state of stationary velocity fluctuations—
if the situation is to represent a statistically constant stream of
cnergy from one to the other gas across the piston—then the rate
of energy accumulation of the piston must vanish, and we have

9)

M = nm o2 n'm’
2I nm+nm'<2 >+nm+nm’(2 v

If we substitute this expression for the average kinectic energy of the
piston back into the formula for the rate at which the first gas
accumulates energy, we find for this rate

. 4nn'mm’ m’ m
Tir~ M(nm + n'm’) <<7 o) - <§ 1,2))' (10)
The direction of the energy stream is from the gas with the greater
energy per degree of freedom to that with the lesser encrgy per
degree of freedom, as we would expect.
It might appear strange that the laws of mechanics, which make
no distinction between the past and the future, which permit any
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process to run forward as well as backward, nevertheless seem to lead
to a definite asymmetry in our statistical problems, the approach
toward statistical equilibrium in the future, not in the past (the
stream of energy tends to reduce the temperature difference between
the two gases in the future); but a brief review of our present example
reveals the source of asymmetry. It is the assumption that the
molecules approaching the piston are representative of the velocity
distribution in the interior, whereas those reflected by the piston
arenot. This assumption then makes a definite distinction between
the assumed velocity distributions of the molecules before and after
collision with the piston; if we assume that the velocity distribution
before collision is the same as elsewhere in the gas, then the laws of
mechanics, together with the requirement that the piston shall not
accumulate increasing amounts of energy, definitely lead to the
result that the velocity distribution of molecules leaving the piston
is different (unless the two gases happen to be at the same temper-
ature) from the velocity distribution throughout the gas. Iad we
assumed instead that the velocity distribution of the molecules
leaving is the same as the over-all distribution, we should have found
that the energy stream is toward the hotter gas, clearly an assump-
tion and a result rejected by our physical intuition and experience.
We shall need to examine this problem of asymmetry later in greater
generality.

Let us now turn to the question what happens if the piston is also
subject to a macroscopic force and, as a result, carries out a net
motion. Let this force be I’ and let the piston velocity, time-
averaged over the fluctuations, be V. We shall assume again that
the kinetic energy carried by the piston is stationary as well as its
velocity V. In other words, ncither the average velocity nor the
mean square velocity of the piston (which includes the contribution
of its random motion) is to exhibit a trend to change. These two
conditions take the mathematical form

0 =MV =F + nm(() = (")) ~F + 2um(() — V). (12)

From the second of these two conditions, we find immediately that
the imposed force F must be dirceted into the gas and equal to the
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impulse transferred per unit time by the impinging gas molecules.

If we substitute the second condition into the first, we find further

that the kinetic energy of random motion of the piston must equal

that of one degree of freedom of one gas molecule, as expected:
dnm| m . M ~—

Finally, the energy acquired by the gas molecules per unit time

turns out to be simply the average work done by the force I on the
piston and, through it, on the gas:

4nm

. ]‘['-‘T m o __1 ,'s —_ ,ﬁ
TIN_M- (-‘2« Vl—(gv) ;Z—AI(l)V—I’V 14

= 20mV(V — () ~ —20m V().

In other words, the work done under these conditions equals in good
approximation the product of the impulse transferred per unit time
by the impinging gas molecules to a stationary piston and the actual
time-averaged velocity of the piston. Again, this result is con-
sistent with the usual statement that the mechanical work per-
formed on a gas by compression cquals the product of its pressure
by the effected reduction in volume. Our result is, however, valid
only in the case of slow and stationary piston displacement. If we
expand a gas slowly, it will perform work and lose internal energy
in accordance with our formulas. If we withdraw the piston very
quickly (a situation we can realize in practice by opening a cock
that lets the gas stream into an evacuated space), the work done
by the gas will be less, and in the extreme case of sudden and com-
plete withdrawal the gas will do no work at all.

We are now ready to carry the general theory a little further.
Let us return to eq. (4), which represents the change in energy
caused by the performance of mechanical work without the simul-
taneous transfer of heat. If work is performed in this manner, the
temperature will in general change; this change in temperature can
be determined easily by the requirement that it must be just right
50 that the internal energy will change by the amount predicted by
eq. (4). If we compare two ensembles with slightly different Hamil-
tonian functions and slightly different values of 8, then the difference
in their internal energies, assuming both to be canonical, will be
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5E) = a(" In Z) I f Heon dX’

a?InZ <F>/68H(""”dX

- 8+

(15)
+5 / (1 — BH) 6H ¢#2 dX

= C, 80 + % / [1 + B(E) — E)] 811 c#% dX,

because of eq. (1). This expression must be equated to the right-
hand side of eq. (4), and we find that the change in 0 as the result
of an adiabatic process is given by

C. 80 = g / (B — (B)) 6H e-7 dX. (16)

In a mixed process (performance of work as well as transfer of heat),
the amount of heat transferred to the system must equal the total
gain in energy, diminished by the amount of work performed on the
system:

5Q = C, 56 + g / (E) — E) sH 8% dX. a7

or  8Q = &E) — % / 8% 6H dX = }3 SB(E) +In Z).  (18)

We have now established the principal relations leading from statis-
tical mechanics to thermodynamic concepts. Our next task is to
pronounce laws governing the processes possible with actual thermo-
dynamic objects. Naturally, these laws must contain only macro-
scopically defined quantities.

4.2. Equations of state

Consider a given amount of fluid at rest. Ordinarily, its macro-
scopic state is described completely if we know the volume available
to the fluid, and its temperature. If we disregard such unusual
conditions as the presence of very strong electric or magnetic fields,
the same amount of the same type of fluid will always be found to
be in the same “state’ (gaseous or liquid, or a definite mixture of
both); it will have the same pressure and the same internal energy.
The equation that gives us the pressure of the fluid as a function
of its volume and its temperature is called its equation of state.
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That knowledge of just two parameters (volume and temperature)
should completely characterize the gross behavior of a fluid is in
itself a remarkable fact. This fact is made possible only because of
the restrictions under which thermodynamics operates in general,
and because of the simple properties of fluids as compared with solids
or vitreous materials. The general restrictions are those we have
discussed in the preceding section; we consider that the fluid and
our information about it are represented adequately by a canonical
ensemble. Hence, knowledge of the temperature as well as of the
Hamiltonian function completely determines the thermodynamic
properties. But knowledge of the Hamiltonian is generally a com-
plicated business; here we can use to advantage the special proper-
ties of the fluid. Under ordinary circumstances, the Hamiltonian
depends only on the available volume; if we know the volume as
well as the temperature, then the canonical ensemble that is to
represent the extent of our knowledge about the system is deter-
mined completely.

Let us assume, for the time being, that we know the partition
function Z as a function of these two parameters, which we shall call
6 and V. Then we have, as before, for the mean energy of the
system

® - - AL DB = v, o). (19)

The mean energy, too, is a function of V and 6. We shall now
ascertain expressions that will characterize the two basic changes
of which our fluid system is capable. Any actual change can be
represented as a combination of these two. We may start with the
observation that our thermodynamic system (our ensemble) depends
only on two parameters and that the two possible changes are there-
fore a change in temperature at constant volume (isochoric proc-
esses) and a change in volume at constant temperaturc (isothermal
processes). The change in energy as a result of a combination of
these two (infinitesimal) processes is, of course, given by

144 aU
dU = 55 dV + 55 db,

w

F

(20)
C..
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The other possible approach is for us to think of the mechanism of
change, and then the two possible basic processes are the perform-
ance of work (adiabatic processes) and the transfer of heat (iso-
choric processes). The latter type of process already has been
characterized, but we must find an expression for the work per-
formed in an adiabatic process.

Let us consider first a system that in addition to the temperature
is described by a number of macroscopic parameters Ry, - * « , R,.
In the case of a chemically pure fluid, there is only one such param-
eter, the volume. The ITamiltonian of the system, in addition to
being a function of the phase space coordinates g, px, depends then
on these n macroscopic parameters R;. The amount of work done
in an infinitesimal adiabatic process is then equal to the ensemble
average of the 6/ induced by an infinitesimal change of these macro-
scopic parameters,

bu(E) = 5 oy / on (q*’lg’k’ R) o gx, 1)

1=1

in accordance with eq. (4). This expression can be readily trans-
formed in such a manner that the only phase-space integral to be
performed is the partition function. We may write the most gen-
eral change in Z in the form

8% = — [(8 8H + H 36) e#" dX

= —Z[E) 8 + B s.{E)],

and we have, therefore, quite gencrally, for the right-hand side of
eq. (4),

(22)

bulE) = — é KE) 56 + & In Z]. 23)

In our particular case, where the adiabatic changes can be charac-
terized by the changes in a finite number of macroscopic parameters
R;, this expression reduces to

ale ]

sulB) = — —[
(24)
1 olnZ
= T B oR, B

t=]
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and for the case of a pure fluid to the even simpler expression

10In Z
In this last equation, the coefficient of 8V represents the amount of
work done per unit reduction of volume under stationary conditions.
But this work done per unit reduction in volume is commonly
known as the pressure. Thus for the pressure of a fluid we have the

expression
_1alnZ

ﬁaV

In thermodynamics, it is customary to designate the amount of
(infinitesimal) work done by dW. Kquations (24) and (25) may,
therefore, be given the form

(26)

S 10ln Z
- Y: dR,', Y-.' = -—=5)
;25 B oR,’ (27)

dW = —pdV.

The symbol 4 indicates that the quantity to which it is attached is
not a dynamical or thermodynamic function; that is, there is no
property “work’’ defined either as a function on phase space or as
an ensemble average.

Likewise, the amount of heat transferred to a system is designated
by @ or, in the case of an infinitesimal process, by dQ. The sum
of heat transferred to a system and work performed on the system
must equal the total increase in internal energy, or

n

dQ = dU — dWW = dU + Y. dR;
dlnZ dlnZ
= d( a8 +ﬂ._1—6_RTdR"
= (28)
laan 9%2In 7 9’Iln Z
_1(}9 aR; aﬁ aR)dR B2 8

1 iz 1,00
‘ﬂd(]” 8 B)_ ﬁd[ﬁzaﬂ(blnz)]’

Z=2Z@;Ry -+ ,Rn).



§4.2] THERMODYNAMICS, FIRST LAW 83

For the case of a simple fluid, this formula reduces to
d4Q = dU + pdV. (29)

These formulas are the equivalents of the statistical relations (17)
and (18).

In thermodynamic measurements, we cannot in general determine
the internal energy directly, though we can measure its change in
the course of various processes. What we can measure easily is the
temperature, with the help of a calibrated comparison system (a
thermometer), the volume and other parameters determining shape,
and the pressure or similar macroscopic parameters [designated by
Y; in eq. (27)], by measuring the counterforce required to keep a
piston at rest. The totality of the equations expressing the depend-
ence of the stress parameters Y; on the strain parameters R; and
on the temperature 6 is called the equation of state of the (macro-
scopic) system:

Yi=Y.(0;Ry, - - -, Ry). (30)

For a simple fluid, the equation of state reduces to a single relation-

ship:
p = p(6, V). (31)

The equation of state provides somewhat less complete information
about a macroscopic system than knowledge of the partition func-
tion as a function of the temperature and the macroscopic param-
eters R;. Equations (30), together with (27), represent a set of
differential equations whose integration leads to the partition func-
tion, but not uniquely. The principal value of the equation(s) of
state lies in the circumstance that it summarizes information that
can be obtained by straightforward measurements of a macro-
scopic character. If in addition to the partition function the
internal energy is known as a function of the macroscopic param-
eters, then integration determines the partition function except
for a constant factor. But since the partition function enters almost
all thermodynamic formulas in the form of a logarithm, this constant
factor is usually not very significant.

Before concluding this section, we must justify the procedure
in which we considered the local ITamiltonian a continuous and
differentiable function of the volume V. If we use, for instance,
rectilinear coordinates and ordinary momenta as our ¢’s and py’s,
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then this condition is assuredly not satisfied: the walls of a vessel,
if they are to he impenetrable, must be represented by positive
infinite values of H for any coordinate combination that would
place any of the system molecules outside the vessel. However, it
is easy to carry out a canonical transformation, essentially a change
of scale, so that in terms of the new coordinates the spatial volume is
always described in the same manner (that it is, for instance, a cube
of length 1 in coordinate units) and that the actual volume V
appears as a parameter in the expression for the Hamiltonian for
all values of the ¢;’s inside the unit cube. In terms of such coordi-
nates, then, the derivations given are mathematically sound.

4.3. The Ffirst law

The first law of thermodynamics is the macroscopic expression
of the conservation law of energy. From the microscopic point of
view (that is, if we approach thermodynamics from statistical
mechanics), it is trivial. But if we start from purely macroscopic
observations, we must pronounce the conservation of energy as a
law logically separate from the equation of state.

We start with the existence of an equation of state (30 or 31) and
with additional measurements which tell us about the amount of
work performed as well as the amount of heat transferred for any
(infinitesimal) change in the system parameters. As for the
amount of work performed, the correct macroscopic formulation is
provided by eqs. (27). The amount of heat transferred can be
determined by a calorimetric experiment: If our fluid is in contact
with a surrounding fluid of standard heat capacity,! then the amount
of heat transferred to our fluid is equal to the heat withdrawn from
the calorimetric fluid, and this amount we can in turn determine
by noting the drop in temperature of the calorimetric fluid as well
as its quantity. Thus, for any conceivable infinitesimal process,

1 Ordinarily, water is used as a standard for defining the unit amount of
heat: one calorie is the amount of heat required to heat one gram of water one
degree centigrade; the equivalent number of mechanical units of energy, ergs,
must then be determined by a separate experiment, such as Joule’s experiment,
in which water is heated by stirring with a carefully measured force acting
through a known displacement. To simplify our discussion and to keep the
formulas free of conversion factors, we shall assume that such determinations
have been made and that the heat transferred can be expressed directly in ergs
or an equivalent mechanical unit.
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we can determine the amount of work done (by forcing any change
in volume to take place against an appropriately loaded piston) as
well as the heat transferred. We can summarize the results of such
measurements for the heat transferred in a formula

dQ = C,do + > J:dR, (32)
i=1

where C, has the same significance as before; both J; and C, are
functions of R; and 6 which must be determined empirically.

The difference between the heat transferred to the system and
the work performed by it,

i=

is, according to our previous discussions, the increase in U. But
in a systematically thermodynamic approach (that is, using only
macroscopic observations and concepts), we get the differential
expression (33) without reference to U. From that point of view,
to claim that this expression is an exact diffcrential is a logically
new assertion; and this assertion constitutes the first law of thermo-
dynamics. The assertion of the first law of thermodynamics can
also be formulated thus: If we carry out on our system a series of
changes resulting in a finite change in temperature as well as volume,
then, though both the total amount of heat transferred to the system
and the total amount of work performed by the system will depend
on the exact manner in which we have passed from the initial state
of the system to the final state, the difference between these two
quantities depends only on the initial and the final state and s
independent of the intecrmediate stages.

We shall give a third formulation of the first law that makes use
of the concept of a cycle. A succession of (finite) changes in a
thermodynamic system is called a cyclic process or just a cycle if the
final state is identical with the initial state. In a cycle, we generally
do not retrace every step taken, but we arrange matters so that the
intermediate states are not coincident. We can, for instance, first
compress a gas adiabatically, thereby raising its temperature; we
can then permit it to cool without expansion by bringing it in con-
tact with a temperature bath having its initial temperature; and
finally we can expand our gas isothermally to its original volume.
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The first law then asserts that the net amount of heat transferred
to a system in a cycle (which is in general different from zero and
is negative in the example just given) equals the net amount of work
performed by it. Thus a cleverly arranged cycle, a ‘‘thermal
engine,” may convert heat into mechanical work, but it cannot
produce work out of nothing.

Mathematically, the first law can be formulated [by the asser-
tion that the difference between the two (inexact) differentials
dQ and dW is an exact differential. We call this exact differential
dU and the quantity defined by it (except for an arbitrary additive
constant) the internal energy U. The mathematical formulation
of the first law is then

aU = dQ — 4w. (34)

This equation accomplishes two distinet purposes within the frame-
work of thermodynamics. On the one hand, it asserts a (thermo-
dynamic) law of nature, that the difference between the two inexact
differentials on the right is an exdict differential; on the other, eq.
(34) serves as the defining equation of the internal energy. Being
identical with eq. (28), it carries no information that does not
follow directly from statistical-mechanical considerations.

If for a simple fluid we were to prepare a graph with V and 0 as
the coordinates, then any series of changes we carry out will be
represented by a curve in the V, 6-plane. The quanties Q and W,
the finite amounts of heat transferred and of work performed, respec-
tively, will be integrals along this curve, and the value of the
integrals depends on the whole curve. But the integral AU, the
increase in internal energy, depends only on the end points of the
curve; if these end points coincide, if we have a cyclic process, then
the integral AU vanishes altogether. Thus, if we somehow normal-
ize the constant of integration (if we call some state “the reference
state” and assign to it zero internal energy), then U is defined for
each point of the graph plane, and quite irrespective of any par-
ticular curve passing through that point. Whenever a quantity
that is originally defined as a path integral in the ‘“phase diagram”
is actually definable as a point function and independent of the
choice of integration path, we call that quantity a variable of state.
With this terminology, we may also formulate the first law by simply
asserting that the internal energy is a variable of state.
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If the differential expression for dU, eq. (33), is to be an exact
differential, then the coefficients C, and (J; — Y;) are the partial
derivatives of U with respect to the arguments 6 and R;, respec-
tively, and as such are subject to the conditions that

8C, _o(J:i —Y)) _ 0 oJ:—Yy) _o(;—Y) _
AR, a0 o aR; aR,

0 (35)

L,j=1-+"*,n

In fact, condition (35) is both necessary and sufficient to assure
mathematically that dU is really an exact differential and U a
variable of state.

Equations (33) through (35) exhaust the power of the first law
of thermodynamics. As far as applications go, we are frequently
interested in processes in which not the volume ¥V (or other param-
eters R;) but the pressure p (or the corresponding variables Y,) is
kept constant. The pressure remains constant (and the volume
changes) in the great majority of processes that result in chemical
reactions or in changes of state, such as the evaporation or the
freezing of liquids, the condensation of gases, the melting and the
sublimation of solids, or the change of a solid from one mode of
crystallization to another. Ordinarily, all these changes are accom-
plished under atmospheric pressure, not in a bomb of constant
volume. For the treatment of such processes, it is convenient to
introduce new variables of state.

Let us hold a system under constant pressure (or under constant
stresses Y;). If we change the temperature under these conditions,
the heat transferred from a suitable temperature bath must serve
both to account for the change in internal energy and for the work
performed:

d4Q = dU + pdV = d(U + pV),

n n
Q= dU + Y YedRi = d(U + 3, ViRy), (86)

i=1 i=1
The first line holds for a simple fluid (and will hold in all the follow-
ing equations), the second line for the more general thermodynamic
system. The conversion into an exact differential is possible
because we are restricting ourselves to processes-in which p or the
Y: are being kept constant. We call this type of process isobaric.
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The quantity ¥,

U+pV,

U+ ViR, B7)
i=1

1l

is known as the enthalpy or the heat content. It is a variable of state,
just like the internal energy. That is, it depends only on the present
state of the thermodynamic system, not (like the heat transferred,
for instance) on the history leading to that state.

So far, we have used as our independent thermodynamic variables
the conventional temperature 6 (or occasionally 8) and the param-
eters R; or the volume V, because they determine the Hamiltonian
of the system and the canonical distribution. But in phenomeno-
logical thermodynamics, these parameters are merely some of the
variables of state of the system. Generally, any set of (n 4+ 1)
independent variables of state will serve to characterize the (macro-
scopic) state of the system uniquely, and all other variables may be
represented as functions of these arbitrarily chosen (n 4 1). In
the case of a simple fluid, this numberis 2. For this most important
case of all, a special notation has been developed, which can readily
be extended to the system with (n + 1) thermodynamic “degrees
of freedom.” We agree that any symbol once introduced character-
izes a certain variable of state (say U means the internal energy)
regardless of the choice of independent variables. When partial
derivatives are written down, we place them within parentheses
and append to the lower right in the form of subseripts those
remaining independent variables which are to be considered con-
stants for purposes of partial differentiation. For instance, if we
consider, as heretofore, the internal energy as a function of tempera-
ture and volume, we have

aU
aUu = (»a—o) dé + 6[’) av,

au = (.60_) ds +E(m)o

If we wish to express the change in internal energy with temperature
in an isobaric process, we had better choose 6 and p (or the Y,) as
the independent variables. A short calculation, which will be left

(38)
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to the reader, shows then that

2,9+,
96), \a6), av)s\a6),
aU\ _ (U Q [oU\ (oR:
), = G+ 2GR, ().

Previously, we introduced, as the internal heat capacity C, of a
system, the amount of heat required to raise the temperature one
unit step in an isochoric process. We shall now define as the
1sobaric heat capacity C, the amount of heat to be transferred to
raise the temperature one unit step in an isobaric process. Accord-
ing to egs. (32) and (36), these two different heat capacities are

o= ()o@
o= () o= ().

Both heat capacities can be determined experimentally, but not with
the same degree of case. Ordinarily, it is easier to keep the pressure
constant than the volume, especially for liquids and solids, where
the thermal expansion of the specimen is the same order of magni-
tude as that of the material of the confining vessel or clamps.
Applying the defining equation for the heat content (37) and the
chain rule of differentiation [as in the derivation of eq. (39)], we
can easily find a relationship between the two heat capacitics. This
relationship is

i1 oU
omc ()l ()
_ N (0R: U
&=+ 3(5), [+ ().}

1=1

(40)

The distinction between C, and C, assumes particular importance
when a substance changes its state—when, for instance, a liquid
evaporates. If we lock a liquid within completely rigid walls and
raise the temperature gradually, the pressure will increase continu-
ously, though beyond a certain temperature very rapidly. But if
we keep the same liquid under constant pressure and raise the
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temperature, then, for moderate pressures at least, there will come
a temperature, the boiling point, at which the volume increases a
finite and usually very large amount before the temperature can
increase any further. We then say that the liquid has been evapo-
rated, that it has changed completely into the gaseous form. While
this change from the liquid to the gaseous state takes place, the
system absorbs a finite amount of heat; this amount is called the
heat of evaporation. Fundamentally the same situation is encoun-
tered whenever a substance changes its state (freezes, for instance)
or its mode of crystallization. The general term used for the finite
change in the heat content ¥ (which equals the amount of heat
transferred to the system) is heat of formation. When the heat of
formation is positive, the corresponding change of state is called
endothermic; in an endothermic change, heat is withdrawn from the
surroundings. In the opposite case, when heat is released to the
surroundings, we call the change exothermic.

Generally, it is fairly easy to measure the heat of formation, AV,
in calorimetric experiments. It is normally to be expected that the
internal energy changes also. We can compute this change in
internal energy very easily if in addition to the heat of formation we
know the change in volume. We have then

AU = AY — p AV,

AU = AY — Y’ Y AR (42)

i=1

In some transitions the change in internal energy is even greater
than the change in heat content. Ice, for instance, occupies a
greater volume than the corresponding amount of water. Thus
in the transition from ice to water, whereas the heat of fusion is
about 79.7 calories per gram, the reduction in volume in atmospheric
pressure makes a small additional positive contribution to the
increase in internal energy, which amounts to about 2 X 10-3
calorie per gram.

Problems

1. Knowing the heat of formation of gaseous H;O at normal pressure
and at 100°C (to be obtained from any table of physicochemical constants),
and assuming that at 1 atm and at 100°C steam satisfies the equation of
state for a perfect gas, determine the change in internal energy for 1 gram
or for 1 mol.
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2. Assume that in a gus the attractive force between any two molecules
is negligible except in the event of very close approach. With this assump-
tion and setting the mutual potential energy between two molecules as
—V(r) (where the function V need not be specified, except that it vanishes
for all values of r > ro), derive expressions for the partition function,
internal energy, and pressure as functions of V and 6 (or B8). Derive
expressions for C, and (.

3. Under what circumstances would you consider the concept of surface
energy (and the corresponding concept of surface tension) physically
meaningful? Making the necessary assumptions, proceed to develop a
theory of these quantities on the basis of statistical mechanics.

4. Consider a simple cubic lattice consisting of only one kind of atoms.
Assume that the equilibrium density is known (and therefore the equi-
librium distance between neighboring molecules) and also the isothermal
bulk modulus. Determine the ratio between work done and heat trans-
ferred in the event of isotropic isothermal compression.

6. In the above model, how much heat would be developed in adiabatic
compression? What about the change in temperature if it were technically
feasible to dilate the material isotropically and adiabatically?

6. Determine differential expressions for the infinitesimal increase in
temperature resulting from an infinitesimal adiabatic compression, both
in terms of the change in volume and in terms of the amount of work done.

7. Compare the adiabatic and the isothermal bulk moduli with each
other.



Chapter 5

Thermodynamics, Second Law

5.1. Introduction

The first law of thermodynamics represents the translation of
the law of conservation of energy into thermodynamic language.
At the time of its discovery, in the middle of the nincteenth century,
the first law was a tremendous accomplishment because at that time
the atomistic nature of heat energy was not yet clearly established.
But once the kinetic hypothesis of heat had found general accept-
ance, the first law was nothing but a natural and easily understood
consequence of the basic laws of mechanics.

The second law, on the contrary, cannot be derived from purely
mechanical laws. It carries the stamp of the essentially statistical
nature of heat. Moreover, we shall find that its self-consistent
formulation is possible only for ensembles of systems that are not
in statistical equilibrium. We shall find two formulations of the
second law. One can be derived by straightforward argument from
the foundations of statistical mechanics; this formulation merely
asserts the existence of a certain variable of state, the entropy.
Although this formulation of the second law suffices to derive a
certain number of thermodynamic relationships, the customary
formulation of the second law in thermodynamics goes far beyond
the assertion of the existence of the entropy. According to the
second formulation, all thermodynamic processes involving a system
that is ¢solated thermally from its surroundings (no heat can be trans-
ferred) will increase its entropy. Ordinarily, when we talk of the
second law of thermodynamics, we are referring to the second (and
stronger) formulation. In this strong form, the second law implies
the notion of the irreversibility of thermodynamic processes. If in
an isolated system the entropy is bound to increase in any actual
process, then the system can progress from some initial state A
to a final state B having a greater entropy, but it cannot return to
the state A without violating the second law.

92
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Obviously, irreversibility cannot be a property of the underlying
mechanical laws of our micromodel. The micromodel simply obeys
the laws of mechanics (and electrodynamics), and any possible
mechanical or electrodynamical process runs just as well backward
as forward; all the laws of nature we have encountered so far
maintain a complete symmetry between past and future. Further-
more, the basic law for the behavior of an ensemble, Liouville’s
theorem, possesses the same symmetry. Equilibrium ensembles
naturally cannot give rise to asymmetries between past and future
because, as ensembles, they do not change at all. Finally, it is
clear, because of Liouville’s theorem, that a nonequilibrium ensem-
ble cannot ““approach’ equilibrium in the course of time: if initially
the distribution over an energy surface is not constant, it will never
become constant, nor will it have a tendency to “smear out.” On
the contrary, all minima and maxima of the density distribution
on an energy surface in phase space, while changing their locations
in the course of time, will retain exactly their deviations from the
mean density. As a matter of fact, we could, if we wanted to,
introduce new coordinates in phase space by means of a canonical
transformation such that the new momenta and location coordinates
would all be constants of the motion (constant along each mechan-
ical trajectory). In terms of such a canonical coordinate system,
it is obvious that a nonequilibrium ensemble preserves all the essen-
tial features of its density distribution.

Nevertheless, thermodynamic processes in nature tend to pro-
ceed in one direction only. If two substances are brought into
thermal contact with each other, heat passes from the hotter to the
colder substance, not the other way around. If gas molecules are
permitted to pass freely between two regions of lesser and greater
pressure, the net motion will be into the region of smaller pressure.
Friction tends to convert mechanical energy into heat energy, and
so forth. Thus one of the most striking features of processes
involving heat energy is that they do discriminate between past and
future. It will be our task to explain this characteristic in terms of
arguments that flow naturally from our theoretical foundation.
We have already had an inkling of the nature of such arguments in
Section 4.1. There we found that energy passes from one system to
another at lower temperature if initially each system is assumed to
be representative of a canonical ensemble. Naturally, the ensemble
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that we obtain by forming the Cartesian product of the two original
ones will not be canonical and will never become canonical; but a
single system, if it is quasi-ergodic, will have time averages that are
equal to the ensemble averages of a stationary ensemble. We shall
discuss this argument more thoroughly at the end of the chapter.

In the meantime, we shall first discuss the existence and the
physical significance of the entropy function.

5.2. Thermodynamic weight

Intuitively, the second law is concerned with ensembles that fall
short of being canonical, that deviate from equilibrium. If we are
eventually to make statements concerning the approach (in a
certain sense) of such systems toward equilibrium, we must first
develop some ensemble function that may be considered a measure
for the deviation from canonical distribution. Such a function
should, within certain limits, assume its greatest (or its smallest)
value for a canonical distribution. If it has this property, then its
deviation from that maximum will be a measure for the deviation
of a particular ensemble from canonical distribution.

Naturally, there are infinitely many canonical distributions for
a given system, and any function of the desired nature must be
compared to a particular one of these canonical distributions. Not
yet having constructed the desired measure of ‘“noncanonicity,”
we are free to set up our requirements in that respect at will. But
it appears natural to compare our given distribution with the one
canonical distribution having the same mean energy (E). If we
do so, we can construct our measure without too much difficulty.
Let us suppose that the measure F' be some integral over phase space
of the general form

F = [flu(g, po); g, pil dX. )

Our task is then to determine the function f so that the integral is
greater for a canonical distribution p, than for any other choice
consistent with our assumptions. Any distribution function u must
satisfy two requirements: its integral over the whole phase space
must equal unity, and the mean energy of the ensemble computed
with its help must equal the preassigned value (E):

[w(@, ) dX =1, [uH(ge, po) dX = (B). @)
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We shall treat our problem as a maximum problem with sub-
sidiary conditions, and we shall introduce the two subsidiary con-
ditions (2) through the method of Lagrange’s multipliers. For the
change in F if we should vary u(gx, px) we get

)
o = [ Zsuia, po ax. @)
But éu is subject to the two requirements that

foudXx =0, [HoudX =0. 4)

If we call the two Lagrange’s multipliers « and v, then our require-
ment, that 8F should vanish for any variations of u consistent with
eqs. (4) leads to the condition at each point of phase space that

ofn; qr, Dr
f a(ik pl\] +a++H =0. (5)
Our maximum problem is peculiar in that we know the solution.
The unknown in this case is the problem! We must find a function
S such that eq. (5) is satisfied for
B = —1,/—6‘5” . (6)
The logarithm of the density (6) is a linear function of 7. Thus
we may be able to solve our problem by setting tentatively

g—£ =alnpu+b )
and f=fouln (}::") ®

Since the constant f, contributes nothing to the problem of maximi-
zation, we shall drop it. Our proposed measure function then
turns out to be the integral

F = f uIn (‘%’) X, 9)

where the remaining constant u, remains undetermined, but it will
be retained since it is not dimensionless.
The integral (9) has only one stationary value, and that is the
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canonical distribution. For the canonical distribution, F becomes

/ycln( ) =Inpo+InZ + B(E)
(10)

He = Z —ﬁE

The question arises whether this value constitutes a minimum or a
maximum of F or is a saddle point. If it were the latter, F would be
useless as a measure, because then noncanonical distributions might
have F-values equal to that of the canonical distribution. Actually,
the value (10) is the largest value of which the integral is capable,
provided that we consider only normalized distributions having the
same value (E). We shall now prove this fact.

Suppose we consider a continuous sequence of distributions
u(a; qr, Pr). o is a parameter that identifies individual distributions
in the sequence. We shall arrange matters so that for o = 0 the
distribution is canonical. For all other values of e, the distribution
is noncanonical, but it will remain normalized, and all distributions
of the sequence are to have the same value of (E). Naturally, F
will be defined for each distribution in our sequence, and it will be a
function of . We shall form the first and the second derivative of
F with respect to @, and in particular we shall determine the values
of these two derivatives for the value @ = 0. By direct computa-
tion, we have

dF df ou u
- e [[m() -] w
&°F of o | o .

and da? /[a,; a2 T 5, \3 ) ]d}‘

- [ 2 )5 Ge) o

The dependence of u on « is subject to the two conditions (2). If
we differentiate these two conditions twice with respect to «, we
get for the second derivative of u the two integral conditions

f B ax =0, /"—’fndx_o (13)

(12)



§5.2] THERMODYNAMICS, SECOND LAW 97

Exceptforthetwo conditions (2), the dependence of u on aisarbitrary.
If we now substitute into eq. (12) the canonical distribution g,

2
ﬂ reduces to

da?
2 2 1 2
% 0=f[g-—a’i(lnyo+1nz+/sfz—1)——(—g‘; ]dX

(14)

an\’ dX u

[ () <o Gro
In this simplification we have used the two relationships (13). We
find then that the second derivative of F with respect to o« is nega-
tive definite for a canonical distribution no matter how we choose
the infinitesimal deviation from canonicity that is represented by
the parameter @. Thus the canonical distribution represents a true
maximum with respect to neighboring noncanonical distributions.

Moreover, we can prove that the canonical distribution represents
an absolute maximum with respect to any other distributions satis-
fying the two conditions (2). To do so, we must make use of the
fact that the canonical distribution represents the only stationary
distribution with respect to variations compatible with conditions
(2), and furthermore, that if F is finite, it depends continuously and
differentiably on the distribution x. In order to carry out this
proof, let us arrange all distributions consistent with the conditions
(2) in sets so that all distributions in one set deviate ‘‘the same
amount’ from a canonical distribution. For instance, we may
define each set as one containing all distributions having the same
value of A%:

A? = [(u = po)? o dX. (15)

Naturally, the number of these sets is infinite, since A? is capable
of assuming each value between 0 and «. Inasmuch as u. leads to
a local maximum, we may assume that for all values of A2 less than
some &2, every member distribution of every set with 0 < A? < §?
will have an F less than F.. As a result, we may be certain that
within this range of A% at least, there will be some distribution or
distributions having a maximum value of F within its or their set.
Call this maximum value F(A?). In the vicinity of A? = 0, this
function must decrease with increasing value of the argument.
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Within each set, and for the maximum distribution(s) F = F,

F will be stationary with respect to arbitrary variations of u [which

must, of course, be consistent with eqs. (2) as well as with the

condition that it does not lead outside the set under consideration,

A? = constant]; and since it cannot be stationary with respect to

all variations (only the canonical distribution itself is stationary),

the derivative of F with respect to A? cannot vanish away from u,.

Thus, if ;

d

i@y <0 (16)

near 0, it will decrease in the whole domain of distributions bounded

by A% = §2. But that is not all. Obviously, on that boundary
cverywhere

FL<F@®) <F.. (17)

Thus we find that the value §, defined as that value beyond which
there are some F > F,, simply does not exist: our domain includes
all distributions for which F does not become negatively infinite.
Hence for all non-canonical distributions without restriction F is
always less than F., given by eq. (10).

Having proved this important property, we now know that the
deviation of F from F is a measure of noncanonicity. And we shall
generally adopt the function over the distribution

@) =InZ + KE) + [ulnpdX >0 (18)

as our measure of noncanonicity.
The quantity e”,

K - —J’,.ln( “)ax _ o ¢~ I RIX. (19)

is often called the thermodynamic weight or the thermodynamic
probability of a given distribution. This terminology has its roots
in a different approach to the whole problem of canonical distribu-
tions, an approach that was adopted by the founders of the statis-
tical theory of heat, primarily Boltzmann.

Boltzmann discovered the Boltzmann factor by an argument
that is not based at all on the consideration of ensembles. Ile
investigated the distribution of identical subsystems (say mole-
cules) that were loosely coupled to form a composite system (a
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macroscopic amount of matter). He argued as follows: Assuming
that the composite system is ergodic, it will on the average occupy
a given volume in phase space for a length of time proportional
to that volume. In terms of the phase spaces of the subsystems
(all of which are replicas of each other), we can get a very good
picture of the distribution-in-time by first subdividing each sub-
system phase space into small cells of equal volume. The Cartesian
product of one cell of the phase space of subsystem 1 by one cell
of the phase space of subsystem 2, and so on, and finally by one cell
of the phase space of subsystem N (N being the number of molecules
in our composite system) is then a typical cell in the big phase space,
and these cells likewise all possess equal volume. Our composite
system will then spend the same percentage of time (if we wait
long enough) in each one of these standard cells in the big phase
space, and we say that these cells have equal a prior: probability.

Boltzmann then proceeded to derive the average distribution of
the molecules over their phase spaces by pointing out that different
combinations of ‘‘occupation numbers’ (n; molecules in their first
cells, n; molecules in their second cells, and so on) covered widely
varying numbers of cells in the big phase space and would thus be
maintained by the composite system as a whole for very different
lengths of time. As a matter of fact, an estimate that we shall not
carry out here shows that the overwhelming majority of standard
cells corresponds to occupation numbers in the immediate vicinity
of the “most probable distribution,” that is, the combination of
oceupation numbers possessing the largest number of standard cells.

Let us quickly determine the number of standard cells correspond-
ing to a set of occupation numbers ny, ng, * + ¢, consistent with the
obvious requirement that

é}l ng =N (20)

In order to place n; molecules into the first cell, we must lift n; mole-
cules out of a total number of N. This can be done in

N!

Pl = ’l’L1! (N - 'nl)!

@1

different ways. As the next step, we must lift out of the remaining
(N — n1) molecules n; and place them into the second cell of the
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small phase spaces. We find then that we can occupy the first
two cells with n; and n» molecules, respectively, in
N (N — nyp!
n1! (N -_ nl)A! ’ng! (N — Ny — n2)!
N!
T n (N — ng — na)l

P1P2 =

. (22)

different ways. If we continue this procedure indefinitely, we shall
eventually exhaust the whole supply of molecules, and we find that
the total number of standard cells of the big phase space belonging
to our distribution of molecules among the cells of the little phase
space is given by the expression

P = H P, = ;N! . 23
k=1 H (ni!) @3)
k=1

For an isolated system (the gas to be enclosed in walls that are
perfect heat insulators), the total energy E is also constant. Thus,
if the average energy of states in the first cell is €, and generally
in the kth cell e, then the occupation numbers, in addition to eq.
(20), must satisfy the further condition

2 niex = K. @24
k=1

With these two restrictions, we must now attempt to maximize P’
of eq. (23).

Strictly speaking, our problem recquires the examination of all
possible integers for ny, + + +, ni, + - - ; but the problem is con-
siderably simplified if we replace the factorials by the asymptotic
expressions known as Stirling’s formula and if we treat the occupa-
tion numbers as if they were continuously variable. According to
Stirling’s formula, for large numbers n the cxpression

!~ /Zrn (1:) @25)

is a very good approximation. Substituting, we find then that

0

lnPNNlnN—Enklnnk. (26)

k=1
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Maximizing P itself is equivalent to maximizing its logarithm.
Thus we find that the most probable distribution of the molecules
is characterized by the requirement that

0P = — D (Inm + 1) énx = 0, 27
k=1
where the variations of the n; are restricted by the two auxiliary

conditions
2 5”13 = 0, 2 €r 5714; = 0. (28)
k k

If we apply the method of Lagrange multipliers, as before, we find
that
Inng =a—1— ve,

ny = A e, (29)

where o and v are again the two Lagrange multipliers. These two
multipliers are determined by the requirement that the two auxiliary
conditions be satisfied. Substituting first into eq. (20), we find

©

A= (2 e_”/‘h)—l. (30)

k=1

As for the other parameter, ¥, we cannot in general solve for it in
closed form, but it is obvious that the condition obtained from
eq. (24),

E=% @31

has only one solution.

If we choose our equal-volume cells very small in order to increase
accuracy and finally go over to the limit of infinitesimal cell size, the
quantity P of eq. (23) approaches, except for a constant factor, the
expression K of eq. (19), and the sum (26) goes over into the integral
F, eq. (9). In order to establish the complete parallelism between
the Boltzmann results and ours, we must reinterpret Boltzmann’s
composite system as an ensemble in contact with a temperature
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bath; the temperature bath is in this case the totality of all the other
members of the ensemble. Our procedure, to start right away with
ensembles and to develop the notion of canonical distribution as an
ensemble distribution and not as the most probable distribution
of the components of a composite system, was originated by Gibbs
and is considerably more powerful than the original Boltzmann
ideas. Our procedure also circumvents the need for introducing
expressions like P of eq. (23) that increase beyond limit as the cell
size is decreased unless they are artificially kept finite with the help
of a normalization factor. Later, in quantum mechanics, we shall
encounter situations in which the standard cells have a fixed finite
size; but in that case again, we shall use the Gibbs concepts and
look for average rather than for most probable distributions.

For an ensemble of closed systems, the integral F, eq. (9), is
constant in the course of time, because of Liouville’s theorem. For
a system that is in contact with its surroundings, we can obtain a
very important result provided the ensemble distribution is and
remains canonical. In that case, F. is given by the expression (10)
at all times; but if we go back to eq. (4.18), we find that the amount
of heat transferred to a canonical ensemble equals

5Q = = oF.. (32)

B
In other words, the amount of heat transferred to a canonical
ensemble, though not a variable of state itself, becomes one if we
multiply it by 8. And the product 8 6Q represents the change in F,.

5.3. The second law

Suppose we have two canonical ensembles representing systems
of different types at different temperatures; that is, their g-values
are different. Naturally, these two ensembles can coexist and
each remain canonical only as long as they are insulated from each
other. If these two ensembles are now brought into thermal con-
tact, the composite systems will also possess a distribution, but
that distribution will not be canonical and will not hecome canonical
if the new composite systems are kept insulated from their sur-
roundings. But we can easily determine the value of F for the
composite system, since the relationship between the density in the
composite phase space and the densities in the two component phase
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spaces is simply
M= MH1Me, dX = dX1 dXz. (33)

We have, thercfore, quite generally,

0,0
/ / e In (’il“ﬁ) dX1dX,
MM

¥ K X, =F,+F (34)
pipz | In i + In P dX,dX, 1+ F,
1

F

i

. (ko = pind).
The function F is simply additive.

The composite ensemble is not canonical; but we can convert
its distribution into a canonical distribution if we permit it to come
into thermal contact with a temperature bath that has been chosen
so that on the average the amount of heat energy transferred
between the composite system and the bath is zero. In that case,
(E) will not change, but the distribution will become canonical.
We have proved previously that if the values of () belonging to
an arbitrary and a canonical distribution are equal, then F, is
always greater than F. It follows that F, for the composite system
will exceed the sum of the F'.-values of the two components provided
the (K)-value of the composite system equals the sum of the mean
energies of the component ensembles. This statement ts equivalent
lo the second law of thermodynamics. In thermodynamics, we
assume implicitly that a system can always be represented by a
canonical ensemble having the mean cnergy possessed by our actual
system.

So far, we have started with two component systems at different
temperatures. This assumption is, however, quite unnecessary.
Suppose, for instance, that we start with two component systems
consisting of one mol of oxygen and two mols of hydrogen gas,
respectively. If they are originally at the same temperature and
then mixed, the resultant mixture will be far from canonical. One
of the reasons is that in this case the energy surfaces are not con-
nected, and the H,0 gas having the same energy is fairly inaccessible
in phase space. But let a spark act as a catalyst, and suddenly we
find that our mixture radically changes its distribution in phase
space and that it finally settles, in a completely adiabatic process,
into a distribution having a much higher temperature than the
original components. Again, the final F, will be considerably
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greater than the sum of the F'.-values of the two original component
systems.

Inaccessible domains of phase space are by no means rare.
Consider a supercooled liquid. Such a system takes an extremely
long time to reach that domain of phase space in which a really
stable distribution is possible. In the meantime, the motion of the
representative point in a limited portion of phase space is so rapid
that the system appears quasi-ergodic in that portion of phase space,
and we can assign to the system a temperature for almost any prac-
tical purpose, though strictly speaking the distribution-in-time is
not canonical. If the system suddenly gains access to the whole of
its energy surface, the resulting distribution will almost always have
a different temperature and, according to our general proof, it will
have an increased value of F.. When a distribution is not strictly
canonical but is canonical with respect to a limited domain of phase
space from which the remainder is poorly accessible, we call that
distribution, as well as the state of one system represented by that
distribution, metastable.

We shall give our results yet another interpretation, one that is
valid on the assumption of quasi-ergodicity. If we assume that a
system in contact with a temperature bath forms a quasi-ergodic
composite system, then the system itself will have a distribution-
in-time that is identical with a canonical ensemble distribution.
Likewise, if we form the time average of F' for such a system (in its
phase space, without the phase space of the temperature bath), then
that time average must equal F.. TUnder these circumstances, we
may associate with any system that has a given energy the value
F. of the canonical distribution with the same mean energy. Thus
F . becomes a thermodynamic variable of state, just like the pressure
(which also has only statistical significance). We call this variable
the entropy. The customary symbol is 8. In the case of a meta-
stable system, we assign the time average F, that corresponds to
quasi-ergodic motion on the restricted energy surface. With these
definitions, it is then correct to state that in the absence of heat
transfer from the surroundings the establishment of thermal con-
tact between components originally isolated from each other, or the
transition of a system from a metastable state into a more stable
one, or any similar process produces an increase in the entropy.

What happens if heat can be transferred from the surroundings?
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In that case we can always represent the total process as a sequence
of infinitesimal processes, each one constituting either pure heat
transfer or pure internal adjustment. The result, because of eq.
32), is

68 > B Q. (35)

In thermodynamics, the inequality (35) represents the most general
formulation of the second law.

Let us briefly summarize the results obtained in this section. We
have found a phase space integral, F', which depends on the assumed
distribution of an ensemble in phase space and which is an integral
of the motion. For a given value of the mean energy of the ensem-
ble, F assumes its absolutely largest value for the canonical distribu-
tion belonging to that value for (E). We have designated this
largest value of F' for a given value of (E) by F..

If we consider F. as a function of the Hamiltonian of the system
(or of the macroscopic parameters characterizing it) and of the
mean energy, it may be considered a thermodynamic variable of
state, depending, as it does, only on the usual (n 4 1) macroscopic
parameters. Taken with this meaning, F, has the important
property that its change is dircctly related to the heat transferred
from the outside to the system (assumed to be represented by a
canonical ensemble) by means of eq. (32). In any heat exchange
with the outside, the (infinitesimal) amount of heat transferred to
the system, though not itself an exact differential, forms an exact
differential when multiplicd by 8. We find that in any nonsimple
system (such as the composite of two systems originally isolated
from each other, a system in metastable equilibrium, and so on) the
internal changes leading to an approach of the macroscopic param-
eters to their equilibrium values will cause the value of F, to increase.
Altogether, in any thermodynamic process involving both internal
reorganization and heat exchange with the surroundings, the
inequality (35) will be satisfied. The restrictive word ‘thermo-
dynamic” in this sentence means that all processes considered must
proceed sufficiently slowly that cither the system as a whole or at
least its components may be represented at each stage by canonical
ensembles. The value of 8S is determined by the temperature of
that component (if the system as a whole does not possess one
temperature) which receives heat.
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5.4. Thermodynamic derivation. Kelvin scale

In thermodynamics proper, the second law can be obtained from
an ecntirely different starting point. Because of its transcending
importance, we shall report these derivations in addition to the one
from statistical mechanics. The purely thermodynamic derivation
has the advantage of employing concepts somewhat closer to the
procedures of the experimenting physicist.

Two things need to be shown: that the heat transferred, multi-
plied by a certain function of the temperature, becomes the deriva-
tive of a variable of state; and that this variable of state, for internal
processes of an isolated system, whether simple or composite, always
increases.

All thermodynamic proofs of these two assertions start with the
observation that certain (macroscopic) processes in nature are
always observed to take place in one direction only: heat is trans-
ferred from the hotter to the colder body, diffusion always leads to
more complete mixing, friction always converts mechanical into
heat energy, and so forth. None of these processes are ever
observed to operate in reverse. The task of distilling from these
diverse processes their common characteristics and of clothing these
characteristics into one all-embracing statement occupied several
generations of physicists and physical chemists. The final formu-
lation is the assertion of the impossibilily of a perpetuum mobile
of the second kind: It is not possible to construct a cycle that does noth-
ing but withdraw heat energy from a temperature bath and convert it
wholly into (macroscopic) mechanical energy. In this statement, the
restriction to cycles is important. After all, a gas that expands
adiabatically and that cools in the process does nothing but convert
part of the heat energy of its molecules into macroscopic energy.
But, according to our primary assumption, it is impossible to
accomplish this conversion in a eycle, that is, in a process that in the
end returns the thermodynamic system to its original state.

This formulation of the basic statement has surprising generality.
It does imply the irreversibility of certain processes, because the
reverse of the perpetuum mobile of the second kind is obviously
possible: to construct a cycle that does nothing but convert mechan-
ical energy wholly into heat energy. Joule’s paddle wheel, which
turns in a viscous liquid and heats it up, is such a mechanism, and
it must therefore be irreversible. That is to say, we cannot undo
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the results of operating Joule’s paddle wheel in any manner so that
at the end of our operations nothing has changed in the universe
except that the weight (that drove the paddle wheel originally) has
been raised back to its starting level and the liquid has been cooled
correspondingly. Naturally, if we permit ourselves to bring about
other changes somewhere in our auxiliary equipment, we can go
back to the starting situation; but in that case our auxiliary devices
have not carried out a cycle. It follows that for an isolated system
we can arrange its possible states in a hierarchy; for any given set of
two states, A and B, it is either possible to go back and forth
between A and B; or we can go from A to B, but not from B to A;
or we can go from B to A, but not from A to B; all without producing
permanent changes elsewhere.!

If all states can be arranged thus in a hierarchy, then there must
exist a parameter, a variable of state, that characterizes the position
of a given state within that hierarchy. Without yet having properly
determined that parameter, which we shall call the entropy S, we
shall agree that if transitions are possible between two states A and
B in either direction, then we shall assign them the same value of S;if
transition from A to B is possible, but not vice versa, we shall
assign B a larger value of S than A; and so forth. In this manner,
we have partially defined S so that it is bound to increase for
all fireversible processes of a closed system and that it remains
unchanged in a reversible process. We must now attempt to relate
S to the other variables of state.

To do so, we shall consider a rather complex system, consisting
of four components. Two components will be two temperature
baths, at two diffcrent temperatures measured on some conventional
scale and designated by 6; and 6,, 61 being the higher temperature
of the two. One component will be a “machine” capable of
exchanging heat with cither of the two baths and of performing work
in accordance with the two laws of thermodynamics. Such a
“machine” can be very elaborate, but it can also be very simple,

1 In order not to get into difficulties with the first law of thermodynamics,
we shall always include with our system some repository of mechanical energy:
a weight that can be raised and lowered, a spring that can be wound up or
released, or some similar device. Then we can always use that repository to
make all conceivable states of the thermodynamic portion of the systemn ener-
getically possible.
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being, for instance, just a quantity of gas in a cylinder fitted with a
piston. The performance of work will consist of displacements of
the piston, and the exchange of heat will be accomplished by plain
conduction through the cylinder walls. The fourth component of
our assembly will be the repository of mechanical energy that we
need in order not to run afoul of the first law.

In all the processes that we consider, we shall always let the
machine go through an integral number of cycles. That is, at the
end of each process the machine shall have returned exactly to its
original state; volume and temperature of the gas, for instance, must
be the same at the end as they were at the start. The only differ-
ences between the different states of our composite system that we
shall consider can be described fully by the amounts of heat with-
drawn from or delivered to the two baths, and changes in the
amount of energy in the repository. In order to simplify matters
further, we shall also assume that both baths are so large that their
temperatures do not change appreciably in the course of the experi-
ment. By making all these assumptions, we relieve ourselves of the
need of discussing the contribution of the machine to the entropy
of the composite system, and we need not worry about finite
changes in the temperature of a bath.

Clearly, we cannot hope to carry out a process in which we
withdraw heat from one bath, convert it into energy, and deposit all
this energy in the repository. That is just the kind of process
excluded by our original assumption. However, there are processes
in which we can withdraw heat from the hot bath, convert part of
that heat into mechanical energy (which we deposit), and transfer
the balance to the cool bath. In fact, any steam engine in which
the condensed water is returned to the boiler provides an example.
We shall call the ratio between the mechanical energy produced and
the amount of heat withdrawn from the hot bath the cfficiency of
our machine, for obvious reasons. No machine can have an
efficiency equal to 1. But it is possible to construct machines of
zero efficiency, for instance if we simply permit heat to pass directly
from the hot to the cool bath. The efficiency is thus some fraction
between 0 and 1.

We can run our machine in such a manner that it carries out
an irreversible process, and, ideally at least, we can run it reversibly.
In the latter case it is possible to bring our composite system back
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to the original state by running the machine in reverse. An exam-
ple of a reversible process is the well-known Carnot cycle, a series of
purely isothermal and purely adiabatic processes carried out with a
gas in a cylinder with piston; every step of the Carnot cycle can
be reversed, and thus the cycle is reversible as a whole. We shall
now prove that the efficiency of an irreversible cycle is always less
than the efficiency of a reversible cycle, in other words, that the
reversible cycle is the most efficient cycle conceivable.
Let us first run an irreversible cycle until an amount of heat
Q; has been withdrawn from the hot bath and an amount of work W
has been performed. The amount of heat deposited in the cool
bath naturally is
Q:=0Q,—W. (36)

The efficiency of our cycle is equal to W/Q,. Now let a reversible
cycle run in reverse until exactly all of @, has been withdrawn from
the cool reservoir. To do so, we have to furnish an amount W’ of
mechanical energy, and consequently, we shall deliver an amount
of heat Qf,

QL=Q:+ W, (37)

to the hot reservoir. The efficiency of the second process equals
W'/Q;. At the end of the second process, the net change in the
state of the cool bath is zero. The net cffect on the hot bath is that
an amount of heat equal to @, — @] has been withdrawn, and the
net effect on the repository of energy is that an equal amount of
mechanical energy has been deposited. If our original assumption
about the impossibility of a perpetuum mobile of the second kind is
to be valid, then the quantily Q: — Q] must be negative; altogether,
under these circumstances, mechanical energy must have been con-
verted into heat, not vice versa. Hence we can conclude that

’
Q>q, w>w, Y W 38)

Ql Ql
and that was the assertion to be proved. By exactly the same
argument, we can also show that if there are two different ways to
run a reversible cycle between the hot and the cool bath, these two
reversible cycles must have the same cfficiency. Otherwise, we
could construct a perpetuum mobile of the second kind by letting
the less efficient process run backward and by combining it with
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the more efficient cycle run forward. We conclude then, finally,
that the efficiency n of a reversible cycle is not only the greatest
efficiency attainable but is also a quantity that is entirely independ-
ent of the detailed nature of the reversible cycle employed. % will
be a universal function of the temperatures of the two baths. We
shall now consider a series of processes that will tell us just how g
depends on these two arguments.

Consider three temperature baths, at temperatures 6;, 6, and
03, and establish reversible cycles running between any two of them.
Let the first bath be the hottest and the third the coolest. Tf we
withdraw an amount @, from the hottest bath, do some work W,
by means of a reversible cycle, and deliver the balance of energy
Q. to the second bath, and if we then withdraw that same amount
again, let another reversible cycle do an amount of work ., and
deposit the remaining energy @; in the coolest bath, the net effect
of our two processes will be that there is no change in the second
bath, that a total amount of work Wi 4 W, has heen performed,
and that heat has been delivered to the coolest bath. LEvery part
of this procedure is reversible, and therefore also the process as a
whole. Since the second bath has been returned to its original
state, the whole process may be considered a reversible cycle running
between the first and the third baths; and its efficiency,

7= Vit W3) = n(0s, 09, (39)
must be determined completely by 6, and 83 and must be independ-
ent of §;. On the other hand, the ratio (39) can also be expressed
in terms of the efficiencies of the cycles running between the first
and the second, and the second and the third baths, respectively.
The work W; must be

W1 = (6, 05) Q, (40)
and the heat transferred to the sccond bath
Q2 = [L — n(6y, 62)] Q1. (41)
As a result, the work done in the next cycle, W,, must be
Wa = n(82 05)[1 — (81, 62)] Qu. (42)

If we substitute these expressions, we get the relationship
7(01, 03) = n(61, 62) + n(8s, 0:)[1 — 7(01, 62)]. (43)
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If we now replace the efficiencies themselves by new quantities,

1](01, 02) =1 - 6(01, 02), etc., (44)
we get for the functions e the simple relationship
5(01, 93) = 6(01, 02) €(02, 03). (45)

It can be shown quite easily that this relationship can be satisfied
only if € has the form

@, 09 = 750

(46)

The result of our derivation is, therefore, that there must exist a
universal function of the temperature, 7'(8), determined except for
an arbitrary constant coefficient. This function determines the
efficiency of a reversible cycle by means of the simple formula

(05, 0 = T 0. (47)

Quite obviously, T increases monotonically with the temperature,
and hence it is suitable as a temperature scale in its own right and is
independent in its definition of any specific substance and its equa-
tion of state. This new temperature scale is called the absolute, the
thermodynamic, or the Kelvin scale. Its arbitrary factor is usually
fixed by the requirement that the difference between the tempera-
ture of freezing and boiling water under standard pressure is to be
100°K. This thermodynamic definition of the absolute tempera-
ture is evidently independent of the concept of a perfect gas. It
can, however, be shown to be identical with the temperature of the
perfect gas, where the perfect gas is defined in terms of its equation
of state and as a substance where U is a function of the temperature
only (independent of the volume occupied).

If we go back to our original four-component system consisting
of two baths, a machine, and an energy repository, we find that for
a reversible process

Q_Q )

whereas for an irreversible process

Q. _Q
T—,i—T: > 0. (49)



112 THERMODYNAMICS, SECOND LAW 1§5.4

We shall now go a step further. Suppose we construct a system of
arbitrary complexity, consisting of n subsystems held at tempera-
tures 6y, * * + , 0,, a number of ‘“machines” capable of transferring
energy reversibly or irreversibly between these subsystems, and
an encrgy repository. In such a system of great complexity, it is
particularly important to choose the “machines” of such diminutive
size thut very small amounts of heat can be transferred by means of
complete cycles of the various machines. Any complicated change
in the system can be accomplished by means of a succession of
elementary steps involving only two subsystems at one time. If we
call the amount of heat transferred to the kth subsystem dQx, and
if we call the absolute temperature of that subsystem 7%, then a
reversible process of the whole system is characterized by the
equality

n

1~ o, (50)

k
k=1
In an irreversible process, at least one subsystem must have received
more heat than in a similar reversible process (so that a transition
to the final state produced by the reversible process could he accom-
plished only in violation of the perpetuum mobile law of the second
kind), or
N 40

7. >0 (51)
k=1

Finally, there is no conceivable process by which the end state can
differ from the initial state in the manner

QO A0

2 T, <0 (52)

k

as long as we restrict ourselves to processes within our closed system.

The last three equations have given us a criterion enabling us
to decide whether a given infinitesimal process is reversible, irre-
versible, or impossible. We shall now show that the expression
on the left hand is an exact differential and hence that it defines a
variable of state for the whole system, and furthermore that this
variable of state cannot decrease for any possible process involving
only our system; in brief, that this variable is the entropy.
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For the argument that follows we must remember that the n
subsystems capable of heat exchange are all assumed to be simple;
that is, each whole subsystem is always at one temperature. Once
the temperature and the necessary number of additional macro-
scopic parameters are known (volume, electric potential, or what-
ever is required to determine the Hamiltonian in the language of
statistical mechanics), there is only one possible state for that sub-
system. In other words, we do not permit irreversible internal
adjustments within a given subsystem, and if necessary we split
up such a subsystem into components.

From what we have said about the entropy, it is clear that for our

particular system S increases whenever the differential 2 (AQx/T%x)
k

is positive and remains constant whenever that differential vanishes.
We can, therefore, assert that

dS = N 2 Q. (53)

where the factor N is some function of all the parameters determin-
ing the state of our system as a whole. If we can determine that
factor N, our task is solved.

Let us split the big system into two smaller parts, each containing
at least one subsystem. Each of these parts is similar in construction
to the big system. We could run each part as a closed system, and
thus we can assign to each state of either part a partial entropy.
We shall call these partial entropies Sy and Sn.  'We shall now show
that S, if written as a function of Si, Su, and a number of additional
variables as required to define the exact state of each part, is actu-
ally a function of S: and S only. Suppose that we carry out a
reversible process in which at the end of the process S: resumes its
old value. Then Si; must do so as well, for otherwise we could carry
out a process in which part I acts merely as a cyclic machine and in
which part II goes either through an irreversible or through an
impossible process, depending on whether we need to increase or
decrease Su. In other words, for any given value of S and Si, Si is
capable of only one value. If we solve this functional relationship
with respect to S, we get S as a function of S; and Si: only, without
regard to any other variables of state.

Now since the two parts are systems similar in structure to S
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itself (though smaller), we can confidently assert that

l
de = NI @:
=~ T
) (54)
dSu = Nn E ﬂ%}
=y

where N; is an unknown function of the variables of the first part
only, while N1 depends on the variables of the second part. Since,
on the other hand, for any process

38(Sx, Su)
TS

3S(S:, S
—(—aé—‘l dSu, (55)

we find, by simple substitution from eqs. (53) and (54), and because
the quantities dQ: are arbitrary (these relations hold for any kind of
process, whether impossible, reversible, or irreversible), that

ds = Su) 48, +

oS _N oS _ N
as; Nx’ aSu Nn,

N: _ 38/d8u,
Nu ~ 88/3S:

(56)

or (57
On the left-hand side, N1 depends only on variables describing part I,
and Ny only on variables describing part II. On the right-hand
side, we have an expression that depends only on S; and Sy and
none of the other variables. Clearly, N1 must be a function of S;
only, and N1 a function of Sy only. We shall now show that under
these circumstances we may set both N, and Nu equal to 1.

If we had a function S serving appropriately as entropy, then
any new function that is a function of S only (and does not depend
on any of the other variables of state) and increases with S mono-
tonically would also be suitable as a measure of reversibility.
Thus, from what we have said so far, the new function would also
serve as entropy. We can use this freedom of choice by introduc-
ing, as a new partial entropy, the function S;, which is defined by
the differential equation

9% g _ [ 4
@d=5 5= | vy

N (58)
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In the same manner, we shall introduce the function Si; as the partial
entropy of part II. Since we shall use these normalizations for
entropies consistently, we shall drop the bar and set, as a special-

ization of eqs. (54),
1
de =
>

- 34

+

(59)

It follows immediately that we can also set the total entropy change
equal to

dS = dS: + dSn = é%’ (60)
k=1
and that is our final result.

Our expression for the entropy is an additive function; that is,
the entropy of a composite system equals the sum of the entropies
of the individual components. We can also generalize our result
for the case that our system is not isolated but is in heat exchange
with its surroundings. For a system in thermal contact with the
outside world, we call a reversible process one in which any increase
or decrease in entropy is offset by a corresponding decrease or
increase elsewhere, so that the total entropy of the universe (if this
function can be defined) is not affected by the process we are con-
sidering.! If heat can thus be transferred from the outside, the
decrease in entropy of the outside is determined by the amounts of
heat transferred to the inside, at the temperatures at which these
transfers take place. If we call the amount of heat transferred to
the k-th subsystem from the outside dQ%, then the increase in entropy
of the outside equals — 2 dQ%/Tx, and our characterizations of

P

reversible and irreversible processes become

Q%
S — 2 G20, (61)

! To obviate the necessity for considering the ‘“‘entropy of the universe,”
we can think of our system as part of a greater but finite system that is closed.
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These expressions represent the most general mathematical formu-
lation of the second law. They become identical with the expres-
sion of eq. (35) of Section 5.3, provided we set

(62)

and multiply the entropy of eq. (35) by the factor k. k is a con-
version factor introduced by the historical fact that the original
definition of the Kelvin scale was not determined by knowledge
of the canonical exponent of statistical mechanics but by close
relationship to the centigrade scale. k is called the Boltzmann con-
stant. Its numerical value is 1.37 X 10—!% erg/degree.

5.5. Applications

The entropy of a perfect gas. It is well known that the equation
of state of a perfect gas is
pV = nRT (63)
and its internal energy

U = nc,T. (64)

In both these equations, n is the number of mols present. R is the
gas constant. For the entropy we have the differential equation

,_dQ 1 _ arT av
db-—T—T(dU-l—pdV)—nc.,—,F-i—nR7, (65)
and its integral is
T V
S=n (c,, In T + R 1In _V—o) (66)

On the other hand, we can also determine the entropy of the
gas from its micromodel. Let us assume that cach molecule has f
degrees of freedom on which its energy depends quadratically. In
n mols there are, altogether, nN molecules, where N is Avogadro’s
number. Thus the total number of degrees of freedom is faN.
By carrying out the integrations indicated in eq. (3.90), we can find
the correct expression for the partition function,

Z = Zo VN gy, (67)

The entropy equals F,, eq. (10), except for the normalization factor &
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(the Boltzmann constant), and we have
S =kB(EY + k(ln Zo + nN In V — §fnN In B)
=k(lnZo 4+ 3faN +nN In V — §fnN In B)

Let us combine all the constant terms into one and designate it by
So.  We find then that the entropy is

S=8 +nkN(InV +3fInT), (69)

because of eq. (62). If we compare this result with the thermody-
namic expression (66), we come to the conclusion that the Boltz-
mann constant k& is equal to the molar gas constant R, divided
through by Avogadro’s number; k s the gas constant per molecule.

Incidentally, we find that the gas temperature, which we intro-
duced in Chapter 3, eq. (3.78), is identical with the Kelvin scale,
and that the constant x in that equation equals the Boltzmann
constant k. There remains, however, an essential conceptual dis-
tinction between the gas temperature scale 6, and the absolute
temperature T'. The former is a conventional temperature scale,
defined with the help of a particular (idealized) equation of state,
that of the so-called perfect or ideal gas; the definition of the Kelvin
scale, on the other hand, is based on general laws of thermodynam-
ics and quite independent of the equation of state of any particular
substance, idealized or otherwise.

Experimental determination of the Kelvin scale. Suppose we
wish to determine the Kelvin scale in terms of some conventional
temperature scale 8, and assume that we have available for this pur-
pose the complete equation of state of some fluid, as well as knowl-
edge of its internal energy U as a function of its volume V and the
(conventional) temperature 6.

We start by rewriting the differential equation for the entropy:

1
as =4 - Lav+pav)

11 (U 1foU
=7 [(6—17)9 + p] av + 7 (W)v de.

The absolute temperature T' is some function of our conventional
temperature 6, the unknown function we have set out to determine.
Now 8 is a variable of state, and the differential (70) is thercfore an
exact differential. It follows that the partial derivative of the

(68)

(70)
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coefficient of dV with respect to 6 must equal the partial derivative
of the coefficient of df with respect to V:

266D, ). - 419
3@ (6o o

In this equation, we can now separate 7' from the other functions,

obtaining
op
din T _ (B—O)v

a0 [oU
(a‘v)ﬁ"

The integral of this separated differential equation is

("-”) a6
= Ty exp f%L— ) (73)
(W)o +p

and this formula is the desired result. The integral can be taken
over 6 for arbitrary reversible processes; in other words, the inte-
grand is independent of V. The factor of integration, here called
Ty, is the arbitrary factor that is standardized by the requirement
that the step interval between the freezing point and the boiling
point of water be the same as in the centigrade scale. The location
of the absolute zero, near —273°C, is, of course, independent of
the disposition over this factor. The absolute zero represents a
canonical distribution with B equal to «, that is, a distribution
where all systems are at the lowest available energy level.

Helmholtz and Gibbs potentials. When a (composite) system
undergoes changes in which the total available volume is being
kept constant (meaning in more general terms that the Hamiltonian
of the statistically interpreted system remains constant), reversible
changes are characterized by the equation

(72)

-4 _dU
dsS = T =T (74)
while for an irreversible change
s - s 0. (75)

T
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For composite systems it is possible to have changes in which both
the temperature and the volume remain constant. Consider, for
instance, Joule’s paddle wheel. Starting from a state in which the
weight is on a high level, we may permit the weight to drop slowly
and to heat the viscous liquid. If at the same time we permit the
liquid to transfer heat to a constant-temperature bath, our system
will carry out a change in which only the total energy changes (that
is, the energy of liquid, weight, and paddle wheel), with the volume
and the temperature remaining constant. For such an isochoric-
isothermal process, eqs. (74) and (75) are equivalent to

dF <0, F=U~—ST. (76)

The expression F, called the Helmholtz potential, will always decrease
for this type of process. In terms of the partition function, the
Helmholtz potential is
1 1. Zo
F = Fo —Ban = BIHTA'
A similar function exists for isobaric-isothermal processes. If
the pressure remains constant during a process, we have

as > % = Law +pv) = %. (18)

7

If the temperature remains constant as well, it follows that
dG@ <0, G=U+pV —-8T =¥ — 8T. 79)

The function G is called the Gibbs potential. Some authors call ¥
and others call G the free energy, and among physical chemists the
Gibbs potential is frequently denoted by F. In the face of such
confusion, it is advisable in reading both texts and research papers
to make sure what significance the author attaches to the term
‘““free energy”’ and to the symbol F. Only the terms Helmholtz
potential and Gibbs potential are completely free of ambiguity in this
respect but have the disadvantage of being rather nondescriptive.

Isobaric-isothermal processes are frequent in physical chemistry.
If we compress a gas slowly and isothermally at its condensation
point, it will gradually liquefy in a reversible manner. In this
process the Gibbs potential of the substance remains unchanged,
and from this information, the change in volume, and the heat of
condensation, we can determine both the change in U and the
change in entropy.



120 THERMODYNAMICS, SECOND LAW [§5.5

Clausius-Clapeyron equation. In transitions of a substance
from one phase to another, the equilibrium pressure is a function
of the temperature, and vice versa, the transition temperature a
function of the pressure. We can determine the dependence of one
on the other by carrying out a cycle on the substance: We take the
substance along one side of the dividing curve in the phase diagram,

T

Fig. 5. Cycle along transition curve in phase diagram,

then carry out the transition, go back on the other side of the divid-
ing line, and finally carry out the phase transition leading to the
initial state (Fig. 5).

The total change in the entropy S, which must vanish because
the process is both cyclic and reversible, consists of four terms,

2 VAN 7] 2 " o _ yn
AS:_%_/d\I’ 'Vdp_l_é&_*_/d\ll V'dp _
1 1 T, 1 T
(80)

which c¢an be combined as follows:

M1 1 AV

2 (av AV (81)

AY =¥’ — ¥, AV =V"-7V).
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The last integral must vanish no matter how the two end points
are chosen along the phase boundary curve, and the integral can be
zero regardless of the limits only if the integrand itself vanishes:

dT _TAV
- A (82)
This last equation, which determines the slope of the boundary
curve at every point as a function of the temperature, the change in
volume, and the heat of formation, is our result; it is known as the
Claustus-Clapeyron equation. In most changes of phase, the
increase in volume and the heat of formation have the same sign,
and as a result the temperature at which the change of phase occurs
increases with increasing pressure. An exception is provided by
the example of the fusion of ice, which was mentioned previously.
The heat of fusion is positive, but the volume decreases on melting,.
As a result, the melting point is lowered by an increase in pressure,
and this circumstance is responsible for the skidding of automobile
tires on ice at temperatures slightly below freezing. At extremely
low temperatures, traction is much better.

Problems

1. Consider a liquid in equilibrium with its vapor, but so that the liquid
phase is dispersed and suspended in the form of many small droplets.
Consider vapor phase plus droplets as a single system and attempt to
formulate a theory of equilibrium distribution of the droplets, including
both their number and size distribution, on the assumption that you know
both pressure and temperature of the whole system and the following
pertinent data: the density of the vapor and the density of the liquid phase,
the saturation pressure of the vapor in equilibrium with the liquid having
a plane surface (that is, being present in a single drop of infinite size), and
the (positive) surface energy per unit area of the liquid-vapor interface.

2. In the usual theory of a van der Waals gas it is shown that the iso-
therms in a pressure-volume phase diagram have two extremes and a point
of inflection for all values of the temperature below the critical temperature.
Show that the phase transition that cuts across the region of positive slope
of the isotherm will be reversible only if the area under the actual transition
curve equals the area under the curve that would be followed if there were
no discontinuous phase transition.

3. What information is required to determine the loss in free energy of
a chemical reaction that proceeds at ordinary pressure and temperature
essentially in one direction only?



Chapter 6
Thermodynamics, Statistical Mechanics,

and Heat-Death

Frequently we hear that the history of natural science had its
inception with the giants of the sixteenth and seventeenth centuries;
that the first ones to resurrect the spirit of scientific inquiry after
the Dark Ages were Galileo, Kepler, and Newton; and further, that
from Newton’s time onward appeal to tradition or to scholastic
authority has been ruled out as an argument in scientific discussions.
While there is some substance in these assertions, the whole truth
is a good deal more involved than would appear from such cate-
gorical statements. There have heen recurrent periods of ‘scho-
lasticism” long after Newton, though often disguised, and true
scientific inquiry existed before Galileo.

If we trace the development of the natural sciences after Newton,
we find considerable insistence on established theory, even though
evidence against it was available or could have been obtained with-
out great difficulty. Newton himself was apparently wavering
concerning the nature of light, feeling that the evidence then known
did not decisively favor either a corpuscular or a wave hypothesis.
But in view of the fact that a noncorpuscular light would be hard
to fit into the framework of mechanics, Newton’s successors insisted
for a long time on the corpuscular hypothesis. Finally, the greatest
physicists of the nineteenth century attempted to interpret the by
then undeniable wave nature of light, and electromagnetic effects
in general, as states of mechanical stress of a hypothetical medium,
the ether. It was not until well after the discovery of the special
theory of relativity that these attempts ceased.

Likewise, the theory of heat was destined to shatter Newton’s
theoretical foundation of the natural sciences. The first discovery
required was, of course, the realization of the statistical nature of
heat. Originally, and well into the nineteenth century, the prev-

122
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alent belief had been that heat was a substance somewhat like the
ether, present in varying amounts in other chemical substances, and
capable of being liberated by chemical reactions (burning, for
instance) and by phase transitions. That heat is a form of energy
rather than a substance was discovered in the middle of the nine-
teenth century independently by Robert Mayer and by Helmholtz.
Even then it was another thirty years or so before the nature of this
energy was clearly grasped: that it was not an entirely new form of
energy but, rather, mechanical or electromagnetic energy present in
atomistic-statistical distribution.

Thus the ‘““classical”’ theory of heat was developed along two
separate lines. On the one hand, we have so-called *phe-
nomenological thermodynamics,”” based essentially on the two laws
of thermodynamics and developed as a macroscopic theory without
regard to any implications of the essentially atomistic nature of
heat. Thermodynamics can be developed deductively from the two
¢“principles of impotence’’; that no ¢yclic machine can create or
destroy energy, and that no cyclic machine can convert heat energy
wholly into other (macroscopic) forms of energy. Its power
permits far-reaching conclusions concerning the general nature of
thermodynamic (including chemical) processes; an example of its
power is the derivation of the Clausius-Clapeyron equation. But
thermodynamics is incapable of predicting the form of an equation
of state; the discussion of random phenomena such as Brownian
motion is also outside its realm.

Statistical mechanics, the other development of heat theory, is
based on the atomistic-statistical nature of heat. Not only does
statistical mechanics include the laws of thermodynamics; with its
methods we can treat fluctuations, and we can derive equations of
state from hypothesized force laws between the smallest particles—
molecules for some considerations, atoms or even subatomic par-
ticles for others. In fact, the power of statistical mechanics is so
far-reaching that there is every reason to believe that we have not
nearly exhausted its possibilities. Because of its power, we can
make predictions that permit the comparison between hypothesized
micromodels and macroscopic observations. And here we run into
a number of difficulties that cannot be resolved along classical lines:
we do get expressions for the specific heats of gases and solids that
are borne out by experimental evidence, but these results are based
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on micromodels we know to be much too crude; and we can make
predictions about the radiation spectra of “black’ bodies and of
gases that are completely contrary to the facts.

Most of these facts were known by 1880. Nevertheless, it was
not until 1925 that modern quantum mechanics was put into such a
form that it could replace Newtonian mechanics in the theoretical
treatment of atomic phenomena. There are several explanations
of how scientists could be so stubborn or so dull. First of all, the
discovery of chinks in the armor of an old theory does not auto-
matically lead to a new theory. To formulate a new theory takes
positive construction, creative thought that tells the investigator
where to look for new experimental evidence and how to proceed
theoretically. Second, it is not even possible for a scientific
investigator to be unprcjudiced. Almost all our theoretical con-
cepts are molded by our experience and by the experience of those
who went before us and taught us; but this experience is ‘“‘educated
experience.”” The intuitive concept of force that everybody devel-
ops when as a child he fights with his peers or his elders is very
different from the Newtonian concept of force that is useful in
mechanics, even though the latter is historically the outgrowth of the
former. Modern concepts, such as that of a field or of a canonical
ensemble, are even further removed from primitive experience,
although they all are related to the real world about us. The crea-
tion of new concepts or the constructive modification of old ones is
an extremely difficult activity of the educated human mind if this
creation is to be more than idle speculation and if the new concepts
are to be a real step forward in our understanding of nature. It is
only natural for us to be conservative—at every stage, including
the present, to try to put new wine into old bottles.

Logically, a theory is discredited when a single observed fact
contradicts the theory. In actual investigations of nature, we are
frequently not at all certain that a given contradiction is crucial.
A physical theory is usually logically complex. Any prediction of
statistical mechanics concerning an actual substance, for instance,
will stem from a combination of the general principles with very
specific assumptions concerning the underlying micromodel. An
observed discrepancy may possibly be held to discredit the general
conceptual approach, but it may also mean merely that we must
assume a more complex micromodel. Thus, it is not only defens-



THERMODYNAMICS, STATISTICAL MECHANICS 125

ible but eminently reasonable for us to interpret newly observed
facts in terms of established concepts as long as such attempts seem
to have any chance of success. To decide when these attempts
have become fruitless, to judge the need for a completely new
approach, and to find the new elements called for has been the
accomplishment of the very great scientists of all times.

The theory of heat occupies a peculiar position within the body
of classical physics. On the one hand, it was through statistical
mechanics that physicists discovered the key to modern quantum
mechanics. On the other, the concepts of statistical mechanics in
their application lead beyond the customary confines of physics
in a manner that is not yet completely understood. Since the
second part of this book deals with quantum physics at length, we
shall devote the remainder of this chapter to a review of the role of
statistics in physics.

Inasmuch as the theory of heat is concerned with systems too
complex for detailed treatment, it is absolutely essential to introduce
methods enabling us to treat systems whose initial states are
incompletely described. To do so, we introduce the concept of an
ensemble, that is, a collection of systems that are similar in some
respects but not completely identical. In our treatment we have
considered ensembles of a particular type: all systems of the
ensemble possess the same Hamiltonian, but they differ in their
initial configurations and momenta. It is perfectly possible to
construct different kinds of ensembles, and this has been done. One
might consider ensembles of systems that have only approximately
the same number of molecules (“grand canonical ensembles,” for
instance). It is possible to consider systems of which the Hamil-
tonian functions are not identical but are themselves subject to a
statistical distribution, and so on. However, in one essential
respect all these constructs are similar: ensembles as such do not
occur in nature; they are merely constructs that enable us to make
predictions about an imperfectly known single system.

And thus, whereas predictions about ensemble averages are
perfectly definite, the predictions about the system actually present
in nature (the subject of our inquiry) are not. The energy of a
system at a known temperature is not perfectly known; we know
only a distribution of values we should measure if we were to carry
out a long series of measurements on the same system while it
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remains in contact with a temperature bath. For macroscopic
systems, this distribution is so highly peaked that we can be prac-
tically certain that the first measurement we make (or any other
definite measurement) will deviate only slightly from the predicted
mean; what is more, we can predict the rms deviation as well.

As a result, certain thermodynamic quantities are defined only
because our information about the actual system is incomplete.
Among these quantities are the temperature and the entropy. The
temperature of a closed system whose energy we know perfectly
is meaningless. At best, we could talk about the temperature of
an ensemble of systems having the same Hamiltonian as our one
actual system and having a canonical distribution such that the
mean energy of the ensemble equals the actual energy of our system.
Even with a quasi-ergodic system, we cannot replace canonical
ensemble averages by time averages if the system is closed, but only
if it is loosely coupled to a temperature bath. The same is true of
entropy. Entropy is a quantity defined for an ensemble, not for
an individual system. Any consistent formulation of entropy for
an ensemble of closed systems leads to the result that the entropy
of the ensemble is constant in time. The nearest thing to the
second law of phenomenological thermodynamics is the law that the
entropy of an ensemble will not decrease; usually it will increase if
we bring an originally closed system in contact with a temperature
bath at such a temperature that the mean energy transferred is zero.!

A great deal has been written about the eventual demise of our
universe as a result of the gradual approach of its entropy to the
maximum value. From what has been said, there are several logical
flaws in the application of the second law to the universe as a whole.
First of all, it is difficult to see how one can define an entropy for the
universe. As far as we are aware, only one version of the universe
exists, and the construction of an ensemble of universes is somewhat
dubious. Occasionally, we have defined ensembles as representa-
tive of the lack of knowledge we possess about our particular
system, and in this manner we could construct an ensemble of
universes. The ensemble would not be canonical, since the universe

1 An equivalent formulation is that contact of an ensemble of originally
closed systems with temperature baths at any one temperature will lead to an
increase of entropy not less than the mean energy transferred to the systems,
divided through by the absolute temperature of the baths.
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does not possess a uniform temperature, but we can also define an
entropy for ensembles that are not canonical. Unfortunately, as
long as the system remains closed, the entropy of the representative
ensemble would not change, because of Liouville’s theorem, unless,
of course, we should receive additional information about the system
as we go along. Such additional information would modify the
representative ensemble in that more or better information enables
us to reduce the spread of the distribution. But such a reduction in
spread is more likely to lead to an entropy decrease than to an
increase. For instance, it is easy to show that precise knowledge
of any one dynamic variable, such as the energy of the system, leads
to a negative infinite entropy. An increase in entropy will result
if we can bring our system in contact with a temperature bath (that
must be large compared to the system itself) at the right tempera-
ture. This procedure could hardly be given any meaning, even as
a conceptual experiment, if our system is the universe.

For ordinary closed systems, it is a matter of common laboratory
experience that they “run down.” A liquid initially engaged in
some flow pattern in a vessel will eventually come to rest, with a
consequent increase in temperature. Ilowever, in the laboratory
it is the experimenter who first produces a nonequilibrium situation
and then cuts off outside contacts to the extent necessary to observe
the running down. For the universe, our present knowledge gives
us no hint how a similar process might have taken place, and conse-
quently the pronouncement of a law of ‘“devaluation of encrgy”
appears to be based on an unwarranted analogy.

There appears to be some evidence that the universe has a
history; that the present over-all situation in the universe—distribu-
tion of star types, typical distances, and so on—does not represent
an eternal state of affairs but has developed more or less steadily
during the past 3 X 10° years. Nobody has even the vaguest
notion what the the universe looked like previous to this period, nor
do we know where we are headed. Statistical mechanics, applied
to systems of stars, combined with cosmological hypotheses, may
give us some ideas, but nothing in this respect can fairly be con-
sidered established knowledge of the past of the universe or of its
future.
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Summary of Classical Statistical Mechanics

At the beginning of Part II of this book, devoted to quantum
physics, we shall summarize in declaratory fashion those results
of classical statistical mechanics which are required for an under-
standing of the early history of quantum mechanics. These
results may be arranged under the heading of the Mazxwell-Boltz-
mann statistics, the equipartition law, and the theory of specific heats.
Classical statistical mechanics is the theoretical development
of Newtonian mechanics along lines that are specially suitable for a
treatment of mechanical systems with exceedingly large numbers of
degrees of freedom, numbers of the order of Avogadro’s number.
In such systems, a tabulation of all the equations of motion together
with the initial situation (configuration and velocities of all the com-
ponent mass points), and their subsequent integration, is out of the
question. Nevertheless, such systems as ‘“one mol of oxygen gas”
are known empirically to obey certain gross laws of behavior, called
the thermodynamic properties of the substance. Statistical mechan-
ics succeeds in deriving these gross laws by making a number of
assumptions concerning the nature of thermodynamic systems.
The most important of these assumptions is the introduction of
the concept of probability, with the underlying idea that the thermo-
dynamic laws are not rigorous laws of nature in the same fashion as
Newton’s laws of mechanics, but rather predictions concerning the
“average’’ behavior of very complex systems. Thus the treatment
of an individual system with exactly -specified initial conditions is
replaced by the treatment of an ensemble of systems, that is, a set of
similar systems, but started with varying initial conditions. The
object of our theoretical treatment, then, is not so much to follow
the development of each individual system in the course of time
but rather to obtain laws for the behavior of ensemble averages,
values of interesting physical quantities that have been averaged
over all member systems of the ensemble. This approach leads to
manageable results only if we apply it to appropriately constructed
131
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ensembles. Actually, most of the laws of statistical mechanics are
derived for a very restricted class of ensembles.

The first restriction is that we consider primarily stationary
ensembles, that is, ensembles so constructed that in the course of
time the ensemble as a whole does not change its structure, though
the individual member systems change. This restriction is justified
because in (macroscopic) thermodynamics we ordinarily consider
only systems in thermodynamic equilibrium or so close to it that all
macroscopic changes take place with unlimited slowness. We find,
then, that as a matter of mathematical convenience we can treat
stationary ensembles best in phase space, where each individual
system appears as a single representative point, the ensemble as a
whole as a cloud of points, and the stationary character of an
ensemble implies that the density of the cloud at any fixed point in
phase space does not change with time. But as a result of the
so-called Liouville’s theorem, we find that for a large class of systems
(quasi-ergodic systems) the density of the cloud in phase space for a
stationary ensemble must be a function of the energy only.

Among all the stationary ensembles, we focus our attention
further on an even more restricted class, ensembles that have the
density distribution in phase space that would result if the systems
were to be permitted to interact thermally (that is, to exchange
energy through random processes) with a very much larger system,
a lemperature bath. This interaction is restricted only by the
requirement that the combination system-bath is isolated from the
remainder of the universe. Strangely enough, it turns out that the
resulting distribution-in-phase (density in phase space) is always
exponential, regardless of the detailed structure of the temperature
bath, and that the only adjustable parameter depends on the total
energy available to the system-plus-bath. This remaining param-
eter is the temperature; once we adopt the Kelvin scale of tempera-
ture, the density of the cloud in phase space turns out to be

1 --E
“='Z'e kT: /I‘dX:ly (1)
where dX is a volume element in phase space,

dX =dq + - - dgrdpy -+ - dpy, 2

k is a universal constant, known as the Boltzmann constant, and Z
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is a normalizing factor,

_E
Z = f\,c T gx, 3)

called the partition function. Equations (1) to (3) describe the
standard or canonical ensemble of classical statistical mechanics,
also known as Mazwell-Boltzmann (or just Boltzmann) statistics.
All ensemble averages are taken with this density distribution.

In particular, the mean energy of a canonical ensemble is the
expression

(B) = [\_ E udX, @)
which more simply can be put into the form
. mdInZ
(B) = k T* =5~ (5)

From this expression we can obtain the specific heat of the sub-
stance in question by once more differentiating with respect to the
Kelvin temperature 7. We get

| dln Z
Co=k EYi (T2 T) (6)

Quite generally, Eqs. (5) and (6) can be used to predict the most
important thermal properties of a substance on the basis of the
hypothesized forces between its constituent ultimate particles.

In many cases the partition function that follows from some
assumed force law between the molecules is very hard to compute,
involving, as it does, the integral (8) to be extended over all of
phase space. However, a number of general relations can be
obtained fairly easily. For instance, if a system is composed of
several subsystems that interact with each other only weakly, then
the partition function of the composite is the product of the par-
tition functions of the components, and the mean energy (5)
of the composite is therefore the sum of the mean energies of the
components.

Of special importance, because of the ease of integration and
because of the wide applicability of the result, is the case that some
of the canonical coordinates of the system appear in the expression
for the energy E (the Hamiltonian of the system) purely quadrati-
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cally. Among such coordinates are the components of the linear
momentum of the center of mass of a free molecule (as in a gas), the
components of the angular momentum of a rigid body, and both the
coordinates and momenta of a harmonic oscillator.

Call such a canonical coordinate that enters the Hamiltonian
quadratically . Then the total Hamiltonian of the system is

H = az* + H, @)

where H’ is independent of the coordinate x. The partition func-
tion under these circumstances is

Z=27 TE g = [ L g, ®8)
—w a
where Z’ is the partition function belonging to H’. Applying eqs.
(5) and (6), we find for (E) and for C, the expressions

(BY = (E'Y + 3k T 9)
and C, = C', + $k. (10)

In other words, every quadratic coordinate contributes to the
specific heat the constant amount $k. This law is known as the
equipartition law of classical statistical mechanics.

The equipartition law is remarkable in that the value of the
cocfficient a of Eq. (7) does not enter into the result. This means,
for instance, that there is an essential difference, and a discontinu-
ous one, between a rigid molecule and one that has large restoring
forces with respect to distortions of its shape. By definition, a
perfectly rigid body has no internal degrees of frecdom, and there
can be no contribution to the heat capacity from internal energy
storage. But a body with very strong shape-preserving internal
forces will carry out internal vibrations of sufficient amplitude that
their contribution to the total energy is, on the average, equal to
#k T. Intuitively, this result of the theory appears paradoxical,
because the rigid body in physics is nothing but an idealization of a
very resilient body.

Nevertheless, in classical physics at any rate, the equipartition
law is inescapable. Its qualitative meaning may be appreciated
by envisaging what happens if a very stiff harmonic oscillator
(normally approximated by a rigid dumbbell) is subjected to random
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excitation. Suppose the oscillator is initially in its equilibrium posi-
tion. A random impact will then transfer to it an amount of
kinetic energy that is independent of the binding-force constant
and depends only on the mass of the vibrating particle. This
amount of energy will be the total energy of the oscillator until
its next impact, because in an atomic system there is no such
thing as continuous damping. Because of the stiffness of the bind-
ing force, the amplitude of oscillation will be very small and the
frequency high. On the average throughout this oscillation, the
kinetic energy will be one half of the total energy imparted, the other
half being potential encrgy. In the event of another random col-
lision, the amount of energy transferred (cither accepted or relin-
quished) will depend only on the average kinetic energy, not on
the potential energy. Thus, in the course of many random col-
lisions with other molecules, the mean kinetic energy of vibration
will equal the mean kinetic energy of translatory motion of a free
(gas) molecule in a particular direction, 3k T, and the total energy
of vibration, kinetic plus potential energy, will be twice that amount.
That is precisely the result obtained by means of the equipartition
law.

The equipartition law leads to a number of predictions concern-
ing specific heats that are in close agreement with experimental
values, and others that are completcly wrong. As for monatomic
gases, each molecule has three translatory degrees of freedom, and
the specific heat per molecule (atom) should therefore equal §& or,
per mol, §R, where I (the gas constant) is the product of the Boltz-
mann constant & and Avogadro’s number N. At normal tempera-
tures, the internal (electronic) degrees of freedom of the atoms do
not contribute noticeably to the heat capacity. Likewise, a dia-
tomic gas possesses three translatory and two rotatory degrees of
freedom and should therefore have a molar heat of §R. Finally, a
polyatomic gas has one additional degree of freedom and should
have a specific heat of 3R. All specific heats of gases satisfy these
predictions fairly well, except at temperatures where there is
appreciable chemical decomposition. Although these results indi-
cate the power of the statistical approach to thermodynamic
problems, there is a disturbing failure to contribute on the part
of the internal vibrations of molecules containing more than one
atom. A diatomic molecule possessing one vibratory degree of
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freedom in addition to the translatory and rotational motions should
have a molar heat of §R, which it does not. Similar discrepancies
are to be noted in the case of solids, where the Dulong-Petit law of
specific heats can be obtained only if we are willing to disregard the
contributions of electronic motion. But the worst disaster befalls
the physicist who determines specific heats with the help of the
equipartition law when he approaches the problem of radiative
equilibrium in a heated cavity. These problems will be dealt with
extensively in Chapter 7.



Chapter 7
Early Quantum Theories

7.1. Specific heats. Black-body radiation

Early quantum theories have two origins: the investigation of
specific heats and the theory of atomic spectra. To the student of
soday it would appear that the evidence of spectroscopy is more
conspicuous and more clear-cut than that from specific heats.
Somewhat surprisingly, it was the investigation of specific heats
and in particular the examination of the thermodynamic properties
of an empty space filled with electromagnetic radiation that led to
constructive results, thirteen years earlier than the theory of spectra.
Planck’s decisive paper on black-body radiation appeared in 1900,!
that of Bohr on the hydrogen spectrum in 1913.2

Actually, black-body radiation became the starting point for
the development of quantum physics because in black-body or
cavity radiation there can be no doubt concerning the laws obeyed
by the system, and any breakdown of the classical theory must
touch the foundations directly.

In Chapter 3 we saw how the specific heats of gases and solids
can be explained only by a theory that disregards the contributions
of certain internal degrees of freedom. These difficulties are
emphasized even more strongly when we examine the equilibrium
distribution of electromagnetic radiation in the interior of a cavity.
We shall discuss this problem now.

When a solid body is heated to any appreciable degree, it gives
off electromagnetic radiation. The hotter the body, the more copi-
ous the radiation and the more prevalent the shorter wave lengths.
If we compare with each other the frequency characteristics of radia-
tions given off by different substances, we find that the differences
between these substances are outweighed by the differences at differ-

1 M. Planck, Verhand. Deutsch. phys. Ges., 2, 237 (1900); Ann. Physik, 4,
553 (1901).
*N. Bohr, Phil. Mag., 26, 1, 476 (1913).
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ent temperatures. This qualitative observation can be put on a
firm foundation when we consider equilibrium situations.

Suppose that we enclose a number of different bodies in an enclos-
ing jacket and that this jacket is heated to some particular tempera-
ture. We can call the jacket an oven. 1f the oven is thermo-
statically controlled, conditions in the interior will gradually settle
down to some equilibrium situation in which all the substances in
the interior will receive on the average the same types of radiation
and in the same amounts as they radiate, so that no one substance
in the oven disturbs the equilibrium corresponding to the oven
temperature. For each substance the incident radiation within a
certain range of wave lengths will be partially reflected, partiallyg
absorbed into the interior; the latter amount must equal the amount
radiated. Thus the intensity of radiation inside our substance
must have a definite ratio to that outside, equal to the absorptivity
(1 minus the reflectivity) of that substance at the oven temperature
and for the range of wave lengths under consideration. This law,
known as Kirchhofi’s law, enables us to predict the radiation
spectrum of every substance at every temperature if we know the
equilibrium distribution of electromagnetic radiation for empty
space for that same temperature and if we know the absorptivity
of the particular substance in question. Consequently, all problems
of radiation can be reduced in principle to that of finding the
equilibrium distribution of radiation inside an evacuated cavity
whose walls are at a particular temperature. It is quite certain
that such an equilibrium distribution exists, for otherwise no heated
body with cavities inside could ever assume a stationary condition.

We shall now attempt to find the equilibrium distribution by
assuming that the walls of the oven are very good reflectors. In
crudest approximation, the field in the interior is simply some elec-
tromagnetic field in a cavity, bounded on all sides by a perfect
conductor (a zero-potential surface). Only as a correction do the
walls absorb and reradiate a small fraction of the electromagnetic
waves incident on them. In other words, we can consider the
electromagnetic fields of the cavity as a nearly closed system that
is loosely coupled to a temperature bath, the walls. From what we
have said in Chapter 3, the time average of the radiation field inside
will be the same as the ensemble average of a canonical distribution.
Our task, then, is to find the canonical distribution for a system that
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consists of electromagnetic radiation inside a cavity with conducting
walls.

When we proceed to obtain the canonical distribution, we have
the advantage that the laws governing our system are perfectly
known (classically speaking): these are the laws of Maxwell as they
apply to the vacuum. On the other hand, we have not attempted
to formulate statistical mechanics for a field, only for mechanical
systems. However, we shall find that in our special case the gener-
alization is straightforward.

In order to formulate Maxwell’s field equations with the neces-
sary boundary conditions, we shall introduce! a special set of poten-
tials so that the electric potential vanishes everywhere and the
components of the vector potential A are related to the components
of the electromagnetic field by the equations

10A
E=-— EW’ B = curl A. (l)
The vector potential A itself satisfies the differential equations
va— L% _ o qGiva=o @)
c‘l 6t2 ) *

The boundary condition that the walls are perfect conductors leads
to the requirement that the tangential components of the vector
potential field at each boundary vanish.

In order to be able to apply the concepts of mechanics to our
field-theoretical problem, we shall attempt to replace the partial
differential equations typical of a field theory by ordinary differen-
tial equations governing the behavior of functions of one coordinate
(the time) only. We can carry out this conversion of the field
equations by introducing, instead of the ficld variables themselves,
their Fourier components. In other words, we first express each
component of the field (in our case, the vector-potential field) as a
series in trigonometric functions at each instant of time. The
dependence of the ficld on the spatial coordinates is then expressed
completely by the instantaneous values of the (infinitely many)
Fourier coefficients. But the dependence on time is reflected in
the time-dependence of the Fourier coefficients. It is true that
there will be an infinite number of time-dependent variables; and

1 M&E, p. 223, eq. (8.75).



140 EARLY QUANTUM THEORIES [§7.1

equally, there will be infinitely many ordinary differential equa-
tions. But this seemingly impossible problem can be treated
because the equations, as we shall find, separate into small groups.
Each group of equations corresponds to one normal mode of vibra-
tion of the cavity.

Let us choose as our cavity a rectilinear parallelepiped, with
edges of length «, B, and y. The shape of the cavity does not
matter too much if we do not care in terms of what functions we
expand. For a hollow circular cylinder, for instance, we should
need Bessel functions; for a sphere, spherical harmonics. But the
calculations are easiest in a parallelepiped, and there are proofs
available that all our final results are independent of the shape of
the cavity.! In our particular cavity, any function of the three
coordinates z, y, and z can be expanded into a series of triple
products of trigonometric functions of these three coordinates.
Ordinarily, Fourier series are used to represent periodic functions,
and our problem does not call for those. However, it is quite easy
to show that any reasonable function of x defined for a domain of
z from 0 to @ (the function must be bounded, piecewise continuous,
and so on) can be expanded into a series of trigonometric functions
having a period 2« and chosen so that they are mutually orthogonal
in the domain 0 < z < a, but are otherwise a complete series
of either sines or cosines. An expansion in cosines of the form
cos (h m x/a) will represent functions whose first derivatives vanish
at 0 and at «, and series expansions in sin (k7 /a) vanish at these
two points. We can avoid both of these restrictions and can repre-
sent functions of arbitrary behavior even at the end points by
adding, if necessary, a linear function of the form (Az 4+ B) to an
expansion in sines, so as to provide for the correct values at the end
points; to an expansion in cosines we should have to add a function
of the form (Azx + §Bz?).

In our problem these additions are unnecessary. For those
components of the field which are required to vanish at the end
points, we shall choose an expansion in terms of sines and thus auto-

1 For an elementary discussion, cf. Margenau and Murphy, The Mathe-
matics of Physics and Chemistry, Van Nostrand, New York, 1943. A more
general discussion is given in Courant and Hilbert, Methoden der mathematischen
Physik, Vol. 1, Springer, Berlin, 1924; reprinted by Interscience Publishers,
New York.
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matically satisfy the boundary conditions without restricting as
yet the behavior of the function in the interior. We shall expand
the remaining components in terms of cosines. Thus for the
three vector components A,, Ay, and A, we shall get the Fourier
representations

z . kry . Ilrz

hwr
A, = Unkr €OS —— sIn 8 sin - —,
hkl=0 v
k= lrz
4y = 2 Vhkl sm 1TT cos 8 Y sin “T%, 3)
hk,l=0 v
hrzx . kry lrz
A, = Wiz SIN sin 8 08 —— -
hkl=0 v

The only additions to these expansions that might be necessary to
ensure generality would be linear and quadratic terms to the
cosine factors. However, such additions are excluded by the
necessity of satisfying the divergence requirement of eq. (2). Hence
the terms indicated in eqs. (3) are the only ones compatible with
egs. (2). In the triple summations, those integral indices &, k, and [
occurring in a sine factor start with 1, and those occurring in a
cosine factor with 0.

If we substitute the expressions (3) into egs. (2), we find first
that the divergence requirement imposes a number of algebraic
conditions on the coefficients uaiu, vau, and wiu. These conditions
are

g Uniz + gvhkl + %wm =0, (4)

and they must be satisfied separately for each combination of three
non-negative integers (h, k, I). As far as the wave equations are
concerned, we get for the time-dependence of the same coefficients
the conditions

() () (et
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When we look at equations (4) and (5), which are the only
restrictions on the coefficients of our expansions, we notice first of
all that in any set of conditions only coefficients with the same set of
(R, k, D-values are tied together. In other words, the whole prob-
lem separates into an infinite though discrete set of partial problems,
but each one of the partial problems has only a finite, and indeed
very small, number of degrees of freedom.

The partial problems can now be attacked and solved in short
order. If we introduce, for the sake of brevity, the ‘“wave propaga-

tion vector” ku; with the components (g h, gk, %l), and the

“amplitude vector” Auy; with the components (unu, va, Wik, eqs.
(4) and (5) reduce to
Knrz » Awig = 0,

c? |Kni|? Ang + thz = 0. (6)

Taking up the second set of equations first, we can immediately
obtain the time dependence of the amplitude vector, since each
component separately behaves like a harmonic oscillator; the solu-
tion of these equations is then

Ay = Cuiz cos wnia(t — 1), wikt = ¢ |Kni]. )

As for the first equation (6), the amplitude vector Ax, and therefore
also the constant coefficient vector Ciy, must be perpendicular to
the wave-propagation vector kuu. In other words, our expansion
shows that for each triplet of integers (b, k, I) there are possible two
linearly independent directions for the amplitude vector (determin-
ing together the plane at right angles to kiy), and that these two
independent directions of polarization satisfy the same equations as
harmonic oscillators do in mechanies.

Herewith the first stage of the theory is completed: we have
shown that the electromagnetic field inside a cavity of the assumed
shape with perfectly conducting walls is mathematically equivalent
to an infinite series of harmonic oscillators with specific resonant
frequencies. The analogy can be carried further; if we wish, we
can construct expressions for the Lagrangian or the Hamiltonian
of the system, and these expressions will turn out to be identical
with the Lagrangian and the Hamiltonian functions of the electro-
magnetic field, expressed in terms of Fourier coefficients. These
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derivations, of great significance in quantum electrodynamics, would
serve no particular purpose here except to confirm the validity of
our analogy. Therefore we shall proceed directly to obtain the
statistical theory of this collection of harmonic oscillators.

In our situation as we have assumed it, these infinitely many
oscillators vibrate completely independently of each other and of the
remainder of the universe. As a result, each one of them will retain
the total energy of vibration with which it is initially endowed.
There are, however, means by which we can couple some or all of
our oscillators with a temperature bath. Any oscillator thus
coupled will tend to assume the average (time-average) cnergy
determined by the equipartition law, and that is

e=kT, ®)

where k is the Boltzmann constant and 7' is the Kelvin temperature.
How can we achieve such a coupling? For once, we can place small
particles of dust inside the cavity. The dust is capable of absorbing
electromagnetic energy in certain frequency bands and of re-emit-
ting in those same bands. Walls that are not perfect electric con-
ductors will have the same effect as dust. Depending on the choice
of materials, we can produce slight interaction and consequent
exchange of energy between the various modes of vibration of the
cavity (so-called normal modes) either in selected frequency ranges
or throughout the complete range of frequencies from zero to
infinity.

If complete equilibrium is reached by means of some mechanism
of coupling, then the average distribution of energy, according to the
classical theory, will be given by eq. (8). If we count the number of
Fourier coefficients belonging to frequencies within some finite
range (say from 0 to w,), we shall always find a finite number of
normal modes and, as a result, a finite radiative energy per unit of
frequency range. But the total number of modes or of equivalent
oscillators is infinite, and the classical theory predicts, therefore,
that the radiative field is capable of soaking up an infinite amount
of energy before assuming thermal equilibrium. This result, known
as the wltraviolet catastrophe, is, of course, at variance with all
observations. Inreality, at room temperature the energy contained
in a radiation-filled cavity is negligible compared with the energy
required to keep the walls at the same temperature. At higher
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temperatures, for instance in the interior of stars, the energy of the
radiation field is no longer negligible, but it remains finite.

Before we attempt to find a way out of the classical ultraviolet
catastrophe, let us determine the spectral distribution of energy.
For this purpose, we must count the independent oscillators with
frequencies between 0 and wo. The frequency of a given oscillator
is determined by the last eq. (7), so that a given oscillator will have
a frequency < wo if its triplet (h, k, I) satisfies the inequality

c? [knu|* = 7c? (}—Lf + K + ﬁ) < ol ©)
o | gt o) = ¢

The number of oscillators satisfying this condition can now be esti-
mated easily and accurately, at least for fairly large frequencies w,.
Let us consider a symbolical space in which the quantities h, k, and 1
are to be considered as the coordinates of a symbolical point. The
triplets of integers (h, k, I) form in that space a lattice of points so
that one point of the set is contained in each cubelike unit of volume.
The inequality (9) now characterizes all those lattiice points which
are contained in the interior of the positive octant of an ellipsoid

. wo wo wo
whose three semiaxes are o % 7 B, and T The volume of such
g X kg

an ellipsoid, according to an clementary formula, is

3
wio) = 5 V55 (V = o), (10)

and the volume of the positive octant is one-eighth that value.
That is also the number of lattice points satisfying the inequality
(9). Our estimate is inaccurate only because the surface of the
ellipsoid cuts through the interior of some of the cubes. If we
increase the dimensions of the volume V, and with it those of the
ellipsoid belonging to a particular value of wo, the value of w(wo)
will increase proportionally to V, but the number of unit cubes
intersected by the surface of the ellipsoid only with the two-thirds
power of V. Thus the percentage error of expression (10) will
approach zero if we make our volume V sufficiently large, for any
fixed value of wy; for a fixed value of the volume V, the percentage
error of (10) will go to zero for sufficiently high values of the fre-
quency wo. Altogether, the expression (10) will be very accurate
for ordinary laboratory dimensions of the cavity V and for light in
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the visible range of frequencies. Since two independent oscillators
belong to each triplet of integers (h, k, I), the total number of oscil-
lators with frequencies < wo will be in good approximation:

1.,
N(wo) = 3V (11)

w2t

The mean energy contained in this band of frequencies will be k7T
times this value. Since V is the volume of the cavity, we can
introduce the energy density of all frequencies below wo. It is

3
r(an) = g 6T 3, (12)

If we differentiate this expression with respect to wo, we get the
energy density per unit band width of angular frequency,

, w?

This expression shows that the intensity of thermal equilibrium
radiation increases with increasing frequency without limit and
that an integral taken over all frequencies would diverge. The
infinite contribution comes from the high-frequency end of the
spectrum; this breakdown of the classical theory is known by the
picturesque expression ultraviolet catastrophe.

Let us examine once more the assumptions that lead to this self-con-
tradictory result. These assumptions are of three different types: general
assumptions concerning the nature of statistical equilibrium, assumptions
concerning the laws of the electromagnetic field, and assumptions concern-
ing the role of absorbing and radiating matter. As for the general nature
of a statistical equilibrium, we have assumed that for each normal mode
separately, the remainder of the system acts as a large temperature bath.
The justification for this assumption hinges on our ability to provide
‘“‘loose coupling” between this normal mode and the remainder of the
system. Otherwise, only the general arguments of statistical mechanics
need to be used, that is, the general characterization of a stationary ensem-
ble and the more detailed calculation that leads to the distribution-in-time
of a small system interacting with a large system in the absence of inter-
action with the rest of the universe.

As for the role of the material of which the walls are made and of the
dust particles that provide for interaction, we must satisfy two require-
ments. In order to decompose the field into normal modes, in the manner
we have done it, we require definite boundary conditions to be satisfied by
the electromagnetic field on the surface of the domain in which we wish to
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study it. These houndary conditions are provided by perfectly conducting
walls. It is true that the perfect conductor is an idealization, not to be
achieved with ordinary materials. Suppose we had merely a good con-
ductor, one in which small potential gradients lead to large but not infinite
current densities. Then, if we make the walls sufficiently thick, we find
that energy will seep across the interface and that a normal mode, once
excited, will die out in time, obeying an exponential law of decay. How-
ever, if the walls are kept at any finite temperature, they will also act as
(random) emitters of electromagnetic energy, and thus feed energy back
to the individual normal modes.

If we wish to study the role of such a wall in greater detail, we must
assume some sort of a molecular structure because otherwise we cannot
describe properly the fact that it is being kept at a particular temperature.
We may, for instance, think of the wall as having embedded in it a large
number of electrons that are bound elastically to certain equilibrium posi-
tions. If we make the density of these electrons infinite, the wall will act
as a perfect conductor. Otherwise the electrons will permit part of the
electromagnetic waves to penetrate into the wall and be absorbed there.
Again, these clectrically charged oscillators will give rise to electromagnetic
waves, and we can determine the average intensity of radiation that will
leave the surface of such a wall. In all calculations of this sort, we obtain
the same result (13) because of the operation of the equipartition law.

The other role attributed to matter is the coupling between individual
normal modes. To couple several modes, a particle of dust must be
capable of ahsorbing and emitting at all these frequencies and directions of
propagation and polarization. No material is completely diaphanous
(nonabsorbing) at any frequency. But if there were some gap in the
emissive powers of one speck of dust, we could introduce additional specks,
made of different materials, to close that gap.

Would it be possible to avoid the ultraviolet catastrophe by modifying
Maxwell’s equations slightly? Unfortunately, a careful analysis of the
steps leading to eq. (13) shows that minor modifications will not change the
essential characteristics of the result. Actually, all that is necessary to
obtain the ultraviolet catastrophe is the assumption that the equations
are linear and homogeneous and that the normal modes at high frequencies
are infinitely many. First, as to linearity, we need to assume linear homo-
geneous field equations as long as we wish to maintain the general property
of the electromagnetic field that solutions can be linearly superimposed
on each other; in other words, and very crudely speaking, we accept the
fact that two searchlight beams intersecting in empty space do not
interfere with each other, that electromagnetic waves do not scatter each
other. Although no experimental evidence exists that would contradict
that assumption, of course it is conceivable that such interaction effects
would be encountered at very high radiation intensities. But such a weak
deviation of Maxwell’s laws from linearity would presumably lead to a
build-up of intensities in thermal radiation to the level where the non-
linearity of the equations becomes important. Actually, at temperatures
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jonvenient for the measurement of radiation intensities, these intensities
‘emain appreciably below the level of intensities that we can produce by
ther means—intensities at which no trace of radiation-radiation inter-
iction has ever been observed.

If the assumption of nonlinearity does not help us, what about the
wmber of normal modes possible in a theory that is linear but deviates
‘rom the precise Maxwellian form? For instance, the velocity of propaga-
ion of electromagnetic waves in empty space might depend slightly on
vave length. Such an attempt is also bound to end in failure. In order
50 help us, the hypothetical modification of the laws of the electromagnetic
ield would need to have the effect of spacing the higher normal modes
‘corresponding to greater values for the magnitude of the vector k)
‘arther apart with respect to frequency and even of preventing values of
kn| above a certain cutoff value. At the cutoff value the frequency would
1ave to be infinite. For such a wave field, the phase velocity of the wave
n free space would have to drop for high frequencies and approach zero
‘or the cutoff value. The group velocity, on the other hand, would tend
;0 infinity. All these effects would have to become noticeable at frequen-
ies at which the experimentally known curve of energy distribution in
shermal radiation deviates clearly from the theoretical distribution (13).
For normal high laboratory temperatures of between 1000 and 3000°C,
he actual energy density passes through a maximum in the region of
visible light, and it is common knowledge that empty space is not dispersive
‘or electromagnetic radiation even at frequencies a thousand times higher.
Thus we have no reason to believe that a modification of the Maxwell
xquations consistent with the known facts at moderate frequencies and
noderate intensities will get around the ultraviolet catastrophe.

Planck finally changed the line of attack of theoretical physicists
n this problem. Starting with the fact that at the low-frequency
:nd the experimental curve and the one given by eq. (13) coincide
>ut that at higher frequencies the experimental curve reaches a
naximum and then drops rapidly to very low intensities, and realiz-
ng that a sufficiently severe change in Maxwell’s laws to explain
;his maximum would fly in the face of everything else known about
slectromagnetic waves, he attempted a modification of the founda-
;ions of statistical mechanics that would explain the ‘freezing”
»f the high-frequency degrees of freedom of the electromagnetic
-adiation inside a cavity.

His original formulation was successful for cavity radiation but
sould not have been applied to the theory of specific heats of poly-
itomic gases and similar systems, where we also have seen that the
1igh-frequency degrees of freedom contribute less than the amount
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required by the classical equipartition law. Instead of reproducing
Planck’s hypothesis, we shall introduce that formulated many years
later by A. Sommerfeld. Sommerfeld’s hypothesis yields Planck’s
formula for cavity radiation; it can also be applied successfully to
atomic and molecular mechanical systems.

7.2. Quantization in phase space. Closed orbits

Planck’s principal idea was the hypothesis that a mechanical
system is not capable of assuming all the states permitted by the
laws of classical physics, but that for some reason as yet not under-
stood a system can exist only in certain discrete states. In conse-
quence, the energy cannot assume all conceivable values, only
certain ones permitted by the quantum laws that must be added as
restrictions to the laws of classical physics.

How can we expect the quantum hypothesis to help us avoid the
ultraviolet catastrophe and all the other difficulties encountered in
the applications of the equipartition law? The answer lies in the
fact that the derivation of the equipartition law depends rather
critically on the assumption that the energy states of all mechanical
systems are distributed continuously. In eq. (3.27), we found that
the characteristic volume of a harmonic oscillator (in three dimen-
sions) equals § (£/v)%. Thus for an oscillator of high resonant
frequency », the volume in phase space bounded by the energy
surface £ = E, is much smaller than for an oscillator of lower
frequency. At a given temperature both oscillators possess the same
mean value of the energy, 35T, because the Boltzmann factor e—+*7
confines the high-frequency oscillator to a smaller portion of phase
space. Now if we assume that the distribution of possible states
in phase space is discrete, evidently a wide spacing of the permissible
cnergy levels, if the Boltzmann factor remains unchanged, will make
it more difficult for the system to be at any level other than its
lowest; thus its mean energy will be less than the value predicted by
classical theory.

To Planck’s contemporaries and to Planck himself, the quantum
hypothesis must have appeared as a desperate remedy of a desperate
situation, justifiable only by some subsequent rational development.
Such a development has indeed taken place, but the birth of the new
sclf-consistent theory did not take place for another twenty-five
years. In the meantime, quantum physics developed as the juxta-
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position of two mutually contradictory sets of concepts, classical
physics on the one side, and the “ quantization rules” (that is, the
recipes on how to select among all the classical states the permissible
ones) on the other. That such a monstrosity could live at all must
be credited to its striking success in explaining almost all the prin-
cipal facts of atomic and molecular physics.

We shall now attempt to explain how one might set up a rule of
quantization so that the successful features of classical statistical
mechanics are preserved but that, at the same time, deviations from
the classical theory appear just where we need them. Classical
statistical mechanics is based principally on Liouville’s theorem,
which, coupled with the quasi-ergodic hypothesis, leads to the con-
clusion that the density of a stationary ensemble is constant on each
energy surface. To this principle we must add the derivation of the
asymptotic formula known as the Boltzmann factor, which we
obtained by studying the energy distribution of a subsystem form-
ing part of a sufficiently complex closed system.

Apparently we shall be able to save most of the results of classical
statistical mechanics only if we can retain the notion of constant
density in phase space on each energy surface. Then most of the
other conclusions of classical mechanics can be retained, and in
particular the Boltzmann factor. The most natural rule of quanti-
zation is, therefore, to assume that the discrete quantum states of a
system are distributed with constant density in phase space.

This rule obviously does not determine the quantum states com-
pletely. As a matter of fact, we shall see later that it is not possible
to strengthen this rule sufficiently to make the quantum states
completely unique. For different phase spaces, the spacing (that is,
the volume containing a single quantum state) cannot be the same,
because the volume in phase space has a dimension, and this dimen-
sion is (energy - time)/, with f being the number of degrees of free-
dom of the system. In order to formulate a rule that will be
applicable equally to all phase spaces, we shall require that the
size of the unit cell in phase space equal b/, where h is a universal
constant—to be determined later—having the dimension of a
product of energy and time (usually called action). This simple
requirement will make it possible to apply the quantum rule
simultaneously to a complex system and to its component sub-
systems, since a cell in the big phase space of size b/ can be consid-
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ered the geometric intersection (and therefore its volume the product
of the corresponding volumes) of the cells in the various subspaces.

Our quantization rule has the further merit that it is conserved
in time. Suppose we divide phase space into cells of equal volume
K in some fashion and place inside each cell just one permitted
quantum state. If we let each representative point in phase space
travel along its mechanical trajectory, then the cells will be trans-
formed continuously, but because of Liouville’s theorem, their
volumes will remain constant, and thus each quantum state will
permanently have one cell of volume A’ for its residence.

Obviously, the quantity A must be sufficiently small that for
large bodies the discrete distribution in phase space called for by
our new rule shall be indistinguishable from the classical continuous
distribution. But for systems of atomic dimensions we should be
able to observe deviations from classical behavior. These devia-
tions can be twofold. For small, isolated systems such as individual
atoms, it might be possible to observe the individual quantized
states or, at any rate, their energy levels, and thus the new quantum
rule might lead to a theory of atomic spectra (as in fact it does).
For complex systems composed of components of atomic dimensions,
we might find that the statistical distribution of energy states is
affected, primarily at the lower temperatures at which even classi-
cally the complex system is most likely to be near the energy zero
in phase space. We must follow up both of these possible conse-
quences, but we shall take the statistical consequences first.

Two of the most important mechanical systems in physies, the
harmonic oscillator and the particle subject to an attractive inverse-
square law, have for their trajectories closed, periodic orbits. All
the trajectories of the harmonic oscillator are closed, whereas, for
the inverse-square law at least, all the trajectories corresponding to
bound, negative-energy states are closed. We shall now study our
conjectured quantization rule particularly for such periodic motions
in order to apply it first to the problem of cavity radiation.

Consider a one-dimensional harmonic oscillator and its trajec-
tories in phase space (Fig. 6). All the trajectories appear as con-
centric ellipses. The center of the figure corresponds to absolute
rest. The dashed lines in the figure represent a possible equal-
volume grating in phase space. If we let all the points of this phase
space move in accordance with the canonical laws of motion, each
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point, will start sliding along its particular ellipse. In fact, had we
chosen a scale so that the ellipses appeared as circles (and this can
be done readily), then the motion of the phase space would be a
simple constant-speed rigid rotation about the center of the figure.
In the scale of Fig. 6 the rotation will not be rigid, but the trans-
formation will at least be collinear; that is, straight lines will remain

Fig. 6. Harmonic oscillator in phase space.

straight lines, though right angles will become oblique. Thus
throughout the motion the grating will be a parallelogram grating,
and twice during each period it will return to its original shape.

Whenever we have periodic motion we can introduce a grating
whose cells are transformed into themselves throughout the motion;
in other words, we can introduce a grating that remains conserved
throughout the motion. All we have to do is to choose as the
boundaries between cells dynamic orbits, spaced so that each cell
has the same volume h. This grating is shown in Fig. 7. The
ratios between the axes of consecutive ellipses in this figure are as
1:4v/2:43:4/4:4/5: -+ - . Clearly, each point of the phase
space will stay permanently in the cell in which it finds itself
initially. A similar arrangement of cells can be found whenever
we have a periodic system. These time-independent gratings have
the advantage that they enable us to study the permanent distribu-
tion of energy levels in such periodic systems.

Regardless of the detailed nature of our periodic motion, it is
clear that the volume enclosed by the boundary of the first cell
must equal & (assuming that we have a single degree of freedom).
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Since the outside boundary of the second cell encloses altogether
two cells, it must enclose a total volume equal to 2h. By the same
argument, the outside boundary of the nth cell, enclosing a total of
n cells, must be the edge of a volume nh. On the other hand, there

—\
— “

)

Fig. 7. Stationary grating for the harmonic oscillator.

is a simple formula for the volume enclosed by a curve, the integral
¢p dq. Thus, the condition for the outside boundary of the nth
cell is

gﬁp dgq = nh. (14)

Without further ado, we can safely assume that for the nth quan-
tized orbit we have

(n-l)hggSpdqgnh. (15)

Naturally, for any quantitative calculations, the quantized orbits
must be fixed more completely. Experience has shown that for
most situations it is correct to assume that the lowest quantized
state is that of rest, provided that this state exists and has a finite
energy (for the inverse-square law, the lowest energy is negative
infinite), and that all the following states are evenly spaced; so we
have as a general rule for the quantized states of periodic systems

9§pdq=nh =012 ") (16)
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For the contingency that the state n = 0 is not reasonable, the low-
est state is usually the one for which » = 1. Only rarely has it been
found necessary to assume that the quantized states are in the
center of their respective cells, so that the number n passes through
all half-odd values (3, , §, - - *). Incidentally, these uncertain-
ties do not arise in modern quantum mechanics; the current theory
predicts in each instance just what values » must assume.

Rule (16) was first formulated by Wilson! and by Sommerfeld?
and is known as the method of phase-integral quantization. For
about ten years the quantization of phase integrals [the type of
integral appearing on the left-hand side of eq. (16)] was the only
reliable method available for ascertaining the position of quantized
orbits in phase space. The corresponding energy levels depend on
the detailed model being quantized. For the harmonic oscillator
we shall find that the energy levels are spaced evenly as well, but
for most other systems the spacing of energy levels is more involved.

If a system has several degrees of frecdom, we shall always
attempt to reduce the problem to the one-dimensional type by the
introduction of a coordinate system in which the problem separates.
If this procedure is feasible, the n-dimensional problem becomes
equivalent to n» onc-dimensional problems, each of which is quan-
tized according to rule (16). As a result, the quantized states of a
system with n degrees of freedom will be characterized by = different
quantum numbers. In particular, for the radiation in a cavity
we shall have to introduce an infinite number of quantum numbers,
each belonging to a different normal mode of the cavity. Only
if all these quantum numbers are specified will the state of radiation
inside the cavity be completely determined.

7.3. Statistics

Before we can tackle the case of cavity radiation conclusively,
we must also consider the statistical behavior of a quantized system.
Just as in classical physics, we can construct ensembles of quantized
systems that are similar, except that they start out with different
initial conditions. We shall call an ensemble stationary if the dis-
tribution of the representative points in phase space does not change

1 Phil. Mag. 29, 795 (1915).
3 Ann. d. Physik, b1, 1 (1916).



154 EARLY QUANTUM THEORIES [§7.3

in the course of time. In general the points in phase space that
may be occupied are discrete, and they will be spaced evenly in the
sense explained in Section 7.2. Instead of introducing a continuous
density function p in phase space, we must introduce occupation
probabilities, that is, fractions of all the systems found in each
particular quantized state. Naturally, the sum of all the occupa-
tion probabilities must equal unity.

In a closed system each representative point remains confined
to its energy surface, but if the system is quasi-ergodic it will cover
that surface. Hence in a stationary ensemble we must assume that
the occupation probabilities of all the quantized states on the same
energy surface will be the same, in close analogy to the classical
situation. In other words, we must assume that the occupation
probability for a given state will depend on its energy level but will
be independent of all other parameters. If we want to discover the
analogue to the canonical ensemble, we must now consider systems
loosely coupled with a temperature bath.

Let us consider a quantized temperature bath. Such a bath can
be constructed as before, except that the numerous component
systems are each capable only of certain discrete quantum states.
We must discover the distribution of energy levels for the composite
system, and that irrespective of the detailed energy level distribution
for the component systems. Fortunately, our problem can be
reduced mathematically to the classical problem. Instead of the
‘‘characteristic volume”’ of Chapter 3, we can now introduce as the
characteristic function the number of quantized states with an energy
below E. This function is a so-called step function; that is, it
increases only by discrete jumps. But it increases monotonically,
and if multiplied by a suitable exponential factor it possesses a
Fourier transform. If we compose a system of several quantized
components, the characteristic function of the composite can be
obtained by the same integrations as before. Finally, a careful
analysis shows that the asymptotic distribution of energy levels
for a very large composite obeys an exponential law such that the
number of energy levels of the temperature bath between two
energies E + ¢, and E 4 ¢; (with E proportional to the heat
capacity of the bath and e; and ¢, of atomic order of magnitude) is

N(E, &, &) = No(E)[¢?P2 — &P4] (e <e).  (17)
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There is an obvious similarity between this expression for the dis-
tribution of energy levels of a temperature bath and the correspond-
ing classical expression (3.62).

The number of energy levels of the temperature bath within a
given energy bracket is, of course, proportional to the volume in
phase space bounded by two energy surfaces corresponding to
(E + 1) and (E + e2), because of our assumption that the quan-
tized states are evenly distributed in phase space. That is why
for a system of sufficient complexity the quantum formula for the
energy-level density is the same as the classical formula for the
characteristic volume derivative. This sameness is of restricted
validity, however. Apart from the requirement that the tempera-
ture bath be large (which must be met even in classical physics if
the asymptotic expression known as the Boltzmann factor is to
hold), it is also necessary that the temperature be sufficiently high
that almost all the component systems are in ‘““excited’”’ states, not
in their respective lowest energy states. For if they are in the
latter, then the distribution of energy levels depends critically on
the first energy step, the one that leads from the lowest level to the
next one. Even if eq. (17) is applicable, the distribution of energy
levels will not be completely smooth, but the validity of eq. (17) will
depend on our choosing an energy range (e2 — €;) of sufficient width.
The larger the capacity of the temperature bath, the narrower may
we choose this width before expression (17) becomes inaccurate.

Now we shall couple to our temperature bath an atomic system
that possesses a sequence of energy levels e, £t =0, 1, 2, - - - .
If the total energy available for the combined system is called E, the
energy possessed by the bath alone will be (E — ¢). Let us now
construct an ensemble so that each member is the combination of an
atomic system and a temperature bath, and let the total energies
vary from E to (E + AE), where AE is sufficiently large that eq.
(16) is valid for the temperature bath but small compared with the
energy differences between the various levels e of the atomic system.
We shall now ask for the number of states of the combined system
when the atomic system by itself is in its kth state. Very obviously
this number depends only on the density of levels of the temperature
bath and equals

N, = NO(E)[GH(E)(AE——M:) — e—ﬂ(E)u]

~ No(E) B(E) e BB a AR, (18)
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If our whole ensemble is stationary, the occupation probabilities for
all quantized states of the combined system in the very narrow
energy shell considered must be equal, and the ratio of the prob-
abilities of finding the atomic system in the kth or the lth states,
respectively, must equal the ratio of the numbers of energy levels
of the combined system, or

&‘ = eﬂ(E)(u—en),
Py (19)
Py = Py e B,

With this expression, we have reached a state of the argument where
again we can introduce the concept of the partition function. For
if we know the approximate total energy available to the combined
system, the coefficient P, in eq. (19) can be evaluated. All we
have to do is to take into account the fact that the sum of all the
probabilities P, must equal unity. We have then
Py ebe = 1,
£=0

(20)

Py = Z_l, Z = 2 e P,
£=0

The sum Z is called the partition function. 1t plays the same role
in a quantized system that the integral Z does in classical physics.
Our former expressions for the mean energy, for the rms spread of
the energy, and for the specific heat remain unchanged. In other
words, the thermodynamic properties of a quantized system differ
from its classical analogue only insofar as the partition function
(20) as a function of the parameter 8 is in general different from its
classical counterpart. But the validity of the general laws of ther-
modynamies, the first and the second law, remains unaffected by
quantization.

With this completed theory, we are now ready to tackle the
problem of cavity radiation.

7.4. The quantized harmonic oscillator. Planck’s law of heat radiation
In Section 7.1 we determined the number of normal modes within

a given frequency range. By multiplying this number by the mean

energy kT of the classical harmonic oscillator, we obtained an
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expression for the energy spectrum that diverged at the high-
frequency end of the spectrum. Will the course of the argument be
changed if we apply our new quantum hypothesis? The number of
normal modes in a given frequency bracket will, of course, remain
unaffected. What we can hope for is that the mean energy of an
individual oscillator may come out differently. To find that mean
energy we shall have to obtain the expression for the partition
function. And to get that expression, we must first find the energy
levels of the quantized harmonic oscillator. If we introduce in
the differential equations for the harmonic oscillator the canonically
conjugate variables g and p, the Hamiltonian I7 always assumes the

form
_1, w2

regardless of the physical significance of that oscillator.  denotes
the (angular) resonance frequency of the oscillator, and a is a con-
stant coefficient which in the case of a mechanical oscillator has the
significance of the reciprocal mass, but for our purposes it is of no
consequence. The energy of the oscillator is, of course, equal to H.
If we wish to evaluate the phase integral & p dq, we can refer advan-
tageously to the formula for the area of an ellipse, because the
trajectories in phase space are ellipses. Obviously, the semiaxes
of the ellipse are the maximum values of ¢ and p, respectively,

e = 5 V3,
2H
pmax - »J_&I_’ (22)

and therefore the value of the phase integral is
9Spdq_2—’f’i_ nh. (23)

It follows that the energy levels of the harmonic oscillator are given
by the expressions
w

e=gemh (=01, ), (24)

which depend only on the resonant frequency.



158 EARLY QUANTUM THEORIES [§7.4

The partition function is the sum

z=73 %" (25)

n=0

which can be evaluated simply by means of the summation formula
for geometrical series. We have
7-—1_. (26)

«
1— ¢ %

The mean energy of the oscillator is therefore given by the logarith-
mic derivative

 omZ  he 1 A
©O=-"2 "= (ﬂ_kT’ h_21r) 27

T — 1
In this expression, we have introduced the absolute temperature 7'
and the Boltzmann constant k, and we have used the abbreviating
symbol %, which is now in more common use than the original
symbol h, from which it differs by the factor (1/2r).

Expression (27) for the mean energy of the harmonic oscillator
looks very different from the classical expression k7. The two
expressions become equal, however, if the frequency is sufficiently
low or the temperature sufficiently high, if, in other words, the
classical mean energy kT is large compared with the energy-level
spacing of quantum theory, %w. In that case, we can expand the
expression (27) into a power series with respect to the small quantity

(hw/ET),
kT 1 hw
@ = ”‘*’m(l ~sEr T )

=kT —3ho+ + - - . (28)

If, on the other hand, the level spacing hw is large compared with
kT, then (¢) can be approximated by the expression

Aw Aw
(& =hwoe FT (1 +e ¥ 4 - - ), (29)

If we have a collection of oscillators at different frequencies, as
we do in cavity radiation, then the low-frequency oscillators will
have a mean energy approximately equal to the value given by the
classical equipartition law, but the oscillators vibrating at higher
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frequencies will have smaller and smaller mean energies, and for
very high frequencies the mean energies tend exponentially to zero.
The calculation just completed bears out the qualitative remarks
made at the end of the previous section: If the energy levels of a
quantized system are spaced closely, then our new quantization
rule leads to statistical results not far different from those of the
classical theory; but if the energy levels are spaced widely, then it
is so difficult for the system to reach the higher levels that the mean
energy is given in first approximation just by the percentage of
systems in the canonical ensemble that are raised one step above
the ground level. That is the import of the two expansions (28)
and (29).

Now we can introduce the rigorous expression (27) into the
equations of Section 7.1. If we replace kT in eq. (13) by the new
expression (27), we find for the energy density per unit volume of
space and per unit band width of frequency
hw3
u(w) = r2c8 ghorkT _ 1 (30)
This formula is Planck’s law for equilibrium thermal radiation.
At the low-frequency end it agrees with the classical expression (13),
but at the high-frequency end, instead of increasing without limit, it
drops off exponentially, thus leading to a converging integral over
all frequencies. Planck’s formula agrees within the limits of experi-
mental accuracy with the empirical curves.

Planck’s work of 1900 is historically the birth of quantum physics.
That the quantum was discovered in the field of radiation theory
rather than in the theory of atomic spectra can beexplained by the
fact that only in the theory of cavity radiation could the classical
laws of the ‘“‘atomic system” be considered well known. Only
in cavity radiation do we have sufficient confidence in the validity
of the physical model and its laws of behavior that we cannot
attempt to explain the failure of the equipartition law by the crude-
ness of the model used. Once the decisive step had been taken, it
turned out that the other failures of classical statistics were in most
part not due to faulty models but to the lack of quantization.

Returning to our new theory of radiation, we can now focus
our attention on its nonstatistical features. We have assumed that
each normal mode of a cavity can carry only an integral multiple
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of the “energy quantum” hw. What happens if we gradually
increase the size of the cavity to the point where we can disregard
the walls and deal with progressive waves in free space? Appar-
ently the basic energy quantum of a given normal mode depends
only on its frequency, not on its orientation with respect to the walls
or any other local characteristic. We must conclude that radiative
energy in general will occur only in quanta Aw.

This same conclusion can be reached by another conceptual
experiment. Let a cavity with perfect walls have a small hole
through which the enclosed radiation can leak out and through
which radiative energy can enter the cavity. We can say that our
system “cavity’’ is “loosely coupled’ to the system “free space.”
Of course this loose coupling destroys the rigorous periodicity of the
cavity system, but if the hole is small enough the cavity system will
be very nearly periodic, and our previous quantization can be main-
tained with any desired degree of accuracy. While the two systems
interact with each other through the connecting small hole, the state
of the cavity is subject to changes, but at any given instant the state
of the cavity must resemble one of its quantized states.

Any one particular normal mode can change its energy only by
integral multiples of %w, where w is its resonant frequency. Now in
any interaction between a particular normal mode of the cavity
and the radiation field present in free space, only those frequencies
which are very nearly equal can affect each other. In this situation
we can think of all the normal modes of the cavity and of all the
conceivable plane waves in free space as separate harmonic oseil-
lators. If we provide for small coupling forces between these
oscillators, actual exchanges of energy will take place only between
oscillators of very nearly the same frequency. The permissible
difference in frequency is of the order of the detuning produced by
the coupling forces. If the law of conservation of energy continues
to hold in our new physics (and we have assumed that all the clas-
sical laws remain valid), then the quantum of energy %w that dis-
appears inside the cavity as a result of the interaction must appear
at very nearly the same frequency in free space, and vice versa.
Our cavity will emit and absorb radiative energy only in quanta
ho.

Any other emitters and absorbers of clectromagnetic radiation
can be coupled to a cavity. Unless nature is to burst at the seams,
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all quantized systems must emit and absorb according to the same
law, and we shall postulate the general principle that electromag-
netic radiation can be produced or absorbed and, in fact, can exist
only in quanta of magnitude iw. Very obviously, this assumption,
which is a necessary consequence of our method of quantizing cavity
radiation, will lead to new results in all parts of physics where radi-
ative energy plays a role.

7.5. Specific heats

The general scheme of quantization developed so far is sufficient
to explain the specific heats of polyatomic gases. We can also
understand why the Dulong-Petit law for solids remains valid in the
presence of additional degrees of freedom represented by very tight
bonds inside certain ionic groups (such as the sulfateion SO~). We
cannot offer at this time any explanation why in metals the trans-
latory energy of the free electrons in a metal (the so-called conduc-
tion electrons) makes no appreciable contribution, though modern
quantum mechanics has cleared up that point as well. As an exam-
ple of the power of the hypotheses advanced so far, we shall discuss
the specific heat of a diatomic gas, such as O.

A diatomic gas molccule has three translatory degrees of free-
dom, permitting free motion of the molecular center of mass; it has
two rotatory degrees of freedom, enabling the molecule to carry out
rotations about its center of mass in two different directions (the
rotation about its own longitudinal axis makes no contribution to
the energy); finally, it has one vibratory degree of freedom (so that
the distance betwecn the two atomic nuclei can oscillate about its
equilibrium value). If the two atoms have the same mass m and
if the potential energy between them is given by some function
V(r), r being the distance between the two nuclei, then the total
energy of the molecule is given by the expression

E=V(@)+m&X2+ ¥+ 22 +§Z-(aa= + g2+ 2. (31

X, Y, and Z are the coordinates of the center of mass, z, y, and 2z
the coordinates of one atomic nucleus with respect to the other.
The system separates as a matter of course into the motion of the
center of mass on the one hand and the internal motion on the other.



162 EARLY QUANTUM THEORIES 1§7.5

We have for the Hamiltonian of the system the expression
H = Hext + Hint,

Hew = ‘I{—n (P2 + P2 + PY), (32)

Huw = V() + - (52 + 75 + 2.

These two partial systems separate further. The center-of-mass
motions in the X-, Y-, and Z-directions are independent of each
other and must be quantized separately. The internal motion will
be dealt with later.
The motion of the center of mass is, of course, unaccelerated.
If we apply our uniform principle of quantization separately to the
motion in the X-direction, the Y-direction, and finally the Z-direc-
tion, we must first divide the phase space consisting of the two
coordinates X and P, into cells of equal size. If the gas molecules
are really free to move, the number of such cells corresponding to
any energy shell whatsoever is infinite, because of the infinite range
of values of X irrespective of energy. As a result, the energy levels
of the X-component of the motion are continuous rather than dis-
crete, and quantum statistics must give the same result as classical
statistics. The three translatory degrees of motion will give a
mean contribution to the energy determined by the equipartition
law,
. (eext) = $KT. (33)

Now we shall determine the properties of the internal motion.
Except for very special types of potentials V(r), it is not possible
to separate H.. in rectilinear coordinates, and hence we shall go
over to spherical coordinates r, 8, and ¢. In terms of such coordi-
nates, the Hamiltonian of the internal motion takes the form

H, = V("') +%[Z)3 + '7.1—2 (pg + sec? 4 - pqzb)]
(os¢sz1r, —-gsos’z—')- (34)

If the molecule is to be stable, the potential energy V(r) must have
a strong minimum for some particular value of r, say ro.
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The Hamiltonian (34) is separable with respect to its three
degrees of freedom, at least to the extent that the angular motion
can be dealt with before we tackle the radial motion. Inasmuch as
the angle ¢ does not appear explicitly, the momentum component
Py is an integral of the motion. The azimuthal angle ¢ itself passes
through all the values from 0 to 2x; in fact, the motion is periodic
with respect to all three variables, though the radial period need not
coincide with the joint period of the two angles. As far as the angle
¢ is concerned, the phase integral and our standard quantum con-
dition for periodic motion reduce to

do =2 ps =mh

¢ Py dd 2 1h, 35)
Dy = N1 h.

According to quantum physics, the angular momentum about the

z-axis of any spherically symmetric system satisfies the quantum

condition that it is an integral multiple of the universal constant A.

We can now proceed to the motion with respect to the angle 6.

From the canonical equations of motion, it can be shown easily
that the total angular momentum,

I* = pj + sec? 6 - p2, (36)

is also an integral of the motion. We have, therefore, for the second
phase integral and for the quantum condition for #-motion,

VY sy eti—
=4 ﬁ,ao\/l"’ — sec? 6 - ni h?d = ny h. 37)

For any choice of the quantum number #n,, this second quantum
condition imposes some restriction on the possible values of the
total angular momentum 7, the only undetermined constant in the
expression (37). This restriction we now have to obtain more
explicitly.

For any real motion, ps must be real; we conclude that

12> nih? (38)
and that the limit of integration 6, is given by the condition

6o = arc cos ”_}ﬁl (39)
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With these two conditions, the integral can be evaluated either by
straightforward integration or by contour integration in the complex
plane, the choice of method depending chiefly on the mathematical
background of the reader. Either way, the result is that the
integral (37) equals 2x(|I| — |ni|k). We find, thus, that I itself is
subject to the quantum condition

I = (|n4] + |na|)A. (40)

Just like the angular momentum about the z-axis, the total intrinsic
angular momentum of the molecule is an integral multiple of the
universal constant £. This result is universal and may be general-
ized into the statement that in any central-force problem which
may occur in atomic physics and, in fact, in any system not subject
to external torques, the total angular momentum is quantized and
must equal an integral multiple of &.

The sum of the two integers |n,| and |n,| is known as the azi-
muthal quantum number and in the older literature was always
designated by the symbol k. Depending on the value of k, the
value of n,, more usually designated by m (the ‘“magnetic”’ quantum
number) is restricted. If k equals zero, m also must be zero. If k
equals 1, then m may be —1, 0, or 1, and so on. Generally, m is
capable of assuming (2k + 1) different values. In spectroscopic
literature, the different values of the azimuthal quantum number
bear names that antedate the systematic and numerical organization
of the possible states of a molecule or atom. For £ = 0 it is cus-
tomary to speak of an s-state. The next value, & = 1, is called a
p-state, the next a d-state, then f-state; from then on the names are
alphabetical (g, h, and so forth). These letter designations are
abbreviations of former descriptive designations of spectral line
series as ‘“sharp,” “principal,” “diffuse,” and “‘fundamental.”

Let us return to eq. (34). The intrinsic energy and the intrinsic
Hamiltonian of our symmetric diatomic molecule are now given
by the expression

Ho = V() +—,1L(pz + 4k hz) (k=0,1,2 - @1

Everything now depends on the shape of the potential energy V (r).
If the binding energy is sufficiently strong, we may assume that r
differs from the equilibrium value 7o only by small amounts through-
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out the motion of the molecule. In that case it will be all right to
expand V into a power series about ro:

VE) = Vot S —rgr 4 - (42)

Vo is the minimum potential energy of the bond and is negative
for a stable molecule (that is, we must add energy to dissociate the
molecule). The first power of the expansion must vanish if r, is to
be a minimum. The coefficient of the second power is the binding
force per unit displacement. Except for the effect of the rotation
and the resulting centrifugal force, 4/2K/m is the resonant angular
frequency of the vibrating molecule. The further course of the
calculation depends on the relative magnitude of the centrifugal
force and the elastic binding force. We shall make the usually
justified assumption that the binding force is greater by far, so that
the centrifugal force distends the molecule but slightly. In that
case the principal effect of the rotational motion is to displace the
equilibrium radius. In other words, we must treat the last term of
eq. (41) as if it were a contribution to the potential energy,

Vo) + B~ v, (43)

m r?

leading to a new equilibrium radius 7§, and a new power expansion
0 p
about that value:

’
V) = Vot =i (44)
As long as ry does not differ very much from r,, the new binding

constant K’ will also be only slightly different from K.
In the power expansion for the internal Hamiltonian,

Hu= ot +Vi+3K0 =)'+ - = Fu,  (49)
we shall suppress all the higher terms (which would make for anhar-

monic motion) and retain only those written down. Our quantum
condition will then be

95;;, dr = 95 N mlem — Vi — 3K'(r = ro)7 dr = nsh.  (46)

In this condition the only remaining adjustable constant is the energy
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€, and it is from this last condition that the quantum energy levels
will be determined.

The integral (46) can be carried out even more easily than the
previous integral (37). Its value turns out to be

e Yd
nsh = 2r ei"—t‘;,—v—o (w' = 2"15 ): 47)

and the energy levels are therefore
€ = ngh o’ + Vo

48
Nﬂshb)‘{"Vﬁ. ( )

This formula is incomplete only in one respect. Although the bind-
ing constant K’ equals K with great accuracy and deviations need to
be taken into account only in a detailed consideration of molecular
spectra, the value of the adjusted potential energy V’(r;) differs
from V, in a manner that we can easily take into acount. If we
expand V', eq. (44), into a power series, considering only terms up
to quadratic terms, we have

V'(r) = Vo + lK (r — ro)?

k? h? ( :
+mro[]—2 o4+ 3 TO)—---]. (49)
Obviously, the new equilibrium radius rg is, in this approximation,
, k2 h? 2kc? h?

To = To + R ~ 7T + m; (50)

K+ 67— y r3

and Vj is

k2 h?

Vo~ Vo + ——; p (51)

If we substitute this result into expression (48), we find finally, in
fairly crude approximation, that the internal-energy levels are
determined by the two quantum numbers k¥ and ns, but that these
two quantum numbers enter differently:

h?

'rnr2

€int = VO + ng h w + k2 (52)
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The total internal energy of our molecule is composed additively of
the rotational and the vibrational contributions. The vibrational
levels are spaced evenly, whereas the rotational levels are separated
by ever-widening steps.

For our calculation we have assumed throughout that the
centrifugal force is small compared with the average elastic force.
Indeed, for most molecules it has been found that the vibrational
steps, which have the width %w, are very large compared even with
fairly high rotational steps, which are multiples of #2/(mr3). Thus
our assumption of relative order of magnitude is fully justified in
the great majority of molecular spectra.

In order to evaluate the contributions of the various degrees
of freedom to the mean energy and to the specific heat of our gas, we
must attempt to decide mainly whether at a given temperature the
step leading to the first excited level is small or large compared to
the denominator in the Boltzmann exponent, k7. At typical
laboratory temperatures it turns out that the rotational degrees of
freedom will behave classically, the vibrational levels not.

Let us arrive at some idea of the orders of magnitude involved.
First of all, Boltzmann’s constant k equals 1.38 X 10~!®erg degree.
Thus, at room temperatures (~ 300°K), kT equals 4.15 X 104
erg. In terms of electron volts, kT at the same temperature is
about 0.026 V. Next we can determine the order of magnitude
of the energy steps involved in rotational motion, the quantity
h2/(mrd). Assuming a distance of 1 A& and the mass of oxygen atoms,
we find that this quantity is of the order of 3.3 X 10—* eV, or one-
hundredth of k7. Thus at room temperature the rotational energy
steps of such a molecule are really very small compared with the
average energy possessed by a single degree of freedom obeying the
classical equipartition law, and therefore this law should hold with
great accuracy.

As for the vibratory motion, we should have to estimate the
value of the step interval Aw. Although 4 is, of course, known, w
would have to be estimated from vibrational spectral lines or from
chemical heats of dissociation. For the oxygen molecule, O,, this
energy step interval is, for instance, 0.19 eV, or about five times the
value of kT. As a result, the contribution of the vibrational
energy to the internal energy of the oxygen molecule is only roughly
one-thirtieth of the classical value (at room temperature), and its
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contribution to the specific heat about one-sixth. Naturally, at
higher temperatures these contributions increase rapidly.

Problems

1. A particle has one degree of freedom and moves within a box of
length L with rigid walls. (a) Determine its quantum energy levels.
(b) Compute its partition function and compare that function with the
classical partition funetion of the same mechanical model. (¢) Compare
the mean energy of this model as a function of the Kelvin temperature 7 in
quantum theory and in classical physics.

2. Consider a three-dimensional harmonic oscillator with slightly
different restoring forces along the three perpendicular axes. Consider
the distribution of its energy levels both for very small and for very large
quantum numbers, comparing the resulting characteristic function with
the corresponding classical characteristic volume in phase space.

8. Discuss the quantum theory of a free particle enclosed in the interior
of a spherical shell with perfectly rigid and perfectly reflecting walls.

4. Consider a one-dimensional problem with a Hamiltonian H,, in
which the quantum levels have bcen determined completely and are

0
designated hy €. How will the quantum levels be displaced if we add to
the original Hamiltonian a minute perturbation H,?



Chapter 8
Atomic Spectra

8.1. The hydrogen atom

So far, the quantum hypothesis has enabled us to account for
the equilibrium distribution of the energy in cavity radiation, and
we have also shown, at least in outline, how some degrees of freedom
in a gas might contribute less than their classical share to the
internal energy of the gas. In this chapter we shall consider the
more detailed consequences of the theory. We have seen that
electromagnetic radiation will carry energy only in integral multiples
of hw, where w is the angular frequency of the radiation. Con-
versely, if a radiating system goes over from one energy level to
another, the frequency of the radiation emitted or absorbed must
be given by the same rule,

Ae = ko, (1)
except in those rare cases where a single transition gives rise to the
emission of two or more separate ‘photons.” IEquation (1) enables
us to correlate the frequencies found in atomic and molecular spectra
with the differences in the possible quantized states of the atoms
and molecules responsible for the radiations.

Our present interpretation of spectral lines accounts for the
fact that all spectra of gaseous substances, that is, of free molecules,
appear to consist of lines rather than of a continuous sequence of
frequencies. Previously, J. J. Thomson had attempted to explain
the nature of atomic spectra by the assumption that the electrons
were hound elastically to equilibrium positions inside a very
extended atomic nucleus with uniformly distributed electrie charge.
Although this model of the atom would account qualitatively for
the line character of atomic spectra, it does not lead to correct
quantitative results concerning the frequencies that will occur in
these spectra. Thomson’s model of the atom was discredited
entirely when Rutherford and his students, beginning in 1909,
showed by means of scattering experiments of alpha particles that
the atomic nucleus consists of a very small concentration of charge

169
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inside the atom and that the electrons, therefore, cannot be bound
to their equilibrium positions elastically, but must obey the inverse-
square law of Coulomb. Thus Rutherford’s experiments ruled out
the only classical explanation of line spectra that was ever proposed.

On the other hand, our present quantum-theoretical interpreta-
tion of spectral line frequencies, which implies that the line frequen-
cies are proportional to energy-level differences, immediately leads
to a sequence that can be tested: the large number of frequencies
in a typical atomic spectrum must be representable in the form of
differences between a much smaller set of numbers, each number
representing a possible energy level. This consequence can be
confirmed by the analysis of any gas spectrum, and this regularity
was well known even before Bohr proposed its interpretation in
terms of quantum jumps of the atom. A detailed calculation of
atomic energy levels will, therefore, enable us to predict accurately
the system of lines forming an atomic spectrum. We shall carry
out these calculations for the hydrogen atom, the simplest atom
for which the results can be tested in terms of a readily available line
spectrum.

Just as in the preceding section, we can split the total energy of
the hydrogen atom (a two-body system consisting of a heavy
nucleus and a light electron) into two terms, the external energy
resulting from the motion of the joint center of mass, and the
internal energy consisting of the potential and the remaining kinetic
energy. Our interest, of course, lies in the internal energy. A
rather trivial transformation of coordinates shows that the two-
body problem can be reduced to a one-body problem, one whose
arithmetic proceeds as if the hydrogen nucleus, the proton, were
nailed to a fixed position and only the electron were free to move
under the influence of the proton’s inverse-square attraction. The
only effect of the motion of the proton is to require that we reduce
the mass of the electron by a minute amount. In other words, in
the work that follows, m is the so-called reduced mass of the elec-
tron, 1/1800 less than its true mass.

The internal part of the Hamiltonian of the hydrogen atom in
spherical coordinates will have the form

H—l PRI Py 29 m? e’
=5m p,+;§(p,+sec 0pe) | — + 2
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This expression is very much like (7.34), which we set up for the
diatomic symmetric molecule. The chief difference lies in the fact
that the potential energy, which is now a definite known function,
has no minimum but is negative throughout the range of the variable
7, the more negative the closer we get to the center. However, the
quantization of the angular motion is not affected by the particular
properties of the potential energy, as long as we have a central-force
field (that is, as long as the potential energy depends on the distance
from the center only). We adopt the results of Chapter 7 and set

P} + sec? 6 p? = k? h2. 3)

This intermediate result must be carried into eq. (2). If we call the
energy ¢, as before, setting it equal to the Hamiltonian H, we find
that

__l 2 _1_22 __e._z.
5_27ﬁ<p,+r2k h) A )

There remains the question whether the radial motion is periodic.
Physically, we shall have closed orbits only if the negative potential
energy exceeds the kinetic energy of the systems, if, in other words,
the total internal energy of the system, ¢, is negative. In that case,
we know from elementary mechanics and from the theory of plane-
tary motion (M&E—Chap. 1), that the orbits are closed and
elliptic. If, on the other hand, the kinetic energy is large enough
to make e positive, then the orbits are hyperbolic, and the radial
part of the motion extends to infinite values of 7. In the latter case,
our general quantum hypothesis does not lead to the possibility of a
time-independent grating in phase space, and the permissible states
may have any positive energy whatsoever. Thus we must expect
that in the hydrogen atom negative-energy states are quantized
but positive-energy states are not. This conclusion is borne out
by spectroscopic evidence.

Let us focus our attention on the bound states, in which € is
negative. For these trajectories, the motion is going to he periodic
in r, and we can set up and quantize a phase integral. Our quantum
condition will be

2 2 k2
95p,dr=56\/2me+3’i‘;ﬂ—khdr=n,h, ®)

r?
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with e the only adjustable parameter to satisfy this equation. The
periodic motion will take place between the two extreme possible
values of r, which are the two zeros of the square root. Outside
this domain, the square root, and with it the radial momentum p,,
is purely imaginary. Had we chosen e positive, the root would
have only one zero, and all larger values of r would lead to real
values of p,.

The integral (5) can be evaluated by the same methods appli-
cable in the cases of the two integrals in Section 7.5. The result of
the calculation is

noh = —kh — me? \/2{5 ©)
4
or € = — %f:;« 1’715 (n = /ﬂ + ns, ng Z O)' (7)

The binding energies of the various states of the hydrogen atom are
proportional to n=% n =1, 2, - - - . This result, known as the
Rydberg formula, was found empirically long before the development
of the quantum theory of atomic spectra.

In the hydrogen atom, there is no reasonable configuration that
might be described as static equilibrium. The state of lowest
potential energy is the one in which the electron coincides with the
proton, and the potential energy of that configuration is — .
Obviously, this state cannot be achieved by any reasonable process.
Hence the lowest state of which the hydrogen atom is capable is
that for which n = 1. In consequence, this state is considered
the ground state of the hydrogen atom, even though it is not a state
of rest. Our theory might lead to the conclusion that this state
can be realized in two ways. In the first the motion is purely radial,
and we should have n; = 1; this state would be an s-state. Or the
motion is purely tangential, with k¥ = 1, n3 = 0, and with three
possible values for the magnetic quantum number m. Thus there
would appear to exist four distinct states with the same negative
binding energy —m e4/2A%.  Spectroscopic experience, however, has
shown that this conclusion of the theory is erroneous. Actually, the
ground state is an s-state, and p-states are encountered only in the
excited states. Modern quantum mechanics explains this discrep-
ancy and furnishes the correct results.

In other respects, however, the predictions of the early quantum
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theory were quite correct. The possible energy levels of the hydro-
gen atom are given correctly by eq. (7), which incidentally leads to
an accurate experimental determination of Planck’s constant. They
are widely spaced for small values of the quantum number » but
move together more and more closely for large n’s, so that there is
an infinite number of bound states in the immediate vicinity of the
energy zero (the energy at which the atom becomes ionized). The
complete atomic spectrum of hydrogen contains lines corresponding
to transitions between all energy levels. Depending on the lower
of the two levels (the final level in the case of an emission process),
the hydrogen lines form systematic series of lines, conspicuous even
in a casual inspection of the complete spectrum. Transitions to the
ground state occur most frequently and form a series of lines known
as the Lyman series. The first few lines of this series lie in the
ultraviolet. Transitions from the higher excited states to the
first excited state (n = 2) lead to a series lying wholly in the visible
range and known as the Balmer series. For details concerning
further series designations, the reader is referred to any text on
atomic spectra.

There are a number of elements whose atomic spectra resemble
the hydrogen spectrum to some extent. First of all, there are the
spectra of elements that have been partly onized so that they retain
but a single electron, such as singly ionized helium, doubly ionized
lithium, and so forth. The spectra of these elements differ from the
hydrogen spectrum only insofar as the term representing Coulomb’s
law in the Hamiltonian must be replaced by —Ze?/r, where Z is the
multiplicity of the nuclear charge—2 for He, 3 for Li, and so on.
As a result, expression (7) must be multiplied by Z? to remain correct
for these elements.

Then there are neutral elements in which all but one electron
cluster closely about the nucleus, and essentially only one electron
is ordinarily involved in radiative processes. These elements are
known as the alkali metals and include Li, Na, K, Rb, and Cs. As
long as the single active electron is well outside the cloud of the
remaining electrons, this cloud “screens” the nucleus electrically,
and as a result the energy levels are given in fair approximation by
eq. (7), with Z only slightly greater than 1. But for eccentric orbits,
the active electron dips deeply into the cloud of the remaining
electrons, where the ‘““screening” is less complete, and as a result the
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effective nuclear charge, averaged over the whole orbit, is somewhat
greater. For example, in the alkali spectra the different states
belonging to the same “principal”’ quantum number 7 do not possess
the same binding energy, but their binding energy (the distance
these levels lie below the energy of ionization) for a given n increases
with the eccentricity of the orbit.

How is the eccentricity related to the ‘‘azimuthal’’ quantum
number k? If, for a given n, k is small, then ns, the “radial”
quantum number, must be large, the radial motion is appreciable,
and the orbit must be rather elongated and eccentric. If, on the
other hand, k approaches n, then the orbits begin to resemble circles
more and more, they stay well outside the electron screen, and the
corresponding levels are only slightly below the hydrogen level with
the same value of n. And this state of affairs is borne out by the
alkali spectra. For any particular value of n, the s-state is always
lowest, followed in order by the p-level, the d-level, and so on.

In quantum physics, we call states degenerate when more than
one combination of quantum numbers lead to the same energy
level. The hydrogen atom is a highly degenerate system in that
only the sum n,

n = ns + k,

k = lm| + [nd, ®

determines the energy levels, but neither m nor k separately has any
effect. In the alkali metals, this degeneracy is partly removed.
The principal quantum number determines the energy level only
very approximately, and actually the s- and the p-levels belonging
to the same value of n are often widely separated. However, the
degeneracy with respect to the magnetic quantum number m
remains unchanged, and this degeneracy is unavoidable as long as
we do not modify the spherical symmetry of the system. The only
manner in which we can destroy the spherical symmetry is by
applying an external field; a strong magnetic field, for instance, will
affect the motion of the electrons differently when the plane of the
orbit is at different angles relative to the lines of force of the mag-
netic field. As a matter of fact, in a strong magnetic field, originally
single lines of atomic spectra are split up into complicated systems,
called multiplets, because the states belonging to different values of
m now have slightly different values. The Zeeman effect is his-
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torically the first instance in which it was possible to modify an
atomic spectrum under laboratory conditions. Because of the
importance of the quantum number m for the Zeeman multiplets, m
is called the magnetic quantum number.

8.2. Space quantization. The oscillator in three dimensions

Our presentation of early quantum physics has been incomplete.
We have failed to discuss Pauli’s exclusion principle, according to
which no two electrons can cver be in the same state (possess the
same set of identical quantum numbers) and which explains the
arrangement of the chemical elements in the periodic table. Nor
have we gone into the important question of the probability with
which a transition from one atomic state to another takes place, a
question that leads to the famous selection rules, according to which
a transition cannot take place unless the angular quantum numbers
between the old and the new state satisfy certain relationships.
Most important, we have failed to introduce the intrinsic angular
momentum possessed by individual elementary particles, both clec-
trons and nucleons (protons and neutrons), whose magnitude as well
as component in any particular direction is always k. His-
torically, all these problems were attacked during the period of
early quantum physics, but their solution was tentative and in
many cases incorrect, according to our present deeper understand-
ing. For our purposes, their discussion here would not be very
useful, because better explanations are now available. In Chapter
11 we shall give a brief introduction to the theory of quantum
transitions accompanied by the absorption and emission of radia-
tion. As for the exclusion principle and the particle spin, we shall
leave their discussion to more advanced texts of quantum mechanies.

There is one aspect of early quantum physics whose discussion
belongs here, and that is the question of space quantization. We
shall discuss the orientation of the electronic orbits with respect to
the chosen coordinate axes here because this question sheds some
light on the physical significance of the Sommerfeld-Wilson rules of
quantization. Previously, we found that we can quantize the
angular momentum about the z-axis and that this angular momen-
tum component turns out to be an integral multiple of &. Obviously,
there is no intrinsic criterion for choosing any particular direction for
the z-axis in spherically symmetric atomic systems, and it would
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appear reasonable that the angular momentum about any axis,
chosen at random, is subject to the same rule of quantization. As
a matter of fact, our rule of quantization is somewhat arbitrary.
All we need to do is to find some system in which the problem will
separate. With respect to that system, we can formally carry out
our scheme of quantization, leading to results that can be compared
with experiment. If a system can be separated in more coordinate
systems than one, then our rule of quantization is intrinsically
arbitrary. Expressed in different terms, there will then be more
than one method of cutting up phase space into stationary cells of
equal volumes.

Remarkably enough, a system will separate in more ways than
one only if its quantum states are degenerate. In such a case, it is
possible to obtain the several states belonging to a given energy
level in different ways and, in fact, the states obtained in one way
need not coincide with the states obtained in another. However, in
any case, the total number of states belonging to a particular energy
level and the numerical value of the energy always come out the
same; that is, both the energy levels and their multiplicities are
independent of the coordinate system in which we accomplish the
quantization. These facts are so remarkable that we shall illustrate
them with the help of an example of high degeneracy that requires
comparatively little effort to carry through. This example is the
spherically symmetric harmonic oscillator in three dimensions.

We consider a mass point of mass M which is tied to a fixed
equilibrium point with an elastic force having the force constant K.
The resonant angular frequency of that oscillator is, of course,

w= \[IIE ©)

In Section 7.4 we dealt with the harmonic oscillator in one dimen-
sion. A somewhat similar three-dimensional problem was dealt
with in Section 7.5, with the difference that there the potential
energy had a minimum on a whole spherical surface of the non-
vanishing radius 7o, Now we shall consider the case in which the
equilibrium configuration is at rest at a single point. Naturally,
we shall adopt this point as the origin of our coordinate system.

In Cartesian coordinates the Hamiltonian of our system takes
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the form
(72 | K p: | K p: | K
H = <m + 3 12) + (2—']‘"{ + ) y*) + (2—1‘[ + 3 22)’ (10)

and in spherical coordinates it becomes

H= P: +—I£r2 +—1 (p§ + sec? 6 - p2) (11)
oM T 2 232 P T Pe):

The remarkable fact is that we can carry out the complete quantiza-
tion in either coordinate system.

In Cartesian coordinates the course of the calculation follows
the one-dimensional case. The energy consists additively of the
contributions of the three parentheses, each of which is the Hamil-
tonian of a complete one-dimensional oscillator. Hence each of these
three additive contributions must be quantized according to the
results of Section 7.4. If we call the three appropriate quantum
numbers n,, ny, and n,, respectively, the total energy, according to
the quantization procedure suggested by eq. (10), comes out as

e=nho,
n=mn,+n +n, (n, > 0,n, >0, n, >0). (12)

The result indicates a high degree of degeneracy. Specifically,
we can produce a principal quantum number n = 0 in only one
way. There are three different combinations belonging to n = 1,
six that belong to n = 3, and generally 3n(n + 1) different states
for which the total energy of the three-dimensional oscillator
equals n & w.

Let us now turn to the Hamiltonian (11). As for the angular
part of the motion, we can insert our previous result, eq. (3), noting
parenthetically that each quantum number % represents (2k + 1)
different states. Only the radial motion remains to be quantized.
For the phase integral for the radial motion, eq. (11) together with
(3) furnishes us with the expression

2 h2
Sﬁprdr = 95\/2Me— MEr "4 o nsh,  (13)

r2

which can again be evaluated by one of several standard methods.
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The result is that
|
€
nsh == (5.— k h) (14)

or e=nho,

(15)
n =k + 2n; (k> 0,n; >0).
The energy levels turn out to be the same as before, and so does the
multiplicity of each level.

Gratifying as this result may be, we shall now demonstrate
that except for the actual energy levels, the quantized trajectories
obtained by the two methods are quite different. First of all, our
quantization procedures do not completely determine the shape of
a mechanical trajectory. In Cartesian coordinates, for instance, the
three quantum numbers n,, n,, and n, merely determine the ampli-
tudes of the motion in the three directions but say nothing about
the phase relations. If all three vibrations are in phase, the motion
will actually take place along a straight line through the center, and
the angular momentum will be zero. By changing the phase rela-
tions continuously (and without changing our quantum numbers), we
can also change the angular momentum of the trajectory continuously,
in apparent violation of our results from the form (11). Likewise, any
ellipse determined by a particular choice of the three quantum
numbers m, k, and n can be turned continuously about the z-axis,
with the result that the amplitudes in the z- and y-directions
change continuously, without any change in our original quantum
conditions.

At first sight it might appear that we must require that of all
the possible orientations of the ellipse and of all the possible phase
relationships in Cartesian coordinates, only those are realized which
permit us to satisfy all the quantum conditions at once. But such
a hypothesis cannot be maintained. We must remember that an
infinity of Cartesian coordinate systems is possible, with all possible
orientations in space, and likewise an infinity of spherical coordinate
systems. None of these coordinate systems is intrinsically prefer-
able to the others. But obviously, we could not find harmonic
orbits that have quantized amplitudes in all conceivable directions,
nor can we find elliptical paths whose angular momentum about
any conceivable axis is an integral multiple of & (with only the



§8.2] ATOMIC SPECTRA 179

trivial exception of the straight-line trajectories, whose angular
momentum vanishes).

As an alternative hypothesis, we might suppose that of all the
conceivable coordinate systems in which our quantization rule can
be formulated, actually one is preferred, and that it is merely our
insufficient knowledge of the laws of nature that prevents us from
deciding which one. But that hypothesis can be refuted, too. We
shall find that minute modifications of the force law lead to the
adoption of a particular coordinate system as a matter of necessity,
not of choice, and that different modifications lead to different
coordinate systems.

First we shall consider a minute modification of the force law
that destroys the harmonic character of the system but not its
spherical symmetry. For instance, we might suppose that the force
law includes a small fourth-degree term in addition to the principal
quadratic term 3K r2. Or we might think of a system in which
the equilibrium is not reached at the center but on some concentric
spherical surface ro. Any such modification will lead to a partial
splitting up of the energy levels, so that each combination of k£ and n
leads to a different energy. However, the degeneracy with respect
to the quantum number m remains intact, because we have not
dropped our assumption of spherical symmetry.

With any such modification of the force law, the spherical
coordinate systems are the only ones in which separation and
quantization remain possible. If we follow the motion of any
classical system that is slightly ‘“anharmonie,” we find that the
trajectory is still approximately an ellipse. But the ellipse is not
closed. Slowly, the whole ellipse precesses in its orbital plane, in
such a manner that the dimensions of its major and minor axes
remain unchanged. Thus the angular momentum of the modified
problem remains constant in magnitude and in direction and so,
of course, does the total energy. Consequently, m, k, and n are
“good”’ quantum numbers, because they refer to elements of the
trajectory that remain preserved in time. But as the ellipse pre-
cesses, the amplitudes in three mutually perpendicular directions
change slowly and continuously. In the language of the quantum
physicist, n,, n,, and n, are no longer ‘““good”’ quantum numbers.

Let us now consider another modification of the force law, one
which does not destroy the harmonicity but which destroys the



180 ATOMIC SPECTRA [§8.2

spherical symmetry. All we need to assume is that the binding-
force constants in the three Cartesian coordinate directions are
slightly different:

(7, Ko . 7 Ky P K. )
H=\agpt 3" +(2M+ 2 V') t\apt27) (0
This problem will still separate in Cartesian coordinates, with the
result that the encrgy levels are given by the expression

e=nho,+nhwy+ n ko, 17

The trajectory of a particle moving under the force law described
by the Hamiltonian (16) is a Lissajou figure that will gradually fill
out a rectangular parallelepipedon. Because of the slightly differ-
ent frequencies in the z-, y-, and z-directions, the phase relations
between the three components of the motion will change continu-
ously, with the result that the angular momentum will change
both its magnitude and its direction. Therefore m and k are no
longer “good’”’ quantum numbers, but the amplitudes in the three
coordinate directions remain unchanged in time. Hence n., n,, and
n, are the appropriate ‘““good”’ quantum numbers for this system.

That our conclusions are valid is borne out by spectroscopic
evidence. In the case of a diatomic molecule, we find invariably
that m and k are appropriate quantum numbers. The case of the
anisotropic oscillator is approximated in triatomic molecules of
sufficient asymmetry that there are three distinet normal modes of
vibration with three different characteristic frequencies. And
really, with such molecules we find spectral lines corresponding to
transitions of these distinct and different one-dimensional harmonic
oscillators.

These considerations lead to the conclusion that our quantum
rule is still too “classical,” that the particle trajectory probably
possesses much less reality than was assumed in early quantum
physics. 1In the case of degenerate systems, alternative procedures
of quantization lead to the same results as far as readily observable
facts are concerned, namely, primarily the locations and the multi-
plicities of the energy levels (these multiplicities count in all statis-
tical considerations and can be tested by measurements of specific
heats). As far as the details of the trajectories are concerned, the
alternative procedures lead to contradictory results, but strangely
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enough each procedure can be justified by means of experiments
which involve slight changes in the force laws and which remove
some of the degeneracies. In modern experiments such modifica-
tions can be turned on and off at will (by passing a molecular beam
through external magnetic or electric fields), and in every instance
the theoretical choice of quantum numbers is confirmed by the
experimental findings. Evidently the early quantum rules, super-
imposed on the laws of classical mechanics, represented a highly
successful ‘‘ cookbook recipe,” but eventually they had to be supple-
mented by a deeper understanding of the laws of atomic physies.

Problems

1. For any electronic orbit, the angular momentum and the Amperian
magnetic dipole moment are connected by the formula

e
2me

M magn — Po

(M&E, pp. 156, 157). If an atom is exposed to an external magnetic field
of uniform field strength H along the z-axis, determine the corrections that
must be added to the unperturbed atomic energy levels because of the
interaction between the field and the electronic orbit.

2. In a later chapter, it will be explained that ordinarily the quantum
number m changes only by +1 in an electronic transition. How will the
external magnetic field of Problem 1 modify the appearance of a spectral
line? (The answer to this question depends on the angle that the magnetic
lines of force form with the line of view. Consider the two angles of 0°

and 90°.)

3. Determine the energy levels of the hydrogen atom in so-called
parabolic coordinates, in which the three coordinates used are the angle ¢
(same significance as in spherical coordinates) and two coordinates u and »
corresponding to rotational paraboloids whose joint axis is the z-axis and
whose joint focus is the origin of the spherical coordinate system.

4. Determine the energy levels of an anisotropic harmonic oscillator
whose potential energy is a positive definite, homogeneous quadratic
function of the Cartesian coordinates z, y, 2, but otherwise arbitrary.

6. Consider a spherically symmetric harmonie oscillator and add to the
potential energy a fourth-order term of very small amplitude. Determine
the corrections to be added to the energy levels.



Chapter 9
Probability Waves

9.1. De Broglie's hypothesis

Quantization proved its power both in statistical mechanics
and in the analysis of atomic and molecular spectra. But the
imposition of a quantization prescription on top of an unmodified
classical structure could not lead by itself to a logically connected
theory. As a matter of fact, in the case of degenerate systems,
alternative executions of the basic rule lead to mutually contra-
dictory results. Also, as the analysis of spectra proceeded, the
original simple rules needed to be modified in a number of cases.
For instance, it was found that the rotational energy levels of poly-
atomic molecules corresponded to half-odd quantization rather
than to ordinary integral quantum numbers. Also, there was no
consistent theory that would furnish spectral line intensities (that is,
transition probabilities). Finally, the jumps necessary in radiative
processes if a system was to go over from one quantum state to
another were hard to visualize or to comprehend with an essentially
classical view of the trajectory as such. For all these reasons, a
more fundamental approach to the nature of quantum processes was
called for if any further progress was to be made. As happens so
frequently in the history of theoretical physics, the new departure
was begun in close analogy to well-known facts of classical physics.

De Broglie! asked himself whether something like quantization
occurs in any field of physics, as it was known in the early 1920’s.
Discrete situations do, in fact, occur in classical physics. When-
ever a wave is permitted to interfere multiply with itself, the only
states capable of existence are those in which the interfering waves
are all in phase with each other, and there are (and were known in
1923) two such situations of considerable importance.

The first instance of discrete phenomena concerns the diffraction

' Phil. Mag., 47T, 446 (1924); Ann. de physique, 8, 22 (1925).
1892
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of electromagnetic waves by periodic gratings. If a collimated
monochromatic beam strikes an optical grating in which scratches
or lines have been engraved by machine at regular intervals some-
what longer than the wave length of the light employed, electro-
magnetic energy will be transmitted only in a finite number of dis-
crete directions. Each of these directions is characterized by the
requirement that the difference in optical path length between light
paths passing through corresponding neighboring points of the
grating shall be an integral multiple of the wave length of that light.
Optical gratings form, of course, a standard device for separating
light of different wave length and for determining the wave length
of each fraction in terms of a macroscopic laboratory standard, the
period of the grating,.

Another instance of quantized wave fields is provided by the
normal mode of any isolated piece of elastic material capable of
transmitting elastic waves. A very simple example is provided by
an elastic string capable of transverse vibrations. If its two ends
are tied to rigid supports, the only vibrations possible are those
at which both ends of the string are permanently at rest. If the
mass of the string per unit length is m' and if its tension is designated
by T, then its transverse motion at any point along its length is
determined by the law that the local acceleration tends to shorten
the string and hence is proportional to and directed toward the
direction of concave curvature. The quantitative law of its motion
18

’ % %y _
mg— Tas=0 Q)
where z is the coordinate parallel to the string and y a coordinate
at right angles to the string. If the string were of infinite length, the
simplest solutions would be of the form

y _ e—iw(lig) (C — JZ; —_— < w < 00)7 (2)

or progressive waves. Because of the linear homogeneous character
of the equation of motion (1), the sum of two solutions is again a
solution, and the most general solution for the infinite string would
be a linear superposition of the particular solutions (2), or

v= [0 1@ D) sy N @



184 PROBABILITY WAVES [§9.1

By means of the Fourier integral theorem, we may also represent
the most general solution of the partial differential equation (1) by
means of the two arbitrary real functions f and ¢, thus:

y=f(t-—%)+g(t+%)- @)

This last form of the solution lends itself most easily to an intuitive
interpretation. In a string of infinite length, the most general
solution is composed linearly of two waves traveling in opposite
directions at the velocity ¢ and having entirely arbitrary profiles.

If we consider the string of finite length L with the end points
fixed, only those solutions (3) or (4) remain possible which have
permanent zcros at x = 0 and x = L. A single traveling wave
cannot possibly have such permanent zeros, but two such waves
together may, if their profiles have such a relationship to each other
that their contributions at these two specified points always cancel.
For the point z = 0, this condition will be satisfied provided the
function g equals —f for all values of the argument ¢,

O +9@) =0 (- <i< ) (5)

T'or the point x = L, the necessary and sufficient condition is that

(=2 +o(e+t) =0 ©®)
or S +g(t’ +2%) =0 (t’ ={ -I.é) )

Conditions (5) and (7) must hold for all positive and negative values
of the parameters ¢ and /. Combining them we find, then, that

o(14+21) = 00,

f(t+§L =0 = -D

Hence the most general motion of the string of finite length is
represented by the expression

y(w,t)=f(t-§)—f(t+§) [f(t+—c2~L =f(t)]: €
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where f is a periodic but otherwise arbitrary function of its argu-
ment, the period being 2 L/c.

The “quantization’ enters our problem in the following manner.
Fourier-series theory (M&E, pp. 214 f{f.) teaches us that periodic
functions can be represented conveniently as infinite sums of trigo-
nometric functions. Since the right-hand side of eq. (9) for¢{ = 0 is
an odd function of the argument z, the Fouricr series can be set up
in terms of sine functions only, without the benefit of cosine terms.
The proper Fourier representation is, thercfore,

yx, t) = E a, sin ZZE cos (?Z—ft — 6,,)» (10)

n=1

where the a, are the arbitrary real Fourier coefficients of the expan-
sions, and the 4§, are arbitrary phase constants. We can say that
the most general solution is the linear superposition of an infinite
but discretec number of particular solutions, each one of which
depends on the time ‘“harmonically’ (sine function, cosine function,
or exponential with imaginary exponent). Another interpretation
of result (9) is that both ends of the string will reflect any traveling
wave reaching them, thus causing multiple reflections. Of all the
trigonometric waves (2), only those will persist which interfere with
themselves constructively no matter how often reflected back and
forth by the end points of the string,.

We can easily increase the complexity of our problem, for
instance by endowing our string with an uneven mass distribution
m’(x). In that case, the problem cannot be solved in closed form
such as eq. (9). Nevertheless, the most general solution, for both
the infinite and for the finite string, can still be represented by
integrals or scries resembling eqs. (3) or (10), because the time-
dependence in eq. (1) can be separated off. For the string of finite
length, for instance, the most general solution can be given the
form

y(x, t) = 2 @ fu(z) cos (wat — 8,), (11)

n=]1
where each function f.(r) satisfies the equation

J1@) + 75 @) = 0 (12)
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and the boundary conditions
f2(0) = fulL) = 0, (13)

and where the number of zeros (nodes) of f, between the end points
equals (n — 1). The characteristic frequencies w, are determined
by the boundary conditions (13) and are in general different from
the values (r n ¢/L) of eq. (10). The general solution (11) is again
composed linearly of a discrete set of particular solutions, each of
which has a simple periodic dependence on time. Unless the differ-
ent frequencies w, are commensurable (have rational ratios), the
general solution is not periodic in time but is ‘“almost periodic.”
The only strictly periodic functions are the individual terms in
expression (11).

Even the nonuniform string is a very simple example of vibrating
bodies. Membranes (elastic two-dimensional domains) and vibrat-
ing solids of various shapes all have one feature in common: As long
as the conditions on the edges or surfaces, the boundary conditions,
are well defined, their only periodic motions form a discrete set of
vibration patterns, each possessing its own characteristic frequency,
and the most general motion possible is an arbitrary linear super-
position of the periodic solutions, the so-called ‘‘normal modes of
vibration.” In the case of a membrane, two different integers are
needed to identify the individual normal modes, because for each
normal mode the membrane is intersected by a network of node
lines, and we need to know the number of lengthwise and crosswise
node lines to identify a particular normal mode. For a vibrating
solid, there are three sets of mutually intersecting nodal surfaces,
and each normal mode must be characterized by a set of three
integers. Incidentally, the treatment of the vibrating solid is closely
analogous to the solution of Maxwell’s equations inside a cavity, a
problem we have tackled in Chapter 7. The reader can easily
verify that we then encountered triplets of integers, (h, k, I).

In view of all these facts, which were well known by 1923,
de Broglie proposed to explain the rules of quantization on the
basis of wave interference. Without constructing a complete field
theory, with partial differential equations like Maxwell’s, he
assumed that each elementary particle is accompanied on its trajec-
tory by some wave of definitc wave length. If the particle is free,
coming from infinity and departing into infinity, the waves are



§9.1] PROBABILITY WAVES 187

essentially progressive, and there will be no more interference and
quantum restrictions than there are in a traveling light wave in
classical physics. But if the particle moves in a bound orbit, the
orbit will turn back on itself again and again, and the waves will
interfere with themselves. The only stationary patterns will be
those in which the trajectory of the particle permits an integral
number of wave lengths to be placed alongside before it returns
to the starting point. This self-interference of the waves then
would explain why only certain types of paths will be stationary
whenever a particle moves in a bound trajectory.

If this hypothesis is to prove useful, we must assume some gen-
eral principle by which we can ascertain the wave length of the
de Broglie waves; only then can we make quantitative predictions
and compare with experience. In arriving at his results, de Broglie
assumed that the law to be postulated would be Lorentz-covariant.
That is, the relationship between the mechanical properties of the
particle and the wave properties of the accompanying de Broglie
wave would have to be the same in all frames of reference, assuming
the validity of the Lorentz equations of the special theory of rela-
tivity (M&E, p. 234). De Broglie started, therefore, by assuming
some relationship in that frame in which the particle is at rest.

If a particle of mass m is at rest and if we wish to associate with
it a particular wave motion, then there is no criterion by which we
could assign to the waves some direction of propagation; and if
we cannot, the most natural assumption would be to make the wave
purely time-dependent. The frequency still must be set, and to
do this de Broglie adopted the original proposal of Planck, made
for the purpose of quantizing the normal modes of the electromag-
netic cavity radiation: he assumed that the frequency of the wave
is proportional to the (relativistic) cnergy of the particle, which
for a free particle at rest equals mc®. Thus the fundamental
assumption of de Broglie’s in the rest system is

me? =hyv =hdo. (14)
At this stage of the theory, there is no need to speculate on the
physical nature of the wave. We shall call anything that “waves”
the wave function and designate it by the symbol ¢. Thus, in the
rest system, the de Broglie wave is to be described by the expression

¢/=W08 A . (15)
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Now we can carry out a Lorentz transformation, treating the
wave function as a scalar field. Because of the transformation
equations

z — ot L= g
x' = ——— t, = e 16
V1 — v'z/c2, V1 - vz/c2, (16)
¥ =y, 2=z
(M&E, p. 234), expression (15) turns into
2 - vf—;
V=wee F VITWE (a7)

In a system in which the particle moves in the z-direction,
U, = v, Uy = U, = 0, (18)

the frequency and the wave length of the de Broglie wave become,
respectively,

1 m c? x=h \ﬁ:— v?/c?

) V1 — ,,2/6'2’ muy

These expressions happen to be related closely to the relativistic
expressions for the total energy and for the lincar momentum of a free
particle. We can reformulate the relationships (19) by stating that

ho=E hk=p. (20)

w

(19)

k is the so-called wave propagation vector, defined for any plane
wave as the vector pointing in this positive direction of propaga-
tion and having the magnitude of 2= times the inverse wave length.
Because of egs. (20), eq. (17) can also be written in the form

1//(x, t) = Yo e;(p'x—El).
This last exponent is an invariant four-dimensional scalar product
with respect to all Lorentz transformations, and thus has greater
generality than expression (17).

Before we can apply eq. (21) successfully, we must go over to
the nonrelativistic limit, which, as we know, is represented by
velocities u that are small compared with ¢. In nonrelativistic
physics, the “energy’’ of a system is merely the deviation of E in

(21)



§9.1] PROBABILITY WAVES 189

eq. (21) from the rest energy, and thus, for a free particle, the excess
of the total energy over m c2. To allow for a similar split-off in the
de Broglie frequency, we must separate the total angular frequency
w into a “rest frequency’’ (equal to m c¢?/h) and the leftover, the
“beat frequency’ as it were, between the de Broglie waves cor-
responding to the same particle at rest and in motion. Thus in
the relationship between propagation vector and linear momentum
we must merely replace the relativistic momentum by its nonrela-
tivistic approximation, but in the expression for the frequency we
must set

(E - Eu) = (22)

J:=w——wo=

=
3"1. &=

As a result, we find that relationship (20) requires no modification
in notation, but the significance of the various symbols has been
shifted from the relativistic quantities to their nonrelativistic
counterparts.

It remains to assign a wave train to an arbitrary moving particle
and to examine the possibilities of sclf-interference. If we wish to
ascertain the number of wave lengths along a certain trajectory in
accordance with eq. (20), we find for the number of wave lengths per
unit length of path

d 1 1 1
T =5~ o K =gl @)
1 1 (3
therefore n=z / lp| dl = 7 [ p-dl (24)

If the orbit of a particle is closed, the condition for constructive
interference is that the number of wave lengths once around the
complete orbit be an integer, or

9Sp-d1=nh, (25)

our original condition for quantizing periodic motion. Thus,
de Broglie’s hypothesis of a wave that is closely associated with the
mechanical trajectory was a help to an intuitive understanding of
the nature of the original quantization rule, but it did not lead to
new relationships. However, de Broglie’s work was of the greatest
importance for the further development of the quantum theory.
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9.2. Wave fields

De Broglie’s original hypothesis suffered from two principal
faults: it did not accomplish any more than was accomplished in
the earlier period of quantum physics under the rules formulated by
Sommerfeld and Wilson; and it failed to give a clear accounting
why in systems with several degrees of freedom each degree carried
a separate quantum condition. Also, the introduction of a new
wayve field without any specific physical properties gave the hypothe-
sis the appearance of an interim proposal, not that of a complete
physical theory.

Wherever waves appear in physics, they will always pervade
the whole domain available, and they will not be confined to narrow
ray trajectories or narrow beams. 1t seemed reasonable to assume
that de Broglie’s waves, too, were probably not confined or con-
finable to the immediate vicinity of the path of the particle, though
the classical trajectory of the particle might coincide with the region
of greatest wave intensity. Without sticking too closely to the
actual historical unfolding of the new departure, we may now ask
ourselves just what is the domain of definition for the de Broglie
waves. For an answer, let us turn once more to the known facts of
spectroscopy. In Chapter 8 we indicated the course of the theory of
the hydrogen and the alkali spectra, but of course there is a large
class of spectra in which the spectral lines give evidence of the
involvement of two or even more electrons. In He the two electrons
present are of equal importance, and in the Be, Mg, Ca, Sr, Ba, and
Ra spectra, two clectrons are equally active throughout the optical
region. Each of these two electrons possesses a complete set of
quantum numbers, and the same is true of the infinitely many
degrees of freedom of a radiation cavity, as evidenced by the success
of Planck’s theory. Thus all the evidence points to the fact that the
quantum rules must be formulated in the phase space of the mechan-
ical system, no matter what the number of dimensions of that phase
space, and that the number of separate quantum numbers character-
izing a system equals the number of degrees of freedom of the
system, or the number of dimensions of the configuration space.
That is, of course, what we had assumed in Chapters 7 and 8, but
it is worth while to point out that in this respect, at any rate, our
assumptions appear to be confirmed by the facts.

Whenever multiple reflection and interference leads to the emer-
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gence of discrete stationary states in classical wave problems, the
number of integers characterizing the individual stationary states
or normal modes equals the number of dimensions of the domain in
which the waves propagate. Hence we are led inescapably to the
conclusion that the de Broglie waves must be multidimensional wave
fields in configuration space. For a single particle the configuration
space and the physical space coincide. But for a system of any
complexity they do not, and then it is of decisive importance that
we cannot expect to have de Broglie waves in physical space. Any
hypothesis concerning the physical nature of the de Broglie wave
field will have to be consistent with this fact.

If de Broglie waves are capable of spreading throughout the
configuration space of a mechanical system, how is it that they
ever are reflected on themselves, that somehow they are confined?
In classical physics, waves may be confined to a certain domain by
impenetrable walls, but they may also be confined in another man-
ner. When a plane wave is traveling toward a medium in which
its speed of propagation exceeds the speed in the medium it is about
to leave, it may happen that no cnergy is transferred across the
interface because the normal component of the wave-propagation
vector in the new medium would become imaginary. In that case,
we speak of total reflection. 1f it should happen that the propaga-
tion vector is imaginary outside a region no matter what its direc-
tion, then the wave pattern will be confined essentially to that
region through total reflection, in spite of the absence of perfectly
rigid walls. If the wave propagation vector is proportfonal to the
linear momentum of a particle, then wherever the potential energy
of a configuration exceeds the total energy available, neither the
classical particle nor a plane (or nearly plane) de Broglie wave can
get to that part of configuration space, and we have established the
existence of a ‘““prison for waves.” Thus we should expect quantum
conditions in any situation in which a system is bound together.
Even the extended wave pattern will then be confined mostly to
that part of configuration space in which the classical motion takes
place. But no matter what the detailed laws of propagation of
these waves, we can expect that the number of quantum numbers
determining ‘“normal modes” will equal the number of degrees of
freedom.

In the next section, we shall formulate the hypothetical law to
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be satisfied by the de Broglie waves, and thus we shall be in a posi-
tion to derive quantitative results on atomic energy levels. But
before doing so, we shall attempt to find out whether we can con-
struct ‘“wave packets” for the free particle, where without the
formulation of a comprehensive wave law, we may adopt eq. (20).
In a free particle, moving without any external forces, plane de
Broglie waves are certainly a possible solution. But most wave
fields in physics obey the law of linear superposition: the linear
combination of two or more wave fields is again a possible wave
field.* We can, therefore, attempt to construct wave packets as
linear superpositions of plane waves. Again, the theory of the
Fourier integral comes to our help. It assures us that at any
particular time {, any square-integrable function f(z, y, 2z) can be
represented as a linear superposition of trigonometric functions, and
eq. (20) will then tell us what happens to each one of these trigono-
metric functions in the course of time. If, at the time ¢ = 0, ¢ can
be represented by an expression having the form

¥(x, 0) = (}‘rh) f f f o) dp, - (20)

then the time dependence of ¢ must be given completely by the
expression

g 1 E
v, 8) = (.;rh) f f f ap) X7 Map. 1)

In particular, the rate of change of ¢ at the time zero is given by the

expression
_ k[ 1 » {n-x
—o 1 (2—“,;) /f/; E(p) a(p) e dp. (28)

Y
at

The choice of a determines, of course, the relative contribution

of the various plane de Broglie waves to the total wave function ¥.

Conversely, we may require that at the time zero ¢ shall be a

specified function, and in that case e is given, according to Fourier

1If a wave field fails to satisfy the law of linear superposition, then two plane-
wave beams meeting each other will produce mutual scattering. The principle
of lincar superposition rules out such mutual scattering but not, of course,
interference.
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theory, by the integral

alp) = (g;lri)% f / f V(x, 0) A" dx. @9

Without adopting as yet any particular interpretation concern-
ing the significance of ¥, we may assume that whenever we succeed
in localizing the bulk of the wave function in a small domain, that
domain will probably contain the particle. Hence it is natural to
introduce the average position of the particle as the centroid of
the wave distribution. We shall denote this average position by %,
which we might consider introducing by the definition

if¢dx=/x¢/dx. 30)

But this definition would have the disadvantage that regions in
which the wave variable ¢ is negative would make a negative con-
tribution to the averaging process. Actually, all of wave physics
teaches us that whenever questions of intensity are involved, it is
the square of the wave variable rather than the wave variable itself
that determines intensity, energy density, and so forth. Inasmuch
as we are even admitting complex values of ¢, we shall use the
absolute square of ¥ for weighting, and define X by the relationship

% [ Wl dx = [ xly@)|? do. 31

Now we may ask how with a given initial distribution ¥(x, 0)
the center of mass of the wave pattern will change its location. We
shall determinc d%/d¢, from the obvious relationship

d—i/|¢lzdx+1‘:/( "’"+¢""”)
dit
=/x( 6¢+¢ )dx. 32)

In this formula the time derivatives of ¢ are determined by eq. (28).
Substituting these expressions, we find

f(*a"’+¢a")dx=o. (33)

The evaluation of the right-hand side of eq. (32) takes a little more
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work. We have first

f ( *N +v2 ) %(ﬁ)“ //,,ﬁ [E() — E(@)ks

@) o*@) AT ay dpdx. (k= 1,2,3) (34
This expression can be converted from a ninefold integral to a
triple integral. As a first step, we shall carry out an integration by
parts with respect to the three variables p. The result of this
transformation is

[ ('P* £ gt)dx B (’1ﬁ> //pﬁ(ﬂ’ — E) a(p) a*(p)

[h(D P)x] dp’ dp dx

(th) /ﬁ/‘, (7 ~ B) a®)] «*@) &° 7" dp dpdx.

35)

Now we must first carry out the differentiation indicated, and then
we may integrate over the variables x. Because of the fundamental
theorem for Fourier integrals, we get, with

o [ = B) a®)] = (1 = B) 3% = o) 238 @0)
Pk
the final form of the integral:
[t )
=~ [[ a0 -2 2 (" ~ ) a@) @) ap o
pJp 37)

—_ aE 2

By means of a very similar but simpler calculation, we can find that

Jo w2 ax = [ e dp. (38)

Thus we find, as our final result, that

dxkf /aF
d
laf*dp = | 5

(39)
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Hence the motion of the center of mass is determined as the average
of the contributions of all the component plane de Broglie waves,
with the absolute square of a as the weighting factor. Each plane
wave contributes a share that is determined by the value of the par-
tial derivative (0E/dpx). In the relativistic theory, we have

E = v/m*ct + ¢* p?; (40)
ope  Vme + p?

This last expression, however, is just the ordinary particle velocity,
since

therefore (41)

X (42)

Naturally, in the nonrelativistic approximation, (3E/dps) is also
the velocity. In other words, cach plane de Broglie wave, repre-
senting, as it does, a particle with definite momentum and definite
energy, contributes to the rate of displacement an amount just
equal to the ordinary velocity!

This result might indicate that the de Broglie wave packet
behaves just like a classical (that is, nonquantum) particle, and that
all we need do to make the analogy perfect is to choose a wave packet
that is very narrow, something we can always do by an appropriate
choice of the function a(p). But this conclusion would be unwar-
ranted. A closer examination shows that the more narrow the
initial wave function y¥(z, 0) is chosen, the broader the bracket of
linear momenta p that enters into the representation (26). The
broader the bracket of momentum components, the quicker the com-
ponent plane waves get out of step and the initially sharply peaked
wave packet disintegrates. These qualitative remarks can be
backed up by a quantitative evaluation of the relationship between
the initial rms width of the |¢|? peak and the rate of its increase, but
the calculations are a little involved at this stage, and later we can
achieve these results in greater generality with much less work.
At any rate, for a free particle the distribution of |{|2 in time behaves
very much like a classical ensemble of representative points that
initially fills a volume of the order of magnitude A in phase space.
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If the distribution of configurations is very narrow and highly
peaked, the distribution in momentum space must be correspond-
ingly broader (to make up a total volume k). In the course of
time this cell filled with representative points will retain its volume
(Liouville’s theorem assures us of that), but it will become distorted
s0 that its projection into configuration space will increase as time
goes on, and at & rate that is proportional to its original extension in
momentum space.

In view of the fact that the de Broglie wave function is defined
on the purely symbolical configuration space, not on the space of
our direct physical experience, it cannot have a very robust physical
significance itself. Originally it was thought (for instance by
Schrodinger) that the particle, the mass point of classical mechanics,
was actually a ‘“cloud” of matter, spread out over space in a
density determined by the local value of |¢|% but this view could
not be maintained. If we have a system of, say, two free electrons,
then the wave function is a function of six arguments. What
would be the meaning of matter spread out over the six-dimensional
configuration space of that system? Also, whenever we carry out
any physical experiment designed to determine the whereabouts of
matter, we find every electron in one piece! This result occurs in
spite of the theoretically required spreading of any |¢|? distribution
well localized originally. On the other hand, we possess very direct
evidence of the correctness of de Broglie’s approach in the diffrac-
tion of particle beams (electrons as well as neutrons) by crystal
lattices; these patterns obey Bragg’s law and all other laws of dif-
fraction by spatial gratings that are also observed in X-ray diffrac-
tion, and with the exact wave lengths required by de Broglie’s law
(20).

Our present view is that de Broglie’s wave function, or rather
its square, represents the probability density of finding a particular
configuration (for a single particle, a particular location) if we make
an experiment determining configuration. By the same token, the
square of the function «a(p), which we introduced in eq. (26), repre-
sents the probability of finding our particles with certain momenta
if we carry out an experiment measuring linear momenta. This
interpretation of the de Broglie waves implies that it is impossible to
determine at the same time, and with complete accuracy, all the 2n
canonical coordinates of a mechanical system. If we determine
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the location of a free particle, for instance, then this particle must
be represented by a wave function that is highly peaked for that
instant; the outcome of a momentum measurement for this particle
will be highly indeterminate. If, conversely, we should carry out
a very precise determination of the linear momentum, then any
previous information we might possess concerning location will be
partially invalidated. These ideas appear very strange from the
classical viewpoint. But Bohr and his students in particular have
carefully analyzed possible experiments designed to refute this
conclusion of de Broglie’s theory. They found that the atomic
structure of the measuring equipment, including the quantized
character of light waves, if assumed to be a universal law, defeats
any attempt to break down the complementary uncertainty in the
determination of canonically conjugate coordinates. In other
words, though of course, we cannot prove that the description of
nature by probability waves represents the final truth, we are at least
assured that this assumption is free of internal contradictions. And
it is true that free particles exhibit typical diffraction effects, whereas
bound particles have the discrete states typical for waves in bounded
domains.

9.3. Wave Equations

We are now ready to set up the equation to be satisfied by the
de Broglie waves. This equation will have a general structure
similar to the Maxwell equations in empty space. It will be a
partial differential equation, relating the change in time to the
spatial derivatives. Dealing with a scalar wave function, it will be
a single equation rather than a system of equations. Finally, if the
principle of linear superposition is to hold, as we have assumed,
then the wave equation must be both linear and homogeneous.

Classical mechanics possesses one instance of a partial differential
equation defined on configuration space. That equation is the
Hamilton-Jacobi equation,?

as as
H\ q, 20 t) t = 0. (43)
Now we may formulate the Hamilton-Jacobi equation in configura-

! M&E, pp. 37 fi.
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tion space (the space of the gi), no matter what the physical sig-
nificance of the ¢x. But in canonical transformations of phase
space, the ¢; introduced by the transformation will often be mixed
functions of the original ¢i’s and p,’s. For instance, it is possible
to interchange the role of the ¢i’s and pi’s completely by means of
the canonical transformation

=Dy Pr=—q H =H (44)

The transformation (44) is called the transition to momentum space.
If we formulate the Iamilton-Jacobi equation with respect to these
particular coordinates, we get

as S
]I( a(])/c’(;” )+— = (45)
or, if we substitute,
(?S aS
11( 6171:, D, t) + -a‘t“ = 0. (46)

Thus we may formulate the Hamilton-Jacobi equation in momen-
tum space if we prefer, and this transition leads to a complete inter-
change of the role of the configuration and momentum coordinates.
We may hope that the proper equation for de Broglie waves may
also be formulated at will either in the configuration space [and then
be an equation for ¥(x, £)] or in momentum space [and then be an
equation for a(p, 1)].

The reason for this remark is that for the free particle, at least,
the Hamilton-Jacobi equation in momentum space is much simpler
than the equation in configuration space. In nonrelativistic
mechanics, these two equations are, respectively,

o (U2 + 95 =0 18 = 8(x, 1) (47)
and o+ 00 =0 18 =8, O] (48)

The advantages of the latter equation are obvious. Its most gen-
eral solution can be obtained in closed form and is

8@ 1) = So(p) — 5 P*¢, (49)
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where Sj is an arbitrary function of p. The location x as a function
of p and { can be obtained by differentiation and comes out as

Xx=-V,8 = -—-V,,So-{—,%t. (50)

That is not the main point, however. What we want to get is a
differential equation for the de Broglie waves, both in configuration
space and in momentum space. Although the equation in con-
figuration space is the one found in all standard introductory texts,
the equation in momentum space is simpler, and we shall obtain it
first.

The probability wave in momentum space is defined as the
Fourier transform of the probability wave ¥ (x, f) in configuration
space. At the time ¢ = 0, that function is a(p) of eq. (26). At
all other times, we have

— Bt

A, 1) = a@e * (51)
according to eq. (27). The partial differential equation obeyed by
the function A(p, f) can be obtained by inspection. It is

oA , _

s TE®A =0, (52)
and that is, indeed, the wave equation for the case of the free particle
in momentum space. In the form (52), the equation holds formally
both in relativistic and in nonrelativistic physics, depending on the
insertion of the appropriate function E(p). But since the rela-
tivistic energy is not a single-valued function of the momentum
(because of the square root), it has bheen found necessary to go
beyond the rather naive formulation of eq. (52). In the non-
relativistic case, E s a single-valued function of the momentum,

1, :

= om ) ) (53)

and equation (52), besides being adequate for obtaining the cor-

responding wave equation in configuration space, is suitable for

transition to the case of the particle moving under the influence of
external forces.

Let us complete the force-free case first. If the function A4

satisfies the differential equation (52), then its Fourier transform
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¥(x, t) must satisfy an equation uniquely determined. Inasmuch as

% .
Vx, O = (2,1rh) L A, ) & dp, (54)

we must have

hov _ hf 1 \* [94 ‘ex
T (éﬁ) @ de
LY [ 1, fpx
- (m) / o P A(p, &) et dp (55)

1 (r\*( 1Y*
=~ om (f) (m) / A V(™) dp.

In this expression, the Laplacian may be shifted in front of the
integral sign and by applying eq. (54) in reverse, we get finally

hoy 1 (RN 1V ipx
{W“"z?n(?) (z?n) v, A de

Y N

G m

I

This equation, a linear homogeneous partial differential equation
for the de Broglie wave function y(x, t), is known as Schrédinger’s
wave cquation for the force-free particle. Derivation of a similar
cquation for the relativistic case would have led to an equation with
a second-order time derivative, and such an equation would possess
not only solutions of the form (26) with positive energy but also
contributions with negative energy. This result appeared so
undesirable that the further treatment of this second-order equation
(known as the Klein-Gordon equation) was not undertaken until
recently.

Consideration of the two wave equations (52) and (56) leads to
the following conclusions, valid for the case of the force-free particle
at any rate. To construct a wave equation for de Broglic waves,
we may proceed either in configuration or in momentum space. In
either case, we must ascertain the relationship between the energy
on the one hand and the canonical coordinates on the other hand.
In other words, we must first find the classical Hamiltonian of the
system. Then, in either momentum space or coordinate space, we
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construct the wave equation by first replacing the energy itself by
;tz applying to the wave function.
Furthermore, in momentum space each linear momentum is to be
replaced by the multiplication of the wave function by that momen-
tum component; in configuration space, on the other hand, each
momentum component is to be replaced by the differential operation
h i)

«')qk
of our results, we may conjecture that, by virtue of the same
mechanism of “translation,” if the classical Hamiltonian contains
references to coordinates ¢x, then in configuration space the wave
function is to be multiplied by gx, where in momentum space it is

the differential operator ——’-i-

— to be carried out on the wave function. To extend the range

to be subjected to the operation — ?% Those, at any rate, are
k

the operations suggested by the relationships between the two
explicitly determined wave equations (52) and (56) and the corre-
sponding Hamilton-Jacobi equations (48) and (47), taken together
with the general Hamilton-Jacobi equations (43) in configuration
space and (46) in momentum space.

If we adopt this “dictionary” leading us from prequantum
mechanics to wave mechanics, we may immediately conjecture what
the form of the wave equation ought to be if we consider the presence
of forces. In configuration space we should expect the wave func-
tion to obey the differential equation

i}
1 (a2 20 ) v 0 + ¥ = (57)
while in momentum space it would be
] h oA

Equation (57) in particular is known as Schridinger’s time-dependent
wave equation. Although there is no strict ‘‘derivation’ of that
equation, it is the most natural linear homogeneous equation we can
conjecture that contains the essential physical interpretation of
quantum phenomena proposed by de Broglie but otherwise retains
as much as possible of prequantum classical mechanics. In Chapter
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11 we shall find that classical mechanics may, in a certain sense, be
considered as the short-wave limit of wave mechanics. But before
continuing with the general theoretical examination of the Schrod-
inger equation, we shall first apply it to see whether we can recover
some of the basic results of the earlier theory that were so brilliantly
confirmed by spectroscopic evidence.

Problems

1. For a free particle construct a wave packet that at the time zero has
a Gaussian shape. Determine its subsequent behavior for an arbitrarily
chosen initial half-width.

2. Construct an integral cxpression for %, but in momentum space.
Likewise construct what you would consider reasonable expressions for
P, both in momentum and in configuration space.

3. Construct expressions for the mean square spread of both z and p,
in both configuration and momentum space.

4. Using Schwarz’s inequality, use the results of Problem 3 to show that
the product of the mean square spread of a particular coordinate z: and its
conjugate momentum component px has a lower bound.

6. Consider a de Broglie wave which is enclosed in a rectangular box
and which is subject to the boundary condition that at the walls the wave
must vanish. Determine all the possible stationary states and the cor-
responding possible values for E, p., p,, and p.. Compare your results
with those obtained by the quantization of phase integrals of a particle
that is free inside the box but is reflected without loss of kinetic energy
by each wall.

6. Discuss the normal modes of vibration of a uniform circular mem-
brane that is clamped fast all about its circumference.

7. Determine all the possible modes of elastic vibration
(a) Of a rectangular membrane with free edges.
(b) Of an elastic rod with a rectangular cross section, having infinite
length.
(¢) Of a similar rod of finite length, assuming that both ends are
free, that one end is clamped fast, and that both ends are fixed.
In (b) and (¢) you will have to distinguish between longitudinal (com-
pression) and transverse (torsion) modes of vibration.

8. What additional effects would you expect to observe in a Kundt’s
tube if the frequency of the exciting sound is gradually increased far above
the customary pitch?



Chapter 10

Quuantization in Wave Mechanics

10.1. Stationary de Broglie waves

The basic feature of the early quantum theory was that it led
to discrete stationary states for all bound systems. Ilowever, the
form of the wave equations (9.57) and (9.58) does not appear to
differentiate between different mechanical systems. If there is
any difference between the stationary states of bound electrons
and the progressive waves describing ionized electrons, for instance,
then this difference must be a feature of the solutions of the wave
equation rather than one of the form of the wave equation itself.
To discuss this difference intelligently, we must first make one
further observation concerning the general physical significance of
the de Broglie waves.

We had agreed to consider the absolute square of the wave func-
tion ¢ in configuration space as a measure of the probability of find-
ing the system in that particular configuration. The expression
(9.31), defining the average value of an z-coordinate, is merely an
application of this interpretation. If we designate the probability
of finding for the three coordinates z; values placing the particle
within a specified spatial domain V by the symbol P(V), then P(V)
is given by the definition

P(V) [7 WPdx = [, vl dx. (1

Naturally, the probability of finding the particle somewhere at all,
without restrictions concerning its location, must be 1, and definition
(1) yields this result if we let V approach the total space. How-
ever, this defining equation, which is basic to our interpretation of
the Y-function, loses all meaning if the integral on the left-hand side
diverges. Thus our definition of local probability leads to no
reasonable answer to a question concerning the average location, or
concerning the probability of finding a particle in a particular
203
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domain, if its momentum is known with complete accuracy and
if the appropriate wave function is, therefore, a plane de Broglie
wave. In general, we cannot expect to get reasonable answers to
reasonable physical questions unless the integral of |¢|?, extended
over all of configuration space, exists. But if that integral exists,
then we can always multiply the wave function itself by a suitable
factor so that

[ wax = 1. @)

A wave function that satisfies eq. (2) is said to be normalized. If
¥ is normalized in configuration space, then its Fourier transform,
A, is at the same time normalized in momentum space, according
to eq. (9.38). In the remainder of this book we shall usually assume
that whatever wave functions occur are normalized. Functions
that cannot possibly be normalized, such as plane de Broglic waves,
will usually be excluded from our considerations, on the ground that
they call for certain types of information that can be supplied only
approximately in nature. A momentum of a free particle known
with complete accuracy is one abstraction usually not admissible in
wave mechanics.

In the case of the free particle, we indicated the complementary
nature of experiments designed to measure either the location or the
momentum of a particle. Likewise, experiments designed to
measure the energy of a system do not always have the same result.
Let us assume that the classical relationship between the Hamil-
tonian and the energy remains preserved, in other words, that the
Hamiltonian equals the energy in any conservative system, provided
we use a static coordinate system (that we have not carried out a
canonical transformation involving the time t). If we wish to
determine the energy of the system, we should measure that func-
tion of its ¢x and pr known as the Hamiltonian. But even for a
free particle, if we go, for instance, into momentum space and use
the representation (9.51) for the wave function, the energy will
have a probability distribution determined by the range of the
coordinates p from which nonvanishing contributions have been
drawn. The energy of a system will be determined completely
only if the contributions from all points of momentum space are
identical or, in configuration space, if all points of configuration
space contribute the same value of the Hamiltonian.
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According to either Schrodinger equation (9.57) or (9.58), the
Hamiltonian or the energy times the wave function equals (—#/7)
times the partial time derivative of the wave function. Hence the
relative contribution of a domain dx of configuration space to the
average energy equals

B@)l/? dx - povet

Hx)y|* dx = lv[* dx

~ W ax, 3)

As a result, we find that we must assign to the location x the energy
E(x):

) hoay/ot
E@) = - %% )
The energy for the whole system will be sharply defined, and the
result of a measurement clearly predictable, only if E(x) is every-
where the same, i.e.

oy /ot

—-— = const =

v

Then E on the right-hand side is the (sharply defined) energy of the
system. Once we have measured the energy of a system (ideally,
by determining its mass, for instance), the energy is sharply defined
because it is a constant of the motion and will not change. There-
fore we are assured that in any future redetermination we shall
again measure exactly the same value we obtained originally.
Thus, as the result of any energy determination, the wave function
will satisfy condition (5). Interpreted as a differential equation,
eq. (5) is easily integrated. The integral must possess the form

E. )

3‘! .

i
ﬂE‘

‘I‘(qh t) = ¢(qk)c_ ) (6)

where ¢ is a function of the g only and is independent of ¢.  ¢(qx)
satisfies the differential equation

3

which we can obtain by substituting expression (6) into the Schrod-
inger equation (9.57). The corresponding equation in momentum



206 QUANTIZATION IN WAVE MECHANICS [§10.2
space is
A(pi, ) = B(Pk)e " )

h o

The two equations (7) and (8) are known as the time-independent
forms of the Schridinger equation in configuration space and in
momentum space, respectively. Whenever we ask for energy
levels, we must look for solutions of the time-independent Schrod-
inger equation. A system will possess discrete energy levels when-
ever solutions of eqs. (7) and (8) exist only for discrete values of the
parameter E on the right-hand side. In such a case, the values of
E for which solutions exist are called the etgenvalues or characteristic
values of the problem. The corresponding solutions ¢(gx) and
B(px) are called eigenfunctions or characteristic functions.

In classical physics, we call the solutions of vibration problems
in which the dependence on time is purely trigonometric normal
modes or stationary states of the system. In wave mechanics the
first designation is not very common, but it is quite customary to
refer to the solutions corresponding to a definite value of the energy
as stationary states of the wave-mechanical system. In the follow-
ing sections we shall determine stationary states of a few physically
significant systems.

10.2. The rigid rotator

As a first example, we shall treat once more the case of the
diatomic symmetric molecule, but this time with the simplifying
assumption that the binding force between the two atoms has such
a pronounced minimum that the distance between them, 7o, may be
considered rigid. Using again spherical coordinates and referring
to expression (7.34), we find that the Hamiltonian of a rigid rotator
is given by the expression

H = e r"’ (p§ + sec? 6 - p3). 9)

The denominator m’ 7} is, incidentally, twice the moment of inertia
of the molecule with respect to the center of mass.

If we were to apply our “dictionary’’ directly, for instance the



§10.2) QUANTIZATION IN WAVE MECHANICS 207

ko
7100
and so forth, we should encounter a serious difficulty: In classical
physics, the sequence of coordinates in a product is immaterial; for
instance, pq equals ¢gp. But if we construct the corresponding
expression using the wave-mechanical operators on the wave func-
tion (multiplication by ¢, differentiation with respect to ¢), it does
make a considerable difference whether we differentiate first or
multiply first. The only instance where the dictionary can be used
with real confidence is that of rectilinear coordinates, in terms of
which the kinetic energy is a function of the p-coordinates only,
whereas the potential energy depends only on the ¢:’s. Hence it
is the better part of valor to formulate the wave equation first in
rectilinear coordinates and to carry out the transformation into
spherical coordinates afterward. In rectilinear coordinates, the
expression for the intrinsic kinetic energy of the two mass points is

Ky = - ("2¢+32“’+”)——1vw (10)

formula (7), to go over to the wave equation, replacing ps by =

dx? 922

The Laplacian in spherical coordinates is well known. We have

Vz‘(,__l{ar( %t +bec0[aaa(coso 1P)-i—secogq:b“- (11)

The first term is obviously the contribution of radial motion and
must be excluded in the case of the rigid rotator. The wave-
mechanical analogue to expression (9) is, therefore,

Hy = — m’,lzrz sec 0 [660 (cos 0 Qd—’) + sec 0 aq;p‘]' (12)

and we must try to find solutions to the partial differential equation

2
ﬁ%seco[;o(cose 'I/)—f- ecoadﬁ]-i-ﬂ"ﬁ-—-(), (13)

which represents the time-independent Schriodinger equation (in
configuration space) for the rigid rotator.

We shall admit an expression as a solution only if it is unique,
that is, if for a given direction in space the value of ¢ is uniquely
determined. This condition is not entirely trivial, since the same
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direction in space may be described in terms of an infinity of angles
¢ that differ from each other by integral multiples of 2r. Our
condition of uniqueness implies that ¢ is a periodic function of ¢
with the period 2r. Accordingly, we can expand the hypothetical
solution of eq. (13) into a Fourier series having the form

¥, 6) = D, Fu(6) cim. (14)

1f we substitute this expression back into the equation, we get

L] 2 Y
2 {7—,;'#7.2 sec 0 [(;—]0 (cos (/] %") — sec § m? F,,,]
]

+ EF,,,] ¢m = 0. (15)

But whenever the value of a Fourier series expansion is zero for
cvery value of the argument, each Fourier coefficient must vanish
separately. Thus we obtain an infinite set of separate ordinary
differential equations for the Fourier coefficients F,.:

2

m"i 3 5ec 0[(cos 0 F,) —m?scc0F,)]+ EF,=0
0
(m' =T, ot Oo)‘ (16)

For each Fourier component separately, the angular momentum
about the z-axis, ps, which is now represented by the differential

operator E—a— in configuration space, has a definite value. If we

1 0¢
apply this operator to a single Fourier component, we get
koo . )
- imé) — B 1ime
798 (Fm e™) = mh .« F,, ¢™$, (17)

Ds = mh)

where m is our old acquaintance, the magnetic quantum number.
So far, the new wave-mechanical quantization reproduces our former
results, but with one difference. There is nothing to prevent us
from considering solutions of the wave equation that are linear
combinations of several of these Fourier components. But a solu-
tion of this mixed type will not have a sharply determined angular
momentum about the z-axis.
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Now we shall turn to the solution of the individual equations
(16). The argument @ ranges from —x/2 to /2. We shall first
simplify the equation by introducing as a new argument sin 6, which
we may call s. In terms of s, eq. (16) turns into

B (d » @Fn m? —_—
m[%[(l‘“w]'l—:—sz’“m}”“—“
(-1 <s<1). (18)

This equation has coefficients that become infinite at the two
boundaries of the domain of definition. In such cases one has to
apply the Fuchs theory, which permits us to determine whether at
these points the solutions of the differential equation remain finite.
A complete presentation of the Fuchs theory would lead far afield,
though knowledge of it is almost a necessity for the practicing theo-
retical physicist. A fairly short presentation will be found in
Margenau and Murphy! and a more comprehensive treatment in
Frank and Mises,? to mention two references. As far as our present
needs are concerned we must expand the coefficients of the differ-
ential equation into Laurent series (power series that start with
negative powers) about the singular points. If we carry out this

expansion about the point s = —1, replacing the variable s for this
purpose by
s=0—1, (19)
we find for the first terms of these expansions
h? " ’ m? o .
m’r;(2oF"'+2F"' 2011.. + = 0. (20)

Having obtained the differential equation in this form, we attempt a
solution, also in the form of a Laurent series in o:

Fn=0"3c0  (c0#0). (21)
0

1 H. Margenau and G. M. Murphy, T’he M athematics of Physics and Chemis-
try, Van Nostrand, 1943, p. 69.

2P, Frank and R. von Mises (editors), Die Differential- und Integralglei-
chungen der Mechanik und Physik, 2 vols., 2nd ed., Vieweg, 1930 and 1935;
reprinted by M. Rosenberg, New York. The treatment of linear differential
equations with singular coefficients begins on p. 317 of Vol. I.
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The question is whether the first nonvanishing term has a positive
or a negative power of ¢; in other words, we must determine the
correct value of a. If we substitute our trial solution (21) into
eq. (20), we find immediately a condition to be satisfied by the terms
multiplied by co, the so-called ¢ndicial equation:

a? —im? =0, a = +|m|. (22)

There will then be two independent solutions in the vicinity of the
point s = —1, one beginning with a positive and another beginning
with a negative power of cos 6. The same result can be obtained
by the same method for the point s = 1. These two solutions form
a fundamental system, that is, every solution is a linear combination
of these two. Naturally, we wish to exclude the solution starting
with a negative power of ¢. But whether the solution which is
regular at —1 is identical with the solution which remains regular
at 1 depends on the differential equation as a whole and more par-
ticularly on the choice of the one disposable parameter E. In
other words, our requirement of regularity at the two poles will
produce quantization of the energy. In order to obtain the regular
solution, we shall split the behavior at the two poles off F, and
expand the remainder into a power series, thus setting

Im| =

Fr=(1—-)7 Y as (23)
0

This trial solution must now be substituted into eq. (18). We find
for the coefficients the recurrence formula

a =(7n+k)(m—{—k+1)—na
ke k+ 1)k +2) *
m ri K

(I"=O:1;"';"7= 72 ) (24)

First, we find that in this recurrence formula all the even powers are
tied together, and so are the odd powers, but the coefficients of the
even powers are independent of the coefficients of the odd powers,
and vice versa. Second, unless some one of the a; (either in the
odd or in the even sequence) vanishes, and consequently also all
the following coefficients in that sequence, the coefficients either
increase consistently after some value £k = K or, in the case of
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m = 0, at least decrease so slowly that the series diverges for
s = +1. Because the sign of consecutive coefficients no longer
changes beyond K, this divergence is a certain sign of a real infinity
in the function represented by our power series. Thus F,. will be
regular throughout the range of the argument s only if the sequence
of the coefficients a breaks off. The recurrence formula (24) shows
that a; will be the highest nonvanishing coefficient if E satisfies
the condition

E = m%l(l F1) (1> |ml). (25)

Such a breaking off of the series is possible only if we start only
one of the two sequences, either the odd or the even one. Then,
in that sequence, eq. (25) must be satisfied for some one k = I.

We find that the energy is not given by entirely the same expres-
sion we encountered in the phasec-integral quantization. Spectro-
scopic evidence confirms the correctness of the new rather thanthe
old expression. It was known previously that rotational bands
obeyed ‘half-odd quantization.” In rotlational transitions, one
always observes transitions changing the azimuthal quantum num-
ber by 1. Now the difference between the two energy levels cor-
responding to l and to I 4 1 is

h? . .
€1 = ,E/—r(é)z(l + 1) (l = O; 1: c ')7 (2())

whereas the difference between two neighboring energy levels
determined by the old formula (7.41) is

h2
€kl = mg (2k + 1) (k bt 0, 1, .. '). (27)

In the one case, the frequencies of the lowest lines of a rotational
band are as the numbers 1 : 2 : 3, whereas according to formula (27)
they are as 1 :3 : 5. Actually, the situation is usually still a little
different. In molecular spectra, unless we go to the extreme infra-
red, we observe the rotational transitions coupled with vibrational
jumps. Again the rotational quantum number must change by +1.
The “band’ will then be found on both sides of the nominal fre-
quency that would be radiated or absorbed if only the vibrational
quantum number could change. The distance of the actual lines
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forming the band from that mid-point according to the older
quantum theory would be proportional to the numbers +1, +3, +5,

-, and therefore evenly spaced; according to the wave-mechan-
ical quantization the figures should be +1, +2, +3, - - - , with the
omission of zcro, and hence the center of the band should be marked
by a gap in the otherwise evenly spaced lines. This gap is invari-
ably found, and the superiority of the new over the old formula
thus established.

The calculations just performed are applicable in all problems
possessing spherical symmetry.  But instead of furnishing the value
of the rotational energy, they merely give us the term that is to be
introduced into the remaining radial part of the Hamiltonian. If
we use the expression (11) for the Laplacian and consider that the
time-independent Schrodinger equation for a single particle in a
potential V(x) must be

— % VY + V@) Y = EY, (28)

the radial portion of the Schrodinger equation with a spherically
symmetric potential V(r) must be
k1
“gmplCBY W+ DR+ VOR=ER,

¥ = Yi(¢, 0) R(r).

This is the form of the equation with which we shall, for instance,
start off the quantization of the hydrogen atom. The functions
Y (¢, 6), which determine the angular dependence of the wave func-
tion in all spherically symmetric problems, have been studied exten-
sively and are known as spherical harmonics and more particularly
as assoctated Legendre polynomials. They occur not only time and
again in quantum-mechanical calculations but also in classical
vibrational problems having spherical symmetry. Wave functions
with values of 1 =0, 1, 2, - - -, are still designated as s-waves,
p-waves, d-waves, and so forth, throughout contemporary physical
literature.

At this point we can clear up another difficulty created by the
older quantum theory. The reader will remember how difficult
it was to reconcile results obtained about the permissible trajectories
of systems in different coordinate systems. This trouble does not
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arise in wave mechanics. First of all, we get quantization of energy
levels only if we try to determine sharp energy levels, that is if we
search for stationary waves. Then, in degenerate situations, there
will be more than one possible wave function for a given energy
level. In the rigid rotator, for instance, the energy is given by the
quantum number [ alone, and to each value of I there belong alto-
gether (21 + 1) different and linearly independent wave functions
with values of m from —Itol. Now a wave function with a given
value of 7 and a given value of m is a stationary wave, to be sure,
but so is a linear combination of several wave functions having the
same [ but different m’s. If we wish to determine the angular
momentum about a particular axis, we may do so without disturb-
ing the sharpness of the energy level; but determinations of the
angular momentum about two different axes arec usually incom-
patible, leading to different sets of wave functions among all those
belonging to a given value of . And although one set of functions
may be obtained as linear combinations of the functions of the
other sct, each set of separate functions permits the accurate defini-
tion of the angular momentum component about s axis only. In
all other cases of degeneracy, the situation is exactly the same.

10.3. The harmonic oscillator

Next we shall treat the harmonic oscillator, but to simplify
matters we shall restrict ourselves to one that has only one degree of
freedom. The classical Hamiltonian of such an oscillator has the
form

_1f(p®* .
II—Q(M+kq2). (30)

Before going over to the corresponding Schrodinger equation, we
shall carry out a change in scale, setting

(km¥qg=2z,  (km)¥p=y. (31)

This transformation is canonical, since the Poisson bracket between
the new variables still equals 1. It turns the Hamiltonian into

H=5@+y)=E (32)

where w, as usual, is the classical angular frequency of the oscillator.
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The Schrodinger equation of this problem is

g(xa‘,, - hzg;_‘ﬁ) = Ey. (33)

This equation has an essential singularity at infinity, according to
the Fuchs theory. Under these conditions, the solutions must be
transcendentals, and we shall examine the character of the solutions
at infinity. For large values of z, we may disregard the term on the
right-hand side: asymptotically, the solutions will resemble solu-
tions of the equation

V' -5y =o. (34)

The solutions of this last equation are approximated by

1 1
Y BTy~ (35)
One of these functions drops off for large positive and negative
values of the argument, the other increases rapidly. No solution
that behaves in such a manner is square-integrable, and hence the
second type of solution must be rejected as physically unreasonable.
But such unreasonable solutions exist as possibilities at both ends
of the range of our configuration space, for large positive and for
large negative values of z. Our requirement that the solution which
behaves reasonably at the negative end should be identical with
the acceptable solution at the positive end will again place restric-
tions on the parameter E, which will result in quantization of the
energy.
To study the solutions of the complete equation (33), we split
off the desired behavior at both ends and try our luck with a repre-
sentation of the form

1 2
¥ =fz)e B, (36)

in which the remainder of ¥, f(z), should increase so moderately for
large positive and negative values of z that the product (36) is
square-integrable. f(z) satisfies the differential equation

v 2 . (2E 1\, _
fr-zaf+ ‘—oﬁ—z—ﬁ)f—o. 37

Except at infinity, the coefficients of this equation are analytic
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functions. Among the solutions there must be those which increase
only moderately if at all, and those which, because we split off the
factor exp (—=z2%/2h), will increase as rapidly as the function
exp (z%/h). To find out what are the conditions for either solution
to arise, we shall expand f(z) into a power series,

f@) = za - (38)

By substituting this series into eq. (37), we obtain a recurrence
formula for the coefficients:

__2_h(n+1lr) — E/w
G2 =3 o+ Din +2)

This series converges for all values of z. But it is not difficult to
show that the function thus represented is transcendental and
increases at the same rate as the function exp (z2/#) for large values
of the argument at both ends. The only manner in which we can
avoid this behavior is by choosing E so that the series (38) breaks
off after a finite number of terms. If a, is to be the last nonvanish-
ing coefficient, we must choose E to be

E=@n+Hhe (n=0,1,--"). (40)

Again, this result is slightly different from the one obtained
earlier, eq. (8.12). Although the spacing of the energy levels is the
same as before, even the very lowest level has a non-vanishing
energy, % », which is called the zero-point energy. In this case, no
experimental decision between the two formulas is possible, because
in an experiment we always measure the difference between two
energy levels. But we can supply an intuitive explanation for the
presence of the zero-point energy in the wave-mechanical oscillator.
Classically, the state of rest corresponds to the oscillator being
permanently at the center, but a particle at a particular point in
space and in a state of specified velocity cannot be represented by
any de Broglie wave. The state of lowest energy in wave mechan-
ics is one in which the probability distribution of position and the
probability distribution of momentum are adjusted so that the
total energy is as small as possible, consistent with the limitations
imposed by the complementary character of position sharpness and
momentum sharpness.

(n=0,1, - - ). (39)
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In a three-dimensional oscillator, the zero-point energy equals
3% w; more generally, the zero-point energy equals §% w for each
degree of freedom, regardless of whether in a complicated system
some or all of the frequencies of the classical normal modes coincide
or whether they are all different.

10.4. The hydrogen atom

In treating the hydrogen atom, we shall start with the wave
equation (29), in which the angular part of the Hamiltonian has
been integrated and quantized. For the hydrogen atom, the
radial wave equation becomes

P 2p WL ]_(e_” _
2m[R +rR p R r+E R=0

=01, ---;0<Lr<L o). (41)
The coefficients of this differential equation become singular both at

zero and at infinity. We must consider these two points separately.
At r = 0, the terms with the highest singularities are

Ry (25 _W+1) Cee =

QR[R +rR TR + = 0. (42)
If we attempt again a Laurent series expansion and call the power
of the first nonvanishing term e, then the indicial equation for « is

afa+1) — I+ 1) =0, (43)
with the two solutions
a =] a=—(14+1). (44)

Only the first of these two solutions is acceptable.

At infinity, the differential equation (41) has an ‘““essential
singularity’’; that is, no Laurent series is possible. We can study
again the asymptotic behavior of the solutions at infinity by consider-
ing only the largest parts of the coefficients at infinity. The reduced
equation is

B2
T 2m

with the solutions

R'—ER+ --- =0, (45)

R=av"F = aVE (46)
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for positive energies and the solutions
R = \/27"’ R = e-,{\/mr
(e=—E) (47
for negative energies.

Physically, we know that positive energies correspond to free
particles; asymptotically, both possible solutions (46) correspond to
spherical de Broglie waves with amplitudes which, in a more careful
estimate, drop off as 7~1. These waves are not square-integrable,
and, of course, in a stationary situation the location of a free particle
cannot be estimated even approximately.

In the case of negative energy, the electron is bound, and we
should be able to obtain square-integrable solutions. But eqs. (44)
and (47) show that at zero and at infinity only one each of the two
solutions is acceptable. Again, our requirement that the acceptable
solution at one end should be identical with the acceptable solution
at the other end of the domain of definition leads to a quantization
of the energy.

Our procedure for obtaining the desired eigenfunctions and
eigenvalues is the same as before. We split the acceptable behavior
at the two end points off the function R(r), setting

R = f(r) rt e AVI™", (48)

If we substitute this expression into eq. (41), we obtain a differential
equation for the new unknown f(r):

(f,,+21+1f> \/ ( l+1)_e;:f=0' 49)

We shall attempt to solve this equation by means of a power-series
expansion:

J) =D ar (a0 #0), (50)
0
which leads to the recurrence formula for the coefficients

e
_?_mh —;rb-(s—f—l-{—])——e2
Gl = B T F (s F 2 F 1)

Q. (51)
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Again, the coefficients have all the same sign after some value
s 2> 8. They drop just rapidly enough to represent a transcen-
dental function of the asymptotic behavior at infinity that makes
the function R as a whole an exponentially increasing function. We
must, therefore, require that the power series expansion break off
after a finite number of terms. The series will break off if we give e
one of the values

m et

€T ghia?

n=1l+s+1=12 -
(n>1+1,120). (52)

In the case of the hydrogen atom, wave mechanics leads again to
the Rydberg formula.

(a)

®©)

L]

Fig, 8, Potential boxes.
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Problems

1. Consider a one-dimensional problem with a potential box
(a) When the walls are infinitely high.
(b) When the walls have finite height but are infinitely thick.
(c) When the walls have both finite thickness and height.

These three possibilities are illustrated in Fig. 8. In the last case, there
are no stationary square-integrable cases, but there are solutions that
depend on the time with a ‘“complex’ frequency. In this case, the solu-
tions in which the waves outside the box are directed toward infinity are of
special interest, because Gamow’s theory of radioactive (alpha-) decay is
based on the assumption that atomic nuclei are surrounded by such finite
potential barriers.

2. Work out the hydrogen atom in confocal parabolic coordinates.

3. Determine the wave solutions of a three-dimensional box with
infinitely high potential walls that has the shape of the interior of a sphere.
Determine in particular the distribution of the characteristic energy levels
and their multiplicities.



Chapter 11

Approximation Methods

The problems we have dealt with so far are about the only cases
of Schrodinger equations that can be solved in closed form. We
have omitted the discussion of a particle in a closed box with rigid
walls. That case is useful primarily as a model that can be treated
with very elementary mathematical tools, but it does not represent
realistically any situation ever encountered in elementary particle
physics. There are, however, innumerable cases in particle physics
where the setting up of the Hamiltonian and the Schrodinger wave
equation is straightforward but in which solutions can be obtained
only in approximate form. The problems encountered in atomic
physics are essentially twofold. In a given range of energies, the
possible classical states of a system may fill only a finite volume
in phase space; in that case, we are interested in finding the discrete
energy levels and the characteristic functions that go with them.
Or the classical states corresponding to the given energy bracket
will fill an infinite volume of phase space; then by far the greatest
part of that infinite volume will represent force-free motion, and we
are faced with the problem of scattering, in which we are interested
in knowing how many particles approaching the region of appreci-
able forces will be deflected from their original direction and through
how large an angle. For both of these types of problem, a variety
of methods is available, some of which we shall discuss in this
chapter.

11.1. The WBK(J) method®

The method to be discussed first is not only useful in many
calculations but also has fundamental interest in that it shows most

1 This method was developed at about the same time by several workers,
among them most prominent Wentzel, Brillouin, Kramers, and Jeffreys. It is
customarily identified by the initials of these three or four investigators.

220
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succinetly the relationship between wave mechanics, the older
quantum theory, and classical mechanics. It turns out that the
older formulations of the laws of nature may be interpreted, from
the point of view of wave mechanics, as consecutive steps in a
systematic approximation method.

Suppose we wish to investigate a problem involving such high
momenta that the average de Broglie wave length is small compared
with the dimensions of the system. In that case, if we have a free
particle, the wave functions will be approximated locally by plane
de Broglie waves. If the particle is bound, the wave will locally
look like a sinusoidal stationary wave. We shall treat the case
of the progressive wave first.

Assuming that the above conditions are satisfied, we shall give
the wave function in configuration space, ¥, such a form that we
introduce separately a (real) function for the amplitude of the wave
and another (also real) function for its phase, thus:

i

Y(gr, 1) = A(gx, ) c* Sa@n, 1)

If thie de Broglie wave is plane, the function A becomes constant,
and S becomes a linear function of the coordinates and the time.

If we carry out the processes of differentiation that occur in the
Schrodinger equation, we find that

hov _ (98, holn 4

i (at+z’ at )"’ @)
hat (a5, Aoins)

and 7 Oqk —(an+1: gk v. 3)

The idea behind the WBK(J) method is to try for an approximate
solution by assuming that the derivatives of the amplitude are
small compared with the derivatives of the phase angle, and the
second derivatives of the latter are small compared with the first
derivatives. Both these assumptions are automatically incorpo-
rated into our mathematical scheme if we treat % as a small quantity
and expand the rigorous expressions for A and S into power series
with respect to increasing powers of A. If we first consider the
terms in which ¢ is multiplied by terms free of & and, incidentally,
real, we find that whenever the classical Hamiltonian contains a
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factor ¢i in a term, ¢ in the Schrédinger equation must be multiplied
by gx; but for each factor py in the classical Hamiltonian, ¥ in the
Schrodinger equation must be multiplied by S/d¢qi. Thus these
very first terms in the approximation method will yield the equation

e o

So being the A-free term in the power expansion of S, and so on.
Inasmuch as ¢ does not vanish, we find that S, satisfies the classical
Hamilton-Jacobi equation!

So far, we have obtained no equation for the lowest term in
the series expansion for 4, A,. We can get such an equation if we
collect all the terms linear in £/7. But here a difficulty arises. In
the previous step, we had always considered the contributions
obtained if we differentiate the exponent of expression (1) and never
the coefficient A. Now we shall collect those terms in which the
coefficient is differentiated just once. If in the Schrddinger equa-
tion the differentiation symbol stands to the right of all other
factors qr or d8o/dgx, the coefficient to be differentiated is just A,.
But if the differentiation symbol stands farther to the left, every-
thing to the right must be included as well. If we use rectilinear
coordinates in configuration space, we know that half of the differ-
entiation symbols stand at the extreme right and half at the extreme
left. At present we are in no position to analyze what happens
under different conditions (we shall do so in the next chapter), and
so for just now the following calculation can be justified only in
rectilinear coordinates.

If we collect all the terms indicated in one equation and omit

the joint factor ?l[/, we get the equation

oH 04, aAo _
) [aqk (6m ) t o aqk] =0 )

If we multiply this equation by 24,, the result is an equation of
continutty for the probability density A} (which equals |¥,|?):

oH oH _
wl) rgav -0 (G-a} o
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If we were to continue the calculation, we should next collect
all the terms quadratic in %, to get an equation for S;, and so forth.
Instead of carrying out these steps, we shall comment on the infor-
mation obtained so far. Our results show that classical mechanies,
at least in the case of a free particle, may beé considered as that
approximation to wave mechanics in which the de Broglie wave
length is treated as negligibly small. This result explains not only
why classical mechanics can be partially successful without thereby
invalidating the basic tenets of wave mechanics, but also indicates
clearly the limits of validity of classical mechanics. We also find
that the classical analogue to a solution of the Schrédinger wave
equation is not a single mechanical trajectory but a field of trajec-
tories represented by a solution of the Hamilton-Jacobi equation,
and endowed with a density distribution in configuration space
whose integral equals unity. One of the faults of the older quantum
mechanics, from our present viewpoint, is that it considered indi-
vidual quantized trajectories rather than selected fields of trajec-
tories in configuration space.

Now we shall turn to the bound state. All bound states are
characterized by stationary waves with nodal surfaces at infinity
(and usually elsewhere as well), but there need not be nodes with
respect to every one of the generalized coordinates of configuration
space. To give but two examples: In our treatment of a single
bound particle in a central-force field, the radial dependence of the
wave function will have nodes for all but the lowest state, and for
large values of r the wave function must drop sufficiently rapidly
that it remains square-integrable. But for the angular part the
dependence on ¢ has no nodes, for the simple reason that a circulat-
ing flux of probability density about the z-axis is not only possible
1n a stationary situation but even necessary whenever a nonvanish-
ing value of the quantum number m implies a definite value for the
z-component of the angular momentum. Therefore we should be
ill advised if we tried to introduce nodes with respect to each and
every one of the coordinates gx.

Thus we are faced with one or the other of two possibilities. If
the coordinate g is periodic in the sense that two different values
of gx correspond actually to the same coordinate surface, then our
condition of uniqueness of the wave function must be that if we
travel through the whole range of g¢: once, then the phase angle
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S/h must have increased by an integral multiple of 2r:

AS = ¢g;—g’: dqr = fﬁpk dgr = 2mnk = nh.
(Do not sum over the index k.) (7)

Or the variable is of the nonperiodic type. Then, with respect to
that variable, it is better to set up the wave function in the form of
a stationary wave:

¥ = A(g) sin [% S<q>] e, " ®

Let us consider the example of a particle in a central-force field.
There the coordinate r is of the nonperiodic type, and we must solve
eq. (10.29). If we substitute expression (8) into this equation, we
find terms multiplied by various powers of A, starting with the
zeroth power, and also terms multiplied by sin (S/#) and terms
multiplied by cos (S/%). To the extent that we consider solutions
with many nodes, that is, solutions with short wave lengths, we
may try to equate the sine terms and the cosine terms to zero
separately. But in so doing, we must be prepared for difficulties
that will arise because our assumption of short wave lengths will
not hold throughout the range of r.

If we proceed as indicated, we shall first find a number of terms
free of % and multiplied by sin (S/4), yielding the condition

o 82 = B = V(7). ©)

Also, there are a number of terms linear in % and multiplied by
cos (S/h); these terms together yield the relation

2
28y Ay + Ao Sy + - AoSy =0, (10)

r? A% 8§ = const.

The first equation, (9), is a simple ITamilton-Jacobi equation for the
radial dependence alone. It furnishes a real increase for S over the
range of r between the classical perihelion and the classical aphelion.
Outside this range the increase in S is purely imaginary; therefore
expression (8) will not be purely oscillatory outside the limits of
the classical orbit but (apart from the slow dependence of A on r)
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will exhibit exponential increase or decrease because of the appear-
ance of hyperbolic functions. Fquation (10) is of questionable
validity outside the classical orbit, since the premise of short wave
lengths there is completely unrealistic, and without that assump-
tion eq. (10) should contain terms from the next approximation.
For whatever this equation may be worth, though, it discourages
us from looking for a compensatory exponential drop in 4,. We
can start a purely exponential drop at the limits of the classical
orbit if at the dividing point (where the potential energy equals E)
the real part of So vanishes. That will be the case if both the
perihelion and the aphelion are nodal points, that is, if the number
of wave lengths between them is half-integral:

TadS
AS°=j; -d-fdr=%9§p,dr=n1rh=gh. (11)

P

This condition again is equivalent to the old phase-integral quantiza-
tion.

Summing up our present interpretation of the phase-integral
quantization, we may say that this method corresponds to the most
elementary diffraction theory in optics, in which we use Huygens’s
principle for the construction of wave fronts but at the same time
recognize the existence of definite phase angle values on these wave
fronts, which are then used to determine diffracted intensities.

11.2. Time-independent perturbation theory without degeneracies

Frequently we encounter a situation in which a system moves
under the influence of forces that can be divided into a set of pre-
vailing forces, determining the principal features of the system, and
a set of much weaker perturbing forces, modifying but not completely
obliterating the characteristics determined by the prevailing forces.
The approximation methods to be presented in this and the follow-
ing sections are designed to cope with this situation. In order to
have some specific set of circumstances in mind, the reader might
think of an atom whose electrons are subject not only to the internal
forces of the atom but also to an external applied electric or magnetic
field.

In this section we shall address ourselves to the simplest conceiv-
able case: that both the prevailing and the perturbing forces are
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time-independent and that the system has only single (nondegener-
ate) discrete energy levels. In later sections we shall consider more
involved cases. In order to keep the calculations to the irreducible
minimum, we shall consider a single particle in rectilinear canonical
coordinates. The time-independent Schriodinger equation in con-
figuration space is then

-—Qh—:—nvw-i-V‘p=E¢ V =V + V). (12)

I(} is the potential of the prevailing fdrces, and xl} is the potential
of the perturbing forces. The small parameter « has been intro-
duced because we shall expand the solution of eq. (12) into a power
series in ascending powers of «:

0 1 2
v=vyv+xy+ey+ .-, (13)
0
V¥ is a solution of the unperturbed problem,
B2 e 0 ?’ o E 0 )

and we have assumed that the only square-integrable solutions
0 o 0
existing are ¥y, ¥, © * +, ¥x, * * * , each belonging to a different

value of the energy, L(')';,. The whole purpose of the perturbation
theory is to ascertain systematically the higher approximations if
the zeroth-order approximation (the solutions of the unperturbed
problem) is known. Naturally, the theory must furnish us with
two separate pieces of information, the perturbed energy levels
and the perturbed characteristic functions. We shall obtain both.

Before we can launch into the perturbation theory proper, we
must first discuss two mathematical properties of the unperturbed
solutions, which we shall need. The first property is the ortho-
gonality of the characteristic functions; the second is the expansion
theorem for arbitrary functions. First the orthogonality theorem:
We claim that the integral I,

L= [ ¥tidx =0 Gk, (15)
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vanishes whenever ¢ and & are different. For proof, we replace first
one and then the other of the two factors under the integral from the
wave equation by the expression

0 [1] h2
¥i = P (V e — 5 V2 w.) (16)

Thus we get for I;; two different expressions,

1 0.0 B2 0.0
I = T/(wwk—-z——vwr-m)dx
m
E:
1 0.0 K2 O 0
—Tf(wm-g—wvm)dx
E: m

But we can prove that the two integrals (without the factors in
front) are equal if only the wave functions are square-integrable.
Their difference

h? 0 0 0 0
ﬁ—fn=2;,-Lf(w:-*vwk—wvw.’-‘)dx

h2 0 0 0 0
= 5§ (UF grad ¥ — ¥u grad ¥1) - n.dS,

a7

(18)

a surface integral because of Green’s theorem.! Since the surface
integral is to be extended over a surface at infinity, it will vanish;
square-integrability imposes on the wave functions a more rapid
drop than is necessary to ensure the vanishing of the surface integral
in question. But in eq. (17) these two equal integrals are multiplied
by different factors (since we have assumed the absence of degenera-
cies); therefore both the two integrals on the right, and I itself,
must vanish. If all the characteristic functions are normalized, we
call the set of characteristic functions a set of orthonormal functions
or, for short, an orthonormal set.

The expansion theorem deals with the representation of an arbi-
trary square-integrable function f(x) by a series of orthonormal
functions Y. Suppose we set ourselves the task of finding that sum

1 Green’s theorem is a special application of Gauss’s theorem. To prove it
one must interpret the Laplacian as the divergence of a gradient and also carry
out an integration by parts in each term under the integral (18).
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F of given orthonormal functions,

©

F = 2 Ck lﬁk, (19)

E=1
which deviates as little as possible from the given function f. Asa
measure of deviation, we form the absolute square of the difference
(f — F) and integrate this positive-definite function over the whole
domain of the coordinates x:

ar= [(* = 9@ - ) ax. (20)

A? will vanish only if f and F arc “almost everywhere” equal, and
for most purposes this means equal everywhere except where f has
points of discontinuity. Regardless of whether A? can be made to
vanish, we wish to adjust the coefficients ¢ so that A? becomes as
small as possible. If we substitute for F in eq. (20) the complete
expansion (19), we find that the expression to be minimized is

A? = /f*fdx+ 2 ke, — E [c;. ff*ll/kdx+c§ff¢’,',‘dx].
E=1 E=1
1)
The partial derivatives of A? with respect to the various ¢r must
vanish:
2
QA_H;_ffwdx:o

dex 22)

ck=/f¢:dx, cz=/f*\l/kdx.
Thus we find that the coefficient of each function in the orthonormal
set is completely determined, regardless of the choice of the other
functions, as long as that choice does not violate the orthonormality
of the set.

If we choose the coefficients in the expansion in accordance with
eq. (22), we find that A? takes the value

ar = [ 1fIrdx = 3 led* 2 0, (23)
1
leading to Bessel’s inequality,

ilcklﬂ < f |f]? dx. (24)
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The results obtained so far do not completely exhaust the expansion
theorem. The remaining question is whether A? can be made zero
for all square-integrable functions f(z). If it can be, we call the
orthonormal set yi complete. We shall not prove it here, but the
fact is that the characteristic functions of a Hamiltonian of the form
(14) comprise a complete orthonormal set if all possible states are
bound, and this statement completes the expansion theorem. We
shall now return to our perturbation problem.

Collecting all the terms in eq. (12) that are linear in «, we get

1
for the function ¥y the condition

h?
T 2m

1 01 10 01 1 0
Vi + Ve + Ve = Exve + Ex Y. (25)

0
1f we multiply this last equation by ¢ and integrate over all space,
we geb

h2 0 1 0 1 0O 10
~5m ViIViyedx + | ¢F Vull/kdx+/.n[/;"V\bkdx

0 0 1 1
= Ek [ \l/f \01, dx + Ek 6.;];, (26)

the last term because of the orthonormality of the unperturbed
characteristic functions. The first term can be transformed with
the help of Green’s theorem and becausc of the vanishing of the
surface integral at infinity:

0 1 10

] V* V2, dx = [ Ve V2 P dx. @7)
Because of the zeroth-order equation, we have

R? 0. 00 1(;' .

o VW TV = Bl (28)

and hence eq. (26) can be given the form
0.0 1 0 0 0.1 1
[Vrinvax = (- By [t vdx+ Busa. (29

(The summation convention is not to apply to any of these equa-
tions!) Equation (29) holds whether we choose the two indices ¢
and k equal or different. But now we must distinguish these two
choices, because they give us different bits of information. Setting



230 APPROXIMATION METHODS [§11.3

1 = k, we find
1 1 0
Ep = j V g2 dx. (30)

For all other choices we get

0.1 1 10 0
/\I/?‘l/kdx = 0———0—f V¥ ¥ dx (@ # k). (31)
Ex — E;
Equation (30) tells us how to determine the disturbed energy level.
All we have to do is to integrate the perturbing potential over all
space, using the absolute square of the unperturbed wave function
for weighting. Equation (31), on the other hand, furnishes us with
the integrals that we need, according to eq. (22), for expanding the
perturbation in terms of the unperturbed wave functions. Only

0
the coefficient of the function ¥ remains undetermined, and we may
set it equal to zero. The first-order perturbation functions are
therefore

1 D 10 0
b= DY f V ¥t dx. (32)
=k f, — E;

Equations (30) and (32) are the fundamental equations of per-
turbation theory. For many purposes, however, it is necessary
to go over to second-order and even higher terms. The procedure
is the same in all orders.

11.3. Degeneracies

If some of the energy levels of the unperturbed case coincide,
if they are degenerate, the method developed in Section 11.2 must be
modified. First of all, the proof of orthogonality of the character-
istic functions given previously is based on the argument that the
two energies E; and Ej, which appear in eq. (17), are different
(unless ¢ = k). If there are several independent characteristic
functions belonging to the same energy level, then any linear com-
bination of these functions is again a characteristic function.
Although not every conceivable set of such degenerate characteristic
functions is orthonormal to begin with, we can always construct a
set of linear combinations that has that property. In what follows,
we shall assume that this has been done.
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But even though we can again assume that all the eigenfunctions
are orthonormal, the procedure followed in the preceding section
cannot be carried through entirely. As we come to eq. (32), some
of the denominators in that expression for the expansion coefficients
of the first-order perturbation may vanish, leading to impossible
results. We must, therefore, proceed more cautiously. The per-
turbation may remove the degeneracy, and if that happens, only
certain linear combinations of the degenerate zeroth-order charac-
teristic functions are suitable for the starting of the perturbation
calculation. If we use the wrong combinations for a start, we shall
get contradictions as we attempt to determine the first-order
corrections. Accordingly, we shall introduce into eq. (25) as a

0
zeroth-order solution a linear combination of the yi belonging to
the same level, with unknown coefficients ., which will be deter-
mined subsequently. Equation (25) then assumes the form

B2 1 01 1~ 0 0 1 1~ 0
- ﬁvzlﬁk + Vi + VEI Ue Yra = Ex Yz + Ekz Ua Vkay  (33)
where 7 is the number of degenerate characteristic functions belong-

0
ing to the same level E;. The secondary index « serves to identify
the different eigenfunctions belonging to the same unperturbed

0
energy level Ex. Next we shall multiply this whole equation in
turn by each one of the degenerate unperturbed eigenfunctions

0
¥is. The result is

0 1 0 01 e 0 10
- 2h—:n (Yrsy, Vi) + (ns, V ) + E Ua(Yr8, V Yra)

a=1

= %k(\(zkﬂ; ';k) + /-%/'k 2 ua(\(;’kﬁ; !(l)'ka)

awm]

0 0 1 1
= Ew(Yrs, ¥x) + Ex ug B=1"---,n). (34

In order to shorten the notation, we have introduced for the integrals
that arise the abbreviating symbol

[ #*xax = (s, 0. (35)
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With the help of Green’s theorem, we prove as usual that

0 1 0 1
(Vrs, V) = (Vis, Yi). (36)

Then in eq. (34) the first two terms on the left cancel with the first
term on the right, and we have left:

bl 0 10 1
D (e, V) = b Bilua =0,  (B=1,-+-,n). (37

a=1

Thus we have a set of n linear homogencous equetions for the n
unknowns u,. It is well known that a nonvanishing solution will
exist only if the determinant of the coefficients vanishes. If we
further abbreviate the notation by writing

0 10 0 10 1
[ Vs V o 8x = s, V i) = Vi, (38)

we find that the necessary condition for a nonvanishing zeroth-
order solution is

1 1 1
Viu — Ei, Via y T

1 1 1 1 1
det ‘Vpa - Bﬂa Ekl = det V21 y sz - Ek, « -l =0, (39)

A very similar equation must be solved in the theory of elasticity
if we look for principal directions of the stress tensor or the strain
tensor (M&E, pp. 80 ff.). Again, eq. (39) is called the secular
equation of the proll)lem, and we can usc it as a determining equation

for the unknown Ej.

1
On the strength of the original definition for the symbol Vig,,
these n? quantities satisfy the relationship

1 1
Vea = Vas, (40)

and it is said that these n? numbers form a Hermitian matriz. In
the realm of square arrays of complex numbers, Hermiticity is the
analogue to symmetry for similar arrays of real numbers.

We shall use the property of Hermiticity to prove two important

1
properties of the solutions. First, all the solutions E of the secular
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equation are real. To prove it, we take eqs. (37), multiply each
of them by %, and add the n resulting expressions:

2:21 u;," Il/ﬁa Ua — Eerk ﬂil |up|2 = 0. (41)

Because of the Hermiticity, the first term is a real number. The

1
coefficient of E}, is real, nonvanishing, and positive definite. There-
fore all roots of the secular equation are real.
Second, we shall prove the property of orthogonality for two

different sets of solutions for the i’k if they belong to two different
roots of the secular equation, say

1 I 1 I

Ek = € Ek = € (42)
Again we write down eqgs. (37) for the two solutions, once after
taking the conjugate complex:

(43)

II I
Then we multiply the first equation by ug, the second by ug, sub-
tract the results from each other, and sum over all . Our result is

».1 II I 1 111 I I I I
22 (Vo ug Ua — Vgt ugu) = (e — ¢) E g Ug. (44)

a8=1 B=1
Because of the Hermiticity, the double sum vanishes. Toshow that
it does, we must first apply eq. (40) to the second term in the double
sum and then interchange the symbols for the two summation
indices @ and B. The result of these operations is that the second
term becomes identical with the first, except for the sign, and they
cancel. Thus the left-hand side of eq. (44) vanishes. The right-

hand side is a product, and one of the two factors must vanish.
I u
If the two perturbation energies e and e are different, it follows

immediately that
noI I I I
2 s ug =0 = (u, u). (45)
p=1
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In this case, the perturbing potential has served to remove the
degeneracy. As a result, an energy level that is single in the unper-
turbed system splits up into several closely adjacent energy levels
in the perturbed system. Such systems of energy levels are called
multiplets in spectroscopy, and the appearance of such multiplets is
often referred to as the fine structure of the originally single level.

The other possibility is that the roots i and IeI of the secular equa-
tion are equal. Here the perturbing potential has failed to remove
the degeneracy, and the u, remain undetermined, since any linear
combination of solutions belonging to the same multiple root e
is again a solution of the wave equation up to the first order. Sub-
sequent orders of the perturbation calculation may or may not
remove the degeneracy, or any order may remove the degeneracy
partially, splitting the energy level into m < n different levels. All
these contingencies actually arise in physically interesting situations,
for instance in the theory of the Stark effect on polar molecules,
where the degencracy of the rigid rotator with respect to m remains
unchanged in the first-order perturbation but becomes partially
removed in the second-order perturbation.

The perturbation theory applied to degenerate systems puts
into sharper focus the whole question of alternative methods of
quantization, which we had occasion to discuss within the frame-
work of the older quantum theory in Section 8.2. We find now
that in a degenerate system it is always possible to replace one set
of orthonormal eigenfunctions belonging to one encrgy level by
another set of orthonormal functions, the latter set consisting of
suitable linear combinations of the former. But if a small modifica-
tion of the force field, a perturbation, removes the degeneracy, only
certain combinations even in the zeroth-order calculation are
adapted to the modified problem. However, the correct set of
combinations is not always the same; it depends on the coefficients
in the secular equation (39), and these coefficients are determined
by the perturbing potential. It may appear strange that a very
small perturbing potential will determine the choice of linear
combinations in the unperturbed system. Such a large effect by
small causes appears to contradict our usual experience about the
continuous dependence of the effect on the cause, the cause in this
case being the Schrodinger equation and the effect the characteristic
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functions. The physical explanation of this apparent paradox is
that we have looked specifically for stationary solutions. In the

case of an almost degenerate system, all the combinations of \(l:,,.. are
very nearly stationary, but only the solutions of the secular equation
are completely stationary. If we start with a wrong combination,
we shall find that slow, ‘“secular” changes take place; and the
smaller the perturbing forces that remove the degeneracy, the slower
are these changes. But if we look for completely stable states, then
we shall find that these depend critically on the nature of the
perturbing potential, no matter how small we choose it. In other

words, it is the functional dependence of I}' on the coordinates, not
the amplitude factor x in eq. (12), that determines the correct
zeroth-order combinations. In the next section we shall find just
what happens when we start with the wrong combination.

11.4. Time-dependent perturbation theory

In this section we shall describe the methods that apply when we
are interested in transitions from one stationary state to another.
Let us consider a system that in the absence of perturbations
possesses only discrete stationary states. Some of the states may
be degenerate but need not be so. 1f we apply a perturbation that
is itself a function of the time, for instance an external alternating
electric or magnetic field, there will be no stationary perturbed
levels; nevertheless, we may represent the instantaneous wave func-

tion at any time as the linear superposition of the characteristic
. .0 _ig

functions of the unperturbed eigenfunctions ¢xc * ”, because of the

expansion theorem. The coefficients of this expansion will then be

themselves functions of the time ¢, and they will be an indication of

the change in probability of finding any one particular state .3,,.
This probability can be realized in a conceptual experiment if we
can switch off the perturbing forces completely and then find in
which state is our (now unperturbed) system.

Time-dependent perturbation theory is also possible if the
applied perturbation itself is constant in time. Although the
methods presented in the last two sections are then applicable, we
may also, with perfect justification, shift our inquiry and, instead
of asking for the new energy levels, ask for the rapidity with which a
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certain unperturbed state changes over into some other unper-
turbed state. Thus the time-dependent methods are applicable for
both time-dependent and constant perturbing forces.

One more remark is necessary before we can launch into the
theory proper. How are we going to measure the probability of
finding any particular state if the wave function is a mixture of
several unperturbed eigenfunctions? Such a mixture would have
the form

V0 = 3 o) dm) e, (46)

k=1

It would not do to set the probabilities equal to the expansion
coefficients ¢, themselves, because these expansion coefficients will
in general be complex and their sum will not be equal to unity,
though the sum of the individual probabilities—the probability of
finding the system in some state—must be 1. But the expansion
theorem, which enables us to set A? in eq. (23) equal to zero, tells
us that the sum of the absolute squares of the ¢, equals 1 provided
the wave function ¢ (X, ¢) is normalized. Therefore we shall assume

that the probability of finding the state fi)n, is determined by the real
non-negative quantity |ck/2.

To start our development itself, we shall substitute the expansion
(46) into the time-dependent Schridinger equation,

h? ha'P

——V2¢+(V+ V)¢+ =0, (47)

and thus obtain a system of ordinary differential equations of the
first order for the ¢x. Straightforward calculation yields first

hZ

~ g Ve »-”‘*‘+<V+~V>EC'=“"°c #

ESSON R (- -5

Because the ¢k are assumed to be solutions of the unperturbed wave
equation, three terms cancel mutually, leading to the simpler set of
equations
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1 0 _ig R, 0 _ig
kV 2 Cr Pr € alint + 2 7 Cr Px € At = 0. (49)

$0

Let us now multiply this equation by the factor e’TE”& and integrate
over x. If we use again the abbreviating notation introduced in
egs. (35) and (38), we find that the integration disposes of the
space-dependent functions and that we are left with differential
equations for the ci:

A I A
cz+z§”’me~‘” Blg=0 (I=1,2" - (50

These equations form an infinite set for an infinite number of
unknowns, the ¢;. A solution in closed form is usually out of the
question, but there are a number of special situations we shall
examine. ILet us start with the assumption that the perturbation
itself does not depend on the time and that the V;; are therefore
constants. Then the coefficients of the equations are trigonometric
functions, and it is reasonable to look for solutions that are also
sinusoidal functions of the time. However, this approach, though
successful, in general will not lead to new knowledge. Such solu-
tions will incorporate into the time-dependence of the ¢; the addi-
tional small frequencies appearing in the exponentials of the
stationary perturbed eigenfunctions. In general, then, in such
solutions the phase angle of the ¢, will gradually change linearly in
time, but the change in absolute magnitude will be minute, and it
is only the magnitude of the ¢; that measures probability. The
reason for the slightness of the change can be understood thus: The
coefficients of eq. (50) are small, because they contain the small
factor «; at the same time they oscillate rapidly, at atomic frequen-
cies. Unless the induced change in ¢, on the left is appreciable
during half a period of oscillation of the coefficients, the next half-
period will induce a cancellation of the effect of the first half-period.

The exception to this general rule is the possibility that some
of the coefficients may not oscillate rapidly, because the two energy
levels E) and E; are either closely adjacent or even identical. In
that case, considerable changes in the magnitudes of the two
coefficients involved are possible, both in the degenerate and in the
nearly degenerate case. Let us assume the simplest possible case,
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that only two energy levels, call them a and b, are closely adjacent
or coincident. We may disregard all the other terms in eqs. (50)
and retain merely those involved in transitions between a and b.
The two equations to be considered are then

y 1 1
b + %K(V,,,, Ca + Vap ot cy) = 0,

> 1 1
& + %K(Vb.. eonto, + Vige) =0 (51)

11 1 1
[V,,.,, Vareal, Vie= V% =1 F - E,,)].
These two equations (which are admittedly only approximately
valid, but actually contain all the interesting aspects of the situa-
tion) can be solved in closed form. We shall try sinusoidal depend-
ence, but not the same for the two coefficients. Let us introduce
Ca = Qg ei(w-}-]w,b)t,
. (52)
Cy = Qp ei(u—}w,u)t,
where the amplitudes a, and a, and the frequency » remain to be
determined. If we substitute our trial expression back into the
differential equations (51), we get

1 1
(h w + KV“ + -} h wab) (4729 + KVab a, = 0, (53)

1 1
kV¥%as+ (how+ «Vie — 5 b wa) ap = 0.
These constitute a set of homogeneous lincar equations for the
amplitudes a, and a;, which possess nonvanishing solutions only
if the determinant of the coefficients vanishes:
1 1 1 1
hw? 4+ k(Vae + Vi)h o + § h wak(Ve — Vaa) — 1 A% 0l
11
+ KV Ve — V|2 = 0. (54)

This condition is a typical secular equation for the frequency w.
The two solutions are

1 1 1
o = 3(Vi — Veo) £ el Varl? + 3 12 2

1 1 (55)
[9 = wa + ,i; (Vs — Vu,)]:
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As a result, we get two different sets of relations between the
coefficients a, and a,. If we choose the positive sign for the root in
eq. (55), we have

1 1
(e, B2+ Ve Val? + 142 92) af + kVuar =0,  (56)

1 1
or Ve ad + (\/KZIVMI2 +ih2 Q2 —§h ﬂ) af =0. (57)

Equations (56) and (57) are equivalent. If, on the other hand, we
choose the negative sign for the root, we shall get the two equivalent
relations

1 1
(% hQ— \/x*lVa;,P + 1 A2 Qz) a7 + «Va ag

0,

Val? + 322 02) )
1 1
W as — (Ve Pult + 202 00 + 32 0) a5 = 0.

The most general solution of our problem is a linear combination of
these alternatives, but each one by itself represents a stationary
possibility. A short calculation will show that if w. vanishes and
hence if we have a degenerate case, then the secular equation (54)
is just the one we would have encountered in the time-independent
degenerate-perturbation calculction of Section 11.3; and if Q is
assumed large, then the solution with w* and at represents the
perturbed level b, whereas the solution with the negative signs
for the root represents the perturbed level a of the theory of Section
11.2.

We may wish to consider the case in which the perturbation is
“switched on” at the time zero and where previously the system was
definitely in state a. To work out this situation, we must find a
linear combination so that at the designated time the probability
for b vanishes. Again, if ws is large, this initial condition calls
for a large value of the a—, with just a small admixture of the a*,
because, rigorously, our initial condition leads to

af +ay =0, (59)

and to satisfy it we must have a} < a;. But what if the two
energy levels are closely adjacent? Our solutions show that we
may expect a serious mixture of the two stationary solutions if

Vel K1 Q. (60)
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In that case, the coefficients in eqgs. (56), (57), and (58) are all of
the same order of magnitude. As a result, the actual magnitude
of the coefficients ¢, and ¢,
iwubl
Ca = 2 at 61'0:‘! + ag c—iw"t
& (af ), 61)

—  wab t

i
C, = € 2 ((lif eiwt t + a5 (,——t'w‘t),

depends on the phase relations between the two terms in each.
Originally, the phases of ¢, are 180° apart. The largest probability
for b will be found when they are in phase; and since the beat
frequency is (wt — ™), that will be the case after a time

™ — ™
L 5
et 1

The rate at which the probability changes depends on both this time
constant and on the maximum amplitude that the b-probability
can achieve before decreasing again. This amplitude is a compli-
cated quantity, which, however, is of the order of magnitude of 1;
that is, it is neither very small, nor greater than 1. We may,
therefore, say that the average rate ¢t which the probability
changes is of the order of the inverse of the expression (62), provided,

t = (62)

1

of course, that we is not large compared with % |Va|. Under these

circumstances, the average rate at which transitions occur will be
1

of the order of magnitude of % k| Vasl.

Now we shall consider another important possibility, namely,
that the perturbing potential is not constant but has a sinusoidal
dependence on the time £. This situation occurs first of all in the
case that monochromatic radiation is incident on an otherwise
isolated system.

11.5. Semiclassical radiation theory
Let us consider the transitions induced by a perturbing force that
is sinusoidal,

V = A(x) cos (wt + 5). (63)
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For the wave function we shall use expression (46) again, in which
the time-dependence of the unperturbed wave functions is intro-
duced explicitly, so that the (slow) time-dependence of the coeffi-
cients ¢ is a direct consequence of the perturbation. If we substi-
tute expression (46) and the perturbing potential (63) into the
time-dependent Schrodinger equation (47), we get the following
differential equations for the cx:
. $ 0
a+ —;iK 2 Alk Ccos (wt -+ 5) ei(El_

Ent
"o =0,
(64)

0 0
Ay = / oF o A(X) dx.

This set of equations plays the same role as eqs. (50) in the case of
a constant perturbing potential. The method of finding solutions
is quite similar to the previous calculation. We shall again look
for solutions in which the ¢ are sinusoidal.

Transitions will not take place to any considerable extent if
the coefficients of the ¢, on the right-hand side oscillate rapidly,
for the reasons discussed in the previous section. But whereas for
time-independent perturbations transitions take place between
closely adjacent levels, particularly between states belonging to the
same unperturbed degenerate energy level, the condition in our
present case is that the absolute magnitude of the frequency

o = 1 (By — B, (65)

||, differs only slightly from the applied perturbing frequency w.

Let us consider that for two particular states denoted by sub-
scripts a and b there is near-resonance in this sense, and for no other
sets of states; then again we may disregard all terms that do not
directly refer to a or b. Thus we get

éa + %KA,,;, cos (wt 4 8) elont ¢, = 0,

é + %KA,,., cos (wt + &) ente, =0 (66)
(Ava = AZ).

We now set
cos (wt + 8) = J[eiwtd - g—itwt+d)] (67)
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In the expression
_;_[ei(wt+§) + e—i(wt-H)] ei«ubt’ (68)

one of the two terms will have a slow time-dependence but the other
will not; which one is the interesting term depends on whether w;;
is a positive or a negative quantity. In any case let us call the small
difference

w * wy = A. (69)

Then we may omit the fast-changing term in eqs. (66), and we are
left with the system of equations

¢ + %xe"‘ Ag €8t ¢y = 0,
(70)

. i )
&+ % ke B AY et c, = 0.

We shall solve these equations again by sinusoidal functions. We
set

Ca = @ HN g,

¢ = ew—idt g (71)
choosing the difference in time-dependence of ¢, and ¢; so that both
terms in each equation assume the same functional dependence on ¢.
The final set of equations for the new constants a,, a, is

(w' +%A)aa+ %e"”A@ab =0,
(72)
. 1
< cosget (v~ 2a)ano
These equations can be solved only if the frequency «’ is chosen
so that the determinant of the coefficients vanishes. Thus ' obeys
the equation

R TRV (73)
¢ T g el

This equation is much simpler than the corresponding (54), and
consequently the remainder of the calculation is fairly brief. We
shall first work out the relations obeyed by the coefficients a,, a,.
Depending on the choice of sign in the expression for «’, we get
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/|l — 1
af = —he"—leA::aa;*,
(74)
a-=he“——|wil+%6a—
° kA% P

If we let the perturbing potential tend to zero, the -+’ solution
is the one in which we have a pure b state, and the “ —’’ solution
goes over into a pure a state.

We shall now consider an initial state that is purely a. In that
case, we must choose our two coefficients a; and af so that the
initial amplitude of the b state vanishes:

at + a5 = 0. (75)

We can now easily determine the amplitudes of both states for all
times other than ¢t = 0. The two expressions are

T — .
Ca =262 ¢b ;hza?,— (|| cos ||t + %A sin |w’|¢),
o (76)
o= —2age 2 sin |2 '
a; must be chosen so that initially |cs|? equals unity. With this

normalization, we find after a brief calculation that the absolute
squares of the coefficients ¢, and ¢, are, respectively,

> =1 — |cs)?
|cal y |e| i (77
and leol* = 33 [ aal* —7—"

The result just obtained is approximate insofar as we have dis-
regarded the contributions of all rapidly oscillating terms in the
equations. Neverthecless, formulas (77) are quite adequate for
most purposes. They give information both on how large the
maximum probability for transitions can become and at which rate
the probability for the induced state (b) increases. Complete
transition to the new state will take place (at some particular time)
only if A vanishes, that is, in accordance with eq. (69), if resonance
is perfect. Even then, transitions will occur back and forth at a
regular rhythm. With imperfect resonance, there is always a finite
minimum for the probability of finding state a.
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The speed with which the state of maximum b-probability is
reached depends, of course, on the frequency parameter w’, which
is given by eq. (73). This frequency is always finite if there is a
finite perturbing force constant xAg, but it has its least value for
perfect resonance. If the resonance is very poor, the oscillations
will be very rapid but small in amplitude, and they will not differ
from any of the other small oscillations that we have systematically
disregarded.

These results have been confirmed and applied in great detail
in the so-called molecular-beam resonance method initiated by I. I.
Rabi and coworkers.! In this method, a molecular beam that is
homogeneous with respect to the velocity of the particles and, as
far as possible, with respect to their internal states, is passed
through a magnetic or electric field oscillating at a controlled fre-
quency.  Transitions of the molecules are observed as a function
cither of the perturbing frequency or, very often, of the level
separation, which itself is a magnetically or electrically induced
perturbation separation and can be varied continuously by the
experimenter. These experiments have been used for precision
determinations of magnetic dipole and electric quadrupole moments.

We shall not go through the complete theory of the Rabi method
but shall apply our results to the transitions in an atom induced by
a field of electromagnetic radiation. Let us consider some atom
whose electronic states arc completely determined by some Schréd-

0
inger equation with a Hamiltonian I and with certain wave func-

tions Y = ¢ exp (- %Ek t) and energy levels Ex. We assume

that this atom is acted on by a field of radiation, with all frequencies
and all directions of propagation represented, and we ask what
transitions will be observed if the atom is known to be initially in a
state a. Naturally, transitions may take place to all other states,
and therefore we shall ask more particularly at which rate transitions
occur into the state b.

In carrying out the calculations, we shall use an approach that,
strictly speaking, is inconsistent. Though we shall treat the atom
quantum-mechanically, we shall deal with the radiation field as if

1Rabi, Millman, Kusch, and Zacharias, Phys. Rev., 66, 526 (1939).
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the electric and magnetic field strengths were ordinary classical
quantities. Actually, we know that the radiation ficld itself must
have quantum properties; probably the strongest evidence to this
effect is the success of Planck’s theory of cavity radiation. Never-
theless, the interaction between an atom and radiation can be
represented fairly well by the ‘“semiclassical’’ method that we shall
follow here, except that we are unable to obtain a reasonable theory
of the spontaneous emission, the fact that an excited atom will drop
spontaneously into a lower state and emit a photon in the process.
The consistent treatment of the radiation problem requires con-
siderably more conceptual and mathematical tools than we shall
bring to bear on the problem; if the reader will keep in mind
the limited validity of the derivations that will follow, the semi-
classical treatment also is rather instructive in teaching us how
time-dependent problems are to be treated in quantum mechanics.

If we go back for a moment to expression (77), we find that
initially the state b is produced at a vanishing rate; only when the
probability of finding b is already finite will this probability con-
tinue to increase (for a while) at a nonvanishing rate. In the case
of incident radiation, which in nature is never strictly monochro-
matic, we can and shall obtain right from the start a rate of forma-
tion for b that is different from zero. We shall represent the
incident radiation by means of a large sum of single-frequency
components, thus:

1
Vo=x [ 61V ndV =S acos @i+s).  (78)

In radiation as it occurs in nature, the phase relations between
different frequency components are completely random. They
must be, because any nonrandom relationship would have to single
out a particular origin in time (say an instant when all different
vibrations or waves are in phase with each other). As for the
amplitudes, we cannot work out a connected theory unless there is
a possibility of defining an intensity per unit band width of fre-
quency, some quantity of the dimension of ergs per em? per cycle.
Since wave intensities are generally proportional to the squared
amplitude (rather than the amplitude itself), we shall assume that
for a band width chosen neither too small nor too large it is possible
to define a quantity J(w),
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J(w)=% @@ (w—2<w<wo+9), (79

and that J is a smooth function of its argument. The actual
energy density per unit band width will always be proportional to
J, but the constant of proportionality will depend on the particular
type of wave considered.

We shall now consider an instant of time ¢ > 0 but close enough
to ¢t = 0 to make the probability of finding b still very small. In
that case, because of the randomness of the phases, we may assume
that the probability of finding state b is simply the algebraic sum
of all the probabilities induced by the individual single-frequency
waves, or, according to eq. (77),

b = s Syt (< a ) 0

We cannot carry out this summation rigorously, but we shall
determine an approximate expression. First of all, if the amplitudes
of the individual waves are sufficiently small, we may replace, for
small values of ¢ only, o} by § A,. Obviously, for large values of A,,
this substitution is harmless. For small values of A,, that is, near
the resonance peak, the error made in w) is considerable, but not
the error in the value of (sin |w}|t/w})?, since this value tends to 2,
regardless of the value of ). Thus the substitution

,8in? 5 A, ¢

les|? ~ hiz 2 % TIAT (81)
for the better formula (80) is actually quite harmless as long as ¢ is
sufficiently small, and we shall be interested primarily in the value
of expression (80) as ¢ tends to zero.

Next, using the defining equation (79), we shall replace the sum
in (80) by an integral,

2 1 [ sin? [§(|wa| — w)f] dw _1 _
lesf* ~ he ,[m- —e (@) :(lwabl — w)? [w"b T h (E. Eb)]'
(82)

In this integral, the factor J is a smooth function of the argument,
while the other factor has a sharply peaked maximum for A = 0.
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We can get a pretty good approximation by putting J in front of the
integral, giving its argument the value at the peak:

sin? —t

ol ~ 3 T (o) f e . (83)

Thus we end up with the expression

lol? ~ 33 T (fwaal) ([ " sin’zdz ) (84)

zz

As a result of our introduction of broad-band radiation, the prob-
ability of the state b, being zero initially, has a nonvanishing rate of
increase. This rate is, at least at first,

dledl

2r
il =3 J(|was))- (85)

Equation (85) holds both when the atom is raised to a higher
energy level and when it is dropped to a lower level. We call these
two processes absorption of radiation and ¢nduced emission, respec-
tively. That |c}| increases linearly with time (instead of quad-
ratically) can be understood in such a way that at first a relatively
broad frequency band causes transitions from a to b, but this band
narrows down very rapidly as the trigonometric function in eq. (77)
begins to decrease. This rapid contraction of the contributing
band is responsible for the modified dependence of |cZ| on the time ¢.

Equation (85) completes our task, except insofar as we have yet
to relate the function J to the radiation intensity per unit band
width of an electromagnetic radiation field. In electrostatic
(Gaussian) units, the contribution of a single-frequency plane wave
to the energy density of the radiation field equals

L=ga (86)

@, = max |E,| = max |B,|.

@, is the amplitude of both the electric and the magnetic vectors.
The total energy density U per unit band width of a radiation field
is related to the quantities @, in the same manner as the function J
is related to the amplitudes «, by means of eq. (79). Our task is
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to relate the amplitude of a single plane wave of amplitude @, to the
value of the resulting expression «,, as it occurs in eq. (78). We
shall confine ourselves to the consideration of a single bound
electron.

Such an electron is bound to its atom by some conservative
potential. In the presence of an electromagnetic field, and in the
nonrelativistic approximation (which for most purposes is perfectly
adequate in the realm of atomic energies), the total Hamiltonian
of such an electron, without quantum-physical modifications, is

H—~Lp—uA)+e®+V® @87

[ef. M&E, p. 241, eq. (9.23)]. The relationship between the
canonical momentum vector and the velocity is given by the relation

p=mx+§A (88)

In other words, in the presence of a magnetic potential A, the
momentum differs from the usual mechanical expression, but the
difference is very small. We can represent an electromagnetic plane
wave solely by means of a vector potential A, without a scalar
potential, with the added condition that the divergence of A vanish:

div A = 0. (89)

With these assumptions, and for small radiation intensities, we can
set the Hamiltonian expression as

_ 1 e
H—mp’+V(x)—;n——ép-A. (90)

In this expression, we shall treat the last term as the perturbing
term.

If we go over to the quantum-mechanical treatment, the
Schrodinger equation that corresponds to the nonquantum Hamil-
tonian (90) is
hoy _
© ot 1)
A question mlght arise as to whether the partial derivative in the
perturbing term should not include the vector potential, but in view
of the condition (89), such an inclusion would add nothing.
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Evidently, if ¢, and ¢, are two solutions of the unperturbed

1
time-independent Schrodinger equation, then «Vy; is given by the
expression

KV@= -

mcz/¢“A * Ve dV. (92)

This expression can be further transformed and then assumes a form
that is rather suggestive of its physical significance.

First we shall make use of the fact that the wave length of
visible light (which is responsible for most of the atomic transitions)
exceeds atomic dimensions by a factor of the order of 10% and that,
therefore, A is virtually constant throughout the domain in which
the other two factors in the integrand of eq. (92) are significantly
different from zero. Thus we may place A in front of the integral.

Because of the connecting equations

B=oculA, E=— l‘l‘, (93)
at
the amplitude of the electric field strength is w/¢ times the amplitude
of the vector potential. If the amplitude of the electric field
strength is again denoted by @, and if the unit direction of the
electric field strength (which depends on its polarization) is denoted
by s,, then eq. (92) turns into

= = Qs /¢*V¢de (94)

In this expression we must now evaluate the integral

= ] oF Ver dV. (95)

To do so, we may attempt to form the analogy in wave mechanics
to the classical principle that the momentum is m times the velocity,
and that the velocity is the time derivative of the ‘“radius vector”
(the combination of the coordinates of the particle). Accordingly,
we shall form the time derivative of the expression

Xop = [ VX dV = B / :x ¢y dV. (96)
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If we make use of the fact that the wave functions y,, ¥» obey the
unperturbed Schrédinger equation, we may proceed as follows:

d .
xﬂb_ll'(

at R

=if[(V¢* w w*)m—w*x(wb ——”ivm)]dv
h e 2m

/ (Vo0E X s — V2 X V) AV

E: — Eb)Xa

2im

[ (Va Vi — Wi ¥) dV

T 2im
=— f VE Vg dV. ()
Our result is that
pab=m‘-i%—?i=%m(E ~ E) Xa (98)
and
a_=_‘_:.’(Ea—-E,,)a,s,-x@N—eha.s.-x@ (0 = wa). (99)

If we are to substitute this expression for a, into eq. (85) and
thus to obtain the final expression for the rate at which the prob-
ability for state b increases (the rate of transitions, in customary
terminology), we must be able to tell something about the collima-
tion and the polarization of the incident beam of radiation. If we
assume, first, that the beam is perfectly collimated and that it is
also perfectly polarized, then the vector s, is the same for all the
component plane waves, and we may replace the dot product by
the magnitude of the vector x,;, multiplied by the cosine of the
angle 6 between the vector x, and the direction of the electric
vector of the incident polarization. In that case, using the relation-
ship between the individual amplitudes @, and the radiation inten-
sity U, we get

d[cbl2

el 87 e? h? cos? 0 |xq|? U. (100)
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If, on the other hand, the radiation is completely random, we must
average over all possible values of the angle 6 from 0 to r, and we
get, instead of eq. (100),

dles|® _
dt

$r 2 B2 |xu2 U. (101)

There remains only one question to discuss, and that is the
properties and the significance of the integral that we have denoted
by Xa».

Let us consider a single electron in a central-force field bound
to the origin of the coordinate system. In spherical coordinates, we
have found previously that the wave functions corresponding to
stationary states can be represented as products of three factors,
the first of which is a function of r only, the second a function of 6,
and the last one a function of ¢. The integral called for by eq. (96)
can also be carried out as the product of three separate integrals
over the three spherical coordinates, inasmuch as each of the three
rectangular coordinates z, y, and z, is also a product:

x = r cos 0 cos ¢,
y = r cos 0 sin ¢, (102)

= ¢ 8in 6.

The question arises under what circumstances any one of the three
integrals Za., Yab, OF 2 Mmay be expected to be different from zero.
The answer is particularly simple if we consider only radiation
incident along the z-axis. In that case, the electric vector is bound
to lie in the z,y-plane, and the component 2z, of the vector x; will
certainly be perpendicular to the vector s, and therefore will make
no contribution. Consequently, for the integral over the angle ¢,
we have to evaluate the two single integrals

Xap = j; > gitm—maé cog ¢ do,
. (103)
ch = ﬁ) o etmi—ma)é gin ') d¢.

If we replace the two trigonometric functions by their complex
representations, it is clear immediately that either of the two
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ntegrals (103) can be nonzero only if the two quantum numbers
n, and m; differ exactly by 1. By means of a similar consideration
f the integral over the angle 6, it is possible to show that no com-
onent of the vector x4 will differ from zero unless the quantum
wmbers [, and ; differ exactly by 1.

Our whole theory is only approximative, to be sure. But to the
xtent that it is valid, we find that electromagnetic radiation will
:ause transitions only between states for which the changes in
and m obey the selection rules

Al= 41, Am = +1. (104)

n fact, though transitions that disobey these selection rules are
ound occasionally, spectral lines that correspond to such “for-
sidden” transitions are always weak, because their occurrence is
lue to a higher approximation.

Now for the significance of x,. Since the absolute square of a
vave function is to be interpreted as the probability density for the
lectron if it is in the state described by that function, the integral
2a Tepresents the center of mass of the probability distribution.
n a central-force field and in a stationary state, this center of mass
lways coincides with the origin because the absolute square of the
ngular parts of the wave function is centrosymmetric (the value
t two directly opposite points is always the same). But if we form

nonstationary state that is composed of only the states a and b,
hen, because of the different time-dependence of these two states,
re shall have ‘“beats’ with the angular frequency wa, and we shall
Iso have an off-center probability distribution that circulates about
he center at the beat frequency, Such a mixed state will therefore
mbody an oscillating probability distribution for the charge that
i capable of interacting with an incident electromagnetic wave.
jut the selection rules tell us that only mixtures between certain
:ates will lead to such off-center distributions. Other mixtures
18y, however, lead to distributions with an oscillating quadrupole
1oment or higher moment of the probability distribution, and
1ese higher moments may interact with the radiation field in higher
pproximations of the calculations. The ‘‘permitted’ transitions,
10se which satisfy the selection rules (104), are also often called
ipole transitions, for obvious reasons.



APPROXIMATION METHODS 253

Problems

1. Discuss the most common examples of quantum-theoretical models
(particle in a box, harmonic oscillator, and so on) from the point of view of
the WBK method of approximate treatment.

2. In the actual solution of problems involving several degrees of free-
dom, it is always important to find coordinate systems into which the
problem “separates.” Discuss the concept of separability from the point
of view of the nodal surfaces of characteristic solutions.

3. Consider the problem of scattering in an inverse-square field (Ruther-
ford scattering) in terms of the WBK approximation method. Construct
first a system of Huygens wave fronts by solving the classical Hamilton-
Jacobi equation of the system corresponding to an incident plane wave.
By solving the ‘‘conservation law’ (6) as well, you can construct an
approximate wave function.

4. Modify Problem 3 by assuming in addition to the inverse-square
force law a small, spherically symmetric perturbing potential, such as
r—le~# (Yukawa potential). The physical significance of such a potential is
that scattering under the combined influence of Coulomb forces and nuclear
forces probably obeys such a law.

5. Using time-independent perturbation theory, work out the first-
order Zeeman effect on the assumption that the wave functions of the
unperturbed atom are perfectly known.

6. Consider a nonstationary solution of a problem involving degen-
eracies removed by a perturbing potential. Obtain approximate solutions
by means of the WBK method and study the motion of the system of nodal
surfaces under the influence of the perturbing potential. Compare your
results with those obtained by means of time-dependent perturbation
calculations (Section 11.4).



Chapter 12
The Abstract Theory

So far, we have presented quantum mechanics in terms of the
early Schrodinger theory, which was formed in close analogy to the
optics and diffraction theory of classical physics. In spite of this
classical background, we found at every turn that the Schrédinger
theory is not a classical theory, that it operates with concepts alien
to the classical physicist. For a more complete understanding of
the new theory, it is of the greatest importance to ascertain to what
extent the wave picture is essential to its physical content and to
what extent accidental. In this chapter we shall find that within the
wave-mechanical formulation there is hidden a more abstract theory,
a theory capable of many representations, of which wave mechanics
is just one. An understanding of the abstract theory has made it
possible to modify quantum mechanics further, to endow it with
features that possess no classical analogue, and thus to incorporate
not only the electronic spin but to assign to the forces between
nuclear particles new properties (exchange forces) which are appar-
ently required by the properties of the atomic nuclei but which are
exceedingly hard to picture in terms of any classical model.

12.1. Observables

To penetrate to the core of the new physics, we shall ask our-
selves which features or statements of quantum mechanics corre-
spond directly to physical facts. The wave functions themselves
cannot be determined or observed experimentally, but energy levels
can. So likewise can configurations, values for the momentum, the
angular momentum, and many other physical properties that are
meaningful in terms of both classical and quantum physics. Then
how does quantum physics predict the value of such an observable?
So far, we have not given a uniform answer to this question. As
the first step of our analysis, we shall collect the partial answers

254
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given up to now and then attempt to discover their common
denominator.

Let us begin with the configuration of a mechanical system, that
is, with the individual coordinates. We find that in general a
system does not have a well-defined configuration but rather a prob-
ability distribution of all possible configurations. The only
exception, if we want to call it that, is a wave function that is a
Dirac delta function; with a delta function for any particular
coordinate, that coordinate is known and predictable with certainty.
But the delta function cannot be normalized, the integral over its
square always diverges, and hence most of the integrals required to
determine the expectation values of other observables diverge.
Ordinarily, we must exclude non-normalizable functions as wave
functions.

For any other wave function, we cannot predict with certainty
the result of an experiment measuring a particular coordinate z,
but we can predict the distribution that will be obtained when
measurements are carried out on a large number of identical systems.
The mean value of xx is given by the integral

Z= [ v*zvav, (1)

the integral to be extended over the whole configuration space. If
we wish merely to ascertain the rms width of the probability dis-
tribution for the coordinate zx, we may do so by forming the expec-
tation value of its square, zZ, and subtracting from it the square of
its expectation value,

Az} = (zx — z0)* = 7} — T’

= /V v*(xr — z)2 ¢ dV (2)
= [vratvav — ([, v*mvav) 2o

This expression cannot become negative, and it will be different
from zero for all wave functions that are square-integrable.

Of course there is more to a distribution function than merely
its centroid zx and its rms spread. If we wish to ascertain all
its properties, we must determine the answers to an infinity of ques-
tions, all of which may be put into this form;  What is the prob-
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ability of the coordinate z:; being found in a specified range of
values?”’ If the specified range is denoted by the limits m and n,
then the answer to the question is furnished by an integral having
the form

P(m,n) = [,v* @) v dv,

fl@) =1,  zie(m,n), 3)
J(xe) =0, zi & (m, n).

The function f(xx) is, to be sure, not analytic or even continuous,
but it is otherwise a well-defined function of its argument. Natu-
rally, this function must be constructed separately for any range
(m, n) conceivable, but it exists, and thus all conceivable questions
concerning the probability distribution of zx can be answered by
means of integrals to be extended over the whole configuration
space.

Let us now turn to another type of observable, a linear momen-
tum component px. In Section 9.3, we found that wave equations
can be formulated in momentum space just as well as in configura-
tion space. If we stick to the single-particle case and treat it in
rectangular coordinates, we know, moreover, that the wave func-
tion A(p, t) in momentum space will be normalized automatically
if its Fourier transform in configuration space, ¥(x, t) is normalized,
because

[1azap = [ lvlzax,
(4)

A, = @xh) [y e P ax

This relationship is a mathematical identity that forms an integral
part of Fourier theory. Thus there is nothing more natural than
to assume that the probability of finding the momentum component
pr within a given range (r, s) is given by the integral

P(r,s) = [ A*f(ps) A dp,
f(Pk) =1, D € (7, 8)) (&)

f(Pk) = 0’ Pr R (7‘, s))

to be extended over all momentum space! This was, in fact, the
attitude adopted in Section 9.2. By the same token, the expecta-

I
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tion value of an arbitrary power of the momentum p¥, is given by
the integral

= [ A*py A dp. ®

We shall now transform this integral into one that is defined in
configuration space. If we introduce again the Fourier transform
of the function A, which is the function ¢, we obtain, after a number
of transformations very similar to those carried out in Section 9.2
in the derivation of the expression (9.38),

« (R 0¥
[ @) e

Nit+Nzt+N3 Ni+Ns+Ns
w* ﬁ udx.
2 oYt oxy* ox}*
These integrals are somewhat similar to integrals (1), (2), and (3).

They differ in that in (7) the expectation value is formed by an
integral in which ¢ is not multiplied by certain functions of z; but

74
)

pY' p3* py?

is subjected to the differentiation operator %;x— as often as is
k

required by the power N of the corresponding momentum compo-
nent px. '

Expression (7) permits us to derive a formula for every analytic
function of the momentum components f(p), provided that the
series of integrals (7) converges. This convergence depends, of
course, both on the function f and on the wave function y. In
particular, step functions with respect to momentum components
of type (5) can usually be approximated by polynomials in px to
any desired degree of accuracy in any finite domain. If the wave
function ¥ drops off fast enough toward infinity, say exponentially,
then this domain can always be chosen so that on the outside the
contribution to the integrals (7) (of which in the case of an approxi-
mation by polynomials there is only a finite number) is less than an
arbitrary small amount e. Thus in principle we may use the wave
function ¥ in configuration space to determine in complete detail
the probability distribution of the momentum components. The
less detailed questions as to the centroid of the distribution and its
rms spread can, of course, be dealt with by working out just two of
the integrals (7).
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We shall now consider a third important physical quantity of a
mechanical system, its energy. We shall confine our attention first
to the type of system in which all possible states of the system are
bound states. In the harmonic oscillator, just one example of this
type, all the solutions of the time-independent Schrodinger equation
(10.7) are discrete, normalizable wave functions ¢x, each belonging
to a particular energy level E; (some of which may coincide).

Because of the expansion theorem discussed in Section 11.2,
the most general solution of the time-dependent Schrodinger equa-
tion (9.57) can in this case be represented as a series expansion in
terms of the stationary solutions,

D TATED L AR ®
k

If Y is to be normalized, then because of the orthonormality prop-
erties of the ¢« (cf. Section 11.2 again), the coefficients cx satisfy the

relationship
D lel? = 1. C))
k

The probability of finding the kth state in an experiment
designed to determine the state of a system equals the absolute
square of the appropriate coefficient, |cx|2. Therefore the prob-
ability distribution for the quantity E is discontinuous, and the
probability of finding Ex equals |ck|? (if that level is single; in a
degenerate level, the probability simply equals the sum of the
squared coefficients belonging to that level). If we wish to deter-
mine the expectation value for any function of the energy, f(E), we

must set
ﬂE=§MW%x (10)

On the other hand, we can also attempt to get the expectation value
of the energy by means of another approach. In Section 9.3, we
replaced the energy E of classical physics by the differential operation
- ? g—tin order to obtain the wave equation. In analogy to expres-
sions (7), we might try to define the expectation value of the function
E¥ by the expression
N aw,
EF = /w*(— ﬁ) 0 ax (11)

1
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and to approximate arbitrary functions f(E) by means of poly-
nomials. We shall find that the two expressions (10) and (11) are
equivalent. If we substitute the expansion (8) for the wave func-
tion y; we get

-3
—_ L = Ck Ek ¢k (4 hEE‘ = E Ck Ek ‘h: (12)
k k

h ¥ av; ;‘Eklt
(3) [w o= [(Fered)
( E cx BY ¢ e_iE“) dx

k

1
E : z : s(Ex—Ex)t
= cz; Ck E;uv e‘ / ¢:l ¢l¢ dx
[3 k

= > leul? Y, (13)

k

because of the orthonormality relations between the characteristic
functions. Thus the representation of the expectation value of
f(E) by means of an integral patterned after the earlier integrals
(3) and (7) is equivalent to the representation by means of a series.

We may attempt to use this result in reverse and see whether
we can also obtain series expressions for the expectation values of
coordinate or momentum functions. All we have to do to follow up
this idea is to introduce into integrals (3) and (7) the series expan-
sion (8). Let us start with an integral of the type

7= [v i@y, (14)

where f(x) is to be an arbitrary function defined on configuration
space. If we introduce the expansion (8), we get, after carrying out
a calculation similar to eq. (13),

7= 2% c¥ fix cx,

where fau = / & f(x) ¢ dx.

In this instance, the expectation value f is determined by a double

(15)
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sum that cannot be reduced to a single sum. The continuous
function f in the integral has been replaced by a square array of
numbers fi. If fis a real function (as it must be if it is to repre-
sent an observable physical quantity), these numbers satisfy the

relationship
Jie = fio (16)

which is an obvious consequence of their definition. We shall call
a square array of numbers like fix a matriz. If a matrix satisfies
relationship (16), we shall call it a Hermitian matrix. Bilinear
forms in a set of numbers ¢ and the conjugate complex set ci will
have real values regardless of the choice of the ¢ if and only if the
matrix of the coefficients of the form is Hermitian. We can prove
this assertion by comparing the form with its conjugate complex,

= (2 ct fur Ck)* = Z ki
ik ik
= 2 c:'k f;:: Cr,y : (17)

1,k

J-7= ch}"(fik — fE)e.

The numbers f,; are determined by the integrals indicated in
eq. (15). But is it possible to construct these numbers for compli-
cated functions by going back to simpler building blocks? We can
venture a fairly general answer by giving the rules for determining
the matrices corresponding to sums and to products. First, if the
function f is the sum of two or more terms a, b, - - -,

f@) =a(@) +b@)+ - -, (18)

then the matrix element fi is the sum of the corresponding matrix
elements ai, b, * * -,

Jao =aa+ba+ - - .. (19)

If the function f is equal to the product ab, and if the matrices ax
and b;; are known, we can proceed as follows: Let us set

fa= [ % a(x) b@) 4 dx (20)

Into this expression we shall introduce the matrix elements corre-
sponding to the two factors a and b. First we determine the
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expansion of the function b(Xx) ¢x(x) in terms of the orthonormal
functions ¢;:

b(x) ¢u(x) = 2 di $i(X). (1)

The coefficients d; are as yet unknown. But we can determine
them easily if we multiply both sides of eq. (21) by one function
¢% and then integrate. On the two sides of the equation we get

bmk = dm, (22)
and therefore

b(x) ¢r(x) = ; bur ¢u1(x). (23)

If we substitute this expression back into integral (20), we get
immediately

Ju = 2/ oF a(x)¢; dx by
1

= 2 @i bu,
[

and that is our result. To the extent that arbitrary functions of the
coordinates can be approximated by polynomials, their correspond-
ing matrices can be constructed, at least approximatively, from the
basic matrices i, Yy, and 2.

In view of the fact that the sequence of factors ab or ba in the
integral (20) is immaterial, the matrices a; and b satisfy the

relationship
2 a; by = E bu an. (25)
1 7

Two matrices with this property are said to commute with each
other. We have now found that all matrices that correspond to
functions of the coordinates commute with cach other and that all
those which correspond to real functions of the coordinates are
Hermitian.

We shall now turn to the expectation values of functions of
the momenta. Instead of going through a very lengthy calculation,
we may simply define the matrices of functions of the momentum
components, f(p), in terms of integrals to be carried out in momen-
tum space. To this end, we must introduce the Fourier transforms
of the functions ¢:(x) in momentum space, the ax(p). In momen-

(24)
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tum space the ay also form an orthonormal system of functions, and
all the relationships that we have derived for the matrices of
coordinate functions will also hold for the matrices of momentum
functions.

Of course it is also possible to define these matrices in terms of
integrals in configuration space, and we shall show that the two
definitions are equivalent. That is, we assert that

m=/¢mwmp
P

= / ¢}"F(?V) ¢ dx,

where, in analogy to eq. (9.26), ax(p) is defined by the equation

(26)

3
ax(p) = (2r B)—% L $r(x) e ¥ dx. (27)
Because of the manner in which we can construct Fy from the
matrices for the three rectangular momentum components, we
may confine our proof to the latter. Equation (26) then follows

automatically. To avoid an inflation of subscripts, in the following
few equations we shall omit the subscript  in p,. We have then to

prove that
ko
. = * =
P L“””“ f@ihu (28)

and so on. The proof proceeds in these steps:
[t
= @en [ [ [ a0} 21 el ap ay ax
= (2r k)3 /; ]; ’ /; e'_‘(p—p’)'! a}(p’) p ax(p) dp dp’ dx

- [ at® paste) ap. (29)

Thus we find that the matrix definition based on integrals in con-
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figuration space is completely equivalent to that involving integrals
in momentum space.

In eq. (23), we found that to multiply one of the orthonormal
functions ¢x(x) by an arbitrary function f(x) is equivalent to form-
ing a linear combination of the ¢;(x), with the matrix elements by
being the coefficients. We may give the matrix elements pu a
similar meaning. If we start again with a function ¢x(x) and then
apply to it the differentiation operator ? (—% » the result will again be a
linear combination of the ¢;(x):

ﬁﬂgzmm (30)

7 0z
If we multiply both sides of this equation by ¢ and integrate, we

find
P = d; (31)

ha
I —-%’5 = E Pix $u. 32)

All the matrices that correspond to functions in momentum
space, F(p), commute with each other. However, the matrices
corresponding to a coordinate and to its conjugate momentum
component do not commute, as we shall show now. Let us again
call such a pair z and p, suppressing the subscript z or 1 for the
sake of brevity. Let us start with an arbitrary wave function ¢,

¢ =2 c i, (33)
k

so that we have

and let us multiply it by z. The result will be
zp = 2; Zwk Ck P, (34)
k,

because of eq. (23). If we now differentiate the product with
respect to z, we shall have

ha _hf 9
;5;(70*#) —1—-(-‘05;-*-45)

= 2 Dit Tik Ck s (35)
ik
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On the other hand, starting with the same function ¢, we may first
differentiate and then multiply by z, with the result

z hoo _ E Tt Dik Crk - (36)

1 0z
Y
Now if we subtract the expression (36) from (35), we find

h h
- ¢ = 7 E c; ¢ = E (Pu Twe — Za Pu)Ck &1} 37

(2
1,k,l

and since the c; are, after all, arbitrary,
h
E (pa e — Tapu) = 7 Oik. (38)
1

ds is the Kronecker symbol, whose value is 0 or 1, depending on
whether the two subscripts 7, k are different or equal. This result
is a co-called commutation relation. It shows that the matrices of
two canonically conjugate observables do not commute but that
their commutator equals (%/7), multiplied by the matrix whose
elements are Kronecker symbols.

If two matrices do not commute with each other, we can show
that the probability distributions for the corresponding physical
observables cannot be made arbitrarily sharp at the same time.
More precisely, we shall show that the product of their rms spreads
has a nonzero lower limit.

Consider two observables A and B, with corresponding matrices
Ay and By, Let their commutator be Ci:

D, (Aa By — By Au) = Ca. (39)
1
The expectation value of 4 is
A- = 2 6? A.'b Cky (40)
ik
and the mean square spread of its probability distribution is

AZ2 = 2 a}" a;,
i

(41)
a; = 2 A,-l Ccp — Ac,-, A: = Aa.
il
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Corresponding formulas hold for the observable B. The product
of the mean square spreads of A and B is

AARAB? = 3 afa; D bt b
i b
2|§_;a;'b.

The last line is a consequence of Schwarz’s inequality. If we work
out the expression 2 af b;, we find, by straight substitution from
i

(42)

2

the defining equation, the second of (41), that
2 a?‘ b; = 2 C: Aki B.z G — fi B (43)

Skl

We have assumed that both matrices Az and B, are Hermitian. In

that case, their product 2 Ay By is the sum of a Hermitian and an
1

anti-Hermitian matrix,

D, A Ba = £, (Au Bu+ Bu Aa) + § 3, (A Ba — By Ay)

I

3, (A By + Bi Aa) + § Cuy

5 2 (A Bix + By Au)* = % 2 (Axi By 4 Bii Ay),
(€% = — Cu).  (44)

A bilinear form in the ¢; and ¢} of which the coefficients are anti-
Hermitian is always purely imaginary (its conjugate complex is
its negative). Therefore, if we form the absolute square of expres-
sion (43), we get

IE a*bf* =% lz ¢k Ciy c;r
H kil

+ [% 2 c¥(Awi Ba + B Aa)ey — A B]z, (45)

1kl

and both squares in this sum are positive definite. It follows that
AT AB? > 1C (46)

The commutator (38) is a particularly simple matrix. Its
expectation value equals #/7, regardless of the choice of wave
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function. It follows for two canonically conjugate observables,
such as z and p,, that their rms spreads satisfy the inequality

Az Ap, > § k. 47)

This result is known as Heisenberg’s uncertainty relation. Equation
(47) is the quantitative statement mentioned in Section 9.2 but then
not proved.

We shall summarize the most important of our results so far:
All physical observables can be represented by Hermitian matrices
that enable us to calculate all results of possible physical significance
if the expansion coefficients of the wave function are known. Not
all of these matrices will commute; if two of them do not, no wave
function can be found in which both probability distributions are
arbitrarily narrow.

12.2. Operators. Transformation theory

Altogether, we have found that the essential physical predic-
tions of quantum theory can be obtained in at least three differ-
ent forms: as integrals in configuration space, as integrals in momen-
tum space, and as infinite sums over algebraic expressions. What
is the common feature of these different representations?

When we multiply a wave function in configuration space by a
function f(z) or when we differentiate it once or several times, we
start with one function and obtain another function. When we
multiply a series of numbers cx by a set of numbers 4, and sum over
the subscript k, we obtain a new set of numbers d;:

2 A.'k Cr = d.'. (48)
k

In all these cases, multiplication of the wave function, differentia-
tion, and multiplication of a sequence by a matrix all adjoin to a
certain mathematical object (the wave function, the cx) a new
object of the same type according to a definite set of instructions.
We may say that the operations of multiplication, differentiation,
and so forth map a set of certain objects on itself in a definite
manner. A set of instructions that can be used to effect a mapping
of a set of specified mathematical objects either on itself or on
another set is called an operator. Multiplication of wave functions
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by a specified function f(z), and the other processes just mentioned,
are merely a few examples of operators.

The representations we have studied involve typically the
introduction of operators taking the place of classical dynamical
variables. In addition, every representation includes an instruc-
tion on how to obtain the expectation values of all physically inter-
esting operators when the wave function is given. Finally, every
representation must contain the equivalent of a Schrédinger equa-
tion, that is, information on how a physical system will change with
time. This last point we shall consider in detail in the following
section. Right now we shall study the properties of the operators
that we have to deal with in quantum theory.

The most general definition of an operator is rather vague—too
vague to be very useful. The instruction ‘‘starting with any funec-
tion f(x), form the integral of its square over the domain (0, 1);
then take the numerical value of the integral, round it off to the
nearest integer, and finally look up in the dictionary the first word
appearing on the page bearing that number,” is an operator that
maps a certain set of functions on a certain set of words. But this
operator is not likely to play an important role either in pure mathe-
matics or in theoretical physics. The operators we have to deal
with now, which in quantum theory are to represent observables,
and the mathematical objects that represent wave functions alike
have certain properties, regardless of the representation chosen.
We shall now ascertain these properties and then use them in the
study of the operators. Because the term ‘‘wave function” is
usually reserved to representations in configuration space, we shall
call the objects to which our operators are applied simply states, a
neutral designation that does not imply anything about the manner
of representation.

(1) The states form a linear set. That is to say, if we have two
states designated by M and N, respectively, then the expression

P=aM+8N (49)

is defined and represents another state. The symbols « and 8 here
stand for ordinary complex numbers.

(2) It is possible to find an (infinite) set of states which are
linearly independent of each other and which form a complete base
set. By these statements we mean that there is no linear combina-
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tion of states within the set that vanishes, and that all states can be
represented as linear combinations of the base set.

(8) For any two states M and N there exists a bilinear form
(M, N), an ordinary number, usually complex, that depends on the
sequence of the two states so that

(M, N)* = (N, M) (50)

always. Automatically, for any one state the form (M, M) must
be real. Usually we call the number (M, N) the dot product or
scalar product of the two states M and N, in analogy to the ter-
minology of vector calculus; by the same token, we call the real
number (M, M) the norm of the state M. If we multiply the state
M by a suitable ordinary number, we can make its norm equal to
unity. A state whose norm is 1 is said to be normalized.

The dot product is realized in the wave-function representation
by an integral of the form [ ¢% ¢y dx, where ¢, and ¢y are the
representations of the states M and N, respectively. In momen-
tum space, the corresponding integral is [ o¥ ay dp. Finally, in
the matrix formulation, the dot product has the form of a series,
Ecs,‘"’* ¢, All these representations, as the reader can easily
k

convince himself, have all the properties enumerated above.

From these general properties, it is possible to prove the exist-
ence of complete orthonormal base sets, but the choice of such a base
set is by no mecans unique. There are infinitely many complete
orthonormal base sets, and every one of them leads to a different
representation.

(4) All the operators we have to deal with operate on states; the
result of the operation is another state. It is true that most of the
operators used in quantum theory are not capable of operating on
all the states. For instance, in wave mechanics the function
(1 4 2%)~% is a suitable (though not normalized) wave function in a
one-dimensional configuration space. If we multiply it by z, the
resulting function is not square-integrable and hence does not repre-
sent a state. We cannot assert that an operator maps the totality
of all states on the totality of all states without excluding many
operators that are important for our purposes. But such an all-
inclusive applicability is not necessary for an operator to be useful.
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We must merely restrict its applicability to those states where the
result of the operation is another well-defined state.

(8) Our operators are linear. That means if we apply the
operator @ to a linear combination of states such as (49) (provided
the operator is applicable to both M and N), we have

®a@M+BN)=a®M+ e N. (51)

(6) All operators that represent physical observables are
Hermitian: that is, for any two states M and N to which they are
applicable they satisfy the condition

(M, ® N) = (® M, N). (52)

The reader can convince himself that all the operators and matrices
we have introduced so far are in fact Hermitian. Hermiticity is
both necessary and sufficient to assure that every expectation value
is real. This proof can be carried out on the basis of the following
assumption:

(7) In a state M, the expectation value of an observable A is
given by the expression _

A= (MaeM) (53)

where @ is the operator corresponding to the physical quantity A.

(8) The identity operator 1 is the operator that carries each
state over into itself. For any state M to which the operators
T (representing the physical coordinate z) and p (representing
the canonically conjugate momentum p) are applicable, we have the
relationship

h
pEM —tpM =M (54)

A
or pr—rp=-<1 (55)

All operators corresponding to canonical variables not conjugate to
each other commute; that is,

ab=">ba. (56)
All classical observables have operators corresponding to them
which are built up from the basic canonical operators q; and px in
the same manner as the corresponding classical quantities. But in
the case of noncommuting operators, the sequence must be chosen
so that the resulting operator is Hermitian. This rule, though
obviously nccessary, is in general not sufficient to determine the
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sequence uniquely. In the event of difficulties, appeal must be
made to independent experimental evidence.

The Hamiltonian, because of its appearance in the Schrédinger
equation, is by far the most important operator that must be built
up from the canonical observables ¢x and px. In simple problems
of atomic mechanics, all difficulties of sequence can be obviated by
first constructing the Hamiltonian in rectilinear coordinates. The
potential energy is then a function of the ¢; only, and the kinetic
energy depends only on the p;; thus no noncommuting operators
appear as factors in & product. If the problem then must be
integrated in some other coordinate system, we can apply the
methods of wave mechanics (transforming the Laplacian, which
invariably appears in the expression for the kinetic energy) as in
Chapter 10, or if desired we can formulate similar procedures in
some other representation.

In more involved situations, for instance in the quantization
of radiation fields, any product involving noncommuting factors
must be symmetrized in order to assure Hermiticity for the resulting
product, but that requirement alone may not be sufficient to deter-
mine the sequence of the operators. These problems are not yet
solved; we must realize that the adoption of a particular Ham-
iltonian is equivalent to the adoption of a particular theory (that is,
a set of laws of nature) whose validity can be checked only as a
whole.

Purely formally, we note that the two requirements that the
Hamiltonian be Hermitian and that it go over into the correspond-
ing classical Hamiltonian if we let % go to zero (and with it all the
commutators) are necessary but are by no means sufficient to
determine the quantum-theoretical Hamiltonian uniquely. Hence
quantum mechanics presents us with a freedom of choice for the laws
of nature that has no counterpart in classical physics.

The rules just formulated determine the transition from cla,ssmal
to quantum physics, except that we have said nothing concerning
the dependence on time. We shall deal with that question in the
next section. Right now we shall concern ourselves with the
transition from the abstract theory, which deals only with relation-
ships between states (identified by some symbols but otherwise not
represented by particular mathematical objects) and operators, to
particular representations.
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Let us choose an arbitrary complete orthonormal base set, so
‘that for any two members of the set, A;, Ay,

(A Ap) = ba. (57)

Consider an arbitrary state M. According to our assumption con-
cerning the completeness of the A;, there exists an infinite set of
numbers ¢; so that

M =73l (58)

As the first step, we shall determine this set of numbers. To do so
we form the dot products (Ax, M) for each value of k. We find

(4w, M) = z ci (Ax, A3) = cr. (59)

The infinite set of numbers (4x, M), the coefficients of the expan-
sion, serve as a complete identification of the state M and thus may
be considered one of its possible representations.

If two states M and N are represented by the numbers ¢; and d;,
respectively, then the dot product (M, N) can be found in this
manner. First, because of eq. (50), we have

(M, Ay) = cf. (60)

If we then multiply each eq. (60) by its appropriate di and add, we
get
D, di (M, A) = (M, N) =3, ck du. (61)
k k

As a matter of fact, the expansion coefficients we introduced earlier
were expansion coefficients with respect to a particular set of ortho-
normal states, the characteristic states of a Hamiltonian operator.
The whole formalism developed then, however, was independent of
the particular source of our orthonormal set.

Let us now turn to the representation of operators. If we apply
the operator ® to a state M, represented by the coefficients ¢;, and
if the result of the operation is the state N, represented by the
coefficients d;, evidently we have, because of the linearity of the

operator,
®M = N,

i Ay = k = 5@ Ay
sz o(jk;cm) gc@ : (62)
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In order to solve for the coefficients d;, we form the dot product by
A;:

d =, (4, ® 4s) cx = ;m Cke (63)
k

In other words, the matrix Py is the array of numbers by which the
¢ must be multiplied if we are to obtain the representation of the
state N.

In mathematics, matrices are widely used to represent linear
operators. Just as in vector and tensor calculus it has become
customary to drop all symbols indicating summation of index pairs,
an abbreviating notation is generally used in matrix operations.
What we do is to suppress all indices referring to matrices and to
have it understood that if several symbols denoting matrices follow
each other, then the last index of the matrix to the left is identical
with the first index of the matrix to the right, and the two are to be
treated as dummies (are to be summed over). In what follows,
we shall use boldface Greek letters to denote the rows of numbers
(such as ¢;) representing a state, and a special Roman alphabet to
denote matrices representing operators. For instance, eq. (63) will

be written in the form
v=Pu. (64)

Occasionally we have used products of operators. The symbol
Q® denotes the operator which does the same thing to any state M
that would be accomplished if we applied to M first the operator ®
and then to the result the operator @ In other words, the operator
equation

e=aa® (65)
and the matrix equation
C=AB (66)
are short for
eM=ac M,
(67)
Cé=ABé,

for any state M to which these operators can be applied. We
require a special symbol for the matrix whose elements are Kron-
ecker symbols. This matrix is the tdentity matriz or unit matrix.
It carries any row of numbers ¢; over into itself. We shall denote
it by the symbol 1. Equation (38) can be rewritten more suc-
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cinctly in the form

PrXs — XspPr = ? 6n 11 (68)

where the subscripts » and s refer to coordinate axes; the matrix
indices are suppressed.

Before we go over to a consideration of the dynamics of quantum
theory, we must take up transformation theory. We have found
that we can represent abstract states and operators by means of
matrices, by introducing a complete set of orthonormal states A;.
Suppose we wish to go over to a representation in which the base
set has been chosen differently, say as a set Al.. The coefficients of
an expansion of the state M with respect to this new base set will
be denoted by ¢!. What will happen to our whole formalism ?

Obviously, we have

M= Zc,- A; =Y ¢, Ab (69)
) k

In order to obtain a relationship between the two different sets of
coefficients, we form the dot product of this equation by A.. The
result is
O = D Umi Gy Umi = (A, 4, (70)
1

because of the orthonormality of the new base set as well as the
old one. The coefficients u.; also form a matrix, which we shall
denote by the symbol y. Therefore we can rewrite eq. (70) in the
form

' =ué. (1)

But we must remember that y does not represent a physical observ-
able. (In the abstract theory it lacks meaning, inasmuch as ¢ and
¢’ are two different representations of the same state!) Hence
there is no reason why it should obey the condition (16) or (41),
each of which holds for the representation of Hermitian operators.
Instead, the matrix u satisfies another condition. The coefficients
Un; lead from one set of orthonormal states to another. Thus
they are somewhat analogous to the cosines, in ordinary geometry,
between the axes of two different rectangular (Cartesian) coordinate
systems. If we form the dot product (4, Ax) between two of the
old base states, we can represent each one in terms of the 4,. The
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result, in accordance with eq. (61), is

(Aiy A) = 8 = ) Uh; Ui (72)

By adding one further element to our notation, we can give this
condition a simpler form. We call two matrices A and B Hermitian
conjugales of each other if

B = A (73)

A Hermitian matrix is one that equals its own Hermitian conjugate.
It is customary to denote the Hermitian conjugate by an asterisk, so
that eq. (73) may be rewritten in the form

B = A* (74)
Thus the condition satisfied by a Hermitian matriz is

A* = A, (75)
and eq. (72), the condition for u, turns into

uu=1. (76)

We call the matrix u a unitary matriz.

Provided certain conditions of convergence are satisfied, any
Hermitian matrix A may be used for the construction of a unitary
matrix by means of the exponential series. The reader can con-
vince himself quite easily that the matrix v,

v=oh= E GAr, &)

is unitary.

The unitary matrix u provides for the transition from one repre-
sentation ¢ of the state M to another, ¢’. But this same matrix
also provides the transition from one operator representation to
another. If the operator @ transforms a state M into a state N, as
in eqs. (62) and (63), and if we denote the representations of these
two states by the symbols ¢, ¢’ and x, x’, respectively, then we must
have for the representations of @

x=Pé ¥ =Py (78)

If we now substitute the old representations in the first equation by
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means of eq. (71) in reverse, we get first

u*x' =Pu*¢ =u*P ¢ (79)
To solve this equation for P/, we must multiply from the left by u;
uPu*¢’ =P ¢ (80)

This relationship must hold for any ¢’. Therefore
P/ = uPu* (81)

the desired relationship.

Expectation values of observables are pure numbers, possessing
physical meaning. They must be unaffected by the transition from
one representation to another. Indeed, we have

A =" AY = @* MU AU
—¢*A¢p=A

Previously, we have seen that all physically meaningful questions
can be formulated in terms of expectation values. In particular,
questions concerning the probability distribution of a certain phys-
ical variable or even a combination of such variables (*What is
the probability that z will be found to have values between z; and
and, at the same time, y will lie between y, and ¥,?’’) can be reformu-
lated as questions for the expectation value of a function that equals
1 for favorable and 0 for unfavorable outcomes of the experiment.
Therefore, once we have shown that expectation values are inde-

pendent of the representation, we know that physically all choices
of representation are equivalent.

(82)

12.3. Dynamics

In the wave-mechanical representation, the dependence of a
state on time was determined by the Schrédinger equation,

W _ i h

Without questioning the correctness of that equation, we shall now
proceed to reformulate it so that it deals with physically observable
quantities, that is, expectation values.

Let us consider some physical quantity A, a function of the
canonical coordinates. Let the corresponding operator be Q.
Then if A is a representation of the state of the system at the time
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t, the expectation value of A is, in general, also a function of the

time ¢: _
A@®) = 4O A 0. (84)

Its rate of change may be determined with the help of the Schréd-
inger equation (83), reinterpreted as a matrix equation

b= —iHY P =ieH=IeH ®)
and comes out as

A= Av+e Al .
- HA-AH = HA=AR).  ©

In this last equation, the time derivative of one expectation
value is equated to the expectation value of another observable or
operator. Consequently, this equation holds irrespective of the
choice of representation. Once a mechanical system has been
defined in terms of its Hamiltonian (operator), the time rate of
change of any intercsting expectation value, including probability
distributions, is given by cq. (86).

At this point a new range of possibilities presents itself. We
have assumed, as a matter of course, that the states and their
representations are functions of time, and that the matrices repre-
senting physical observables are constant. But suppose we start
with such a representation and then go over to another representa-
tion with the help of a unitary matrix u,

u=ed,  y*=¢io 87)

(G being Hermitian), which is not constant in time. The new
representation will involve matrices that are time-dependent. In
general, the matrix A will go over into

A’ = ¢e® A 6, (88)
The time derivatives of ¢’ and A are the expressions

¢'=ﬁ<b+u<f>=(ﬁ—%uH)¢,
A =aAuv*+uAui* #0.

In other words, through an appropriate choice of G we may dis-
tribute the dependence on time between the state representations

(89)
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and the operator representations in any way we choose. The
‘Schrédinger equation (85) holds only for representations in which
all the time-dependence is thrown into the state representations.
Such representations are called Schridinger representations.

We can choose G in such a manner that the state representations
become constant. To do so, we must, according to eq. (89), satisfy
the differential equation

d=%uH=0- (90)

This equation has a simple solution,
G=3Ht u=a"
(1)

.ty iwe
u =EH6" .

With this particular unitary transformation, the matrices that
represent observables become

A’ = e A ei, (92)
and their time derivatives are

A= % H o't A e_%"' — M A oA H)
i (93)
=7‘(HA' - A'H).

This type of representation, called a Ileisenberg representation, is
the diametric opposite of the Schrodinger representation. In
Heisenberg representations, there is, of course, no differential equa-
tion for the time derivatives of the state representations, because
these derivatives vanish. The Schriodinger equation is replaced
by a differential equation for the observables (or their matrix
representations), namely, eq. (93).

In the solution of practical problems, either the Schrédinger
or the Heisenberg representation may be the more convenient. In
perturbation theory, an intermediate between these two extreme
possibilities is often used, the so-called interaction representation.
In the interaction representation the characteristic states of the
zeroth approximation are made to be constant in time, and as a
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result the time-dependence of the exact states directly represents
transitions between these zeroth-order approximation states.

12.4. The harmonic oscillator

To show the usefulness of the matrix formalism, in the conclusion
of this discussion we shall work through one example, one that we
have already treated with the help of wave-mechanical methods.
We shall calculate the energy levels of a one-dimensional harmonic
oscillator.

In matrix algebra, this problem must be formulated as follows:
Given the form of the Hamiltonian matrix as a function of the
matrices x and p,

Ky 1,
H=5x"+5-¢" (94)
find those numbers E; which permit solutions of the equation

H (l)k = Ek d)k. (95)

We shall choose as our base set the (unknown) characteristic
states of the oscillator itself. In this representation, the matrix H
takes the form

Hpn = En Smn. (96)

We know nothing as yet concerning the form of the matrices p and
x, except that they satisfy the commutation relation,

px-xp=%1, 97)

and that they are Hermitian.
To simplify our problem, we shall start by introducing a new
matrix a and its Hermitian conjugate a* by means of the definition

1
V'2h

* 1

a* = /o [(m k)% x — i(m )% p].

a= [(m k)% x + i(m x)~% p],

(98)

We shall find it easier to determine this new matrix than x and p.
a and a* satisfy the commutation relation

aa*—a*a=1. (99)
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The Hamiltonian (94), in terms of this new matrix, becomes
H=~%tw@*a+ 1) = ho(aa* — §1). (100)

Let us multiply the first expression (100) from the left by a and
the second expression from the right by a, and then subtract the
two resulting equations from each other. We get

aH=%hw(aa*a+ 3a),
Ha=hw(@aa*a — %a), (101)
aH—-Ha=howa.
Because of eq. (96), we have
aix Bx — Eiap = hwa (102)
or (Ex — E; — hw)ax = 0. (103)

This last equation can be satisfied only if either the first or the
second factor vanishes. We find then that the only matrix cle-
ments a;x that do not vanish are those for which the difference
between E; and Ej equals & w. So let us assemble a sequence of
energy values in which each following element exceeds the preceding
one by this amount, so that

 E.=Etnho. (104)
At this stage we do not yet know whether there is a first element in
this sequence or whether the sequence starts with n = — o,

The only matrix elements a; different from zero are those in
which the second index is greater by 1 than the first index. If we
wish to satisfy the commutation relation (99), then, we find that

|@nnpa]? = |@n—1,q|?2 = 1 if n is not the first index in the
sequence,
(105)
[ =1 if n is the first index,
showing that

|@n,ns1] = Ve + n. (106)

This equation proves conclusively that there ¢s a first element,
because |@n,n1| cannot become complex. We shall call this first
index 0 and set

Qnonp1 = VeE+ N n=0,1, « - -). (107)



280 THE ABSTRACT THEORY [§12.4

Since there is a first state in the sequence, the second part of eq.
(105) is applicable with n = 0,

lan? = 1, (108)
and e comes out as 1.

If we substitute this result back into either of the two expres-
sions for the Hamiltonian, (100), we find for the energy levels, as we
did before,

En=(n+3tae (m=0,1,"--"). (109)

Besides, we have found a convenient form for the matrix a and,
therefore, also for the matrices x and p. These forms are also use-
ful in problems not involving the harmonic oscillator. Naturally,
in other problems this choice for x and p will not produce a Hamil-
tonian as simple as (96). After all, if we expand with respect to
the characteristic states of the Hamiltonian matrix (94), we cannot
expect any matrix except this one to consist only of diagonal
elements.

Problems

1. Determine the matrix elements z;; and pix in terms of the character-
istic functions of the time-independent Schrddinger equation for a one-
dimensional particle in a box with rigid walls. In this case, the commuta-
tion relation (38) is not satisfied (you can verify this statement explicitly).
Why?

Compare this situation with the one-dimensional harmonic oscillator
where the corresponding matrices do satisfy eq. (38).

2. Recast the Schrédinger perturbation calculation, Sections 11.2 and
113, into the form of a matrix representation.

3. Set up the commutation relations between the three components of
the angular momentum, basing your derivation on the definition of the
angular momentum as the vector product of radius vector and linear
momentum. Show that each component commutes with the square of the
angular-momentum operator.

4. Starting with the commutation relations obtained in the preceding
problem, find finite matrix representations for the components of the
angular momentum and determine characteristic values. This you can
do best by assuming that the square of the angular momentum and one
component possess joint characteristic functions (which they do because
they commute) and by attempting the expansions in terms of this set.



Chapter 13

Summary and Outlook

This book is devoted to those parts of physics which deal with
the atomic and molecular structure of matter. Heat physics is con-
cerned with the interchange of energy between the macroscopic and
the microscopic degrees of freedom of matter. Quantum physics
has proved its necessity, and has achieved its most brilliant suc-
cesses, in treating the behavior of the electrons in the atom, the
forces between the atoms in the molecule, and the forces that hold
solids together—those which determine their heat capacity, their
heat conductivity, their electric resistivity, and their magnetic
properties.

In this book we have done no more than discuss the foundations
of these vast fields; in quantum physics we have not even quite
completed the discussion of the foundations. As for thermody-
namics, a great deal of work has been done applying the general
laws to the phase changes of pure substances, of solutions, alloys,
and so forth. Another great field of applications lies in the great
variety of chemical reactions whose equilibrium points are deter-
mined by the particular properties of each reaction and also by the
general thermodynamic laws. A more recent field of application
has been the treatment of reactions that take place at great speed,
such as explosions and the burning of liquid or evaporated fuels in
combustion chambers.

As for quantum mechanics, we have omitted the treatment of
systems involving several identical particles. In the Hamiltonian
of such systems, the coordinates of these identical particles appear,
of course, in perfectly symmetrical fashion; for example, if in a
helium atom we effect a complete exchange of the coordinates and
momentum components of the two electrons, the energy of the
system will remain the same. In classical physics this symmetry
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has no particular consequences, but in quantum physics it has the
result that those states in which the interchange of all the particle
coordinates leaves the state intact and those in which this inter-
change produces a change in sign are separated permanently; there
can be no transitions between one type of state and the other, not
even in the presence of perturbations. Apart from the fact that the
so-called symmetrical states always have different energy levels
from the antisymmetric states, one big difference is that certain
energy levels possible with symmetrical states have no counterparts
in antisymmetric states. Those levels in which two identical parti-
cles have completely identical quantum numbers can exist only in
symmetric states.

Experience has taught us that the symmetry character of the
state in this respect is an inherent property of the different types of
particles. The states of several electrons are always antisym-
metrical, and so are the states of several protons. Photons—if we
want to call photons particles—always occur in symmetrical states.
Apart from the analysis of spectra, where the Pauls exclusion prin-
ciple (that no two clectrons can have all quantum numbers in com-
mon) is of the greatest importance, this principle has also consider-
able statistical significance in systems involving large numbers of
identical particles. An example is provided by the statistics of
the “gas’” of the relatively free electrons in the interior of a metal
that are responsible for the conduction of both heat and electric
current.

Another matter we have not treated is the fact that electrons
and protons, and probably also most of the other elementary par-
ticles, possess an intrinsic angular momentum, the so-called spin,
and an intrinsic magnetic dipole moment. This property of ele-
mentary particles is closely connected with certain features of the
relativistic quantum mechanics, which was developed by Dirac.
All these things are necessary for an understanding of the behavior
of elementary particles, but apparently they are not sufficient in
themselves.

Our present theories run into serious difficulties on two fronts.
One is the interaction of the elementary particles inside the atomic
nucleus. These particles, protons and neutrons, all move within
about 10~13 ¢m, whereas intraatomic and intramolecular distances
are of the order of 10-8 cm. Although a great deal of partially
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successful work has been done on nuclear forces, we still lack a
basic understanding of the nature of nuclear forces; nor do we
know exactly how they are related to the mesons, even though
Yukawa proposed the first meson theory of nuclear forces as early as
1935.

The other field in which present theory is unsatisfactory is the
quantization of physical fields. To the best of our present knowl-
edge, we can deal mathematically with the electrons and with their
interaction with the electromagnetic field. However, to complete
the calculations even the most recent theories have to use certain
semiempirical formal devices, to cope with serious divergences in
the higher approximations of a perturbation calculation.

Probably contributing to both of these difficulties is our basic
inability to account for the properties of the elementary particles.
We know from experience that all electrons have the same charge
and the same mass, but these facts do not form part of the founda-
tions of quantum physics. We could apply the quantum-mechan-
ical formalism just as well to a universe in which no two elementary
particles are entirely alike. At present no approach shows much
promise, although the problem is recognized by all workers in the
field and many proposals have been made how to construct a theory
of elementary particles.

At the conclusion of this last chapter, the epistemological ques-
tions raised by quantum mechanics deserve at least brief mention.
In classical physics, we deal with a physical universe whose existence
need not be questioned. It is there for all to see, and all the experi-
mental physicist has to do is to measure every possible parameter
as accurately as possible in order to find out, in principle, every-
thing there is to that universe. In quantum mecchanics, the
theory predicts only probability distributions. True, for any one
variable suitable measurements can narrow the range of possible
values as much as desired, but automatically such measurements
produce a very broad probability distribution for the canonically
conjugate variable. That is the physical significance of Heisen-
berg’s uncertainty relation.

The most nearly complete information obtainable about a
quantum-mechanical system is summarized in its state. But this
state is not itself the object of physical measurements. As a matter
of fact, most measurements on a system change its state in an unpre-
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dictable fashion. If, for example, we know the energy and the
linear momentum of a free particle with great accuracy, that par-
ticle’s state is very nearly determined. Its wave function (in con-
figuration space) will be an almost plane, almost monochromatic
de Broglie wave. In momentum space, the wave function (that is,
the Fourier transform of the de Broglie wave) will have a very large
amplitude for a very narrow interval of momentum values and will
be almost zero elsewhere. If we now subject our particle to a very
precise measurement of its location, if we look at it with an “X-ray
microscope’’ (since resolution is limited by the wave length of the
radiation employed), interaction with the high-energy photons
employed will invalidate all the information concerning momentum
and energy that we had acquired previously, replacing it by informa-
tion concerning position. The resulting wave function in configura-
tion space will now be highly peaked in a narrow region and very
small elsewhere, and its Fourier transform in momentum space will
be broad and evenly distributed. However, until we have actually
carried out this position measurement, until the electron has actu-
ally scattered a high-frequency photon, there is no way of predicting
the location of the peak of the new wave function in configuration
space.

Apparently the duality of quantum physics destroys the class-
ical concept of causality. Here we have experiments whose out-
come is unpredictable in spite of very nearly perfect information at
the beginning. Coupled with this invalidation of classical causality,
we face an invalidation of the concept of reality as applied to
classical mechanical concepts. We have no right to assign to a
free particle definite momentum and definite location at the same
time, since we cannot determine these two types of quantities simul-
taneously; nor does quantum mechanics permit us to formulate a
single possible ‘‘state’’ incorporating both these features.

One might argue that particles possess both location and momen-
tum but that our experimental means are at present insufficient to
determine both at the same time, and that quantum-mechanical
descriptions of nature are incomplete in a manner to match our
present experimental deficiencies. But we can devise experiments
in which particles with known momentum behave differently from
particles with known locations. Again merely as one example,
consider electron diffraction by crystals. By accelerating slow
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electrons through a known electric potential, we can produce a
stream of electrons that within narrow limits all have the same
momentum and energy. If we pass these electrons through a very
thin layer of crystallized material, we obtain a diffraction pattern
from the crystal grating which is closely similar to that obtained by
means of the monochromatic X rays. In more recent times the
same experiment has been performed successfully with neutrons,
which are much heavier and hence under ordinary circumstances
behave more nearly like classical particles. If, on the other hand,
we determine the location of electrons very exactly by passing them
through a system of very narrow slits or pinholes, the crystal
diffraction patterns will resemble those made by unfiltered, “white”’
X rays, that is, mixtures of a wide range of frequencies. In other
words, we cannot collimate a stream of electrons perfectly both
with respect to its cross section and its angle of divergence any more
than we can do so for a beam of light.

Many of these consequences of Heisenberg’s uncertainty prin-
ciple have been confirmed experimentally. Because of their obvi-
ous bearing on the meaning of reality of the physical universe and
on the meaning of causality, quantum mecchanics has led to a con-
tinuing reexamination of the epistemological foundations of the
physical sciences. One school of thought, the so-called logical
positivists, believes that it is unnecessary to postulate an existence
of the physical universe apart from our perceptions. They argue
that inasmuch as all our information about the universe consists
of the results of observations, the most that can be asked of a
physical theory is to describe the results of our observations and to
predict the results of future observations. Quantum mechanics
achieves these aims to the extent that it not only predicts the results
of some observations outright (if I have measured the momentum
of a free particle at a time &, I can confidently predict the result
of a new momentum measurement at a later time ¢,), but also tells
us when the results of these measurements will vary from time to
time (as I repeat the same experiment under identical circumstances
several times), and it furnishes probability distributions for the
results of such cases. According to the logical positivists, tacking
questions about reality onto these legitimate aspects of a physical
theory adds nothing but confusion.

Although the position of the logical positivists is logically
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unassailable, the same counterarguments apply that have been used
against positivism and solipsism! in the past. It is hard to believe
that there should be no intrinsic difference between the perceptions
of a scientist and a lunatic, even though the lunatic may be quite
as capable of predicting his future ‘observations.” It is also very
difficult to assign meaning to such obviously legitimate scientific
inquiries as those into the history of the earth prior to the onset of
life on this planet, the history of our solar system for the past 10°
years, and so on. Hardly anyone doubts that many of the classical
concepts that were created to formulate the laws of nature possess
no reality (the “ether’”’ is a clear-cut example) and correspond to
carlier and even less perfect states of knowledge than the present;
but most scientists feel intuitively that reality does attach to the
physical universe as a whole and to its building blocks as well.
We are simply not yet certain which of the present concepts will
turn out to be these building blocks.

Bohr has taken the attitude that the fault of classical physics
lies in that it attempts to discover physical reality in one object
taken in isolation and that, as a result, causality and reality tend to
evaporate before our eyes. He suggests that we should consistently
look at the physical object and our measuring devices as the unit to
which causality and reality must be applied. In his insistence on
the inclusion of the means of observation with the object to be
observed, Bohr approaches somewhat the position of the logical
positivists without, however, accepting most of their ultimatc
philosophical consequences.

Einstein objects to Bohr’s position on the grounds that it tends
to emasculate physical reality beyond the point he is prepared to
go to. Einstein, one of the early workers in quantum physics, has
consistently held that quantum mechanics is a temporary state of
the theory, which must be overcome ultimately by a theory that
resembles classical field theory much more closely than it does
quantum mechanics. Though agreeing that in any observation
we make, our measuring equipment interferes with the objects we

! Solipsism is an epistemological theory generally credited to Bishop
Berkeley (1685-1753), according to which reality attaches only to the Ego and
its sensations, including sense perceptions, but not to the presumptive external
causes of these sensations (the physical universe).
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wish to observe he feels that in our theoretical description we ought
to be able to conceive of the object apart from its interaction with
the measuring instrument.

Naturally, within the space of a very few pages, it is quite impos-
sible to report adequately on a controversy which is still in progress
and which has engaged the most profound thinkers in the field.
For the reader who wishes to examine the philosophical aspects of
quantum mechanics, the most convenient collection of original con-
tributions by the protagonists is undoubtedly the book Albert
Einstein: Philosopher-Scientist (Library of Living Philosophers,
Evanston, Ill., 1949). In fairness to the reader who does not pro-
pose to go back to the original literature, I shall sketch my own
attitude, which undoubtedly is coloring my presentation. I feel
very strongly that the physical universe is real and quite capable of
existing even without our ministrations. On the other hand, I feel
that the weight of the evidence supports quantum physics in that
we ought not to attribute identifiable characteristics to individual
electrons or other particles, or to their mechanical parameters, such
as position and momentum. To just which aspect of modern theory
one must ascribe the enduring quality of reality, I do not pretend to
know. Our physical measuring instruments consist themselves of
the same basic ingredients as the rest of the universe, and I do not
belicve that the interaction between a measuring device and the
object to be measured is different in principle from the interactions
of any other physical objects. Whether we care to read a dial or
not, in other words whether we complete the observation or let the
measuring instrument remain part of the unobserved universe, can-
not affect the behavior of the instrument. On the other hand,
quantum mechanics shows that in general we lack sufficient informa-
tion concerning the initial relationship between object and measur-
ing device to predict with certainty the result of the interaction. It
is possible to construct exceptions to this general rule, however,
just as in particular situations it is possible to predict the outcome of
measurements.

Thus it would appear that at least some aspects of the wave
function of de Broglie and Schrédinger contain the ““reality’” of a
physical situation, but there remains the question whether we can
analyze more precisely the effect of a measurement on this wave
function than is usually done. My point of view would seem to lie
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somewhere between those professed by Bohr and by Einstein, but
probably closer to Einstein’s.

Surely, quantum mechanics and its more recent development,
quantum field theory, have achieved outstanding successes, which
appear to preclude a retrogression to the old classical approaches.
But acceptance of the new theory forces us in the long run to exam-
ine carefully its epistemological implications. In so doing, we
should not assume that the present state of the theory is final
either. In quantum electrodynamics and in the field of nuclear
physics, we have come face to face with very serious difficulties, and
we should be prepared for further revisions of even the fundamentals
of the theory. The physicist of today must master the many new
and strange aspectls of quantum theory in order to be able to make
his own contribution to the formation of the still stranger concepts
of tomorrow.



Further Reading

A number of general references that will be found useful by the
beginner in theoretical physics have been given under this heading
in the author’s Basic Theories of Physics, Mechanics and Electrody-
namics, published in 1949 by Prentice-Hall, Inc. We shall give
here a partial listing of books dealing with heat or with quantum
theory.

A textbook on heat, of superior organization and clarity, is
Planck’s Theorie der Wdrme (“‘ Theory of Heat’’), S. Hirzel, Leipzig,
1930. It is available in English translation (by H. Brose) as the
fifth volume of Introduction to Theoretical Physics, Macmillan,
New York, 1933. Thermodynamics and the Free Energy of Chemical
Substances, by G. N. Lewis and M. Randall, McGraw-Hill, New
York, 1923, deals exclusively with classical thermodynamics and
its application to chemical problems, but within its limited field
has become a standard text. There are several excellent texts on
statistical mechanics. Statistical Mechanics by J. E. Mayer and
M. G. Mayer, Wiley, New York, 1940, deals primarily with applica-
tions to equations of state and to heat capacities, using, however,
both classical and quantum-mechanical techniques. The first
hundred pages or so are devoted to a clear and succinct general
introduction to the subject. Two very able monographs on the
same subject are R. H. Fowler, Statistical Mechanics, 2d ed.,
Cambridge University Press, 1936, and R. C. Tolman, Principles of
Statistical Mechanics, Oxford University Press, 1938. Fowler was
the first to develop new and powerful methods of asymptotic
approximation to the integrals that need to be evaluated for the
partition functions of various systems. In 1946, E. Schriodinger
wrote a beautiful little book Statistical Thermodynamics, published
by the Cambridge University Press; in eighty-eight pages, this work
addresses itself to all the conceptual difficulties of both classical
and quantum-mechanical statistics and contributes new and inter-
esting approaches. It is definitely not for the beginner, but will be
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enjoyed by the intermediate and advanced student of the theory of
heat. Mathematical Foundations of Statistical Mechanics by the
well-known Russian mathematician A. I. Khinchin, translated by
George Gamow and published in 1949 by Dover Publications, New
York, contains the most lucid account of the mathematical and
statistical arguments leading to the Boltzmann factor known to
this writer.

In quantum mechanics, in spite of the transcending importance
of the subject in contemporary physics, there is no great number
of texts to choose from. The classical account by A. Sommerfeld,
Wave Mechanics, is available in English translation (Dutton, New
York, 1929). Probably because it was written over twenty years
ago, this book is not too abstract and is very readable, but should
not be considered an introduction to all the important applications
of quantum mechanics known today. A very excellent text by
H. A. Kramers, Die Grundlagen der Quantentheorie—Quantentheorie
des Elektrons und der Strahlung (Akademische Verlagsgesellschaft,
Leipzig, 1938, reprinted by Ildwards Bros., Ann Arbor, Mich., 1944),
and the famous Handbuch article by W. Pauli, ‘“Die Allgemeinen
Prinzipien der Wellenmechanik’’ (reprinted by Edwards Bros. in
1946) have not been translated into English.

Among the elementary introductions to quantum mechanies in
English, V. Rojansky’s Introductory Quantum Mechanics (Prentice-
Hall, 1938), provides thorough drill in the mathematical techniques
required for the treatment of single-particle problems; L. Pauling
and E. B. Wilson have written an Introduction to Quantum Mechanics
(McGraw-Hill, New York, 1935) that also requires only relatively
elementary mathematical knowledge on the part of the reader (it is
intended to be comprehensible to graduate students of chemistry
as well as of physics), but which carries its discussion forward to
the quantum theory of the chemical bond and molecular structure.
This book is written with a certain lightness of style that facilitates
the study of even the more difficult problems. Fundamentals of
Quantum Mechanics, by E. Persico (translated by G. M. Temmer,
Prentice-Hall, Inc., 1950), is a recent addition to the introductory
presentations. Persico devotes considerable effort to the elucida-
tion of the fundamentals of quantum mechanics, discussing thor-
oughly the experimental evidence suggesting the correctness of new
quantum-theoretical concepts.
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Among the more advanced texts, there is one by L. Schiff,
Quantum Mechanics (McGraw-Hill, 1949), and another by D. Bohm,
Quantum Theory, (Prentice-Hall, 1951). Schiff’s book is a very
comprehensive treatment and includes the presentation of the
theory of continuous spectra, collision problems, Dirac’s relativistic
theory of the spinning electron, and an introduction to quantized
fields. Bohm’s book contains less material but deals extensively
with the physical significance of the quantum-theoretical methods,
including a very thorough discussion of the quantum theory of the
process of measurement.

P. A. M. Dirac’s The Principles of Quantum Mechanics (Oxford,
3d ed., 1947) is a definitive treatment of all the fundamental
aspects of the subject, including quantum electrodynamics, on a
very high level. For an introduction to the quantization of wave
fields, two books are to be mentioned (in addition to Pauli, Kramers,
Schiff, and Dirac above): W. Heitler’s Quantum Theory of Radiation
(Oxford, 1944) and G. Wentzel’s Einfiihrung in die Quantentheorie der
Wellenfelder (Deuticke, Vienna, 1943, reprinted in 1946 by Edwards
Bros.; translated in 1949 by Houtermans and Jauch for Interscience
Publishers, New York). Wentzel is very complete and includes a
good deal of material on meson fields.






Index

[Italicized numbers refer to the principal discussion of a subject]

A

A priori probability 14, 99
Absolute scale 111, 117
Absorption 247
Abstract theory 254
Accclerating devices 26
Action 149
Adiabatic process 70
Alkali spectra 173, 174
Almost periodic functions 186
Alpha decay 219
Alpha particles 169
Angle:
of incidence 9
of reflection 9
Angular momentum 30, 208
conservation of 4
Anharmonic oscillator 179
Aphelion 224
Approximation methods 220
perturbation theory 225
WBK(J) method 220
Asymmetry in time 77, 126 (see also
Irreversibility)
Auxiliary conditions 101
Average 18, 131
energy 57
ensemble 18, 32, 131
time 19
Avogadro’s number 63, 116, 135

Ba 190

Balmer series 173

Band spectra 211

Barium 190

Base set 267

Bath 50 (see also Temperature bath)
Be 190

Berkeley (Bishop) 286

Beryllium 190

Bessel functions 140

Bessel’s inequality 228

Binomial series 50

Black-body radiation 124, 137
Planck’s law 156

Bohm 291

Bohr 137, 170, 197, 286, 288

Boiling point 90

Boltzmann 51, 98, 102

Boltzmann constant 116, 117, 132

Boltzmann factor 46, 51, 54, 148, 290

Boltzmann statistics 131, 133

Boundary conditions 139, 145, 186

Bracket average 32 (see also Ensemble

average)

Bragg’s law 196

Brillouin 220

Brose 289

Brownian motion 27, 123

Bulk modulus 91

C

Ca 190

Caesium 190

Calcium 190

Calorie 84

Canonical ensemble 55

Capacity, heat (see Specific heat)

Carbon monoxide 64

Carnot cycle 109

Cartesian product 34

Catalyst 103

Causality 284, 286

Cavity radiation 137 (see also Black-
body radiation)

Central limit theorem 52

Centroid 193, 255

Change of state 87

293



294

Characteristic function:
in statistical mechanics 38, 154
of an operator 206
Characteristic value 206
Characteristic volume 38
particle in a box 40
central force 41
harmonic oscillator 41
hydrogen atom 42
Chemical bond 290
Chemical reactions 87, 121
Clausius-Clapeyron equation 120
Close encounter 36
C, 64
CO 64
Coefficient of restitution 4
Collisions 6, 74
Commutation relation 264
Commutator 265
Complete orthonormal set 229, 267
Composite systems 33
Compression 70
Condensation 36, 87
Conduction of heat 6
Conductor, perfect 138
Configuration space 21, 190
Congruence of curves 21
Conservation laws 3
of energy 84
Continuity equation 222
Continuous infinite ensemble 18
Corpuscular hypothesis (of light) 122
Courant 140
Crystals 67
lattice 68
Cs 173
C, 64
Cycle 85, 106
Carnot 109
D

De Broglie 182, 186, 187, 189, 190,
196, 197, 287
De Broglie frequency 189
De Broglie waves 187, 221
stationary 203
Degencracies 174, 230
Degrees of freedom 20
thermodynamic 88
Delta function 52, 255
Density 7
in phase space 22, 26

INDEX

Density (cont.):

of distribution 17
Denumerable infinite ensemble 18
Devaluation of energy 127
Deviation, rms 14 (see also Rms)
Diagonalization 68
Diaphanous material 146
Diatomic gas 64
Differential:

exact 85, 105, 117

inexact 86
Differential equations 139

Fuchs type 209, 214

ordinary 139

partial 139
Differentiation:

local 25

substantive 24
Diffraction 182, 196, 225

of neutrons 285
Diffuse series 164
Dipole moment, magnetic 181
Dirac 282, 291
Dirac’s delta function 52, 255
Dissociation 65, 165
Distribution:

density 17

equilibrium 9

function 17, 38

step function 46

most probable 99

of energy 56

of velocity 11, 59, 60

stationary 28
Dot product 268
d-state 164, 212
Duality 284
Dulong-Petit law 69, 161
Dumbbell 64
Dynamical variable 17

E

Early quantum thcories 137
Effective nuclear charge 174
Efficiency 108
Eigenfunction 206
Eigenvalue 206

Einstein 286, 288
Elastomechanics 4

Elastic collision 74

Elastic string 183



INDEX

Elastic waves 183
Electron:

diffraction 196

gas 69, 282

microscope 26
Elementary particles 283
Emission:

induced 247

spontaneous 245
Endothermic reaction 90
Energy 205

conservation law 84

distribution 56

internal 71

rms spread 57

surface 30
Ensemble 13, 125

average 18, 32, 131

canonical 55

grand canonical 125

infinite 18

of trials 16

stationary 27, 28, 132
Enthalpy 88
Entropy 92, 104, 107, 112, 126
Epistemological questions 283
Equation(s) of state 5, 79
Equilibrium:

distribution 9

external 28

internal 27

metastable 105

state of 71
Equipartition law 61, 131, 134
Erg 84
Ergodic hypothesis 31 (see

Quasi-ergodic hypothesis)

Ether 122, 286
Evaporation 87
Event 13
Exact differential 85, 105, 117
Exchange forces 254
Exclusion principle 175, 282
Exothermic reaction 90
Expansion 70
Expansion theorem 226, 227
Exponential series 50

F

also

Fast changes 72
Field equations 139, 146

295

Field quantization 283
Field, statistical mechanics of 139
Fields of trajectories 21, 223
Fine structure 234
First law of thermodynamics 70
Fluctuations 5, 123
Fluid 80
dynamics 4
Forging of metals 70
Fourier:
coefficients 139, 185
components 139, 208
integral 47, 184, 192
series 185, 208
theory 256
transform 199, 256
Fowler 289
Frank 209
Free energy 119 (see also Gibbs poten-
tial and Helmholtz potential)
Freezing 87
f-state 164
Fuchs theory 209, 214
Fundamental series 164
Fundamental system 210

G

Galileo 122
Gamow 219, 290
Gas:
constant 116, 135
perfect 6, 116
polyatomic 8
scale of temperature §9, 117
Gibbs 56, 102
Gibbs potential 118
Grating (optical) 183
Gravitational potential 70
Green'’s theorem 227
Gross mechanical energy 4

H

# 158
Half-odd quantization 182, 211
Hamilton 5
Hamilton-Jacobi equation 197, 222,
223
Hamiltonian function 20
Harmonic oscillator:
anisotropic 179, 180



296

Harmonic oscillator (cont.):
closed orbits 150
in three dimensions 176
matrix method 278
phase integral method 156
wave-mechanically 213
Hartree method 26
He 173, 190
Heat 4
capacity (see Specific heat)
conduction 6
content 88
exchange 105
of formation 90, 121
transfer 70
Heat-dcath 122, 126
Heisenberg 266, 283
Heisenberg representation 277
Heitler 291
Helium 173, 190
Helmholtz 123
Helmholtz potential 118
Hermitian conjugate 274
Hermitian matrix 232 (see also Matrix)
Hierarchy of states 107
Hilbert 140
History of the universe 127
Homogeneous distribution 7
Houtermans 291
Huygens’s principle 225
Hydrogen atom:
in early quantum theory 169
in wave mechanics 216

Impulse 8

Inaccessible domains 103
Incidence, angle of 9
Incompressible fluid 25
Indicial equation 210, 216
Inelastic collision 74
Infinite ensemble 18
Infinitely slow process 71
Insurance 13

Interference 182, 192
Integrability conditions 87
Integral of the motion 29
Interaction representation 277
Internal energy 71
Irreversibility 92, 106

INDEX

Isobaric process 71, 87

Isobaric heat capacity 89
Isobaric-isothermal process 119
Isochoric process 71

Isochoric heat capacity 72
Isochoric-isothermal process 119
Isolated system 30

Isothermal process 71, 119
Isotropic motion 7

J

Jacket 138

Jacobian 22, 68

Jauch 291

Jeffreys 220

Joule 84, 106, 119

Joule’s experiment 84, 106, 119

K
K 173
Kelvin scale 106, 111, 117
Kepler 122

Khinchin 290

Kinetic energy, mean 76
Kinetic hypothesis 3
Kirchhoff’s law 138
Klein-Gordon equation 200
Kramers 220, 290, 291
Kronecker symbol 264
Kundt’s tube 202

Kusch 244

L

Lagrange’s multipliers 95, 101
Laplace transform 47

Large numbers 61

Lattice 69

Laurent series 209, 216
Legendre polynomials 212
Lewis 289

Li 173

Life insurance 13

Linear momentum 4, 30
Linear operator 269

Linear superposition 192
Liouville’s theorem 20, 93, 132
Lissajou figure 180

Lithium 173

Local derivative 25



INDEX 297

Logical positivism 285 N
Lorentz equations 187
Lorentz transformation 188 Na 173
Lorentz-covariant 187 Neutron 175
Lyman series 173 diffraction 196, 285
Newton 122
M Noble gases 6
Norm 268
Machine 107 Normal mode 143, 183, 191, 206
Magnesium 190 Normalization:
Magnetic moment 181 of entropy 115
Magnetization 70 of wave functions 204, 268
Map 266 Notation:
Margenau 140, 209 in thermodynamics 88
Matrix 260 matrix 272
anti-Hermitian 265 Nuclear physics 288
commutation 261, 264 Nucleon 175
Hermitian 232, 260, 274
identity 272 o
product 260
sum 260 0. 64
unit 272 Observable 254
unitary 274 Occupation numbers 99
Maxwell 139, 186 Operator 266
Maxwell-Boltzmann statistics 131, commutability 269
133 Hermitian 269
Maxwell’s equations 146 identity 269
Mayer, J. E. 289 linear 269
Mayer, M. G. 289 Orthogonality 226
Mayer, R. 123 . Orthonormal functions 227
Mean square spread 19 Oven 138
Measure 17 Oxygen molecule 64
Measuring device 286
Mechanical equivalent 84 P
Mechanical work 70, 82
Melting 87 Paddle wheel experiment 84, 106, 119
Membrane (vibrating) 186, 202 Parabolic coordinates, 181, 219
Meson 283, 291 Partition function 57, 133
Metastable equilibrium 105 of a quantized system 156
Meteorite 30 Pauli 175, 290, 291
Mg 190 Pauling 290
Microscopic events 5 Penny matching 14
Millman 244 Percentage 13
Modes of vibration 143 Perfect conductor 138
Molar heat capacity 11 Perfect gas 6, 116
Molecular beam 244 Perfectly elastic collision 74
Molecular structure 290 Perihelion 224
Momentum space, transition to 198 Periodic coordinates 223
Monatomic perfect gas 6 Perpetuum mobile of the second kind
Multiplet 174, 234 106

Murphy 140, 209 Persico 290



298

Perturbation theory 168, 225
time-dependent 235, 252
time-independent:

with degeneracies 230
without degeneracies 225
Phase diagram 86

Phase integral 152, 153, 211 (see also

Sommerfeld and Wilson)
Phase space 20
quantization in 148
Phase transitions 120

Phenomenological thermodynamics 123

Photon 245
Piston 73

Planck 67, 137, 147, 148, 156, 159, 187,

190, 245, 289
Planck’s constant 149, 173
Poisson bracket 24
Polar molecules 234
Polarization 70
Polyatomic gas 8
Population 14
Positivism 286
Potassium 173
Potential box 219
Potential:

gravitational 70
vector 139
Yukawa 253
Precession 179
Pressure 8, 82
equilibrium 120
Principal series 164
Principles of impotence 123
Probability 13, 131
a priort 14
density 196, 222
waves 182, 197
Product:
dot 268
matrix 260
scalar 268
Proton 175
p-state 164, 212

Q

Quantization:
half-odd 182
in phase space 148
in wave mechanics 203
of fields 283
rules 149

INDEX

Quantized orbits 152
Quantum electrodynamics 288
Quantum laws 148
Quantum number:

azimuthal 164, 174

good 179

magnetic 164, 175, 208

principal 174

rotational 211

vibrational 211
Quasi-ergodic 19, 31, 94, 132

R

Ra 190
Rabi 244
Radiation theory 240
Radioactive decay 219
Radium 190
Rb 173
Randall 289
Random events 5
Reality 286
Recurrence formula 210
Reduced mass 43, 170
Reference state 86
Reflection, angle of 9
Relativity 122
Repository of energy 107
Representation:
Heisenberg 277
interaction 277
Schrodinger 277
Representative point 21
Resonance method 244
Restitution, coefficient of 4
Rms:
deviation 14, 18
spread 19, 255
of energy 57
Rod (vibrating) 202
Rojansky 290
Rotator 206
Rubidium 173
Rutherford 169, 170, 253
Rydberg formula 173, 218

3
Scalar product 268

Scattering 192, 253
Schiff 290



INDEX

Scprodinger 196, 254, 287, 289
Schréodinger equation, (see
equation)
Schrodinger representation 277
Schwarz’s inequality 202, 265
Screening 173
Second law of thermodynamics 92
Secular equation 232
Selection rules 175, 252
Self-consistent field method 26
Semiclassical radiation theory 240, 245
Separability 153, 253
Series:
binomial 50
exponential 50
geometric 158
Laurent 209, 216
spectral 164, 173
Shape of solids 70
Sharp series 164
Skidding on ice 121
Sodium 173
Solipsism 286
Sommerfeld 148, 153, 175, 190, 290
Space quantization 175
Specific heat 11, 64, 131, 133, 137
in quantum theory 161
isobaric 89
isochoric 72
Spectra 169
Spherical harmonics 140, 212
Spin 175, 282
Spontaneous emission 245
Spread 18
Sr 190
s-state 164, 212
Stark effect 234
State:
quantum 206, 267, 284
thermodynamic 79
Stationary ensemble 27, 28, 132
Stationary state 206
Statistical mechanics 5
for a field 139
Statistics 13
Maxwell-Boltzmann 131, 133
of quantum systems 153
Step function 46, 154
Stieltjes integral 17
Stirling’s formula 100
Strontium 190

Wave

299

Sublimation 87
Subset of trials 16
Substantive derivative 24
Sum over the states 57 (see¢ also parti-
tion function)
Supercooled phase 104
Symmetry of wave functions 282
System 13
composite 33
isolated 30

Temmer 290
Temperature 65, 126, 132
gas scale 59, 117
Kelvin scale 106, 111, 117
Temperature bath 50, 106, 132
quantized 154
Temperature, transition 120
Thermodynamic temperature scale
111
Thermodynamic weight 94, 98
Thermodynamics 4
Thomson 169
Time average 19
Tolman 289
Total reflection 191
Trajectory 21
Transformation theory 266, 273
Transitions 235, 252
phase 120
Transition temperature 120
Trend 27
Trials 14
ensemble of 16
subset of 16

U

Ultraviolet catastrophe 143, 145
Uncertainty relation 266, 283

\%

Van der Waals gas 121
Variable:

dynamical 17

of state 86, 102
Variance 18
Vector potential 139



300 INDEX

Velocity 21 Wentzel 220, 291
distribution 11, 59, 60 Wilson 153, 175, 190
Von Mises 209 Work 70, 82
w X
Wayves, elastic 183 X-rays 285
Wave equations 197 diffraction 196
Klein-Gordon equation 200 microscope 284
Schrédinger equation 200, 248, 277
for hydrogen atom 216 Y
for oscillator 214
for rotator 207 Yukawa 283
time-dependent 201, 275 Yukawa potential 253
time-independent 205, 206
Wave function 187 z
normalization 204, 268
Wave hypothesis of light 122 Zacharias 244
Wave mechanics 201 Zeeman effect 174, 253
Wave packet 192, 195, 202 ’ Zero-point cnergy 215
Wave propagation vector 142, 188 Zustandssumme 57 (see also Partition

WBK(J) method 220, 253 function)





















	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif
	00000083.tif
	00000084.tif
	00000085.tif
	00000086.tif
	00000087.tif
	00000088.tif
	00000089.tif
	00000090.tif
	00000091.tif
	00000092.tif
	00000093.tif
	00000094.tif
	00000095.tif
	00000096.tif
	00000097.tif
	00000098.tif
	00000099.tif
	00000100.tif
	00000101.tif
	00000102.tif
	00000103.tif
	00000104.tif
	00000105.tif
	00000106.tif
	00000107.tif
	00000108.tif
	00000109.tif
	00000110.tif
	00000111.tif
	00000112.tif
	00000113.tif
	00000114.tif
	00000115.tif
	00000116.tif
	00000117.tif
	00000118.tif
	00000119.tif
	00000120.tif
	00000121.tif
	00000122.tif
	00000123.tif
	00000124.tif
	00000125.tif
	00000126.tif
	00000127.tif
	00000128.tif
	00000129.tif
	00000130.tif
	00000131.tif
	00000132.tif
	00000133.tif
	00000134.tif
	00000135.tif
	00000136.tif
	00000137.tif
	00000138.tif
	00000139.tif
	00000140.tif
	00000141.tif
	00000142.tif
	00000143.tif
	00000144.tif
	00000145.tif
	00000146.tif
	00000147.tif
	00000148.tif
	00000149.tif
	00000150.tif
	00000151.tif
	00000152.tif
	00000153.tif
	00000154.tif
	00000155.tif
	00000156.tif
	00000157.tif
	00000158.tif
	00000159.tif
	00000160.tif
	00000161.tif
	00000162.tif
	00000163.tif
	00000164.tif
	00000165.tif
	00000166.tif
	00000167.tif
	00000168.tif
	00000169.tif
	00000170.tif
	00000171.tif
	00000172.tif
	00000173.tif
	00000174.tif
	00000175.tif
	00000176.tif
	00000177.tif
	00000178.tif
	00000179.tif
	00000180.tif
	00000181.tif
	00000182.tif
	00000183.tif
	00000184.tif
	00000185.tif
	00000186.tif
	00000187.tif
	00000188.tif
	00000189.tif
	00000190.tif
	00000191.tif
	00000192.tif
	00000193.tif
	00000194.tif
	00000195.tif
	00000196.tif
	00000197.tif
	00000198.tif
	00000199.tif
	00000200.tif
	00000201.tif
	00000202.tif
	00000203.tif
	00000204.tif
	00000205.tif
	00000206.tif
	00000207.tif
	00000208.tif
	00000209.tif
	00000210.tif
	00000211.tif
	00000212.tif
	00000213.tif
	00000214.tif
	00000215.tif
	00000216.tif
	00000217.tif
	00000218.tif
	00000219.tif
	00000220.tif
	00000221.tif
	00000222.tif
	00000223.tif
	00000224.tif
	00000225.tif
	00000226.tif
	00000227.tif
	00000228.tif
	00000229.tif
	00000230.tif
	00000231.tif
	00000232.tif
	00000233.tif
	00000234.tif
	00000235.tif
	00000236.tif
	00000237.tif
	00000238.tif
	00000239.tif
	00000240.tif
	00000241.tif
	00000242.tif
	00000243.tif
	00000244.tif
	00000245.tif
	00000246.tif
	00000247.tif
	00000248.tif
	00000249.tif
	00000250.tif
	00000251.tif
	00000252.tif
	00000253.tif
	00000254.tif
	00000255.tif
	00000256.tif
	00000257.tif
	00000258.tif
	00000259.tif
	00000260.tif
	00000261.tif
	00000262.tif
	00000263.tif
	00000264.tif
	00000265.tif
	00000266.tif
	00000267.tif
	00000268.tif
	00000269.tif
	00000270.tif
	00000271.tif
	00000272.tif
	00000273.tif
	00000274.tif
	00000275.tif
	00000276.tif
	00000277.tif
	00000278.tif
	00000279.tif
	00000280.tif
	00000281.tif
	00000282.tif
	00000283.tif
	00000284.tif
	00000285.tif
	00000286.tif
	00000287.tif
	00000288.tif
	00000289.tif
	00000290.tif
	00000291.tif
	00000292.tif
	00000293.tif
	00000294.tif
	00000295.tif
	00000296.tif
	00000297.tif
	00000298.tif
	00000299.tif
	00000300.tif
	00000301.tif
	00000302.tif
	00000303.tif
	00000304.tif
	00000305.tif
	00000306.tif
	00000307.tif
	00000308.tif
	00000309.tif
	00000310.tif
	00000311.tif
	00000312.tif
	00000313.tif
	00000314.tif
	00000315.tif
	00000316.tif
	00000317.tif
	00000318.tif
	00000319.tif

