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PREFACE

The geometry of 7z dimensions, as developed by pure
mathematicians, is a somewhat recondite and difficult subject,
most of which is remarkable more for its aesthetic appeal than
for its utility. Certain branches of it, however, have an
immediate application in statistics, partly in clarifying statistical
ideas, partly in solving distributional problems. In fact, it is
not easy to develop a comprehensive theory of statistics without
introducing n-dimensional geometry at a fairly early stage.

In teaching statistics at the advanced level I have found
that most students, even those with a good mathematical
background, encounter serious difficulty with proofs depending
on n-dimensional systems. The following course was given at
the London School of Economics in 1960 to fill a gap in my
students’ knowledge. It does not purport to be a complete
account of n-dimensional geometry or to replace the excellent
little book by D. M. Y. Sommerville, first published in 1929 as
An Introduction to the Geometry of N Dimensions. My object
was to set out that part of the subject which had statistical
applications and to sketch very briefly what those applications
were. Since teachers in other parts of the world doubtless
encounter similar difficulties, I decided to publish the lecture
notes in the hope that they might be found generally useful.
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Although I have no direct experience, I suspect that there
are other fields of applied mathematics where the ideas of
n-dimensional geometry are serviceable; and I hope, accord-
ingly, that the first half of the book, at least, may help students
and teachers outside the domain of theoretical statistics.

From the nature of the case, diagrams of z-dimensional
situations are difficult, if not impossible, to present. In
lecturing, however, I make a free use of two-dimensional
drawings of two- and three-dimensional cases, and I would
recommend the student to get into the habit of sketching these
simpler cases for himself, so as to prepare himself for the
visualization of the #-dimensional extensions.

My thanks are due to Mr. T. M. F. Smith and Mr.
A. W. Matz, who read the typescript of the book and materially
helped to remove obscurities and misprints. Doubtless some
remain and I should be grateful to any reader who calls them

to my attention.
M. G. K.
I.oNDON,

May, 1961.
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PART 1

THE GEOMETRY OF n DIMENSIONS

Introduction

1 There are at least two ways in which a geometry may be
developed. The first is familiar to anyone who has studied
Euclid’s Elements or its modern equivalent at school. It begins
with certain undefined ideas such as “point” and ‘straight
line’’; it requires them to obey certain postulates; and it then
proceeds to develop a series of propositions by purely deduc-
tive logic. As is well known, a remarkably large body of

theorems can be deduced from comparatively few primitive
ideas in this field. .

2 The second approach, originated by Descartes, is to relate
the concepts of geometry to the properties of numerical co-
ordinates. A point in a plane is defined by a pair of numbers
(x,y). A straight line is the locus of all points obeying a linear
relation Ix +my+n = 0; and so on. Coordinate geometry lacks
the elegance and aesthetic appeal of the classical Greek system,
but it is much more powerful and enables us to apply to the
geometrical domain many of the results of numerical, algebraical
and analytical mathematics.

3 Theidea of “dimension” itself is, on the axiomatic approach,
usually introduced intuitively. We all “know’ what is meant
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by one, two and three dimensions. In actual fact, we experi-
ence only three-dimensional objects, the two- and one-
dimensional concepts being abstracts from observation. They
do not cause us much difficulty. When we wish to proceed
from three to more dimensions, however, we run up against a
conceptual barrier so difficult that many people cannot
surmount it. Just how far certain gifted individuals can
visualize, say, a space of four dimensions is an arguable matter
which it would be wise to leave to the psychologists. My own
opinion is that nobody can. (The so-called four-dimensional
continuum consisting of three spatial and one temporal dimen-
sion is quite a different thing and is not relevant here.) But
these difficulties of “‘seeing the situation” do not prevent us
from setting up a geometry of n» dimensions in the classical
sense and of reasoning about it.*

4 In the following treatment we shall rely mainly on the more
modern approach through coordinate geometry. A point in
n dimensions is defined as an ordered set of quantities
(%4, X5, ..., %,) and there is no real difficulty in making » as
large as we please. The geometry we shall be concerned with
is then equivalent to the mathematics of these ordered n-uples,
which we can also, if we wish, interpret as vectors (usually
column-vectors). From this viewpoint our ‘geometry”
becomes a branch of numerical mathematics couched in a
particular language, and it is always possible to express our
results in a non-geometrical form. For example, in two dimen-
sions two straight lines always meet in a single point except
when they are parallel. This is equivalent to saying that the
two equations
Lx+lLy+l;3=0
myx+myy+mg =0

* The reader who is interested in the axiomatic approach will find
an account of it in Sommerville’s book (1958) (see page 63).
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have a unique solution unless the determinant
Lo b

my my

=lLmy—Il,m = 0.

5 What, then, is the point of having a geometry of #n dimen-
sions? Why not express all our results in terms of algebraic
quantities which make no demands on our powers of visualiza-
tion? There are, I suggest, three reasons:

(1) The language of geometry is much simpler and more
elegant than the language of algebra. To say that in three
dimensions a plane cuts a sphere in a circle is very much simpler,
and, in a sense, more immediately informative, than stating the
equivalent in terms of coordinates, which would have to go
something like this: the surface

(x—a)’+(y—b)2+(z—c)* =1r?
determines on the plane
Lhx+Ly+l;z2+1,=0

a curve which, with a suitable change of coordinates, can be
expressed in the form

(§ =)+ (n—R)* = p*

(2) It is possible to carry through quite rigorous trains of
reasoning in geometrical terms without translating them into
algebra. This gives us considerable economy both in thought
and in communication of thought. We shall meet many
examples in the sequel. One reason for this possibility is that,
although we are working with a coordinate system, most of
the results we need are independent of the system and are
therefore invariant under certain classes of coordinate trans-
formation. The language of geometry embodies this element
of invariance.

(3) Most important, perhaps, is the fact that our geometrical
imagery in two or three dimensions suggests results for more
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dimensions and offers us a powerful tool of inductive or creative
reasoning. For example, in three dimensions two spheres
intersect in a circle (if they intersect at all). This immediately
suggests that in z dimensions two hyperspheres of n—1
dimensions intersect in a hypersphere of #—2 dimensions, a
proposition which is easy to verify. Some of the results which
we shall encounter later were suggested by this kind of
analogical argument. Even persons who refuse to recognize
its rigour must acknowledge its creative possibilities. Some of
the results arrived at in this manner are, indeed, exceedingly
difficult to establish by analytical methods.

6 Apart from the simpler undefinables of classical geometry
such as point, line and curve, we shall require certain other
notions, of which the chief are distance, angle between two
lines, and volume (or content). These can be defined
analytically, e.g. the distance between two points (x;, X, ¥3)
and (yy,¥s¥s) in three dimensions may be defined as the
positive square root of

(%7 =31)%+ (%2 —¥2)? + (%3 — ¥3)>

In geometries where distance is defined differently (for
example, in Riemannian geometries where spaces are “‘curved”
and a metric is set up in terms of a quadratic differential
element) our intuitive ideas may need severe conditioning.
But such matters will not concern us here. If we have to deal
with curved surfaces they will be immersed in flat or Euclidean
spaces, just as the surface of an ordinary sphere is immersed
in the ordinary three dimensions of experience. We shall find
that in » dimensions our ideas of angle and volume are fairly
straightforward generalizations of the three-dimensional con-
cepts. Straight lines are the shortest distances between points,
parallels exist, and Pythagoras’ theorem holds almost by
definition.



Reality

7 Questions of reality, however, sometimes need attention.
In axiomatic geometries such as the two-dimensional geometry
of the schoolroom we are concerned almost entirely with real
points. Thus, for example, we have to say that a straight line
meets a circle either in two points, or in one point (as a tangent),
or no points. From the analytical viewpoint we can put this
more simply at the expense of admitting complex numbers: a
linear and a quadratic form in two variables with real coefficients
have two values in common, both real, both real and coincident,
both imaginary. Attractive as this may be from the point of
view of generality, it is a resource which is not always open to
us in the applications of #-dimensional geometry which we are
going to consider. In integrating over a domain determined by
certain boundaries, for example, it is vital to know how those
boundaries intersect in the real domain.

Varieties

8 Consider, then, the aggregate of points typified by
(%4, %3, ..., %,), where the x’s can take any real values from
—o0 to co. We shall refer to this space as an S,,.

Any equation in the variables x determines a subspace in S,,.
This is called a variety. For the most part we shall be concerned
with varieties determined by rational integral algebraic
equations. If the degree of such an equation is 7 we say that the
order of the variety is r and write it as V7_;. It is of n—1
dimensions because #—1 coordinates are sufficient to fix a
point on it. Likewise if we have a set of p equations in
%y, X9, ..., %, they define a V! , where A is its order as
defined in section 13 below.

Intersections of varieties
9 Two varieties in an S, may or may not have points in
common. For example, a line and a circle in three dimensions
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may not meet; a circle and a sphere in three dimensions will
meet (if at all in the real plane) in two points unless the circle
lies entirely on the sphere; and so on. Generally, ifa V,_, and
V.., have points in common, they are said to intersect. By the
definition of variety, this intersection is a variety. In general,
al, ,andaV,_, intersect in aV,_(,,,. For the first is deter-
mined by p equations and the second by ¢, and hence their
common set of values by p+g¢ equations. If p+q=n the
varieties will intersect only in points. If p + ¢ <z they will not,
in general, intersect at all.

By extension, a V,_,, V,_,and V,_, intersect ina V,_, . ..
This is easily proved by induction, and the extension to more
varieties is immediate.

10 To avoid prolixity we may, at this point, set aside
from the main discussion certain degenerate situations. If, of
the p equations determining a V,_,, in S,,, some are dependent
on the others (i.e. can be expressed as a function of them) we
have fewer than p independent conditions, say p’, and the variety
is of n—p’ dimensions. Likewise if p independent and ¢
independent equations are not independent between themselves,
but are together equivalent to ¢ <p + ¢ independent equations,
they determine a variety of dimension z—¢. On occasion we
shall have to consider these degeneracies ad hoc, but for the
most part we shall, unless the contrary is stated, assume that
they do not exist or that they have been removed from the
situation by prior scrutiny.

11 Linear spaces are of particular importance. A variety of
order 1 is called a hyperplane, a prime, or a flat. If the p
equations in the (xy, ..., x,) are linear they define an (n—p)-flat,
which is an S, _,. A p-flat, then, is a flat (Euclidean) space of
p dimensions.

It follows from the definition that the intersection of two
flats is always flat.



An S, is called a (straight) line. In # dimensions (n—1)
equations are required to define it. As a matter of convenience
in symmetry, however, we sometimes write it in the form
(X relating to current coordinates, x to a point on the line)

Xl—x1=X2—-x2=X3—x3___ X,—x, (1)
Iy I Iy A/

which comprises (z— 1) independent equations. We also find

it convenient to represent the line with a parameter p by
putting

Xl = xl + Pll
X2 = x2+ P12
etc. (2)

12 An S, is called a plane. Except in three dimensions it is
not so easy to write in a symmetrical form similar to equation (1),
but we can write it in parametric form

Xy = %+ ply+omy
Xy = %3+ ply+om,
etc. 3)

Clearly if we eliminate p and o from the n equations (3) we
have n—2 linear equations in the current coordinates X which
define an S,. Conversely, given n—2 linear equations we can
reduce them to the form (3).

Example 1

In S, two planes intersect in an S;_;_; = S;, namely a line.
Two lines intersect in an S;_,_, = S_;, i.e. do not intersect in
general. In four dimensions, S,, two planes S, intersect in an
Si_2 5 =8y i.e. in a point. In Sy they do not intersect in
general.

In S; the three spaces S,, S;, S; intersectinan S;_;_, , = S,
i.e. in a point.



Example 2

A straight line in S, intersects a V_, in 7 points (some of
which may be coincident or imaginary). For the V7_, is defined

by one equation in the x’s of degree r. If we substitute from
equations (2) we have a polynomial of degree r in p, with 7 roots.

13 The order of a variety ¥, is most conveniently defined as
the number of points in which it intersects an arbitrary Sp_p-
This is consistent with our definition of the order of a V,_,.

AVyandaV;  inan S, will, in general, intersect in rs points.
Consider, in fact, the V7 defined by n—p equations, say of
degree oy, ay, ..., a,,_,. An arbitrary S, _, can be expressed, as
in equation (3), in terms of n—p parameters. When we sub-
stitute for the x’s and eliminate all but one of these parameters
we shall reach an equation in the remaining parameter of degree
® &y ...y p. The original set of n—p equations are thus
equivalent to one of such degree which is the order r. Likewise
there is one equation of order s for V,_,. These two have, in
general, rs solutions.

Interpretation over matters of reality is nevertheless to be
carried out with care. In two dimensions two conics (F32) will
intersect in four points. But two circles will intersect only in
two real points at most, the other two being the imaginary
“circular points” at infinity.

Projection

14 In S, we can project a curve on to a plane by selecting a
point, joining it by straight lines to all the points of the curve
so as to obtain a cone, and observing the curve of intersection
of the cone and the plane of projection. This is conical projec-
tion. If theapex of the cone is at infinity all the lines of projection
are parallel. In particular, if they are at right angles to the
plane of projection we have orthogonal projection.

The process can be carried out in 7 dimensions. Given a ¥}
we can select a point O and construct the family of lines through
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O and V;. These lines will trace out another V] by intersection
with a given S,_;. We cannot, of course, project a V] by these
means on to a flat of dimension less than n—1. We could
construct more general methods of projection if necessary, but
they are rarely required.

Simple figures in n dimensions

15 The generalization of a polygon in two dimensions is a poly-
tope. Itis the figure bounded bya set of (n — 1)-flats. These them-
selves intersect, adjacent (7 — 1)-flats mecting in an (n—2)-flat
and so on. 7 faces meet in a point or vertex. The flat of r
dimensions is called an r-boundary. Thus, in three dimensions
the figure is bounded by planes; these meet in lines, the edges;
and these meet in points, the corners or vertices.

16 The least number of (»— 1)-flats which can enclose a space
and form a polytope is z+ 1. Thus in two dimensions we have
the triangle and in three dimensions the tetrahedron. Such a
figure is called a simplex.

Example 3

The triangle has 3 sides, 3 vertices.

The tetrahedron has 4 faces, 6 sides, 4 vertices.

Consider the simplex in 4 dimensions. This has 5 Sy’s as
“faces”. How many 2-flats, 1-flats and 0-flats has it ?

The answer is 10, 10, 5. The 3-flats meet in pairsin (3} = 10
ways to form the 2-flats. They meet in triplets in (§) = 10 ways
to form the 1-flats; and in sets of four in () = 5 ways to form
the vertices.

The general law for #» dimensions will now be clear. The
number of flats of dimension n—1,2—2, ... are the successive
terms in the binomial (1+1)**!, omitting the first and last
terms, which are each equal to unity.

17 A parallelotope is the n-dimensional analogue of the
parallelogram and is bounded by pairs of parallel (n—1)-flats.

9



Anticipating a little our treatment of angle and distance, we
may define an orthotope as the analogue of a rectangle, in which
bounding (n— 1)-flats are perpendicular, and a hypercube as an
orthotope in which the parallel bounding (z—1)-flats are all
the same distance apart.

Example 4

Consider a parallelogram in two dimensions. Take a third
dimension and a line in it through one of the corners of the
parallelogram. Consider the parallelogram as displaced with
its corner moving along this line, remaining parallel to its
original plane. It will then trace out a three-dimensional
parallelogram or parallelopiped. Likewise, a parallelotope in
n dimensions can be regarded as generated by an (n—1)-
dimensional parallelotope moving parallel to itself along a
straight line making an angle 0 with the (z—1) parallelotope.
Let N, be the number of r-boundaries of the n-dimensional
parallelotope and N, the number of 7r-boundaries of the
(n—1)-dimensional parallelotope. Consider the generating
function

Ny+ Ny t+...+ N, t*, 4)

where N, = 1. The N, boundaries are produced by the N;_,
boundaries of the (n—1)-dimensional parallelotope together
with its N boundaries of r dimensions in their initial and final
positions. Hence

N, = N, +2N;.
Thus

SN, = (%N, ﬁ)(2+t),

i=0 j=0
whence, by induction,
IN;t = (2+t)~. (5)

This arrays the r-boundaries of the parallelotope and we have
N, = 2n—r(:’). ()

10



For example, a hypercube in four dimensions has
8 three-dimensional (cubic) “hyperfaces”
24 two-dimensional (square) “faces”
32 one-dimensional “‘edges”
16 vertices.

18 If Q is a quadratic form in the variables %y, ..., x, (which
may also include linear terms), the ¥, _; defined by

O = constant

is a hyperquadric. As we shall see later, a transformation to a
new origin can be made to eliminate the linear terms, and with
such an origin our most general hyperquadric may be written

n

2 G XX = C. (7)
j,k=1

If ¢ = 0 we have a hypercone with vertex at the origin. In the
special case

n
Xxj=c ®)
1
we have a hypersphere.
Coordinate transformations
19 Consider a transformation
kid .
¥i= Sl % +a, i=12,..,n 9
i=1

This can be regarded as a displacement of the origin,
represented by a;, and a ‘“rotation”, represented by the
coefficients /;;. It is usually convenient to consider these
separately.

Of particular importance is the so-called “orthogonal” trans-
formation

yi= Xl (10)
j=1

11



where
n
.E lij lkj = 8y,
j=1
=1, i=k
=0, i#k (11)

Coefficients / can always be chosen so as to obey (11). In fact,
the conditions impose p+3p(p—1) = 1p(p+1) constraints on
p? constants, leaving us p (p — 1) further conditions at disposal.
We may say that the transformation has p(p—1) degrees of
freedom.

Writing L for the matrix (/;;) and L for its transpose we see

that (11) is equivalent to
LL =1
Thus
IZIIL] =1,

and since the determinants of the matrix and its transpose are

equal, we have
|L|?=1. (12)

We shall usually take the determinant as +1. (The negative
sign corresponds to a “left-handed” transposition and does not
affect the properties with which we are concerned.)

Note also that
Y =LX,
and hence
LY=LLX=X. (13)

Thus the transformation is bi-orthogonal.*

Helmert’s transformation

20 One particular transformation is of special interest in
* At this stage ‘“orthogonal’’ may be regarded as a convenient term

to describe this type of transformation. From the definition of angle

in section 23 it follows that it has the usual properties of rectangularity.

12



statistics. We put

1
= Jj(x1_x2)
1
Yo = :/—6-(x1+x2—2x3)

1
Y3 = ﬁz (%1 + %5+ 23— 3x,)

1
Yn-1= Jin(n=1)} {rrtap+ . ta, g —(n—1)x,}

1
yn=%(x1+x2+...+xn). (14)

The reader should verify that this transformation obeys
the conditions (11).

To reverse the transformation we use the last two equations
of (14) to obtain x,,. Then the last three to obtain x,,_; and so on.
We may also use the property expressed in (13) and, reading
the columns downward, write down at once

1
x = :ﬁ%‘*%)’z"‘---"‘ﬁm}’nq"'ﬁyn
1 1 1 1
Xy = “ﬁyﬁ‘%yz"' +:/{h_(7,l—_T)"}yn—1+ﬁyn
X3 = _'2*y2+--- +——1—*J’n—1+’l~yn
Jo J{n(n—1)} \n
o = __ . n=2
T N(CEIICE b
1 1
=P
n—1 1
Xy = _ﬁmyn—l'*':/;yn' (15)

13



From the last equation in (14), or adding the columns in (15),
we see that the mean of the x’s is given by

£= o (16)
Hence the variables
X=Xy Xog— Xy ooy Xpy_1—X
depend only on yy, ¥y, ...y ¥ 1.
Example 5
Consider the quadratic form % x?. We have the simple
identity =

T2 = Z(x;— X)*+ nk?
If we then transform to y’s by (14), in virtue of the remark just

made,
x? = (quadratic form in y;, ¥, ..., Yp_1) + V2.

This is a well-known result in theoretical statistics. If #
independent variables x are distributed in the normal form
with zero mean and unit variance, their joint frequency is
given by

1
dF = Wexp{—%zxz} dx,...dx,. (17)

When we transform to y’s (the Jacobian being unity) we have
dF oc exp (quadratic in yy,...,¥,_1) @Yy ... dy,_ exp(—}y3) dy,,

and hence y,, the mean of «’s, is independent of X (x;— )%
and therefore of the variance of x.
Furthermore, in virtue of the orthogonality of the trans-

formation,
n n
Y= Xy
i=1 i=1
and thus

n n—1
> (x;— %) = Tyt
i=1 =1

14



Hence the sum X (x;—X)? is distributed as the sum of n—1
variables y,,...,y,_;, which also are independent with zero
mean and unit variance.

Example 6

Consider the bivariate form, similar to that of the previous
example

%xzz'_ngxiui+ % u
i=1 i=1 i=1
=2(x—x)?2—2p2 (x— %) (u—it) + Z (u—ut)?
+ n{x2— 2pxu + u?}. (18)

Transforming by a Helmert transformation from x to y and
from u to v, we see that this is equal to the sum of two com-
ponents, a quadratic form in y;, ..., ¥, _1, 9y, ..., ¥, _; and a quad-
ratic in y, and v, (or ¥ and #).

Thus, in samples of # from the bivariate normal form

dF oc exp { (x®—2pxu+ uz)} dxdu

1
"2
the mean statistics #,# are distributed independently of a

quadratic form in x; — & and u; — .

Polar coordinates in n dimensions

21 In two dimensions we have the familiar polar trans-
formation

x; =rcosb, x,=rsinb, 0<r<oo, 0<0<2n (19)
with
X2+ x% = r? (20)
and a Jacobian
(xy, %) cos § sin 6
J=2"0%) =7. 21
o(r, 6) l —rsin@ rcosf 1)

15



In three dimensions, in so-called spherical polars, we have

x; = rcos 6, cos 0,

0<r<
with

x5 = rcos §;sin 0y,

N

— 37 <0, <4,

and (writing ¢ for cos and s for sin)

J= 9(2y, xq, X3)

o, 0,,6,)

Now consider

Xy =7 Cy
Xy =7CCy
Xy =706y
xX; =710
X, =7S$q,

€16 €152
— 1§ Cy —751 8,
—7rCy 8y recycy
cn—2 cn—l’
Cn—25n—1
Sn—2»
Cn—j sn~j+]’

0< 6,<2m,

— 2
re¢, | =r%cosb,.

ro
N

< 0, <3

x3 = rsin b,

(22)

(23)

(24)

Note that all the angles go from — 4w to }w except 6, ,,
which varies from 0 to 27. It is easy to see that

(25)



The Jacobian is

G B G ver CpgSp_y e 8
’—3162 see Cn—l —Sl cee Cn_zsn_l coe Cl
J =1
—€183 v Cpy —C1S3 v CpgSpq .. O
—€1C i Spy €6 e Cpy .. 0
1 1 1 1
_tl _tl _tl e lltl
= -1 mn—1 n—2
=TT T Cpy1Sg . Sy —ty —t, —ty.. O
—ty 1ty O ... 0

where ¢ stands for tangent. Subtracting each column from the
preceding one, we find, with a little manipulation,

J=r"1cp 223 e, . (26)

It is readily verified that for n = 2 and n = 3 these results agree
with those obtained directly, e.g. in (21) and (23).
Geometrically, we may picture the situation in this way:

consider the space with an origin and hyperspheres of constant
r centred on it like the layers of an onion. (The surface of
constant 7 is then a V2 ;.) The flat x,, = constant corresponds
to s; = constant or #; = constant. The space for which this is
true is given by

nzlx‘;? = r2cos? 6,

i=1
which is a V},_,, another hypersphere, in the S,_; determined
by x, = constant. Similarly in this S,_, the flat x,,_; = constant
corresponds to 6, = constant and determines a hypersphere
V.—sinan S, ,; and so on with diminishing dimension number
until we reach a circle in a plane.
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Example 7

Consider again samples of n from a normal distribution
with zero mean and unit variance. The distribution becomes

dF o exp (—%ﬁfxg) dxy ... dx,
i=1

ocexp(—3r3)rmtdrp=2ci3 ... ¢, ,db,...d0, .. (27)

Thus the distribution of r is independent of the distribution of
the angles 6,, ..., 8,_, and is given by

dF ccexp (— 4r?)rm-1dr. (28)

This is the familiar distribution of y2.
The independence of r and the angles 6 has one other far-
reaching consequence. If we have two algebraic forms homo-

geneous and of the same degree in the «’s, say f; and f,, their
ratio

t=filfe (29)

is of degree zero in x. Thus, in virtue of (27), the expectation
of any power of ¢ is independent of . Consequently, if f, is a
function of 7, the moments of # (and hence the distribution of #)
are independent of 7. Thus, for normal variation, with ¢ and f,
independent,

E(fl) = E(&/F) = E@)E(ff)

and hence

a formula which enables us to calculate the moments of the
ratio ¢t from those of its numerator and denominator.

Equation of a flat through given points
22 In n dimensions the general equation of an (n—1)-flat is

a, % +asx,+...+a,x, =k (31)
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If this passes through n points with coordinates x;;, Xy, ..., X3,
i=1,2,...,n, we have n equations typified by

Ay X+ Ay Xy + ...+ a, %, = R, i=12,..,n (32)

Eliminating the n+ 1 constants a,, a,, ..., a,, k from the (n+1)
equations (31) and (32), we have for the equation of the
(n—1)-flat

X, Xy ... x, 1
X1 Xay e Xpy 1

= 0. 33
Xyg KXoy ... Xy 1 (33)
Xpy Xpg - Xpp 1

If the matrix (x;;) is not of rank n the points are not inde-
pendent and the (n—1)-flat is not uniquely determined. The
generalization to n» dimensions of results which are familiar in
two and three will offer no difficulty. For example, with n = 3,
if the matrix (x;;) is of rank 2 the three points lie on a line and
a single infinity of planes will contain them.

N

Angles

23 Any two intersecting straight lines, in however many
dimensions, determine a plane which contains them both. The
angle between them in this plane is unique. Likewise, if two
lines do not intersect, we can select a point on one and draw
through it a parallel to the other. The angle between the two
intersecting lines is independent of where we choose the point
or which line we place it on, and hence determines the (unique)
angle between the lines.

Consider now a line in n dimensions given by equation (1):

Xl_x1=X2"‘x2= =Xn—xn

L A . I
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This goes through the point (xy,x,,...,x,). If we draw a
parallel through the origin O we shall have the line

X X, X,

TTL T 34
The constants /; are indeterminate in the sense that the line
remains the same if we multiply them all by the same constant.
We may, therefore, without loss of generality, require them to
obey the normalizing condition

TE=1. (35)

Now consider a plane X, = @,. This will meet the line in a
point P, say, with coordinates ay, [, a,/1,, I; a,/1,, etc. 'The distance
of this point from the origin is given by

2 2
0P2=a§+(ﬁ) +...+(l"”‘)

ll ll
a . .
= 1—21, in virtue of (35).
Thus '
a
I, = '(ﬁ’

Now a,;/OP is the cosine of the angle between the line and the
X;-axis. Similarly /; is the cosine of the angle between the line
and the Xj;-axis. The constants I, are therefore known as
direction cosines.

It follows that the orthogonal projection of a point (xy, ..., x,,)
on to the line (34) is distant 2/; x; from the origin. Its distance
from the line is then given by

St — (S )P
= SESx— (T, x,)?
= %E (lz xJ bl lj xi)2.
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24 Consider now a second line with direction cosines /;. The
projection of OP on to this line is OP cos ¢ where ¢ is the angle
between the lines. The projection of the line represented by /
on the X; axis is OPI; and the projection of OP on I’ is then
the sum of terms OP/;l;. Thus

cos¢ = 31,1 (36)
i=1

This is a fundamental formula which is a direct extension of the
results for two and three dimensions. The lines are orthogonal
if 2N’ =0. We may also write
sin®¢ = 1—(Tl')2 = 12 X2 —(Zll')?
= §E(LL-LL), L,j=12,..,n (37)
25 Consider now an (n—1)-flat which, without loss of

generality, we may suppose to go through the origin. It has,
say, the equation

Y4, X, =0. (38)
i=1
A line, also through the origin, of the form
Xl — Xn _
will lie in the (z— 1)-flat if and only if
Zai pl’l, = pzai l‘i = 0. (40)

Thus, the line with direction cosines proportional to the a’s
will be orthogonal to any line in the (z—1)-flat. This perpen-
dicular is called the normal to the (n—1)-flat. If we write the
equation of an arbitrary (n— 1)-flat in the form

SLX, = p (41)

the I’s are the direction cosines of the normal and p is the length
of the perpendicular from the origin on to the (n— 1)-flat.
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26 The angle between two (n—1)-flats may be defined as the
angle between their normals. Thus the angle between

X, =p (42)
and
L Xy=p' (43)
is given by
arccos (Z[; ). (44)

27 When we come to consider the angles between flats other
than S; and S,_; in S, we encounter a new idea which is not
visualizable in two or three dimensions. In fact, two flats may
have more than one angle between them.

Consider, for example, two planes in S,. They have one
point in common. If we regard one plane as fixed and the
common point as fixed on it, the other plane can vary about this
point in a double infinity of ways; for two additional points are
required to fix it. By fixing one angle with the first plane we
do not determine the second plane completely. We need two
conditions, equivalent to two angles, to do so. We may
therefore expect to find two angles between the planes. Any
two angles, in a sense, would do. But we shall adopt a criterion
suggested by definition of “the” angle between a line and a
plane in three dimensions. In fact, that angle is the minimum
angle between the given line and an arbitrary line in the plane.
We shall adopt this minimization principle.

28 Consider then an S,,_,, defined by p equations of type
ai1x1+ai2x2+...ainxn=0, i= 1,2,...,P. (4’5)

Writing A for the p xz matrix of coefficients and X for the
column (7 x 1) matrix of x’s, we have

AX = 0. (46)

We lose no generality by supposing the S,,_, to go through
the origin.
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If, then, L is the column vector representing a line in this
plane we have, as at (40),
AL =0 47)
subject to
L'L=1 (48)
Likewise in a second space S,,_, determined by ¢ equations
with coefficients B we have

BM =0 (49)
MM =1, (50)
where M represents an arbitrary line with direction cosines m;.

The angle between a line in one space and a line in the other
is the angle ¢ whose cosine is

L'M = M'L = cos¢ = R, say. (51)

We require to find stationary values of R subject to the four
conditions (47)—(50). Take Lagrange multipliers A, A,, oy, oy,
where A, is a (1 x p) vector and A, is a (1 x g) vector. Then we
require the unconditioned stationary values of

L'M-2,AL-2,BM—q, (L'L—1)—0,(M'M—1)  (52)

for variations in L and M. Differentiating by /;, m; in turn, we
have

M -2 A-20L"'=0 (53)
L'-2,B—-2«,M =0. (54)
Postmultiplying (53) by L, we have, in virtue of (47) and (48),
ML =2¢, =R (55)

and similarly
L'M = 2o, = R. (56)

Hence

-7 A=RL-M (57)
-2B=RM'-L". (58)
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Postmultiplying (57) by A’ and by B’, we have, since
(L’'A") = (AL) =0,

-2 AA' = -M'A’ (59)
-7 AB' =RL'B’, (60)
and similarly, postmultiplying (58) by B’ and by A’,
—-2,BB' = -L'B’ (61)
-2, BA’ = RMA. (62)
From (59) and (62) we then have
RAAA'+2,BA’ =0, (63)
and from (60) and (61) similarly
2,AB'+RA, BB’ = 0. (64)
Writing now
U = AA’ (a symmetrical p x p matrix), (65)
V = BA’ (¢ x p matrix), (66)
V' = (BA’) = AB’ (p x ¢ matrix), (67)
W = BB’ (a symmetrical ¢ X ¢ matrix), (68)
we have
R\ U+A, V=0
(69)
AV +RALW =0
and eliminating A, A,, we have
RU V RU V’
= =0 (70)
V' RW’ V. RW
or, equivalently,
(R2)2~P S (71)
v ow|

This is a (p+¢)? determinant of degree p in R2% It can
be solved for R? and hence there are p stationary (minimal)
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angles between the spaces. We may reduce (70) to a p-way
determinant as follows:
In (69) multiply the first equation by R and the second by
W-1V, and subtract. We find
(REU-V'W-1V)), =0
and hence
|REU-V'W-1V| = 0. (72)

29 Before considering an example let us pick up a few loose
ends. First, we are assuming that U and W have inverses, that
is to say, that A, B are not degenerate. If they are, some of the
relations determining S, _, and S,-, are redundant and those
spaces are really of greater dimensions. We may suppose that
this point has been examined before the investigation begins.

Second, we have, in effect, assumed that p<gq. This point
cropped up in proceeding from (70) to (71). If p>g we merely
invert the roles of the two spaces. It is the smaller of the
numbers p,¢ which determines the number of non-zero
minimal angles between them; in (71) ¢—p of the values of
R2 are zero.

Third, the lines corresponding to the minimal angles are
orthogonal in their respective spaces.

In fact, VW1V and U are symmetric matrices and hence
s0is U1V'W-1V. Call it K. We have

KA, = R2A,. (73)
If R, S are two different roots of (72), with corresponding

vectors A, p;, we also have

Kp, = S*p,.
Thus

P1 KA = R?pi A,
A Kp, = S*A] p;.

In virtue of the symmetry of K, p; K2, = &} Kp; and hence
(R*— 59 p;2, = 0.
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Thus, R and S being different, the vectors p, and A, are
orthogonal. It then follows from (59) that the corresponding
M'’s are orthogonal.

Example 8

Suppose we have two planes in S, determined by

X+ 7x+x3 =0
1 2+ X3 }’ (74)
x =0
x1+x2 = 0}. (75)
x34+x, =0
1 710 1100
We have A = B = .
0 0 01 0 011
51 0 2 0
Thus AA' = BB’ =
0 1 0 2
8 1 8 0
AB’ = BA' = .
0 1 11
Equation (71) is then
51R2 0 8 1
0 R 0 1
=0, (76)
8 0 2 0
1 1 0 2

which reduces to
51R4—58R2+16 =0

(17R2—-8)(3R2—2) = 0.
R=+J¥& or +/Ji
These are the cosines of the two angles between the planes.
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Equivalently, from (72) we find, since

85 1
V’W-1V=( : 2),
3 3
51R2_85 —
* 2%1 =0 (77)
-3 R*-3

leading to the same result.

Example 9

It follows from our treatment that two p-flats in Sy, have p
angles between them. In S,,,; two p-flats also have p angles.
Whereas in S,, they meet in a point, in S,,,; they do not. One
root in R, as at (71), then vanishes. Thus there is a line, S,
perpendicular to both p-flats, and the distance between the
points where it intersects them is the “distance” between the
flats. (Cf. the case of three dimensions.)

Reciprocity

30 In classical geometry there is a very useful reciprocal
relation between points and lines (in a plane) or between
points and planes (in three dimensions). In the plane, for
example, two points determine a common line; two lines
determine a common point. It will be found that the correspon-
dence exists in the other axioms or postulates of geometry,
with the result that we can translate propositions into a dual
form. For example, if a hexagon is inscribed in a conic, the
meets of opposite pairs of sides are collinear (Pascal’s theorem).
Since (we assume this for the purpose of exemplification) the
conic traced by a point is dual to a conic enveloped by lines,
we have immediately the dual proposition: if a hexagon is
circumscribed to a conic the joins of opposite pairs of vertices
are concurrent (Brianchon’s theorem). In n dimensions a
point corresponds to a flat (—1), an S, toan S,,_,,, and so on.
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Analytically we may consider the (n— 1)-flat
L X,+...+1, X, = constant (78)

from two points of view: given the X’s, the I’s obey a linear
relation, given the I’s the X’s do so. The symmetrical bilinear
form (78) determines a (1, 1) relation between a family of points
determined by the X’s and a family of flats determined by the

I's. 'This type of duality has not been much used in a statistical
context.

31 There is, however, a second and distinct kind of duality
which should be noticed. If # points in p dimensions are given
by the array

Xprees Xpp (79)

we may, so to speak, read the matrix downwards (transpose it)
so as to get

xll .e xpl
Koo Xy (80)

We may thus regard the array as corresponding to a set of p
points in # dimensions, rather than # points in p dimensions.
This kind of duality between spaces of # and p dimensions will
‘be exemplified later.

Solid angles

32 In three dimensions w. 1d the notion of “solid angle” of
a cone. This is the area which the cone cuts off on the surface
of a unit sphere centred at the apex of the cone. Likewise, in
n dimensions, we can determine a solid angle of a hypercone
by considering the content (volume) of a region cut off on the
hypersphere centred at the apex of the cone. This kind of
measure, though termed ‘“‘angle”, is really related to “content”,
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and we shall discuss below the interpretation to be placed upon
that quantity, which corresponds to area in the plane and volume
in three dimensions.
Tangent (n - 1)-flats
33 An equation such as

f(X, .., X)=0 (81)

determines a V,_, in S,. Let x,,...,x, be a point on the V,_,
By Taylor’s theorem we have

F(Xy o X)) = f2g, oy 2,) + Z(Bi];i) (X;—x))

+terms of higher order in (X;—x,). (82)
Thus at the point x the (n—1)-flat

has first-order contact with the V,_;. It is called the tangent
(n—1)-flat.
It follows that the line
Xi—% _ Xp—

(84)

Xg . _ Xn —Xn
D0

0Xy/,, \0X,/,, 0X,) 2,

passes through the point %y, ..., %, and is perpendicular to the

tangent (n— 1)-flat there. It is called the normal to the V,_, at
that point. »

Reduction of a quadric to canonical form
34 Consider the quadric V,_,
ZaﬁXi X,+Ebﬁ Xi'*'c = 0. (85)

Let us make this homogeneous by introducing a new dummy
variable X,., equal to unity and writing b;,.; = @1,
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€= Qu41,41- Then (85) may be written
n+1

X a;X; X;=0 (86)
ij=1

or, in matrix form,

X'AX =0, (87)
where A is the matrix (@;;) and X is the column vector
(%1y X9y vy Xppyq)-

Let us make an orthogonal transformation to new variables Y
given by

X=LY. (88)
The form (87) then becomes
Y'L'ALY = 0. (89)
If we now can find a diagonal matrix
A 0
Ay
A =
0 . An~\L1
such that
L’AL = A, (90)

our form (89) reduces to
YAY = N\ Y2+ 0,2+ 4, , Y2, =0. (91)

The form is then said to be canonical.
For (90) to be true we must have

LL'AL =LA
and since, by hypothesis, LL’ = 1, we have
AL = LA. (92)

Now let 1; be the ith column vector in L. We shall have, in
virtue of (92) and the diagonal character of A,

Ali - Ai li =0 (93)
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and hence

| A=) 1| =0. (94)

The equation |4 —A| =0 is of degree n+1 in A. It is clear
that its roots are the n+1 values of A in A, for (93) is true of
any 7. Thus, if we can solve (94) we can find /; from (93)
together with the orthogonality condition [’/ = 1; hence we can
find L, which gives the required transformation to the canonical
form (91). It will, in general, be unique.

35 The following points are to be noted.

(a)

(b)

()

(d)

(e)

In practice it is normally more convenient to remove
the linear terms from (85) by a transformation of the
origin before reducing to canonical form, which then
becomes n

> A; ¥? = constant. (95)

i=1
The constant on the right is almost always positive in
statistical applications.
We quote without proof a result from matrix theory
to the effect that if A is a symmetric real matrix (which
is so in our case since we may take a,, = a,, without
loss of generality) then all the roots in A are real.
Accordingly the transformation is real.
If the form X'AX is positive definite then all the roots
A are positive; for otherwise the canonical form (91)
could be negative or zero. This case is of particular
interest in statistics.
In degenerate cases some A’s may be zero. The form
(91) then contains fewer than z variables, and X’'AX
is a variety of lower dimension.
If certain A’s are equal the transformation is not unique.
If, for example, A; and ); are equal, /; and /; become
indeterminate unless a further condition is imposed.
The transformation then has a single infinity of freedom.

31



36 From the purely geometrical viewpoint the transformation
we are here considering is the analogue of transformation to the
principal axes of a conic in two dimensions or a quadric in
three dimensions. Equation (95) may be regarded as a hyper-
ellipsoid if all the X's are positive and a hyper-hyperboloid if
some are negative. The case when certain X’s are equal
corresponds to circular symmetry.

37 The transformation we have so far considered is a
“rotation” of the coordinate axes. If we care to make a further
transformation of scale on each axis of the type

Zi = Yil, (96)

equation (95) becomes simply

n

>, Z2 = constant,
i=1

corresponding to a hypersphere. This is the analogue of the
theorem of two-dimensional geometry that a conic can be
projected into a circle.

It follows, since (96) is invariant under any further rotation
of the axes, that if we have two quadratic forms

n
iZ lai:i X X;=01
) =
- (97)
> bi:i Xi Xj = Qz
a,j=1
there exists a linear transformation of the coordinates which will
reduce them simultaneously to canonical form. Suppose that
the transformation is

X = CY.
The two forms become
Y'C'ACY =
o (98)
Y'C'BCY = 0,
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If

C’'AC =1, a diagonal matrix 99
C'BC =y, a diagonal matrix/ 9
the forms become
Y'AY =
, Q‘]. (100)
YuY =0,

Now p~12is also diagonal, say v, and is equal, from (99), to

(C'BC)1(C'AC)=C'B1(C')1CAC

= C1B1AC. (101)
Writing D for B-1 A we then have
CDC=v (102)
DC = Cv
(D-v)C =0, (103)

which is of the same form as (92). Thus, given A,B (and
hence D) we find the roots in v of

|IB-1A—»I| =0 (104)

and this gives us the required transformation. Equation (104)
is equivalent to

|A—vB| = 0. (105)

We may, in fact, regard (94) as a particular case of (105) with
B=1

38 The manual solution of equations like (92) and (104) for
more than two dimensions is a somewhat tedious process which
is best carried out by an iterative procedure, for the details of
which see Kendall (1957). Most electronic computers may be
programmed to solve them and at the same time give the
corresponding transformation.
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The projection of an angle

39 Consider a line in S,, through the origin O and a point P a
unit distance from O. If the direction cosines of the line are
L, ..., 1,, the coordinates of P are also [, ...,1,. If we project
the line on to, say, P’, in the plane X, = 0, the coordinates of
P’ are I,...,1, , and the line OP’ has direction cosines
proportional to /,,...,1, ;. Similarly for a line with direction
cosines typified by I;.

The angle between the original lines is X/;/;. That between
the projected lines is

n—1
LI
i=1

(-5 A=)
the denominator arising from the fact that the sum of squares
of a set of direction cosines is unity. We may write (106) as

(106)

S Ll-1,0,
i=1

a-ma-ry
Now angles are invariant under rotation of axes. Thus, if two
lines make an angle 6 and we project them on to an arbitrary
plane whose normal makes angles «, 8 with them, the angle
between the projections, say ¢, is given by

(107)

cos @ —cosacosf

cos¢ = {(T=cos?a) (1—cos?B)}t’

This formula, in another guise, is familiar in statistics as the
relation between a partial correlation and total correlations.

(108)

Content

40 By definition the content (n-dimensional volume) of a
closed V,,_, is the n-fold integral

f...fdxl...dxn
34



taken over the “inside” of the hypersurface. It will be evident
that the content of a hypercube of side length a is a». A
rectangular parallelotope of sides a,,...,a, has content
a,a,...a,. We proceed to find the content of some of the
simpler V,_,’s.
Content of a hypersphere
41 Let the hypersphere of radius @ be determined by

n

> XZ=a

i=1

Make a polar transformation of the type considered in section
21. The integral giving the content becomes

i i w
f “ar f a6, as,... f 6, 12 ep=s e, ,. (109)
0 —m —4m 0

All the variables are independent. We have, putting cos? 6 = u,

o in d(cos? 6)
= — jo_\N""% ")
Jv_hcosj 649 ZJ; cos? 0 2cosfsin 0

=£u_@ﬁwwn=3&&0+n}

_Irrgy+u;
rgG+2y) -

Substituting such results in (109) we find for the content C

c_ @ TAOTGE-1)( THE=2) THT ,

n INE)) Fi(n-1}"" T@3)
=_2.‘_‘f_fin_ (110)
n I(in)

For example, with n =2 we have ma?, the area of a circle;
with #n = 3 we have 47a®/3, the volume of a sphere; and so on.

42 'The analogue of the “surface area” of a sphere is derivable
immediately. If we differentiate the content of a hypersphere
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with respect to a we obtain the surface content. Thus the
surface content is given by
2a"1qin
I'(3n) ~
Thus, for n = 2 we have 27a, the circumference of a circle; for
n = 3 we have 4ma?, the surface of a sphere; and so on.

(111)

Content of a hyperellipsoid

43 Content being independent of coordinate axes, we may,
without loss of generality, suppose the hyperellipsoid put in

the form

2 2
X, +%= 1. (112)

)
(12 n

Xy

a
The lengths a,, ..., a, are the semi-axes of the hyperellipsoid.
A volume integral over a region determined by (112) is seen, by
the transformation X; = 4,;Y,, to be equal to a,,...,q, times

the content of a unit sphere. Thus our required content is

2a1 ... a, in
T (113)

Content of a hyperprism

44 A hyperprism is the figure generated by a flat region of
content C in S, _; moving parallel to itself along a straight line
which makes an angle 6, say, with the S,_,. It scarcely needs
proof that if the distance moved is % the content of the hyper-
prism is Chsin 8.

In particular if the flat region is a hypersphere and the line is
perpendicular to it we have the n-dimensional analogue of a
cylinder. The content is then 2ha" 1 7t®™-1/T' {1 (n—1)}.

Content of a parallelotope

45 Let x;,7,j=1,2,...,n be n points P,...,P, in an S,.
Consider them together with the origin O. Join O to each P
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and complete the parallelotope of which O is one corner, by
drawing lines through P, parallel to OR, ..., OF,, etc. Let us
find the content of this parallelotope.

Make a variate transformation (linear but not orthogonal)

X = AY. (114)

The Jacobian of the transformation is simply | 4|. Now let the
new variables Y be orthogonal and the points P transform to
points with unit distance from the origin. The content of the
parallelotope is then simply | 4| and we have only to express
this in terms of the coordinates of the P’s. But from (114)
itself we have, for unit values of the Y’s, Y then becoming the
identity matrix, X = 4. Hence our content is simply | X|.

If now our parallelotope is defined by (n+1) points,
excluding the origin, say x,;,1 = 1,2,...,n,j = 1,2,...,n+1, we
may translate the origin to one of them, say x;,,;, and the
coordinates of the others are then x;;—x;,,;. The content is
then

besj — %5.n41

which we may write in the symmetrical form

X131 X12 - X1n Xypn
Xa1 X2 ..o Xgp  Xgpig
C= (115)
xnl xn2 s xnn xn,n+1
1 1 1 1

Content of a hyperpyramid

46 A hyperpyramid is the figure generated by joining the
vertices of a polytope in S,_; to a point not in that space
(called the apex).

Take a set of coordinates in S,_; and let the remaining
coordinate be measured along a line through the apex
perpendicular to the S,_;. A hyperplane parallel to the S,_;
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cuts the pyramid in a polytope which is “similar” to the base
polytope. Let the content of the base be C, and the height of
the pyramid (the non-zero coordinate of the vertex) be 2. A
hyperplane at x,, parallel to the base then cuts the pyramid in a
parallelotope of content Cx"~1/h7—1, The content of the pyramid

is then

h xn-1 Ch
e Cdr, == (116)

Content of a simplex

47 Consider the simplex as a pyramid with one point, say B,,
as vertex. If C,_, is the content of the base, we have from the
foregoing result for C,, the content of the simplex.

Let the vertices of the simplex be xy,4,j=1,2,...,n
together with the origin. Make a transformation as in section
45. The content of the parallelotope defined by these points
is | X|, the vertices of the simplex transforming into the origin
and the points at unit distance from it along the coordinate axes.
Consider the content of this transformed simplex, say D,.
Regarding it as a pyramid with one vertex at P, we have,
from (116),

D, =

n

D

n—1

|-

and by repetition of the process
1

n !

Thus the content of the original simplex is 1/z! times the
corresponding parallelotope. If it is defined by (z+ 1) points,
excluding the origin, the content is

1
—C (118)

where C is given by (115).
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48 Formula (118) gives the content of the simplex in terms
of the coordinates of its vertices. We may also derive an
expression in terms of the lengths of its S;-edges. Writing D

for the content we have

X11 %12
Xa1 XYoo
n!D =
Xn1 X2
1 1

which we may write as
n
2
1 X3
i=1
— 2%y,

(—1)2nnID=| 0 —2%xy

— 2%,
0 1
or equivalently
0 0
1 x,
(—1)2n+1n!D = 1 x12
1 %y

Xq,

n+1

X2, n+1

xn,n+1

n
pIEEA
i=1

—2x4,

— 2%

—2x

n2

X2 n+1

1

n
2
E xi,n+1
i=1
- 2xl,n+1

- 2x2,n+1

—2x n,n+1

0 1
Xn1 zxfl

2
Xna Zixgy

2
Xn,n+1 in,nﬂ

(119)

(120)

Postmultiply (120) by (119). In virtue of relations such as

Tl — 2Ty xg+ Zady, = D(wy—xp): =aj, j#ER
=0, j=k
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where a;;, is the length of the edge determined by x; and x;,
we find

0 1 1 e 1
[yt g (1) 2 1 0 a, .. @,
— 1\ n =
( ) (n ) D 1 agl 0 . ag,n+1 . (122)
1 &}y, @Gy - 0

For the regular simplex all the a;; are equal, say to a. Substitut-
ing in (122) and subtracting the last column from the others
except the first we find

0 0 0 1
1 —-a®2 0 a*
()22 @mIPD*=| 1 o _g a2
1 a® a? 0
-1 0 1
0 -1 1
— (_ 1)n+1 an . 1
0 O 1
1 1 1
= (-1 (n+1)a*"
giving
a" (n+1\}
D- ;(7) . (123)

For example with n = 3 we have for the volume of a regular
tetrahedron 43/6,/2, a result which is easy to verify directly.

49 We shall not be concerned with the differential geometry
of n dimensions to any considerable extent, but two points of
interest may be remarked upon before we proceed to statistical
applications.
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(a) In transforming from one coordinate system to another,
say from x’s to y’s, the content of an elementary volume

dx, ... dx, transforms to Jdy,...dy, where J is the Jacobian

O (%1, %3, -0, %,)[0 (Y1, Yoy -+, ¥n)-  We have used this result
repeatedly in the foregomg and it needed no ad hoc geometrical

proof, being a result in analysis which is derived in most
textbooks on the real variable. It may, however, be regarded
from a geometrical viewpoint. If we consider a small displace-
ment from x; to x,+dx; the corresponding point in the
y-domain has coordinates
X
y1+j§1 oy, i°

The content of the parallelotope corresponding to dx, ... dx,
is then, after the manner of section 45, equal to

ox; ox;
ay; 1| ™ | oy

(b) If we make a coordinate transformation from x to y,
the lines y, = constant trace out a coordinate mesh in the
x domain and vice versa. The normal to the hypersurface
(Vn—1) given by y; = constant has direction cosines (cf. section
33) proportional to

dy,...dy, =Jdy,...dy,

Ox;

%’

In particular, consider the polar transformation of section 2x.
We have

=1,2,...,n.

0x, 0%,

'-a—;' = C€1Cg...Cp_oCp 4 5—071 = —1851Cp...Cp_oCp 4
Ox Ox,

S =C1Cpee CpgSny S = =781 €y CpaSpy
or 20,
ox,, s 0%, — e

o ! 20 1



Hence

io1 Or 00,
and hence the hypersurfaces 7 = constant and 6, = constant
are orthogonal. Likewise it will be found that r = constant is
orthogonal to every 6 = constant and that the latter are

orthogonal among themselves. It is easy to verify this situation
in two and three dimensions.

=—rey; 5 {3...A_+cE...s3_ +etc}t+re s, =0
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PART 2

STATISTICAL APPLICATIONS

Introduction

50 The normal distribution with mean p and variance o? is
given by the density (frequency) function

1 1 (v p)?
dF—Wexp{—é ] }dx. (124)

The distribution of a sample of # independent values from
such a population is then given by the joint frequency element

1 1 n
- Ll S e e
dF = o 2y eXp{ 5o ié_,l (%;—p) }dx1 ...dx,. (125)

Given a statistic ¢ = ¢ (x, %, ..., x,) we can find its distribution
function by integrating (125) over a region for which £<1,, a
given value of . The boundary of this region is the I/, _; in the
S,, space of (x;, %, ..., x,) given by ¢t = #,. If we regard

1 1 =
| 2 & (5] (126

as a “density” in the S,, our problem is then to find the
“weight” in the region bounded by t=t, Equivalently,
we may seek the element of weight in the range dt, which
gives us the frequency, as distinct from the distribution,
function of ¢. It is to this problem that we proceed to apply
our n-dimensional geometry.
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First of all, by a simple transformation x;— p = y; we may
write the density without the term in p. This will modify the
boundary #,. Our density function is then

1 1 1 A
w e (-2 ) = e (-2, (127
where
r2= Yyl

i=1
Our surfaces of constant density are then hyperspheres. It
is to this spherical symmetry that the relative simplicity of our
results is due.
We have already observed in Example 7 that when o =1 a
polar transformation gives us for the distribution of 72

dF oc exp(—3r?)r1dr. (128)
It follows at once that for non-unit o the distribution is

yn—1

—lf)d (129
o EXP|—5 3 dr )

dF o

We also remarked in Examples 5 and 6 that a variate trans-
formation could be made under which one new variable was
¥ and this was independent of the others. It follows that the
sum X (x—X)? is distributed in the form (129) with one lower
dimension number, i.e. with n—2 as the power of 7 instead
of n—1.

It also follows that if the x’s are subject to a homogeneous
linear restriction

ax+...+a,x,=0 (130)

the variation lies in the S, ; determined by (130) and the
surfaces of constant density are hyperspheres V2 ,. Thus the
distribution of



is of the form (129) except, again, that n—1 is to be replaced
by n—2.
Consider now a positive definite quadratic form in the x’s

0= 3 a;x;x; (131)

ij=1

We can transform to new variables y such that
n
Q= 3 Ay (132)
i=1
At the same time the distribution is transformed into

1 n
dF=;l-(2—7T)ﬁexp(—%oz§y$) dy, ... dy,. (133)

The surfaces Q = constant and the hyperspheres of constant
density no longer intersect in flats or hyperspheres and
consequently no simple result is derivable for the distribution
of 0. We may, however, use (132) and (133) to determine the
moments of Q very simply. For example,

E(Q) = fZ)\,-y% dF = 02X,

E(Q?) = f(E)\,-y%)2 dF = 30*ZX +0* 3 A A
i+j
= oA {(EN)+250,
and so on.

51 Consider now the coefficient 7, defined by
n—k
El Xtk
X %7
i=1
By the argument of Example 5 we see that the numerator and
denominator of (134) are independent if the x’s are normal
and independently distributed.
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We can now transform to new variables y,,...,%, such that
the distribution remains as at (133) and

s R 135
Sy " "

i=1

where the X’s are the roots of the equation (derived from (94))

-2 0 0 . % 0 0 . 0
0 - 0 . 0 3 0. 0
0 0 —-x . 0 0 % . 0
S e
1 0 0 . —-x 0 0 1
0 3 0 . 0 =-x0 0
0 0 . . 3+ 0 0 . =2

Again we cannot find a simple expression for the distribution of
r. However, the moments of the denominator in (135) are
ascertainable from the distribution (129) and those of the
numerator in the manner of section 49. Use of Example 5
then gives us the moments of 7,.

This coefficient is known as the “‘serial correlation coefficient”,
in this case with lag k& and no parental correlation between
successive values of the x’s. Slight variations of the form of
definition (134) are encountered in time-series analysis. For
example, if we write X, = X,,9,X = X, 9, ..., X = Xz, the

so-called “circular” coefficient 7, of order k may be defined by
n

_Z Xg Xitl

= (137)

Tex = n
EH
i=1
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The usefulness of this result in ascertaining the distribution of
t, is that the determinant (136) then becomes a circulant and
the roots in A can be obtained explicitly.

“Student’s* ¢
52 The ratio

X— n(n—1
is known as “Student’s” ¢. By the foregoing arguments we see
that we can transform to the mean (g, ..., ) without loss of
generality; and that the denominator is independent of the
numerator in normal variation.
If O is the origin, P the sample point and Q the orthogonal
projection of P on to the line

”»

X, =X,=..=X, (139)
the length OQ is Zx;/\/n = ¥n and OP is (Zx2)}. Thus
PO? = Sx2 —nx® = T (x;— &)L, (140)

It follows that ¢ is constant over the surface OQ/P(Q = constant,
i.e. over the “circular’’ cone subtending a fixed half-angle at the
origin. Let this angle be ¢ and consider the weight between
two cones given by ¢ and ¢ +dé. This will be proportional
to the annulus cut off on a fixed hypersphere (say, the unit
sphere) with width d¢ and radius sin®~2¢. We thus have for
the distribution of the angle ¢

dF ocsin®2¢dp, 0<o<m.
The distribution of
= E\/{n(n— 1)} _ OQ‘/(”'— 1) - (n_ 1)}C0t¢

JZ@-3¢ PO
is then given by
2 \—-in
dFoc(1+nil) dt, —00<KE<®O
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and the constant is easily evaluated to give

1 2\~ dt
dF:B{%(”—l),%}(1+n—l) (n— 1)t (141)

The mean in rectangular variation

53 We consider now a variable distributed over an interval
with uniform frequency. Taking the interval to be unity,
without loss of generality we may write the distribution as

dF =dx, 0O<x<l. (142)

In a sample of n values the density will be unity over the
interior of a hypercube 0<x;<1 and zero outside it. This
discontinuity in density at the faces of the hypercube gives
rise to some difficulty. The frequency function of the mean
¥ = constant is given by the weight between the hyperplanes
% and ¥+dx. The general hyperplane ¥ = constant meets the
boundary of the hypercube in a region bounded by flats but
changing its shape as ¥ increases.

We deal with this problem by introducing ‘“‘marker”
variables. The apexes (corners) of the hypercube may have
0 or 1 or 2 or ... n coordinates equal to unity and the rest zero.
The bounding hyperplanes of the cube, if extending indefinitely
over positive values of the x’s, define orthants (analogous to
the quadrant of two dimensions). Consider the orthants
defined by x;>7; where r; may be 0 or 1. These in total
contain all the apexes of the cube and each apex is the corner
of an orthant. Divide them into (n+ 1) sets according as the
corner contains 0 or 1 or 2 or ... n coordinates equal to unity,

i.e. as
n

YXry=r=0,1,..,n
j=1

Let Q; be the number in the ith set.
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For example, in three dimensions
Q=1 0,=3, 0,=3, Oz=1, totalling 8 corners,

and in general Q, is the coefficient of #» in the binomial
(1+1)* (Cf. sections 16 and 17.) There are 2" corners and
correspondingly 2 orthants.

We now assign a density to each orthant over its whole
domain from 0 or 1 to infinity. To each Q, we assign the
density (—1)?. That this may be negative need not worry us.
Now let P be a point (with non-negative x’s) such that s of its
coordinates are greater than unity. It will then belong to

(;) of the 0,’s. Now for s> 1

0=(1-1) = péo(- 1y (;) (143)

Hence the total density is zero everywhere so long as s>1,
i.e. the point lies outside the cube. If it lies on or inside the
cube the density is unity.

Now let the segment of the hyperplane Zx = 2z lying in Q,
have content C, (2). If this hyperplane also lies in some other
quadrant, say a Q,, with 7 unit coordinates, the content in
0, is C,(z—r). (If z<r this is zero.) Hence the total weight
we require is

élo( -1y (':) Cp(z—7), (144)

where & is the greatest integer less than z. It remains to
find C, (?).

Now C,(2) lies in the hyperplane Zx = constant which
meets the coordinate axes in a point with coordinate z. The
content of the pyramid determined by the coordinate planes
and Zx = z is (cf. (118)) 2*/n!. The content C,(2) of the face
of the pyramid not lying in the coordinate planes is obtained
by differentiating with respect to 2, i.e. is 2»7}/(n—1)!., Thus
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we have for the frequency of 2 in the class of orthants Q,
r —7r\n—1
= 1)| z( 1) ( )(z -l k<z<k+l. (145)
For the mean ¥ = z/n we have by a simple substitution

aF = " 1),2( 1)r()(—_%)""ldx, :—‘lsxsk“ (146)

The correlation coefficient in bivariate normal variation

54 The bivariate normal distribution with zero means and
unit variances is given by

1 1
dF = m)} exp { - m) (x®—2pxy +y2)} dxdy. (147)

We are interested in the distribution of the correlation coeffi-
cient, in a sample of n values, defined by

n
El(xi —X)(y:i—7)
{Z(x— 222 (y; -7
This statistic is independent of the origin and scale of x and y,
so we have lost no generality in using the form (147).
In Example 6 we saw that by performing a Helmert trans-

formation on each of x and y we could reduce the joint frequency
of a sample of 7z to the form

r =

(148)

kexp{ 2(11 Pz)(z u? 2p2uv+2,v2)}dul...dun_1

i=1

xdvl...dvn_lexp{ 2(1 2)(u —2pu, v, +v )} du, dv,,
(149)
where u, = ¥, v, =7 and the other u’s are independent of

u, and v,,.
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In this coordinate system we have

r =i oasi i (150)
S’ )
1 1

We can accordingly consider the distribution of r given by (150)
in the distribution given by the first factor on the right in (149).
Effectively we have removed the variation of means ¥ and ¥
from the picture at the expense of going down into one lower
dimension.

We will find the joint distribution of  and of s, and s, given
by

n— 1 =»-1

SI—T— Zu S§=m ?‘U%. (151)

The frequency function, from (149), is immediately written
down as

kexp{ 2(1 )( 2prs1s2+s2)} (152)

Our only problem is to find how the differential element
duy...du, ,dv,...dv, ; is transformed in terms of s, s,
and 7.

Consider two S,,_;, one for # and one for v. We can picture
these as superposed one on the other. (n— 1)s? then represents
the distance of the sample point P (corresponding to ) from
the origin O, (n—1)s2 that of Q (corresponding to v) from O.
The coefficient r of (150) is then seen to be equal to the cosine
of the angle between OP and OQ.

For an increase ds; the content of the hyperspherical shell
between s; and s, +ds,; is, since our surface is in #—1 dimen-
sions, proportional to sf~2ds;. Now the angle arccosr, say 0,
is independent of s; and s, Moreover (section 49) the variation
of 6 is orthogonal to that of s; and s,; the content corresponding
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to increases ds,;drds, is then the product of the increases
corresponding to each separately, i.e. to s}—2sp~2ds, ds, times
the increase due to variation dr. For fixed OP, the vector OQ
which makes an angle 8 with it varies in the v-space over an
annulus of radius s;4/(n—1)sinf, and the contribution is
therefore proportional to

sin®360df = sin®»*f0dcos 0 = (1 —r2)tn-d gr,
Hence our total differential element is proportional to
S 502 (1 — p2)bn—a), (153)

This, multiplied by the frequency of (152), gives us the joint
distribution of s;, s, and 7. To find the distribution of r alone
we have to integrate out s; and s,. For details the reader is

referred to Kendall and Stuart, 1957, Vol. 1, p. 384.

Wishart’s distribution

55 'The procedure we have just followed for two-way
variation, namely of finding the joint distribution of sample
variances and covariances, may be extended to p-way variation.

We consider a sample of # of a p-variate complex, arrayed by

Xy e Xy
Koy .o Xy
Xpy  -or Xppe (154)

The multivariate normal distribution of p variates xy,...,x,
is given by

dF=|—A—P—exp{—%( 3 A""x-x-)}dx codx,  (155)
(2‘77)“’ i1 1% 1 y 4
| 4]} '
= (i P (~ 1XAX)ds . ds, (156)

where (A%¥) is the matrix which is inverse to the so-called
correlation matrix (py),%,j = 1,2,...,p. Here we have taken
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the #’s to have unit variances and zero means. It is readily
verified that (155) reduces to the univariate and bivariate
results of earlier examples when p = 1,2,

For a sample of 7 (denoting for convenience now summation
over the sample by S) we have for the frequency function

—l—{”*—nexp{——% g‘ % Ay, x }
(2m)tne k=1ije1 K

A o[ ~15849 (5% %) — 2 SEAYE, 5,
= (-27;_)*7{5 p { -3 (% — %) (%J"%‘)‘E xixj}
(157)
Exactly as before we may, by a Helmert transformation,
remove the means ¥ from the picture and concentrate on the
frequency
l A,Hn—l)

nlp
n*@“;)—*m—_i—); exp { - %kfl i’ElA” Ui ukf} . (158)

(In the ordinary way, we do not bother about preliminary
constants in this class of work, being content to evaluate at
the final stage by use of the fact that the total frequency must
be unity. Here, however, a final integration would be
formidable. We therefore attach

n}p| Ali

(2,.,)!11

to the second factor in (157) to make the distribution of means
have unit frequency, and remove it from the constant in (157),
giving us the constant in (158).)

Put

n—1

S uki uk’- = fij = naij. (159)

k=1

The quantities a are then our sample variances and covariances.
We have for the frequency (158)

|A|Hn—1) n ;
P (27)Hn—1p €xp -EEAj a;)- (160)
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As in the bivariate case, our main problem arises in determining
the differential element to be adjoined to this quantity.

Let us take p flat spaces of n— 1 dimensions, one for each u,
and let the sample points be represented by B,...,P,. We
consider the variation of P,, then the variation of P, given B,
then that of B, given P, and F,, and so on. We then multiply
these together to get the variation of B,...,P,. The point O
is the origin.

Consider, in fact, P, given P, P, ...,B, ;. For fixed OP,
and angles B, OP, P, OPF,,...,P,OPF,_,, P, lies on a hyper-
sphere in n—m dimensions. Regarding the spaces as super-
posed, let the length of the perpendicular from P, on to the
(m—1)-flat determined by O, B, ..., B,_, be #,,. The content of
variation of P, is then, from (111),

2t (n—m) l,’:‘m—l
L{f(n—m)} ~

We require the content due to variation perpendicular to this
hypersphere. Consider the transformation, based on (159)

(161)

£ = :gukmuki, i, =1,2,..,m. (162)
The Jacobian is
Uy Uiy Ui
g U R P (163)
21 2y oo 2Up g,

where v, is the content of the parallelotope determined by
O,R,...,B,. Moreover

[€ii] = o3, (164)
ty, = 7)m/'vm—l' (165)

and
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Thus the differential element is

L Hd§

2'Um i=1

and, adjoining this to (161), we have for the total element of

variation in B, given O, P, ..., P, _,,
i(n—m) vn—m—2

DG m)} o5 g o

m—1

’:1§

(166)

We now multiply expressions like this for m = 1,2,...,p,
remembering that v, = 1. We find

ip(2n—p-1)

o 2 ] ndgk
HP{%(n k)} I=t k=1

Finally, since from (164) v2 = #?|a|, we have for the required
distribution

(%n)hv(n—l) l A |&(n——l) I a Ii(n—p—2)

dF = p
atr@=1 11 T {} (n— k)}
k=1

P
X exp ( — g T Aii aij) j<£1=1daij' (167)

Correlations as angles

56 In the case of a single variable we represent a set of n
values x,, X, ..., X, as a point P, in n dimensions, or equivalently
as a vector OPF, where O is the origin. Similarly we can represent
a set of n values of a p-variate, specified by
(2),t=1,2,..,n,j=12,...,p,

as p points P, ..., B, or as p vectors OF,, ..., OF,. In effect this
is what we did in regarding spaces as ‘“‘superposed’ in deriving
the Wishart distribution. Just as in the one-dimensional case
our distribution is represented by a density of points, so in the
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p-dimensional case we may picture a density of sets of p points
or vectors,
The length of the vector OF, is given by

n
OP} = ¥ 3.
=1
If we transfer O to the mean of the # values, that is to say, to the

n
point whose jth coordinate is ¥ x;;/n = &, the length becomes
i=1

OPJ2 = igl(xij -—-.77])2

= nvarx;, (168)

where varw; is the variance of the variate x; in the set of
n values.
Furthermore

‘li(xi)’ — &) (% — %)

{2 (% — ;) Z (g, — &)}
= correlation between x; and x;, say r;,.  (169)

cosF;OF, =

Hence the variance and correlation structure of the p variables
(in this set of 7) is represented by lengths and angles.

57 If r;; =1 then the angle between the vectors is zero and
one variate is a linear function of the other. If r,; =0 the
variates are uncorrelated (in this set of #). It does not follow
that the random variables from which they emanate are indepen-
dent, for two reasons: first, two variables can be uncorrelated
without being independent; second, the observed set of # need
not, and in general will not, exactly reproduce the parent value
of the correlation. We may nevertheless conceive of the
(n—1)-flat orthogonal to OF; as containing variation which is
uncorrelated with x;. In the particular case when the variation
is multivariate-normal zero correlation implies independence.
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Thus, a knowledge of x; imposes no constraint on the variation
of the other variables, which can vary in the (n—1)-flat just
as if there were no x,.

58 Consider three variables corresponding to OF,, OF,, OF,
and project OF, and OF, on the (n—1)-flat perpendicular to
OF,. If the projected points are Q; and Q, the correlation
between x; and x, in that flat is measured by the cosine of the
angle Q;0Q,. This is written 7,5, and is interpreted as a
measure of the relationship between x; and x, independently
of their dependence on x,. Its magnitude, from section 39, is
given by
Y12~ 713723

7129 = (=) (- a7
It is called a partial correlation.

Likewise, if we project on to a flat orthogonal to a further
vector, say x,, we derive a partial correlation of second order,
71234, €Xpressing the relationship between x; and x, ‘“when
their dependence on x4 and x, has been eliminated”. And so on.

59 For normal variation the surfaces of constant density for
x; are hyperspheres centred at O. Parental correlations between
the variables are represented by constraints on angles between
the vectors. The whole representation, however, is invariant
under a rotation of axes. Let us make such a rotation such
that OP, is one of them. If we project the whole complex on to
the S,_, which is orthogonal, we see that hyperspheres of
constant density remain so and total correlations are replaced
by partial correlations. Thus the sampling distribution of
7125 Will be exactly the same as that of r,, except that we are
in one lower dimension. The reader may care to try to prove
this proposition without geometrical reasoning; there is no
more convincing demonstration of the power of the geometrical
approach.
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Regression and multiple correlation

60 Suppose now that each sample-member, in addition to
bearing values of xy, ..., x,, also bears the values of a variate y;
and that we are interested in the dependence of y on the «’s.

The points P, to F,, together with the origin, define a
containing space of p dimensions. This makes a certain angle
(unique) with the vector OY. The cosine of this angle is called
the coeflicient of multiple correlation of y on x,, x,, ..., x,. Itis
usually denoted by R.

If y is a linear function of the x’s, say

y=B8x+...+B8,x, (171)

then OY lies entirely in the space of #’s and R is unity. If y
does not depend on the x’s OY is orthogonal and R =0. R
may assume any value in the range O R<1. That it is a
correlation may be seen from the fact that it is the cosine of an
angle between OY and the orthogonal projection of OY on the
space of x’s. It measures the closeness with which the linear
representation of y in terms of the x’s is realized. It is evident
intuitively (and readily checked) that R is the cosine of the
least angle of the family between OY and any vector OX in
the x-space, i.e. R is a maximum. This consideration allows
us to determine the B’s of equation (171). In fact we have to
find them so as to maximize R between y and a linear function

Y4
Y. Bjx;. This is equivalent to minimizing the square of the
i=1

distance from Y to its projection on the x-space, i.e. to
minimizing the length of the vector y — X8, x;, i.e. to minimizing

Z0-Ep) a7)

which leads us to the familiar equations of least-squares
regression theory.
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61 R is unaffected by the length of the vectors. Let us take
them as unity. Consider the content of the parallelotope
determined by OYR, ..., F,. Although we have defined these
vectors in 7z dimensions they effectively define a space of
p+1 dimensions. Take a coordinate system in this space and
let the coordinates of F; be £;;,7 = 1, ...,p and those of Y be 7,.
The content of the parallelotope is then

1 fu fpl
T2 §12 fpz

C= UL 13 ‘fp:; (173)
Ty € Ep

Multiplying this by its transpose and writing r;; for the
correlation between £; and ¢; and r,; for that between Y; and x;,
we have

Lory 7y Typ
vy 1 7 "ip

Ci=| . rp 1 ... 1y (174)
Typ Tp1 1

The 7’s are invariant under coordinate transformation and can,
therefore, equally well be calculated from the original x’s.
Now if 6 is the angle between OY and the space of x’s, the
content C is sinf times the content of the parallelotope
determined by O, B, ..., P, which is the minor of the top

left-hand element in (174). Thus we have

1-R2 = sin20=—Wu£ (175)

where W is the matrix whose determinant is given in (174) and
W, is the minor of the element in the top left-hand corner.
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62 We may also consider the content as obtained in a different
way: by constructing the plane area OYP,; then multiplying
it by the length of the perpendicular from P, on to that space;
then by the length of the perpendicular from P, on to the space
OYP F,, and so on. These perpendiculars are sines of angles
each of which is a partial correlation. Thus we find

1-R2=(1-r})(1 "712/2.1) (1=73319) --- (1 =7 p 12 o))
(176)

a decomposition of 1— R2which can be carried out in a number
of different ways according to the order in which we select the
x-vectors.

63 Consider now the distribution of R for samples of 7 from a
multivariate normal distribution in which the variate repre-
sented by OY is independent of the other variates. This means
that in repeated sampling the vector OY will be randomly
orientated with respect to the S, of x’s. We therefore lose no
generality by supposing the x’s fixed, namely the space S,
fixed, and considering the distribution of the angle made with
it by a randomly orientated vector OY'; or equivalently of the
angle determined by a point ¥ moving on a hypersphere of
unit radius. The angle 8 is the one between OY and, say, OZ
in the S, this being the minimum possible angle for varying
positions of Z.

If OZ and 0 are fixed, Y varies on the surface of a hypersphere
in n—p — 1 dimensions with content proportional to (sin §)»?-2,
O may vary independently in an S, on a hypersphere with
surface content (cos 6)?~1. For 6, therefore, we have

dF oc (sin 8)»?~2(cos 6)»~* d6.
Putting R = cos § we find
dF oc RP-1(1— R?)in—p-3) 4R

or, expressing the distribution in terms of R? and evaluating
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the constant,
1
=B i-p+ D}

dF R2)ip-2) (1 — R2)in-p-3) d(R?),

(177)

64 If the parent value of R is not zero a more complicated
argument is necessary, but it still hinges essentially upon
geometrical considerations. For the details of the derivation
see Kendall and Stuart, Vol. 1, p. 339.

Canonical correlations

65 In generalization of the regression of one variable y on a
set of others xy, ..., x,,, we may consider the relationship between
a set of ¢ variables y,,%,,...,¥, on x;, %,,...,x,. We shall not
develop the subject here, but one result of some importance
is worth mentioning in order to relate it to the discussion of
section 28 concerning angles between flats.

We may, in fact, regard the y’s as corresponding to g vectors
in an S, and the &’s corresponding to p vectors in an .S;,. The
correlation relationships between the two spaces depend on
angles between vectors in them. We may state, without formal
proof, the following propositions, which bear an obvious
analogy to the results of section 28.

It is possible to find linear transformations of x’s to £'s and
y’s to 9’s such that (1) all the £’s are independent (i.e. the axes
in the p-space are orthogonal); (2) all the %’s are independent
(all the axes in the g-space are orthogonal); (3) all the £’s are
uncorrelated with all the 7’s except for p<g correlations
between (&;,1,)(£5,72), s (€py7p); and these are stationary
values of the possible correlations between a vector in one
space and a vector in the other. These correspond to the
canonical angles between the spaces. They express, in the
simplest possible form, the relationship between the two sets
of variables and are known as “canonical correlations”.
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Component analysis

66 Let us revert to the case of a set of p vectors in S,. They
determine, as we have remarked, an S, which may be considered
as immersed in the S,. In this S, we can find linear trans-
formations to new variables y,,...,y, which are orthogonal.
In fact, we can do so in more ways than one. Let us choose as
¥, the axis for which the corresponding variable XI;; x; has
the greatest variance, i.e. such that the sum of projections of
the vectors on to it is a maximum. Measuring, as usual, from
an origin at the means and taking the vector to have unit length,
we have to minimize

(Bl =) (Zl; %)

subject to X/? = 1. Now this is the same problem that we
considered in section 34. We find the unconditioned maximum
of
L, — Xl
leading to
|r— Al =0, (178)
where 7 is the correlation matrix r.

Thus the process of finding the major axes of the quadratic
form Zr,; X; X; is the same as finding the orthogonal vectors,
linear in the x’s, with stationary variances. These vectors are
called principal components. For an extended account of them
see Kendall’s Multivariate Analysis, in this Series.

67 The above examples by no means exhaust the applications
of n-dimensional geometry in statistics. Equally effective use of
it can be made in other branches of multivariate analysis. In
statistical estimation, however, it is differential geometry which
can make the greatest contribution. Notwithstanding some
applications of geometry in the large to problems of linear
estimation (cf., for example, Durbin and Kendall, 1951),
estimation in general has not yet been explored from the
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geometrical viewpoint. The reader who is interested may refer
to papers by Huzurbazar (1949) and Rao (1960), who develop
some suggestive results concerning the curvature of the
likelihood surface from the point of view of Riemannian
geometry.

REFERENCES

DursBIN, J. and KenpaLL, M. G. (1951). The geometry of estimation.
Biometrika, 38, 150.

HuzurBazar, V. S. (1949). On a property of distributions admitting
sufficient statistics. Biometrika, 36, 71.

KenoaLL, M. G. (1957). A4 Course in Multivariate Analysis. C. Griffin
and Co., London.

KenpaLr, M. G. and StuarTt, A. (1958). The Advanced Theory of
Statistics, Vol. 1. C. Griffin and Co., London.

Rao, B. Raja (1960). A formula for the curvature of the likelihood
surface of a sample drawn from a distribution admitting sufficient
statistics. Biometrika, 47, 203.

SoMMERVILLE, D. M. Y. (1958, republication of edition of 1929). An
Introduction to the Geometry of N Dimensions. Dover Publications,
New York; Constable and Co., London.

63
























	00000001.tif
	00000002.tif
	00000003.tif
	00000004.tif
	00000005.tif
	00000006.tif
	00000007.tif
	00000008.tif
	00000009.tif
	00000010.tif
	00000011.tif
	00000012.tif
	00000013.tif
	00000014.tif
	00000015.tif
	00000016.tif
	00000017.tif
	00000018.tif
	00000019.tif
	00000020.tif
	00000021.tif
	00000022.tif
	00000023.tif
	00000024.tif
	00000025.tif
	00000026.tif
	00000027.tif
	00000028.tif
	00000029.tif
	00000030.tif
	00000031.tif
	00000032.tif
	00000033.tif
	00000034.tif
	00000035.tif
	00000036.tif
	00000037.tif
	00000038.tif
	00000039.tif
	00000040.tif
	00000041.tif
	00000042.tif
	00000043.tif
	00000044.tif
	00000045.tif
	00000046.tif
	00000047.tif
	00000048.tif
	00000049.tif
	00000050.tif
	00000051.tif
	00000052.tif
	00000053.tif
	00000054.tif
	00000055.tif
	00000056.tif
	00000057.tif
	00000058.tif
	00000059.tif
	00000060.tif
	00000061.tif
	00000062.tif
	00000063.tif
	00000064.tif
	00000065.tif
	00000066.tif
	00000067.tif
	00000068.tif
	00000069.tif
	00000070.tif
	00000071.tif
	00000072.tif
	00000073.tif
	00000074.tif
	00000075.tif
	00000076.tif
	00000077.tif
	00000078.tif
	00000079.tif
	00000080.tif
	00000081.tif
	00000082.tif

