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PREFACE

In view of the recent alterations in the syllabus for the actuarial
Examinations it was decided to publish separately the section of
Part II of Mathematics for Actuarial Students relating to Finite
Differences. The present book contains therefore the first nine
chapters of the carlier book with only a few minor amendments.
The problems on Probabilities and Statistics which were
originally included*in the Miscellancous Examples have been re-

placed by problems in Finite Differences.
ILF.
May 1959






NOTATION

P,(x) a polynomial (i.e., a rational integral function) of degree

()

n(")

n(”)

[
MNug
be...

n in x.

n(n—1)(n—2)..(n—7+1) _ n
r(r—1)(r—2)...3.2.1 Eal

or negative, integral or fractional.

where 7 may be positive

This is represented in other works by the symbols ( :l) or

n,; see J.I.A. vol. Lxui, p. 58.
n(n—1)(n—2)...(n—r+1).

There seems to be no recognized symbol for the more
general factorial n(n—h)(n—2h)...(n—r—1h). It may
sometimes be convenient to represent this by the same

symbol #("), but in that case the symbol must be specially
defined and consistently used. Cf. post, p. 19.

1 I

(n+1)(n+2)...(n+ 7 (ntr)®”
A different notation is employed in certain other works—

sce post, p. 19.

the divided ditference of order ¢. This notation is explained
and reference is made to other notations in Chapter III.

Paragraphs and examples marked with an asterisk, thus *, are
intended for the advanced student only, and need not be read by
students preparing for Part I of the Institute Examinations.
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CHAPTER I

DEFINITIONS AND FUNDAMENTAL
FORMULAE

1. The function y=a+bx+cx?+...+kx™ is a rational integral
function of the nth degree in x, where the indices are positive
integers, n being the greatest, and a, b, ¢ ... k are constants, of
which ko0 but the others are unrestricted.

A rational integral function is also called a polynomial, and it
is convenient to represent a polynomial of the nth degree as
P, ().

Consider the simple polynomial y=u,=1+x+2a2% It is quite
easy to obtain the value of y corresponding to any value of x by
substituting that value of x on the right-hand side of the equation.
For example

x o1 2 3 4 5 6 7 8

y 1.3 7 13 21 31 43 57 73

It will be found that for successive integral values of x in the
above table the valucs of y have intcresting propertics. If from
each value of y the previous value of y be subtracted, we obtain a
new set of figures:

() 2 4 6 8 10 12 14 16

and if the subtraction be performed on these figures in the same
way the new differences are

B 2 2 2 2 2 2 2

The sequence of 2’s in (/) is not a mere coincidence: it will be
shown later that when y has the value supposed all the terms in
(B) have the same value, 2, however far the series extends.

This leads us to another method of obtaining values of y. Sup-
pose that we write down the original table in a different form, and
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include in the table the two sets of figures («) and (g) thus:

x y () ®)

o 1
2

1 3 2
4

2 7 2
6

3 13 2
8

4 21 2
10

5 31 2
12

6 43 2
14

7 57 2
16

8 73

We can now find any further value of y by extending the columns
(«) and (B). We must however work from (B) to («) and then to
y instead of from y to («) and then to (f) as has alrcady been done.
For example, to obtain the value of y when x has the value 9, i.e.
to obtain %y, a new 2 must be inserted in the (8) column: the new
value in the («) column will be 16+2=18, and the required value
of y will be 73+ 18=91. To find u, the process is continued. Any
value of y corresponding to an integral value of x can be obtained
in a similar manner.

2. The above is a particular instance of a far more general set of
operations. We have used the simplest possible numerical values
of x, namely the natural numbers, and we have evolved our
example from a known quadratic function y=u,=1+x+x% As
a general rule the form of the function is not known and the given
values of x are not necessarily consecutive integers.

8. Now suppose that instead of numerical values of x differing by
unity we have the following consecutive values of x:

a, at+h, a+2h, a+3h, ...,
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where the values of x differ by a quantity A instead of by
unity.

Then if the function be still y =, the values of y corresponding
to the above values of x will be

Uy, Ugihs Ugions Ugishs <o

In order to form a column similar to column (x) above we shall
have to write down

Ugh— Uy Ugion —Uarhy Uaish— Uatony oo

These are called the first differences of the function y=u, and

are denoted by Ay, Attyny Ditgygny oo

where A is not a quantity but a symbol representing an ‘‘operation”.
Column (B), being the differences of column («), will be

(#g42n—Marn) = (Uarn=1a)s

(arsn—Uas2n) — (Waren— Yasn)s

...........................

or, more shortly,
Aug p—Au
+h (3

Aviy o~ Aug g,

........................

These are called the second differences of u, and are denoted by
Ay, Mg, A% 0 oo

where, it must be emphasized, the symbol A% does not represent the
square of a quantity but denotes the repetition of the operation A.

Similarly, third, fourth, ... nth diffcrences, formed in exactly the
same way, are denoted by

3 I n
A3u,, A, ... A™u,.

4. Before forming a difference table similar to that in paragraph 1,
it is convenient to introduce alternative names for x and y in our
equation y=u,. Where our ultimate object is to obtain numerical
values of x or y, the independent variable is often termed the
argument, and the corresponding value of y the entry.
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In a table of logarithms the number itself is the argument and the
logarithm the entry. The converse holds in a table of antilogarithms,
where the logarithm is the argument. Similarly in a table of sin «, o is
the argument and the sine the entry, whereas « is the entry in a table of
sin~le.

5. Our new differcnce table is therefore

First Second _Third
Argument Entry differences differences differences
gu
a U,
Au,
a+th Ugyh A%y,
/ 3
A: ‘a+h A Uq
a+2h Ugion Alugin
3.
Aua+2h Y A Ugrh
a+3h Ugi3h Aty yon
3
Augyzn . Aty o
a+ 4h Unian A Uyt3n
An at+dh
a+sh Uy ion

The first term in the table () is called the leading term, and the
differences which stand at the head of the respective columns,
namely Awu,, A2u,, A3u, ..., are called the leading differences.

6. Although we have expressed the terms in the difference table
by the use of A symbols, it is quite easy to obtain any difference
in terms of the function alone.
For example, A%u, is the diffcrence between A%y, ., and A%y,
or Adu, =A%, 5 — A%,
Again, A%, is the difference between Au,,, and Au,, or
9
Alu,=Augp—Auy,
and as Aug=u, p—u,
we have A%, =A%, ;- A,
= (Aua+2h - A”(H h) - (Aua+71 - A”a)
=AUy o — 281, + A,
=(Uayan—Uayon) = 2 (Uason— tain) + (Uayn— 1)

=Ugpan— JUason t Jllgpn — Uge
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7. Itis a simple matter to construct a difference table from a given
set of data.
Consider the following examples:

Example 1.
Construct a difference table from the following values, where y is a
function of x:

x y Ay Aly Aty
I 1
7
2 8 12
19 6
3 27 18
37 6
4 64 24
61 6
5 125 30
91 6
6 216 36
127
7 343
Example 2.

Show that, in the following table of annuity-values, third differences
are practically constant:

Argument x  Entry a, Aa, Ata, Adq,

35 14298

— 154
36 14°144 — 004

—-158 + -oo1
37 13-986 —-003

— 161 *000
38 13-825 —+003

— 164 + +001
39 13-661 —+002

—-166 + 001
40 13°495 —-oor

— 167
41 13328

It will be observed that in Ex. 1 third differences are invariably the
same. In the second example, however, third differences are not quite
constant, although the error in assuming them to be so is very small.

2 FMAS
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The difference in the two examples lies in the fact that, while the
first function is y =3, the table of annuity-values from which the data
in the second example have been taken does not conform to a simple
mathematical law and, further, the values do not naturally terminate
with the third decimal place, but are rounded off at that place.

Example 3.
Assuming third differences constant, find the values of 1, and u, from
the data:
x 4 5 6 7 8
U, *35 -88 171 290 451
Construct the difference table from the given values, and fill in the

vacant spaces in the A%, column with the constant third difference,
thus:

x Uy Au, Ay, Ay,
2 — -05

11
3 + -08 18

-29 <06
4. + 35 24

*53 -06
5 + -88 *30

-83 +00
6 +1°71 -36

1'19 06
7 +2-90 42

1-61
8 +4°51

8. Now it has been stated above that a convenient method for
expressing the difference between two successive values of a
function u,,, and u, is by the symbol A prefixed to u,, so that
Aug=u,,,—u, It will be seen therefore that to find Au, we per-
form two operations: we change u, to u,,, and subtract u, from
it. The new function u,,, resulting from the first of these opera-
tions is denoted symbolically by Eu,, and the double operation
itte
may be, written Auy=Eu,~u,
This gives Eu,=u,+Au,.

Eu, may therefore otherwise be expressed as the sum of u, and
its first difference.
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Suppose that in either of the above relations the #, which occurs
in each of the terms be omitted. Then we can state that the two
operations denoted by “E” and ‘“A” are connected by the

symbolic identity E=1+4A

It must be distinctly understood that we have not “factorized
out” u, in the relation Eu,=u,+ Au,, and that we must relate the
symbols to the functions on which they operate. If, therefore, we
were using the equivalence A=FE—1, and we operated on the
function sin x, it would be wrong to say that A sin x=F sin x—1.
The correct statement is Asinx=FEsinx—sinx. When we are
dealing with symbols of operation we cannot treat any of them as
quantities, and on forming the algebraic or trigonometrical identity
the function must be included in all three terms. In other words,
in the identity E=1+A the 1 is a symbol of operation just
as are E and A, and its meaning is that the function on which it
operates is to be taken once without alteration.

a

9. In the same way as A? denotes, when operating on a function,
the difference of the difference of the function, i.e. the second
difference, so E? denotes the operation of repeating E. That is to

sa .
y Eu,=FE.Eu,=FEug, =1,

3y —
E Up=Uzi3nr
and, generally, E™u,=u,, ;.

Care must be taken not to confuse the expression E%u, with
Eu,)? For example,
2 p

E? (2%) = (x + 2h)> =+ ghx + 4183,
but (Ex)2=(x+h)2= a2+ 2hx + 2.

10. It is evident that the first difference of a function of the form
cx, where ¢ is a constant, is constant: for Acx=c (x+h)—cx=ch,
which is constant.

Let us consider the effect of differencing a function of x of
higher degree than the first,

2-2
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Example 4.
Difference successively the functions (i) y =bx? and (ii) y = ax3.
(i) Abx2=b (x+ h)?— bx?=2bhx +bh?,
A?bx2=A (2bhx + bh?) = 2bh (x + k) + bh? — 2bhx — bh? = 2bh?,
and since 2bA? is constant all higher differences will be zero.
(i) Aax®=a (x +h)® — ax® = 3ahx®+ 3ah%c + ah®,
A?ax? = 6ah?x + 6ah®,

and A%ax3=6ah?, higher differences vanishing.

Collating the above results, we have that
the first differences of functions of the form cx are constant,
the second » ” " bxt
the third " ” " ax®

It follows therefore that third differences of ax®+bx2+cx+d
are constant, for before we reach the third differences the terms
bx?, cx and d will have been eliminated.

11. 'The above considerations lead us to the following important
proposition:

If u, be a polynomial of the nth degree in x, then the nth
difference of the function is constant.

Let the function be

Uy=ax"+bx" ' +cx" 24 .. +5;
then  Au,=a(x+h)"+b(x+A)"+c(x+h)" 24 ... +s
—ax®—bx"l—cx"2—...—5
=anx™ th+ b a2+ c'x" 3+ L+ 7,

where ', ¢/, ... r’ are cocfficients involving % but not x.
Similarly,
Auy=an (n—1) x" 22+ b"x" 3+ "x" 4+ ...+ ¢,
and so on.

Each time that we difference we lower the degree of the function
by unity. After differencing n times no terms after the first will



nTH DIFFERENCE OF A FUNCTION 9
appear, and we shall be left with
A™y,=an(n—1) (n—2) (n—3)...2.1.k" or anl h™,

which is independent of x and is therefore constant.

As a corollary we may note that A™*ly,=o, a property of a
polynomial of the nth degree which is of value in the practical
application of the work.

The converse proposition is of importance: if the (n+ 1)th differ-
ence of a function is the first to become zero, the function is a
polynomial of not more than the nth degree.

12. It should be remembered that we are dealing here with a
particular form of function. Should the function be other than
a polynomial the nth difference will not vanish however great n
may be. Thus, we have

Example 5.
Find the nth difference of e?.

Ae® =g+t —eT=¢% (eh—1),
A%* = (et —1) (et —e%)=¢® (P —1)2
Similarly,  A3%®=e® (e"—1)3,

Generally, A"e®=¢* (e —1)", which is still a function of x, and is
thercfore not constant.

13. Although it has been said that the symbols A and E are in no
sense algebraic quantities, our definitions, namely that A denotes
the operation of differencing the function n times, and that E®
denotes the operation of obtaining a new function when the argu-
ment is increased by #z unit differences, enable us to apply to these
symbols the ordinary algebraic laws. For example,

A (uy+ uu) Slpyntlyp—lUp—Uy OF Ugyp—Uptily p— Uy,

which is Au_+ Au,. This relation is exactly similar to the ordinary
algebraic identity 3 (x+y)=3x+ 3.
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The three simple algcbraic laws are the laws of (i) distribution,
(ii) commutation, (iii) indices.
(i) A(u+v,+w,+...)
=(u.z+h+vx+h+wtlh+ "‘)_(uz+vz+wa:+‘“)
=(ttpyn—tg) + (Von— va:) + (wz+h - wa:)
=Au,+Av, +Aw, +....
Similarly,
E(u+v,+w,+..)=FEu +Ev,+Fw,+....
(if) The symbols A and E are commutative in their operation as
regards constants. For if ¢ be a constant,

Acuy=ctty,n—cuy=c (i, —t,)=cAu,,
and Ecu,=cu,,, =clu,.

(iii) The application of indices to the symbols A and E may be
shown thus:
If m be a positive integer, then A™ represents the operation of
differencing u, m times.
Amu,=(AAAA ... m times) u,,
A" (Amy, )= (AAAA ... n times) (AAAA ... m times) u,
=(AAAA ... m+n times) u,
=A™ty
Similarly, E™u =,
En (Emllx) = Enux-l mh = Uy mhynh = Em+nuz.

14. In connection with the law of indices we must be careful to
define Am, A", E™, ... when m and 7 are not positive integers. So
far, the symbols A™ and E™ are intclligible only when we can
actually perform the operations defined above and obtain the values
of the new functions. We have not yet defined these symbols when
the indices are negative. Consider for example the symbol A-1
Since we have assumed that the symbol A obeys the ordinary
algebraic laws, A-! must be such that A (A-1u,) gives A%, i.e. u,.

Let m be a positive integer. Then we define A-™u,, as a function
such that if it be operated on by A™ the result will be A™my,,
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i.e. u,. In the same way we have a meaning for E-™u,, namely,
that E™ operating on E-™u, produces u,. But if m be a positive
integer, E™ operating on #,_,,, produces #;_,.» , ma, i-€. #,. Therefore
the same result is obtained by operating with E™ on E-™u, as on
; p Inother words just as E™u, gives w5 50 E-™u, gives u, ..

The symbols E and A may be manipulated in a manner similar
to algebraic quantities provided that it is always remembered that
they are operators and that they have no actual values. There are,
however, two important points in which algebraic precedent cannot
be safely followed. These are:

(1) Operators are not commutative with regard to variables.

E.g., A (u,9,) does not as a rule equal ©,Av,.

(2) Itis fundamental in algebra that if a function vanishes, then
one of its factors must vanish. It is not true that if the result of a
series of operations on u, is equivalent to o.u, (i.e. zero), then
some one of the operations on u, must produce 0.u,. For example,
if #?=-0, then x=o0; it docs not nccessarily follow, however, that
if A2=0, then A=o.

In many problems it is convenient to use operators alone and to
omit the functions on which they operate. Where this practice is
followed the sign = (is equivalent to) should be adopted in place
of = (equals). Thus, Eu,=(1+A) u,, but E=(1+A4).

For further information on the difficulties connected with the use of

operators the student may refer to §.S.S. vol. 11, pp. 237 et seq. (S. H.
Alison).

15. Proceeding from the definition of differencing, it has been
shown that

Upp=Ug+ A”x)
Upion=Upyn+ DUy
=u,+Au,+A (1, +Auy)
=u,+20u, + A%,
Ugygn =Ugion + Dllg o
=ty + 200, + A%+ A (u,+20u,+ A%,)
=u, + 3Au, +30%, + Adu,,
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The coefficients of the various terms in these expansions are the
coefficients of x in the expansions of (1+x), (1+x)%, (1+x)® by
the binomial theorem. If we assume, for positive integral values of
n, that the general relation between u,,,; and u, and its differences
follows the same law, we can prove the truth of the assumption by
the method of mathematical induction.

Assume therefore that
enn =g AU+ Ny A2+ 0 AT+ L+ A,

U,

is true for the value n.
Then, since Ui ua1h = Uggnn + Dllgyps
we have
Upy (uorn =1, + 1At +00 N2++n ) ATu, 4.+ A,
+A (uy+ng)Auy -+ gy A%uy+ . A+ AMuy)
=u,+Au, (ngy+1)+ A%, (ngy+ng))+ ...
+ AUy (npy+ Npoyy) + ... F A,

But npy+ ey =(n+1)¢),
therefore
Upy(npr= U+ (n + I)(I)A“x + (n + I)(2)A2u.t +...+ (n+ I)(r)A’uz

+. ATy,

which is of the same form in (n+ 1) as was the original expression
in n.

Therefore if the assumption is true for n it is truc for n4-1.

But the theorem holds when n=1, 2, 3.

Therefore it is true when n=4, 5, ... and for all positive integral
values.

Therefore, for positive integral values of 7,

Uy yn =g+ 1) Athy + 1) A2y + 1) APy + . (AT, + o+ A%y,

16. When the relation between the operators A and E was dis-
cussed it was stated that our definition of these operations enables
us to apply the ordinary algebraic laws to these symbols. We may
therefore use the equivalent relation

E=1+A4,
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and if we operate on the function u, we shall have
Uy on= By = (1 +A)" u,
=(1+nHA+n A2+ +n) AT+ L+ A u,.

If we introduce the fact that the symbols follow the algebraic
distributive law, we may write

Upun=Up+ 1Ay +ng)A%u,+ ...+ 0 Afu 4+ ...+ A%,

which is the relation proved above for positive integral values of 7.

This result is true whatever the form of the function so long as
n is a positive integer. If n be other than a positive integer we
cannot adopt the binomial expansion without further investigation.
For the purposes of this chapter it will be sufficient to assume that
the relation En=(1+A)'=1+nyA+neA%+ngA3+... holds
without restriction. The conditions of the validity of the expansion
will be discussed at a later stage (see Chap. II)

17. We are now in a position to state that if n+ 1 consecutive
values of a polynomial of the nth degree are given, then, by the
method of finite ditferences, we can obtain the actual function in
the form

Uy =uy+ xq) Ahy+ 50y A2ty + ... + X ) A"ty
or w,=A+Bxq+ Cxgy+... + Kx(,),

where the coeflicients 4, B, C, ... K are obtained by inspection of
a table of ditfcrences.

Now if we are given n+1 corresponding values of x and %, it
does not immediatcly follow that ., is a polynomial of the nth
degree.

For example, suppose that we have the following data:

x o 1 2 3 4 5

u, I 4 9 16 25 36
Since six values are given there are the following possibilities:
(i) they may be actually given as valies of the function (1 + x)?;

(ii) they may be given as values of a polynomial of the second
degree in x, and it may be required to find the function;
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(iii) they may be given as values of a polynomial of the nth
degree, where n is less than 6, and it may be required to find the
function;

(iv) they may be given as values of a polynomial without any
information as to degree;

(v) no information regarding the nature of the function may be
available.

The answer to (ii) and (iii) is obviously u, = (1 +x)2

The answer to (iv) is u,=(1 +x)2+g—! x(x—1)...(x—5) F, or
(14 %)%+ x4 F,, where F, is a polynomial in x which does not
become infinite at any of the points o, 1, 2, 3, 4, 5. The function

alix (x—1)...(x—35) F,

will then obviously vanish for these values.

The answer to (v) is the same as to (iv) except that F, need not
be a polynomial.

It is of importance to realize that we can always find a value for
F, which will make the function u, = (1 + x)? + x4 I, agree with any
additional value whatever. For example, if u.5 = 1975 the function
u,=(1+x)2+x4)2° will agree with the given values and also with
the additional value which has been inserted at the point x=4-5.

Conversely we can say that whatever be the complete form of
the function of which the six given values are samples, the value
at any other point is the value of the function (1 +x)?2 at that point
with an error x)F,. Whether the value is a good approximation
or not depends on the magnitude of F,, and we may or may not
have reason to suppose that F is so small that it can be neglected.
It should be understood that we are not at liberty to say that
(1+x)? gives an approximate value at the point in question unless
we can give such a reason, based either on theory or on experience.

The matter is further investigated in later paragraphs, but it may be
said that in most practical cases F, is of the same order of magnitude
as Am+ly, for some value of x in the range under consideration. It may
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in fact be shown that F,=d—d§§, where ¢ is a quantity falling in the
range which includes x and the given values of u. (See Chap. III,
paragraph 17.)

18. If instead of writing E?=(1+A)" and expanding this by the
binomial theorem, we write A»=(E —1)" and expand, a new series
is obtained:
Ary, =(E—-1)"u,
=[Er—nqE" Tt +ng EM R —ng EM 3+ 4 (— 1) ney EnT
+o+H(—1)"u,
=Upyan ~ PO Uzt -DA T R@ Yzt (n—2)p -+
(= 1) gy opnt oo+ (1)t
Just as the relation established in paragraph 15 enables us to
obtain the value of u,, ,; in terms of u, and its leading differences,

so the above relation gives any required difference of the function
u, in terms of successive values of the function.

19. A few simple illustrations of the use of these two formulae are
given below.

Example 6,

Find wug, given uy=—3, #,=6, u,=8, u,=12; third differences
being constant.
The leading differences are easily found to be Ay, =9; A%uy= —7;

Aduy=9g.
ug=(1+A) uy=(1+6A+15A%+20A3) 1,
=ty + 6Au, + 15A% +20A3y,
= —3+54—105+ 180=126.
Note. There is no need to continue the expansion beyond third differ-
ences, as further differences are zero.
Example 7.

Find u, given u; =0, u; =3, u3=9; second differences being constant.
Here the initial term of the known series is %4, so that in order to find
u, we must use the relation

U=ty g=E2u,=(1+A)"% ug=(1—-24+3A%) u,,
as far as second differences.
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Uy =u,—2Aus+3A%,
=0-6+9=3,
since Auy=3 and A%,=3.
Example 8.
From the following values of u,, calculate A%y,:
Uy=3, uy=12, u;=81, wu3=200, uy=100, u;=38.

Since we require only one value of APu,, we do not necd to form a
difference table, but may write at once

ANuy=(E - 1) u,
=(E5— 5L+ 100 — 1012 4+ §E—1) 14,
= I%uy — 5 15%u, + 10L3uy — 1020y + § Luy — 1,
= Uy — SUy+ 10Uz — 10Uy + SU) — Uy
=755-

Note. Before we can find the fifth difference six terms of the series
must be given.

20. Separation of symbols.

In obtaining the value of E™u, in terms of u, and its differences
we have used the symbolic relation E=1+A and have expanded
(1 +A)" by the binomial theorem without introducing the function
u, until the last stage. This method, in which in fact u, is omitted
from both sides of the identity, is known as the method of separation
of symbols, and enables many relations involving u, and differences
of u, to be readily established. It must however be remembered
that the operators cannot really stand alone and that the operand
u, is always understood.

Example 9.
Show that
U+ Uy + U+ ...+,
=(n+1)q g+ (n+ 1) Artg+ (n+ 1)) Ay + ... + A",
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U+ 1y +ty+ .o Fthy,
=1y + Eug + E?uy + ... + Eu
=(t+E+E3+...+E") u,

Lntl g

=Gt O substituting 1+ A for E,

(AP -1

= X [T+ DA+ (14 1) A2+ (14 1) A+ ... +A™L— 1] 1
=[(n+1)q)+(r+ 1)) A+(n+1)5A%+... +A"] 1,
=(n+ 1)ty +(n+ 1) Auy+ (n+ 1) 5 A%y + ... + Ay,
Example 10,
Prove by the method of separation of symbols that

Up=tp  + A1y o+ A%, o+ A%, 4+ ...+ A N, + A", .

uy— A", =u,—A"E-"u = {1 - (2) j» U, = Ll:,;"é_ Uy

=Iin%1;r';§_} u,, since E-A=1,

=E (L7 1+ AEP2 4 A2Ln—3 4+ ARY) g,
=(E1+AE*+AE3+ .. + A E-")
=t  +Au + AU g+ A,
S U=ty g AU, g+ A%y g A, AR, .

Since this is true for all values of n we have the convenient formulae
Uy =u, ;+Au,_, (which is otherwise evident),
U=ty s +Auy o+ A%,
Ug=ty_y+ABuy g+ A%, g+ A%u, g,

and so on.
Example 11.

Obtain a formula based on u, similar to that given by the relation

Efuy=(1+4) u,
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Eruy=u,=E*"u,= (l—t,)”_: Up= (E;:_A)n—” u,, since E—A=1,
A n—-e
= (1 - 17) u,

=(1—AL-)y %y,
=[1—(n— %) AL+ (n—x) ) A2L-2—...] u,;
U=ty — (= X)) Aty g+ (n— X)) APy g — ...

It will be found that this is an ordinary formula which could be
obtained by using the values in the reverse order w,, 4,_y, #, 5, ... U
There is as much justification for using one order as the other. It
should be noticed that the same numerical values appear in the table of
differences, but that they are in the reverse order with a change of sign
for the odd diflerences. This should be tested by a numerical example.

If x> n, we may use the general relation

(n=x)=(— 1) (x—n+t—1)
and write the formula as
Uy=1,+ (x—n)q) Ary_y+ (x—n+ 1) 5 A%, o+ ...,
where the coeflicients are positive and are those in the expansion of
(I .__AE—I)~(w~n) Uy
Example e
Find the value of

Ax™ — JAZ™ + L3 Aoy 135 Atym 1 to m terms.
2.4 2.4.6
Since A™+1x™ and higher differences of ™ are zero, the sum of the

series to m terms is the same as the sum to infinity.
Onmitting the function x™, and working on symbols alone, we have

A—§A=+;i A“—;—:i:g At+...=A (1 -¢}A+i-:—:j; A“*—i{vi{% A% )
2l
=A (1+Ayi=AEE,
The value of the given series is therefore
AE$xm=A (x— " =(x+ )™~ (x =",
if the interval of differencing be taken as unity.

3 3
=A (1—*}A+%-'2— A’—%zlfg A3+...>
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Further examples of the application of the method of separation

of symbols to the operators A and E and to other operators will be
found in Chapters VI and VII.

21. Factorial notation.

For many purposes it is useful to use a notation for the product
of m factors of which the first is x and the successive factors decrease
by a constant difference.

Generally,

x™ =g (x—h) (x—2h) (x—3h) ... (x —m—1k).
For convenience in working we shall take .z =1. Then, if
M =x(x—1)(x—2) (*—3) ... (x—m—1),
Ax™ =(x+1)x(x—1)... (x—m—2)—x(x—1) (x—2) ... (k—m—1)

=mx (x—1) ... (x—m—2)

= mx(m—‘l).
Slmllarly A2x(m) = (fn —_ ]) x(m=2)
and, eventually, Amxm) =m|.

Again, from the definition of x(m,
M =(x —m+ 1) 2m-D,
o when m=o0, xO=(x+1)aD,
By convention, 20 =1,
S r=(x+41) KD

or D=
X+ 1
h =—
When m 1 #D (x4 2) 2,
XD
so that =" - .
x+2 (x+1)(x+2)
1 1

7 —m) — = E—
Generally #m = oy (x+m) " (x+m)m*

This notation, adopted by Aitken and Milne-Thomson, differs from
that used in Boole’s Finite Differences, Steffensen’s Interpolation and
Freeman’s Actuarial Mathematics. It has the advantage that, for any
value of #, the relation  yin (x _ )(m) = x(m+r)
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is valid for all integral values of r and m, whether negative, zero or
positive, provided that division by zero is not involved.

By proceeding as above it can be shown that
Axtm) = —mx D, A2xCm) =g (m 4 1) 27D,
and so on.
It should be noted that the result of differencing x¢™ is to

increase the degree of the denominator, and that, as a result,
Amx(—m) is not constant.

A special case of x!™ is where x is a positive integer. We have then

that com —x (x—1) (x=2) ... (r—m+1)=xl/(x—m)| or *P,.

It is also of intcrest to note that the result of differencing ™ is
analogous to that of differentiating x™. We have
Axt™) = mxtm=1  and Dx™=mx™"1,
Amxt™ =1 | and Dmaxm=ml
Similarly we have
A" %y =%y and  AMx,=1.
These relations are very important.
Note. In the demonstrations above Ax has been taken as unity. If

Ax=h, then Ax'™ =mhx'™-1, A2x'™ =m (m— 1) h*x'™1, and so on.
The general principles are the same.

Example 13.
Express 2x® — 3x2+ 34— 10 and its differences in factorial notation.
Let
u,=2x3—3x?+3x—10=Ax (x—1) (x—2)+Bx (x— 1)+ Cx +D.
Putting x=o0, 1, 2 in succession, we obtain easily that
D=—10; C=2; B=3.

By equating coefficients of x3 on both sides of the identity we find
that A=2.

s 288 —3x% + 3x — 10 =223 4 3x(2) 4 25D — 10,
Ay, =6x' +6x1) 4 2,
A%, =12x1 +6,
and Adu, =12,
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22. An alternative method for expressing P,(x) in the factorial
notation is by use of detached coefficients. By this method any such
function can be written down in the form

Ax®™ 4 Bxm—1D 4 Cx(-2)+ .. + K

with very little trouble.
The principle can best be illustrated by an example.

Example 14,
Write down 11x%+ 543 +2x*+x — 15 in factorial notation.
Let

1y = 11x%+ 523 + 2% + x — 15 = Ax® + Bx® 4 Cx® + D) + E
=4x (x—1) (x—2) (x—3)+Bx (x—1) (x—2)
+Cx(x—1)+Dx+E.
If we divide u, by x, the quotient will be
11x3+5x2+2x+ 1
and the remainder —15 =E.
Divide 11a% +5x?+2x+1 by x —1:

x—-1 | r1a®+ sx2+ 2x+ 1| 11x®+16w+18

11x% — 1142
10x% 4+ 2x
16x% — 16
18x+ 1
18x—18
19 =D,
Divide 1142+ 16x+ 18 by x—2:
x—2 | 112?24+ 16x+18 | 11x2+38
11x2—22x
38x+18
38x—76
94 =C,

and so on.
The above processes may be appreciably shortened by adopting the

following procedure:
(i) omit the x*%, x3, 2, ... and work on coefficients alone;
(ii) change the sign of the constant term in x—1, x~2, ¥—-3, ...,
so that addition takes the place of subtraction.
3 FMAS
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The required remainders can then be easily obtained. Thus:

I II 5 2 I ~15
o Ix 16 18
2 11 16 18 19
o 22 76
3 | r 38 | 94
o 33
4 11 71
)

11
Sty =T11x8 4 5% + 20+ - 15 =114 + 714 4 940D + 192V — 15,

This short method is the method of detached coefficients and
is of particular advantage in solving certain problems in summation
of series (see Chap. VI).

23. It is often simpler, and in some cases more practically useful,
to express P,(x) in terms of x,, &(,_y ... rather than in terms of
x™), x-1 __ This can easily be done by evaluating u,, u,, u,, ...,
forming a difference table and then using the formula given in
paragraph 15. Thus, using the polynomial in Example 14, we have

% Uy Au, Ay, Ay, Atu,
o —I5
19
1 4 188
207 426
2 211 614 264
821 690
3 1032 1304
2125
4 3157

whence u, =264+ 426x + 188x4 + 19x;y—15. The arithmetic
can be made even simpler by using ...u_y, u_y, 1, #,, ug... and
inserting the constant difference for the purpose of obtaining the
leading differences of u,. In the case of the polynomial considered
above, the constant difference will be A%, and it is instructive for
the student to rework the example on these lines.
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EXAMPLES 1

By constructing difference tables, find:
1. The sixth term of the series 8, 12, 19, 29, 42, ....
2. The seventh and eighth terms of the series o, o, 2, 6, 12, 20, ....

3. The first term of the series whose second and subsequent terms
are 8, 3,0, —1, 0, ....

4. The entry corresponding to the argument 3 from the table:

x (argument) 5 6 7 8 9 10
¥ (entry) 101 18-1 29°5 449 649 9o°1
5. The tenth term of the serics 3, 14, 39, 84, 155, 258, ....

6. Given that y =x3—x2%+ x + 10, verify by constructing a difference
table that the value of y when x=10 is 920. Use the following values
of x: 1, 2, 3, 4, 5, 6 and the corresponding values of y.

7. Prove that ug=us + Auy + A2u; + A3u,.

8. Find A3u,, where u,=ax3+bx%2+cx+d and the interval of
differencing is 4.

9. u,is a polynomial in x, the following values of which are known:
Uy =ty=27; u3=78; us=169. Find the function u,.

10. Obtain A [(1 —ax) (1 - bx?) (1 —cx®) (1 —dx?)].

r1. Find Aab’® and AZ%ab°*. Hence sum the first ten differences
of abe=.

12. What are the functions whose first differences are (1) x; (2) ¢®;
(3) 9x*+3°

13. 4, =(5%+ 12)/(x?+ 52 +06). Find Au, and A%,

14. u,=—(x—1)"1(x—2)"L. Find Au,.

15. w4 =(12-5) (4+x); Uu=(5-%) (4—x); wy=(x+18)(x+6);
#,=94. Obtain a value of x, assuming second differences constant.

16. Find Am™u,, where u, is (1) ax™ + bx"-1, (2) es=+?,

17. Show that u,=u,+ 4Au,+6A%u_j+10A%_, as far as third
differences.

18. The first four terms of a series are o, 5, 16, 30. Find the sixth
term, using the relation in Qu. 17.
a?® + a43]

. g | @ +a'
19. Find the value of A [(a3— NE
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20. Obtain the function whose first difference is
x3 4 3x% 4 5x+ 12,
By means of the relation u,=(1+A) 4, find
21. wupgiven uy=73; U, =14; Uy =40; u3=86; uy=157; u;=258.
22. Ug given uy=25; U, =25; Uy=22; Uy =18; uy=15; 5 =15.
23. Uggiven ug=1; U =11; Uy=21; tiy=28; u,=29.
24. The tenth term of the series 1, 37, 61, 77, ....
25. The eleventh term of the series 1, 4, 13, 36, 81, 156, 269, ....

26. Prove that the rth difference of a polynomial of the nth degree
is a polynomial of the (n—r)th degree if » <n. What happens when
(1) r=n, (2) r>n?

27. Define the functions '™ and x‘~™). Obtain their ath differences,
distinguishing between the cases when n = m.

28. Represent the function ¥ — 12x4% 4 4242 — 30x + ¢ and its succes-
sive differences in factorial notation.

29. Find A", where u, is
(i) (ax+bd) (a.x+1+b) (a.x+2+b) ... (a.x+m +b) given m>n.
(ii) [(ax+b) (a.x+1+b) (a.x+2+b) ... (a.x+m+D)]L

30. Obtain A sin x, A tan x and A (x+ cos x) where the interval of
differencing is «.

2
31. Explain the difference between (le:) Uy and A ¥ and find the
values of these functions when u, = 3. :

32. uz=sin x. Show that A%, =kLu, where k is constant.

33. Prove that A (tan-! x)=tan‘1{ where & is the

1+xh+ xz} !
interval of differencing.

Use the method of separation of symbols to prove the following
identities:

34. Uy X+ uxP+ugx+ ...
Xy x3

= - u
l—4\1( ) (1—a)®

35 Aty p=tt— Nty g+l U g =Ny U gt e

Ay + A%y +....

36‘ Upin=Upt+ X Aun—l + (x + l)(%) Azun-ﬂ + (x + 2)(3) As“n~8 Foeee
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37. o +x () Auy +xig) APy + xg) Adug + ...
=, + %) AUy + X Ay g+ ...
U X Uyx®  uyxd
38, uy+ ! : o
il o2l 3l
x2 x3
=% | g+ xAuy+—; A%y +— Adug+... | .
2! 3!
1 1,
39 Up—UgyyFUgip—Ugyyt e =0 (U f g Alu,_y
-3 )A“u «—143;5,(1 ® A%y +...
+ 1( =T 3] g) ey :
4O, Moy — My« 2Usyy_q + Moy 2%gy_p— o+ (=2 uy=(—1)" (¢ —2an),

where u,=ax?+bx +c.

4 I.3.5 6
Ay _o— 3716, 24Au,_3+...
SUpry— %A”z+} + iAzu;H& - §A3u¢+§ + ...

42. Find the relation between «, 8, y in order that « + 8x + yx? may
be expressible in one term in factorial notation.

41. SA”’ 1+8 6

43. Sum to n terms
I.2Ax" — 2. 3A%" + 3. 4A3K" — 4. 5A%" +
44. If u, be a polynomial in x of the third degree and Ax=1, prove

that

A2
0, = Uy + XAuy +—

Ay +
21 ST

3! A Uy
45. Prove that
Uy + 1y Uy X+ Ny Uy X2+ Mgy 113 6° +

=(1+%)" ttg+nq) (1+2)" "1 2Aug+ne) (1+2)"2 x2A%+ ...

46. Tf n be a positive integer, prove that u, is the difference between
the two scries:

Ny tty +(n+ 1)) A%y + (n+2) 5 Au_y + ...
and (n—1)qup+neA%u_y+(n+ 1) Alu_g+....



CHAPTER II

INTERPOLATION WITH EQUAL
INTERVALS

1. Interpolation may be defined as the operation of obtaining the
value of a function for any intcrmediate value of the argument,
being given the values of the functions for certain values of the
argument. The process has been picturesquely described by Thiele
as “the art of reading between the lines of a table”. Where the form
of the function y=u, is known or can be deduced from the given
values, the ordinary algebraic process of substitution can be used
and the required value obtained with little difficulty. In actuarial
work the relation connecting the function and the independent
variable is seldom simplc or evident, and it is then that recourse
must be had to finite difference methods.

2. Before proceeding to examine the practical aspect of inter-
polation the question of negative and fractional values of # in the
expression (1 +A)" u, must be considered. The proof of the identity
Uz nn=(1+A)"u, by means of operators or by induction, as in the
previous chapter, ceases to have a meaning if » is negative or
fractional, since the reasoning assumes that the argument x advances
by steps of 4 at a time. The assumption that, so long as the ordinary
algebraic rules are followed, the expansion is true for all values of
the quantitics involved and not only for certain specified values,
is not necessarily true, and an analogy can be drawn between the
application of the binomial theorem to algebraic quantities and to
operators. For example, the expansion (1 +x)" is only convergent,
i.e. is arithmetically intclligible, for negative valucs of n, provided
that x is numerically less than unity.

Thus (1—x)2=1+2x+32%+ 423+ ... + 72" 14 ... leads to an
absurd result if we put x=2, for then we should have

(—1)f=14+4+12+32+...
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which is impossible, since
(-1 =1f(-1)=1.
Similarly, in some cases there is no possibility of expanding
(1 +A)* u, by the use of the binomial theorem.

Consider the two following series of corresponding values of
x and u:

(M) x o 1 2 3 4 5
u, 1 4 9 16 2§ 36
Then to find the value of, say, #; we shall have
uy=Fluy=(1+A) u,
‘% ( I) A2y,

=1+ 1 Auy+

The leading differences are Auo 3 and A%u,=2, higher differ-
ences being zero.

Soop=1 3+1(I——I—)
=1+§-1=4
which is otherwise evident, since u, is (1 +x)?, and, for the value
x=1, u‘t:_(f})z:».
(11) x o 1 2 3 4 5
1, 1 5 25 125 625 3125
This is evidently a geometrical progression and the function

from which the values are derived is y=u,=5% If we attempted
to express #, as a polynomial in % so that

t,=a+bx+cx?+dx?+

and then applied the relation Em™uy=(1+A)"u, for the value
n=4%, we should obtain as above

uy=FEhuy=(1+A) u0
=uy+ $Au,+ 1) A+

Here the leading differenccs are 1, 4, 16, 64, 256, ... and tend to
become successively larger. But u; = 5t=2-24 approximately, and
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this cannot be the same as the divergent series found by expanding
(1+A)u,

Hence unless the function is capable of being expressed as a
polynomial in x we cannot use the relation E*=(1+A)" for the
value n=1%.

3. Let us now consider the problem more generally. If u, be a
polynomial of degree % in x, we may write

Uy=a+bx+cx?+...+pxk.

If we adopt the binomial expansion of (1+ A)" for expressing u,
in terms of u, and the leading differences of u, namely,

Uy =+ Xq) Mg+ X0) A2ty + ... + X ) ATy + ...

we have two series for u, which are equivalent for more than £
values of the variable, since they are true for all positive integral
values of x.

Hence by a well-known algebraic theorem, they are true for all
values of x, positive or negative, integral or fractional.

Therefore so long as u, is a polynomial in x the binomial expan-
sion is valid for all values of x. It is not necessarily valid for other
forms of function, and we are led to the conclusion that we can
expand u,,.; in terms of Awug, A%u, ... A'u, ... for all forms of
the function if # be a positive integer, but for other values of 7 only
if ., . is a polynomial. (Cf. Chap. I, paragraph 17.)

4. All finite difference formulae which are employed for the pur-
pose of interpolation are based on the hypothesis that the functions
in question can be represented by polynomials, i.e. by rational
integral functions, with sufficient accuracy for the purpose in hand.
This assumption is the justification for extending the formulae
to fractional intervals: the processes to be explained in this and
subsequent chapters are simply various methods of carrying out
the calculations based on these assumptions. One special advantage
of these methods is that it is unnecessary to fix in advance the
degree (n) of the polynomial; the interpolation formulae will be
in such a form that to increase #» will merely involve the intro-
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duction of a fresh term without affecting the other terms. The
introduction of additional terms however will not necessarily im-
prove the approximation or justify the assumption, although it will
generally do so. Fortunately, in actuarial work the functions with
which we deal are usually such that the assumption is sufficiently
accurate for our purpose.

5. In applying the formula in paragraph 3 to a given set of data
the following points should be noted:

(a) If the basic curve is y=a+bx+cx?+ ...+ ks there will
be 7 constants, and in order to determine these constants # equa-
tions are neccssary. For there to be z equations, values of y
corresponding to 7 values of x must be given. Therefore either n
points on the curve, or n other corresponding relations between x
and y, must be known. In that event the curve will be of degree
n—1, and nth and higher diffcrences are zero.

(b) Our investigation has been confined to equidistant values
of the argument. If the given values are not equidistant a formula
slightly ditferent in form from the expansion (1+A)*u, can be
developed with a modified method of differencing (see Chap. III).

With regard to the statement (@) above that for a curve of degree

n—1 there must be n facts given, it is not essential that n points on the
assumed curve must be known. We may have given, for example, three

1,
dx
five facts; we assume therefore a fourth degree curve, so that fifth and
higher differences are zero.

points and two values of the differential coefficient —=. Here we have

6. Newton’s formula.

The formula u,,,,=u,+nqAu,+ny A%, +... is known as
Newton’s formula, and is the fundamental formula for inter-
polation when the given values are at equidistant intervals. The
expansion can be applied to solve many forms of the problem of
interpolation.

The following variations of the problem may arise:

(i) Where there are n equidistant terms and it is required to find
an intermediate term.
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(ii) Where there are n equidistant terms of which n — 1 are known
and it is required to find the missing term.

(iii) Where there are n equidistant terms of which n—r are
known and it is required to find the 7 missing terms.

Note. Some modern writers have adopted the name ‘Newton-
Gregory formula” for the above expansion, as the first publication
appears to have occurred in a letter from James Gregory to John Collins

on 23 Nov. 1670. The letter is given and the question of Newton’s
priority is fully discussed by D. C. Fraser in ¥.I.4. vol. L11, pp. 117-35.

7. Examples of the variations referred to above are given below:
they are all solved by assuming the last difference constant.
Example 1.
The values of annuities by a certain table are given for the following
ages:
Age x 25 26 27 28 29
Annuity-value @, 16-195 15919 15630 15326 15000
Determine the value of the annuity at age 273.

Five values are given: we must therefore assume that fourth differ-
ences are constant. The difference table is

x a, Aa, Aa, Ada, Ala,
25 16-195
—-276
26 15°919 —-013
—-289 —+002
27 15630 —-0I5 +-oo1
—+304 —-001
28 15326 —-016
—+320
29 15°006

The leading differences correspond to the argument x=25 and we
require the entry for age 274. Our formula is therefore

agy=E ay=(1+A) a5

- [, bash+ 255 fay ZEXISXCS gy

L 28X 5% 5% (=15) A‘] g
24

=ag;+2°5A095 + 1-875A%4; + 3125A%y; —03900A .4y,

=16-195 —-6900 — ‘0244 — ‘0006 — -00004

=15-480.
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Note. Since the data are given to three places of decimals, sufficient
figures have been used to give three places only in the result. Since our
interpolation is based on an assumption, namely, that fourth differences
are constant, a result to more than this number of decimal places would
be unjustifiable.

Example 2.

From the following data find the value of u;:

U =192884; u;3=19'5350; u4=190513; u.,=197620.

We cannot form a difference table, since the given terms are not
equidistant. As however four terms are available we may assume that
third differences are constant, and that as a consequence fourth differ-
ences are zero.

If the function is y =u, we assume therefore that A%u,=o whatever
the value of x. We may write

Atyg=o,
ie. (E—1)uy=o0,
or (B =43 +6L%— 4E + 1) ugg=o,
Le. Ugo — 4llgg + Ottgg — 41igg + g =0,

so that 197620 —78:6052 + 117°2136 — 4144, + 192884 =0,
from which 14; =19°4147.

Note. As mentioned above, all the given terms are not equidistant.
The method however depends upon the fact that the term required
makes up in all five equidistant terms.

Example 8.

Complete the following table:
x 20 2°1 22 2°3 2°4 2°5 26
U, “135 ‘III  *100 ‘082 o074

This is similar to Ex. 2. Instead of using the assumption once that
Au, =0, we write down two equations of the same form, thus

ASuyq=o0, sothat (E—1)>u,q=o0,
and Abu,., =0, " (E~1)® uyy=o.
Our two equations then become
Ug.5— §lUg.q+ 10Uy 3 — I0Ug. 9+ Sy, —Uy.0=0,
and Ug.g — §llg.5 + 10Uy — 10Uy.g + §lig.g — Uz =O,

since the interval of ditferencing is o-1.
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Inserting the known values of u, and solving, the required values are
easily found to be u,.; =-123 and #,.4=-09o0.

Note. The function in this question is y=e~® and the tabular value
of u,., i3 091 correct to three decimal places. This difference is due to
the fact that our assumption that the curve y=u, is a polynomial of
the fourth degree in x is only approximately true.

8. Change of origin and scale.

If we had plotted the curve y=u, on which the values of u, in,
say, Example 2 were assumcd to lie, we should have had values of y
corresponding to values of x at 46, 48, 49, 50. Precisely the same
curve would result, however, if we changed the origin of our co-
ordinates so that 46 was representcd by the value x=o0, 48 by x=2,
49 by x=3 and so on, the unit of x being unaltered. This process
of changing the origin simplifies our notation considerably. In the
examples above we could have changed the origin alone, or both
the origin and scale, and could have altered the questions to read:

Ex. 1. Origin at age 25 Given wg, uy, 1y, 1., 1,
Unit of diffcrencing 1 year of age  Required u,,.

Ex. 2. Origin at x=46 Given uy, u,, u, 1,
Unit of difterencing x=1 Required w,.

Ex. 3. Origin at x=2-0 Given u,, 1y, i1y, 145, Ug
Unit of differencing x=1 Required u; and u,.

9. If in Newton’s formula
Uy g = Ug + 1) Aty + 1100 A2+ 1) AU+ ...
we put =1, x=0, and replace n by x, we obtain the series
Uy = Uy + X () Aty + %) ABuy+ x.q) A%y + ...

This is generally called the advancing difference formula, and gives
u, in terms of u, and its leading differences, where the interval of
tabulation is treated as the unit abscissa.

If, however, we wish to obtain u, in terms of u_,, and its leading
differences, we may write the formula

Up=U_, uyo)=E™ u_,=(+A)"t2y_
=u_,+(m+x)q) Au_p+(m+x) o) A%u_, +...
+(m+x),) Au_p,+....
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It is often more convenient to use this formula than to obtain %,
in terms of %, and differences of u,, the advantage being that thereby
we can make use of values of the argument on either side of x.

In some cases, particularly when dealing with the summation of
certain series, it is expedicnt to represent the first term by #, rather
than by %, If in Newton’s formula we put A=1, x=1 we have

uy=uy+(x— 1)) Auy + (0 — 1)) A%y + ...
or Uy o=t +xq) Aty + 20y A2y + ...,

and these formulae can be used for the summation of the series
U+ 1y +uy+.... (See Chap. VI, paragraph 2.)

10. Subdivision of intervals.

A frequent preblem in actuarial work is the interpolation for
values of u, at intervening points given every fifth or tenth value of
the function. For example, the problem may be to complete the
series g, Uy, Uy, U, ... from the known values ug, u;, u,g, 5, ... Or
from wg, 1q, tsg, gy -+

A simple method for obtaining the intervening values where
quinquennial values are known is given below.

Let du, denote the difference for umit intervals of x and Au,
denote the difference for quinquennial intervals.

Then u,, s may be expressed as either (148)° u, or as (1+A) u,.

Symbolically (148)P=1+A,
ie. (1438) =(1+A),
or S=(1+A)}—1.

From this relation we can find easily that
Suy =(-2A — 08224 -048A%— ..\) u,.
Hence 3%, = (-2A —-08A2% 4 -048A3 — .. )2 u,
=("04A2—032A% +...) u,.
Similarly 8%, =(-008A%—...) u,.

The same principle can be adopted if decennial values are
known. In that event Aug, A%u,, ... will represent differences for
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decennial intervals, and the individual differences will be found
from the identity 8= (1 +A)—1.

An example will show the application of the method.

Example 4.

From the following table of yearly premiums for policies maturing at
quinquennial ages, estimate the premium for policies maturing at all
ages from 45 to 50 inclusive:

Age x 45 50 55 60 65
Premium 2-871 2°404 2°083 1-862 17712
‘The leading differences for quinquennial intervals are
Au, A%y, Adu, Ay,
—-467 +-146 ~-046 +-017

The formulae required are
Su, =(-2A —-08A% + -048A3 — -0336A%) u, = — 1078592,
8%, =(-04A? — 03243 +-0256A%) 1, = +-0077472,
8%u,, = (-008A% — -0096A?) u, = — 0005312,
8%, =-00160A%, = +-0000272,

assuming fourth differences constant.
We have therefore by completing the table of differences,

Age 10, Su, 8%, S, Stu,

45 2371
—+10786

46 2763 +1007747
— 10011 — 0005312

47  2°603 + 007216 +'0000272
~+09290 - *0005040

48 2°570 +°006712 + 0000272
—-08618 ~ +0004768

49 2484 +°006235
—07995

50 2404

Note. Since we require the value of the premium to the nearest
penny, three decimal places will be required in the », column. In this
example, for results correct to three figures, four decimal places will be
needed: 8u, must therefore be given to five decimal places, 82u, to six
and 8%, to seven, since errors in higher differences accumulate rapidly.
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Given the following data (a), find the missing term or terms ():

I.

el AT A

9.

(@) uy=580, 1, =556, u3=520, 43 =385; (b) t

(a) u,=386, u3=530, u;=810; (b) uy; Uy

(8) up=150, ty =192, Uy=241, 43=374; () s

(a) u; =094, u; =265, u;=415; (b) w; ts-

(a) ug="6021, 1y = 5229, U3 =4559, #=3979; (b) #3.

(a) u50=92345, Us; =91550, U5y =90748, u;; =88204; (b) uss; Uy
(@) u_y=202, uy=175, =82, u,=55; (b) u}.

(@) uy=o0, 1, =3, Uy=10, Uz =34, U5 =200, Ug =1002; (b) uy; ug; g

(@) up=192°1, u;=187'5, u; =184, uy=184'6, uy=194°0,

Uy =199°4, U; =212"7, Uy =224"3; (b) ug; Ug.
10. (@) t,=98203, t; =97843, Ug=97459, U3=97034; (b) tz.z5.

r1. The numbers of members of a certain Society are as given in the
following table:

Year Number

1910 845

1911 867

1912 Make the best estimate
1913 846 you can of the
1914 821 numbers in 1912 and
1915 772 1916

1916

1917 757

1918 761

1919 796

12. Find pg; if pso=-98428, ps;="98335, psa="98008, pr;=97877.

13.

If u,, t;, U, ... ug be consecutive terms of a series, prove that,

if fifth differences are constant,

Uy = 051ty — "3ty + *75Ug + 75Uy — *3Ug + "O5Uge

Supply the missing term:

1y =72795 uy=67919
u, =71051 1;=66566

u; =70458 ug=65152.
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14. U935 =2°37107 Uszr = 2°37474
. Ug36 =2'37291 Uyzs =237058.

Find uy35.63-

15. Given uy= —-5, u;= — 484, #;=0, ug=-256, find the missing
terms.

16. Given the following data: uy=0, 1;= 15, Uy, = §0; estimate u;;.

If you were given in addition u;=35, how would your estimate be
revised? Illustrate your answer by a diagram.

17. Find the value of an annuity at 5§ per cent. given the following
table:

Rate per cent. Annuity-value

4 17°29203
4% 16-28889
5 15:37245
54 14'53375
6 13760453
18. Obtain approximations to the missing values:
x 50 st 52 53 54 55 56
f(x) 3:684 3756 3780 3803 3826
19. Thearea A of a circle diameter d is given for the following values:
d 8o 83 90 95 100
A 5026 5074 6362 7088 7854
Find approximate values for the areas of circles of diameters 82 and
91 respectively.
20. Calculate the value of sin 33° 13’ 30" from the following table of
sines:
angle x° 30 31 32 33 34
sin ° *5000 ‘5150 *5299 "5446 *5592
21. U;3=2450; g =2018; uy=1180; wugp=402. Calculate the
values of ug; and ug,.

22. From the data in Qu. 21 complete the table for values of u,
corresponding to individual valucs of x from 75 to 8s.

23. Four values of a function at decennial points are given. Express
Su,, 8%u,, 8%, (the differences for unit intervals) in terms of the differ-
ences of the function for decennial intervals.

Find the values u; to u, inclusive, given uy =0, U ="174, ty="347,
Ugy=-518.
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24. Uy=23'1234; Ug=23"7234; U;3=240834; 1,3=26-1330. Com-
plete the series 1, to ug.

25. If you were asked at very short notice to obtain approximate
values for the complete series f(0), f (1), f(2), ... f (20), being given
that f(o)=-o013, f(10)=-248, f(15)="578, and f(20)=-983, what
methods would you adopt, and what value would you obtam for f(9)?

26. Uy + Ug=1-9243 Uy +ug=19823

) U+ =1°9590 Uy + 5 =1-99506.
Find u,.

27. Tables arc available giving premiums at age 40 at the following
rates per cent.:

Rate per cent. 3 3% 4 4% 5 6
Py 025891 024054 -023517 -022470 -021509 ‘019811
It is desired to obtain P, at 5} per cent. Obtain this, using

(«) two of the above values; (B) four of the above values; (y) six of
the above values.

28. Given
10 10 10
2 f(x)=500426, 5 f(x)=329240, T f(x)=175212 and f (10) =40365,
1 4 1
find f (1).

2Q. U =13 Uy+Uy=541; Uy+us+ug=1847;

Uy + Ug + Uy + Uy + Uy, + 1, =90"36.
Find the value of u, for all values of x from 1 to 12 inclusive.

z=10
30. If you were given ug, uy, 43 and X u, how would you complete
z=1
the table of u, up to u,,?

31. Given uy=117"7; uy=110"§; uy3=102"7; t;y=75"4, obtain the
values of u, for all integral values of x from o to 10.

32. Obtain the following relation between nine terms of the series
represented by uy, u,, ... uy:
usg="4 (ug+tg) = § (U3 + 1) + 55 (U +14g) — 75 (1 + ),
and find u;, given
uy=74556; ,=1'55938; uy=-42796; u,=:32788; us='18432;
u; =-13165; uy=-08828; wuy=o.
4 FPMAS
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33. Itis asserted that a quantity, which varies from day to day, is a
rational and integral function of the day of the month, of less than the
fifth degree, and that its values on the first seven days of the month are

30, 30, 28, 25, 22, 20, 20.

Examine whether these assertions are consistent. If so, assume them to
be true, and find (1) the degree of the function, (2) its value on the
sixteenth of the month.

34. Extrapolation may be defined as the process of obtaining further
terms of a series as opposed to interpolation, which is the process of
finding intermediate terms.

The values of a certain function, corresponding to the values 4, 6, 8,
10 of the argument are 914, 742, 605, 500 respectively. Extrapolate to
calculate the value of the function corresponding to the value 11 of the
argument.

35. Given u,=1876, u, =777, u,=19, ug= —218, interpolate the
values of u,, 4, and u;, and find the form of the function, assuming it
to be a rational integral function.

36. Show that Newton’s formula
U, =ty + X (q) Atty + 2(9) A%y + 25) ASuy + 2 Aduy + ...
can be put into the form
U, =ty + X Artg — xa A2uy + xab Aduy— xabe Auy + ...,
where a=1-%}(x+1), b=1-%(x+1), c=1—}(x+1)etc.

Hence show that the successive coefficients converge slowly and
tend eventually to numerical equality.



CHAPTER III

INTERPOLATION WITH UNEQUAL
INTERVALS

1. In the previous chapter formulae have been developed on the
assumption that the argument proceceded by equal intervals.
Although in actuarial problems the data are generally given at
equidistant intervals of the independent variable, it sometimes
happens that we are required to interpolate when values of the
function are known for unequal intervals. In other words, instead
of values of u, for arguments x+#, x+2hk, x+ 3h, ... being given,
the known values correspond to the arguments g, b, ¢, ..., where
a—b, b—c, ... are not necessarily equal.

2. Divided differences.

Since we cannot use the differences as hitherto defined, we
adopt a special process involving the argument as well as the entry.
The differences obtained by this process are called ““divided”
differences, and are found in the following manner.

Let f (x)=u, be given for the values x=q, x=b, x=c¢, x=d ...,
where the intervals need not be equal.

Then we have

(i) First divided differences:
Uy— Uy U— Uy Ug—1U,
b—a’ ¢=b’ d-c’''"
which may be written as
f@Ga); fle,b); fde); e
(ii) Second divided differences:

f(C, b)"f(b’ a). f(d’ C)_.Z(cs b); .

c—a ’ d

or f(cr b, a); f(d» [ b); caee

4-2
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(iii) Third divided differences:

f(@d,c, bj:{l_(c, b, a); . or f(dyc, b a); ...

8. Notation for divided differences.

There seems to be at present no universally recognized notation
for divided differences. There are objections to the many forms
in practice. For example, A'u,, representing (u,—u,)/(b—a)
(Freeman’s Actuarial Mathematics, p. 57, and Henry’s Calculus and
Probability, Chap. VIII), has the disadvantage that the dash is apt to
be confused with the index (cf. A"2u, and A'%u,). A preferable form
A (a, b), A%(a, b, c) ... is clearer, but departs from the recognized
symbolical notation in that the function #, on which the divided
difference symbol operates is not present; this renders the notation
unsuitable for clementary work. The method adopted in paragraph 2
above is simple, and where there is no ambiguity with f(x, y),
representing a function of two variables, there is no objection to its
use. This notation does not, however, conform with the A notation
for differencing when the intervals are equal and to that extent it
is hardly satisfactory.

The following are some alternative notations that have been used:

Arguments Function Divided differences
(1) a,b,¢c... Ugy Uy, Uy ... A(a,b), A(b,c), A%(a,b,c)...
(2) a,b,c¢... Ugy Uy, Up oo (a, b), (b,¢), (a,b,¢)...

(3) %oy %1, %g . f(%), f(20), £(%0) on f (05 1)y f (%0, %2), f (%05 21, %)
(4) %o %y, Xgeee fx0), [ 1), f(32) o [0 21, [, %], [0, 21, 2] ...
(5) ao ay, ay... Ay, Ay, A, ... 04,, 64,, 624, ...
(1) D. C. Fraser, (2) W. F. Sheppard, (3) J. F. Steffensen,
(4) Milne-Thomson, (5) De Morgan.

The notation that we shall adopt is due to Dr A. C. Aitken
(Proc. Roy. Soc. Edin. vol. Lviil, pp. 169 and 175) and has all the
advantages possessed by the ordinary difference symbol.
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The convention and definition are
Ata=(ta=1)/(a=b)

u(l‘ I DR I ______i‘(_‘ I
@5 @ T (6=D =) (c=b)
Similarly it may be shown that

Mo, = U, + uy
i - (a—b)(a—c)(a—d) (b—¢)(b—-d)(b-a)
S s + Y
(=) c—a) (c=B)  [@d=a) [@=b) (d=0)

The symmetry of these differences is apparent and suggests
that the property holds for a divided difference of any order.
This is in fact true and the general proposition may be proved in
many different ways.

It may be proved by induction, by actually arranging the co-
efficients or, incidentally, in establishing another important pro-
position, namely that if wu, is of the form P, (x) then A"y, is
constant (see paragraph 6).

An elegant and succinct proof, based on the permutability of
the arguments, is due to Dr Aitken, and is given below.

*4, By definition
Ay =(u—u,)/(x—a)
a

= (ua - ua:)/(a —x)= %ua'

The suffix of the operator and the argument of the operand are
therefore interchangeable. Also, if u, is of the form P, (x), by the
remainder theorem x—a is a factor of u,—u, and it follows that
Au, is of the form P,_, (x).

a
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For divided differences of higher orders the definitions are
A (Mug)= A,
b a ab

A (A2)= Adu,,
c ba abce
and so on.

A divided difference of any order, e.g. A’u,, is unaltered by any
abe

permutation of the arguments. For, since the sufix of any A
operator and the argument of the operand are interchangeable, we
have such interchanges as

A (A=A (Au)=A (L)
b a b =z a z
= A (Aud): N (Aua)
a b z b
=A (Aw,).
T a
All permutations can be obtained by successive single inter-
changes. Thus, in the illustration above,

bax — bxa - axb -> abx —> xba > xab.

These interchanges are obviously possible for divided differences
of any order and it follows thercfore that a divided difference is a
symmetrical function of all the arguments involved.

Note. The proof given above depends entirely on the symmetrical
property of the differences. It does not follow that if u,=wv, then
Au, Av,, In passing from, say, A ( Au,) to A (A;ub) the student

a

should satlsfy himself that the eqmv']lence holds by wntmg down

~x gu Uy Ug—U,
4}(4\ )_ —a (x=b a-— b}

U, uy Uy
+

SE—a) (=5 T B=w) (6=a) T (@=8) (a=5)
I “—‘*“—““}

b—x a—x

So—x(6=a)t = a)(x DMCE b)(a %)’
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5. The method of forming a divided difference table is best
illustrated by an actual example.

Example 1.
Take out the divided differences of u, given the following table:

x 1 2 4 7 12
u, 22 30 82 106 206
The table is

X Uy Mu, N . A’tl, N z
I 22

3022 _g

2—1
2 30 26-8_¢

4-1
82-30_ ¢ =36-6__ ¢
4—2 7—1
8-26_ _ . s1-=(=16) _,

4 82 =z 36 P

106-82_g r5=(=36)_ .,

7—4 12—2

1 6 Z.S_)Aﬁ—x.
7 10 12—4
206—106_ o

12—7

12 206

Note. When the arguments and their order are fixed, we may use
the shortened notation Awu,, ANu,, ANu, ... for the leading divided
differences of u,, as in the example above.

It is essential to arrange the work systematically if crror is to be
avoided. The numerators and denominators must be set out, either
in parallel columns or in the form of fractions. Where there is
ample space the columnar arrangement is better, especially where
the divisors are cumbrous. It should be noted that while the
numerators are the first ordinary differences of the preceding
divided differences, the denominators arc all formed directly from
the arguments, differencing first in the ordinary way, then in pairs,
then in triplets, and so on. It will also be seen that the divisor
is always the difference between the values of » for the last and
first u, involved in the difference.
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6. Newton’s divided difference formula.
Let the given values of u, be
Uy, Uy, U ... Uy, U,

Then, by definition, u,=u,+(x—a) Au,,
T
A;ua= Aua+ (x—b) A'-’ua,
szu = Afu +(x—c) A Ug,

bex

A u,= A]‘ ua F(xe— l) N,

be...kx be..lz
Hence, by successive SUbStltllthl’l of each identity in the one
preceding it, we have

uy=u,+(x—a) Au,+(x—a) (x—b) Nu,+...
b be
+x—a)(x=b)...(x~ k) Au,+(x—a)(x—0b)...(x=1) A u,.
be...l be...lz

Thus u,=U,+R, (%),
where U, represents the sum of all the terms except the last and
R, ., (x) the last.
R, (x) may be written as
(x—a)(x=0b)... (x=1) bA";“ux

by permuting the arguments of the divided diffcrence.

It should be noted that the term preceding R is
(x—a)(x—b)...(x—Fk) A'u,,
be...l

involving n factors in the coefficient. In R there is an additional
factor x—1.

If we put x equal to @, b, ¢ ... in succession, the R term vanishes and
we have the following results which are identities, analogous to those
obtained for equal intervals in Chapter 1:

[Uelamp=ttp=tta+(b—a) Atig,
[Uelame=tts=tt3+(c—a) zlt’wa+(c—a) (e=0) Léuy,
[Up)ima=tts=1,+(d—a) Au,,+(d—a)(d b) Agu

+(d—a) (d—B) (d—) B,

It is seen that R is the only term involving u,; it vanishcs if x takes
any of the values a, b, ¢ ... ], or for any value of x if A"+lu,=o.
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It follows therefore that U, is that polynomial of the nth degree
in x which takes the (n+1) given values u,, u,, u, ... 4, when
x=a, b, c ... | respectively. If therefore u, is itself a polynomial
of the nth degree in « it must be the polynomial U_; i.e. R vanishes
for all values of x. We have therefore that

ANty =0 and A"y, is constant.
abe ...l be...l

U, is thus the wunique polynomial of degree n which represents
Uy, Uy, .... Therefore the coeflicient of x* does not depend on the
order in which @, b, c, ... are taken. Since this coeflicient is A"u,,
it follows that the divided difference is a symmetrical function of
all the arguments involved. (Sce paragraph 3 above.)

If u, is not a polynomial of the nth degree in x, we have only the

relation
U,= Ua: + Rn+1 (x)>

where the R term itself involves u,, and if the expression
U,+R,,; (x) be worked out by expanding the coefficients all that
we obtain is the identity #,=u,. Thus our results do not help us
to find u, unless we have some knowledge of or may make some
assumption with regard to the value of R, ;(x). It may be said
in fact that R, ., (x) plays the same part as does F, in Chap. I,
paragraph 17. As in the case of ordinary differences it is assumed
that R,,,, (%) is negligible and may be put equal to zero, giving

finally u,=U,

=u,+(x—a) Au,+(x—a) (x—b) %zua+...
b
+(x—a) (x—b) ... (x—k) N'ug,
be...l

which is Newton’s formula for interpolation with divided dif-

ferences.
For the method of obtaining the limits between which R, (x)

lies, see paragraphs 16 and 17 below.

7. Sheppard’s rules.

If, as in the paragraph above, the arguments are x, 4, b,c...k 1
where u, is to be found and the n+ 1 values u,, uy, u,... Uy, 1, are
given, we may put Newton’s formula into a more compact form
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by the use of a notation due to Mr D. C. Fraser. This notation is as
follows:

The arguments a, b, ¢ ... involved in the divided differences and
the factors 4, B, C ... are in the same order, with the exception
that the small letters are always one in advance of the capitals,
thus:

Arguments, a ab  abc abed abede ...

Capitals, I A AB  ABC  ABCD....
Newton’s formula thus reads
uy=u,+AANu,+ ABNu, + ABC Nuy,+ ...+ ABCD ... K A'u,.
b be bed be...l

Dr W. F. Sheppard has given very convenient rules, embodying
the same principle, and by means of these rules formulae may be
written down at sight for any intervals. As expanded by Mr G. J.
Lidstone [ J.I.A. vol. Lv111, p. 65 and references there given] these
rules are as follows:

“(i) We start with any tabulated value of u.
(ii) We pass to the successive differences by steps, each of
which may be either upward or downward”’;
[each step involving a new u# whose subscript will be numerically
the next lower/higher if the step is up/down, and the #’s are
arranged in the numerical sequence of the variables.]

“(iii) The new suffix [of 4] which is introduced at each step
determines the new factor (involving x) for use in the next term.”

[That is, each divided difference of the ath order has for its
coefficient the product of n factors of the form (x—a;) where a,
represents a value of the variable, and has to be given all the »
values that were involved in the last preceding difference.

These rules apply whether the intervals are equal or unequal; if
they are equal the divided differences are of the form A™u/n!.]
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These rules are familiarly known as the ‘‘zig-zag rules” for
reasons which will now be explained. If we are given a set of w’s
and their differences as in the following scheme

Ug
Dy
b 0
u, MNu a
be
ANy Nu,
] bed
uc /I\zub 11\41‘“
ot
TN u, sub
d cds
Uy A\zuo
de
Ay
P
U,

and use them to interpolate for #,, it is not necessary to use the
formula involving #, and its leading differences. We may begin
with any of the ’s and at each step move either upwards or down-
wards in proceeding to the next column in the difference table, so
that we may if we like follow a “zig-zag” route; in fact with n
values we have a choice of 2"~ different routes. [Cf. Sheppard,
F1.A. vol. L, p. 89.]

Suppose we wish to begin with u,. The next term may be either
Ay, or z‘[}uc, since both of these involve u,: let us take Aw, in-
[ [

volving u, and u,. We may next take either A%y, or A%, since
bo od
both of these also involve u, and u,: let us take A%,. We may then
cd
move to A%y, or APy, and we select the latter. We then have no
bed ode

further choice and we move to Ax,. Our formula thus brings in
the small letters in the order el
¢, bd e a
and therefore the factors of the coefficients will enter in the order
1, C, B, D, E.
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Thus we may write down at once the required formula
uy=u,+ CAu,+ BC Nu,+ BCD pA*uy, + BCDE Nu,
[ cd cde bede
or
Up=Us+(x—c) Attp+(x—d)(x—c) Adxzub+(x—b)(x—c) (x—4d) [}314,,
[ [ cde
+(x—=0) (x—c) (x—d) (x—e) Nu,.
bede

Sheppard’s rules are of the utmost importance, and a clear
understanding of them will save the student much trouble.

8. The following is an altcrnative proof of the property of divided
differences which was established in paragraph 6.

If u, be a polynomial of the nth degree in x, then the nth divided
difference of u, is constant.

It will be sufficient to consider the function y=x®. Then, if the
values of the argument x be q, b, ¢ ..., the first divided differcnce
Aa" is

" —a™)/(b—a)=b""1+b""2a+b"3a% 4 ... 4 a1,

This is a symmetrical function of the (n—1)th degree in a and b,
and is the cocflicient of x*-! in the cxpansion of

(1+bx+ 0% +..) (1 +ax+a®2+...),

.. . c1 1
i.e. in the expansion of ———. .
1—bx"1—ax

1

. . . I
Thus Ab" is the coefficient of ¥ in ——— and therefore

° I—cx 1—bx
M2an is the coefficient of "1 in
bo
1 I I 1 I
c—a\1—cx'1—bx 1—-bx'1—ax)’
.. I 1 1 . .
i.e. in x . . , or the coefficient of x#2 in
I—cx 1—bx 1—ax

1 1 1
I—ax 1—bx' 1—cx’

Proceeding in this way, we find that Aa® is the coefficient of
bo...
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1 I 1
1—ax 1—bx 1—cx
product. This coefficient is evidently symmetrical in g, b, c ....
Finally, bAy‘a" is the coefficient of &° in a similar expression, and
Coee

x™ in

..., where there are » factors in the

this coefficient is unity.

Thus, the nth divided difference of a polynomial of the nth degree
in « is constant and equal to the coeflicient of the highest power
of x; and higher divided differences vanish. Also, it has been
proved incidentally that a divided difference is a symmetrical
function of the variables involved; for the expression obtained for

Ava™ is symmetrical in g, b, ¢ ....
bed...

9. Newton’s divided difference formula is quite easy to apply in
practice, as the following example will show.

Example 2.

From the data in Ex. 1, find u,.
Assuming fourth divided differences constant, the formula gives

ug=u, +(8—1) Nu,+(8—1) (8—-2) A%y
+(8-1) (8-2) (8—4¢) Au +(8—-1)(8-2) (8-4)(8-7) &'y
=1y + 7 Ay + 42 N + 168 Nuy + 168 Ny
=22+56+252—268-8+32'3
=93 to the nearest integer.

10. Relationbetween divided differences and ordinary differences.
If the arguments a, b, ¢ ... &, [ are spaced at equal intervals A,
weshallhave ) ) 4 e bmd—c=...=I-k.
Hence in forming Awu the divisors will all be equal to 4.
Thus L}ua=Aua/h etc.
Similarly in forming A% the divisors c—a, d—b ... will all be

equal to 2A.
Alu, =A%, (2! B2,
be

In forming A®u the divisors d—a, e-b ... will all be equal to 3A.
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oo Lu,=A%u, /3] B,
bed
In general Nug=A"u,/nl h".
bed ...

If therefore the common interval A = unity, the divided differences
will diminish much more rapidly than the ordinary differences.
In interpolation formulae this is counterbalanced by the denomi-
nators of the form n! which appear in the coefficients of the
ordinary differences but not in the coefficients of the divided
differences.

The formula for u, in terms of u, and its leading divided
differences is

U, =u,+(x—a) Au,+(x—a) (x—b) Nu,+...
b be
+(x—a) (x=b) ... (x—Fk) MA”:ta.
This becomes, on putting x—a=mnh,
Uy puh =g+ 1l ANty +nb [nh—(b—a)] Alu,+....
b be

If nowb—a=h,c—a=2h...
nhAu, nh (nh—h) A%,
__h -2 +_._._

200

+ nh (nh—h) (nh—2h) A3u, +
3l A3

Uginh = Ug

from the relations proved above;
ie. Ugnn=Ug + Ny Dty + 1y A2y + 1 Ay + ...,
which is Newton’s formula for advancing differences.

It is easily seen therefore that in order to pass from the divided
difference formula

Uy=t,+(x—a) Au,+(x—a) (x—b) Nu,+...
b be

to the advancing difference formula (when the intervals are the
same) we may replace A by A, drop the subscripts and insert
factorial denominators thus:

(x—a)(x—a—

Uy=t,+(x—a) Au,+ I)Azua+....
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11. Lagrange’s interpolation formula.

On the same assumption as has been made hitherto, namely that
the function concerned is a polynomial in x, an interpolation
formula can be evolved which is equivalent to the process of
splitting up an algebraic fraction into its partial fractions.

Let n values of the function y=u, be given, so that u, is sup-
posed to be a polynomial of the (n—1)th degree in x, and let the
given values of x be @, b, ¢, ..., ], k.

Then we may write

u,=Ax-b)(x—c)...(x—k)+B(x—a) (x—c) ... (x—k)+...
+K (x—a)(x—0b) ... (x—j),
where there are n terms each of degree n—1 in «.
This is true for all values of x involved. Put therefore x=a.
Then u,=A(a-b)(a—c)... (a—k),
_ U,
" (a=b)(a—c)...(a—k)"
Similarly, by putting x=¥,
B

-. A

u
“(—a) (b-—cb) L (b=FR)"
In like manner all the coefficients can be found.
v —u (x=b) (x—c)...(x—k) (x—a) (x——c)...(x—k)+
27" (a—b)(a—c) ... (a=k) " "°(b—a) (b—c)...(b—=Fk)
(x—a) (x—b) (x—¢) ...
o oy =By (F=¢) ...’

+u

or otherwise
u, _ , .
x=a) (z=0) . G=F) (@=b)(@—¢) ... (@—F) —a
+ “p .
(b—a)(b—c)... b—Fk)x—b " "

It is evident that this is exactly the same as splitting the fraction

(x—a) (x—g) v (x—FR)

into partial fractions.
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This alternative expression is due to Euler and was given earlier
than Lagrange’s formula.
It is interesting to note that Euler’s form, when written as

U, Uy Uy
—a) (x=0) .. T (@) (a=b) ... " (b=%) (b—a) ..

is an expression for the divided difference A"u,. It follows therefore

+...=0

abe...
that Euler’s formula (and consequently Lagrange’s) can be evolved
from the divided difference formula by equating the nth divided
difference to zero. Also, since the expansion is symmetncal inx, a,b,c
.. k, the divided difference is independent of the order in which the
arguments are taken, as stated in paragraph 3 above.

12, Lagrange’s formula is usually laborious to apply in practice
and requires close attention to sign; it is generally simpler to
employ other finite difference methods. Where the intervals are
equal an advancing difference formula may be used, and for
unequal intervals it is preferable to use divided differences.

The principles on which this formula has been developed are
the same as those assumed for the difference formulae, namely that
n values of the function being given, nth differences are assumed
zero. The following examples show the application of the formula:

Example 3.
Given the data in Ex. 1, obtain g by the use of Lagrange’s formula.
o g o Uy I
E=1B-2B-HE-7)E~12) (=21~ (1-7)(1-12) 1)
Uy 1

@)@y (-7 -12) B-2)

U, I

TEEN G- = G- G-
ie. s = 22 + 30 —
7.6.4.1.(=4) (-1)(=3)(=6)(=11).7 1.(-2)(—-5)(—10).6
+ 82 + 106
3-2.(=3)(-8).4 6.5.3.(—5).1

200
11.10.8.5.(—4)"
S Ug= —10'666 ...+336—95:666 ... + 158293 ... +7:865
=93 (to the nearest integer) as in Ex. 2.
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Example 4.
Find the form of the function y =u, given that

u=8, wuy=11, ©,=68, u;=123.

By Lagrange’s formula:

u, _ 8 §+ 11 I
x(@-1)(x—-4)(x=5) (-1 (=4)(=5) % 1(-3)(—4)*—1
68 1 123 I

. ——
4-3(-1)'x—4 5.4.17x—5
zr it 68 1 123 1

5’4 12'%x—1 12'x~4 20 x—5
_ 11152440 I s7x—24
T20x(x—5) 12(x—1)(x—4)

_ 23x+8 19x—8
Tqx(x—5) 4(x-1)(x—4)
S uy=}[(23%+8) (¥ — 5 +4) — (19% —8) (x? — 54)]
=x%—-x%+3x+48.

It is useful to work out this example by divided differences, adopting
two different orders for the values of #, thus illustrating the principle

that, if the same #’s are involved, the order is indifferent.

(a) x Uy Au, [Ifu, [Nu,
o 8
3+r=3
I 11 16 +4=4
57+3=19 5+5=1
4 68 36+4=9
55+1=55
5 123
U, =8+43x+4x (x—1)+1x(x—1) (x—4)=x3—22+3x+8.
(b) x Uy Lhu, A’u. iy Uy
5 123
—115+ —§5=23
o 8 -8+ —-1=8
+ 6o+ +4=15 -4+ —4=1
4 68 +4++1=4
- 57+=3=19
I 11

5 FMAS
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Soooup=123+23(x—5)+8(x—5)x+1(x—5)x(x—4)
=123 +23x — 115 + 8x% — 4ox + x> — gx? + 20x
=x%—x243x+8.
Here, for example,
ANy = Aug=1g,
4 1
Nuy= Nug= 1.
1,4,56 0,4,1
13. The following examples are instructivc:
Example 6.
Uy=—18, u; =0, U3 =0, ;= —248, 113=0, 1y =13104.
Find the form of u,, assuming it to be a polynomial in x.

Now since u, =0, u;=o0, ug=o0, the function must be of the form

(x—1)(x—3) (x — 6) ¢ (x), where ¢ (x) is a polynomial in x of the second
degree.

u, .
= =3 (=6 =4 O

U,

te (- 1) (77;03) (-06) =¢(0) . ¢(0)=1,sinceu,=— 18
ug _ . B .
42(:_}-5 —¢(S) b ¢(5)_3I’ » Us= 248
, .
and §03 =t 5 $0)=on . m= 13104
Whence, from the divided difference table,
* 4 (x) A4 (x) ) (x)
o 1
6
5 31 1
15
9 9r

$(x)=¢ (0) +x A (x) +x (x~ 5) A% (%)
=14+6x+x(x—35)
=x2+x+1;
S = (x—1) (x—3) (2-6) (*+x+1)
=x%—gxt + 1843 —a% + gx —18.
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Given u;=23, #;;, =809, uy;=17315, Uz =735600, us,=068510, con-
struct a table of divided differences and extend the table to include
arguments x =3 repeated as many times as may be necessary to find
1, in powers of (x —3).

From the data we have

x

5
11
27
34
42

3

Now

Uy Au, A’u, A’u,
23
146
899 40
1026 1
17315 69
2613 X
35006 100
4113 1
63510 a
b 1
¢ d
e I
f
1
a= 100—24XI= 76
b= 4113—31%xa= 1757
c=08510-39xb=—~ 13
d= a -—-31xI1= 45
e= b —39xd= 2
f= d —-39xI1= 6

a=cH+(x—3) e+ (x—3)"/+(x—3)*x1

=—-13+2(x—3)+6 (x—3)2+(x—3)3%

14. Newton’s formula with divided differences may be considered
as the basic formula in finite differences. It has been shown that,
by making the intervals equal, the ordinary advancing difference
formula follows, and that Lagrange’s formula can be evolved from
the divided difference formula by equating the nth divided dif-
ference to zero. Moreover, by taking the limiting values when the
intervals tend to zero, Taylor’s theorem can be obtained.

The formula is of the utmost importance analytically and

5-:
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historically, and the advanced student may be recommended to
read Mr D. C. Fraser's ‘“Newton’s Interpolation Formulas”
(F.1.4. vol. L1, pp. 77-106 and pp. 211-32, and vol. Lv111, pp. 5§3-95)
and the same author’s “Newton and Interpolation” (an article
in Newton, 1727-1927, a memorial volume published by the
Mathematical Association).

*15. Adjusted differences.

There is a system of differences which may be considered as
the connecting link between ordinary differences and divided
differences. These differences, which are called adjusted differences,
were used by Newton and re-discovered by Sheppard.

When the successive arguments are a, b, ¢ ... the relation between
adjusted differences and ordinary differences is as follows:

Divisor of difference  Divisor of difference

Order of for divided for adjusted
differences differences differences
First a-b a—b
Second a—c 4 (a—o)
Third a—d 3 (a—d)
Fourth a—e 1 (a—e)

Ordinary differences are adjusted differences and both sets can
be used in the same scheme.

An interesting account of the Newton-Sheppard system of adjusted
differences will be found in ¥.I.4. vol. Lvi1, pp. 60-74 (D. C. Frascr).

*16. An expression for the nth divided difference.
The results of paragraph 5§ may be written in the form

Rn+1 (x) =Uy— Uz’

where R, (x) vanishes for n+ 1 values of x, say @, b, ¢ ... . Hence,
by repeated application of Rolle’s Theorem, it follows that, in
the interval which includes these values, the first differential coeffi-
cient of R with respect to x vanishes at least # times, the second
differential coefficient vanishes at least »—1 times, and finally,



REMAINDER TERM: DIVIDED DIFFERENCE FORMULA §7

the nth differential coefficient vanishes at least once, say where

x=¢.
dn
o= [(7:‘7‘ R, (x):’z-e

dr
= [(Zv_” (- U, ::)] e

Now U, is of the form P, (x), and since the nth differential
coefficient of P, (x) with respect to x is n! times the coeflicient of

x", it follows that an
—— Uy=n! Au,.
dx® "% el ”

dar '
Soooo=ls—u -n! A'u
dxm z];-; be...l @

or ZI\"“ =—[d,x" x:l

for some value of x (£) within the range which includes @, b, ¢ ... /,
and x.

*17. Remainder term in the divided difference formula.
If in the proof above we bring in another term u,, we have

1 IL+1 ( )'
Ay” U, N /n+x !
bel .. dénrie
dn+l

where -~ u, is written for I: u ] .
dg'“'l £ d n+1 ot

This is the divided difference involved in R, ,, (x).

SR, (x)=|:(x—a) (x=8)...(x=1) ‘%:—;1 ug]/(n+ 1)l

When the intervals are all unity, this becomes

dn+l
Ry i1 (%) =241 553 d§"+1

where ¢ is some value in the interval including all the arguments
involved, i.e. the given arguments a, & ... ! and also x.
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EXAMPLES 3

1. Given terms at unequal intervals, explain how to apply the method
of divided differences to find an interpolated value: illustrate your
answer by finding u; given

Ugoo= 1345, Ugps= 1470, Ugz=2010, Ug.g0=73815, ug,;=10965.

2. Uy =43833, Uyn=40508, uyu=49431, Uy =50912. Use divided
differences to find u,;.

3. Given the following table, find log 656:
No. 654 658 659 661
Log 2-8156 2-8182 2:818¢9 2-8202
4. U5=1-6990, ugy= 17160, ugy = 17324, tgs=1-7404. Find ug by
divided differences.
§. Ugs.q=11%5, . =1280, .5 =2180, uy.;=2420. Obtain a
value for uy, (i) by advancing differences, (ii) by divided differences.
6. u;.0=235, .y =250, 1,9 =430, ug, =484. Find ug.,.
7. Find the first three divided differences of the function y =2 for
the arguments x =/, m, n, p.
Find by Lagrange’s formula the value of
8. uyggiven uy=1522, UE=1399, usp=12'62, uy=11'13.
9. ug given uy =17:378, uy =15-894, )y = 14270, ;5= 12"412.
10. Ugy ZIVEN Uy =22°40, ;5=2100, 1y0=2082, up=19835.
II. u; givenu, = 400, u, = -128, uy = -224,uy = -376.
12. Use Lagrange’s formula to find the form of the function y = f (x)
given
x o 2 3 6
f@®) 659 705 729 804

13. Values of u, are given for all integral values of x from o to n—1.
Show that u, is capable of cxpression in the form

x! U, 4 g
(x=m)l(n—1)! [x—n+1 ~(=a 22005

u
+r= i Tt (= D

Find u, given uy=4, u;=7, u3=12, u;=20, by using the above
formula.
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14. By means of Lagrange’s formula, prove that, approximately,
(1) wy=ug—-3 (us—u_g)+2 (u_g—u_g),
(2) =4 [uy+u ] -4 [} (us—u) —§ (u_y —uy))

15. Four equidistant values u_,, u,, #,, and u, being given, a value
is interpolated by Lagrange’s formula. Show that it may be written
in the form

2 _ 2_
Uy = YUty + X1ty +J—)Q3_li) A%, +x—(%l—l) Ay,

where x+y=1.

6. 1 (@, a)=LLE, yq ) L@@ o pe

p — 4y
divided differences of the first order; f (a,, a;, a)) ACH (2) ~£ (@, a"),
2~ G
etc. divided differences of the second order and so on, find f (2, 4, 9, 10),
where f (x) = (i) % — 2, (ii) #*+x2+1.

17. Prove that if u, be a polynomial of the nth degree in x, and if
values g, u, 1., ... of u, be given, then the expressions for u, in terms
of its divided differences are identically equal whatever the order of
arrangement of the u’s.

18. Apply Lagrange’s formula to find f (5) and f (6), given that
f(1)=2, f(2)=4, f(3)=8, f(4)=16 and f(7)=128;

and explain why the results differ from those obtained by completing
the series of powers of 2.

19. U_gy=30; U_j3=34; t3=38; uyg=42. Find u,

20. #;0=7'609; thyy=7'07; U3 =678; u;;=6-18. Interpolate to find
u;, by divided differences,using the following orders of the argument :

() 70, 73, 75, 725 (ii) 72, 75, 70, 73.

21. By means of divided differences, find the value of u,, from the
following table:

x 11 17 21 23 31
u, 14,646 83,526 104,486 279,846 923,526

22. Prove that A? x®=x+y 42 and that
s

()=
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23. If the data are uy, uy, u,, u;, ty;, and the interpolation formula is

u,=uy+Cy Aug+Cy Ny +Cy Nug+Cy Ay,
3 47 3,4,7

3,4,7,11
find the values of Cy, C,, C3 and C,.
24. If the data are as in Qu. 23 above, and the formula is
Uy ity + (8= 3) Aut(x—3) (x—4) Mut(x—3) (x—4) % A
+(x—3) (x—4) x (x—7) A,

find the missing suffixes of the operators and the subscripts of the ’s.
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CENTRAL DIFFERENCES

1. If a series of values of u, be given, we can interpolate to find
any intermediate value by one of the methods in the preceding
chapters. Where the values of the argument x proceed by unit
intervals it has been shown that, on certain assumptions, Newton’s
advancing difference formula can be applied to give satisfactory
results, If the value of u, were required for some value of x be-
tween x¥=0 and x¥= 1, it might be considered that we should obtain
a better result if our knowledge of the shape of the curve extended
on both sides of the values of x between which we wish to inter-
polate. That is to say, where we may choose any values of u, at
unit intervals for our data, it might be of advantage if we could use
a formula involving values such as u_g, u_y, u_,, uy, 4, y, ug, ...
rather than wu,, u;, uy, u3 %, .... By the advancing difference
formula we expand u, in terms of a given value of u, and its leading
differences and, by giving x a suitable value, such a formula can
be made to embrace any values of u that we wish. It is however
convenient to use special formulae called central difference formulae,
based on differences obtained from the values of #, on either side
of the origin; this is found to result in smaller coeflicients and a
more rapidly converging series of terms,

2. There are various central difference formulae that are of use
in actual practice, and the development of the better-known
formulae is an exercise in the application of the fundamental
principles of finite differences which will be advantageous to the
student. These formulac apply whether the values of the function
correspond to equidistant values of the argument or to values with
unequal intervals. We shall consider first the general case and pass
from it to the simpler and more usual case of equal intervals.
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3. Gauss’s formulae.

Suppose that we are given the values ... u,, 4, u,, #, 4, ... and
that we wish to deduce a formula for u, in terms of u,, the even
differences which fall on the line of u, and the odd differences
which fall on the line between u, and u,, as shown by the lower of
the two series of dotted lines in the following difference table:

Un
Auy,
]
u, zl%?ztm
,A'iz /,'/t\:”m
/,/ a S~ __ ” -7 da) T~ a
~Ar2,, - i
u‘b\ \\,,4//1\”1\\\ \////’/lﬁ:)um
Aua A"u[
b abo
/N ﬁzua
Auy
[
U,

The formula will thus involve in succession

Uy ANtg, Ny, Nuy, My, ...
b ab abe labe

As we pass from each of these to the next, the new arguments
brought in, one at a time, are b, [, ¢, m, .... Hence, applying
rule (iii) of Chap. III, paragraph 7, namely, that each new argu-
ment gives the new factor for use in the next term, and adopting
the abbreviated notation x—a=A, x—b=DB etc., we can at once
write down the required formula.

The formula will be

uy=u,+ AMNus+ ABNu;+ ABLAu;+ ABCL ffu, + ...
b ab abe labe
where the law of formation is evident.

Now let the intervals between the arguments be all equal to
unity and let a=o, so that b=1, c=2, ..., I=—1, m=—2, ...
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Then, as in Chap. III, paragraph 10, we have

Aug =Auy;
b
Azu, = Azlt_1/2 ! ;
ab
Ny =A%_4[31;
abo
MNu,=0u_y/41.
labe

Further, A=x—a=x,

B=x—-b=x—1,

L=x—1l=x+1,

The formula for equal intervals is thus

u,=u0+xAuo+x_(x?l_i) A2u_l+(x+l)3x!(x—l) Aau—l

+(x+ 1) x(x—1)(x—2)

71 Au_p+...

or
u0+x(1,Au0+x(2)A2u_1+ (x+ 1)(3,A3u_1+(x+ 1)(4)A“u_2+ cees

This is known as Gauss’s “forward” formula for equal intervals.

4. If we take the even differences as above but the odd differences
which fall on the line between %; and u, (the upper of the two series
of dotted lines in the table in the preceding paragraph) we obtain a
formula which involves in succession

ug, Au;, Nuy, Nu,, Au, ...
a ab  lab labe

The new arguments brought in are [, b, m, ¢, ... and, using the
rule as before, we evolve the form

u,=u,+ANu;+ AL Nu;+ ABL Nu,,+ ABLM MNu,, +....
a ab lab labe
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From this we may pass at once to the formula for equal intervals of
unity:
=g+ xq)At_y+(x+ 1) @) A%_y + (% + 1)) A% _,
+ (x + 2)<4)A4u_2 +....
This is Gauss’s “backward” formula.

Note. 1t is useful to remember that, after u,, as we advance from
each term to the next, in the forward form we alternately deduct unity
from the subscript of # and add unity to the number whose factorial
is the coefficient; while in the backward form we alternately add unity
to the number whose factorial is the coeflicient and deduct unity from
the subscript of u.

5. Stirling’s formula.
Taking the mean of the two Gauss formulae we arrive at the
following expansion:
2
uy=ty+x.4 (Aug+Au_y)+ % A%_y
2 __ 12
x—%—l—l—) 3 (A3u_,+A3u_,) +

in which we have alternately mean coefficients and mean differcnces,
falling on the line through %, in the difference table.

This is known as Stirling’s formula. In using it & should lie in
the range —} to +3}, i.e. } on each side of the line of u,.

x% (x?

+ _——-4! )A4Z£_2+...,

6. Bessel’s formula.
Transferring the origin in the Gauss backward formula from
o to 1, we have

u,=u +(x—1) Auy+ ‘7.{_(.2_"'1) A?uy+ {b)'(—ﬂ Adu_y

(x+1)x(x—1) (x—2)
+
4!
The mean of this and the forward formula is

Uy =4 (o + 1) +(x— 1) Auy

Aly_ +....

+3—¢L3;-i-_]_) 1, (A214_1+A2110)+(i:_%)—§£!£x——l) A3u_.1
+(x+ Dx(x—1)((*x—2) 3 (Afu_y+ A% _p)+...,

4!
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which is Bessel’s formula. In using the formula x should lie in
the range o to 1, i.e. } on each side of the central line.
In this formula we have alternately mean «’s or differences, fall-
ing on the central line between w, and #;, and mean coefficients.
If we write y +} for x in Bessel’s formula, we obtain the simpler
and more symmetric form:

2 __
o=ty = () 43000 473 (Ml 4 Aty)

LY (y;— Das ,,_Qf;%g_yfﬁ_) (A% + A% )+,

the most convenient shape of the formula for practical purposes.

7. An alternative method of obtaining Gauss’s forward formula
for equal intervals is as follows:

The ordinary advancing difference expansion is
U, = Uy + Xy Aty + X(0) A2+ X(3) AUy + % Aty +
Now  A2uy=A2%_,+A%_,;
Auy=Nu_j+A%_y; Atu_yj=A0%_,4Alu_y;
Therefore we may write
Uy = Uy + Xy Aty + X9 (A%u_y + A3u_))
+ ) (A3u_y + Atu_y) + 2 (Adu_y + ASu_)+ ...
=y +x() Aty + %9 A%u_y + (% + %) A%u_y
+(x + %) Ay + ...
=1l + X Aty + X A%u_; + (¥ + 1)) A,
+(x+ 1) (Atu_g+A%_5)+...,
since %)+ 26 =%+ 1) (10

and so on.

A proof similar to the above, in which the general term is evolved,
and which depends upon the method of separation of symbols, will be
found in ¥.I.A4. vol. L, pp. 31, 32.
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The backward form may be obtained similarly by grouping the
terms in a slightly different way and using the relations

Aug=Au_y + A%y,
Aty =APu_ + Au_y,
Adu_ =A% _y+A%u_,,
etc.

8. Everett’s formula.

The Gauss forward formula with interval x and initial term v,
may be written

Vg1 =0 + %) A0, + %) A%+ (2 + 1) ) A3 + (x + 1)y At

+ (x + 2)(5)A5‘v__1 +

The backward formula with interval (x— 1) and initial term v,
gives

V=0 + (T — 1)) Ay + 20) A0y + 55 A% _ + (2 4 1) Aoy

+ (x+ I)(s)AE'UAz + cene
Subtract the second series from the first: then, since
Uy — U =Av,
we have
Avy=x0)Av)+ (2 + 1)) A% + (x +2) 5) A%0_3 + ...
—(x— 1) Avy—x () A%_y — (2 + 1)) ASv_p—..
Put u_, Au,, A%u,, ... for Av,, A%, A, ....
Then
Uy =2xq)Uy + (0 + 1) A%+ (x4 2)5 Atu_y +
—(x—1)ttg— x@)A%_y— (x+ 1) A%U_g— ... .. (1)

When x is less than unity a convenient form of this formula for
interpolation between u, and %, is obtained by putting {=1—x;
thus

x (x?

_ 2 __ 2__
=, + = 1)A2u0+x(x 1) (x

5!
£(e )Azu +“£(§z D (& 4)A4u 2+ ..
3!

D atu_ ...

+ uy+ 22—

the most common form of Everett’s formula.
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The above elegant proof is due to G. J. Lidstone (¥.I.4. vol. Lx,
PP. 349-52). In his note on this formula Mr Lidstone shows how to
obtain another formula similar to the above for interpolation between
u_% and uy.

f we dniference formula (i) bearing in mind that

A (x+7)=(x+7)¢-1)
we have Auy=u,+ (24 1) g) A%y + (x+2) (g Atu_y + ...
—tty—X(g) A%u_y — (% + 1)) Atu_y—
or, writing u, for Au,, Au, for A%, and so on,
=1+ (%4 1) 5 Aty +(x+2) gy Adu_; +...
— Xy Aty — (x4 1) g A%u_p—
The formula then becomes

"p~§—"o+

iAuo_l_(P il(p""‘x) Asu_1+...

{‘ Au ({l’.‘ — 4) sq - _4_) A3u~2 _
2! 4!

where p=1+xand g={—x.

"This form is generally known as Everctt’s “second” formula. Both
formulae, perhaps more particularly the first, are specially adapted for
use in statistical work. They can be applied in the case of unequal
intervals: see Todhunter, J.I.4. vol. L, p. 137, and Lidstone, Proc. Edin.
Math. Soc. Series 1, vol. XL, pp. 25-6.

9. Everett’s formulae can also be obtained from Gauss’s formulae
by a simple transformation depending upon the properties of the
binomial cocfficients.
Any pair of terms of the form
Yo AT+ (Y +1) ) Ay,
=@+ Do A+ A™u) = {(y+ 1) i =30} Ay
=(¥+ 1) AU~ Yo ATy,
since O+ 1D —Ye) =Y
Taking the pairs
1-2; 3—4; 5-6 ... in Gauss’s forward formula,
and 2-3; 4-5; 67 ... in Gauss’s backward formula,
the two forms of Everett’s formula are at once obtained.
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#10. Itis of interest to show in a simple manner the relations be-
tween Everett’s and Bessel’s formulae. The formulae are closely
related, and the following demonstration indicates clearly the con-
nection between corresponding coefficients in the two expansions.

In Bessel’s formula let b,, denote the coefficient of the “mean”

difference 3 (A%u_, + A, )

and b,,,, the cocflicient of the difference A?"+1y_,.

Then, since
) AZnu_"+l = AZnuﬁn + A2n+lu_n,

the sum of the terms
byn-3 (A% u_p+ A% Uy 1q) +bon AT U_y
may be written as
bon APu_y, + (3g + bapyy) AUy, N )]
Consider the expression
€0 APy + €0 AUy,

This is the same as

(eon +€n) A%u_p + €, A u_,. Ll (2]
Again, by reference to Bessel’s formula, it will be seen that
-4
2n+1=;]1:a1 1)2n. ...... (C)

Equating () and (b), and introducing the relation (c), we have
Con+ €2y =y,

and €20 = 3bon +bgn 1y

=by, {1+ (x—1)/(2n+ 1)}

_xtn ., .
- 2n+1 2n
whence €2, = 3b2n — ban1s

by {3 - (2= D(2n+ 1)}
x—n—1

2n+1

from which the coefficients already given in Everett’s formula can
at once be deduced.

2n 5
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The same analysis applies to each pair of terms.
It should be noted that

(i) €, and e, are the same functions of x and 1 —x respectively;
[In fact, €3n=(*+7)@ns1)

en=—(X+n—1)@n1)
=(1—-x+n)gn)

(ii) the pair of terms in Everett’s formula is exactly equivalent
to the corresponding pair in Bessel’s formula. In Everett’s formula,
therefore, precise allowance is made for the next odd difference,
although this difference does not appear explicitly.

Similarly, by taking the pair of terms

2n+1 2n+1
Sons1- 3 (A¥Hlu_, + ARy, )
and Sonsa A 2u_,

in Stirling’s formula, Everett’s second formula may be obtained.

11, It will be instructive to compare the results brought out by
applying first, Gauss’s forward formula, and, secondly, the ordinary
advancing difference formula, to the same set of data.

Example 1.

Interpolate by means of Gauss’s forward formula to find the present
value of an annuity of 1 p.a. for 27 years at § per cent. compound
interest, given the following table:

No. of years 15 20 25 30 35 40
Annuity-value 10:3797 12:4622 140939 153725 163742 17-1591

If we take 25 years as the origin and 5 years as the unit, the value

required will be u.,.

x 1, Au, A%y, Ay, Aty, Ay,
—2 103797
20825
—1 124622 — 4508
16317 0977
o 140939 —-3531 —roz215
12786 *0762 ‘0054
I 153725 —-2769 —+0161
1-0017 -0bor
2 163742 —-2168
7849
3 1771591

6 FMAS
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The Gauss forward formula is
Uy ==ty + 20, Atly + 209 A2e_ + (84 1) g) A%u_y + (¥ + 1)y Ay
+ (x + 2)(5) A5u~2.
When x =4 the successive coeflicients are
‘43 —-I12; —-050; -0224; °-0I0752
and to four decimal places the value of u.,is 14-6430, which agrees with
the tabulated value.
To apply the advancing difference formula we take 15 years as the
origin and are required to find #, when x=2-4.
In the formula
Uy =ty + K1) Dty + x0) A%l + (g Aug + X g Aty + x5) Aty
the coeflicients are
2:4; 168; -224; =—-0336; —-o10752.
On evaluating the expansion we obtain for u,., the value 14:6430 as
above.

It will be seen that the two results are in agrecment (as indeed
they must be, since the same values of u are used), and it may be
asked therefore whercin lies the advantage of using the central
difference formula. This question will be discussed in the next
paragraph.

12. Consider an approximation to a particular value of #, based on,
say, r values out of # available. The error in the approximation,
as measured approximately by the first neglected term, is least
when the coefficient of that term is least. It can be shown that this
happens when the values of u, upon which the interpolation is
based range round the space in which « falls, so that x is as nearly
as possible central. The central difference formulae give a systematic
method for building up the table subject to these conditions.

Again, the central difference coeflicients are as a general rule
smaller and more rapidly convergent than those required for the
calculations in the advancing difference formula (as will be seen
in the Example) and, by a suitable choice of origin, the arithmetical
work may be reduced to a minimum.

It should be noted that, in the phrase “as measured approximately
by the first neglected term”, this measure is not theoretically complete;
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it is however generally sufficient in practice if the first neglected order
of differences is constant or is changing but slowly. When this is not
so it will not necessarily be true that a central difference formula
beginning with #; is more accurate than the advancing difference for-
mula beginning with the same term. [Sece p. 337 of Sheppard’s paper,
cited on p. 72.]

We may even make the result worse by introducing differences of
a higher order (cf. Chap. V, paragraph 15). In general, however, these
anomalous cases arise only rarely.

13. It should be noted that the greater accuracy of central dif-
ference formulae as compared with the advancing difference form
is not due to the formulae but to placing x in the central interval of
the range of the given values. Provided that this is done—which is
very important—-it is immaterial whether we usc a central dif-
ference formula or the advancing difference formula with the same
w’s. A disadvantage of the latter form is that the coefficients are
larger and are not tabulated as, in practice, are those of the
principal central diflerence formulae,

14. Relative accuracy of the formulae.

The relative accuracy of the various central difference formulae
can be investigated in an elementary manner on the following lines.
The Gauss forward formula is

Uy =1ty + X ) Athg+ X0) A%y + (¥ + 1) (n A%u_y + (x+ 1) () AMu_p+...

If we expand u, by Stirling’s formula as far as a certain order
of even differences we shall obtain by a simple transformation the
above formula to even differences, for the same #’s are involved in
both. Similarly, Bessel’s formula and Gauss’s formula are identical
to odd differences. Now the Gauss formula involves only ordinary
differences while the other two series involve mean differences of
the form } (A™u,+A™u, ;). If instead of proceeding to constant
differences the series stop short at, say, rth differences—which are
not constant—the use of any of the formulae will involve an error.
It remains to examine which of these formulae gives the best result
in different circumstances.

6-2
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The following demonstration is based on that given in greater
detail by Mr D. C. Fraser in J.I.A. vol. L, p. 25:

Suppose that x is not greater than -5. Then, by calculating the
coefficients in Gauss’s formula, it will be found that for positive
values of x none of the coefficients (except that multiplying Awy)
differs greatly from =+ -5 times the preceding coefficient. (See
Table, §.I.4. vol. L, p. 25.) Thus the terms after that involving
the third difference are approximately equal to

(x+ 1)@ (A% +34%) u_y,
ie. to (x+ 1)) 3 (Atu_g+A%u_y).

If therefore we substitute § (A%u_,+ A%u_,), the mean difference in
line with uy, for Atu_, in Gauss’s formula, we make the formula
very nearly correct to fifth differences, without having to calculate
the actual coefficient of the fifth difference. The substitution there-
fore greatly improves the accuracy of the formula.

When, however, the substitution is made, it will be found to
reproduce Bessel’s formula to the fourth mean difference. There-
fore Bessel’s formula to fourth mean differences is usually more
accurate than Stirling’s to the fourth difference.

It may be shown similarly that Stirling’s formula to odd mean
differences is usually more accurate than Bessel’s to the same order
of differences.

The above demonstration is only approximate: a strict investigation
into the relative accuracy of central and advancing difference formulae
requires rather more elaborate mathematical discussion. (See Whit-
taker and Robinson, Calculus of Observations, p. 49; Lidstone, T.F.A.
vol. 1X, pp. 246-57; Fraser, ¥.I./. vol. L, pp. 25~7; Sheppard,
Proceedings of the London Mathematical Society, Series 2, vol. 1v, pp.
32041 and vol. X, pp. 139-72.)

Mr D. C. Fraser has given the following criteria summarizing
the properties of interpolation formulae:
(i) Formulae which proceed to constant differences are exact
and are true for all values of n whether integral or fractional.
(ii) Formulae which stop short of constant differences are
approximations.
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(iii) Formulae which terminate with the same difference are
identically equal, for they involve the same u’s.

It should be noted that these rules are quite general; they apply
to all formulae based on finite differences, not ending with mean
differences.

15. Apart from the general superiority of central difference
formulae certain of the formulae possess distinct advantages in
special circumstances. For example, for the bisection of an
interval Bessel’s form is convenient, since the alternate terms are
zero. We have, at once,

=3 (g 1y) —+ [3 (A%, + A%+ 135 [§ (A p+ At _y)] ..o

Again, in using Everett’s formula for the subdivision of inter-
vals the terms are such that they may be used twice: they occur
both in an “x” expansion and in reverse order in the next “£”
expansion. An example will make this clear.

Example 2.

Given «x 30 35 40 45 50 55 60
u, 771 862 1001 1224 1572 2123 2933

obtain values for u, for all integral values of x between x=40 and
x=50.
The difference table is

x 1, A, Ay, Adu,y Abu,

30 771
9I

35 862 48
139 36

40 1001 84 5
223 41

45 1224 125 37
348 78

50 1572 203 28
551 106

55 2123 399
860

6o 2983
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Everett’s formula gives
Uy =Xy Uy + (% + 1)y A2y + (¢ +2) (5 Atu_y + .00
+Ewty+(§+ 1)y A%y +(§+2)i5) Ay + sy
also  wy e =Euy+(€+ 1) A%y + (€ +2)) Auy +
+ X(y) Uy + (x + I)(S) A2u0 + (x + 2)(5) A4u_1 + cery
and the sccond line in u) . is the same as the first line in u,.

Since the data are given at quinquennial points and we require
values at individual points, we may write x=-2, -4, ‘6, ... and
£="8, ‘6, '4, .... The first line of u., will be the same as the second line
for u,.5, but in the reverse order, and so on.

The coceflicients of the terms in the first line of the formula for u are,
to fourth differences,

6o &K B

2 ~032 -000336
4 —-050 *010752
6 —+064 +011048
-8 —-048 -008004
The work is best arranged in tabular form, thus:
o T ) | bum |
\ Sum of | Inter-
sy | S0y 2GR0 G) L | poated
3! 5! (i) + (i) three result
+(iv) terms | (v)+(vi)
(i) (iii) (iv) (0] (vi) (vii)
2002 - 27 00 197°5
4004 - 47 o1 3958
6006 - 54 ol 5953
8008 - 40 00 796-8
2448 - 40 02 2410 | 796-8 | 10378
4896 | - 70 o4 4830 | 59573 | 10783
7344 - 8o 04 726:8 | 3958 | 1122:6
9792 — 6o 03 973'5 | 1975 | 117170
314'4 - 65 o2 3081 | 9735 | 12816
6288 - 14 03 6177 | 7268 | 13445
9432 - 130 o3 930'5 | 4830 | 14135
1257:6 - 97 o2 12481 | 2410 | 14891

So &K S

The only column which needs explanation is column (vi). This
column represents the second set of three terms of the formula, correct
to fourth central differences, and is obtained by writing down #n the
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reverse order the values of the previous column applicable to the sum
of the first three terms.

It should be mentioned that the values in column (vii) of the table
do not quite agree with the tabular values: the tabular values are 1038,
1081, 1122, 1172, 1281, 1345, 1415, 1490. The reason for this is that
the function upon which the original values depend is not a rational
integral function of the independent variable and that therefore a
formula based on finite differences is only an approximate representa-
tion of the function. The example is based on the rates of mortality
according to the HM Table, the data being 10° times the probability of
dying in the year of age x.

16. The following example is instructive:

Example 3.

Use an appropriatc formula to obtain successive approximations to
Uggg GIVEN Uy ='0384602, 1y ='037037, Uss='035714, Usy='034483,
Uz ="033333.

It should be noted that, where the data are extensive and it is
required to obtain successive approximations to a result by the use of
some or all of the data, it is more advantageous to use a central difference
formula than advancing differences.

From the data, we obtain

x 10%1, 10%Au, 108A%, 10%°A%, 10%Atu,
26 38462
— 1425
27 37037 102
- 1323 —10
28 35714 92 -1
— 1231 - 11
29 34483 81
— 1150
30 33333

In its simple form, Stirling’s formula is
2
ue=thy+.} (At +Au) 4 x Ay

x(x*~1?%)

+—- 3!

—12
b (A%, + A% )+ 28 "; 1) At
Taking the origin at 28 and letting x =-3 we have, as a first approxi-
mation,

u3=35714+3 [} (— 1323 —1231)] =35331.
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For the next approximation all that we need do is to add
9 2 =24
S 92 414
%.3=35335'14 (say 35335)-

Similarly, the next term is '—3-(—%—'9—‘-)-.5( —21)

=+473...
so that #.3=3533502... (say 35330).

The addition of the next term will not affect the last figure.
The required successive approximations are therefore

"035331, ‘035335, ‘035336, -035336.

*17. Sheppard’s central difference notation.

Just as A=E—1, or Au,=u,,, —u,, similar symbolic identities
may be deduced from the relations existing between u,, u,,3 and
u,_3. Dr Sheppard has introduced the following notation, which is
widely used by mathematicians:

Suy = Uiy~ Uz
and pr=1% (g y+u, y).

In this notation the ditference table takes the following form:

x u,
- 2. i2_2
Su_ )
-1 u_y S%u_y
Su_ 8u_
o 1, g 8%, d 3,
du &3
1 u, t &%, g
8u§

It is specially to be noted that the subscript corresponds to the
argument which falls on the same line as the difference.
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The relationships between E,  and p are quite easy to establish.
S=Et_Et=E}[E—1]=E}A.

8211 = E—'nA‘Zn.
Also p=} (EY+E),
and pd= L (E—E-Y)=} (AL-1+4),

[.L82"+1E‘-} [E—(n-—l) — E—(n+l)] A2n
=} (AE-1+8) A= A (B 41) B0
Again  2p= 2B,
or Ef=p+38.

By means of these symbols the central difference formulae can
be written down in very convenient form.
For example, Gauss’s forward formula is

1, = 1to+ X ) Sty + %) 0%+ (X + 1) ) Oy + (X + 1)) Sg+ ...,
and Stirling’s becomes

Uy = U+ X Otty + $x%3%y + (X + 1) (5) udUp+ ...

EXAMPLES 4

1. Apply a central difference formula to obtain wu,, given uy, =14,
Uga =32, Upg =35, Uy = 40.

2. Given u,=10, #; =8, uy=5, u_; =10, find u} by Gauss’s forward
formula.

3. Use Stirling’s formula to find ug, given uy, = 49225, ty; = 48316,
gy = 47236, g = 45920, g0 =44300.

4 Given uyy=2854, 1py=3162, uy=3544, u33=3992; find uy; by
Bessel’s formula.

5. @y =184708;  @p=178144; @y =17'1070;  du=163432;
@z =15'5154. Find ag by Gauss’s forward formula.

6. What are the practical advantages arising from the use of central
differences in interpolation?
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Employ Stirling’s formula to obtain successive approximations to
(1-02125)%, given
(1°01)°=104463; (1°02)*=269159; (1-03)*°=438391;
(1r015)*=2-10524; (1°025)°=3"43711.

7. Find formulae true to third differences for the bisection of an
interval

(i) in terms of the two nearest values of the function and of
differences of the functions;

(ii) in terms of values of the function only.

Apply either formula to find I, given the values of P, at 20, 30, 40,
50 to be 1313, 1727, 2392, 3493 respectively.

8. Given the table

x 310 320 330 340 350 360
logx 24914 25052 2:5185 2-5315 2°5441 2'5503

find the value of log 3375 by a central difference formula.

9. Prove that if third differences are assumed to be constant

x (a1
U, =xu; + _ﬁ()_) A%y + yuy +7- 6 Q%
where y=1—x.

Apply this formula to find the values of uy, to u,, and 1,4 to u,,, given
that u,=3010, uy=2710, ©,y=2285, u;5=1800, 1y, =1500, Uys=1510
and u5,=1835.

10. From the table of annual net premiums given below find the
annual net premium at age 25 by means of Dessel’s formula:

Age Annual net premiums
20 01427

24 013531

28 01772

32 01996

11. Apply a central difference formula to find f (32), given

f(25)="2707, f(30)="3027, f(35)="3386, f(40)="3794.
12. Use Gauss’s interpolation formula to obtain the value of f (41),
given f(30)=36782, f(35)=2995'1, f (40)=24001, f(45)=18762,
f(50)=14163.

Verify your result by using Lagrange’s formula over the same figures.
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13. Prove the following formulae for the general case of unequal
intervals:

(i) up=u+ AL (At + Aug)+ 4 (B+L) My

+ ABL % (Mu,, + Nuy) + ... (Stirling)
(i) u,=3% (ug+u) + % (A+B) Au,+AB § (Al + Auy,)
+3(ABC+ABL) ANu + ... (Bessel)

and show how to obtain a general Everett form.

14. Show that any central difference formula can be developed
from Lagrange. Apply a central difference formula obtained thus to

find f(34), given that f(2)=2-626; f(3)=3"454; f(4)=4784 and
f(5)=6986.

15. Given wy, u;, 1y, 13, uy, ug (fifth differences constant), prove that

25 (c—b)+3(a-c
Uy =6+ *5"(_“3*533'“-*( )»

where a=u,t+ug; b=uj+uy; c=uy+u,
16. A series is formed by the division of the terms of the two series

u, I 2 6 24 ...n!
v, 4 20 120 840 ... % (n+3)!
Obtain an interpolated value for #,1 /w3 of the new series by a central

difference formula and compare the result with the quotient of uyy by vy
in the component series.

17. The following is a difference table written down in Woolhouse’s
notation:

Uy
ay
u_y b— 1
a_ €4 /
uo bo o
4 1
ul bl

Uy

If ay=4 (a_,+a,) and ¢;=13 (¢, +¢,), show that Stirling’s formula
(to fourth differences) can be expressed as

t, =ty + Ax + Bx? + Cx® + Dxd,

where 4, B, C, D are functions of ay, by, ¢, d, only.
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18. Prove that in Woolhouse’s notation
Uy =thy+ X1+ X@ybo + (¥ + D€y + (¥ + 1w do
correct to fourth differences.

19. Show that the sum of the terms of the series u_,, u_;, ug, uj, 1,
can be expressed in the following form

Auy+ B8uy + Co%uy,
where 8%u, and 8, denote the second and fourth central differences of
ty; and find 4, B and C.
20. By splitting up the fraction of the form
u:n
=) @ -0 (=)

into partial fractions, show how to arrive at #, in terms of known values
of the function of which x occupies the central position.

21. If u,=Auy+ BAuy+CA%_, + ..., i.e. a general expression for
u, in terms of central differences, prove by expressing all differences in
terms of advancing differences of #, that

Uy =ty + %) Aty + X () A%u_y + (2 + 1)) A%y + ...
obtaining the general term in the expansion.

22, Show that in the general divided difference interpolation formula
any two successive terms can be reduced to a pair in Everett form.



CHAPTER V

INVERSE INTERPOLATION

1. When performing direct interpolation, values of y corresponding
to various values of the argument x are given and we are required
to find a value of the entry y corresponding to a value of x inter-
mediate between the given values. If it is required to obtain an
interpolated value of the argument corresponding to an intermediate
value of the entry, the process adopted is called ‘‘inverse inter-
polation”. In other words, for direct interpolation we assume a
curve y=u_ passing through the points (x,y) and estimate the
value of y corresponding to some intermediate value x': for inverse
interpolation we have a similar curve but are required to find a
value of x corresponding to a value y'.

For certain functions we may obtain the result easily. If
y=sinx, then x=sin"1y; if y=x3, then x=9¥; if y=07, then
x=log y/log a. The required values of x can be calculated im-
mediately in these examples.

On the other hand, if the data are simply corresponding numerical
values of x and y, all that we can write down is a formula such as
Newton’s or Stirling’s: we must then endeavour to obtain a value
for x by solving an equation. For example

Y=ty =(1+A)" tg=tig+x ) A1ty + x0) A%ty + 25) Aop + ...

If second differences may be assumed constant we have a
quadratic equation which can be solved at once. Should this
assumption be inadmissible, then we are faced with an equation
of higher degree than the second and the solution of such an
equation may be very laborious. In these circumstances we resort
to approximate methods of solution of the equation.

2. Consider the problem of reversion of series. If
y=bx+cx®+dx3+ ...
and we wish to obtain an approximate value for x in terms of y,
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we may write x=DBy+Cy?+Dy*+...+ Ky®+.... The coefficients
B, C, D ... K ... may then be found by equating the coefficicnts
of the various powers of x in the identity

x=DB(bx+cx?+..)+C (bx+cx®+.. )%+ ...

If y is numerically less than unity and we use only 7 terms in
the expansion for x in terms of y—i.e. we let

x=By+Cy*+...+ Ky"

—we are neglecting only y®t! and higher powers. Since y is less
than unity, the neglected terms will usually be small.

If however y =u,=ug+xq) Aty + 25y A%y + ... + 20, ) AMiy 4+ ... and
we wish to find x from this equation, we cannot with equal safety
neglect the terms x(,, ,1)A" g + ..., for these all contain x, x2, x3 ....

It is thus seen that the problem of inverse interpolation, although
analogous to that of reversion of series, involves considerable
difficulties. The best method of approach is from a practical point
of view.

Given a problem in direct interpolation, the results obtained by
the use of an interpolation formula are justified only on certain
assumptions. Similarly, in interpolation by differences for an
inverse function the results must be judged practically by the
progression of the differences. It may be stated however that if
interpolation to nth differences is accurate enough for f (x) it does
not follow that the same number of differences will suffice or will
be required for the inverse function.

8. The problem of inverse interpolation may be viewed in two
ways. We may, by graphic or other indication, observe that the
value of x which we require corresponding to some given value of
u, lies in a certain narrow interval. Thus, if we are given the
following table:

Rate of interest

per cent. 2} 3 3} 4 4} 5
Annuity-value 87521 85302 8:3166 8-1109 79127 77217

and we are asked to find the rate of interest for which the annuity-
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value is 8-000, we may take the interval 4—44 as the interval (o, 1)
or (—4%, +4%) and write down an interpolation formula, using only
a quadratic or cubic function. As the interval and the values of
the variable are small and the differences are rapidly decreasing,
the solution of such an equation will, in general, give sufficiently
satisfactory results. If the equation is a quadratic the solution will
present no difficulty; for a cubic various methods are available,
some of which are discussed later.

4. Alternatively, we may exchange the dependent and independent
variables. That is, given a table of y=u, we may use the inverse
function x=v,.

This method of interchanged variables is subject to very severe
restrictions on the function u, over the range of values used. In
the first place, u, must be strictly monotonic—i.e. uniformly in-
creasing or decreasing—over the range of values given and the
unknown value of x, the value of x in all practical cases lying not
outside, but within the given range and near the middle of it. If
u, is not strictly monotonic, the inverse function becomes two-
valued at least—possibly many-valued—and hence cannot be
represented by a polynomial. In these circumstances the ordinary
methods of finite differcnce interpolation are unsafe.

In consequence, before this method of inverse interpolation can
be attempted we must have some extraneous knowledge, graphical or
otherwise, of the nature of the function #,. We must usually, in
fact, be able to see roughly the position of x. These conditions
being premised and being generally satisfied, the necessity for a
sufficient number of values of u, and a small enough interval is
naturally seen.

5. The point here made is clearly brought out by a consideration
of the following example.

Example 1.
Obtain a value for x when u, = 19, given the following valucs:

x o 1 2
u, o 1 20
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There would seem to be two possible methods at our disposal:

(i) We might write down at once (if we think it safe to assume that
second differences are constant)

Y=up=(1+A)" uy=ug+xq) Mg + x5 A%p;

i.e. 19=%+9 (x*—x),
so that gx2—8x—19=0,
from which 2=1964... or —1°075....

(ii) Since we have to find an interpolated value of x corresponding
to a value of y we might treat y as the argument and x as the entry.
Let us write the data in the form

y o I 20
x=17, o I 2

and apply the Lagrange formula to calculate v,y as if for direct inter-
polation.
We shall have

T T S
19.18.(—-1) 18.1.(~19) (—1).20.19
or V9 =2-8.

It will be seen therefore that we have obtained two distinct sets
of results. By adopting the first method x has the values 1-904...
or —1-075... and by adopting the second method x has the unique
value 2-8. It remains to examine the reasons for the difference and
to ascertain which result, if any, is more likely to approximate to
the true interpolated value or values.

In the first method it will be apparent that we have taken a
curve of parabolic form, y=a-+bx+cx? and have obtained
values of x corresponding to y=19. This gives two values of x,
one on each side of the vertex of the parabola. In applying the
Lagrange formula inversely we have assumed that x is a quad-
ratic function of y and have given y a particular value (19) in the
equation x=a+By-+yy® If we substitute the value of y corre-
sponding to each value of x from the data, it is easily seen that
=0, B=398/380 and y= —18/380. The Lagrange equation is
therefore 1gox =199y — gy
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Now if the two curves

y=9x*>—8x
=199, 9 ,»
and x"xgoy 19oy

be plotted on the same graph, it will be seen that they take different
shapes, thus:

Y
y=0a? -8
\ ]
\ |
\ |
X<~ 18y 7%y
D
\ A
\ il
_%El 10 X
Y,
Fig. 1.

On the curve y=9x2—8x the abscissae of the points whose
ordinates are 19 are 1-96... and —1-07..., whereas on the other
curve there is only one point for which the ordinate is 19, namely
the point (2'8, 19). Unless therefore the two curves obtained from
the data, (i) by treating x as the argument and (ii) by treating y as
the argument, intersect at the required interpolated value, as for
example at K in the above figure, the two methods are bound to
give different results.

6. Although there would seem to be three different and possible
answers to the question above, we must be very careful before we
draw any conclusions from the results.

In the first place, we are not told, and have no right to assume,
that A%, is constant, and that consequently second difference

7 FMAS
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interpolation for y is sufficient. On the data as given the only
conclusion would be that they are inadequate either for direct or
inverse interpolation.

Secondly, even if we may assume that A%, is constant, we see
that

(@) a portion of the curve over the given range, namcly from
x=0 to x= 1, is non-monotonic and one of the essential conditions
set out in paragraph 4 is thereby infringed;

(b) notwithstanding the assumption that second differences may
be used for direct interpolation, we are not justified in assuming
that this order of differences is sufficient for inverse interpolation:
we cannot therefore safely use Lagrange’s formula.

If we make the assumption that second differences are constant,
we cannot properly use the point (o, 0) for inverse interpolation,
as the given values do not indicate the form of the curve between
x=o0 and ¥=1. By omitting the value (o, 0) and using the values
for y when x=1, 2, 3 and 4, a more satisfactory interpolated value
can be found. The student should attempt this by one of the
methods described below.

7. The formulae of direct interpolation are based on the properties
of rational integral functions of the variable, and any formula which
proceeds to nth differences gives exact results when applied to a
rational integral function of the nth degree. By stopping short of
nth differences the formula can, of course, be used to obtain
approximate results, and the success of the interpolation depends
on the magnitude of the terms omitted. Thus, if we use rth
differences for a polynomial of the nth degree in «, the result is the
exact value of terms up to and including the term in &". The terms
beyond x” are disregarded, and this can only be done legitimately
if they are relatively unimportant.

In questions of direct interpolation there is only one value of y,
i.e. of u,, for a given value of x. There may be, however, more than
one value of x for a given value of y. In fact, if y is a polynomial
in x, x is a polynomial in y only when both functions are of the
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first degree. In other cases the inverse function may be an infinite
series or an irrational function. For example, in the HM Table of
Mortality there is only one value of d, for a given value of [,
(where [, represents the number of persons attaining exact age x in
any year of time, and d, is the number of these who die before
reaching age x +1). In the neighbourhood of the peak of the death
curve, however, there will be two values of I, within a short range
of interpolation for a given value in d,.

For these reasons the subject of inverse interpolation is more
troublesome than that of direct interpolation, although it should
always be remembered that the conditions attaching to the differ-
ences of u, for direct interpolation are the same as those attaching
to the differences of v, for inverse interpolation. One principal
condition is that within the range of interpolation there should be
only one value of x corresponding to a given value of y.

Let us consider the equation in Example 1, namely

y=—8x+9x?
where the range of interpolation is from o to 2. The first point to
note is that the function is not a good subject for direct interpola-
tion except when the formula is applied to its fullest extent—the
second degree. The reason is that the last term is the predominating
term throughout the greater part of the range.

In most instances, by altering the interval and reducing the
range of interpolation, a function can be reduced to a good form
for direct interpolation. Such a question as the following might
be put:

Given the function y=u,= —8x+gx? for what intervals of
x should u, be tabulated so that in any interval an interpolated
value of y can be obtained by first difference interpolation with an
error less than, say, -oor?

Put x=23/a;
8z 93
then U, =Dy= ——
] z a a’
ie. a*v,= —8az+9z?

a?’Av,= —8a+18z+9,
7-2
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and a?A%y, =18,
so that A%y, =18/at.
Suppose v, to be tabulated for values of z at unit intervals.
Then, for an interpolated value v,,, between v, and v,_,,
Uy =0, +tAv, 4+ 4t (t—1) A%,.

If we take v,+tAv, as the interpolated value, there is an error
3t (t—1) A%, and the maximum numerical value of }2(¢t—1) is §,
being the value when ¢ is .

Therefore, by the conditions,

it (¢—1) A%, <001,
1A%, <-001.

But A%p,=18/a?, .. 18/8a%<-oo0r1;

ie. a*>18000/8,
1.e. > 2250,
or a> 42250,

and the most convenient value for a is 50.
We must therefore tabulate u, at intervals of ¢ of unity, i.e. at
intervals of -02.

For example, Y=, = —8x+gx?.

x z Uy =10y Av,

I'10 55 2'0900

*2396
1’12 56 2:3296

2468
114 57 2'5764

*2540
1-16 58 2:8304

2612
1118 59 30916

+2684
120 60 3+3600

Both for direct and inverse interpolation this table is better
than one proceeding by larger intervals. It must not be assumed,
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however, that a table which is good for direct interpolation is
necessarily good for inverse interpolation: in particular, inverse
interpolation always presents difficulties if Au,/Ax is small,

8. Practical methods of inverse interpolation,

It is evident that the problem of inverse interpolation is the
same as that of direct interpolation for unequal intervals. The
methods of Lagrange or of divided differences can therefore be
employed to obtain any intermediate value of x corresponding to
a value of y, given a table of y=u,, by the use of the inverse re-
lation x=wv,. Alternatively, we may treat the problem as one
involving the approximate solution of an algebraic equation. Two
of the methods often adopted in practice are given below. They are
simple to apply and generally lead to satisfactory results. There
are, however, certain objections to the methods—for example, it
is difficult to ascertain the degree of accuracy which has been
reached in the approximate answers—and for many purposes the
most convenient and practical plans are probably Aitken’s methods
of cross-means, to which reference is made in Chapter VIII,

9. Successive approximation.

In the first place we obtain either by inspection or by a rough
graph two values of x lying on either side of the required inter-
polated value. (For example, a value for x when y is zero in
the function y=x%—4x+2, i.e. a solution of the equation
x®—4x+2=0, lics between the values x=0 and x=1.) We then
choose a suitable origin and unit of differencing so that if x be
the interpolated value and lies between two successive values of
the argument, the interval will be small and x will be as near to
the origin as possible.

Suppose that the required value lies between o and 1.

The method proceeds as follows:

Uy =g+ xAuy+ §x (2 — 1) A%uy+ §x (x — 1) (v —2) ASup+....
Since x is small, a first approximation («,) will be obtained by
neglecting terms involving second and higher differences of u,.
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U, =1y + ay Aty approximately,
ie. oy = (U — 1) [Auy, first approximation.
Again, neglecting third and higher differences, we may write
1w, =ty + oy Aty + Foty (2, — 1) Ay,

where «, is a second approximation and is therefore not very
different from o«,. This gives

op = e o second approximation
- 7 Dug+§ (1 —1) A%y’
Similarly
U, —1,
o= . o
3 Aug+ 3§ (0 — 1) A%ug+ 5 (v — 1) (25— 2) Ay’
and so on. third approximation,

10. Elimination of third differences.

We have, as far as third differences, by expressing u,, in terms of
Uy, Auy, ...,

U, =uy+ xAug+ §x (x— 1) A%up+3x (x — 1) (0 —2) APug.
Also, in terms of u;, Au, ...,
u, = +(x—1) Ay +4 (x—1) (x—2) A%y
+ 3 (e—1) (x—2) (x—3) A%,

If now we ignore the terms containing third diffcrences and
multiply both sides of the first equation by 3 —o and both sides
of the second equation by « (where « is an approximation to the
required value, found by inspection or otherwise) and add, a new

quadratic equation in x will be formed. The error involved in
ignoring the third differences will be small, since

3% (x—1) (x—2) (3 —«) A%y + o (2 — 1) (¥ —2) (—3) A%y
will be small provided that A%, and A3%;, are not very different.

11. The following question is solved by both these methods:
Example 2.
Find the value of x for which y is 18,600, given

x 52 53 54 55 56
y 19,231 18,868 18,519 18,182 17,855
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Changing the origin, the difference table is

x y Ay A%y A%y
o 19,231

-363
I 18,868 14

—349 -2
2 18,519 12

=337 -2
3 18,182 10

=327
4 17,855

By the ordinary advancing difference formula
14x (x—1) 2x(x~1)(x—2)
2l 3!

where the value of x is required corresponding to the value 18,600 of y.

18,600 = 19,231 —363% +

»

(i) Successive approximation.
Since x is small, a first approximation will be

o= 19,231 — 18,600

or 17383....

363
Including the next term,
631
= or 1634....
%7 363-7 (@ —1) 7034
Similarly,
631
= or 17646....
363 =7 (a—1)+5 (= 1) (55— 2) 74

The requircd result is therefore 52+ 1-7046... = 53-7646..., where,
it should be noted, the last digit is uncertain.

(i) Elimination of third differences.
We have

18,600 =1, =(1 +A)? #y=19,231 =363 + 7% (x — 1) —§x (¥~ 1) (v —2)
and
18,600 =u, = (1 +A)*~1 11, = 18,868 — 349 (x ~ 1)+ 6 (x— 1) (x —2)

=} (x—1) (x~2) (x—3).
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By inspection a rough value of the interpolated value is 173, allowing
for the change of origin.

If, therefore, we multiply the two equations by (3 —1-75) and 175
respectively, and add, we may neglect the fourth term. The factors
being 1-25 and 175 we can use 5 and 7: we thus obtain

12 x 18,600 =5 [19,231 — 363x + 7x (x — 1)]

+7 [18,808 — 349 (x— 1) + 6 (x — 1) (¥ —2)]
or 223,200 =230,758 — 4419x + 7742,
ie. 77%% — 4419% + 7558 =o.

Solving the quadratic, the value required is x¥=1-7646..., which
agrees with the value of oz in method (i) to four decimal places.

12. In Example 2 the advancing difference formula has been used;
in practice, however, it is more usual for many reasons to employ
a central difference formula as the basic equation. Central differ-
ence formulae are more convenient because the coefficients are
smaller and converge more quickly; this in itself is a decided
advantage. Having placed x in the middle interval the first approxi-
mation is generally much more accurate (thus, in Example 2, the
use of Stirling’s formula gives

oy =1+268/356

=1753).
Also, x is smaller, and the maximum number of significant digits

which the data will yield may mean an additional place.
Consider the following example.

Example 3.

Find the root of the equation x%—gx—14=0 which lies between
3 and 4.
Let y=x3—gx—14. Then we have, by actual calculation,

x 30 32 34 36 38 40
y —14000 —10032 ~—5296 256 6672 14000
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The difference table is

x y Ay Aty Aty

30 — 14000

3968
32 —10°032 768

4736 ‘048
34 - 5296 816

5'552 048
36 +256 -864

6416 048
3-8 6-672 912

7'328
40 14°000

Taking the origin at 3:6 and using Stirling’s formula:

Aug+Au_, x? x (x2—1) A3 Au
Up=1Uy+ X -0 2._____! + _; AZu_l +__( " __) _u_:l:;;___;g’

the interval of differencing being o-2;
i.c. 0=-250 4 5:984x + 43222+ -008x (x% —1).

The cubic equation can be solved by successive approximation, or
we can repeat Stirling’s formula for the next value of u, and adopt the
alternative method outlined above.

If the first of these methods be adopted, it will be found that
successive approximations to the value of x are —-04278, —-042913,
—-042971. From the last we obtain as the required solution

3:6 — (‘042971 x2) or 3:5914058,

which is correct to six decimal places, the seventh being nearer to 7.
If we choose our origin at the point (¥, y) and the value of the inter-
polated value is & +o, then, when « lies between —} and }, it is advan-
tageous to use Stirling’s formula. If o lies between } and  Bessel’s
formula should be applied. (Whittaker and Robinson, Interpolation,

p. 60.)

13. In general, if Au, has 7 significant digits we cannot rely on
more than 7z significant digits in x. Even then the last digit is
doubtful and may in fact be misleading. In Example 3 above we
have been able to obtain the fifth significant digit in ‘042971 from
a four-figure value of Ay only because y and Ay happen quite
unusually to be exact and not rounded off.
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14, The method of successive approximation is a convenient
method for ordinary use. If we want a result that can be obtained
to the required degree of accuracy by taking out differences as
far as A3y, or if the curve is a cubic, the elimination method will
give a satisfactory answer. The disadvantage of this process is that
we cannot approach our interpolated value by steps as is done in
the method of successive approximation. Moreover when fourth
and higher differences are not negligible the elimination method
breaks down.

16. The general investigation of the accuracy of finite difference
methods of approximation is a problem in direct interpolation,
and has been dealt with previously. In dealing with the subject
of successive approximation, however, it is of interest to include
in the present chapter an elementary illustration of the fact that
in certain circumstances a better interpolation can be obtained by
neglecting higher differences than by retaining them.
For example, if we have a third difference curve, then

Uy =ty + X () Aty + x0) A%ty + x5) A%, exactly.
The error («) in taking two terms i8 %) A%uy+ %) A%,
and (B) in taking three terms is x()A3u,.

() may be expressed as

x(x—1)(x—2)[ 3 A%, 2.
3 I:x 2Auo+I A3y,

and (B) as "_(_’if’())ﬁ‘:_z.) Ay,

Then, ignoring the sign of Bleot I) ) (x=2) A8y, which will

be the same for both («) and (B), (=) W1ll be less than (B) if

_3 A%
x—2 A%,

is negative and numerically less than 2.
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In these circumstances the error made by retaining first differ-

ences only is less than that made in continuing to second differences.
As an illustration consider the function x®+ 5%+ 50.

It is easily seen that uy=50; Auy=6; A%uy=6; ASuy=6. If

2.
x is }, for example, —— 3 Nup_ —3/1%, which is negative and less

x—2 A"u
than 2.

(«) is therefore less than (B).
This can be otherwise shown by finding the values of the errors.

uy =513 exactly.
Also ug=(1+8)} 1,
=1ty + }Aug— A+ ...,
tly+3Auy =514 =513,
U+ }Auy— 350%, = 5015= 5033,
S18E—s1sr=t%bH = e (@)

and 517;,5"50’0;—64. ......

L
P
C

(«) is less than (B), so that the approximation to first differences
is better than that to second differences.

16. In conclusion it should be emphasized that the accuracy of
the result depends greatly on the fineness of the interval of
tabulation. In cases of doubt it may be desirable to halve the
interval before applying the process of inverse interpolation. This
will reduce first differences by about one-half, second differences
in the ratio of about 1:4, third differences in the ratio of about
1:8, and so on. The comparative effect of higher differences is
thercfore much reduced.

EXAMPLES s

1. Given u;=o0, 1, =112, ug=287, uy=0612, find u,. Using u,, u,, u,
and u,, find a value for ¥ when u, =270.

2. The following values of u, are given: u; =544, u;;=1227,
uy=1775. Find, correct to one decimal place, the value of & for which
u,= 1000.
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3. Having given log1=o, log2=-jo1o3, log3=-47712 and
log 4 = 60206, find the number whose logarithm is -30500:
(i) by expressing log x in terms of log 1 and its differences and
solving for x;
(ii) by using Lagrange’s formula applied inversely.
Explain the nature of the assumptions in each case.

4. Apply Lagrange’s formula inversely to find to one¢ decimal place
the age for which the annuity-value is 136, given the following table:

Age ... .. X 30 35 40 45 50
Annuity-value at 4§ per cent. @, 159 149 141 133 12§
5. f(0)=1635, f(5)=14'88, f(10)=13'59, f(15)=12'46. Find x
when f (x)=1400.
6. Given the following table of f(x):
fe)=217, f(1)=140, f(2)=23, f(3)=-6,

find approximately the value of » for which the function is zcro.

7. The following values of f (x) are given:

f(10)=1754, [f(15)=2048, [(20)=3564.
Find, correct to one decimal place, the value of x for which f (x) = 3000.

8. Given four values of a function wg, u,, #,, t3, show how to calculate
an approximate value for x from the equation
Uy =ty +xAuy + ﬂ_xz.’_l_:_!_) Ay, +x_(f:_l32|.(f;2) A3y,
by obtaining a quadratic equation in place of a cubic.
Use the method to find x when wu,=1-05, given u,.,=1-0000,
Uy = 10323, Uy.9 = 1°0027, th.3=1"0914.

9. Given that (1200=1-728, (1r210=1772, (1-22)=13816,
(1-23)%=1-861, (1-24)*=1-907, explain carefully how to find the real
root of the equation ®+x—3 =0 by a method of inverse interpolation.
What method would you adopt in practice? Obtain a value for the
root to four decimal places.

10. The following table is available:

Agex ... 44 45 46 47
a, at 4} per cent. 13°40 13-16 12°93 12-68

Find, to two decimal places, the age corresponding to an annuity of
13°00,
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11. Find, to two decimal places, the real root of the equation
B4+x—-5=0
by means of divided differences applied inversely, using the values of
the expression when x=o0, 1, 2 and 3.
What is the reason for the poor result obtained in this case?
(The true solution is x=1-516 approximately.)

r2. The equation x3—6x—11=0 has a root between 3 and 4.
Obtain it by inverse interpolation correct to three places of decimals.

13. The formula for the value of an annuity-certain for n years at
rate per cent. ¢ is given by

11—t 1
@y =—s where v =(1 +i)"L

Given the following table, obtain to three decimal places the rate per
cent. for which agy is 14:

Rate per cent. 3 33 4 4%
agy .- 148775 142124 135903 130079
14. Solve the equation x= 10 log,, ¥, given the following data:
Argument x 135 136 137 1-38
loga ... *1303 "1335 1367 *1399

15. Apply Lagrange’s formula (inversely) to find a root of the
equation u, =0, when ug)= — 30, tlyy = — 13, Uy =3, Ugp=18.



CHAPTER VI

SUMMATION

1. Certain series whose law is given or of which there are sufficient
terms to enable the law to be assumed may be summed by the
methods of finite differences.

By definition we have

f(a+h)—f(a)=1f(a)=¢ (a), say,
f(a+2h)—f(a+h)=Af (a+h)=¢ (a+1),

...................................................

fla+nl)—f(a+n—1L)=Af (a+n—1h)=¢ (a+n—1h);
S flatnh)—f(a)=¢ (a)+¢ (a+h)+...+¢ (a+n—1h).

If therefore f (x) is the function whose first difference is ¢ (x)
we can find the sum of any number of terms of the series whose
general term is ¢ (x) in terms of values of f(x), for any given
interval of differencing.

By a suitable change of origin and scale we can make the interval
of differencing unity and the first term of the algebraic series under
consideration ¢ (1). On putting a and / each =1, the required
relation then becomes

4 @=f (e n-£ (0

The expression f (n+1)—f (1) is sometimes written in the form

[ro]”

This represents the process of substituting n+1 and 1 for x
successively in f (x) and deducting the second result from the first.

b b
Note. It should be remembered that X ¢ (x) leads to [f (x)] H
a a

and not to [f (x)]b

.
a
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2. Although any function of x can be differenced, there is only a
limited number of functions which are the first differences of other
explicit functions. The principal forms of such functions are given
below.

(i) It can be easily seen that, since Aa*=(a—1) a7,

A{ a’ }=a”.
a—1

a® . . . .
*, —— is the function whose difference is a®.

We can therefore find )15 u, by the method above if u, is of the
1

form ka®.

(if) The relations Ax(™ =mx(m-D and A, =,y enable the
sum of any series whose nth term can be expressed in the factorial
notation to be summed immediately.

Example 1.
Sum to n terms the series whose xth term is x (x—1) (x —2).

Now x(x—1) (x—2)=a¥,

and since Ax® = 4x®,

n n+1
Y &3 = iwa
1 1

=1[(n+1)® —1®]
=}n+1)n(n-1)(n-2),

since the product of four successive terms of which 1 is the first includes
o and is therefore obviously zero.

If the interval of differencing does not happen to be unity the identity
Axtm) =mhxtm-1) may be applied, but care must be taken in doing so.
Here xt™-1 js the difference of the function xt™/mh, so that in summing
a series whose xth term is, for example, 2& (2x —2) (2% —4), we must
divide 2x (z2x —2) (2x—4) (2x—6) by h=2 as well as by m=4 before
taking the limits #+ 1 and 1.

(iii) Any polynomial P, (x) of the nth degree can be expressed
by an interpolation formula ending with A™x, in which each coeffi-
cient is of the form x,) or % [X¢m)+ (*+ 1))l
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Since X¢)=(2+ 1) (1) — X er4n
=A%,
it follows that Lt ()= X (p11)-

Each term of the formula can therefore be summed at sight.
Thus, the advancing difference formula

Uy p=Ug+ %)My + 2 0) A%, + 2 5) A3, + ...

yields  Zuy, = xq) U+ %) Ay + 25 D21, + x4 Aluy + ...

The Gauss forward formula in its simple form is

thy=tlg+2) Aty + %) A%_y + (x+ 1)) A% _y + ...
and therefore
Ly =2yt + X (o) Bty + X g) A%_y + (¢ + 1) (A% + ...

Stirling’s formula may be written in Sheppard’s notation as

U=ty +xq)nduy+  [(%+ 1))+ x(»)] 8%t + (% + 1) ) uSup+ ..
whence
Sy =xq)ty+ 2 1ty + % [(x+ 1) @)+ %)) 8%+ (% + 1) q) %y + ...

Example 2,

Find the sum of # terms of the series o, 10, 33, 77, 150, ..., given
that third differences are constant.
By taking out the differences it is seen that Au=10, A?%u=13 and

A% =8,
The advancing difference formula gives
%, =0+ 10X )+ 13%(5)+ 8x(3).

n—-1
If the series is ug, 4y, %, ... u, ... u,_;, then we require 3‘3 Uy,

n—‘l n—~1
%' U= % [rox )+ 13%() + 82(3)

n
= [on(z)"' I3x(3)+8x(4,]
0

=10n4)+ 137nG)+8nq)
=in (n—1) (2n*+ 3n+16) on reduction,
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Alternatively, we may continue the table backwards to obtain
the differences required for the central difference formulae.
Stirling’s formula then gives

Zuy =75+ 5.3 [(x+ D) +xe]+8 (+1)q

and "D =7sng+2s [0+ e tral +8 (14 D
=in (n—1) (2n%+ 3n+ 16) as before.
Should the series be given in the form u,,u,, ;... 1, ... u,, then
=1+ (x ~ 1) Auy + (% — 1) ) A%y + (¥ — 1) ) A%y
S By =(x— 1)y + (¥~ 1) ) Avy + (% — 1) ) A%y + (2 — 1) () A%

and

n n+1
% u, = [(x- Dty + (¥ — 1)) Aty + (% — 1) ¢3) A%y + (2 — I)mAsux]

1
=1yt +ngAuy + 15 A%uy -+ 1y Ay,

which, on substituting for Au;, A%, and A3, gives the result
obtained above.

3. Since Axt~™ = —mx{-m-D  the series whose xth term is of the
form [(x+1) (x+2) ... (x+ k)]~ can be summed immediately.

Example 8.
1

(x+1) (x+2) (x+3)°

Sum to 7 terms the series whose xth term is

I I
A [(x+r>(x+z)] ST n (o) (x+3)

.
e

=M

1 _ 1[ I ]”“
G E+2)(x+3) 2 [(x+1) (x+2)]s

_I [_r____ x
2|{(n+2)(n+3) 2.3])°

4. Ttis worthy of remark that the rules for the summation of series

of the types given in paragraphs 2 (ii) and 3, as given in the text-

books on algebra, are precisely the same as those stated above, and

8 FMAS
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are based on the same principle. For example, for a series whose
nth term is

(a+nb) (a+n+1b) (a+n+2d) ... (a+n+r—1b),
the finite difference method is simply to write this in factorial
form, with interval of differencing b, and then to proceed on the
lines laid down, thus:

ﬁ u,= )E (a+;;—.‘.7:—fb)(r) - (a+n+r— Ib)(r+1):|,.,+1
1 1

b(r+1)
_(@a+nFrb)rt — (a+ 1))
- b(r+1)
_(a+ n+rb)u,
T b(r+1)
This, of course, produces the same result as is given by the

algebraic rule: “Write down the nth term, affix the next factor at

the end, divide by the number of factors thus increased and by the
common difterence, and add a constant”’.

For the series whose nth term is the reciprocal of the one above
the inverse factorial is used, and a similar result is obtained.

+a constant.

5. It sometimes happens that on taking out successive differences
of a series a stage is reached where a particular set of differences
forms a geometrical progression. In that event the series can be
considered as consisting of two separate series, (i) a series whose
general term is a+bx+ cx2+ ... + kx"~! (a rational integral function
of x), and (ii) a geometrical progression.

Suppose, for example, that second differences are in geometrical
progression with common ratio 7. Then

U, =a+bx+crs.

For Au,=b+c(r—1)r*,
and A%, =c(r—1)2r*=kr?,
where k=c(r—1)%

It follows that for nth differences
AMu,=c (r—1)"r*.
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Example 4.
Sum to 7 terms the series 1, 6, 11, 18, 31, 58, 115, ....

The difference table is

Third differences are in G.P. with common
ratio 2.
u, Au, A'u, A%, Assume therefore that

uy=a+bxW +cx'? +d2°,

6 5 ° Auy=b+2cxV +d2? (2 ~1)
5 2 =b+2cxV + d2°,

11 2 A%, =2c+d2°,

g 7 6 4 Adu, =d2*.
! 13 g Inserting the differences for the value
31 14 x=1, we have

27 16 2=A%;=2d; o=Au,=2c+2d;
58 30 5=Au; =b+2c+2d.
115 57 From these equations we find easily that

d=1; c¢=-1; b=5.
Putting # =1 in 4, =a+bx" +cx'® + d2%, we have
1=y =a+b+2d,
whence a=1—b—2d=—6;
S U= —6+5x(1) —x( 4223

sx(ﬁ) 2(3) 2% Tn+1
2 3 2-1

n
o Buy= [_mm +
1 1
5(n+1)® (nt+n)®

= =6 (n+ )V +6+ 2

+2ntl—2,
since all the factorials except the first vanish for the lower limit.
This simplifies to

2ntl—2 -g (2n®— 151+ 19).

Alternatively, we may proceed thus:
A3u,=d2°,

Deduct d2® from u, and difference the function #,—d2® in the
usual way.

By giving x the values 1, 2, 3, 4 in succession it is easily seen that
u, —d2? takes the values —1, 2, 3, 2 respectively. On forming a differ-

8-2
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ence table we find that the leading differences are
A (uy—d2®)=3, A?(u,—d2%)= —2.
Then U, =2"—1+3 (¥ - 1) —2 (x— 1)),
so that
n n+l
B[ (5 D3 (= =2 (= |

=2 =2 —ng) + 310 — 21,
which, on simplification, gives the same result as that above.

Note. In the methods above we have called the terms wu;, u,, %, ..
and have used the property Ax!®=#x*-1. We may shorten the work
slightly by beginning with x=o0 (so that all the factorials vanish at the
lower limit) and using x, instead of x*. Further, the two methods

give the same result without transformation. It will be instructive for
the student to rework the problem on these lines.

6. The form #,v,. Summation by parts.
When the general term of the senes, is the product of two

functions of x and the value of ?ach of the summations 2 u, and

.

2 v, is known, a method known as ‘“summation by parts” can be

adopted
We have A (U, V)=U,,V_ .,-UV,
=Vzn ( en= Vo) +Vy (Upa— Uz)
=U AV, +V AU,

s V,AU,=A(U,V,)-U,, AV,
ﬁ[VxAUz]{U,Vz]" —§[U,+1Am.
1 1 1

It follows that when the function #,9v, can be put in the form

VAU, the summation can be performed at once if E [U.1AV,])
can be evaluated (but not otherwise).

Note. For extensions of the formulae for summation by parts see
Chapter VII.
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Example 5.

Find the sum of the series a+2a*+3a*+4a%+... to n terms. The
terms are successive values of the function y =xa®, and since

(5

we may write x for 7, and — for U, in the relation above.
n n
2 [xa®] = [: }
1
B a® In41 1! axrl-l
= | —— -Z Ax
I 1 1 |a—1
a® n+1 n a*+l .
=[-4— —-X | -1, since Ax=1,
a—1 1 1 —
[ a* |ntl I: aq*+1 ‘lnu
=[-—X —_ —
a—-1"|; (a~1)?|,
anrtl a ant? a?
=(n+1)

a-1 a—1 (a- 1)2+(a— 1?2

7. The result in paragraph 1, namely, that 9 d(x)=f(n+1)—f(1),
1

where Af (x)=¢ (x), can be obtaincd by the use of the operator E.

We have %45 (¥)=¢ (1) + ¢ (2) + ...+ ()
—(+E+ B+ ...+ Ev1) (1)

Ll

T-1)f (1),
since ¢ (1)=Af(1)=(E—1) f(1).

%¢(x)=<E"—x)f(x)
~f(n+1)—f (x).
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-1
Eor 2

n
for X in any series of operations.
1

”
Thus the operator Z is equivalent to the operator
1

Enr—1
E—1x

n
Again, since E™u,=u,,,, the identity Zu,=
1

we may safely substitute

n_.

! b
Tyt o be

expressed as

1
L= (tp1—14y)

- Ma

1
=A (41 —111)
=07 (U4 — 1),

8. The relation between the operators 2 and A,
It has been seen that if
Af (x)=¢ (x)
then f(x)=Z¢ (x),
where the summation is performed between certain limits.

If therefore we omit the limits we may say that with certain
reservations summation is the inverse process to differencing.

Consequently ¢ (x)=Af (x)=AZ¢ (%),
so that AL =1,

i.e. X=

Now although AZ =1 it does not follow that ZA=1, for we
shall obtain the same result by differencing f(x)+c¢, where ¢ is
a constant, as by differencing f (x) alone.

Thus A[f (@) +c]=¢ (x);
S f () +e=A (x)=Z¢ (x) =ZAf (x),
so that TA#1.

The symbol ¥ may be and often is used in place of the inverse
symbol A-! provided that it be remembered that  (or A—?) and
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A are not commutative, and that in the indefinite finite integral we
must include, or imagine, an arbitrary constant which disappears
in the definite integral,

Thus, the process of summation in finite differences is similar to
the corresponding process in the integral calculus and the relations
between the symbols are analogous to those existing between the
symbols of differentiation and integration. As a result, finite
difference summation is often referred to as finite integration.

n
Zu, is said to be the indefinite finite integral of #,; = u,, the definite
1

finite integral; and a function that can be integrated, such as a¥, to
be “immediately integrable”.

9. Other uses of the symbol I,

One of the commonest functions in the theory of life con-
tingencies is the expression obtained by multiplying Z, (the number
attaining age x) by the interest factor v, This product is denoted
by D,, and the connection between certain functions dependent
on D, is indicated thus:

N,=2D,; S,=3N,.

Here £ denotes summation from age x to the end of the mortality
table, it being understood that values beyond the end of the table
are zero.

In point of fact, the correct way of showing the relation between
the functions D and N, etc., is

t=0

Nx= 2 Dz+b
t=0

where x is fixed and ¢ is the variable.

In modern mathematical works it is now usual to use the notations

E R % etc., where the variable ¢ is specified for the lower limit only.
t=0 t=a

b
The still shorter form X is often used where there is no doubt about

the variable.
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(i) When Z is used in the special sense
Zu,=uy+ Uy + U0+ ... to the end of the table;
Azu:c = (ua:+1 + Ugpatlgyzt .. ) - (uz + UgitUpigt .. )
= Uy,
so that here A= —1.
(ii) If, however, T is specially defined so that Zu, indicates
a summation beginning with %, and ending with the last term
preceding u,, then
Zuy=ujtuygt+ug+... +u, ;
o AZuy=(uydugtugt .. ug)— (uy Fuy g+ g _y)
=y
In these circumstances therefore AS=1.
(iii) Again, in algebraic series, X is often used loosely to indicate
the sum of the first x terms of a series, thus:
Tug=u;+uy+ ...+,
So AZup=(uytugt et ttyy)— (U gt e+ uy)
Uz
=Eu,,
whence AT =E.

These illustrations serve to show that great care must be ex-
ercised in introducing X into any formula. The sense in which it
is to be used should be clearly defined in every instance: the safest
course is always to state the limits where possible.

10. Application of the relation between X and A.

By treating the operator T as equivalent to A-1, the method of
separation of symbols can be employed for the solution of problems.
For example, a convenient formula for the evaluation of Za®u, can
be evolved by which the necessity for the continued application of
summation by parts can be obviated.

Example 6,

Prove that
aA a?A? a®A3 }
Uy
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Now E?a%u,=a"*%u, ,=a° \aE)? u,
and Za*u, = A~la%u,, omitting the arbitrary constant
=(E-1)"! a®u,.
Let S (E)=4y+ A E+ A2+ .. .+ AL +....
Then the (7 + 1)th term in ¢ (E) a®u, is A, ETa*u,,
Le. A,a*tu,, = a%A,.a"u,,,
=a®4,.a"Eu,

=a%4, (ak)" uy;
¢ (E) a®u,=a"¢ (ak) u,,
so that if ¢ (E) is the operation (£ —1)~!
(E-1)1a®u,=a® (aE—1)" u,;
o Zatuy=a® (aE-1)"1u,

=a®(a+alA—1)"1u,
— g (g — 1)1 al |1
a®(a-1) [1 +o— 1] U,

_a . al N a®A? u
Ta-1 a—1 (a—1)2 |"®

omitting the arbitrary constant.

Note. An alternative (and simpler) proof of this formula can be
obtained by the use of the expansion of Xu,v, in a series. See Chap. VII,
paragraph 12.

Example 7.

Apply the above formula to evaluate X3 (%% +x%+x+1),

Au,=A (P +x2+x+1)=3x2+ 5% + 3,
A%, =A% (x3+ %242+ 1)=06x+8,
and Adu, =A% (23 +x2+x+1)=6;

S I3 (a4 a4 1)

2 3
=l 2 e g e g g

=3£ [(C+a?+x+1-F (362 +52+3)+ (6x+8)—4L.6]+c

=3£ (4% — 14x® +28x —23) +¢.
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It is often of advantage to set out the rational integral function
in factorial or binomial notation; the successive differences can
then be obtained with little difficulty.

Thus, by the method given in Chap. I, paragraph 22,

a4+ x4+ 1=x3 + 423 4330 41,
8o that Au, =32 4 8x(D +3,
A2, =6V +8,
Adu, =6,

and, by adopting the formula for Za®u,, we have easily that
* x
3% (B + x4+ x+1) =18- (43 —2x(D 4+ 18xV —23) +¢.

To express 4x¥ —2x? + 18x—23 in the form
ax®*+bx*+cx+d,

we use the method of detached coefficients applied inversely:

2 4 -2 18 —23
o 8 —10

1 4 —10 28
o 4

o 4 ~14
o

Hence
z
3% (B +x2+x+ 1)=% (4%®— 1423+ 28x —23) +¢,

as before.

11. The following examples are instructive.

Example 8.
no2x+3

Evaluate FIETE)

3
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_2x+3 1 _(3 1|1
b= G+ 3 |2 x+1) 39

Example 9.
Show that the general term of the recurring series
U+ Uy X+t U X+,

for which the scale of relation is 1 —px—gx?, is Aa"+ Bb", where a, b
are functions of p, ¢ and 4, B are constants.
Since 1 —px —gx? is the scale of relation,

Up—Plp_) —QUn9=0;

ie. #,—pE~—u, —qE%u,=o,
or (1 —pE-1—gE-?) u,=o.
Therefore (1—aBEY) (1-bE-Y)u,=0
if a+b=p and ab=-—gq.

This will be true if either
(1—aEY)u, or (1—bE)u,=o,

ie. if U,—au, , or u,—bu, ;=o.
Now if 4,—au, =0,
then Uy =al, 4,

and the series is a geometrical progression with common ratio a. The
general term of the “a” series is therefore 4a".

Similarly the general term of the “b” series is Bb", where 4 and B
are constants. But if a new series be formed by the addition of these
two progressions the relationship will hold good for this new series. In
other words the most general solution is

u,=Aa" + Bb",
where we may give 4 and B any values, but @ and b must satisfy the
equations a+b=p and ab=—g.
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Example 10.

If fourth and higher differences are ignored, prove that the sum of n
successive terms of a function, of which 1, is the central term, is

nity+ 35 (n* —n) A%u,,

where 7 i3 odd.

Since u is the central term, it will be convenient to use a central
difference formula.

Gauss’s forward formula gives

= o+ 3ty + b (x— 1) A%y +3 (x4 1) x (x—1) Al
=g+ ¥V Auy + §xPA%_ + 4 (x+ 1) Adu_y;
S Zuy=C+xuy+ 3 Auy + 363 A2y 45 (o + 1) A,y

On summation between the limits -} (z—1) and ¥(t—1) the co-

efficients of Auy and A%_, will cancel, and we shall have

t(n-1)
Yu, = [C+xu0 + §t2 Aug + 3x® Ay + 57 (¢ + 1)@ A:’u_,]

—-#(n-1)
EES < 2:1) y
| 2 2 0

+6[w n-1n-3 (_?—Itef_l,'::?)] A,

1(n+1)

—i(n—-1)

2 2 2 2 2 2
=nuy+5g (13 —n) A%_,.

12. The use of symbols of operation in the summation of alge-
braic series.

Many forms of algebraic serics which at first sight do not seem
to lend themselves to summation by the method of separation of
symbols can in fact be summed very simply by that method.

For example, if ¢, be the coefficient of x" in the expansion of
(1+x)", where n is a positive integer, the sum of the series whose
rth term is (—1)™1¢,_; [a—(r—1)] may be written down almost
at sight. The scries is

cga—c (a—1)+c,(a—2)—...
i.c. a—gElatcE2%a—...=(1-E ) a
=A"E"q
=A" (a—n)
=0, for all values of a.
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Again, consider the well-known series

This may be written as
(co—E+c,E2—.. ) x7?
=(1—-E)rx?
=(_l)n Anx—l
n!
Tx@t1)(x+2) ... (x40

The following examples are illustrative of the method.

Example 11.

Evaluate

o n + n(n-1) . (-1 n!
x+1 (x+1)(x+2) (x+1)(x+2)(®+3) 7 (x+1) ... (x+nt1)’

This series is '~V —nx~2 +n (n—1) 3 ... +(— I)" n! xt-n-1

’E_(l‘._l)Mx(—l) .. + Anx(-l)
2l

=xD 4 1‘,! Ax(-D 4
1

=(1+A)" 2D

= Enyi-D

= (x4m)D

1

T(x+n+1)’

Example 12,
Find the value of

RNBTANCT

D (a4 2ty

cooe

_'ﬂf:%gn_'_ﬁ) (a+ 3By —

Taking the interval of differencing to be b, the series may be written as
(1=-nyE+ngE*-..)) a1
=(1-E)* a*+!
=(—1)" AngnHi,
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Now
a*l=g") 4 ipn (n41) @™ b+ terms in a1 (r<n).

S Argi=(n+4 1)l bV + 40 (n+1) b7 Hinl
=3b" (n+1)| (2a +nb),
and the sum of the series

=} (-0 (n+1)! (2a +nb).

Example 13,
Sum the series

B+ (x+1P+(xe+2)83 4. +(x+n—1)%
The series. may be written in the form
S=(1+E+E2+...+ Er1) a®

En—1
E—1

=(Er—1) A1

=A-1 (x-+n)P—A-13

=A7 [(x+1)q)+6 (x+7)q) +6 (x +17) 3]
=A™ [xg) + 6x) + 6%(3)]

=} [(x+n)? (x+n—1)2—a2 (x—1)?], on reduction.

x3

=

Note. Tt is unnecessary to introduce any constant of integration: for
if we put
Alxd=u,+c,

the constant disappears on operation by E*— 1.

18. “Summation n”, or [n].

An interesting example of the development of a series of opera-
tions by the method of separation of symbols occurs in the theory
of graduation. One of the objects of graduation is to obtain a
smooth series of numbers instead of the rough series given by the
actual data. A step to the solution of the problem consists in
replacing each term of the series by the arithmetic mean of the
n successive terms of which the given term is the central term. The
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operation of summing these successive terms is generally denoted
by [n] (‘“summation 7). For the present we will assume that

n is odd.
For example  [5] uy=u_o+u_, +tuy+u, +u,
n—3+...FUn-3+Un_1.

[n] o=t _n—1+u_ n—3
3 3 ) 3

Consider a simple summation: [3] %,

By definition [3] wo=1_y +uy+u,
and if we write v, for [3] u, we may operate again on g, to obtain
(3] %o

In that event we shall have
(3] vo=[3] u_y+[3] 4+ [3] %,
=u_g+2U_y+Juy+2u, +uy
=g+ (U_y + g+ 1y) + (U_g+u_y + g+ uy +u,)
=[1] up+[3] up+[5] 1.
If therefore we denote the double operation [3] [3] %, by [3]? %,
we have the symbolic identity
(312=[1]+[3]+[5]-
Similarly [5]*=[1]+[3]+[5]+[7]+[9],

and (nP=[1]+B]1+[51+[7]+... + [2n—1],

where 7 is odd.
The identity between [3]% and [1]+[3]+[5] can be seen at

once by writing down the terms in diagrammatic form:
B uo=[3] us+[3] %+ 314

Uop+U_y +U,
= F Uy + U + U
Q + Uy + U, + U,

U, +U_ +U, + U, + U
= T Uy Uy + Uy
U,

=[5] uy+ [3] up+ [1] 1o (Fraser.)
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These results are general. The sum of 7 consecutive odd opera-
tions is [#] [r], where [r] is the middle operator. E.g.

[51+ [71+[9] + [x1]+[x3]=[5] [9]=[9] [5].

14. We can express [n] in terms of the ordinary finite difference
symbols thus:
For a simple value of », say 3,

[3] wo=1_y+ug+uy=3uy+u_y —2uy+u,
=3y + A%u_y
=(3+0%) uy,
where 8% is the symbol denoting the second central difference.

3
nz " $2+ terms in 84 and higher differences

if these exist. (Cf. Ex. 10.)

The relations above are on the assumption that n is odd. If
n be even we must find a meaning for the summation symbol.

By analogy [2] %, is the sum of two values of # whose suffixes
are such that their sum is zero and their difference unity.

Generally [n]=n+

ILe. [2]up=u_y+uy.
Hence [2] y={[x]+ [3]} o
= (4+82) uy,
so that [2]=2 (1 + }8")*~

=2 (14§52 11584 +..),
which is otherwise obtained by expressing u_y+uy in terms of
central differences. This agrees with

nd—n

[n]=n+ 32

as far as third differences.
The meaning of [n] when 7 is even is now evident, and we need
no longer restrict the values of 7 to odd integers. Thus the formula
B 2
applies for any integral value of n whether odd or even.

[Muy=u_n-1+u_n-s+...+tn-3+ua-1
2 2 7
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*15. The following alternative form for exhibiting relations
between the operators, whether odd or even, is due to Mr G. J.
Lidstone:

4

(1

o S

(s) / / o
<

Z(Juo=[4)uy + [4] uy+[a)uy + [4) 14
= (4] [4] 4

s ) e @

(] “o='[3] “—§+[3] “4"'[3] uy *[3] uy
= (4] (3) vo

The tracks marked show the re-grouping. The diagram
is of virtually the same form if we begin later:

/////

T0%=0) [71'4«

16. By means of the relations already proved we may develop an
unlimited number of formulae involving [n], [m], etc.
9 FMAS
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Example 14,
Prove that 10 [1] -3 [3]=2 [3] —[5] as far as third differences,

{10 [1] -3 [3]} #o= 10Uy — 3 (3up + §48%)
= 35%q.
Also {2 31— [5]} o =2 (3ug + §48%ug) — (5% +225uto)
=1, — 35%,.
Example 18.

Given [5] #_g, [5] %o, [5] #s» find 4, fourth and higher differences
being neglected.
By Stirling’s formula,

Au_y+Auy x? x(x2—1)A3u_, +A3u_.
=thtx 12 0 Aau—l ( 6 ) ! 2 2+...’
2 _ 1) A3 3
U_p=tly— xA——————u'l;Au" 2 = A — x(xé nA “—1:A U_y

S Ut u_g=2uy+x*A%u_,.
&[5l ue=tu_gtu_y+ug+uy +ug= (g +u_g) +(uy +u_y) +1,
= §uy+ 50%_,.
Similarly 5] u_s+ (5] us =108+ 135A%_,.
Eliminating A2%u_;, we have
1252, =27 [5] #—[5] s = [5]

An interesting note by Mr D. C. Fraser on the properties of the
operator [n] occurs in the Actuarial Students’ Magazine, No. 3
(Edinburgh, 1930). Here the general form for [n]u4, is given by
Mr Fraser as

o om
S

which defines the operation whether n is odd or even; and the proof
of the identity [3]*=[1] + [3] + 5] is made to depend on the development
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of the operator E. Thus:
Et_gt
2y =
BPu o (314

Et_g4
=A@ (u_y+uy+uy)

_(E-EhH (B4 o+ Y
= Eb_Et %

=(E*—E‘*)+(E§—E‘*)+(E5—E‘3)uo

p—y 1)

=[1] uy+[3] o+ [5] 4

The general formula for [#]? # can be proved in the same manner.

Many further examples of the use of [#] will be found in various
papers in the Journal of the Institute of Actuaries. For simple extensions
of the method see particularly Hardy, §.I.4. vol. xxxu, p. 371, and
Todhunter, ¥.I.4. vol. xxxi1, p. 378, and for generalizations, Lidstone,
JL.4. vol. Lv, p. 177, and Aitken, ¥.I.4. vol. Lx, p. 339.

EXAMPLES 6
Sum the following series:
7 14, 19, 22, 23, 22, ... to 7 terms,
2, 12, 36, 80, 150, 252, ... to n terms.
10, 9, 7, 4, Oy, — 5, ... t0 30 terms.
5, 10, 17, 28, 47, 82, ... to 20 terms,
10, 23, 60, 169, 494, ... to % terms,
1,2, 4, 8, 17, 40, 104, ... to n terms.
1,0, —1, 0, 7, 28, 79, ... to 2k terms.
10, 14, 10, 6, ... to n terms.
125, 343, 729, 1331, 2197, ... to n terms.
10. 1,0, 1, 8, 29, 80, 193, ... to 17 terms..

© P S ke N o

Use the methods of finite differences to sum to 7 terms the series
whose xth terms are

11. (x+3) (x+4) (x+5). 12. x (%+2) (x+4).
13. (3x—2) (3x+1) (3% +4). 14. x(x+1) (*+3).
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15. x(x+1) (x+3) (x+4). 16. (2x+3) (2x+5) (2x+7) (2x+9).

1, — 8 —
eI T EE) )
X 1
Y ErErNEED 2 Gro2) GEA 0 GEr e
21. x+3

x(x+1)(x+2)°

22. Sumtonterms2.4.8.14+4.6.10.16+6.8.12.18 +....
23. Obtain the general term of the series

-3 L5 7

———+ .

— — +
1.4.10 4.7.13 7.10.16

and find the sum to 7 terms and to infinity.
n
24. Find X u,, where u,=x (x +2) (x+35).
1

25. The two series 6, 24, 60, 120, ... and o, o, o, 6, 24, 60, 120, ...
are given. Find the sum of # terms of each of the two series. Compare
the results and explain the difference.

26. Sum the series 1, 5, 17, 53, 161, ... to  terms.
27. Evaluate A1 (x%%).
28. Show that A (x!)=ux (x!) and hence sum to # terms the series
14+3.20147.31+13.41+21.51+....
n
29. Find X u,, where u,=(3x—1) (3x+2) (35 +35) (3% +8).
1

30. Sum to n terms 1.32+3.53+5.7247.92+....

31. Obtain the formula
a+n—-1

I uy=ngyug+ng Aug+ng Aty + ..,
a
and use the formula to find the sum of # terms of the series
-8, —5,0, 14, 44, «+u

32. Prove that i:. (x*+1).2l=n.(n+1)l
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33. Sum to n terms the series whose xth terms are (i) ¥? (3% +2),
(ii) 2® (x3+x) by finite integration.
x24
34. Evaluate {m}

. . 1 I !
35. Sum to infinity 2.6. Io+4.8.12+6.10.l4+

36. Find the sum of 7 terms of the series

2 2 2
1’+3 +S +7 +..

37. Obtain the indefinite integral of (2x — 1) 32,

38. Show that the series 10, 24, 61, 163, 452, 1290, 3759, ... can be
split up into two other series. Find the two series and hence sum the
original series to #n terms.

39. Prove that A-![u,v.]=u,A10,—A"! [Au,A- 1‘vm_u] and apply
this formula to find the sum of the first n terms of the series whose rth
term is (r + 1) x™1,

i (x4 1)?
40. Evaluate A1 {x (x52) (x+3) (x+4)}°

41. Find the sum of the squares of the first n natural numbers by
the method of finite integration.

3 5 7
42 Sumto”terms2.5.8+5.8.u+8.u.14+
43. Find the sum of the infinite series — 13 3 5+5 7+
2 23 23

44. Find the sum of n terms of the series
2.2+7.4+ 14.8+23.16+34.32+....

U — x"n

-1
45. Prove that n% U X" = 5 (Aup ~xmAu,,)

+—

(1—a)? x)
( x)3 (A%uy—x"A%,) + ...
Apply this formula to find the sum of the first n terms of the series
whose rth term is 7 (r + 1) 271

- _*
46. Evaluate A [2".::. = +x)l] .
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47. Use the method of finite integration to obtain the sum of n terms
of the series 1.33+3.53+5.73+....

48. Find the function whose first difference is ax® +bx?+cx+d.

49. Prove that 17+27x+3"*%+... is a recurring series, and find its
scale of relation.

50. If u, is the nth term of the series 1, 2, 3, 3, 8, 13, ... in which each
term after the second is the sum of the two preceding terms, prove by
the process of mathematical induction or otherwise that

U= Up U= ( - I)n'

51. Show how the methods of finite differences can be employed to
find the sum of a series of the form

(a+Ry +(a+2k) +...+(a+xk) +....
52. Sum the series

a+1 (a+1)(a+2) " (a+1)(a+2)...(a+n)

o
53. Find the value of Z”n(,, .
r=1

54. Prove that {2 [3]-[5]} %=1, — 3A%u_, approximately.
55. Obtain the approximate formula

125 =[5]® {uy + Au_p— Au,}. (Woolhouse.)
56. Prove that [n]2—[m]2={[n] - [m]} {[n]+[m]}.

57. One of Hardy’s graduation formulae is
6
-[ﬂ']—I[%]OL] {up + Au_g— Auy} =u,,
Prove that this is approximately true.

58. Express {[3]+[5]—[7]} % in terms of u_g, u_,, u), u,, 45, and
hence prove that

(5] [r3]
65

59. If w,=[5]u,, prove King’s formula:

{[3]1+[5]—[71} %, reproduces %, to third differences.

U = *2wWp — *008A%w_g,
fourth and higher differences being neglected.



CHAPTER VII

MISCELLANEOUS THEOREMS

1. In this chapter it is proposed to treat of certain propositions
and applications of finite difference methods which are not essential
to a first reading of the subject and which may conveniently be
dealt with at a later stage. Some of the theorems are developments
of familiar processes: others are alternative methods of approach
for the solution of problems involving the principles of finite
differences.

DIFFERENCES OF ZERO
2. If in the identical relation
Argm = (E—1)" 2™
=(x+n)"—ng (x+n—1)"+ne (x+n-2)"—...
we put x=0, we obtain
[A"™] g =n"—nq) (r—1)"+ng) (n—2)"—....
By continued application of this formula we can obtain values of

Any™ when x=o0 for all integral values of # and m.
For example, if m=3,

[A¥],p=1=1,
[A%%3] 0 =23—2.13=6,
[A%%%],mg=13%—3.2%+3.13=6.

The values of [A"x™],_, are known as “differences of zero”, and
in accordance with this definition the expression is often written
as Amo™,

It is evident that a table of values of differences of zero can be
constructed if we can obtain a relation between corresponding
values of Amo™,
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We have from the above
Arom=pm—nq, (n—1)*+ne (n—2)"—...
=n[am1—(n—1)q (r—1)"1+(1—1)g (n—2)"1-..]
=n[(1+n-1)"1—(n—1)q (1 +n—2)""1
+H= 1) (1 =3y
=n[(E-1)"? & ],y
= nAn-1 ym-1
= nA"-1 Eom-1
=nA"1(14+4) om?
=n (An~lo™=1 4+ Amo™1).
Alternatively,
Arom =nm—ngy) (n—1)"+ne (n—2)"—.... (a)
But, since
Anym=(x+n)"—ng) (x+n—1)"+ng) (x+n—2)"—...
we may put n—1 for n, m—1 for m and 1 for x, and obtain

An-1pm-l—pym-1_ (g —1)q) (n—1)" 14 (n—1)q) (Bn—2)"1—...
1
= ()
=£ Anom;
n

. Aro™=n An—1ym-1—p ( An—lom—l + Anom—l).

This proof is given by de Morgan.

Another method for obtaining this relation, depending upon the
formula for the nth difference of the compound function u,v,, is
given below (paragraph 11).

3. Since Anx® =n! for interval of differencing unity
Amo™ =nl.

Similarly, since
Anrtryn=o, Amro™=o,

ie. Amom=0, when n>m.
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We can now build up a table of differences of zero by continued
application of the relation given in paragraph 1 above.
The table is

m  Ao™  A%m™  A%™ Ado™ Afo™ Ato™
I I o

2 1 2 o

3 1 6 6 o

4 1 14 36 24 o

5 I 30 150 240 120 o
6 1 62 540 1560 1800 720

and so on.

4. An interesting application of the use of the differences of zero
for the calculation of the coefficients in an expansion is as follows.
The fundamental formula

Uy =1ty + %) At + X () A%ty + %) A%y +- . ..

can be written as

22 X
u,=u0+x(‘)Auo+—2T A2u0+—5T A3u0+ ceee

(2 23
x"'=o’"+x<1>Aom+;!— Azo"'+-3—!— Ao™+ ...

By use of the relation
. Aro™ nAnom—1  An-1gm-1
Arom=n (Anom-14 An-lom-1) je. = ,
n! n! (n—1)!
a table of the coefficients in the expansion of ¥™ in terms of succes-
sive values of the factorial x(® can be written down in a similar

manner to that given above.

5. The differences of zero have many special properties, and they
are used in higher work in the theory of series. A simple example
involving their use is given below.

Example 1.
If (1+x)*=co+c2+... +¢c,x", n being a positive integer, find the
value of 2 .
(n—1Pc;+(m—3)° cs+(mn—5) c5+.one
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Now (x—1)c;+(x—3)2cp+(x—5)2c5+-..

=(E-lc; + E-3¢;+ E-%¢c5 + ...) x3
=} [(1+ B —(1 - E-y) 22
=4 [(A+2)* —Ar] E-na?
=$[(A+2)"-A0] (x—n)?
=1[(A+2)"~A"] 0 when x=n
=} [2"02 +n2"1A0% + in (n—1) 2"-2A22%+...)
=4} [n2" 140 (n—1) 22

=2"37 (n+ 1) on simplification.

RELATIONS BETWEEN THE OPERATORS
D AND A

6. The series

FE&)+f )+ lf" () +.. +(n

converges to the limit f(x+4), provided that Lt R, (x) is zero,
n -
where

SO @

hn
R, (x)= ;l—!f(") (% +6h).
This is Taylor’s theorem for a convergent series, and we may write

it in the following form:

Uy yen=Ug+rhDu, +*—~ ('h) D2y, +3—- (13]1]) D3u +...

- (_'é)f 24 1)
-{x+th+ 51 D2+ 31 D +...}u$
=eM0y,,

But, for interval of differencing A,

Uprrh= Er Uze

s Er=ehD,
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so that hD=log E=log (1+A)

2 A3 A4
EA-—é-+—A——A—+ .
2 3 4
2 3 4
and Du;,,=’lz Auz—A-;uz+é3—u,—%-uz+...:|.
If h=1, then (1+A)=e?

and we have a result analogous to the important relation in the theory
of Compound Interest, namely (1+3#)*=e", where & is the force of
interest corresponding to a rate of intercst i.

3 A4
7. Since I:A—é— S‘—-—-A—+ :I
2 3 4 3

[A_A_ é___A_+ ]

= [A2—AS+ HAC—3AS 4 ...].

h2
Similarly, Dd= h‘s [A3—3At4+IAS— .. ].

We have therefore a convenient method for expressing the
differential coefficients of a function of x in terms of the differences
of the function.

Example 2.

e (the force of mortality)= — 11 Zi’:, where I, is the number of
x

persons at exact age x in any year of time. Given the following table,
find a value for pg,.

Agex ... 50 51 52 53
L, 73,499 72,724 75,753 70,599
The difference table is
x L Al, AY, A,
50 73,499
- 775 ’
51 72,724 —196
- 971 13
52 71,753 -183
—1154

53 79,599
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dl, A A3
w=(0-5+3) %
since the interval of differencing is unity
= —775+98 +4'333..., when x=350,
= —672-667.
[ rd, _672:667 .
0= | Thdv Jemsa 73499 0

Note. If k1, care must be taken to divide by the appropriate power
of A in applymg the formula Thus, if u, is given for quinquennial

intervals of x, d 2 will be (A%,—%A‘u +...) and not simply

Aau,, =30+ ...

duz
hl:A u+——u - ]

can easily be obtained by the dxﬁerentlation of the advancing
difference formula for u,.
Taking the simple case when k=1,

x (x2— 1) A2u0+x (x— 1()) (x—2) Aouy +

8. The result

U, =y + xAuy+

du, 2x—1 ,, | 3x*—0x+2
-a—x——A + 2 Auo+ 6 A3u0+...
dux) A2uy  Adu,
or Z) =Auy——2+——...
( d% | gmo T 3
which becomes, on changing the origin to x,
du, _ A%, A,
a = A 2 + 3 seen

. du, . .
Similarly, we can express -df in terms of central differences.

For example, Stirling’s formula is

_ x? x(x®2—1)A%_;+A%_,
Up=Uy+ X +2!A2“—1+ Y 2 +....
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Differentiating with respect to x:

du, Auy+Au_, 3x2— 1 A3u_ +A3u_,
o= At >

+ ..

Lo (e _AuptAu, 1o s
i (’dx), o 2 12 [A%u_y+A%_q]
as far as third differences

ul - u_l

1
== 1z (42— 3uy + 30—ty + 14y — 3o+ 3U_y — ]

2 1 T
=3 (uy—u_y)— o (43—u_p) on simplifying.

Changing the origin, we have
du, 2 I
‘df =3 (Up1 = Uzg)— 12 (243 —zs).

A first approximation will evidently be

dux Upp1— Uz

dx 2
or, if the unit of differencing be 4,

Uern—Uzn

2h
This simple approximation can be seen quite easily from a con-
sideration of the geometry of the figure.

Y
/e,
Ve
P
b —

Fig. 2.
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Let P be the point whose coordinates are (x, %) and let P;, P, be
the two points whose coordinates are (x+5, %,,3) and (x— A, u;_p)
respectively.

Then if PK be the tangent at P
du

—Z=tan «

dx

—-f-’—l-; nearl
=p,L "

P,M,-LM,
M, M,

Upiph— Uz n
2h

9. Another formula, giving the differential coefficient in terms of
central differences, can be obtained from Bessel’s formula.

x (x—1)A%u_; + A2y,
2! 2

+£‘1"___§B_ﬁ.‘”_ﬂ A”u_1+ .
3!

u,=u—9:-:—u1+(x—%) Auy+

Changing «x to x+4,

—1)A2
u,+§=u°+ul+xAuo+(x+%) (x—3) A%u_y+ A%,
2 2! 2
Differentiating:
d A%, + A x? 1
p Upid =Au,+x ——‘—'—2——21°+ (; -—;4-’) Ayu_j +....
d Adu_,
If x=o, d—xui“A“O" 2 +.e
Changing the origin to x—4 we have the approximation
d A:'zlla,:_1!r
aux—Auz_k— 24 Feee

An interesting discussion on the calculation of the values of differential
coefficients of a function by means of selected values of the variable will
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be found in T.F.A4. vol. 1%, pp. 238 et seq. (G. J. Lidstone). By means of
tables of coefficients prepared for convenience of practical working
Mr Lidstone evolves formulae for the values of the successive differential
coefficients, both for advancing differences and central differences.
In addition, alternative processes are given for the values of the deri-
vatives when the intervals are unequal.

*10. It should be borne in mind that, in choosing a formula for
the expression of the differential coefficient of a function in terms
of its differences, central difference formulae are to be preferred
to advancing differences. These formulae possess smaller coeffi-
cients and have the additional advantage that alternate coefficients
vanish. Further, a greater degree of accuracy may be obtained by
the use of a suitable central difference formula.

Mr G. J. Lidstone has pointed out that if for any reason it is
decided to use the relation

D=A-3A2+3A3—...
considerable increase of accuracy can be secured by the simple

and easily remembered device of ending with %A"u _; instead of

;lA”ux. We bring in u_, for the purpose of obtaining A™u,_,, omit

#y,n41 and otherwise use the formula as before, beginning with
Au,. This reverses the sign of the error and reduces it numerically

in the ratio 1:(n+1). Thus, :;A"— ! : Al s replaced by

n+
I a2 Ann,
n n

It is assumed that A™+ly, though not negligible, is not varying
greatly. The proportionate improvement increases with #, and if
n is at all considerable, we attain approximately the accuracy of a
further order of differences with no additional work.

The same process may be employed for the second and third
differential coefficients, after which the improvement, though
present, is not proportionately so marked.
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THE COMPOUND FUNCTION u_v,

11, We can adapt the principle of separation of symbols to the
evaluation of such expressions as A™u,v, by a simple extension of
the process of differencing.

Let Ay, E}, Z,, ... denote operations on %, alone and Ay, E,, Z,, ..
operations on v, alone.

Then AUV, =1, Uy — U0,
=Fu,. Eyv,—u,v,
=(E,E,—1) u,v,.
S Ao =(E\Ey—1)"u,v,.
By expressing E,E, in terms of A, and A, we are enabled to
obtain expressions for the expansion of A"y, v,.
First, if n=1, we have
Auyv,=[(1+4)) (1+4,)—1] 4,0,
=(A;+4,+4,4,) u, v,
=(0+ 8 E)) uyv,
=0 u v, + 0L u v,
=v, Au,+Eu,.Av,
=0, 8+ Uy Ay,
or, dropping the suffixes,
=0, 8ty + Uz Avy,
which is otherwise evident.
Again,
Aruyv, = (4, + E ) u, Uy
=" +n1)A" ™ E Ay +ng)A "2 E2AR ) w0,
which is easily seen to be
U AN 1) Av A 4 ) A2 A2 L, A,
If in the above expression we put u,=x™"1 and v, =, we have
A" (™1, x) = xAmx™1 4 nAPL (x4 1)1,
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Let x =0; then
Anom =npAn—1 m-1 = yAn-1Fom-1=pn ( Anr—1gm-1 + A"O""‘l),

which is the relation proved in paragraph 2.

12, The ordinary formula for finite integration by parts is
Zu, v, =uyv, — % [AuyXv, ]+ an arbitrary constant.

In cases where the formula has to be applied more than once
we may use the series found below.

2=A"1= (A +A+4,4)0
=[A,+4, (14 4]
=8, [14+4,4,7 (144,)]7
= A [1 =00, (T +Ay)+A2AR (14+Ay)%—...]
=A,1—A A2 (T +A) + A0, (T +Ag)2—...
= Ay — Ay Ay 2E, + AN, PE? — ...
On dropping the suffixes and inserting the appropriate functions,
we have
Tu,v,=u, v, — A1, S, + A%, B3, o~ ... (a)
By an alternative treatment another formula is obtained:
Tu v, =u, 120, —Au, g X2, + A%, g33v,—.... (b)
As an example of the use of a series for Zu, v, we may prove the
formula for Ea*u,, given in Chap. VI, paragraph 10,
Example 3.

Prove that
az
Tau,=—— {1 -
a—1

aA atA? a3A\3 +. ) u
a—1 (a—1)® (a—1p® "7 7°
a® 2o+l 2 3 a2 a*?
= = g Y o o P
Za® a—1’ Xa (a—1)% (a—1)¥ That (a—1)¥
and so on.
Let a®=v, in series (a).

10 FMAS
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Then
Su 8% =u, Ta® — Au, Tra™ + A%u, T0a™ 2 — Ay, Bla™+3 + ...
a® pras] ., a* . @
=1, =1 —Au, (—a-:’-l’)—a-*'A U, (—a:—j;,—A Uy ('—a—_—l—)ji‘l'...
a® aA | a®A? a3A?
Ta—1 {I—a— 1 +(a— 1? (a— 1)3+ } e

13. The following is a further illustration of the application of the
above method.

Example 4.
Prove that

B0 (,0,) =g Z"0, — 10y Aty 0L+ (1 4+ 1)) A%, T 00,49
—(n+2)g) A%u, Zntdu, 4+ ...
Now Augv,=[8;+A; (1+A,)] 1,0,
s IrEAE[A A (T+ A=A, (148,471,
0, =0 [1 =1y Ay g7 By + (n+ 1)y 8,705 72007
(D AT ] 0,
=, 20y — 1) Atty, 0, + (14 1)) Alup BP0,

—(n+2) g A%, E*H30,54 ...
If n=1 we have

Sugv, =01 (1+8,A71E)) v, 0,

AAE
=A~1 —— 12 T2
A (‘ 1 +A1A2-l1;2) 4s¥a

A ASE,
= —1_ 172 2
=(s5- R )

= (A ~1_ Y Az—1E2>
2 ]'4‘1 Ez -1 zre

=1, Zvy,— At (Au, Zv,,,)
=u, Lv,— % (Au, Tv,,,),

the ordinary formula for summation by parts.

The subject of finite integration by parts is treated more fully in
Chapter VIIL
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FUNCTIONS OF TWO VARIABLES

14. When x and y are independent variables, u,, f(x,y),...
represent functions which assume different values according to
the values of x and y. An alternative notation is u,., or f(x:y).
For example, the function

X2+ 2xy +y2+x+3Y,

in which x and y both vary, may be written shortly as either u,,
or u,.,. If y is a function of x, we may reduce u,, to the form v,
and thus obtain a function depending on x alone.

Now suppose that x is changed to x+#A and that y is changed
to y+k while ¥ remains constant. Then the new value of the
function is dependent on x+#% and y+k&. It is not necessary for
both x and y to vary: x may become x + 4 while y remains constant
or vice versa.

If the values of the function proceed by equidistant intervals,
we have the following scheme:

Uiy Upih:y Upion:y Uyishiy .-
Ug:y+k Uprh:iy+ke Uz ioh.yt+k Urish:y+k e
Up:yrok: Uz thiy+ok Usron:y+ok Uz iah:y+2k

Uz:yrsk Upih:y+ak Uypion:y+3k Uzish:y+3k e
: : : :

or, if our origin be (o, 0) and A =k =1,

Up:0 Uz Ug:o Us:o e
Up:1 Ui Uz Uz
Up.a Uy:a Us.a Us:a

15. If we are to apply the processes of finite differences as hitherto
defined we must distinguish between an increase in the value of x
and an increase in the value of y. We therefore write E, to denote
the operation of increasing the value of x by a unit difference while
y remains constant, and E,, similarly for y while x remains constant.

I0-2
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That is, E upg=1u and E uye=uy,,
so that Ajtgg =ty.9—Ugp and Ay sy =ty —Ugip.
Again, A A up0=Ag (Byu,,)
=4y (ttg:1 — y:)
=8t — A g
= Uy —Ugy — Uyt Upior
and A8 U= A2 (g —ty)
= szu(l:l - Az2u0.0
= (ty:y = 210y + gey) — (Ug0— 20010+ Upig)-
The general formula corresponding to the advancing difference
formula for one independent variable is
Upn = (1A (1L +A )" gy
=(1+myA+me A2 +..) (1+n0) 8, + 12 +...) g
=(1+m)d;+me A2 +mg A+ ...
+nq) Ay +mang A A, Fimeyn AN, + ...
+nA2+mayne) A0+ ...
+ng A0+ ...) tyg
=g+ (M)A, +n0)d,) g
+ (Mm@ A2 +manw B8y +n0)A,%) te
+(me A+ Mo, +mang ;48,2 +16)A0) gt ...
It often happens that a certain order of differences, say the rth,
is sufficient for interpolation along the x-line, while a higher order
is necessary for the y-line. This is especially so when « is a young
age and y an older age (see p. 137, Ex. 5). In this case, the formula
can be simplified by omitting all terms involving A+ whether
standing alone or combined with values of Aju. For the same

reason it may be desirable in tabulating to use smaller intervals
for y than for x, according to the nature of the function.
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16. Application of the formula.
Example 5.

Given the following table of values of u,.,, estimate the value of
U327

x y=15 y=20 y=25
20 5947 4418 3'547
25 6-046 4530
30 6:144

Here the interval of differencing is 5. Changing the origin to the
point (o, o) and the unit to 1, the data are given for the points (o, 0),
(1, 0), (2, 0); (o, 1), (0, 2); (1, 1). The value required is #.q:.,.

Differencing downwards for values of A, u,.,, ctc., we have

Agtg:0="099; A %uy:q= —-0O0I.

Differencing across for values of Ay uy.,, etc.,

Ayuyo= —1°529; A %uy.,=-658.
Also ApA uyq=11y: =ty —Uy:g+Uy:0="013.
tgrg=(1+6A,— 1242 ..) (1 +4A,—12A,2 ..) 1y
=(r4+-6A,+ 44, — 123 24 240,A, —124,2) 149
=5'319.

Note. Here it is not really necessary to use A 2u,:,: see end of
paragraph 15.

17. While for most purposes the formula given above is con-
venient, special circumstances may arise in which other methods
may be more suitable. Where the intervals are not equidistant we
may apply either a method of divided differences or one of various
adaptations of Lagrange’s formula depending upon the number
of points given. If, for example, four values of u,, are given,
namely ;.45 %a:5} %g:p» Ug:q; then it is quite easy to show that
@=p)(y=b)_  ~ @=p)(y=-a)
“®(@=p)(a=0) " **(x—p) (b~a)
(x—a) (y—a) (x—a) (y—b)
T (B=a) (b=a) TP (B=) (a=)’

If more than four values are given the formula becomes un-
wieldy. It is scldom necessary to interpolate except between

Upsy=1U,
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equidistant values of the function, and in that event a form of
advancing or central difference series is generally preferable.

Two-variable functions are of great frequency in actuarial work.
Tables of annuity-values (a,.,) depending upon joint lives are often
available for quinquennial values of x and y, and when values
at ages other than those tabulated are required recourse must be
had to mcthods of interpolation. Although the formulae given
above are of general application special methods can be found to
mect the requirements of the problem to be solved.

For example, if quinquennial values of a,., are available, and if
the two ages concerned are such that their sum is a multiple of 5,
we may choose our origin and interval of differencing so that

x+y=1. We have then, from the general formula for u, ,,

Upy g =Ugo+ [¥0; + (1 =) A, +Lx (x—1) (A2 =28, A, +A )] 1403
ie.
Upigmg = tlo:y + % (g0 —y:y) + 3% (¥ — 1) (e — 208y + tUg:g)-
Again, if x+y =2, this formula becomes
Upip 2 =42 (x— 1) thy0— X (¥ —2) wy;y + & (x— 1) (¥ —2) thyp,
or, on changing the origin,
Uy z=%(x—1) (x—2) try.g—x (¥ —2) g,y +x (x—1) 0.,
for which the data required are u,,, %, _; and u,,_,. The problem
is thus reduced to a single variable interpolation.

This second formula is very useful in practice. As a rule we can
choose our data within wide limits, and it has been found that
with certain functions the three-term formula gives as good
approximations to the true results as do formulae involving higher
orders of differences (see Spencer, ¥.I.4. vol. XL, pp. 293—301).

The general second difference formula of which the above is a
particular example is

Uy pp = Mllyyg+ Ny + PUg gy,
and in the note referred to above, Spencer gives a table showing

the application of this formula according as r takes the values
0, I, —10r2,
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Another form of the formula for an interpolated value of u,:, when
four values are given i8 u,;, =§ (n4y:0+Ytig:1) +x (qity: o+ Yty :4), Where
x and y are both less than unity and x+§=y+7=1. The second
difference formula can be written as

gy =[1— (k8 +%38,9)] [{ (ntg:0+Ytto:1) + % (a9 +Y1:1)),
where 8,2u and 8,2u are second central differences with respect to x and

y respectively and %, and k&, are factors depending upon the values of
x and y (Buchanan, T.F.A4. vol. X, pp. 329, 330).

Example 6,

Values of the joint-life annuity @,., for quinquennial ages being avail-
able, find a value for ayy.y;.

(i) Take the origin at (40:50); then if the interval of differencing
be 5 years, (44:51) will be represented by (-8:+2) and x+y=1.
Uyiy-o=tp:y + ¥ (Uy:0—Ug:1) + 3% (¥ — 1) (19— 20321 +1ky:9).
The data required are
Q4y:55=10°135 Agp:00=8926 Q50 = 10763
Q50:50 = 107202 ags:55= 9854
Then U.g:g=10135+-8 (10763 — 10°135)
+4 -8 (—-2) (10202 —19-708 + 8:926)
=10135 + 5024 + ‘0464
=10684.
(ii) Take the origin at (40:45) so that (44:51) will be (-8:1-2) and
x+y=2.
Upig o=} (x—1) (¥ —2) g3 — % (¥ —2) 41:1 + 4% (¥~ 1) Ug:
The three values required are
@40:55=10°135,
Ag5:50= 10'763,
50145 = 10763,
Hgia=} (—12) (—1'2) 10135 — 8 (~ 1'2) 10763+ () (—+2) 10763
=10'688.

If nine values surrounding the point (44:§1) be taken and a Lagrange
formula for these nine values be used, the value for a5, becomes 10-684.
This nine-point formula is a safe formula for occasional interpolation,
and by its use the risk and labour attaching to the calculation of differ-
ences may be avoided. The formula is used centrally, the area of inter-
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polation being as shown in the diagram below. The ordinary single-
variable Lagrange interpolation formula is used to interpolate for x in
each column, and the formula is used again to interpolate for y from the
three calculated values.

y —>

X
o Q o
° ' o ! o
(] (4] [+]

This process is very simple with the aid of a machine, especially for
quinquennial intervals, when the coefficients are as follows:

Interval Uy », Uy
-4 —12 +84 +-28
-2 —-08 +:96 +12
+-2 +12 ++96 —+08
+-4 + 28 +-84 - 12

18. The above example shows that different degrees of accuracy
may be obtained by choosing different sets of data on which to
work. The general theory follows the same lines as that for single-
variable interpolation. It will be remembered that the ordinary
advancing difference formula may be applied to the expansion of
u, in terms of the differences of #, on the assumption that y=u,
is a rational integral function of x. In these circumstances we may
represent the function graphically, and the successive values of x
and y will be points on the plane curve y=u,. When we are
considering a function of two variables x and y we assume similarly
that we may represent z=u,,, as a surface. Now in Chapter V
(paragraph 15) it was proved that the effect of including higher
differences in the expansion for #, does not necessarily give better
results than if they are neglected. In the same way it may be
shown that by choosing more points on which to work we may
exceptionally produce a result farther from the true value 2 on the
surface 2 =u,., than we should obtain by relying on fewer data.

With regular data the formulae with x», ¥ in the central area of the
given points are usually preferable. In the space for which #, y are
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both positive and less than }, which includes all cases if the origin and
direction of the axes are suitably chosen, a simple central difference
formula is

Up:y=Ug:o+ 5% (y:0—U_y:0) + 3 (Uo:1 — tg:)-
This is based on five points.

This formula and the six-point formula consisting of the same terms
with the addition of

% (u_y:0—209:0 + y20) + 3Y° (g1 — 21510+ Utg: )
+xy (y:q+1g:0—Uy:0—Up:y)

are probably the most useful interpolation formulae for ordinary
actuarial purposes (Todhunter, ¥.I.4. vol. L111, p. 8g). In some cases
either the first or the second additional terms may be omitted (see end
of paragraph 15).

*19. Taylor’s theorem for a function of a single variable,

4 h2 1’
fE+h)y=f(x)+hf" @)+77" )+
may be written symbolically as

f(x+h)=e"P f(x) (see paragraph 6 above).

Denoting as usual partial differentiation by _9%’ éa—, we have

0
FthytRy=c S f (x, y+h)
RS k2
=T 1 ()
9 i)
=c %y s, )
0 0 1 0 0\2
=f(x,y)+(h5;+ké;)f(x,y)+5—l(h5;+k5}-}) F®5) + oo

This formula is of theoretical interest. For use with tables the
partial differential coefficients must be replaced by differences, so
that in effect the formula repeats the difference formula already
given.

Thus, for quinquennial intervals,

: k
(1+4) (1+4,)°=e

] ]
Pozttsy



142 FINITE DIFFERENCES

h k 0 0
so that Elog (I+Ax)+—log (x+4)=h })}"'k@'

Dy A +k [h( —‘—+ )+k(A,,-éz—"2+...)]

and (h—a-—+ka ) 25 (A HRA B, + D7 .

INTERPOLATION FORMULAE: FRASER’S
HEXAGON DIAGRAMS

20. No demonstration of interpolation formulae would be com-
plete without reference to Fraser’s graphic method. In this
method the ordinary differences of a function of x are combined
with the relation (x+ 1)4)=x)+*,_;) in diagrammatic form so
that by adopting certain conventions any finite difference formula
can be written down immediately (Fraser, ¥.1.4. vol. xLi11, pp.

235 et seq.).
We have  (x+t+1))y=(x+8)¢)+(*+ ) (1)
or (x+t+ 1)(,)'—(x+t)(r)=(x+t)(r—l)‘

A relation similar to the fundamental finite difference identity
Uy n— U= Au, exists therefore between these coefficients. If we
carry the analogy still further we can construct a table of values of
(x+ 1)) corresponding to a difference table.

The tables are set down in reverse order thus:

u_p (*+3)e
Au_, (x+2) @

U,y A%u_, (x+1)q) (x+2)g)
Au_, A%u_, %) (x+1)@

Uy A%, Atu_, Xq) (x+1))
Au, Alu_y (*=1)@) X(2)

Ay, (x—1) X(3)

Auy (x—1)@

uy (x=1)a)



FRASER'S HEXAGON DIAGRAMS 143

If now these two tables be combined, we have the following
scheme, where, by convention, ), (¥—1)q) ...=1:

(%~ 1)y

where for any one of the hexagons we may write in general

Atu_, (% + )rtny
(x+t—1)p Artly_,
ATu_gyy (X +t=1)ren

Now
(x+t—1) ) Aru_g+ (0 + ) () AUy — (X + 2= 1) yq) A™Hu_,
—(2+2—1)4) Au_yyy
=(x+t—1)( [ATu_— A"u_p ]+ A Uy [(x+2) )
=(*®+t- 1))
=(x+t=1)¢) [~ A u_ ]+ A (x+2-1)
=o.

A relation is therefore established between the constituents of
the various hexagons. If we make the following assumptions:
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(i) the oblique lines denote multiplication and the horizontal lines
addition; (ii) a line taken in a right-hand direction gives the product
a positive sign, and in the opposite direction a negative sign, we
can say that the sum of the operations performed in travelling round
any hexagon is zero. It follows easily that the sum of the operations
in travelling round any closed circuit is also zero.

It is evident from a consideration of the diagram that if we travel
from any value of (x+¢)(, to any difference A™u, the result will
be the same whatever route be taken. For example, from (x— 1))
through ug, x4), Auy, 2 to A%, and (by completing the hexagons)
back along (x—1)q), Auy, (¥—2)a), 4z, (X —2)e), %y to (x— 1))
again enables the following identity to be established:

(= 1)) the+ %) Dty + Xg) A%uty— (% — 1) g) APy — (% —2) ) Aty

—(x=2)@ty+ (x = 2) )t — (¥ — 1) )2 =O.

Re-writing this, we have

g+ xAug+ x (x— 1) A%uy— 3 (x—1) (x—2) A%y,

or —(x—2) Au; —uy+u; —u; =0,

g+ xAug+ 3x (x— 1) Alug=1u,+(x—2) Auy+} (x—2) (x— 1) A%,.
Exactly the same result will be obtained by proceeding along an

alternative route
(®—1)(0)» Uo» X(1)» Dty X0y, Auq

and back through
(* =1y, ADuy, (x= 1)), 1, (¥— 1))
The identity will be
(= 1)@ to+ X0y Aty + X 2) A1ty — (8 — 1) @) A1ty — (¥ — 1) (y Ay
—(x— 1)@ =0,
or uy+xAuy+Ex (x—1) A%uy=% (x—1) (x —2) A2y,
+(x—1) Auy+uy;
ie. =} (x—1) (x—2) A%uy+ (x—2) Auy +u,,
the same result as before.
21. Application of the hexagon diagram.

The above example gives a formula for u, in terms of 1,, Au,, A2y,
and Aw,, and if we put x=2 we have a well-known identity. A
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similar process will give a formula for u,, and since we may take
various routes a number of different expansions of u, will arise, all
giving exact expressions for u,. It should be further observed
that when an nth difference has been reached by travelling along
the upper route the terms other than %, in the lower route will be
zero, and it follows that by travelling round any circuit we obtain
expressions involving an initial term u, and terms of lower degree
than n. This is seen to be so by considering A™y,: all the coefficients
along the lower route will contain (x—n) as a factor and will
therefore vanish when x=n.
We have therefore from the diagram the following expansions:
(1) u,=1uy+nqAuy+ne)A2uy+ng A%uy+ ... (Newton’s formula).
(ii) =g+ nq)Btbg+ne) A%u_y +(n+ 1)) A%y
+(n+ 1)) A%u_s+ ... (Gauss’s forward formula).
(iil) u,=wup+ng)Au_y+(n+ 1)) A% 3+ (n+ 1)) A% o+ ...
(Gauss’s backward formula).
(V) u =1+ (n— 1)) Aty + 1) A%y + 1) Adu_y
+(m+ 1)) A%u_g+....

The mean of (ii) and (iii) gives Stirling’s formula, and the mean of
(iii) and (iv) can be arranged to give either Bessel’s or Everett’s form.

22. Mr Fraser has shown that the hexagon diagram can be used
for divided differences in a similar manner to that given above for
differences at equal intervals. (D. C. Fraser, Newton and Inter-
polation—a Memorial volume issued by the Mathematical Associa-
tion, 1927.)

A typical hexagon involving divided differences is

Absu,, (x-a)(x-B)

(x-b) 4; uq
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and the construction of the system follows closely the lines of that
for ordinary differences.

The A diagram is a special case of the A diagram, since ordinary
differences are themselves divided differences when the given
values correspond to successive integral values of the argument.
The results in the preceding paragraph could therefore be obtained
by a consideration of the hexagon diagram for A, the modifications
necessary to produce the simpler forms of the central difference
formulae being introduced at the last stage.

OTHER SYMBOLS OF OPERATION

*23. It has already been shown when considering the common
operations of finite differences, Au, Eu, Zu, that the symbols
denoting the operations can, within limits, be treated as obeying
the ordinary algebraic laws. By omitting the function u the various
processes can be applied to the operators alone, with a resultant
simplification of procedure. For example, the method can be
adapted to the needs of the infinitesimal calculus, and Dr Aitken’s
introduction of his 6 operator has produced an interpolation
formula of extreme generality (see Chap. VIII). Other operators
have been devised for special purposes connected with finite
differences, and an interesting example is given below.

*24. The operator V.

In Chapter IV attention was drawn to certain symbols of opera-
tion which may be considered as supplementary to the A and E
which are the basic operators in finite differences. These symbols
—namely 8 and p—may also be assumed to follow the normal
algebraic laws (with the usual limitations), and the method of
separation of symbols may be applied to them equally with A, E
and 2. A further symbol has been introduced connecting u, with
the next lower value u,_, instead of with the more usual value
#,,,- This symbol is V, and Vu, is defined as u,—u,_,.

Corresponding to Au,=(E-1)u,,

we have therefore Vu,=(1—-E1) u,.
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Thus, for example,
Vru,=(1—E-Y)"u,
=Up— Ny + ) Uy 2 — NG Uz gt .eee
In addition to the familiar
Ax(™ =mafm=D,
there is a similar relation
Val=m) = pxl-m+1)
where x(—™ =(—1)™ (—x)™ and not the inverse factorial defined
on p. 19; and if we denote the product
x(x+in—1)(x+4n—2) ... (x—3n+1)
by «f it is easy to show that
Sl = ppatm—11
(Steffensen, Interpolation, pp. 8, g).

No new principle is involved in dealing with these further
symbols of operation; their introduction simply enables us to
develop expansions and to write down formulae for interpolation
with a minimum of labour.

OSCULATORY INTERPOLATION

#25. It may happen that we know the values of #, at intervals of a
unit, and that we wish to calculate a complete table of values with
smaller intervals. For example it is a common practice to calculate
every fifth value in a life-table, and to complete the table by
interpolation: here the unit interval for the preliminary calculations
is five years.

If we decide to use a third difference formula then every inter-
polation involves four of the given values. For the interval o to 1
the best course is to base the formula on the four values u_,, u,,
4, Uy, thus giving equal weight to values on either side of the
interval. An appropriate formula is Bessel’s formula, namely,

x(x—1) A%+ A%_
=} (g )+ (5~ §) Aug T 1) Bot B0y

+(ﬁl—*)3il(fl’—) Auy. ......()
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This is the formula for the interval o to 1. For the interval 1 to 2
we should use the corresponding formula based on the four given
values uy, u,, ty, ;.

Thus for the two intervals o to 1 and 1 to 2, the two interpolation
curves have a common ordinate when x=1; they may not
necessarily have a common tangent. Two neighbouring interpola-
tion curves will usually cut one another at the point of junction,
and while there will be a smooth run of values within each unit
interval the values will not run smoothly with those in the next
interval.

We are led therefore to enquire whether we can find a series of
curves of interpolation which shall have common tangents as well
as common ordinates at the points of junction. Such curves are
said to have contact of the first order at the points where they join,
and the necessary condition for this contact is evidently that u,
du,
dx
as on the other.

The interpolation curve given by Bessel’s formula (i) for the
interval o to 1 was based on the conditions that it should have
U_y, 4y, ¥, 4, as ordinates. We retain the condition that u, and u;
should be ordinates and abandon the condition that #_; and u,
should be ordinates. Instead, we shall stipulate that the differ-
ential coeflicients of u, when x=o0 and when x=1 have known
values. To fix these values we shall proceed as follows:

The interpolation curves for the two intervals —1 tooandoto 1
are to have the same tangent when x=o0 as the curve of second
degree which has u_,, %, and #, for ordinates. The equation to this
curve may be written

F,(—1,0,1)=% (tg+u)+(x—3}) Aug+ 4x (x— 1) A2u_,. .. (ii)
The interpolation curves for the two intervals o to 1 and 1 to 2
are to have the same tangent when x =1 as the curve of the second

degree which has #,, u, and u, for ordinates. In a similar manner
to the above the equation to this curve may be written

Fo(o,1,2)=3% (up+u)+(x—3) Aug+ 4% (x— 1) A%, ...(ili)

and —-* must have the same values at these points on the one curve
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It will be noticed that the forms which we have chosen for the
equations (ii) and (iii) differ only in the last term.
Differentiating (ii),
F/'(-1,0, 1)=Auy+(x—3) A%u_,,
so that Fy(-1,0,1)=0uy—3A%_,. ... (iv)
Differentiating (iii),
F,' (o, 1, 2) =Auy+ (x— %) A%,
and FY (o, 1,2)=Auy+3A%. ... v)
The values of F/ (—1,0, 1) and F,’ (o, 1, 2) in (iv) and (v) are
to be values of the differential coefficients of the required inter-
polation curve for the interval o to 1.
Let v, be that curve, so that its ordinates when x=—1,0, 1, 2
form the basis for an ordinary interpolation formula of the third
degree:

x (v 1) A%y + A% _
0= (Bt ) + (v §) Aoy + T D AT AT

+(—’-°—"—%)?x!ixi’—) Aoy ......(vi)
The tangents to this curve are given by the equation

2 2_
R

Uz, = AUO + (x -

The conditions to be satisfied are:

Yy =1y,

V=,

v =Fy (—1,0, 1) =Auy—3A%_,,
v =F (o, 1, 2) =Auy+ §A%, ... (viii)

We have at once } (vo+v,)=% (4y+1%,), and Av,=Au,; these
determine the first and second terms in (vi).
1 A%+ A%,

. I
From (viil), v,/ =Avy—-——"=24 — ASp_
( )’ 0 0 2 2 12 1y

1 A%+ A%
vl’ =Av0+ - —_Q_t_-'-—_l'i"l‘ A3'Z)_1,
2 2 12

Ir FMAS
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and therefore vy + v, =207+ 1A%,

v = =} (A%, +A%,).
But, from (viii),
vy +v, =20uy+4A%_,,

v =9 =3 (A%, + A%_y).
Comparing the two expressions for vy’ +v," we have at once
A3y_y=13A%_, (since Ay, =Auy),
and from the two expressions for v," —v,’
3 (A0 + A% ) =1 (A%uy+ A% ).

We have now found the values of all four terms of the formula
(vi), and we can write the formula in terms of #’s as follows:
(v 1) Mg+ O

2

V=3 (up+u)+ (x— ) Aug+

AEDED gy, i)

This result is a formula of osculatory interpolation, and differs
from the ordinary central difference formula (i) only in the last

term.
The difference is

,,z_uﬁx_(i-_lg_(x__-_%) Aty =21 @x=1) 4,

6

#26. The problem of osculatory interpolation has been a fruitful
source of discussion by eminent actuarial authorities. The method
was devised by Dr Sprague (see 7.I.A4. vol. xx11, p. 270) and was
subsequently developed by Prof. Karup, Mr George King and
Dr Buchanan. An elementary demonstration of the method, de-
pending upon advancing differences, is given by Mr King in the
Supplement to the 75th Annual Report of the Registrar-General.

The following modification of Sprague’s method, using King’s
approach, has been suggested by Mr P. G. Neal.
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Consider the four values of u,: u_y, #,, %, and u,.
The second degree curve through u_,, u, and u, is

Uy=u_y+(1+x) Au_y+ Qiéﬂf A%u_y

x (x—

1
=ty + XAty + ———2——) A%u_yg;

Souy =Aug+xAu_y — 30N,
so that [y )omo=Atg— Ay, ... (1)
The second degree curve through u,, #; and u, is

Uy =uy+ xAuy + x_(xz-— )

Alyy;
Sy = Aug+ xA%u — A%,
[t Tomo=Butg +40%. L (2)
Let the third degree curve through u_;, u,, #; and u, be

U, =uy+ ax+ bx?+ cx3.

Then u,' =a+ 2bx+ 3cx?,
at+btce=u—uy=Au,. ... 3)

From (1) a=Au,—$A%u_;, ... 4)

From (2) a+2b+3c=Auy+$0%u,. ... )

Whence, solving equations (3), (4) and (5),
a=Auy—$A%uy+3A0%_,,
b=3A%,—A%_,,
c=3A%_,.
Sy =ug+ % (Atg— $A%uy+ 30%_;) + 5% (3A%u— A3u_,) + x33A%_,
=uy+ xAug+3x (x— 1) A%ug+3x (x—1) (x— 1) A%u_y
(where, it should be noted, the last term replaces

x (x— lg (x—2) A%,

in the ordinary advancing difference formula).

Ix-2
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Putting Aug=Au_;+A%_; and A%uy=A%_,+A%%_, we obtain
casily Uy =uy+xAu_j+% (x®+x) A%u_, -3 (x®—x%) Adu_,
or Uy, =ty +x0uy+ 3 (% 4+ x) A%ug—§ (2% — x3) Adu,,

which is the form given by King.

*27. The proof in paragraph 25 above is due to Mr D. C. Fraser,
and depends on Bessel’s formula. The ordinary interpolation
formula ending with the term A%_; can be written in many
different forms, all giving identical results, and the addition of

. x(x—1)(2x—1
the expression —(————)L——) A%u_, produces an osculato
P 6 1 P ry

formula.

Suppose, for example, that we take the descending difference
formula

x(x2—1
Uy=u_,+(x+1)Au_, + — A%u_,+ ——(—6——) Adu_,.

Adding the term - Gl )()(Zx— ) A’u_, we have

Vp=t_y+(x+1)Au_;+x (x+1) A%u_,

+ {x (x22- I) 4% (x— 1)6(2x— 1)} A,

$1) oy F G20 gy,
2

= uo + xAu_l +

which is the form obtained in Lidstone’s proof appended to
Dr Buchanan’s paper, ¥.I.A4. vol. XL11, p. 394.

An interesting Note on the application of a graphic scheme to for-
mulae of osculatory interpolation appears in the Actuarial Students’
Magazine, No. 3 (Edinburgh, 1930). By treating osculatory interpolation
as a particular case of divided differences, Mr Fraser shows that a
diagram similar to the hexagon diagram for ordinary differences can be
employed to obtain the various forms of osculatory interpolation formulae.

*28. Many writers, notably American and Scandinavian actuaries,
have from time to time turned their attention to the construction
of formulae of osculatory interpolation. In a paper read by Dr
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Buchanan before the Faculty of Actuaries in 1929 there is an
extremely interesting account of the development of the subject
up to that date (7'.F.A4. vol. x11, pp. 117-56 and 277-82). Of the
numerous formulae given in that paper those of Mr R. Henderson
and Mr W. A. Jenkins are of particular interest.

Henderson’s formula is

ty =€ty + € (62— 1) (8% — $3%)
+ xuy+ 3 (22— 1) (8%, — §3%),

where £=1—x and the &s are central difference operators in
Sheppard’s notation.

It will be seen that this is Everett’s formula with fourth difference
adjustments.

Jenkins’s formulae are also based on Everett’s formula. His
earlier one is

s, =Gy 3 (82— 1) 8%y~ 588 (€~ 1) St
et e (5 1) 8%y — g (e — 1) Sy,

where, as above, £ =1 —x; while his “modified”’ osculatory inter-
polation formula (which, in many respects, possesses advantages
over existing formulae) is

g =ty + 1€ (62— 1) 8%y — 59€3%u,
+ oy + foo (02— 1) 8%, —glgxS%uy, .

It should be noted that, in general, Henderson’s and Jenkins’s
curves do not, as do Sprague’s and King’s, pass through the
given points. They thus involve an element of adjustment as well
as interpolation.

The student who wishes to pursue the subject further would be
well advised to read this paper, with special reference to Buchanan’s
demonstration of Jenkins’s modified formula and the derivation of
the formula from first principles given by Mr D. C. Fraser in the
discussion which followed the paper.

A comprehensive study of the methods adopted by the latest writers
on osculatory interpolation will be found in an illuminating article by
Mr J. E. Kerrich in J.1.4. vol. Lxv1 (pp. 88-124). The methods of
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American and English actuaries differ from those of the Scandinavian
authorities, and in his paper Mr Kerrich discusses the differences
between these methods and gives a general procedure for the derivation
of the various formulae that have been evolved.

EXAMPLES 7

1. Show that A™x"=o0 or n! according as m> or =n.
Hence prove that if # and 7 are positive integers

n—ng (n—1)"+ng (n—2) —ng (n—3)+...=oor nl
according as r < or =n.
2. Use differences of zero to find (2:75)% and (—4)*
3. Prove that Ano"H=4n (n+ 1) A",
4. Prove the identity

n! ! Am Floﬂ+1
Amon 4 ) Amon-14. Ny Amon=24 || 4 ——

(n— m)‘ mt1
5. Show that  (n+1) A"o"=2 [A"-lo" +Amo").
6. If 8u, 8%, 8%, ... represent differences for intervals of 1/m and

Au, A%, A3y, ... differences for unit intervals, then if fifth differences
are constant, prove that

S, = Atot A‘uo _1omAfot— A‘o5. l_k:"__uo.
i 5l m®
7. Show that f (E") o™ = n"'f (E) o™,

8. If x be any quantity less than unity, prove that the limit of the
series 1" +2%x +3"x2+ ... to infinity

__ 1 eona (% VA3
_( x)z{Ao” on”+<I__x>Ao"+...}.

9. Prove that the differential coefficient of f(n) with respect to n is
approximately equal to

§{frtn)—f(n—1)}—Fg {f (n+2)—f (n—2)}.

10. Find the first three differential coefficients of 4/x, when x= 50,
given the following cube roots:

¥50=36840; ¥/s1=37084; ¥s52=37325; V/53=37563;
V54=37798; V/55=38030; v/56=38259.
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I1. #g=1'556, u;=1690, uy=1'908, uz=2158.
Find the value of %‘, when x=8, by using divided differences.

12. Prove that

du 1 1 1
-zxﬁ =’—1 (uc+h - ux—-h) - ;il (ux+2}. - ux-—ah) + 571 (u,m . “x-an) — e

13. The first differences of the first differential coefficient of log u,
are in geometrical progression. Determine the form of u,.

14. Show that %JQ:A*’]' (x—$) approximately.

By considering the function f(x)=a+bx+¢® and using the above
relation, prove that log ¢=c¥—c"? approximately, where ¢ is a small
quantity.

15. Given that #y=35, %, =15 and #,= 57, and that the value of %’
is 4 when x=o0 and 72 when x=2, find the values of A%, and A4y,

16. Show that (1 +log E)" o™= P when r>m,

(r—m)!
17. If Su,=u,, 4 —u, 3, prove that

du,

== =08u,— ;; 8u, + 3.

640

Buy— ...

dx
18. Prove that

Tu, U=, 120, —Au, o 2%, + A%, Y30, —....

19. Given
tyg:15= 6004 Ugo:20=4'304 Ugg: 95 =13'325
gs:15= 6:029 t35:20= 4°346

tg:15= 6075
find #,4.,, as accurately as possible.

20. Obtain a Lagrange formula for u,.,, given ug.q, %;:q, o1, 2:;-

21. ShOW that if Uy:y=Uy 20 and Uy:9=1Ugz:0, then

x+y—1
Upry=1llg:o+(x+Y) [Az'i'“—':—" Aza] Upzo+xy [Uy:1—tg:0).
22, G4:45=13"133 Qg0:50=12"450 ag5:00=12'880
Apo:40 = II'898 Qg5:45 = 12°432

Find Q4943
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23. Given the following premiums for endowment assurances, obtain
as accurately as possible the premium for age 23, term 17 years:

Premiums

Age Term 1 5 years Term 20 years Term 25 year;

20 5'947 4418 3'547

25 6046 4530

30 6:144
24. Find wuy;. 4, given

Uyy:29 = 31000 Ugs:30=3"6875
Upy:95 = 32625 Uss:35=3°9542
Usg:z0= 375042 U30:30 = 39333
Ugo:35= 38458 Ugy:35 =4 1417
Usg: 95 = 375000 Ug;:35 = 45500

25. The following values of f (x, y) are given:
S (35, 55)=10020, f(35, 50)=11196, f(35, 45)=12"019,
J(40,55)= 9796, f(40, 50)=10-894, f(40, 45)=11641,
f(45,55)= 9'583, f(45,50)=10"591, [(45, 45)=11"243.

(i) Using only six of the above values, find f (42, 52).

(ii) Making use of all the data, calculate f (44, 51).

26. Prove that A (u,v,w,) can be expressed in either of the two fol-
lowing forms:

(@) 1241 Vpr AW, + Uy W AV, + 0. 0 AU
(0) Au,Av,Aw.+u,v,Aw, +two similar terms
+u, Av,Aw, + two similar terms,
*27. If V() =/ (®)f (x—1),
prove that
Vrfx)=f (@) —nm f(x—1)+ne f(x—2)—...+(=1)" f (x—n).
*28. Prove that
Eruy=[1+xq) V+(x+1)g V2+(x+2)5 Vi+...
+ @+ 1) VL] 1
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29. If Al =x (x+fn—1)n-D,
prove that 22 =2 (22— 12) (2 —22) ... (x2—n—1?)
and alertll=yx (x2—-1) (x2—9) ... [x®—% (2n—1)2).

30. Show that
f(x)“f(°)+ 8f()+ 52f()+ +—5"f(°)+

where x("] has the same meaning as in Qu. 29, and

o (¥)=/(x+4)—f(x-1%).



CHAPTER VIII

MODERN EXTENSIONS AND SPECIAL
DEVICES

*1. In this chapter we shall deal briefly with certain modern
methods of interpolation and summation. The proofs and applica-
tions are not intended to be exhaustive, and for further information
on any of the theorems or methods a study of the original papers
or notes is recommended.

AITKEN’S THEOREM FOR POLYNOMIAL
INTERPOLATION

*2. Dr A. C. Aitken has devised a remarkable general theorem for
polynomial interpolation which covers a very wide field, embracing
all the ordinary formulae as particular cases. The basis of the
theorem is that when a difference operator is applied to a given
polynomial u, of the nth degree in x, the result is a polynomial of
the (n— 1)th degree, and when performed on a constant the result
is zero. This obviously holds when the operator is A. Similarly,
when u, is differentiated with respect to x, a polynomial of one
degree less in x is produced; and if 4 is a constant, then d4/dx
is 0. In this case the operator is D.

The general operators are 6 and ®. © denotes that form of
inverse operation §-! which produces a polynomial divisible by x,
so that constants (of integration, etc.) do not enter into the inverse
processes, which are therefore perfectly definite.

It is evident, in the first place, that whatever operation is repre-
sented by 6, @ 1 is x, and the effect of operating with @, or a succes-
sion of ®’s, gives a multiple of x.

From the definition, since %, is the constant part of u,, which
is removed by the operation 6,

Obfu,=u,—u,
so that U, =g+ O0u,,
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If for example 6 =A and the interval of differencing is unity, then
O1=2xq), Oxg=xq, Oxg=xg)..
and generally Ox(,_1)=X(n)-
Again, since AE—1)g)=(*—1)41
O (*—1)e-n=00 (x—1)m=EF-1mt1,

according as 7 is odd or even.
Similarly, if 8= D, it can easily be shown that

(=1t (= 1) (e (1)
G)(n—l)l =00 == nl

*3. The general formula for determining the polynomial P, (x),
being given values when x=o0 of u, and of all such results as
vei 0.0 0,0,u,, is
ux = u0+(01u0) @1 1 +(0201u0) @1 @21 + “es
+(0, ... 6,0,u) 0,0, ... 0,1,

where the expressions in brackets are numerical values, and the
expressions following them, such as 0,1, ©,0,1, ..., are functions
of x. It will be understood that, in each term, the first operator is
the one that stands next to the operand u or 1, and that the re-
maining operators are taken in their order from right to left; in
this order the subscripts of 0 increase and those of © decrease.

It should be noted also that the 6’s are not necessarily all the same
operation, nor need they be commutative. The following proof is
due substantially to Mr G. J. Lidstone.

First, let u, be a cubic in x and =ax®+bx2+cx+d.

Then since u, is of the third degree, 6,u, is of the second degree,
0,0,u, is of the first degree, and 6,6,0,u,, is a constant.

Now U, =1+ 0,0,u,.
Hence, putting 6,u, for u,, 0,0, for ®,60, and similarly,
0y u,=0uy+ ©,0,0, u,,
0,01, = 0,0, + ©30,0,0, u,,

030,0,u,=0,0,0,u,=a constant.
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There is no term in O in the last identity because the process
has been continued until x disappears.
From the last line above, operating with ©j,

0,6,0,0,u,=0,0,0,0,u,
and since 0,0,0,u, is constant we may write this line as
0,0,0,6,u,=(056,0,1,) Oz1.
Substitute this result in the third line:
0,0, 1, = 0,0, uy+ (056,0,1,) Og1.
Operate on this with ®, and substitute in the second line:
v Oy, =01+ (0,0,15) Oy 1 +(050,0,1,) O, 0,1.
Finally, operate on this with ©, and substitute in the first line:
uy=uy+(0,1,) Oy 1+ (050,up) ©; 051+ (030,0,1,) O, 0,031.

This process can evidently be extended to the general case, so
that we arrive at the general formula:

+(0, ... 6,0,u,) 0,0, ... 0,1,
which is Aitken’s formula.
It will be observed that the proof is exactly analogous to that
of the divided difference formula (Chap. III, p. 44).

*4, By replacing the 6’s by more familiar operators various well-
known formulae can easily be obtained:

() If 6,=0,=0,=...=A, then as shown above, ©,1=x),
©,0,1=2x4, ..., and the formula in paragraph 3 becomes

Uy =g+ Augx )+ Augx )+ Augx )+ . ..
which is the ordinary advancing difference formula.
(ii) If the 6’s are all equivalent to the operator D, we have

2
u, = uy+ Duyx+ D2u0%+D3u°;—j+...

which is Maclaurin’s series.
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(iii) Let 6,u,=(u,—u,)/(x—a) so that ;= A, 0,0,= ﬁ’, and so
a

on; then it can easily be shown that the formula repro-
duces

Upy=u,+(x—a) L}ua+(x—a) (x—b) zb[?ua+ ey
Newton’s divided difference formula.

*5. These paragraphs are based on the note by Dr Aitken in
JL.A4. vol. Lx1, pp. 107 et seq. In the same volume appears a
note on Lidstone’s extension of the theorem to interpolation in
Everett’s form. In thus extending Aitken’s theorem, Mr Lidstone
has introduced an operator, A, which reduces the degree of a
polynomial by 2, and not by 1, as in the general form, and the
corresponding inverse operator A=A-1, This ingenious modifica-
tion results in some very interesting identities and renders the
development of Everett’s series a comparatively simple matter.
({bid. pp. 113-16 and the original paper cited therein.)

The student who desires further information on the subject of
Aitken’s formula is advised to read Dr Aitken’s original paper,
Proc. Edin. Math. Soc., Series 11, vol. I (1929), pp. 203 et seq.

FINITE INTEGRATION BY PARTS
*6. A formula for the finite integration of a function which is
the product of two other functions is
2ty v, =, 50, — X (A, 30,,,).
An extension of the formula (Chap. VII, paragraph 12) is
BV =Up 50, — D, T2, + A2, 330, p— oot .. (a)
If u, is a polynomial of the nth degree in «, differences of a
higher order than n will vanish, and the last term in the series
above will be (= 1) Amu Srtt,

The series can however be terminated at any stage with a
remainder term.
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For example,
A (u,Zv,)=u, v +Au Zv,
so that 1, U, =A (4, 20,) — Auy v,
or Tu, v =u 20, — % (AuyZv, ). ... ®)

If in place of u, and v, we write —Au, and Zv,,, respectively,
we have
—Z (Auy2v,,,) = —Au XPv,,, + X (A%, X?,,).

Identity (b) then becomes
Su, v, =1 S, — A T, + 2 (A%, 220, ). ... (o)

By substituting A%, and 2%v,,, for u, and v, respectively in (c)
it can easily beseen that the remaindertermafter ( — 1)® Amu, Xntlo,

will be (—1)PH E (Antly Srtlg, .

(See G. J. Lidstone, ¥.I.4. vol. LX1v, pp. 160 et seq.)

*7, If in formula (a) we replace u, by Au, and v, by 1, and insert
the limits x and o, we have

z
201 (Au,. 1)=Auyq)— A%, (X + 1))+ A8u, (X +2) @)= -oen

But X (Aw,)=u,— C, where C is a constant

=u,— 1, say;
S U —tdy=xq) Dy — (% + 1) o) A%y + (x4 2) ) Adu,— ...
or Ug=Uz— X() Au.t+(x+ I)(z) Azl‘x—"(x+2)(3) Asuz"’ oo

which is the ordinary advancing formula for #; in terms of u, and
its differences. An alternative form for Zu v, is

u,vp=u, 20, —Au, o220, + A%, g X0, —.on ...l d)

(See Examples VII, No. 18.) If we make the same substitutions
as above, we shall have

U, — thy=2%) Mty — %) APup_g+ %) AUy g— ...
or Up=1ty— X () Aty y+2p) AUy g —xg) AU, 5 +...,
an interpolation formula involving backward differences.
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To distinguish between the two expansions for Zu,v, we shall
therefore refer to formula (a) as the ‘“forward difference’’ summa-
tion formula and formula (d) as the ‘“backward difference”
summation formula.

#8. These formulae can be adapted to the problem of calculation
of Zu,v, when numerical values of %, and v, are available. Mr
G. J. Lidstone has shown that by making some simple substitu-
tions the arithmetical work is reduced to a minimum.

The proof below follows Lidstone’s proof in J.I.4. vol. LXx.

Let S, denote the indefinite finite integral of u,v,. Then S, can
be expressed in either the forward or backward form as given
above. If we wish to find the sum of # terms we must calculate
S, — Sy, and if in the formula we make either S, or S, vanish by
so arranging the summations as to give zero values to the particular
values of the sums X, Xo?, X779, ..., we reduce the definite sum to
a single expression, S, or —S;. Further, from the zero values we
can build up the whole table of sums by using the fundamental
relation AXr =21,

Since in either the forward difference or backward difference
summation formula we may choose our values so that S, or S, is
zero, there will be four forms of tabulation. For the purposes of
illustrating the process it will be sufficient to usc one of these
forms: they are all illustrated in Lidstone’s paper, loc. cit.

*9. Consider the simple case in which the following values are

given:
x o 2 3
u, 27 64 125 216
Uy 1 3 7 5

Here n is 4. By simple arithmetic
Zu,v,=27+192+875+ 1080 =2174.

(In this example u, has been taken as (x+3)? so that third differ-
ences will be constant: the values of v, are quite arbitrary.)
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The difference table is

x 1, Au, A%y, Adu,
) 27

37
1 64 24

61 6
2 125 30

91
3 216

We will use the backward form, making Sy=o.
Thus, to use #,_, (the last term—in this case u,) and its backward
differences, we make o =29, =22y, =... for x=0; and in that case

n—1
? U, v, =S, =u, 13v,—Au, 2%, +....

Construct the following table, where the sums of v, are taken
downwards and stepped down one line at a time:

x v, Jug X2, X, iy,
o 1 o o o o
I 3 I 0 o o
2 7 4 1 o o
(n—1) 3 5 11 5 I )
(n) 4 — 10 16 6 1

Then, substituting in the formula forn§1 u,v,, the required sum
8 +210 X 16 = +3456
— 9Ix16=—1456
+ 30x 6=+ 180
- 6x 1=— 6

ey

which agrees with the result found by direct calculation.

*10. The methods adopted in taking any of the other forms are
similar, and the student will find it instructive to use these other
forms in further examples of the same type.
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It should be noted that, by combining two forms, we may take
the sums from some convenient central point and so reduce the
figures involved in the summations.

These formulae and methods are of great use in forming statis-
tical ““moments”’ of the form Zamu, .

INTERPOLATION BY CROSS-MEANS
*11. The divided difference formula is

u,=u,+(x—a) %\ua+(x—a) (x—-d) éﬁua+....

If we are given only two values of u,, namely #, and u,, then

uy=u,+(x—a) Au,
b

=ty + (¥ —a) (1, — ) /(b —a)
b—x x—a

PR S

_| 4y a—x

4y, bz +b—a.

This is a blend of #, and u, in the proportions (b —x)/(b—a) and
(x—a)/(b—a) and, from the determinant form, we may note that
a first difference approximation to #, is in fact a cross-product
divided by the difference between the two given arguments. This
is called a linear cross-mean.

*12. Dr A. C. Aitken has evolved a method of interpolation by
cross-means which enables simple arithmetical processes to be used
without the need for either a formula or differences.

The following is an elementary description of the method.

If in the general divided difference formula we substitute
successively a, b, ¢, ... for x giving one, two, three ... terms, we
may write down the following table:

12 FMAS
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No. of

terms Parts

One U, =1, a—x

Two | uy=u,+(b—a) Au, b—x
b

Three | u,=u,+(c—a) Zka“a“"(C"a) (c—b) él&”u,, c—x
Four | uz=u,+(d—a) Au,+(d—a)(d—0b) Au,
b be
+(d—a) (d—~b) (d—c) Nu, | d—x
bed

...................................................

where the column headed “parts” represents the factors to be
used later.

The first step in the process is to find first difference approxima-
tions based on u, and u,, #, and u,, u, and 4, ... as in paragraph 11.
These may be denoted by u, (a, d), 4, (a, ¢), u, (a, d) .... In order
to obtain these approximations we use the parts in the last column
above, and it is evident that the first two terms of the general
formula (i.e. #,+ (x—a) %ua) appear in all the approximations.

Thus uy (a,d)=

u, a—x
ug d—=x

+(d—a).

The first difference results are therefore of the form
u,+(x—a) %u,,+(x—a) ky,

where k, represents the multipliers of the common factor (x—a)
in u, (a, b), u, (a,¢c), u,(a,d) ....

We may construct a table similar to that above, the expressions
in the middle columns giving the various values of &, :

u, (a, b) o.%’ua b—x
u,(a,¢) | (c—b) %’u,, c—x

4, (a,d) | (d-0) éﬁua+(d—b)(d—c)b§ua d—x
Uy (a,e) | (e—b) %’ua+(e—b) (e—o¢) o%:u“
+(e—b) (e—c¢) (e—d)b%:u, e—x
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The second difference approximations are found in the same
way by the use of the parts as stated, and the results are of the
form

uz={ua+(x_a) Z%ua'}'(x—a) (x_b) %aua}'l'(x_a) (x"b) ka’

the first three terms being common to all the values, and the
respective values of k, being those in the middle column below:

u,(a,b,c) | o.ANu, c—x
bed
u,(a,b,d) | (d—c) Nu, d—x
bed

u,(a,b,e) | (e—c) bzgua+(e—-c) (e—d)bgﬁua e—x

.......................................

and so on.

*13. An example will make the method clear. In order to simplify
the arithmetic equidistant intervals have been used, but the
processes are, of course, perfectly general.

Example 1.
Find u, when x=-7352 from the following data:

x -2 -1 o I 2
U, 15849 16218 16596 16982 17378
We require the following table:

a U,
b uy u, (a, b)
c u, u, (a, ¢) u,(a, b,¢c)
d ug u, (a, d) u, (a, b, d) u, (a, b, ¢, d)
e u, u, (a, €) u, (a, b, €) u,(a, b,c,e)
where the parts are —2+7352, — 17352, —-7352, ‘2648, 1-2648.
Now uy (a, b)=g_Ti u,,+:—z—g 1y,
where b—x=—17352,
a—x= —2'7352,
u, = 15849,
u,=16218,
and b—a=1.

12-2
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O U (8, b)=15849 X — 17352 — (16218 X —2-7352)
=16858:3.

The calculation is performed very quickly by the aid of an arithmo-
meter,

Similarly,
ug (a, c) =} [(15849 X —7352) — (16596 x —2-7352)],
since c—a=2,
=16870'6
and so on.,
Again, u; (a, b, c) =g~:—§ uy (a, b) +:—E—§ u, (a, c),
where €—%=—'7352,
b—x=—17352,
u, (a, b)=16858-3,
u, (a, ¢)=16870-6,
and b—a=1;

s Uy (a, b, c)=168796.

The completed table is as under.

x Uy

-2 15849

~1 16218 16 | 858-3
o 16596 8706 871 96
1 16982 882-0 89 9 | 3 ¢
2 17378 894-3 91 4

In practice, work is saved by omitting common figures in the columns,
as in the calculations of the cross-means these figures will merely be
repeated.

The final result is 16879.

The gradual closing-up of the approximation is clearly seen. It is
best to arrange the u’s in the order in which they come into Gauss’s
formula, namely, w4, %, u_y, 4 .... In this way quicker convergence
is secured.

*14. A further adaptation of this method is by the use of quadratic
cross-means. Here the values of u, are taken in the order u_,, u,,
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_y, t, ... and the divided difference formula becomes
U, =u_g+(x+a) Au_g+(x?—a?) A\’bu_a
a Gy—

+(x?—a?) (x+b) A‘buga+....
a,—0,

The first stage in the calculations is interpolation to first differ-
ences by linear cross-means as before; at each subsequent stage,
by an arithmetically similar process, two further differences are
allowed for simultaneously.

Dr Aitken’s method of application is as follows:

u, (a, —a)=[(a+x) u,+(a—x) u_g)/2a.

Since this expression is unaltered by substituting —a for a, it
is an even polynomial in a, say v, (a?).

By letting a =x in u, (a, — a), we have (%, — x), which is v, (x?).

The problem is therefore reduced to interpolating for v, (x?),
given v, (a?), v, (6%, v,(c®) .... The repeated cross-means are
therefore available, beginning with

v, (a2, B%) = [(8*~ #?) ©, (a*) — (2~ #*) v, (b3)]/(1* — @)

and similarly for v, (a?, ¢?) ....

Again,
n c2-x?) v, (a? b®) - (5%~ ) v, (a2, c?
v (a2, 5%, )= {2 2 (B B) (o v, (0, )
and so on.

It is evident now that by interpolating on variables of the form
72 we are moving by two orders of differences at a time, which
improves the convergence to a marked degree. Further, with a
central origin a, b, ¢ ... are ‘5, 15, 2°5 ... and the factors
a?—x?% b*—x2, c?—«? ... all have the same decimal part. Also,
the divisors b2 —a?, c*—a? ¢2—b2 ... are all even integers, which
enables Aalved cross-multipliers and divisors to be used. Where the
arguments are °5, 1°5, 2°5 ... these halved divisors become 1, 3, 6,
10 ..., the coefficients in the ordinary binomial expansion.

Finally, for these arguments the first multiplier is } (}—?) of
4 (3 —x) (3 +x), which is one-half the product of the multipliers
used in the first linear cross-mean for v (}).

An example will help to explain the method.



170 FINITE DIFFERENCES
Example 2.

Using the data in Example 1, together with u;=17773, interpolate
to find w.p4,.

The extra value is required, as in the quadratic method we need an
even number of terms.

The working is as follows:

The decimal part of the multiplier is

1 (7352 x +2648) =-0973405.
The v’s are
7352 X 16982 + 2648 x 16596 =16879-8
17352 X 17378 4+ 12648 x 16218 =16888-9
27352 X 17773 + 22648 x 15849 =16901'5
The next steps are
8798 x 10973405 — 8889 x *0973405 =878"9
879'8 x 3-0973405 —9o1°5 X *0973405 =879

Further values of v are unnecessary, and the table, similar to that for
linear cross-means interpolations, is

16 | 879-8 *0973405
8889 87|89 10973405
gor's 91 3'0973405

Hence #.,455=16879, as before.

#15. The cross-means methods possess particular advantages. No
interpolation formula and no differences are required and we may
stop the calculation at any point, so that any required degree of
accuracy may be attained. For equidistant intervals the quadratic
method is much to be preferred. When the intervals are unequal
the linear process has considerable practical value; it is, in fact, one
of the most direct and effective methods for inverse interpolation.

Generally, the quadratic method is very advantageous for direct
interpolation. It can also be readily adapted to inverse interpola-
tion. When the arguments are equally spaced and the calculations
can be effected by the aid of an arithmometer this device enables
interpolated results to be obtained much more rapidly than by any
other method. For instance, in Example 2, after the multiplier
has been calculated, the successive values of v can be obtained on
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an arithmometer without clearing the machine after each operation.
After the method has been mastered simple interpolations can be
obtained in a very few minutes.

®18. This part of the chapter is based largely on the note by Mr
G. J. Lidstone, ““Aitken’s new processes for direct and inverse
interpolation” in ¥.I.4. vol. LxviiI, pp. 272-86. In this note
there is a full and lucid description of the methods of interpolation
by cross-means with a number of fully-worked examples, and the
student will find it instructive to compare the advantages and
disadvantages of interpolation by difference formulae and the
methods of cross-means, by working out actual numerical questions.

COMRIE’S “THROW-BACK” DEVICE

*17. In the same paper (loc. cit. pp. 286—93), Mr Lidstone gives
a comprehensive account (with references) of the throw-back device
of Dr L. J. Comrie, based on Bessel’s or Everett’s formula. This
process is of great advantage when the interpolation is to be taken
beyond third differences, as it shortens the work and reduces the
number of differences to be recorded in the Tables. The nature of
the process is indicated in the next paragraph; for a fuller account
reference may be made to the paper mentioned above and to
Comrie’s papers cited therein.

*18. In Bessel’s formula (Chap. IV, paragraph 6), let the coefficients
of the odd differences be called B'u, By, By ..., and the coeffi-
cients of the mean even differences Bl'u, BVu, By .... Then for
the practical range of interpolation x=o0 to x=1, it is found that
the ratios

Bmu By
Bwu’ B4’
tv i
and Blvy By

Bily?’ Bl

change so slightly with x that they may, with sufficient accuracy,
be assigned constant mean values provided that higher differences
are not too large.
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Adopting these values the formula takes the convenient form

x(x—1)
2!l

U, =g+ xAuy+ [A2—-184A%+-038A8 ...} 4,

+x(x+)!(x—%) [A% — - 108AS +016A ...] g,

where Au, A%, ASu ... represent the odd central differences and
A2y, A%, A% ... the mean even central differences.

The quantities in the square brackets are evidently independent
of x and may therefore be tabulated.

The throw-back device may be used with great advantage in
double-entry tables (i.e. functions of x and y). Its use curtails
very considerably the complicated interpolation formulae otherwise
required when even moderately high orders of differences are
involved.

The device is also very useful for inverse interpolation, since it
enables differences beyond the third to be included by a direct
process without increasing the degree of the equation to be solved.
Further, the last coefficient, B''u, is very small and changes slowly,
so that allowance is easily made for the last term in the formula
given above.



CHAPTER IX
APPROXIMATE INTEGRATION

1. In order to obtain the area of a curve by the methods of the
integral calculus two conditions must necessarily hold. These
conditions are

(i) the equation of the curve must be known; and in that event

(ii) the function y=u, representing the equation of the curve
must be integrable.

In the theory of life contingencies these conditions are rarely
satisfied. Rates of mortality, marriage, etc. are generally obtained
from actual observations and the functions derived from these rates
are seldom capable of expression in the form of a mathematical
expansion. For example, if /, be the number of persons attaining
exact age x in any year of time, the number living between ages x
and x+1 is given by

1
L- f s

where x and ¢ are independent.

Unless I, follows some definite mathcmatical law, we cannot
evaluate the integral by the methods hitherto employed. By making
certain assumptions, however, we can obtain approximations to
the value of the integral which are accurate enough for practical
purposes.

Thus, if we expand /., in terms of /, and differences of /,, we
have

Lop=(+A)Y 1,
=l +1tAl, to first differences.
But Al,= lz+1 =l

and l,—1I ,, is d,, the number out of the I, persons who die
before reaching age x+ 1.
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1
o L1=J‘o IQ-H dt

1
=f (I,—td,) dt as far as first differences
0

1
=[t1,-;t2d,]o

=l,—}d,
=L~} (l—Lu)
=} (L+1Ln)
This is an approximate value of L, on the assumption that /,,;
is a first difference function of Z,.
It is evident that a simple approximation to first differences will
not be justifiable except in a limited number of instances: the con-

struction of formulae for approximate integration will necessarily
depend on the dataavailable and on the degree of accuracy required.

2. Simpson’s rule.

Suppose that we are given two values of u, only and that we
represent these two values by means of the points H and K
whose co-ordinates are (a, u,) and (b, u,) respectively. Suppose
also that we have sufficient information to justify our represent-
ing the function y=u, by a curve of small changes of slope,
not affected by periodic changes.
An infinite number of such mathe-
matical curves can be drawn to pass
through H and K. The simplest
curve passing through the points
is a straight line, and for the pur- H
pose of interpolation it is often
sufficient to adopt a first difference AL Uq

a-|

Y

Up

formula, as was done for example
in obtaining the approximation to 5[~ x
L, in the preceding paragraph. If
the straight line be drawn, the area
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cut off by the curve, the x-axis and the ordinates x=a and x=b
will be that of the trapezium HNMK. The area of the trapezium

is % (uy+u) (b—a).
b
Accurately, this area isf u,dx.

a

A first approximation to the integral is therefore } (1, +u,) (b —a).
If y=u,=1I,,, and the limits b and a are 1 and o respectively,

1
we have the approximation to f I, dt given above, namely
0

(L4 1z1)-

Let us now improve the approximation by introducing a third
known value of u,. In other words, suppose our data to be u,, u,, u,,
Then there is still an unlimited
number of curves which can be
drawn to pass through the three L
points H, K, L. The simplest of
these curves will now no longer be f'a
a straight line, but a second differ- ¥4
ence curve. The form of this curve up
will be y=A4+ Bx+ Cx?, and since
three points on the curve are given | q.-
we are in possession of sufficient O [¢:--b----> D¢
data to determine the coefficients
4, B, C.

In practice the data will generally be available at equidistant
intervals, and since we may choose our origin where we please,
the problem is therefore reduced to one of finding the second
difference curve which passes through the points (o, %), (1, %),
(2, up).

Having found the equation of the curve we can then find the
area enclosed by the curve, the extreme ordinates and the x-axis,
by integrating the function thus obtained between the limits o
and 2.

Assume therefore that y=wu,=a+bx+cx? is the required
equation.

Y
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Then, by substitution,
Up=a,
uy=a+b+ec,
uy,=a+2b+4e¢,
whence a=u,,
b=4% (—uy+ 4, — 3u) = Bug — 3A%u,,
c=1% (uy— 2uy +uy) =3A%u,.

2 2
Also fo wu, dx =f (a+bx+cx?) dx
0

2
= [ax + $bx? + %cx"]
0

=2a+2b+%¢c
=% (4o + 41, +us),
on substituting for @, b and c.
This is Simpson’s rule for approximate integration.

We can obtain this formula by alternative methods.
For example, let

= (1 +A) ug=uy+xAuy+ 3x (x— 1) A%,
as far as second differences.

2 2
Then f uzdx=f {ug+ xAuy+ Lx (x — 1) A%uy} dx
0 0
2
— J‘ {ttg-+ % (Dttg— $A%ug) + 352A%ug) d
0

2
=| xuy+ 3x? (Auy— 3A%u,) + %x:’Aauo_]o

=2u,+ 2 (Auy— 3A%,) + $A%,
=2y + 2Aug+ A%,
and since Uy=1tg,
Uy = uy+ Auy,
Uy =1uy+ 2015+ Auy,,
this reduces to } (#o+ 4%, + u,) as before,
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A third method is to assume that the integral can be expressed
in the form
muy+ nuy + pu,.

Then if y=a+ bx+ cx* we have eventually that
2
j uydx=2a+2b+3c,
0
as in the first method.
Substituting in the assumed expression for the integral:
ma+n (a+b+c)+p (a+2b+4c)=2a+2b+35c.

Whence, by equating coefficients of a, b, ¢ and solving the
resulting equations,

b
Lo
3

m=%; n=

y p=
3. Change of unit.

2
The formula f u,dx =% (uy+ 4u, + u,) is an approximate formula
0

obtained by considering unit intervals. If we wish to transform
the formula to a form in which the interval is changed to, say, n,
then the given values of u, will be uy; u,; 4,,. Our new variable
is 2, where z=nx.

dz=ndx.

The new limits are evidently o and 2z,
The formula is

2n
[ meds =3 (ot gt ),

2n
ie. fo u,dz = §n (uy+ 4u, +uy,),
or, on changing the variable to x,
2n
[, = o gt

This principle is of universal application and any formula of
approximate integration can immediately be transferred from unit
intervals to nthly intervals and vice versa.
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For example, the approximate formula

10
fo u,dx =35 (uy+ug+ ug+ 1)

20
becomes f uydx =5 (uy+ g+ uja+tyg)
0
on doubling the interval;
10n sn
and f uzdx = ';‘ (u,n + Usn + Ugn + “Dn)
0
when the interval is n.

4. Change of origin.
Consider again Simpson’s rule:

2
fo u dx=1% (tg+ 411, + u,).

We have obtained a formula which gives in terms of u,, #; and u,
the area of the curve cut off by the

ordinates x=o0 and x=2. If we Y

. . . Y
change the origin so that the point — !
(1, #;) becomes the point (o, vp), as
in Fig. 5, we shall have a formula
of integration between the limits — 1
and 1 in terms of v_;, v, and ;. | - u,| % Ualy,

The formula will be otherwise un-
altered and we shall have found an
approximation to the same area with
reference to a new y-axis O, Y;.

In its new form the formula be-
comes Fig. 5.

1
f vpdx=} (v_1+4v+ 1),
-1

(0] 0, X

or, changing back to ’s,

1
f_ lu,,dat: =34 (u_y+ 4uy+1y).
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Now when it is desired to obtain an approximate integration
formula it is evident that integration between — 1 and 1 (or between
—n and n) involves much simpler algebra than integration between
o and 2 (or between o and 2n). Thus, if

u,=a+bx+cx?,

then U=a,
u_=a-b+ec,
wyy=a+b+ec,
and ¥} (u_y+4up+uy) =14 {4y + (u_y + )}
=% (4a+2a+2c)
=14 (6a+2¢).

1

1
Also f (a+bx+cx?) dx= [ax + 3bx?+ -g,cx":'
-1

=2a+%c,
which proves the approximation.

Again, since in this form the coefficients of odd powers of x
disappear in the definite integral and also in the paired terms u,
and u_,, we could equally well employ as our assumed expansion
for u, the third difference function a+ bx+ cx?+dx>.

We should have

qug+(u_y+u)=4a+a—-b+c—d+a+b+c+d=6a+tac

as before, and
1
[ax+ $bx® + e+ }dx“] =2a+3c.
-1

This leads to the important fact that Simpson’s rule is true to
one more order of differences than was originally assumed, i.e.
to third differences.

Generally, formulae involving 27 + 1 terms, placed symmetrically
with reference to the centre of the range, are correct to (27 +1)th
differences.

For the above reasons, namely

(i) for simplicity in working;
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(ii) to enable us to find the true order of differences to which
the approximation is correct;
it is advisable to integrate between —n and 7 in preference to any
other limits.

This can always be done by a suitable change of limits; for
example, integration between 4 and 1 can be simplified to integra-
tion between, say, 2 and 4 by increasing the interval from % to 2.
Then, by changing the origin, a formula can be obtained for inte-
gration between —1 and 1. To express the formula in the required
form the process can then be reversed.

Example 1.
25

Show that J v dx= ;;1 (v, + 220, + v,) approximately.

15
25 _ ] )
J vzdx=5 [ u,dx (if we double the interval),
15 J3
This will produce a formula in 2,; u,; 1.
1
In the first place we will obtain a formula for J u,dx.
-1
This formula will have to be of the form mu_,+nuy+ pu,, since
we have moved our origin to the point where x was originally 4.

Let Uy, =a+ bx+cx®+dxd.
Then u,=a,
u_g=a—2b+4c-8d,
and uy=a+2b+4c+84,
so that oir (u_y+22u; + 1) =45 (22a +2a+8c)=a+}c.

1 1
J u dx= l:ax + $bx? + 4exd + }dx“] =2a+3c.
-1 -1

1 (1
571. (u_g+ 22U+ uy) =3 J_l uydx.

Reverting to the first origin:

S5
J U, dx,
3

N~

—1( +22u, +ug) =
24“2 atUg)=

26
o = (v, +2203+vg) = J Uy d%,
24 15
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Moreover, although only three values of v, have been given (so that
only second differences are known), the formula is true to third
differences, for it is symmetrical about the middle point.

5. Some well-known approximate integration formulae.
(1) Extension of Simpson’s rule.

2
We have fo u dx=13% (uy+ 41, + ty).

Therefore by changing the origin
4
L u dx=1% (uy+ quz+u,).

6
Similarly f . u,dx=1% (uy+ 4ug +ug).

In general, by addition,

2n
fo ugdx=14% (uy+ 410, + 2y + quz -+ 2uy + ... +1yy,).

This is a formula for approximate integration used extensively
in practical mathematics. In engineering problems, where the
curve to be integrated has actually been sketched as the result of
experiments, a small unit may be chosen and a large number of
ordinates drawn. In that event the extended formula can be ap-
plied. This will in general give better results than the single formula

2n n
fo u,dx= 5 (uo+ 4u, +uy,).

It should be noted that Simpson’s rule, applied in sections (as above),
does not assume that a smooth curve can be drawn between all the
points %, %, ... #;,. The method of obtaining the formula has in fact
been to draw a number of disjointed curves between uy, uy, uy; u,, 5, 1y}
veo Ugy_g, Usn 3, Ugy, and the curve passing through three points such as
14,, 41, #; Will not as a rule pass through the next series #3 and u,.

(2) The ““three-eighths” rule.
The following symmetrical formula can be derived by working
on the above lines, when four consecutive points are given.

13 FMAS
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If the four points were u, #;, t#,, #; we should commonly in-
tegrate between o and 3. Change the unit and origin so that we
pass firstly to the limits o and 6 and secondly to the limits —3 and 3.

3
We requiref 3u,cd.x:, given u_g, u_,, Uy, .

Let u,=a+bx+cx®+dx3,
so that u_y+uy;=2(a+c)
and u_s+uy=2 (a+9c).
3
If f u de=m (u_y+u)+n (u_s+u),
-3
we have

. 3
l:ax +3bx%+ Jex®+ }dx‘] = m (u_y+uy)+n (u_g+us);

ie. 6a+18c=m (u_y+u,)+n (u_g+us)
=m (2a+2¢)+n (2a+18¢)
=a (2m+2n)+c (2m+ 18n),
from which, easily, m=18/8 and n=6/8.

3
[ mds=3 6 (ot +2 (et ua,

6
ie. fo uydx=3 {6 (uy+uy)+2 (uy+ug)},
3
or [ mds=16 Gt )+ (ot
=3 (uo+ 301+ 3y + 1y)
3G+ B u,

This formula, like Simpson’s rule, is correct to third differences.

(3) Weddle's rule.

Suppose that seven equidistant ordinates are given. In order
to reduce the algebra to a minimum, we integrate between limits
—3 and +3, and write the assumed formula for u, thus:

dx (xz— 1) ex? (x*—1) fx (x*—1) (x2—4)
24 120
L 1) (= 4)
720 ’

u,,-a+bx+ +
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This is Stirling’s formula with the constants «, b, ¢, ... g re-
placing the differences of u,.
Then

3 2 3 4 2 3
f "xdx=|:ax+llx—+%c—+g(’i_i‘_)+ (’is_?_)
-3 2 s 2) 22\ 3

2 7 3\ 713
+_L(£_§£‘+ﬂ)+i(f__s_xj+4_&)]
120\6 4 2 720\7 5 3 /1-3

= c_ .8 € _8),2%2483
6a+54(6 72-'-54.0)+4 (120 7zo)+28og

=6a+9c +3 '1_6 mg .
Replacing a, ¢, ¢, g by the differences of #, in Stirling’s formula,
we have

f:uxdx=6a+96+%%e+~&%g
=6uy+9A%2u_; + 33 A% 5+ {425 A% .

If now A%u_;, A%u_, and A®u_, are expressed in terms of u_g,
%_y, ... Uy, Uz, we shall obtain a formula correct to seventh differ-
ences. It will be found, however, that the coefficients of the terms
are large. This is due to the awkward fraction { multiplying
A®u_g. As sixth differences are usually small, the error involved
in replacing A% _g by {4%A%_, i.e. by %5 A%u_,, will, in general,
be neghglble By this substitution the coefficients in the final
formula will be much simplified. The modified formula will
involve an error of 1353A%_g and will therefore be strictly correct
to fifth differences only but virtually correct to seventh differences.

The terms in the expression thus adjusted, namely,

6uy+9A%_y + 33 Atu_p+ 5 A% g,
may be expressed in terms of the w’s and collected as shown in
the following table:

U3 U_o U Uy U Uy Uy
6u, 60
oA%_, 9'0 —-180 9'0
3'3A% 4 33 | —132 198 | —132 3%
3A% 4 -3 —1-8 5 — 60 45 -1 -3
Total ... 3 1’5 3 1-8 3 5 | 3

13-2
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3
Therefore f u,dx is approximately equal to
-3
“3U_g+1:5U_p+ 3u_y + 1°8ug+3uy + 15Uy + 03U
=75 [(v_atus)+5 (u_g+ug) + (u_y+11) + 6]
6
or f =y () + 5 () + (s 1)+ 6]

This is Weddle’s rule.

An alternative method of obtaining Weddle’s rule is by combining
a 7-ordinate Simpson’s formula with a 7-ordinate three-eighths formula
in the ratio 9:—4. This method proceeds by eliminating the principal
error terms in each of the two formulae involved.

(4) Hardy's formulae.

Certain approximate formulae due to G. F. Hardy were at one
time used extensively in actuarial work.

Let u,=a+bx+cx*+dx3+ ext + fxb
3
so that f uydx=6a+18c+488;
-3

uy=a; u_p+u,=2a+8c+32¢; u_g+u;=2a+18c+162e.

Solving for a, ¢ and ¢, and substituting:

3
f 3uapdx= 22Uy + 162 (u_p+uy) + 28 (u_g+ u5)

6
or fo Uy dx =220+ 1°62 (u; + 1) + 28 (1g+ 115)
=28 (uy+ug) + 162 (uy+uz) + 2-2u,,

which is Hardy’s ‘“formula (37)”.
If the interval of differencing be 7, this becomes

6n
j \ udx=n{-28 (uy+ug,) + 1°62 (u, + 5, ) +2-2u,,)}.
Similarly

12n
Ln uydx=n {-28 (g, +tyon) + 1°62 (g, + thy1,) +2°2085,},
and so on.
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@ 6n 12n 18n
f uzdx=f uza'x+f uxdx+f udx+ ...,
0 0 6n 12n

@
f uydx=n {28 (ug+ 2utg, + 250, +...)
)
+ 162 (U, + Usp + Uy + ... )+ 2°2 (Ugp + g, + ... )}

This is Hardy’s “formula (38)".

If we are dealing with functions derived from a mortality table,
and we choose 7 so that 7z falls just within or just without the
limits of the table—so that 7z is in fact about 100—we can write
the above formula thus:

Since

]
f u dx=n (-28uy+ 1°62u, + 2-2uy, + 1-62uy, + 561, + 1-62u,,).
0

In this form the formula is known as Hardy’s “formula (394)”.

6. (i) Since all these approximations give in effect the area of
the curve bounded by u,, the limiting ordinates and the x-axis,
they are often termed “quadrature formulae”, the word “ quadra-
ture” being defined as the exact or approximate calculation of the
area of the square equal in area to that of the given figure.

(ii) In any of the foregoing formulae the sum of the coefficients
must equal the range of integration, where this is finite. This may
easily be seen by making all the «’s involved equal to the same
constant.

7. Practical applications of the formulae.

Integration formulae of the above type may be used to advantage
in obtaining approximations to the values of certain complicated
forms of integral which occur in the theory of life contingencies.
Where the functions involved are such that the summation extends
to the end of the life table, it is of advantage to calculate the values
of the functions by Hardy’s formula (394). If, on the other hand,
the upper limit is at an age-point short of the limiting age of the
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life table, any of the simpler integration formulae can be employed
to advantage.

It is evident that we can neither integrate the function u, nor
interpolate between given values of u, if we are absolutely without
information regarding the value of the function between the
ordinates. For example, in a mortality table we may integrate
between, say, L, and I, assuming first differences constant, for we
know that in general the decrements between ages 30 and 31 are
small and may be fairly considered as being evenly distributed over
the interval. We could not reasonably adopt the same assumption
for interpolation between /, and I;, since the deaths of infants in
the first year of age are not evenly distributed over the year. Again,
a reliable estimate of the population of a seaside resort in June of
any calendar year would not be obtained by a first difference
interpolation between the population figures for January and
December of the same year. In the two latter illustrations further
information would be necessary before we could proceed to inter-
polation or integration.

In applying the formulae of approximate integration to the
solution of a problem it is therefore essential that we have sufficient
knowledge of the function to justify our assumptions regarding
the nature of the curve passing through the given points.

When the function to be integrated is one in which the neglected
differential coefficients of the curve are small between the limits
of the integration, almost any of the above formulae will give
satisfactory results. If these differential coeflicients are not small,
i.e. those of lower order are changing rapidly between the limits,
there may be considerable differences between the approximate
results.

Example 2,
The formula for a continuous annuity-certain is

am= J: ey,

where 3 is the force of interest corresponding to the rate of interest 7 at
which the annuity is valued.
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By means of an approximate integration formula find the value of
dg) at 4 per cent.

Since we have to evaluate &; we shall require some or all of the values
of u, from t=o0 to =6, where u,=¢%,

By a well-known formula in the theory of interest,

¥t =of where v=(1+i)"%

Values of ¢* at 4 per cent. are available from any tables of interest.
We have, therefore:

uo_eo =1,

m=e? =v = -gb154,
uy=eP=02= 92436,
u=eB=02= 88900,

u=e®=vt= 85480,
us=eP=vS= 82193,
ug=e¥=98= 79031,
The following results will be obtained :
(i) Simpson’s rule applied three times:
§ (o + quy + 20y + quuy + 204 + 4215 + 1)
=534630.
(ii) The three-eighths rule (with interval of differencing 2):
# {2 (g + 305+ 3+ 1)}
=534629
(iii) Weddle’s rule:
*3 (g + 54y + tig + uug + 1y + Stt + thg)
=5'34631.
(] . 1 [
The result obtained by integrating Jo e dt will be [ -3 e"s‘] 5 or

—_g8
¥ 80 , and since the value of 8 at 4 per cent. as given by an interest

table is *039220713..., the integral becomes

I—"7993145257...
*039220713...
The three approximate formulae all give results which differ very
little from this. The excellence of the approximations is due to the fact
that between the limits =0 and =6 the higher differential coeficients
of y=u,=e3* are very small and the range is short.

=5-34629....
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8. The Euler-Maclaurin expansion.

We have considered quadrature formulae in which the integral
is expressed in terms of a number of particular ordinates. All
formulae of this type can be deduced in a straightforward manner
by means of Lagrange’s interpolation formula, as shown at the
end of this chapter. We will now proceed to investigate the pro-
blem of approximate integration more generally.

The basic formula for expressing a definite integral in terms of
given ordinates, with adjustments, is the Euler-Maclaurin expan-
ston. 'This expansion is in effect of similar form to the expressions
already obtained, a greater degree of accuracy being ensured by
the addition of functions, not of the ordinates themselves, but of
derivatives of certain of the ordinates.

The formula may be derived by the expansion of operators, thus:

T2 @)= @+ ()4t f (1)
=F (n)— F (o), where f (x) is AF (x).
Since f (x) =AF (x),
F (x)=A71f (x)
=(e?—1)71 f (x) (since 1 + A=eP. Chap. VII, para. 6)

[(:+D+12):+ D, . ) ] 7 (%)

=D‘1[I+D+ +.. ] f(x)

=D-1 I_l_) Pf__ :If()

2 12 720

=[p-1+2-25 7@

12 720

=D1f(x)— ‘}f(x)-i- f(x)———~f(x)

720

ff(x)dx — %)+ Izdj;ix) 7;0%....
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Between limits o and n, we have therefore

F (n)-F (o) =f:f (x) dx =} {f (m)—f (OB} +2z {f' ())—f" (o)}
—7i {f" () —f"" ()} ..

For F (n)— F (o) we may write

Z=n—

x}_?.olf(x) or f(0)+f (1) +f @)+ +f(n=1).

o 176 ar=f @4F O @+ f =)+ H ) ()
=12 {f' )= O} +k {f (1) =" (o)} ...
=3+ () +f(2)+...+f (n—1)+1f (n)
=12 {f' ) =f O} ++ {f"" () =" ()} ...
This is a simple form of the Euler-Maclaurin expansion.

A more general form can be obtained by changing the origin
to the point @ and the unit of measurement to r, thus:

;J:M’f(x) dx=3f(a)+f (a+7)+f(a+2r)+...
+f(a+r7~—1r)+%f(a+nr)—{£{f' (@+nr)—f' (a)}

+13— {f"" (a+nr)—f" (@)} ....

%720

It will be noted that, since

x x4 «8
F—1 474'336—!—...

we can express the coefficients in (¢ —1)~! in terms of Bernouilli’s
numbers. As, however, the resulting approximation formula is to be
used for numerical computation, it is of advantage to give the coefficients
their actual numerical values.

xﬁ
=1-}x+B,5-B,

9. The following examples are illustrative of the use of the
formula.

Example 3.
1

Evaluate J A to five places of decimals,
0o I+Xx
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Choose a convenient unit, say o'1. Then in the Euler-Maclaurin
expansion we have

a=o0, n=10, r=0'1, and u,=

1+
dug_ 1 du_ 6
de (142 d¥~  (1+x)
1 (Ydx 11 1 1 I I 1
o = | —==-. ettt — o
orjor1+x 2’1 11 12 1 9 2

= 'soooo—-—l- 3,_I 613

120°4  720000° 16
'90909

-83333
76923
*71429
66667
*62500
58824
*55556
52632
*25000

6-93773
=693773 — 00625 + 00001
=6'93149.

1 dx .
o Jo Tra— 69315 to five places of decimals.

This agrees with the true result (log, 2) to the required degree of
accuracy.

Example 4.

Find the sum of the fourth powers of the first # natural numbers by

means of the Euler-Maclaurin formula.
In the formula

1 [atnr
;Ja Upd =Yg+ Ugye+ Ugiar+ oo

r ., fad
+4tlginr— 2 (@ ayne—wa) + ,’7‘;“, (" ainr=4""5) eov
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put a=o, r=1, u,=x4; then
n
J dMde=14424430+...
0

I I I
+(n— I)"l'; n“""l_z’ [4xa]a:-n+,72_6 [4.3.25\?],_,”

since higher differential coefficients of u, than the fourth will be zero.

x5 |n r=n 1 1 1
2= e S —
Le. [5]0 Elr‘ Mo +72°24n.
r=n
o 2 A=iniineis-la
re=1 5 2 3 30
By proceeding on the above lines it can easily be proved that the general
formula for the sum of the pth powers of the first # natural numbers is
r=n

PR ST U S S S S I — — ) pP-3
Elr P_Hn ton +12pn 7201)(1) 1)(p—2)n

L2O=0 (=) (0=3)(=4) s
30,240

10. Lubbock’s formula.

The previous formulae have been developed for the purpose of
relating a definite integral to the sum of a number of weighted
ordinates at finite distances apart. We have, in effect, obtained
approximate formulae for the value of

Lt h (u,+ugyn+Ugont-.. +14).
h—>0

In addition to formulae of this type we can find expressions
which enable us to find the value of the sum of a number of or-
dinates at finite distances apart in terms of the ordinates at greater
or less finite intervals apart. Thus, if for the curve y=u, there are
m unit intervals, so that we have Zu, from x=o0 to x=m—1, we
may develop a relationship between this sum and the sum when
the intervals are, say, A, where nh=1.

In place of the sum h (ug+ugp+Ugion+... +%), We may
consider, without loss of generality, the simpler form when the
series commences with 2.

Let there be m ordinates at unit distances apart, and let each of
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these unit distances be divided into 7 equal parts, so that the new
ordinates are
Ugy Upins Uginy oov Uppy oo U _1ine
We have  S=ug+uy, + g, +... +ty_yp
Em—1 A  Em—1
I R O N

By ordinary algebra, putting 4 for 1/n,

A _ A _ A
Ern— 3 (1+AVP—1" hA+h, A%+ ...
_1 k-1, K-1,, B-1,,
R R A

so that the operator is
n+'fLEA__"2_—_I Az_*_flz._l AS ...
2 121 24n
To obtain S we apply this operator to
Em—1
A

We note the first difference of this is

Uy=uy tuy+...+ Uy ;.

(Em_l) Uy = Uy, — Ugy

the second difference is Au,, —~ Ay, and so on.
Thus, applying the operator,

SEuo+u1,,,+u?m+... +u,,,_1,,,

n—1 n?—1
=n Uyttt ity 1)+ (Un —thg) == (Bt — )

+

n2—1
PP (A%, —A%u) ....

This is Lubbock’s formula.

The coefficients of higher differences than the second were not
given by Lubbock and are cumbersome. The terms in A% and
Aty are respectively

(n?—1) (1972 1) 4
=y e G
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and (=) (on2=1) ;)&(3;2 =1) (Atu,,— Atu,).

If the interval of differencing be originally n instead of unity,
Lubbock’s formula becomes, on changing the unit,

Ugtuytug+... ‘i, 4
n—1
=n (u0+un+u2n+'“+u(m—-l)n)+_z— (“mn—“o)

n?—1
24n

n?—1
py” (Auy, — Aug) +

: (A%, — A%y) ...

*11. Lubbock’s original formula involves Au,,, A%, ... and these
involve #,,,,, #y,5, ..., i.€. values of u beyond the range of sum-
mation; these #’s may have to be specially calculated or may even
be completely unavailable. De Morgan (Differential and Integral
Calculus, pp. 317-18) and T. B. Sprague (§.I.4. vol. xvi, pp.
309-10) transformed the formula so as to involve only u, ... u,,.
If the numerical values (without sign) of the coeflicients of the
differences in Lubbock’s formula be represented by C}, C,, ..., the
transformed formula is

n—1
n (u0+u1+ e +um—1) + —2_ (um_uo) - Cl (A“m—l"'Auo)

=G, (A%uy o+ A%g) — Cy (A% — A%up) — Cy (At g+ Atsy)....,

where all C coefficients are negative and the terms involve alter-
nately the difference between the terminal odd differences and the
sum of the terminal even differences. The differences Au,, ,, A%u,, ,,
A%, ,, ... are the concluding differences of the scheme based on
U, ... U, and lie on a diagonal sloping upwards (Sprague, loc. cit.
p- 310).

12, Woolhouse’s formula.

Although Lubbock’s formula has the advantage that it may be
used when the function is not capable of expression as a mathe-
matical expansion—as for example when the data are based on a
mortality table—there are disadvantages in adopting the formula.
In the first place, if it is necessary to proceed further than second
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differences the calculations are heavy, and secondly it may happen
that the differences converge slowly, so that if we stop at second
or third differences we are likely to obtain a result differing con-
siderably from the true value of the function. In the case of a
mathematical function whose differential coefficients are easily
evaluated an alternative summation formula can be adopted in
which differential coefficients of odd order replace the finite
differences in Lubbock’s formula. -

The formula involving differential coefficients is due to Wool-
house, and may be developed directly from the Euler-Maclaurin
expansion.

The Euler-Maclaurin expansion is

m ' 1 ,
S A Vo TR

1
+7_2'6 (u,,,"' —uo"’) cees

If the interval of differencing be 1/n, the formula becomes

m 1
nf uzdx=(§uo+uu,.+uﬂ,,+...+%um)——l-—
0

- (i — )

I 14 1.
+—’;éal§ (um' —U ')
If, however, we multiply both sides of the first expression by n
we have

m n ’ ’
nfo “zdx:n (?}1‘0"'“1'{"‘2""“""%um)—';-z~ (”m _“o)

+7_;l_°_ (umlll __uolll) -

m
Equating the two values of f u dx:
0

I ’
$uug+ vty +thop + oo+ Jtt — —— (4,

— L4 1 III_ 117
o= uy)+ 2o (""" —uy'") ...

n ! ’ n ” "nr
=”(%uo+u1+u2+"‘+%um)—a(um _u0)+;2_o(uml —“o') o
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or

I
“o+ulln+uﬂn+"'+um'—% (uo+ ) — — (um'—uo')

12n
+ I (u I'I_u III)
72om3 V'm0
n n ,
=n (”o+”1+“z+---+“m)—; (“o'*‘“m)_;; (' —uy))

n (224 nr
—_— —-Uu vese
+720 (“m 0 )

Re-arranging:
U+ Uy g+ oo F =0 (Ug+ Uy +up+ ... +uy,)

n—1 n?—1 nt—1
5 (g taty) == (' —2y) + 2208 (" =) wne

If the unit of measurement be changed to n, we have
gttty Fthpy =10 (Ut thy +thy+ ... FUy)

n—1 nt—1 ni—1
-5 (“o+“mn)——12—“ (thn” — 10" ) +——

720 (umnlﬂ - uo'") ey

the usual form of Woolhouse’s formula.

It should be noted that, by replacing the derivatives of u by
their values in finite differences, Lubbock’s formula can be ob-
tained directly from the formula above.

In applying these formulae to certain actuarial functions the values of u,
du T
dx’ dx®’
formula may then be written as

... at the end of the mortality table will disappear. Woolhouse’s

I
"'(”0+“l/n+”2/n+"')

_ n—1 n-1 , -1 ,,
=y t+u+...) p U+ rznzu"_7zon4u°

This is a convenient form for expressing the value of a benefit paid
at nthly intervals in terms of the values at intervals of a year.
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13, Other formulae for approximate integration,

It will have been observed that in the formulae of the type of
Simpson’s, Weddle’s, etc., the function of the #’s is symmetrical
about the central value. If, however, a number of fixed ordinates
be given and it is desired to obtain an approximation to the area
of a curve in terms of these ordinates, the resulting form will
not necessarily be symmetrical. Again, the formula for the area
of the curve may be related not only to ordinates falling within
the area to be measured, but to ordinates outside the area. It
may be noted therefore that although standard formulae are avail-
able, it is not difficult to devise approximations to fit the particular
problems under investigation. (See paragraph 15.)

Example 5. .
If u, is of the form a+bx +cx?, find a formula for J u,dx in terms
0
of u,, u; and u,.
The interpolation formula which involves the terms #,, #; and , is

Uy =thy+ XAy + 3% (x — 1) A%y,
1 1
J u,dx= [xuo + $x2Auy + (33 — §a?) Azuo]
0 0
=ty +3Au, — 15 A%y
=ty +§ (g~ thg) — 15 (g — 20+ %)
=1zt 15t~ Tzt

The required formula is therefore

[ = (st 80—,

It should be noted that (i) the expression is unsymmetrical in the u’s,
and (ii) the ordinate u, falls without the area to be integrated.

Example 6.
If u, is of the same form as in the example above, derive a formula

1
for Jo #,dx in terms of u_j, #, and u,.
Let u, be expressed in the divided difference formula, thus:
Upg=u_y+(x+1) LPu_,+(x+ 1)(x—1) A:u_l.
1,
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1 2 1
Then J U= [xu_l+<£+x) Au_y+ (’—c—s—x) A’u_l]
0 2 1 3 1,2

0
=“~1+%£§“—1—§IL\@:“—1;

h—t,
Au_y= ’
1 2

=Tt 2l (),

On reductlon, the integral is easily found to be
F5 (511 + 391 —8uy).

It is obviously impossible to quote all the formulae that are in
current use. Further examples and illustrations of various approxi-
mation integration formulae will be found in the following sources:
Whittaker and Robinson’s Calculus of Observations, Chap. vir;
C. H. Wickens, ¥.I.4. vol. L1v, pp. 209-13; A. E. King, T.F.4.
vol. 1x, pp. 218—31; Elderton’s Frequency Curves and Correlation,
3rd ed., pp. 26-8; J. Buchanan, ¥.I.A4. vol. xxxvi1, p. 384.

14. Alternative methods of proof of the formulae.

It has been stated above that the Euler-Maclaurin expansion can
be used as the basic quadrature formula. It will be instructive
to develop Simpson’s formula from this expansion.

2mn n2 , ,
fo ua:dx= n ('%uo'i‘un'l' Uppt oo+ U 1yn + %uzmn) - 1z (u 2mn — Uo )

approximately.
Writing 27 for n, but preserving the same range o to 2mn,
2mn
fo Uy dx=2n (Juy+ sy +Usn + ...+ Uom_g)n + Fttomn)
4

712
(u 2mn “o')-

Subtracting this from four times the first:

2mn
3 fo udx=2n (Jug+ 21, +ty, + 2Ug, + ... + thopm oy
+ 2Uom—1n + %uzmn) ’

14 FMAS
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ie.

2mn n '
J.o u,dx=§ (o + 42, + 2Ugp, + 4ttg, + ... + 2Uiop_oyp

+ 410+ Uzmn)s
which is the extended Simpson’s formula.

15. Proofs by Lagrange’s formula.

We have shown in paragraph 2 (p. 176) that we may adopt the
expression for u, in terms of u, and differences of u, as the assumed
form of function. Since Lagrange’s formula is based on the same
assumption it is evident that, given selected ordinates, at either
equal or unequal intervals, we can obtain any approximate formula
by the use of the Lagrange formula.

For example, given u,, u;, u,,

_, (x—1)(3—-2) x(x 2) x(x—1)
TR (R Ty T e

=4ug (2~ 32 +2) +uy (25— &) + fup (4°— ),

so that

2 x%  3a? , & £ %2\ 72
O T )

=% (#y+ 41, +u,), which is Simpson’s rule.

If we integrate between o and 1 we shall obtain

1
fo U dx =15 (5uy+ 8u, —uy),

the formula given in Example g.
By this method it is easy and straightforward to deduce special
formulae for particular cases.

*16. Remainder terms.

It is known (Chap. III, paragraph 17) that if an interpolation
formula is used to find %, from n values u,, u,, ... 4;, the error
involved, or remainder term, is of the form

(x—a)(x—0)... (x—k)dij; ug
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where ¢ is an unknown number falling in the range which includes
%, a, b ... k. By means of this result, expressions in similar form
have been found for the errors or remainder terms of the principal
quadrature formulae.

For example, if the range of integration is a to b, the remainder
term in Simpson’s formula is

b—ap L
—+00035 (b —a) L
and that of the three-eighths rule is

4
—+00016 (b —a)? ;—x“ ug.

We cannot usually find ¢, but if the maximum value of the
differential coefficient can be found the expression gives an upper
limit for the error.

For further information on this point the student is referred to
Steffensen, Interpolation, Sections 12-16, and Milne-Thomson,
Calculus of Finite Differences, Chap. vi1.

EXAMPLES ¢

1. Prove that
2a a
J u,dx= J (up +1t35_g) dx,
0 0
and illustrate the result geometrically.
2. If uy=a+ bx+cx?, prove that
3
Jl updz =21y + 1z (tlg — 23+ t4y),
and hence find an approximate value for

;y =2
J e 10y,
-

1
0
Find the approximate mileage travelled between 12.0 and 12.30 by
use of the above formula, from the following:

3. Show that J u,dx =% (5u, + 81y — u_,) approximately.

14-2
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Time Speed (m.p.h.)
11.50 242
12.0 350
12.10 413
12.20 42'8
12.30 39'2

4. Prove that, if u, is a rational integral function of #, then
z z
Jea u,dx=aed (1 —aD+a?D?—a3D3+...) u,,

d
where D=¢Zc'

5. Show that the area of a curve, divided into # parts by n+1 equi-
distant ordinates uy, u;, ... u,, is given approximately by the series
2 3 42 A2 4 A3
ntty+ Au0+{n4—1} fy°+{zl-—n3+n2} =
2 3 2) 1.2 (4 1.2.3
to n+1 terms.

6. Between the limits =0 and x=n the functions u, and du,/dx
are continuously increasing.

n n—1

Show that J u,dx is less than duy+ X u,+4u,.
0 1

7. Obtain the approximate formula

1 -
J wu dx= 13 (4, +u,) (“3"'“—3)’
-1 12

showing up to what order of differences it holds.

5
8. Assuming %, to be of the fourth degree in x, express I uydx in
0
terms of w, u,, #,, uz and u,,

9. A plane area is bounded by a curve, the axis of x, and two ordinates.
The area is divided into five figures by equidistant ordinates 2 inches
apart, the lengths of the ordinates being 2165, 21-04, 2035, 1961,
1875 and 17-80 inches respectively. Apply the method of integration
to obtain an approximate value of the area.

10. Prove the approximate formula
10
.[o U, dx =25 (uy +ug+ug +11,),

and show that the formula involves a small second difference error.
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11. Find the value of J“(x +2)3 d,
Obtain approximations :o the value by applying
(i) Weddle’s rule:
J:“mdx=°'3 (o + 514y + g + bty + g + 515+ 4g),
(ii) Simpson’s rule:
J:u4= dx=}% (uy+ 4u, +uy), applied three times.

12. Which of the two following formulae would you expect to give
4
the better approximation for J U dx?
0

(@) {5 (o +ug) +4 (11 +u5) + 185},
() Fs {2 (g +uy+uy) + 12 (g +ug)}.
13. Prove the approximate integration formula:

n
JO ugdre=n {3u,+ 37 (19U, = Stdan + gn)}s
1
and hence find J u,dx given the following table:
0

x o 1 2 3
u, 27,650 31,252 35154 30,368
14. Prove that

J! 7@ ds=4 07 (=4S @+ 8 (- =87 () approximately.

3
Hence find J f(x)dx, when f(o)=105, f(1)=212, f(2)=421,
1
f(3)="749 and f(4) = 1050.
15. If u, either increases continually or decreases continually as x

n n—1
increases, prove that J uydx differs from X u, by less than the differ-
1 1

ence between #; and u,,.
Prove that the difference between log # and

1+3+3+...+1/(n-1)<1,
however great # may be.
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16. If third differences are constant, prove that
2
u dx =3t (u_y +23u, +23u, +u,).
Jo 2 ( _y + 23y +23u, g)

Adapt this formula to find the approximate value of log, 2 from the
2a Jy

integral J =

a

17. Prove that, approximately,
3
J 3uzdx= 03 (1 Tu_g+4°4u_g+2°5u_y + 4 +2°5uy + 441+ 1°1tg).

18. f(x) is a rational integral function of the fifth degree in x.
Prove that

[ 10 ds=87 )+ (V5B 11 (VB

19. Use Simpson’s rule to prove that log, 7 is approximately 1-95.

20. Apply the Euler-Maclaurin formula to find a formula for the sum
of the fifth powers of the first # natural numbers.

21. Obtain Shovelton’s integration formula:

10
[ tede= 18 8 (o )+ 35 (it 1+ 1)
+ 1§ (uy+ g+ g+ g) + 36u5}.
22. By means of Hardy’s formula

]
J Uy dx =28y + 1-62u; + 2-2u3 + 1-6215 + 281,
0

calculate the value of
t
J (1—x)-} dx
0

correct to four places of decimals.

23. If f(x) be a function of the third degree in «, and if
—t t 3
wa=[" @ dn w=[ s w=]r@

X A%,
show that f(o)= py {uo —2;—} .
24. AB is the base of a semicircle, centre O and radius unity. The
points P and Q bisect O4 and OB respectively. The area between the
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7. V3
4

3 . Use

semicircle, the base PQ and the ordinates at P and Q is
Weddle’s rule that

[L70) ds=03 (/@) +57 (047 @+670) 4/ (0 +5/ (5) 4/ )

to find an approximate value of « to three places of decimals.
25. The following values of u, are given:
x o 1 2 3 4 5 6
U, 146 161 176 ‘190 204 217 230

6
Use an approximate integration formula to find the value of J u, dx.

0
It is found that, for the values given, y=logy, (‘o5x+ 1-4) fits the
data. Verify that this is so by integrating log;, (-o5x+ 1-4) between the

limits o and 6. (log,, e="4343; log,, 17 ="2304; logy, 1°4="1461.)

1
26. If u, is a function whose fifth differences are constant, J uydx
-1
can be expressed in the form

pu_o+ quip + Pty
Find the values of p, ¢ and a.

Use this formula, after making the necessary changes in the origin
and scale, to find the value of log, 2 to four places of decimals from the
equation 1
Jo ;+T” a'x=log, 2.

27. Prove that, if a=o,

atr
P T e LUt
—31 (A%, + A%uy) — 75 (A%u,_g— Auy)
— 35 (A%, + A%) ...
If u, be the function (1 +x*)~! find an approximate value for .

3
28. Obtain an approximate formula for J #ydx in the form
-3

a (u_g+us) +b (u_g+up)
and find the values of a and 4.

29. Use Lagrange’s formula to show that

+
J-;y“dx =5760 [5178Y0+ 308 (3_1 +31) ~ 17 (¥ +32)].
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1. Find the sum of n terms of the series 1, 2, 4, 9, 19, 36, 62.

2. Given uy=1027, ug=1212, 1, = 1469, 1;3=2014, explain
(i) how you would complete the series from %, to g;

(i) how you would proceed if you were asked to complete the series
from u, to u;, supposing that it were unnecessary to find
Uy, Uy, Uy, 1y and u;.
3. From the following data find the values of %, and uy,:

Uy = 2000, U, = 1592, Us=1462, u3=1356 and u;, =1164.

4. Find the tenth term of the series:

(@) 1, 4, 13, 36, 97, 268, 765, ...;
() 2, 12, 36, 98, 270, 768, ....

5. Show that Au,v,=v,Au,+u,,, Av, and hence prove by mathe-
matical induction that
Aru v, =0, AMe, +ng) Av, AV, + gy A%, A" 2,
+ gy Adv, A"3u, g+ ...

6. u,isapolynomial of the third degree in x. uy=13, u; +ty+ 13 =214,
uy+ug+uy =844 and uy +ug+uy=2149. Find u,

7. Prove that in the process of obtaining divided differences of the
function u,, given u,, #,, 4,, ..., the last divided difference is numerically
the same whatever the order of the arguments and the corresponding #’s.

8. Show that
x® x®

(1) Zam=C+— Ao™+— A%™+...;
2! 3!

(3

2)
(2) Euw=0+x‘”uo+§—' Aug+>

3 A%uy+ ...

9. Given u,,=8820, u,=9240, u;;=9684, u,=10,158 and
t,4= 10,668, find that value of x lying between 22 and 23 for which
u, = 10,000 by

(i) the method of successive approximation,

(ii) the method of elimination of third differences.
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10. If ug, us, uyq, 1,5 be four values of a function at equidistant points,
find expressions true to third differences for ug and u,, solely in terms
of ug, us, u; and uy;.

11. Show that the series whose nth term is

(-1t 1.3.5...(2n—3) ,,.._
B o e

is equivalent to
2 (Up—Upyy Flarg—Usigt...)

12. If ug=21, uy=29, u;=66 and uz=3597, find by divided differ-

du
ences the value of d—” when x=2.
%

13. Obtain the approximate quadrature formula

1}
f U, dx =5 (2700 + 170y + Sty — hg).

14. Given that u, is a function of x of the third degree, obtain an
expression in as simple a form as possible for u, in terms of [3] uq, [7] #,

and [9] u,.
15. Find the sum to # terms of each of the following series:
(i) 12.2.3+2%.3.4+3%.4.5+....
L 2 3 4
11 + + +....
()1.3.4 2.4.5 3.5.6

16. Show that A?sinx= —2 (1—cos &) sin (x+4) and hence prove
that if # is a positive integer
A" sin x

———— - =tan (x +nh
A% cos x ( )

where 4 is the interval of differencing.

17. Given f(—5)=192, f(—1)=352, f(2)=10 and f(9) =1102, CON-
struct a divided difference table for f (x) and hence find the minimum
value of f (x) in this range, assuming that it is a polynomial in x of the
third degree.
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18. Prove that
Amom=nM —ny (n—1)™ +nggy (n—2)"— ...,
and hence, or otherwise, find the sum to infinity of the series
Py 3 44

2 5—4+246 2468

19. Prove that E (1, A0,) = (1,0, — g ve) — Z (vz11Au;) and find the

value of Z %% by means of this formula.
@0

a+x
20. If ¥ u,=uw, for all integral values of a, prove that, to the third
E=a
order of differences,
Uy = *2W; — 008 (W — 2W5 + w,).

Given the following table, find #,, 1, and u,,:

a ’ <) M,A 5 l 10 ‘ I—S__‘ R 20 '
ars | T T U ‘ o
| =z ! o427 | ‘1467 { 2459 ' 3408 | 4317 ’

21. Given that u, is a polynomial in x of the third degree and that
#y=0, #;=30, u;=330 and ug=1080, use Lagrange’s interpolation
formula to find the form of u,.

Hence, or otherwise, find values of x for which Au, =2A%,.

22. The equation 104%+ 3 =15x has a root between 1 and 2. Obtain
it to three places of decimals by inverse interpolation.

23. The following formulae for approximate integration are correct
to third differences:

+3
f u dx =3 (3u_g+ 2y + 3U,),
-3
+3
f Uy dx =u_g+ 4t + Uy
-8
Prove that if these formulae are applied to a function whose fifth

differences are constant, the respective errors involved in the approxi-
mations are in the ratio 7:18, and are in opposite directions.
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By a combination of the two formulae obtain an expression, correct to

+3
fifth differences, for f u, dx.

-3
24. Develop Stirling’s formula

x(x2—1)

2
u,=uy+x.% (Aug+Au_,) +§~' A%, + 3 (A% + A% ) +...

from Gauss’s formula.
Hence, if n is an integer, prove that, neglecting third and higher
differences,
x (x+n) x*—n*  x(x—n)
= s Un— o Ut g Un.
2n n 2n

25. (i) If third differences of u, are constant express %, in terms of
g, Muy, A%y and Ay,

(ii) Prove that
(g — 1) —x (uy —1y) + 2% (13 — ) — 3% (4 — Ug) + ...
_ Ay, xA%, aczA"uo

Tr+x (1+x)? (I+x)3—

The series may be assumed to be convergent.
26. Given that f(o)=100, f(1)=-96, f(4)=-84 and f(g9)=-67,
calculate f (6) by means of Lagrange’s formula.

Check your result by altering the scale of the argument in f(x) so
that a value for f (6) may be obtained directly by means of the advancing
difference formula.

27. If f(x)=u,+u,,,, show that
dpsa= I:f(x)——A’f(x—I)+ Al (52)
1.3.5 s
o35 et ]

28. Explain Sheppard’s rules and use them to obtain any two central
difference formulae as far as fourth differences.

Use either of these formulae to find #,,., correct to two decimal places
from the following data:

113 =49°00; thyy = 5484 1410 =59°04;; t13=6202; U3y =64-04.
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29. Using finite difference methods, sum to 7 terms:
(i) 3.22+5.52+7.82+9.1124....

. 8 11 14 17
(i} 1.7.lo+4.10.13+7.13.16+10.16.19+'"'

10
30. (i) Obtain an approximate formula for J ,dx in terms of u, ug,
)

ug and u,, and state to what order of difference the formula is true.
6
(i1) Prove that f Uy dx =75 [(tg+ug)+5 (g +ug) + (uy +125) + 6u5)
0

approximately. Show that the formula is true to fifth differences and
find the sixth difference error.

31. Find an expression, correct to fourth differences, for the value of
duz/dx when x =1, in terms of u_,, u_y, ug, u;, u,.

32. Show that, if fourth differences of u are constant,
(& [5]—1) (unya—up) = D%y — A%y,
33. Prove that

1 dx I 1 z=a g
‘—‘—é=— I+-—]+ > ]
o I+x% 4a 6a) -1 a*+x
approximately, where a is a positive integer.
By putting @ =3, obtain the value of 7 to three places of decimals.
34. Find the sum to n terms of the series
I, 4, 13, 30, 59, ...,
(i) assuming fourth differences constant, and
ii) assuming third differences increase in geometrical progression.
g g prog

Compare the two answers where 7 =6.

35. By means of the formula (taking 7= 10)
z:-‘znn z=m n—1
S Ugy=n X Uging— 2 (#a1mn +1s)

=0 =0
| (‘_‘) ( ) l a rox
12 dx r=gimn d‘x x=a, pp .,
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|
find the approximate value of logw%, given that log;2="30I0,

logyo 3="4771, logy, €="4343.

36. If u,., is a function of the two independent variables x and y,
develop the advancing difference formula for u,,, in terms of ., and
differences of u,.4 up to the third order.]

Hence show that to second differences
Uy, =3 (X —1) (¥ —2) ;0= % (¥ —2) Uy, 1 +3% (X — 1) U5, o,
and also derive the formula from the advancing difference formula
with a single variable.
37. Express E in terms of ascending powers of 8, where §=AE-#
and where E=1 +A.
Hence obtain an expression for u,, correct to third differences, in

terms of ug, Au_y, A%_, and A%u_y;.

38. u, is a polynomial of the third degree in x. Find #, and u; given

x=0 x

2 5 9
that uy=16, X u,=80, X u,=346 and X wu,=137s.
=0 x=0

39. Calculate u;; by means of advancing differences given the follow-
ing values of u,: u,=1°0, 4y =12, Ug=13, U3 =1.

Check your result by means of divided differences.

40. (i) Prove that, if #, is a function of x whose fourth differences
are constant,
du,

P 5 (e — e ) — 7o (Ugya—Ups).

. . d*u, .
Obtain an expression for ——; in a similar manner.

dx?
(ii) Show that

dBu, 1 A3 3 .
R e (A3u,_p + A%u,_,5) approximately.

41. A school contains 330 children, all of whom were born in the
eleven years 1940-50. Four times the total number of children born in
any group of five consecutive years is equal to five times the number
born in the first and last years of the group plus ten times the number
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born in the middle year of the group. The total number of children
born in 1944, 1945 and 1946 is three less than three times the number
born in 1945. Find the number born in 1945.

42. Given the function f (x) = 3x®— 6x +2, what are the largest equal
intervals of x at which f (x) may be tabulated so that, within any interval,
values of f(x) can be found by first difference interpolation with an
error numerically less than o-05?

43. Establish Hardy’s formula 394; and use a Hardy formula to find

1
the value of J. (1 +&%)~1dx correct to four places of decimals.
0

44. Using finite difference methods find an expression for the sum
to n terms of the series whose xth term is

(3% —4) (35— 1) (35-+2) (354 5) — (25 1) (23) (22 + 1)

(You are not required to reduce the expression to its simplest form.)

45. Prove thatwu, —u,+u;—... =%uy — (3)?Au; + (3)°A%; — ..., where u,
is a real positive quantity which diminishes as 7 increasesand Lt u,=o.
7n—> 0

In the series 1—4+34—%+... find the value of A’s, and prove that
this series is equivalent to the series

II: I 1.2 1.2.3 :l
I e e SOOI
2 3 3.5 3.5.7

46. Use the conception of finite differences to prove that the general
term in the recurring series #y+ ;% + ;X% +u3x% + ... (scale of relation
1 —px —qx?) is of the form Aa"+ Bb", where a and b are functions of
p and ¢, and 4 and B are constants.

Prove that every series whose coefficients form an arithmetical pro-
gression is a recurring series, and that the generating function is

a+(d—a)x
-
where a is the first term and d the common difference of the progression.

47. If u, is a rational integral function of the third degree in x prove
that
up= 32—~ uyti@-HE-Puy
“3E+) E-Duy+3E-D(x+Dy
1

and hence find an approximate formula forf uzdx in terms of u_y, u}
0

and ug.
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48. Obtain a formula for the finite integration of any rational integral
function of x and apply it to find the sum to n terms of the series whose
rth term is (r2+ 1) (r —2).

49- Qo530 =16"311; .30 =15"784; @p5.95=15660;

Qg5.30=14'420; Qg5.40=14'824; ag9.35=15'209.
Find as accurately as possible ayy.3,.

s0. Discuss the relative advantages of central difference formulae and

advancing difference formulae with regard to accuracy and convenience.

From Gauss’s “forward” and “backward” formulae deduce the
most common form of Everett’s formula.

51. By successive approximations based on the values of % —5x+3
when x=o0, 1, 2 and 3, find to two places of decimals the smallest
positive root of the equation ¥%—5x + 3 =o.

52. Prove the following approximate six-point formula:
Up,y =g, o+ 3% (Uy,0—U_y:0) +3Y (Ug.1— 9. 1)
+ 32 (40— 2090+ U_y;0) + XY (Uy.1 — Uy, 0~ Ug;1 +Uo0)
+ 3y (up,1 — 2150+ 2y, 1)
and state to what order of differences this formula is correct.

Use this formula to calculate the value of w#,,.,, from six suitable
values selected from the following values of u,.,:

y
. Rd
o 5 10 15
30 6 13 30 93
40 16 34 97 309
50 38 98 299 454
6o 107 299 443 602

53. Given that u, is a function of the third degree in x, show by a
finite difference method that

6v,
ITvI = (1503 — 505 + ;) — (¥ —2) (703~ 505+ vy)

X
£ 2)(x 3')(?,‘v =305+ 0y),

where v, =u, —u;.
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54. Complete the series #; to #,; by means of Everett’s formula:

x -5 o 5 10 15 20 2§

u, 610 9r4 1136 1342 1794 2380 2962
55. Prove that A"o™=n (A"-1o™-!+Amo™-1) and by using the pro-

perties of the differences of zero find the value of

n’+(n—x)2n+(n—2)2Z‘»(ltz—'_i)+(n—3)2 30 +...,

where 7 is a positive integer.
. . dru, . .
56. Obtain an expression for g D terms of the differences of u, up

to and including differences of the (n +2)th order.

57. Prove the following approximate formulae:

Q) = "y = Pio T 19%n ~ Stian F lin,
nlo " 24

3
(i) J Updy=§ (Ug+ 3Uy + 3y +ty).
0
Use formula (ii) to determine an approximate value for log, 2.
58. (i) f(x)=(x*+3x2—10) [*(x+ 1) (x+2) (x+5)]"%. Find Af ().

WB+ax+s

3 5 . Express the function as the sum
xt+ 10243 + 35%%2 + 500 + 4.

(i) .=
of a number of inverse factorials and hence find A%,

59. Four variables x, y, z and u are connected by the equations
100y =1 +9x3,
102=2+7y3
u=3+53.
If you were told to construct a table showing the value of # (but not
the values of y and z) corresponding to each integral value of x from 1
to 20, how many values of 4 would it be necessary for you to compute

by means of the above equations before you could fill in the remaining
values by a finite difference method?

Write down the formula by which you would calculate these remaining
values.
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60. In an examination the numbers of candidates who obtained
marks between certain limits were as follows:

Number of marks Number of candidates
o-19 41
20-39 62
40-59 65
6079 50
80-99 17

Estimate the number of candidates who obtained fewer than 70 marks.

61. Use Sheppard’s rules to express %, in terms of
(i) wug, Aug, A%u_y, ASu_y, Atu_g, ASu 5, ASu_g;
(1) ug, Au_y, Au_y, A3u_y, Au_y, Nu_,, ASu_,.
62. Prove the formula
U V=t g X0, —Au,_, 20, + A, o Ty, — ...

and use it to find an expression for Zx?e%*,

63. Prove that
Ug+ Ny Ug +Ngy Uy + N Ug+ ...
. = nA'”.’luo. + 21 A" 2ug + 4n A" Pug + 8ngy A"ty + ...
where 7 is an odd positive integer.

64. Find the valucs of the constants 4, a and £ if the formula
3+v3
f uydx= A(u,+up)
0

is to be correct to second differences and show that for these values of
the constants it is also correct to third differences. Hence or otherwise
show that

19
f uydx =12 (uy+u,5) approximately.
)

65. (i) If u,, wy, u, ... denote the values of a function u, at the
n points a, b, ¢, ... and if f, (%, a, b, ¢, ...) denotes the polynomial
of lowest degree in x which coincides with u, at these points, show by
Newton’s divided difference formula, or otherwise, that

(d—o)fu(x, a, b, c,d)=(d—x) f5(x, a, b, c)—(c — x) f3(x, a, b, d).

15 FMAS
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(ii) If M is an operator such that

Mu,=} (Us+tgin+ Usran),
show that

8" Mru, = Aru,/3",

where 3 operates on u, at intervals of 4 and A operates on u, at intervals
of 3h.

66. Show that [n] uo=nu°+’%—n~ A%_; as far as third differences
when 7 is odd.
Hence prove that, to the same degree of approximation,
6 (—uy+3up—u_y) ={[3] [s]+ [s]*+ [3] [7]+3 [5]—10 [7]} %
67. Show that

tus+ Yoy + Polhnia + Fatizis t oo

=duo+bu g+ =3 a0, 4 I S 40,

+23:5Tgney 4.
4!

for those values of u, which make these series convergent.

68. (i) Prove that
z — _2 x
E\E) A

(interval of differencing #).
(ii) If u, be a function of the form
byx+byx2+byx® + ... to infinity,
show that it can be expressed in the form
p_ bt Bhst A
TTr-x (1—x® (1-xp 7

69. On 1 March a plant 6 inches high was put into a greenhouse. On
8 March its height was found to be 10 inches and on 29 March 14 inches.
Estimate its height on 12 April (i) assuming that the height (k) is a
rational integral function of the time (#); (ii) assuming that 4 and ¢ are
connected by a relation of the form A=a+bt"; and explain why one
method should give a better answer than the other in this particular case.
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70. The following data are available:
Age x 32 37 42 47 52 57
e, 3536 3325 3072 2723 2316 19°11

It is desired to obtain e, with as little labour as possible, and it is
suggested that 18-71 would be a reasonable approximation. Do you
agree with this? Give reasons.

From the above data, obtain a value for e,-

71. Prove that
(1) Aug=Aug+xA%ug+xg ASu_y + (% +1)g A%u_, ...
(i) uy—Au,+ A%, — Atu, +ASu, — ATuy + ...
=ty — D2, g+ Abu, g—Adu, g+....
72. If u, be a function whose differences, when the increment of x is
unity, are denoted by du,, 82, 8%, ... and by Au,, A%u,, Adu,, ... when

the increment of x is n; then if 62,, 8%,.,, ... are in geometric pro-
gression with common ratio g, show that

. Au,—nfS}t‘w s &2,
("-1)-n(g~1) (g—1)*

73. Prove that, approximately,

125Uy = [5]° (o + Au_y — Au,).
74. Obtain a Lagrange formula for u,,., given ., #y.;, ;. ¢, %5, and
by means of the formula find #g, .44 from the data below:
U30:40 = 2890,
Ug5.40 =28"10,
Ug0:45 = 2730,
Ugs. a5 = 2662,
75. Given that
f)=12, f(2)=31, f(5)=45, f(8)=67, f(10)=84,
10
calculate the value of J f(x)dx as accurately as you can and state to
°

what order of differences the formula used is true.
15-2
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76. If
g =6,
Y10 =27,
Uy = 62,
Ugg =111,
find the value of x satisfying the equation
Uy +Uyg4g + U040 = (Uyo—g +Upg_o +Usp_o) — 42
77. Given that u;=9, u,=18, u3=37, u,=78, u;=165, us=346,
n

; =717, find a general expression for Elu,,.

78. Find u,, from the following table of u,.,, using all the values

given:
x

A
r )

o I 2
{o 16-25 15-08 13°49
y

I 1555 1458 1315
z 1448 1374
79. Show that
1.3

. . 1.3.5
-1 2 A4 _—Y A8
(@) a3y g6 Ay 8.16.24Au”“3+"'

= uz+‘ - %Aux_’_} + iAzuz+* - %Asuw_'_* +...
(i) Zu,v, =020, —Au, 3%, + A2, 5%, ,— ...
8o. Given that u, is a rational integral function of the second degree
in x and that

20
Z uy=470,
x=1

2“7 = u(; + ull’
7
2 up=uyy+ug,
z=4

construct the table of values u, to ug.

81. If u, is a rational integral function of the fourth degree in x, and
if uy=uy=u,+ug=uug+1=u,4+2u,=0 and u; is negative, find for
what values of 7 greater than 4

6 (n—z)"iil u,=(n—1) (n—4)u,.
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82. If f(x) is a rational integral function of the third degree in x,

and ¢ (x)=f(x)+f(t—x), show that f‘f (x)dx can be expressed in

the form 2 f (%) +ap (0)+b¢p (1) +¢¢ (2), where a, b and ¢ are in-
dependent of t, and find the values of these constants.
83. (i) Sum to n terms 26+ 66+ 132 +230+366+546+....
(ii) Find the value of

n(n+1)+n.(n— 1)n+n( +I)

(n—2)(n—-1)+
84. Find ayq.5, given that ay, 50= 10894, @4.55=9"796, 340.60 = 8553,
4550 = 10591, 4555 =9°583 and g, 50= 10059

85. It is required to calculate numerical values of the function
u, for all integral values of x from 1 to », given that #;=3 and that
Aty =7 (r—1) for all positive integral values of . Find in its simplest
form an expression for #,, in terms of x, that can be used for calculating
the required values.

86. (i) Prove that

3
J u,dx=6uy+9A%u_; +33A%u_,+ £LA%% 4,
-3

where u, is a function of the sixth degree in x.
5
(ii) Obtain a formula for J f (%) dx in terms of f (o), f (), f (2) and
i

f(3), where f(x) is a function of the third degree in x.
87. Find the values of g, b, ¢ and d for which
uy=[3] [5]{aug +buy + cuy + dug}
assuming third differences constant.
88. Prove Lubbock’s formula
Uyt Uy nt Uyt oo FlUm_yn
-1

2
=n(ug+uy+... +tpy_;) + — (u,,. —uy)— o (Au,, - Auy)

o) -
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. w .
and use it to find X x2(x—3) by calculating values of x? (x— 3) when &
=10
is 10, 20, 30, 40 and 50.

89. If interpolated values are found in the interval x=o0 to x=1
from the values u_,, #,, %;, u,, by means of the formula

£(¢-1)
2

U, =Eug+ Au_,

x%(x—1)
2

+xu, + A%y (where £=1—x),

and in the next interval x=1 to x=2 by the corresponding formula
based on the values %, u;, #, and u;, show that:

1) The given values u,, %, and u, will be reproduced by the inter-
P
polation.

(2) The two interpolation curves have the same differential coefficient
when x=1.

(3) The interpolated values for u, and u; agree with those given by
the ordinary third difference interpolation formula based on the
same values of u,,

Given the following values:

U_g = 1000, 19 =2609,
Uy = 1403, 15 =3487,
u;=1931,

complete the table for unit intervals from u, to u,, by the above formulae
and calculate the value of the differential coefficient of the interpolated
curves when x=3.

go. (i) Prove that
d2u,

a7,

(ii) Hence, or otherwise, given the series f(1)=8, f(2)=6,

F(3)=42, f(4)=134, f(5)=300 and f(6)=558, construct a series of
values for d?f (x)/dx? for integral values of x from 1 to 6.

-]
2(-1) r+1}+%+...+—I—}A’"’.
=3 r—1 r

91. Having given the present value of £1 per annum at the end of
20 years at the undermentioned rates of interest per cent.:
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Rate per cent. |Present value of £1 per annum
2 16:351433
2} 15-589162
3 14877475
3% 14212403
4 13'590326
4 13:007936

use Everett’s formula of interpolation to find the present value of [1
per annum at the end of 20 years at 3-2 per cent. per annum,

92. Find, to four decimal places, the real root of the equation
x84+ x—1=0 by whichever of the following methods you consider most
suitable, stating briefly the reasons for your choice:

(a) divided differences applied inversely,
(8) successive approximation,
(¢) elimination of third differences.
93. Given
Up+ Uy +Uy=113,
Ug+ug+ug =377,
ug+uy +ug=93°8,
JUp+uy=tho—Uyg—37,
find the form of u,, assuming that it is a function of the third degree in x.
94. Find
(—1)*+«l
(a— 1)(a—2)... (a—x)’
when a is a constant, and hence show that, except when a is a positive
integer less than n+1,

1 2l 3!
a=1 (a=1)(a-2) (a=1)(a-2)(a-3)_
(= 1yl 1 (1) (n+1)!
(a—l)(a 2) .. (a—n)_a+1|:1+(a—1)(a-2).‘.(a—n) ’

95. Prove that, to third differences,

m"l([x] [2] [3] - [n] \’_—.uo+§%§(m2—l)(m+4)A’u- .
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96. The xth term of the series 1, 2, 17, 72, 243, 754 ... is of the form
a+.bx+c°‘+d“. Determine q, b, ¢, d and find the sum of n terms of the
series.

97. Find A (a/b®) where a and b are constants, and prove that,
if m is a positive integer and b is not a positive integer less than m,

a(a—x) a(a—r1)(a—2) 2)
m(l)b+m(2)b(b ) (3)b(b I)(b 2)

D) et

98. Prove that
a a+m
A sin (ax +b)=2 sin R sin (ax+b+———2—)
where the interval of differencing is unity, and deduce an expression
for A" sin (ax +b).
Hence, or otherwise, show that
sin® 7rx - ar sm ™ A sin 7mx i
-, S1
Ersinmx  \E ’

given that sin 77x is not zero.

09 16 [ F (s =af (1) +0af (s 0 (), where S (2) s 2
0
polynomial in x of the (n—1)th degree (n>2), prove that
3 2 axi=md
r=1

Hence, or otherwise, obtain a formula correct to third differences for

7
f u,dx in terms of u,, 4, uy and ug.
0

100. If W_3=U_4q ‘u_gtu_s+u_4+u_g,
Wo=1U_g+U_y + g+ Uy + 1y,
w1=u3+u4+u5+us+u7,

Wy =g+ Uy +Uyo+ Uy +U
prove that
Uy + g =2 (Wy+w,) — 032 (A%w_; + A%wp).



Examples 1,
1, 58, 2. 30, 42. 8. 1s5.
4. 1°9. 5. 1110, 8. 6ahd.
9. } (—r11x®+252x%— 10512 + 1344). 10, abed. 10!,
11 ab= (b —1); abe (b —1)%; aboe =2 [,ffi__zl)io_‘].
12, (i) $x(x—1)+k, (i) /(c—1)+k,
(iii) 3x (x—1) (x—2)+ 8% (x— 1)+ 3%+ &, where & is a constant.
18, — 2 - 3 :
T (xt2)(x+3) (x+3)(x+4)’
4 + 6
(x+2) (x+3) (x+4) " (x+3) (x+4) (x+5)°
14, m 15. —2 or 109,
18, (1) an!; (2) &=+ (e8—1)". 18. 55. 19. a*+(a?+ 1) ate.
20, }x (x—1) (¥ —2) (x—3)+2x (x—1) (x—2)+§% (x—1)+ 12+ K.
21. 2225. 22, 20. 28, —161. 24, 229. 25, 1261.
28, @ —6x®+ 13x® + M 4.9; 42 — 18x® 4 265D 4 1;
126® — 366V +26; 245V —36; 24.
29. (i) (m+1)m(m—1) ... (m—n+2) a™+! (bja+ x+ m)im—n+1),
(ii) (=) (n+1) (m+2) ... (m+n) a=™7 (bja— 1+ x)(~m+aH),

80. 2 cos (x+ 4«) sin §a; sin «/{cos (x + ) cos x}; «—2 sin (x + Ja) sin fa.
81. 6x; 6/(x+ 1) 42, i+ gqay=p3, 48. 2 (x—2)"—2 (x—3)".
Examples 2,

1. 465s. 2. 441; 653. 8. 300.

4. 182; 343. 5. 5414. 8. 89,920; 89,073.

7. 128. 8. 94; 396; 662. 9. 194'3; 279'9.

10. 97,357. 11. 844; 746. 12, -98127.

18, 69,215. 14. 2-37223. 18. —-432; —-338; —-196.
16. 30; o. 17. 14-73658. 18, 3-708; 3-711.

19. 5281; 6504. 20. °5479. 21. 2153; 1705.

22. 2459; 2424; 2359; 2268; 2153 ; 2018; 1868; 1705; 1534; 1357; 1180.
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28. -o017; ‘035; *052; '070; *087; *104; *122} *139; *I57.

24. 23°1234; 23'2039; 23°2914; 23-3865; 23:4898; 23:6019; 23'7234.
26. 1-000. 27. -020660; ‘020625; 020628, 28, 58,83s5.
29. 1; 2:10; 3°31; 4°64; 6°11; 7°73; 9'51; 1I°47; 13°62; 15°07.

81. 117'7; 114°2; 110°5; 1067; 102'7; 98:6; 94-3; 89'8; 85'2; 80°3; 75°4.
82, -24928. 88. Third degree: 275. 84, 459.

88. uy=218; u,=0; uy= —19; u,=1876— 1429x + 360x* — 30x>.

Examples 8.
1. 5745. 2. 47,083. 8. 2:8169. 4. 1-7243. B. 2300. 6. 460.
I+m Im+mntnl _ lon+mnp+npl+plm

7. T Bmn® Bm3n3p? y

8. 1318. 9. 14'942. 10. 20°43. 11, 162,

12. 659+ 22}x + $§x% — Pyx?. 18, 32. 16, 1; 25.
18. 33 and 67 to the nearest integer. 19, 37°2.

20. 7:37. 21, 130,326.

23. (x—4); (x—3)(x—4); (x—3) (x—4) (x—7); x (x—3) (x—4) (x~7).

24, The Au's are Aug; MNuy; ANuy; A u,.
3 3,0 4,8,0 4,3,011

Examples 4.

1. 33. 2. 6. 8. 47,602. 4. 3251, 5. 16-9216.
8. 2:85805; 2'86305; 2'86157; 2'86155. 7. 2017.

8. 3'5283. 9. 2196, 2108, 2022, 1939; 1786, 1718, 1657, 1604.
10. -0162s. 11, -3165. 12, 2290°1. 14, 4°034.

Examples 5.

1. 471'5; 27, 2. 13°3. 8. 2'019...; 2°018....

‘. 43°1. 5. 8-34. 6. 2751, 7. 169,

8. 1°1576.... 9. 1-2134. 10. 45-70. 11, 1-83s.

12, 3-091. 18. 3-667 per cent. 14. 1°3713. 15. 37-a.

Examples 6.
. dn(—2n*+27m+17). 2. Yon (n+1) (3n*+7n+2).
—4195. 4. 2314628, 8. 3"l 3 (n2+7n—6).
2 {1 (3"—1)+sn+in(n+1) (2n+1)}
2%+ — 2 — 3k (2k+1) (42 +1). 8. § (nt—1on®+ 2973+ 10m).

.

- O 0 =
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9. 2n'+16n*+ 470+ 6on. 10, 2% —209s.
11. } (n+3) (n+4) (n+5) (n+6)—9go.
12. {n(n+1) (n+4) (n+5).
18. & {(3n—2) (3n+1) (3n+4) (3n+7)+56}.
14, &kn(n+1) (n+2) (3n+13).
15. gyn (n+1) (n+2) (6n*+ 571+ 137).
16. 5 {(2n+3) (2n+5) (2n+7) (2n+9) (2n+ 11) — 10395).
n n(sn+13) n(n+1)
17. 4 (n+4)° 18. 12(n+2) (n+3)° 18. 6(n+3)(n+q)
20 n(3n+5) 21 n(sn+11)
* 8(3n+1)(3n+4e)’ ‘4(nt1)(nt2)’
23, }ﬂn (n+1) (n+2) (3n*+ 36n+ 101).
23 12n*+33n+19 19
: 168 6(3n+1)(3n+4)(3n+7)’ 168"
24. Ysn (n+1) (3n*+ 3114+ 74).
25, } (n+3)(n+2) (n+1)n; In(n—1)(n—2) (n—3).
n a 2ax  a(a+1)
26, 3"—1-—n. 217. ;{x’—;_—x+ (a__l),}+C.
28, 1—-3(n+1)l+(@n+2)
29, /5 {(3n—1) (3n+2) (3n+5) (3n+8) (3n+ 11)+880}.
80. 47 (6n®+ 1603+ 9n—4). 81. n (7n®—34n*+ 8on—254).
88. %n (n+1) (gnd*+17n+4); {2+ (n®~ 3n+ 10n—14)} +28.
34, §+4—';—+3{:%;} 85, 7X6I§ 86. 34— (4n*+13n+17)/2"%
87, (x—2) 3" 88. £ (3"—1)+% (42n+ 1718 +nY).
(nt2)x"—2 x"-x 12x% 4 3652+ 28x +3
39, x—1 Tx—1)2" 40. C_lzx(x+1)(x+z)(x+3)'
1 [39__ 36n+39 ey
42, 54 {lo Gnt2) (3”+5)}' 43. 23. 44, ni2"+l
45, z—(n+lx)_(;+2)ac"-q-(x ),{z (n-l-z)ac}+(x ),(x ™),
g (x—1)!
46, C—2 ’(sz)l
47, §+¢5 (2n—1) (2n+ 1) (2n+ 3) (248" + 541+ 25).
48. jax'—(fa—1d) x*+(ta—$b+4c) x'+ ($b—4c+d) 2+ C.
r 1 (n+1)!
9. (1-x)*h 52, a—-x{ “@+n@+z).. (a+n)}'
88. 2"*n(n+1) (n*+s5n—2).
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Examples 7.
2. 20796875; ~k. 10. ‘02455; —‘0003; O.
11, ‘109, 18, keoothes, 18. 48; 24.
19, 5:254. 22, 13°004. 28. 5°319.
24, 3-9634. 25, 10°389; 10°475.
Examples 9.
2. -g92r1. 8. 20°4 miles.
8. 111 (95U — 501, + 600U, — 350Uy + 4251y).
9. 200 square inches. 11, -8s571...; (i) -8806...; (ii) -8946....
12, The second. 18. 29,426, 14. 888. 16, +6942.
22, -5236. 24, 3'142.... 25, 1-1358....
26. -6931.... 27, 3:142....

Miscellaneous Examples

1, 1"2 (n®—4n®+ 110+ 4). 8. 1764, 1260.
4. (a) 19,764; (b) 59, 156. 8. 913. 9. 22674.
12, 18.
15. () on (n+1) (n+2) (n+3) (an+ 1)
1 4
(if) on n+1+2(n+z) 3m+3l

17, 6. 18, 48k, 20. -0204; '0492; '0682.
22, 1-10() 28. 60-72.

_ 261n*+876n+655

20, S+ 16n* (3n+1)
[9,, +16n+2n—3]; o 56" Gnt+1) Gn+a) Gn+7)

34, 35 [nt — 5n®+ 6512 — 851+ 84]; 2"“_2"'5 [4n? —on—1];

213; 2I5.

35. 589321.... 38, 86; 121. 41, 45.

43. 7854. 49. 15'975. 51, -66.

62. 18752,

64, 1136, 1170, 120°4, 124'2, 1288, 1342, 141'4, 149'4, 1586, 1686,
179°4.

65. 2" ’n (n+1). 60. 196.

69. (i) 1o0in.; (ii) 15-8 in. 70. 29-08. 74. 27-8o.

76, 3. 71. 6.2"+1—12—g[2n’+3n+x3]. 78. 12°50.

80. 9o, 65, 43, 24, 8, —5s. 81. 7, 13.



82,
83.

84,
89,

91,
96,

ANSWERS TO THE EXAMPLES 22§
a=—§y b=i’ c= _-’%-

3 " [and 4 3qnt . gy  2Gn+D!

@) 12 [3n®+ 34n2 + 1171+ 158]; (ii) m+2) (=D’

10°476.

1403, 1498, 1598, 1703, 1814, 1931, 2054, 2182, 2316, 2458, 2609;

120°6.
14°606063. 92. -6823.

2"+ 3" —nt—n—7).
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Adjusted differences, 56

Advancing difference formula, 32, 50

Aitken, A. C,, 19, 40, 119, 158, 161,
165, 169

Aitken’s notation, 41

theorem, 158

Algebraic series, 112

Alison, S. H., 11

Approximate integration, 173

Approximation, successive, 89

Argument, 3

Backward formula, Gauss’s, 64
Bernouilli’s numbers, 189
Bessel’s formula, 64, 171
Binomial theorem, 12, 26
Boole’s Finite Differences, 19
Buchanan, J., 139, 150, 153, 197

Central differences, 61
Chance, 210
Change of origin, 32, 178
Change of scale, 32
Change of unit, 177
Coefficients, detached, 21
Collins, John, 30
Compound function, 132
Comrie, L. J., 171
Contact of the first order, 148
Cross-means, interpolation by, 165
linear, 165
quadratic, 168

De Morgan, 40, 124
De Morgan’s Differential and Integral
Calculus, 193
Detached coefficients, 21
Difference table, 3
Differences, adjusted, 56
central, 61
definition of, 3
divided, 39
leading, 4
Differences of zero, 123
Divided differences, 39

Elderton’s Frequency Curves and Corre-
lation, 197
Elimination of third differences, go
Entry, 3
Euler, 52
Euler-Maclaurin expansion, 188
Everett’s formula, 66
second formula, 67
Extrapolation, 38

Factorial notation, 19
Finite differences, 1
Finite integration, 107, 161
Forward formula, Gauss’s, 63, 65
Fraser, D. C,, 30, 40, 46, 56, 72, 115,
118, 142, 145, 152, 153
hexagon diagram, 142
Freeman’s Actuarial Mathematics, 19,
40
Function, compound, 132
rational integral, 1
two variable, 135

Gauss’s backward formula, 64
forward formula, 63, 65
Gregory, James, 30

Hardy, G. F., 119, 184

Hardy’s formulae, 184

Henderson, R., 153

Henry’s Calculus and Probability, 40
Hexagon diagram, 142, 145

Indefinite finite integral, 107, 163
Integration, approximate, 173
by parts, 161
Interpolation, 26
by cross-means, 165, 168
formulae of, 29, 44, 51, 63, 64
inverse, 81
osculatory, 147
Intervals, equal, 26
subdivision of, 33
unequal, 39
Inverse interpolation, 81
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Jenkins, W. A, 153

Karup, Prof., 150
Kerrich, J. E., 153
King, A. E., 197
King, G., 150

Lagrange’s formula, 51, 137, 139, 198

Leading differences, 4

Leading term, 4

Lidstone, G. J., 46, 67, 72, 117, 119,
131, 152, 159, 161, 162, 163, 171

Linear cross-means, 165

Lubbock’s formula, 191

Maclaurin’s series, 160

Milne-Thomson, L. M., 19, 40

Milne-Thomson’s Calculus of Finite
Differences, 199

Neal, P. G., 150
Newton, 56
Newton’s formula,
ferences, 29
divided differences, 44

advancing dif-

Operators, A, E, 6

4,33

A, 41

8, u, 76

¥, 106

D, A, 126

V, 146

0, 9, 158

A, A, 1061
Origin, change of, 32, 178
Osculatory interpolation, 147

Parts, summation by, 104
Polynomial, 1

Quadratic cross-means, 168
Quadrature formulae, 185

Rational integral function, 1
Recurring series, 111
Remainder terms, divided differences,
57
quadrature formulae, 198
Reversion of series, 81
Rolle’s theorem, 56

INDEX

Scale, change of, 32
Separation of symbols, 16
Series, algebraic, 112

recurring, 111
Sheppard, W. F.,, 40, 46, 47, 56, 72, 76
Sheppard’s notation, 76

rules, 45
Simpson’s rule, 174, 181
Spencer, J., 138
Sprague, T'. B, 150, 193
Steffensen, J. F., 40
Steffensen’s Interpolation, 19, 147, 199
Stirling’s formula, 64
Subdivision of intervals, 33
Successive approximation, 89
Summation, 98

by parts, 104
Summation 7, 114
Symbolic notation, 3
Symbols, A, 3

E 6

6, 33, 76

A, 41

K, 76

X, 106

D, 126

v, 146

6, ©, 158

A, A, 161
Symbols, separation of, 16

Taylor's theorem, 55, 126, 141
Term, leading, 4

Thiele, 26

Three-eighths rule, 181
Throw-back device, 171
Todhunter, R., 67, 119, 141
Two variables, functions of, 135

Unit, change of, 177

Weddle’s rule, 182
Whittaker and Robinson’s Calculus of
Observations, 72, 197
Interpolation, 93
Wickens, C. H., 197
Woolhouse’s formula, 193
notation, 79

Zero, differences of, 123
Zig-zag rules, 47
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